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Brownian motions with one-sided collisions:
the stationary case

Patrik L. Ferrari* Herbert Spohn' Thomas Weiss'

Abstract

We consider an infinite system of Brownian motions which interact through a given
Brownian motion being reflected from its left neighbor. Earlier we studied this system
for deterministic periodic initial configurations. In this contribution we consider initial
configurations distributed according to a Poisson point process with constant intensity,
which makes the process space-time stationary. We prove convergence to the Airy
process for stationary the case. As a byproduct we obtain a novel representation of
the finite-dimensional distributions of this process. Our method differs from the one
used for the TASEP and the KPZ equation by removing the properly scaled initial step
only after the limit ¢ — oo. This leads to a new universal cross-over process.

Keywords: Reflected Brownian motion; KPZ universality class.

AMS MSC 2010: Primary 60K35, Secondary 60J65.

Submitted to EJP on March 10, 2015, final version accepted on May 6, 2015.
Supersedes arXiv:1502.01468.

1 Introduction

We will study an infinite system of interacting Brownian motions with z,,(¢) € R, n € Z,
denoting the position of the n-th Brownian particle on the real line at time ¢. Initially
the positions are ordered as z,(0) < z,+1(0), with the convention that x,(0) < 0 < z1(0).
As indicated in the title, particle n + 1 interacts through a steep, narrowly supported
potential with its left neighbor, n, only. In the limit of zero support, the singular limit
studied in our contribution, this interaction amounts to Brownian motion n + 1 being
reflected from Brownian motion n. A mathematical definition will be given below. Under
this dynamics the order is preserved,

xn(t) S xn—i-l(t) (11)

for all times ¢ > 0. In previous work we investigate the case of initial conditions with
equal spacing, z,(0) = n [16]. Another natural initial condition is such to have the
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process space-time stationary, which is accomplished by assuming that {z,(0),n € Z} is
a Poisson point process with uniform intensity which, without loss of generality, can be
taken as 1. Then {z,,(¢),n € Z} is again an intensity 1 Poisson point process.

Our interest are the fluctuations of x,(t) for large ¢ and n. To understand their
properties one first has to find out how an initially small perturbation close to the origin
propagates in time. This path is known as characteristic. In our model, because of the
one-sided collisions, the characteristic turns out to be a straight line with velocity 1. If
n = |[Ut], |-| denoting integer part, then for ¥ # 1 only the randomness of the initial
conditions plays a role and the fluctuations of x,(¢) will be Gaussian asymptotically on
the t'/2 scale. However close to the characteristic, i.e., n = |t + 7t?/3] with r = O(1),
one observes non-Gaussian fluctuations in the ¢!/3 scale, the properties of which will
be analysed in great detail in this contribution. With our methods we can handle the
stochastic process in r at fixed t. Two-time properties along the characteristic are known
to be difficult. For example, a long-standing problem is to obtain the joint distribution
of x4(t), |9 (2t) for large t. At the time of writing Johansson reports on asymptotic
results for the model studied in this paper [24].

Our results are closely linked to the one-dimensional Kardar-Parisi-Zhang (KPZ)
equation [25] with stationary initial data. KPZ is a stochastic PDE for a height function
h(z,t) € R and reads

Oh = 2(0.h)* + 3020+ W (1.2)

with W space-time white noise. As written the equation is only formal, but a precise
mathematical meaning has been given [1, 19]. As random initial data h(z,0) we choose
the statistics of two-sided Brownian motion with constant drift . The dynamics is
stationary in the sense that = — h(z,¢) — h(0,¢) is again two-sided Brownian motion with
drift b [17]. Very recently, Borodin et al. [8] succeeded in writing down reasonably concise
formulas for the distribution of h(z,t), confirming the prior replica computation [21].
Through an intricate asymptotic analysis they establish (Theorem 2.17 of [8]) that in
distribution, for fixed 7,
tllnolofl/?' (h(=2bt + 2rt2/3,2t) + (35 + b))t — 20rt*/3) = Agpar(r) (1.3)
where Ag.; denotes the Airy process corresponding to stationary initial data. In spirit
one should think of z,(t) as h(z,t) with z being a continuum version of the discrete
particle label n. More precisely, as one of our results we will establish in Theorem 2.2
that
Hm ¢V (2 gpg2ss) (8) — 2t — 27t%/%) = Agean(r), (1.4)

t—o0
which is the immediate analogue of (1.3). In fact, convergence is proved in the sense of
finite-dimensional distribution, not only for the one-point distribution.

Similar results have been obtained earlier for the stationary PNG model [29] and for
the stationary TASEP [15]. For the latter, the full stochastic process in r has been worked
out [4]. The expression we obtain for the joint distributions of Ag,;, see Definition 2.1,
is new and differs from the one in [4].

For several reasons we believe that it is of interest to add a third model to the list of
KPZ type models with stationary initial conditions. Obviously, the universality hypothesis
is further strengthened. More importantly our model provides a bridge to diffusion
processes with one-sided interaction as discussed in [32]. Besides we also have to
develop a method different from the previous ones. As in the case of PNG and TASEP,
one cannot study the stationary initial conditions directly. One has to start from a step,
in our case meaning that to the right of 0 the Poisson point process has density 1, while
to the left it has density p, p < 1. Surprisingly, as for PNG and TASEP, by a Burke type
theorem the left-half system can be replaced by a boundary condition for z((t) and, in
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fact, only the right-half system with labels {n > 0} has to be considered. For PNG and
TASEP the limit p — 1 has been accomplished for fixed ¢, while here we first take the
limit ¢t — oo at step size 1 — p = t~1/3§. This leads us to a novel transition process,
see Theorem 2.6. Through a careful analytic continuation the stationary case A, is
reached in the limit § — 0, while in the limit § — oo one obtains the crossover process
ApMm_s2 interpolating between Brownian motion and the Airy; process.

2 Main results

To state our result we introduce the rescaled process
P Xo(r) = V3 (@ qapers) (8) — 2t — 2rt%/3) (2.1)

and define the limit process r — Astat (7).

Definition 2.1 (Airy,: process). Let P, be the projection operator on [s, c0) and P,=1-P,

the one on (—o0, s). Set

_(sa—sp)?
e 40r2—r1)

‘/; re(81,82) = —/——, (22)
1, 2( 1 2) \/m
and define
P=1- p51VT1,T2P52 te Vrm_l,rmpsmvrm,rla (23)
as well as an operator K with integral kernel
K(s1,89) = et (s2751) / dz Ai(r? + 51 + 2)Ai(r? + so + ). (2.4)
0
Further, define the functions
R =5, +eim / dx/ dy Ai(r? + y)e™Y,
f*(s) = —e 5 / dz Ai(r? + x)e™ ™", (2.5)
g(s)=1- e3mi / dz Ai(rf + x)e™”.
With these definitions, set
Gm(7,8) =R — (1 =PK) ' (Pf*+ PKP,1+ (P - Ps,)1),9), (2.6)

where (-, -) denotes the inner product on L?*(R). Then, the Airy;,; process, Asiat, is the
process with m-point joint distributions atr; < ry < --- < ry, given by

IP(fj{Asmt(rk) < 8k}> = i di’i (Gm(F, §)det (1 — PK)LQ(]R)) _ 2.7)

1=1

We can now state our main result.

Theorem 2.2. In the sense of finite-dimensional distributions,
. d
tlggo Xi(r) = Astat(1). (2.8)

Remark 2.3. The joint distributions of the Airy.; process were first obtained in [4],
see Definition 1.1 and Theorem 1.2 therein. In Definition 2.1 we state an alternative
formula for the joint distributions of the Airy.: process. The main difference between
the two formulas is that in [4] the joint distributions are given in terms of a Fredholm
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determinant on L%({1,...,m} x R), while here we have a Fredholm determinant on
L?(R). A similar twist was already visible in [28] and has been generalized in [9]. This
new representation is more adapted to answer to questions like the Brownian increments
of the Airy,.; process, see Section 8.

Since {z,(t),n € Z} is a Poisson point process, the process X;(r) — X;(0) is a scaled
Poisson jump process up to a linear part and

lim (X(r) — X,(0)) £ B(2r). (2.9)

t—o0

Hence the limit process Agat (1) — Astas(0) must also have the statistics of two-sided
Brownian motion, a property which is not so easily inferred from our formulas in
Definition 2.1. But we will provide a direct proof of this fact in Section 8. Note that X;(0)
and B(2r) are not independent.

As already familiar from other models in the KPZ universality class [4, 8, 15, 20], the
proof of Theorem 2.2 proceeds via a sequence of approximating initial conditions. Firstly
we consider the case where z((0) = 0 and assume that the particles on R is a Poisson
process with intensity A > 0 and on R_ is a Poisson process with intensity p > 0. In other
words, z,(0) = (,, n € Z, with

Co =0,
Cn — Cuo1 ~exp(A),  forn >0, (2.10)
Cn — Cn—1 ~exp(p), forn <O0.

As explained in Lemma 7.1, setting ¢, = 0 will induce a difference of order one as
compared to the case considered in Theorem 2.2. In the scaling limits such differences
are irrelevant. Thus it is enough to prove Theorem 2.2 for the initial conditions (2.10)
with A\ = 1 = p. In the sequel z,(t) always refers to the initial conditions (2.10), in
such a way that the choice of the parameters A, p can be inferred from the context. We
obtain the fixed time multi-point distributions of the system {xz,(t),n € Ny} in terms of a
Fredholm determinant in the case A > p. The restriction to non-negative integers comes
from Burke’s theorem by which the particles with n < 0 can be replaced by choosing
xo(t) as a Brownian motion with drift p.

Proposition 2.4. Let A\ > p > 0. For any finite subset S of Ny, it holds

1 d
IP( (N {zn(t) < an}) = (1 + p—p Z dak> det(L — xaKXa)L2(5xR)» (2.11)

nes

where x,(n,€) = 1(§ > a,,). The kernel K is given by
’C(n17£1§n27§2) = _¢n1,n2 (51752)]]-(n2>n1) + E(n17§1;n27£2)

(2.12)
+ ()\ - p)f(nh gl)g(n27 62)
where
Po.ns (€1,82) = p~"2eP%, forng >0,
(&2 — &)t (2.13)
Py ny (€1, 62) = C— Le <eys for1 < nj < ng,
and .
tw 2+& 1w (_w)nl 1
/C(nhfl,n%fz 7'['1) \/]R EdU/ f dZ 6t22/2+§2z (_Z)nz w—z’
1 tw /2+§1w( w)nl
— 2.14
f(n, &) = 5 /I]R ] Y , (2.14)
1 —tzz/Q—fzz —y)n2
(n27 52 T f ( ) s
Lo, - zZ+p
EJP 20 (2015), paper 69. ejp.ejpecp.org
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for any fixed 0 < e < A.

Notice that this result holds for A > p only and not for the most interesting case A = p.
The latter can be accessed through a careful analytic continuation of the formulas. One
of the novelties of this paper is to perform the analytic continuation after the scaling limit.
This allows us to discover a new process, called finite-step Airys.+ process, describing
the large time limit close to stationarity (actually, one still needs to take care of the
random shift of x¢(0), which is however irrelevant as it goes to zero after scaling in
the large time limit). As before, this process is defined through its finite-dimensional
distributions.

Definition 2.5 (Finite-step Airygiat process). The finite-step Airysi.+ process with param-
eter§ > 0, Agf;t, is the process with m-point joint distributions atr; < re < --- < 1
given by

m s ) m q
IP(DI{Aita)Lt(Tk) < Sk}) - (1 +5 Z; d&) det (1 — xsKﬁxs)Lz({mn’rm}XR) . (2.15)

where x(rx,2) = 1(z > s;) and the kernel K° is defined by

K°(r1, 81572, 52) = —Viy 1y (51, 82) Ly <) + Koy (51, 82) + 0 fry (51) Gz (52). (2.16)
Here, V,, ,, is defined as in (2.2), and

2.3
e§r2+r232

Ky ry(81,82) = / dx e_x(“_”)Ai(rf + 51 + :L‘)Ai(r% + 89 + )
0

——
eg'rf—&-rla

2

o0
fri(s1) =1— em3riTTin / dz Ai(r] + 51 + x)e” " (2.17)
0

oo
3 2 2.3 .
Gry (52) = €0 /347207 =520 _ p3rotras / da Ai(r3 + so + x)eFT2)z,
0

As mentioned, we will take the limit to stationarity after the long time limit. However,
in general, the limits ¢ —+ oo and A — p | 0 do not commute. Therefore we have to
consider A — p > 0 (to be able to apply Proposition 2.4), but vanishing with a tuned
scaling exponent as ¢ — oo, a critical scaling. We set A — p = §t—1/3 for § > 0. As will be
proven with this choice the limit ¢ — co commutes with ¢ | 0. Such considerations lead
naturally to defining the rescaled process as

T Xt((s)(r) =¢ 3 (x(L:;;;//?J) (t) — 2t — 27"152/3) , (2.18)
where the superscript of = indicates A = 1 and p = 1 — ¢t~ 1/34.

Our second main result identifies the joint distributions of the rescaled process in the

long time limit.

Theorem 2.6. For every § > 0, the rescaled process (2.18) converges to the finite-step
Airygi.¢ process

lim X7 (r) £ AL, (1), (2.19)
t—oo

in the sense of finite-dimensional distributions.

By varying ¢ from 0 to oo, the finite-step Airyg:.+ process interpolates between the
Airy.; and the process denoted by Agn 2. The latter is a process interpolating between
Brownian motion and the Airy; process and it can be found in Definition 21 of [12] (setting
M = 1) or in Theorem 3.1 of [20]. More precisely (using the convention of [12]) we have

lim AR (r) = Apyia(—r) = 2. (2.20)
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This can be seen as follows. Using the representation of g,,(s2) in (5.5) we obtain that

o= Ti/3 o0

-1 .
hm 0+ grp(82) = / / dZe2’/3+m22° =522 _ e%’“ng”SZAi(r% + s2). (2.21)
e™/3 00

d—00 2ﬂi

Further, using the identity z—lw + % = % Z_l one gets an integral representation of
the kernel of the form (5.27) of [12] with M = 1. More precisely,

5hm K°(ry, 81572, 82) = Kapa o (=72, 82 + 75,5 =11, 81 +17), (2.22)
—00

Finally, taking § — oo in (2.15) implies that all the terms with the derivatives vanish,
giving (2.20).

3 Semi-infinite initial conditions

3.1 Well-definiteness

Consider the initial conditions stated in (2.10). First we show that the system
with infinitely many particles is well-defined. For that purpose we use the Skorokhod
representation [31, 2] to define the reflected Brownian motions. This representation
is the following: the process z(t), driven by the Brownian motion B(t), starting from
x(0) € R and being reflected at some continuous function f(¢) with f(0) < z(0) is defined
as:

x(t) = 2(0) + B(t) — min {0, nggt(a?(O) + B(s) — f(s))}

=max {z(0) + B(t), sup (f(s)+ B(t) — B(s))}.

0<s<t

(3.1)

Let B,,, n € Z, be independent standard Brownian motions starting at 0 and define
the random variables

n

Yien(t) = sup > (Bi(siy1) — Bi(s:)) (3.2)

0<spy1< . <sm<t 7

with the convention s; = 0 and s,,11 = t. We will define the system {z,(t),n € Z} as the
limit of half-infinite systems {x%M)(t), n>—M}as M — oo, where

M) (t) = o {Yin(t) + G}, n>—M. (3.3)
e —

Notice that these processes indeed satisfy the Skorokhod equation,

e (t) = max {¢y + Ba(t), sup (z3](s) + Bu(t) — Bu(s))}, (3.4)

0<s<t

for n > —M, while the leftmost process is simply

20 = Cnr + Bou (D). (3.5)
Thus as desired z*") (t) is a Brownian motion starting from ¢, and reflected off by «z,,
for n > —M. The representation (3.3) can be sees as a zero-temperature case of the
O’Connell-Yor semi-discrete directed polymer [27] with appropriate boundary conditions
(see discussion at the end of this section).
Next we show strong converge of the system {x%M )(t), n > —M?} to the processes we
are studying.

(M)
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Proposition 3.1. Let us define

xn(t) = Il?gr)t({Yk’n(t) + i} (3.6)
Then, for any T > 0,
lim  sup [z (t) —z,(t)] =0, as. (3.7)
M— o0 t€[0,7]
as well as
sup |z, (t)] < oo, a.s.. (3.8)
t€[0,T]

For the proof of this proposition we first need the following concentration inequality,
which is Proposition 2.1 of [26]:

Proposition 3.2. For each T > 0 there exists a constant C' > 0 such that for all k < m,
0>0,

IP( Uem@) __ 5 g 5) < Qe m—k0a¥E/C. 3.9)
2y/(m—k+1)T ~ B

Proof of Proposition 3.1. Let us define an auxiliary system of processes, which we will
use later in proving the Burke property, by

(M)

x,]v[(t) =(_m+ B,M(t) + pt, (3.10)
and
FM () = max {¢, + Bu(t), sup () (s) + Bu(t) — Bu(s))} (3.11)

0<s<t

for n > —M. This system differs from x;M) (t) just in the drift of the leftmost particle,

which of course influences all other particles as well (the choice of the extra drift is
because the system with infinite many particles in R_ generates a drift p). This system
of particles satisfies

M) (4) = Y_pn(t) 4+ ¢ Yien (t 3.12
z,, " (t) max{ Ma(t) +¢ M,ke[zr]l\/zflil,n]{ ken )+Ck}}a ( )

with N
Vin(t) = sup (P3k+1 + Y (Bi(sit1) — Bz‘(si)))- (3.13)

0<sp41<...<5,, <t i—k

Also, we have the inequalities
Yien(t) < Vi (t) < Yin(t) + pt. (3.14)
Consider the event

Ay = {Y,N[’H(T) +Cp+pT > —M/2} @] {Yn’n(T) +(n < —M/2} (3.15)

We can deduce exponential decay of P(A,;) in M from combining the exponential tails of
Y., » and ¢, with Proposition 3.2, using 6 = 1 and elementary inequalities. In particular
S a1 P(An) < oo, so by Borel-Cantelli, A); occurs only finitely many times almost
surely. This means, that a.s. there exists a Mp, such that for all M > Mrp:

Yorn(T) + Copr + pT < =M/2 and Yy, o(T) + (> —M/2. (3.16)
Consequently, Y_p; o (T) 4+ C—m < Yo n(T) + ¢, for all M > My and therefore

2 (T) = 2M1)(T). (3.17)
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Moreover, applying (3.14), gives

Yonrn() 4+ Coar S Yorrn () + Car < Yol T) + Ca, (3.18)

resulting in
EE%MT)(T) _ x%WT)(T). (3.19)

Repeating the same argument, we see that for every ¢ € [0, T there exists M; such
that z,(¢t) = ng")(t) = :?%M*)(t). Applying Lemma 3.3 then gives ., (t) = xglMT)(t) = iglMT)(t)
for every ¢ € [0, T]. This settles the convergence.

To see (3.8), which is equivalent to sup,¢o 7 |:c5,leT)(t)| < 0o, we apply the bound

Vi \<Z( sup Bj(s) — inf Bi(s)> < . (3.20)

0<s<t 0<s<t
O

Lemma 3.3. Consider 0 < t; <ty and m, M;,, M,, such that

em(ts) = 22" () = 30" (t,), fori=1,2. (3.21)

Then
.’L'm(tl) = xSnMQ)(tl) = Egytz’)(tl) (322)
Proof. This is a straightforward generalization of Lemma 3.2 [16]. O

3.2 Burke’s property

We establish a useful property which will allow us to study our system of interacting
Brownian motions through a system with a left-most Brownian particle.

Proposition 3.4. For each n < 0, the process

Tn(t) — G — pt (3.23)

is a standard Brownian motion.

Remark 3.5. Proposition 3.4 allows us to restrict our attention to the half-infinite
system. In fact, conditioned on the path of z, the systems of particles {z,(t),n < 0}
and {x,(t),n > 0} are independent, as it is clear by the definition of the system. Then
(3.23) implies that the law of {z,(t),n > 0} is the same as the one obtained replacing
the infinitely many particles {z,,(t), m < 0} with a single Brownian motion z,(¢) which
has a drift p. This property will be used to derive our starting result, Proposition 2.4.

Proof of Proposition 3.4. First notice that
U () = Coar — ot (3.24)

is a Brownian motion. Now assume %flj\ﬁ (t)—(p—1—pt is a Brownian motion. By definition,

FM(t) — oy = max {Cy — Guo1 + Ba(t), sup (T47)(5) = Ca1 + Bu(t) — Bu(s))}, (3.25)

0<s<t

which allows us to apply Proposition 3.6, i.e., we have that

FM(E) = Gur = (Gn — Cu1) — pt = T (E) = G — pt (3.26)
is a Brownian motion. Since 7" (t) = x,(t) the proof is completed. O
EJP 20 (2015), paper 69. ejp.ejpecp.org
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It is clear, that in the case A\ = p the process (3.23) is a Brownian motion for n > 0, too,
i.e., the system is stationary in n. We also have stationarity in ¢, in the sense that for each
t > 0 the random variables {z,(t) — z,—1(t),n € Z} are independent and distributed
exponentially with parameter p. The following result is a small modification of Theorem
2 in [27].

Proposition 3.6 (Burke’s theorem for Brownian motions). Fix p > 0 and let B(t), C(t) be
standard Brownian motions, as well as { ~ exp(p), independent. Define the process

D(t) = max {¢ + C(t),oiugt(B(s) +ps+C(t) — C(s))}. (3.27)
Then
D(t) — ¢ —pt (3.28)

is distributed as a standard Brownian motion.

Proof. Extend the processes B(t), C(t) to two-sided Brownian motions indexed by R.
Defining

¢(t) = _sup_{B(t) = B(s) + C(t) = C(s) = p(t = 5)} (3.29)
—oo<s<t
and
d(t) = B(t) +q(0) — q(1), (3.30)
we can apply Theorem 2 [27], i.e., d(¢) is a Brownian motion. Now,
q(0) = sup{—B(s) — C(s) + ps} £ sup{V2B(s) — ps} < sup {B(s) - Bs}, (3.31)
$<0 530 $>0 2

so by Lemma 3.7 it has exponential distribution with parameter p. As it is independent
of the processes {B(t),C(t),t > 0} we can write ¢(0) = . Dividing the supremum into
s < 0 and s > 0 we arrive at:

—d(t) = q(t) — B(t) — q(0)

3.32
:max{C’(t)—pt, sup {—B(s)+C(t)—C(s)—p(t—s)}—(}, ( )
0<s<t
which is (3.28) up to a sign flip of B(s). O

Lemma 3.7. Fix p > 0 and let B(t) be a standard Brownian motion. Then

sup(B(s) — ps) ~ exp(2p). (3.33)
s>0
Proof. The random variable
sup (B(s) — ps) (3.34)
0<s<t

is distributed as a Brownian motion with drift —p started at zero and being reflected
(upwards) at zero, at time ¢t. As ¢ — oo, this converges to the stationary distribution of
this process, which is the exponential distribution with parameter 2p. O

From a stochastic analysis point of view, the system {z,(¢),n > 0} satisfies
Tn(t) = Co + By(t) + L"(t), forn >1,

. (3.35)
20(t) = Bo(t) + pt.

Here L™, n > 2, are continuous non-decreasing processes increasing only when z,,(t) =
Zn—1(t). In fact, L™ is twice the semimartingale local time at zero of z,, — z,,_;. Notice

that By(¢) is a standard Brownian motion independent of {(,, B,,(t),n > 1}, but not equal
to Bo (t) .
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3.3 Last passage percolation interpretation

One can also view the system {x,(¢),n > 0} as a model for last passage percolation
(or zero-temperature semi-discrete directed polymer). We assign random background
weights on the set {R x Ny} in the following way:

* White noises dB,, on the lines Ry x {n} forn > 1,
* White noise d B plus a Lebesgue measure of density p on the line R, x {0}, and
* Dirac measures of magnitude ¢, — {,—1 on (0,n) for n > 1.

|
3
3 —
I
|
2 —_—
3
1 T —
|
I
0 { f f f F—
S0 S1 S22 S3 t

Figure 1: A path 7 € I1(0, 0;¢,4) (thick black) and the random background noise (grey).

An up-right path in {R; x Ny} is characterized by its jumping points s; and it consists
of line segments [s,_1,s,] x {n}, see Figure 1. The set of up-right paths can then be
parameterized by

(t1, nita,no) = {FE€R™ ™2t = 5,1 <8y, <+ < 8y, =t} (3.36)

The percolation time or weight of a path 7 € II is the integral over the background
weights along the path. Explicitly, we have:

w(7) = Bo(so) + pso + Z (G = Gim1)1s,_1=0 + Bilsi) — Bi(si-1)) (3.37)

i=1
for n; = 0, and for ny > 0,

n2

w(m) = Z ((G = Gi—1)1s,_=0 + Bi(s;) — Bi(si-1)) . (3.38)

i=?’L1

The last passage percolation time is given by the supremum over all paths:

L(t1,n1)*>(t27n2) = sup w(fr’) (339)
7ell(t1,n1;ta,n2)

The supremum is almost surely attained by a unique path 7*, called the maximizer. It

exists because the supremum can be rewritten as a composition of a finite maximum

and a supremum of a continuous function over a compact set. Uniqueness follows from

elementary properties of the Brownian measure. Most importantly, from the definition,
we have

mn(t) = L(O,O)ﬁ(t,n)- (3.40)

We will use this interpretation in Section 7, however, it also gives some connections
to different works. Our model can be seen as the semi-continuous limit of a more widely
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studied discrete last passage percolation model (see for example [22, 23]). Moreover,
our last passage percolation model is the zero temperature limit of a directed polymer
model, which has been studied thoroughly in the recent past [30, 8].

For later use we also define a version without boundary weights:

n

(Bi(s:) —
st,n) i—1

Lstep sup
(0,1)—(t,n) * Feml(o]

4 Determinantal structure - Proof of Proposition 2.4

In order to prove Proposition 2.4 we first start by considering the transition probability
for a finite number of reflecting Brownian motions with drifts and arbitrary initial
positions (Proposition 4.1). Then we will set the drift of the first Brownian motion to p,
see Remark 3.5, and we will randomize the initial positions (Proposition 4.4).

4.1 Transition density for fixed initial positions

Proposition 4.1 generalizes Proposition 4.1 [16], which has been first shown in [34],
to the case of non-zero drifts.

Proposition 4.1. The transition probability density of N one-sided reflected Brownian
motions with drift ji from #(0) = ¢ € WV to #(t) = £ € WV at time t has a continuous
version, which is given as follows.

P ((t) € adla(0) = ¢) = n(C,€)aé (4.1)
where
N 2
(¢, &) = (H eu'"(fncn)m"m) 1<(]:€192‘5<N[Fk,l(§N+1fl — (N+1—k» )]s 4.2)
n=1 ==
and -
Fra(6,t) = 21 / dup et /2w Hzl 11(w + HN+1—z‘)7 4.3)
™ JiRtu [[i=(w+ pny1-i)

with p > —min{u1,...,un}.

Proof. We follow the proof of Proposition 8 in [34]. The strategy is to show that the
transition density satisfies three equations, the backwards equation, boundary condition
and initial condition, the latter one being contained in Lemma 4.2. These equations are
then used for It6’s formula to prove that it indeed is the transition density.

We start with the backwards equation and boundary condition:

oy (1 8? d

L _— 4.4
or 2 (2 a2 “”ag,L)’” (4.4)
8’f't .

a—c =0, whenever (; = (;_1, 2<i< N 4.5)

To see (4.5), move the prefactor e #:% inside the integral in the (N + 1 — i)-th row of
the determinant and notice that the differential operator transforms Fj,; into —Fj, 1.
Consequently, ¢; = ¢;—; implies the (N 4 1 — i)-th being the negative of the (N + 2 — ¢)-th
row. (4.4) can be obtained by the computation

3rt

ot

EJP 20 (2015), paper 69.
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Let f: WY — R be a C* function, whose support is compact and has a distance of
at least some ¢ > 0 to the boundary of W . Define a function F': (0,00) x WY — R as

P8 = [ n(@ér@ag @)

The previous identities (4.5) and (4.4) carry over to the function F' in the form of:

OF

26 =0, for(; =(i-1,2<i< N (4.8)
oF XL /1 62 B
S (0 +mag) (@9

Our processes satisfy x,(t) = ¢, + pnt + Bn(t) + L™(t), where B, are independent
Brownian motions, ! = 0 and L", n > 2, are continuous non-decreasing processes
increasing only when z,,(t) = z,,—1(¢). In fact, L™ is twice the semimartingale local time
at zero of x,, — x,—1. Now fix some € > 0, T > 0, define a process F (T + ¢ — t,Z(t)) for
t € [0,7] and apply Itd’s formula:

F(T+e—t23t) =F(T+¢,Z(0)) +/t—§F(T+5—s,f(s))ds
0 8
t o =
+Z/O 8—<7LF(T+€—S,m(S))dxn(S) (4.10)

N t 2
+ ;m;_1~/0 ﬁl’ (T +& = 5,7(s)) d (@m(s), 2n(5)) -

From the definition it follows that dx,,(t) = u,dt + dB,(t) + dL™(t) and
d (T (1), 20 (t)) = A (B (t), Bp(t)) = 6 ndt, (4.11)

because continuous functions of finite variation do not contribute to the quadratic
variation. Inserting the differentials, by (4.9) the integrals with respect to ds integrals
cancel, which results in:

4.10 F (T 7(0 [ g F (T 7 dB
(4.10) = F (T +¢,2( ))+n§:1/0 o, (T + e — 5,7(s)) dBy(s)

N (4.12)
+Z/O %F(TJrsfs,f(s))dL”(s).

n=1

Since the measure dL"™(t) is supported on {z,(t) = z,—1(t)}, where the spatial derivative
of F is zero (see (4.8)), the last term vanishes, too. So F (T +¢ —t,Z(t)) is a local
martingale and, being bounded, even a true martingale. In particular its expectation is
constant, i.e.:

F(T +¢e,()=E[F (T +¢,#0))] = E[F (e, Z(T))]. (4.13)

Applying Lemma 4.2 we can take the limit ¢ — 0, leading to
F(T,¢) = B[f (#T))]. (4.14)

Because of the assumptions we made on f it is still possible that the distribution of Z(T')
has positive measure on the boundary. We thus have to show that r;({, £) is normalized
over the interiour of the Weyl chamber:
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Start by integrating (4.2) over {x € [€n—1,00). Pull the prefactor indexed by n = N
as well as the integration inside the I = 1 column of the determinant. The (k, 1) entry is
then given by:

o0
e*#NCN*tH?V/Q / dielLNfNFk71(§N _ <N+1—k7t)
N-1 (4.15)
2 T=00
= e*ﬂNCthuNﬂeuNrFM(x —(Na1—kst) )
T=EN -1
The contribution from x = & _1 is a constant multiple of the second column and thus
cancels out. The remaining terms are zero for k£ > 2, since all these functions F}, » have
Gaussian decay. The only non-vanishing term comes from k& = 1 and returns exactly 1 by
an elementary residue calculation.
The determinant can thus be reduced to the index set 2 < k,I < N. Successively
carrying out the integrations of the remaining variables in the same way, we arrive at

the claimed normalization. This concludes the proof. O

- =

Lemma 4.2. For fixed 56 W, the transition density r;((,€) as given by (4.2), satisfies

— — —

lim [ r(C,6)£(€)dE = £(C) (4.16)

t—0 WN

for any C* function f: WY — R, whose support is compact and has a distance of at
least some ¢ > 0 to the boundary of WV .

Proof. At first consider the contribution to the determinant in (4.2) coming from the
diagonal. For k£ = [ the products in (4.3) cancel out, so we are left with a simple gaussian
density. This contribution is thus given by the multidimensional heat kernel, which is
well known to converge to the delta distribution. The remaining task is to prove that for
all other permutations the integral vanishes in the limit.

Let o be such a permutation. Its contribution is

N
/ dEf(€ H o(k) (EN+1—0(k) — CN+1—k> 1), (4.17)

where we have extended the domain of f to R, being identically zero outside of Wy .
We also omitted the prefactor since it is bounded for £ in the compact domain of f.
There exist i < j with o(j) <14 < o(i). Let

Wi = {EE RV : ENt1—o() — CN41—i < —€/2}
Wy ={{ e RY: ENt1-0() — CN+1-j > €/2}.

It is enough to restrict the area of integration to these two sets, since on the complement
of W1 U W,, we have

(4.18)

ENt1-0() = CN+1—i — /2 2 (N1 —€/2 2 ENt1-0(j) — & (4.19)

so we are not inside the support of f. .
We start with the contribution coming from W;. Notice that by

_ d
Fyi(§t) =e 5”N+1_'d*£(€€”N+1_1Fk,l+1(§,t)), (4.20)

all functions Fj; with £ > [ can be written as iterated derivatives of Fj, ; and some
exponential functions. For each k # i with k& > o(k) we write Fy, o (k) in this way and then
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use partial integration to move the exponential factors and derivatives onto f. The result
is

/N dgf(g)Fi,a(i) (ENt1—o() — CNt1-ist) H F max{k,o()} EN+1-0(k) — CN+1-k, 1) (4.21)
Wi ki

for a new C'*° function f which has compact support and is therefore bounded, too. We
can bound the contribution by first integrating the variables £y 1_,(x) with k > o(k),
k # i, where we have a gaussian factor F}, ;:

(4.21)] < sup ’f(f)| /N |Fio(i) (En+1—o(i) — CN41—i5 0| dENt1—0(s)
T w!
! (4.22)
H | Bl o) (EN+1—0(k) — a1k 1) dEN1—0(k)-
k<o (k) k#i

ﬁl’ consists of the yet to be integrated {-components that are contained in the set
W1 Nsupp(f). In particular, W is compact, so the functions Fj, ,(x, k # 4, are bounded
uniformly in £ by Lemma 4.3. The remaining integral gives:
—e/2
|(4.21)] < const/ |0y (@, )| da, (4.23)
which converges to 0 ast — 0 by (4.25).
The contribution of W5 can be bounded analogously with j playing the role of i. The
final convergence is then given by (4.24). O

Lemma 4.3. For each ¢ > 0 we have

lim [ |Fipy(z,t)dz =0, 1<1<k<N, (4.24)
t—0 c

—e
lim |Fi,i(z,t)| dz = 0, 1<k, I<N. (4.25)
t—=0 J_ o

In addition, for each 1 < k <1 < N the function Fy, ;(z,t) is bounded uniformly in t on
compact sets.

Proof. Let x < —¢, and choose a p which is positive. By a transformation of variable we
have

|Fra(z, )] =

k—1
L / dw etu:2/2+xw Hi:l (w + NN+1—i)
2l S Hi;i(w + UNt1-i)
1 o+ Vi ,
7/ dv \/ilikilev2/2+wv/\/fni:1 (U+ ,UN—&-l—z)
27 Jimctp Hi;i(v + Vipunti-i)

< (m) VT [ Jau] R D),
1IR+p

(4.26)

where g(|v|) denotes a bound on the fraction part of the integrand, which grows at most
polynomial in |v|. Convergence of the integral is ensured by the exponential term, so
integrating and taking the limit ¢ — 0 gives (4.25). To see (4.24), notice that by [ < k the
integrand has no poles, so we can shift the contour to the right, such that u is negative,
and obtain the convergence analogously.

We are left to prove uniform boundedness of Fj,; on compact sets for k < [. Forz <0
we can use (4.26) to get

Fralw, )] < @m0 [ o] 0o (4.27)
iR+p
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for t < 1. In the case = > 0 we shift the contour to negative pu, thus obtaining contribu-
tions from residua as well as from the remaining integral. The latter can be bounded
as before, while the residua are well-behaved functions, which converge uniformly on
compact sets. O

4.2 Transition density for random initial positions

To obtain a representation as a signed determinantal point process we have to
introduce a new measure. This measure P coincides with IP on the sigma algebra
which is generated by (x+1 — (x, £ € Z, and the driving Brownian motions By, k € Z.
But under IP, (p is a random variable with an exponential distribution instead of being
fixed at zero. Formally, P, =P ® P¢,, with IP¢, giving rise to (s ~ exp(A — p), so that
P is the result of conditioning P on the event {{, = 0}. This new measure satisfies a
determinantal formula for the joint distribution at a fixed time.

Proposition 4.4. Under the modified initial condition specified by P, the joint density
of the positions of the reflected Brownian motions {z,(t),0 <n < N — 1} is given by

—

P (Z(t) € d€) = (A — p) AN Le 10"/ 2H060 1S252N[ﬁk4(§N4: t)]de (4.28)

with

- 1 [ etw? /2+&w, )k
F; t) ;= — dw —. 4.29
k(€7 ) 2ri Re w ’LU+)\ ( )

For the related model, the totally asymmetric simple exclusion process, a formula
similar to the one of Proposition 4.4 also exists [7]. Here we provide a direct proof of it.

Proof of Proposition 4.4. The fixed time distribution can be obtained by integrating the

—

transition density (4.1) over the initial condition. Denote by p, (£) the probability density
of Z(t), i.e., P (Z(t) € d€) = py(£)dE. po(X) equals

dgep(EO*Co)*tPQ/Q A—p AN=Leploe=AN—1 qet  [Fy, En—i — CNepot
/WN(‘]{<0>0} ( ) 1§k,l§N[ ’ ( )]

— () — p)AN Lt 24080 / AC M-

WHNN{¢o>0}

1 2 _ _
x  det — dwy, et Wk/2EN 1wk ¢ CN*“wkw,’: !
1<SkISN [ 271 Jigyy,

> 4.30
Z (X — )ALt 2o 3 (-1 / di%etwg/rzemg(mwkw,;_a(k) (4.30)
ocE€SN k=17 R+p 2mi
oo o]
X / dCo . .. / dln_1 e~ MN—1 = (N—1wi g —(N—2w2  ,—Cown
0 N -2
N 29 Eno k—o(k)
:()\ _p))\N—le—tﬁz/Q-i-Pfo Z (_l)la'l H/ dwy, elWi/2 08N ) Wy
oESN o1 JiR+u 2mi wy 4w + A
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Since all wy are integrated over the same contour, we can replace wy by wy):

(4.30) = (A — p)AN 110" /24080
w w k—o(k

o Z IUI 1]_\’[/ dwy, EtWh /2 pEN — o (1) Wor (i) 4y (/)( )

oceSN k=1"iR+u 21 Wo(1) + -+ Wogk) + A

N
_ ()\ _ ,0)>\N71€7tp2/2+p£0 / % etwiﬂe&v’kwkwk_k
el iR+p 2771

1)le] Yo k)
x Z( H -+w(,(k)+/\'

w
ocESN U(l

(4.31)

We apply Lemma 4.5 below to the sum and finally obtain

N

dwy, 2 wk
F) = (A — p)AN~Lemte? /240t / —— el 2t gyl et L
p+(@) = (A—p) 1}:[1 R 27 b oa<ki<n wp + A

— () — p)AN—1—t%/2+4pk0 {N }
A=p)A" e 1;}33%}\} Fri(én—1,1)] .
(4.32)

O

Lemma 4.5. Given N € N, A > 0 and w1, ...,wy € C\ R_, the following identity holds:

w’“(k) wy
§ \UI | | i = det [ ! ] . (4.33)
We(1) + -+ We (k) + A 1<kJI<N |w; + A

ocESN

Proof. We use induction on N. For N = 1 the statement is trivial. For arbitrary NV,
rearrange the left hand side of (4.33) as

)lel wi(k)
> I

oESN wo’(l

N N N-1 w

_ wy Z ( 1)\0\ H o (k)

=> - (4.34)
St RN A jo1 W) ot Wok) + A
N N —1

- Wi N o(k)
Zw1+...+wN+/\ Z ng

l

1 €SN, 0(N)= l

where we applied the induction hypothesis to the second sum. Further,

N k
4.38)= 3 (—1)lel 2o tA Yo (k)
wy+ - t+wy + A wa(k)+)\
ogESN k=1

1
Cow - +wN+/\le+)\

( Z ‘ |wg(1v) Hw + A Z “" Hw (k)> (4.35)

ocESN oeSN

1
S owy + +wN+/\le+)\

><< det [wlk_l+5k"v}+)\ det [wf 1]),
1<k,I<N 1<k,I<N
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with 0 v being the Kronecker delta. Inserting the identity

et {wf—ww} = (wi+twy) | det [wf™], (4.36)
we arrive at
(4.34) = (ﬂ = ) det [wF™'] = det { wr } (4.37)
’ w+N/) 1<ki<y b 1<kI<N |w; + A |’ ’

=1
To show (4.36) we introduce the variable wy; and consider the factorization

N
[wlk*l] = H(wN+1 —w;) det [wl’“l] , (4.38)

e
1<k,I<N+1 ] 1<k,I<N
=

which follows directly from the explicit formula for a Vandermonde determinant. Expand-
ing the determinant on the left hand side along the (N + 1)-th column gives an explicit
expression in terms of monomials in wy 1. Examining the coefficient of w]]\\;;} on the left
and right hand side respectively provides (4.36). O

4.3 Proof of Proposition 2.4

We can rewrite the measure in Proposition 4.4 in terms of a conditional L-ensemble
(see Lemma 3.4 of [11] reported here as Lemma 4.6) and obtain a Fredholm determinant
expression for the joint distribution of any subsets of particles position. Then it remains
to relate the law under P, and P, which is the law of the reflected Brownian motions
specified by the initial condition (2.10). This is made using a shift argument, analogue to
the one used for the polynuclear growth model with external sources [5, 20] or in the
totally asymmetric simple exclusion process [29, 15, 4].

Proof of Proposition 2.4. The proof is divided into two steps. In Step 1 we determine
the distribution under P and in Step 2 we extend this result via a shift argument to P.

Step 1. We consider the law of the process under P for now. The first part of the
proof is identical to the proof of Proposition 3.5 [16], so it is only sketched here. Using
repeatedly the identity

~ 3 ~
Fu(e,t) = / dz Fpor(2,1), (4.39)
relabeling &F := ¢, _1, and introducing new variables ¢ for 2 < < k < N, we can write
= N+1-1 5] _ = N k
1<H% P& )] = /p, 1<y [Fiea(€” 0] I agr (4.40)

2<I<k<N

where D' = {¢f € R,2 <1 < k < Njzf < 27!}, Using the antisymmetry of the
determinant and encoding the constraint on the integration variables into indicator
functions, we obtain that the measure (4.28) is a marginal of

N
P61 [ o } o N
const - e 1 1Sczl’c;tgn Len <en 1§(133th [Fr1(&",1)]
"= (4.41)
N
_ " n—1 ¢n - N
=const- [ det | [0n(€&0 6] | det | [Fia (&, 0)]
with -
n(x,y) = ly<cy, forn>2
(li (z,y) <y (4.42)
(bl(‘ray) = epy7
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and using the convention that £~! < y always holds.
The measure (4.41) has the appropiate form for applying Lemma 4.6. The composition
of the ¢ functions can be evaluated explicitly as

Gon(T,y) = (P1 % - % ¢ (z,y) = p' e, forn > 1,

- - - — x)yrn—m-1 (4.43)
(bm,n(xvy) = (¢m+1 ook ¢n)(x7y) = ((yn_x)ﬂl_l)!]IHUSW forn >m > 1.

Define .
(_1)n—k etw /2+§wwn—k

ni(§) = Tom /HR_E dw TS U (4.44)

for n,k > 1 and some 0 < ¢ < A. In the case n > k the integrand has no poles in the
region |w| < A\, which implies ¥” , = (—1)""*F,_;. The straightforward recursion

(G * WE_)(E) = TN (6) (4.45)

eventually leads to condition (4.64) being satisfied.
The space V,, is generated by

{éo,n(g?v 1’), ey anfz,n(fgii f), qznfl,n(é-z_ly LL‘)}, (446)
so a basis for V,, is given by
{err a2 2" 73, 1) (4.47)

Choose functions ®];_, as follows

(=n"* Z+A
n _ 2mi fFo dZ etz2/2+€z yn—k+1 2 S k S n
n—k(§) = (=p~—! 24\

(4.48)
27 fl"o‘_p dz et22/2+§zzn—l(z+p)

By residue calculating rules, ®'_, is a polynomial of order n — k for £ > 2 and a linear
combination of 1 and e”¢ for k = 1, so these functions indeed generate V,,. To show (4.66)
for ¢ > 2, we decompose the scalar product as follows:

[ acu oo 9+ [ acun @@, (4.49)
Since n — k > 0 we are free to choose the sign of ¢ as necessary. For the first term,
we choose ¢ < 0 and the path I'y close enough to zero, such that always Re(w — z) > 0.
Then, we can take the integral over ¢ inside and obtain

e o 2 4 )
[ SO0 = i [ e O i

For the second term, we choose ¢ > 0 to obtain Re(w — z) < 0. Then again, we can take
the integral over ¢ inside and arrive at the same expression up to a minus sign. The net
result of (4.49) is a residue at w = z, which is given by

(4.50)

-1 k—1
(Sl G (4.51)
2mi To ’

The case ¢ = 1 uses the same decomposition and requires the choice ¢ > p resp. € < 0,
finally leading to

-1 k—1 1—k
(4.49) = %]{ dz Z— = 6,1, (4.52)
1 r z+p

0,—p
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Furthermore, both ¢, (£7~!, ) and ®2(¢) are constants, so the kernel has a simple
form (compare with (4.67))

K(n1,61:n2,£) = =nyma (61,62) Lmgsmy) + D Ui (€)1, (&2). (4.53)

k=1

However, the relabeling &F := ¢,_; included a index shift, so the kernel of our system is
actually

K(ni,€5m2,8) = K(ny + 1, &3m0 + 1,&)

. . (4.54)
(bnl,nz (51752 (n2>n1) + qun1+11€+1 q)n2+llc+1 (52)

Note that we are free to extend the summation over k up to infinity, since the integral
expression for ®7_, (£) vanishes for k > n anyway. Taking the sum inside the integrals
we can write

1 etw2/2+§1w(_w ni

U ()P () = dw ¢ dz n(w,2),  (4.55)
]%:1 1—k+1 2—k+1 (27T ) k-2 Jro_, etz2/2+£2z(_z)n2
with s Y Z 2722 4+ \) 4.56)
W,z2) = ————— —_— . .
! (W NGE+p) | T w A
, we can use the formula for a geometric series,
resulting in
z+ A z+ A 1
w,z) = +
n(w, z) (w+Nz+p) (W+Nwl-—z/w 4.57)
1 A—p ’

= + .
w—z " (wtN(z+tp)

Inserting this expression back into (4.55) gives the kernel (2.12), which governs the

multidimensional distributions of z,,(¢) under the measure P, namely

]P+< ﬂ {xn(t) < an}) = dEt(]]- - XaICXa)LQ(SX]R)~ (4.58)
nes

Step 2. The distributions under IP and under P can be related via the following shift
argument. Introducing the shorthand

= ({za(®) < an}, (4.59)

nes

we have

Po(E(S.) = [ daPi(ea(0) € )Py (E(S.Dle(0) =

_ / dz (A — p)e" AP (E(S,d — )
R+

_ o d_ =
— e O-p)z g — (A=p)e a—
— e O p(E(S,a ac))‘o + R+dm P PEWS A=) (460
—PES.@) - [ dpe e Zda P(&(S,d))
Ry kes Ok

— P(E(S,d)) — %_p ) di%lm(é(s, @)).
kesS
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Combining the identity

~ 1 d ~
PE(S,a) =14+ —— — | P (&E(S,a 4.61
(£(5.)) (+Ap2dak) NEEND) (4.61)
keS
with (4.58) finishes the proof. O
Lemma 4.6 (Corollary of Theorem 4.2 [10]). Assume we have a signed measure on
{P',n=1,...,N,i=1,...,n} given in the form,
N
7 [T detln(at ™ e hsi sen detl¥N_i(e)h<aen, (4.62)
n=1

where x| are some “virtual” variables and Zy is a normalization constant. If Z # 0,
then the correlation functions are determinantal.
To write down the kernel we need to introduce some notations. Define

¢(n1,n2)($’y) _ (¢n1+1 O ¢n2)(337y)7 ny < ng, ] (4.63)
0, ni Z na,

where (a * b)(z,y) = [ dza(z,2)b(z,y), and, for1 <n < N,

(@) = (" = UN_)(y), j=1,...,N. (4.64)
Then the functions

{00 (@, 2),..., "2 (@22, 2), u(a )} (4.65)
are linearly independent and generate the n-dimensional space V,,. Define a set of

functions {®};_;(x),j = 1,...,n} spanning V,, defined by the orthogonality relations

/ dz @5 (2)V},_;(z) = 6i 5 (4.66)
R

for1 <i,57 <n.
Further, if ¢,,(z"~ 1, x) = ¢, ®3(z), for some ¢, # 0,n = 1,..., N, then the kernel takes
the simple form

no

K(ny, 13m0, 2) = =™ (21, 29) + Z U ()@ (22). (4.67)
k=1

5 Asymptotic analysis - Proof of Theorem 2.6

Remark 5.1. The change in variables
D Nt N A (5.1)

reproduces the same system with new parameters A\ =1and p = £. We can therefore
restrict our considerations to A = 1 without loss of generality.

Fix A = 1 from now on. According to (2.18) we use the scaled variables
n; = t+ 2t2/37‘i
& = 2t + 2623, + 135, (5.2)
p=1—t"1/3,

EJP 20 (2015), paper 69. ejp.ejpecp.org
Page 20/41


http://dx.doi.org/10.1214/EJP.v20-4177
http://ejp.ejpecp.org/

Brownian motions with one-sided collisions: the stationary case

with § > 0. Correspondingly, consider the rescaled (and conjugated) kernel
K1, 51372, 82) = 15578 K (1, €152, &), (5.3)
which naturally decomposes into

,Cresc(rl’ S1;7T9, 52) = — ;?ng (51, 82)]]_(7.1<,,.2) + ICBGSC(Tl, S1;T9, 52). (5.4)

Remark 5.2. Instead of integrals over Airy functions (2.17) can also be written as
contour integrals:

-1 e2™/3 00 e ™/3x0 6Z3/3+7’2Z27‘SQZ 1
Hrur (51,02) = (27i)?2 /e*?wi/Soo aw emi/300 dZew3/3+T1WZ_81W zZ-W
1 et oo o~ (W3 /34r W2 —s1 W)
fri(s1) = 5= dw (5.5)
271 Je-271/300, right of 0 w
1 e~ ™/3 50 eZ3/3+r222—52Z

. = dZ———.
gra(52) 2mi ~/e"‘/3o<>,1eft of § Z -6

In the integral defining K, the path for W and Z do not have to intersect. In addition,
the Gaussian part has a representation in terms of an integral over Airy functions:

2,3
e§r2+r282

Vi ra (81, 82) = / dz e M2 Ai(r? 4 sy + 2)Ai(r2 + 55 4 2). (5.6)
R

2,3
e§r1+rlsl

This is obtained employing identities in Appendix A of [4] as well as the identity (D.3)
of [15].

In order to establish the asymptotics of the joint distributions, one needs both a
pointwise limit of the kernel, as well as uniform bounds to ensure convergence of the
Fredholm determinant expansion. The first time this approach was used is in [18]. These
results are contained in the following propositions.

Proposition 5.3. Consider any ry,r, in a bounded set and fixed L. Then, the kernel
converges as

tlgglo K¢ (r1, 81572, 82) = K°(r1, 51372, 52) (5.7)

uniformly for (s1,s2) € [—L, L]?.

Corollary 5.4. Consider r1,r- fixed. For any L there exists ty, such that fort > tqy the
bound

|5y, 813572, $2)| < const, (5.8)
holds for all (s1, s2) € [-L, L]?.
Proposition 5.5. For fixed r1, 72, L and § > 0 there exists ty > 0 such that the estimate

|IC(r)eSC(7’1, $1:79, 52)| < const - e~ min{d,1}s2 (5.9)

holds for any t >ty and sy, s2 > 0.

Proposition 5.6 (Proposition 5.4 of [16]). For fixed ry < ro there existsty > 0 and C > 0
such that

|67, (51, 82)| < Ce I (5.10)

1,72
Now we can prove the asymptotic theorem:
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Proof of Theorem 2.6. The joint distributions of the rescaled process Xt((s)(r) under the
measure [P are given by the Fredholm determinant with series expansion

1P+( ﬁ {(x () < Sk}>

k=1

Y&
- Z N! Z Hdgk 1(Ck>§ik)IS%S%N[K(nika;niuCl)]u

N>0 Yodyein=1

(5.11)

where n; and ¢; are given in (5.2). Using the change of variables oy, = t~1/3(¢, — 2t — 2t2/3r;,)
and a conjugation we obtain

(—].)N m N
(5.11) = E i § /kl | dok Lioy>s;,)
=1

N>0 i1, nin=1

(5.12)

x  det {IC”’SC(T‘/C, Ok T, 01)

(I+op)m+in
1<k,J<N } ’

(1 + U%)?rz-‘rl—ik
where the fraction inside the determinant is the new conjugation, which does not change

the value of the determinant. Using Corollary 5.4 and Propositions 5.5, 5.6, we can
bound the (k,[)-coefficient inside the determinant by

(1 + o.l2)m+1—il

consty (e_l"k_‘”‘]l iciy e mi“{‘s’l}‘”) — (5.13)
(i <ir) (1+ 0}%)m+1 ir
assuming the r; are ordered. The bounds
1 2)i 1
(‘*‘7552)6—\9;—“ < conste——, fori < j,
(1+y?)7 14y
(1 + 22) . (5.14)
T2 pmmin{dlle o const3——, forj > 1,
(1 +y?)7 1+y?
lead to )
(513) S COnSt;;W. (515)
k

Using the Hadamard bound on the determinant, the integrand of (5.12) is therefore
bounded by

N
dO’k
const NV/2 H Liop>si )3 (5.16)
pie 1+ o,
which is integrable. Furthermore,
constd NN/2
[ERAIEY —— (5.17)
N>0

which is summable, since the factorial grows like (N/e)Y, i.e., much faster than the
nominator. Dominated convergence thus allows to interchange the limit ¢ — co with the
integral and the infinite sum. The pointwise convergence comes from Proposition 5.3,
thus

tliglo IP+(/Q {Xt(é)(rk) < Sk}> = det (]l - XsKéxs)L%{n,...,rm}><]R) : (5.18)

It remains to show that the convergence carries over to the measure IP. The identity

ds; 1 _
=B =51 - 5.19
a, (1=p) (5.19)
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leads to

IP( A (xO(r) < Sk}) _ (1 + %Em: d‘i)m( A (xO(r) < sk}), (5.20)
V 22 ds,

k=1

Notice that in (5.12), s; appears only in the indicator function, so differentiation just
results in one of the o5 not being integrated but instead being set to s;. Using the same
bounds as before we can again show interchangeability of the limit ¢ — oo with the
remaining integrals and the infinite sum. O

Before showing Propositions 5.3 and 5.5, we introduce some auxiliary functions and
establish asymptotic results for them.

Definition 5.7. Define

t1/3 >
Oét(’I“,S) = dw et(w —1)/2+f(w+1)<_w)n
27l iR
t1/3 H(w?—1) /24 (26426 3r+1/3 ) (w1) t42t2/3
= — dw etw r s)(w (_,w) T
27T1 iR
Bie(r,s) i = — dz et 71)/275(”1)(—2)7”
2mi To
t1/3 2 _ 2/3 1/3 4 042/3
_r dz et D/2= @2 Pkt Pe) (et ) () —t=2
27Ti To
Lemma 5.8. For fixed r and L the limits
a(r,s) := lim a(r,s) = Ai(r® + 5)67§T37T8
oo (5.22)

ﬁ(’l’, S) = tliglo ﬁt(rv S) - —Ai(T'2 —+ S)e%T3+TS

hold uniformly for s € [-L, L].

Proof. Let H,(z) be the normalized n-th order Hermite polynomial with respect to the
2
weight e=*"/2, i.e., satisfying

/QHﬁAxﬂLxxﬁfﬁzmdxzzémn. (5.23)
R

There exist two explicit integral representations for these polynomials:

1 2 2
H,(z) = - e /2 dw e? /2fa:wwn
(=) i(2m)3/4/n! iR+e
i (5.24)
H,(z) = ——+ e dz e~ (Z*/2=w2) y=(nt1)
i(2m)5/4 Ji,
From [33], p. 201, one obtains the asymptotic behaviour
n'/12e=7" A, (z) = Ai(u) + O(n~¥3), 2 =2Vn+n"0u (5.25)

uniformly for any bounded u.
Introducing the shorthands x = 2t'/2 + 2t1/6y 4 t=1/65, n, = t + 2t>/3r and applying
the change of variables w — —wt~'/2, we can write

£1/3

We_t/2+tl/2wt_(n+l)/2\/m€_m2/2Hn(CL'). (526)
™

ay(rys) =

EJP 20 (2015), paper 69. ejp.ejpecp.org
Page 23/41


http://dx.doi.org/10.1214/EJP.v20-4177
http://ejp.ejpecp.org/

Brownian motions with one-sided collisions: the stationary case

Using Stirling’s approximation and Taylor expansion in the exponents one can further
analyze this as

ay(r,s) = e Fri-rstOUT?) (1 + O(t71/3)) n1/12e*z2/4Hn(x), (5.27)
with with the error terms being uniform for s € [—-L, L]. The observation
u=n"%z—2vn) = r?+s, (5.28)

as t — 0o, settles the convergence of ay.
Using the second integral representation of the Hermite polynomials one can rewrite
B¢, too:
By(r,8) = —tV/3(2m) M/ 4t/ 2= P2n/2(n))=1/2] (3). (5.29)

Analyzing the prefactor as done before finishes the proof. O

Lemma 5.9. For fixed r, there exist ty, L such that for allt >ty and s > L the following

bounds hold
|ag(r,8)] < e™®

5.30
1By(r, )] < e~ (5:30)

Proof. We start by analyzing ;. Defining functions as

f3(z) = =(2* = 1)/2 = 2(2 + 1) — In(—2)
fa(z) = =2r(z + 1+ In(—2)) (5.31)
fi(z) = —s(z + 1),

we can write G(z) = tf3(z) + t2/3 fo(2) + t'/3 f1(2), leading to

11/3
Bulrs) =5~ ¢ dz eG3), (5.32)
o

Figure 2: The contour I' = v, U v2(R) U y2(R) U y3(R) used for obtaining the uniform
bounds.

Define a new parameter w given by

w = min {t_l/g\/g,g}, (5.33)
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for some small, positive € chosen in the following, and let € (7/6,7/4). As shown in

Figure 2, we change the contour I'y to 71 Uy2(R) U2 (R) U v3(R), with

m={-1+w(l+iuvtand),u € [-1,1]}
Yo(R) = {1 +ue'’,u € [w/ cos b, R]} (5.34)
73(R) = {—1+ Re™,u € [-0,0]}.

Since we will only estimate the absolute value of the integrals, the direction of integration
does not matter.

If t and s are fixed, the integrand is dominated by the exp(—2?2) term for large |z|. Thus
the contribution coming from ~3(R) converges to 0 as R — oo. With 79 = limpg_,o 72(R)
our choice for the contour of integration is now v; U 2 U 73.

We start by analyzing

t1/3 tl/3 .
7/ dz G — 6G(20)7/ du eC 2o tiu)=G(z0) (5.35)
2mi " 2w [—w tan 6,w tan 0]

where zp = —1 + w.

Let us consider the prefactor ¢“(#0) at first. Since w is small we can use Taylor

expansion, as well as (5.33), to obtain the bounds

wst!/3 (1 + O(e))
wV/st 3] (14 O(e)) (5.36)

tfa(z0) =t (w*/3+ O(w?)) <
t2/3f2(20) = 2/3y (w2 + 0(w3))
3 f1(20) = —wst'/.

1
3
<

All error terms are to be understood uniformly in s, ¢,r. The f; term dominates both f5,
if L is chosen large enough, and f3, for ¢ being small. This results in

1/3 3/2

eCle0) < gmawst’? < o=357" (5.37)

To show convergence of the integral part of (5.35) we first bound the real part of the
exponent:

Re (G(zo + iu) — G(20))

2_2 . . .
=Re {t (uzolu — 2iu — In ZO—’_W) +t3/3 . 2 (iu +In w) — t1/3siu]

2 20 20
2 1 2 2 (5.38)
=t(L - -m 1—|—u—2 +t*/3r1n 1+u—2
2 2 25 25
2 1 2 2
<t (1= S o ) 28 = /32,
2 25 2z 25
7 satisfies:
tL/3 1 1 u? T
”‘2<<1w>2‘ ‘2<1w>4>‘<1w>2 (5.39)

=301+ OW) —r (1 + Ow)),

where we used |u] < w. Given any € we can now choose both L and t, large, such that
the first term dominates. Consequently 1 will be bounded from below by some positive
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constant 7. The integral contribution coming from +; can thus be bounded as

1/3
6.35)] = =t / g G (eoin) ~Gz0)
27 [—w tan ,w tan 6]
1/3
<e -1 3/2t/ /du —not?/3u? . 153/2 1 /due nou® (5.40)
_ 6—593/2
QW

Finally we need a corresponding bound on the v, contribution to the integral. By
symmetry this case covers also the contour 75. Write

1/3 1/3,i0 ,
i dzef®) = 6G(zl)t/?/ du =6, (5.41)
27 ), 2mi Jr,
with z; = =1 + w(1 +itanf). From the previous estimates one easily gets
‘ G| < G20) < o=55°7 (5.42)

so the remaining task is to show boundedness of the integral part of (5.41).

At first notice that the real part of the f; contribution in the exponent is negative, so
we can omit it, avoiding the problem of large s. By elementary calculus, we have for all
u > w/cosb,

d )
d—Re (f5(-1+ue?)) <o, (5.43)
U
that is, v, is a steep descent curve for f;. We can therefore restrict the contour to a
neighbourhood of the critical point z;, which we choose of magnitude 4, at the expense
of an error of order O(e~nstet).

1/3 o e
i etfs(Ufi'e)+t2/3f2(u€'e) (5.44)

) 5
du eG(zlJrue‘@)—G(zl) < (1 + O(efconstgt)) / du
2 Ry 0

where fi(z) = fi(z1 + z) — fi(21). Taylor expanding these functions leads to

Re(tf3(ue?)) = tRe(e*?)u (14+0()) (1+0(e))

829
< - 1/3, . 42/3
X3t/ “w -t uw (5.45)

Re(t?/3 fo(uel?)) = 2Re(e 2‘9)t2/3ruco 7 (1+0()) 1+ 0(e)
< Xalr| - %/ Puw,

for some positive constants ys, x3, by choosing § and ¢ small enough. For large L and ¢,
—x3t'/3w dominates over X2|r|, so we can further estimate:

b
/due
0

This settles the uniform exponential bound on j;.
Combining (5.26) and (5.29) one obtains

t f (ue®) 41272 fa (uel®)+ fo (ue'®)

< [T duentezg 2o (5.46)
0 X3tw

ay(r, s)
Bi(r, s)

for some function f;(r). From the convergence of «; and g, it is clear that f; converges,

1/3

= fi(r)e 2ot (5.47)

too. Since we already know that §; is uniformly bounded by a constant times e=s"/ 2,
the exponential bound on «; follows. O
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Proof of Proposition 5.3. Regarding the first part of the kernel, we notice, that n; = 0
does not appear in our scaling, so we can use the formula (for ny > n4)

R

(77/2 — Ny — 1)'

¢n1,n2 (£17 §2) = (d)'nl *.. -anz—l)(fh 62) = ]lflﬁﬁz' (548)

This is the same function as in [16], proof of Proposition 5.1, so the limit
1

. resc — —(52—81)2/4(7“2—7’1)
tli?go ¢T177‘2 (81a32) 47T(T2 — 7”1)6 ]1(7“1 < 7"2), (549)

is not proven here.

The different parts of the remaining kernel can be rewritten as integrals over the
previously defined functions « and 3. For K, choose the contours in such a way that
Re(z —w) > 0 is ensured.

38178 K ny, €309, &)
11/3 etw? /2+&1 (w+1) oo
/ dwj{ dz 5 ( w)
27T1 R—e t22/24 86241 (—z)n2 w — 2

z)
1/3 ot (w2 =1)/2+€1 (w1 ni oo (5.50)
(—2t / / dw% dz t(( 2 1;j2+§ ( +1)) (( 'u)) 1 d tl/Se—tl/Sm(z—w)

ﬂ-l R—e et\z 2(z 2 J,

:—/ dxat(r1,81+$)5t(7"2732+$)
0

Also rewrite f as follows:

e P f(ny, &) =

1/ dwet(wzfl)/2+£1(w+1)(_w)n1
R—¢

27i w+1
1 t(w2—l)/2+£1(w+1) _ ni
=14 — dw ¢ (zw)
2771 iR—e—1 w + 1 (5‘51)
-1 L dw et(11;2—1)/2+£1(w+1)(_w)n1 / dx tl/Setl/Bm(1z)+1)
271 JiR—e—1 0

:17/ dz oy (ry, 1 + ).
0

Similarly,
6t/27€2£(n27 §2) = Res;,_, + / dz Be(re, s2 + l’)e‘sﬂﬂ, (5.52)
0

with
Res‘ﬂ = et2/36—t1/352/2—52t71/35(1 _ t_1/3(5)_n2. (553)

The residuum satisfies the limit

lim Res; _, = — 0°/3+726"~528 (5.54)
t—o00

uniformly in s,. The prefactor of the last part of the kernel is simply t'/3(1 — p) = 6.
Combining all these equations gives

K6 (r1, 81572, 82) = / dz ag(r1, s1+ ) Be(r2, s2 + )
o o (5.55)
+6 <1 — / dz oy (ry, s1 + x)) (Resgy_p + / dz B¢ (ra, s2 + a:)e‘h) )
0 0
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Using the previous lemmas we can deduce compact convergence of the kernel. Indeed
(omitting the r-dependence for greater clarity) we can write:

sup
s1,82€[—L,L]

/ " dwau(sr + 2)i(s2 + ) — / ~ dwa(st +2)8(s2 + )
0 0 (5.56)

S/ dz sup lat(s1 + @) Be(s2 + x) — asy + x)B(s2 + )] .
0 s1,82€[—L,L]

By Lemma 5.8 the integrand converges to zero for every z > 0. Using Lemma 5.9 we
can bound it by const - e~ thus ensuring that (5.56) goes to zero, i.e., K converges
compactly. In the same way we can show the convergence of f and 4. Applying the limit
in (5.55) and inserting the expressions for a and S finishes the proof. O

Proof of Proposition 5.5. Since the convergence (5.54) is uniform in s, we can deduce
’Resg,,p| < consty - e 520, (5.57)

Inserting this as well as the bounds from Lemma 5.9 into (5.55) results in
(Ko™ (r1, 81572, 82)| < / dx e~ (1F0e(02F0) 4§ (1 —I—/ dx e_(“”))
0 0
o0
X (constl s 520 +/ dx e_(s2+x)e‘sx>
0

1 52
= 56_(81+S2) +6(1+e ") <const1 ces20 4 f(5>

(5.58)

< const - ¢~ Win{d1}s2

6 Path-integral style formula

Using the results from [9] we can transform the formula for the multidimensional
probability distribution of the finite-step Airyg;ay process from the current form involving
a Fredholm determinant over the space L?({ry,...,7,} x R) into a path-integral style
form, where the Fredholm determinant is over the simpler space L?(R). The result of [9]
can not be applied at the stage of finite time as one of the assumption is not satisfied.

Proposition 6.1. For any parameters xi € R, 1 < k < m, satisfying

0<Xm<~-~<xg<xl<m<ax{rj—ri,6}, (6.1)
i<j

define the multiplication operator (M., f)(x) = m,,(z) f(x), with

(@) e X forx >0 6.2)
my, (x) = .
e for x < 0.

Writing K¢ (z,y) := K°(r;, ;7;,y), the finite-dimensional distributions of the finite-step
Airys.t process are given by

~ I~ d
P AD) (1) < — (14> det (11 M, M—l) : .
(}Dl{ stat(rk) — Sk} + 5} ; dSz e + 1Q T1 L2(R) (6 3)
with
Q= K} + PV Poy Voo s Po Ve K, (6.4)
where P, = 1 — P, denotes the projection operator on (—00, 8).
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Remark 6.2. The operator V., ., for r; < r; is defined only on the range of K;fi and acts
on it in the following way:

wj;TiKTi,Tk = K”'j,”‘k? ‘/rj,rifn = frJ- (6.5)
In particular, we have also V., ;. 1 = 1.

Proof. We will denote conjugations by the operator M by a hat in the following way:

~

~ _ 1 _
Vvﬁ,’f’j - MT'iVT‘m"'jM ’ f’f'i - Ml‘if‘l'i’

Tj
Kfz = M“K:iM?:l’ /g\ﬂ = g"‘iM;17 (6.6)
Ky = My Ky, o MY

Applying the conjugation also in the determinant in (2.15), the identity we have to show
is:

det (]]. — Xs-l:?ﬁx:?)
L2({r1,....,rm} xR) (6.7)

~ _ o~ ~
4

= det (1= K7, + P, Vp s Poy -V, P,V

Tm—1,"md 8m Vrm,r1 Kn

) L2(R)
This is done by applying Theorem 1.1 [9].

It has three groups of assumptions we have to prove. We merged them into two by
choosing the multiplication operators of Assumption 3 to be the identity.

Assumption 1

(i) The operators P.,V,, ., Py, K2, PV, K2 and P, V, , K forr; < r; preserve
L?(R) and are trace class in L?(R).

(ii) The operator V., ,, K% — ]581.‘7”7

Ti,T1 1

and is trace class in L?(RR).

P,

Sm

_ ~
P5i+1 T V;“m—h?”m

V.. K8 preserves L*(R)

Ti41

Assumption 2

(i) Right-invertibility: V,, ., V;, » K2 = K¢

(ii) Semigroup property: V., .. Vi . = Vi,
(iii) Reversibility relation: ‘Zm IA(;SJ_ = IA(,‘? ‘A/Ti,rj

The semigroup property is clear. To see the reversibility relation, start from the
contour integral representation (5.5) of K, ,, and f,, and use the Gaussian identity:

dz 1 67(271)2/4(rj7Ti)€7TjW2+ZW — efriW2+:rW. (6.8)
R Ar(r; —r;) ’
This results in 17}“” K fj = I?TMJ + 5]?” & ﬁrj. On the other hand we have
/ dz 1 ef(zfy)2/4(rj7Ti)6TiZ2sz _ 67“J-Z27yZ7 (6 9)
R Am(rj —r;) '

SO I?f IA/TT7 - K oy T 5fm ® ﬁrj, which proves Assumption 2 (iii). Noticing Remark 6.2,
the right-invertibility follows immediately.

Assumption 1 (ii) can be deduced from Assumption 1 (i) as shown in Remark 3.2, [9].
Using the previous identities we thus are left to show that the three operators Psffrm,
for r; < r;, as well as Psif(,.i,rj and Psiﬁ.i ®§7,j, for arbitrary r;, r; € R, are all L?-bounded
and trace class.
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First notice that V;., ;. (z,y) = Vo», —, (=2, —y). Using the shorthand r = r; — r; and
inserting this into the integral representation (5.6) of V we have

Vi, (@) = 57 / AANAi(—z 4+ N)e"TVVAI(E —y 4 X) = (V(”Vr@)) (z,y), (6.10)
R
with the new operators
VO (z,y) = Ai(-z + y) 6.11)
V3 (z,y) = ezgr3ez’"(9”_3’)Ai(7“2 +z—vy). '
Introducing yet another operator, (N f)(x) = exp (—(xi + x;)z/2) f(z), we can write

Py Ve, = (Po, M, VON YNV, M), (6.12)

i

The Hilbert-Schmidt norm of the first factor is given by

2
[ dwdy |2 Y ON )z
R2
:/ dm/dymfi(m)Aiz(f:ﬂnLy)e(Xi+Xf)” (6.13)
S1 R

=/ da:mf.i(a:)e(x“rxf')m/ dz Ai?(z)e(xitxi)z,
s1 R

The asymptotic behaviour of the Airy function and the inequalities x; > x; > 0 imply that
both integrals are finite. Similarly,

2
[ dzdy |V )|
R2 ’

4
3

esr’ / da dy e~ Catxa e 2r@=v) A2 (2 4 g y)m;ﬁ(y) (6.14)
R? :

ol

et / dze” (oba)2e2 = A2 (2 Z)/ dymEQ(y)e‘<Xi+Xf)y < 00,
R

R
where we used 2r > x; + x; as well. As a product of two Hilbert-Schmidt operators,
Py, V., r; is thus L%-bounded and trace class.

We decompose the operator K, ., as

PS’iI?T'th = (PsiMTiK/—nPO)(POK;erzl) (6.15)
where ,
2
Kl(z,y) = e3" " @AI(r? + z + ). (6.16)
Again, we bound the Hilbert-Schmidt norms,
/ dady |(Py, M, K", Po)(z,y)|°
RQ
4,3 o0 o0
e / a / dymy, (@)e” AL} + 2 +y) (6.17)
Si 0
< e*%’"?/ dzm?, (:c)/ dze 2" ZAi%(r 4 2) < oo,
as well as
2
/ da dy )(PoKijMFjl)(w,y)‘
]RZ
= e3" / dz / dy esz(“5+y)Ai2(rJ2- +x+ y)msz(y) (6.18)
0 R
= e3" / dym;%(y) / dz eQTjZAiz(rJQ- + 2).
R J y
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The superexponential decay of the Airy function implies that for every ¢; > |r;| we can
find ¢, such that eQTJZAiQ(rJQ- + z) < cpe~“%, This proves finiteness of the integrals.
Regarding the last operator, start by decomposing it as

Py, fri @Gr, = (Psi fr; @ 0) (6 © G, (6.19)

for some function ¢ with L2-norm 1. Next, notice that

/ dzdy |(Ps, My, fr, ® ¢)(z,y)|* = / dzm?, () 7 () (6.20)
R2 s

i

It is easy to see that lim,_, fr,(s) =1, so f,, is bounded on the area of integration. But
then the m?i term ensures the decay, implying that the integral is finite. Furthermore,

2
/ dady (6@ g, M ")(w,)| =/dym;2(y)g$j(y). (6.21)
R2 R

Analyzing the asymptotic behaviour of g, we see that for large positive arguments, the
first part decays exponentially with rate —J and the second part even superexponentially.
0 > x; thus gives convergence on the positive half-line. For negative arguments, it is
sufficient to see that g,; does not grow faster than exponentially. O

7 Analytic continuation - Proof of Theorem 2.2

First of all let us show that the choice of 27(0) = 0 is asymptotically irrelevant. Denote
by Xt(o) (r) the rescaled process as in (2.18), where z((0) = 0, and X;(r) the rescaled
process as in (2.1), where —xz((0) ~ exp(1l). This corresponds to a finite shift of the
system, which is therefore irrelevant in the large time limit.

Lemma 7.1. Foranym € N, r; <ro <...<r, and $1,..., Sy, it holds
. . 0
tlirgloIP(p {Xy(rp) < Sk}) = tlinololP(p {Xf( )(rk) < sk}> (7.1)
=1 =1

Proof. We can construct the processes m%o) and z,, on the same probability space so that,

for any n € Z, 2\ (t) = xn(t) — 29(0) and with z((0) being independent of z,,(t) — z((0).
After scaling we have X\ (r) = X,(r) — 20(0)t~/3. As 20(0)t~/3 converges to 0 is

distribution, the result follows. O

We know from Theorem 2.6 and Proposition 6.1 that:

- A 1y @ _ 1q~ d S5
lim 1P<k(_]1 {X;% () < 5k}> = (1 +5 ; dsi> det(1 — PK?). (7.2)

t—o00

In this section we prove the main Theorem 2.2 by extending this equation to 6 = 0. The
right hand side can actually be analytically continued for all § € R (see Proposition 7.4).
Additionally we have to show that the left hand side is continuous at § = 0. This proof
relies mainly on Proposition 7.2, which gives a bound on the exit point of the maximizing
path from the lower boundary in the last passage percolation model.

Proof of Theorem 2.2. We adopt the point of view of last passage percolation discussed
in Section 3.3. The superscripts of x, L and w indicate the choice of p, while X is always
fixed at 1. It is clear that for any path 7 the weight w(?)(7) is non-decreasing in p. But
then the supremum is non-decreasing, too, and:

2P(t) < 2 D(t), (7.3)
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for p < 1. We know that there exists a unique maximizing path 7* € I1(0, 0; ¢; n). We can
therefore define Z,(t) := s, the exit point from the lower boundary specifically with
p = 1. We want to derive the inequality

2D (t) < aP(t) + (1= p)Zn(t). (7.4)
This can be seen as follows:
Ligysiomy — A= PV Zn(t) = sup  wD(7) = (1= p)Za(t)
’ ’ 7€ll(0,05¢,n) (7.5)

— W (F) — (1 - p)s = wl?) (7).
Note that 7* maximizes w(!) (%) and not necessarily w(?) (7). In particular we have

wP (7)< sup  wP(F) =1L

< (7.6)
7eI(0,05¢,m)

(p)
(0,0)—(t,n)"

Combining the last two equations results in (7.4).
(7.3) and (7.4) imply that for the rescaled processes Xt(‘s), see (2.18), we have

X ) < XOr) < X0 0) + 0723 Z s, (8). (7.7)
For any € > 0 it holds

IP( ﬁ{Xt(é)(rk) < Sk}) > IP( ﬁ{XéO)(Tk) < 3k}>

k=1 k=1

>P<ﬂLﬁmewtw&HWM®<%Q 7.8)
k=1

Z ]P< n{Xt((s)(Tk) S Sk — 6}) — Z]P (6t72/3Zt+2t2/3r(t) > 5) )
k=1 k=1

Then, taking t — 0o, we obtain

(ﬂv%mk<m)ﬂymm(ﬁm@mx%ﬂ

— 00 k=1

> litrgiogfﬂ’< X () < sk}) (7.9)

k=1

> lP( ﬂ{AStat ri) < S — 6}) thsuplP ( Zy op2/3,(t) > t2/3€/5) .

t—o0

Using Proposition 7.2 on the last term and Proposition 7.4 on the other terms, we can
now take the limit § — 0, resulting in

( [ {Astat(rx) < sk}> > hmsuplP( ﬁ{x (ry) < sk})

— 00
=1 (7.10)
o (0)
> _
> htIglOIolflP( ﬂ {X; 7 (rg) < sk}> > IP( m {Astat (1) < sk 5})
k=1 k=1
Continuity of (2.7) in the s finishes the proof. O
Proposition 7.2. For any r € R,
lim limsup P (Zt+2t2/3 (t) > ﬁtQ/S) =0. (7.11)
B—o0  t—oo
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Proof. By scaling of ¢ and 3, (7.11) is equivalent to

lim limsup P (Zt(t +2t2/30) > ﬂt2/3> =0, (7.12)

B—o0  t—o0

for any r € R, which is the limit we are showing. We introduce some new events:

= {Z(t + 22/%r) > pt*/3)
Eﬁ = {L(O,O)—>(ﬁt2/3,0) + L(ﬁt2/3,0)—>(t+2t2/3r,t) S 2t + 2t2/37" + Stl/g} (713)
N5 = {Lo0)su42e2/ompy < 2t + 2620 111755},

Notice that if Mg occurs, then

Lo,0y =t 42t2/3r8) = L(0,0)(82/3,0) T Lipt2/3,0) s (t4262/30,1) (7.14)
resulting in Mg N Eg C Ng. We arrive at the inequality:

P(Mp) = P(Mg N Eg) +P(MsgN E5) < P(Ng) + P(Ej). (7.15)

We further define new random variables

L 23y — 26 — 263 (r — B/2)
(1)  _ H(Bt2/3,0) > (t+2t2/3r,t) 2
é'spiked - t1/3 + (T - 6/2) )
L3P s gy — 2t — 2237
) (0,1)—(t4+2t2/311)
GUE = /3 T (7.16)
0 _ Lo — B
Y VEEE
By Theorem 7 [35], for any fixed r € R,
d
g%m — §GUE, (7.17)

where {cug has the GUE Tracy-Widom distribution. prlked follows the distribution of the

largest eigenvalue of a critically spiked GUE matrix, as will be shown in Lemma 7.3. 51(\}5 )
has the distribution of a standard normal random variable &y for any 8 > 0, t > 0.
Combining these definitions, we have:

=P (VB + E hea < (1= B/2)? +5). (7.18)
Fix s = 3r? — 32/16, such that:
8 2 2 52
-5 =dr? =Bt > 7.19
(r 2) +5=4r2 7’6+16+8 z 3 ( )

Using the independence of ﬁN and 5 we obtain

spiked’

2 3/2 2
(E,B > P (\/>§ Splde — fG fG) (é- g < — 6 16 and gsplkcd — fG)

3/2 ) (7.20)
=P (¢! < i e <
—= 16 Splde =~ 16
Further, the inequality
ste
(O,Il))ﬁ(t+2t2/3r,t) < Lio,0)-(t42e2/3r) (7.21)
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leads to
P(Ng) < P(E4yy < 412 — 62/16). (7.22)

Inserting (7.20) and (7.22) into (7.15), we arrive at

2 3/2 2
¢ g 0 _ B t s
P(Mg) <P ( O <ar?— 16) +1-P (gg) < 16) P <5§p§ked < 16) (7.23)

By (7.17) and Lemma 7.3 we can take limits:

0 < limsup limsupIP (Mpg)

B—oo  t—oo

. B? 332 B2 (7.24)
< <4r? - — g — ; <= :
< 511_>H;C {IP (EGUE <Adr 6 +1-P (& < 16 P ( &spiked(8) < 16
=0.
O
Lemma 7.3. Let r € R be fixed. For any 8 > 2(r + 1), as t — oo, the random variable
L (gs2/3 2/3p ) — 2t — 2t2/3(r — B/2)
Bt2/3,0 t4-2t2/3 7t
£ o = —EEO zl y +(r—B/2)? (7.25)
converges in distribution,
¢ d
€D ed % Expikea (B). (7.26)
In addition, &ypikea(5) satisfies
lim P (Expikea(B) < 52/16) = 1. (7.27)

B—ro0

Proof. The family of processes L g2/ o) (g:2/31+,n) indexed by n € Ny and time param-
eter ¢ > 0 is precisely a marginal of Warren’s process with drifts, starting at zero, as
defined in [14]. In our case only the first particle has a drift of 1, and all the others zero.
By Theorem 2 [14], the fixed time distribution of this process is given by the distribution
of the largest eigenvalue of a spiked n x n GUE matrix, where the spikes are given by
the drifts.

Thus we can apply the results on spiked random matrices, more concretely we want
to apply Theorem 1.1 [6], with the potential V (z) = —22/2. Since

L* = L(Bt2/3,0)—>(t+2t2/3r,n) (728)

represents a n x n GUE matrix diffusion M (t) at time ¢ = ¢+2t%/3(r — §/2), it is distributed
according to the density

o 2
pn(M) — ZL exp (_W) , (7.29)

where I;; is a n X n matrix with a one at entry (1,1) and zeros elsewhere. In order to
apply the theorem we need the density given in equation (1) [6], i.e., consider the scaled
quantity L*/+/nt. The size of the first-order spike is then:

a=t/Vnt = \/1 +2t-13(r — B/2) = 14 (r — B/2)t7 Y3 + O(t~2/3). (7.30)
We are thus in the neighbourhood of the critical value a. = 1. For a > 0, let
-0
Cu(§) = / e“CAi(z + £)d. (7.31)
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With Fy(s) being the cumulative distribution function of the GUE Tracy-Widom distribu-
tion, and Ky o(s1, s2) as in (2.17), define:

Fi(s;a) = Fo(s)(l —{(1 = P.KooP.) " Ca, PSAi>). (7.32)
Applying (28) [6], we have
n?3(L* [Vt = 2) = Espikea (), (7.33)
with

P (&spiked (B) < 57/16) = F1(5?/16, ), (7.34)

where a = /2 — r. Since in our case a > 1, we can estimate:

0 1

|Ca(8)] < / e 8]y = e_gﬁ. (7.35)

Combining this with the usual bounds on the Airy kernel and the Airy function, we see
that as 8 — oo, the scalar product in (7.32) converges to zero and we are left with the
limit of F;y which is one.

On the other hand,

n?3(L* )Vt —2)<s & L*<Vnt(2+n"?3s), (7.36)

and
Vnt(2+n"23s) =2t + 2623 (r — B/2) + t1/3 (s — (r — B/2)%) + O(1), (7.37)
from which the claim follows. O

Proposition 7.4. The function § — 5~ det(1 — 731?,‘?1) can be extended analytically in
the domain 6 € R. Its value at § = 0 is given by

Proof. We use the identity det(1 + A) det(1 + B) = det(1 + A+ B + AB) and Lemma 7.5
to factorize

57 det (1 — PK?) = d tdet(1 — PKY) =6~ det (1 — PK — 6P f,, ©3,)
=57 det (1 —6(1 — PK)"'Pf,, ®y,) - det (1 — PK)
= (07— ((1 = PK)"*Pfr,,Gr,)) - det (1 — PK)
= (6" = {((L=PK) " 'Pfr,,gr,)) - det (1 - PK)

(7.39)
L*(R)
L2 (R)’

Since the second factor is independent of §, the remaining task is the analytic continua-
tion of the first. Using (5.5), decompose f,, as

1 e—W3/3—7'1W2+sW
Fri(s) =1+ >OdW 7 =1+ f*(s). (7.40)
Now,
o0 1 2% /3+m12%—sZ
(P, 1,9, >:/ ds — | dZ—n——
! ! s 2mi Jogs Z -4
1 6Z3/3+T1Z2—31Z
= — dZ———— 7.41
1 1 623/3+T1Z2_51Z 1
=4+ — dZ—————— = = —Rs.
5 " om /W A=) PR
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The function R; is analytic in § € R. Using these two identities as well as (1 — PK)~! =
1+ (1 - PK)~'PK, we can rearrange the inner product as follows:

%_ (L=PK)'Pfr.gn)
—{(1 = PK)""P1+ (1 - PK)"'Pf*,g,)

—(P1+ (1 - PK) "(PKPL+Pf*),gr,) (7.42)

SO S e

- <Ps1lagr1> - <(7) _Ps1)1 + (]l _PK)_l(PKpl +7)f*)7gr1>
=Rs— ((1-PK) ' (Pf*+PKP;,1+ (P — P,)1),9,,)

Since g,, is evidently analytic in § € R, we are left to show convergence of the scalar
product.

All involved functions are locally bounded, so to establish convergence it is enough
to investigate their asymptotic behaviour. g,, may grow exponentially at arbitrary high
rate, depending on r, and J, for both large positive and large negative arguments. We
therefore need superexponential bounds on the function:

(1 —PK) " (Pf*+PKP,1+ (P — Ps,)1). (7.43)

For this purpose we first need an expansion of the operator P:

P=> PuViirs Po Vo i P Vi, (7.44)
k=1

Notice that all operators P, Pgi and V;. ., map superexponentially decaying functions
onto superexponentially decaying functions. Moreover P;, and P,, generate superexpo-
nential decay for large negative resp. positive arguments.

The function f* decays superexponentially for large arguments but may grow expo-
nentially for small ones. Since every part of the sum contains one projection P, , P f*
decays superexponentially on both sides.

Examining (P — Ps,)1, notice that the k¥ = 1 contribution in (7.44) is equal to P,
which is cancelled out here. All other contributions contain both P, and P,,, which
ensure superexponential decay.

Using the usual asymptotic bound on the Airy function, we see that the operator K
maps any function in its domain onto one which is decreasing superexponentially for
large arguments. By previous arguments, functions in the image of PK decay on both
sides, in particular PK P, 1.

Now, in order to establish the finiteness of the scalar product, decompose the inverse
operator as (1 — PK)™! = 1+ PK(1 — PK)~!. The contribution coming from the
identity has just been settled. As inverse of a bounded operator, (1 — PK)~! is also
bounded. Because of the rapid decay, the functions Pf*, PKPs,1 and (P — Ps,)1 are
certainly in L?(R) and thus mapped onto L?(RR) by this operator. Finally, the image of an
L?(R)-function under the operator PK is decaying superexponentially on both sides.

The expression (7.42) is thus an analytic function in § in the domain R. Setting
0 = 0 returns the value of G,,(7, 5). Combining these results with (7.39) finishes the
proposition. O

Lemma 7.5. The operator 1 — PK is invertible.

Proof. We employ the same strategy as in [4]. For that purpose we use the following
equivalence
det(1+ A) #0 < 1+ A is invertible. (7.45)
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Let syjn = ming S.

det(l1 — PK) = IP( ﬁ {As(rg) — 13 < sk.})
k=1
> 113( ﬁ {Az(r) — 7“,% < smin}) > P(rgleaﬁ{(AQ(T) . r2) < Smin) (7.46)

k=1
= FGOE(22/35111in) >0
for any smin > —o0o, where Fgor is the GOE Tracy-Widom distribution function. For the

last equality see [23, 13]. The tails of the GOE Tracy-Widom distribution have been
studied in great detail in various publications, see for instance [3]. O

8 Gaussian increments

In this section we prove that the Airy..; process has Brownian increments for
nonnegative arguments:
Theorem 8.1. et 0 <7ry <ry < ---<7ry. Then

—Uk/4(7"k Th— 1)

H 5 VAT (T — 1)

: l

P( m {Astat(rk) - Astat(rk 1 € dUk}) (81)
k=2

Proof. Without loss of generality we can assume that r; = 0. Denoting the partial
derivative with respect to the i-th coordinate by 0;, we have

1P< [ {Astat (&) < sk}) =Y A (51, 5m), (8.2)
k=1 i=1
with

A(s1,- - 8m) = Gm(7,5) det (1 — PK) 12 - (8.3)

With a small abuse of notations, in what follows we will write

11>< ﬁ {Asar (1) € dsk}) = IP( ﬁ {Astar (1) = sk}> dsy - - dsp. (8.4)

k=1 k=1
Then,

IP( m {Astat(rk) = Sk}> = Haz Zé)]A (81, ey Sm) . (85)
k=1 i=1 j=1

The crucial identity is:

P(ﬁ{Astat(Tk) — Astat(re—1) = Uk})

- /RdUlIP< (A =01+ *"’“})

k=1

/dO'1<HaiZaj)A(O'1,O'1+O’2,---70'1+"‘+O’m) (86)
R i=1  j=1
/d d (ﬁa>A( + +- o)
= o1— ; 01,01 +09,...,0 o,
L 10101 11 1,01 2 1

. g1=00
= (Hai)A(UhUl+O’2,...,o'1-|—...+0-m)

i=1 g1=—00
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We therefore have to study the asymptotics of A as o1 — £cc.
First we decompose A as

A = A1 + A27
A :=(R—-1)det (1 —PK)Lz(]R)a (8.7)
Ag = det (11 —PK — (Pf*+PKP,,1+ (P - P,,)1)® Q)Lz(m
Since r; = 0 some functions simplify as
RzS1+/ da:/ dy Ai(y),
£(s) = — / d Ai(z),
s (8.8)

g(s)=1- /:O dz Ai(z) = /s dz Ai(z),

— 00

K(s1,82) = / dz Ai(sy + z)Ai(s2 + z),
0

where we used the identity (D.3) from [15].
Now consider A;.

<ﬁ3i>1\1(§) =(R- 1)<ﬁai> det(1 — PK) + am(ﬁ@) det(1 — PK).  (8.9)

i=1 1=2

Regarding the first term, notice that the multiple derivative of the Fredholm determinant
gives exactly the multipoint density of the Airy; process, which is known to decay
exponentially for both large positive and negative arguments. This exponential decay
dominates over the linear growth of R. Similarly, the (m — 1)-fold derivative is smaller
the (m — 1)-point density of the Airy, process, so this contribution vanishes in the limit,
too.

Continuing to A,, using f* = —K1, we first simplify the expression

Az =det (1= PK + (PKP,1- (P~ P,)1) & g)LZ(]R) (8.10)

We introduce the shift operator S, (Sf)(z) = f(x+01), which satisfies SV, ,, S~ =V,
and Py, = S~!'P,S, and consequently also

i

1= Py 0, VerraPoyior = Voo s v Portos Verrn = STPS. (8.11)
Using det(1 — AB) = det(1 — BA), we have

Ao(5+ 1) = det (11 — PSKS™ 4 (PSKS™'Py1— (P - P,)1) ® sg) oy 812

Now the dependence on the vector § is only in the projection operators, while the
dependence on o7 is only in these two operators:

s+o01
o)) = [ dshico)
oo (8.13)
(SKS~1)(s1, 2) = / dz Ai(s + £)Ai(ss + 7).
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For large o1, we have Sg — 1 and SKS~! — 0 (both strong types of convergence from
the superexponential Airy decay). So

lim Ay(5+ o1) = det (11 —(P-P)1® 1) —1—((P=P)1, 1o (8.14)

01—00 L2(R) B

Applying the expansion (7.44), we arrive at:

(Hlaz) Jim As(5+ 1) —(H@) > (PaViyws oo Poy Ve Py 1,1)

i=1 k=2

(8.15)

- ( H ai) <PS1VT1,TZ e 'P577L71‘/;177L717T7np'57n17 1>
i=1

Writing out this scalar product and applying the fundamental theorem of calculus leads
to:
(8.15) = Vi 1y (51,82) Vi ry (52,83) ...V} (Sm—1,5m)s (8.16)

VP Tm—1,Tm

which is the desired Gaussian density after setting s; = ZZ:Q o as in (8.6).
For large negative o1, we have Sg — 0 and SKS~! — 1. The rank one contribution
is thus
(PP;,1— (P — Py,)1) ®0. (8.17)

We have to be somewhat careful here, as the convergence is weak (only pointwise) and
(Sg) is not even L2-integrable. But the first factor decays superexponentially on both
sides for finite o, and also in the limiting case PP, 1 — (P — P,)1 = (1 — P)P;,1, so
one should be able to derive nice convergence properties. Neglecting this rank one
contribution we are left with

=0. (8.18)

lim Ao(5+01) = det (1 - Pﬂ)me -

o1 ——00

O
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