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Motivation

Large-scale full order models (FOMSs)
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E,

%,

_|_




Chair of Automatic Control
Department of Mechanical Engineering
Technical University of Munich

Projective Model Order Reduction

A%

: : . W 1l e
Assumption: Dynamical system does not transit all - p
regions of the state-space equally often, but mainly Wie=0
stays and evolves in a subspace of lower dimension SO
Approximation of the state vector: y

x=V x, + e, VecR" F
EV 7

Projection procedure in subspace V =Im(EV):
1. Replace x by its approximation

2. Reduce the number of equations (via projection with II = EV(WTEV)~'W7)
3. Petrov-Galerkin condition

E’f' Ar BT
WIE V x, = WI AV x, + WIBu

Yr — C V x,
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Rational Interpolation by Krylov-subspace methods

Moments of a transfer function
G(s)=C(sE—A)"'B
= G(As+ s9) = ZI\I (50)(s — sg)"°

so . interpolation point (shift)
M;(so) - I-th moment around sg

Moment Matching by Rational Krylov-subspaces
Bases for input and output Krylov-subspaces:

Im(V) = [(A—0E)"'Bry, ..., (A—0,E)"'Br,]

Im(W) = [(A - mE)"TCT1y, ..., (A - u,E)"TCT1,]

Moments matched: 1

13
original

Magnitude fdB

10 10" 10° 10
Frequeney (radfwe

AV-EVSy =BR

<:> ATW -E"WS], =C’L
Ai(Sv) = i - shifts

R,L :tangential dir.

Moments from full and reduced order model around certain shifts match!



Ho-optimal model reduction of linear systems

Goal: Find ROM that minimizes the Hs-error: |G — G|, = min

dim(ér)zr

G—54

Ho

‘Ho-norm for linear systems

1G5, = \/(G,G)yy, = (%/ G(—w) G(w) dw) ROM in pole-residue form

g) = Z qbrk‘
Ha-inner product for linear systems " s Ar k
<G G'r) — i o0 G(_Zw) Gr(zw) dw — i qﬁr i G(—XT k) ¢r,k = éfr,k . Br,k
’ Ha " op oo — ’ ’
Ha-error in pole-residue form
= |G = G5, = (G =G, G =Gy, = IG5y, = 2(G, Gy, + [IG117,

|G||H2—QZ¢T;€G Ak +ZZ Cbrkd)re

k=1 ¢f=1 T]C rﬂ
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Ho-optimal model reduction of linear systems

TUT

First-order necessary optimality conditions: J = || — ETH?{Q = f(A,A, B,BT,C,[CT — min
4 — - — - N\ 9 )
) G(~Mi)bri = Gr(—Api)by )+ f —0 > G(-Xo) = Go(—R)

AT By T 5y Tt
”) Cr,iG(_/\T,i) — CT,?ZGT‘(_ATa?:) 07
. “ _ . . e . / __ .
|||) C GI( )\'r's,)bfr,z — éZ@G;(_ r,i)br,i |||) 8)&” =0 | > G ( )\r z) =d( ( )\r,z)
\_ /. i /
Algorithm 1 Iterative Rational Krylov Algorithm (IRKA) 4 Im{}
Input: ¥:=(E,A,B,C), X, :=(E.,A,.B,,C,)
Output: locally Ho-optimal ROM XoP*
1: while (change in A, > ¢) do x ‘ +
2. EBE'A,=RA,R' B,=R'E;'B,, C,=C,R x ‘
3: Solve B )
AV -EV(-A,)=BBY? >
ATW-ETW(-A)=C"T¢€, > + Re{-}
4V =orth(V), W = orth(W) 4 "' +
5 E.,=WTEV, A, =WTAV, B, =W'B, C,=CV
6: end while
7. E9 — E, A%t = A, B — B,, C® = C, 8 + S0
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Ho-optimal vs. Ho-pseudo-optimal model reduction

Ho-optimality Ho-pseudo-optimality [Wolf "14]

« Problem: « Problem: A={X\1,..., N}, i €CT
G-Gul.. = mn |G-aG, G—G,l, = min ‘
|| e = i . H Iy = min .
* Necessary conditions for local Ho- » Necessary and sufficient condition for
optimality (SISO): (Meier-Luenberger) global H,-pseudo-optimality:
( X ) ( Xr,i) G(_X?",i) — Gr(_xr,i)
G/ (~2ni) = G (= Apd) * Pseudo-optimal means optimal in a
certain subspace
« G, minimizes the H; error locally « G, minimizes the #H2 error globally
within the set of all ROMs of order r within the subset of all ROMs of order r
with poles A
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Advantages of H2-pseudo-optimal model reduction

Convexity of the #,-pseudo-optimal problem [Wolf "14]

Objective function is quadratic w.r.t. the residues - globally optimal ROM

”GH?{Q_QZQbrkG +ZZ ¢rk¢r£

k=1 f=1 Ark —

Stability can be guaranteed by construction

- Poles of ROM are the mirror images of the chosen shifts: A(Sy) = A(-E*A,)
—> choice of the shifts is twice as important!

Structured orthogonality condition: (G — G, G, )y, =0 = (G,Gr)yy, = (Gr,Gr)yy,

, * Makes the optimization easier:
= 1Gl3, = 2(G, Gy, + 1G5, = IG5, — 1G 7,

« Change of paradigm:
min ”G - G'n‘"”?‘f.z

Hrpgo'om' max ||GT ||7‘[2
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Applications of H2-pseudo-optimality in linear MOR

. . . Beattie/G in’12], [Wolf’'14
1.) Explicit computation of pseudo-optimal ROMs [Beattie/Gugercin "12], [Wo ]

Example: Fixing reduced poles and right directions, optimizing left directions

M
Algorithm 1 Pseudo-optimal rational Krylov (PORK) ) g BT By = b7 by -
Input: V. Sy, R, C, such that AV — EVSy = BR Cr [ s VS Y
Output: Hs-pseudo-optimal ROM X, .= (E,, A, B,,C,) <=> ’[ér‘l’ e, TT : :
1: Pt =lyap (—ST,R"R) ' ’ BT..'B.,. 1 o .15-(‘ )
2 B, = — (P;1) 'RT I s vl wo v

32 A, =Sy +B,R,E, =1, C, =CV

[A.,B,.E,] = f(Sy,R) Y
C,=CV

2.) Residue correction: inner loop within IRKA for optimized residue directions
« Fix reduced poles and right residue directions = optimize left residue directions
* Fix reduced poles and left residue directions - optimize right residue directions

- Better convergence of IRKA (with less outer iterations) due to residue correction

10



Applications of H2-pseudo-optimality in linear MOR

3.) Cumulative Reduction (CuRe) and Stability Preserving Adaptive Rational Krylov (SPARK)

» Make use of H2-pseudo-optimality in each CuRe
iteration for adaptive choice of shifts

* Restriction to H2-pseudo-optimal ROMs simplifies

the cost function
min |G — G, ||,

(G(—Pa) = Go(— ) ~
D Cri) T | max |G, |,
G (_Ara?') - G'I"(_Arai) Q

J(a,b) = —||G. |3, = —C,P.C}

4.) Lyapunov equations: link between ADI & Krylov-subspaces with H2-pseudo-optimal shifts

ADI = RKSM + H2-pseudo-optimal shifts

11
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Bilinear Systems

Nonlinear state equation Bilinear model

Ex(t) = f(x(t)) + Bu(t) i Ex(t) = Ax(t) + i N,x(t)u;(t) + Bu(t)
y(t) = Cx(t) ¢ =

1
Y(t) = CX(t), X 0) = X
Carleman e
bilinearization | B> A, N; €R
[Rugh ’81] BcR"*™: CcRP*™

det(E) # 0

Input-output representation (SISO)

y(t) — Z/OO e /OO gTeE_lATkE—lN . E_lNeE_IAT2E_1N€E_1AT1E—llz
k=1Y —° —00 ~

9p S (T1seesTh)

Xu(t — 1) u(lt—71 — ... — 1) drg -+ - dmy

reg

g, (71,...,7k) : regular Volterra kernels

12
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Bilinear System's Theory (SISO)

Generalized transfer functions:

Gr(s1,...,80) =c (st E—A)"'N ... N(s2E—A)" !N (s;E—-A)"'b

‘Ho-norm for bilinear systems [Flagg ’12]
o0 1 oo 00
2 .
||C||'H2 T kZZI (271.)]{; /—oo o /_OO Gk(_zwla ceey —Z(.Uk) Gk(zwlg NP ,ZOJk) dUJl v dwk

Transfer functions in pole-residue form

‘Ho-norm for bilinear systems in pole-residue form

115 =D > iyt Grl(=Niys - =)

k=11l;=1 =1

13
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Multipoint Volterra Series Interpolation

OHR

\ 4

Goal: Enforcing multipoint interpolation

of the underlying Volterra series
Moment matching

-

[
» »

Multipoint Volterra series interpolation

[Flagg/Gugercin '15]

Set of interpolation points: S = {o1,...,0.}, i=1,...,r

Z Z Z Myt Ge(on, - Z Z Z Myyosbimrii G (0100015 04)
k=11;=1 lp—1=1 k=11;=1 lp—1=1

This approach interpolates the weighted series at the interpolation points o1,...,0y

Weighting matrices: Uy =

{U%J} Uy = {U%J}ERTXT

v

v
i1 Wl _q o "

M. =u - Uty

slkflsi

fork>2andn, =1forly=1,...,r

Weights and shifts
are defined by the
user

Example: 71,2,3 = U3 - U

14
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Multipoint Volterra Series Interpolation

Explicit computation of Volterra series-based interpolation [Flagg/Gugercin '15]

Vv, = Z Z e Z nll,---,lkfl,?;(A — O',,'E)_lN(A_ — O']A,ilE)_lN . N(A - O'lE)_lb
k=1l=1 1_,1=1

wi=Y > S 0 (A= E)INT(A -, E)TTNT . NT(A - E) Te

k=11=1 lp_;=1

V = [Vl,...,VT] ERRXT
Link Krylov-Sylvester
W = [Wl,...,Wf,«] € RnXT

Volterra Sylvester equations

AV —EVS, — NVU?. = bo”

ATW — ETWSs/, - NTWUY, = co”

15
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Ho-optimal model reduction of bilinear systems

A~

Goal: Find ROM that minimizes the Hs-error: 7 = ¢ - ¢.I%, = F(A[A)N,, N, B[B) c,€)) - min
Necessary conditions for Hz-optimality
oJ N 0
) 9C, . 1) OB, 11))

" o 0
N
Algorithm 1 Bilinear Iterative Rational Krylov Algorithm (B-IRKA)

Input: (:=(E,A,N;,....N,,,B,C), ¢, = (E,,A;,,Ny,,...,N,,,», B;.,C,)

Output: locally Hs-optimal ROM ¢0P*

1: while (change in A, > ¢) do
2 E 'A,=RA,R !, N, :RflE?Tleer, B,=R'E 'B,, C,=C,R
3: Solve
AV-_EV( ZN VN! =BB!
ATW-E"W(-A,)-Y N'WN;, =c”¢,
j=1
4: V = orth(V), W = orth(W)
5 E,=WIEV, A, = WTAV, N;, = WIN,V, B, = WZB, C, = CV
6: end while
opt __ opt __ opt __ . opt __ opt __
7 Bt = E,, A% = A, N = N, ., B = B,, Co' = C, 16
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Ho-optimality and multipoint interpolation

[Flagg/Gugercin ’15]

Theorem: Connection of H>-optimality to Volterra series interpolation

Let ¢ be a bilinear SISO system of dimension n and let ¢ be an Hz-optimal reduced model of

dimension r. Then ¢, satisfies the following multipoint Volterra series interpolation conditions:

/ oo T r oo 7
Z Z o Z qb?‘,ll,...,lk.,l,z’Gk(_Xr.h 1T _X'f*f) - Z Z Z qb?“h k-1, ZGk’ T‘( rilys ?—X,-_-,‘)

k=11,=1 l—1=1

k=101=1 ;=1

oo T T k oo T T k
S Y b zai ) =S b Zai M)
k\:lllzl l_1=1 =1 k=111=1 lIp_1=1 7j=1

Grily,...1. 1. . reduced order residues .
1=1,...,r

Ar; - reduced order poles

Thus, the H»-optimality conditions imply multipoint Volterra series interpolation conditions, with
weights given by the reduced order residues, and interpolation points (shifts) given by the mirror

images of the reduced order poles.

17
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Ho-pseudo-optimal bilinear model reduction

Ho-optimality

Ho-pseudo-optimality

IC=Collyy, = min  [[¢ - c. A={N\1,..., N} : fixed reduced poles
¢, satisfies tim{Gr)=r " G(A) : Subset of reduced models
() » (@) || ekl
— — (i) =6 )]
S RO B :“] ¢ (~Xi) = (=) o
M
g Il

k=11;=1  l_;=1

(r —
[I)+II)+IV) 2.0

T
Z Cﬁr?llv“'alkflvin(7Ar-ll » " o

o @] T
k=11l=1 lg—1=1

Z qbrll . 12Gkr

?lil

ZZ 3 b

k=11l;= lp_1=1

1)
\§

>)

:iii DOrly,ly_1,i (i ;

k=111=1 lp_1=1

\\i/;“/
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Ho-pseudo-optimal bilinear model reduction

Ho-norm for bilinear systems [Flagg '12]
o0 1 oo 00
2 .
||C||'H2 T kZZI (271.)]{; /—oo o /_OO Gk(_zwla ceey —Z(.Uk) Gk(zwlg ce ,ZOJk) dUJl see dwk

Is the H2-norm being induced by an H2-inner product?: [[Clly, = /(¢ Oy, 7

Ha-inner product for bilinear systems (ongoing work!)

Bilinear ROM in pole-residue form

T T T ¢
N Y _ . rdi,..., L
"'Zd"ﬂll ..... L Gk(_)\ﬂll?"'7_)\r,£k) Gk,r(sl,...,sk) = Z Z -

k=111=1 =1 =1 =1 (Si - )\fr,li)
i=1

¢T(lla MR lk‘) = C?‘,lk ) n?”,lk,lkfl et n?“,lz,ll : b’n‘",ll

19
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Convexity of the problem: MATLAB example

‘Ha-error for bilinear systems in pole-residue form (ongoing work!)

J=¢- cruﬂg—ucum—zzz Zm, e Gl Ay oo =My

k=111=1 lp,=1

0o T T r - Prilyeily Propr ...
B Sp IS O S o

k:1l1:1 lkzl pl:l Pr= 1 H( 1pz)

lc-¢II?

20



Advantages of Hs-pseudo-optimality (bi-MOR)

? Convexity of the Hs-pseudo-optimal problem

Objective function seems to be quadratic w.r.t. the residues - globally optimal ROM?

T =¢11Z, - QZ Z Z Doty odn Ge(—ANrds ooy —Ar,) + Z Z Z Z N Z @;,zl,....zk Pr.p1,....pi

k=111=1  l;=1 k=101=1 Ily=1 p1=1  pp=1 H(_XT'Ii_)\T'Pi)
i=1

? Stability can be guaranteed by construction

* Poles of ROM are the mirror images of the chosen shifts. ’7
« Weights (to be more precise NT) are also being chosen "
? Structured orthogonality condition: ,Crag, =0

f?

21
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Applications of H2-pseudo-optimality in bi-MOR

1.) Explicit construction of bilinear H2-pseudo-optimal ROMs

Algorithm 1 Bilinear pseudo-optimal rational Krylov (BIPORK)
Input: V, Sy, Uy, R, C, such that AV — EVS,, - NVU] =BR
Output: H, pseudo-optimal ROM (,.

. P,71: solution of condition iii): P 'Sy +STP ! - Uy P, 'U, —-RTR=0 <:> ;
|

: N, = —(P1)"'UyP,;! condition ii-2)
: B, = — (P;l)i1 RT condition ii-1)

A, =Sy +B,R+N, UL, E, =1,C,=CV

= W N

[A’f'v B’m NT‘; Ev] — f(SVv UV? R)
- C,=CV

2.) Inner-loop in BIRKA with residue correction for better convergence of the algorithm
« Fix reduced poles, N, and right residue directions = optimize left residue directions

« Fix reduced poles, N, and left residue directions > optimize right residue directions

3.) Cumulative Reduction (CuRe) and SPARK for bilinear systems ?

4.) Bilinear Lyapunov equations: Bilinear low-rank ADI = RKSM + H2-pseudo-optimal shifts

22
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Thank you for your attention!
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