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Abstract

We establish rigorous error bounds for approximating correlation functions of conformal field theories
(CFTs) by certain finite-dimensional tensor networks. For chiral CFTs, the approximation takes the form
of a matrix product state. For full CFTs consisting of a chiral and an anti-chiral part, the approximation is
given by a finitely correlated state. We show that the bond dimension scales polynomially in the inverse
of the approximation error and sub-exponentially in inverse of the minimal distance between insertion
points. We illustrate our findings using Wess—Zumino—Witten models, and show that there is a one-to-one
correspondence between group-covariant MPS and our approximation.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Quantum field theory is arguably one of the most versatile physical theories developed to
date. Beyond its early and astounding successes in the modeling of fundamental interactions, its
applications now span many different areas of physics across all scales, ranging from subatomic
particles, to condensed matter, to cosmology. The language of quantum field theory provides a
sophisticated, unifying conceptual framework for addressing a variety of questions of physical
interest. It constitutes one of the main pillars of modern physics.
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Quantum field theory provides significant insight into the mechanics of interacting quantum
systems, yet calculations often tend to be extremely tedious, or even intractable. One major ob-
stacle is the fact that in many cases, methods for obtaining approximate answers are unknown.
Even in settings where, e.g., systematic expansions exist, estimating the accuracy of a compu-
tational scheme may be challenging or impossible. This difficulty of applying the variational
principle to quantum field theories in order to find good approximate expressions was already
noted by Feynman [1].

Quantum field theory is also — as a number of physical theories — a rich source of inspiration
and challenging problems in mathematics. Indeed, putting general quantum field theories on a
firm axiomatic footing remains an important research topic. The special class of conformal field
theories (CFTs) [2] is an important exception in this regard: here the presence of conformal sym-
metries allows to provide a rigorous algebraic formulation. Fortunately, CFTs also turn out to be
physically relevant, as they provide accurate descriptions of e.g., critical systems. Consequently,
CFTs provide an ideal testbed for ideas related to general quantum field theories. In particular, it
is natural to first investigate variational methods in the context of CFTs. This is the topic of this
paper.

Contrary to the case of quantum field theories, variational methods in non-relativistic quan-
tum mechanics, as well as condensed matter physics, are well established: here approximation
schemes with well-controlled error guarantees exist and are being applied successfully. One
prime example are tensor network contraction schemes. In one spatial dimension, an important
member of this class is the density matrix renormalization group method, in short DMRG [3]. It
varies over a certain class of Ansatz states, called matrix product states [4] (MPS) or finitely cor-
related states [5,6] (FCS). This class of states has been successfully applied to variety of physical
models, often yielding exceptionally good results. The suitability of such states for variational
physics has been rigorously explained by Hastings [7], who showed that ground states of gapped
Hamiltonians in one spatial dimensions can be arbitrarily well approximated by matrix product
states in an efficient manner. His line of work culminated in [8], yielding a provably convergent
and efficient algorithm to find the ground state to arbitrary accuracy.

In this paper, we argue that similar statements hold for CFTs in two independent variables.
To be precise, we show that correlation functions for surfaces of genus zero and one admit an
approximate representation as a special class of matrix product states. We emphasize that our
derivation provides rigorous error bounds for the validity of these approximations. Our results
hold both for the chiral parts of such theories, as well as for the full theory consisting of both a
chiral as well as an anti-chiral part. We illustrate our findings with examples from the family of
Wess—Zumino—Witten models [9—11]. These are a natural family of CFTs which are rich enough
to illustrate the main concepts, and, correspondingly, are often considered in the literature. For
these examples, we find that the matrix product approximations originate from the special class
of symmetric (‘G-covariant’) matrix product states. We provide an algorithm for constructing
the approximation to the corresponding CFT.

Prior work  Our work is motivated by a long line of previous results.

First, Haegeman, Cirac, Osborne, Verschelde and Verstraete [12,13] and Osborne, Eisert and
Verstraete [14] initiated a series of studies [15—17] by constructing approximation schemes for
certain quantum field theories. These can be seen as the continuum limit of tensor network
schemes, and are thus aimed at addressing the difficulties that Feynman pointed out. However,
so far, no error bounds exist for these approaches. While our approximations do not fall into this
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class, the fact that such continuum limits seem to work well in a variety of models is certainly
one of the motivations for our studies.

Second, several groups, including Nielsen et al. [18,19], Estienne et al. [20,21], as well as
Zaletel and Mong [22], examined the possibility of constructing matrix product states for quan-
tum Hall systems from the field theoretic representation of the spatial electronic wave functions.
Their central idea of suitably truncating the Hilbert spaces at a finite dimension is very much in
our spirit. However, there are currently no error bounds for these methods and so far, only chiral
correlation functions have been considered. This line of research is complemented by the work
of Pollmann et al. [23], Pirvu et al. [24] and Stojevic et al. [25] on simulating critical quantum
systems using matrix product states. As these systems are assumed to be described by CFTs,
our results may be understood as an explanation of the empirical success of these studies. For
a discussion of the relationship of our work (which focuses on MPS) to the multi-scale renor-
malization Ansatz, another method providing accurate descriptions of quantum critical systems
introduced by Vidal [26] (see also [27,28]), we refer to our conclusions.

The challenge of simulating quantum field theories has, of course, been addressed on many
levels. For example, it has been envisioned as a potential field of application of a working quan-
tum computer. Here we refer the reader to the work of Jordan et al. [29], where a quantum
algorithm for computing relativistic scattering amplitudes in a quantum field theory with quartic
interaction is presented. Such field theories are generally not conformal. We emphasize that con-
trary to [29], we are interested in tensor networks which can be (ideally efficiently) contracted
on a classical computer. Furthermore, our focus is on all correlation functions for a large class of
CFTs.

From the mathematical side, our results rely strongly on the theory of vertex operator algebras
(VOASs). These were introduced by Borcherds [30] as well as Frenkel [31], and further investi-
gated in detail by Frenkel, Huang and Lepowsky [32]. Further key definitions and properties
were established by Huang [33,34], Huang and Kong [35], Zhu [36], Dong [37] and others. Of
particular importance to this work are the contributions of Frenkel, Zhu and Huang. We point
the interested reader to the books of Kac [38], Lepowsky and Li [39], as well as to the mono-
graph [32] for a thorough introduction to this theory.

1.1. Conformal field theories (CFTs) in 1 4 1 dimensions

As any quantum field theory, a CFT is determined by its correlation functions. These are
physically interpreted as expectation values of products of basic observable quantities, or quan-
tum fields. They depend continuously on certain parameters, specifying the degrees of freedom
of the theory such as position or time. The correlation functions are postulated to transform in
a simple manner under symmetry transformations of the theory. CFTs are special examples of
quantum field theories possessing a much richer symmetry group than that of relativistic or non-
relativistic quantum fields. We begin with a short discussion of relevant background material,
focusing on CFTs on 1-dimensional complex manifolds.

1.1.1. Historical development of CFTs

We point the interested reader to [40] for an extensive review of the historical development
of CFTs. Here we merely summarize key advances with regards to the concepts relevant to our
work. We emphasize that we neither claim to nor attempt to provide a complete discussion of
this vast subject.
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CFTs on 1-dimensional complex manifolds (often also called CFTs in 1 + 1 dimensions)
where axiomatized in pioneering works of Belavin, Polyakov and Zamolodchikov [41], Fridan
and Shenker [42] as well as by Segal [43]. The first three authors concentrated on analytic proper-
ties, starting from symmetry properties and the operator product expansion. The work of the last
three authors concentrated on a geometric definition of CFTs. In the work [43] of Segal, such
theories were characterized as a functor between two-dimensional surfaces and certain types
of trace-class operators on a Hilbert space carrying a unitary representation of the conformal
symmetry. Among the first examples were minimal models, which possess only conformal sym-
metries and no additional ones [41]. The second important class concerns Wess—Zumino—Witten
or Wess—Zumino—Witten—Novikov models (WZW) [9-11], which in addition to the conformal
symmetry, also possess an internal one given by a simple Lie group. Heuristically, it may be de-
fined as a particle moving on the manifold given by the Lie group. Because of their prominence
in the literature, and their suitability for this purpose, WZW models will serve as our prime
example to illustrate our findings.

After this initial period, Moore and Seiberg [44-46] as well as Felder et al. [47,48] further
advanced the understanding of these objects by showing that analytic properties of correlation
functions imply many additional identities beyond those given by the axioms. These identities
are called braiding and fusion relations and are constrained by the decomposition of the CFT
into irreducible representations. These questions were also studied from an operator algebraic
point of view by Frohlich and Gabbiani [49], as well as follow-up work. The operator algebraic
language was also applied to study WZW models by Wassermann [50], some of whose estimates
we will make use of here.

From a purely mathematical side, CFTs were studied in terms of vertex operator algebras
(VOA-s). This algebraic structure was introduced by Borcherds [30], as well as Frenkel et al. [31,
32] in their study of the representations of the Monster group. This approach is very algebraic,
and shares many similarities with Lie algebra theory. Apart from the Monster group, VOAs have
also been used to study minimal models [51] and WZW theories [52]. In a long series of con-
tributions, Dong, Frenkel, Huang, Kong, Lepowsky, Zhu and others nailed down the properties
of VOAs and showed that they are consistent with physically expected properties of a CFT. This
makes VOAs the up-to-date tool for rigorously studying CFTs. VOAs also appear in the axiom-
atization of CFTs by Gaberdiel and Goddard, which puts the emphasis entirely on the properties
of correlation functions [53,54].

Connections between the different approaches to CFTs only lately became clearer, thanks
to the work of Carpi et al. [55], as well as Dong and Lin [37]. In [55], the authors provided a
connection between VOAs and the algebraic quantum field theoretic picture. In [37], the focus
was on VOAs and modules which are also Hilbert spaces, and where the Hilbert space structure is
compatible with the VOA structure (see Section 2 for precise definitions). Our work is restricted
to this case. In the following, we give a short but high-level outline of the setup considered. The
exact definitions can be found in Section 2 of this paper.

1.1.2. Setup

We are concerned with quantum field theories defined on 1-dimensional compact complex
manifolds (X, y), where y denotes the Riemannian metric. It is customary to complexify space—
time, which implies that points are parametrized by two complex parameters (z, 7). In turn, the
basic quantum fields Y(¢, z, z) also depend on (z, 7). The argument ¢ serves as a label for the
field in question and it is assumed that Y is linear in it. Depending on the setting, the variables
(z, z) are elements of different subsets of the complex plane.
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It is worth pausing for a moment to explain the physical interpretation of the complex pa-
rameters (z, 7). Here we can distinguish between two settings where such CFTs arise: the first
one is relativistic quantum field theory in (1 + 1)-dimensional compactified Minkowski space.
Here the parameters are usually the light-cone variables (z, 7) = (# — x, f 4+ x) and are both real.
The second setting of interest (arising in statistical mechanics and most relevant to condensed
matter physics) is the Euclidean setting, where a point (x, y) € R? is identified with the complex
number z = x + iy, and where we set 7 = z* equal to the complex conjugate of z.

The CFT is defined by its correlation functions

(Y(p1, 21, 20Y (92,22, 22) - Y(@n, 20> Zn))y

where (-) denotes the expectation value in a fixed state of interest (often the so-called ‘vac-
uum state’, depending on the Riemannian metric y). In physical parlance, a term Y(¢;, z;,2;)
is an ‘insertion’ of the field ¢; at the ‘insertion point’ (z;,z;). The complex parameters
(z1,21,--->2n,2n) belong to a certain domain of a two-dimensional surface parametrized by
a subset of complex numbers. We will be concerned with surfaces of genus zero or one, that
is, either the compactified complex plane C U {oo} — the Riemann sphere — or the torus. The
latter can be identified with a subset of the complex plane with periodic boundary conditions. In
this paper, we are mostly concerned with correlation functions evaluated on the real line, with
insertion points zy, ..., 2, 21, - - -, Zn Separated by a minimal distance. We note that using ap-
propriate conformal transformations, most configurations of insertion points can be brought into
this standard form.

The transition from 2D-Minkowski or Euclidean space to a compactified two-dimensional
surface is necessary to have a proper, globally defined notion of conformal symmetries. Indeed,
this is the one of the defining properties of a CFT [56, Lecture 2.1]: The correlation functions
are covariant with respect angle-preserving deformation of the intrinsic metric of the Riemann
surface. That is, if D be an angle-preserving diffeomorphism, then the correlation functions
satisfy

<Y(§017 21, Zl) o 'Y((an Zns Zl’l))D*y = (Y(@], D(Zl» Zl)) o 'Y((pnv D(Zl’lv Zn)))y 9

which we refer to as diffeomorphism covariance. The second assumption is local scale co-
variance, which means that if o is a function on the manifold, then there exists real numbers
{hi}i=1,....n such that

— Y hio(zinZi) (

(Y(p1,21,21) - Y(@n, 2n, Zn))eoy =€ Y(p1,21,21) - Y(@ns Zns Zn))y -

Both assumptions can be combined into a single one. For that, let w : C U {oo} — C U {oo} be > a
holomorphic map. Then conformal covariance is defined as the existence of real numbers %;, h;
such that

(Y(p1,21,21) - Y(@n, 2n, Zn)) =

()| ()

14
Stated differently, the correlations functions of certain fields are assumed to transform under
Weyl transformations in a simple manner. Fields for which this assumptions holds are called
primary, and they will be of main interest to us.
The axioms of diffeomorphism covariance and local scale covariance are best motivated from
the geometric picture of CFTs put forward by Segal, see [56, Lecture 2.6] for an excellent

(Y(p1, w(z1), wz) -+ Y(@n, w(zn), w(Za))) -
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overview. Geometrically, a CFT is a functor from the category of 1-dimensional complex Rie-
mannian surfaces with boundaries, denoted by X, to trace-class operators Ax , : QH — QH
between tensor product Hilbert spaces (with one tensor factor for each boundary component
of ). Whether the tensor factor belongs to the input or the output depends on whether the as-
sociated boundary parametrization agrees with the orientation of the manifold. The covariance
properties then emerge simply from requiring certain invariance properties of this functor. For
example, the diffeomorphism covariance states that Ay, , = Ax| p+,, if D : X; — X is a dif-
feomorphism reducing to the identity around the boundary.

The underlying physical reasoning motivating these transformation properties depends on
the setting under consideration. In the relativistic case, this invariance property can be derived
from the Wightman axioms (axiomatizing relativistic quantum field theories) by restricting to one
spatial dimension and demanding the existence of conformal symmetries. We point the interested
reader to the book of Kac [38] or the paper by Furlan et al. [57] for an explanation of this
derivation. In the statistical mechanics (Euclidean) setting, a similar derivation exists, starting
from the Osterwalder—Schrader axioms (axiomatizing Euclidean field theories), see for example
the papers by Felder et al. [47,48].

It is customary to assume that the variables z and z can be decoupled, which can be proven
for many CFTs of interest. More precisely, in this case it is sufficient to study basic fields ) (¢, z)
only depending on either z or z and the corresponding correlation functions,

V(g1 z21) -+ V(@ns 20)) -

Such correlations functions are called chiral (if depending on z) or anti-chiral (if depending
on z). Again, the same conformal covariance properties are assumed. The decoupling of chiral
and anti-chiral part is the starting point of a formal axiomatization of chiral CFTs (i.e., those
describing chiral correlation functions). In this axiomatization, chiral CFTs are determined by
a symmetry algebra V), which includes the conformal one but may be considerably larger. The
exact definition can be found in Section 2, but from a general viewpoint, } can be thought of as a
complex vector space, together with a z-dependent multiplication rule. The symmetry algebra is
called a vertex operator algebra (VOA), and will be defined below in detail. Correlation functions
are specified by maps ) intertwining three irreducible representations of this symmetry algebra.
That is, depending on the variable z, ) maps an element a € A in the module A of V to an
endomorphisms )Y(a, z) : B — C from a module B into a third module C. Composing these
maps gives rise to correlation functions as before, evaluated at elements ay, ..., a, of modules
for V. In terms of VOAs, a full CFT depending on both z and z consists of two VOAs, the chiral
as well as the anti-chiral part. The corresponding algebraic object is called a conformal full field
algebra. The dependence on both variables is recovered by considering the tensor product of the
chiral VOA with the anti-chiral VOA.

1.2. Matrix product states and finitely correlated states

Before stating our main result, we briefly recall basic facts about matrix product and finitely
correlated states. We would like to emphasize that while usually a state of a quantum system is
normalized, here we are relaxing this requirement due to the fact that correlation functions are
a priori not normalized. For the purpose of this paper, a matrix product state (MPS), or also a
matrix product tensor network, is a linear functional oy ps on (C4)®", defined in terms of d + 1
many D x D-matrices X, 'y, ...y (with integers d, n, D), of the form

omps(lk1) ® [k2) ® ... ® |kn)) = Tr[[, Tk, - - - T, XT,
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where |k), k € {1,...,d} is an orthonormal basis of C?. The number D is called the bond di-
mension. Similarly, a finitely correlated state (FCS) — or more precisely a finitely correlated
functional — is a functional opcg on Mat(C?)®", where Mat(C?) are the d x d matrices with
complex entries, defined in terms of d + 2 many D x D-matrices p, e, I'1,...T¢ by

orcs(k) (| @ k) (2] ® ... ® [kn)(ln]) = Tr[pTk, Ty - - T, el T T T (1

where I'* is the adjoint of I'. In our work, the spaces C¢ or M, will be the linear span of primary
vectors. The function ojsps will encode chiral correlation functions, whereas orcs encodes
correlation functions of a full CFT. Intuitively, if D < d", then functionals of the form oypg
and orcs have significantly reduced complexity compared to general functionals on (C¢)®”
or Mat(C?)®", respectively. As stated earlier, matrix product and finitely correlated states are
widely used in the analysis of quantum spin systems in one spatial dimension. As it turns out,
they can also be used to provide finite-dimensional approximations to the correlation functions
of CFTs.

1.3. Results

Before turning to the main statement of this work, let us summarize our main assumptions. We
consider a CFT, either a chiral one or a full CFT consisting of both chiral and anti-chiral parts.
The chiral CFT is defined in terms of a VOA V and its modules, whereas the full CFT is defined in
terms of a pair of VOAs. For the latter, we only consider theories where the chiral and anti-chiral
VOAs are isomorphic, and are additionally glued together in a particularly simple way. Such “di-
agonally glued” theories are sometimes simply called “diagonal theories” [46]. In addition, we
are only concerned with VOAs V that have finitely many non-isomorphic irreducible modules.
Such theories are called rational. Moreover, we require the existence of a unique vacuum vector
(the exact definition of this statement is found in Section 2). We need another technical assump-
tion, which is called C»-co-finiteness (to be defined in Section 2). We further restrict ourselves
to the case of unitary VOAs and modules, those possessing a scalar product turning them into a
Hilbert space (see Section 2.3.3). While this seems to be an impressive list of assumptions, we
stress that most examples of physical interests are known to satisfy these. In particular, minimal
models as well as WZW models do so (see pointers to the literature below).

In a CFT specified by a VOA V satisfying these assumptions, correlation functions are defined
in terms of intertwining maps between modules of V. As mentioned earlier, in this paper we are
only concerned with correlation functions involving primary fields. This allows us to exploit the
transformation properties under conformal mappings. We point out, however, that more general
correlation functions can be obtained from correlation functions involving primary fields by the
so-called Ward identities, see e.g., [2]. While these identities involve derivatives and are hence
not directly applicable to our setup, our arguments could be generalized to include not only
primary fields but also a finite number of their descendants.

Theorem 1.1 (Main result, informal version). Consider

(1) a chiral CFT, specified by a VOA' V satisfying our assumptions, or
(ii) afull CFT obtained by diagonal gluing of chiral and anti-chiral parts, specified by a VOA'V
satisfying our assumptions.
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Then the genus-0 and genus-1 correlation functions, with equispaced (on C, respectively the
torus) insertions of primary fields, can be approximated arbitrarily well by

(1) matrix-product states in case (i).
(i) finitely correlated states in case (ii).

In both cases, the approximating expression is a certain contraction of a corresponding tensor
network. More precisely, in case (i), it is the value opps(lk1) @ --- ® |ky)) of oy ps evaluated
on a product input, whereas in case (ii), it is given by an expression of the form opcs(lk1) (k1| ®
- Q |kn) kn), respectively a finite linear combination thereof.

We emphasize that our results provide exact error bounds for the accuracy of these approxi-
mations. They are expressed in terms of the number n of insertion points as well as the minimal
distance between the points. These error bounds imply that the bond dimension D scales poly-
nomially in the inverse of the error in the approximation, as well as sub-exponentially in the
inverse of the minimal distance between the insertion points.' In the case of a full CFT, we prove
the existence of a transfer operator which determines the long-distance behavior of correlation
functions. We illustrate our findings with examples based on WZW models, and also provide an
algorithm to compute the matrices X, I', ..., 'y for this case.

1.4. Outline

Let us briefly summarize the structure of this contribution. Section 2 provides a (short) intro-
duction to MPS, FCS and VOAs. In Section 3, we study correlation functions of chiral theories,
and show how to express these in terms of our main technical tool, scaled intertwiners. In Sec-
tion 4, we show that these objects define bounded operators on the Hilbert space of the chiral
theory. This is the main technical ingredient for Section 5, where we present our main arguments
providing our approximation estimates in the chiral case. Section 6 then studies the case of a
CFT consisting of both chiral as well as anti-chiral parts. We end with some open questions and
remarks in Section 7. Some technical lemmas are deferred to Appendix A, while Appendix B
provides a description of the algorithm for the computation of the approximation for WZW mod-
els.

2. Preliminaries

The purpose of this section is to introduce the necessary terminology as well as notation.
Section 2.1 is devoted to finitely correlated and matrix product states. Section 2.3 contains the
necessary definitions related to chiral CFTs. The discussion of the definitions related to full CFTs
is postponed to Section 6.1.

' The inverse of the minimal distance may be interpreted as the best possible precision and may thus be identified
with the maximal momentum. In turn, a lower bound on this minimal distance has a similar physical meaning as upper
bounding the momentum. However, we do not go further in this direction and only assume a lower bound on the distance
between insertion points.
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2.1. Finitely correlated states and matrix product states

This section is devoted to a brief review of basic definitions related to finitely correlated
(FCS) and matrix product states (MPS). We begin with a discussion of finitely correlated states
for translation-invariant systems, and then proceed to formally introduce general finitely corre-
lated states as well as matrix product states. The discussion of how CFT correlation functions
of full/chiral CFTs can be written as/approximated by MPS/FCS will be deferred to subsequent
sections.

2.1.1. Finitely correlated states for translation-invariant systems

Finitely correlated states, introduced by Fannes, Nachtergaele and Werner [5,6], describe
translation-invariant states on a one-dimensional lattice Z with associated Hilbert space Hz =
D,z Hx. We briefly review some of the relevant facts, following [58], to which we refer for
more details. Here the Hilbert spaces H = H are isomorphic for different sites x, and are usu-
ally assumed to be finite-dimensional. In particular, the algebra A, = A = B(H) of single-site
observables is the set Mat(C?) of d x d-matrices. A (C*-)finitely correlated state (FCS) with
bond-system B (usually a direct sum of matrix algebras, but see the remarks on [58, p. 7]) then
is a triple (&, p, e), where £ : A ® B — B is completely positive, e € B is a positive element,
and p a positive linear functional on 5. Setting E4(B) = £(A ® B) for A € A and B € 15, these
objects satisfy the two conditions

By, (e)=e and p(Ey,(B))=p(B) forallBelB, 2)

where I 4 is the identity element in the algebra .A. In what follows, we will also use the notation
I, for the identity operator on a Hilbert space 7. In terms of these objects, the finitely correlated
state orcs then is defined by the expression

orcs(A1® - @ Ay) =p(Eg 0---0FEy,(e), 3)
for local observables Ay, ..., A,. The expression (1) can be recovered if the completely positive
map & is written in Kraus operator form. It can be shown [59] that if £ is a unital map, i.e.,

EI 1) =I5, “4)

then there is always exists a state p satisfying the second condition in (2) — taking e = idg then
defines an FCS. An example is the case where B = B(B) for some Hilbert space B, and the
map €& is of the form

E(ARB)=V*(A®Q B)V )

for a linear map V : B — H ® B which is an isometry, V*V = 1. Such FCS are called purely
generated.

2.1.2. General finitely correlated states

The definition of finitely correlated states can be adapted in a straightforward manner to cover
possibly non-translation-invariant states. Here we introduce the corresponding definitions.

We remark that the unitality (4) of £ is not a necessary condition: in fact, existence of a
positive e € B satisfying the first condition in (2) is sufficient to guarantee existence of a suitable
state p. At any rate, conditions (2) are only necessary to provide a translation-invariant state. Our
focus is rather on the functional form of expression (3) (and we do not need conditions (2), (4)
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or the fact that the FCS is purely generated explicitly). Since we do not need the normalization
condition, we sometimes also refer to functionals of the form (3) as finitely correlated functionals.

More specifically, we consider non-translation-invariant states on a system consisting of n
sites. For bond systems B, ..., B™ and completely positive operators £ : AV) @ BY) —
BU-D 4 positive element e € B™  and a linear functional o on BO . we may define a linear
functional orcs by

orcs(A1 @ @A) =p (EY) o-- 0B () ©)

where A; € AY) and EX/_)(BJ-) =&V (A; ® B)) for j =1,...,n. Note that we do not impose

constraints on positivity in this definition. As before, in the case where AV = BHW), B(j )=
B(KD) for Hilbert spaces H{ ?, KU )., we call the FCS purely generated if the maps £ () have
the form (5) for linear maps V) : KU—D — HD @ W),

2.1.3. Matrix product states

Matrix product states are obtained by considering a vector-analog of (6), as follows. Let
AW BU) be Hilbert spaces and W) : AW ® BUY) — BU~D be linear operators. Define
Aé{i)(bj) =W (a; ® b;) for a; € AY) and b; € BY). Denoting by (-, -) the pairing between
BO and its dual space, we consider functionals on ®7: A of the form

omps,(a1 @+ Qay) = ((v(o))/, ADo...... o Ag’t)(v(”))> o
for W@y e (BOY, v e B™ as well as (in the case where B® = B®)

omps, (a1 ® - ®ay) =Tr (Agll) P OA;';)X> ®
for suitable operators X .

As a familiar special case of (8), consider the case where A_(/ ) =94, B = CP for all j.
Fixing an orthonormal basis {|k)}g:1 of AU, each operator W) has the form

d
WO @bj) = (k.aj)Ab; .
k=1

for a family {A,((j )}gz | of linear operators A,(cj ). Cb — CP. Then (8) becomes
owpsi (k) @+ @ k) =Tr (AL - AL X) ©)

forall 1 <kj,...,k, <d. An element in C4" = ((Cd)®” corresponding to the linear form (9) on
(CH®" i called a matrix-product state (MPS) with bond dimension equal to b. Note that because
we did not require a proper normalization, the term “state” should be considered literally. More
precisely, we call functionals of the form (9) matrix product tensor networks.

2.2. G-invariant MPS

Of particular interest to us will be MPS/FCS with additional local symmetries. Given a linear
map W : CHB @ C% — C4 and unitary representations U; : G — GL(CY), j=1,2,30f a
compact Lie group G, we say that W is a G-intertwining map if

W(U3(g) @ U2(g) =Ui(9) W, forgeG.
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A G-invariant MPS is defined by operators W) : AU) @ BY) — BU~=D that are G-intertwining
with respect to fixed unitary representations of G on the spaces AY), B,

Consider the translationally invariant case, W) =W for all j=1,...,n. Here we assume
AW =4, BU) =4, and that we are given two unitary representations U : G — GL(C?),
U : G — GL(C?) of some compact Lie group G. The translation-invariant MPS is then given
by a linear map W satisfying

WUI(g) ® U2(g)) =U2(e) W, forged.

It then follows from this intertwining property, the unitarity of the representation and Eq. (9) that
the MPS possesses a global G-invariance in the sense that

omps, (U1 (@Nk1) @ --- @ Ui(g)lkn)) =omps, (k1) ® --- ® |ky)), forall geG.

Similarly, if we have

Ey, (o) au,(9)(U2(8)* BU2(8)) = U2(8)*E4(B)Ua(g) , forge G

and the positive functional p is invariant under the representation U,, it follows that the corre-
sponding FCS satisfies

orcs(@ady, () (A1) ® --- ®ady, (g)(An)) =0rcs(A1 @ -~ Q@ Ap),

for all local observables Ay, ..., A,, where ady, (4)(A) = U1(g)* AU (g). We call such function-
als G-invariant MPS/FCS. Starting from the work by [5], this class of MPS/FCS was extensively
studied, see in particular [60]. It provides a very efficient way to construct trial states for quantum
spin chains with built-in physical symmetries.

In the following, we will show that genus-zero correlation functions of chiral CFTs can be
written in the form (7) for a functional o ps,, whereas genus-one correlation functions of such
CFTs take the MPS form (8) for a functional oy ps,. Finally, genus-0 correlation functions of
full CFTs are given by functionals orcg of the form (6), and genus-1 correlation functions will
be certain linear combinations thereof. We will illustrate our findings by WZW models, and the
corresponding approximations will turn out to be closely related to G-invariant MPS/FCS.

2.3. Vertex operator algebras, modules and intertwiners

We will work in the language of vertex operator algebras (VOAs), their modules and inter-
twiners. We will introduce these concepts only to the extent necessary for our purposes and
refer to [32] for details. For a discussion of how VOAs axiomatize 2-dimensional CFT, and in
particular, the relationship to the Wightman axioms, see e.g., [38].

2.3.1. Vertex operator algebras (VOAs)

A vertex operator algebra V is a tuple (V,Y, 1, w) consisting of an Ny-graded vector space
V= @nENQ V., a linear map Y(-,z) : V — End(V)|[[z, z~1]] into the space of formal Laurent
series with coefficients in End())), and two distinguished vectors 1 € Vy and w € V,. To state
the conditions obeyed by these objects, the following terminology is convenient: The vector 1 is
called the vacuum, whereas w is referred to as the conformal or Virasoro vector. Each space V,
is called a weight space. A vector v € V,, C V belonging to a weight space V,, is homogeneous of
weight (or level) wt v =n.
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By definition, the vertex operator Y (v, z) associated with a vector v € V can be written as
Y, =) v,z ", (10)
nez

where v, € End(V) is referred to as a mode operator of v. For all u, v € V, these satisfy
vu =0 for n sufficiently large.

For a homogeneous vector v, we use the notation
Y(,2) =) yuz MY (1)
nez

instead of (10), i.e., we index mode operators as y(v),, = Un+wt v—1. This convention is motivated
by Eq. (22) below. The vacuum vector satisfies

Y(1,z) =idy, (12)
where idy is the identity operator on V, and the creativity property
Y(u, )1 =u+2ﬁnz" for some i1, €V , (13)
neN

which is sometimes written lim;_, Y(u, z)1 = u and colloquially known as the operator-state
correspondence. We remark that in the latter limit, the formal indeterminate z is replaced by a
complex number z € C, a procedure we will discuss in more detail and use extensively below
when considering correlation functions. However, in the present section, such substitutions are
not necessary and every identity is to be understood as an identity between formal Laurent series.

For the conformal vector w, which is homogeneous of weight wt w = 2, the mode opera-
tors y(w), are denoted by L, i.e.,

Y@,2)=) Lyz" 7.
nez
The operators {L,},cz are sometimes called the Virasoro operators.

Every weight space V), is finite-dimensional, and the grading of V is given by the spectral
decomposition of the operator L: for every n € Ny, V), is the eigenspace of L with eigenvalue 7.
A homogeneous vector (or “field”) v € V, is quasi-primary if Liu = 0 and primary if L,v =0
for all n > 0.

The operators L, satisfy the Virasoro algebra relations

[Ly, L]l=m—m)Lpsm + f—zn(n2 — D)épgm.0 - idy forallm,n e Ny, (14)

where the constant c is the central charge (sometimes denoted rank V).

Using additional indeterminate variables, one can define products of vertex operators in
terms of formal series. Interpreted as such, a product such as Y (u, z1)Y (4, z2) is an element
of End(V)[[zl,zfl,ZZ, zgl]]. A VOA satisfies the following locality or weak commutativity
property with respect to such products: for all u, v € V, there is a non-negative integer k such
that

(z1 — 22)[Y(u, 21), Y(v, 22)] = 0.

In fact, this condition implies the so-called Jacobi identity, which is often used instead as it is
more explicit (see e.g., [39, Section 1.4] for a discussion of the relationship between different
definitions). For completeness, we include the latter: it states that (see e.g., [52, Eq. (1.2.14)])
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Res, o, (Y(Y(u, 21 — 22)v, 22) (21 — 22) " 12,21 -2, (22 + (21 — 22))") = (15)
Res;, (Y(u,z)Y(v, 22)tz, 2, (21 — 22)"2}) —

Res;, (Y(v, 22)Y(u, 21)ts, 2, (21 — 22)"2])

forallm,n € Z, u, v € V. In this expression, Res; f (z) is the residue of f(z), i.e., the coefficient
of z7'in f(z), and tz,.2, f (21, z2) is the series expansion of the function f(z1, z2) in the domain
|z1] > |z2]. In addition, a VOA has the translation property: for any v € }V, we have

iY(v,z):Y(L_lv,z) , (16)
dz

where the lhs. is to be understood as the Laurent series obtained by termwise differentiation.
This concludes the definition of a VOA. Important consequences of these axioms are e.g., the
associativity property

(z1 + Zz)kY(u, 21+ 22)YW, z20)w = (z1 + Zz)kY(Y(u, Z1)V, 22)W

for large enough k, which can be seen as the VOA-version of the operator product expansion of
fields, as well as the commutator formula

[Y(u,z1), Y, 22)]1=Y((Y(u,z1 —22) — Y(u, —22 + 21))v,22) . )

We also remark that the subalgebra generated by {L, L1, L_1} generates an action of SL(2, C)
on the formal variable z by Mobius transformations. This is a consequence of the Virasoro alge-
bra relations (14) and the translation property (16). Explicitly, we have

g Y (u, 2)g 0 = Y(g"u, q2) (18)

qf‘]Y(u,Z)q;L_] =Y(u,z+21) where g), = ¢*

_ _ z
4 Y, g, =Y <qu('1—Az>(l — 2", 1——)»z> ' {19
More generally, an element
a b
A= <C d) eSL22,C),

corresponding to the Mobius transformation
az+b
T cz4d’

y(2)

acts by

i dy\" y"(2)
Dy,Y(v,2)D," =Y <d_z> eXp(Zy/(z)Ll)v’y(Z) ,

and y — D, defines a representation of SL(2, C) on V. The maps (18)—(19) are generated by
the elements

(12 0 (01 (00
EO_(O —1/2) Ll_(o o) Ll_(l 0)’

of s[(2, C). We also point out that the vacuum is invariant under Mobius transformations, i.e.,

Dy1=1 forall y ,
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since Lo1 =0 (as 1 € V), L11 =0 since by (22)
wt(Li1)=wt1—-1<0

hence L11 € V_1 = 0 by the assumption V,, =0 for n < 0, and L_11 = 0. The latter is an
immediate consequence of (12) and the translation property (16). Infinitesimally, the relation-
ships (18)—(19) read

[Lo,Y(v,2)]=Y(Lov,2) +zY(L_1v,2) (20)
[L_1,Y(,2)]=Y(L_1v,2)
[Li,Y(v,2)]=Y(Lv,z)+2zY(Lgv,2) + zzY(L_lv, 2) . (21)

A consequence of (20), which is particularly relevant for our purposes is the following. The mode
operators associated with a homogeneous vector w € V map weight spaces to weight spaces, and
change the weight according to

wt (y(w),v) =wtv —n (22)

for any homogeneous vector v € V.

We will require a few additional technical assumptions on the VOAs to derive our results.
These are expressed by the following definitions: A VOA V is called of CFT-type if the weight
space Vo = C1 is one-dimensional, i.e., spanned by the vacuum vector. It is rational if every
admissible V-module (as defined below) is completely reducible, i.e., a direct sum of irreducible
admissible V-modules. It is C,-co-finite if the space Cr = span{u_>v | u,v € V} has finite
co-dimension in V, dimV/C; < oo. We will also assume that the weight spaces are finite-
dimensional, i.e., dimV, < co. We defer the discussion of the additional property of unitarity
of VOAs to Section 2.3.3, where we also discuss some consequences. Many examples of physi-
cal interest satisfy all these conditions. In particular, a large class of minimal models as well as
lattice models and WZW models are of CFT-type, rational, unitary, and C,-co-finite (see [37]
and the references therein).

Example 1 (Wess—Zumino—Witten (WZW) models). Our prime example in this paper will be
CFTs of Wess—Zumino—Witten type [9,10], which are built upon a local symmetry action by a
compact Lie group. However, the CFT is most easily understood in the differential picture, that
is, from a Lie algebra viewpoint.

Following a first rigorous treatment of these theories by Kanie and Tsuchiya [61] in the case of
the Lie algebra sl(2, C), and the work by Wassermann [50] for general elements of the A-series,
the corresponding VOA structure, the modules and the relations between these have been very
nicely constructed and studied by Frenkel and Zhu [52]. We will follow their approach, and try
to illustrate our statements for these physically relevant examples.

The basic building block is a simple Lie algebra g over the complex numbers (from now
on, all Lie algebras are considered to be complex, unless otherwise stated), with normalized?
Killing form (-, ) : g x g — C. We then consider its affinization, which is the Lie algebra § =
g ® C[r,17'] @ kC, where k is an element of the center of g, and C[¢,7~'] is the algebra of
Laurent polynomials in the formal variable 7. The Lie bracket (a, b € g, n,m € Z) is

[a®", b@1"]=[a,b] @ """ + 8y 1mon (a, bK. (23)

2 We usually take the normalization to be (6, 6) =2, where 6 is the maximal root of g.
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In the following, we adopt the standard notation a ® ¢ = a(n), and consider the decomposition
of g into the subalgebras

4+ =g®Clrlt, §-=gQCH'Ir!, §=§,.05_-DgdCk.

Let U(§) be the universal enveloping algebra of g. It follows that the quotient of U(g) by g+
and k — kIU@, k € N is a natural g-module. Its elements are of the form

aj(=npax(=n2) -~ (=n)ly g, aj(-nj)eg-, forj=1,...,¢

and we define the vacuum vector by 1 = Iy (3. The space has a natural grading defined by

£
wt (a1 (—n1)aa(—n2) -+~ ag(—n) 1) =y n;. (24)
Jj=1

Moreover, this module (which is isomorphic to U(§_) as a vector space) has a maximal proper
submodule. This allows us to again take the quotient with respect to that submodule. The result-
ing g-module is denoted by L o. In the following, we routinely identify elements in Ly ¢ with
corresponding representatives in U (g_).

As shown by Frenkel and Zhu [52], the space L ¢ has a VOA structure if —k is not equal
to the dual Coxeter number g of g. We will assume this in the following. The Virasoro op-
erators {L,},cz are given by the Sugawara—Segal construction and are compatible with the
grading (24), see [52] or [2, Chapter 15.2]. For a € g~ g ® t~!, the associated vertex opera-
tor is

Y(a,2)=) amz """ (25)

nez

Given an element of the form v = aj(—ni)ax(—n3)...ar(—ne)1 € Li 0, a; € g, the associated
vertex operator is defined via the Jacobi identity, which can be used to successively reduce the
definition to elements in g, see [52] for details. This definition is then linearly extended to all
of Lx,0. A more physical way of thinking of the object Ly g is as the Fock space over the space g ®
C[t~"] of polynomials in ~! with values in the Lie algebra g, modulo the relations imposed by
the commutator rule (23), and the identity playing the role of the vacuum.

Frenkel and Zhu [52] proved that, if we choose k (which is often referred to as the level) to
be a positive integer — which we will do from this point onwards — then the VOA Ly ¢ is simple,
C,-co-finite and rational, that is, satisfies our basic assumptions and only possesses finitely many
irreducible representations. This will be our prime example to illustrate our findings.

2.3.2. Modules
A module of a VOA is a vector space carrying a structure satisfying almost all defining proper-
ties of a VOA, as well as certain compatibility properties with the VOA. For a VOA (W, Y, 1, w),

amodule (A, Y,4) is again a graded vector space A = @neNO Ay, together with a linear map

Ya(,2):V—>End(A)llz. 271, Ya@w.2)=) viz ",

nez

where v,’? € End(A) is again called the mode operator of v € V. We call Ay the top level, and
A, the n-th level of the module A. (Here we follow the convention of [52] and assume that
the grading is over the non-negative integers No = N U {0}. Such Ny-gradable modules are also
called admissible, see e.g., [62, Section 6].)
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Homogeneous vectors and mode operators are defined analogously for modules as for VOAs.
Weights are defined as eigenvalues of L 4 o, which, in contrast to the case of VOAs do not need
to be integers: they are of the form « + n, where o € I4 for some finite set /4, C C and n € Ny.
More precisely, for every n € No, we have for all a € A,

Laoa=(x+n)a forsome o € 14 . (26)

According to (26), we can refine the grading of the module to

A= @ Ana where Ap= @ Ana

aely,neNy aely

and elements of A, o are weight vectors a with weight wt @ = « + n. In other words, the grading
again coincides with the spectral decomposition, i.e., the eigenspaces of L4 o, but the latter
provides more detail. For an irreducible module A = ), N Ans the set /4 = {h} consists of a
single scalar (called the conformal weight or highest weight of A), and thus

Laola, = (h+n)idg, foralln € Ny .

For a homogeneous vector v € A, we again use the notation

Ya,2) =) ya@uz """,

mez

such thaty 4 (v),, = U2+n—l and wt (y4 (v); w) = wt w — m, for any homogeneous vector w € A.

As shown by Gaberdiel and Nietzke [63, Proposition 10 and subsequent comment], as well
as by Karel and Li [64], the weight spaces A, of an irreducible module of a VOA satisfying the
C»-co-finiteness condition are finite-dimensional. More precisely, their dimension is bounded by
(see [65] for a nice discussion of results of this kind)

dimA, < (dimAg) - P(n, Cy), 27)

where Cyy =dimV/C;, Cy = span{u_v | u, v € V} as before, and P(n, Cy) is the number of
Cy-component multi-partitions® of the integer n. As this number will later determine the size of
the bond dimension of our approximation, we give a bound on its growth behavior in Lemma A. 1.

The vertex operators Y 4 (1, z) (and the mode operators L4 , of Y 4(w, 7)) satisfy all axioms of
a VOA with the exception of the creativity property (13). Various consequences derived for VOAs
continue to hold for modules, with suitable replacements when vertex operators are applied inside
arguments: for example, the commutator formula (17) becomes

[Ya(u,z1),Ya(w,z22)1=Ya((Y(u,21 —22) = Y(u, =22 + 21))v, 22) -

Following the literature, we will often suppress the index A when it is clear from the context.

Special modules Given a VOA (V,Y, 1, w), it is clear that (V,Y) is a module for V. This is
called the adjoint module. Given a module A = (P, y, An for a VOA V), the restricted dual
space A’ = @neNO AJ, (i.e., the space of linear functionals on A vanishing on all but finitely
many A,) can be given a V-module structure as well [52]. The module operator is defined by

Ya:V—EndA)lz,z2 '], Ya, 2)(@)@a) =d Ya" (=772 00, 27 Ha),

forve V,a’ € A’ and a € A. This is called the contragredient module.

3A partition p of an integer n is a set of integers pu = {;Ll ..... ,ul} which sum up to n, |u| = Zi:l lLi =n. An

m-component multi-partition of an integer n is a set {uq, ..., m} of m partitions such that szzl il =n.
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Example 2 (WZW modules). As before, fix a simple Lie algebra g and an integer k € N. Let V be
a module for g. Then there is a canonical module Vj for the affinization g extending V by setting
g+V =0, k=kIy and defining

Vi =U(9) ®u g, egar V -

(This notation indicates that Vy is the quotient of U(§) ® V by U(g+) & g @ kI.) Elements of
this space are spanned by vectors of the form

ay(—npax(—=n2)---ag(—ne)e, aj(—n;)eg_, peV.

We can define a natural grading on Vj by setting

4
wt (a1 (—n1)ax(—n2) -+~ ae(—ne)g) = Y nj+hy, (28)
j=1

where h,¢ = Log, and the Virasoro operators are again given by the Sugawara—Segal construc-
tion and are compatible with the grading (28). If V is an irreducible g-module of highest weight
A, the associated g-module V; has a maximal proper submodule, and we denote the quotient
of Vi by this submodule by L ;. The space L, turns out to be an irreducible module for the
VOA Ly o (for certain weights A as specified below). To avoid an accumulation of indices, we
will denote the Ny-grading of the module as

Lis = @ L, (n) -

nENO

Again, elements in Ly ; (n) are said to belong to the level #, or the top level if n =0.

Eq. (25) defines a module vertex operator by identifying a(n) with its action on Ly ;, i.e.
Y (@)n = a(n). The action of module operators on elements composed of products of the build-
ing blocks a(n) is defined via the Jacobi identity. The corresponding Fock space analogy is the
same as before, but now the vacuum is replaced by the highest weight vector corresponding to A.
Accordingly, the top level L ; (0) of the L o-module Ly ; (consisting of vectors with smallest
eigenvalues of L) is isomorphic to the g-module V. For the irreducible modules Ly ;, the action
of the grading operator Lo on the top level L ; (0) is a multiple of the Casimir operator, more
specifically, we have for [2, chapter 15]

(A, A+ p)
k+g

that h, = h;, for ¢ € Ly 3 (0), which, as discussed above, is an irreducible g-module. Here, p is
the Weyl vector of g and g is its dual Coxeter number. It was shown in [52] that the irreducible
modules of Ly o are all derived from irreducible modules of g, and are hence of the form Ly,
with the additional constraint that the weight X is integrable and satisfies () < k, where 6 is
the maximal root of g.

’

2.3.3. Unitary modules

A key tool in our analysis is the existence of certain positive definite Hermitian forms. This
is the assumption of unitarity: A VOA V = (V, Y, 1, w) is called unitary if there is an anti-linear
involution ¢ : V — V of V with

o) =1, ¢d¢(w)=w, and ¢w,w)=0¢W),¢(w) forallv,we),
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together with a positive definite Hermitian form (-, )y : V x ¥V — C which is C-linear in the
second argument and anti-C-linear in the first argument such that the invariance condition

(wi, Y (=272 0, 27 Hwn)y = (Y@ (v), 2)wr, wa)y (29)

holds for all v, wi, wy € V. Adopting the convention used in physics (but in contrast to [37]), we
assume that (-, -)y is anti-linear in the first and linear in the second argument. The map v — ¢ (v)
is called an anti-linear automorphism of the VOA V. (Note that we do not complex conjugate z,
which is a formal variable.) In the following, we will also assume (as e.g., in [37, Theorem 3.3])
that

(@(v1), @(v2))y = (v1, v2)y forall vi,v2 € V.

Unitarity for modules can be defined in an analogous way (see [37]). More precisely, consider
a unitary VOA V with anti-linear automorphism ¢ : V — V. A module (A, Y4) of V is called
unitary if there is a positive definite Hermitian form (-, -)4 : A x A — C which is C-linear in the
second and C-anti-linear in the first argument such that

(a1, Ya(e (=7 k0u, 27 Naa) 4 = (Yalp(v), 2)a1, a2)a (30)

forall v eV and ay,ar € A. As for the case of VOAs, we assume in addition that there exists an
anti-linear involution 1 : A — A, which is compatible with ¢ in the sense that

n(anb) =¢(a)un(b), acV,beA €Y
as well as with the scalar product,
(n(@),n)) =(a,b), a,beA.

Note that the invariance property applied to the Virasoro vector @ implies that the adjoint operator
of L,forneZis L_,,

(Lpa,b)y={a,L_,b), a,beA.

Following Gaberdiel [54], it is also easy to see that the operator L has to be positive for a unitary
module, since its expectation value on the top level Ag satisfies

{a,Loa)={a,Li1L_1a)=(L_ja,L_ja), foraceAp,

which is necessarily positive.

Due to the Frechet—Riesz representation theorem, we note that for unitary modules we have
a linear vector space isomorphism 7 from the unitary module to its restricted dual space A" =
Dien, An» given by the formula

n(a)(b) = (n(a), b). (32)
Put differently,
AxA>sa xay— (a1,a2) 4 = (nalar), az) (33)

defines a bilinear form on A. Moreover, this bilinear form inherits the invariance property from
Eq. (30). That is, we have

(YA 2)a1, ax) 4 = (al,YA<ele (—z72)Loy, z—1>az)A forallaj,ay € AandveV .
(34)

For completeness, we give the proof of this statement.
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Proof. By definition, we have

(Ya(v,2)ar,a2) 4 = na(Ya(v, 2)ar), az)

=(Ya(v, 2)a1, na(a2))

= (ar Ya(e 1 (=229 @), 2 nal@)

= (natan, na (Yae@ (=2 )¢ @), 27 a(@))

= (aroma (Ya@" (=29 @) ma@))) -
The claim then follows since

ma (Ya@ (=D ), 27 a(@)) = Yae™ (- )M,z hay

because of (31), the commutation relations between Loy and L1, and the fact that ¢ (L,) = L,
because w is invariant under ¢. O

Unitary modules are in fact special pre-Hilbert spaces, as they are linear spaces equipped with
a positive definite sesquilinear form (-, -). This form can be used to define a norm, by setting
lalla = {a, a)%, which turns the unitary module A into a graded, normed space. We can then
complete this space with respect to this norm, obtaining a Hilbert space, with inner product
given by the unique extension of the sesquilinear form to the completion of A. In the following,
we do not differentiate between unitary modules and their completion, as our arguments do not
rely on this distinction. However, we will frequently use facts related to Hilbert spaces, such
as the Cauchy—Schwarz inequality, and thus find it more appealing to work with the completed
spaces.

Example 3 (WZW modules are unitary). Let again g be a complex simple Lie algebra, with asso-
ciated VOA Ly . If we denote by {e;, f;, h;} the Chevalley generators of g, then the associated
Chevalley involution

no(e;) =—fj, no(fj)=—ej, nohj)=-hj,

defines an involution on the real span of these generators. It can be extended to the associated
real subspace (spanned by {e;,f;, b} ® {t"" |[m € Z}) of g by setting

no(a®t") =no(a) @ 1" and no(k) = —k

or, succintly, no(a(n)) = no(a)(—n). Moreover, (—np) can be extended to an anti-linear anti-
automorphism on the whole of §. This anti-automorphism 7 satisfies the additional property that
there exists a positive definite sesquilinear form [66, Chapter 11] on U(g) for which the adjoint
of a(n) € § is given by n(a)(—n),

(a(m)v, w) = (v, N(@)(—n)w), v,welU(g), acg.
Conversely, as shown by Dong and Lin [37], setting
¢(ar(n1)---a1(my)) = (=7(ar)) (1) - - - (=7 (1)) ()

defines an anti-linear involution on U (g), which leaves the maximal proper submodule invariant
and hence induces an anti-linear involution on L o. The scalar product on Ly ¢ induced by the one
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on U (@) inherits the adjoint relations for elements a(n) € §, and moreover satisfies the required
invariance property (Eq. (29)) as well as (¢ (v), ¢ (w)) = (v, w). Thus, L ¢ is a unitary VOA.

If Vi = U () ®g, @gar V is a g-module, Kac [66, Chapter 11] shows that the map induced by
7] is again an anti-linear involution on the whole of V. Moreover, if V; stems from an irreducible
highest weight representation with weight A satisfying (A, ) < k, then there exists a positive
definite Hermitian form such that

(a(m)x1, x2) = (x1, N(@(=m)x2), x1,x2€ Vk, aeg. (35)

Again following the ideas of Dong and Lin [37], we can show that the associated irreducible
Lk,0-module L, carries an anti-linear involution 7 satisfying (n(x1), n(x2)) = (X1, x2), for
X1, X2 € L5 and the induced scalar product on Ly j is invariant as required in (30), and thus
a unitary module. For a more operator algebraic discussion of the same structures, leading to the

same conclusions, see [50].

2.3.4. Intertwiners

Let A, B, C be modules of a rational VOA V. An intertwining operator Y of type ( ACB) isa
family of linear maps ) (-, z) from A to certain Laurent-like series with coefficients in End(B, C),
i.e., it associates to every a € A a series

Y= Y amz ",

tel,meZ

where [ = IEB ={t1,..., 74} is a finite collection of complex numbers (depending only on A,
B and C) and a, , € End(B, C) for t € I and m € Z. For all b € B, the mode operators satisfy

armb=0 for sufficiently large m .

Consider the case where A, B, C are irreducible with highest weights k4, hp, hc, respectively.
It can be shown (see [32, Remark 5.4.4]) that in this case,

I§p=1{ha+hp—hc) (36)

consists of a single element. In particular, up to a factor z"¢~"#a+"8) "an intertwiner of type

( ACB) is given by a formal Laurent series. In the general case an intertwiner is thus a finite

linear combination of Laurent-like series which upon multiplication with a fixed power in the
indeterminate z are formal Laurent series. That is, we can write

V@)=Y Ye(@z) and  Ve(a.2) € End(B, O)l[z.z 1.

tel

In the following, we will use the notation End(B, C){{z, z~'}} for such a formal series and thus
write Y(a, z) € End(B, C){{z,z~'}}. As in (11), it will be convenient to use the notation

Y= Y y@enz " " (37)

tel,meZ

for homogeneous vectors a € A,. The operators Y(a, z) satisfy the translation property
d
d—y(a,z)=y(LA,_1a,z) foralla € A . (38)
Z

The compatibility of an intertwiner with modules is expressed by a corresponding Jacobi identity:
we have
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Res;,—z, (V(Ya(v, 21 —22)a, 22) (21 — 22)"tzy,21—2, (21 — 22) + 22)") = (39)
Res, (Yc (v, 2)Y(a, 22)iz,,2, (21 — 22)"2]) —
Res;, (V(a,22)YB(, 21)tzy.7, (21 — 22)"2])

forallm,n e€Z,v eV and a € A. A useful consequence results if we set m = 0 and evaluate the
residues for a homogeneous vector v € V. We find by expansion of ((z; — z2) + z2)" that

]

YeWn—wt v1Y(a,2) — V(a, 2)YB(V)n—wt vi1 = Z <n> V(Ya)j—wtvi1a,2) 2"
j=o M (40)

for a € A. This identity will be used below in our algorithm for WZW models. As before, Eq. (38)
and the analog of (20) (which follows from Eq. (40)) imply that the mode operators defined
by (37) preserve homogeneity and satisfy for a € A, , the identity

wt (y(@)r.mb) =Wtb—m — 7+« foranyrelandmeZ, 41
for any homogeneous vector b € B. Indeed, we have
LecoY(a,2)b=(LcoY(a,z) —V(a,2)Lp,o)b+V(a,z)Lpob
= (V(Laoa,z) +2Y(La,—1a,2))b+wth-Y(a,2)b

d
= (wta +Zd_z +wtb)Y(a,z2)b .

Inserting (37) and comparing coefficients gives the claim (41).

Eq. (41) has a simple consequence in terms of levels. Let A, B, C be irreducible modules of
highest weights # 4, h p and hc, respectively. Recall that a homogeneous vector b € B, in the n-th
level B, of the module B has weight of the form wt b = hp + n. For such a vector, and a € A/
(with arbitrary n’ € Ny), we get witht =h +hp —hc € IXB (cf. (36))

wt (y(@)e,mb) =Wtb —m+hg —t=ha+hp—(ha+hp—hc)+ (n—m)
=hc+ @m—m),

according to (41). We see that y(a); mb € C,—,, belongs to the level n — m of the module C.
That is, we have for homogeneous vectors a € A

Y@ mBn CCpom

In particular, the same inclusion holds for all a € A, as it is independent of the weight of a.
Now consider three arbitrary unitary modules A, B, C, which can be decomposed into finite
direct sums of irreducible modules,

A=Pal. B=PBIAl. c=Pci.
o B Y

with the sums including multiplicities. Let Q p[s; denote the projector which maps the mod-
ule D = {A, B, C} into the irreducible component § = {«, 8, y}, e.g., Qa[a1A = Ala]. If Y
is an intertwiner of type (ACB), then each expression Qc(y1YV(Qafa)-»2) OB[g] is an inter-
twiner between irreducible modules and hence the previous discussion applies to the modes

Ocy1Y(Qafa1)m Qpip)- Butsince Y(-,2) =3, 5., Q1Y (Qafa1+ 2) Qpip)» e find that
Y(a)r,mBn CCuem (42)

holds for general modules as well.
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Intertwiners between unitary modules As our discussion focuses on unitary modules, inter-
twiners between those deserve special attention. Equipped with positive definite Hermitian form,
unitary modules are Hilbert spaces, and intertwiners are thus maps between different Hilbert
spaces. A frequently used operation on operators is the adjoint, and hence the question arises
whether the adjoint of an intertwiner is again an intertwiner. The next lemma is the first step in
providing a positive answer.

Lemma 2.1. Let A, B, C be three unitary modules of a VOA, and denote by na,np, nc the
corresponding anti-linear automorphisms. Let ) be an intertwiner of type ( ACB ) and define

V(a,2)b=ncYVnaa), 2)ng b))

forallae A, be B and c e C. Then') is an intertwiner of type (ACB),

Proof. We first check the translation property of ). For this purpose, note that n4(L_ja) =
L_1n4(a) since the involution ¢ leaves the Virasoro vector invariant, ¢ (w) = w. This implies
that

V(L_1a,z) =nc o Y(na(L_1a),z) ong
=ncoY(L_1na(a),z) ona

d
=1nco d—y(nA(a), Z)ong
Z

d
=2 nce Y(a(a),z) ong
Z

= j—ZJ_/(a,z)

since z is a formal variable and differentiation is defined as an operation on the formal Laurent
series. Finally, we have to check the Jacobi identity (39) for )/,

Res;, o, (V(Ya(v, 21 — 22)a, 22) (21 — 22)" 12y -2, (21 — 22) +22)")) = (43)
Res;, (Yc (v, 20)Y(a, 22)tz) 2 (21 — 22)"2}) —
Res;, (Y(a,22)YB, 21)izy 2, (21 — 22)™2]) .
But for z = z; — z» we have
V(Ya(v,2)a,22) =nc o Ya(Ya(v,2)a), 22) o n
=ncoY(Ya(pW),2)pala),z2) onp .
Similarly, we find
Yc(, z0)Y(@, z2) =Y (v, z0)ne o Y(na(a), z2) ong
=ncoYc(@W),z1)Y(mala),z2) onp,
as well as
V(a,22)Yg (@, z1) = nc 0o Y(na(a),z2) ong o Yg(v, 1)
=ncoYala),z2) o Yp(¢(v),z1)onp.
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Applying both sides to b € B, we conclude that (43) is just the Jacobi identity (39) evaluated at
v=n(v),a=na(a), b=np(b), and nc applied from the left. O

The following lemma gives an expression for the adjoint operator of an intertwiner.

Lemma 2.2. Let A, B, C be as in Lemma 2.1 and let Y be an intertwiner of type ( ACB ) Then
there is an intertwiner ) of type ( ABC) such that

(Y@@, )b, ¢) = (b, V(e (=2~ na@), 27 e)
forallae A,be BandceC.
Proof. The proof uses similar reasoning as the proof of (34). Let (-, -) g, (-, -)¢, be the invariant
bilinear forms defined by np and ¢, respectively (cf. (33)). Because of the invariance property,

we can apply [32, Corollary 5.5.3], which states that there is an intertwiner Y of type ( ABC) such
that

(€. V(@ Db)e = (Ve (=D Ma,z e b)
Hence we find that
(V(a,2)b, c) = {c,V(a,2)b)
= ((nc(c), Y(a, 2)b)c

= (Ve =z a, 2 Hne(e).b)

= (np o Y(e*L1(=z72)loa, z7Nnc(c), b)
= (b, np o V("1 (=z7H0a,z7 Hnc(c)).
By Lemma 2.1,
Vi(a,2)c =np o Y(na(a), 2)nc(c)

defines an intertwiner of type ( ACB ) The claim then follows since

g o V(e (=27 a, z 7 Hne(e) = Vit (=272 a), 77 He

and na(Lpa) = Lyna(a). O

Example 4 (WZW intertwiners). As all irreducible modules of the VOA Ly o are derived from
irreducible highest weight modules of the Lie algebra g, it is sufficient to consider intertwiners
between three of these modules. Let us fix three weights A1, A2, A3, and consider the corre-
sponding irreducible highest weight g-modules L, Ly,, L;;, as well as the derived irreducible
modules Lg ;,, Lk, Lk a; of the VOA Ly g.

We now consider intertwiners between these three modules. Given that all objects of the VOA
are derived from the corresponding objects of the Lie algebra g (with additional constraints
coming from the level k), it is not surprising that intertwiners can similarly be defined in terms
of corresponding objects associated with g. As shown by Frenkel and Zhu [52], any intertwiner
between three irreducible modules of the VOA Ly o is determined by an intertwiner between the
three corresponding irreducible g-modules, again with an additional assumption involving the
level k (see [52, Corollary 3.2.1] as well as [61] for a more analytic approach in the case of
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g =sl(2, C)). An application of Zhu’s theory [36,52] provides a procedure for reconstructing an
intertwiner of the VOA Ly o from such a Lie algebra intertwiner. We provide an explanation of
that argument in terms of an implementable algorithm in Appendix B.

L
o ) for modules of the VOA Ly o, we can
Li,ag Ly J

obtain the associated g-module intertwiner as follows: if we choose to evaluate Eq. (40) for the
zero modes of the module operators and the intertwiner operator, we find that

Conversely, given an intertwiner ) of type (

ay(@3)z,002 = Y(a@3)z,002 +Y(@3)r,0002, (44)

for ¢ € L 5,(0), @3 € Li 3,(0), where © = hy, + h;, — hy,. Here, a € g is identified with its
image in the corresponding irreducible representation of g. This implies that the operator y(-). 0
restricted to the top levels of the modules Ly 3;, i = 1,2,3 is an intertwiner from the tensor
product g-module defined by the weights A,, A3 to the irreducible g-module corresponding to
the weight A1. This follows since the top levels are irreducible g-modules. We refer to Proposi-
tion 5.14 below for more details.

3. Correlation functions via transfer operators

Having introduced the necessary terminology, we continue to argue that correlation functions
can be expressed exactly in term of an MPS. This is the central point of this section; it is also the
basis for the finite-dimensional approximations discussed in Section 5.

3.1. Correlation functions for modules and intertwiners

Up to this point, variables denoted by z or similar were interpreted as formal variables, and
expressions involving powers in it as formal Laurent series. All identities held term-by-term in
different powers of z (or z~!), but no statement concerning convergence were made. In order to
make contact with physical quantities, more precisely correlation functions, the formal Laurent
series expansions have to be evaluated to yield finite numbers. That is, the Laurent series are
reinterpreted as sums of operators with complex coefficients (after substituting complex numbers
for the indeterminates), and these sums need to be shown to converge.

Matrix elements of products of vertex operators, or more generally module operators and in-
tertwiners, thus become functions on the Riemann sphere. These can be shown to satisfy physical
axioms of CFT correlation functions (e.g., modular invariance on the torus). Conversely, VOAs
may be constructed from correlation functions, see [67]. In the following, we briefly sketch the
general theory, then focus on the special case of equidistant points.

Recall the pairing (-, -) between the restricted dual space V' and V. For a VOA V), the genus-
zero n-point (vacuum-to-vacuum) correlation function is defined as

FP(w1, 20,y e za)) = (1, Y01, 20) -+ Y (g, z)1)

(More generally, one considers general matrix elements by substituting arbitrary elements for
1" €V and 1 € V.) It can be shown that this expression is the series expansion of a rational func-
tion f(z1, ..., 2n), converging on a suitable subdomain of C (see [32, Proposition 3.5.1]). Again,
the formal variables z1, ..., z, are to be interpreted as complex numbers. For vacuum-to-vacuum
correlation functions, the function f(z1, ..., z,) takes the form

g(z1,...,z0)
[Tz -zt

fG@l, . z0) =
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for a polynomial g(z1, ..., z,). Similarly, we can define the genus-one n-point functions by
F (@12, a2 = Try (Y01, 20 V(20w 2)pH0 )

Here 0 < p < 1 is the ‘diameter’ of the torus, and the trace is calculated on each finite-
dimensional level and hence is well-defined. The introduction of the factors zJL-O in the arguments
is a convention.

In his seminal work [36], Zhu identified sufficient conditions for the existence of genus-1-cor-
relation functions: assuming rationality and Cj-cofiniteness of the VOA, the function Fp(’l])/
converges on the domain (see [36, Section 4.1])

1>z > >|zal > p, (45)

and can be continued to an analytical function, possibly with poles at z; = 1, z; =z, z; = 0.
This gives n-point correlation functions on the torus C\{0}/z ~ {zp*} regarded as the punctured
plane C\{0} modulo the relations

z=2zp forkeZ. (46)

The latter reasoning was extended to the case of intertwiners by Huang [34.68]. For the
genus—O—case, consider V-modules AY, BO i =1,....n, B, and intertwiners Y of type
( BI~D ). For any (v @) € (B©Y, v™ € B™), the genus-0 correlation function FO

WOy v =
, is defined by

0
Fty g (@120 s z0) = (@), Vi@, 200+ Valan, z0)0™ )

forall qj € AD, i =1,...,n, where (-, -) is the canonical pairing between the restricted dual
space (B©@) and B, For unitary modules, this pairing can be written in terms of the scalar
product, as discussed (cf. (32)). We then write

FQ o (@120, @, 20) = 0, Vi@, 20) -+ Valan, 2)v™) (47)

for the corresponding correlation function, where now v® ¢ O, Huang [34,68] has shown that
the corresponding series is absolutely convergent in the domain

lz1] > |z2[ > -+ > |za] . (48)

Despite this general result, if we speak about genus-0 correlation functions in the following,
we are always considering the special case where B(®) = B =V the adjoint module, and
v©® =y = 1, the vacuum element.

Similarly, for V-modules A® and BY i =1,...,n with BO = B™ and intertwiners Y; of

type ( A%()i;()[) ), we can define the genus-1 correlation function Fp(]) = Fp(lj),1 ., by
L —
FO (@20, @ za)) = Trgon (V10 20 Va(eftan 2p™ %) @9)

for all a; € A;. Huang [34,68] showed that (49) (respectively a certain geometrically transformed
version thereof, see [68, Remark 3.5]) gives an absolutely convergent power series on the do-
main (45). His results apply to rational, C2-co-finite VOAs of CFT-type. The genus-1-partition
function without insertions,

Zp(p) = Trp(pho=</2%) (50)
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is the character of the module B. It converges for 0 < p < 1 (see e.g., [63]) for the VOAs
and modules considered here. Expression (50) appears below as a multiplicative factor in our
accuracy estimate for approximations to correlation functions on the torus.

We deliberately choose the same letter z for the formal variable and the corresponding com-
plex number, in order to emphasize the similarity and to make the connection between the formal
language of VOAs and physical quantities clear. However, we stress that the interpretation in
terms of complex numbers only makes sense in terms of correlation functions, as it always in-
volves a statement about convergence. In what follows, a variable z appearing in an expression
involving only intertwining operators, which are not evaluated to give a number of physical
significance, is interpreted as formal indeterminate. If it appears in a quantity of physical signif-
icance, such as a correlation function, it denotes a complex number which can be freely chosen
within its domain of definition.

3.2. Invariance properties of correlation functions of primary fields

It follows from the commutators (20)—(21) and the corresponding exponentiated versions that
the correlation functions inherit the invariance properties with respect to global conformal trans-
formations. If the vector v is primary, i.e., if Virasoro operators with positive index map it to
zero, L,v =0, n > 0, the relations (20)—(21) generalize to higher order Virasoro elements,

[Ln,Y(0,2)1=2""13.Y(v, 2) + (Wt v) (n + 1) 2"Y(v, 2).

These relations generalize to module operators and also intertwiners [32], if we again define
primary elements in a module A to be vectors a € A such that L,a =0,n > 0,

[Ln, Y(a,2)]=2"T"0,Y(a.2) + Wta) (n+ 1) Z"V(a,z).

A basic assumption of CFT is that this infinitesimal symmetry lifts to a local action which
gives rise to a change of variables. More precisely, the genus-0 and genus-1 correlation func-
tions of intertwiners evaluated at homogeneous primary vectors ajy, ..., a, should be, up to an
overall factor depending on the transformation as well as the conformal weight, invariant under
conformal mappings. That is, for a conformal map z — w(z) we have

dz

1

—wt a;
) F((a1,z1),...,(an, 20)),

7=z

“(d
F((a1, w(zD), .., (an, w(zy))) = 1_[ <_w

where F = F© or F = F(U_ Here, we use the terms conformal and holomorphic interchange-
ably — meaning a mapping specified by a holomorphic function.

We proceed to consider correlation functions evaluated on a set of n complex coordinates
¢1,..., ¢y on the complex plane, with constant imaginary part, Im(¢;) = Im(¢;/) = 6, for all
J»J'=1,...,n and equally spaced real part, Re(¢;) = jd + do. Here, dy > 0, d > 0 are positive
real numbers, the first one possibly being zero. We call such a set of points equally spaced on
a line, dy the offset, and d the minimal distance between the insertion points. The configuration
of points is illustrated in Fig. 1. Applying the conformal invariance property to the conformal
transformation

2> w(z) i=e f=e Y, z=x+1iy, x,y€eR,

leads to the following reparametrization of correlation functions with insertion points given by
the coordinates 1, ..., &u, since £} = w(¢;) =z¢/, for0 <g=e"% < 1,z= e et



58 R. Kénig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121

Fig. 1. Configuration of insertion points on the plane before applying the conformal mapping. All points have a fixed
imaginary part and equispaced real parts.

Observation 3.1. Let AV, ... A® pO —  p be um'ta_ry modules of a VOA V, with
BO = B™ =V the adjoint module. Assume that S c AY) is a finite-dimensional linear

subspace of primary vectors, aj € § D are homogeneous vectors therein and Yy, ...,YV, is a
. . . BG-D . ; .
set of intertwiners, where Y; is of type (A(j’ ) ) Consider n equally spaced points on a line

L1y ..., &y with offset dy and minimal distance d. Then the corresponding vacuum-to-vacuum
correlation function can be written as (cf. Eq. (47))

FO((@1,61), . (an, 6)) = (=22 " g2 M4 (4, Yy(ar, 6) - Y, g)1),
forall aj € S; with the identifications ;; =zq) and 0 <g=e¢"9<1, 7= D¢i?

This shows that we need to consider correlation functions defined at powers of a positive vari-
able, which can be chosen to be smaller than one. This is a key technical step in our discussion:
it allows us to construct operators out of intertwiners, which are bounded in norm. This in turn is
a necessary step in our approximation argument, and the error bound also depends on this norm.

Given this preview we clearly want a similar statement for torus correlation functions. Recall
that we parametrized the torus as the punctured plane modulo the relations z = zp¥, k € Z, p
being the diameter of the torus. The conformal mapping defined by the principal branch of the
complex logarithm z +— log z then maps the torus to the twice periodic strip (or patch)

T =C/(log(1/p)Z +27iZ),

which is periodic both in the real as well as in the imaginary part. Again starting from a set of
equally spaced insertion points ¢y, ..., {u, {; = do +1log(1/p) —dj 4 i on a line, now assumed
to lie within T, we see that they are the image of points zg/ under the complex logarithm,
z=e%¢!?, g = ¢4, This configuration of points is illustrated in Fig. 2. The requirement that
all points ¢; do not lie on the boundary of T, translates into a non-zero offset 0 < dg < d,
hence ¢ < 1/|z] < 1, as well as p < ¢g". Applying again the conformal invariance of correlation
functions leads to the following genus-1 version of Observation 3.1.

Observation 3.2. Let AV, ..., A™ BO o B (")_be unitary modules of a vertex operator al-
gebra V, with B = B™_ Assume that S c AY) is a finite-dimensional linear subspace of
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(a) Configuration of insertion points on the (b) Configuration of insertion points on the
torus, here pictured as the annulus with pe- periodic strip.

riodic boundary conditions.

Fig. 2. (a) Configuration of insertions on C, p = q5 < zqs < zq4 <.+ < zq < 1, with the choice n = 5 for illustration.
(b) The image of (a) under the principal branch of the complex logarithm. Note that because the strip is periodic with
period log(1/p), we can first take the logarithm and then translate the whole image by —log(1/p) = —nd, the result of
which is illustrated here.

primary vectors, a; € SU) are homogeneous elements and Y, ...,Y, is set of intertwiners,
where Y} is of type (A?f(>];gl()j) ) Choose n equispaced points 1, ..., & within the periodic strip
of height 2t and length log(1/p) as illustrated in Fig. 2b. The corresponding correlation function

with insertions as these points is given by the torus correlation function
FV((@1,29), ..., (an.2q™)
= 22 gL M Ty (Viar 6 Valan, Gt~/

do+i0 d

forall aj € S; under the identifications Cj’- =zqlandz=¢e Nzl > 1L, g=e"%< 1.

We see that in the genus-0 case, the parameter z can be chosen to be of modulus one, while in
the genus-1 case, its modulus always has to be greater than one. In the following, the parameter z
appearing in the correlation functions is to be interpreted as characterizing the offset as well as the
imaginary part of points on the line, as described in the previous observations. However, in view
of the fact that correlation functions of VOAs are determined by setting a formal variable to some
complex number, it is natural to consider the variable z in the expression Y(a, ¢;) = V(a, ij )
first as a formal variable, which is then set to a complex number if the intertwiner is evaluated
within a correlation function.

In order to motivate our further considerations, let us examine more closely the case of two-
point correlation functions, that is, expressions involving two intertwiners. We note that due to the
covariance property of intertwiners with respect to dilations we have for primary vectors a1, az,

g g Y ay, )V (a2, &) = g™ 1g*" 2V (ay, 2q)V (a2, 29%)
=qloV(a1, g7 0g* 0V (a, 2)g L0
= g2 102y (ay, 2)g" g 2 Y(ay, 2)g 02 q 0
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However, the last power of the grading operator L vanishes if applied to the vacuum, or can be
absorbed with the power appearing in the expression of the torus correlation functions. We hence
see that the formal operator ¢£0/2)(a, z)g*0/? can be used to build up the correlation functions of
interest. Moreover, we are mainly concerned with the situation where a lies in a linear subspace
consisting of primary vectors. These considerations motivate the following definition.

Definition 3.3 (Scaled intertwiner). Let V be a VOA A, B, C unitary modules of V, S C A a
linear subspace, ) a intertwiner operator of type ( ) For 0 < g < 1, we define the g-scaled

intertwiner Wy of type ( A B),

W,(,2): S — End(B,C){{z,z7'}}
a +— W (a, 2)

by
Wy (a, 2)b = qL02y (g2 a, 2)gt0%b (51)
for b € B.

In the following, we often omit the exact dependence of W on ¢ or the subspace S C A with
the understanding that, whenever we write W, such a subspace S exists. In our applications, this
subspace is a proper one. However, for most intermediate results this is not necessary, and S can
be equal to the whole of A. The expression W is defined for this S and any 0 < g < 1 as above.
Scaled intertwiners with different scaling parameters g1, g2 are related to each other as follows:
foralla € S and b € B, we have

Lo/2 Lo/2

Wy (a,2) =¢q qu(q a,z)q, where q=aq1a 52)
since
Wy 4,(a, 2) = q, Lo/2 L()/zy(CILO/2 LO/za Z)qL°/2 Lo/2
= ‘]1L0/2qu (‘ILO/za Z)qLO/2

We see that scaling the original intertwiner makes its properties much nicer — this will also be
the key ingredient for our approximation result. As discussed, the composition of scaled inter-
twiners can be used to express correlation functions. The next definition and the following results
make this intuitive statement clear.

3.3. Reconstruction of correlation functions

With the definition of a scaled intertwiner at hand, we can show that genus-0 and genus-1 cor-
relation functions are reproduced exactly. For this purpose, we will introduce a certain operator T
which we call the (formal) transfer operator, adopting the language used for MPS. Again, we
emphasize that variables z; appearing in expressions involving intertwiners are to be interpreted
as formal variables, which become complex valued only in the context of correlation functions.

Definition 3.4 (Formal transfer operators). Let AD i=1,...,nand BO,i=0,...,n bf: uni-
tary modules of a VOA V. For i = 1,...,n, let J; be a unitary intertwiner of type (A“Z.(;;:i) ),

S < A a subspace, and let



R. Konig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121 61

W; =W, 4 (-, 2): SO — End(BD, BI=D){{z,z71})

be the associated scaled intertwiner for some 0 < g < 1. For g; € SO j=1,...,n, we define
the formal transfer operator T € End(B™, B©){{z1, zfl, ey 2, z;l }} by
T=Wi(a1,z1) oWa(az,z2) o --- o Wy (ay, za). (53)

We call this the transfer operator with insertions {a;}}_,.

For the genus-1-case, we will consider periodic boundary conditions, where B® = B™ = B,
such that the transfer operator is simply T € End(B){{z1, zl_l, eees Zns z;l}}. We will also occa-
sionally specialize to translation-invariant systems, which are particularly natural for MPS: here
AD =4 SO =8 BOD=BO =B Yy, =Y fori=1,...,n are all identical. We will argue
below that the transfer operator encodes n-point correlation functions (both on the plane and the
torus) for equidistant insertion points {¢; };?z | as expressed in Observations 3.1 and 3.2. The pa-
rameter z, which is chosen to be the same for each intertwiner, will determine the ‘offset’ of the
sequence of insertions.

Lemma 3.5. Let T be a formal transfer operator with insertions {a;}_, and parameter q as in
Definition 3.4. Then we have

T=q752 (V@1 219)V2(a2, 2297+ Yalln, 20g™) ) ¢ "H/200 (54)
as an identity for formal series in End(B(”), B(O)){{zl, zl_l, ey Zns z;] }}, where
a; =gty (55)

Proof. The formal transfer operator T is defined recursively by T =T, where
Ta(b) =Wy (an)b
T (b) = W (ar) Tx+1(b) fork=n—-1,...,1
for b € B. To show (54) we first argue that for every k =1, ..., n — 1, we have the relation
g*TVPITL(b) = Viar, gHg CTI TP ) (56)
Indeed, this follows from
g VPT(b) = g * VPP OWk(ar) o Tir1 ()
=q P02y (P ar, M P Tig (k)
= ¢ V(g™ P, g H0g ETPOT L (b)
= V(qg* 1 PPoay, ¢ g “ TP ()

where we used the dilation property (18) applied to intertwiners in the last step. For later use, we
also point out that the same reasoning gives

g "TYPLOT, (g7 E0b) = Y, (G, 20g™)g D (57)
Applying (56) inductively gives
g 2T (b) = Vi(a1, 219) Va2, 224°) - - Vi1 (@n—ts 2a—1¢" " g "=V E0T, (b)

and combining this with (57), we conclude that



62 R. Kénig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121

g™ Ti(q™" ) = Vi(a1, 2190282, 227) -+ Vulln, 20g")g"*?b forallbe B.
This implies
T] — q—L()/ZqL()/Zqu—I’lL()q"LO

=g o/ (3)1 (a1, 219)Y2(a2, 22q%) - - Vo (@, znq")> g tDLo

which is the claim (54). O

We stress again that the previous identity is defined in terms of equality of power series.
Taking matrix elements and replacing the indeterminates by complex numbers then gives rise
to correlation functions, if the series converges for the given choice of complex variables. In
the following, we will choose all variables equal to a single complex number z, as motivated by
Observations 3.1 and 3.2. In the genus-1 case, the modulus of this number z has to be bigger than
one. With this choice, an immediate consequence of Lemma 3.5 is the fact that transfer operators
encode correlation functions in the following sense.

Corollary 3.6 (Exact reproduction of genus-0 correlation functions). Let T: B™ — B© pe q
transfer operator as in Definition 3.4 with homogeneous insertions {a;};_,, parameter 0 < g < 1
and the indeterminates {z j}’j’.:1 replaced by a complex number z € C \ {0}. Let v® € BO and

v™ e B®™ be homogeneous elements. Then

1/2 (n) ©y /o451 : 0 ~ ~
(0@, Ty} o) = g1/ W H o)/ 24T wta F,f<o)>,,,<n>((a" E)sees (@ns Ep))

where szg))),v(") is the genus-0 correlation function (cf. (47)), and
a;=qa; and ¢ = zq’ forj=1,...,n. (58)

Moreover, the sequence of points ({1, ..., &) belongs to the domain (48).

Proof. According to (54), the expression (@ Ty™) has the form
WO, Tv™) po =

= (0@, q 7102 (P1(g P M0ay, 2q) -+ (g "V 0a,, 297 ) g D0V o

= (", ()71 (q"TPM0ay, 2g) - V(g P 0ay, zq”)) g "Ry b,

:q(n+l/2)(wt v)+wt v @) 243 jwta; w®, V(g 2ay, zq) - --
V(g™ an, 2g"0™)

where we used the definition of ; and the insertion points z;, the fact that Lo is self-adjoint
with respect to (-, -) gy, as well as the assumption that all the vectors {01,-}1’.’=1 and v©@, v™ are
homogeneous. Since we have 0 < ¢ < 1, it follows that |zg| > |zg?| > ... > |z¢"| > 0 and hence
any matrix element of the transfer operator is a well-defined absolutely convergent power series
(see Sect. 3.1). O

Similarly, we obtain genus-1-correlation functions by taking the trace of the formal transfer
operator T and again interpreting the formal variables as complex numbers.



R. Konig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121 63

Corollary 3.7 (Exact reproduction of genus-1 correlation functions). Assume periodic boundary
conditions, i.e., BO — pm — B, and let T: B — B be a transfer operator with insertions
{a;}!_, as in Definition 3.4 and indeterminates replaced by a complex number z, with |z| > 1
and 0 < g < 1/|z|. Then for any 0 < r < 1, the value TrgTro is related to the genus-one
correlation function Fp(l) = F;’lj)}l _____ v, (Eq. (49)) by

TrBTrLo =pC/24F‘§1) ((&17§{)’ ...,(any gl’/L)) (59)
where
aj=q"%a; and §,"=ij forj=1,....,n,p=rq". (60)

In particular, under the identification (46), the points {z j};z'=1 are equidistant along one funda-
mental cycle of a torus of diameter p = q". The sequence of points (¢{, ..., &, ,p) belongs to the
domain (45), as can easily be verified.

The parameter r is introduced here may appear somewhat arbitrary at this point: indeed, set-
ting r = 1, we recover the configuration (83) of equidistant insertions on the torus. However, it
will have the effect of “regularizing” the expression when we consider truncated intertwiners in
the next section.

Proof. Clearly, the points (zy, ..., 2y, p) lie in the domain (45), hence the rhs. of (59) is well-
defined. The claim follows by taking the trace of the product Tr%0 using expression (54). O

3.4. Proof strategy

In Section 3.3, we showed that correlation functions of interest can be expressed in terms of a
transfer operator T. This object is itself a composition of scaled intertwiners W. The scaling will
be essential for us, as it ensures that W is a bounded operator with respect to the operator norm
induced by the scalar product, for finite-dimensional subspaces S C A. That is, fora € S C A,
we will have

Wy (a, )l <0(g,2) llalla,

for some function ¥ (g, z), bounded for the parameter regime in (g, z) we are interested in. Here,
llall4 denotes the norm in the unitary module A inherited from the scalar product, and analo-
gously,

Wq (a, 2)| =sup{|(c, Wy (a,2)b)| : c€C, |lclc <1, beB, |Ibllp =1}

denotes the operator norm of the linear and densely defined mapping W, (a, z). Of course, this
statement only makes sense if the formal variable z is replaced by a complex number. This will
be the case throughout the next section if norm expression are present. We will choose the same
complex number for all scaled intertwiners, although other choices are in principle possible. The
complex parameter z is always assumed to be non-zero, and to be bigger than one if appearing in
genus-1 expressions. Applying the fact that scaled intertwiners have bounded norms recursively
leads to a norm bound for T.

Section 5 starts with the observation that as a first step towards our approximation statement,
we have to ensure that the image of a finite-dimensional subspace under the action of a scaled
intertwiner is again contained in a fixed finite-dimensional space. However, this is not the case,
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since an intertwiner consists of terms allowing for arbitrary changes of the weight. The natural
idea here is to truncate the Hilbert space with respect to the weight decomposition. This moti-
vates the definition of a scaled truncated intertwiner WEIN], where N € N denotes the truncation
parameter. This object will have the feature of changing the weight of a vector by at most N. The
obvious question is how it compares to its original version, and we show that it fulfills

IW, (a,2) = Wi¥(a, 2)|| < lallaerr(q, )¢ /*
where err(q, z) is a function independent of the truncation parameter N, and the statement is
again with respect to the operator norm. This shows that for large enough N, we can safely re-
place W, by its truncated version W[qN]. Applying this argument recursively leads to an equivalent
statement for the transfer operator T.

In a last step, we have to ensure that we only have to apply the truncated transfer operator —
obtained by replacing the scaled intertwiners in its definition by their truncated versions — to fixed
finite-dimensional subspaces, so that the image is again a fixed finite-dimensional space which
then can be chosen as the bond Hilbert space. In the case of genus-0 vacuum-to-vacuum corre-
lation functions, this is immediate, since the transfer operators is applied to a fixed vector, the
vacuum. In the genus-1 case, however, we also need to truncate the trace. After this is achieved,
all expressions can be converted to an MPS picture. As in previous sections, we illustrate our
findings with WZW models.

4. Bounded intertwiners

As explained in Section 3.4, we will argue that a scaled intertwiner defines a bounded operator
if the formal variable is replaced by a non-zero complex number. We start with a motivating
example, which shows that a special kind of intertwiner for WZW models is bounded, namely
module operators. Although we will not use this fact later, the proof idea as well as the result
serves as an illustration for the following arguments.

4.1. Motivation: energy bounds for WZW models

Consider the WZW-type VOA Ly ¢ and let us fix some a € g C L o. Recall that elements of
the Lie algebra g =g ® +~1 are identified with vectors of the first level of Lk,0 (see Eq. (24)).

Now consider the construction of the module Ly ; for WZW-type VOAs Ly ¢ as explained
in Example 2, and the (module) mode operators a(n) associated with a. These are defined
by Y, (a,2) =,z a(n)z~"~! — here we slightly abuse notation by using the same letter.
From the construction of the module, the mode operators {a(n)}, <z also satisfy the commutator
rule (23). By the results in [69] (see also [50]), this implies that the mode operators a(n) associ-
ated with the unitary modules L ; of the vertex operator algebra Ly o in question satisfy linear
energy bounds. That is, the operators a(n), a € g satisfy the bound

la@m) x I, <c- Gi(a), 02 |n+1]- (Lo +Dx Ik (61)

for any x € Lg,, where ¢ > 0. This implies various continuity statements, for example that the
scaled module vertex operator for a € g and z € C

g 'Y (a, 2)g*0?

is bounded (and — more fundamentally, the sum defining it converges in the norm topology).
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Proof. We can decompose an arbitrary element x € Ly, into weight spaces as

X = Z Cm Xm where ¢, € C and x;, € Lg 2 (m) .
meNy
Without loss of generality, we may assume that || x,; ||, , = 1 for all m € Ny. This implies that
X, = - lem|$)1/2. In particular, of any operator O on the module Lk, and any x € Lg x,
we get by the Cauchy—Schwarz inequality

1/2
10X, <D leml - Iotmlle, < lxl; - (Z ||0xm||2) :
m

m

In particular, this implies that the operator norm of O is bounded by

lol*< > sup [Ox]*. (62)
meNy X ELg 2 (m)
lxl, , <1

We now apply this to bound the operator norm of the scaled intertwiner O = g%0/2Y(a, z)gL0/2.
Observe that for x € Li »(m), we have

q"2Y (a,2)g" 2y = gPtm2g oIy (a, 2)x
_ gtm/2,Lo/2 Z am)z""y

nez
thﬁ-m Z q—n/ZZ—n—la(n)X
neZ,n<m

where we used the fact that for x € Ly ; (m), we have

€Lg(m—n) for n <m and

a(n) x { (63)

0 otherwise.

In particular, these vectors are orthogonal, and we get
Lo/2 Lo/2., 2
llg™"=Y(a, 20~ " x I, ,
=g* MmN g T lam I, for x € Lia(m) .
neZ,n<m
Hence we obtain the operator norm bound (cf. (62))

lg">Y(a, g™ 1> < g Y g® sup Y g7 kI,

meNy X €Ly (m) neZ,n<m
Nl =<1

<g™ YN @M e (@), @) I+ 1P m A By 4 1)

meNyneZ,n<m

where we inserted the energy bound (61). These sums can be bounded, yielding
llg™*/Y (@, g% < llall,,, 94, 2)

where 9 (¢, z) is finite as long as 0 < ¢ < min{|z|?, |z|72}* and where we used that (7(a), a) =
(a(=D1,a(=D)y,, =llalf,,. O

4 Evaluating the sums we arrive at
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The conclusion that scaled module vertex operators are bounded can in fact be extended to
general elements v € L o (instead of merely a € g). This can be shown by identical arguments
starting from energy bounds on the modes of the module operator Y(v, z). The latter have the
form

yWnxli, < Coln+ 1V I(Lo+D™ Xy,

where C,, ry, s, are constants only depending on v € L o. Following the discussion in [55, Sec-
tion 6], such energy bounds for modes y(v), of module operators Y (v, z), for v € Ly o can be
derived from those for the operators a(n), a € g.

4.2. S-Boundedness and implications

Motivated by the energy bounds described in the context of WZW models, and their impli-
cation that they turn a “scaled” version of the module operator into a bounded operator, we now
generalize these definitions and establish corresponding results. For this purpose, we first in-
troduce a certain form on the tensor product of two modules. We note that a similar object was
already studied by Felder et al. [48], where the boundedness was however assumed. The principal
idea is to use an intertwiner to construct a new Hilbert space out of the algebraic tensor prod-
uct of two modules. Using the existence of genus-0 correlation functions, this then shows that
for non-zero values of z such that 0 < ¢ < 1/|z/?, the scaled intertwiner at value z is a densely
defined operator. Next, we use the existence of genus-1 correlation functions to show that this
operator is actually bounded.

Lemma 4.1. Let V be a rational and Ca-cofinite VOA, let A, B, C be unitary modules of V, and
let Y be an intertwiner operator of type (ACB ) Let 7z € C\{0} be arbitrary and 0 < q < 1/|z|2.
For ay,a; € A and by, by € B, define

(a1 ®b1,a2 @ )y 4. = (g V(g" a1, 2)g"0%b1, ¢ Y(gH*ar, 2)g "0 *br) ¢
(64)

Then the map (a1 ® by, ar @ by) = (a1 @ by, ax ® ba)y 4, can be extended to a sesquilinear,
densely defined and positive semi-definite form on A @ B.

Proof. Let us first verify that the expression (64) is well-defined, i.e., gives a finite value for any
z € C\{0} and ¢ satisfying 0 < g < # To do so, we rewrite it as a genus-0-correlation function.

Take a1, a> € A and b € B arbitrary. Then we have

qh)\ 2 q m
--Scz(ﬁ> nanﬁm<2<m) [(1+2m)0m + D + 131+
’ m=>0

3P+ 2k m + 1D+ 31 (2P g)" (n+ 1>2>

m>0 n>0

h \2 2 2\7-6 -3
2(4 ”) 2 |z 4] 1 1 1
<c“l— ) lal |:(l +2hy) (5!— log| — + ——=—=|log| — ) log(—5—) +
( l2] L q q 2021243 q Iz1%q

(g : )]
M- 12172 212123 (1 — g3 (~log(Iz12¢))3

where we used Lemma A.2 multiple times in the last bound.
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(a1 ®b1.ax ®b2)y 4. = (Vg a1, 2)g"*b1, ¢“0V(g"az, 2)-0/*b2) ¢
= (qg"02by, Y1 (1 (=27 (g 0 %ar), 27 Hg oV (gt % as, 2)gm 0 by) ¢
= (q"%by, Y1(@1, 27 Hg" V(g 0, 2)¢H b)) c

In first identity, we used the fact that L is self-adjoint with respect to (-, -)¢, and in the second
step, we used the intertwiner )); introduced in Lemma 2.2. Finally, in the third identity, we
introduced the abbreviations

—2)L()

Ly/2 3Lo/2&2

a =l (— na@™?a))  dr:=q

for convenience. Using the action of Ly on mode operators, we have
g"YV(g a2 = V(@ g2)g™ .
This means that
(a1 @b, a2 ® b2)y.4.. = V(g™ ?a1, 2¢"b1, ¢ V(g™ a2, 2)¢"*b2)
=(q""b1, Y(@1.z" YV (@2, q2)4>*b2)c
=F9) (@1, 21), (@2.22))

has the form of a genus-0 two-point correlation function (cf. (47)) with v := qLO/ 2p, w =
q3L0/2b2, and insertions of ay, as well as a, at

Z] = z_l and 72:=4qz.
By assumption on z and g, we have |z=!| > |gz|, hence (z1, z2) lie in the domain (48). Since we
assumed that the VOA V is rational and C»-co-finite, it follows from the results of Huang [34]
(see Section 3.1) that the expression

(V(g"2a1, 2)g"by, g"0 V(g™ az, 2)g™*by)

is finite for any a1, a; € A and b € B. Extending the definition linearly to finite sums of the form
Z[ a; ® b; € A® B, and using the fact that the latter are dense in A ® B, it follows that (-, -)y 4 -
is indeed a sesquilinear, densely defined and positive semi-definite form on A ® B.

Let {ay}o C A and {bg}g C B be finite families of elements in A and B, respectively. To show
that (-, -) Vg2 is positive semi-definite, it suffices to check that for any such families, the matrix

[ 2" a0, 2042205, 422V (G5 a0y, 19 ) c |
(1, 81), (2, 82)

is positive semi-definite. But this is the Gram matrix (with entries given by inner products) asso-

ciated with the family of vectors {g%0/2Y(q%0/?a, z)g"0/ zbﬂ}(a‘ )» hence the claim follows. O

The following property of the sesquilinear form constructed in Lemma 4.1 constitutes our
main technical step.

Definition 4.2. Let V be a VOA, A, B, C unitary modules of V, and let S C A be a linear
subspace in the module A. Let ) be an intertwiner operator of type ( ACB) and (-, )y 4, the
sesquilinear form constructed in Lemma 4.1. We call ) S-bounded if for any z € C\{0} and
0 < g < min{|z|?, 1/|z|?}, there is a constant ¥ (g, z) < oo such that

(@®b,a®b)y, . <0(q. 2 lalilbly

forall a € § and b € B. In this definition, (-, -)y 4 . is the form defined by Lemma 4.1, whereas
Il - la and || - || p are the norms induced by the non-degenerate forms on A and B, respectively.



68 R. Kénig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121

We will verify that a large class of VOAs have the property that for an appropriate subspace S,
all intertwiners are S-bounded. We are especially interested in the case where the subspace S is
the space of primary vectors, or the space of vectors of highest weight. We can use the known
existence results for genus-1-correlation functions to establish the following:

Proposition 4.3. Let V be a rational and C-co-finite VOA, A, B, C unitary modules of V and
S C A a finite-dimensional subspace of A. Let ) be an intertwiner operator of type ( ACB).
Then Y is S-bounded.

Proof. Fix a € S C A and b € B arbitrary (not necessarily homogeneous). By definition of the
sesquilinear form (-, -)y , . we have

{@a®b,a®b)y, . =g V(" a, 2)¢""%b, g*2Y (¢ "?a, 2)g%*b)
< lgto2Y (g %a, 2)g" o) - 16115, (65)

dim S

where || - || is the operator norm. Using an orthonormal basis {a} i

of S, we get
lg"2Y (g™ %a, 2g"/*| < VdimS - Jlalla - _max llg"*Y(g"2a;, g™ .
1<j<dim §
(66)
Combining (65) and (66), we conclude that it suffices to show that each operator
H(aj) = q""Y(q"%a;, )"

is bounded. In fact, each of these operators is Hilbert—Schmidt, and this holds not just for basis
elements, but for any a € S: we have using an orthonormal basis {by}; of B

Trp(H(a)*H(a) =Y _(q""*V(g"*a, 2)¢" by, "> Y(q"a, 2)g"*br)c
k

=Y (V(q""a,2)g"br, ¢"V(q"a, 26" br)
k

=Y (g b, Vi(e (=) 0na(g 2 a), =7 Hg 0 V(g  Pa, 2 P bi) g
k

=D (b, gV (=) g ), =g V(g Pa, 2" b
k

where we used the fact that L is self-adjoint with respect to (-, -)¢ in the first and last step, and
Y1 is the intertwiner introduced in Lemma 2.2. Defining
Lo/2 a)

L()/Zele (_Z—Z)L() 2L()a ,

ai:=gq na(q az:=q

we get
g Pyt (=2 04" Pa), 2 g0 V(g a, 2)g 0
=g PVi(q7 a1, 27 g V(g ar, gh
=Vi(a1.q" 2 V(a2 ¢7*2)q*"
where we used the action of Lg on the intertwiners (cf. (18)). Setting
/2,~1

71:=¢' w=¢"%2  p=4*.
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we conclude that
Trp(H(@)* H(@) =Tr (Y1 @1, 20V (@, 22)p™)

, 1 —L -L
=p°/24FF§,3);1,y ((21 Yar, z1), (z, 0612,22))
is proportional to a genus-1 two-point function. By the assumption that the VOA V is rational
and C,-co-finite, this is finite since the triple (z1, z2,p) satisfies 1 > |z1| > |z2| > p for any
0 < g < min{|z|?, 1/|z|?} (see Section 3.1 and Ref. [34]). O

The notion of bounded intertwiners gives rise to a family of bounded operators, mapping
the Hilbert subspace S into the bounded operators between the Hilbert spaces B and C. By
inspection, we see that these are exactly given by scaled intertwiners (51), with the indeterminate
replaced by a complex number. In fact, due to the special structure, these operators are also of
trace class.

Corollary 4.4. Let V be a rational and Cs-co-finite VOA, A, B, C unitary modules of V,
S C A a subspace of A, Y an S-bounded intertwiner of type (ACB) and z € C\{0}, 0 < g <

min{|z|?, 1/|z|%} be arbitrary. Then the associated scaled intertwiner W with the formal variable
replaced by the complex number 7 is a bounded operator, with operator norm bounded by

W (a, Il =0 (g,2llalla, forallaes, (67)

where || - || o is the norm induced by the non-degenerate form on A. Furthermore, the operator
W, (a, z) is also of trace-class.

In the following, we refer to this operator as an S-bounded scaled intertwiner of type ( ACB ),
with the understanding that A, B, C are unitary modules and S C A is a linear subspace.

Proof. Eq. (67) follows immediately from the definitions since for b € B arbitrary (cf.
Lemma 4.1 and Definition 4.2)

Wy (a, b2 =(@a®b,a®b)y, . .

2

For the second assertion, note that by using (52) with ¢; = ¢'/2, g = ¢'/?, we have

W, (a, )b = ¢"*W,12(¢"a, 2)g™"*b

for all @ € S and b € B. The Holder inequality for operators on a Hilbert space implies that the
product of a bounded operator and one of trace-class stays in the trace-class, and we find

IWy (a, )l < llg™"*W,12(q"*a, )| - g™ |1 < o0,

since for any 0 < g < 1, the operator g0 is of trace-class, compare to Eq. (50). Here, we also
used the first assertion as well as the fact that the operator norm of ¢0/4 is bounded by one,
since the spectrum of L is positive and we have 0 <g < 1. O

Since we defined the formal transfer operator T as the composition of several scaled inter-
twiners, it follows from the fact that the operator norm is sub-multiplicative that it itself defines
a bounded operator.
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Lemma 4.5. Let T be a transfer operator as in Definition 3.4 composed of S D _bounded inter-
twiners, insertions a; € S @ i=1,...,n, and the formal variables replaced by a complex num-
ber z € C\{0} satisfying 0 < g < min{|z|?, 1/|z|*}. Then the operator norm of T is bounded by

n
T < [ [ 2@ 2llajll a0 - (68)
j=1

Proof. The operator (77) is defined recursively by T =T, where
Ty =W, (an, 2)
Ti = Wi (ak, z) o Trt1 fork=n—-1,...,1

for b € B. Inductively using (67), this immediately implies that

n
2 2 2
Imi* <[ [97@ 2llajl%,
j=1

which is the claim (68). O

We close this section by again examining WZW models, but now intertwiners instead of
module operators. These VOAs are rational and unitary, and hence the corresponding scaled in-
tertwiners are, for suitable choices of S, bounded by the results of this section. However, the exact
analytic form of the parameter ¥ (q, z) is in general unclear. Nevertheless, for certain choices
of the Lie algebra and the irreducible modules, explicit bounds on the boundedness parameter
Y (g, z) can be obtained.

Example 5 (WZW intertwiners are S-bounded). Let us again fix a simple complex Lie algebra
g, which for concreteness is now assumed to be an element of the A series, hence g = sl(d, C).
This choice leads to models known in the physics literature as su(2) at level k, where the level is
given by the choice of the value of the central extension. Let us now fix three irreducible highest
weight modules of g corresponding to the weights A1, Ap, A3. As explained in Examples 2 and 4,

this also uniquely determines three irreducible modules Ly 3, L 1,, Lk 5, of the VOA Lg o as

. . L
well as an intertwiner ) of type (Lk Ak’ll_; . ) We now choose the subspace S C Ly ;, equal to
A3 A2

the top level Ly 3,(0) of Ly »,. As discussed, S = Ly ;,(0) is an irreducible s((d, C) module. We
now make the additional assumption that S is the defining representation, hence S = C¢. For
this choice, the work [50] of Wasserman implies an explicit analytic bound on the boundedness
parameter ¥ (g, z) which we summarize as a corollary.

Corollary 4.6 (of [50]). Let g = sl(d, C), L1, A2, A3 three highest weights, with A3 corresponding

L
to the defining representation on C¢. Let Y be an intertwiner of the VOA Lk.0 of type (Lk Ak"\l_i . ),
A3 A2

and let Wy, be the associated scaled intertwiner for the subspace S = Ly 5,(0) = C4, the top level
of the module Ly . Then we have for 0 < g < 1/|z|2, lz| > 1,

1 n q
A—gH(A—1z129) (A —¢)?*’

1 R _
Wy (@, DI < Ny, - g2 Hathie) g7 \/

peC,

where T =h;), + hy, — hy, and || - || denotes the operator norm.
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Proof. Due to the results of Wassermann [50, Section 25] the modes of any intertwiner between
irreducible modules can be written as (4 a real number depending only on the three modules)

y((p)r,n = Pal¢,]0,

where a[-] is a fermionic creation operator with domain S ® C[¢, t~11, P, Q are projections, and
on = ¢ 1" The detailed construction is not important for us, and we refer the interested reader
to Wassermann’s work, but what is important for us is that fermionic creation operators satisfy
the estimate

lalgalll < gl (69)

Since projectors do not increase the norm, it follows that bounds on the norm of the modes
alg,] imply norm bounds for the modes of the intertwiner. Indeed, considering an arbitrary
homogeneous element x € Ly ;,(m) belonging to the m-th level and of unit norm, we have —
since weight spaces of different weights are orthonormal — that

la""2V@. g XL, = )2 @M T  Palgal

neZ,n<m

2 h h -2 2 2
lolZ,,, a2 121727 | D™ el + mg™ | |

n>0

where we used the norm estimate (69) and then separated the sum over n into negative and
positive terms. Note that we have n < m, since weights in unitary modules have to be positive
(cf. (63)). We also applied Eq. (36), since all three modules are irreducible. We are left with
taking the sum over m € N to get the final estimate, which leads to

lg™2 V(g™ %0, 22" X I,

1 q
< 2 h)\l+h)L2+hA3 -2t . O
<lgl?,,, ¢ T a e T a2

The case of a general irreducible module Ly ;, with top level corresponding to an arbitrary
highest weight representation of sl(d, C) can be handled as well, see [70] for an exposition. This
construction in the case of Spin groups is very nicely presented in the thesis of Laredo [71].
However, representations other than the defining one generally lead to more complicated norm
bounds.

5. Approximating CFT correlation functions

In Section 4, we showed that scaled intertwiners are bounded operators if the formal variable
is replaced by a complex number. The next step in our considerations is the construction of a
truncated version of these operators, which only changes the weight by a finite number. This then
ensures that the image of a finite direct sum of weight spaces under this operator is still contained
in a fixed finite-dimensional space, which is obtained by truncating in the weight basis. This is
the first main ingredient for our MPS construction.
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5.1. Truncated scaled intertwiners

Recall the mode expansion (37) of an intertwiner Y(a, z) = Zre,,mez y(@)emz " T " fora
homogeneous vectora € A,  C A,. According to (41), the operator y(a). , changes the weight
of a vector by —t —m + «, for any v € I and m € Z. This motivates the following definition:

Definition 5.1 (Truncated intertwiner). Let A, B, C be modules of a VOA V and ) an intertwiner
of type (ACB). Let N > 0. The truncated intertwiner YN : A — End(B, C){{z, z~'}} is defined
as

y[N](a’ 7) = Z y(a)r’mz—m—r—n
tel,meZ
|m|<N

for any homogeneous vector a € A,, and then linearly extended to the whole module A.

We usually choose N to be a positive integer. We sometimes refer to it as the truncation
level or truncation parameter. It is worth explicitly writing out what condition (41) implies for
truncated intertwiners. Indeed, this is the key to bounding the bond dimension of the resulting
MPS (see Section 5.2.2). A truncated intertwiner Y!V1(a, z) does not change the level by more
than N in the sense that

YW@ 9B c P Cu-mllzz™')} forallneNo. (70)
meZ
lm|<N
This is an immediate consequence of the definition and Eq. (42). Analogously, we can introduce
a similar notion of truncated scaled intertwiners. However, before doing so, we need to introduce
the following notion for a finite-dimensional subspace S C A of a module A. We define

Stomi= €D (SNAwa), (71)

neNg,xely

where the sum is over all weights occurring in the module A. The main motivation for this
definition is to ensure that Shom is spanned by homogeneous vectors, which is not a priori true
for any finite-dimensional subspace S C A (take for example a single, non-homogeneous vector).
In the following, all our statements apply to Shom, that is finite-dimensional subspaces which
are spanned by homogeneous vectors. Note however that starting from any finite-dimensional
S C A, we can suitably enlarge S by homogeneous vectors to get a finite-dimensional § C A
with S C 8 = Shom.

Definition 5.2 (Scaled truncated intertwiner). Let A, B, C be unitary modules of a VOA V.
For a linear subspace S C A, let Shom be defined by Eq. (71). Let ) be an S-bounded unitary

intertwiner operator of type ( ACB ), and let W be the associated S-bounded scaled intertwiner of

type (. ,) (cf. Definition 3.3). Fix a truncation level N > 0 and 0 < g < 1. Define

WM Shom = End(B, O){{z,z'})
a WEIN](CLZ)
by
WM (a, 2)b := g 10/2Y N (gL 2a, 20/
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for homogeneous a € S and arbitrary b € B, and extend this linearly to all of Shom. Then we call
the family {(WN 2 Shom — End(B, C){{z, 27 "}}Jo<g<1 the N-th level truncation of W, or simply
a truncated scaled intertwiner.

Of course, truncated scaled intertwiners also have a “controlled” behavior on the levels in the
sense that

W@, 2)B, ¢ @ Ca-mliz.z™")}  forallneNp, (72)

mez,
Im|<N

as follows immediately from (70) and the fact that Lo preserves levels. Starting from this formal
power series, we can get a well-defined operator by replacing the formal variable by a com-
plex number (the fact that it is well-defined follows since it is a finite sum of operators times a
power of a complex variable). Observe that for z € C, the operator WE]N] (a, z) acts on the infinite-
dimensional module B. This raises the question whether it is bounded, which is answered by the
following lemma.

Lemma 5.3. Let WLN] be the N-th level truncation of an S-bounded scaled intertwiner W, of type
(ACB ) Let ¥ be the boundedness parameter of W, introduced in Definition 4.2, z € C\{0}, 0 <

g <min{|z|?, 1/|z|*} and 0 < q1, q» < 1 satisfying q1 - g» = q be given. Then WEIN] is S-bounded
with

VAV IRAC R
W a2l < Bl - B2 D) gy g e s
V1I—qi
Specifically, setting q1 = q2 = \/q we get
V|- v ,Z
W a9l < lal - ELEVED e s

VI-Va

The bound is independent of the truncation parameter N, and in fact holds in the case N = oo,
that is, for the scaled intertwiner Wy, itself.

Proof. Let b € B, be a homogeneous vector at level n. Since the weights spaces are orthogonal
and ¢gL0/2 does not change the weight, we find for the square of the norm

WM @, blz = > g™ y(@emg™ bz 7" .
tel,meZ
lm|<N
Each term ||qLO/zy(a)T,qu0/2bz_m_f_" ||2C for m € Z is positive, and hence we make the ex-
pression only larger if we drop the restriction |m| < N. But then

WM @, 2)bllE < > 19" y(@)rmg bz T G = Wy (a. DbIE | (73)
tel,meZ
by the same arguments as before.

Let us now consider a general b € B, and decompose it into homogeneous elements belonging
to fixed levels as

b= Z Mn,gbn.p where p, g€ Cand b, g€ Bypg, |bupglla=1,

nENO
Belp
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implying [|6]|% = ZneNo |tn,p|?. By (52) we have for a € A, and ¢ = g - ¢» that

Lo/2 Lo/2 L2
W, (a,2)b =g 0/ Wy, (g1 %a, 2)q1"’

Combining these observations with (73) we find using the Cauchy—Schwarz inequality

WM @, 2)blc < D linpl - IWN (@, 2)by gl c

nENo
Belp
3
Lo/2 Lo/2 Lo/2
< ||b||B~<Z lgy* Wy, (g1 a. 2)q1" bn,,ané) .
nGNO
Belp

Applying the fact that W,, is a scaled intertwiner and hence bounded by Corollary 4.4, as well

/3/2

as using qlL"/zbn,,g ql/ bn,p and ||b, gllp = 1 leads to

1
2
(612,2)
WM @, 2)bllc <9 (g2, 1Bl s lalla - ( > q‘””) < V115l - Ibllsllall 4 —m—z

neNy Y 511
Belp
since qf <1 (since 0 < g1 <1 and Ip C Rx¢ for unitary modules) and the operator norm
Lo/2

of g;”'” is bounded by one. O

Our main motivation for the introduction of truncated scaled intertwiners is the fact that these
operators do not increase the weight too much, and hence the image of a finite direct sum of
weight spaces is still of that form, with adjusted parameters. As we will see below, this allows
us to approximately restrict to a finite bond dimension when considering genus-0 or genus-1
correlation functions. The next step towards this goal is to establish an explicit error bound on
the approximation of W, by WEIN ] (see Theorem 5.5 below). The following lemma will be needed
for this purpose. It formalizes the fact that elements of high weight are scaled down by operating
with g Lo

Lemma 5.4. Consider an irreducible unitary module A, and let Pj,—n n4N) be the weight space
projection onto

b A

n—N<m<n+N
For0<q <1, N €N, we have
2
Y "= Py g | <

nGNo

3
(1-g)?

Proof. Consider an arbitrary element a € A of unit norm ||a|| 4 = 1 decomposed as
a= Z am where a,, € A,
mGNo

Then (since L is compatible with the grading), we have
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A= Ppnarn)g"%a= Y ¢"Pay+ Y q¢""a,

meNy meN
m<n—N m>n+N
and thus
Lo/2 1|2 Lo/2 2 Lo/2 2
| A= Ponnswpa™aly= Y g™ Panli+ D g™ anl}.
mEN() mENo
m<n—N m>n+N

Here we used the fact that the projector (I — Pj,—n n4n]) leaves the grading invariant as well
as the assumption of irreducibility to conclude that elements a,, € Ay, a, € A,y have different
weights for m # m’ and hence are orthogonal. These weights are then of the form & +m, h > 0
and m € Ny. Using that |la;, |4 < |la]la = 1, we have

n—N-1, Lg/2 2 h n—N-1 .
Loz 12 _ ) 2m=o |l ayllZ <g" Y r 0T g™ ifn>N
> g™ anlly = o
meN 0 otherwise
0
m<n—N
that s, with 320" ¢" < 11
¢ ifn> N
Lo/2 2 T—g n>
> gt Ran|} < 1 T4 o
meNy 0 otherwise
m<n—N
Similarly, we can bound
o0
Lo/2 2 h h
> olghPanli<q" D q"<q" Y 4"
meNy meNy m=n+N+1

m>n+N m>n+N

: 0 m _  n+N+1 ¥ 00 m_ g"tV! :
But since we have )" v ¢" =¢q Yome0d" = =g We obtain

1@ = Pp—nntn)a

L0/2a”2 - qh (1 +qn+N+l) ifn>N
A otherwise .

- 1= q qn+N+1

From this expression, we get the bounds

IA

h N-1
> A= Py al < [Z(l +gm g+ Y q2"+N+li|

neNg 1 -4 n>N n=0
B qh qN+1 q3(N+l) Nt 1— q2N
= + ta T o
l—gq |1—¢ l—gq l—g
< qN+1 3 5
(1-¢q)

where we used that qh < 1 since g < 1. The claim follows since a € A with |ja]l4 = 1 was
arbitrary. O

Our central result is the following bound on the approximation error (in operator norm).
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Theorem 5.5. Let WEN] be the N-th level truncation of a scaled intertwiner Wy of type ( ACB )
Let v be the boundedness parameter of W, introduced in Definition 4.2. Fix z € C\{0}, 0 <
g <min{|z|%, 1/|z|*} and 0 < q1, q» < 1 satisfying q1 - g2 = q. Then there is a constant k > 0,
depending only on the three modules A, B, C such that we have

N/2
Wy (a.2) = WiN @, 2)|| < lalla -k -9 (q2.2) gy

I —q

for all a € Shom and b € B. In particular, setting q1 = q2 = /q, we get the bound
1

1—q

Before presenting the proof, let us briefly discuss the bound. The function

k- 9(/q,2)

1-./q
is finite for all 0 < g < 1 as well as independent of the truncation parameter N. Hence we
get an exponentially fast convergence of the truncated scaled intertwiner to its non-truncated
version with respect to the operator norm as we increase the truncation parameter. Recalling
from Observations 3.1 and 3.2 thatg = e 9, with d being the minimal distance between insertion
points, we see that d determines the speed of the exponential convergence.

W (a.2) —WiNM(a, )| < llalla & - 9(/q.2) g™/

err(q, z) ==

Proof. We first restrict to the case where A, B, C are irreducible modules. As we will argue be-
low, the general case follows since any module can be decomposed into finitely many irreducible
ones, as the VOA is rational. We first establish a relationship (see (75) below) between W, (a, z)b

and W,}N](a, z)b: we will show that, for homogeneous a € Shom and b € B, belonging to a fixed
level n, the latter is obtained by applying a weight projection P,y ,+n] to the former. To do
so, we use the definition of scaled intertwiners. For homogeneous a € S N A, at level r we have
qLO/ 2aesSn A, and thus, writing out the definition of scaled intertwiners

W, (a,20b =Y q"*y(q"a)e mz™" "¢ b,
mezZ
where T =hy + hp — hc is a fixed real number depending on the irreducible modules A, B, C,
see Sect. 2.3.4. Each term in the sum has the form

Z—m—r—qu()/Z a)r,quO/zb — q(wt a)/ZZ—m—r—quo/Zy(a)r’quo/Zb ,

y(g"?

that is, we have

Wy (a,2)b = CI(Wt a2 Z qLO/ZY(a)r,quO/zb F

mez

WgN](a’Z)bzq(Wt a)/2 Z qLo/Zy(a)Lqu()/zbZ—m—T—r (74)

mez
|m|<N

where we applied the same reasoning to W([IN] (a, z)b. Since L leaves the levels invariant, we
have

qLO/zy(a)f,quO/an C By—m forallneNgandm € Z ,
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according to (42) with the convention that B, = 0 for n’ < 0. In particular, this means that for
every b, € B,,, we have

Lo/2 Lo/2 i
Y(@)e,m b if |m| <N
P[n—N,n+N]qLO/Zy(a)t,quO/zbn = " .
0 otherwise .
Thus applying Pj,—n »+n] to (74) gives the identity
WM (a, 2)bn = Piu—n.ns Wy (@, 2)by for all b, € B, , (75)

where n € Ny is arbitrary. Since this identity is independent of the level r of a, and the scaled
intertwiner as well as its truncated version are linear in a, it extends to the whole of Shom.
Consider now a general b € B, and decompose it into elements belonging to fixed levels as

b:Zunbn where u, € Cand b, € B, , |byllp=1,

nENQ

thatis, [|6]1 = 3, cn, lien|?. Then (75) gives

[Wy(a, 20 =WV (@, )b o = | D sa@ = Plue s x)Wy (@, 2)bs

neNo c
<D ttal - A= Py ne )Wy (@, 2)ba |
neNy
172
<Wblla- | D A= Puenaen)Wo(a. 2ba]lz | (76)
nEN()

where we used the Cauchy—Schwarz inequality in the last step. For a € A, we have for g = q1 - q2
that with (52)

Ly/2

Lo/2
(L= Pl N NDWy (@, Dby = A= Plu i) Wy, (gr%a, )b

With the norm bound || Xv|lc < [ X] - [[vlc, applied to X = (I — Pp—N n+N1)q, Lo/ and v =
Wy, (qLO/za z)qlLO/2b,,, we get
| = Pluen s N)DWe, (@, 2)ba |

< | X = Pu-nninpar” o2 |- W, 4 bl

The second norm factor can be upper bounded using the fact that W, is a scaled intertwiner,
which is bounded. This gives

Lo/2 Lo/2

a,z2)q,

I = Pouy s NDWas (g1 %a, bal12 < 9(q2, 2 lall ¢ | A = Pouen nsnpar®?|)

where we used that [|g, Lo/2)"is bounded by 1 as well as that qLO/zb = q{h3+")/2bn and

by || = 1. Evaluating the sum over n € Ny as needed by (76) and usmg Lemma 5.4 gives
2 \/_q
|W, (@, 206 —WiN (@, 2)b] . < llallallbll 5 9 (2. 2) g1 1ql :
for irreducible modules A, B, C. Since g1 < 1, this proves the claim for irreducible modules of
highest weights h 4, hp, hc.
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Consider now three arbitrary modules, which we again denote by A, B, C. Each module can
be decomposed into a finite direct sum of irreducible ones,

A=PAlal. B=EBILl. Cc=EPclyl.
o B Y

Let |I| denote the maximal number of irreducible modules appearing in these decompositions.
This is well-defined since the VOA is rational. Denoting by Q p(s) the projector onto the ir-
reducible component, D € {A, B, C}, § € {«, 8, v}, we find since the irreducible modules are
orthogonal

Wy (a, )b —WiNl(a, Z)b||2C

=> 1> 0ci (Wq(QA[a]% 2) = WM(Q e, Z)) QB[ﬂ]b||2c

14 o,B
= Z (Z I (QC[V]Wq(QA[a]a» 2) O B[g]
14 o, B

2
- QC[VJWQN](QAM“’Z)QB[m) QBW”C) .

N .
Now each of the operators Q¢ )Wy (Q a[w1a, 2) OB(p) (resp. QC[y]W([l ](QA[a]a, 2)OBip)) 18
a scaled intertwiner between irreducible modules (resp. its truncated version) and hence our
previous bound applies. Moreover, we have

1 Qciy1Wq (Qajma, 2) QBigill = IWg (Qajmia, DI = 9(q, D1 Qajaralia =P (g, 2)llalla,

since projectors have operator norm equal to one. Inserting this and using Cauchy—Schwarz once
for the sum over the indices «, 8 leads to

h}/
2 q
Wy (@, 206 = WiV @, )b <3111 Y 11040l 311 Q8 515 (2, ) a7 (I_IW
a,By

But since q{ly <land} | QA,O[aH%4 = ||a||124 and similarly for b, the result follows with x =

V3IPP2 o
5.2. Approximating correlation functions

In this section, we use the notion of bounded intertwiners to establish error bounds on the
approximation of correlation functions. We proceed in two steps: in Section 5.2.1, we establish
bounds on the approximation accuracy when replacing intertwiners by their truncated versions
in the definition of the transfer operator T. In Section 5.2.2, we additionally project onto a finite-
dimensional subspace to obtain bounds for the approximation by MPS (or finitely correlated
states) with finite bond dimension.

As we are only interested in approximation statements in this section, we only consider the
case where the formal variables are replaced by complex numbers, or more precisely a single
one, denoted again by z and assumed to satisfy min{|z|?, |z| 72} > ¢ > 0. Of course, we could
also first define the truncated transfer operator as a formal polynomial, from which an operator
is then obtained by fixing the values of the indeterminates. However, we felt that this approach
is of limited added value.
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5.2.1. Truncated transfer operators and error bounds
In analogy to Definition 3.4, we can define transfer operators which are truncated at some
level N. The corresponding definition is the following.

Definition 5.6 (Truncated transfer operators). Let AD i=1,...,nand BY,i=0,...,n be
unitary modules of a VOA V. Fix some z € C \ {0} and some 0 < g < min{|z|?, |z|72}. For

i=1,...,n,letY; be an SO -bounded intertwiner of type (Alfi()i;zi) ) and let

WM =Wl 2): 8@ — End(BD, BI7D)

be the associated truncated scaled intertwiner. For a; € Sr(]'gm, i=1,...,n,define TIN1. pW
BO by
TV =wWM(ay,2) oW (a2, 2) 0 - o WIN (@, 2) . (77)

n

Then TV is called the transfer operator with insertions {a; i—p

the truncated transfer operator.

truncated at level N or simply

We stress that TIV] is by itself not an operator acting on finite-dimensional spaces; further
steps will be needed to arrive at a finite-dimensional MPS. The main question we address in this
section is how the truncated operator THV1 can be interpreted as an approximation to the transfer
operator T introduced in Definition 3.4. The following is the key technical result.

Lemma 5.7 (Approximation by truncated transfer operators). Let T be the transfer operator
with insertions a; € Sr(]lo)m, i=1,...,n and parameters (q, z) as in Lemma 4.5, and let TIN] pe
the associated truncated transfer operator as in Definition 5.6. Then we have

n
VHgp -1 4 z
||T—T[N]||sqN/4-[n~x-<max S ))]0_[”“1‘”/%)’
1<j<n -4 i1

where || - || is the operator norm.

Before we proceed to the proof, let us discuss the dependence of the bound on the parameters.
We see that the expression in the square brackets

ol 9,/ z))”

1<j=n 1-.q 7%
is independent of the truncation parameter N, and thus constant for a fixed number of insertions n
and any 0 < g < 1. Hence we get exponentially fast convergence (in the truncation parameter N)
of the truncated transfer operator to the original one. The speed of convergence is again governed
by the value of g, or equivalently, by the minimal distance between insertion points on the plane
or the periodic strip.

A(n,q,z)::n-/c~<

Proof. Defining
Q¥ =W (a,,z) e End(B™, B"~D)
QY =W" (ar,2) 0 ), €End(BY, B*D)  fork=n—1,...,1,

where
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WO — W, forn </¢
n = (N)
W, forn > ¢,

we have Q(lo) =TIV and Q(ln) =T (and more generally, QYZ) contains £ non-truncated intertwin-
ers and n — ¢ truncated ones). Using the telescoping sum, we get the upper bound

n
0 ¢ -1
120 — e <> el - ") (79)
=1
For notational simplicity, let us first introduce the following set of abbreviations

U , Tnih| - O ,
°r'j (4, 2) :z%\/j{)’ 0"j(q,2) = %f 2,

where (g, z) is the boundedness parameter of the j-th scaled intertwiner in the definition of
the transfer operator T. We proceed to bound the differences || QEO - QEE_I) |I. For £ = 1, we have

o’ — o =w(a1,2) oW (@2, 2) 0 -+ o WM (ay, 2)
~ WM @y, 2 oW (@2, 2) 0+ o WM (ay, 2)
hence applying Theorem 5.5 and Lemma 5.3 (the latter n — 1-times) yields
12{" = 21 < llarlla, - IWS (a2, 2) o WSV (a3, 2) 0 - 0o WM (ay, 2) I - emi (9, 2)g ™

N
<llarll 40 - la2ll g - IWSY (@3, 2) 0+ 0o WY (@, 2) |

cerri(q. 29" *9"2(q. 2)
n n
< (]‘[ la; nAm) cerri(q, gM* []#"(q.2) - (80)
i=1 j=2
Similar reasoning for £ =2 gives
n n
2 1
12 -2Vl < (H la ||A<l->> cem(q. g™ 0" (q. 2 [] 95 (q.2) - (81)
i=1 j=3

More generally, for £ > 3, we have
Q" — Q" =Wi(a1,2) oWa(az. ) 0+ oWy a(ar2.2)8  where
8 = (We—i(ag, 2) =W, (g, 2)n
n= WEN) (ag,z)o Wyj-]l (@e41.2) 0 WM (g, 2) .
Theorem 5.5 and Lemma 5.3 then yield
n =2 n
12" — ") < <H lai ||A,.) cer_1(q. 0" [ [ #iq. 2 [ #")(q.2)

i=1 j=1 j=t

n -2
_ N/ 1—[ _ Kk 91-1(/4, 2) ‘
q ||al||A,-> ———=T]%iq.2
(i_l 1-Va j=1

] VUi |97, 2) (82)
j=t t-va
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Vi (/q:2)
for £ > 3. We then have for 0 < ¢ < 1 that \/1 — /g > 1— /g, as well as ¥(q,2) < ’1*_/—

due to the last assertion of Lemma 5.3. Combining these facts with (80), (81) and (82) with (79)
gives

§

n n I ) . )
=T < ([T hailo ) -4 mie [N
I=va

i=1 j=1

An immediate consequence of Corollaries 3.6 and 3.7 together with Lemma 5.7 are the fol-
lowing estimates of the correlation functions in terms of truncated intertwiners. These are the
“truncated” counterparts to those results: indeed, in the limit N — oo of no truncation, the exact
statement is reproduced. In order to simplify the expressions encountered, we henceforth assume
that the insertion vectors {a;}?_, appearing in the definition of the transfer operator as well as its
truncated version are of unit norm, that is,

||a,-||A(,-)=1 foralli:l,...,n.

All of our approximation statements are now subject to this assumption. The general case may
be obtained by multiplying the error by the product [[7_, llai |l s

Corollary 5.8 (Approximate reproduction of genus-0 correlation functions). For a; € Sr(]i))m,
i=1,...,n let TN . B®W 5 BO) be the truncated transfer operator with normalized inser-
tions {a;};_, and parameters (q,z) (cf. Definition 5.6). Suppose v® ¢ Bég) is at level £y and
v™ e Bé:) is at level €, and both vectors are of unit norm. Then the genus-0 correlation func-

. 0 . .
tion Fu((())) L IS approximated as

|(U(0), T[N]U(n)) _ (n+l/2)€,1+€0/2+2';-=1 jwtaj F(O)

q “Fu0) o (@1 5D @n 5)
<q"*An,q,2),
where

~ Lo/2 .
aj

aj=q and §}=qu forj=1,...,n.

Note that the dependence on N is exponential. However, the bound turns out to be only in-
teresting for N large compared to the difference |£y — £, | between the levels: as we will show
below in (87), the expression (O TINIy®™)y vanishes if |[€g — €,| > nN.

Proof. Inserting the expression of Corollary 3.6 for the correlation function in terms of the trans-
fer operator T, we find

41/ +00/24Y" _, jwta;]| .0
(U(())’T[va<n>>_q[n 0/2+3 1 J a,]Flf(g)’vm((al,g{),._,,(a,,,;,;))

= |0, (T = T) o) < T =T o 10 0o

Inserting the bound from Lemma 5.7 finishes the proof. O

Corollary 5.9 (Approximate reproduction of genus-1 correlation functions). Assume periodic

boundary conditions B© = BM™ — B Fix normalized a; € Séi))m, i=1,....n and let TV .
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B™ — BO pbe the truncated transfer operator with insertions {a;}!_, and parameters (q, z)

(cf- Definition 5.6). Let O < r < 1, and let

dj:qL°/2aj and Cj{:ij forj=1,....,n,p=rq". (83)
Then the genus-1 correlation function (cf. Eq. (49))

FV (@1, ¢). ... @ng))) (84)
is approximated as

[TegTVIrE0 — p/2 D (@ 21), - @nez)) | < gV ALg.2) - r/* Zp(r) (85
where Zp(r) is the partition function (or character) of the module B,

Zp(r) =Trg[rlo=</?4]

Consider for example the (typical) translation-invariant case, where the modules AV = A,
BY) = B and intertwiners Yj=Y,j=1,...,n,are all identical. Then the error bound becomes

n
|TrpTVIpLo — pc/24F| <q"*ni [—m (V. Z)] 2 Zp(r)
—va
The expression in the square brackets should be regarded as normalization factor determining
the overall scale of the approximation error. In contrast, the error ¢¥/#n « decays exponentially
with N. Finally, the third factor in (85) only depends on the regularization parameter r and should
be considered as a constant. To summarize, Eq. (85) implies that the error is exponentially small
in the truncation level N independently of the number » of insertions.

Proof. The proof of the equivalent result in the genus-1 case follows again by using Lemma 5.7,
as well as by using the Holder inequality for the Schatten norms. Explicitly, denoting the corre-
lation function by

F=F"(@.¢).....@n 1)) .
we have by Corollary 3.7

[Trp TV Lo — p¢/24 F| = [Trp (T[N] _ T) rLo| < TV — T Trgrto |

since the operator 70 is positive. Inserting the bound from Lemma 5.7 as before completes the
argument. O

5.2.2. Approximation using finite bond dimension

Up to this point, we have merely truncated and scaled the intertwiner ) in such a way that
it does not change the level in one application by more that N in absolute value, see Eq. (72).
However, this does not mean that the spaces involved in the evaluation of e.g., approximate
correlation functions (as in Lemma 5.9) are finite-dimensional. To obtain a representation by an
MPS with finite bond dimension, we generally have to further restrict the truncation space (unless
we are considering genus-0 vacuum-to-vacuum correlation functions, as discussed below).

More precisely, the trace in expression (85) is taken over the infinite-dimensional mod-
ule B = B™ = B. To obtain an approximation using a finite bond dimension, consider the
No-grading B = P,,cy, Bn and the projection P11 onto @), -, B,. That is, the operator PIM]
projects onto the highest weights (up to and including the level M). Here M € N is an additional
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truncation parameter which ultimately determines the bond dimension of the resulting MPS (see
Lemma 5.10 below) according to

dg(M) :=dim PM1p = Z dim B, for M >0 . (86)
0<n<M

To distinguish it from the ‘truncation level’ N used in the definition of truncated intertwiners, let
us refer to M simply as the cutoff or cutoff parameter.

We are ultimately interested in the approximation error when approximating correlation func-
tions by MPS with finite bond dimension. For this purpose, we need a refinement of Corol-
lary 5.9, which provides a bound on the accuracy when approximating a correlation function by
a truncated trace Trp Pl[gM]T[N IrLo In Section 5.3.1, we will argue that this expression is given

by matrix elements of an MPS.

Lemma 5.10. Assume periodic boundary conditions B = B™ = B. Fix normalized a; €
(@)
S

home L =1,...,n and let TN . B 5 BO be the truncated transfer operator with inser-

tions {ai}l"‘:1 and parameters (q, z) (cf. Definition 5.6). For M > 0, let PgM] be the projection
onto @Osme B,,. Let F be the genus-one correlation function defined by (84). Then for any
0<r <1, we have

[ Trp PR TIVIP 0 —p24p| < (”KqN/4 r Zp(r) + rM/zrc/lzZB(\/;))

.<max NIEANG z))"

I<jsn -4

where Zp(r) is the character of the module B (cf. (50)).

Here we should again think of the multiplicative factor involving the boundedness parame-
ters ¥; as a normalization factor, as it determines the overall scale of the correlation function.
The partition function appearing in both terms plays the same role. Hence this yields an exponen-
tially small (in the truncation parameters N, M) error estimate when approximating a correlation
function by the expression Trg PL"ITINI-Lo_ Tt remains to connect this expression to a finite-
dimensional MPS. In the next section, we show that for a certain bond dimension D and a certain
choice of matrices {A,}, € Mat(C”) defining an MPS, the quantity Trp PéM]T[N IrLo is equal to
the sum of certain matrix elements of the MPS.

Proof. Recall from Corollary 3.7 that TrTrL0 = p¢/?* F is the exact correlation function. Using
the triangle inequality, we thus have

|TfBP1[3M]T[N]rL0 _ pc/24F| < |TrBPgM]T[N]rL0 _ TrBT[N]rL°| + |TrBT[N]rL0 _ pc/24F|
= |TrB (I _ PéM]) T[N]VLO| + |TrBT[N]rL0 _ pc/24F|
<|Trp (I — Pl[gM]>rL0|”T[N]” +6]N/4A(}’l, q,2)- rc/24ZB(V),

where we used the result of Corollary 5.9 in the last step as well as the Holder inequality
for Schatten norms. We proceed in two steps: First, following exactly the same arguments of
Lemma 4.5 and using Lemma 5.3, we find



84 R. Kénig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121

n
I <[] .2,
j=1

since all vectors a; are supposed to be normalized. Second, since I — PéM] is the projector onto

all weight subspaces of weight lower bounded by M, we have
Trp (I — PLMI> rlo = Z dim(B,)r" < rM/? Zdim(Bn)r"/2 = phB+M) 2y g pLo/2

n>M n>0

The claim follows since Tr(r£0/2) = r¢/12 7, (WV7), r'8/2 < 1, and by inserting the definition of

?(q,z) aswell asusing \/1— /g >1—/q. O

5.3. Structure of approximation and the bond dimension

In the following, we combine our results and give the proof of Theorem 1.1. On a structural
level, we first have to connect matrix elements of the truncated transfer operator to an MPS. In
Section 5.3.2, we will then analyze the bond dimension of the resulting MPS.

5.3.1. Recovering the MPS

To relate expressions such as (v(o),T[N ]v(”)) and Trp PéM]T[N 1rLo to a finite-dimensional
MPS, we simply use Eq. (72), i.e., the fact that application of a truncated scaled intertwiner
WgN] does not change the level of a vector by more than N in absolute value. As an immediate

consequence, any sequence of truncated intertwiners Wl[»NJ (ai, z) applied to vector of bounded
weight is still contained in a finite-dimensional subspace. This fact is made use of in the proof
of the following result, which gives an upper bound on the bond dimension. (Recall that dg (M)
is the dimension of the subspace obtained by keeping all levels up to and including M in the
module B, see (86).) We will also show (as mentioned earlier) that the expression (O TINTy )y
vanishes unless N is large compared to the difference between the levels of v and v™.

Recall from Eq. (86) that dg(M) denotes the total dimension of all levels up to and includ-
ing By in the module B.
Lemma 5.11 (Genus-0 MPS). For a; € S i =1,....,n, and z € C\ {0}, 0 < ¢ <
min{|z|?, |z| 72}, let TV : B®W — BO) e the truncated transfer operator defined in Lemma 5.7.
Suppose v € B is at level €© and v € Bz(n) is at level £V, Then

£© ()
WO TNy =0 @ ™ s N (87)
Fix a cutoff M > 0. Then there exist operators Aal , Aaz, ey Aan on CP, linearly depending on

the vectors aj, with

D = max dg;(M +nN),
0<j=<n

and linear embeddings

0
@OgmgM Br(r?) - CcP"cch and ®O§m<M Br(n) - CP7 ccP
o) . 5 " 0) . 50)

with D™ = dgmy (M), DO — dgo (M), such that

WO, TV o (5O R, Ay 5 e |

Jorallv® € By BY and v € Do<m<m BY.

(n) ()
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Note that Lemma 5.11 merely expresses the fact that (v@, TI¥Ny™) can be related to a
finite-dimensional MPS; we defer the discussion of the relationship between the approximation
accuracy of correlation functions and the bond dimension to Section 5.3.

We also point out that in the special case of vacuum-to-vacuum correlation functions, we will
set v@ = v™ =1 and can thus take M = 0.

Proof. The expression TIVu® is defined recursively with TNy = TIVly () g

T}[,IN]U(H) — W’[,lN] (an , Z)(v(n))

TV =W (@, 2) o T ™) fork=n—1,....1.
In particular, if we define operators

A, :BY) — gU=D

J
N
b WM, 2)(b)

we have
TIN® Z A, o A 0™ (88)
Furthermore, by (72), we have the containment
. -
ABl c P BYTY (89)
|m'—m|<N

for any level m € N. In particular, if v™ B™ | then we conclude that

()
™hwe @  BY

’n/ 9
|m'—£ | <n N

by iteratively applying (89) to (88). Since different levels are orthogonal, Eq. (87) follows imme-
diately. Eq. (89) also implies

Ay P B’c P BT (90)

O<m<M 0<m=<M+N

Iteratively applying (90), we conclude that for v € P,y B = PI[;Z}B(”) and all r =
1,...,n, we have

_ - M+nN -
AarAarH"'Aa,,U(n)E @ B’%r D @ Br(nr ”:P}g(,j')’ Igtr=1)
0O<m<M+mn-r+1)N 0<m<M+nN
oD
For any
We @ BY  ad e @ BY.
O=m=M 0<m<M

projecting the vectors, i.e., setting 7 = P;%)v(o) and 9™ = sz,)l)v(”) leaves them invariant,
ie.,

@ = 5O and i =g (92)
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Combining (88), (91) and (92) therefore gives
O, TV = GO Ay, A, 50)

where

A _ plM+nN] [M+nN]
Aaj - PB(jfl) Aa/ PB(j>

The claim follows since all operators and vectors involved in the expression (95) are supported

on spaces of the form @Ofm <M+nN B,(,f ). These spaces can be embedded in CP with D =
maxo<;<n dpi)(M + nN), their maximal dimension. O

Note that in the second half of this proof, we only made use of (90) instead of the stronger
two-sided bound (89). This is motivated by the fact that we are mostly interested in correlation
functions associated with vectors of low weight, as for example for vacuum-to-vacuum correla-
tion functions. Other correlation functions may be extracted using the Ward identities [2].

To make a similar statement about genus-1-correlation functions, we again introduce a cut-
off by projecting onto the subspace of levels less than M of the module B. As before (see
Section 5.2.2), we denote the corresponding projection by Pl[gM]. The argument proceeds by
reduction to the genus-0-case.

Lemma 5.12 (Genus-1-MPS). Let AD and BO i =1,...,n be unitary modules of a VOA V),
with BO = B® =: B. Let S0 ¢ AD and a; € Sr(1i3)m be as in Lemma 5.7. Let TN : B — B be
the associated truncated transfer operator. Then there exist operators Aal , Aa2, e, Aa,, on (CDN,
linearly depending on the vectors aj, with D = maxi<j<y dpiy(M +nN), and an operator X

on CP of rank DO = dy(M) < D such that

Trp Py TNVI-L0 = Teep [Ag Ag, - Ag,X] -

We remark that the dependence of the bond dimension D on n can be slightly improved from
n to | 5] using the fact that we are taking the trace, though this does not affect our conclusions
in a significant way.
Proof. Choose an orthonormal basis {bi}?i §M) of the space PIEM]B = @g<y<p Bm consisting
of homogeneous vectors. Then o

d (M)
Trg PYITIVI Lo = 3 b, TINp;) (93)

i=1

By Lemma 5.11, there are operators Ag; : BYW — BU=D for j =1, ...,n such that the projected

operators A, ;= Pl[%f,';M]Aa ; ng;r nM] satisfy
(PLOIDi, Agy -+ Ag, PUTIb:)y = (b; TWIby)  foralli=1,....dg(M). (94)

Observe that because B® = B™ = B in the genus-1-case, and since {b;}; is a basis of
@Ofm M B,,, we have sz)]bi = Pl%)]bi = b;. Because L is compatible with the grading, we
further have rLo PIEM]b,- = r"Pip; Defining

X=plrtopM and b =P,
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we hence get

dgd)
TrBPtlngT[N]VLO = Z (bia Aa] "'AanXbi> (95)
i=1
by combining (93) and (94). The claim follows since all operators and vectors involved in the ex-
pression (95) are supported on spaces of the form @, <pr1 0y B\ which can all be embedded
inCP. O

Let us now for simplicity assume that d = dim SU) is identical ~for all 1 < j <n, and let
{lk)}1<k<a denote an orthonormal basis of C4. Since the operators A;; depend linearly on the
vectors a, we can define a linear form on (CH®n g5

omps, 1K) ® [k2) ® -+~ @ |kn) = Treo [Ag At - A X] | (96)
where we denoted Akz = A|k2>. We can thus finally collect the pieces of provide a proof of our

first main result.

Proof of Theorem 1.1. In the genus-0 case, we use Lemma 5.11 (in the form (96)) to write the
vacuum expectation value of the truncated transfer operator as the matrix element of an MPS
(cf. (7)), that is,

aups, (k1) @ ® [kn)) = (1, T 1) .
According to Corollary 5.8, we have (since the level of the vacuum 1 is £y = £, = 0)
(1L TV g — gZi= /" FO (@, 01), . G )| < 4™ A q.2)
=:emps,(n,q,z, N)

This means that for primary fields {a j}?zl, the MPS approximates a (scalar multiple) of
the genus-0 n-point vacuum-to-vacuum correlation function (see Observation 3.1) with error
(cf. (78) for the definition of A(n, ¢, z))

I<j<n 1-./q

where z = ¢ %6 g =¢79. o7

o ol 9 z>>"

emps,(n,q, 2, N)=q™* .n -« (

Consider now the genus-1 case. Here we have to additionally cut off the Hilbert space dimension
at some level M € N. Comparing the rhs. of Eq. (96) with Eq. (9), we see that they agree.
Correspondingly, we have (with Lemma 5.12) an MPS o ps, such that

omps, (k1) ® [k2) ® -+ ® [ky)) = Trp PR TV Lo

But according to Lemma 5.10, the latter expression approximates a correlation function (see
Observation 3.2)

| Trg PRMITINI Lo — oe/24 FD (@ 01), . Gn. &) | < emps, (n.q, 2.7, N, M)

with error
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emps,(n.q. 2.1, N, M) = (anN/4 70 + rM/Zrc/IZZB(\/;)>

- | max 50 -9;(v/9.2) . (98)
I<j<n 1-./q

Thus the MPS o ps, approximates the correlation genus-1-correlation function, as claimed. O

5.3.2. Scaling of the required bond dimension

Having constructed an MPS for approximating CFT correlation functions, we will next dis-
cuss the relationship between the bond dimension, the approximation accuracy, and parameters
of the CFT. Recall that the finite-dimensional MPS approximates the exact correlation function
(with prefactors) with error €y ps, (cf. (97)) in the genus-0 case and with error €p7ps, (cf. (98))
in the genus-1 case. Both quantities depend on

(i) the number n of insertions. (In the case of a full CFT, the number n can be replaced by
the number of non-trivial insertions, i.e., those not equal to the vacuum vector — see the
discussion in Section 6.3.3.)

(i1) the minimal distance d between insertion points (via g = e~ %) and the offset dy (see Fig. 2).
(Alternatively, we may use the length L of the interval considered: according to Obser-
vation 3.1, the number of insertions is equal to n = L/d, where d is again the minimal
distance between two insertion points.) Its inverse 1/d may be interpreted as the maximal
precision and hence an upper bound on the momentum observed; the continuum limit cor-
responds to d — 0. In addition, in the genus-1 case, we have a regularization parameter
0 < r <1 (which determines the diameter of the torus via p = re~"9). In the limit d — 0, it
is natural to set this to an exponentially small value in d. For concreteness, we will choose
r=ql?=e"92,

(iii) the CFT under consideration, in terms of the boundedness parameters @;.

(iv) the truncation parameter N € Ny, and, in the genus-1-case, the cutoff parameter M € Ny.
We will treat both on the same footing by setting M = 0 for genus-0 vacuum-to-vacuum
correlation functions (see remark after Lemma 5.11).

The quantities (i) and (ii) determine the correlation function under consideration. In a first step,
we will substitute (iv) by

(iv") the bond dimension D of the MPS, determined by
D =dp(M +nN) .

Here we assume translation-invariance for simplicity, i.e., the modules BY) = B are all iden-
tical for j =1, ..., n. According to Lemmas 5.11 and 5.12, this bond dimension is sufficient
to yield an MPS with error €/ ps.

We stress that (iv’) depends on the dimension of the weight spaces, which in turn is determined
by the CFT under consideration. Indeed, the following analysis shows that (iv") is the most sig-
nificant dependence on the CFT (rather than (iii)). In the following, we will use a simple upper
bound on the growth of the weight spaces of modules (i.e., the function dp(-)). Its dependence
on the VOA V in question is captured by the quantity

Cy=dimV/C,, Cr =span{u_sv |u,veV}.
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We then have the following statements:
Corollary 5.13.

(i) The constructed MPS requires a bond dimension D scaling polynomially in 1/¢, where ¢ > 0
is the approximation accuracy (i.e., ey ps < €). The degree of the polynomial depends lin-
early on each of the parameters Cv), the number of insertions n, and the inverse distance 1/d
between insertions. That is, there are constants 21, 22 > 0, such that a bond dimension of

D~Q - (1/e)2 Vi

is sufficient to yield accuracy e.

(ii) For a fixed approximation accuracy € > 0, the required bond dimension D grows sub-
exponentially with the number n of insertions (or the number of non-trivial insertions in
the full CFT case, see Section 6.3.3), and the rate of growth is determined by Cy. More
precisely, there is a constant Q = Q(¢) > 0 such that

D . AV (99)

is sufficient to yield the desired accuracy.

In particular, for a fixed interval length L, the dependence of the bond dimension on the in-
verse 1/d =n/L of the minimal distance between insertion points is sub-exponential.

Remarkably, the dependence of the required bond dimension on the VOA V is reduced to a
single parameter Cy. In some sense, this quantity determines the difficulty of approximation;
because of its direct link to the bond dimension, it appears to represent a measure of the amount
of correlations and/or entanglement encoded in correlation functions. Following Gaberdiel and
Neitzke [63, p. 324], we can interpret the parameter Cy, roughly as the number of degrees of free-
dom of our theory if counted using free fermions for comparison. This matches the assumption
that a theory with more degrees of freedom should require a larger bond dimension.

If the quantity Cy, could be replaced by the central charge ¢ of the corresponding representa-
tion of the Virasoro algebra acting on the module B, these bounds would be closer to what may
be conjectured based on results found in the literature: a bound similar to (99) would imply that
the bond dimension scales as the density of states of the CFT (with 1/d being the correspond-
ing energy). The latter is given by the famous formula of Cardy in the context of BTZ black
holes [72]. Indeed, this formula was also employed by Zaletel and Mong [22] for a more heuris-
tic argument to get an estimate on the bond dimension in the context of quantum Hall physics.
Unfortunately, though, only partial results are known that connect Cy, to the central charge c.
Gaberdiel and Neitzke [63] have shown that it is an upper bound on the effective central charge,

c—24min(wtb : be B) < %
However, we do not know how tight this bound is, nor can we explain appearance of the factor
of one half.

Let us also mention that intuitively, we could also expect that the scaling of the bond dimen-
sion is related to the well-known entropy formula by Holzhey et al. and Calabrese and Cardy [73,
74]. This states that the von Neumann entropy of the reduced density matrix of a line of length L
of a full conformal field theory should scale as ¢/3 log L, with ¢ the central charge of the theory.
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However, as noted in [75], a bound on the von Neumann entropy is usually not sufficient to get
a rigorous estimate on the required bond dimension. Moreover, here our aim is not to approx-
imate the path integral description of the reduced density matrix, but rather to get approximate
expressions for correlation functions.

Proof. Let us first consider the bond dimension D of the MPS. Eq. (27) implies the bound

D =dg,(M +nN) < (dim By) - Z P, Cy),
1<l<M+nN

where dim By is the dimension of the top level of the module B. Inserting the (pretty rough)
upper bound on the multi-partition function P (n, Cy) obtained in Lemma A.1 in the appendix,
we can further bound this by

C
D < (dim By)(M + nN)eX™V & M+nN) (100)

The bound (100) implies a sub-exponential growth of the bond dimension with the truncation
parameters M, N. However, the approximation errors ey ps,, Emps, (cf. (97), (98)) scale expo-
nentially in these parameters. This amounts to saying that the bond dimension scales at most
polynomially within the approximation error.

More precisely, recall from (97) that gy p, is proportional to gN/* = e=9N/4 and thus de-
cays exponentially with a rate determined by the minimal distance d between the insertions, see
Fig. 1 (b). For the genus-1 correlation function, we choose the cutoff level to be M = N, and the
regularization parameter r = ¢'/? = ¢~92, Then both in the genus-0 and genus-1-case, we have

emps < (constant) - e IN/4 (101)

In particular, combining this with (100), we find that for a fixed approximation guarantee &,
a bond dimension of roughly

4r(n+1)
1 1 2 C 2(n+1)1 % 1 Cy 39
D % (constant) n: log< )e Ty SV °g( ) < (constant) (—)
P>

&

is sufficient (for a fixed number of insertions n). This is the claim (i). Similarly, for a fixed
approximation accuracy € > 0, Eq. (101) fixes N and thus the bond dimension D by (100). The
claim (ii) then follows (neglecting logarithmic terms). O

5.4. Intertwiners and G-invariant MPS for WZW models

We end this section with a discussion of the MPS approximation in the case of our main
example, the WZW models. We are interested in the case where S is the subspace of top-level
vectors in an irreducible module. The following statement characterizes the degrees of freedom
that scaled intertwiners have in this case. It also applies to truncated scaled intertwiners, and thus
characterizes MPS for WZW-models.

Proposition 5.14. Consider a WZW model with internal symmetry group G (a compact Lie
group), specified by the Lie algebra g. For j =1,2,3, fix integral dominant weights A; such
that Aj(0) < k. Let Lk,)\j be the corresponding Ly o-module, and recall (cf. Section 2.3.2) that
the top-level V; = Lk,)\j (0) is an irreducible g-module. Let U; : G — GL(V;) be the associated
unitary representation of G. Let S = Ly ;,(0) be the top level in the module Ly ;.. Then there is
a one-to-one correspondence between
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(1) G-intertwining maps W :V3® Vo — Vi
(i1) S-bounded intertwiners W(-, z) : S — End(L »,, Lk2 ) {{z, z~ 1

More precisely, the correspondence is given by the identity

L3
W3 ® g2) =27q 2 == - PW, (03, 2) P (102)
for o3 € Vo =143,(0) and o3 € S = V3 =Ly 3,(0), where T = h;; 4+ hj, — hy,.

Observe that the expression on the rhs. of Eq. (102) can be written in terms of the truncated
scaled intertwiner W([]N] with truncation parameter N = 0 if the vectors belong to the top levels,
ie.,

PIOW, (93, 2) PY" o2 = W% (g3, 2)¢2  for g € Ly, (0) . (103)

In other words, a scaled intertwiner WgN] truncated at N = 0 determines a G-intertwining map
and vice versa. As discussed in Section 2.2, the latter describe G-invariant MPS. That is, part
of the approximation procedure for WZW models involves the construction of a group covariant
MPS. Conversely, for every such MPS — or rather for every group-covariant isometry associated
with it — we can uniquely construct an intertwiner for a WZW model. In Appendix B, we describe
a constructive algorithm for this purpose.

We remark that in fact, it is possible to extend Proposition 5.14: a G-intertwining map W :

V3 ® V, — Vi actually determines the whole intertwiner ) (defined beyond the subspace S) of
Lk

type (I_M3 Lo, ) This follows by extending the algorithm in Appendix B along the lines of [76].

Here we restrict to S-bounded scaled intertwiners for concreteness and since this is our main
object of interest.

The proof of Proposition 5.14 involves standard arguments: the constructive algorithm is an
explicit application of Zhu’s theory [36,52], and can also be seen as the generalization of Huang’s
arguments for minimal models [76]. It is based on the observation that the matrix elements of
the zero-mode fixes all other matrix elements by the local symmetry properties as defined by the
affine Lie algebra §. The argument is presented in Appendix B. For completeness, here we argue
one direction of Proposition 5.14: every scaled intertwiner W defines a G-intertwining map W
by restriction of the zero mode to the top levels.

Proof. According to Proposition 4.3, an intertwiner ) of type (Lk;kf_l“z) is S-bounded, and
we obtain a scaled S-bounded intertwiner W(-, z). It will be convenient to work with the inter-
twiner ) instead of its scaled version. Since scaling amounts to the introduction of additional
factors when considering homogeneous vectors (which is sufficient for this purpose), we can re-
late the rhs. of Eq. (102) to the zero-mode y(-)¢,0 of Y(a,2) =), c7 Y(@)z, 02"~ "~": we have

with (103)

0 0 0 0 0
PW, (p3,2) P o = PIOWIO(PYgs, 2) Py

= gt this)2,=Ty 40y 00 .

Here we used that elements of the top level Ly, A (0) have weight Ao and y(¢3)r, 092 also belongs
to the top level for ¢; € Ly 5, (0). Statement (102) then expresses the fact that a G-intertwiner W :
V3 ® Vo — Vj is uniquely determined by

PUOl(PIV), 0PI : Ly 1, (0) — End(Li 3, (0), Li s, (0) (104)
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and vice versa. We call (104) the restriction of the zero-mode of Y to the top levels. In this
language, Eq. (102) takes the form

Wigs ® ¢2) = PP 03) 0 P02 = y(93)1.002 (105)

for vectors ¢ € Lg,5;(0), j =2, 3 belonging to the top level. This is because the projections PJ[O],
Jj = 2,3 leave these vectors invariant and application of the zero-mode does not change the

weight, resulting in a vector again belonging to the top level.

Lk

—m—t—n .
of type (,_H3 L, ), define a linear

Given an intertwiner Y(a,z) = Y _,,c7Y(@)<,02

map W : V3 ® Vo — Vp by (105). We claim that W is a G-intertwining map. (The converse
direction will be shown in Appendix B.)
It follows from Eq. (44) that for a € g we have

W(ags @ 92) = aW(g3 ® ¢2) — W(p3 ® ag2), forall pj € Vi =L ,(0),

where we denote the action of a € g C § on the irreducible module Ly, 1> 1 =1,2,3 by the same
letter as the corresponding Lie algebra element. (Note that these operators also do not change the
weight.) Exponentiating, we conclude that the operator WV satisfies

W (Us(g) @ U2(g)) =Ui(9) W, forallge G,

where U; : G — GL(V;), i = 1,2, 3, are the irreducible unitary representations of the com-
pact Lie group G. Hence the operator }V intertwines irreducible group representations of G, as
claimed. O

6. Finitely correlated states for full CFTs

Using VOAs, we have established a faithful MPS representation of chiral CFTs. These de-
scribe fields depending holomorphically on the coordinates; antiholomorphic fields are not in-
corporated into this framework. In the following, we describe how to extend these results to
a full CFT containing both holomorphic and antiholomorphic fields (also referred to left- and
right-movers).

6.1. Background: VOAs and conformal full field algebras

We again restrict our attention to the complex plane as well as the torus, where a rigorous
construction of CFTs has been given by Huang and Kong [35,67] in terms an algebraic object
called a conformal full field algebra. In contrast, the algebraic construction of CFTs on higher-
genus surfaces remains a topic of ongoing research, but see the work of Fuchs, Runkel and
Schweigert [77].

We only briefly sketch the pertinent ingredients in this construction and refer the interested
reader to [35,67]. Following the seminal work of Belavin, Polyakov and Zamolodchikov [41],
one starts with a symmetry algebra being a product of two chiral factors (associated with left-
and right-movers) and studies its representations. The factors each contain a copy of the Vi-
rasoro algebra, whose generators {L,I;},, respectively {L,f},, are the Laurent modes of a chiral
respectively antichiral field (i.e., the energy-momentum tensor). The whole set of fields consists
of conformal families that are obtained as descendants of some number of primary fields. As
discussed in the introduction (see Section 1.1), correlation functions (or ‘insertions’) depend on
two a priori independent variables z, z € C. In the statistical mechanics (Euclidean) case we will
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choose 7 to be the complex conjugate of z, whereas for relativistic theories, both parameters stay
independent, but real and imaginary part are equal to the lightcone variables before compactify-
ing the space—time.

6.1.1. Conformal full field algebras

In the terminology of VOAs, a CFT on the plane (or more precisely, a conformal full field
algebra as defined in [35]) can be constructed starting from two VOAs VL = (WL, YL 1L ol
and VR = (VR YR 1R R) satisfying our main technical assumptions: they are rational and
C,-cofinite, and we assume that they are unitary. Given two such VOAs, one obtains a VOA VI ®
VR by setting

1:1vL®1vR, wzva®1vR+1vL®va
and
Yt @R ) =Yl o) @ YRR, 2).

Observe also that if A and BR are modules of V1 and VR, respectively, then A” @ B defines
a module for the VOA VE @ VR,

6.1.2. The full CFT space
A CFT based on V! ® VR is determined by a module 7 of the VOA VE @ VK and an in-
tertwiner ) of type (HHH)' Let us first discuss properties of the module H. Under the given

technical assumptions, H decomposes (see [35, Corollary 2.2]) as

H=PALj1® BLj) (106)

J

into tensor products of irreducible modules A[j] of VL and BJ j] of VR (in contrast to [35],
we include multiplicities in this sum). Importantly, this is a finite sum for the VOAs of interest,
since rational VOAs only have finitely many non-isomorphic irreducible modules [32]. As for
the VOAs VI and VR, we assume that the modules A[j] of V& and B[j] of VR are unitary
modules. Hence they are equipped with a positive-definite sesquilinear form, as well as with
an anti-unitary involution. Upon completion with respect to the positive-definite form, they turn
into Hilbert spaces with inner product defined by the extension of the positive definite form to the
completion. As in the chiral case, in the following we do not differentiate between the module A
and its Hilbert space completion.

We denote the images of (P ; (L afj1,» ® idp(;1) and €D (idajj) ® Lpj),») under the isomor-
phism (106) by LL : H — H and LE : H — H, respectively. The operators Lé and L(If give
an Ny x Ny-grading of the Hilbert space

H= @ HnL nky where Hpl pky = @'H(nLﬂR)J . (107)
(nL,nR)eNgxNy i

A vector Y € H,L ,r) ; satisfies

Ly = (hapjy +n5)y L&Y = (hpy +n®)y

where h4(;) and hp(;) denote the highest weights of A[j] and B[], respectively. The spaces
H e pr), j are given by

H(nL,nR),j = A[]]nL ® B[j]nR
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We will set
L,=LE+ LR forn e Ny . (108)

As before, a vector ¥ € H is called homogeneous if it is an eigenvector of the operator Lg. The
eigenvalue is called the weight of v and denoted wt ¥/, i.e.,

Loy = wty)yr .

It follows that weights are of the form s ;) + hp[j) + n for some j and some integer n € Ny.
Finally, we mention that primary vectors ¥ € H are defined (as before) by the property that

L,y =0 foralln>0.

Diagonally glued CFTs and uniqueness of vacuum In fact, the decomposition (106) of the
full CFT module #H can be refined. Denoting by {A[«]}, .y the set of equivalence classes of

irreducible modules of the VOA VX, and by {B[B]} BeDR those of the VOA VK, we have

H= P mapAle] ® BlB] (109)
ae\ﬁ,ﬁeVR

for some integer multiplicities m Lp € Np. Physical considerations [45] then further demand that

there exists an injective map o : VL' — VR such that only pairs of the form («, B) = (o, o (@))
appear in (109), that is, we have

H = @ myAla] ® Blo(a)] (110)
eVl
for some integers m,. In the following, we will focus (following [35, Section 3]) on CFTs of

this form, where VX = VR =V, and Blo («)] = Al«] is the contragredient module of the mod-
ule A[«]. The decomposition (106) then takes the form

H= P AL, (111)
J
where the index j now runs over the set of irreducible modules as well as counting multiplicities.
Such CFTs obtained by “diagonally gluing” chiral and anti-chiral parts are sometimes referred
to as “diagonal theories” [46].

Finally, we also add the following assumption on our full CFT: We require that the direct sum
decomposition of Eq. (110) contains one and only one summand equal to the tensor product of
the adjoint module V with its corresponding contragredient module V', and all other appearing
modules are not equal to the adjoint module V) or ). This amounts to saying that there is a unique
vacuum state 1 ® 1" € H. This vector plays a particular role, see (114).

6.1.3. Full CFT intertwiner

Given the intertwiner ) of (HHH)’ where H is a module of VX ® V&, the full (CFT-)inter-
twiner is given by a formal Laurent-like series in two indeterminates z and z. It is given by the
expression

Y (2,2) =Y, Dz Hz7H fory e H. (112)

This object obeys similar properties as usual intertwiners. Most importantly for our purposes, the
following analog of (18) holds for dilations:
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dOY W, (2,2)g 0 =Y (g™, (qz,92)) - (113)

In addition, the full intertwiner Y has the property that on the vacuum vector 1 ® 1/, it evaluates
to the identity (irrespective of the formal parameters (z, 7)), that is (see [35])

YA®1,(z2)=1y4. (114)

One implication of (114) is that insertions of the vector 1 ® 1’ in a correlation function (see
Sec. 6.1.4) do not affect the value of the correlation function and can be removed.

The full CFT intertwiner Y can be decomposed into constituent intertwiners, as follows. De-
noting the isomorphism (106) by y : @j(A[j] ® B[j]) — H and omitting superscripts {L, R}
for notational convenience, it can be shown (see [35, Proposition 2.3]) that the intertwiner (112)
has the form

Y(y(a; ®b;), (z,2)y (ax ® br)
5 B[{] .
ZV (|:A[J] A[k]] (aj’z)ak ® |:B[]] B[k]:| (ijZ)bk) s

for @; € A[j1, bj € B[] and a; € A[k], by € B[k], for some intertwiners [ , [A][A[k]] of type

A B¢ Bl{]
(A[]][A][k]) and intertwiners [BIJI[B]Ikl] of type (B[j][B[k]) In the following, we also omit explic-

ity writing the isomorphism, i.e., we write this decomposition as

Y@, ®bj, (z,7)ax ® by = Z [A[A][f&][k]] (@), e ® [B[B][?[k]] ;. b

In the special case of a diagonal CFT, intertwiners have the form
Y(, (z.2) : H — EndH){{z. 27, 2,271 (115)

where

/ = / A[E] A[ﬁ]/ /=N
@ a) k@b = Xe: [A[j] A[k]] (@200 ® [A[j]/ A[k]/] @20 (10

fora; € A[j], a} € A[j]', and by € A[k], b} € A[k]". We call the VOA intertwiners appearing in
this decomposition the constituents of the CFT intertwiner Y.

6.1.4. Correlation functions of full CFTs

As in the chiral case, correlation functions of full CFTs are obtained by evaluating matrix
elements of formal Laurent series with coefficients in the endomorphisms on #, and then setting
the indeterminates to values given by complex numbers. The question of convergence has to be
addressed again, but due to the decomposition (115), this can be reduced to convergence proper-
ties of the chiral and anti-chiral part (see [35] as well as [67] for a detailed discussion). As in the
chiral case, we will use the same letters for the indeterminates and their complex valued counter-
parts, with the understanding that whenever matrix elements or operators on Hilbert spaces are
considered, then complex numbers are used.

Correlation functions of the full CFT are specified by a sequence of the full intertwiner,
evaluated at different values of complex numbers (z1, 21), ..., (Zn, Z») and at different elements
¥1,..., ¥, € H. As for the chiral case, we consider genus-0 or genus-1 correlation functions.
For the genus-0 case, the vacuum-to-vacuum correlation function is

P (@1.21.20s s W 20 20) = (1@ 1, YW1, 20, 20 -+ YW, 20, Z)1 @ 1)
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Correspondingly, the genus-1 case is given as the trace of such a sequence of intertwiners, again
scaled by a factor p using the dilation operator defined by (108), i.e.,

Fp(y%((lﬁl,m, 2oy (Wns Zns Zn))
LE_LE _ 1L IR ) -
=Try <Y(ZIOZIO Y1,21,21) - Y (z,° 7,0 Y Zns Zn)p]LO 2c/24> )

We again assume that ¥, ... %, € S, where S C H is a finite-dimensional subspace of the full
module H, consisting of primary vectors.

As in the chiral case, we assume that our insertion points are separated by a minimal distance.
More precisely, we consider the setup illustrated in Figs. 1 and 2, respectively. That is, the vari-
ables ¢; lie on a line of fixed imaginary part 6 — either in the plane or on the periodic strip — and
are separated by a minimal distance d. As explained before, the variable 7 is set to be equal to
the complex conjugate of z. Applying again either the conformal mapping z > e* (in the case
of the plane) or the principal branch of the complex logarithm (for the periodic strip) to both the
variables ¢ and ¢ leads to the following analogue of Observations 3.1 and 3.2.

Observation 6.1. Let S C H be a finite-dimensional linear subspace of primary vectors of the
Hilbert space of the full CFT, and {ry, ..., ¥, € S homogeneous elements. Then the vacuum-to-
vacuum correlation functions of n equally spaced points ¢y, ..., &, on a line with offset dy and
minimal distance d can be expressed as

F’}(.(L))((wls glr é‘]*)a ] (I/fnv é‘)’h é‘:)) =
— 7PV MY (1 g VYW1, 8 YW, £ T )1 @ 1)
with the identification 0 < g = e 94 < 1, z = e~ %!, §j’- =zq/, f’j = (Cj’-)*. Similarly, the cor-

relation function of n equispaced points (1, ..., ¢, within the periodic strip of height 2m and
length log(1/p) for these elements Yy, ..., ¥, is given by

Fé,lq){((wl,zq, Q). ..., (Vn, 2q", 7¢g™) =
= |Z|2 > wt quzj‘ Jwt ¥ Try (Y(le ¢, E/l) Y (. 2 g._/n)p]Lofc/]2)

under the identifications 7 = %+, ;J’. =zq/, C_’j = ({j/.)* and the assumption |z| > 1, g =
—d
e %<1

The convergence of the formal Laurent series with indeterminates replaced by complex num-
bers as above follows from the results on chiral VOASs, see [35] as well as [67].

As in the chiral case, the transformed correlation functions motivate the definition of scaled
intertwiners. Correlations functions can then again be expressed as sequences of these scaled
intertwiners, which are combined to the definition of appropriate transfer operators. Our analysis
then continues as before, by first approximating the scaled intertwiner and the corresponding
transfer operator, and finally truncating the Hilbert space.

6.2. Matrix product tensor networks for full CFTs

We proceed to construct a matrix product tensor network approximating the correlation func-
tions of a full CFT. In Section 6.3 we then show how this tensor network can be interpreted as
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a finitely correlated state. Once again, the expression “state” should not be taken literally, as the
normalization depends on the correlation function.

The definitions and results for the chiral case can be generalized with minimal adaptations
to full CFTs. A main difference is that all expressions depend both on (z, z), and truncations
have to be defined with respect to the Ny x Ny-grading of H. Nevertheless, most proofs directly
generalize to this setting. For conciseness, we only present the arguments that deviate from the
chiral case and omit derivations that are completely analogous.

In analogy to the definitions for the chiral case, we will first introduce the concept of a scaled
intertwiner, as well as the corresponding transfer operator. As before, we will usually assume
that the subspace S in the following definitions is spanned by primary vectors and contains the
vacuum vector 1 ® 1’. Moreover, we assume that S has the form

S=Psuesi, (117)

J

where S[j] C A[/] is a finite-dimensional subspace of primary vectors, and S[j]' C A[;] is the
image of S[j] under the isomorphism 7 : A[j] — A[;]’ introduced in (32). Using the definitions
of Section 2.3.3, it is straightforward to check that S[;]" also consists of primary vectors.

6.2.1. Scaled intertwiners and correlation functions

The scaled intertwiner as well as the associated transfer operator are introduced as formal
Laurent series, which turn into well-defined operators on H once the formal indeterminates are
replaced by complex numbers.

Definition 6.2. Consider a full CFT obtained by diagonally gluing chiral and anti-chiral parts.
For 0 < ¢ < 1 and a linear subspace S C ‘H of the form (117), define the scaled intertwiner W,
as the linear map from S to formal Laurent-like series with coefficients in the endomorphism

of H,

W,(,(z,2): § — End(H){{z, 27!, 2z, 271}
v W, (2,2) = g2 (g 2y, (z,2)q™0/2 .

Using this scaled intertwiner, we can then proceed to introduce transfer operators as in Defi-
nition 3.4. In contrast to Definition 3.4, this is based only on one type of intertwiner, which is the
full CFT intertwiner Y.

Definition 6.3 (Transfer operators for the full CFT). Let S C H be a subspace spanned by pri-
mary vectors. Let 0 < g < 1 and let W, be the scaled intertwiner of a CFT on a Hilbert space H.

For any ; € S,i =1,...,n, define the transfer operator T with insertions {v;}7_, as the ele-
ment
-1 = =—1 -1z =1
TeEnd(H){{z1,2] 21,2 »---22n>2n »Zn:2n })
given by

T=WqW1, (z1,20) 00 Wy (¥, (2n, Zn)) -

Then, as before, the genus-0 and genus-1 correlation functions are encoded in the transfer
operator in the following sense (compare to Corollary 3.6 and Corollary 3.7).
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Corollary 6.4 (Exact reproduction of CFT correlation functions). Let z, z € C\{0} be two com-
plex numbers and 0 < g < 1 such that 0 < ¢ < min{1/|z|%, 1/|Z|?}. Let T be the full CFT transfer
operator with insertions {{;}_, as in Definition 6.3, with the indeterminates replaced by z and

7 respectively. Then we have for the genus-0 case

1RV, T1@1) =¢=i MV B (1. ¢, ¢ Doy T 6. E1)) (118)
and for the genus-1 case with 0 <r <1
TrTro =p/ 2, (W, ¢l 0o W, E1) (119)

with the identifications

l}i:(]LO/zl/f and C;=qu, é—_/j=ij forj=1,....,n,p=rq". (120)

Proof. The proof of this statement is analogous to the proof of Lemma 3.5 and Corollaries 3.6
and 3.7; it is a direct consequence of (113) and will be omitted here. O

We proceed to argue that the concept of bounded intertwiners also generalizes to full CFTs.

6.2.2. Bounded intertwiners for full CFTs

As in the chiral case, in order to establish bounds for the approximation of full CFT correlation
functions by finite-dimensional MPS, we need bounds on the norms of operators appearing in
the definition of the transfer operator. Accordingly, we first introduce an analogous notion of a
bounded intertwiner.

Definition 6.5. Let Y be the full CFT intertwiner of a CFT on a Hilbert space #, and let S C H
be a linear subspace. Let W, be the associated scaled intertwiner (Definition 6.2). We call Y
S-bounded if for all z,z € C\{0} and 0 < ¢ < min{|z|?, 1/|z|?, |z|?, 1/|Z|?}, there is a constant
®(q, (z,7)) such that

Wy, (2,2 = O(g, (z,2) - ¥ lln forallyy € S.

The following result implies that S-boundedness can be established by considering only in-
tertwiners associated with a chiral part of the CFT (cf. (116)).

Lemma 6.6. Let Y be the full CFT intertwiner of a diagonally glued CFT on a Hilbert space H,
and let S C H be a linear subspace of the form (117). Then Y is S-bounded if and only if each
constituent is either S[j]- or S[j1'-bounded, depending on its type.

Assume that the VOA V = VI = VR satisfies all our technical assumptions. Then Lemma 6.6,
when combined with Corollary 4.4, implies that Y is S-bounded for any finite-dimensional sub-
space of the form (117).

Proof. Inserting the definitions, we find the following expressions for the full scaled intertwiner
Wy,

W (a; ®d}, (2,2) (b @ b)) =

_ Los2| Alf Lo/2. . Lo/2
B [A[j]A[k] (@™ ay, D470
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& gLo/? AleY (@M%’ 7)q 02D,
q A[J]/ A[k]/ q J’ q k

_ £ . ;| € / ’
_;w[jk]q(apz)bkééw [jkL (a;.2)by

for a; € S[j1 C Aljl, a} € SIj1 C ALjI', bx € Alk] and by € A[k]'. In this identity, w[j‘k]

q
is the g-scaled version of the intertwiner [ A[?][Q[k]], and, analogously, W’ [jek]q is the scaled
. Ale]
version of [ ALY ALY ] We conclude that
/ =\\ 14 R /

where each of the summands is an operator supported on A[k] ® A[k]'. By the triangle inequal-
ity and the assumption that the constituents are S[j]- or S[;j]-bounded, we get for normalized
vectors a; € S[j] and a; € S[j] the inequality

IWy(aj ®a). (22D < Hw[ .ﬂ @, 2| ||w/[ .Zk} @;.2)|
k.l J q J q

<Y 9ike(q2) ¥ine(q, D),
€

where ¥ 1¢(q, z) and 19} (4, 2) are the boundedness parameters of the constituents.
Consider a general element i € S, which can be decomposed into

V=Y cjraj®d;,, withaj, €S[jl, aj, €Sljl . (122)
jrs
where we assume that for each fixed j, the vectors a;, (resp. a’/.s), r,s=1,...,dimS[j], form a

orthonormal basis of the space S[j] (resp. of S[j]') and thus
1wl = lejrsl.

jrs

Inserting the decomposition into the expression for the full scaled intertwiner, we find

Wy (0, @D < 3 lejesl - W, (ajr @y, (2, DD (123)
jrs
<1l \/Z IW, (@ ® . @ D)
jrs
2

<Ila | Y [ dimSL1Y 9jkelq, 9, (q,2)

j k.
=Vl -©(,.z.2)

by the Cauchy—Schwarz inequality. Since the sum under the square root only involves a finite
number of terms by our assumptions on S[j] and the rationality of the VOA V, the expression
©®(q, z, 7) is finite. This proves that if the constituents are S[j]- or S[j]’-bounded, respectively,
then the full scaled intertwiner W, is S-bounded.
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For the converse, assume that the full scaled intertwiner is bounded with boundedness pa-
rameter ®(q, (z, 7)). Observe that according to (121), constituents may be obtained by applying
suitable projections Q ; onto the subspaces A[j] ® A[j]’ C H, i.e., we have

/ - 1 iR P
0:W,(aj ®a,»,<z,z>>Qk=w[jkL<a,-,z>®w [jk]q@j,z)

Since projections do not increase the norm, we obtain
w| | @ooew| | @5 <o g edl
jk . js < ik ] A= q,(Z,2 j I
that is,

HW|:jek:|q(aj,z)H | HW{J&L(%,Z)H

llajllaj lla; gy

<0(q, (z,2)
foralla; € S[;] anda} eS[j1 .

Taking the supremum over a; and a}, we conclude that the constituents W[ jek ]q and W’ [jzk ]q
are S[j]-bounded and S[;] -bounded, respectively, with boundedness parameters satisfying

Djke(@. D). <O(q. (. 2) . O (124)

The preceding proof exemplifies how statements about the full CFT case can be established by
expressing the scaled intertwiner as a sum of tensor products of scaled intertwiners of the original
VOA, and then applying the results for the chiral case. Since most statements in this section are
obtained following this straightforward strategy, we will merely sketch the arguments.

As in the chiral case (see Eq. (68)), the boundedness of scaled intertwiners (Definition 6.5)
immediately implies the boundedness of the associated transfer operator. More precisely, we
have for the operator norm of T (cf. Definition 6.3), with insertions ¢; € S,i = 1,...,n and
the formal variables replaced by two complex numbers z, z such that z,z € C\{0} and 0 < ¢ <
min{|z|?, 1/|z|%, |z, 1/|Z|?} the bound

ITI < ©(q, 220" [ 1l - (125)

j=1

We will use (125) below to estimate the errors when truncating operators.

6.2.3. Approximation results for truncated intertwiners

We next introduce a truncated version of the scaled intertwiner, now for the full CFT. It is
again defined in such a way that it does not change the grading by more than the truncation
parameter N. However, the latter notion has to be defined with respect to the Ny x Np-grading
of the Hilbert space H given in (107). Recall (cf. (116)) that the full CFT intertwiner Y is given

. — . . Al€] ALeY

by a linear com‘?matlon ?f tensor products of intertwiners [ AL A.[k]] an.d [ ALY ALY ] To define
a truncated version, we simply truncate each of these constituent intertwiners. The definition of a
truncated scaled intertwiner follows accordingly. As in the chiral case, we have to ensure that the

subspace S is spanned by homogeneous elements, which requires the introduction of a version
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of Shom for the full CFT case. In complete analogy to Eq. (71), we define
Som: =D P (SN (ALlL ® ALjl») - (126)

J nl nReNj

Definition 6.7 (Truncated intertwiner for full CFT). Let Y be the full intertwiner of a diago-
nally glued CFT with associated Hilbert space #, with action given as in (116). For a linear
subspace S C H, let Shom be defined by Eq. (126) and suppose that Y is S-bounded. Then
for N > 0, the truncated intertwiner

YN, (2,2) : 7 — End(H){{z, 271, 2,271
is defined by
YM(a; ® ). (z.2)bk ® b

AlL [N] A[E]/ [N] L
_Z[A[J]A[k} (aj’Z)bk®[A[j]/A[k]/} (@}, 2)by

fora; ® a} € A[j1® A[j] and by ® b} € A[k] ® A[k]'. The associated scaled truncated inter-
twiner (cf. Definition 3.3) is defined by

WM Shom — End(H){{z, 271, 2,27 1))
v > WM, (2, 2) = ¢y g2y, (2, 2)g™7

for all homogeneous v € S, and linearly extended to Shom. We call the family {W[qN]}()<q<1 the
N-th level truncation of W, or simply a truncated scaled intertwiner.

As with intertwiners, we can decompose truncated scaled intertwiners into their constituents;
those happen to be made up of truncated scaled intertwiners in the chiral sense. More precisely,
by inserting the definition of Y1, we have (using (108))

[N] [N]
_ ¢ ¢
WM(a; @ a), 2, D)k @bp) =) :w[j k} (aj,z)bk®W’[jk} (a}, )b}
14 q q

(127)

where each W[ jek][N] is a truncated S[j]-bounded scaled intertwiner of type ( A[ﬁ[ﬁ[k]), and

q
similarly, each W’ [jzk]gN] is a truncated S[j]'-bounded scaled intertwiner of type ( A[]’.L;,[ﬂ[k],)

Again by reduction to the chiral case (cf. Lemma 5.3), we find that the truncated scaled inter-
twiner is itself bounded.

Corollary 6.8. Let WEIN] be the truncated scaled intertwiner of a full CFT, with indeterminates
replaced by complex numbers z, 7 € C\{0} such that 0 < g < min{|z|?, 1/|z|?, |Z|?, 1/|Z|?}. Then
we have for ¥ € Shom

(f (z,2)

-va
where the bound holds for all N € N U {00}, so in particular also for the non-truncated scaled
intertwiner.

WM, @ 2Dl < Il lly ——————
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Starting from the truncated scaled intertwiner, we immediately get the truncated version of
the transfer operator. That is, the truncated transfer operator TN : H{ — 7 with insertions
Y €S,i=1,...,n,is defined by the composition

TV = WM (g1, (2, 2) o WM (2, (2. D)) 0 -~ o WIN (s, (2. 2)). (128)

where the formal variables have been replaced by complex numbers z, 7 € C\{0} satisfying 0 <
g <min{|z2, 1/]zI%, 2, 1/121%).

In order to establish error bounds on the approximation of CFT correlation functions, we
need an analogue of Theorem 5.5. In fact, we again can obtain a norm estimate on the difference
between W, and WEIN ! by a reduction to that theorem. Due to its importance for our main result,
we include a proof of this fact.

Theorem 6.9. Let z,Z € C\{0} be such that 0 < g < min{|z|2, 1/|z|?, |22, 1/I21*} and let WL
be the N-th level truncation of a scaled intertwiner W, with boundedness parameter ®. Then
the norm of the difference between the scaled intertwiner and its truncated version is bounded by

1 0(/q,(z,2)
(1 - 9)?

for all r € Shom, where T is a constant only depending on the dimension of S and the number
of irreducible modules of the VOA 'V appearing in the decomposition (111) of H.

W, . z.2) =WV, )| <¢"*-T il

Proof. Fix some index j in the decomposition (111) of H and leta;; ®a;. € ShomN(A[JI®A[jT)
be arbitrary but normalized. By the triangle inequality, we find

[WiN(@; ® a, (2.2)) = Wy(a; ® d), (2.D)] <

¢ M Te1™ ¢
5%:”W[jk]q (aj,2) @W [jkL (aj,z)—W[jkL(aj,z)

|t /s H
QW |:] k (ajy Z)
q
Every term in this sum has the form

IWi¥a;, 2) @ WHIM (@], 2) — Wy (@), 2) @ W (a], 2)

|

where W, and W; are S[j] and S[;j]-bounded scaled intertwiners with parameters ¢ jke(q,2)
and 19} (@, 2), respectively (cf. Lemma 6.6), and W([JN] and (W )[qN] are their truncated versions

(cf. (127)). In particular,
Wi (aj, 2) ® WHEV (@), 2) — Wy (a), 2) @ W, (a), D)
< [WiM(a;, 2) =Wy (aj, ) - |WH¥a}, 2)
+ Wy (aj, I - [WHN @}, 2) — W, (a), 2)
N/4

<4
= ﬁ_ﬂ

where we used Theorem 5.5 and Lemma 5.3. Taking the sum over k, £ and inserting the expres-
sions for the error bounds err;i¢(q, z), err’ikg (g, z) from Theorem 5.5 then leads to the bound

(ermike(@. D911 (VT. D) + et (g, DDk (V7. 2) )
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WM (@ @ al, (2,.2) = W(a; @) (2, 2)|
N/4
q

<2 m ; <ﬁ}k2(\/a’ Z)ﬂ]k((ﬁ, Z))

The case of a general element i € S then follows as in Lemma 6.6, following Eq. (122) and the
remainder of the proof of Lemma 6.6. Analogous to Eq. (123), we obtain the estimate

WMy, (2.2) = Wy (v, (2. D)

N/4

q

2
<% G ;(amsm %ﬂjuw, D% (V4 z>>

for normalized ¢ € S. But using (124), we have for all j, k, £

The claim follows, since

2 2
Z(dimS[ DN AT z») — 07, (2.9))? Z(dimS[j] 3 1)
k€ F; k€

J
=0/q, (z,2)*-dimS - |J|(|T1H)?*,

where |J| is the number of summands in the decomposition (111) of H. O

By again exploiting the telescoping sum technique, we obtain the following bound on the
norm difference between the truncated transfer operator and its original. This statement is sim-
ilar to Lemma 5.7 with one important improvement: instead of the number n of insertions, the
bound depends on the number m of non-trivial insertions, that is, insertions that are not equal to
the vacuum 1 ® 1. This stems from the additional property (114) of full CFT intertwiners: the
intertwining maps associated with 1 ® 1’ are the identity.

Corollary 6.10. Let T be the transfer operator of the full CFT (cf. Definition 6.3), with each
insertion Vi, i =1, ..., n satisfying either

() ¥i € Shom\{1 @1}, [Yillyy =1 or
(i) ¥i=1®7,

and the formal variables replaced by two complex numbers z,7 € C\{0} such that 0 < q <
min{|z|?, 1/|z|%, 1z, 1/1Z|?}. Let TV be its truncated version (cf. Eq. (128)). Then the norm of
their difference is bounded by

IT—TV) < gV T (M)m ,
(1-9)?

where m is the number of insertions which are not identical to the vacuum vector, m = #{i €

(a,....,n}: ¥, #1 @1}

Proof. In the case where all insertions ¥, i = 1,...,n are not equal to the vacuum, we have
n = m and the proof is completely analogous to Lemma 5.7 and thus omitted.



104 R. Kénig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121

Now consider the case where ¥; =1 ® 1’ for some j € {1,...,n}. We employ the fact that
intertwiners of full CFTs map the vacuum vector to the identity map on A independently of the
formal variables z, z, cf. (114). This implies immediately that the truncated intertwiner satisfies

YMAa 1, @) =Y1e1, 2,
independently of the truncation parameter N, and hence also
Mae1, @) =W,081,2).

Hence within the telescoping sum argument of Lemma 5.7 (or rather its straightforward adaption
to the full CFT case), the replacement of W, (1 ® 1/, (z, 7)) with its truncated version WEIN ](1 ®
1/, (z, Z)) can be done without picking up an error term resulting from the approximation. This
proves the assertion. 0O

Finally, we need to project the Hilbert space H onto a finite-dimensional subspace. For this
purpose, we use the Nog x Ny-grading of the Hilbert space H given in (107). For M > 0, we
define the projection P'™1 on # as the orthogonal projection onto the subspace

M= P Hutar - (129)

nL<MnR<M

Recall that the Hilbert space H of a diagonally glued CFT decomposes as in (111) into a direct
sum of tensor products A[j]® A[j]’, where each A[/] is irreducible and A[j] is the associated
contragredient module. Using the N-grading on these modules, the space (129) can be written as

Mgy — @P 1AL1® Py ALY

where P! " M1 for a module A is the projection introduced in Section 5.2.2. That is, the projection
associated with the full CFT has the form

) M] - pIM]
_@PA[J] ® Pyjy -

i.e., it cuts off each module independently.

Combining the bound between the transfer operator and its truncated version with the ex-
pressions for the correlation functions leads directly to the analogue of Corollary 5.8 for the
vacuum-to-vacuum full CFT correlation function. Incorporating the projector PIM1 and repeat-
ing the steps in the proof of Lemma 5.10 leads to the corresponding analogue in the genus-1
case. We collect these approximation statements into a Corollary, but omit the proof (which as
stated is exactly as in the chiral case).

Corollary 6.11 (Matrix product tensor network for full CFT). Let M, N be positive natural num-
bers, the truncation parameters, and let TV be the truncated transfer operator (cf. Eq. (128))
of a full CFT with Hilbert space H, with each insertion ¥, i =1, ..., n satisfying either

(i) i € Shom\{1 @'}, [Yillyg =1 0r
(i) vi=101.

Let Fy, O and F (1) be the genus-0 and genus-1 correlation functions defined by the right hand
sides of Egs. (1 18) and (119) with the identification of variables as in (120). Then we have the
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following approximation statement for the vacuum-to-vacuum correlation function,

= m
(11, TN 1@ 1) — g =i MW ED| < gV T (Lﬁ’ (Z’Z))) ,
(1 - o?
where m is the number of insertions which are not identical to the vacuum vector, m = #{i €
{1,....n} : ¥; #1Q® 1'}. Similarly, the following approximation statement for the genus-1 cor-
relation function holds for 0 <r < 1,

‘TrHP[M]T[N]rLO - pc/lep(?-t‘ = (qN/4m T r/270r) + erC/ﬁZ(\/;))

(Mﬁﬂ@»m
(1-9)? ’
where Z.(r) is the partition function of the full CFT,

Zr) =) Zagjn(r)*.
J

We have thus found approximating expressions for the correlation functions of full CFTs in
the genus-0 and the genus-1 case. It remains to show that these expressions can be represented
using finitely correlated functionals on matrix algebras. This is the topic of Section 6.3.

6.3. Full CFTs as finitely correlated functionals

To relate the expressions involving the truncated transfer operator TIV1 in Corollary 6.11
to finitely correlated functionals, we proceed in two steps. We first show that elements in the
full CFT Hilbert space H can be interpreted as Hilbert—Schmidt operators. This identification
lifts to a norm-preserving isomorphism. We then show that the truncated scaled intertwiner is
equivalent to a linear map on this space of Hilbert—Schmidt operators. Using this observation,
we can construct certain completely positive maps defining an FCS.

6.3.1. Elements of the full CFT Hilbert space as Hilbert—Schmidt operators

In order to argue that H can be seen as a space of Hilbert—Schmidt operators, consider first
the case where the direct sum in (111) only consists of a single term. This implies that H is the
algebraic tensor product H = A ® A’, with A’ being the restricted dual space.’ The space # can
alternatively be represented as a space of operators on A. In fact, the equation

<Za,~ ®a;> (b)=) ajaj(b), aj€A, ajeA,
i i

defines a linear operator of finite rank on the Hilbert space A. Conversely, a finite rank operator
O on A can be decomposed as

OC) =) ai(a,-), a,d cA.

In fact, setting a; = 77(a;) (see (32)) gives rise to the well-known linear isomorphism v between
the algebraic tensor product space A ® A’ and the space of linear finite-rank operators on A. If we

5 If A =@, e An is the decomposition of A into levels, then A’ = @D, .y AL,
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complete A® A’ as a tensor product Hilbert space (there is a unique scalar product), v extends to
a norm-continuous Banach space isomorphism with image being the Hilbert—Schmidt operators
on A. This isomorphism also naturally extends to direct sums. We summarize the discussion into
the following lemma.

Lemma 6.12. Let H be a rational diagonally glued CFT with unique vacuum associated with a
VOA V. Then H is linearly isomorphic to the direct sum of Hilbert spaces of Hilbert—Schmidt
operators H(A[j]) acting on the Hilbert space Alj],

H=H=PH(A[j]) =P H(AL) @ C™.

J ote\A)

We denote this isomorphism of Hilbert spaces by v : H — H.

By definition, the isomorphism v is compatible with the Ny x Ng-grading of the Hilbert
space H: the images of H,. ,&) under v give an Ny x No-grading on H. In particular, the image
of PIM17{ (cf. (129)) under v is the space of Hilbert—Schmidt operators with levels (n”, n®) sat-
isfying n’, n® < M. We will write PI™IH for this space. By definition, the space PIMIH is equal
to the direct sum

BMI — @ Mat(C4Ati1 M)y (130)
J

of matrix algebras equipped with the Hilbert—Schmidt norm.

Similarly, let us denote the images of S and Spom under v by S and Spom, respectively. Observe
that the isomorphism v is also compatible with S if the latter has the form (126): in this case, its
restriction to S[j] ® S[j]’ has image H(S[j]) C H(A[/]). Note also that since the spaces S[/]
are assumed to be finite-dimensional, it follows from Lemma 6.12 that S is equal to a direct sum
of matrix algebras, equipped with the Hilbert—Schmidt norm,

S = P Mat(ch™ Sl (131)
j

6.3.2. Intertwiners as maps on Hilbert—Schmidt operators

Because of the compatibility of v with S, we can compose the isomorphism v with an instance
of a scaled intertwiner W, : Shom > End(#) to obtain a bounded map on Hilbert—Schmidt op-
erators. We denote this map by

Dy: ShomxCxC — End(H)
(W, 2,2) b Dy(¥,(z,2)=voW,(v (W), (z,2) ov!.

Again, the formal variables are replaced by complex numbers z, z such that z,z € C\{0} and
0<gqg< min{|z|?, 1/|z|%, |z, 1/|Z]?}. Since the map v is an isomorphism, any sequence of
scaled intertwiners W, on H can be reexpressed as a sequence of maps D, on Hilbert—Schmidt
operators.

We can apply the same arguments to truncated scaled intertwiners, obtaining linear maps on
the space of Hilbert—Schmidt operators. This map will change the Ny x Ny-grading of H by at
most N (in each argument). Furthermore, this procedures also applies if we additionally project
onto weight spaces. That is, for truncation- and cutoff-parameters M, N € Ny, we define a map



R. Konig, V.B. Scholz / Nuclear Physics B 920 (2017) 32-121 107

DM
Stom X Cx C — End(PIMIH) ,
W22 = DMMW (@ 2) =vo (PM WM w1 (), (2, 2)PM) o vt

(Contrary to our treatment of the chiral case, we choose to incorporate the cutoff, i.e., projection
using PI™1 into the definition of the truncated scaled intertwiner.)

6.3.3. Finitely correlated states for full CFTs
Using the isomorphism v : H — H and following the arguments in the proofs of Lemma 5.1 1
and Lemma 5.12, we conclude that expressions such as (1®1’, TI/N1 1 ®1') in Corollary 6.11 can

be expressed in terms of a composition of the maps ]D)EIMJF"N N (see the proof of Lemma 6.13

below for explicit expressions). We will show that the maps DgMJ””N’N] can be replaced by

completely positive maps on matrix algebras. This turns the expressions of interest into finitely
correlated functionals. The involved matrix algebras are built from the images BV of weight
spaces (cf. (130)), as well as the matrix algebra S associated with the subspace S (cf. (131)).

Lemma 6.13 (FCS for full CFTs). Let M, N € Ny be the cutoff and truncation parameters. There
exist a bounded linear embedding
L BIMFNT s Mat(C?) @ BIM N
as well as a completely positive map
E, : S ® Mat(C?) @ BIM+N] — Mat(C?) ®@ BIM+1N1
such that the following holds for the maps (W €S)
E,u(Y)=E,(¥®Y) Y eMat(C?BMmN

For all W; € Shom, i =1, ..., n, parameters z,7 € C\ {0}, 0 < ¢ < min{|z|?, |z|72, |zI?, 1z] 7%},
0<r <1 and ¢, ¢ € PIMHNIH the (projected) matrix elements of the truncated transfer
operator TIN] (cf. Eq. (128)) with insertions V; € Shom, i = 1, ..., n are given by a composition
of the maps Eq w; as

(1, PUHNITINT LoptMEn N ) — Trep [1(@1)* g w; 0 -+ 0 By w, 0 By 1)1 (1(@2))] -
Furthermore, the map Ey—1 j1)(1| satisfies
E1 1)1 (L(P2)) = (D7) for all ®, € Mat(C?) @ BIM N1 (132)

Proof. By repeating the arguments of Lemma 5.11 and exploiting the isomorphism v, we get
the following representation of matrix elements of the projected and truncated scaled intertwiner,

(b1, P[M+nN]T[N]rLOP[M+nN]¢2>
=Trcon [v@n* DD oo D® oD D(u(g))]
where we abbreviated
DO =DM NN, 2,2)), DD =DIMHNN (1)1, 2, 2)) .

Here, we also used that the v is a Hilbert space isomorphism and that the scalar product for
Hilbert—Schmidt operators is given by the trace. The map D, is a bounded mapping from a
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finite-dimensional space of Hilbert—Schmidt operators S into the endomorphism of a space of
Hilbert—Schmidt operators PIM+"NIH . Tt can therefore be linearly extended to a bounded map
defined on the tensor product,

Fq ‘S® BM+nN] _, gIM+nN] , by setting ]Fq UV ®P) = ]]])t[IM+nN,N](\p’ (2, D)) (D),

for U € S and ® € BIM+"N1 Here, we suppressed the dependence on the parameters z, 7 in F,
for notational convenience.

Since [F; is a bounded operator between two spaces of Hilbert—Schmidt operators, it is also
bounded as a map from matrices to matrices equipped with the operator norm. As the matrix
algebras are finite-dimensional, it is completely bounded (explicit bounds will of course include
various factors depending on the dimensions). By the extension of Stinespring’s theorem to com-
pletely bounded mappings [78, Theorem 8.4], there exists linear embeddings Vi 4, V2 4 of cb/2

into C¢ @ CP2 g CP', D' < (d D)? such that
F,(0 @)=V, (Y@2®In) Vay-

This statement is immediate for each direct summand of BN and can be extended to the
whole space since the sum is finite. We then define the bounded embedding

L BN L Mat(CH) @ BN o |01 @ D,
where |0),|1) is the standard basis of C2. We now define

V, : CPCP2 5 2l @CP?oCl, V=V ®(00(0+ Vo, @ I1)(1].
This gives rise to a completely positive map

E, : S® Mat(C?) @ BIM "M . Mat(C?) @ BIM+V]

Ey: X1@Xo=> VS (X1©X2®Ic0) Vg

This map is of the form

E, = (FFl{ F{f’q) :
where Fy ;, i = 1,2 are completely positive maps, and IF; is the Hermitian conjugate of the
map F. It follows from this structure that

Eq(V @ 1(®)) =1(Fy (¥ Q@ ?)),
and hence we find by composing this identity

Ejw 0Egu, 0 0E; g, ot(®)=t0F, g, oF;y,0---0Fy g, (D) (133)
where we abbreviated IF; ¢ (®) :=F, (¥ ® ). Furthermore, we have

Tren [t(@)* ()] = Tren [11) (1] @ (@* )] = Tren [0 '] (134)
and thus combining Eqgs. (133) and (134) gives

(@1, PMFNITING LopIM+nNl gy — Trop [1(@1)* Eq,wy 0+ 0 Eg w, 0 By 1y (1) ((@2))] -

In order to verify the statement of Eq. (132), note that the pre-image of |1)(1| under the isomor-
phism v equals the vacuum vector 1® 1" € V®V C S C H. And since intertwiners of a full CFT
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are required to map the vacuum vector 1 ® 1" € V ® V' to the identity operator (cf. Eq. (114)),
we have

Dy (1)1, (2, DIX) = g=(X),

where we denoted by £9 = v olLLgo v™! the corresponding grading map on the space of Hilbert—
Schmidt operators. This implies that Dy (|1)(1], (z,2))(X)=X. O

With this Lemma at hand, we can also complete the proof of our main theorem.

Proof of Theorem 1.1. The chiral case was already proven in Section 5.3.1. The full CFT case
follows by combining Observation 6.1 with Corollary 6.11 and Lemma 6.13. O

We remark on one further feature of this approximation. If we are interested in n-point correla-
tion functions with non-equispaced insertion points, but all distances are a multiple of a smallest
distance, then we do not need to increase the bound dimension to achieve a desired level of ap-
proximation. Instead, we only have to apply the map E, j1)(1| a certain number of times. Let us
illustrate this with the example of a three-point correlation function.

Consider the correlation function of the full CFT, with three insertion points on the real line,
St =1¢&, &2 =&, {3 = &5, separated by distances which are multiples of a > 0 and evaluated
for three primary vectors 1, {2, ¥3. Without loss of generality, due to translational invariance,
we can assume that 1 =0, =t -a, &3 =( + s+ 1) - a with ¢, s € N. Since the image of the
vacuum element under the action of Y is required to be the identity operator, we find for the
corresponding correlation function

FOU, 21, 81), W2, &, &), (U3, 3, 83))
=FO,a,0), 001, a,a),...,(¥2,0,0), ..., (3,8, 83)),

with dots . .. representing insertions of the vacuum. Using Corollary 6.11 as well as Lemma 6.13,
we find

g™ VWt FO (g1, 01), (W2, 82, 82), (3, 83, 83))
~Treo [« (1D - g, © g ) ©Eq v, © (Bq i) o Bg.us (AN (D)|

This may motivate the term transfer map for the mapping E, |1)(1], since it plays the role of the
transfer operator in the usual setting of MPS and FCS.

7. Summary and outlook

We have obtained rigorous error bounds for approximating correlation functions of conformal
field theories in terms of finite-dimensional matrix product tensor networks. These bounds apply
both to chiral as well as full conformal field theories. Prior to our work, various numerical and
theoretical studies (see Section | for references) suggested that such approximations are possible,
yet explicit error bounds were missing.

Our construction, which is phrased in terms of vertex operator algebras, their modules and
intertwiners, exploits and elucidates the underlying representation-theoretic structures of a CFT.
The power of this approach becomes especially apparent in the case of WZW models, where we
exhibit a close connection between our construction of transfer operators and group-covariant
MPS.
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An intermediate step in our arguments shows that correlation functions are exactly represented
by certain (infinite-dimensional) MPS or finitely correlated states. This property is ultimately
a consequence of the “gluing axiom” (see e.g., [56]) of CFT correlation functions, a feature
which has a counterpart in the axiomatization of topological quantum field theories (see e.g., [44,
79-81]). For the latter setting, various tensor network techniques have been developed [82—-84],
which in some cases [85,86] also turn out to give exact descriptions. However, contrary to the
setting of topological quantum field theories, CFTs are inherently infinite-dimensional. From the
point of view of computational and variational physics, it is therefore imperative to quantitatively
understand the approximability by finite-dimensional tensor networks. Here our analysis estab-
lishes relationships between the accuracy of approximation, MPS parameters (in particular, the
bond dimension), and parameters of the CFT.

We expect that the tools developed here can also be applied to obtain similar quantitative
statements for other classes of tensor network functionals approximating quantum field theories.
An example of such a class of finite-dimensional approximations are continuous matrix prod-
uct states. Another class of tensor network Ansatz states, the so-called MERA (for multi-scale
renormalization Ansatz), has empirically been shown to provide accurate numerical descriptions
of quantum critical systems [26-28]. Its application is also supported by entanglement entropy
considerations [26]. This method has been extremely successful at numerically identifying the
CFT resulting from the continuum limit of a critical spin system. Our work is taking a comple-
mentary approach: given a CFT, we seek suitable finite-dimensional tensor networks encoding
the correlation functions. Having addressed this problem for MPS, we expect that our meth-
ods constitute the first step in a similar program for MERA. Ultimately, this should provide a
convincing theoretical explanation for the numerical success of MERA.

Beyond alternative classes of tensor networks, several fundamental open problems remain to
be addressed. Our work is restricted to genus-0 and genus-1 correlation functions; analogous
results for higher genus surfaces would be desirable. A potential strategy could be to follow the
work [77] and try to find approximate versions of their arguments. Finally, whether such rigorous
statements about the existence of useful finite-dimensional approximations can also be made for
more general quantum field theories, that is, not necessarily conformal ones, remains completely
open.
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Appendix A. Bounds on partition functions and polylogarithms

In this appendix we summarize various estimates used in the main paper on the asymptotic
behavior and upper bounds for partition functions. We fix some notation before we start. Let
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P (n, k) be the number of (multi-)partitions of # into integers of k colors. Its generating function
can be found to be [87],

e¢]

Y a"Pky=]]a-¢"7*,

n=0 n>1

and we denote the right hand side by gx(¢). Throughout this appendix, we assume that ¢ is a real
number with 0 < g < 1.

The next Lemma gives a very rough upper bound on the asymptotic growth of P (n, k). Its
proof is analogues to a well-known argument by Siegel, see [88, pp. 316-318] for an exposition.

Lemma A.1. We have

kn
P(n, k) < 6271\/;.

Proof. Let gi(¢) =Y negq"P(n, k)= [[>1(1— g™~k 1t follows that P(n, k)g" < g (g) and
thus

1
log P(n, k) <loggk(q) +nlog—.
q

We estimate both terms on the rhs. separately, and begin with the first.

log gk (g) = —log 1_[(1 — q”)_k = —kZIOg(l —q" :kz Z q’:n

n>1 n>1 n>1m>1
Y Y =k Y
m>l n>1 m>1

However, an easy argument shows that

m
1" _ 1 4
ml—qg™ " m?2l—g

from which we get that

2
q 1 qg
1 <k——ro —=k——.
0ggk(q) < =g Zm2 T—¢ 6
m>1
Moreover, we have that
1 1—g¢g
log— < ——,
q q
from which it follows that
1 g n? 1—- l—q
log P(n, k) <loggk(q) +nlog— <k—€ +n
—q q

Choosing the value of g as

1
q—

1+
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then leads to the bound

km? kn
log P(n, k) <2n,| — =2m,/ —. O
6n 6

Apart from partition functions, in the discussion of WZW models, certain sums appeared in
the norm bounds of module and intertwiner operators. In general, these sums had the form

anﬂ(n + 1)17
n>0

for positive integers a, b and 0 < g < 1. However, slight rewriting leads to

Ll)l’l

n=0 n>1

which is a multiple of the defining equation for the poly-logarithm. At negative integers, it can
be expressed as

Z (gH" 0 b X
—_— X— I u— =g?
= n—b ax /) 1—x 71

For the convenience of the reader, we provide a more explicit bound on the dependence in q.

Lemma A.2. Let a, b be positive integers, and 0 < g < 1. Then we have the estimate

1\ b1
Zq“”(n + 12 <abhlg~log <—> .
q

n>0

Proof. We use the first order expression of the integral given by the Euler—MacLaurin formula,
see [89], and find

o0
Y g+ 1) = / dig® (t + 1)
n>0 0
o0
+/d¢(z — 1D [bq‘”(t + D'+ alog(q)g® (t + 1)b]
0
o0 o0
5/dtq“f(t+ 1)b+b/dtq“f(t+ Hb-t,
0 0

since log(g) < 0. By subsequent variable substitution, we can rewrite the integral

o0 9]
/dtq‘”(t + 1P =g"%"""log(1/q)™""! / dte™' 1" <g™“a"log(1/g)""""b!,
0 alog(})

where we used that the gamma function at integral values reduces to the factorial function. O
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Appendix B. Algorithm for WZW models

In this appendix, we present an algorithm for computing matrix elements of an intertwiner
between three irreducible modules (for WZW models).

B.1. Computing normal forms of vectors

For this purpose, we need to introduce suitable bases, both of the Lie algebra g as well as
of the Hilbert spaces of the corresponding L ¢-modules. The relationship (35) between the in-
volution 7 : g — g and adjoints suggests that it is especially convenient to work with elements
e1, ..., e € g with the property that

ey =t¢ (135)

for j =1,...,£. By polarization, we can assume that elements {¢;}; with the property (135)
span g. We will choose a basis {ei};h:n}g of the Lie algebra g of this form. In the following, we

will often pick families {ax}x C {e,-};.h:n}g or {bi}r C {ei};h:n}g of basis elements of g, i.e., a;y = ¢;;
for some function i : k — iy € {1,...,dimg} and similarly for by (but it will be convenient not
to use the latter notation).

Let us next consider an irreducible module Ly ; of the VOA Ly o corresponding to an integral
dominant weight A such that A(8) < k. The Hilbert space Ly, is the space spanned by elements
of the form

iy (=n1)ei, (—n2) - ¢ (—np)g’ (136)
such that the following conditions hold:
(i) The vectors {¢ }?izni L) are a basis of the irreducible g-module L 3 (0) (which coincides
with the top level of the L o-module, see Section 2.3.2).

(i1) The n; are positive integers. A vector of the form (136) belongs to the level L 3 (N) of the
module, where N = Zi n;. This also implies that / is bounded by the level, / < N.

That fact that the space L ; has a basis of the form (136) can be seen formally from Claim B.1,
which provides an algorithm for expanding arbitrary vectors; an additional property of this ex-
pansion is that the integers {n;}; are ordered.

We remark that these vectors are not orthonormal, but this is not necessary for our purposes
(if an orthonormal basis is required, this can be obtained by applying Gram—Schmidt within
each level, see e.g., [21]). The representation of vectors as linear combinations of vectors of
the form (136) provides a natural way to index elements of the (truncated) Hilbert space: in-
deed, (136) is homogeneous and of weight &, + Zi‘:l nj (cf. (28)).

Recall that the top level Ly 5 (0) is an irreducible g-module of highest weight A. As explained
in Section 2.3.3, property (135) implies that

(ej(m)g, @), = (@, ej(=m)g')L, , (137)

for any two elements ¢, ¢’ € Ly 5 (0) belonging to the top level of Ly ;. This is a key property we
will use extensively in the following.
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Elements a(n) = a ® t" of the affine Lie algebra § act on the vectors (136) in a natural way.
Here and below, we can identify the zero modes a(0) with the action of a € g on the irreducible
g-module Ly 5 ; (0), and thus we henceforth write a(0)g; = ag;, for ¢; € Ly 5, (0). If n <0, then,
after decomposing a into a linear combination of the ¢;s, the vector is again a linear combina-
tion of elements of the form (136). However, if n > 0, then we have to recursively apply the
commutation relation (cf. (23))

[a(n), b(m)] = [a, b]l(n +m) + ndp+m.0(a, b)kI (138)

in order to obtain a linear combination of our basis elements (136). Let us denote this linear
transformation by L. We note that it only depends on the structure of the affine Lie algebra g in
question. Pseudo-code for this linear transformation is given in Algorithm 1. It is straightforward
to show the following.

Claim B.1. For a given input specifying a product b.(n,) - --bi(n1) € g, where b € {e; }?i:n}g, the

,,,,,

.....

by(n;)---b1(n)p = Z amei,, (ks,) e (kg (139)
meLl
for all ¢ € Ly, (0) belonging to the top level of (any) irreducible Ly o-module Ly . (In the sum on

the right, an additional index m associated with the tuple ,i:’"’”";{ll is left implicit.) Furthermore,

for every entry in the list, the integers k; satisfy
ks, <ks,—1 <---<k; 0. (140)

In other words, L performs a kind of normal ordering: it converts any product of elements in
a g-module to a linear combination of “normally ordered” terms as in Eq. (136) (observe that
¢;, (0) preserves the top level).

Proof. It is easy to check that Algorithm | maintains property (139) throughout. Indeed, any
replacement described in lines 7-12 simply constitutes an application of the commutation rela-
tions (138) in the form

eiy, (ks,,) -+ ¢y (k1) = Ry (ei, (ky)ei,_, (kr—1)) R2
= Ri ([er (k) e 1k~ D] + er—1(kr—1)e;, (k1)) R2
= Ry ([e, er—11Ckr + kr—1) + krSk, 4k, _,,0(ei, - €, )KD) Ry
to a single term in the sum, where
Ry =v¢;, (ks,) - ei, (krg1)
Ry =¢j, ,(kr—2)---ei (k1) .

Also, step 4 does not change the action on vectors ¢ € Li 5 (0) belonging to a top level since for
such vectors, we have

¢ (k) =0 foralli =1,...,dimg and k>0.

The claim follows since ‘incorrectly ordered’ terms are moved to the right by successive ap-
plication of the commutation relations and eventually disappear at step 4 (thus ensuring prop-
erty (140)). 0O
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Algorithm 1: The routine L expands a product b, (n,)---by(n1) € g, where b; € {el-};ﬁ:nig,

into a linear combination of terms ¢;, (k,, ) - - - ¢;, (k1) such that ks, <--- <ky <k; <0and
the linear combination has the same action on elements ¢ € L ;(0) in the top level of a
Lk 0-module Ly ;. It simply applies commutators for achieving this. There is no dependence
on the module.

Input: (2;:::::511), where
elements by, ..., b, € {e,'}fh:n}g Cg
integers ny, ..., ny

Output: Finite list £ = {(m, o, ,i’zm"“';(ll)}m, where for each m, we have oy, € C and —k; € Ng, 1 <ij <dimg

for j=1,..., spm. This list satisfies by (n,)---b1(nDe =3, L. (ksyy) -~ 3 (k1)¢ for all
@ elg(0),and kg, <--- <ky <k <0.
Set £ equal to the one-element list with entry representing the product b, (n;) - -- by (ny), i.e.,

L={l,a1=1 ol )} where b; = G

LN /2]

)

changed <— true
while changed = true do

w

..... i

4 remove all entries (m, oy, ,ii"’ k]) € L withky >0

TR
5 changed «— false
6 try to find an entry (m, oy, ,ﬁzm "“’jc‘l) e L with ky > k,_; forsome r € {2,...,5m}.
7 if found then
8 changed <— true
9 Assume that r € {2, ..., s, } is the maximal integer such that k, > k,
10 remove the entry (m, oy, ,?’" ;(l ) from £

Sm s 1

11 create new entries in £ by applying the commutation relations (138). That is, compute the commutator

) . _ dimg . iy seerlp 415850 —0 ]
lej, e, 1= ZZ:I Beep and create entries of the form (o, By, TR S AT vkr—vaka) for

£=1,...,dimg,
.- ) ) U seeslp g 1oip =200l
12 as well as an additional entry of'the form (‘?lznkr'akf+k,,{,0(€z,< sei,_ 1k, Ky ook 1 vkr—2~<--vk1)
Uy seeeslp e 1o —1odrsdp 2] -
13 and an entry of the form (o, P S ,kr.k,_2.'..,k|) in L.

14 return £

The Algorithm 1 is a key ingredient in the following algorithm for computing matrix elements
of intertwiners.

B.2. An algorithm for extending G-invariant maps to intertwiners

Having introduced the basis (136) for modules and discussed the action of module mode oper-
ators, we proceed to consider intertwiners. For j = 1, 2, 3, consider irreducible modules Ly Aj of
the VOA Ly o. To fully specify the intertwiner )/, we need to provide all matrix elements between
vectors of the form (136), i.e., expressions of the form

(azz(mzz)-~-al(ml)fpf’,y(cs(ks)~-~Cl(/’<1)<0§,z)br(nr)-~-bl(nl)<p§)Lk,Al ,
where {(p;.’}p is a basis of the top level Lk,)\j (0) of module Lk,xj for j=1,2,3,and ap, ¢, b, €

{ei}?lzn}g. In principle, this can be done following the techniques of [76]. However, our setting
is somewhat simpler because we are interested in S-bounded intertwiners with the subspace
S = L,5;(0) equal to the top level of the module Ly ;,. Here it suffices to consider the case
where the first argument of ) is of the form ¢ instead of ¢ (ks) - - - c1 (k1) ¢3.
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Algorithm 2: F computes the matrix element of an intertwiner, using the subroutine H.

ag,...,ap by,
Input: (z,€,7,¢3, $lmeonh 150 P1), where

Faeees n
zeC

vectors ¢; € V; belonging to irreducible g-modules V;, j =1,2,3.
£,r e Ng

elements ay,...,ap, by,..., b, € {ei}?lznig cg

integers miy,...,me, Ny, ..., ny

Output: matrix element (ag(mg) ---ay(m)e1, Y(e3,2)br(nr) - by ('11)§02>|_,(1Al
1 if £ > 0 then

g1, 01 ap,by,..., b
. Fz =17+ 193, Gl | S5 )
2 return me Ple 1 @1) G101 by, b
+z (z, ,rsué‘ﬂ3a<p2|mg,1....,m1|n, ..... nl)
3 else
byi.ey
4 LreturnH(Z,r,(p3a%|nfj.“,gll)

In the following, we give an algorithm which computes the matrix elements of ) (g3, z) with
respect to vectors of the form (136). The algorithm requires that an intertwining map

W:Vz®V,—V;

between g-modules V;, i = 1,2, 3 is given (equivalently, this is a G-intertwining map between
the corresponding unitary representations of the group G), and extends this to an intertwiner of
the VOA modules (or more precisely, to operators Y (g3, z) for ¢3 € Ly ;,(0) in the top level):
The resulting intertwiner ) has the property that its restriction to the top levels is the intertwining
map W. This establishes the converse direction in Proposition 5.14, i.e., the correspondence
between group-covariant MPS and the intertwiner of the VOA.

We call the algorithm F' (Algorithm 2 in the following pseudocode). It takes as an argument
two natural numbers £, r, as well as three vectors ¢; € Ly ;,(0) = V; together with elements
at,...,a¢,b1,...,01 € {ei}?;n;g C g and integers m1, ..., mg,ny, ..., n,. It outputs the matrix
element

(ag(me) - ar(m)@1, Y(p3, )by (nr) - - b1(n)@2)y ;-

The evaluation proceeds recursively, and invokes an auxiliary function H (Algorithm 3). The
latter function evaluates matrix elements of a specific form by reduction to the zero mode; it
depends itself on the subroutine L (Algorithm 1) performing the normal ordering.

Claim B.2. Suppose we are given an intertwining map W : V3 ® Vo — V| between the ten-
sor product g-module V3 ® V, and the g-module Vi, where V;, j =1,...,3 are irreducible
g-modules of highest weight X ;. We assume that VWV is specified in terms of (an algorithm for
computing) the matrix elements

(1, W(eiy - eiy, 93 @ 92)) v,
foro;eV;. Set v =h),; + hy, —hy, and let z € C. Then Algorithm 2 computes matrix elements
of the form

(ag(me) - --ar(mper, Y(@3, 2)by(ny) - - br(n)eadyy ;, where ¢j € Vi =L 3,(0) ,

L

and where ) is an intertwiner of type (Lk Ak’kl_;( | ), with the property that the restriction of its zero
43 A2

mode to the top levels (see Proposition 5.14) coincides with V.
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Algorithm 3: H computes certain matrix elements of an intertwiner from the restriction
of the zero mode to the top levels. The latter is given by an G-intertwining map Y. The
implementation of H relies on a subroutine L.

Input: (z,r, @3, wzlf’l;j:::jsll),where
zeC
r e Ny
vectors ¢; € V; belonging to irreducible g-modules V;, j =1,2,3.
elements by, ..., by € {e; }dlmg Cyg
integers ny, ..., ny satisfyingn, <n,_; <---<ny <0
Output: matrix element (@1, V(¢3,2)by (1) - - - bl("l)‘m)'—k,xl
if » =0 then
| returnz="(p;, W(p3 @ 92))v,
else
if n; =0 then
compute @} < bigy € V,

[ N S

6 return H(z, 7 — 1, 93, (p] \b’fjjﬁj,[g)

7 else
ls il by,..., bl
8 L={(m, L kl)}m — LGl e)

..........

) mok
9 return Y, oy - (—1)“"’zz-’=1 T2 o1, Wei ey, 93 ® 92))

Proof. We show how to construct the matrix element of the intertwiner ) from the map W.
Evaluating Eq. (40) for modes of the form a(m), a € g, and intertwiners evaluated for ¢3 €
Lk.»;(0), we find

a(m)Y(e3,2) = V(p3, 2)a(m) + Y(a(0)¢3, )", (141)

since the action of positive modes on top level vectors vanishes, a(m)g3 =0, for m > 0. Applying
property (137) and Eq. (141) once, we find

(ag(me) - --ar(m)er, Y(@3, )by (ny) - - bi(n)g2)iy,, =
= (ag-10me—1)---ar(mer, ae(=me)Y (93, 2)b, (nr) - - b1 (n1)@2) 1y 5,
= (ag—1(me—1)---ar(m)er, Y(@3, 2ag(=me)b,(ny) - - - bi(n1)e2),
+ (a1 (me—1) - ar(m)er, Y(agps, )by (ny) - - b1 (g2, 2"
for ¢; € Ly, (0), i = 1,2, 3. Let us define the function

ag,e.., @1 1 byl
f@ F(Z ‘P3»(p2 mz ,,,,, |nr, ’sll)

,,,,,

= (ag(mye) - -ar(m)er, (g3, )by (ny) - br(me2)y

for ¢; € Li 3, (0), elements ay,...,a; and by, ..., b, in the Lie algebra g, and integer numbers
mi,...,mg,ny,...,n,. Then we have established the recursion relation
A, @1 byy, Qg—1,...,0 by,
fZ (2, 93, (pz mﬁ ..... |nr, J’ll) = f(i—l r+1(2, @3, l|m£,},...,mll|_ayf,e ,rzr 77777 )

ag—1,.
+ 7™ fl—l,r(Z’al(p&gymf,},. |n,, 1')
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Applying this function recursively, we can decrease the index ¢ step by step to zero. Then we
have to consider the function

by (2. 3, Q358 == for (2, @3, Al 150701

.....

rrrrrr

The function h, can easily be computed if ¢; € Ly ; (0), j =1, 2,3 belong to the top level, and
all n; < 0 are negative for j =1, ..., 7. Indeed, in this case we can again apply (141) and the
adjoint condition (137) to get

= 2" {1, Y(br@3, 2)br—1(ny—1) - b1 (D@21, »

and the first term vanishes since b, (—n,)¢; = 0 for n, < 0. Applying this reasoning recursively
and inserting the mode expansion of the intertwiner we arrive at the explicit expression

,,,,,

This expression only depends on the zero mode of the intertwiner (since all vectors belong to
their respective top level, and only the zero mode does not change the weight). We conclude that
in order to obtain an extension of the intertwining map »V, we must set

hr (2, @3, 410 81) = (= 1) 2Z0=1 1 2 oy, W(by, ..., brg3 © 92Dy, » (142)
for ¢j € Li;(0), j =1,2,3 belonging to the top level (or equivalently the irreducible
g-modules V;), and all n; < 0 negative for j =1,...,r.

Similarly, we can treat the case where ny =0 and n; <0 for j =2,...,r: here we observe

that (pé = b2 is also an element of the top level Ly 3,(0), and we obtain

1 p,
hr (2, @3, GAl5r ,‘;;)zhr(z,wz,%l,‘;' """ ) -

...........

Also, if r =0, then we must set

h (2, 3, 5) = (@1, (@3, Dp2)1 5,
=7 o1, W(pz @ 92))v; -

Consider now the case where some of the integers n;, j = 1,...,r are positive and again
@2 € Lk 2,(0). In this case, we can apply the subroutine L to get a linear combination of vectors
of the form (136), i.e.,

br(ny)---b1(n1)g2 =Y amei,, (ky,) - e, (k1)g2,

m

where k,,, < --- < k; <0 is non-positive (we again abuse notation and suppress an additional
index m for i and k). By linearity of the inner product, we conclude that

...........

At this stage, we use the explicit form (142) of the function g for every element of this linear
combination. O
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Algorithms 1, 2 and 3 summarize these arguments as pseudocode. In this code, we use the

notation
@1 ags.., a1 by, b1y 1] Q¢s--01 1By, b
F(Z, E, ¥, 03, palmy,....my |n:,_,.,n11) - fl,r(z’ @3, $2 me,...,mlln:,...,nll)

H(z. r, @3, 1500 = hy (2, @3, 315 01)
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