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Abstract

In this work, a class of optimal control problems under uncertainty constrained by semilinear,
elliptic partial differential equations is analyzed. An inexact trust-region algorithm with a
suitable error control procedure is presented to solve such problems adaptively. The state
and adjoint equations are formulated in a tensor Banach space and solved using low-rank
tensor methods. Numerical results show how the algorithms adapt to the problem data. The
dissertation is concluded by an outlook to alternative risk measures, which yield risk-averse
controls.

Zusammenfassung

In dieser Arbeit wird eine Klasse von Optimalsteuerungsproblemen unter Unsicherheit analy-
siert, die semilineare, elliptische partielle Differentialgleichungen als Nebenbedingung haben.
Ein inexaktes Trust-Region-Verfahren mit einer geeigneten Vorgehensweise zur Fehlerkon-
trolle wird vorgestellt, um solche Probleme adaptiv zu l6sen. Die Zustands- und adjungierten
Gleichungen werden in einem Tensor-Banachraum formuliert und mit Niedrigrangtensor-
methoden gelost. Numerische Ergebnisse zeigen, wie sich die Algorithmen an die Problem-
daten anpassen. Die Dissertation wird mit einem Ausblick auf alternative Risikomafse abge-
schlossen, die risikoaverse Steuerungen liefern.






Notation

The following notation is used in this thesis:

Vectors/matrices/tensors:

Sets:

0 empty set

|S] cardinality of the set S

25 power set of the set .S

int(.9) the topological interior of the set S

Sl = cl(9) the topological closure of the set S w.r.t. the norm || - ||

SxT product set of the sets S and T

N natural numbers: N = {1,2,3,...}

Np non-negative integers: Nog = {0,1,2,...}

[n] the first n € N natural numbers: [n] = {1,2,...,n}

R real numbers

C complex numbers

K general field

R~o0, R>0, Rcg, R<o set of positive, non-negative, negative, non-positive real
numbers, respectively

R extended real line R = R U {—o00, 00} = [~00, ]

(a,b), la,bl, [a,b), (a,b] open, closed, half-open intervals, respectively, with end-
points a,b € R, a < b, empty in the (half-)open case if
a=1>b

S™ set of column vectors with n € N components from the
set S
Smxmn set of (m x n)-matrices with components from the set S

Snl X Xng

X(KI,KQ, . ,Kd)

set of tensors of order d € N (d-dimensional arrays) with
dimensions ni,ns,...,nq € N and entries from S
indexing of a tensor x € S™* " *"d: modes i € [d] in-
dexed by a list K; with elements from [n;] remain, modes
indexed by a single index K; € [n;] are cut out
shorthand for [n;] (the set/list of all indices) when in-
dexing a tensor

il



XQY, A®pY®Z

xXOy

XQy

<X7 y>8,t

Banach spaces and operators:

RTL

-1l

Y7 Y*7 H : HY

<.7 '>Y*,Y

<.7 '>Y,Y*

Yk =Y Yk — Y, Y =T Y

L(Y,Z)

I 1lzev,z)
A:Y =7
A* . 7 > Y™

Y - Z
Y >— 7
LY - 7

v

Kronecker /outer product of the vectors/matrices/ten-
sors x and y, product of the measures A and p, tensor
product of the Banach spaces Y and Z

Hadamard (componentwise) product of the vectors/ma-
trices/tensors x and y

componentwise quotient of the vectors/matrices/tensors
x and y

componentwise exponentiation of the vector/ma-
trix/tensor x with the exponent A € R

contraction of the tensors x and y along the modes s
and t

inner product of the tensors x and y of the same size
Frobenius norm of the tensor/matrix x: ||x|[r = y/(x, x)

the vector/matrix/tensor only containing ones or the
function which is constant one

identity mapping, identity matrix

transpose of the vector or matrix x

Euclidean space equipped with the inner product
(x,y) =x"y and norm || - || = || - |2 (see below)

pnorm on B [xl, = iy ) for p € [1,00),
[1X[loo = maxyepn) Xk

a general Banach space, its dual space, the norm on Y
dual pairing between Y* and Y, i.e., (f,y)yv+y = f(v)
dual pairing between Y and Y*, i.e., (y, f)y,y+ = f(y)

Convergence of the sequence (yp)reny C Y toy € Y
w.r.t. the strong, weak, weak* topology, respectively,
as k — o0o. The weak™ topology is defined if Y is the
dual space of a given normed space.

space of linear, bounded operators mapping from the
Banach space Y to the Banach space Z

induced norm || A| (v, z) = supyyj, <1 |4yl z
linear, bounded operator A mapping from Y to Z

adjoint operator A* mapping from the dual space Z* to
the dual space Y*

continuous embedding of Banach spaces
compact embedding of Banach spaces

canonical embedding of Banach spaces Y C Z



U, (- )u
I llo

N:Y —>Z

N':Y = L(Y,Z)

Ny, :Y = L1, Z)
0
oy
d
dy1
N":Y = L(Y,L(Y, Z))

Nysy, 1Y = L(Y2, L(Y1, 7))
J:U—-R

VJ:U—->U

Vi J:U—=Up
V2J:U — L(U,U)

V2 J:U — L(Us,Uy)

u2U1

Spatial domain and functions:

Q x
lo:R"—= R

o9

A

f:Q—=R™
Dif:Q — R™

Probability:

(57I7P)7 €

X:=2—=R
E

Var
Cov

CVaRg

a general Hilbert space, the inner product on U

norm induced by the inner product, i.e., |ul|ly =
(u’ U)U

a general function mapping from the Banach space Y

to the Banach space Z

its first derivative

partial derivative of N w.r.t. y; for Y =Y; x Y5
partial derivative of an expression w.r.t. y;
total derivative of an expression w.r.t. y;
second derivative of N (etc.)

partial second derivative for Y =Y; x Y5 x Y3

a general functional on the Hilbert space U

its gradient (Riesz representative of J'(u) € U* 2 U)
partial gradient for U = Uy x Us

Hessian of J (linearization of the gradient)
partial Hessian of J for U = Uy x Uy X Us

spatial domain 2 C R™, point z € Q)

indicator function of the set : 1g(x) =1if x € Q and
lo(z) =0ifx ¢ Q

boundary of the domain 2

Lebesgue measure on €2

a function mapping from Q C R™ to R™

(weak) k-th partial derivative of f, where j € N is a
multi-index

probability space = with o-algebra F and probability
measure P, random value £ € =

a real-valued random variable

expectation: E[X] := [Z X(£)dP

variance: Var[X] := E[(X — E[X])?]

covariance: Cov[X, X| = E[(X — E[X])(X — E[X])]
conditional value-at-risk (expected shortfall) with quan-
tile parameter 3 € (0, 1)



Function spaces:

[RR VA6

()20
Whe(Q)

- llwero)

H*(Q)
(5 ) mr(e)

Hy(©) = cp@) e

By

vi

space of continuous functions on

space of k-times continuously differentiable functions on
0, ke{l,2,...,00}

space of k-times continuously differentiable functions on
Q) with compact support

Banach space of equivalence classes of measurable, p-
integrable (p € [1,00)) or essentially bounded (p = o0)
functions on 2

norm on LP(Q): || fllre) = (Jo If(2)P dx)l/p for p €
[1,00), I fllpe () = esssupa:en\f( )|

inner product on L?(Q): (f, 92 = Jo f(@)g(x)dx
Sobolev space of k-times weakly dlfferentlable Lp (Q)-
functions with LP(Q2)-derivatives

norm on WhP(Q): | fllwwr @) =

1
(S D) for p € [Loo) and
1 fllwkce @y = 212k D7 Fll e ()
shorthand for the Hilbert space W*2(Q)
inner product on HF(Q): (fs9) mr @) =
> <k (D7 £, D7 g) 12y
Hilbert space of H'()-functions with zero boundary
data in the sense of traces
inner product on HE(Q) defined by (/9 =
(Vf,Vg)r2@n, inducing the norm || - HH&(Q) on HL()
and a seminorm on H!()
dual space of H}(Q): H™1(Q) = HL(Q)*
Bochner space of strongly P-measurable, p-integrable
(p € [1,00)) or essentially bounded (p = o) functions
from = to the Banach space Y
norm [[yllzzyy = (Jz ly(©IF dP)? for p € [1,00),
HyHLH‘i"(E;Y) = eSSSUPge_Hy( lly
space of polynomials of total degree at most d € Ny on
Z=CR™
space of polynomials of coordinate degree at most d €
Ni* on = C R™
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1. Introduction

Many phenomena in physics or engineering applications, such as the flight of an aircraft, the
distribution of temperature in a heated system, the diffusion of a liquid or a gas in a medium,
or a car crash, can be modeled mathematically by differential equations, in particular partial
differential equations (PDEs). If analytical solutions to these equations are not available,
numerical methods relying on, e. g., finite element (FE) or wavelet discretizations can be used
to simulate such systems. Based on these simulations, certain components of the system, for
instance, the shape of the wings of the aircraft, the applied heat distribution, the locations
of the points where the liquid is inserted into the medium, or the design of the car, can be
optimized to meet certain requirements or to minimize a cost functional. In the mentioned
examples, one could aim to maximize the lift of the aircraft while keeping the drag below a
given threshold, to attain a desired heat or liquid distribution, or to minimize the deformation
of the occupants’ space in the car while having a small enough deceleration to not injure
them heavily. The described problems can be formulated as optimal control problems or
optimization problems with PDE constraints. The mentioned goals appear in the objective
functions of them while further requirements may be posed as constraints.

Often, the input parameters of the simulations, such as the wind speed or material prop-
erties, are not known to high accuracy a priori or are uncertain by nature. Hence, they can
only be assumed to follow a given or estimated probability distribution or to belong to a set.
It can be important to investigate how this uncertainty influences output quantities of the
simulations. For instance, one could be interested in estimating the distribution of the lift
given the distribution of the wind speed or in computing a lower and an upper bound for
the heat distribution knowing bounds for the thermal conductivity and the specific heat ca-
pacity of the material. Uncertainty quantification has become an important field of research
in recent years, see, e.g., [106] for an overview or the STAM/ASA Journal on Uncertainty
Quantification, which appeared in 2013 for the first time. A natural next step is to control
the systems under uncertain influences optimally, a field of research called optimal control
under uncertainty, which is the focus of this thesis.

In particular, we consider the problem of selecting a deterministic control for a system
described by a semilinear, elliptic PDE with uncertain input parameters, which follow given
probability distributions. We develop necessary theory for a class of such problems and inves-
tigate efficient numerical algorithms for solving them. The stochastic space is discretized by a
stochastic Galerkin method with a full tensor product basis, resulting in exponentially many
unknowns in the discretized system. For example, if we have m € N uncertain parameters
and the dependence of a quantity on each of them is discretized using n € N basis functions,
respectively, the full tensor product basis consists of n™ functions. To overcome the curse of
dimensionality when having many parameters, the respective coefficients in tensor form, i.e.,
in form of a multi-dimensional array, are represented in a modern low-rank tensor format.
These formats can reduce the storage and computational complexity drastically as already
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observed in our previous work [46], which is the basis for some parts of this dissertation, but
they offer only a limited set of efficiently implementable operations. Therefore, it is a main
motivation of this thesis to investigate and develop algorithms which can be implemented
using low-rank tensors. The complexity of low-rank tensor arithmetics depends strongly on
the required tensor ranks. Truncation to smaller ranks is often necessary to make the algo-
rithms efficient. This yields rounding errors, which have to be controlled suitably during the
optimization process to achieve global convergence of the algorithm. Additionally, we control
the errors resulting from stochastic and FE discretization and balance all error contributions.

In recent years, the mentioned efficient low-rank tensor formats, namely the Tensor Train
format [88] and the hierarchical Tucker format [56], and numerical algorithms for them with
good complexity have been developed, see [54] [67), [5I] for an overview. Similar ideas have
been used in quantum physics before, see, e.g., [83] [64] and the references therein. These
formats and algorithms are an important ingredient of the methods developed in this thesis.
For instance, they allow the numerical solution of PDEs with many random inputs in a
reasonable amount of time. A more detailed introduction and overview of low-rank tensor
methods and applications is given in Chapter [2}

General Problem Setting

For formulating a general problem setting of optimal control under uncertainty matching the
problems considered in this work, let (£, F,P) be a complete probability space. An element
& € Z of this space stands for uncertain parameters. Let the control space U, the state space
Y, and the image space Z be a Banach spaces. The system to be controlled is under the
influence of uncertainty and is described by the state equation

E:YxUxZ—2Z, E{y(),uk) =0 for almost every (a.e.) £ € =, (1.1)

where y(§) € Y is the uncertain state. The control u € U is deterministic, i.e., it does not
depend on the uncertain inputs and shall be chosen prior to the observation of the uncertainty.
Additionally, it is required to belong to a set of admissible controls U,q C U. We formulate
the optimal control problem

min R[N (y(),u, )] + Jo(u) s.t. E(y(),u,§) =0fora.e. £ €E, ue€ Uy, (1.2)
y(-)eY,ueU

where J1 : Y x U x Z — R is the state-dependent part of the objective function, e.g., a
tracking-type term, and Jy : U — R is a purely deterministic part used to, e.g., regularize
the control. We assume that Ji(y(-),u, ) is always measurable w.r.t. £ and hence a random
variable with values in R. A risk measure R : X — R has to be applied to obtain a real-
valued objective function which can be minimized. The domain X C {f : 2 — R} is a
suitable set of random variables, such as X = L}(Z). The risk measure R should return a
typical value of the random variable, e. g., the expectation or a quantile.

Provided that the state equation E(y(§),u,§) = 0 admits a unique solution y(u)(§) € Y
for every u € U,q and almost every £ € E, ([1.2]) can be reduced to an optimization problem



over the deterministic control variable only:

A

mi(rle\’,[Jl(u, N+ J2(u) st u € Uyg, (1.3)
ue

where Ji(u, €) == Ji(y(u)(€),u,&). An algorithm for solving problems of the form (T.3) is
presented and analyzed in Chapter[d] It can deal with inexact objective function and gradient
evaluations as well as an inexact projection onto the feasible set U,q.

Modeling Optimal Control under Uncertainty

We want to stress that the formulation does clearly not cover all imaginable formulations
of optimal control problems under uncertainty. State constraints are excluded and the control
may not be chosen dependent on the concrete realization of £. For an overview of different
variants of modeling optimal control problems under uncertainty we refer to [4, Sec.2|. The
setup yields “robust deterministic controls”, cf. |4, Sec. 2|, i.e., controls which are chosen
before observing the random inputs, but account for the uncertainty in the system. Further
works following this approach are [69, [70} [7T] and our paper [46].

In contrast to that, optimal controls for specific realizations of the random parameters
¢ are considered in [25] 4]. Having computed the set of these controls in an offline phase
allows to quickly select the optimal control online after observing the concrete values of the
parameters. Alternatively, this can be understood as an uncertainty quantification task.
Knowing how the optimal control is computed, one can estimate its distribution from the
distribution of the parameters. Another alternative is to work with the distribution of the
uncertain state y(§) instead of only inserting it into a deterministic objective function. For
instance, in [I08] the stochastic moments of the state are fit to desired values. Similarly, the
variance of the state is penalized in [20].

If we consider the formulation , an important modeling aspect is the choice of the risk
measure R. A natural choice is the expectation R = E used in [24) [69, [70, [68], our work
[46], and in the main part of this thesis (Chapters @ and . This approach is called
risk-neutral control, see [103], Sec.6.4] and [3], and does not account for rare but possibly
harmful or costly events or the variability of the cost functional, but intends to have a small
cost on average.

More general risk measures allowing for risk-averse control, see [103, Chap. 6] and |71}, 3}, [72],
and the underlying theory are presented in Chapter [0} In particular, one can choose the
smooth mean-variance risk measure R = E + A Var for some A > 0 [3], which is discussed
in more detail in Section [0.21 Other risk-averse risk measures such as the conditional value-
at-risk (CVaR)—also called tail expectation—enjoy desirable theoretical properties which
the mean-variance risk measure lacks, but are nonsmooth. Hence, it is suitable to apply
smoothing techniques which retain important properties of the risk measure and enable the
use of gradient-based optimization methods [71]. An interior point solution technique for
such risk measures is discussed in Section [9.3



1. Introduction

Numerical Solution of PDEs with Uncertain Inputs

A key ingredient of an algorithm for solving is a suitable numerical solution method
for the state equation E(y(§),u,§) = 0, which is a PDE with uncertain inputs in our con-
text. Overviews over numerical methods for elliptic PDEs with random inputs are given in
[102, 53], where the equations are formulated in the Bochner space L3(Z;Y), where Y is a
Hilbert space, and in [7], which describes stochastic collocation techniques for linear, elliptic
PDEs. In contrast to that, we consider the optimal control of semilinear, elliptic PDEs under
uncertainty, which requires a more sophisticated analysis. In particular, it is necessary to
consider the state space L@(E; Y') with p > 3 in our setting, see Chapter

One approach to discretize the parameter space is a sampling-based method. This means
that certain realizations of the random parameters £ are inserted and the respective deter-
ministic PDE is solved. The ensemble of deterministic solutions is then used to approximate
the full solution, its distribution function, or stochastic moments. An advantage of such
methods is that they are often non-intrusive meaning that deterministic black-box solvers
can be reused for the computation. Monte Carlo-type methods, e. g., multilevel Monte Carlo
[16, 30), 107, 4] and quasi-Monte Carlo [84], B0], are very popular. They can be applied
under fairly general circumstances and feature a typically rather slow convergence speed,
which does not depend on the number of uncertain parameters. If the stochastic space Z has
tensor product structure, adaptive sparse grids can be used for quadrature or interpolation
[24, 25], 69, 68]. Under smoothness assumptions on the integrand, they feature exponential
convergence [86, [47], but often need a number of collocation points which increases exponen-
tially in the number of parameters [45]. This can lead to a high computational cost if systems
with many parameters shall be solved. Furthermore, some negative quadrature weights may
appear, which can make discretized optimization problems non-convex or ill-posed although
their continuous counterparts do not have these properties. Additionally, it is not possible
then to make a smooth reformulation of optimization problems with certain nonsmooth risk
measures such as the CVaR, where the nonsmoothness is moved to pointwise bound con-
straints. The solution of many similar deterministic PDEs in every collocation point can
be sped up by using reduced basis methods [42] 28], proper orthogonal decomposition [25],
or multigrid techniques [24]. The references [4], 24], 25] [69] [68, 28] indeed focus on optimal
control and not only on solution techniques for stochastic PDEs.

Another option is a stochastic Galerkin discretization of the PDE with uncertain inputs
[38, 139, 22] 23], where polynomials are chosen to discretize the dependence on the uncertain
parameters. To make this efficient, either one chooses a small enough, “sparse” polynomial
basis or a large basis with a data-sparse representation of the coefficients, e.g., a tensor
product basis with a low-rank tensor representation as in [40]. In the latter case, one can
benefit from the good complexity properties of modern low-rank tensor formats w.r.t. the
number of parameters, but has to take errors due to tensor truncation into account. The
papers [38, 39, 22| 23, [40] deal with adaptive solution techniques for linear, elliptic PDEs with
uncertain inputs based on a posteriori error estimates. In this work, we derive a mixture of
those, extend it to semilinear, elliptic PDEs, and apply it in the context of optimal control.
Hence, we do not focus on error estimates in the energy norm for example, but choose
a suitable reference norm, see Chapter [/} To simplify the discretization of the nonlinearity,
weighted Lagrange polynomials are chosen as bases of the spaces of polynomials instead of the



usual basis of polynomials with increasing degree, cf. [44] and see Chapter |§| This is related
to a full-grid Gaussian quadrature formula, which provides high accuracy and only positive
weights. As pointed out in the discussion about negative quadrature weights appearing in
sparse grid quadrature formulas, the latter is helpful in an optimization context because
smooth reformulations of certain nonsmooth problems are possible in the discrete setting.
Stochastic Galerkin methods for control problems were already used in [63], 82 [78, [79] [46]. In
combination with low-rank tensors—the option we follow in this work—they were also applied
in [21], but no control constraints were posed and the paper puts more focus on efficient linear
algebra and works with a fixed discretization, whereas we select the discretization adaptively
during the optimization process.

Optimization Algorithms

In context of optimal control of PDEs, different inexact trust-region type algorithms have
been proposed to solve problems adaptively and control the appearing errors due to dis-
cretization or the inexact solution of equations in finite dimensions while guaranteeing global
convergence. In [119] deterministic PDE-constrained optimization problems are solved by an
inexact trust-region sequential quadratic programming (SQP) algorithm, which is applied to
the non-reduced optimal control problem, where the state equation is viewed as an equality
constraint, cf. . The sources of inexactness are an adaptive finite element discretiza-
tion and the inexact solution of the linearized state equation by a conjugate gradient (CG)
method. Error estimates are used to control the error which is required for the optimization
method to converge. The paper [118] extends this approach to control constraints using an
inexact projection onto the feasible set.

In [70] and its predecessor [69], a class of inexact trust-region algorithms formulated in
Hilbert space is presented and applied to solve optimal control problems of PDEs under
uncertainty. Since these algorithms are posed on the control space U, they aim for solving
the reduced optimal control problem (L.3). The algorithms in [69] allow for inexact gradient
evaluations. They are extended to inexact objective function evaluations in [70]. In the
application, the inexactness due to the adaptive discretization of the stochastic space by
sparse grids is controlled by the algorithm, but no further error sources are considered.
Furthermore, the proposed algorithms cannot handle control-constrained problems.

We extend [70] to the control-constrained case in Chapter 4| by using a possibly inexact
projection onto the feasible set as done in [118], but allow for arbitrary mappings approximat-
ing the exact projection instead of working with the exact projection on a discrete subspace.
We then apply it to the optimal control problem under uncertainty and control all appear-
ing errors simultaneously, namely the FE and the stochastic Galerkin discretization error as
well as the algebraic error coming from a low-rank tensor solver used to solve the discretized
stochastic PDE. In the paper [46], we applied a semismooth Newton method having fast local
convergence properties to solve such problems with a fixed discretization. This method does
not feature global convergence and the errors due to the used low-rank tensor arithmetics
were not controlled in [46]. Now, we use it as a solver for the trust-region subproblems. The
trust-region framework guarantees global convergence and controls all errors appropriately.



1. Introduction

Outline of the Thesis

The rest of this thesis is structured as follows: An introduction to tensors including the used
notation, operations, low-rank formats, and available algorithms is given in Chapter [2 where
Section [2.1] focuses on finite-dimensional tensors. As already mentioned, one motivation and
central question of the dissertation is how low-rank tensor methods can be used to solve
optimal control problems under uncertainty. Therefore, we review tensor products of Hilbert
spaces and certain Banach spaces in Section [2:2]

This concept is important for the formulation of the class of stochastic PDEs considered
in Chapter [3as well as its analysis and discretization in tensor form. We analyze semilinear,
elliptic PDEs with uncertain inputs £ € =, where the nonlinearity is a superposition operator
induced by a C?-function ¢ : R — R fulfilling suitable growth conditions. Two formulations
are presented: Either a deterministic PDE can be solved for a.e. realization & € = or a weak
formulation w.r.t. the inputs £ can be considered by integrating over the parameter space
=Z. The latter formulation is essential to apply a stochastic Galerkin discretization. The
solution of the PDE is then represented as an element of a suitable Bochner space L5 (Z;Y)
with p € (3,00). This requirement on p is necessary for well-definedness and differentiability
properties of the appearing superposition operator. The connection between the Bochner
space L{;(E; Y') and a tensor product of Banach spaces is established to derive a discretization
in tensor form later. We show the equivalence of the pointwise and the weak formulation.
In fact, they both have the same unique solution. At this point, it is important to show
that the solution constructed pointwise for a.e. £ is indeed measurable w.r.t. £ and has the
required integrability properties due to a priori estimates, i.e., it is contained in the space
LE(Z;Y). We formulate a class of risk-neutral optimal control problems with a tracking-type
objective function and analyze it. The integrability properties of the state are used to apply
the dominated convergence theorem at some points, e. g., to show the existence of a solution
to the optimal control problem (Theorem and the differentiability of the control-to-
state mapping (Theorem . An adjoint representation of the gradient and Hessian of the
reduced objective function is derived. The theory from, e.g., [60, Sec. 1.6] cannot be applied
at this point since the linearized state equation operator is not boundedly invertible as a
mapping from the state space Lﬁi(E; Y) to its dual. It is shown that a pointwisely defined
adjoint state can be used to compute the gradient and a meaningful interpretation of the
adjoint equation in the space LE(Z;Y) is presented.

The reduced optimal control problem, which is an optimization problem formulated in a
Hilbert space U with a smooth objective function and a nonempty, closed, convex constraint
set U,qg C U, shall be solved adaptively. Due to discretization errors and inexact state
and adjoint equation solves, the objective function and its gradient can only be evaluated
inexactly in many relevant cases. Possibly, additional errors appear if the projection onto
the feasible set U,q is computed inexactly. Tailored to this situation, an inexact trust-region
algorithm suitable for smooth problems with control constraints is formulated in Chapter [
It can deal with the mentioned inexact evaluations and features global convergence provided
the errors are controlled as demanded by the algorithm. The respective required error bounds
are up to fixed, but possibly unknown constants, which typically appear in error estimates
due to discretization. Global convergence is proven and it is discussed in detail how the
required error tolerances can be met and implemented. In particular, the computation of



a generalized Cauchy point by a projected linesearch with an inexact, but suitably refined
projection is discussed. A semismooth Newton method in function space is proposed for the
solution of the trust-region subproblems.

The presented trust-region algorithm requires to evaluate the objective function, gradient,
and criticality measure of the reduced optimal control problem to a certain accuracy. In
Chapter [5] these error bounds are transferred to error bounds on the state, adjoint state,
and the projection onto the set of admissible controls. It turns out that—depending on the
problem data—the state and adjoint state errors need not be controlled in the Lﬁ;(E; Y)-norm,
but a weaker norm such as the L(Z;Y)-norm can be sufficient in certain cases.

Chapter [6] describes the discretization of the model problem presented in Chapter [3] and
in particular of the PDE with uncertain inputs. We use linear finite elements for the space
discretization and a stochastic Galerkin discretization with weighted Lagrange polynomials
in tensor product form for the parameter space. It is shown how the discretized equations
are formulated within the tensor calculus and how they can be solved by low-rank tensor
solvers. The choice of the trust-region model in the discrete setting and the implementation
of the semismooth Newton method for box constraints is explained in detail.

As derived in Chapter [5| error control in L]%(E; Y) of the state and adjoint state can be
sufficient to obtain a globally convergent algorithm. Based on the presented discretization,
an a posteriori error estimate is discussed in Chapter [7} It splits into error contributions
stemming from the FE discretization error, the stochastic Galerkin error for each random
parameter and the algebraic error coming from the iterative low-rank tensor solver. The
implementation of the evaluation of this error estimate with low-rank tensors is described.
This is crucial because the solutions of the discretized PDEs are represented by low-rank
tensors, the full representation of which, i.e., a full array of real numbers should never be
computed explicitly due to efficiency reasons. Based on this, the PDEs with uncertain inputs
can be solved adaptively.

In Chapter [§] numerical results of the described solution technique are shown for different
setups. It can be seen how the algorithms adapt to the problem data, especially in terms
of mesh refinement and polynomial grades chosen for the discretization of each parameter.
Furthermore, we compare the optimal control obtained from deterministic optimization with
the robust one.

Chapter [9 shows how different, risk-averse risk measures can be incorporated into the
optimal control problem since the previous parts of the thesis deal with risk-neutral control.
A general introduction to risk measures is given. Then, including the mean-variance risk
measure into the objective function is discussed in theory. At the end, we investigate a
log-barrier reformulation for problems with risk-averse, nonsmooth risk measures which are
convex combinations of the mean and the CVaR. It is examined how solving the respective
barrier problem, which is an approximation of the original problem, affects the underlying
risk measure. At the end, numerical results of an implementation with a fixed discretization
and low-rank tensors are presented. It is observed that the control can be chosen such that
very large cost function values can be excluded with high probability.

The thesis is concluded in Chapter [I0, where we also point out future research perspectives
and a few aspects not covered in this work.



1. Introduction

Notation

In analogy to [46], the following notation is used throughout the thesis: Deterministic func-
tions, e.g., the control u, and the corresponding function spaces and operators are written
in italic font. If we want to emphasize that a function such as the state y belongs to some
Bochner space of the form L%}Z,(E; Y), i.e., it also depends on the uncertain parameters £, we
use bold and italic font. Functions from finite-dimensional (discretized) spaces are written
in roman font (u and y), and the coefficients representing them, such as the vector u and the
tensor y, are in sans-serif font. The same holds for the respective operators.



2. Tensors

One motivation of this work is the research on low-rank tensor methods carried out in the
numerical linear algebra community in the past years. Tracing back to, e. g., even the 1920s,
where one can find the roots of the canonical polyadic decomposition [61], low-rank tensor
methods recently got attention within the scientific computing community because of their
ability to break the curse of dimensionality. Especially new low-rank formats such as Tensor
Train (TT) [88] and Hierarchical Tucker (HT) [56] have the properties of providing stable
low-rank approximations and scaling well w.r.t. the tensor dimension. Older formats such
as the canonical polyadic decomposition (CP) [93] and the Tucker format [109] lack either the
first or the second property, respectively. Suitable numerical algorithms within the formats
have been developed during the last two decades, approximately.

In this chapter, we give an introduction to finite-dimensional tensors and low-rank formats,
which we will use in our numerical algorithms, and to tensor Hilbert spaces, which are suitable
for the formulation of parametric problems in function spaces. Certain examples of tensor
Banach spaces needed in Chapter [3] are also discussed.

2.1. Finite-Dimensional Tensors and Low-Rank Formats

After discretization, the state of the systems considered in this work can be represented
as a real tensor, i.e., a multi-dimensional array of real numbers. To avoid the curse of
dimensionality we will represent it in a low-rank format. Both—finite-dimensional tensors
and the corresponding low-rank formats—are the topic of this section, which is very similar
to the description in our paper [46].

2.1.1. Basics of Finite-Dimensional Tensors and Notation

In this thesis, we denote a d-dimensional array of numbers in the field R by a finite-
dimensional tensor x € R™>*"d_cf |76, Sec.1|, where C is used as underlying field.

The array dimension d is called the order of the tensor and the numbers 1,...,d are the
modes. We denote the dimension of the i-th mode by n; and write x(k1,...,kq) for the
(k1,...,kq)-component of x for readability purposes instead of using a subscript notation,

where k; € [n;] and i € [d], writing [m] := {1,...,m} here and throughout. The tensors of
all ones will be denoted by 1 if it is clear which space is used. Reshaping a tensor as a vector
in a certain order, e.g., reverse lexicographical as in [76], is denoted by vec(x) € RIT,
and reshaping as a matrix by x(*) ¢ R(iee 1) % (Tjge ”j), where ¢ C [d] is the set of modes
that become the rows of the resulting matrix. Analogously we write ten(x) for reshaping a
vector or matrix x back into a tensor, when the dimensions are clear. For the extraction of
parts of a tensor we also allow indexing with ordered lists and write “+” for all indices of a
dimension in ascending order: x(s,4, (1,5),e,...,s) € RM*2Xn4XXn4 ig ohtained from x by
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fixing the second index at 4 and taking the first and the fifth component of the third mode
and all components in the rest of the modes. Note that modes that are indexed by a single
index only are cut out in the result while modes indexed by a list remain. This is especially
relevant when indexing by a list containing only one index: x(2,s,...,) € R™2X X Hug
x((2),%,...,+) € RIXn2XXna_Gometimes, the notation becomes shorter if sets instead of lists
are used for indexing. The respective set then stands for the list containing all its elements
in ascending order. In the i-th mode of a tensor, one could replace “<” by “[n;]” for example.
For a compact notation, we also allow indexing by index vectors, i.e., x(k) = x(k1,...,kq)
for some k € szl [n4].

As tensors form a vector space, all vector space operations are defined for tensors. Addi-
tionally, componentwise operations are useful, especially for function-related tensors: x ©y
denotes multiplication, x @y division and x.* exponentiation by a scalar A € R. The compo-
nentwise application of a function f : R — R is written as f(x).

Definition 2.1 (i-mode matrix product). Let x € R™**"d be a tensor, i € [d] a mode and
A :R™ — R™ a linear operator or a matrix.
Then the i-mode matrix product A o; x € R™M X XMi—1XMXNip1 X XNd g defined by

(A O; X) (kl, - .,kd) = (Ax(k:l, e ,ki_1,°,ki+1, .. .,kd)) (kz)

for all (kl,...,k:d) S [nl] X e X [ni—l] X [m] X [nH_l] X oo X [nd]

Remark 2.2. Equivalently, the i-mode matrix product is given by A o; x = ten (Ax({i})), cf.
[76, Sec.4.1], using reshaping and the standard product of matrices. The definition means
that we take all vectors that result from fixing all indices of the tensor x except the ¢-th one,
apply A and then use the resulting vectors to form A o; x.

We view tensors of order 1 as column vectors and order-2-tensors as matrices, where the
first index is for the rows. The contraction of two tensors is a further important operation.
It generalizes inner and outer products as well as matrix multiplication.

Definition 2.3 (tensor contraction). Let x € R"* X" and z € R™* X% be tensors and

let s =(s1,...,8p), t = (t1,...,tp) with s; € [d], t; € [d] be ordered lists of modes that shall
be contracted. We require ns, = fy, for all i € [p]. Furthermore, let 5; (i € [d — p]) and ;
(7 € [d — p]) be the remaining, untouched modes in ascending order.

ns, ><---><ngd7p Xﬁ{l X XM -

Then the contraction (x,z)s; € R d-» of x and z along the modes s and

t is defined as

Nsyye5Msp
(6, 2) s (Ksyso s ksy o by by ) = > x(ky, e ka)z(s o )0, —k, vieh)
ksl ,...7]65?:1

componentwise for all indices ks, € [ng] (i € [d—p]) and €, € [7ig] (j € [d—p]). If sort
are sets rather than ordered lists, they stand for the lists of elements in ascending order as
in the case of indexing.

Here, similar to a matrix product, a component of the resulting tensor is obtained by fixing
indices in the untouched modes and computing an inner product of the resulting tensors of

10



2.1. Finite-Dimensional Tensors and Low-Rank Formats

Figure 2.1.: Examples for tensor network diagrams: matrix-vector-product resulting in a vec-
tor (left), matrix-matrix-product resulting in a matrix (middle), two tensors of
order 3 contracted along one mode resulting in a tensor of order 4 (right)

same size. Tensor contraction can be nicely visualized by tensor network diagrams [76],
Sec.5.1]. The resulting tensor of the contraction is represented by a network, where each
node stands for a tensor in the contraction and the edges connected to it are the tensor
modes. If two nodes are connected by an edge, the respective tensors are contracted along
the respective modes. The “free” edges indicate the modes of the resulting tensor. Some
simple examples of tensor networks are shown in Figure [2.1] Note that for a full description
of the tensor contraction one should, e. g., display the mode numbers next to the edges, which
we skip here as long as it is clear or not essential.
We sometimes need the following special cases of tensor contraction:

Definition 2.4 (special cases of tensor contraction). Let x,y € R™* X" and z € R *7q
be tensors.

e The outer produciﬂ X®z = (x,z)py € RMXXnaxmxxig of the tensors x and z is
obtained as

(X®Z) (k‘l,...,k‘d,fl,...,fd) :X(/{?l,...,k‘d)z(fl,...,gd).

o An elementary tensor or rank-1-tensor ®?:1 ut € R™X"Xnd js an outer product of

vectors:
d

<® ui>(k1,...,kd) = Hufw

=1 i=1

where uzi is the k;-th component of the vector u® € R™.
e The inner product (x,y) := (X,¥)[q,[q) € R of two tensors of same size is

y) =D > x(kr, . ka)y(ka - k).

k1=1  kg=1

e The Frobenius norm of a tensor x is ||x||r := /(x, X).

We conclude this section with the statement that the i-mode matrix product is also a
special case of contraction since the tensor A o; x is obtained as contraction of the second
order tensor A with the tensor x along the modes (2) and (i).

!Note that the vectorization/matricization of the outer product of two tensors coincides with the standard
Kronecker product (also denoted by "®") of vectorizations/matricizations of them.

11
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2.1.2. Low-Rank Tensor Formats

As the amount of data of a full tensor is in general very high, namely of order O(n,.)
with npmax 1= max;e[g N, it is important to find a representation or approximation of it that
requires substantially less memory. One approach is to approximate a tensor by one of low
rank. Different notions of tensor rank have been developed in the past. For instance, in the
canonical polyadic (CP) decomposition, cf. [54, Chap. 7|, a rank-R-tensor x is written as the
sum of R elementary tensors:

X = Z ul  with u™ € R™ fori € [d], j € [R)].
j=1i=1

This representation requires storage of order O(Rnmaxd). We note that this is linear in d
instead of exponential in the case of storing the full tensor. But one should take into account
that R can grow if a good approximation of a given tensor is desired. Furthermore, this
format has certain drawbacks as the possible ill-posedness of the best approximation of a
given tensor by a tensor of rank at most R [33]. Concretely, this means that there exists a
rank-3-tensor of order d > 3, which can be approximated arbitrarily well by a rank-2-tensor
[54, Prop.9.10].

A widely used approach for the matrix case d = 2 is a low rank approximation by a trun-
cated singular value decomposition (SVD). The quadratic error (squared Frobenius norm)
made by this approximation is bounded by the sum of the truncated, squared singular values
[54, Lem. 2.30] and can thus be estimated easily. The SVD approximation is optimal w.r.t.
this error in the set of matrices of a fixed maximum rank. A generalization of this approxima-
tion technique to d-dimensional tensors is therefore desirable, but cannot be available in the
CP format due to the ill-posedness of the approximation problem. Thus, a different approach
works with subspaces of the R™, as done in the Tucker format or tensor subspace representa-
tion |54, Chap. 8]: Here, for representing a tensor x € ®‘ii:1 R™ (more on this tensor product
of Hilbert spaces in Section , bases of r;-dimensional subspaces of the R™ are selected,
stored as matrices U; € R™*" and a basis ®?:1 U; of the tensor product of subspaces is
formed. One can combine the basis elements linearly with coefficients stored in the so-called
core tensor ¢ € R™*"*7d to obtain the tensor x. Equivalently, this representation of x can
be written as a contraction of the tensors U; and ¢ w.r.t. a tensor network as depicted in
Figure Actually, the CP format is a special case of this network with r; = R for all
i € [d], U; containing exactly the vectors u’/ and ¢ € Rf*"*® being diagonal in the sense
that only the entries c(ki,...,kq) with ky = ... = kg are allowed to be non-zero. For the
Tucker format the HOSVD (higher order SVD, which uses the standard SVD in substeps)
is available for truncating a tensor to lower Tucker rank giving a quasi-optimal resultﬂ and
offering error control similar to the one in standard SVD [8I]. We give an impression of SVD
based tensor truncation in Subsection 2.1.3] using the example of conversion from TT to
HT tensors. Unfortunately, defining rmax := max;e[q 7, the required storage for the Tucker

format is Z?Zl n;r; + ngl 7 = O(NmaxTmaxd + 74, ) and grows exponentially in d.

2Best approximation in the Frobenius norm up to a factor that depends on the order d of the tensor (\/&
for the Tucker format, see, e.g., [51]).

12
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Figure 2.2.: Tensor network representing the Tucker format in the case d = 6. The numbers
next to the edges are the respective mode dimensions.

T T T T T

n2

ny n3

Figure 2.3.: Tensor network representing the Tensor Train format in the case d = 6 with the
dimensions of the modes displayed next to the edges

Two more recent low-rank tensor formats, meeting the requirement of having a storage
and arithmetic complexity scaling linearly in ny,.« and d, and for which a variant of a higher-
order SVD is available, are the hierarchical Tucker (HT) format [56], and the tensor train
(TT) format [88], also known as matriz product states (MPS) from the quantum physics
community [115]. The latter works as follows:

The TT rank of a tensor x € R™*X"d ig a vector r := (rg,71,...,7q) With rg =rg =1
and 7; € [n;] for i € {2,...,d—1}. In the TT format, x = 77T (u) is represented by a d-tuple
u:=(up,...,uyg) € szl R7i=1XMiXTi of order-3-tensors:

x(k1, ..., kg) = up(s, ki, ug(e, ko, o) - -ug(e, kg,s) e RV =R VE; € [ny], i€ [d].

Note that this is a simple product of matrices, resulting in a scalar value because the first and
the last matrix of the chain are a row and a column vector, respectively. The tensor x can
also be written as a contraction of the so-called core tensors u; as shown in Figure 2.3 The
storage requirement of a tensor in the TT format is exactly 2?21 7ic1ni = O(Nmax” 2 axd)
With rmax = max;e(o1,... 4 75 and scales linearly in nmax and d. As in the case of the Tucker
format, the low-rank approximation problem is well-posed for T'T tensors and an SVD-based
truncation to smaller TT rank, the so-called TT-SVD, is available and gives a quasi-optimal
result up to the factor v/d —1 [88, Cor.2.4]. An error control mechanism based on the
truncated singular values allows to choose the ranks such that a prescribed approximation

accuracy can be guaranteed.

In the related hierarchical Tucker (HT) decomposition [56], the idea of writing a tensor as
a contraction of smaller ones is generalized in a certain way: The contraction is performed
according to a more general, binary dimension tree 7, which has one root node [d]. Each node

13
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t € T containing more than one index splits up into two children ¢, t, # 0 with t = ¢; U t,,
where we assume w.l.o.g. that ¢; contains only smaller indices than the ones in ¢,. The
leaves of the tree are sets of only one index so that we have d leaves and 2d — 1 nodes overall.
To simplify the notation we call the leaf nodes t1,...,%4, the parent node of ¢; and 5 would
be called t12 and the root node is t15.__ 4. The tree tells us how to form a tensor starting with
subspaces of the R™ and recursively selecting subspaces of tensor products of subspaces. For
each leaf node t; (i € [d]) a matrix U; € R™*" is stored, which contains vectors that span a
linear subspace V; of R™ as in the Tucker format. One can use an orthogonal basis here for
example. Now, the full tensor is represented by these leaf matrices and additional transfer
matrices B, € R (ry < ryry, T = 1) assigned to the non-leaf nodes ¢, as follows: For
computing the full tensor, which is normally never done explicitly, one would recursively go
through the tree from the leaves to the root. At each parent node t a generating system of
the tensor product of the two subspaces at the children ¢; and ¢, would be built combining all
vectors, i. e., the matrix U, ® U; € RM™ X" would be computed. This can also be viewed as
a tensor; the Kronecker product is a possible matricization of it. Then, by multiplying with
the transfer matrix B;, which can also be viewed as a three-dimensional tensor b, € R"1*"r*"t
a generating system of a subspace would be obtained. It can be represented by the matrix
Ui = (Uy ® Up) By € R™™ " which would contain vectors generating a subspace of &), Vi.

Arriving at the root node one would obtain a RIT=1 7 _vectorization of the represented tensor.
On the other hand we can view the represented tensor to be a contraction of the leaf matrices
U; and transfer tensors b; according to a tensor network defined by the tree 7 as shown in
Figure [2.4] where a typical balanced tree is used. The required storage for the hierarchical
Tucker representation is

e O(NmaxTmaxd) for the basis matrices U; at each of the d leaf nodes and

° O(T3

o axd) for the transfer matrices By at the non-leaf nodes with rpax 1= maxyer 1y,

and sums to O(NmaxTmaxd + 73, d). This is linear in d, but again, for a good approximation

the hierarchical Tucker rank, i.e., the vector of ranks at the nodes of T, can be required to
be chosen dependent on d and nm.x. Truncation to a lower rank is well-posed and can be
done by the SVD-based hierarchical SVD (HSVD) [50] with error control and quasi-optimal
approximation up to the factor v/2d — 3.

2.1.3. Available Algorithms

Due to their good complexity, we want to use TT or HT tensors for all high-dimensional
computations. Many relevant algorithms are available within (MATLAB) toolboxes, which we
present in the following. In addition, we discuss some iterative algorithms used for computing
quantities which cannot be computed directly with low-rank tensors in a reasonable amount
of time. For instance, the componentwise application of a function f: R — R to a low-rank
tensor could in theory be computed by building the full array, applying f to its components
and truncating the result to obtain a low-rank tensor again. But this approach is highly
prohibitive because even the storage required for the full tensor could easily exceed any
available storage, at least if the order d is large enough and n; > 2 for all ¢ € [d]. Therefore,
it is important to compute or approximate every tensor within a computation in a low-rank
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Figure 2.4.: Tensor network representing the Hierarchical Tucker format in the case d = 6
with a balanced tree. The dimensions of the modes are displayed next to the
edges.

format without ever forming a full tensor explicitly. If there are no direct algorithms available,
iterative algorithms operating on the low-rank tensor representation or inexact versions of
well-known iterative algorithms formulated on the tensor space R™* %™ with truncation in
between should be chosen.

Toolboxes and Conversion between Formats

The TT-Toolbox [89] provides efficient implementations of TT tensors and important oper-
ations in MATLAB and PYTHON. These are, e.g., elementwise addition and multiplication,
extraction of elements of the tensor, implementations of linear operators, and truncation to
a lower rank by TT-SVD. Truncation is crucial in practice to avoid infeasible rank growth
because when using the standard implementations for summing or multiplying two TT ten-
sors elementwise, the ranks sum or multiply, respectively. Clearly, truncation comes with the
drawback of additional errors introduced in the computation. Therefore, it is an important
aspect of this thesis how those errors have to be controlled to obtain convergence of the final
algorithms, which use tensor computations in substeps.

Due to the similar structure, comparable algorithms are available for HT tensors. The
htucker toolbox [76] implements tensors in this format and—similarly to the TT-Toolbox—
efficient versions of the most important operations, e.g., extraction of parts of the tensor,
application of linear operators to the i-th mode, contraction, tensor orthogonalization and
truncation to a lower rank by HSVD [50]. For elementwise addition and multiplication, exact
and special, truncated versions are available such that the explosion of ranks can be avoided.
HT tensors can be orthogonalized such that the matrices U; at all nodes ¢ except for the
root node form an orthogonal basis of the respective tensor subspace. This procedure can
simplify certain computations and make some tensor algorithms more stable. All mentioned
operations can be performed in a reasonable amount of time, which is linear in n;,,, and d
and polynomial in ryay, in particular at most O(Nmaxdr2,.. + dri..), but often less. The
same holds for tensors in T'T format.

For the algorithms developed in this thesis, operations and subsolvers that currently are
not all available within a single format or toolbox are needed. Thus, we use HT tensors with
a linear, TT-like dimension tree as provided by htucker, see Figure |2.5
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Figure 2.5.: Tensor network representing the Hierarchical Tucker format in the case d =
6 with a linear tree, which makes the conversion to TT tensors simple. By
performing the marked contractions, a TT network is obtained.

This allows to convert between the HT and TT formats, cf. [54, Sec.12.2.2], so that
both the TT-Toolbox and the htucker toolbox can be used simultaneously. By performing
the marked contractions in Figure [2.5] a TT network is obtained. Conversely, the TT cores
uy,...ug_1 can be split into the basis matrices U1, ... Ug_1 and the respective transfer tensors
in order to convert from the TT to the HT format: In fact, we aim for finding r; € [n],

with bET‘) g € RMX7it1,..dmi.d - Clearly, one could choose ; = n;, U; = I, (identity matrix),
and b; 4 = u; to obtain the result, but this approach is not suitable due to the possibly
(for large n;) large ranks r; = n; so that the large matrices U; € R™*™ have to be stored.
Low-rank tensor implementations use dense linear algebra because the representing small
tensors and matrices cannot be expected to be sparse so that one cannot benefit from the

sparsity of the matrix I,, here. A smaller rank r; can be obtained by using an SVD of
ﬁz(.ni) = V;X;W., where V; € R%*fi and W; € R7i+1..d%i..a*Fi gre orthogonal matrices,

i
and ¥ = diag((ot, .. .,a}éi)) € RExRi where R; = min{n;, Tit1,..dTi,..d}, i.€., we use the
economic variant of SVD or thin SVD [49, Sec.2.5.4]. The singular values shall be ordered:
ol >ob>...> a}éi. Truncating this decomposition to rank r; < R;, we set U; := V;(s, [r4])
and b; 4 := ten(X;([ri], [rs]) Wi(+, [ri]) T) to obtain an approximate decomposition of the TT
core tensor u;. The accuracy of this approximation can be controlled easily since the squared
Frobenius error is given by the sum of the truncated, squared singular values.

Additional Arithmetic Operations

When designing optimization algorithms for constrained problems in tensor space, one often
needs more componentwise operations than only addition, subtraction, and multiplication.
Standard algorithms for constrained problems typically require the computation of special
componentwise functions such as penalty terms, projections, indicators, e.g., for a semi-
smooth Newton method, or the reciprocal x.~!, which is needed to compute the derivative of
a log-barrier term in an interior point method. One option is to approximate such quantities
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by applying Newton’s method to a suitable equation. In the case of the elementwise reciprocal
y = x.”!, one can consider the equation x —y.~! = 0 and solve it for y, see also [43} Sec. 4.4].
The resulting Newton equation given the current iterate y, is y,. 2(Ypi1 —Yi) = —X+ Y5 1,
giving the Newton update y,,; =y, ® (2- 1 —x ®yg). This iteration can be performed
with available operations within the low-rank format; especially no componentwise division
is needed. It can be shown to converge if one chooses the first iterate y, such that sgn(y,) =
sgn(x) and |y,| < |x|.7! (componentwise). One can choose, e. g., Wx for general x or Wl
for x > 0. This iteration was already proposed to approximate tile inverse of structured
matrices [55, Sec.4.1] and is called Newton-Schulz method [I0I]. When implementing it
with low-rank tensors—as done in the example section of htucker—the ranks of the iterates
have to be bounded by truncation. This causes the implementation to be an inexact version
of Newton’s method, which could only be expected to converge if the error caused by the
truncation was controlled suitably, see [55, Sec.2|. In practice, this approach is sometimes
unfeasible because the required ranks are too large. If truncation is performed always to a
fixed rank, one typically obtains only a solution of a certain accuracy, which can be quantified
by |1 — x ® y||[r. In order to guarantee convergence of this truncated iteration for x > 0
one would have to ensure that all iterates fulfill y,, > 0 elementwise. By error control
in the maximum norm || - || this goal could be achieved. Such a rounding procedure is
currently not available to our knowledge. Using the equivalence of norms in finite-dimensional
spaces is not suitable here because of the magnitude of the equivalence constant: We have
|1]|F = /n1 - ng for x € R™M> X" whereas ||1]|o = 1, but can only ensure [|x||oo < ||X]|F
in general, i.e., it could be necessary to decrease the Frobenius norm of the error further
although the maximum norm is small enough already.

A similar iteration, namely y; ,; = %yk ® (3-1—y,.2®x), can be employed to compute
x.~1/2 for x > 0. This gives then access to x| ~x2® (x2+e- 1).71/2, where the addition
of £ -1 with a small ¢ > 0 makes the algorithm more stable. Using the componentwise
absolute value, quantities such as quadratic penalty terms or projections onto boxes can be
approximated with low-rank tensors and used in an optimization algorithm.

In our experiments [46] it was found that the Newton-Schulz iteration performs often well
in practice, but does not give satisfying results sometimes if the entries of the positive tensor
x > 0 are too close to 0. Then we computed y = x.~! by solving the linear system x ®y = 1
by an iterative method working on the low-rank tensor representation, such as ALS, AMEn
or optimization on manifolds, see below.

The iterative methods for computing componentwise functions of low-rank tensors in a low-
rank format described above are all designed for a specific problem. This has the advantage
that they can be analyzed very well, but comes with the drawback that a separate algorithm
has to be designed for each function. A more general approach for computing componentwise
functions is given by sampling some entries of the resulting y, i.e., computing y(k) = f(x(k))
for some indices k£ in some index set K C X?:l [n;]. Then the full tensor in the low-rank
format is computed by some tensor completion method. Such methods aim to find a tensor of
a prescribed or adaptively selected low rank which contains the sampled entries, sometimes
at least approximately. Suitable algorithms are cross approximation [91) 15l [14] or tensor
completion using optimization algorithms such as ALS [62] or optimization on the manifold
of tensors of fixed TT or HT rank |73, 104}, 32].
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************************************

' ' ' ' '
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Figure 2.6.: Product of a TT matrix (below) and a TT tensor/vector (above) represented as
a contraction. If the modes along which one contracts in the resulting network
are “vectorized", a T'T network is obtained. The TT ranks of the result are thus
obtained by multiplying the T'T ranks of the T'T vector and the T'T matrix. See
also [12].

Solution of Linear Equations

In many applications, the solution of linear systems involving low-rank tensors is a key tool.
They arise, e.g., when discretizing PDEs in high space or stochastic dimension. It is then
important that the corresponding linear operators can at least be applied efficiently to low-
rank tensors. For instance, they can be of the following forms:

e Linear operators in the CP format: Given d € N and R € N, let Agj) : R™ — R™ be
linear operators or matrices for i € [d], j € [R]. Consider the operator

R m R

AR e &2 S @AD A @ @) = 3 @A,
7j=11i=1 7j=11i=1

defined by its action on elementary tensors. Operators of this type can be efficiently
applied to low-rank tensors of any type using i-mode matrix products and summation:

R
AX:ZA%) om.../_\gj) o1 X.
j=1

e Linear operators in special low-rank formats, such as HTD for linear operators [76]
or tt_matrix [89]. Operators of this type can easily be applied to HT or TT tensors
giving HT or T'T tensors as a result, respectively, essentially by performing a suitable
contraction. This is visualized in Figure for the case of a product of a TT matrix
and a TT tensor (vector).

e Componentwise multiplication by a tensor y € R™ > X"d: x 5 y ® x is linear and can
be computed by the respective algorithms.

In general, such linear operators between tensor spaces cannot be inverted easily except for
rank-1-operators: If the matrices A; € R™*™ (i € [d]) are invertible, it holds that

NI
(®@~) @~
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so that the inverse of a rank-1-operator can be applied to low-rank tensors via i-mode matrix
products. This fact can be used to construct good preconditioners for operators which are
perturbations of rank-1-operators. For general linear systems, however, iterative methods
have to be applied to compute the solution x € R™* " *"d of Ax = b with b € R™*""*" and
A € L(RM>*xna RUXxXnd) which we assume to be a symmetric operator for simplicity.
There are several options to do this:

e Similarly to the Newton-Schulz method, one can apply standard iterative methods
such as the preconditioned conjugate gradient (PCG) method [75] formulated on the
space R™1* %" hut implemented with low-rank tensors only and round the iterates in
between to avoid infeasible rank growth. See also [11] for a review of such methods, and
[9, 10, 3] for concrete examples. To obtain provable convergence of such an inexact
scheme, the errors caused by truncation typically have to be controlled suitably so
that a guaranteed rank bound for the iterates of the method cannot be provided even
though the solution x of the system may have low rank. If a suitable soft thresholding
procedure is used for rounding to a fixed tensor rank, convergence results of fixed point
methods can be established [11].

e Alternative approaches guess the rank r of the solution x and formulate the equation
Ax = b as a least squares problem, which is then solved on the set of tensors of rank
at most r by optimization over the representing tensors. In the case of the TT format,
x =TT (uq,...,ug) holds and one would solve

min §[|A 7T (u) - b2

Since the map u — 77 (u) is only multilinear and therefore nonlinear in u, this is a
general nonlinear and especially non-quadratic problem. It can be solved locally by
block-wise optimization over the TT cores for example. If all cores except u; are fixed,
a quadratic function in u; is obtained, a stationary point of which can be found by
solving a linear system. This is known as alternating linear scheme (ALS) [62], 9§].
The idea of block-wise optimization can also be applied to more general, nonlinear
optimization problems in tensor space.

e When optimizing over the T'T cores, the problem appears that the T'T representation of
a rank-r-tensor is not unique. In fact, certain rescalings by orthogonal matrices do not
change the represented tensor [98]. Along those rescalings, the objective function will
be constant and its curvature will be zero so that typical convergence results requiring
second-order sufficient conditions cannot be applied. One way to overcome this issue is
to factor out the ambiguity of the representation and work on the manifold of tensors
of fixed rank r. Riemannian optimization algorithms on manifolds are well understood
[1] and were also developed especially for low-rank tensor manifolds [100] [73, [74] [104]
39, [13)].

e Estimating the rank of a solution of a linear system is a very hard task in general.
Therefore, ALS or methods operating on a fixed manifold may not give accurate enough
results. Modifications of ALS such as MALS [62], DMRG [87, ©00], or AMEn [36],
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35] allow the adaption of ranks by essentially optimizing over the contraction of two
“neighboring” TT cores at once and then splitting this optimized tensor into two cores
again as described above when discussing the conversion from TT to HT tensors. At
this point, a rank can be chosen such that, e. g., a prescribed accuracy is met.

Initially, we used the HT PCG method in our implementations with an adequate rank-1-
preconditioner, which is a viable approach. In numerical experiments we found that AMEn
yielded more accurate results with smaller ranks and better computing times [46]. One has
to mention that—to our knowledge—the convergence theory of this method is still limited,
but the method performs well in practice. In principle, it supports operators A in the
tt_matrix format and was extended to operators in the so-called {d, R}-format in [35],
which is essentially the CP format with sparse matrices. We extended it further to also have
componentwise multiplication operatorsﬁl and a rank-1-preconditioner in decomposed form,
i.e., a rank-l-operator T ~ A~!, which has to be given in the form T = ®?:1 PP,

P, € L(R™ R™). There, we also allowed for function handles R; so that also, e.g., inverses
of triangular matrices or certain linear transformations, such as the fast Fourier transform,
could be implemented efficiently.

where

Determination of Maximum/Minimum Entries

For determining stepsizes or feasibility in constrained optimization, it can be necessary to
compute or estimate the maximum or minimum entry of a given low-rank tensor. In [43] it is
proposed to use the fact that the linear mapping y — x®y has exactly the components of x as
eigenvalues. A normed basis of eigenvectors is given by the tensors @7, e}'ﬂ (ke X", [n)),
where e};i € R™ denotes the k;-th unit vector. The element of x with maximum absolute

value can thus be found by performing a power iteration with initial tensor y, := \/ﬁﬂ.

The iterates are given by y; = | x.J. Hence, the iteration can be sped up by squaring

1
[x.7 ||

”X 21j|| x.2" is computed for each j € N. This is implemented in
2le

the example section of htucker. The maximum entry of x is approximated by the sequence

J 2l
Aj o= KOx %2 ) (Rayleigh quotient). It can be shown that |\;| < maxy [x(k)| holds for

x.27 x.27
all 5. Si<nce the> ranks square in each iteration, truncation is necessary. Therefore, one can
only expect to be able to compute a lower bound on the absolute value of the maximum
entry with this procedure. Therefore, we also experimented with an upper bound, which can
be obtained from this iteration: It holds [[x|lse < [[X[los = (x.2 ", x2 )27 for all j € N
and lim; o ||X||25 = ||X||cc. The approximation [|x||3; can be computed from the repeatedly
squared tensor if one handles arithmetic overflow suitably.

Numerical experiments [46] showed us that rounding can be a severe issue in this iteration
so that we did not obtain accurate enough results. For tensors describing a function on a
product set, we therefore chose the multilevel coordinate search (MCS) method [65] a non-
rigorous global optimization routine for box-constrained problems where only function values
are available, to optimize the represented function globally to approximate the maximum
element of the tensor. This approach yielded better results in practice but is limited to
function-related tensors.

each iterate so that only

3The implementation of this task was essentially done by Prof. Dr. Michael Ulbrich.
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2.2. Tensor Products of Hilbert and Banach Spaces

In this subsection we introduce the basic tools and results for tensor products of Hilbert
spaces, following [54] and [116, Sec. 3.4]. We will need this concept to formulate parametric
PDE problems. Note that we only collect the most important facts about tensor products
of Hilbert spaces and point out only a few generalizations to Banach spaces as far as it is
necessary for the functional analytic setting of the semilinear, elliptic PDE with uncertain
inputs discussed in Chapter [3]

Definition 2.5 (Algebraic and topological tensor product of vector spacesﬂ). Let V and W
be vector spaces over a field K € {R,C}. The algebraic tensor product space V&, W of V
and W is defined as the quotient vector space

V ®q W = span{(v,w) :v € V;w € W}/N

with
N = Span{z Z ai,Bj(Ui7wj) - (Z QU5 Z/ijj) :
i=1 j=1 i=1 Jj=1

m,n € N,a;, 8 € K,v; € V,w; EW},

where the span of the set is taken in the algebraic sense, meaning that it consists of finite
formal linear combinations of pairs (v;,w;). This first set of formal linear combinations is
normally referred to as the free vector space over the set V' x W. The equivalence class of a
pair (v, w) is denoted by v ® w and called elementary tensor.

If a norm || - || is given on V ®, W, the topological tensor space is defined as the closure of
the algebraic tensor space with respect to this norm:

Ve Wi=vVa,w

Proposition 2.6 (Characterization of equivalence classesEI). Let V and W be vector spaces
over a field K and let v,0 € V and w,w € W be given. Consider the algebraic tensor space
V ®q W. The pair (0,0) belongs to the equivalence class v ® w if and only if the following
holds:

(v=0Vw=0A(0=0Vw=0) (2.1)

or
(W#EOANwWH#O0)V(O#OAWF#0) and I ceK\{0} s.t. 0 =cv and w = cw.
Case (2.1) holds exactly for pairs belonging to the equivalence class 0 @ 0.

Proof. The proof of this proposition is given in the appendix (Proposition |A.1)). O

4This definition follows [IT6}, Sec.3.4] and [54] Sec. 3.2.2].
®This proposition follows [I16] Exercise 3.11].
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Remark 2.7. More basic facts and notations about tensor spaces are given in [54], Sec. 3.2].
We collect only some of them:

e Tensor spaces are again vector spaces [54] Def. 3.9].
e It holds that V ®, W = span{v @ w: v € V,w € W} [54, Eq. (3.11)].

e The tensor product of two finite-dimensional vector spaces V' and W is again finite-
dimensional. We have V @, W =V @)W =V @ W [54, Notation 3.8(a)].

e Themap ® : V. x W — V @ W is bilinear [54, Lem. 3.10].

o If B is a basis of V and C is a basis of W, then {b®c:b e B,ce C} is a basis of
V ®, W. We obtain dim(V ®, W) = dim(V') dim(W) [54, Lem. 3.11].

o If V, W and X are vector spaces over K and a bilinear map ® : V x W — X fulfills
that span{fv @ w : v € V,w € W} = X and that sets B C V and C C W of lin-
early independent vectors are mapped to a set {b®c:b¢€ B,c€ C} C X of linearly
independent vectors, then X is isomorphic to V ®, W [54, Prop. 3.12].

Example 2.8. Let K € {R, C} and let S and T be some suitable sets, e. g., [n] for some n € N
to represent the vector space K", N to represent vector spaces of sequences or some set S C R"”
to represent more general function spaces. Let V C {v : S — K} and W C {w : T — K}
be vector spaces of K-valued functions on the given sets. Now we can consider the algebraic
tensor product space V ®, W and make the identification of elementary tensors v ® w = vw,
i.e., we say that the elementary tensor v ® w is a pointwise product of functions. We
get an isomorphism between the sets X; := V ®, W and Xa := span{vw,v € V,w €
W} C {x: S xT — K} with the usual equality that © = y for z,y € X if and only if
x(s,t) = y(s,t) for all s € S and all ¢ € T. Therefore, we will frequently use the outer
product @ : VxW — V@, W, (v@w)(s,t) = v(s)w(t) for function-related tensors, see also
[34, Chap.I, Sec.2.4].

Analogously, if U is a Banach space over K and we consider U ®, V', we can identify u ® v &
uv(-), i.e.,

U,V ={y:S—=Us.t IneN, (u,v) € UxV with y(s) = ka(s)uk Vse St

k=1
see [34, Chap.I, Sec.2.4]). This means that we can identify elements of the tensor product
space U ®, V by U-valued functions on the set S.

We briefly discuss how linear maps from one tensor space to another can look like. It is
important to observe that linear maps are uniquely determined by their action on a basis, in
our case on certain elementary tensors. When having linear maps ¢ : V.— W and ¢ : VoW
between K-vector spaces V, f/, W, and W, the tensor product of these maps is defined by

(P @ Y)(v© D) := p(v) @ P(0). (2.2)
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This tensor product is an elementary tensor in the space L(V, W) ®, L(V,W). Tt holds that
LV, W) @4 LV,W) C LV @, V,W &, W) with equality if the spaces V and V are finite
dimensional [54, Prop.3.49].

Let now V and W be Hilbert spaces over K € {R, C} with the inner products (-,-)y and
(-, -)w, respectively. Elements of their algebraic tensor product X, = V ®, W can be written
as finite linear combination x = Z;’il a; v; @ w; of elementary tensors. Therefore, an inner
product on the algebraic tensor product space can be defined in a natural way [116], Sec. 3.4]:
Forz = 371" a;v; @ w; € Xg and y =37 B0 ® w; € X, the inner product is given by

x y = Zzalﬁj Uzavj)V (wiawj)Wa (2'3)

where @; denotes the complex conjugate of «;. It can be shown that this is well-defined
meaning that the value of the inner product does not depend on the representation of x and
y and that this defines a scalar product, the so-called induced scalar product [54, Lem. 4.124].
The completion X of X, with respect to the norm induced by this scalar product is called
the complete tensor product of the Hilbert spaces V and W and is itself a Hilbert space. We
denote it by V @ W.

We collect some facts about the complete tensor product V ® W of two Hilbert spaces V'
and W and the induced inner product (-,-)ygw:

e If B is an orthonormal basis of V and C' is an orthonormal basis of W, the set
{b®c:be B,ce C} is an orthonormal basis of V @ W [116, Thm. 3.12(b)|.

e The norm ||z||lvew = v/ (2, 2)vew is a reasonable crossnorm [54, Def. 4.66, Lem. 4.67],
i.e., [[v®@wllvew = [[v||v||w|lw holds for all v € V, w € W and [[¢ @ ¥[|vew) =
|l ¥||w+ holds for all ¢ € V* b € W* [54], Prop. 4.127].

Vv

e As a Hilbert space, the space V@ W is reflexive. Its dual spaceis (VR W)* =V @ W*
[54, Lem. 4.75].

e The norm || - ||[vew is a uniform crossnorm [54, Def.4.77], i.e., for any operators
Ae L(V,V)and B € L(W,W), the operator A® B belongs to L (V @ W,V ® W) and
has the operator norm [|A ® B||svewvew) = [|Allzvv)l|Bllzovw) 54, Prop. 4.127].
The same holds for the norm || - ||y g+, which is also a uniform and reasonable
crossnorm [54, Prop. 4.80].

Note that we can extend all statements in this section to tensor products ", V; of m € N
vector or Hilbert spaces V;, since the tensor product is associative. & : X?ll Vi— Qi Viis
then a multilinear map and the properties hold in an analogous sense, see also [54], Sec. 3.2.4].

Example 2.9 (Tensor product of L2-spaces). Let m € N open sets Z; C R (i € [m]) be
given and equipped with the Borel o-algebras and given probability measures P;, respectively.
We consider the spaces LIQPZ_ (Z;) of R-valued random variables with finite variance and their
tensor product @;; L (Z;). Equipped with the scalar product (v,ﬁ)Lﬁ.(Ei) = sz vo dP;
these spaces are Hilbert spaces. According to Example we identify ezlementary tensors
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by the product of univariate functions: (v' ®v?®...®@v™)(£) = v1(&)v?(&) - - -v™ (&) for
every £ € = := X?il =Z; C R™. We compute the inner product of two elementary tensors:

(®u R )®m . _ﬁl v, o) H):ﬁ</_v%idm>: Qv @i dP.

= i=1 i=1 =i Zi=1 i=1

This holds due to Fubini’s theorem and P := ®[,P; is the product measure of the measures
P; (i € [m]). Due to linearity we see that this scalar product is exactly the L2( )-inner
product (V,\NI)L]%(: J= vV dP. Since any algebraic tensor has a finite norm in Li(2), we

get @4 Lﬂ%i(Ei) C L3(Z) with the used identification of the tensor product using that the
closure of a subset of a set is contained in its closure. We want to show that the sets are in
fact equal. Note that the simple functions on = that are obtained as finite linear combinations
of tensor products of simple functions in one variable are dense in L2(Z). Since they are also
square integrable and therefore contained in the tensor product space , @:", L2 (:Z) this

algebraic tensor product is actually dense in L2(Z) and its closure therefore equal to L2(Z),
cf. |34, Chap.I, Sec.7].

This example raises the question if it is generalizable to LP-spaces with p € [1,00]. If it
comes to tensor products of general Banach spaces instead of Hilbert spaces, the construction
is no longer valid since no inner product exists and a similar construction with norms is
not possible. Instead, one has to define a suitable norm on the algebraic tensor product and
complete it w.r.t. this norm. In general, one can always define the so-called projective norm
[54, Sec.4.2.4], which is the strongest nornﬁ on V ®, W ensuring continuity of the tensor
product mapping Vx W 3 (v,w) = v@w € V®, W, and the injective norm [54l, Sec. 4.7.2],
which is the weakest norm on V ®, W yielding a dual norm on (V ®, W)* rendering the
tensor product mapping V* x W* 35 (¢, ¢) — o @19 € V¥ @, W* C (V ®, W)* continuous.
However, in the case of LP spaces, it is more suitable to work with the LP norm on the
product set:

Example 2.10 (Tensor product of Lp—spaces).m Let p € [1,00) and consider the spaces
Lp (:Z) of R-valued, p-integrable random variables and the algebraic tensor product space
a ®Z LB (HZ) in analogy to Example Identifying functions in this space with functions
on =, we equlp Qi LY _(E;) with the LL(E) norm. Indeed, this norm is finite for any
algebraic tensor since it is ﬁnlte for any elementary tensor:

- /)Hv Pz, —HWH

Therefore, we can complete the algebraic tensor space w.r.t. to the Lﬁ(E) norm to obtain
&2, Ly, (Zi) C Lp(Z). By the simple functions argument from Example [2.9) we even obtain
equality of the sets. Note that this does not work any longer for p = co so that in general
Qi1 Lg (Ei) © L§°(E) holds, see [34, Chap. I, Exercise 7.2].

[®1,

5See [54], Prop. 4.46] for the precise meaning of this statement.
"cf. [54, Example 4.40] and [34, Chap. I, Sec. 7]
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Switching back to Hilbert spaces, we introduce a space, which is typically used for the
functional analytic setting of linear, elliptic PDEs with uncertain coefficients.

Example 2.11 (An anisotropic Sobolev space). Let for some n € N an open domain  C R”
be given and consider the Sobolev space H'(§2) of weakly differentiable L?(Q) functions with
L?(2) derivatives. Moreover, let (Z, F,P) be a probability space, cf. Example Now we
consider the tensor product H'(Q2) @ L(Z). Again, we compute the induced inner product
of two elementary tensors with v, 9 € HY(Q), w,w € L3(Z):

(VO W,V QW) g1 ()er2(z) = (/QvﬁJer-Vﬁdx) (éwﬁ;d}?) —
:/E/S2(9®w)(@®w)+vx(v®w)'Vx(f)®u~))ddeP’

Similarly as above this extends to the whole space, which can also be characterized analo-
gously to an anisotropic Sobolev space [54, Sec.4.2.3]. We identify H'(Q) ® L(Z) = {y €
L*(Q x B) : O,y € L2(Q2 x ) Vi € [n]}. The partial derivatives w.r.t. the space variables
are weak derivatives. This space is also isomorphic to the Bochner space L3(Z; H(2)) of
H!(Q)-valued random variables with finite variance [102, Thm. B.17], [34, Chap. 1, Sec. 7].

Again, we want to extend this example to Bochner spaces with general p € [1,00) to obtain
the space of choice for the semilinear, elliptic PDE with uncertain coefficients discussed in
Chapter 3| For a given Banach space Y and a measure space (2, A, ), the Bochner space
LE(;Y) (p € [1,00]) is the space of equivalence classes of strongly measurable functions
Yy : = — Y such that the norm

1
lizey, = (| I} due))? (o€ 1o0)),

1Yl e (z;v) = esssup [y (w)[ly
we

is finite. If Y is a Hilbert space, LZ(Q; Y') is a Hilbert space with inner product
@ )gi0m) = | W) 0@y du(e).

More information about Bochner spaces can be found in, e.g., [66, Chaps. 1 and 2].

Example 2.12 (Connection to Bochner spaces). Let Y be a Banach space, let (2, F,P) be
a probability space and let p € [1,00). Consider the algebraic tensor product ¥ ®, LE(Z).
As seen in Example 2.8 we can identify an elementary tensor y ® w with a Y-valued function
y on = via y(§) = yw(§). Using this identification, the space Y ®, LL(Z) can be endowed
with the LE(E;Y)-norm, which is finite on the algebraic tensor product:

Iy wllyeyy = [ I 0(©)P & = [yl ol e, < .

By the argument that simple functions of the form >}, yr 14, (-) with y, € Y, Ay € F
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are dense in LE(Z;Y), see [34, Chap. 1, Sec. 7.2|, we obtain equality of the completion of the
algebraic tensor product and the Bochner space: Y ® LE(E) = LE(Z;Y).

We have seen in that tensor products of linear maps ¢; € L(V;, W;) are defined by
their action on elementary tensors. By linearity, this definition extends to the algebraic tensor
product space: @, i 1 o@ity Vi = Qe Wi C Qi Wi, If @, @i is bounded, it can
be uniquely extended to the space @, Vi as it is defined on a dense subset. Note that it
is important to know the norms on the tensor products of spaces to derive continuity of the
tensor product of operators even though each operator ¢; itself might be bounded.
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3. A Class of Optimal Control Problems
under Uncertainty

In this chapter, we present a class of risk-neutral optimal control problems under uncertainty
with a semilinear, elliptic PDE as state equation. A suitable functional analytic setting in a
Bochner space is developed such that all appearing functions are well-defined and the optimal
control problem admits a solution. The connection to tensor products of Banach spaces as
discussed in Example is drawn. Furthermore, adjoint formulations of the derivatives of
the reduced objective function are derived to enable the efficient, gradient-based solution of
problems of this class.

3.1. Problem Formulation

Let £ € R™ be a vector of m € N independently distributed, real-valued random variables.
Note that we do not consider a more general probability space here, but involve directly
the finite noise assumption as done in [70]. These finitely many random variables can also
originate from a truncated Karhunen-Loéve expansion [106, Thm. 11.4| of some random field.
Then they are only uncorrelated, and independence has to be assumed or shown addition-
ally; for example, it follows from uncorrelatedness if they are Gaussian. They will act as
uncertain parameters in the systems we consider. For each parameter &; (i € [m]) we have
a corresponding sample space Z; C R equipped with the Borel g-algebra and a probability
measure IP;. Due to the independence of the random variables, the random vector £ gives rise
to the product measure P := ", P; on = := X;’il =, cf. Example We define the mean
as £ := 2 &£dP. For a function v : £ — R, the expectation is defined by E[v] := [ v dP.

Now let Y and U be Hilbert spaces of deterministic functions and denote by Y* the dual
space of Y. We consider parametrized, nonlinear PDEs of the form

A(Ey(€) + N(y(£),€) = B(§)u+ b(E) (3.1)

with strongly measurable functions A: T' — L(Y,Y*), N: Y xE—>Y* B:=Z — L(U,Y")
and b: 2 — Y*, cf. [70]. Moreover, y(§) € Y is the parameter-dependent state and v € U
the deterministic control. Writing

E(y,u,8) == A(§)y + N(y,£) — B(§)u — b(¢)

we have a state equation of the form (I.1). We want to control the system prior to the
observation of the parameters, only knowing their distribution. Typically, one wants to

minimize an objective function depending on the state and the control, like the squared
deviation Ji(y(£),u,&) = 1{|Q()y(€) — 4(&)||3; of the state from a desired state §(¢) € H,
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3. A Class of Optimal Control Problems under Uncertainty

skipping regularization of the control here, where H is a Hilbert space and @ : = — L(Y, H) is
strongly measurable. This quantity is a random variable. Therefore, we have to incorporate
a risk measure into the objective function to handle the uncertainty in the system. This risk
measure can be the expectation or the conditional value-at-risk (CVaR) for example.

In [69, [70] the authors view all parameter-dependent quantities in (3.1)) as Banach space-
valued random variables and formulate the problem in a suitable Bochner space. The state
is a function y : = — Y, which is required to have finite variance, i.e., to be contained in
the Hilbert space L(Z;Y). They assume the continuous dependence of the solution y on
the parameters £ to be able to use a stochastic collocation approach and to approximate
stochastic integrals with sparse grids. In contrast to that we formulate in the Bochner
space LL(Z;Y) and apply a stochastic Galerkin discretization later, where p € [2,00) has to
be chosen appropriately, and with the identification y(x, &) = y(§)(z) as described in Section
The state space is Y := LE(Z;Y) and the image space is identified with Y* = Lﬁ* (Z;7")
with p* = z% € (1,2]. Then, for some b € Y*, b(-,£) belongs to Y* and b is applied to
y €Y via (b,y)y-y = [z (b(-,€),y(-,§))y+y dP. Problem is formulated equivalently
as

Ay+ N(y)=Bu+b (3.2)
withy €Y, Ae L(Y,Y*), N:Y 5 Y* BeL(U,Y*) and b e Y*:
(Ay)(- &) = AE)y(&), (N () (- €) = N(y(£), ),
(Bu)(+€) := B(&)u, b(:,€) := ().

The space of the desired state q is H := L3(Z, H), q(-,€) = §(£), and the operator Q €
L(Y, H) is the tensor version of @, i.e., (Qy)(-, &) := Q(&)y(&).

Throughout, we assume that q € L]%(E; H) holds. If the operators A, B, the functional b
given after , and the operator () are well-defined and in particular regular enough w.r. t.
the parameters, meaning that they are g-integrable with a large enough ¢ € [1,00) or even
essentially bounded, the tensor operators A, B, QQ, and the functional b are also well-defined:

Proposition 3.1. Let Y and Z be Banach spaces and let = C R™ be measurable and equipped
with the probability measure P. Let py,pz € [1,00], py > pz be given and define Y :=
L]DY(:7 Y) cmd Z =LY% (5;2)). Assume that A € Lg* (2, L(Y, Z)) holds forra € [1,00] such
that =+ = = o, i.e., [z[|A(§) L:YZ dP < C"™ < oo forra < o0 and [|[A(§)llzv,z) < C
fOTIP’ a €. 56_ m the case rq4 = 00

Then, the operator A defined by (Ay)(-,f) = A(&)y(&) for all £ € Z belongs to L(Y , Z) and
in particular it holds that | Ay|z < Clly|ly for adly €Y.

Proof. This result is obtained by some standard estimates. In the case gz < oo we have

| Ayl = / I(Ay)(-€) 22 dP = / IAE)y©)I dP

Hoélder’s inequality

< Ao

zZ ‘ |pZ
L(Y,Z)

< 7yl

LiA/PZ (3) HH?/

LPY/PZ( )
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3.2. A Class of Semilinear, Elliptic PDFEs with Uncertain Coefficients

using f—j + g—i = 1. In the case py = oo, it follows that py = co and r4 = oo. Thus,

lAylz = ess sup 1(Ay)(-,&)l|z = esssup [[A(E)y(€) ]|z

==
< (GSSSBPHA(S)HL(Y,Z)) (esgsypHy({)HY) <Cllyly.
SS) [SS)

O
This proposition can be applied to the operator A from (3.2)) by setting Z = Y*, py =
p € [2,00), and py = p* = z% € (1,2]. We then need ry = 1% to obtain a bounded linear

operator A € L(Y,Y™).
Remark 3.2.

e Note that in the case p = 2 we require the uniform boundedness of the operators A(¢)
due to 74 = oo; 2-integrability w.r.t. the parameters would not be sufficient.

e The same proposition applies in a similar manner to the operators B and @ and the
functional b. The operator @, for example, must belong to L?F,p /(p=2) (E;L(Y,H)) for
the operator Q € L(Y, H)) to be well-defined since we have py = p € [2,00), pg = 2.

e For the nonlinear operator IN, a similar estimation cannot be done; therefore it will be
part of the assumptions that it is well-defined.

Using the expectation as risk measure, we obtain the regularized optimal control problem

: 1 _All2 ol 2 —
yeI}I’l,lz?eUJ(y’u) =51Qy —dllg + 3llully st. E(y,u) =0, u€Uyg (3.3)

with the definition E(y,u) := Ay + N(y) — Bu — b and a nonempty, closed and convex set
of admissible controls U,q C U. Note that the H-inner product is the expectation of the
H-inner product: (q,v)g = [z (q(-,€),v(-,€))r dP. Hence, the objective function can be
written as the expectation of some deterministic objective function:

J(y,u) :ﬁJ[é](y(i),U) dP with  J[¢](y,u) := 3|Q(E)y — a@)F + Flulf.  (34)

Having
Sy, u,€) = 51QE)y — aNF,  J2(u) = FulF, (3.5)
and R = E this fits into the general setting (|1.2]).

3.2. A Class of Semilinear, Elliptic PDEs with Uncertain
Coeflicients

In this section, we concretize the model problem and discuss a class of parameter-dependent,
elliptic PDEs. For this purpose let  C R™ (n € {2,3}) be an open, bounded domain with
Lipschitz boundary 9Q. We choose Y := H{(Q) as state space, i.e., the Sobolev space of
weakly differentiable L?(2) functions with L?(Q) derivatives and zero boundary data in the
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3. A Class of Optimal Control Problems under Uncertainty

sense of traces. In the light of Poincaré’s inequality [60, Thm.1.13]|, we equip this space
with the inner product (v,@)HS(Q) = [ Vv - Vodz, which is not the standard H'()-inner

product given by (v, ) g1(q) = Jov0+Vv-Vide. U := L?(9,) shall be the control space,
where (), can be a measurable subset of ) for example or—for finite-dimensional controls—
Q, = [ny] for some n, € N. The control will act as distributed control on the system via a
linear, bounded operator D € L(L*(f2,), L?(2)). Boundary control with, e.g., O, being a
subset of 0f2 can also be handled by the algorithm presented later, but is not discussed here.
The parameter-dependence of the PDE is due to an uncertain, space-dependent function
k € L%®(Q2 x =) and due to a parameter-dependent right-hand side offset f(¢) € L?(Q2). The
considered semilinear, elliptic PDE is

—div (5(-,§)Vy) +o(y) = Du+ f(§) (nQ), y=0 (ondN), (3.6)
where ¢ : R — R is possibly nonlinear.
Assumption 3.3. We require the following additional properties of the problem data:

e The function k € L>®(2 x Z) is uniformly bounded and positive, i.e., there exist
constants k, k € (0,00), k <&, such that £ < k(z,&) <& holds for almost every z €
and ¢ € E, cf. [44].

e The function ¢ : R — R is twice continuously differentiable and monotonically increas-
ing. Its second derivative fulfills the growth condition

" ()] < agn + c:;//|t|p_3 (3.7)

for all ¢ € R with constants (I:;//, C:;// > 0 and the exponent p € (3,00) if n = 2 and
p € (3,6] if n = 3.

e It holds that f € L (Z; L?(Q)) for some r; € [p, o0] with p from (3.7).
e D:U — L?(Q) is linear and bounded.
Remark 3.4.

e The growth condition (3.7)) implies similar conditions for the function ¢ itself and its
first derivative by Lemma with the exponents p — 1 and p — 2, respectively.

e An additional dependence of ¢ on the parameters £ and the space variable x could be
included easily (see Section [A.4)), but is skipped here to keep the presentation compact.

e The assumption on ¢ is used to show that the induced Nemytskii operator is well-
defined and twice continuously differentiable.

The weak formulation of (3.6|) is

(5(+, &) Vy, V) 2y +/QSD(?/)U dz = (Du,v)p2q) + (f(§),v)2(@) Vv eY. (3.8)
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Proposition 3.5. Under Assumption the state equation (3.8)) has a unique solution

y(&) = S[¢](u) € Y NC(Q). It satisfies the estimate

ISEl @)l () < S2NIDu+ £(£) = 9(0)] 20, (3.9)
where Cq s the constant from Poincaré’s inequality depending only on 2.

Proof. Existence is shown in, e.g., [60, Thm.1.25, Remark 1.12]. The Sobolev embedding
H'(Q) — LP(Q) implies that the nonlinear part of the equation is well-defined. The given
a priori estimate can be proven by inserting v = y into and using (p(y) — ¢(0))y >0
because of the monotonicity of . O

The map S[¢] : U — Y is the parametrized control-to-state mapping. We want to empha-
size that the uncertain parameters enter only in the realization f(§) of the right-hand side

in the estimate (3.9)).
With Y* = H}(Q)* =: H~1(Q) and the definitions

A(E) Y = Y7, (A(&)y, v)y-y = (K( VY, V) p2(yn,

N:Y XE=Y5 (N8, v)y-y = /Q“O(y)vdx’ (3.10)

B(&):U = Y™, (B(u, v)y.y = (Du,v)r2(q),
b(§) € Y7, (b(&), v)y-y = (f(§),v)r2(0)

for every v € H} (), can be written in the form of (3.1). Parameter dependence of the
operator B can be handled, but we consider only this fixed form for simplicity reasons.

Now, writing y(-, &) = y(£)(-), we use the state space Y = LE(Z; H}(2)). We require p to
be chosen according to Assumption 3.3} Especially, if ¢ is a truly nonlinear function, p > 3
is required to get a twice continuously differentiable Nemytskii operator. In the linear case
p =0, p = 2—as also allowed in Section [3.1}—is sufficient and a better choice since Hilbert
space theory can be applied then, see, e.g., [46]. We write as an equation in Y, in a
weak sense also w.r.t. the parameters: Ay + N(y) = Bu+ b as in , where

AY — Y*a <Ayav>Y*,Y = / (’%(7£)V$y()£)7va(>£))L2(ﬂ)” dP,

N:Y =YY" (N(y),v)y-y :/

/gzw(y(w,f))v(:c,f) dz dP

1]

(3.11)
B:U—=Y" (Bu,v)y-y = / (Du,v(+,€)) 2(q) AP

1]

beY®, (bv)y-y — / (F(€),0(- )2y AP Vv €Y

This equation has a unique solution in Y, which we prove using the theory of monotone
operators and pointwise considerations. First note that the operators in (3.11]) are well-
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3. A Class of Optimal Control Problems under Uncertainty

defined. For the linear operator A this follows from Proposition because A belongs to
Ly (S LY, YY) C LV P25 L(v,Y7)):

A vy~ = sup k(- VY, Vo) 2y < ||6( )Ly <F

yveY [lylly =llvlly=1
holds for a.e. £ € = by, e. g., Holder’s inequality and the Cauchy-Schwarz inequality on R™.

This gives that [ HA(&)HIZ/((;J;E)) dP < 7P/(P=2) for any p € [2,00) and especially p € (3,00)

by Proposition and thus that A is bounded: ||Al[[z(y y+) < &. Similarly, we compute
bounds for the norms

1B ey = sup (Du,v)2(0) < 1Dl 2w, 2(02))
ueUweY |lullu=1,|lv|y=1

resulting in || B||zw,y+) < Dl zw,12(0)), and

[6lly== sup  (f(§):v)r2) < 1f(O)llr2)

veY,||v]|ly=1

implying [|blly+ < [If]l,»* =12(0) & in Proposition As long as ry > p* holds, which
P \=

can be deduced from Assumption this is bounded by Proposition Therefore, all

appearing linear operators are bounded and also twice continuously differentiable.

Proposition 3.6. Under the conditions on ¢ and p stated in Assumption[3.3, the nonlinear
superposition operator N :'Y — Y™ as defined in (3.11)) is well-defined, monotone and twice
continuously Fréchet-differentiable. The derivatives are given by

(N’(y)v,@y*,y:/:/Qgo’(y(:n,g))v(x,f)ﬁ(x,g)ddeP’,

(IN" (y)0]w, By~ y = / /Q o (y (2, €))v(, €)w(x, ) (x, €) da dP.

Proof. This statement is proven in Section [A.4] Note that Lemma shows that Assump-
tion is satisfied for the function ¢. O

For a discussion of the more concrete case ¢(t) = t3 and p = 4 see Section in the
appendix.

Unique Solvability of the State Equation
Now we show that the equation
N(y):=Ay+N(y)=b, yeY (3.12)

has a unique solution y € Y for all b € Y* with b = Bu + b, where u € U is given. For
this purpose we use the following theorem, which is obtained by combining Theorem 26.A,
Definition 25.2, and Definition 26.1 in [I17]:
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3.2. A Class of Semilinear, Elliptic PDFEs with Uncertain Coefficients

Theorem 3.7 (Excerpt from the Minty-Browder theorem about monotone operators). Let
Y be a real, reflexive Banach space. Let N : Y — Y™ be

o strictly monotone, i. e., (N(y) — N(§),y — )y=y >0 holds for ally #g5 €Y,

(N(y),y>y*7y

= o0, and
llylly

e coercive, 1. e., limyy ), o0
e hemicontinuous, i. e., the real function t — (N(y + ty), v)y=y is continuous on [0, 1]
forally,y,vey.

Then, the equation B
N(y)=b, yey

has a unique solution y € Y for all right-hand sides b € Y*; The inverse operator N1
Y* — Y exists and is strictly monotone, i.e., (N7L(b) — N7Y(b),b — byyy~ > 0 for all
b#beY" and bounded. If N is additionally

e strongly monotone, i.e., there exists ¢ > 0 such that (N(y) — N(§),y — @)y-y >
cly — g3 holds for all y,§ €Y,

the inverse operator N~1 is Lipschitz continuous with Lipschitz constant ¢=.
Remark 3.8. Note that a strongly monotone operator N is always

e monotone, i.e., (N(y) — N(§),y — §)y=y > 0forall y, g € Y,

e coercive, and

e strictly monotone.

Corollary 3.9. Under Assumption the state equation (3.8) has a unique solution y(§) =
S[E](u) € Y for almost every & € 2. The parametrized control-to-state mapping S[¢] : U — Y

CollPllew,2()

is Lipschitz continuous with constant -

Proof. The operator A(§) defined in is strongly monotone on Y = H}(Q2) with constant
k for a.e. £ € Z. The nonlinear operator N is well-defined by the growth condition and
the Sobolev embedding H{ (Q) < LP(), which implies o(y) € LP/P~D(Q). Tt is monotone
due to (p(y(x)) — ¢(g(x)))(y(z) — g(x)) > 0 for all x € Q and arbitrary y,y € Y because of
the monotonicity of ¢. Thus, the operator N(£) = A(§) + N : Y — Y* is strongly monotone
with constant k. It is continuous (and therefore hemicontinuous) because A(§) is bounded
and N is continuous as discussed in Section Hence, Theorem can be applied to
deduce the statements. O

Remark 3.10. Proposition [3.5] provides the same statement as Corollary [3.9 with the addi-
tional fact that the solution y(&) is continuous on 2.

When trying to verify the prerequisites from Theorem for (3.12) it turns out that strict
monotonicity and hemicontinuity of N on Y = LE(Z; H}(Q)) can be shown quite simply.
Hemicontinuity follows from well-definedness and continuity, and strict monotonicity follows
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3. A Class of Optimal Control Problems under Uncertainty

from the strict monotonicity of A and the monotonicity of IN. Strict monotonicity of the
operator A is equivalent to (Ay,y)y-y > 0 for all y € Y \ {0}. This is true due to

<Ayay>Y*,Y = / (K‘(ag)vzy(ag)avmy(ag))LQ(Q)" dP
Z kK Hy('aé)H?—[&(Q) dP > 0.

The last term is 0 if and only if Hy(‘,f)HHé(Q) = 0 for almost every £ € = such that for

y # 0 we get strict positivity. But the operator IV is not coercive on Y. This issue can be
overcome by considering a larger space endowed with a weaker norm, see Section for a
concrete choice of such space in the case p(t) = t3.

In the general case, we show existence and uniqueness of a solution by constructing it
pointwise for a.e. £ € =.

Definition 3.11 (Control-to-state mapping). Let S : U — Y defined by S(u)(z,§) =
SE](u)(z) for almost every & € =, where S[¢](u) is the weak solution of (3.8), i.e.,

(A(©)S[E](u) + N(S[E](u),€) = b(&),v)y=y =0 YveY (3.13)

with b(€) := B(&)u + b(£).

We show that S is well-defined. Measurability of the weak solution S(u) w.r.t. £ can be
shown using the following theorem:

Theorem 3.12. Let A: = — L(Y,Y™) be Bochner measurable and such that A(§) is strongly
monotone with constant k > 0 (independent of §) for almost every § € Z. Letb: = — Y™ also
be Bochner measurable and let N :' Y — Y™ be a deterministic, monotone and continuous
operator.

Then, the function & — y(§), which is defined almost everywhere on =, where y(&) is the
unique solution of the equation A(§)y + N(y) = b(&), is also Bochner measurable.

Proof. W.l.0.g. we assume N (0) = 0. If this is not the case, we can subtract the value N(0)
from both sides of the equation without changing the required properties of the nonlinearity
and the right-hand side. For the rest of the proof, we consider only random vectors £ €
Ex = {{ € E: A(€) is strongly monotone with constant k}. By assumption, the set E, C
has measure 1. Observe that the equation A({)y + N(y) = b(§) has a unique solution y(§)
fulfilling [|y(&)|ly < L(b(¢)|ly+ by Theorem ﬁ in analogy to Corollary [3.9|for every £ € Z.

Due to the Bochner measurability, there exist sequences (Ap)nen, An : E — L(Y,Y¥)
and (bp)nen, bn : E — Y™ of simple functions with limy, e [[A(§) — An(§)llzvy+) = 0
for every £ € Z4 C E and lim, o0 ||B(E) — by (&)]ly» = 0 for every § € Z, C E, where
P(Z4) =1 =P(5). Overall, we obtain

lim [JA(E) = An(Oll vy + 16(6) = bn(&)[ly+ =0
n—oo
for all £ € E, N ZE4 N &y, which is a set of measure 1. Due to convergence we can assume

w.l.o.g. that also A, (€) is strongly monotone with constant 5 for all £ € E, NE4 N Z; and
all n € N by possibly restricting to a subsequence.
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Now define the sequence (yp)nen, Yn : = — Y, where y,(£) is the unique solution of the
equation A, (§)y+N(y) =b,(§) for £ € 2. NEANEp and yp(§) =0for £ € E\ (ELNZEANTy).
The elements of this sequence fulfill ||y, (&)|ly < 2||b(€)||y~ for all ¢ € Z. They are also simple
functions. If A,, takes N4 < oo many values on Z(Y, Y*) and b, takes N, < co many values
on Y* then y,(£) admits at most NyN, + 1 < oo many values.

Now we show that indeed limy oo ||yn(€) — y(§)]ly = 0 holds for almost every & € E,
namely for all £ € E, N =4 NE,. By strong monotonicity of A(£) and monotonicity of N we
get, skipping the argument &:

0 <&lly = yall¥
< (AW = Yn)y = Un)y=y +(N(Y) = N(Yn), ¥ — Yn)y=y
=(Ay+ N(y),y — yn)vy=y — (AYn, ¥ = Yn)y=y — (N(Un), ¥ — Un)y=y
=,y —yn)y+y + (A0 — DY, ¥ — Yn)y+y — Ons ¥ — Yn)v=y
= <b — by + (An — A)Yn,y — yﬂ)Y*,Y
< (16 =bally+ + 2[An = All vy llblly<)lly = vally-

This results in

(&) = yn(©)lly < £lI6(E) = ba(E)lly+ + ZAn(§) — A©)llc(vy+lIb(E)]

Y *

proving the limit lim, o ||yn(§) — y(§)||y = 0 for all £ € E, NE4 N Ey. Thus, the function
y : 2 —= Y is Bochner measurable. O

Remark 3.13. The proof of Theorem [3.12] shows that the solution y of the equation Ay +
N(y) = b depends continuously on the operator A and the right hand side b.

Corollary 3.14. The function & — S[¢](u) € Y, where the parametrized control-to-state
mapping S[E] is implicitly defined by (3.13), is measurable.

Proof. Obviously, all prerequisites from Theorem [3.12] are fulfilled. O

Corollary 3.15. Under Assumption[3.3, the control-to-state mapping from Definition[3.11] is
well-defined. It holds that S(u) € L"f(Z;Y), i. e., S(u) inherits its {-reqularity (integrability
or essential boundedness) from f(-).

Proof. By (3.9) we have the estimate

C
1S (@), )z py < %HDU + 1) = (02 forae §€E.

Since f € Ly (Z;L%(R)), this shows, together with the Bochner measurability (Corollary
3.14), that S(u) € Ly (5;Y) € LL(Z;Y) = Y. The inclusion of Bochner spaces holds true
by Proposition [A.2]if 77 > p. O

Note that this regularity can be reduced if the function £ +— % with a parameter-

dependent coercivity constant x(€) > 0 for the operator A(¢) does not belong to L (Z). We
do not consider this case because we need the uniform coercivity for error estimation later.
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Proposition 3.16. Under Assumption the function y = S(u) (Definition is the
unique solution of the equation Ay + N (y) = Bu+ b as defined in (3.11) and (3.12)).

Proof. The equation can be written as

LAy + Nw(.€.9 = Be), o O)y-y dP=0 Vv eY.

The integrand vanishes for almost every £ € = if y = S(u) is inserted. Hence, S(u) €
LE(Z; Hi(2)) (Corollary [3.15) is a solution of the equation.

Uniqueness of the solution in Y can be proven as follows: Let y,y € Y both solve (3.12)).
Then, subtracting the state equation for ¢ from the one with y and testing with y — ¢ yields

0= (Aly ~9).y— Gy-y +(N@ ~ NGy~ Dy > aly — 3z m e >0

giving y = y almost everywhere. O

Example 3.17. To be more concrete, let us consider a specific form of the coefficient function
k. We define a mean function xo(x) and some functions n;(x) (i € [m]) describing the amount
of influence of the parameter &; over the domain 2. We set

.9 1= ro(o) (143 (o).
=1

Defining r;(x) := ko(x)ni(xz) we have k(z,&) = ko(z) + > i, &ki(z), which is the form for
random fields originating from a truncated Karhunen-Loéve expansion. If we have xkg,n; €
L>(Q) for all i € [m], ko uniformly positive (0 < kg < ko(z) < Ko < 00), bounded random
variables, i.e., 3C > 0s.t. P{{ € E: |{] < C}) = 1, and 7; also suitably bounded (e.g.,
ni(z)| <M < & for a.e. @ € Q and all i € [m]), then the prerequisites on  from above
are fulfilled and we get an L3(Z; H}(2))-elliptic operator A.

With & having the specific form from Example the operator A has a useful structure:

Lemma 3.18. The operator A defined in (3.11) with k(z, &) = ro(z)(1+ > &ni(x)) as in
Ezample can be written as

A:A0®<§I)+§;Ai®(§gij>

with the Kronecker product of operators as in Sectz’on identifying Y* =Y* ® Lf;;j (E1)®
- ®@LE (Em), and with Ag, A; € L(Y,Y*) and Sy; € L(LE,(Ey), Lﬁi: (27)) (i,7 € [m)) defined
by

(Aoy, v)y=y := (ko VY, Vo) poqyn,  (Aiy, v)v=y := (ni ko VY, V) 2(q)n,

Sy =1 fori,j€[ml], i#j, (Sjv5)(&):=¢& - vi(&) forje[m].
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3.3. Existence of a Solution to the Optimal Control Problem

Proof. At first, we split up the parametrized operator A({) using the definitions of (-, &),
Ag and A;:

<A(€)ya U>Y*,Y = ("Q('v g)vy) vU)LQ(Q)"

= (KoY, V) r2gyn + 3 &ilkoniVy, Vo) r2()e
=1

= ((Ao + Z&Ai)y, U>Y*7Y
=1

Next we consider an elementary tensor y = y®@ v1 ® ... vy, € Y, i.e., y(z,§) = y(z) -
H;n:l v;(&;), and compute for fixed &:

>:

& [Tvi) =

j=1

A©)y(,6) = (A0 + Y &4:) (w0 - [Tvi(&)
i=1 Jj=1
= Aoy() - [T wi (&) + D Aiy() -
j=1 i=1

E
K)C
=
~m
+
-
=
&
®
(E
502
=
Nt
™

— ((4op) @ (

J=1 i=1 j=1

Thus, we can write the operator A as A = Ap® (®;n:1 I) +Y AR (®;n:1 ~ij>. Because
of linearity and continuity this extends to algebraic and topological tensors y as seen at the
end of Section The operator A is continuous from LE(Z;Y) to LY (Z2;Y™*) as already
noted. O

The structure of the operator A provided in Lemma uses the identification of the
state space Y with a tensor product of Banach spaces and is useful because it makes the
discrete version of the operator A easily applicable to tensors in low-rank formats that
implement i-mode matrix multiplication and componentwise sums. Formally, we can write
Ay =Apory+Y -, Ao Si; 0,41 Y using the application of a linear operator to a certain
mode of a tensor, which we have defined only for finite dimensional tensors so that this will
make more sense in the discretized setting (Example . In our work [46] it was already
demonstrated that also more difficult operators as resulting from domain parametrizations
can be efficiently handled with low-rank tensors. In this thesis we present an adaptive
approach and its convergence theory and base our numerical tests only on this example
since reliable a posteriori error estimates, which we use for the adaptive solution of the state
equation, can be derived in this setting, see Chapter [7]

3.3. Existence of a Solution to the Optimal Control Problem

A natural question is whether the optimal control problem (3.3) with the state equation
from Section [3.2 admits a solution. Typically, continuity under weak convergence is used in
existence proofs. In nonlinear cases, this is often done by means of compact embeddings,
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3. A Class of Optimal Control Problems under Uncertainty

which yield strong convergence (w.r.t. a weaker norm) of weakly converging sequences.
In the Bochner space setting considered here, only the continuous embedding LP — LY is
available for p > ¢ (see Proposition , but this embedding is not compact. Therefore,
pointwise considerations for a.e. £ € = are used to prove the following existence theorem.

Theorem 3.19. Let Assumption [3.5 hold with p € (3,00) in the case n = 2 and p € (3,6)
in the case n = 3. Furthermore, let v > 0, ¢ € L3(E;H), Q € LQQ(E;E(Y,H)) with
% % = %, and let Q(§) :' Y — H be a compact operator for a.e. &.

Then, Problem (3.3) with the state equation discussed in Section has a solution.

Proof. The statement is proven analogously to [I11, Lem. 9.4]. Let (yx, ux)ren be a feasible,
infimizing sequence, where y; = S(ug) is uniquely given due to Proposition . Because of
the regularization term in the objective function with v > 0 and the non-negative tracking
term, the sequence (ug) is bounded in L?(Q,) = U. By , we have for a.e. £ € = that
the corresponding, pointwise states fulfill

1)1 0) < 2 (IDll w20y lurll + 1£(€) = 2(0) r2(q)) - (3.14)

Note that for a.e. £ € E the state equation has a unique solution for arbitrary u by Assump-
tion [3.3] By boundedness, and since U,q is a convex, closed subset of a reflexive Banach
space, we can extract subsequences for a.e. { € Z, again denoted by (ux) and (yx(&)),
which converge weakly to some limits u € U,q and y(§) € H&(Q) The compact embedding
H} () <= LP(Q) implies that the sequences (yx(£)) converge strongly in LP() to y(&)
for a.e. £ € Z. The growth condition and the continuity of ¢ as well as the continuous
embedding LP" (Q) — H~1(Q) yield that ¢(yx(£)) — ©(y(€)) strongly in H=(Q). It follows
that

A©)yr(©) + e k() = A©Y(E) + w(y(€) in H1(Q),
Dug + (€) = Du+ f(€) in L*(Q) € H™'(Q)

so that y(§) solves for a.e. & Thus, we have that y = S(u) € L™ (Z;Y) by Corollary
m giving that (y,u) is feasible for (3.3)). The regularization term of the objective function
is convex and continuous under strong convergence in L?(€,), and thus weakly lower
semicontinuous. Furthermore, the tracking term converges: Since yi(§) — y(§) in Y and
Q(&) maps Y to H compactly, the sequence (Q(&)yx(€)) converges strongly to Q(&)y(€) in H

for a.c. €. By continuity, |Q(€)yx(€) — d(&) I3 — IQ(E)u(E) — d(©)3, for a.c. € as k — o,
Because of the boundedness of ||uk || by some constant C,, > 0 and (3.14)), we can bound

1Q©we(©) &) < (1) c0vin S (IDllwre(@ Curt £~ (O (@) + 1) 1)

for every k. The &-regularities of Q(+), f(+) and §(-) are chosen exactly such that the estimate
on the right-hand side is integrable w.r.t. P. Therefore, the dominated convergence theorem
can be applied to conclude

/: 1Q(E)Yk(€) — d(€)][3 dP — / 1QE)Y(E) — O P as k — .

It follows from the derived continuity properties of J that (y,u) solves (3.3). O
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3.4. Derivatives of the Reduced Objective Function

3.4. Derivatives of the Reduced Objective Function

We will apply an adaptive, inexact, gradient-based, nonlinear optimization method to solve
problems of type . This algorithm will be formulated in the function space to be able
to apply adaptive solution techniques. Therefore, we need expressions for the derivatives in
function space and make the following assumption:

Assumption 3.20. The state equation (3.2) has a unique weak solution y = S(u) for
every control u € U. The nonlinear operator N :' Y — Z is twice continuously Fréchet-
differentiable.

Then we can reduce problem (3.3) to the control and get

min J(u) = J(S(u),u) s.t. u€ Uy (3.15)

We use the adjoint approach for the computation of the gradient of the reduced objective
function. The formal adjoint equation for the adjoint state z € Y is

Ey(S(u),u)*z = =Jy(S(u), u)
and more concretely
(z, Av + N'(S(w)v)y vy = —(QS(v) — ¢,Qu)g YveY.

Typically, one would assume that the partial derivative Ey(S(u),u) is boundedly invertible
for every u € U. Then, the adjoint equation has a unique solution T'(u), the control-to-state
mapping S : U — Y is continuously F-differentiable and the adjoint representation of the
first derivative of the reduced objective function is given by

J'(u) = Eu(S(u),u) T (u) + Ju(y(u), )

and in our concrete case

A

<J/(U)aw>U*,U = (T'(u), _Bw>Y,Y* +y(u,w)y YweU

or in short notation VJ(u) = —B*T(u) 4 yu.

We will see that in our case the operator Ey(S(u), u) is not necessarily boundedly invert-
ible. Therefore, we will verify that a pointwisely defined adjoint state is sufficient for the
computation of the gradient and discuss this for the example presented beforehand.

3.4.1. Discussion of the Example

For the example from Section Assumption is fulfilled. We have proven that the
state equation has a unique weak solution for every control (Proposition and that
the nonlinear operator is twice continuously differentiable (Proposition . Next, we show
that the formal adjoint equation admits a unique weak solution, which is also constructed
pointwise. Again, its regularity w.r.t. £ is discussed using standard a priori estimates.
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3. A Class of Optimal Control Problems under Uncertainty

First note that the partial derivative Ey(S(u),u) = A + N'(S(u)) does not necessarily
have a bounded inverse for every w. Assume that N'(S(u)) = 0, then Ey,(S(u),u) = A.
This operator is indeed boundedly invertible from L2(Z;Y) to L3(Z;Y*). For p > 2 we
have A(LE(Z;Y)) = LA(Z;Y*) C LY (5;Y*). The first equality follows from the fact that
A(€) 1 Y — Y™ is boundedly invertible and A(:) € L(Z; L(Y,Y™)) as well as A(-)"! €
L¥(E; L(Y*,Y)). Hence, A: Y — Y™ is not surjective and thus not invertible if p > 2.

In the deterministic case, the standard adjoint approach [60], Sec. 1.6] can be applied since
the operator A(§) + Ny(y, &) is boundedly invertible for every y € Y and almost every £ € =.
This follows from Theorem using the strong monotonicity of A(§) and the monotonicity
of Ny(y,¢) (Lemma . We can therefore conclude that the pointwise adjoint equation

A(8)2(8) + Ny (y(£), §)2(8) = —Q(E)"(Q(Ey() — 4(¢)) for a.e. £ € E (3.16)

with y(§) = S[¢](u) has a unique solution z(§) = T[¢](u) for a.e. § € E and that the
parametrized control-to-state mapping u — S[¢](u) is continuously differentiable by the

ir}lplicit function theorem. The derivative of the parametric reduced objective function
J[&](w) := J[€](S[¢](u),u), see the definition of J[¢] in (3.4), is then given by

(J[E] (), wyv v = (T (w), =BEw)y=y +1(u,w)y Y w e U. (3.17)
For y € Y, we now consider the formal adjoint equation
Az+ N'(y)z=-Q"(Qy - 9). (3.18)
where we use that the operators A and N'(y) are self-adjoint in our example.

Definition 3.21. Let T : U — Lg/(pfl)(E; Y), T(u)(x,&) := T[¢](u)(z) be defined for almost
every ¢ € E, where T[¢](u) is the weak solution of (3.16), i.e.,

(A(E)T[E](w) + Ny(SE)(w), OTE] (1) = b(€), v)y=y =0 VveY (3.19)
with B(€) := —Q(€)*(Q(€)S[€](u) — 4(€)) and S[€] as in Definition B.11]

Proposition 3.22. Assume that Assumption holds true and Q € L;,p/(p_Q)(E; L(Y,H))
as well as q € Lﬂ%(E; H). Then, the operator T from Definition is well-defined.

Proof. Since z — Ny(y,£)z is monotone (Proposition [A.4) and A(&) is strongly monotone
with constant &, (3.19) has a unique solution T'[{](u) for a.e. £ € E due to Theorem [3.7]
The estimate

IT(uw)( )y < 1Q(€)"(QE)SIEN(w) — ()l
< 2 1QE v 1QE)SIEN(w) — a(E)l|m
can be derived in analogy to . Therefore, the adjoint state inherits its regularity w.r.t. &
from the &-regularity of Q*(-)(Q(-)S[](w) —¢(+)). Since S[-](u) € LE(E;Y") by Corollary ,
Holder’s inequality implies that Q(-)S[](u) € Li(Z; H), hence Q(-)*(Q(-)S[](v) — ¢(-)) €
Lg/(P_l) (E, Y*)

(3.20)
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3.4. Derivatives of the Reduced Objective Function

The function & — T[¢](u) is measurable due to Theorem as long as the mapping
& — Ny(S[E](u),§) € L(Y,Y™) is measurable. This is true because N, is deterministic and
continuous and & — S[¢](u) is measurable by Corollary [3.14] Measurability and the regularity

estimate (3.20) yield T'(u) € Lﬁ/(p_l)(E; Y). O

Lemma 3.23. Let Assumption hold and assume y € L;f(E;Y) for some r; € [p, 0],
Q € L2 (5 L(Y, H)) for some rg € [%, oo|, and g € Lg (Z; H) for some rq € [2,00].
Then, T'(u) € L7 (Z;Y) (Deﬁnition?.?l) holds, where r. € [, 00] depends onry, rq, and
rg and is defined as in the column “Exponents” of Table .

Proof. In Proposition m T(u) € Lﬁi/(p_l)(E;Y) is shown. The regularity exponent is
deduced from (3.20). In the same way, the regularity exponents for Qy, Qy — g, and T'(u)
depicted in Table follow from Holder’s inequality. O

Proposition 3.24. Let Assumption hold and assume y € Lﬁ;f (B;Y) for somery € [p,o0],
Q € L;,Q(E;E(Y,H)) and q € L;ﬁ(E;H), where g € [2p,00] and rg € [p,00] fulfill the
properties in columns “Estimation 1”7 and “Estimation 2”7 of Table[5]], respectively.

Then, the formal adjoint equation (3.18) has the unique solution T'(u) € Y (Definition .

Proof. This can be proven analogously to Proposition [3.16]
Equation (3.18]) can be written as

L A©2(0) + Ny, 02(.€) = DO, o, O)y-y &P =0 Vv e,

It is well-posed in Y since Holder’s inequality and the growth of ¢’ (Lemma [A.10) yield
Az € LE(E;Y*) with p > p*, ¢'(y) € L];f/(p—2)(5; LP/=2(Q)), N'(y)z € LEDN’Z(NE;Y*)
. r % .
with 7y, = m > 1% =p*if ry < oo and ry, = p if 7y = oo, and b(:) =
—Q()*(Q()S[(u) — q(-)) € LL(E;Y*) for z € Y and the assumed &-regularities of v,
Q, and ¢. The integrand vanishes for almost every £ € = if z = T'(u) is inserted. Hence,
T (u) € LE(Z; H}(2)) = Y is a solution of the equation. Lemma provides the additional
&-regularity.
Since N'(y) is monotone by Proposition the operator A+ N'(y) is strictly monotone
on Y. This proves uniqueness of a solution as in Proposition [3.16] O

Table shows how the {-regularity of y, Q, and q affects the {-regularity of the adjoint
state z as deduced from . The column “Exponents” depicts the minimum requirement
on the exponents for every function in to be well-defined. Then, Lﬁ,/ » _1)—regularity
of the adjoint state can be shown (Proposition [3.22). In the columns “Estimation 1”7 and
“Estimation 27 it is listed which values of the exponent rg and r4 are required for the adjoint
state to belong to Y = LE(Z,Y) if y € L/ (5;Y) holds (e. g., by Corollary . In the case
rg = oo and r4 > r¢ (column “Example”), we get z € L;f(E; Y), i.e., the adjoint state has
the same &-regularity as the state itself. In the following, we will restrict the discussion to
this case, i.e., @ € L(Z; L(Y, H)) and g € Ly (Z; L%(1)), since then the state, the desired
state, and the adjoint state all enjoy L;f -regularity.
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3. A Class of Optimal Control Problems under Uncertainty

Function and space Exponents Estimation 1 Estimation 2 Example
yEL;f(E;Y) rr>pe€(3,00) rs € [p,00) Ty =00 re>p
QEL;Q(E;E(Y,H)) TQZ;TPZ TQZ% rQ > 2p rQ = 00
g€ Ly (5 H) rg > 2 rg > ffi’; rg > TQ TG>T
QueLi”(EH) =it lirez2 v =L ru=ro rey =7y
Qy—geLi(Z;H) F=min{rg,rg}>2 7> fjf’f; P =g P=ry
z € Ly (5;Y) e R e B P r.="2>p r,=ry

Table 3.1.: Overview of the integrability inheritance

Remark 3.25. The adjoint equation can be well-defined in a larger space than Y. If, e. g.,
y € L (5, Hg(Q) N L>(Q)) (rf = 00), we have ¢'(y) € L3%p(Q x E) by the continuity of
¢'. Note that Lg°(Z; L>(Q)) C L3Lp(Q x E). Tt follows that

¢ (y)v € Ligp( x B) = L3 (Z; L*())

and thus by Y* C L?(Q) C Y that N'(y) € L(L3(Z;Y), L3(Z;Y*)). The adjoint equation
is then even well-posed in L3(Z;Y) D Y.
From y € Ly (Z; H}(Q) N L™7(R)) with 7, € [p, 00) we can conclude that

o (y) € L;f/(P*Q) (E;er/(p—2)(g))

and that N'(y) € L(LL(Z;Y), LE (Z;Y*)) holds w~ith T = ”2_7"% < p by Proposition .
The adjoint equation is then even well-defined in Lp(Z;Y) D Y.

Now we use that the derivative of the parametric, reduced objective function is given by

T[] (w) = =B(&)*T[E](u) + v(u,-)u- (3.21)

It is measurable as a composition of measurable functions and has the same £-regularity as
the adjoint state because B(-) € L3(Z; L(U,Y*)), especially ||J[](u)|y- € Lﬁ/(p_D(E) -
LL(Z) by Propositions and . Furthermore, the function & — J[¢](u) belongs to
L§/2(E) C LL(E) if Q € LF(Z; L(Y, H)). Therefore, we can apply the chain rule and get

S0 = 5 [Tt P = [ T () 4P = ~B T () + 5, )

since E : LL(Z) — R is linear and bounded. The pointwise adjoint state can thus be used for
the computation of the gradient of the reduced objective function J.
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3.4. Derivatives of the Reduced Objective Function

3.4.2. Differentiability of the Control-to-State Mapping

By the argumentation above, we see that J is continuously differentiable, but have not used
differentiability properties of the control-to-state mapping S (Definition in a concrete
way. As discussed in Corollary the control-to-state mapping S is well-defined. It is
even continuously differentiable:

Theorem 3.26. Under Assumption and using the Definitions (3.10)), the control-to-state
mapping S (Definition is continuously differentiable with the deriwative 8" : U —

LU, Y), [S"(w)w](,§) := S[E] (w)w

Proof. The pointwise derivative applied to w € U is the solution of
[A() + Ny (S[€](u), I(S[E] (w)w) = —B(w.

In analogy to the discussion of the adjoint state in the proof of Proposition [3.22| we conclude
that S[¢]'(u)w admits the same &-regularity as B(-) by

IS (wwlly < £I1BEwly+ < LIBE)llwy+

(3.22)

giving [|S[E]" (w)llzwyy < }{HB( Ellc@w,y+). In our case B is constant and thus it holds that
B e L (E; L(U,Y™)) and therefore S[¢])'(u) € L (Z; L(U,Y)) C Y. Linearity w.r.t. w is
obvious; the given operator S’ is well-defined. Since S[¢] is F-differentiable for a.e. £ by the
implicit function theorem, we have that

1S[€](u + w) = S[E](w) = S[E] (wwlly

=0
J[w]|r—0 Jwl|e
for a.e. £ € =.
Next, the following holds true, cf. the proof of [I11], Prop. A.11]:
i 1St w) = S(u) — S'(wwlly
w0 lwllo
, » 1/p
(NS w) - STE () - SIE) ywlf a)
][0 [wllv
—( tim / 1S[€](u + w) — S[€](u) — S[E]' (w)w]l§- dp) 1/p
IIwIIU—>0 w7
—( tim / I fo (u+ Tw) — S[E) (w)]wdr|f dIP) 1/p _ 0
IIwIIU—>0 lwlf '

This limit is zero by the dominated convergence theorem because the integrand can be
bounded by

sup. 116w+ ) = SIE )y < BIBO Ny

where the upper bound is an Ll( )-function w.r.t. & for all w € U. We obtain that S is
F-differentiable with the given derivative.
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3. A Class of Optimal Control Problems under Uncertainty

Continuity of S’ can be shown as follows: We know that S[¢]’ is continuous for a.e. £ € E.
Moreover, we have [|S[E]' ()|l cwy) < 1Bl cw,y+) independently of u € U by (3.22). For
u, @, w € U it holds that a

(8" (w) — 8" (0))uwlly, = / I(Slel'(w) - S[e) (@) wlfy dP
< [ 115161 () — SIEV @1 gy AP - ]2,
giving )
0 < [[(8"(u) — S'(@) 41y, < / 1S16) () — SIE) @)1y B — 0 a5 @ Lo

This limit is obtained because the integrand converges to zero almost everywhere and can be
bounded by i—ZHB(‘)H’Z(UY*), which is an L}(Z)-function if at least B € LE(Z; L(U,Y*)). O

Overall, we have shown that the control-to-state mapping S is well-defined and continu-
ously differentiable. Therefore, using the chain rule and the boundedness and linearity of
the expectation operator, we obtain that the reduced objective function J is well-defined
and continuously differentiable with the given derivative. Other risk measures can also be
included as long as they are at least once continuously differentiable, cf. Section [9.2

3.4.3. Second Derivatives

We can follow a similar strategy as in Subsection to derive an expression for the second
derivative of the reduced objective function applied to a given direction s € U. Following
[60, Sec. 1.6.5], we see that

V2J[€)(u)s = « BE)*h(€) + s € U, (3.23)
where h(£) € Y solves
[A(&) + Ny (S[E) (), OI" M (&) = Q(€)*Q(E)(E) + (T[] (u), [Nyy (SE] (), £)0(E)] v,y (3.24)
with 8(¢) = S[¢]/(u)s € Y solving
[A(E) + Ny(S[&)(u), £)]0(§) = B(S)s. (3.25)

The mapping ¢ : U* — U is the Riesz representation operator. It is used that N is twice
continuously differentiable w.r. t. y. Both §(§) and h(&) are unique as discussed in Subsection
B.4.1] Since A(¢) and Ny(S[¢](u),£) are self-adjoint, the results for the adjoint equation are
also applicable to the linearized state equation. As in Proposition [3.22] we have

161y < 2IBENcwy- sl <Dl ew 2@y lslle

and therefore 6 € Lp°(Z;Y"). In analogy to (3.20)), it follows that

1Ry < & (1RO 2ev,m 1QE)S ) + ITIE](w)lly | Nyy (S[E](w), )3(E)ll £(vy))  (3:26)
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3.4. Derivatives of the Reduced Objective Function

and thus h € Ly"(5;Y) with r, = min{%, (;- + %)*1} > -5 > 1 with the prerequisites
and notation from Proposition [3.24] especially 7, > p. We obtain V2J[-](u)s € Lp*(Z;U) C
LL(E;0).

Again, the parametrized linearized state equation and adjoint equation can be written in
weak form also w.r.t. the parameters. As in the case of the first derivative, the regularity

estimates and measurability yield

V2 (u)s = /H V27(¢] (u)s dP.
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4. An Inexact Trust-Region Algorithm for
the Solution of Optimal Control Problems
with Control Constraints

We present and discuss an inexact and projection-based trust-region algorithm, which can
be used for the solution of optimal control problems of the form

in  J(y, t. E(y,u) =0, u€ U 4.1
o (y,u) s (y,w) u € Und (4.1)

We want to use this algorithm later to solve problem adaptively and to control all arising
errors caused by discretization, inexact solution of linear systems and tensor truncation during
this procedure.

One possible solution algorithm would be an an inexact, trust-region-based SQP algorithm
such as [I18], which extends [I19} 57] to the case of control constraints handled by projections
onto U,q. Here it is necessary to minimize the residual of the linearized state equation
approximately. If the space Z of the residual is not a Hilbert space as in the example from
Section this is possibly a nonsmooth problem so that this approach is not preferable in
our setting. To circumvent this difficulty, we can work with the reduced problem and
use an extension of the algorithm presented in [70], which is based on [69]. The algorithm
in [70] can handle inexact gradients as well as inexact objective function evaluations. Earlier
versions of inexact trust-region algorithms formulated in Hilbert space [26] 27] have the
disadvantage that the relative errors in the gradient and the objective function evaluation
have to be bounded by fixed, prescribed constants of a certain magnitude, whereas [70]
allows for fixed, but possibly unknown and arbitrarily large constants. This fits very well
to PDE applications, where error estimates often contain unknown multiplicative constants.
We extend [70, Algorithm 4.1] to the case of control constraints using an inexact projection
(inspired by [118]) and present our version in the following.

Assumption 4.1. We make the following assumptions on problem (4.1)):
e The space U is a Hilbert space; Y, Z are reflexive Banach spaces.
e The feasible control set U,q C U is nonempty, convex and closed.

e For each control u € U C U, where U D U is an open set, there exists a unique state
y = S(u) fulfilling £(S(u),u) =0. S:U — Y is the control-to-state mapping.

e The control-to-state mapping S : U — Y and the objective function J : Y X U —
R are such that the reduced objective function J : U — R in (4.3)) is continuously
differentiable.
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If Assumption is fulfilled, Problem (4.1)) can be reduced to the control:

min J(u) := J(S(u),u) s.t. u€ Uy (4.2)
uelU
This motivates that we describe an inexact trust-region algorithm for the solution of general

problems of the form

minJ(u) s.t.  u € Unp. (4.3)
ucelU

in this chapter and prove its convergence. Later, in Chapter [5, we return to the original
problem (4.2)), where the objective function J is of reduced form.
Using parts of Assumption we make the following assumption for problem (4.3)):

Assumption 4.2.
e U is a Hilbert space.
e The feasible set Uyq C U is nonempty, closed and convex.

e The objective function J:U > Ris continuously differentiable on an open set U,
U,qa C U C U, and bounded from below on U,q. The Fréchet approximation condition
holds uniformly on every level set, i.e.,

sup [ J(u+s) = J(w) = (VI (u),8)ul = ol[ls]v) (s —0), (4.4)
u€Upq:J (u)<J (1)

for every 4 € U,gq.

4.1. Formulation of the Algorithm

For a comprehensive introduction to trust-region algorithms we refer to [31]. In the algorithm
presented here, we use a typically, but not necessarily quadratic model my(s) of J (uF +5) —
J (uk) with the current control u* for the computation of the current step s* € U. The step
computation approximately solves

Héiélmk(s) st ufFse Ui, |sllu <A (4.5)
S

with the current trust region radius Ap > 0. For the acceptance of the step, we allow for
inexact evaluations of J by using an approximation Ji, instead of J. We define the actual,
computed (as introduced in [26]), and predicted reduction, respectively, as

aredy, := J(u*) — J(uF + §¥), (4.6a)
credy, := Jy(u¥) — Jp(uf + 5%), (4.6b)
pred;, := my(0) — my(s*). (4.6¢)

Furthermore, we define a criticality measure for the original problem (4.3)), namely

X:U = Rso,  x(u) = u— Py, (u—1VJ())lly (4.7)
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with a fixed parameter 7 > 0 and the projection P, , onto the feasible set. The function
X is continuous, and x(z) = 0 holds if and only if @ is a first order critical point for (4.3).
In addition, a criticality measure for problem (4.5) without the trust-region constraint is
defined:

Xk U — Rzo, )Zk(s) = ||uk + s — PUad(uk + s — Tvmk(8>)|’(]

The condition xx(S) = 0 holds if and only if § is first order critical for the problem

minmg(s)  s.t. uF + s € Uy. (4.8)
seU

Typically, the projection is also not computed exactly. Therefore, we introduce the approxi-
mate criticality measure for problem (4.8)),

Xe:U = Rsg,  x(s) = |uf + 5 — Py, (uf + 5 — 7Vmi(s))||v, (4.9)

now with an approrimate projection f’Ua 4+ U = U,y onto the feasible set. This can be
any mapping approximating the exact projection. Especially, it does not have to fulfill the
variational inequality defining the projection on some discrete subspace U C U. In contrast
to that, the properties of the discrete projection are used in [I18, Lem. 5.3, Lem. 5.5 when
proving the Cauchy decrease condition although an approximate version is used in the final
implementation there [I18, Sec. 5.2].

Remark 4.3. Consider the case that U = L?(Q). The gradient of the reduced objective
function at u € U (discrete subspace of U) is, e.g., of the form V.J(u) = —B*z + yu with
* =11 H}(Q) = L*(Q) (canonical embedding). An approximation of it is obtained using an
approximate adjoint state z € Y, computed, e. g., by a finite element method with piecewise
linear, continuous ansatz functions. The function B*z € U then belongs to in the finite
element space Y. To avoid further approximations, it makes sense that the current control
u belongs to the space U of linear FE functions (not necessarily with zero boundary data).
Then, the approximate gradient and any control obtained by a linesearch in its direction
are also in U. This means that we do not explicitly discretize the control space, cf. the
variational discretization concept of optimal control problems [59], but its discretization is
implied by the one of the adjoint state.
In general, one could equip the discrete space U of linear FE functions with the inner product
induced by the lumped mass matrix. The obtained discrete projection onto a box-constrained
feasible set U,q MU can then be computed node-wise. As described, this is not possible in our
case since the algorithm uses the exact inner product of U. The resulting discrete projection
would have to be computed by solving a high-dimensional quadratic program with box-
constraints. In order to use the node-wise projection instead as in [I18, Sec. 5.2], we have to
allow for an inexact projection and cannot use any projection properties of it.
Alternatively, one could use piecewise constant functions for the control. Then, the exact
L2-projection onto a box (with constant bounds) can be computed simply, but an additional
error in the approximate gradient occurs since the operator B* cannot be applied exactly
then.
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To ensure global convergence of the algorithm we have to control the following quantities:

e The inexactness of the model gradient:
IVmi(0) = VJ (u") |l < 0g(Ak), (4.10)

where g, : Rug = R>g is a function satisfying lim; .o+ 0g(t) = 0, e.g., 0s(t) = cgt,
cg > 0.

e The inexactness of the approximate criticality measure:

i (0) = x(u)] < 2c(xk(0)), (4.11)

where g, : R>g — R>¢ is a function satisfying lim; g+ 0.(f) = 0 and ¢.(0) = 0, e. g.,
0c(t) = cct, ¢ > 0. Note that we do not have to use the exact criticality measure for
the model problem here since it is not required in the convergence proof. It will only
be used for the control of the inexactness.

e The quality of the computed reduction:
|aredy, — credg| < o;(n3 min{predy, vz }), (4.12)

with 73 < min{n;,1 — 72}, where 0 < 71 < 12 < 1 are a priori chosen parameters for
assessing the quality of the model, and with a forcing sequence (tx)ren, C Rso fulfilling
limg 00 tx = 0 and a function g, : Rsg — Rx¢ fulfilling o,(¢) < ¢ for all ¢ € (0, ] with
some fixed ¢ > 0, e.g., o:(t) = ¢,t*, ¢, > 0, ¢, > 1. Note that g.(t) = ¢ would also be
possible, but then it is not sufficient to know the error in (4.12)) up to an unknown,
multiplicative constant.

A trial step s* € Uyq — ¥, ||s¥||y < Ag, has to fulfill the decrease condition

pred;, = my(0) — mk(sk) > 0t1(xx(0)) - min{ ot2(x%(0)), Ax} (4.13)

with monotonically increasing functions g1, 0t2 : Rsg — Rsg. These functions must be
chosen such that is satisfiable by, e. g., the generalized Cauchy point, see Section .
A possible example is gy1(t) = cu1t, ot1(t) = ciot with ¢, ¢ > 0.

The complete method is listed in Algorithm |1} Note that all iterates u* belong to U,q since
s¥ € Upq—uF is required for all trial steps. Therefore, it is sufficient to assume differentiability
of J only in an open neighborhood U of U,q, see Assumption

Remark 4.4. In case of an unsuccessful step, the formulation of Algorithm [I]allows to choose
Ags1 € (0,1]|s*|l] € (0,01 Ak] if ||s¥||y > 0, which is a suitable strategy to avoid that s* is
feasible for the trust-region subproblem in the next iteration.

4.2. Convergence Proof

Provided all conditions in Algorithm [I] can be satisfied, we prove its convergence. This
means that we assume for now that an adequate model, approximate projection, trial step,
and inexact objective function exist in each iteration. We prove this in Section [4.3
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Algorithm 1: Inexact Trust-Region Method for Solving Problem (|4.3])

Input: Initial iterate u® € Unq
Parameters : 7 > 0, error control functions gc, ¢g, 0t1, 0t2, Ors
forcing sequence (tg)ren, C Rso, limg o0 ty = 0.
Amax S (0,00}, A() € R>0 s. t. AO < Amax:
0<m <m2<1land0<n3 <min{n,1—1n9},
O<i <1<y <vus.
Output: Sequences (u*)ren, C Uad, (Ak)ren, C Rso, (x(0))ren, C R0
for £:=0,1,2,... do
Choose a model my : U — R and an approximate projection f’Uad : U — U,gq such that

(4.10) and (4.11) hold. Compute x%(0) using my, and Py, .

if xx(0) =0, then
\ Set ut :=u*, A, := Ay, and x,(0) = 0 for all £ > k + 1 and STOP.
end
Compute a trial step s¥ € U,q — u¥, ||s*||y < Ay, fulfilling with the computed xx(0),
see Section [4.3l

Compute pred;, by (4.6c) and cred; by (4.6b)) with Jj such that (4.12) holds.

if % < (unsuccessful step), then
uFt1 = u¥ choose Ajy1 € (0,1 A].
else if ;r%‘i]’z € [n1,m2) (successful step), then
\ uF Tl =k + s, choose A1 € [V1 Ak, min{vo Ay, Apax}].
else if % > 1o (very successful step), then
\ uF T = u¥F + 5% choose Ajy1 € [min{veAy, Anax b, min{vsAg, Apax}]-
end

end

We require the following assumption in addition to Assumption to prove the conver-
gence result given in Theorem

Assumption 4.5. Each model my : U — R is continuously differentiable. The Fréchet

approximation condition holds uniformly over all models:

sup [mi(s) — mi(0) = (Vmg(0), s)u| = o([sl]) (s = 0). (4.14)

The model gradients are Lipschitz continuous on the sets of feasible search directions, i.e.,
IVmi(s) = Vimg(8)|lo < emylls = $llv

holds for all 5,8 € Ung — u*, ||Is|lv < Ay, |5llv < Ay with some ¢, > 0. The Lipschitz
constants shall be bounded uniformly: ¢,,, < ¢, for some ¢, > 0 and all £ € Ny.

Theorem 4.6. Let Assumptions and hold and let the sequence (u¥)gen, C U be
generated by Algorithm[1. Then,
1i’§n inf y(u*) =0
—00

holds with the criticality measure x defined in (4.7)).
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4. An Inexact Trust-Region Algorithm

We apply the following two lemmas to prove Theorem

Lemma 4.7. Let Assumptions [{.3 and [{.5] hold and let the sequence of inexact criticality
measures (as defined in (4.9) ) generated by Algom'thm satisfy

xk(0) >e >0 foralk>K; €Ny (4.15)

for some fixed € > 0.
Then, limg_,oo A, = 0 holds for the sequence of corresponding trust-region radii.

Proof. First observe that the termination criterion “y;(0) = 0” in the algorithm is not met
for any k € Ny by assumption, because x(0) = 0 for some k € Ny would yield x4(0) = 0 for
all £ > k, which contradicts . Moreover, pred;, > 0 holds for all £ € Ny due to ,
the positivity property of g1 and g2, and xx(0) > 0, Ax > 0.

Due to limg_,o ty = 0 and o, () < ¢ for small enough ¢, it holds that

or(ns min{pred;, ti}) < m3pred;,  for all &k > Ky € Ny
with some Ko > K. By we thus get
laredy, — credy| < mspred;, for all k > Ko.
This implies

aredy = credy, + aredy, — credy > cred — n3pred;, = (;ﬁii — 773)pred,g (4.16)

for all kK > K. This is well-defined due to pred;, > 0.

Now we show that > 7 Ay < oo follows from ([{4.15).

For all unsuccessful steps k € Z, C Ny we have Api1 < v1Ap with the parameter v; €
(0,1). Thus, if there are only finitely many (very) successful steps, the sequence (Ag)gen, is
summable since then A, < l/lk_K3AK3 for all kK > K3 for some K3 € Ny. In the following,
we consider the case of infinitely many (very) successful steps.

For a (very) successful step k € Zs = Ng \ Z, i.e.,

d .
e = M and Agyy < min{rsAg, Amax} < vsAy,

we deduce from (4.16]) and (4.13):

aredy, > (;‘;‘;‘é’; — ng)predk > (m — ns3)predy,
(m — n3) - 001 (xx(0)) - min{ 12 (x(0)), A} (4.17)

>
> (1 —n3) - o1 (e) - min{o2(g), A} > 0,

for all k € Zg, k > K5, where we used in the last estimate that ¢y; and g are increasing.
Since the sequence (.J(u*))rez, is bounded from below by Assumption we get

0< Z aredy = Z (j(uk) - j(ukﬂ)) = i (j(uk) - j(u’““)) < oo (4.18)
k€T k> K> kEZLs k> Ko k=K>
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k+1 k+1

using that u = uF + s¥ in the case of a (very) successful step and u = ¥ in the case
of an unsuccessful step. Due to 1 > 13, 0t1(e) > 0, gr2(e) > 0 and limz, 5500 aredy, = 0

(by ([.18)), it follows from (A.17) that A; < (m_-‘;;ifgl(e) for all k € T, k > Ky, with some

sufficiently large K, € Ny, K4 > K5, and thus

0< ) Ap<oo (4.19)
kel

by (5.

Now we consider two (very) successful steps l;:, ke I, k> l;:+2~with only unsuccessful steps
ke {I; +1,... ,12:— 1} in between. Hence, we have Ay < 1/31/1”“_‘76_1A/,~C fork+1<k<k—1
and thus (using the geometric series with 14 € (0, 1))

k—k—2

S =Y a1 3 W) £ ag(14 125
k=k

i
=0
Additionally, for k € Z such that k + 1 € Z, we set X (k) = Aj and in the case 0 ¢ Zs we set
and estimate

where k& = minZ,. Therefore,

OSZAk:
k=0

™
~—
>
S~—
IN
/N
[
+
—
[N
tw
N———

Z A]; < 00
kez,u{0} keZ,u{0}

follows with X(k) < Ap(1+ ) for all k e Z,U{0} (using v3 > 1) and ([#.19). We see that

1-v
(Ak)ken, is summable and thusllimkﬁoo A, = 0. O

Lemma 4.8. Under Assumptions[{.4 and [{.5

lim inf x%(0) =0 (4.20)

k—o00
holds true for every sequence generated by Algorithm [, where the inezact criticality measure

Xk is defined as in (4.9)).

Proof. For a proof by contradiction, assume that (4.20)) is false, giving that (4.15) is true for
some fixed ¢ > 0. By Lemma we have that limy_,o, A = 0 and thus limy_, ||s*|l = 0.

In analogy to (4.16)), we can estimate

credy > aredy, — |aredy, — credy| > aredy — nspred,, (4.21)

for all £ > Ky > Kj.
As in (4.17) we infer
pred; > ot1(g) - Ag
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for all £ > K5 with some sufficiently large K5 € Ng, K5 > Ko, due to (4.13) and limy_, o, A =
0, i.e., Ag < o12(e) for all k£ > K5 because g2(€) > 0. Thus, we can bound
[o(Ak)| < (1 = n3 — n2)predy, (4.22)

for all k > Kg with K¢ > K5 > K> sufficiently large, since (1 —n3 — n2) > 0. Using this and
the bounds indicated below, we estimate for k£ > Kjg and using s — 0:

@21) @) o B}
cred, > aredy —mgpred;, > —(VJ(u"),s")y — nspred;, — |o(||s"]])]

@)
> pred + (Vmy(0), s — (VJ (W), s%)u — nzpred;, — Jo(|s"[])]

> (1 — ns)pred;, — [[Vmy,(0) — VJ (@®)[lv|ls* | = lo(]|s"|1)

(4.10), 0g(t)—0
Is*llu <Ak (t—0t)
> (1 —ns)pred;, — 0g(Ar)Ar — [o(Ar)| > (1 —mn3)pred;, — [o(Ag)]
@22)

> (1 —mns3)pred;, — (1 — n3 — n2)pred;, = napred,,

Note that u* € {u € Upq : J(u) < J(u2)} holds for all k > Ky due to so that is
applicable. In fact, the objective function values (j (u*))k> K, are non-increasing since
holds for (very) successful steps and the function values do not change for unsuccessful steps.
Using pred;, > 0 as in the proof of Lemma it follows that % > 1o for all k > Kg, i.e.,
all steps k > Kg are successful giving Agy1 > min{veAg, Anax} > Ax > 0 due to vp > 1.

This contradicts limg_, o Ag = 0, proving (4.20)). O

Using Lemma [£.8] the proof of Theorem [4.6]is very short:

Proof of Theorem|4.6. Due to (4.11)) we have

X (W) < x(0) + [xx(0) — x(u")] < x#(0) + 0 (x1(0)).

This is also true if the algorithm is stopped due to xz(0) = 0, because then y(u*) = 0 follows
from (4.11). Therefore, x(u’) = x(u*) = 0 = x,(0) for all £ > k. The bound on x(u*) and
lim;_,o+ 0c(t) = 0 as well as p.(0) = 0 show

0 < liminf x(u¥) < lim inf x(0) + gc (x(0)) = 0.
—00

k—o0

4.3. Satisfying the Conditions Required by the Algorithm

We show that Algorithm [1]is realizable, i. e., that all conditions can be satisfied under certain
assumptions. This includes the computation of a generalized Cauchy point satisfying (4.13]).
In addition to Assumptions and [4.5] we require:
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Assumption 4.9.

e For every iterate uF € U,q, one can compute Vimy, (0) € U such that
[Vmi(0) = VI (uF)lr < o (4.23)

holds with some fixed but possibly unknown constant c; > 0 and a still to be specified
gg > 0.

e For every w*(t) := u¥ — tVmy,(0) € U with the values of ¢ > 0 specified later, one can
compute Py (w¥(t)) € Uaq such that

1Pyq (w* (1)) = Pug (w* ()l < epep (4.24)

holds with some fixed but possibly unknown constant ¢, > 0 and a still to be specified
ep > 0.

e For every iterate u* € U,q and every trial step s € U, one can compute J;(u) € R
such that

[ Ji(u) = J ()] < cogo
holds with some fixed but possibly unknown constant ¢, > 0 and a still to be specified

o > 0, where u € {uF, u¥ + s*}.

Remark 4.10. It is necessary to require (4.24) not only for ¢ = 7 because an Armijo type
linesearch, which tests different values of ¢, is employed for computing the generalized Cauchy
point later.

Model and Approximate Projection
To ensure (4.10) and (4.11]), the following result is helpful:

Proposition 4.11. Let ¢s € [0,1] be given and let the following be fulfilled:

1V, (0) = VJ(u) |l < min{25% 0c(xx(0)), 0g(Ar)}, (4.25)
I[Py, = Pua)(u® = 7Vmp(0) |l < esoe(xx(0))- (4.26)
Then, and hold, where x and i are defined as in and , respectively.
Proof. The estimate follows directly from . Using the definitions and ,
we estimate

Xk (0) = x(w)] < |x&(0) = Xk(0)] + [k (0 ) x(u¥)

< | Po,g (u* = 7Vmy(0)) = Pu, (u* = 7Vmy(0)) v

+ || Pug (u¥ = VT (u* )) Py, (u* = 7Vmy,(0))|lv

< NPv = Pu,) (@ = 7Vmi(0) v + 7 Vg (0) = VJ (u*) |
< ¢0c(Xk(0)) + (1 = ¢5)ee(xx(0)) = 2c(xx(0)),
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where the second inequality is established using |||ulv — [|w|v| < [Ju — w||y for any u,w €
U and the last one follows from (4.26) and (4.25). This proves that condition (4.11) is
satisfied. O]

The two conditions (4.25) and (4.26)) can be satisfied as follows:

Lemma 4.12. Let (4.23)) and (4.24)) with t = 7 be fulfilled with e, and €, such that

(14 (1 — ¢s)ce)cgee + = ceopep < 8¢ - x(ub), (4.27a)
Ceeg < Cg - Ay, (4.27b)
CsCcTCeEg + (1 + cscc)cpep < sl X(uk) (4.27¢)

hold with some constants cc,cg > 0.
Then, the estimates (4.25) and (4.26) hold true with the choices oc(t) = cct and pg(t) = cgt.

Proof. From

[k (0) = x(u®)] < [Py, — Pu,g] (" = 7Vmi(0) |l + 7|V (0) — VI () ||y

(see the proof of Proposition 4.11)), (4.23)), and (4.24) it follows that
Xk (0) > x(u*) = epep — Ty

holds. Computing Vimy(0), Py, (u¥ — 7Vm4(0)), and x4(0) (in this order) according to
Assumption with e, and ¢, as in (4.27)), we get

IV (0) = VI (") l|v < cgeg

(4.27a) 1—ce k 1—cs
< (X (Uh) - epep — Teggg) < e xik(0),

:
IVm(0) = VI(W¥) v < coeg < eg- Ay,
and
I[Py, = Pu,a)(@* = 79Vmi(0) v < cpep
@279
< gl (x(uk) — CpEp — Tcgsg) < csCc - xx(0).
The choices o.(t) = ¢t and o4(t) = ¢t yield (4.25) and (4.26). O

We see that (4.27) can always be fulfilled by choosing e, and €, small enough: Given some
parameters a, az € [0, 1], we require

: 1— s)lc
eg < mm{%x(uk% S0, f2x(dF)} (4.28)
as well as
' — 1— sCc
ep < min{ 158y (u), 7S5y (uh)} (4.29)
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to fulfill (1.27).

If we choose a; := %_::)% € (0,1] and ag := (llj%)cc € [0,1), the bound (4.28)) becomes

e < min{(1 - )i 5 B0

and the bound (4.29) becomes
x(uh)

Y

p S GT
i.e., we balance the bounds involving y(u*) by this choice.

As long as x(u*) > 0 and ¢ € (0, 1), the respective bounds on &, and e, are positive. From
gg > 0 and €, > 0 it then follows that x;(0) > 0 must hold at the end of the refinement
procedure by (4.25)) and (4.26)).

In the case y(u*) = 0 it could happen that an adaptive algorithm for computing Vmy(0)
and the projection keeps increasing the accuracy, i. e., decreasing €, and ¢, towards 0, without
being able to fulfill (4.25) and (4.26)). For theoretical considerations, we assume then, e.g.,
that the exact gradient and projection are used in this case. In a practical implementation,
the refinement procedure should be stopped if x4 (0) < cyetol, € < =2, and e, < €01 holds
for some tolerance e, > 0 and a constant ¢, > 0, because then

x(uF)

k(0) + [x(u ) Xk(0)] < cxetol + cpep + TCEQ

<X
< (ey + ¢p + Co)etol-

Ezxact computation of the projection: When we consider a box-constrained problem in
L?(€,) and a discretization of the control space by linear finite elements for example, we
have to evaluate the exact projection to compute the error in f’Ua 4+ Therefore, it makes
sense to compute the inexact criticality measure directly with the exact projection, i.e.,
Xx(0) = x%(0), but not to refine the U-grid in the following to save computational costs. The
bound is then always satisfied and it remains to fulfill with xx = xr and ¢ = 0.
By setting €, = 0, we arrive at the bound

g = mm{c +1 Xicg M%Ak}
for €4, which yields that - ) holds with ¢s = 0. Again, the bound 5 - £C ) on €g cannot

be computed explicitly, but is positive as long as u* is not statlonary. If the model gradient

is not computed exactly, xx(0) > 0 holds at the end of the refinement procedure.

Often, we do not have access to the constant ¢, in , but only can compute the error
estimate €. Therefore, we set ¢, := cg7¢c and ¢ := c4C; for two constants ¢, ¢, > 0 and
require

gg < min{Ecxk(O),EgAk}

to ensure (4.25) with ¢g =0, gc(t) = ¢ct, and gg(t) = cot.

o7



4. An Inexact Trust-Region Algorithm

Generalized Cauchy Point

Condition will be satisfied by a generalized Cauchy point slé € Upg — uF, ||818HU < Ay,
which is computed by some type of linesearch with an inexact, and possibly refined projection
PUa 4- It is very important to permit an inexact projection in this procedure because then
U-grid refinement may not be necessary in every iteration. In this way, computational cost
can be saved and the quality of the FE grid can be preserved by a suitable refinement method
instead of adapting the refinement exactly to the projection which has to be computed. Based
on the generalized Cauchy point, the decrease condition can be evaluated for improved
trial steps. One can use an Armijo type linesearch on a line segment or a projected linesearch
for example. We describe the latter here, following [118§].

Lemma 4.13. Given u* € U,q, Vmy(0) € U and t > 0, the direction
p* =Pk (t) = Py (w(1) — o

with wk = wF(t) = uF — tVmg(0) is a descent direction for my in O in the sense that
(Vmg(0), p*)u < =S ||p¥|1?,, provided the inexact projection Py, satisfies

(P (@b (1)) = wh (1), Py, (w*(1)) = u*) ;< (1= )"0 (4.30)
for some arbitrary, but fized constant ¢; € (0,1] and ||p*||y > 0.
Proof. We estimate
t(mG(O),pk)U = (uk — wk,f’Uad(wk) — uk)U
= P11 + (P (w*) = wh, Py, (wh) —u*), < =12
Due to t > 0, ¢; > 0 and ||p*|| > 0, p* is a descent direction for my, in 0. O

Remark 4.14. This lemma is essentially different from [I18, Lem.5.3] in the sense that
we do not use any projection property of Py, . If the discrete projection is used, (4.30) is
trivially fulfilled.

Lemma 4.15. Let Py, (w*) € Unq be computed such that [E£24) holds with w*(t) = w* and
with ey fulfilling

(cicpep + 1126 Py, (W) — w® + (1 = 26)u"(|v) epep < (1 — )| Pu,y (w*) —uE. (4.31)

Then, (4.30) holds.
k k

Proof. With the choice of &, and writing P = Py, (w*), P = Py, (w"), w = w”, u = u* we
estimate

(pUad(wk) - wk’ lsUad(wk) - uk)U = (15 —w, P — u)
(P-P+P-wP-P+P—u),

P—P|} +(P—P2P —w—u),+(P—w,P—u)

U
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= (=) [JIP = P}, + (P = P.2P = 2u), + [P — ulfp] +
+ (f’ — P, 2P —w+ (1— 2ci)u)U—|—(ciP —w+ (1 —¢)u,P— u)
=(1-¢)(P-P+P—uP—-P+P—u),+q|P-P|
+ (P = P26P —w+ (1 -2c)u),
+(P—w,P—u),—(1-a)(P—u,P—u),
< (=)l + el = PG + [P = Plly - 126P = w+ (1 - 26)ull,
~( =Pl

PPl

U

@29
? (1— cl)HpkH?J + cicgag + cpep - 126 P —w+ (1 — 2Ci)“HU

— (1= a)||P —ul],

ﬁ
W
—

< (1—a)|pt7-

For the first estimate we have used the variational inequality property of the exact projection
and the Cauchy-Schwarz inequality. O

Remark 4.16. If 4(0) > 0, then || Py, (w*(t)) — u¥||y > 0 holds for every ¢ > 0: If there
existed ¢t > 0 such that || Py, (w*(t)) — u*||y = 0, then 0 € U would be first-order stationary
for problem , which would yield xx(0) = 0. Therefore, the bound on the right hand
side of can be satisfied by taking e, small enough. If we use the exact projection to
compute xx(0) = X%(0), Xx(0) > 0 is ensured when performing the linesearch by the stopping
criterion in Algorithm

Definition 4.17 (Armijo condition). Choose the largest tj € {ca - C?,j € No} such that

my(p" (t)) < m(0) — Sl (8 17 (4.32a)

tg

Ip* (1)l < A (4.32b)

with two fixed parameters cf, ce € (0,1) are satisfied. Here, ¢, € R are constants satisfying
¢a < cup <7 forall k € Ny with some ¢, € (0,7].

Remark 4.18. Note that
— St lp (t)IT = ce(Vmi(0), " (1))
e 1Pl 2 el VMEp(U), prte))u
holds by Lemma if pUa , satisfies (4.30]). Then, condition (4.32a]) is implied by

mi (" (1)) < mi(0) + ce(Vmg(0), p" (t))u-

Lemma 4.19. If Assumption holds and if p*(ty,) is computed according to Lemma
condition (4.324)) is satisfied for all tj, € (0, 2(1;7;‘3)“] , where ¢, > 0 is the Lipschitz constant
of the model gradient Vimy,.
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4. An Inexact Trust-Region Algorithm

Proof. We estimate using the fundamental theorem of calculus:

1
i (" (1)) — i (0) = /(mGwp (1)), 9" (1)) do

IN

(Ve 00)y + [ [¥malont 1) = Dm0 - [0 0o
< =t (tk>HU+‘"%Hp ()t = (—;7;+ ) |p* () 13-

In the last estimate we have used Lemma [£.13] and the Lipschitz continuity of Vmy. With
the given choice of t, (4.32a]) follows. O

Lemma 4.20. Let Assumption [{.5 hold and let t), be computed according to the Armijo
condition (Deﬁnition, where the inexact projection Py, satisfies (4.30)) and additionally

1Py, (w*(t)) = Py (w* ()| < 8 [Po,, (w* (1) — ¥ |y (4.33)
as well as
1Py (w*(2)) = Prg (w* () | < 2522| Pyy (w* (1)) — u*|lw (4.34)

for every t = ty, tested during the Armijo linesearch with some constants ¢y, ¢ € (0,1], cf.
[118, Eq. (3.24)].
Then, the trial step st := p*(tx) fulfills condition (E13)) with

2
ou(t) = SMLEy (1) = L min{ 2075wy

T C2T T
and xx(0) = xx(0).
Proof. From (4.33]) we get that

| Pu,q (w* (1)) —ukllU
1| Pug (0" (8)) = Puy () o + enl[Pu,, (w* (1)) — ¥l

IN

. » . X k (4.35)
< (1= en)|[Pr,, (w (t)) —u' v+ enlPu, (w(t)) — u*llv
= [Pu,a (w" (1)) = u*ller = [Ip* (t) |
for every tested t = t. Using
1P, (w* (1) = u¥lu > 23Xk (0) (4.36)

for t < 7 by [60, Lem. 1.10 (e)], which states that the function ¢(t) := }|| Py, , (uf —tVmy(0))—
uF||y (t > 0) is non-increasing, and (4.32al) as well as (£.35]), we conclude that

pred;, = my(0) — my(p (tk)) > cfg,c: Hpk(tk)HQU
> ciceenn - | P (W (t1)) — v* v - 19" () 1o (4.37)
> ¢icecy - ;Xk( ) - 1P* () o

holds by tr < Ca,k <.
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4.3. Satistying the Conditions Required by the Algorithm

Now consider the case that ¢, found by the standard projected Armijo linesearch for (4.32al)
already satisfies (4.32b)). Thus, Lemma [4.19| can be applied and t; > mln{M, Ca,k}
mE

holds. From (4.37), , and (4.36]) it now follows that
pred; > 4 (0) - AR, (0)
S (0) - min{ ZETE gy} %xk«»

C'C2C12C Cf ~ 1
SR (0) - ok

AV

2(1 ce)c1 cd}X

7Cf

= 0t1(Xk(0)) - 022(Xx(0)) > Qtl(Xk(O)) 'mm{Qt2()~Ck(0))7Ak}-

In the case that the standard search for (4.32al) does not yield t; satisfying (4.32b)), ¢ has
to be decreased further. It follows that Hpk(c—k)| u > Ak

In analogy to (4.35) we can conclude from (4.34) that

mln{

cial[P (D)l = 12| Py (w"(1)) — w¥[ly < HPUad(wk(t)) —u"|lv (4.38)
for every tested t = t. With ( -, [60, Lem.1.10 (e)], and ({ we obtain

1" ()l > CuHPUad(wk(tk)) - ukHU
> e[| Pu, (w*(E)) = u*llu (4.39)

ot

> ¢y cppce||p” (Tk)HU > cppeiperAg.

Hence, by (4.37)), we get

pred; >

Ci cecll

> X (0) - 17 ()|
> 4 cec“ X5 (0) - crrcipce Ay

= Qtl(Xk 0)) - Ak > 011(Xk(0)) - min{oi2 (X (0)), Ax}.

Therefore, in both cases, (4.13)) is satisfied with xx(0) = x%(0).

Remark 4.21.
e If (£:33) holds with ¢y € (3, 1], (£34) follows if we choose ¢y = 2”&;1 € (0,1]: From
(4.33), we obtain

1Py, (w* (1)) = Pu,g (w*(0)) v
LAy, (wh(t) — u¥l|u

€1

Lot (P (wF(8)) = Py (@ (0) o + | Py (w0 (8)) = w¥r)

This is equivalent to

2L Py (wh(t) = Po, (0 (1) lo < 22| Py, (0 (1) — u¥|lu,

1 11

IN

| /\

which yields (4.34) with the given value of ¢p.
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4. An Inexact Trust-Region Algorithm

e The prerequisite (4.34]) in Lemma can be dropped if the discrete projection f’Ua 4
onto Usqg NU is used (cf. [118]) since then

k k
I (o)l = erllp™ () lw

holds by the projection property of f’Ua 4> Which we do not assume in general, and then
replaces (4.39). The constants in g¢; and gy change accordingly.

Instead of (4.33) and (4.34) one can directly assume ([(£.35) and (4.38)) in Lemma [4.20]
but these conditions can be more difficult to evaluate than (4.33)) and (4.34)). In partic-
ular, the verification of condition (4.35]) only requires the estimation of the projection

error and the evaluation of the inexact projection.
e Given ¢, € (0, 7], it makes sense to choose
Cakr := max{c,, min{7, o923k —1}
ak = AKX Cas HNT, [7m, (0)]

in the Armijo condition because with t; <

(4.40), and (4.38) we obtain

") lo < o5 I1Po,g (u* — trVmi(0) — i

€12
(IVm (0)[|

12
= L [Py, (u* — txVmy(0)) — Py (u¥)]o
< & [ Vmy(0)lr < Ay,

(4.40)

%C)H , which is not always ensured by

which is exactly (4.32b]). Note that this choice of ¢ is not necessary (only sufficient) for
(4.32b)). This observation yields together with Lemma that the projected Armijo

linesearch terminates after finitely many times decreasing tj.

Lemma 4.22. Let t < 7 and let Py, (w¥(t)) € Uaq be computed such that [&24) holds with

ep fulfilling

ep < L2950, (4.41)
Then, (4.33]) holds.
Proof. We write P = Py, (w*(t)), P = Py, (w*(t)), and u = u* and get
B P —ully > 8 (1P — ully — 1P~ Pllo)
-y (to D ., 1=
e (?Xk(o) Cpgp) Z T o, Cpp
@.24)
=gy = P =P,
which proves (4.33)). In the second estimate we have used (4.24) and (4.36]). O

Remark 4.23. In the same way, we obtain that (4.34]) is satisfied if

ep < =92t (0

- C]QCPT
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4.3. Satistying the Conditions Required by the Algorithm

Having computed the generalized Cauchy point s'é yields a simple criterion for (4.13)):

Lemma 4.24 (Fraction of generalized Cauchy decrease). Let s’é be computed according to
Lemma |4.20 and let s* € Uyg — uP satisfy

my(0) — me(s*) > ca(mi(0) — my(sg))

with some ¢q € (0, 1].

Then, s* satisfies [@.13)) with x1(0) = X(0) and

o2
ou (1) := Ry op2(t) == mm{li“:)“ Galt,

T Cl2T ? e

Proof. From Lemma we know that sf, satisfies ({.13) with

L2
on(t) == Mta or2(t) == 4 mm{ 2(1 ‘e)cl cd}t

T Cl2T ’ocf

and xx(0) = xx(0). The stated result follows immediately. O

Computed Reduction

The computed reduction is only evaluated as long as x(0) is positive, which is ensured by
the stopping criterion of Algorithm Then the predicted reduction pred; is positive by
(4.13). The inequality (4.12]) can be reduced to a bound on the inexact objective function
evaluation:

Lemma 4.25. Let ) R
|J(u) = Ji(u)| < goc(n3 min{predy, v })

hold for all u € {u”,uF 4 s¥} C U. Then, condition [{.12)) is fulfilled.
Proof. Using the definitions and (| -, we estimate

|aredy, — credy| < [J(u¥) — jk(uk)| + [ Je(uF + 8%) = J(u* + 5M)| < or(ns min{predy, v }),
which is (4.12]). O

Choosing €, < ¢ (173 min{pred,, t; })% > 0 with some constant ¢, > 0 and g, (t) = 2¢,ot%,
the condition given in Lemma can be fulfilled by Assumption
Update of the Trust-Region Radius

Due to pred;, > 0, the quantity % is well-defined. Since we have 0 < Ap < Apax and
0 < v <1< 1y < s, the intervals from which the new radius Ay is chosen are always
nonempty.
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4. An Inexact Trust-Region Algorithm

4.4. Solution of Subproblems by a Semismooth Newton
Method

To obtain fast convergence of the algorithm, it is necessary to apply a more sophisticated
solver to the trust-region subproblem (4.5)). Since a semismooth Newton method [92, 110,
58, [I11] gave very good results previously [46] and also in different contexts involvings PDEs
[60L IT1], we want to apply it here also. As it is difficult to handle, e.g., box constraints
and an additional trust-region constraint at the same time, we replace the latter in by
quadratic regularization and obtain

Cn,k

: 2 3 k
gléllljlmk( s)+ oz, sl st w4 s € Ua (4.42)

with some constant ¢, ; > 0. A solution of this problem is not necessarily feasible for (4.5)).
Still, there is a connection between the two problems:

Lemma 4.26. Let 5 € U be a global solution of (4.42) with ||5||y = Ay. Then, § solves ([4.5).

Proof. Tt holds that my(5)+ 5% [[5[|7 < ma(s)+ 555 [[s[|7 for all s € U such that u*+s € Una.

Thus, mg(s) < mg(s) + ;‘A'Z (IIsllZ = [1511%) < mg(s) for all s € U such that u” + s € Up,q and

Isllzy < AR H

For the application of semismooth Newton we follow [60, Chap. 2| and [I1I]. A necessary
optimality condition for (4.42) is given by

R(8) := 5 — Py, _ v (5 = Tap(Vmi(5) + 3%5)) =0 (4.43)
with an arbitrary 7, > 0. We consider the case of a quadratic model
mi(s) = my(0) + (Vmy(0), s)u + 2(V2my(0)s, s)u

with gradient Vmyg(s) = mG(O) + V2mk(0)s. In our application we have Vmy(0) =
—B*T(u*) + yuF =: G(u¥) + yu*, where T(uF) is the inexact adjoint state. The Hessian
of the model can be a positive multiple of the identity or a better approximation of the true
Hessian. The Hessian is often of the form

A~

V2mi(0)s = H(uF)s + s, (4.44)

cf. (B:23), with H(u*) € £L(U,U). The operator H(u*) need not necessarily correspond to
the exact Hessian as derived in (3.23), but is only required to fulfill certain properties to
establish semismoothness.

Choosing 7, := (v + &%)~L, ([@43) becomes

R(5) = 5 — Py, ,_yr (5 — ma(Vmp(5) + 325))
=5 — Py (5 — Tak(Vmg(0) + Vmp(0)5 + SE5)) =
=5— Py, (—Tuk(Vmg(0) + H(u")s))
=5+ u" — Py, (u" — 705 Vg (0) — 1 p H(uF)5) = 0.

(4.45)

64



4.4. Solution of Subproblems by a Semismooth Newton Method

Now, assume that u* € L4(9,) and Vmy(0) € L9(2,) holds with some ¢ > 2 which can
be ensured by u* € U,q € L9(Q,) and G(uF) € LI(Q,) for example, as well as H(u¥) €
L(L*(), L9(Qw)). Then,

f1: L2(Q) = LYQW), s — fi(s) := u* — 17,1, Vmg(0) — 7 1 H (u")s

is affine, bounded and thus {—kaﬁ(uk)}—semismooth by [111, Prop.3.4]. If addition-
ally Py, : LI(%,) — L*(Q,) is 0Py, ,-semismooth and bounded near fi(s), we can ap-
ply the chain rule [I11, Prop.3.8| to show that R is OR-semismooth at s with dR(s) =
{I + kaMpﬁ(uk) : Mp € 8PUad(f1(s))}.

Given a current iterate s*¢ and Mp € dPy,,(f1(s*")), the semismooth Newton equation
for an update d*¢ reads

d* + 7 Mp H (uF)dH = — R(s").

Having computed a solution of it (approximately), we set skl = gkt 4 gkt

Remark 4.27. To prove superlinear convergence of the semismooth Newton method, a
regularity condition is required. Such a condition can be derived depending on the concrete
choice of U,q and the solution of (4.42)), see [I111), Sec.9.1].

In contrast to the projected linesearch developed in Section the (approximate) solution
found by applying semismooth Newton to (4.42)) may not be feasible for (4.5)). Thus, we set

skan = Prscu|isliv<aet (Pory—uk (8%)), where 8 is an (approximate) solution of (4.42).
Lemma 4.28. Given § € U, u € U and A, > 0, s := P{seU:IISIIUSAk}(PUadfu(g’)) 1s feasible

for (4.5)), where

A
Prsev|sly<agy(s) = 4max{||s|]|CU,Ak}S‘

Proof. Tt is obvious that ||§|g < Ak holds. Moreover, by m <1 for all s € U and
the convexity of U,q, we have

_ Ap ~
uremu maX{HPUad—u(@HUyAk}PU‘"*d_u(S)
= P @l A Wt Pa—u(®) + (1= Py ) € Uaa.

S Uad

80ften, depending on the concrete choice of U,q, we need ¢ > 2 to establish semismoothness.
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5. Realization of the Required Error
Estimates for the Model Problem

We want to apply Algorithm [I]to the example from Section[3.2] To ensure global convergence
we have to control the following quantities, see Chapter

e The inexactness of the model gradient:
IVm(0) = VJ(u)ll < og(Ar), (5.1)

where g : Ry — R>q is a function satisfying lim, ,g+ 04(t) = 0, e.g., 05(t) = ¢y,
cg > 0.

e The inexactness of the approximate criticality measure:

xi(0) = x(u")] < ec(xx(0)), (5.2)

where g¢ : R>g — R>q is a function satisfying lim; g+ 0c(t) = 0 and 0.(0) = 0, e.g.,
0c(t) = cct, ¢ > 0.

e The quality of the computed reduction:
laredy, — credg| < or(n3 min{pred;, vz }), (5.3)

with n3 < min{n;, 1—n2}, where 0 < 71 < 12 < 1 are chosen a priori, and with a forcing
sequence (tx)ken, C Rso fulfilling limg ooty = 0 and a function g : Ryg — R>g
fulfilling o,(t) < t for all t € (0,¢] with some fixed ¢ > 0, e.g., o;(t) = ¢t ¢ > 0,
er > 1.

In this chapter, we discuss how the required error estimates (5.1, (5.2)), and (5.3) can be

ensured for the example from Section [3.2] but several estimates will hold in a more general
setting.

5.1. Realization of the Error Estimates in the Deterministic
Case

First, we focus on the deterministic case with fixed £ € =, where the objective function

TE)(y,u) = 51QE€)y — a1 + Fllully (5.4)
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5. Realization of the Required Error Estimates for the Model Problem

is of tracking type with a real Hilbert space H, a desired state §(§) € H, Q(&) € L(Y, H),
and 7 > 0 as in (3.4 and the state equation is

E[El(y,u) = A€y + N(y) — B(§Hu —b(&) =0 (5:5)

with a strongly monotone (with constant k), linear, bounded operator A(§) : ¥ — Y™ a
monotone and continuously differentiable operator N : Y — Y* B(¢) € L(U,Y*), and
b(&) € Y™, cf. and Assumption . In the following, we will skip the dependence on
€ because it is fixed. Still, all derived results are valid for almost every ¢ € =. Furthermore,
we skip the index k denoting the iteration number in the algorithm for readability purposes
in this section as far as possible.

In the following, we describe the procedure which is employed to realize the error control
in the deterministic case.

Model Gradient Error

The model gradient is computed by the (formal) adjoint approach with inexact solutions g
and Z of the state and (formal) adjoint equation, respectively. Let y = S(u) € Y be the exact
state solving F(S(u),u) = 0 and let § € Y be an inexact solution. The perturbed adjoint
equation reads

Ey(ga u)*é = _Jy(g7 u) (5'6)

Its exact solution is denoted by Z and its inexact solution by Z, whereas z is the exact adjoint
state solving

Ey(y,u)"z = =Jy(y, u). (5.7)

Theorem 5.1. Let J : Y x U — R be defined as in (5.4)), let E:Y xU — Y™ be as in (5.5),
and letu € U and §,Z € Y be given. Moreover, let y € Y be the exact solution of E(y,u) =0
and let z € Y and 2 € Y be the exact solutions of (5.7) and (5.6)), respectively.

Choosing m such that m'(0) = E,(g,u)*zZ + Jyu(g,u), it then holds that

I’ (0) = J'(w)]

v < 1B*(2 = 2)|lu~ + éHBHC(U,Y*)HQHﬂ(Y,H)(”Q(y —Plu

3 o : (5.8)
+ 2 IN'@) = N' W)l ey (1QF = dlla + 11Q(y — 9)llu))-
Proof. From the choice of m/(0) and (5.7) we obtain using that F, = —B and that J, is
independent of y:
I (0) = J'(w)l|v+ = | Bu(§, )2 = Euly,w)*z + Ju(§,w) = July, w)]v- (5.9)

= I1B*(z = A)llv- < 1B*(z = 2)llo~ + [|1B*(2 = 2)||v--

Since both equations (5.6) and (5.7) are uniquely solvable because of the strong mono-
tonicity of A* + N'(y)* for every y € Y by Proposition we can compute

Z-z= = Ey(g’u)_*‘]y(gv u) + Ey(y?u)_*‘]y(yvu)
= E?J(gv u)_*(‘]y(ya u) - Jy(ga u)) + (Ey(y> ’U,)_* - Ey(ga u)_*)Jy(gj, U) (5'10)
+ (By(y,u)™" = Ey(§,u) ") (Jy(y, u) — Jy(§,u)).
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5.1. Realization of the Error Estimates in the Deterministic Case

With and , the perturbed adjoint equation reads
Ey(g.u)'z = A"z + N'(§)"z = —Q"(QY — 4) = —Jy(¥,w).
Compared to the exact adjoint equation , the error in the right-hand side is
Jy(y, u) = Jy(y,u) = Q*Q(y — 9). (5.11)

For the estimation of the error caused by the approximate left-hand side operator, we
introduce for b € Y* the unique solutions v,v € Y of the equations

A*v + N'(y)*v

b,
A*o+ N'()*0 = b,

respectively. We have v — & = (E,(y,u)™* — E,(§,u)~*)b. Using the monotonicity of N’(y)
(Proposition [A.4]) and the strong monotonicity of A with constant k, we estimate:

sllv =3[} < (v =0, A(v = 0))yiy+ < (v =0, (A+N'()(v = 7))y

<
= (A*v — A*0+ N'(y)*v — N'(y)*0,v — 0)y~=y

= (b—A*0— N'(§)*0 + N'(§)*0 — N'(y)*0,v — 0)y~y

= ((N'(§) = N'())"0,v = D)y~ y < [|(N'(§) = N'(1)"0lly+[lv — 0lly,
cf. the proof of Theorem [3.12] This results in

1(Ey (y,w) ™" = By(§,w)blly < EI(N'(5) = N'())" 0y

N / 3 (5.12)
< 2lIN'@) = N' W)l vy l1blly=

where the last estimate is due to the strong monotonicity of A* + N'(¢)*. Inserting ((5.11])
into ((5.10) and using (5.12)), we obtain (again using strong monotonicity):

12 = zlly <31Q*Qy — DIy
+ = IN'(G) = N' W)l oy (197(QF — DIy + 1Q°Qy — )lly~)-

Combining this and ([5.9) results in (5.8]). O

To bound the gradient error, we therefore have to control the error ||B*(Z — 2)||y+ caused
by the inexact solution of the perturbed adjoint equation . If, e.g., B=1: L*Q) —
H~1(Q), it is sufficient to control the adjoint state error in the L?(2)-norm. This is no longer
true if a boundary control problem is considered. We will therefore estimate || B*(2—Z) ||y« <
| Bl zw,y+)lIZ — Z|ly and control the error in the Y-norm. Another reason for this is that a
posteriori error estimation techniques to estimate the L?(2)-error require the PDE solution
to have H?(Q)-regularity, see, e.g., [2, Sec.2.4]. This cannot be guaranteed if the coefficient
function k(-,&) in the definition of the operator A(§) is only L*°(Q)-regular, i.e., it

can contain jumps along edges for example, or if the domain ) is non-convex.

(5.13)
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5. Realization of the Required Error Estimates for the Model Problem

Moreover, we have to control the errors ||Q(y — )|l m or even || Q*Q(y — )|y, see (5.13)),
and ||[N'(§) — N'(y) | z(v,y+) introduced by the inexact solution of the state equation. Again,

if, e.g., Q =1 : HYQ) — L?*(Q), it is sufficient to control the state error in the L?(Q)-norm,
which is no longer true if we have a problem with, e. g., boundary observation. Furthermore,
we will see that an error estimate possibly in a stronger norm than the L?(Q)-norm is required
to bound [|N'(7) = N'(y)ll c(v,y+)-

The error in the computed state and adjoint state can be controlled by standard a posteriori
techniques for elliptic PDEs. If N’ is locally Lipschitz continuous w.r.t. y, bounding the
error [|[N'(77) — N'(y) |l z(v,y+) reduces to the estimation of the local Lipschitz constant cy
due to ||N'(y,u) — N'(g,u) )y < envll§ — ylly- But then, the state error in the possibly
stronger Y-norm has to be estimated. For the example from Section [3.2] this local Lipschitz
constant can be bounded as follows:

Lemma 5.2. Let N : Y — Y™ be defined as in 0) (skipping the dependence on &) and let
v : R = R fulfill the respective conditions in Assumptzon (5.3
Then it holds that

IN'G) — N @)y < (als AP 4 et (il + 1y = 7))y — -
(5.14)
where X is the Lebesgue measure on Q and c, > 0 is the Sobolev constant such that ||y|[z»q) <
pllyll 1) holds for every y € Y.

Proof. We have that (N'(y)v,0)y~y = [ ¢ (y)vodz for y,v,0 € ¥ and that ¢ : R — R
is a twice continuously differentiable, increasing function, which fulfills the growth condition
B7), ie. [¢"O)] < ally +cLultP~* with @, ¢, > 0 and p € (3,00) for n = 2 and p E (3,6]

for n = 3. Thus, we can estimate with r; € [1,00] (i € {1,2,3,4,5}), 1 . + 1 st n =1
% + % = %, and 74(p — 3) > 1 (to be specified later):
{((N'(y) = N'(§))v,0)y+v|
<1 (y) = " @@ llvll Lr2 (@) 101 £rs )
< Jo " @+ 70 = ) = Dl a7 - lellzr @) 19l )
< (MY sup NG+l = DI ) (5.15)

T7€[0,1]

Ny = 3llrs @ vl r2 @) 191l s (@)
r _ -3
S CT20T3 (a;// . )\(Q)l/ 4 -+ C:;// . (max{HyHLT-Zl(pfs)(Q), Hy”Lu(p—S)(Q)})p )
Ny = Fllers @ lloll 2 @) 101 22 (@)

where c; is the constant from the Sobolev embedding Y = HE(Q) < L™(Q2) with adequately
chosen 7 € [1,00) or 7 € [1,6] dependent on n. Choosing ry = r3 = 7 with 7 € (2 oo) for
n=2and7 € (2,6] forn =3, rs = = (p 2) =p—2+ (p 2) >p—2>1, andr4— 5 > l—l-p 3
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5.1. Realization of the Error Estimates in the Deterministic Case

this gives

IN"(y) = N" (D)l 2ev,y+)

3\ /r . _ - (5.16)
< 2 (afy - A7 -l (max{lyl s @ 1lzrs @) 1)) 1y = Glrs -

The concrete choice 7 = p in (5.16|) (giving r5 = p, 4 = p%g) and the Sobolev embedding
Y — LP(Q) yield (5.14]). O

Remark 5.3. From (5.16)) we see that it is enough to control the L™ (2)-error in the com-
puted state. For n = 2 we can choose 7 arbitrarily large, but not 7 = oo, giving that r5 can
be arbitrarily close to p — 2.

Criticality Measure Error
By Proposition ensuring

IVm(0) = VJ (u*) | < min{ 2% 0c(xx(0)), 0g(A8)}

as well as R
I[Pt — Pua] (@ = 79Vmy(0)) o < csoe(xk(0))

for some constant ¢g € [0,1] yields (4.10]) and (4.11)).
Thus, if we can control the error in the model gradient as discussed in Theorem [5.1] it
remains to control the inexactness in the projection.

Remark 5.4. In certain cases, the difference between the exact and the approximate pro-
jection can be computed exactly:

o If U = R™ is finite dimensional and U,q is a convex set for which the projection can
be computed simply, e.g., a box or an ellipsoid, there is no need for introducing an
approximate projection, i.e., Py, , — Py,, = 0.

o If U = L?(Q,) with Q, being a measurable subset of  or 9§ and the discretization
allows for the exact computation of norms, the projection onto a ball Uyq := {u € U :
llu|l < o} with ¢ > 0 can also be computed exactly.

e The same holds true for U = L*(Q,) and Uy := {u € U : u; < u < uy a.e.} with
u) < uy € R and a discretization by piecewise constant functions.

e Assume that U = L?(€,) with Q, being a subset of the domain € or its boundary
012, and that continuous, linear finite elements with nodal bases are used for its dis-
cretization. Let U,q be described by pointwise bound constraints with continuous,
piecewise linear functions as bounds, which can be represented exactly in the current
discretization. Then, the approximate projection is typically computed by pointwisely
projecting the nodal function values onto the box. In [I118] a method for computing the
error exactly is presented. It is used that the L?-projection on the continuous level can
be written in a pointwise fashion. The error is computed on each element of the FE
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5. Realization of the Required Error Estimates for the Model Problem

U
77777777777777777 Py, (u)
IA)Uad (“’)

Uad
Figure 5.1.: Exact and inexact L2-projection onto a box in 1D.

discretization separately and can be reduced by refining the elements with the largest
error contribution. In Figure 5.1} the exact and the inexact projection of a linear FE
function w onto a box with constant upper bound in 1D is depicted. It can be recog-
nized that the error in the node-wise projection occurs exactly on two elements, namely
the ones where the function u crosses the upper bound. This error can be computed
exactly. The elements with the largest error contribution can be refined uniformly if a
higher accuracy of the node-wise projection is required.

e If the projection is computed by solving
p:= Py (u) =arg min i|u— p|?
Y aa () ngUad sllu—plly

approximately, the distance of an e-solution p € U,q to p € U,q can be estimated as
Ip — pllv < V2¢ due to
2 > ||lu—pli; — llu—plty = llu — 5+ 5= BllTy — [lu - 5IIF
=2(u—p.p—p)u +Ip — dll-
—_——

>0

Note that in all cases where the projection can be computed exactly, we can set cp = 0 in
Proposition
Objective Function Evaluation Error

We assume that the inexact reduced objective function Jj, is evaluated using an inexact
solution § € Y of the state equation, i.e., J(u) = J(S(u),u) and Ji(u) = J(g,u) for some

gy € Y. By Lemma (5.3]) holds if
A A 1
[ (u) = Ji(w)| < 50 (3 min{predy, t4}) for all u € {u* uF + ¥} c U

Thus, it is enough to control the error |J(u) — Jp(u)| = |.J(y,u) — J(§,u)| for u € U, where
y = S(u) is the exact solution of the state equation. If J is locally Lipschitz continuous
w.T.t. gy, it holds that |J(y,u) — J(g,u)| < cslly — glly, and for error estimation we have to
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5.1. Realization of the Error Estimates in the Deterministic Case

estimate the error in the computed state and possibly the local Lipschitz constant c;. For a
tracking-type objective function, we have a more explicit estimate:

Proposition 5.5. Let J : Y x U — R be of tracking type form (5.4) and let y,y €Y, u e U
be given. Then the following estimate holds true:

[y w) = T, w)] < 51Q — DI + Q7 — dllalQy — 9)la- (5.17)
Proof. We compute

J(y,u) — J(§,u) = L|Qy — Qi+ Q7 — dllF — 31Q7 — dll%
=LQ— )%+ (Qy— ), Q7 — d)n-

This shows ([5.17]). O

Combining Lemma [£.25] and Proposition [5.5] we see that we have to estimate the error
1Q(y — P)lla < N Qllzv,mlly — Flly, which again reduces to the question of error estimation
for the computed state. An alternative to the estimate given in Proposition [5.5 would be
the dual-weighted-residual method [I8], which is well-suited for the estimation of the error
in the objective function of an optimal control problem. We do not employ it here having
our stochastic application in mind. We want to rely on already established error estimation
techniques for PDEs with uncertain inputs, which can be implemented with low-rank tensors.

In conclusion, we only have to control a few errors to ensure (5.1), (5.2), and (5.3)):

e The error [|Q(y — §)||m of the computed state observation. This error controls the
accuracy of the objective function evaluation and the right-hand side in the perturbed
adjoint equation. For the adjoint equation it would even be enough to control ||Q*Q(y—

9l

Y*-

e The error ||B*(2 — 2)||y+ introduced by the computed adjoint state. This influences
the error in the computed gradient (together with the perturbation error of the adjoint
equation). The accuracy of the computed gradient is also relevant for the accuracy of
the computed criticality measure.

e The error ||N'(y,u) — N'(§,u)||z(y,y+), which is relevant for the perturbed adjoint
equation. A concrete estimator reducing to estimating ||y — g||y is given in Lemma

e The error made by the discrete projection in the U-norm. In certain cases this error
can be computed exactly and the U-grid can be refined appropriately.

Overall, everything can be reduced to estimating the errors in the inexact state and adjoint
state as well as the error caused by the inexact projection. An overview of the error estimation
procedure is given in Figure where everything highlighted in orange corresponds to the
deterministic case.
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5. Realization of the Required Error Estimates for the Model Problem

ly — glly 2 —Z| (P By 101
ly = 9llz=y) 12 = 2l 2=y Una = F Uaa AV INU
1Q| (v, m) |Bll v+
Lemma
Lemma B (Lemma 5
1Q(y — )l N'(@) = N' ()l vy 1B*(2 = 2)|lu-
1Q(y —9)lla 1" (g ) ( )”LQ(” Lp/(0=2)()) HB* (2 -2)||u-
Prop. 51
Thm. [5.1)/}5.8
o X Prop. [£.117]
Inexact objective
function evaluation Thu.
Lemma !WE!
Inexact computed Inexact model Prop. Inexact criticality
_—
reduction (5.3)) gradient ([5.1)) measure (|5.2))

Additionally, the following quantities have to be computed or estimated:

1Qy — ¢||i (Theorem [5.)), ||7]ly (Lemma -’
Q3 — dll 22 m) (Theoremn B, gl oy and 13 =) (Lernma TG

Figure 5.2.: Overview of the error estimation procedure for the deterministic problem and
for the stochastic problem in the case ry = co. Everything highlighted in orange
corresponds to the deterministic case, whereas blue stands for the stochastic case.

5.2. Realization of the Error Estimates in the Stochastic Case

We now extend the considerations from Section to the stochastic case, for the example
from Section B.2] with

E:YxU—-Y" E(yu)=Ay+ N(y)—Bu—>b

defined in (3.11)) and

J: Y xU SR, J(y,u) = / JIE)(y(€), ) dP (5.18)

from (3.4]) and J[¢] from ([5.4)). In Section [3.4]we have already discussed that the adjoint state
can be used to compute the gradient VJ(u) of the reduced objective function, see (3.15)).
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5.2. Realization of the Error Estimates in the Stochastic Case

Assumption 5.6. In this section we require the following £-regularities:
o fe Ly (Z;L%)), g € Ly (Z; H) for some 7y € [p, 00] with p from Assumption
e Qe Ly (E;L(Y,H)), and
e B is constant and defined as in (3.11)).

Then we can ensure y,z 6 LT (£;Y) by Corollary [3.15 and Lemma and have the
a priori bounds 1 9) and on the state and the adJomt state. These estimates yield
bounds for the respective ]P,f (E;Y -norm, which is at least as strong as the Y -norm by
Proposition [A.2 because 7y > p.

Model Gradient Error

The model gradient is computed as described in Section [3.4] but with inexact solutions of
the respective state and adjoint equations.
Quantities of the form ||B*(z — 2)||y+ can be estimated as follows:

Lemma 5.7. Let B : U — Y™ be defined by

<Bu,v)y*7y:/_<Bu,'v(-,§)>y*7yd]P’

for some operator B € L(U,Y™) (c¢f. (3.11))) and let z,zZ € Y be given.
Then it holds that

|B*(z — 2)|lux < ”BHL(U,Y [z - z”Ll(_,Y) < HBHL: U,Y*) |z = ZHL]%(E;Y)'

Proof. For v € Y we have

(Bu, v)y-y — /_ (Bu,o(-, )y~ y dP = (u, B* ([ v(-,€) dP))ro = (u, B 0}y

We compute
1B* (2 = 2)[lo- = || B*(Jz 2(-.§) — 2(-,§) dP) ||,

< IBllewy= - [ I(Z(5€) = 2(-))lly dP

< |Bllewy+ -z = ZHL%,(E;Y)»
where the last inequality follows from Proposition =

Theorem 5.8. Given Assumptions and [5.6] and a control w € U, let y = S(u) €
Ly (E;Y) be the exact state (cf. C’orollary and let § € L (Z;Y). Furthermore, let
z= T( ) € L/ (B;Y) be the evact adjoint state (cf. Lemma , let 2 € Ly (;Y) be the
unique solution (cf. Proposz'tion of the perturbed adjoint equation

Az+ N'(9)z=-Q"(Qy — d)u,

cf. (3.18) and (5.6), and let z € L;Df (2;Y).

75



5. Realization of the Required Error Estimates for the Model Problem

Assume that J :'Y x U — R is defined as in (5.18)), and that J : U = R is defined as in
(B-15), and set m/(0) := —B*z + Ju(y,u). Suppose that ¥ € (2,00) (for n = 2) or even
T e (2 6] (for n = 3) and let cT be the Sobolev constant such that Iyl 7 ) < crllylly holds
for everyy €Y. Let py € [1, — = L1, p2 € [1,74] such that pll + 172 =1

Then the following estimate holds true:

[l (0) = J"(w)lv+ < (5.19)
IB*(2 = 2)llv~ + 2 1Bl cwy-) |Qll e z:c v (HQ( Yllzyzm
+ 1‘3 e’ (@) - ’(y)HLm E,L7/(F=2)(Q (HQ?J CIHLPQ ot HQ(ZI—Q)HL?(EH)))'
Proof. Analogously to , it holds that
Im/(0) = J' (Wl < 1B*(2 — H)llo- + [ B*(z — 2o~

The second summand is estimated by Lemma B*(z—2)|lu~ < |1Bll @,y HZ_’%HLH%,(E;Y)'
Since z and 2z are defined pointwise (almost everywhere), the estimate (5.13) yields

Iz = 2l 2=y <, Q*Q(y - Dy + =IN'(9) - N/(y)”Lgl(E;c(Y,Y*))
(19°(Q0 ~ Dl 2y + 1Q°QW = Dz

with p1, p2 € [1,00], ,7+* = 1. Using [[N'(y) = N' W)l cviy+) < ¢’ (@) —¢' @) rre-2 )
(cf. - ) results in . The admissible values of p; and ps ensure together with the
regularlty of y,4 and the growth of ¢’ that every appearing quantity in (5.19) is finite. [

Remark 5.9. The parameters p; and po in Theorem make different estimates involving
IQ(y — Q)HL];Q(E;H) with 2 < py < 7y possible. For larger py, a weaker norm w.r.t. £ can be

used to estimate the error in N'(g).

We see that in general it is sufficient to control the adjoint state error in the LIQP(E; Y)-norm
or even the LL(Z;Y)-norm. Error control in a weaker norm can be sufficient depending on
the example: For the concrete definition (3.11)) of B it holds that

1B*(z = 2)llv- = 1D (Jz 2(. &) = 2(, ) dP) [l 12(q,),

identifying L?(2,)* = L?(%,). If, e.g., D = I : L?>(Q) — L*(Q), it would be sufficient to
control the L} (Z; L?(2))-error. This is no longer true if we consider, e. g., a boundary control
problem. Thus, we will control the L3(Z;Y)-error in the adjoint state to keep our algorithm
flexible. Furthermore, this enables us to use the fact that the operator A is strongly monotone
with constant £ on L%(Z;Y) (but not strongly monotone on LE(Z;Y) for p > 2).

We will see that, in certain cases, it can be sufficient to control the L%(E;Y)—error in
the computed state in order to bound the error caused by y entering the perturbed adjoint
equation. Again, we need an estimate of the form

1" (9) — 90/(’!!)”1:;1 &L/ -2y = Colly — yHLH’ZP’(E;Y)

with a local Lipschitz constant C.
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5.2. Realization of the Error Estimates in the Stochastic Case

Lemma 5.10. Let ¢ : R — R fulfill the respective conditions in Assumption [3.3, let N :
Y — Y" be defined as in , and let Y,y €Y be given. Let p1 be as in Theorem- and
let ps,ps € [1,00] such that —l— L1

Then it holds that o
le"(@) = &' W) 121 2,102 () < (5.20)
8~ 9l iz ey (@ NP et masx{lyl g ey 19 2y )

Proof. As in the proof of Lemma we estimate
1" (9) — gp’(y)HLﬂg1 (2;L7/(F=2)(Q))

1
= H/o 90”(9 +7(¥— )Y —vy) dTHLﬂﬁl (2;L7/(7=2) (Q))

<Ny —ylle @) - sup 1" (y + 7@ — Y)ll 21 1790
T7€|0,

for some 7 € (3, 00), using p% + p%; = p%. The second factor can be estimated as

sup [|¢"(y + 7§ — ¥)ll 21 2709 @)
T7€[0,1]

< sup lagy + culy + (5 = Y)IP N pps zposi-n o)

T€[0,1]

= a‘:;” ’ )\(Q)(F_S)/f + C:;// : maX{Hy”L§4(1”_3)( ;L5 (Q) ||y||L1’74(p 3) LT5 }p 5
with r5 = T’(f 33 by [¢" ()] < aln + c” ,|t|P 3 with ¢ on = 0and p > 3. If we choose 7 = p
and use HE(Q) C LP(2), we obtam O

Combining Theorem [5.§ and Lemma [5.10] and choosing pa = p3, we see that we have to
estimate the error ||Q—y||L§2 (> compute the norm |[g|| i3 or bound it from above,
' P

(5Y)

and bound the norm Hy||Lp4<p,3) e.g., by the a priori estimate (3.9)).
P

EY)’
For ry = oo we can choose pp = p3 = 2 and py = oo. Then it is enough to estimate
the error in the inexact state in the LZ(Z;Y)-norm as long as we can compute or bound
19| =) and [yl ree(z,v)-
Tr_Tf 2pa 2ry

For ry < oo, we have to choose ps € [Tf72,p73] and py = p3 = ;5 € [Tf p+3,7“f]E|

Observe that p; = pi%l < rfiig 3 < pr—f follows then. On the one hand, for ry = p we
can take py = p—z Then we have ps = p3 = p and the error in the computed state has to

be estimated in the Y-norm. On the other hand, for increasing ry and using py = = 3, the
exponents po and p3 get close to 2. Then it is enough to estimate the error in the computed
state in a weaker norm than the Y-norm, but bounds on the exact and the inexact state
have to be computed in a stronger norm.

s < -Land2<

9
Note that 1 < —L5 < Tf S P p+3 S 3

2+ hold for p € (3,00), 7¢ € [p,0).
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5. Realization of the Required Error Estimates for the Model Problem

Criticality Measure Error

By Proposition the control of the error in the approximate criticality measure reduces
to controlling the inexactness of the approximate projection and the model gradient.

Objective Function Evaluation Error

Proposition 5.11. Let J : Y x U — R be defined as in (3.4) and let y,y € Y, u € U be
given. Then it holds that

[ (y,u) = T (G, 0)] < 31Qy — D72z, + 11QY — dll 22 1QWY — D) L2z m)-
Proof. The estimate (5.17)) (Proposition and Holder’s inequality yield

Ty~ @) =| [ T - T, w

IN

/: 31QE) (&) = 7€)1 + 1Q€)7(€) — a©) QW) (y(€) — §(€))lla dP

IN

QW — Il 2z + 199 — dll 2= 1QW — 9 2z)-
]

We see that we have to compute or bound the Lﬂ%(E;H)—norm of Qy — g and have to
estimate ||Q(y — Q)HLH%(E;H). If, e.g., Q&) = ¢ : H}(Q) — L*Q) = H, it is enough
to estimate the L2(Z;L%())-norm of y — . This is not true anymore if we consider a
problem with boundary observation. Again, to have a flexible algorithm and to use strong
monotonicity of A, we estimate the L3(Z;Y)-error and use:

Lemma 5.12. Under Assumption[5.6,
1Q(Y = W)llr2zm) < 1Rz Eee,mn Yy — Ul 2y
holds for ally,y €Y.

Proof. This is a simple consequence of Holder’s inequality, cf. Proposition[3.1] It is important
that @ has a higher regularity w.r.t. £ than required for the operator Q : Y — H to be
well-defined. O

How the error in the computed state and adjoint state can be measured up to fixed,
but possibly unknown constant factors, is discussed in the Chapter [7] for the example of a
semilinear, elliptic PDE with stochastic coefficients from Section [3.2]

78



6. Discretization of the Model Problem

After discussing the functional analytic setting of the problem, a solution algorithm formu-
lated in a Hilbert space, and the realization of the error estimates based on the error in
the approximate solution of the state and the adjoint equation, it remains to discretize and
adaptively solve the problem and the corresponding equations. The discretization is carried
out almost exactly as in our paper [46], i. e., we use conforming finite element discretizations
for the deterministic state and control spaces and polynomials for the spaces of random vari-
ables. Then the full tensor product of the respective finite-dimensional subspaces is built and
used for a conforming stochastic Galerkin discretization. We use weighted Lagrange poly-
nomials w.r.t. the Gaussian quadrature nodes as bases instead of the typical orthonormal
polynomials with increasing degree. This has some useful consequences:

e These Lagrange polynomials are orthogonal and can be weighted such that they are
orthonormal.

e A connection to stochastic collocation methods can be established, see [44) [46].

e Pointwise state constraints or certain nonsmooth risk measures can be handled by
posing the constraint in every quadrature node in the discrete setting.

e Nonlinear dependence on the parameters and nonlinear operators can be approximated
nicely. This was already done in [46, Example 3.6] and is used in this thesis for the
discretization of the nonlinearity.

In [46], the discretization was fixed, but will now be adaptive. Hence, we will use sequences of
nested discrete spaces with their respective bases and linear maps prolongating the coefficients
in a coarser space to those in a finer space. For completeness, we review the discretization
procedure described in [46] here, add some details about the discretization of all appearing
nonlinearities, and point out necessary changes. The concrete adaptive approach is described
in Chapter[7] Since constructing a finer space and prolongating the coefficients to it is a simple
task for the considered FE and polynomial spaces, we describe only a fixed discretization in
this chapter, having in mind that the mesh size and the degrees of the polynomials are
parameters which will be adapted in the final implementation.

6.1. Space Discretization: Finite Elements

Assumption 6.1. For the discretization of the deterministic function spaces we assume that
e the open, bounded Lipschitz domain £ C R? is polygonal and that

e the restriction Dly : U — L?(Q) of the given operator D to any used discrete subspace
U C U can be evaluated exactly.
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6. Discretization of the Model Problem

Remark 6.2. We exclude the case 2 C R3 here, which leads to a more compact presentation
of a posteriori error estimates in Chapter [7] It is possible to generalize many results to the
3D case. The polygonal domain €2 C R? can be covered by a finite element triangulation so
that we do not have to care about variational crimes caused by domain approximation.

The domain €2 is partitioned into a finite element mesh yielding a triangulation 7. Let
Y C Y denote the discrete subspace of piecewise linear, globally continuous finite element
functions with zero boundary data. Generalizations of this would be possible, but are skipped
here for the ease of presentation and implementation. The nodal FE basis of the discrete,
deterministic state space is {(bko}zgzl CY CY = H}Q) and the basis of discrete control

space U C U = L?(£),) is denoted by {W}Zﬁl. This can also be a nodal FE basis if Q, is
a subset of  with positive measure or—for finite-dimensional controls—the standard basis
of R% = L2([d,]). In the latter case, no discretization is required. The basis functions shall
sum to one, i.e., Zigzl ¢, (x) =1 and Zzzzl Yy, (T) =1 for all z € Q, T € Q,, to perform
mass lumping in a meaningful way later.

In addition to assuming that Dly : L?(€,) — L?(Q) can be evaluated exactly (Assumption
, we match the discretizations of the state and the control space, i.e., we use the same
grid on 2 and €, if €2, is a subset of 2 with positive measure. This makes the computation
of the gradient of the reduced objective function easier since typically J'(u) = B*z+~(u, -)u.
Then it is desirable that B*z and u share the same grid. This is also important to be able
to perform gradient-based updates of the control in an optimization method.

We define the following matrices:

e the stiffness matrix K € R%*% for Y: Ky;o := (Vy,, Vi) L2 @ns

e the mass matrix M € R%*% for Y: My1, := (dno, B10)12(02)5

e the lumped mass matrix M| € R%*% for Y: (M) k, = 22100:1 Moty = fQ ¢k, dz and
(ML)kolo = 0 for ko # lo,

e the mass matrix M € R%>du for U: Mkulu = (Vo> Y1) L2(Qu)

e the lumped mass matrix M| € R%>du for U: (ML)kuku = qu“:l l\7|kulu = fQu Yy, AT

and (My)g,1, = 0 for ky # L.

Let y € R% and u € R% be the coefficients, representing the discrete state y and control u,

respectively. Inserting y(z) = ZZ8:1 YkoPko () and u(x) = > 3" ug, Y, () into (3.8), and
testing with v = ¢y, for ko € [dp], the discrete version of the deterministic state equation
reads

A(€)y + N(y) = Bu+b(¢) (6.1)
with
A&) € RTXP 1 Ao (€) = (5(+ &)V, Vory) r2(ayn
N : R% — R, N(y) = MLp(y),
B € RU*% By, = (Dtr,, bre)r2():
b(¢) € R®, by, (€) = (F(£), dro) 12(02)-
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6.1. Space Discretization: Finite Elements

We will refer to A(§) as the system matriz in contrast to the stiffness matriz, which is induced
by the H}(€)-norm. Due to the ease of implementation and interpolation, a quadrature
error is allowed to occur in the discretization of the nonlinearity which is connected to mass
lumping: The integral [, ¢(y)¢w, dz is evaluated inexactly by a quadrature formula, the
nodes of which are the finite element grid nodes and the weights of which are the respective
entries of the lumped mass matrix. This quadrature formula is exact for integrals over a
single linear finite element function. We obtain

/ﬂ £(3) ko A2 2 (ko) (MUkoko- (6.3)

Since the trust-region algorithm (Algorithm [1f) is formulated in the infinite-dimensional
space U, it is desirable to not make additional errors by mass lumping in the objective
function, but to evaluate the U- and H-inner product exactly. Let H be discretized such
that Q(¢)ly can be evaluated exactly and such that ¢(§) can be represented exactly. The
discrete subspace H of H is isomorphic to R4 (dy € N) equipped with the inner product
induced by the symmetric, positive definite matrix My € R¥#>*d0 Let Q(¢) € R4 *9 and
4(¢) € R be the discrete versions of Q(&) and §(€), respectively. Then, the discretized
objective function from reads

JEl(y,u) = L1QE)y — a(&) [}, + Fu Mu. (6.4)

We note that under the stated assumptions, the evaluation of the objective function is exact
so that the error in the reduced objective function depends only on the error in the discretized
state and Proposition [5.5] can be applied. The discrete version of the deterministic adjoint

equation is
A(©)z(€) + ML(¥'(v(€)) @ 2(€)) = —Q(&) "M (QE)y (&) — a(€), (6.5)

where again the quadrature formula using the finite element nodes has been applied. In
fact, N'(y)z = ML(¢/(y) ® z) holds also in the discrete setting and we can identify N'(y) =
My diag(¢'(y)). The gradient of the reduced, deterministic, discretized objective function is
then given by

VI (u) = —M BT 2(¢) + u, (6.6)

cf. . Note that in typical situations it is not necessary to invert the mass matrix M to
compute the reduced gradient: If, e. g., 2, C Q is a subset of positive measure, B* : H}(Q) —
L%*(Qy), 2 — g, is the canonical embedding ¢ : H}(2) < L?(Q)) combined with restriction
of the function to €2, and the grids on 2 and §2,, match, the application of M~1B consists of
a simple extraction of components of the vector z(£) and/or adding zero components for the
nodes on 9€). Such situations are favorable because the error in the discrete gradient then
only depends on the error in the discrete adjoint state and it is sufficient to apply the error
estimate from Theorem [5.11

Once the equations and are discretized, the application of the Hessian operator
to a direction can be computed via . For this purpose, it only remains to discretize
the term in involving the second derivative Ny, which is again done by using the
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6. Discretization of the Model Problem

FE nodes based quadrature. Then, if s € R% represents a direction s € U, and y(&), z(¢)
represent the current state and adjoint state, respectively, the application of the Hessian to
this direction reads

V2J[E](u)s = MTIBTh(€) + s, (6.7)

where h(&) solves

[A(E) +N'(y())]n(€) = QE) "My Q(E(E) + ML (2(€) © ¢"(y(€)) @ d(€))

with d(&) = [A(€) + N'(y(¢))]~'Bs.

6.2. Stochastic Discretization: Polynomial Chaos
We proceed with the discretization of the space Lﬁ;(E) of vectors of independent random
variables distributed on = := Xﬁl Z; with the probability measure P := @." P;.

Assumption 6.3. For the discretization of these spaces we assume the following:
e The sets =; C R are open and boundedﬂ intervals for all i € [m)].

e FEach probability measure P; does not consist of finitely many atoms such that dis-
cretization is really necessary.

For i € {1,...,m} and a fixed d € N, the spaces L]’;i(Ei) are discretized by polynomials
of degree d; — 1. By Assumption [6.3] all polynomials of arbitrary degree defined on =; are P;-
integrable and the space of polynomials is dense in L5(Z;), see [106, Chap. 8]. Furthermore,

there exist sets {Bg)}?;l C L3 (Z;) of orthonormal polynomials w.r.t. the Lg (Z;)-inner

product, where ﬁ,(g? has degree k; — 1 by [106, Thm.8.5]. These sets are Hilbert bases of
L%i(Ei), respectively, and can be constructed by applying the Grad-Schmidt process to the
monomial basis {1,&-,@2, ...} for example. We want to mention that some papers [40, [§]
dealing with uncertainty quantification restrict the discussion to certain probability distribu-
tions, for which the “classical” orthonormal polynomials of increasing degree are well-known.
Important examples are the Legendre polynomials for the uniform distribution, the Hermite
polynomials for the normal distribution and the Jacobi polynomials for the beta distribution
[106, Example 8.2]. In order to have a more general setting, we only assume that the or-
thonormal polynomials can be constructed and evaluated, e. g., by the three-term recurrence
relation [106] Sec. 8.2]. In particular, we do not assume a purely continuous [44} 108, 28], 68|
or a symmetric [38] distribution. Defining £x(§) = [[i%; ﬂ,(:i)(fi) we obtain a set {fk}renm
of orthonormal polynomials which form a Hilbert basis of L3(Z), see [116, Thm. 3.12(b)] and
Section 220 Note that k is an index vector. A

Let {al(;)}i"zl C Z; be the d; pairwise distinct roots of the polynomial Bfi?ﬂ in ascending
order, respectively. They exist and have the mentioned properties due to [106, Thm. 8.16] and
are known as Gaussian quadrature nodes. Let {wlj)}iizl be the positive Gaussian quadrature

10Boundedness of the intervals is assumed because then the set of polynomials of arbitrary degree is a dense
subset of Ly (Z;). This condition can possibly be relaxed, cf. [I06, Chap. 8].

82



6.2. Stochastic Discretization: Polynomial Chaos

weights associated to the nodes {agf)}iizl for i € [m] and l; € [d;] defined by integration over
the respective Lagrange polynomials, see also [106], Def. 9.2]. We use the Gaussian quadrature
nodes to define weighted Lagrange polynomials {H(Z) }Zl , which fulfill oL )( (@ )) = 0,1 ( )
for some weights wé) > 0. If we choose wé) = (wé)) 2 for ky € {1,...,d;}, it follows from

the exactness of Gaussian quadrature, that these weighted Lagrange polynomlalb are also
orthonormal:

/91)9 dP; —Z (w@(z)(y ZW o )26 W)

£;=1

The product of two Lagrange polynomials has degree 2d; — 2 and is integrated exactly by
Gaussian quadrature, which is exact up to degree 2d; —1 [106, Thm. 9.9]. Defining 9 = ﬁk

for k; > d;+ 1, we get that {eki)}k is also a Hilbert basis of L2 (:,) As before, the Hilbert

basis {0 }renm with 0 (&) := H;nlﬁ (5,) can be defined. Writing a; := (al(ll), . ,al(::))—r
(4)

and w; == [[}", w, ’, it holds that Hk(al) = 0y - wy for k < d componentwise.

The state space Y = Lp(Z;Y) 2 Y ® Ly (21) @ --- @ Ly () is discretized by the full
tensor product of the respective finite-dimensional subspaces with the basis

(b @0 @@ 0™ ki € [d)],i € {0,...,m}}.

This is a basis due to [54, Lem. 3.11|, see Remark 2.7] A function y € Y belonging to the
finite-dimensional space is represented by a coefficient tensor y € R%**dm corresponding to
weighted values of the function y since nodal FE ansatz functions and Lagrange polynomials
are used. This means that

do di

V(@& b)) = D> Z (Ko K1y - k)i ()03 (61) - 07 (6m) (6.8

ko=1k1=1 km=1

and in particular

do
ywap) . ai) = 3 y®)or, @k, k), (6.9)
ko=1

where we abbreviate k = (ko, k1, ..., kmn) here, as well as [ = (lo,l1,...,ln) and (l?:,lo) =
(ko, k1, .y km,lo,l1, ..., lm) etc. in the following in contrast to I = (I1,...,l,) etc. The
weight tensors w,w € R™ > *" are defined by w(k) := [~ w,(;_) and w(k) := %, w,(;i)
and obviously have rank 1.

The discretization of the space L (21) ® --- ® Ly (Zy,) is obtained from the above con-
siderations by setting Y = R, dyg = 1 and ¢1 = 1. Let p be a polynomial of coordinate degree
d — 1 belonging to the finite-dimensional subspace Py_1(Z) C LL(E), i.e., p is a polynomial
of degree d; — 1 in the variable &; for all ¢ € [d]. We want to emphasize that this function is
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6. Discretization of the Model Problem

represented by a tensor p € R¥*Xdm given by
k1, k) = play)s .. al™) ki, ... k). ") (6.10)

due to (6.9). The standard L3(Z)-inner product of two functions p,p is discretized by
applying Gaussian quadrature:

~ ~ 1 m)y\ ~ 1 m
(P.P)r2=) = /_pde Z Z (ki,... k )p(a;(ﬁ),u-,a;(fm))p(a,(ﬁ) -~,a,(§m))
= ki=1  km=1
=WOwop,wop)=(pP,Pwow.?
(6.11)
We see that for the special choice of orthonormal polynomials with w = w."1/2 the inner

product of two functions is computed by a simple Frobenius inner product of tensors. A
special case is the expectation of a function p, computed as an inner product with the
function 1, which is constant one and represented by the tensor w.™ 1.

We now discretize the operators defined in (3.11) by testing with v € Y represented by
v € Réoxxdm and using the discretized deterministic operators (6.2), see [46]. This gives

<Bmvhayz/}0mvmanmww

dg,...,dm m

= Y ko, k) (DU, ¢ry)r2(0) H@Z)(&)dp

ko,yeoskm=1 i=1
= <(BU) ® (W © (D),V> = <Buav>]1®(w®w.2)

with Bu = (Bu) ® w.™! and

T

B)yey = [ (FONC )i dP

with

[T wy, i=1
We assume that this tensor can be constructed and has sufficiently small rank. In particular,

if by, (-) are polynomials of total degree at most d, Gaussian quadrature, which is exact up
to coordinate degree 2d — 1, can be applied to compute

b(Fk) = JR%XA%@H%@W)

m dl ----- dm m
/m@ AICNE ST w(bg(a) [T601 af7) = wk)w (k)b (ar)  (6.12)
=1 l1,elm=1 =1

84



6.2. Stochastic Discretization: Polynomial Chaos

so that b(+, k) = w(k).7'b(ag) holds. Furthermore,

<AY7V>Y*,Y—/_(H('ﬂg)va('v‘f)vva('vf))LQ(Q)" dP

kolo H 0 51 z

dHO: 7dm d07 7dm
= <<57Y>(m+2,...,2m+2),[m+1}7V>]1®(w®w.2) =: <AY7V>1®(w®w.2) (6.13)

S i [

kos...km=1lo,....lm=1

\

holds with the tensor a € Réoxdix-xdmxdoxdix-xdm defined by

a(k,f) = L T o (10 (6.
a(k7l> T H:il W’(;Z)((,UI(C?P (/E <A<£))kolo };[16[2 (fl)ekl (gz) dP) : (6'14)

The nonlinear part of the equation is approximated by Gaussian quadrature/interpolation
to simplify the implementation. We will see later that this relates the whole approach to
stochastic collocation.

(N(y), V)y-y = / / v(z,€) dz dP

doye.ydm m

= v(kos - .. km y(2,€)) b, () dz [T 0(&) dP
dosodin iy

~ Z v(k) Z w(l)/go( (x,a7))br, (z dxHQ
Ko, km=1 o dm=1 Q
do,-..,dm . do

= Y @) [ (3 vl ke )o@ w(E) ) (o) ds
ko, km=1 Q2 =1
do,...,dm 3 3

~ Y iR wRwE)e (YR E) ) (MU,
Ko, km=1

={(1®@w. ™) o (Mo p(1®w)OY))Viswow?)

= (.71 O (MLo1 (D O ), V)1gwow2) = (NY) V) 1pwow.?):
(6.15)

where the first approximate equality is due to Gaussian quadrature in the parameter space
and the second one is due to the FE nodes based quadrature, which is related to mass
lumping, see . We define the rank-1-tensor @ := 1 ® w for readability purposes. Here
we see the importance of using mass lumping and weighted Lagrange polynomials: It yields
that the nonlinear function ¢ : R — R can be applied componentwise to a tensor in the

discrete setting (6.15)).

The discrete state equation reads

Ay + N(y) = Bu+b. (6.16)
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6. Discretization of the Model Problem

Assumption 6.4. In order to be able to evaluate the objective function (3.4]) on the finite-
dimensional subspace exactly in a simple way, we need the following additional assumptions:

e The operator Q(£) = Q is constant.
e The desired state §(-) is a polynomial of coordinate degree at most d — 1.

The discrete version of the objective function is

di,esdm
s = (A3 vt b)) 0 (6)u) a
= k1,....km=1
di,e..,dm
- / ST Qe ke k)8 (€0 0 (En) — (|7, AP+ FuT Mu,
= ke km=1

(6.17)

cf. (6.4). Since Q(§) = Q is constant and q(-) is a polynomial of coordinate degree at most
d—1 (Assumption[6.4), the integrand in ([6.17) has degree at most 2d —2- 1 and the integral
can be evaluated exactly by Gaussian quadrature. This gives

di,eidm
Iy =Y wl)Hw®) (@Qy(h, .. 1)) —a@)|y,, + Fu Mu

l17~'~7lm

(6.18)
=: (Mu(Qy - @), Qy — @) + Ju"Mu
with Qy = Q oy y, § € RéuxdxXdn defined by q(+,1) = §(a;) w(l)~', and
Mg : RImxdixxdm _y Rdaxdic-xdn Mpq:=(1® (wo w.2) o (Myorq). (6.19)

Again, this evaluation is exact on the discrete subspace and the objective function evaluation
error can be estimated using Proposition [5.11]

For the computation of the gradient of the reduced objective function, it remains to dis-
cretize the adjoint equation (3.18]). The adjoint state z is represented by the tensor z analo-
gously to the state. We have

(N'(y)2,V)y+y = / /Q o (y(x,€)z(x, )v(x, €) du dP

do,....dm di,...,dm

~ Y wb > wl) [ e [0 6
Koy km=1 I yeodm=1 Q i=1
do,..-,dm

~ Y iR wRw k) (v w(k) )2k w (k) (MU,
ko,...,km=1

= <d).*1 ® (MLo1 (¢(wey) o (de Z)))’V>]1®(w®w.2)
= <N,(y)zav>]1®(w®w.2)a
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6.2. Stochastic Discretization: Polynomial Chaos

cf. (6.15), where N’ is exactly the derivative of the discretized operator N. Furthermore, the
right-hand side is

(-Q*(Qy —a),v)y-y

dl,...,dm dl, ,dm m m )
= Y R [(-amma( > eyt o) -a)) TTe € a
k1, km=1 = 11, lm=1 i=1 i=1
diyesdim
= > vk Wk wE) (-Q My (Qy( kw(k) — d(ar) ) )
K1 yeokim=1
= (=(Q"Mp) o1 (Qy — @), V)15 wew?); (6.20)
cf. (6.5). Given the solution z of the discretized adjoint equation
Az +N'(y)z = —(Q"My) o (Qy — ), (6.21)
the gradient of the reduced, discretized objective function reads
VI(u) = —(M'BT)(z,w ® @)1, fm] + U, (6.22)

cf. (6.6). Due tow ® w = (w® w.?) ® w.™!, the term (z,w ® W) [m]+1,[m] corresponds to
computing the LZ(Z)-inner product (induced by wow.?) of z and the function 1 (represented
by w.™1), i.e., computing the expectation of z, see also and the paragraph below this
equation. In [46] we used differently scaled formulations of (6.21) and (6.22), which coincide
to the ones given here in the case w = w. /2 (orthonormal polynomials). Here the form
ED of the adjoint equation is closer to the continuous setting as derived in . Asin
:D the matrix (I\/I IBT) can often be applied without inverting the mass matrlx M so that
Theorem [5.8] can be applied to estimate the gradient error.

In analogy to , we obtain the discrete Hessian
V2 (u)s = (MT'BT)(h, W ® W) ) 11,(m] + 75, (6.23)
where h € Rd0xxdm golves
[A+N'(y)h=(Q"Mpg)o1 (Qd)+ .7 & (M oy (0O z) 09" (WaY) O (Db @d))) (6.24)

with d = [A + N’(y)]"!Bs and the current state y and adjoint state z. The second summand
at the right hand side of is exactly the derivative N”(y) applied to z and d. In
we could get rid of the componentwise multiplication by @.~! by, e.g., dropping
the multiplication of d by . But we want to emphasize that this approach is related to
interpolation: The tensor b ® y for example contains exactly the function values of the
state at the FE nodes and Gaussian quadrature grid points. Therefore, pointwise operations,
such as the application of ¢” or the multiplication of functions, carry over to componentwise
operations on tensors in the discrete setting. Multiplying a tensor of functions values by
.~ ! again transforms it back to the representation with weighted Lagrange polynomials.
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6. Discretization of the Model Problem

Application of the Operators to Low-Rank Tensors

To make the solution of the state and the adjoint equation and further computations efficient,
we represent all tensors, such as y and z, in a low-rank format (TT or HT, see Subsection
2.1.2). As already noted in [40], this is related to reduced basis methods [29, 28]. Let for
example y € R%>*dn he given in the HT format. Then each leaf matrix U; € R4
(see Subsection contains a generating system of a lower-dimensional subspace of R%
typically even a basis of an r;-dimensional subspace. These bases can be interpreted as bases
of subspaces of the discrete spaces Y, Pg,—1(Z1), ..., Pa,,—1(Em), respectively.

Equations and will be solved by a low-rank tensor solver such as AMEn,
which chooses the tensor rank adaptively. In particular, the basis Ugy for the subspace of the
deterministic discrete state space Y may be adapted by the low-rank tensor solver during
the solution process and it may even change its size. This is in contrast to the standard
reduced basis method, where the basis is chosen a priori based on solution snapshots. A
second difference is that also reduced bases for the polynomial spaces Py,_1(Z;) appear in
the low-rank tensor.

In order to be able to apply such a low-rank tensor solver, it is important that all operators
are efficiently applicable to low-rank tensors. This shall be discussed in the following. We
see that the nonlinear function N as well as its derivatives N’, N” can be applied to low-
rank tensors as long as the elementwise application of the functions ¢, ¢’, and ¢” can be
implemented efficiently because the rest of the computations consists of multiplications with
rank-1-tensors, i-mode matrix multiplications, and componentwise multiplications to apply
N’(y) and N”(y). In particular, the componentwise multiplication by a rank-1-tensor can be
written as i-mode multiplications with diagonal matrices. In our case, it holds that

N(y) = Mg oy diag(w®.71) oy - - - diag(w™ .71 0,11 (diag(w™) oy - - - diag(w ™) opi1 y).

(6.25)
Analogously, the operator Mg defined in (6.19)) can be implemented efficiently using i-mode
matrix products only. More i-mode matrix products, outer and inner products appear in

form of the operator Q used in (6.18]) and (6.21)), the operator B, and in (6.20)), (6.22), and
(6.23). There, the contraction with a rank-1-tensor can be carried out by

(z,wo w)[m]—i—l,[m] = ((W(l) © w(l))T 02... (W(m) © w(m))T Om+1 Z) (1,...,1),

where the indexing at the end is done to remove the tensor modes of dimension one. It
only remains to investigate the application of the operator A to low-rank tensors. Then all
operations in (6.16)), (6.21)), (6.22)), and can be realized in an efficient way.

By , the application of the operator A can be performed as contraction with the
tensor a defined in . If this tensor can be represented or approximated in the used low-
rank format, this contraction can be computed easily. More concretely, it can also represent
a TT matrix as described in Subsection m The contraction <57y>(m+2,...,2m+2),[m+1] is
exactly the application of a TT matrix to a TT tensor as depicted in Figure Another
favorable option is having the operator A of small CP rank. We can achieve this by using
additional structure.
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6.2. Stochastic Discretization: Polynomial Chaos

Example 6.5 (|46l Example 3.3, Example 3.6]). In light of Example and Lemma
we consider the specific form s (z, &) = ko(z)(1+> - &mni(x)) of the coefficient function. The
definitions of the operators Ay, 4; € L(Y,Y™) from Lemma carry over to the discrete

setting via

Ao € RdOXdov (AO)kolo = (’iov@mv‘z’ko)LQ(Q)
A; € RTXD (A == (miko Vi, Véry) r2(0)

cf. (6.2), and it holds that A(&) = Ag + > 1", &Ai. Writing 9( )9( - 9( )(f )O(J)(EJ) for
brevity, we obtain

/_ kolo H 9 5] e(j 5])
- (AO)kOZO H/_ el(gj)el(ﬁjy) de + Z (Ai)kolo / gl 2)0 H _ j j
j=17E; i—1 . Ghi Y
AO kolo H W ]) + Z kOlOal Wl l; (5[ ki HW 5[ k]
J#

[Tl ( i+ 3 Wnt?) [T
j=1

using that Gaussian quadrature is exact up to degree 2d; — 1. Therefore, (6.14) becomes

5(1%,[0) = < A0)kolo + Z koloal ) H5z kj-

This gives
do.--,dm o o [}
Ay = (a,y) (m+2....2m42) m+1] = Z a(k,Dy(l)
10y slm=1

Z ( (Ao) kOlO +Z koloak ) (lo, k1, k)

lo=1

= Ao OlY"’ZAi 01 Si0it1y
i=1

with S; = diag(a®®) in analogy to Lemma We see that the operator A admits CP rank
m + 1 and can be implemented using simple i-mode matrix multiplications and summation.

In [46] an additional example is given, where a similar structure is derived for an operator
with additional domain parametrizations via interpolation. As mentioned at the end of
Section [3.2] we skip this example in this thesis because the a posteriori error estimator derived
in Chapter [7] will also rely on the structure of the coefficient function used in Example
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6. Discretization of the Model Problem

Relation to Stochastic Collocation

With the structure of the operator A from Example [6.5] and the approximation of the non-
linearity and the right-hand side by Gaussian quadrature, we obtain that the
described stochastic Galerkin discretization of the state equation yields in fact a com-
pletely decoupled system, one nonlinear equation for each combination (a,(cll)7 .. .,a,(czz)) of
parameter realizations:

(AY)(~ k) = (Ao + > al Ay (e, k) = w(k) " A (w(k)y(- k),
=1

(N(Y))(+, k) = (.71 © (ML o1 () @ )))(+, k) = w (k)" MLp(w(k)y(+, k),
)(+ k) = ((Bu) ® w.7)(+, k) = w(k) " Bu,
b(-, k) = w(k). 'b(az).

The vector w(k)y(s, k) represents the FE function y (-, a,(cll), . ,a,&?), see (6.9). This relates
the approach to stochastic collocation, cf. [44], where one would have w(k) = 1 for all k
and then get the same weight 1 for all equations obtained by inserting the collocation points
into (6.1). Taking orthonormal polynomials as basis, these single equations are weighted

differently, namely by w(k)~! = w(k)'/2, in the tensor version.

6.3. Choice of the Trust-Region Model

We describe the choice of the trust-region model in the stochastic setting only because the
deterministic setting works analogously. The main difference is that the stochastic setting
requires further approximations of the Hessian to have efficient computations. Let U C U be
the current discrete subspace and let u* € U be the current iterate, represented by the vector
u¥ € R%. The tensor ¥* shall solve the state equation with u = uF approximately and
let z¥ be an approximate solution of the adjoint equation with y = y*. We have to
keep in mind that we apply iterative low-rank tensor solvers to these equations so that we
cannot expect to obtain exact solutions.

In order to be able to apply the error estimates from Chapter |5, we choose a quadratic
trust-region model my for any direction s € U represented by the vector s as follows:

mi(s) = mg(s) := Vmg(0) " Ms + %STMVka(O)S

The space R% is equipped with the inner product induced by the mass matrix M and deriva-
tives, such as Vmyg, are computed w.r.t. this inner product. To approximate the true
gradient sufficiently well, we choose

Vmg(0) = —(M™'BT)(2", W ® W) py41,pm) + Y0

in light of (6.22]) and Theorem In principle, we could choose V2my(0) to be computed as
in ([6.23)), but this evaluation requires two stochastic PDE solves, which is on the one hand
costly and on the other hand inexact due to the low-rank tensor solver so that the Hessian
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6.3. Choice of the Trust-Region Model

model would be noisy. To overcome this issue, we approximate the operator A + N’ (9k) by
an operator of CP rank 1, which can be inverted easily. We do this by using a reference
operator acting only on the space mode.

To approximate the operator A, we can choose At := A(£), where £ = J=&dP, or Ayes =
E[A(-)] for example. If A : & — R%>% ig affine as in Example the two choices coincide.
We can approximate

A~A i =AxRl--- I

and have Ar_e% = Ar_e% X1+ ® 1 ie., the inverse can be applied to low-rank tensors by
computing a simple -mode matrix product. In Chapter [7] it will be shown that it makes
sense to use the operator A, as a preconditioner for the solution of equations of the form
(6:16) and (6.21). Then, the operator A} has to be applied many times so that it is suitable
to increase efficiency by, e.g., computing a sparse Cholesky decomposition of At once so
that applying the inverse A;e% to a vector consists only of permutations as well as forward
and backward substitutions.

For the approximation of the operator N’(y) we introduce the parameter dependent vector

dy dm
&) =3 0> Yok k)0 ()6 ()

k1=1 km=1

cf. , and propose three options:

e Firstly, we can take N| ;(y) := N'({(¥, W © W)[m)4+1,1m)); 1., we evaluate N’ at the ex-
pected value E[y()] of the current state. This is the option we use in the implementa-
tion because after having computed the expected value, the code from the deterministic
setting can be reused.

e Secondly, and similarly, ret () := N'((¥,0(€)) ) +1,5m)) can be taken, where 0(£)(k) =
| l(ci) (¢;) meaning that N’ is evaluated at the “reference state” y(€).

e A third option would be to define N, () := Mr diag({(@’, W) py)11,5m)) ~ E[N'((-))]
with @’ ~ ¢/(d ©®y). This option seems to be costly because the nonlinear function
¢’ has to be evaluated on the full tensor y, but the quantity can be reused from the
solution of the adjoint equation.

Using one of these options, the the final rank-1-approximation of the stochastic, linearized
PDE operator is given by

A+ NG~ (Aer + Nt (55) @ 1@ - @ 1 =2 Apeg + Nl (¥°).
With this approximation, the tensor d from ({6.24)) is inexactly computed via
d~d" = (Arer + Nt (%) 7'Bs = ((Arer + Nit (%)) 'Bs) @ w. 7"

Given this rank-1-tensor, the tensor h from (6.24) can be approximated via

h h* = (Arer + Nigg (5) 7 [ (QTMyQ) o1 @ + My oy (& @),
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6. Discretization of the Model Problem

where ¥ ~ @ © 2" ® ¢"(d ® ¥*). Using this approximation in (6.23) defines the model
Hessian, applied to a direction s:

VZmi(0)s = (MBT )y, W © ) 1) + 75 (6.26)
= (M71BT)(A) ™ [(Q"MyQ) + My diag({Z", W) 1 )| (AL ~1Bs + 35

ref

using (w.” ', w® w) = 1 (sum of quadrature weights) and with AE ef) = Aser + N/ ¢(y¥). This
Hessian operator is symmetric on R% w.r.t. the inner product induced by M. In contrast to
[46], we use the concrete rank-1-property of all involved operators here to derive that after
forming <C W) m]+1,[m]» the application of the model Hessian can be done by pure matrix

calculus. In our implementation we choose

<Ckv W>[m]+1,[m] = <2ka wo u)>[m]—|—1,[m] © QDH(G'ka wO w>[m]+1,[m])

for simplicity, i.e., we work with the expected state and adjoint state and reuse the deter-
ministic Hessian computation.

6.4. Solution of the Discrete Semismooth Newton System

As pointed out in Section [£.4] a semismooth Newton method can be applied to improve the
step found by a linesearch. In this section, we describe how this method is implemented in the
discrete setting for the special choice Uyq := {u € U : wi(z) < u(x) < uy(x) for a.e. z € Q,},
where uj, u, € U C L*(Q,) are functions living in the finite-dimensional subspace and
fulfilling wj(x) < uy(x) for (almost) every = € €,. This description follows our work [46].
The exact projection onto the feasible set is given by

Py, U — Usg, (Py,,(uw)(z) = min{max{w(x), u(z)}, u,(z)}. (6.27)

It is known [ITI] that this superposition operator is semismooth as a mapping from L?(€2,,)
to L?(,) for any ¢ > 2. Since u¥ € Uyg C L*®(Qy,) C L9(Qy,) and if ¢:B* maps Y into
L%(Q),) continuously, where L LZ(QU)* — L?(€,) denotes the Riesz representation operator,
the residual R defined in is semismooth w.r.t. the direction § as noted in Section
. In our concrete case Wlth B from , i.e., 1B*v = D* f~ ¢) dP, the requirement
on (B* is met if D* € L(L?*(Q),L*(£, )) (using Riesz representatlves) maps Y C L%*(Q)
continuously into L9(€,). If, e.g., Q, = Q and D = I : L?(Q,) — L%*(Q) one can use the
Sobolev embedding H}(Q) < LP(£2) and ¢ < p to show this property.

In the flavor of , it is desirable to have a componentwise formulation of the projection
also on the discrete subspace so that it can be computed efficiently. If we equip R% with the
inner product induced by the lumped mass matrix M, this holds true because this matrix
is diagonal with positive entries. Let uj, u, be represented by the vectors uy, u, € R% which
fulfill equivalently u; < u, componentwise and define U,q := {u € Ry <u< uy}. The
projection onto this box w.r.t. the Mi-inner product then reads

Pu,, : R™ — Uaq, (Py,,(u)); = min{max{(u);,u;}, (uy);} for every j € [dy].  (6.28)
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6.4. Solution of the Discrete Semismooth Newton System

Given discrete versions u and Vmy(0) of the current control and the model gradient,
respectively, we formulate the discrete version of - w.r.t. the M -inner product. This
means that we use the discrete projection (|6 and a discrete version VZm 1 (0) of the model
Hessian w.r.t. the M -inner product, Wthh is obtamed by replacing the mass matrix M by
the lumped mass matrix M, in (6.26)). This leads to a favorable structure in the semismooth
Newton system as we will see later. In analogy to , we define

A(u) = BT (AL) (@M Q) + Mo diag (&, W)y 41.m) | (A B,

where Aflgf) and ¥ are computed from u” as in Section Then the alternative Hessian is
given by V2my(0)s = Mle(uk)s + vs. Inverting the diagonal matrix M is cheap compared
to the inversion of M. With these definitions, (4.45) becomes

R(s) :=5+ uf — Py, (u¥ — 7, Vmy(0) — 7 M T H(uF)s) = 0. (6.29)

with 7, 5 == (y+ 2 v £)=1 > 0. The discrete residual R is also semismooth w.r.t. the direction
s. We choose

0 if uj < (w)j,
DPy,,(u) € R%*% diagonal, (DPy, (u));; =4 1 if (u); < uj < (uy)j,
0 if (uy)j < uj

as an element of the generalized Jacobian of Py_,. Note that if u; € {(u});, (un);}, we are
in principle free to take (DPy,,(u));; € [0, 1], but choosing this value from {0,1} will make
a block elimination possible. With this choice, the discrete semismooth Newton system for
the iterative solution of is

(s — Y + 7k DPy,, (uF — 70k VMg (0) — 7 s MTTH(UF)S) MTTH(UP) (877 — sf) = —R(s"),

(6.30)
where s’ is the current approximation of the solution s of (6.29) and s“+! — s’ is the semis-
mooth Newton step. Since the typically large and dense matrlx H( ¥) should never be formed
explicitly, we have to apply an iterative method such as GMRES or CG working with the
application of the matrix only to solve (6.30[). This method should be formulated on the
function space equivalent, i.e., work on R% equipped with the M -inner product. Analo-
gously and in favor of a simple implementation, we can multiply by M, from the right
and use the fact that diagonal matrices commute to obtain the equivalent, preconditioned
system

ML (st — %) + 7 DPy,, (uF — 70k VMg (0) — 7 M T H(UF)sY) H(uP) (s —s%) = —MLR(s),

(6.31)
which can be solved by iterative methods formulated on R% equipped with the standard
Euclidean inner product. In particular, to apply the CG method successfully we symmetrize
by a block elimination. For this purpose, the index sets

T=T(s") = {j € [N] : (DPu,, (u" = 70 Tme(0) = 7 MZ H(ub)s?)) 15 = 0}
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6. Discretization of the Model Problem

and A = Ay (s’) := [dy] \ Zp(s*) are distinguished to define the partial solution (s“t' —sf)7 =
—R(s%)7 of (6.30)) or equivalently (6.31]). We insert it into (6.31)) to obtain the smaller system

(ML) 4 + 7o H(UF) 4a) (857 = 85 4 = 7k H(UF) 4zR(sY) 7 — (ML) 44R(S) 4 (6.32)

The matrix (M) a4 + THJCH(Uk) A4 1s always symmetric w.r.t. the Euclidean inner product
and positive definite if e. g., the entries of the vector (¥, W) [m]+1,(m] are large enough to make
the matrix

(QTMHQ) + ML di&g(<zkuw>[m]+1,[m])

(see (6.26])) positive definite. In practice, we do not experience a problem when applying CG
to the system . In general, one would have to apply an adequate iterative solver such
as MINRES if CG fails to compute an accurate enough solution. The matrix H(u¥) 44 should
not be computed explicitly, but should be applied to a direction s4 using the application of
the full operator H(u*) as follows:

At Lassa = (A6 At) (5) = (e (5)
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7. A Posteriori Error Estimation and
Adaptive Solution of a Class of Parametric

PDEs Using Low-Rank Tensors

Following [22, 23, 38, [39, [40] we consider the parametric, elliptic, nonlinear operator equation

A(©y(§) + N(y(&)) = b(8), (7.1)

where ¢ is a vector of independent random variables distributed on = := X;il =; with the
probability measure P := ;" IP; as in Section Assumption |6.3| shall still be valid. The
right-hand side b(§) € Y™ is given and strongly measurable w.r.t. . Let A(§) :Y — Y*
be a linear, self-adjoint, and bounded operator between a Hilbert space and its dual for
almost every £ and let N : Y — Y™ be well-defined, continuous and monotone, but possibly
nonlinear. We assume that £ — A(¢) is also strongly measurable and that A() is uniformly
bounded and boundedly invertible:

IAO 2oy < emaxs A lzery) < Cmtn-

This ensures, together with measurability, that A € Lg°(Z; L(Y,Y ™)) and thus A € L(Y,Y™)
by Proposition for the operator

(Ay,v)y-y = / (A©)Y(6),v(, )y~ y dP (72)

and the spaces Y := LL(E;Y), Y* = Lg(E;Y*) with adequately chosen p > 3. The
operator A € L(Y,Y*) defined exactly as A but with Y := L2(Z;Y) and Y* := L3(Z; V™)
is also well-defined and even boundedly invertible.

The ellipticity of the operator A({) gives rise to the inner product
(Y, v) age) = (A)y, v)y+y

and the corresponding energy norm ||yl 4¢) = 1/ (¥, ¥) ae)-

For error estimation, we consider a linear, self-adjoint and elliptic “reference” operator
Ares € L(Y,Y*). This can be the nominal operator Ay = A(£), where £ = [-£dP,
or any other norm-inducing operator, such as A, = —A for the H}(2)-norm. Then,
(Y, 0) A,y = (Arety,v)y=y defines an alternative inner product on the space Y and the
equivalence estimate

AMAG) v, v)yy < (Aretv, v)y=y < AA(§)v,v)y+y (7.3)
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7. A Posteriori Error Estimation for a Class of Parametric PDEs

holds for a.e. & € =, every v € Y and some constants A, A € (0,00), A < A, due to the

uniform ellipticity of A(£). We define the alternative norm ||y||4,.; := v/ (Arety, ¥)y+y on Y
which is equivalent to the usual norm || - ||y Analogously defining the inner products and

norms on Y* induced by the operators A(£)~! and Aref, we get the inverse estimates

3@ < (b Atbhyey = 151y < H1BIE gy (7.4)

for every b € Y* by Proposition
Now let y(£) € Y be the unique and exact solution of ((7.1)), and let (§) € Y C Y be an
inexact solution living in a subspace Y of Y (e.g., a finite element subspace), fulfilling

A(E)y(€) + N((£)) = b(§) =: 7(8), (7.5)

where 7(§) € Y* is the residual. We assume that this residual can be evaluated exactly
in the sense that (r(§),v™)y«y can be evaluated for every given v € Y+ O Y in some
finite-dimensional (e.g., FE) subspace Y* C Y.

Lemma 7.1. Let y(§) € Y be the solution of (7.1)) and let 5(§) € Y. Under the standing
assumptions, it holds that

15(6) = 9(©)llanee < Allr(©)1 4= (7.6)
with r(€) defined as in (7.5).

Proof. We can estimate using the monotonicity of N:

15:(6) = y(&) e
A(E)( (&) = 9(£)),5(&) = y(E))y=y + (N(F(£)) —N(y(é)),i(é) —y(&))y+y
—y(€))y+y = (AAE) (&), 5(6) — y(©))y
€),5(6) = y(€))ae) < 1A r(E)llae 5(6) -

This gives [|7(£) — y(§)llae) < HT(f)HA(g)—l and
ﬁ”i’(&) =Yl awer < NFE) =y llace) < M)l a1 < \/KH?“(E)HA;E}

by the norm estimates (7.3]) and (7.4)), which yields the result. O

Remark 7.2. In the case N = 0, we even have (&) — y(&) = A(¢)~1r(€) and thus [|7(€) —
y(f)HA(g) = Hr({)HA(S)A. Then the lower bound \[\HT(&)HAal < HT(S)HA@)A is useful.

N
—
)
\_/\.
=
~ ~—

y( Mlage)-

For the computation of HT@)HA*} we define w(§) € Y to be the unique solution of the
equation Aefw(€) = r(€). Then it holds that

I (€)1 = (r(€), Argr(€))y=y = (Aretw(€), w(€))y+y = [w(©)]A,,,- (7.7)

We compute a discrete solution w(§) € Y fulfilling

<Arefw(€>,v>y*7y = <T(§),V>Y*7y for all v e Y, (78)
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7.1. Realization of the Deterministic a Posteriori Error Estimator

ie, w(&) = Ar_e%r(g), where Aer : Y — Y™ is the restriction of the operator A, onto the
space Y and its inverse is defined in the sense of . We assume that this equation is solved
exactly having our application in mind. If this it not the case, the algebraic error caused by
the inexact solution of the discrete equation has to be incorporated additionally.

Lemma 7.3. Let y(&),5(§), (&) be as in Lemma and let w(€) = A;r(€) and w(€) € Y
defined by (7.8)). Then, under the standing assumptions,

15(6) = 4O, < A2(IW©II,., + [lw(€) = w(©)A,.,) (7.9)
holds.
Proof. Combining ([7.6]) and ( results in

I15(6) = 9O, < A2(||W(§) +w(€) = wE)lA,,) = AW, + lw©) = w(©)lA,,),
where the last equality is due to and w(&) €Y, cf. the proof of [38, Thm.5.1]. O

The first summand in ([7.9)) turns out to be the purely algebraic error contribution caused
by solving a discretized version of ([7.1]) inexactly:

WA, =€), Atr(©))y=y
= (A(F(E) + N(F(©) = b(&), At (AE)F(E) + N(F(£)) = b(E)))v=v-

The second summand will be estimated by standard a posteriori error estimates for ([7.8]).

7.1. Realization of the Deterministic a Posteriori Error
Estimator

We discuss the realization of a deterministic a posteriori error estimator for the estimation
of the term ||w(&) — w(§)]| 4, for the example from Section with the deterministic state
equation and the adjoint equation . This is an adaption of the ideas presented in
[114, Chap. 1] and [2, Chap. 2] to our setting.

We define in analogy to , but with slight differences:

(AU 0)yey = [ KOV - To+ x( ple)oda,
VO o)vey = [ SO,
(7.10)
(b(&),v)y=y = / f(&)vda,
<Arefy(§)7 U)Y*,Y = /inrery(f) Vo + Xrefy(g)vd'x
with x € L3Zp(Q x E), x(z,§) > 0 for a.e. (z,§) € 2 x = and the deterministic reference

coefficients ke (uniformly positive) and y.ef (nonnegative). The functions ¢ € C?(R, R) and
f(€) € L3() shall fulfill the same properties as ¢ and f in Assumption
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7. A Posteriori Error Estimation for a Class of Parametric PDEs

Remark 7.4. The setting covers all important equations and operators:

e For y=0, p =, and f(£) = Du + f(€) we get the state equation (3.8).

o If e.g., Q( ) = HYQ) = L*(Q), we get the adjoint equation for x(+,&) =
¢'(y(8), =0 Hd f(f) —(Q(€)y(&) —a(g))-

o For rpet(z) = K(x, &) and yyef = 0, we obtain the nominal operator A(£). For ket = 1
and Yo = 0 we get the HE(Q)-norm inducing operator. Changing to Xyef = 1, the
H'(Q)-norm is induced.

Assumption 7.5.
e We consider a two-dimensional, polygonal domain  C R?, cf. Assumption

e As described in Section We discretize the space Y = H}(Q) by linear finite elements
(continuous on §2) on a triangulation 7. The discrete subspace is denoted by Y C Y.

e The coefficient functions k(-,£) and ke are assumed to be piecewise constant on the
triangles.

Remark 7.6. These assumptions are only made to simplify the explanations and results
in this section. Quadrilateral elements, cf. [2], higher order FE functions, or not piece-
wise constant coefficient functions could be included quite simply, but would result in more
complicated formulas or distinctions of cases.

With v € Y we get
= W(&),v) A = (1(§) = AretW (&), v)y+y =
= Z / Vo X OFE + SFEN - f(E)

TeT
— Kret VW(E) - VU — XretW(&)v dx)
= ( /T —div(k(-, E)VF(E))v + div(rer Vw(€))v

TeT

+ (X, OF(E) + 2(F(€)) — F() = xretw(€))v
+ / (K(7£)vy(§) - Hrefvw(f)) s vr 1)dS>7
ar

where vp is the outer unit normal of the triangle T. Since k(-,§) and Ky are piecewise
constant on the triangles and we use piecewise linear ansatz functions (Assumption ,
div(kretVW(€)) = 0 = div(k(+,€)Vy(§)) holds true on each element T'. Therefore, using

(w(&) —w(&),v)a,, =0, we get
£),0) A, = (W(E) = W(£),v = V)4,
Z / FBEE) — F(E) — Xeerwl(©)) (v — v) da

— (7.11)
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7.1. Realization of the Deterministic a Posteriori Error Estimator

for arbitrary v € Y. Since ¥ is bounded and continuous on € and ¢ : R — R is continuous,
(3(6)) belongs to L*(€2). Due to x(€), yeet € LX(€2), we also have x(-,€)F(€), Xeetw(E) €
L?(Q). The integrals over the triangle boundaries OT are considered edge-wise: If an edge E
belongs to 012, this part of the integral vanishes. Interior edges also appear in the integral over
the boundary of a neighboring triangle. Thus, the sum over all triangle boundary integrals
can be collected to integrals over all interior edges E € £9, denoting by &£ the set of all
edges and by £° the set of all interior edges. There, the normal jumps involving the discrete
solutions y and w appear:

[6l6(@) = Jim o(+tve) - lim 6z — tvp),

where vg is a unit normal vector corresponding to F, cf. [114] Sec.1.1].

We estimate

(W(&) = w(€), V) < D IXOFE) + @3 () — F(€) = xeerW(E) | 2 llv = v 27
TeT
+ D BV = ket VW(E)) - vl BllL2m) v = Vi)
e (7.12)

If we insert the Clément interpolant v € Y of v and use that (w —w,v)a., < c-n(w)-||v]a,,
for all v € Y yields |[w — wl[a,, < ¢-n(w), a similar estimation as in [114], Sec.1.2] or [2]
Sec. 2.2| can be performed, giving

[0() ~ w(©Ollae < erean (X mE©? + X ms@)?)  (713)
TeT Eeé&d
with )
1) = hrlx(-O7(E) + 2FE) ~ F(©) — xearw() 120 (714)
and
1p(F(E) = B[ OVHE) — ket V(E)) - vl il 2oy (715)

The constant ¢ > 0 depends only on the smallest angle in the triangulation 7 and the
coercivity constant ca . > 0 is chosen such that [|y||z1(q) < ca,.l|¥l A, holds for all y € Y.
The diameters of the triangles and edges are denoted by hr and hg, respectively.

Remark 7.7. This estimate can possibly be refined if the local properties of the interpola-

tion operator are considered more carefully by including the coefficient function. Then the
constant cy4 , could be improved.

The overall error estimator looks as follows:
Theorem 7.8. Let 7(§) € Y be given and let y(§) € Y be the exact solution of (7.1), where

the respective operators are defined as in (7.10). Furthermore, let Assumption hold and
define w(§) by (7.8) and (7.5).
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Then,

I76) ~ w©),, < AW, + A%, (32 mG€)F + 3 meG(©)?)  (7.16)

TeT Eego

holds with A from (T.3)), cr and ca,, from (T.13), and nr(3(€)) and ne(y(£)) as in (7.14),
(7.15]).

Proof. Combining ([7.9) and (|7.13) yields the desired result. O

7.2. A Posteriori Error Estimation in L3(Z)

In this subsection we discuss an a posteriori error estimator for Y = R and ¢ = 0, i.e., a
linear equation on R, discretized by a stochastic Galerkin approach. This is only a simple
model problem. The essential ideas will be used later to combine both error estimators to
one for the PDE with stochastic coefficients.

Let A(§) : R — R be a linear, uniformly coercive and bounded operator mapping from R to
R, i.e., we identify A(¢) € [k, K] C Rso, and let b € L(Z). We want to solve A(&)y(&) = b(€)
by a stochastlc Galerkin method with polynomial chaos. Let y € LQ( ) be the unique weak
solution fulfilling

(Ay,v)LH%(E) = (b,v)Lﬁ(E) for all v € LE(Z),

ie, y) = % almost surely. We choose polynomials of degree at most d; — 1 € Ny as
discretization subspace Py,—1(Z;) C L3(Z;) and take the full tensor product

m
Pd ]1 E = ®7Dd —1 »—41 ®L]%Dl(E’L) L]P’(E)
i=1

where d € N is a vector, cf. Section Let y € Py_1(E) be the Galerkin solution fulfilling

(Ay,v)2 L) = = (b, V)L2( =) forall vePyi(E).

Let {Bl(;)};j - L2 (:Z) be sets of orthonormal polynomials w.r.t. the L (HZ) inner prod-

uct, where ﬂ,(% has degree k; — 1, and let {3k }xenm be the corresponding orthonormal tensor
product polynomials which form a Hilbert basis of L3(Z), see Section Then, for every
v € L3(Z) there exist unique coefficients (uy) € EQ(Nm) such that v(§) = > pcnm tkBr (&)
holds almost surely and the series converges in the LZ(Z) sense.

‘We have

(A(y - y)v U)L]%,(E) (b Ay ZkGNm :ukﬂk L2(E) Z :U’k b Ay Bk)L2 5)
kLd

The summands for k£ < d (componentwise) cancel out due to Galerkin orthogonality. This
corresponds to testing with v(§) := >, -, tkBr(§). Note that we write k £ d and not k > d
since we compare index vectors here.
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7.2. A Posteriori Error Estimation in L3(Z)

Now we use an approximation A € P;(E) of A with d € NI and an approximation
be Pid_1(Z) of b and compute

(b— Ay, ”)Lﬂ%(a) = (b— Ay, ”)LH%,(E) +((A- Ay, U)L]%,(E) + (b0, U)LJ%,(E)'

Since b — Ay € Piri_1(E), we have

k<d+d
> e b_AY7ﬁk)L2 o= 2 (b= Ay, B )
iz k%d :

IN

(Shst ) (St (- Av. b))

due to orthogonality. The sum ZZ%ZHI (IN)— Ay,ﬁk)iQ(:) is finite and can be evaluated
2(=
simply, e.g., by using a quadrature formula of high enough order or analytically. Inserting

v =y —y and using || (ur)kllezqym = vl 12z gives
ly=yl% = (b~ Ay.y =) 2z + (A= Ay.u =) oz + 0= by =¥) 12 <

1/2 bt >
((ZhE™ (0= Ay, ) 1a) > + (A = A)yllzze) + 10 = Bllace) ) ly = ¥llzzce)

By Iloll @) < Zllella we get
1/2 Irt 7
ly —ylla < f((z',z;?d(b Ay, B)72) 2+ 1A = Ayl 2z + b= Bllzacs) ).

We see that even for d = 1 there are 2 —1 different basis functions 8y, to test with. Therefore,
it is convenient to use further structure of the involved polynomials. If, e.g., y € Pi-1(2),
be Py—1(E) and A is affine, i.e., A(§) = Ao+ >~ &A;, we obtain for k £ d, k < d + 1:

(b AYa Bk L2(8) = Zgz iy (€ Bk L2(2)
0 otherwise.
This gives
k<d+1 m
> Ay )z = D (GAN(E), Barer) 122y
kLd =1

which can be interpreted as a decomposition of the error into contributions for each param-
eter.
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7.3. Combination of Both Error Estimators

We combine the deterministic FE a posteriori error estimator (Section with the one for
the polynomial discretization of L(Z) (Section to obtain an overall error estimator for
the solution of the weak formulation of . For this purpose, we return to the notation
from Section [7.11

We consider the weak formulation of ((7.1) w.r.t. the parameters:
(Ay+ N(y),v)y+y = (b,v)y-y forallveY. (7.17)

The operator A is defined in (|7.2)). Analogously, we have
(N@).0)y-y i= [ (N((.0).0(, )y dP and

(b, v)y-y = /_ (B(€), (-, ))yry dP forall v € Y.

The exact solution y of (7.17) is contained in Y = L{(Z;Y) with p € (3,00), which we
require for the weak formulation to be well-defined and for the nonlinear operator IN to be
twice continuously differentiable, but we will provide only error estimation in Y = LIQP(E; Y),
because we want to make use of (Galerkin) orthogonality.

Analogously to (7.2) we define the reference operator A,ef € L(Y,Y ™) by

<Arefyav>Y*,Y ::/<Arefy('7€)7'v('7§)>Y*,de

and its version A, € E(Y f/*) The operators A, A, and their inverses 1nduce inner
products and respective norms on Y and Y*, respectively. The estimates and (| .
carry over to this setting.

For every y € Y C Y we can conclude

(7.18)

ref -

in analogy to Lemma [7.1] with » = Ay + N(y) — b. Note that estimating the error in
L? enables us to use the coercivity of the operators A and A,. We need r € LP(H, Y*),
which can be concluded using 1ntegrab1hty properties of y and the regularity of the data,
see Sections |3.2] and |3 E and thus w = A fr €Y. For the estlmatlon of the total error we
compute G and have to estimate A cf. Lemma (7.3 Thus, it makes sense

2 by an iterative solver used for the discretized equation.
ref
We have that w € Y @ Py_1(Z) C L3(Z;Y) solves

~

(AretW, V)yr 3 = (1, V)yr 3 forallve Y@ Py y(E). (7.19)

We write an arbitrary test function in the form wv(z,§) = >, cxm vi(2)0%(§) with some
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Hilbert basis {U }renm C LE(Z) and v} € Y for all k. We have

~

(Aret(w — W), V) 122y 12(2y)
= <T - ArefW7 ZkGNm vzﬁk>f’*,f’

= Z <’I" — Arefw, UZﬁHY*’Y (7.20)
keN™m

= Z (r — Arefw, (UZ — VZ)ﬁk>Y*,Y + Z (r— ArefW7 UZI%JY*,};—
k<d kZd

with v € Y.
Assumption 7.9. We need the following prerequisites in addition to Assumption [7.5}

e The coefficient function is affine in €, i. e., k(z, &) = ko(x)+Y ;" &ki(x). This form can
originate in a truncated Karhunen-Loéve expansion. The functions «; (i € {0,...,m})
are assumed to be piecewise constant on the triangles. We define (A;y,v)y-y :=
Jo kiVy - Vodz for i € {0,...,m}.

o Let y € Y ® Py_1(2). We assume that the nonlinear part ¢(y) of the residual can be
approximated sufficiently well by a function @ € L?(Q) ® Py_1(Z), e.g., by interpo-
lation. Moreover, we assume that the function y -y can be approximated sufficiently
well by a function x € L?(Q) ® Py_1(Z).

e The right-hand side b can be identified with a function f € L2(Q) @ Py_1(2).

Again, one can include the interpolation error as follows:

A~

(r — Aperw, v)

vy
//mVxﬁ-va+x-§f~v+gp(y)-v—f'-v—mrefvxﬁv-vxvd$d19’:
=JQ

R (7.21)
///iVxSf'va—i-f(-v—Hfo-'v—f-v—firefvwfv-Vz'vda:d]P’
=JQ
+ [ [ ey =x+0) - @) vdaap

In the following, we will neglect x -y —x and ¢(y) — @ for the ease of presentation and imple-
mentation. Moreover, we allow for different orthonormal polynomial bases in the derivation
of the error estimates.

Conversion between Polynomial Basis Representations

To discretize the space L]%i (Z;), we choose orthonormal polynomials in tensor product form,
as already described in Section and used in Section Typically, the orthonormal basis
{B,(C?}ijl, where ,6’,(;) has degree k; — 1, and the tensor product basis {8 }renm of L2(Z) is
used. Alternatively, we have the Hilbert basis {6 }renm, which results from replacing the
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7. A Posteriori Error Estimation for a Class of Parametric PDEs

first d; univariate polynomials in { 5,(;2 }Zé:l by weighted, orthonormal Lagrange polynomials
w.r.t. the Gaussian quadrature nodes.
Now consider a function w € Y ® P4(E) written as

2,6) = > Wi(@)Be(€) = > wr(2)0k(6), (7.22)

k<d k<d

where wj, w), € Y are the coefficients. On the one hand, inserting £ = a; (Gaussian nodes)

yields
=w; ! Zwk )Br(ar).
k<d

On the other hand, testing ([7.22)) with [; gives

Wik(x) = Z (Wk(x) (leﬁl)[,é(a)) = Z ( H ks ’611) L2 :.))-
k<d k<d i=1
Defining the orthonormal matrices Q(®) € R¥it+1xdi+1 1,y Ql(c?ll = (

the coefficients w} (I < d) of one orthonormal basis in tensor product form can be computed
by applying an orthonormal rank-1-operator Q) @ - - - ® QU™ to the coefficients wy, (k < d)
of another orthonormal tensor product basis.

,ﬁlz))LQ =,)» We see that

ki

Discretization with Lagrange Polynomials

For a simpler approximation of the nonlinearity, it is beneficial to use the Lagrange basis
{Gk}keNg’La as seen in Section Still, we can convert the coefficients to representations in
other bases if necessary. Furthermore, many results in this subsection still hold for arbitrary
orthonormal polynomials. We will point out where we use special properties of the chosen
Lagrange basis.

The polynomial basis representations of y and w shall be

&)=Y 5i@0(€), w(z,&) =Y wi(z)6i(¢)

1<d 1<d

with ¥;,w; € Y. Be aware of the fact that these sums are actually large since [ is an index
vector. Analogously, we write f, @, and x with the deterministic functions f;, @, X; € L*(Q)
and an arbitrary test function v € Y as v(x, £) = > penm Vk(2)0k(6).

Moreover, we will use transformed representations y(z,§) = > ;.5 (x)9;(§) as well as

v(z,8) = > penm Vi(2)9k(§), where {19](;)}2?:1 are alternative, still to be specified orthonor-
mal bases of L%;i (Z;) with 192? = 01(;) = B,(;i) for ki > d; +1 and y; € Y, v; € Y. These
coefficients can simply be computed from y; and vi by an orthonormal transformation. Es-
pecially for v, we split up the representation into

= wp(@)0k(&) + Y vi(2)0k(€)

k<d k€d
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7.3. Combination of Both Error Estimators

For k < d, we obtain

(r— ArefW7 vk9k>L]§(E;Y*),L]§(E;Y)

= [(A©F (.0 + NE(.6) = (E) — Aurw( &), vy 1) AP

Z/ / Ko + &1kt + -+ Embm) VY Vog + Xivk + Grog
1<d

— fivk — Kret VW - VU — Xref WU dx) 0,(£)0,(&) dP

= Z(/ KoVY1 - VUi + Xi0k + Q1o
1<d /9

— itk = Krer VW1 - Vo, — Xrerwov dz) /: 0,(€)04(€) dP)

+Zz(/wyl Vo da /&91 €)04(€) dP)

1<d i—1
= / (ko + a,(ﬁ)m +... .+ a](::z)lim)vyk - Vg + Xk (7.23)
Q
+ OrVk — frVk — Kref VWE - VUL — Xret Wi d.

This is due to orthogonality of the polynomials {Gk} penm and the fact

Len@near= [ a0 €0 e a
= = ':1
/fz 09 eonf ) ar ] o

J=1,j#i
_Jal) itk=1,
0 otherwise.

Recall that {a,(;i)}izzl C E; are the Gaussian quadrature nodes w.r.t. ;. For a different
polynomial basis we would obtain different values here and possibly no decoupling of the
deterministic equations which we have to solve.

For k £ d (yielding k # 1) we get

(r— Arerw, Ukﬂkﬁ?( Y*),L2(S;Y)

i(/ kiVy] - Vupde /&19[ LIS dP)

Q

. . k; = d; + 1 for an i € [m],
roa ) Jo iV g, VR i {k;j <d;forjem]\ (i}, (7.24)
otherwise.

;
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7. A Posteriori Error Estimation for a Class of Parametric PDEs

In this computation we used the following properties of any orthonormal polynomial basis
{¥1}1enm in tensor product from, where 191(:) L Pr,_o(5;) for all [; > d; + 1:

L@ = [ e 1T o,

J=1j#i

_ ) ik =di+ 1 and kj =1 for all j € [m] \ {i}
0 otherwise

with ¢ := [ &01 (&), | (&) dP; holds for any | < d and k £ d.

Example 7.10. For 191(3) = /Bl(j) it even holds clj) =0 for all [; <d; — 1. Then we get

Z - i -

U / Hivyzl,.u,li,--.,km -V de = C((ii) / nyzl,-~~7di~--,km -V da
Q

l;=1

in (7.24).

From (7:20), (7:23), and (7-24) we get

(Aet (w — W), )y, ¢

= Z (r — Avesw, (v, — Vi) Ok) s vt Z A w, V) g v
k<d k%d
~ Z/ 5 aR) Vg — ket VWi) - V(v — Vi) + (Xk + @k — fr — Xeet W) (0p — Vi) da
k<d
+ Z Sl / KV Vit a,, (7.25)
i=1 k<d
Recall that we write a; := (a,(cll), e ,a,(cz))—r.

We see that the first term at the end of (7.25)) can be treated as in Section [7.1 and consti-
tutes the deterministic part of the error. The second term can be viewed as the stochastic
part of the error, where the ¢-th summand corresponds to the discretization error of L%,i (Z5).

The first term in ([7.25)) is estimated as in ([7.11]), (7.12) and is bounded as in ([7.13)) using

the Clément interpolant vy of vg:

Z/ ) Vk = Fret VW) - V(vg — Vi) + (X + @k — fi — XretWg) (Vg — Vi) da
k<d

ZZ / Xk + @k — [k — XvetWi) (Uk — Vi) da

k<dTeT

+ /a (/Q(-, ak)%yk — K/ref%Wk) (Vg — V) dS)
T
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< D MRk + B — Sr — Xeet Wil 2y ok — Vil 2y
TeT k<d
+ )0 K ak) Vi — fret VW) - vEl Bl 228 1ok — Vel 22(8)
Ee&0k<d
< crea (1 X156+ 61— i — vl (7.26)
TeT k<d
1
2
#3330 950~ V) vl ) (30 fonle)?
Ecg0  k<d k<d
1
2
= crea (S a7+ 3 ne?) (X Il )’
TeT Ec&0 k<d
with )
nr(y) == hr (Z Xk + Px — fio — XrefWkH%ﬁ(T)) ’ (7.27)
k<d
and 1
= hif* (D NI, 20 V5k = et VW) - vEl Bl ) (7.28)
k<d

Note that y enters in these definitions via wy and ¥, and indirectly via yx and @.

The second term in ([7.25)) can be treated as follows:

ZZC( )/ KV VU a1k, AT

=1 k<d

_ (@ f.ox %
= E E Ck; <AiYk7Ukl,...,d¢+1,...,km>Y*,Y

=1 k<d
<Y [ as| i (7.29)
i=1 k;j<dj,j#i k;<d; ref
() 1 1
1)~ 2 2
< (Z > Ja X @@l (Z > Ikt )
i=1 k;<d;,j#i ki <d; Aver i=1 k;<d;,j#i

Example 7.11. For ¥ = §r we have c,(fi) = 0 for all k; < d; — 1, and the estimate ([7.29)

becomes

PIDICHY RSN P

i=1 k<d
1,m 1
2 2 2 2
(Z > AT g ko) (D D k)
i=1k; gdj,ﬁéz i=1 k;<dj,j#i
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For general ¥, we focus on the term », _, (c

k<d

due to 29()

d +1 -
Zkigd

It stlll remamb to compute

(1) o

k, Vi) =1 ¥j ;- 1t holds that

50 = [ &8ila6) Y o €sian,

k;i<d;

Bc(li)-i-l’ where the appearing integral is in the sense of Bochner. The term

(fl)yk is independent of the concrete choice of the basis {19 }k eN-

\\Aiiz,i!ﬁ;; = (4 refAzyZ,iv AiTe vy = (Ui AT vy = / ki Vg Vi, dz

where we define ¢ ; : E

= A" Alykﬂ-, i.e.,

ref

Q

/ Kref Vi * VU + Xref Uy, ;v dz = / ki Vg - Vode
Q

Q

holds for all v € Y. One could now compute a discrete version y7 i of gy i and additionally

estimate the error |7}, —
can estimate

/ ki Vg Vg, dz
Q

1 1
< (f IVt O5iade) - ([ 1wVt - Vi de)

)

= (/Q Imil Vi - Vks dx)é g ”Loo (O ( /Q Kret Vg Vg d:v>é
)
)

el

< (/Q kil V3L, - Vg, do

= ([ IV Vo do
Q
It follows that
IAGLIE s = [ ReVFEi - Vi ade <12

Thus, we define

GO = (3 (] (X vy

kj<dj,j#i

chf ”Loo )

: (/ /frefv:g;;,i ’ V@Z,Z + Xref(@Z,i)Q dx) ’
Q

1
2 ~ ~ 2
il Fret HLoo Q)" </Q KiV¥g V?/Z,z‘ dx)

7.ill e With the techniques from Section n Alternatively, we

1

1

1

(7.30)

/ |’€1|va2 VYk K dﬂj)

(Y < ))é (7.31)

k;<d;

in order to formulate the following error estimation theorem.
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Theorem 7.12. Lety € Y @ P4(E) be given such that v = Ay + N(y) — b € L3(Z;Y™).
Suppose that Assumptions and are satisfied with the definitions (7.10)).
Then,

7wl < A° (cmef(z mr P+ Y me?) o+ (L 6r)”

TeT EeEo =1 (7.32)
2
+ H —X+ely) - N")L[?»(E;L"’(ﬂ))HAJ +A2”W”iiref’

where w is defined by (7.19), nr, ng are defined by (7.27)), , and ; is defined in ((7.31)).
Proof. From ([7.18)) and with w = Ar_e}r €Y and w defined by (7.19) we conclude

~ 2 2 2 2
15—yl < A2l —wl% o+ Wl ) (7.33)

due to Galerkin orthogonality.
For an arbitrary v € Y, v(2,£) = > cnm Uk(2)01 () = D penm Vi (@)% () with vy, vp € Y
for all k, we have that

ol = [ (s 3 00000 3 a@(©)ye y dP= 3 el

keNm™ leN™ keN™

and H'UH2 = henm Hvk||A because the polynomials {fy}x, {U }r are orthonormal.

Comb1n1ng1721) (7.25)), (726} (7.29), (7.30) and the fact that

(Apes(w — W), V)y.y = (w - w,'u)Aref <c-nw)-[lvf4  forallve Y

yields [|lw —wl| 4 < c-n(w), gives

m 1
lw = w4, ,ef(z @+ Y 0e67) + (67’
TET Eego i=1
+ H X‘i‘@( ) Sov')LI%(E;[;(Q))HAre%a
which yields the result together with ([7.33)). O

Theorem [7.12] provides a nice split of the error into different contributions. The last term
in ([7.32)) is exactly the algebraic error due to the inexact solution of the discrete system by,
e.g., a low-rank tensor solver. The first term consists of

e a term related to the FE discretization error, which can itself be split into error con-
tributions for each element,

e the error contribution due to the discretization of the stochastic space, which consists
of terms for each stochastic parameter, and

e the interpolation error coming from the approximation of the nonlinear terms in the
equation.
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7. A Posteriori Error Estimation for a Class of Parametric PDEs

Remark 7.13. It remains to discuss the condition r € L2(Z,Y*) for the state and adjoint
equation from Section cf. Remark provided Q(§) = ¢ : H}(Q) < L%(Q).
Ifye L;f (2;Y) (ry > p) is an inexact solution of the state equation, the residual 7 belongs

to L];f/(pfl)(E; Y™*) due to the growth condition on the nonlinearity ¢. Thus, we need
ry>2p—2tohaver € LI%(E, Y™*). Under the regularity assumption in the “Example” column
of Table i.e., rg = oo and 74 > 1y, it is realistic that z € L;f(E; Y’) holds, because the
exact adjoint state z has exactly this regularity. The residual of the adjoint equation then

also belongs to L];f/(p_l)(E; Y*) which is a subset of LZ(Z;Y™*) by ry > 2p — 2.

The error estimate given in Theorem [7.12] uses a deterministic reference operator as the
one discussed in [22 23]. The results in these papers rely on a saturation assumption, which
we do not make here, but derive an error estimate similar to the one presented in [38] and
used in [39, [40]. All mentioned papers present error estimates for linear equations whereas we
consider a class of semilinear equations with a monotone nonlinearity, but have used a linear
reference equation to derive the error estimate. In the linear case, it makes sense to discuss
the efficiency of the estimator using a lower bound as indicated in Remark Furthermore,
the convergence of the adaptive solution technique should be investigated. Since it is already
discussed in the linear case for a very similar estimator in [39], we skip this topic at this
point.

For the case » = 0 and y = 0, i. e., we have a linear equation and no interpolation error, we
briefly compare our Theorem to [38, Thm. 6.2]: There, an additional discrete error term
(analog of |w|| 4 ) appears as an additional summand in the “large bracket” in (7-32). We do
not get this term because we make use of the exact solution of the reference equation ,
which is realistic when we work with low-rank tensors, where the discrete rank-1-operator
Al = A;e% ®1---® | can be applied by an i-mode matrix product so that it can be used as

ref —
a typically very good preconditioner, see below.

7.4. Realization with Low-Rank Tensors

In order to implement an adaptive solver for ([7.17]) based on the estimate ([7.32)) with low-
rank tensors, we have to apply an iterative low-rank tensor solver such as truncated PCG
[75], ALS [62], or AMEn [36] to the discretized system

Ay + N(y) —b =0, (7.34)

cf. (6.16) and (6.21). In addition, we have to implement the evaluation of the error indicators
nr(y), ne(¥), and ¢;(y) from the low-rank solution in an efficient manner. Based on the
value of these error indicators, the discrete subspace with the largest error contribution is
refined, provided the algebraic error |w A does not dominate. In the latter case, additional
iterations of the low-rank tensor solver have to be performed.

Solution of the Discrete System

Let us set N = 0 for a moment. As pointed out in Subsection [2.1.3] iterative solvers working
with the low-rank tensor representation such as ALS or AMEn aim for solving the linear
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7.4. Realization with Low-Rank Tensors

system Ay = b by minimizing the squared Frobenius norm ||Ay — b||2 of the residual. This
problem can be badly conditioned and as indicated by (7.32), we are in fact interested in
minimizing

|

where ([7.19) translates to ArefW =r = Ay—b in the discrete tensor space. Let the symmetric,
positive deﬁnlte operator At now be decomposed as Aot = R’¢Ryef, where R”; is the adjoint
operator of Ry : R0X " Xnm _y RnoXXnm w ¢ the Frobenius inner product. Then,

= (r,w)gry = (LA ) = |r [

= argmln (Ay — b Aref(Ay b))
ref

= argmin R (Ay - b)|[} (7.35)
= Rref arg Hlyln ‘ |Rre>kaRrefy refb’ ‘ F-
This means that the preconditioned, symmetric system Rr CfARr Y =R, Cfb can be solved by a

standard implementation of, e. g., AMEn and its (approximate) solution y can be transformed
to the (approximate) solution y = IA?r_eﬁ of the original system Ay = b. In particular, we
can use the tensor product form Aref = Aref RI®---® | with the posmve definite, quadratlc
matrix Aref, and compute, e. g., a sparse Cholesky decornp051t10n Aref = Rref Rref, where Rref
is the product of a triangular and a permutation matrix. Then, with Rref = Rref RIR---R1
we obtain a decomposition of A, as de51red because Rreeref = ( Rreeref) Rl -1 Itis
then algorithmically relevant that R % = R of '@l®---®1, i.e., the inverse can be apphed very
efficiently to low-rank tensors. For our concrete 1mplernentat10n we have extended the AMEn
algorithm to be able to handle preconditioners of canonical rank 1 given in decomposed form.
Since, e.g., the inverse Cholesky factor FA{;G% should never be formed explicitly, but can be
applied to vectors efficiently by backward substitution and permutation, we have extended
the {d, R}-format [35], which is essentially a collection of sparse matrices, each of which
acts on one mode of the tensor, to function handles. We want to remark that it would be
even more desirable to have a preconditioned version of AMEn which does only require the
application of the preconditioner A_} itself and not a decomposition of it (similar to the
PCG method). But investigating and 1mplement1ng such an algorithm is out of the scope
of this thesis. Additionally, the operator Aref is needed more frequently in the algorithm,
e. g., to evaluate the norm of the residual of the nonlinear equation. Since Aref is symmetric,
positive definite, and sparse, the application of its inverse is computed by the mentioned
sparse Cholesky decomposition in MATLAB so that this can be precomputed and used in
AMEn.

A similar idea can be used to truncate a given tensor y to smaller rank w.r.t. the M-
norm, where M : R70XX"m _ R70XX"m induces some inner product and is decomposed
as M = R*R w.r.t. the Frobenius inner product. In fact, SVD-based truncation would
quasi-minimize the function |z — y||Z w.r.t. z, see Subsection Instead, we can use
the transformation and approxnnate the tensor Ry by standard truncation w.r.t. the
Frobenius norm to obtaln the tensor Z. Then, R™'Z is the respective approximation of y
w.r.t. the M-norm.
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If N #£ 0 is nonlinear, we solve the system by Newton’s method, where each Newton
step is computed approximately by the preconditioned AMEn solver. Especially in the last
iterations of the trust-region algorithm, the state and the adjoint state do not change very
much. Then it is often enough to take one inexact Newton step, which is computed by one
AMEn sweep, to decrease the residual of the nonlinear equation sufficiently.

Evaluation of the Error Indicators

The discretization error indicators can be implemented as follows: If, e. g.,

= k()6 (6)

k<d
is represented by the tensor y analogously to ,

do

Fr(@) = > yko, k)dwy (@),

ko=1

holds, i.e., the function ¥ is represented by the vector y(-, k).

Knowmg that, we establish the evaluation of the triangle error contribution Let
z', 22, 23 € Q be the three vertices of the triangle T and let the function f be afﬁne on T.
Then,

E32ry = /T f(o)? do = 9 (") + £(2®)? + [(2*)? + [(@")i(@?) + F@)E®) + H@)i(?)

where ar is the area of T. We approximate each X + @r — fx — Xvef Wi = fk by interpolation,
where {j are linear finite element functions for all k. These functions are represented alto-
gether by a single tensor f € R4*d1%xdm of yalues at the FE nodes. Note that d > dj is the

number of all FE nodes whereas dy counts only the interior nodes. Let k‘(()l), k((f), k:(()?’) € [J] be

the indices corresponding to the vertices a!, 22, 23, respectively, so that f(k(()j ), k) = fj, (27)
for all j and all k. We obtain

3 3
)2~ 03 S Il = (ZZM{({, k)F(kD k))

k<d k<d j=1 l=j
3 3 _ l
= h2 2 NS R, ) o F (R, ).
Jj=lli=j

The advantage of this formulation is that it can be vectorized using the tensors of evaluations
at all first, second, and third triangle vertices, respectively, to evaluate the error indicator
for all triangles T simultaneously. Then, only componentwise multiplication and contraction
with the rank-1-tensor 1 are needed.
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To compute the edge error contribution , one first computes the values of the partial
derivatives 0., ¥ and 0,,V on the elements. These values are contained in the tensors Gj oy
and Gy o1 y, where Gy, Gy € RIT1Xd are sparse matrices mapping a vector of function values
on the FE nodes to a vector of derivative values on the triangles numbered from 1 to |T].
Analogously, we obtain the tensors Gj o; w and Gy o7 w containing the values of 0., wj and
Oz, Wi. Furthermore, we create the tensors Kpef = Kref ® 1 € RITIxdixxdm where kyop € RI7
contains the values of ket on the triangles, and k € RI71Xd1%xdm such that (-, k) contains
the respective values of x(-,a;). Let now v/ € RI7! contain the first components of the
outwards-pointing, normal vectors corresponding to the j-th edge of the triangles 71", and
let v/2 € RITl contain the second components for j € {1,2,3}. This means that if 7" is
the /-th triangle, the outer normal vector vr; corresponding to its j-th edge is given by

VT = (vi’l vg’Z)T. Then, the values of
k(- ak) VL - vr

for all T are given by the single tensor
KQ® (diag(vj71) 01 Giory+ diag(vj’z) o1 Gy o1 y) =KQ® ((diag(vj’l)Gl + diag(vj’Q)Gg) 01 y).
With an analogous consideration we get that the values of

(k(+;ag) VI — Fret VW) - VT
are contained in the tensor
g, = kO ((diag(v/"")Gy + diag(v?*)Gz) 01 ¥) — Krer © ((diag(v")Gy + diag(v/?)Gg) o1 w),

which can be computed using standard low-rank tensor arithmetics, namely i-mode matrix
products as well as componentwise multiplication and subtraction. In a next step, we number
the interior edges F € & from 1 to || and create sparse matrices H; € {0, 1}/%/xI7]
(7 € {1,2,3}) mapping vectors of values on the triangles to vectors of values on the respective
j-th triangle edges in the correct order, provided they are interior edges. Then the tensor of
jumps over the interior edges is given by

3
h:=) Hjog; € RIfolxdvxxin, (7.36)
j=1

It is correct to sum here because the outer unit normals of two neighboring triangle point in
the opposite direction. Using the presented definitions, the edge error indicator is given by

T’E(S’)2 =hg Z H[[(’%(? ak)vyk - Hrefvwkz) : VE]]EH%?(E) = h]25<]l’ ﬁ(lv ')'2>>
k<d

where | € {1,...,]&]|} is the number of the edge E. As before, this procedure can be
vectorized to compute the error contributions of all interior edges simultaneously. Finally,
we assign half of the error to each of the two neighboring triangles. Based on that, we mark all
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triangles with the largest error contributions which constitute a certain amount v, € (0,1)
of the total error, see [38, Sec.7.1], a so-called Dorfler strategy [37]. These triangles are
refined regularly, i. e., divided into four triangles of the same shape. To avoid hanging nodes,
additional triangles have to be divided into two new ones possibly.

To evaluate ¢;(y) (see (7.31)) based on the tensor y representing the function y, one first

computes the values cl fﬁ fZ fz d; +1(§Z) dP; by a quadrature formula of high enough

(@)
di+1

degree d;, or analytically and writes them as one vector c( i € R%. Furthermore, the matrix
A; € R%*do giyven by

order, e. g., by Gaussian quadrature with d; 4+ 1 nodes if 19( ) has degree d; — 1 and ¥, , has

(Akolo := ([8i|V B1y5 Vi) 12()
cf. Example [6.5] is assembled. Then we have
[ IS d0wsi) - (3 s
ki <d; ki <d;

AT - ~ T -
(D oira ¥)(okrs kit Kty k) TA(? 01 §) (bt s kimts Kt - o))

Summing these values over all k; € {1,...,d;} (j # i) can be implemented as an inner
product of tensors giving

~ Ki 'L T ~ e 'L T ~
Gy)* = \\Hr; HLOO(Q)<C( ) oi+1Y,Ai o ) 0it1Y)-

If this is the largest contribution to the total error ((7.32), we increase the respective polyno-
mial degree d; — 1 by 1.

Interpolation to a Finer Subspace

Lifting the current solution tensor y representing the function y € Y to a tensor representing
the same function as an element of a finer subspace is easy: For the refinement of the linear
FE space Y, a sparse interpolation matrix can be constructed. Its upper block is the identity
matrix because the coefficients belonging to the retained FE nodes are not changed. The
coefficients of new nodes inserted on an edge are computed as a convex combination of the
coefficients of the edge endpoints. Lifting the tensor y to a finer FE space then consists of
applying the sparse interpolation matrix to the first tensor mode. The interpolation matrices
of the polynomial spaces Py,_1(E;) with the weighted Lagrangian bases can be constructed
by, e. g., evaluating the Lagrange polynomials of the coarse space at the Gaussian quadrature
nodes of the finer space. Analogously, these dense but typically small interpolation matrices
can be applied to the (i 4+ 1)-st mode of y.
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8. Implementation and Numerical Results

The inexact trust-region method (Algorithm [1)) is implemented in MATLAB to solve different
instances of the model problem presented in Chapter [3| In order to solve the arising PDEs
with uncertain inputs, the adaptive solution technique described in Chapter [7] is used. The
objective function evaluation and gradient error are estimated as derived in Chapter [5

For this purpose, we consider the following concrete setup for the model problem
with state equation and objective function ({3.4]):

e We choose uniformly distributed parameters, meaning that =; = (—=1,1) and P; = %)\
for all ¢ € [m], where X is the Lebesgue measure on (—1,1). Assumption [6.3|is satisfied
by this choice.

e The domain Q = (—1,1)?\ (=1,0]?> C R? is the polygonal (cf. Assumptions and
L-shaped domain, frequently used to test adaptive FE codes. It is divided into
m = 6 subdomains €, ..., as depicted in Figure 8.1 The initial FE mesh, which
contains 113 nodes, and thus all refined meshes respect this partition of the domain,
meaning that each element T € T is contained in exactly one subdomain €2;, see also
Figure [8.1

e The coefficient function is chosen to be k(z, &) = ro(z)(1+ Y1, fmz-(a:)> (cf. Example
with ko = 1 and 7;(z) = 0; 1g,(y), Where the vector o € [0,1)™ describing the
amounts of influence of the uncertain parameters is chosen differently for different
tests. The reference coefficient is kpof = 1. Thus, Assumption and the first part
of Assumption with k; = kom; hold true. Furthermore, || - ||, = || - ||H(}(Q) and
the constant cy4,, introduced in comes from the Poincaré inequality [| - || g1(q) <

CAref” ’ HHOI(Q)

e Weuse U = L%(Q), ie., Q, = Q, D =1 : L?(Q) — L*Q), giving that the second
part of Assumption is satisfied, f(-) = 0, and (t) := t3. The reason for the latter
choice is that this nonlinearity and its derivative can be evaluated simply with low-rank
tensors because only componentwise multiplication is needed.

Overall, Assumption is fulfilled with £ = 1 — max;cp,) 04, £ = 1 + max;ec(,) 04, a:;,, =0,
c;',/, =6, p =4, ry = co. Additionally, (7.3) holds with A = x and A = .

e The observation space is H = L*(Q) and Q(-) = ¢ : H}(2) <= L?*(Q) is constant.
e The desired state G(-) = § € L?(Q) is constant and chosen differently for different tests.

Hence, we have the integrability exponents 7o = oo and r4 = oo and thus rg, = oo, © = oo,
and r, = oo (see Table [3.1)). Assumption holds true and the error estimation scheme
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-1 0 1

Figure 8.1.: The used physical domain €, its partition into subdomains 2;, and the intial
finite element mesh.

given in Figure [5.2] can be applied. Assumption [6.1] is satisfied for arbitrary degree vectors
d € N™. Additionally, the right-hand sides of the state and adjoint equation are polynomials
of coordinate degree at most d — 1 if the current approximate state g is such a polynomial,
see Assumption [7.9 and also Remark [7.4]

e We take v = 1073 and the set of admissible controls shall be U,q := {u € L?(Q) : u(z) <
14 for a.e. x € Q}, where the upper bound is chosen such that it becomes active, but
the optimal state is in the order of magnitude of the desired state. Therefore, the
prerequisites of Theorem [3.19] as well as Assumption [4.2] are fulfilled and we can apply
the exact and the inexact projection formula given in Section The constant upper
bound makes it possible to evaluate the error due to the ‘node-wise” projection for any
FE mesh (Remark . In all tests, we initialize the algorithm with u® = 0.

The constants required for error estimation are set as follows: In Theorem and in
Lemma we choose the Sobolev constant ¢z = ¢, = ¢4 = 0.5 because we estimated
¢2 =~ 0.3 numerically. The norm ||y|| Le(Ey) in is estimated by with the Poincaré
constant set to Cp = 1. Additionally, we assume that ||| L (z;y) is approximately of the
same size as ||y|| L°(z;y) and neglect this term in (5.20). For a more rigorous implementation
it could be estimated by a method for tensor maximum estimation as described in Subsection
but we skip this step for efficiency reasons. We also ignore the interpolation error in
(7.12) and set cyca,, = 1073 in this estimate to have all error contributions in the same
order of magnitude. Even if the real, unknown constants are underestimated by the described
choices, the algorithm still works because we need to know the error only up to a fixed, but
possibly unknown multiplicative constant. In fact, an unrealistic choice of constants can be
compensated by the choice of the error functions in the trust-region algorithm.
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8.1. Implementation Details

The implementation is done in MATLAB R2017b because the use of various toolboxes facil-
itates it. The Partial Differential Equation Toolbox in MATLAB is used for basic FE tasks,
such as mesh generation and refinement, or assembling matrices. Some finite element related
code, such as the FE error estimator or the exact L?-projection onto a box, is not available
within this toolbox and has to be written additionally. Since the FE error estimator has
to be applied to low-rank tensors, we need to create suitable sparse matrices, see for
example. The exact projection with the suitable grid refinement has to be vectorized in order
to have an efficient MATLAB code. This is not a trivial task because many decisions such as
which triangles have to be divided into how many new ones and how these new triangles are
chosen have to be encoded as vectors. We use the htucker toolbox 1.2 [76] for computations
with hierarchical Tucker tensors and choose a “T'T-like” dimension tree, the TT-Toolbox 2.2
[89] for Tensor Train tensors and an own implementation for the conversion between the two
formats, see Subsection [2.1.3] This has the advantage that we can benefit from algorithms in
both toolboxes. AMEn [36] including operators in the {d, R}-format from the tamen-package
[35] is used for the rank-adaptive solution of linear systems. Componentwise multiplication
operators and a preconditioner are implemented as described in Subsection [2.1.3] These ex-
tensions of AMEn are needed due to the nonlinear term in the PDE and for minimizing the
A;e%-norm of the residual, see Theorem

Algorithm [1]is implemented such that it can work with “Hilbert space objects”; i.e., MAT-
LAB objects for which the usual vector space operations are defined and an inner product is
given. Additionally, we pay attention to the fact that the algorithm shall be used for opti-
mal control applications. Therefore, the objective function and gradient evaluations accept
initializations for the state and the adjoint state, a refined version of which is returned and
used for further computations. All relevant functions, such as the control, the state, and
the adjoint state are kept on matched grids to facilitate the computation. We keep all grid
refinements stemming from the gradient computation and the projected linesearch for further
iterations. In the concrete application it is found that sometimes it is necessary to evaluate
the objective function up to high accuracy so that the state needs to be computed on a very
fine FE mesh and/or with a high polynomial degree. Keeping this fine FE and polynomial
spaces for further iterations would make the algorithm slow so that it turns out that it is
better to discard them. We only reuse grids and polynomial degrees in the stochastic case for
the objective function evaluation at the possible next iterate. To find a possibly better step
than the generalized Cauchy step found by the projected Armijo linesearch with suitably
refined projection, our implementation of Algorithm [1| requires an “advanced solver” for the
trust-region subproblem. Here we apply a semismooth Newton method as outlined in Section
with the generalized Cauchy point as initial iterate. We perform at most 5 semismooth
Newton steps and stop the iteration earlier if the discrete L?-norm of the residual
is smaller than 1076, For computing the semismooth Newton direction, at most 20 CG it-
erations are performed until the relative CG-residual is smaller than 0.1. If CG performs
20 iterations without reaching this tolerance and the relative CG-residual is in fact larger
than 0.5, the algorithm stops and returns the iterate with the smallest semismooth Newton
residual. Otherwise it checks whether the step computed by CG is capable of reducing the
semismooth Newton residual. If this is not the case, the semismooth Newton iteration stops.
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Note that for the performance of the overall algorithm, the semismooth Newton solver is
not a bottleneck because it works on a fixed, discrete subspace of U. Compared to it, grid
refinement and the solution of the stochastic PDE with low-rank tensors is costly. That is
the reason why we use more than one semismooth Newton iteration. With this approach
we can expect to obtain a larger model decrease pred;. This allows then to evaluate the
objective function less exactly, see Lemma [.25] so that typically more computing time can
be saved than by taking less semismooth Newton iterations.

To track the mesh refinement, we write MATLAB classes for FE functions carrying, e. g., the
mesh, the respective assembled matrices, the coefficients, and functions for grid refinement.
Vector space operations are overloaded such that the trust-region algorithm can work with
these objects. For the state and the adjoint state we need an additional MATLAB class of
functions of the form with one FE space mode and m € N polynomial parameter modes.
The coefficients are represented by an HT tensor and we implement functions for FE and
polynomial refinement, pointwise evaluations and computing the expectation etc.

To make sure that all required error bounds in Algorithm [I] can be satisfied, we use the
error functions proposed in Section[4.3] The parameter settings for the trust-region algorithm
as well as the inexact projection and the projected linesearch are listed in Table

Algorithm [T} see Sections and [4:3}

T T = % =103

Oc 0c(t) = ¢t with ¢, = ¢g7¢c, where ¢ > 0 is chosen problem-specific

Og 0g(t) = cgt with ¢g = g, Where ¢; > 0 is chosen problem-specific
2

0t1 ot1(t) = cp1t with ¢ = clc“iﬁ, see Lemma |4.20

0t2 o11(t) = crot with ¢po = é -min{Q(l%nie)ci, ‘c—‘;}, see Lemma [4.20

Or 0r(t) = 2¢oCot* with ¢, > 0 chosen problem-specific and ¢, = 1.1

(tk)keNo T = %ﬂ)

A Apax = 104, Ag =1

;i m = 0.3, N2 = 0.7, n3 = 0.2

V; vy = 05, Vo = 1.0, V3 = 2.0

CxEtol CyEtol = 10~* (deterministic problems), cxEtol = 1073 (stochastic problems)

Inexact projection and projected linesearch, see Section [£.3}
(s ¢s = 0 (exact projection used for computing the inexact criticality measure)
Ci ¢ = 0.5
Cf, Coy Ca | ¢ =0.5, cc =1072, ¢, = 1073
: A
Ca,k Ca o = max{ca, mln{Ta ”V%CW}L see "

Cl1 1 = 0.7
o g = % = %, see Remark
Cd Cq = 102

Semismooth Newton, see Sections and

[y tnk = Cn (constant over all iterations), problem-specific

Table 8.1.: Parameters used in Algorithm
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In particular, we stop the algorithm if x%(0) < 10™* or x%(0) < 1072 holds in the de-
terministic or in the stochastic case, respectively. Note that in the unconstrained case this
would correspond to having ||[Vmy(0)|| < 1077 or ||[Vmy(0)]| < 1076 because 7 = 103 is
chosen, cf. . Almost all parameters have the same value over all tests, but the error
bound parameters ¢. > 0, ¢ > 0, and ¢, > 0 for the criticality measure, the gradient, and the
objective function evaluation, respectively, are chosen problem-specific because they reflect
how good the applied error estimators are or compensate unknown constants. This makes
some experimentation necessary. On the one hand, one should not choose the parameters ¢,
and ¢, too small because grid refinement happens early then and makes the algorithm slow.
On the other hand, if ¢. and ¢, are too large, the trust-region model is not accurate enough to
compute a direction of objective function decrease. Then, unsuccessful iterations happen and
the trust-region radius is decreased until the gradient is accurate enough. This can take some
time and should be avoided. A similar situation appears when choosing ¢,. If it is too large,
a very inexact objective function evaluation can cause an unsuccessful iteration. Conversely,
if it is too small, too much time is spent on the objective function evaluations. Additionally,
we sometimes adapt the regularization parameter ¢, j, appearing in the semismooth Newton
problem , but choose it constant over all iterations. For example, it can be increased to
have a better condition number and typically better convergence of the semismooth Newton
iteration, but should not be too large because then the computed steps are too small.

The adaptive solution of the deterministic PDE (Section is implemented as follows:
The discretized PDE is always solved by Newton’s method until the residual norm is below
1076, Often, we only need one Newton step to fulfill this criterion. This tolerance is chosen
such that the FE error dominates in Theorem during the whole computation. The
triangles contributing 30% of the error are refined. The procedure is repeated until the error
estimate given in Theorem is small enough. To avoid an infeasible number of FE nodes
and unknowns, the refinement is stopped if 2 - 10> FE nodes would be exceeded.

The stochastic PDE is solved adaptively based on Theorem We start with the coarse
FE mesh shown in Figure [8.1] and with the polynomial degrees d = 1, and refine iteratively.
Depending on the highest error contribution in , one of the following tasks is pursued:

e If the algebraic error dominates, one inexact Newton step is computed by performing
one AMEn sweep on the Newton equation. To avoid rank growth, the updated tensor
is truncated to rank at most 100 w.r.t. to the A -norm as described in Section

e If the polynomial discretization error is the largest one, the polynomial degree of one
parameter, namely the one with the largest error contribution, is increased by 1.

e If the FE error dominates, the triangles contributing 30% of the error are refined. To
make the evaluation of the FE error efficient, we have to round the componentwisely
multiplied tensors to avoid too large tensor ranks.

The refinement is programmed such that the last iteration is always an AMEn sweep to have
a meaningful solution on the current discrete subspace. Again, the number of FE nodes is
bounded by 2 - 10° in order to avoid complexity issues so that the algorithm adapts to the
semi-discrete solution using the finest FE mesh at the end. In some cases, AMEn stagnates
and does not manage to compute a solution with small enough algebraic error in the last
iterations of Algorithm [I} Then the adaptive solution procedure is stopped.
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The projection onto the box U,q4 is computed adaptively by computing the exact projection
and the corresponding refined grid first. Then the exact error made by the node-wise projec-
tion can be evaluated on each element. If the node-wise projection does not meet one of the
exactness requirements, the triangles contributing 30% of the projection error are refined.
We use uniform refinement to not destroy the quality of the mesh, which is important to
uniformly bound the constants ¢y in (7.16) and (7.32]), which depend on the smallest angle
in the triangulations. The refinement is repeated until the inexact projection is accurate
enough.

All computations are run on a Linux cluster with 1 TB RAM and 4 Intel Xeon E7-8857
processors, each of which has 12 kernels and a base frequency of 3.00 GHz. However, only
serial but vectorized implementations are used in MATLAB because current toolboxes do not
offer, e. g., parallel computations with low-rank tensors or parallel FE codes.

8.2. Results for the Deterministic Problem

First, we implement the deterministic problem, i.e., the optimal control problem with the
objective function J[¢] (3.4) and the state equation , where the reference coefficient
& = & =0 is inserted. Equivalently, we could solve the stochastic problem with o = 0. We do
this in order to test the error estimates from Sections [5.1] and to visualize the adaptivity
of the FE grid and to have reference solutions for the problem under uncertainty.

Since the discretized PDE is often solved to good accuracy by only one Newton step, there
is no need to balance the errors in Theorem Therefore, we choose c7cy, ., = 1 in
and adapt the error estimation parameters adequately.

The first setup uses the desired state § = 1. Here we choose the parameters ¢, = 200,
¢z = 200, ¢, = 108, and ¢, = 0.1. The high value for ¢, is needed to avoid too severe grid
refinement due to inexact objective function evaluation. This value comes also from the fact
that we overestimate the error given in Proposition because we measure the state error in
the H3(€2)-norm although the L?(£2)-error would be sufficient. The computed optimal state
and and the control are depicted in Figure It can be observed that the optimal state
is in the order of magnitude of the desired state. Furthermore, the three active sets of the
control and the symmetry of the problem can be recognized. The FE mesh obtained in the
final iteration of the algorithm is shown in Figure 8.3l Around the corner 2z = 0, the mesh
is refined locally due to the adaptive solution of the PDE. Furthermore, the boundary of the
active set of the control is resolved by the mesh due to the refined projection.

The convergence is shown in Figure [8.4] This is the typical convergence behavior so that
we do not show convergence plots for the other deterministic setups. The number of FE
nodes increases until it reaches the allowed upper bound. The criticality measure decreases
in general until the desired tolerance is reached. But by refining the mesh the inexactness
of the computed criticality measure is recognized sometimes. Then the computed criticality
measure on the refined mesh is larger than the one on the coarser grid. We have to mention
that it is not worth counting iterations in this setting. Typically, the first iterations run
very fast within some seconds. For instance, the first 16 iterations needed to decrease the
computed optimality measure from 23.2 to 3.09 - 1072 take about 19 seconds in total. Only
the last iterations required to obtain the desired high accuracy last increasingly longer so that
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Figure 8.2.: Optimal state (top) and optimal control (bottom) for the deterministic problem
with § = 1.
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I computed‘criticality mea‘sure |
10 ——number of FE nodes
10° - .
1074+ .
1 1 1 1 1
0 5 10 15 20 25

iteration

Figure 8.4.: Convergence and refinement plot for the deterministic problem with ¢ = 1.

the total computing time is around 22 minutes. The last three iterations, during which the
computed criticality measure is decreased from 1.23-1072 to 0.98 - 10~%, take approximately
13 minutes. Often, the grid refinement due to the projection errors is done to more extent
during the last iterations. Figure shows the grid 5 iterations before the last one. It has
approximately half the number of FE nodes compared to the one shown in Figure [8:3] and
the resolution of the active sets is still missing.

As a second setup, we change the desired state to the polynomial §(x) = 9(z3—x1) (23 —z2).
This is a smooth function fulfilling the zero boundary conditions on 2. Additionally, it is
very smooth around the corner point z = 0. We do not change the parameters compared
to the first setup. The computed optimal state and control are depicted in Figure [8.6] The
active set of the control is also nicely resolved in the final mesh (Figure [8.7). Around the
corner z = 0, the mesh is not locally refined as before because of the smoothness of the
optimal state around this point.

In the third setup, the desired state is ¢ = 1{;e0.4,>0.5)- Here, it is necessary to choose
the parameters ¢, = 20, ¢g = 20, ¢, = 108, and ¢, = 1.0. The gradient is computed more
exactly by this choice so that that the algorithm does not run into unsuccessful iterations.
The larger regularization parameter for semismooth Newton yields a more robust iteration.
In this case, the optimal state is almost zero for x5 < 0, see Figure [8:8 and also the optimal
control has very small values in this area. By the first-order optimality condition, the adjoint
state is also small there. This yields that the final mesh is quite coarse for xo < 0 except
for the area around the corner x = 0, see Figure 8.9] This can be explained by taking a
look at the error estimates and . They become small on the triangles and their
respective edges if the solution ¥ and the jump in its gradient, the residual w and the jump
in its gradient, and the right-hand side f are small. This is true for both the state and the
adjoint equation. Again, the active set of the control is resolved nicely, cf. Figures [8.8 and
3.9l
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Figure 8.5.: Mesh from iteration 22 (of 27) for the deterministic problem with § = 1.
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-1 -1

Figure 8.6.: Optimal state (top) and optimal control (bottom) for the deterministic problem
with §(z) = (&% — 1)(2f — 22).
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8.2. Results for the Deterministic Problem

-1 -1

Figure 8.8.: Optimal state (top) and optimal control (bottom) for the deterministic problem
with d = 1{m€Q:w2>0.5}'

127



8. Implementation and Numerical Results

RPN

Figure 8.9.: Final mesh for the deterministic problem with ¢ = 1¢,¢0. 2,505}
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8.3. Results for the Problem with Uncertainties

Now we consider the stochastic problem (3.3)) with the state equation defined in and
vary the problem data to see how the algorithm adapts to the situation. As already noted,
we choose crca,, = 1072 to balance the error contributions coming from the FE and the
polynomial chaos discretization. This makes different choices of the error control constants
necessary.

Again, we start with the desired state § = 1 and with the vector of influence amounts
o = (0.25,0.25,0.25,0.25,0.25,0.25) ", i.e., the coefficient function varies +25% equally on
each subdomain independently and each parameter has the same influence on it. We choose
¢ = 0.05, ¢g = 0.05, ¢, = 103, and ¢, = 0.01. The obtained optimal control and the expected
optimal state are quite similar to the ones from the deterministic setup, see Figure [8.10] but
the active sets are a bit smaller so that the smallest one almost disappears. The final mesh
(Figure is very similar to the one obtained before. Grid refinements due to the active
sets can be recognized, but are not as pronounced as in the deterministic case because the
iteration is already stopped when x(0) < 1073 instead of x3(0) < 10=%. The reason for
this is that the high fidelity PDE solves in the last iterations become quite expensive. The
algorithm takes about 42 hours to compute this solution, where 37 hours are spent for the
last two iterations decreasing the computed criticality measure from 1.39-1072 to 5.82-1074.
In practice, one would probably refrain from performing the last two iterations because less
accurate solutions are sufficient if, e.g., the problem data or the parameter distribution is
not known exactly. The convergence and refinement behavior is shown in Figure [8.12
We see that the computed criticality measure decreases monotonically and the algorithm
stops in iteration 13, whereas a criticality measure smaller than 10~ is obtained in iteration
25 in the deterministic case, see Figure [8.4] This is because the error control constants
¢ and ¢; = 0.05 are chosen a bit smaller even if we take account of the smaller constant
crca,, So that better steps are computed. The number of FE nodes grows until it reaches
its upper bound. Furthermore, the polynomial degrees for each parameter increase almost
equally during all iterations because the parameters have roughly the same influence on the
optimal uncertain state. Figure [8.14] shows the difference between the deterministic and the
robust control. We see the symmetry of the problem and can recognize the boundaries of the
parameter influence sets €;. The difference between the controls is zero where their active
sets coincide.

The situation changes if we keep the desired state ¢ = 1, but choose the influence amounts
o = (0.05,0.10,0.20, 0.30, 0.40,0.45) ". The average influence of each uncertain parameter is
still 25%, but now it is increasing clockwise, i.e., parameter 1 has the smallest influence of
5% on the coefficient function, whereas parameter 6 has the largest influence of 45%. The
convergence plot (Figure is changed by this choice in the sense that higher polynomial
degrees are needed for the parameters with more influence on the system. This becomes clear
if we review the stochastic error indicator , which becomes smaller if the coefficient
function k; is smaller. Additionally, it can be seen in Figure that the difference between
the deterministic and the robust control is larger in areas where the variation of the coefficient
function is larger. Clearly, the problem is not symmetric anymore and one can recognize the
size change of the active sets, especially the one on the bottom right.
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-1 -1

Figure 8.10.: Optimal control (bottom) and expected optimal state (top) for the stochastic
problem with ¢ = 1 and o = (0.25,0.25,0.25,0.25,0.25,0.25) .
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Figure 8.11.: Final mesh (with details at the bottom) for the stochastic problem with ¢ = 1
and o = (0.25,0.25,0.25,0.25,0.25,0.25) ".
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Figure 8.12.: Convergence and refinement plot for the stochastic problem with ¢ = 1 and
o = (0.25,0.25,0.25,0.25,0.25,0.25) .
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Figure 8.13.: Convergence plot and refinement for the stochastic problem with ¢ = 1 and
o = (0.05,0.10, 0.20,0.30,0.40,0.45) .
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Figure 8.14.: Difference between the deterministic and the robust control for § = 1 and
o = (0.25,0.25,0.25,0.25,0.25,0.25) .
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Figure 8.15.: Difference between the deterministic and the robust control for § = 1 and
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Figure 8.16.: Convergence and refinement plot for the stochastic problem with ¢
L{zeq: zp>0.5) and o = (0.25,0.25,0.25,0.25,0.25,0.25) "

As a last setup, we consider the desired state ¢ = lf;c0.4,>053 With equal influence
o = (0.25,0.25,0.25,0.25,0.25,0.25)T.  We choose the parameters ¢. = 0.01, ¢, = 0.01,
¢, = 103, and ¢, = 0.1 in analogy to the choice in the deterministic setup. Again, we obtain
a similar optimal control and expected state. The convergence and refinement plot in Figure
8.16| reveals that smaller polynomial degrees are chosen especially for parameters 5 and 6,
which act in the area where the optimal state and its gradient are almost zero. Because of
this fact, the stochastic error indicator becomes smaller for these parameters since it
depends on the size of the state gradient in the area where the coefficient x; is not small.
The difference to the deterministic control is larger in the subdomains €y, ..., )y, see Figure
[B17 which is another indicator for the fact that parameters 5 and 6 do not influence the
solution as much as parameters 1 to 4.
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Figure 8.17.: Difference between the deterministic and the robust control for ¢ =
Lze: 22505} and o = (0.25,0.25,0.25,0.25,0.25, 0.25)7.
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9. Alternative Risk Measures

Until now, all considerations in this thesis have referred to the expectation as risk measure,
i,e, R=Ein . This means that we want the controlled system to perform well on
average. On the one hand, this is a viable approach if, e. g., the objective function stands for
a cost one has to pay and this cost shall be small averaged over a long time horizon during
which the uncertain parameters may change their value according to their distribution. On
the other hand, in certain engineering applications, such as aeronautics or nuclear reactors,
a high cost function value can correspond to a system fail, meaning that the plane crashes
or the reactor core melts for example. Such situations should clearly be avoided with high
probability. This is not taken into account if R = E is used as a risk measure because those
scenarios are typically unlikely to occur so that they do not influence the expected value
very much. Analogously, the expectation might not be the risk measure of choice if the
randomness is only observed once and the probability of having a high cost shall be small.

In this chapter, we give an introduction to risk measures, which are functionals rating
the probability distribution of a random variable, and their properties. Furthermore, we
provide two examples which we discuss in the context of optimal control. Both lead to
risk-averse choices of the optimal control instead of the risk-neutral controls computed with
R = E. The mean-variance risk measure R = E + X Var with A > 0 (Section is smooth
so that the trust-region algorithm (Algorithm can be applied to solve optimal control
problems involving it. We discuss this in theory and show how the corresponding required
error estimates (cf. Chapter |5|) change in this case. The conditional value-at-risk (CVaR,
Section is a risk measure with better theoretical properties than the mean-variance risk
measure and is used frequently in financial mathematics [94, 95| [77, T03]. For instance, in the
example control problem from the previous chapters the mean-variance risk measure would
penalize upward and downward deviations of the cost term from its mean equally although
downwards deviations lead to a probably desired smaller cost. In contrast, the CVaR is
computed based on large deviations from the desired state only since it is the expectation
of the upper tail of the considered random variable. Since CVaR is nonsmooth, different
solution techniques have to be applied for solving optimal control problems involving it.
We discuss the application of a primal interior-point method and its implementation with
low-rank tensors.

9.1. Definition and Properties of Risk Measures

Definition 9.1. Let (Z,F,P) be a complete probability space. A risk measure R is a
functional R : Lp(Z) — R U {oo}, where p € [1, o).

Remark 9.2. Instead of LE(Z), we could also consider more general spaces or sets of random
variables. Furthermore, the value —oo could be incorporated, see [103] Sec.6.3].

137



9. Alternative Risk Measures

Example 9.3. Prominent examples for risk measures are (see also [96] Sec. 2])

the expectation R = E, which is well-defined and always finite on L}(Z),

the mean-variance risk measure R[X| = E[X] 4+ A Var[X] for some A\ > 0, which is
well-defined on L3(Z),

the risk measure R[X| = E[X] + Ao[X] with ¢[X] = /Var[X], which is well-defined
on LZ(E), and

the B-quantile or value-at-risk R[X] = VaRg[X] for some confidence level 8 € (0, 1),
which is defined by
VaRs[X] := min{t € R: Fx(t) > 8}

[95] Def. 1] with the distribution function Fx(t) := P(X < t). Note that VaRg is
well-defined since F'x is non-decreasing and right-continuous. Lastly, we have

the conditional value-at-risk R[X] = CVaRg[X] defined by

CVaRg[X] := “mean of the -tail distribution of X,

i.e., the mean of a random variable with distribution function F)’i(t) = ﬁ(FX(t) -
B) Lis>varg(x7y (¢) [95, Def. 3]. We will see how the CVaR can be computed.

Definition 9.4. Let R be a risk measure. It may have the following properties (see [96]):

P1.

P2.

P3.
P4.

P5.
P6.
P7.

Convezity: R[(1 —7)X +7Y] < (1 —7)R[X]+ 7R[Y] for all 7 € [0,1] and all X,Y €
LE(Z).

Positive homogeneity: R[0] = 0 and R[AX]| = AR[X] for all A € (0,00) and all X €
LE(Z).

Subadditivity: R[X + Y] < R[X]|+ R[Y] for all X,Y e LE(Z).

Monotonicity: R[X] < R[Y] for all X,Y € L{(E) such that X < Y almost surely
(a.s.)

Translation equivariance: R[X + ¢] = R[X] + ¢ for all X € LE(Z) and all ¢ € R.
Closedness: The set {X € LE(Z) : R[X] < ¢} C LE(E) is closed for all ¢ € R.

Awersity to risk: R[X] > E[X] for all non-constant X € LE(Z).

Some of these properties are used in the definition of other classes of risk measures:

Definition 9.5. A proper, convex, positively homogeneous, monotonic, and translation-

—_
—

equivariant risk measure R : LE(ZE) — R U {oo} is called coherent [103), Sec. 6.3].

Remark 9.6. By [17, Prop.10.3|, a coherent risk measure is automatically subadditive
because it is convex and positively homogeneous. Moreover, in the original definition [6),
Def. 2.4], it is not explicitly mentioned that the risk measure has to be proper because only
finite risk measures are considered. As noted in [96], a finite, convex and monotonic risk

—_
—

measure is automatically continuous and subdifferentiable on LE(Z) by [99, Prop. 3.1].
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9.2. Mean-Variance Risk Measure

Definition 9.7. A risk measure R : LE(Z) — R U {oo} is called regular [96] if it is closed
convex, risk averse, and fulfills R[C] = C’ for all C € R.

Example 9.8.

e R=E:L{E) =R (p>1) fulfills propertles., . . ., . and., P6| but not.

e R=E+ AVar: LE(Z) - R (A > 0, p > 2) is regular and fulfills property., P5, but not

[P2, [P3} and [P4]
e R=E+Xo:LEL(E) - R (A>0, p>2) is regular and fulfills properties , and

but not [P4}

For the last two risk measures, convexity and closedness can be observed by Var[X] =
| X — E[X]H%ﬁ(z) and o[X] = || X — E[X] HL]%,(E)v i.e., they both are a composition of a closed,
convex and a linear, bounded function. In addition, E + Ao is subadditive, because it is
convex and positively homogeneous, see Remark [0.60 But E + A Var is not subadditive:
Consider a random variable X with positive variance. Then, E[X 4+ X] 4+ A Var[X + X]| =
2E[X] + 4A Var[X] > 2 (E[X] 4+ A Var[X]).

The lacking monotonicity for both E4+ X Var and E4 X ¢ is one of the less obvious properties:
Consider, e.g., a random variable X such that X = d < 0 with probability p € (0,1) and
X = 0 with probability 1 — p € (0,1). Furthermore, consider Y = 0. Then, X <Y a.s.,

E[X] =pd, Var[X]=pd® — (pd)* = p(1 - p)d?,
E[Y] =0, and Var[Y] = 0. Thus,
0 = E[Y] + A Var[Y] < E[X] + A Var[X] = pd + Ap(1 — p)d* = pd(1 + \(1 — p)d)
if and only if d € (—ﬁ,()). Analogously, 0 < E[X] + Ao [X] = pd — A /p(1 — p)d if and
only if p € (0, hﬁ%)

Furthermore, VaRp is not subadditive in general [6], but CVaRp fulfills all properties given
in Definition [9.4] as shown later.

9.2. Mean-Variance Risk Measure

We consider the reduced form (|1.3) of an optimal control problem with the risk measure
E + A Var for some A > 0 as done in, e.g., [3]. This gives the problem

Lneilrjl J(u) :=E[Jy(u, )] + AVar[Jy (u, )] + Jo(u)  s.t.  u € Up. (9.1
Compared to the risk-neutral case, this approach shall additionally reduce the variability
(measured by the variance) of the tracking term Ji(u,-). But it should be mentioned that
the objective function J may be non-convex even though the functions J (-, €) and Jo(-) are
convex for almost every £ € = and the variance itself is a convex functional. Hence, it is
possible that only a local minimizer is computed by a local optimization algorithm, such as
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9. Alternative Risk Measures

the proposed trust-region method (Algorithm . The basic assumptions from Chapter (1] are
not enough to discuss this problem. We require:

Assumption 9.9.

e (2, F,P) is a complete probability space.

U is a Hilbert space.
e U,q C U is nonempty, closed and convex.

e Jo: U — R is twice continuously differentiable.

A

e Ji : U xE — Ris such that Ji(u,-) =: Ji[](u) € LY (2) for all u € U with some
Pan € [1, 00].

e The function Ji[] : U — LY (2) is continuously differentiable. Its first derivative
Ji[](u) € L(U,LPwn(Z)) can be identified with the partial gradient V,Ji(u,-) €
L (E;U) via

jl[]/<u)w - (Vujl(u7 ')7 w)U~

Here, the U-inner product is taken separately for almost every ¢ € =.

e The function Ji[] : U — LB (E) is twice continuously differentiable. Its second
derivative J;[-)"(u) € L(U, L(U, LPan(E))) can be identified with the partial Hessian
V2, Ji(u,-) € LB (Z; L(U,U)) via

[N (w)shw = (Vi J1(u, )s, ).

In particular, we need pgy € [2,00] for the mean-variance risk measure to be finite. As-
sumption[9.9)allows to apply the chain rule to compute the derivative of the objective function
J. We note that due to

E: [P (E) — R, IE[X}:/IL-XdIP

we can identify the derivative E'[X] =1 € Lf;f““(E) for all X e L™ (Z), where pgn € [1, 0]
and st = 1. Furthermore, it holds that

*
pfun

Var : Lbw(Z) - R,  Var[X] = || X — E[X]- H|]L2() HXHL2 ~ E[X]?

and therefore Var'[X]| = 2X —2E[X] -1 € L;FH“(E) with prn € [2, ] Note that we embed

LEn(Z) — L2(Z) and use also the adjoint embedding L2(Z) — Lo p " (Z) to compute this
Fréchet derivative involving the derivative of the squared L3(Z)-norm. In general, L°(Z)*

contains also functionals which cannot be identified with L}(Z) functions, but all respective
objects are indeed in LL(Z) for ppn = oco. The second derivative of Var is Var’[X]Y =

2Y — 2E[Y]- 1 € LY () for Y € L (Z).
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9.2. Mean-Variance Risk Measure

By the chain rule, we obtain the gradient of J as

~ N

V(1) = B[V (u,)] + 22 / (J1(u,-) — E) (u

N - 1) Vi (u, ) dP + V.o (u)

= (1 = 2XE[J1(u, ) E[VyJ1 (u, )] + 2A/ J1(u, ) Vi (u, ) dP + VI (u) (92)

= E[Vudi (1, )] + 22 Covli (), Vi (u, )] + Vo ()
and the Hessian
sz(u)s = E[Vzujl (u,-)s] + A <Var”[j1(u, NV udi(u, ), s)v, Vo Ji(u, -)>Lp;lm(:) Lrin )
p (=)hlp (=

+ N (Var'[ i (u, )], V2, J1(u, -)s) + V2 Ja(u)s

L;fun (E)’L;fun (E)

= E[V2,Ji(u,-)s] + 2>\/ (Vudi(u,),8)u — E[(Vui(u,-), s)u] - 1) Vi (u,-) dP

+ 2)‘/_ (jl(u7 ) = E[jl(u, - 1)V12mj1(u, sdP + VQJg(u)s

= E[V2, Ji(u,-)s] + 2A Cov[(VuJ1(u, -), )7, Va1 (u, -)]
+ 2\ Cov[(Ji(u, ), V2, Ji(u,)s] + V2 Ja(u)s.

The advantage of these derivative formulations is that they use the partial derivatives w.r.t.
u of the parameter-dependent reduced objective function. Often, the computation of these
derivatives is already implemented by the adjoint approach and can be reused for an imple-
mentation of the mean-variance risk measure. Overall, we do not have to define an alternative
adjoint state or adjoint equation for the objective function involving the variance term.

9.2.1. Discussion of the Example

We discuss under which conditions Assumption [9.9]is satisfied for the example from Chapter
i.e., we have

T (u) = T [E](S[E](w), u, &) + Jo(u) = FQE)S[E](w) — @7 + FlullF,
see . According to , the derivatives are given by
L€ () = =B(€)*T[¢)(u) and  VJa(u) = u,

where J1[¢](u) = J1[€](S[€](u),u, £). Due to Corollary it holds that S[-](u) € L™ (E;Y)
and Lemma 3.23)yields T[-(u) € Ly (E;Y) with r. depending on the integrability exponents
rf, rQ, and 14 of the state, the state-to-observation map Q(-), and the desired state q(-),
respectively. Especially, the functions & — J1[€](u) and & — J1[€]/(u) are measurable and
one obtains the integrability exponents

@) e LYAE)  and 4[] (w) € Lp (507
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9. Alternative Risk Measures

with 7 from Table and because B(-) € Lp°(Z; L(U,Y™)). If # > 2pgyn and 7, > ppm, the
objective function and the gradient are both pgy,-integrable with pgy, > 2. In the “Example”
column of Table this would correspond to having 7y > max{p,4}, rqg = oo, and r4 > ry.

The differentiability assumption on jl[] can be proven using a priori estimates on the
adjoint state and the same techniques as in the proof of Theorem [3.26] For this purpose, let

. ‘ . 2 1 1 1 1 1

the regularity exponents rq,rs,74 € [1,00] be such that o Ty < o and ot < oo
hold. One computes for w € U \ {0}:

Hjl(u + w, ) - jl(“? ) - (vujl(ua .)’w)UHLpf“n(E)
0< lim £
hwll—0 [wllu

Hfol (Vo1 (u+ 1w, ) — Vi (u, ), w)y dTHLﬂ;;fun(

= lim =)
J[w]|r—0 |w|l

1
< lim H/ Vit 7w0,) = Vs, o |
0

~ lwllu—0 Lyfn(E)
< lim sup |[|Vudi(u+ 7w,-) — Vo i (u, - U’ =0.
lwllo—0 ¢y IV ) = Vuhlu LPfn(2)

In the following we argue why this limit is indeed zero.

For pgan € [1, 00), this follows from the dominated convergence theorem because

s?p] IVudi(u+7w,8) — Vo1 (u,)|lo — 0 as  |w||g — 0
T€[0,1

for almost every ¢ € = due to the continuity of u — \ (u, ). Additionally, we have

sup ||V i (u+ 7w, &) = Vo di(w,&)lv = sup || = B(E)*(TE](u + 7w) — TE)(w))||v-
r€[0,1] T€[0,1]

IBE ey (sup [IT[](u+Tw)lly + TE](w)lly)

T7€[0,1]
< %HB(@HL(U,Y*)HQ(&)H%(Y,H) (1Dl cv,r2 ) Cllully + 1) + [1£(€) — ()] 12(0))
+ i”B(é)HE(U,Y*) Q) zev,m 1)

IN

A

for |Jw||y < 1. The upper bound is due to the a priori estimate

ITIEN @)y < LIQE) v I (QOSIEN () — G(E) I
< 2RO v, (1RE) v IS [EN W) [ly + 1G(E)]| &)
< SHQENZvm (1Pl e 2o lully + 1£(€) = £(0)z2(@)
+ L1QO e 1E) e

on the adjoint state T'[¢](u), which is obtained by combining (3.20) and (3.9). It is an
L (Z)-function w.r.t. & because % + % < pflun’ % + i < ﬁ, and B(-) is essentially
bounded w.r.t. &.
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9.2. Mean-Variance Risk Measure

For pgyn = oo, the uniform Lipschitz continuity of the gradient is used to show the result.
In analogy to (3.9), one can estimate

IS[E](u +w) = SE(W)ly < 2lDwl 12

independently of £. Using the derivations in the proofs of Theorem [5.I] and Lemma [5.2] with
y = S[E(v), g = S[E(u+w), z=T[E](v), 2 =T[¢](u+ w) as well as (3.9), this ylelds

IT[E)(u + w) = TE](w)ly

< MR Z ey I1S[E] (w) = SIE)(u+ w)ly
+ [N (SE)(u + w)) = N'(SE] ()| vy 1QE)* (QE) SN (w) — (&)
< SRIQENZ (v | Dwll 20

p\ %

+ e (alh A 1 ™ (L([Du+ £(€) — (0)llza@) + I Dwllza@)” )
- 92| Dul| () |QE) L ccvany (1R cvan 1 D+ £(€) = 9(0) 2y + 1(E) 1),

cf. (3.20). Since rg = ry =y = 00, this bound converges to zero in Lg°(Z) as ||w|ly — 0.
Hence,

0<

sup [|Vudi(u+ tw,-) — Vo Ji (u, )HU‘
T7€[0,1]

L2 (5)

sup (| T€](w + rw) = TIE (u) | |
7€[0,1]

— 0 as |w|y—0

< HHB(')HE(U,Y*) L (2)

can be concluded since B(-) is essentially bounded w.r.t. £.

The considerations show the Fréchet approximation condition for the first derivative. For
the second derivative, it can be proven analogously using the a priori bound . Continuity
of the second derivative can also be shown with similar arguments, i.e., using pointwise
convergence and the dominated convergence theorem for pg,, € [1,00) or refined bounds in
the case pg, = 0o.

9.2.2. Possible Error Estimates for Reduced Objective Function and
Gradient

In the following, we investigate how the required error estimates from Section [5.2] change in
the mean-variance case.
Objective Function Evaluation Error

We assume that the function jl( -) in is evaluated inexactly due to an inexact state
computation, giving the inexact version Jl( -), whereas Jg is evaluated exactly. Altogether
we obtain the inexact version J of the ob jective function J. In the proof of Proposition |5.
the error in J is derived from the error in J; by means of

| (w) = I (w)] = [E[Ji(u, ) = Ji(w,)]| < [i(u, ) = T, ) 1z
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which leads to an error bound based on the L2(Z)-error |Q(y — y)|| L2(=) in the inexact
state. In the mean-variance case, we have

[ (w) = J(w)| = [BL(u, ) = Ji(u,)] +)\(Var[j (u, )] — Var jl(u,.)])|
= [E[/1(u,) — ( )]+>\E[( 1
+ AE[J(u,) = Ji(u, )]E[ 1(u7-)+J1(u7-) \

= |E[1 - M (u, ) A1 (u, )E[Jy

+ AE[(J1(u, ) = Ji(u, )
<11 = M) = MG, oy () = i) agey
+ A1 () = Ji(us a1 (s ) + i)l g ).

The estimate requires pg,, = oo for both the function jl and its inexact version jl. In Table
we would therefore need ry = oo, 79 = oo and r; = oo to be able to apply it. But
this is the only way to obtain an estimate which depends on the L}(Z)-error in J1 so that
an LZ(Z)-error estimate for the inexact state is sufficient. For the more natural choice that
1 (u, ) — Ji(u, ‘)HL]%( has to be controlled, the L3 (Z)-error in the state would have to be
estimated, see the proof of Proposition [5.11

Model gradient error

The gradient (9.2) is computed inexactly due to an inexact objective function evaluation
J(u,-) and an 1nexact gradient, denoted by V.,.J(u,-) &~ V,.J(u,-). This yields the inexact
gradient vJ (u), the error in which shall be estimated in the following.

=Wm@<n+w/w<> ELJy (1, )] - 1) Vi (u, -) dP

—E[Vudi(u )] = 2X [ (Ji(us) — B[ (u, )] - 1)Vl (u, -)dPHU

]

< E[Hvujl(ﬂq ) — vujl(ua )HU]

(D) =LA )) - D) Vadi(u, ) = (Ji(u, ) = By ()] - 1) Vi (u, ) de

U
< Vi () = Vi (u, ) | )
+2A||Ji(u, ) = S (u, ) + EL () — Jy(u, )] - 1 U(E)Hvujl(u,-) — Vudi(u, )| L =)
+ 27| Ty (u, -) — E[Ji(u, )] - 1| .- 2@ |Vt (u, ) = Vi (u, )| L &)
+ 2|1 (u, ) = Ji(u, ) +E[j1(u,.) — Ji(u, )] - 1|; £ |V (u, )| L &)
with 7, 7 € [1, 00, % + = = 1 and provided the respective quantities enjoy the required

integrability properties. Controlhng the objective function evaluation in the LT( )-norm
requires to estimate the LZ’”( )-error in the state. Even if the state equation is linear, i.e., ¢
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is constant, the Lg (2)-error in the state and adjoint state is needed to estimate the gradient
error in the Lg(E; U)-norm, cf. Theorem The “best” choice of 7, which demands the
weakest integrability properties of the state, is therefore 7 = %7 which yields that the LI?F’D(E)—
error in the state has to be controlled because 27 = 3 = 7.

Overall, we see that the risk-neutral implementation can be extended to the mean-variance
case by only changing the evaluation of the reduced objective function, its gradient and its
Hessian based on the already derived (linearized) state and adjoint state computation. In
addition, the error estimation would have to be changed accordingly. Here, the issue arises
that it becomes necessary to control the error in the state at least in the L3(Z)-norm even
for ry = oo and a linear state equation. This is not a simple task and would require a
new error estimation procedure. We leave this for future research. Additionally, we want
to mention again that the mean-variance risk measure is not monotonic. This means that
we could have a control for which the tracking term is larger than the one for a different
control almost surely although the corresponding risk measured by E + A Var is smaller. We
therefore refrain from presenting a numerical implementation and results here and consider
a class of risk measures with better theoretical properties.

9.3. Convex Combination of Mean and Conditional
Value-at-Risk

In this section, we introduce a class of risk measures, which are convex combinations of the
expected value and the conditional value-at-risk CVaRg, and derive the respective properties
for them. These risk measures are nonsmooth, but minimizing them can be reformulated
introducing a pointwisely constrained auxiliary variable. We propose solving this problem
by an interior-point method. The introduced barrier term leads to a smoothed version of the
original risk measure. It is investigated which properties of it are retained by the smoothing
procedure. Optimal control problems with this smoothed risk measure are investigated in
theory and numerical results of an implementation with low-rank tensors are presented.

9.3.1. Definition and Derivation of the Properties

In [95] it is shown that the conditional value-at-risk of an L}(Z) random variable X can be
computed as follows:
X]=inft+ 25E[(X —¢)F
CVaRplX] = inf t + ;=5 E(( )"]

with (s)* := max{0, s}. This gives rise to considering risk measures of the form

R, : Lh(E) = RU{sc}, Ru[X]=inft+E[p(X — 1), (9.3)

where v : R — R is a given function. Risk measures of this kind correspond to the expectation
quadrangle presented in [96]. In the following, we say that the risk measure R, is induced
by the function v. Two examples are the expectation E for v(s) = s and the conditional

value-at-risk CVaRg for v(s) = ﬁ(s)*.
The risk measure R, inherits several properties from the function v as shown in the fol-

lowing.
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Lemma 9.10. The risk measure R, is proper, i. ., Ry[X] > —oco for all X and R, [X] < 00
for some X if and only if there exists ¢ € R such that v(s) > s+ ¢ holds for all s € R.

Proof. For the “if” part observe that from v(s) > s+ c it follows that ¢t +v(X —¢) > t+ (X —
t +c¢) = X + c. Therefore, Ry[X] = inficr E[t + v(X —t)] > infier E[X 4+ ¢] = E[X] + ¢ >
—00 holds because the expectation is finite on Li(Z) for all p € [1,00]. Furthermore, for
any constant random variable X = d € R and some glven t € R we have that R,[X] =
inf;cpt + E[v(X —t)] = infycpt +v(d —t) <t4v(d—1) <

Now we consider the “only if” part: Assume that there does not exist any ¢ € R such that

v(s) > s+ c holds for all s € R, i.e., for every ¢ € R there exists § € R with v(§) < 5§+ c.
Now let (c) C R be a sequence dlverglng to —oo, e.g., ¢ = —k, and let X =d € R. Then
there exists () C R such that ¢ + v(X — t;) < d 4 ¢ holds for all k£ € N. It follows that
infier t + E[v(X —t)] = —oo for all constant X. O

Corollary 9.11. If v is conver and there exists § € R such that 1 € 0v(S) (convex subdiffer-
ential), the risk measure R, is proper.

Proof. Lemma can be applied because v(s) > v(§) +1- (s — §) = s+ ¢ holds with
c=wv(§)—3. O

Lemma 9.12. If there exist ¢,d € R such that |v(s)| < c|s|P +d holds for all s € R, we have
Ro[X] < 00 for all X € LE(Z).

Proof. We have E[v(X)] < E[Jo(X)|] < E[c|X|P]+d = c[|X|| =) +d < o0. Therefore, the
argument in the infimum defining R, is finite for ¢ = 0. O

Lemma 9.13. The risk measure R, is always translation-equivariant.

Proof. The statement follows from

Ry[X +c]=inft + E[vo(X + ¢ —t)] =L “inft+c+Ep(X —1)] = R[X] +e
teR teR

Lemma 9.14. If the function v is convex, the risk measure R, is convex.
For the proof of this statement, we use the following general result:

Proposition 9.15. Let U and W be convex subsets of R-vector spaces and let f : U x W —
(—o0,00] be a conver function. Then the function g : U — [—o0,00], g(u) := inf,ew f(u,w)
18 convex.

Proof. This claim follows as in the proof of [17, Prop. 8.26]. O

Proof of Lemma [9 The result follows by applying Proposition [9.15] with W = R,
U= LL(E) and f(u,w) :==w+ Efv(u — w)]. O

Lemma 9.16. If v is positively homogeneous and inficg v(t) — t = 0, the risk measure R, is
positively homogeneous.
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Proof. We use that v(As) = Av(s) holds for all z € R and all A > 0. Let X € LE(E) be a
random variable and A > 0. Then:

v pos. hom.

Ry[AX] = inf 7 + E[v(AX — 7)] = inf 7+ E[Av(X — T)]
TER TER
= inf A+ AE[(X — )] 20 AR [X].
€
Furthermore, R,[0] = inf cr 7+ E[v(0 — 7)] =7 infyen v(t) —t=0. O

Lemma 9.17. If v is subadditive, the risk measure R, is subadditive.

Proof. We use that v(s+3) < v(s)+wv(8) holds for all 5,5 € R. Let X, X € L5(Z) be random
variables. Then:
Ro[X + X] = inf 7+ E[p(X + X —7)] T inf 4 T+ Ep(X + X —t —1)]
TE t,teR
v subadditive

inf t+1+E[p(X —t)+v(X —1)]

t,teR
= inft + Efo(X —t)] + inf { + E[u(X — )] = Ry[X] + Ry[X].
teR teR

Lemma 9.18. If v is increasing, the risk measure R, is monotonic.

Proof. Let X <Y a.s. Then, v(X —t) <v(Y —t) a.s. for all t € R because v is increasing.
Using the monotonicity of the expectation it follows that

Ro[X] = inf ¢ + E[o(X —1)] < inf t + E[o(Y —1)] = Ro[Y].

teR
O
Lemma 9.19. Let some constant d € R be given. Then the function v : R — R, 0(s) =
v(s + d) — d induces the risk measure Ry, i.e., Ry = Ry-
Proof. For any random variable X we have
Ro[X] = inft + Eo(X —t+d) —d] "= Y inf { + Ejo(X — )] = Ry[X].
teR teR =

Theorem 9.20. If v : R = R is closed convex with v(0) = 0 and v(s) > s for all s # 0,
we obtain a regular risk measure R, by the construction . It is coherent if and only if it
holds v(s) = max{as,azs} with (w.l.0.g.) a1 € [0,1) and az € (1,00), i.e., v(s) = a1 for
s <0, v(0) =0 and v(s) = ags for s > 0.

Proof. This result is an excerpt of the “Expectation Theorem” in [96]. Note that the function
v is convex, monotonically increasing, and positively homogeneous. O

It follows that CVaRg with § € (0, 1) is a coherent and regular risk measure since it belongs
to the mentioned class with a1 = 0 and a9 = ﬁ
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9.3.2. Smoothing by a Log-Barrier Approach

Motivated by Theorem [9.20] we consider regular, coherent risk measures by choosing a; €
[0,1) and ag € (1,00) and defining

R:LL(E) —» R, RIX]:= tigﬂfgt + Elmax{ai(X —t),a2(X —t)}], (9.4)

i.e., we have R = R, with v(s) = max{a;s,ass}. In fact, as noted in [72, Sec.2.4.1], this
class of risk measures consists exactly of convex combinations of the expectation and the
CVaRg for every quantile parameter 3 € (0,1) and every combination parameter A € (0, 1]:

ACVaRg[X]|+ (1 - NE[X] = tig[g)\t—i_)\E[ﬁ(X — )]+ (1 — A E[X]
= inf £+ E[25(X — ) + (1= 3)(X ~ 1) (9.5)

= inf ¢ + Efmax{(1 - (X — 1), (1= A+ =25)(X =)},

which fits into the setting with ag = 1 —X € [0,1) and ag = 1 + %/\ € (1,00).
Conversely, A =1 —a; and § = % can be computed. Due to the max-term in one
has to solve a nonsmooth optimization problem over ¢ € R to compute the risk measure R.
Furthermore, R itself is nonsmooth, see, e.g., [71]. Thus, we typically need a smoothing
procedure that will allow us to develop derivative-based optimization methods. In [7I] it
is suggested to smooth CVaR using a suitable, smooth approximation of the (-)*-function
so that many properties of the risk measure, such as convexity and monotonicity, can be
preserved. Another advantage of this approach is the improved accuracy of quadrature
formulas for the evaluation of the expectation. The convergence of sparse grid quadrature,

for example, depends strongly on the smoothness of the integrand, see, e.g., [86, [47].
Alternatively, we can reformulate problem ({9.4) and solve

inf t+EW] st. W>a (X —t)as, W>a(X—1)a.s., (9.6)
WeLL(2),teR

which is a linear optimization problem. Solving such a problem also requires the discretization
of the space of random variables L% (Z) to be able to optimize over .

In [46], a problem with similar constraints as in , namely a stochastic obstacle prob-
lem, was solved successfully using a stochastic Galerkin discretization with a low-rank tensor
representation of the coefficients, cf. Chapter [6] and a primal interior-point method imple-
mented with low-rank tensors. Thus, we want to follow a similar approach here and replace

the inequality constraints in by a log-barrier term with a barrier parameter p > 0, see
also [85, Sec.19.6]. We obtain

WGL%I(lé),teRt +EW] = pEn(W —ar(X = 1))] = pE[In(W —az(X — )] + () (9.7)

or equivalently infyycrp =) jer Fu(X, 1, W) with

Fu(X,t,W) = Elt + W — p In(W — a1 (X — ) — jt In(W — as(X — 1)) +C(w)],

148
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where ¢(p) = p(In(%2=%p) + In(%=%p) — 2) € R is a constant shift. This shift is chosen

1—a;

such that problem has exactly the minimal value C' € R whenever X = C.

In the numerical experiments in [46] it was observed that the pointwise reciprocals of the
functions W — a;(X —t), which appear in the barrier Newton system, cannot be represented
sufficiently well by a low-rank tensor if the functions are too close to zero. Therefore, it
would be beneficial to not push the barrier parameter p arbitrarily close towards zero during
the algorithm but to keep it on a fixed, positive level instead. Then it can be expected that
the functions W — a;(X — t) are far enough away from zero during the iteration. We give a
theoretical verification of this claim in .

Keeping the parameter p bounded away from zero means that we solve a perturbed prob-
lem and obtain an approximation of the original risk measure. In the following, we want to
investigate the properties of this approximate risk measure. Note that the goal of this pro-
cedure is not to construct new risk measures, but to provide an efficient solution algorithm
based on low-rank tensor methods for, e.g., optimal control problems under uncertainty
where risk-averse solutions are desired. Since this algorithm changes the properties of the
underlying risk measure, which could have a great effect on the resulting solution, we analyze
which properties are preserved by the log-barrier smoothing.

Proposition 9.21. It holds that

inf F (X f E[inf
WEL;’;I(IE),teR WXL W) = z}g [q};relRf“( ()t w)

with f, : R xR xR — (—o00,4+00],
Fulw,tyw) =t +w— pInw — ar(z — 1) — p n(w - as@ — ) + (), (9.8)
where we set —pln(s) = 400 for every > 0 and every s < 0.

Proof.E Observe that

f F (X, t,W)=inf inf E[fu(X(),tW( 9.9
WeL%?I(l)te]R u( ) o o [fu(X (), t, W ()] (9.9)

holds. The space LE(Z) is decomposable in the sense of [97, Def.14.59], the measure P is
o-finite, and the integrand fu :ExR =R, fu(g,w) = fu(X(§),t,w) with fixed t € R and
fixed X is a normal integrand in the sense of [97), Def. 14.27], which we show in the following:
Firstly, the function (w,z) — f.(x,t,w) is lower semicontinuous and convex for all { € E
because it is independent of . Secondly, the interior of its domain is nonempty for all &.
Thirdly, the function § — fy(x,t,w) is measurable for all w € R since it is constant w.r.t.
€. These properties yield that the function (§,w,z) — fu(z,t,w) is a normal integrand
by [97, Prop.14.39]. The composition rule [97, Prop.14.45(c)] now shows that the function
fu is a normal integrand. Using this and having that there exists W e L2 »(2) such that

fE fu &, W (€))dP < oo, we can apply the “interchangeability theorem” [97, Thm. 14.60] to

"'The essential content of this proof with the reference to [97] was provided by Prof. Dr. Thomas M.
Surowiec.
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derive
inf _ E[f,(X().t. W) = inf [ f(6,W(€)dP
W BLACEO WO = int [ e W)
/EuljrelRfu(faw)d [erelRf#( (), t,w)],
which shows the desired result together with , 0

In light of Proposition we consider for each ¢t € R, £ € Z, and = = X(§) the one-
dimensional problem

funeii% fulz,t,w),

where the unknown w stands for W (¢).

Proposition 9.22. The function w — f,(x,t,w) with f, defined in has the unique

minimaizer

(a1 + ap)(@ — 1) + /(a1 — ap)?(z — 1) + 4p?
2

W =wy(x —t) :=p (9.10)

for every x,t € R.

Proof. The function f, is finite for w > a;(x —t) (i € {1,2}) and convex w.r.t. w. Further-
more, it is continuously differentiable w.r.t. w on the set {(w,z,t) : w > a;(x — t) for i €
{1,2}} and has the partial derivative

0 —
%fﬂ(x’t’w) =1- w—alu(:c—t) B w—agu(;t—t)’

which is zero only at the given stationary point w. Therefore, this is the unique minimizer.
The concrete computation of w can be found in Section [AZ6] in the appendix. O

By Propositions and we can define the partial solution of problem (9.7) given X

and ¢ as

Wxe(€) = p+ 3 (a1 + a2)(X(€) =) + V(a1 — a2)2(X () — )% + 4pa?).
Inserting this into F}, gives the reduced problem

igﬂng“(X’t’WX” = 2%}fgt—l—IEC[v“(X—15)] (9.11)

which is similar to the initial problem and therefore defines a risk measure R, = R, induced
by the function

0u(s) 1= wp(s) — p In(w,(s) — ars) — p W(wu(s) — as) + C(n)

having w,, defined in (9.10). It remains to discuss and prove interesting properties of the
corresponding risk measure R, [X] := infycr t + E[v,(X — t)], which we call the log-barrier
risk measure.
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Theorem 9.23. The log-barrier risk measure R, : L%ED(E) — R is well-defined, translation-
equivariant, monotonic, and reqular.

Proof. The function v, is twice continuously differentiable with derivatives

o (5 — ol (8] wL(s)—al B wL(s)—ag
() ul(s) 'uwu(s) —ais wy(s) — ags’

’U”(S) _ M(CLQ _a1)2

o

B 2,u\/(a2 —a1)%s? +4p® + (ag — a1)?s% + 4p2’

— o+ (a1+a2)s+\/(Z1fa2)252+4u2 and w;L(s) _ a1-5a2 + (a1—az)?s _ For the

where w,,(s) /(a1 —a2)? 52+ 4122

computation of the derivatives see Section
e Translation equivariance follows directly from Lemma [9.13

o We have that lim,_,_ vL(s) = a1 and limg_ 4~ vL(s) = a9, see Section Since
/

v,, is strictly increasing (vj;(s) > 0), v, (R) = (a1, a2) C (0,00) follows. Therefore, the

function v, itself is strictly increasing. Lemma [0.1§|yields that R, is monotonic.

e Since vj;(s) > 0 holds for all s € R, the function v, is strictly convex. Now, we choose

d = %u € R. By Lemma it holds that R, is also induced by the

function v,(s) = vu(s + d) — d, which is also strictly convex. One can compute

0u(0) = vu(d) —d = p (2 = In(F=Fp) — In(F=2 ) + (1) = 0 (9.12)

and ©,(0) = v, (d) = 1, see Section . This yields—together with strict convexity—
that 0,(s) > s for all s € R\ {0}. From Theorem we get that R, is regular.
Equation (9.12)) again motivates the choice of the shift ¢(u).

e Corollary yields that the log-barrier risk measure is proper. Due to Lemma [9.12
it is always finite on L}(Z):

9] = | [ (6) ds + 0,00 < aals] + [1,0)

holds for all s € R due to the computed range of UZL.
O

The function ¢,, defined in the proof of Theorem Theorem is plotted in Figure two
different values of ag = 1— X, ag =1+ %)\, and . The properties 9,,(0) = 0 and ©,(0) = 1
are clearly visible and the approximation quality depending on the log-barrier parameter p
is depicted.

Remark 9.24. For ;1 > 0 and any choice of a1 € [0,1) and az € (1,00), the log-barrier
risk measure is not a coherent measure of risk by Theorem since vy, is clearly not the
maximum of two linear functions.
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8 =0.9,A=0.50 £ =0.5, A= 1.00
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©=10.10 ©=20.10
#=10.05 ©=10.05
©=10.02 ©=10.02
pn=0 pn=0
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| / 1 " ——
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Figure 9.1.: Plots of the function 9, inducing the risk measure R, for different values of
apr=1—-Xay=1+ %)\, and p. The green line corresponds to v(t) = ¢, which

induces the risk measure R, = E.

9.3.3. Application to Optimal Control under Uncertainty

Consider now the settingAfrom Section Aand let As§umption hold with pgy, € [1, 00].
Furthermore, we define J : U x E = R, J(u,§) = Ji(u,§) + J2(u) and set Uaq = U for
simplicity. We have that J(u,-) € LE"(Z) for all w € U. We consider the optimization

problem under uncertainty

min Rl (u, )] (9.13)

with the derived log-barrier risk measure. Since R, is translation-equivariant and J> does
not depend on &, this corresponds to the general setting with Uyq = U. Clearly, (9.13)
is an approximation of an original problem with the nonsmooth risk measure R, e.g., an
optimal control problem with the conditional value-at-risk.

As derived before, we can write as

min E(u,t, W) s.t. W —a;(J(u,-) —t)) >0 a.s. forie{1,2}, (9.14)
ueUteR,WeLE(E)

with
2
Bl t, W) =Bl + W = YW = ail(u, )~ )] +C(n), (9.15)
i=1

a1 €[0,1), a2 € (1,00), 1t > 0, and ((r) = p(In(2=4p) + In($=21p) — 2).
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Lemma 9.25. The function Fu defined in (9.15)) is convex if the function u — j(u,{) 18
convex for a.e. £ € Z.

Proof. Let A € [0,1], u',u® € U, t1,t € R, Wy, Wy € LE(Z). Clearly, the affine part of the
function F, u is convex. Since p > 0, it remains to show that

(u, t, W) = E[—In(W — a;J (u,-) + a;t)]

is convex for i € {1,2}. Due to convexity, J(Au! + (1 —X)u?, &) < AJ(u!, &) + (1 —\)J(u2,€)
holds for a.e. £ € =. It follows that

AWL(E) + (1 = NWa(E) — aiJ (Ml + (1 — N2, €) 4+ aght + a;i(1 — Mo
> AW (€) — aid (u', €) + ait1) + (1 — \)(Wa(€) — a;J (u?, €) + aits)

for a.e. £ € 2. Applying the negative logarithm, which is decreasing and convex, on both
sides yields

—In(AW1(€) + (1 = M Wa(€) — a;J (M + (1 — AN)u?,€) + aihts + ai(1 — Mta)
< —AIn(Wi(€) — aiJ(u', &) + aitr) + (1 — N) In(Wa(€) — a;d (u?,€) + asta)

for a.e. £ € =. The monotonicity of the expectation establishes the convexity of F - O

Example 9.26. If ¢/ = 0 in the example from Chapter |3, we have a linear state equation
and thus a convex reduced objective function u +— J(u, ) for a.e. £ € =.

Given u € U, t € R, we consider the partial problem

min_ F,(u, t, W) s.t. W >a;i(J(u,-) — 1)) as. forie {1,2}.
WeLL(E)

We have already proven that this problem has the unique global solution Wu,t € Lﬁ;(E) given
by

W) o= n+ 9592 (J (u, &) — 1) + %\/(al — a2)?(J (u, €) — 1)? + 4p2. (9.16)
This partial solution fulfills

Wu,t_ai(‘](uv ')_t)) = Mi%(‘j(uv g)_t)—’—%\/(al - a2)2(j(u7 5) - t>2 + 4:“’2 > 22 (917)

i.e., if (9.14) has a solution (u,#, W), the constraints are uniformly inactive in an L° sense
there. Therefore, we can restrict (9.14]) to

min Eu(u,t, W) s.t. W —ai(J(u,-) —t) > p as. forie{1,2} (9.18)
ueUteR,WeLL(E)

without changing its global solution, provided it exists. We see that the objective function
is finite on the feasible set.

153



9. Alternative Risk Measures

Existence of a Solution

We derive conditions for the existence of a solution of (9.14) or, equivalently, (9.18)). For this
purpose, we first bound the auxiliary function f,:

Lemma 9.27. For any d € (a1,a2) and all x,w,t € R it holds that
Fulz,t,w) > da + (1 — d)t + Ca(p) (9.19)
with the function f, defined in (9.8), and with Calp) == ,u(ln(zz:‘f) + ln(‘f:—ﬁ))

Proof. We use the fact that —u In(s) > —p In(b) — p In’(b)(s —b) = =45+ p— p In(b) holds
for all s,b € (0,00) due to convexity of the negative logarithm and p > 0. Now with by = c1pu
and b = cau, c1,co > 0, we obtain

2

fulz, tw) =t+w+ Z (—pIn(w — ai(z — 1)) +¢(0) >

=1

t+w+Z o(w—ai(e =)+ p—plnep) + ((p) = (9-20)

(& + g)x F(1-% =2+ (1 & = 5w+ p2—In(erp) — In(eap)) + ().

Choosing ¢ = Z2=4 > 0 and ¢ = 7=t > 0 (giving % + é =land ¢L + 2 =d) in (9.20)
yields
Julz,t,w) > do 4 (1 = d)t + p(2 — In(Z=Fp) — In(F=t ) +C(w)

= dz + (1 — d)t + Calp).

Corollary 9.28. [t holds that
Ey(u,t, W) = E[fu(J(u,),t. W ()] 2 Ef
for all (u,t, W) € U x R x LB(Z) with F), defined in (9.15).

Proof. Choosing d =1 € (a1, a2) in (9.19) results in f,(z,t,w) > « for all z,¢,w € R, which
shows the result. O

<

()]

Thus, if the function u — E[J(u,-)] is bounded from below on U, the function Fu is
bounded from below on U x R x Lﬁ;(E). To prove existence of a solution, we restrict problem
to a bounded, closed, convex feasible set. Since the partial solution V_Vu,t is given for
any u € U, t € R, we bound the feasible set for v and t.

Lemma 9.29. Let (i1, W) and (u*,t*,W*) be feasible poz’mﬁ of (9.18)) such that
F,U«(U*? t*> W*) S F#(a7 Ev W)v
and let u — E[J(u,-)] be bounded from below on U.

127 feasible point can be constructed simply: Given some @ € U, ¢ = 0, we choose, e.g., W(f) =
max;e 1,2} @i(J (%, §)) + p
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Then it holds that

E[J(u*,-)] < E,(a,t, W), and
th e [52751]7 Ez = 1,1d2. (F,u(ﬂaga W) —d; fiIellij[j(a’ )] - Cdz(u)) (Z S {172})
with any fized dy € (a1,1), da € (1,a2), and Cq(p) = u(ln(ii:f) +ln(§ligi)).

Proof. With the feasible point
on U, we can bound u* and t*

N

dE[J(u", )]+ (1

by Lemma Choosing dy

(@,t, W) and with u — EA[j(u, -)] being bounded from below
as follows: Observe that F),(u*,t*, W*) < F,(a,t, W) implies

— d)t* + Ca(p) < Eu(a,t, W) for all d € (ay, az)

= 1 as in the proof of Corollary dy € (a1,1) and ds €

(1,a2), this gives

E[J(u", )] < Fu(a,i, W),
t* < 2 (Fu(a, £, W) = di BT (", )] = Cay (1),
£ 2 g (Bu(@h W) - BT (", )] — Cau (1)
and thus
ElJ(u*,-)] < Fp (@, £, W),
t < g (B £, W) — dy jnf ELJ(a,)] = Ca, ().
1> g (Bu(@ £, W) = dy inf E[J(a,)] ~ Ca, (1),
which shows the result. Note that — ﬁldl < 0 whereas — 1%2 > 0. ]

We see that, if u — E[J(u,-)] is coercive, i.e., lim”u”UHooE[j(u, -)] = 00, we can restrict
the variable u in problem (9.14) to a nonempty, convex, closed, bounded set U,q C U with

Una := {u: E[J(u,)] < E,(it,{, W)} C Una

and the variable ¢ to the compact interval given in Lemma [9.29 without changing the global
solution of problem (9.18]), provided it exists. Note that the set U,q is bounded.

Remark 9.30. Alternatively, the theory would also work if the constraint u € U,q with a
nonempty, bounded, closed, convex set U,q C U was already posed in (9.14) and if u
E[J(u, )] was bounded from below on this set, but not necessarily coercive on U.

Moreover, the optimal partial solution W, ; given (u,t) can be inserted. This yields the
problem

min Fu(u,t, W)
ueUteR,WeLL(E)

E[J(u,)] < Fu(a,t, W), o <t<i, (9.21)
s. t. A -

W() =+ a1-§a2( (u, ) — t) + %\/(al — a2)2(J(’LL, ) — t)2 + 4“2 a.s.
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Based on ({9.21)), we derive an existence result, which can be applied to convex problems.
For a more general framework for risk-averse, PDE-constrained optimization including exis-
tence and optimality conditions we refer to [72].

Proposition 9.31. Let the function (u,t) — F#(u,t, Wyt) € R with Wy defined in (0.16))
be sequentially weakly lower semicontinuous. Furthermore, let the function u — E[J(u,-)] be
coercive on U. Then, problem (9.14)) has a solution.

Proof. Since u — E[J(u,-)] is coercive on U, it is bounded from below and problem (9.14)) is
equivalent to problem (9.21)). As derived, this is equivalent to

min_F, W t, Way)  site u € Uy, t € [t2, 1]
ueUteR

Now, a feasible, infimizing sequence for this problem is bounded and, therefore, it has a
weakly convergent subsequence with limit (@,t) € U x R because U is reflexive and U,q is
closed, convex, bounded. Sequential lower semicontinuity of the objective function w.r.t. the
weak topology yields that (@, t) solves the problem. Moreover, (4, t, ng) solves (9.14). O

Lemma 9.32. Let the function u +— j(u,{) € R be convexr and strongly continuous for

e. £ € 2 and let the function u — J(u,-) € LL(Z) be such that for every u € U there
exist £, > 0 and a function g, € LL(Z) such that |J(@,€)| < gu(€) holds for every @ with
i —ully < ey and a. e. € € E. Then, the function (u,t) = Fj,(u,t, Wy ;) € R is weakly lower
semicontinuous.

Proof. We observe that F, (s t, Wy ) = t—i—E[U#(j( -) —t)] holds, see . The convexity
and the monotonicity of the function v, as well as the monotomclty of the expectation
yield that (u,t) — F (u,t,Wy) is convex, cf. Lemma Now let (u* tp)rey € U x R
be a sequence converging strongly to some (u,t) € U X ]R W.l.o.g. we assume that
|[uf — ully < ey holds for every k. Then we have that Juk, &) — tp — J(u §) —t and
thus v, (J(u®, &) —t1,) — v, (J(u, &) —t) for a.e. € € Z. Furthermore, |v,(J(uF, &) — t;)] <
a2(gu(§) + suppen [tk]) + [v.(0)] holds for every k and a.e. § € Z, cf. the proof of Theorem
- As supyep |tk| < oo, this bound is an L (Z)-function and independent of k. Hence, the
dominated convergence theorem yields that ¢ + E[v,(J J(uF,€) —t),)] = t + E[U#(J( u,-) —t)]
as k — oco. This proves continuity of (u,t) +— Fj(u,t,W,,) w.r.t. strong convergence.
Together with convexity, this yields lower semicontinuity w.r.t. the weak topology. O

Example 9.33. In the example from Chapter , the function u — E[j (u,-)] is coercive
because it consists of a non-negative tracking term and the coercive regularization term
Z||ull?. The function u +— J(u,£) is strongly continuous for a.e. £ € £ and we have

(5,6 < 31RO v IS @ v + 1a(&)11er)* + Sl <
2
%(%IIQ(&)HL(Y,H)(HDHc(U,Lz(Q))Hﬂllv + 7€) = w0l r2(0) + Hfi(&)HH) +3llalE <

3( 1) cov,an (1Dl ezl +24) + 17() — 0(0) L p2(ey) + 1))

+ 3 (lully + ew)?,
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for all u,% € U and ¢, > 0 with || — ully < &y, cf. the discussion in Subsection The
derived bound is an L (Z)-function w.r.t. ¢ with # from Table and hence an Ll( )
function. Furthermore if ¢/ = 0, the function u — J (u,&) is convex for a.e. & € E,

cf. Example [9 We therefore can apply Lemma [9.32] and Proposition [0.31] to derive the

existence of a solutlon.

Differentiability Properties of the Function F#

For deriving first-order optimality conditions, we restrict the discussion to the case p = oco.
Then, the feasible set of has interior points and Fréchet differentiability can be proven.
In contrast to that, the case p < 0o requires more sophisticated concepts, see [112].

We consider the function

E, (X, t, W) € LP(E) x Rx LP((E) : W > ai(X —t) + cyp as. fori € {1,2}} = R,
E (X t, W) :=E[t+W — pIn(W — a1(X —t)) — p In(W — aa(X — 1)) + ()] (9.22)

with some ¢, € (0,1). This function is well-defined on the given feasible set. We have
enlarged the latter compared to the feasible set of (9.18)) to prove differentiability properties
on an L*-neighborhood.

Proposition 9.34. The function Fu defined in (9.22)) is twice continuously differentiable on
the given feasible set with the F-derivatives

2
VxF (X, t,W) =p Z #{;{_ﬂ € Lp(2),
i=1

2

ViFu (X, t, W) =1-p Y E[
=1
2

VwEu(X W) =1 =1 ) | iz € Lp(2),

R

)

W]G

2
= a?s —_
VixEu (X, t, W)S = p Z W=amx=n2 € Lp(Z),
i1

2
~ a? _
V?XFM(Xutv W)r=—p Z (W_ai(ZX_t))ﬂ' € LI%D(:)v

=1
2

Vipx Fu(X, 6, W)S = —p Z m € Lp(2),
=1

Vi Fu(X, 1, W)S = —pu Z T (X ey € Le(E),

2

Vi E (XtWT—MZE m}TGR
i=1
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V ~(XtWS MZmGLP(E)

=1
i 2
ViwFu(X,t, W)S = —p Z m € Lp(2),
=1
i 2
Viw Fu(X,t, W) = Z o meET € Ly(2),
=1

2
Vipw Fu(X,t,W)S = p Z m € Lp(3),

where S € Lg°(Z) and T € R. We write VxF,(X,t,W) € LL(Z) for the representative of the
partial derivative (F,)x(X,t,W) € Lg°(E)* etc.

Proof. Clearly, the linear part (X, ¢, W) — t+E[W]4((n) is bounded and twice continuously
differentiable. Therefore, we consider only (X, ¢, W) — E[In(W —a;(X —t))]. Let (X,t,W) €
L (E) x R x LgP(E) be such that W > a;(X —t) + c,p holds a.s. Consider a sequence
(Sk)ken C L§°(Z) such that 0 < [[Skl[reez) < %F for all & € N and [|Sk[|ze(=) — 0 as
k — oo. We have

1

(AR

-orl
<E / }W—Faskiai(X—t) - W—ail(X—t) ’ d"}

(W + 8k~ as(X — 1)) = (W — ai(X ~ 1)) ~ =]

_ 7|k |
=E / (W oS —ar(X 1) (W—a(X—0)] d"}

< E/O W oS —a (X)W —a: (X 1)) d"} 19kl Lge () < @%”Sk”Lﬁf’(E)

Note that all appearing functions are L°°-functions due to
W+ oSk — ai(X — t) € [B=gt AW llge @) + 755 + ail| X — tlpeo(m)] a-s.

for all o € [0,1] etc. The estimation proves F-differentiability w.r.t. W with the given
derivative. Analogously, the function F), is F-differentiable w.r.t. X and ¢.
Similarly to the estimation above, we have

1

’ 1 _ 1 + Sk ,
HSk||L°°E W+Sp—ai(X—t)  W—a;(X—t) = (W—a;(X-t)) LL(E)
< ~ Wtos— az(x a2 T = a(X t)Q‘dU ~

Ly(8)

120W+02 5, —2a;0(X—1)|
= o WHoSr—a: (X2 W—a,(X=5)? 17 _ 1Skl 2o (=)
i(=

<

W(QHWHL;O(E) + % + 2a;|| X — t”Lg"(E)) ||5k||Lg°(E)
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with 0 < [[Skllpee(z) < ek which shows that the first derivative Vyy F), is F-differentiable and
thus continuous w.r.t. W at (X,t,WW). Again, the remaining second derivatives are shown
to be F-derivatives in an analogous way. Continuity of them follows very similarly. O

First-Order Necessary Optimality Conditions

If the function U 3 u — J(u,-) € L2(E) is F-differentiable, cf. Assumption . we can
apply the chain rule to compute the first F-derivative of the function F . given in (9.15)) and
obtain

Vud(u,)
VuF,u(u, t, W) Zal Wear w0 )],
2

Vtﬁu(ua t,W)=1—p Z%E[m], (9.23)
=1

2
- _ _ 1 1=
Vw Ey(u, t, W) =1 u; Wadwo s € Le()
Again, we write Vi F,(u,t, W) € LL(Z) for the representative of (E,)w (u,t, W) € L (Z)*.
Having computed this function as well as V,,.J (u, -), the rest of the evaluation of VF, 1 consists

of pointwise multiplications, computing expectations and vector space operations.
The first order necessary conditions for problem (9.18)) are given by

VuFu (@, 6, W) =0, VE,(a,t,W)=0, VwE,(ai,W)=0. (9.24)

By Lemma they are even sufficient if the function u +— J (u, &) is convex for a.e. &.

Barrier-Newton System

To solve , we apply Newton’s method. This is a suitable approach if the function U >
u s J(u,-) € LP(Z) is twice continuously differentiable, cf. Assumption , because this
property carries over to the function Fﬂ by Proposition Let (u,t,W) € U xR x Lg*(E)
be the current iterates fulfilling

W —a;(J(u,) —t) > cufi a.s. foric {1,2} (9.25)

with ¢, € (0,1) as in (9.22)) and fi = p. We say that a triple (u,t, W) satisfying (9.25)) is
approzimately feasible for :9.18) w.r.t. ¢, and i € (0,00). Then, the Newton directions
(s,7,5) € U xR x Lg(E) are given as a solution of the following barrier-Newton system:

V%LUFN V%UFN v A $ _VUFM
V2, Vi F, V%VtF T = -Vb, |, (9.26)
quF thF ViewFu/ \5 —Vwky

where we skip the arguments (u, ¢, W) for the sake of brevity.
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We compute the derivatives by the chain rule:

2 j . V2, J(u,)s o2 (Vaud (u,),8)u Vi (u,)
ViuFu(u, t, W)s = “Z<“’ (W—ai(f(u,~)—t>>] 2l Wmas () 1) ])

V2, E(u,t, W)T = —p Za E| W Z“j;ﬁ")) e ST
r Vi (u,
V%[/uFu(u,t,W = K Zaz (W—a;(J (u7)) —1))2 ]
V2, E(u,t, W)s = —p Za L o u))it))z]

V?tﬁ‘”(u, t, W)T =W Z azz E[(W_ai(jl(u’.)_t)ﬂ]T
i=1
2

ViveFu(u,t, W)S = Z e ey

V2 Fu(u, t, W)s = —p Z (W il )—Z)V

2
Viw Fu(u t, W)r = )~ a; (W—ai(il(u«)—t))QT
i=1

2
2 7 = !
Vivw Fu(u, t, W)S = p ; (W—a;(J(u,)—t))? S

1 o=
Note that a0 @I=D)? € Ly (Z).

We solve inexactly by applying a forward-backward block Gauss-Seidel iteration.
This has the advantage that we can apply a standard low-rank tensor solver to compute the
direction S approximately. We select (s%,79,50) = (0,0,0) as intial guess for the solution
of the barrier-Newton system. Let (sE,Tg, Sy) with £ € Ny be the current iterate. The next
iterate (s‘T1, 7441, Sp41) is computed as follows:

In the forward solve, a solution update (5“1, 7,1, S’ZH) for (9.26)) is computed based on
the current residual and by replacing the exact Hessian by its lower block triangle. This
means that we solve

V2, E, (557 — s = —V,E, — V2, F, st — V2 F, 7 — Vi Eu Se. (9.27)

to compute 51, Again, we neglect the argument (u,¢, W) here and in the following. Equa-

tion ((9.27)) is rewritten as
V2, E,5 = -V, E, — V2 F, 7 — V&, F. S (9.28)
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and an iterative solver for it, e.g., a PCG method, is initialized with s’. Then we compute
Tyy1 by solving

V2E, (Fis1 — ) = —ViE, — V2, F, st — V23 E, 70 — V3, F, Se — V2, F, (37! — sY),
which is
VZ2E, foo1 = —ViF, — V2, F, 571 — V3, E, S, (9.29)

Since 7y41 is a scalar, this equation can be solved directly. Analogously, §g+1 is computed
by solving
ViwEySer1 = —VwE, — V2, F, 8 — Vi EL 7y (9.30)
An iterative tensor solver for this equation is initialized with Sj.
In the backward solve, the solution update and next iterate (3“1, Te41, Se+1) is computed
by solving the system with the upper block triangle and the new residual on the right-hand
side. In fact, Sp11 would be computed via

V%VWFM (Se41 — SZH) = _VWFH - viWFM FH - V%WFIL To41 — VI2/VWFM g€+1~

This system has the solution Sy = §g+1 so that it does not have to be solved numerically.
Next, 7p4+1 is computed by

V%tpﬂ Te+1 = —Vtﬁ’# - vitpu FH - VIQA/tFu Sev1- (9.31)
and s‘*! is given as the solution of

V2, E, s = -V, E, — V2 E, 701 — Vi, Fu Ses. (9.32)
The iterative solver for this equation is initialized with §t!. In the next iteration, we have
5112 = 51 50 that ([9.28) does not have to be solved numerically.

9.3.4. Implementation and Numerical Results

Using the above considerations and ideas from our paper [46], we implement a Newton-type
method for the log-barrier problem or equivalently with the reduced objective
function taken from the example from Chapter [3] where we choose ¢ = 0 to have convexity.
Then the Hessian operator in is at least positive semidefinite since we are solving a
convex problem due to Lemma [9.25] We work with a fixed discretization using low-rank
tensors as described in Chapter |§|, i.e., we use linear FE functions to discretize H{ () and
L?() and represent each random variable by its values at the Gaussian quadrature nodes
or—equivalently—a multivariate polynomial. In particular, the FE function u € U C U
is represented by a vector u € R% and the polynomial W € P,(Z) is represented by a
tensor W € R%1xxdm of weighted function values. Since the weights are positive, pointwise
constraints such as translate to componentwise constraints on the tensor W. The
setup is the same as in Chapter [§ with the following exceptions: The domain is chosen to
be the square Q = (—1,1)2. It is divided into m = 4 strips €; as shown in Figure
where also the used FE mesh consisting of 16641 nodes is drawn. We use the coefficient
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Algorithm 2: Log-Barrier Method for Solving Problem ((9.14))
Parameters : 119 > 1, pifac € (0,1), ¢, € (0,1), €graa >0
Input: Initial iterates u® € U, tg € R, Wo € P4(Z) s.t. (u’,tg, Wy) is approximately feasible

for w.r.t. ¢, and po.
Output: i € U, € R, W € Py(E)
for £ :=0,1,2,... do
Compute the tensors corresponding to j(uk, -) and Vuj(uk, ).

Compute the tensors representing Yy ; := Wy, — ai(j(uk, ) —t) and Zy; = Yk_’il7 i€ {1,2}.
if the tensors for Z ; cannot be computed exactly enough, then
| STOP and return (4,#, W) = (u”, ¢, Wy).
end
Cmflpute repAresentations of the partiaAl gradientsAVuFl’fk = VUFM (¥, tr, Wy,
VtF[fk = ViF,, (u*, t), Wy), and VWF,lfk =Vwky,, (u¥, t, Wg), see (9.23).

if = p and ||Vuﬁlfk|\2U + |V,gl:7f,c - HVWF[ka%%(E) < €3raqs then
| STOP and return (G,%, W) = (u”, t, Wy).

end

Compute the tensors corresponding to ¥;?; and to Z} ;.

To compute the update direction (s¥,74,Sx) € U x R x Py4(Z), solve the barrier-Newton
system with (u,t, W) = (u¥, tx, W) and p = uj, approximately by applying a
forward-backward block Gauss-Seidel iteration.
Set pg41 := max{u, fac - ok}
Compute stepsizes o¥, oF, ok, € (0,1] such that (u* + ok s* t; + oF 71, Wy, + ok, Sy) is
approximately feasible for w.r.t. ¢, and fip41.
if such stepsizes cannot be computed or are too small, then
| STOP and return (G,#, W) = (u”, ¢, Wy).
end
Set ukt! .= uk + UZ Sk, thyr1 =1t + O’f Tk, and Wi := Wy + O’I;V Sk.
end

The object u* € U is a finite element function represented by a vector u* € R%. When
computing the tensors corresponding to J (u*,-) and Vo (u¥, -), we solve the discretized
state and adjoint equation by AMEn and store the low-rank tensors yj, z € R%XXdm
representing the discrete state and adjoint state, respectively, to initialize AMEn in the next
iteration. The R% X" *dm_tensor representing J(u¥, ) is

(1701 (M o1 (Qyy — 8) © (1© @) © (Qy, —@)]) (1,5, +) + (3(uF) TMu*) w. 7", (9.33)
with 1 € R% _ cf. (6.18), and the one representing Vol (u*, ) is given by

_(MleT) o1 zp + ,yuk ® w.fl c Rduxdlx---xdm’

cf. (6.22)). In (9.33)) and in the following we use interpolation, i.e., we construct a tensor of
function evaluations in the Gaussian quadrature nodes a; multiplied by the weights w(l)~.
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The tensors Yj,; € RAxXdm and Z,; € Ré1xxdm ghall represent the functions Y
and Zj;, cf. . To compute Z;; ~ w.” ' ® (w O Yk,i)._l, we first apply the Newton-
H(wGZk,i)GigﬁTSYk,i)—]lHF
than 10~4, we perform additional AMEn iterations to compute the elementwise reciprocal,
cf. [46]. Algorithm [2| is stopped if the relative error in the elementwise reciprocal exceeds
0.1. Note that in theory we have Y} ;(§) > cuup for a.e. { € = because (u*, t,, W}) is
approximately feasible for w.r.t. ¢, and py. Therefore, the functions Z;; € Lg°(2)
are well-defined and fulfill Z; ;(-) € (0, —1-] almost surely.

T bk

Schulz method, see Subsection [2.1.3] If the relative error is greater

The evaluation of the gradient (9.23) becomes

2
VuFpu, (0, i, Wi) = e Y a B[V I (05, ) Z ]
=1

2

ViF, (0 1, Wi) = 1 — ZaiE[Zk,i]
=1

2
Vi Fpp (05, 1, W) = 1 — gy, Z Ly i
i—1

The expectations can be evaluated using tensor contractions. To evaluate the gradient norm,
we use the discrete L2(Z)-norm because it is also given as a tensor contraction.

The tensors corresponding to Yin are Yi; ©® (w ® Yy;) and are computed by truncated
componentwise multiplication and i-mode matrix products, cf. (6.25). Analogously, we
compute the tensors corresponding to Z,? i

To solve the barrier-Newton system approximately, we perform at most 5 itera-
tions of the described forward-backward block Gauss-Seidel method. We stop this itera-
tion earlier if the relative residual is smaller than 0.1. In , we use an approximation
V2 F L (WP te, W) of the Hessian involving a constant (w.r.t. &) approximation V2 J(uk)
of the Hessian V2,,.J(u,-), cf. (6.26). This leads to

e Y (@ B[ 23] V2, 4 B[(V, T (), 5400, (08, ) 22] ) =
i=1
2 A 2 )
- Mk Z a; E[Vu‘](uka ) Zk,z] + HETE.0 Z CL?E[VUJ(Uk, ) ZI%,@]
=1 i=1
2
+ 1Y RV I, S 2]
i=1

A PCG method is used to solve this equation because the discrete reference Hessian V2, J(u¥)
can only be applied efficiently, but should not be formed as an explicit, typically dense
matrix. The expectation E[Z;”} and the right-hand side are precomputed before solving
w.r.t. §1 Expected values are computed by tensor contractions and componentwise
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multiplication. (9.32)) is solved analogously. Equation ((9.29)) becomes

—Vtﬁuk (uk, tk, Wk) — Vitﬁ‘uk (uk, tk, Wk)gk,f+1 — V%/thuk (uk, tk, Wk)Sk,g
Vl%tF/J«k (ukv tka Wk)

2 ) 2
= (m Y a?E[Z])  (-1+ Y aiE[Z]
=1

=1

Th41 =

2 2
e Y @E(VLIE, )y 22— S aiEZ2, SW]>
=1 =1

and (9.31)) is formulated analogously. We transform (9.30]) to

Shps1 = v%vwﬁﬂk(uk,tk,wk)—l(—vwﬁuk(u’f,tk,wk)
— V2 E (0F g, W )gH T — V2, (0P, tk,Wk)ﬁc,éH)
= (2R + 2R (< e(Zaa + Zio)
+ (a1 ZEy + a2 22 o) (Vo d (0, ), 85 )y — puFp g1 (@1 27, + azZ;%,2>)
= ,%k(YkQ,Q + Ykz,l)fl (_YkQ,IYkQ,Z + Nk(Yk,IYk2,2 + Yk2,1Yk,2)
+ (arYydy + apYi2 ) (Vo (0, ), 8y — i o1 (an Vi + a2Y13,1))-

The advantage of the latter formulation is that is does not depend on the possibly inexactly
computed Z ;. The tensor representing Si sy is computed by AMEn with componentwise
multiplication operators.

We propose a stepsize selection strategy, which uses the fact that (9.25]) is a box constraint
w.r.t. W and t and that it can be rewritten as

esfsi_an(é‘) —ai(J(u, &) —t) > eyt fori € {1,2}.
(S

It tries to avoid too many evaluations of the random variable objective function J (u,-) for
different v and works as follows:

S1. Choose factors ogacq, € (0,1), 0fac € (0,1], and initial stepsizes o, ¢ € (0, 1].

—_
=

S2. Compute the tensor corresponding to J (¥ + oysk, ) € Lg°(Z) and store this quantity
and the corresponding state for the next iteration.

S3. Compute 0, = mingezs W (&) + 6 Sk(€) — a;iJ(uF 4+ o,sF,€) for i € {1,2}. This is
done by the multilevel coordinate search (MCS) method [65], a non-rigorous global
optimization routine, which works with evaluations of the respective polynomial only,
see Subsection

S4. If i > cupiry1 — 6a;T, — agty, for @ € {1,2}, choose oF = ¢, and of = o*’IfV = 6 and
STOP. The new iterate (u*+oks*, ¢+ ol 7y, Wy +0F,Sk) is then approximately feasible

for (9.18) w.r.t. ¢, and pigy1.
Otherwise, compute vy, ; := mingeg Wi (§) — a;J (0 + o, €) for i € {1,2} by MCS.
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S5. If v < cupips1 — aity, for some i € {1,2}, decrease oy, by the factor of,c,, and go to
because (u* + o,s*, t;, W},) is not approximately feasible.
Otherwise, i.e., vg; > cupipt1 — aity for all @ € {1,2} and ¢ pupy1 — aity, > Ok, + 6a;Ty

for at least one i € {1,2} giving vy ; > 0x; + da;7y, for at least one ¢ € {1,2}, compute

ok = min -
iivg >0k i +0a;T, Yk +
6

Culbk+1 — Vi — itk
Ok, ’

G

+ a; Tl

This stepsize is non-negative because the denominator is negative and the numerator
is non-positive.

S6. If 0% < Gfac 0y, decrease o, by the factor Ofac,u and go to to have stepsizes of

approximately the same magnitude.

Otherwise, choose 0¥ = 7, and of = o, = ¢% and STOP. The new iterate (u* +

oFsk by 4 oF e, Wy + a{fVSk) is approximately feasible:

Wi(-) + 08k () — @ (0" + 05", ) + aity + aio® .
= (1= 2)(Wi() — aiJ (0¥ + olis* )
k . ~
+ % (Wi(-) + Sk () — a;iJ(uF + o8, ) + aity + oFaim,

k k
> (1—% )y, + %Ok, + aitgy + GkaiTk

g

Vk,i Ok,i
= oF (=2t 4 Pty i) + vy + it

G o

If —“i 4 %k 4 gm0 <0, we have

o o

Uk(_ Vki | Ok,i

o o

+ @iTk) 4+ Vi + ity > Cuftki1 — Vi — QiTk + Vii + Gitg = Cufligt

by the definition of ¢*. Otherwise, we estimate

ki Vki Ok,i
o (== + 5+ i) Fuk + aity > v + ity > cpufiig-
>0

Algorithm [2|is stopped if the stepsize ¢, becomes smaller than 10~3 during the iteration. In
the numerical tests, we choose pg = 10, prac = 0.8, ¢, = 0.1, €graq = 0.01, 0o, = 6 = 0.7,
Ofac,u = Ofac = 0.5, and bound all appearing tensor ranks by 200. This rank bound is chosen
quite large to be able to obtain accurate results for difficult setups. In easier cases such as
B =0.5, A =1.00, u = 0.10, see below, the largest used rank for the elementwise reciprocals
Zy; is 57 and the largest rank for the steps Sy is 83, i.e., the rank bound is not restrictive.
The initial control u® is chosen to be the deterministic control and we take ¢y = 0 and
Wo() = agj(uo, -) + po. Since j(uo, ) >0 and az > a; > 0, this yields that (u°,ty, Wp) is
approximately feasible.

Clearly, Algorithm [2]is not as rigorous as, e. g., Algorithm [I] and the implementation pre-
sented in Chapter [§] The stopping criteria based on the quality of the elementwise reciprocal
and the computed stepsize, for instance, come from practical experience with low-rank tensor
implementations. In theory, developing a convergence theory for such an algorithm based
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9.3. Convex Combination of Mean and Conditional Value-at-Risk

on results on inexact Newton methods [41] or inexact interior point methods [19] would be
possible. But it is questionable if the requirements of such convergence results can be met in
practice. Even a very small relative error in the tensor Yj; measured in a norm induced by
an inner product can cause the reciprocal tensor Zj, ; to be not well-defined anymore because,
e.g., one entry of Yy ; could become zero, cf. the discussion in Subsection Furthermore,
the discretization relies on interpolation in the multivariate Gaussian quadrature nodes. As
noted at the end of Section[6.2] this can be interpreted as a discretization based on samples in
the quadrature nodes. This is a suitable interpretation in this case because the polynomials
of arbitrary degree do not form a dense subset of L3°(Z) in general so that a discretization
by polynomials is not appropriate.

In the following, we present results for different combinations of the quantile parameter
B € {0.5,0.9} in CVaRg, the convex combination parameter A € {1.00,0.75,0.50}, see ,
and the log-barrier parameter p € {0.1,0.05,0.02}. The results are summed up in Table

I3 A i | number of achieved computing time
iterations  gradient norm (hours)
0.9 1.00 0.05 24 0.3012 3.83
0.9 1.00 0.10 25 0.0062 4.38
0.9 0.75 0.05 26 0.2869 1.97
0.9 0.50 0.05 28 0.0067 2.69
0.5 1.00 0.02 34 0.0071 5.56
0.5 1.00 0.05 28 0.0010 1.02
0.5 1.00 0.10 25 0.0083 0.62
0.5 0.75 0.02 33 0.0072 3.77
0.5 0.50 0.02 34 0.0068 2.51

Table 9.1.: Results of the implemented log-barrier method.

If the achieved gradient norm is greater than 0.01, the algorithm has stopped because the
error in the elementwise reciprocal is too large. Stopping due to too small stepsizes has never
been occurred although the full stepsize is not always taken, especially in the last iterations.

In general, it can be observed that it is easier to solve problems which are less risk-averse
in the sense that smaller values of 8 or A, or larger values of y are chosen. In two cases,
namely 8 = 0.9, u = 0.05, and A € {0.75,1.00}, it is not possible to obtain a gradient norm
smaller than 0.01. Nevertheless, we will see that the obtained solutions yield a smaller CVaR
than the ones with with A = 0.50 or p = 0.10, for which a better accuracy is achieved.
In contrast to the case § = 0.9, the algorithm computes a solution with a small gradient
for f = 0.5 even with u = 0.02. The variability in the computing times is due to various
influences: Depending on the obtained residual, possibly more Gauss-Seidel iterations have
to be performed, especially for ill-conditioned systems. Furthermore, we use costly direct
solves with full linear algebra in AMEn subproblems if the computation of the elementwise
reciprocal with an iterative subsolver does not yield satisfactory results. The ranks needed to
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compute, e.g., the reciprocal tensor accurately enough can vary depending on the problem
data. Subsequent computations with this tensor are then more costly.

An interesting result, where the controls differ relatively much from each other, is obtained
for 5 = 0.5, A = 1.00, and p = 0.02, i.e., for minimization of the smoothed CVaRg5
with a rather small value of the barrier parameter u. Figure [9.3] shows the distribution
function of the “random variable objective function” [72] J (u,-) for the deterministic, the
risk-neutral, and the respective risk-averse control. In all distribution function plots, the
expected value E[J (u, -)] of the respective random variable is marked by “*”. CVaRg5[J (u, -
and CVaRO,g[j (u,-)] are marked by “+” and “X”, respectively. As depicted in Figure
the risk-neutral control reduces the expectation as well as the CVaRg 5 and the CVaRgg of
the random variable objective function compared to the values achieved by the deterministic
control. Using the risk-averse approach, it is possible to decrease the CVaRg 5 further while
the expectation increases only a bit. Even the CVaRg g is decreased in this setting although it
is not minimized explicitly. The obtained controls and their differences are plotted in Figure
Especially the difference plots show that the uncertainty in the system is increasing from
left to right. Additionally, the strips §2; can be recognized in these plots.

1
0.5+ J

deterministic control
risk-neutral control
risk-averse control (8 = 0.5, A = 1.00, p = 0.02)

0 ! !

0.5 0.6 0.7
1
0.75 +

deterministic control
risk-neutral control

risk-averse control (8 = 0.5, A = 1.00, x = 0.02)

0.5 ‘ ‘
0.55 0.6 0.65

Figure 9.3.: Distribution function of the random variable objective function for the determin-
istic, the risk-neutral, and the risk-averse control with g = 0.5, A = 1.00, and
w=0.02, details at the bottom
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9.3. Convex Combination of Mean and Conditional Value-at-Risk

Figure 9.4.: Plots of the deterministic, the risk-neutral, and the risk-averse control (from top
left to bottom left) for 5 = 0., A = 1.00, and p = 0.02. Differences between the
deterministic and the risk-neutral, the deterministic and the risk-averse, and the
risk-neutral and the risk-averse control (from top right to bottom right).
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In the following, we investigate how the choice of one of the parameters 5, A,  influences
the result. Sometimes, the differences between the distribution functions are small so that
we show regions of interest in the respective plots.

We start with the role of the log-barrier parameter u. Figure [9.5] shows the distribution
function of the random variable objective function for the risk-neutral and the risk-averse
controls with 8 = 0.5 and A = 1.00, i.e., we aim for minimizing smoothed versions of
CVaRg5. The log-barrier parameter is decreased from 0.10 to 0.02. This setup is chosen
because the algorithm is capable of computing a solution with small gradient, see Table [0.1]
which is not the case for 8 = 0.9. We see that the CVaRq 5[.J(u, -)] increases and approaches
the value achieved by the risk-neutral control for larger values of p while the expected value
decreases slightly. This becomes clear by taking a look at Figure For larger values of p,
the function v, gets locally closer to the identity v(t) = ¢, which induces R, = E.

1 \ —
—
0.75- risk-neutral control b
risk-averse control (8 = 0.5, A = 1.00, x = 0.10)
risk-averse control (8 = 0.5, A = 1.00, 1 = 0.05)
/5 risk-averse control (8 = 0.5, A = 1.00, p = 0.02)
0.5 — ‘ ‘ ‘
0.55 0.6 0.65
0.9
0.8+ _
risk-neutral control
risk-averse control (8 = 0.5, A = 1.00, x = 0.10)
0.7 risk-averse control (8 = 0.5, A = 1.00, x = 0.05)
. risk-averse control (8 = 0.5, A = 1.00, p = 0.02)
!

0.55 0.6

Figure 9.5.: Distribution function of the random variable objective function for the risk-
neutral and the risk-averse controls with p € {0.10,0.05,0.02}, 8 = 0.5, A = 1.00

Figures and show the distribution functions as the combination parameter \ varies.
Here we have two different setups, namely (5,ux) = (0.5,0.02) and (8,n) = (0.9,0.05).
As expected, the respective CVaRg is smaller for larger values of A and the expectation
increases. It is remarkable that we make this observation also in the case 5 = 0.9 although
the algorithm has to stop with a gradient norm of about 0.3 for A = 1.00 and A = 0.75
because the componentwise reciprocal cannot be computed accurately enough, see Table [0.1]
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0.8+
0.7+
risk-neutral control
risk-averse control (8 = 0.5, A = 1.00, pr = 0.02)
0.6 i risk-averse control (8 = 0.5, A = 0.75, u = 0.02)| |
2
/ risk-averse control (8 = 0.5, A = 0.50, . = 0.02)
0.5

I I
0.54 0.56 0.58

Figure 9.6.: Distribution function of the random variable objective function for the risk-
neutral and the risk-averse controls with A € {1.00,0.75,0.50} and (8,u) =
(0.5,0.02)

1.0

risk-neutral control
— risk-averse control (3 = 0.9, A = 1.00, u = 0.05)
—— risk-averse control (8 = 0.9, A = 0.75, u = 0.05)
risk-averse control (8 = 0.9, A = 0.50, 1 = 0.05)

0.9

1 1
0.62 0.64 0.66

0.6 -

risk-neutral control

——— risk-averse control (8 = 0.9, A = 1.00, u = 0.05)
— risk-averse control (8 = 0.9, A = 0.75, u = 0.05)
risk-averse control (8 = 0.9, A = 0.50, p = 0.05)

0.53 0.55

0.5

Figure 9.7.: Distribution function of the random variable objective function for the risk-
neutral and the risk-averse controls with A € {1.00,0.75,0.50} and (8,u) =
(0.9,0.05)
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In Figure we show the distribution function for different quantile parameters 5 €
{0.5,0.9} with A = 1.00, i.e., we minimize a smoothed version of CVaRg with pu = 0.10
and p = 0.05, respectively. In both cases, the control resulting from a minimization of
the smoothed CVaRgg yields a smaller CVaRgg, but a larger CVaRy 5 than the one which
minimizes the the smoothed CVaRg 5. Both are more risk-averse in terms of CVaRg 5 and
CVaRgg than the risk-neutral control. In the case 8 = 0.9, u = 0.05 this behavior can be
observed although the gradient norm is rather large in the computed solution. This solution
achieves a smaller CVaRg g than the one computed with 8 = 0.9 and p = 0.10.

1.0

0.9+

risk-neutral control
—risk-averse control (3 = 0.5, A = 1.00, u = 0.10)
—risk-averse control (8 = 0.9, A = 1.00, u = 0.10)

0.8

0.6 0.65

1.0

0.9+

risk-neutral control
risk-averse control (8 = 0.5, A = 1.00, 1 = 0.05)
risk-averse control (8 = 0.9, A = 1.00, x = 0.05)

0.8

0.6 0.65

Figure 9.8.: Distribution function of the random variable objective function for the risk-
neutral and the risk-averse controls with 5 € {0.5,0.9}, A\ = 1.00, x = 0.10
(top), = 0.05 (bottom)

In conclusion, we have proposed a log-barrier method implemented with low-rank tensors
for solving risk-averse optimal control problems under uncertainty with a convex combination
of the mean and the CVaR as risk measure. We have shown that keeping the barrier param-
eter > 0 on a fixed level results in the minimization of a smoothed, monotonic, regular risk
measure. We have formulated an existence result for convex problems as well as an optimal-
ity condition and the barrier-Newton equation in function space. The numerical results have
shown that this is a hard problem class if implemented with low-rank tensors as already ob-
served in [46]. Nevertheless, we are capable of computing risk-averse controls by this method,
which yield a random variable objective with smaller CVaR than the risk-neutral control.
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In this thesis, we have discussed optimal control problems of semilinear, elliptic PDEs with
uncertain inputs and different risk measures. We have provided the necessary theory to for-
mulate the PDEs in weak form in a tensor Banach space and have derived adjoint-based
expressions for the derivatives of the reduced objective function in the risk-neutral and in the
mean-variance case. A trust-region framework allowing for inexact objective function, gradi-
ent, and criticality measure evaluations has been established. It features global convergence
while error bounds up to unknown multiplicative constants are sufficient. In the risk-neutral
and in the mean variance case, we have investigated how the required error tolerances can be
fulfilled based on the error in the state, in the adjoint state, and in the inexact projection onto
the set of admissible controls. If the risk measure is the expected value and the problem data
is essentially bounded w.r.t. the random parameters, error control of the state and adjoint
state in the L2(Z; H}(2))-norm is sufficient. We have derived an a posteriori estimator for
this error based on a stochastic Galerkin discretization with polynomials in tensor product
form. It has been discussed how the PDEs with uncertain inputs can be solved adaptively
using low-rank tensor calculus and methods. This is necessary to make the computation
efficient. Numerical results have shown the adaptivity of the proposed approach to differ-
ent problem data in the sense that the constructed FE mesh resolves the PDE solution and
the active set well and the polynomial grades are chosen dependent on the influence of the
respective uncertain parameter on the controlled system.

The error estimation theory is rigorous such that global convergence of the algorithm can
be established, but the practical implementation lacks this property at some points. We have
used the AMEn method to solve tensor equations because of its efficiency in practice although
its convergence theory is still limited to our knowledge. Additionally, it is not clear a priori if
approximate solutions to the respective equations with moderate tensor ranks exist and can
be computed by AMEn. In our experiments, the required small error tolerance has not been
met by AMEn sometimes in the last iterations of the trust-region algorithm. Furthermore,
we have bounded the number of used FE nodes due to efficiency reasons. Some terms in
the error estimation—appearing only in the case that a nonlinear PDE is considered—have
been neglected, namely the interpolation error and the L3°(Z; Hg (Q))-norm of the computed
state.

In addition to the mentioned smooth risk measures, we also have discussed risk measures
which are convex combinations of the mean and the conditional value-at-risk. They have
many favorable properties, but are nonsmooth. We have proposed to apply a log-barrier
method to a smooth reformulation of optimal control problems involving such risk measures
and have investigated how this procedure affects the underlying risk measures if the barrier
parameter is not driven to zero, but kept on a fixed level. In fact, useful properties, such as
convexity and monotonicity, are preserved. Numerical results of a low-rank tensor implemen-
tation of this method working on a fixed discretization have been shown. The barrier-Newton
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system has been solved approximately by a forward-backward block Gauss-Seidel method,
which makes use of the structure of the system. The results reveal how the distribution func-
tion of the random variable objective function of the optimal control problem can be shaped
by this procedure. Although the convergence of Newton’s method in the proposed function
space setting is well-known, it is hard to derive a practically relevant convergence result for a
low-rank tensor implementation of it. Even very small perturbations due to truncation may
cause the barrier terms to be not well-defined anymore so that iterative solvers for computing
them may fail to converge.

Based on this work, several directions of future research can be pursued. The proposed
approach for the analysis (Chapter [3) and the error estimation (Chapters [5[ and [7]) can be
adapted to different settings of optimal control problems with semilinear, elliptic PDEs such
as boundary control or different boundary conditions. Furthermore, low-rank methods are
also suitable for time-dependent PDEs [105], where the time yields an additional tensor
mode. The a posteriori error estimation procedure from Chapter [7] can be generalized to
the 3D case and to more general coefficient functions. Additionally, the convergence of the
discretization for the considered class of semilinear PDEs should be analyzed. Regarding the
mean-variance risk measure, the question arises whether error estimation in LL(Z; H}(9))
with ¢ > 2 is possible. For the ease of implementation, we have bounded all errors based
on the L2(Z; Hi(Q))-error in the state and adjoint state. By this procedure, we certainly
overestimate the error in some cases. As discussed, weaker error control can be sufficient,
for instance, an L2(Z; L())-error bound for the adjoint state to control the gradient error.
In addition, alternative a posteriori error estimation techniques, such as the dual-weighted-
residual method [18] for the objective function evaluation, can be employed, but have to be
adapted to the stochastic setting.

In our numerical experiments, we have refrained from testing the scaling of the proposed
algorithms w.r.t. to the number of the parameters because such tests can be found in [46]
and our tests have been dedicated to adaptivity, which itself has required to run different
setups. Regarding computing time and exactness of the obtained results, a comprehensive
comparison to different treatments of the stochasticity, such as the use of adaptive sparse
grids or multilevel Monte Carlo methods, would be interesting. For a fair comparison, one
should find a setup for which the exact solution can be constructed, and the sample-based
methods should also use adaptive grid refinement. Since they can benefit from parallelization,
parallel codes for low-rank tensors, which are investigated currently [52], should be applied.

Based on the derived barrier-Newton system from Section [9.3] or a similar primal-dual
system, one can derive an interior-point method for such problems. As shown, the necessary
derivatives are Fréchet derivatives if Lp°(Z) is considered as underlying function space. If
one wants to design an adaptive algorithm for such problems, this space would have to be
discretized suitably, which is a hard task because, e.g., the set of polynomials of arbitrary
degree is not dense in Lp°(Z). To overcome this issue, the space of continuous functions could
be used alternatively.

To sum up, it shall be mentioned that many different methods and concepts from, e.g.,
multilinear algebra, functional analysis and PDE theory, numerical optimization and opti-
mization in Banach spaces, numerical analysis and approximation theory as well as probabil-
ity theory and uncertainty quantification, have been used in this dissertation. The interplay
of them makes the topic very interesting and motivates future research in various directions.
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A. Appendix

A.1. Tensor Spaces

We give the proof of Proposition [2.6] here since it does not contribute to the main content of
the thesis.

Proposition A.1 (Characterization of equivalence classes). Let V' and W be vector spaces
over a field K and let v,0 € V and w,w € W be given. Consider the algebraic tensor space
V ®@q W. The pair (0,0) belongs to the equivalence class v ® w if and only if the following
holds:

(v=0Vw=0)A(0=0Vw=0) (A.1)

or
(WAOAwWH#O0)V(OAO0AWF#0) and FceK\{0} s.t. 0 =cv and w=cw. (A.2)

Case (A1) holds exactly for pairs belonging to the equivalence class 0 ® 0.

Proof. First we show that holds if and only if both tensors v ® w and v ® w are in fact
zero, i.e., they belong to the equivalence class 0 ® 0: For some v € V' we have (v,0) € N
with N defined as in Definition takingm=n=1a; =1, 81 =0, v1 = v, and w; = 0,
and multiplying the resulting tensor by —1. Analogously we get (0,w) € N for any w € W.

Now we prove that the condition v = 0V w = 0, cf. (A.1]), is also necessary for a pair
(v, w) to belong to 0 ® 0 = N. First observe that it is enough to allow only vectors from
given bases B C V and C C W in the definition of the set N': We have N’ = A with

N = span{ iiaiﬁj(w,w]’) — (i awi,iﬁjwj> :

i=1 j=1 i=1 j=1
m,n € N, oy, 8; € K,v; € B,w; € C}

We only show that linear combinations of pairs of the form
m n m n
D0 D (v wg) — (3 owwi, 3 By
i=1 j=1 i=1 j=1

with general v; € V and w; € W belong to the set A" because the inclusion N C N is obvious.
We insert the representations v; = ) p Mo and w; = > wee Myw, which are in fact finite
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sums, into the formula and compute

m n m n
D> aiB(vi,wy) — (Z @05, Zﬁj%‘)
i=1 j=1 i=1 j=1
= ZZaiﬁj(Z )\f)v, Z ,u{vw) — (Zale v Zﬁj Z ,uw )
i=1 j=1 vEB weC = vEB = weC
= 3w (Do e D ) = SO STS T aiisd(v,w)
i=1 j=1 vEB weC i=1 j=1veBweC
—i—ZZZZaZﬂ] ,uwvw (ZZO‘V\Z ZZ@MU} )
i=1 j=1veBwelC i=1 veB j=1lwelC

This is a linear combination belonging to the set A'. Now let (v,w) e N, ie.,

=SS Sttty - (Sate 3 o0u)
— EK: i Zn:’ykakﬁk Z% (Z aiv; ,Zﬂj’?wf) (A.3)

for some m,n, K € N, af,ﬁf,vk e K, vf € B, w}“ € C. We assume that v # 0 and w # 0
holds. Thus, we can take the bases B and C such that v € B and w € C. Furthermore, we
take the shortest possible representation, i.e., K to be minimal. That gives us that ~; # 0
and that o and B* cannot both be unit vectors for all k because both cases would lead
to a zero summand and the sum could be shortened. Therefore, (v, w) is not contained in

the second sum over k in (A.3)), which yields (v, w) = Zk D Z] 1 ykozkﬁk( ) and

Z{le Vi (ZZ 1 afvf, ;‘:1 Bfw?) = 0. Now assume that a non-zero pair is contained in the
second sum. Since 7y, # 0, it has to be contained again at least once, such that it cancels
out. Because of the unique basis representation the respective terms would also cancel in the
first sum over k, which is a contradiction to the minimality of K. Therefore we have K=1
and w.l.o.g. 71 = 1. This gives (Z " akuk ;L:l B]k’w;‘) =0 and thus >I"; ajv} =0 and
Z;‘l:l ,B;wjl = 0 and therefore a! = 0 and B! = 0 due to the linear independence. We obtain
(v,w) = 0, which is a contradiction to the assumption that v # 0 and w # 0.

In the second case we have that (v,w) — (0,w) = (v, cw) — (cv,w) € N by taking
m=n=1a,=c B1 =c ! vy =vand w; = c.

It remains to prove the “only if” part. Let (9,w) € v®@w, i.e., (v,w)—(v,%) € N. Assume
that does not hold meaning that the first part of holds and we have to show the
second part. If v = ¥ and w = @, we can take ¢ = 1 and are done; now we assume ¢ ¢ {0, 1}.

First observe that if & = cv holds, we get w = cw: Represent (v, w) — (cv,w) as a shortest
linear combination of the form with v € B, w € C. Since cv ¢ B we can argue as
above that (v,w) is contained in the first part and (cv, @) is contained in the second part.
Assuming that other pairs than (cv,w) are contained in the second sum, we see again that
the terms containing these would cancel in both sums and that we can take K = 1 and
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v1 = 1. We have (cv,w) = (ZZ’;I atvl, i ﬁjlw]l> and thus a! = ce! if we take w.l.0.g.
vi = v, where € is the i-th unit vector. Since (v,w) is contained in the first part, we get
(v,w) = 377, cﬁj(v,w}) and therefore 8! = c7le! if wi = w. This gives us finally that
(cv, W) = (ev,c¢ tw) and hence w = c. Analogously it follows from (v, w) — (9,%) € N and
w = cw that v = cv.

Now we assume that the second part of does not hold. That means that w.l.o.g.
v and ¥ are linearly independent. We get from the considerations above that also w and
w are linearly independent. In the representation of (v,w) — (0,w) as in (A.3) we can
take bases B and C' containing both vectors, respectively: v, € B, w,w € C. Again we

argue that (v,w) — (0, W) is contained in the first sum and that we get K = 1 and 73 =1
leading to 0 = (Z;n:l atvl, ?:1 B}u@) From that we obtain ! = 0 and ' = 0, which
gives (v,w) — (0,w) = (0,0), which contradicts the assumption that v and ¥ are linearly

independent. Since v and v are linearly dependent and both non-zero, there exists a constant
c € K\{0} such that o = cv holds. As shown above, we get that w = ¢ is also true. O

A.2. General L? Spaces and Operator Theory

We discuss some general results about embeddings and interpolation of LP spaces, which
are used frequently for error and regularity estimates. Additionally, we state some results

on operators between Banach spaces used for existence theory and error estimation of the
considered PDEs.

Proposition A.2 (Estimating LP-norms on finite measure spaces). Let (2, A, ) be a mea-
sure space with 0 < pu(Q) < oco. Let p € [1,00] and q € [1,p] be given and let v € L5, ().
Then, v € L{,(Q2) and we have the estimate

[vllize@) < Clivlize @
with C = p(Q)Y/9=Y?_ In case that u is a probability measure, [vllze @) < lvllze(q) holds.
Proof. By Hoélder’s inequality we get
o0y 0y = I 101y < Tt Mol gy = 1P oty g

and therefore the desired result. As usual, we define 0! = oo in the case ¢ = p and get
ey =1= (). If u is a probability measure, x(Q) = 1 and thus C' = 1 holds. O

Proposition A.3. Let A, Ay : Y — Y™ be bounded, self-adjoint and boundedly invertible
linear operators between a Hilbert space Y and its dual space. We define the inner product

(y,v)a == (Ay,v)y=y and norm |y|lla := \/(y,y)a for y,v € Y, and analogously the inner
products induced by Ag on'Y and by A71, AO_1 on Y*. The norms induced by A and Ag shall
be equivalent with the constants V) and VA forO < A<A, ie,

Myl < llyll, < Allyll (A.4)

holds for every y € Y.
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Then, the estimate
bl < ||b||,240—1 < slbl%- (A.5)

holds for every b € Y*.

Proof. From the first inequality in (A.4)), it follows that

Myl < (Aoy, y)v=y = (AAT Aoy, y)y-y < IA™ Aoyllallylla = [[Aoylla-1ylla

and therefore ||yla < 3||Aoyll4—1 holds for all y € Y. This induces with b = Agy, that
HbH,angl = ||y|]124O < [ 4oyl3-1 = %Ib]4-1 holds for every b € Y*, which is the second
inequality in (A.5)). We have used the Cauchy-Schwarz inequality and that the operators A
and Ag are invertible. The rest of the prerequisites is only needed to make sure that the
respective operators induce inner products and that (A.4]) holds.

In the same fashion, the second inequality in (A.4]), written as %Hy”io < |lyll%, induces
the estimate [[b]|%_, < A||b])? =t which is equivalent to the first inequality in (A.5]). O

Proposition A.4. Let N :' Y — Y™ be a monotone operator between a real, reflexive Banach
space Y and its dual space. Let N be Gdteaux-differentiable at y € Y. Then, the derivative
N'(y) : Y = Y™* is also a monotone operator.

Proof. Since N'(y) is linear, it is sufficient to prove that (N'(y)v,v)y«y > 0 holds for all
v € Y. By the definition of the Gateaux derivative and the continuity of N'(y), we have

(N'(y)v,v)y«y = t£%1+ H(N(y +tv) = N(y),v)y+y
= lim 3 (N(y+tv) = N(y),y +tv —y)y-y >0,
t—0+ .
>0
which is non-negative because of the monotonicity of N. O

A.3. Superposition Operators between L’ Spaces

In this section, we discuss the properties of nonlinear superposition operators between general
LP spaces. We use this theory later to show required properties of the superposition operators
between the state space L5 (Z; Hg(€2)) and its dual.

Theorem A.5 (Well-definedness and continuity of superposition operators between LP
spaces). Let (2, A, ) be a measure space with a o-finite measure p and let p,q € [1,00).
Let ¢ : @ x R — R be a Carathéodory function, i. e., the function ¢(-,t) is measurable for all
t € R and the function p(w,-) is continuous for a.e. w € Q. Furthermore, let ¢ fulfill the
growth condition

lp(w, )] < cq(w) + e |tP/? for allt € R and a.e. w € N

with some function cq € LL(Q) and a constant ¢, > 0.
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Then, the superposition operator
N Li(Q) = LE(Q), N(y)(w) = ¢(w,y(w))
is well-defined and continuous.

Proof. The theorem is a consequence of [B, Thm.3.1, Lem. 1.5, Thm.1.1, Thm.3.7]. [5
Thm. 3.1] provides a necessary and sufficient condition for the operator N to be well-defined.
We use only the sufficient part and tighten the conditions a bit by requiring the growth
conditions for (almost) every w, t and using the Carathéodory property of ¢ and [5], Lem. 1.5,
Thm. 1.1]. [5, Thm.3.7| provides the continuity of the operator (and also some equivalence
relation in a more general framework). O

Remark A.6. Note that [5] is a suitable reference for this quite known statement although it
covers the topic in a very general setting so that it is necessary to combine various theorems
and lemmas from this book. Other references such as [48| restrict the discussion to domains
equipped with the Lebesgue measure so that, e. g., the atomic part of the probability measure
P is not taken into account. This is especially important when providing necessary conditions
for, e. g., boundedness, which can be seen in the following theorem, whose analog [48, Thm. 3]
lacks this generality.

Theorem A.7 (Boundedness of superposition operators between LP spaces). Let (2, A, u)
be a measure space with a o-finite measure p and let p,q € [1,00). Let ¢ : & x R — R
be a sup-measurable function and let N : LL(Q) — L}(Q) (defined as in Theorem be
well-defined.

Then, N is locally bounded if and only if the function @(w,-) is bounded for each w € Qg,
where Qg C Q) is the purely atomic part of the measure p.

Proof. See [5, Thm. 3.2]. O

Remark A.8.
o If o: Q2 xR — R is a Carathéodory function, it is sup-measurable [5, Thm. 1.1].

e The fact that N is locally bounded means that lim sup,_,, ||V (v)| g (q) < oo holds for
all y € L1(€).

e If 4 is non-atomic, Theorem [A7] gives that the superposition operator N is automati-
cally locally bounded if it is well-defined.

Theorem A.9 (Differentiability of superposition operators between L spaces). Let (2, A, 1)
be a measure space with a o-finite measure p and let p,q € [1,00) withp > q. Let ¢ : QxR —
R be a Carathéodory function (see Theorem and let the restriction p(w, ) be continuously
differentiable for a.e. w € Q. Let the function ¢ fulfill the growth condition

p(w, )] < cq(W) + e |tP/? for allt €R and a.e. w € Q (A.6)
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with some function cq € LL(Q) and a constant cp, > 0. Furthermore, let the partial derivative
v 2 X R — R fulfill the growth condition

1@, )] < Chyspg) @) + o [P0 for allt € R and a.e. w € Q (A.7)

p—q) € Lﬁq/(pfq)(Q) and a constant cfpt > 0.

Then, the superposition operator N : Lb,(2) — LL(2) induced by ¢ (defined as in Theorem
1s continuously Fréchet-differentiable with derivative

[N ()v](w) = ¢e(w, y(w))v(w).

Proof. We adapt the proof from the very similar Proposition A.11 in [ITT].

Since ¢ is a Carathéodory function and condition holds, the operator N is well-
defined and continuous by Theorem

Moreover, ¢; is a Carathéodory function: Since ¢(w,-) is continuously differentiable for
a.e. w € ), the partial derivative ¢¢(w,+) is continuous for a.e. w € €. By definition,
oi(w,t) = limy_y %((p(w,t—i— h) — ¢(w,t)) holds. Now, for a sequence (hy)neny C R\ {0}
converging to zero, we have that the difference quotient cpgn) (w,t) == ﬁ(cp(w, t+hn)—p(w,t))
is measurable w.r.t. w for all t € R as sum of measurable functions. The pointwise limit
©t(+, t) of these measurable functions is thus also measurable.

Due to the Carathéodory property and condition , the superposition operator N,
Q) — Lﬁq/ (p 7Q)(Q) generated by ¢y is also well-defined and continuous by Theorem .
Note that the identification L£(LL(Q), LL(2)) = Lfﬂ/(p_q) () can be made by the Riesz
representation theorem and Holder’s inequality. This gives N'(y) = Ny, (y) and that the
derivative N’ : LE(Q2) — L(LL(Q),LL(Q)) as defined in the theorem is well-defined and
continuous, cf. the proof of [IT1], Prop. A.11] for more details.

Moreover,

with some function c a/(

IN(y +v) = N(y) = N'(9)vll a0
= [lo(,y() +v() =, y() — @ y()) o)l e o)

= H/ o y() +ov(t)) — @t(',y(-))]v(-)dg‘

L)

< / ey + 00()) = @il y( Do)l 3 gy do
< / (50 + 000) = ey -y 40 ) 0Ol g
S(Se%pl]\\wt(w ¥C) +00()) = oy o0 ) 10O 30

= O(HUHLZ(Q)) as ||U”Lﬁ(9) —0

follows from Holder’s inequality and the fact that N, is continuous. This shows that N is
Fréchet-differentiable with the given derivative N’. O

Alternatively, if p is a finite measure, it is sufficient to require ¢(-,0) € L} () and a
suitable growth condition only on ¢;(w,-). Then, condition (A.6]) follows directly:
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Lemma A.10. Let (Q, A, p) be a measure space with u(2) < oo and let p,q € [1,00) with
p>q. Let p : QxR — R be a Carathéodory function, see Theorem[A.], and let the restriction
o(w, ) be continuously differentiable for a.e. w € Q. Furthermore, let the partial derivative
w2 X R = R fulfill the w-independent growth condition

lpi(w, t)] < al, + cfpt|t|(p7q)/q forallt € R and a.e. w €,

with two constants al,,, ¢, > 0 and let p(-,0) € LE(Q).
Then, the function p(w,-) fulfills

[p(w, t)] < cqlw) + cplt]
for a.e. we Q with ¢ € L) and a constant ¢, € R > 0.

Proof. We use a part of the proof of [I11, Prop. A.11|. For a.e. w € 2, we have

1
lo(w, t)] < |o(w,0)] +/0 li(w, ot)t| do
1
< li(w,0)| + |t\/0 A+ |t/ dg
qc;
< lp(w,0)] + ay,, [t + %Wp/q < cq(w) + cu|tP/?

with some ¢, > 0 and ¢, € L{,(2) because ¢(+,0) € LI(f2) and constant functions belong to
every L},(Q) since p is finite. O

A.4. Superposition Operators from LL(Z; Hj(Q2)) to Its Dual

For an open, bounded Lipschitz domain Q C R"™ (n € {2,3}) equipped with the Lebesgue
measure A, we define the deterministic state space Y := H}(Q) and its dual Y* = H-}(Q).
Furthermore, let Z C R™ be measurable and equipped with the probability measure P. For
p € [2,00) (if n =2) and p € [2,6] (if n = 3) we define the Bochner space Y := LL(E;Y).
We have the Sobolev embedding Hj(Q) < L(Q), i.e., |[ylle) < CqHyHH(}(Q) with some
constant Cyq > 0 for g € [1,00) if n =2 and ¢ € [1,6] if n = 3. Now, for p = ¢ we can embed
the space Y — Lp(Z; LP(Q)) = L (2 x E) and then use existing LP-theory. The respective
dual spaces are identified with L5 (2 x E) & LE (Z; LP" () < LY (Z; H~'(Q)) = Y* with
the conjugate exponent p* = ]% € (1,2] if n =2 and p* € [%, 1] if n = 3.
Now we consider a function ¢ : 2 x Z x R — R with some of the following properties:

Assumption A.11.

1. ¢ satisfies the Carathéodory property, i.e., ¢(-,-,t) is measurable for all ¢ € R and
o(x,&,-) is continuous for a.e. z € Q, £ € E.

2. ¢ satisfies the growth condition |p(z,&,t)| < cpu(, &) + c,|t[P~! for all t € R and a.e.
x € (), £ € E with some constant ¢, > 0 and a function ¢,« € L’;\%P(Q X E).
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3. The function ¢(x,&, ) is monotonically increasing for a.e. z € Q, € € =.

4. For a.e. x € Q, £ € E, the function ¢(z,&, ) is continuously differentiable with partial
derivative s : @ X Z x R — R.

5. It holds that p > 2 and the first partial derivative satisfies the growth condition

loe(z, &, )] < C;/(pfz)(x,ﬁ) + c;t]t]p_z forallt e Rand a.e. z€Q, £ €2

e IXE2(qQ x B).

. / i /
with some constant ¢/, > 0 and a function EpJ( AQP

p—2)

6. For a.e. x € Q, £ € E, the function ¢(z,§,-) is twice continuously differentiable with
first partial derivative ¢; : X = xR — R and second partial derivative @y : QX =xXR —
R.

7. It holds that p > 3 and the second partial derivative satisfies the growth condition

low(z, &, 1) < CZ/(p_3)(:z:,£) + cgtt]t]p_g forallt e Rand a.e. z €, £ €2

e X9 x T).

: /! 1 /!
with some constant ¢, > 0 and a function Cp/(p—3) AP

Using ¢, we define the nonlinear operator

N:Y =YY" (N(y),vy-y:= /:/ng(x,f,y(a:,f))v(x,f) dedP Vy,vey.

We investigate its properties:

Proposition A.12. Under Assumption[A.11:1-2, the operator N :' Y — Y* is well-defined
and conlinuous.

Proof. We have that IN is well-defined and continuous as an operator from L§®P(Q X =) to
LSD\TX)P(Q x E) by Theorem |A.5 Using the continuous embeddings Y — L_,(Q x =) and

Y* < LI;\T@P(Q x E) as described above, we get that it is also well-defined and continuous
fromY to Y'*. ]

Proposition A.13. Given Assumption[A.11:1-3, the operator N :' Y — Y* is monotone.
Proof. By Proposition the operator N is well-defined. Since ¢(z,¢&, ) is increasing for
a.e. x,& by Assumption 3, p(x,&,t) < p(x,&,t) holds if t < . This gives ¢(z,&,t) —

QO(J?,f,t) > 0if t—t > 0 and So(xvfat) - (P(Zﬁ,g,f) < 0Ooft —t < 0, giving (‘P(x¢§7t) -
o(x,&,1)(t —1) >0 for all t,f € R and a.e. z,&. Hence, we get

(N(y) -N(@),y —y)y-y =

/: /Q (ol £,9(x, ) — o, £, §(2,)))(y(z,€) — G, €)) dz dP > 0

for all y,y € Y, showing the monotonicity of V. O
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Proposition A.14. Under Assumption[A.11:1-2,4-5, the operator N :' Y — Y* is continu-
ously Fréchet-differentiable with derivative

[N/(y)v] (.T, 5) = th(x’ 57 y(CC, f))’v(ﬂg 5)

Proof. We have that IV is continuously Fréchet-differentiable with the given derivative as an
operator from LZ;\@P(Q X Z) to LI;\@]P(Q x E) by Theorem |A.9, having ¢ = p* = ]%, and thus
% = 17%2 and % = p — 2. Note that we require p > p* which is fulfilled if and only if
p > 2. Again, the continuous embeddings Y — L5 (2 x Z) and L’;\T@P(Q X Z) — Y* and
the chain rule yield continuous F-differentiability from Y to Y*. O

Remark A.15. For p = 2 we can consider the subspace of L(Z;Y) of functions of the
form y(x,€&) = y(x)v(§) with some fixed y € Y with ||y|ly = 1 and arbitrary v € Li(E).
This subspace is isomorphic to L3(Z). [5, Thm. 3.13] states that if a Carathéodory function
@ : 2 X R — R generates a well-defined, F-differentiable superposition operator acting from
LA(Z) into itself, the function ¢ has the form ¢(&,t) = a(€) + b(&)t for a.e. & € =, with
a € L4(Z) and b € L¥(Z). E. C = is the non-atomic part of the probability measure P.
Hence, we need to require p > 2 if we want to work with “true” nonlinearities.

Proposition A.16. Under Assumption [A.11:1-2,5-7, the operator N :' Y — Y* is twice
continuously Fréchet-differentiable with second derivative

[[N//(y)v]f)] (337 €> - Q)Ott(x7 3 y(.%', €>)’U(£C, f)ﬁ(w, 5)

Proof. Tt follows from Proposition that N is continuously F-differentiable. We show
that N’ is again continuously F-differentiable with the given derivative. For this purpose we
identify £(LP,LP") = LP/(?=2) and consider the continuously F-differentiable superposition
operator Ny, : L5 p(Q x ) — ngg_m(ﬁ x Z) induced by the Carathéodory function
pr: 2 xE xR — R, cf. the proof of Theorem It is well-defined and continuous, see
Proposition Assumption [A.TT}6-7 and Theorem yield that it is even continuously
F-differentiable. There we use g = 1% and thus p > ¢ if and only if p > 3, g =p—2,
P = P and B2 = p—3. Its derivative is [N, (y)v](z,€) = pu(z, & y(z,§))v(z,§). 1t is
identified with the derivative given above. O

A.5. Alternative Approach for the Discussion of the
Semilinear, Elliptic PDE

We present an alternative approach for the existence of a unique solution of the PDE discussed
in Section for the more concrete case ¢(t) = p(w,&,t) = t3 and the choice p = 4. Recall
that the state space is Y = Li(Z; H}(2)). Since ¢ fulfills Assumption with ¢, =0,
cp =1, C;?/(P—2) =0,c, =3, CZ/(p_g) =0, c,, = 6, the superposition operator N : Y — Y
is twice continuously differentiable and monotone by the considerations in Section It
follows that the operator N = A4+ N : Y — Y* is a strictly monotone and twice continuously

differentiable.
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Unfortunately, the operator N is not coercive in Y in the sense of Theorem : For
a counterexample we choose  := (0,1)2 C R? and Z := (0,1) C R with the uniform
distribution. For z € € we define

glxy, 71 < wp < 2 — 11,
glxo, T9 < x1 and x9 < 2 — x4,
Ye(w) := ¢ —elzy + 269 26 — 21 < 29 < 271 and 77 < 2e,
—elxy 4+ 2e91 1y < w9 < 2¢ and 2 — 21 < 29,
0, otherwise
for € € (0, %) and q € (—g,—%), e.g., ¢ = —1. Note that 1. is continuous and belongs to

H}(2). In fact it is a multiple of a finite element ansatz function defined on triangles of equal
area 2. The weak derivative is, up to sets of measure zero,

(gqao)Tv X1 S 1) S 2e — X1,

(0,eN)T, 29 <z and 29 < 26 — 1,
Vy-(z) :=<{ (—=€9,0)7, 2 — 121 <29 <27 and 21 < 2¢,

(0, =T, 21 < x5 < 2 and 26 — 1 < 29,

(0,0)T, otherwise.

This yields
ey = [ V0@l o = 422

and
A e p2e—xq to 4
ol = [ w@tae =1 [* [t araan,
Q 0 1
1>
= 84 / zi(e — z1)dry = %54’”6.
0
Furthermore, we define v.(§) := £~1/2%¢ and get [vell i) = fol g-12He e = 25z as well as
1, :
HUeH%H%(E) = fo 3 1t2e d§¢ = 2% For y.(z,§) := y=() Ue(£)1/2 we obtain
2 ! 2 8e2a+2
HyauLﬁ(E;Hé(Q)) = ) U€(€)Hy€HH6(Q) d§ = 1+2e
1
Il mmpiy = | Vel 0 = 8107
1
H%Hiﬂg(g;m(g)) = /0 UE(f)ZHyEH%AL(Q) d§ = %€4q+5'
This gives
- 2 4
(Ay. + N(yo),y)y-y _ "W¥elizeme) 1z @)
e lly N 1Yell Lz )
=8g24+2 2 _4q+5
_ K l€+2€ + 15¢™ _ 83/4E5q+5/4 + ﬂ€3q+17/4
]1/4.q+3/4 1+2e i5 :
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By ¢ + 3 < 0 we have HyéHLﬂ%(E;Hg(Q)) = 81/4ga+3/4 °20F o but

0 < (Aye + N(ye) Ye)y vy < 83/4% ca+5/4 | 2/4 3(q+17/12) 20
lelly 2 B

holds by ¢ —|— >0and g+ 1 12 > g+ 4 12 > 0. Therefore, the operator N is not coercive on Y.

To be able to apply Theorem [3.7 we show coercivity and the other prerequisites on a larger
space Y DY, namely Y := L2(Z; H} () N LE(Z; L4(Q)), to infer that ( (3-12) has a unique
solution in Y. After that, we will see that this solution actually belongs to Y. The space
Y is equipped with the norm ||y||¢ = HyHLH% =i @) + HyHL]% =14(Q)- B y L3(Z) — L2(2)
(Proposition and H}(Q) <= L*(Q) (Sobolev ernbedding) we have Y C Y.

The operator A : Y := L(Z; HA(Q)) — LA(Z; H-Y(Q)) = Y* is well-defined since A €
Ly (5, L(Y,Y™)), see Proposition and thus also as an operator from ¥ to Y*: Since
Y C Y, meaning that lylly < cHyHY for all y € Y (here with constant ¢ = 1), we get

|All g5 = s (Ayvlg.g < s (Ayv)g.y =l AlLg ge
y,’l)EY, 'y»'UEY7
lylly <Lllvlly<1 lylly <cllvlly-<c

From the Theorem we have that N : Li(Z; LY(Q)) — L4/3( : L*3(Q)) is well-defined
and continuous and thus also well-defined and continuous as an operator from Y to Y* by the
same argument. This proves that N :Y — Y* is well-defined and continuous, in particular,
hemicontinuous. Strict monotonicity of N is shown exactly as in Proposition

Now we prove coercivity. For ”yHLH%(E;Hé(Q)) + HyHLﬂ%(E;M(Q)) — 00 we have

(Ay + N(y), y)y- v N ’ny”%2(:~H1 @) T ”yHiﬁ‘;(E;L‘l(Q))
lylly 1Yl 2(zm2 ) + 19l 23z 000

— OQ.

This can be shown as follows: Let (ap)neny C R>o and (by,)nen C R>g be two sequences such
that a,, + b, > 0 for all n, a, + b, "% 50 and let ¢ > 0. Then, if a,, > b,,, giving a,, > 0, we
have

ca+bk ca? "
dn = TEE 2 g0 = 54 2 1(an +bn),

and if a, < by, giving b, > 0, we have

2 4 4 3
_ captby by bp 1 3
dn = 22052 2 5 = 3 2 7g(an + bn)”.

Overall, this gives
dy > min{£(ap + by), 15 (an + by)?} > min{, &} (a, + by,)

as long as a,, + b, > 1. The assumption a, + b, " yields d,, "

Overall, we can apply Theorem to deduce that (3.12)) has a unique solution y € Y =
LZ(Z; HH ()N LE(E; LY(Q)). By constructing and analyzing y more explicitly as in Section
, we see that this solution even belongs to L3(Z; HE(2)) if vy > 4.
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A.6. Concrete Computations for Section (9.3

In Section [9.3] we use some concretely computed results, which are presented in the following.

Computation of the Unique Stationary Point for Proposition [9.22

Let
é%f“(x,w,t) =1- w_al“(x_t) - w—azu(ac—t) =0, w>ai(x—t) (ie€{l,2}).
For s1 := aj(x —t), s2 := az(x —t), i.e., w > s1 and W > s, we perform the following

equivalent transformations:

- — 555 =0, W > 51, > 82
& (0w —s1)(w — s2) — p(w — s2) — p(w — s1) =0, W > $1,W > So
& W — (s1+ s2+ 2)W + 5152 + p(s1 + 52) =0, W > S1,W > So
+2u+ +2u)2 -4 +

<:>w281+82 /(514 89 2,u) (s152 + p(s1 82))’ B> 31,5 > 8y
+ 52 + — 59)2 +4p?

<:>7I/:'UJ—|—81 52 \/(521 82) ,LL

b

In the last expression, taking “—

s1—s2+2u—/(s1—s82)24+4u2 _ . _ _ ..
LI o 2( 172) 4 < 2522 and in the same manner w — 51 < *25%L. This gives that one

of the two conditions w > s; and w > s would be violated then which is why it is necessary
to take “+”.

in front of the square root would result in w — sy =

Computation of the Derivatives of v,

We compute the derivatives of the function v,, needed in the proof of Theorem Recall
that

0u(5) = w(5) — p In(ua(s) — a15) — p In(ue(s) — 029) + (1)
holds with w,(s) = pu + (a1taz)sty ((;1_%)252“”2

. Clearly, by the chain rule,

wy,(s) — a1 wy,(s) — az

w,(s) —a1s " wu(s) — ags

2
with w!,(s) = 122 (01 —az) s
u(s) 2 24/ (a1—az)2s2+4p2

entiable on R with the second derivative

. Indeed, the function w, is twice continuously differ-

2

2/(a1 — a2)?s® + 4y (a1 — az)* — (a1 — a2)2s\/ 2(a1—as)"s

(a1—a2)2s2+4p2
4((a1 — a2>282 + 4/12)

4p? (a1 —a9)?
\/(a17a2)252+4u2 . 2#2(611 — a2)2
2(a1 —a2)?s2 + 82 ((a1 — ag)2s? + 4p2)3/2

>0 VselR.
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With this expression, the second derivative of v, can be computed defining 8 := az—a; > 0

and y(s) := /282 + 42 > 2u:

wy(s)—ars)w!’ (s)—(w',(s)—a1)? wy(s)—azs)w! (s)—(w!, (s)—az)?
6Z(S) _ U)Z(s) o (wu(s) Ewl(:)(f)mi)?u( )—a1)®  (wu(s) ?w)#(g)(i)mi);( )—a2)
s s 2s s s 25
g M(M@N;))i@igﬂf@ ) M(u@ﬂg))?ﬁ{j ~(-5+my)’
43 B s B s s
) (B2 28y (=527

’73(S)OH-%—F@)?(“_?‘g 7(5))2
— ¥ (n+ 5+ 1Y)
)

— 2=+

The first factor is always positive and well-defined by 8 337(8) > £ S;B s > 0. Defining

at(s) = BSJFTM >0 and a_(s) := M > 0, the second factor can be transformed to

20(p + i () ( + a—(5))? = 20 [(1 + s () (1 + a—(5))* + (1 + a—(s)) (1 + a4 (5))?]
+(s)[as(s)* (1 + a—()* + a—(s)*(u + oy (s)))
= 2p(p+ aq (s)) (4 a—(s)) [(n + ot (s) (1 + a=(s)) — plp+ a—(s)) — p(p + ai(s))]
+(s) [ (5% + 20%) + 20 () + 2]
= 2+ s () (1 o (5)) [os ()1 + a_(5)) — i — iy (5)]
=0

+ () p®[B% 8% + 2uy(s) + 4]
2 2

= ()’ [v(s)? + 2p7(s)] = 7(5)* 1 (v(s) + 2p) > 16° > 0
using oy (s) +a_(s) = (s), as(s)? +a_(s)? = 25 +2u% and a(s)a_(s) = u%. We obtain
a simplified version of the second derivative with (u+ a1 (s))?(u+a_(s))? = p?(2u+~(s))*

"(s) = pB? plaz — a1)?

Y(&Cu+7(5)  2u/(az — a1)s2 + 42 + (az — a1)?s® + 4422

Computation of Limits

For the proof of Theorem we compute the limits limg UL(S) and limg_ o ’U:L(S).
First, observe that

. / _al+a2_|a2—a1|_ . / _ar+az  Jag—ay|
Jm w(s) = = 5 —@and lim w,(s) == 2

a2

holds (a2 > ay). Moreover,

az—aq 4 (‘12_‘11)25
w,(s) —a 2 —a1)2s2+4p2
#(()) 1 _ 2y/(a2—a1) S:—;L4 = —> 0 as s — *oo.
_ _ \/_—
wy(s) —ars [+ (az 2a1)s i (az—a1)?s*+4p

2

/
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As s — +00, the numerator tends to as — a1, but the denominator goes to +o00. For s = —o0,
the numerator becomes 0 and the denominator tends to . An analogous argumentation for

the term % yields the limits

. / _ . / _
Sgr_noo v,(s) = a1 and sEI-Poo v,(s) = as.

Computation of 9,(0) and 9,,(0) for Theorem W

In the proof of Theorem d:= (13;1“)1(;;131)# = a;lu - 1jalu and 0,(s) = vu(s+d)—d
are defined. We compute

0,(0) = vu(d) — d = wy(d) — p In(wy(d) — ard) — p In(wy(d) — azd) +((p) — d

R W e L (ln( as—1 ) + In( T-a; N))
+un (ln(@a22—7al1 M) + ln(alz:aal1 M) — 2) — a21—1“ + 1}@ ol

az aj

1 1
T~ Tog = 20— gkt =g =0

using

(a1+a2)d++/(a1—az)2d2+4pu?

wy(d) =2+

a1+az)(2—a1—a a1—a2)?(2—a1—a2)?
=2+ i - \/( T 4

2(1-a1)(a2 1)+ (a1 +a)(2—a1—az) V/(a2—a1)?(2—a1—a2)2+4(1—a1)?(az—1)2
(1—a1)(az2—1) (1—a1)(az—1)
2(1—a1)(a2—1+a1+a2)+(a2—1)(1—a1—a1—a2)
(1—a1)(az2—1)
VO @ P (e (@ D) H0—a) (a1
(1—a1)(az—1)
—(l—al)2—1—2612(1—a1)—((12—1)2—2611((;Lg—1)—|—\/((1—al)2—1—((12—1)2)2
(1—a1)(az2—1)
2a2(17a1)72a1(a271) _ 2(12 _ 2(11
(1—a1)(a2—1) T as—1 1—a;

and wy(d) — a;d = (2=% — ©=%) . We see that the shift ((u) is defined such that the

(12—1 1—(11
shifted function ¢, has value 0 at s = 0.

Furthermore,
w!,(d) — aq w!,(d) — ag

~! O — / d — / d _ 123 o j%
UM( ) ,UN( ) wu( ) ’uw“(d)—ald /J“w“(d)_an

g az p) + ai 7 (a2a_21)2 + (l_aél)Q - al _ (‘7’20/_21)2 + (l_aall)2 o a2

(az—1) (1-a1) %H alz_—aallu
a a az—a1—(a2—1)—(1—a ai(az—1 az(l—a
- ((a231)2 + (171:11)2) ( — (ajfaf ( 1)) + Z(QEa1) + 2a(zfcul) =1
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is computed using

: S
/ _ ajtas (a1—a2)d __ aitaz 1-ai)(az—1
H(d) =2 T 24/ (a1—a2)%d?4+4u? =Tzt 2%
(1—a1)(az2—1)

— aitas + (a2—a1)*((1—a1)—(a2—1)) _ ai1+as + (az—a1)((1—a1)?2—(az—1)2)
> (=01 Haz— D)%) 2 (- 7+ (@17
az(1—a1)%+a1(az—1)2 _ az + a1
(1—a1)2+(a2—1)2 - (a2—1)2 (1_a1)2‘

w

Now, we see what has been the idea behind the definition of the shift {(u) and the value
of d: First, d € R is chosen as the unique point where v}, (d) = 1 holds. Then, the shift ((x)
is defined such that R,,[0] = 0 holds, which is provided by ©,,(0) = 0 and ©/,(0) = 1.
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