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Abstract

This thesis considers a class of semilinear parabolic evolution systems subject to a hysteresis
operator and a Bochner-Lebesgue integrable source term. The underlying spatial domain is
allowed to have a very general boundary.

In the first part of the work, we prove resolvent estimates for elliptic operators.

In the second part, we apply semigroup theory to prove well-posedness and boundedness of
the solution operator. Rate independence in the non-linearity complicates the analysis, since
locality in time is lost. We investigate in Lipschitz continuity and Hadamard differentiability of
the solution operator in the initial value and the source term. Using fixed point arguments, a
representation of the derivative as an evolution system is derived.

In the third part, the results are applied in the optimal control of hysteresis-reaction-diffusion
systems. We study a control problem with distributed control functions, or controls which act
on a part of the boundary of the domain. The state equation is given by a reaction-diffusion
system with the additional challenge that the reaction term includes a scalar stop operator.
First of all, we prove first order necessary optimality conditions for either type of control func-
tions. Under certain regularity assumptions we derive results about the continuity properties of
the adjoint system. For the case of distributed controls, we improve the optimality conditions,
show uniqueness of the adjoint variables and prove criteria for possible discontinuity points and
upper bounds for jumps of the adjoint variable which corresponds to the hysteresis. For the
general problem, we employ the optimality system to prove higher regularity of optimal solu-
tions. Finally, we derive regularity properties of the optimal value function and the optimal set
function of a perturbed control problem when the set of controls is restricted.

Zusammenfassung

Thema der Arbeit sind Systeme semilinearer parabolischer Differentialgleichungen, deren Nicht-
Linearitat einen Hystereseoperator enthélt. Das zugrundeliegende Definitionsgebiet ist moglicher-
weise nicht glatt. Im ersten Teil der Arbeit werden notwendige Resolventenabschatzungen fiir el-
liptische Operatoren bewiesen. Die Resultate werden anschlieend genutzt um mit Hilfe von Hal-
bgruppentheorie die Wohlgestelltheit sowie die Beschranktheit des Losungsoperators zu zeigen.
AuBerdem werden Lipschitz Stetigkeit und Hadamard Differenzierbarkeit des Losungsoperators
sowohl im Anfangswert als auch im Quellterm gezeigt. Insbesondere wird die Ableitung als
Losung einer Evolutionsgleichung dargestellt. Ein Grofiteil der Beweise beruht auf Fixpunktar-
gumenten. Der Hystereseoperator bereitet Schwierigkeiten in vielen Abschétzungen, da dieser
nicht lokal in der Zeit arbeitet. Im dritten Teil der Arbeit werden die Resultate in einem Optimal-
steuerungsproblem umgesetzt. Zustandsgleichung ist ein Reaktions-Diffusions-System, dessen
Nicht-Linearitét einen skalaren Stopp-Operator enthélt. Wir betrachten verteilte Steuerungen
oder Kontrollfunktionen auf einem Teil des Randes. Zunéchst werden notwendige Optimalitéts-
bedingungen erster Ordnung fiir Steuerungen beider Art hergeleitet. Unter einer geeigneten
Regularitdtsannahme werden Aussagen zur Stetigkeit des adjungierten Systems erarbeitet. Fiir
verteilte Steuerungen konnen die Optimalitatsbedingungen in starkerer Form bewiesen werden.
AuBlerdem werden fiir diesen Fall Eindeutigkeit des adjungierten Systems, sowie Kriterien fiir
mogliche Unstetigkeitspunkte und obere Schranken fiir Spriinge hergeleitet. Fiir das allgemeine
Problem zeigen wir mit Hilfe des Optimalitatssystems hohere Regularitat der optimalen Losun-
gen. Abschlieend erarbeiten wir Regularititseigenschaften der Optimalwertfunktion und der
zugehorigen Mengenfunktion fiir ein gestértes Kontrollproblem.
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1 Introduction

A lot of research has been made in the analysis of (systems of) partial differential equations
(PDEs) and in particular in the field of non-linear and non-smooth PDEs. Moreover, many
optimal control problems are subject to PDEs which depend of a control function. Especially in
this context, the question of differentiability of the corresponding solution operator, the control-
to-state mapping, becomes interesting. The latter is essential in order to derive (necessary)
optimality conditions for the control problem at hand.

The concern of this work is the following. Firstly, we study systems of semi-linear PDEs which,
represented as abstract operator equations, take the form

%y(t) + (Tpy)(t) = (Fly])(t) +u(t) in X fort >0,
y(0) = yo € X.

(1.1)

In particular, is the weak formulation of a system of PDEs. Accordingly, the solution
y takes values in a Banach space X = WEII)’p (©) which is decomposed as a product of dual
Sobolev spaces. All boundary conditions are included in the solution space in the way that each
test function satisfies homogeneous Dirichlet boundary conditions on I'p, C 09, j € {1,...m}.
Additionally, the domain €) satisfies minimal smoothness assumptions. The semi-linear elliptic
operator 7T}, is unbounded on X and yjg is a prescribed initial value. The main difficulty comprises
of the non-linearity F', which is a Nemytski operator of the form (F[y])(t) = f(y(t), W[Sy](t)).
The function f is assumed to be locally Lipschitz continuous and directionally differentiable.
Moreover, WV is a scalar stop operator or another hysteresis operator with appropriate properties.
Accordingly, the vector y has to be mapped to a scalar valued function by some linear operator
S € X* in order to serve as an input for WW. Solutions z = W[v] can not be written in a closed
form. There are several ways to represent z. The most useful formulation for this work turned
out to be the following variational inequality [cf. BK13]:

(2(t) —0(t))(2(t) =€) <0 for £ € [a,b] and t € (0,T),
2(t) € [a,b] for t € [0,T],
2(0) = 2.

Lastly, the forcing term u € L(Jr; X) is a Bochner integrable function.

The first aim of this work lies in the analysis of the solution operator G which maps each
pair (yo,u) to the solution y of . Before this question can be addressed, some semigroup
theory has to be developed. In particular, we prove resolvent estimates for the operator 7,
which extends an existing result from [Hal+15] from scalar valued functions to vector fields.
Subsequently, those tools are applied to prove well-posedness of and Hadamard directional
differentiability of G in yo and u. Those results extend the findings in [Munl7a] from diffusion
operators to general elliptic operators and from zero initial value to arbitrary yg.

In the second part of the work, we apply the results from the first part to an optimal control
problem where serves as the state equation and in which the forcing term takes the role
of a control function. Specifically, we focus on the subclass of diffusion operators A, and initial
value yg = 0. Moreover, the cost function at hand is of tracking type.

For i € {1,2}, the control problem to study takes the form

. 1 2 K 2
min J(y,u) = §||y —yallg, + 5”““&- (1.5)

uel;



subject to

§(t) + (Ap)(t) = F(y(t), 2(1)) + (Biu)(t) in W IP(Q) for ¢ € (0,T), (1.6)
y(0) =0 in Wp P (Q),
z = WI[Sy]. (1.7)

Hence, the state equations f take the form of with T, = A,, yo = 0 and B;u
instead of w.

We consider two different types of control functions. The first one corresponds to ¢ = 1 and
includes controls which act distributed over the domain 2. The corresponding control space

Uy := L2 ((0,7); [L*()]™) is embedded into L? ((O,T);W;[l)’p(ﬂ)) by a suitable operator Bj.

The second control space U := L2 ((0, )11, L*(Ty,, ’Hd_l)) consists of functions which act
exclusively on the Neumann boundary parts I'y; C 09, j € {1,...m}. Again, functions from
Us are embedded into L2 ((0, T);W;[l)’p(ﬂ)) by a suitable operator Bs.

We derive necessary optimality conditions for f. In particular, we show existence of an
adjoint system (p, ¢) and prove a maximum condition. For i = 1 we improve the latter condition
and show uniqueness of (p, ¢). Moreover, we show higher regularity of the optimal solutions and
study the optimal value function and the optimal set function of a perturbed control problem

uergiélUiJ(G(Bi(u—r,O),u—r), (1.8)
where r € U; corresponds to the perturbation. Those results reflect the findings of [Munl7b),
but the theory and all proofs are carried out more detailed and in several parts more accurate.
The evolution of ¢ and the optimality condition depend on an abstract measure dy which could
not be characterized in [Munl7b|. This work extends the results from [Miinl7b|. In particular,
for i = 1 we prove sign conditions and bounds for du and deduce sign conditions and bounds
for dq. We exploit this to prove conditions for discontinuity points of ¢ as well as upper bounds
for possible jumps.

In the following, we compare this work to the literature.

A lot of the semigroup theory which we apply in this work can be found in [Paz83|, [Lun95|
or [Hen81|. Also results on general non-linear abstract operator evolution equations without a
forcing term w can be found here. Typical non-linearities take the form f(t,y(t)), where f is
(locally) Lipschitz continuous. Semilinear parabolic problems similar to above have been
studied in [Lun95| for example. Also here, the non-linearities f(¢,y(t)) are Lipschitz continuous.
Recent results about differentiability of the solution mapping of non-linear operator equations
are due to [MS15|. So far, the non-linearity f is always defined locally in time, and no hysteresis
is considered.

Good progress has also been achieved with respect to optimal control of (systems of) PDEs.
Specifically, many results on semi-linear parabolic optimal control problems can be found in
[Tr610]. Early research in this direction is due to [BC85; RZ98; Cas97]. We also call the reader’s
attention to [HKR13|, where a parabolic control problem with rough boundary conditions is
studied.

The particular subclass of optimal control problems with reaction-diffusion systems as state
equations has already been studied in [Gri03]. Particularly, parameter sensitivity analysis is the
focus of this work. Subsequently, the results have been broadened in [GV06] and several further
papers. A similar problem was also analyzed in [BJT10]|, where optimality conditions could be
shown.



So far, all optimal control problems are subject to non-linear PDEs with smooth non-linearities.
Hence, continuous differentiability of the control-to-state operator - often up to second order -
could be shown. By linearity of the derivatives, first and often second order optimality conditions
could be derived.

Only few results have been established for the optimal control of infinite-dimensional rate-
independent processes. Early studies in this direction are due to [Rin08; Rin09|. In particular,
existence of optimal controls for problems subject to energetically driven processes has been
studied. An application of these results in the field of shape memory materials and in particular
to thermal control problems is due to [ELS13} [EL14]. No optimality conditions can be found
in these works. In the infinite-dimensional setting, an optimal control problem in the field of
static plasticity has been studied in [HMW12; HMW13]. Subsequently, the theory was applied
in [HMW14]. Specifically, a quasi-static control problem was solved numerically with a time-
discretization approach. A class of time-continuous, infinite-dimensional, rate-independent con-
trol problems of quasi-static plasticity type was analyzed in [Wac12; Wacl5; Wacl6]. Again with
a time-discretization argument, optimality conditions could be derived. Finally, in [SWW16], a
time-continuous, infinite-dimensional optimal control problem of a rate-independent system is
studied. The state equation is considered in its energetic formulation, and necessary optimality
conditions are shown by viscous regularization.

To the best of our knowledge, the research of optimal control of hysteresis started with [Bro87
Bro88; [Bro91]. The optimal control problem here is subject to an ODE-system with hysteresis
and necessary optimality conditions could be shown. Moreover, a time discretization argument
has been applied to derive an adjoint system. Closely connected, research on optimal control of
sweeping processes has been done in [CMF14; Col+412; (Col4-16]. Comparable to this work, but
for a control problem of an ODE-system with a (vectorial) stop hysteresis operator, first order
optimality conditions were derived in [BK13|. Similar as 7, a variational inequality
is chosen to represent the hysteresis operator. The main difficulty which occurs with the stop
operator and with every other interesting hysteresis operator is its non-locality in time. As a
consequence, the state y(t) at each time ¢ € (0, 7] depends in general in a non-trivial way on the
whole history (0,t). Another problem is due to the fact that the stop operator is not differentiable
in the classical sense. Hence, classical differentiability of the control-to-state operator is lost.
In [BK13|, regularization techniques were applied to overcome this problem, and finally an
optimality system could be derived. We take advantage of several of the ideas in this work.
However, since the state equation f is of reaction-diffusion type, we need additional
arguments. In particular, the state vector y : [0,7] — Wilj’p (©2) which solves (L.6)—(L.7) takes
its values in an infinite-dimensional space. Moreover, our assumptions on the non-linearity
are much weaker since we only suppose f to be locally Lipschitz continuous and directionally
differentiable rather than continuously differentiable. As a consequence, we require techniques as
in [MS15]. Indeed, since the domain (2 has a rough boundary, the (1.6)~(L.7) can only be written
as a weak formulation and the domain of the unbounded diffusion operator A, is contained in
Wl?;’p (Q), i.e. in a product of dual spaces.

Only few substantial results are available on the control of hysteresis-reaction-diffusion systems,
and even less in the direction of optimal control. Particularly, some research on automatic
control problems governed by reaction-diffusion systems with feedback control of relay switch and
Preisach type has been done in [CCO02]. In fact, global existence and uniqueness of solutions could
be shown. Closed-loop control of a reaction-diffusion system coupled with ordinary differential
inclusions is the subject of [DN11]. Assuming the number control devices to be finite, a feedback
law was derived.

Finally, the optimal control of general non-smooth semi-linear parabolic equations was analyzed
in [MS15]. Specifically, the non-linearity is Lipschitz continuous on bounded sets and direc-



tionally differentiable. Hence, the control-to-state operator is not differentiable in the classical
sense. Nevertheless, necessary optimality conditions could be derived. The derivation of an ad-
joint system relies on regularization techniques. Although no hysteresis is considered in [MS15],
with additional arguments from [BK13], the approach can be adapted to work for problem (|1.5)—
, where the hysteresis entails non-locality in time. For further research on optimal control
of non-smooth parabolic equations we refer to the references in [MS15].
As described in the beginning, this work considers non-smooth semi-linear parabolic systems
with hysteresis and the optimal control of non-smooth reaction-diffusion systems with hysteresis.
In particular, a scalar stop operator in the non-linearity Fy| = f(y, W[Sy]) implies non-locality
in time. Moreover, the function f is assumed to be locally Lipschitz continuous and directionally
differentiable. Finally, the domain ) satisfies minimal smoothness assumptions.
The work is structured as follows:
In Chapter [2, we establish necessary tools to analyze the operator equation . We expand
the framework in [Munl7a; Miinl7b] to the generality of this work.
Results from the literature on Sobolev Spaces with Dirichlet boundary conditions are collected
in Section In particular, we define the space Wllﬂ’g /(Q) and its dual space W;;’p (Q) for
p € [2,00) and z% + % = 1, where the domain €2 is non-smooth.
In Section we define a class of elliptic operators 7, and 7). We prove resolvent estimates
for those operators for appropriate p which are necessary for the construction of analytic semi-
groups exp(—1pt), t > 0, see Theorem This extends |[Hal+15, Theorem 5.12] from scalar
valued function spaces to spaces of vector valued functions. In Subsection we deduce the
corresponding results for the subclass of diffusion operators A, and A, as they were used in
[Minl7a; Miinl7b|. Subsection contains the necessary background on sectorial operators
and semigroups. We apply Theorem to prove that 7T, generates an analytic semigroup,
see Theorem In Theorem we prove that the resolvent set of T}, is contained in a
A

:® < Jarg(A—0)| <, A # 6}, where 6 > 0 and ¢ € (0, ). This yields crucial
estimates for the semigroup exp(—Tyt), t > 0. In Subsection we collect the necessary
background on fractional powers of operators Tg and the corresponding spaces X%), 0 >0.In

sector S&,é =

particular, we show important embedding properties of X;epp for 0 € [0,1] and that X;lpp is topo-
logically equivalent to W%’g (©). We also deduce topological equivalence of X%? to a complex
interpolation space [W;Ll)’p (Q),\WI{’]{J7 (2)]p for 6 € (0,1) if T), satisfies additional properties. The
latter hold for A,. In Subsection we introduce the concept of maximal parabolic Sobolev
regularity of an operator which is required to prove higher regularity of the solution y of .
Section [2.3] contains some embedding results on Bochner spaces which we need for several weak
compactness arguments.

Finally, in Section [2.4] we introduce the concept of hysteresis operators and define the scalar
stop and the scalar play operator.

In Chapter (3, we study the solution operator G of .

The main assumption of the chapter as well as some notation can be found in Section q
In Section we show that is well defined for v € L%((0,7); X) and yo € Xp for
appropriate ¢ € (1,00) and 8 € (0, 1], see Theorem The corresponding result for diffusion
operators is stated in Corollary

Afterwards, in Section we define Hadamard directional differentiability and show that the
solution operator G of is Hadamard directionally differentiable in yy and u, see Theo-
rem The corresponding result for diffusion operators can be found in Corollary

In Chapter we study the optimal control problem f. In particular, we restrict
ourselves to diffusion operators A, and zero initial value yo = 0 in .



Section contains the main assumption of the chapter and some further notation in addition
to Section 3.1

In Section[d.2] we exploit Corollary [3.4] Corollary and the embedding results from Chapter
and prove that an optimal control for problem f exists, see Theorem

Towards our main objective, which is an adjoint system for problem 7, we regularize
the control problem in Section In particular, we introduce a regularization parameter € > 0
and replace Fly] = f(y,W[Sy]) in by F:ly] = f:(y, Z:(Sy)), were f. and Z. are regular
enough and approximate f and W in the limit ¢ — 0. Accordingly, this yields a regularization
of the state equation (L.6)—(1.7). In Subsection we extend the results from [Minl7b| by
proving well posedness and regularity results for Z.. Corollaries imply that the solution
operators G, of the regularized state equations are well defined and Gateaux-differentiable on
L((0,T); X). For a fixed optimal solution @ of (L.F)—(L.7), we add an additional term of the
form |lu —u||x to the original cost function J and define a sequence of regularized optimal
control problems with state equations y. = G.(B;u), z = Z-(Sy:). As for problem 7,
we obtain optimal solutions %., . = G<(B;u.) and Z. = Z.(S57,). By uniform-in-¢ bounds and
weak compactness arguments, we prove that those functions converge to the optimal solution
(u,7y,%) of the original problem in the limit £ — 0, see Theorem Even though the control-
to-state operators G, are Gateaux-differentiable, it remains challenging to derive adjoint systems
(pe, qe) for the regularized problems, since G, is defined implicitly via Z., similar as in ([L.6).
Nevertheless, we establish an optimality system for those problems in Theorem [4.20]

In Section we accomplish the original aim and derive an optimality system for problem (|1.5))—
. In particular, we take the limit ¢ — 0 of (p., ¢-) in Subsection and prove necessary
optimality conditions. The evolution equation of the adjoint variable p which corresponds to
y follows without further effort. But the adjoint variable ¢ which corresponds to Z is of lower
regularity as it occurs frequently in optimal control problems which are subject to implicit state
constraints of variational inequality type. Indeed, ¢ is only contained in BV(0,7'), the space
of functions with bounded total variation in [0,7]. Hence, there exists no time derivative and
the evolution of ¢ is only represented by a measure dg € C([0,7])*. In order to understand
the optimality system for problem f completely, we study g and dq in more detail.
It turns out that dgq depends on an abstract measure du € C([0,7])*. Moreover, the measure
is part of the maximum condition for problem f which we prove in Subsection m
This makes it even more appealing to characterize du. For the general problem with ¢ € {1,2}
and without any further assumptions, we prove that du has its support in the subset of times
Jo C [0,T] where % is located at the boundary points {a, b} of [a, b]. With an additional regularity
assumption on Sy we can further shrink the support of dyu. Example [4.32 provides an example
in which this assumption applies. The latter is not contained [Munl7b|. The first main results of
Section [£.4) are summarized in Theorem and Corollary Those contain all results about
the optimality system and the maximum condition for problem f for i € {1,2}. In
Sections we continue to study the control problem with distributed control functions,
i.e. with ¢ = 1, in more detail. It turns out that the optimality conditions for this particular
case can be improved, since B; has dense range and hence Bj is one-to-one for p > 2 close to
two. Corollary [4.40] contains the improved maximum condition. Moreover, in Corollary [£.41] we
again exploit injectivity of B} and show uniqueness of p, ¢ and du for i = 1. These together are
the second main result of Section In Subsection we extend the findings of [Munl7b]
by analyzing the measure du for the case ¢ = 1 and for continuously differentiable f in more
detail. In particular, we partition the interval [0,7] into different categories of times. In the
subset of times in which the support of du is located, we prove sign conditions and bounds for
du, see Lemma and Theorem With help of the optimality system in Corollary
we transfer those results to the measure dg, see Corollary In the case when the regularity



assumption of Subsection [£.4.1] holds, we prove conditions for discontinuity points of ¢ and upper
bounds for possible jumps, see Corollary
In Section we return to the general case i € {1,2}. We introduce an additional assumption
on B; and exploit regularity of (p,q) in time and the relation between (p,q) and @ in order to
establish higher regularity of the optimal control w and the optimal state ¥, see Theorem
Example provides an example in which Theorem [4.51] can be applied.
Finally, in Section we study the perturbed problem . In Theorem we prove that
the optimal value function v : » € U; — R is lower semi-continuous for C' convex and closed. If C'
is also compact, we prove that v is continuous and that the corresponding optimal set function
V :r € U; = C is upper semi-continuous.
Note that all results of Chapter [4] can be applied to control problems with general spaces of
control functions of the form U = LZ((O, T); U ) We only require the existence of a continuous
operator B: U — X = Wfé’p (Q). If B satisfies the properties of Bj, then also the improvements
of Sections hold. Moreover, the cost function J(y,u) can be replaced by a general
differentiable functional J(y,u, z), as long as the corresponding reduced cost function remains
coercive in u € U. Of course, this results in a different optimality system. In particular,
the evolution equations of the corresponding adjoint variables include the partial derivatives
Jy(y,w,z) and J.(y,w,z). Finally, the diffusion operator A, can be replaced by a general semi-
linear parabolic operator which satisfies maximal parabolic regularity on X = W;;’p (Q).
Notation:
Depending on the chapter, the Banach spaces in this work consist of complex or real valued
functions. If Y is such a Banach space, then we denote by Y* the corresponding (anti-)dual
space. In the complex case, the duality pairing between u € Y* and v € Y will be denoted
by (u,v)y=y or (u,v)y, and the anti-duality pairing by ((u,v))y+y or ((u,v))y. Accordingly,
there holds

(w)y+y = (u0)y = ({u,v))y = ((u,v))y=y.
Moreover, we write £(Y, Z) for the space of linear operators between spaces Y and Z and L(Y)
for the space of linear operators on Y.

2 Establishment of necessary tools

2.1 Sobolev spaces including homogeneous Dirichlet boundary conditions

The setting and the theory of this section has appeared in a similar form in [Minl7a] and
[Minl7b|. Remember however, that we will not exclusively work with spaces of real valued
functions, but consider spaces of complex valued functions in parts of this work. The theory
in this section is strongly connected to [Hal415]. We recall several definitions, results and
assumptions. In the following, Q@ C R? is assumed to be a bounded domain with d > 2. The
boundary regularity is defined in Assumption For some given m € N\{0}, we want to define
a vector space as the product of m distinct Sobolev spaces of functions, which are complex or
real valued depending on the context.

For each component j € {1,...,m} of this space of vector valued functions, see Definition
the boundary 02 is the union of the corresponding Dirichlet part I'p, C 92 and the Neumann
boundary I'y; := 8Q\FD],, see Assumption The cases I'p, = 0 and I'p, = 0% are not
excluded [Hal+15, Comment after Definition 2.4| and [Aus+14, Remark 2.2 (iii)]. The definition
of Sobolev spaces of functions which are zero on a part of the boundary allows us to incorporate
homogeneous boundary conditions of a PDE already in the definition of the space of solutions.
In many problems, 92, I'p, and I'p; are assumed to be Lipschitz continuous manifolds. We
want to admit a much broader class of possible boundary decompositions in our setting.



This leads us to the definition of an I-set, where I € (0,d] is a fixed real number.

Definition 2.1. [Hal+15, Definition 2.1] For 0 < I < d and a closed set M C R? let p denote
the restriction of the I-dimensional Hausdorfl measure H; to M. Then we call M an I-set if
there are constants ¢, co > 0 such that

crr! < p(Bga(z,r) N M) < cor!
for all z in M and r € (0,1).
We assume throughout that the domain of existence satisfies the following:

Assumption 2.2. [Hal+15, Assumption 2.3] The domain Q C R? is bounded and its closure
Qis a d-set. For j € {1,...,m}, the Neumann boundary part I'y;, C € is relatively open and
the Dirichlet boundary part I'p, = 9Q\I'y; is a (d — 1)-set.

Remark 2.3. As already mentioned in the beginning of this section, note that the cases I'p, = 0]
and I'p, = 02 are not excluded [Hal+15, Comment after Definition 2.4] and [Aus+14, Remark
2.2 (iii)]. Assumption allows for very general domains. For example, {2 may be a Lipschitz
domain and for j € {1,...,m}, I'p, can be a (d — 1)-dimensional manifold. But much more
general cases are possible: “In particular, the Dirichlet boundary part need not be (part of) a
continuous boundary in the sense of [Gri, Definition 1.2.1.1] and the domain is not required to
'lie on one side of the Dirichlet boundary part’.” [DER15, 1. Introduction]

As in [Hal4-15, Definition 2.4] or [Mun17a), Definition 2.4] we define Sobolev spaces which include
Dirichlet boundary conditions on a part of the domain.

Definition 2.4. Let U C R?% be a domain and p € [1,00). All functions are either real or
complex valued.

e WIP(U) denotes the usual Sobolev space of functions 1 € LP(U), whose weak partial
derivatives exist in LP(U), normed by
1
9 P
[ lwe @y = (/(W +Z ) ) :
e For a closed subset M of U we define
CR(U) = {¢lv : ¥ € CF(R?), supp(y) N M =0}

and denote by Wi/’[p(U) the closure of C33(U) in WP (U).

X
Dz,

Remark 2.5. [Miinl7a, Remark 2.5] In Wi/’[p (U) in Definition H, we use the same norm as
in [Hal+15|, which differs from the usual norm in Sobolev spaces. One reason for this choice

is that it simplifies estimates concerning the duality between Whp (U) and WI{/’IP /(U ). We may
identify a function ¢ € Wi/’lp (U) with an element in Wl\_/ll’p (U) since for any ¢ € Wi}lp (U) the
Cauchy Schwarz inequality together with Holder’s inequality yields

!@wz 04 ‘%) !(W ) <\w|2
(/ (W ) ) (/ (W )Z )
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The results in [Hal+15, 3. Interpolation] about interpolation properties between spaces of the
form Wllﬂ’g () for different p € (1,00) are established under the assumption that a linear and
J

continuous extension operator & : W%;(Q) — W%; (R) exists, which simultaneously defines
J

J
a continuous extension operator & : WIIJS (Q) — W%’g (R?) for all p € (1,00) [cf. Hal+15,
J J

Assumption 3.1]. This operator is used to carry over existing interpolation results from the
usual Sobolev spaces to W%’g (€2)-spaces. It is shown that such an extension operator can be

constructed under the following assumption.

Assumption 2.6. [Hal+15, Assumption 4.11] In the setting of Assumption we suppose for
allj € {l,...,m}and any z € IT/] that there is an open neighborhood U, of x and a bi-Lipschitz
mapping ¢, from U, onto a cube in R? such that 0. (2NU,) equals the lower half of the cube
and such that 092 N U, is mapped onto the top surface of the lower half cube.

Remark 2.7. Aside from the construction of an extension operator, as described above, As-
sumption [2.6] is important due to the following two reasons:

1. We will need Assumption [2.6] in Section to prove resolvent estimates for elliptic
operators.

2. [Munl7a, Remark 2.7] Under Assumption it can be shown that the embeddings
Wi (@) < LI(Q)
J

are compact for g € [1, ddfpp) if p € (1,d), and for arbitrary ¢ € [1,00) if p > d [Hal+15,
Remark 3.2]. The proof is almost equal to the proofs of [Eval0, Part II, 5.6.1, Theorem

2] and [EvalO, Part II,5.7, Theorem 1].

The second remark will turn out to be very important when it comes to embedding proper-
ties of fractional power spaces and of Banach space valued functions, see Subsection [2.2.5] and
Section 2.3] below.

The following definition of vector valued Sobolev spaces which include homogeneous Dirichlet
conditions goes back to [Hal415, Section 6], cf. also [Munl7aj, Definition 2.8]:

Definition 2.8. With Assumption and Assumption and p € [1,00) we define a Sobolev
space of vector valued functions by the product space

m
Wiy (@) = [T Wi ().
j=1

For p € (1, 00) we denote its (componentwise) dual by Wil)’p / (), or the anti-dual in the complex
case respectively.

2.2 General elliptic operators

In this section, we define a class of elliptic operators 7, and 7). We prove resolvent estimates
for those operators. In particular, with Theorem below we are able to extend an existing
result for scalar valued function spaces to the vector valued case. As already mentioned in
the introduction, this implies that the operators are sectorial and therefore generate analytic
semigroups of operators, see Subsection Since zero is contained in the resolvent sets p(7},)
it can also be shown that the fractional powers Tg are well defined. This leads us to the definition
of fractional power spaces in Subsection All spaces in this section are considered to be
complex.



2.2.1 Definition of 7, and T},

Before we introduce the elliptic operators 7, and 7}, in Definition we define two auxiliary
operators which we need for the construction. The definition of 7, below goes back to [Hal+15,
Section 6]. We extend the framework of this work in order to provide the reader a comprehensive
overview about the spaces between which the individual operators act.

Definition 2.9. With Assumption ﬂ and Assumption let p € [1,00). We introduce

Tp W (Q) — LP(QC™ x C™Y), T,(u) = (u, Vu) and
I s WP () = Wi (), (W) g = /Q u-Tds Yo e WE ().
D

In the following lemma, we study the operator I, in more detail. Amongst others, we prove that
I, is well defined. This is necessary for the construction of 7).

Lemma 2.10. In the framework of Deﬁnitionu 9, let p € (1,00). Then I, is compact, one-to-one
and has dense range, i.e. ker(I,) = {0} and ran(l,) = W;;’p (€2). Moreover, there holds

HIPHLZ(W;,P (Q)va_;p(ﬂ)) S 1.

Proof. Because Wl’p () is a product of W (Q) -spaces, the embedding Wll“f, (Q) < [LP(Q)™
is compact according to Remark 2.7, By Holders inequality, one has

‘<<Ipu7v>>wlp Q)‘ < HU’H[LP m”UH[LP,(Q)]m S HUH[LP(Q)]"LHUHW;JJ’(QV
D

for all u € W;Z(Q) and v € WF’ZI(Q). So indeed, I, maps every u € W%S(Q) to a continuous

functional on W%’g '(Q2). Moreover, it follows
Iyl ) < Rellzsiape < gy
'p

This already implies ||Z,|| o ) < 1 and that I, is compact as the concatenation

WP (Q), W LP(Q)
of a compact and a continuous operator. It remains to prove that I, is one-to-one and has
dense range. The embedding W%’g (2) < [LP(Q)]™ is one-to-one, since |lul|jLrqym = 0 for
u € W%’g () implies Vu = 0 € LP(Q;C™*9) by definition of the weak derivative, so that
u=01in Wl{g(ﬂ) Note that [C3°(£2)]™ is dense in [LP(€2)]™ [W05, Lemma V.1.10]. Moreover,
<<Ipu,v>>w#p/(ﬂ) is equal to the anti-dual pairing between u € [LP(Q)]™ and v € [L¥ (Q)]™

Hence, <<Ip£,v>>w#p/(ﬂ) = 0 for any v € [C§°(2)]™ implies that u must be zero in [LP(Q)]™ by
D

the Hahn-Banach theorem [WO05, Korollar II1.1.6]. In this case, v = 0 in W%’g () as well by the

above argument. Consequently, I, is one-to-one.
To see that I, has dense range, note first that W' (Q) is reflexive for p’ € (1,00) |[AF03, 3.6

Theorem]|. That is, also W%’g /(Q) is reflexive as a closed subspace of a reflexive space [W05, Satz

I11.3.4], so that we may identify [W;;p(ﬁ)]* = [W%SI(Q)} " with W%’gl (). This leads to the
representation

I =Ly s WEP (Q) — WRl P (@),
D
and also the adjoint operator I, of I, is one-to-one. Now by [WO05, Satz II1.4.5], one has
U, * ~1,
ran(lp) = (ker(l,)) L = (ker(ly))L = {0} = WFDP(Q),

which proves that I, has dense range. O



Building up on the results of Lemma we introduce elliptic operators 7, and 7, :
Definition 2.11. For a given coefficient function
T € L®(; £L(C™ x C™*4 C™ x C™*%))
and fixed p € (1, 00), the operator 7, is defined by
I(Q) = Wi P(Q), Ty = Ty,

In particular, for u € W;’g (Q) and v € W%’gl(ﬁ), Tpu acts on v as

u
<<7;3U, U>>Wl{g(9) - /T <Vu> (V’l}) dz and
Q
u [
<7;U,U>W%£/(Q) = /T <Vu> : <Vv> dx,
Q

where we denote

m m d
<Z,1> : <22> = Z ezieé + Z ZE{kE%k Vey,eg € (Cm,VEl,EQ S Cde.
1 2
i=1 j=1 k=1

We assume that 75 is elliptic, i.e. that there exists some w > 0 such that for all v € Wll“i Q)
there holds the estimate
2
Re<<7-20, U>>W1£L2) Q) > wH”Hw%‘; Q)"
Since for p € (1,00), T, corresponds to the restriction of the elliptic operator 7 to W%’g (Q), we
call 7, elliptic. We define the unbounded operator

T, =T, W;;’p(Q) - W;;’p(g)

with dom(7},) = ran(lp) as its domain of definition, and also refer to this operator as elliptic.
The difference between 7, and T}, will become clear from the notation.

In the following remark, we introduce a representation of the matrix valued function T from
Definition [2.11] which will be helpful in the proof of Theorem [2.14] In particular, we write T
as a block dlagonal matrix with four entries such that for u € W D(Q) and v € W ’g () the

expression ((Tpu, U>>Wl W 7 (@) separates into four terms which involve the pairings {u, v}, {Vu,v},

{u, Vo} and {Vu, Vv}

Remark 2.12. The coefficient function T in Definition [2.11] can be represented in the form

T:< Tn T12med >
Pl Ty Pl TooPuxd

m><d mxd

with matrix valued functions Ty; € L®°(Q; C™*™), T1o € L®(Q; C™*™d) Ty € L°(Q; Cmdx™)
and Top € L°(Q; C™m@x™md) Written in this form (and omitting the dependence on ), the action
of T on (u, Vu)T is given by

']I‘( u > _ < Tn lepmxd ) ( u > _ < T11U+T12medvu )
Vu deTm deTZQPde Vu mxdT21U+P XdT22mequ

10



Here, the mapping P,,xq : C™*?% — C™ is defined by

(PdeE)j = E(L%J_’_l)(j_dijflj) for 1 < j <md, VE, Es € Cde.

d

Particularly, the entries of E are - row for row - written into a vector with md components.
Similarly P!, : C™ — C™*? is defined by

(Pr;ide)kj = €(k—1)-dtj forl<k<mandl1l<j<d, Vei,eo € C™.
Hence, the entries of e are - row for row - written into a C™*%matrix, starting with the first
row.

The following result is shown in [Hal4-15, Theorem 6.2] and provides us the main tool to prove
resolvent estimates for 7, and T}, in Theorem below:

Theorem 2.13. In the setting of Definition let M be a set of coefficient functions as in
Definition with a uniform upper L=-bound c¢* > 0 and a common lower bound w for the
ellipticity constant of the corresponding operators. Then there exists an open interval Jaq with
2 € Jap such that for all p € Jpq and all T € M the corresponding operator T, is a topological
isomorphism between W;g(ﬁ) and W;}i’p(Q). Additionally, there exists a constant cpq > 0 such

that for allp € Jpq and f € Wil)’p(Q) the estimate

—1
sup {175 g < el g
holds.

2.2.2 Resolvent estimates for 7,

In the setting of Theorem @, we prove resolvent estimates for the operators 7,. The proof
mainly follows the proof of [GR89, Theorem 2], which states the result for scalar valued function
spaces with regular domains. The latter is adapted in [Hal+15, Theorem 5.12] to apply for scalar
valued spaces with rough boundary. However, in the vectorial framework with rough boundary
we have to argue differently in several steps.

Theorem 2.14. In the setting of Definition let M be a set of coefficient functions as in
Definition with a uniform upper L>-bound ¢ > 0 and a common lower bound w for the
ellipticity constant of the corresponding operators. Then there exists an open interval J g with
2 € Jpm (in general smaller than the one in Theorem such that for all p € Jaq and all
T € M, T, is a densely defined and closed operator on W;D’p(ﬂ) which has compact resolvent.
Moreover, with C4 :={\ € C: Re(\) > 0} there holds:

1. ForallA € C and T € M, T+, is a continuous bijection from W%S(Q) onto Wfé’p(ﬁ).

2. sup H(7;+>Jp)‘1||£(

) < 00.
TeM, XeCy

W L7 (), WP ()

3. sup || AL(Tp + ML)

-1
_ _ < o0.
TeM, AeC HE(WF ;‘P(Q),Wr;”’(ﬁ))

Proof. The proof is divided into two steps. First we show the statement for p > 2 and afterwards
we deduce that the theorem holds for p < 2.
M p>2:

11



Consider the interval J, from Theorem Let first p € Joq be given with p > 2. Moreover,
let T € M be arbitrary but fixed and recall the definition of the corresponding elliptic operator
Tp. W.lo.g we assume i < 1. For arbitrary but fixed A € C; we define p:=1— ﬁsgn(lm)\)i.
Note that |p| < 2. This and the definition of p will be important in Step I.i and Step Lii.

The strategy of the proof is the following:

Steps Li-1.ii show Statement 1 and that 7}, is a densely defined and closed operator on W;}i’p (Q)
with compact resolvent. Compactness of I,,, see Lemma will be crucial here.

In Step Liii we add an artificial dimension to R? and extend the domain Q to Q x (—1,1).
Moreover, we introduce extensions for functions from W%’g (©) by multiplication with ¥ times
an exponential term which includes p, where ¥ is an appropriate smooth function which has
compact support in (—1,1). We also define the restriction of a function of the extended domain
by multiplying ¥ times the exponential term as above and integrating over (—1,1). Then we
estimate the norm of those new functions against the norm of the old functions. We also extend
the matrix T to a new matrix T and obtain an elliptic operator 7} ,, which now acts on the
extended function space. The strategy is to show that Theorem holds for 7y , independently
of A and to use this knowledge in order to prove Statement 2 of this theorem. Partial integration
and the correct choice of the extended and the restricted functions are crucial here.

In Step L.iv we conclude from Statement 2 that Statement 3 holds for p > 2.

(Li) T, 4+ Al is one-to-one:

We show that 7o+ Ay : W%; Q) — W;;Q(Q) is one-to-one. For arbitrary u € W%i (), we first

observe |p| < 2, then insert p =1 — ﬁsgn(lm)\)i and apply the estimates ReX > 0, ﬁ < 1 and

w

< Zful?
24 = 2 M2

2 (@)’

Im<7§u, E>Wll"é Q)

as well as ellipticity of 75 to compute:

2(|Tou + )‘IQUHW;;’Z(Q) HUHW%; ()

22‘ <7§u + Asu, E>W11J2 )
D

> |pl[(T2u + /\IQU,H>W%,2 ©)
D

2 2

+ 'Im <p<7§u + AIQU,E>W;,2 (Q)>
D

:\/‘Re <p<7§u + AIQU,E>W;,2 (Q)>
D

>Re (p<75u + Asu, ﬂ>wl£,2 (Q)>

D

ZRe(Tow, Wyyi2 ) = 5.

Im(Tzu, ﬁ>w;; @]+ [ullf2(ym ReA

w 2 w 2 Al 2
b ol = 5 (Il )+ 2l )

This shows 4
HU||W1£; ) < ;”TQU + )\IQU||WF;’2(Q)ﬂ (2.1)

which implies that 7o + Al : W%;(Q) — W;;Q(Q) is one-to-one. Moreover, we obtain

_ w
Re((p(Ta g o)) 2 Sl oy (2.2

I'p

We will need this estimate in Step Liii below. Since 7T, + AI, is the restriction of 75 + A2, we
conclude that 7, + A, is one-to-one.

12



(ILii) T}, is densely defined and closed with compact resolvent and 7, + AI, is surjective:

We show that T}, is densely defined and closed with compact resolvent. This yields us surjectivity

of Ty + A, : WP (Q) — Wi P(Q).

Theorem entails that 7;_1 : Wlfrl)’p Q) — W%’g () is continuous with norm less or equal

than cpg. Since I, is compact by Lemma also T,V = I, W;})’p(Q) — W;;’p(Q) is

compact. In particular, the resolvent set p(7),) contains zero. T}, is densely defined because

dom(7},) = ran(J,) which is a dense subset of W;;’p(Q), see Lemma To see that T), is

closed, let (uy)neny C dom(7),) and v € W;;’p(Q) be given such that u, — v with n — co. Let

further T,u,, — y with n — oo for some y € W;[l)’p (©). By continuity of 7;_1 there holds
Ip_lun = 7;_17;Ip_1un = 7;_1Tpun — 7;_1@/ in W%’g (Q) with n— oco.

Because I, is continuous, we deduce u, — I,ﬂ;ly in W;})’p (©) with n — oo which yields us

v=1,T; 'y € ran(I,) = dom(T}). We also conclude

Tyv = 7;,[1)_11},7;_13/ =y,

which implies the closedness of T},. Hence. T}, is densely defined, closed with 0 € p(T},) and T, pfl
is compact. [Kat80, Chp.3, Theorem 6.2.9] yields that the spectrum of T, exclusively consists of
isolated eigenvalues with finite multiplicities and that 7T}, has compact resolvent. Consequently,
Tp+ A Wllﬂ’g Q) — W;}j’p(ﬂ) can only fail to be surjective if X is an eigenvalue of —7},. But
because T is the restriction of T}, this would imply that A is also an eigenvalue of —T5. This
cannot be the case since Th + X\ = (T2 + )\Ig)Igl and because T3 + A5 is one-to-one by .
Note that Steps L.i-1.ii prove Statement 1 for the case p > 2.

(Liii) Statement 2 holds for p > 2:

As in the proof of [Hal+15, Theorem 5.12], consider the extended domain Q := Q x (—1,1).
For 1 < j < m we define the extended open Neumann boundary part as the open set T N; =
I'n, x (=1,1) and the corresponding Dirichlet boundary part

pr]_ = 00\T'y, = (@ x {-1,1HU (Trp, x (~L,1)) = (@2 x {~1,1}) U (T, x [-1,1]).

Note that Q is a (d + 1)-set and that each prj is a d-set which still satisfies Assumption E
With a little abuse of notation we write J, for the same operator as in Definition now
defined from W%’Z (Q) to LP(Q; C™ x C™*(d+1)) " According to Definition [2.11| and Remark [2.12]
we consider the fixed value A € C, from the beginning of Step I and define the extended operator

Tap s WEP(Q) = WE P(Q), Tap = TpTad,

where the coefficient function Ty € L (€, £L(C™ x C™*(d+1) Cm x ¢m*(d+1))) takes the form

T, = X Tx 11 X Tx12Pmx(d+1)
me(d+1)T>\,21 me(d+1)T)\,22PmX(d+l)

For the definition of the single components T) ;;, i,j € {1,2}, remember the definition of the
parameter p = 1 — ﬁsgn(lm)\)i. Then for a.e. 7 := (z,t) € Q, the components of T) are

13



defined by
Tx11(2) = pT11(2),

(Do) (&) = {“Tl?)k(ja () imedld 20
(Tao )i (&) = {p(T”)(’f—OLdilJ)j(x) if l<:mod§ls(:r 1) # 0, -
(Tx22)kj(T) :=
p(Tﬂ)(k’_L%J)(ﬂ'—L#lJ)(m) if kmod (d+1),jmod (d+ 1) # 0,
0, if kmod (d+ 1) =0, xor jmod (d+1) =0,
fi(et — $sen(Im(X))i) if kmod (d+1) = jmod (d+ 1) = 0 and k = j,
0 else.

Note that CB’T = ﬁ (c4 — ¢sgn(Im(X))i) . By this choice of Ty, 75, essentially acts as p7).

The new spatial variable ¢ is only influenced by the diffusive part

0 0
Ty -1 N/
PO Py Taz2Pxarny ) ©F
of T\, and in such a way that derivatives in ¢ are not mixed with derivatives in the variables
x1,...,2q. More precisely, for @ € W%’p (Q) and o € W%’p () there holds
D D

1 . 7=~
<<7;\,pa>"7>>w%m’(§z) - /1/T>\ <vua> : (Vvﬁ) dxdt
b _
Q

Q
m d
+ Z Z P [(Pgiﬂ“mﬂ)jk + (Pn;idezpmdezﬂ)jk} (Va0j)k

7j=1k=1
c+pA 5 915 9%
N 2 o o vt
7=1

1 ~ <~ N m )\a.. 87..
_ NNE c4pA 0i; 09;
~[o[I7(<)] (Vzﬁ>d“;/g Ao
— Q -

- i )], o [ cxpA 0 9
_ / p<<7§a[U(,t)],v(,t)»w#g(erj; /Q R G dw

-1

Remember that the norm of pT is bounded by |p|lc+ < 2c4. Hence, the norm of Ty in
Loo(Q, L(C™ x Cmx(d+1) ¢m » ¢m*(d+1))) is bounded by 2¢y, i.e. independently of .

We show that T, o is elliptic with an ellipticity constant which is independent of A. To this aim,
let v € W%;(Q) be given. There holds

2

00" 1ot

ot

Re<<ﬁ726,6)>w%,;@) :/1Re <p<<7;[73(.,t)],®(.,t)>>W;,g(Q)> +§;/QR6<C|+)3)\>
21 =

14



For a.e. t € (—1,1), we apply (2.2)) to the first integrand and estimate

S0 O ) < Re (ST LT )

Moreover, since we assumed § < c in the beginning of Step I, there holds

o (5050 (e 250 - (57)

Hence, we deduce uniform ellipticity of 7y o from

Rl Mg 2 [ 5002100+ 53 [ [

Consequently, we can apply Theorem - 3| to the set of coefficient matrices M := ={T\: Te
M, X € C.}. Note that J ;; C Jaq because the uniform upper bound 2c of M is larger than ct
and the uniform elhp‘m(nty constant § of M is smaller than w. We assume w.l.o.g. that J ;; is of
the form (po, po) for some py > 2. T heorem H implies that 7T, , is a topological isomorphism
between W Lp (Q) and W lp (Q) and that the operator norm of '7;@ is bounded by a constant

¢y which is mdependent of Ty, € M. Let P € CF(—1,1) be arbitrary with 0 < ¢ < 1 and

81},

d.’L’dt HUH 12((2)

'p

P(t)=1fort e [ 3 2] We introduce the constant y := IM . There holds
PA A w )
? = W <C+ — §Sgn(1m()\))z> .

For p € [2,00) N J y; and arbitrary u € Wllﬂ’g () consider the extension

w(T) = u(z)(t) exp(ipt).

Note that @ € W%’p (Q). Moreover, we can estimate
D

1/2 L
0> // Q/ [(gfbﬁ)) : (Vﬁ‘@))] dadt =l (23)

For arbitrary v € W%’p /(Q) we define the restriction v € W;’g /(Q) as
D
1
v(z) = /17(95, t)(t) exp(ipt)dt.
-1
Note that

1
/ 15z, D) [(£) exp(igat) dt

—1

£~
-
SR
&)
[l
SR
| — |
ZIN
= &
Ve
O
N————
<
< 5\
\/
| — |
|/\
R

[(Va0j (2, 8))k] [¢(2) exp(ipt)|dt dx.

+
M&
T
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Hence, |1 () exp(ipt)] < 1 and Holder’s inequality for the integration in ¢ yields

/

2

1 m d
Hvl|§wl,p’(m S/ 2/’” )P+ YD |(Vady(a, )P dt|  de =27 /2!\5||§V1,p’(fz)'
o o L4 j=1 k=1 p

This shows

o]

o -
<20l ) = V2Tl (2.4
I'p

'p

/
WrP ()

We want to exploit ellipticity of 7Ty , to show Statement 2 of the theorem. To do this, we derive
a relation between T, and 7, + Al,. Consider the expression

o L. - A o
(ﬂ,pu,ww%,p/(m = p/ (Tpa(-, 1), U('7t)>W1’p,(Q)dt + % /{2 ot - Opodx =: K + L. (2.5)
T'p —1

'p

By definition of 4(Z) := u(z)y(t) exp(iut) and v(x) = fl O(x, t)1(t) exp(iput)dt there holds
1

1
K = p/1<7;71~6(,t), 6(7 t)>W1,P'(Q)dt = p<7;)U7U>W1,P/(Q)‘ (26)

I'p I'p

For L we compute

A s A . ) . - -
L= ';—2 /Q oyt - Opod = Zz/ﬁu(x)exp(wt)[iﬁ (t) + ipap(t)] - Opo(x,t)dT =: L1 + La.  (2.7)

Partial integration of Lo in ¢ yields

Ly = Zé\/ﬂz,ml - 0dT = —Z)z\ /Q[exp(iut)im/)(t)]/u(x) -0(x, t)dz

(2.8)
A N - -
B 7%2 / exp(ipt)iplip)(t) + o' ()]u(z) - 0(z,t)dT =: Ly + Loy
Q
Again by definition of 4 and v we obtain
Lot = pA / exp(it)(t)u(x) - (. 1)dE = p(Myt, v) 1 (2.9)
Q I'p
Another partial integration of L9 in ¢ yields
Lyo = / exp(ipt)u(x) - O [y (t)o(z,t)]dx
(2.10)
/ exp(ipt)u(x) - [ ()Opo(x, t) + " (£)0(x, t)]dE =: La21 + Laos.
Note that Loo; = L1 = (x)exp(ipt)y'(t) - Opd(x, t) d;i by (2.7). This together with the
representations (2.6} 1mphes that we can rewrite as
(T pt, 5>W1,p'(ﬁ) =K+ L=(K+La1)+ (L1+Lag1)+ Laoo
I'p
(2.11)
= p < (Tpu + Mpu,v) Wi (Q) / /exp ipt) [21/1 ) + " ()0 | dtdx p .
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We estimate (2.11)) from above. Note that |exp(iut)] < 1, }Z—;“ < 2cq, ¥ € CP(—1,1) and
|p| < 2. Moreover, remember (2.4)). Hence, there exist constants ¢y, ¢y > 0 which do not depend
on A and T € M such that

(Txpt; 0)

/o~
W22 (@)

< 'p(ﬁ,u + Mpu, v),

+ellullwr@m 1ol g
T

1,p/
FP () v

< 2V2|Tpu + Myl o) 10l ) + exllulliwo@y 191y,
D

10" (&
L (@)

< 2 | [[Tpu + Mpullyy-10 gy + [[ullLe@)m | 10l y107 a)-
(o) W' ()

I'p

Since v € W%’p I(Q) was arbitrary, we conclude
D

H’B\,pﬁuwl:;vp(ﬁ) < e [HEU + )‘IPU”W;LI)'p(Q) + HUH[LP(Q)]m . (2.12)

From (2.3) we know HuHWip @ < HfLHW;p (@) and Theorem 2.13 implies
D D

||ﬂ”Wl~’p (Q) S CM“’];UPQHW._LP(Q) fOI" all TA G M
I'p I'p
Consequently, we conclude from (2.12]) that
||U||w;vp () <z ||| Tpu + )‘]p“HWl:LP(Q) + HUH[LP(Q)]’" (2.13)
D D
for some c3 > 0 which is independent of A € C; and T € M. Remark and p > 2 imply the
embeddings W;’g () « [LP(Q)]™ < [L%(2)]™. [Nec12, Lemma 2.6.1] (see also |[GR89, p. 111])
entails for each € > 0 the existence of a constant c¢(¢) > 0 such that

HUH[LP(Q)]m < €HUHW;£(Q) + C<€>HUH[L2(Q)]W Vu € [LP(Q)]™.

For € < 1, this estimate in (2.13)) yields some ¢4 > 0 with
el < € {1750+ Myl + Il | (214)
D D

Recall that [Jul|p2(qym < HUHW;; @ = %HTQ“"")‘I?“HW;;?(Q) by (2.1)). Moreover, p > 2 implies
| T2u + )\IQUHW;;J(Q) < || Tpu + )\IpuHW;;,p(Q). Both estimates applied in ([2.14]) finally yield us

some c5 > 0 with
||u||w#g () < c5)| Tpu + )‘Ipu”wl:;f)(g)- (2.15)

Statement 1 for p > 2 has been shown in Steps I.i-1.ii. Hence, we can replace u in by
u = (T, + M) 1o for some v € W;;’p(Q), and shows Statement 2 for p > 2, since c5 is
independent of A € C and T € M.

(Liv) Statement 3 of the theorem holds for p > 2:
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For any v € Wil)’p(Q) and u = (T, + Al,) " tv, (2.15) implies
”)‘Ip(% + )‘Ip)ilvHWE;P(Q) = ”)‘IPUHW;;’I’(Q)
< H,E?u + )‘IPUHWI:;P(Q) + ”Euuwggp(g)
< H'E,u + )‘IPUHWI:];P(Q) + C+HUHW1£’ZZ; ()

< ‘|U||Wl:;,p(ﬂ) + C+C5”U||Wl:;,p(ﬂ) = (1 + C+C5)HUHW;;P(Q).

(IT) p < 2:
We deduce the statements for p < 2 from those for p > 2. W.l.o.g. J  in Step I was of the form

(P, po). Hence, for each p € J 5 N (—00,2) also p’ > 2 is contained in J ;. Because WR’;I(Q)

and Wlfll)’p (Q) are reflexive, one has
(To +AL)" = (T + M) s WL (@) = WP (@) = (Wi ()]

By [WO05, Satz 111.4.2], 7, has the same operator norm as 7,. Hence, Theorem can be

applied to 7, + Al because p’ > 2. Let v € W%’Z (Q), ue WE;’p/(Q) and A € C; be arbitrary.
There holds

<U,U> IP(Q)— <(T*+ )(T +)‘I ) u U>WF ()

p
= (u, (T, + ALy) "™ (T, + )\Ip)v>w#g @

By a corollary of the Hahn Banach Theorem [W05, Korollar III.1.6] it follows
v = (7;* + )\Ip/)’l*(’]; + Alp)v,

so that 7, + A, is one-to-one. Consequently, X is no eigenvalue of =T, = —=T,I; ! : ran(I,) —
W;;’p (Q). T} is closed and Tp_1 is compact by the same reasoning as in Step L.ii. We conclude
that the spectrum of —7), consists only of eigenvalues so that A € p(—T},). This implies that
T, + X is surjective. Because (7, + )\Ip)lp_1 = (T, + X), also (7, + Alp) is surjective and hence
bijective. Since 7, + A, is bounded and bijective, a corollary of the open mapping theorem,
[WO05, Korollar IV.3.4], yields that also (7, + AI,)~! is bounded which implies Statement 1 of
the theorem.

For Statement 2, note that (T,4Al,) "' = (T 4+Aly)~'* and that (T +A,) " and (T +Ay)
have the same operator norm. Statement 2 of the theorem holds for p’ > 2. This implies that
the norm of (7, + Ay)~! is bounded by a constant which is independent of A and T € M.
Consequently, Statement 2 holds also for p < 2. Statement 3 follows analogous to the case
p>2. O

Remark 2.15. If the coefficient matrices T € M of 7, are real-valued then Theorem carries
over to real valued spaces Wllﬂ’g (Q) [cf. Hal+15, 7. Applications]. To see this, we compute for

arbitrary real valued u € Wllﬂ’g (Q),ve W%’gl(Q) and A € C:

g | [ D] ()
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For A € R, this implies
((Tp + Ap)u, v)

Wl’p/(Q) = <(7;7 + )‘Ip)u’ U> € R.

I'p
Similarly, if Im(u) # 0 but v is real valued and A € Ry, then
<(7; + AIP)“’ U>W;,P/(Q) = <(7; + )\Ip)ﬂ7 U>W1,p/(g)

D I'p

= ((Tp + Mp)u,v)

/
Wr?'(Q)

and

2Im<(7;7 + )‘Ip)ua U>W1£»P'(Q) W#P’(Q) - <(7;7 + /\Ip)u7 U>
D D

= ((Tp + Alp)(@ = u), v)

/
Wrp (@)
/ .
Wrp (@)

But then Im((7, + AL,)u,v) = 0 does not hold for all v € Wi (Q), since T + Al is

W ()
one-to-one and @ — u is not the zero function. This implies that if % is contained in the real

valued dual space Wp.!(€) of Wi (), ie. if (4, V)1t ) € R for all real valued v € WY (),
D

then w := (T, + A\,) 14 € Wllﬂ’g (©2) must be real valued to, since otherwise there exists some
real valued v € Wllﬂ’g '(Q) such that
0 = 2Im(a, v) 10

I'p

= 2Im({(7, + Ap)u, v), Y () # 0.

1,
I'p

()

2.2.3 Diffusion operators

In this subsection, we define an important sub-category of elliptic operators as introduced in
Definition which are diffusion operators. In particular, we specialize on diffusion operators
which have a diagonal, positive definite diffusion matrix. Those are considered throughout
[Miinl7a] and [Munl17b]. All spaces in this subsection are assumed to be real valued. Before we
introduce diffusion operators in Definition we define an operator similar to 7, and recall
I, from Definition

Definition 2.16. [Minl7al Definition 2.8] With Assumption and Assumption and p €
(1,00) we define the operators

Ly WP (Q) = LP(QR™),  Ly(u) == vec(Vu) = (Vur,..., Viy)T
and

I,: W%Z(Q) — Wfé’p(ﬂ), (Iyu, U)W%,p/(ﬂ) = /Qu cvdr Y€ W%’Z/(Q).
D

We introduce diffusion operators A, as a sub-category of general elliptic operators T}, from
Definition 2.1k

Definition 2.17. |Munl7a), Definition 2.9] Let the constants dy,...,d,, > 0 be given diffusion
coeflicients and

D = diag(dy, ..., d1,... dpm,... dy) € Rm>m

For p € (1,00) we set
Ap t WP (Q) = W P(Q), A, =L}, DL,

We define the unbounded operator
-1, -1, -
Ay WEP(Q) = WEP(Q), Ay = Ap

with domain
dom(A,) =ran(I,) C W;l’p(ﬂ).
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Remark 2.18. Note first that £,(u) in Definition is nothing else than P,,,«¢Vu with Py, g
from Remark The relation between A, in Definition and 7, in Definition is given
by A, = LyDLy,=T;TT, = Tp, where T is represented as in Remark by

"]I‘:< T T12Pmxd >
Pl Tor Pl ToPyva)’

with Ty; = 0 € Rmxm, T =0 € Rmxmd, Ty1 = 0 € Rmdxm and Toy = D € Rmdxmd‘
Note that A, is not necessarily an elliptic operator in the sense of Definition m However,
Ap+1=(A,+1,)I, " is elliptic. The corresponding coefficient matrices of Ay, + I, are obtained
by replacing T1; = 0 € R™*™ by the identity matrix Ty = Id € R™*™, By Remark for
the new coefficient matrices 'ﬁ‘ij, 1 <i,j <2, which define T, and for the corresponding elliptic
operator 7; there holds A, + I, = 7;.

As a corollary of Theorem we can prove the main statement of [Miunl7a, Theorem 2.10],
cf. also [Hal415, Theorem 5.12]:

Corollary 2.19. [Miinl7a, Theorem 2.10] In the setting of Definition and Definition [2.17]
there exists an open interval J around 2 such that for all p € J the operator A, + I, is a
topological isomorphism between W%‘ﬁ (Q) and W;})’p (Q).

There is a constant ¢ > 0 such that for all p € J and X\ € C, there holds the resolvent estimate

1 C
< —.

Moreover, —A,, generates an analytic semigroup of operators on W;;’p (Q).

Remark 2.20. In [Hal+15, Theorem 5.12], the corresponding statements are shown for the
scalar case, but with a non-constant coefficient matrix p € L°(£2; C9*9) which defines an elliptic
operator V-1 V. The generalization to the vectorial setting is straight forward since Theorem [2.14]
holds for non-constant coefficient matrices. We maintain the diffusion matrix in Definition 2.17]
constant and diagonal because the main challenge in the analysis of reaction-diffusion systems
of this work is due to the hysteresis operator in the reaction term. Note however that most of
the results which hold for A, can be generalized to the case of non-constant diffusion-matrices.

Proof of Corollary[2.19 By Remark A, + 1 is bounded and elliptic with
Ap+1=(Ap+ L) =Tl
where 7; is an elliptic operator. Hence, we can apply Theorem to A, +1. We write

-1
(L DA + 1427 )

= [I(Ap +1+2)" +|/\\H(Ap+1+>\)_1||£(

1
”ﬁ(WE ) Wr P (@)

The second term is finite by Statement 3 of Theorem For the first term, note that
(A, +14X)

= HIp(,];? + )‘Ip)

-1 -1
”L(W;;’p(ﬂ)) I, (wWrl? ()

)H(7~L +AL)

< 00

< ||IPH£(WLP —1,p _1H —1,p 1,p
R (9), W5 bP(9) £ (WP (@), Wi? (@)

by Lemma [2.10] and Statement 2 of Theorem This yields the required resolvent estimate.
The last statement of the theorem follows from Theorem below. In fact, by Theorem [2.22

T, = —(A, + 1) generates an analytic semigroup exp(—(A4, + 1)t), t > 0, of operators on
p P g y g P

W;;’p(Q). But then —A, generates the semigroup exp(—(Ay, + 1)t) exp(t) = exp(—Apt), t >
0. O
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2.2.4 Generators of analytic semigroups of operators

In this subsection, we give a brief introduction into the theory of sectorial operators and semi-
groups of operators. We do not go into detail in many parts, but refer to the literature, see for
example [Paz83; Lun95; Hen81| to only name a few.

The motivation for this subsection is to get some insight into the connection between resolvent
estimates like in Theorem [2.14] and the property of an operator to be the generator of an analytic
semigroup of operators. The latter provides a powerful tool when it comes to the theory of non-
linear operator evolution equations.

We begin with defining what we mean by a semigroup of operators and its generator:

Definition 2.21. [Cf. Paz83, Definition 1.1.1, Definition 1.2.1] and [Hen81, Definition 1.3.3].
Let X be a Banach space. We call a family of bounded and linear operators {T'(t)}+>0 on X a
semigroup of bounded linear operators if

T(0) =1d and
T(s)T'(t) =T(s+t) fors,t>0.

We call {T'(t) }+>0 a strongly continuous semigroup or Cp-semigroup of bounded linear operators
on X if in addition T'(t)u — u with ¢ | 0 for all u € X.

A Cy-semigroup {T'(t)}+>0 on X is called (real) analytic, if ¢ — T'(t)u is real analytic on (0, c0)
for each u € X.

We call A the infinitesimal generator of a semigroup of bounded linear operators {T'(t)}+>0 if

1
Au = lim — (T'(t)u —
u=lim - (T(t)u - v)
for all w € X, for which the limit exists, and if dom(A) is equal to the set of those u. We also
write T'(t) = exp(At) in this case.

Theorem 2.22. Adopt the notation and the assumptions from Theorem [2.1]] and for p € Jpm
let T}, be the elliptic operator which corresponds to a coefficient matriz T € M. Then there exists
some 6 € (0,5) such that

p(—~Tp) D ¥ = {)\ : Jarg| < g + 5} u {0}, (2.16)

and there exists some C > 0 with

Cy

—T — )L < =

(2.17)

for all X € X\{0}. Moreover, —T), is the generator of an analytic semigroup of operators
exp(—Tpt), t >0, on W;;’p(ﬂ) in the sense of Definition . exp(—Tpt) is uniformly bounded,
i.e. for some Co > 0 and for allt > 0,

lexp(—Tyt) < 0. (2.18)

(i) <

exp(—Tpt) is differentiable for t > 0 and there exists some C3 > 0 with

= [|(=T} exp(—Tpt)

4 exp(—Tpt) < G (2.19)
dt P 1 t
c(wplr @)

”ﬁ(W;;’pm))
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Proof. We want to apply [Paz83, Theorem 2.5.2], which states several properties of an un-
bounded, closed and densely defined operator A on a Banach space X which are equivalent to
the fact that A generates an analytic semigroup T'(¢), t > 0. We adapt the notation in |[Paz83,
Theorem 2.5.2] to that of Theorem @ i.e. we replace A by —T}, and X by W;Ll)’p (Q) for some
T € M and p € Jy. In [Paz83, Theorem 2.5.2] it is assumed that —7), is the generator of a
uniformly bounded Cp-semigroup of operators on W;;’p (©) and that 0 € p(—T},). We have to
prove this assumption in order to apply [Paz83, Theorem 2.5.2.b)]. Property [Paz83, Theorem
2.5.2.b)] is the following: There exists some ¢ > 0 such that for all ¢ > 0 and 7 # 0 the resolvent
estimate

1 <=
c(wpbr) = 7]

holds. Property [Paz83, Theorem 2.5.2.c)] is exactly given by (12.16)—(2.17)).
First of all we prove (2.20). By Theorem T}, is densely defined and closed with 0 € p(T},)

and there exists some ¢ > 0 such that for each A € C;\{0}, T, + A is continuously invertible
with

(=T}, — (o +1i7)) (2.20)

c
I+ 0 o) < 57

This already implies . To gain access to the full statement of [Paz83, Theorem 2.5.2],
we still have to prove that —T), generates a uniformly bounded Cp-semigroup of operators
on Wl:,;l,’p (©). In the proof of [Paz83, Theorem 2.5.2, b) = c)], this property is not needed
though. Therefore, f follows from . But by an equivalence theorem about
Co-semigroups, [Paz83, Theorem 1.7.7], (2.16)—(2.17) already implies that —7, is the generator
of a uniformly bounded Cp-semigroup of operators exp(—Tpt), t > 0, on W;;’p (©). Hence, we
conclude . Moreover, all the assumptions of [Paz83, Theorem 2.5.2] are satisfied and we
gain access to the complete statement of the theorem. By [Paz83, Theorem 2.5.2.a)], exp(—T)pt),
t > 0, can be extended to an analytic semigroup of operators in a sector Ay = {z : |argz| < 0}

and | exp(—T,z)]| £(witr (@) is uniformly bounded in every closed sub-sector Ag of As with
D

§’ < 6. This is sufficient for {exp(—Tyt)}+>0 to be an analytic semigroup of operators according
to Definition 2.21} Finally, [Paz83, Theorem 2.5.2.d)] implies that exp(—T,t) is differentiable
for t > 0 and that (2.19) holds. O

We want to improve the estimates (2.18)—(2.19) in Theorem First of all, Theorem

shows that T}, is sectorial for a sector Sy 4 in the following sense:

Definition 2.23. [Hen81} Definition 1.3.1] The linear operator 7}, in W;;’p(Q) is sectorial for
a sector S, ¢ if it is densely defined and closed, and if for some ¢ € (0, %), M >1and a€eR,

p(T) O Suw = {A: 6 < arg(A—a)| < 7, A # a},

and if for all A € S, 4,
M

-t S ——

Remark 2.24. Note first that each sector in Definition [2.23| contains a left half plain, but
A is now subtracted in the resolvent estimate, i.e. the resolvent set of T}, is considered. In
Theorem [2.14] and Corollary we always looked at right half plains and added A in the
corresponding estimate. Also the statement in Theorem [2.22] contains a sector which includes
a right half plane, but the resolvent set of —7}, is considered there. We keep the notation from
[Hen81, Definition 1.3.1] in order to make it easier for the reader to compare our results to the
literature.
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Theorem 2.25. Adopt the assumptions and the notation from Theorem[2.1] Let p € Jap and
T € M be arbitrary and consider the corresponding elliptic operator Tp,. Then T, is sectorial in
the sense of Deﬁmtwnfor a sector S& , with § > 0 and ¢ € ( ) Let exp( Tpt), t >0,
be the analytic semigroup generated by —T), accordmg to Theorem Then there exists some
C > 0 such that for all t > 0 the norms of exp( Tpt) and T, exp(—1, t) can be estimated by

C
I exp(—Tpt)Hﬁ(W;;p(Q)) < Cexp(—dt), ||Tp exp(—Tpt)HL(W;l,p < ?exp(—ét). (2.21)

br(e)
Proof. Since T), is closed by Theorem p(Tp) is open [cf. Kat80, Chp. 4, Theorem 6.7].
Moreover, 0 € p( ») by Theorem Therefore there exist constants € > 0 and C. > 0 such

that B: := Bc(0,¢) C p(T,) and for all A € B,
-1

2 . . . .
We choose ¢ < Wik Theorem [2.22 entails that T}, is sectorial for a sector Spg4 with ¢ €

(O, g) We choose § = Ecozs( ) Then the circle 0B: intersects the angle legs of ¢ exactly at
the points 23 = (26,20 tan(p)), z2 = (26, —tan(2d¢p)) in the complex plane. We define by ¢

the angle between the line a = [(4,0), (20,0)] and the line ¢ = [(4,0), z1] in the complex plane.
The line b := [(26,0), z1] closes the triangle A((4,0),(26,0),21). Hence, ¢ = arctan <| |)

lal
arctan (%t%nw)) = arctan(2tan ¢) € (0, 5). Moreover, |c| = ¢.
The goal is to prove that T}, is sectorial for the sector S& b2 First of all, consider the set
Vase == {X : |[Re|]A < 20} N B.. Then Va5, is defined such that Va5, C B, and (SMZ;\V%,&) C So,¢-
This way we obtain
Ss.5 = (555 M Vase) U (S5 5\Vase) C p(Tp).

Hence, we are left to prove the correct resolvent estimates.
(I) Consider first the case A € (S5 5N Vase):
By definition of 6 and Va5, there holds

[Re(X) — " < [[Re(A)| + 6] < [36]* < (9/4)[¢*.
Moreover, [Im())|? < || because Vas. C B.. Hence, we can estimate

VIRe(V) — 02 + [Im(V)2 < */335 <1

0<|A=4|=

Because A € Vo5 C Be, this together with (2.22) yields

C
I — M)t < < <.

(II) Consider now A € (S5 5\Vas,¢):
By definition of Vas., either |[Re(\)| > 20 and hence |A| > 26 or |A| > e. In the second case,
the definition of § = SCOS( ) yields |A] > ¢ = COS( 5 > 26. Consequently, n < 1 holds for any

A € (S5,5\Vase)- Furthermore, as seen above, A € (S5 5\Vas,) C So,6 C p(1}), which of course
implies (A —d) € Sp¢ C p(Tp), since Sp. — 9 C Sp 4. By the first resolvent equation for closed
operators, [cf. Kat80, Chp. 1, (5.5)], and a remark after [Kat80, Chp. 3, Theorem 6.5], we
obtain

(T =N = (T~ (A =8) T+ A= (A= 8)(T, = N)H(T — (A =4))~"
= (T, = (A =0) " + (T = )T, - (A=)~
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Hence, Theorem yields

(T = A) <[(Tp = (A =9))

—1
I (wegr o)

_C (1 50>§0(c+1)'
Ry Al A =0

-1
I (wegrion)

(III) Conclusion:
Since S 5 = (S5 5N Vase) U (S5 5\Vase), we conclude from Steps I-II that

-l o Inax {C.,C(1+0C)}

for each A € S;;. This proves that T}, is sectorial for the sector S ;. Estimate (2.21]) then
follows from [Hen81, Theorem 1.3.4]. O

2.2.5 Fractional powers and fractional power spaces

In this subsection, we define the fractional power of a sectorial operator and the corresponding
fractional power spaces. We mostly follow the definitions in [Hen81|] but also refer to [Paz83]
and |Lun95|. For more results on sectorial operators we recommend the book |[Haa06).

Definition 2.26. |[Hen81, Definition 1.4.1] Adopt the assumptions and the notation from Theo-
rem Let p € Jor and T € M be arbitrary and consider the corresponding elliptic operator
Tp. By Theorem[2.25| T}, is sectorial and the spectrum of T, satisfies 0(T,,) C {A € C : Re()) > 6}
for some § > 0. Hence, according to [Hen81), Definition 1.4.1], for # > 0 we can define the frac-
tional power

7%= L

; 0 97V exp(~Tpt)dt. (2.23)

By |Hen81, Theorem 1.4.2], Tp_e is a bounded and linear operator on Wlfrl)’p(Q). Moreover, Tp_9
is one-to-one and for 6, 3 > 0 there holds Tp_gT; B _ Tpf((’*m_

We define the densely defined and closed operator Tg as the inverse of Tp*‘9 with domain

dom(7,, %) = ran(T,, ). We set T,V to the identity on WE;’p(Q), ie. TY) =1d.

The following corollary provides computation rules for fractional powers of operators and im-
portant norm estimates.

Corollary 2.27. Let T, be an operator as in Definition m Then for 7,8 € R with 6§ > 3
there holds dom(Tpg) C dom(Tf). Moreover, Tp‘ng = Tng = TI?JFB as operators on dom(7}),
where v = max{60, 3,0 + §}. For all t > 0, Tpe exp(—Tpt) = exp(—Tpt)Tg on dom(Tg).

For t > 0 and 6 > 0 there exists some Cy € (0,00) such that

| T exp(—Tpt) E Cyt =% exp(—dt), (2.24)

”ﬁ(W;;pm)

and for 6 € (0,1] and u € dom(TI?) we can estimate

1
| (exp(—Tpt) — Id)uHW;;,p(Q) < 501_9t9\|T1§u|\W;;p(m. (2.25)

Cy is bounded if 6 is contained in a compact subinterval of (0, 00) and for 6 | 0.
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Proof. See the comments after [Hen81|, Definition 1.4.1] and |[Hen81, Theorem 1.4.3]. O

Definition 2.28. [Hen81, Theorem 1.4.7] Let T}, be an operator as in Definition For 6 > 0,
we define the space

X%p = dom(Tpe) with the graph norm

0 0

Remark 2.29. For 6 > 0, the space (ngpp, |- ||X% ) in Definition [2.28]is a Banach space [Hen81,
p

Theorem 1.4.8]. Moreover, continuity of T;e — see Definition [2.26| — implies equivalence of the

. — 0 0
norm || HX%, and the usual graph norm HuHX%) = HTPUHW;;”(Q) + HUHW;;,;?(Q), u € Xp. By
Theorem T, has compact resolvent since p € Jaq. Hence, again [Hen81, Theorem 1.4.8]
entails that the embedding X%p — X% is continuous and dense for 0 < 8 <. For 0 < 5 < 0
it is compact.

Remark implies the following topological equivalences and embeddings of fractional power
spaces.

Corollary 2.30. In the setting of Definition let 0 < 8 < 6 < 1. There holds
Xf, <> X9 o XL s X§ =W P(Q) (2.26)
and all embeddings are dense.
1
Furthermore, the spaces (XTP, || - HXclrp) and (dom(T}), ||T, - ||W;;,p(ﬂ) + - ||W;L17,p(9)) are topo-
logically equivalent. Moreover, X}p can be identified with W%’g (Q) in the following sense:

For each u € W%’g (Q) let u € X}p be defined by @ := Iyu. There exist constants c1,co > 0, such

that .
Cl”UHX%p < HUHW;JI__’)(Q) < C2HUHX%p Vu € W7 (Q).

In particular, all of the spaces (dom(T}), T, - ||WF;,p(Q) + |- HW;;,;;(Q)), (Xclpp, | - HX%Z,) and
17—t _ (b : ;
(XTp’ [ ”W}g (Q)) = (WP (), - ”W%g (Q)) are topologically equivalent.

. . . -1, -1,
Proof. Since T)) equals the identity on W P(9), (X%p7 | - HX%p) and (WFDP(Q), Il - HW;;,,)(Q))
coincide. From Remark [2.29| we conclude ([2.26)) and topological equivalence of (X%p, -l x4 )
P
and (dom(T,), ||, Remember the definition T}, = T, 1 and let

e T )
u € W%’g (©) be arbitrary. By Theorem m Tp is a topological isomorphism since p € Ja.
Hence, we conclude

lillxg, = Tty = 1Ty < Wl oyt Il o
Furthermore, there holds
HUHW;?)(Q) = Ilﬁ_lﬁfﬁlprHW;;p(m
< ||7;;1||£(WI?;’”(Q),W114£ (@) ||TprHW;;,p(Q)
= ”7;1H£(WE;”’(Q)VW%’]’; (Q)) HﬂHX,}Fp-
Particularly, in X%,p the norms || - || Xk and || ;- HW%; () are equivalent. Hence, all three spaces

are topologically equivalent under the identification of W%’g () with dom(7},) = ran(lp) = X%p
via the bijective function Ij,. O
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In special cases, the fractional power spaces in Definition [2.28| can be characterized as complex
interpolation spaces. We adapt [Munl7a, Remark 2.11] to our setting and add more details:

Remark 2.31. For T}, as in Definition and for z € int(C4) = {¢ € C: Re({) > 0}, the
(complex) fractional power T can be defined by the inverse of T,* [Yag09, Chapter 7]. For

0 € R and for all u € Wil)’p (©) for which the limit exists, one then defines

Tgeu = lim  Tju.
z€int(C4): z2—i0
The theory of purely imaginary powers of an operator goes beyond the scope of this work. For
further details we refer to [Yag09, Chapter 8]. We apply a result on bounded purely imaginary
powers of an operator to characterize the fractional power spaces from Definition If the
imaginary powers of T}, are bounded, then |[CA01, Theorem 11.6.1] entails that for all 8 € Ry

and 6 € (0,1), the complex interpolation space [W;;’p (Q), X%} , is topologically equivalent to
Xiapf , 1.e.

—1, 0
Woar(), x5, = X7

0
In particular, by Corollary for 6 € (0,1) there hold the topological identities

WraP(@), WD ()] = [Wr (@), dom(Ty)] = [Wir P (@), X, | = X4,

0 4

All fractional power spaces above are defined with the norm according to Definition [2.28| and
dom(T}) is considered with the graph norm.

For appropriate choice of p and dimension d, embedding results for some fractional power spaces
of diffusion operators A, are known:

Remark 2.32. Consider the assumptions and the notation in Corollary and let A, be a
diffusion operator according to Definition Let J be the interval which corresponds to 4,41
in Corollary and assume p € J. Then by Corollary the spaces dom(A,) and X}lp 41
can be identified with W%’g ().

If p e JN[2,00) then A, + 1 has bounded imaginary powers according to [Aus+14, Theorem
11.5], cf. Remark Consequently, for § € (0,1) we obtain

[W;;’p(ﬁ),W}’g(Q)] ~ [W;;’p(Q),dom(Ap)} ~ [W;;’p(ﬂ),X}‘p o 2 Xh

[4 0

Note that p € J is only required to obtain the identification of dom(A,) and Xilp 41 With W%’g (Q).
Remember that d denotes the dimension of Q. For p > 2 and for all § > (1 + %)v [TR12,
Theorem 3.3] entails that sz 41 1s a subset of [L>°(Q)]™. In particular, for p > 2 and d = 2
there holds 0 < 1(1+ %) =14 % < 1 so that 6 can be chosen in the interval (3(1 + g), 1).

If p > 2 and d = 2 and if in addition €2 is regular enough — for example a Lipschitz domain —
then by [DER15, Theorem 4.5] there exists some 6 € (0,1) such that X%pﬂ can be embedded
into a Holder space.

The embedding results above will be crucial in order to prove higher regularity of solutions of
semi-linear parabolic evolution equations.
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2.2.6 Maximal parabolic Sobolev regularity

In this subsection, we introduce the concept of maximal parabolic regularity of an operator, see
e.g. |Ama95, Chapter III], [MS15, Definition 2.7] or [Aus+14} Definition 11.2].

Before we define maximal parabolic regularity, we explain what we mean by a solution of an
operator equation.

Definition 2.33. [Lun95, Definition 7.0.2] and [Hen81, Chapter 3.2] For p € (1, 00) let T}, be an
elliptic operator in the sense of Definition Consider a time interval (tp,T) C R, an initial
state yp € W;Ll)’p(Q) and a function g : (to,T) — W;;’p(Q). We say that y : (to,T) — Wfé’p(ﬁ)
is a mild solution of the evolution equation

d .
Y thy=g in (to, T), wy(to) = yo,

if y € Ll((to, T); W;;’p(Q)) and if y solves the integral equation

t
y(t) = exp(=T(t = t0))yo +/ exp(=Tp(t — s))g(s)ds for a.e. t € (o, T),
to
provided that the semigroup and the integral are well defined. We say that a mild solution
y:[to, T] — W;Ll)’p (Q) is a (strong) solution if it is continuous, continuously differentiable on
(to,T') with y(t) € dom(7}) for all ¢t € (to,7T") and if liim y(t) = yo.
tlto

In the following definition, we introduce the notion of maximal parabolic regularity of an op-
erator. Amongst others, this concept is a powerful tool for proving that a mild solution of an
operator equation is indeed a strong one. Moreover, higher regularity of the solution follows in
many instances. We also introduce some notation for different function spaces which is used in
[Miin17a; Munl7b].

Definition 2.34. [Aus+14, Definition 11.2] For p € (1,00) let T, be an elliptic operator in
the sense of Definition [2.11] For ¢ € (1,00) and (tp,T) C R we say that T}, satisfies maximal
parabolic LY((to, T'); W *(Q))-regularity if for all g € Lq((to,T);W;;’p (Q)) there is a unique
solution iy € Wh4((t, T);W;;’p(Q)) N L9((to, T); dom(7T},)) of the operator evolution equation
d .
YTy =g in(t,T), y(to) =0.
The time derivative is taken in the sense of distributions. For ¢y = 0 and ¢ € [0, 7] we introduce
the following spaces:
_17 .
Y, = WH((0,7); Wr. P () N L((0, T); dom(T})),

YTp7q7t = {y e YTP7q : y(t) = 0}7

Y7, g0 = {y € WHI(0,T; [dom(T;)]*) N LI((0, T); Wil () : y(t) = O}
Remark 2.35. Different to other publications we decided to use a capital Y to define the
spaces YT, 4, YT, 4+ and Yifp} g+ 10 Definition 2.340 This choice is made already with regard to
applications in optimization problems in Section |4 where the state variable will always be the

solution of an operator equation. The following properties go along with maximal parabolic
regularity:

1. Maximal parabolic regularity is independent of ¢ € (1, 00) and of the interval (¢g, T") so that
we just say that T}, satisfies maximal parabolic regularity on W;;’p (©) [Aus+14, Remark
11.3).
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2. If T), satisfies maximal parabolic regularity on Wilj’p (Q) then ( % + T,)~! is bounded as
an operator from L4((0,T); Wfé’p(ﬂ)) to Y7, 4,0 [MS15, Proof of Proposition 2.8].

3. For p € JN[2,00) with J from Corollary consider a diffusion operator A, in the
sense of Definition Then by |Aus+14, Theorem 11.5], A, + 1 satisfies maximal
parabolic Sobolev regularity on W;;’p (©2). Hence, also A, satisfies maximal parabolic

Sobolev regularity on W;Ll)’p (©). Note again that p € J is only needed for the identification

of dom(7},) and X%p with W%’g (€2). Maximal parabolic Sobolev regularity of A, holds for
all p € [2,00).

2.3 Spaces of Banach space valued functions and embeddings

In this section, we collect embedding properties between spaces of functions in time which
take there values in different Banach spaces. Those embeddings will play a key role in several
convergence as well as regularity proofs later on in this work.

The following embedding properties are due to [Ama95, Theorem 3|:

Lemma 2.36. Consider the notation from Theorem For a set of coefficient functions M,
let p € Jaq be given. Assume that T}, is the elliptic operator which corresponds to some T € M.
Then for any ¢ € (1,00) and Y7, 4 as in Definition one has

V1,4 < CF((0,7); (W P(Q), dom(T},))p1) = C((0,T); [Wr P (), dom(T},)]p) and
Y1,.q < C((0, T]; (W5 P(€), dom(T}))yq) = C([0,TT; [Wp P (Q2), dom(T})]o)

forevery 0 <0 <n<1-1/gand 0 <3< 1—-1/g—mn. (-,-)y1 or (-,")yq respectively denotes
real interpolation here.

Proof. By Corollary dom(7}) < Wilj’p (©2). The rest follows from |[Ama95, Theorem
3. O

2.4 Hysteresis operators

We are interested in the analysis of non-linear, semi-linear parabolic evolution equations and
there solutions y which are functions of ¢ € [0, 7] with values in a Banach space X. In this
work, the non-linearity F'[y] which enters the right side of the evolution equation is generally
non-smooth. In particular, F' is usually of the form f(y,z) where z = W[Sy] is the output of
some scalar, rate-independent hysteresis operator W. Here, S € X* so that (Sy)(t) := Sy(t),
t € [0,T], is a real-valued function which serves as the input map for W.

This section provides a short introduction to the concept of (scalar) rate-independent hysteresis,
cf. [KM17, Section 2.2]. Specifically, we will mostly consider the scalar play and the scalar stop
hysteresis operator. In many cases, those can be exchanged by an operator with appropriate
properties.

Hysteresis effects are spread over many fields in physics such as ferromagnetism, ferroelectricity
or plasticity [May03; BS96; Vis13; MR15; KP12|. Furthermore, they are used to model shape
memory effects of certain materials. Viscoplastic behaviour is a particular example here. Hys-
teresis models are also used to describe thermostats in engineering [Visl3|, and certain effects
in mathematical biology follow some hysteretic law |[GST13; [HJ80; Kop06; Pim+12; |CGT16).
Mathematically, among the most important hysteresis operators which appear in such models are
the relay switch [BS96], the scalar play [BK15], the scalar stop [BR05| or the Prandtl-Ishlinskii
operator [Kuh03].
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As mentioned, we will work with scalar hysteresis operators throughout. Given a time interval
[0, T, scalar hysteresis operators take an admissible time-dependent input function y : [0, 7] —
R together with an initial value zg € R and return a time-dependent output function z =
2(y,20) : [0,7] — R. We will mostly keep 2 fixed and write z = z(y). Depending on the
hysteresis operator at hand and on the smoothness of y, the output map z : [0,7] — R has
a certain regularity. All scalar rate-independent hysteresis operators have two properties in
common [Vis13; BS96|:

Definition 2.37. [KM17]

(Vol) The output function z(t) at time ¢ € [0,7] may depend not only on the value of the input
function y(t) at time ¢, but on the whole history of y in the interval [0, ¢]. This non-locality
in time is often referred to as memory effect, causality or Volterra property: for all y,yo
in the domain of the operator, for all initial values zp, and any t € [0, 7] it follows that if
y1 = y2 in [0,t], then [z(y1,20)](t) = [2(y2, 20)](t) cf. [Vis13, Chapter III].

(RI) The output function z is invariant under time transformations. This means that for any
monotone increasing and continuous function ¢ : [0, 7] — [0, 7] with ¢(0) = 0 and ¢(T) =
T and for all admissible input functions y there holds

[2(y © ¢, 20)](t) = 2(y, 20)((¢))  VE€[0,T].

In [Visl3, Chapter III], the function ¢ is also assumed to be bijective, i.e., the defini-
tions differ in the literature. For our purpose one may consider either definition of ad-
missible time transformations. Invariance under time transformations is also called rate-
independence in the literature [MR15, Definition 1.2.1].

Since the most relevant hysteresis operators in this work are the scalar stop and the scalar
(generalized) play, we introduce those in the following [BK13; [Vis13]|:

Definition 2.38. Consider a fixed initial value zyp € R together with an interval [a,b] C R.
Moreover, let a time interval [0, T'] be given. Then we denote by W := W[, zg] the corresponding
scalar stop operator. Since z is fixed we often write W[-]. If the input function v : [0,7] — R
has a weak derivative, then z = WW/[v] is the unique solution of the variational inequality

(Z(t) —0(t)(2(t) =€) <0 for £ € [a,b] and t € (0,T), (2.27)
2(t) € [a,b] for t € [0,T], (2.28)
z(0) = zo. (2.29)

Similarly, consider an input function v : [0,7] — R which has a weak derivative and any initial
value o € [v(0)—b,v(0)—a]. Then by [Vis13, Chapter III.2], the operator P[v, og] which assigns
to v and g € [v(0) — b,v(0) — a] the unique solution o of

ct)(v(t) —o(t)—&) >0 for £ € [a,b] and t € (0,7T), (2.30)
v(t) — o(t) € [a,b] for t € [0,T], (2.31)
o(0) = oo, (2.32)

defines a scalar play operator. We denote by P the play operator defined by W [Visl3| Part 1
Chapter III Proposition 3.3], i.e. P is determined by

P+W=1Id (2.33)
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More precisely, (2.33) has to be understood as
Plv,v(0) — 20)(t) + W]v, 20)(t) = v(t) fort e [0,T].
If v(0) = v € R is fixed and known from the context, we often write P[v] = Pv,vp — 20].

Remark 2.39. We make a couple of remarks with respect to Definition [2.38
1. The conditions (2.27)—(2.29)) are equivalent to the differential inclusion

o(t) € 2(t) + aI[aJ,](Z(t)) for t € (0,7),
2(0)

20,

where Ijgg(v) = 0 if v € [a,b] and [ 4)(v) = oo if v ¢ [a,b] [Visl3, Chapter IIL.3].
Similarly, conditions (2.30)—(2.32|) are equivalent to the differential inclusion

o(t) € Oljgp(v(t) —o(t)) for t € (0,T),
c(0) = op.

There are further possibilities to represent hysteresis operators. We will mostly work with
variational inequalities but refer to [Mie05, Chapter 2] for further equivalent formulations
such as dual variational inequalities, a subdifferential approach, an energetic formulation,
and a representation in form of a sweeping-process, see also [MR15].

2. W is a so called linear stop operator and P is a linear play operator. A generalization to
non-linear plays and stops is introduced e.g. in [Vis13, Chapter III].

3. In Section [4], we will analyze an optimal control problem of a hysteresis-reaction-diffusion
system where the hysteresis is given by a scalar stop operator. This is the reason why
we fix the initial value zy of W in Definition [2.38] and introduce the corresponding play
operator P via rather than defining the play and the stop operator separately.

The following regularity properties for W and P are needed. We refer to [Vis13| Part 1, Chapter
III] and [BK15] for a deeper analysis, see also [Miinl7a, Subsection 2.4 and Subsection 4.2] or
[Miin17b, Lemma 2.9].

Theorem 2.40 (Stop and Play). The stop operator VW and the play operator P from Defini-
tion are Lipschitz continuous as mappings on C[0,T]. In particular,

W[v1](t) = Wlwa](t)] < 20551% [v1(7) = va2(7)], (2.34)
IO < 2 sup o) + ol (2.5

|Pv1](t) — Plua](t)] < max{os;igt |v1(7) — va(T)], |v1(0) — UQ(O)]} and (2.36)
PLIOI< s [o(r)] + |20 237

for all v,v1,v € C[0,T] and t € [0,T]. For q € [1,00), W and P are bounded and weakly con-
tinuous on WH4(0,T). As mappings from C[0,T] into L4(0,T) they are Hadamard directionally
differentiable, see Definition [3.6 below.
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Proof. The estimates (2.34)-(2.37) as well as the boundedness in W'4(0, T) are shown in [Vis13|
Part 1, Chapter III] for example. For r > 0 let (v,00) — Pr[v,00] denote the symmetric play
operator which is represented by f if the interval [a, 8] is of the form [—r,7]. For Py,
Hadamard directional differentiability from C[0,T] x R to L9(0,7T) is shown in [BK15]. Now
P can be constructed as follows: We set r = bga and define the affine linear transformation
Ti i [=r,r] = [a,b], Ti: 2~ 2—"5% as well as the mapping 75 : C[0, 7] — R, 71 : v — v(0) — 2.
Both maps are continuously differentiable. Then for v € C[0,T] there holds

Plo] = Pr[Ti(v), Ta(v)].

The chain rule yields that P is Hadamard directionally differentiable from C[0, 7] xR to L4(0,T),
see Lemma [3.7] By (2.33)) and again the chain rule the same holds for W. O

Remark 2.41. Note that we have to add |zp| in (2.35) and (2.37) because we fixed the initial
value of W, i.e. by (2.28) we have W[v](0) = 2 for any v € C[0,T].

3 Semilinear parabolic systems with hysteresis and Bochner-
Lebesgue integrable non-linearity

In this chapter, we analyze a semi-linear parabolic evolution equation of the form

%y(t) +(Ty)(t) = (Fy)(®) + u(t) in X =Wp P(Q) for t > 0,
y(0) = yo € X.

(3.1)

In particular, the non-linearity F' = f(y, W[Sy]) contains a scalar stop operator. The corre-
sponding Cauchy problem with a diffusion operator A, instead of T, and with zero initial value
has been studied in [Minl7a]. We extend the results to apply to Cauchy problems with a gen-
eral elliptic operator and non-trivial initial value yy. Section [3.1] contains the main assumption
of the chapter. In Section we show well-posedness of . Moreover, we prove that the
solution operator G : (yo,u) — ¥ is linearly bounded and locally Lipschitz continuous on appro-
priate function spaces. In Section we extend the results of [Munl7a] by showing that G is
Hadamard directionally differentiable in y¢ and u rather than in u only.

3.1 Main assumption and notation

This section contains the main assumption of the chapter. We also introduce some short notation
for several spaces and functions.

Assumption 3.1. Cf. [Munl7a, Assumption 2.16] We always suppose that Assumption
and Assumption hold. All spaces are supposed to consist of real-valued functions. Consider
the setting and notation from Theorem We assume:

(A0) Q c R? for some d > 2.

(A1) For a set of coefficient functions M C L®(Q; L(R™ x R™*%)) there holds p € Ja N [2, 00)
and 2 > p (1 — é) Moreover, T}, is the elliptic operator which corresponds to a matrix

T e M.
(A2) For some w € W;’g/(Q) o~ [W;Ll)’p(Q)]*, w # 0, the operator S € [W;Ll)p(Q)]* is defined by

Sy = (Y, W)y ) VY € W5, ().
D

Note that S belongs to [X%J]* for all & > 0 because of the embedding X%? — W;Il)’p(Q).
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(A3) We will need a fractional power space with exponent strictly smaller than one. Therefore,
we assume that for some a € (0, 1) the function f : X7 xR — W_l’p () is locally Lipschitz
continuous with respect to the X&  -norm. This means that for every Yo € XT there is a
constant L(yp) > 0 and a nelghborhood

Viy) = {y € X8, : lly - wollxg, <}
of yo such that

(v @1) = Flmwo)llx < L(wo) (llys = vellxg, + o1 — o)

for every y1,y2 € V(yp) and all x1,x9 € R. Moreover, f is assumed to have at most linear
growth along solutions, i.e.

172y < M (1+ lyllxg, + o))

for some constant M > 0.
In the setting of Assumption we collect the notation for the rest of the chapter:
(N1) For the particular p from Assumption [3.1| we set
X =W ()
with Wgé’p (Q) from Definition We sometimes identify elements v € X* with their
representation in W%’g '(Q), ie.

<v7y>X = <yav>w P(qQ) Vy € X.

FD

(N2) The operators T}, and the spaces X, 9 = dom( p) are defined as in Definition and
Definition 2.28

(N3) The spaces Y7, 4 and Y7, 4+ are defined as in Definition m

(N4) W is a scalar stop operator as defined in Definition for some prescribed initial value
2o € [a,b].

(N5) We abbreviate Jr = (0,7).

3.2 Well-posedness of the evolution equation

We recap equation (3.1 from the beginning of the chapter which is

%y(t) +(Ty)(t) = (Fly)(t) +u(t) in X =W P(Q) for t >0,
y(0) =yo € X,

where (F[y])(t) := f(y(t), W[Sy](t)).

In this section, we show well-posedness of the problem. In particular, we prove that the solution
operator G : (yp, u) — ¥ is linearly bounded and locally Lipschitz continuous on X% x LI(Jp; X)

for 5 € [, 1) and ¢ € (1 = ] The first aim is to show that for every u € LI(Jp; X) and for
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initial values yg € X%p problem has a unique mild solution y € C(Jr; X%p) in the sense of
Definition where « is fixed by (A3). In particular, this means that (F[y]) + u is contained
in LY(Jr; X). If T, satisfies maximal parabolic regularity and if 3 € («, 1], we prove that the
unique mild solution even belongs to Y7, s where s is arbitrary in the interval (1, ﬁ) N(1,q]
if 8 € (e, 1) and in the interval (1,¢] N (1,00) if 8 = 1. Note that the latter intersection makes
sense since ¢ = oo is allowed.

The following Theorem [3.2]is a generalization of [Miin17a, Theorem 3.1] from diffusion operators
A, to general elliptic operators 7, which do not necessarily satisfy maximal parabolic Sobolev

regularity. Moreover, we allow for initial values yy € Xjﬁﬂp different from zero. We adapt the
proof of Theorem to apply to this generalized setting.

Theorem 3.2. Let Assumption hold. Then for all yo € X7 and u € LI(Jp; X) with
q € (ﬁ,oo} problem (3.1) has a unique mild solution y = y(yo,u) in C(Jr; X%p). Note that
X%p cX= X%) since a € (0,1). The solution mapping

G : (yo,u) = y(yo, u), X7, x LU(Jr; X) — C(Jr; XF,)

is locally Lipschitz continuous. G is linearly bounded with values in C(Jr; X%p), i.e. for some
C = C(T) > 0 there holds

1Gwo, Wllo@rxg ) < CDIA+ llollxg, + llullsrix) (3-2)

for all yy € X7 and u € LY(Jp; X) and C(T) is independent of yo and u. Suppose additionally
that T}, satisfies maximal parabolic reqularity on X and yo € X% where 8 € |a,1]. Then
all statements concerning G remain valid with C(Jr; X%P) replaced by Yr, s and with |yol| xe

p

replaced by |lyoll s in (3.2). Here, s is arbitrary in the interval (1, ﬁ) N(1,q] if B € [, 1)
Tp
and in the interval (1,q] N (1,00) if § = 1.

Proof. The theorem is shown with help of a fixed point argument. This technique is quite
common in the context of non-linear operator evolution equations, see e.g. [Lun95, Theorem
7.1.3], [Hen81}, Chapter 3] or [Paz83, Section 6.3]. Several of the estimates below appeared
in [MS15, Appendix A] in a similar form. We extend the standard results in |[Lun95; Hen81}
Paz83; [MS15] by allowing for non-linearities which are only locally Lipschitz continuous and
not Lipschitz continuous on bounded sets. Moreover, the hysteresis operator, which appears in
the non-linearity F', acts non-local in time. This fact requires additional work in several steps.
We prove the theorem directly for v € L(Jr; X) as it is done in [Lun95, Theorem 7.1.3]. In
[MS15, Appendix A] the corresponding statement is first shown for smooth right hand sides and
afterwards extended by a density argument.

We denote by ¢ > 0 a generic constant which is adapted during the proof. The following
observation will be used several times: For ¢ > —1 there holds

t : s+
/O(t—s) ds= 1. (3.3)

The proof is divided into five steps. In Steps [-IV we assume w.l.o.g. that 5 = a.

(I) Local existence:
First we show the existence of local mild solutions of problem (3.1]) for fixed y € X%p and
u e LI(Jr; X).
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The function v, (¢ f e~ Tr(t=9)q(s) ds is contained in C(Jr; X& ) for arbitrary T > 0.

Moreover, since —¢'a > —1 & q € <1 = ], we can apply (2.24) and (3.3)) to estimate

T S 1/q
_ —Tp(t—s) |19
loulegrongy < ([ 1B Mgy d5) Mullacy

— =
< cmax{e %}/ “NullLa(rpx) < oo
teJr

(3.4)

The dependence of (3.4) on T/7~% will be crucial for the contraction argument below. Let
7 > 0 be small enough so that f is Lipschitz continuous in Bxa (yo, ) x R with a constant
p

L(yog) > 0. We denote by BC(ﬁX% )(yo, r) the ball in C(J7; X%p) with radius r > 0 around the
" Tp

constant function yq, i.e.

B 0m) = {y € T Xg,) + ly(®) = ollxg, <7Vt € Tr.

Moreover, we will identify 3o with the constant function y = yo in C(Jr; X%p) several times.
We apply (A2) on S, (A3) on f and Lipschitz continuity of W from Theorem to estimate

[(F ) @) = (Fly2)) @)l x = [[(f (ya(8), WIS ] () — f(y2(2), W[Sy2] ()]l x
< L(yo) (Hyl(t) - yQ(t)HX:%p + 2”5||[X§zp]* S ly1(7) — ?/2(7')HX%p> (3.5)

<c sup |ly1(7) — QQ(T)HX%
0<r<t P

for all y1,y2 € BC(ﬁX% )(yo, r) and t € Jp. Consider the mapping
" Tp

Oy u(y)(t) = e +/e PV 1F (y(s), W[SY](s)) + u(s)] ds.
0

That @, ,, is well defined on C(Jr; X%p) can be shown as in [MS15, Appendix A (ii)]. We
prove that ®,, ., has a unique fixed point if 7' > 0 is small.

For 41,92 € Bo7roxa ) (40, 7) we have by [224), (3:3) and (35) that
P

T
1Pyo.u(1) = Pyou¥2)llorixg ) < /0 el ex xg ) dsl Flon] = Flyellleggx
_ 1
< Tt “Nyr — y2||c(ﬁ;xg,p) < §||y1 - y2||c(ﬁ;xgp)

for T' small enough. Consequently, in this case @, , is a %—contraetion.
Moreover, (e~ v — Id) Ty — 0 with ¢ — 0 since {e~"#'};>¢ is a Cop-semigroup, according to
Definition [2.21, Together with (3.4)) we obtain for y € BC(ﬁ;X%p)(yOv ) that

[9s0)(®) = vollx, < [9p0a@)(E) = Py alw0) () x5, + [ Pu0) (1) — ol
T 1/d
# (0B g ) TP+ s + I = Wl

+ec (Tl/q/_aHf (yO)ZO) + uHLq(JT;X) -+ H(e_Tpt — Id)T;yOHX) <r

<

NS N3

<
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if T is small enough. Note that W[Syg] = 2z since yo is a constant function.
Because B X%p)(yo, r) is invariant under @y, ,, and since Bg . X%p)(yo, r) is a closed subset

of C(Jr; X%p), Banach’s fixed point theorem yields a unique fixed point y of ®,, ,, in
Bor X%p)(yo, 7). This fixed point defines a (local) mild solution of problem (3.1]) in Jr in the

sense of Definition 2.33]

(IT) Global existence:

We show that global mild solutions for problem exist and prove the statement about
linear boundedness of the mapping G along solutions. This part requires some cautiousness

because the hysteresis operator is non-local in time.
Remember that the local mild solution y of (3.1 has the form

y(t) = e~ Trtyo + / T [ (y(s), WISy](5)) + u(s)] ds.
0

With (A2) and Theorem we estimate for all t € Jr

IWISYI(B)] < 2[1Sllixg 1+ sup [ly(T)lxg + |20l
PToo<r<t P

Moreover, by (2.24]) there holds
175 exp(—Tpt) ”[:(X) < Cut™ % exp(—6t).

Equation (3.3]) yields

t , 1/d tl—aq’ /4 $1/d —e
— —oq = e —
(/0 (=) ds) 1—aq (1 - ag)Va—a

That is, the norm of y(t) for t € Jp, can be bounded from above by

o

t
<cllmlg, + [ €=972(143 s o, +lal) ds + 00l g

t
< CO/ (t—=s)" sup [y(7)llxg ds+cr(T)[1+ llyollxg + llullLacrx)),
0 0<7<s p p

for some constants cg, c1(T') > 0. The solution of (3.1)) which exists on [0, T can be continued
to a larger time interval if [|y(¢)||xs remains bounded with ¢ 1 7. This argument has been
p

used in [Paz83, Theorem 6.3.3]. Boundedness of ||y(¢)|xs with ¢ 1 T follows if
2

sup _|ly(7)l[xg < C(T) (3.7)
0<r<T P
for some C(T') > 0. We want to use a Gronwall argument in order to show (3.7). With

y € C(Jr; X7 ) it follows that the function ¢ — sup |[y(7)|xg is continuous on [0,77]. In
o<r<t p

order to show (3.7) we apply that for ¢ € Jp the function

-
g:T&—>/(T—s)_°‘ sup Hy(T’)HX% ds, 7€ J;
0 0<7'<s p
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is monotone increasing.
Indeed, let ty € J; be given and suppose € > 0 is arbitrary but small enough so that tg+ ¢ € J;.
Then shifting the integration interval (e,t9 + ¢) to (0,%y) we obtain

g(to +¢) — g(to)

tote to
— / (tot+e—s5)" sup [ly(r")lxs ds— / (to— ) sup [y()]xs
0<7'<s P 0<71'<s p
0 0
to
— / <to—s>—a< sup  y()lxs — sup ||y(7/)||X§r> ds
0<7'<s+e p 0<7'<s P

0
€

+ /(to +e—5)"% sup Hy(T')Hx%p ds > 0.

0<7'<s
0

We make use of the fact that ¢ is monotone increasing to take the supremum over 7 € [0,¢] in
(3.6) on both sides. Then the right hand side remains the same so that

t
sup [y(7)llxg SCO/ (t—s)" sup |y(7)llxg ds+cr(T)[L+ lyollxg + [[ullLecrrx))-
0<r<t p 0 0<1<s p P

Finally, Gronwall’s lemma [Paz83, Lemma 6.7] shows ({3.7) since

sup ly(m)llxg < CT)(1+ llwollxg + llullLarx))
0<r<t P P

holds for some constant C(T") > 0 and for all t € Jr.

(III) Local Lipschitz continuity:

We apply techniques similar to Step II in order to show local Lipschitz continuity of the
solution mapping G. While the linear growth condition on f holds globally, the non-linearity is
only locally Lipschitz continuous. In [MS15] it is Lipschitz continuous on bounded sets. Hence,
we require some additional arguments. First we prove that the function (y(-),v) — f(y(-),v) is
locally Lipschitz continuous from C(J; X7 ) xR to C(Jr; X) with respect to the

C(Jr; X%p)—norm. To this aim, let y € C(Jr; X%p) be given. Then because Jr C R is compact
and since y is continuous, the set y(Jr) is compact in X%p. Moreover, Jr is separable. That is,

again because y is continuous we conclude that y(J7) equipped with the subspace topology in
X7 is separable as well. Hence, we can choose a dense subset {yitien C Xz N y(Jr) of y(Jr).
By (A3), the function (g,v) — f(g,v) is locally Lipschitz continuous from X7 xRto X.
Consequently, there exist constants e(y;) > 0 such that (g,v) — f(y,v) is Lipschitz continuous
on BX%p (yi,e(yi)) x R with some modulus L(y;) > 0 for all i € N. Remember that {y; }ien is

dense in y(Jr), so that y(Jr) C UienBxg (yi,€(y:)). Since y(Jr) is compact in X, we can
p _—
choose a finite subcover U¥_, B xe (yi,€(y:)) which still contains y(Jr). Notice that the
p
function (g,v) — f(@,v) is Lipschitz continuous on UleBX% (yi,e(y:)) X R with modulus
P

L(y) := max L(y;). Consider the open set
i€{1,....k}

30y

Vy = {j € CUr; X§,)  4(t) € ULy Bxg (yi e(y)) Vt € Jr}

which defines a neighborhood of 3 in C(Jr; X%p). Then (g(-),v) — f(y(+),v) is Lipschitz
continuous from V; x R C C(Jr; X7 ) xR to C(Jr; X). Hence, the function
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(y(+),v) = f(y(-),v) is locally Lipschitz continuous from C(Jr; X%p) x R to C(Jr; X) with

respect to the C(Jr; X 7,)-norm.
Moreover, we obtain a pointwise estimate of the form

1 () v1) = Fa(®), v2)llx < L)l (7) = (1) lxg, + o1 = va) (3.8)

for all y1,y2 € Vi, v1,v2 € Rand t € Jr.

We exploit Lipschitz continuity of W, see Theorem and (A2) to obtain that the function
y — Fly] = f(y, W[Sy]) is locally Lipschitz continuous from C(Jr; X7 ) to C(Jr; X).
Moreover, implies that for y € C(Jr; X%p) and the neighborhood V), of y there exists a
constant L(y) > 0 such that the pointwise estimate

1E(y1)(t) = F(y2) ()l x < L(y) S ly1(7) = ya(T)lIxg, (3.9)

holds for all y1,y2 € V,, and t € Jr. Note that we slightly overload the notation by using L(y)
as in (A3).

We continue by proving local Lipschitz continuity of G. To this aim, we denote by y = G(yo, u)
the solution of problem corresponding to yo and u. For this fixed y we choose r > 0 small
enough so that F' is Lipschitz continuous in BC(ﬁ; X%p)(y, r) with modulus L(y).

For R > 0 to be chosen let g € Bxa (yo, R) and @ € Brq(s,;x)(u, R) be arbitrary. There holds
P

y(0) = yo and G(gp,u)(0) = go. Both, y and G(go, &) are continuous functions. Hence, we can
find some 7 > 0 such that

sup [|ly(t) — G (g0, w) (0| xs,

0<t<r

< sup (ly(t) — vollxe + llyo — Dollxe + 190 — G(Fo, W) () |lxg ) <7
o<t<t » » P

if R > 0 is small enough. Hence, we can apply the pointwise Lipschitz estimate (3.9) to
| F'ly] — F[G (%0, w)]|| x. Together with (| and (3.3) we can then estimate

ly(t) = G(go, @) ()] x5
< cillyo = dollxg, + 2Ty / (t = )" [I(Fly])(s) = (FIG (5o, w)])(s) ]| x
0

+ [luls) — als)llx] ds

< Lwe(Ty) [(¢=97 s y(r) - G0, a)()llxg, ds
J B

+ es(T.y) [lvo = Tollxg, + v = @llagsrx) |

for t € [0,7) and constants c1,c2(T,y), c3(T,y) > 0.
Similar as in Step II, taking the supremum over 7 € [0, ¢] on both sides leaves the right hand
side unchanged. Hence, Gronwall’s lemma yields some constant C'(T,y) > 0 such that

sup [ly(t) — G(o, @) (t)||xe < C(T,y) |llyo — Dollxe + llu — @llLaspxy| <7
0<t<r b P
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if R is chosen small enough, since o € Bxg (yo, R) and @ € Bra(j,.x)(u, R). Repeating the
P
argument shows that

sup |ly(t) — G(go, @) xg < C(T,y) |lyo — Gollxg + llu—allagrpx)| <r
0<t<T p p

for some appropriate R > 0 and all go € Bxg (yo, R), & € Bra(s;;x)(u, R). Consequently, G
p

maps Bx%p (Y0, R) X Bra(j;;x)(u, R) into Bc(ﬁ;X%p)(y, r) and F' is Lipschitz continuous on

Bogrxa )(y,7). A similar computation then yields a constant C(T',y) > 0 such that for

arbitrary y((]l),y(()Q) € Bxg (yo, R) and u1,us € Bra(j;;x)(u, R) there holds

sup_ (GG, un)(®) = G )DLz, < CToy) [ = 5 g, + lur = wallvoqrpix) |-
0<t<T 2 p

Consequently, G is Lipschitz continuous on B X3 (Y0, R) X Bra(jp:x)(u, R). Because yo and ug
were arbitrary, this proves that G is locally Lipschitz continuous from X%p x L9(Jp; X) to
C(Jr; X7,)-

(IV) Uniqueness:

Uniqueness of the mild solution is already implied in local Lipschitz continuity of G since
G(y(()l),ul) = G(y(()2)7 ug) if one inserts yél) = y((f) and u; = ug into the Lipschitz estimate in
Step IIL.

(V) Higher regularity:

For the last statement of the theorem assume that 7}, satisfies maximal parabolic Sobolev

regularity on X, see Definition [2.34, and suppose yo € X% for some 8 € [o, 1]. Consider

y = G(yo,u) and let s € (1,¢] N (1,00) be arbitrary first. Then we apply (% +T,)7t to
Fly] +u € L*(Jr; X) to obtain a function § € Y7, s which solves the evolution equation

d

agj(t) +T,9(t) = Fly|(t) + u(t) fort>0, g(0)=0.

Furthermore, by Theorem the mapping 9o : t — e ‘rlyy € X is differentiable for all ¢t > 0
with J

<dt + Tp> €_Tpty0 =0.

Consequently, there holds y = 9o + . ¥ is contained in Y7, 5 and go is absolutely continuous
with values in X, i.e. go € C(Jp;X). For the derivative of gy there holds

r

s T
%e_Tptyo dt = / HTpe_TPtyon( dt
X 0

T S
- / HTI}_Be_TPtTpByOHX dt (3.10)
0

T
— —T,
< / 17T 5 o ol s .
0 Tp

If 5 =1 then the last expression can be estimated in the form ¢*T||yo|| %o - This value is finite
Tp

for any s € (1, 00) since yg € X:gp. In this case, go € Y7, s and then also y € Y7,  for any
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s€ (l,¢g/N(1,00). For B € [a,1) let s € (1, ﬁ) N (1, ¢] be arbitrary. Note that there holds

—s(1 — ) > —1. Hence, with (2.24) and (3.3 we obtain

T
i e
0

That is, 7o € Y7,,s and therefore y € Y7, ; for any s € (1, ﬁ) N (1, ¢q]. Observe that s = ¢ is

S

T
s dt < c/ t75=B) qtllyoll®.s < oo.
e Hyollxgp se Hyollqup

not possible for § = « since g > ﬁ by assumption. We prove that the linear bound ([3.2)
holds with C(Jr; X7 ) replaced by Y7, s and [|lyo|lxg replaced by [[yollys - To this aim, we
P Tp

choose s arbitrary in the interval (1,¢] N (1,00) if =1 and in (1, ﬁ) N(1,q] if B € [a, 1).
Remember that W[Sy|(t) € [a,b] for all ¢ € Jr. Hence, by (A3) and (3.2)) there holds

T 1/s
Hﬂm+%mwﬂyéM<A(HWMMMHWWWM®WHMMVM>
< co(1+ Hy”LS(JT;X%p) + lullLs (r:x)) < co(1+ HyHc(ﬁ;X%p) + llulls (s x))

< co(C(T) + D) (1 +[lyollxg, + [[ellLs (rix))

for constants ¢y, C(T) > 0. Moreover, notice that (4 + T,) ! is linear and bounded as an
operator from L*(Jr; X) to Y7, s 0 with some constant cr, > 0, see Remark That is,

together with (3.10|) and since ||y0||X%p < HyoHXg and [[ulps(p:x) < llullecy;x) we obtain
2

1G (o, wllva, « < N9llva, o + 90llva, .

d - ;
— H<dt+Tp> (F[y] +u) + HyOHYTp,s

YTp,s
< a(CT) + 1A+ llyollxg, + lullLsrrx)) + e2llyoll o
P

<e3(T)(1+llyollxs + lullLacsrx)
p

for constants c1 = cocr,, c2 > 0 and c3(T") = c¢1(C(T) + 1) + c2. To prove that G is locally
Lipschitz continuous into Y7, s let Vo x V' be a neighborhood of (yo,u) in X% x L(Jp; X) such

that G is Lipschitz continuous from the embedding Vo x V' — X7 x L4(Jp; X) into C(Jr; X%p)
with modulus Lj(yo,u) > 0. We can _choose Vy X V' small enough such that F' is Lipschitz
continuous on the set G(Vo,V) C C(Jr; X7 ) with modulus L (yo,u) := L2(G(yo, u)) > 0. Let

y(()l),y(()2) € Vo and up,ue € V be given and denote y; := G(y(()i),u,-) for i € {1,2}. Then

I Fly1] — Flya] + w1 — uzllus g x) < La(yo, u)llyr — y2||c(ﬁ;x%p) + [lur — u2|lLs (g7 x)

< (1+ La(yo, w) La(yo, w) (s = w57 llxg, + llur = uzllLaqsx)):

Similar as for the proof of linear boundedness of G we write §; := (% + Tp)_1 (F[yi] + u;) and
G\t s e Tt gl for i € {1,2} and obtain

~ ~ 1 2
1 = Gallva,.. < Lalwo, w)) (I — v llxg, + lur = wallLocsrix)
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for L3(yo,u) := c1, (1 + L1(yo,u)L2(yo, u)). This together with (3.10) and the embedding
Xp < Xg yields

- ~ ~(1 ~(2 ~ ~ ~(1 ~(2
lyr = wellys, . = 151 — G2 + 35" = 35 ve, o < N1 — Gellv, . + 1357 — 55 v, .

< La(yo, u))(lys” = 96" s + s = uslliarr )
p

for some modulus Ly (yo, u)) > 0.

O

Remark 3.3. As an alternative to the proof of Step V in Theorem [3.2] we make use of Propo-
sition [Ama05|, Proposition] which states that maximal parabolic L*(J7; X )-regularity of T}, is
equivalent to the fact that (% + 15, 'yo) is an isomorphism from Y7, s to L*(Jr; X) x (X, le“p)s’,S‘
Here, g is defined as yo(y) := y(0) for y € Y7, ;. We refer to [Ama95, Chapter II1.4] for further
details. By [Haa06, Corollary 6.6.3] there holds

(X, X%})ﬁl = XTB’p = (X7X71“p)5’00
for all 5 € (0,1). Moreover, by [Ama05, Section 1] we have

(X, X7,)p.00 = (X, X1 )1 = (X, X7,

if ¥ <f&s< ﬁ Hence, for 8 € [a,1) and any s € (1, ﬁ) N (1,4, X?p — (X, le“p)s’,s

and (% + Tp,'yo)_1 is bounded as an operator from L*(Jp; X) x Xj’qp into Yz, .

Now in the notation of Step V in Theorem there holds (% +Tp,’}’0)71 (0.40) = Go and
71 ~

(% +Tp,70)  (Fly] +u,0) = g so that

d ! .
Gl = (G +To ) (Flol +.00) = o +3 € Vo

The statement about local Lipschitz continuity then follows from boundedness of the operator

(%: T, 70)_1 and local Lipschitz continuity of F' in C(Jr; X§ )and of G : X§ xL(Jr; X,) —

C(Jr; X7,). The statement about the linear bound for G follows from (3.2) and boundedness of
d —1

(& +Tp70)

Note that we need 5 to be strictly larger than « in order to obtain s = ¢. Indeed, g € (ﬁ, oo}

by assumption, so that q ¢ (1, ﬁ) = <1, ﬁ) N(1l,q]if 8 =a.

The following Corollary is a generalization of [Munl7a, Theorem 3.1] from zero initial value
to initial values gy € Xﬁpﬂ.

Corollary 3.4. Let Assumption hold. Instead of (Al) suppose that A, is a diffusion
operator in the sense of Definition for some p € JN[2,00), with J as in Corollary Let

q € (ﬁ, oo} and s be arbitrary in the interval (1, ﬁ) N(1,q] if 8 € [, 1) and in the interval
(1,q) N (1,00) if B = 1. Then for all yy € Xﬁpﬂ and u € LI(Jp; X) the evolution equation

() + (Apy)(t) = (Fly)(t) + u(t) in X = Wg P(Q) for ¢t > 0,
y(0) = yo € X,

at” (3.11)
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has a unique solution y = y(yo,u) in Y4, ;. The solution mapping
G: (y07u) = y(y07u)7 Xf}p_H X Lq(JT; X) — YA,,,S

is locally Lipschitz continuous. G is linearly bounded with values in Yy s, i.e. for some C(T") > 0
there holds

160, Wllya,.. < OO+ llyollxs  +llulluacmx) (3.12)
P

for all yg € Xﬁpﬂ and u € LY(Jr; X) and C(T) is independent of yy and u.

Proof. The proof follows the lines of Theorem By Remark [2.35, A, satisfies maximal
parabolic Sobolev regularity on X. The only difference to Theorem is that (3.11]) contains
only the diffusion operator A, instead of the sectorial operator T, = A, + 1, cf. (3.1). Hence,
the estimates in have to be exchanged by the estimates

[lexp(=Apt)llcx) = || exp(=(Ap + 1)) exp(t) [ (x) < Cexp((1 = d)t),
1(Ap + 1) exp(=Apt)l| £x) = [[(Ap + 1) exp(=(Ap + 1)t) exp(t) [ x) (3.13)

< < expl(1 - o)1)

Similarly, (2.24)—(2.25) have to be replaced by
1Ay + 1) exp(—Ayt)llx = e'll(Ap + 1) exp(— (4, + 1)]lx < Cat exp(1—8)t),  (3.14)

for « > 0 and
1
|(exp(—Apt) — Id)ul|x <exp((1—9)t) <a01at°‘ + C’t> I(Ap + 1)%u| x (3.15)

for « € (0,1] and u € X4, 41- That the function ¢ — exp((1 — 0)t) is monotone increasing for
0 € (0,1) is not a problem, since the time interval Jp is a priori fixed and bounded. However,
several more constants in the proof depend on T" > 0 now. O

3.3 Hadamard differentiability of the solution operator for the evolution
equation

Well-posedness of the evolution equation and Lipschitz continuity of the solution operator
G have been shown in Theorem The next natural question is whether G is differentiable in
the forcing term u and the initial value yg in some sense. Moreover, with respect to the optimal
control problem to be studied in Section [4, a chain rule would be desirable. The stop operator
W is not differentiable in the classical sense, and hence GG cannot be so either. Nevertheless, it
turns out that G is Hadamard directionally differentiable in the sense of [BS00; BK15].

Hadamard directional differentiability of G for the case of a diffusion operator A, and trivial
initial value, i.e. for the mapping u — G(0,u), u € LI(Jr; X), has already appeared in [Minl7a,
Section 4]. In this section, we extend those results to apply to general elliptic operators T, and

1
1—a?

First of all, we define the notion of directional differentiability of a mapping g : U C Z — Y
which is used in this work. Here, U C Z is an open set in Z and Z and Y are normed vector
spaces.

non-trivial initial values, i.e. for G' defined on Xr_,@p x LU(Jpr; X), B € o, 1), g € ( oo).
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Definition 3.5. [BS00, Definition 2.44| Let Z,Y be normed vector spaces. We call g direction-
ally differentiable at x € U C Z in the direction h € Z if

i1 g(@+AR) —g(x)

exits in Y. If g is directionally differentiable at x in every direction h we call g directionally
differentiable at x.

Based on this definition, we introduce the concept of Hadamard directional differentiability:
Definition 3.6. [BS00, Definition 2.45] If g is directionally differentiable at € U and if in

addition for all functions r : [0,Ap) = Z with lim " = 0 there holds
—>

i1 _ o 9@ AL+ T(N) — g(2)
g[ﬂf,h]—lﬂg 3

for all directions h € Z, we call ¢'[x; h] the Hadamard directional derivative of ¢ at x in the
direction h.

Note that g(x+Ah+7r()\)) is only well defined if ) is already small enough so that z+ A h+7(\) €
U.

As already mentioned, the chain rule applies for Hadamard directionally differentiable mappings.
The latter will be crucial not only for the application in an optimal control problem, but already
in order to prove differentiability of the composed mapping G.

Lemma 3.7. [BS00, Proposition 2.47] Suppose that g : U C Z — Y is Hadamard directionally
differentiable at € U and that f: V C g(U) — Z is Hadamard directionally differentiable at
g(z) € V. Then fog:U — Z is Hadamard directionally differentiable at x and

(fog)[a;h] = f' [g(x); ¢'[; b]] -
The following lemma provides the main tool to prove Hadamard directional differentiability.

Lemma 3.8. [BS00, Proposition 2.49] Suppose that g : U C Z — Y is directionally differen-
tiable at « € U and in addition Lipschitz continuous with modulus ¢(z) in a neighborhood of
x. Then g is Hadamard directionally differentiable at x and ¢'[x; ] is Lipschitz continuous on Z
with modulus ¢(z).

Remark 3.9. [cf. Miin17a, Remark 4.5] Remember Theorem [2.40, which states that the stop
operator W is Hadamard directionally differentiable as a mapping C[0,T] — L9(0,T).
Furthermore, note that all the results in this section remain valid if the stop operator is exchanged
by P or by some other hysteresis operator with appropriate properties. We decided for W with
regard to the application in Chapter |4 There, equation will serve as the state equation for
an optimal control problem. The derivation of an adjoint system for this problem will be based
on a regularization of the variational inequalities f which represent W.

In order to prove Hadamard directional differentiability of the solution operator for problem
(3.1) we need a further assumption on the non-linearity f.

Assumption 3.10. [cf. Minl7a, Assumption 4.6] In addition to Assumption we assume
that f is directionally differentiable and therefore Hadamard directionally differentiable.
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The following theorem on Hadamard directional differentiability of G resembles [MS15, Theorem
3.2]. However, different techniques for the proof are required due to the hysteresis operator
and since f is only locally Lipschitz continuous. Moreover, other than [MS15, Theorem 3.2],
Theorem below applies for non-trivial initial value. Theorem [3.11| is a generalization of
[Minl7a, Theorem 4.7] from diffusion operators A, and zero initial value to general elliptic

operators T}, and initial values yo € X%, B € [, 1].

Theorem 3.11. Let Assumption [3.10 hold and consider the notation from Theorem[3.3 Then
for any q € (ﬁ,oo), the solution operator G : X%p x L4(Jr; X) — C(Jr; Xj‘fp) of problem
is Hadamard directionally differentiable. Its derivative y¥ow)(ho:h) .= G'[(yo, u); (ho, h)] at
(yo,u) € Xq x LY(Jp; X) in direction (hg,h) € Xg x Li(Jp; X) is given by the unique mild
solution ¢ € C(Jr; X7 ) of

C(t) + (Tp0) () = F'ly; CJ(t) + h(t) in Jr,
¢(0) = hy,

where F'[y; C](t) = f'[(y(t), WISYI(1)); (¢(t), W[Sy; SCI(1)] and y = G(yo,u), see Theorem 3.4

In particular, there holds

(3.16)

((t) =eTrho + /t e o= (F'[y; ¢)(s) + h(s))ds fort > 0.
0

Moreover, the mapping (ho, h) — G'[(yo, w); (ho, h)] is Lipschitz continuous from X%p xLA(Jr; X)
to C(Jr; X%p) with a modulus of continuity C = C(G(yo,u),T).

If T, satisfies mazimal parabolic reqularity on X and if f € [a, 1], then all statements on G
remain valid for C(Jr; X%p) replaced by Y, s and with X% instead of X%p. Here, s is arbitrary

in the interval (1, ﬁ) N(1l,q] if B €la,1) and s=q if 8 =1.

We divide the proof of Theorem [3.11] into several lemmas. Those extend the five steps in the
proof of [Minl17al, Theorem 4.7] to our generalized framework.

Lemma 3.12 (Nemytski operator of f). Consider the assumptions and notation from Theo-
rem [3.11] Then the function

F:C(Jr; X8) x L(Jr) = LI(Jr; X)), (y,0) = [t = f(y(t),v(t))]
is Hadamard directionally differentiable.

Proof. The proof is divided into four steps.

(I) Well-posedness of F:

We show that F' is well defined. The function z — z9, x € R, is convex since ¢ > 1. Hence,
there holds

1

(x1 + x9)7 = 29 ( 5

q
+ %) <207 (zd + 2) for 1,10 € Ry. (3.17)

Let (y,v) € C(Jr; X7) x Li(Jr) be arbitrary. Measurability of F(y,v) is a consequence of
measurability of y and v and continuity of f in both components. Furthermore, (3.17]) implies

1F(w(s), oD% < MUJy(s)lxg, + [o(s)] + )T < M7 (|ly(s)llxg, + 1)+ [v(s)|]
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for a.e. s € Jp with M from (A3) in Assumption Consequently, F(y,v) € LI(Jp; X) and F
is well defined.

(II) Local Lipschitz continuity of F':

We show that F is locally Lipschitz continuous with respect to the C(Jr; X%p)—norm. Remember
Step III in the proof of Theorem [3.2] were we proved local Lipschitz continuity of the mapping
(y(-),v) = f(y(-),v) from C(Jr; X7) xR to C(Jr; X) with respect to the C(Jr; X7 )-norm.
Hence, for any y € C(Jr; X%p) we may choose constants r, L(y) > 0 such that the latter function
is Lipschitz continuous in BC(@; X%p)(y,r) x R with modulus L(y). Moreover, by the

corresponding Lipschitz estimates hold pointwise in time.
Let y1,y2 € BC(ﬁ‘ xa )(y,r) and vy,vy € LI(Jr) be arbitrary. Then (3.8]) implies that for a.e.
o Tp

s € Jp

1By 01)(s) = Flyz,v2) (9)x < L) [lla(s) = va(s) g, + loa(s) = va(s)]]
We integrate over s € Jp, apply Minkowski’s inequality and estimate
1
1 = yellorixg ) =T /)|y — welogrxg )

to obtain

| (y1,v1) — F(y2av2)HLq(JT;X) < L(y) [H?Jl - y2||Lq(JT;X%p) + [Jv1 — 'U2||Lq(JT)}
< 20) |71 = sl + o = el (319
< L(y)(1 + T [Ilyl — elle@mixg ) +llvr - vzHLq(JT)} :

This proves local Lipschitz continuity of F.

(IIT) Directional differentiability of F:

We show that F is directionally differentiable. Let y € C(J7; X7 ), rand L(y) be chosen as in
Step II and consider any v € L9(Jy). Moreover, let (h,l) € C(Jr; X7 ) x Li(Jr) be arbitrary

and choose \g > 0 small enough such that y + \h € BC(@X% )(y, r) for all A € (0, \g].
" Tp

For X\ € (0, \g] consider the differential quotient

~ 1
Fy = -
AT

By Assumption f is directionally differentiable. Hence,

[F'(y + Ah,v + M) — F(y,v)] € LI(Jp; X).

)l\ig%)ﬁ/\(s) = f'(y(s),v(s)); (h(s),l(s))] € X for a.e. s € Jr.

Moreover, for a.e. s € Jpr and since \g is small enough, Step II implies
IEA(s)llx < L(y) [IA(s)lxg + 15| -

Because the right side is contained in LI(J7), we conclude from Lebesgue’s dominated conver-
gence theorem that [\ converges to the function

s = f'l(y(s),v(s)); (h(s), U(s))] € LI(Jr; X)

in LI(Jp; X) with A — 0, i.e. that F is directionally differentiable.
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Note that this step was shown as [MS15, Lemma 3.1]. Steps I-1I required additional work.
(IV) Hadamard directional differentiability of F:

We exploit Lemma F is locally Lipschitz continuous and directionally differentiable by
Steps II-1I1. Hence, Lemma implies that F' is Hadamard directionally differentiable. More-
over, it follows that the mapping (k,1) — F'[(y,v); (h,1)] is Lipschitz continuous. O

We apply the chain rule Lemma and Lemma to conclude that F' is Hadamard direc-
tionally differentiable.

Lemma 3.13 (Hadamard differentiability of F'). Consider the assumptions and notation as in
Theorem B.1T] and Lemma [3.120 Then the function

F: C(Jr; X7,) = LY(Jr; X), (Fly))(8) = F(y(t), WISYl(1) = F(y(t), WISy](¢))

is Hadamard directionally differentiable and locally Lipschitz continuous. Moreover, for any
y € C(Jr; X%p) the mapping

F'ly; ] - C(Jr; X5,) — LU(Jr; X),
h s F'[y; h], where
Fly; B (t) = f'[(y (), WISyI(£); (h(2), W[Sy; SRI(t))] - for ace. t € Jr,

is Lipschitz continuous with a modulus C(y).

Proof. First of all, the identity mapping Id on C(J7; X%p) and the operator S : C(Jr; X%p) —
C(Jr) are linear and continuous and hence Fréchet differentiable. The derivatives are given
by Id and S. Moreover, W : C(Jr) — Li(Jr) is Hadamard directionally differentiable by
Theorem [2.40} Hence, the chain rule Lemma [3.7] implies Hadamard directional differentiability
of the mapping

y = (y, WISy))
from C(Jr; X%p) into C(Jr; X%p) x L4(Jr) with derivative
h s (h, W [Sy; Sh]).

Since F is Hadamard directionally differentiable by Lemma and because F = Fo(Id, WoS),
another application of Lemma, implies that F' is Hadamard directionally differentiable with

F'ly; B)(t) = £'[(y(t), WISy](2)): (h(t), W' [Sy; SR](t))]

for y, h € C(Jr; X7 ) and ae. t € Jr.

In Step III in the proof of Theorem [3.2] we have shown that F is locally Lipschitz continuous from
C(Jr; X7 to C(Jr, X) and hence from C(Jr; X7 ) to LI(Jp; X) as well. Lemma therefore
yields Lipschitz continuity of the mapping h — F'[y; h] from C(Jr; X7 ) to LY(Jp; X) for any
y € C(Jr; X§,). 0
Lemma 3.14 (Mild solutions for (3.16])). Consider the assumptions and notation as in Theo-
rem Then for arbitrary y € C(Jr; X7 ) and (ho, h) € X7 xL(Jp; X) there exists a unique
mild solution ¢ = ((y, ko, h) of (3.16]). Moreover, for y fixed the mapping

C(y,+ ) Xg, x L1(Jr; X) — C(J7; X7,),  (ho, h) = ((y, ho, h)

is Lipschitz continuous with a modulus C = C(y, T).
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Proof. We have to show that for arbitrary y € C(Jr; X%p) and (ho,h) € X%p x L4(Jp; X) there
exists a unique fixed point ((y, ho, h) in C(Jr; X%p) of the integral equation

t

C(t) = e Tothg + / e~ ToE=9) [F'[y; ¢](s) + h(s)] ds.
0

Lipschitz continuity of the corresponding fixed point mapping g (see below) yields Lipschitz
continuity of the mapping (hg,h) — ((y, ho, h) for fixed y, provided that ((y, ho,h) is well
defined. To prove the latter, we exploit the concrete Lipschitz modulus of g to prove the
existence of ¢ first locally and continue the mild solution to the whole interval Jr by induction.
Remember Lemma [3.13] namely that the function
F'ly;-]: C(Jr; X¢,) — LI(J7; X),
¢ = F'ly; (], where
F'ly; J(t) = f'[(y(6), WISyl(2)); (C(t), W'[Sy; SC](1))] for ae. t € Jr,

is Lipschitz continuous with a modulus C(y).

Moreover, recall (2.24)) and (3.3)) so that

|75 exp(—=Tpt) || c(x) < Cat™* exp(—0dt), and

t , 1/q tl—aq’ /4 t1/d —c
— —aq — =V
</0 (=) ds) 1—aq (1 — ag)t/a e

Then as in Step II in Theorem we apply Minkowski’s inequality to prove that for arbitrary
T € (0,7T] the function

t
g:Cr |t e Tolhy + / e Tp(t=s) [F'[y; C](s) + h(s)] ds
0

is well defined on C([0, T; X7 ) and Lipschitz continuous with a modulus of the form

L(T) = C(y)T"4 .

Similar as Steps IV-V of Theorem [3.2] about local Lipschitz continuity and uniqueness of G,
this observation and a Gronwall argument already imply uniqueness and the statement about
Lipschitz continuity for fixed y, assuming that the fixed point mapping (ho, k) — ((y, ho, h) is
well defined.

It remains to show that ¢ has a fixed point in C(Jr; X%p). To this aim, we choose k € N with

L (i) — C(y) <€)1/q/_a <5
iT

Moreover, we define t; := ? for 1 <j <k and

t
H(t) := e Trthy + / e t=n(s)ds,  teJr.
0
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We begin by proving that g has a fixed point in C(Jy; X%p) = C([O,tl];X%p). Denote by
g1:=9g:C(Jy; Xg) — C(Jyy; X7 ) the restriction of g to C(Jyy; X7).
Consider Ny := HHHC(W;X%Z)) and the closed set BC(E;X%p)(H, Np). Note that g; is a contrac-

tion on C(Jy; X ) so that we can apply Banach’s fixed point theorem if BC(fl~X% )(H, No)
T p

is invariant under g;. By definition of g and H there holds ¢g(0) = H. Hence, for any
¢ e BC(E%X%,)(H’ Np), because L (%) < %, we can estimate

lox(€)(6) — H 1)z, = 19(Q) (1) — 9(O) D)z, < 51D,

1 1
< SlC@) = H®)lixg, + 5I1H ) xz, < No.

This proves that Bz~ xa )(H , Np) is invariant under g;, and we obtain a (unique) fixed point
1437,

G € BC(E;X%Z))(H’ No) of g1.

We continue by induction. Consider N; := 2N;_; + Np for 2 < j < k. Assuming that the
unique fixed point ;1 of g;_1 exists from the previous step let the mapping g; : C(Jy;, X%p) —
C(Jy, X7 ) be defined as

Gi—1(t) if t €[0,¢;-1],
t
95O =0 1 (tyo) + e B + [ T F i l(s) + h(s)]ds ¢ € [yt

ti—1
We have to show that each g; has a fixed point.
As for gy it follows from the definition that g;(0) = ¢j—1(tj—1)+H — H(t;-1) in C([t;—1, t;]; X7, ).

Moreover, g; is a %—contraction on C(fj; X%p). Hence, Banach’s fixed point theorem implies

existence of a fixed point (; of g; if we can prove that g; maps BC(IX;S )(H, Nj) into itself.
3’ D

Let ¢ € BC(Tj;X%p)(H’ Nj) be arbitrary. Then on [0,¢;_1] we can estimate
g5 (O)(t) — H(t)HX%p = G-1(t) = H()||xg < Nj-1 < N;
by induction and definition of N; = 2N;_; + Ny. For t € [t;_1,t;] there holds
195 (O (#) = HB)l[xg, = [1G-1(ti-1) = H(tj-1) + g;(O)(E) = g;0) (D)l xg,
< 1Ga(t5-0) — Hltg1) g, +50C0lx,

1 1
< Nj—1+5lI6@) = H®)llxg, + 517 (#)lxg,

N; 1
SNjit+ 5+ QHHHc(ﬁ,X%p)
2Nj 1+ HHHC(ﬁ;X;;p) 1

5 + i  llo@z.xs )

= 2Nj_1 + ||H||C(ﬁ,X%p) = Nj.

= N;_1 +

Consequently, Bg g xa y(H,Nj) is invariant under g; and we obtain a (unique) fixed point
3’ D

G € Be@ixg ) (H, N;) of gj.
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Lastly, we prove that (; provides a fixed point of g. By definition of ¢g; there holds

G(t) = Gi(t) = g2(C1)(1)

for t € J;, and by definition of g, we obtain

t1

Ga(t) =e TRy + / e =) [y 1] (s) + h(s)] ds
0

t
+e Tl hg 4 /G_T”(t_s) [F"[yo; G2 (s) + h(s)] ds
t1
for ¢ € [t1,t2]. Hence,
t
Ga(t) = e T ho + /e_T”(t_s) [F'[y: 2](s) + h(s)] ds = g2(G2)(t)  for t € Jp,.
0

Inductively, it follows that ¢ = ((ho, h) := ( is the unique solution in C(Jr, X%p) of the integral
equation

C(t) = e Trthy + / e~ Tr =) [F [y ¢](s) + h(s)) ds,
0

i.e. a fixed point of g. O
Lemmas [3.12 provide us the necessary background to prove Theorem [3.11

Proof of Theorem[3.11. We prove the theorem in two steps.

(I): Hadamard directional differentiability into C(Jr; X7 ):

Let any (yo,u) € X7 x LI(Jr; X) be given and consider y = G(yo,u). For (ho,h) € X7 x
L7(Jp; X) and A > 0 we denote yy := G(yo + Mo, u + Ah). Let ¢ = ((y, ho, h) € C(Jr; X7) be
the unique mild solution of which exists according to Lemma

We make use of and so that

T2 exp(=Tyt)l|c(x) < Cat ™ exp(—0), and

/ ‘e as) (£ Y ga
0 \1l-a¢ (1= ag)Vd e

Moreover, estimate (3.9) in Step III of the proof of Theorem about local Lipschitz conti-
nuity of F from C(Jr; X¢ ) to C(Jr, X) and local Lipschitz continuity of G from L?(Jr; X) to

C(Jr; X%p) (see Theorem D lead to an estimate of the form

H (F'ly + AD(@) = (Flya) (@) H
X

A
_ || (FIG (o, u) + AL () — (F[G(yo + Ao, u + AR)](F)
- i MERCIT
< L(y) suwp () —y() ()
0<r'<t A xg
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for a.e. t € Jp and A\ small enough. Similar as in [MS15, Theorem 3.2], we employ the
representation formulas for y,yy and { to estimate

2O |
S— /t(t oy (| P 2 =) _ g |

0
i |l 200 = o
A
< o (tl/q’—a Fly+ (] = Fly|
b [0 o,
) <r'<

A
for constants c¢1,co > 0 and A > 0 small enough. The first term converges to zero with A — 0
by Lemma The estimate of the second term holds by (3.19).
We take the supremum over all 7 € J; on both sides, which leaves the right hand side unchanged.
An application of Gronwall’s lemma then implies the convergence of ¥ to ¢ in C(Jr; X%p).

)ds
X

— F'[y; (]

La(Jr;X)

y)\(T/) — y(T/) o C(Tl)

Consequently, ¢ is the directional derivative of G at (yo,u) in direction (hg, h).

Because G is also locally Lipschitz continuous, we finally conclude from Lemma that the
solution mapping for problem is Hadamard directionally differentiable from X%p xLi(Jr; X)
to C(Tr: X3,).

(IT) Hadamard directional differentiability into Y7, s:

Assume that T}, satisfies maximal parabolic Sobolev regularity on X, see Definition and
suppose g € X;ép for some 3 € [a, 1]. Moreover, let s be arbitrary in the interval (1, ﬁ) N(1,q]
if 5 € [a,1) and s = g if B = 1. As in Step I we denote y = G(yo,u) and for (ho,h) €
X% x L(Jp; X) and A > 0 we write yy := G(yo + Ahg,u + Ah). That the function

C(t) = C(y, ho, h)(E) = e~ Trtho + / e~ T =) [F [y ¢](s) + h(s)] ds
0

is contained in Y7, , follows as in Theorem from F'[y;¢] + h € LIY(Jp; X) and hg € X%.

Indeed, ¢ = (% + Tp,fyg)_l (F'[y; ¢] + h, hy) with vy from Remark From Step I we know

that
U\ —Y
A

with A — 0 and hence the convergence holds in L*(Jr; X) as well. Moreover, note that

- (e y+AX—yr—0 in C(TT;X%p),

Y-y
A C

1

= <i +Tpmo> h (F[M; ol _ F’[y;CLO) :
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These observations and Lemma [3.13] on the Hadamard directional differentiability and local
Lipschitz continuity of F : C(Jr; Xg ) = Li(Jr; X) = L*(Jr; X) yield that

’ m-y .
Y1,,s
-1
F - F
= ( +Tpmo> <w — F'ly; C],O>
YTp,s
-1
F - F
J(2 o) [Pl
E(LS(JT;X)XXB Yr,.) Le (J7;X)
+Ad] Fly+X]—-F
< b M= PO gy *H v+ 2] = Flp )
Ls (J7;X) Ls (Jr;X)
Fly+X]—-F —
Ls(Jr;X) C(Ir;Xg,)
with A — 0. [Cf. |[MS15, Theorem 3.2] for a similar argument with zero initial values. O

The following Corollary is a generalization of [Miin17al Theorem 4.7] from zero initial value
to initial values yg € Xerl

Corollary 3.15. Consider the assumptions and the notation as in Corollary For g €
( 1 ) let s be arbitrary in the interval (1, — ﬂ> (1,q]if B € [, 1) and s = ¢ if § = 1. Then

1—-a
the solution operator G : x4 Apt1 xL4(Jr; X) — Yy, s of problem ({3.11)) is Hadamard directionally
differentiable. Its derivative y®0:%):(ho:h) .= G'[(yo, u); (ho, h)] at (yo,u) € Xﬁpﬂ x L4(Jp; X) in

direction (ho,h) € Xﬁpﬂ x L9(Jr; X) is given by the unique solution ¢ € Ya, s of

C(t) + (A1) = F'ly; CJ(t) + h(t) in Jr,
C(O) = hO,

where F'[y; (J(t) = f'[(y(t), WISyl (t)); (¢(t), W'[Sy; SC)(1))] and y = G (yo,w), see Corollary [3.4]
Moreover, the mapping (hg,h) — G’[(yo,u); (ho, k)] is Lipschitz continuous from Xﬁpﬂ X

L9(Jr; X) to Ya, s with a modulus of continuity ¢ = C(G(yo,u), T).

(3.20)

Proof. The proof follows the lines of Theorem [3.11} As in Corollary [3.4] note that A, satisfies
maximal parabolic Sobolev regularity on X. Again, instead of the estimates in (2.21)) we have
to use the estimates in (3.13)) and (2.24))—(2.25)) have to replaced by ((3.14)—(3.15]). O]

4 Optimal control of hysteresis-reaction-diffusion systems

In this chapter, we apply the results from Corollary and Corollary to an optimal control
problem. In particular, we discuss the control problem from [Miinl7a, Section 5] which was
further analyzed in [Munl7b|. Accordingly, in the whole section, we specialize on diffusion
operators A, and zero initial value, i.e. yo = 0. We adapt the results of [Miinl7a, Section 5]
and [Munl7b] to the structure of this work. Moreover, several of the proofs are given in more
detail. As described in the introduction, we also extend [Miinl7b] by Subsection m
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More precisely, we consider two spaces of control functions. In one case, the control u is contained
in

Uy = L2 (JT; 01) =12 (J; [L2(Q))™) .

Hence, u acts inside the domain. In the other case,
u€ Uy =12 (JT§ Uz) =12 (JT; HL2(FNi7Hd—1)>
i=1

is a Neumann boundary control.

U; and Us are embedded into LQ(JT; X) by continuous operators By : Ul — X and By : Ug — X,
see (A6) below.

For u € U;, i € {1,2}, the corresponding state equation will be defined by y = G(0, Bju). The
latter is well-posed by Corollary Since the initial value will be zero in the whole chapter,
we abbreviate

G(0,-) :==G(-).
With the representation of z = W[Sy] as in Definition y = G(Bju) is equivalent to
y(t) + Apy(t) = f(y(t), 2(t)) + Biu(t) in X for ¢t € Jr, (4.1)
y(0) =0 in X,
(2(t) — Sy(t))(2(t) =€) <0 for ¢ € [a,b] and t € Jr, (4.2)
z(t) € [ 0] for t € Jr,
2(0) =

For i € {1,2}, yq € Uy and k > 0 we define the tracking type optimal control problem
min = +
et Y, u 5 Y — Ydllo, 5 Uully,

T T (43)
=5 [ 1) = oy s+ 5 [ )l ds

subject to (4.1))-(4.2).

Remark 4.1. The functions y = G(Byu) € Yoo — L?(Jr;dom(A,)) in ([£3) are identified
with I, 'G(Bju) € LZ(JT,W Q) = Uy for u € U;, according to Corollary see also
Remark [2.32] We often write G (B;u) for both functions.

The outline of this chapter is the following:

The main assumption and some further notation in addition to that of Section [3.1] are given in
Section K11

In Section we apply the continuity results on G(B;-) from Corollary and prove existence of
an optimal control @ for (4.1))-(4.3)), together with the optimal state § = G(B;u) and z = W[SY],
see Theorem cf. [Miinl7al Section 5].

Afterwards, we continue with the results from |[Minl7b].

Our first main interest here is to derive an adjoint system (p,q) and first order necessary opti-
mality conditions for problem f. Corollary yields Hadamard directional differen-
tiability of the reduced cost function, but since the mapping h — G’'[B;u; B;h] is not linear, we
can not apply standard techniques to obtain (p, q).
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Hence, in Section we regularize the non-linearity f and the stop operator W in dependence
of a parameter € > 0 and consider a regularized control problem first. Since the regularization
y — Z:(Sy) of y — W[Sy] as well as f. are Gateaux-differentiable, Corollary implies that
the same holds for the control-to-state operator u — G.(B;u), i € {1,2}. Moreover, since f.
and Z. satisfy the properties of f and W (they are even smoother), we exploit Theorem [4.6
and conclude the existence of optimal solutions ., J. = G<(B;u.) and z. = Z.(S7y.) of the
regularized problems, see Corollary [£.11]

In Section [4.4] we drive the regularization parameter to zero, i.e. we consider the limit ¢ — 0.
In particular, we use weak compactness arguments to derive a subsequence (U, J., , ¢, ) Which
converges to a solution (w,7, %) of the original problem. Nevertheless, even to derive optimality
systems for the regularized problems remains challenging. The main problem here appears to
characterize the adjoint operator [G~[u;-]]*, since the mapping G~[u; ] is only defined implicitly
via the solution of a reaction-diffusion system. The adjoint equations, i.e. the evolution equations
of p. and ¢. and an optimality condition for the regularized problem are stated in Theorem
In particular, Theorem m provides a relation between (pe, ¢-) and @, and u. Once the adjoint
systems (pe,q:) are obtained, driving the regularization parameter to zero yields an adjoint
system (p, q) for problem f. The evolution equation for p is obtained without much
effort. Most of the difficulties are due to the low regularity of the adjoint variable ¢ which belongs
to z. Unfortunately, uniform-in-¢ bounds for ¢. only hold in L'(J7). Consequently, we have to
pass to weak star convergence in C(J7)*. Accordingly, ¢ is only contained in BV (Jr), the space
of functions with bounded total variation in Jr. Hence, we cannot expect a time derivative of g,
but only obtain a measure dqg € C(Jr)* which describes the evolution of ¢. In order to complete
the optimality system, we study ¢ and dgq in more detail. A lot of the properties of ¢ and the
corresponding measure dg can be proven. But the measure equation for dq still depends on
an abstract measure du € C(Jr)*. Furthermore, the optimality conditions for problem ([4.1])—
(4.3) include dp, which makes it even more interesting to characterize the measure completely.
Although it is shown in [Miin17b| that du has its support only in a part of Jr, a complete
characterization could not be established. With an additional regularity Assumption the
support of du can be further reduced. In extension to [Munl7b|, we provide an example in
which Assumption is satisfied, see Example

In Subsection [£.4.3] we summarize the results from Subsections In particular, Theo-
rem contains the optimality conditions for problem ([{.1)—-([4.3) for i € {1,2} and for general
f. Corollary states the optimality conditions for continuously differentiable f.

In the remaining part of Section we concentrate on problem f with distributed
control functions.

In Subsection [£.4.4] the optimality conditions are improved for i = 1, see Corollary More-
over, we show uniqueness of p, ¢ and du in Corollary To this aim, we exploit that B;
has dense range for appropriate p > 2 which does not hold for By and which implies that the
operator B is one-to-one.

In Subsection we extend the results from [Minl7b| on du. In particular, we investigate
in the analysis of du for the case i = 1. We characterize the sign of du(E) for subsets E C Jr
of different categories and prove upper bounds for |du(FE)|, see Lemma and Theorem m
With help of the measure equation for dq we conclude sign conditions and bounds for dg on
subsets E C Jr of different categories, see Corollary Finally, we characterize the continuity
properties of ¢ in Corollary

In Section we return to the general control problem f with i € {1,2}. We take
advantage of relation between (p,q) and @ and exploit the continuity properties of the adjoint
variables to prove higher regularity of @, ¥ and Z, see Theorem An application of Theo-

rem is given in Example
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In Section we study the perturbed control problem —, cf. [Minl7b, Section 6]. In
particular, the set of admissible control functions is restricted to a subset C C U;, i € {1,2}, and
f is perturbed by a function r € U;. In Theorem we prove lower semi-continuity
of the corresponding optimal value function v : U; — C if C is convex and closed. If C is
also compact, we show that v is continuous, and that the corresponding optimal set function
V : U; = C' is upper semi-continuous.

4.1 Main assumption and further notation

Assumption 4.2. Cf. |[Munl7b, Assumption 2.10] We adapt (A1)-(A3) in Assumption
repeat Assumption and introduce two more assumptions for the optimal control problem

ED-@E3):

(A0) Q C RY for some d > 2.

(A1) Instead of (Al) suppose that A, is a diffusion operator in the sense of Definition [2.17,
where p € J N [2,00) with J as in Corollary Moreover, assume 2 > p (1 — é)

(A2)’ Scalar projection: The function w € Wllﬂ’g I(Q)\{O} in (A2) which defines the operator
S e [W;;p(Q)]* by Sy = (y,w) Yy € W;;’p(Q) is contained in the space dom([(1+

Ap)lfa]*)'

/
WP (2)

(A3)” (A3) holds for a coefficient a € (O, %) This assumption is needed in the proof of
Lemma .51

(A4) In addition to (A3)’, f is directionally differentiable and therefore Hadamard directionally
differentiable.

(A5) B is defined by

By : [L2(Q))™ — X, (Bju, U)Wl,p/(m = / u-vdr Vv e W%’Z/(Q).
Q

I'p

Since 2 > p(l — é), the embeddings L2(FNJ.,H¢_1) — Wl:]i’_p(Q), j € {1,...,m}, are
J
continuous |Hal+15, Remark 5.11]. Therefore,

m m
By : HLQ(FN].,'Hd_l) — X, (Bzy,U>W1,p/(Q) = Z/ Y;vj dHg—1 Yv € W;’g (Q)
j=1 j=17Ln;
is continuous.
(A6) The desired state y4 in (4.3)) is contained in U; and k > 0 is given.

Remark 4.3. We prove that B; in Assumption is well defined. To this aim, note that
p € [2,00) & p € (1,2]. Hence, either d =2 =p' or p' <2 < dd_—pp,. By Remark and the

Riesz representation [L2(Q)]™ of [U;]* we obtain the compact embedding
W%’g/(ﬂ) <« [L2(Q)]™ = [U1]* and hence U; < W;Ll)’p(Q).

More precisely, each function u € U; defines an element in Wlffl)’p (©) by the assignment

(B1u,v>wéyp/(m = /Qu'vdx Yv € W%’gl(ﬁ).
D
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By is well defined, since for v € U; and W%’g/ (Q), the embedding W%’SI(Q) <« [L2(2)]™ together
with Holders inequality imply

[

= llullg, ol g
D

(0

Wi (@) < ullz@ym llvllpz@pm < \|U||[L2(Q)]m||UHW;,§)’(Q)

Since p and A, are fixed by (Al)’, we extend the notation (N1)-(N5) in Section to

(N1) For the particular p from Assumption we set
-1,
X = WFDP(Q)

with W;;’p (Q) from Definition We sometimes identify elements v € X* with their

/
representation in W%’g (), ie.

(v,y)x = (y,v>wl,p/(ﬂ) Vy € X.

I'p
(N2)" We write X? := Xﬁp-kl for g > 0.
(N3)’ For t € [0,T] we denote
Yy = Ya, 414 = WH((0,T); X) N LI((0, T); dom(Ap)),
Yoi = Ya,41,40 ={y € Ya,41,4: y(t) =0},
Yy =Y, 4100 = fy € WH(0, T3 [dom(A,)]") NLI((0.T); Wi ()« w(t) = 0},

Note that dom(A,) is equipped with the operator norm of A, because A, is not necessarily
one-to-one. Moreover, dom(A,) can be identified with W;g (€2), see Remark @

(N4) W is a scalar stop operator as defined in Definition m for some prescribed initial value
20 € [a, b].

(N5) We abbreviate Jr = (0,7).
(N6) We write G(-) := G(0, ) for G from Corollary

Remark 4.4. [Minl7a, Remark 5.2] Corollary yields Hadamard directional differentia-
bility of G o B; : U; — Yaq for i € {1,2} and (y,2z) = (G(Bju), W[SG(B;u)]) solves (4.1])-
for u € U;. Therefore, the reduced cost function J : U; — R, J(u) := J(G(Bu),u) is
Hadamard directionally differentiable. Remember Remark namely that G(Bju) is identified
with I, 'G(Bju) for u € U;.

4.2 Existence of an optimal control

We prove that an optimal control for problem (4.1)—(4.3)) exists. To this aim, we show that the
mapping u — G(Bju) is weakly continuous from U; into Y3 and weak-strong continuous from
U; into C(Jr; X®).

Lemma 4.5. [Miinl7a, Lemma 5.3], cf. [BK13|, Lemma 2.3]. Let Assumptionhold. Suppose
that for {up}nen C U; it holds w, — w in U; with ¢ € {1,2}. Then y, = G(Bju,) — G(Bju)
weakly in Yo and strongly in C(Jr; X®) and 2, = W[Sy,] — W[SG(B;u)] weakly in H!(Jr)
and strongly in C(Jr). If the convergence of u,, is strong then y, — G(B;u) in Ya strongly.
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Proof. The proof is a combination of the proofs of [MS15, Lemma 2.10] and [BK13, Lemma
2.3]. Let u, — w in U; with n — oo. By (A3)’ in Assumption we have a € (0, %) so that
ﬁ < 2 = q. We apply Corollary and Corollary [3.15| with u and h replaced by B;u and B;h
and with L?(Jr; X) replaced by U;. In particular, by (3.12)) there exists some C(T) > 0 such
that

1Ynllyz0 < CT)(L + [ BiunllL2 (rix))-

By uniform boundedness of {uy},en and weak compactness, there exists a subsequence yy,,
which weakly converges in Y209 to some y with & — oo. Lemma and o < 1 entail
that Ya is compactly embedded into the space C(Jr;[X,dom(4,)]a) and Remark yields
C(Jr; [X,dom(A,)]a) =~ C(Jr; X<). Hence, ypn, — y in C(Jr; X*) strongly with & — co. More-
over, Syy, converges weakly to Sy in H!(.Jr) because S € X* by (A2)’. By Theorem W is
weakly continuous on H!(J7) < C(Jr). Consequently, weak convergence of Sy, to Sy implies
weak convergence of z,, to W[Sy] = z in H'(Jr) with k¥ — co and then also strong convergence
in C(Jr). It remains to prove y = G(B;u). Since %, A, and B; are weakly continuous by
linearity [MS15, Lemma 2.10], we obtain

d d
%ynk + Apyn, — %y + Apy and Bju,, — Bju in LQ(JT; X) with k — oo.

By strong convergence of y,, — y in C(Jr; X*) with & — oo and local Lipschitz continuity of
f:C(Jr; X*) x R — C(Jr; X) with respect to the C(Jr; X%)-norm (see Step III in the proof
of Theorem , we can find kg > 0 such that

1S s 2ni) — Sy, Z)Hc(ﬁ;x) < L) (lyn,. — y”c(ﬁ;xa) + l2n, — Z”c(ﬁ))

for all k > ko. Consequently, f(yn, (+), 2n, (-)) converges to f(y(-), z(-)) in C(Jr; X) with k — oo.
We pass to the limit £ — oo in to see that y solves with forcing term B;u. This
implies y = G(B;u) and z = W|[Sy|. Since y = G(B;u) and z = W[Sy] are uniquely determined,
we conclude (weak) convergence of the whole sequence.

To complete the proof, assume now that wu, — u strongly in U; with n — oo. In this case,

Biun, — Bju in L?(Jp; X)  with n — oo,

and hence, by maximal parabolic regularity of A, (see Remark ,

G )

Since the right side converges to zero with n — oo, we conclude y,, — y in Y5 ¢ with n — oco. [

(||Bi(un - U)||L2(JT;X) + 1F[yn) — F[yH’LQ(JT;X))-
L(L2(Jr;X),Y20)

Hyn - ZJHYz,o < |

With the preceding lemma, we can show existence of an optimal control.

Theorem 4.6. [Muni17a, Theorem 5.4] Let Assumption hold. Then for i € {1,2}, there
exists an optimal control w € U; for the optimal control problem (4.1)—(4.3). This means that u,
together with the optimal state §y = G(u), which solves (4.1)), are a solution of the minimization

problem (4.3)). The solution of (4.2) is given by Z = W[Sy].

Proof. The proof uses Lemma and is similar to the proof of [MS15, Proposition 2.11]:
By definition, the cost function J is bounded from below by zero. Moreover, by the form of the
reduced cost function

1 K
J(u) = J(G(Biu),u) = 5[|G(Biu) ~ yallf, + §IIUII?]¢7
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every minimizing sequence {u,} of J is bounded in U; and thus has a weakly converging
subsequence, i.e. u, — uw € U; with & — oo for some w € U;. By Lemma Ynp =
G(Bjun,) — G(Bju) =: § weakly in Y5 and strongly in C(Jr; X%) with k& — co. Moreover,
Y20 < L2(Jp;dom(A4,)) < U according to Corollary see also Remark Note that
G(Bju) € Yy is always identified with IP_IG(Biu) € Uj here for u € U;, but we often write
G(Bju) for both functions. The cost function J : Uy x U; — R is weakly lower semi-continuous.
Consequently,

J @) = J(y,u) < liminf J(yn, , un,) = min J(G(B;u),u) = min J (u)
k—o0 uelU; uel;

as required. ]

4.3 Regularized control problem

As mentioned in the beginning of the chapter, the mapping h — G’[B;u; B;h] is not linear so that
we can not apply standard theory in order to derive an adjoint system for problem f.
As a remedy, we fix an optimal control u and regularize the cost function as well as the state
equation in dependence of a parameter £ > 0 to obtain an optimal control problem for which we
can derive an adjoint system. Hence, we regularize the variational inequality which defines W
and the non-linearity f and therewith obtain a regularization of the solution operator G(B;-).
In order to regularize W we apply techniques from singular perturbation theory as in [BK13,
Section 3]. Our regularization of the semi-linear parabolic state equations is inspired by [MS15,
Section 4].

With regard to the limit € — 0, we derive uniform-in-¢-estimates for the norms of the solutions
of the regularized state equations in terms of the forcing term w. This is done in the end of
Subsection [£.3.11

In Subsection [4.3.2] we investigate in the dynamics of the regularized state equations in depen-
dence of €. For any weakly converging sequence u., € — 0, the estimates from Subsection
together with a weak compactness argument yield us weakly converging subsequences y., and
Zey -

In Subsection we introduce regularized control problems. We apply the results from
Subsection [.3.2] to conclude convergence of the corresponding solutions to an optimal solution

of problem (4.1)—(4.3|) with ¢ — 0, see Theorem

In Subsection |4.3.4] we prove Gateaux differentiability of the regularized solution operators G,

see Corollary

Subsection [4.3.5] is contains the adjoint equations for the solutions of the regularized control
problems with € > 0 fixed. The main result here is Theorem

In Subsection we prove uniform-in-¢ bounds for the norms of the adjoint variables (pe, ge)
from Theorem (.20

The key step € — 0 is established in Section The uniform bounds on (pe, g-) from Subsec-
tion @l give rise to weakly converging subsequences p., and ¢, and finally yield an adjoint

system for (.1)-(L3).

We begin with several assumptions on the functions which will enter the regularized problems.

Assumption 4.7 (Regularization). [Minl7b, Assumption 3.1] For e, > 0 and ¢ € (0,e.] we
assume that:

(Al): fe: X* xR — X is Gateaux differentiable.

(AQ)E SUP(y,2)eX*xR Hfi(y7 Z) - f(y7 Z)HX —0ase—0.
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aq a b by T

Figure 1: [Miinl7b, Figure 1] Graph of ¥

(A3). fe is locally Lipschitz continuous with respect to the X“-norm and all the neighborhoods
and Lipschitz constants are equal to the ones of f in (A2) in Assumption independently
of e. The growth condition ||f:(y,2)||lx < M (1+ ||y|]|xe + |z|) holds for all y € X* and
x € R, with M from (A3) in Assumption

(A4). Following the ideas of [BK13|, we introduce a convex function ¥ : R — R with ¥(z) =0
for z € [a,b] and ¥(z) > O for x € R\[a,b]. We assume that ¥ is twice continuously
differentiable and ¥/ (x) < m;|z—al for some m; > 0 and all x € R. Moreover, U (z) < mg
for some mg > 0 and all z € R and ¥” is assumed to be locally Lipschitz continuous. If a
concrete representation of W is needed, we assume U to be defined according to Remark [4.§]
below.

Remark 4.8 (Construction of ¥). Cf. [Munl7b, Remark 3.2] We construct a function ¥ which
satisfies (A4). in Assumption The concrete structure of ¥ will be useful in several proofs.
In particular, ¥ is the concatenation of four functions, namely

U= X(—oo,a1]¥=2 + X(ar,a) V=1 + X(6,61] V1 + X(b1,00) Y2,

where a1 < a < b < b;. Here, x denotes the characteristic function. The functions ¥_5 and ¥o
are affine linear and W_; and ¥; are polynomials of order four with roots in a and b which are
at the same time saddle points and with turning points in a; and b;.

More precisely, we choose a; := a — 2, by := b+ 2 and define a function similar to Figure [1] by

V_s(x) :=—16(x — 1 —a),
U_y(2) = —(z—a)*(4 —a+2),
Uy (x):= (x—b)>*4+b—uzx),

Uy(z) :=16(x — 1 —b).

With this definition, ¥ fulfills the conditions (44). in Assumption[4.7] Note that local Lipschitz
continuity of ¥” holds also in the points where the functions ¥_o, W_1, ¥y, ¥y are glued together.
Hence, ¥” is Lipschitz continuous.

For i € {1,2} and € > 0, the original state equations (4.1)—(4.2)) are regularized as follows:

900 + (Ayn)(®) = L), 2(0) + (Bau)(t) in X for t € Jr, y(0) =0in X, (4.4)
A(t) — Si(t) = —é\II’(z(t)) for t € Jr, 2(0) = z0. (4.5)
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4.3.1 Regularization of (3.11) and uniform-in-¢ estimates

In this subsection, we replace equation by a regularized abstract evolution equation. The
latter is essentially equivalent to the regularized state equations 7, but with forcing
term u € L4(Jp; X) instead of u € U;. Hence, it can be transformed into (4.4)—(4.5) by choosing
the forcing term as B;u, u € U;. Once the appropriate regularity of all regularized functions
has been shown, well-posedness follows as for . Afterwards, we continue to estimate the
norms of the solutions in terms of the forcing term and independently of €. The ideas for many
of the steps in this subsection were inspired by [BK13, Subsection 3.1].

Definition 4.9 (Regularized stop). Cf. [Munl7bl Definition 3.3] For € € (0,¢,] we denote by
Ze v+ Z.(v) the solution operator of

A(t) — 0(t) = —é\Il’(z(t)) for t € Jr, 2(0) = 20,

or of the corresponding integral equation

t
1
z(t) = z0 — v(0) + v(t) — / ~U'(2(s))ds fort e Jr.
0o €
The input v is a function defined on Jr.
In extension to [Miinl7b|, we prove regularity results on Z. in Definition [4.9) which are required.

Lemma 4.10 (Regularized stop). Cf. [Miin17b, Remark 3.4] Z. in Definition 4.9)is well defined
and continuously differentiable on C(Jr). Its derivative at v in direction h is given by the unique
solution Z.[v; h] = z of the integral equation

z(t) = —h(0) + h(t) —/0 éqf//(Za(v)(s))z(s)ds for t € Jr.

Z. is bounded on Wh4(Jr) for all ¢ € (1,00) with derivative Z.[v; h] = z,
. 1
Z(t) — h(t) = —E\I/”(Zg(v)(t))z(t) for t € Jp, 2(0) = 0.

Proof. We show the lemma in three steps.

(I) Well-posedness and Lipschitz continuity:

Because ¥” is globally bounded by (A44)., the mean value theorem entails that ¥’ is Lipschitz
continuous with modulus m. Now it follows with Gronwall’s lemma and Schauder’s fixed point
theorem, that for each v € C(Jr) there exists a unique local solution

ze = Z:(v) € {q € C([0, To]) : ¢(0) = v(0) € R},

satisfying the integral equation

3

2e(t) = 20 — v(0) + v(t) — /0 1\Il/(zg(s)) ds.

Because W' (z:(s)) < mq|z-(s) —a| on the interval of existence of z., this solution can be extended
to the whole interval Jp. That is, Z. : C(Jr) — C(Jr),v — Z.(v) is well defined.

Again by (A4). and Gronwall’s lemma, Z. is Lipschitz continuous with modulus e™?/¢ and
because U(zp) = 0 we have
12 (t)] < €™/ sup |v(t)| + |z0| fort e Jr. (4.6)

0<s<t
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(IT) Differentiability:
The mapping v — Z.(v) is continuously differentiable on C(J7):
Let v, h € C(Jr) be given. Note that the set

Eyp = Uiz Epn(t) = U cg{z € R: z between Z.(v)(t) and Z:(v + h)(t)}

tedr
is a bounded subset of R, so that W” is Lipschitz continuous on this set. Moreover, Step I entails
that for all s € Jp there holds

|Ze(w+ 1)(s) — Z:(0)(s)] < €™/ sup |h(s)]. (4.7)

0<s’'<s

Let q(h) be the unique solution in C(Jr) of the equation

g(t) = —h(0) + h(t) — /0 %xp”(zg(v)(s))q(s) s forte Iy

Existence of this solution follows from boundedness and local Lipschitz continuity of ¥”.
By the mean value theorem we have

LW (Zefo 4+ D)D) = W (Z)(B)] = ~ W (ED) (Ze(o + ) ~ Zo()()

for all ¢ € Jp and for values £(t) € E, ,(t). Hence, we can split the following expression
Ze(v+h)(t) = Ze(v)(t) — q(t)

1Plle7my
:_/ Lz, | 201 = Zeo)(s) = as) )
0 ¢ 1l 7y
_/ 1(‘1/”(5(8))—\I/H(Zg(v)(s))) Ze(v—l—h)(S) ;ZE(U)(S) ds
0 ° 12/l
- J1+J2

Lipschitz continuity of U" on bounded sets together with (4.7) and &(s) € E, 5(s) yield
t
1
9 < e [ 120~ Zelw + B))Pds < e T o
| Hc(ﬁ) 0 ¢
for some ¢ > 0. Gronwalls’s inequality hence implies that
| Ze(v)(t) — Ze(v + h)(t) — q(t)]

—0
1Pl

with ||h||0(ﬁ) — 0, uniformly in t € Jp. Because the mapping h +— q(h) = Z[v; h] is linear and
bounded on C(Jr), it follows that Z. is continuously differentiable on C(Jr).

(I1I) Z. is bounded on Wh4(Jz) for all ¢ € (1, 00):

First of all, note that W9(Jy) < C(Jr). Hence, implies

1Ze()lILaqsry < el Ze()ll oy < ale, T)(vllogm) + [20l) < c2(e, T)(A + [[vflwia(sy)
for constants ¢, c1(e,T), ca(e,T) > 0. Using this, (A4). and again (4.6) we estimate

1

. ) . 1
1 Ze()llLacr) = ||0 — g\If’(ZE(v)) < |¥llacrpy + ngHZs(U) = alla(y)

Lq(JT)
< es(e, T)(A + [lvllwracsy))

for some constant c3(e,T) > 0. O
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As for F in Section we introduce the function (F:(y))(t) := f-(y(t), Z:(Sy)(t)) and study
the abstract evolution equation

(1) + (Apy)(t) = (Fe(y))(t) +u(t) in X fort >0,

(F:
y(0)=0€ X. (48)

Corollary 4.11 (Existence of regularized problem). [Miinl7b, Corollary 3.5] Let Assump-
tion and Assumption hold and let e € (0,e.] be arbitrary. Furthermore, assume
qe€ (ﬁ, oo] and let s € (1, g]N(1,00) be arbitrary. Then for all u € LI(Jp; X ) problem (4.8]) has

a unique solution y.(u) in Y. The solution mapping Ge : u — y-(u) =: y¥ is locally Lipschitz
continuous from LI(Jr; X) to C(Jr; X®) and to Ys 9. We denote 2% := 2.(u) := Z(SyY).

Proof. Existence of unique solutions of (4.8]) and local Lipschitz continuity of the solution oper-
ator G are a consequence of Lemma (A1), and (A3).. In particular, the functions Z. and
e satisfy the properties of W and f so that Theorem [£.11] can be applied. O

Having shown well-posedness of (4.8]), we derive uniform-in-e-estimates for the solutions G.(u)
in terms of the forcing function u € L9(Jp; X). Those translate directly into uniform estimates
for the solutions of (4.4)—(4.5) if u is replaced by B;u.

Lemma 4.12 (Uniform bounds). [Minl7b, Lemma 3.6] Adopt the assumptions and the nota-
tion from Corollary [4.11} There exists a constant ¢ > 0 which is independent of € and u such
that the following holds true. For all ¢ € (2, 00] and ¢ € (0, &,] we have

1-a?
192 1lve0 < @+ llullLapx)) and (|22 o < ¢+ lullLapx)) (4.9)
with arbitrary s € (1,¢] N (1,00). Moreover, there holds
T 5 1 )
0 [P ds+ sup TUE0) < 1+ ulhagr) (4.10)
0 ter €
Proof. For any v € Wh*(Jr) and t € Jr we rewrite | Z.(v)(t) — 20| — | Z-(v)(0) — 20| as
45 (Ze(0))(Ze(v) = )
| Z:(v)(t) — 20| — | Zc(v)(0) — 29| = / — 2p|ds = / ds.
0 |Z(v) = 20
) by~ L(Z.(0)).

According to Definition we can replace zy by Z:(v)(0) and 4 (Z.(v)
Moreover, ¥ is convex and 2z € [a, b] implies ¥/(z5) = 0 by (A44).. Hence,

U (x)(x — 20) = [¥'(z) — V'(20)](x — 20) >0 VxR

All together, we arrive at

0 <|Z:()(@®)] + -

1 [P V(Z:(v))(Ze(v) = 20)
/0 ds

: Z:(0) - l
<1Z.00)(0) =l + ol + 1 [ <Zf|g’>(><)zj<2,‘ 20) 4
:!zo\-i-i/o 7.)‘(ZZ:((U))_Z’)ds<]20\+/ |0(s)|ds Vt € Jr,

and the second term on the left side is greater or equal than zero. Accordingly, we choose
v=Sy? and 2! = Z.(SyY) and conclude

t
0 < [22(t)] <20l +/ |SyL(s)|ds Vt e Jr. (4.11)
0
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To prove (4.9) we require a bound for SA,y¥ since (4.4) includes the term A,yY. This is
possible due to the enforced assumption (A3)’ in Assumption on the scalar projector S. In
particular, the representation w which defines S is contained in dom([(4, 4+ 1)17]*). Hence, for
any y € dom(A,) we can estimate

1SApyl =5(Ap + )y — Sy| < [{w, (Ap + 1)y) x| + (ISl ixe)- [yl xe
=|{w, (Ap + 1)'7(Ap + D)) x| + ISl xe- Iyl xo
=|{[(Ap + 1) w, (Ap +1)%y)
<([(Ap + 1) =T wllx- + [1Sllixep) lyllxe =t e1llyllxa.

(4.12)

Since Sy¥(t) € dom(Ap) for a.e. t € Jr, we can choose y = Sy(t) in ([£.12) for a.e. t € Jp and
rewrite Sy¥(t) according to . Finally, the triangle inequality y1elds

159 (O] < erllye (Dl xe + 1S f(we (1), 22 (1) + [Su(t)] for ace. t € Jr.

The second term is bounded by the linear growth condition on f, see (A3). in Assumption
Hence, we continue to estimate (4.11)) by

t
|22 ()] < |0l +/0 cillye (s)llxe + 1S F=(ye (s), 22 (s))] + | Suls)|ds
t
< |z +/0 (M[Sxx +ea) [llye ()l xa + [22(s)] + 1] + [[S]lx=[luls) | xds vt € Jr.

It remains to prove a bound for ||y¥(t)|| x« before we can apply Gronwall’s lemma. Equation (4.8))
implies that the initial value y*(0) = 0 is ﬁxed 1ndependently of € € (0,&,]. Moreover, the mild
solution y of is determined by y(t ft ~Apt=3) [ £ (y2(s), 2 (s)) + u(s)]ds according to
Definition Consequently, with help of the semigroup estimate and the linear growth
condition (A3). on f. we arrive at

[y ()| xo = H/ eyt (s), 22(s)) + uls)]ds

X(l
< Cel!™ ‘”T/O (t =) M (g2 ()| xe + [22(s)] + 1) + [Ju(s)lx]ds ¥t € Jr.

In order to use Hoélder’s inequality for the last expression above remember that ¢ < —— <

l1—a
—aq' > —1. In particular,

t , 1/d tl—aq’ 1/d $1/d —e
_ —aq — -
(/0 (t S) d8> 1— aq/ (1 _ aq/)l/q’—a’

so that

U ! —a U u tl/qlia
lye (B)llxe < ¢3 </0 (t =) M ([l ()l xe + |2 (s)] + 1) ds + (1_aqx)1/q'—aIIUHLq<JT;X))

holds for ¢35 = Cre™9T and any ¢ € Jp. Consequently, Gronwall’s lemma applied to the sum
of the estimates for |22 (¢)| and ||y¥(¢)||x« yields

el xe < eall+ Nulluoprx) and 122l < eal+ fullagrx)
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for all g € (1 & oo]. Here, ¢4 > 0 depends on the fixed parameters T, ¢’ and « but not on ¢
and u. Since y? is the solution of (4.8), with maximal parabolic regularity of A, according to

Remark and assumption (A3); on F.[y¥] = f:[y¥, z¥] we conclude
IF[ye] + ulla(rx)

3
d 71
(@)
L(LA(J7;X),Ys)

<es(1+ ||y§||Lq(JT;Xa) + HZgHL‘I(JT) + HUHLq(JT;X))
< (1 + [JullLasmx))

1921y, <

for all s € (1,¢] N (1,00), and again c5,c6 > 0 are independent of ¢ and u. This proves (4.9).
To prove remember 2 > ﬁ as a consequence of (A2)’ in Assumption Moreover,
S € X* and hence implies [[SY (|r2(s,) < er(1+(|ullr2spx)) for ez = 6| S| x+. We test the
equation for Z¥ according to Definition by 2% and integrate over J; for t € Jr. By Young’s
inequality this yields

/ 125(s)|? ds_/ Si(s ds—i/otw/(zg(s))zg(s)ds

<5 [ IR s+ 11810, - HUGED) - WEEO)

IN

t 2
5 [ 1P ds T+ o) = ZIFEED) = $EO)

Note that ¥(z%(0)) = ¥(29) = 0 and remember ¥ > 0 by (A4).. Hence, we conclude the proof
with
! JU 2 1 u 2 2
0< / 22 (s)|" ds + 2 sup —W (2 (1)) < ez (1 + [Jullez(gx)™
0 teJr €
O

Estimates (4.9)—(4.10) are the key argument for the proofs on the dynamics of (y¥c,z%) in
Subsection [4.3.21

4.3.2 Dynamics of the regularized states

We apply techniques from [MS15, Section 4] and [BK13| Section 3.1] in this subsection. With
help of the uniform bounds from Lemma we prove that G, is weakly continuous for fixed
e € (0,e4], see Lemma In Lemma we apply weak continuity of G. and a weak
compactness argument. Particularly, for an arbitrary weakly converging sequence {uc} C X, we
prove that a subsequence yg,fk and z:f,f ¥ converges weakly with k — oco. By weak continuity of
B, i € {1,2}, all results apply for subsequences of {u.} C U;, i € {1,2} and the corresponding
solutions of the regularized state equations 7.

A regularization of the control problem f is defined in Subsection Lemma m
is crucial to prove that optimal solutions of the regularized problems converge to an optimal
solution of problem f in the limit € — 0.

The following lemma is proved as Lemma

Lemma 4.13 (Weak continuity of G.). [Miin17b, Lemma 3.7] Let Assumption [4.2]and Assump-
tion E 4.7/ hold and consider the notation from Corollary - Suppose that u, — u in L2(Jr; X)
with n — oo for some sequence {u,} C L?(Jr; X). For e € (0,¢,] fixed consider the solutions
yin and y¥ of (4.8), together with z“» and z¥. Then y¥» — y* with n — co weakly in Y and

62



strongly in C(Jr; X®) and z%* — 2% with n — oo weakly in H'(Jr) and strongly in C(Jr). If
the convergence of {uy,} is strong then the convergence of {y¥"} in Y5 is also strong. The same
holds if L2(Jr; X) is replaced by U; for i € {1,2} and if u,, and u are replaced by B;u,, and B;u.
In this case, (yZiun, zPivn) and (yPiv, zPiv) are the solutions of (&.4)-(L.5).

£

Proof. For fixed € € (0,e,], Ge satisfies the same properties as G in Corollary Hence, the
proof is analogous to that of Lemma using Corollary and Lemma O

In the next lemma, we proof that any joint limit lin% Ge(u:) of a weakly converging sequence
E—r
{us} corresponds to a solution G(u) of (3.1J).

Lemma 4.14. [Miin17b, Lemma 3.8] Let Assumption[4.2]and Assumption[4.7]hold and consider
the notation from Corollary Suppose that u. — u in L?(J7; X) as ¢ — 0. Consider the
solutions yg<, together with z{s. Then y's — y* with ¢ — 0 weakly in Y3 and strongly in
C(Jr; X%) and 2¥ — W[Sy"] with ¢ — 0 weakly in H!(Jr) and strongly in C(Jr). If the
convergence of {u.} is strong then also the convergence of {y¥<} in Y5 is strong. The same
holds if L2(.Jr; X) is replaced by U; for i € {1,2} and if u. and u are replaced by B;u. and B;u.
In this case, (yPi%, zBi%) are the solutions of f.

Proof. The proof combines the proofs of [BK13, Lemma 3.2] and Lemma

In Lemma the bound for y¥ in Y2 and for z% in H(Jr) is uniform in € € (0,¢,]. Hence,
since both spaces are reflexive, we can extract a subsequence {ej} of the sequence {¢} and find
functions y € Yo and z € H!(Jr) such that

Yep (ue,) =7 inYag and 2z, (ue,) =2 in HI(JT) with k& — oo.

Due the compact embeddings Y <« C(Jr; X®), see Lemma and H!(J7) < C(Jr) the
convergence is strong in C(Jr; X%) and in C(Jr) respectively. In the following, we abbreviate

Yer = Ve, (Ug,) and 2z, =z, (ug,).

We prove zZ = W[Sg]. To this aim, we have to show that the conditions (2.27)—(2.29) hold for
v =57, i.e. that

(Z(t) = Syt)(2(t) —€) <0 for € € [a,b] and t € (0,T), (4.13)
Z(t) € [a,b] for t € [0,T], (4.14)
(0) = 2. (4.15)

Equation follows from Definition [4.9| since zyp = 2z, (0) — Z(0) with & — oco. The uniform
bound (4.10) implies ¥(z, (t)) — 0 with k¥ — oo for ¢t € Jr. Due to the assumptions on ¥ in
(A4). we conclude Z(t) € [a,b] for ¢ € Jp which shows (4.14). Again by (A44)., ¥ is convex and
V(&) =0 for £ € [a,b]. Consequently, for any 2 € R and £ € [a,b] there holds ¥'(z)(x — &) > 0.
With those observations in mind, we choose £ € [a, b] arbitrary and insert the evolution equation

for z., according to Definition .9 with v = Sy., and obtain

T T
. . 1
| Gartt) = S0 can () = )t = [ =20/ (a (10, (0) e (0) — )t <0
0 0
Taking the limit & — oo yields that Z solves the variational inequality (4.13) which implies
zZ = W[SY).
Next, we show § = G(u). Weak continuity of % and A, from Y2 to L?(Jr; X) implies

d d . _ . .
%yak + Apye, — ay +Apy in L2(JT; X) with & — oo.
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For €} small enough, (A3). yields the estimate

1 Fe ) = FIdllemoy = 1o (s 2 () = £ D ooy
< e Wer (s 220 ()) = Foe GO ZO ey + e GO 20) = FGOZO) g
< L) (lyer, — Tllegmoxe + 122 — o) + 1o G0 200) = FGO 2D logr-

Note that the right side converges to zero. Hence, we conclude that F, [y., ] converges to F'[g]
in C(Jr; X) with & — co. Because Z = W|[S7], this proves § = G(%). Since the limit G (@) is
unique, we conclude convergence of the whole sequence. The statement about strong convergence
follows by maximal parabolic Sobolev regularity of A,, just as in Lemma O

4.3.3 The regularized optimal control problem

This subsection is inspired by [BK13, Section 3.2] and [MS15, Section 4]. We introduce regu-
larized optimal control problems for f. In the subsequent sections, we will exploit first
order optimality conditions of those problems as a tool to derive an adjoint system for problem
ED-E).

Although proving adjoint equations of the regularized control problems remains challenging, see
Subsection below, linearity of the derivatives of the solution operators of f allows
for a direct approach.

Remember that optimal solutions for problem f exist by Theorem That is, let
i € {1,2} be given and consider an optimal control u € U; of problem f together with
the state y = G(B;u) and z = W[Sy]. For ¢ € (0,e,], we define the regularized optimal control
problem

. _ . 1 _
1%1(2 Jreg(yau; u) = 11;%1[2 J(y,u) + §||U_UH%]Z (4.16)

subject to (4.4])—(4.5).

Remark 4.15. As for problem (4.1)—-(4.3), in view of the embedding Y2 o < L?(Jr;dom(4,)),
for u € Uj, the functions y = Ge(Bju) € Yag in (4.16) are identified with I, 'G.(Bju) €
L2(JT;W%’§ (Q)) — U; according to Corollary see also Remark @ We often write
G:(B;u) for both functions.

Theorem 4.16 (Convergence of regularized solutions). [Muni17b, Theorem 3.9] Let Assump-
tion and Assumption hold. For i € {1,2} suppose that u € U; is an optimal control for
problem f. Then for all ¢ € (0,e.] problem ,, has an optimal control
U € U;. This means that U, together with . = G-(B;u.) and Z. = Z.(S7.) (see Definition ,
are a solution of the minimization problem . Furthermore, i — u inU;, 5. — y = G(B;u)
in Yoo and in C(Jp; X?) and zZ. — z = W[SY| weakly in H*(Jr) and strongly in C(Jr) with
e — 0.

Proof. First of all, note that the embedding Y2( < Uj is continuous, because dom(A,) =~
W;’g () < [L%(Q)]™, see Corollary Existence of @ has been shown in Theorem That
optimal controls w,. for the regularized problem ,, exist is shown in the same way
as Theorem [£.6] The proof requires weak continuity of G which was shown in Lemma
and that Jies is bounded from below and weakly lower semi-continuous and coercive in u. For
all € € (0,¢e,], optimality of (y,,Z., ue) for problem ,, and of (y,z,u) for problem
— implies
J(Ge(Biu),0) = Jreg(G=(Bi@), w;0) > Jreg (e, Ue; W)

o 1, L (4.17)
= '](yaau€) + 5”“5 - uHUZ > J(yvu)
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Moreover, for € € (0,&,], the uniform bound (4.9)) from Lemma for G.(B;u) € Ya yields
1 K
J(Ge(Bi), ) = 5| Ge(Biw) = yallty, + 5[, < c1l|Ge(Biw)|3,,, + c2 < 3

for some constants ¢y, ca,c3 > 0. Note that c3 depends on w but this function is fixed. Hence,

with (4.17) we obtain
o 1 K, _ 1. _
€3 > Jreg(Te Ui W) = [T = vallty + 517, + 5117 —wl;

This yields a bound for %, in U; which is independent of € € (0, e,]. Consequently, we can extract
a subsequence {., } which converges weakly in U; to some @ with k¥ — co. Lemma implies
Ue, = Ge(Biie,) — G(B;ui) with k& — oo weakly in Y. Also by Lemma Ge(Biu) — 7y
with e — 0 strongly in Y5 . Remember the embedding Y5 < U; and that Jyeg is weakly lower
semi-continuous. Hence, with we conclude

1
J(@, @) = lim J(Ge, (Biw), @) > liminf Jyeg(F,, , e, ;@) > J(§, %) + =@ — a7, > J(7,a).
k—oo k—o0 k 2 o

But this implies @ = @ and that the convergence of {u.,} in U; is strong. Since the limit is
uniquely determined by @, the whole sequence {u.} converges to @ in U; with e — 0. All results
then follow by applying the statement about strong convergence in Lemma [4.14] O

4.3.4 Gateaux differentiability of the solution operator of the regularized state
equation

In this subsection, we apply Corollary and show that G. is Gateaux differentiable for all
e € (0,e4].

Corollary 4.17 (Gateaux differentiability of G;). [Miunl7b, Lemma 3.10] Let Assumption
and Assumption hold and take the notation from Corollary Then for any ¢ € (0, ¢e,]
and q € (ﬁ,oo) the solution operator G, : LI(Jr; X) — Y, o of problem is Gateaux
differentiable. The derivative GL[u;h] at u € LI(Jp; X) in direction h € L%(Jp; X) is given by
ylf’h, where yg’h together with z = 2ol = Z' Sy, Syg’h] € WH4(Jr) are the unique solution of

y(t) + (Apy)(t) = ;yfg(yg(t), z2(1)y(t) + ifa(yg(t% z£ (t))z(t) + h(t) for t € Jp,  (4.18)
y(0) =0,

A(t) — Si(t) = —émp"(zg(t))za) fort € Jr,  (4.19)
2(0) =0

For i € {1,2} and u,h € U; the derivative of the solution mapping u +— G.(Bju) at u in

direction A is given by yeB “"B"h, i.e. by the unique solution of (4.18) with h replaced by B;h and
_ JBiuw,Bih _ Biu. g, Biu,Bih

Z =z = Z[[Syz"; Syz ]

Proof. G- is Hadamard directionally differentiable because Lemma implies that Z. sat-
isfies the properties of W in Corollary Gateaux differentiability and the representa-
tion f then follows from linearity of all the derivatives. The representation for
200 = ZL[SyY; Sy according to and the regularity 2" € W4(Jr) have been shown
in Lemma [4.10l O
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4.3.5 Adjoint system for the regularized problem

In this subsection, we derive adjoint systems for the regularized problems ,,
with ¢ € (0,e,] and i € {1,2}, see Theorem below. We proceed in a similar way as in
[BK13, Sections 3.3 and 3.5] and [MS15, Section 4]. In the following lemma, we prove Gateaux
differentiability of the Nemitskii operator of f. and show crucial (pointwise-in-time) estimates
for the derivatives f! which are uniform in e.

Lemma 4.18. [Munl7b, Lemma 3.11] Let Assumption and Assumption hold. With a
little abuse of notation we use the same symbol for the Nemitskii operator of f., i.e. we write
fe : (y,2) — fe(y(-),2(+)). Then f. is locally Lipschitz continuous and Gateaux differentiable
from C(Jr; X*) x L4(Jr) to LY(Jp; X) for all € € (0,¢,] and g € (12, 00).

Moreover, the derivative f[(y,2);(-,-)] at (y,z) € C(Jr; X) x L4(Jr) is Lipschitz continuous
with a modulus of the form K(y) = L(y)(1 + T%9), where L(y) > 0 only depends on y €
C(Jr; X%). K(y) and L(y) are independent of £ and remain the same in a sufficiently small

neighborhood of y. For (v,h) € C(Jr; X%) x LI(J) we can estimate

< K@) (lvllo@gxe) + Ihllagn)  (4.20)

0
Hafé‘(yv Z)”
Y La(Jr;X)

) + ngfs(y, z)h

La(Jr X

For a.e. t € Jp, there also holds the pointwise estimate

gyfe(y(t),Z(t))v(t)’

00| < K@@+ 10D @21
X X

Furthermore, a%fs(y, z) = a%fg(y(-), z(+)) is bounded by K (y) in L*°(Jp; L(X“, X)). Moreover,
= f=(y,2) = g f-(y(-), 2()) is bounded by K(y) in L(Jr; X).

Proof. We prove the lemma in two steps.

(I): For all £ € (0,e,] and for any ¢ € (11, 00) the function f. : C(Jr; X*)xL(Jy) — L(J7; X)
is locally Lipschitz continuous and Gateaux differentiable:

The proof follows the lines of Lemma [3.12] We recap the important steps:

Well-posedness of f. : C(Jp; X®) x L4(Jr) — L4(Jr; X) follows with help of the linear growth
estimate in (A3). in Assumption

Again (A3). yields that the mapping (y(-),v) — f:(y(-),v) is locally Lipschitz continuous from
C(Jr; X*) x R to C(Jr; X) with respect to the C(Jr; X*)-norm. Indeed, for y € C(Jr; X%)
and some appropriate neighborhood BC(ﬁ; XQ)(y, r) of y, there even holds a pointwise-in-time
estimate of the form

1fe(1(t), 21) = fly2(t), 22) [ x < L(y)(llyr(t) = w2(t)llxe + 21 — 2a])

for all y1,ys € Bc(ﬁ,xa)(y,r), 21,22 € R and t € Jr, where L(y) > 0 is a Lipschitz modulus

which depends on y € C(Jr; X). This local estimate implies the pointwise-in-time estimate

£ (Y1, 21)(s) = feya, 22)(s)lx < L(w) [llya(s) — ya(s)llxa + |21(s) — 22(s)]

for a.e. s € Jp, for any y1,y2 € Bc(ﬁ;xa)(y,r) and z1,z9 € LY(Jp). With help of Minkowski’s
inequality this yields local Lipschitz continuity of f. : C(Jr; X) x L4(Jr) — L9(Jp; X) with
respect to the C(Jp; X®)-norm. The Lipschitz constants are of the form K (y) = L(y)(1+T/9).
In a second step one shows that f. is directionally differentiable, just as for f in Step III in the
proof of Lemma Pointwise-in-time convergence of the difference quotients,

. 2W(8) + Xu(s), 2(s) + Ah(s))

1
)\1—>0 A

= fel(y(s), 2(s)); (v(s), h(s))] € X
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for a.e. s € Jp and (y,2),(v,h) € C(Jr; X*) x LI(Jr), holds by Gateaux differentiability
of f., see (A3): in Assumption Lebesgue’s dominated convergence theorem finally yields
directional diﬁerentiability of fo : C(Jr; X%) x L4(Jr) — Li(Jp; X) and the bounds
and (4.21)) for f![(y,2);(-,-)]. Since fI[(y,2);(-,-)] is a bounded and linear operator, Gateaux
dlfferentlablhty of fe follows.

(IT) L*°-bounds:

Let § € X with [|§[|xe < 1 be arbitrary. We test (£.21) with the constant function v €
C(Jr; X%), v(t) = g for t € Jr and h = 0 € L4(Jr). This implies

Haayfe(ya z)

9 ), <>>@7H < K(y)

X

=esssup  sup
Le(riL(Xe, X)) 1T jeBya@n 109
as required. Then we test ([4.21]) with v = 0 € C(Jr; X*) and the constant function i € L(Jr),
h(t) = ¢ > 0 for t € Jr and divide by ¢ on both sides. Hence, we conclude

= esssup
Lo (J7;X) teJr

0
|t

S 0.0)| < KO

X
O

In the following lemma, we prove a key result on the way to an adjoint system for the regularized
problem ,,. In particular, we derive the evolution equations of the adjoint system
corresponding to problem 7, see Corollary
The most challenging part in the following proof is to find an explicit expression of the adjoint
operator [GL[u;]]™* : LY (Jp; X*) — Y7, of GL[u;]" which does not involve any abstract
solution operators. The reason is that GL[u;-] is defined as the mapping which assigns to each
h € L9(Jp; X) the solution 32" = G[u; h] € Yg0 of ([4.18). The latter contains the solution
h— ZL Sy, Sy?’h] of only implicitly. Moreover, it turns out that z*" € Wh4(Jr) has
to be interpreted as a function in L?(Jr). One carefully has to keep track of the correct spaces
which the involved operators are defined on.

Lemma 4.19. (Adjoint operators of the regularized solution operators) [Munl7b, Lemma 3.12]
Let Assumption [£.2] and Assumption [4.7 hold and adopt the notation from Corollary [£.17} For
e € (0,e,] and any q € (2=, 00), h € LI(Jp; X) and v € LY (Jr; [dom(A,)]*) there holds

l1—a?
<V, yg7h>Lq(JT;dom(Ap)) = <plej + nga h>L‘1(JT;X)7 (422)

where p7 € Y 1 and ¢ € LY (J7) are the unique solution of

+ App = [({)yfg(ys,zg)] p—i—S[—Ap—i-ayfa(yE,zE) g+vforteJr,

p(T) =0,
. 0 u U 0 u U 1 "y _u
—q = <p7 &f&(y5725)>x + S&f&(ysazs )q - E\I/ (Zg)q fOI' te JT)
q(T) =0,

and where y2" € Y, 0 and z¢ e WL4(Jp) are the unique solution of (&.18)—(#.19). Moreover,

2" lv,0 < CWEAllLa(rrx) and 122" oz < CHOIPlLarx) (4.23)

for some constant C(y¥) > 0. C(yY) remains the same in a sufficiently small neighborhood of
Ye -
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Proof. We prove the lemma in four steps. Let ¢ € (ﬁ, o0) be arbitrary.
(I) Auxiliary problem:

We introduce an auxiliary problem similar to (4.18)—(4.19). First of all, by Assumption
the solution operator which maps any v € L4(Jr) to the solution z € WH4(Jz) of the Cauchy

problem

£(t) = (t) + <S§Zfs(y?(t)72§(t)) - i‘I’"(Z?(t))> 2(t) fort e Jr, 2(0) =0,

is well defined. We denote by T}, : LY(Jr) — L(Jr), v = T} v the corresponding solution
operator on LI(Jr), i.e. we write T7'. for the solution operator of the integral equation

z(t) = /0 v(s) + (Sifs(yg(s),zg‘(s)) - i\If”(zg(s))> z(s)ds for t € Jr.

Note that both mappings actually coincide, but we have to interpret 7', as a mapping into
L4(Jp) for the construction of the following operator. With Assumption and the definition
of T}, in mind, we introduce the operator

T;,a : Y:I:O — Lq(JT;X),

L 9 U U _2 U Ju\gu _ 2 u u
Ty,E T AP 8yf5(y57zs) 8Zf€(y5725)Tz,sS< Ap+ 8yf€(y6725)) .

Similar to (4.18])—(4.19)), we then consider the problem
y(t) + (Tyey)(t) = h(t) for t € Jr, y(0) =0, (4.24)

0
z=T..5 <—Ap + 8—yf5(y§, zé‘)) y. (4.25)

Note that equations (4.24)—(4.25) are almost equivalent to (4.18)—(4.19)), but the h-term is
missing in the second equation. However, similar as for (4.18)—(4.19), it is shown that for each

h € L(Jr; X) there exists a unique couple of solutions (ge"", Z2"") in Yy 0 x L(Jr) of ([#.24)-
(4.25). Hence, the operator (% + TZ”;E)_1 is bijective from LI(J7; X) to Y.

(IT) Uniform estimates:

Even though T}, is defined as a mapping with values in L4(Jr), Z = L49(Jr) can be identified
with the corresponding function in W4(.J7). We estimate the norms of (7' h oz ’h). By definition
of ¢ " there holds

~u,h

‘u.h ~u,h ~u,h
o [PENOEN ST OIS L
|52 (1) /od /0 d /Owa(ma()\d

227 (s)] ESEO] 3

for any ¢ € Jr. Remember the pointwise-in-time estimate (4.21)) in Lemma Moreover, the
definition of S by w € dom([(1 + A,)'~?]*) implies that ||SA,y||x can be estimated by ||y| xa
for all y € dom(A,), see also (4.12)). It follows

sUu 1 ¢ u U
0< 0]+ £ [ W) () s

< /t\SA gl (s)| + ‘Saf( £(s), 22(3)) 5" (s)
— 0 pys ay € ys ) ~e ys

[ A2 20| ds

t
< (c+ IISHX*K(yé‘))/O 152" (8) |l xe + 22" (s)|ds
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for a constant ¢ > 0 which is independent of e. Note that ¥”(z%(s)) > 0 because ¥ is convex by
(A4).. To estimate 7. " we exploit the representation as a mild solution and apply (3.14) and

(4.21). This implies
152" ()| e

= [ e | 0 26 0+ ) ) + i) s

< Co(l+ K(y?))e(”)T/o (t = )77 " ()l xe + 22" ()] + [|a(s)l|x)ds.

X«

Finally, Gronwall’s lemma yields a constant Cj(y%) > 0 which depends only on y* € C(Jr; X%)
such that

17 oy < CLOOM L) and 12 oom < CL) hlopx,

for ¢ € (1%

~,00). Moreover, the only constant which depends on y? is K(yZ). Hence, by
Lemma there holds C;(y¥) = Ci(y) for € small enough if {y*} converges to y with ¢ — 0.
Hence, C1(y.) = C1(y) for small enough £ by Theorem As several times before we use
maximal parabolic regularity of A, and in

~u,h d - 0 u u\~uh 0 uu\ zu,h
e = a—i_Ap 87y.]06(y5?Za)ya7 +£f6(yaaza)za’ +h

to conclude
~u.h
172" lv,.0 < C2(ye) |PllLa(rmsx),

where Ca(y¥) > 0 has the same dependence on y¥ as C1(y¥). The inequalities in (4.23)) are

shown analogous to the estimates which we derived for (2", z%").

el = (4 + T;,fg)fl h that there exists a constant C'(y¥) > 0 with

d S\
H()

This proves maximal parabolic L¢(Jr; X)-regularity of T}, for ¢ € (ﬁ, 00). Again, the values
C(y¥) can be chosen independently of ¢ for ¢ € (0,e,] small enough and if {y*} converges to
some function y with € — 0, which is the case for the sequence {y,} in Theorem

(IIT) Adjoint operators and representation of [T ]*:

We also conclude from

< C(yd).
L(La(J7r;X),Yq,0)

Maximal parabolic LI(Jr; X)-regularity of T, for q € (ﬁ,oo) implies maximal parabolic
LY (Jr; [dom(A,)]*)-regularity of (T3] [MS15, Lemma 4.10], see also [HMS15, Lemma 36]. We
have to find a representation of [T;E}*. To this aim, we derive the adjoint mappings of the single
components which define 7}/.. Lemma yields that multiplication with % fe(y, 2¥) is well

£

defined as a mapping from L?(J7) into LI(Jr; X). Moreover, there holds [% fg(yg,zsu)]* =
(-, % fe(yd, 2¥))x. Again by Lemma 8% fe(yd, 2¥) is a linear continuous mapping from
L9(Jp; X*) into LI(Jp; X). The mapping [Sa%fa(y”g,zg) LY (Jp) = LY (J; [XO) is given
by multiplication with S 8% fe(y¢, z¢). The adjoint operator of T}!. maps any v € LY (J7) to the
function ¢ € LY (Jy) which may be identified with the unique solution of

(1) = 0(0) + S o S 0), Z40)alt) — W (EW)alt) Tor t € Jr, o(T) =0,
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The operators S* and [SAp]* are defined by multiplication with S and SA, respectively All
bounds are independent of ¢ for the optimal states 7. and Z. according to Theorem [4.16| and if
¢ is small enough. All together, we obtain the representation

y N ) *
T30 = 45 = [ttt )| = St s (<, Rk )
_a 1" * U u : (TARES a u u *
= A - _gyfa(yﬁ,zﬁ)_ + {[SAP] - [Sayfa(ys,ze)] ][Tza] [azfg(ye,za)} (4.26)
2 I ) .
=4y | St 45 |4 = L )] T )

(IV) Adjoint system and adjoint equation:
Due to maximal parabolic L¢ (Jp; [dom(A,)]*)-regularity of [T;'-]* there exists for each v €
LY (J7; [dom(A,)]*) a unique function p? € Y, 7 with (-4 + [T4,]*)p = v. For fixed v €
LY (Jr; [dom(Ap)]*) we define ¢¥ := (T2 (P2, ngs(y57 2¥))x. As seen in Step III, ¢Y is the
representative in L? (Jr) of the solution of

1) = (L), S o0, 220)) x5 Lo (1), 2E(0)ale) — W (4 (0))alt) for t € Jr.
q(T) =0.

Consider the solutions (ye hoy ’h) of (4.18)—(4.19)) for some given h € L(Jr; X). Then (4.18)

and partial integration in time imply
T
/ (pY 4+ Sq¥, h)xdt
0
’ h 0 h
= /0 (¥, g2 + Ayt — 7f€(y57 2yt — 55 e We z2)z2 ") x + (5S¢, h)xdt
T *
= [ it e - [ayf;(yg, )] P aomin + (e x
0
= (P, 5 felyl 2)) x 2t .
By definition of ¢¥ we can replace the last term on the right side by

T y 0 u o uN U 1 "e u\ v u,h
0 qc +S£f8(ye7zs)qe _2\1; (Zs)qs Ze’ dt.

Hence, after another partial integration in time together with the evolution equation (4.19)) of
27 e arrive at

T T *
Z v -V *x UV a u u v u v
A <p€ + Sq{-: ) h>th :A <_ps + Apps - |:ayf8(y5 ) e ):| ps)y57h>d0m(Ap) + <Sq5 ) h’>X
0
=S | (<At gl ) e
T a * N
= [t - [aymys, z;ﬂ PP domea)

9 .
+ S |:Ap - %fs(ya7 ):| qaya hdt
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Since ¢¢ = [T}'.]* <p6, 521 (y2, 2¢)) x, this together with the representation (4.26) for [7;.]* from
Step III and ( + [T ]*) = v finally yields

T T T
/0 (o + Sq. h)xdt = /0 (4 4 [T 05 doma it = /0 0 doma -
]

Lemma provides us the main tool towards an optimality system for the optimal control
problem (L.d), (3, [-10).

Theorem 4.20 (Optimality system for the regularized problem). [Minl7b, Theorem 3.13]
Adopt the assumptions of Theorem and the notation from Lemma . Fori e {1,2} and
e € (0,e4] let we € U; be an optimal control for problem ,,. Then the adjoint
variables for y. € Yap and zZ. € HY(Jr) are given by p. := pZ= V" € Yyr and q- := =
H(J7). There holds the optimality condition B} (pe + Sqc) = —(k + 1)ue +u in U; and the
following system of evolution equations is satisfied by p. and q.:

) . a ., I o ,, _ _
_p€+App€: |:ayfe(ys>ya):| pe + S |:_Ap+ayf€(yaazs) Qe +Y: — Yd forte Jp, (4-27)

pE(T) = 07
. 9., _ o . . _ Lo~
—Ge = <p67 %fé(yavz€)>x + S&f&(yauz€)q6 - g\:[l (%)% fOT' te JTv (428)
QE(T) =0.

Proof. By (A3)’ in Assumption there holds 2 > ﬁ S a< % Hence, Lemma m holds
for ¢ = ¢ = 2. We have to characterize the Gateaux derivative of the reduced cost function
Jreg(u). To this aim, we prove that

(Y. yd,yf’ug’th? (Jridom(A,)) = //I Ue —Ya) - I, LyBitieBih gt

is well defined. By Corollary the embedding Y5 < Uj is continuous because dom(A4,) ~
W%’g () — [L2(Q)]™, see also Remark In particular, there holds 'y, —y4 € Uy. Note
that By is the extension of I, from W%S(Q) to [L2(Q)]™. Hence, Ip—lys — yq can be identified
with 7. — Blyd € L2(Jr; X). -

By Corollary [4.17] there holds yZi% 5" ¢ v, 5.0 — L?(Jp;dom(4,)). Again according to Corol-
lary thls allows us to identify y2 i Bilh with I yBiteBih ¢ LQ(JT;WH;(Q)). Since
p<2<p L'y Bitie:Bil ig contained in LQ(JT,WF’]Z (Q)) ~ L2(Jr; X*).

Furthermore, Corollary entails (Ap + Ip)_1 € E(X , W%’g (Q)) Consequently, for some ¢ > 0
and for a.e. t € Jr, there holds

HI 1 BuE,B h(t)H HI 1 Bus,B h(t)H

L (D) Wi’g(ﬂ)
=c H(-Ap + Ip) (Ap + 1) p_lyfms’Bih(t)HWLp @
I'p
< I 71H ‘ By, Bih '
c||(Ap + Ip) E(XW%’;’)(Q)) Ye ! (t) dom(A,)
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All together, we obtain

T
/ / I yg yd I lyEB iUe By hdxdt' ‘/O <y€ _ Blyd,f 1 B iUe B h)W ( )dt

FD

Bug,

<|1Y. — Bryalli2(spx) H (Ap + 1) B2 gpsdom(a,)-

H XWIF

The Gateaux derivative of the reduced cost function
_ 1 _
Treg (1) := Jreg (I, ' Ge(Biu),u;w) = J (I, ' Ge(Biu), u) + §Hu—u|!2Ui

with respect to u has to be zero at u. by optimality.
Let Jp, Jo be defined by

1, 1, _

Ji:Yoo 2 R,y Sl Yy — vl = 3y Y = Ya, LY — Ya) 12 (psdom(4,))
K 1 _

Jo Ui =R ues lully, + 5w =l

Then Jreg(y,u) = Ji(y) + J2(u). Consider y € Ya o and § € Y20\{0}. The difference quotient

Nlyti) =N (y) (ﬂgﬁij N1W) gatisfies
2,0
Ji(y+9) — 1Y) — Y = Ya, DL2(rdom(Ay)) (T DL2(Jridom(A,)) (4.20)
Hg||Y20 2”:’]”3’2,0
. _ Biic,Bih .
Moreover, similar as for (g, — ya, ye )L2(Jpidom(A,)) We estimate

(5 D1 raomany < lillizux | (Ap+ L) ) 12 rrtomcay)) < el

Hz (xwrr (@)
for some ¢ > 0. For fixed y, similar arguments imply that the function
G (Y = Yd» U)12(Jp;dom(A,))
defines a linear and continuous functional on Y5o. That is, letting ||g|| — 0 in (4.29), it follows
that Ji[y; 4] = (¥ — Ya, U)12(Jr:dom(4,)) 18 the derivative of Ji at y in direction §. By standard
techniques one shows Jj[u; h] = w{u, h)y, + (u — @, h)y, for u,h € U;. Hence, for h € U;, the
chain rule and optimality of @, implies
0= \Z‘eg[uiv h] = J{[?sa G/S[EE; h]] + Jé[aﬁ; h]
= (T — Yo, Y7 P M) 2 rdom(ay)) + BT By, + (T — T, h)y,
We replace the first term in (4.30) by the adjoint equation (4.22)) with v = 7. — y4 and compute

(4.30)

0= Teg[te; h] = (T — Ya, Y2 P M) 12 gpdom(a,)) + (T, By, + (U — 1, h)y,
= (pe + 5¢c, Bih)12(gp:x) + (K + Due — @, h)y, = (B} (ps + Sqe) + (k + Due —u, h)y,.
Since h € U; was arbitrary, this concludes the proof. ]

Corollary 4.21. Adopt the assumptions of Theorem [£.16]and the notation from Theorem .20
There holds

We = Ya Y2 ") L2 (psdom(a,)) = (Pe + S@e, ) 12(px)  Vh € L?(Jp; X), (4.31)
where

(Y — Ya, yfﬂs’hh?(h;dom / / I,y —wa) - I, LyBiteBit gt
In particular, holds for all B;h, h € U;.
Proof. follows from in Lemma O
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4.3.6 Estimates for the adjoints of the regularized problem

In this subsection, we proceed similar as in [BK13| Section 3.5] and [MS15| Lemma 4.14]. In par-
ticular, we estimate the norms of the adjoint states p. and ¢. from Theorem independently
of € and of the norms of the optimal controls %.. In Section [1.4] we drive the regularization

parameter € to zero. As already for optimal solutions (%, ¥,,Z:) of problem (4.4),(4.5),(4.16]),
a weak compactness argument yields weakly (star) converging subsequences of p. and ¢.. As a

consequence, we obtain an adjoint system for problem (4.1)—(4.3)), see Theorem below.

Lemma 4.22 (Uniform bounds). [Miinl7b, Lemma 3.14] Adopt the assumptions and the no-
tation of Theorem [4.20] There exists a constant ¢ > 0 which is independent of £ and some
g0 € (0, 4] such that the following holds true. If £ € (0,eq), then

1 T
0< Il + 2 [ W) as)lds < (432)
0

T
/0 |G=(5)]ds < c, (4.33)

1Pelly;, < e (4.34)
8 *
H |:8fe(ygvza):| Pe <cg, (4.35)
y LQ(JT;[Xa]*)
Hsafg(ya,zg)qg < ¢, as well as (4.36)
8y LZ(JT;[Xa]*)
HSqustc(ﬂ;[Xa]*) <c. (4.37)

Proof. Remember Theorem where we proved that u. — @ in U;, y. — ¥ in Yo and
in C(Jr; X%) and z. — z weakly in H!(J7) and strongly in C(Jr). As seen in the proof of
Theorem Y. — ya is well defined as an element of L?(.Jr; [dom(4,)]*) with the assignment

T
<@s — Ya, U>L2(JT;dom(Ap)) = /(; /Q(Ip_lys - yd) ’ Ip_lvd‘rdt Vv € L2(JT; dOHl(Ap)
Moreover, there holds

||§a - yd||L2(JT;[dom(Ap)]*) = sup <ga — Yd, U>L2(JT;dom(Ap)
VEBL2( 7 dom(ap)) (0:1)

p— _1 .
< CHys - Blyd||L2(JT;X) H(-Ap + Ip) HE(X,W%:;(Q)) =:Cg.

Since 7, converges to ¥ in Y2 and because Yz < L%*(Jr; X), we can choose the constant

co > 0 independently of . Remember the definition (p.,q:) = (p2= %%, ¢Z*~¥*). Hence, for any

Eel?(Ir X i, we make use of equation (4.31)) in Corollary and the uniform estimate (4.23|)

in Lemma, |4.19| applied to yf % We obtain

(Pe + S0 )12 x) = We — Y- U2 )12 dpsdom(a,)) < 0CT)ElL2(s7:3)-

Moreover, because J. — ¥ in Yoy we can find some g9 > 0 such that C(y.) = C(y) for all
£ € (0,e0). Reflexivity of L?(Jp; X) finally yields

[Pe + SellL2(sp;x) < c0C(Y) =t e1 Ve € (0, €0). (4.38)
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In the next step we prove (4.32). To this aim, we test the evolution equation (4.28) with
qe/1ge|. Afterwards, for arbitrary ¢ € Jp we integrate over (t,7'). With the bound (4.20]) from
Lemma for the derivative f![y.,z.] and (4.38) we arrive at

T T .
0+ 2 [ VG aolds = [ on(s) 4 S(6) 06 7)) x

= Kfa(yeyza) < ClK(ya)‘
i L2 (J13X)

Again by Lemma and the convergence of 7. there holds 1 K(y.) = c1K(y) =: 2 for all
e € (0,29). W.lo.g. we can choose gy as above. Convexity of ¥ implies V" (Z;) > 0, s (A4)5.
This proves (4.32]) because

1 T

0 < llgzll o) + 5/ B (2.(5))|g-(5)|ds < ¢ Ve € (0, e0). (4.40)
0

With S € X*, we conclude Sq. € L2(Jp; X*). Hence, by (4.38)) also p. € L?(Jr; X*) holds and
both of the norms ||p:||2(j,.x+) and [|Sgz|12(s,;x+) are bounded independently of e € (0, o).
We continue with the proof of (4.33). The representation (4.28)) for ¢. yields

T T T
/0 ie(o)lds < [ 1) + Sau(s), (o) D) + £ [ W (o))l

From we deduce that the right side is bounded by 2c¢; and hence follows from
fo |Gz (s |ds < 2¢p =: ¢3 for € € (0,¢p).

It remains to prove the estimates concerning p.. To show , note that maximal parabolic
regularity of A, on X implies maximal parabolic L?(Jp; [dom(A,)]*)-regularity of A% [HMS15,
Lemma 36]. With the evolution equation for p. we estimate

d )\
1Pellvy, < (dt+AP>
L(L2(J7;[dom(Ap)]*),Y5 1)

0 * 0
|:8yf8(ygaz€):| pE —l— S |:_Ap + a:'JfE(y57ZE):| qu +y5 -

d N\ !
()

0
(H(?yfs(ygazs)

Note that we used [X“]* — [dom(A,)]* which follows from dom(A4,) — X, see Corollary
We apply the bound - ) from Lemma“ 4.18| for f[y.,z.] together with the est1mate and

remember and || = Yallr2(jpsfdom(a,)+) < co- Finally, we conclude from

L2 (Jr;[dom(Ap)]*)

IN

‘C(LQ(JTlldom(Ap)l*)vYQfT)

P + Sellre(psxe)
L(L2(J7;X*),L2(J1;X))

o + I19: = ydllL2(JT;[dom(Ap)]*)) :

-1
llPal|Y2T = H - -|- A*> (clK@) 4 HSAp”[Xa]*C2 + Co) =:cy4

L(L2(Jr;[dom(Ap)]*), Yy r)
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for € € (0,£¢9). The proofs of (4.35)—(4.37) are similar. They require the estimates

”Pa”L2(JT;X*)7

a *
H|:afa(yavze):| De
Y L(L2(Jr;X),L2(Jr;X))

9
< |5 fe (e Ze)
L2(Ji[Xe]) Hay e

0 _
Hsayfs(yaa Za)‘]s

”S%HU(JT;X*), and

9 .
<[ etz
) Y L(L2(J;X@),L2(J7;X))

L2(Jp;[Xe]*

||SAPQs||C(ﬁ;[Xa]*) < ||SAp||[Xa}* H%”c(ﬁ)-
O

4.4 Adjoint system and optimality conditions for the optimal control problem

In Theorem we proved convergence of solutions (%, Y., ze) of problem f to solu-
tions (,7,z) of problem (4.I)—(4.3) with £ — 0.

In this section, we consider the limit ¢ — 0 in Theorem [£:20] in order to derive first order
optimality conditions for the original optimization problem f from the adjoint systems
(pe, ge) of the regularized control problems. Moreover, we clarify the type of convergence and
analyze the limit system (p,q). The proceeding is oriented at [BK13, Section 4] and [MS15,
Theorem 4.15].

In Subsections [4.4.1H4.4.2| we study the general problem with spatially distributed or boundary
controls, i.e. with ¢ € {1,2}. In the first part of Subsection we derive an adjoint system
(p,q) for problem 1} for the optimal control @ from Theorem The main result
here is Lemma While the evolution of p is determined by the limit € — 0 of the evolution
equations for p., the characterization of the limit function g is more involved. Hence, in the
second part of Subsection[4.4.1] we analyze the evolution behaviour and the continuity properties
of q.

In Subsection we complete the discussion of the general problem ¢ € {1,2} by proving
optimality conditions for problem f for the optimal control 7 in terms of p and g, see
Lemma

The results from Subsections E.4THA4.2] are summarized in Theorem (438 in Subsection [4.4.3]
Moreover, an improvement of the optimality condition from Theorem for the partic-
ular case when f is continuously differentiable is derived in Corollary

Both optimality conditions (4.48|) and (4.56) are weak in the sense that they are restricted to
test functions yB™@Bih with h € U;, i € {1,2}.

Accordingly, the next question to ask is whether they hold in a strong way, i.e. if the functions
yBi®Bih can be replaced by arbitrary elements v € dom(A,) and if the corresponding inequalities
hold a.e. in time? This is not possible without B; having dense range. Furthermore, the
evolution of ¢ in Subsections is not completely understood. In particular, on the
subset Iy C Jr of times where the hysteresis z touches the boundary points {a, b} of the interval
[a,b], the measure dg € C(Jr) which determines ¢ still depends on a measure du which we
cannot characterize completely for ¢ € {1,2}.

That is, in Subsections we focus on the control problem with i = 1 for which the
control functions are distributed in §2.

Indeed, in Subsection [£.4.4] we exploit the fact that By has dense range for appropriate p > 2
in order to improve the optimality conditions from Theorem and Corollary More
precisely, while the non-locality in time of W hinders us to extend the variational inequalities
and to strong maximum conditions, we are able to prove optimality conditions for
test functions of the form vy with v € dom(A4,), Sv > 0 and ¢ € C§°(Jr), see Corollary
Dividing by Sv on both sides yields, at least in the case , an optimality condition with
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arbitrary test functions ¢ € CJ°(Jr) and independent of v. The result is a variational inequality
in time only. For ¢ = 1, we also apply injectivity of B} to prove uniqueness of p and ¢ if f is
continuously differentiable, see Corollary

In Subsection [4.4.5] we return to the question of characterizing dy and therewith of dg. This
part extends the results in [Minl7b|. We introduce different categories of times E C Iy, see
Definition Depending on the category of the set E, we characterize the sign of du(FE)
and prove upper bounds for |du(E)|, see Lemma and Theorem Afterwards, we ex-
ploit the relation between du and dq and conclude sign conditions and bounds for dq(F), see
Corollary [£.48] Finally, we characterize the continuity properties of g in Corollary [£.49]

4.4.1 Adjoint system for distributed or boundary controls

In this subsection, we derive an adjoint system (p, q) for problem f for i € {1,2}. The
evolution equation and the regularity properties of p are obtained by a standard compactness
argument as the limit ¢ — 0 of p., see Lemma The limiting procedure for ¢. is more
involved, since Lemma m provides a uniform-in-e-bound of the norm of ¢. only in L!(Jr).
Hence, we only obtain weak star convergence of ¢., see Lemma Low regularity of the limit
g € BV(Jr) complicates the characterization of its time evolution. To get more insight into the
behaviour of ¢, it turns out useful to split the interval Jp into the set Iy of times ¢ where the
limit Z(¢) is contained in the open interval (a,b) and the rest Iy where z(t) € {a,b}. Indeed, in
open subintervals of Iy, ¢ is an H!-function and can be described by an evolution equation, see
Lemma below. On Iy, there remains a measure du € C(Jr)* which corresponds to the limit
e — 0 of %\IJ” (Ze)qe in the evolution equation of g.. The result is an equality for dg in the sense
of measures on Iy which depends on du, see Lemma Although the abstract measure du
has its support only in [y, this is not quite satisfying since Iy is a-priori unknown. Moreover, du
appears in the optimality conditions for problem f. Hence, to characterize dp would
not only complete the description of ¢, but also help to interpret the optimality condition. With
this regard, we introduce a regularity Assumption which essentially supposes that S7(t)
is strictly monotone for ¢ € Iy. In extension to [Munl7b|, we provide an example for a case
in which Assumption is satisfied, see Example With Assumption we can shrink
the support of du to a subset of Ig. In particular, we are able to describe the evolution of ¢ in
open subintervals of Iy and we can prove that ¢ is continuous at so-called (0, 9)-switching times,
see Lemma Since a deeper analysis of du is more involved and technical, we dedicate the
whole Subsection to this question.

Lemma 4.23 (Adjoint system in the limit). [Minl7b, Lemma 4.1] Adopt the assumptions and
the notation of Theorem For i € {1,2} let w € U;, y = G(u) and z = W][SY| be defined
as in Theorem Then every sequence {¢} with ¢ — 0 has a subsequence {ej} such that the
following holds true. There exist functions functions p € Y5, and Aj, A2 € L2(Jr; [X“]*) such
that as k — oo, p;, — pin Y2":T and 7

87yf€k

8 _ _ . a*
S@f€k(ysk726k)QEk — A2 in LQ(JT; [X ] )

0 * . ok
|: (yskvzak)] Pep — )\1 m LQ(JTa [X ] )7

Moreover, there exists a function ¢ which has bounded variation, i.e. ¢ € BV(Jr), such that ¢.,
converges pointwise to ¢ with k& — co. There holds Var(q) < liminf, o Var(g., ). Alternatively,
=, — dq weak star in C(Jr)* with k — oo for some signed regular Borel measure dg € C(Jr)*.
The relation between ¢ and dg is given by q(t—)—q(s+) = dq((s,t)) and ¢(t+)—q(s—) = dq([s, t])
for [s,t] C Jr.
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The function p solves the evolution equation

—p+A, =M+ X~ SApq+Yy—ya forte Jr, p(T)=0. (4.41)

If f is continuously differentiable from X x R into X then \; = [8% f (7, 2)} pand Ay =

S 8% f(y,%)q. Furthermore,

B (p+Sq) = —ka in Uj. (4.42)
Proof. We exploit the uniform estimates in Lemma and apply a weak compactness argu-
ment. First of all, remember the convergence results of Theorem i.e. that u. — @ in U,
Y. — ¥ in Yoo and in C(J7; X%) and z. — 7 uniformly and weakly in H!(J7) with e — 0.
The spaces Y5, and L2(Jp; [X“]*) are reflexive. Hence, because the estimates (4.34)-(4.36) in
Lemma are uniform in ¢, there exist functions p € Y5y and A, A2 € L2(Jr; [X]*) together
with a subsequence {¢;} such that p., — p in Y57, [a%fsk @Ek,igk)]*pgk — A1 in L2(Jp; [X9T)
and Sa%fgk@ak,?gk)qak — Ay in L2(Jp; [X?]*) with & — oo. Note that p(T') = 0 by definition
of Yy'r. Estimate provides us a uniform-in-¢ bound of ¢. in L!(Jr). This implies that
¢ has uniformly bounded variation, i.e. ¢. € BV(Jr), with a norm which is bounded indepen-
dently of . A weak form of Helly’s theorem in Banach spaces [BP12, Theorem 1.126] implies
that (w.l.o.g. the same) subsequence ¢., converges pointwise to some ¢ € BV (Jr) with £ — oo
and Var(q) < liminf,, o Var(g,). Alternatively, by Alaoglu’s compactness theorem, ¢., — dg
weak star in C(Jr)* with k& — oo for some signed regular Borel measure dg € C(Jr)*. The
relation between ¢ and dq is given by ¢(t—) — q(s+) = dq((s,t)) and ¢(t+) — q(s—) = dq([s, t])
for [s,t] C Jr, see [BP12, Chapter 1.3.3] or [BK13, Section 4]. The operator —<% + Ay is linear
and continuous from Y57 to L2(Jr; [dom(A,)]*) and hence weakly continuous. Therefore, we
obtain

. . 0 N o, _ _ _
0= —De,, AppEk - |:(3yf€k (y€k7 zek):| Pe,, + SAerk - S@fs(yska Zek)%k - (yek - yd)
= —p+A, =M — A+ SAq— (T~ va)

in L2(J7; [dom(A,)]*) with & — oo. Consequently, p € Y5 solves equation (4.41)).

Assume now that f is continuously differentiable from X< x R into X, so that we can define
fe=fin Assumption Remember the strong convergence of 7., to 3 in C(J7; X“) and of Z,
to z in C(Jr). Moreover, p., — p in Yy'r and ¢¢, — ¢ pointwise and hence Sge, — Sq weakly in

L2(Jp; X*) with & — oo. Since f is continuously differentiable, there holds [8% f@akaak)] * —
[(%f@, Z)T in L(L2(Jr; X*),L2(J7; [X]*)) with k — oco. This implies
o . _ I a ., ]
|:6yf(yaka Zak):| Dep, — [@f(y’ Z):| p and
. _ a ., ] 0 ,_ _
Iz St = 5 1@.5)] Sa=57 1@

in L2(Jp; [X]*) with k — oo. Consequently, \; = {%f@, E)} p and \g = Sa%f(y, Z)q if f is
continuously differentiable.
In the general case, weak continuity of B} implies

0= B/ (pe, +5¢:,,) + (k+ Dus, —u— B (p+ Sq) + ku in U; with k — cc.
This proves (4.42)). O
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In order to study ¢ it turns out that a splitting of the interval Jr as in [BK13, Section 4] is
helpful.

Definition 4.24 (Partition of J7). [Minl7bl Definition 4.2] Let Z be as in Theorem We
split Jr into Iy := {t € Jr : Z(t) € (a,b)} and Iy := Jp\Ip = {t € Jr : 2(t) € {a,b}}. We further
introduce I := {t € Jp : 2(t) = a} and I} := {t € Jr : Z(t) = b}.

Observe that the set Iy is open as the pre-image of the continuous function Z. Hence, every time
t € Iy N Iy on the boundary between Iy and Iy is contained in Iy but not in Ij.

Lemma 4.25 (¢ in Ip). [Minl7b, Lemma 4.3] Adopt the assumptions and the notation of
Lemma and consider the subdivision of Jr from Definition M For any interval (c,d) C Iy
the limit ¢ in Lemma belongs to H!(c, d) and there exist 11,19 € L2(Jr) such that —¢ =
vi+vs in L2(c,d). If f is continuously differentiable from X xR into X then vy = (p, %f@, Z))x

and vy = (9, %f@,?»x

Proof. Remember that Z. — 7 uniformly in J7, see Theorem Let (¢,d) C Ip be an arbitrary
but fixed interval and consider any closed subinterval [s, t] C (¢, d). By definition of Iy, uniform
convergence of Z. to Z implies Z.([s, t]) C (a,b) for all £ small enough. We assume w.l.o.g that
this is the case for all £ € (0,£0) with g9 from Lemma [4.22] But then (A4). in Assumption
implies ¥”(z.) = 0 on [s,t] for all € € (0,g(). Hence, for € € (0,&q), this term drops out in the
evolution equation of g. in Theorem We integrate over [s,t] and obtain

) = :(6) = [ ~{pl5) + S09) 5 009 7)) s Ve € (0.20)

Consider the subsequence {ej} from Lemma and let kg > 0 be chosen such that e < g¢ for
all £ > ko. Note that g in Lemma was chosen such that % fe(Y.,Z:) is bounded uniformly
in L®°(Jp; X) for all € € (0,e0), see also Lemma This together with the estimates from
Lemma and Holder’s inequality then implies uniform boundedness of (pe, % fe(@.,Ze)) x
and (Sqe, > f-(7., %)) x in L*(Jr) if € € (0,20). Hence, by reflexivity of L?(Jr), there exist
functions vy, v € L2(J7) along with a subsequence of {e;} (still denoted by {e;}) such that

0 0

<p€k7 &fsk (?QC,ZE}C))X — U and <SQEka %fek(gekazsk»)( — 2 in LQ(JT) Wlth k — OQ.

If f is continuously differentiable from X x R into X then a similar argument as for Aj, Ay in
the proof of Lemma implies 11 = (p, %f@, Z))x and v = (9, %f(y, Z))x-
In the general case we obtain

T t
0 .
QEk(t) - qu(S) = / _<p€k + Sqé‘k7 %fé‘k (gak7zak)>XX[s,t]dS — / - — VQdS Wlth k — 00.
0 s

This implies that — (v + 1) is the weak derivative of ¢ in L?(c, d). O

Lemma describes the evolution of ¢ in Ip. In a next step, we investigate in the analysis of
q in Iy. It turns out that ¢ and %P[S@] are pointwise orthogonal.

Lemma 4.26 (q in I5: Relation to P(Sy)). [Minl7b, Lemma 4.4] Adopt the assumptions and
the notation of Lemma and consider the subdivision of Jr from Definition With
P =1Id — W according to Theorem there holds [£P[SY](t)] q(t) = 0 for ae. t € I.
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Proof. By (A4)., V¥ is defined according to Remark We denote by ¢ > 0 and g9 > 0 the
constants from Lemma Theorem implies Z, — z uniformly in J7. Hence,

Z(t) = b for tel}) and Z.(t) »a for tel} with & — 0.

We show the statement for I} first. Since Z.(t) — b for ¢t € I}, there exists some £; € (0, &)
such that

a<ZzZ(t)<b4+1 fortell, Vee(0,e). (4.43)
By Remark U satisfies U(x) = Uy(z) = (z —b)3(4+b—x) for v € (b,b+2] and ¥ =0 on
[a,b]. For € € (0,¢1) and t € I}, this yields

V' (Ze(t) = W1 (Ze (1) X {pez. <br2) (F)
= 4(3 — (z(t) = b)) (Z=(t) — b)*X(p<z. <br2y (1), (4.44)
U(Z(t) = 12(Z:(t) — b)[2 — (Z=(t) — D) x(p<z. <br23 (1) (4.45)

We insert (4.45]) into the uniform estimate (4.32)) from Lemma and apply (4.43]) to obtain

T
ez [ Vel Vel ds

- i/lb 12(Z(t) = b)[2 — (Ze(t) — b)IX{p<z. <bt2}|g:(5)|ds (4.46)
= i/lg 12(Z:(t) — b)X{p<z.<b+2} 1= (5)|ds Ve € (0,e1).

Remember the representation YW+ P = Id from Theorem and the evolution equation (4.5)
of Z. = Z.(Sy). Weak convergence of S, — S and of z. — z = W[Sy] in H(J7) with e — 0
according to Theorem hence yields

d

$P[Sy] in L*(Jr) with ¢ — 0.

1 . . . d
SU(Z) = Sy — 2z = Sy — = = .(Sy—W[S7]) =
Furthermore, Lemma implies the strong convergence |q., | — |g| in L?(J7) with k — oo.

Moreover, by the variational inequality (4.2) which determines Z = W|[Sy| and because of the
definition of Ig there holds

0<Sy=95y—z= %P[Sy] a.e. in I3,

and hence %P[Sm = ‘%P[Sﬂ” a.e. in If. This together with (£.44)) and (4:46) yields

< -
0—/Igd

— lim L /b 4(3 = (Z:(t) — b)) (Z(t) — b)QX{b<Esk§b+2}’q<€k(S)’ds
I

P[Sy]‘ lq(s)[ds = lim 1/ V' (22, (5))1e, ()| ds

k—o0 Ef

k—o0 Ef
12 9 . _
< dim — [ (Ze(8) = 0)"X{pez., <bi2} 162, (3)|ds < e lim sup(ze, (s) —b) =
T k—oo €k 6 k—o00 SEIg
It follows [LP[S7(t)] ¢(t) = 0 for ae. t € I,
Similar estimates for I§ conclude the proof because Iy = I§ U I, g. O
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Remark 4.27. Note that Lemma can be trivially extended to Iy. Indeed, it follows from
the variational inequality (4.2)) which determines Z = W|[Sy| and from the definition Iy = {t €
Jr: Z(t) € (a,b)} that

%P[S@] (t) = Sy(t) —2z(t) =0 for ae. tc .

Hence, [4P[Sy](t)] q(t) = 0 for a.e. t € I.

Remember the low regularity of ¢ € BV(Jp). Hence, in general ¢ has no weak derivative on the
whole interval Jp. The next lemma provides an equation for dq in the sense of measures on Ij.

Lemma 4.28 (q in Iy: Relation to du). [Munl7b, Lemma 4.5] Adopt the assumptions and the
notation of Lemma and let 1 and v» be as in Lemma Consider the subdivision of Jr
from Definition We denote dpe := 1¥”(z.)g.. There exists a measure du € C(Jr)*, such
that a subsequence {du., } (w.l.o.g we may consider {e;} from Lemmal[4.23) converges weak star
to dp in C(Jrp)* with & — oo. The support of du is contained in Iy. For any ¢ € C(Jr) there
holds

T T
| —ewia)+ [ eltaut) = [ o010+ ey (4.47)
0 Iy 0
This implies du = dq + (v1 + v2)dt as measures on Iy.

Proof. Estimate in Lemma provides a uniform-in-e bound in L!(Jr) for the func-
tions du. for all e € (0,e9). Consequently, by Anaoglu’s compactness theorem [WO05, Korol-
lar VIIL.3.12], we can extract a subsequence of {dyu.} which converges weakly star in C(J7)* to
some measure du. Let ¢ € C(Jr) have compact support in Iy. Then the uniform convergence of
Ze to Z implies the existence of some ¢, € (0,¢¢) such that Z.(t) € (a,b) for all t € supp(y) € Iy
and € € (0,¢,). By (A44); in Assumption this implies ¢ 20" (2.)g. = 0 on Jy for € € (0,¢,).
Since ¢ € C(Jr) was arbitrary, the support of the limit measure du is contained in Iy [BK13,
p.343]. The other statements are shown similar as [BK13, Lemma 4.6] and [BK13, Lemma 4.7].
Indeed, testing with an arbitrary test function ¢ € C(Jr) and taking the limit e — 0 im-
plies . To see that du = dg+ (1 +v2)dt as measures on Iy, choose ¢ € C(Iy) arbitrary and
consider any extension ¢ € C(Jr) of ¢. Then we define @y (t) := max{0, 1 — kdist(, I5) }$(t) for
k € N. All ¢y, are uniformly bounded in C(J7). Moreover, @i (t) — 0 for t € Iy and @i (t) — ©(t)
for t € Iy with k — co. Hence, testing with ¢ and taking the limit k¥ — oo implies

/Ywmmw+/wmm@=/¢wmw+www.

Iy Iy Iy
O

In the next lemma, we study the continuity properties of g. Moreover, we prove that the absolute
value of ¢ can only jump downwards in reverse time.

Lemma 4.29 (Discontinuity properties of ¢). |Munl7b, Lemma 4.6] Adopt the assumptions
and notation of Lemma The absolute value of ¢ can only jump downwards in reverse time.
Consequently, for any ¢ € Jr there holds |q(t—)| < |q(t+)| and ¢(T—) = ¢(T') = 0. Moreover, g
is right-continuous in [0,7") and left-continuous at T

Proof. Lemma implies the existence of some subsequence {ej } such that ¢., converges to ¢
in L'(J7) and dg., = ¢, dt to dq weak star in C(Jr)* respectively with k — co. Equivalently, by
[Vis13, Chapter XII.7], there exist representatives g., and ¢ in the space BV, (Jr) of functions
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with bounded total variation which are right-continuous in [0,7") and left-continuous at 7" such
that ¢., converges weak star to ¢ in BV,(Jr). Moreover, BV,(Jr) is isometric to BV (Jr).
Hence, it follows that ¢ is bounded in BV(Jr), right-continuous in [0,7") and left-continuous at
T. The rest of the statements are shown just as [BK13, Lemma 4.4]: Let ¢ € Jr be arbitrary.
Similar as in , we test the evolution equation (4.28|) with ¢./|q-|. Afterwards, we integrate
over (s1,s2) with ¢ € (s1, s2) and obtain

o)l = o)l + [ WGl

S1

— /52 (pe(s) + Sqe(s), ifa(ya(3)7ze(5))>X ‘Ziz;‘ ds.

The second term on the left side is non-negative and (p-(s) + S¢e, % fe(¥.,Ze)) x is bounded in

L(J7) by (4.20) and (4.38). Hence, in the limit s; 1t and sg | t we obtain |q(t—)| < |q(t+)].
q(T—) = q(T) = 0 follows similarly and ¢(t+) = ¢(0) holds because ¢ is right-continuous at

0. O

Even though the abstract measure dy in Lemma has its support only in Iy, it still remains
present in the equation du = dq+ (v1 + v2)dt of measures on Iy. Hence, even if f is continuously
differentiable so that 11 = (p, % f(@,%))x and vy = (Sq, % f(¥,z))x according to Lemma
the characterization of dq is still not fully understood. That is, with Lemma [4.26| in mind, we
make the following regularity assumption in order to analyze ¢ also in Iy, cf. [BK13| p.344]:

Assumption 4.30 (Regularity assumption). [Munl7b, Assumption 4.7] Let § be as in Theo-
rem and consider the subdivision of Jr from Definition We suppose that the function
P[Sy] satisfies %P[Sy] #0 a.e. in Iy. Equivalently, Sy > 0 a.e. in I} and Sy <0 a.e. in I§.

Remark 4.31. [Cf. Miinl7b, Remark 4.8] Assumption is reasonable if S¥ is the size of
interest. Assume for instance that S computes approximately the mean value of I Ly, y €
dom(A,). More precisely, let w in (A2)’ in Assumption 4.2 have the form w = ﬁgp, where the
components ¢;, j € {1,...,m}, of p € HTzl C%ODj (Q) are equal to 1 within most of €2, except
for a neighborhood of I'p; of measure 0 < e << 1. For

y € dom(A,) = ran (Ip) = I,(WrP () € Wi P(Q),
this implies

1 m
Sy ={y,w)x = —= / Il ipide.
< >X m’Q| JZZI Q( D )J J

Hence, Sy is approximately the mean value of the function I, 1y in Q. If the optimal control

problem (4.1))-(4.3)) enforces this value to vary (in I5), then it becomes very unlikely that Sy = 0
in a subset of Iy with positive measure, so that Assumption [4.30]is justified.

In extension to [Mun17b, Remark 4.8], we provide an example for Remark when S computes
approximately the mean value of I ly for y € dom(A4,). Assumption can be enforced by a
special choice of the tracking term .

Example 4.32. We assume ¢ = m = Q)] = T = 1 in this example. Note that the solution

mapping G : L2(J7; X) — Yap is surjective. Indeed, if y € Yo is arbitrary, then h := ( +

Ap)y — Fly] is contained in L?(Jr; X) and G(h) = y. As will be shown in Subsection B
1 1

has dense range in X for 5 > 1 — % — 4 which we assume in this example. Hence, the mapping
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u € Uy — G(Bju) has dense range in Y2 9. For 0 < e << 1, let ¢ € CF () with [¢] < 1 be
chosen such that

Q| ={zeQ: o) =1} =14+0(3) and |Q\Q.| = |{z € Q: p(x) # 1}| < 3.

Moreover, let w in (A2)’ in Assumption E 4.2] be defined by w = ¢ and choose the tracking
term yq(z,t) = tp(z) for (z,t) € Q x Jp. Since C () C Wr’p(Q) — dom(A,), there holds
Iyyq € Yao. Hence, there exists some function v € U; such that ||G(Bju) — yd”%h < &3 We
further choose & of order O(e?). Consequently, the minimal value in (4.1))-(4.3)) is of order O(?).
Let ¥ be an optimal state for problem f and assume that there exist £ > 0 disjoint
intervals (¢;,tj+1) C Io, j € {1,...,k}, such that Sy = 0 a.e. in U? 1(tj tj11) and Sy # 0 a.e.
in Ip\ U;‘f’:l (tj,tj1). For j € {1,... Kk}, we denote by m; := Sy( ;) the value of Sy in [t;,t41].
We prove that |tj11 — t;| is of order O(e) for each j € {1,...,k}.

Let j € {1,...,k} be given. Since w = ¢, there holds

Sy(t) = (y(t), p)x = /pr_ly(x,t)ap(x) dx = / Ip_ly(:c,t) dx 4+ O(e3) for a.e. t € Jr.

Hence, for a.e. t € (tj,tj41), we can estimate

2

; [5(x,t)|* de > ‘/Q I;ly(a:,t) dz| =|S7t)]* +O(e) = m? + O(?).

This implies
11 - all3, > / [ 18501 1) = a0 e + O
tystiv1)
/ |I Y, t)]? = 2t[L ) (2, t) + £ dadt + O(?)
tjstj+1)

/ m —2tmj+t2\Q |dt + O(&?)
(tj,tj+1)

:/ (m; — )2 dt + O(%).
(tj,tj+1)

Note that

/ (m; —t)* dt
(tj:ti+1)

:/ (mj —t)?dt + / (m; —t)*dt
(mj—emj+e)N(t;,t41) (t5,ti+1)\(m;—e,m;+e)

>

/ (my — t)*dt + %|(t;, t501)\(my — &, my + ).
(mj—e,m;+e)N(t),tj+1)

The first term is of order O(g3). Hence,
1,15 = wallt, > €%1(t5,tj42)\(my — e,m; + ) + O(7),

where the left side is of order O(e3). Consequently, |(¢;,tj4+1)\(m; —&,m; + )| is of order O(¢)
and because |(tj,tj4+1) N (m; —e,m; +¢)| < 2¢ we conclude that |tj.1 — ;] is of order O(e).
Under the assumption that Iy is decomposed into intervals in which S7 = 0 almost surely and
intervals in which S # 0 almost surely, a small choice of ¢ implies that Sz # 0 can only be
violated in a small subset of every connected component of Ij.
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Remark 4.33. Note that under Assumption Lemma implies ¢(t) = 0 for a.e. t € Ij.
Clearly, this does not mean that ¢ vanishes everywhere in Iy. But since ¢ is right-continuous in
[0,7) and left-continuous at T, we conclude ¢(t) = 0 for all t € [¢,d) for arbitrary subintervals
[e,d] C Iy. Hence, for a full characterization of ¢, the only remaining question is how dgq behaves
on the set of switching times between Iy and Iy, i.e. on Iy N I?

With regard to Remark we introduce the following categories of times as in [BK13]:

Definition 4.34 (Switching times). |[Miin17b, Definition 4.9] Consider the subdivision of Jr
from Definition We call a time ¢t € Jr a (0,9)-switching time if ¢ € Iy N Iy and if there is
some ¢ > 0 such that (t —e,t) C Iy and [t,t + ) C Iy. We say that ¢ is a (0, 0)-switching time
if t € In N Iy and if for some € > 0 we have (t — ¢,t] C Iy and (¢,t +¢) C Io.

With the same argument as in Remark we can characterize dq at (0, 0)-switching times:

Lemma 4.35 (¢ at (0, 0)-switching times). [Munl7b, Lemma 4.10] Adopt the assumptions and
the notation of Lemma If ¢ is a (0, 0)-switching time in the sense of Definition and if
Assumption holds then there exits some & > 0 such that ¢ = 0 on [t,t + €). Moreover, g
is continuous at ¢ with ¢ = 0. Furthermore, for every open interval (c,d) C Iy there holds that
g=0in [c,d).

Proof. Let Assumption hold. As seen in Remark this implies ¢ = 0 in [c,d) for any
subinterval [c,d) C Iy. Hence, for any subinterval [3,7] C (¢,d) C Iy we obtain 0 = g(y—) —
q(B+) = dq((B,7)), see Lemma This implies dg = 0 as a measure on (c,d). We are left to
prove that ¢ is continuous at (0, d)-switching times. To this aim, remember that the absolute
value of ¢ can only jump downwards in reverse time by Lemma Furthermore, for any
interval (e, c) C Iy there holds ¢ € H! (e, ¢) < C([e, ¢]) according to Lemma Consequently,
whenever there exist intervals (e, c) C Ip and [c,d] C Iy, then |g(c—)| < |g(c+)| = |g(c)| = 0 and
q is right-continuous at e so that ¢ is absolutely continuous on [e, d) with ¢(¢) = 0.
If ¢ is a (0, 0)-switching time then (¢ —e,t) C Iy and [t,t +¢) C Iy for some € > 0. Hence,
continuity of ¢ at ¢ follows from the general case withe=t—¢,c=tand d =1t +¢.

O

Remark 4.36. Even if Assumption implies continuity of ¢ at (0, 9)-switching times, the
characterization of dq on Iy N I is still not complete. Indeed, there might exist (9, 0)-switching
times for example, see Definition and other categories of times in Iy N Iy are possible.
Those include isolated times t € Iy N Iy for example.

Moreover, if Assumption does not hold then we can not apply Lemma to show that
g vanishes on half-open intervals [c,d) where [c,d] C Is. That is, it would be interesting to
understand the behaviour of dg on so-called waiting slots, i.e. on subintervals of Iy in which
Sy =0 a.e.

We will return to these open questions in Subsection since we can only answer them for
the case of distributed control functions, i.e. for ¢ = 1. Also the definition of isolated times and
waiting slots can be found in that subsection, see Definition

4.4.2 Optimality conditions for distributed or boundary controls

In this subsection, we prove an optimality condition for problem f for the optimal
control w € U, i € {1,2}, with help of the adjoint system (p,q) from Lemma As already
explained in the beginning of Section we begin with the general case i € {1,2} and derive
optimality conditions of weak type. Those will be improved for ¢ = 1 in Subsection below.
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Lemma 4.37 (Optimality condition). [Miinl7b, Lemma 4.12] Adopt the assumptions and the
notation of Lemma and let v1 and vo be as in Lemma m For any h € U;, yPiwBit =
G'[Biu; Bih] and F'[g; y™ 5" (t) = ['[(5(t), WISTI(2)): (y 75" (6), W[ST; Sy PP (1)) (see
Corollary , there holds the optimality condition

T
/ (AL + A2 + S(v1 4 12), yP P dom(a, ) dt
0
i ., i (4.48)
< SyBi“’B"hdqu/ (p + Sq, F'lg; y "™ 5" x dt.
Iy 0

Proof. We denote yPi%Bi" = G'[B;u; B;h| € Y5 as in Corollary
Since 7 solves the minimization problem Inl[}l J(I;'G(u),u), the directional derivative of the
uclU;

reduced cost function J(u) := J(I,'G(u),u) has to be greater or equal than zero in each
direction. The derivative of J can be computed with the same techniques as in the proof of
Theorem For arbitrary h € U; there holds

0 < J'[@h] = (T = ya, v P12 (1rsdom(a,)) + KT )y, (4.49)

Moreover, 325" solves the evolution equation (3.20]) in Corollary (3.15) with y replaced by 7
and with h replaced by B;h. If we test that equation with p + Sq and integrate over Jr, then

equation (4.42)) implies

T T
/ (p+ Sq,yB B 1 A,y BBy ar — / (p+ Sq, F'[g; yB™Bih) ydt
0 0 (4.50)

T
= / (p+ Sq, Bih) xdt = —k(T, h)y,.
0

Note that the right side in is just the negative partial derivative of J with respect to u,
evaluated at @ and in direction h. We integrate the first term on the left side of by parts
and insert the evolution equation for p, see Lemma Moreover, we replace —dq by
the measure —du + (v1 + v2)dt according to Lemma m Finally, we end up with

T
/ <p+ Sq7y'BiU7Bih + ApyBiu7Bih>th
0

T
= /0 <)‘1 + A2 — Squ T Y= Yd, yBiu7Bih>dom(Ap)dt

T T
/O SyPinBihdg + /0 (SApq, y P qoma,dt

T (4.51)

T
0

J
T
= / M+ X2 +T = ya, v M doma,ydt — [ SyPTPidy
0 Iy

T
+ / (v1 + v2) SyPi™ Pt
0

Now we replace x(u, h)y, in (4.49) according to (4.50|) and insert the right hand side of (4.51))
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for [V (p + Sq, g% "B 4+ A,yBBik) v dt to obtain

T
0< /0 (T — as YBT P goma it + K(T, B

g T
= —/ (A1 + A2, yBiu,Bih>dom(Ap)dt + SyBiu,Bihd'u _ / (n + Vz)SyBiu’Bihdt
" 0

Iy
T p—

+/ (p+ Sq, F'[7; yPBih]) xdt.
0

O

4.4.3 Summary: Adjoint system and optimality conditions for distributed- or
boundary controls

In this subsection, we summarize the results about the optimality system for problem (4.1))—(4.3)
for i € {1,2}. The optimality condition can be improved if f is continuously differentiable, see

Corollary below.

Theorem 4.38 (Adjoint system and optimality condition). [Munl17b, Theorem 4.13] Let As-
sumption and Assumptz'on hold. Fori € {1,2} suppose thatw € U; is an optimal control
for problem (1) ~([4.3) together with the optimal state § € Yoo and z = W|[Sy] € H'(Jr). Con-
sider the subdivision of Jr from Definition @I Then there exist adjoint states p € YQ*T and
q € BV (Jr) of the following kind: There holds

Bf(p+ Sq) = —ku in U,. (4.52)
For some functions \1, A € L2(Jr; [X]*) we have
—p+Ap=M+X—SAq+Y—ya forteJr, p(T)=0.

q 1s right-continuous in Jp, left-continuous at T and absolutely continuous in Iy. There exist
vi,ve € L2(J7) such that q solves —G = vy +vs in every open subinterval of Io. %P[S@] (t)q(t) =
0 for a.e. t € Iy and there is a measure du € C(Jr)* with support in Iy such that du = dq+(v1+
vo)dt as measures on Iy. For all h € U; and with yPi%Pi* = G'| By, B;h] (see Theoremm
there holds the optimality condition

T
/ (AL + A2 + S(v1 4 12), yP P dom(a, ) dt
0 . (4.53)
< [ syPEBhas [+ S Pl PR,
Iy 0
where F'[g; y®PH (1) = PI(5(6), WISTI()); (4P (t), W[ST; SyBTBH(1))]. The absolute
value of q can only jump downwards in reverse time so that ¢q(T—) = q(T) = 0 and |q(t—)| <
lq(t+)| for all t € Jr. If the regularity Assumption is valid then q is continuous at every
(0, 0)-switching time t (see Definition[§.34) with q(t) = 0. In this case, for every open interval
(c,d) C Iy it follows ¢ =0 on [c,d).

If f is continuously differentiable, then the functions A1, A2 and v, 5 have been computed in

Lemma and Lemma With the concrete form of F'[g; yBi%Bih] X\, Ay in (53] cancel
out and we obtain an improved optimality condition:
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Corollary 4.39 (Adjoint system and optimality condition for regular f). [Munl7bl Corol-
lary 4.14] Let Assumption and Assumption hold. Moreover, suppose that f is continu-
ously differentiable from X x R into X. For i € {1, 2} assume that @ € U; is an optimal control
for problem (4.1)—-(4.3) together with the optimal state § € Y9 and z = W[Sy] € H'(Jp).
Consider the subdivision of J from Definition Then there exist adjoint states p € YQfT
and g € BV(Jr) of the following kind: There holds

Bf(p+ Sq) = —ku in U;. (4.54)

We have

%
-p+Ap= [;yf(y, z)] (p+Sq) —SApq+7y—yq forteJp, p(T)=0. (4.55)
q is right-continuous in Jp, left-continuous at T" and absolutely continuous in Iy. ¢ solves the
evolution equation —¢ = (p + Sq, %f@, Z))x in every open subinterval of Iy. £P[Sy](t)q(t) =
0 for a.e. t € Iy and there is a measure du € C(Jp)* with support in Iy such that du =
dg+ (p+ Sq, %f@, Z)) xdt as measures on Iy. For all h € U; and with y5%5i" = G'[B;u; B;h]
(see Corollary and P =1Id — W (see Theorem there holds the optimality condition

T o -~ _

/ (p+ Sa, o [(5,2) x P[Sy; Sy"™FMde < | SyPmBldy. (4.56)
0 < Iy

The absolute value of ¢ can only jump downwards in reverse time so that ¢(7—) = ¢(T") = 0 and

lq(t=)| < |q(t+)| for all t € Jr. If the regularity Assumption is valid then ¢ is continuous

at every (0,0)-switching time ¢ (see Definition [4.34) with ¢(¢) = 0. In this case, for every open

interval (c,d) C Iy it follows ¢ = 0 on [c, d).

Proof. Since f is continuously differentiable, the functions Aj, A2 and v4,v5 in Theorem [£.3§|

can be computed. In particular, by Lemma |4.23| there holds A\; = {a%f@, E)} p and Ay =

Sa%f@, Z)q. Moreover, Lemma entails v; = (p, %f@, Z))x and v = (9¢, %f@, Z)x. It
remains to prove (4.56). With A1, Ao, v1, 5 as above, (4.53|) takes the form

0

T *
[ 2] 0 50555 i + o+ S0 513 x5y5 550

o T 9 9 o
< [ SyPiBitqy 4 / (p+ Sq, = [ (@, 2)y? P + — f(g,2)W'[ST; SyP™Bih) yat.
Ip 0 0y Dz

Note that the first term on the left side and the second term on the right side cancel out.
Rearranging yields

(p+ 8¢, 5-1(7:2) (SyB“"B” - W[Sy; SyB”’Bzh]) xdt < | SyBiBihgy,
5]

Now remember P = Id — W (see Theorem [2.40)). Consequently,
SyBiﬂ,Bih _ W/[Sg, SyBiﬂ,Bih] — r])/[s«y7 SyBiﬂ,Bih],

and the optimality condition (4.56) follows. O
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4.4.4 Improved optimality conditions and uniqueness for distributed controls

In this subsection, we study the question whether the weak optimality conditions and
in Theorem @ and Corollary hold in a strong sense? In particular, we would like
to replace yB%Bih in (]@ and by arbitrary functions v € dom(A4,) and prove that both
conditions hold a.e. in t € Jr. As described in the beginning of Section [£.4] this is not possible
since the hysteresis operator W acts non-local in time. Nevertheless, we follow the strategy of
[MS15, Section 5] as long as possible. In a first step, we replace y?i%5i in and by
an arbitrary function y € Y5. Unfortunately, this requires that B; has dense range, which is
not the case for Bs.

Hence, throughout this subsection, we consider problem f with ¢ = 1, i.e. the control
problem with distributed controls w € Uy.

For appropriate choice of p in (A1)’ in Assumption the operator By which maps U; =
L2(Jr; [L2(2)]™) into L?(Jr; X) has dense range. Indeed, in (A1)’ in Assumption ne can

choose p with % >1- % - é. Equivalently, 2 < ;lfp;,. Hence, in this case Remark [2.7| yields

W' () < [L2(Q)]™. Moreover, the embedding is one-to-one which implies that the embedding
I'p

[L2(Q))™ — W;’p(Q) = X is dense so that B; has dense range.

In Subsection we improve the optimality conditions (£.53)) and (4.56)) from Theorem [4.38]
and Corollary for i = 1, see Corollary If f is continuously differentiable, this results
in a variational inequality in time only.

The latter can be used to prove uniqueness of p,q and du. This is done in Subsection [£.4.4.2]
see Corollary below.

4.4.4.1 Improved optimality conditions

The following corollary states an improvement of the optimality conditions (4.53|) and (4.56)) in
Theorem [£.38] and Corollary [£.39] for i = 1.

Corollary 4.40 (Optimality condition for distributed controls). |[Miinl7bl Corollary 4.15] Let
Assumption and Assumption hold and let % >1— % — 211. Assume that w € Uj is a solution
of problem (4.1))-(4.3) with i = 1, together with the state ¥ € Ya and z = W[Sy] € H'(Jp).
Let v € dom(Ap) with Sv > 0 and ¢ € C{°(Jr) be arbitrary. Then in addition to in
Theorem [£.38] there holds

T
v
| 20, b + 0+ v

T
< / ol + / (0 + 54, F'17,2); ((v/Sv)o, WIST: @]} x .
Io 0

If f is continuously differentiable then in addition to (4.56) in Corollary there holds

T 0
| o+ S0 5 1@R)xP ST it < [ pdn forall o € CRU).
0 Is

Proof. As seen in Subsection 4.4.4] % >1-— % — % & 2L dd_p;, implies that B; has dense range
according to Remark AsIn [MS15, Lemma 5.2], this fact can be used to prove that the
set {yP1%Bih . b € Uy} is dense in Yao. We adapt the proof to our framework: For arbitrary

1 € Ya0 one defines ¢ such that n = yP1%" = G'[B17; €], see Corollary ie.

0(t) + (Apn)(t) = F'lyin)(t) +&(t) in Jr,
n(0) = 0.

(4.57)
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Since Bj has dense range, one can approximate £ by a sequence of functions {Bihy }n, by € Uy
for n € N, which means Byh,, — £ with n — oo. Because G'[B17; -] is Lipschitz continuous by
Corollary it follows

yBrEBLhn G'|B1w; B1hy) — G'[Biu; €] = yP1%¢ = with n — oo.

In [MS15, Theorem 5.3], density of {yP1%B1" . h € U1} in Yaq is applied to proof a pointwise
optimality condition which holds for all v € dom(A,) and a.e. ¢t € Jp. This is not possible in
our case: For ¢ € C(J7; X®), the values of the function W'[S7; S¢](¢) at time t € J depend on
the previous values W[Sy; SC](s), s € J; = [0,t]. Hence, the function is non-local in time and
this translates to the composition

F'ly; cJ(t) = f'I(y(8), WISyI(#)); (C(8), W'[Sy; SC](£))]-

Nevertheless, both functions W/[S7; -] and f'[(y(t), W[Sy](t)); ], and hence also F’[y; -], are posi-
tive homogeneous. Let 1 € Ya o be arbitrary. Then there exists a sequence {n,,} := {yP1%Biha}
{yBrwBih . b € Uy} which converges to  with n — oo. Since F'[y;] is Lipschitz continuous
from C(Jr; X) to L?(Jr; X) according to Lemma we can pass to the limit n — oo in the
sequence of inequalities , where yB1%B11 ig replaced by yB1%B1hn - Hence, there holds

T T
/ (A1 + A2 + S(v1 + v2), M) dom(a,)dt < / Sndp +/ (p+ Sq, F'[g; n]) xdt,
0 Iy 0

where F'[y;n](t) = f'[(y(t), W[SyY](t)); (n(t), W'[Sy; Sn](t))]. For arbitrary v € dom(A4,) with
Sv > 0 and ¢ € C§°(Jr), the product vy is contained in Y. Moreover, since W[ST; -] and
I (y(t), W[Sy](t)); -] are positive homogeneous, there holds W' [Sy; S(vp)] = SoW'[ST; ¢] and
then f'[(7,2); (ve, SUW'[ST; ¢])] = Svf'[(T,2); (ve/Sv, W[ST; ¢])]. Hence, choosing n = pv
and rearranging some terms we obtain

T
/ (M1 + A2, @0)dom(a,) + 91 + o) Svdt
0

T
S/ @Svdu+/ (p+ Sq,Svf'[(7,%); (ve/Sv, W'[ST; ¢])]) x dt.
Iy 0

Dividing by Sv on both sides yields the first inequality in the corollary. The proof of the second
inequality if f is continuously differentiable follows the same lines. O

4.4.4.2 Uniqueness of the adjoint variables

In the following corollary, we exploit density of B; for appropriate p > 2 to prove that the
adjoint system (p, ¢) and the measure du are unique in the case i = 1 and when f is continuously
differentiable.

Corollary 4.41 (Unique adjoint system for distributed controls). [Miinl17bl, Corollary 4.16] Let
Assumption and Assumption hold and let % >1-— % — é. Moreover, suppose that f is
continuously ditferentiable from X% x R into X. Assume that w € U; is a solution of problem
(@.1)-(.3) with i = 1, together with the state § € Y2 and z = W[Sy] € H'(Jr). Then in the
setting of Corollary the adjoint couple p € Yy'r and ¢ € BV (Jr) together with the measure
dp in C(Jr)* is unique.
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Proof. Remember that B has dense range because % > 1-— % — é. Therefore, ker(Bj) =

—1
ran(B1) = {0}, i.e. B is one-to-one. That is, we can take the inverse (B})~! on both sides in

equation (4.54)), which was
Bi(p+ Sq) = —ku in Uy,

see Corollary [£.39) Hence, there holds
p+Sq=—kr(By)"'u in X* ae. in Jr, (4.58)

cf. [MS15, Theorem 4.15]. Now suppose that there are two adjoint couples (p1,q1) and (p2, ¢2)
which both satisfy the conditions of Corollary

First we prove p; = ps. To this aim let ¢ € L?(Jp;dom(A,)) be an arbitrary test function. We
subtract the evolution equation for p; from that of ps and test the result with (. Note
that the term

(p1+Sq1) — (p2 + Sqe)
cancels out by (4.58). We end up with

(P2 = P15 O 12(Jpidom(A4,))

0 * .
= <[ayf(yaz)} (1 + Sq1 — (p2 + Sg2)) — Ap(p2 — p1) — SAp(g2 — @1), Q)12 (Jpsdom(A,))

d
=(p1+Sq1 — (p2 + Sq2), @f(y’ Z)C)L2(Jpix) — (P2 + Sq2 — (p1 + Sq1), ApQ)L2(gpx) = 0.
Since ¢ € L?(Jr;dom(A,)) was arbitrary, this implies po = p1 in L?(Jr; [dom(A,)]*). Moreover,
by definition of Y57 there holds p1(T) = p2(T) = 0 € [dom(Ap)]*. Because the functions

pj € L?(Jr; [dom(A,)]%), j € {1,2}, satisfy

T
pi® =piT) = [ i) ds tor te ar,
t

this shows p; = po in L2(J7; [dom(A,)]*). Density of the embedding dom(4,) < X implies
that the embedding of X* into [dom(A,)]* is one-to-one, which translates to the embedding
L2(Jr; X*) < L2(Jr; [dom(A,)]*). But this implies py = p also in L?(J7; X*). By the definition
of Y5, we conclude p; = pa € Y.

We are left to prove qi = ¢o. Since p1 = pg in X* a.e. in Jp, yields S(q1 — q2) =
0 in X* a.e. in Jp. Now let v € dom(A,) with Sv > 0 be arbitrary but fixed. Then we obtain

qa —q2 = (41— a2)Sv = (Sa1 = a2), ) x =0 inR a.e. in Jp.
Sv Sv

Hence, ¢1 = g2 in L!(J7). That is, there holds

T
/[ ] |dq1 — dgz| = sup {/ (g1 — @2)dt = o € Cy(Jr), |¢| < 1} = 0.
0,7 0

Consequently, dq; — dga = 0 as measures on Jr, cf. |[Vis13, p. XIL.7]. We conclude q; = g2 €
BV(0,T). Subtracting the equality of measures of dg; in Corollary from that of dgo finally
yields dpp = dus. O
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4.4.5 Properties of the measures du and dq for distributed controls

In this subsection, we return to the question of ¢ haracterizing the measures du and dq. As
mentioned in the introduction of Section this part extends the results in [Miin17b]. All the
proofs rely on the improved optimality condition in Corollary [£.40] for continuously differentiable
f and i = 1. That is, throughout this subsection we consider the control problem f
with distributed control functions.

In Definition below, we define the category of isolated times ¢t € Iy in addition to the
switching times from Definition Moreover, we introduce the category of waiting slots,
which includes all isolated times and switching times. In Lemma we prove sign properties
and bounds for du{t} for all isolated times t € Ip. Afterwards, we generalize Lemma [4.46]
by proving similar results for du on the category of waiting slots, see Theorem [1.47, With
help of the measure equation for dgq according to Corollary we conclude the corresponding
behaviour of dg on the category of waiting slots, see Corollary In case of the regularity
Assumption all waiting slots are either isolated times or switching times. Hence, in this
case Corolla determines the direction of a jump of ¢ at any time ¢ € Iy N Iy. Moreover,
we can derive an upper bound for the absolute value of a jump of ¢ at time t. The results on
the continuity properties of ¢ are summarized in Corollary (.49

Definition 4.42. Consider the setting of Corollary Let (0, 0)-switching times and (9, 0)-
switching times be defined as in Definition We introduce two more categories of times in
Iy:

e We call t € Iy an isolated time if there exists some open interval (¢,d) C Jp with t € (¢, d)
such that (¢,d) NIy =t. The time t = 0 is called isolated if [0,d) NIy = 0 for some d € Jp
and t = T is isolated if (¢, T) NIy =T for some c € Jr.

e A time interval [d,e] C Iy is called a waiting slot if Sy = 0 a.e. in (d,e). A waiting
slot [d,e] is called isolated from below if there exists some constant € > 0 such that
(d—e,d) C lp. [d,e] is called isolated from above if there exists some constant ¢ > 0 such
that (e,e+¢) C Iy. If [d, ] is isolated from below and above, then the waiting slot is called
isolated. All waiting slots are defined maximal in the sense that there exists no waiting
slot [, €'] with [d,e] C (d',€"). The case [d,e] = [d,d] := {d} is included in this definition,
but we only call {d} a waiting slot if {d} is isolated from below and/or from above.

We suppose in the whole subsection that Iy is good natured in the following sense.

Assumption 4.43. The set Iy = {t € Jr: Z(t) € {a,b}} from Definition consists only of
waiting slots and intervals in which S7 # 0 almost surely. There are at most countably many
waiting slots in Iy. Note that (0,9)-switching times, (0, 0)-switching times and isolated times
are included in the definition of a waiting slot.

For the characterization of dy we need one more definition:

Definition 4.44. Consider the subdivision of Iy from Definition and let ¢ € Jr be given.
Then we define the unique time ¢+ = ¢ (¢) € Jr according to the following hierarchical distinc-
tion of cases:

o tt € 1% and (t,t1) N I, is empty or contains only waiting slots in I2.
e tT is the smallest time in I§ N [t, T] such that S§ > 0 a.e. in (t*,t" + ¢) for some & > 0.
o tt =T
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Similarly, we define ¢t~ = ¢~ (¢) by the following hierarchical distinction of cases:

ot € Ig and (t,t~) NIy is empty or contains only waiting slots in 5.
e {~ is the smallest time in I3 N [t, T] such that Sy < 0 a.e. in (¢~,¢~ + &) for some ¢ > 0.
o {7 =T1T.

We will frequently apply two properties which are characteristic for the play operator P:

Lemma 4.45. Let P denote the play operator from Definition [2.38 Then P satisfies the
concatenation property

P[U](tg) = P[U, U(O) - Zo](tg) = P[v(tl + .),P[U](tl)](tg — tl) (459)

for all v € C(TT) and all 0 < t; <ty < T. Here, the second input variable denotes the initial
value, see Definition Moreover, the play operator satisfies the monotonicity property: For
v1,v2 € C(Jr) and for all s € Jp for which vy (t) < va(t) for all ¢t € Js = [0, s] there holds

P['Ul, U1 (0) — Zo](t) < P[’UQ, 'UQ(O) — Z[)] (t) YVt € TS (4.60)

Proof. (4.59) follows for example from [Vis13| III. (1.4)] and (4.60)) is for example shown in the
comment before [Vis13| III. Proposition 2.5]. O

4.4.5.1 Isolated times and waiting slots

In the following Lemma [4.46], we study du at isolated times. Subsequently, we generalize
Lemma to the more general category of waiting slots, see Theorem [£.47} In Corollary
we then conclude the behaviour of dq on the category of waiting slots.

Lemma 4.46 (du at isolated times). With the assumptions as in Corollary suppose that
f is continuously differentiable and that Assumption holds. Let t € Iy be an isolated
time in the sense of Definition and let tT = t7(¢) and t~ = t~(t) be defined according to
Definition [4.44]

If du({t}) = 0 then ¢ is absolutely continuous in some interval [t — e, + ¢).

te Ig is only possible if

¢+

/t (p+Sq, %f@iﬁxds < du({t}) <0.

If in addition (¢,t%) C Iy, then q(t+) < q(tT—) if du({t}) < 0 and q(¢t) < ¢(t*—) if du({t}) = 0.
t € Ij is only possible if

[ 0+ 505G xds > dutiey) 2 0

If in addition (¢,t7) C Iy, then q(t+) > q(t~—) if du({t}) > 0 and ¢(t) > q(tT—) if du({t}) = 0.

Proof. Let t € Iy be an isolated time. We prove the lemma for ¢ € Ig N Jr. The prove for t € Ij
and for t € Ip N {0,T} is analogous. By the definition of isolated times there exists a constant
g0 > 0 such that (¢t —eg,t) U (¢, t +e9) C lp. Hence, continuity of Sy and P[Sy| implies the
existence of a constant ¢ > 0 such that

Sy(r) — P[Sy|(t) = WI[SY](7) € (a +¢,b) for 7€ (t—ep,t)U(t,t+ep) and

Sy(t) — PISY](t) = WISH](t) = b. (4.61)
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Consequently,
Sy —P[Sy] € (a+¢,b) forae. 7€ ((t—-egp,t+eo), (4.62)

and (2.30)) implies that P[Sy] is constant in [t — g, t + £o].
Let ¢ € C(Jr) be chosen with supp(p) C (t — €o,t + €0). Moreover, consider

1
PAlST: ] = S (PISY+ Ap] = P[ST]) for A > 0.
P : C(Jr) — L?(Jr) is Hadamard directionally differentiable according to Theorem Hence,
PAST; ] — P'[ST; ] in L2(Jr) with A — 0.
Let s > t + g9 be arbitrary. For v := Sy + Ay, t1 := t + 9 and t2 := s, the concatenation
property (4.59) and supp(yp) C (t — €0, + £o) imply

P[Sy + Ap](T) = P[SY] for 7 € [0,t — &) and  (4.63)
PST + Aol (s) = PL(ST + Ap)(t +c0 + ), P[ST + Ap|(t + €0)] (s — (t + €0))
= P[ST(t 4+ co + ), P[ST + Ag|(t + €0)](s — (t + €0)). (4.64)

We have to distinguish three cases.

(D) du({t}) = 0:

If dpu({t}) = 0 then dg({t}) = 0 by the equation of measures for dg, see Corollary[4.39] Moreover,
Alt—cot) € H(t — eo, 1), ql(tt+e0) € Hl(t,t + eg) and q(t+) = q(t) since ¢ is right-continuous.
Hence, ¢ is absolutely continuous in [t—eq, t) and [t,t+¢€p). Since q(t—) = q(t+)—dq({t}) = ¢(t),
we conclude that ¢ is continuous at ¢ and hence absolutely continuous in [t — €g,t + €p).

(ID) du({t}) > 0

We assume dy({t}) > 0 and prove that this contradicts the maximum condition in Corollary [4.40]
Let ¢ € C°(Jr) be chosen such that

supp(¢) C (t —eo,t +¢0), <0 and ¢(t) <O0.
We prove P'[ST; ¢] = 0 € L2(Jr). To this aim, we show
P[SY + A¢l(1) = P[SY(7) = PST)(t — £0)

for all 7 € [t — £9,t + £o] if A is small enough.
P satisfies the monotonicity property (4.60) and P is Lipschitz continuous with modulus 1
according to (2.36)) in Theorem m Hence, ¢ < 0 implies

PISyl(1) = P[ST+ Ag](7) € [0,A max |p(s)|] V7€ Jp.

sE[t—eo,T]

We choose Ao > 0 such that c+ A  min (1) > 0 for all A € (0,\). By (4.62)) we can

TE(t—Eo,t+50)
estimate
a < a+c+ A o(1) +P[ST|(1) — P[ST + M) ()

< 8Y(7) — PISYI(T) + Ap(T) + PLSY] (1) — PLSY + Apl(7)
= 5Y(7) + Ap(7) = PSY + A¢](7)
for all T € [t — &g, + &g and for all X € (0, \g). By (2.30)), this implies %(P[S@+ A¢]) > 0 and
hence P[SY + Ap|(T) > P[SY + A\p(t — g9) = P[SY|(t — &o) for all T € [t — e, t + o] and all
A € (0, Ao). But since P[Sy + Ag|(T) < P[SY|(T) = P[SY|(t — e0) for all T € [t — e, + £o], we
conclude
P[5 + Apl(1) = P[SY + A¢](t — €0) = PSY](t — e0) = P[Sy|(7)
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for all 7 € [t — eg,t + o] and for all A € (0, o). But then the equations (4.63)—([4.64)) yield
P[SY + Ap] = P[Sy] in Jr and hence P,[ST; p] = 0 in Jr for all X € (0, \g).

Because Py\[S7; ] — P'[ST; ] in L2(Jr) with A — 0, we conclude P'[S7;¢] = 0 € L2(Jr).
Consequently, the maximum condition in Corollary implies

0< /I pdp = p(t)dp({t}) <0,

which is a contradiction.

(ITT) du({t}) < 0:
This time we chose a function ¢ € C§°(Jr) with supp(y) C [te,t,] C (t — €0, t + o) such that

>0, ¢>0 in (t,t), $<0 in (tt,) and ¢(t)=1.

As in (4.63), note that P[Sy+Ap|(7) = P[Sy](7) for 7 € [0,,]. Recall the monotonicity property
(4.60) and that P is Lipschitz continuous with modulus 1. Since ¢ > 0, there holds

PIST + Apl(1) = PSY(7) € [0,A max @(s)] C[0,A] for 7€ [t—eo,T]. (4.65)

s€[t—eo,T]
Hence,

SyY(t) + Ap(t) — P[SY + Apl(t) = Sy(t) — P[Sy](t) + A — P[Sy + Ap](t) + P[SY|(t)
= b+ X —P[ST+ \p|(t) + P[ST|(t) > b.

Since SY(T) + Ao(7) — P[ST + A\p](7) € [a,b] for all 7 € Jp, this implies
Sy(t) + Ap(t) — P[SY + Ap](t) = b. (4.66)

Recall equation (4.62) and that P[Sy] is constant in [t — £¢,t + £9]. We choose A\g € (0,¢) so
that ¢ — A > 0 for all A € (0, \g). Then by (4.62)) and (4.65)) and because ¢ > 0 we obtain

a<a+c+ro(r) = A
< a+c+ Ap(7) + PISYI(T) — P[ST + Apl(T)
< 5y(7) = PISYI(7) + Ap(7) + P[SYI(T) — P[ST + Ael(7)
= 5Y(7) + Ap(7) = PSY + A¢](7)

(4.67)

for all 7 € [t—e0,t+¢c0] and for all A € (0, Ag). For A € (0, \g), thus yields that P[ST+ \p]
is monotone increasing in [t — €g, t + €¢], which implies that Py[SY; ¢] is monotone increasing in
[t —e0,t+ 0] as well because P[Sy] is constant in this interval.

Moreover, Ap > 0 and Ap < 0 in (¢, t;). Hence,

SY(T) + Ap(1) = PST + Apl(t) < SY(t) + Ap(t) — P[ST + Al (t) = b

for 7 € (t,t,) and A € (0, ). According to (2.30), this together with (4.67) implies P[Sy +
Ap|(1) = P[ST + Ap](t) for T € [t,t:p] and A € (0, \p).
Moreover, (4.66)) yields

PISY + Apl(t) = PISI(E) = Sy(t) + Ap(t) — b — (S7(t) —b) = A.
Hence, for all A € (0, A\g) there holds

PrlSy; (1) =1 for 7€ [t,t;]. (4.68)
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For A € (0, \g), let t) € Jr be defined by the maximal time in (¢, 7] which satisfies

Sy(t) —P[SY|(T) >a+ X\ forall 7€ [t,ty] and

4.69
[t,tx) N Ip contains at most waiting slots. (4.69)

Then (4.65) implies for A € (0, o) and 7 € [t, )] that

a<a-+ A+ P[Sy|(r) — P[ST+ Ap](T)
< Sy(r) = PISY|(7) + PISY|(1) — PISY + Ap](1) = SY(7) — P[SY + Ap](7).

Moreover, for A € (0, \g) and 7 € [t, t)] there holds

Sy(r) — PISY + Apl(1) = SY(7) — P[SYI(7) + P[SYI(7) — P[SY + Ap](7)
< Sy(r) — P[Syl(r) <b.

According to ([4.69), Sy(7) — P[Sy](r) = b holds only at isolated times 7 € [£,t,] or in time
intervals in which Sy remains constant. This implies Sy (1) —P[ST+Ap|(T) € (a,b) for T € [t, 1],
and we can apply to conclude that P[Sy], P[Sy+ Ap] and then also Py[ST; ¢| are constant
in [t,t5]. Together with we conclude

PalST; pl(1) =1 for 7 € [t,t)] and X € (0, \o). (4.70)

We prove that t) = t* holds for small A € (0, \g). To this aim, we have to distinguish two cases.
In a last step, we finally prove the statement of the lemma.

(IILi) ++ € I}

If tT € If, then continuity of S5 —P[S7] = W[S7] implies the existence of a constant 1 € (0, Ag)
such that Sy — P[Sy] > a+ &1 in [t,tT]. Hence, for A € (0,1), tT satisfies the conditions
which implies ¢y > t*. Consequently, P»[SY; o] = 1 in [t,tT] follows from (4.70).

According to the definition of ¢, there either exists some constant € > 0 such that Sz > 0 a.e.
in (tT,tT +e)ortt =T. If tT =T, then T >t\ >ttt =T for A € (0,&1). Otherwise, ty = t+
for A\ € (0,¢1) holds because equals the definition of ¢t* € I.

Assume that t7 < T. Then S7 is continuous and strictly increasing in some interval (tT,¢* +¢)
and Sy(t*+e) > SY(tT)+e1 holds w.l.o.g. Hence, for A € (0, 1) there exist times s, € (t7,tT+¢)
such that sy | 7 with A — 0 and

Sy(r) < Sy(tt) + A for 7 € [tT,s)) and Sy(sy) = Sy(tT) + .

Note that P[Sy](7) = Sy(r) — b holds for all 7 € [t*,s)] C IS Moreover, (2.30) implies
PLSY + Ap|(1) = P[Sy + Ap|(tT) for 7 € (t1,s,] as long as Sy(s) — P[Sy + A\p](tT) < b for all
s € [tT, 7). But for A € (0,£1), (4.69) implies P[SY + A\p](tT) = P[Sy](t*) + A and hence

S3(s) — ST+ Agl(t) = S7(s) — PISTIET) — A = S5(s) — SFE) +b— A < b
for all s € [tT,7) C [tT, s)] according to the definition of s). Moreover, we obtain
PIST+ Agl(sz) = PISTI(ET) + A = SH(t") — b+ A = Sy(sx) — b= P[SF|(s))-

Hence,
PalST; 0](1) =0 for T € [sy,T].
(ITLii) t+ € Ig:
ty = t* for A € (0,&1) follows similar as in Step IILi. Moreover, for t* < T, analogous to
Step I1L.i one can show the existence of times sy of the following kind:
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There holds sy | t+ with A — 0. For A € (0,&1), P[Sy + A\yp] is strictly decreasing and P[S7y] is
constant in (¢1, sy). Moreover, Py[Sy; ¢](1) = 0 for T € [sy, T].
(ITLiii) Conclusion:

By (4.63),(4.70) and Steps IILi-IILii we have PA[S¥;¢](T) =1 for 7 € [t,¢T], Pa[Sy; ¢](T) < 1
for 7 € [tT, s5] and P[Sy; ¢](T) =0 for 7 € [0, — t,] U [sy, T] for all A € (0,e;). Consequently,
because sy | tT with A — 0, P»[S¥; ¢] converges pointwise a.e. to 0 in [0,¢ —t,] U [t*,T] and to
1 in [t,tT]. Since P'[Sy; ¢] is the L2(Jr)-limit of P,[ST; ¢] we conclude

PSy;pl =0 ae. in [0,t —t,JU[tT,T] and  P[Sy;p| =1 ae. in[t,tT]. (4.71)

Remember that P'[S7; ¢] < 1 holds a.e. in Jp. Moreover, supp(p) C [ty,t,] C (t — c0,t + €0).
Hence, for arbitrary e > 0 we can choose t, = t,(e3) close enough to ¢ such that

t B t o
/<p+Sq,azf(y,z)>x7>’[5y;<p]ds—/ <p+Sq,@f@,f»xp’[sy;so]ds<83.
0 293

Since €3 > 0 is arbitrary, (4.71]) and the maximum condition in Corollary finally yield

+t

[ 0+ S0 502 xds < pldulth = du(ie))

If (t,t1) C Iy, then (p + Sq, %f@, Z))x = —q a.e. in (t,t1). For du({t}) < 0 this implies

t+ t+
ot =alt" =)= [ its)ds =ale" )+ [ o+ Sa. 51 2)xds <alt-),
Similarly, we obtain ¢(t) = q(t+) < q(t*—) for du({t}) = 0. O

Note that isolated times are isolated waiting slots [d, e] where d = e. Moreover, the definition
of a waiting slot includes (0,)-switching times and (0, 0)-switching times. Accordingly, we
generalize Lemma by studying du on the category of waiting slots in Theorem

Theorem 4.47 (du on waiting slots). Adopt the assumptions of Lemma . Let du™ and du~
be the positive and negative variation of du together with the positive and negative sets P and N
[cf. |Els11, Chapter VII]. Let [d,e] C Iy be a waiting slot and consider the times t™(e) and t~(e)
according to Definition . If [d,e] C I} then du*([d,e]) = 0 and —du is a positive measure
on [d,e]. Moreover, [d,e] C I} is only possible if

t*(e)
/h {p+ Sq, %f@’ Z))x ds < du([h1, he]) = du™ ([h1, h2]) <0 V[hi, ho] C [d,€].

1

If [d,e] C I§ is not isolated from above then t(e) = e and du({e}) = 0.
If [d,e] C I§ then du=([d,e]) = 0 and du is a positive measure on [d,e]. Moreover, [d,e] C I§ is
only possible if

t~(e)
/h (p+ Sq, %f@, Z))x ds > dp([hi, ho]) = dp™ ([hi, he]) >0 V[ha, ho] C [d, €].

If [d, e] C 1§ is not isolated from above then t~(e) = e and du({e}) = 0.
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Proof. We prove the theorem for [d,e] C I3. The proof for [d,e] C I is analogous.

(1) dy* (d, ) = 0:

We show du™((d,e)) = 0. Assume A := (d,e) N P # () and that du*(A) = ¢ > 0. By regularity
of du and dut we can find a compact set K C A and an open set U with A C U C (d, e) such
that

C C C
du™(U) — 3 < dut(A) < dut(K) + B and |du|(U\K) < 7

Furthermore, by the C*°-Urysohn-Lemma [KP99, Theorem 1.1.3] we can find a function ¢ €
COO(JT) with

XK < ¢ < XU-
We set ¢ := —¢@. Since ¢ < 0, the same techniques as in Step II of Lemma [4.46] yield that
P'1SY; ] = 0 € L2(J7). Moreover, we can estimate

/ pdp = / pdu™ + / pdu~ = / pdu™ + / pdu~
Iy Iy Ip U U\A

< —dpt(K) —du~ (U\A) < —du™ (K) + %

< —dut(A) —1—25 =—c+c=0.

All together, Corollary yields the contradiction
0< / pdp < 0.
Iy

Therefore, dut((d,e)) = 0 and —du is a positive measure on (d, e).

(1) du*({d,e}) = 0:

(I1.i) [d, €] is isolated from below and/or above:

If [d, €] is isolated from below then there exists a constant € > 0 such that (d —e,d) C Iy. In
this case, du((d — e,d)) = 0. Accordingly, we replace the sets K, A and U by Kq C Ay =
PnNld,e) CUg C (d—e,e) such that

dp* (Ag)
2

dpt (A
and |dp|(U\Ky) < (A

dut (A
i (Ug) — B < () < (1) + !

The rest of the proof remains as in Step I and we conclude du™([d, e)) = 0. Similarly, if [d, ¢] is
isolated from above then there exists ¢ > 0 such that (e,e +¢) C Iy and du((e,e+¢)) =0. In
this case, we replace the sets K, A and U by K. C A, := PN (d,e] C U C (d,e + ¢) such that
dp* (Ae) dp* (Ae)

5 :

+ —

n
<dpt(Ae) < dpt(Ke) + d'MQ(Ae) and |dp|(U\Ke) <
We obtain du™((d,e]) = 0. Finally, if [d, €] is isolated, then we replace K, A and P by KqU K,
AgU A, and Ug U U.. Again the rest of the proof remains as in Step I and we conclude
dp*([d,e]) = 0.

(ILii) [d, €] is not isolated from below:

If [d, €] is not isolated from below then there exists ¢ > 0 such that (d — ¢,d) C I and Sy > 0
a.e. in (d —e,d). We choose ¢ € C°(Jr) with supp(¢) C [t,, L,] such that

d € (ty,ty), ty € (d—e,d), ty € (d,e), —1<¢<0 and o(d) = —1.
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[d, e] isolated from above | [d,e] not isolated from above
[hl, hg] - [d, 6) Al A2
hi=hs=c¢€ B.1 B.2
hi € [d,e), ha =€ | C.1 C.2

Table 1: Case division for [hq, ho]

With the techniques as in Step II of Lemma one can show that P'[Sy;¢] = 0 a.e. in
(0,t,) U (s, T). Moreover, P'[ST;¢] > —1 almost surely. Hence, the maximum condition in

Corollary [4.40] yields

i, i,
- [ S0 gL i@ s < [T+ Sa i@ ST ds

0z
® )

< / pdp < —dp~ ((ty, 1)) — dp ({d}).
Iy

For arbitrary e1 > 0, regularity of du~ implies that (t,,%,) can be chosen small enough such
that [ |(p + Sq, £ £(7.2)xlds < § and [du~((t, E)\{d})] < . Hence, if dyu*({d}) > 0

then i~ ({d}) = 0 and |du~((ts,£)] = ld~ (b E )N < %
Consequently, du™({d}) =0 or

e [ Sa gL i@ ) ds - du () < ~du”({a) <o

This proves du™({d}) < &1, and since ¢; is arbitrary we conclude du™({d}) = 0.

(I1.iii) [d, €] is not isolated from above:

If [d, €] is not isolated from above then there exists ¢ > 0 such that (e,e + ) C I and Sy > 0
a.e. in (e,e +¢). Hence, qljcye) = 0 by Lemma and because ¢ is right-continuous. By
Corollary the absolute value of ¢ can only jump downwards in reverse time. Consequently,
dq({e}) = 0. But then the measure equation for dq yields

0= da({e}) = dutfeD) + [ (p+Sa. 517 7))x ds = du{e)).
(III) We prove the lower bound for du([h1, h2]):

Let [h1, ho] C [d, €] be given. By Steps I-II there holds du([d,e]) = du~([d,e]) < 0. Moreover,
there exists € > 0 of the following kind: Either (d —e,d) C Iy or Sy > 0 a.e. in (d — ¢,d).
Furthermore, (e,e +¢) C Iy or Sy > 0 a.e. in (e,e +¢).

Consider the division of cases in Table [11

(IIL.i) Case B.2:

If [d, €] is not isolated from above then du{e} = 0 by Step ILiii so that t*(e) = e. Consequently,

0= [ o+ S, 5@ ds = du({e)

as required.

(IILii) Other cases:

If Case B.2 does not apply, then we proceed as follows:

For arbitrary hy € [d, ho] we choose t, € (d — ¢, h1) and define u; :=t, ki := hy.
In the Cases A.1-C.1 we choose f@ € (hg,e + ¢) and define uy := ﬂp, ko := hs.
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2

o), K =[h1,hs] | U= (ty, ho), K = [h, ho
¢), I = [h1, ha] | Does not apply

= (ttpatv)’ K = [hlth] U= (tsmh?)v K = [hlatv]

Q|| =
SN )
I
‘§®F

Table 2: Definition of U and K

In Case A.2 we choose Lt@ € (ha,e). Again we define uy := ﬂo, ko := ha.

Finally, in Case C.2 we choose t}, € (h1,e) and define ug := e = hg, kg := 590'

The definition of U := (uj,u2) and K := [k, k2| is summarized in Table

Let €1 > 0 be arbitrary and remember that du is regular. Hence, t, and ﬂp can be chosen such
that U = (u1,u2) and K = [ky, k2] satisfy

|[dpl(U\K) < e1.

Let p € C3°(Jr) with supp(p) C U and with 0 < » <1, ¢ > 0 in (u1, k1), ¢ < 0 in (k2,us) and
@ =11in K. Since ¢ < 1, this implies

/ pdp = / pdp = / pdp + dp(K) < dp(U\K) + dp(K) < du(K) + &
Iy U U\K

As in Step III in the proof of Lemma one can show that P’[S7;¢] = 0 holds a.e. in
(0,u1) U (t*(k2),T) and that P’[Sy;¢] = 1 holds a.e. in (ki,t*(k2)). Hence, the maximum
condition in Corollary yields

k1 o , t+(k2) o
[ o+ S5 t@aNxPlsmelds+ [+ Se 5 1@ 2)x ds
5 z k1 z

T 0
= [+ Sa. @ NP Sl ds < [ d < (i) + e
12}

Note that P'[ST; ¢] < 1 almost surely. Consequently, for arbitrary e2 we can choose uy = t, =
t,(e2) close to ki to obtain

k1 a
/ <p+5q7*f@,5)>x7)/[5@; (,0] ds| < £9.

) 0z

For this choice and since h; = k1 we can therefore estimate

£+ (k2) 9
/ <p+8q@f@,f)>x ds < dp(K) +e1 + e2.
h

1

Since €2 was arbitrary we conclude

t+(k2) a
| o S0 12 ds < () 21

Remember that du = dp™ on [d, e] by Steps I-11.
In Case C.2 we have U = (t,, ha) = (ty, e) and K = [hq, $]. Consequently,

dﬂ([h1795]) = dM(K) < dﬂ([hhe)) te
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since (ty, h1) = (u1,k1) C U\K. Moreover, Step ILiii yields du({u2}) = du({e}) = 0 if [d, e] is
not isolated from above. Hence, in Case C.2 there holds

du(K) < dp([hi,e]) +e1=du ([ha,€]) + &1

and ¢t (h1) = tT(t3) =tH(e) =e.
In all other cases we have U = (t,,t3) and K = [hy, ho] and we obtain ¢+ (h1) = tT(hg) = tT(e)
and

du(K) = dp([hy, hol) = dp~ ([h1, ha]).

Since €1 was arbitrary, this concludes the proof. O

Corollary 4.48 (dq on waiting slots). Consider the assumptions from Theorem Let [d, €]
be a waiting slot. If [d, e] C I} then

t*(e)
| o4 a5 fm ) ds < minfoda(n b} Vi ] € .

If [d,e] C Ig is not isolated from above then t(e) = e, q(e) = 0, dq({e}) = 0,

0 < dgq([h,€]) Vh € [d, €] and ql[a,q <0.

If [d, e] C I§ then

t~(e)
| o S0 1@ 2 ds > max{O.dg(lin,ha)} i he] € [de]

If [d, e] C I is not isolated from above then ¢~ (e) = e, q(e) = 0, dg({e}) = 0,

0>dg([he]) Vhe[de and  g|geq > 0.

Proof. We prove the Corollary for [d,e] C I3. The proof for [d,e] C Ig is analogous. Let
[h1,h2] C [d,e] be arbitrary. By Theorem and the measure equation for dg from Corol-
lary we can estimate

t+(e) t*(e) ha
| wrse @ ds= [ s so L@ s [0k e i) xa
ha
< du(lns ) = [+ Sa. 5L 5@ ds = da(, o).

Moreover,

t*(e) o
[ S5 1@ 2)x ds < du(fra.c) <0
ha z
If [d, €] is not isolated from above then t*(e) = e by definition of t*. In this case, g(e) = 0 is
a consequence of Lemma because ¢ is right-continuous. dg({e}) = 0 then follows from the
fact that the absolute value of ¢ can only jump down in reverse time, see Corollary

O]
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4.4.5.2 Continuity properties of ¢ in Iy with the regularity assumption

In this subsection, we assume that the regularity Assumption applies and we consider the
assumptions of Lemma We apply Corollary and characterize the continuity properties
of ¢ in Iy. Under Assumption all waiting slots consist of a single point. Moreover, by
Assumption I5 decomposes into intervals in which Sy # 0 almost surely, isolated times,
(0, 0)-switching times and (0, 0)-switching times.

Corollary 4.49 (Continuity properties of g in Iy). With the assumptions as in Lemma m
let Assumption hold true. Then all waiting slots consist of a single point. For any time
0

t € Iy consider ¢~ =t~ (t) and ¢tT = ¢t*(¢) from Definition |4.44 We set > := 0. The index set
1

1 <4 < k has to be replaced by 1 <4 < oo and k by oo if the number of isolated times in the
following is infinite.

The properties of ¢ and dgq at t € Iy can be characterized as follows:

1. t is a (0, 0)-switching time or not contained in a waiting slot:

In this case, ¢ is continuous at ¢ with ¢(t) = 0.

2. (0,0)-switching times:

If ¢t is a (0,0)-switching time then three cases can occur.

2.1. ¢ is continuous at ¢ with ¢(¢) = 0.

2.2. g jumps up at t:

In this case, t € I§. Moreover, all isolated times t;, 1 <4 < k, in the interval (¢,¢7) are contained
in I so that d; := dq({t;}) > 0. Furthermore,

t~ k
0<dgft < [ o+ S5 FE A and ge)>0=a(t-) = =D 6+ gl ),

2.3 q jumps down at t:
In this case, t € Ig. Moreover, all isolated times ¢;, 1 <4 < k, in the interval (¢,¢") are contained
in I} so that §; :== —dg({t;}) > 0. Furthermore,

++

k
0> da({1)) > [ o+ Sa. -0 @A) xdt and q(t+) <0 = 4(t-) < 30+ alt-),
t 1=1

3. Isolated times in I3:
In this case, all isolated times t;, 1 < i < k, in the interval (¢,¢7) are contained in I§ so that
i :=dq({ti}) > 0. Moreover, ¢ may only jump up at t. If ¢ is discontinuous at ¢ then g(t+) > 0,

0<dal(e)) < [ {p+Su. 5 f(0. 7)) and
k
a(t4) > a(t-) = ma {—q<t+>, S a q(t——>} .
=1

4. Isolated times in Ig:
In this case, all isolated times t;, 1 < i < k, in the interval (¢,¢) are contained in Ig so that
0; == —dq({t;}) > 0. Moreover, ¢ may only jump down at ¢. If ¢ is discontinuous at ¢ then
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q(t+) < 0 and there holds

tt

0> dq({t}) > /t (p+ Sq, ;Zf(y, Z)) xdt and

k
q(t+) < g(t—) < min {—(J(H), > i+ q(t+—)} :

i=1

Proof. We prove the corollary in three steps.

(I) ¢ is a (0, 0)-switching time or not contained in a waiting slot:

If ¢ is not contained in a waiting slot then ¢ is contained in an interval in which S7 # 0 almost
surely. In this case, the claim follows from Corollary If ¢ is a (0, 0)-switching time then
Corollary proves the statement since the regularity Assumption implies that each
(0, 9)-switching time ¢ corresponds to a waiting slot {¢} which is not isolated from above.

(IT) (9,0)-switching times and isolated times:

(IL.i) Statement 2.1:

The regularity Assumptionimplies that each (0, 0)-switching time ¢ corresponds to a waiting
slot {¢} which is not isolated from below.

Hence, for each such time there exists a constant ¢ > 0 such that (t — e,t] C Iy, Sy # 0 almost
surely in (t —¢&,t) and (¢,t +¢) C Iy. Corollary entails dq((t — e,t)) = 0 and ¢(7) = 0 for
all 7 € [t —e,t). Consequently, ¢(t) = 0 if ¢ is continuous and we conclude Statement 2.1.
(I1.ii) ¢ jumps up at t:

Let ¢ be a (9,0)-switching time or an isolated time. If ¢ jumps up at ¢, then dg({t}) > 0.
Moreover, ¢t € I§ and

—
maax{0, da({t)} < [+ Sa. 3172

follow from Corollary [£.48 with d = e = h; = hy = t.

This shows Statement 2.2 except of the last inequality. The latter will be proven in Step IIL.ii

below.

(I1.iii) ¢ jumps down at t:

Let ¢t be a (0,0)-switching time or an isolated time. If ¢ jumps down at ¢, then dg({t}) < 0.

Moreover, t € Ig and

tt

win{0.da({t)} > [ 9+ Sa. 5172

follow from Corollary with d = e = hy = hy = t. This proves Statement 2.3 except of the
last inequality. The latter will be proven in Step II1.i below.
(IIT) Discontinuity points of ¢:
The behaviour of ¢ at discontinuity points can be described by one of the following two cases.
(IILi) ¢ is a (0, 0)-switching time or an isolated time and ¢ jumps down at ¢:
Note that tT is the first (0, 9)-switching time after ¢. We denote by t; € Ig, 1 <i <k, the i-th
isolated time in Ig N (t,tT) after t. If there are infinitely many such times then the index set
1 <4 < 0o has to be considered and k has to be replaced by oo in the following proof. We define
by

6 = ldp({t:})] = —da({t:}) = 0

the height of the jump of ¢ at time ¢; for 1 < ¢ < k. Note that dg({t;}) < 0 follows from
Step ILiii. Suppose that ¢ jumps down at ¢ so that 0 := |dg({t})| = —dq({t}) > 0. In this case
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Step IL.iii proves t € Ig and

tt a
| S0 5 i@ ) xds < -5
. 2
For to = t and tyy1 = t* there holds (¢;_1,t;) C Iy for 1 < i < k+ 1. By Corollary this
implies ¢ € H'(t;_1,t;). Hence, we compute

0(t-) = a(t=) — alt+) + a(t4) =3+ gtr) + [ o+ Sa. 5 172

k ¢+t k
0
— = 8+ q(tt— Sq, —f(@,2))xdt <Y &+ q(tT—).
20+ [ o Se Sl <30+l )
Moreover, Corollary implies that the absolute value of ¢ can only jump downwards in reverse
time. Consequently, ¢ can only jump down at ¢ if ¢(t4+) < 0. All together, ¢ can only jump

down at ¢ if ¢(t+) < 0 and in this case we have

k
q(t+) < ¢(t—) < min {—q(t+), D i+ q(t+—)} :

=1

This shows Statement 4. If ¢ is a (9, 0)-switching time, then ¢(t—) = 0. Hence, we also conclude

Statement 2.3.

(ITLii) ¢ is a (0, 0)-switching time or an isolated time and ¢ jumps up at ¢:

The result for this case follows analogous to Step II1.i and proves Statement 2.1 and Statement 3.
O

4.5 Higher regularity of the solutions of the optimal control problem

In this section, we return to the general control problem f with ¢ € {1,2}. The following
results have been published in [Miinl7b| in a similar form.

The aim of this section is to apply equation from Theorem and the regularity of
the adjoint system (p,q) to increase the regularity of the optimal control w € U;, i € {1,2}.
The forcing term B;u € L2(J7; X) in the state-equation is responsible for the low a-priori
regularity of 7 = G(B;u), see Corollary Hence, we can use the higher regularity of B;u in
order to improve the regularity of 7, and therewith also of Z = W[S7y].

Remember the notation Uy = L2(J7; Ul) and Us = L2(Jp; Ug) with

Uy := L))" and Up:= [[L*(Tw;, Ha-1).
j=1

Equation (4.52)) in Theorem implies the pointwise-in-time condition

Bf(p+ Sq) = —ku in [U;]" a.e. in Jp.

Unfortunately, we can not exploit the high time-regularity of p+Sq directly. The problem is that
p is continuous only as a mapping into [dom(A,)]* but not into X*, while B} is only continuous

as a mapping from X* into [U;]*, but not necessarily as an operator defined on [dom(A4,)]*, see

(A5) in Assumption

Since, the regularity of p is limited, we enforce the assumptions on B; in order to prove higher
regularity of the optimal solutions in Theorem below. Afterwards, in Example [4.52] we
provide an example in which the following Assumption applies.
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Assumption 4.50. [Miin17b, Assumption 5.1] For i € {1,2}, the operator B; : U; — X in (A5)
is also continuous as a mapping into X7 for some v € (0,1]. We denote by I,y the canonical
embedding from X7 into X. Then the assumption is equivalent to the fact that B; = I(,)B; for
a linear and continuous function B; : U; — X7.

Theorem 4.51 (Higher regularity). [Min178, Theorem 5.2] In the setting of Theorem[{.38 let

Assumption hold for some ~y € (0,1].

If v > %, then w € L®(Jp;U;), 7 € Yso and z € Wh(Jr) for arbitrary s € (1,00). If
(14 %) < 1, which is the case when d =2 and p > 2 in (A1)’ in Assumption this implies
y € C(Jr; [L>®(Q)]™). If in addition Q is a Lipschitz domain then § is Hélder continuous in
time and space.

Ify < i thenu e Ll—QTS(JT; Uy), 7 € Ya/(1—2¢),0 and Z € Wl’l—i%(JT) for arbitrary s € (0,7).
This implies 7 € C(Jr; X%) for any 6 € (O,% +). If v > % applies for d and p in (A1) in
Assumption this implies § € C(J7; [L>®(Q)]™). If in addition Q is a Lipschitz domain then
y 1s Holder continuous in time and space.

Proof. In Corollary we proved the compact embeddings
XVes XP ey X for 0<fB<y<L1.
Consequently, there holds
X* 5 [X)" = [XP]* for 0<pB<~y<I1.

With the representation X ~ [ X, dom(A4,)], according to Remark and Remark and by
general calculus for complex interpolation spaces [cf. Ama95, Chp. 2.5 and Chp. 2.6] we obtain

[[dom(A,)]*, X*]1—y = [X* [dom(A,)]"], = [X, dom(4,)]} ~ [X"]". (4.72)

(I) Suppose v > % in Assumption

(I.i) Higher regularity of u:

Because the embedding dom(A,) < X is one-to-one and dense, the the same holds for the
embedding X* < [dom(4,)]*. Moreover, 1 — v < 1. Hence, as in Lemma [Ama95,
Theorem 3] together with yield the injective embedding

Y5 € H' (Jr3 [dom(A)]") N L (Jp3 X) < C(Jr; [[dom(A)]", X*1—) == C(J7; [X7]").

By Theorem W the adjoint function p is contained in Yy';.. Consequently, the function p :=

It)p € C(Jr; [X"]*) can be uniquely identified with p € L?(Jp; X*). Hence,

Bip = B{I{,p = B{p € C(Jr; [U]"),

so that B;‘ﬁ € C(Jr; [f]z]*) is a representative of Bf'p € L?(Jr; [UZ]*) Moreover, since the adjoint
function ¢ in Theorem has bounded total variation, ¢ is essentially bounded in Jr. By (A2)’
in Assumption S is contained in X*. This implies that the product Sq can be interpreted as
an element of L*°(Jp; X*), which implies BSq € L*(Jr; [T3]%). All together, equation
in Theorem yields

Bip+ BfSq= B (p+Sq) = —ku in [U;]*, a.e. in Jr.

We identify [f]z]* in this equation with U; according to its Riesz representation. Since the

function on the left side is then contained in ~L°°(JT; U;), it follows that the optimal control

u € L2(Jr; U;) has a representative in L (Jr; U;).
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(I.ii) Higher regularity of g:

We exploit the higher regularity of @ from Step I.i in order to increase the regularity of the
optimal state y. Since Bju € L*®(Jp; X) is the forcing term of the evolution equation (4.1)
of § = G(B;u), Corollary implies ¥ € Ys for arbitrary s € (1,00). Hence, the embedding
Lemmayields 7 € C(Jp; X?) for arbitrary 6 € [0,1). Moreover, Remarkentails that X
is a subset of [L°(Q)]™ if 6 > 1(1+ %). Corollary ensures that p € JN[2,00) can be chosen
strictly larger than 2. Hence, if @ C R? for d = 2 and p > 2 then (1 + %) =3I+ 1% € (0,1) so
that there exists some 0 € (0,1) with § > £(1+ %)' In this case, we obtain i € C(Jp; [L°(Q)]™).
Finally, again for p € JN(2,00) and Q C R? suppose that ) satisfies the assumptions of [DER15,
Theorem 4.5], which enforce Assumption see Remark Those assumptions include
Lipschitz domains [DER15, Remark 2.1], see also [ER14, Theorem 1.1] and the subsequent
comments. Then [DER15, Theorem 4.5] yields that 7 is Holder continuous in time and space.
(IT) Suppose v < % in Assumption m

(IL.i) Higher regularity of u:

As seen in Step Li, the embedding X* < [dom(A,)]* is one-to-one and dense. Hence, [Ama05),
Theorem 3 and (22)] together with entail

Yy © B (Js [dom(A)]*) N L2 (Jrs X*) = LI (Js [[dom(A)]*, X1 y) ~ L&% (s [X7])

for any s € (0,7v). By similar arguments as in Step I.i we exploit the regularity of the adjoint
function p € Yy in Theorem to uniquely identify p € L2(Jr; X*) with p = I(V)*p €
Lﬁ(JT; [X7]*). Hence, Bip € Lﬁ(JT; [U;]*) is a representative of Bip € L2(Jr;[Ui]*).
2 ~
With the same proof as in Step L.i we obtain u € L1=25 (Jp; U;) for arbitrary s € (0,7).
(I1.i) Higher regularity of y:
2

Similar to Step Lii, Byu € L1-2s(Jp; X) and Corollary imply ¥ € Y5/(1_24)0 for arbitrary
s € (0,7v). Consequently, the embedding Lemma yields 7 € C(Jp; X?) for arbitrary 6 €

—1 o
{O, 1- (ﬁ) ) = [0,3 + s). Because s € (0,7) can be chosen arbitrary, § € C(Jr; X?) for
all 6 € |0, % + 7). The remaining statements are shown analogous to those of Step Lii. O

We close this subsection with an example in which Theorem applies.

Example 4.52. [cf. Miinl7b, Remark 5.3] We provide an example in which Assumption is
valid for B; and for any v € (0, %) Theorem then entails that w and 7 are more regular.
Suppose that the domain € is contained in R?, i.e. d = 2. Moreover, we choose p € J N (2, 00)
in (Al)’ in Assumption i.e. p > 2. Let the assumptions and the notation be the same as in
Theorem

First of all, remember that B; defines an embedding U; < W;}i’p (Q), see Remark

In particular, there holds

WE (Q) < LAQ)" = (01 and By : 0y < WplP(Q). (4.73)

Before we can apply Theorem we have to enforce Assumption [2.6]on the domain € in order
to achieve that Assumption [4.50]is valid.

|Gri+02, cf. Assumption 2.2] In the setting of Assumption we suppose for allj € {1,...,m}
and any x € 0N) that there is an open neighborhood U, of x and a bi-Lipschitz mapping ¢, from
U, onto some open set V € R? such that ¢,((QU Ip,;)NUz) equals either the whole unit ball or
the union of the lower unit half ball and its top surface. Moreover, the functional determinant
of each bi-Lipschitz transformation ¢, is a.e. constant.
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Note that it does not matter if we consider the unit ball or the unit cube in the above as-
sumption on the domain. Furthermore, the two restrictions of [Gri+02, Assumption 2.2] in
comparison to Assumption are that [Gri+02, Assumption 2.2] is supposed to hold for all
x € 02 and that each bi-Lipschitz transformation ¢, has a.e. constant functional determinant.
By |Gri+-02, Remark 2.3], this stronger assumption still includes all Lipschitz domains. The rest
of Assumption [4.2] remains the same.

With this enforced assumption, [Gri+02, Theorem 3.1] entails the topological equivalences

11 1—-6 0
—1p1 2 m ~ —0,p I — R
W™ (LA = WipP(@) V6 01), 04, =+
Together with (4.73]) and p} < 2, this yields an embedding
~ _ 1
Uy = WROP(Q) Vo€ (0,1), 04 —. (4.74)
Moreover, [Gri+02, Theorem 3.5] implies the equivalences
—0p “1p 1,p 1-0
WRIP(Q) = [WELP(Q), WL ()], for 7= 15" W0 e (0,1)

With Remark Remark and (4.74) we conclude
_ _ ~ 1-46 1
Wrg’p(Q) o~ [V\\/F;’IJ(Q),V\VllJ]’__D)(Q)]7 ~ X7 and Uj; — X7 for = = Vo € (0,1)\ {p/} :

Note that § = 1 — 2v € (0,1) for arbitrary v € (0,%) and 0 =1 -2y & v = %9. Hence,

we obtain an embedding By : U; < X7 for any v € (0, %)\ {i} Therefore, Assumption [4.50

holds for By = I (7)31 for any v € (0, %)\ {%} Consequently, we conclude from Theorem [4.51

the increased regularity uw € Lﬁ(JT; U)),7 € Yi/(1—2s),0 and then zZ = W[Sy] € Wl’ﬁ(JT)
for arbitrary s € (0,7). Note that because d =2 and p > 2, v € (0, %) can be chosen such that
v > %. Hence, Theorem yields y € C(Jr; [L>(2)]™). As mentioned above, all Lipschitz
domains still satisfy the assumption of this example. If we consider €2 to be a Lipschitz domain,
then Theorem entails that 7 is Holder continuous in time and space.

4.6 The value function of a perturbed control problem

In this section, we consider a family of perturbed control problems similar to f. All
results have already been published in [Miunl7b|, but we provide the proofs in more details. We
consider the same notation as in Section [4, and the main assumption during this whole section
is Assumption For i € {1,2} and r € U;, the control problem of interest is the following:

Héiél J(GBi(u+71)),u+r)=|G(Bi(u+r)) — deQUl + gHu + TH%]Z (4.75)

Remark 4.53. Asin Remark note that the functions G(B;(u+r)) € Yoo < L2(Jr;dom(4,))
in ([4.75)) are identified with I 'G(B;(u + 1)) € LQ(JT;W;’g (Q)) < U; for u+r € Uj, see also
Corollary and Remark Accordingly, (4.75) has to be understood as

. — _ K
min J (I, G(Bi(u+ 1)), u+ 1) = |1, G(Bi(u + 1)) = yall, + 5 llu+rllz-
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The set of admissible control functions C' is assumed to be a convex and closed subset of Uj;.
Note that if C = U; and if @ is an optimal control for problem 7, then u = w —r is
admissible for problem for any perturbation r € U;. Hence, in this case the minimal value
in problem for any r € U; equals the minimal value in 7. Therefore, we assume
C # U; throughout this section.

We are interested in the optimal value function

v:U; =R, r—o(r):= migJ(G(Bi(u—i—r)),u—i—r). (4.76)
ue
Closely related to v is the multifunction V', which assigns to each r € U; the set of controls
u € U; for which the minimal value v(r) is obtained:

VireU—V(r)={ueC: JGBiut+r)),u+r)=uv(r)} (4.77)

We refer to [BS00, Chp. 4.1] for a broader introduction into sensitivity and stability analysis.
Our interest is to understand the stability properties of v and V.

Theorem 4.54 (Optimal value function and optimal set function). [Muni7b, Theorem 6.1] Let
Assumption hold. For i € {1,2}, let C C U; be convex and closed. Consider the optimal
control problem for r € U; together with the corresponding minimal value function v,
defined by , and the multifunction V' from . Then v is weakly lower semi-contiuous.
If C is compact in U; then v is upper semi-contiuous and therefore continuous. In this case, also
the multifunction V is upper semi-continuous, i.e. for each ro € U; and for any neighborhood
Uv(ry) of V(ro) there exists a neighborhood Uy, of ro such that V(r) C Uy for all v € Uy, cf.
/BS00, Chapter 4.1].

Proof. We prove the theorem in four steps.

(I) Well-posedness of problem for all r € U;:

That problem is well-posed is shown in the same way as Theorem where existence of
an optimal control for the unperturbed problem f was proven. The latter problem is
equal to the perturbed problem with » = 0 and C' = Uj;. In the proof, we used results about weak
continuity of the solution operator G of the generalized state equation , see Lemma
The fact that C is closed and convex - and hence weakly closed - is necessary to obtain that the
weak limit 7 of each minimizing sequence {u,} C C of is admissible, i.e. that u € C.
(IT) v : U; — R is weakly lower semi-contiuous:

Note first that weak lower semi-continuity implies strong lower semi-continuity, since every
strongly convergent sequence converges in the weak sense as well. We prove that the optimal
value function v is weakly lower semi-contiuous. To this aim, we show that

v(ro) < liminf v(ry,) (4.78)
n—o0
for any 79 € U; and for each sequence {r,} C U; for which r, — 79 in U; with n — oco. Let
ro € U; be arbitrary and suppose that {r,} C U; converges weakly to ro with n — oo. In order
to prove (4.78) we show that for any € > 0 there exists some ng € N such that

v(rg) —e <w(r,) forall n > ng.

First of all, note that the sequence {r,} is bounded by some constant ¢y > 0 because it converges
weakly to rg. By definition of the cost function J and the multifunction V, it follows that the
union of optimal controls Upen V (7,) C C' is contained in some ball By, (0, R) with R > 0, i.e.
Unen V() C By, (0, R).
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Suppose in contradiction to the assumption that for some ¢ > 0 there exists a subsequence {ry,, }
of {ry}, together with optimal solutions u,, € V(ry,) of the perturbed problems, such that

v(rg) —e > v(ry,) = J(IglG(Bi(unk + 7, ), Un, + Tn,,) forall my with £ > 0.

Since C'is a convex and closed subset of the reflexive space Uj, it is weakly closed and even weakly
compact by Alaoglu’s compactness theorem [WO05, Satz VIII.3.18]. Moreover, the sequence
{un,} € C is bounded by R > 0. Hence, there exists yet another subsequence, for which we
maintain the index ny, and some uw € C such that u,, — u with & — oco. By Lemma
G(un, +Tn,,) converges to G(u+ o) even strongly in Y2 and hence I, 1 G (un, + 1y, ) converges
to I,'G(w 4 r9) in U; by the embedding Yoo < L?(Jp;dom(A,)) < U;. Moreover, J is
continuous and weakly lower semi-continuous on Uy x U;. This implies that J (I, *G(B;(-+r0)), )
is continuous and weakly lower semi-continuous on U;. Consequently, there holds

v(rg) < J(Ip_lG(Bi(ﬂ+ 70)), T + 7o) < likrgioréf J(Ip_lG(Bl-(unk +7n,.)),s Un,, + Ty ) < v(ro) — €,

which is a contradiction. Therefore, v(rg) < liminf, o v(r,), so that v is weakly lower semi-
continuous.

(III) v : U; — R is upper semi-continuous if C' is compact:

Let C be convex and compact. We apply techniques from [BS00, Proposition 4.4]. We have to
show that

S 1
v(ro) > nl;rréo v(ry)

holds for any ry € U; and for each sequence {r,} C U; for which r,, — ro in U; with n — oo.
Equivalently, v is upper semi-continuous if for any ¢ > 0 there exists a neighborhood U, of 7
such that

v(r) <wo(rg) +e forall reU,. (4.79)

To prove (4.79)), we show that there exist neighborhoods Uy (,,) of V(rg) and Uy, of rq such that

J(I'G(Bi(u+7r)),u+r) <v(rg) +e forall (u,r) € Uy X Up. (4.80)

Note that by definition of v, v(r) < J(I,'G(Bi(u+r)),u+ ) holds in ([£.80) for all u € Uy )
and r € Uy, so that (4.80) indeed implies (4.79)). As seen in Step II, the mapping (r,u)
J(I;'G(Bi(r +u)),r 4 u) is continuous on U; x C. Hence, the set

Se:={(r,u) e U; x C: J(Ip_lG(Bi(u—i—r)),u—i—r) <wv(rog) +¢}

is open. Moreover, {ro} x V(rg) C S: by definition of v and V. For each u € V (rg), this implies
the existence of neighborhoods Uy, ., C U; of 79 and W,, C C of u such that U, , x W, C S.. The
union Uyey (ry)Wu provides an open cover of V(rg). Since J(I,'G(By(- 4 r9)),) is continuous
on U;, V(rg) ={ue€ C: JU, G(Bi(u+10)),u+r9) =v(ro)} is closed and therefore compact
as a closed subset of the compact set C. Hence, there exist ui,...,ur € V(rg) such that

Uv(rg) = U§:1Wu ; defines a subcover of V (rg) which is the union of finitely many open sets. But
k
then the set Uy, := [ U, u, is open as the intersection of finitely many open sets. Consequently,
j=1

U, defines a neighborhood of 9. Moreover, (4.80) holds for Uy, X Uy () since Uy X Uy () C Se.
This proves (4.79) and that v is upper semi-continuous.

(IV) V : U; = C C U; is upper semi-continuous if C' is compact:

The proof is oriented at [BS00, Proposition 4.4] but more detailed. Let Uy (ry) be a neighborhood
of V(rp). We have to show that there exists a neighborhood Uy, of r such that V(r) C Uy

r0)
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for all r € Uy,,. By (4.80) in Step III there exist € > 0 and a neighborhood U}O of r¢ such that
the open set

Uy = {ueC: J(I;lG(Bi(u +7),u+r)) <v(rg) +e Vre Uy}

is contained in Uy (). Note that U‘a/(m) defines a neighborhood of V'(ry). Because of the inclusion
C\Uy () C C\U‘E/(TO), this implies

J(Ip_lG(Bi(u +7),u+7r) >0v(rg) +e forall (r,u)€ U x C\Uy (ry)-

By Steps II-111, v is continuous because C is compact. Hence, we can find a neighborhood U,?O
of rg such that |v(r) —v(ro)| < § for all r € U2. We define Uy, := UL, NUZ. By this choice we
obtain -

J(I;lG(Bi(u +7),u+r)>ov(r)+ 3 for all  (r,u) € Uy, x C\Uy ()-

If u € V(r), then J(I,'G(Bi(u+71)),u+r) = v(r). Hence, there holds V (r) N C\Uy ) = 0 for

all r € Uy,. We conclude V(r) C Uy, for all v € Uy,.
0

108



Acknowledgments

I gratefully acknowledge the funding received towards my Ph.D. from the German Research
Foundation (DFG) through the International Research Training Group IGDK 1754 “Optimiza-
tion and Numerical Analysis for Partial Differential Equations with Nonsmooth Structures.”

A lot of people contributed to the success of this work.

First of all, I would like to thank my supervisor Prof. Brokate from the Technical University of
Munich. He helped me finding my way into science and in particular in the field of optimization
theory and hysteresis. He always had an open ear for problems and questions of any kind during
my Ph.D.

I would also like to express my thanks to Prof. Fellner from the Karl-Franzens-University of
Graz who acted as my second supervisor. He hosted me for my three stays in Graz and intro-
duced me in the fields of reaction-diffusion-systems as well as dynamical systems. I appreciate
our many helpful discussions and that he thoroughly proofread all of my manuscripts.

Furthermore, I would like to thank all my friends and colleagues for the great time at the chair
of mathematical numerics / control theory and beyond. You always had an open door for any
kinds of questions and we had a lot of fruitful discussions. Thanks also to Prof. Kiihn from the
Technical University of Munich for the good cooperation and to Dr. Joachim Rehberg from the
Weierstrass Institute in Berlin for the helpful discussions.

I had the great opportunity to be a member of the IGDK. The generous support of the IGDK
gave me the possibility to travel to workshops and conferences. This has been fundamental for
my personal development not only in science. I enjoyed my time at the annual summer work-
shops and the graduate seminars together with the other members of the IGDK.

Finally, I would like to thank my family. Without you this would not have been possible and it
would not be worth it. Thank you.

109



Bibliography

[AF03]
[Ama95]

[Ama05]

[Aus+14]

[BP12]

[BJT10]

[BCS5)

[BS00]

[Bro87]

[Bro88]

[Bro91]

[BK13]

[BK15]
[BROS]
[BSY6]

[CAO1]

R. Adams and J. Fournier. Sobolev spaces. 2nd ed. Vol. 140. Academic press, 2003.

H. Amann. Linear and Quasilinear Parabolic Problems: Volume I: Abstract Linear
Theory. Vol. 1. Springer Science & Business Media, 1995.

H. Amann. “Nonautonomous parabolic equations involving measures”. In: Journal
of Mathematical Sciences 130.4 (2005), pp. 4780-4802.

P. Auscher et al. “The square root problem for second-order, divergence form oper-
ators with mixed boundary conditions on LP”. In: Journal of Evolution Equations
15 (2014), pp. 165-208.

V. Barbu and T. Precupanu. Convezxity and Optimization in Banach Spaces. Vol. 161.
Springer Monographs in Mathematics. Springer Netherlands, 2012. 1SBN: 978-94-007-
2246-0.

W. Barthel, C. John, and F. Troltzsch. “Optimal boundary control of a system of
reaction diffusion equations”. In: ZAMM-Journal of Applied Mathematics and Me-
chanics/Zeitschrift fir Angewandte Mathematik und Mechanik 90.12 (2010), pp. 966
982.

J.F. Bonnans and E. Casas. “On the choice of the function spaces for some state-
constrained control problems”. In: Numerical Functional Analysis and Optimization
7.4 (1985), pp. 333-348. DOI: [10.1080/01630568508816197. eprint: http: //dx.
doi.org/10.1080/01630568508816197. URL: http://dx.doi.org/10.1080/
01630568508816197.

J.F. Bonnans and A. Shapiro. Perturbation Analysis of Optimization Problems. New
York: Springer, 2000.

M. Brokate. Optimale Steuerung von gewéhnlichen Differentialgleichungen mit Nicht-
linearitaten vom Hysteresis-Typ. Methoden und Verfahren der mathematischen Physik.
P. Lang, 1987. 1SBN: 9783820498950.

M. Brokate. “Optimal control of ODE systems with hysteresis nonlinearities”. In:
Trends in Mathematical Optimization. Springer, 1988, pp. 25-41.

M. Brokate. “Optimal control of systems described by ordinary differential equations
with nonlinear characteristics of the hysteresis type.” In: Autom. Remote Control
52 (1991), pp. 1639-1681.

M. Brokate and P. Krejéi. “Optimal control of ODE systems involving a rate inde-
pendent variational inequality”. In: Discrete Continuous Dynam. Systems 18 (2013),
pp- 331-348.

M. Brokate and P. Krejéi. “Weak Differentiability of Scalar Hysteresis Operators”.
In: Discrete Continuous Dynam. Systems 35.6 (2015), pp. 2405-2421.

M. Brokate and D. Rachinskii. “On global stability of the scalar Chaboche models”.
In: Nonlinear Analysis: Real World Applications 6.1 (2005), pp. 67-82.

M. Brokate and J. Sprekels. Hysteresis and phase transitions. Vol. 121. Applied
Mathematical Sciences. Springer Science & Business Media, 1996.

C.M. Carracedo and M. Sanz Alix. The Theory of Fractional Powers of Operators.
North-Holland Mathematics Studies. Elsevier, 2001.

110


http://dx.doi.org/10.1080/01630568508816197
http://dx.doi.org/10.1080/01630568508816197
http://dx.doi.org/10.1080/01630568508816197
http://dx.doi.org/10.1080/01630568508816197
http://dx.doi.org/10.1080/01630568508816197

[Cas9T]

[CMF14]

[CCO2]

[Col+12]

[Col+16]

[CGT16]

[DER15]
[DN11]

[EL14]

[ELS13]

[ER14]

[Els11]
[Eval0]

[Gri+02]

[Gri03]

[GV06]

[GRSY]

E. Casas. “Pontryagin’s Principle for State-Constrained Boundary Control Problems
of Semilinear Parabolic Equations”. In: STAM Journal on Control and Optimization
35.4 (1997), pp. 1297-1327. pot: [10. 1137/S0363012995283637. eprint: http: //
dx.doi.org/10.1137/80363012995283637. URL: http://dx.doi.org/10.1137/
S50363012995283637.

C. Castaing, M. Monteiro Marques, and P. R. de Fitte. “Some problems in Optimal
Control governed by the sweeping process”. In: Journal of Nonlinear and Convex
Analysis 15.5 (2014), pp. 1043-1070.

C. Cavaterra and F. Colombo. “Automatic control problems for reaction-diffusion
systems”. In: Journal of Evolution Equations 2.2 (2002), pp. 241-273.

G. Colombo et al. “Optimal control of the sweeping process”. In: Dynamics of Con-
tinuous, Discrete and Impulsive Systems Series B: Applications and Algorithms 19.1-
2 (2012), pp. 117-159. 18SN: 1492-8760.

G. Colombo et al. “Optimal control of the sweeping process over polyhedral con-
trolled sets”. In: Journal of Differential Equations 260.4 (2016), pp. 3397-3447.

M. Curran, P. Gurevich, and S. Tikhomirov. “Recent advances in reaction-diffusion
equations with non-ideal relays”. In: Control of Self-Organizing Nonlinear Systems.
Springer, 2016, pp. 211-234.

K. Disser, A.F.M. ter Elst, and J. Rehberg. “Holder estimates for parabolic operators
on domains with rough boundary”. In: eprint arXiv:1503.07035 (2015).

G. Dudziuk and M. Niezgddka. “Closed-loop control of a reaction-diffusion system?”.
In: eprint arXiv:1109.4530 (2011).

M. Eleuteri and L. Lussardi. “Thermal control of a rate-independent model for
permanent inelastic effects in shape memory materials”. In: Evolution Fquations
and Control Theory 3.3 (2014), pp. 411-427. 1SSN: 2163-2480. DOI: |10.3934/eect .
2014.3.411.

M. Eleuteri, L. Lussardi, and U. Stefanelli. “Thermal control of the Souza-Auricchio
model for shape memory alloys”. In: Discrete Cont. Dynam. Syst., Ser. S 6 (2013),
pp. 369-386.

A.F.M. ter Elst and J. Rehberg. “Holder estimates for second-order operators with
mixed boundary conditions”. In: (2014).

J. Elstrodt. Maf$-und Integrationstheorie. Springer-Verlag, 2011.

L.C. Evans. Partial Differential Equations. 2nd ed. American Mathematical Society,
2010.

J.A. Griepentrog et al. “Interpolation for function spaces related to mixed boundary
value problems”. In: Mathematische Nachrichten 241.1 (2002), pp. 110-120.

R. Griesse. “Parametric Sensitivity Analysis for Control-Constrained Optimal Con-
trol Problems Governed by Systems of Parabolic Partial Differential Equations”.
University of Bayreuth, 2003.

R. Griesse and S. Volkwein. “Parametric sensitivity analysis for optimal boundary
control of a 3D reaction-diffusion system”. In: Large-scale nonlinear optimization.
Springer, 2006, pp. 127-149.

K. Groger and J. Rehberg. “Resolvent estimates in WP for second order elliptic
differential operators in case of mixed boundary conditions”. In: Mathematische
Annalen 285.1 (1989), pp. 105-113.

111


http://dx.doi.org/10.1137/S0363012995283637
http://dx.doi.org/10.1137/S0363012995283637
http://dx.doi.org/10.1137/S0363012995283637
http://dx.doi.org/10.1137/S0363012995283637
http://dx.doi.org/10.1137/S0363012995283637
http://dx.doi.org/10.3934/eect.2014.3.411
http://dx.doi.org/10.3934/eect.2014.3.411

[GST13]

[Haa06]

[Hal+15]

[Hen81]

[HMS15]

[HMW12]

[HMW13]

[HMW14]

[HKR13]

[HJS80]

[KatS0]
[Kop06]

[KP99)
[KP12]

[KM17]

[Kuh03)]

P. Gurevich, R. Shamin, and S. Tikhomirov. “Reaction-diffusion equations with
spatially distributed hysteresis”. In: SIAM Journal on Mathematical Analysis 45.3
(2013), pp. 1328-1355.

M. Haase. The Functional Calculus for Sectorial Operators. Vol. 169. Springer Sci-
ence & Business Media, 2006.

R. Haller-Dintelmann et al. “Elliptic and parabolic regularity for second-order di-
vergence operators with mixed boundary conditions”. In: Mathematical Methods in
the Applied Sciences (2015). DOI: |10.1002/mma . 3484.

D. Henry. Geometric theory of semilinear parabolic equations. Lecture Notes in
Mathematics. Berlin: Springer, 1981.

R. Herzog, C. Meyer, and A. Schéifer. “Existence of solutions of a (nonsmooth)
thermoviscoplastic model and associated optimal control problems”. In: Ergebnis-
berichte des Instituts fiir Angewandte Mathematik 521. TU Dortmund, Faculty for
Mathematics, 2015.

R. Herzog, C. Meyer, and G. Wachsmuth. “C-stationarity for optimal control of
static plasticity with linear kinematic hardening”. In: SIAM Journal on Control
and Optimization 50.5 (2012), pp. 3052-3082.

R. Herzog, C. Meyer, and G. Wachsmuth. “B-and strong stationarity for optimal
control of static plasticity with hardening”. In: SIAM Journal on Optimization 23.1
(2013), pp. 321-352.

R. Herzog, C. Meyer, and G. Wachsmuth. “Optimal Control of Elastoplastic Pro-
cesses: Analysis, Algorithms, Numerical Analysis and Applications”. In: Trends in
PDE Constrained Optimization. Ed. by G. Leugering et al. Springer International
Publishing, 2014, pp. 27-41. 1SBN: 978-3-319-05083-6. DOT: [10.1007/978-3-319-
05083-6_4. URL: http://dx.doi.org/10.1007/978-3-319-05083-6_4.

D. Homberg, K. Krumbiegel, and J. Rehberg. “Optimal control of a parabolic equa-
tion with dynamic boundary condition”. In: Applied Mathematics & Optimization
67.1 (2013), pp. 3-31.

F.C. Hoppensteadt and W. Jéger. “Pattern formation by bacteria”. In: Biological
growth and spread. Springer, 1980, pp. 68-81.

T. Kato. Perturbation Theory for Linear Operators. 2nd ed. Berlin: Springer, 1980.

J. Kopfova. “Hysteresis in biological models”. In: Journal of Physics: Conference
Series. Vol. 55. 1. IOP Publishing. 2006, p. 130.

S.G. Krantz and H.R. Parks. The Geometry of Domains in Space. Basler Lehrbiicher.
Birkhauser Boston, 1999. 1sBN: 9780817640972.

M. A. Krasnosel’skii and A. V. Pokrovskii. Systems with hysteresis. Springer Science
& Business Media, 2012.

C. Kuehn and C. Miinch. “Generalized Play Hysteresis Operators in Limits of
Fast-Slow Systems”. In: SIAM Journal on Applied Dynamical Systems 16.3 (2017),
pp- 1650-1685. Dor: [10. 1137 /17M1110584. URL: https://doi.org/10.1137/
17M1110584l.

K. Kuhnen. “Modeling, identification and compensation of complex hysteretic non-
linearities: A modified Prandtl-Ishlinskii approach”. In: Furopean journal of control
9.4 (2003), pp. 407-418.

112


http://dx.doi.org/10.1002/mma.3484
http://dx.doi.org/10.1007/978-3-319-05083-6_4
http://dx.doi.org/10.1007/978-3-319-05083-6_4
http://dx.doi.org/10.1007/978-3-319-05083-6_4
http://dx.doi.org/10.1137/17M1110584
https://doi.org/10.1137/17M1110584
https://doi.org/10.1137/17M1110584

[Lun95]

[May03]

[MS15]

[Mie05]

[MR15]
[Miin17al

[Miin17b]
[Nec12]
[Paz83]

[Pim+12]

[RZ98]

[Rin08]
[Rin09)]

[SWW16]

[TR12]

[Tr510]

A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems.
Vol. 16. Progress in Nonlinear Differential Equations and Their Applications. Springer
Science and Business Media, 1995.

1. D. Mayergoyz. Mathematical Models of Hysteresis and their Applications. Elsevier,
2003.

C. Meyer and L. Susu. Optimal Control of Nonsmooth, Semilinear Parabolic Equa-
tions. Tech. rep. Ergebnisberichte des Instituts fiir Angewandte Mathematik, Num-
mer 524. Fakultat fiir Mathematik, TU Dortmund, Sept. 2015.

A. Mielke. “Chapter 6 - Evolution of Rate-Independent Systems”. In: Handbook
of Differential Equations FEvolutionary FEquations. Ed. by C.M. Dafermos and E.
Feireisl. Vol. 2. Handbook of Differential Equations: Evolutionary Equations. North-
Holland, 2005, pp. 461-559. DOI: https://doi.org/10.1016/51874-5717(06)
80009 - 5. URL: http : //www . sciencedirect . com/ science / article / pii/
S1874571706800095.

A. Mielke and T. Roubicek. Rate-independent systems. Springer, 2015.

C. Miinch. “Global existence and Hadamard differentiability of hysteresis reaction—
diffusion systems”. In: Journal of Evolution Equations (2017). DOI: |10 . 1007 /
s00028-017-0419-x. URL: https://doi.org/10.1007/s00028-017-0419-x.

C. Miinch. “Optimal control of reaction-diffusion systems with hysteresis”. In: eprint
arXiv:1705.11031 (2017).

J. Necas. Direct Methods in the Theory of Elliptic Equations. Springer Monographs
in Mathematics. Berlin: Springer, 2012.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential
Equations. Applied Mathematical Sciences. New York: Springer, 1983.

A. Pimenov et al. “Memory effects in population dynamics: spread of infectious
disease as a case study”. In: Mathematical Modelling of Natural Phenomena 7.3
(2012), pp. 204-226.

J. P. Raymond and H. Zidani. “Pontryagin’s Principle for State-Constrained Control
Problems Governed by Parabolic Equations with Unbounded Controls”. In: STAM
Journal on Control and Optimization 36.6 (1998), pp. 1853-1879. pOI: 10.1137/
50363012996302470. eprint: http://dx.doi.org/10.1137/50363012996302470.
URL: http://dx.doi.org/10.1137/50363012996302470.

F. Rindler. “Optimal control for nonconvex rate-independent evolution processes”.
In: SIAM Journal on Control and Optimization 47.6 (2008), pp. 2773-2794.

F. Rindler. “Approximation of rate-independent optimal control problems”. In:
SIAM Journal on Numerical Analysis 47.5 (2009), pp. 3884-3909.

U. Stefanelli, G. Wachsmuth, and D. Wachsmuth. “Optimal control of a rate-
independent evolution equation via viscous regularization”. In: arXiv:1607.00809

(2016).

A.F.M. Ter Elst and J. Rehberg. “L*°-estimates for divergence operators on bad
domains”. In: Analysis and Applications 10.02 (2012), pp. 207-214. DOI: [10.1142/
S50219530512500091.

F. Troltzsch. Optimal Control of Partial Differential Equations: Theory, Methods,
and Applications. Graduate studies in mathematics. American Mathematical Soci-
ety, 2010. 1SBN: 9780821849040.

113


http://dx.doi.org/https://doi.org/10.1016/S1874-5717(06)80009-5
http://dx.doi.org/https://doi.org/10.1016/S1874-5717(06)80009-5
http://www.sciencedirect.com/science/article/pii/S1874571706800095
http://www.sciencedirect.com/science/article/pii/S1874571706800095
http://dx.doi.org/10.1007/s00028-017-0419-x
http://dx.doi.org/10.1007/s00028-017-0419-x
https://doi.org/10.1007/s00028-017-0419-x
http://dx.doi.org/10.1137/S0363012996302470
http://dx.doi.org/10.1137/S0363012996302470
http://dx.doi.org/10.1137/S0363012996302470
http://dx.doi.org/10.1137/S0363012996302470
http://dx.doi.org/10.1142/S0219530512500091
http://dx.doi.org/10.1142/S0219530512500091

[Vis13]

[WO5]
[Wac12]

[Wacl5]

[Wac16]

[Yag09]

A. Visintin. Differential models of hysteresis. Vol. 111. Springer Science & Business
Media, 2013.

Dirk W. Funktionalanalysis. 5th ed. Berlin: Springer-Verlag, 2005.

G. Wachsmuth. “Optimal Control of Quasi-static Plasticity with Linear Kinematic
Hardening, Part I: Existence and Discretization in Time”. In: SIAM Journal on
Control and Optimization 50.5 (2012), pp. 2836-2861.

G. Wachsmuth. “Optimal Control of Quasistatic Plasticity with Linear Kinematic
Hardening II: Regularization and Differentiability”. In: Zeitschrift fir Analysis und
ihre Anwendungen 34.4 (2015), pp. 391-418.

G. Wachsmuth. “Optimal control of quasistatic plasticity with linear kinematic hard-
ening I1I: Optimality conditions”. In: Zeitschrift fir Analysis und ihre Anwendungen
35.1 (2016), pp. 81-118.

A. Yagi. Abstract parabolic evolution equations and their applications. Springer Sci-
ence & Business Media, 2009.

114



	Introduction
	Establishment of necessary tools
	Sobolev spaces including homogeneous Dirichlet boundary conditions
	General elliptic operators
	Definition of Tp and Tp
	Resolvent estimates for Tp
	Diffusion operators
	Generators of analytic semigroups of operators
	Fractional powers and fractional power spaces
	Maximal parabolic Sobolev regularity

	Spaces of Banach space valued functions and embeddings
	Hysteresis operators

	Semilinear parabolic systems with hysteresis and Bochner-Lebesgue integrable non-linearity
	Main assumption and notation
	Well-posedness of the evolution equation
	Hadamard differentiability of the solution operator for the evolution equation

	Optimal control of hysteresis-reaction-diffusion systems
	Main assumption and further notation
	Existence of an optimal control
	Regularized control problem
	Regularization of (3.11) and uniform-in- estimates
	Dynamics of the regularized states
	The regularized optimal control problem
	Gâteaux differentiability of the solution operator of the regularized state equation
	Adjoint system for the regularized problem
	Estimates for the adjoints of the regularized problem

	Adjoint system and optimality conditions for the optimal control problem
	Adjoint system for distributed or boundary controls
	Optimality conditions for distributed or boundary controls
	Summary: Adjoint system and optimality conditions for distributed- or boundary controls
	Improved optimality conditions and uniqueness for distributed controls
	Improved optimality conditions
	Uniqueness of the adjoint variables

	Properties of the measures d and dq for distributed controls
	Isolated times and waiting slots
	Continuity properties of q in I with the regularity assumption


	Higher regularity of the solutions of the optimal control problem
	The value function of a perturbed control problem


