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Abstract

To estimate and update the reliability of deteriorating structural systems with inspection and
monitoring results, we develop a modeling and computational framework based on dynamic
Bayesian networks (DBNSs). The framework accounts for dependence among deterioration at
different system components and for the complex structural system behavior. It includes the
effect of inspection and monitoring results, by computing the updated reliability of the system
and its components based on information from the entire system. To efficiently model
dependence among component deterioration states, a hierarchical structure is defined. This
structure facilitates Bayesian model updating of the components in parallel. The performance
of the updating algorithm is independent of the amount of included information, which is
convenient for large structural systems with detailed inspection campaigns or extensive
monitoring. The proposed model and algorithms are applicable to a wide variety of structures
subject to deterioration processes such as corrosion and fatigue, including offshore platforms,
bridges, ships, and aircraft structures. For illustration, a Daniels system and an offshore steel
frame structure subjected to fatigue are investigated. For these applications, the computational
efficiency of the proposed algorithm is compared with that of a standard Markov Chain Monte
Carlo algorithm and found to be orders of magnitude higher.
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1 Introduction

Engineering structures are commonly subjected to deterioration processes, which can reduce
their service life and affect the safety of the environment, people and the structure itself. For
this reason, significant resources are invested to identify, model, quantify, mitigate and prevent
deterioration processes in structures (Swanson 2001, Brownjohn 2007, Farrar and Worden
2007). Structural deterioration, such as metal corrosion and fatigue, is mathematically
represented using mostly empirical or semi-empirical models (e.g. Stephens 2001, Gardiner and
Melchers 2003, Qin and Cui 2003, Wells and Melchers 2014). Because of their empirical nature,
predictive deterioration models are typically associated with significant uncertainty. Hence
deterioration is ideally modeled probabilistically (e.g. Madsen et al. 1985, Lin and Yang 1985,
Melchers 1999, Frangopol et al. 2004).

Probabilistic deterioration models are developed mainly at the structural component level.
However, deterioration at different locations in a structural system is typically correlated, and
system considerations should be made (Moan and Song 2000, Vrouwenvelder 2004, Straub and
Faber 2005). Probabilistic models of deterioration in large structural systems have been
proposed and applied to different types of structures and deterioration processes (e.g. Guedes
Soares and Garbatov 1997, Kang and Song 2010, Straub 2011b, Luque et.al 2014, Schneider et
al. 2015).

Bayesian methods have been used to combine probabilistic deterioration models with
inspection and monitoring outcomes (e.g., Tang 1973, Madsen et al. 1985, Maes et al. 2008,
Straub 2009). They allow quantifying the impact of inspections and monitoring on the reliability
of the structure, and so facilitate maintenance decisions and the planning of future inspections
(e.g. Thoft-Christensen and Sgrensen 1987, Faber et al. 2000, Moan 2005, Straub and Faber
2005). Bayesian analysis is mainly performed at the component level, where the probability of
failure of a structural component due to deterioration is updated with the inspection and
monitoring outcomes. Only a few publications consider the updating of the reliability at the
structural system level. Therein, the dependence among component deterioration states is
modeled either through the correlation among the deterioration limit states (Moan and Song
2000, Lee and Song 2014, Maljaars and Vrouwenvelder 2014) or through a hierarchical model
(Mahadevan 2001, Faber et al. 2006, Maes and Dann 2007, Straub et al. 2009, Schneider et al.,
under review). More recently, a number of researchers have considered the planning and
optimization of inspection and maintenance actions in structural systems with dependent
component deterioration (Straub and Faber 2005, Qin and Faber 2012, Nielsen and Sgrensen
2014, Memarzadeh et al. 2014).
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A challenge in Bayesian system reliability analysis is to keep the computation time at a feasible
level. Methods belonging to classical structural reliability methods are efficient for estimating
the probability of system failure, but do not facilitate Bayesian analysis or have computation
times that increase exponentially with the number of observations. Recently, a class of methods
has been proposed that efficiently combine structural reliability methods with Bayesian
updating (Straub 2011a, Straub and Papaioannou 2015). Nevertheless, also this approach has
the drawback that its performance is a function of the number of inspection and monitoring data,
which can be considerable in structural systems.

Bayesian Networks (BNs) have become popular in engineering risk analysis due to their
intuitive nature and their ability to handle many dependent random variables in a Bayesian
analysis (Jensen and Nielsen 2007, Straub and Der Kiureghian 2010, Weber et al. 2010). The
graphical structure of the BN is formed by nodes and directed links. The nodes represent
random variables or deterministic parameters, and the links the dependence among nodes.
Ideally, the link between two nodes is based on a causal relation, but this is not necessary. As
an example, if deterioration D is modeled as a function of an external random load S and a
material parameter M, then a corresponding BN may look like the one in Figure 1. Here, an
additional node Z is included, representing an outcome of an inspection. Since each random
variable in the BN is specified by its conditional probability distribution given its parents, the
inspection outcome is defined by p(z|d), i.e. the probability of the inspection outcome Z = z
given the damage state D = d. This is known as the likelihood function, and corresponds to
classical models used for describing inspection or monitoring performance, such as Probability
of Detection (POD). Generally, the BN is established using commonly available probabilistic
models; it allows combining these in a consistent and (in most cases) intuitive manner.

Using BNs it is possible to obtain the posterior distribution of a set of random variables given
a set of observations. This task is called inference. For instance, if an inspection result is
included in the previously presented example, i.e. if Z is given, then the (joint) probability
distribution of the random variables S, M and D conditional on the observed value of Z is
calculated using inference algorithms. There are many algorithms available for inference in
BNs (e.g. Hanea et al. 2006, Langseth 2009, Shenoy and West 2011). In this paper, the focus is
on BN with discrete random variables, for which exact inference algorithms exist (e.g. Murphy
2002, Jensen and Nielsen 2007).
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95
96

97

98

99
100
101
102
103
104
105
106

107
108
109
110
111
112
113
114
115
116

Figure 1. BN deterioration model example.

The links in the BN provide information on the dependence between random variables in the
model. For example, in the BN of Figure 1, M and S are assumed to be independent a-priori,
and hence no direct link between them is present. The link from D to Z indicates that the
inspection provides information on the damage state. It provides no direct information on S and
M. However, it does so indirectly, because the information obtained on D also updates the
probability distribution of S and M, as long as D is not known with certainty. In this way, by
observing one random variable, potentially all others are updated. However, for efficient
computation, all BN inference algorithms make use of the graphical structure by performing
computations locally, exploiting the conditional independence assumptions encoded in the
graph.

Modeling of deterioration often involves random processes, which can be represented in a
discrete-time manner by dynamic Bayesian networks (DBN), as proposed in Straub (2009). For
illustration, we extend the BN of Figure 1 to include a time-variant load S; and inspection
results at multiple points in timet = 1, ..., T. The resulting DBN is shown in Figure 2. Each
“slice” of the DBN represents a time step in the analysis. The random process {S;, S, ..., St} is
a Markov chain where each random variable is defined conditionally on the random variables
of the previous time step. The deterioration D, at time t is a stochastic function of the previous
deterioration state D,_, and the current load S,. The probability distributions of the material
parameter M, the loads {S;,S,,...,Sr}, and the deterioration states {D,,D,, ..., Dy} are all
updated once inspection outcomes Z,, ..., Zr, or a subset thereof, are observed.

Reliability assessment of monitored deteriorating systems with DBNs 4/36
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Figure 2. DBN deterioration model example.

In this paper, the DBN model for structural deterioration from Straub (2009) is extended from
the component to the system level, based on work presented by the authors in Luque and Straub
(2015). An efficient algorithm is developed, which assesses the reliability of a deteriorating
system when partial observations of its condition are available. The deterioration factors of the
system components are interrelated using a hierarchical structure and a set of hyperparameters,
which model the correlation structure among components. In the following section, the concept
of dynamic Bayesian networks and its application to efficiently model component deterioration
are presented. Thereafter, in Section 3, the model is extended to represent the complete
structural system. Sections 4.1 and 4.2 present two case studies where the model and algorithm
are applied and compared to other methods for estimating the system probability of failure. To
demonstrate the advantages of the proposed algorithm, the number of system components is
increased to a point where classical MCMC algorithms are no longer efficient for estimating
the system reliability.

2 Dynamic Bayesian network for assessing component deterioration

2.1 DBN model of a single component

The DBN model framework developed in Straub (2009) is used to represent the deterioration
of components. This model includes the following elements:

e Time-invariant model parameters 0, which are constant in time.

e Time-variant model parameters w;, which vary with time stepst =0, ..., T.

e Deterioration model: A parametric function h for describing the deterioration D as a
function of t, 8, w,, ..., ®,; and the deterioration level at the previous time step D;_4, i.e.

Reliability assessment of monitored deteriorating systems with DBNs 5/36
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Dt = D(t) = h(t, Dt_l, 9, wl,...,wt), t = 1, ...,T (1)

e Observations: At any time step t, information on the condition of a model parameter or the
deterioration D, may be available from inspections, monitoring systems, recordings of
environmental parameters or other measurements, which are related to the model
parameters. These observations are denoted by Zg,, Z, ., and Zp ., depending on the

random variables to which they relate.

Figure 3 depicts the generic DBN deterioration model for a single component, where vectors
0,, ..., 0, are added in order to have a repetitive sub-BN for each time step. These vectors are
deterministically defined as @, =0,_; =0, for allt =1,...,T. The DBN model illustrates

how the parameters and the deterioration of a single component are related in time. Each set
{0, 0, Dy, Zg 1, Zoo 1, Zp + } represents a time step ¢ in the DBN.

Figure 3. Generic DBN of the deterioration model at the component level (following Straub 2009).

2.2 Computation of the posterior distribution

DBN models can be evaluated using exact or approximate inference algorithms. Most
approximate methods are sampling-based; the most popular among these belong to the family
of Markov Chain Monte Carlo (MCMC) methods. MCMC using Gibb’s sampler is particularly
effective, as it exploits the conditional independence properties of the BN (Gamerman and
Lopes 2006). Nevertheless, the computational cost of MCMC increases considerably as the
number of observations included in the model increases and/or the probability of failure of
interest decreases. This motivates the use of exact inference algorithms with discretized random
variables, whose performance does not deteriorate with increasing amount of observation and
is independent of the magnitude of the probabilities of interest.

Reliability assessment of monitored deteriorating systems with DBNs 6/36
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For DBN models consisting exclusively of discrete random variables, exact inference
algorithms exist. In particular the forward-backward algorithm (Murphy 2002, Russell and
Norvig 2003) is effective for DBN. In Straub (2009), a variant of the forward-backward
algorithm is proposed, which is tailored towards evaluating the generic DBN for deterioration
modeling shown in Figure 3.

2.3 Discretization of continuous random variables

With the exception of some special cases, exact inference algorithms can be applied only to
DBNs with exclusively discrete random variables. However, most deterioration models include
continuous random variables. To apply the exact inference algorithms, these must be discretized.
To this end, the original continuous domain of each random variable is partitioned into discrete
intervals and the probability of each interval is computed from the conditional or the marginal
PDF of the random variable. Even though these algorithms are exact for a given discretization,
the discretization itself does introduce an error. The number and location of the discrete
intervals have an impact on the computation time and accuracy of the approximation. Several
algorithms have been developed to obtain optimal intervals based on a specific estimation,
typically the probability of failure (Chang and Chen 2005, Neil et al. 2007, Marquez et al. 2010,
Zwirglmaier and Straub under review).

Here the heuristic principles presented in Straub (2009) to define the discretization scheme are
used. To keep the model simple, the discretization scheme, and hence the conditional
probabilities, are the same in all time steps, resulting in a homogenous DBN. The discretization
scheme of the random variables 6 and w, is chosen so that after applying the deterioration
model h, they result in approximately equally spaced intervals in D. This method is simple to
implement and has proven to be effective. For more details on discretization approach, the
reader is referred to Straub (2009).

3 Bayesian network model of system deterioration

One challenging aspect of modeling deteriorating structural systems is the representation of the
interrelation among the system components and the common factors that affect their condition.
Only a limited number of investigations of the dependence among component deterioration
states can be found in the literature (e.g. Hergenréder and Rackwitz 1992, Vrouwenvelder 2004,
Maes et al. 2008, Malioka 2009, Luque et.al 2014). The two most common mathematical

representations of such dependence are hierarchical models and random field models. The latter
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are suitable for systems where dependence among component deterioration is a function of the
geometrical location (Maes 2003, Stewart and Mullard 2006). Hierarchical models are suitable
where the dependence among component deterioration depends on common features and
common influencing factors (Maes and Dann 2007, Maes et al. 2008, Banerjee et al. 2015).
They have computational advantages over random fields, in particular in the context of DBN
modeling.

In the DBN model, care is required to correctly represent the statistical dependence among the
random variables without increasing the complexity and computational cost of the inference.
For general statistical dependence among components, most DBN models of systems rapidly
become computationally intractable when the number of components in the system or the
number of random variables increases. Strategies for reducing the computational efforts when
representing random fields in the BN have been proposed (Bensi et al. 2011), but their
applicability is still limited. In the proposed approach, the dependence structure is modeled by
hierarchical models. Hierarchical models can capture the dependence structure of deterioration
in most structural systems quite adequately, because the dependence is typically caused mainly

by common influencing factors rather than geometrical proximity.

3.1 Hierarchical models

Hierarchical models are an effective way of representing systems whose characteristics can be
grouped using multiple levels (Raudenbush and Bryk 2008). The random variables within a
level are interrelated through common influencing parameters, which are modeled at a higher
level in the hierarchy. The random variables at the highest level are called hyperparameters. As
a simple example, Figure 4 shows a BN representing a set of random variables {V;,V,, ..., V,;}
with common mean value a. As long as the value of a is uncertain, the random variables
{V1, V3, ...,V } are statistically dependent. The correlation between V; and V; will depend on the
distribution parameters. If the random variables V; conditional on « all have standard deviation
oy, and a has standard deviation oy, then the linear correlation between any pair V; and V;, i #

j,is

O
p(Vi,V;) = agToag )

Reliability assessment of monitored deteriorating systems with DBNs 8/36
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Figure 4. Hierarchical BN with a hyperparameter a.

3.2 Hierarchical model based on correlation models

In many instances, influencing parameters are not modeled explicitly, as in the example above,
but instead models of the correlation among components are available. In this section, we
describe how such correlation models are translated into a BN. To simplify the presentation,
we consider an equi-correlated set of random variables V = [V, ..., ,,]T, for which the
correlation between any two components is py,. All V;’s have identical marginal distribution,
described by the cumulative distribution function (CDF), F;,. The extension to more general
cases is outlined afterwards. The presentation is limited to the (commonly implied) case that
the joint distribution of V follows a Gaussian copula, i.e. the Nataf transformation can be used
for transforming the V to equivalent standard normal random variables (Liu and Der Kiureghian
1986).

Following the principle of the Nataf transformation, the V; are related to corresponding standard
normal distributed Y; through the following marginal transformation:

Vi = K [e(Y)] ©)

where Fj; 1 is the inverse CDF of V; and @ is the standard normal CDF.

The Y; are jointly normal distributed with correlation coefficient p,, which is the equivalent
correlation in standard normal space and is a function of p,, and Fy,. Its value is such that, after
applying the transformation F;1[®(:)], the resulting random variables Vi,...,V, have
correlation py. py can be found numerically or from the approximate expressions provided in
(Liu and Der Kiureghian 1986).

The dependence among the equi-correlated standard normal random variables Y;, ..., ¥;, can be
defined through a hierarchical structure. To this end, a standard normal hyperparameter « is

introduced, as shown in Figure 5. The Y; are defined as normal random variables conditional on
a with mean /py * @ and standard deviation ,/1 — py,. The unconditional Y;, ..., Y, are then

standard normal random variables with mutual correlation coefficient py.
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Figure 5. Hierarchical BN of equally correlated random variables.

To reduce the number of random variables in the BN, the auxiliary random variables Y; can be
eliminated and replaced by a direct link between « and the V;. The resulting BN is the one in

Figure 4. The corresponding conditional distribution of V; given « is:

O 1(F,(v)) — a 4)
SO LA iy
1-py
The conditional CDF of the random variables V; of Eq. (4) is used to generate the conditional
probability table (CPT) of V; in the DBN system deterioration model.

The above model approach can be extended to random variables Vi, ..., V,, with different
marginal distributions and varying mutual correlation coefficients. As long as the pairwise
correlation coefficients py ;; of the underlying standard normal Y;'s are of the Dunnett-Sobel
class (see e.g. Thoft-Christensen and Murotsu 1986, Kang and Song 2009), the BN structures
of Figure 4 and Figure 5 still hold. No additional computational efforts are necessary in these

Cases.

3.3 DBN model of the system

The hierarchical DBN modeling approach is applied to model dependence among component
deterioration in structures. To extend the component DBN model of section 2.1 to a model of
the structural system, a set of hyperparameters a = [ae, Ay aDO]T are defined. In the system
model, all components are connected through these hyperparameters a (Figure 6). All random
variables in the DBN are now indexed by the component number i = 1, ..., N and the time step
t=0,..,T,ie. Ds;, is the damage of component 3 at time step 10.

The a parameters may be determined from known correlation among components, following
Section 3.2, or derived from common influencing factors. In many cases, they will represent

Reliability assessment of monitored deteriorating systems with DBNs 10/36
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model uncertainties, which are typically shared among similar components within a system. In
this case, the corresponding a parameters can be obtained by first estimating the magnitude of
common model uncertainties relative to component-specific uncertainties, then determining the
corresponding correlations through Eq. (2) and from those the a parameters following Section
3.2.

Figure 6. DBN model of the structural system deterioration.

In the full system model DBN of Figure 6, the binary random variable E ; . represents the
condition (i.e. E¢ ;¢ = 0: not failed, E; . = 1: failed) of component i at time step t. E¢; . is a
(possibly probabilistic) function of the deterioration state D; .. The binary random variable Ej ,
represents the system condition (i.e. E5, = 0: not failed, E5 . = 1: failed) as a function of all
component conditions. E¢ ; . and Eg . can be extended to multi-state random variables, if a more
detailed description of the components and system condition is desirable. The relation between
the system condition Es . and the condition of its components E¢;,, i = 1, ..., N, is quantified
by the probability of system failure given the conditions of its components. To obtain these
conditional probabilities, a probabilistic model of the structural system is necessary and
structural reliability computations must be performed in a pre-processing step.

For many real structural systems, the number of system components subject to deterioration is
large, and hence there is a prohibitively large number of combinations of component
deterioration states in the system, as discussed in Straub and Der Kiureghian (2011). In the
DBN model of Figure 6, this is reflected by the number of links pointing from the component
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condition nodes E¢; ¢, i = 1, ..., N to the system condition node Es . For each combination of
possible element conditions, a system configuration W, is defined. A total of 2V different
system configurations must be examined, which rapidly becomes intractable as the number of
components increases, because a system reliability analysis must be carried out for each
configuration to determine Pr(Es, = 1|W, = ). In specific applications of the framework, it
is therefore necessary to use a more efficient representation of structural system behavior. For
this purpose, the convergent connection from the E ; , to Eg, may be replaced by an alternative
dependence structure. Different techniques can be used to this end, in function of the considered
system. One possible alternative is to reduce the number of system configurations to consider
based on their contribution to the probability of failure (Kim et al. 2013). Alternatively, in many
systems one can exploit the fact that some components are (approximately) exchangeable with
respect to their static function. In this case, it is sufficient to consider the number of component
failures in the group (Straub and Der Kiureghian 2011). In the numerical investigations
presented later, we consider a Daniels system to demonstrate the DBN modeling in such cases.
Furthermore, in some systems it is possible to pursue a hierarchical modeling approach also for

the static functions. Such a strategy is utilized in the second numerical example presented later.

3.4 Inference algorithm

To perform inference with the system DBN, i.e. to compute the probability of component and
system failure given inspection and monitoring results, the forward-backward algorithm
presented in Straub (2009) for exact inference is extended to the system level. The algorithm
presented here is limited to the forward operation, which is used to solve the filtering problem,
I.e. to compute the posterior distribution of the random variables «, 0;, ®; ;, D; ¢, E¢c;  and Eg ¢
for all i = 1,..., N given the observations up to time t. The algorithm is formulated in a
recursive manner for each time step and exploits the property of the hierarchical model that all

components are statistically independent for given hyperparameters.

3.4.1 Component partial updating (forward operation)

This first part of the algorithm is applied to each component separately. The conditional joint
probability mass function (PMF) of deterioration state D; ;, the time-variant parameters w; .,
and the time-invariant parameters 0; are computed conditionally on the hyperparameters o and
on all observations of the component up to time step t. The latter are denoted by Z; ,.¢, and
include all observations of the damage state Zp ; .., time-variant Z,, ; o.. and time-invariant

Reliability assessment of monitored deteriorating systems with DBNs 12/36
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parameters Zg ; o.¢, 1.6. Z; 9. = [ZD,i,O:t: Zw,i,O:trZB,i,O:t] . From application of Bayes’ rule, and

accounting for the independence properties encoded in the DBN structure, it follows:

p(di,ti wi,tr ei,t |(X, Zi,O:t)

o< p(dip 06,002 0.01) P(2D,t|die )P (Zeri| @i )P (20,06 |0: k) (5)

where i =1,..,N, t=1,..,T. The proportionality constant is found by normalization:
Vi Lo 2oy P(die 05,0 ¢|0, Z; o, ) = 1. The first term on the right hand side of Eq. (5) is

calculated from the joint probability at the previous time step p(d;—1, @ ¢—1,0; ¢ 1|0 Z; g:0—1)
through:

p(di,t» ®;;,0;; |“» Zi,O:t—l)

= Z p(di,tldi,t—l"”i,t: ei,t) Z p(wi,t|di,t—1rwi,t—1'ei,t)

dit—1 Wit—1

X Z p(ei,tlei,t—l) p(di,t—lr Wir1,0; 1|0 Zi,O:t—l)
0i¢—1 (6)

The algorithm is applied recursively, starting at t = 0, for which the joint probability is

P(di,o' ®;0,0;0|0, Zi,O)

x p(ZD,i,O |di,0 )P(Zm,i,o |‘”i,o)P(Ze,i,o |9i,o)P(di,o | “)P(‘”i,o | “)P(ei,o |°‘) (7

Note that all conditional probabilities required in Egs. (5-7) are available from the definition of
the BN.
3.4.2 Hyperparameter updating

Observations of each component have an indirect effect on the posterior distribution of the
remaining components. These distributions are updated through the hyperparameters. For this

reason, the second step is updating the hyperparameters given the observations from all random
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variables up to time t, i.e. p(a|z1:N,O:t). This is calculated recursively with respect to i (i.e.

component by component) as:

t
p(alz1i00) & p(alzi100) | [p(2is]0)
j=0 (8)

fori=2,..,N, and

p(alzl,o:t) x p(a) 1_[ P(Z1,j|a) 9)
j=0

where p(a|z1:i_0:t) is the conditional probability of the hyperparameters given all observations

in components 1, ..., i up to time t and p(«) is the prior probability of the hyperperameters (i.e.
before observations). p(zi,t|a) is the inverse of the normalizing constant of Eq. (5), for

component i and time step t. Equation (8) can also be expressed as a product over the index i,
but it is expressed in recursive form here to indicate that the conditional probability of the
hyperparameters given the observations can be partially calculated after each component is
updated.

3.4.3 Posterior distributions

The next step in the algorithm is the computation of the joint posterior probability
p(dis, i, 0; ¢, a|Z1n0.c), the updated component state probability given the observations

from all components up to time ¢:

p(di,tJ ®;:,0;; “|Z1:N,o:t) = P(di,t: W;:0;; |°‘: Zi,O:t)p(alz{l:N}\{i},O:t) (10)

where zg;.v (i3,0:c are the observations of all components excluding those of component i. Any

marginal posterior distribution can be computed from these results. As an example, the posterior

distribution of the damage in component i at time t is:

P(di,t| zl:N,O:t) = z Z Z p(di,t' Wi, 0; 0‘| Zl:N,O:t) (11)

Wit 0 a
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3.4.4 Posterior reliability of components and system

Finally, the updated probability of the component condition E;, is obtained by simple
application of the total probability theorem:

plecidzinoe) = ) plecirldi) p(diclzinoe) 12)

dit

where e¢ ; . is a realization of the random variable E¢ ; .. The updated probability distribution
of the system condition is:

p(eS,tlzl:N,O:t)

= Z p(eS,t|eC,1:N,t) Z p(eC,l:N,t|ar z1:N,0:t) P(alz1:1v,o:t)
[04

€c1,t+€CN,t

= Z p(eS,t|eC,1:N,t) Z p(“|z1:N,o:t) 1_[ p(eC,i,t
a i

€c1,t+€CN,t

Q, z1:N,O:t)
(13)

T . R R T
where ec1.v: = [€cier o ecne| isarealization of Ec vy = [Ecier s Ecne] -

3.5 Computational complexity of the algorithm

The computational complexity of the forward operation for a single component is
O0[my(t + 1)(m3m, + mpm?)], where mp, m, , my are the number of states of the
discretized random variables D; ;, 0, ;, w; . (see Straub 2009). In analogy, the complexity of the
algorithm described in section 3.4.1 for updating all components with their respective
observations is O[mgm,N(t + 1)(mim, + mpm2)], where m,, is the number of states of the
hyperparameters. The complexity of the hyperparameter updating step of section 3.4.2 is
0[mpm,mgm,N]. The complexity of updating the condition of all components is O[m mpN]
and that of updating the system reliability is O [[(N +1)m, + 1]mESm§C] in the general case

(section 3.4.3).

With the exception of the updating of the system condition Eg, the complexity of the algorithm
is proportional to the number of components and time steps and it is independent of the number
of observations included in the analysis. However, updating of Eg can quickly become
intractable as the number of components increases, unless a more efficient system
representation than the convergent connection (Figure 6) can be found. Such strategies were
already discussed in section 3.3. Alternatively, if such alternative system representations are

Reliability assessment of monitored deteriorating systems with DBNs 15/36



372
373
374
375

376
377
378
379
380

381

382
383
384
385
386
387

388

389
390
391
392

393
394

not possible or not convenient, the conditional system reliability may be evaluated using
sampling-based structural reliability methods. This could be achieved by employing the
conditional probability distributions computed with the DBN algorithm to generate samples

from the posterior.

A second important aspect of computational performance is the necessary memory allocation.
This is strongly influenced by the size of the largest joint PMF used in the procedure, which
can be either p(D; ¢, w; ¢, 0;¢|a) or p(; | D1, w;r—1,0;;). Memory allocation as well as
computational complexity are therefore a direct function of the discretization scheme, which
must be defined carefully to find an optimal trade-off between accuracy and computational cost.

4 Numerical investigation

The following numerical examples serve to investigate and illustrate the workings of the
proposed model and inference algorithm. For validation purposes, the results obtained with the
exact inference algorithm are compared to those obtained with two alternative methods: 1)
Monte Carlo simulation (MCS) for the case without observations, and 2) MCMC for cases with
and without observations. The MCMC computations are implemented with OpenBUGS (Lunn
et.al 2009).

4.1 Daniels system

For illustration purposes, we consider a Daniels system (Daniels 1945, Gollwitzer and Rackwitz
1990), which consists of a set of N elements with independent and identically distributed
capacities R; fori = 1, ..., N. The elements have ideally brittle material behavior. The system
Is subject to a load L (Figure 7).

LLLLLLLLLL LIS L LIS LL LS LSS L LS LSS

R [R [R ... Ry

Figure 7. Daniels system.
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Prior to the application of the load, each component in the system is in one of two possible
states: a) full capacity, or b) zero capacity due to a fatigue failure. For a discussion of this model
see Straub and Der Kiureghian (2011).

4.1.1  Deterioration model

The system components are subject to fatigue deterioration, which - for illustration purposes -
iIs modeled by simple fracture-mechanics-based crack growth model (e.g. Ditlevsen and
Madsen 1996). It uses Paris' law to describe the growth of the crack depth D; at component i:

dD;(n)

== [ASe_i\/nDi(n)]Mi 14)

1
where n = number of stress cycles; AS,; = (E[AS}]) = equivalent stress range per cycle
with E[-] being the expectation operator; AS; = stress range per cycle; C;, M; = empirically

determined material parameters.

The long-term distribution of the fatigue stress range AS; is described by a Weibull distribution
with scale and shape parameters K; and ;. AS, ; is then given by (Madsen 1997):

M\M;
AS,; = K;T (1 + —‘) (15)

where I'(+) is the Gamma function. Using the initial condition D;(n = 0) = D, 4, the following

analytical solution for the crack depth after n stress cycles can be obtained from Eq. (14):

) (1-my/2)7t

M M; . 1-M;/2
D;(n) = [(1 - 71) C,ASMigMi/ 2 4 DL/ ] (16)

4.1.2 Observations and probability of detection

In this example, we only consider observations of the deterioration state through inspections,
e.g. visual inspections or non-destructive evaluation of the fatigue hot spots. The observation
Zp i+ Is a binary random variable with possible states “no crack detection” (i.e. Zp; , = 0), and
“crack detection” (i.e. Zp;, = 1). The inspection quality is described by an exponential

probability of detection (POD) model with parameter ¢, in function of the crack depth d:
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Pr(Z = 1|D = d) = POD(d) = 1 — exp(— §>

S (17)

4.1.3 Relation between component and system conditions

Failure of the i-th component after t time steps (equivalent to n = n(t) stress cycles) occurs
when the crack depth exceeds the critical value d., ie. {Ec;, = 1} = {D;; = d.}. If the

component has not failed, it is assumed to have its full capacity.

In a Daniels system, due to the exchangeability of the components, the probability of having a
system failure at time step t is a function only of the total number of component failures.
Following section 3.3, to avoid a convergent connection between the E.;, and Eg,, the
cumulative number of component failures up to component i, Nf ;. ., is defined as follows:

i
Np g = z Ecjit=Ecit+ Neti-1t (18)
=

The relation between the component conditions E¢ ;,, i = 1, ..., N and the system condition
Es . defined in the general model of Figure 6 can be replaced by the network depicted in Figure

8. The complete DBN of the Daniels system is presented in Figure 9.

Figure 8. DBN model of the Daniels system condition. Ny ;.; ; is the total number of component failures
among the first i components at time t.
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Figure 9. DBN of the Daniels system.

A Daniels system with N = 10 components and T = 100 time steps is investigated. The
parameters of the fatigue deterioration model are summarized in Table 1 and the corresponding

discretization scheme is presented in Table 2. Each time step corresponds to An = 5-10°
fatigue stress cycles. The correlation of fatigue parameters among components are p, = 0.5,

Table 1. Parameters of the fatigue deterioration model.

Random variable Distribution Mean  Std. deviation
ap, Normal 0 1
ag Normal 0 1
ay Normal 0 1
Dy ; (mm) Exponential 1 1
My, Normal 3.5 0.3
M, My; = M;_q;

InCe; InC;; = —3.34M,; — 15.84

Ko, Lognormal 1.6 0.22
K, Kii=Kiqi

A Deterministic 0.8

d¢ (mm) Deterministic 50

& (mm) Deterministic 10

Reliability assessment of monitored deteriorating systems with DBNs 19/36



438

439

440

441
442

443

444

445
446

447

448
449
450
451

452
453

Table 2. Discretization scheme.

Random variable Number of states Final interval boundaries

Ap,, Ay, A 5 ®71(0:0.2:1)

D (mm) 80 0, exp{In(0.01) : [In(50) — In(0.01)]/78:In(50)},
M 20 0, In{exp(2.2) : [exp(4.8) — exp(2.2)]/18: exp(4.8)},
K 20 0,{0.86 : (2.83 — 0.86)/18:2.83},

The load L is lognormal distributed with coefficient of variation §, = 0.25, the capacities R;,
i =1,...,10, are independent and normal distributed with 6§z = 0.15 and the mean safety factor
is nug,/u, = 2.9. The conditional probability of failure of the system given j failed

components is computed according to Eq. (19) and is presented in Figure 10.

n-j

Pr(Es; = 1|Nsywe =j) =Pr Z Ri—L<0
i=1 (19)

1 e

0.1 1

0.01 4 R

0.001 A

0.0001 A

Conditional system PoF
o

0.00001 7

0.000001 T T T T
0 2 4 6 8 10
Number of failed components

Figure 10. Probability of failure of the Daniels system conditional on the number of components with
fatigue failures.

4.1.4 Results

For the unconditional case (i.e. without observations), the reliability index g calculated with
the proposed inference algorithm is compared to the results obtained using MCS and MCMC
for a single component (Figure 11) and the system (Figure 12). The reliability index is defined
as f = —®~[Pr(E = fail)], with @1 being the inverse standard normal CDF.

A good agreement among the three methods is observed at the component level. At the system
level, the difference between the probability estimates from the proposed DBN model and the
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Monte Carlo methods is due to the discretization of the hyperparameters a in the DBN. The
relatively coarse discretization of ap , ay, and ay using My, = Mgy, = Mg, = 5 discrete
states each (Table 2) leads to an underestimation of the correlation in the fatigue performance
among components. This in turn leads to an overestimation of the system reliability in a
redundant system, such as the Daniels system. The effect can be mitigated by increasing the
number of discrete states for each hyperparameter, with an associated increase in computation
time. Following Section 3.5, the computation time is linear with respect to m,,, the total number
of states of the hyperparameters. Here it is m, = Mep " May, " My and doubling the number
of states of all hyperparameters would lead to an 8-fold increase in computation time. As shown
later, the performance of the present discretization scheme in the case with observation is much

better, and the accuracy is thus deemed acceptable.

6.0 1

4.0 A

201 —DBN

——MCMC
-~ -MCS, 95% credible interval

Component reliability index

0.0
1 10 100

Time step, t

Figure 11. Reliability index of a single component.

x 6.0 -
o
=
>
= 40
o)
]
©
§ 20] —DBN
& ——MCMC
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0.0 :
1 10 100

Time step, t

Figure 12. Reliability index of the Daniels system
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To better understand the dependence among component deterioration, the correlation among
crack depths D; and D; and among component failure events E;; =1 and E;; =1 is

computed. These are obtained directly from the DBN or the Monte Carlo samples. Figure 13
shows the correlation between the crack depth of two components D;, and D;, using the
proposed algorithm for DBNs, MCS and MCMC. As expected, the correlation is slightly
underestimated by the DBN algorithm.

The dependence in fatigue performance among components is here due to inter-correlation of
three parameters: a) the material parameter M, b) the stress parameter K, and c) the initial crack
depth D,. The correlation between the crack depths in two components at the beginning of the
service life is dominated by the correlation in the initial crack depth D,. The effect of the
correlation in the material and stress parameters, M and K, increases with time.

The correlation between component failure events is shown in Figure 14. The correlation is low
at the beginning of the service life, due to overall low probabilities of failure. In agreement with
the above results, the DBN slightly underestimates the correlation.

0.6

Correlation between crack
lengths

0.2

0 20 40 60 80 100
Time step, t

Figure 13 Correlation between the crack depths of two system components as a function of time,
estimated using the DBN algorithm, MCS and MCMC.
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Figure 14. Correlation between the condition states E- (i.e. failed/not failed) of two system components
as a function of time, estimated using the DBN algorithm and MCS.

The relevant case for the DBN model is the conditional case, i.e. with the inclusion of
inspections results. It is assumed that one component is inspected every 5 - 107 cycles, i.e. after
every 10 time steps, without detecting any crack. The updated reliability index of the inspected
component is considerably larger than in the unconditional case, due to the no-detection
observation (Figure 15). This observation also affects the non-inspected components, due to the
correlation defined by the hyperparameters (Figure 16). The reliability of the system is affected
by the reliability of both the inspected and the non-inspected components (Figure 17). By
inspection only one component every 10 time steps, and assuming that the inspections always
result in a no-detection, the system reliability index at the end of the service life increases from
1.1to2.1.

Inspected component
reliability index

0 20 40 60 80 100
Time step, t

Figure 15. Reliability index of the inspected component after no detection of a crack at inspections
every 10 time steps.
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Figure 16. Reliability index of a hon-inspected component given the no-detection outcome of the
inspected component.
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Figure 17. Reliability index of the system after no detection of a crack in all inspection times.

In Figures 15-17, the results of the DBN model are compared with results obtained by MCMC
for verification. The results from the two algorithms match very well, and the slight differences

observed in the unconditional case (Figure 12) are not seen here.

It is pointed out that the necessary computation time for the solution of the system DBN is
orders of magnitudes lower than that for the applied standard MCMC algorithm. Additionally,
the computation time of the forward-backward algorithm is not affected by the number of
observations or the order of magnitude of the probability of failure, which is not the case of
MCMC. If the number of system components increases, the computation time in both the

forward-backward algorithm and MCMC increases linearly with number of components.

To demonstrate the efficiency of the DBN algorithm as the number of components and
inspections is increased, we analyze a Daniels system with N = 100 components, in which 5
components are inspected every 10 time steps. The assumed inspection outcomes of the five
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components are specified in Table 3. The probability of failure of the system using the forward-
backward algorithm is shown in Figure 18. Since the inspection resulted in detection of multiple
cracks, and no repairs are considered, the system reliability is lower after including the
inspections. MCMC results are not computed for this case, due to the associated large
computation times.

6.0
x
[}
i)
=
> 4.0 A
E
8
©
£ 204 T
] . T N
Q2 —With inspections S el
| Without inspections

0.0 T T T T

0 20 40 60 80 100

Time step, t

Figure 18. Reliability index of the Daniels system with 100 components for cases with and without
inspections.

Table 3. Inspection outcomes of the Daniels system with 100 components.

Inspection time step

Component 10 20 30 40 50 60 70 80 90
1 x v v v v v v v v
2 x x x v v v v v v
3 x x x x x v v v v
4 x x x x x x x v v
5 x x x x x x x x x

v": Detection; x: No detection

4.2 Steel frame

The Zayas steel frame shown in Figure 19 is commonly used as a benchmark in structural
analysis of steel offshore structures (Zayas et al. 1980). It consists of 23 tubular members with
welded connections. The fatigue hotspots are located at the welded connections of the 13
horizontal and diagonal members. There are N = 22 fatigue hotspots, which represent the
system components in the DBN model. The structure is loaded in horizontal direction by a
concentrated force L at the upper left node of the structure and by gravity load. The details of
the geometrical and material properties of the structure are described in (Schneider et al., under

review).
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Figure 19. Zayas steel frame structure with 22 fatigue hotspots in 13 tubular members (a — m).

4.2.1 Deterioration model

For ease of presentation, fatigue deterioration in all hotspots of the Zayas frame structure is
represented by the same model as used in section 4.1.1 with the parameters listed in Table 1. In
a real structure, fatigue stresses will vary among hotspots. However, this has no impact on the
computational demand and the accuracy of the reliability computations and the updating. As in
example 1, a redistribution of fatigue stresses when some system components fail is neglected,
I.e. K; . is modeled as a time-invariant parameter.

4.2.2 Crack measurements as observations

In this example, measurements of crack sizes at the hot spots are included. To this end, the
observation Z; , conditional on D; . is defined as

Pr(Zi, = z|Diy = d) = fe(z — d)

where f_ is the normal probability distribution of the measurement error with zero mean and
standard deviation o, = 0.1mm. The observation Z; . is discretized with the same scheme as
the crack depth D;., with one additional state representing no detection. Note that the
discretization of Z; , has no effect on the computational demand.
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4.2.3 Relation between hotspots, structural elements and system condition

To each of the structural elements, one or two fatigue hotspots are associated (Figure 19). The
condition of hotspots and elements is modeled through the random variables E, and E,,
respectively. It is assumed that an element fails if any of its hotspots fails, where a hotspot
failure is defined according to section 4.1.3. Considering the number of structural members
included in the Zayas frame, the total number of possible system configurations is 213 = 8192,
which is still manageable. To estimate the probability of failure of the system, the ultimate
capacity of the structure is obtained for each possible system configuration through a pushover
analysis. The ultimate capacity of the structure when all components are intact is 2.8 - 10°N.
The condition of the system Ej . is defined as a child node of the system configuration and the
extreme load L, observed during time step t. The load L affecting the structure is assumed
lognormal distributed with mean 4 - 103N and standard deviation 2 - 10*N. The complete DBN
model is shown in Figure 20.

Hotspot

Structural
element

System
deterioration
state

System
performance

Figure 20. DBN of the Zayas frame.
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4.2.4 Results

The accuracy of the proposed algorithm is compared to MCMC and MCS results. In the
unconditional case, the three methods give consistent results for a single hotspot (Figure 21)
and the system (Figure 22).

Hotspot reliability index

---- MCS, 95% credible interval

0 5 10 15 20
Time step, t

Figure 21. Reliability index of a single hotspot for the unconditional case (i.e. without inspection).

3.3
x
S
£ 3.25 A
2>
E
B 3.2 7
©
IS
[¢5]
@ 3.15 1
>
[7p]
---MCS, 95% credible interval
3-1 T T T
0 5 10 15 20
Time step, t

Figure 22. Reliability index of the system for the unconditional case (i.e. without inspection).

For the conditional case, it is assumed that hotspot 1 (in structural element 1) is inspected at
time step ¢ = 10. A crack of depth Zj, ; 1o = 3mm is measured, which should be compared to
the expected crack depth before the observation of E[DMO] = 1.2mm. Results are obtained
using the algorithm described in Section 3.4 for the inspected hotspot (Figure 23), a non-
inspected hotspot (Figure 24), and the system (Figure 25). When including crack measurements,
MCMC using OpenBUGS has convergence issues and no reliability estimates are obtained.
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Figure 23. Reliability index of the inspected hotspot.
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Figure 24. Reliability index of a non-inspected hotspot for the conditional case (i.e. with inspection).
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Figure 25. Reliability index of the system for the conditional case (i.e. with inspection).

Although the measured crack is larger than the expected crack depth for that hotspot, the
reliability of the inspected hotspot increases after the inspection due to the combination of two
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factors: 1) the measurement of 3mm is considerably smaller than the critical crack length 50mm,
2) the measurement error is small, and the overall uncertainty on the crack length is reduced.
However, because the measured crack is larger than the expected, the reliability indexes of the
other components are reduced, and this leads to a reduction in the estimate of system reliability.

As stated earlier, increasing the number of observations does not affect the computation time
of the proposed algorithm. To include an example with more inspection results, Figure 26
presents the reliability index of the system given multiple observations at hotspots 1 to 4 and
time steps 10, 20, 30, and 40.

Z; 1p=3mm Z; 3= 3.5mm
Z,10=1mm Z,3=1.5mm
Z310=1.5mm Z330=2.5mm
Z,10=ND Z,3=0.5mm
Z) o= 3.5mm Z) 4o=4mm
35 - Z, 0= 1.5mm Z, 4o=2.5mm
Z; 0= 2.5mm Z; 40=3.5mm
& Z420=ND Z400=2mm
2 33—
2 e~
5 311
s
®
e 297
o
2
& 2.7 7 ----Without inspections \
—With inspections/measurements
25 T T T T ,
0 10 20 30 40 50

Time step, t

Figure 26. Reliability index of the system for the conditional case (i.e. with inspection) with
observations from hotspots 1 to 4 at time steps 10, 20, 30 and 40. A measurement ND represents a no-
detection case.

5 Discussion

We propose the use of a hierarchical DBN model for probabilistically representing deterioration
in structural systems and for updating the probabilities and reliability when inspection and
monitoring results are available. We also introduce an efficient algorithm for evaluating the
hierarchical DBN. A major motivation for the use of the DBN in conjunction with the exact
inference algorithm is its fast and robust computational performance. With the exception of the
last step, the system deterioration model presented in Figure 6 can be solved with almost linear
computational complexity with respect to the number of time steps and the number of
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components. Importantly, the computation time is not affected by the number of inspection and
monitoring outcomes included in the model. In addition, due to the hierarchical definition of
the model, the proposed inference algorithm can be run in parallel for each component before
and after the hyperparameters are updated. This part of the algorithm represents a considerable
percentage of the total computation time, e.g. more than 90% for the Daniels system and 80%
for the Zayas frame examples investigated in this paper.

For the last step, the updating of the system condition, a direct modeling of the structural system
IS in most cases prohibitively expensive for realistic structural systems, as this entails
considering 2V system configurations, with N being the number of affected components.
Different application-specific modeling strategies for dealing with this issue are available. In
some cases, as demonstrated in the numerical investigations, components can be grouped and
it is sufficient to consider their cumulative effect on the system reliability. The DBN model of
the system behavior can accommodate such a modeling. Alternatively, approximate models of
system behavior may be applied, such as the model proposed in Straub and Der Kiureghian
(2011), which requires only the marginal effect of component failure on the system reliability
as an input. Finally, one might combine the proposed exact algorithm with sampling-based
methods to be used in the last step. Samples of the correlated component behavior can be
generated from the posterior distribution of the component states obtained with the DBN
algorithm. This has not been investigated in this paper and further work is needed on finding
efficient representation of structural system behavior with component deterioration failures.
However, it is important to realize that the challenges associated with the system representation
are independent of the algorithm used for performing the Bayesian updating of the system
reliability.

The investigated examples demonstrate the advantages of the proposed inference algorithm
over a standard MCMC algorithm. The former leads to computation times that are orders of
magnitude lower. Although a direct comparison of computation time has only a limited value
due to the difference in software used for their implementation, the difference in computational
complexity is noticeable. In particular, the performance of MCMC deteriorates when increasing
the amount and accuracy of inspection and monitoring results. With tailor-made MCMC
algorithms, its performance could be significantly increased, but it will always vary with the
data. In addition, current simulation-based methods (e.g. MCMC) are not well suited to estimate
small probabilities of failure, even if recent developments are improving this (e.g. Straub and
Papaioannou 2015, Schneider et al., under review).
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The limitations of the proposed approach are related to the discretization of the continuous
random variables. More specifically, the computational complexity is a linear or quadratic
function of the number of states used for discretizing the random variables (Section 3.5).
Therefore, the number of random variables that can be included explicitly in the DBN model is
limited. While the deterioration model considered in this paper includes only four random
variables, published state of the art models often include more random variables. Nevertheless,
the problem is less critical as it may seem at first glance. The number of random variables can
often be reduced by combining multiple random variables to a single random variable, as
exemplarily shown in Straub (2009). In addition, in models with many random variables it is
often possible to consider some as deterministic with limited loss of accuracy. Besides the need
to limit the number of random variables, the second drawback of the proposed algorithm is the
increased effort in pre-processing. The choice of the discretization scheme and its
implementation lead to an increased effort by the analyst. For this reason, the DBN framework
is mainly of use when computations have to be performed repetitively (e.g. multiple function
evaluations to solve an optimization problem) and/or included in software. This is e.g., the case
when analyzing portfolios of structures, or in the operational planning of inspections,
monitoring, maintenance activities, and in near-real-time situations.

6 Conclusions

A hierarchical dynamic Bayesian to model the deterioration process in structural systems is
proposed. The model includes the dependence among system components when assessing the
effect of (partial) observations of system components on the probability of system failure. An
efficient algorithm for performing Bayesian updating at the system level is provided, which
operates recursively among components and time steps. The hierarchical definition of the
components facilitates parallelizing the code to further reduce computation time. The accuracy
and performance of the model is tested through two case studies. A comparison with Markov
Chin Monte Carlo (MCMC) shows good agreement in the updated probabilities, with
computation times that are orders of magnitude lower. A particular advantage is that the
computational cost of the proposed algorithm is independent of the number of included
inspection and monitoring results and of the magnitude of the probability of failure. This
efficiency and robustness make the proposed algorithm suitable for integral planning and

optimization of monitoring, inspection and maintenance activities in structural systems.
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