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1. Introduction

The present thesis consists of a collection of articles that have a common subject:
the derivation of macroscopic modulation equations from an underlying dynamical
system, which allows for solutions in the form of a basic periodic pattern, and which
we will call the original or microscopic system, and the proof that certain solutions
of the microscopic system can be approximated in some sense by solutions of the
macroscopic one. This proof establishes the mathematical rigorous justification of
the derived macroscopic equation.

In principle, this approach can be applied to many systems where a basic periodic
pattern appears as a solution. In particular it can be applied to dispersive dynam-
ical systems, as the ones considered here. It relies on the existence of plane-wave
solutions of the linearized system, that is to say, of elementary solutions which are
periodic in time and space. As the simplest example one can consider the nonlinear
Klein-Gordon equation

(1.1) ∂2t u = ∂2xu− V ′(u), V (u) =
u2

2
+ b

u3

3
+O(u4), b ̸= 0

with u(t, x) ∈ R, t ∈ R and x ∈ R. Then, the linearized equation allows for
plane-wave solutions of the form

(1.2) u(t, x) = AE(t, x) + c.c., E(t, x) = ei(ω0t+ϑ0x),

with constant A ∈ C, and where ’c.c.’ denotes the complex conjugate, provided the
frequency ω0 ∈ R and the wave number ϑ0 ∈ R satisfy the dispersion relation

(1.3) ω2
0 = ω2(ϑ0), ω(ϑ) =

√
ϑ2 + 1.

This implies that wave packets u resulting from the superposition of plane waves
(1.2) for different wave numbers ϑ are also solutions of the linearized equation.
However, since the dispersion function ω above is not linear, the phase velocity
ω(ϑ)/ϑ varies with ϑ, that is to say each component mode of the wave packet u
travels with different speed, and we say that the wave u disperses.

The amplitude modulation of the plane wave solution (1.2) consists in allowing
for the amplitude A to be a function of space and time. Typically, these amplitude
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functions are assumed to vary on macroscopic time- and space-scales. In the present
thesis we will consider exclusively two different scalings: either the hyperbolic scaling

(1.4) τ = εt, y = εx

or the dispersive scaling

(1.5) τ = ε2t, y = ε(x+ ct), c ∈ R.

Here, the scaling parameter ε > 0 is taken to be very small, ε≪ 1, making the time-
scale τ slower (or longer or larger) than the reference time-scale t and analogously for
the macroscopic space-scale. We note that in the dispersive scaling the macroscopic
space is measured in a frame traveling with velocity c in the reference coordinate
system of t and x. An explanation for the special form of these scalings and their
names as well as the value of c will be given further below. Moreover, we restrict
ourselves to small amplitudes and fixed plane waves and hence consider solutions
of the form

(1.6) uA(t, x) = εA(τ, y)E(t, j) + c.c.+O(ε2), 0 < ε≪ 1,

with E(t, j) as in (1.2), A(τ, y) ∈ C and τ, y as in (1.4) or (1.5).

The idea behind the ansatz (1.6) is that we want to investigate whether wave
packets which have initially the form εA(0, y)E(0, x) maintain this form over time
intervals of a finite but macroscopic length τ0 > 0. Here, A can be interpreted
as the envelope of the wave packet. Ideally, we expect that we can derive some
equation that describes the evolution of A in terms of its own macroscopic time
and space variables. This would mean that we have obtained a kind of amacroscopic
description of the behavior of the original equation (in our example (1.1)) for initial
data of the form (1.6).

Such a reduction of complexity is of course worthwhile, since it can be seen as
a first (finite) step towards the long-time (or even global) behavior of the original
system, giving insights about its structure. Moreover, it can be very useful for
the faster (and hence cheaper) computability of the macroscopic behavior of the
envelope: one obtains the flow for the macroscopic observable of interest without
having to keep track of the microscopic evolution of the carrier wave E(t, x). Finally,
a big motivation for the study of the derivation, and in particular justification, of
modulation equations arises from the strive to derive and justify analytically well-
known macroscopic equations prevalent in the physical sciences from first principles.
Clearly, the above questions establish a tremendous area of research of which the
study of modulation equations is only a special case. For a first overview of the
different problems, approaches and results in this area we refer to [51].

But even within the area of modulation equations the work presented here ad-
heres to two principal restrictions, first, in that we consider only amplitude modu-
lations where the carrier wave and its phase are fixed and, second, that we consider
only small amplitudes and thus, equivalently, only weak nonlinearities. A classical
source concerning modulation equations is the work of Whitham [70, 71]. Here, a
unified approach to modulation theory for linear and nonlinear dispersive systems is
developed and the physical background and implications explained. The approach
of Whitham is significantly more general than the one we use here: firstly, he does
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not consider only small amplitudes and, secondly, he allows also for the modula-
tion of the phase, which in our case is fixed. This generality is necessary in order
to achieve the main goal of the theory which, roughly, can be formulated as the
aim to find for nonlinear dispersive systems an analog (non-uniform wave trains)
to the plane waves of linear systems. To this end, Whitham proposes a variational
approach applied to the Lagrangian of the original system. As an outcome the
macroscopic Whitham system is obtained, which describes the macroscopic evolu-
tion of the modulated parameters of the wave train and hence corresponds to the
small-amplitude modulation equations considered here. For further details about
the Whitham system and its relation to Lagrangian and Hamiltonian structures in
the case of nonlinear lattices we refer to the articles [24, 25, 26, 34, 35] and for fur-
ther discussions on the validity of the Whitham system to [6, 29] and the references
given therein.

Turning to the ansatz (1.6), if it is to be a solution for the original equation (1.1),
its terms have to satisfy necessarily certain conditions. Of course, to complete the
ansatz, we have to choose one of the two scalings (1.4) or (1.5). Then we can insert
(1.6) into (1.1) and derive conditions which render the residual terms as small as
possible for ε≪ 1. Indeed, assuming that (1.6) with the scaling (1.4) has the form

(1.7) u(t, x) = εA(τ, y)E(t, j) + c.c.+ ε2(A21E+A22E
2 + c.c.+A20),

where the complex-valued functions A21, A22, A20 depend solely on the macroscopic
variables τ = εt, y = εx, and inserting the improved ansatz (1.7) into (1.1), we
obtain

0 = ε(ω2
0 − ϑ20 − 1)AE+ ε2(ω2

0 − ϑ20 − 1)A21E− ε22i(ω0∂τA− ϑ0∂yA)E

+ ε2
(
(4ω2

0 − 4ϑ20 − 1)A22 − bA2)E2 + c.c.− ε2(A20 + 2b|A|2) +O(ε3).

We immediately see that, when the dispersion relation (1.3) is satisfied, the first
two terms of this expansion vanish. By (1.3) we obtain, moreover,

ω(ϑ0)ω
′(ϑ0) = ϑ0, 4ω2

0 − 4ϑ20 − 1 = (2ω0)
2 − ω2(2ϑ0).

Thus, if

(1.8) (2ω0)
2 ̸= ω2(2ϑ0),

we obtain as a necessary condition, in order for the above expansion to have merely
residual terms of order O(ε3), the transport equation for the amplitude A, viz.

(1.9) ∂τA− ω′(ϑ0)∂yA = 0,

where we assumed that ω0 > 0 (if ω0 < 0, just the sign in (1.9) changes).
The impact of the non-resonance condition (1.8) is twofold: first, it enables us

to determine A22 via A in such a way that the corresponding term in the above
expansion vanishes (with the same aim we determine A20) and, second, it guarantees
that E2 is not a plane-wave solution (since its ’frequency’ and ’wave number’ do
not satisfy the dispersion relation (1.3)), and hence, in particular, it is different
from E. The latter fact is important, since it yields two different conditions for the
macroscopic coefficients of E and E2.

The transport equation (1.9) is the macroscopic modulation equation that the
amplitude A of the ansatz (1.7) has to satisfy in order for this ansatz to satisfy the
original equation (1.1) up to residual terms of order O(ε3). As is the nature of every
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ansatz, this approach presupposes that solutions of this form (or more generally of
the form (1.6)) exist. Indeed, we have seen that if solutions of this form exist then
necessarily they have to satisfy (1.9). However, the existence of such solutions is
at the outset not at all clear. This is where the question of justification of such an
ansatz comes into play. Before discussing the notion of justification, let us note that
using the ansatz (1.6) with the dispersive scaling (1.5) we obtain as a modulation
equation the nonlinear Schrödinger equation

(1.10) i∂τA =
1

2
ω′′(ϑ0)∂

2
yA+ ρ|A|2A

with a given coefficient ρ ∈ R (see, e.g., [57]). Moreover, the formal derivation yields
also c = ω′(ϑ0). Thus, while with the scaling (1.4) we obtain as a macroscopic limit
only the transport of the amplitude (i.e. the envelope of the wave-packet) with the
group velocity, with the scaling (1.5) the macroscopic limit (1.10) describes the
deformation of the amplitude due to the interaction of non-linearity and dispersion.
Since the amplitudes are small and hence the nonlinear effects are weak, in order
to see this deformation we need to apply a longer time scale τ = ε2t as compared
to τ = εt in the hyperbolic scaling (1.4), and moreover we follow the transport of
the envelope via the moving frame spatial variable y = ε(x+ ω′(ϑ0)t).

We turn now to the question of the justification of modulation equations such
as (1.9) and (1.10). Whereas the above procedure of the formal derivation, or
analogous ones in the same spirit, was used since long under various names (e.g.,
asymptotic analysis, multi-scale analysis, perturbation methods, WKB-methods
etc., to name but a few) within mechanics, physics and mathematics as a means to
derive macroscopic equations from microscopic ones, the question of the rigorous
analytical justification of the derived equations started to be considered more sys-
tematically in the late 1980’s. As pointed out in [44] the reasons for this delay may
be found on the one hand in the fact that plausibility arguments and experimental
evidence was regarded as a sufficient justification for most scientists, and on the
other hand on the difficulty of mathematical-analytical justifications. However, the
necessity of analytical justifications for formal derivations of macroscopic limits was
exemplified e.g. in [57].

A survey on the state of the art in the year 1989 concerning justification of
modulation equations for hyperbolic systems is presented in [44]. Here and in [8, 9,
10] also the close relation between modulation equations and integrable equations
is discussed. For the first stages in the justification of modulations for parabolic
equations we refer to [50, 53] and the references given therein. In particular, one of
the first results, [22, 69], concerned the Ginzburg-Landau equation

∂τA = 4∂2yA+A− 3|A|2A

as a macroscopic limit for the Swift-Hohenberg equation

∂tu = −(1 + ∂2x)
2u+ λu− u3, λ > 0,

when the approximation

uA(t, x) = εA(ε2t, εx) + c.c.+O(ε2)

is used. However, the results there relied heavily on the smoothing properties
of parabolic equations. A different approach, applicable to both dissipative and
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dispersive equations was presented in [45], where the above justification was estab-
lished by means of the boundedness of the linearized flow. Moreover, in the same
article the nonlinear Schrödinger (1.10) equation as a modulation equation for the
Sine-Gordon equation

(1.11) ∂2t u = ∂2xu− sinu

with the dispersive scaling (1.5) was justified. More precisely, it was shown that for
sufficiently (Sobole-space-)regular solutions A to the initial-value problem (1.10),
the approximation (1.6) with the dispersive scaling (1.5) remains close to an original
solution of (1.11) over times t ∈ [0, T0/ε

2]

∥(u(t), u̇(t))− (uA(t), u̇A(t))∥ ⩽ Cε3/2, t ∈ [0, T0/ε
2],

provided the initial data of original and approximated solution are close,

∥(u(0), u̇(0))− (uA(0), u̇A(0))∥ ⩽ cε3/2.

Here, ∥ · ∥ is equivalent to the energy norm of the original system and T0 > 0
is smaller than the macroscopic existence time of the solution of (1.10). Note,
that aside from its natural purpose, viz. the justification of the formally derived
modulation equation, such a result implies also the existence of solutions of the
original equation for initial data close to the prescribed form over times of order
O(1/ε2). In this way, well-posedness results for modulation equations can be used
in order to obtain analogous results for the original equation, of course only for the
underlying macroscopic time-scales and for well-chosen initial data of modulation
form.

The method developed in [45] is based on the correspondence between the scaling
of the macroscopic time and the order of the nonlinearity, which is needed, since a
Gronwall argument is used. This means, that for the dispersive scaling (1.5) the
method is directly applicable only for cubic non-linearities, while, when the hyper-
bolic scaling (1.4) is used, quadratic non-linearities do not pose a problem. The
method in [45] lies at the heart of all justification results in the articles presented
here (see in particular the summary of [36] in Section 2), except for the article
[37]. For the latter, we make use of the method developed in [57], which provides a
remedy for the exclusion of quadratic nonlinearities when the dispersive scaling is
used. This remedy consists in a near-identity (or normal form) transformation of
the system with quadratic nonlinearities into one with cubic nonlinearities. Then,
the method in [45] can be applied. As said above, in the present collection of articles
this approach is used in [37], and we refer to its summarily exposition in Section 2
for an outline of its structure and to the article itself for the technical details.

The derivation of (1.9) and (1.10) from (1.1) under the ansatz (1.6) with, respec-
tively, on the one hand, the hyperbolic scaling (1.4) and, on the other hand, the
dispersive scaling (1.5), makes clear that, depending on the ansatz one uses, the
same original system yields different macroscopic limits and, vice versa, in order
to detect macroscopically some feature of the modulated waves one has to employ
the appropriate scaling. Moreover, we see that these macroscopic limits are not
unconnected: while (1.9) shows the macroscopic transport of modulated pulses,
(1.10) focuses on the deformation of the modulated amplitude during transport as
an interaction between nonlinearity and dispersion.
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Of course, modulation equations do not appear only in the systems presented as
examples so far. In the contrary, as indicated already at the start of this introduc-
tion, not only the technique of deriving modulation equations can be applied when
a basic periodic pattern is present, but very often the same modulation equations
appear. This is of course due to the similar structures the underlying equations
possess although at different settings. The present collection of articles exemplifies
this in the main two original systems considered: nonlinear lattices in Section 2
and the nonlinear Schrödinger equation in Section 3.

In Section 2, the first article [36], derives and justifies the nonlinear Schrödinger
equation as a macroscopic limit under the dispersive scaling for an oscillator chain
with cubic nonlinearities. This oscillator chain can be seen as a combination of
a Fermi-Pasta-Ulam chain and a Klein-Gordon chain, since on the one hand we
consider non-harmonic interaction potentials and, on the other hand, we require
for stability reasons the presence of a background field. The paper can be seen
as a generalization of [45] for discrete systems, since it uses the method of proof
presented there. Consequently, in the second article [37], we generalize the results
of the first, by considering also quadratic nonlinearities. Moreover, we admit also
interactions among atoms at a finite distance. The justification result is proven by
use of a normal form transformation inspired by [57].

The third article [32] of this section uses a different scaling, namely the hyper-
bolic one, and treats multidimensional lattices although with scalar displacement.
We are interested in the macroscopic interaction of several pulses. This implies
that a careful analysis of the possible interactions is needed. In particular, we clas-
sify all second order resonances for up to three pulses. We derive and justify the
modulation equations for approximations of arbitrarily high order by the use of
the method in [45], which can be applied directly, due to the chosen, hyperbolic,
scaling. Finally, in the fourth and last article of this section [33], we change the
setting again and consider diatomic, i.e. inhomogeneous, lattices. The correspond-
ing equation can be formulated as a vector-valued system for which the dispersion
relation has two branches, the acoustical and the optical one. We are interested
in the self-interactions of modulated plane-waves, that is to say, in the situation
where one modulated pulse generates another one, due to the nonlinearity of the
system. We present the necessary resonance conditions for this and justify the
corresponding modulation equations in the resonant and non-resonant cases.

In Section 3 the underlying (microscopic) original equation is the nonlinear
Schrödinger equation. In the first article [38] we include a potential, which is peri-
odic in the microscopic space variable, and a cubic nonlinearity scaled by the small
parameter. We consider different pulses concentrated at different Bloch bands and
their macroscopic amplitude modulations. We discuss the various possibilities for
resonances and develop criteria for them. Moreover, we derive the corresponding
macroscopic interaction equations and establish their justification. Clearly, struc-
turally there are a lot of similarities with the results in [32]. In the second article
[39] we consider a Hartree-type potential, an example of a nonlocal nonlinearity.
Here, due to the form of the nonlinearity, it turns out that the Wiener Algebra is
the appropriate space in which a justification result can be derived with the usual
Gronwall argument.
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Apart from the articles presented here, we would like to mention some further,
closely related, areas of research, the results of which underline the ubiquity (or
’universality’) of the derived modulation equations. Since this is a vast area, con-
sidering the diversity of models which have some kind of basic periodic pattern,
we restrict ourselves to mentioning exemplarily some rather recent articles in each
area and refer for a more detailed account to those. Further references to related
work are presented in the following summaries of the articles and, of course, in the
articles themselves.

Concerning the Ginzburg-Landau equation as a modulation equation we refer to
[50, 52, 72]. In continuous media the nonlinear Schrödinger equation (nlS) is the
derived modulation equation in [7, 60] and the interaction of pulses in the dispersive
scaling is discussed in [15, 16]. In [18] the Korteweg-de Vries (KdV) equation is
justified as a macroscopic limit of the nlS.

In discrete media, i.e. oscillator chains, [61] discusses the validity of the nlS for a
Fermi-Pasta-Ulam chain, i.e. the same chain as in [36, 37] but without a stabilizing
background field. [63] addresses a similar situation as [15] but in an oscillator
chain. This work is followed up by [17]. It is worth mentioning that in these papers
the similarity of the approaches are worked out by pointing out the corresponding
Fourier spaces as the appropriate spaces to make the estimates. Finally, [20] deals
with a different type of interaction potential, namely the one given by the Hertz
contact law.

In the area of water waves several modulation equations appear, depending on
the model considered and the scaling used. Here, we mention [58], where the KdV-
equation is derived as a modulation equation for the Boussinesq equation. Analo-
gous research about the relation between the two-dimensional Boussinesq equation
and the Kadomtsev-Petviashvili (KP) equation is performed in [30]. Moreover,
in [59] it is shown that the nlS-equation describes the modulations for the KdV-
equation. In [64] an analogy between the modulations for a Fermi-Pasta-Ulam
chain and for fluid surfaces is established, both being approximated by counter-
propagating waves described by the KdV-equation. This work is followed up in
[65] and under the inclusion of surface tension in [67]. Furthermore, in [68] the in-
teraction of (two-dimensional) surface water waves is studied using the hyperbolic
scaling. Further questions on the justification of modulation equations for water
waves are addressed in [27, 28, 66].

The reason why we mentioned the above works about the modulation equations
for water waves is that in Section 4 we included in this thesis an outlook to the
work in preparation [31] related to the justification of modulation equations for
water waves. More precisely, inspired by [68], the idea is to investigate the inter-
action of modulated water waves of finite depth with or without surface tension in
the three-dimensional case. In [68] the two-dimensional case was discussed in the
case of capillary-gravity water waves of finite depth and the three-wave interaction
equations were justified for three modulated pulses in second-order resonance. (It
is well known that such resonances can occur only when surface tension is present.)

The corresponding three dimensional problem remained open, since the issue of
the well-posedness of the original water waves problem for the times needed even in
the hyperbolic scaling (1.4) was not settled yet. This result was obtained in 2005
by D. Lannes, [47]. Moreover, Alvarez-Samaniego and Lannes [2, 3] investigate the
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dependence of the water waves problem on its parameters and established bounds
which allow for stability results in several asymptotic regimes, although their pri-
mary focus is on (generically non-dispersive) shallow water theory. This body of
work is included in [48]. Hence, the question of the justification of modulation
equations in the hyperbolic scaling seems to be within reach.

In [31] we are interested in the derivation of interaction equations in both purely
gravity water waves as well as in capillary-gravity waves. Since no quadratic reso-
nances appear in the former, in leading order the macroscopic behavior of the am-
plitudes is given by the transport equations. In this case one can increase the order
of the approximation in the hope to see some macroscopic interaction in next-to-
leading order. Of course, as in the two-dimensional case [68], in the capillary-gravity
case resonances can occur and in particular the three-wave interaction equations
can be obtained in leading order.

Acknowledgment: I thank my two coauthors in this collection of work, Alexan-
der Mielke and Christoph Sparber, but also Michael Herrmann, with whom we share
a common interest in nonlinear lattices, for the many fruitful discussions all these
years. In particular, I would like to thank deeply Alexander Mielke, who introduced
me to this area of research, for his trust and support. I am also sincerely indebted
to the three mentors of this thesis, Gero Friesecke, Herbert Spohn, and Clarence
Eugene Wayne, for being willing to support this project.

2. Part I: Nonlinear lattices

The nonlinear Schrödinger equation as a macroscopic limit for an oscil-
lator chain with cubic nonlinearities (with A. Mielke, [36])

In this article we consider a simple nonlinear chain of atoms with cubic nonlin-
earities. More precisely our underlying model is the system

(2.1) ẍj = V ′(xj+1 − xj)− V ′(xj − xj−1)−W ′(xj), j ∈ J .

The index set J is either Z or the finite cyclic group Zm = Z/mZ, m ∈ N, V is the
potential for the nearest-neighbor interaction, and W is an external potential that
might arise through the embedding of the atomic chain in a background field.

Assuming V (d) = (v1/2)d
2 + O(d3) and W (y) = (w1/2)y

2 + O(y3), we find the
linearized system

ẍj = v1(xj+1 − 2xj + xj−1)− w1xj , j ∈ J ,

which allows for plane-wave solutions

xj(t) = E(t, j) := ei(ωt+ϑj) with ω2 = ω2(ϑ) := 2v1(1− cosϑ) + w1,

where the frequency ω ∈ R and the wave-number ϑ ∈ (−π, π] satisfy the dispersion
relation ω2 = ω2(ϑ). Fixing ϑ and hence ω = ω(ϑ), we are interested in modulated
solutions of the type

(2.2) xj(t) = XA
j (t) +O(ε2) with XA

j (t) := εA(τ, y)E(t, j) + c.c..

where τ = ε2t and y = ε(j − ct) are the macroscopic time and space variables and
A(τ, y) ∈ C corresponds to the amplitude.
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The choice of the above scalings is motivated by the aim we have: since the
atomic chain is a dispersive and nonlinear system, we want to observe the macro-
scopic deformation of an initial wave packet , which at the time τ = ε2t = 0 has the
form (2.2). Of course the macroscopic deformation of the wave packet is given by
the change of the amplitude A with time. Inserting the ansatz (2.2) for solutions
of (2.1) into the latter, we obtain formally the necessary conditions that A and c
must satisfy in order for the ansatz to satisfy the original equation up to residual
terms of order O(ε2). It turns out that c = −ω′(ϑ) is the group velocity of the
wave packet under consideration, while A has to satisfy the nonlinear Schrödinger
equation

(2.3) i∂τA =
1

2
ω′′(ϑ)∂2yA+ ρ|A|2A,

for an explicitly given ρ, see [36, (2.12)]. Thus, the macroscopic space scale implies
that we are moving with the group velocity of the wave packet and the macroscopic
time scale together with the scaling of the amplitude signifies that since we are
close to the linear case the deformation of the wave due to dispersive-nonlinear
interaction is developing very slowly.

As already mentioned, in essence, the derivation of c = ω′(ϑ) and (2.3) consists
in plugging the ansatz (2.2) into (2.1). However, since this system is nonlinear,
higher order harmonics will arise. Moreover, due to the different orders of the time
and space scalings and due to the smallness of the amplitude, the equation (2.3) will
be obtained at the order O(ε3) of the expansion of the original equation in terms
of ε. Thus, anticipating these effects, we insert into (2.1) the multiscale ansatz

X
(A)
j (t) =

3∑
k=1

εk

(
k∑

n=1

Ak,n(τ, y)E(t, j)n + c.c.+Ak,0(τ, y)

)
, A1,1 = A

Equating the left- and the right-hand side terms, consecutively for increasing orders
of ε, and at each step for each harmonic separately, we obtain an hierarchy of
equations for the macroscopic terms of the above ansatz. In particular, we obtain
the nonlinear Schrödinger equation (2.3), which determines A, and

A1,0 = 0, A2,0 =
c1

(0ω)2 − ω2(0ϑ)
|A|2, A2,2 =

c2
(2ω)2 − ω2(2ϑ)

A2,

A3,0 =
c3

(0ω)2 − ω2(0ϑ)
· F1(A, ∂yA,A2,1),

A3,2 =
1

(2ω)2 − ω2(2ϑ)

(
c4 · F2(A, ∂yA,A2,1) + c̃1∂yA2,2

)
,

A3,3 =
1

(3ω)2 − ω2(3ϑ)

(
c5AA2,2 + c̃2A

3
)
,

where cj = 0 for v2 = w2 = 0, while A3,1 remains undetermined. Thus, setting
A2,1 = A3,1 = 0, we obtain in the case of cubic nonlinearities (v2 = w2 = 0) that

(2.4) X
(A)
j (t) = εA(τ, y)E(t, j) + ε3

c̃2
(3ω)2 − ω2(3ϑ)

A3(τ, y)E(t, j)3 + c.c.,

with A given by (2.3), satisfies (2.1) formally up to residual terms of order O(ε4).
Note that making the assumption min{w1, w1 + 4v1} > 0 we have ω(ϑ) > 0 for
all ϑ ∈ (−π, π], and moreover we obtain that the non-resonance condition (3ω)2 ̸=
ω2(3ϑ), with ω2 = ω2(ϑ), is satisfied for all ϑ ∈ (−π, π].
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The main result of this article is the proof that the XA of (2.2) with the ampli-
tude A calculated via (2.3) is indeed an approximation of solutions of the original
equation (2.1) (with cubic nonlinearities) over macroscopic time intervals of finite
length, i.e., for τ = ε2t ⩽ τ0. In other words, we prove that solutions of the form
(2.2) indeed exist for the equation (2.1). The precise result is the following, see [36,
Theorem 3.2]:

Theorem 2.1. Let V,W ∈ C5(R) in (2.1) with J = Z be of the form V (d) =
v1
2 d

2 + O(d4), W (y) = w1

2 y
2 + O(y4) with min{w1, w1 + 4v1} > 0. Moreover, let

A : [0, τ0] × R → C be a solution of the nonlinear Schrödinger equation (2.3) with
A(0, ·) ∈ H5(R) and let XA be the approximation in (2.2). Then, for each c > 0
there exist ε0, C > 0 such that for all ε ∈ (0, ε0) we have: any solution x of (2.1)
with initial data x(0) such that

(2.5) ∥(x(0), ẋ(0))− (XA(0), ẊA(0))∥ℓ2×ℓ2 ⩽ cε3/2

satisfies the estimate

(2.6) ∥(x(t), ẋ(t))− (XA(t), ẊA(t))∥ℓ2×ℓ2 ⩽ Cε3/2 ∀ t ∈ [0, τ0/ε
2].

The strategy of the proof is borrowed from [45] and adapted to the discrete
system under consideration here. The steps of the proof are:

A. Write (2.1) as a nonlinear autonomous first-order ODE in ℓ2 × ℓ2

˙̃x = Lx̃+N (x̃), x̃ = (x, ẋ).

Equip ℓ2 × ℓ2 with the energy norm ∥ · ∥E corresponding to the linearization of
(2.1). Due to the assumption ω2(ϑ) > 0 ∀ ϑ ∈ (−π, π], which is guaranteed by the
presence of the external potential W with min{w1, w1 +4v1} > 0, the energy norm
∥ · ∥E and the standard norm ∥ · ∥ℓ2×ℓ2 are equivalent.

B. Set up the differential equation for the error R̃ = ε−3/2(x̃ − X̃(A)) with
X(A) = XA + Y A as in (2.4)

˙̃R = LR̃+ ε−3/2
[
N (X̃(A) + ε3/2R̃)−N (X̃(A))

]
− ε−3/2P̃ ,

where P̃ = ˙̃X(A) − LX̃(A) − N (X̃(A)) are the residual terms, which are pointwise
of order O(ε4).

Using the variation of constants formula and since the flow of the linearized
system preserves the energy norm ∥ · ∥E , we obtain

(2.7) ∥R̃∥E ⩽ ∥R̃(0)∥E + ε−3/2

∫ t

0

(
∥N (X̃(A) + ε3/2R̃)−N (X̃(A))∥E + ∥P̃∥E

)
ds.

C. Guarantee over macroscopic times τ ∈ [0, τ0] the existence of unique solutions
for (2.3) in Sobolev spaces of an order sufficient for the estimates

∥P̃∥E ⩽ ε7/2CP , ∥Ỹ A∥E ⩽ ε5/2CY , ∥R̃(0)∥E ⩽ C0 for ε ⩽ ε0, t ⩽ τ0/ε
2,

and using the mean value theorem and the cubic form of the nonlinearity, find for
any given D > 0 an ε0 > 0 such that

∥N (X̃(A)+ε3/2R̃)−N (X̃(A))∥E ⩽ ε7/2CN∥R̃∥E for ε ⩽ ε0, t ⩽ τ0/ε
2, ∥R̃∥E ⩽ D
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D. Apply these estimates to (2.7) to obtain

∥R̃(t)∥E ⩽ C0 + ε2
∫ t

0

(
CN∥R̃(s)∥+ CP

)
ds for ε ⩽ ε0, t ⩽ τ0/ε

2, ∥R̃∥E ⩽ D.

Then deduce by Gronwall’s inequality

∥R̃(t)∥E ⩽ (C0 + ε2tCP ) e
ε2tCN for ε ⩽ ε0, t ⩽ τ0/ε

2, ∥R̃∥E ⩽ D,

and set D = (C0 + τ0CP ) e
τ0CN .

Finally, use ∥X̃ − X̃A∥E ⩽ ε3/2∥R̃∥E + ∥Y A∥E to obtain (2.6).

We would like here to stress the significance of the cubic form of the nonlinear-
ity, which is adapted to the macroscopic time-scale τ = ε2t used. For quadratic
nonlinearities we would only obtain an estimate of order O(ε5/2) in C. and would
not be in a position to apply the Gronwall-argument in D. How this problem can
be solved, is the subject of [37].

Moreover, let us mention that the reduction from the pointwise order O(εn) to
the order O(εn−1/2) in energy norm ∥ · ∥E arises because the estimates of A are
given with respect to the macroscopic space scale in dimension one.

Finally, we point out that an analogous justification result can be obtained also
for finite chains and refer the reader to [37, Section 4] for the details.

Dispersive evolution of pulses in oscillator chains with general interaction
potentials (with A. Mielke, [37])

In [36] we addressed the question of the dispersive evolution of pulses in a nonlin-
ear oscillator chain with cubic nonlinearities. As explained there, this was motivated
by the suitability of such nonlinear terms to the macroscopic timescale τ = ε2t used.
Thus, this restriction was only for technical reasons, and the present paper proposes
a remedy. Moreover, we generalize the model, considering an oscillator chain with
interactions among a finite number of neighbors. While the latter generalization
is straightforward, making only the analysis more cumbersome, the former uses a
deeper method, namely a so-called normal-form (or near-identity) transformation.
This approach was inspired by [57], where it was used for a class of hyperbolic
PDEs. The main idea is simple: we transform the original equation (2.8) into one
with a cubic nonlinearity which can be justified using the method of [36] and then
transform the result backwards to the original situation.

More precisely, we consider the monoatomic infinite oscillator chain

(2.8) ẍj =
M∑

m=1

[V ′
m(xj+m − xj)− V ′

m(xj − xj−m)]−W ′(xj), j ∈ Z,

where Vm(d) =
αm,1

2
d2 +

αm,2

3
d3 +

αm,3

4
d4 +O(d5), m = 1, . . . ,M,

W (x) =
β1
2
x2 +

β2
3
x3 +

β3
4
x4 +O(x5).

(2.9)

The linearized model has the plane-wave solutions E(t, j) = ei(ω0t+ϑ0j) with the
frequency ω0 ∈ R and the wave-number ϑ0 ∈ (−π, π] satisfying the dispersion
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relation

ω2
0 = ω2(ϑ0) with ω2(ϑ) = β1 + 2

M∑
m=1

αm,1

(
1− cos(mϑ)

)
,

where we assume the stability contidion

(2.10) ω(ϑ) > 0 ∀ ϑ ∈ (−π, π].

As in [36], we are interested in solutions of (2.8) of the form

xj(t) = (XA
ε )j(t) +O(ε2), (XA

ε )j(t) = εA(τ, y)E(t, j) + c.c.

with the scaling parameter 0 < ε≪ 1 and the macroscopic time and space variables
τ = ε2t, y = ε(j − ct).

Unsurprisingly, the formal derivation yields again that c = −ω′(ϑ0) and that the
amplitude A has to satisfy the nonlinear Schrödinger equation

(2.11) i∂τA =
1

2
ω′′(ϑ0)∂

2
yA+ ρ|A|2A,

of course with a more general coefficient ρ than that in [36]. More generally, we
derive all conditions that the macroscopic coefficients Ak,n of the multiple scale
ansatz

XA,p
ε =

p∑
k=1

εp
k∑

n=−k

Ak,nE
n, Āk,−n(τ, y) = Ak,n(τ, y) ∈ C, p = 3, 4,

have to fulfil in order for this ansatz to satisfy (2.8) up to residual terms of (point-
wise, formal) order O(εp+1). To do so, we need, apart from the stability condition
(2.10), also the non-resonance conditions

(2.12) nω(ϑ0)− ω(nϑ0) ̸= 0, n = 2, . . . , p.

The main result of the paper concerns the justification of the modulation equa-
tion (2.11). As mentioned above, the new ingredient of the proof is the normal-form
transformation of the original equation into one which, in the best case, has no
quadratic terms at all. It turns out that in order achieve this, we need a strong
non-resonance condition of the form

(2.13) ∃ C > 0 : inf
s,σ=1,2,

ϑ,ϕ∈(−π,π]

|ω(ϑ) + (−1)sω(ϕ) + (−1)σω(ϑ− ϕ)| ⩾ C > 0.

Then, under the conditions (2.10), (2.12) for p = 3, and (2.13), we can establish
for the chain (2.8) the same result as in Theorem 2.1, the only difference being an
increase of the required regularity of the initial data for (2.11) to A(0, ·) ∈ H6(R)
(from A(0, ·) ∈ H5(R)), see [37, Theorem 2].

As said previously, this result is obtained by the use of a normal form trans-
formation. More precisely, if (2.8) is written in the Banach space Y = ℓ2 × ℓ2,
equipped with the energy norm ∥ · ∥E , in the form

(2.14) ˙̃x = L̃x̃+ Q̃(x̃, x̃) + M̃(x̃)

with the three summands denoting linear, quadratic, and third-and-higher-order
terms, we introduce the transformation

(2.15) F : Y → Y, ỹ = F (x̃) = x̃+B(x̃, x̃)
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where the bilinear form B : Y × Y → Y is to be determined in such a way that
the transformed system contains no quadratic terms with respect to ỹ. Indeed,
applying (2.15) to (2.14) we obtain

˙̃y = L̃ỹ +Q(x̃, x̃) +M(x̃)

with the quadratic and third-and-high-order terms in x̃

Q(x̃, x̃) = −L̃B(x̃, x̃) + Q̃(x̃, x̃) +B(L̃x̃, x̃) +B(x̃, L̃x̃),

M(x̃) = M̃(x̃) +B(Q̃(x̃, x̃) + M̃(x̃), x̃) +B(x̃, Q̃(x̃, x̃) + M̃(x̃))

Taking into account the particular structure of L̃ and Q̃ and transforming into
Fourier space, it turns out that we can determine B uniquely in such a way that
Q(x̃, x̃) = 0 for all x̃ ∈ Y if and only if (2.13) is satisfied. Moreover, it can be
shown that B is symmetric and continuous, and by the Inverse Function Theorem
it is easily obtained that the inverse of F is Lipschitz continuous in a ball around
0 ∈ Y with radius εF > 0. Hence we can apply on the transformed equation

˙̃y = L̃ỹ +N(ỹ), N(ỹ) =M(F−1(ỹ)),

which has only cubic nonlinearities, the machinery developed in [36]. In particular,

we can estimate the error between ỹ and the transformed approximation Ỹ A,3
ε =

F (X̃A,3
ε ) and then, using the Lipschitz continuity of F−1, obtain an estimate of

the error between x̃ and X̃A,3
ε . From this we obtain our final result as described at

the end of D in the previous subsection. Of course, in the intermediate steps the
estimates on the initial data and the residual terms have to be transformed from
the x̃- to the ỹ-variables, which does not change their order with respect to ε, since
the normal form transformation operates as a near-identity transformation.

In the case where the the uniform non-resonance condition (2.13) is not satisfied,
we can relax it to a local non-resonance condition around ϑ0 ∈ (−π, π]

(2.16) ∃ C ′ > 0 : inf
s,σ=1,2,
ϕ∈(−π,π]

|ω(ϑ0) + (−1)sω(ϕ) + (−1)σω(ϑ0 − ϕ)| ⩾ C ′ > 0.

Then, the normal form transformation can be applied only in a neighborhood of ϑ0,
and hence the transformed system contains still quadratic terms corresponding to
wave numbers ϑ of a positive distance to ϑ0. A careful analysis of these quadratic
terms in Fourier space allows us to control their asymptotic behavior as ε → 0 in
the underlying ℓ2 × ℓ2 solution space of the original equation. The outcome of this
analysis is that our approximation result holds only if we include next-to-leading
order approximation terms. More precisely, we obtain that under the non-resonance
conditions (2.10), (2.12) for p = 4, (2.16), and for Vm,W ∈ C6(R) there exist for
each c′ > 0 constants ε0, C

′ > 0 such that for all ε ∈ (0, ε0), any solution x of (2.8)
with

∥(x(0), ẋ(0))− (XA,2
ε (0), ẊA,2

ε (0))∥ℓ2×ℓ2 ⩽ c′εα, α ∈ (2, 5/2],

satisfies the estimate

∥(x(t), ẋ(t))− (XA,2
ε (t), ẊA,2

ε (t))∥ℓ2×ℓ2 ⩽ C ′εα ∀ t ∈ [0, τ0/ε
2].

Here,

XA,2
ε = εAE+ ε2(c1A2,1E+ c2A

2E2 + c3|A|2) + c.c.,
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where A is the solution of (2.3) with A(0, ·) ∈ H7(R), and A2,1 solves the linear
inhomogeneous Schrödinger equation
(2.17)

i∂τA2,1 =
1

2
ω′′(ϑ0)∂

2
yA2,1 + ρ(2|A|2A2,1 +A2Ā2,1) + c4∂τ∂yA+ c5∂

3
yA+ c6|A|2∂yA

with A2,1(0, ·) ∈ H6(R), ρ as in (2.11), and given c1, . . . , c6. We note, however,
that despite the appearance of A2,1 in XA,2

ε , this approximation also depends only
on A, since assuming initially A2,1 = 0 the solution of (2.17) is a function of A.

Interaction of modulated pulses in scalar multidimensional nonlinear lat-
tices ([32])

As in the two previous papers here we aim again to derive macroscopic amplitude-
modulation equations for weakly nonlinear lattices. The biggest difference to the
former work lies in the different choice of the macroscopic space- and time-scale:
while in [36, 37] we consider the macroscopic evolution in a very slow time scale
τ = ε2t of a modulated wave packet in a moving frame traveling with the group
velocity of the packet, which yields the space variable X = ε(j − ω′(ϑ)t), here we
concentrate on the macroscopic time- and space scales τ = εt, X = εj. In other
words we no more follow the transport of the wave packet but instead we take the
point of view of independent observers of the movement of the modulated pulse.
The motivation for this change of macroscopic scales is that we want to observe
mainly themacroscopic interaction of several modulated waves. Hence, it is natural
not to prefer one wave over the other by imposing a coordinate system which moves
with its group velocity. Of course the dispersive evolution of wave packets is a very
interesting question, which has been treated in several papers, see e.g. but our work
does not take this point of view.

In the chosen scaling, we try for essential generalizations. Hence, in addition to
considering several pulses (which is natural, since we want to study the macroscopic
interaction of waves), we allow for lattices of arbitrary dimension. However, we have
to stress that we consider only scalar displacement from the position of rest. This
somewhat artificial constellation is clearly motivated by technical reasons since in
that way we do not have to care about the direction of the movement of the atoms
of the lattice. Moreover, even if is not the usual behavior of, say, a two- or three-
dimensional lattice of atoms connected by nonlinear springs, nevertheless, there are
lattice models which have such a structure, see, e.g., Moreover, in the considered
model we allow for pairwise interactions among atoms which are arbitrary far apart,
with an interaction potential that becomes weaker with increasing distance. Finally,
we are interested not only in the leading order macroscopic dynamics but want
to derive and justify macroscopic approximations of an arbitrary high order with
respect to the scaling parameter ε > 0. Similar to [36, 37], the lattice is under the
influence of a stabilizing external field.

More precisely, we consider the d-dimensional (Bravais) lattice Γ ⊂ Rd, d ∈ N,

(2.18) Γ = {γ = k1g1 + · · ·+ kdgd : k = (k1, . . . , kd) ∈ Zd},
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where {g1, . . . , gd} is a set of linearly independent vectors of Rd, and themicroscopic
model

(2.19) ẍγ(t) =
∑
α∈Γ

V ′
α

(
xγ+α(t)−xγ(t)

)
−W ′(xγ(t)), γ ∈ Γ, t ∈ R.

We assume Vα(x) = V−α(−x) for all α ∈ Γ, x ∈ R, Vα, W ∈ CN+2(R) for some
N ∈ N to be specified, and Vα(0) = V ′

α(0) = W (0) = W ′(0) = 0, which allows for
the Taylor expansions

V ′
α(x) =

N∑
n=1

an,αx
n + V ′

N+1,α(x), V ′
N+1,α(x) :=

V
(N+2)
α (ξx)

(N+1)!
xN+1,(2.20)

W ′(x) =
N∑

n=1

bnx
n +W ′

N+1(x), W ′
N+1(x) :=

W (N+2)(κx)

(N+1)!
xN+1

with an,α := V
(n+1)
α (0)/(n!), bn := W (n+1)(0)/(n!) and ξ = ξN,α(x), κ = κN (x) ∈

(0, 1). By (2.20), the microscopic model (2.19) reads equivalently

ẍγ =
N∑

n=1

(∑
α∈Γ

an,α(xγ+α−xγ)n − bnx
n
γ

)
+
∑
α∈Γ

V ′
N+1,α(xγ+α−xγ)−W ′

N+1(xγ).

(2.21)

The linearized microscopic model (2.19)

ẍγ =
∑
α∈Γ

a1,α(xγ+α−xγ)− b1xγ

possesses the plane-wave solutions xγ(t) = E(t, γ) + c.c., where c.c. denotes the

complex conjugate of E(t, γ) := εi(ωt+ϑ·γ), provided the frequency ω ∈ R and the
wave vector ϑ ∈ TΓ satisfy the dispersion relation

(2.22) ω2 = Ω2(ϑ) :=
∑
α∈Γ

a1,α
(
1−εiϑ·α

)
+ b1 =

∑
α∈Γ

a1,α (1− cos(ϑ·α)) + b1

(the latter equality follows from a1,α = a1,−α, see above). Here, TΓ := Rd
∗/Γ∗ is the

d-dimensional (dual) torus associated to the lattice Γ, where Rd
∗ = Lin(Rd) is the

dual of Rd and Γ∗ := {ϑ ∈ Rd
∗ : ϑ : α 7→ ϑ · α, ϑ · α ∈ 2πZ ∀ α ∈ Γ} is the dual

lattice to Γ. We assume that the stability condition

(2.23) Ω2(ϑ) > 0 for all ϑ ∈ TΓ

is satisfied, and set the dispersion function Ω(ϑ) > 0 for all ϑ ∈ TΓ. We consider sets
of ν ∈ N different, fixed plane waves {±(ϑj , ωj) ∈ TΓ ×R : j = 1, . . . , ν}, such that

δj := Ω2(ϑj)− ω2
j = 0 and Ej := εi(ωjt+ϑj ·γ) ̸= Ei for j ̸= i. Since the microscopic

model (2.19) is nonlinear, we obtain products of plane waves E(j1,...,jk) := Ej1 · · ·Ejk

with (j1, . . . , jk) ∈ N k, where N := {−ν, . . . ,−1, 1, . . . , ν}. Noting that different
multi-indices (j1, . . . , jk) can yield the same product, we identify each appearing
product by the unique index Jm. We say that k ∈ N, k ⩾ 2, plane waves (ϑji , ωji),
i = 1, . . . , k, are in resonance (of order k) or interacting with each other (in order
k) if for Jm = (j1, . . . , jk)

(2.24) δJm := Ω2(ϑJm)− ω2
Jm

= 0.
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and assume that the set of plane waves {(ϑj , ωj) ∈ TΓ ×R : j ∈ N} is closed under
interactions up to order k (or k-closed) if the non-resonance conditions

(2.25) δJm := Ω2(ϑJm)− ω2
Jm

̸= 0 for Jm ∈ Tk \ N

are satisfied.
For a set of ν ∈ N different, fixed plane waves {(ϑj , ωj) ∈ TΓ × R : j ∈ N} we

consider their small-amplitude macroscopic modulations

(2.26) (XA,ε
1 )γ(t) := ε

ν∑
j=1

Aj(εt, εγ)Ej(t, γ) + c.c.

Here, 0 < ε ≪ 1 is the scaling parameter and Aj : R × Rd → C the amplitude
or envelope of the plane wave Ej . The amplitudes Aj depend on the macroscopic
time variable τ = εt ∈ R and the macroscopic space variable y = εγ ∈ Rd. The
dependence of Aj on the macroscopic space variable y means that the amplitude
varies at a much larger space scale of order O(ε−1) as compared to the space scale
of order O(1) of Ej , since 0 < ε≪ 1.

We are interested in the macroscopic dynamics of such modulated pulses in the
nonlinear lattice (2.19). This means that, making for solutions to the (microscopic)
model (2.19) the multiscale ansatz

(2.27) xγ(t) = (XA,ε
N )γ(t) +O(εN+1), XA,ε

N :=
N∑

k=1

εk
∑

Jm∈Tk

Ak,JmEJm , N ∈ N,

we ask for the macroscopic equations governing the dynamics of the functions

R×Rd ∋ (τ, y) 7→ Ak,Jm(τ, y) ∈ C, such that the N -th order approximation XA,ε
N

stays O(εN+1)-close to an original solution x of (2.19) over some macroscopic time-

interval. We set Ak,−Jm = Ak,Jm (such that XA,ε
N ∈ R) and A1,j = Aj for j ∈ N .

The question of macroscopic evolution equations for the Ak,Jm is addressed in two
steps: their formal derivation and their justification.

As usual the formal derivation is performed by plugging the ansatz (2.27) into
the lattice equation (2.19) and expanding with respect to powers of εk up to k =
N . Due to the nonlinear form of the lattice equation we obtain at each order εk

various products of plane waves. Taking into account possible resonances we have
to gather together all macroscopic coefficients belonging to the same microscopic
pattern EJm . Then, requiring that all terms up to order εN vanish, we obtain
necessary conditions that the macroscopic functions Ak,Jm have to satisfy. More
precisely, it turns out that the leading-order amplitudes Aj , j ∈ N , are transported
with the group velocity of the plane waves they modulate, and are quadratically
coupled whenever their corresponding plane waves are in resonance of order 2 and
the higher-order amplitudes Ak,j , k > 1, are transported by the same velocity,
subject to (linearly coupled) inhomogeneous equations, while the functions Ak,Jm ,
Jm ∈ Tk \N are determined algebraically, see (2.30) and (2.33). However, in order
to obtain these equations we have to guarantee that the set of considered pulses is
closed under interactions up to order N , i.e.,

(2.28) δJm := Ω2(ϑJm)− ω2
Jm

̸= 0 for Jm ∈ Tk \ N .
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Then, the functions A1,j are determined by

2iωj∂τA1,j − 2iΩ(ϑj)∇ϑΩ(ϑj)·∇yA1,j =
∑

(p,q)=j
p,q∈N

c(p,q)A1,pA1,q, j ∈ N ,(2.29)

while A2,J2 can be determined from them as

δJ2A2,J2 =
∑

(p,q)=J2
p,q∈N

c(p,q)A1,pA1,q, J2 ∈ N 2 \ N ,(2.30)

with

c(p,q) = −4i
∑
α∈Γ

a2,α sin

(
ϑp
2
·α
)
sin

(
ϑq
2
·α
)
sin

(
ϑp+ϑq

2
·α
)
− b2.(2.31)

Moreover, for the higher-order amplitudes we have

(2.32) 2iωj∂τAk−1,j − 2iΩ(ϑj)∇ϑΩ(ϑj)·∇yAk−1,j − 2
∑

(p,q)=j
p,q∈N

c(p,q)A1,pAk−1,q

= 2
∑

(p,Jµ)=j

p∈N ,Jµ∈Tk−1\N

c(p,Jµ)A1,pAk−1,Jµ + Sk−2,j − ∂2τAk−2,j , j ∈ N ,

and

(2.33) δJmAk,Jm = −2iωJm∂τAk−1,Jm + 2iΩ(ϑJm)∇ϑΩ(ϑJm)·∇yAk−1,Jm

+ 2
∑

(p,Jµ)=Jm
p∈N ,Jµ∈Tk−1

c(p,Jµ)A1,pAk−1,Jµ + Sk−2,Jm − ∂2τAk−2,Jm , Jm ∈ Tk \ N .

The precise result of the formal derivation (see [32, Proposition 2.1]) is the
following:

Proposition 2.2. Let {±(ϑj , ωj) : j = 1, . . . , ν} be a set of ν ∈ N different pulses,
closed under interactions up to order N , (2.28), and let the amplitudes Ak,j of the

multiscale ansatz XA,ε
N given by (2.27) satisfy the macroscopic equations (2.29) for

k = 1, (2.30) for k = 2, . . . , N−1, and set AN,j = 0. Moreover, set the functions
Ak,Jm , Jm ∈ Tk \N , according to (2.32) for k = 2, (2.33) for k = 3, . . . , N . Then,

the ansatz XA,ε
N constructed by these functions satisfies the microscopic model (2.19)

up to order εN , i.e. for the residual terms given by (3.14) we have res
(
XA,ε

N

)
=

O
(
εN+1

)
.

The derived macroscopic equations all possess local-in-(macroscopic)-time solu-
tions in appropriate Sobolev spaces, as can be shown by standard results on PDEs.
Moreover, these equations are justified by proving that the approximation (2.27)
built up by their solutions remains close to a solution of the original equation (2.19)
for the time interval for which their solutions exist. This result follows by the usual
Gronwall-type argument, and requires a control of the residual terms and the non-
linearity in the energy norm of the linearized microscopic system. We note that
due to the chosen scaling here we neither need to restrict ourselves to cubic non-
linearities (cf. [36]) nor need to make use of normal transform argument (cf. [37]).
The justification result is the following (see [32, Theorem 3.6]):
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Theorem 2.3. Let Γ be the d-dimensional lattice (2.18), d ∈ N, and let Vα,W ∈
CN+2(R) with α ∈ Γ, N > 1+d

2 , N ∈ N, be the interaction and on-site potentials
(2.20) of the microscopic model (2.19) with finite but arbitrary range satisfying
Vα(x) = V−α(−x) and (2.23). Moreover, let {±(ϑj , ωj) ∈ TΓ ×R : j = 1, . . . , ν} be
a set of ν ∈ N different pulses, closed under interactions up to order N , (2.28), and

let the modulation coefficients Ak,Jm : [0, τ0] → C of the approximation XA,ε
N , see

(2.27), be given as in Proposition 2.2, with Ak,j(0, ·) ∈ Hs+2(N−k)(Rd;C), s > d/2,
for k = 1, . . . , N − 1, j = 1, . . . , ν.

Then, for each c > 0 there exist ε0, C > 0 such that for all ε ∈ (0, ε0) and any
solution x of (2.19) with∥∥∥(x(0), ẋ(0))− (XA,ε

N−1(0), Ẋ
A,ε
N−1(0)

)∥∥∥
ℓ2×ℓ2

⩽ cεβ , β ∈
(
1, N−d

2

]
,

we have∥∥∥(x(t), ẋ(t))− (XA,ε
N−1(t), Ẋ

A,ε
N−1(t)

)∥∥∥
ℓ2×ℓ2

⩽ Cεβ for t ∈ [0, τ0/ε].

Finally, we mention that in [32] a full list of all possible second-order interac-
tions for up to three pulses is given, which includes e.g. the macroscopic transport
of a single wave, the self-interaction of a wave generating a second one, and the
interaction of three waves.

Transport and generation of macroscopically modulated waves in di-
atomic chains ([33])

Here, we change the setting and consider diatomic lattices, more precisely di-
atomic chains. These can be imagined as chains of atoms of two different masses,
which are placed such that all atoms with odd indices have the same mass and all
atoms with even indices have a common mass different from the former one. Dually,
we can consider a diatomic chain also as a chain of two different kinds of springs
placed alternately. Of course a mixture of the previous cases is also possible. In
any case we can normalize the chain in such a way, that all masses equal zero and
the interaction potentials alternate. Hence, a diatomic chain with on site potentials
can be written in the form{

ẍ2j+1 = V ′
1(x2j+2 − x2j+1)− V ′

1(x2j+1 − x2j)−W ′
1(x2j+1),

ẍ2j = V ′
2(x2j+1 − x2j)− V ′

2(x2j − x2j−1)−W ′
2(x2j),

j ∈ Z,(2.34)

with nearest-neighbor interaction and on-site potentials Vi, Wi ∈ C4(R), i = 1, 2,
such that

(2.35)

{
V ′
i (x) = vi,1x+ vi,2x

2 + Ṽ ′
i (x), Ṽ ′

i (x) = O(|x|3),
W ′

i (x) = wi,1x+ wi,2x
2 + W̃ ′

i (x), W̃ ′
i (x) = O(|x|3).

Setting uj =

(
uj,1
uj,2

)
:=

(
x2j+1

x2j

)
, j ∈ Z, and using the Taylor-expansions (2.35),

the diatomic chain (2.34) takes the form

ü = Lu+M(u),(2.36)
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(Lu)j :=

(
v1,1
(
uj+1,2 − 2uj,1 + uj,2

)
− w1,1uj,1

v2,1
(
uj,1 − 2uj,2 − uj−1,1

)
− w2,1uj,2

)
,

(M(u))j :=

(
v1,2
(
(uj+1,2 − uj,1)

2 − (uj,1 − uj,2)
2
)
− w1,2u

2
j,1

v2,2
(
(uj,1 − uj,2)

2 − (uj,2 − uj−1,1)
2
)
− w2,2u

2
j,2

)
+

+

(
Ṽ ′
1(uj+1,2 − uj,1)− Ṽ ′

1(uj,1 − uj,2)− W̃ ′
1(uj,1)

Ṽ ′
2(uj,1 − uj,2)− Ṽ ′

2(uj,2 − uj−1,1)− W̃ ′
2(uj,2)

)
.

The linearized model ü = Lu admits for non-trivial plane-wave solutions

u = Ae + c.c., E(t, j) := ei(ωt+jϑ), A :=

(
A(1)

A(2)

)
∈ C2,

provided the frequency ω ∈ R and the wave number ϑ ∈ (−π, π] satisfy the disper-
sion relation

detH(ω, ϑ) = 0, H(ω, ϑ) :=

(
ω2−c1 v1,1(e

iϑ+1)
v2,1(1+e

−iϑ) ω2−c2

)
,(2.37)

where ci := 2vi,1 + wi,1. This is equivalent to

(2.38) ω2 = ω2
±(ϑ) :=

c1 + c2
2

± 1

2

√
(c1 − c2)2 + 8v1,1v2,1(cosϑ+ 1).

Assuming c1 + c2 > 0, c1c2 > 4v1,1v2,1 > 0, we obtain

ω±(ϑ) :=

√
1

2

(
c1 + c2 ±

√
(c1 − c2)2 + 8v1,1v2,1(cosϑ+ 1)

)
> 0(2.39)

for all ϑ ∈ (−π, π] and the additional assumption c1 ̸= c2 yields the strict separation
of the optical and acoustical branches of the frequency,

2ω2
+(ϑ) ⩾ c1 + c2 + |c1 − c2| > c1 + c2 − |c1 − c2| ⩾ 2ω2

−(ϑ) ∀ ϑ ∈ (−π, π].

All of the above assumptions are satisfied in the case wi,1 > 0, 4vi,1 + wi,1 > 0,
v1,1v2,1 > 0, 2v2,1 + w2,1 > 2v1,1 + w1,1, which we assume in the following.

The eigenvectors A to the eigenfrequencies ω = ω±(θ) are given by

(2.40) A(2) = −ρA(1), ρ :=
ω2−c1

v1,1(eiϑ+1)
=
v2,1(e

−iϑ+1)

ω2−c2
̸= 0, if ϑ ̸= ±π

and

(2.41) A =

(
A(1)

0

)
for ω = ω−(±π), A =

(
0

A(2)

)
for ω = ω+(±π).

An interesting question, which was a main motivation for this paper, is what
resonances are possible in the above setting. In particular we are interested whether
a plane wave can generate another plane wave via self-interaction. This is equivalent
to the question whether there exist ϑ ∈ (−π, π] such that

2ω(±)(ϑ) = ω±(2ϑ).

We recall that the +-sign corresponds to the optical band, while the −-sign cor-
responds to the acoustical band. A short discussion shows that for the above
assumptions on the parameters of the potentials

(1) an optical wave can not generate via self-interaction an acoustical one, and
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(2) in the standard case v2,1 = γa > a = v1,1, w1,1 = w2,1 = b > 0 an acoustical
wave can not generate another acoustical one by self-interaction, while

(3) in the same case, an acoustical wave can generate via self-interaction an
optical one. Moreover, the generating and the generated wave do not res-
onate.

We are interested in solutions of (2.36) which in first order in ε are a sum of two
macroscopically modulated plane-wave solutions with small amplitudes

(2.42) u = UA,1
ε +O(ε2), (UA,1

ε )j(t) := ε
2∑

n=1

A1,n(εt, εj)En(t, j) + c.c.

where A1,n =
(
A

(1)
1,n, A

(2)
1,n

)T
: R× R → C2 and en(t, j) := ei(ωnt+jϑn) with (ωn, ϑn)

satisfying (2.37).
However, due to the scaling of A1,n by ε and the macroscopic nature of its

time and space variables, its dynamics will include terms of second order in ε.
Hence, taking into account the nonlinearity of our original system (2.36) and the
fact that we consider two different plane waves, we insert into (2.36) the improved
approximation

UA,2
ε := UA,1

ε + ε2
( 2∑

n=1

(
A2,nEn +A2,(n,n)E

2
n

)
+A2,(1,2)E1E2(2.43)

+A2,(1,−2)E1E−2 +
1

2
A2,(1,−1) + c.c.

)
,

where A2,ι =
(
A

(1)
2,ι , A

(2)
2,ι

)T
: R × R → C2, ι ∈ {1, 2} ∪ I, I := {(1, 1), (2, 2), (1, 2),

(1,−2), (1,−1)}, are again functions of the macroscopic variables τ = εt, y = εj,
and where e−n = en.

Inserting the approximation (2.43) into (2.36) we obtain formally that (a) in the
non-resonant case

(2.44) detH(ω, ϑ) ̸= 0 for (ω, ϑ) = (2ωn, 2ϑn), (ω1 ± ω2, ϑ1 ± ϑ2),

and for ϑn ̸= ±π, the first order amplitudes A
(1)
1,n necessarily have to satisfy the

transport equations

(2.45) ∂τA
(1)
1,n − ω′

±(ϑn)∂yA
(1)
1,n = 0 for ωn = ω±(ϑn),

while (b) in the resonant case

ϑ1 ̸= ±π
2
,±π, ϑ2 = 2ϑ1, ω1 = ω−(ϑ1), ω2 = ω+(ϑ2) = 2ω1

we get

(2.46)

∂τA
(1)
1,1 − ω′

−(ϑ1)∂yA
(1)
1,1 = d1

iω1

ω2
1−c2

(ω2
1−c1)+(ω2

1−c2)
Ā

(1)
1,1A

(1)
1,2,

∂τA
(1)
1,2 − ω′

+(ϑ2)∂yA
(1)
1,2 = d2

2iω2

ω2
2−c2

(ω2
2−c1)+(ω2

2−c2)

(
A

(1)
1,1

)2
with all coefficients explicitly determined. Analogous macroscopic equations can
be obtained also for the cases ϑn = ±. Moreover, all the macroscopic functions of
(2.43) can be determined algebraically from the first order amplitude equations.

From the above equations we see that, as expected, in the non-resonant case
and for the macroscopic time scale εt the waves do not interact macroscopically in
leading order, while in the resonant case they do. Furthermore, the form of the
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coupling in the resonant case corresponds to the fact that an optical wave can not
generate an acoustic one but only a wave of the latter form can generate one of the

former form, since assuming A
(1)
1,1 ≡ 0 in the system (2.46) we would still obtain a

transport equation for the optical wave, while imposing A
(1)
1,2 ≡ 0 the macroscopic

system would allow only the trivial solution for A
(1)
1,1.

The derived modulation equations can be justified in all cases with and without
resonances. More precisely, in [33, Theorem 4.1] we show

Theorem 2.4. Let Vi,Wi ∈ C4(R), i = 1, 2, in (2.35) satisfy

(2.47) v1,1 =
v1
M
, v2,1 =

v1
m
, wi,1 > 0, 4v1 +min{Mw1,1,mw2,1} > 0, M,m > 0,

let ω2 > ω1 > 0 and ϑn ∈ (−π, π], n = 1, 2, satisfy detH(ωn, ϑn) = 0 and

either detH(2ωn, 2ϑn) ̸= 0, detH(ω1 ± ω2, ϑ1 ± ϑ2) ̸= 0,

or (ω2, ϑ2) = (2ω1, 2ϑ1 mod 2π), detH(kω1, kϑ1) ̸= 0, k = 3, 4,

with the dispersion matrix H in (2.37), and let A
(1[2])
1,n : [0, τ0] × R → C, τ0 > 0,

be, respectively, the unique solutions of either (2.45) or (2.46) with A
(1[2])
1,n (0, ·) ∈

H4(R;C).
Then, for the corresponding approximation UA,1

ε and every c > 0, β ∈
(
1, 3/2]

there exist ε0, C > 0 such that for all ε ∈ (0, ε0) and all t ∈ [0, τ0/ε] any solution u
of (2.36) satisfies∥∥∥∥(u− UA,1

ε

u̇− U̇A,1
ε

)
(0)

∥∥∥∥
(ℓ2)4

⩽ cεβ ⇒
∥∥∥∥(u− UA,1

ε

u̇− U̇A,1
ε

)
(t)

∥∥∥∥
(ℓ2)4

⩽ Cεβ .

As already explained in the introduction, this theorem can be seen also as a proof
that solutions in the form of the approximation exist for the original equation. The
scheme of the proof is classical: We transform the original equation into a first
order system and derive an integral equation for the error between original solution
and improved approximation. Controlling in the energy norm of the linearized
problem the residual terms of the formal derivation and the nonlinearity (via the
mean value theorem in the appropriate function space) we obtain an estimate of
the error for finite macroscopic times via a Gronwall argument. Finally, we observe
that the highest order terms of the improved approximation can be estimated with
the same order as the error, leaving us with the difference between original solution
and approximation.

3. Part II: Nonlinear Schrödinger equation

Interaction of modulated pulses in the nonlinear Schrödinger equation
with periodic potential (with A. Mielke and C. Sparber, [38])

Our starting point is the nonlinear Schrödinger equation

(3.1) iε∂tu
ε = −ε

2

2
∆uε + VΓ

(x
ε

)
uε + εκ |uε|2uε, x ∈ Rd, t ∈ R, 0 < ε≪ 1,

governing the dynamics of a wave field uε(t, ·) ∈ L2(Rd). Here, κ ∈ R and the
potential VΓ = VΓ(y) ∈ R is assumed to be smooth and periodic with respect to
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some regular lattice Γ ≃ Zd, generated by a given basis {ζ1, . . . , ζd}, ζl ∈ Rd, i.e.

(3.2) VΓ(y + γ) = VΓ(y), ∀ y ∈ Rd, γ ∈ Γ ≡
{
γ =

∑d
l=1 γlζl ∈ Rd : γl ∈ Z

}
.

The equation (3.1) can be seen as a simplified model for the dynamics of a Bose-
Einstein condensate in an optical lattice, described by VΓ, from a semiclassical
point of view, where the parameter ε ≪ 1 describes the microscopic/macroscopic
scale ratio, see [19, 23, 46].

The above equation was studied previously in [14] in the case of an additional
non-periodic confining potential, and for initial data uε(0, ·) of WKB type which
are concentrated in a single (isolated) Bloch band Eℓ(k) ∈ R. These energy bands
describe the spectral subspaces corresponding to the periodic Hamiltonian operator

(3.3) Hε
per := −ε

2

2
∆ + VΓ

(x
ε

)
.

More precisely, denoting by Y the centered fundamental domain of the lattice Γ,
i.e.

(3.4) Y :=

{
γ ∈ Rd : γ =

d∑
l=1

γlζl, γl ∈
[
− 1

2
,
1

2

]}
,

we obtain the d-dimensional torus Y = Rd/Γ by identifying opposite faces. Analo-
gously, the corresponding basic cell Y ∗ of the dual lattice Γ∗ gives, equipped with
periodic boundary conditions, the Brillouin zone B ≡ Y∗. The Bloch eigenvalue
problem is the spectral problem on Y:

(3.5) HΓ(k)χℓ(y; k) = Eℓ(k)χℓ(y; k), k ∈ B, ℓ ∈ N,
where Eℓ(k) ∈ R and χℓ(y) ≡ χℓ(y; k) denote the ℓ-th eigenvalue and eigenvector
of the shifted Hamiltonian operator

HΓ(k) := e−ik·yHper e
ik·y =

1

2
(−i∇y + k)

2
+ VΓ (y) ,

where

Hper = −1

2
∆y + VΓ(y).

It is well-known (see the references in [38]) that, since VΓ is smooth and periodic,
HΓ(k) is self-adjoint on L2(Y) with domain H2(Y), compact resolvent, and spec-
trum

spec(HΓ(k)) = {Eℓ(k) ; ℓ ∈ N} ⊂ R.
Moreover, the eigenvalues can be ordered increasingly

E1(k) ≤ . . . ≤ Eℓ(k) ≤ Eℓ+1(k) ≤ . . . ,

where each eigenvalue is repeated according to its multiplicity. Every Eℓ(k) is
periodic w.r.t. Γ∗ and it holds that Eℓ(k) = Eℓ(−k). The set {Eℓ(k); k ∈ B} is
called the ℓth energy band. The associated eigenfunctions, the Bloch functions,
χℓ(y; k) form (for every fixed k ∈ B) an orthonormal basis in L2(Y), with the usual
normalization

⟨χℓ1(k), χℓ2(k)⟩L2(Y) ≡
∫
Y
χℓ1(y; k)χℓ2(y; k) dy = δℓ1,ℓ2 , ℓ1, ℓ2 ∈ N.

Concerning the dependence on k ∈ B, it is known, that for any ℓ ∈ N there exists a
closed subset Uℓ ⊂ B such that Eℓ and χℓ are analytic w.r.t. k ∈ Oℓ := B\Uℓ with

Eℓ−1(k) < Eℓ(k) < Eℓ+1(k), ∀ k ∈ Oℓ
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and

meas Uℓ = meas { k ∈ B | Eℓ(k) = Eℓ̂(k) for some ℓ̂ ̸= ℓ } = 0.

In this set one encounters so-called band crossings, which are characterized by the
fact that Eℓ(k) is only Lipschitz continuous and hence the group velocity ϑ :=
∇kEℓ(k) does not exist.

The present paper is a generalization of the results in [14] to the case of multiple
bands and for initial data that correspond to a sum of modulated plane waves. We
derive an approximate macroscopic description (i.e. on time– and length–scales
of order one) by a two scale expansion method. More precisely, we show that the
solution to (3.1) can be approximated (in a suitably scaled Sobolev space) via

(3.6) uε(t, x) ∼
M∑

m=1

am(t, x)χℓm

(x
ε
; km

)
ei(km·x−tEℓm (km))/ε) +O(ε), M ∈ N.

We see that this approximation is built up from M ∈ N fast oscillating plane waves
to the linearized equation (3.1) with slowly varying amplitudes am. In order to be
able to derive macroscopic equations describing the evolution of the amplitudes,
the modes {(km, ℓm) : m = 1, ...,M}, which characterize the carrier waves, need to
satisfy a closedness condition of sufficient high order Λ ∈ N. For the clarification
of these notions we need the following definition ([38, Definitions 2.1, 2.2]):

Definition 3.1. For k ∈ B and ℓ ∈ N we call µ = (k, ℓ) a mode and M := B × N
the set of all modes.
(i) The graph of all modes is given by

G =
{
(k,Eℓ(k)) : (k, ℓ) ∈ M

}
⊂ B × R.

(ii) Given a finite set S = {µ1, . . . , µM} ⊂ M of modes, we call SΛ the (ordered)
mode system of size Λ ∈ N generated by S.
(iii) The map Σ : SΛ → B × R with range G(Λ)

S := Σ(SΛ) is defined by

Σ(µm1 , . . . , µmΛ) :=

(
Λ∑∗

λ=1

(−1)λ+1kmλ
,

Λ∑
λ=1

(−1)λ+1Eℓmλ
(kmλ

)

)
,

where
∑∗

denotes summation modulo Γ∗.
(iii) An element (µm1 , . . . , µmΛ) ∈ SΛ is called resonant of order Λ to T ⊂ M, if

Σ(µm1 , . . . , µmΛ) ∈ G(1)
T .

(iv) S is closed of order Λ, if the group velocity ∇kEℓ(k) exists for all µ = (k, ℓ) ∈ S
and

(3.7) G(Λ)
S ∩

(
G \ G(1)

S

)
= ∅.

The map Σ is modeled according to the behavior of plane waves under multi-
plication, that is to say nonlinear interaction, taking into account the special form

of the nonlinearity in (3.1). We infer from the above definition that G(1)
S ⊂ G and

that a single mode µ is always resonant of order Λ = 1 to itself. However, for any
Λ ≥ 2 we obtain

Σ : (µm1 , . . . , µmΛ) 7→ σ := (k,E) ∈ B × R,

which does not necessarily imply σ ∈ G(1)
S . As for the condition (3.7), it is equivalent

to saying that for all (µm1 , . . . , µmΛ) ∈ SΛ it holds: Either Σ(µm1 , . . . , µmΛ) ∈
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(B ×R) \ G, or else there exists a µ ∈ S such that Σ(µm1 , . . . , µmΛ) = Σ(µ) ∈ G(1)
S .

The latter obviously means that (µm1 , . . . , µmΛ) is resonant of order Λ to S. In
other words, if S is closed of order Λ, it contains a priori the plane waves generated
under nonlinear interaction of order Λ. Finally, the condition that ∇kEℓ(k) has to
exist implies that we can not deal with mode systems including modes lying on a
band crossing, i.e. we assume that µ = (k, ℓ) implies k ∈ Uℓ.

Concerning the amplitudes am(t,X) ∈ C, they describe the macroscopic dy-
namics of the nonlinear wave interactions and they are derived formally as the
(local-in-time) solutions to the nonlinear system of amplitude equations

(3.8) i∂tam + iϑm · ∇xam =
M∑

p,q,r=1:
Σ(µp,µq,µr)=Σ(µm)

κ(p,q,r,m) ap aq ar, m = 1, . . . ,M,

where ϑm := ∇kEℓm(km) is the corresponding group-velocity and κ(p,q,r,m) ∈ C are
the effective coupling coefficients

(3.9) κ(p,q,r,m) := κ

∫
Y
χℓp(y)χℓq (y)χℓr (y)χℓm(y) dy.

As in (3.1), the nonlinearity in the amplitude equations is again cubic. It takes into
account the sum over all p, q, r = 1, . . . ,M , for which the resonance condition of
order Λ = 3 holds,

(3.10) kp − kq + kr = km, Eℓp(kp)− Eℓq (kq) + Eℓr (kr) = Eℓm(km),

where the first equation has to be understood as a summation modulo Γ∗. The equa-
tions (3.10) describe a so-called four-wave interaction, i.e. three modes µp, µq, µr

being in resonance with a fourth one µm ∈ S. The nonlinear structure on the right-
hand side of (3.8) is such that energy transfer between different modes can occur.
In other words, even if initially some of the amplitudes am(0, ·) are zero, they will
not remain so in general for times |t| ̸= 0. Regarding existence and uniqueness of
solutions to the above given amplitude equations, it can be shown ([38, Lemma
2.4]):

Lemma 3.2. For any initial data (a1(0, ·), . . . , aM (0, ·)) ∈ HS(Rd)M , with S >
d/2, the system (3.8) admits a unique solution

(a1, . . . , aM ) ∈ C0([0, T );HS(Rd))M ∩ C1((0, T );HS−1(Rd))M ,

up to some (finite) time T > 0.

The equations (3.8) arise through a formal procedure, where we assume for the
solutions (3.1) an asymptotic two-scale expansion of the form

(3.11) uεN (t, x) :=

N∑
n=0

εn vn

(
t, x,

t

ε
,
x

ε

)
,

where

(3.12) vn(t, x, τ, y) :=
∑

σ∈G(2n+1)
S

An,σ(t, x, y)Eσ (τ, y)

with Eσ(τ, y) := eiσ·(y,−τ) for σ ∈ G(2n+1)
S ≡ Σ(S2n+1) and

An,σ(·, ·, y + γ) = An,σ(·, ·, y), ∀ y ∈ Rd, γ ∈ Γ.
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Plugging the ansatz (3.11), (3.12) into (3.1) and expanding in powers of ε, we
formally obtain

(3.13) iε∂tu
ε
N −Hε

peru
ε
N − εκ|uεN |2uεN =

N∑
n=0

εnXn + res(uεN ),

with the residual

(3.14) res(uεN ) =
3N+1∑

n=N+1

εnXn,

and where, using the operators

(3.15) Lσ
0 := E −HΓ(k), Lσ

1 := i∂t + ik · ∇x + divx ∇y, L2 :=
1

2
∆x

for σ ≡ (k,E) ∈ B×R the Xn have the form of (3.12) with macroscopic coefficients
that involve the An,σ above, see [38, (3.6)-(3.8)]. We then subsequently construct
An,σ such that Xn ≡ 0 for n = 0, . . . , N . This means that the macroscopic coef-
ficients to each Eσ have to vanish. Here, the nonlinear interaction comes to play,
since in the case of resonance the interacting waves produce a new wave which

is included in our closed system S and represented by some ς ≡ σ ∈ G(1)
S . We

consequently obtain equations of the form

(3.16) Lσ
0An,σ = Fn,σ, σ ∈ G(2n+1)

S ,

where the r.h.s. Fn,σ can be determined from the coefficients (Am,σ)σ∈G(2m+1)
S

for

m = 0, 1, . . . , n− 1. This equation leads to the following alternative:

Either σ ∈ G(2n+1)
S \ G(1)

S and the closure condition up to order 2n + 1 implies
invertibility of Lσ

0 leading to

(3.17) An,σ(t, x, y) = (Lσ
0 )

−1Fn,σ(t, x, y);

or ς ≡ σ ∈ G(1)
S , and Lσ

0 has a nontrivial kernel. Using the orthogonal projections
If Pς denote the orthogonal projections onto this kernel the necessary and sufficient
solvability condition for (3.16) is given by

(3.18) PςFn,ς(t, x, y) = 0,

which yields (recall that dim(ranPς) = 1, by assumption)

(3.19) ⟨χς , Fn,ς⟩L2(Y) = 0, for 0 ̸= χς ∈ ranPς .

Under this condition, we consequently obtain

(3.20) An,ς(t, x, y) = an,ς(t, x)χς(y) +A⊥
n,ς(t, x, y)

with

(3.21) A⊥
n,ς := (Lς

0)
−1(1− Pς)Fn,ς .

At this step an,ς is still undetermined. However, condition (3.19) provides a partial
differential equation for an−1,ς , the so far undetermined part of the previous step.

The above procedure leads iteratively to the determination of all An,σ in such a
way that all Xn ≡ 0 for n = 0, . . . , N in (3.13), such that only the residual terms of
formal order εN+1 remain. In particular we obtain the macroscopic equations (3.8)
provided S is closed of order Λ = N + 1. For the explicit form of the determining
equations we refer to [38, §3].
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However, this procedure leads only to a formal derivation of (3.8) and the equa-
tions determining the higher order terms of the approximation, in the sense that
these equations represent necessary conditions in order for the residual terms to
be of the order εN+1. The question is whether the approximation is indeed close
to solutions of the original equation (3.1). The answer is given by the main result
(Theorem 4.5) of [38]:

Theorem 3.3. For d ∈ N choose s, S ∈ [0,∞) and N ∈ N such that N, s > d
2 and

S > N + s + d
2 , or, if d = 1, S ⩾ N + s + 1. Let K = max{0, s + d

2 − 2} and
assume ∂αVΓ ∈ L∞(Y) for all |α| ≤ K. Moreover, let the finite system of modes
S = {µ1, . . . , µM} be closed of order Λ = 2N + 1.

Then for any solution (a1, . . . , aM ) ∈ C0([0, T ),HS(Rd))M of the amplitude
equations (3.8), and any t∗ ∈ (0, T ), β ∈ (d2 , N ], c > 0, there exist an ε0 ∈ (0, 1)
and a C > 0, such that for all ε ∈ (0, ε0), the approximate solution uεN , constructed
above, and any exact solution uε of (3.1) with

∥uε(0, ·)− uεN−1(0, ·) ∥Hs
ε
≤ cεβ ,

satisfy

∥uε(t, ·)− uεN−1(t, ·) ∥Hs
ε
≤ Cεβ for all t ∈ [0, t∗].

The proof of the theorem follows the strategy described for the first article of
this thesis (see p. 10), of course adapted to the system and the basic pattern under
consideration here. For the exact details, see [38]. Once again, it is worth mention-
ing that Theorem 3.3 also shows that no blow-up can occur in the exact solution
uε within the interval t ∈ [0, T ), determined by the ”macroscopic” existence time
of (3.8).

Here, the estimate of the error is given with respect to the norm of the scaled
Sobolev spaces

Hs
ε :=

{
f ∈ L2(Rd) ; ∥f∥Hs

ε
<∞

}
, s ∈ [0,∞),

with

∥f∥2Hs
ε
:=

∫
Rd

(1 + |εp |2)s |f̂(p)|2 dp,

and where f̂ denotes the usual Fourier transform of f in L2(Rd). InHs
ε the following

Gagliardo–Nirenberg inequality holds

(3.22) ∀ s > d

2
∃C∞ > 0 : ∥ f ∥L∞ ≤ C∞∥ f ∥Hs ≤ C∞ε

−d/2∥ f ∥Hs
ε
,

where the factor ε−d/2 arises from the scaling of the macroscopic space variable.
This explains also the lower bound on the exponent β in the above theorem.

The system (3.8) describes a so-called four-wave interaction, also known (most
prominently in laser physics and nonlinear optics) as four-wave mixing, cf. [4,
11, 40]. By (3.6) we allow for nonlinear interactions within the same band but
also consider interactions of different bands. In particular, energy or mass transfer
between different bands is expected due to the presence of the nonlinearity on the
right hand side of (3.8). In the literature (3.8) is often referred to as coupled-
mode equations (of Dirac type). They arise in different circumstances and we refer
to [62] for a general mathematical discussion on their applicability. However, to
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our knowledge the rigorous derivation of coupled-mode equations in the context of
(nonlinear) Schrödinger type equations has not been studied up to now.

We note that the concept of wave mixing is strongly linked to plane waves as
considered above. Indeed, if one allows for more general phases (which is possible
in the case of a single pulse [14]), a rigorous understanding, even in much simpler
cases, is lacking and in particular one can not expect the nonlinear interaction to
be maintained on macroscopic time-scales in general. On the other hand we could,
without any problems, allow for (smooth) higher order nonlinearities as considered
in [14]. This however would result into a much more involved resonance-structure
for the nonlinear interactions.

Of couse this work is closely related to analogous considerations for other sys-
tems, in particular to [32] presented above, and for spatially periodic systems to
[62, 1], where a similar system of coupled mode equations is derived from Maxwell’s
equations in photonic crystals. Moreover, in [54] stationary coupled mode sys-
tems are justified as approximations to nonlinear elliptic problems related to the
Maxwell and Gross–Pitaevski equations with (small) periodic potentials. In the
case of strictly hyperbolic systems we mention exemplarily, [41, 43, 49, 55].

High-frequency averaging in semi-classical Hartree-type equations (with
A. Mielke and C. Sparber, [39])

This article is treating a similar question as in [38], namely the macroscopic
evolution of a set of amplitude-modulated plane waves for a nonlinear Schrödinger
equation. However, here the potential is nonlocal in difference to the one in (3.1).
The nonlocal structure clearly influences on the one hand the macroscopic behavior
of the solutions and on the other hand the mathematical tools needed for its treat-
ment. More precisely, we are interested in the asymptotic behavior for 0 < ε ≪ 1
of the nonlinear Schrödinger equation

(3.23) iε∂tu
ε = −ε

2

2
∆uε +

(
K ∗ |uε|2

)
uε, uε

∣∣
t=0

= uε0,

where (t, x) ∈ R+ × Rd, d ∈ N. This model describes the time-evolution of a
complex-valued field uε(t, x), under the influence of a Hartree-type nonlinearity, as
it appears for example in the description of superfluids, cf. [5]. Above, K = K(x)
denotes a given real-valued interaction kernel, to be specified in detail below, and
“ ∗ ” denotes the convolution w.r.t. x ∈ Rd. The scaling of (3.23) for small ε > 0
corresponds to the semi-classical regime, i.e. the regime of high-frequency solutions
uε(t, x), which can be approximated via geometric optics.

The asymptotic behavior of (3.23) as ε → 0+ has been studied by several au-
thors, mainly for the case K(x) = ± 1

|x| , with techniques either based on the notion

of Wigner measure or on WKB approaches, see the references in [39]. However,
most of the work considers single-phase initial data, while we are interested here
in the case of (a superposition of) several WKB waves, but in order to simplify
the effects of nonlinear interactions between them restrict ourselves to the case of
(asymptotically) small initial data corresponding to modulated plane-waves. More
precisely, we consider initial data of the form

(3.24) uε0(x) = εα/2uε0(x), α ⩾ 1, uε0(x) =

J∑
j=1

aj(x)e
ikj ·x/ε, kj ∈ Rd,
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where the amplitudes aj(x) ∈ C, j ∈ {1, . . . , J} ⊆ N do not depend on ε (the
latter being a harmless limitation, since we are interested only in the leading order
asymptotics). Without restriction of generality we also assume that

kj ̸= kℓ for all j ̸= ℓ ∈ Γ := {1, . . . , J} ⊆ N,

where J ∈ N ∪ {∞} and {1, . . . ,∞} means simply N.
By rescaling uε = ε−α/2uε, (3.23) takes the form

(3.25) iε∂tu
ε = −ε

2

2
∆uε + εα

(
K ∗ |uε|2

)
uε, uε

∣∣
t=0

= uε0,

where the initial data is now of order one but the equation displays an (asymp-
totically) small nonlinearity. Clearly, the case α = 1 in (3.25) is critical as far as
semi-classical behavior is concerned, which is a well-known fact, see e.g. [12, 13].

Seeking an approximation of solutions to (3.25) of the form

(3.26) uεapp(t, x) =

J∑
j=1

Aj(t, x)e
iϕj(t,x)/ε.

we plug this ansatz into our original equation to obtain

(3.27) iε∂tu
ε
app +

ε2

2
∆uεapp − εα

(
K ∗ |uεapp|2

)
uεapp =

2∑
n=0

εnXn + εα(Y + YR),

where the Xn, n = 0, 1, 2, arise from the linear part of the equation while Y and
YR depend on the nonlinearity. Note, that in the critical case α = 1 the terms X1

and Y are formally of the same order in ε. At a first glance this seems to hold true
also for the term

YR = −
J∑

j=1

eiϕj/ε
(
K ∗

J∑
ℓ,m=1
ℓ ̸=m

(
AℓAm ei(ϕℓ−ϕm)/ε

))
Aj .

However, a crucial part of our analysis is concerned with the proof that this is
essentially not true. Taking this fact for the moment as granted, the requirement
X0 = 0 yields the form the phases must have,

(3.28) ϕj(t, x) = kj · x− t

2
|kj |2,

while requiring X1 = 0 if α > 1 and X1 + Y = 0 if α = 1 gives

(3.29) ∂tAj + kj · ∇Aj =

{
0 if α > 1,

−iVeff(A)Aj if α = 1,

where for α = 1 the effective (nonlinear) potential Veff(A) is given by

Veff(A) := K ∗
( J∑

ℓ=1

|Aℓ|2
)
.

We see that for α > 1 no nonlinear effects are present in transport equations for the
leading order amplitudes. Concerning the existence of solutions to the macroscopic
equations of the amplitudes (3.29) we have the following result:
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Lemma 3.4. The transport equation (3.29) with initial data (aj)j∈Γ ∈ L2 ∩A(Rd)
admits global-in-time solutions A ∈ C([0,∞);L2 ∩A(Rd)), which can be written in
the form

(3.30) Aj(t, x) = aj(x− tkj)e
iSj(t,x),

where Sj ≡ 0 for α > 1 and Sj ∈ C([0,∞)× Rd) for α = 1 is given by

(3.31) Sj(t, ·) = −
∫ t

0

(
K ∗

J∑
ℓ=1

∣∣aℓ( ·+(τ − t)kj − τkℓ
)∣∣2) dτ

In particular we have mass conservation for each individual mode

(3.32) ∥Aj(t, ·)∥L2(Rd) = ∥aj∥L2(Rd), ∀ t ∈ R.

Here, we use the following definition for the space where the amplitudes evolve,

where f̂ denotes the Fourier transform of f ∈ L1 ∩ L2(Rd):

Definition 3.5.

A(Rd) := {a = (aj)j∈Γ : (âj)j∈Γ ∈ ℓ1(Γ;L1(Rd))},
Γ = {1, . . . , J} ⊆ N, equipped with the norm

∥a∥A(Rd) =

J∑
j=1

∥âj∥L1(Rd).

The definition of this space is based on the notion of the Wiener Algebra and is
motivated by the asymptotic behavior of YR as given in (3.14). More precisely, we
need to estimate the remainder of the formal derivation (3.27)

(3.33) R(uεapp) =

{
ε2X2 + εYR if α = 1,

ε2X2 + εα(Y + YR) if α > 1.

To this end, we shall rely on the framework of Wiener algebras, see e.g. [21, 42],

W (Rd) :=
{
f ∈ S ′(Rd;C), ∥f∥W := ∥f̂∥L1(Rd) <∞

}
.

We consider the Cauchy problem (3.25) to be posed in W (Rd), for which a well-

posedness result can be shown, when K̂ ∈ L∞(Rd) and α ⩾ 1.
For our purposes, the most essential property of the Wiener space is the following:

Lemma 3.6. Let kj ∈ Rd, cj ∈ R, and b ∈ ℓ1(Γ,W (Rd)), and set

f(x, y) =
J∑

j=1

bj(x)e
i(kj ·y+cj).

Then, for all ε > 0 the function f(·, ·/ε) : x 7→ f(x, x/ε) lies in W (Rd) with

∥f(·, ·/ε)∥W ⩽ ∥b∥A =
∑
j∈Γ

∥bj∥W .

With the help of this lemma it can be easily shown that

(3.34) ∥uεapp(t, ·)∥W ⩽ ∥A(t, ·)∥A.

(3.35) ∥X2(t, ·)∥W ⩽ 1

2
∥∆A(t, ·)∥A =

1

2

J∑
j=1

∥∆Aj(t, ·)∥W .
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(3.36) ∥Y (t, ·)∥W ⩽ ∥K̂∥L∞∥A(t, ·)∥3A.

However, the key technical result concerns the estimate of the term YR.

Proposition 3.7. Let YR be defined by (3.14) with plane-wave phases ϕj given by
(3.28) and assume |Λ|−1

∞ := inf{|kℓ − km| : ℓ,m ∈ Γ, ℓ ̸= m} > 0. Moreover, let K

be such that K̂ ∈ L∞(Rd) and ∇̂K ∈ L∞(Rd). Then we have the following bound:

(3.37) ∥YR(t, ·)∥W ⩽ εCK∥A(t, ·)∥2A
(
∥A(t, ·)∥A + ∥∇A(t, ·)∥A

)
,

where CK > 0 is independent of ε.

This result is obtained by use of the plane-wave-form of the phases, (3.28), and of
Lemma 3.6 via integration by parts w.r.t. y. A combination of the above estimates
yields the estimate of the residual

∥R(uεapp)∥W ⩽ εγCR ∀ t ∈ [0, T ], ∀ ε > 0,

where

(3.38) γ =

{
2 if α ∈ {1} ∪ [2,∞),

α if α ∈ (1, 2).

from which we obtain the main result of this work by a classical Gronwall-argument:

Theorem 3.8. For d ⩾ 1, consider the Cauchy problem (3.25) with α ⩾ 1,
subject to initial data uε0 of the form (3.24), where the initial amplitudes aj ∈
L2(Rd) ∩ A(Rd) are such that (∂pxaj)j∈Γ ∈ A(Rd) for all |p| ⩽ 2. Then, under the
assumptions of Proposition 3.7, for all T > 0 there exists C, ε0 > 0, such that for
any ε ∈ (0, ε0), the exact solution to (3.25) can be approximated by

(3.39)
∥∥uε − uεapp

∥∥
L∞([0,T ]×Rd)

⩽ Cεγ−1

with γ as in (3.38), and the approximate solution uεapp given by (3.26) with φj as
in (3.28) and the Aj given by Lemma 3.4.

We close the presentation of this article by referring to a particular example for
K which satisfies the needed assumptions. It is given by [5, equation (15)] and
more importantly by the so-called Yukawa potential

K(x) = ±e
−λ|x|

|x|
, x ∈ R3, λ > 0,

for which the corresponding Fourier transform is found to be

K̂(ξ) = ± 1

λ2 + |ξ|2
.

Clearly, (1 + |ξ|)K̂ ∈ L∞(R3) in this case. Note that in the limit λ → 0 we obtain
the Fourier transform of the Coulomb potential K(x) = ± 1

|x| , which, however, is

too singular, to directly apply our theorem. It remains an interesting open problem
to establish the same result for the Coulomb case in d = 3.
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4. Part III: Water waves

Interaction of modulated water waves of finite depth ([31])

We present in the following the modulation equations in the hyperbolic scaling
for three modulated water waves for the second order approximation and refer for
the question of their justification to [31]. We consider the water-waves problem
of finite depth in the so-called Zakharov/Craig-Sulem formulation and follow the
non-dimensionalized form of [48]. Then, the water waves problem takes the form

∂tU +Nσ(U) = 0, U = (ζ, ψ)T , Nσ = (N 1
σ ,N 2

σ )
T ,

where

N 1
σ (U) = −Gµψ, Gµψ = 1√

µG
[

ϵ√
µζ
]
ψ,

N 2
σ (U) = ζ − 1

Bo∇ ·
( ∇ζ√

1 + ϵ2|∇ζ|2
)
+
ϵ

2
|∇ψ|2 − ϵ

2

(Gµψ + ϵ∇ζ · ∇ψ)2

1 + ϵ2|∇ζ|2
.

Here, ζ(t, x, y), ψ(t, x, y) ∈ R are the surface elevation and the trace of the velocity
potential Φ at the surface, respectively, ϵ = ε

√
µ ≪ 1 is the steepness parameter,

ε ∈ (0, 1] the nonlinearity parameter and µ ∈ (0, µmax] the shallowness parameter.
Moreover, the Dirichlet-Neumann operator is given by

G[εζ]ψ = −µε∇ζ · ∇Φ|z=εζ + ∂zΦ|z=εζ

with {
(µ∂2x + µ∂2y + ∂2z )Φ = 0, −1 ⩽ z ⩽ εζ,

Φ|z=εζ = ψ, ∂zΦ|z=−1 = 0.

We seek approximate solutions of the form

Ua
n(t,X) =

(
ζan(t,X)
ψa
n(t,X)

)
=

n∑
m=0

ϵmUm(t,X), n = 1, 2,

where 0 < ϵ ⩽ ϵ0, t ∈ [0,∞), X = (x, y) ∈ R2 and

U0 =
∑
j

(
ζ0j
ψ0j

)
ej + c.c.+

(
ζ00
ψ00

)
,

U1 =
∑
j

(
ζ1j
ψ1j

)
ej +

∑
ji

(
ζ1ji
ψ1ji

)
eji + c.c.+

(
ζ10
ψ10

)
,

U2 =
∑
j

(
ζ2j
ψ2j

)
ej +

∑
ji

(
ζ2ji
ψ2ji

)
eji +

∑
jik

(
ζ2jik
ψ2jik

)
ejik + c.c.+

(
ζ20
ψ20

)
.

Here, c.c. denotes the complex conjugate of the preceding terms; all functions

ζm,j , ψm,j , m = 0, 1, 2, j = 0, 1, 2, 3,

ζm,ji, ψm,ji, m = 1, 2, (j, i) ∈ I1,

ζm,jik, ψm,jik, m = 2, (j, i, k) ∈ I2

are assumed to be complex-valued functions only of the macroscopic time and space
variables t′ = ϵt and X ′ = ϵX = ϵ(x, y);

I1 = {(1, 1), (2, 2), (3, 3), (1,±2), (1,±3), (2,±3)},
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I2 = {(1, 1, 1), (2, 2, 2), (3, 3, 3), (1, 1,±2), (1, 1,±3), (2, 2,±3),

(±1, 2, 2), (±1, 3, 3), (±2, 3, 3), (1, 2, 3), (−1, 2, 3), (1,−2, 3), (1, 2,−3)}

denote the index sets I1, I2, and summation over them and over {1, 2, 3} is indicated
by ∑

j

:=
3∑

j=1

,
∑
ji

:=
∑

(j,i)∈I1

,
∑
jik

:=
∑

(j,i,k)∈I2

.

Finally, we use the abbreviations

ej = eiθj , e−j = e−iθj , eji = ej ei, ejik = ej ei ek,

where

θj = ξj ·X − ωjt, ξj ∈ R2, ωj = ω(ξj)

with

ω(ξ) =
√(

1 + 1
Bo |ξ|2

)
g0(ξ), g0(ξ) = |ξ| tanh(√µ|ξ|), ξ ∈ R2.

In [31] we obtain the second order approximation

Ua
2 =

∑
j

(
i
ωj

bj

1

)
ψ0j ej + c.c.+

(
0
ψ00

)

+ ϵ
(∑

j

(
ζ1j
ψ1j

)
ej +

∑
ji

(
ζ1ji
ψ1ji

)
eji + c.c.+

(
ζ10
0

))
+ ϵ2

(∑
j

(
ζ2j
0

)
ej +

∑
ji

(
ζ2ji
ψ2ji

)
eji +

∑
jik

(
ζ2jik
ψ2jik

)
ejik + c.c.+

(
ζ20
0

))
,

where the functions ψ0j , ψ00 and ψ1j are obtained, in this order, by the equations

∂′tψ0j +∇ωj · ∇′ψ0j = 0,(4.1)

∂′t
2
ψ00 −

√
µ∆′ψ00 =

∑
j

(
aj,−j∂

′
t + 2

ωj

bj
ξj · ∇′

)
|ψ0j |2,(4.2)

∂′tψ1j +∇ωj · ∇′ψ1j = i
1

2
Ej(4.3)

with

Ej = ∇′ · Hω(ξj)∇′ψ0j +
bjaj,−j

ωj
ζ10ψ0j − 2ξjψ0j · ∇′ψ00 −

bj
ωj
Cj − iD̄j ,

where Cj , Dj are depending only on the ψ0j . The other macroscopic functions of
the above approximation can be determined algebraically from the solutions of this
system. This approximation is formally consistent with the water waves problem,
in the sense

∂tU
a
2 +Nσ(U

a
2 ) = ϵ3

(
r12
r22

)
,

where the residual terms have to be controlled in appropriate spaces.

The system (4.1), (4.2), (4.3) consists of the (non-resonant-)transport equation
for the leading-order amplitudes, an inhomogeneous wave equation for the mean
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flow, and an inhomogeneous transport equation for the next-to-leading order am-
plitudes. The functions in Ej can all be determined from the first two equations.
It is expected that the second order approximation built up from the solutions of
this system for well-chosen initial data stays close to a solution of the original water
waves problem. The proof of this, is the aim of [31].
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