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The pure and simple truth
is rarely pure

and never simple.

(Oscar Wilde)






Abstract

We study sets of points that cannot be reconstructed by their X-rays, the so-
called switching components: we extend known results to obtain their complete
algebraic characterization and we provide two constructions that improve the
existing ones by producing examples with few — though still exponentially-
many — elements. Furthermore, we extend the connection between switching
components and two problems in Number Theory: the first due to Prouhet,
Tarry and Escott, and the second involving the so-called pure product polyno-
mials. We address complexity and algorithmic aspects of the Prouhet-Tarry-
Escott problem.

Zusammenfassung

Wir betrachten Punktmengen, die durch ihre X-Strahlen nicht rekonstruiert
werden konnen, die sogenannten switching components: Wir erweitern Resul-
tate, um eine vollstindige algebraische Beschreibung zu erhalten, und geben
auflerdem zwei Konstruktionen an, die Beispiele mit wenigen — allerdings
exponentiell vielen — Elementen produzieren und die bestehenden Konstruk-
tionen verbessern. Ferner erweitern wir den Zusammenhang zwischen swit-
ching components und zwei Problemen der Zahlentheorie, das erste von Prou-
het, Tarry und Escott, und das zweite sogenannte reine Produkt Polynome be-
treffend. Wir betrachten das Prouhet-Tarry-Escott Problem auch hinsichtlich
Komplexitdt und Algorithmik.
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Chapter 1

Introduction and Notation

Tomography is concerned with the problem of recovering information on a
geometric object from its X-rays or projections. Its mathematical aspects were
tirst investigated by Radon [150]. Our interest focuses on its discrete version,
where the objects to be reconstructed are finite sets. According to Herman
and Kuba [99], the term discrete tomography was first introduced by Lawrence
Shepp [162] in 1994. Since then, the topic has developed in several directions:
studying the X-rays needed in order to allow unique reconstruction under
some restrictions on the sets [39, 44, 58, 63, |78], addressing upper and lower
bounds on the size of sets that cannot be reconstructed from the information on
their X-rays [16} 127], introducing point X-rays [64], investigating complexity
aspects [65, [79, |80| 158], algebraic aspects [18, 94], reconstruction algorithms
[24, 39, 50], approximation algorithms [91] and discussing the effect of pertur-
bations on the reconstruction [9,12,|15,57]. Applications of discrete tomogra-
phy include image processing [110], crystallography and material science [8,
17,21,/156], and plasma physics [13]].

In this thesis, we study sets of points that cannot be reconstructed by their
X-rays. A pair of (multi-) sets that have the same X-rays with respect to a given
subspace is called switching component.

Hajdu and Tijdeman [94] showed that every switching component with re-
spect to a fixed number of reduced lattice directions corresponds to a polyno-
mial divisible by certain binomials. A few years earlier Wiegelmann [175] had
shown a characterization in terms of toric ideals of the points x* € IN“ that are
unique solutions to Ax = b, with A and b respectively a matrix and a vector
with integer non-negative entries. We extend the two approaches, and obtain
a unified algebraic characterization of switching components with respect to
subspaces of every dimension.

A crucial problem in discrete tomography is understanding how many di-
rections are needed in order to be able to reconstruct any finite subset of Z?.
Gardner and Gritzmann [78|] showed that 7 pairwise linearly independent di-
rections are always sufficient to determine a convex lattice set in Z2, which im-
plies that the X-rays with respect to 7 pairwise linearly independent directions
lying on a plane uniquely determine every convex lattice set in Z?. Matousek,

1
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Mo %

Privétivy and Skovroni [127] showed that there exist m directions reconstruct-
ing every set with size in O(1.81712"), but it is not clear how to determine the
directions that lead to the smallest switching components, namely the direc-
tions that would be the least useful in the reconstruction process.

Alpers and Larman [16] showed that X-rays with respect to m lattice direc-
tions in Z?2 always uniquely determine subsets of Z? with at most m points,
if m = 5 or m > 7, while there exist switching components of size m if
m € {1,2,3,4,6}. Furthermore, they showed that for every m,d € IN* and for
every ¢ > 0, there exist O(m?+1%¢) points in Z? and m lattice directions that
do not reconstruct the points uniquely. This was the first upper bound on the
size of switching components that is polynomial in m, and it is not construc-
tive. Constructive methods to produce switching components with respect
to any m directions lead to sets of size 21 [74], while directions that yield
switching components in Z? of size in O(1.81712™) were devised in [127]. We
present two novel constructions: the first produces switching components in
7% with respect to m directions and size in O(1.38™), provided m is big enough
compared to d, see Section the second gives switching components in Z4
with respect to d? directions and size in 20(4198(4)), that we can project to con-
struct switching components in Z? with respect to m directions and size in
20(Vmlog(vm)) for every m € N*,and 2 < d < [v/m], see

There is an interesting relation between discrete tomography and number
theory, that was discovered by Alpers [6] and later analyzed in [18] together
with Tijdeman : switching components provide solutions to an old problem in
number theory, named after Prouhet, Tarry and Escott, the first three mathe-
maticians that defined it formally [70, 147, 171]. The task of the Prouhet-Tarry-
Escott (PTE) problem, in its general formulation, as presented in [18], is to find,
for a given x € IN¥, two disjoint multisets F;, F, in Z% such that

DRI

xeF xeh

is fulfilled for every g € IN“ such that ||g]|; < x. While the connection de-
scribed in [18] is restricted to d = 2, we extend it to every d and show that
switching components with respect to certain classes of hyperplanes also yield
solutions to the Prouhet-Tarry-Escott problem. As a consequence of the con-
structions on switching components, we obtain a construction that produces
relatively small PTE-solutions.

We present an additional application to number theory that relates switch-
ing components to the so-called pure product polynomials, i.e., products of bino-

mials of the type
[](x*—1)

i€[x]

for some positive integers «y,...,a, € IN*. It is a long-standing open pro-
blem to determine the minimum length of pure product polynomials for ev-
ery k € IN¥, or to establish its right asymptotic growth. Our constructions on



1.1 Content Quverview and Contributions

switching components yield, for every x € IN*, pure product polynomials of
length in 20(V¥log(v¥)) and in 0(1.38%).

For surveys on various aspects of discrete tomography we refer the reader
to [7,114,|77,189, 99, [100]. More details on the problems in Number Theory can
be found in [33} 34}, 97].

Next we describe the content of the thesis. Afterwards, we will give the
formal setting and the basic definitions, as well as prove elementary results on
switching components that we will need throughout the thesis.

1.1 Content Overview and Contributions

Chapter 2| contains background knowledge on commutative algebra, with fo-
cus on Grobner bases and Toric ideals.

In Chapter [8|we deal with the algebraic characterization of switching com-
ponents and the constructions of small-size ones. In section we show
that switching components correspond to the elements of certain toric ideals.
Specifically, Theorem is a generalization of results from [175] and [94],
and gives a complete characterization of switching components with respect
to subspaces of every dimension. In section 3.2l we model switching compo-
nents as the solutions to a Diophantine polynomial equation (joint work with
Peter Gritzmann). Section [3.3|relates switching components with projections
of cubes: this is a consequence of a result in [94]. We determine the minimal
size of the projection of a cube along a line in Proposition [3.3.9]

In Section 3.4 we present known results on the minimal size of switching com-
ponents, while we include in[3.5relations between the coefficients of a polyno-
mial and those of its divisors. In order to determine small switching compo-
nents, the directions selected play a crucial role, as we explain in Section 3.6
In Section 3.7] we include a class of pure product switching components that
have exponential size, while the union of finitely many copies of them pro-
vide a polynomial size switching component (joint work with Andreas Alpers
and Peter Gritzmann). Sections [3.8/and [3.9 present two constructions which
yield switching components with respect to m subspaces of size lower than
the trivial bound of 21, using a copying technique and archimedean solids,
respectively. The results in 3.9|are fruit of joint work with Andreas Alpers and
Peter Gritzmann. Section compares the two constructions. Parts of the
contributions of Chapter |3| will appear in a joint paper with Andreas Alpers
and Peter Gritzmann [10].

In Chapter 4}, we discuss the relation between switching components and
the Prouhet-Tarry-Escott problem. Section[4.2)provides the first — to our know-
ledge — characterization of the solutions to the PTE-problem of every degree
and in every dimension. In Section we extend a result of [18] by show-
ing, in all dimensions, that switching components with respect to m pairwise
linearly independent directions yield solutions to the PTE-problem of degree

m — 1. We also show that switching components with respect to (K+i_1)—many
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hyperplanes, provided that their normal vectors are in so-called generic posi-
tion, yield solutions to the PTE-problem of degree « in dimension 4 (joint work
with Andreas Alpers and Peter Gritzmann). We conclude the section by show-
ing with algebraic arguments that switching components with respect to lines
are PTE-solutions.

In Section |4.4) we show that PTE-solutions are projections of switching com-
ponents, and in 4.5 we explain how we can apply the results of Chapter 3| to
devise small PTE-solutions (joint work with Andreas Alpers and Peter Gritz-
mann). Inf4.6|we give an Integer Linear Programming model of the Prouhet-
Tarry-Escott problem, and determine with the help of X-press-Mosel FICO®
[141] the ideal solutions with smallest magnitude up to degree 5.

Section [£.7] addresses complexity issues related to the Prouhet-Tarry-Escott
problem. Parts of the contributions of Chapter 4 will appear in a joint paper
with Andreas Alpers and Peter Gritzmann [11].

Chapter 5| presents a further connection between switching components
and number theory, specifically with the problem of determining the pure pro-
duct polynomials of smallest length. We give a generalization and use the
constructions of Chapter 3|to determine upper bounds.

1.2 Notation

Throughout the thesis, we assume d,m,k € N*,d > 2,1 < k < d—1. Let
D, W C R. A weight function w on D is a function

w: DY — W

x — w(x)

whose support is finite, i.e., |{x : w(x) # 0}| < oo.
Classic choices for ID and WV are

D e {N,Z,R} and W e {{0,1},N}.

Let F(ID9, W) be the set of all weight functions w : D? — W. The elements of
F(ID4, W) are our objects of interest.

If W = {0,1} we identify every function w : D? — W with its support, and
refer to 7 (ID, {0,1}) as the collection of finite sets of the type

F={xeD:w(x) =1} c D"

If W = N, we identify every function w : DY — W as a finite multiset F C D
whose elements have multiplicity w(x) € IN*, and we write the list of its ele-
ments as

F={x...,x :x €D w(x) #0}. (1.1)

w(x)-times
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If D = Z, instead of F(ID4, W) we write

Fhi=F(z4,{0,1})
Fi = F(z%,N) (1.2)
Fon = F(NY,N)
The elements of F¢ are called lattice sets. Note that F¢ C F§;. In order to
make our treatise clearer, we define in the following the basic operations on
multiset. They follow naturally from (1.1) and the usual operations on sets, by

interpreting as distinct elements the w(x)-many copies of a element x € D¢
with w(x) # 0.

Definition 1.2.1 (Size and Operations on Multisets).
Let W C N, and let F € F(D% W), and let w: DY — N be its corresponding
weight function. We define the size of F as

Fl =) w(x)
xeD4

Let Fi, F, € F(ID4, W) and let wy, w, : D — IN be the respective weight functions.
It holds F; C F, if and only if w1 (x) < wy(x) for every x € DY
The weight function of Fy U F, is

WRUE : DY — N

x — wq(x) + wa(x)
The weight function of Fy N F, is

WENE lDd — N
x — min{ws (x), wy(x)}
If min{w; (x), w2(x)} = 0 for every x € D?, we say that F; and F, are disjoint, and
we write LN E = @.
The weight function of F1\ F, is
wFl\FZ . Dd — N
x — max{0, wi(x) — wa(x)}

Finally, F; = F, if and only if for every x € D% it holds w; (x) = wa(x).

Notice that w(x) > 1forevery x € F,and |F| < oo forevery F € F (D4, W).

Next we define a bijection between multisets.

Definition 1.2.2 (Bijection of Multisets).

Let W C N. Let Fi, F, € F(ID% W) and let wy,w; : D — IN be the respective
weight-functions. If |F| = |F|, we define a bijective function between multisets
o: Fy — F, from a bijection T between the sets

Fo= U {td <@} F= U {0 x )]}

xeF xeh
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such that for every y1 = (x1,n1) € Fy and yo = (x2,n2) € Fp with ny € [wy(x)]
and ny € [wa(x)], and o(y1) = yo, it holds

o(x1) = x.
Notice that the function T exists since |F;| = |F,|.

Informally, an element x € F; with multiplicity w(x) is treated as w(x)-
many copies of the element x € F.

Definition 1.2.3. We denote the set of all k-dimensional linear subspaces of R? as S,
and we denote by L4 the subset of S2 of all such subspaces that are spanned by vectors
from Z°. In particular, the elements of LY will be referred to as lattice lines.

Depending on the purpose, a subspace S € S? could be expressed as
lin{sy,...,sc} as well as (lin{sxi1,...,54})", for suitable s; € R?, j € [d]. A
direction s € Z% is called reduced if the greatest common divisor of its entries
is 1.

Furthermore, for S € S, we define the class of affine subspaces parallel to S
as
Ar(S) :={v+S:v e R}

Then, for F € F(ID?, W), with corresponding weight function w: D — N,
and S € S¢, the (discrete k-dimensional) X-ray of F parallel to S is the function

XsF : AR(S) = N

defined by
XsF(T) = Z w(x),

xeT

foreach T € AR(S). Notice that since every weight function has finite support,
the encoding of an X-ray is finite. We have introduced the necessary notions
to define tomographically equivalent multisets.

Definition 1.2.4 (Tomographically Equivalent Multisets).
Let F,F, € F(D? N) and let S € S{ be defined by linearly independent vectors
S1,...,54 € RY, as

S:=1lin{sy,...,s;} = {x e RY: Ax = 0}
where A € RU—K)%d js the matrix

T
Sk+1
A= :

T
54

We say that F;, F, are tomographically equivalent (t.e.) with respect to S if and

only if
Xsk = Xsh (1.3)
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Equivalently, Fy, F, are tomographically equivalent with respect to S if and only if
there exists a bijective function o : Fy — F, such that

x—o(x)eS Vxeh (1.4)
or, equivalently, if and only if the following multisets are equal:
{Ax:xe R} = {Ax:x € R} (1.5)

Definition 1.2.5 (Switching Component). Let F;, F, € F (]Dd, IN) be disjoint and
tomographically equivalent with respect to S, then the pair (Fy, F,) is called a switch-
ing component (s.c. ) with respect to S.

The expression switching component can be found in the book by Herman
and Kuba [99] §1.2.2, where the focus is to reconstruct a binary matrix from
the knowledge of its row- and column-sums. Any matrix that contains a 2 x 2
submatrix of the types

10 01
M=y 1) M= (T )

cannot be uniquely reconstructed, as their row- and column-sums do not change
by substituting M; with M,. The term switching refers to the transition from a
configuration containing M; to one containing M,. Other denominations were
given to the cases for which a unique reconstruction is not possible; in the lit-
erature we can also find the term ghosts, for example in [40, [170], as well as
interchange in [158], and bad configurations in [43].

We will use both formulations or (1.5). If (F, F,) is a switching com-
ponent with respect to S € S, then it follows from (L.3), and that

[Fi| = [Fl.

We call the number |F; | the size of the switching component (F;, F).
Ifs € R?and S = lin{s} is a 1-dimensional subspace, we will often say that F;
and F, are tomographically equivalent with respect to the direction s.

Definition 1.2.6 (Geometric Problem).

Letk,d,n,m € N* withd > 2and 1 < k < d — 1 as before.

We denote by GP’H‘\’I‘Z (n, m) — acronymous for Geometric Problem — the class of the
switching components (Fy, Fy) € F&; x F& with respect to m non-parallel subspaces
S1,.--,Sm € LK, with FFNF, = @and |F| = || = n.

Analogously, GP*(n,m) is the class of switching components (Fy, F) € F¢ x F¢
with respect to m non-parallel subspaces Sy,...,Sm € Lk with FFNF, = @ and
|Fi| = |R| =n.

The definition of GP?(11, m) was first given in [[18]: there it referred to the class
switching components of size n in the plane with respect to m + 1 directions.
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A challenge in discrete tomography is to determine the minimum size of a
switching component (F;, F,) in (F (D4, W)) ? with respect to m non-parallel k-
dimensional subspaces. We denote this number by 1/)1%‘%,\, (m). We will discuss

bounds on lpglw(m) in Section We will be interested mostly in the case
D =2Z,and W = N or W = {0,1}. For these cases, we simplify the notation
for 1p§5’fw(m) as lp]'f\’ld(m) and ¢*(m) respectively. Observe that

i (m) = min{n € N : GPY (n,m) # @}
and analogously for W = {0,1}.

Example 1.2.7 (Example for GP*(3,3)). An example of switching component in
JF2 with respect to the directions

s:={(1,0)7,(0,1)7,(1,1)7}

is the pair (Fy, F,) of sets

{6 ()G R {G)6)- G

that we depict in Figure[1.1)as black and white points, respectively.

T

Figure 1.1: Switching component in dimension d = 2

In Proposition we give easy transformations and properties of a
switching component (F, F;) € F (D4, W) x F(ID?, W) with respect to m sub-
spaces S1,...,S5u € Sk,

Proposition 1.2.8 (Transformations on Switching Components).
Let D = Rand W = N. Letk € [d —1], and let A1,..., Ay € R pe
full-rank matrices, defining the k-dimensional subspaces S1, ..., Sm:

Si:={xeR?: Aix=0} Vicm].

Let (F, F) € (F(]Dd, VV))2 be a switching component with respect to Sy, ..., Sy of
size n. Then the following statements hold true:
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(i) If(F1,F) € (f(Dd, W))2 is a switching component with respect to Sy, ..., Sy,
and
(RFUF)N(RUF,) =,

then
(RUF, RUFR,) € (F(D%,W))? (1.6)

is a switching component with respect to Sq, ..., Sp.

(ii) Let M € R¥*? be non-singular, t € R, Let F; := {Mx+t:x € F},j € [2].
Then (F1,F>) € (F (lDd,l/V))2 is a switching component with respect to the
subspaces S; := {x € R : A;M~'x =0},i € [m].

(iii) Let Fj := {(x,0)T : x € F} € F(D™, W), j € [2].
Then (F1,F>) € (F (]Dd,)/\}))2 is a switching component with respect to the

subspaces
Si:={y e R™: (A;|0)y =0} Vi€ [m]

(iv) (F1, Fy) is a switching component w.r.t. all the k + r-dimensional subspaces con-
taining S;, forallr € [d —k —1],i € [m].

Proof. (i) The claim follows directly from the Definition equation (L.5).
In fact, for every i € [m] it holds

{Aix:xEFl}U{Aix:xefl}:{{Aix:xer}U{A,-x:xefZ}.

(ii) Foralli € [m], by it holds
{Aix - xe R} ={Aix : xe K} Vi € [m] (1.7)
hence

{AiM_lf 1X e flﬁ = {AiM_l(MX—F t) X e F1} =
={Ax+AM %t :xc R} ={Ax+AM 't :xe R} =
={AMx : x € F}

foralli € [m]. Observe that F; and F; are disjoint since M is non-singular
and P] N Pz = Q.

(iii) As forallX € Fjand for all j € [2] it holds
(Ai]0)% = (A:]0)(x,0)" = A,
it follows by
{(A;10)x : xe [} ={Ax|xe R} ={Ax : xe B} =
={(A;|0)x : x€ [} Vi€ [m]

hence F; and F, are tomographically equivalent with respect to S; for all
i€ [m].
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(iv) Let S := {x € RY| Ax = 0} with

ai,...,a4_x € R? linearly independent. If T C R? is a linear subspace of
dimension k + r containing S;, r € [d — k — 1], then we can assume T to

be defined as
T:={xeR?: Ax =0}
with .
a
| ®
a;,k,,

Since {Ax : x € Fi} = {Ax : x € R}, it follows
{Ax : xe R} = {Ax : x€ R}
The claim follows by considering T; D S; for all i € [m]. O

We now interpret Proposition m from the point of view of GPIE\’Id(n, m),
i.e., the class of switching components (F;, F>) with respect to m k-dimensional
non parallel subspaces, with F; € F, 4 see (1.2). From Proposition
it follows that if M € Z9*% is unimodular, i.e., its determinant is +1, and
t € Z%, then GP]E(Id(n, m) is invariant under the transformation x — Mx + t,
see [161]] §4.3. In a weaker sense, for every invertible M € 7% and t € 74,
the transformation

¢: 7% — 7°
x+— Mx+t

provides (¢(F1), p(F)) € (.7-"]1{1)2 for every (F, F) € (.7:&)2.
Further, GPIE(Id(n, m) embeds naturally in GPIE(IdH(n, m) and GPlﬁr’d(n, m), for
everyr € [d—k—1].

In most of the cases, we will fix D = Z and W = IN. If not explicitly
stated otherwise, we consider subspaces Sy,...,5, € L’g. Moreover, to ease
the notation, we will denote F; and F, as B and W, and refer to them as black
and white points.

The following example shows that the opposite implication of
does not hold in general.

Example 1.2.9. There exist sets of points that are tomographically equivalent with
respect to hyperplanes but no lines. For example, let

b1 :=(0,0,007  by:=(1,1,0)T



1.2 Notation

w; = (0,1, 1) wp:=(1,0,1)T

and consider the subsets B := {by, by} and W := {wy, wa} of R3. They are tomogra-
phically equivalent with respect to the hyperplanes whose normal vectors are in

D :={(1,0,0)7,(0,1,0)7}

as the sets {p"b; : b; € B} and {pTw; : w; € W} are equal Vp € D, but they
are not tomographically equivalent with respect to any line. In fact, if B and W were
tomographically equivalent with respect to a line {us : u € R}, with s € RY, then it
would follow s € {b; — w1, by — wy }. However,

by —wy # A(by —wyp) and by —wy # A(by —wy) VA eR

X3

)
N

Y

)

Xy

Figure 1.2: Switching component in Z? with respect to three planes and no

lines, as in Example

Definition 1.2.10 (Projection). Let r € IN* and let M € R™¢, with rank (M) = r,
and let t € RY. We define a projection 7t as the function
T RY — R’
X Mx -+t

we refer to 7t(x) as the projection of x € R%,

In the next lemma we show that the projection of a switching component
is a switching component itself. By Proposition it is not restrictive to
assume the translation vector to be 0. We focus on the lattice case, the general
case can be shown similarly.

Lemma 1.2.11. Let the pair of multisets (B, W) € Fg, x Fi be a switching compo-
nent with respect to the k-dimensional lattice subspace S € L{ defined by k linearly
independent vectors sy, ...,sx € Z:

S:=lin{sy,...,s¢}.

11
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Forr € [d] let M € Z"*% be a matrix defining a projection

m:RY — R
X — Mx
and let t(B) := {mt(b) : b € B} and m(W) := {rt(w) : w € W}. Then 7t(B) and
7t(W) are tomographically equivalent with respect to the subspace S C R" defined

as
Sy :=lin{Msy, ..., Ms;},

provided that there exists i € [k| such that Ms; # 0.

Proof. If B and W are tomographically equivalent with respect to S, then by
it follows that there exists a bijection o: B — W such that

k
b—o(b) =) Ausi, (1.8)
=1

with Ay; € R for every i € [k] and every b € B. We show that we can define a
bijection x: 71(B) — 7(W) such that

=

Vr(b) € 7(B) Frwyrs - Hax € Rs.t. mt(b) — x(m(b)) = Hr(v)iMsi

i=1
where we are considering 71(B) and 71(W) as multisets: if by, by € B are dif-
ferent, and Mb; = Mb;, then both copies Mb;, Mb, are included in 7(B). As
BNW = @, it follows from that the vector of coefficients (Ay1, ..., Ap) €
IR is not identically zero, for all b € B. Hence

3" AuiMs: = M(b — o(6)) = Mb— M(e (b)) = r(b) — 7(o(5)
i=1

We set i (p); := Ap; for every b € B and every i € [k] and we define

Then x is well-defined on the elements of 77(B) as it is a composition of func-
tions. Moreover, it is bijective as ¢ is bijective. O

Lemma does not assure that 7(B) and 71(W) are disjoint, nor
that the multiplicity of their points has not increased. Further, the vectors
Ms;, ..., Ms, may be not pairwise linearly independent. Since there exists
i € [k] such that Ms; # 0, we can only assume that the dimension of S is at
least one. When projecting a switching component we will, case by case, define
the matrix M in such a way that, if needed, the above mentioned properties are
fulfilled. We will show in Section [3.9| that for a set of given pairwise linearly
independent directions S C Z¢, it is possible to define a matrix M € Z2*? such
that Msy, ..., Ms,, are pairwise linearly independent.



Chapter 2

Background Knowledge

For the reader’s convenience, we include in this chapter some of the back-
ground knowledge that will be needed throughout the thesis. Further refer-
ences to the literature are given in the sections.

Throughout this section, we assume d € IN*. Let us consider the vector
space R?. For i € [d], we denote by u; the i-th unit vector:

1 if i=j
Wij = Y
0 if i#]
Let p € N* U {oo}. Let x € R% If p # oo, the p-norm of x is

d 1
Il = (1 xil?)"
i=1
while the co-norm of x is
[x[loo := max{[x;| : i € [d]}.

Let A C RY we denote by lin(A), aff (A) and conv(A) respectively the linear
hull, affine hull and convex hull of A. We denote by bd (A), int (A) and relint (A)
respectively the boundary, the interior and the relative interior. If A C R? is con-
vex and bounded, we denote by vol(A) and diam (A) respectively the volume
and diameter of A, i.e., the supremum distance between two points x,y € A.
Vectors V C R? are said to be in general position if every d of them are linearly
independent.

More details on convex geometry can be found, for example, in [22} 90],
while a deeper insight on convex polytopes is given in [83, 98,168, [179].

2.1 Algebraic Background

In this section we include some well-known results from commutative algebra
and combinatorics. More details can be found, for example, in [66| 96, 136].
Let (R, +, ) be a commutative ring with unity.

13
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Definition 2.1.1 (Ideal). A subset I of R is an ideal if the following properties hold
true:

(i) 01,
(ii) x+y € lforall x,y € I and
(iii) x-y € [forallx € I,y € R.
Let S C R, we define the ideal (S) generated by S as
t

ENl

1

xi-yi:t€N,xy,...,x €S,y1,...,yt € R}
1

Let I be an ideal of R.

I is called proper if I # R.

I is called principal if it is of the type ({x}), i.e., if it can be generated by a single
element x € R.

I'is called prime if x -y € I implies x € Tory € L

I is called radical if for all n € IN and x € R such that x" € 1 it follows x € I. The
radical of I is defined to be the set

VI:={x:3nc Ns.tx"cI}.
Note that /T is itself an ideal.

In the following proposition we introduce the most basic operations on
ideals.

Proposition 2.1.2 (Operations on Ideals). Let the sets S,T C R be finite and let
I=(S) CRJ=(T) C R beideals. We define

I+]:={x+y:xelLye]}=(SUT).

It is easy to show the second equality, which implies that I + | is an ideal. Observe
that IU ] C I+ ] but, in general, I U | is not an ideal. We define the ideal intersection
INJas

IN]:=(x:xel,xe]).

It is easy to show that I N | is an ideal. The last operation we define is the product of
ideals:

I.J'={x-y:xelLye]J}t=(s-t:se€S,teT)
It is easy to show the second equality, as well as I - ] C I N ].

The product x - y will be often denoted by xy. The following ideal operation
is sometimes referred to as colon ideal or quotient ideal.
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Definition 2.1.3 (Colon and Saturation). Let I, ] C R be ideals. We define

I:]:={feR: f]CI}

I:J°:=J(1:])
r=1
I : ] is called colon ideal, and I : | is called the saturation of I with respect to J.

Remark 2.1.4. It is easy to show that I : | is an ideal of R, as well as I : J*.

Definition 2.1.5 (Quotient Ring). Let I C R be an ideal. We define the Quotient
Ring R/1 as the set of the classes X, x € R with the property

Xx=y iR/l <= x—-yecl
We define the operations + and - on R/ I as

+:R/IXR/I — R/I
(X, y) — x+y

-t R/IxR/I — R/I
(*,y) — 7
The following proposition follows easily since R is a ring and I and ideal.
Proposition 2.1.6. (R/I,+,-) as defined in is a ring.

The following property for rings is called after Emmy Noether, who first
introduced it in [138] putting it in connection with Hilbert’s Basis Theorem,

see.1.8

Definition 2.1.7 (Noetherian Ring). A ring is called Noetherian if every ascending

chain of ideals stabilizes, i.e., if I; (jeny © R is a sequence of ideals in R such that

hCchcCl...
then there exists t € IN such that I; = I; . for every k € IN.

In our setting, rings will always be Noetherian. It is easy to show that R
is a Noetherian ring if and only if all its ideals are finitely generated. We now
focus on polynomial rings. The following theorem is the well-known Hilbert’s
Basis Theorem. The original work was included in [103] and can be found in
[104, 106].

Theorem 2.1.8 (Hilbert’s Basis Theorem). If R is Noetherian, then R[X], the ring
of univariate polynomials with coefficients in R, is Noetherian.

We now introduce the relevant terminology for polynomial rings. In the
following, K is a field containing Z.

15
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Definition 2.1.9 (Polynomial Ring Terminology). Let K[Xj, ..., X;] be a poly-
nomial ring in the variables Xy, ..., X, and coefficients in K. We will often use the
compact notation X = (X, ..., Xy), while a non boldface X will always represent a
single variable.

A term is a product of non-negative powers of the variables Xy, ..., X;. Terms will
be often denoted by t. The set of all terms in IKK[X] is denoted by T?. A monomial
is the product between a term and a coefficient & € K, and will be often denoted by
m . A binomial is the sum of two monomials. The exponent vector of a monomial
aX(' X3 - X0 is the vector e := (eq,ep,...,e4)7 € IN“. We can use a more
compact writing and express a monomial as «X°. The degree of X° is the number
deg(X®) :=e1+---+ey.

We define the maps Exp and Log as

Exp: N¢ —s T¢
(e1,€2,...,64) — X°
Log: T? — N*

X — (ey,ea,...,e4)

which are isomorphism of monoids. The support of a polynomial f(X) € K[X] is the
list of monomials that appear in f with coefficients different from 0. It is denoted by

Supp (f)-
The constant term of a polynomial f(X) € K[X] is the monomial in Supp ( f) whose

exponent vector is (0,...,0) € IN“.
Two monomials aX®, XY for which a = b are said to have the same literal part or
are called similar.

Definition 2.1.10 (Pure Binomial). A binomial in K[Xy, ..., Xy| is called pure if
it is of the form X* — X, with X*,X? € T and coprime.

Definition 2.1.11 (Laurent Polynomials). Let d € IN, we denote by
K(X1, ..., Xa, XYoo, X5

the ring of Laurent polynomials in the variables X, ..., Xy, defined as the set
of finite sums of monomials of the type aX® = aX]'-X3?--- X, a € K,
a=(ay,...,ag) €Z Leta, € Kand let a,b € Z. The ring operations on
the monomials of K[ Xy, ..., Xy, Xl_l, ., Xd_l] are defined as

aX® + X" = (o + B)X*
while if a # b then the sum of the monomials X and BX? is the polynomial
aX® + pX-.
The product of two monomials is defined as

aX® - BXP = apXtt
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Let I,] C Z%, with |I|,|]| < . If f := Y 0; X and g := Yiej BiX/, we define

frg=Y aX' +) BX

i€l i€l

frg= ), apXt
iclje]
If not explicitly stated otherwise, we will assume the terms of polynomi-
als to have non-negative exponents and point out when we are considering a
Laurent polynomial.

Definition 2.1.12 (Monomial and Binomial Ideal). An ideal I C K[Xy, ..., X,]
is called a monomial ideal (respectively binomial) if it can be generated by finitely
many monomials, (respectively binomials).

Monomial ideals allow computations to be performed easily, for example
it is shown in [102] that if I, ] are monomial ideals, then /I, INJ, I : | are
monomial ideals. Other important properties of monomial ideals can be found
in [29,|167]. A special class of binomial ideals are the so-called toric ideals that
we will present in the next section. Einsenbud and Sturmfels addressed several
aspects of binomial ideals in their seminal paper [67].

Lemma 2.1.13. Let k,d € IN*. The number of terms of degree k in d variables is
k+d—1
a5)-
Proof. We can show this with the stars and bars method, as introduced by
William Feller in [73]. We need to count the ways to assign non negative expo-
nents to the variables X, ..., X; in such a way that the degree of the resulting
term is k. Hence we can equivalently imagine to place d — 1 separators into the
sequence
11...1
——

-
k times

in all possible ways. There are (k;ﬁl) ways to do so, and as the position of

the separators determines uniquely a term of degree k in d variables, the claim
follows. O

The following is a classic result that can be found, for instance, in [154],
§2.2.

Lemma 2.1.14 (Multinomial Expansion). Let d,r,k € N and let K[X3, ..., X,]
be a polynomial ring in d variables. Let m, ..., m, be monomials in K[X, ..., X4].
Then the following equality holds:
k k i i i
(my+---+m)t = ( . .)mf-mzz---m;
i tig iy =k N1 27w Ty

( k ) k!
i1,10, ..., 10y ip!-iple -1,

with

17
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Definition 2.1.15 (1, 2-Norm and Height of Polynomials).
Let X := (Xy,...,Xy), let E C IN“ be finite, and let f(X) € K[X] such that
Supp (f) = {aX®: e € E}. We define

Iflh= X 1)
aX?eSupp (f)
1/2
Ifle=( ¥ @?) 22)
aX?eSupp (f)

Moreover, the height of f is defined as

ht(f) :=
(f) oo B2 |l

Notice that ht(f) is the co-norm of the vector of the coefficients of f.

The following lemma is not new, it was for example included in [122], al-
though stated in a less general form.

Lemma 2.1.16. Let X := (X, ..., Xy) and let f,g € Z[X]. Then

178l < NI fllaliglh-

Proof. LetI C N%and let f := ¥ ; a;X/, g := Yicl ,Bij. It holds

Ifsh = || Zex- T e = [ S L e x| <

icl jel icl jel 1

< Y| i px || = X laallglly = I £1l - gl

iel  jel icl

2.1.1 Grobner Bases

In this section we present some results on Grobner Bases that we will need in
the following chapters. Grobner Bases were introduced by Buchberger in 1965
in his Ph.D. thesis [45]. Several books have been written on the topic since
then, we cite as reference for example [26, 56,117, 118].

Definition 2.1.17 (Term Ordering). A term ordering T on T¢ is a relation = on
T that fulfills the following conditions:

(i) >+ is a total ordering on T, i.e., for every ti,t, € T¢, with t; # to, it holds
either t{ = th or tp =1 ty.

(ii) Ify,t € T are such that t; > tp, then t; -t = t; - tforallt € T,

(iii) t = 1 forall t € T\ {1}.
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Making use of the monoid isomorphism Log defined in we could
equivalently have defined the relation =, on IN“. We will slightly abuse the
terminology, for example referring to term orderings defined on K[Xj, ..., X;],
as well as writing aX® -, BX? instead of X* =, X, o, 8 € K\ {0}.

Among the most commonly used term orderings, we mention the lexico-
graphic order > gx or the degree-reverse-lexicographic order >pgcreviex defined
as:

X? >1px X if and only if the first non-zero entry of a — b is positive.
X* =prcreviex XC if and only if deg(X?) > deg(X?) or deg(X”) = deg(X?)
and the last non-zero entry of a — b is negative.

Example 2.1.18. Let us consider the set of terms T3 in the variables X7, Xp, X5. It
holds
X1 X3 -Lex X3

as the first non-zero entry of (1,0,1)T — (0,2,0)T = (1, —2,1)T is positive, while

X% >~ DEGREVLEX X1X3
as the last non-zero entry of (0,2,0)T — (1,0,1)T = (=1,2, —1)T is negative.

The notion of term ordering is needed in order to implement a division
algorithm among multivariate polynomials.

Definition 2.1.19 (Leading Term, Leading Coefficient, Leading Monomial).
Let K[X3,...,Xy] be a polynomial ring equipped with a term ordering .. Let
f(X) € K[X], and consider Supp (f). We define the Leading Monomial of f with
respect to T as the monomial aX® € Supp (f) such that X* =+ X" for every other
BXY € Supp (f) and we denote it by LM ¢(f). The Leading Term is X?, and we
denote it by LT (f), while the Leading Coefficient, denoted by LC <(f), is a.

If clear from the context, we omit the subscript T.

In the following, we assume a term ordering T fixed on KI[X].

Theorem 2.1.20 (Multivariate Division).
Let s € IN* and let f,g1,...,8s € K[X]\ {0}. Then there exist an algorithm that
computest,qs, . ..,qs € K[X] such that

f=ng+ - +4qsg+r
with the following properties:
(i) LT (f) =< LT (q:8:) Vi € [s].
(i) None of the terms in Supp (r) belongs to the ideal (LT (g1),...,LT (gs))

The following algorithm computes gy, ...,qs, 7 of Theorem 2.1.20L Addi-
tionally, g1, ...,gs,r from Algorithm [2.1.21| are such that Vi € [s] and Vm €
Supp (g;) we have

m - LT (g;) ¢ in{LT (g1),...,LT(gi-1)}

19
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Algorithm 2.1.21 (Division Algorithm).

Input: Term ordering >+ on K[X], f € K[X],g1,..., € K[X] \ {0}.

Output: 7,41, . ..,qs € K[X] as in Theorem
p f;Vie[s],qi+ 07«0

repeat
repeat
Find the minimal i € [s] such that LT (g;)|LT (p)
LM (p)
PP ) S
LM (f)

9i < i+ v (i)
until 3i € [s] such that LT (g;)|LT (p)
pp—LM(p)
r<r+LM(p)
until p =0
returnv,qy,...,qs

The polynomial r from Algorithm is called the Normal Remainder of
f with respect to the ordered set G := {g1,...,¢s} and it will be denoted by
NR(f). Notice that qy,...,4s,r of Algorithm depend not only on G
and >+, but also on the order of the polynomials gi,...,g;. We will define
special sets of polynomials G = {g1,...,9s} C K[X]| — called Gribner bases,
see Definition — such that for every f € K[X], the normal remainder
NR ;(f) does not depend on the order of the polynomials g, ..., gs but only
on the ideal (g1,...,9s) and the term ordering >. The following example
shows how the order of the polynomials in G may affect the output of Algo-

rithm 2.1.211

Example 2.1.22 (Different Normal Remainders).
Let f,g,h € K[Xy, X2], defined as

fi=X{ g=X+X} h=XX2—1

The following two expressions are possible outcomes of the division algorithm as pre-

sented in

fX)=(Xi - X3)g(X)+ Xy  if G:={gh}
fX) = =(XaXe + Dh(X) + X{g(X) =1 if G={hg}
Thus NR {gh} (f) = X% and NR {hg} (f) = -1

Definition 2.1.23 (Tail of Polynomial). Let f € K[X]. The polynomial Tail(f) is
defined as

Tail(f) :=LM (f) — f

and is referred to as the tail of f.
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The tail of a polynomial is such that
LM (f) = Tail(f) mod f (2.3)

Let f,q1,...,8 € K[X]. If a term at € Supp (f) is divisible by LT (g;) for some
i€ [s],ie.,

It € T? s.t. at = aLT (gt
we substitute at with

4
LC (gi)

t - Tail(g;) 2.4)

hence we substitute the head of g; with its tail. The resulting polynomial r, with

o

LC (gi)

ri=f—at+ t' - Tail(g;)

fulfills

-
Il
=

mod g;
by (2.3). Moreover, it holds

(X / .
= r+at— t' - Tail(g;
f LC(g)t T8
« o
—r4+—IM(g)t — t' - Tail(g;) = 25
LC (g M6 T Tyt TRl 23)
« o
=r+ t' (LM ; — Tail(g; :V‘Fit/i
(g (LM (g (81))) cg) e

with LT (t'g;) < LT (f). Hence the substitution describes a step of the divi-
sion algorithm. In the following we present an algorithm that systematically
applies substitutions as in (2.4), when applicable. The algorithm was named
rewrite rule by Kreuzer and Robbiano, and included in [117] §2.2. It is equiva-
lent to the Division Algorithm though we will use it when we need to
determine the Normal Remainder and do not need the coefficients g, . . ., gs.

Algorithm 2.1.24 (Rewrite Rule).

Input: Term ordering >~ on K[X], f,g1,...,gs € K[X]\ {0}.
Output: 7,41, . ..,qs € K[X] as in Theorem
Vie[s],q <0
repeat

if Jat € Supp (f) such that LT (g;)|t for some i € [s] then

qi <= qi T LCOEgi)t,

until None of the terms in Supp (f) belongs to (LT (1), ...,LT(gs))
r<f
returnz,qy,...,q;s

21



Chapter 2. Background Knowledge

22

By induction and by it follows that the Algorithm [2.1.24] terminates
correctly.
If G:={g1,...,8s}, the reduction of f modulo G by means of the rewrite

rule is denoted by f S NR c(f)-

Definition 2.1.25 (Leading Term Ideal). Let I C K[X] be an ideal. The ideal

LT (1) := (LT(f) : fe 1)
is called the Leading Term Ideal.
Theorem 2.1.26. Let I C K[X] be an ideal, I # (0). Then
(i) LT (I) is a monomial ideal.
(ii) There exist §1,...,8s € I such that LT (I) = (LT (g1),...,LT(gs)).

Definition 2.1.27 (Grobner Basis). Let I C K[X]. The polynomials f, ..., fs form
a Grobner basis of I if and only if

LT (1) = (LT (f1),..., LT (£.))

Proposition 2.1.28. Every ideal I C KIX]| has a Grobner basis {f1,...,fs} C L
Moreover, it holds

1= (fi, )

Theorem 2.1.29. Let {fi,..., fs} be a Grobner basis of an ideal I C K[X] and let
f € K[X]. Consider the division

f=nh+ - +afs+f

as in Theorem [2.1.20| Then f* € K[X] is uniquely determined by f, I and 7, i.e., f*
does not depend on the choice of the Grobner basis .

Theorem [2.1.29|guarantees, for every f € K[X], a canonical representation
of f € K[X]/Ias f*. In fact,

f=f inK[X]/I

because
f=f=mh+-Fafiel

We call Normal Form the canonical representation f* of f in IK[X]/I.

Definition 2.1.30. The polynomial f* as in Theorem |2.1.29|is called Normal Form
of f with respect to I, and it is denoted by NF 1(f).

If G is a Grobner basis of the ideal I, then NR¢g(f) = NF(f) for all
f e K[X].
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Corollary 2.1.31. Let G := {fi,..., fs } be a Gribner basis of an ideal I C K[X] and
let ¢ € K[X]. Then
gel < NRg(g) =0

The following results were shown in [46].

Definition 2.1.32 (S-Polynomial). The S-polynomial of the pair f,g € K[X] is
defined as

B LT (g) LT (f)
Spol(f.8) = {& (f) ged (LT (f), LT (g))f_ LC () scd(LT (f), LT ()%

The S-polynomial of a pair f,g € K[X] is a polynomial combination of f
and g that aims at canceling their leading terms.

Theorem 2.1.33 (Buchberger’s Criterion). Let I = (f1,...,fs) C K[X]. Then
{f1,..., fs} is a Grobner basis of I if and only if

NR 4, .1 (Spol(fi, fj)) =0 VI<i<j<s

The following algorithm was introduced by Buchberger in [45]. It applies
Theorem [2.1.33|to determine Grobner bases explicitly.

Algorithm 2.1.34 (Buchberger’s Algorithm).

Input: F = {f1,..., fs}, with f; # 0,1 € [s].
Output: A Grobner basis G of the ideal I := (f1,..., fs),
G := {g1,...,gr} O F.
G« F
repeat
GG
for Each pair (g;, gj) with g;,gj € G, and g; # gj do
r <= NRg(Spol (8i, 8j))
if r # 0 then
L G Gu{r}

untilG =G
return §

The following is a well-known property of Buchberger’s Algorithm.

Remark 2.1.35 (Binomial-friendliness of Buchberger’s Algorithm).
Buchberger’s Algorithm is said to be binomial-friendly, because given binomials
fi,-- -, fs € K[X] as input of Algorithm the S-polynomials computed in the
procedure are binomials. Hence a binomial ideal has a Grobner basis composed of bi-
nomials only.

Several improvements on Buchberger’s algorithm can be found in the lit-
erature, for example we cite [72,82,86]. A well-known technique to speed up
the algorithm is given by the following proposition.
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Proposition 2.1.36. If f, ¢ € K[Xy, ..., X,] and LT (f),LT (g) are coprime, then

NR (3 (Spol (f,g)) =0

Proof. For simplicity reasons, we show the statement for the case LC (f) =
LC (g) = 1. AsLT (f),LT (g) are coprime, then Spol (f,¢) = LT (g)f —LT (f)g.
We can re-write it as

Spol(f,g) =LT(g)f —LT(f)g§=LT(g)f — fg+fg—LT(f)g=
= (LT(g) —g)f — (LT (f) - f)&-

We show now that is an expression of division, i.e.,

LT ((LT(g) —g)f) 2 LT (Spol (f,g))
LT (LT (f) — f)g) = LT (Spol (f,g))

meaning 0 = NR ;. (Spol (f,g)). We set s; := LT(f) and t; := LT (g),
s :=LM (LT (f) — f) and t, := LM (LT (g) — g), so that

LM((LT(g) ~ )f) = tisi  LM((LT(f) - f)g) = s2ts

By contradiction, assume that syt; € Supp ((LT (g) — g)f), hence there exist
t' € Supp (LT (g¢) — g) and s’ € Supp (f) such that t's’ = t;sp, and t' < t;.
It must be then s, < s’ so s’ = s;. Now t's; = t;s,, and since s; and t; are
coprime, then t; |t/, contradicting t' < t;. Hence syt; ¢ Supp ((LT (g) — ) f).
Arguing in a similar way, we get t,s; ¢ Supp ((LT (f) — f)g), which means
that both s1t; and t;s; appear in the right-hand side of

Spol (f,g) = (LT(g) —g)f — (LT (f) — f)g

so it must be sit, < LT (Spol (f,g)) and t;sp < LT (Spol (f,g)), which implies
0 =NR {f.st (Spol (f,g)) O

As a consequence of Proposition |2.1.36|we have the following corollary.

(2.6)

Corollary 2.1.37. Let g1, . . .,8s € K[X] be such that ged(g;, g;) = 1foralli,j € [s]
withi < j. Then g1, ..., gs forma Grobner basis of the ideal they generate with respect
to any term ordering T defined on K[X].

Proof. Follows directly from Buchberger’s Criterion 2.1.33|and from Proposi-
tion[2.1.36 O

Grobner bases for a fixed term ordering T are not unique, but allow a
unique representation of f € K[X]/I through the concept of Normal Form,
by Theorem However, if we require some additional properties on the
Grobner basis, we obtain a result on uniqueness.

Definition 2.1.38 (Reduced Grobner Basis). A Grobner basis {f1,..., fs} of an
ideal I C K[X] is called reduced if the following properties hold:
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(i) LC(f;) =1Vie [s].
(ii)) Theset {LT (f1),...,LT (fs)} is a minimal set of generators of LT (I)

Theorem 2.1.39. Let I C KIX]| be an ideal and let T be a term ordering on K[X].
Then there exists a unique reduced Grobner basis of I with respect to T (up to permu-
tations of the generators).

2.1.2 Toric Ideals

In this section we introduce toric ideals. They arise in various fields of math-
ematics, such as combinatorics [55| [153]], statistics [140, |169] and integer pro-
gramming[119]]. Toric ideals will be used in Section as a way to express
switching components with respect to k-dimensional X-rays. The following
can be found in [168] §4, and [30].

Let A € Z™*“ and let ;7 be the map

n: N4 — Z"

(2.7)
v — Av

Definition 2.1.40 (Toric Ideal).
Let ay, ..., a5 € Z" and let us consider the matrix A = (ay,...,a5) € zmxd,
Consider the polynomial ring K[Xy, ..., X4] and the ring of Laurent polynomials
K[Ys, .. .,Ym,Yl_l,. .., Y, 1] in the variables Y := (Y1,..., Yn).
We define the K-algebra homomorphism
@ K[Xy,..., Xg) — K[Y1,..., Yo, Y7, Y
aji
Xi — I—I Y]]
j€lm]
hence we assign to X; the term Y%, a; being the i-th column of A. The ideal
I(A) = ker(q)) C ]K[Xl, . ,Xd]

is called toric ideal associated to the matrix A.

Remark 2.1.41. As observed in [168], Z(A) is an ideal, as it is the kernel of a K-
algebra homomorphism. Moreover, Z(A) is prime, as the codomain of ¢ is an integral
domain.

Let us define the exponentiations

Exp;: N? — K[Xy, ..., X,]
v— X

Exp,: Z" — K[Y1,..., Y, Y7 oo Yo
v— Y’
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The functions Exp; and Exp, are monoid isomorphism, if we restrict the
codomain to the set of terms in K[X] and K[Y, Y~!] respectively. Then the
following diagram commutes

Nd U Fm
lExp1 lEsz
K[X, ..., Xg] —— K[Yi,..., Y, Y7, Y

namely ¢(Exp, (v)) = Exp,(1(v)), Vo € N“.

Proposition 2.1.42. Let A € Z"*9. The toric ideal Z(A) C K[X] associated to A
is spanned as a IK-vector space by the set of binomials

{X* =X |u,0 € N p(u) = y(v)}

Proof. A binomial X" — X" belongs to Z(A) if and only if (1) = #(v), that
is Au = Av. We need to show that every f € Z(A) can be written as a lin-
ear combination of binomials of the type X* — X?, with n(u) = 7(v), and
coefficients in K. Let T be a term ordering on K[X] and let f € Z(A). By
contradiction, f ¢ lin{X* —X° | u,v € N%5(u) = 5(v)}, and we can as-
sume f to be the polynomial in Z(A)\lin{X* — X | u,v € N4, 7(u) = 5(v)}
with the minimal leading monomial LM (f) := aX" with respect to 7. As
f € Z(A), it holds f(Y™,...,Y%) = 0, see Definition Hence there
exists —aX" € Supp (f) such that Aw = Ah and X" <; X“. Then also
g = f—aX¥+aX" € T(A)\lin{X* —X° | u,v € N 5(u) = 5(v)}, and
LM (g) <+ LM (f), a contradiction to f being minimal. O

Definition 2.1.43. Let v € Z4, we denote by vt the vector whose entries are

.4":

v := max{0,v;}

and analogously we denote by v~ the vector whose entries are

v; :=max{0, —v;}

for every i € [d]. It holds o™, v~ € N%, v = 0" — v~ and (v;")T - v; = 0 for every
i€ [d].
Let us now define the map 7 as follows:
7:2% — 7"
(2.8)
v+— Av
observe 7 s = 1], see[2.7] The following corollary holds.

Corollary 2.1.44. With the above notation,

Z(A) = (X" =XV | v € ker(7)))
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Proof. By Proposition it holds
Z(A) =lin{X" = X° | u,v € ]Nd,n(u) =1n(v)}

Let wi,w, € INY and let X¥1 — X2 € Z(A), ie., 7(w;) = n(w,). We define
vt :=w; and v~ := wy, and it follows easily from Aw; = Aw,

Avt = Av” & A(vT —v7) = Av =0 & v € ker(7])
The other inclusion follows by definition of Z(A). O

Corollary 2.1.45. For any given term ordering T on K[X] there exists a finite subset
Gy C ker(77), such that the reduced Grobner basis of Z(A) with respect to T is the set

Ge={X"" =X" |ve Gl
Proof. From Corollary [2.1.44]it holds
I(A) = (X" =X | v € ker(7)))

hence by Hilbert’s Basis Theorem we can select a finite subset U C ker(7) such
that
I(A) = (X" =X° |vel)

When applying the Buchberger algorithm on the set {X*" — X" | v € U}, we
compute S-polynomials between binomials, which will be as well binomials in
ker(77). The operations needed to reduce the Grobner basis also preserve the
binomials. O

Remark 2.1.46. By Corollary[2.1.45|we know that the toric ideal has a reduced Grob-
ner basis G.. The elements of G are pure binomials. In fact, suppose X*" —X? € G-,
with ged(X?", X" ) = X", Hence

X XU = XE(XTT X))

which contradicts property (ii) of the definition of reduced Grobner Bases|2.1.38 i.e.,
LT (X¥" — X% properly divides LT (X°" — X?"), contradicting the minimality of
the generators in G.

One may ask how the generators of Z(A) shall be computed. A first ap-
proach could be to determine ker(7), which is a lattice whose generators can be
efficiently computed via the Hermite Normal Form, see [161], chapters 4 — 5. We
see in the following how the set of generators of the lattice {x € Z? | Ax = 0}
relate to the set of generators of Z(A) in We first define the lattice ideal.

Definition 2.1.47 (Lattice Ideal). Let A € Z"™*“ and let 7] be the Z-linear map
7: Z% — ZM defined as 7j(x) = Ax. Let V = {vy,...,0v,} C ker(77). Then the
ideal Iy := (X% — X% : i€ [r]) € K[X] is called the lattice ideal associated to V.
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Clearly, Iy C Z(A), for all V C ker(7). The following theorem was shown
in [168].

Theorem 2.1.48. With the notation above, and t := []ic|y X;, the following condi-
tions are equivalent:

(i) T(A) = Iy : t°
(ii) 'V is a set of generators of the lattice ker (7).

The following algorithm applies Theorem 2.1.48|to compute the toric ideal,
see [[118].

Algorithm 2.1.49 (Computation of Toric Ideal).

Input: A € Z"*4

Output: Toric ideal Z(A)

Compute set of generators V := {vy,...,v,} of ker(7])
Iy « (X% = X% :ielr])cZX

I Iy : ([T, X))™

return [

A set of generators of ker(77) can be computed efficiently by means of Her-
mite Normal Form methods, see [161], chapters 4 — 5. Bigatti, Scala and Rob-
biano [30] investigated methods to improve the efficiency of algorithms that
compute the saturation of ideals.



Chapter 3

Switching Components:
Algebraic Interpretation and the
Hunt for Small Sizes

In this chapter we investigate the relation between discrete tomography and
algebra, extending results from [175] and [94]. In particular, we obtain a
complete characterization of switching components in Z? with respect to k-
dimensional subspaces. Furthermore, we model switching components with
respect to finitely-many directions contained in a given grid as the solutions to
a polynomial Diophantine equation. Switching components can be also inter-
preted as the union of projections of the vertices of cubes, a consequence of a
result in [94].

A crucial problem in discrete tomography is determining the minimum
size of a switching component with respect to finitely-many directions, as was
addressed in [16} [127]. We present a class of switching components of expo-
nential size that yield polynomial-size switching components by considering
multiple copies of them. This follows from a non-constructive argumentation
similar to the one provided in [16].

A well-known construction provides switching components with respect
to m directions and of size 2"}, for every m € IN*, see Algorithm We
give two constructions that yield small switching components in sections
and though the number of points is still exponential in 7, we improve the
known constructive bounds by presenting a procedure that generates switch-
ing components of size in 20(v1og(v/m)),

3.1 Algebraic Interpretation of Switching Components

Let B,W C F, be a pair of multisets of Z?. We want to encode the pair
(B, W) as a polynomial in Z[Xj, ..., X4], in a way that the property of being a
switching component with respect to a given subspace S € L{ is reflected by
a corresponding property of the polynomial. As every switching component
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is invariant under translations by Proposition we can assume that the
points of B and W have non-negative entries, hence B, W € F .

Definition 3.1.1 (Encoding of Point Multisets as Polynomials).
Let B,W € ]:]KI,N be disjoint multisets. We define the map

0: Fln X Fan — Z[Xq, ..., X4)
(BW) — Y Xt — ¥ xv (3-1)
beB weW

On the other hand, a polynomial

f(X) = Y Cliy, i X € Z[Xy, ..., X]
i1+ +ig<deg(f)

is associated with a pair of lattice multisets (By, W) via the map
p: Z[X] = Fon < FRon

in the following way:
p(f) = (By, Wy)

Bf = U {c(ih...,id)_many copies Of (il’ s ld)} (32)
iy +ig<deg(f)

C(ilf---fid)>0

Wy = U {—c(,...iy-many copies of (i1,...,i4) }
i14+++ig<deg(f)

C(il'---fid)<0

where we count the points with their multiplicity |c(;, ;|- We will refer to the poly-
nomial associated to a pair of multisets of black and white points in the sense of (3.1)
or to the multisets of points associated to a polynomial as in (3.2).

It is easy to show that the following proposition holds true.

Proposition 3.1.2. If we restrict the domain .FH{T,N X ]:]KI,N of 6 to disjoint multisets
it holds 6~1 = p.

In [95], expanding their work in [94], Hajdu and Tijdeman showed the fol-
lowing theorem:

Theorem 3.1.3 (Hajdu, Tijdeman [95]). Let X = (Xy,...,Xy) and let v € Z¢
be a reduced direction. Two disjoint multisets B = {b1,...,b,} € ]:]IliT,N and
W = {wi,..., w,} € F& N are tomographically equivalent with respect to v, if and
only if the polynomial

0(B,W) = bz X0 — ;vxw € Z[X]
€B we

is divisible by the binomial X** — X? .
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One implication of Theorem holds also if we do not assume v to be a
reduced vector, as we show in theorem We first show a lemma.

Lemma 3.1.4. Let v € Z% and let v*,v~ € IN? as in Definition Then for all
A € N, the binomial X" — X" is divisible by X*" — XV

Proof. We show the lemma by induction on A. If A € {0,1}, the claim is easily
true. So let A > 2 and let the claim hold for A — 1. Then we have

)(/\v+ _ X)L217 — X(/\—l)v+ ()(‘()+ _ va) + X’Uf ()((/\—1)21Jr _ X(/\—l)v’),
which implies the assertion by induction hypothesis. ]

Theorem 3.1.5. Let X = (Xy,...,X,) and let v € Z*. Consider two disjoint multi-
sets B,W € FH‘{LN and the correspondent polynomial

6(B,W) = bZBxb — waw € Z[X].

If (B, W) is divisible by the binomial X" — X", then (B, W) is a switching compo-
nent with respect to the direction v.

Proof. 1f (B, W) is a multiple of X*" — X, then there exists p(X) € Z[X] such
that
0(B,W) = p(X)(X*" —X").

For every aX® € Supp (p), the terms aX**?" and aX®*? appear (before the
possible cancellations) in the expansion of 6(B, W) and, without loss of gen-
erality, they are such that Ujc(q{a +v*} C B and Ujcqp{a+v~} C W. As
a+vt —(a+0v7) =0v" —ov~ = vit follows that |a| copies of the black point
a+ v and |«| copies of the white point a4 + v~ are on the same line in direction
v, which rewrites as Ujc[y{a + v} and Ujq{a + v~ } are tomographically
equivalent with respect to v. Since this holds for every aX* € Supp (p), we can
define multisets B, W as

B:= U  \Uglatoy W= |J  Ugpla+o}
aX*€Supp (p) aX*€Supp (p)

and (B, W) are tomographically equivalent with respect to v. As 6(B, W) =
p(X)(X*" —X?"), it holds

B=B\ (EmW) W =W\ (EmW)
and the claim follows. O

Concerning the other implication in Theorem the following result
holds.
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Theorem 3.1.6. Let v € Z¢, and let B := {by,...,b,} and W := {wy,...,w,} be
disjoint. Suppose there exists a bijection o: B — W such that for every i € [n] there
exists A; € Z. such that

bl' — (T(bl') = /\iU.

Then the polynomial
=Y x'— ¥ xvezXx.

beB weWw
is divisible by the binomial X** — X?"

Proof. First we notice that if there exists a bijection : B — W such that for
every i € [n] there exists A; € Z such that

bl' — O'(bi) = /\Z‘ZJ (33)
then (B, W) is a switching component with respect to v, by
We write v € Z% as v+ — v, with v, 0~ € IN¥, and (v")Tv~ = 0, see Defini-
tion[2.1.43] and write (3.3) as

b, — U(bi) = /\i(er — 7)7)

{bi — Aot =0o(b) — Ao~ ifA; >0 a4

b+ Av~ = O'(bi) + A0t ifA <0

Notice thatif A; > 0 then b; — A;v" is a non-negative vector: if by contradiction
an entry — that we can assume, without loss of generality, to be the first one —
of b; — A;ju™ were negative, then by b; — A;jo* = o (b;) — Ajo~ it would follow

b — /\ﬂ);r = U'(bi)l — Aﬂ)f <0

T

Since (v )Tv; = 0, the above expression rewrites as

by = U'(bi)l — }\iv; <0

or
bil — )\iUT = U(bi)l <0

which contradicts B, W C IN?. Arguing analogously, we have b; + A;o~ > 0 if
A < 0.

We write 6(B, W) reordering its terms with respect to o, and subsequently
split the summation into two parts, one corresponding to A; > 0, the other to
Ai < 0:

)= Y (& —xot )—X{;}(x )+Z(xb X7} (35)

i€[n)
Ai>0 /\ <0
Notice that A; # 0 for all i € [n] as otherwise B and W would not be disjoint.
It follows from equation and

0(B,W) = Y (x7t0+he —x7)) 4 37 (X —x0Ae). (36)
i€[n) i€[n]
Ai>0 Ai<0
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Substituting from (3.4) we obtain

Z X(T —Ajv~ )()\ivJr _ X)\ivi) + XbH—)\ilf (X—Ai07 _ X—)\,'zﬁ) ,

ie[n] < > ien] ( )
Ai>0 A,<0

and by Lemma we conclude that X*" — X?~ divides 6(B, W). O

Next we extend to multisets B, W € -7:]1%,]1\1 that are tomographically
equivalent with respect to k-dimensional subspaces, 1 < k < d — 1. In the fol-
lowing theorem we show that the toric ideal Z(A) describes — via the encod-
ing presented in m- the multisets B, W € ]:]KT,N that are tomographically
equivalent with respect to subspaces parallel to {x € RY | Ax = 0}. Our result
is a generalization of proposition (4.1.2) in [175], where the focus is on posi-
tive matrices A € IN¥*? and the problem of deciding if, given b € IN¥, there
exists a unique x € IN“ such that Ax = b. The result in [175] is a consequence
of [168] §4. As we will explain later, Theorem is also related to the men-
tioned result from [175]], and the connection has — to our knowledge — never
been remarked. Theorem will unify both results and provide a complete
algebraic characterization of switching components in Z*.

Theorem 3.1.7. Let BLW € ‘F]I‘iT,N be two disjoint multisets of size n, and let
A € ZF4, rank (A) = k. Let Sy, be the linear subspace of dimension d — k defined as

Si:={x € R?: Ax = 0}.

Then B and W are tomographically equivalent with respect to Sy if and only if
6(B,W) € Z(A), i.e., the toric ideal defined by the matrix A.

Proof. If B and W are tomographically equivalent w.r.t. S; then there exists a
bijective function : B — W such that ¢(b) = w if and only if A(b —w) = 0.
Hence the multisets of vectors of ZF below are equal:

{Ab:be B} ={Aw:w e W}.
We re-order the polynomial 6(B, W) € Z[X] as

0(B,W) = Y (X0 = X7} = 37 X (Xt — xob)=hi)
beB ien]

with X" := gcd (X%, X)), For every i € [n], the vectors v; := b; — o'(b;) are
such that v = b; — h; and v; = o(b;) — h;, and Av; = 0.
Hence (B, W) € Z(A) N Z[X].

On the other hand, let G; := {vy,...,v,} C ker(7) as in Corollary 2.1.45)
and let

0(B,W) € Z(A) = (X* —X% :ie[r]).

Hence there exist p1(X), ..., p,(X) € K[X], such that

Zpl G —Xv;).

ielr]
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The polynomials p;(X), ..., pr(X) can be found applying the multivariate di-
vision Algorithm[2.1.21|to

f:=6(B,W) and  {g1,...,9:}:={X% = X% :ielr}

As the generators of Z(A) have leading coefficient equal to +1, then, indepen-
dently of the chosen term ordering, the quotients returned by Algorithm
have integer coefficients. Hence p1(X), ..., p-(X) € Z[X]. For every i € [r], the
polynomial p;(X)(X?% — X% ) corresponds to a switching component w.r.t. .
In fact, if #X® is a term in g;(X), then the 2|a| points corresponding to

+

X (XY = XU ) = X — aXt
consisting of |a| white points and |«| black points, are such that
A(s+v)=A(s+v;)
as a consequence of Av; = 0. O

The following remark explains why Theorem generalizes the results
from Hajdu and Tijdeman to switching components with respect to subspaces
of any dimension.

Remark 3.1.8. Let A € Z@=V>4 with rank (A) = d — 1, and consider the lin-
ear subspace Sy_1 1= {x € R? : Ax = 0}. Then Sy has dimension 1, and the lattice
ker(77) as in Definition is generated by a single reduced vector v. It follows
from Proposition that the ideal T(A) is equal to (X°" — X?), as

(XU =X ) () = (X —X?)
Then Theorem generalizes Theorem

Theorem 3.1.7)gives a complete characterization of switching components
with respect to a given lattice subspace. Notice that {0, 1}-switching compo-
nents correspond via to the polynomials in f(X) € Z(A) that fulfill

ht(f) = 1.
The following result is a consequence of Theorem

Theorem 3.1.9. Let S be the k-dimensional subspace S = {x € R%|Ax = 0}, defined
by a full-rank matrix A € Z\=0*?, Every switching component with respect to S is
a union of line-switching components whose directions are contained in S.

Proof. 1t follows from Theorem that two disjoint multisets B, W € fH{I,N
are tomographically equivalent with respect to S if and only if the polynomial
6(B, W) belongs to the toric ideal Z(A) defined by A, which can be written as

I(A) = (X% = X% ier]), (3.7)
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where r € N and G; := {vy,...,v,} C ker(7) is a reduced Grobner basis
of Z(A), as in Corollary The vectors vy, ...,v, belong to ker(77), see
, which means that the directions lin{v;} are contained in S, for every
i € [r]. Moreover, every polynomial in Z(A) is a polynomial combination of
the generators X0 — X9 , hence there exist ay,..., 0, € Zand qy,...,9, € N9
such that

,
0(B,W) =} a;X% (X% — X% ).
i=1

By Theorem for every i € [r], the polynomial a;X7 (X% — X% ) corre-
sponds to a switching component with respect to the direction v;, and this
concludes the proof. O

Example 3.1.10. As an example of what is shown in Theorem [3.1.9) consider the
subsets of R® from

B:= {b1, b} = {(0,0,0)",(1,1,0)"}

W := {w,w,} = {(0,1,1)7,(1,0,1)T}.
They are tomographically equivalent with respect to the hyperplanes

S1:={xe€R>:(1,0,0)-x=0} Sp:={xecR*:(0,1,0)-x =0}

The corresponding toric ideals in Z[X1, X2, X3] are

I = I((Lo,o)) - (Xz 1, X5 — 1)
L= I((0,1,0)) - (X1 1, X5 — 1)

Furthermore,
6(B,W) =1+ X1Xo — Xp X3 — X1 X3.

As (B, W) is a switching component with respect to Sy and Sy, from Theorem[3.1.7)it
follows 6(B, W) € I N I, specifically

O0(BW)=(X1—X3) (X2 -1+ (-X1—-1)-(Xs—-1) € L

G(B,W) = (Xz —Xg) . (Xl — 1) + (—Xz — 1) . (Xg — 1) ebh

so that (B, W), as switching component with respect to Sy, can be expressed as the
union of the switching components with respect to the direction (0,1,0)T

o((X1 = Xs) - (2= 1)) = ({(1,1,0)7,(0,0,1)"},{(0,1,1)", (1,0,0)})
with the switching component with respect to the direction (0,0,1)T
p((-%1-1)- (X = 1)) = ({1,0,0)7,(0,0,07},{(1,0,1)7,(0,0,1)7})

where p is as defined in The same argument holds analogously for S.
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3.2 Switching Components as Solutions of a Diophan-
tine Equation

In this section we show that the question whether there exists a switching
component of size n in the integer lattice can be formulated as a system of
Diophantine polynomial equations. Observe that as every system of finitely
many equations

p1(X) =0

pr(X) =0

is equivalent to the single equation given by

Y (pi0X))* =0,

ielr]
we will then obtain a representation of switching components as solutions of
a single Diophantine polynomial equation. Let g, € IN* and let & C IN9. A
Diophantine representation of & is a polynomial with integer coefficients p in
the variables X = (X, ..., X;) and parameters a € IN such that p(X,a) = 0
admits an integer solution if and only if a € &. For example, a Diophantine
representation of the perfect squares is given by the univariate polynomial
X? —a.

The problem of finding an algorithm that decides if a given Diophantine
polynomial equation admits a solution in the integers is known as Hilbert’s
tenth problem [105]. It was shown to be undecidable by Matiyasevich [125] in
1970, by showing that every listable set, i.e., a set whose elements can be listed
in some order, possibly with repetitions, admits a Diophantine representation.
The result is also referred to as DPRM-theorem, after Davis, Putnam, Robinson
and Matiyasevich, whose contributions [59, 61, 155] played a major role in the
development of the proof. It was shown [51} 114, 157] the existence of a set of
natural numbers &, hence a listable set, for which the membership problem
is undecidable, i.e., for which no algorithm exists that determines, for every
y € N, if y € & or not. This lead to conclude that the Hilbert’s tenth problem
is undecidable. For a survey on undecidable problems, see for example [146].
For a survey of the results that lead to the negative answer to Hilbert’s tenth
problem, see [60,126].

Letn,m € N*,B:={by,..., by}, W:={wq,...,w,},S:={s1,...,5m}. The
sets B, W, and S contain variables of the system that encodes the switching
component (B for black, W for white points) and the set of directions. In the
following, we restrict to the case d = 2 for simplicity.

Fori € [m], let
si =: (A1, Ain) T, =: (A2, —Aip)T.

ti
Then, clearly, s't; = 0. Further, for j € [n], let

bj=: (Bin Bi2)',  wj = (wj,wj)".
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Next, we introduce variables x,,,; to encode, for every i € [m], a permutation
that assigns to every point of B a unique point of W on a line in direction s;.
Hence we obtain for each i € [m] the constraints

1;:1 xp,q,i =1 (q € [Tl])
23:1 Xpgi — 1 (P € [”]) (3.8)
xp,q,i(l - xp,q,i) =0 (p,q € [n]).

Using these variables, we can now encode the X-ray constraints by the system

Hoy = Yo1Xpqitiwg  (p € [n]). (3.9)

Every integer solution of the system given by and will produce two
sets B and W which have the same X-rays in the given directions.

Note that the solvability of the system over the integers is equivalent to
the solvability over the rationals. Hence the condition that the sets should not
be equal can be encoded by applying an affine transformation to require that
b1 =0, 51 = uy and wy; = uy, where u; is the first unit vector. By cancellation
of points in B N W, if necessary, we can convert any solution of this system to
a IN-switching component of size at most n. Note that this formulation does
neither restrict the sizes of the coordinates of the directions nor those of the
points of B and W.

3.2.1 Enforcing Distinct Points in B and W in a Fixed Grid

Let ] € IN* and suppose we want to find a switching component contained in
the grid [I]o x [I]o. Let us define the univariate polynomial

1
f(X) = g(x —i) € Z[X].

As it turns out, f can be used to encode, in a certain sense, a requirement
of the form “£".

Lemma 3.2.1.
Let | € N* and let f(X) := [T.o(X — i) € Z[X] be as before. The following holds
true.

(i) f has 41 distinct roots.
(i) The polynomial f(X) — f(Y) = [Teo(X — i) — [T_o(Y — i) in Z[X,Y] is
divisible by X — Y i.e.,

hX,Y):= f(XX:{/(Y) € Z[X,Y].

(iii) Foralli,j € [l]o we have

hi,j) =0 < i#].
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Proof. (i) This is obvious.
(ii) We just expand f into
F(X) = aoX + -+ a; X1
and observe that
F(X) = F(Y) = ag(X = Y) 4+ a1 (X2 = Y?) 4. ..a (XL — YT
and .
X —Y =(X-Y) f XYt (e [1+1)).
j=0

(iii) From the proof of (ii) we have

h(X,Y)= fw =ap+a1(X+Y)+-+a Zl;xfyl—f.
j=0

Hence, fori € {0,...,1}, we have
h(i,i) = ag + 2000 4 - - + (I + Dagi' = /(i)

where f’(X) is the formal derivative of f. Since f does not have multiple
roots, f and f’ do not share a common root, whence f’(i) # 0. Further,
fori,j € [l]o with i # j we obtain

h(l’]):f(l)Z:fO) — ?:? =0

7

which completes the proof.

Now, for jy, jo € [n], we have,

bfl 7& wj, < :le,l 75 Wi, 1 \Y ,le,Z 7& Wi 2.

Hence we can encode the disjointness condition by amending the system in
(3.8) by the additional constraints

f(ABh,l) = f(:le,Z) = f(wjz,l) = f(wjz,Z) =0 (jler € [1’1])

(B wpp) - h(Bji 2 wp2) =0 (jufa € [n]).
We can use the same approach to guarantee that none of the points in B nor in
W is repeated. All that needs to be done is to add the constraints

W(Bja Bipa) (B2 Bp2) = 0 (juja€lnlAj1# )
(wj 1 wpp) - h(wj 2, @p2) = 0 (juja €[] A1 # o).

One of the first approaches toward modeling solutions to combinatoric
problems as solutions to polynomial systems was presented in [5] and later
expanded in [120]. The polynomial & of Lemma was used in [5] in a
model of the problem of 3-coloring of a graph, to enforce two adjacent nodes
of a graph to be colored differently.
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3.2.2 Bounding n and /

The formulations in and Section for the existence of switching com-
ponents with respect to m directions both depend on the parameters n and the
latter also on / i.e., the size of the switching component and the size of the grid
that contains the sets B and W. Of course, since we are interested in small
switching components and there exist switching components in Z? of size in
(m3+¢) for every ¢, as shown in [16]], we may assume that

n< (m3+e)‘

The vectors
si=(1,i)7 (i€ [m])

lead to a switching component in {0, ...,m} x {0,..., M }, as we will see

in more details in Section 3.6.1]

Hence, in principle, we can solve O(m’"¢)-many polynomial systems for a
tixed I to obtain the smallest n for which there exists a switching component for
m directions in the grid [I]o x [I]o. It is not clear how to determine bounds on
[. It may be possible that the smallest switching component involve directions
and points with large coordinates.

3+s)
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3.3 Switching Components as Cube Projections

From Theorem it follows that analyzing the switching components with
respect to given subspaces is equivalent to study the elements of a certain toric
ideal. We now focus on switching components with respect to 1-dimensional
subspaces or, shortly, with respect to directions, as in Theorem This is
the classic setting in discrete tomography.

We now define the concept of pure product switching component or switching
element.

Definition 3.3.1 (Pure Product Switching Component or Switching Element ).
Letd,m € N*, X := (Xy,...,Xy) and let S := {s1,...,sm} C 7% be a set of pair-
wise linearly independent directions. We call switching element or pure product
switching component the switching component associated via to the polyno-
mial fs(X) € Z[X] defined as

fo(X) = ﬁ (xsf+ XS ) (3.10)

i=1

The following theorem was showed by Hajdu and Tijdemann [94]. It guar-
antees the possibility to express every switching component with respect to
directions in a set S as the union of multiple copies of translations of switching
elements p(fs).

Theorem 3.3.2 (Hajdu, Tijdeman [94]). Let ty,...,t; € IN, and let
S={s;cz%ic[m}

be a set of directions s; = (sj1,...,Sig)" such that Y} | |s;j| < t; forall j € [d]. Let
V= {U € Nd ‘ v; < t]' — 2 ’Si]’| V] S [d]} (3.11)
i=1

Let X = (X1, Xo, ..., Xy) and let fs(X) € Z[X] be the polynomial

m

fo(X) =T —x5). (3.12)
i=1
Then the polynomial associated to any switching component with respect to the di-
rections in S and contained in the grid [0, 1] x [0,t2] X ...[0,t4] can be uniquely
written as

fs(X) - ) eX? (3.13)

veV

with ¢, € Z, and every such polynomial corresponds to a switching component.

The condition on the grid in Theorem is given to enforce the existence
of the expression in (3.13). We may drop the condition on the entries of the
vectors in V given in (3.11) and simply construct, for a given S, a large enough
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grid so that the condition }} | |s;j| < t;is fulfilled. Of course the uniqueness of
the representation in is not lost. The authors considered a more general
setting than IN-switching components, showing the result for switching com-
ponents weighted over an integral domain R such that the polynomial ring
R[X3, X»] is a unique factorization domain. As the following example shows,
an analogous of theorem for {0, 1}-switching components is, in general,
not true, namely {0, 1}-switching components cannot always be obtained as
union of translations of {0, 1}-switching elements.

Example 3.3.3. Theorem ensures that every IN-switching component with re-
spect to S is the union of copies of translations of the IN-switching element associated
with fs. A similar statement does not hold for {0,1}- switching components, for
example consider the set of directions

s={(o) (1) (1) (%)}

the corresponding switching element in Z[X1, Xz] is

for=[TOXC =X7) = (X1 = 1)(XaXa = 1)(Xy = Xo) (X1 — X3) =
EIS)

=X1X2 — X3X3 — X53X3 — XiXo — X5 + X2X5 + XX +2X3X5 + X7 Xo+
Xi - XX — X1 X3 - X1 X5 — X1 X + X3

and fs corresponds to a IN- switching component, as the monomial 2X?X3 € Supp (fs)
has coefficient 2.
The polynomial (X1 + 1) fs(X), which is equal to

X2Xo — X1X5 — XiX3 - XT+ X3X5 4+ X3 X3+ X3 X3 + X2 — X1 X5 — X1 X5 — X1 Xo + X5,
corresponds via p, see to a {0,1}- switching component with respect to the

A

®
Y

Figure 3.1: The switching component corresponding to fs of The bigger
black point in position (2,2) has weight 2.

directions in S. It is the union of the IN-switching components which are translation
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of switching elements and correspond to Xifs and fs (after deletion of the points
appearing in both of the resulting multisets B and W). Clearly, X fs(X) does not
correspond to a {0,1}- switching component, nor does any polynomial of the type
mfs(X) where m € Z[X;, Xy| is a monomial. Hence a {0,1}-version of Theorem
does not hold. Note that since Z[X1, X2] is a unique factorization domain, then
(X1 +1)fs(X) is the unique way (up to permutations of the factors) of expressing
the polynomial corresponding to the switching component in figure [3.2]as product of
irreducible polynomials.

Py 3>
A 4 >

Figure 3.2: The switching component corresponding to (X; + 1) fs of

Notice that it does not seem practicable to generalize Theorem using
the characterization of switching components with respect to k-dimensional
subspaces given in Theorem [3.1.7} in fact, if Ay, ..., Aj; are the matrices defin-
ing subspaces Sy, ..., Sy, then by Theorem a switching component with
respect to subspaces S, . ..., S, corresponds via[3.1.1]to an element g(X) € Z[X]
in the intersection of toric ideals

ﬁ I(A). (3.14)
i=1

However, the ideal in does not have, in general, an easy representation
like the one existing for the case of line switching components, where the ideals
Z(A;) are principal, and their intersection is furthermore principal, see
There are cases for which it is easy to compute the intersection of toric ideals:
consider again the example from We need to intersect the ideals I; and
I, with

L= (X2—1,X3—1) L = (Xl —1,X3—1>.

All the elements of I; are of the type p1(X)(X2 — 1) + p2(X) (X5 — 1), with
p1(X), p2(X) € K[X], and since

NR (x,-1,%,-13 (P1(X) (X2 = 1) 4 p2(X) (X5 = 1)) = NR (%, _1} (1 (X) (X2 = 1)),

we have

piX)(X2a =) +p(X)(X3—1) € b <= pi(X)(X2a—1) € (X3 —1) (3.15)
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because the generators of I, form a Grobner basis (with respect to any term
ordering). Equation (3.15) is equivalent to p;(X) € (X; — 1), from which it
follows that the intersection of the toric ideals I; and I, is

LNk = (X3 —1, (Xl — 1)(X2 - 1))

The situation from Example is special because the generators of the
ideals are very simple, the element X3 — 1 appears in both ideals, and the
other generators are involving different variables. A general formula that com-
putes the intersection of ideals requires computing a so-called elimination ideal,
see [56], §4. A way to produce a subclass of switching components with re-
spect to subspaces Sy, ... Sy, is considering the elements of the product ideal

Z(Ay)-...-Z(Am). As observed in2.1.2| we have
Z(A1)-...-I(Am) C () Z(A)
i€[m]

Letr; € Nforalli € [m] and let us denote by fi1, ..., fir, € Z[X] the generators
of Z(A;) as described in[2.1.45] We have

T(A1) ... T(An) = y (Ao Fo ) (3.16)
(1yeeesfn ) €1 - X [1m]

Every polynomial of the ideal in (3.16) belongs to Z(A;) for every i € [m],
hence it corresponds, via to a switching component with respect to the
subspaces Sy, ..., Sn.

3.3.1 Switching Components as Union of Zonotopes

The result from Hajdu and Tijdeman in offers another interpretation, that
relates switching components with zonotopes. We recall the definition of zono-
tope and of Newton polytope.

Definition 3.3.4 (Zonotope). Let n € IN* and let a;,b; € RY for all i € [n]. The
Minkowski sum of the n segments conv{a;, b;},i =1,...,nis called zonotope.

Theorem shows that every switching component with respect to a set

of directions S := {sj,...,S,} is a union of translations of the vertices of 2-
colored zonotopes, i.e.,
Zs:= ) {0,1}s; = {(s1,...,5m)c:c € {0,1}"} (3.17)
iem]

where (sq,...,5y) is a matrix in ZmM and every point (s1,...,Sm)c for which
||c]]1 is an even number is colored black, and every point (s1, . . ., Sp )¢ for which
l|lc|l1 is an odd number is colored white, resulting in a partition of Zg into two
multisets Z¢ and Z¥. Every time there exist I, ] C [m], respectively even and

odd, such that
Y si=).5]
i€l j€J
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we delete the points } ;c;s; and }J;c;s; respectively from Zé’ and Z¢'. This
construction leads to the switching component p( fs) associated via to fs.
Notice that in we have set the terms in fg that have positive coefficients
to be encoded as black points, while this choice matches the colors given to Zg
only if m is even. For example, let us consider the switching component from

Example The list of directions is
s:={(1,0)7, (0,17, (1,1)T}.
The polynomial fg is
fo=XIX3 - XiXy - X1 X3+ X1+ Xp — 1.

The (multi)set of black points corresponds to the combinations with coeffi-
cients
{(0,0,0)7,(1,1,0)%,(1,0,1)T, (0,1,1)7},

and analogously the (multi)set of white points corresponds to combinations
with coefficients

{(1,0,0)T,(0,1,0)%,(0,0,1)T, (1,1,1)T}.

s={(0)-(). () ()}
w={(5).()-() ()}

by deleting (1,1)T from both B and W we obtain that (B, W) is p(fs) with
swapped colors.

The concept of Newton polytope allows us to associate a convex set to a poly-
nomial.

Hence we obtain

Definition 3.3.5 (Newton Polytope). Let K be a field containing Z, and let X
be the vector of d variables (X1,...,Xy). Let N C IN? be finite, and let f(X) =
Y sen CaX? € K[X] be a polynomial. Then the Newton polytope of f is defined as

Newt (f) := conv{a € N : ¢, # 0}.

As explained in [179], §7.3, every zonotope is a projection of a cube. We
show in the following that Theorem allows us to interpret every switch-
ing component as a union of projections of the vertices of cubes (possibly re-
peated and translated).

Let C,;, C R™ be the standard unit cube

Con={xeR"|0<x; <1Vie€ [m]}.

The vertices of C;, allow the following natural coloring.
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Definition 3.3.6 (bw-Cube). Let us consider Cznm := {0,1}", i.e., the vertices of
a m-dimensional cube. We refer to Cz» as cube as well. We assign colors black and
white to the points of Czn via the function

c: Czn — {black, white}

m
c(x) =black if Y x;iseven
i=1

m
c(x) =white  if ) x;isodd
i=1

We then split the elements of Cz» into two sets of different colors:

Chu = {x € Czn: c(x) =black}  C%. := {x € Czn : c(x) = white}
(3.18)
It is easy to see that (CL.., C%,) is a switching component with respect to the
directions uq, ..., u,; € R™.
In the next proposition, we show that the switching component p(fs) is a
projection of a 2-colored cube.

Proposition 3.3.7. Let d,m € N* and let S := {s1,...,8u} C Z® be a set of pair-
wise linearly independent directions spanning RY. Let M := (51,---,5m) € Raxm
and z := Ve s; € R and let 7w : R™ — RY, be defined as mt(x) := Mx + z.
Let H := 7t(Ch.) N 7t(C%.). Then the switching component p(fs) associated to fs
is equal to

(r(Clu)\H, 7(C2u)\H)

up to switching the colors. As a consequence,

conv ((7(Cly) \H) U (C%x) \H) ) = Newt f;)
Proof. The expansion of fs can be written as
fo= Y ((_1)III IBESER I ij)
IC[m] icl ie[m]\I

Let x € Czn,and let [ = {i: x; = 1}. It holds

n(x)=Mx+z=z+ Z xisi:z—l—ZsiZO

ie[m] iel

the above vector corresponds to the term (—1)!X? - [];; X%, which appears in
the expansion of fg, since

(—Dlix - TTx = (_1)\1|Hx5?. IT x

icl icl ie[m]\I

the signum (—1)!!l ensures that the coloring defined in is inherited by the
points corresponding to the terms of fs. If m is odd, then this coloring is the
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opposite of the one defined on p(fs) in Moreover, the monomials that
cancel in the expansion of fs correspond to points in H, that appear in both
7t(Ch) and 71(C%,), and viceversa.
The claim

COnV((T[(C%m)\H) U (C%’m)\H)) = Newt (fs)

follows by considering the convex hulls.
O

The following theorem combines Theorem and Proposition to
conclude that switching components are sums of multiple copies of projections
of cubes.

Theorem 3.3.8 (Line Switching Components are Unions of Cube Projections).
Letd,m € N*, let S := {s1,...,sm} C Z% be a set of pairwise linearly independent
directions spanning R?, and let (B, W) € Fi x F4; be a switching component with
respect to the directions of S. Then (B, W) is the union of copies of finitely- many
projections of the 2-colored cube Czn.

Proof. From Theorem it follows that there exists a polynomial p(X) €
Z[X] such that p(X)fs(X) corresponds to (B, W) via the usual encoding in
and fg is defined as before by

fo(X) =TT —x).

sE€S

Let r := |Supp (p(X))], let ay, ..., a, € Z\{0} be the coefficients of p(X) and
letay,...,a, € N“ be the exponents of the terms of p(X) so that

p(X) =) a;X%
ie[r]

By Proposition the points corresponding to the polynomial fs via are
aprojection of Czn: infact, letz := ) ;57 € Z%and M := (s1,...,8y) € Z7¥m
and define

m: R — RY

x+— Mx+z

then by Proposition it holds p(fs) = (7(Ch.)\H, ©(C%.)\H), where
H = 7t(Ch.) N 7t(C%). As already observed in the coloring defined on
p(fs) in and the coloring given to Cz» match only if m is even. We con-
tinue making this assumption, if m were odd we would need just to switch the
colors to p(fs). The polynomial p(X) fs(X) can be written as

pP(X)fs(X) = ) a:X" fs(X).

ielr]

In the following we define r-many projections of Cz» whose images corre-
spond to a;X" fs(X), for every i € [r]. For every i € [r], the number |a;]| is the
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multiplicity given to the points of 71(Czn) (respectively black and white), and
the term X% describes the translation of 71(Cz~ ) by the vector a;. For all i € [r]
we define the projection

i R™ — RY
xX+— Mx+z+a;

and obtain that the switching component corresponding to a; X" f5(X), that we
denote by (B, W), for every i € [r] is

Uicllar) (71i(Chn), mi(C%,))  if a; > 0

(B,W); = { '
Uje[‘ai‘] (nl(c%]m)/ nl(c%m)) 1f 061‘ < 0

and finally
(B,W) = |J (B, W),.
i€lr]
If BNW # @, we simply replace B and W with B\ (BNW) and W\ (BNW)
respectively. O

From Theorem it follows that our knowledge about switching com-
ponents is connected to the possible projections of cubes. The first problem
that rises is understanding what is the biggest number of points that can be
identified projecting a single cube Cz». We focus on projections along a line,
ie.,let M € RU"1>" with rank (M) = m — 1, and let 7t be the projection

7T: Cgm — R™1
x — Mx

and consider C5,, and CY%,, as defined in (3.18). We have
7(Chyn) = {Mx : ||x|); is even} T(Cym) = {Mx : ||x]|1 is odd}
We want to choose M so that the size of
H:= r(CLn) N (Cs)
is as big as possible. If x € C5,, and y € C%,,, then
Mx=My <= M(x—y)=0.
As rank (M) = m — 1, the above statement rewrites as

lin{v} = lin{Muy, ..., Muy }+

3.19
xX—y=Av (3.19)

JA € R\{0},v € R"\{0} s.t. {

In the next proposition we show how to choose v so to make H as big as
possible.
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Proposition 3.3.9. Let Czn = {0,1}", and m > 3. Then the minimal size of a
switching component obtained as a projection of Czn along a direction v € Z™, not
parallel to any of the directions in {uy, ..., up,0},is 323,

Proof. We want to choose v € Z9\{uy, ..., uy,0} so to create as many as pos-
sible pairs (x;,y;) € Ch. x C%, fulfilling (3.19). By symmetry, we can think
first of pairing the black point x = (0,...,0)T, and then count how many other
points are paired up. Assume x gets paired with a white point y € C%,. By
symmetry, we can assume all the non-zero entries of y” to be the left-most en-
tries. Otherwise, we would just consider a change of coordinates on the points

of Cz». Hence
1 i<
yi = { F< vl (3.20)
0 i>|ylh

Observe that ||y||; is odd, because y is a white point, as well as |ly|1 > 1
because the direction we are considering should not be a unit vector. Hence
lylli > 3. Asin (3.19) we can set v := y, all the entries of v are 0 or 1. Fur-
thermore if x; —y; = Ajjv is fulfilled for some pair (x;,;) € Chu X C%,, as
the entries of x; — y; are in {0, £1}, then A;; € {£1}. We consider the pairs
(xi,y;) € Chu x CY,, such that

ulxi=1 Vke{1,..., |y}
ulyy=0 Vke{1,...,|lylh} (3.21)
ulxi=uly; Vke{|lyllh+1,...,m}

It follows
Xi — y] = 0.

The number of such pairs is given by 2"~ 1?1, Since ||v||; is an odd number, we
are sure that x; and y; as defined in will be colored differently. It could
be that ||x;||; is odd instead of even, and viceversa for ||y;||;: in order to have
an element in C,, x C%,,, we would simply consider the pair (y;, x;) instead of
(xi,yj). The maximum number of pairs we can form in this way is obtained
when ||v]|1 is minimal, hence ||v||; = 3 and the number of pairs is 2 ~3. Hence,
the number of points canceled is 2"=2 which means that the remaining ones
are 3 -2"~2, that form a switching component of size 3 - 2" 3. O

We recall the switching component presented in Example given by

the sets B:{@@@} W={<é><$><§>}

which are tomographically equivalent with respect to the directions in S
S := {s1,50,53} == {(1,0)",(0,1)", (1,1)"}.

The pair (B, W) attains the minimum size of a switching component obtained
as projection of a single cube. By Renyi’s Theorem that we will treat in
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more details in Section the minimum size of a switching component with
respect to 3 lines is 3, hence in this case the minimum possible size is attained.
The projection matrix A € IR**3 of rank 2 is given by

1 01
A= (51 S2 S3)=<0 1 1)

3.3.2 Switching Components in a Bounded Grid

In the following we introduce the problem of determining if a bounded grid
in Z? contains switching components with respect to m distinct reduced direc-
tions

S = {(ai,bi) eENXxZ: gcd(ai, bl) =1,i € [m]}

The problem was addressed in [40-44, 93]. We will briefly survey the current
literature and relate the problem to Theorem 3.3.8]
Letn1,n; € IN and leta grid G C Z? be defined as

G:={(i,j)€Z*:0<i<n,0<j<m}

The set S is called valid for Gif }_}" ; a; < ny and Y |b;| < np. If S is valid for
G, then the vertices of the zonotope Zs, as defined in (3.17), are contained in
G:
ZS = Z {0,1}51'.
ie[m]

The work of Hajdu [93], together with that from Brunetti, Dulio, Peri [40-44],
deals with the problem of deciding under which assumptions a subset of G
with given X-rays in the directions in S can be uniquely reconstructed, i.e., is
unique with the given property.

The line of research was started by Hajdu in [93], where he characterized
the cases where reconstruction is not possible. Namely, he showed that the
X-rays in the m directions in S do not identify uniquely a subset of G if m is
such that

(e} ifi’lz §401‘7’11 =6
m< <5 if (n,n) € {(8,6),(8,8),(10,6),(12,6)}

4  otherwise

This result, together with Theorem implies that for all m € IN there ex-
ists a union of finitely many projections of Cz» = {0,1}" that fit into a grid
G with np < 4 or ny = 6, for m < 4 there exist a union of finitely many pro-
jections of Cz» that fit into a grid with (n1,12) € {(8,6), (8,8),(10,6), (12,6)},
and for m < 3, there exist a union of finitely many projections of Cz~ that
fit into a grid of dimensions (n1,71), where n; > 4 and n; # 6, as well as
(n1,ny) ¢ {(8,6),(8,8),(10,6),(12,6)}. Furthermore, the mentioned unions
of projections of Cz» yield non-weighted sets.
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As three directions never reconstruct a subset of G, Brunetti, Dulio and Peri
studied in [41, 42] the first interesting case, i.e., the case of four directions, and
they determined, for any grid G with n; > ny > 5and n; # 6, a set S with four
or five directions depending only on 1y, if n, > 15 and on n; and n; otherwise,
such that any subset of G can be uniquely reconstructed from its X-rays in the
directions of S. In the case where four directions suffice, the authors show that
the they must be of the type

S :={s1,52,53,51 +s2ts3}

In [40] Brunetti, Dulio, Hajdu and Peri showed that a grid G that does not
contain switching components with respect to the m directions in S cannot be
too big, namely it fulfills

ny < (2™ —1)(maxa;) Y ny < (2™ — 1) (max |b;|) (3.22)
ic[m] i€[m]
The above result, together with Theorem [3.3.8] implies that if a grid G contains
a union of finitely many projections of the cube Cz~ that contains no multiple
points, then it does not fulfill (3.22).
A further aspect which is investigated in [40] deals with modifying the
polynomial p(Xy, X2) fs(X1, X2), corresponding to a switching component with
respect to S by Theorem as

8(X) := (p(X1, X2) + X{'X7) fs (X1, Xa),
where (e1,e;) € IN?, in such a way that if
aX® € Supp (p(Xy1, X2)fs(X1, X2)) A la| > 1

and other assumptions hold for «X¢, then the coefficient B of X¢ in g(X) fulfills
|B| < |a|, and the number of monomials of ¢(X) that have coefficients not
in {1, —1} has not increased. This allows to reduce and eventually remove the
multiplicity of the points corresponding to the polynomial p(X3, X7) fs(X1, X2)
and obtain a {0, 1}-switching component.
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3.4 On the Minimal Size of a Switching Component

We now address the problem of determining the smallest size of a switching
component. As already mentioned in Section we denote by lpgw(m) the
minimum size of a switching component (B, W) in (F(ID9, )/V))2 with respect
to m non-parallel k-dimensional subspaces. Our standard choices are D = Z,
and W = Nor W = {0,1}. We simplify the notation for gbgfw (m) respectively
as 1p]]f\’1d(m) and ¥4 (m). If k = 1 we write respectively ¥4 (m) and ¢ (m).

One of the biggest challenges in discrete tomography is determining up-
per and lower bounds on gbgw(m). The knowledge on wﬁfw(m) is crucial
because for every | < w%‘fw(m), every multiset of ID of cardinality / is deter-
mined uniquely by its X-rays with respect to any m distinct (lattice) subspaces
S1,...,Sm C R%. Moreover, small switching components can be used to gen-
erate small solutions to the Prouhet-Tarry-Escott problem, as we will see in
Section[4.5] Observe

pk(m) < ¢ (m) (3.29)

However, no value of m is known for which l/J]]f\’Id (m) < ¢k (m).
Similarly, if D1 C D, C D it is easy to see that

il (m) < gt (m).

By Proposition we have that every pair (B,W) € (fﬂ‘il)z that is
a switching component with respect to m distinct k-dimensional subspaces
S1,...,Sm CK¥ is also a switching component with respect to all the t-
dimensional subspaces containing Sy,...,Sy, forallt € {k+1,...,d —1}.
Hence, the next proposition follows.

Proposition 3.4.1. Let m € IN*. Foreveryt € {k+1,...,d — 1} it holds

P (m) < i (m).

The following lower bound on ¢, \ (1) was shown by Rényi in [152]:
Theorem 3.4.2 (Rényi [152]). For every d > 2 it holds that 1p]‘]iDIN(m) > m.

If D = R we can consider a regular 2m-gon in R? and obtain 1/’1‘%{,11\1(’“) < m.
Thus the bound in[3.4.2]is tight for all m € IN*.

If D = Z the bound in is tight for m € {1,2,3,4,6}: specifically, Alpers
and Tijdeman showed the following theorem in [18] applying results that Gard-
ner and Gritzmann showed in [78].

Theorem 3.4.3. Ifm € {1,2,3,4,6} then *(m) = m.
Ifm =5o0rm > 6, then $*(m) > m+ 1.

As far as we know, no better lower bounds have been established. In
the following example we show that Rényi’s Theorem does not hold for
k>1.
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Example 3.4.4. The sets B, W of F° defined as
B=1{(258,07%3,03)7,(6,51)7}
w=1{(25,3)",(3,81),(60,0)"}

are tomographically equivalent with respect to the 2-dimensional subspaces

Si:i={xecR:ulx=0} S;:={xcR®:ulx=0}
S3:={xeR*:ulx=0} S;:={xecR%:(1,1,1)-x =0}
because
{ulb:b e B} = {ulw:w c W} Vi € [3]
and
{(1,1,1)Th: b e B} = {10,6,12} = {(1,1,1)Tw : w € W}

The possible directions with respect to whom B and W could be tomographically equiv-
alent are (2,8,0)T — w for all w € W. Hence it suffices to consider non-zero integer

multiples of
0 1 1
S1 1= ( 1) Sy 1= (0) S3 1= (2)
-1 1 0

We can easily see with a computer software, such as CoCoA [2|], that the polynomial
Ypep X0 — Yopc X¥ is not divisible by the binomial X5 — X5 forall i € [3], and
by Lemma it is moreover not divisible by X5\ — XS, for all i € [3] and for
every A € IN*. Hence by Theorem[3.1.3|B, W are not tomographically equivalent with
respect to s;, forall i € [3].

Concerning upper bounds on "4 (m), which are also upper bounds on
w]]f\}d(m) by (3.23), an easy and well-known construction for switching compo-
nents with respect to given k-dimensional subspaces Sy, ..., S;; applies Propo-
sition ({iv), by choosing m distinct 1-dimensional subspaces lin{s;}, such
that lin{s;} C S;and s; € Z9, Vi € [m], iteratively doubling the number of
points and alternating the colors, as explained in Algorithm [3.4.5

Algorithm 3.4.5 (Doubling Process).

Input: m € IN*,s1,...,5, € 7 pairwise linearly independent
Output: (B, Wy,) C Z* t.e. with respect to sy, ...s, and s.t.
|Bu| = [Wa| <21
i+ 1
B + {0}
Wi + {Sl}
fori=2,...,mdo
i<—i+1
Choose A; € Z
B; < B;_1 U {x—l—/\isi X e Wi—l}
W; <~ W;,_1 U {x +Ajsiix € Bifl}

return (B, W,,) C Z¢
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The multisets B := B, and W := W,, as returned by Algorithm are
clearly tomographically equivalent with respect to the lines in direction s;,
i € [m], and moreover w.r.t. the subspaces S ...,Sy, by ({iv). Algorithm
B.4.5 was first included in [121] for the case k = 1. Observe that certain choices
of A; in the second step of the for-loop might lead to B and W being multisets.
Should we need to avoid this, we could for example choose A; so that

IAisi]|2 > diam (conv(B;_1 UW;_1))

foralli € {2,...,m}. The size of the switching component (B, W) with this
construction is at most 21,

Theorem 3.4.6. It holds " (m) < 2"~ for all k,m € IN*.

] | N

l] l]

Figure 3.3: Doubling Procedure

Alpers and Larman discussed upper bounds on . (m) in [16]], where they
showed the following theorem.

Theorem 3.4.7 (Alpers, Larman [16]).
For every e > 0, and d > 2, it holds % (m) € O(m+1+¢).

The bound shown in is polynomial in m and is the best asymptotic
bound known so far. It was achieved by showing the existence of a {0,1}
switching component in a certain grid. Its proof is non-constructive. Possible
improvements to this result include a constructive approach that leads to the
given polynomial bound, or a better bound that concerns IN-switching com-
ponents.

A similar, and somehow dual, question was the motivation to a paper of
Matousek, Privétivy and Skovroni [127]. The authors investigated lower and
upper bounds for the number F(m), defined as the maximum number n for

which there exist m directions sy, .. ., s;; such that every set of at most n points
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Figure 3.4: Doubling Procedure (continued)
in R? that can be uniquely reconstructed from its discrete X-rays in the direc-
tions sy, ..., s,. They concluded

(i) < F(m) < O(1.81712™).

2

The upper bound follows by showing that for every set of distinct directions
S1,...,5m, there exist O(1.81712™) points that form a switching component
with respect to sy, ..., s,. If we allow multisets, and denote by F,; the func-
tion analogous to F in the weighted case, then it was shown in [127] that
Fut(m) < O(1.79964™). The lower bound improves the one given by Bianchi
and Longinetti in [28], namely

m+Q(v/m) < F(m).

The function F(m) represents the maximum number n such that there exists
a set of directions s, ..., s, with respect to whom no {0, 1}-switching com-
ponent of size smaller than n exist, in other words, the maximum number
of points that one is sure can be reconstructed using just m directions cho-
sen carefully. The function ¢¢(m), instead, asks for the minimum number
n such that there exists a set of directions sy,...,s, and a switching com-
ponent of size n with respect to sy,...,s,. Equivalently, every set with less
than ¢ (m)-many points can be reconstructed using any set of m directions.
Small switching components over IN can be found for not too large m by com-
puter search, for example looking at pure products, that is, constructing switch-
ing components with respect to m pairwise linearly independent directions
S={s1,...,5m} C Z*, whose corresponding polynomial via 6 in is

fo(X) = [T (X —x%) € Z[X]

i€[m]
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see The first such investigation was conducted in the Master’s Thesis by
Kiermaier [113] form =1,...,10.

Observe that the smallest size of a pure product switching component
yields an upper bound on ¢ (m):

min_ | fslls, (3.24)
S:={s1,....5m}C 2
pairwise Li.

Y (m) <

N —

and analogously for the {0, 1}-case:

1 .
pi(m) <> min |fs]s. (3.25)
2 S::{sl,...,sm}CZd
pairwise Li.

ht(fs)=1

It is not clear if there exists an m € IN*, for which the inequalities in (3.24)
and are strict.

In the tables below we denote by S,, the set of directions whose corre-
sponding pure product switching component has the minimal found size, and
denote by S the recurrent set of directions

s:={(1,0)T, 0,17, 1,1, a,-1)T}.

Notice that 2n := || fs||y while the size of the corresponding switching com-
ponent is equal to n. We include the best directions we found for the cases
m = 11,...,20 as well as the ones included in [113]] form = 1,...,10.

m 2n Set of directions S,

1 2 {(1,0)7}

2 4 {(1,0)7,(0,1)7}

36 {(1L,0)%, (0,17, (1,17}

4 8 S

5 12 Su{(2,1)7T}

6 12 su{(2,1T,(1,2)T}

7 20 Su{(DT,(1,2)7T, 2 -1)T}

8 24 Su{1%,(,2)T, 2 -1, (3,1}

9 36 Su{21T, 12T, 2 -1, 31, -3)T}

10 40 su{(2,1T, 12T, 2 -1, 3,17, (1, -3)7,(4,3)T}
11 60 Su{(21)T, 12T, 2 -1, 3,17, 1,-3)7T,(4,3)7,(3,2)T}

Table 3.1: Smallest found switching components form =1,...,11

To keep the lists shorter, we now define as S’ the set of 5 directions

s = {217,127, -1, 1,-3)7,(1,-2)T}
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Figure 3.5: Switching component with respect to 6 directions and of size 6, as
in table

m 2n  Set of directions 5,

12 60 SuUSU{((2,-3)3,-2)% 3, -1}

13 84 SusSuU{(1,47,3,-2)T,4,-5T, (5 -1}

14 116 SusS U{(1,-4)T,(1,3)7,(2,-3)T,(3,-2)7,3,-1)7)}

15 172 sus' u{3,2)T, (1, -4)7T,(1,3)%, 3,17, (4,3)T,(51)"}
(3 5
(3

,(3,-5)7,(3,1)7}

(
(1 3) 3)"(
16 248 SUS'U{(3,2)7,(1,3)7,(1,-4),(2,-5)7,(2,3
(1,3)%, (2 L2506 (41T

17 286 Sus'u{(3,2)7,(1,3)7, (2,37, (1,47, (2 -3)T,

Table 3.2: Smallest found switching components for m = 12,...,17

In the following, to save some space, we denote by S” the set

"=1{32)",(1,3)",(23)",1,47}

m 2n  Set of directions S,

5-1)"}

(4,1)7,(5,-1)T}
)T )T (5,-1)7)

18 364 SUS US"U{BB,-2)T,(3,1)T,(4,-57,4,1),(
19 428 Ssus'us"u{i 1T, 1,-5T,2,-3)7,3,-2)7, 4
20 572 SuS'US"U{(3,-2)T,(2,-3)T,(2,5)7,(3,1)T, (4, —

Table 3.3: Smallest found switching components for m =18, ...,20

Observe that the size of the switching component corresponding to the
directions S, for m = 7,...,20 are upper bounds for the size of the minimal
switching component with respect to m directions, while for m = 1,...,6, the
found switching components have minimal size.
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Figure 3.6: Switching component with respect to 20 directions and of size 572,
as in table The bigger points correspond to monomials with coefficients 2
or —2.
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3.5 Small Polynomials

By Theorem [3.1.3|a switching component with respect to a reduced direction
s € Z* corresponds via[3.1.1{to a polynomial g(X) € Z[Xj, ..., X;] such that

XX g(X)

Hence, looking for a small switching component with respect to m pairwise
linearly independent directions S = {s1,...,5,} C 74 corresponds to search-
ing for a multiple ¢(X) € Z[X] of the polynomial

fo(X) = [T (X —x%) € Z[X] (3.26)

ie[m]

having small 1-norm, in the sense of Definition We recall that g1
equals twice the size of the corresponding switching component.

The problem of understanding the relation between the size of a polyno-
mial and the size of its multiples has been investigated mainly for d = 1 and
mainly from the point of view of factoring a polynomial. Given a polynomial,
a bound on the size of its factors is important to devise an algorithmic way to
determine a non trivial factorization. In the following definition we introduce
different measures of a polynomial, that together with the norms defined in
give estimates on the magnitude of its coefficients.

Definition 3.5.1 (Mahler Measure, Weighted Bombieri Norm).
Letd=1,n€ N, andlet g(X) = Y1 a; X' € Z[X] be an integer polynomial. We
denote by M(g) the Mahler measure of g, defined as

M(g) = LC(g)l- [ max{l,z[}.
z€C:g(z)=0

We denote by [g]2 the weighted I,-Bombieri norm, defined as

gl = (f;(i)(aj)z)%.

i=0 \j

Computing the Mahler measure of a given polynomial is often not easy, a
bound which is often used in estimation is the following, that was given by
Mignotte in [132] and referred to as Landau’s inequality in [134]:

M(g) < llgll Vg € Z[X]s.t. [Supp (g)| > 1.

Let p(X) = Y!_,Bi X' € Z[X] be an irreducible factor of g of degree t € N,
1 <t < n. One of the first contribution dealing with estimates of p to be
found in the literature is due to Mignotte, who showed in 1974 several results
concerning the relations between the coefficients of ¢ and p. In particular, he
showed the following inequality:

Pl < 28]l (327)
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As a matter of fact, he showed a stronger result, that bounds the values of
every coefficient of p with a function depending on the binomial coefficients
and the 2-norm of g:

1Bl < @nguz vie {0,1,...,1}.
Mignotte [133] showed in 1988 the following upper bound on the 2-norm of p:
Iplla < e¥(n 429/ + 2) Y M(g)y ™"
By using the bound M(g) < ||g||2, we can re-write Mignotte’s bound as

Ipll2 < eV (n+2y/n+ 2)1+\/5Hg”;+\/ﬁ.
In 1992 Beauzamy [25] showed that if g(0) # 0, then

|Bil < mmz

LN
NG A
In the nice survey [1]], Abbott showed that none of the mentioned bounds is

universally better than the others.
Boyd shows in [37] and [38] bounds of the type

ht(p) < C(r)llgll»

where C(r) := M(1+ |x + 1\‘7)% and q = ;5 is the conjugate Holder expo-
nent of r. In 2004 Panaitopol and Stefdnescu showed in [142] that under the
assumption n > 4 and g(0) # 0 it holds

ht(p) < \/@ (% <'Z> 83— aZ—ad).

Coron extended Mignotte’s result (3.27) to bivariate polynomials in 2004 in
[54], where he showed that two polynomials p, g € Z[X;, X;| with maximum
degree n separately in X; and X5, and such that p divides g, fulfill

which implies

ht(p) <

ht(p) < 20D g] 2.

In 2006 Hinek and Stinson extended Coron’s result to multivariate polynomi-
als p,g € Z[Xj, ..., X;], showing the following in [107]:

ht(p) < 20+ g (3.28)

The above result is one of the few concerning multivariate polynomials.

The following theorem was showed by Mignotte [133] and establishes the
existence of a multiple of (X — 1) with coefficients in {0, £1} and degree not
too high. It has implications in the Prouhet-Tarry-Escott problem, that we will
discuss in Chapter {4
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Theorem 3.5.2 (Mignotte). Given k € IN, there exists a polynomial f(X) € Z[X]
of degree at most k? log(k) and height equal to 1, which is multiple of (X — 1)k.

An open question is to show a similar result for the multivariate case, i.e.,
for f as in equation (3.26). Another research goal that we can find in the liter-
ature is the problem of determining if a given ideal contains polynomials with
few terms, especially monomials and binomials. From the point of view of
switching components, the goal is to find a multiple g(X) of fs(X) such that
the cardinality of Supp (g) is as small as possible, regardless of the magnitude
of the coefficients that appear in g(X), hence regardless of || g||1, which is twice
the size of the corresponding switching component. We will comment on this
aspect in Section though very briefly. Background and state of art can be
found for example in [67, (109, 135]].

We consider the following problem, where f € Z[Xj, ..., X ] is any poly-
nomial, not necessarily as in (3.26).

gogEQDQ 1f(X)g(X) 1 (3.29)

In the following proposition we show a property of g(X) € argmin(||fg/|1).

Proposition 3.5.3. Let ¢(X) € argmin(|/fgl|l1), as defined in equation
Then for all my := aX® € Supp (g) there exist m; = BX’ € Supp (g) and
my := yX¢ € Supp (f), ms := 6X? € Supp (f) such that mg - my and my - ms
are similar, i.e., such thata +c = b + d.

Proof. By contradiction, we assume a+4c#b+d for all monomials
my € Supp (g) and my, m3 € Supp (f). This implies that the monomials in
Supp (myg - f) are different from the monomials in Supp ((g — m)f), hence

1781l = 11f(g = mo) + frmolly = [ f(& = mo)lls + | frmoll > [|£ (g = mo) 1
which is a contradiction to g(X) € argmin(||fg|l1)- O

Another approach is to look for directions s1,...,s, € Z% such that the
polynomial fs(X) has itself small 1-norm. In tables[3.1} 3.2 and B.3|we included
small 1-norm polynomials fs for S composed of m directions, m € [20]. We will
discuss in Section[3.8/how to extend the result to all values of m € IN.
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3.6 Selecting Good Directions

As we have seen in sections 3.1 and [3.4] every switching component with re-
spect to m pairwise linearly independent directions S = {sy,...,s,} C Z¢
corresponds to a polynomial p(X) fs(X) € Z[Xq, ..., X4] with

fs(X) =TTo¢" —x) e Z[X).
se5

We are putting particular emphasis on the case where the directions in S span
R?. In this way, the zonotope defined by S is full-dimensional, see By
Theorem we know that there exists a switching component of size poly-
nomial in m, however, no method to construct it has been found so far. As we
have already observed, the size of the switching component is 1|/ p(X) fs(X) |1,
so the number of terms of p(X) fs(X) as well as the magnitude of its coefficients
play a role in keeping ||p(X) fs(X)|| small. We focus on the case p(X) = 1, and
present two approaches to select the directions in S, the first aiming at mini-
mizing the number of terms of fs, the second leading to ht(fs) = 1.

We point out that with good directions we intend here directions that pro-
vide small switching components, thus, from the reconstruction point of view,
those that could be named as bad directions, as they do not allow unique re-
construction of small sets.

3.6.1 Directions leading to Few Terms

We try to resemble the polynomial (X; — 1), that has m + 1 terms. Choosing
fs = (X1 — 1)™ is not an option, since the directions of S are all equal to the
unit vector #;. For example, in dimension d = 2, we choose the directions in S
to be

ﬁ:(D,&:(D,%:(Qp”ﬁw4:(miﬂfSWZQD

We denote by P the Newton polytope of fs, and observe that it is contained in
0 m(m+1)

the rectangle [0, m] x [0, ==5—*], hence the number of terms of fs is at most
(m(m +1)
2

The polytope P is a zonotope, as already observed in Section We can
estimate the number of terms of fs in a more refined way, by counting the
number of integer points in P. In order to do so, we apply Pick’s theorem
[145], which relates the volume of a polytope in dimension d = 2 with the
number of its integer points in the interior and on the boundary.

+1>(m+1).

Theorem 3.6.1 (Pick’s Theorem [[145]). Let P C R? a polytope. It holds

vol(P) = fint (P) N 22| + 5 bd (P) N 27| 1.
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To compute the volume of the zonotope P, we apply McMullen’s formula,
see [129].

Theorem 3.6.2 (McMullen’s Formula [129]). Let m € IN* and let a;, b; € R? for
all i € [m). Let P; be a segment, defined as

P; := conv{a; b;} = a;+[0,1](b; —a;) Vi€ [m]

and consider the zonotope Z = Py + - - - + Py,. Then

vol(2) = Y |det(t, —ay by —ap, by —a)| (330)
1<ji<<jg<m
If we apply McMullen’s formula to the zonotope P, we obtain
— m
vol(P)= Y |det(sisj)|= )Y, (i—i) Z Z j—1i) (3.31)
1<i<j<m 1<i<j<m i=1j
m—1 mo L m—1 1 ' ' N
=) ( Y. i—- ) 1) =) (E(m—kl—l—l)(m—z)—(m—z)z) =
i=1 "j=itl  j=itl i=1
(3.32)
el (m—i)(m—i+1 LN
B SCELIEEU I ) 6
i=1 1=2

where the last equality holds by applying the substitution I = m —i+ 1. We
show the following formula.

Proposition 3.6.3. Let m € IN*. Then

Z(é) USRS

=2

Proof. We show the claim by induction on m. If m = 1 then both sides are
equal to 0. We assume the statement true for m — 1, and show it for m. Hence

B0 (2) - () - (1) b2

3m(m—1)+ (m—1)(m—-2)m m(m—1)(m+1)

6 6
which concludes the proof. O

The numbers {im(m —1)(m + 1) : m € IN*} are called tetrahedral numbers,
see [164] §2.16. By Proposition it follows
m(m—1)(m+1)

vol(P) = ; . (3.34)
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We plug (3.34) into Pick’s theorem and obtain
2vol(P) = 2int (P) N Z%| + |bd (P)NZ%| —2 > |PNZ2| —2. (3.35)

From equations (3.34) and (3.35) it follows

(m—1)(m+1)

pnz? <™ +2

We have obtained a polynomial bound on the number of terms of fs, of order
O(m3), though the only bound we know on the coefficients of fs is exponential
in m, specifically it is 2m=1 gee Section

3.6.2 Directions leading to Low Coefficients

On the other hand, one could try the opposite approach, and spread the di-
rections of S as far as possible, so to have no two monomials originating from
the product that are similar. A way to do this is to choose, for example in
dimension d = 2, the directions in S to be of the type

(@) () ()

with the set [ := {iy,...,i,} having distinct subset sums, i.e., being such that

the set
{Lict}
jel
has 2!l = 27 elements. The directions selected are clearly pairwise linearly

independent and spanning IR>. An example for a set having distinct subset
sums is the list of powers of 2:

I:={1,2,...,2"1}

other constructions for I with smaller max,c; x are included in [31]. When
expanding the product in fs, no two monomials appearing have the same lit-
eral part, hence the coefficients of fs are all +1, however fs has exponentially
many terms in its support. The challenge is to find a way to balance the two
approaches given in and here, i.e., select m directions that are similar
enough to allow cancellations, and bound the number of terms in the support
of fs, as well as spread the directions enough so that the coefficients do not
grow too much.
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3.7 Large Size Pure Product leading to a Small Switch-
ing Component

In this section we show that for every m € IN*, the pure product switching
component corresponding to the pairwise linearly independent directions in

Swi={(1,)T:ie[m}cz?

has size 2"~!, while there exists a switching component (non pure product)
with respect to the directions in S,, of size in O (m*log* m).
Let m € IN*, and set

Sy = {(1,)T:ie[m}.

Note that the directions in S;, are pairwise linearly independent. Now, let
X := (X1, Xz) and

fou () =TT ¢ =x) = [] (XxaX; —1) € Z[Xy, Xa].

s€Sy, ZE[T’Z]

Then the size of the pure product switching component corresponding to S,
is the number

1
n:= EHme ||1

In the following lemma, we determine || fs, ||1.

Lemma 3.7.1. For every m € IN*,

Proof. For I C [m], let

(1) =) i

iel
Then
me(X) _ H (Xlxé _1) _ Z (_1)m—\I|X|11\X;(I) _ (_1)m Z (_1)\I|X|11\X;(I)
ie[m] IC[m] I1C[m]
— (_1)’“( Z X|11|X;(I) o Z X1]|X12(])>.
I1C[m] JC[m]
|I|=0 (mod 2) [JI=1 (mod 2)

Finally note that, whenever I,] C [m] with [I| = 0 (mod2) and |]| = 1,
(mod 2), the corresponding monomials are different i.e.,

X‘11|X£(1) 75 X|1”X[2(])

Hence no two terms of fs, (X) cancel and we have ||fs, |1 = 2". O
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Now we show that for every m € IN* there exists a switching component
with respect to S,, whose size is bounded by a polynomial in m. More precisely,
we prove the following theorem.

Theorem 3.7.2. There exists a {0-1}-switching component in Z? with respect to Sy,
whose size is in O (m*1og*(m)).

In the remainder of this section we give a proof of Theorem[3.7.2] We follow
the counting arguments of Alpers and Larman [16]].

For | € N* set G; := [l]p % [l]p and, for i € [m], let y; denote the number of
lines parallel to (1,7)T that intersect G;.

Lemma 3.7.3. Let | > i— 1. Then
pi=({+1)I+1.

Proof. Let t; := (i,—1)T. Then ¢; is normal to the i-th direction (1,i)7, and
it suffices to count the different values of v'¢t; for v := (v1,1n)T € G i.e., of
ivy — v for vy, 1p € {0,...,1}. For v; = 0, we have I + 1 different non-positive
values. For v, = 0, there are [ different positive multiples of i. From each
of these we can subtract any number v, € [i —1]. Since all these values are
different, and all possible values are generated in this way, we obtain

pi=(+1)+1+ (=1l =({+1)+1.

In the following, let/ > m > 3, I =1 (mod 2) and set
1 2
r=r(l):= E(l + 1)~

We consider subsets of G; of cardinality r.

The X-ray of a set in G; of cardinality r in direction (1,i)T can be viewed
as a weak p;-composition of the number 7, see [166] §1.2. Thus, the number of
different X-rays in the given direction is bounded from above by the number

r+pu—1
pi—1

of different weak p;-compositions of . Therefore the number of subsets of G;
of cardinality r that can be distinguished by the m X-rays in the directions of
Sy is bounded from above by

1)
jepm N Hi—1

With the aid of Lemma and using that

2Y wi=2Y (i+1)I+1) =mQ2+1(m+3)) =2m+Im*+3ml < 3m?|

ie[m] i€[m]
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we obtain

I1 <r+ﬂi—1> <11 <7+Vi> <TIG+1)"=T] ((l+21)2+1)%,

e \ Hi—1 icim] \ i iem] i [m]
ie€m]

On the other hand, the number of different subsets of G; of cardinality r is

2r
E
Using standard estimates for this central binomial coefficient, and applying
some elementary manipulations, we get

2r 4 2(+1)? 2
> = > 2", 3.36
<r)_2x/? V2(1+1) ~ (3.36)

Hence we can conclude that there must exist a {0-1}-switching component
in G; with respect to S,, whose size is bounded from above by r(I) whenever

pBim* ol
Thus, for
I € O(m?log?(m))

there must exist a switching component of size in O(m*log*(mn)).

If we allow IN-switching components, i.e., we consider the points of G; with a
weight, bounded by r, then the number of X-rays does not change, while the
number of different subsets of G; of cardinality » becomes

2r?
. )
Equation (3.36) is modified as follows:

<272> > (M)r = (2r)" = (1 + 1)+, (3.37)

r r

From (3.37) it follows that there exists a IN-switching component in G; when-
ever
l3lm2 < (l + 1)(l+1)2

It suffices I > 3m?, hence for
le O(mz),

there exists a switching component of size in O(m*) in the grid G;. We sum-
marize the results of this section in the following theorem.
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Theorem 3.7.4. Let d =2, m € IN*, and let
Sy = {(1,0)T:i e [m]}.

There exists a IN-switching component, respectively a {0, 1}-switching component, in
Z2 with respect to S, whose size is in O(m*), respectively in O(m*log®(m)).

Remark 3.7.5. The directions in S, with
S, ={1,0)T:ic[m]}

appear in the final remarks of [127|, in regard to a problem posed by Holub [108] in
2003. The task was to determine, for every m € IN*, the maximum number of points
that the directions in S,, can reconstruct uniquely. Our result implies that the direc-
tions in S, cannot reconstruct uniquely O (m*log*(m))-many points (and O (m*) if
we allow multisets). The problem has connections to equations on semigroups, specif-
ically word equations involving powers of concatenations of words, see [159]].

3.71 Number of Copies of the Pure Product

Theorem guarantees, for every m € IN, the existence of a polynomial
pm(X) € Z[X] and a constant C,, € N such that

lpm(X) fs,, (X¥)ll1 < Cpym* log® (m)

Moreover, the degree of both variables X; and X in p,,(X) fs,, (X) is bounded
from above by C,,m? log?(m). For every monomial «X® € Supp (pn), the pro-
duct aX?fs, corresponds to |«| copies of the pure product switching compo-
nent corresponding to fs .

Thus ||pml||1 represents the number of copies of the pure product switching
component corresponding to fs, needed to yield a switching component with
respect to the directions in S,, and size at most C2m*log® (). We obtain the
following upper bound on || py|1-

Theorem 3.7.6. With the notation above, it holds
Hpm Hl cO (2m4 log4(m)m8 10g8(m)) .

The proof of Theorem follows applying a theorem from Coron [54],
see equation (3.28).

Theorem 3.7.7 (Coron [54]]). Let X = (X1, Xz) and let hy(X), ha(X) € Z[X] be
two non zero polynomials of maximum degree t separately in Xy and X, such that hy
divides hy. Then

he(hr) < 20 i |2

We apply Coron'’s theorem to p,,(X) and p,,(X) fs,, (X) and obtain

m2 2 m 2
ht(pm) < 218 g £ ],
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As a consequence of the standard inequalities between p-norms, the 2-norm of
a polynomial is bounded from above by its 1-norm. Thus

ht(p,,) < 2Cm g2, o]y < 2(Cum?log (m+1)2 2 it 664 (1), (3.38)
Furthermore, the number of terms of p,, is at most

m(m+1)

(Cmm2 log?(m) — m + 1) : (Cmm2 log?(m) — 5

+ 1). (3.39)

For every polynomial h(X) € Z[X], by standard inequalities between the p-

norms, it holds
|71 < [Supp (h)] - ht(h). (3.40)

Hence, combining (3.38), (3:39) and (3.40), we obtain the following upper bound

on the 1-norm of p,,:
pmlly < 2(Crm 18" m+D2C2 i 10g (m) (Cmm2 log®(m) — m + 1).

m(m+1)

-<Cmm2 log?(m) — 5

+1),
which implies
HPmHl c O(2m4 10g4(m)m8 10g8(m))/

leading to the desired upper bound on the number of copies of the pure pro-
duct switching component needed to build the polynomial-size switching com-

ponent of Theorem

3.8 Switching Components of Size in O(1.38™)

We apply a copying technique to use known small switching components with
respect to a fixed number of directions to create small switching components
with respect to m pairwise linearly independent directions, for all m € IN*. As
an example, consider the vectors S := {sy, s, 83,84, 85,56} C Z>

100000

They were included in [78] as the minimal example of directions defining a
lattice 12-gon. In fact, the polynomial fs(X) := [Tic[g) (X5 — X5 € Z[Xy, Xy
has 1-norm equal to 12:

fo(X) = [T —x) =

icl6|
= X0X3 — X3X5 — X8X5 + XiXS + X3X3 — X3X5 — X{Xo + X1 X5 + X7 — X3+
Xy Xy = X6 xGET _x(64)T 4 x(#6)" | x(62)" _ x(25T _ x@D"
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+X(1/4)T + X(er)T — X(Orz)T — X(er)T + X(Orl)T’

see figure The idea is to modify the directions in S through an invertible
transformation, hence multiplying every element of S by an invertible matrix
M € Z**2, in a way that the directions in §’ := S U {Ms;, ..., Ms} are pair-
wise linearly independent. We define a new switching component with respect
to 12 directions, corresponding to the polynomial fs € Z[X3, X,| defined as

fS/(X) = :[_[<XsJr — X57) = 1_‘[()(5Jr — X57> . 1_‘[()((1\/[5)Jr —_ X(Ms)i)
seS’ s€S s€S
By Lemma [2.1.16)we know that the 1-norm of the product of two polynomials
is lower than or equal to the product of the 1-norms of the factors, hence it

holds
I fs | < H T - Xs*)Hl : H TToxe* _X(Ms)f)Hl'
seS seS

We will show in Lemma that the following holds:

Igoess -0 -2
seS

hence || fs/||1 < 144. This method allows us to use a known switching com-
ponent to produce a switching component with respect to 12 directions with
3144 = 72 points. Possibly, the resulting switching component is not a
{0,1}-switching component, but might contain multiple points. The dou-
bling process given in[3.4.5 would have lead to a switching component of size
2!1 = 2048. Simple computer search gives us a switching component of size
30, see table We will use the idea hinted above to construct switching
components of size O(1.38") for all m € IN. Before doing so, we show three
lemmas that will allow us to modify the set of directions S without modifying
the 1-norm of the corresponding polynomial fs € Z[X], as well as producing
copies of S so that the resulting directions are pairwise linearly independent.

In the next lemma, we show that the norm of fs is not affected if we multi-
ply the directions sy, ..., s, by an invertible matrix.

Lemma 3.8.1. Let S = {s1,...,5,} C Z% be a set of directions. Let M € Z%*4,
with det(M) # 0. Let M(S) := {M -s | s € S}. Define

fo(X) =TI —x°) € Z[X]

seS

fugX) == TT X7 =Xx7) € Z[X]
veM(S)

It holds || fs|l1 = || farcs) ll1-

Proof. We consider the ring of Laurent polynomials Z[X, X~!] and we observe

fs(X) = H (XS"+ — XSF) = Xieln] i H (X5 —1).

i€[m] i€[m]
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Let g(X) := [Tiepm (X% — 1) € Z[X, X" !], hence

fs(X) = XEiet i g(X).

The supports of fs and g are clearly in bijection, as well as || fs|l1 = ||g|1. It
holds

fueX) = TT (X7 =x7) = TT (xMe0" — xMs)™) —

veM(S) ie[m]
= (=1)" Z (_1)|I\X2iez(MSi)’XZie[m]\l(MSiV.
IC[m]

As for every i € [m] it holds (Ms;)™ = (Ms;) + (Ms;)~ by definition, we can
rewrite the above expression as follows:

(-n)" Yy (—1)MIxEier(Msi) ™ xTiepp (Msi)* —

IC[m]
:(_1)mXZie[m](MSi)_ . Z (_1)|1\x215[m]\1(MSi) —
IC[m]
:(_1)mXZie[m](MSfV . Z (_1)|1\XM'(Zie[m]\zsi) —
IC[m]
=(—1)"XZicln (Msi)™ . Y axMa.
aX?€Supp (g)

As M is invertible, f M(s) cannot be identically zero, and all the vectors Ma with
aX? € Supp (g) are distinct. So it follows || fus)[l1 = [/g]l1, which is equal to
|| fs]|1 as already observed. O

In the second lemma we show that if d = 2, it is not restrictive to assume
the directions of S to have positive entries.

Lemma 3.8.2. Let m € N* and let S := {sq,...,5m} C Z? with s; = (x;,y;)"
pairwise linearly independent, and assume that the first non-zero entry of every vector
s; to be positive. There exists an invertible matrix M € Z**? such that Ms; > 0 for
all i € [m], and the directions Ms1, ..., Ms, are pairwise linearly independent.

Proof. First we observe that assuming the first non-zero entry of every vector s;
to be positive is not restrictive for our purpose, as this would mean including
in S the vector s; or —s;, and clearly s; is pairwise linearly independent with
the vectors in S\{s;} if and only if —s; fulfills the same property. Moreover,
changing the sign of a vector does not affect the number of terms of fs, but
only their sign. Let N € IN be defined as
N := maxmin{n € N : nx; +y; > 0}
j€lm]

Note that if x; = 0 for some i € [m], then by the assumption made on the
directions of S, it holds y; > 0. Hence N is well defined. We define the matrix

M € Z2%2 a5
1 0
M= (N 1)
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Then by construction Ms; = (x;, Nx; +y;)T > 0. As M is invertible, it follows
that Msy, ..., Ms,, are pairwise linearly independent. O

By lemmas and when looking for the minimum size switching
component of type fs in Z? it is not restrictive to assume the vectors of S to
have non negative entries. However, requiring the positivity of the vectors of
S might lead to vectors with very large entries. In the next lemma we devise a
way to augment the set of directions S with a transformation of S itself, in such
a way that the vectors in the resulting set are pairwise linearly independent.

Lemma 3.8.3. Let m € IN*, S = {s1,...,8m} C IN? a set of pairwise lin-
early independent directions. Then for every r € IN* there exist invertible matrices
My, ..., M, € IN?>*2 such that the vectors in |JI_y M;(S) are pairwise linearly inde-
pendent.

Proof. We show the claim by induction onr. If r = 1, we can choose M = I, the
identity matrix, and the claim follows because I,(S) = S. We assume the claim
true for  and show it for r + 1. The vectors in V := [J;_; M;(S) are pairwise
linearly independent by induction hypothesis. We need to define a matrix
M, 41 such that the vectors of V' U M,1(S) are pairwise linearly independent.
We define

N := 1+ max||ul1]|v]1. (3.41)

u,veVv

As V contains at least a vector, and (0, O)T ¢ V by assumption, it holds N > 2.
We define the matrix M,,; € IN>*2 as

N 1
M1 = <1 N)

It follows det(M) # 0 as N > 2. Hence the vectors in M,;(S) are pairwise
linearly independent. We have to show that a vector in M,1(S) and a vector
in V are linearly independent. Let u = (a1,B81)T € Vand v = (ap, B2)T € V.
Then M, ju = (Naj + B1,21 + NB1)7T, so the claim follows by showing that
the following matrix is non-singular:

(e )

which is equivalent to showing (Naj + 1)B2 — a2(a1 + NB1) # 0.
By contradiction, let us assume (Naj + B1)B2 — a2(«1 + NB1) = 0. This rewrites
as

N(a1B2 — a2p1) + 12 — womy = 0. (3.42)

As all the vectors in V are pairwise linearly independent by induction hypoth-
esis, it holds a1 B2 — ax1 # 0. Hence equation (3.42) is equivalent to

a1 — B1f2

B — Py
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as N is positive, the above equation implies

aou

— SZAZ P < Jasws — pafal < loam] + |Bafal < ol
but this is contradicting the way N was defined in (3.41), being N > ||ul|1||v]|1
forallu,v € V. O

In Theorem we apply lemmas|3.8.1} 3.8.2|and [3.8.3| to devise, for every
" . . . 2 . . I\m . .
m € IN*, a switching component in Z? of size in O((n7) "), using a given pure
product switching component with respect to r < m directions and of size n.

Theorem 3.8.4. Let r,m € IN* with r < m and let the directions in S, with
S:={s1,...,5} C 72,
be pairwise linear independent directions such that fs = n. We can construct a

switching component (B, W) € FR X Fi N Of size at most L(n™") with respect
to m pairwise linearly independent lattice directions.

Proof. Letq := [%] and observe
o= (2]

We show that we can define at least m directions by constructing q sets of r
directions each, in a way that the resulting r - g directions obtained are pairwise
linearly independent. By Lemmam there exist matrices M, ..., M, € Z**?
such that the r - g vectors in

Vi={M;js; i€ [r],j € [q]}

are pairwise linearly independent. It holds

frX) = [T =x7) = [T [Tx X(Ms)") € Z[X1, X

veV jelqli€lr]

For every j € [gq], we recall M; ( ) = {M;js | s € S}, hence by Lemma it
follows [|[Ticp (X X (Mjsi)” X(M %) )|l = n. By lemma2.1.16{we conclude

m+r

"~ e0(n"),

Ifvli<[[n=nT<n

j€ld]
which concludes the proof. O
In the next theorem we show how to use the switching component in Z? of

Theorem to construct a switching component of the same size in higher
dimension, in a way that the resulting directions span R?.
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Theorem 3.8.5. Let r,m € IN* with r < m, let the directions in S, with
S:={s1,...,8} C 7?,
be pairwise linear independent and such that fs = n. Let d € IN fulfill
m
<d<2|—].
2<aof?]

Then we can construct a switching component (B, W) € Ffl \ X Fg N of size at

most % (n ") with respect to m pairwise linearly independent lattice directions span-

ning R%.

Proof. Consider the construction described in the proof of Theorem that
lead to a switching component in Z? with respect to m directions and size at
most %(nm%r) Let g := [] be as before and let V C Z? be the set of r - g-
many directions defined in the proof of Now consider X := (X, ..., Xy).
In order to obtain a switching component in dimension 4 < 2g, we modify
fv in the following way: let t1,...,t; € {0,...,2(9 — 1)} and consider the
polynomial

fx)=11 <(Xt/+1’Xf/'JrZ)(MjS")+ - (th+1,Xt/+2)(MjSi)i)

j€ld]
i€lr]

Thus ||f|l1 = || fv|l1 < n9. Consider the function
Log: T¢ — IN*
X —e

that to every term X associates the exponent vector e, that was defined in[2.1.9}
Let

ji -= Log(<th+1/th+2)(Mfsi)+)
ﬁji = Log((thJrl/ th+2)(Mjsi)_)

The polynomial f corresponds to a pure product switching component
with respect to the directions

{wji = Bji:j < lgli e [r]}
They are pairwise linearly independent and span a space of dimension d, with
d < 2q. We obtain directions spanning IR? by choosing t; := 2(j — 1) for all
j€{1,...,q}. In this way, we ensure that all variables Xj, ..., X, appear in the
support of f.
Moreover, f is a pure product switching component with respect to the direc-
tions given by the columns of the following rg X 2g matrix:

M151 Mlsr 0 0 0 0
0 0 M251 Mer 0 0
0 0 0 0 Mgsy ... Mgsy
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The columns of the matrix above are pairwise linearly independent, and are
spanning R?1, as {M;s; : j € [q],i € [r]} are pairwise linearly independent and
{M;js; : i € [r]} span R? for all j € [g]. O

Theorem allows us to construct switching components in Z? for arbi-
trarily many directions starting from a known switching component of size n
with respect to r directions. In Theorem 3.8.5 we lift the switching component
of Theoremto a d-dimensional space, provided thatd < 2 (%1 . The size of
the resulting switching component depends on the value of n+. The method
provided by theorems yields better results when nv is as small as
possible. In the table below, we list the values of (Zn)% for the switching com-
ponents listed in tables and As before, r represents the number of
directions, 2n the minimum 1-norm of a polynomial fs that was found, with
|S| = r, and in the last column we include n+ rounded up at the 4 digit. For
r = 3, we have ns = 1.8172, which we know also from the already mentioned
result in [[127].

r 2n (2n) v r  2n  (2n) ;

1 2 2 11 60 1.4510
2 4 2 12 60 1.4067
3 6 18172 13 84 1.4062
4 8 1.6818 14 116 1.4044
5 12 1.6438 15 172 1.4095
6 12 15131 16 248 1.4115
7 20 1.5342 17 286 1.3948
8 24 14878 18 364 1.3877
9 36 14891 19 428 1.3757
10 40 1.4462 20 572 1.3737

Table 3.4: Upper bounds on the size of switching components

Corollary 3.8.6. Let m € IN* and let 2 < d < 2[35]. There is a constructive way
to produce switching components in Z° of size at most § - 572", i.e., in 0(1.38™),
with respect to m pairwise linearly independent directions in IN“.

Proof. Consider the pure product switching component with respect to r = 20
directions and of size n = 572, from table [3.3|and depicted in figure Lem-
mas [3.8.1} 3.8.2} [3.8.3|and theorems give us a constructive method
that yields switching components in Z9, 2 < d < 2[2], with respect to m
directions and size lower than

572"%" € O(1.38™).



3.8 Switching Components of Size in O(1.38™)

m+20

Remark 3.8.7. The bound of 1 - 572" on the size of a switching component with
respect to m directions in Z? is better than the bound 2™, that we obtain from the
doubling procedure for values of m that are bigger or equal than 18, but the
construction in leads to IN-switching components, while the procedure in [3.4.5]
can easily return {0, 1}-switching components.

The computer search we have undertaken to determine the mentioned ta-
bles and was not extensive, and there could be room for improve-
ment. By arguments similar to those in lemmas 3.8.1} [3.8.2] 3.8.3|and Theorem
m we can then find a switching component of size O((2n)7)™) for every
m € IN*. We decided not to look for better numerical results than the ones
we obtained from r = 20 directions, because Section will give the desired
improvement and will generalize Theorem yet applying a different pro-
cedure.
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3.9 Switching Components from Special Polytopes

The vertices of a polytope with many symmetries are a natural choice for
switching components with small size. In the current section we consider
Archimedean solids, that are semi-regular polyhedra in R3, whose facets are
regular polygons, and whose vertices are identical, i.e., there exists an isometry
of the polyhedron that sends a vertex to every other vertex. They are 13 in
total — even though their number could be 14 according to a different classi-
fication [92] — and they can be identified by their vertex configuration, which
is a sequence composed of the number of sides that the faces around a vertex
have. More details on Archimedean solids can be found in [172, [173]]. In the
following, we show that the vertices of certain Archimedean solids can be col-
ored to form switching components, and we generalize their structure to any
dimension.
Let d € IN* and let .7, be the set of all permutations of order 4, hence

Sy ={0:]d] — [d] : ois bijective}

Ifx=(x,...,%)T € 2% and o € .; we denote by ¢(x) the vector

3.9.1 The Permutahedron

We denote by U, the set of the points whose entries are permutations of (1,...,d)T
U :={c(1,...,d)" :0 € .7}

The number of points contained in Uy is d!. For every d € IN¥, the so-called
Permutahedron is
Py := conv(Uy).

According to Ziegler [179], the Permutahedron was first investigated by Schoute
[160]. It carries interesting properties, for example, it is a simple zonotope. The
following proposition holds.

Proposition 3.9.1. The Permutahedron P; has dimension d — 1 for every d € IN*.

Proof. Tt follows easily by observing that every y = (v1,...,14) € Uy fulfills

. (d+1)d
y1_|__|_yd: Zz:(z)
ic[d]
Hence Uy is contained in the hyperplane H := {x € RY : Yic Xi = (‘H;)d}

and since H is convex, we have P; C H. Hence P; has at most dimension d — 1.
Consider the d — 1 points of U; obtained by swapping two adjacent entries of
po:=(1,...,d)T:

p1:=(213,...,d)7, pp:=(1,3,2,4,...,d)7, ... pg_1:=(1,2,...,d—2,d,d—1)T.
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We show that {po, p1,...,ps—1} are affinely independent by showing, equiva-
lently, that the d — 1 vectors defined as a; := p; — po for every i € [d — 1] are
linearly independent. We construct a matrix A € Z#*(#~1) whose columns are
the vectors a;, i € [d — 1]. We obtain

1 0 . 0
-1 1 0
A_] 0 -1 1

0 . .0

-1 1

0 0 -1

Observe that A has rank d — 1: for example, we can add the last row, which is
equal to ”5—11 to the (d — 1)-th row, and by iteration we obtain the matrix

(0 ... O)

—Ii1)’

which has clearly rank d — 1. Hence P; has at least dimension d — 1, which
completes the proof. O

For d = 4 the Permutahedron Py is a truncated octahedron in the three di-
mensional space H := {x € R* : ey x; = 10}. It has 14 faces (8 regular
hexagons and 6 square), 36 edges, and 24 vertices. Its vertex configuration is
(4,6,6), see figure In R3 it can be realized as the convex hull of all the
points whose coordinates are permutations of (0, £1, £2).

Figure 3.7: Truncated Octahedron

In the following we show that the points in U; can be split into two sets
B, W so that (B, W) is a switching component with respect to (g) lattice direc-
tions.
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Theorem 3.9.2. For every d € IN¥, there exists two sets B,W C 7% such that
BUW = Uy, |B| = |W| = %, and (B, W) is a switching component with respect to
the (g) lattice directions defined as

Sij = Ui — U;j V1§Z<]§d,
where u; is the i-th unit vector in Z2.

Proof. As every pointin Uy is obtained as (1, .. ., d)T for some 0 € .¥;, we can
divide the elements of U, using the parity of the permutation ¢ as criterion.
The parity N(c) associated to a permutation o € .} is the number

N(o):= [{(i,j) € [d* :i < jand o(i) > o(j)}].
We set
B:={c(1,...,d)T €Uy :N(c)iseven} W :={o(1,...,d)T € U;: N(¢)is odd}.

As the number of even permutations is equal to the number of odd permuta-
tions, it holds |B| = |[W| = 4.

Lety = (y1,...,y4)" € B. Itholdsy = 01(1,...,d)" for some ¢; € .7; such
that N (o) is even.

For every 1 < i < j < d consider the transposition 7;; € .7, that swaps the
entries i and j of a vector in Z?, and consider 7;(y):

Tz’j(y) = (yl, s Yi-u Y Yiv e Yi-uYic Vi - .,yd)T-

It corresponds to o»(1, . .., d)T with o € 7. Since 02 = T 0 01, we have that
N(c2) is odd, hence T;;(y) € W. Moreover,

y—Ti(y) =(0,...,0,4; —¥;,0,...,0,y; — y;,0...,00" = (yi — ;) s
which completes the proof. O
The pair (B, W) as provided by Theorem is a {0,1}-switching com-
ponent with respect to m := (g) directions and size £. As2m = d(d — 1) it
holds

d<1+V2ym.

We use Stirling’s approximation to estimate (1 + v/2+/m)!, see [73], section 2.9.

Theorem 3.9.3 (Stirling’s Approximation [73]). Let n € IN. it holds

nl ~\2mn (g)n forn — co.
A rougher upper bound on n! is given by

n! < 2nlog(n)  yy c IN*
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By Theorem we obtain that the size of the switching component given
by can be bounded from above in the following way

dl < (1+V2y/m)! < 2 (1+v2y/m) log, (1+V2y/m) o~ 7 O(/mlog(y/m)) (3.43)

In the following theorem we show that the switching component formed by
the points of U, is a pure product.

Theorem 3.9.4. Let d € IN* and let
U, :={c(1,...,d)" 0 € .7}

as before, and let (B, W) be as defined in Theorem ie.,

B:={o(1,...,d)T €Uy : N(0)iseven} W :={c(1,...,d)T € Uy: N(c)is odd}

with
N(o):= [{(i,j) e N*:i < jand o(i) > o(j)}|.

Let sjj = u; — uj forevery 1 <i < j < dand let
52{51]1§l<]§d}

Then
6(B,W) =+ H Xi- fs(X) € Z[X] (3.44)
ie[d]

Proof. By Theorem we know that as (B, W) is a switching component with
respect to the direction in S, then the polynomial

6(B,W) = Z xo (L) Z X (L)
TESy oeSy
N(0)=0(mod 2) N(0)=1(mod 2)

is divisible by the binomial X; — X; for every 1 <i < j < d. Hence 6(B, W) is
divisible by fs(X). Moreover, the polynomial (B, W) is divisible by the mono-
mial [ J;c (4 Xi, since every term X (L) of 0(B, W) is divisible by [ Tic(4 Xi- As
the term [ic (4 X; does not divide fs(X), there exists p(X) € Z[X] such that

0(B,W) =p(X) [T X;- fs(X).

i€ld]

The polynomial (B, W) has degree d in every variable X;, while fs has degree
d — 1 in every variable. This implies deg(p) = 0, that means p(X) is a constant.
As all coefficients of the terms of 6(B, W) are either 1 or —1, it follows p(X) =
#£1, which concludes the proof. ]

In order to eliminate the factor [];cs X; in (3.44) it is sufficient to trans-

late the points in U by (—1,...,—1)T € Z%. Thus the switching component
corresponding to Uy is a pure product.
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3.9.2 The Truncated Cuboctahedron

We now focus on the so-called Truncated Cuboctahedron, that is an Archimedean
solid and is depicted in figure[3.9.7} It is defined as

conv{o(£1, £(1+v2),£(1+2v2)") : 0 € A4}

The vertex configuration of the Truncated Cuboctahedron is (4,6,8), as
around every vertex there are a square, an hexagon and an octahedron.

If we drop the regularity condition on the facets, we can choose the set of
vertices to be lattice points:

{o(+a,+b,+c)T 0 € Aa<b<ccZ}

and obtain a switching component of size 24 with respect to 9 directions. We
can further generalize this to every dimension d € IN.

Definition 3.9.5 (d-Dimensional Truncated Cuboctahedron). Let d € IN*. We
define

TCy:=A{o(iy,ir-2,...,ig-d)T 10 € .7y, (in,...,i5) € {1,-1}}

The set conv (’TC' d) C R? is called d-dimensional Truncated Cuboctahedron.

Figure 3.8: Truncated Cuboctahedron

In the next proposition we show that conv(7C,) is a d-dimensional poly-
tope.

Proposition 3.9.6. conv(7Cy) C R? has dimension d.

Proof. As in the proof of Proposition we consider the points of 7C; given
by transposition of subsequent entries of po := (1,...,d)T:

p1i=(2,1,3,..., )T, po:=(1,3,2,4,..., )T, ... ps_1:=(1,2,...,d—2,d,d —1)T.

Moreover, we consider the point p; := (—1,2,...,d)T € TC,;. Like we did in
the proof of we show that py, ..., ps are d + 1 affinely independent points
by showing that the vectors a; := p; — po, for i € [d] are linearly independent.
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We construct a matrix A € Z?*4 whose columns are the vectors a;,i € [d — 1].
We obtain

1 0 0 -2
-1 1 0 0
A= 0 -1 1
0 0 O
: : | 1 0
o ... ... 0 -1 0

We perform elementary operations on the rows of A: we add the last row to
the (d — 1)-th row, the (d — 1)-th to the (d — 2)-th and so on, until we obtain

the matrix
0o -2
—I; 4 0/’

which has clearly rank d, and the claim follows. O

Next theorem shows that the vertices of the d-dimensional Truncated Cuboc-
tahedron form a switching component.

Theorem 3.9.7. The vertices of the d-dimensional Truncated Cuboctahedron can be
colored to form a switching component of size n := 29-1d! with respect to m := d>
pairwise linearly independent directions.

Proof. As before, let
TCy={o(ir,ir-2,...,i5-d)T 0 € .7y, (i1,...,i5) € {1,-1}9}.
It holds | 7C4| = 2¢ - d!. We define two sets B, W C Z? such that
Bl=|W|=2"1.dtl=n A TCij=BUW

Given a point (x1,...,x;5)T € TC4, consider the permutation ¢ € .%; such
thato(1,...,d)T = (|x1], |x2], ..., |x4])T. The parity N(c) associated to ¢ is the
number

N(o) == |{(i,j) € [d]*:i < jand o(i) > o(j)}|.
We define the function §: 7C; — Z as

(5(x1,...,xd)T = N(U)+ ’{] S [d] DX < 0}|,

hence §(x1,...,x4)T is a parity number associated to (xy,...,x4)T.
If 5(x1,...,x;)T is even, then we assign the point (x1,...,x;)T to B, if it is odd,
we assign it to W.

B= U A" W= U {ex’

(x1,%a) T€TCy (x1,%a) TETCy
3(x1,.xg)T €22 5(x1,xg) T €2Z41
(3.45)
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The sets B and W have n := 2971 . 4! elements each, as we can easily construct
a bijection between B and W. We show in the following that B and W are
solutions to GP™(29-1 . d1,d?). Let u; be the i-th unit vectors in Z¢. Consider
the set of directions S defined as

S::{ui:ie[d]}U{ui+u]-:V1§i<j§d}u{ui—uj:V1§i<j§d}

The number of directions in § is then d + (%) + (%) = d®. We show that the sets
B and W, as defined in (3.45)), are tomographically equivalent with respect to
the directions in S, by showing that for every direction s € S and every point
x € B, we can determine an unique point y € W such that

xX—y=As

for some A € R. For simplicity reasons, in the following we call such a point y
the neighbor of x in direction s.

Letx:= (xq1,...,%i,..., Xy xd)T € B, then x has the following neighbors in
the directions of S:

Yu, = (x1,.00,—%i,...,xq)7 in direction u; Vi € [d]
y(tli+uj) = (xl,...,—x]-,...,—xi,...,xd)T in direction Mi—|—1/l]' VZ,] € [d],l < ]
y(”i—uj) = (xl,...,x]-,...,xi,...,xd)T in direction U — uj Vl,] € [d],l <j

In fact, foralli € [d] and forall1 <i < j < ditholds

x—yu, = (0,...,0,2x;,0,...,0)T = 2x; - u; (3.46)
x—y(ui+uj) = (O,...,O,xz-+x]-,0,...,O,xi—l—x]-,O,...,O)T = (xz-—}—x]-) . (ui+u]-)
x—y(ui_uj) = (0,...,O,xl-—x]-,O,...,O,x]-—xi,O,...,O)T = (xz-—x]-) . (MZ‘—M]')

It is easy to see that yu,, y(, +u))r Y (u;—u;) A€ i W, as the parity of their /-image
is different than the parity of §(x):

5(yui) = 5(3() +1 5(y(ui7u]-))

5(x)+1 mod 2,

and denoting as ¢j; the permutation that fulfills 7;(1,...,d)" = y, u;)s We
have
‘S(y(u,+uj)) = N(‘Tij) + |{l € [d] : ulTy(ul-Jru]-) < 0}| =
= N((Ti]') +{leld:x; <0} +r

where
0 if x; - Xj <0
r=1+<2 ifxz->0/\x]->0
-2 ifxl-<0/\x]-<0
Furthermore,

N(cij) =N(c)+1  mod 2,
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hence
(5(y(ui+u1)) =4(x)+1 mod 2.

This concludes the proof of B and W being a switching component of size
29-1. 4! with respect to the d? directions in S. O

Remark 3.9.8. Notice that equation (3.46) together with Theorem implies that
the polynomial 6(B, W), with B and W as in (3.45), is divisible by the binomial
X? — 1, for every i € [d].

The construction of 7C; depends on d € IN*, hence given m € IN which is
not a perfect square, we can return at best a switching component with respect
to d? directions, with d? the smallest square number which is bigger than m.
In the next proposition we compare the size of 7C; in (3.49) with the size of
a switching component with respect to m directions that we would obtain by
the doubling procedure[3.4.5

Next lemma is a variant of Stirling’s formula, that we will apply in Propo-
sition to estimate the size of 7C,.

Lemma 3.9.9. Let n € IN, then

1l < <n+1>"

Proof. We show the claim by induction on . If n = 1 we get 1 < 1. We assume
that the claim holds for n € IN and we show it for n + 1. We have

n n+1
(n+1) =nl(n+1) < (”H) (n+1):2(”+1) (3.47)
To conclude we need to show
1+ 2\ n+1 1 \n+l
< = .
2‘(71—}—1) <1+n—|—1) (348)
As
N e | 1 1 1
1 = . - > n+1 =2
(1) Z()( i >(n—|—1)1_ e DG
the claim follows from equation (3.47). O

In the next proposition, we show that if m = d?, then the size of 7C; is in
20(Vimlog(v/m)) a5 we showed in (3.43) for the Permutahedron.

Proposition 3.9.10. Ford = [+/n], the size of T Cy is less than 21V 11og([vm 1+1)-1,

Proof. The number m is between two perfect squares

[Vm|* <m < [Vm]?
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Hence we set d := [y/m]. The size of the switching component associated to
the correspondent TCy C Z% is

241 gy =2V = ([ /m )L (3.49)
We apply Lemma to estimate the factorial, and we obtain
VAT ([ /) < 2Vl (Wﬁ;“) ml

1([\/%1 _|_1)WEW_

The claim follows. O

N |

We recall Lemma on projections of switching components, and con-
sider the vertices of a Truncated Cuboctahedron in Z¢, divided in two disjoint
sets B, W as shown in Proposition We show that we can construct a
matrix M € Z?*“ such that the projection 7r: Z¢ — Z? with 7(x) := Mx
preserves the number of directions of the switching component associated to

TC.

Lemma3.9.11. Let d € IN*. There exists a matrix M € Z2*% such that the directions
Mu;, M(u; + u,), M(u; — u,) are pairwise linearly independent, Vi, j,r € [d] with
j<r.

Proof. Let N :=2d +2and letay,ay,...,a; € N be such that
ar > N - (a; +aj)a Vi, j,1,r € [d],withi,jl <r7;
a possible choice is defining

ap =1 a,:=1+N- Z(ai—i—aj)al Vred2,...,d}

ijl<r
Let M € Z?*? be defined as
<d a-1 ... 2 1 >
a4y ay ... agq dag
We show that any two of the vectors Mu;, M(u; + u;), M(u; — u,) € 7?2 with

i,j,v € [d] and j < r are linearly independent.
We need to consider the following possible pairs:

(@) Mu;, Mujwithi <j

(b) Mu;, M(uj+u,) withj <r

(c) Mu;, M(uj —u,) withj <r

(d) M(uj+u,), M(u;+up,) withj <r, I <hand (j,r) # (I, h)
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(e) M(uj+uy), M(u; —uy) withj <r, I <hand (j,r) # (I, h)
() M(uj—u,), M(u; —up,) withj <r,I <hand (j,r) # (I,h)

where

Mui:<d_l,+l) M(Mi+uj):<2d_z_]+2>

a; a; + a;

o= ()

We analyze each of the cases separately:

(@) Mu;, Mu;withi < j. We show that the matrix

(d—ﬁkld—j+1>

a; aj
cannot have determinant equal to 0. By contradiction, let
(d—i4+1)aj=(d—j+1)a
that cannot be, sincea; > g;andd —i+1>d—j+1.
(b) Mu;, M(uj + u,) with j < r. The matrix

<d—i+1 2d—j—r+2>

a; aj+ ar
cannot have determinant equal to 0. By contradiction, let
(d—i+1)(aj+a,) = (2d —j—r+2)a;. (3.50)
There are three possible cases: i < r,i >randi =r.If i <r, then
(d—i+1)(aj+ay) >a, > Na; > (2d —j—r+2)a;
hence cannot be true. If i > r, then
(2d —j—r+2)a; >a; > N(aj+ay) > (d—i+1)(a; +ay)

which is contradicting (3.50). Lastly, let i = 7. Since j < r by assumption,
then j < i, and (3.50) rewrites as

(d—i+1)€lj = (d—j—i—l)ai
which contradicts
ai(d —j+1) > a; > N(aj+a;)a; > Na; > (d —i+1)a;
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()

(d)

(e)

(f)

Mu;, M(u; — u,) with j < r. Consider the matrix

d—i+1 r—j
a; lZ]' — Ay
its determinant is (d — i +1)(a; — a,) — (r — j)a; which cannot be 0, since

(d—i+1)(aj—a,) <0aswellas —(r —j)a; <O0.

M(u; + uy), M(u; +uy,) with j < r, 1 < hand (j,r) # (I,h). Consider the
matrix

<2d—j—r+2 2d—l—h+2>
ﬂ]“|‘ar a;+ap .

By contradiction its determinant is 0, which means
(aj+ap)(2d —j—r+2) = (aj+a,)(2d =1 —h+2) (3.51)
If r <horh <rholds, wlo.g. r <h, then
(a+ap)(2d —j—r+2) >a, > N(aj+ay) > (aj+a,)(2d -1 —h+2)

which is contradicting (3.51). If = h then one among / < jand j < [ has
to hold, otherwise it would be (j,r) = (I, ), excluded by hypothesis. Let
us assume [ < j. Hence

(aj+ay)(2d —j—r+2) > (aj+a,)N > (a; +a,)(2d =1 —h +2)
which contradicts (3.51).
M(u; +uy), M(u; — up,) with j < r, 1 < hand (j,r) # (I,h). Consider the

matrix
2d—j—r+2 h-1
aj + ay a—ay)’

Its determinant is (2d — j —r +2)(a; — ay) — (h —I)(a; + a,) which cannot
be 0, as (2d —j —r+2)(a; —a,) < 0and —(h —1I)(a; +a,) <O0.

M(uj — u,), M(u; — up) with j < r,1 < hand (j,r) # (I,h). Consider the
matrix
r—j h—1I
Elj —a, a;—ay
By contradiction, its determinant is 0, which is equivalent to

(a; —ap)(r—j) = (aj —ar,)(h = 1) (3.52)

Without loss of generality, # > r or h = r. Assume first b > r. Then
equation (3.52) can be rewritten as

ap = (a, — a;)
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but as

an > N(a, +aj)a; > N(ar + a;) + a; > (ar —a;) +a

r—j
we get a contradiction. If r = h then w.l.o.g. we can assume j < [. Hence
equation (3.52) becomes

ar(l=j) = (r=j)a = (r = Da
which contradicts

ar(l —j) >a, > N(aj+a;) > (r —jla; — (r — )a;.

This concludes the proof that all vectors Mu;, M(u; + uy), M(uj — u,) € Z?
with i,j,r € [d] and j < r are pairwise linearly independent. O

Next lemma extends Lemma|3.9.11|by defining a projection matrix M € Z'*?
so that the directions in Z' Mu;, M(u;j + u,), M(u; — u,) are pairwise linearly
independent and spanning IR, Vi, j, 7 € [d] with j < r and for every 2 < [ < d.

Lemma 3.9.12. Let d € IN* and let h € IN* such that 2 < h < d. There exists
a matrix M € Z"% such that the directions Muj;, M(u; + u,), M(u; — u,) are
pairwise linearly independent and are spanning R", Vi, j,r € [d] with j < r.

Proof. If h = 2, consider as M the matrix presented in Lemma Ifh > 2,
define as in Lemma[3.9.11]the numbers N := 2d +2 and a3, 4y, ..., 4; € N such
that

ar > N - (a; +aj)a Vi, j,1,r € [d],withi,jl <r

for example

a:=1  a,:=1+N- Y (a;+aj)a Vre{2,...d}

ijl<r

Let M € Z**“ be as in the proof of Lemma[3.9.11

M::<d d—1 ... 2 l)
a ar e agq 4ag
Let now define a matrix M € Z"*4 ag
M
M= <1h_2 A)

where A is any matrix in Z"=2*=2) As Mu;, M(u; + u,), M(u; — u,) are
pairwise linearly independent Vi, j, r € [d] with j < r, then also Mu;, M(u; + u,),
M(u]- — u,) are pairwise linearly independent. Moreover, the directions Mu;,
M (uj+ uy), M(u; — u,) span R" since the first i columns of M, corresponding
to the directions Muy, ..., Muy, form an h X h non-singular matrix. O
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Theorem 3.9.13|is a straightforward consequence 0f[3.9.7,[3.9.10}3.9.11]and
B.9.12

Theorem 3.9.13. For every m € IN* and every 2 < d < [\/m] there exists a
switching component in Z* with respect to m directions and of size at most

([vm]+1)V™],

N =

i.e., in 20(Vmlog(vm)),

We conclude this section showing that 7C; is a pure product switching
component, see This result will be needed in Chapter

Theorem 3.9.14. Let T C,; be as defined in and let B, W as in (3.45). Let
S:= {Zui:ie [d]}U{ui—f—uj:Vl §i<j§d}U{ui—uj:V1 §Z<]§d}
The polynomial associated to (B, W) via the usual encoding is equal to +fs.

Proof. As shown in and observed in[3.9.8 (B, W) is a switching compo-
nent with respect to the directions of 5. As B and W contain points with neg-
ative entries, we translate both B and W by a vector (d,...,d) € Z%, and we
denote by B and W the resulting sets, respectively. By Proposition m this
operation does not affect the property of being a switching component. The
translation let entries in the range {—d,..., —1} bein {0,...,d — 1}, as well as
entries of valuesin {1,...,d} getin {d+1,...,2d}. By definition of 'TCd,
foralli € [d] there exists a point x € BU W such that the i-th entry of x is equal

to 2d. By the polynomial
gX) ==Y x'—- y xv

beB weW
is divisible by the polynomial fs, where

fo=T1xF-1 J] xx;-1) J] (Xi—X))

ic(d] 1<i<j<d 1<i<j<d

The degree of fgis2+d —1+d —1 = 2d in every variable, as well as the de-
gree of g(X), hence g divided by fs is a polynomial of degree 0, i.e., a constant
a€Z:

8§(X) = a- fs(X)

As g(X) does not contain multiple points, and fs(X) has integer coefficients, it
follows a = +1. O

One advantage that both the Permutahedron and the d-dimensional Trun-
cated Cuboctahedron share, is that they form switching components of “small”
size and are contained in small grids. However their projections might lose
this property.



3.10 Bounds Comparison

Archimedean solids in discrete tomography were already considered by
Gardner in [77], §2.2: he showed that the so-called Truncated Icosidodecahedron,
whose vertex configuration is (4, 6,10), and the Snub Dodecahedron, with vertex
configuration (3,3, 3,3,5), are convex polyhedra in R? whose sets of vertices
have the same X-rays with respect to 6 directions in general position. It is an
open problem to establish if there exist two distinct convex lattice sets with
the same X-rays with respect to 7 or more lattice directions of IR® in general
position, see [77], §2.2.

3.10 Bounds Comparison

In this section we compare the bounds given by theorems 3.9.13| and
the doubling procedure By Theorem for every m € IN* we can
determine a switching component in Z? with respect to m directions of size at
most

1 m
~5721%
2

By Theorem(3.9.13| for every m € IN we can determine a switching component
in Z? with respect to m directions of size at most

2V ([ )1

while the doubling procedure gives us a bound of 2"~!. We show the
following:

Proposition 3.10.1. There exists mo € IN such that for every m € IN, m > my it
holds

2 V([ )1 < 572l <2,

The proof follows easily by applying the well-known Sandwich Theorem, see
[85], proposition 3.25.

Proof. We show equivalently that there exists 7y € IN such that for every m €
IN, m > my it holds

2V l([/m7)t < 5721561 < 2™, (3.53)

Observe

m

5727 < 57271 < 5727+1

hence it is sufficient to show that for m € IN big enough, the following inequal-
ities hold true

20Vml([\/m])! < 572% (3.54)
5722+1 < o™ (3.55)
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As the functions x# and x™ defined for x € R* are increasing for every m €
IN*, showing inequalities (3.54) and (3.55) is equivalent to show that for m € IN
big enough the following holds:

(2WW((\/W)!) " (57236>’1’ = 572m (3.56)
(5722%“) "o (3.57)

We set [ := 5721 and observe 1.37 < [ < 1.38. Inequality (3.56) follows by
Theorem 3.9.13] since

I=

lim (ZWW((\/W)!) =1 (3.58)

m—o0

Concerning inequality (3.57), we easily see

1
lim (572%“) " — lim 572% . 572% = 572% = [, (3.59)
m—00 m— 00
The claim follows. O

The constructions given in theorems|3.8.4/and [3.9.13|give switching compo-
nents of sizes at most %572[2%1 and 2V I=1([\/m ])!, respectively. We showed
in Proposition[3.10.1that the former construction is asymptotically worse than
the latter. However, for small values of m, a bound such as %572(% can

be competitive too. For example, if m = 20, then %572[%1 = 286 while
20vm1=1([/m])! = 1920. If the difference

[ﬂw _m

201 20

is big compared to 75, for example for small m such that m mod 20 is a small
number, rounding up 5 has a big effect on 5. In these cases, instead of
%572[%1, one could use in Theorem a switching component from tables
and with respect to fewer directions, so to have a more refined

bound. For example, if m = 21 then
2V =L /m )l = 1920 %572[%1 = 163592

while using a smallest known switching component with respect to 12 lines as
sample, see table we obtain

%60(%1 — %60[%1 — 1800.

Hence, it might be worth investigating other bounds obtainable from Theorem
However, the bound 2/V™1-1([/n])! is asymptotically better than any
bound we can obtain fixing a sample switching component and replicating it a
suitable number of times, by arguments similar to those presented in the proof

of proposition|3.10.1



Chapter 4

The Prouhet-Tarry-Escott
Problem in Discrete Tomography

The Prouhet-Tarry-Escott (PTE) problem is a several centuries old problem
which appears in many disguises in different areas of mathematics. A first ex-
ample of PTE-solution was mentioned in a letter from Euler to Goldbach [71]
dated 1751, see Prouhet [147] first formalized the problem in 1851. The
problem was then investigated by Escott [70] in 1910 and posed as a question
by Tarry [171] in 1913. In 1952, Dickson dedicates chapter XXIV of the second
volume of his manuscript History of the Theory of Numbers [62] to the problem,
that he attributed to Tarry and Escott only. Wright pointed out Prouhet’s con-
tribution in [177]. The problem has connections to problems in number the-
ory [33,34,/122,/128,144], among which we mention the easier Waring’s problem
[178], algebra [137], graph theory [101], combinatorics [3| (124], computer sci-
ence [32] and coding theory [76]. Generalizations are discussed in [18, 48,116,
148, 149]. Surveys can be found in [7, |33} 34, 62, 97].

4.1 The Prouhet-Tarry-Escott Problem

In this section we define the general Prouhet-Tarry-Escott problem, as introduced
in [[18], and show several related results. If a € Z and g € IN“, we denote by

a7 the quantity
al:= []al
ie[d]

Definition 4.1.1 (General Prouhet-Tarry-Escott Problem). Given x,n,d € IN¥,
find disjoint multisets {ay, ...,a, } and {b1, ..., b, } of points in 7% such that for all
g € N with ||q||1 < « it holds

We also write [ay, ..., a,] =« [b1, ..., by| for such a solution.
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We abbreviate as PTE;(n, k) the problem of finding solutions

[al,...,an] =K [blz---/bn]

in Z%. We call size of a PTE-solution the number , degree the number «,
while d is the dimension of the space. Requiring the multisets {ay, ..., a, } and
{b1,...,bn } to be disjoint, we are automatically excluding the so-called trivial
solutions, i.e., multisets {a3,...,a,} and {by, ..., b, } such that {ay,...,a,} is a
permutation of {by, ..., b, }. The case d = 1 will be referred to as the classic case,
and denoted simply as PTE(n, k). For example, the sets {0,4,5},{1,2,6} C Z
form a solution of PTE(3,2), since

0+44+45 = 9 = 14246
02+42+4+52 = 41 = 12422462

Below we describe simple transformations that can be performed on a so-
lution of PTE;(n, x) in order to obtain new solutions, also in higher or lower
dimensions. The following proposition for the case d = 1 was first published
by Frolov in [74].

Proposition 4.1.2 (Translation of PTE). Let [ay,...,a,] =« [b1,..., by, a;, b; € 74
foralli,j € [n]. Then a1 +t,...,a, +t] =¢ [b1 +1t,..., b, +t] forall t € Z°.

Proof. Let us fix an exponent vector (q1,...,44) € INY such that ||q|l; < «,
which corresponds to one of the equations defining the PTE;(n, k) problem.
We define the set E as follows:

E:={(ji,...,j))T € N | (j,...,ja) < (q1,...,q4) component-wise}

It holds ]
Yo e +t)* =
i€n] s=1
- (M%) (‘?d>agag.....a;g.t;ﬂ—ﬂtgz—fz.....tgd—fd -
i€fn] (jr-ja)eE N1/ N2 J
= )X (lh) (lh) . (q.d> : t;h*htgz*jz e tg"’fjd ) aﬁa{é e af.s =
(ga)eE N1/ \J2 Jd i€n)

qd q1—j1 92— J2 qa—Ja 1702 Ja _
(_)-tl S D Y 1Ry

- (1) (%) ...
11,eees] )EE ] ]2 ]d le[n
=5 B GG ()it =
i) (j,ja)cE N1/ \J2 Ja
d
= Z H blS +ts

ic[n] s=1

The claim follows. 0
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Notice that from Proposition it follows that it is not restrictive to as-
sume the points of a PTE; solution to have positive entries.

Proposition 4.1.3 (Linear Transformation of PTE).
Let d,t € IN* and let [ay,...,a,] =« [b1,...,ba], a;, b; € deor all i,j € [n], let
M € Z“. Then [May, ..., May) = [Mby, ..., Mb,] in Z'.

Proof. Letq = (q1,.--,q:)7 € IN* be such that g1 + - - - + q; < x, which corre-
sponds to one of the equations defining the PTE;(n, k) problem. Let us write
the matrix M as (0], ..., ol )T with v the j-th row of M, for all j € [t]. Then

iﬁv ;)1 = Zﬁ (iv]halh) :

i=1j=1 i€[n] j=

Denoting as hj a vector (hji, ..., hj)T € N', and recalling Lemma|2.1.14 on the
multinomial expansion, the above expression can be re-written as the follow-

ing:

n d d 9
S IT (3 o) -
i=1j=1 "h=1
d q . )
L L R
16[71]]:1]1"1—‘,- —‘,—h]d:qj ]1/ 7 ]d

v q1 L qt T P
5 5 <h11"“’h1d> <ht1,---,htd>vl SRR B

i=1hy+-- +h1d =

ht1+“'+htd:"7t
n
_ Z Z < q1 ) . . ( qt )Z}hl ht h1+ +hy
= ce v;a =
i hll/--~/hld htll---/htd !

=1+ +hg=mn

P

_ Z q1 ) . . < qt >Z)h1 . . vht iah]+"'+ht (4.1)
= 1 e Uy ; .
hyy+-- =g <h11/---/h1d hi, ... by i=1 !

ht1+"":i‘hrd:ﬂt
Since ||hj||1 < g;,Vj € [t], it holds

[hr+ -+ hells < [halls+ b2l el < g+ -+ g8 < x
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Since [ay, ..., a,] =« [b1, ..., by], the expression in can be rewritten as

= Z 1 . . qt Uhl . . Z)ht i bh1+---+ht —
hi, . 0\, L '

Mg+ +hg=q - cr e i=1
h+hg=q;
T
- (U] bi)q],
i€[n] j=1
which proves the claim. O

Definition 4.1.4. Let M € Z%*9 be an invertible matrix and let t € Z*. Two PTE,
solutions of degree k € IN of the type [a1,...,a,] =x [b1,...,by] and

[May +t,...,Ma, +t] =¢ [Mby +¢,..., Mb, +t]
are called equivalent.

The following operations on PTE-solutions create PTE-solutions respec-
tively of bigger size, lower dimension, higher dimension, and lower degree
in a lower dimensional space.

Proposition 4.1.5. Let n,s,x,v € IN* and let a; b, cj,d; € Z% for alli € [n]
and j € [s]|. Let [aq,...,a,) =¢ [b1,...,by), and [c1,...,c5] =, [d1,...,ds]. The
following statements hold true.

(l) [al,...,an,q,...,cs] :min{K,'y} [b1,...,bn,d1,...,ds].

(i) If {c1,...,cs} C{ar,...,an}yand {dy,...,ds} C {1, ..., b, }, then
{a1,...,an}\{c1,...,cs}yand {by, ..., b, }\{d1, ..., ds} are PTE, solutions
of degree min{x, y}.

(iii) Letr € Z. Let a;,bj € Z* be defined as

v () 5= ()

n)-

(iv) Let I C [d], and let T : R — RUI be the canonical projection m(v) = vy,
i.e., the function that associates to every vector v € RY, the vector 7t(v) whose
entries are the entries of v that have indices in I. Then

[mt(a1),...,m(an)] =« [T(b1), ..., 7T(bn)].

|

foralli,j € [n]. Then [ay,...,an) =« [b1,. .-,

(v) Let {iy,...,is} C [d]andlett € Z[Xy,...,Xs] beaterm of total degree r € IN.
Define the map x;, _;.: RY — RI=s+1 g5

Xi],...,is<(vll' . .,Uil,. . .,Z),‘S,Z)d>) = (7)1,. . .,t(Z)il,. . .,TJZ'S>,. . .,Ud>
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that removes the coordinates iy, . ..,1s of v and substitutes to the coordinate i
the term t evaluated in v; , ..., v;.. Then

[X(al)r' : '/X(an)] =% [X(bl)/ o IX(bn)]

Proof. (i) Letq = (q1,...,q94)7 € N such that g; + --- + g4 < min{x, v},
which corresponds to one of the equations defining the PTE; (1, min{x, v })
problem. As } ic(, LI? = Yie[n] b? and }ic(q C? = Yiels] d? then trivially

Za + Y =Y b+ ) al

ie[s] ie(n] ie[s]

(ii) Let ¢ = (q1,...,94)7 € IN? such that g; + --- + g4 < min{x, 7}, as
Yicin) 07 = Liep bf and Yiepq ¢f = Yiepg d! then

ZQ—ZC qu qu

i€ls] ie[n] i€ls]

(iii) Letq = (q1,...,94,94+1)" € N4 1 with ||g||; < x,andletv := (qq,...,q4) € N

Clearly ||v]j; < k. Hence

Za —erJrl Za —rqd+l va— ZE?

ie(n] ie(n] €[n] ie[n]

(iv) Let v € NISI with ||v]|; < «. Define g € N as

v ifieS§
%= 0 otherwise

As ||g]l1 < «, it follows

2 (ai) GZ? EZ = ) ()"

i€[n]

(v) We assume without loss of generality that {i,...,is} = {1,...,s} C [d]
and we denote by x the function xi, . Lett:= Hie[s} Xiri, where r; € IN
forevery i € [s] and Y ;c [y 7i = r. Let v € N1 with [|o|; < [£]. Then

Z (X ) Z Ha]h a]s+1 '(ﬂjd)vd*s“ = Z H? (4.2)
j€ln] h=1

j€[n] i€[n]

with g € N defined as

rivy, ifie [S]
qi = )

v; otherwise
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It holds
K
lgllh =7r-v1+0v2+ -+ 0451 <r(v1 4 +04-541) < er <K,

from which it follows that the expression in is equal to
Loal =) b=} (x(t)"
ie[n] ie[n] ien]
U

It was first observed in [74] that if [ay,...,a,] =« [b1,..., by, then the mul-
tisets

{aag;+p :ien}, fabi+p :icn]}
with w € Z\{0}, B € Z are a PTE-solution of degree «.

Lemma and Theorem [4.1.7] are classic results and can be found, for in-
stance, in [33, 134].

Lemma 4.1.6. Letd = 1and let aq,...,a,,b1,...,b,, x € N such that a; > x and
b; > «, for every i,j € [n]. The following statements are equivalent:

(Z) [al, - .,Eln] =% [bl,. . .,bn].
(ii) (X — 1)<K+l>) Y X -y X

(i) deg (TT_1(X — a;) = [Ty (X — b)) < n— (k+1).

Proof. The equivalence of (i) and (i) is easily seen by evaluating each of the

M (& vr W b,

i=1
at X = 1, and keeping in mind that (ii) is equivalent to the fact that X = 1is a
root of order (x + 1) of Y1 X% — Yy, Xbi.
The equivalence of (i) and (iii) follows by Newton’s symmetric polynomial
identities: let us consider the following polynomials in Z[Xj, ..., X,]:

n
ps(X1,..., Xu) =) X seN*
i=

60(X1,...,Xn) =1
n
61(X1,...,Xn> = ZX,‘

Xy, .., Xn) = ), XiX;

en(Xl,...,Xn) = HXl

et(Xl,...,Xn) =0 Vt>n
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These are known as s-th power sum and elementary symmetric polynomials re-
spectively. The following recursion formula (Newton identities [130]]) holds:

t .
toer(Xe, .., Xn) = Y (1) e (X, .., Xn)pj(Xa, ..., X)) Vn, t €INF
j=1
(4.3)

It implies that ¢; is a polynomial combination of py, ..., p; for all t. As

n

n .
H Z ) Je,_ _ilay, ..., a0)X

i=1

then the polynomial [T\ ;(X — a;) — [T, (X — b;) has degree lower than or
equal to n — (x + 1) if and only if

p]-(al,...,an):p]-(bl,...,bn) VjZO,...,K
which concludes the proof. O

Observe that by Proposition it is not restrictive to assume a; > x and
b; > «, for every i,j € [n]. The first mention of the following result is due to
Bastien [23]].

Theorem 4.1.7. Let n,x € IN. Then PTE(n, x) is feasible only if n > «.

Proof. The claim follows directly from the equivalence between (i) and (iii) in
Lemma as the degree of the polynomial in (iii) has to be a non-negative
integer number, hence n > x + 1. O

The result of Theorem [4.1.7)justifies the next definition.
Definition 4.1.8 (Ideal Solutions). Solutions to PTE(x + 1, «) are called ideal.

Ideal solutions are known to exist for x = 0,...,9 and k¥ = 11. Despite the
efforts spent on determining if ideal solutions exist for all k¥ (and specifically
for x = 10), little progress has been made on the topic. Upper bounds on the
minimal size of a PTE-solution of degree « will be discussed in Section[£.5 A
good source that stores known ideal PTE-solutions is Shuven’s website, see
[163]]. If [a1, . .., ax41] =« [b1, ..., bxy1], then from (iii) it follows

x+1 x+1

H(X_ai)_H(X_bi):CEZ

i=1 i=1

The decomposition of the constant C in prime factors contains relevant infor-
mation for determining a possible ideal solution. In fact, it can be shown [35]
that if a prime number p divides C, then by, .. ., b1 can be reordered so that

a;=b; modp Vie[k+1].
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It follows that a computer search of an ideal solution can be reduced of a factor
of 1 for each of the x + 1 equivalences. It is then crucial to determine large
primes that divide C. Investigations in this sense have been carried out by
Caley [47, 48] and by Borwein, Lisonék and Percival [35].

The following theorem generalizes Theorem to dimension d > 1.

Theorem 4.1.9. Let n,x € IN. Then PTE;(n, ) is feasible only if n > «.

Proof. By contradiction, let (F;, F,) € Z? x Z? be a solution of size n and de-
gree k > n of PTE,;, with

Fl = {611,...,61”} FZ = {bl,---;bn}

In particular, we assume F; and F, disjoint.
Let s € Z? be a vector, we define the projection

7t 7
xv—>sTx

As F; and F, are disjoint, it is possible to choose the vector s so that 77(F;)
and 7(F,) are disjoint multisets, for example it is sufficient to choose s not
orthogonal to any of the vectorsa — b, witha € Fy and b € F,, i.e,, finitely many
possibilities for s are to be excluded. By Proposition (m(F), t(R)) is a
classic PTE-solution of degree « and size n. Hence by Theorem follows
nt(F) = 7(F,), a contradiction. O

In the next section we will give a characterization of PTE;-solutions, that,
from now on, we will mostly denote by a pair of multisets (B, W) C Z4 x Z“.

4.2 Characterization of PTE; Solutions

We generalize the characterization (i) < (ii) of Lemma to dimension
d > 1. We need two lemmas: in the first one, we show an equivalent formula-
tion to (B, W) being a PTE,; solution of degree x, in the second, we determine a
Grobner basis of the ideal which we will need in Theorem Observe that
by [4.1.2)it is not restrictive to assume all points of B and W to have coordinates
greater than or equal to x. Moreover, to every polynomial f(X) € Z[X] cor-
responds a pair of multisets (Bs, Wy) via the function p as defined in SO
that

fX) =Y x— Yy xv (4.4)

beBy weWs

Thus, it is not restrictive to assume every polynomial in Z[X] to be in the form
given in(4.4} for some (By, Wy) C N x IN“.
Lemma 4.2.1. Let k € N, B,W C IN% and let b;, w; > K for everyb € B,w € W
and i € [d]. Let

fX) =Y xt— ¥ xv

beB weW
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Then (B, W) is a PTE, solution of degree x if and only if

(BBXl>W (a}a(d)%(f(x)))(—(l ..... = 0

for every (qu,...,q4) € N such that g, + - - - + g4 < «.

Proof. We show the claim by induction on x € IN. If x = 0, and q € N with
lglli < x, theng = (0,...,0)". Hence

(&)0,_,(5&1)00(){))){_(1 ,,,,, 1) =f(1,...,1) =0 < |B| = |W|

which rewrites as (B, W) form a PTE; solution of degree 0.

We assume the claim true for ¥ — 1, and show it for x. Assume (B, W) are a
PTE; solution of degree k. As this implies that they are a PTE; solution of
degree x — 1, by induction hypothesis we obtain

()" (55) " V00 = 45)

for every (q1,...,q4) € N such that q; + - - - 4+ g4 < x — 1. Hence we just need
to show equation for every (q1,...,q4)T € N9 with g1 + - - + g4 = «. Let
us denote by p(X) the multivariate polynomial defined as

pX) = [ Xi- (Xi—1)-...- (Xi —qi +1). (4.6)
ie[d]
By definition of g, the polynomial p has degree at most x. We have
0 \n 9 \ 44 B b—g w—g
(aT(l) (@) (f(X)) = bgr’(b)x w;;v p(w)Xe .
Asb > gand w > q for every b € Band w € W, we obtain
(L p®X7= ¥ p@)X)(1,...,1) = ¥ pb) — ¥ p(w) =0
beB weW beB weW

since Y ;g p(b) — X wew p(w) corresponds to a combination of equations of the
PTE, problem of degree «: in fact, for every aX” € Supp (p) it holds

Zab“— Z aw’ = 0.

beB weW

On the other hand, let hold for every (q1,...,q94)7 € N* with g1 = «.
Since b > gand w > q for every b € Band w € W, we can write equation (4.5)
as

0= (X pX1 = ¥ p@)X*)(1,...,1) = ¥ p(b) = ¥ pw)

beB weW beB weW
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with p as in (4.6). The only term in p that has degree « is X7, all the others have
degree strictly lower than x. Hence we can write p as

p(X) =X +g(X)

with deg(g) < . As before, ¢ corresponds to a combination of the equations
from the PTE; problem of degree x — 1. By induction hypothesis, it holds

Y gb)— ) g(w)=0

beB weW
which implies

qu— quzo,

beB weW

as desired. O

In the next lemma, we define an ideal that we will use in theorem and
show that its generators form a Grobner basis.

Lemma 4.2.2. Let x € IN, and let I, C Z[X] be the ideal defined as

L= Y ((X1 S (X - 1)fd).
L js=r+1
Then the generators of I, form a Grobner basis with respect to LEX X1 > - -+ = Xj.

Proof. The set

d
E:={(u....ja)t eN'| }_js=x+1}
s=1

has N := (Zf’f) elements by Lemma [2.1.13, For the sake of convenience, we
denote by fi, ..., fn the polynomials in

{1 (X =12 (r,.ooja)" € E}
listed in lexicographic order with respect to their leading terms, so that

L= (f1,---, fn)-

By Buchberger’s Algorithm in order to show that {f1, ..., fn} is a Grob-
ner basis of I, we need to show that the normal remainders of the S—polynomials
Spol (f1, f;) with respect to {f1,..., fn} are 0 for every i,j € [N] withi < j. Let
i<je|[N]let(iy,...,ig)7, (j1,...,ja)" € Eand let

fi= (X =D (X =D = (X =) (X — 1)
Letv:= (il,. . .,id)T — (jl,. . .,jd)T. Then
Spol (fi, fi) = X¥ fi — X" ;.
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As already observed in [2.1.43, it holds (v*)Tv~ = 0, thus it follows that X"
and XY are coprime, and that

(il,...,id)T —ovt = (jl,---;jd)T —v

We denote by w the vector (i, ...,i;)T —ovt. Let1:= (1,...,1)T € Z%. Thus

Spol (fi,fi) = X fi =X fj = (X7 (X = 1) = X" (X = 1) ) (X = 1)".

=:8ij

(4.7)
As X" and X?" are coprime, by [2.1.36/it follows that (X — 1)?" and (X — 1)
form a Grobner basis with respect to LEX of the ideal they generate. Hence the
normal remainder of the polynomial

gij € (X=1)",(X-1)"")

with respectto { (X —1)?", (X — 1)? } is equal to 0. This means that there exist
hi(X), hj(X) € Z[X] such that

gi = i(X) - (X—1)" +1j(X)- (X - 1)" (4.8)

and this is an expression of division, namely

LT (h;(X)(X — 1)) < LT (gj) and LT (Bj(X)(X—-1)° ) <LT(g)
(4.9)
Plugging in (4.7), we obtain

spol (fi,f7) = (BOO(X = 1)°" + B(X)(X=1)" ) (X=1)" = hif; + Iy,

and from (4.9) and the second property of a term ordering, see[2.1.17} it follows
LT (h;f;) < LT (Spol(fi, f;)) and LT (h;f;) < LT (Spol(fi, fj)), from which it
follows that the normal remainder of Spol (f;, f;) with respect to f1,..., fn is 0,
and the claim follows. O

We are now ready to state and show the main result of the section, that
generalizes Lemmal4.1.6| By Propositiont.1.2lwe can assume a solution (B, W)
of PTE4(n, ) to be composed of points of IN¥ whose entries are bigger than or
equal to k. This property translates to the polynomial 6(B, W) as

0(B,W) € (X*1), (4.10)

where X*! is the term [Licjq X{- In Theorem we will show that the char-
acterization given in Theorem is independent from the assumption given
in (4.10).

Theorem 4.2.3 (Characterization of PTE; Solutions of Degree «x). Let x € IN.
Let L, denote the ideal
L, := (XD),

101



Chapter 4. The Prouhet-Tarry-Escott Problem in Discrete Tomography

102

and let F, denote the set

={f(X) € Z[X] : p(f) is a PTE; solution of degree x },

where p is the function defined in Let us define the ideals |, and I, as

L= ((x1 )L (X — 1)id+1) (4.11)
(il,...,id)ENd
Zg:l is=K
L= Y ((X1 ) (X — 1)fd). (4.12)
(j1,--rja) ENY
Yo js=x+1

Then it holds
FeNLe=JeNLg=ILNLk.

Proof. We show the statement by showing
(i) LN Ly C Jx N L.
(ii) Jx N Li C FcN L.

(iii) Fe N Lx C I N Ly.

(i) We show I, C Ji. Let ¢(X) € I, = (f1,..., fn), with N = (fo) as in
Lemma Then there exist Ky, ..., hy, such that g = Y;cny hifi. It suffices
to show that the summand #;f; € J, for all i € [N]. Assume

gX) =h(X)(Xy = 1) - - (Xg — 1)

for some h(X) € Z[X] and some (j,...,j;)T € N9 withji + -+ +j; = x + 1.
We denote by E the set

E:={(in,...i)" e N : Zz] =}
and for every (i1, ...i;)" € N¥ we denote by J;, ;) the ideal

i = (=)™, (X = 1)*“)

so that [ := N, iy 7er Jiiy,...g)-

We show that g(X) € J;, i), V(i1,...15) € E. Infact,asji + -+ +jg =x+1,
for every tuple (iy,...,i;) € E there exists t € [d] such that j; > i, otherwise,
if js < i Vs € [d], then we would have

d d
K—|—1=st§2i5=K
s=1 s=1
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a contradiction. Hence j; > i; + 1 for some t € [d], so that

gX) =h(X) (X1 =)+ (X — 1) =
=hX)( [T XK= (X=X = 1) € [, iy
seld]\{t}

hence ¢(X) € Ji,,..i,) V(i1,...i5)T € E, from which follows ¢(X) € J. Thus
e N Le C Jo N L.

(ii) Let f(X) = Ypeg X0 — pew X¥ € Je N Ly, and let (q1,...,94)T € N4
such that g; + -+ +¢q; = t < x. To every such a vector (q1,...,44)" corre-
sponds an equation of the PTE,(n, x) formulation. There exists (i1, . ..,is)T € IN“
such that i; 4 - - - +i; = x and such that

(ql,...,qd)T S (i1,...,id)T

component-wise.
As f € Jx = iy,...iyyrek Jis,...ip), there exist iy, (X), ..., hi,(X) € Z[X] such that

F(X) =Ry (X) (X1 — 1)1 oo by (X) (X — 1)t

We can apply the partial derivatives (ag)(s )% to f for all s € [d] and obtain

(&)'ﬂ . (aaxd)%f _

— (E)aX1>q1 o (8?(,)% (hil(x)(Xl — 1) Ry (X) (X — 1)id+1)
(4.13)

which evaluated on the point (1,...,1) is equal to 0, as gs < is for all s € [d].
Notice that since f(X) € L, the expression in is not identically zero.
Thus p(f) is a PTE, solution of degree k by lemma[4.2.1} and f € F, N Ly.

(iii) Let f(X) = Ypep X0 — Cpew X € Fe N Ly. By contradiction, f ¢ I,. As
before, N := (") and I, = (fi,..., f). We can write a division expression

fX) =m(X)fi+ - +hn(X)fn +7(X)

where r(X) is the normal form of f(X) with respect I, i.e., none of the terms
in Supp (r) belongs to (LT (f;) : i € [N]). In particular, deg(r) < x + 1, being
{LT (f1),...,LT (fn)} equal to the set of terms in d variables and degree x + 1.
Asby Lemmathe generators of I, are a Grobner basis with respect to LEX,
we have

fel, < r(X)=0.

The polynomial f corresponds to a PTE; solution of degree x, as well as
hi(X) fi(X), for every i € [N], by what we showed in (i) and (ii). Thus, it
follows from that r corresponds to a PTE; solution of degree x. Consider
the multisets of points corresponding to r, that we denote by B, and W, C IN“.
By contradiction, 7(X) # 0, which translates as B, # W;.
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Assume r(X) has degree «, therefore there exists aX? € Supp (r) such that
Zie[d] a; =K, and « 75 0.
As r(X) corresponds to a PTE; solution of degree «, it follows from Lemma

4.2 1] that 3 \a 5 \a
(87)(1) (@) (”(X))|x:(1,...,1) =0 (4.14)

For every yX® € Supp (r) with ;¢ ¢; < x it holds

(aaxl)‘“ . (a;i)“d (7X°) = 0.

Moreover, if };c(q ¢; = x and ¢ # a, then there exists j € [d] such that ¢; < a),
which implies again

()" (aaxd)“d (1x) =o.

Hence the only term of r that survives after the derivatives (%)al e (%)ud
is «X?, namely

(88)(1)’11 e (aaxd)ﬂd (r(X)) = (aaX1>ﬂ1 e (ai(dyd (aX?) = w H a;!

jeldl
with the convention 0! = 1. Together with (4.14), we obtain
a=0.

Thus r(X) cannot have degree x. We can assume it has degree x — 1 and repeat
the argument, which eventually leads to (X) = 0. Therefore, f € I, and
moreover f € I, N L., which concludes the proof. O

Theorem[4.2.3|characterizes PTE;-solutions composed only of points whose
coordinates are bigger than or equal to k. Next we show that the characteriza-
tion does not depend on this assumption.

Theorem 4.2.4. Let x € N and let (B,W) C IN? x IN“. Then (B, W) form a PTE,
solution of degree x if and only if

6(B,W) € I,
where Iy is as defined in[4.2.3]
Proof. First observe that the statement can be equivalently rewritten as
6(B,W) € F, <= 0(B,W) € I.
As shown in part (iii) of the proof of Theorem[4.2.3]it holds

6(B,W) € F, = 6(B,W) € I,
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since the proof does not require (B, W) € L. On the other hand, we assume
0(B,W) € I, then obviously we have X*1 . (B, W) € I, N L. Hence, by theo-
rem it follows

X1.9(B,W) € F.N Ly,

in particular X! - §(B, W) € F. Since by proposition [4.1.2] PTE, solutions are
invariant under translations, it holds

X1.9(B,W) € F. «<= 6(B,W) € F,
which concludes the proof. O

Theorem gives a characterization of PTE; solutions of degree x: they
correspond, via 0, as defined in to a polynomial in the ideal I;, and vice-
versa.

In addition to [18], the characterization of PTE; solutions of Theorem
has implications on the recent paper from Cerny [49], where the author showed
that multi-dimensional words obtained by compositions of finite sequences
of morphisms induce PTE; solutions: from Theorem it follows, in fact,
that in order to show the result in [49], it is sufficient to show that the consid-
ered multi-dimensional words correspond to polynomials in the ideal I, (4.12).
Other related contributions are the works from Prugstapitak [148,149], that in-
vestigated the Prouhet-Tarry-Escott problem over the Gaussian integers.

Remark 4.2.5. By Theorem every PTE; solution of degree x corresponds via 0
in to a polynomial f € I with

IK = Z ((Xl —1)j1 (Xd—l)jd>;
(j1,---rja)EN?
Yo je=x+1
thus we can define

d
E={jeN":Y ji=x+1}
s=1

and obtain that for every j € E there exist gj(X) € Z[X] such that

f=Y8(X)(X~1).

jEE
Every summand of f, namely
§(X)(X-1)  jeE
corresponds, by Theorem[3.1.3) to a switching component with respect to the directions
S:={u;:j; #0}

If we extend the way we count lines, and admit several copies of the same directions, we
obtain as S a multiset of directions, where each direction u; appears with multiplicity
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ji- The cardinality of S, in the sense of |1.2.1|is then equal to ||j||1, thus it is x + 1. For
example, let v € IN*, then the polynomial

(X1 =1)

corresponds to a switching component with respect to r identical directions. Thus
Theorem implies that every PTE; solution of degree x is a union of switching
components with respect to k 4 1 (possibly repeated) directions.
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4.3 Switching Components as Solutions to PTE

In [18] Alpers and Tijdeman established the following connection between
switching components in the plane and the Prouhet-Tarry-Escott problem.

Theorem 4.3.1 (Alpers, Tijdeman [18]). Let sy, . .., s, be pairwise linearly indepen-
dent directions in Z?, and let B,W € F? be disjoint and tomographically equivalent
with respect to sy, ..., Sm. Then (B, W) is a solution to PTE, of degree m — 1.

In this section, we show how Theorem4.3.1|can be generalized to higher di-
mensions. In order to show the relation between the solutions of GP? (1, k + 1)
and the solutions of PTE,;(n, k), x > 2, we need Proposition and the con-
cepts of Section[4.3.1]

Let K be a field containing Z, and let K[Xj, ..., X;] be a polynomial ring.
We consider the K-vector space of homogeneous polynomials in K[Xj, ..., X,]
of degree r € IN, which we denote by V; .. It is easy to see that

Vir:=linft € T : deg(t) = r}.

By Lemma and by observing that the elements of T? are linearly inde-
pendent, we obtain dim(V,,) = ("5%71).

In [12,18]], the following proposition was shown.

Proposition 4.3.2. Letr € N, r > 2. Fori = 1,...,r, let a;, B; € K and let
si = (a;, Bi)T, be pairwise linearly independent directions. Then the polynomials

(BiX1s — e Xo) L, (Br Xy — a4 X) ! € K[Xy, Xy
form a basis of the K-vector space V, ,_1.

We will extend Proposition to higher dimensions in

4.3.1 Vectors in Generic and Uniform Position

We present concepts introduced by Geramita and Orecchia in [84] concerning
points in the projective space in so-called generic position. As SY, the set of
all 1-dimensional linear subspaces of RY, is isomorph to P91 the (d—1)-
dimensional projective space, we can apply the results of [84] to vectors in
R\ {0}. For us, those are normal vectors of hyperplanes, or the directions of
lines. All results of this section were shown in [84], and we include them here
for the reader’s convenience, to have a uniform treatise. Propositions
and follow directly from results in [84], while the proof we include is
substantially different.

Definition 4.3.3 (Vectors in Generic [-Position and Uniform Position).
Let V := {vy,...,0;} C R? be a set of | distinct vectors. Consider all terms t; of

degree r in d variables Xy, ..., Xy, with i € [(rjgﬁl)] by Lemma|2.1.13} listed with
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respect to any term ordering, for example LEX with X; > ..., > Xj;. Consider the
matrix A" (vy,...,0;) € R defined as

A(vy,..., o) = t(v;) i€ [(rﬂzl)} i€

If there is no possibility of confusion, we write A" instead of A"(vy,...,v;). We say
that the vectors in V are in generic I-position if the matrix A" has maximal rank for
every r > 1.

We say that the vectors in V are in uniform position, if Vg < I, every subset of
cardinality q of V is in generic g-position.

Remark 4.3.4. Notice that the rank of the matrices A" does not depend on v; but
only on lin(v;) for every j € [l]: in fact, i for some j € [I] we substitute a vector
vj by Avj, where A € R\{0}, we obtain the following relation between the matrix
A (vq, .. . AV, ..., vp) and the matrix A" (vy,...,0j,...,01):

. r+d-—1
Ar(Ul,. . .,AZ)]',. . -/vl)ij = ArAr(Ul,. s Ve -/vl)ij Vi e [< i1 )}/
which means that the j-th column of A”(v1,...,Avj,...,v;) is a multiple of the j-th
column of A"(vy, ..., v;), which clearly does not affect the rank. This follows because

the terms t;, with i € [(Pgi}l)} are homogeneous of degree r. Hence, the concept of

genericity in is well-defined for directions.

The following fact was observed in [84].
Proposition 4.3.5. Let the matrix A" := A" (vy,...,0;) € R+ pe gs defined
before. The set of non-trivial (i.e., non identically zero) solutions of the homogeneous
system of linear equations

r+d71)

yTA"=0 yeRU (4.15)

is in bijection with the set of non-zero homogeneous polynomial in d variables and of
degree r vanishing at vy, ..., v;.

Proof. Consider all terms of degree r in d variables, listed with respect to the

r+d—1
standard LEX, ti,. ..,t(r+d—]), and let y € R(51) be a non-zero solution to
d-1

yT A" = 0. For the sake of simplicity, we denote by I the set {1,...,("%%")}.

Then the non-zero polynomial ) ;; y;t;, homogeneous of degree , vanishes at
v1,...,0], since by yTA’ = 0 it follows

Zyiti(vi) =0 Vi e [l]
icl
On the other hand, for every homogeneous non-zero polynomial of degree r
f(X) € R[Xy, ..., X4] there exists a non-zero vector y € R« such that
FX) = Yyt
i€l

If f(v;) = 0 for every i € [I], then it follows yT A" = 0, as desired. O
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As a consequence of Proposition if rank (A”) = t, then the subspace
U of V,;, of homogeneous polynomials of degree r vanishing at vy, ...,v; has
dimension (";%71) —t.

The following lemma is applied to show Proposition

Lemma 4.3.6. Ifv; ..., v; € RY are such that ("}*1") > 1 and A" defined as m-
has maximal rank (i.e. zt has rank 1), for some r € N, then A™1 has rank .

Proof. We can apply a change of coordinates so that the first entry of every
vector v; is not zero. As observed in 4.3.4}, we can then scale the vectors so
that their first entry is 1 without affecting the rank of the matrix A”. Hence the

following equality is fulfilled by every term t; of degree r, i < (’Zﬁl):

ti(v) = (Xati)(v;) Vj <1

and X;t; are all terms of degree r + 1 that are obtained as Xjt;. From this
follows that the matrix A" is a submatrix of A’*1, and hence

| = rank (A") < rank (A"*1).
But as A”t! has at most rank ! due to its size, the claim follows. ]

Next proposition characterizes vectors in generic /-position.

Proposition 4.3.7 (Geramita, Orecchia [84]). Let V := {v1,...,v;} C R% Then
V is in generic I-position if and only if the least degree 1y of a non-zero homogeneous
polynomial vanishing at vy, ..., v; is the least integer ry such that (r0+d B> 1, and
the subspace U C V,,, of the homogeneous polynomials vanishing at vy, ...,v; has
dimension (" 7971) — 1.

Proof. 1If V is in generic [-position, then the implication follows from and
4.3.5

On the other hand, if the least degree ry of a non-zero homogeneous polyno-
mial vanishing at vy, . . ., v; is the least integer rq such that (V°+d Y > I, then the
matrix A’, as in Defin1t1on - 3, has maximal rank for every r > 1: in fact, if
r < ro, the matrix A" € R(i“1)*! is such that ("14.1) < 1. By assumption, there
is no non-zero homogeneous polynomial vanishing at vy, ... v;, which means
there is no linear combination of the rows of A" that is 0, hence A" is full rank.
If r = 79, by assumption the subspace U of the homogeneous polynomials of
degree r vanishing at vy, ..., v; has dimension (Hd*l) — I, hence A" has rank

d-1
. If r > ro we apply Lemma recursively to A’, that is full-rank from the
previous case, and the claim follows. O

Proposition[4.3.7/can be rewritten as: V is in generic [-position if and only if
there is no non-zero homogeneous polynomial of degree ry, with (r°+d h <,
vanishing at vy, ..., 7.
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Thanks to Lemma we can check if | vectors vy, ...,v; € R? are in generic
[-position by testing if the rank of the matrix A", with

. , r+d—1 .
Aij:ti(v]-) 1€ {( J-1 )},]E[l]
is (") for every r < ro, with

ro = min{r € N : <r;i; 1) > 1}.

Proposition 4.3.8.

(i) If | vectors in R 1<1<d, arein generic l-position, then they are linearly
independent. If | vectors in R%, | > d, are in generic I-position, then there are d
of them that are linearly independent.

(ii) d linearly independent vectors in R? are in uniform position.
(iii) Distinct vectors in R? are in uniform position.
(iv) Four vectors in R, every 3 of them linearly independent, are in uniform position.

Proof. (i) By definition of generic I-position, A!(vy,...,v;) is full-rank. Hence,
if I < d then rank (Al) = I, which means vy, ..., v, are linearly independent,
while if [ > d, then rank (Al) = d, which means d vectors among vy, ...,v; are
linearly independent.

(ii) Letvy,...,v; € R? be linearly independent. By Lemmait is sufficient
to show that for every t € [d],and every 1 <i; <ip < --- < i <d,and

0 ::min{rElN* : (r;i;l) Zt}

the matrix A" (v;,...,v;) is full-rank for all » € {1,...,7p}. It holds ry = 1 for
allt € [d] as
<1 +d—-1

=d >
e ) d>t Vtel[d

and the matrix Al is full rank for every choice of ¢, as vy, ...,v; are linearly
independent.

(iii) We show the statement by induction on the number of vectors [. If | = 1
the claim is easily true. We assume it true for / vectors, and show it for [ + 1.
Consider I + 1 distinct vectors in IR%. As before, we can apply a change of
coordinates and assume that the first entry of every vector is not zero, then
we can scale every vector so that the first entry is 1. In this way, for every
i € [l + 1] we can assume

o= (,).
j
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with ay,...,a;41 € R distinct. By definition, vy,...,0;41 € R? are in uniform
position if for every g < I+ 1, every subset of {v;,...,v;;1} containing g vec-
tors is in generic g-position. By induction hypothesis, this holds true every
time g < I + 1, hence we just need to show it for § = | 41, namely we need
to show that vy,...,v,,; are in generic (I + 1)-position. By Lemma it
suffices to show that A"(vy,...,v;41) is full-rank for every r such that

2—-1
rgmin{roe]N 1< (m;—l >}

hence for every r < I. Then the matrix A"(vy, ..., v;41) fulfills

1 1 ... ... 1

X1 &2 ... ... K

2 42 2 1 1
r r T

T Dél+1

Thus A”(vy, ..., v;41) is a submatrix of the following Vandermonde matrix, see
[75] §4 :

11 ... ... 1

X1 &2 ... ... Kq

2 2 2

a5 e .. Dél+1

M := . . . . . c IR(Z+1)><(Z+1)

r r r

a Ky al+1
1 I 1

ny Ky (xl—&-l

The determinant of M is equal to

[T (2—a),

1<i<j<I+1

and since the numbers «; are all distinct, we have det(M) # 0. This concludes
the proof that A"(vy,...,v;.1) is full-rank.

(iv) Let vy,...,v4 € R® and let every 3 of them be linearly independent. By
(ii), it follows that every 3 vectors among {vy, ..., v4} are in uniform position.
Hence by definition, we only need to check that vy,...,v4 are in generic 4-
position. By Lemma it suffices to show that A" (v, ..., v4) is full-rank for

every r such that
r+3-—-1
<4
(357 =+

hence for < 1. The matrix A! (v1,...,0v4) is full rank, i.e., it has rank 3, since
for example vy, v5, v3 are linearly independent. O

Next we give an example of vectors in R? that are in uniform position.
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Example 4.3.9. The 6 vectors

{v1,...,06} = {(1,0,0)7,(0,1,0)7, (0,0,1)7, (1,1,2)7,(1,2,1)7,(2,1,1)T} c R®

are in uniform position. With d = 3, the minimum degree r such that 6 < (rj;ﬁl) is

2. Every three vectors among vy, ..., vs are linearly independent. Moreover the ma-
trix A% € R®*® with A%]- = t;(v;), being {t1,...,ts} = {X2,XY,XZ,Y?,YZ,7%},
is non singular:

1001 1 4
000122
. |000212
T o101 41
000221
001411

By Lemma this is all we have to check.

In the following proposition we show that there exist / lattice directions in
generic [-position, for every | € IN*.

Proposition 4.3.10. For every I,d € IN*, there exist | vectors of Z% that are in
generic I-position.

Proof. We show this by induction on I. For I = 1 the claim is trivial. Assume
there are I — 1 lattice directions that are in generic (I — 1)-position. We can
apply a change of coordinates so that the first entry of v; is not zero, and then
scale every vector so that the first entry is 1, for every i € [l — 1]. In this way,
the vectors could in principle be no longer in Z%, but the rank of the matrices
A" would not be affected, for every r, see By definition, the matrix A"
is full-rank for all » > 1, and by Lemma this is equivalent to A” being
full-rank forall r € {1,...,7o} with

10 ::min{rGIN* : <r—;i;1> Zl—l}.

We want to show that we can choose an additional direction v; so that the
vectors vy, ...,v,_1,v; € Q% are in generic [-position. Let

71 ::min{rEIN* : (r—;i11> Zl}.

Clearly r1 > ro. We distinguish two cases, r1 = rp and r1 > ro.
Case 1: r; = ry. Hence it holds

ro+d—1 (ro—1)+d—-1
> —
(P s (0D

as rg is the smallest natural number for which (roﬁf 1Y > 1 — 1. Hence the ma-
trix A" associated to vy,...,v;_1 is a submatrix of the matrix A" associated to
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v1,...,0-1,0 forallr € {1,...,r9 — 1}, i.e, it is full-rank for every choice of

vy, due to the fact that vy, ...,v,_; are in generic (I — 1)-position. Consider now
rg+d—1

the matrix A" € RU'1 )*! as depicted in [@.16), associated to v, ..., 7). As
v1,...,0;_1 are in generic (I — 1)-position, the submatrix Ar01,...,171 of A" ob-
tained selecting the first | — 1 columns of A, is full-rank, i.e., it has rank [ — 1.
This means that there exists at least one (I — 1) x (I — 1) minor of A?l,...,l—l}
which is non-zero, let us call it A*. We want to show that it is possible to
choose v; so that vy,...,v,_1,7v; are in generic [-position, thus we write the
vector v; as the vector of variables (Xi,...,X;). The I x I minors of A™ are
the homogeneous polynomials of degree r( in the variables X = (X3, ..., X;)
defined as

X i= S a0 vre fue (070 b=

jel

where A; are (I — 1) x (I — 1) minors of Af{ol,...,l—l} and t; is a term of degree 7o
in d variables.

t1 (UZ)

A0 =] AT e R4

i) (4.16)

t(ro;idl—l) (Ul)
Every polynomial f; that involves A* is not identically zero, since A* # 0 and

the terms ty, ..., t(yoﬂu) are linearly independent. Hence it suffices to choose
d-1
one, for example the one with greater leading term with respect to LEX, that

we denote by f1+(X), and choose v; in a way that fi-(v;) # 0. Hence the matrix
A’ has rank I, which means that vy, .. ., v; are in generic [-position.
Case 2: 71 > rp. It holds

rn+d-—1 ro+d—1
> > ] —
( d—1 >—l>< d—1 >—l 1

hence it follows (m;fl_ Y = 1 —1. From the minimality of r; follows also

1 = ro + 1. We need to show that forall» € {1,...,r;}, we can choose v; € R
so that the matrix A" as in Definition [£.3.3] evaluated on vy, ..., v is full-rank.
Againforr € {1,...,rp}, the matrix A" associated to vy, ..., v;_1 is a submatrix
of the matrix A" associated to vy, ..., v;_1, v, so if the former has maximal rank
(r;le), then also the latter has. For the cases r = rg + 1, we argue as in Case
1. O

Proposition 4.3.11. For every I,d € IN¥, there exist | vectors of 7% that are in
uniform position.
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Proof. It is sufficient to apply Proposition to every subset of cardinality
t, Vt < I. Assume vy,...,v;_1 are in uniform position. In order to add v; in a
way that vy, ...,v;,_1,v; are in uniform position, we need to choose v; in such
a way that Vt < I,V{i,..., it} C {1,...,1 —1} we have v, v;,,...,vj,, v are
in (f + 1)-generic position, i.e., we have to choose v; such that finitely many
non-zero polynomials do not vanish in v;. O

Propositions |4.3.10| and 4.3.11| were shown in [84] using concepts from
Zariski’s topology, and without requiring the vectors to be in Z¢. We preferred
to devise another proof to conclude the existence of lattice vectors in generic
and uniform position, instead of modifying the existing one.

The notion of vectors in uniform position resembles the well-known notion
of vectors in general position, however the two properties are not equivalent.
While vectors in uniform position are also in general position, the other impli-
cation does not hold, in general.

Proposition 4.3.12. Let | € IN*, and let v1,...,v; € R? be in uniform position.
Then vy, ..., v; are in general position.

Proof. If V.= {vy,...,v;} C R? are in uniform position, then for every
t €{1,...,1}, every subset of V of cardinality ¢ is in generic t-position. We
choose t = d and from the definition of generic position it follows that
in particular, choosing r = 1 it holds (rj;ﬁl) = (Hﬁ;l)) = d and the matrix
Al € R%*4 has rank d, which concludes the proof.

O

In the following example, we give 6 vectors in general position that are not
in uniform position.

Example 4.3.13. The vectors in R3

{v1,...,06} :={(1,0,0)T,(0,1,0)%, (0,0, 1)F, (1,1, -1)T, (-1,2, - 1)1, (1,7,7)T}
are in general position (every 3 of them are linearly independent) but are not in generic
6-position (and moreover not in uniform position), as (r;djl) = 6 for r = 2 and the
matrix

A2(01, .. -106)1']' = ti(U]') = (X%, X]Xz, X1X3, X%, Xng,X%)T(U]') € 1R6><6

is singular.

1 0 O 1 1 1
0 0O 1 -2 7
00 0 -1 1 7
Az(z}l,...,v(,) =101 0 1 4 49 det(AZ) =0
0O 00 -1 -2 49
0 01 1 1 49
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In the following example, we see that vectors in generic position are not
always in general position.

Example 4.3.14. Being in generic position does not imply being in general position.
In fact, consider the vectors

{v1,v2,v3,04} := {(1,0,0)7,(0,1,0)T,(0,0,1)%,(0,1,1)T} c R®
as vy + v3 = vy, they are not in general position. However, the matrices

AN(v1,05,03,04)5 = ti(v)) = (X1, Xp, X3)" (v;) € R¥*
1 000
Al(Ul,Uz, U3, 04) =01 0 1
0 011

A*(01,02,03,04);5 = ti(0)) = (X7, X1 X2, X1 X3, X3, X2 X3, X3) " (vj) € RO

0

A?(v1,v,03,04) =

O O O OO
S O = O O
_ 0 O O O O
el == =)

are both full-rank, and as (H‘;ﬁ;l) = (3) = 6 > 4, by Lemma it follows that
v1,0p, 03, Uy are in generic 4-position.

4.3.2 Hyperplane Switching Components and the PTE problem

We now extend Theorem from [18] to dimension d > 2 in two ways.
The reason for the two-fold generalization lies in the fact that the only proper
subspaces of R? are 1-dimensional, and they can be interpreted both as lines
and hyperplanes.

Proposition 4.3.15. Let K be a field containing Z, let X = (X3,...,Xy), r € N,

v1,...,0; € Z% in generic l-position, with | = (’;ﬁl). Then the polynomials

g1 = (mXs+ - +v1Xg), ..., g = (onXa+ - +vXy)

are a basis of the vector space V, ; generated by the terms of degree r in K[X].

Proof. The number of terms in V,;is | = (rjﬁ;l). We denote the terms as

t1,...,t;. The order of the terms is not relevant, we could for example fix the
order LEX with X7 = X, = --- = X,. It is sufficient to show that there exists
an invertible matrix C € K'*! such that

(gl,...,gl)T =C- (tl,...,tl)T,
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i.e., Cis a change of basis matrix. For every i =1,...,/ it holds that

(0n X1+ +vaXg) =

]

l
lX]'t]'(Ui) . t]'(Xl, ey Xd)

=1

where «; are the binomial coefficients occurring in the power expansion, which

depend on t;, and t;(v;) is the term t; evaluated in the vector v;. We define the

entries ¢;; of the matrix C as

Cij i= Dé]‘t]'(’()i),

and obtain
(o Xa+ - +015Xy)" t
U1 X1+ -+ Xy)" t
(01 X4 | 2aX4) _c. 2 4.17)
(onXa+ - +vXy)" t;

Every column j of C is multiple of the corresponding «; # 0, so C is invertible
if and only if the matrix cfj = t]-(vi) is invertible. As the vectors vy, ..., v; are in
generic [-position, the non-singularity of C follows from Definition[¢.3.3] [

Before showing one of the main results of this section, we need a lemma.

Lemma 4.3.16. Let vq,...,v; € R? be in generic [-position. Then Vh € IN with
1 <h<1 3] CA{vi,...,u},|]| = h, such that the vectors in | are in generic
h-position.

Proof. By contradiction, there exists 11 € [I] such that for every | C {vy,...,7v;},
|]| = h, the vectors in | are not in generic h-position. This means that for every
such a ], there exists a degree r such that the matrix A”(J]) is not full-rank. We
set

rp:=min{r : A’(J)isnot full-rank} VJ C {vy,..., v}, |]| =h

We define
ri:=max{r; : ] C {v1,..., 0}, |J]| =h}
Hence A" (]) is not full-rank for all ] C {v4,...,v;} with |J| = h.
r1+d—1
Asvy,...,v;arein generic I-position, then the matrix A" (vy,...,7v;) € R PR
is full-rank.
We distinguish two cases: ("7%1) > Tor (191 <.
If (171 > 1 then
rank (A" (vy,...,0;)) =1
which would mean for every | C {vy,...,v;} with |J| = h, the matrix A" (])

has rank /i, a contradiction.
If (“;{ffl) < | then

rank (A" (vy,...,77)) = <r1 ;ill_l>
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Hence there exists a set I C [I] with [I| = ("79") such that the submatrix
A7 of A" (vy,...,v;) obtained selecting the columns with indices in I is non
singular.

If [I|] > h, then we get a contradiction, because every h-many columns of
A" must be linearly independent, which means A" (]) is full-rank for all
]C{’UZ‘ : iEI},H’:h.

If |I| < hagain we get a contradiction, because we can choose [; C {v; : i ¢ I}
with |J1| = h — |I|. We consider

]::{Ui : iEI}Uh.

rq+d—1
The matrix A" (]) € R4 )X contains A7 as a submatrix, hence its rank
r1+

is ( d_dl_ 1). This is a contradiction, and the claim follows. O
In the next theorem we show that under certain generality assumptions,
hyperplane switching components yield PTE; solutions.

Theorem 4.3.17.

Let x,d € IN¥, consider m := (Kﬂfl) distinct hyperplanes Sy, ..., Sy, € L% whose
normal vectors v1,..., Uy € Z% are in generic m-position.

Let the multisets B := {by,...,b,} and W := {wy,...,w,} C Z* be tomogra-
phically equivalent with respect to Sq,...,Sy. Then (B, W) is a solution of PTE; of
degree K.

Proof. As B and W are tomographically equivalent with respect to Sq,..., Sy,
then |[BNT| = [WNT|VT € Ak(S;) Vi € [m] which means that the following
multisets are equal:

{olby,..., 010, = {olwy,..., 0 w,} Vi € [m] (4.18)

Forl <r <x,letl := (r;d_ql). Observe that I < m, and consider the polyno-
mials

g1(X) = (v Xy + - +014Xg), ..., &1(X) = (opn Xy + - - - + v Xy).

As vy,...,vy are in generic m-position, then by Lemma it follows that
after a possible re-ordering we can assume vy, ..., v; to be in generic [-position.
Hence from Proposition it follows that there exists an invertible matrix
C € K" such that

t (v X1+ - +01aXy)" $h
t o X1+ -+ 0 Xy) A
l=c- ( o ) —c.|® (4.19)
t (onXi+ - +uaXy)" g

where ty, ..., t; are the terms of degree r in the variables Xj, . .. ,Xg. Letiy, ... i €

N s.t. iy + - - - +i; = r, and let t; be the corresponding term X7' - - - X;". Hence
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j=1 j=1
n 1 1 n
=YY Culgn(by)" —gn(w;)") =Y Cin Y_(gn(b;)" — gn(w;)") =0
j=1h=1 h=1 j=1

where the last equality follows from equation (4.18). Hence (B, W) is a
solution of PTE; of degree x. O

Remark 4.3.18. In dimension d = 2, any set of distinct vectors is in uniform po-
sition, see Proposition |4.3.8, Moreover, ("ﬁ;l) = « + 1 and hyperplanes and lines
coincide. Hence, Theorem is a generalization of Theorem to dimension

d>2.

4.3.3 Line Switching Components and the PTE Problem

In the following, we present another generalization of Theorem We first
need a lemma that allows us to apply the results on hyperplanes switching
components of Theorem to lines switching components as well.

Lemma 4.3.19. Let sq,...5c.1 € Z% be pairwise linearly independent vectors. Then
there exist m := ("ﬁ;l) vectors v1, ..., Um € Uje[cs] lin{s;}* that are in uniform

position.

Proof. By contradiction, every v1,...,0m € U := Uic[xt1 lin{s;}* are not in
uniform position. We consider the maximum number ¢ for which we find
v1,...,0 € U in uniform position. By contradiction, ¢ < m. This means that
for every choice of v.y1 € U, the vectors vy,...,0.,U.41 are not in uniform
position, hence from Lemma there exists a number r € IN such that

<r+d—1

<
J-1 >_c+1

r4d—1
and the corresponding matrix A" € Z! () with

A:] = ti(Uj)

is not full-rank.
As v1,...,v. are in uniform position, it cannot be that (r;le) < ¢+ 1, hence
it holds ("1";") = c+1and A" is a square matrix. As A" is not full-rank for
every choice of v,y € U, it follows that the determinant of A" (with v.41 = X
varying)

A(X) := det(Afj)(vl, o 06, X)

is a homogeneous polynomial of degree r that vanishes on all points of U.
Moreover, A(X) is not identically zero, as vy, . . ., v are in uniform position.
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As sq,...,5¢41 are pairwise linearly independent, we have that U is the union
of x + 1 distinct hyperplanes through 0 € R, implying that A(X) has  + 1
distinct linear factors, namely sTX, Vi € [k +1]. Butasc < (*%7") and
(471 = ¢+ 1, it follows

r+d—1 < Kk+d—1
d—1 - d—1
implying r < x, a contradiction to A(X) having x + 1 linear factors. O

By Lemma it follows that every set of x 4 1 pairwise linearly in-
dependent directions in Z“ is contained in (Kﬁf)—many hyperplane whose
normal vectors are in uniform position. The following theorem yields another

generalization of Theorem
Theorem 4.3.20. Solutions of GP™ (1, x + 1) are solutions of PTE4(n,«), x > 1.

Proof. Follows from Lemma (4.3.19, Proposition part (iv) and Theorem
4317 O

Remark 4.3.21. By Theorem [3.1.7)we have a complete characterization of switching
components with respect to k-dimensional subspaces, k € [d — 1] via the ideal Z(A),
and by theorem we have a complete characterization of solutions to PTE; in
terms of a polynomial ideal. So another approach to prove theorems|4.3.17|and |4.3.20)
is showing the inclusion of the ideals. We follow this path in Section only for
switching components with respect to lines.

The results of this section could be extended in the following way:
Conjecture 4.3.22. Let d,x € IN*. There exists a function
¢:Nx{1,...,d-1} - N

such that if (B,W) € F& x F& form a switching component with respect to &(x,r)
distinct subspaces of dimension r, then (B, W) is a PTE,; of degree «.

From theorems|4.3.17|and |4.3.20) it is reasonable to conjecture

&N x [d — N
(5,7) —s <K+T>

K

We should also determine the correct notion of “independence” for subspaces
of dimension r € [d — 1], that would extend the concept of generic position to
the casesr € {2,...,d —2}.
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4.3.4 Algebraic Proof of the Relation between Switching Compo-
nents and PTE Problem

In Theorem we showed a characterization of the PTE; solutions of degree
k. Namely, they correspond via the usual encoding to the polynomials
of theideal I C Z[Xy, ..., X4] defined as

L= Y ((X1 Y (X — 1)]’»1).
(j1y-ewrja) EN
Y js=x+1

LetS := {s1,...,5¢11} C Z* be a set of k pairwise linearly independent direc-
tions. From Theorem we know that a polynomial ¢(X) € Z[Xy, ..., X4]
representing a switching component with respect to the directions in S has to
be multiple of the polynomial fs € Z[Xj, ..., X;], defined as

fs) =TT (x" -x) (420)

seS
In this section we prove again Theorem [4.3.20|by showing that fs € I for all S.
Theorem 4.3.23. Solutions of GP™ (n,x + 1) are solutions of PTE;(n, k).

Proof. We show fs € I by induction on k. If x = 0, then S = {s} C Z¢,
fs =X —X* and we denote by Iy the ideal of the polynomials corresponding
to the PTE; solutions of degree 0:

Iy := (X] —1,X2—1,...,Xd—1) CZ[Xl,...,Xd].

As fs # 0, at least one of the terms X°" and X* must be divisible by at least
one of the terms {Xj, ..., X;}, hence, by using the rewrite rule

Xi=1 modl Viel[d
see2.1.24] we obtain
fs o0

which is equivalent to fs € Iy, being the generators of Iy a Grobner basis by

Corollary

Let us assume the claim true for x, we want to show it for ¥ + 1. We denote
by I, C Z[Xy, ..., X,] the ideal
L= Y ((X1 Y (X — 1)fd)
Yo js=x+1

corresponding to the PTE; solutions of degree x, and analogously we denote
by I,;1 the ideal whose elements correspond to PTE; solutions of degree x + 1:

L= Y ((X1 S (X — 1)fd).
(j1,-rja) EN?
Ly js=r+2
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Let the vectors sy, ..., Sx11,S5¢12 € Z% be pairwise linearly independent and let
S:={s1,...,5¢1} and &’ := SU {sc42}, and denote the correspondent poly-
nomials fs and fs respectively, as defined in equation (4.20). It holds

fo = fs (Xriz = Xni2)
We observe
Lo=L(Xi—D+L(Xo—1) 4+ +L(Xg—1) =L(X;—1,..., X4 — 1)
so that it follows fg € I because fs € I by induction hypothesis and
(X2 —X52) € (X1 —1,...,X; — 1)

as already observed. By definition of ideal, if fs € I then every multiple of fs
belongs to I, so the claim follows. O
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4.4 PTE-Solutions are Projections of Switching Compo-
nents

In the previous sections we have explained under which conditions certain so-
lutions to GP* are solutions to PTE,. In this section we investigate the reverse
implication. In general, PTE-solutions are not solutions to GP, as shown by the
following example.

Example 4.4.1 (PTE; Solution that is not a GP? Solution). Let the sets B, W C Z2
be
B:={(0,0)7,(1,2)T,(2,1)T, (3, 1T, (5, 1), (5,2)T, (5 —2)T}

W= {(1,0)7,(0,1)",(22)", (4,0, (4, -1)",(4,3)",(6,0)"}

as depicted in figure They form a solution to PTEy(7,2), but are not tomogra-
phically equivalent with respect to any line (or hyperplane, in this context), as one
can see applying the results from [94]. In order to show this, it is sufficient to con-
sider all vectors by — wj, j € [7], as possible candidates for line directions with respect
to whom B, W could be tomographically equivalent, and check that the polynomial
Yic] (Xb — X®i) is not divisible by the binomial X"1=0)" — X01=9)"  for every
j € [7]. This can be easily checked with an algebraic computer software, for example
CoCoA [2||. The points in this example are a union of two switching components with
respect to 3 lines each, namely B = By U By and W = Wy U W, with

B1={(0,0",(1,2)" 21"} wi={(10)7"(01)7,(22)"}
B, ={G31" 51" (52)"(5-2)" W.={(40),(4-1)"(43)" (60"}
that are switching components with respect to the sets of directions
S1:={(10)% 01, (L1} and S :={(1,-1)7,(1,2)7,(1,-2)T}

respectively.

Example 4.4.2 (Small PTE; Solution, not as many Lines). The sets
B:={(0,6)",(42)",(51)"}
w:={(15)"(24)"(60)"}

which are obtained from the PTE(3,2) solution [0,4,5] =2 [1,2,6], forma PTE»(3,2)
solution, however they are a switching component with respect to the line in direction
(1, =1)7T only.

It was shown in [113] that every solution of the classic PTE problem can be
obtained as a projection of a suitable switching component in Z?, see Theorem
A switching component consists of a pair of multisets B and W of points.
In a projection, each point of B counts positively, each point of W negatively.
A projection along an affine subspace can thus evaluate to zero although the
subspace contains a point of BU W (the number of points of B and W, counted
with multiplicity, must be equal). We exclude as direction of projection the
directions with respect to whom B and W are tomographically equivalent.
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Figure 4.1: Example

Theorem 4.4.3. Every classic PTE-solution [by, ..., b,] = [w1, ..., wy] can be ob-
tained as projection of a switching component in Z® for an arbitrary set of x + 1
pairwise linearly independent directions sy, ...,S¢11 € i different from the unit
vector uy and such that ul's; = 1 forall i € [k + 1].

Proof. By Proposition there exists p(X;) € Z[X;3] such that

n n
b i
37X~ 3 X p(x) - (X — 1)<,
i=1 i=1
By the encoding defined in Y X% — Y XY is associated to the multi-
sets

B = {(by,0,...,0)%,...,(b,,0,...,00T} c Z*
W = {(w,0,...,0)7,...,(w,,0,...,00T} c Z°.

Let S denote an arbitrary set of x + 1 pairwise linearly independent directions
different from u; € Z4, 54, .. .,Sx+1, and such that ulTsZ- =1foralli € [x+1].

Let
x+1

fs(¥) =TT0er —x)
i=1
be the pure-product switching component associated to S. Let ¢(X) denote the
polynomial
8(X) := p(X1) - fs(X)

corresponding to a switching component with respect to the directions in S by
Consider the ideal I := (X, —1,...,X; — 1), whose generators form a
Grobner basis with respect to LEX by Proposition [2.1.36, Hence the remainder
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of the division of f by {X, —1,..., X; — 1} is the normal form of f with respect
to I, see2.1.29|and 2.1.30, Applying the rewrite rule to g(X), see Algorithm

2.1.24} we easily obtain
NF((X)) = p(X1) (X = 1) (421)

as g(X) is not divisible by X; — 1 for alli € {2,...,d} and the first entries of
S1,...,5¢+1 are equal to 1 by the assumption made on S.

Let (B,W) € Ff x Fg, be the switching component associated to g(X) via
As we will show now, reducing ¢(X) modulo I can be interpreted as
projecting (B, W) as defined in I@ by a projection 7t : Z? — Z, whose
matrix is

A:=(1,0,...,0) € zV*4

ie., 7t(x) := Ax. In fact, from equation (4.21) there exist g2, ..., g4 € Z[X] such
that the following is an expression of division:

g(X) = (X)(Xo — 1) + - + ga(X)(Xg — 1) + p(X1) (X3 — 1)*H!

since LC(X; —1) = 1foralli € {2,...,d}, the polynomials g,...,g, are
ensured to have integer coefficients.

Fori € {2,...,d}, the polynomials g;(X)(X; — 1) correspond through[3.1.1]to
a switching component (B;, W;) € Fg; x Fg, with respect to the direction u;,
hence denoting as M; the matrix obtained by the identity matrix I; removing
the i-th column, we obtain by

{Mib:beB} ={Mw:weW;} Vie{2...,d}
in particular
{ulb:be B} = {ulw:we W} Vie{2,...,d}.
Hence
7((B,W)) = 7t(By, Wa) U - - - U t(Bg, W) U t(B, W) = (B, W).
U

It is clear that there are different switching components that could be pro-
jected to the same PTE-solution, it is sufficient to choose different sets of di-
rections sy, . .., 5,41 in[4.4.3] We also observe that the dimension d in Theorem
is an arbitrary number bigger than or equal to 2. Theorem together
with [3.3.8]implies the PTE-solutions can be obtained as union of projections of
2-colored cubes.

Remark 4.4.4. The historically first PTE-solution can be obtained by projection of a
classic switching component. This first PTE-solution is in fact a family of solutions
for x = 2 with n = 4 appearing in a 1750 letter from Goldbach to Euler [87]:

[a+B+d,a+7+6,p+7+6,0 =2 [a+6,p+d,v+5a+p+7+4d],
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with integer parameters a, B, 7y, 9.

By translation invariance (setting & + B + v + 6 = 0) Euler [71|] subsequently sim-
plified this to

0, a+pa+y,pta] =20 By a+p+1]
The Goldbach/Euler solution can be obtained by (vertical) projection of the switching
component
B = {000 (a+pM @ty r+m), (B+rm'}
W = {(a )‘)TI (ﬁ/O)TI (7, ‘u)T’ (x+B+7 A+ V)T}I

obtained by the classic doubling procedure along s; = («,A)T, s, = (B,0)7, and
s3 = (v, )T with integer parameters a, B, 7y, A, .

4.41 Summary on the Relation between Switching Components and

PTE
GPY (n,x+1) = PTE;(n,«) Theorems 4.3.20|and 4.3.23
GPd*l,d (Tl, (K;riIl))

+ generic position = PTE;(n,«) Theorem 4.3.17}
PTE,4(n, x) * GP(n,x),1<t<d—1 Example4.4.1
PTE;(n, ) = union of GPY (1, x), Theorem.2.4/and 4.2.5
PTE; (n, ) =  projections of suitable GP?(n, x) Theorem 4.4.3
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4,5 Small PTE-Solutions

It is a long-standing open problem to determine the minimum size of a PTE-
solution of degree «, for every x € IN. Particularly, it is not known if ideal solu-
tions exist for every «: so far, ideal solutions are known to exist for x € [9] U {11}.
Borwein, Lisonék and Percival in [35] devised a computational approach to
attack this question, and though they did not succeed in finding any ideal so-
lution for the degrees for which none is known, they managed to find an ideal
solution of degree 9 with smaller elements than the solutions known at the
time. The best bounds on the minimum size of a PTE-solution of degree x € IN
were given in [131,[176] and are in O(k?). However, they are non-constructive.

Remark 4.5.1. In [76|] it is mentioned that no constructive way to produce PTE-
solutions of size of order lower than 2% is known, however Maltby [123] and Cipu
[52] presented constructive ways to find solutions of degree k and size in 20 (V¥1og(v¥)
and O(1.19%) respectively, looking for small pure products, as we will explain in more
details in Chapter 5| A way to efficiently construct PTE-solutions would imply INIP-
completeness of Reed-Solomon decoding, see [76].

As every classic PTE-solution of degree x corresponds to a multiple of the
univariate polynomial (X — 1)**! by Lemma a polynomial p(X) such
that

Ip(X)(X = 1)y

is small, leads to a small size PTE-solution of degree «.

Considerable attention has been given to all results that establish the existence
of multiples of given polynomials with bounded 1-norm (see Section as
for example Mignotte’s Theorem that ensures the existence of a multi-
ple of (X — 1)**! of degree lower than (x + 1)?log(x + 1) with coefficients in
{0, £1}. Mignotte’s theorem, together with Proposition implies the fol-
lowing result.

Proposition 4.5.2.
Let k € IN*. There exists a PTE-solution [by, ..., b,] =« [w1, ..., w,] with

n < (k+1)%log(x +1)

and
{by,...,by,wy,...,w,} C {0,...,(K+1)Zlog(1c+1)}.

Proposition for d = 1 ensures that if p(X)(X — 1)**! corresponds to
the minimal PTE-solution of degree «, then the terms of p(X) cannot be “too
far away” from one another. Let us choose for example x = 10, the first case for
which the existence of an ideal solution to the PTE problem is not known, and

consider the minimal size of a PTE-solution, corresponding to a polynomial
p(X)(X — 1)1 such that

p(X)(X =)' € argmin{n : [|p(X)(X = 1)"[ly = n}.
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Consider the sequence of monomials in Supp (7), in ascending order with re-
spect to the degree. As we showed in general in Proposition[3.5.3, we conclude
that two subsequent terms of p, a X"t and pX'2, with t;,t, € N, t; < t; and
a, B € Z are such that t, — t; < 11. Otherwise, if t, — t; > 11, it would hold

IX-D"p0 I = [(x=D"- (¥ m)+x-1"( z(mm)Hl

meSupp (p) meSupp
deg(m)<t; deg(m)>t,
- H(X - (meSuZp:p (P) m) Hl + H(X - <m€5§}7(f7> m> Hl ]
deg(m)<t deg(m)>t,
o (5w
deg(m)>t,

contradicting p(X)(X — 1)1 € argmin{n : || p(X)(X — D)!}||; = n}.
The following theorems show that switching components yield classic PTE-
solutions.

Theorem 4.5.3. Let d,m,n € IN* and let s1,...,5m € Z* be pairwise linearly
independent directions. Let Fy := {b1,..., by} € F&, B := {w1,..., w,} € F§
be disjoint and tomographically equivalent with respect to sq,...,sy. Let s € 77 be
such that Fy, F are not tomographically equivalent with respect to s, and let v € Z>
be such that vTs = 0. Then the multisets

B := {oTby, 0 by,..., 0 0, } and W= {oTw, v w,,..., v Tw,}

form a non-trivial PTE-solution of degree m — 1.

Proof. By Theorem (Fy, F») is a solution to PTE;(n,m — 1). By Proposi-
tion the multisets B and W, form a solution of degree m — 1 to the classic
PTE problem:

[val, o'h,y, ..., van] =1 [va1, vlw,, ..., van] (4.22)

As F; and F, are not tomographically equivalent with respect to s, the sets in
(4.22) are distinct, hence they are not a trivial PTE-solution. O

The following theorem generalizes to dimension d > 2.

Theorem 4.5.4.

Let x,d € IN*, consider m := (K;ﬁl) distinct hyperplanes S1,...,Sy € £g_1 whose
normal vectors v1,...,Uy € Z% are in uniform position.

Let Syi1 € ﬁfl—l with normal vector v,,1 € Z“%. Let B := {b1,...,0,} and
W := {wy,...,w,} C Z% be multisets tomographically equivalent with respect to
S1,...,Sm but not with respect to S, 1. Then the multisets B and W

B:= {0 b1,..., 0L 1b,} W= {ol.w,..., 00w}

form a solution of PTE, of degree .
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Proof. The multisets B and W are distinct, as B and W are not tomographically
equivalent with respect to 5,1 by assumption. Let 1 < g < x and consider
the polynomial

g1 = (Vg1 (X1, 0, Xa))T = ot (Umr1)t
=1

where t;, j € [(q;izl)], are the terms of degree g in d variables and «; are

suitable binomial coefficients. It holds

Y- ((0hab) = (@) =

The last equality holds as (B, W) is a PTE; solution of degree x by Theorem
hence (B, W) is a PTE; solution of degree . O

Theorems and allow us to use the results from Chapter 3| to con-
struct small PTE-solutions.
Theorem together with Theorem yield the following corollary:

Corollary 4.5.5. For every x € IN*, and d € {1,...,2| 55|}, we can construct a
PTE; solutions of degree x and size in O(1.38").

Theorem [3.9.13] together with Theorem imply the following result.

Corollary 4.5.6. Let k,d € IN* such that 1 < d < (\/ﬂ, we can construct a PTE,
solutions of degree x and size in 20(V¥10g(V¥)),

Notice that for d = 1, corollaries and are not competitive with
the results that we mentioned infrom Maltby and Cipu. Moreover, as we
can embed every classic PTE-solution into R? simply by setting the additional
d — 1 coordinates to 0, as explained in [4.1.5(iii), the upper bounds on the size
of classic PTE-solutions hold also for the d-dimensional case. However, the
affine hull of the points obtained this way has dimension less than 4. Hence
corollaries and [4.5.6|provide two constructions of PTE-solutions that give
— to our knowledge — better bounds than any other construction known so
far, and such that the affine hull of the points involved has dimension d.
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4.6 The PTE-Problem as an Integer Linear Program

We present an algorithmic approach to find classic PTE-solutions given the de-
gree and the interval of IN containing them. Our model will allow us to look
for a solution with minimum size, or to determine the smallest interval that
contains an ideal solution, as we will explain in Section In order to do
so, we will model the PTE-problem as an Integer Linear Program, in short ILP.
This is a novel approach that might have the potential to boost the algorithmic
experiments in this area, by applying more sophisticated techniques from In-
teger Programming, and extensions are currently under investigations. Com-
putational approaches related to the PTE-problem have been carried by Caley
[47, 48] and by Borwein, Lisonék and Percival [35]. More details on Linear and
Integer Programming can be found, for example, in [53| |90, 161].

Let x € N, by Lemma we know that a PTE-solution
(B,W) € Fn X FN
corresponds via the function 0 as defined in to an univariate polynomial
f(X) € Z[X] divisible by (X — 1)**1. As already observed, it is not restrictive
to assume BUW C IN. Let! € N such that BUW C [0,] +x + 1]. The

unknown quantities of our problem are the coefficients x := (xg, x1,...,x;) €
Z*1 of the polynomial

l
p(X) = ;)xixi € Z[X],

such that

As already observed, we have

1
Bl = Wl =3l

We denote by (ag, a1, . . ., a,+1) the coefficients of (X — 1)1, i.e.,

: 1
a; = (_1)K+1+z <K + )/

i
and we denote by yo, y1,. .., Yi+x+1 € Z the coefficients of f, so that

I+x+1

f(X) = ;) yiX'.
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Let A € ZU+x+2)x(I+1) be the matrix defined as follows:

ap 0 0 0 0 0
aq ap 0 0 0 0
az ap ag 0 0 0
0 0
Axa1 Ok A1 .- aop 0 0 0
0 g1 Ox A1 .. ao 0 0
0
A Te+1 (4.23)

0 . 0

727 N /A ap

0 g4+l ... a2 ay

0
A1 Ok
0 ... 0 Aye11

The matrix A is a particular Toeplitz Matrix. The representation of the convo-
lution between the vector (ay, ..., a,+1) and the vector x, which results in the
vector containing the coefficients of the product between (X —1)*"! and p(X),
can be expressed as a matrix multiplication using A, see [88] §9.1. Namely, the
vector y € Z!7"*2, whose entries are the coefficients of the polynomial f, is
determined by the following relation:

y=A-x.

Finding a PTE-solution of minimum size in the interval [0, + x + 1] translates
into finding a solution to the following optimization problem:

min || Ax|; (4.24)
x€ZH1\ {0}

As PTE-solutions are invariant with respect to translations, see proposition
[4.1.2) we can assume 0 to be in either in B or W, so it is not restrictive to as-
sume the constant term of p(X) to be bigger than or equal to 1. Hence, finding
the minimal PTE- solution in a given interval is equivalent to the following
problem:

min ||Ax| (4.25)
XEZI+1

ulx>1

We modify problem (4.25) and turn it into an Integer Linear Program.
Let 1 € R'***2 be the vector whose entries are all 1. Consider the following
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ILP:

min 17z
XERI+1
ZE]RH~K+2

—z<Ax <z (4.26)
ulTx >1

pa= Zl+l

In the following proposition we show that problem (4.25) can be equiv-
alently stated as problem (4.26). The proof is a standard exercise in Linear
Optimization courses, and we include it here for the reader’s convenience.

Proposition 4.6.1. Problems (4.25) and (4.26) are equivalent.

Proof. First we observe
|Ax| <z —z< Ax < z, (4.27)

where the absolute value in |Ax| is intended component-wise. Let x* € Z/*!
with ufx* > 1 be a solution to problem (£25), and define

= |Ax*| € RI*2,
Then (x*,t*) € R*! x RIT**2 is feasible for (#.26) as it fulfills the condition
—z< Ax <z

because of the remark made in (£.27). Moreover, for all (x,z) € R*1 x RIT%+2
which are feasible for (4.26) it holds

[4+x+2 [+x+2 [4+x+2
1Mz=Y z> Y [(Ax)i| = Ax[1 > |Ax'|h = ) 2 =17z
=1 i=1 i—1

Hence (x*,z*) is a solution of {#.26).

On the other hand, let (x*z*) € R!*! x R'***2 be a solution to (#26), let
x € Zt1 with ulx* > 0and let z := |Ax| € R***2, component-wise. The
pair (x,z) is a feasible point for {.26). Hence it holds

I4+x42 I4+x+42 I4+x42 I4+-x42
[Ax[i = Y [(Ax)il= ) z> ) z' > ) [(Ax")i| = | Ax"|s
i=1 i=1 i=1 i=1
Therefore x* is a solution of (4.25) O

In the next section we will explain how we modified (4.26) to determine
small magnitude ideal PTE-solutions of low degree, and how we implemented
the model with FICO® X-press-Mosel [141].
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4.6.1 Search for Ideal Solutions of Small Magnitude

In the previous section, we showed that the solutions to the ILP in cor-
respond to the PTE-solutions of degree x and minimum size, contained in the
interval [0,! 4 x + 1]. In this section, we look at the problem of determining
PTE-solutions of given degree and size, and minimum magnitude: we define
the magnitude of a PTE-solution (B, W) as the number

M(B,W):= max x — min x,
x€BUW XEBUW

which describes the minimum length of an interval containing B U W. If we
assume 0 € BUW and BUW C N, then the magnitude M (B, W) is equal to
maxycpuw X. We want to verify if known ideal solutions have minimal magni-
tude, using a modified version of the ILP (4.26). For example, let us consider
the ideal solution of degree 2 we included at the beginning of the chapter,
({0,4,5},{1,2,6}). We want to check if it has minimum magnitude, i.e., if an
ideal solution of degree 2 exists in the interval [0,5]. Hence the degree I of
the corresponding polynomial p(X) has to be strictly lower than 3, i.e., we fix
I = 2. We use the ILP specialized as follows:

k=2, [:=2; a::(—1,3,—3,1)T; 2k+2=6

-1 0 0

3 -1 0
_ -3 3 -1 6x3
A= 1 _3 eZ
0 1 -3
0 0 1
Hence, we obtain

minl’z

xeR3

z€R®

1"z =6 408
—2z< Ax <z (4.28)
X0 > 1

xeZ

The ILP in is a feasibility problem, having fixed the value of the objec-
tive function to be 6. We implemented it with Xpress Mosel by FICO® Xpress
Optimization [141] and obtained as output the following ideal PTE-solution of
degree 2 and magnitude strictly lower than 5:

({0,3,3},{1,1,4}).

We list in table [4.1| the ideal Prouhet-Tarry-Escott solutions included by Son-
dow in Sloane’s on-line database [165] and conjectured to have the minimal
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magnitude possible. For degrees 1,...,4 they are claimed to have the mini-
mal magnitude, however the cited references do not seem to be sufficient to
support the claim.

By, Wi

fo.2}, {1,1}

{0,3,3}, {1,1,4}

£0,3,4,7}, {1,1,6,6}

£0,4,8,16,17}, {1,2,10,14,18}

{0,3,5,11,13,16}, {1,1,8,8,15,15}

{0,18,19,50,56,79,81} , {1,11,30,39, 68,70, 84}

£0,4,9,23,27,41,46,50}

{1,2,11,20,30,39,48,49}

8 {0,24,30,83,86,133,157,181,197}
{1,17,41,65,112,115, 168,174,198}

9 {0,12,125,213,214,412,413,501, 614,626 }

{5,6,133,182,242, 384, 444, 493,620,621}

NN OOl WO NP

Table 4.1: Small magnitude ideal PTE-solutions

For every k € [9], we define ] as

l:=—x—24+ max x
xEB,UWj

where (B, Wy) is the PTE-solution of small magnitude and degree « as in-
cluded in table 4.1} so that the degree | + « + 1 of the polynomial f fulfills

I+x+1= max x-—1.
x€B,UWy

We verify if (B, W) has minimum magnitude by solving the following ILP
for every x € [9]:

min 17z
xe]Rl+1
ZGRI+K+2

17z =2k +2
—z<Ax <z
ulTx21

p= Zl+1

(4.29)

If the output is “infeasible”, then (B, W) has minimum magnitude, other-
wise, the output produced is an ideal solution of degree x and magnitude
strictly smaller than M (B, Wy). We ran our code on the different cases using
a computer server with 128GB of RAM, 4 AMD-Opteron 6174-CPUs (2,2GHz),
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12 cores each with 512kB L2-Cache per core. The code is included in the ap-
pendix. Table[4.2]includes the output of fordegreesx = 1,...,5. The out-
put obtained, i.e., “infeasible” proves that the ideal solutions of degree x € [5]
in table 4.1l have minimum magnitude or, equivalently, that no ideal solution
of smaller magnitude exists. While for the cases x = 1,...,5, our program

Output of
K By Wi maxgyepuw, ¥ —1 ILP
1 {o,2} {1,1} 1 infeasible
2 {0,3,3} {1,1,4} 3 infeasible
3 {0,3,4,7} {1,1,6,6} 6 infeasible
4 {0,4,816,17}  {1,2,10,14,18} 17 infeasible
5 {0,3,511,13,16} {1,1,8,8,15,15} 15 infeasible

Table 4.2: Minimum magnitude ideal PTE-solutions, and output of (4.29)

produced the output in table |4.2]in less than a second, the cases ¥ > 6 seem
beyond reach with the current methodology: after several days of computing,
the program failed to return an output or stopped because of insufficient mem-
ory. From a computational point of view, it might be better to choose a new
linear objective function, say for example ]z, instead of solving the feasibil-
ity problem (4.29). In fact, if the objective function is constant, then a branch
and bound procedure cannot discard any branch and will have to test all the
exponentially-many branches. For degrees x > 6, we tried inserting a new
objective function, though with no apparent gain. Cutting plane methods, see
for example [53], might provide the desired improvement.

Ideal solutions of small magnitude are included also in Borwein’s book
[33], though some of them are not the minimal ones: for example, for degree
k = 2, the given solution is ({0,4,5},{1,2,6}), and for degree x = 5 is

({0,4,9,17,22,26},{1,2,12,14,24,25})

In his book, Borwein mentions the paper he was working on together with
Lisonék and Percival, [35], where they compute two new ideal solutions of
degree 9 of magnitude sensibly smaller than the previously known one, hence
they most likely had the tools to find at least the ideal solutions of low degree
included in table 4.1} but were simply focusing on the ones of higher degrees.
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4.7 Complexity Aspects

In this section we investigate the complexity of decision problems related to
the Prouhet-Tarry-Escott Problem. We will show reductions from classic prob-
lems such as PARTITION and SUBSET SUM. Even though the reductions pre-
sented are very easy, to our knowledge complexity theory issues in this area
have never been addressed. These results give an indication that problems
related to PTE are not expected to be easy to solve. For more details on com-
plexity theory we refer to [81, 90].

We first recall two well-known INIP-complete problems, that we will use
for our reductions.

Problem 4.7.1 (PARTITION).

Instance: {ay,...,a;} C IN.

Question: Does there exist a partition X JY of {ay, ..., a; } with Yoaex i = Yaey i
forall j € [k]?

Problem 4.7.2 (SUBSET SUM).
Instance: {ay,...,a:} CIN, S € N*.
Question: Does there exist a subset X C {ay,...,a;} with Yaexai =S?

It was shown in [112] that PARTITION and SUBSET SUM are INIP-complete.
We recall the concept of oracle and polynomial reduction.

Definition 4.7.3 (Oracle, Polynomial Reduction). Given two problems 11y and
Iy, an oracle for I, is a function that associates to any given input T of I, a solution
L, so that there exists a polynomial f: IN — IN such that

size(L) < f(size(Z)).
We say that 11y can be polynomially reduced to I, and we denote it as
Hl Sp HZ/

if there exist an algorithm that solves 1y by performing polynomially many elemen-
tary operations on numbers that have polynomial size and by calling an oracle for 11,
polynomially many times. We also say that I, is as hard as I';.

The first decision problem related to the PTE that we devise concerns de-
termining whether a multiset of natural numbers forms a PTE-solution of a
certain degree. Considering only natural numbers is not restrictive by

Problem 4.7.4 (PTE-SOLUTION).

Instance: {ay,...,a;} C N, x € N*. 4 '
Question: Does there exist a partition X UY of {ay, ..., at} with Y, cx a = Yoy al
forall j € [k]?

In the following proposition, we show that PTE-SOLUTION is INIP-complete
by reducing PARTITION to it.
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Proposition 4.7.5. PTE-SOLUTION is INIP-complete.

Proof. The problem PTE-SOLUTION is trivially in INIP. To show that it is INIP-
hard, we can do an easy reduction from PARTITION: given an instance {ay, ..., a;},
we fix x = 1. Then there exist a partition X UY of {ay,...,a;} if and only if
X UY is a PTE-solution of degree 1. O

We observe that the sets X and Y do not need to have the same number of
elements, so they would not be, in a strict sense, a PTE-solution (see Definition
[4.1.1). However, if without loss of generality |X| < |Y|, then we can append to
X as many 0 as needed to fulfill |X| = |Y|, i.e.,

[Y|-1X]
X=X |J {0} Y=Y
i=1

and X,Y C N are a PTE-solution in the sense of Definition [4.1.1]
We introduce the problem WEAK PARTITION, that was shown to be INIP-
complete by van Emde-Boas in [68].

Problem 4.7.6 (WEAK PARTITION).

Instance: {ay,...,a;} C IN.

Question: Does there exist (x1,...,x;) € {0, £1}, (x1,...,x1) # (0,...,0), such
that } ey aixi = 0?

The following decision problem asks for the existence of a PTE-solution of
a certain degree contained in a given subset of IN.

Problem 4.7.7 (PTE-SOLUTION IN SUBSET OF IN).
Instance: {ay,...,a:} CIN, x € N.
Question: Do there exist two non-empty disjoint sets {b,...,b.}, {ws,...,w,} con-
tained in {ay,...,a:}, for some r,s € N such that ¥;cp v = Yicls) w!, for all
j € [x]?

We reduce WEAK PARTITION to PTE-SOLUTION IN SUBSET OF IN in the
following proposition.

Proposition 4.7.8. PTE-SOLUTION IN SUBSET OF IN is INIP-complete.

Proof. Obviously PTE-SOLUTION IN SUBSET OF IN is in INIP. We perform a re-
duction from WEAK PARTITION. Let {a3,...,4;} C IN be an instance of WEAK
PARTITION. Then {a,...,a;}, x = 1is an instance of PTE-SOLUTION IN SUB-
SET OF IN, and the returned non-empty subsets {by,...,bs}, {w1,..., w,} con-
tained in {ay, ..., a;} define the vector x € {0, £1}' in the following way:

1 ifﬂiE{bl,...,bs}
Xji=4< —1 ifﬂi € {wl,...,wr}

0 otherwise

Furthermore,{ay,...,a;} is a YES-instance of WEAK PARTITION if and only if
{a1,...,a¢},x = 1is a YES-instance of PTE-SOLUTION IN SUBSET OF IN . O
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Next we introduce the problem of deciding if a given interval contains
a PTE-solution of a certain degree and bounded size, and show it is INIP-
complete.

Problem 4.7.9 (PTE-SOLUTION IN SUBSET OF IN AND BOUNDED SIZE).
Instance: {ay,...,a;} CIN, n,x € N.

Question: Do there exist two non-empty disjoint sets {by,...,b.}, {ws,..., ws} con-
tained in {ay,...,a;}, forr,s € N with r,s < n such that Yl b{: = Yic[s] wg,for
all j € [«]?

Proposition 4.7.10. PTE-SOLUTION IN SUBSET OF IN AND BOUNDED SIZE is
INIP-complete.

Proof. The problem is clearly in INIP. We reduce to it.
PTE-SOLUTION IN SUBSET OF IN is the subproblem of PTE-SOLUTION IN SUB-
SET OF N AND BOUNDED SIZE with nn = ¢. O

Problem 4.7.11 (EQUIVALENCE OF PTE-SOLUTIONS).
Instance: d € N, (By, W), (B2, W,) € ‘F]I‘iT X ‘F]Itil (PTE 4-solutions of degree k € IN).
Question: Are (B1, Wy), (B, Wa) equivalent in the sense of Definition {4.1.4f

Notice that the problem does not depend on the degree of the solutions x,
nor on (By, Wy), (B2, W2) being PTE-solutions, hence the brackets in the for-
mulation. If we fix the dimension of the space d € IN, then EQUIVALENCE OF
PTE-SOLUTIONS € P.

Problem is equivalent to asking if there exist an affine linear transforma-
tion ¢ : R? — R¥ such that

(Bo=(B) A Wo=g(wn)) v (Ba=g(Wh) A Wa=((BY))  (430)

The following problem reduces to EQUIVALENCE OF PTE-SOLUTIONS, as
we show in Proposition4.7.13

Problem 4.7.12 (AFFINE EQUIVALENCE).

Instance: d € N, A;, A, € F*

Question: Does there exist an affine transformation { : RY — RY, hence a matrix
M € R and a vector t € R? such that {(x) := Mx +t for all x € R* and
g(Al) = A2 or g(Az) = A1?

Observe that if the dimension d is fixed, then is easily in IP.
Proposition 4.7.13. AFFINE EQUIVALENCE <, EQUIVALENCE OF PTE-SOLUTIONS.

Proof. Assume to have an oracle that solves EQUIVALENCE OF PTE-SOLUTIONS,
and let A1, Ay € F? be an instance of AFFINE EQUIVALENCE.
Then (A1, A1),(Az, Az) is an instance of problem EQUIVALENCE OF PTE-SOLUTIONS

4.7.11), and by equation (4.30), it is an YES-instance of if and only if

Ay, Ay € F?is an YES-instance of AFFINE EQUIVALENCE. O
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As observed by Weltge [174], it follows from the work by Kaibel and
Schwartz [111] that AFFINE EQUIVALENCE is at least as hard as Graph Iso-
morphism, yielding the following proposition.

Proposition 4.7.14. EQUIVALENCE OF PTE-SOLUTIONS is as hard as GRAPH
ISOMORPHISM.

Closely connected is the following problem introduced by Akutsu [4]:

Problem 4.7.15 (CONGRUENCE).

Instance: Ay, A, € F

Question: Does there exist an isometry & : RY — R?, hence an orthogonal matrix
M € R*™4 je. suchthat MT = M~1, and a vector t € RY such that ¢(x):=Mx+t
forall x € R? and £(Ay) = Az or E(Ay) = Ay?

Akutsu showed that CONGRUENCE is at least as hard as Graph Isomor-
phism, see [20] for a survey on the current challenges related to Graph Isomor-
phism.



Chapter 5

Pure Product Polynomials and
Switching Components

In this chapter we consider a number theory problem and show its connection
to discrete tomography.
Let us define the infinity norm of a univariate polynomial f(X) € Z[X] as

1flleo:=sup [f(2)] (5.1)

{zeC:|z|=1}

Notice that while the 1-norm of a polynomial is defined as the 1-norm of the
vector of its coefficients, the co-norm of a polynomial is different from the co-
norm of its coefficient vector.

The following lemma was included in [34] as easy consequence of the def-

initions, see2.1.15
Lemma 5.0.1. Let f € Z[X]. It holds
[ flleo < 11 fll1-

Proof. Let |z| =1, then
f(@)] = lao + a1z + - - +an2"| < fao] + |waz| + - + [wnz"| = || f]1

Hence, as |f(z)| < ||f||1 for all z € C with |z| = 1, it follows

sup |f(2)] < [Iflh

{zeC:|z|=1}
which concludes the proof. O

Definition 5.0.2 (Pure Product Polynomial). Let m € IN* and let ay, . ..,a,, € IN*.
The univariate polynomial

£ = Txe - 1)

i=1

is called pure product of order m.
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Definition 5.0.3 (Minimum oo, 1-Norm of Pure Product Polynomials).
We define the following quantities:

m
Aw(m):= mi xo = 1)
(m):= min E( .
Alm) =, n;:f;N |11 -]

where the oo-norm is as defined in (5.1), and the 1-norm is as defined in

Pure product polynomials form a subclass of Prouhet-Tarry-Escott solu-
tions. In fact, for every a € IN* it holds

a=1
X'—1=(X-1)-) X

hence any polynomial f(X) = [T/ (X% — 1) as in Definition can be writ-

ten as
m

m ﬂi—l .
f00 =TTx" =1 = (X =" TT( L X)),
1= ]:

i=1

and by Lemma it follows that every pure product polynomial of order m
yields a PTE-solution of degree m — 1 and size %||f|1.

5.1 Bounds on A, (m) and A;(m)

Let m € IN and suppose {b,...,b,} € argmin ||f]|1, hence by Lemma 5.0.1it
ﬂl,...,QmGN

follows

o = |fJoe o], > [ {0 0] > actm

which yields A (m) < Aq(m) for all m € IN.
The problem of determining A (m) for every m € IN was first posed in 1959
by Erdés and Szekeres [69], where they showed

Aw(m) > (2m)?,
still the current best lower bound on A (m). They further showed

Hm  Ae(m)n = 1.

m——+00

Moreover, they conjectured that Ao (m) < exp(m!~¢) for some ¢ < 1.
The current best lower bound on Aq(m) is

Aq1(m) > 2m,



5.1 Bounds on A (m) and Ay(m)

see for example the proof given in [34]. In 1960, Atkinson [19] showed
As(m) < exp(O(m% log(m)),

and in 1982 Odlyzko [139]] showed

A (m) < exp ((’)( ¥ m(log(m))4)>.
Kolountzakis [115] improved Odlyzko’s bound by showing
Acs(m) < exp(/m).
Belov and Konyagin showed that Jc € IR such that
Aw(m) < exp(c(log(m)*)).
see [27] (translated from the original in Russian). Maltby [123]] showed
Aq(m) < 2Y™(/m)! (5.2)

by considering a root system ® of rank /m, with m positive roots that he ex-
pressed as a combination of the y/m fundamentals roots. He used the positive
roots to define the m exponents of a pure product polynomial. The pure pro-
duct polynomial defined in this way has 1-norm lower than the order of the
Weil group associated to ®, namely 2!V . ([/m])!. Recalling A;(m) > 2m,
he showed algorithmically in [122] that A;(7) = 16, as was already conjectured
in [34]. Further, Maltby gave an algorithm that determines A;(m) in at most
2m122"~1 jterations, and gave stronger lower and upper bounds for A;(m) for
some values of m.

Cipu [52] improved the running time of the algorithm designed by Maltby,
and showed that the minimum 1-norm of a pure product polynomial of order
m is attained for exponents that are lower than (m — 1) "7'. He also observed

Ai(n+m) < Ai(n) - A1(m) Vn,m € N

that follows easily from the submultiplicativity of the 1- norm of polynomi-
als Using this fact, he showed for example A;(m) < 21 ~ 1.19" for
m > 36.

The most recent paper on this topic was published in 2015 by Bourgain and
Chang [36]. They improved the lower and upper bounds from Erdés/Szekeres
and Kolountzakis on A (m) under the assumption that the set of exponents
{a1,...,am} is a so-called proportional subset of {1, ..., max;c,) a;} or has suf-
ticiently large arithmetic diameter. In the following table we include the known
values of Aj(m), that can be found in [122].
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m  Ai(m) m  Ay(m)
1 2 7 16

2 4 8 16

3 6 9 20

4 8 10 24

5 10 11 € [24,28]
6 12 12 € [24,36]

Table 5.1: Values of A;(m)

It was a long-standing open problem to determine if for every x € IN¥,
the minimal size of a PTE-solution of degree x can be attained by a pure pro-
duct polynomial of order x 4 1. Maltby’s contribution [122]] lead to a negative
answer, as A1(7) = 16 while the minimal size of a PTE-solution of degree 6
is 7, i.e., the corresponding polynomial has norm 14. In the next section, we
generalize pure product polynomials to arbitrary dimension.

5.2 Multivariate Pure Products Polynomials

In we defined pure product switching components as pairs of multisets
(B,W) € Fi; x F&
corresponding, via p in to a polynomial of the type
m N B
s =TT (% —x)
i=1

for m pairwise linearly independent directions S := {s1,...,sm} C 7% We
define now multivariate pure product polynomials. They include, in parti-
cular, the polynomials associated to pure product switching components, see

Definition[3.31]
Definition 5.2.1 (Multivariate Pure Product Polynomial). Let X = (X,..., Xy),
and let S := {s1,...,sm} C 7%, The polynomial
m N B
fsX) :=T] (xs' — XS ) (5.3)
i=1
is called pure product polynomial in Z[X].

Similarly to the univariate case we define as A%(m) the quantity

A (m) = | min H f{ (xsz-+ — XS ) H1 (5.4)



5.2 Multivariate Pure Products Polynomials

For the case d = 1 we defined a pure product polynomial as

T —1)

ie[m]

for positive integer exponents ay, ..., a,, see Definition This is general-
ized by and (54), where we allow vectors in Z4\{0} up to the sign of
the factors, which does not affect the 1-norm of the correspondent polynomial.
The next proposition follows easily.

Proposition 5.2.2. For every d,m € IN*, it holds
Af(m) > AT (m)
Proof. Let X = (Xy,...,Xy), m € N and let {s1,...,s,} C Z% such that

{s1,...,8m} € argminH ﬁ (Xsi+ — Xsf) Hl
i=1

For every i € [m], we define

S; 1= <3> € 741

so that B
[1x'=I1 x" Vviem
jeld] jeld+1]
Hence
m . m st o
o = 1065 x| = 1T - 11,60, 0
i= i=1 ~jeld+1] jeld+1]
where the last inequality holds by definition of A?™(m). O

In the following proposition, we show the reversed inequality. It was al-
ready observed in [113] for d = 1.

Proposition 5.2.3. For every d,m € IN*, it holds
Ad(m) < AT (m).
Proof. Let X = (Xy,...,X4), m € N* and let S := {sq,...,s,,} C ZT1\{0}

such that Seargmmuﬁ( T XSI_ I1 XS’7>H
1 ey | jeary

We denote by fg the corresponding polynomial. Without loss of generality, we
can assume S to not contain any direction of the form (0, ...,0,«, —a)T e 74+
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with « € Z\{0}. Should it not be the case, we could multiply all directions in
S by an invertible matrix M € Z(@*+1)*(@+1) of the type

_(1; ©
M= (0 N >
with N € IN big enough. By Lemma the norm of pure product polyno-

mial defined by Msy, ..., Ms,, is equal to || fs||-
Since no direction in S is of the form (0,...,0,&, —a)T € Z%*1, it holds

fo(Xi,..., X4, Xq) # 0.

For every i € [m], we define
5i1
Si,d—1
Sid + Sid+1

For every i € [m], we can consider either s; or —s; without affecting the norm
of fs. Hence it is not restrictive to assume

(5ia >0 A sigi1 >0) \ (Sigsia+1 <0 A Sig+sia =>0).
Let X := (Xy,...,X,_1) and for every i € [m] let §; € Z?~! be defined as

5i1

Sid—1
so that §iT = (§1T, Sid + Si,d+1)- If Sid >0 and Sid+1 >0, then
l] Sij §F Szd Sid+1 __ 8
[T X7~ T1 X' =X X3 X3y - %
jeld+1] jeld+1]

and it follows

XX X X =X =X mod Xgy1 — X

If s;4sig+1 < O and s; 4 + 5,441 > 0 then we distinguish between two cases:
Sid > 0or Sid < 0. If Sid > 0, then

H H X /] Xs szd XSAI_ Xd_jiidJrl
jeld+1] jeld+1]
which yields

XS+X51d XS Xd__iiid+l XS Xsld XS X_5/d+1 mod Xd+1 . Xd
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and

~ ot

Xs+std Xs X “Sid+l _ X —Sid+1 (Xs X51d+51d+1 )A(‘é:) — Xd—sid+1 (X§’+ o ng_)

If s; ; < 0, analogously we have
I_I X lJ _ ].—I X]SJ )"(§ X;i;ﬁl Xs X —Sid
jeld+] jeld¥]

leading to

Aot .
X XZz:flrl xS X —Sid XS Xsrd+l xs X —Sid mod Xd+l _Xd

and again
Xs Xs,d+1 XS X —Sid — X 1d(x$ X51d+51d+1 )A(SA:) — Xd Sld(x _ Xs )
Observe

AT (m) = ||fs(Xa, .., Xa, Xay1)|l1 > |1 fs(Xa, -+, Xa, Xa) |1 (5.5)

since the terms in Supp ( fs) which are similar, are still similar after substituting
X1 with X, while if two terms at; and Bt, of Supp (fs) are not similar, i.e.,
t; # to, but they are similar after substituting X1 with X;, which means

t(Xq,. .., Xg, Xg) = 0(Xa, ..., Xa, Xa),

then their contribution to the 1-norm of fs(Xj,..., Xy, X4) is of |a + |, which
by the triangular inequality is lower or equal than |«| + |B], that is their con-
tribution to the 1-norm of fs(Xj, ..., Xy, X441). Inequality can be manip-
ulated further as

15560 Ko Xa)lh = [ TT (6 ) | = adm)

where the first equality holds because
1T (v vsr
fo(Xa,.., Xa, Xa) = XU T ] (xsi ' )
i=1

for some h € IN, and the last inequality holds by definition and from the as-
sumption that no direction in S is of the type (0, ...,0,«, —lX)T, witha € Z, so

that
m . -
T (xsf X ) £0.
i=1
The claim follows. O
We unite propositions and in the following theorem.
Theorem 5.2.4. For every d,m € IN* it holds
Af(m) = AT (m)

In the next section, we will show upper bounds on A;(m) arising from
upper bounds on the minimum size of switching components.
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5.3 Pure Product Polynomials and the Size of Switching
Components

We apply results on switching components to the problem of determining
small pure product polynomials. From Theorem[5.2.4)we obtain that the value
of Aj(m) is a lower bound for the minimal size of a pure-product switching
component with respect to m directions. More precisely, the next theorem fol-
lows.

Proposition 5.3.1. For every d,m € IN* it holds

Ar(m) < min /s
S:={s1,...5m } CZ?
pairwise Li.

Proof. The statement holds since by Theorem we have A;(m) = A%(m)
for every d € N*. By definition of A4(m), we have

m
Ad(m) = min H <x5i+ —Xsi_)H < min <.
)= min, o1 Sy min |
pairwise Li.

O]

By Theorem every switching component with respect to the direc-
tions in S corresponds to a polynomial p(X) fs(X) € Z[X], hence we have

—_

d .
m) < = min
P (m) < 25)::{,Slwsm}czd||fes||1r
pairwise Li.

as already observed in (3.24).

In [16] it was shown that there exists a {0, 1 }-switching component with re-
spect to m given pairwise linearly independent directions of size € O (m“+1+¢),
for all e > 0. As we already observed, it is not clear if this reflects into a bound
on the size of pure product switching components which is polynomial in m.
Should it be the case, then by Proposition[5.3.T| we would obtain a polynomial
bound on A;(m).

Let us recall the sizes of the small pure product switching components in-
cluded in table By Proposition for every m € IN*, twice the size of
a pure product switching component is an upper bound for A;(m), hence the
inequalities of table[5.2]hold true.

However, the bounds presented in [52] are tighter. Proposition to-
gether with theorems [3.8.4}3.9.13|and [5.2.4} yield the following upper bound
on Aj(m).

Theorem 5.3.2. Forall m € N*, Ay(m) < min{572[%1,2[vml . [\ /m]1}.
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A1) < 2 A(11) < 60
A(2) < 4 A(12) < 60
A(3) < 6 A(13) < 84
A(4) < 8 A(14) < 116
A(5) < 12 A(15) < 172
A(6) < 12 Ai(16) < 248
A(7) < 20 A(17) < 286
A(8) < 24 A1(18) < 364
A1(9) < 36 A1(19) < 428
A1(10) < 40 A1(20) < 572

Table 5.2: Bounds on the values of A;(m)

For m big enough, the upper bound A;(m) < 2/v™|. [/m]!is tighter than
Aq(m) < 572151, as shown in however for small values of m they can
be both competitive, as already observed at the end of Section[3.10| The bound
we provide in Theorem namely

Ar(m) <2V [ /m,

is the same presented by Maltby in [122]: we write explicitly [/m] to ensure
the integrality of the dimension of the Truncated Cuboctahedron, in our case,
or of the rank of the root system @, in Maltby’s case. The truncated Cubocta-
hedron is in fact the geometric realization of a Coxeter system, as explained in
[151]].

We can use the knowledge from Proposition also as a mean to get
lower bounds on the size of pure-product switching components from the
knowledge of A;. Table[5.1|together with proposition[5.3.T)implies, in fact, that
the size of a pure product switching component with respect to 10 directions
is bigger than or equal to 12. This is the only new fact we can deduce from
table as we know already from Theorem that for m > 6, the minimal
size of a switching component with respect to m directions — not necessarily
a pure product one —is a least m + 1.
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We include here the code in Xpress Mosel by FICO®Xpress Optimization [141]
that we used in section We write k instead of x to denote the degree of
the PTE-problem. The parts highlighted in red should be initialized according
to table for every degree k € {2,3,4,5}. Notice that for k = 1 the ideal
PTE-solution with smallest magnitude is given by the polynomial (X — 1)?, so
that the cofactor p(X) has degree 0, see We encode the product Ax as a
vector y € Z'*1, where

I4k+1
Yi= Y, Of-imodi+kt2} Xi Vi€ {0,... 1}
i=0
However, since the command mod of Mosel does not always return a non-
negative integer, but is instead defined to return r € Z such that

re{(j—i)+AI+k+2):Aec2Z},
|r| <l+k+2andr-(j —i) > 0, we write instead
I+k+1
Yi= E A1 4+k+2+j—i mod I+k+2} Xi vie{o,...,1}
i=0

to make sure that the subscript of 4 is non-negative. Since A is an integer
matrix, it follows from Ax = y that if x is integer, then vy is integer as well, so
we could spare the integrality constraints on the entries of y. However, this
sometimes leads to numerical errors. We model [4.29 by fixing the degree I of
the polynomial p(X) as

[:=—-1—k+ max x
xE€BrUWg

so that the degree f of the polynomial f(X) is

t:=I+k+1= max x,
x€BUWj

and we require y; = 0. In this way, commenting the line correspondent to
y: = 0, we obtain the ideal solutions of table[4.2} for k € [5].
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ILP to determine Small Magnitude PTE-Solution of Degree k=1

model " PTE "
options noimplicit , explterm ;
uses "mmxprs";

parameters
k = 1; ! degree of PTE
h = 2; ! k+1

1 = 0; ! the degree of the polynomial p(x) as in
! the smallest solution known

t = 2; ! t=1+k+1
tt= 3; ! tt=1+k+2
end—parameters

declarations

Coefficients = 0..1;

Length = 0..t;

Bin = 0..h;

a: array(Bin) of integer;
vec: array(Length) of integer;

x: array(Coefficients) of mpvar;
y: array(Length) of mpvar;
z: array(Length) of mpvar;

norm : linctr;
status : string;
end—declarations

setparam (" XPRS_THREADS" ,12);

a :: [1,—-2,1];
forall (j in Bin) do

vee(j) = a(j);
end—do

forall (j in h+1..t) do
vec(j) = 0;

end—do

forall (i in Coefficients) do
x(i) is_integer;

x(i) is_free;

end—do

!vector used to define
Ithe rows of A
!'coefficients of p
lcoefficients of f
'auxiliary variables

!coefficients of (X—1)"h
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forall (j in Length) do
y(j) is_integer;

y(j) is_free;

end—do

forall (j in Length) do ! here we impose y=Ax
sum (i in Coefficients) vec((tt+j—i) mod tt)xx(i) — y(j)= 0;
end—do

x(0)>=1;

y(t)=0;

forall (j in Length) do
sum (i in Coefficients) vec((tt+j—i) mod tt)xx(i) — z(j) <= 0;
end—do

forall (j in Length) do
sum (i in Coefficients) vec((tt+j—i) mod tt)xx(i)+ z(j) >= 0;
end—do

norm:= sum(i in Length)z(i);

norm=2xk+2;!if we keep this line, norm is a constant, so we
'have a feasibility problem, otherwise we are
'looking for the PTE—solution of smallest size
'and magnitude strictly smaller than t

minimize (norm);
case getprobstat of

XPRS_OPT: status := "Optimum found";
XPRS UNF: status := "Unfinished";
XPRS_INF: status := "Infeasible";
XPRS_ UNB: status := "Unbounded";
XPRS OTH: status := "Failed";

else status := "???";

end—case

"

writeln ("The norm is ", getobjval);

forall(i in Coefficients) do

write (" Coefficient of p(X) in position ", i);
writeln (" ", getsol(x(i)));

end—do

forall (j in Length) do

write ("Vector y ", j);
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writeln (" ", getsol(y(j)));
end—do
writeln (" ", status);

end—model

If we consider other degrees, the only things that change are the values of the
parameters and the entries of the vector 4, that we highlighted in red in the
code. Fork = 2,...,5, we list in table the initializations that differ from
the case k = 1 above. Notice that we are requiring only y(t) = 0, because
we assume we know an ideal PTE-solution in the interval [0, {] and want to
establish if there exists one in [0, # — 1]. Should we need to restrict the interval
further, we would require y(r) = 0 for other values r € {0,...,t}.

(h| 1|t | a
3[1 45 [1,-3,3,—1]
41317 |8 (1, 4,6, —4,1]

5113118 |19 [1,-5,10,-10,5, —1]

k
2
3
4
5|6|10| 16 | 17 | [1,—6,15,—20,15,—6,1]

Table 5.3: Initializations of parameters for degrees k € {2,3,4,5}.
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