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Abstract

We present a fully flavour-covariant formalism for transport phenomena, by deriving Markovian master
equations that describe the time-evolution of particle number densities in a statistical ensemble with arbi-
trary flavour content. As an application of this general formalism, we study flavour effects in a scenario
of resonant leptogenesis (RL) and obtain the flavour-covariant evolution equations for heavy-neutrino and
lepton number densities. This provides a complete and unified description of RL, capturing three distinct
physical phenomena: (i) the resonant mixing between the heavy-neutrino states, (ii) coherent oscillations
between different heavy-neutrino flavours, and (iii) quantum decoherence effects in the charged-lepton sec-
tor. To illustrate the importance of this formalism, we numerically solve the flavour-covariant rate equations
for a minimal RL model and show that the total lepton asymmetry can be enhanced by up to one order of
magnitude, as compared to that obtained from flavour-diagonal or partially flavour off-diagonal rate equa-
tions. Thus, the viable RL model parameter space is enlarged, thereby enhancing further the prospects of
probing a common origin of neutrino masses and the baryon asymmetry in the Universe at the LHC, as well
as in low-energy experiments searching for lepton flavour and number violation. The key new ingredients
in our flavour-covariant formalism are rank-4 rate tensors, which are required for the consistency of our
flavour-mixing treatment, as shown by an explicit calculation of the relevant transition amplitudes by gen-
eralizing the optical theorem. We also provide a geometric and physical interpretation of the heavy-neutrino
degeneracy limits in the minimal RL scenario. Finally, we comment on the consistency of various suggested
forms for the heavy-neutrino self-energy regulator in the lepton-number conserving limit.
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1. Introduction

The observed matter—antimatter asymmetry in the Universe and the observation of non-zero
neutrino masses and mixing (for a review, see [1]) provide two of the strongest pieces of exper-
imental evidence for physics beyond the Standard Model (SM). Leptogenesis [2] is an elegant
framework that satisfies the basic Sakharov conditions [3], dynamically generating the observed
matter—antimatter asymmetry. According to the standard paradigm of leptogenesis (for reviews,
see e.g. [4-7]), there exist heavy Majorana neutrinos in minimal extensions of the SM, whose out-
of-equilibrium decays in an expanding Universe create a net excess of lepton number (L), which
is reprocessed into the observed baryon number (B) through the equilibrated (B + L)-violating
electroweak sphaleron interactions [8]. In addition, these heavy SM-singlet Majorana neutrinos
Ny (with @ = 1,..., Ny) could explain the observed smallness of the light neutrino masses
by the seesaw mechanism [9—13]. Hence, leptogenesis can be regarded as a cosmological con-
sequence of the seesaw mechanism, thus providing an attractive link between two seemingly
disparate pieces of evidence for new physics at or above the electroweak scale.

In the original scenario of thermal leptogenesis [2], the heavy Majorana neutrino masses
are typically close to the Grand Unified Theory (GUT) scale, Mgyt ~ 10'® GeV, as suggested
by natural GUT embedding of the seesaw mechanism [10-12]. In a ‘vanilla’ leptogenesis sce-
nario [14], where the heavy neutrino masses are hierarchical (my, < my, < my,), the solar
and atmospheric neutrino oscillation data impose a lower limit on mpy, 2 10° GeV [15-18]. As a
consequence, such leptogenesis models are difficult to test in foreseeable laboratory experiments.
Moreover, these high-scale thermal leptogenesis scenarios, when embedded within supergravity
models of inflation, could potentially lead to a conflict with the upper bound on the reheating
temperature of the Universe, Tg < 10°-10° GeV, required to avoid overproduction of graviti-
nos whose late decays may otherwise spoil the success of Big Bang Nucleosynthesis [19-25].
In general, it is difficult to build a festable low-scale model of leptogenesis, with a hierarchical
heavy neutrino mass spectrum [4,26].

A potentially interesting solution to the aforementioned problems may be obtained within
the framework of resonant leptogenesis (RL) [27-29]. The key aspect of RL is that the heavy
Majorana neutrino self-energy effects [30] on the leptonic CP-asymmetry become dominant [31,
32] and get resonantly enhanced, even up to order one [27,28], when at least two of the heavy
neutrinos have a small mass difference comparable to their decay widths. As a consequence of
thermal RL, the heavy Majorana neutrino mass scale can be as low as the electroweak scale [33],
while maintaining complete agreement with the neutrino oscillation data [1].

A crucial model-building aspect of RL is the quasi-degeneracy of the heavy neutrino mass
spectrum, which could be obtained as a natural consequence of the approximate breaking of
some symmetry in the leptonic sector. In minimal extensions of the SM, there is no theoreti-
cally or phenomenologically compelling reason that prevents the singlet neutrino sector from
possessing such a symmetry and, in fact, in realistic ultraviolet-complete extensions of the SM,
such a symmetry can often be realized naturally. For instance, the RL model discussed in [27,28]
was based on a U (1), lepton symmetry in the heavy neutrino sector, motivated by superstring-
inspired E¢ GUTs [34-36]. The small mass splitting between the heavy neutrinos was generated
by approximate breaking of this lepton symmetry via GUT- and/or Planck-scale-suppressed
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higher-dimensional operators. The RL model discussed in [29] was based on the Froggatt—
Nielsen (FN) mechanism [37] in which two of the heavy Majorana neutrinos, having opposite
charges under U (1)rn, naturally had a mass difference comparable to their decay widths. There
is a vast literature on other viable constructions of RL models, e.g. within minimal extensions of
the SM [38-43], with approximate flavour symmetries [44—49], with variations of the minimal
type-I seesaw [17,50-54], within SO(10) GUTs [55-58], within the context of supersymmetric
theories [59-63], and in extra-dimensional theories [64—68]. There also exist other variants of
the RL scenario, such as radiative RL [69—72] and soft RL [73,74].

In another important variant of RL, a single lepton-flavour asymmetry is resonantly produced
by out-of-equilibrium decays of heavy Majorana neutrinos of a particular family type [75,76].
This mechanism uses the fact that the sphaleron processes preserve, in addition to B — L, the
individual quantum numbers X; = B/3 — L; [77-81], where i = 1, 2, 3 is the SM family index
and L; is the lepton asymmetry in the ith family. Therefore, it is important to estimate the net
baryon number B created by sphalerons just before they freeze out. In particular, a generated
baryon asymmetry can be protected from potentially large washout effects due to sphalerons if
an individual lepton flavour £ is out of equilibrium. We refer to such scenarios of RL as resonant
£-genesis (RLy). In this case, the heavy Majorana neutrinos could be as light as the electroweak
scale [33] and still have sizable couplings to other charged-lepton flavours £’ # £. This enables
the modeling of minimal RL, scenarios [76] with electroweak-scale heavy Majorana neutrinos
that could be tested at the LHC [82], while being consistent with the indirect constraints from
various low-energy experiments at the intensity frontier [83].

Flavour effects play an important role in determining the final lepton asymmetry in RL mod-
els. There are two kinds of flavour effects, which are usually ignored in vanilla leptogenesis sce-
narios, namely: (i) heavy neutrino flavour effects, assuming that the final asymmetry is produced
dominantly by the out-of-equilibrium decay of only one (usually the lightest) heavy neutrino,
with negligible contributions from heavier species; and (ii) charged-lepton flavour effects, as-
suming that the flavour composition of the lepton quantum states produced by (or producing)
the heavy neutrinos can be neglected and all leptons can be treated as having the same flavour.
Neglecting (i) can be justified in ‘vanilla’ scenarios, because the CP asymmetries due to the
heavier Majorana neutrinos are usually suppressed in the hierarchical limit m y, < my, ,. More-
over, even if a sizable asymmetry is produced by these effects, it is washed out by the processes
involving the lightest heavy neutrino [14].! However, for quasi-degenerate heavy neutrinos, as
in the RL case, the flavour effects due to the neutrino Yukawa couplings do play an important
role [75,86]. In fact, a sizable lepton asymmetry can be generated through CP-violating oscilla-
tions of sterile neutrinos [8§7-91], which is then communicated to the SM lepton sector through
their Yukawa couplings.

On the other hand, the lepton flavour effects, as identified in (ii) above, are related to the
interactions mediated by charged-lepton Yukawa couplings [92]. Depending on whether these
interactions are in or out of thermal equilibrium at the leptogenesis scale, the predicted value for
the baryon asymmetry could get significantly modified, as already shown by various partially
flavour-dependent treatments [93-98].” The lepton flavour effects can be neglected only when
the heavy neutrino mass scale my, 2 10'2 GeV, in which case all the charged-lepton Yukawa

~

1 There is an exception to this case depending on the flavour structure of the neutrino Yukawa couplings, when the
contribution from the next-to-lightest heavy neutrino decay could be dominant [84,85].

2 Similar partial flavour effects have also been considered for other variants of leptogenesis models, e.g. with type-II
seesaw [99—101] and soft leptogenesis [102].
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interactions are out-of-equilibrium and the quantum states of all charged-lepton flavours evolve
coherently, i.e. effectively as a single lepton flavour, between their production from Ny, — L;®
and subsequent inverse decay L;® — N,. Here, L; = (v I )" is the SU(2); lepton doublet
(with flavour index [ = e, i, 7) and & is the SM Higgs doublet. For 10° <my, < 10'2 GeV, the
T-lepton Yukawa interactions are in thermal equilibrium, and hence, the lepton quantum states
are an incoherent mixture of t-lepton and a coherent superposition of electron and muon. Finally,
for my, < 10° GeV, since the muon and electron Yukawa interactions are also in equilibrium,
their impact on the final lepton asymmetry must be taken into account in low-scale RL models.
Note that flavour effects also play an important role in the collision terms describing AL = 1
scatterings that involve Yukawa and gauge interactions, as well as AL =0 and AL =2 scatter-
ings mediated by heavy neutrinos [33].

Therefore, a flavour-covariant formalism is required, in order to consistently capture all
the flavour effects, including flavour mixing, oscillations and (de)coherence. These intrinsically
quantum effects can be accounted for by extending the classical Boltzmann equations for num-
ber densities of individual flavour species to a semi-classical evolution equation containing a
matrix of number densities, analogous to the formalism presented in [103] for light neutrinos.
Following this approach, a matrix Boltzmann equation in the lepton flavour space was obtained
in [93,98]. Similar considerations were made in [104] to include heavy neutrino flavour effects
in a hierarchical scenario. However, in RL scenarios, the interplay between heavy-neutrino and
lepton flavour effects are important. With these observations, a fully flavour-covariant treatment
of the quantum statistical evolution of all relevant number densities, including their off-diagonal
coherences, is entirely necessary. This is the main objective of this long article.

To this end, we derive a set of general flavour-covariant transport equations for the number
densities of any population of lepton and heavy-neutrino flavours in a quantum-statistical en-
semble. This set of transport equations are obtained from a set of master equations for number
density matrices derived in the Markovian approximation, in which quantum ‘memory’ effects
are ignored (see e.g. [105]). We demonstrate the necessary appearance of rank-4 tensor rates
in flavour space that properly account for the statistical evolution of off-diagonal flavour coher-
ences. This novel formalism enables us to capture three important flavour effects pertinent to RL:
(1) the resonant mixing of heavy neutrinos, (ii) the coherent oscillations between heavy neutrino
flavours, and (iii) quantum (de)coherence effects in the charged-lepton sector. In addition, we
describe the structure of generalized flavour-covariant discrete symmetry transformations C, P
and T, ensuring definite transformation properties of the transport equations and the generated
lepton asymmetries in arbitrary flavour bases. Subsequently, we obtain a simplified version of the
general transport equations in the heavy-neutrino mass eigenbasis, but retaining all the flavour
effects. We further check that these rate equations reduce to the well-known Boltzmann equations
in the flavour-diagonal limit.

To illustrate the importance of the effects captured only in this flavour-covariant treatment,
we consider a minimal low-scale RL scenario in which the baryon asymmetry is generated from
and protected in a single lepton flavour [75]. As a concrete example, we consider a minimal
model of resonant t-genesis (RL;) [75], involving three quasi-degenerate heavy neutrinos, at or
above the electroweak scale, with sizable couplings to the electron and muon, while satisfying
all the current experimental constraints. We show that the final lepton asymmetry obtained in our
flavour-covariant formalism can be significantly enhanced (by roughly one order of magnitude),
as compared to the partially flavour-dependent limits.

We should emphasize that our flavour-covariant formalism is rather general, and its applicabil-
ity is not limited only to the RL phenomenon. The flavour-covariant transport equations presented
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here provide a complete description of the leptogenesis mechanism in all relevant temperature
regimes. In addition, this formalism can be used to study other physical phenomena, in which
flavour effects may be important, such as the evolution of multiple jet flavours in a dense QCD
medium in the quark—gluon plasma (see e.g. [ 106]), the evolution of neutrino flavours in a super-
nova core collapse (see e.g. [107]), or the scenario of CPT-violation induced by the propagation
of neutrinos in gravitational backgrounds [108]. We have also developed a flavour-covariant gen-
eralization of the helicity amplitude technique, and a generalized optical theorem in the presence
of a non-homogeneous background ensemble, which may find applications in non-equilibrium
Quantum Field Theory (QFT).

It is worth mentioning here that there have been a number of studies (see e.g. [109-120]),
aspiring to go beyond the semi-classical approach to Boltzmann equations in order to under-
stand the transport phenomena from ‘first principles’ within the framework of non-equilibrium
QFT. Such approaches are commonly based on the Schwinger—Keldysh Closed Time Path (CTP)
formalism [121,122]. This real-time framework allows one to derive quantum field-theoretic ana-
logues of the Boltzmann equations, known as Kadanoff-Baym equations [123], obtained from
the CTP Schwinger—Dyson equation and describing the non-equilibrium time-evolution of the
two-point correlation functions. The Kadanoff-Baym equations are manifestly non-Markovian,
accounting for the so-called ‘memory’ effects that depend on the history of the system. These
equations can, in principle, account consistently for all flavour and thermal effects. However,
one should note that in order to define particle number densities and solve the Kadanoff-Baym
equations for their out-of-equilibrium evolution (as e.g. in the context of leptogenesis), particu-
lar approximations are often made. These specifically include quasi-particle approximation and
gradient expansion in time derivatives [ 124]. Moreover, the loopwise perturbative expansion of
non-equilibrium propagators are normally spoiled by the so-called pinch singularities [125],
which are mathematical pathologies arising from ill-defined products of delta functions with
identical arguments. Recently, a new formalism was developed for a perturbative non-equilibrium
thermal field theory [126], which makes use of physically meaningful particle number densities
that are directly derivable from the Noether charge. This approach allows the loopwise truncation
of the resulting transport equations without the appearance of pinch singularities, while main-
taining all orders in gradients, thereby capturing more accurately the early-time non-Markovian
regime of the non-equilibrium dynamics. An application of this approach to study the impact of
thermal effects on the flavour-covariant RL formalism presented here lies beyond the scope of
this article.

The rest of the paper is organized as follows: in Section 2, we review the main features of the
flavour-diagonal Boltzmann equations. In Section 3, we derive a set of general flavour-covariant
transport equations in the Markovian regime. In Section 4, we apply the formalism developed in
Section 3 to a generic RL scenario and derive the relevant flavour-covariant evolution equations
for the heavy-neutrino and lepton-doublet number densities. In Section 5, we present a geomet-
ric understanding of the degeneracy limit in minimal RL scenarios and also discuss an explicit
model of RL. In Section 6, we present numerical results for three benchmark points, which il-
lustrate the impact of flavour off-diagonal effects on the final lepton asymmetry. We summarize
our conclusions in Section 7. In Appendix A, we comment on different forms of the self-energy
regulator used in the literature to calculate the leptonic CP-asymmetry in RL models and check
their consistency in the L-conserving limit. In Appendix B, we develop a flavour-covariant gen-
eralization of the helicity amplitude formalism and describe the flavour-covariant quantization
of spinorial fields in the presence of time-dependent and spatially-inhomogeneous backgrounds.
In Appendix C, we justify the tensorial flavour structure of the transport equations introduced in
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Section 3, by means of a generalization of the optical theorem. Finally, in Appendix D, we exhibit
the form factors relevant for the lepton flavour violating decay rates discussed in Section 6.

2. Flavour diagonal Boltzmann equations

The time-evolution of the number density n¢ of any particle species a can be modeled by a set
of coupled Boltzmann equations (see e.g. [127]). Adopting the formalism described in [128,129],
this may be written down in the generic form

dn? 4 nnX nY
+3Hn%=— Z —V@X > Y)— — y(¥ - aX) |, (2.1
dr né n
axoyLtedleq eq

where the drift terms on the left-hand side (LHS) arise from the covariant hydrodynamic deriva-
tive and include the dilution of the number density due to the expansion of the Universe,
parametrized by the Hubble expansion rate H. The right-hand side (RHS) of (2.1) comprises
the collision terms accounting for the interactions that change the number density n?. Here, we
have summed over all possible reactions of the form aX — Y or ¥ — aX, in which the species
a can be annihilated or created, respectively. If the species a is unstable, it can occur as a real
intermediate state (RIS) in resonant processes of the form X — a — Y, which must be prop-
erly taken into account in order to avoid double-counting of this contribution from the already
considered decays and inverse decays in the Boltzmann equations [128]. At this point, it is im-
portant to note that the formalism leading to (2.1) neglects both the coherent time-oscillatory
terms, describing particle oscillations between different flavours, and off-diagonal correlations
in the matrix of number densities n¢?, corresponding to the annihilation of a particle species b
and the correlated creation of a particle species a. For this reason, we refer to (2.1) as a set of
Sflavour-diagonal Boltzmann equations.

It is useful to summarize the notation and definitions used in (2.1). Firstly, the Hubble expan-
sion rate in the early Universe is given as a function of the temperature 7" by [127]

) g

. 2.2
45 ' Mp 2.2)

H(T)= (
where Mp; = 1.2 x 10" GeV is the Planck mass and g«(T) is the number of relativistic degrees
of freedom at temperature 7. Throughout our discussions, all species are assumed to be in kinetic
(but not necessarily chemical) equilibrium. In this case, the number density of a particle species
a is given by

P d*p 1 _ 1
" (T)_g“/ 27)) oxp[(Ey — )/ TIE1 g“/ plEa—poyT121 &
P

where fp = [d®p/(27)? is a short-hand notation for the three-momentum integral, the — (+)
sign in the denominator corresponds to particles obeying Bose—Einstein (Fermi—Dirac) quan-
tum statistics, E,(p) = (|p|2 + mﬁ)l/ 2 is the relativistic energy of the species a, m, being its
rest mass, g, = ggelg(ifo is the total degeneracy factor of the internal degrees of freedom, gh!
and g(ilso being the degenerate helicity and degenerate isospin degrees of freedom respectively,
and p, = e (T) is the temperature-dependent chemical potential, encoding the deviation from
local thermodynamic equilibrium. It will prove convenient in our later discussions to define an

in-equilibrium number density ngq as the limit u, — 0 in (2.3). We note however that the true
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equilibrium number density will depend on the equilibrium chemical potential s, which may
not be zero in general.

There are two limits of (2.3) of interest here: (i) the Maxwell-Boltzmann classical statistical
limit (E,(p) — i)/ T > 1 in which we can drop the 1 term in the denominator of (2.3), giving

2
n(T) = g4 / BT _ 8l g, (Ma) o)/ 24
272 T

where K, (x) is the nth-order modified Bessel function of the second kind; (ii) the relativistic
limit (T > mg, iLg) in which case
oy §(3)

2

ni(T) = gaT3, (2.5)

where o, =1 (3/4) for bosons (fermions), and ¢ (x) is the Riemann zeta function, with ¢ (3) ~
1.20206.
Following [29], we define the CP-conserving collision rate for a generic process X — Y and
its CP-conjugate X¢ — Y€ as
=y (X —>Y)+y(X - Y°), (2.6)

where we have used the shorthand superscript ¢ to denote CP conjugation, and

y(X —>Y) _/dHX dITy 2n)*sW (px — py)e*l’%/TW(x - Y)|2

/|M(x - 1) 2.7)

XY

Here, the squared matrix element |M (X — Y)|2 is summed, but not averaged, over the internal
degrees of freedom of the initial and final multiparticle states X and Y. We have introduced an
abbreviated notation | xy in (2.7) for the phase-space integrals over X and Y. The phase-space
measure for the multiparticle state X, containing Ny particles, is defined as

Nx

d*p;
[T Grya2me (el = mi)o(py). (2.8)

1
Nia!

diiy =
i=1
where §(x) and 6 (x) are the usual Dirac delta and Heaviside step functions, respectively, and Nig!
is a symmetry factor in the case that the multiparticle state X contains N4 identical particles. In
a CPT-conserving theory, the CP-conserving collision rates must obey y;( = y}(/ . Analogous to
(2.6), a CP-violating collision rate can be defined as [29]

Sy =y (X > Y) —y (X > Y°), (2.9)

which obeys & yf =-4 y}{ , following CPT invariance.

The relevant Boltzmann equations for describing leptogenesis are those involving the number
densities nfxv (with @ = 1,..., Ny) of the heavy Majorana neutrinos, nlL (withl=1,...,N7)
of the lepton-doublets and leL of their CP conjugates. When solving the coupled system of first-
order differential equations (2.1) for nfxv . n IL and n IL, it is convenient to introduce a new variable
z=my,/T. In the radiation-dominated epoch, relevant to the production of lepton asymmetry,
z is related to the cosmic time ¢ via the relation = z2/2Hy, where
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2
— "My,
Hy=H@Gz=1)>17—+ (2.10)
Mp
is the Hubble parameter (2.2) at z = 1, assuming only SM relativistic degrees of freedom. We also
normalize the number density of species a to the number density of photons, defining n(z) =
n“(z)/nY (z), with n? given by (2.5) for o,y =1 and g, =2, i.e.

273¢(3)  2my,£(3)
n” (z) = né;()z 7:[21? _ @.11)

With these definitions, we write down the flavour-diagonal Boltzmann equations (2.1) in terms of
the normalized number densities of heavy neutrinos 72 and the normalized lepton asymmetries
Snt = (n}F —ikF)/n” as follows [33]:

n? Hy dnl¥ ( )
— = , 2.12
Z dz neq ZVqu> ( )
n” Hy dénf nl Lo L
ZZ 1) qu> S”IZVCIWJF Vile)
< dz w \leg
2 L& L
-3 > eni( nyqy Yiie ) (2.13)
X

where 7¢4 ~ 22K>(z)/2 is the normalized equilibrium number density of the heavy neutrinos,
obtained using (2.11) and (2.4) with gy = 2. The various collision rates appearing in (2.12)
and (2.13) can be readily understood from the general definitions in (2.6) and (2.9); their explicit
expressions in terms of the Yukawa couplings will be given in Section 2.2. Here we have included
only the dominant contributions arising from the 1 — 2 decays and 2 — 1 inverse decays of the
heavy neutrinos, proportional to the rate yzv % and the resonant part of the 2 <> 2 AL =0 and

AL = 2 scatterings, proportional to yL p ? and yL( respectlvely We ignore the sub-dominant

chemical potential contributions from the right- handed (RH) charged-lepton, quark and the Higgs
fields, as well as the AL =1 Yukawa and gauge scattering terms [33].

Note that for the collision rate pertinent to the heavy neutrino decay in (2.12), we have
summed over the lepton flavours, and similarly, for the charged-lepton rate equation (2.13), we
have summed over the heavy neutrino flavours; therefore, these are still designated as flavour-
diagonal Boltzmann equations. The CP-odd collision rate SyLAl] % in (2.13) can be expressed
in terms of the flavour-dependent leptonic CP-asymmetries ¢;, and the CP-even collision rate
yLAj % as follows: ‘SVL]\,/ % = Ela Zk yLAi %»» Where g4 is defined in terms of the partial decay widths
Ig =I'(Ny — L;®) and their CP-conjugates I}, = I'(Ny — Lj®°):

No—T¢ Al
Zk(rka+Fka) FNa

where Iy, is the total decay width of the heavy Majorana neutrino Ny. Since we are interested
in the heavy neutrino decay for temperatures above the electroweak phase transition, where the
SM Higgs vacuum expectation value (VEV) vanishes, only the would-be Goldstone and Higgs
modes of the @-doublet contribute predominantly to the partial decay widths I, and the total
decay width I'y, in (2.14).

Elg = , (2.14)
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Ll(k’ﬂ’)

N(p,s)

Fig. 1. The two types of CP-violation due to the heavy Majorana neutrino decay N — L. The notation used here will
be explained in Section 3.

2.1. Resummed effective Yukawa couplings

The physical CP-violating observable defined in (2.14) receives contributions from two differ-
ent mechanisms (see Fig. 1): (i) e-type CP violation due to the interference between the tree-level
and absorptive part of the self-energy graphs in the heavy-neutrino decay, and (ii) &’-type CP vio-
lation due to the interference between the tree-level graph and the absorptive part of the one-loop
vertex. This terminology is in analogy with the two kinds of CP violation in the K °K°-system
(for reviews, see [1,130]), where ¢ represents the indirect CP violation through K 0_Kxo mixing,
while &’ represents the direct CP violation entirely due to the decay amplitude.

The contribution of the self-energy diagrams to the CP-asymmetry can in principle be calcu-
lated using an effective Hamiltonian approach, similar to that applied for the KK ?-system [130].
However, the heavy neutrinos, being unstable particles, cannot be described by the asymptotic
(free) in- and out-states of an S-matrix theory [131]. Instead, their properties can be inferred
from the transition matrix elements of 2 <> 2 scatterings of stable particles, and by identifying
the resonant part of the 2 <> 2 amplitude that contains the RIS contributions only. This allows
one to perform an effective resummation of the heavy-neutrino self-energy diagrams contributing
to the e-type CP-asymmetry [28,29,132].°

Neglecting the charged-lepton and light neutrino masses, the absorptive part of the heavy Ma-
jorana neutrino self-energy transitions Ng — N, can be written in a simple spinorial structure,
as follows:

3 (B) = Aus(P°)BPL + Als(P7)PPr. (2.15)

where P r = (14 F y5)/2 are the left- and right-chiral projection operators respectively, and
Aggp is the absorptive transition amplitude, summed over all charged-lepton flavours running in
the loop:

~ 1 o~
Agp(h) = = :E;hmh?ﬁz;/{aﬂ(m. (2.16)

Here hy, is the Yukawa coupling of the heavy neutrino N, with the lepton-doublet L;, and the
caret (7) denotes the fact that (2.16) was derived in a basis in which the heavy Majorana neutrino
mass matrix is diagonal. The tree-level decay width of the heavy Majorana neutrino N, is related
to the diagonal transition amplitude Ayq by

3 For other effective approaches within the framework of perturbative field theory, see [31,133—138]. However, for a
critical appraisal of the existing approaches, see Appendix A.
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—~ mp,
Iy =2my, Aga () = . (A'h),, (2.17)

To account for unstable-particle mixing effects between the heavy Majorana neutrinos, we
define the one-loop resummed effective Yukawa couplings, denoted by (bold-faced Latin) hyq,
and their CP-conjugates hj,, related to the matrix elements M(Ny — L;®) and M (N, —
L7 @) respectively. This formalism captures all dominant effects of heavy neutrino mixing and
CP-violation, and has been shown [29] to be equivalent to an earlier proposed resummation
method [28] based on the Lehmann—Symanzik—Zimmermann reduction formalism [139]. Work-
ing in the heavy neutrino mass eigenbasis, the resummed effective Yukawa couplings are given

by [29,140]

hy, = il\la —1i Z |€oz;3y |7/l\l;3
By

x {ma(maAap +mpApy) — i Ray [MaAyp(maAay +my Ayg)
+mpApy (M Ayy +my Agy) | Hma —m3 +2im3 Agg
. —1
+2i Im(Ry ) [m| Apy|> + mpm, Re(A3,)]} . (2.18)

where €4, is the usual Levi-Civita anti-symmetric tensor, mg = m%\, is a shorthand notation
o

used here for brevity, and

m2

Ryg = « . 2.19
op m2 m%—I—ZimgAﬂf; ( )

o

All the transition amplitudes Ayg = Agp (ﬁ) in (2.18) are evaluated on-shell with p? = m%\,a. The
respective CP-conjugate resummed effective Yukawa couplings Efa can be obtained from (2.18)
by replacing the tree-level Yukawa couplings h;, with their complex conjugates h;"a.4 We will
neglect the one-loop corrections to the proper vertices L; P N, whose absorptive parts are nu-
merically insignificant in RL. The partial decay widths I,; and I, appearing in (2.14) can now
be expressed in terms of the effective Yukawa couplings ﬁla and h¢

1> and the flavour-dependent
absorptive transition amplitudes Afxﬁ (h), as follows:

Te =my, AL, @), T =my, AL, (h°). (2.20)

Note the explicit dependence of the absorptive transition amplitudes on the effective Yukawa
couplings h in (2.20). The total decay width of the heavy neutrino is thus obtained by summing
over all lepton flavours:

Iy, = Y (Ta + 1) = T2 [(B7B),,, + (BR),, ] (221)
l

Replacing h by the tree-level Yukawa coupling 7 in (2.21), we can reproduce the tree-level
decay width given by (2.17). Substituting (2.20) in (2.14), the flavour-dependent leptonic
CP-asymmetry in RL can be written as

4 Note that h® # h* in general, whereas for the tree-level Yukawa couplings, h¢ = h* by CPT-invariance of the
Lagrangian.
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EZ_EL‘Z h 2_h 2
B 7 Y N e Y .

(g2 + B, D) (hh)e + (hTh) g
Note that (2.22) encodes both ¢- and ¢’-type CP asymmetries, although we simply denote it by
¢ for brevity. The analytic results for both types of CP-asymmetry and their L-conserving limits
for a simplified case will be discussed in Appendix A.

2.2. Analytic solutions

It is instructive to derive approximate analytic solutions of the Boltzmann equations (2.12)
and (2. 29) To do this, we express (2.12) in terms of the non-equilibrium deviation parameter
na = (na /neq — 1), thus obtaining

) Ki(@)

dz  K2(2)

where the K-factors, defined by Ky = I', /¢ (3) Hy, determine the depletion of the lepton asym-

metry due to inverse decays. In deriving (2.23), we have used the analytic expression for the total
collision rate yév & pertinent to the heavy neutrino decay

[1+ 1 ~Kazing] (223)

3
m
o — o NO(
Vie=Y vih = K@, (2.24)
1 :

In the kinematic regime z > z§ ~ 2Ky 1 3, (2.23) has an approximate attractor solution

N
~ , 2.25
o« (@) K.z (2.25)
independent of the initial conditions.
The collision rates for the AL =0 and AL =2 scatterings are given by [76]

Vi =9 (vie +71g) 2(hj, by hyghi, + B hihys) (2.26)

R R ﬁrﬂ) (W h)ae + () aq + (W) g5 + (heThC) 52
’ Na

I (y No y "y 2(h’k h* h[ﬂhkﬂ +h‘*h,i*hf hC )

yLqu)( — Z LD L® o /3 /3 (227)

m i
wp (1— FNTrNﬁ) [(hTh)ae + (hThC)gq + (hTh)gg + (heThe) g5 ]2

where we have used the narrow-width approximation (NWA) for the resummed heavy neutrino
propagators in the pole-dominance region, i.e.
1 N b4
(s—my )2 +my Iy myIn,

8(s —m3, )O(s), (2.28)

since we are only interested in the resonant part of these 2 <> 2 scatterings in the RL case.
Separating the diagonal « = 8 RIS contributions from the off-diagonal « # $ terms in the sum,
(2.13) can be rewritten as [33]

n Hy dénf nl Ne 2.1 Ne ‘L, L
z dz :Z n_z\’q — ey — 55771 ZBWVL@ +Z (v ‘ébc —H/Lké’ )
o o k

2 N Ly L&
B | o
k o
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where Biy = (INe + I};)/I'N, is the heavy neutrino decay branching ratio, and yYX = yY -
(y;‘ )ris denote the RIS subtracted collision rates, which can be obtained from (2.26) and (2.27)
taking o # B. Including only the important RIS-subtracted collision rates proportional to § nlL,
and neglecting the terms proportional to 87),’; (for k # [) which are numerically small for the
minimal RL, scenarios [76], we can simplify (2.29) to

ds ’71

2
Fra =K1 (2) Z Ko (ezana BzaK157’/1 ) (2.30)

where we have introduced a flavour-dependent parameter

L& L& L@ L@
Zk(V (lqy + VLqu;) +vy ;{lpc - VLllqs

Za VLcDBlOé
—1
mNﬁ
=2 —_
Z( FN +1I'n, )
(b hyg + B RS [(h'h)ep + (RO 051+ (b g — BETRE)?

[(hhT)u + (hehe)][(hTh)gq + (hThE) g + (hTh)ﬂﬂ + (hCThc)ﬁﬂ]

Using the attractor solution (2.25) in the kinematic regime z > zl , (2.30) can be written as

K| =

2.31)

d8nf

2
& =7’K1(2) <81 - —zKleffSnlL), (2.32)

3

where &, = )", €14 is the total leptonic CP-asymmetry stored in a given lepton flavour /, and
K?H =k ), Ko Bia = k7K is the effective washout parameter due to 2 <> 2 scatterings mediated
by heavy neutrinos. Note that if we only consider the diagonal « = 8 terms representing the RIS
contributions in the sum in (2.3 1), k; reaches its maximum value, i.e. k; = 1+ 0(812). On the other
hand, in the L;-conserving limit, «; vanishes at a rate at least equal to that of &; (see Appendix A).
In the regime z > zé ~ 2(Kleff)_1/ 3 the total lepton asymmetry, dominated by e-type mixing
effects, can be approximated by the analytic solution to (2.32):

3 &l
L g L _— E
on” = 8nmix - 2z Kleff (2.33)

up to a point z = z3 1.25 ln(25Keff) beyond which the lepton asymmetry freezes out and
approaches a constant value § 77m1x 3/2)) &/ (Keffz ) [76].

2.3. Observed lepton asymmetry

Having obtained the net lepton asymmetry ) , SnlL, the next step is to convert it to the asym-
metry in the total baryon-to-photon ratio 8n% = (n? — ) /n? via (B + L)-violating sphaleron
interactions. In a sphaleron transition, an SU(3). and SU(2) -singlet neutral object from each
generation of the SM is created out of the vacuum [8,141-143]. The operator responsible for
sphaleron transitions can be written as

3

011 =] | extemneacr[QF QF Qi Ln);. (2.34)

i=1
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where i is the family index; d, e, f are the SU(3). colour indices; k,[, m,n are the SU(2),
isospin indices; and Q = (u d )[ is the SU(2), quark doublet. The operator Op_ 1 is invariant
under both gauge transformations and U (3) flavour rotations. For the case of our interest, the lat-
ter freedom can be used to make the charged lepton Yukawa matrix positive and diagonal. Above
the electroweak phase transition, all the SM processes, including the sphaleron interactions in
(2.34), are assumed to be in full thermal equilibrium, which leads to the following relations
among their chemical potentials [78]:

4 4

ny =0, Ko = Z/’Lle Meg; = KL — ZMLI’
21 21
1 5 19
Mo, = _§ ;/‘LLP Mup = @ ;/‘LLP Mdg = 63 MLy, (235)

where V stands for all vector bosons, g and dg for up and down-type SU(2) quark singlets,
and ep for SU(2)r, lepton singlets in the SM. The total chemical potentials of the baryonic and
leptonic doublet fields are then given by

4
1 =3Qpo, + Huy + Hay) = =3 lem,, pL=2 p,. (2.36)

Using the relations (2.36) into (2.4), in the linear approximation of /T, we obtain the con-
version of the total lepton asymmetry stored in the SM lepton-doublet to the baryon asymmetry”

2
B _ -3 Zanf, (2.37)
I

assuming a rapid sphaleron transition rate I'spp 3> H (z = 1). This is valid at temperatures T > T,
where T, is the critical temperature for the electroweak phase transition, given at one loop
by [144]

1 3
2 2 4
T»:—[MH o 22(2MW+MZ aM;) —

2
¢ =D (2M;, + M3) } (2.38)

8w2v4 D,
Here, D, = (2M%V + M% + ZM,2 + M%{)/8v2, where v = 2_1/4G1;1/2 =246.2 GeV is the elec-
troweak VEV (GF being the Fermi coupling constant), My is the zero-temperature Higgs
boson mass, and My, Mz, M, are the W, Z boson masses and top-quark mass respectively,
defined at the electroweak scale. Using the latest experimental values of the SM mass parame-
ters My = 80.385(15) GeV, Mz =91.1876(21) GeV [1], M; =173.34 £0.76 GeV [145], and
My =125.5702 GeV [146], we obtain

T. =149.470% GeV. (2.39)

For T < T, the so-generated baryon asymmetry (2.37) gets diluted by standard photon in-
teractions until the recombination epoch at temperature Tp. Assuming that there is no source
or mechanism for significant entropy release while the Universe is cooling down from T,
to Tp, the baryon number in a comoving volume, n% /s, is constant during this epoch. Here,

5 Note that since we are converting the asymmetry stored in the lepton-doublet, the conversion coefficient derived here
is different from 28/51 used elsewhere (see e.g. [76]), which corresponds to the fotal lepton asymmetry, including the
RH leptons.
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s = (2w%/45)g,T? is the entropy density and gy is the corresponding effective number of
relativistic degrees of freedom. Thus, the baryon-to-photon ratio, n® = 7%g,/45¢(3)s, at the
recombination epoch is different from its value predicted by (2.37) due to the change in g; with
temperature. The prediction for the current baryon asymmetry is thus given by

8 (T0) s 5 sn® ’
gs(T) 27.3

where we have used g;(7.) = 106.75 and g,(Tp) = 3.91 [127].

The theoretical prediction (2.40) has to be compared with the observed value today, which
remains almost unchanged from the end of recombination epoch until the present. The latter can
be expressed in terms of directly measurable quantities, namely, the baryon density 23> and
the primordial 4He mass fraction Yp, as follows [147]:

sub = (2.40)

B

il > =[273.94£0.3+1.95 (¥p — 0.25)] x 107"°. (2.41)
2ph

Using the recent results for the Planck temperature power spectrum data, combined with the

WMAP polarization data at low multipoles, which give £2zh% = 0.02205 + 0.00028 and Yp =

0.24770 £ 0.00012 at 68% CL [148], we infer from (2.41) the observed value of the baryon-to-

photon ratio at 68% CL

8nB . =(6.04+£0.08) x 10717, (2.42)

from which we can estimate the necessary lepton asymmetry using (2.37) and (2.40), i.e.
Snk = —(2.4740.03) x 1075, (2.43)

Note the sign difference between 8n8 and 8n’ [cf. (2.37)]. The numerical value of the total
lepton asymmetry in a given leptogenesis model should be compatible with the observed value
(2.43), thus constraining the relevant model parameter space.

3. Flavour covariant transport equations

As discussed in Section 2, the semi-classical Boltzmann equations (2.1) and, in particular
(2.12) and (2.13), do not take into account quantum flavour effects such as the coherent oscilla-
tions between different flavours of heavy neutrinos and the quantum-statistical decoherence of
flavour off-diagonal matrix number densities. In order to capture these effects consistently, we
will derive a set of fully flavour-covariant transport equations for the matrix number densities
describing the statistical content of the system. In the next section and as an application of our
general formalism, we will consider the specific case of RL, subsequently demonstrating the
importance of the flavour effects captured here, but missed in earlier treatments of the subject.
Keeping this particular application in mind, we will consider a specific system of A, Dirac lep-
ton isospin doublets L;, Ny heavy Majorana neutrinos Ny, and an SU(2); Higgs doublet @.
Nevertheless, we emphasize that the analysis of this section can be easily generalized to other
physical situations involving flavour effects, such as the evolution of jet flavours in a quark—gluon
plasma or of neutrino flavours in a core-collapse supernova.

In a general flavour basis, the relevant part of the Lagrangian, involving the heavy Majorana
neutrinos, is given by

o~ 1 _—
—Ly =h*L'®Ng o + ENg’a[MN]“ﬁNR,ﬁ +H.c., (3.1
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where Nr , = (PrRN), are the RH heavy neutrino fields and b = iop®@*. Unless otherwise
stated, the Einstein summation convention is implied henceforth in the summations over the lep-
ton flavour indices (lower-case Latin) [, m, ... and the heavy-neutrino flavour indices (lower-case
Greek) «, B, .. .. In order to familiarize the reader with the covariant convention used here and
throughout this text, we will first discuss the flavour-covariant transformations of the field opera-
tors appearing in (3.1). In addition, we will illustrate the flavour-covariant generalizations of the
discrete symmetry transformations C, P and 7. Subsequently, we will derive general Markovian
master equations for the matrix number densities, and use them to describe the statistical evolu-
tion of our model system due to the out-of-equilibrium decays and inverse decays of the heavy
neutrinos.

3.1. Flavour transformations

Under the U (V) ® U (Ny) flavour transformations, the lepton fields transform as follows in
their fundamental representation:

Li— L) =V/"Lp, L'=w) - L'=v,L", (3.2)
Nro = Nj o = U’ Nr g, Np% = (Nro)" — N = U%gNR?, (3.3)

with the unitary transformation matrices V; € U(N7) and U,? € UWy) for which the op-
eration of complex conjugation exchanges subscripts and superscripts, i.e. V/,, = (V;")* and
U¥ = (Uaﬁ)*. We note that the RH part of the Majorana neutrino fields Nr  transforms covari-
antly, as shown in (3.3). The left-handed (LH) part, on the other hand, transforms contravariantly
and, as such, the Majorana fields N, do not have definite flavour-transformation properties. The
Lagrangian (3.1) is invariant under U (N) ® U (Ny), provided the heavy-neutrino Yukawa cou-
plings and the Majorana masses transform appropriately, as indicated by the relative position of
the indices in (3.1), i.e.

W — B = V" Uh,,  IMy1P = My ] = U, U DMy, (3.4)

In the physical mass eigenbasis, the Dirac field can be expanded in a basis of plane waves:

L= / QEL.@) (7P ay(p, )by (p. 5, 0: 77)
S p

+ e PG (p, 5)d, (p, 5, 0; 7)), (3.5)

where Z; (p, s, f; 1) and 37 (p, s, 1; f;) are respectively the interaction-picture particle annihilation
and antiparticle creation operators evaluated at the time 7 = 0. Hereafter, for notational conve-
nience, we will suppress the dependence of the operators on the boundary time #; at which the
three pictures of quantum mechanics, viz. Schrodinger, Heisenberg and interaction (Dirac) pic-
tures, are coincident [126]. The index s = %+ denotes the two helicity states with the unit spin
vector n = ss = sp/|p| aligned parallel or anti-parallel to the three momentum p, respectively.
Herein, we have suppressed the isospin index of the lepton doublet. Notice also that we have
chosen the normalization of the creation and annihilation operators, such that they have mass
dimension —3/2. This choice of normalization is made so that the bilinears of these creation
and annihilation operators have the dimension of the number density operator, i.e. mass dimen-
sion —3. A discussion of the flavour-covariant Bogoliubov transformations relating this choice
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of normalization to the more common and manifestly Lorentz-invariant normalization, in which
the creation and annihilation operators have mass dimension —1, is included in Appendix B.

It is now important to note that by (p, s, f) and d,j (p, s, f) transform under the same represen-
tation of U(N7) and so also do b¥(p, s, 7) = (br(p, s, )T and dTK(p,s,7) = (d,j(p,s, )T.o
The equal-time anti-commutation relations for these operators are obtained by a flavour-
transformation from the mass eigenbasis of the corresponding flavour-diagonal anti-commu-
tators, i.e.

{bip, 5,00, 6™ (0, s, 1)} = {d"" (0,5, D), df (0,5, 1)} = 21)38D) (p — p)8s ™. (3.6)

Note that due to the choice of normalization of the creation and annihilation operators, the anti-
commutation relations obtained here are isotropic in flavour space, which does not occur for the
alternate choice of normalization discussed in Appendix B [cf. (B.11)].

By applying a flavour transformation (3.2) to a general basis, we obtain the covariant expan-
sion of the lepton doublet (3.5):

L= 3 [[E®) ] ([ [u.9)], .50
Sop

+ 7], [v@. 9], d} (p.5.0)), 3.7)

D=3 (1) 1] [10.) 4 0.5.0)
s p

+ e [0(p, )] (d (. 5, 0)), (38)
where the rank-2 tensors in (3.7) and (3.8) are defined by means of the flavour transformations
(3.2) from the mass eigenbasis, i.e.

m

[(E.@)*]," = VIV (ELx@)’ = IpIPs™ + [M) M, ],", (3.9)

in which M|, is the charged-lepton mass matrix and &§™ is the usual Kronecker delta. Since
E (p) is Hermitian, ([EL(p)],/)* = [EL (p)]l m - For the Dirac spinors, our notation is such that

[u@.9)]," = Vi V™, s),  [a®.9)] = ViV s, p). (3.10)

Full details of the flavour-covariant spinor algebra are given in Appendix B.

In order to write down the flavour covariant expansion of the Majorana field, we recall that in
the mass eigenbasis the expansion of a Majorana fermion can be obtained from a Dirac one by
imposing the Majorana condition

m’a(k,—r,f):Za(k,r,f)zaa(k,r,f). (311)

Since by (K, r, ©) and d ™ (k, — r, 7) transform differently under the transformations given in (3.3),
this condition cannot be imposed in a general flavour basis. Instead, writing the mass-eigenbasis
operators in terms of the ones in a general basis, we obtain Uﬂabﬁ Kk, r )= U, “dty Kk, —r,1),
where U,” is the flavour transformation that connects the mass eigenbasis to the basis under
consideration. We thus obtain the flavour-covariant Majorana condition

6 Hence, d"(p, s, 7) is an annihilation operator, i.e. ¥ (p, s, 7)|0) = by (p, 5, 1)|0) = 0.
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dP @, —r, 1) = (U UN by k, r, 1) = GPbp(k, r, 1), (3.12)

where G*# denote the elements of a unitary and symmetric matrix. It can be shown that this
matrix G is a rank-2 contravariant tensor,’ which is equal to the identity matrix 1 in the mass
eigenbasis. Combining the constraint (3.12) with the expansions (3.7) and (3.8), the flavour co-
variant expansion of the RH part of the Majorana neutrino field and its Dirac conjugate are given
by

Nroa(x) = Z/[(2EN(k))_l/2]aﬁ([e_”“‘]ﬂyPR[u(k,r)]yaag(k, r,0)
"k

+ [, Pr[v(k, —n)] " Giea® (k.7 0)). (3.13)

N (x) = Z/[(2EN(k))_l/2]aﬁ([eik'x]ﬁy[ﬁ(k, ]’ sPLa’ &, r, 0)
"k

+ [ [0k, —)]" PLG a5 (k. 1. 0)). (3.14)

Notice that the helicity of the v spinors is different from those of the corresponding creation and
annihilation operators (see e.g. [149]). The rank-2 tensors in (3.13) and (3.14) can be defined
using the flavour transformations (3.3) from the mass eigenbasis, e.g.

2
[(En®0)]” = k1287 + [M]my],". (3.15)
The anti-commutation relation for the heavy-neutrino creation and annihilation operators are
given by
lag(k, 1, 1), aP (K, r' 1)} = 27) 6P (k — K')8,,/84". (3.16)

From (3.13) and (3.14), we see that the elements Gqg play the role of generalized Majorana
creation phases.®
Finally, the complex scalar field in (3.1) can be expanded as

B(x)= /(2E¢ @) (e &g, 0) + € T (q, 0)), (3.17)
q

where the interaction-picture creation and annihilation operators for the scalar field satisfy the
commutation relations
[e(a, D), c"(d, )] =[¢(a. D, " (a, 7)] = @)D (a - q). (3.18)

In a general flavour basis, the free Hamiltonians of the lepton doublet and heavy neutrino
fields are

7 Performing a flavour transformation U’ on G defined in (3.12), we get

G* - ' =[(U'v)" (V') P =[u*6u TP =u'e, U P67,
which is the transformation law of a rank-2 contravariant tensor.
8 With the necessary introduction of the matrix G, we may decompose the Majorana field in terms of its RH and LH

components as Ny = NR o + Gop Nf , having definite transformation properties. However, we see that there remains an
ambiguity in any such decomposition, since we could equally well have written N% = GP NR, g + Nf.
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H) = Z/[EL(p)]ml(b’"(p, 5, Db(p, 5, 1) +d) (p, s, Dd"" (p, s, 1)), (3.19)
Sp

H) = Z/[EN(k)]ﬁaaT’ﬂ(k, r, Dag(k, r,7), (3.20)
"k

as can readily be verified by flavour transformations from the mass eigenbasis in which the
Hamiltonians are flavour-diagonal.

The flavour occupancies and coherences in the evolution of our multiparticle system can be
described in terms of flavour-covariant matrix number densities, analogous to the ones for light
neutrino flavours introduced in [103]. For the lepton doublets, we define

m 1 - -
[nL, 0] = E(bm(p, 52, Dby(p, s1.7)),. (3.21)
_ R ~ -
[26,@.0]" = 73(‘1; (. s1.H)d"" (p. 52.7)),. (3.22)

where V3 = (27)384)(0) is the infinite coordinate three-volume of the system and the macro-
scopic time ¢ =7 — f; is the interval of microscopic time between the specification of the initial
conditions (f;) and the observation of the system (7). We note in particular the relative reversed
order of indices in the lepton and anti-lepton number densities, which guarantees that the two
quantities transform in the same representation and thus can be combined to form a flavour-
covariant lepton asymmetry. Similarly, we define the heavy-neutrino number densities

1 - -
[nY. k0], = yr 0 072, Dag .1, D) (3.23)
_ 1 ] i
[ k0]," = V—3<Gayay (&, r1,HGPas(k, r2, D)., (3.24)

and the scalar number densities
1, . - - _ 1, —
n®q, 1) = V—3(cf(q, He(q. D), %@ 0= V—3<CT(q, Hi(g, 1), (3.25)

The total number densities nX (without three-momentum argument) are obtained by integrat-
ing (3.21)—(3.25) over the corresponding three-momenta and tracing over helicity and isospin,

i.e.
= > /nﬁ"r(k,r), nf()=Tr Y /nfs(p,t),
r=—ty lS0s=—,+p
n® (1) zTr/n¢(q,t), (3.26)
q

where we have identified explicitly that the traces are taken in isospin space. Analogous defini-
tions are assumed for the antiparticle number densities. Note that all the matrix number densities
defined above, as well as the energy matrices (3.9) and (3.15), are Hermitian in flavour space.

3.2. Flavour covariant discrete symmetries

It is useful to derive the transformation properties of the discrete symmetries C, P, and T
in the flavour-covariant formalism. We assume that the action of these operators on the fermion
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fields in the mass eigenbasis is the standard one (see e.g. [150]), and find its generalization
to an arbitrary flavour basis by means of the appropriate flavour transformations discussed in
Section 3.1. In the mass eigenbasis, the action of the unitary charge-conjugation operator Uc on
elements of the Fock space is given by [150]

bi(p, s, 1) =Uchi(p, s, DU- = —id ™ (p, 5, 7). (3.27)

Note that the phase convention for the operators used here is in accordance with those used
for the spinors in Appendix B. By writing the mass-eigenbasis operators in terms of those in a
general basis, i.e. bl(p,s f)= Vb (p, s, 1), d“(p,s NHn=V ldT”(p,s 1), we find the flavour-
covariant C-transformation

bi(p.s. )¢ =Uch(p. s, UL =—i(VVT), d""(p,5,7) = —iGmd "™ (p,5,1),  (3.28)

where we have been required to introduce the matrix G for the charged leptons, analogous to G
in (3.12) for heavy neutrinos. Thus, we see that in a flavour-covariant formulation the action of C
necessarily involves the appropriate flavour rotation. We find it useful to define the generalized
C-transformation C ,l.e.

bi(p. 5. 1)C = G"™by(p, 5.1 = —id ™ (p, 5.7, (3.29)

which is a combination of the C-transformation and the appropriate flavour rotation.” Thus we
see that, in an arbitrary flavour basis, the particle and antiparticle operators are related by a
C -transformation, which reduces to the usual charge-conjugation operation in the mass eigenba-
sis. The action of C on the fermion fields is obtained analogously, i.e.

Li(0)€ =Ue Li)U = GimCL™ T (x), (3.30)
with C =iy%y? (in the helicity basis), whereas the action of c gives the more familiar result

L)€ =¢"L,, ()¢ =CiT(), (3.31)

using the fact that gimg,,, = (Sfl.
Similarly, the parity transformation, given by the unitary operator U/p in Fock space, can be
generalized straightforwardly from the mass eigenbasis, i.e.

bip, 5. D) =Upbi(p, s, DU = —sbi(—p. —s.,1), (3.32)
Li(x0,%)" =Up Li(xo, YU}, = PLi(x0, —X), (3.33)
with P = y°. Under CP, the action of the heavy-neutrino interaction Lagrangian (3.1) transforms
as
ucup</hl Ngo L,+Hc)uT /gl’“h PGpyL'®Nr o4 +He., (3.34)
X

where we have introduced the short-hand notation fx = f d*x for the integration over spacetime.
Eq. (3.34) defines the CP-transformations of the Yukawa couplings:

9 These are equivalent to the transformations considered in [151,152]. However, in our case, the appropriate flavour
rotations are forced by the flavour-covariance of the formalism, once the canonical discrete transformations are defined
in the mass basis.
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(1) =Guh" 6P () =G (hn?) T G = . (3.35)
For a general matrix element, the relation (3.35) can be generalized to
MX = )P = M(XF - ¥9), (3.36)

where X¢ = XCP is the generalized CP-transformation of the state X, which can, for instance,
be obtained from (3.31) and (3.33).

The action of the time-reversal transformation 7 is described by an anti-unitary operator Ar
in the Fock space. Again, starting from the mass-eigenbasis relation

bi(p.s. )" = Arby(p.s. 1) A} =by(—p. s, —0). (3.37)
we find, because of the anti-linearity of Ar,

bip, s, DT = Arbi(p, s, DAL =G b, (—p, s, 1), (3.38)

Li(x0.%)" = ArLi(x0, X) A} = G T Ly (—x0. %), (3.39)
with T =iy'y3. Thus, we may introduce the generalized T-transformations T as follows:

bl(Pv S, f)T = glmbm(pv s, f)T = bl(_pv s, _f)v (340)

Li(x0,%)" = G L (x0, )" = T Li(—x0, ). (3.41)

Hence, in a general basis, incoming and outgoing states are exchanged by a T operation. This
can be seen by transforming the interaction Lagrangian (3.1) under A7 from which we obtain

T T T

(%) =Gimh™ G, (m*) =G (hn”) Gpoa =1',. (3.42)
Generalizing the above transformations to the matrix elements gives

MX - V) = My - X). (3.43)
From (3.31) and (3.41), we obtain an important equivalence relation:

Li) " =G" Ly ()T = G Gun Ly ()T =8, Ly ()" = L) (3.44)
As a consequence, we have the identity

CPT = CPT. (3.45)

Combining the results (3.36) and (3.43), and using the CPT-invariance of the Lagrangian (3.1),
the identity (3.45) allows us to relate the matrix elements as

MX = V)T = M(YE > XF) = M*(X — ). (3.46)

The number density matrices defined in (3.21)—(3.24) have simple transformation properties

under C. Since d”(p, s, ) =ibi(p,s, f)c, for the lepton number densities (3.21) and (3.22), we
have

n"(p,0C = Glueit (p, DUE), G =it (b, D), (3.47)

where the transposition on the far RHS of (3.47) is on both flavour and helicity indices. Similarly,
for the heavy neutrinos we have aq (K, )€ = —iay (K, r), and hence, the transformation relation

n" 0,0 = Gluer” (k, DUL) G =iV (4, 1) (3.48)
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Thus, 2" (k,7)7 is the 5-conjugate of n™(k,t). For Majorana heavy neutrinos, the two
C-conjugate quantities are not independent, and are related by

[7%,,0.0],” = Gap[nl,, (&, 0],/ G (3.49)

Using the C —tran~sformation relations (3.47) and (3.48), we can construct the following quan-
tities with definite C transformation properties:

[8115152 (p’ t)]lm = [ 5132 (p’ t)] " [__5132 (pv t)] " (350)

[, 06.0],” = [}, Ge.0)],” = [, 0.0, (351)
1

[ 06.0),” = 3 (0o 0),” + [, 00, ’ (.52)

which transform under C as

snt(p.nC =—snt(.0T, "k nC =—sn" (k. 1)T,
V&, )¢ =+n" k1) (3.53)

Thus, the quantities sn* are 5—“odd”, and l_1N is 5-“even”, where the quotation marks refer to
the fact that this is not meant to be in the usual sense due to the transposition involved. The
definite C -properties of the above quantities can be extended to CP, once the total unpolarized
number densities defined by (3.26) are considered. Note that we did not define a C-even quantity
for lepton number densities (analogous to #'V), since this can be approximated by the equilibrium

number density néq, ie.

nt (1) + n* (1) =201+ O(u7 / T?). (3.54)

However, this is not always true for the heavy neutrinos, i.e. QN (t) # né\(’ll, since we must have a
departure from thermal equilibrium in order to satisfy the basic Sakharov conditions [3] for the
generation of a non-zero lepton asymmetry.

In the heavy-neutrino mass eigenbasis the transformation matrix G reduces to the identity
matrix 1, and hence, the transformations C and C are identical for the heavy neutrinos. In this
basis, the heavy Majorana neutrino number densities (3.51) and (3.52) reduce to

" (k, 1) =Re[@" (k, 1], sa” (k, 1) = 2i Im[@" (k, 1)]. (3.55)

It should be noted that both @N (t) and sa (t) are even under the usual charge conjugation
operation in the mass eigenbasis, as expected for Majorana fermions'":

k€ =2k, )€ =+ k. 1), (3.56)
52 k. 1) = 87" k. 1) =+ (k. 1). (3.57)

In addition, we note that the total lepton asymmetry snt(t) = Tr[énL (¢)] is CP-0dd in any basis:

10 This is consistent with the C transformations in a general basis, as given by (3.53), due to the transposition involved.
However, under a naive T -reversal transformation Ny <> N, B, WeE have

V- [aVk 0] =2V &0, @V — [V & 0] = -8V k),

N

due to the fact that, in the mass eigenbasis, 7' is a symmetric matrix, while salV is anti-symmetric.
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snk (1)P = Te[sn ()] Tr[SnL(t)]EP = —Te[nt ()] = —sn (1). (3.58)

We will use these definitions to write down the flavour-covariant rate equations for RL in Sec-
tion 4.

3.3. Markovian master equation

In this section, we derive a master equation governing the time evolution of the matrix
number densities 7% (p, t) in a Markovian approximation. We will work in the interaction pic-
ture, beginning from the (picture-independent) definition of the number density in terms of the
quantum-mechanical density operator o (Z; 7;):

n* () = (7* @ ), = Te[p@ i @ i)}, (3.59)
where the trace is over the Fock space and, for notational simplicity, we leave the momentum
dependence implicit. Here we have used the accent () to distinguish the quantum-mechanical
number density operator X (p, f; f;) from its expectation value nX (p, t), where recall that t =
f — f; is the macroscopic time. In addition, for the purposes of this section, it is necessary to
reintroduce the explicit dependence of the operators on the microscopic boundary time ;.

Differentiating (3.59) with respect to time, we have

X -
dndt(t) =Tr{ ) dn* (t ) } +Tr{%ﬁx(f; ;i)} _T, 4T, (3.60)

where we have used the fact that d/dr = d/df for fixed f;. As we work in the interaction pic-

ture, the time evolution of the quantum-mechanical operator i (f; ;) is governed by the free
Hamiltonian HOX given by (3.19) or (3.20) depending on whether X = L or N. Hence, we use
the Heisenberg equation of motion to write the first term in (3.60) as

Iy =i Te{p@ @) [HY 75 @ ]} = i([HY, #%F )]),- (3.61)
This term generates flavour oscillations in the case of a non-diagonal energy matrix. The second
term in (3.60) involves the interaction Hamiltonian, e.g.

Hipt = f h®L'® Ng o + H.c. (3.62)
X
As we shall see below, this term will generate the collision terms for the generalized Boltzmann
equations (in addition to dispersive corrections). The starting point is the Liouville~von Neumann
equation (see e.g. [153])
LED il H i ). pE: )] (3.63)

Rewriting (3.63) in the form of a Volterra integral equation of the second kind, iterating once and
subsequently differentiating with respect to time, we obtain the integral form

-~ i
% — i[Hu 7). p(Gi: 0] / O [Ho 2 ). [Hun (72 7). 0 (P2 8)]] (364
f;

Inserting (3.64) into (3.60), we obtain
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To = —i Te|[Hin (73 1), p (G 1) |0 (7 7))
f
—/df’Tr{[Him(f;fi), [Hin(75 7). p(7:5)]]7* @ ). (3.65)
f;

The first term on the RHS of (3.65) vanishes for the Hjy term given by (3.62), since it involves
the product of an odd number of fields. For the second term on the RHS of (3.65), we may use
the cyclicity of the trace to obtain

To=— | &' Te{p(7s &) [Hin (7' 7). [Hine 7 1), 8% (75 7)]])

t
/
i
S KGN EGIANGE || (3.66)
li
When used in (3.60), this gives an exact and self-consistent time-evolution equation, which cap-
tures the entire evolution of the system, including any non-Markovian memory effects.

We now perform a set of Wigner—Weisskopf approximations [154] to obtain the leading-order
Markovian form of (3.60). Let us define the 7-dependent function

F(i; 1) = [Hin@: 1), 0 (7 1)) (3.67)

Inserting the Fourier transforms of Hiny(f;#;) and F(f;#;) with respect to ' — f; and f — #; in
(3.66), we obtain

/ / f =i/ (' =8) =i ) ([ f (o), F(@)]);_;. (3.68)

Making the change of variables w = @” — o', this may be recast in the form

/ / / o1/ 0D 10" [ pp (o), F (0 — o ))_i- (3.69)

As long as F (a) — ') remains dynamical on inverse Fourier transformation, i.e. o” # ',
the dominant contribution to the integral (3.69) occurs for ' ~ f. We may therefore replace
p(':1;) = p(t:1;), or (---)p_; — (--+); in (3.69). We now make the change of variables
t' =1t —t and take the limit #; — —oo. Herein, we assume that the statistical evolution is slow
compared to the quantum-mechanical evolution, such that the system remains out-of-equilibrium
in spite of the quantum-mechanical boundary time being in the infinitely distant past. With
this approximation, we replace the interaction-picture creation and annihilation operators in
Hi (72 7)) and 7% (7, 1)) by their asymptotic ‘in’ counterparts via

Dpy=z"172 lim e E®IO(p 75y =772 Jim D (p,0;7), (3.70)

1i——00 tj—>—00

where Z = 1 + O(h) is the wavefunction renormalization factor. Notice that in the replacement
(3.70), we must account for the free phase evolution of the interaction-picture operators.
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The contribution Z» now takes the form

/ / / 1 e [ Hin (o), F (0" = o)]),- (3.71)

Performing the ¢’ integration, we find

0 | | +o00 |
/dt/e_iw/’/zné(w/)+ipa7=§ f dt/e_i‘”/’/+i7>a7, (3.72)
—0o0 —0Q

where P denotes the Cauchy principal value. We are then able to write the result

+o00
1
I)~— 2/dt<[ 1nt( )[ Hiy (D), 1 (,)]])
dw ie ! .
_ > ([Hint(w),[Him(t),n (;)]])t, 3.73)

where objects constructed from asymptotic operators depend only on the time ¢ and the O(#)
corrections from the wavefunction renormalization have been neglected. The first term in (3.73)
can be identified as the collision term C* and the second term represents the dispersive self-
energy corrections arising from vacuum contributions (Lamb shift) and thermal contributions
(Stark shift), which we neglect in the following. A discussion of our resummation scheme in
relation to self-energy corrections is included at the beginning of Section 4.

Restoring the implicit momentum dependence of the number densities, we finally obtain the
leading-order master equation in the Markovian approximation''

+oo
d . 1 : : .
Enx(k,t):i([H(f(,nX(k, 0, -5 / dt'([Hine (7). [Hime (0), 7% (&, )]]),- (3.74)

This is our central equation governing the time-evolution of the particle number densities with
arbitrary flavour content.'? With (3.74) no longer in integro-differential form [cf. (3.64)], we are
now free to specify the initial conditions at any finite macroscopic time fy. It remains the case
however that the macroscopic time fy = 0 corresponds to the microscopic time # = f; — —oo.
We note that although a similar form of (3.74) was also used in [103] to describe the time-
evolution of active neutrinos in a thermal bath, the full flavour structure contained in (3.74) to
describe the simultaneous time-evolution of multiple species, e.g. heavy neutrinos and SM lep-
tons as in the context of leptogenesis, was not discussed before in the literature. In order to

11" There are two major assumptions in this approximation: (i) separation of time scales, i.e. the QFT processes governed
by Hjp occur at much smaller time scales as compared to the coarse-grained statistical evolution governed by p(#); and
(ii) molecular chaos, i.e. the velocity correlations that may form between different species in the QFT processes are lost
on time-scales relevant for the statistical evolution, so that the background can be factorized at all times.

12 This formalism is sometimes called the ‘density matrix formalism’ in the literature. In our opinion, this terminology
is misleading, since nX(k, 1) is actually a matrix of densities [103], which should be distinguished from the quantum-
statistical density matrix p(t). Such confusion could potentially lead to incorrect results, since there is a crucial sign
difference in the time evolution equations for the two quantities, as can be seen by comparing (3.63) with the first term
on the RHS of (3.74). Therefore, we avoid referring to our approach as the ‘density matrix formalism’.
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elucidate these flavour effects, we will explicitly derive fully flavour-covariant transport equa-
tions for the system described by the Lagrangian (3.1) in the following subsection.

3.4. Transport equations

Using the expressions (3.19) and (3.62) for the free and interaction Hamiltonians respectively,
we can explicitly calculate the oscillation and collision terms in (3.74). Specifically, we obtain
the following evolution equations for the charged lepton and anti-lepton number densities, specif-
ically

d .
ar e @0} = =i [EL@.ni, 0], + [Ch, 0.0 (375)
d . _
gt @ 0] = +[EL @, 0.0)) "+ [0 (3.76)
where commutators carrying flavour indices are understood to be commutators in flavour space.
The collision terms are given by

m

(3.77)

syso.0

1
[cE, .0]" 5[F~1“+FT-F]

m

(3.78)

s182,0

1. — ., _
[ Slsz(p’t)] E[f'F+FT"F]

where we have suppressed the overall momentum dependence and introduced the compact nota-
tion

[]:'F]s]sz,lm = Z / slsrlrz(p q.k, t)[ O( I 5oror (p,q, k) " g*, (3.79)
Sy

[FT --F]swz,lm = Z / S18r2r (p q’k t)[ /30‘]-'“2”,2(1) q k) : (3’80)
Sy

It is important to emphasize that our flavour-covariant formulation requires new rank-4 tensors
in flavour space: (i) the statistical number density tensors

Fp.q.k.n)=n%@nn .0 [1-n" k1]

—[1+n%@0][1-n" @ 0] @n" k1), (3.81)
Fp,q.k =i na" @0 [1-a" k)]
—[1+7%@ n][1-a"@ 0] ea" &1, (3.82)
and (ii) the absorptive tensors
m 1
[Fisann®.9.10),"" =1 it @0 [0k = p =), 5o Eol@

< [E.®) ) [EL®) ]

< [(2EnG0) ™ [2ENI) T,

x Tr{[u(k, )], [atk, )] P

x [u(p, Sz)]”m[ﬁ(ll, s’ Pr}, (3.83)
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[Fosnnn®a.®]",” =5 nt @y 8Ok - p— ),
1 —1/27i 1/27 n
X SEa i CEL®) T REL®)

x [(2EN(k)) ] [(ZEN(k))il/z]vV
x Tr{[v(k, rz)]aﬁ[ (k, r1)]
"[uc

/2

x PLv(p.52)]," [0(p.s1)]” Pr}. (3.84)
[ S152r1r2(p q k)]l a :([Fszﬂrzrl (P.q, k)]m B ) ) (3.85)
[T @ a.0],",” = ([Fasnn @.a.K)], ") (3.86)

In (3.83) and (3.84), the rank-4 delta function of on-shell four-momenta originates from the
integration of tensor exponentials, such as

/ [e7) e747 [e*].F = e [Pk - p— )] (3-87)

X

and is defined as a linear combination of ordinary delta functions in terms of the appropriate
flavour transformation from the mass eigenbasis, as defined in Section 3.1, i.e.

[69% - p-)],..0 = ViV, U UP 5(En., ®) — Ep(p) — Eo(q))
X 5<3)(k—p—q). (3.88)

The absorptive tensors (3.83) and (3.84), obtained from the Markovian master equation (3.74),
represent the contributions from decays and inverse decays of the heavy Majorana neutrinos to
the statistical evolution of the system (see Section 4.1 and Figs. 2(a)-2(b)). As shown in Ap-
pendix C, these rank-4 objects can be interpreted in terms of the unitarity cut of the partial
one-loop heavy-neutrino self-energies, using a generalized optical theorem (see Fig. 3). This jus-
tifies the necessity of the tensorial structure of these objects, and also the form of the 2 <> 2
scattering terms that will be included later in the evolution equations when directly applied to the
RL scenario in Section 4. This formalism can be generalized to include higher order processes
involving multiple flavour degrees of freedom, e.g. LN <> Leg and LN < LN, by introducing
the corresponding rate tensors of rank 6 and higher.

Proceeding analogously for the heavy neutrino number densities, we find the evolution equa-
tions

d
[ rlrz( )] :_i[EN(k)’nrlrz(k t)] [ rlrz(k t)]
+Gar[Cly, (kD] "G, (3.89)

d
dr [ rlrz(k t)] __H[EN(k)’nrlrz(k t)] [ rlrz(k t)]

+Gar[Cl,, (&, D], G, (3.90)
with the heavy-neutrino collision terms given by
1 B
[ riry (k, Z)] 5[’7: rf + 1 ’F]rlrz,ot ’ (3.91)
li= 7, 7.7 B
[ r1r2(k t)] 5[‘7: T 4+T- ‘F]rlrz,ot ’ (3.92)
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where the tensor contraction is analogous to (3.79) and (3.80), with the role of charged-lepton
and heavy-neutrino indices exchanged. Note the appearance of the matrix G in the transport
equations (3.89) and (3.90), and the transposition of both flavour and helicity indices in the
corresponding collision terms. One should however remember that (3.89) and (3.90) are not in-
dependent, because of the relation (3.48). Note also that the transport equations have an internal
structure in isospin space, which has been suppressed here for brevity. In Section 4, when we
derive the rate equations for the total number densities, we will explicitly trace over these degen-
erate isospin degrees of freedom.

As a final remark, we point out that the flavour-covariant formalism developed so far can also
be applied more generally to describe quantum coherences between species with different SM
quantum numbers, e.g. L; and Ny . In this case, we may need to study the evolution of the number
densities [n5V];%, which transforms as a rank-2 tensor in the flavour space U(N7) ® U*(Ny),
corresponding to the correlated creation of L; and the annihilation of N,. The evolution equation
would still have the generic form (3.75), with collision terms of the form (3.77). However, we
will neglect these effects in our discussions, since they are not expected to play an important role
for the RL scenarios under study.

4. Application to resonant leptogenesis

As already discussed in Section 2.1, there are two types of CP-violation possible in the out-
of-equilibrium decay of the heavy Majorana neutrino. In the limit when two (or more) heavy
Majorana neutrinos become degenerate, the e-type CP-violation can be resonantly enhanced
by several orders of magnitude, as compared to the &’-type CP-violation [27,28] (see also Ap-
pendix A). In this case, finite-order perturbation theory breaks down and it is necessary to
perform a consistent field-theoretic resummation of the self-energy and vertex corrections, as
shown schematically in Fig. 1. However, such resummation can only be performed in a closed
algebraic form when working in the mass eigenbasis and at full thermodynamic equilibrium in
a Markovian approximation. This fact is illustrated explicitly in Appendix B, where we derive
the most general flavour-covariant propagators in a non-homogeneous background within the
Schwinger—Keldysh CTP formalism. Therein, we show that, when out-of-equilibrium (where
flavour-coherences must be permitted), canonical quantization necessarily leads to off-diagonal
propagators in flavour space. As a result, the inversion of the Schwinger—Dyson equation for
the resummed propagators contains an infinite nesting of convolution integrals, which does not
collapse to the usual algebraic equation of resummation.

As identified in [126], the loopwise truncation of quantum transport equations is two-fold,
i.e. the transport equations may be truncated both spectrally and statistically. The spectral trun-
cation corresponds to choosing those objects that will be counted as particulate degrees of
freedom; in our case, we will choose to count the number densities of spectrally-free on-shell
particles. The statistical truncation, on the other hand, corresponds to the restriction of the set
of processes that drive the macroscopic evolution of the system. It is the latter that we will treat
non-perturbatively in order to consistently account for the ¢- and &’-type CP-violation effects.
Recalling the argument above, we ensure that this resummation can be performed algebraically
by first flavour-rotating to the heavy neutrino mass eigenbasis, maintaining the Markovian ap-
proximation used in Section 3.3 and resumming only zero-temperature contributions, thereby
neglecting thermal loop effects [155]. As we shall see later in this section (see Section 4.4), the
omission of these thermal effects is appropriate in the classical statistical limit, as long as one
accounts systematically for both the zero-temperature and thermal RIS contributions. Lastly, we
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will assume that the heavy-neutrino helicity states are fully decohered and equally populated
[29].

Hence, we proceed by replacing the tree-level neutrino Yukawa couplings by their resummed
counterparts in the transport equations given in Section 3.4. Specifically, for the processes
N — L® and L¢®¢ — N, we have ;* — h* and, for N — L¢@PC and L® — N, we have
hla — [h), corresponding to the effective one-loop-resummed matrix elements [M(N —
L®)]” and [M(N — LE<D5)]ka respectively, as defined in Appendix C. Working in the heavy-
neutrino mass eigenbasis, the resummed neutrino Yukawa couplings are given by (2.18), from
which the covariant resummed Yukawa couplings may be obtained by the appropriate flavour
transformation, i.e. hy* =V, ny« ﬂﬁmﬁ, where Emﬁ = E,nﬂ in the mass eigenbasis. We empha-
size however that the resummation itself must be performed in the mass eigenbasis only. Further
justification for the choice of this basis will be given in Section 5.1, where we show that in the
degenerate symmetry limit of the minimal RL, model, it is important to choose the correct basis
in order to get meaningful results.

4.1. Rate equations for decay and inverse decay

In order to obtain the rate equations from the general transport equations (3.75), (3.76),
(3.89) and (3.90), we need to impose kinetic equilibrium. This can be ensured throughout the
evolution of the system by assuming that the elastic scattering processes rapidly change the
momentum distributions on time-scales much smaller than the statistical evolution time of the
particle number densities. This approximation is valid as long as the mass splittings between
different flavours inside thermal integrals are much smaller than the average momentum scale,
ie. K| ~T > |my, —m Np |. In this regime, the momentum distributions governed by the elas-
tic processes are flavour singlets [156,157]. Using this approximation, we introduce an average
mass for Ny quasi-degenerate heavy neutrinos:

m%, = /\% (M, My), (4.1)
N
to be used within the thermal integrals. Correspondingly, we may introduce an average energy
Eyx(kk) = (k> + m%,)l/ 2. Furthermore, to simplify the general transport equations given in Sec-
tion 3.4, we take the classical statistical limit in which (3.81) and (3.82) can be approximated
as

F®.q.kn=n®@on" @.n@1-10n" k1), 42)
Fp.q.k ) =i%@qoa"p,nel-10a" k1. (4.3)
The spinor traces appearing in (3.83) and (3.84) can be simplified if we assume the charged-
leptons to be massless, neglecting their thermal masses. In this limit, n” is the number density

matrix for the LH lepton doublets L; and one helicity index for the charged leptons can be
dropped in the spinor traces, thus yielding (see also Appendix B)

Z Tr{u(k, r)i(k, r)PLu(p, —)i(p, —)Pr}
r=—,+

= Z Tr{v(k, r)v(k, r)PLv(p, +)o(p, +)Pr} = 2k - p, (4.4)
r=—,+

where — (4) corresponds to the helicity of the massless LH lepton (RH anti-lepton).
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With these approximations, the heavy-neutrino kinetic-equilibrium number density, given by
the flavour-covariant generalization of (2.4) (with the chemical potential now being a rank-2
tensor), can be approximated as

[0, = Yl ], = gufe ) ?

o
r

N
e OIT] P o=EN®IT _ o [ ()]s o~ ENGO/T 4.5)

~en| o o
where nV () is the total heavy neutrino number density, as defined in (3.26), and né\f] is the
equilibrium number density given by (2.4) setting uy = 0 and gy = 2 for the two heavy-neutrino
helicity states. An analogous expression can be obtained for the charged lepton number density

L m
[nL(p, t)]lm ~ we*EL(p)/T’ (4.6)
eq

where E is the average energy of the lepton doublets, and in the massless limit, nfl;q is the equi-
librium number density given by (2.5) with g7 = 2 for the two isospin states. Notice that the
factor gy is not present in (4.6), and will appear explicitly only after the trace over isospin is per-
formed [cf. (3.26)]. Finally, for the Higgs number density, we assume an equilibrium distribution
n®(q,1) = e £*@/T Throughout the remainder of this article, we suppress the 7-dependence
of the number densities for notational convenience.

We may now integrate both sides of (3.75) and (3.76) over the phase space and sum over
the degenerate helicity and isospin degrees of freedom. The resulting rate equations for the total
number densities of the charged lepton and anti-lepton doublets, accounting for the decay and
inverse decay of the heavy neutrinos, can be written in the form

d[nL]lm . Lym 1 L m
o =—1[8L,n ]l —%{n ,y(L@—)N)}l
[n"]" m B
+ N [y(N—>L®)]",". 4.7
eq
d[ﬁL]lm . —L1m 1 -L & ré m
i :+z[€L,n ]l — —ZneLq {n Y (LCo¢ — N)}l
(7" 15" s aqm B
+—y[r(N = L0977 (4.8)
eq
where £ is the thermally-averaged effective lepton energy matrix
_ 8L —E 7 _ K1@) s 1/2
Er==— | E L = ——IM M 371, 4.9
L nt L(pe Kz(Z)[ ML+ 4.9)
P

with M (T) being the thermal mass matrix of the lepton doublets. Note that the 37 -term on the
RHS of (4.9) is isotropic in flavour space, commutes with the number densities, and therefore,
does not give any contribution to the rate equations (4.7) and (4.8). The 1 — 2 and 2 — 1 colli-
sion rates appearing in (4.7) and (4.8) are derived from the rank-4 absorptive tensors (3.83) and
(3.84). Replacing the tree-level Yukawa couplings /#;* appearing in (3.83) and (3.84) with the
resummed ones h;%, the 1 — 2 collision rates can be explicitly written as
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5 my Ki@)

[V(NﬁL@)]lmaﬂE / gL8s»(2pN - pL)" ohy 22 167 h".h/”, (4.10)
NL®
=250 = [ swgopn-plb", 1]/
NL®
4
. m_NKl(Z) &m el B
=2, 1er 1 el (.11)

which are the flavour-covariant generalizations of the collision rates defined in (2.7). The 2 — l
collision rates in (4.7) and (4.8) are related to the 1 — 2 rates (4.10) and (4.11) by virtue of CPT
(= CPT) invariance, i.e.

[y(L7f - N)],". =[y(v - L®)]," (4.12)

la’

m B

[ a

[yiee - m],"," =[y(N - L7o%)] (4.13)

The corresponding rank-2 collision rates within the anti-commutators in (4.7) and (4.8) are ob-
tained from the corresponding rank-4 tensors by contracting the heavy-neutrino flavour indices,

e.g.
[yLe - N)]," =[yLe - N],",° (4.14)

In Appendix C, we present an alternative derivation of these collision rates by considering
a flavour-covariant generalization of the optical theorem in the presence of a statistical back-
ground. Therein, the necessity of the rank-4 flavour structure of these collision rates is further
justified. This is illustrated in Fig. 2 for the in-medium production of heavy neutrinos in a
spatially-homogeneous statistical background of lepton and Higgs doublets. The production rates
in the thermal plasma can be better understood from the unitarity cut of the partial one-loop
heavy-neutrino self-energy graph, as shown in Fig. 3. Imposing kinetic equilibrium as given by
(4.6), we obtain tree-level thermally-averaged heavy-neutrino production rates for the processes
L°®¢ > Nand L& — N [cf. (C.51) and (C.52)], which are exactly the same as those obtained
in (4.10) and (4.11), respectively.

Analogous to the charged-lepton case, we obtain the flavour-covariant rate equations for the
total number densities of heavy neutrinos from the general transport equations (3.89) and (3.90),
as follows:

Ny B B

d[ndt]ol — —Z[SN, nN]aﬂ + [CN]aﬂ + Ga)L [CN]MAGMﬁ’ (415)
aN1 B _

d[l’ldt]a =+i[gN7 ﬁN]aﬂ + [CN]aﬂ +Gak[CN]MAGMﬂ, (416)

where €y is the thermally-averaged effective heavy-neutrino energy matrix, defined analogous
to (4.9). The thermally averaged collision terms C and C in (4.15) and (4.16) can be defined
analogous to £, and are explicitly given by

1 L,
[cV],” = —o iy (N~ L)) ” 4 ] [ye - )", (4.17)
eq eq
_ 1 o ill,! )
[CN]aﬂ =—2n—N{ﬁN’y(N_> Lcd)c)}aﬂ + [nnL] [V(L PN N)][ aﬁ’ (4.18)

eq eq
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Li(k,7) LMk, )

Nﬂ(p,s>?/ (@b RS \\,OA—Na(p,s>
h],/ : :

(a) Inverse heavy-neutrino decay, n®[n’] lk['y(Ld> — N)] klaﬂ.

e )] 220 )

J%(p.,s)—ﬁl/ Lotk R))f \ﬁ—ﬁa(p,s>

(b) Inverse heavy-neutrino decay, n®[nt],* [y(L?®¢ — N)],' 7.

Fig. 2. Feynman diagrams for 2 — 1 inverse heavy-neutrino decay, in the presence of a statistical background. The
flavour indices are shown explicitly, while other indices are suppressed.

(a) Heavy-neutrino self-energy, (b) Heavy-neutrino self-energy,
N —L® — N. N — L°®° — N.

Fig. 3. Feynman diagrams for the self-energies of the heavy neutrinos. The cut, across which positive energy flows from
unshaded to shaded regions, is associated with production rates in the thermal plasma, as described by the generalized
optical theorem given in Appendix C. See also Fig. 2.

where the rank-4 collision rates are given by (4.10) and (4.11), and the corresponding rank-2
objects appearing in (4.17) and (4.18) are obtained by contracting the charged-lepton indices,

e.g.
B _ LB

[y(N—L®)] " =[y(N—LD)],, . (4.19)

Using the expressions (4.10) and (4.11), we can define the flavour-covariant generalizations

of the CP-even algi CP-odd quantities in (2.6) and (2.9), which now have definite transformation
properties under CP:

B B
o] =+ = o), (4.20)

| «a

[5v251,"." =—[svE2),"." = on?). 421)

| o

The corresponding rate equations for the CP-“even” and -“odd” number densities [cf. (3.53)] are
derived from (4.7), (4.8), (4.15) and (4.16):



600 P.S.B. Dev et al. / Nuclear Physics B 886 (2014) 569-664

dnV]f i B rao p_ 1 ~ p
=5l o0V + [Re(vio)],” - @{’ZNvRe(VLNd}a : (4.22)
Ny B — : —
P il ™), ~2ilm(syiy)], — S (Y Wor)),”
t nd)
1 ~
— 5o fon Re(v/s)),”. (4.23)
neg
d[sn"]," ("1 g 16" p
4 [5)’LN¢]zm + ”e“é [5V£V¢]1ma + w[l’l{v@]zma
1
- %{5% Viol - (4.24)

where we have kept terms only up to O(u,/T) and O(h*), except the last term on the RHS
of (4.24), which is the only washout term for the lepton asymmetry, and appears at O(h%). In
(4.22) and (4.23), we have defined, for a given Hermitian matrix A = AT, its generalized real
and imaginary parts, as follows:

_ 1
[Rew)],” = S (46" + Gan A, G, (4.25)

_ 1
[ma)],” = E(Aaﬁ — Gar A, G, (4.26)

Observe that in the heavy-neutrino mass eigenbasis, the definitions (4.25) and (4.26) reduce to
the usual real and imaginary parts:

[Re(D],” =Re(Af),  [m@],” =1m(A.7). (4.27)
In obtaining (4.22) and (4.23), we have used the relations
ﬁé(llN) =n", i I?n(SnN) =én", (4.28)

which can be derived from (3.49), (3.51) and (3.52). Observe that the commutators in (4.7)
and (4.8) cancel to leading order in O(up/T) by virtue of (3.54), even if the thermal masses are
included. On the other hand, the commutators of the thermally-averaged effective heavy-neutrino
energy matrix with the number densities in (4.22) and (4.23) are non-vanishing, and describe the
coherent oscillations between different heavy neutrino flavours.

Note that the CP-“odd” inverse decay terms in (4.23) and (4.24), i.e. —2i [I’r\fl((SyLNq))]Ol’3 and
—i—[(SyLIV(p] ;"> appear with the wrong sign and do not lead to the correct equilibrium behaviour,
since, by construction, there are no washout terms, induced by the 2 <> 2 scatterings, introduced
so far. It is well known that the inclusion of these scattering terms (with the RIS contribution
subtracted), changes the sign of these inverse decay terms and gives the correct equilibrium
limit [29,128]. In Section 4.4 we will explicitly show this result in a flavour-covariant manner by
including in the rate equations the RIS-subtracted collision rates for scattering in the presence
of a statistical background, as illustrated in Fig. 4. For the moment, we take this result at face
value, and correct the signs ‘by hand’, to be able to qualitatively discuss some important physical
phenomena, before we include the scattering terms. Finally, we also take into account the Hubble
expansion of the Universe and change the independent variable ¢ in favour of z =my /T, to write
down the rate equations in terms of the normalized number densities, introduced in Section 2:
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1\; _Tza - _17[5/\” ‘SnN]aﬂ + [Re(Vﬁb)]aﬁ - o {QN, Re(yivd,)}a’s, (4.29)
€q
Hyn? dsn™)a” _ B o B ~ 8
"; S — i [, + 20l movf)),” - U—N{QN»Im((SVZVq))}a
€q
Ty fon" Re(r1%))," (4.30)
eq
Hyn” disn"™)" 15" s [nN1” B
. dz _[8V£V¢>]zm + n—gl[‘syivqb]lma + Té\(’][ Zvcb]zma
1
—lontorle)” 31)

3

In the last term on the RHS of (4.31), we have used neLq = 3/4, which follows from (2.5) and
2.11).

4.2. Lepton asymmetry via heavy neutrino oscillations

The rate equations (4.29)—(4.31), contain two physically distinct mechanisms for the genera-
tion of lepton asymmetry. One is the standard T = 0 ¢- and ¢’-type CP violation given by (2.22)
due to the mixing and decay of the heavy Majorana neutrinos. We have taken this into account
by means of the one-loop resummed effective Yukawa couplings defined in (2.18), which appear
in the collision rates (4.10) and (4.11). This is the only source of lepton number asymmetry in
the flavour-diagonal Boltzmann equations (2.12) and (2.13). However, the flavour-covariant rate
equations (4.29)—(4.31) also include a second source for the asymmetry, due to the CP-violating
oscillations of the on-shell heavy neutrinos in the thermal bath. This originates from the se-
quence of an on-shell production of heavy neutrinos in the bath due to inverse decays, which can
oscillate between different flavours in the bath and then decay back into charged-leptons. For-
mally, this process has the same structure as the scattering diagrams in Fig. 4. While the 7 =0
QFT processes are taken into account by the resummation of the Yukawa couplings [28,29],
the oscillation phenomenon corresponds to the thermal part of the intermediate heavy-neutrino
propagator. Thus, our flavour-covariant approach captures the leading order effect of a complete
thermal resummation procedure that would generalize the analysis in [29].

In this section, we will present a qualitative analysis of the heavy-neutrino oscillation phe-
nomenon in the RL scenario, and show that this mechanism contributes to the total lepton
asymmetry at order O (h*) around z = 1. Note that, although conceptually similar, this is qualita-
tively as well as quantitatively different from the phenomenon first proposed in [87], and studied
in [88-90] for the light sterile neutrino case, where the final lepton number asymmetry is of order
O(h®), as also recently stressed in [158]. In order to extract the heavy-neutrino oscillation effect
from the flavour-covariant rate equations (4.29)—(4.31), we consider a simplified case with the
tree-level Yukawa couplings (instead of the resummed ones), thus artificially ‘switching off” all
T =0 ¢- and ¢’-type CP violation effects. In this case, we can drop the CP-“0dd” 8y collision
terms in the rate equations (4.30)—(4.31), which further simplify in the mass eigenbasis to give

Hyn? d[spN =~ - Lo ~
Ann” AN 78 05— 5o 157" Re(71%) s (4.32)
Z dz 2neq
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Fig. 4. Feynman diagrams for AL = 0 scattering [(a), (b)] and AL = 2 scattering [(c), (d)], in the presence of a statistical
background. The flavour indices are shown explicitly, while other indices are suppressed.

Hyn? d[(sﬁl‘]lm [sﬁN]ﬂa N L 4 N
D — =36 4.33
z dz zné\(ll [quj]lma/S 3 { n yLCb} ( )

The rate equation for 'ﬁN is still given by (4.29), specialized to the mass eigenbasis. Notice that,
in the mass eigenbasisjthe flavour rotation matrices G = G = 1, and therefore, we do not need to
distinguish between upper and lower flavour indices in (4.32) and (4.33). It is useful to perform
a time-stepping analysis to see the infinitesimal time evolution of the total lepton asymmetry.
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We start with an incoherent diagonal heavy-neutrino number density matrix, and a zero initial
lepton asymmetry at some z = Zjn:

[ﬁ ]05/3 =0 fora 75 ’B’ [SﬁN](xﬁ = 0’ [S;I\L]lm =0. (434)

Interference in the inverse decays will generate off-diagonals in 7" at O (h?). However, we see
from (4.29), (4.32) and (4.33) that only @N , and not 87V or 83~ receives these contributions.
This is due to the fact that the processes

LD — anlj\f\Rﬂ, Lip¢ — Zc;ﬁl‘;a (4.35)
o o

(the ¢4 being complex coefficients in the linear combination) have to proceed at the same rate
for CP-conserving inverse decays, if no initial lepton asymmetry is present, and hence, only
Re(ﬁN )= ﬁN can be generated. Therefore, after a small time interval, at z = zj, + §z1 we have

(V] =01 fora#p,  [7V],5~0.  [67],, 0. (4.36)

Now from (4.32), we see that heavy-neutrino oscillations will induce imaginary parts of 7, and
hence, a non-zero 87" [cf. (4.32)] due to the off-diagonals of 7V in (4.36). Thus, at a later time
Z = Zin + 822, the number densities will be

[ﬁN]aﬁ =0O(h?) fora#p, [aﬁN]aﬁ =0(h?), [s7"],, ~0. (4.37)

Finally at z = zj, + 623, interference in the Oh?) decays will create a non-zero lepton asymmetry
of order O(h*) from the 87" term in (4.33):

[2"],s=0(") forap,  [7"],,=0(?),  [57"],=0@"). 438
The physical reason for this is that the 6P-conjugated processes

anll\]\R‘a — Lo, Zc;]’\’\ﬂa — L°@°, (4.39)
o o

are respectively proportional to the number densities 7" and /n—\N = @")*, which now differ by
O(h?) in the off-diagonal (interference) terms.

Thus, the O(h*) contribution to the total lepton asymmetry is due to a sequence of the co-
herent heavy-neutrino inverse decays, oscillations and decays. These effects get enhanced in the
same regime as the resonant 7 = 0 e-type CP violation, namely, for z ~ 1 and Amy ~ I'y, [28].
For 7 « 1, this effect is suppressed by the small mass of the Majorana neutrinos, and for z >> 1
the inverse decays are frozen out and ineffective to create an asymmetry. Similarly, if the heavy-
neutrino mass-splitting Amy is too large compared to Iy, , the oscillations are averaged out
during the decay time scale, whereas if it is too small the oscillations proceed too slowly and
87" produced thereof is constantly washed out.

In Section 6.2, we will show quantitatively that, for the RL; model under consideration there,
the lepton asymmetry generation via the heavy-neutrino oscillation phenomenon discussed above
is of the same order as the one due to their mixing in the vacuum, and hence, leads to an enhanced
total lepton asymmetry (even in the charged-lepton flavour diagonal case) compared to that pre-
dicted by the flavour-diagonal Boltzmann equations discussed in Section 2.
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4.3. Decoherence in the charged lepton sector

In this subsection, we will include in the rate equations the effect of the charged-lepton
Yukawa couplings, described by the interaction Lagrangian

Ly=y/'L*Per;+He., (4.40)

where ep; = I[gr (with [ = e, u, ) and the Yukawa couplings are real and diagonal in the
charged-lepton Yukawa eigenbasis, i.e. Sz\kl =y Skl. The number densities of the RH leptons
and anti-leptons, n® and n® respectively, can be defined analogous to n” and n” [cf. (3.21) and
(3.22)]. The processes involving the charged-lepton Yukawa couplings will be responsible for the
decoherence of the LH leptons into the mass eigenbasis. However, due to the interaction of the
charged-leptons with the heavy-neutrinos [cf. (3.1)], non-zero off-diagonal elements are neces-
sarily induced in the charged-lepton number density matrix, which tend to recreate a coherence
between the charged-lepton flavours. Thus, there is a competition between the coherence effect
induced by the heavy-neutrino Yukawa couplings and the decoherence effect due to the charged-
lepton Yukawa couplings, and for reasonably large neutrino Yukawa couplings, the coherence
effect could be significant, as we will see explicitly in Section 6.2. In particular, we will find
that the decoherence is not complete in the temperature range relevant for the production of the
asymmetry in the RL; scenarios with 200 GeV < my <2 TeV. Hence, it is important to include
the off-diagonal lepton number densities, and the dynamics of their decoherence effects, in the
rate equation for the lepton asymmetry.
Let us first consider the contribution of thermal Higgs decays and inverse decays

@(q) < L(p)er(k), (4.41)

and then generalize it to other relevant processes. The contribution of this process to the LH
charged-lepton transport equation (3.75) can be obtained in a similar manner as the heavy-
neutrino decays and inverse decays discussed in Section 3.4. Explicitly, we obtain

dnL 1 L back
T / <—§{n (0), Taee(p. k, @} + TG (p. K, Q)>- (4.42)

p.k.q

In the above, we have defined the charged-lepton decoherence and back-reaction rates

[Faecp. k. @)]," = A K @y " [iR W]/ (4.43)
[ p. k, @)]," = A(p. k. @)y y"in® (@), (4.44)

where the flavour-singlet term A(p, k, q), whose explicit form is not needed here, contains the
relevant kinematic factors.

In the would-be mass eigenbasis for the charged-leptons in which the charged-lepton Yukawa
coupling matrix is diagonal, the diagonal entries of (4.42) have the form

d[nt % .
[rclit]” > / A@.k 9y} (1 @ — [ @], [2" ©)],), (4.45)

p.k.q

. . =R . .
where the index / is not summed over, and we have assumed n (k) to be diagonal, neglecting
higher-order phenomena involving heavy-neutrino Yukawa couplings. Since the evolution equa-

. ~R . . .
tions of ' and n® contain the same term (4.45), and since the rate of the process (4.41) is
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much larger than the Hubble rate for the relevant time period, we can safely assume that their
fast evolution always guarantees the chemical (as well as kinetic) equilibrium for this reaction,

i.e. up = pur + [LR.1, in addition to the decoherence of ﬁR. Therefore, the evolution equations
for @ and eg need not be considered explicitly, and instead, we can use the relevant detailed
balance condition, or the KMS relation [159—-161], to solve the rate equation. For the process
(4.41) under consideration, the KMS relation is simply given by

n® =[], [ ®], (4.46)
for all / (not summed over), which implies that the diagonal contribution (4.45) identically van-
ishes, and only the off-diagonal entries of the anti-commutator in (4.42) are responsible for the
decoherence of charged leptons to the mass eigenbasis. Note that at this stage it is inconsistent
to assume @ and ey to be at equilibrium, since it violates the KMS relation (4.46), and does not
lead to the correct approach to equilibrium.

It can be shown that the form (4.42) is valid for any flavour-dependent process involving one
LH charged lepton, with I' g¢. being the corresponding decoherence rate. Since the reactions that
cause the decoherence in the LH charged-lepton sector are fast compared to the Hubble rate, the
back-reaction rate I' gggk in (4.42) can be determined from the conditions

[Faee. TEF] =0, (T3], = [Taeelu[*],;- (4.47)

dec dec

The first condition comes from the fact that I’ gggk and I gec are simultaneously diagonal in the
charged-lepton mass eigenbasis. The second condition is the generalized KMS relation (4.46)
involving any species in chemical and kinetic equilibrium with the LH charged leptons in the
mass eigenbasis, whose fast evolution ensures the vanishing of the overall statistical factors that
multiply the large diagonal rates in the rate equation (4.42).

The charged-lepton Yukawa contributions to the rate equation for anti-lepton number density
i’ will be analogous to that given in (4.42). To obtain the corresponding contribution to the rate
equation for the lepton asymmetry, we use the same set of approximations as in Section 4.1, and
in particular, the kinetic-equilibrium number density (4.6). Taking into account the expansion of
the Universe, we finally obtain

Hyn? dépt 1
Z dz ZneLq

{80". v gec} + 8y, (4.48)
where p 4. and Sygggk are the CP-even and -odd thermally-averaged decoherence and back-
reaction rates, respectively. Here we have ignored the sub-dominant { né‘q, dY gec} term, which
depends on the asymmetry in the RH charged-lepton sector that is assumed to be small com-
pared to the asymmetry in the LH sector. The CP-even rate can be expressed in terms of the
charged-lepton thermal width as y .. =T Tné‘q. In the mass eigenbasis, the thermal width is
given by I'r= diag{Ir}, and has been calculated explicitly in [144], taking into account the
inverse Higgs decays and the relevant fermion and gauge scatterings:

Iry~3.8x 10Ty [(=1.143.0x) + 1O+ y7(0.6 — 0.1x)], (4.49)

where y; is the top quark Yukawa coupling, and x = My (T)/T = zMg(T)/my, Mg (T) being
the Higgs thermal mass. Note that while calculating the final rates for the processes involving
the charged-lepton Yukawa couplings, it is important to take into account their thermal masses,
which control the phase space suppression for the decay and inverse decay of the Higgs bo-
son [144]. Additionally, note that all the chemical potentials can be consistently neglected in the
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calculation of the rate, as long as we satisfy the generalized KMS relations given by (4.47). After
thermal averaging, (4.47) can be written as

[n* ]11
[}’decv Sygg(c:k] = 0’ [aﬁeacck] [Vdec]ll (4'50)
eq
These equations ensure that the detailed balance conditions are satisfied, without having to resort
to following the evolution of all the SM species involved in the charged-lepton Yukawa-mediated
processes.

4.4. Scattering terms

In this section, we will describe the flavour-covariant generalization of the subtraction of the
so-called RIS contributions present in the AL =2 and AL = 0 scattering terms (see Fig. 4).
Specifically, we will show how the sign of the CP-“0dd” inverse decay terms in (4.23) and (4.24)
is flipped, so that the correct approach to equilibrium is restored. Moreover, we will illustrate
that it is necessary to account for thermal corrections in the RIS contributions when considering
off-diagonal flavour correlations.

Following [29], we first consider the case of a single scalar sneutrino N , and write down the
thermally corrected scattering amplitude 7 (L® — L°®C) as

T(L® — LE@F)
p* —m% —iIm T2 (po. p)

(p* —m% )2 +Um 17 s (po, PP

=T(L® — N*) T(N* — L°®%), (4.51)

where we have used on-shell renormalization scheme and have neglected thermal dispersive
corrections. Notice that, since the Lorentz-covariance of thermally-corrected self-energies is
broken, the absorptive parts of the time-ordered and retarded equilibrium CTP self-energies
Im 17 ~~( po,P) and Im 17 (: Y ~(po, p), respectively, are functions of both py and p; see Ap-
pendlx B [cf. (B.100)].

By virtue of the fluctuation-dissipation theorem for the equilibrium self-energies, we have the
relation

Im 775 (po. p) = (po) [ 1 +2{6(po)nly (po) + 6 (— po)n(— po) } ] Tm T3 55 (Po. P,
(4.52)

where ¢(pg) = 0(po) — 6(—po) is the generalized signum function. In the pole-dominance re-
gion, using the NWA given by (2.28), we obtain

Tris (L& — LE@%)|" = ——0(/5)8(s — m%) (1 +4nk (V5)) (4.53)

vy (s)

Here, we have neglected the statistical factors internal to the thermal Breit—Wigner width
eq 1
IR o) = Lt 1 5 (0. ) = Ty (7). (4.54)

where I'y( p2) is the T = 0 width of N. An expression analogous to (4.53) can be derived for
chiral fermions (see Appendix B).
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Generalizing the result in (4.53) to fermions, we see that the RIS contribution to the L —
L@ scattering terms contains the following combination of statistical factors:

Foa=1+n?)1-n")® (1-4n))® (1-a")(1+0a%). (4.55)

In the classical statistical limit, (4.55) becomes
Fea>—nn" @101-101@i%n" —4(1@n] ®1). (4.56)

The first two terms in (4.56) arise from the T = 0 part of the RIS subtraction and contribute to
the charged-lepton transport equations (3.75) and (3.76). The third term arises from the thermal
correction to the RIS subtraction and contributes to the heavy-neutrino transport equations (3.89)
and (3.90).

4.4.1. Contributions to lepton transport equations

We begin by describing the scattering contributions to the charged-lepton transport equations.
The contributions of AL =2 scattering to the charged-lepton number densities can be obtained
by a flavour-covariant generalization of the relevant part of the flavour-diagonal rate equation
(2.29):

d[nt],m 1 k . k
W (e 1) ), [0 [ (9 109)], )
eq
=Ly n
R (1ot L)) (4.57)
ney
d ~L1m 1 I
B (et Lo)] A, + ] T (7 L)),
eq
Ly n
WL s Loty ) (4.58)
Neq
The contribution to the total lepton asymmetry is then given by
d[sn" 1" 1 [8nt];" k
T [8 I/ch‘g;c]l 4né,q {SnL’ yl/ﬁgf}lm - 2nfl:,q [ Iilzgf]n lm’ (459)
where, by virtue of E‘PT we have defined the contractions
i =l = ke (4.60)
[‘Wszpt] [SVL‘Q)‘] " [‘SVLLL%c’]kklm' (4.61)

The rank-4 scattering rates introduced here can be derived by means of the generalized optical
theorem given in Appendix C. For consistency with the previous calculations, only their resonant
parts must be kept and these are listed in (C.63)—(C.66). Using the NWA for the heavy neutrino
propagator, and the same approximations as for the decay and inverse-decay terms in Section 4.1,
we obtain the CP-“even” collision rates
Lo 1m k
[ny'(pE'] I n
[ )aw + Fho) 6] 200 B, B B, + (07,2 [E], (0] o [071¥ )

My, Mwﬁ) [(hTh)ge + (h°ThE) 4y + (hTh)gs 4 (hCTRE) 552
FNa+FNﬁ

(4.62)
a,B (1 —2i
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which are the flavour-covariant generalizations of those given by (2.27). The RIS contribution
is obtained by taking the diagonal o = B elements in the summation in (4.62). Similarly, the
y’-terms can be obtained by taking o # 8. Using the fact that [Syqu)(] m =0 up to Oh*) due
to the unitarity of the scattering matrix [128], we obtain the RIS-subtracted CP-“0dd” collision
rates

(h”ﬁ% [h)2 0]y — (W h)eahy“ D",

5 /L@ _ ] . 4.63
[ 4 ‘(P‘ Z VLCD [(h'h)ge + (hdhc)aoz] ( :

The contributions of the AL = 0 scattering to the charged-lepton transport equations are given
by

dnt]m™ 1
[nd ! -5 (Vee— L‘p)]znkk[”L]nm + [”L]zn[y/(L‘p - Lq))]nmkk)
t 2neq
Ly n
U L]" [V (Lo —La)] ", (4.64)
eq
diatym 1 11 E e G\ kpaLy m
dr ) Znel:‘q ([)/ (L "~ L@ )]l k [n ]n
+ 1]l (707 — Lfo%)],", )
(k1" i oG o k
+ L [y'(Lf@° — L°@%)] *,". (4.65)
and the corresponding contribution to the asymmetry is
d[sn"1," 1 [5n" 1" k
—q 2 A" - 4neLq{5nL, viet )} + a Ve (4.66)
In (4.66), using E‘Pf—invariance, we have defined the contractions
k k
g1 =il =ride " (4.67)
k
ovEg)" = ovie)" = —[ovEd ") (4.68)

Using the results from (C.63)—(C.66) and the same set of approximations as in the AL =2 case,
we obtain the flavour-covariant generalization of the collision rate given by (2.26)
Lo1m k
[ @ ]l n

—Z (PP + P)p) 200D, (01" ghy,” + T [T b, (0T, )

—~ ,  (4.69)
1 ﬁ_,_MNﬂ"‘_MN*ﬂ) [(hTh)aa + (thhL)oux + (h h)/fiﬁ + (hc'hc)ﬁﬁ]z
I'yo+Ing
and the corresponding RIS-subtracted CP-*0dd” quantity
T e, ahem HeThey T ahm
Lo m k AN (h'h)gq [h°]*[hE]"y — (hTh )o«xh[ h
[6v2&" 1" == 2 (70)ua = N = (4.70)

» [(hTh)gq + (hTh)gqe]?

The flavour structure of the y-terms in (4.62) and (4.69) can be understood diagrammatically, as
shown in Figs. 3 and 5, from the unitarity cuts of partial self-energies, obtained by virtue of a
generalized optical theorem (see Appendix C).
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(b) Charged-lepton self-energies, with AL = 2 internally.

Fig. 5. Feynman diagrams for the self-energies of the lepton doublets. The cut, across which positive energy flows from
unshaded to shaded regions, is associated with production rates in the thermal plasma, as described by the generalized
optical theorem given in Appendix C. See also Fig. 4.

Combining (4.59) and (4.60), the total contribution of 2 <> 2 scattering to the total lepton
asymmetry can be written as

d[sn" 1" 1
i | R L7 T Bl CURS AR i M
eq
(ol 1" . ‘
Sl (L2570 WP L7 AT E @471
eq

From the results of this section, we can establish the following identities valid up to O (h%):

[y bl + [via’ )" = [ovie ) (4.72)

it sk + Viawsl” =[viel," (4.73)
k k

[VLL%c RIS]n 1m [VLLQ?RIS] zm =0. (4.74)

Using these identities in the scattering contribution given by (4.71), and including it in the rate
equation (4.24) for decay and inverse decay, we obtain
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d[snt,m

[(nN 1% [6n™15%
da = _[5VLN¢]zm + nNﬁ [SVL]Q];maﬁ + zjf}[ylﬁp]lmaﬁ
eq eq
1 [8nL]" k k
B A S P (74 AR 107 A AT
€q €q

(4.75)

Note that, thanks to the first identity (4.72), the sign of the inverse-decay term (first term in
the RHS) is now flipped with respect to that in (4.24), as anticipated at the end of Section 4.1,
and it guarantees the correct approach to equilibrium. The remaining identities (4.73) and (4.74)
are important to guarantee the consistency of the formalism: following [128], we have described
processes like L@ — N — L& (with an on-shell N) statistically, i.e. as the successive statistical
evolution of the number density #” first due to an inverse decay and then a decay process. The
RIS-subtracted scattering term is considered in order to avoid double-counting. However, (4.73)
and (4.74) allow us to write the washout term in terms of a complete (including RIS) scattering
rate, with no inverse decay rate at all, thus describing resonant processes like L — N — L@
field-theoretically. Both these descriptions lead to the same result, as shown in [76].

4.4.2. Contributions to heavy-neutrino transport equations
The AL =0 and AL = 2 scattering contributions to the heavy-neutrino rate equations are
given by

N1 B -

L”dt]a 5[8M], +Gur[$V] M'\G’“S : (4.76)
a1 B -

7d[”dt]“ 5 [8Y],” + Gas[SV], 6", “77)

where, for notational simplicity, we have defined

[s].] =2[y' e — L&) .” + [y (Lo — L°0%)] P — [y (L°0° > L@)] 7,
(4.78)

(M) =2[y'(L7e% - L70%)] ./ ~ [y (L& — L7@%)] " + [y (L7e" — L&)],”.
(4.79)

and the charged-lepton indices are understood to be traced over [cf. (C.67)]. As explained in
the beginning of this subsection, these terms arise due to the last term on the RHS of (4.56).
Following the same procedure as in the charged-lepton case discussed above, we obtain the
relevant contributions to the rate equations for the CP-“even” and -“odd” number densities:

d[n™1,? ~

Wl S oie(r 1)), (430
Ny B B

d[‘snT]“ > 4ifim(sy%)].” 4.81)

This contribution to 87", when added to the decay and inverse decay contribution given by
(4.23), flips the sign of the inverse decay term with respect to that given in (4.23), as expected in
order to achieve the correct equilibrium behaviour.
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4.5. Final rate equations

Here we put together the various contributions from heavy-neutrino decays and inverse de-
cays discussed in Section 4.1, from processes involving charged-lepton Yukawa interactions
[cf. Section 4.3], and from AL =0 and AL = 2 scatterings via heavy neutrino exchange
[cf. Section 4.4]. Finally, taking into account the expansion of the Universe, the following set
of manifestly flavour-covariant rate equations is obtained for the CP-“even” number density ma-
trix y¥ and CP-“odd” number density matrices 8y and 8p’:

Hyn? dn™1e? nv B e 8 1 ~ B
A; _dZ - =t 7[51\,’ an]a + [Re(yliv;p)]a - Fé\é {HN’ Re(y[{\l‘p) }a ’ (482)
Hyn? d[6nN]? ~ ' ~
Hyn? dion"Ja” 'Zl lo” _ —2in?[en.n],” +2i[m(sv)]," — = (0. m(sv)),”
Z Z 0l
1 ~
- M—N{‘S’?Nf Re(r%)),”. (4.83)
cq
Hyn? d[sn*1," ™15 g [nN15” P
. dz _[SVLNcp]zm + —ﬂé\é [5J/LN¢>]1ma + 72)7% [Vévcp]zma
! mo 2 k v
- §{577L» VLEG;(? + VLLtg> }ln - g[(snL]kn([VLLE(z)E]n lm - [VLLg]n lm)
2
= 1ot vl + [orieet],” (4.84)

Here, we have dropped the O(h*) RIS-subtracted contribution [cf. (4.80)] to the rate equation
for QN , since this is sub-dominant, compared to the other terms on the RHS of (4.82) which are

formally of order O(hz). However, the O(h4) contribution from (4.81) must be included in the
rate equation for 817N , since all the other terms on the RHS of (4.83) are also of the same order.

The flavour-covariant rate equations (4.82)—(4.84) are the main new results of this section.
They provide a complete and unified description of the RL phenomenon, consistently capturing
the following physically distinct effects in a single framework, applicable in any temperature
regime:

(i) Resonant mixing between heavy neutrinos, described by the resummed Yukawa couplings
in yzv(p and 87/210). This provides a flavour-covariant generalization of the mixing effects
discussed earlier in [29].

(i) Coherent oscillations between heavy neutrinos, described by the commutators in (4.82)
and (4.83), and transferred to the lepton asymmetry via the new rank-4 term [yLNq)] lmaﬁ
in the first line of (4.84). We should stress here that this phenomenon of coherent oscil-
lations is an O(h*) effect on the fotal lepton asymmetry, and so differs from the O(h®)
mechanism proposed in [87] (see Section 4.2).

(iii)) Decoherence effects due to charged-lepton Yukawa couplings, described by the last line
of (4.84). Our description of these effects goes along the lines of [93], which has been
generalized here to an arbitrary flavour basis.

As an application, we will use the rate equations (4.82)—(4.84) in Section 6.2 for the numerical
evaluation of the lepton asymmetry in the RL; model under consideration there. We will also
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derive approximate analytic solutions of these general rate equations in Section 5.3. Finally, we
note that taking the limit in which the number densities are diagonal, i.e. [nN ]ofS = 85 77/13\’ and

[8n%1" = 8/"8nk in (4.82)~(4.84), we recover the flavour-diagonal Boltzmann equations (2.12)
and (2.13).

5. Minimal resonant {-genesis model

In this section, we discuss the basic theoretical framework underlying the minimal RL, model
in which the lepton asymmetry is dominantly generated and stored in an individual lepton
flavour £ [75]. We start with the heavy Majorana neutrino sector Lagrangian given by (3.1). Note
that above the scale of the electroweak phase transition, only the singlet neutrinos are massive,
whose origin must lie in some ultraviolet-complete extension of the SM. Within the minimal RL,
setup, the masses of all these heavy neutrinos N, (¢ =1, ..., Ny) are nearly degenerate. This
can be ensured naturally by assuming an O (Ny)-symmetric heavy neutrino sector at some high
energy scale pux, thereby imposing the universal boundary condition on the heavy-neutrino mass
matrix: M y(uyx) = mpy1. The corresponding boundary values for the Yukawa coupling matrix
elements [A(ux)] l"‘ depend on the particular RL, model under consideration [76]. The Majorana
neutrino mass matrix at the phenomenologically relevant low energy scale can then be written
down as

My=myl+AMy, 5.1

where AM y is a general O (Ny)-breaking perturbation matrix induced by the RG evolution of
the heavy neutrino mass matrix M y from the high scale ©x down to the scale of m y:

AMy = —g ln(”—X> Re[h" (ux)h(1ex)]- (-2)
s my

The compatibility of the light neutrino masses generated via the seesaw mechanism with the solar
and atmospheric neutrino oscillation data requires that, for electroweak-scale heavy neutrinos
with my ~ O(100) GeV, the norm of the Yukawa coupling matrix must be much smaller than
unity. Given (5.2), this implies that the norm of the O (N )-breaking matrix AM y must be small
compared to my, i.e. |AMy|/my < 10~7. As shown in [76], a AM y of the required order can
indeed be generated radiatively for RL, models.

A non-zero total lepton asymmetry summed over all flavours can be created, if and only if the
CP-odd quantity [28]

Acp=Im[Tr(h kM, MyM{ RTR* M y)] (5.3)

does not vanish for a finite non-zero interval of RG scales. In general, the total number of all non-
trivial CP-violating phases in a model with A;, weak iso-doublets and Ay neutral iso-singlets
is Nep = N (NMy — 1) [162,163]. This results in Ncp CP-odd quantities, analogous to the one
defined in (5.3), which generally mix under RG effects. However, after summing over all final
state lepton flavours occurring in the heavy neutrino decays, only one CP-asymmetry remains,
which is odd under the generalized CP-transformations discussed in Section 3.2. Using the defi-
nition of Acp in (5.3) and the heavy neutrino mass matrix (5.1), and taking into account the RG
evolution, one can find the necessary and sufficient condition for the generation of a non-zero
total CP-asymmetry in the minimal RL setup. The results of this exercise, including RG effects
except for the charged-lepton Yukawa couplings, are summarized in Table 1 for different choices
of Nz, and NVy.
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Table 1

Total CP-asymmetry in the minimal RL model with A lepton iso-doublets and Ny
neutral iso-singlets, including the RG effects, except for the charged-lepton Yukawa cou-
plings. Here @ means Acp # 0.

Acp for Ny

N 1 2 3
1 0 0 0
2 0 0 il
3 0 0 ]

Fig. 6. O(2) transformation of le = (;1\11,71\12)

5.1. Geometry of the degeneracy limit

In this section, we provide a geometric and physical understanding of the degeneracy of the
minimal RL; model parameter space in the O (Ny)-symmetric limit AM y — 0 (where 0 is the
null matrix). Under a general O (Ny)-rotation, the heavy neutrino mass eigenstates transform as
Ny — N, = 0,’N s, and accordingly, the Yukawa coupling matrix transforms as a vector in the
heavy-neutrino mass eigenbasis, i.e. h; — h; * = hPIOT] ﬁa. Depending on the dimensionality
of the rotation space, we can rotate away some of the components of A, such that some elements
of the resummed Yukawa coupling matrix h, as given by (2.18), will vanish.

To illustrate this point, let us first consider a simple case with one charged-lepton flavour
(N = 1) and two heavy-neutrino flavours (A = 2). In this case, the tree-level heavy-neutrino
mass matrix My is symmetric under O(2). Let us therefore define the tree-level Yukawa cou-
phng as a two-dimensional complex vector in the heavy neutrino mass eigenbasis {Ni, Na}:

(h“ h12) which can also be written in terms of two real vectors, i.e. h= Re(h) +1i Im(h)
a + ib. Using the O(2)-invariance of the {Nq, N2} parameter space in the degenerate limit, one
can always rotate the vectors a and b , such that bis along the Nj-axis, i.e. the Np-component of
b vanishes, which in turn implies Im(hlg) =0 (see Fig. 6).

For Ny =2, the Ryp-dependent terms in (2.18) are absent [cf. (A.1)]. Thus, in the degenerate
limit my, =m Ng> the resummed Yukawa couplings given in (2.18) become

~  ~ < Ap+Ay 1~ ~hp
hyi=hn—hp——F—= —<h11 —hii=- |,

2A2) 2 hl2
~ L AytAn 1~
hp=hp—hyj——————=—hp—hl,=|. 5.4
12 =hpp —hy AL 5\ huz 12h71 (5.4)

Note that in the O(Ny)-symmetric limit, any basis in the heavy-neutrino flavour space is a
mass eigenbasis, and hence, the resummed Yukawa couplings can be defined consistently in any
O (Ny)-rotated basis. From (5_'.4),qwe find that in general, /1;11,2 # 0 for ’};11,2 € C. However, if
both 71\11 and iz\lz are real, i.e. b = 0, we can rotate a to align with either Ny or N, direction in
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Fig. 7. O(3) transformation of El = (iz\“ , iz\lz, il\l?,).

Table 2

The resummed Yukawa couplmgs in the degeneracy limit, without including RG effects.
Here () means hla # O for hla #* 0 ¢#* means hla # 0 for h[a € C, but hla =0 for
hla € R; and 0* means hla =0 for h[a € C, but undetermined for hla eR.

h for Ny

M 1 2 3
1 ) * 0*
2 g g g
3 # ¢ ¢

Fig. 6, such that either h“ =0 or h12 = 0. Thus, for h“ 2 € R, the resummed heavy neutrino
Yukawa couplings flow to the exact O (2)-symmetric limit of the theory, i.e. h“ 2 = 0. However,
as we will see below, the RG effects play an instrumental role in consistently lifting this O(2)
degeneracy.

Similarly for three heavy-neutrino flavours (My = 3), ‘we can define a three-dimensional
complex vector in the { N7, N>, N3} mass eigenbasis: h= (h“ h;z, h13) =a+ ib. Tn this case,
using the O(3)-invariance of the parameter space in the degenerate limit, one can always ro-
tate the vectors a and b in such a way that b points in the Ni-direction and a lies on the
(N1, N2)-plane, as shown in Fig. 7. Thus, the N3-components of both @ and b identically van-
ish, i.e. Re(h13) =0= Im(hzg) For the simple case with N7 =1, ,as cons1dered above, the
resummed Yukawa couplings flow to the O (3)-symmetric limit, i.e. hla =0 for hla e C. How-
ever, for iz\la eR, Ea is undetermined (0/0 form) in the degenerate limit. One can similarly work
out the degeneracy limits for other values of N7 ; the results of this analysis are summarized in
Table 2.

In a realistic situation, the degeneracy of the heavy-neutrino parameter space in the
O (Ny)-symmetric limit AMy — 0 will be broken by RG effects. Specifically, the RG evolu-
tion from a high scale ux, at which the heavy neutrino masses are degenerate, 1.e. my, = myy,
to the scale my induces a non-zero mass-splitting given by (5.2). For instance, for the case
WNL, Ny) = (1 3) discussed above, the inclusion of RG effects yields hla # 0 for h;o, eC
(a=1,2) and h13 = 0. This is consistent with the fact that hn does not run in the mass eigen-
basis, since hlg(pc x) can be rotated to zero, as shown in Fig. 7. As a consequence, the mass
parameter m y, does not evolve under the action of the RG.

It is worth noting that the degeneracies encountered above are reminiscent of the singular
degeneracies occurring in ordinary Quantum Mechanics, where one has to apply carefully degen-
erate time-independent perturbation theory in order to obtain meaningful results. For illustration,
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let us consider a three-state system whose time-evolution is governed by the following perturbed
Hamiltonian (see [153], p. 348):

E, 0 0 0 0 a
H=Ho+AH=| 0 E 0 |+[0 0o »], (5.5)
0 0 E» at b* 0

where the unperturbed energy levels are E1, E1, E; (with E» > Ep), and a, b < (E2 — E1) are
treated as small perturbations. Since the perturbation matrix A H is off-diagonal, the first-order
perturbation does not change the energy eigenvalues, i.e. does not remove the degeneracy be-
tween the first two energy eigenstates. At second-order, applying non-degenerate perturbation
theory would lead to an undetermined result for the corrections to the degenerate eigenvalues,
ie.

0  |af? @_0 b A@ _ lal? + b

(2)
AV =—— — A -, . 5.6
1 2 0 E)—E; 3 E, — Eq (5.6)

0 B E,—E;’
Instead, applying degenerate perturbation theory, in a suitable O (2)-rotated basis, leads to well-
defined second-order energy shifts, thus lifting the degeneracy:

lal?+ b A@ _ lalP + b

Ey—E;’ P E-E
Note that the first energy eigenvalue will remain unperturbed to all orders. This is in close analogy
with the (M, Ny) = (1, 3) case discussed above, where m y, remains invariant, irrespective of
the RG effects.

Consequently, the resummed Yukawa couplings in the minimal RL; model are finite and
consistently flow to the O (N)-symmetric limit of the theory. The role of RG flow in lifting the
degeneracy of heavy neutrino masses is akin to that of degenerate time-independent perturbation
theory in ordinary Quantum Mechanics (e.g. electric field in a linear Stark effect). Just as one
needs to choose carefully a basis in which to apply perturbation theory, one must define the
resummed Yukawa couplings only in the mass eigenbasis, in which the RG effects consistently
break the degeneracies of the heavy-neutrino parameter space.

AP =0, AP= (5.7)

5.2. A model of resonant t-genesis

As an explicit example of the RL, scenario, we consider an RL; model with O (3) symmetry
imposed on the heavy-neutrino sector at the GUT scale, jux ~ 2 x 10'® GeV, which is explicitly
broken to the U(1),+1, X U(1)r, subgroup of lepton-flavour symmetries by a neutrino Yukawa
coupling matrix of the following form [76]:

0 aqe ™4 geim/4
h=|0 bei™/* peim/* | 4 8h, (5.8)
0 0 0

where 8k vanishes in the flavour symmetric limit. In this symmetric limit, the light neutrinos
remain massless to all orders in perturbation theory [164], while a and b are arbitrary complex
parameters. In order to give masses to the light neutrinos, we consider the following form of §h
as a minimal departure from the flavour-symmetric limit [76]:

€e 0 0
R ; y ’ (5.9)
€ ke tTATVD e ol (T/A=Y2)
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where |¢/|, k12 < |al, |b|, and y;» are arbitrary phases. To leading order in the symmetry-
breaking parameters AM y and §h, the tree-level light neutrino mass matrix is given by the
seesaw formula

2 2 kya® + 63 knab +€.€, €q€q
~ -1 T 2 2
Mv—_thNh _M KNab+€e€M KNb +6,LL 6“;‘[’ . (510)
€c€r €n€r €7

In deriving this expression, we have assumed that k1 2+/|kn| < €7, where

1

_ nx . ) 2
N =23 ln<a)[2/qx2 sin(y1 +y2) +i (i —«i)]- (5.11)

The light neutrino mass matrix in (5.10) is diagonalized by the usual PMNS mixing matrix
M, = Upnns diag(my,, mo,, my;) Uyns. (5.12)

where the m,,’s are the light neutrino mass eigenvalues. As we will see in Section 6.1, for the
benchmark points considered therein, the non-unitarity of the 3 x 3 PMNS mixing matrix due to
the light-heavy neutrino mixing [165] is very small. Hence, we can assume that Upyns in (5.12)
is unitary, and express it in terms of the three experimentally known light neutrino mixing angles
0;j, and the yet unconstrained Dirac phase 6 and Majorana phases ¢ 2:

ié

C12€13 $12€13 s13e
i5 is
Upmns = | —S12023 — c12823513€'®  c12023 — S12523513¢€" 523€13
i5 is
512823 — €12023513€" —C12823 — S12¢23513€'° €23€13
x diag(e'?1/2, 212, 1), (5.13)

with ¢;; = cos0;;, s;j = sin6;;. Assuming a particular mass hierarchy between the light neutrino
masses m,,’s and for given values of the CP-phases §, ¢1 2, we can fully reconstruct the light
neutrino mass matrix using (5.12). Substituting (5.12) in (5.10), we can determine the following
model parameters appearing in the Yukawa coupling matrix (5.8):

2m M; 2m M;
a® =" (Mv,ll_ “3), B = (Mu,zz— v’23>,

V2N M, 33 V2N M, 33
2 2
) 2my M5 ,  2my Mo 5 2my
€ =—5 s €= , €7 = —2MV’33' (5.14)
v: M, 33 v: My 33 v

In this way, the Yukawa coupling matrix (5.8) in the RL; model can be completely fixed in
terms of the heavy neutrino mass scale my and the symmetry-breaking parameters «1 2 and yj 2.
Similar models can be constructed for RL, and RL,, scenarios [76].

5.3. Approximate analytic solutions

In this section, we will find some analytic solutions of the evolution equations in differ-
ent regimes. In the first part, we qualitatively study the role of the heavy-neutrino coherences,
and the generation of lepton number asymmetry via heavy-neutrino oscillations (see also Sec-
tion 4.2). Here, we will obtain an approximate analytic solution for the rate equations with the
¢- and ¢’-type CP asymmetries artificially switched off, and also neglecting the y’ effects and
charged-lepton off-diagonal number densities, for a simplified case with two heavy neutrinos.
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Even though this is a rough approximation, this will allow us to estimate the relative magnitude
of the different effects present in the statistical evolution of the system. In the second part, we will
obtain a quantitatively accurate analytic solution for the case of diagonal heavy-neutrino number
densities (hence no oscillations), but retaining the full off-diagonal number-density matrix for
the charged leptons, thereby capturing the charged-lepton decoherence effects. In Section 6.2,
we will show that the analytic solution presented here reproduces quite accurately the exact nu-
merical solution of the full charged-lepton rate equation (4.84) in the attractor limit.

5.3.1. Qualitative estimate of the asymmetry via oscillations

Let us find the approximate solution to the simplified set of Eqs. (4.29), (4.32) and (4.33),
with the tree-level Yukawa couplings, instead of the resummed ones, where the ¢- and &’-type
CP violating sources have been artificially switched off. For simplicity, we take the Ny = 2
case and neglect the charged-lepton off-diagonal number densities. Promoting the vector n" in
Section 2.2 to a matrix in the heavy-neutrino flavour space:

v Y 1 (. &gV
nNEn_N_IZ_N<”N+n—>_1’ (5.15)
Neq Neg \~ 2

and combining (4.29) and (4.32), we find

dﬁN Kl(Z)( =N [ MN AN] < N\ N )

— = 1+ —i , — —1Re(K"Y), , 5.16

& Kol "V T eEy " 7 {Re(KT). 7} (5.16)
where the matrix KV is defined as the tree-level generalization of K,’s appearing in (2.23):

K =———— ' hp, KY =Y Kljop = ————('h) ,. (517

[Klimap CG)Hy 8 e 18 p Z[ litap CG)Hy 87 ( A)aﬁ (5.17)

l

In the strong washout regime, i.e. for [KN lap > 1, the system evolves towards the attractor
solution, obtained by setting the RHS of (5.16) to zero:

I My oy, Ly Ny any

1[4(3%,«1 i|+2{Re(K U (5.18)
where we have neglected ﬁN compared to 1. From (5.18), it is clear that all the elements of
ﬁN will have the usual 1/z behaviour, as expected in the attractor limit [cf. (2.25)]. The exact
numerical solution of the fully flavour-covariant rate equations (4.82)—(4.84) also exhibit this
behaviour, as shown explicitly in Section 6.2 (see Fig. 8).

To compute the charged-lepton asymmetry we are interested in the value of [67V]12 =

2772’11' Im([ﬁN]lz) (see the discussion in Section 4.2). From (5.18), we get

7~(0) ~
m([{"],,) = ¢B)Hy Re([I'y"112) AmpyTy
12 7~(0) ~(0) 2 detiRe(F 07
0 Iy In iy T2 o g2, 4 DydetiRe@y )1
N
N N

(5.19)

where we have defined Amy =mpy, — mpy, and FN = ([1/“\15,0)]11 + [Flf,o)]gz)/Z. Neglecting the
charged-lepton off-diagonal coherences, the rate equation for the lepton asymmetry (4.33) takes
the form

drsnt ln N . _
[ gz IS sk, (z)[—g[KL]” [57%],, + Im([7"],,) Im([K]mg)}, (5.20)
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where the index / is not summed over and [K-1j,, = Y [Klimaw = (mn/87) AT )1 /(£ (3) Hy)
[cf. (5.17)]. The attractor solution is obtained by setting the RHS of (5.20) to zero:

1 2Im(h} b)) Rel(RTR)1a]
KLy (W h)11 (hTh)2n

3
~L _ o~L
&n D(STIOSC_ZE :[
l

2(m12\,1 —m%vz)mNFN (5.20)
X
~ ATA b .
2 2w 4m3, I} det[Re(h' h)]
iy, =My g

which is valid only for |Am y| < my. Notice that in the single charged-lepton flavour limit, we

have det(ﬁ{iz\) = 0, from which it follows that det[Re(ﬁ'ﬁ)] = Im[(iz\ﬁz\)lz]2 in the denominator
of (5.21).

Comparing (5.21) with the lepton asymmetry due to mixing effects [cf. (2.33)], we see that
the total lepton asymmetry due to heavy-neutrino oscillations around z ~ 1 is of the same sign
and of the same order in magnitude, as compared to that obtained from the standard e-type
CP asymmetry due to heavy-neutrino mixing. Even though some of the approximations leading
to this result may not be realistic in certain cases, we expect (5.21) to be qualitatively correct,
and in Section 6.2 we will numerically verify this (see Figs. 9-11) for the RL; model under
consideration.

5.3.2. Analytic results for the charged lepton decoherence effect

We will now obtain the attractor analytic solution for the charged-lepton asymmetry ne-
glecting the heavy-neutrino off-diagonal number densities and performing a number of approx-
imations valid for the RL; scenario discussed in Section 5.2. Neglecting the heavy-neutrino
coherences and the sub-dominant ’)711:?’45 s 'ffg term, but retaining the full flavour structure for
the charged leptons, the rate equation for the asymmetry (4.84) can be written in the would-be
mass eigenbasis for charged-leptons as follows:

d. ZK1(2) N =N Vonr peff
d_Z[Sn ]lm = 2 Z[T\ ]a(x [SKLCD]Imaa - 5{877 . K* }lm
o
2 00 5 Tback
where the various effective K-factors are defined as
K = K(i’\f%z +713) 3K = %8770,
Kiee = Pgeer  SKFK = 1875k, (5.23)

with k = 72/(¢ (3) Hymy K1 (2)).
The CP asymmetries in the charged-lepton flavour space can be defined as

~ [aﬁg(p]lmaa
Eim = —_— (5.24)
" ; (KN lug

Notice that, in general, this is a tensor in the charged-lepton flavour space, even though here we
are working in the would-be mass eigenbasis for charged leptons. In the 2 heavy-neutrino mixing

case, it can be approximated as
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(W s — ol A 0
—i (R hip — hialy ) Rel(hTh)ag]l — (myy, —m3, )mn, 135,;
R e Ry

Bin )

a#f

This expression is analogous to that of the e-type CP-asymmetry ¢;, (see Appendix A) in the
quasi-degenerate heavy neutrino limit. More precisely, for Amy < my,, we have the relation
=Y, €la, Where g4 is given in (A.2).

Using the analytic solution for the diagonal heavy-neutrino evolution equation (2.25)
['ﬁN Joa =1/ ([KN lewz), we find the attractor solution in the strong washout regime by setting
the RHS of (5.22) to zero, thus obtaining

(5.25)

o~

1 ~ - ~ e
g{‘W’ K 4 2K | — SKGK ~ - (5.26)
In the RL; model discussed in Section 5.2, the dominant contribution to the total lepton asym-
metry comes from the t-sector involving (675 1kr (with k = e, u, T) for which the third column
of (5.26) provides a closed set of equations. Imposing the detailed balance condition (4.50), the

third column of (5.26) can be explicitly written as

[SﬁL]ek [Keff]kt + [Keff]ek [SﬁL]kr + 2([ﬁdec]ee + [Kdec]tr)[aﬁL]et <§et )

(5751, IR e + K1, [67 Tar + 2((Kaee lyupe + [Reteeler) 675 1ur | = ~| B
(57 Ter (KM e + (K [877 Jae Ere
(5.27)
We can safely neglect [Kdec]ee and [Kdec] wu Which are much smaller compared to
[Kdec]n’ = FT,‘L'v (5-28)

2HNZ2K ()

with I'r ; given by (4.49). Moreover, [SﬁL]” is much larger than the other entries, whereas
[Kef),, (with k = e, u, T) are much smaller than the entries [Keff]ee,w,w. This allows us to
further approximate (5.27) as

(KM 877" T + 2[R ecle 87 Lo 2
(K] [87 ke + 2[Kdeclee [675 1 | > = (E,L) (5.29)
2Re([KM ] [87 Tkr) B

Assuming that the imaginary part of [Keﬁ]rk [87% k7 is small compared to its real part, (5.29) has
the form of a closed linear system of equations for [877\L] kr-

o R R (87 Lex 20
(Ke +2diag{[Kdec]n7 [Kdeclrrs 0}) [(SnL]/u = 2_ Zg/u . (5.30)
67 )ee /) 7\ B

Notice that, in the limit [ﬁdec]” — 00, we recover the solutions of the diagonal rate equations
in the RL; model, i.e.

~ 3 gfr

T 2z [Kef,,
as expected [cf. (2.33)]. However, we have checked numerically that for a realistic value of the
7-Yukawa coupling in the RL; model, [Kgec]:7 has to be treated as finite, and the discrepancy

[aﬁL]er = [SﬁL],u.r — 0, [877\14]” - [aﬁaniX]rr (5.3
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from the flavour-diagonal solution (2.33) can be of one order of magnitude, as shown in Sec-
tion 6.2. In this case, inverting (5.30), we finally find an approximate analytic solution for the
T-lepton asymmetry:

5" D 8Tix + 6gee = [677],,
3 - . . - _
~ o Re ([ (K" + 2[Ryecler diag(1, 1,0)) ' |, (2 — 8k0)8kr), (5.32)

where we have only taken the real part of the solution, since the imaginary parts in the third row
of (5.29) were assumed to be small in this derivation.

In the next section, we will show that the approximate analytic solution (5.32) reproduces
the exact numerical solution of the rate equations remarkably well for the case with diagonal
heavy-neutrino number densities, and provides a fairly good estimate for the total lepton number
asymmetry predicted by the fully flavour-covariant rate equations.

6. Numerical examples

In this section, we present some numerical results for the evolution of the lepton asymmetry
governed by the flavour-covariant rate equations given by (4.82)—(4.84). For definiteness, we
choose to work within a minimal RL; model presented in Section 5.2. For illustration, we take a
set of neutrino Yukawa couplings satisfying the neutrino oscillation data for a normal hierarchy
of light neutrino masses with the lightest neutrino mass m,, = 0. We use the best-fit values of
the light neutrino oscillation parameters from a recent three-neutrino global analysis [166]:

Am2 =754x107%eV2,  Am2, =244 x 1073 eV?,
sin® 05 = 0.308, sin?6y3 = 0.425, sin® 03 = 0.0234. 6.1)

For definiteness, we choose the leptonic CP phases § = 0, ¢1 = 7 and ¢, = 0, and reconstruct the
light neutrino mass matrix using the definition (5.12). From this, we can determine the parameters
a, b, €., of the RL; model using the relations (5.14) for a given value of the heavy neutrino
mass scale my, after taking into account the mass splitting between the three heavy neutrinos
due to the RG effects given by (5.2). Note that for a given light neutrino mass matrix M,,, the
solutions for @ and b obtained using (5.14) are unique up to a sign factor, and the sign discrepancy
could be eliminated only if the sign of Re(a) were known. There is a similar sign freedom for
€¢,1u,7, but this is irrelevant since it applies to a whole column of the Yukawa coupling matrix éh
[cf. (5.9)] and can be rotated away. Thus, the only free parameters we have in this model, apart
from the neutrino-sector CP phases, are k1,2, ¥1,2, sign[Re(a)] and m . Below we present some
benchmark values for these free parameters.

6.1. Benchmark points

We choose three benchmark scenarios with the heavy neutrino mass scales my = 120 GeV,
400 GeV and 5 TeV, in order to illustrate the flavourdynamics of the RL, model in different
temperature regimes. The other free model parameters are chosen such that they satisfy all the
relevant experimental constraints, as discussed below. The values of the free model parameters,
viz. my, y1,2, k1,2 for our benchmark scenarios are given in Table 3, along with the correspond-
ing values of the derived model parameters, viz. a, b, €. , -, with Re(a) > 0. The low-energy
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Table 3
The numerical values of the free (my, ¥1,2, «1,2) and derived parameters (a, b, € ;.7 ), with Re(a) > 0, in the RL¢
model for three chosen benchmark points.

Parameters BP1 BP2 BP3

my 120 GeV 400 GeV 5TeV

Y1 /4 /3 3m/8

%) 0 0 /2

K1 4x107° 2.4 %1073 2x 1074

K 2x 1074 6x 1073 2x 1073

a (741 —5.54i) x 1074 (4.93 -2.32i) x 1073 (4.67+4.33i) x 1073
b (1.19 — 0.89i) x 1073 (8.04—3.79i) x 1073 (7.53+6.97i) x 1073
€e 3.31x 1078 573 x 1078 2.14x 1077

» 2.33 x 1077 43 x 1077 1.5x107°

€r 3.5%x 1077 6.39 x 1077 2.26 x 1076

lepton flavour violating (LFV) and lepton number violating (LNV) observables are briefly dis-
cussed below for completeness, and their predicted values for the benchmark points are shown
in Table 4, along with the current experimental limits.

6.1.1. LFV observables

The mixing between the light and Ny heavy Majorana neutrinos induces LFV processes such
as £ — £’y [9,167-172], £ — 2’21472 [171,173,174] and ;& — e conversion in nuclei [175-179],
through loops involving the heavy neutrinos. In general, the light-heavy neutrino mixing is
parametrized in terms of an arbitrary 3 x Ay matrix & [163], which depends on the Yukawa
coupling matrix k and the heavy Majorana neutrino mass matrix M y. In the mass eigenbasis,
and to leading order in ||£||, the mixing is given by’

Vo~ o~
Biy ~§i4 = EhlaMNal’ (6.2)
which governs the rare LFV decay rates, as discussed below.
The branching ratio for the . — ey process is given by [170]
4
aisi my @ ’Gp.e
2562 My, '

2 (6.3)

BR(u — ey) =

where m,, and I, are respectively the mass and width of the muon, s,, = sin6,, is the weak
mixing parameter, and o, = g%u /(4m) is the weak coupling strength, all evaluated at the weak
scale M. The form factor G)° is defined in Appendix D. The other kinematically allowed rare
decay modes of this type, namely, T — py and v — ey, can be defined similar to (6.3), in
terms of the mass and width of the 7-lepton. The branching ratio predictions of these rare decay
modes for our chosen benchmark points are given in Table 4. For comparison, we also give the
current experimental upper limits [1,184]. The MEG limit on i — ey branching ratio [184] is
the most stringent one, and the model prediction for BP2 is within reach of the upgraded MEG
sensitivity [185].

The branching ratio for the u=~ — e~ e™

e~ process is given by [174]

13 An all-order expression for the mixing in terms of & may be found in [140,180,181]. Some approximate seesaw
expressions are studied in [182,183].
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2

4 4
BR( — ece) = — 2w M M f oL pece | pue 50 (FUe — Fre)
2457673 My, T, 7|27 P izt

1
st Py - mpel o e Rel (P44 LR ) (6|

e ey (emeyt . my\ 11
— 485, Re[(FL — FI')(G44)"] +32s w|G“ | {1 <—m’§> - ”
(6.4)

where the various form factors are defined in Appendix D. The predictions for BR(u — eee) for
the three benchmark points chosen here are shown in Table 4 and, for comparison, we have also
shown the current experimental upper limit [ 1]. We find that the model predictions are well within
the current limit. One can similarly define the LFV decay rates involving the t-lepton [174];
however, the numerical values for these rates turn out to be several orders of magnitude smaller
than the current experimental limits and hence we do not show them in Table 4.

The u — e conversion rate in an atomic nucleus fZ‘X is given by [179]

2G 52 2
Ryse= 7“ AV (2F[ + F)C) + 4V (F +2F)°) + 22GLD| . (6.5)
16721, capt 2e

where e = g5, is the magnitude of the electron charge, Itapt is the nuclear capture rate and
v (). D are various nuclear form factors, whose numerical values for some typical nuclei of
interest are given in Appendix D [cf. Table D.1]. The electroweak form factors F}“ (¢ = u,d)
in (6.5) are defined as

5 1! 1
Fl'¢ = Qgs2 FI'* + (%—Qqsi>F56+ 4F{;;f”, (6.6)

where Q, is the electric charge of the quark ¢ in units of e (Q,, =2/3, Q4 =—1/3), I3L is the
third component of the weak isospin (I35, =1/2, I;lL = —1/2), and the individual form factors
F), Fy¢, Fhol? are defined in Appendix D. The predictions for the 4 — e conversion rate
for the three benchmark points are given in Table 4 for certain isotopes of titanium, gold and
lead nuclei, along with their experimental upper limits from SINDRUM-II [186-188]. It is worth
mentioning here that the next generation experiments, such as COMET [189] and Mu2e [190]
have planned sensitivities around 10~!6, which could easily test the first two benchmark points.
The distant future proposal PRISM/PRIME [191] could probe ;& — e conversion rates down to
1078, thus testing the third benchmark point as well.

Apart from these LFV observables, a non-zero light-heavy neutrino mixing also leads to a
non-unitary PMNS mixing matrix, which can be parametrized as [163,180,181]

~ _ 1
Upmns = (1+£7¢7) V2 Upnins = <1 - E-Q) UpMNs., (6.7)

where Upyns is the unitary matrix given by (5.13), and the non-unitarity effects are cap-
tured by the Hermitian matrix §2, which is a function of the light-heavy neutrino mixing
parameter £ [cf. (6.2)]. To leading order in ||£]|, the non-unitarity parameters are given by
Q¢p = Y, B}, Beq. For the benchmark points given in Table 3, the predictions for |£2],
are shown in Table 4, along with the current experimental limit at 90% CL from a global fit
of neutrino oscillation data, electroweak decays, universality tests and rare charged-lepton de-
cays [165]. The predictions for other elements of § are much below the current experimental
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Table 4
The model predictions for the low-energy observables for the three chosen benchmark points and their comparison with
the current experimental limits.

Low-energy BP1 BP2 BP3 Experimental
observables Limit

BR(u — ey) 45x 10715 1.9 x 10713 23x 10717 <57 % 10713 [184]
BR(t — uy) 1.2x 107V 1.6 x 10718 8.1 x 10722 <44 %1078 [1]
BR(t — ey) 4.6 x 10718 5.9x 10719 3.1x 10722 <33x 1078 (1]
BR(u — 3e) 1.5x 10716 93 x 10715 4.9 x 1018 <1.0x 10712 [1]
R, 2.4 %1014 2.9 x 10713 2.3 %1020 <6.1 x 10713 [186]
RO, 3.1x 10714 32x 10713 5.0x 10718 <7.0x 10713 [187]
RFY 2.3x 10714 22x 10713 43x10718 <4.6 x 1071 [188]
[21ep 58x 1070 1.8 x 1073 1.6 x 1077 <7.0 x 1075 [165]
(m) [eV] 3.8x 1073 3.8x 1073 3.8x 1073 < (0.11-0.25) [195]

limits, and hence, are not shown here. Note that an upgraded MEG limit on BR(u — ey) could
reach a sensitivity of [£2],, < 10~% which includes the first two benchmark points in Table 4.
Since the non-unitarity parameter §2 is very small for all the benchmark points chosen here, we
use Upmns [cf. (5.13)] instead of ﬁpMNS [cf. (6.7)] as the diagonalizing matrix in (5.12) for our
phenomenological purposes.

6.1.2. LNV Observables

The Majorana nature of the light and heavy neutrinos in the type-I seesaw models violate
lepton number by two units, which can manifest in the neutrinoless double beta decay (Ov8g)
process at low-energy (for a review, see e.g. [192]). In the minimal seesaw model, the OvBS8
process gets contributions from diagrams mediated by both light and heavy Majorana neutrinos,
and the corresponding half-life is given by

1

0
i

=GO IMY A, + MY AN, 6.8)

where Gg‘f is the decay phase space factor, MSVN’S are the nuclear matrix elements (NMEs)
for OvBB mediated by light and heavy neutrinos respectively, and the dimensionless parameters
A, n are defined as

1 5 ;
Av=—3 (Upnns)gmy,  Ax=mpy =, (6.9)

m
e’ o Ny

where m, and m, are the electron and proton masses, respectively. For all the benchmark points
given in Table 3, the heavy neutrino contribution Ay to the half-life (6.8) turns out to be negli-
gible compared to the light neutrino contribution A, and hence, we can ignore the second term
on the RHS of (6.8), to rewrite it in the canonical form
2
=GP (6.10)
1/2 e

where (m) = |Zi(UpMNS)§l.mv,.| is known as the effective neutrino mass. For a normal hi-
erarchy of neutrino masses with m,, = 0, and using the three-neutrino oscillation parame-
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ter values given in (6.1), we obtain (m) = 3.8 meV. For comparison, we note that the cur-
rent 90% CL experimental upper limits are (m) < (0.3-0.9) eV from the NEMO-3 limit on
775 ("®Mo) [193], < (0.2-0.4) eV from the GERDA+Heidelberg-Moscow+IGEX combined

limit on TIO/"2 ("°Ge) [194], and < (0.12-0.25) eV from the KamLAND-Zen+EX0-200 combined

limit on TIO/”2(136Xe) [195], where the range of limits is due to the NME uncertainties involved. 14

Apart from the low-energy observables discussed above, the Majorana nature of the heavy
neutrinos as well as their mixing with the light neutrinos could manifest simultaneously via their
‘smoking gun’ signature of same-sign dilepton plus two jets with no missing energy [197] at the
LHC [164,198-203]. Note that even for quasi-degenerate heavy Majorana neutrinos (as occurs
in the RL, models discussed in Section 5), the LNV signal can be sizable when the mass splitting
Ampy =|my, —m Np | is comparable to the average width I'y = (I'y, + FNﬁ) /2 [204]. Within the
minimal seesaw framework, both CMS [205] and ATLAS [206] experiments have derived limits
on the mixing parameters |B;O[|2 (for [ = e, n) between 0.01-0.1 for my = 100-300 GeV. In-
cluding infrared enhancement effects due to #-channel processes involving photons, these limits
can be improved (by at least a factor of 5) and extended to higher heavy neutrino masses at /s =
14 TeV LHC [82]. The improved limits will encompass the first two benchmark points in Table 3.

6.2. Results for lepton flavour asymmetries

Using the parameter values given in Table 3, we numerically solve the flavour-covariant rate
equations (4.82)—(4.84) for the evolution of the charged-lepton and heavy-neutrino number den-
sities. For definiteness, in this section we work in the basis in which the heavy-neutrino mass
matrix as well as the charged-lepton Yukawa coupling matrix are diagonal. First, we discuss
the results for the heavy-neutrino number densities, as shown in Fig. 8 for the three benchmark
points given in Table 3. Here we have chosen the initial conditions with zero lepton asymmetry,
ie. 5’71Ln =0, and the heavy neutrinos in thermal equilibrium, i.e. nfx = né\al. As we will see
below, other choices of initial conditions lead to similar results. The vertical dotted line indicates
the critical value z. = mpy /T, where T is the critical temperature [cf. (2.39)]. The number den-
sities are shown in terms of the deviation from their equilibrium values: ngﬁ = n% / né\(’] — 8up
[cf. (5.15)]. The evolution of the diagonal elements are shown as solid lines and that of the
off-diagonal elements as dashed lines. As discussed in Section 5.3 [cf. (5.18)], both diagonal
and off-diagonal heavy-neutrino number densities rapidly follow the attractor solution. Numer-
ically, the value of nllvl is several orders of magnitude larger than the other elements, whereas
the values of névz and né\g overlap for all the benchmark points. In all three cases, unlike n%, the
off-diagonal elements nivz and n11v3 are larger than the diagonal elements ng’z, ng\;. Therefore, the
effect of the off-diagonal contributions of né\'ﬁ to the lepton asymmetry cannot be neglected, as
we will illustrate below.

Our results for the asymmetries in the SM lepton-doublet sector for the three benchmark
points given in Table 3 are shown in Figs. 9-11. In each figure, the horizontal dotted line shows
the value of 8n” [cf. (2.43)] required to explain the observed baryon asymmetry in the Universe.
The conversion of the asymmetry stops for z > z. (vertical dotted line), since the sphaleron
processes are no longer in action. As such, the observed value for 87’ should be compared with
the model prediction at z = z.. The top panels in Figs. 9—11 show the evolution of the total lepton

14 After taking into account the updated NME uncertainties, it was found [196] that the current 136Xe limit on (m) is the
strongest for any given NME calculation. Therefore, we have only shown the experimental limit from 136Xe in Table 4.
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Fig. 8. The deviation of the heavy-neutrino number densities nfxvﬁ = névﬁ / né\é — dop from their equilibrium values for
the three benchmark points given in Table 3. The different lines show the evolution of the diagonal (solid lines) and
off-diagonal (dashed lines) number densities in the fully flavour-covariant formalism. The numerical values of névz and

né\g coincide with each other in all three cases. (For interpretation of the references to color in this figure, the reader is
referred to the web version of this article.)

asymmetry, 8n’ = Tr(8y"), obtained using the fully flavour-covariant rate equation (4.84), for
three different initial conditions (thick solid lines):

(1) Zero lepton asymmetry 877& =0, heavy neutrinos in thermal equilibrium ni’X = né\él (thick

black line);

(i1) Zero lepton asymmetry SniLn = 0, heavy neutrinos strongly out-of-equilibrium ni[X = 0 (thick

grey line);



626 P.S.B. Dev et al. / Nuclear Physics B 886 (2014) 569-664

107 g —— T T ———T—TT 3
E my = 120 GeV total, 15 =0, 6 =1 3
L total, 7} =0, 6775, =0 ]
s et A=Y S0

107 total, ny=nb, onf;= .
: — — Ndiag., giy=nly. on,=0 3
B — N diag., analytic -
—6 . -
10 E — . — L diag,, i]ﬁ:r[‘e‘fl, 6ni’;|: 3
= F weee N, Ldiag, pl=n, ént=0 7
H - ]
107 E E
; *ls’LL,h» §
- /l ]

— -on*

10~ 1 1 L1 | 1 1 1 I T B | !

0.2 2 1 10 20

z=my/T

1070 g — T T T 3
E my =120 GeV — o, — — gl 3
1077 i +Om, AN
? B \_ _6'755 |'577;l:c| ?
10°F 3
= - ]
4= 100 -
< £ E
10 b _
101 i
10°12 [ | 1 1 1 TR B S | |-

0.2 1 10 20

z=my/T

Fig. 9. Lepton flavour asymmetries as predicted by the BP1 parameters given in Table 3. The top panel shows the
comparison between the total asymmetry obtained using the fully flavour-covariant formalism (thick solid lines, with dif-
ferent initial conditions) with those obtained using the flavour-diagonal formalism (dashed lines). Also shown (thin solid
line) is the analytic result discussed in Section 5.3. The bottom panel shows the diagonal (solid lines) and off-diagonal
(dashed lines) elements of the total lepton number asymmetry matrix in the fully flavour-covariant formalism. For de-
tails, see text. (For interpretation of the references to color in this figure, the reader is referred to the web version of this
article.)

(iii) Extremely large lepton asymmetry with opposite sign compared to the observed one
Snﬁl = 1; heavy neutrinos strongly out-of-equilibrium nfx = 0 (thick yellow line).

It is clear that the final lepton asymmetry 85’ (z > 1) is independent of the initial conditions,
which is a general consequence of the RL mechanism in the strong washout regime. Even start-
ing with extremely large initial lepton asymmetry and/or with the wrong sign, this primordial
asymmetry is rapidly washed out and the final asymmetry, with the right sign as required by
(2.43), is set by the RL mechanism itself for z ~ 1.
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Fig. 10. Lepton flavour asymmetries as predicted by the BP2 minimal RL; model parameters given in Table 3. The labels
are the same as in Fig. 9. (For interpretation of the references to color in this figure, the reader is referred to the web
version of this article.)

We may now compare the results of our fully flavour-covariant rate equations with their di-
agonal [29,33] and partially flavour-dependent limits. To this end, we show in the top panels of
Figs. 9—11 limiting cases, where either the heavy-neutrino number density (red dashed line) or
the charged-lepton number density (green dash-dotted line) or both (blue dotted line) are treated
as diagonal in flavour space. For these cases, we have chosen the initial conditions & niLn =0 and
’7111\: = né\él for concreteness. As mentioned above, the final lepton asymmetry is insensitive to the
initial conditions in each case. We also show the analytic solution, discussed in Section 5.3, for
the case with diagonal heavy-neutrino number densities, which agrees well with the asymptotic
limit of the corresponding exact numerical solution.

From Figs. 9—11, we see that the final asymmetry including all flavour effects is significantly
enhanced in the fully flavour-covariant formalism, as compared to the predictions from the par-
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Fig. 11. Lepton flavour asymmetries as predicted by the BP3 minimal RL; model parameters given in Table 3. The labels
are the same as in Fig. 9. (For interpretation of the references to color in this figure, the reader is referred to the web
version of this article.)

tially flavour-dependent limits. The enhanced CP asymmetry in the flavour-covariant formalism
can be understood as arising predominantly from two physically-distinct phenomena:

(i) Coherent oscillations between different heavy-neutrino flavours, which create an O(h*
asymmetry in the charged-lepton sector in the RL scenario, as discussed in Sections 4.2
and 5.3. This leads to an enhancement by a factor of two over the flavour-diagonal limit in
all the benchmark points shown in Figs. 9-11.

(i) The evolution of flavour coherences in the charged-lepton sector, which are generated
through the heavy-neutrino Yukawa couplings and destroyed through the charged-lepton
Yukawa couplings, as discussed in Sections 4.3 and 5.3.

The latter charged-lepton decoherence effects give rise to the distinctive ‘plateau’ in the off-
diagonal e and T elements of the lepton asymmetry matrix 8p% in the RL; model. This can
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be seen from the bottom panels of Figs. 9—11, which show the individual charged-lepton flavour
contributions to the total asymmetry. Since we are considering an RL; model, the asymmetry
produced around z = 1 is dominantly in the 7-flavour (§nL,), which has relatively smaller cou-
plings to the heavy neutrinos [cf. (5.8)], and hence, a smaller washout factor. On the other hand,
the asymmetries generated in electron (§n%,) and muon (51’/5 ) flavours, with relatively larger
couplings to the heavy neutrinos, are suppressed due to larger washout rates. In addition to the
lepton asymmetry in the diagonal element (Snfr, the coherence effect in the charged-lepton sector
generates an extra asymmetry in the off-diagonal number densities involving the t-flavour, i.e.
8nk, and 8nk,. These could be large compared to those involving other flavours, i.e. 81k, 817,

and Snﬁ > depending on the values of the input parameters. This effect is more prominent around
z =1, since with increasing z values, the off-diagonal lepton-flavour coherences decay, leading
to a complete decoherence of the system to the charged-lepton Yukawa eigenbasis. This explains
the distinctive plateau at intermediate z values in the evolution of 87, and 67, in Figs. 9-11
(bottom panels). This additional source contributes to the total lepton asymmetry 8%, which can
exhibit a similar feature, depending on the model parameters. In the case where the sphalerons
freeze out within the ‘plateau’ region, which occurs for 200 GeV <my <2 TeV, an additional
enhancement of a factor ~ 5 in the final asymmetry is observed, as can be seen for BP2 in
Fig. 10 (top panel). For BP3 with a much higher heavy-neutrino mass scale, the coherence ef-
fect is already subdued, and the system has completely decohered to the charged-lepton Yukawa
eigenbasis, well above the critical temperature, thus giving no additional enhancement, as shown
in Fig. 11 (top panel). On the other hand, for BP1, the neutrino Yukawa couplings are smaller
than those in BP2 and BP3, and hence, the coherence effects are not pronounced in the total
asymmetry, as can be seen from Fig. 9 (top panel).

The impact of the additional enhancements, discussed above, is exemplified in BP2 (see
Fig. 10), where the total lepton asymmetry obtained in the fully flavour-covariant formalism is
above the observed value, whereas the predictions obtained in various partially flavour-dependent
limits all fall below the observed asymmetry. Note that the total lepton asymmetries predicted for
all of the benchmark points exceed the observed asymmetry. Nevertheless, due to the freedom
in the choice of the CP phases yj 2, these benchmark points represent viable choices of model
parameters for successful leptogenesis.

Before concluding this section, we note that there is no decoherence effect in the heavy-
neutrino sector, and hence, both diagonal and off-diagonal heavy-neutrino number densities de-
cay coherently, as shown in Fig. 8. This is due to the fact that the evolution of the heavy-neutrino
number densities are entirely governed by the heavy-neutrino Yukawa couplings [cf. (4.82) and
(4.83)], ignoring sub-dominant collision terms, such as AL = 1 scattering processes. In the
heavy-neutrino mass eigenbasis, the corresponding decay rates are not diagonal, which leads
to the occurrence of coherences in the heavy-neutrino sector.

7. Conclusions

We have presented a fully flavour-covariant formalism for transport phenomena, in which we
have derived Markovian master equations describing the time-evolution of particle number den-
sities in a quantum-statistical ensemble with arbitrary flavour degrees of freedom. In particular,
we have obtained a flavour-covariant generalization of the semi-classical flavour-diagonal Boltz-
mann equations.

In order to explicitly demonstrate the importance of the effects captured only in the flavour-
covariant formalism, we have discussed a particular application to the phenomenon of resonant
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leptogenesis (RL). It is known that the RL scenario offers a unique opportunity for testing the
connection between the origin of neutrino mass and matter—antimatter asymmetry by the ongo-
ing LHC experiments as well as by various low-energy experiments probing lepton flavour and
number violation. For this reason, it is essential to capture all the flavour effects due to the heavy
neutrinos as well as SM leptons in a consistent manner, in order to obtain a more accurate pre-
diction for the baryon asymmetry in this scenario. As we have shown in this paper, including all
flavour off-diagonal effects could enhance the predicted lepton asymmetry as much as one order
of magnitude in certain RL models, as compared to predictions obtained from partially flavour-
dependent treatments. Thus, our flavour-covariant formalism allows us to access an enlarged
parameter space of the RL models, which could be tested in ongoing and planned experiments at
both the high energy and intensity frontiers.

The main new results of our fully flavour-covariant formalism for RL scenarios, as contained
in the final rate equations (4.82)—(4.84), are the following:

(i) The appearance of new rank-4 tensors in flavour space in transport equations (see Sec-
tion 3.4). These are necessary to describe the time-evolution of the number density matrices
for leptons and heavy neutrinos in a flavour-covariant manner. One can extend this formal-
ism, by introducing even higher rank rate tensors, to describe sub-dominant processes, such
as LN < Lep, involving more flavour degrees of freedom. The existence of the tensorial
structure in the rate equations is firmly supported by an explicit calculation of the transition
matrix elements, by virtue of a generalization of the optical theorem (see Appendix C). To
further elucidate the consistency of our treatment, we develop a flavour-covariant gener-
alization of the helicity amplitude technique, applied to spinorial fields in the presence of
time-dependent and spatially-inhomogeneous backgrounds (see Appendix B).

(i) A systematic treatment of two intrinsically quantum effects, i.e. oscillations between dif-
ferent heavy neutrino flavours (see Section 4.2) and quantum decoherence between the
charged-lepton flavours (see Section 4.3). Numerical studies for a particular RL; model
reveal that these flavour off-diagonal effects could enhance the total lepton asymmetry by
up to one order of magnitude, as compared to the flavour-diagonal case (see Figs. 9—11).

(iii) The approximate analytic solutions (see Section 5.3) to the fully flavour-covariant transport
equations, which capture the two relevant flavour effects discussed above. Taking this into
account in the strong washout regime, the total lepton asymmetry at z 2> 1 may be estimated
by the sum of the contributions from flavour mixing, oscillation and decoherence effects:

SntLot :8nr€1ix+8n§sc+8n(lfec’ (7~1)

as given by (2.33), (5.21) and (5.32), respectively. The quantitative predictions obtained
from the analytic solutions for all our benchmark points agree well with the exact numerical
results obtained from the full flavour-covariant transport equations. The analytic expressions
are presented with the aim to facilitate phenomenological studies for a given model, without
necessarily having to solve the full flavour-covariant rate equations.

Aside from these main results specific to the flavour-covariant formalism, we have also given
a geometric and physical understanding of the degeneracy limit in the heavy neutrino parame-
ter space (see Section 5.1) for the minimal RL scenario in which the quasi-degeneracy of the
heavy neutrino masses at low scale can be naturally explained as a small deviation from the
O (Ny)-symmetric limit at some high scale through RG effects. We also point out that the role
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of RG effects in lifting the degeneracies encountered here is reminiscent of the role of time-
independent perturbations in the degenerate perturbation theory of ordinary Quantum Mechanics.

We also comment on the various existing forms of the self-energy regulator used to calculate
the e-type CP-asymmetry and make a comparative study in a simple toy model, in order to
demonstrate their behaviour in certain lepton number conserving limits (see Appendix A). We
find that only the regulator given by (A.3) gives a valid and well-defined CP-asymmetry in the
entire parameter space possessing the correct L-conserving limit, whereas the other regulators
are not well-defined in certain regions of the parameter space.

In conclusion, our flavour-covariant formalism provides a complete and unified description of
transport phenomena in RL models, capturing three relevant physical phenomena: (i) the reso-
nant mixing between the heavy neutrino states, (ii) coherent oscillations between different heavy
neutrino flavours, and (iii) quantum decoherence effects in the charged-lepton sector. The for-
malism developed here is rather general and may also find applications in various other transport
phenomena involving flavour effects.
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Appendix A. CP asymmetry in the L-conserving limit

The analytic results for the leptonic CP-asymmetries given by (2.22) simplify considerably
in the two heavy-neutrino mixing limit (o = 1, 2). In this case, the Ryg-dependent terms in the
expression (2.18) for the effective Yukawa couplings can be set to zero, since they always involve
a sum over more than two heavy neutrinos. Thus, in this limit, (2.18) reduces to

~ mpy,(my,Ayg +mNﬁAﬁa)

Do =hio —ihy
* * P m?vu —m%vﬁ +2im%\,aA/3,3

(o # B). (A.])

Using (A.1) in (2.22) and neglecting higher-order Yukawa couplings of (’)(hfa) at the amplitude
level, we obtain the following expression for the e-type CP-asymmetry'>:

Im{7%, hug (T h)ap] + e Im[7 g (R h) o
(ﬁﬁ/l\)aa (;ﬁil\) BB

Ela ~ frega (A.2)
where «, 8 = 1,2 (« # B), and the self-energy regulator is given by [28,29]

0
(my,, —my,)my, Ty,

freg = (A.3)

.
(m3,, —m%,)? + (mu, T\))?

15 The Yukawa structure in (A.2) agrees with [32], but differs from that given in [49,76], which do not have the second
term in the numerator on the RHS of (A.2). This additional term can be dropped only after taking the sum over /.



632 P.S.B. Dev et al. / Nuclear Physics B 886 (2014) 569-664

Note that 72 and I", 15,(;) are the tree-level Yukawa couplings and decay width, respectively. In the de-
generate heavy neutrino mass limit, Amy = (my, —my,) — 0, the would-be singular behaviour
of the CP-asymmetry is regularized by the absorptive term (my, I’ 16(;))2 in the denominator on
the RHS of (A.3).

Based on the simplified expression (A.2), the following two necessary conditions for a reso-
nant enhancement of the leptonic CP-asymmetry may be derived [28]:

IIm[(h"h) 2411

1. (A4)
(hTh)ota (hTh)ﬁﬁ

The generic feature of these resonant conditions remains valid even in the presence of flavour
effects [33]. The condition (i) is exactly met when the unitarity limit on the resummed heavy-
neutrino propagator gets saturated [27], i.e. when the total CP-asymmetry &, = ), €14 takes
its maximum possible value of unity. Note that the limit &; < 1, similar to the Lee—Wolfenstein
bound for the KK -system [207], gets saturated when the regulator in (A.2) takes its maximum
possible value of | fiee™| =1/2.

Since the exact location of the pole of the propagator determines the maximum enhancement
of the CP asymmetry as well as its behaviour in some limiting cases, it is worth commenting
on other analytic forms of the regulator for the resonant part of the lepton asymmetries in (A.2),
existing in the literature [118,132,133]. In particular, their results differ by the way in which the
singularity Amy — 0 in (A.2) is regulated once the heavy neutrino mixing effects are taken
into account. For instance, using a perturbative quantum-mechanical approach, [133] obtained a
regulator of the form

. I'n
(1) AmN ~ % < mNLQ?

0
AmyTy) /2
(Amy)? 4+ m3, [Re(Aap)]?’

which has a pathological behaviour for certain flavour-dependent RL scenarios, for which
Re(Aqp) =0, but Re(AfXﬂ) # 0. In this limit, the unitarity upper bound &; <1 is violated in the
degenerate heavy-neutrino mass limit Amy — 0 and the individual CP asymmetries &; become
singular.

Following a modified version of the quantum field-theoretic approach introduced in [28],
a different regulator was obtained by [132,138]:

freg = (A.5)

) 0)
m_ (mNa mNﬂ)mNaFng (A 6)
reg 0 0)y2" :
(m3,, —m% )%+ (mu, Ty —my, Ty))?

This regulator diverges in the doubly degenerate limit Amy — Qand Al'y = |ij,(1)) - Flg,(z))l — 0.

In RL scenarios with small Am y, one could have Fjg,(l)) o~ F,E,(z)) even though A’l | F Al22 for a given
lepton flavour /. For instance, such a scenario can occur naturally in approximate L-conserving
RL models [54,58]. In these cases, using the regulator (A.6) might lead to an overestimation of
the leptonic CP asymmetries by several orders of magnitude [76], as we will explicitly demon-
strate below for a toy model.

Finally, using an effective Kadanoff-Baym approach with a particular quasi-particle ansatz
[118,120], derived an effective regulator of the form
o — i, T

m _
reg —

. (A7)
(m3,, —m% )%+ (mu, T +my, Ty))?
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The predictions for the CP-asymmetry for the regulators (A.6) and (A.7) are comparable so long
as the widths I'y, , are hierarchical. Although the regulator (A.7) does not have any pathological
behaviour in the doubly degenerate limit Amy — 0, AI'y — O, it predicts a CP-asymmetry 4
times smaller than that predicted by the regulator fieg in (A.3). As a result, the CP-asymmetry
& < 1/2 never gets saturated to unity, unlike the general expectations based on unitarity argu-
ments [27]. Moreover, as shown in Appendix B, there are additional subtleties in the existing
treatment of flavour mixing within the Kadanoff-Baym approach and their resolution might be
crucial in determining which of the two regulating expressions (A.3) and (A.7) captures properly
the resonant dynamics.

To illustrate the different behaviours of the CP-asymmetry for the regulators in (A.3) and
(A.6) in the L-conserving limit, let us consider a toy model with two heavy neutrinos Ny ; with
opposite lepton numbers, i.e. L(N1) = —L(N2) = 1. The relevant Yukawa Lagrangian is given
by [54,208]

— ~ — o~ 1 — — o —
~Ly =Y,L;®N, +Y/L;®N, + E(MNlNZC + NN + 112" NoNS ) + He., (A8)

where M, 1112 are real parameters. The full neutrino mass matrix, in the basis {vLC 1 N1, Nzc }, 18
given by

v v 7
0 ] HY Y
Moy = %Y 78 M (A.9)
2y T M el
2

To first order in the lepton number breaking parameters ¥; and w12, the light neutrino mass
matrix is given by
2
v -
My =——(yyT+yyT - EfyyT). (A.10)

2M M
Note that, although at tree-level the light neutrino mass matrix does not depend on i1, it receives
a one-loop contribution from the electroweak radiative corrections [164,180], which is directly
proportional to wi. This is taken into account by the effective p-parameter in (A.10): pefs =
w2+ xn f(xy)u1, where xy = MZ/M‘%V and the loop function f(xy) is given by [180]

flxn) = Ol_w[L lrl(x—N) + 3z ln(xNxz)], (A.11)

16 | xy — xg XH XN — X7

with xy = M% /M3, xz = M2/M3, = 1/cos®6,,. Therefore, in order to satisfy the neutrino
mass constraints, we require the lepton-number breaking parameters to be small, i.e. |¥/| < |Y]]
and pn12 < M.

In the basis in which the heavy neutrino mass matrix is diagonal with real and positive eigen-
values, the Lagrangian (A.8) can be recast into the general form given by (3.1), with « = 1,2
and the heavy neutrino masses Mj » ~ M T /2. Here, we have defined e'® = i1 + pae'®. To
leading order in u/M and Y’, the Yukawa couplings in this mass eigenbasis are given by [54]

; 2_ 2\
=~ %e"(‘p_)‘)/z[(l + 7M421M:1 )e”PYl - Yz/],

~ b gn[( M),
i e (1= 2k ooy 1y (12
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Fig. A.1. The magnitude of the total e-type CP-asymmetry in a single lepton flavour, logyo(l¢/|), as a function of the
L-violating parameters (1 7, as obtained with the regulators freg (left panel) and frIeIg (right panel).

where A = sinf (w2 /uM). Using the tree-level Yukawa couplings given by (A.12) and the
corresponding decay widths given by (2.17), we calculate the e-type CP-asymmetry in a par-
ticular lepton flavour & = Za €1, With g1 given by (A.2), and compare the magnitudes of g;
obtained using the two regulators given by (A.3) and (A.6). Our results are shown in Fig. A.1,
where the different contours show constant values of log;,(|&;|) in the (11, n2)-plane. Here, we
have chosen ¥/ =0, ¥; = 0.05, M = 100 GeV and 6 = 7r/4 for illustration. From Fig. A.1 (left
panel), it can be seen that for the regulator (A.3), the total e-type CP-asymmetry goes to zero
in the L-conserving limit 2 — 0, as expected. On the other hand, for the regulator (A.6),
the CP-asymmetry gets enhanced with smaller w1 2 and does not vanish in the limit in which
n1,2 — 0, see Fig. A.1 (right panel). In addition, for @ 2 17, it approaches a constant value of
O(1079), which clearly demonstrates the pathological behaviour of (A.6).

The singular behaviour of the regulator is (A.6) is further illustrated in Fig. A.2 where we plot
the ratio &;/k;, with k; defined by (2.31). Note that in the L-conserving limit, x; vanishes by con-
struction, since in this limit, there are no yLLcdd’,c terms in (2.31). Now in the same L-conserving
limit, the CP-asymmetry obtained using the regulator (A.3) also vanishes, as shown in Fig. A.1
(left panel). For the toy model under consideration, both ¢; and ; go to zero at the same rate,
while keeping &;/x; constant, in the limit w; — ug, as shown in Fig. A.2 (left panel). Note
that this does not mean the final lepton number asymmetry given by (2.33) is non-zero in the
L-conserving limit, since the expression (2.33) is valid only in the strong washout regime. In
the weak washout regime with small «;, the final lepton number asymmetry will instead be pro-
portional to & alone [cf. (2.32)], and therefore, vanishes as long as ¢; — 0. However, for the
regulator given by (A.6), due to the fact that g; does not vanish in the 1 > — 0 limit, the ratio
&1/k; blows up, as shown in Fig. A.2 (right panel).

It was argued in [138] that, due to the limitations of the perturbative approach used to derive
(A.6), the range of validity of the analytic expression (A.2) with the regulator structure given by
(A.6) is restricted to the parameter space in which the degree of degeneracy of heavy neutrinos
must be much larger than the pole expansion parameter, determined by the neutrino Yukawa
couplings. In the toy model presented above, this validity condition can be written as
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Fig. A.2. The magnitude of logo(e;/k;) in a smgle lepton flavour as a function of the L-violating parameters (1 7, as
obtained with the regulators freg (left panel) and freg (right panel). The expression for «; is given in (2.31).

(A.13)

1 M> — M,
Tez IRe[(Rh) ]| < ‘Tl

Here (M, — M1)/ M ~ /M in the heavy neutrino mass eigenbasis, whereas from (A.12) with
Y/ =0 we obtain

(\t*) M% - ? 2
12 smk A |Y71°. (A.14)

In the pathological limit @1 — w, for the regulator given by (A.6), the LHS and RHS of the
condition (A.13) reduce to

|1| .2 . 0
ml—mz 16712 (\P)lz Sm(ﬁ sin 2) (A-15)

My—M; 2 0
lim 2L _ B2 .7 (A.16)
m—p2 M M 2

from which it is clear that for any choice of 8 # (2n + 1)7/2 (withn =0, 1, 2, ...), the condition
(A.13) is always satisfied, as long as |¥;|> < 1. Thus, the pathological behaviour of the regulator
(A.6) cannot be avoided simply by imposing the validity condition (A.13).

On the other hand, for the analytic solution (A.7) obtained in the Kadanoff-Baym approach,
the expansion for small Yukawa couplings requires an additional validity condition [118]

Re[(h"h),] < |(A"h), — ("R

while the condition (A.13) is somewhat relaxed, i.e. Re[(ﬁm\)lg] < 8w (Mp — My)/M;. For our
toy model, the RHS of (A.17) is given by

|(};Tﬁ)22 - @ﬁ)lﬁ = ‘Mz

(A.17)

(A.18)
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Fig. A.3. The magnitude of the individual &'-type CP-asymmetries in a single lepton flavour, log (|, 1), as a function
of the L-violating parameters 1 7.

Comparing (A.14) and (A.18), we see that the condition (A.17) is not satisfied in the limit
1 — w2 and hence, the regulator (A.7) is also not valid in the pathological limit. These is-
sues do not arise for the regulator (A.3), which is well-defined in the entire parameter space
shown in Fig. A.1.

For comparison with the e-type CP-asymmetry discussed above, let us also compute the
&’-type CP-asymmetry due to one-loop vertex corrections. For the two heavy neutrino case, this
is given by [32]

, Im{ i) R R)ap) Ty (m%ﬁ>

&, = = =
T (M haa(Wih)gg ma, T \md,

(A.19)

where f(x) = /x[1—(1+x)In(1+1/x)] is the Fukugita—Yanagida loop function [2]. The mag-
nitude of the &, contribution is shown numerically in Fig. A.3 for our toy model with the same
parameter values as chosen for Fig. A.1. We find that, as expected, the &’-type CP-asymmetry
vanishes in the L-conserving limit. Moreover, the &’-part of the transition amplitude squared
for the N; decay becomes equal and opposite in sign to that for the N, decay, and thus, these
two contributions cancel each other to give a vanishing rotal CP-asymmetry &, =) &}, which
goes to zero faster than the individual contributions in the limit @1 2 — 0, similar to the e-case
with the regulator (A.3). We also note that the &’-type CP violation given by Fig. A.3 is smaller
than the e-type CP violation given by Fig. A.1 (left panel) for all values of j1 . This is con-
sistent with the general expectation that the ¢'-type contribution can become comparable to the
e-type term only in the hierarchical limit m y, > my,, when it approaches the asymptotic relation

Y€, =01/2)>" €14 [32].
Appendix B. Flavour covariant helicity amplitude formalism
In this appendix, we describe the pertinent details of the fully flavour-covariant quantization

of spinorial fields in the presence of time-dependent and spatially inhomogeneous backgrounds.
Thereby, we exemplify the consistency of our treatment of flavour mixing in the transport equa-
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tions derived in Sections 3 and 4. To this end, we begin by describing the flavour-covariant
generalization of the helicity amplitude formalism [209,210], in the context of an A -flavour
model of Dirac fermions. After highlighting the generalized discrete symmetry transformations
of the Dirac helicity four-spinors, we illustrate the inter-dependence of the spinorial and flavour
structure.'® Subsequently, we derive the flavour-covariant propagators of our toy A -flavour
model, thereby generalizing the non-homogeneous propagators described in [126]. In addition,
we introduce the spatially inhomogeneous and time-dependent flavour-covariant statistical dis-
tribution functions relevant to a complete quantum field theoretic treatment of flavour-coherent
and Gaussian statistical backgrounds. Finally, we highlight a consequence of this treatment that
is anticipated to impact upon the flavour-dependent quasi-particle approximations currently em-
ployed in the literature in the application of the CTP formalism and resulting Kadanoff-Baym
equations to transport phenomena. Specifically, we show how the time-translational invariance of
flavour-covariant propagators is necessarily broken in the presence of flavour-coherent statistical
backgrounds.

B.1. Flavour covariant spinor algebra

We begin by introducing the four-component Dirac spinor v and its Dirac conjugate ¥* in
the Weyl basis

ga,.k(x)

‘/fw,k(x)=< 7800) ) V@) =(nv*x) E ), (B.1)

where a, @, ... are the spinor indices and &, [, ... the flavour indices. The two-component Weyl
spinors &g x and 7} are operator-valued complex vectors in the flavour space V, transforming

respectively as (%, 0) and (O, %) representations of SL(2, C) and covariant vectors of U(N).
The contravariant Weyl spinors é(’l‘ and n® ¥ transform as complex vectors of U (N) in the dual
space V*. Notice that the left and right spinors £ and 7% transform in the same representation of

UWN).

The U (N)-symmetric Dirac Lagrangian may be written in the following form:

L) = Yy ) (17 38 = mi )P (), (B.2)
where the gamma matrices are defined in the Weyl basis:
o b
e <<6“)f*b 0 ) ©-

with 0# = (1,0) and 6* = (1, —0), o' ’s being the usual 2 x 2 Pauli matrices. The mass matrix
m kl transforms as a rank-2 tensor under U (N'). We may rotate to the Dirac basis, independent of
the flavour structure, by means of the orthogonal transformation

1 (1, -1
nw_ AT, M _ T _ 2 2
yHF=0"yO0, Y= 0 Ywi, 0——ﬁ(12 1, >, (B.4)

where the gamma matrices in the Dirac representation are

16 Previously, the issue of spin coherence in quantum kinetic equations has been considered using a truncated gradient
expansion of Wigner functions [211], which we do not follow here.
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o_(12 0 i (0 o s_ (02 1z

with 0, and 1, being the 2 x 2 null and identity matrices, respectively. The relevant flavour
transformations for the Dirac fields and the mass matrix are

v =U ), v =Uvw), m =0 " (B.6)
where U¥; = (Uy))* and U 'U*,, = U U,,* = 8,,. Varying the Lagrangian with respect to the
fields, we obtain the flavour-covariant Dirac equations

(v 38 —m )y ) =0, FF@) iy T8 +mi') =0, (B.7)

where, in the latter, the derivative acts to the left and 1/_fk(x) = [V (x)]T)/0 is the Dirac-conjugate
spinor.
The Dirac field operators in the interaction picture may be written as follows:

() =Y / [CE®) '], (7], [u. )], ba (P, 5. 0)
N P

+ 7] [vp. 9)]," 4} (. 5, 0)), (B.8)
AOEDY / [(CE®) T (e T, [5p. )]",d"" . 5,0)
Sp

P, l _

+ [T, [am.9)]" 2" (0. 5,0)), (B.9)
where s = = is the helicity index, denoting the two helicity states with the unit spin vector n = ss
aligned parallel and anti-parallel to the three momentum p, respectively, i.e.

s =p/|p| = (sinf cos @, sinf sinp, cos ). (B.10)

The three momentum p is obtained by boosting from the rest frame along the direction specified
by s. Notice that the four-component Dirac spinors u and v transform as rank-2 tensors under

U(N). In addition, we draw attention to the fact that b; and c_l,t (b* and d™*) transform under
the same fundamental (anti-fundamental) representation of U (\). The particle and anti-particle
creation and annihilation operators satisfy the anti-commutation relations

{be.s. D). b (0.5 1)} = {d" (p.s.D).d}(p. 5. 7))}
= @)’ 2E®], 8% (p— )by (B.11)

where

[E®[] =[E®]"[E®], =p*8 +[m'm],. (B.12)

The creation and annihilation operators of mass dimension —1 in (B.11) are related to the corre-
sponding ones of mass dimension —% in (3.6) by the following Bogoliubov transformations:

b, s, ) = [2E®)'"], (coswpbi(p, 5, 1) + sinwpGimb™ (p, 5, D), (B.13)
V.5, H =[CEM) T, (coswy b (p, 5, 1) + sinwp G b (p, 5, D)), (B.14)

with analogous expressions for the antiparticle creation and annihilation operators, obtained by
the replacement b — d" and wp — wy of the arbitrary Bogoliubov angles. The matrix Gy, is
defined in (3.28).
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In momentum space, the Dirac field operators take the forms
~ l
Yi(ps i) =Y 2x[8(p* —m®)], (0(po)[u(®, )]," b (. 5, 0)
N

+0(=po)[v(=p. )]," &}, (—p. 5, 0)), (B.15)
IEpiiy = Y 2m[8(p* —m?)]" (0 po)a(p. )] ,b" (p.5.0)

_ I
+0(—po)[o(—p. 9] ,,d" " (~p.s.0)). (B.16)
where the rank-2 tensor delta function [ ( p2 — mz)]kl is understood in the following sense:
I
f dpo2pol"0(Epo) [8(p* —m?)], =+ (B.17)
Finally, the Dirac equations (B.7) in momentum space read as follows:
[p—ml'Vi(p; i) =0, J*(pi )P +ml' =0, (B.18)
where
l !
Lyl (LE@I L —§lo-p ) B.19
Dk Y pulk ( 5kl(7 p —[E(p)]kl L) (B.19)
The four-component helicity spinors may be written explicitly as
l —1/2 I
[, 5)], =1p+mI"{[(E@®)+m)2m] / b [u00,5)],, (B.20)
I -1/2 l
[v@, 9], =[=p +ml™ {[(E@) +m)2m] "} "[v@, 5], (B.21)
where the rest-frame four-spinors are given by
1 121 L ios [ us(s)
[M(O’S)]k = [m / ]k e ( ;)2 )
L1121 Ligy® 0,
[v0.5)], =[m'/?], e (_u‘v(_s) , (B.22)
with the two-component spinors
0 ,—i 2
(=8, e
15 (8) = e/, (B.23)
sinze™'2
2 ¢ ) §=—
( cos %e’ 2 )
and the corresponding phases (pjc(v). We note the useful identities'”
ug(=s) =su_y(s),  ul(—s)=(—io'o?)uy(s). (B.24)

Using (B.22) and (B.24), the Dirac four spinors in (B.20) and (B.21) may be rewritten as

17" Throughout this appendix, the conventions and notation are based on [150,212] (see also [149]) with the exception
that the azimuthal phase of the two-spinors defined in (B.23) differs. The latter will impact on the C, P and T transfor-
mations of the spinors, as we will see later in this appendix.
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1 EP) 4+ m) 1 ug(s)

[0l =7 (s[(E(p)—m)‘/z]kfus<s> ’ (B.25)
1 e EP) —m) 2L (s)

[v®-9) =7 (—s[axp>+no“ﬁﬁu_x® : (B.26)

With the aid of (B.20) and (B.21) we may verify that these four-spinors are solutions to the Dirac
equations

p—ml![u@.9]," =0,  PB+ml'[vp.9]" =0, (B.27)
and helicity eigenstates, satisfying
X-p 11 I X-p ! 1 I
uP,s)f, =5su@.s)], v(p.s)], =—5s[v®@.5)]; (B.28)
where
1o 0
2_5(0 a) (B.29)
is the spin operator. The expressions (B.28) follow immediately from the fact that
%us(:l:s) = su, (+5). (B.30)

Boosting to the frame in which the particle momentum is p, the rest-frame spin four-vector
s* = (0, s) transforms as

[, = A%, (8)s" = <|p|[m—1]k’, [E(p)]k’"[m‘l]m’%) (B.31)
satisfying
0] == [sn] "], =0 (B.32)

Notice that since the boost factor B/ = [p|[E ! (p)1i’ depends on the mass matrix, the transfor-
mation A”,(Bi!) is, in a general basis, a rank-2 tensor in flavour space. Alternatively, we can
consider the Lorentz-factor for this boost, which takes the form
I ol
[v?], =& +Ipl[m™2], . (B.33)

as one may readily justify by rotating from the mass eigenbasis

1" =uvfu" 3 (B.34)
where
-~ |P|2
Pe=1+2l. (B35)
my

In this case, we obtain the flavour-covariant generalization of the Einstein mass—energy relation
El =y"m, . (B.36)

Thus, we see that boosting to the rest frame of a decaying flavour coherence with respect to a
definite three-momentum, all Lorentz-covariant objects will naturally become rank-2 tensors in
this frame.
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The Dirac-conjugate spinors can be written explicitly, analogous to (B.20) and (B.21):

[a@. 9] = [0, 9)]", y {[2m(E@ +m)] )" 1p+ml",
[5.9)], = [0@. 9],y {[2m(E@ +m)] 2", [=p +m1",
thus yielding
—ig;
2
iy
/2

The matrix product of two spinors is given by

k

([(E@ +m) T ul ), —s[(E® —m) "] uls).

s

[a. )] =5

(5091 = = ([(E@ —m)"*] s’ ). s[(E@) +m) 7]’ s)).
us(s)uj, (s') = Asyr(s.8') = A;s (s'.s).
In the homogeneous limit s = ', we have A (s, s) = (6%+ 0 -s) fors =+ and

Y A5 =200 ) sAy(s.5)=20"s.

s=s’ s=s’

The scalar product of two-spinors is
ul (Suy(s') = Oy (s.s) = Tr[AIS,(s, s)].

Hence, in the homogeneous limit s =s’, we have Oy (s, s) = 28.
The 16 possible contractions of the Dirac four-spinors are summarized as follows:

[a@. )] [u@.5)]," =¥ (p.s: 0. 5)]"," exp[=i(es — 03],

(0. )] o 5)]," =~ [N (=p. —s:=p". =5")]",." exp[=i 0y — 0;)].

3(p. )] [u(®. )], =i[ ¥ (=p.—s: p".5)] " exp[—i 0y — ¢5)].

where pg = E (p) is understood to be on-shell and we have defined

[
[IZ(P, S)]kl[v(p/, s’)]mn = i[N(p, s;—p, _s’)]klm” eXp[—i((p; _ (pv—s)]’
[

n

1
[N (posi 5] 3" = 5 Lo+ m) 2T [ +m) ],
—ss'[(po—m)"2T [(ph — m)']," } Osyi (5. 8).
In the homogeneous limit p = p’, we have
[ (050" =2milsse, (W (s —p.5)]", =0
‘We then recover the familiar identities
[a®. 9]" [u@.5)], =-[0@.9]"[0@.5)], =2ms,
[@®. 91" [v(e.5)],, = [0®.9]",[u(p.5)], =0,

as we would expect.
The 16 possible matrix products of the four spinors are:

1

641

(B.37)
(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)
(B.45)
(B.46)
(B.47)

(B.48)

(B.49)

(B.50)
(B.51)



642 P.S.B. Dev et al. / Nuclear Physics B 886 (2014) 569-664

]

] n _[‘(P(_P, —8; —PD, —S')]klmn eXp[i ((pv—s _ (pv—s’)]’

] (posi=p' =)} expli(w — o))

I, =il2(p s )", el — )] ®.52)
where we have introduced

Im

[#(p.s: P 5]
1 ( [(po+m)' I [(py +m)' 21", =" [(po +m)' 21! [(py —m) ' /217, )

— 2 \slpo —m)' 2Ll L(py +m)' 1™, —ss" [(po — m) 1 (py — m)'/21m,,
® Agy (s, 8), (B.53)
which, in the homogeneous limit p = p’, reduces to
(oo oo _ L (lpo+mlt  —sIpl&! ,
[J (p,s, p,s )]k m~ 9 < s|p|8kl —ss’ [po—m]kl ® Ay (5.5)- (B.54)

In this case, we obtain the familiar helicity sums

> [u )] "[a(p. 5], = 1p +mi,

> @ 9] [5(p.5)] = 1 — mli, (B.55)

using the summations in (B.42).
B.2. Discrete symmetry transformations

In this section, we summarize the spinor identities relevant to the C, P and T transformations.
In particular, we justify the phases appearing in the generalized discrete symmetry transforma-
tions described in Section 3.2 for the creation and annihilation operators [cf. (3.27), (3.32) and
(3.37N)]1.

Under C-transformations, we have

([, )],)) =iCexp[i (g5 + 05 °) G0, )], "G, (B.56)

([v@ ], ) =iCexpli(ey* +¢5)]|Gm[d" @, 9], "™, (B.57)
where C =1 yoyz, and the G matrix is defined in (3.28). Under parity,

([u@ 9)],)" = [u(=p, =], ==sPexp[-i(¢} — o) |[u®. 9], . (B.58)

([v®.9],)" =[op, =], =+sPexp[-i(¢;" — 0}) [[v(®, )], . (B.59)

where P = . Finally, under T -transformations, we have

([up,9)],)" =[u(=p,$)]", = e 2ATG" [u(p, )], " Gu, (B.60)
([vp. s)]kl)T =[v(-p, s)]kl = e 20 TG [y (p, )], Gni. (B.61)
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where T =iy 'y3. All of these identities may readily be verified using those in (B.24) for the two
component spinors. Notice that in the mass eigenbasis, where the G matrices are proportional to
the identity, we recover the expected results.

B.3. Chiral field operators
‘We write the chiral projection operators

1
PX=5(14+X;/5), (B.62)

by introducing a dummy index xy = =, such that P, = Pr and P_ = P, as appearing in (2.15).
With the chiral field definitions

Pk = ), PF0OPy =9k, (B.63)
the Dirac Lagrangian (B.2) takes the form
Lp@) =Y P (iy iy k(x) —m' Yy 1(x)). (B.64)
X
In terms of the Dirac four spinors (B.25) and (B.26), we get
1 e 1 us(s)
P, [u(p.9)], = ﬁ[g(p,)(s)]k (Xus(s)), (B.65)
1 elv’ 1 xu_s(s)
P, [v(p, s)]k =—s 7 [8(1), —Xs)]k < U (s) ) , (B.66)
where we have introduced
1
(6,19, = 5[0 +m) ], + x5 [(po —m) 2], (B.67)
From (B.65) and (B.66), we find that
P [u(, )], =sxe @ P Jup, -], (B.68)

Hence, we can define four independent chiral four-spinors, as follows:

1 -
13 (P)]kl =—[&p, X)]kle’% < uy(s) > ’

V2 Xu4(s)
11 i~ —(s)
(@], = %[8(17, —x)], ¢ <qu_?s)> : (B.69)

‘We may then expand the chiral field operators (B.63) in terms of the following chiral four-spinors:

Yy k() = / [CE®) "1 {[e 71, (& ®)],," br .+ 0) + [0 ®)],,"ba (P, —, 0))

P
— x[eP*]" (7D [y )], " df (o, +.0)
_ e—i(wi—ﬁ)[gx (p)]m” 6_1:; P, —, 0))}, (B.70)
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Uy (0 = / [CE®) T {71, ([ @] &" . +.0) + [, ®)]" b (B. —. 0)

p
—x[e7*] (e O [, @]" d " (. +.0)
_ ei(wlf*wﬁ)[gx (P)]mndT"(P» —,0)}. (B.71)

Notice that in the relativistic limit £ >> m, the helicity and chirality states coincide and only the
&, spinors survive. Hereafter, we neglect the (p;(v)-dependent phases for notational convenience.

B.4. Spinor traces

We may now define the following spinor trace involving the objects defined in (B.53):
l l/ ’
T{[2(p.5: ') " PulP (@ rid' s )] ™ Ph

= L& X9 [6(p. —xs)]" [ xn)) (€@ ~x'r)]" €2 (5.7) O, (x.5))

(B.72)
where we have used the properties of matrix products and the cyclicity of the trace to write
Tr{Ass (s.8) A (r, 1)} = O, (s, 1) O (x,8). (B.73)

Using (B.52) and (B.68), we may relate (B.72) to the 16 possible traces of the Dirac four-spinors,
as follows:

Tr{[up, )], (0 5)]" Py uca, 0], Tala, )] Py}
= 5s'rr Te{ [v@, =)], 50, =5")]" P [0(@, =01, [5(a' =)]" , P}
= T{[ut, )], [a (0, 5)]" Py [oca, =0 o, =)]" Py
= —ss"xx T [o0, )], [50', =5)]" P[], Ta(a, )" Py}, (B74)

generalizing the result used in (4.4). In the homogeneous limit p = p’ and g = ¢’, (B.73) is given
by
0% (5. 1O (r.8) = |0y (5. 1) [P =2 (1 tsr |p|'—|q|>. (B.75)
pliq

and (B.72) is given by
Tr{[ﬂ’(p,s; p,s)]kmlmPX [J’(q,r; q,r)]k/m/l/m/Px’}
_ 1 P-q . ! . ’ _ !
= 8(1 + 57 —|p||q|>[po+m (x = x")sIpl = xx'(po —m) ],

x [go+m+ (x — x')rlal — xx'(go —m)]," - (B.76)

Summing over the helicities s and r, we find

S T{[Ppsip )" P[P ria ] P}
S, r

1 / ,
= 5([170 +m— xx'(po— m)]kl[qo +m—xx'(qo— m)]k/l —(x=x)’p-a8's").
(B.77)
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The spinor traces (B.74) can be summed similarly over s and r, e.g.

S Te{[u. 9], [a0. )], Py [u(a. 0], @ ], Py
=—xx ZTr{ [up.9)]" [a®.)] Py [v@@. N, [5(@. 1] Py}

2p qet . x=—x"
B.78
{2mk1mk’l X=+x" B-79)
Note that in the limit when one pair of Dirac spinors is massless, (B.78) reduces to the result
quoted in (4.4):

S Te{[u. )], [a. )], Pruta. )i(q. )Py}
=—xx" Y Te{[up.»)]," [, 9], Prv(@ —x)3(q, —Py}

2t g, x=—x";
= B.79
{ 0, x=+x" B9
where the massless spinors are denoted by the absence of flavour indices. In (B.79), the factor
of 2 for x = —x’ remains relative to (B.78) in spite of summing only over the helicity s, due to
the action of the chiral projection operators P, and P_, . This may be readily confirmed from the
general expression in (B.76).

B.5. Flavour covariant free propagators

A full quantum-field theoretic description of transport phenomena in the context of flavour
oscillations, mixing and coherences may be provided by master equations derived by [213,214]
from the CJT effective action [215] as applied to the Schwinger—Keldysh CTP formalism [121,
122]. A full treatment of such a derivation is beyond the scope of this article and will be deferred
to a future publication. However, in order to exemplify the consistency of the flavour-covariant
Markovian master equations derived in Section 4, we highlight below pertinent details of the
flavour-covariant propagators that would necessarily appear in such a treatment.

In order to define the relevant free flavour-covariant non-homogeneous propagators in the
CTP formalism, we define the bilinear ensemble expectation values (EEVs) of creation and an-
nihilation operators, generalizing those introduced for the scalar field in [126] to an A -flavour
fermion model:

(' (5", ) e (. 5. D), = [CE®) )" [ s (0.0 1)), TRE®)) T
[di®.s,0d" (B, 5. 7)), = [E®) "], [fw (0. 9,11, [CE®)) T,
(@' (5 )bx . 5. D), = [CE®)"*]," [es (0. . 1)], " TCE®)) T,
(di .. Db (05", 1), = [CE®) "], " [8 (0.0 1)), [CE®) T, (B.80)

The form of the energy factors appearing in (B.80) may be justified by inverting the Bogoliubov
transformations in (B.13) and (B.14). Note that we have set the arbitrary phases (pjfv to zero.
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The statistical distribution functions f and g in (B.80) satisfy the following properties:

[ (0 0)]¢" = ([ (0201 )" = (L (.0 0)],) (B.81)
g0 (2. 1)]," = ([Zor (0. 1) )" (B.82)

We assume a Gaussian density operator, so that we must specify only the bilinear EEVs of
operators. Notice that in this case only the four combinations in (B.80) are permitted by the
associated spinorial structure. In the homogeneous limit, we have the correspondence

[fo (@0, 1)], = @038P (0 —p)osr [ 0. 0], [ew (P, 1)], —0. (B83)

The positive and negative-frequency fermionic Wightman propagators are defined as

[i8-(p. . D)), = [Wa(p¥' (9), (B.84)
[iS<(p. P D) =~ (¢)¥a(P)),- (B.85)
By evaluating the EEV of field operators directly, we obtain the explicit forms
[iS=(p. p'.1)] 2271'21’0'”2[ (” = m?)] 2 2pg | P[5 (' = m?)] o rOT
s, s’
< [2(p.si p'. )] (0£p0)0 (£pp) 27)*8 (p — P)Sssd "
—[far(p. P, ;)]j”), (B.86)

where we have defined the ensemble function
(s (-2 = 0000 () [ o (0. )], 0000 (=) s (b =B 1)
= i0(=po)0 (po) [ (0.0 1)]¢
+6(=p)0 (—pp)[F-s.—s (—, —0'. 1), (B.87)
satisfying the relation

o0 2 1)) = (s (0 201 = (oo (= =2 ) (B.88)

At this point, we make an important observation. In the spatially-homogeneous limit p = p/,
the ensemble function (B.87) becomes

[Fosr (P, 2. 0)], = [rom, 55 (P0s Ph. 2. 1)], @) (p — P). (B.89)
In this case, the Wightman propagators (B.86) reduce to
(2 (9 7)), = - 2w 20| 30 — £ 2 20| 2 [5(0 — B 0
s, s’

X [5’(17, s;p, s/)]ijmn (9(:|:P0)9(:|:P6)8”/3j"
— [ fhom.ss' (0. PG P. t)]j”)(zn)35(3) (-p). (B.90)

Rotating to the mass eigenbasis, we obtain
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(i85 (p. 2 D)) = 3" 2w 12p0l28(pF — ER)2|2p)|8(pi? — EF)el P07
S, S
X [2(p.5i P 5)] " 10 P00 () Ssr 81"
— [rom. s (po. 0. 2. 1)],) 21)*6@ (p — B). (BI91)

If the system is out-of-equilibrium, flavour coherences cannot be neglected. As a consequence,
the statistical distribution function [ f ¢! will in general have non-zero off-diagonal entries. In
this case, we see from (B.91) that the Wightman propagator depends explicitly on two zeroth
component momenta po and p;, which need not be equal. In this case, the time-translational
invariance of the flavour-covariant propagators is necessarily broken.

Assuming that f is diagonal in flavour space and helicities in thermodynamic equilibrium, we
have

[ﬂlom, ss’(PO’ Pé)s p; t)] : - feq k(PO POs p; )‘Sk 55”5 (B.92)

with

feq, k(Po. PO P, 1) = 0(p0)0(p}) fr(Ex(P)) + 0(—p0) (—py) fr(Ex(P)). (B.93)

where fr(E) = [eE=W/T 1 1171 is the Fermi—Dirac particle distribution, and fF(E ) is the corre-
sponding anti-particle distribution with ;& — — . In this equilibrium limit (B.92), the Wightman
propagators (B.90) reduce to

[iSeq.2 (p. P D)), =27 12p02[8(p3 — E?)), 2m 2| 2 [5(pt? — E)],, e/ 0107
<[ (po. @), [6GEPOE ()
— feq, j(Po. PO P, 1)]27)*8 (p — p'), (B.94)

where, following (B.53), we have defined

[# (po. b )],
_1 ( aol(po +m)' 21! (py +m)'21", =0 -s[(po +m)' /1! [(pg —m)”z]'"n>
2\ o -sl(po —m) 2 1(py +m)21™,  —ool(po — m)V21 [(py — )21, )
(B.95)

In the mass eigenbasis the factor [P (po, p6, p)] l.J " j in (B.94) is non-zero only for i = m and thus
the Wightman propagator becomes proportional to 8(po — p), i.e. time-translational invariance
is restored. This result is valid in any basis, by virtue of flavour covariance.

Shifting the boundary time #; — 0, so that f — 7 — ; = ¢ in (B.91), we see that the degree
of violation of time-translational invariance is controlled by the phase ¢’ (Po—po)t Working in the
mass eigenbasis, we find that the violation of translational invariance is maximal when

Am?
/ kl
Po — Po)t ~ , (B.96)

where we have assumed |p| > Am%l and Am%l = m,% - ml2 is the mass splitting. This viola-
tion of time-translational invariance is expected in the presence of flavour coherences, since the
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non-equilibrium propagators describe correlations of coherent superpositions of states, and these
superpositions are not eigenstates of the Hamiltonian. In the CTP formalism, these coherence
effects will be captured in the memory integrals occurring in the collision terms of the resulting
master equations. We anticipate that this violation of time-translational invariance due to flavour
mixing may have significant impact on the quasi-particle resummations currently employed in
the applications of Kadanoff-Baym equations to such phenomena [118]. A detailed discussion
may be given elsewhere.

Before concluding Appendix B, let us consider the Schwinger—Dyson equation of the fermion
propagators. Working in the double momentum representation discussed above, this reads as
follows:

[ (p. 0" D)), =[5 (p. P D], + [ Zan(ps P 1)), (B.97)

where [Sgb] < and [S.p 16 (with a, b =1, 2 being the CTP indices) are respectively the free and
resummed 2 x 2 matrix CTP propagators in the doublet notation employed by [213,214], and
[ X1k is the 2 x 2 CTP self-energy matrix. Eq. (B.97) can be inverted to obtain

[ (p. 7. D)) = [8" (p. . D],

X ~ ~ l
B / (% (p.q. D], " [Zeala.q' )], [S" (@' p'.D)],.  (BI®)
9.9
Due to the violation of time-translational invariance, the resulting Feynman—Dyson series will
contain an infinite nesting of momentum integrals, which will not collapse to the usual algebraic

equation of resummation, i.e. for the time-ordered (1, 1) component of the equilibrium CTP
propagator for a single flavour:

Se(po. ») = 5" (po. p) = 51 (po. ) D_[(£(po. B - S°(po. )" ],
n=0

=[p—m+Z@o.w]  [p—m+ T po.w][p—m+E*(po. ], (B9
where X' (po, p) is the time-ordered self-energy. This result can readily be verified by rotating to
the CTP eigenbasis (or so-called Feynman basis) [216] (see also [217]). In (B.99), the function
X (po. p) = Re[Zret(po, p)1+ie(po) Im[ Zret(po, p)] and its complex conjugate X*(po, p), writ-
ten in terms of the retarded self-energy Xie((po, p), are the eigenvalues of the CTP self-energy
matrix, having no physical significance at finite temperature (see e.g. [126]). The self-energy
function X (po, p) (and likewise the time-ordered self-energy X (po, p)) permits the following
decomposition in terms of the Dirac gamma matrices y* = (y°, y) [cf. (2.15)]:

Z(po.p) = £ (po, P)Y°poPL + = (o, P)¥ - PPL + 2 (po, P)y° poPr
+ 2§ (po, P)Y - PPR + =7 (po, P)PL + 23 (po, P)PR, (B.100)

where we emphasize the violation of Lorentz-covariance due to thermal effects. In (B.100), the
form factors Z_Jf’R correspond to the scalar components of the self-energy and 23:1‘1/ the chiral
components. In the zero-temperature limit, X coincides with the time-ordered self-energy X and
(B.99) reduces to the expected form

1

SF(p) = m,

(B.101)
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in which Lorentz-covariance is restored, since the form factors are functions only of p? and
SLwy(ph) = ZD gy (PP = g, (PD).

Maintaining the thermodynamic equilibrium in (B.92) and rotating to the mass eigenbasis
simultaneously, we can reduce the Wightman propagators (B.94) to

(182 (p. P D)), =278(0 — BD)p + 1)
x [0(£po) — 6(po) fr(Ex(®) — 6(—po) fr (Ex(m)]
x 8,1 2m)*s@ (p - p'), (B.102)

in which time-translational invariance is restored in the free propagators. If one also makes the
Markovian approximation that energy is conserved in the interaction vertices, i.e. the interactions
take place over an infinite time domain, time-translational invariance is restored globally and the
Schwinger-Dyson equation (B.97) reduces to the relatively simpler form

[5: (o, ], = [5% (o, ], + [Ear(po. »)], (B.103)

for which an exact matrix inversion both in the CTP and flavour structure is possible.

In summary, we have presented a fully flavour covariant formalism of helicity amplitudes. In
addition, we have shown that the resummation of self-energy corrections in the case of flavour
mixing may be performed in closed algebraic form only in a flavour-diagonal thermodynamic
equilibrium. Thus, we justify the resummation scheme employed in the derivation of the Marko-
vian master equations of Section 4 in which the resummed Yukawa couplings are obtained at
zero-temperature, whilst the aforementioned flavour coherence effects discussed above have been
included at the level of the quantum statistics.

Appendix C. Generalized optical theorem

In this appendix, we justify the tensorial flavour structure of the rates introduced in Sections 3
and 4 by means of an explicit calculation of transition matrix elements. To this end, we derive
a background-dependent analogue of the optical theorem that is able to account for off-diagonal
flavour coherences.

We begin by writing the scattering operator S in terms of the transition operator 7 as S =
1+ i7. Subsequently, using the unitarity of the scattering operator S*S = §ST = 1, one can
easily show that

2Im T =T'T. (C.1)

In the usual derivation of the optical theorem, we would now proceed by multiplying (C.1) from
the right and left by a given initial Fock state and insert a complete set of final states between the
transition operators on the RHS of (C.1). For our purposes, the completeness of the Fock space
can be written in the short-hand notation

RN _
1= Aty a i (C2)
A

where the sum over A runs over all possible multi-particle states, e.g. Higgs, heavy-neutrinos
and charged-leptons in our case, and also contains the helicity summations, isospin traces and
momentum integrals. Writing explicitly, (C.2) has the form
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o
1= Z f/| /yh/yl/y]/y|:/\2/|kf rf’Na/ (kp,ry, 0tf|
‘ /h/l f 0 ry
g
®/\ Zf|pg’sg’Ig’ng>(Pg’Sg’1nglg|
g=0sg,1gpg
% o o
® /\ Z/If)h,fh,lh,Lih)(l')h,fh,lh,Llh]
h=05, I3,
®®Z/|ql,1,,d> qz,J,,q>T|®®Z/|q,,J,,cp qj,J],¢|:| (C3)
i=0 J; Jj a

where f'lg’\h'li’lj’! are the symmetry factors arising from the integration over all three-
momenta, {r}, {s}, {5} are the heavy-neutrino, charged-lepton and anti-lepton helicities, and
(I}, {1}, {J}, {J} are the lepton and Higgs isospin indices. Hereafter, the dimension —3/2
charged-lepton, anti-lepton, Higgs and anti-Higgs states |p, s, L), |p, 5, L[), lq, ") and |q, ®)
without isospin indices are understood to be vectors of SU(2) isospin. The heavy-neutrino states
|k, , N*) are isospin singlets. In (C.3), the wedge product /\ denotes the anti-symmetrized ten-
sor product, e.g.

2
/\ Ip;) (il =Ip1)(pil Alp2) (P2l = (Ip1) A Ip2)) ((P1] A (P21), (C4
j=1
with the Slater determinant

1
[P)AIP2) A Alpn) = ﬁeiliz...inlpiﬂlpiz) < Piy)- (C5)

The zeroth term in each of the summations over g, A, i and j in (C.3) is understood to be the
outer product of vacuum states, e.g.

[P0, N*)(po, Ne | = V310)(0], (C.6)

in which V3 = (271)3 §3)(0) is the coordinate space three-volume. We note that the leptonic and
anti-leptonic ket-states transform under different representations of U (N7). In (C.3), the set of
internal flavour indices {{cc}, {I}, {I}} is contracted and the completeness of the Fock space is a
singlet under the combined heavy-neutrino and lepton flavour rotations U (Ny) ® U (N7). For
this reason, the usual derivation of the optical theorem, as outlined above, cannot account for
transition amplitudes that are off-diagonal in both heavy-neutrino and lepton flavour indices.
In order to incorporate these off-diagonal flavour coherences, we must take into account the
contribution of the background ensemble, which we assume to be described by a factorizable
density operator p = py ® pr ® pe, where coherences between different particle species have
been neglected. Note that the density operator itself is also a singlet under U (Ny) ® U (NL).
Throughout this section, we suppress the time-dependence of the density operator p = p(¢) for
notational convenience.

In the presence of a background ensemble, we proceed by taking the EEV of the unitarity
relation in (C.1), yielding
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2(Im T) =2 Tr[pIm T]=Tt[pT T]. (C.7)

Inserting the completeness of the Fock space in (C.2) and using the cyclicity of the trace opera-
tion, we obtain

2> (BlpImT|B) =2 (B|A)(AlpImT|B)
B A,B
= Y (BIA)AITIC)(C|p|D)(DIT"|B), (C8)
A,B,C,D
where we have suppressed the flavour indices on the sets of states A to D for the time-being.
We now isolate from the summations over A and B two sets of final states F*(k) C A and

F r’? (k') C B, each containing at least one heavy neutrino with flavours «, 8, three-momenta k,
k’ and helicities r, 7/, i.e.

14) D |[FE)) = [k, r, N) A |A)),  |B)D|FL(K))= K, 7", NP} A |B)). (C.9)

The sets of states A’ and B’ consist of all other possible multi-particle heavy-neutrino, lepton,
anti-lepton and Higgs spectator states.'® Using the orthonormality of the Fock states, we have

(Fr g (K)|FF k)= (B'| A(K,r', Ng|k,r, N*) A |A)
= (2m)385%8,1 8P (k —K')8 45 (C.10)
Consequently, we obtain from (C.8) the following equality:
2im Taf (K. r")a (k. 1)) =2 (A| A (k. r, No|pIm T|K, ', N} A | A)
A/
= Z (A'| A (K, 7, No|TIC)(C|p|D)
A',C,D
x (DITT|K,#', NPy A |A). (C.11)
The creation and annihilation operators appearing in this appendix are understood to be asymp-
totic ‘in’ operators, see (3.70).

By inspection, we see that the LHS of (C.11) defines the total in-medium heavy-neutrino
production rate

[0 ((X) = Nk K)]P = 2(Im Taf (K, ) ag (k, 1)), (C.12)

in which { X} represents the set of all possible initial states and at least one heavy-neutrino appears
in the final state. All internal degrees of freedom in the set of initial states { X} are summed over,
except for isospin, i.e. the general rate

[Ty (X} — {Y})]{k}{l}{a}{ﬂ}

is a tensor in isospin space. We may convince ourselves that (C.12) necessarily gives the produc-
tion rate (and not the decay rate), since in the zero-temperature limit, where p = |0)(0|, the EEV

(C.13)

18 These spectator states should not be confused with the SM spectator processes which could enhance the washout of
the lepton asymmetry in thermal leptogenesis [218].
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on the RHS of (C.12) is identically zero. Similarly, the total in-medium L@ production rate is
given by

([ (1X) — Lo:pr. phan. af) ], = 2(m T (o 51)be(pr. s1)c” (g7 )e(an). (C.14)

in which at least one lepton and one Higgs appears in the final state. In order to study specific
contributions to the total heavy-neutrino and L@ production rates, defined in (C.12) and (C.14),
we must isolate particular initial states and truncate the transition operator to a given order in
perturbation theory.

Truncating the transition operator to first order in the interaction Hamiltonian density, 7 —
70 = fx Hint(x), we find from (C.12) that only states in {X} that contain at least one lepton
and one Higgs will contribute to the heavy-neutrino production rate. Isolating the initial states
Ip'.s', L g/, ®%) A |C’) C |C) and |p, s, L¥; q, @) A |D’) C |D), we obtain from (C.11) and
(C.12) the tree-level heavy-neutrino production rate

[0 (Lo — Nik.K)],”
- Z / <A/|/\(p’,s’,L1;q’,Q§T|p
5,8/ A’

p.q.p’.q
x (k,r, No|T°|p',s", L'; o, @7)p, 5, Lis ¢, @7| T K, ', NP). (C.15)

p,s,Lk;q,®T>/\|A’)

In (C.15), the spectator states A’ do not contribute to the transition matrix elements
(k,r, N |TOlp', s’ L', @) and (p, s, Ly; q, @7 TOT|K/, ', NP) at first order in perturbation
theory. The p-dependent term in (C.15) is

S A L @]
A/
; k
=Tr[ob" (0, )b (0, 5) " (@e(d')] = [n5;, (0. p)], 7% (4 @), (C.16)
where we have taken the leptonic and Higgs ensembles to be spatially inhomogeneous in general,
depending explicitly on two three-momenta. The time-dependence of the distribution functions

nX(p, p’) is assumed implicitly. In the spatially-homogeneous limit, the lepton and Higgs distri-
bution functions satisfy the correspondence

p.s, L5 q @) A |4

(L (0. 2)], = [nE @], @7)%8,,8) (b - p). (€17
n®(q.q') = n® (@ @27)*8% (q - q'). (C.18)

The general inhomogeneous distribution functions nX (p, p’) are related to the number densities
defined in Section 3.1 by a Wigner transformation [219] and integration over all coordinate space:

1 iq- q q 1
X 3 3,,i0%x, X X
X (p d’x [ d°qe ax, p+-.p n”(p,p)- C.19
®) V3/ / < 2 2) % ( ) ( )

The Wick contraction of field operators may be performed using the following set of flavour-
covariant field-particle duality relations:

018" (x)c" (p)I0) = (2Eq (p)) /P Ee®1x0pipx, (C.20)
(0lc(P)® (1)[0) = (2Eq (p)) "/ *e! Eo @r0,—ipx, (€21
(018 ()& (p)[0) = (2Eq (p)) ™ /Ze 1 Eo @0 ipx, (C22)
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(0BT (x)[0) = (2E4 (p)) /26! Ee®ixog=ipX, (C.23)
(OILL B (P, 9)10) = [REL@)”/?], " [e " EL®0] "e®X[u(p,s)],. (C24)
(01" (p. )L (0)10) = [(2EL @) ™ /?]," [ Er @] e X [u(p, 5)], . (C.25)
016 (p, ) LK )[0) = [REL @) ' *]", [ EL®0]" e~ P¥[a(p, )], (C.26)
(O1L ()] (p. $)10) = [QEL @)~ /*]" [ TEL®™0]" oPX[5(p,5)]",, (C.27)

(0INR o (0)aP (&, 1)10) = [2Ex &)~ ?],” [e—iEN@)XO]y5eiP'XPR[u(k, o) P (k5
(Olag(k, )N o ()]0) = [(2EN (&) ™2 V[ EV®I0] 2o~ PXPe[u(k, )] Gep, (C.29)
(Olap(k, NG (1)10) = [(2En () /2] [ EV®I0] X [ak, )]’ P, (C.30)
(OIN% ()a’ (k, 1)]0) = [2EN (0) /7] [eHEN®R]Y (X [50k, 1)]’ PLGF,  (C31)

where the creation and annihilation operators have the mass dimension —3/2 and satisfy the
commutator algebra given in Section 3.1. We emphasize that the operators appearing in this
appendix are understood to be asymptotic ‘in’ operators.

In the case of the tree-level heavy-neutrino production rate, we obtain the Hermitian conjugate
pair of transition matrix elements

[T9.(L® — N:K,p,q)],” =(p.s. Li; 0, @ | TOT|K, , NP)
=ML - N)]
< [E@) T [EN(K) ], (2Ea (@)
x Qo) YK = p—q)] s
x [a(p, )]" Pr[u(K.)].”. (C.32)
[To.(Le > N:k.p. q)], = (k. 7. Na| TO|p. 5", L ¢, &)
=[Mwo M) [CEWE)
< [EN0) Y (20 (d)
x @[3 (k—p' —q)],""
x [, ] PLu(@, )], (C33)

The Dirac spinors # and v of the heavy-neutrinos and leptons are distinguished by the character-

set of their indices: lower-case Greek characters are for heavy-neutrinos and lower-case Latin for

leptons. For a detailed discussion of the flavour structure of the Dirac spinors, see Appendix B.
Finally, we may recast (C.15) in the following form:

[Fr(:’/(l‘¢ - N;k’ k/)]ot/S ZZ / [Fr(:’ ’ss’ (L¢ - N;k’ k/, P, p/’ q, q/)]klaﬁ
' p.qp ¢
x [n5, (0. 0)],"n® (d. q), (C.34)

where we have defined the spatially-inhomogeneous rank-4 tensor rate
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[Fr(z*’ss/ (L(D — N; Kk, k/v P, plv q, q/):lklot/3

- [7;2,(Ld> — N;k,p/, q’)]la ['Tr(,)s(L@ — N; K, p, q)]kﬁ, (C.35)

carrying two pairs of helicity indices, two heavy-neutrino flavour indices, two lepton flavour
indices and three pairs of three-momenta.

For the tree-level AL = 0 scattering (L® — L®), we need the transition operator up to
second order in the interaction Hamiltonian density, 7 — T = % fx’x, T[Hint () Hine(x')] in
which T is the time-ordering operator. Ignoring the disconnected contributions, we obtain the
tree-level in-medium scattering rate

’

[1y (L& — Lo:p1.p). a1, a)],"
=Y f (1 (L2 — L&:p1. ). p2. P a1 4} 2. 45)],
52: 53, Q©. 5. q)
x [nf;,, (05 2)],/'n? (ah. @2), (C.36)
where the rank-4 scattering rate is

0 . U K
(715505, (L@ = L®: 1P, P2, P, 41, 41 @2, )], ¢

=70, (L& —> LO: p2.p}. @2, @) (T304 (L — Lo p1.p), a.qy)], . (€37

The Hermitian conjugate pair of scattering transition matrix elements are
l/
[7;‘;é (L& - LD:p1.py.q1.45)],
=(p1,s1, Li; qi, @7 71T |ph, 55, L' dy, @)

=i [ [eEe0) T [E @), CEst@n)CEs (@)

% QO [8@ k1 — p1 — g, @O [SD K] — ph - a3)],
< [ipr.sn)]" [ A% (k1. k7). [ (- 53)]."
x ML — N)]* [M'(N — Lo)], (C.38)
[Ts{z)s; (L& — L®;p2, P}, a2, q/l)]kl
=(p2. 52, L1 q, <PT| 7" p}. st L*, q), ‘DT)
—+i [ [CEw)) ) [RE )T s @) 2Es ()
ko, K}
x @890 - i — )], e B (ke = p2 = a)]
% [@p2, 5] [i A (8, k)] [l 5))] ©

< MW = L)) [MOLe— W],

/

(C.39)
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where Ag w 18 the free non-homogeneous heavy-neutrino Feynman propagator

[1A2 y(k,K)].” = Tr{on T[N, o« O NE(K)]}. (C.40)

The structure of these flavour-covariant non-homogeneous free propagators in the case of Dirac
fermions is illustrated in Appendix B. Notice that, by means of the Gaussian moment theorem
(Wick’s theorem), the heavy-neutrino spectator states contribute the thermal part of the Feynman
propagator.

C.1. Decays

Imposing kinetic equilibrium as described in Section 4.1, the tree-level heavy-neutrino pro-
duction rate (C.34) becomes

[FO(ch — N: k)], Z Ly ]1 / ‘('P"L"“)/T[FO(Lqﬁ — N:k.p.9)], aﬂ’ (CAl)
s p.q
where, following (C.35), we have defined

[r%Le - Nk p o] ,”
=[T2(L® - N:k p, @] [T2(LS > N:k,p,@],”. (C.42)

In this case, the transition amplitudes given in (C.32) and (C.33) simplify to

[To(L® — N:k,p, @],
=(p.s. Li; q, |k, r, NP)
=M — W]’ 2ip) " 2En 1) (21al)
x 2m)*8® (k — p — @) (p, s)Pru(k, ), (C.43)
[7',2(Lq§ — N; K, p, q)]la
= (k,r, No|T°|p. s, L'; q, @)
— (Mo — M, () ?Ev®) " (2lal)”
x 2m)*8W (p 4+ g — kyiak, r)PLu(p, s), (C.44)

172

1/2

in which the tree-level matrix elements are
[MOLD — N)|,* =i,
[MOLD - W], = (MOLD - N)],5)* = hs. (C.45)

The one-loop resummation effects due to heavy-neutrino mixing can be included by promoting
the tree-level Yukawa couplings to the one-loop resummed ones, as discussed in Section 2.1.
Specifically, in Section 4, we have used

[M(N - L#)],* =h*, (C.46)

corresponding to the process N — L®. For its T—conjugate process L® — N, we have by CPT
invariance (see Section 3.2),
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Mo — M, = (MW > Lo)],*) =[0],. (C.47)

where we recall that ¢ = CP denotes the generalized-CP conjugate. The matrix element for the
process N — L¢®€ is obtained from (C.46) by the generalized CP transformation

[M(N = L)), = MWV - Lo)],“) = [M@Ze - N, =[], (€49

The 7 -transformed process L°@° — N can be obtained from (C.47) via the generalized CP
transformation

[M(Lid - N)],* = ((MELD - M)]' ) =[MN - L&)],* =h°. (C.49)

As in Section 4.1, we assume that the charged-leptons are massless, and hence, only one of
their helicity states are populated, which for concreteness, we choose to be s = — (+) for lep-
tons (anti-leptons) in (C.42). Summing over the heavy-neutrino helicities, tracing over lepton
and Higgs isospins, and performing the momentum integrals, we derive the tree-level thermally-
averaged rates for the processes N — L® and L® — N, as follows:

! 1 _ !
[yee - m)'F = 0 / e~ PHA/T[O (Lo — Nk p.@],, . (C50)
4 r’I‘]k,p,q

where we have divided through by the coordinate-space four-volume V4 = (271)48(4) (0) in order
to remove the factor arising from the product of identical energy—momentum conserving delta
functions from the two transition matrix elements in (C.42). After performing the summations
over the heavy-neutrino helicities and the traces over lepton and Higgs isospin, we find from
(C.50) the heavy-neutrino decay and inverse decay rates

[y(N—L#)], f =[y(Li0" > N)].F = / 2180 (2p - pL)h g, (C51)
NL®

e - N =[r(N— 179 = / srgo@py - po[I], 0] . (€52)
NL®

where we recall that g; = g¢ = 2 count the degenerate isospin degrees of freedom of the lepton
and Higgs doublets. In addition, we have used the notation defined in (2.7) for the thermally-
weighted phase-space integrals. We note that a relabeling of indices k <>/ and o <> 8 has been
performed in (C.52) relative to the T -transform of (C.51), that is

! k ayT
[V —Lo)] S =(yre - N, 5 (C.53)
The decay rates in (C.51) and (C.52), derived using the generalized optical theorem are exactly
the same as those given in (4.10) and (4.11).

C.2. Scatterings

We may write the homogeneous limit of the heavy-neutrino Feynman propagator in a general
basis by rotating (C.40) to the mass eigenbasis, i.e.

-~

[i8p (kK] = UL [iB v (k. K)],8,7 U,
— UL [iAg (0] 2m)* W (k—K')U, P (C.54)
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Imposing kinetic equilibrium, the in-medium L® — L@ scattering rate (C.36) can then be writ-
ten

’

Lyl
k (g1, _
[rhwe—Lopran],| =) =5 / o~ (P2l @)/ T

52 “Upla
0 UK
X [I}ISZ(L¢_> L¢;p11p27q1’ (I2)]l k (CSS)
using which we can define the thermally-averaged scattering rate as
I K
[v(Lo — Lo)], ,
1 _ Ik
=— Y e PRI (L& — Ldipi,prqi, )], . (C.56)
A
hibavlop, 5.q1,

in which I 2, Jj 2 are respectively the lepton and Higgs isospin indices, and the flavour indices
have been reordered. The rank-4 tensor rate is defined following (C.37):

/

U k
[, (L& — L&;p1,p2.q1, )],

K I
=[T0,(L® - LO;p2.p1. 2. q1)] J[TL,(L® > L& p1.p2.qi.q)], . (C57)

Here, the transition amplitudes are still defined in a general basis from (C.38) and (C.39):

[7}?52(14‘15 — L®;p1,p2, 41, (lz)]kl,
=(p1. 1. Li; Q1,@T|TH\P2, 52, L qo, @T>

=i / [CEL@D) T [CEL®) ™), 2Eoan) ™ (2E0 (@)™
k

x @[3 %k~ pr —an),, @O Dk~ pr— )],
x [, s0]" U [1A y(0],U,7 [u@a. ], [MON — Lo)]”
x [MY(Lo — N, (C.58)
[7}251 (L® — LP;p2,p1,q, (h)]k;
=(p2.52. Li: qo, o' 7! ’pl»sl,Lk/§ qi, 95?)

= +i f [ELD) ] [EL®) ], (2Es (@) > 2Es @)
k/
x @ BOK — pr—a1)],"7 @O SO — p2—a2)] s
x (a2 5] U, [B (k)] 07, Jutor. 0], MO0 — L],
x [MOLe — N, (C.59)

Rotating the matrix elements and four-momentum delta functions to the heavy-neutrino mass
eigenbasis, and working in the massless limit for the charged-leptons and Higgs, we obtain
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[T2,(L® — L&: p1,po, a1, )],
=—i(2p1) " @Ipal) " 2@l )T (2lqal) T
x 2m)*8@D (p1 +q1 — p2 — qi(p1. sD[iAY y (k)] u(P2. 52)
< [MON — Lo)] “[MLe - ], (C.60)
[T, (L& — L& py, 1. a2 an]'
=+i2lp2l) 2 Ip1l) 2 laal) T lqrl)
x 21)*8@ (2 + g2 — p1 — g2, D[ ALy 0] w1, s1)
x [MOWN — L))" [MCwe - M), (C.61)

where the four-momentum k = p; + g1 = p2 + ¢2. Finally, we substitute for the resummed
Yukawas and propagators and extract the resonant part of the amplitude by writing

[iAr N (K)], = PROUE+ma)PL[i AR N ()] o, =PRE[IAR N (K)] o - (C.62)

After performing the helicity summations via appropriate Fierz rearrangement, we obtain the
following set of AL =0 and AL = 2 thermally-averaged scattering rates:

~ [
e — L), " = / 811818189, (2PL, - PN)(2PN - PLy)
L1¢1L2¢2

< ([1Brn (o] [IBeN (0)]) o
y [ﬁe]kﬁ [ﬂé]laﬁmaﬁnﬂ’ (C.63)

I n

[7(L°PC - L@9)], ,, = / 8L18%,8L,80,(2pL, - PN)2PN - PL,)
LD Ly®y

x ([iZF,N(PN)]a[iZF,N(pN)]ﬁ)res
o Hkaﬁlﬂ rﬁg]mﬁ [ﬁa]na, (C.64)

[7(Le — L°®%)], " = / 81,8, 81,80,(2PLy - PN) (2PN - PL,)

L] ¢1L2¢2
X ([i’A\F,N(pN)]a [i’A\F,N(pN)]ﬁ)res

x [0, " [0], [0°],"[h°T",. (C.65)
[?(Lg‘pg - L‘p)]klmn = / 8L,80,8L,89,(2pL, - PN)2PN - PLy)

LD Lr®y

% ([iRen ()], [1Brn (p1)]7) (BB g, B, (C.66)

in which the indices for the T -transformed processes have been relabeled, as in (C.53). Tracing
over lepton flavour indices, the scattering rates relevant to the heavy neutrino transport equations
are, for instance,
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[P — L)), = / 8L18181,8%,(2pLy - PN)2PN - PLy)
LD L,Py
e e ~ kS
x ([ Ren (pw)] [ B ()]) o [0, BT B, (C67)
in which the heavy-neutrino flavour indices « and j are not summed over. These rates have been

used in Section 4.4, along with the NWA for the resonant part of the Feynman propagators, to
derive the flavour-covariant rate equations for scattering.

Appendix D. Form factors for LFV decay rates

For completeness, we list below various form factors appearing in the expressions (6.3), (6.4)
and (6.5), which follow from the results given in [174,178]:

Gl =" BeB},Gy(xn,). (D.1)
o

FI' =" BoyB}iy, Fy (x,). (D.2)
o

FY* =" BeB}o[Fz(xn,) +2Gz(xn,.0)]. (D.3)
o

F]gcf;m = Z Beo B;a [HBox(xNa ,0) — Hpox (0, O)], D.4)

o
ng)jld = Z Beo BZ(X[FBOX(XNQ, 0) — Fox (0, 0)]: D.5)
o
Fliece = ZZ Beo B}ry [ FRox (XN, 0) — FBox (0, 0)], (D.6)
o

where Bj, denote the elements of the light-heavy neutrino mixing matrix [cf. (6.2)], and
XN, = (mNa/MW)z. In (D.3) and (D.6), we have ignored the O(||§||4) terms, which is a good
approximation, since ||& I* < 1 for all the benchmark points in our case (see Section 6.1).

The loop functions appearing in (D.1)—(D.6) are given by

G (x):_x(sz—i—Sx—l) B 3x3 I O
4 4(1 — x)3 2(1—x)4 77 '
x(Ix2—x—12 x2(x%2—10x + 12
F,(x)= ( EESE ) — ( 61— x)j_ ) Inx, (D.8)
Fr)=—— % 5 nx (D.9)
20—x) 2(1—x)2 7
Gz(x,0) =—ﬁlnx, (D.10)
Hox(6,0) = —— + — oy, D.11)
l—x  (1—x)?
1 X
Fpox(x,0) = + Inx, (D.12)

I—x (1—-x)2
with the limiting values Hpox (0, 0) =4 and Fpox(0,0) = 1.

The nuclear form factors D, V(P V™ and the capture rate [c,p appearing in (6.5) are sum-
marized in Table D.1 for various nuclei relevant to ;. — e conversion searches.
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Table D.1
The nuclear form factors and capture rates for various nuclei of interest. The numbers were taken from [179] (see
also [220,221]).

Nucleus (4 X) v v D Teapt (100 sec™!)
BT 0.0396 0.0468 0.0864 2.59

1 Au 0.0974 0.146 0.189 13.07

298P 0.0834 0.128 0.161 1345
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