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Kurzfassung 

 

Die vorliegende Arbeit beschäftigt sich mit der Schätzung geophysikalischer Massensignale aus 

zeitvariablen Schwerefeldern basierend auf Satellitenbeobachtungen. Diese Beobachtungen 

stammen entweder von aktuellen Missionen wie GRACE, oder aber von simulierten zukünftigen 

Schwerefeldmissionen. Die Arbeit greift bestehende Filterverfahren auf und analysiert diese 

hinsichtlich ihrer Leistungsfähigkeit in einer eigens dafür aufgestellten Simulationswelt. Darauf 

aufbauend werden diese Verfahren gezielt weiterentwickelt und durch Ergänzungen verbessert. 

Dies ermöglicht es, Massensignale und deren Trends aus zeitvariablen Schwerefeldlösungen mit 

besserer räumlicher Auflösung bzw. kleineren Unsicherheiten zu schätzen. Dies ist von großer 

Bedeutung, da ein besseres Verständnis von Massenverlagerungsprozessen im System Erde, 

beispielsweise hervorgerufen durch Prozesse in Hydrologie oder Kryosphäre, entschieden dazu 

beiträgt, das Klima und seine Zusammenhänge besser zu verstehen. 

In Kapitel 1 werden die untersuchten Missionstypen vorgestellt und ein Ausblick auf die in Kürze 

startende, sich bereits im Bau befindliche GRACE-FollowOn Mission gegeben. Zusätzlich wird ein 

aus Konzeptstudien abgeleitetes vielversprechendes zukünftiges Missionsszenario näher vorgestellt, 

für welches die Anwendbarkeit der untersuchten und entwickelten Filtermethoden geprüft wird. 

Kapitel 2 führt die theoretischen Grundlagen zur Darstellung des Schwerefelds und wichtige 

Werkzeuge und Methoden zur Auswertung und Verarbeitung desselben ein. Dies sind insbesondere 

die Ausgleichsrechnung nach der Methode der kleinsten Quadrate, die Regularisierung nach 

Tikhonov und verschiedene Maßzahlen zur Bewertung von Schwerefeldlösungen in sphärisch 

harmonischer Reihendarstellung. Ein weiterer Aspekt ist die Einführung in die Thematik des 

durch Unterabtastung hervorgerufenen sogenannten zeitlichen Aliasing. 

Die für die Bewertung und Entwicklung der untersuchten Filtermethoden aufgestellte 

Simulationswelt wird in Kapitel 3 näher erläutert. Hierbei wird insbesondere darauf eingegangen, 

auf welcher Grundlage die verschiedenen Testdatensätze generiert wurden und welche 

Eigenschaften diese besitzen. Diskutiert wird die Erstellung verschiedener Rauschzeitreihen zur 

Charakterisierung der auf den Satelliten verwendeten Sensoren als stochastische Größen. 

Zuschaltbare deterministische Störeinflüsse, hervorgerufen durch simulierte fehlerhafte Reduktion 

hochfrequenter Signalbestandteile aus Atmosphäre, Ozean und Ozeangezeiten werden ebenso 

erläutert wie die rauschfreien Bestandteile wie beispielsweise die verwendeten Satellitenorbits. 

Kapitel 4 widmet sich daran anschließend der Bestimmung bzw. Schätzung geophysikalischer 

Signale aus zeitvariablen Schwerefeldlösungen. Das Kapitel gliedert sich in drei Unterbereiche, 

dessen erster die bestimmbaren geophysikalischen Signale einführt. Im zweiten werden die 

Verarbeitungsschritte, ausgehend von der ungefilterten Schwerefeldlösung hin zu 

Massenvariationen in einem bestimmten Zielgebiet beschrieben. Wichtige Parameter dabei sind 

der geeignete Entwicklungsgrad der verwendeten Schwerefeldlösung in sphärisch harmonischer 

Reihendarstellung, notwendige Korrekturgrößen um GRACE-Schwerefeldlösungen zu ergänzen 

(beispielsweise Terme des Grads 1 und der 
20C  Term) sowie der Umgang mit der spektralen 

Begrenztheit von endlichen Reihendarstellungen und deren Auswirkung auf zu bestimmende 

geophysikalische Signale. Ein weiterer betrachteter Parameter ist die Einführung geeigneter 

Flächenintegrale, welche zum Einen die Umstände der spektralen Begrenztheit der 

Reihendarstellung und zum Anderen die Korrelationsstrukturen der Fehler in den Lösungen im 

Ortsraum zur Ermittlung von Massensignalen in Zielgebieten berücksichtigen. Der dritte 

Unterbereich beinhaltet eine Diskussion und Bewertung aktueller Schwerefeldlösungen hinsichtlich 

ihrer Eignung zur Bestimmung geophysikalischer Massensignale. Darüber hinaus wird ein 



vi    Kurzfassung 

 

Überblick über relevante und aktuell in der Literatur besprochene Filter- und 

Prozessierungsmethoden im Zusammenhang mit GRACE gegeben. 

Die im Detail analysierten und erweiterten Filtermethoden werden in Kapitel 5 besprochen. Dabei 

wird insbesondere auf zwei Varianten des empirischen Dekorrelationsfilters nach Swenson & Wahr 

eingegangen. Es werden geeignete Filterparameter für verschiedene Anwendungsfälle, v.a. den 

Entwicklungsgrad der zu filternden Lösung untersucht und bewertet. Eines der Kernstücke der 

vorliegenden Arbeit, der zeitvariable Dekorrelationsfilter VADER (variable decorrelation), wird 

im weiteren Verlauf des Kapitels eingehend untersucht. Dabei wird insbesondere auf die einzelnen 

Bestandteile des Filters, die Signalvarianz und Fehlerkovarianz Augenmerk gerichtet. Ein 

wichtiger Aspekt bei der Anwendung von Filtern ist die Evaluierung der Signalverfälschung durch 

die Filteranwendung. Diese wird für den VADER-Filter eingehend analysiert. Das zweite 

Anwendungsbeispiel in Kapitel 7 liefert hierzu weitere aufschlussreiche Erkenntnisse. Zum 

Abschluss von Kapitel 5 wird eine Einordnung der gewonnen Erkenntnisse präsentiert sowie eine 

Empfehlung zur Filterung GRACE-artiger zeitvariable Schwerefeldlösungen ausgesprochen. 

Die Bewertung der Übertrag- und Anwendbarkeit der in Kapitel 5 herausgearbeiteten Ergebnisse 

zu den untersuchten Filtermethoden auf zukünftige Missionsszenarien wird in Kapitel 6 

vorgenommen. Dabei wird die Wirkungsweise sowohl auf Einzel- als auch auf 

Doppelpaarmissionsszenarien untersucht. Die Grundlage hierfür liefert eine eingehende 

Untersuchung der stochastischen Eigenschaften der aus zukünftigen Missionsszenarien 

gewonnenen Schwerefeldlösungen. 

Kapitel 7 zeigt zwei Anwendungsbeispiele. Das erste Beispiel widmet sich der Bestimmung von 

Eismassenänderungen im Bereich der Antarktis und ihrer Teilgebiete. Hier werden ausgehend von 

den ungefilterten Lösungen beispielhaft alle notwendigen Korrekturen zur Ergänzung der Lösung 

angebracht, um dann die Zeitreihe von Schwerefeldlösungen mit dem aus Kapitel 5 entwickelten 

VADER-Filter zu filtern. Begleitet wird der Prozess von einer Schätzung zeitvariabler 

Fehlerbudgets für die Einzelmonate sowie eines Fehlermaßes für das geschätzte Massensignal im 

jeweiligen Zielgebiet. Das zweite Beispiel baut auf einem synthetischen Datensatz aus der 

Simulationswelt auf und betrachtet den Einfluss verschiedener Filtermethoden auf die Phase und 

Amplitude von hydrologischen Signalen in Flusseinzugsgebieten. Dies ist insbesondere von 

Interesse, als dass durch die Filterung möglichst keine Änderung der geophysikalischen Signale 

hervorgerufen werden soll, um einer späteren Fehlinterpretation vorzubeugen. 

Die Arbeit schließt in Kapitel 8 mit einer Zusammenfassung der erzielten Erkenntnisse zu 

geeigneten Filtermethoden zeitvariabler Schwerefelder für aktuelle und zukünftige 

Missionsszenarien ab. Ein zentrales Ergebnis ist hierbei die Feststellung, dass das Konzept des 

VADER-Filters sowohl für aktuelle GRACE als auch für zukünftige Szenarien bestens geeignet 

ist, um wertvolle Erkenntnisse zu Massenverlagerungsprozessen aus zeitvariablen 

Schwerefeldlösungen zu gewinnen. Des Weiteren wird ein Ausblick auf vielversprechende 

weiterführende Untersuchungs- und Analysemöglichkeiten, aufbauend auf den besprochenen 

Filtermethoden gegeben. 

Insgesamt lässt sich feststellen, dass der VADER-Filter ein geeignetes Werkzeug zur 

Nachbearbeitung von zeitvariablen Schwerefeldlösungen ist. Die Bewertung verfügbarer GRACE-

Zeitreihen hat ergeben, dass die ITSG-Grace2016 Zeitreihe mit ihren monatlichen formalen 

Fehlerkovarianzmatrizen am besten geeignet ist, um für die Schätzung geophysikalischer Signale 

herangezogen zu werden. Die Korrelationsmuster der formalen Fehler im Ortsbereich sind nach 

der Filterung mit dem VADER-Filter entgegen der Charakteristik vor der Filterung annähernd 

isotrop und schnell abfallend. Dies ist ein entscheidender Vorteil des Filters, da diese 

Eigenschaften den Einsatz regional begrenzterer Faltungsoperatoren zur Gebietsintegration 

ermöglichen. 
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Abstract 

 

This thesis investigates the retrieval of mass transport phenomena, namely hydrological and ice 

mass change, derived from time variable gravity field solutions. The main focus is set on the 

evaluation and development of dedicated post-processing methods for retrieving the target signals. 

The investigations cover the assessment of suitable time series in spherical harmonics derived from 

GRACE observations, rate existing and further developed filter methods, describe all relevant 

corrections coping with deficiencies in the original GRACE estimates, discuss a comprehensive 

assessment of error budget contributions for mass change estimates, and give recommendations 

regarding suitable filter and processing strategies for GRACE. The assessment is accompanied by 

in-depth validation of the techniques investigated within a closed loop simulation environment. 

This provides a better understanding of the filter and processing methods. In the closed loop 

environment the design and setup of all relevant algorithms can be tailored towards best 

performance before being applied to real data. 

The post-processing methods investigated in particular are two versions of the empirical 

decorrelation filter [Swenson and Wahr 2006] and a further developed form of the DDK filter 

[Kusche 2007]. The latter is called time variable decorrelation (VADER) filter and has non-

stationary characteristics. The key parameters forming the VADER filter are month-to-month 

formal error covariance matrices and a cyclo-stationary signal variance. This configuration shows 

best performance with respect to all other filters and post-processing methods that have been 

tested within the frame of this thesis. Using the VADER filter does not only cause smallest filter 

induced deviation of the filter results from the target signals in terms of attenuation and phase 

shift of seasonal signals, it also has a favorable impact on the error correlation patterns. The 

correlation length of errors, especially in the along-track direction, is significantly reduced, 

allowing to apply less complex averaging functions to retrieve mass signals in the respective area 

of interest. The filter exhibits an adaptive behavior capable of adequate filter performance not 

only in nominal, but also in special months encountering short repeat cycles or months with weak 

data coverage. 

To build a bridge to upcoming gravity field missions like GRACE-FO and future mission 

scenarios, the post-processing concepts for GRACE are rated regarding their applicability to 

future scenarios, especially a double pair mission scenario with one polar and one inclined pair. 

Based on simulated time series, among all investigated methods the VADER filter is identified to 

deliver the most promising performance for such missions. The double pair mission analysis also 

reveals improved gravity field solutions in the areas only covered by the polar pair. 

Apart from theoretical investigations, two practical applications demonstrate the characteristics 

and capabilities of the filters tested. The first case study covers the process of estimating ice mass 

trends in the region of Antarctica and its subregions based on the ITSG-Grace2016 time series, 

which was identified to provide the most reliable formal error description of all series tested. The 

estimate is accompanied by a comprehensive error characterization of the filtered monthly 

solutions and the estimated trend. The total error is diverted into single error budget contributors 

like GRACE, degree one and C20 corrections, and GIA. The second case study illustrates the 

impact of the filters on estimates of hydrological signals of river basins based on a simulated time 

series. This allows evaluating the impact of the filters on the retrieved amplitude and phase. The 

VADER filter shows superior performance especially with respect to signal attenuation, phase 

shifts, and induced leakage. 

The goal to contribute to the better understanding of mass transport phenomena by improving 

post-processing methods is reached. The VADER filter shows clear advantages with respect to the 

other filters tested. It allows increasing the spatial resolution of retrieved signal while minimizing 
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signal attenuation. An additional benefit is its positive effect on the error correlation patterns. 

This is of great importance as such achievements can serve for the better understanding of 

climatological and mass change processes as well as coupling mechanisms in the system Earth. 
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Introduction 

 

The motivation to perform the work presented within this thesis is to better understand mass 

change phenomena primarily induced by hydrological or cryospheric processes. They are, among 

other processes like solid earth, atmospheric, and ocean mass change phenomena, the major 

components of the outer Earth system. Their dynamics, interaction, and coupling are driven by 

solar irradiation, which serves as their motor, responsible for the Earth’s climate. Key 

observations for the work presented are spaceborne satellite gravimetry observations from existing 

and future mission scenarios. The main goal of this thesis is to assess and further develop post-

processing strategies for retrieving mass change estimates with increased spatial resolution and 

better understanding of its errors from time variable gravity field estimates. The core mission for 

this field of research is GRACE [Tapley et al. 2004], which was launched in 2002 and is, as from 

today (November 2016), still operational. With GRACE numerous achievements for a better 

understanding of mass transport phenomena have been reached. Due to the huge success of 

GRACE, a GRACE Follow On mission (GRACE-FO) is on its way and foreseen to be launched 

in 2017/2018. The main mission concept is the same as for GRACE (polar orbit, single pair, and 

microwave link for low-low satellite to satellite tracking (ll-SST)). An additional sensor 

implemented as demonstrator is a laser link for increased accuracy of ll-SST observations. 

Accordingly the thesis is focusing not only on operational missions, but also investigates the 

applicability of today’s post-processing methods to future mission scenarios. A better 

understanding of the Earth system to which this work intends to contribute supports the 

interpretation of the Earth’s climate system and its coupling effects. This advancement is not only 

important from a pure scientific perspective, but has also social and economic aspects. The public 

awareness for changes in the Earth system is rising, as sea level rise and large scale events like El-

Niño create broad media attention. Delivering rock solid foundations and facts of how the 

climatological system works and how the processes evolve and change over time is fundamental to 

serve as basis for decision making processes on political, societal, and economic level. 

The foundation for such work is a profound analysis of the available data and existing post-

processing algorithms and their strengths and weaknesses. For this thesis two approaches have 

been identified and selected for in-depth analysis, the first being the empirical decorrelation filter 

[Swenson and Wahr 2006] and the second the DDK decorrelation filter [Kusche 2007]. For both 

filters the performance and possible enhancements are evaluated in a closed loop environment. 

This environment allows testing the impact and the consequences of changing individual 

parameters of the filter design and to identify weak points. The concept of the DDK filter turned 

out to be most promising, as it follows a more analytical than empirical approach, delivering 

superior results with respect to all other filters tested. The weak point of the DDK is its 

stationary design. Therefore one of the key parts of this thesis is to develop a non-stationary 

variant of the DDK filter, the time variable decorrelation filter VADER. One should note that for 

such a filter full monthly error covariance information, provided by the GRACE level-2 processing 

centers, needs to be available. In the recent past more and more processing centers decided to 

provide such datasets. Upon investigation of the available time series providing full month-to-

month error covariance information, the ITSG-Grace2016 time series was identified to provide the 

most reliable and realistic error characterization. This time series is employed in the application 

example of estimating ice mass change in the region of Antarctica and its subregions. 

Another aspect investigated is the characterization of the error and correlation structures inherent 

in up-to-date GRACE time series. Investigations exhibit significant differences between the 

processing centers. Working with full normal equation or error covariance matrices also allows 

deriving month-to-month post-filter error estimates by error propagation. This error budget 
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contribution, complemented with other error budget contributors, forms a total error budget 

estimate for monthly solutions. 

The improvement of post-processing methods also helps to avoid empirical enhancements like the 

application of scale factors on, e.g., estimates of hydrological signals. 

As the lifespan of the GRACE mission is turning towards its end (e.g. increasing battery problems 

and unintended outages), filter and post-processing concepts need to be tested regarding their 

applicability to future gravity field missions. As the soon (2017/2018) to be launched GRACE-FO 

mission has a very similar design as the GRACE mission, current methods are rated as being 

transferable to the new mission. Also for future realistic double pair mission scenarios the VADER 

filter proves being a very efficient tool for retrieving mass change estimates. 

This work provides hints and recommendations for retrieving mass balance estimates from time 

variable gravity field solutions, incorporating tailored filter techniques as well as a description of 

the GRACE and overall mass balance error budget. The findings on error correlation patterns 

help to define suitable integration and averaging functions and to account for leakage in an 

adequate way. 

In the following the general outline of the thesis is presented and the contents of the individual 

chapters are introduced in detail. 

Chapter 1 introduces the mission types investigated, namely the GRACE and GRACE-FO 

mission. A promising future mission double pair scenario, described within a recent ESA study, is 

additionally introduced in order to analyze the potential gain and the applicability of today’s 

filter methods in retrieving geophysical mass signals using such scenarios. 

Chapter 2 delivers theoretical foundations for working with gravity field estimates represented in 

spherical harmonics. Among others, least squares adjustment theory, Tikhonov regularization, 

digital filters, and various measures to analyze gravity field solutions parameterized in spherical 

harmonics are described. Another important topic discussed is temporal aliasing, since this 

phenomenon is responsible for many difficulties retrieving high quality results from time variable 

gravity field estimates. 

The closed loop simulation environment is introduced in chapter 3. It serves as basis for the 

development and evaluation of the investigated filter algorithms. It allows tuning the filter design 

towards optimal performance and to test the impact of variations in parameters, such as 

observing geometry, sensor performance, and de-aliasing error levels. A realistic testing 

environment assures the transferability of the findings regarding favorable filter designs, made 

within the closed loop environment, to real world data. 

Chapter 4 discusses all relevant processing steps from initial gravity field estimates to mass 

trends. The three sections of the chapter discuss the target signals and their characteristics, the 

processing steps from time variable gravity field estimates to mass trends, and state of the art 

GRACE gravity fields and filter methods. The processing steps discussed involve especially the 

determination of a suitable maximum degree of SH expansion, all applicable corrections (e.g. 

degree one and 
20C ) to cope with deficiencies within the GRACE solutions, the issue of spatial 

and temporal leakage, and considerations on the design of averaging kernels to derive mass signals 

for the respective area of interest. In the last part of the chapter available GRACE time series are 

rated with respect to their characteristics and whether they are suited for estimating mass signal 

trends. This evaluation is accompanied by a review of state of the art filter and processing 

methods in the context of GRACE. 

The in-depth analysis and tuning respectively further development of the two dedicated filter 

methods is discussed in chapter 5. The first one is the empirical decorrelation filter following the 
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concept by Swenson and Wahr [2006]. Two variants of this filter are rated regarding their 

characteristics and suitability for filtering GRACE time series. Secondly, being one of the core 

parts of this thesis, a further development of the DDK filter [Kusche 2007], the time variable 

decorrelation filter named VADER, is introduced. All its constituents, the error covariance 

matrices, the signal variance information, and the weighting coefficients, are discussed and 

evaluated within closed loop and real data experiments. Chapter 5 closes with a recommendation 

regarding a suitable setup of post-processing methods for retrieving geophysical signals from 

GRACE time series. 

In chapter 6 the findings regarding the design and setup of post-processing methods for GRACE 

time series, with respect to the transferability to future mission scenarios, are evaluated. Analysis 

covers especially the changes in error correlation structures switching from single- to double-pair 

mission scenarios. The applicability of the analyzed post-processing strategies is rated not only, 

but also, with respect to the special conditions in the transition zone switching from double to 

single pair coverage. The chapter closes with recommendations on favorable strategies for double 

pair mission scenarios. 

Two applications of the post-processing methods are presented in chapter 7. The first case study 

deals with retrieving ice mass variations in the region of Antarctica and its subregions. The 

experiment covers all processing steps from selecting a suitable time series, applying all necessary 

corrections, and employing the VADER filter with a setup suited for the conditions in the target 

region. The whole process is accompanied by estimating a total error budget for the individual 

filtered monthly solutions as well as for the estimated linear mass change signals. Individual error 

budget contributors accounted for are GRACE itself, the applied corrections, and GIA. The 

second case study is based on a closed loop experiment. The effect of the filter methods 

investigated within this thesis on retrieved hydrological signals is tested. Focus is set on the filter 

induced attenuation and shift of the amplitude and phase of seasonal signals. Target regions are 

six large and medium scale river basins on different continents. It is of major importance to rate 

filters with respect to their impact on retrieved signals, because altering the results by filtering 

should be minimized in order to avoid misinterpretation of hydrological or other geophysical 

signals. 

The thesis closes with chapter 8, giving a summary of the major findings elaborated with respect 

to filter and post-processing methods for time variable gravity fields from current and future 

gravity field missions. One main advantage is the adaptability of the VADER filter and its 

superior performance with respect to the other filters tested, not only for GRACE but also for 

future mission scenarios on retrieving mass transport signals. Moreover, based on the work 

presented within this thesis, the chapter presents possible further developments and analyses. 

For reasons of better readability some figures within this thesis are implemented as vector 

graphics, allowing for zooming in the digital version of this thesis. All figures available as vector 

graphics are marked with *. 

 

Happy reading! 
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1. Gravity field missions 

 

The gravity field of the Earth can be measured and modelled from terrestrial, air-, and space-

borne observations. Different mission types can be used to study the gravity field and its temporal 

variation. To do so, one first needs to determine which kind of variations one intends to measure, 

since they exhibit different properties in terms of e.g. spectral composition and amplitudes or 

spatial and temporal resolution. The second step then is to define suitable observation strategies 

or mission scenarios to cover the target signals aimed at. In this thesis different existing or 

feasible future scenarios are discussed in detail. Operational or near operational missions are 

introduced in section 1.1, and one out of several proposed future mission scenarios is discussed in 

section 1.2. The abovementioned target signals like hydrological, ice, and solid earth mass 

redistribution (to mention the most significant ones) are discussed in section 4.1 regarding their 

characteristics in spatial and temporal variability. As one can see from section 4.1, there are also 

other signals like atmospheric and ocean mass redistribution, causing variations in the Earth’s 

gravity field. The issue of measuring such signals or reducing them from the estimated solution 

(the de-aliasing issue) is discussed in section 2.5. 

Time variable gravity field estimates originating from the concept of high-low Satellite to Satellite 

Tracking (hl-SST) were first derived from the CHAllenging Minisatellite Payload (CHAMP) 

mission [Reigber et al. 1999; 2002]. The second mission making use of this concept, in low-low 

mode, and being one of the main study objects of this thesis, is the Gravity Recovery And 

Climate Experiment (GRACE) mission [Tapley et al. 2004]. A third realized dedicated gravity 

field mission using the hl-SST approach is the Gravity field and steady-state Ocean Circulation 

Explorer (GOCE) mission [ESA 1999] with the first implementation of satellite gradiometry 

[Rummel et al. 2011]. Observing the gravity field from space has several significant advantages. 

The most striking one, of course depending on the orbital design parameters like e.g. inclination 

and height, is the ability to carry out measurements with homogeneous global coverage and 

accuracy, being independent of political boundaries or harsh climate conditions. This circumstance 

helps for solving the Earth’s gravity field parameterized in spherical harmonics in a stable 

manner. 

The two different principles of SST, hl- and ll-SST, and the concept of satellite gradiometry 

(SGG) are illustrated in Figure 1-1. 

 

 

 

 

 

 

 

 

The aforementioned missions related to the implementations of SST are CHAMP for panel a, 

GRACE for panel b, and GOCE for panel c (for the hl-SST part). The most relevant concept for 

the investigation carried out in the following is the ll-SST. The basic component for such a 

Figure 1-1: Schematic view of hl-SST in panel a, ll-SST in panel b, and SGG+hl-SST in panel 

c. Reference: Horwath 2008. 
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mission is a ranging instrument to determine the distance between at least two low flying 

spacecraft very precisely. The required precision of the ranging instrument is, as discussed in 

chapter 3, in the range of micro- to nanometers to allow meaningful gravity field estimates. 

Complementary an accelerometer is necessary to separate gravitational and non-gravitational 

forces, since for studying the gravity field only the gravitational forces are of interest and other 

forces like atmospheric or solar drag must be separated. The required accuracies and the source of 

potentially disturbing forces, as they are measured by an accelerometer positioned in the center of 

mass of a satellite, are discussed in more detail in chapter 3. 

In the following two sections, the different mission concepts, based on the ll-SST approach, are 

presented. They serve as basis for the experiments of this thesis regarding the retrieval of 

geophysical signals and the development and tuning of dedicated post-processing methods. The 

missions are: The GRACE mission [Tapley et al. 2004], which consists of one pair of spacecraft in 

operation since 2002. The GRACE Follow-On mission (GRACE-FO), currently built and planned 

for launch in the period from December 2017 to February 2018 [Flechtner et al. 2016b], also 

consisting of one pair of spacecraft, and as third mission a double pair concept for 2020+, which is 

proposed, analyzed, and assessed within the study “Assessment of Satellite Constellations for 

Monitoring the Variations in Earth Gravity Field ” (SC4MGV) [Iran Pour et al. 2015]. 

 

1.1 GRACE + GRACE-FO 

 

The GRACE mission [Tapley et al. 2004] was launched in 2002 and is, as of today (November 

2016), still operational. The constellation is composed of one pair of almost identical satellites 

flying in a polar orbit at 89° inclination, separated by an average distance of 200 km in along-

track direction. One of the key scientific instruments is the inter-satellite ranging system to 

perform the ll-SST measurements. For GRACE this system is built from a microwave 

interferometer, operating in the K-band [Dunn et al. 2003]. In the case of GRACE-FO, the K-

Band ranging (KBR) system is named as microwave interferometer (MWI). Additional key 

instruments are GPS receivers (allowing to also conduct hl-SST) and a 3-axis accelerometer on 

each spacecraft. The initial average altitude of GRACE was around 500km and subsequently 

decreased until today to about 350km (cf. Figure 5-17). This decrease in altitudes has, as 

discussed later in e.g. chapter 2 and section 4.3.2, a significant impact on the retrievability of 

gravitational signal and also feeds back on the specific properties of estimated gravity fields and 

the subsequently applied post-processing methods. With GRACE, numerous achievements in the 

understanding of mass redistribution processes have been made so far. Mass balance estimates for 

Antarctica [Shepherd et al. 2012], determining the contribution of melting ice sheets to sea level 

rise [King et al. 2012], monitoring of global sea level variations [Cazenave et al. 2009], detection of 

groundwater depletion in India [Tiwari et al. 2009], changes in solid earth signals induced by 

major earthquakes [Wang et al. 2012], and hydrological investigations [Reager et al. 2014], to 

name only a few. 

As GRACE allows estimating mass variations on the Earth independent from other observation 

techniques, it can serve as an independent reference for evaluating the plausibility of e.g. climate 

models and output from other observational techniques like continental ice mass change estimates 

from radar altimetry or input-output methods. One important fact with studying gravity field 

variation is the superposition principle. GRACE or any other gravity field space mission observes 

the signal resulting from the sum of all mass transport processes, not distinguishing between the 

different phenomena like ice mass, the global water cycle or solid earth processes (cf. section 4.1). 

Therefore direct comparison between outputs from different measurement techniques is subject to 

careful consideration which phenomena (e.g. glacial isostatic adjustment; cf. section 4.2.2) are 

included in the respective sets of observations. 
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Since the continuity of measurement time series without data gaps, avoiding discontinuities, is of 

high importance for the development of the understanding of climate and solid earth processes, a 

successor of the GRACE mission is built and will be ready for launch in 2017/2018. Since the 

measurement concept and overall mission design is almost identical to GRACE, it is simply called 

GRACE Follow-On (GRACE-FO). One major difference between the two missions will be the 

more accurate inter satellite ranging instrument, a laser interferometer (LRI) [Sheard et al. 2012], 

complementary to an also installed K-band ranging instrument (MWI). The LRI serves as a 

technology demonstrator and is, as the initial concept is made up, only designed to operate for a 

shorter period (one year) and not throughout the whole nominal mission lifetime. The noise level 

of the ranging instrument will will decrease to, according to Flechtner et al. [2016a], 80 nm for the 

range or 9.9 nm/s for the range-rate, whereas the GRACE noise level is at 2.1 µm for the range 

resp. 0.24 µm/s for the range-rate. This gain in accuracy in SST performance will, according to 

Flechtner et al. [2016a], lead to only minor improvements in the recovery of geophysical signals. 

Figure 1-2, showing results from a simulation run performed by Flechtner et al. [2016a], gives an 

overview of degree amplitudes in terms of geoid height error for different error contributors in the 

MWI and LRI case. The thin lines represent the geoid height errors using the MWI, and the bold 

lines the ones using the LRI. The improvement of the SST error is significant, comparing the two 

green lines. This helps to reduce the total noise budget, but one should note the dominating error 

contributors indicated by the cyan (ocean tide error), aubergine-colored (atmosphere and ocean 

de-aliasing error), and orange curve (accelerometer error). They all show significantly higher 

amplitudes than the SST error and thus dominate the total error budget.  The other error 

sources, like the static gravity (gray) and orbit error (magenta) do not play a major role since 

their amplitude is more than one order of magnitude smaller than the abovementioned 

contributors. Loomis et al. [2012] report the impact of an improvement in the SST accuracy only 

of minor or no value if the other error contributions of the whole system, especially the temporal 

aliasing, still dominate. They derive their findings, which are confirmed by Flechtner et al. 

[2016a], upon GRACE-FO system simulations. This insignificant improvement is illustrated by 

the almost coinciding all errors (dark red) lines. The mean HIS signal is indicated for comparison 

reasons (black). 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1-2: Degree amplitudes in terms of geoid height error in meters for 

a single simulated month for different individual instrument and model 

errors. Thin lines represent microwave interferometer results, bold lines 

represent laser interferometer results. Credits: Flechtner et al. 2016b 
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Nevertheless, some improvements in performance switching from GRACE to GRACE-FO can be 

expected. The follow-on mission e.g. carries a third star camera on board allowing more stable 

determination of the spacecraft’s orientation, or an increased portion of digital instrumentation 

instead of analogue, allowing operations being less sensitive to the radiative environment 

conditions. 

 

1.2 Future missions 

 

Apart from the introduced currently flying or near operational missions, a second area of 

investigations, also being part of this thesis, are future mission concepts still being in the study 

phase. A number of studies and investigations were carried out in the recent past in order to 

identify meaningful constellations for future satellite gravity missions. These are, among others, 

two parallel studies regarding the “assessment of a next generation mission for monitoring the 

variations of Earth’s gravity” (NGGM and NG2) [ESA 2010, 2011], the mission proposal 

“e.motion” submitted upon the call for ESA Earth Explorer 8 [Panet et al. 2013], and the DLR 

funded preparatory study “e².motion” [Gruber et al. 2014], which resulted in a response to the 

ESA Earth Explorer 9 call [Gruber et al. 2016]. They all evaluated and rated different mission 

configurations and concepts. Main aspects and parameters analyzed are the design of the orbit 

and the characterization of instrument performance in order to achieve the defined target 

performance. This target performance is measured by the recoverability of geophysical signals in 

terms of temporal and spatial resolution. The investigations carried out in the framework of this 

thesis regarding the design of the future mission scenario, e.g. the assumptions regarding the 

instrument and performance errors and the orbital design, are based on the findings and 

recommendations of the SC4MGV study [Iran Pour et al. 2015]. Among the different scenarios 

analyzed and assessed within the study, the so called “baseline scenario 5” was selected as 

prototype to be deployed for the future mission closed loop experiments design described in 

chapter 3. 

   Table 1-1: Future mission design parameters from SC4GMV “baseline scenario 5” [Iran Pour et al. 2015]. 

Pair Orbit Altitude Inclination Epoch (GPS time) 

1 11/172 

circular repeat orbit 

(3 day sub-cycle) 

About 370 km 92° 01.01.1996 00:00 

Ω=0°, ω=0°, M=0° 

2 29/460 

circular repeat orbit 

(7 day sub-cycle) 

About 345 km 115° 01.01.1996 00:00 

Ω=270°, ω=0°, M=0° 

 

Table 1-1 summarizes the main orbit design parameters for both pairs. The numbers 11/172 mean 

172 revolutions in an 11 day repeat period. The mean altitude of the two pairs, being 370 km 

respectively 345 km, is lower than the nominal height of the GRACE mission (cf. chapter 1.1). 

The numbers for longitude of the ascending node Ω, the argument of periapsis ω, and the mean 

anomaly M define the initial setup at the beginning of the one year simulation period. Figure 1-3 

shows an exemplary ground track distribution for one day of the simulated orbit. The ground 

track of the polar pair is shown in blue, the one of the inclined pair in red. Double pair coverage 

is achieved for the area between 65° north and south. For the polar areas only one pair delivers 

observations. The impact of this setup on polar mass change estimation and the impact on 

applicable post-processing methods is one of the main focus areas of this thesis and discussed in 
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chapter 6. Apart from the orbit design, a second very important aspect of the mission design is 

the characteristics of the instruments and system noise. They are addressed in detail in chapter 3 

regarding the setup of the closed loop simulation environment. 

 

 

 

 

 

 

 

 

 

 

 

Limiting factors while operating such missions are, as already mentioned in the previous section in 

the context of GRACE-FO, the insufficient accuracy of today’s AO de-aliasing products, and the 

lack of accurate enough ocean tide models. The assumptions regarding the accelerometer noise 

and the ranging accuracy are, as discussed in chapter 3, significantly better than for GRACE, 

leaving other system components as weakest part of the chain. Approaches and studies to 

overcome this problem by e.g. co-estimating the ocean tide signals are discussed in section 2.5 and 

chapter 8. 

Notable other constellations, not subject of further investigations within this thesis, are pendulum 

and cartwheel configurations, investigated by e.g. the NGGM study [ESA 2010]. These concepts 

are very promising since they would lead to almost isotropic error correlation structures. Isotropic 

error correlation structures are preferable from the perspective of post-processing methods, as 

discussed later on within this thesis. One should note that a realization of such configurations 

cannot be expected within the next years, due to challenges from a technical and engineering 

perspective. 

Studies investigating in the feasibility of hl-SST with laser links between GNSS satellites and low 

Earth orbiters, instead of GNSS observations, are investigated e.g. by Hauk et al. [submitted 

2016]. 

 

 

Figure 1-3: Exemplary ground track distribution from one day of near-polar (blue) and 

inclined (red) orbit configuration. 
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2. The gravity field and theoretical foundations 

 

The following chapter introduces briefly the theoretical background of the Earth’s gravity 

potential, its associated gravity field, and its representation in the spectral domain using spherical 

harmonics (section 2.1). In addition basic theoretical foundations for analysis techniques applied 

in this thesis are outlined. Whilst working with time variable gravity fields (section 2.2), the key 

quantity of interest is mass transport, causing changes in the Earth’s gravity field. In order to 

describe such variations, the estimation of signals is of importance. To do so, some foundations in 

estimation theory, especially least squares adjustment, are introduced in section 2.3. The section 

also contains an introduction to the following topics: Regularization as an amendment to the least 

squares adjustment, estimating the bias caused by applying regularization, and in the context of 

the closed loop simulation, replacing the weighting matrix 
bbP  by the use of autoregressive moving 

average (ARMA) filters. 

Section 2.4 summarizes different measures to evaluate and analyze gravity fields in a spherical 

harmonic representation, and section 2.5 closes the chapter with introducing the issue of how to 

deal with short term variations of atmospheric and oceanic signals, undersampled by the 

measurement system, e.g. GRACE. 

 

2.1 The gravity potential and spherical harmonics 

 

For the representation of the Earth’s gravity field, spherical harmonics are used within this thesis. 

A very comprehensive description of spherical harmonics can be found in Heiskanen and Moritz 

[1967]. Other representations, like e.g. mascons, exist and are discussed in section 4.3.1. 

Following Heiskanen and Moritz [1967], the gravitational potential V  of a solid body like the 

Earth reads 

 

 Formelabschnitt 2  (2.1) 

 

with G  being the gravitational constant, dm  an element of mass, and d  the distance between 

the mass element and the attracted point P . dv  is an element of volume and   its density. 

Numbers for all constants used within this thesis can be found in Table 2-1 at the end of this 

section. For a point P  outside the attracting masses, V  is a harmonic function and meets the 

Laplace equation (2.2) 

 0V    (2.2) 

Following this, the Earth’s gravitational potential V  can be described as a harmonic function at 

any location where equation (2.2) is valid. If P  is outside a closed surface S (formed over all 

elements of mass dm ), V  will attenuate with 1 d . According to Heiskanen and Moritz [1967], 

using spherical harmonic base functions, equation (2.1) can be expressed in spherical coordinates 

as 

 

 
Earth Earth

dm
V P G G dv

d d
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   (2.3) 

 

    r … radius (geocentric) 

     … spherical co-latitude 

     … spherical longitude 

    l … degree of expansion 

    m … order of expansion 

    R  … reference radius of the Earth 

    M … reference mass of the Earth 

    lmP … fully normalized Legendre polynomials 

    lmC … fully normalized SH weighting coefficients for cosine term 

    lmS … fully normalized SH weighting coefficients for sine term 

The fully normalized Legendre polynomials lmP  are derived from the Legendre polynomials 
lmP  by 

 

   (2.4) 

 

The fully normalized SH weighting coefficients lmC  and lmS  are derived from the SH weighting 

coefficients 
lmC  and 

lmS  by 

 

   (2.5) 

 

Further details regarding the calculation of Legendre polynomials and a more detailed explanation 

of the underlying idea and concept of the SH series expansion can be found in Heiskanen and 

Moritz [1967] and Torge and Müller [2012]. One should note that the base functions fulfill the 

criterion of orthogonality. The normalization is applied in a way that the integral over a unit 

sphere equals 4π. 

The representation in equation (2.3) illustratively shows the content of the triangular plots of 

spherical harmonic coefficients. The left part of the triangle is composed by the 
lmS , and the right 

part by the 
lmC  coefficients. 

The term  
1l

R r


 from equation (2.3) is of special importance, since it introduces a relation of the 

potential V  with the radius of the Earth R  and the distance r  of the point being evaluated. As 

one can see from the exponent 1l  , there is a strong damping factor for locations with increasing 

distance from the Earth’s surface. This relation plays a key role for the design of gravity satellite 

missions and the retrievability of gravitational signals. The lower a satellite can fly, the larger the 

gravity potential is and the less sensitive an instrument needs to be to observe a certain signal. 
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Following equation (2.3), the full potential V  can be split up into a reference or static potential 
refV , and a residual time variable potential V . 

 

 

 

 

   (2.6) 

 

 

 

 

The terms residual and time variable can be understood as small variations with respect to the 

reference potential. Reason causing such potential differences can be, among others, a 

redistribution of mass. Because such mass redistribution processes are subject to e.g. seasonal 

variability, the difference to a reference field is not static but also varying in time. Since this 

thesis deals with geophysical signals or mass transport phenomena derived from gravity field 

observations, these potential differences V  play a key role. 

In equations (2.3) to (2.6), the harmonic series is expanded to infinity. In real world applications 

the expansion has to be cut at a certain maximum degree 
maxl . The performed degree of 

expansion can be translated by a rule of thumb [Gruber 2000] into spatial resolution by 

  min maxkm 20000km / l    (2.7) 

with min  as the lower bound of spatial resolution in kilometers (half wavelength resolution). 

Detailed thoughts regarding suitable degrees of expansion related to the target signals are 

presented in section 4.2.1. 

A given set of residual time variable coefficients lmC  and lmS  from equation (2.6) can be 

transferred to different functionals. The ones important for mass transport studies are geoid 

height differences N  and the equivalent water height differences EWH  on the sphere. A more 

general term for EWH would be surface density variation per unit area. The term equivalent 

water height applies only if assuming a density of 1 kg/m². But this still contradicts the definition 

of mass, being density per volume. The underlying idea is to condense the mass variations causing 

a differential potential to an infinitely thin layer. According to the equivalent source principle we 

could not assign a varying potential measured at satellite altitude to a change of mass at a 

specific coordinate (e.g. , ,r   ). Accordingly the assumption is based on the idea that mass 

variations occur in a region very close to the Earth’s surface, approximated by the surface density. 

This restricts the possible solutions in the infinite solution space drastically [Wahr et al. 1998; 

Horwath 2008]. In the following the spherical approximation of the Earth’s figure is used. 
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with 
lk  being the load Love number [Farrell 1972] for the respective degree l . In principle the 

series expansion shown in equation (2.9) for surface mass density variations is starting from 

degree zero. According to Wahr et al. [1998] and e.g. Horwath [2008], the expression is valid from 

SH degree 2 onwards. The degree zero term vanishes since conservation of mass is assumed. The 

degree one terms, however, need special consideration, as gravity field estimates are usually 

referred to the center of mass of the Earth, which is subject to change due to redistribution of 

mass. A detailed discussion of this issue can be found in section 4.2.2. 

 

Table 2-1: Constants used within this thesis 

Symbol Name Value 

GM Product of gravitational constant and the Earth’s mass 3.986005 1014 m3s-2 

R Earth’s reference radius 6378137 m (GRS80) 

ωE Earth’s angular velocity of rotation 7.292115 10-5 rad s-1 

 

2.2 Time variable gravity fields 

 

With equation (2.6) residual time variable potential fields have been introduced. Figure 2-1 shows 

a full static field in gray in terms of SH degree RMS (cf. equation (2.26)). The parameter degree 

RMS and other measures to evaluate gravity field signals represented in spherical harmonics are 

introduced in section 2.4. The static field in this case is the GOCO02S gravity field [Goiginger et 

al. 2011], which also will be used in the closed loop experiments in the following chapters. As 

exemplary time variable or residual field (solid black curve) serves the ITSG-Grace2016 2010-01 

[Mayer-Gürr et al. 2016a] field with its associated formal error (dashed black curve). This residual 

field contains, in addition to noise, to a large proportion five time variable geophysical 

constituents such as atmospheric (blue), oceanic (orange), hydrological (green), ice (cyan), and 

solid earth (brown) signals. To illustrate an approximate signal characteristic of these five 

constituents, average monthly variations from the AOHIS model by Dobslaw et al. [2015b] are 

drawn as SH degree RMS in the respective abovementioned colors. Figure 2-1 shows only a 

snapshot for one month (2010-01), and since residual gravity field estimates and all its 

constituents like noise and geophysical signals do vary over time, an explanation of the main 

frequencies and their relation to geophysical phenomena, also called target signals, are discussed 

in chapter 4.1. 

Especially at lower SH degrees ( 25l  ) the degree RMS for the five geophysical constituents is at 

or within the range of the residual GRACE signal. The formal error of the GRACE estimate is 

also up to the same extent below the geophysical signal degree RMS. From degree 30 onwards one 

can observe a steady increase in degree RMS for the residual signal which coincides with its 

formal error. The quantity responsible for the observed increase is, as one can see in later 

chapters, noise (cf. Figure 4-20 in chapter 4.3.3) in combination with the  
1l

R r


 term. In the 

following the residual field will be called “raw” or “unfiltered”, since it is unfiltered and not treated 

with any post-processing method. For degrees 30 and higher the gap between the degree RMS of 

the five geophysical signals and the residual GRACE field increases. To reduce this gap by 

applying suitable post-processing methods and thus to extract as much as possible geophysical 

signal out of residual gravity fields is one of the main objectives of this thesis. 
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2.3 Least squares adjustment, regularization, and ARMA filters 

 

Least squares adjustment is used for two major tasks in this thesis. The first aspect is estimating 

the SH weighting coefficients lmC and lmS  from equation (2.3). This is necessary in order to derive 

a representation of the Earth’s gravity potential field in spherical harmonics from the observations 

in the closed loop simulation environment (cf. chapter 3). The second aspect is estimating 

constant, linear, and periodic signals in series of time variable gravity fields. Both tasks rely on 

the same foundations briefly laid out in the following. A comprehensive compendium regarding 

estimation theory can be found in e.g. Koch [1987] or Niemeier [2002]. 

The basic equation expressing the relation between observations l , unknowns x , and residuals v  

is ˆ( )f x l v  , with v̂  being the a-posteriori residuals fulfilling the minimum requirement 

ˆ ˆ min
T

ll
v P v   in least squares sense. 

llP  is the weighting matrix for the observations. It is the 

inverse of the covariance matrix 
ll

Q  (
1

ll ll
P Q


 ). This matrix contains information regarding the 

correlation between observations (off-diagonal elements) and their accuracy (diagonal elements). 

This leads to the solution for the a-posteriori unknowns x̂ : 

   (2.10) 

with A  being the design matrix (also called Jacobi matrix) containing the partial derivatives 

( )f x x   of the functional model ( )f x  with respect to the unknowns x . The formal covariance 

matrix ˆˆxxQ of the a-posteriori unknowns is 

   (2.11)  
1

ˆˆ .T

xx llQ A P A




 
1

ˆ T T

ll llx A P A A P l




Figure 2-1: SH degree RMS of a full (gray) and differential gravity field (black) and its associated 

formal error (dashed black), in combination with atmospheric (blue), ocean (orange), hydrological 

(green), ice (cyan), and solid earth (brown) signal degree RMS in mm geoid height. 
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In the case of the decorrelation process, introduced in the following (cf. equation (2.18)) and 

discussed in section 5.3, the a-posteriori covariance matrix ˆˆxxQ , originating from the process of 

estimating the spherical harmonic coefficients lmC and lmS , is called 
1N 
. 

The a-posteriori residuals v̂  are 

 .  (2.12) 

and the unit weight variance 
2

0̂  is 

   (2.13) 

 

with n  being the number of observations l , and u  being the number of unknowns x . The 

difference between n  and u  is called redundancy and needs to be at least 0 to allow for 

unambiguously solving the equation system. 

The a-posteriori covariance matrices, scaled by the unit weight variance of the unknowns ˆˆ
ˆ

xxK , 

residuals ˆˆ
ˆ

vvK , and observations ˆˆ
ˆ

ll
K  are 

 

   (2.14) 

 

In the following an extension of equation (2.10) is introduced. It deals with the concept of 

regularization and embeds a second uncorrelated set of observations 
2l , which leads to 

    
1

1 1 1 2 2 2 1 1 1 2 2 2
ˆ T T T T

ll ll ll llx A P A A P A A P l A P l


   .  (2.15) 

Within this thesis, the concept of the so called Tikhonov regularization [Tikhonov and Arsenin 

1977] is pursued. Other concepts like the truncated singular value decomposition and the ridge 

regression exist, but are not applied for the analyses carried out within this thesis. An overview 

discussing different regularization techniques in the context of geodesy can be found in e.g. 

Bouman [1998]. 

The Tikhonov regularization is based on the idea to introduce a so called penalty term with the 

aim to constrain the solution. This leads to an extended minimization term in least squares sense. 

 minT T

llv P v x Rx    (2.16) 

Derived from the criterion in equation (2.16) the solution for the a-posteriori unknowns x̂  is 

 

   (2.17) 

 

with the regularization matrix R  and its weighting factor  . The weighting factor   is steering 

the regularization. If it becomes zero, no regularization is applied and the solution of equation 

(2.17) would be the same as equation (2.10). Connecting equation (2.17) with (2.15) allows 

introducing the idea of zero observations in the sense of the aforementioned penalty term. The 

observations 
2l  in equation (2.15) are zero with the consequence for the term 2 2 2

T

llA P l  being zero 

as well. The term 2 2 2

T

llA P A  is not zero and still contains the normal equation part 2 2

TA A  with the 

preferred stochastic characteristics contained in 2llP . We can now easily see the equivalence of 

equation (2.17) and (2.15) assuming zero observations or a penalty term. This equivalence can 
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also be extended to the VADER filter approach introduced here and extensively discussed in 

chapter 5.3. The general form of the VADER filter is 

 

 

   (2.18) 

 

 

 

Equation (2.18) shows the equivalence of the VADER filter with the introduced form of a 

regularization following Tikhonov. With respect to equation (2.17), the regularization matrix R  is 

replaced by M , representing the signal variance matrix used in the context of the VADER filter 

(cf. chapter 5.3). The idea to apply such a filter or decorrelation concept to monthly GRACE 

solutions is discussed e.g. in Kusche [2007], Kusche et al. [2009], and Klees et al. [2008]. One can 

also see that it is possible to split the process of estimating the a-posteriori filtered unknowns 

ˆVADERx  into a two-step approach. First a processing center, having a level-2 processing chain at 

hand, estimates the unknowns x̂ . Second an interested user can take this gravity field estimate 

and perform regularization as desired or necessary to derive certain target signals. The only 

information, apart from the SH coefficients x̂ , to be provided by the processing center is the 
T

llA P A N  normal equation matrix or its inverse. Discussions and analysis regarding the 

requirements to be met by the normal equations and the possibility to generalize or approximate 

them with respect to GRACE, GRACE-FO and future mission data post-processing or filtering, 

are presented in sections 4.3, 5.3, and chapter 6. This discussion also explains the difference 

between the aforementioned implementations of a filter approach following equation (2.18) and 

the implementation elaborated within this thesis. 

A measure to assess the impact or strength of the regularization is to compute the regularization 

bias x . A detailed description of the following brief introduction of the regularization bias can 

be found in Xu [1992] and is e.g. applied in the context of smoothing techniques in the recovery of 

regional gravity fields by Xu and Rummel [1994] or in the context of spherical cap regularization 

techniques by Metzler [2007]. 

Towards the regularization bias, first a look is taken at the difference between the two solutions, 

the true solution x , and the biased solution x̂ , following Louis [1989] and Metzler [2007]: 

 

   (2.19) 

 

l … observations containing noise 

 
el … observations noise free 

 x … true solution 

 x … regularized solution 

The last line of equation (2.19) is composed of two parts: The first product represents, in the 

terminology of Metzler [2007], the data error. The second part represents the regularization error. 
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The data error can be derived by applying covariance propagation for the regularization onto the 

original normal equation 
T

llN A P A . This leads to the covariance matrix ˆˆxxQ
 of the regularized 

solution: 

 

   (2.20) 

 

 

From equation (2.20), representing the data error, one can see a difference between the covariance 

matrix of the unknowns in a standard least squares adjustment procedure, as noted in equation 

(2.11), versus the one originating from a filtered or regularized solution. The regularization error 

can be computed upon knowledge of the true solution. This truth is not known e.g. in the field of 

real world gravity field estimation. But it is known in the closed loop simulation environments 

created e.g. within this thesis to investigate the characteristics and capabilities of different post-

processing methods. Since applying a regularization violates the assumption of an unbiased 

estimator  ˆE x x  , causing the abovementioned regularization error, the expectation value for 

the regularized solution is  

 

 

   (2.21) 

 

 

As Metzler [2007] concludes, and as one can see from equation (2.21), the magnitude of the bias is 

  
1

Tx A PA R Rx  


      (2.22) 

According to Xu [1992], a full error description of a regularized solution is given by the so called 

Mean Square Error (MSE). It is composed of the covariance and the bias term, leading to the 

expression 

   ˆˆ ,T

xxMSE x Q x x

      (2.23) 

aggregating equation (2.20) and (2.22). 

The bias term x  increases with stronger regularization, whereas the propagated covariance ˆˆxxQ
 

decreases with stronger regularization. This allows finding an optimum in terms of minimum RMS 

of the two components, leading to a minimum MSE and determining the optimal balance between 

regularization strength and signal to noise ratio improvement in the closed loop experiments 

where the true x  is known. Section 5.3, especially 5.3.3, shows some practical applications and 

investigations regarding the aforementioned topic and the consistency of the minimal MSE 

criterion with other measures of best filter setups. 

By taking the square root of the diagonal of the MSE matrix one can derive the difference 

between the true solution and the biased estimate. This quantity is referred to as residuals of e.g. 

cumulative geoid errors in section 5.3. Within the closed loop experiments, the square root of the 

diagonal of the MSE and residuals are the same quantity. The approach investigating the MSE 
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allows, contrary to the residuals, distinguishing between the different components causing the 

overall gap between truth and the filtered solution. 

A second variant to alter equation (2.10) in the case of correlated observations is replacing the a-

priori weighting matrix 
llP  by filtering the design matrix A  and the observations l . This is of 

great importance when dealing with a large number of observations. A typical solution, estimated 

within the experiments carried out for this thesis, has a maximum degree of 
max 120l  . This 

results in a total number of unknowns of 2121 14641 . The corresponding A  matrix has therefore 

14641 columns. The usual number of observations lies within a range of 250000 for a typical 30 

day solution based on 10 second sampling. Setting up the full system 
T

llA P A  would result in 

enormously large matrices. A full A  matrix with the aforementioned parameters would already 

need about 30GB of memory in double precision (14641 250000 8byte  ). One way to overcome 

this issue is to take advantage of the concept called Autoregressive Moving Average (ARMA) 

filter [Schuh 1996; Siemes 2008; Stetter 2012]. Equation (2.10) can be extended as follows: 

 

 

 

   (2.24) 

 

 

 

with a transformation or filter matrix F . The covariance matrix of the filtered observation llP I  

equals the identity, implying uncorrelated observations l . A  and l  are now transformed by F  

to another basis. The key advantage is the possibility to perform the filtering as a sequence of 

operations in time. This allows filtering very long time series without explicitly setting up full 

equation systems like the first row of equation (2.24). One drawback of the ARMA filter 

approach, although very small in the context of the experiments carried out within this thesis, is 

the so called filter warm-up time as discussed in Schuh [2003]. Its impact and how it is dealt with 

is addressed in chapter 3. Whilst understanding F  as filter matrix, one can add white or colored 

noise to the system using the inverse function of the filter response. The design of a filter matrix 

F  and its application in the context of the mission simulation environment is also addressed in 

chapter 3. 

 

2.4 Measures to evaluate gravity field solutions in spherical harmonics 

 

Performing the processing of gravity field estimates in the spectral domain has some big 

advantages. From a perspective of computational costs and efficiency, working in the frequency 

domain is by far more efficient than working in the spatial domain. In the frequency domain filter 

operations can be formulated as simple multiplications, whereas in the spatial domain they 

become complex convolution operations (cf. section 4.3.3 and 4.3.4). An also very important fact 

is the storage of covariance information ˆˆxxQ  (since these matrices are fully populated) in the 

spectral domain. A representation of covariance information in the spatial domain would need to 

be made for every grid point the potential field is evaluated for. Since grids are usually at least at 

a one degree resolution (360 by 180 grid points), this would be 64800 matrices of 518 KB each or 

33.59 GB in total compared to 1.71 GB for a spectral representation up to 
max 120l  . The 

calculation regarding the hard disk storage requirements assumes double precision. These 
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circumstances suggest working in the spectral domain as long as possible during the processing 

algorithm and just perform a SH synthesis (cf. equation (2.3)) to finally visualize the results. 

Measures for assessing the quality and properties of potential or residual potential fields 

represented in spherical harmonics are: 

Degree variances 

   (2.25) 

Degree amplitudes 

   (2.26) 

Cumulative degree amplitudes 

   (2.27) 

Order variances 

   (2.28) 

 

Phase and amplitude of SH coefficients 

 

   (2.29) 

 

   (2.30) 

By applying the factor ER  to the quantities above, they can also be expressed in terms of geoid 

height. The operation expressed by equations (2.25) to (2.27) can be applied not only to SH 

coefficients, but also to their variance respectively standard deviations delivering e.g. error degree 

amplitudes. These error degree amplitudes or variances must not be mixed up with the 

cumulative geoid errors from the closed loop experiments which are computed from residuals. 

Not only the analysis of formal variance or covariance information is of interest, but also 

investigations regarding empirical covariance information from gravity field time series. A 

comparison of formal and empirical covariance information allows testing the match of their 

characteristics and provides information about the features of the stochastic modelling during the 

estimation process. In section 4.3.2 a description is provided of how empirical error covariance 

matrices are derived and how they can be evaluated. Measures to evaluate them are e.g. 

correlation patterns in the spatial domain or RMS of correlations between specific SH degrees 

and/or orders. 

 

2.5 Treatment of AO and OT variations – The de-aliasing problem 

 

This section gives a brief overview of the problem of undersampling signals. One basic relation in 

the context of undersampling high frequency signals is given by the Nyquist theorem [Shannon 

1949] 1 2Nyf t  , with the Nyquist frequency Nyf  and the sampling interval t . Following e.g. 

the explanations regarding aliasing in the context of gravity satellite missions by Murböck [2015], 
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with Nyf  defining the lower bound of the sampling frequency, one must sample a signal x  at least 

with the frequency 
xf . If this criterion is violated, 

xf  cannot be reconstructed and, as a result, 

aliasing occurs. The frequency of the aliased signal 
aliasf  equals to  mod ,2 .alias x Ny Ny Nyf f f f f    

From the above one can understand the effect of choosing sampling frequencies of a target signal 

too low, illustrated in Figure 2-2. It illustrates on the basis of a simple 1D example of a 

continuous cosine series with 10 second period (black curve) the aliasing introduced by 

undersampling the target frequency. The red dots and blue circles show exemplary the discrete 

sampling points using 3 second (red) or 8 second (blue) sampling intervals. The blue dashed line 

illustrates the reconstructed signal from the 8 second sampling intervals. By comparing the black 

and dashed blue line, conclusively the target signal was not mapped with a sufficient sampling 

rate. 

 

 

 

 

 

 

 

This effect of undersampling can be transferred to gravity field missions. Several studies 

investigating the effect of aliasing and its impact on gravity field retrieval, using GRACE 

observations, have been carried out [Han et al. 2004; Thompson et al. 2004; Seo et al. 2008; Visser 

et al. 2010]. Undersampling, and thus aliasing, occurs with every satellite mission to a certain 

extent. Since the ground track separation has a finite distance, the temporal resolution of the 

observations made has a limited sampling rate, and the stretch of observations is confined in time. 

In real world applications temporal aliasing occurs and cannot be avoided. In the case of GRACE 

nearby locations on the Earth’s surface, which are subject to changes in e.g. hydrological or 

atmospheric conditions in time, are observed with large temporal difference. This is due to 

properties of the orbit. Accordingly the observations contain different states of atmospheric or 

hydrological conditions. Since these variations are within the timeframe of one gravity field 

estimate, this single set of SH coefficients does not allow for reconstructing the variations, leading 

to errors or noise. This circumstance cannot be totally avoided and is compensated by the use of 

model data to minimize these effects. In the actual GRACE processing (cf. e.g. [Dahle 2014]), the 

high frequency AO variations are reduced using a specific de-aliasing product, namely the AOD1B 

products (cf. [Flechtner et al. 2015]). The ocean tide signal is reduced by using again model 

information from an ocean tide model (cf. [Savcenko and Bosch 2012]). As further analysis will 

show, the de-aliasing products and procedures apparently inherit certain deficits, which result in 

distorted solutions. By inspecting the cyan (ocean tide error) and aubergine-colored (atmosphere 

and ocean de-aliasing error) lines in Figure 1-2, one can identify them being among the most 

dominant contributors to the GRACE error budget. 

As introduced, different sources causing aliasing exist in the context of GRACE-like missions: 

aliasing induced by non-tidal and tidal signals. Aliasing periods caused by tides are e.g. given by 

Ray [2003]. One tidal period considered in subsequent investigations (cf. section 4.3.2) is the S2 

161-day period. It is part of the functional model applied for estimating trends, since its amplitude 

is influencing the estimation process for mass trend signals. Characteristics of the AO signals are 

discussed in section 4.1. 

Figure 2-2: Temporal aliasing in case of a 1D time series. A normalized continuous cosine time 

series with 10 second period (black), sampled with 3 (red) and 8 (blue) second sampling. 

Reconstructed signal from 8 second sampling in dashed blue line. Credits: Murböck [2015]. 
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Another interesting aspect is how de-aliasing errors map to certain sets of SH coefficients. 

Murböck et al. [2014] summarize, based on the findings of the semi-analytical approach [Sneeuw 

2000], the relation of orbit defining Kepler elements and resonances within specific SH orders in 

gravity field solutions. Foundations in this context also can be found in Kaula [1966] and 

Lambeck [1988]. For the rate ( rad s ) of the argument of the latitude u  and the longitude of the 

ascending node   holds: 

   (2.31) 

 

   (2.32) 

     … argument of perigee 

    M … mean anomaly 

     … right ascension of the ascending node 

    i … inclination 

     … Greenwich sidereal time 

    n … mean motion 

    
ea … Earth’s semi-major axis 

    
sa … satellites semi-major axis 

    
2J … Earth’s flattening (cf. section 4.2.2) 

Following Sneeuw [2000], it reads for the orbital angular variable and signal spectrum 
mk , using 

equation (2.31) and (2.32), 

 mk ku m      (2.33) 

with 
max maxl k l    and 

max0 m l  . The rates, given in units of rad/s, can be transformed to 

frequencies, in units of 1/s = Hz, by dividing them by 2π. Murböck et al. [2014] evaluate the 

relation given by equation (2.33) for GRACE orbits in a simulation environment. The absolute 

minimum frequencies derived from 
mk  exhibit local maxima for orders m  being integer multiples 

of  15. The number of approximately 15 is correlated with the number of revolutions of the 

spacecraft around the Earth per day rev dayN N . For GRACE this number nominally lies between 

15 and 16. Murböck et al. [2014] further analyze residual order variances (cf. equation (2.28)) of a 

series of real monthly GRACE solutions and compare them with the absolute minimum 

frequencies obtained from the orbit configuration analysis described above. They report very good 

agreement between the occurrence of dominant order resonances and the absolute minima of the 

respective frequencies from 
mk  in terms of order m  and time. 

These findings suggest AO and OT de-aliasing errors being projected to specific sets of 

coefficients. These coefficients are predominantly the ones with SH orders being multiples of  15 

and lower SH degree. Seo et al. [2008] elaborate similar conclusions, performing experiments on 

how de-aliasing errors map to specific groups of SH coefficients. They not only find specific orders 

predominantly influenced by de-aliasing errors, but also reveal that errors map on coefficients 

differentiated by even and odd SH degree. Seo et al. [2008] subsume after testing the influence of 

single frequency error contributions, that if introducing an error for a certain order m, the result 

is a linear combination of the error input and the Kaula resonance orders. It appears that SH 

coefficients of a certain SH order with same parity of the SH degree carry aliasing error. Such an 

error can, according to the above, be called correlated error. This finding is of great importance 

since e.g. the empirical filter approach by Swenson and Wahr [2006] is built on these properties 

(cf. section 5.2). 

The investigations regarding the properties of actual GRACE time series in section 4.3.2 also 

exhibit such correlated structures embedded in the normal equation respectively the error 

covariance matrices. As outlined in the respective section, they exhibit changes in time since the 
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orbital configuration of GRACE is evolving. Murböck et al. [2016] show very good agreement 

between such SH order dominated correlations, derived from formal GRACE error covariance 

matrices, with the resonance frequencies deduced from 
mk  in terms of order m . 

In the context of future mission scenarios and the aim to minimize the influence of aliasing effects 

introduced by unfavorable orbit configurations, Murböck [2015] describes illustratively the 

connection between orbital mission parameters (e.g. height and repeat frequency) and the 

occurrence of temporal aliasing. Favorable orbital heights and inclinations to minimize the 

mapping of de-aliasing errors to the estimates solutions are identified. The findings on the 

temporal evolution of SH order resonances for GRACE orbits are in good agreement with the 

results of the investigations derived within this thesis from the correlation structure in GRACE 

normal equations (cf. section 4.3.2). 

Seo et al. [2008] and Visser et al. [2010] state, among others, that the key factor for the 

advancement of future gravimetry missions, aiming for better spatial and temporal resolution, is 

to overcome the dependency on insufficient de-aliasing models. One option is to tailor the mission 

design parameters towards promising configurations [Visser et al. 2010; Murböck et al. 2014]. 

Another option discussed lately is changing the parametrization of the estimation process by e.g. 

co-estimating certain tidal constituents, or by estimating short term daily AO variations and 

reducing them on the level of normal equations [Kurtenbach 2011; Daras et al. 2015; Daras 2016; 

Mayer-Gürr et al. 2016a]. 
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3. Simulation environment for closed loop tests 

Formelabschnitt (nächster) 

The following chapter explains the simulation environment used and sets focus on the design and 

implementation of deterministic and stochastic error contributions in the simulation runs. The 

design of the error budget is of high importance. It defines the rate of recoverability of the input 

signal, whether it is static or time variable, and creates, in conjunction with the orbits used, the 

different kinds of gravity field missions investigated. The setting needs to be made carefully since 

the rating of performance and applicability of different post-processing methods is based on the 

properties of the filtered residual field. Figure 3-1 gives a schematic overview of the simulation 

environment and illustrates all major steps carried out in order to derive from the input datasets 

a final gravity field estimate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The simulation approach implemented is the so called numerical “Linear Closed Loop approach” 

(LCLA) as described and implemented by e.g. Murböck et al. [2014]. It is based on the 

“acceleration approach” introduced by Rummel [1979]. It allows estimating a gravity field solution 

in e.g. spherical harmonics, derived from the acceleration differences experienced between e.g. two 

spacecraft without linearization or prior knowledge about the gravity field due to the linear 

relation between the acceleration differences and the unknown gravity field parameters lmC  and 

lmS , represented by x̂  in the simulator flowchart. Equation (3.1) gives the functional model for 

the application of the ll-SST principle in the estimation process. 
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Figure 3-1: Flow chart illustrating the setup of the closed loop (CL) simulation environment. 
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0

ˆ ,ll SST grav   l a r   (3.1) 

With ˆll SSTl  being the acceleration differences along the line of sight (LoS) vector, calculated from 

0r , the unit vector pointing from satellite A to satellite B, and grava , the difference in 

acceleration experienced between the two spacecraft, caused by the gravitational potential V  

outside the mass distribution of the acting body, located at different positions. 

The accelerations experienced by each of the two spacecraft are derived from the gravitational 

potential V  at the corresponding spacecraft position. Rummel [1986] illustrates the connection 

between the acceleration vector grava , the Marussi tensor M , and the distance vector d  between 

two spacecraft, based on Newton’s second law of motion, as 

 grav a Md   (3.2) 

Not only gravitational accelerations (gravitational in the sense of caused by the body of the 

Earth) act on a satellite, but also non-gravitational accelerations non grava  like e.g. atmospheric 

drag or solar radiation pressure. Since all constituents of the total acceleration 
totala  are acting in 

a superimposed way, the non-gravitational accelerations need to be subtracted leaving a modified 

version of equation (3.1). 

 

   (3.3) 

 

In the case of GRACE-like measurement systems, this issue is solved by the use of accelerometers 

on board each spacecraft, which measure the non-gravitational accelerations acting on the 

spacecraft. Other disturbing sources of gravitational acceleration like tides are reduced by using 

models. In the simulation environment implemented for the later discussed experiments, a noise 

budget accounting for the reduction of non-gravitational forces is introduced by applying a 

dedicated accelerometer noise time series. The error budget components applied are discussed in 

detail later within this section. 

The total accelerations 
totala  contain, as Rummel [1979] or e.g. Liu [2008] note, not only a distance 

change or range rate dependent term  , but also a velocity change dependent term (fraction on 

the right side of the equation), as equation (3.4) shows. 

 

   (3.4) 

This so called velocity term is not considered due to applied simplifications in the setup of the 

simulation environment. Rummel [1979] or Liu [2008] rate the omission of the velocity term 

having a significant impact on the quality of the retrieved solution. Numerical simulations by 

Murböck [2015] show no significant deficits by omitting this term, as the ranging noise is assumed 

to be dominant with respect to the error made by the omission of the velocity term. 

Since within this thesis the role of simulated gravity field estimates with their full error covariance 

matrices, originating from the closed loop simulator, is to serve as test objects for post-processing 

methods, the main criterion here, for the applicability of the LCLA, is the structure of the error 

covariances. Detailed investigations regarding the properties and similarities of the error 

covariance matrices of the simulator output and real GRACE error covariance matrices, provided 

by different processing centers, showing good agreement between the two types of covariance 

matrices, are presented in section 5.3.1. 

In the following, the input for the least squares adjustment process presented in the simulator 

flowchart in Figure 3-1, especially the three groups of contributors, the noise free contributions 
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(red), the deterministic noise or signal contributions (blue), and the stochastic noise contributions 

(yellow), are explained. An overview of the realized scenarios, naming the respective datasets 

used, can be found in Table 3-1. The three center columns give an overview for the mission 

simulations performed, whereas the very right column indicates the setup of the deterministic 

noise contribution runs. 

 

Table 3-1: Summary of the most important simulation run setups conducted 

Scenario: GRACE like Future mission 

single pair 

Future mission 

double pair 

Optional 

Deterministic 

noise 

ACC noise White noise Colored noise Colored noise Noise free 

SST noise White noise Colored noise Colored noise Noise free 

Orbits Real GRACE 

orbit 

Real GRACE orbit Synthetic orbit Real GRACE 

orbit or 

Synthetic orbit 

Timeframe 11 years 11 years 1 year 11/1 year 

maxl   120 120 120 120 

Temporal 

resolution 

Monthly (as 

defined by 

GRACE orbit) 

Monthly (as defined 

by GRACE orbit) 

Monthly (30 day 

solutions) 

Monthly (as 

defined by 

GRACE orbit or 

30 day) 

Static back-

ground model 

GOCO02S GOCO02S GOCO02S - 

Target signal HIS HIS HIS AO or OT 

differences 

Optional 

deterministic 

error 

AO 

OT differences 

AO 

OT differences 

AO 

OT differences 

 

 

For the closed loop experiments carried out within the framework of this thesis, all input models 

are expanded to the same SH degree (
max 120l  ) as the estimated solutions. The only exception 

are the OT differences, used to simulate optional deterministic noise, developed up to 
max 80l  . 

 

Noise free contribution 

The noise free contributions summarize all input datasets not representing noise in the sense of 

intentionally introduced noise. They are considered as noise free observations. One of the key 

datasets are the orbits. As Table 3-1 shows, real GRACE orbits [Zehentner and Mayer-Gürr 2016] 

are used for the GRACE-like and an advanced future mission concept assuming to have a 

GRACE-like constellation. Real orbits are used for the future mission case, since they suffer from 

real mission operation problems resulting in e.g. data gaps or changes of the orbital altitude. This 

results, as experiments in section 4.3 and chapter 6 show, in more realistic correlation structures 

than using synthetic circular or perfect repeat orbits. For the double pair scenario real orbits are 

not available, and thus simulated orbits from the SC4GMV study have to be used instead. The 
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nominal sampling rate for the real GRACE orbits is 10 seconds, and for the synthetic SC4GMV 

orbits 5 seconds. The timeframe and number of observations fed into the monthly estimate is 

defined by the real GRACE orbits and varies within certain bounds. For the SC4GMV orbits, the 

solutions are exactly 30 days long. Although not necessary, a static background field is fed into 

the simulated scenario representing the constant part of the total gravity field. The time variable 

part, represented by the HIS component of a simulated geophysical signal dataset with 6-hourly 

sampling intervals by Dobslaw et al. [2015b], serves as target signal to be observed. Between the 

6-hourly intervals of the model, a linear interpolation between the two closest model snapshots is 

performed to derive the HIS signal at the time of the observation defined by the orbit timestamp. 

 

Stochastic noise contribution 

In the following, the stochastic noise contribution and the two implementations or designs for the 

noise time series applied, are discussed. The closed loop simulator can in principle be fed with any 

noise time series (cf. Figure 3-1). The only limiting factor is the later discussed filter degree for 

the autoregressive moving average (ARMA) filter (cf. section 2.3), which should be kept 

reasonably low due to performance issues like computational speed. The two noise time series 

designs (cf. Table 3-1) presented in the following are one less complex, but simple to construct, 

white noise time series and a more complex, but therefore also more realistic colored noise time 

series, based on the colored noise characteristics of an accelerometer and ranging instrument. 

A very general approximate assumption regarding the measurement and system noise is to assume 

white noise. This is, as discussed below, not the most accurate representation of the noise budget 

present in gravity field mission scenarios, but can be assumed to be a first order approximation. 

The assessment regarding the amplitude of white noise is determined following the outlined 

approach. Figure 3-2 illustrates the results and the assessment carried out to determine a suitable 

level for the white noise time series. First, a monthly GRACE gravity field solution with its 

associated formal errors is selected. In the present case, the ITSG-Grace2014 time series is chosen 

since its formal errors, compared to others time series, do not tend to be too optimistic (cf. 

chapter 4.3.2). In a second step the residual monthly field (black solid curve) is computed by 

subtracting a constant field (here GOCO02S, magenta solid curve; associated formal error in 

dashed magenta curve). The formal error of the residual ITSG-Grace2014 field is shown as black 

dashed curve. A propagation of the error for the residual field was spared, since the static field is 

assumed to be error free. As shown in Figure 3-2, this is not fully true, but the formal error of the 

static field is about one order of magnitude smaller than the one of the monthly field. 

The blue, red, and green solid curves show the residual field obtained from simulator runs. Input, 

serving as observation for these simulation runs, is always the same static field GOCO02S. 

Therefore the residuals of the simulation runs represent the real discrepancy or error between the 

original observations and the output from the simulator and should therefore be understood as 

error of the simulated test case configuration without containing aliasing errors induced by time 

variable signals observed. The match with the associated formal errors, represented by the dashed 

curves in the respective colors, indicates a good choice for the functional model and prior error 

estimate of the observations. The posteriori unit weight variance 
2

0̂  is close to one. The residual 

real GRACE field on the other side represents the residual time variable component of the Earth’s 

gravity field not represented by the long term static solution, which was subtracted. These 

residuals are mainly composed by time variable geophysical signal constituents like HIS. This 

observation is supported by the good agreement between the cyan solid curve, representing mean 

HIS signal from the model by Dobslaw et al. [2015b], with the residual GRACE curve (black 

solid) in the range of SH degrees smaller 20. These differences in the compounding of the residual 

curves explain the spread between the GRACE estimate and the simulation run results in the 

area between SH degree 2 to 20. A distinct feature of all residual curves is their positive slope 
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starting from about SH degree 20. This slope is mainly due to the increasing level of error with 

increasing SH degree. Static signals are reduced and the most important residual signal 

components like HIS decrease in signal strength with increasing SH degree, as the cyan solid 

curves shows. In general, a decrease in signal amplitude per SH degree of the gravity field signal 

has to be expected from “Kaula’s rule of thumb” [Kaula 1966]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The goal is now to find a system noise level (system stands for the simulation environment), 

which delivers an error behavior possibly matching the observed real world GRACE error. A 

choice for the white noise level of 
9 22 10 m s   apparently fulfills this requirement. 9 21 10 m s   is 

too optimistic and 9 25 10 m s   is too pessimistic. In the following, a white noise level of 
9 22 10 m s   serves as input used for the GRACE-like simulation runs analyzed in the subsequent 

chapters. 

As mentioned above, the white noise characterization of the system error is fairly simple while 

easy to implement. Since more detailed knowledge regarding the contributors to the total system 

noise are known, a second refined noise model is set up and implemented in the course of work 

presented within this thesis. In the following, a colored noise model comprising accelerometer and 

satellite-to-satellite tracking noise is introduced. Other total noise budget contributors would be 

attitude errors. They are not addressed in the present study but could be included in future 

improvements of the closed loop simulation environment by projecting them as additional noise 

contribution into the LoS, respectively the ranging vector. They are to be considered containing a 

stochastic and deterministic part, since they depend on instrument characteristics and location 

resp. situation in space (solar drag, systematic mispointing etc.). 

 

 

 

 

Figure 3-2: White noise test for closed loop experiments 
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Figure 3-3 shows in the left panel the noise model for the assumptions regarding a, compared to 

GRACE, more advanced future mission scenario. The assumption on system performance for the 

accelerometer (ACC) and the satellite to satellite tracking (SST) device are aligned to the 

SC4MGV baseline 5 scenario. Detailed descriptions and discussions of how to derive such 

instrument characteristics can be found e.g. in [ESA 2010]. The blue line represents the 

performance of the ACC with respect to frequency. The ACC has a sensitivity introduced to the 

accelerometer error model of 12 22 10 m s   for frequencies f  in the bandwidth 
3 510 Hz 10 Hzf   . The blue line is drawn at 12 22 2 10 m s   because the full system consists of 

two accelerometers, one on each satellite. The red line represents the noise model for the SST 

system (in this case a laser instrument instead of the K-band ranging instrument on GRACE). 

The total noise as an aggregation of ACC and SST noise is represented by the dashed black line. 

Since the use of an ARMA filter approach (cf. section 2.3) is very promising in terms of 

applicability and numerical efficiency, an inverse filter response (green) is approximated in order 

to best match the total noise model. Due to reasons of computational efficiency and simplicity of 

the filter function it was decided to implement a filter cascade consisting of, in this case, three 

simple filters. Namely a series of Butterworth type [Butterworth 1930] low and high pass filters of 

first and second order. From the two filter models now available (dashed black and solid green 

line) two noise time series can be constructed. The gray colored curve shows the ASD for the 

noise time series from the total noise model and the cyan curve the one from the ARMA filter 

model. As one can see from the upper right panel of Figure 3-3, this approximation appears valid 

since the ASD of the filtered noise time series filtered by the noise model (gray) is coinciding very 

well with the one filtered with the approximated ARMA model (cyan). A deviation from 1 

indicates a non-confirming alignment between filter response and total noise model. One could 

estimate a higher order ARMA filter (cf. Stetter 2012), matching even better with the total noise 

model, but no significant benefit compared to the additional costs is expected. Tests have revealed 

a difference between the estimated signal from observations filtered with the noise model and the 

ARMA filter model of a factor of 50-100 smaller than the magnitude of the actual observed signal. 

Figure 3-3: Colored noise case: Noise model and inverse filter 
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The only drawback of using an ARMA filter approach, in order to introduce a stochastic 

weighting in the least squares estimation process, is the filter warmup time as mentioned in 

section 2.3. The lower right panel of Figure 3-3 shows the filtered noise time series from the 

ARMA filter model (cyan) and the total noise model (gray). Very prominent is the deviation from 

the expected scattering at the very beginning of the time series (approximately first half hour 

corresponding to about 180 observations at 10 second sampling). This deviation is due to the 

abovementioned warmup time the filter needs to be able to reproduce the desired noise 

characteristics. To avoid negative impact on the estimated final solution, the observations 

suffering from the application of this deviated noise model are excluded from further processing. 

Including a safety buffer, the first 500 observations are excluded from further processing. For a 

typical monthly solution this cutoff is considered not critical since it translates to omitting about 

0.2% of the total number of observations for 10 second sampling and even less for 5 second 

sampling rates. 

 

Deterministic noise contribution 

The deterministic noise contribution is introduced, since questions regarding de-aliasing should 

also be addressed in the performance evaluation and further development of post-processing 

methods. The AO component of the model by Dobslaw et al. [2015b] is observed with the same 

setup as the static gravity field and time variable HIS signal contribution, with the only difference 

being the applied stochastic noise contribution. Since the target is to simulate the effect of 

temporal aliasing due to insufficient sampling of short term signal variations caused mainly by the 

design of the orbit, stochastic noise must not be introduced to allow isolating the effect of aliasing 

from the degradation of the observations by deficits of the observing instruments. Therefore 

satellite instruments, namely the accelerometer and the inter-satellite ranging device, are assumed 

to work noise free. The introduction of this deterministic error contribution into the least squares 

estimation process is done on the level of normal equations. 

The OT deterministic noise or error contribution is set up by taking the differences of two ocean 

tide models as upper bound of the error. These models are the EOT08a [Savcenko and Bosch 

2008] and the FES2004 [Lyard et al. 2006] model. This contribution is expanded up to the 

maximum SH degree of 80. For SH degrees beyond, an ocean tide error is not considered due to 

the low amplitudes of power spectrum density of OT models. 
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4. Retrieval of geophysical signals 

Formelabschnitt (nächster) 

The main goal of gravity field missions dedicated to the retrieval of time variable gravity fields is 

exploring geophysical signals. But the term time variable itself is a quite vague description. The 

underlying geophysical processes, responsible for changes in the Earth’s gravity field, show 

periods, ranging from hours to decades to centuries, not even ending in millennia. A detailed 

explanation can be found in the following section (4.1). Depending on the origin, geophysical 

signals can be of very small extent, e.g. hundreds of meters, or range to large extents of thousands 

of kilometers. How well these features are observed with today’s and near future gravity field 

missions is introduced in the following. A second aspect discussed are the different spectral 

properties of geophysical and atmospheric processes. This circumstance, coupled with finite 

sampling rates and aggregated averages of observations in time, leads to the aforementioned issue 

of aliasing (cf. section 2.5). Since geophysical signals are superimposed, solid earth, hydrological, 

and cryospheric signals are collated with each other. Finding methods of separating them into 

their different sources of origin is a difficult or sometimes even impossible task. To retrieve 

geophysical signal information from today’s time variable gravity field estimates, certain 

processing steps are necessary to overcome some deficits coming along with the initial estimates. 

Questions like the right degree of expansion, applicable correction, or the issue of leakage and 

integration kernels are addressed in section 4.2. Section 4.3 recaptures the state of the art in 

GRACE post-processing by introducing the main types of gravity field solutions and giving an in-

depth analysis of available level-2 products in the SH domain. An overview of established 

isotropic, anisotropic, and decorrelation technique dependent filters is provided to allow classifying 

the two filter concepts presented within this thesis. 

 

4.1 Detectable geophysical signals 

 

In September 2014 a consultation meeting was held in Herrsching (Germany), gathering together 

scientists from different peer groups such as hydrology, ocean, cryosphere, and solid earth science. 

The goal of the meeting was to define the user needs for future satellite gravity missions. 

Important aspects discussed were the identification of valuable target signals and the required 

observational accuracy and capabilities to reach these targets. Pail et al. [2015] describe the 

collected ideas and output from the meeting. Two major findings are of relevance with respect to 

the topics of this thesis. First, the assessment which geophysical signals can be observed with 

actual and near future satellite gravity field missions, and second the classification of the various 

signal sources in terms of spatial and temporal extent as well as signal amplitude. For 

hydrological and cryospheric processes, examples are given in Figure 4-1. The upper two panels 

describe the spatial extent of the different subcategories against the amplitude in mm EWH. The 

lower two panels characterize the same features with respect to their amplitude per year. The 

black, dark gray, and light gray lines represent the capabilities of GRACE (black), a future 

threshold scenario (dark gray), and an even more ambitious target scenario for the far future 

(light gray). The threshold scenario is in terms of performance similar to the polar only pair 

presented in chapter 1. A variety of features is shown in the different bubbles, indicating the 

spatial extent (resolution) of the signals against their amplitude respectively amplitude per year. 

As one can see from the GRACE performance curve (black), most of the features cannot be 

observed. Since the understanding of geophysical and climatological processes is not only 

interesting for science, but of major importance for mankind in general, any improvement made in 

raising the accuracy and retrievability of geophysical signals is of value. 
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Some of the features observed with GRACE, mentioned in section 1.1, are as one can see from 

Figure 4-1, only the “tip of the iceberg”. One particular process is groundwater. The groundwater 

depletion analyzed by Tiwari et al. [2009] is one of the major events of such kind. Another 

example is the depletion in California’s Central Valley [Famiglietti et al. 2011]. There are 

numerous other places where groundwater depletion occurs but is not captured, as the black 

GRACE performance line indicates. Knowledge about such processes helps to understand the 

underlying individual processes of depletion and renewal and helps to sustain natural resources. A 

second particular process is the dynamics of ice sheets. In Figure 4-1, this general term is divided 

into several sub processes. By comparing the spatial extent and amplitudes of the ice mass trend 

derived from altimetry with the respective results from GRACE, as shown in Figure 4-3, it 

becomes clear which gap there is to close by improving gravity signal retrieval from space 

missions. Although one should keep in mind that a similar spatial accuracy as from radar 

altimetry cannot be achieved using gravity space missions, because of the decrease in potential 

with increasing orbital height, thus limiting the spatial resolution. 

Figure 4-2 shows SH degree amplitudes for atmospheric (A) and ocean (O) signals compared to 

hydrological (H), ice (I), and solid earth (S) signals. A clear discrepancy between the frequencies, 

derived by a Fourier analysis of the AOHIS time series [Gruber et al. 2011] for January 2005, and 

the respective amplitude can be observed. HIS signals tend to show much smaller short term 

variations compared to AO signals. Since the GRACE averaging period is nominally 30 days for 

the monthly solutions, large signal variations of the AO component occur. These variations are, 

since they are undersampled and imperfectly reduced from the estimates, the reason for temporal 

non-tidal aliasing (cf. section 2.5). The blue solid line indicates the theoretical maximum SH order 

Figure 4-1: Hydrological and cryospheric features in terms of their spatial extent 

(resolution) against their amplitude (upper panels) and amplitude per year (lower 

panels). Credits: [Pail et al. 2015]. 
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of a gravity field solution calculated from the Colombo-Nyquist theorem [Weigelt et al. 2013]. For 

a double pair, with double the number of observations (referring to revolutions per day), the 

maximum retrievable SH order increases as indicated by the dashed blue line. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.2 Processing steps from time variable gravity field solutions 
to mass trends 

 

From the introduction of detectable geophysical signals in the previous section it is clear that the 

spatial resolution of GRACE is much too coarse to observe a large proportion of the target 

signals. Since gravity field solutions can only be estimated from GRACE observations to a certain 

degree of SH expansion, a proper definition has to be established up to which degree a SH 

expansion makes sense (section 4.2.1). To achieve the performance level in terms of signal 

retrieval indicated for GRACE in Figure 4-1, different corrections need to be applied to GRACE 

time series in order to cope with deficiencies in e.g. the 
20C  coefficients and other parameters 

(section 4.2.2). The issue of leakage induced by insufficient sampling of the target signals in terms 

of localization and spectral sampling (section 4.2.3) is addressed in conjunction with the 

mechanism to derive mass balance estimates from areas of interest (section 4.2.4). 

 

 

 

Figure 4-2: SH degree amplitudes in log10 (mm) geoid heights of non-tidal temporal HIS 

(left panel) and AO (right panel) variations depending on the period (days). The blue lines 

approximate the maximum possible SH degree of expansion for a single and double pair 

respectively. Credits: [Murböck 2015] 
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4.2.1 The right degree of expansion 

 

As explained in section 4.3.1, different series of gravity field solutions are available. They show 

different degrees of SH expansion, going from 
max 60l  , 90  or 96  even up to 120 . Consequently 

the question arises whether it makes sense to include information of higher degrees, e.g. from 

degree 61 to 90/96 or even beyond. From the investigations shown in section 4.3.2, it can be 

expected to encounter worse signal to noise ratio for higher degrees as the target signals decrease 

in amplitude by Kaula’s rule of thumb whereas the noise is increasing. Does it make sense to 

include datasets into the analysis containing SH coefficients beyond 
max 60l   or even beyond 

max 90l  ? To examine this issue an experiment is conducted. Figure 4-3 shows examples of a 

linear trend, estimated from the CSR96-RL05 time series expanded up to 
max 60l   (panel a), up 

to 
max 90l   (panel b), a high resolution linear trend estimated from ICESat [Zwally et al. 2002] 

laser altimetry [Groh et al. 2014] (panel d), and the high resolution altimetry trend filtered with a 

250 km Gaussian filter (panel c). The two results from GRACE are filtered with an optimized 

version of the S&W filter version two [Swenson and Wahr 2006]. For details on the filter 

parameters see section 5.2. For the unfiltered high resolution trend, a different colorbar limit is 

used for better readability. All four panels show results in mm EWH year-1. Before the experiment 

is discussed, one should be aware that the direct comparison between GRACE and radar 

altimetry trends is only partially valid, since they observe different quantities. Altimetry mass 

change estimates are derived from surface height changes in a certain time interval, e.g. changes 

in geometry, resulting in volume changes. These volume changes are further combined with 

assumptions regarding the density of the volume body, e.g. the ice density, delivering mass change 

per time interval. A description of deriving mass change from radar altimetry observations can be 

found e.g. in Wingham et al. [2006]. GRACE derived mass change estimates on the other hand 

embed superimposed contributions from all mass redistribution processes whether they result in 

surface geometry variations or not. The main difference in mass change estimates from the two 

techniques is induced by glacial isostatic adjustment processes (cf. section 4.2.2). Another effect, 

potentially causing differences, are non-synchronous time frames covered by the respective 

measurement time series. This discrepancy is potentially causing different slopes for the linear 

component of the mass change estimate. The difference in the area of Dronning Maud and 

Enderby Land (cf. map of Antarctica in the Appendix section) is mainly due to such an only 

partially overlapping timeframe of the high resolution altimetry trend and the GRACE timeframe. 

Since the ICESat operational phase ended in 2009, the positive anomaly in these regions is not 

present in this dataset [Groh et al. 2014]. 

The comparison between GRACE and altimetry trends should at this stage only be made on a 

qualitative basis, comparing e.g. the signal amplitudes and general signal distribution patterns. A 

qualitative benchmark regarding amplitudes is set by the spectrally filtered solution in the lower 

left panel. It is, as mentioned, filtered with a 250km Gaussian filter and is therefore within the 

range of the spectral resolution of GRACE, which can be expected to be around 300 km [Murböck 

2015]. By comparing the two upper panels (a) and (b) from Figure 4-3 with panel (c), one can 

observe a much better match in signal amplitudes for the trend derived from the SH expansion of 

max 90l  , than for 
max 60l  . The extremum in the Amundsen Sea Sector is –271 mm EWH year-1 

for 
max 90l   and -231 mm EWH year-1 for 

max 60l   versus –276 mm EWH year-1 for the smoothed 

altimetry trend. For the positive trend in Marie Byrd Land the amplitudes are +56 mm EWH 

year-1 and +78 mm EWH year-1 for the 
max 60l   respectively 

max 90l   solutions against +77 mm 

EWH year-1 for the smoothed altimetry trend. The lower expansion apparently causes attenuation 

of the signal amplitudes and does not allow, due to its stronger spectral limitation, recovering the 

mass change signals with the required resolution. A higher degree of SH expansion allows 

representing signals having a glaciologically more plausible geographic attribution. This applies 

especially for the dominant signals in West Antarctica. The effect of glacial isostatic adjustment 

(GIA), discussed in section 4.2.2, is not addressed in this comparison. The impact of applying a 
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GIA correction can be derived from Figure 4-8 and lies within a range of –5 to +20 mm EWH 

year-1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another feature to observe is the leakage-out effect (cf. section 4.2.3) for the solution developed to 

max 60l  . Less pronounced leakage-out effect can be observed for the 
max 90l   trend signal, 

leading towards a more plausible distribution of trend signal. Large trend signals are not to be 

expected e.g. in ocean areas. 

The second assessment regarding a suitable degree of expansion is the comparison of commission 

versus omission error in e.g. the region of Antarctica. The assessment follows an approach 

discussed by Horwath et al. [2013a]. The commission error is determined as the RMS of the 

formal error of the linear trend, taken over the region south of –60° latitude. The underlying 

monthly gravity field solutions are the CSR96-RL05 solutions. The omission error assessment is 

based on the altimetry-based high resolution trend  κ φ,λ , shown in panel (d) of Figure 4-3, 

capturing the characteristics of both ice-dynamics and accumulation-driven signals. The omission 

error is then defined as  truncRMS κ κ , where 
truncκ  is the spectrally truncated version of κ  

according to the chosen maximum SH degree. Figure 4-4 depicts the SH degree dependent 

development of the RMS of the linear mass trend expressed in mm EWH year-1. The red line 

shows the evolution of the commission error, derived as described above, not intersecting the blue 

line representing the omission error for the region south of –60° latitude. 

Even though quantitative details of this analysis depend on specifics of applied assumptions and 

techniques, the conclusion can be drawn that, for resolving the large Antarctic mass changes, a 

SH degree beyond 100 would be most appropriate. Specifics would be the degree of smoothing for 

Figure 4-3: Linear trend estimates in mm EWH year-1  from CSR96-RL05 time series truncated to lmax=60 

(a), from CSR96-RL05 time series without truncation (b), from high resolution altimetry trend filtered 

with a 250 km Gaussian filter (c), and from a high resolution altimetry trend without filtering (d). Note 

different scaling of the colorbar for panel (d). 

a b 

c d 



38    4 Retrieval of geophysical signals 

 

the commission error determination, or the degree of SH expansion for the high resolution 

altimetry trend, serving as benchmark of the signal content. 

For regions closer to the equator this assumption cannot be upheld anymore, because of the 

different orbital coverage (larger ground track spacing) and higher noise level in the solutions (cf. 

e.g. Figure 4-11). In lower latitudes also larger problems due to temporal aliasing occur, since 

atmospheric and ocean mass variations have larger amplitudes between the polar circles [Kandel 

1980], although the accuracy of the de-aliasing models is weaker in high latitudes. 

 

 

 

 

 

 

 

 

 

 

Wahr et al. [1998] expected, before GRACE was launched, meaningful signal to be extracted only 

for expansions of 
max 100l  . The experiments showed that at least for polar and high latitude 

regions, a SH degree beyond 100 for GRACE time variable models is appropriate. 

 

4.2.2 Applicable corrections to cope with deficiencies in GRACE gravity field 

estimates 

 

In the course of GRACE data processing some corrections, depending on the application, can be 

applied to cope with specific deficiencies in GRACE data, e.g. inaccurate 
20C  coefficients or 

missing degree one terms. Other corrections like the surface mass balance correction are less a 

classic correction but a technique to subtract high-frequency non-target geophysical signals from 

the time series in order to better resolve the actual target signal. The GIA is a classic geophysical 

correction separating superimposed signal contributions in order to retrieve target signals isolated 

from unwanted signal contributions. In the following the four mentioned corrections are 

introduced in more detail. 

Each correction comes along with its own uncertainty. For the GIA correction, an uncertainty is 

estimated from analyzing the variability of an ensemble of GIA models. For the C20 and degree 

one coefficients, an error estimate is derived by analyzing the error noise from a residual mass 

time series. This residual mass time series is derived from the respective coefficients which are 

reduced by a six-parameter model. The reduction is performed to isolate portions of signal not 

induced by mass redistribution features. For the SMB correction no dedicated error budget 

contribution is estimated. 

 

Figure 4-4: Errors of commission (based on the CSR96-RL05 series) and omission 

(based on a high resolution altimetry dataset) for Antarctic ice mass trends for 

different maximum degrees in mm EWH year-1. 
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C20 correction 

The reason for variations in the 
20C  coefficient, also called 

2J  variations, is the dynamic in the 

Earth’s oblateness. First reports of such 
20C  variations observed by satellite laser ranging (SLR) 

were made by Yoder et al. [1983]. They connect the variations observed mainly to tidal 

deformations, seasonal variations in groundwater, changes in mean sea level, and viscous rebound 

in northern Canada. Later analysis of longer SLR time series (e.g. Cheng and Tapley 2004) show 

changes in 
20C  due to periodical variations in the global distribution of atmosphere and water 

masses. The temporal extent ranges from seasonal or interannual over decadal and 18.6 year to 

secular periods. 
20C  variations due to long term (considering decadal or secular time frames) 

linear effects, induced by glacial isostatic adjustment processes, are described by e.g. Peltier 

[1983]. Since the GRACE measurement concept is not ideally designed to observe the 
20C  term, 

the initial estimates originating from GRACE observations exhibit deficits in accuracy. A common 

way to overcome this problem is to replace them with estimates originating from SLR 

observations. The 
20C  replacement coefficients used in the further processing are described in 

Cheng et al. [2013b] and are taken from the time series provided by GRACE technical note TN-07 

[Cheng and Ries 2016]. 

One should note that the retrieval of 
20C  from GRACE itself underwent great improvements over 

the last years. Klinger and Mayer-Gürr [2016] report the 
20C  coefficient of the ITSG-Grace2016 

time series being of almost equal quality when derived from GRACE itself as compared to the 

SLR derived coefficients. Figure 4-5 shows a comparison of 
20C  coefficients of the CSR96-RL05 

(blue), ITSG-Grace2014 (orange), and ITSG-Grace2016 (green) GRACE time series compared to 

the time series derived from SLR observations (red; GRACE TN-07). A clear improvement is 

visible by switching from ITSG-Grace2014, which exhibits similar values for the 
20C  coefficient as 

the CSR-96 time series, to ITSG-Grace2016. This improvement is, as Klinger and Mayer-Gürr 

[2016] report, due to their more sophisticated accelerometer calibration. From 2015 onwards, the 

coefficients from ITSG-Grace2016 start to show significant deviations from the SLR coefficients. 

This deviation is due to changes in the GRACE operations, especially the change of the on-board 

temperature, leading to different accelerometer characteristics. 

 

 

 

 

 

 

 

 

 

 

Improving the GRACE estimate of the 
20C  coefficients has an impact on the results of the 

VADER filtered time series. Due to the properties of the VADER filter (W  matrix is fully 

populated), all filtered coefficients are correlated with each other. This correlation causes energy 

being transferred between coefficients. Better consistency is achieved if the replacement 

coefficients are almost equal to the original ones, or if a replacement of the coefficients can be 

Figure 4-5: C20 coefficients from SLR (red) and the CSR96-RL05 (blue), ITSG-Grace2014 (orange), 

and ITSG-Grace2016 (green) GRACE time series over time. 
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omitted. Tests with the ITSG-Grace2014 time series, replacing the 
20C  coefficients with SLR 

derived coefficients before and after filtering the time series, revealed a difference for the 

estimated trend of 0.2 Gt year-1. The 0.2 Gt year-1 are induced by distributing energy of the 

original inaccurate 
20C  coefficient to the filtered solution and cannot be cured by the replacement 

coefficient from SLR anymore. For the ITSG-Grace2016 time series this difference is below 0.1 Gt 

year-1, which is a clear advantage with respect to the accuracy of the retrieved linear trend. 

To assess the contribution of the 
20C  coefficients to the overall GRACE error budget of a 

monthly solution, the following assessment is performed. The variability of the 
20C  coefficients is, 

as stated above, induced by variations in the distribution of mass on Earth. The redistribution 

processes are associated with certain frequencies, such as seasonal variability. To estimate the 

contribution of the 
20C  coefficients to the uncertainty of a monthly mass signal estimate, the 

20C  

coefficients are inspected independently from the other SH coefficients. This allows deriving a 

mass time series derived solely from the 
20C  coefficients. Such a time series exhibits seasonal 

variations and linear trend signals induced by the geophysical features discussed above. A residual 

20C  mass time series is derived by reducing a six-parameter model (constant, linear, annual and 

semiannual sine/cosine parameters). The choice of the parameters being reduced is aligned to the 

spectral analysis of 
20C  coefficients by Bloßfeld et al. [2015], revealing signal peaks for periods of 

365.25 and 182.6 days. This residual time series is considered to be predominated by noise. To 

reduce remaining geophysical signal, a high-pass filter is applied to the residual mass time series. 

Filters tested are a 13-month moving average and a 13-month Gaussian average with preference 

given to the Gaussian average. The Gaussian average uses contrary to the simple moving average 

a Gaussian bell shaped function to calculate the moving average. The 13 months define the width 

(3-sigma) of the timeframe taken into account. The RMS of the respective residual high-pass 

filtered time series is then considered as approximate contribution to the total error budget of a 

monthly mass balance estimate from an individual GRACE solution. An analysis as described 

above is discussed e.g. in Nagler et al. [2016] (based on Wahr et al. 2006) in the context of 

estimating the error noise in a mass change time series of GRACE in general, not separating the 

individual contributors such as 
20C , degree one and the remaining coefficients of 2l   but 0m   

and 2l  . This concept of deriving the contribution of the replaced 
20C  coefficient to the total 

error budget is picked up again in the application chapter 7. 

 

Degree one terms 

The degree one terms are responsible for placing any SH representation of the gravity field 

estimate to the geocenter of the Earth. Geocenter in this context means center of mass (CM). 

Another very common reference in geodetic science is the center of figure (CF). Time variable 

gravity field estimates from GRACE usually do not contain an estimate for the degree one terms, 

since GRACE is, because of its configuration, not able to observe them. They are by definition set 

zero (which implies the center of the GRACE reference frame being in the Earth’s center of mass) 

and are therefore constant, not telling anything regarding geocenter motion. The terrestrial 

reference frame, e.g. the ITRF2008 [Altamimi et al. 2011], is fixed at a certain epoch and does not 

necessarily coincide with the GRACE reference frame placed in the respective center of mass for 

each monthly solution. The center of mass is varying with annual and seasonal variations of 

several millimeters as depicted in Figure 4-6. These variations are induced by mass redistribution, 

primarily variations in atmosphere, oceans and hydrology [Dong et al. 1997]. Incorporating 

geometric space geodetic techniques such as SLR, variations of the geocenter location (CM) with 

respect to a superordinate reference frame can be measured. Following Torge and Müller [2012] it 

holds for the degree one coefficients 
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with 'X , 'Y , and 'Z  being Cartesian coordinates of a point 'P , displaced by the vector 'r  from 

the origin of the geometric reference frame (e.g. the terrestrial reference frame ITRF). This point 

'P  would be the CM for the respective monthly solution. If the origin of the geometric reference 

frame and the GRACE reference frame, placed in the center of mass, coincide, then 'X , 'Y , and 

'Z  become zero. Consequently it holds 
10 11 11 0C C S   . But this assumption does not hold in 

general as the center of figure is usually defined being static in time with respect to a certain 

reference epoch and not varying from month to month. 

The effect of geocenter motion needs therefore special attention whilst combining mass estimates 

derived from e.g. geometric space geodetic techniques such as altimetry, being referenced to the 

center of figure, with estimates derived from GRACE. Omitting the degree one correction results, 

according to Chambers [2006b], in systematic errors of the estimated mass variations. Since 

especially the z-component (cf. Figure 4-6) exhibits a linear drift, locations sensitive to variations 

in z-direction (e.g. the poles) encounter a systematic effect. 

 

 

 

 

 

 

[Kruizinga 2016; Cheng et al. 2013a] 

 

 

 

 

 

Wrongful assumptions regarding the degree one correction can have a very strong impact on the 

final mass change estimates. An assessment of the uncertainty of degree one corrections is 

therefore inevitable whilst describing the accuracy of monthly GRACE solutions. Barletta et al. 

[2013] investigate the scattering of applying different degree one corrections. They detect a 

significant contribution of the degree one uncertainty to the total error budget and derive that  

1 mm geocenter shift in z-direction results in a mass change of 89 Gt for the Antarctic ice sheet. 

For the experiments conducted for the application section, namely the retrieval of ice mass change 

estimates in Antarctica (cf. section 7.1), degree one coefficients are applied following the concept 

of Swenson et al. [2008]. The coefficients are obtained from the GRACE Tellus web portal 

(http://grace.jpl.nasa.gov/). As their approach is based on the incorporation of CSR GRACE 

solutions and an ocean model for 2l   to estimate the mass redistribution, some inconsistency 

might occur whilst applying the correction on the ITSG-Grace2016 time series. In order to 

validate the applicability of the GRACE Tellus degree one coefficients on any GRACE time 

series, not being further discussed within this thesis, one would need to assess the sensitivity of 

the approach with respect to the incorporation of different GRACE time series for deriving the 

mass transport estimates. 

Figure 4-6: Geocenter variations (X’,Y’,Z’) estimated from SLR observations. X‘ 

values are offset by +30mm, and Z’ values by –30mm for better readability. 

Credits: [Kruizinga 2016; Cheng et al. 2013a] 



42    4 Retrieval of geophysical signals 

 

As the relation in equation (2.9), transforming Stokes coefficients to coefficients of EWH, is 

introduced only for 1l  , the relation also needs to be extended to coefficients of 1l  . A load 

love number of 
1 0.021lk    is, according to Blewitt [2003], suited for application in equation (2.9) 

and to transfer sets of Stokes coefficients with 1l   to EWH coefficients. 

The change of degree one coefficients over time is comparable to the one of 
20C  coefficients 

related to mass redistribution processes on Earth. The assessment of the error budget contribution 

of the degree one coefficients to the total monthly GRACE error budget is performed in a very 

similar way as for the 
20C  coefficients. Again a residual mass time series for an area of interest is 

computed by adjusting a six-parameter model and applying the same high-pass Gaussian average 

filter to diminish remaining signals. Numbers for the degree one error budget contribution are 

given in section 7.1 for the example of Antarctica. 

The only term not discussed so far is the 
00C  term. According to e.g. Wahr et al. [1998], this term 

is related to the total mass of the Earth (solid plus “fluid” parts composed of e.g. oceans and 

atmosphere), which is assumed to be constant. Consequently no 
00C  occurs in the context of 

analyzing GRACE time series and the term vanishes. Accordingly the load love number is  

0 0lk   . 

 

SMB 

In the processing chain towards a comprehensive mass trend estimate one has to take into 

account interannual variations of surface mass balance (SMB). The reasons for such effects are 

variations in precipitation, in Antarctica mainly snowfall, ablation and drifting snow (blown by 

wind). Such variations, showing inter- and intra-annual variability, are a major source for non-

linear temporal variations of the Antarctic gravity field. A large portion of the non-linear signal in 

geodetic mass and volume time series is well explained by modelled SMB fluctuation [Horwath et 

al. 2012; Horwath et al. 2013b]. The dataset used for further processing is the RACMO2-ANT27 

regional atmospheric climate model [Lenaerts et al. 2012]. It has a 27km horizontal grid resolution 

and is driven by the ERA-interim (1979-2010) climate model [Balsamo et al. 2015]. For 

integration of the gridded product into the processing chain, a SH analysis was performed, and 

the SMB corrections are applied in the spectral domain. 

Figure 4-7 shows in the central panel the RMS in mm EWH of monthly SMB corrections in the 

region of Antarctica (2003-01 until 2014-02), originating from the RACMO-ANT27 model. The 

areas of coastal East and West Antarctica exhibit large variations in surface mass variation, 

whereas the inner ice sheet, especially in East Antarctica, does not show significant variations at 

all. Reducing cumulative SMB anomalies has two effects, as one can see by comparing the red and 

blue lines in the four surrounding panels of Figure 4-7. The four panels show the linear trend 

component derived from the ITSG-Grace2016 time series before (blue) and after (red) SBM 

correction. 

First, it may change the overall trend. This effect depends on the reference time interval to which 

the SMB anomalies are referred to. In order not to change the estimated linear trend, the set of 

SMB corrections, which are applied as monthly corrections, are de-trended over exactly the same 

time interval as the underlying GRACE time series. This choice corresponds to assuming the 

GRACE interval itself as the reference interval for the SMB anomalies. This leads to the same 

slope for the linear trend estimate (depicted in the black dashed line), estimated from the time 

series before and after the SMB correction applied. 

The second effect of reducing SMB variation effects prior to a linear trend estimate is the 

reduction of the residuals with respect to a linear and seasonal signal. This effect is illustrated in 

Figure 4-7. From comparing again the red and blue lines in the surrounding panels, one can 
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observe different characteristics depending on the region or basin for which the graph is 

calculated. The regions used are the 27 Antarctic regions defined by Zwally and Giovinetto [2011] 

(cf. map of integration basins in the Appendix section). Basin 10, located in East Antarctica in 

Macrobertson Land, does not show large differences between the two curves, suggesting not much 

surface mass balance variations in this area. This is in agreement with the RMS of the corrections 

being almost zero. Close by, in Enderby Land, basin 7, the situation is very different. Here one 

can observe a strong discrepancy between the red and blue curve, especially between 2008 and 

2009. This is due to a significant anomaly of snowfall in this period [Groh et al. 2014]. If one 

estimated a linear trend e.g. in the period of 2005-2009 (near zero) and compared it to one from 

the period 2008-2012 (significant positive slope), one would get very different results for the linear 

mass change estimate of this basin. The results for basin 13, area of Wilkes Land, also show a 

significant anomaly around the years 2008-2010, similar to basin 7. For basin 21, located in the 

Amundsen Sea Sector, the blue curve from before the SMB correction suggests, apart from a clear 

linear behavior, a quadratic shape (negative curvature), as e.g. reported by Velicogna et al. [2014]. 

After the SMB correction this feature becomes obsolete. Applying the SMB correction helps in 

this matter to avoid misinterpretation of time series. The formal errors of trend estimates also 

decrease since the residuals predominantly become smaller. After reducing SMB effects, the 

residuals of the GRACE gravity field trends are dominated by the errors inherent in the GRACE 

monthly solutions rather than by non-linear geophysical signals. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-7: Integrated mass estimates per month and linear trend (dashed black) from the ITSG-Grace2016 

time series with (red) and without (blue) SMB corrections applied for 4 different basins in Antarctica. The 

central panel shows the RMS of the monthly SMB correction originating from the RACMO-ANT27 model 

for the timeframe from 2003-01 until 2014-02 in mm EWH. 
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GIA 

The GIA signal is the major contribution to the solid earth signal budget apart from mantle 

convection [Ghelichkhan et al. submitted 2016] and earthquake events. Areas with the strongest 

present day GIA effect can be found in e.g. Fennoscandia, eastern Canada (Hudson Bay area), 

and Antarctica. Additionally other regions with changes in ice loading since the past glacial 

maximum show rebound effects. GIA is not necessarily an uplift effect due to vanished past 

loading. Also areas with downward adjustment are known due to heavier present day loading than 

in the past. The effects originating from loading history since the past glacial maximum can be 

superimposed with older loading situations originating from events even further in the past. GIA 

models are derived by mainly two different approaches. The first approach [Ivins and James 2005; 

Peltier 2004; Whitehouse et al. 2012] is to combine an ice loading evolution for the last e.g. 21000 

years with assumptions regarding the viscoelastic properties of the Earth’s crust, leading to a GIA 

prediction for today. The second approach [Gunter et al. 2014; Riva, R. E. M. et al. 2009; Sasgen 

et al. submitted 2016b] is to combine measurements of different space geodetic techniques like 

GNSS, satellite gravimetry and satellite altimetry, again in conjunction with a viscoelastic Earth 

model, to derive an empirical estimate of GIA rates. 

Figure 4-8 shows the GIA effect in mm EWH per year for two GIA models for the region of 

Antarctica. The model displayed on the left panel is the release 2 version of the model by Ivins 

and James [2005]. The difference between the original release 1 and release 2 is the incorporation 

of GPS constraints in the latter one. The model on the right panel is the so called best estimate 

by Whitehouse et al. [2012]. The common representation of GIA models is mm radial 

displacement or rates of mm geoid. In order to integrate the GIA effect into the mass estimation 

process and to compute the GIA contribution in rates of gigatons per year, the models have been 

transferred to mm EWH per year. Large discrepancies in GIA effects between East and West 

Antarctica can be observed for both models. Differences between models are, e.g., due to varying 

assumptions regarding the Earth’s rheology or the loading history incorporated. The effect on 

mass trend estimates for different basins or regions in Antarctica is at the order of the estimated 

trend itself. Consequently the GIA correction plays a major role in the processing chain of 

estimating ice mass change. Assessing the contribution of the GIA correction to the uncertainty of 

the final estimate is therefore rated to be necessary. In the following an approach of estimating an 

uncertainty contribution for the GIA correction is briefly introduced. The GIA error budget 

assessment is performed similarly as e.g. van der Wal et al. [2015] do, by evaluating the spread of 

GIA corrections of a representative collection of recent GIA models in the respective area of 

interest. A numerical example for the region of Antarctica is shown in the case study for 

Antarctica in section 7.1. 

 

 

 

 

 

 

 

 

 

Figure 4-8: GIA effect from Ivins and James IJ05R2 (left panel) and Whitehouse W12a best 

(right panel) in mm EWH per year in the region of Antarctica 
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Ocean layer compensation 

In case SMB variations or other model data originating from e.g. hydrological models are reduced, 

the issue of “conservation of mass” is of importance. This means: If one subtracts mass from one 

location on Earth, this mass does not vanish. It will be redistributed. To avoid violating the 

balance of mass on Earth, the reduced mass can be replenished by introducing an oceanic layer 

[Horwath and Dietrich 2009], equivalent in mass. This concept is pursued by introducing a 

uniform oceanic layer to assure conservation of mass for the application example of mass balance 

estimates in Antarctica (cf. section 7.1). 

 

4.2.3 Leakage issue 

 

GRACE measurements have a limited spatial resolution due to the truncation of the SH series 

expansion. The truncation is necessary due to the orbital height and the length of the baseline 

between the two spacecraft. A second contribution to the limited spatial resolution is the 

averaging of observations in space and time (usually monthly averages). A third factor is the 

superposition of signals of various sources with different spectral characteristics, making it 

difficult to separate e.g. only hydrological signals from the total signal. This all leads to 

deficiencies regarding the recovery of the actual signals present during the observation time. 

Additional signal attenuation is caused by filtering, which is necessary in order to suppress the 

noise, caused mainly from aliasing, within GRACE gravity fields. 

Due to the described lack of sharp spatial delineation of signals originating from a specific source 

like e.g. continental hydrology, superposition occurs from the different catchments and signal 

contributors of the whole observed signal. By applying a region function (cf. section 4.2.4) for a 

single river catchment on a continent, signal from surrounding catchments leaks into the region of 

interest (leakage-in). Vice versa signal from the catchment of interest is also leaking into the 

neighboring areas (leakage-out). Landerer and Swenson [2012] address the issue of leakage and 

signal attenuation in the context of hydrological catchments. They estimate scaling factors for 

individual catchments in order to compensate the signal attenuation induced by filtering and the 

characteristics of the GRACE mission design itself. Since GRACE is, as mentioned, averaging 

observations in time, the recovered signal is an average over time. If now for two neighboring 

catchments the function of mass change is shifted by e.g. half a month, the recovered signals for 

the two basins are correlated due to the leakage, and thus the phase of each individual catchment 

is influenced by the neighboring catchment. This leads to biased estimates of amplitude and phase 

of the respective catchment signal. The issue of phase shift of recovered signals caused by leakage 

and techniques to cover for such effects is e.g. discussed by Vishwakarma et al. [2016]. 

The problem of leakage-out can also be observed in Figure 4-3. The mass change being closest to 

the real signal is represented by panel (c), originating from an altimetric measurement derived 

dataset. With the observational boundary conditions set for GRACE and the limited degree of SH 

expansion, the signal is, as described in section 4.2.1, attenuated and spatially disseminated due to 

the leakage-out effect (panels a and b). 

For the application example in section 7.1, estimating mass change in Antarctica, the problem of 

leakage into ocean areas is compensated by extending the integration kernel into the oceanic area. 

The underlying idea, applicable for this specific region, is that the signals on land, induced by ice 

mass change, are orders of magnitude larger than the signal from the oceanic area. Consequently 

the error made by including the oceanic signal components into the mass estimate is much smaller 

than omitting the leaking signal from the ice mass change on land. This approach is in agreement 

with the findings from Horwath and Dietrich [2009]. 
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Figure 4-9 shows an exemplary linear trend estimate for the region of the Antarctic ice sheet 

(AIS). Especially in the area of the Antarctic Peninsula and the Amundsen Sea Sector, signal is 

leaking into oceanic areas. In order not to omit the signal, the region function is extended by a 

100 km zone into the ocean, indicated by the black dashed line closer to the coastline (solid black 

line). This extension is also done since the exact location of the land-sea boundary is changing 

over time. Especially grounding line locations, being the boundary where the ice cap is not lying 

on the bedrock anymore but starts floating in water, are subject to change. A discussion regarding 

the principles of the dynamics of ice cap margins at coasts and the principles of grounding line 

location and migration can be found e.g. in McMillan et al. [2014]. The second dashed line, further 

away from the coastline, represents the end of the transition zone described by the cosine taper: 

 

  1 1cos
2 300km 2

d     (4.2) 

 

The value of 300 km is chosen by analyzing the correlation length of the VADER filtered monthly 

gravity field solutions (cf. section 5.4, Figure 5-19).   represents the value or the region function 

with the distance d  from the 100 km boundary, decreasing from 1 to 0. 

 

 

 

 

 

 

 

 

 

 

 

4.2.4 Integration/averaging kernels 

 

Integration or averaging kernels are applied on GRACE gravity field solutions, since contrary to 

e.g. altimetry, a point-wise localized measurement is not possible. If one is interested in the mass 

change of a certain region, one has to average over a basin or area of interest in order to retrieve 

a mass change signal with high signal to noise ratio. If the selected area is too small, the result is 

dominated by error. The goal is now to define suitable kernels which allow averaging enough to 

retrieve significant signals, but to make the kernel also as confined as possible to have fine spatial 

resolution. In literature different approaches regarding averaging kernels can be found [Wahr et al. 

1998; Horwath and Dietrich 2009]. In principle averaging kernels can be applied in frequency 

domain as well as in spatial domain. For a suitable design of the kernels, one has to take into 

account also the issue of leakage, introduced in the previous section (4.2.3). 

Figure 4-9: Integration kernel boundaries as 

implemented in application section 7.1 in 

dashed lines. Line closer to the coastline 

represents 100 km zone, second dashed line 

represents end of the transition zone from 1 

to 0 according to equation (4.2). 
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The following relation is, according to Horwath and Dietrich [2009], explaining the connection 

between Stokes coefficients transferred to coefficients of surface density variation 
lm  (cf. 

equation (2.9),  ,EWH EWH

lm lm lmC S    ), and mass change of a region of interest  m t  for a 

specific time t . 

 

   (4.3) 

 

lm  stands for the spectral representation of a square-integrable region function on the sphere. 

Since GRACE or other satellite derived estimates of surface density variations are limited in the 

degree of SH expansion and are dominated by noise in the higher SH degrees (cf. Figure 3-2), the 

equation (4.3) can be rewritten as 

 

   (4.4) 

 

Following Swenson and Wahr [2002], the region function 
lm  can be replaced by a weighting 

function 
lm , being composed of the region function 

lm  and a damping factor 
lm  to account for 

the properties of signal to noise ratio in the time variable GRACE gravity field estimates. 

 

 
lm lm lm     (4.5) 

 

lm  can be understood as a type of filter parameter. Wahr et al. [1998] discuss different 

approaches like e.g. the Gaussian type filter for 
lm . Horwath and Dietrich [2009] further 

investigate the population of the quantities in equation (4.5) and its subsequent implementation 

into equation (4.4) by analyzing approaches like the regional integration approach. Obstructive 

factors for ideal signal recovery are the problem of leakage (cf. section 4.2.3) and the damping of 

the observed signal, induced by filtering. They e.g. discuss the utilization of predefined mass 

change patterns to assess the optimal configuration for tailoring the integration kernel (sometimes 

also called sensitivity or averaging kernel) to assure good signal recovery. The spatial 

representation of equation (4.4) reads 

 

       2,GRACEm t EWH t R d


        (4.6) 

 

with     being a region function, combined with a damping factor as stated in equation (4.5), 

expressed in the spatial domain. The function is defined on the sphere with the surface  . 

 ,EWH t   are the surface mass density variations as derived from equation (2.9) spanning the 

surface of the sphere  , described by the dimensions   and  . 

The simplest region function would consist of 1 inside the area of interest, and 0 outside. Within 

the framework of this thesis only relatively simple integration kernels are employed. One reason 

behind this decision are the properties of error correlation of VADER filtered monthly GRACE 

solutions, showing spatially confined and almost isotropic error correlation structures (cf. section 

5.4, Figure 5-19). The second aspect, apart from the correlation of errors in the spatial domain, is 

leakage (cf. section 4.2.3). For the example shown in section 7.1, leakage occurs mainly as leakage-
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out into the ocean. Figure 4-9 shows the integration kernel applied for the whole AIS. Within the 

region of interest, e.g. the AIS, the region function is 1. It is according to the description in 

section 4.2.3 amended by a 100 km extension zone, followed by a steady decrease from 1 to 0 

according to equation (4.2). The design of weighting functions, composed of region and damping 

factors according to equation (4.5), is not subject of this thesis but is addressed again in the 

outlook chapter 8. Discussion regarding the design of more complex region or weighting functions, 

aggregating region and damping factors, can be found e.g. in the aforementioned work by 

Horwath and Dietrich [2009], Wahr et al. [1998], Swenson and Wahr [2002], or in the recent work 

by Groh and Horwath [2016]. 

 

 

4.3 State of the art of GRACE gravity field solutions 

 

The following section describes a representative selection of the available GRACE time variable 

gravity field solutions (sections 4.3.1), with a detailed analysis of errors and noise contained in the 

GRACE time variable gravity field solutions (section 4.3.2). The main established post-processing 

methods applied in order to extract information about the geophysical signals from the time series 

are presented in the following. They cover isotropic (section 4.3.3), anisotropic, and other 

regularization type filters (section 4.3.4). All these methods have the common goal to improve the 

signal to noise ratio and to make geophysical signals interpretable. 

 

4.3.1 Different solutions and their characteristics 

 

Apart from the official GRACE ground segment processing centers Center for Space Research 

(CSR), Geoforschungszentrum Potsdam (GFZ), and Jet Propulsion Laboratories (JPL), an 

emerging number of independent processing centers publishes their own estimates of time variable 

gravity field solutions. The ICGEM web portal (http://icgem.gfz-potsdam.de/ICGEM/) hosts 

most of the series in the so called standard icgem format. A second repository for GRACE 

solutions and auxiliary data is the GRACE Tellus web portal (http://grace.jpl.nasa.gov/). The 

different solutions can be grouped into several clusters. These are classic spherical harmonic 

estimates of time variable gravity fields without significant further processing, forming the first 

cluster. A second cluster is formed by the solutions treated with different filters or regularization 

techniques. These solutions are still provided in spherical harmonics, but do not need any further 

filtering or smoothing (e.g. DDK filtered solutions on the ICGEM web portal). The third cluster 

contains solutions using different base functions like mascons. They are usually provided in grids 

and also do not need further smoothing or post-processing. A discussion on the performance and 

characteristics of mascon solutions can be found e.g. in Watkins et al. [2015]. One should note 

that the comparison of gravity fields in SH representation and mascons by Watkins et al. [2015] 

concentrates on SH solutions being truncated at degree 60 and treated with empirical 

decorrelation plus a subsequent 300km Gaussian filtering. According to the findings within this 

thesis (cf. section 4.2.1 and chapter 5) with respect to recommendable filter setups and degrees of 

expansion, this might not be the best possible post-processing method for GRACE data 

represented in SH coefficients. 

All these solutions span different time periods for the used observations. The GRACE standard 

solution covers a 30 day time period usually matching calendar months, but also shorter periods 

like 10 or 11 day solutions or daily estimates are available. 
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Since the processing methods investigated and developed within this thesis only deal with gravity 

field estimates in the spherical harmonic domain, the focus within the following in-depth 

comparison of models is set on this subgroup of available models. The number of solutions is also 

limited by the prerequisite of the availability of full error covariance information throughout the 

whole time series (needed for the VADER filter). 

Table 4-1 summarizes all time variable GRACE solutions used for investigations within this 

thesis. 

 

Table 4-1: Overview of all GRACE time series used within this thesis 

Name Degree of expansion Full error covariance  Reference 

GFZ-RL5a 90 yes Dahle 2014 

CSR60-RL05 60 yes Kruizinga 2015 

CSR96-RL05 96 yes Kruizinga 2015 

ITSG-Grace2014 60/90/120 yes Mayer-Gürr et al. 2014 

ITSG-Grace2016 60/90/120 yes Mayer-Gürr et al. 2016a 

Remark: The CSR60 and CSR96 full error covariance matrices were made available only at the 

time this thesis was submitted. For completeness, the availability of full error covariance 

information is indicated, but the data is only partially integrated into the work of this thesis. The 

recent publication of more and more error covariance information shows an increased awareness 

for the benefits and opportunities the analysis of such dataset bears. 

 

4.3.2 Analysis of available GRACE time series in the spherical harmonic domain 

 

Only a minority of processing centers provide solutions accompanied by their formal covariance 

matrices (cf. Table 4-1). Both ITSG solutions from TU Graz provide the corresponding error 

covariance matrices with free web access. For the GFZ-RL5a solutions the error covariance 

matrices are available upon request. The CSR at the University of Texas provides for both times 

series, the CSR60-RL05 and CSR96-RL05, error covariance matrices with free web access. Other 

processing centers (as from November 2016) do not provide publicly accessible error covariance 

matrices. According to the aforementioned limited selection of available error covariance matrices, 

an in-depth analysis of model characteristics relevant for the VADER filtering and the overall 

usability of the solutions can be done only for these time series. Although the selection is small, it 

covers two of the three official processing centers and one independent center. Parameters for 

investigation presented in the following are the noise content of the time series and how close the 

formal errors are to empirically derived errors. This allows rating the applicability of the error 

covariance information to the processing of mass balance estimates. 

To estimate and quantify the noise content an empirical error covariance is estimated. The first 

step towards such an empirical covariance is to compute residual time series dominated by noise. 

This is done by separating noise and target signals for each month. The approach used is a nine-

parameter reduction model consisting of a constant (1), linear (2), annual cosine (3), annual sine 

(4), semi-annual cosine (5), semi-annual sine (6), 161-day cosine (7), 161-day sine (8), and 

quadratic term (9). Analysis has shown best reduction for reducing all nine parameters. The other 

options checked, but rejected, were reducing parameter one to four, and one to six. Comparing 
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the median line, the degree amplitudes for reducing only four or six parameters are larger by a 

factor of 1.1 to 1.5. As these residuals occur predominantly in the lower SH degrees, they can be 

attributed to residual geophysical signal rather than noise. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-10 shows the median lines of sets of different degree amplitudes estimated from residuals 

of different time series (solid lines). The reduction model used is composed of the nine 

abovementioned constituents. The corresponding error degree amplitudes are also shown as the 

median lines of each set (dashed lines). The display comprises data from ITSG-Grace2014 (black), 

ITSG-Grace2016 (red), GFZ-RL5a (green), CSR60-RL05 (cyan), and CSR96-RL05 (blue). For the 

CSR60-RL05 series the median line for the formal error degree amplitudes is computed from the 

timespan 2013-06 until 2016-01, since formal errors are not provided before via the distributed 

sets of SH coefficients. Complementary the CSR60-RL05 series provides calibrated standard 

deviations for each month. The median line of the calibrated standard deviations (dotted cyan 

line) is shown for comparison only. For the CSR96-RL05 series no formal errors are provided with 

the monthly solutions. Very good agreement between residuals and formal errors can be observed 

for the ITSG-Grace2016 series. From SH degree 25 and higher, both lines coincide very well. The 

same holds for ITSG-Grace2014, although the general level of noise is higher. For GFZ-RL5a, a 

significant gap between residuals and formal errors can be observed, leading to the conclusion that 

the formal errors are too optimistic. The same holds for the results originating from the CSR60-

RL05 series, although the gap between formal errors and residuals is smaller. The only conclusion 

to be drawn from the CSR96-RL05 residuals is a lower noise level compared to the GFZ solution. 

The ITSG-Grace2016 results indicate best performance in terms of noise content of the unfiltered 

time series and the level of formal error being closest to the empirically derived approximation of 

the real error. The real error is of course unknown and is assumed to be similar but smaller than 

the residuals shown. The parameter model used for reduction covers most of the geophysically 

meaningful target signals, but some residual signal still remains in the estimated residuals which 

are dominated by noise. Analysis shows a higher residual geophysical signal content for the 

spectral band of SH degree 2 to 20 not totally captured by the reduction model. The residuals of 

this spectral band show, contrary to the higher SH degrees, geographic correlations with areas 

subject to the presence of strong geophysical signals. Geophysical features making random 

Figure 4-10: Degree amplitudes of residuals for different time series in comparison with the error 

degree amplitudes derived from the corresponding formal errors. All lines represent the median line 

derived from the full set of curves from each dataset. 
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contributions to the residuals can be large scale changes in hydrological processes, exceptional 

warm or cold periods in polar regions causing melt or accumulation of ice mass, or major 

earthquakes. The formal error in the band between SH degree 2 and 20 is also significantly lower 

than the residuals. From experiments carried out, the gap between residuals and formal error is 

assumed to be present for two reasons. First, the formal error in this region is too optimistic (too 

small), and second, the residual signal is too large. Both quantities are rated to contribute about 

equally to the gap. Nevertheless, the residuals from SH degree 20 and higher are assumed to 

represent a realistic assumption of the real error. A similar analysis, assessing the noise content in 

GRACE solutions, was performed by Schrama et al. [2007]. They used an empirical orthogonal 

function (EOF) approach to reduce geophysical signal from the monthly solution. An EOF 

approach instead of the 9 parameter reduction model was also tested, but not further pursued, 

since the properties of the residual signals did not show substantial differences. 

The next analysis step is the computation of an empirical error covariance matrix emp
Q  from the 

series of residuals for each time series. Equation (4.7) shows the basic relation for deriving emp
Q  

from SH coefficients. 

 

   (4.7) 

 

with 
t

x  serving as placeholder for each vector with sets of SH coefficients with the index t  

running in the time domain. The time index of the series starts with 1 and ends with T . 

 

   (4.8) 

 

is the respective mean value of the set of SH coefficient vectors. The average is taken over the 

whole set of samples in the time domain. The number of samples used for the computation of the 

empirical covariance matrices investigated within this thesis is summarized in Table 4-2 and 

ranges from 123 to 151 samples. Evaluating the relation in equation (4.7) for a given time series 

developed up to 
maxl  leads to a quadratic empirical covariance matrix 

emp
Q  with the dimension 

 
2

max 1l   by  
2

max 1l  . 

The empirical covariance matrices shown in the following are derived, as summarized in Table 

4-2, from the ITSG-Grace2016, ITSG-Grace2014, GFZ-RL5a, CSR96-RL05, and CSR60-RL05 

time series. 

Table 4-2: Composition of the empirical error covariance matrices analyzed 

Time series lmax Time frame Total 

months 

Skipped months 

ITSG-Grace2016 90 2002-04 until 2016-03 145 2002-09, 2003-01, 2004-09, 

2004-10, 2015-02 

ITSG-Grace2014 90 2003-02 until 2014-06 123 2004-08, 2004-09, 2004-10, 

2012-04, 2012-05, 2012-06 

GFZ-RL5a 90 2002-04 until 2014-09 132 2003-01 and 2003-05 

CSR96-RL05 96 2002-05 until 2016-04 146 2002-04, 2002-09, 2004-09 

CSR60-RL05 60 2002-04 until 2016-03 151 not skipping any months 

 

The reason for skipping certain months is because they exhibit comparably high residuals with 

respect to the other monthly solutions in the time series. The choice for excluding the 
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abovementioned months is made on the result of inspecting cumulated residuals (cf. equation 

(2.27)) per month. Experiments show higher consistency of the empirical covariance estimates 

excluding these months because they distort the correlation patterns embedded in the time series. 

These empirical covariance matrices can now be compared to the formal error covariance matrices 

provided by the processing centers. This is of importance, since it needs to be validated how close 

the formal error covariance matches an empirical assessment of the error covariance. Since the 

monthly filters are constructed using formal error covariances, inaccurate error covariance 

information leads to inferior filter results. 

The following two measures are taken to compare the empirical against the formal error 

covariance matrices. First, variances in the spatial domain are computed. 

 

   (4.9) 

 

 , K  and  emp , K  from equation (4.9) are derived by  

 

   (4.10) 

 

The matrix  , A  contains the partial derivatives of the spherical harmonics series expansion 

(2.3), extended by a factor for transforming the result to equivalent water heights 

(EWH, cf. (2.9)). 

 

   (4.11) 

 

The number of rows in A  is defined by the number of points  ,  . The number of columns is 

defined by the degree of expansion of the solution and depends on the maximum degree 
maxl  

leading to  
2

max 1l   columns. The memory requirement of a full covariance matrix in the spatial 

domain for a one degree resolution global grid is about 33,6 GB (
2(180 360) 8  Bytes). 

The evaluation of the correlations of a specific point of interest with all other points evaluated can 

be conducted by computing the correlation matrix    

 

   (4.12) 

 

with ,a b  being tuples of locations. If a b  , the correlation is 1, which implies a 100% positive 

correlation of the parameter with itself. All other correlations range between 1 (full positive 

correlation) and -1 (full negative correlation). 0 means no correlation. 

Figure 4-11 gives an example for the square root of the formal error variance expressed in the 

spatial domain, using the relation expressed in equation (4.9). The data used is April 2004 from 

the ITSG-Grace2016 time series. A clear zonal dependency, typical for GRACE solutions (cf. 

Schrama, E. J. O. et al. 2007) of the spatial distribution of errors, can be observed (larger error in 
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low and mid latitudes, decreasing error towards the poles). The zonal dependency is mainly due to 

the spatial coverage of the Earth’s surface. Since GRACE has a near-polar orbit (cf. chapter 1.1), 

the density of observations near the poles is much higher than around the equator, leading to 

smaller errors in high latitudes.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another contributing factor for the spatial pattern of the errors is, in the case of the two ITSG 

time series, the introduction of stochastic information for the AOD1B de-aliasing applied [Mayer-

Gürr et al. 2014; Mayer-Gürr et al. 2016b]. The other processing centers do not include such 

stochastic information in their processing, thus showing different and less realistic error structures. 

Figure 4-12 shows the empirical errors derived as square root of the diagonal of the empirical 

covariance matrix (cf. equation (4.7) with (4.9)). Both formal and empirical errors show very good 

agreement. They exhibit a distinct zonal pattern and have comparable amplitudes and 

geographical correlations regarding their maxima and minima. Doing such a direct comparison, 

one should keep in mind that the formal errors are derived from one single monthly error 

covariance matrix, whereas the empirical errors are derived from the whole time series after 

Figure 4-11: Global unfiltered square root of variance for ITSG-Grace2016 2004-04 monthly solution in 

the spatial domain derived from the formal error covariance matrix. 

Figure 4-12: Global empirical unfiltered square root of variance from the ITSG-Grace2016 time series 

(145 months) in the spatial domain derived from the empirical error covariance matrix. 
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applying the aforementioned reduction. Therefore one must not expect a 100% agreement between 

the two figures, although the good agreement indicates a good match between the two entities. 

The magnitude of the formal errors, being on average 15% smaller than the empirical ones, 

appears to be in a range close to reality. Since the empirical errors still contain a portion of 

geophysical signals not captured by the reduction model as described above, they do not only 

show errors, thus leading to higher variances. Figure A 1 to Figure A 3 in the appendix section 

give corresponding examples for formal and empirical errors from the ITSG-Grace2014, CSR60-

RL05, and GFZ-RL5a time series. The match between formal and empirical errors for the other 

time series is significantly lower than for the ITSG-Grace2016 series. Table 4-3 shows the 

correlation coefficient between formal and empirical error covariance in the spatial domain and 

the average attenuation of the square root of the variance (standard deviation), switching from 

empirical to formal error covariance. 

 

Table 4-3: Correlation coefficient and amplitude relation of formal and empirical error covariance results in 

the spatial domain. 

Series: ITSG-Grace2016 ITSG-Grace2014 GFZ-RL5a CSR60-RL05 

Correlation coefficient: 0.83 0.76 0.84 0.83 

Average attenuation: 15% 20% 370% 43% 

 

The good agreement (0.76 to 0.84) of the correlation coefficient for the global spatial 

representation of the error covariance implies a match in the patterns of formal and empirical 

error covariances (e.g. the zonal dependency). The large differences in average attenuation 

originate from an underestimation of the formal error for e.g. the GFZ-RL5a time series. This 

finding is also supported by the difference in agreement between formal error degree amplitudes 

and degree amplitudes from the residuals of the respective time series depicted in Figure 4-10. 

A better understanding of the properties of the formal and empirical errors and the differences 

between the processing centers can be developed by investigating their error correlation patterns 

derived from the covariances in the spatial domain. 

Figure 4-13 shows correlation patterns for four different GRACE solution series, the GFZ-RL5a, 

ITSG-Grace2014, ITSG-Grace2016, and CSR60-RL05. In all eight panels of Figure 4-13, the 

correlation of the point located at 42° north and 90° west is evaluated in an area ranging from 90° 

north to 90° south and from 120° to 60° west. The location is chosen arbitrarily. For other 

locations tested (higher and lower latitudes) the patterns exhibit similar shapes. Examples for 

other locations (latitude and longitude) in the context of the analysis of future mission scenarios 

are given e.g. in section 6.1. For each series, the correlation derived from the formal and empirical 

covariances is shown according to the relation expressed in equation (4.12). 
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All results presented in this figure are based on unfiltered input datasets. The most important 

aspect to analyze is the correlation length of the errors. All eight patterns show significant 

differences for the patterns in east-west compared to north-south direction. The correlation length 

in east-west direction is much shorter than in north-south direction. This is clearly illustrated by 

the respective transects displayed in Figure 4-14. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-13: Spatial correlation patterns from different formal and empirical GRACE solutions. Central 

point located at 42° north and 90° west over the North American continent. Longitude of each box spans 

from 120° to 60° west and latitude from 90° to -90° north. Colorbar ranges from +1 (full positive 

correlation) to -1 (full negative correlation). 

Figure 4-14*: Correlation patterns for the location 42° north and 90° west (same as Figure 4-13) derived 

from different formal and empirical error covariance matrices. Upper panel shows transects in east-west and 

lower panel in north-south direction. 
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As already deducted from Figure 4-13, best agreement between formal (dashed lines) and 

empirical (solid lines) correlations can be observed for the ITSG-Grace2016 solution (red) in both 

directions. For the time series expanded up to 
max 90l  , the GFZ-RL5a series (blue) shows the 

largest gap between the two correlation curves, suggesting the formal covariance information 

being less realistic than for the ITSG solutions. The ITSG-Grace2014 series (green) lies in between 

the two other ones. The observation of generally higher noise content for e.g. the GFZ-RL5a 

series, with respect to the ITSG-Grace2016 series from Figure 4-10, can be supported by the 

properties of the correlation length and its convergence towards zero (especially in the north-south 

along-track direction), derived from the empirical error covariance information. The lower panel of 

Figure 4-14 exhibits a slower decrease of empirical error correlation for GFZ-RL5a than for the 

other series. The upper panel also always shows the highest correlation with respect to the 

distance for GFZ-RL5a compared to the other series. A distinct difference especially in the east-

west direction can be found for the CSR60-RL05 series. The distance between the zeroing of the 

curves is larger than for the other three series. This is reasoned by the degree of SH expansion and 

the dominant SH order of correlation. By counting the zero-crossings with respect to the distance, 

one can determine a dominant order of correlation for the three series expanded up to 
max 90l   

around 61. The CSR60-RL05 series (black) is only expanded up to 
max 60l   and therefore cannot 

have a dominant correlation around the SH order of 61. Its dominant correlation is carried by the 

SH order of around 45. These numbers for the SH orders of correlation are in good agreement 

with the findings of Murböck [2015], where dominant correlations for SH orders of around 15, 30, 

45, 60 and 75 (investigating different GRACE and GRACE-like simulated solutions expanded up 

to 
max 90l  ) are described. Experiments carried out show very good agreement with these 

numbers whilst analyzing both formal and empirical error covariance matrices. 

To better understand the properties of the correlations embedded in SH orders, a more detailed 

investigation is performed. Correlations following the relation expressed in equation (4.12) can 

also be evaluated for tuples of SH coefficients and their correlation. The RMS of correlation 

between coefficients sorted by SH order is computed and shown in Figure 4-15. Horizontal and 

vertical axis display the SH orders of the sets of tuples being evaluated. One pixel presented in 

the display of Figure 4-15 represents accordingly the RMS derived from all correlations between 

coefficients of the respective tuple of SH orders. The two panels show very clearly bands of higher 

correlation for specific SH orders. Both correlation matrices are computed from formal ITSG-

Grace2016 error covariance matrices. The left panel of Figure 4-15 is based on the one from 2004-

04 and the right panel originates from the one from 2016-01. Apart from the SH order, a second 

sorting criteria is applied. Each correlation between SH orders is set up by a two-by-two pixel box 

containing the contributions from odd and even SH degrees. The distinction regarding odd and 

even SH degrees in the context of correlated errors for GRACE solutions is documented e.g. by 

Swenson and Wahr [2006] and also addressed in section 5.2, discussing the Swenson and Wahr 

type filter approach [Swenson and Wahr 2006] in detail. The issue of correlations between 

coefficients of same order and parity of degree is furthermore addressed in the section regarding 

the aliasing problem (cf. section 2.5). 

From Figure 4-16 a clear pattern regarding the correlation per SH order divided by parity of the 

SH degree can be observed. The figure shows a zoom-in of the left panel of Figure 4-15 for the 

sector spanning from SH order 0 to 20 against 50 to 70. As mentioned, the distinct linear features, 

either parallel or perpendicular to the diagonal, are composed of two-by-two pixel boxes. The 

upper left of each box refers to even, the lower right to odd SH degrees, the upper right and lower 

left to mixed contributions. It is apparent that even or odd contributions show significantly higher 

correlation than mixed ones. This can be expected from theoretical grounds explained in section 

2.5. 
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The following analysis is performed in order to analyze the distinct features, parallel or 

perpendicular to the diagonal, in more detail. Let 
xm  be the SH order on the horizontal axis of 

each panel of matrices as in Figure 4-15 and ym  the SH order of the vertical axis entries without 

applying the differentiation between even and odd SH degrees. By tracking the parallel features, it 

turns out that a constant value for the difference of the contributing orders is present (slope=-1). 

For the perpendicular features, the sum of the two contributing SH orders is constant (slope=1). 

 parallel x yconst m m    (4.13) 

 perpendicular x yconst m m    (4.14) 

Since the features in the left and right panel of Figure 4-15 show different patterns, an evolution 

of the correlation structures in time can be assumed. To verify this impression, a further analysis 

of computing the RMS for each tuple with constant values for x ym m  and x ym m  from the 

RMS of the correlations matrix, evaluated by SH order, is performed. This is repeated for each 

available monthly solution. Figure 4-17 shows in the left panel the evolution of the SH order 

correlation patterns derived by all x ym m  tuples. The right panel shows the analysis for the 

Figure 4-15: RMS of correlation per SH order distinguished between odd and even SH degree from two 

ITSG2016 formal error covariance matrices (left: 2004-04, right: 2016-01) in logarithmic (log10) scale. 

Figure 4-16: RMS of correlations per SH 

order divided by even and odd degrees as 

augmented display of the left panel of Figure 

4-15. Display shows a sector from SH order 0 

to 20 against 50 to 70 in logarithmic (log10) 

scale. 
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x ym m  tuples. The patterns agree very well with the order resonance frequencies computed by 

Murböck [2015] for GRACE orbits. The effect of the SH order resonances can be observed for 

max2m l  . Distinct and prominent features correlated to e.g. deep resonance phases are: a strong 

resonance for m=61 in mid-2004, for m=168 in end 2006, for m=107 in 2009/2010, for m=46, 92, 

and 138 in mid-2012, and for m=31, 62, 93, 124, and 155 in the beginning of 2015. Not only are 

resonance peaks present in the figure, but also elongated features visible throughout the whole 

time series, representing resonance frequencies e.g. around m=61. The white horizontal lines 

represent data gaps with no monthly solution available. As decorrelation filters are based on the 

correlations, embedded in the normal equation matrices, such variable behavior needs to be taken 

into account. Section 5.3 addresses the impact of incorporating time variable versus static 

correlation patterns in detail. 

As to be expected, correlations between coefficients are driven by the orbital configuration of the 

mission. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another way to analyze the correlation matrix of a specific time series is to compute the RMS of 

correlations of tuples differentiated by even and/or odd degrees. Figure 4-18 shows in the left 

panel the result for the ITSG-Grace2016 time series for the month 2004-04. The right panel of the 

figure shows the same analysis for the same month for the GFZ-RL5a series. Each panel is divided 

into four sectors. The upper left sector represents the RMS of correlations between tuples of 

odd/odd SH degree coefficients, whereas the lower right sector represents for tuples of even/even 

SH degree coefficients. The upper right and lower left corner represent the RMS for tuples of 

mixed even/odd resp. odd/even SH degrees. 

Figure 4-17: Evaluation of the RMS of tuples agreeing with equation (4.14) (left panel) and equation 

(4.13)(right panel) applied on the ITSG-Grace2016 time series. 
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One can observe a very distinct difference in the RMS of correlations between odd and even SH 

degrees for the two solutions. For the ITSG-Grace2016 solution in the left panel for even, odd, 

and mixed contributions, a very characteristic pattern of high correlation up to SH degree 40 can 

be observed. This is due to the processing concept of the ITSG-Grace2016 time series. According 

to Klinger et al. [2016], a daily solution up to SH degree 40, using a Kalman filter technique, is 

subtracted from the whole estimate on the basis of normal equations. Using a Kalman filter to 

estimate short, e.g. daily variations of the gravity field, is described e.g. by Kurtenbach [2011]. 

The application of a Kalman filter approach, embedding a state vector carrying prior information 

from one time step to the next one, apparently causes these very clear correlations. For both 

results (left and right panel) the correlations between SH degrees close to each other are 

significantly higher than for tuples of coefficients separated by a large number of SH degrees. This 

results in higher correlation values along the main diagonal and smaller values for far-off-diagonal 

elements. For the sectors representing the RMS of mixed tuple correlations, significantly smaller 

values are observed than for the odd/odd or even/even ones. This is in agreement with the 

findings by e.g. Swenson and Wahr [2006], who built their empirical decorrelation approach on 

this property of the GRACE solutions. By comparing the correlation patterns from Figure 4-18, 

one can draw the conclusion that a general assumption of correlations between different GRACE 

time series is only partially valid. Whilst using decorrelation filters based on the correlation 

structures embedded in the normal equations, a distinction regarding the respective time series 

appears advisable. 

The correlation patterns per SH order derived from the empirical error covariance matrices do not 

show such sharp lines expressing strong correlations like the ones from a specific month. Mainly 

due to changes in the orbital configuration (e.g. the altitude and orbit repeat periods), a very 

blurred picture of the correlations can be seen. It contains superimposed contributions from all 

different orbital configurations the GRACE satellites ran through during the period under 

consideration. A general pattern of higher correlations between tuples of coefficients originating 

from close range SH degrees can be observed, similar to the pattern described from Figure 4-18. 

Considering the findings regarding the properties of the GRACE time series investigated, the 

ITSG-Grace2016 time series appears to exhibit the most realistic formal error characteristics. It is 

chosen to serve as basis for the real data application discussed later on in this thesis. The 

temporal evolution of correlation characteristics is evident, and does justify taking into account 

time variable information to closely cover for the respective situation of the monthly solutions. 

Figure 4-18: Degree RMS of correlations, split up in odd and even SH degrees, for the month 2004-04 of the 

ITSG-Grace2016 time series (left panel) and GFZ-RL5a series (right panel), in logarithmic scale. 
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The benefits of employing time variable error covariance information instead of static one are 

addressed in detail in section 5.3. Since different time series exhibit distinct differences in 

correlation patterns, a generalization of the GRACE correlation pattern using “one average 

pattern” seems sub-optimal. If regularization type filters are used, it is recommended to employ 

for each time series the respective error covariance matrices, since the processing centers pursue 

different processing techniques, resulting in deviations of the correlation patterns. 

 

4.3.3 Isotropic filters 

 

A very common and widely used isotropic filter is the Gaussian type filter. It is described e.g. by 

Jekeli [1981], put in context with GRACE by Wahr et al. [1998], and used for real GRACE data 

processing e.g. by Swenson et al. [2003] and many others. Another example for an isotropic filter 

would be a standard cut off filter (also known as low pass filter). It cuts the set of SH coefficients 

at a certain degree, which represents the simplest limitation of a SH series expansion, and is thus 

avoiding the influence of unwanted signal content in the resulting solution. As one can see from 

section 2.2 (cf. Figure 2-1), the cut off filter does not comply with the need to perform a gradual 

separation of signal and noise by downweighting the coefficients containing a low signal to noise 

ratio or signal that is not part of the target signal. Figure 2-1 shows that this ratio is in a first 

order approximation strongly SH degree dependent, evolving as a function of the SH degree. 

Examples of weighting factors derived by equation (4.15) respective the recursive approach shown 

in equation (4.16) [Jekeli 1981] are presented in Figure 4-19. 

 

   (4.15) 

 

 

   (4.16) 

 

with 

   (4.17) 

 

The value of   in equation (4.15) represents the half width radius (also referred to as half-width-

at-half-of-maximum) expressed as spherical distance (assuming    ). Following Peters [2007], 

it holds    0.5 0W W      . To derive weighting factors 
lW  between 1 and 0 for each SH 

degree, one needs to normalize the result from (4.15) by dividing by  0W   . This is realized in 

the recursive approach by setting 0 1W  . Other isotropic filters known in the geodetic community 

are the Pellinen filter [Pellinen 1966] and Hann filter [Jekeli 1981]. They are both described in 

Jekeli [1981] and a discussion regarding their application in the context of filtering time variable 

GRACE gravity field solutions can be found e.g. in Peters [2007]. The Pellinen and Hann filters 

will not be used or discussed further on, since they do not allow separation of target signals from 

the residual signals and noise on a level of accuracy aimed for within this thesis. 

 

0

2

1 2

1 2

1

1 1

1

2 1

b

b

l l l

W

e
W

be

l
W W W

b





 




 




  

ln 2

1 cos

r
b and

R



 



 
 1 cos

22 1

b

b

b e
W

e






 








4 Retrieval of geophysical signals 61 

 

 

 

 

 

 

 

 

 

 

 

From Figure 4-20 one can see the SH degree dependent evolution of the residual unfiltered signal 

in terms of degree amplitudes (red) with its associated formal error (black). For this example, the 

month 2010-01 from the ITSG-Grace2016 time series up to 
max 120l   is used. The static field 

subtracted to derive the residual field is GOCO02S [Goiginger et al. 2011]. To illustrate the 

behavior of the degree amplitudes of a potential target signal, the average HI signal [Dobslaw et 

al. 2015b] for January is shown as the purple dashed line. For the HI signal one can observe a 

decrease of amplitude with increasing SH degree, contrary to the unfiltered GRACE signal 

(especially for 30l   ). Since formal error and signal amplitude for the unfiltered signal coincide 

for 30l  , one can conclude a non-significance of the unfiltered signal. In other terms, one could 

say the unfiltered signal is predominantly composed by noise. A discussion whether the formal 

error is realistic or not can be found in the previous section 4.3.2, rating the ITSG-Grace2016 

formal error being realistic. The resulting degree amplitudes, after applying three different 

Gaussian type filters on the unfiltered residual solution, are shown in yellow (200km), green 

(350km), and blue (500km). The Gaussian filter with a half weight radius of 350 km shows, 

compared to the other two examples, best agreement with the target HI signal. 

Further investigations presented in chapter 5 for the GRACE and GRACE-FO like missions will 

confirm a half weight radius in the area of about 350 km as suitable filter strength (cf. section 

5.3). Suitable should be understood in terms of achieving the best compromise between the two 

opposing goals of preserving the target signal and suppressing noise and other signals (like 

residual AO signal remaining from imperfect de-aliasing). Since the only steering factor for the 

Gaussian filter is the half weight radius, it is not able to account for e.g. better spatial coverage 

and lower noise level in polar regions. It cannot account for varying representation of target signal 

by zonal, tesseral or sectorial coefficients, for varying spectral characteristics of potential target 

signals (cf. chapter 4.1), and for the north-south oriented striping pattern due to its isotropy. The 

effect of smearing locally concentrated high amplitude signals, caused by globally uniform and 

isotropic filter behavior, increases the effect of spatial leakage (cf. chapter 4.2.3). One advantage 

of the Gaussian filter, which makes it widely used, though it comes along with the aforementioned 

deficiencies, is its limited complexity, making it easy to be implemented in a processing chain. 

Interested readers can find a summary of different isotropic and anisotropic filter methods applied 

on a sphere in Devaraju [2015]. 

 

 

Figure 4-19: SH degree dependent Gaussian 

weighting factors 
lW  for different half width radii α. 

 

Figure 4-20: Degree amplitudes of one exemplary 

month (ITSG-Grace2016 2010-01) in unfiltered state 

with formal error and filtered states. Mean monthly 

HI signal as potential target signal for comparison 

from model [Dobslaw et al. 2015a] data. 
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4.3.4 Anisotropic & regularization type filters 

 

As the previous section 4.3.3 showed clear drawbacks using the isotropic Gaussian filter method, 

some more sophisticated anisotropic or regularization type filter methods are introduced. Among 

others, the methods by Han et al. [2005], Swenson and Wahr [2006], Sasgen et al. [2006], Kusche 

[2007], and Klees et al. [2008] are of particular interest. Han et al. [2005] describe the correlation 

structure as well as the amplitude ratio of signal and errors contained in GRACE solutions being 

not only degree, but also order dependent. Figure 4-21 gives an example for the ratio between 

geophysical signal from a model and a residual GRACE solution. The geophysical model is a 

monthly average of one month of 6-hour hydrological, ice and solid earth signal from the model by 

Dobslaw et al. [2015b]. The month used from GRACE is 2010-01 from the ITSG-Grace2016 time 

series. 

 

 

 

 

 

 

 

 

A clearly not only SH degree but also SH order dependent behavior of the amplitude ratio is 

visible in Figure 4-21. For lower SH orders of a specific SH degree, the ratio is higher than for 

higher SH orders of the same SH degree. The ratio lm  is derived by evaluating the following 

relation. 

 

   (4.18) 

 

The indices HI and GRACE represent the target signal, respectively the unfiltered residual 

GRACE coefficients. Amending the concept of the Gaussian filter, downweighting coefficients 

dominated by noise, a variation of the weighting, also depending on the SH order, is introduced 

by Han et al. [2005] leading to a non-isotropic weighting function. Other anisotropic filter 

approaches are e.g. the Fan filter discussed by Zhang et al. [2009]. 

A second category of filters are regularization type filters. Prominent representatives are the 

Wiener filter by Sasgen et al. [2006], the DDK filter approach by Kusche [2007], and the ANS 

filter by Klees et al. [2008]. 

For the Wiener filter, the regularization only depends on the SH degree. For the DDK filter, basis 

for the VADER filter discussed within this thesis (cf. section 5.3), the regularization is based on a 

synthetic GRACE error covariance matrix, derived from orbit information, in combination with a 

static degree dependent signal variance (cf. equation (2.18)). DDK filtered solutions with 8 

different filter strengths can be obtained for all ICGEM hosted GRACE time series via the 

ICGEM web portal. The ANS filter is designed as a part of the GRACE level-2 product 

Figure 4-21: Amplitude ratio between target HI 

signal and unfiltered residual GRACE signal in 

log10 according to equation (4.18). 
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estimation itself and not solely as a post-processing method. It is based on the error covariance 

information of the respective month, originating from the estimation process and an iteratively 

derived signal variance. The iterative signal variance is initiated with a constant signal variance. 

A set of monthly GRACE time series solutions is filtered with this first setup of the filter. From 

the filtered time series containing signal, a new signal variance is estimated serving as input for 

the next iteration step. The process continues until the residuals of two consecutive signal 

variance estimates are below a certain threshold. The approach serves as basis for the DMT-1b 

time series [Liu et al. 2010], covering the timespan from 2003 until end 2010 (as from November 

2016). A disadvantage of the ANS filtered DMT-1b solutions is the globally optimized filter 

design, not allowing to adjust the filter strength to specific target signals and target regions. 

Therefore it is not applicable as an adjustable post-processing method. Experiments comparing 

signal amplitudes from multiple GRACE time series indicate comparably low signal content for 

the DMT-1b solution, potentially due to the strength of the regularization applied. 

Another tailored regularization approach is the concept leading to the GRGS solutions. A 

description of the approach is given by Bruinsma et al. [2010]. The regularization is performed as 

part of the inversion process. Accordingly this filter is contrary to the VADER filter not a 

dedicated post-processing strategy. 

Other methods employed for filtering or smoothing GRACE solutions are e.g. empirical 

orthogonal function (EOF) filtering concepts [Wouters and Schrama 2007], or the empirical 

decorrelation approach (also known as a modified version of the Savitzky-Golay type filter 

[Savitzky and Golay 1964]) introduced by Swenson and Wahr [2006]. The latter filter is analyzed 

and rated in section 5.2. 
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5. Optimized filter strategies for GRACE and GRACE-FO 

Formelabschnitt (nächster) 

The following chapter focusses on the tuning and further development of filters respectively post-

processing methods, in order to derive geophysical signals from GRACE or GRACE-like missions 

with improved quality. The main objective to reach is optimizing filter strategies in order to 

preserve as much signal as possible and to suppress as much noise as possible. Accordingly the 

term optimized should be understood as separating the target signal aimed for from residual signal 

and noise in the most effective way. As discussed in section 4.3, a differentiation regarding not 

only the target signal but also the target region must be made, since the noise level of GRACE-

like solutions is at first order latitude dependent. In this context two approaches are presented. 

The first approach is the determination of an optimized configuration of the Swenson and Wahr 

type empirical decorrelation filter ([Swenson and Wahr 2006], cf. section 5.2). For reasons of 

simplicity, the filter is referred to as “S&W filter” in the following. The discussion of the approach 

ranges from the selection of suitable time series, in terms of degree of the SH expansion, to the 

choice of filter parameters and target regions, for deriving the target signals. The second approach 

discussed in-depth is the aforementioned time variable decorrelation filter approach (VADER 

filter). All constituents and various design options are evaluated and rated in order to derive a 

recommendable setup of the processing chain. Before discussing the two post-processing methods, 

a short section dealing with the differences to be expected as from today’s perspective regarding 

the applicability of filter methods for GRACE time variable gravity fields on GRACE-FO like 

time variable gravity fields is presented. 

The datasets used as input for the real data analysis for the VADER filter (section 5.3) are the 

ITSG-Grace2014 and ITSG-Grace2016 time series. The selection is based on the assessment of the 

available GRACE time series as presented in section 4.3.2. Compared to the other investigated 

time series, they both show best applicability for being employed in real data processing using the 

VADER filter. The closed loop white noise and colored noise datasets from the simulation 

environment (cf. section 3) are employed for assessing the design parameters to develop a deeper 

understanding of how the filter works, and to determine which configuration is suited best. For 

the optimized S&W empirical decorrelation filter, different GRACE time series can be used, since 

the filter does not depend on the quality and availability of e.g. the error covariance matrices. As 

for assessing the VADER filter, the closed loop white noise time series serves again as testing 

environment. 

 

5.1 The resemblance between GRACE and GRACE-FO from 
the perspective of post-processing methods 

 

As described in chapter 1.1, the major difference between GRACE and GRACE-FO is the 

instrumentation for the inter-satellite ranging system. Different levels of performance for system 

components change the proportion of deterministic and stochastic error budgets. According to 

Flechtner et al. [2016a], reduction in single components of the total error budget can be expected 

(cf. Figure 1-2). Nevertheless the total error budget level is expected to remain on a similar scale 

as for GRACE, since dominating error budget contributors, like AO and OT de-aliasing errors, 

are expected to be on almost equal level. This is due to the current design of the level-2 processing 

chain, as AO and OT de-aliasing depends on models [Dahle et al. 2012; Bettadpur 2012]. As long 

as there is no improvement in the quality of the de-aliasing models, de-aliasing errors will be 

responsible for correlated errors in GRACE or GRACE-FO solutions in a comparable way, thus 
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leading to similar correlation structures, as the orbital configuration is also a continuance of the 

GRACE configuration. As post-processing filters are either independent of the set of SH 

coefficients they are applied to, or depend, like the VADER and S&W filter, on correlations 

embedded either in the error covariance matrices respectively the SH coefficients, no major 

differences should be expected in the applicability of post-processing methods switching from 

GRACE to GRACE-FO solutions. If the processing concept is changed, as e.g. discussed in the 

outlook (cf. chapter 8), a readjustment of post-processing methods is likely to be necessary in 

order to deliver better results. 

 

5.2 The Swenson & Wahr type empirical decorrelation filter: 
Assessment of opportunities and limits 

 

The empirical destriping filter following Swenson and Wahr [2006] has proven to effectively reduce 

the typical north-south oriented and correlated error structures of GRACE monthly solutions 

[Werth et al. 2009]. The filter is based on the observation that the GRACE typical north-south 

oriented striping structures correspond to specific patterns in the SH coefficients, namely 

correlations among the coefficients of a given SH order and even or odd SH degree (cf. section 

2.5). A possible way, depicted by Swenson and Wahr [2006], to remove these patterns is to fit 

polynomials to the respective sequences of SH coefficients individually for each month, which are 

subsequently reduced. The S&W filter belongs to the category of adaptive, inhomogeneous, and 

anisotropic filters. The basic parameters to choose are the degree of the polynomial polyn  and the 

minimum order 
startm  for which the filter procedure is applied (cf. Figure 5-1). Additional 

adjustable parameters are the maximum degree of expansion 
maxL  the filter is applied to, and a 

window size w , confining the sampling points included for the polynomial fit. It holds 
max maxL l , 

since as later discussed, in some cases applying the filter is only practicable to a part of the whole 

set of coefficients. Equation (5.1) describes, following Swenson and Wahr [2006], the relation 

between filtered 
SW

lmC  and unfiltered coefficients 
ewh

lmC . 

 

   (5.1) 

 

l nm  describes the filter, respectively the transfer function between filtered and unfiltered 

coefficients. The indices l  and m  describe the SH degree and order. n  represents the degree. 

Whether it runs over even or odd parity with l , depending on the settings. The quantity w  

defines the window length, or in other words the number of the SH coefficients taken into account 

for the polynomial fit. It is defined by the sampling point  the desired integer length of the 

sampling interval s  ( 1 2w s   ). This leads to an odd value for w . The parameter 
maxL  is not 

shown in the equation, but implies either limiting the set of 
ewh

lmC  to a desired maximum degree 

of SH expansion, or limiting the coefficients filtered to a maximum SH degree, which is order 

dependent (cf. [Chambers 2006a]). This could be e.g. 
max 40L m  . The filter l nm  itself consists 

of a polynomial estimate, based on a specified set of sampling points. Two major versions of the 

polynomial fit and subsequent reduction of correlated noise are documented in literature. 

The first version (later referred to as “version one”) of the approach is to apply a polynomial for 

each SH coefficient to be filtered separately, always taking into account a defined set of unfiltered 

sampling points. After evaluating the polynomial function at the respective SH coefficient, the 

result is subtracted from the unfiltered SH coefficient, leading to the filtered SH coefficient [Werth 

et al. 2009; Devaraju 2015]. 

SW ewh

:

l s

lm l nm nm
n l s

n even or odd

C C


 

   



5 Optimized filter strategies for GRACE and GRACE-FO 67 

 

The second version (later referred to as “version two”) is to estimate the polynomial once for each 

set of coefficients of same m  and even or odd parity for l , using again a defined set of sampling 

points from l m  to 
maxL . Subsequently this single polynomial is evaluated for all sampling 

points, leading to the filtered coefficients by subtracting the polynomial from the whole set of 

unfiltered sampling points [Chambers 2006a]. 

Since the SH coefficients derived from GRACE observations contain a portion of correlated noise 

or error, this empirical assessment works, as one can see e.g. from the examples in section 5.4. But 

not all noise contained in an unfiltered solution is correlated and can be removed with such an 

empirical approach. To suppress the uncorrelated or random noise, together with the noise 

contained in the unfiltered sections of the given set of SH coefficients (e.g. the ones with 
startm m  

or the ones with 
maxl L ), Swenson and Wahr [2006] recommend the application of a Gaussian 

filter (cf. section 4.3.3) as second step of a two-step filter cascade, completing the approach. With 

this second step, a new variable for the filter appears, and needs to be defined. Reviewing 

literature, most of the experiments are performed by using a Gaussian filter with half weight radii 

ranging between 300 km and 500 km (e.g. [Werth et al. 2009; Vishwakarma et al. 2016; Watkins 

et al. 2015]). Not all authors employ a Gaussian filter, but use other filters as second step of the 

cascade [Werth et al. 2009]. 

 

 

 

 

 

 

 

 

Figure 5-1 gives a schematic overview of the parameters to be chosen whilst applying the S&W 

filter. From the minimum order 
startm  onwards, the filter is applied to all coefficients with 

max poly2m l n  . As indicated by the vertical blue lines, part of the coefficients (represented by the 

rectangular shapes) is not filtered since the number of sampling points available is not high 

enough to fit the desired polynomial. For lower polynomial degrees, neglecting these coefficients 

does not have a major impact on the filtered solution, as this group of coefficients also exhibits 

the largest uncertainty. But for increasing polynomial degrees, neglecting more and more 

coefficients becomes a significant problem. 

To apply the S&W filter, no error covariance information is needed. The S&W filter is built on 

the correlations embedded in the SH coefficients themselves, and thus the filter does not need any 

additional information or dataset than the set of SH coefficients to filter. Along with the 

simplicity of implementing the S&W filter, this circumstance can be seen as the most significant 

advantage of the approach with respect to the VADER filter, which needs more information to be 

successfully applied (cf. section 5.3). As one can see from Figure 5-1, the choice to make for the 

first assessment is the degree of polynomial polyn  and the minimum order startm , from which 

onwards the filter is applied. A second prerequisite for the successful utilization of the S&W filter 

is the transformation of the SH coefficients to so called residual mass coefficients EWH , which 

are in the words of Swenson and Wahr [2006] “GRACE monthly anomalies converted to mass”, 

before applying the polynomial fit. The transformation from residual SH coefficients to mass 

coefficients can be applied by using the relation expressed in equation (2.9). 

Figure 5-1: Scheme of the S&W empirical decorrelation filter with parameters mstart, Lmax, npoly, and w . 
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Figure 5-2 gives an example of unfiltered and S&W filtered coefficients, plotted separately for 

parity of the SH degree and sine/cosine coefficients. The blue curves illustrate the aforementioned 

correlation, expressed by the uniform and steady behavior of SH coefficients of same parity, 

separated by sine and cosine coefficients. The underlying residual (static GOCO02S field is 

subtracted) solution originates from the ITSG-Grace2016 time series and is transformed to 

EWH  coefficients. The black lines indicate a polynomial fit of degree seven, which is estimated 

from all available sampling points. The choice of a suitable polynomial degree is discussed later 

on. The red curves represent the empirically decorrelated coefficients. The degree of expansion 

shown in the example ranges up to 
max 90l   and the coefficients shown are of SH order 31. 

 

 

 

 

 

 

 

 

For all sampling points with 70l  , very smooth and steady behavior can be observed for the 

unfiltered state. For 70l   and higher, this steady behavior is apparently not present anymore 

and the nominal values of the coefficients start to become volatile. Analyzing the behavior of the 

SH coefficients for a solution expanded up to 
max 120l   reveals even more unstable behavior for 

coefficients of same order and parity for higher SH degrees. 

 

 

 

 

 

 

 

 

 

Figure 5-3 shows in the left two panels the properties of SH coefficients (now only even 
ewh

lmC  and 
ewh

lmS ) expanded up to 
max 90l  . In the right two panels the expansion is ranging up to 

max 120l  , originating from the very same dataset. Blue lines indicate unfiltered coefficients, and 

red lines the filtered coefficients. The fitted polynomial is again shown in black. Comparing the 

quality of the fit for the upper two examples reveals only minor difference between the two 

degrees of expansion. For the examples in the lower two panels, the fit shows for the expansion to 

max 120l   strong oscillating behavior especially in the lower SH degrees. Comparing the lower left 

with the lower right filtered results (red curves), significant differences, causing artefacts in the 

Figure 5-2: Example of unfiltered (blue) and S&W filtered (red) C and S coefficients separated by 

even and odd SH degrees for SH order 31. The fitted polynomial (black) is of degree 7. 

Figure 5-3: Example of unfiltered (blue) and S&W filtered coefficients (red) C and S coefficients of 

even SH degree for SH order 31 with a fitted polynomial of degree 7 (black). The SH expansion for 

the left panels is up to SH degree 90, and for the right panels up to SH degree 120. 
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filtered result, occur. Ideally the filtered solution should look the same for a specific SH degree, 

whether expanded up to 
max 90l   or 

max 120l   (not considering e.g. omission errors). Since the fit 

is estimated from least squares adjustment, large residuals in higher SH degrees, caused by the 

volatile behavior of the coefficients, are forcing the solution to allow residuals in the lower degrees 

to fulfill the minimum criterion ˆ ˆ min
T

ll
v P v   (cf. section 2.3). One option to overcome this problem 

is to limit the maximum SH degree to which the filter, and therefore the polynomial fit, is applied 

to [Chambers 2006a]. Another option is to introduce a moving window, limiting the SH 

coefficients taken into account for the fit and the subsequent reduction for each individual 

coefficient derived by the fitted polynomial [Werth et al. 2009]. This approach leads, depending on 

the window size, to a decorrelation of the filtered coefficients, which are separated by a distance 

larger than the window size w  (here the term decorrelation refers to the dependency or 

correlation induced by the polynomial fit between filtered coefficients of same order and parity of 

the SH degree, not to the reduction respectively filtering of correlated noise). A third option, 

which is not pursued in the course of this thesis, would be the introduction of weights by changing 

the 
llP  matrix from identity to, e.g., a degree dependent function that downweights the volatile 

coefficients in the higher SH degrees, as they are expected to exhibit a low signal to noise ratio 

and an unstable behavior. The downweighting would result in not allowing such large residuals for 

the coefficients in smaller SH degrees, as visible in the lower right panel of Figure 5-3. In this 

context one should keep in mind that the filter cascade is non-commutative. Since the filter is, as 

mentioned above, applied in conjunction with a Gaussian filter of typical half widths of 350 to 500 

km, the discussion regarding the handling of high SH degree coefficients becomes in a way less 

important. As shown in Figure 5-5, potentially remaining noise is down weighted by the 

application of a suitable Gaussian filter as step two of the cascade. This holds only as long as the 

higher SH degree coefficients do not feed back to the lower SH coefficients, as shown in the lower 

right panel of Figure 5-3. The mentioned Gaussian filter radii cause a downweighting of 

coefficients for the lower range of the filter strength (350 km) of already two orders of magnitude 

from degree 80 onwards (cf. Figure 4-19), thus suppressing the signal contained in this part of the 

spectrum. Applying the S&W filter on a solution expanded up to e.g. 
max 120l   leads therefore to 

a filtered solution limited in signal content to 
maxl l . 

In the following, investigations for optimizing the filter parameters polyn , 
startm , 

maxL , and w  from 

closed loop experiments are presented. 

 

Closed loop experiments assessing the potential of empirical decorrelation 

For optimizing the filter setup regarding polyn , 
startm , 

maxL , and w , the closed loop simulation 

environment (cf. chapter 3) is employed. For determining the setup for filtering a GRACE-like 

monthly gravity field estimate, solutions from the white noise time series with additional 

deterministic AO de-aliasing error are employed (cf. Table 3-1). In the closed loop case, the 

criterion for a good solution, filtered by the S&W filter, is the magnitude of the cumulative degree 

amplitude (cf. equation (2.27)) of the residuals. The residuals are calculated as the difference 

between the filtered solution and the true target signal, in this case the monthly mean HIS signal. 

For this purpose the available monthly solutions are filtered with varying 
startm ranging from 2 to 

18, and polyn  ranging from 2 to 14 according to the version two of the S&W filter as introduced 

before. A limitation of the window length w  is not introduced at this point, as this parameter is 

part of the version one of the S&W filter. The maximum degree of expansion is limited for all 

orders m  at the same 
max max 40, 60, 75,L l  and 90 . Figure 5-4 shows for the different degrees of 

expansion the obtained median cumulative degree amplitudes in mm EWH (cf. equation (2.27)) 

from each configuration of the S&W filter. The x-axis indicates the degree of polynomial polyn , 

and the y-axis the minimum order to start 
startm . The numbers above each panel indicate the 

respective 
maxL . Colorbar limits are chosen to be different for each panel in order to better 
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identify the local minima by eye. The limits for the y-axis, ranging from 2 to 18, are indicated 

only for the very left panel, but are valid for all four panels. 

 

 

 

 

 

 

 

 

 

 

The very left panel of Figure 5-4 shows the residuals for an expansion up to SH degree 40. This is 

the same degree of SH expansion as within the experiment by Chambers and Bonin [2012], 

evaluating the filter setup in a similar way by minimizing the standard deviation of residuals with 

respect to ocean bottom pressure variations. Their finding of an optimal configuration of poly 5n   

and 
start 15m   for the CSR-RL05 series can be confirmed with good agreement by the closed loop 

experiment, delivering a minimum of the residuals at poly 4n   and starting 
start 14m  . The 

difference can be explained by the different time series used (real data versus simulated data) and 

the different target signal (ocean bottom pressure variations versus the true HIS signal of the 

closed loop environment). If just increasing the degree of SH expansion further on, the minima of 

the cumulative residuals are shifting for the degree of polynomial to higher degrees. This can be 

expected by looking at the decreasing steadiness for coefficients of same order and same parity of 

the SH degree (cf. Figure 5-3). The minimum order remains stable in a corridor between 12 and 

15. The stability of the order is due to the first resonance order embedded in GRACE solutions 

around 15m   (cf. section 4.3.2). Swenson and Wahr [2006] for example did also not observe a 

specific correlation pattern for 8m   but for all higher SH orders. In the range of 8 12m   

correlations are present but not strong enough for showing a global minimum in the panels of 

Figure 5-4 already at 12m  . The reason for the increasing degree of the polynomial can be found 

in the noise characteristics depending on the SH degree, and the way correlated errors are 

significantly represented by the respective SH coefficients. As Figure 5-3 illustrates, the behavior 

of the steadiness of the unfiltered coefficients is decreasing with increasing SH degree, thus 

requiring a higher degree polynomial to match the characteristics of the sampling points without 

introducing artefacts. 

The properties of the version one of the S&W filter are better suited for handling solutions 

expanded to higher SH degrees, since the introduction of a moving window of a certain size makes 

the estimates, depending on the window size, independent of each other. The originally proposed 

polynomial is of degree 2 [Swenson and Wahr 2006]. Regarding the window size, no value is 

specified. Devaraju [2015] suggests to use a size of 5w  , whereas Werth et al. [2009] introduce a 

variable window size. The proposed settings for the window size by Werth et al. [2009] were 

tested and rejected upon inferior performance compared to the proposed setup by Devaraju [2015]. 

In the following, the results from the investigations regarding version one and two of the S&W 

filter are compared against each other. The best setup for version two of the S&W filter is, as one 

Figure 5-4: Median of cumulative residuals [mm EWH] from the closed loop white noise time series expanded up 

to different maximum SH degrees (indicated by number on top of each panel). The colorbar is chosen differently 

in order to better identify each local minimum per panel. 
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can see from Figure 5-4, depending on 
maxl respectively

maxL . The parameters derived from Figure 

5-4 for the applied polyn  in Figure 5-5 are poly 4n   for 
max 40l  , poly 10n   for 

max 60l  , poly 12n   

for 
max 75l  , and poly 14n   for 

max 90l  . Figure 5-4 might suggest that for the expansion to 

max 90l  , a higher polynomial might deliver a more pronounced minimum. Since polynomials of 

increasing degree need a higher number of sampling points, resulting in omitting an increasing 

number of coefficients (cf. Figure 5-1), and since the distribution of the sampling points leads to 

badly scaled inversion problems for polynomials of such high degrees, a further increase of 

polynomials degrees is not enforced. 

The upper two panels of Figure 5-5 show the resulting median of the monthly degree RMS of the 

signal respectively the residuals, after applying filter parameters as introduced before, for version 

one and two of the S&W filter (label “S&W only”). The underlying dataset used for evaluating the 

performance is the 143 months long white noise closed loop time series, containing the monthly 

target HIS signals with additional ocean tide (OT) and atmosphere and ocean (AO) de-aliasing 

errors. To keep the number of variable parameters low, for all tests shown in Figure 5-5 and the 

metrics presented in Table 5-2, the minimum order is 
start 12m  . Using 

start 8m   instead delivers, 

in the closed loop environment, results of almost equal performance. The lower two panels show 

the resulting SH degree RMS after also applying the second step of the filter cascade, the 

Gaussian filter (label “S&W+GAUSS”). The half width is set, again to limit the number of 

variable parameters, to 200 km for all S&W filters presented. To allow rating the performance of 

the filter, the unfiltered (solid black), 200km (dotted black), and 300km (dashed black) Gaussian 

filtered SH degree RMS are indicated for comparison in the upper panels. The mean HIS signal 

(cyan) is shown for comparison in all four panels. For both steps of the filter cascade, the 

resulting signal is shown in the left panels, whereas the residuals, with respect to the target HIS 

signal, are shown in the right panels. 

The filter performance of only applying the S&W filter (upper left panel) delivers, especially for 

the lower SH degrees 
max 30l  , at first sight no significant differences in terms of the resulting 

signal RMS per SH degree. Inspecting the residuals carefully (upper right panel) reveals smaller 

residuals for the version one of the S&W filter (magenta) and the dedicated design for version two 

of the filter for 
max 40l   (red) with respect to the other ones performing inferior in this spectral 

band. For 
max 60, 75,l  and 90  the version one shows, compared to version two, significantly 

larger residuals for 40l  . After applying the second step of the filter approach, these large 

residuals for version one are suppressed by the Gaussian filter, revealing residuals of lower 

amplitude, thus being in the range of the target signal. Although the version one exhibits larger 

residuals for 40l   compared to the ones originating from the version two approaches, the overall 

performance of version one is rated to be better for solutions of higher SH degree. The residuals 

for the version two filter for 
max 60, 75, 90l   are higher, especially in the range of 12 30l  , as 

the lower right panel reveals. This is due to the feedback mechanism induced by the polynomial 

fit over all sampling points spanning from l m  to 
maxl  (cf. Figure 5-3). For 

max 40l  , the version 

two outperforms version one. For reasons of comparison, the performance of the Gaussian filter is 

indicated as well. The performance of the 200km half width shows the filter performance of only 

applying the second step of the filter cascade, delivering unsatisfying results. The 300 km half 

width indicates a good match in terms of signal RMS per SH degree. Comparing the S&W filter 

against the Gaussian filter results shows an isotropic filter like the Gaussian one being 

outperformed in terms of residuals on all degrees of expansion 40l  . The decrease of the signal 

RMS shortly before reaching the respective 
maxl  is due to the way degree RMS is calculated. Since 

for each polynomial a certain number of coefficients needs to serve as sampling points, for orders 

max poly2m l n   no filtering can be applied. Thus these coefficients are omitted and contribute as 

zero to the degree RMS. 
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Following from the experiments above, the S&W filter can be rated as suitable and effective for 

filtering GRACE-like temporal gravity fields expanded up to a SH degree of around 60 or even 90. 

If employing the version one with the moving window, an extension of the SH expansion can be 

made up to 
max 120l   without significant implications generated by oscillation effects in the lower 

SH degrees. The version two should, according to the experience gained, not be applied to such 

high degrees of SH expansion. For increasing degrees of expansion, the need for polynomials of 

comparably high degree is a clear drawback. High degree polynomials leave the problem of 

omitting large number of coefficients and tend to cause numerical problems by leaving the 

polynomial fit not well conditioned. Since usually the S&W filter is applied in a cascade with a 

Gaussian filter, expanding the set of coefficients further than 90 or 100 does only make sense if 

the half width of the Gaussian filter is chosen below or around 350 km (cf. Figure 4-19). 

Otherwise the downweighting would result in not only suppressing the noise but also all signal in 

the respective higher degrees. A summary of the findings derived from Figure 5-5 and the 

preceding analysis is given by listing the cumulative geoid errors, as presented in Table 5-2. In 

Figure 5-5: SH degree RMS of signal and residuals in mm geoid height, originating from different S&W 

filter setups and different degrees of expansion. Black lines represent unfiltered signal (solid), 200km 

(dotted) and 300 km (dashed) Gaussian filtered signals, respectively residuals. The cyan line indicates the 

average HIS signal for comparison reasons. Other colored lines represent the results from the respective 

S&W filter setup according to the legend. Left panels refer to resulting signals after filtering, whereas right 

panels refer to residuals with respect to the HIS signal. 
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addition, a comparison is made to the performance of the VADER filter (cf. section 5.3), also 

applied to different 
maxl . Exemplary results from both S&W filter versions, applied in the context 

of real data filtering and compared to other filter techniques, are presented in section 5.4. 

 

5.3 VADER filter - Time variable decorrelation 

 

The decorrelation approach adapted for the following experiments, filtering time variable gravity 

fields derived from satellite observation, was introduced by Kusche [2007]. Klees at al. [2008] rate 

their adapted version of the filter to be the optimal filter for filtering GRACE derived time 

variable gravity field solutions. Their adaption of the filter includes, contrary to the Kusche 

approach, already time variable filter properties, but is different from the approach pursued 

within this thesis (cf. section 4.3.4). In the following a time variable decorrelation filter (VADER) 

approach, which is applicable as a post-processing filter only, and is based solely on publicly 

available datasets, is discussed in detail. It does not depend on an own level-2 processing 

environment, giving access to normal equations or error covariance matrices for each monthly 

estimate, nor does it require complex techniques to estimate signal variance information. This 

makes the VADER approach, contrary to the one by Klees et al. [2008] and the subsequently 

derived time series and products by Liu et al. [2010], accessible for in depth analysis. It can be 

tailored to user needs, respectively to the requirements for determining mass balance estimates in 

the region of interest with the most suitable filter properties. As briefly introduced in section 2.3 

(cf. equation (2.18)), the basic equation for the VADER filter reads 

 

   (5.2) 

 

The key components defining the filter matrix W  are the the normal equation matrix N  and the 

inverse of the signal variance matrix M . Both constituents are discussed regarding their setup, 

time variable behavior, and population (e.g. full, diagonal or order block structure) in the 

following sections (cf. section 5.3.1 and 5.3.2). 

A measure to assess the impact of applying a regularization type filter on a gravity field solution, 

in terms of biasing the true solution, is presented in section 5.3.3. 

The issue of applying time variable filters on time series and potential biases introduced by time 

variable or also static filter designs and filter strengths is addressed in section 5.3.4. An example 

using simulated datasets in order to assess the impact on estimated signals from decadal time 

series on the biasing of the true solution by either time variable or static filters is presented in the 

application chapter in section 7.2. 

Section 5.4 summarizes the findings from the above sections and presents a suggestion for an 

optimal filter setup for retrieving geophysical signals from long term decadal GRACE time series. 

In order to compare the filter strength, an approach to derive the approximate average filter 

strength in terms of a mean smoothing radius is discussed. To evaluate the average filter strength 

of a specific filter setup is beneficial in order to compare results from different filter strategies. 

Rietbroek [2015] estimates the average filter strength of DDK decorrelation filter DDK1 trough 

DDK8 by estimating the half width half weight radius of the convolution kernel at 0°, 30°, and 60° 

latitude in all four cardinal directions. This concept is picked up for making a fair comparison of 

the VADER and DDK filter strength based on same measures. This simple approach of only 

estimating the half width half weight of the convolution kernels for two transects is at first order 
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justified since the most significant difference in correlation type and length occurs in the along- 

versus cross-track, respectively north-south and east-west direction (cf. Figure 5-6). Other 

approaches like estimating a larger number of half width radii in azimuthal direction, e.g. every 5 

degrees, are tested but no significant difference in the retrieved average smoothing radii are found. 

Another approach to assess the average smoothing radius tested is comparing the damping 

coefficient per SH degree originating from a Gaussian filtered solution and a VADER filtered 

solution. The damping coefficient is computed by taking the proportion between SH degree 

amplitudes of the unfiltered versus the filtered solution per SH degree. This approach shows high 

sensitivity regarding variations especially in the low SH degrees and is rejected upon not 

delivering reliable results for the average smoothing radius. 

Figure 5-6 gives an example of the shape of a convolution kernel (left panel, for 30° northern 

latitude at 0° longitude) derived from the filter matrix W  of the VADER filter. A clear 

anisotropic behavior is visible. The difference in along-track (north-south) and cross-track (east-

west) direction is illustrated by the right panel of Figure 5-6, showing the traverse through the 

kernel center in east-west (blue) and north-south (red) direction. One can observe clear negative 

side lobes for the north-south traverse causing a sharpening or edge preserving effect in the along-

track direction. The east-west averaging function is wider than the north-south one and does only 

show minor negative side lobes. This induces stronger smoothing in the cross-track direction, e.g. 

over the typical GRACE-like striping pattern. The application of the convolution kernel in the 

frequency domain is much more effective from a numerical point of view, since monthly solutions 

in spherical harmonics are available. It reduces to a simple matrix vector multiplication. In the 

spatial domain one would need to compute the convolution kernel for each grid point of the area 

investigated separately, due to the anisotropy and location dependency of the filter, and apply the 

kernel for each point individually. This is by far less effective or fast compared to filtering SH 

coefficients. 

 

 

 

 

 

 

 

 

 

 

 

The numbers presented in Table 5-1, comparing the filter strength for the ITSG-Grace2016 time 

series filtered with the VADER filter and the average DDK filter radii, derived from the 

procedure outlined above, allow deciding which filters to compare with each other depending on 

the average filter strength. The grounds for the averaging procedure are the 12 distances in all 

four cardinal directions at three different latitudes estimated for each monthly solution of the time 

series. As one can see from Figure 5-15 in section 5.3.4, the average smoothing radius is subject to 

scattering for each monthly solution, depending whether a static or a time variable design is 

Figure 5-6 Example of a convolution kernel at 30° northern latitude for the kernel center (left panel) and the 

traverse trough the kernel center (right panel) in east-west (blue) and north-south (red) direction. 
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chosen to build the VADER filter matrix W . In the case of a time variable design, the median 

value of the average smoothing radius is given, derived from all monthly solutions of a decadal 

time series. 

 
Table 5-1: Average smoothing radii for different VADER ITSG-Grace2016, ITSG-

Grace2014 (in brackets) and DDK filters. 

VADER ITSG-Grace2016 (2014) Average smoothing radius [km] DDK 

0.001   162 (178)   

0.005   183 (196)   

0.01   193 (207)   

0.05   224 (237) 232 7 

0.1   240 (254) 267 6 

0.5   287 (305) 285 5 

1   312 (335) 333 4 

5   389 (436) 360 3 

10   431 (492) 475 2 

 

Smaller radii occur for the ITSG-Grace-2016 than for the ITSG-Grace2014 series for the same 

α-values. Analysis of the respective error covariance matrices reveals numerically smaller values 

within matrices of the ITSG-Grace2016 series than corresponding ones of the ITSG-Grace2014 

series. This implies a lower noise level for the 2016 series and is in agreement with the results 

depicted in Figure 4-10, comparing the red against the black dashed line. It also agrees with the 

result of the comparison of the empirical versus the formal error covariance matrices for the two 

time series (cf. Figure 4-11 and Figure A 1). A lower noise level requires less filtering, being 

directly influenced by the population of the error covariance matrix applied. 

The relation between the filter strength of the VADER filter and the α-value is different for each 

time series since the level (numerical values) of normal equations, with respect to the signal 

variance applied, is not fixed. In case one would have the true error covariance and true signal 

variance, a value of 1   would deliver the optimal solution. 

One should also not misinterpret the average smoothing radius as the half width radius of the 

Gaussian filter, also known as half filter-width-at-half-of-maximum (½ FWHM). The filter-width-

at-half-of-maximum (FWHM) represents, according to Devaraju and Sneeuw [2016], the spatial 

resolution of the filtered field. The spectral content of a solution filtered with the average 

smoothing radius, as indicated e.g. in Table 5-1, does result in a differing spectral content than 

the respective VADER filtered solution. Following this, the average smoothing radius should be 

understood only as an approximate value of the ½ FWHM, whilst deriving the spatial resolution of 

the filtered field. 

Figure 5-7 gives an impression of how the VADER filter is performing for different strengths (here 

denoted as VADER 1 to 9) for an example of the white noise simulated time series (cf. Table 3-1) 

containing HIS signal and OT de-aliasing error. The SH degree RMS for the unfiltered solutions is 

shown in gray lines. The dark gray bold solid line indicates the median for the set of monthly 

solutions. Some outliers can be identified showing significantly larger SH degree RMS. For all 

individual monthly solutions filtered with different filter strengths (shown in black lines), these 

outliers are not present anymore. The capturing of these outliers is exemplarily shown in section 

5.4 for real data examples. The versicolored bold lines again indicate the median lines for each 



76    5 Optimized filter strategies for GRACE and GRACE-FO 

 

family of filter results. The average HIS signal SH degree RMS is indicated in dashed yellow to 

give an impression which filter strengths are suitable for retrieving the target signal. Promising 

filter strengths can be expected for CL-VADER 4, 5, and 6. By inspecting the residuals of the 

signals, as displayed in Figure 5-8, this assumption regarding the promising results can be 

substantiated, as CL-VADER 4, 5, and 6 show lowest residuals throughout the whole band of 

60l  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The question now is which filter design suits the goal to retrieve most of the target signal best. 

The following two sections present investigations regarding the setup of the error covariance and 

signal variance information used to compute the filter matrix W . 

Figure 5-7: SH degree RMS for different VADER filters. Bold colored lines represent 

according to the legend the median degree RMS from a 143 months long time series. Thin 

lines represent the SH degree RMS from the respective single months. For comparison the 

yellow line indicates the average HIS signal. 

Figure 5-8: SH degree RMS of residuals with respect to the HIS signal (yellow) from 

different VADER filters according to the signals displayed in Figure 5-7. 
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5.3.1 The error covariance matrix 

 

For the design of the error covariance matrix different options can be considered. A static 

approximate version, e.g. the one employed in the approach by Kusche [2007], is rejected upon the 

findings regarding the non-stationary behavior of correlations within a decadal GRACE time 

series (cf. section 4.3.2 and Figure 4-17). The impact of using non-stationary versus static error 

covariance information to build the filter is also addressed in section 5.3.4. Since error covariance 

matrices are difficult to handle from a data handling perspective, the question arises whether one 

should use fully populated, SH order block, or diagonal matrices. From the investigation regarding 

the correlation embedded in real data error covariance matrices [Murböck et al. 2016], an 

improvement can be expected by using the additional information regarding correlations between 

SH coefficients in off diagonal elements of the error covariance matrix. The gain from switching 

from order block to fully populated matrices is, according to these findings, less significant, but 

still makes a notable difference. Figure 5-9 shows the quality of geophysical signal retrieval for 

different setups of the error covariance matrix in terms of cumulative geoid errors of the residuals 

in the simulation environment. Best performance can be seen for the fully populated matrix (red). 

The gain switching between diagonal (blue) and order block (black) is, as expected, larger than 

from switching between order block and full population. The performance of the regularization 

using only a diagonal matrix is better than using a Gaussian filter (cyan dashed line). 

 

 

 

 

 

 

 

 

 

 

 

 

In the following always fully populated error covariance matrices are used. 

 

 

 

 

 

Figure 5-9: Performance of the VADER filter with 

different setups (diagonal/blue, order block/black, and 

full/red) of the error covariance matrices used to build 

the filter matrix. Performance of Gaussian smoothing for 

comparison reasons in dashed cyan line. 
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Similarity of the formal error covariance with respect to the closed loop error covariance 

 

An important question to answer is how realistic the closed loop error covariance matrices are 

with respect to the formal ones from real level-2 GRACE time series. A good agreement matters, 

since the results and findings from the closed loop experiments are picked up for the real data 

applications. The major driver for the properties of the VADER filter matrices are the 

correlations embedded within the error covariance matrices. To rate the transferability of the 

closed loop experiments regarding the design, a comparison of the error correlation structure in 

the spatial domain is performed. Figure 5-10 shows a comparison regarding the similarities in 

error correlation properties between formal real data and closed loop error covariance matrices. 

The figure shows in the right panel the correlation in the spatial domain for an evaluation point 

at 42° north and 90° west. The correlation varies from +1 (positive correlation) to -1 (negative 

correlation). In the left two panels of the figure, the respective traverses through the evaluation 

point are shown with respect to the distance from the center point in km. The three maps of the 

right panel give a general impression of the anisotropy of the error correlation resulting from 

formal error covariance matrices for ITSG-Grace2016 and GFZ-RL5a compared to the one derived 

from the closed loop simulations. All agree on first sight well with longer correlations in along-

track (north-south) direction than in cross-track direction (east-west). Closer inspection reveals 

differences especially in the along-track direction (lower left panel). The correlation structure in 

along-track direction is influenced by the stochastic model applied for the observations. For the 

ITSG-Grace2016 time series, colored noise of the observations along the arc is introduced by the 

modelled stochastic properties of the de-aliasing products applied. According to Mayer-Gürr et al. 

[2016b], an empirical covariance function is introduced for the AOD1B products. This leads to 

correlations for the observations along the arc. For the GFZ-RL5a solution such a stochastic 

model is not utilized. This results in not introducing correlations between single observations 

when applying the de-aliasing product. The closed loop simulation environment is able to include 

stochastic modelling by applying a dedicated ARMA filter. The current implementation brings in 

correlations due to the characteristics of the accelerometer and SST ranging instrument (cf. 

chapter 3). These processing details especially explain the deviations of the correlation in along-

track direction. Differences between the real data examples and the closed loop matrices can also 

be expected because of the use of different force models.  

 

 

 

 

 

 

 

 

 

 

 
Figure 5-10: Comparison of formal and closed loop error covariance properties in cross-track (upper left 

panel) and along-track (lower left panel) direction. The right panel shows the respective spatial 

correlation pattern for a point at +42° latitude and -90° longitude on the North American continent. 
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The closed loop force model is built on acceleration difference only and does not consider e.g. hl-

SST. For the cross-track direction, the agreement between the ITSG-Grace2016 and closed loop 

correlation is very good. The GFZ-RL5a time series shows for both directions significant 

deviations from the other two samples, which result from differences in the processing approach. 

Although differences in the along-track direction in terms of the correlation length exist between 

real GRACE time series and the one created with the closed loop simulator, transferring the 

outcome of the closed loop experiments as a proxy for the real data treatment is considered valid. 

This conclusion becomes more persuasive by also comparing the temporal evolution of correlation 

patterns, embedded in the real data time series, to the simulated one. The features compared are 

in the following case the properties of the error covariance matrices, casing the perpendicular 

structures from correlations per SH order (cf. section 4.3.2 and equation (4.14)). Figure 5-11 

shows the RMS of correlations of SH order x ym m  evaluated for the ITSG-Grace2016 time series 

(left panel) against the closed loop white noise time series (right panel). Each row corresponds to 

a single monthly solution. Each element of the respective row is derived by taking the RMS of all 

entries of a matrix, similar to the one depicted in Figure 4-15, but only differentiated by SH order 

and not even and odd SH degree, meeting the criteria of x ym m  equaling the SH order indicated 

in the x-axis of the figure below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The left panel is the same display as the left panel in Figure 4-17. The white horizontal lines 

represent data gaps. For the right panel the same analysis is shown for the closed loop white noise 

time series. In general the level of correlation is a bit higher for the real data time series. The 

behavior with respect to the SH order although is very similar. High and fast decreasing RMS of 

correlation for the SH order from 0 onwards and lowest correlation for SH orders between 50 and 

100 can be observed. For both series the RMS of correlations increases again from SH order 130 

Figure 5-11: RMS of correlation mx+my over time for the ITSG-Grace2016 (left) and closed loop 

(right) time series. 
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onwards. All of the distinctive features, high correlation for a short period of time localized within 

a specific SH order, can be found in both series. These are among others e.g. the local maximum 

in 2004 at m=61, the local maximum spanning throughout 2009 at m=107, and the three local 

maxima in mid-2012 at m=46, 92, and 138. 

The increase in RMS of correlation for these specific snapshots in time correlate very well with 

deep resonance phases of the GRACE orbit causing problems due to e.g. fast repeat tracks for the 

gravity field recovery (cf. [Murböck et al. 2014; Murböck 2015]). 

To transfer the experience gained within the closed loop experiments, regarding the error 

covariance matrix setup for the VADER filter, is considered to be valid upon the investigations 

outlined above. 

 

5.3.2 The signal variance matrix 

 

The second major component of the VADER filter design is the signal variance information. In 

literature different approaches can be found. For the DDK filter series, the signal variance is 

derived by a power law rule and is static in time [Kusche 2007]. Klees et al. [2008] derive their 

signal variance information from the solution itself in an iterative approach as part of the level-2 

processing chain. Due to the estimation of signal variance information for each month 

individually, their signal variance is changing in time. 

Since the VADER filter is designed as a pure post-processing filter strategy, the estimation of the 

signal variance from the solutions themselves is excluded. The following methods are investigated 

to determine the setup of the signal variance. The target signals aimed for are geophysical signals 

like hydrological or ice mass variations. To get an idea of the spectral properties of such signals 

and their time dependency, data from the AOHIS Earth model by Dobslaw et al. [2015b] is 

utilized. Figure 5-12 shows in five solid lines the median of the cumulative geoid error derived 

from different setups of the signal variance matrix for different filter strengths. “True signal” 

means introducing the monthly average HI signal in spherical harmonics. The term “calendar 

month mean” represents long term average signals for a specific calendar month, e.g. January, 

February, March, etc. The term “l-rule” stands for a power law rule depending on the SH degree 

l . A detailed discussion of the calendar month mean or cyclo-stationary approximation of the 

signal variance can be found later in this section. The power law approximation for the signal 

variance follows the relation 

   bS l al   (5.3) 

with  S l  being the approximated signal for the respective SH degree l . a  and b  represent the 

power law coefficients responsible for the scaling and steepness of the curve. Similar 

approximations of signal, as a function of SH degree, can be found e.g. in Sasgen et al. [2006] and 

are built upon the principle of Kaula’s rule of thumb [Kaula 1966]. One would expect the best 

filter performance whilst using the true signal observed in the closed loop environment as prior for 

the filter design to deliver the best performance. As Figure 5-12 depicts, this is not the case. For 

both examples consisting of real signal, the performance is significantly inferior to the versions 

using a power law signal variance. The reason behind this effect is of numerical nature. Whilst 

using the true signal, SH coefficients of very small amplitude are introduced in the generation of 

the filter matrix. As the variable M  is the inverse of the squared prior signal, very small values of 

the signal SH coefficients lead to instabilities, which result in false weighting of certain 

coefficients. The retrieved filtered solution devides therefore from the power law solutions by 20% 

on average, as shown by the difference between the local minima of the five cases shown in Figure 

5-12. 
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Since for real world applications the true signal variance is not known, the use of real month-to-

month signal variances is not possible. The signal variance can only be co-estimated from the 

solution itself (to a limited degree of SH expansion like 40) or approximated from models. The 

results depicted with the term “l-rule” in Figure 5-12 originate from model information. As one can 

see from the almost coinciding patterns of the curves (red, cyan, black), the retrieval seems not to 

be very sensitive to variations in the signal variance (at least within reasonable bounds). All three 

cases, power law approximations of the real monthly signal, the calendar month average, and the 

overall average deliver results of on average comparable quality. The impact of using static or 

variable signal variance is also addressed in detail in section 5.3.4 (Figure 5-15). 

 

 

 

 

 

 

 

 

 

 

 

The best signal variance information to be implemented in the filter process is of course one which 

closely matches the true properties of the target signal. The following experiment addresses the 

applicability of calendar month mean or cyclo-stationary signal properties. From the findings of 

Devaraju [2015] regarding the variability of the signal variances, a significant cyclo-stationary 

pattern is deducted. The average power law, according to equation (5.3), is estimated for each 

month for the HIS component of the model [Dobslaw et al. 2015b] separately and averaged over 

the available timeframe. 

The coefficients a  and b , estimated from the model data, are shown in Figure 5-13 in solid red 

lines. To assess the reliability and plausibility of these estimates, the a  and b  coefficients are 

also estimated from a residual DDK filtered time series. The series used is the ITSG-Grace2016 

series already filtered with DDK4, as it can be obtained as a ready-to-use product from the 

ICGEM web portal (http://icgem.gfz-potsdam.de/ICGEM/). The DDK filter is, regarding its 

filter strength and behavior, static in time, as explained before. Thus, one can assume that the 

variability of the a  and b  coefficients is not induced by the filter. Rather it is inherent in the 

time series itself. Since the signal to noise ratio is expected to be good for SH degrees below 30 (cf. 

section 4.3.2 and Figure 4-10), the a  and b  coefficients are only estimated from this first part of 

the spectrum. Otherwise the result would be predominated by the remaining noise of the GRACE 

solutions. Months coinciding with deep resonance phases of the GRACE orbit are excluded from 

the analysis to allow meaningful results. The resulting coefficients are shown in blue. At first 

sight, a good agreement between the coefficients can be observed.  

 

 

Figure 5-12: Median cumulative geoid 

error in mm from residuals for 

different setups of the signal variance 

information used for the VADER 

filter. 
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The only major difference is the shift of the summer extremum by one month between June and 

July for the model data and the GRACE data and the shift in amplitude for the a  coefficient. 

The shift in amplitude can be accounted for by introducing a scale factor of about 2, resulting in a 

match between the dashed red and solid blue curve. Such a difference in scaling can also be 

accounted for by setting a suitable  -value in the design of the W  filter matrix. A reason for the 

initial estimate of the factor a  being smaller than the real world estimate can be inherent in the 

model data. In case the model shows smaller signal amplitudes than the real world signal, the 

estimate of the signal variance accordingly reflects these lower amplitudes by a lower value for a . 

Another aspect contributing to the different scale of the value of a is the signal content reflected 

by the model and the real world data. For a  derived from the model only HIS data is used, 

whereas the real world data also contains residual AO and other signals, thus leading to 

potentially higher signal amplitudes. A plausible reason for the shift of the local extremum 

between June and July could be the differing timeframes covered by the real GRACE data and 

the model. The model ranges from 1995 to 2006, whereas the GRACE data ranges from 2003 to 

end-2015. Therefore they do not reflect the same signals. Another cause, resulting in differences 

between model and GRACE data estimates, can be random scatter, as the estimates from the 

DDK filtered solution turned out to be very sensitive to the in- or exclusion of single noise 

dominated months. 

Apart from this difference, the experiment shows a clear cyclo-stationary behavior in the 

magnitude of the geophysical signal in terms of degree amplitudes. From a climatological point of 

view such a variation makes sense, since the main amplitude causing mass redistribution is also 

seasonal (e.g. global water cycle [Kandel 1980]). Advantages and drawbacks of employing a signal 

variance with variations according to the seasons is discussed in the application section 7.2. The 

impact of cyclo-stationary signal variance on the average filter strength in terms of the 

approximated smoothing radius is discussed in section 5.3.4. 

For the following experiments a static and cyclo-stationary calendar month approximation of the 

signal variance is tested. The other options presented are excluded because of inapplicability. 

 

 

 

Figure 5-13: a (geoid height) and b coefficients per calendar month according to equation (5.3) 

computed from the monthly average HIS data originating from the model by Dobslaw et al. [2015], 

and from 13 years of DDK4 [Kusche et al. 2009] filtered ITSG-Grace2016 solutions. 
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5.3.3 Measures of performance: Regularization bias 

 

As briefly discussed in section 2.3, applying regularization introduces a bias [Xu 1992; Metzler 

2007]. The following section addresses this issue by deriving the magnitude of the bias from the 

closed loop experiments. The bias is considered as an inevitable contribution to the whole error 

budget of the filtered solution. The total error of a filtered solution is accordingly consisting of the 

formal error, derived by covariance propagation, and the regularization bias or error, only possible 

to derive from the closed loop experiments. Both constituents together form the mean square error 

(MSE). A real world determination of the bias is not possible, since the true solution x  is 

unknown, but needed to assess the bias (cf. equation (2.23) with (2.22)). The idea is to derive the 

proportion of the formal error with respect to the full error and to investigate the applicability of 

deriving a scaling factor for the formal error to match the full MSE error. The data shown in 

Figure 5-14 is computed from 9 different regularization or VADER filter strengths for the white 

noise closed loop time series. The respective  -value is given on the abscissa. All curves show the 

median result for the whole time series. The curve labeled “MSE” is computed by taking the 

cumulative square root of the diagonal of the MSE matrix. This MSE error is equivalent to the 

cumulative residuals derived from the closed loop experiments, shown e.g. in Figure 5-9, Figure 

5-12, Figure 5-15, or Figure 5-16. The red curve labelled “bias” represents the cumulative bias 

derived from the relation expressed in equation (2.22). The propagated covariance is derived 

according to equation (2.20). For the blue line, the cumulative square root of the diagonal is 

shown. 

Close to the  -value of 0.5, the MSE shows its minimum, composed of equal contributions from 

the propagated error covariance (square root is shown) and the bias introduced by the 

regularization. The filter strength driven by an  -value between 0.5 and 1 is, following the 

findings from the sections above, considered to be suitable in terms of signal recovery. The scaling 

value, in order to match the full MSE error with the propagated covariance, would be around 2  

for   0.5. 

The propagated covariance (from the formal error covariance information of the respective time 

series) is, according to the result of the MSE and the magnitude of the regularization bias, 

considered as being a too optimistic lower bound of the true error. Filtering a solution by 

damping the higher order SH coefficients also lowers the error or noise of the respective solution. 

The cumulative error of a filtered solution is therefore smaller than the one of the unfiltered one 

which is illustratively shown by the blue curve. The stronger the filtering, the smaller the 

propagated formal error covariance gets. The actual signal is affected the opposite way. The 

stronger a solution is filtered, the larger the distortion of the original signal gets. A commonly 

known result of this effect is the damping of amplitudes of e.g. hydrological signals within filtered 

GRACE solutions [Landerer and Swenson 2012]. The red line, representing the bias or distortion 

of the original signal induced by the application of the regularization filter, shows this clearly. The 

larger the  -value gets, the larger the bias becomes. 

In order to transfer the findings regarding the scaling bias on the real data application, care needs 

to be taken with respect to the filter strengths. Comparing the filter strength derived for the CL-

VADER with the real data ITSG-Grace2016 VADER reveals slightly smaller half width radii for 

the closed loop case (cf. discussion regarding average filter radii displayed in Figure 5-17 and the 

average filter radii indicated in Table 5-1). The systematically smaller values for the closed loop 

radii are due to the existing, although small (cf. section 5.3.1), differences in the correlation 

structures between the various time series. Filter radii between closed loop experiments and real 

data results differ by about 25 km for 0.5   or 1 . For identical filter design, the filter strength 

for the closed loop experiment is smaller than for the real data case. Accordingly the stronger 

filtering with the same  -value is expected to result in a higher bias. Therefore the transfer of the 

scaling factor (e.g. 2 ) is considered to be a valid approximation for raising the too optimistic 
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assumptions regarding the formal error derived by the covariance propagation, since the scaling 

still reflects a conservative assumption. 

 

 

 

 

 

 

 

 

 

 

 

 

5.3.4 Effect of time variable filters vs. static filters on estimated signals 

 

Since until now only median results of cumulative residuals have been shown, a more detailed look 

into the scattering of the solutions is presented in the following. The investigation is also covering 

the issue of applying non-stationary signal and/or error covariance information in more detail 

than before. Figure 5-15 shows the cumulative geoid error for different VADER filter strengths 

and setups. Each individual monthly cumulative geoid error is shown against its individual 

average filter radius for the respective filter strength, illustrated by the colored dots. The black 

crosses indicate the median cumulative geoid error against the median filter strength. 

Consequently, the black crosses correspond to the discrete steps of the median curves shown in 

the preceding analysis. The title of each panel indicates the respective setup of the filter matrix, 

being composed of both static or cyclo-stationary signal variance information, and static or non-

stationary error covariance information. As mentioned before in section 5.3.2 and illustrated by 

Figure 5-12, the choice of the composition of the signal variance information plays only a minor 

role with respect to the resulting cumulative geoid error. 

By comparing the upper left and lower right panel, both with same error covariance design but 

differing signal variance, no significant difference can be seen. Comparison of the standard 

deviation of the most relevant solution clusters (green to blue colored clusters, representing the 

local minimum of the residuals) reveals a decrease of 8% switching from static to cyclo-stationary 

signal variance. Comparing the lower left against the upper right panel indicates the same effect 

from differing signal variance compositions. The lower and upper right panels reveal significant 

differences for changing the error covariance information from the static to the non-stationary 

state. A decrease of the standard deviation of the cumulative geoid error by 35% for the cluster 

representing the local minimum can be seen. The large discrepancy for some single months, 

showing residuals amplified by a factor of 2 to 4, are not present anymore when using the 

respective error covariance for each individual month, instead of using a static one. This 

circumstance is also addressed in the next section regarding a suggested filter design (cf. Figure 

Figure 5-14: Median cumulative regularization bias (red), 

propagated covariance (blue), and MSE (black) for the 

white noise time series. 
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5-18). The lower left case, composed of only static components, shows for all solutions the same 

average smoothing radius. This must be expected, since the filter matrix is the same for every 

month. The standard deviation, switching from the all static version of the filter matrix to the 

one with cyclo-stationary signal variance, is decreasing again by 8%. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5-16 shows the median values of each cluster (black x-marks from Figure 5-15) in a single 

graph. Comparing the median lines, a clear performance gain can be derived from employing non-

stationary error covariance instead of a static one. The performance gain from employing cyclo-

stationary or static signal variance is, like the discussion of Figure 5-15 revealed, only marginal on 

average. 

 

 

 

 

 

 

 

 

 

 

Figure 5-16: Median lines of cumulative geoid error from 

residuals showing the results from cases with variable and static 

states of the error covariance and signal variance information 

fed into the VADER filter design. 

Figure 5-15: Cumulative geoid error from residuals for different static and non-static states of the error 

covariance matrix and signal variance matrix fed into the design of the VADER filter. Colors indicate the 

respective result for specific filter strength for the individual months of a 143 month time series. Black x-

marks indicate the median cumulative geoid error at the median average smoothing radius of the respective 

cluster of results. 
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An additional aspect of importance, when filtering time series with an adaptive filter, is to analyze 

how the filter behavior changes with time. Systematic effects, potentially leading to falsified 

results in the course of geophysical signal determination might produce artefacts misinterpreted as 

signals. The analysis presented below focuses on the influence of the different filter constituents on 

the monthly average smoothing radius or filter strength. 

Figure 5-17 shows a comparison of different designs of the VADER filter matrix W , resulting in 

the respective variation of the average filter strength. The results shown by the green, red, and 

blue curve originate from the closed loop simulation environment. The black curve is derived from 

real data, namely the ITSG-Grace2016 non-stationary error covariance in combination with a 

cyclo-stationary signal variance using an  -value of 1. The impact on the variability of the 

average smoothing radius by introducing a cyclo-stationary signal variance, whilst keeping the 

error covariance contribution constant, is indicated by the blue curve. The variations in signal 

variance cause a variability of the average smoothing radius of about 25km. Comparing the effect 

of varying the error covariance contribution (shown in green), whilst keeping the signal variance 

constant, reveals a larger variation of about 60 km. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Contrary to the blue curve, which is varying around a constant mean value, the green curve 

shows a time dependent behavior which is correlated with the orbit height of the GRACE orbit 

(orange curve). To compute the orbit height, the semi-major axis of GRACE-A is used as daily 

mean values from the 10-second orbits provided by TU Graz [Zehentner and Mayer-Gürr 2016]. 

To arrive at the average orbit height, the Earth’s radius R is subtracted from the semi-major axis. 

For November 2016 the mean orbital altitude decreased even further to about 350km (not shown 

in figure). Both curves, green and orange, show a decrease in average smoothing strengths 

respectively average orbital height. It is apparent that for lower orbits less stronger filtering is 

required. This correlation can be explained by the lower noise level in solutions originating from 

observations closer to Earth. As equation (2.3) shows, the gravitational potential at a specific 

location outside the acting body (the Earth) is related by  
1l

R r


. A lower value for r implies 

retrieving the gravitational signal of the acting body in better resolution respectively strength 

Figure 5-17: Average smoothing radii in km over time for different compositions of the 

VADER filter matrix Wα (cf. Figure 5-15). For comparison the average orbit height of 

GRACE-A is indicated in orange. 
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whilst being in a lower orbit. The average smoothing radius for varying both the signal and error 

covariance matrix (red) agrees in general with an example from real data analysis (black). The 

black curve shows the resulting average smoothing radius for the ITSG-Grace2016 time series 

using non-stationary error covariance and cyclo-stationary signals variance in combination with 

1  . Both the red and black curves exhibit a correlation with the evolution of the semi-major 

axis, decreasing from the beginning of the measurement period in 2003 towards end-2014. 

Especially the decrease for the time period beginning-2003 until mid-2004 and again from 

beginning-2013 until end-2014 is visible. The shift of the average smoothing radius between the 

red and black curve is subject to the choice of the filter parameter   (which is equal in this case) 

and the level of correlations embedded in the respective error covariance matrices. As the 

comparison between the formal ITSG-Grace2016 and the closed loop error covariances in Figure 

5-11 reveals, the correlations, embedded in the closed loop error covariance matrices, show a lower 

magnitude than the ITSG-Grace2016 ones. This leads to a scaling of the average filter strength. 

As the closed loop environment is built on the very same orbits as the ITSG-Grace2016 estimates, 

the correlation between the two results is high. Only for the period towards the end of the time 

frame investigated some differences occur. They can be related to differences between real world 

GRACE and closed loop operations, as the design of the simulator does not include system 

degradation (e.g. battery problems, unintended outages of scientific instruments, degradation of 

instrument performance etc.). 

Applying a constant smoothing radius for the whole GRACE time series seems unjustified from 

this analysis, since a systematic attenuation of the retrieved geophysical signal might occur by 

filtering the later years with filters smoothing too much. Varying filter strength over time results 

in varying signal content, especially signal amplitudes. This needs to be taken into account whilst 

estimating geophysical signals from such time series. In this context section 7.2 provides a case 

study where different VADER filter designs and other filters are tested in the context of retrieving 

hydrological signals from river basins. Focus is set on the retrievability of phase and amplitudes 

with respect to the truth in the closed loop environment. 

 

5.4 Suggested process of optimized filtering for decade long 
GRACE time series 

 

From the findings in section 5.2 regarding the beneficial design of the S&W decorrelation filter 

and section 5.3, discussing the VADER filter, a suggestion for filtering decadal GRACE time 

series is derived. 

The S&W filter, designed with favorable parameters, can be seen as a powerful tool for filtering 

gravity field estimates expanded to 
max 60l   or even 90 . For higher degrees of expansion, a clear 

recommendation cannot be made since the steady patterns of correlated SH coefficients are not 

present anymore for high SH degrees, thus leading to artefacts and falsified results. A broad 

intercomparison of different filters in the context of retrieving hydrological information from 

GRACE by Werth et al. [2009] left the S&W type filter only delivering superior results for 2 out 

of 22 major river basins, both of them at high latitudes. For low latitudes the performance of the 

S&W empirical decorrelation filter suffers from problems, as also visible by the residual striping in 

equatorial and low latitude regions, as presented in Figure 5-18 (panels in row 3 and 4). The 

regularization filter approach, implemented by Werth et al. [2009], results contrary to the 

empirical decorrelation in superior results for 18 out of 22 basins. Although the regularization 

approach applied cannot be rated as optimal in the context of the findings regarding a favorable 

design of the VADER filter, it still clearly outperforms all other filters tested by Werth et al. 

[2009]. 
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The comparison of cumulative geoid errors for different filter setups, as presented in Table 5-2, 

substantiates these findings. All numbers indicate the median value of the cumulative geoid error 

from residuals, originating from the 143 month closed loop time series. For all S&W filter setups 

the minimum order is 
start 12m   for the comparison. The S&W filter outperforms the Gaussian 

filter for all degrees of expansion, except 
max 40l  , where version two and the Gaussian filter (at 

the chosen strength) show equal median performance. No clear recommendation can be derived 

whether version one or two of the S&W filter is performing better for expansion up to 
max 60l  . 

For 
max 75l   and higher, clear upsides in the performance of version one can be observed. This is 

mainly due to the aforementioned risk of oscillation effects falsifying the solution for applying 

version two. In the lower row the respective cumulative geoid errors for the VADER filter (non-

stationary error covariance, cyclo-stationary signal variance, and 0.5  ) are shown. The 

performance is clearly superior to all other filter methods depicted in the table. Even for 

max 120,l   the cumulative geoid error from the residuals is with 0.49 mm smaller than for any of 

the other methods for 
max 90l  . 

 

Table 5-2: Comparison of median cumulative geoid errors [mm] of the white noise closed loop time series 

(143 months, incl. OT & 20% AO) for different S&W and Gaussian type filter setups up to different degrees 

of SH expansion in comparison to the VADER filter. 

Filter: lmax =40 lmax =60 lmax =75 lmax =90 

Version 1 S&W only 0.56 0.63 0.88 1.34 

Version 2 S&W only 0.54 0.58 0.61 0.69 

Version 1 S&W+Gauss 200km 0.56 0.58 0.58 0.59 

Version 2 S&W+Gauss 200km 0.53 0.59 0.60 0.61 

Gauss 300km 0.53 0.58 0.63 0.64 

VADER 0.5   0.45 0.46 0.47 0.48 

 

Although the performance for the Gaussian filter for 
max 90l   shows no major drawback, 

compared to the version one or two of the S&W filter, one should note the presence of a stronger 

scattering of the monthly cumulative residuals, as the median does not reflect these properties. 

The VADER filter shows, as applied in the experiment, the lowest scattering of all filters 

indicated in the table, thus not only showing the lowest median cumulative geoid error, but also 

the most adaptive filter properties. 

Figure 5-18 gives real data examples of filter performance. The time series used is the ITSG-

Grace2014 time series up to 
max 90l  , with a mean field subtracted. The unit of all panels is mm 

EWH. All panels in the left column show results of a residual filtered solution for April 2004. This 

month is rated, according to the orbital configuration, representative for the majority of high-

quality results of the GRACE mission. The month for all panels in the right column is September 

2004, which is suffering from a short repeat cycle, thus representing a non-nominal configuration. 

The heading of each panel indicates the filter technique applied, being either VADER, DDK, 

S&W filter version one or two, or Gauss. The DDK filtered solution is obtained as pre-filtered 

product from the ICGEM web portal (http://icgem.gfz-potsdam.de/ICGEM/). 

For April 2004, all filters deliver results allowing to recognize major geophysical signals all over 

the globe. An illustrative indicator for comparing the leakage and attenuation of signal amplitudes 

are, among others, features like the mass signal around the Gulf of Alaska, Greenland, and the 

Amazon or Congo River basins. As signals from hydrology or ice mass variations can be expected 
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to occur on land, the grade of leakage into ocean areas is an explicit indicator of the filter 

performance in terms of preserving the target signals. Comparing the leakage in the area of the 

Gulf of Alaska reveals very good performance of the VADER filter, compared to the other ones. 

The comparably high level of residual striping for the DDK result can be caused by the wrongful 

application of the DDK filter on monthly estimates of a time series which deviates significantly 

from the mean (nominal) situation that formed the basis for the filter setup. As the DDK filter is 

based on a synthetic error covariance matrix of only block-diagonal population, derived from the 

orbital pattern of August 2003 [Kusche et al. 2009], it cannot be expected to meet the non-

stationary behavior in terms of correlation structures (cf. Figure 4-17). It is also not able to 

account for the difference between the various available solutions, which all use their own level-2 

processing algorithms, resulting in variations of the correlation structures between the solutions 

(cf. Figure 4-18). 

For September 2004 the picture looks different than for April. Most solutions suffer from severe 

residual errors or signal artefacts induced by inadequate filtering in an equatorial and low latitude 

band. The correlation structure embedded in the respective error covariance matrix shows, 

according to the resonance orders in Figure 4-17 (m=61), a clear deviation from the nominal 

state. Whilst using a non-adaptive filter, such events or circumstances cannot be accounted for. 

The result for the VADER filter reveals a clearly superior picture in terms of the features of 

retrieved hydrological or ice mass signals. The version two of the S&W filter apparently shows 

also a low-noise result. However, comparing the signal amplitudes at multiple locations (e.g. 

Greenland, Gulf of Alaska, Antarctica, etc.) in high latitudes to the ones derived from the 

VADER filter, a clear attenuation of the signal becomes apparent. The better performance of the 

version two of the S&W filter in the case of September 2004 compared to the version one result 

contradicts the conclusion from Table 5-2. One should note, that this better performance only 

occurs since the correlation patterns in this specific month fit the properties of the version two 

better. Drawing the conclusion that version two is better suited for periods with short repeat 

orbits has no grounds. Tests in other months with non-standard repeat orbits did not allow 

reproducing the comparably good filter result for the S&W version two filter as in September 

2004. The Gaussian filter shows for both examples the highest signal attenuation, but is 

comparably robust in problematic months, since it is not data driven. Therefore it applies its 

downweighting to the higher SH degree coefficients, no matter what signal to noise ratio or 

correlations they exhibit. 
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Figure 5-18: Example of real data (ITSG-Grace2014) filtering with different filter approaches for April 2004 (left 

column) and September 2004 (right column). 
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Another advantage of the VADER filter, apart from the comparably superior smoothing 

performance, is its impact on the patterns of error correlations in the spatial domain. Figure 5-19 

shows the correlation structure of the propagated formal error covariance information for a 

location near the Amundsen Sea sector (106° west, 78° south). The left panel shows the pattern 

after applying the VADER filter with 1  , delivering an almost isotropic pattern. Propagated 

error covariance through the Gaussian type filter delivers a highly anisotropic pattern, as depicted 

in the right panel. As errors are correlated due to the observational geometry in along-track 

direction, elongated north-south oriented auto-covariance functions result. If averaging kernels are 

applied for a specific region in order to average out error contributions, the VADER filter shows 

clear advantage, since for a region like Antarctica the error is correlated only with confined spatial 

extent. 

 

 

 

 

 

 

 

 

 

 

From the performance metrics of the closed loop experiments (cf. Table 5-2) and the real data 

filter intercomparison (cf. Figure 5-18), the two versions of the S&W filter show, measured by 

their complexity and requirements in auxiliary data, good performance. They are clearly superior 

to the Gaussian type filter and allow retrieving geophysical signals with comparably little effort. 

The main advantage of the S&W filter can be identified in its independence of auxiliary data like 

the error covariance information. This makes it applicable to most of the available GRACE time 

series. The S&W filter performance is nevertheless inferior with respect to the VADER filter, 

which clearly outperforms all other filters tested. The adaptive characteristics of the VADER 

filter allow applying the needed filter strength for each individual solution in a way that the 

desired degree of smoothing is achieved in order to suppress noise, whilst simultaneously signal 

attenuation and leakage is limited. Following the preceding investigations and experiments, a 

clear recommendation is made for applying regularization type filters of non-stationary design, 

and incorporating full error covariance information, for retrieving geophysical signals in an 

optimal way. 

 

 

Figure 5-19: Error correlation structure expressed in the spatial domain for a 

location near the Amundsen Sea sector in Antarctica, derived from propagated 

error covariance after VADER (left panel) and Gaussian filtering (right panel). 
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6. Filter strategies for future missions 

Formelabschnitt (nächster) 

In this chapter the impact of introducing a second pair of satellites into the mission configuration 

is investigated. The future mission scenario consists, as introduced in section 1.2, of a double pair 

mission with one near-polar and one inclined orbit (cf. Table 1-1 and Figure 1-3). Until now, all 

filter strategies were assessed, taking the noise and error characteristics of a single pair mission 

into account. Section 6.1 addresses the changes in correlation switching from a single to a double 

pair constellation. As one can derive from the preceding analysis, the correlation structure of 

errors plays a major role in terms of retrieving geophysical signals from the observations. Upon 

the analysis of the error correlation patterns, the applicability of the single pair post-processing 

concepts onto the double pair scenario is assessed in section 6.2. A discussion regarding the 

performance of the preferred filter strategy in the retrieval of geophysical signals in polar and low 

latitude locations, assuming either a single or double pair constellation, is presented in section 6.3. 

 

6.1 Correlation structure of errors for future mission 
scenarios 

 

The analysis strategy presented in section 4.3.2, investigating the properties of error covariance 

matrices of real GRACE and closed loop error covariance matrices, is applied to future mission 

single and double pair error covariance matrices in order to detect potential changes in the 

correlation structures induced by the mission design. The orbital configuration from the SC4MGV 

project [Iran Pour et al. 2015] baseline scenario 5 is applied (cf. Table 1-1). Figure 6-1 shows the 

resulting RMS of correlations sorted by the SH order, as derived by the relation in  

equation (4.14), in the upper left panel for a single month expanded to 
max 120l  . The underlying 

noise model is the colored noise case, as described in chapter 3. The red curve represents the RMS 

of correlations per SH order for the polar pair only. A distinctive peak can be observed e.g. for 

m=174. Comparing the results for the double pair correlation, indicated in blue, a significantly 

lower amplitude of the peak can be determined. The lower left panel shows the ratio of the red 

and blue curve (red divided by blue). The general form of the relation reveals a significantly lower 

RMS for the double pair than for the single pair constellation (value >1) with distinct 

discontinuities every 15 respectively 16 orders. To have a better understanding of the effect 

causing the discontinuities, the upper right panel shows a zoom-in to the RMS of correlations in 

the range between orders 60 and 180. Please note the different scaling of the y-axis. The observed 

discontinuities, inherent in the quotient between single pair and double pair RMS of correlations, 

are due to a shift of the order peaks. Since the chosen design of the inclined orbits involves a 

lower orbital altitude (20 km lower, cf. Table 1-1), the order resonances (peaks) are shifted. A 

second reason contributing to the shift is the change of the inclination angle. Changing the 

inclination from near-polar to smaller angles implies a shift of the order resonances, as such 

resonances are according to the relation expressed in equation (2.33) also a function of the 

inclination angle (cf. section 2.5). A detailed discussion regarding the relation between inclination, 

orbital altitude, semi-major axis, and other orbit defining Kepler elements, resulting in specific 

order resonances, can be found in Murböck et al. [2014]. 

The RMS of the overall correlations embedded in the error covariance matrices is reduced by 41% 

and the magnitude of the resonance bands is also reduced significantly. Therefore one can 

conclude that the introduction of an inclined pair results in a decorrelation of the error covariance 

matrix. 
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MAKE COMPARISON BETWEEN ORDER RESONANCE  

 

 

 

Comparing the correlation of the error covariance matrix in the spatial domain substantiates this 

finding. Figure 6-2 shows the resulting spatial correlation pattern for the double pair (left three 

bins) and single pair (right three bins) constellation. The evaluation point is located at ±75°, 

±45°, and ±10° latitude centered within the respective bin. The results are shown in one figure for 

illustrative reasons, but each bin is independent of each other. From the correlation patterns of 

the different GRACE solutions analyzed, elongated along-track and oscillating cross-track 

patterns are revealed (cf. Figure 4-13 and Figure 4-14). Similar patterns can be seen for the right 

part, being the result of a single pair scenario. The only difference between the results shown for 

the closed loop experiments in section 5.3.1 (Figure 5-10) are the properties of the noise time 

series employed (colored noise instead of white noise) and the orbits (simulated orbits according 

to the parameters in Table 1-1 instead of real GRACE orbits). For the left three bins of Figure 

6-2, the elongated along-track correlation pattern is reduced significantly in length. The cross-

track oscillating patterns is reduced almost completely, resulting in a near isotropic pattern of 

error correlations already in the unfiltered state. The very left and right bins show the error 

correlation pattern for ±75° latitude being higher than the inclination of the inclined second pair. 

Comparison reveals very similar patterns for both cases, the single and double pair constellation, 

as it has to be expected since only one pair is delivering observations above 65° latitude. An 

evaluation of correlation patterns, after Gaussian or VADER type filtering is applied, is depicted 

in Figure 6-9. 

The change in the properties of correlations, switching from GRACE-like classical striping 

patterns to nearly isotropic ones, has a significant impact on the requirements of data driven post-

processing methods applied. For methods that are independent of data, like the Gaussian filter, 

this does not apply in the same way, but for empirical filters like the S&W version one and two 

filters, such changes have a major impact. Section 6.2 is addressing this issue in detail. 

 

 

Figure 6-1: RMS of correlation according to equation (4.14) in the upper left panel. Upper right panel 

shows a zoom–in of the upper left panel for SH orders 60 to 180. Note the different scaling of the y-axes of 

both upper panels. Lower panels show the ratio of single to double pair (red curve divided by blue curve) 

for the respective orders from the panels above. 
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Figure 6-3 shows a spatial representation of the variances (standard deviations are shown) for one 

month of the double pair scenario. Contrary to the uniform zonal shape of single pair scenarios 

(cf. Figure 4-11), a distinct jump in the value of the standard deviations at the latitude of the 

inclination angle (±65° latitude) can be observed. The band in between ±65° latitude shows a 

comparable pattern with respect to a single pair solution. The larger standard deviations in low 

latitudes are due to the ground track spacing, respectively the density of observations, which are 

fewer per unit area as in higher latitudes. The variances of the double pair solutions are 

significantly reduced compared to the single polar pair solution. Figure 6-4 shows the SH error 

degree RMS for both scenarios. As the red curve indicates, the formal errors, respectively the 

standard deviations, are about one order of magnitude lower than for the single polar pair. 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-2: Spatial correlation patterns from double pair (left three bins) and single 

pair (right three bins) constellation in 60° wide bins. Evaluation point is on ±75°, 

±45°, and ±10° latitude. 

Figure 6-3: Spatial representation of the square root of the variances from a 

single month of the double pair error covariance matrix. 
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An important question to answer is, in the context of double pair versus single pair missions, the 

impact and requirements towards filtering above or below the transition zone from double pair 

coverage to only single pair coverage. The following section 6.2 investigates the applicability of 

post-processing methods to double pair scenarios. 

 

 

6.2 Applicability of GRACE post-processing methods on 
future mission scenarios 

 

As the Gaussian filter is contrary to the S&W filter not data driven, it is assumed to be 

applicable on any GRACE or future mission gravity field solution. The S&W filter is due to its 

empirical design dependent on the validity of the assumption regarding the presence of correlated 

coefficients. If the assumption is not met, wrongful results can occur whilst applying the filter. 

The VADER filter is, since it incorporates information from the respective normal equation 

system, carrying information regarding the characteristics of the system design, and thus adaptive 

to varying mission scenarios. The following section analyzes the applicability of the 

aforementioned concepts to future mission scenarios, especially to the double pair constellation. 

The S&W type filter is shown only for the version one, the variant with the moving window, as 

the performance of version two turned out to be inferior for SH expansions up to 
max 120l   and 

for the correlation structures present for future and especially double pair scenarios (cf. Figure 6-7 

and Table 6-1). 

Figure 6-5 presents a comparison of the signals respectively the residuals occurring for different 

closed loop scenarios and the performance of Gaussian and VADER type filtering. All curves show 

the median of all 12 monthly solutions simulated. The dashed gray line represents the residual 

unfiltered signal (dark for the polar-inclined double pair scenario, light for the single polar pair 

scenario). For the left panel no AO and OT de-aliasing error is assumed, whereas for the right 

panel 20% AO signal together with an OT model difference is assumed as de-aliasing error (cf. 

Table 3-1; closed loop scenarios). Characteristic for the presence of OT de-aliasing error is the 

distinct peak around SH degree 45. The HIS signal, being the target signal, is indicated in yellow. 

Red and blue curves represent the residual signal after applying a VADER or Gaussian type filter 

for the polar-inclined double pair case. Purple and light blue represent the respective results for 

the polar pair case. 

 

Figure 6-4: Error degree RMS of 

single and double pair scenario for one 

exemplary month. 
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The choice for the filter parameters, in terms of filter strength, is based on the global minima as 

depicted in Figure 6-6. From both panels in Figure 6-5 one can see that compared to the Gaussian 

filter, the VADER filter is starting to apply downweighting of the unfiltered coefficients only from 

higher SH degrees onwards. As the residuals of the unfiltered SH coefficients show smaller 

residuals than the target signal up to SH degree 45 (left panel), respectively 35 (right panel), the 

need for filtering the coefficients in the spectral band 35 / 45l   is not pressing. Due to its design, 

the Gaussian filter is not able to leave certain groups of coefficients untouched. As it is not data 

driven, it applies the weighting coefficient straightforwardly according to equation (4.16). The 

VADER filter shows in its design (full non-stationary error covariance matrix with cyclo-

stationary signal variance) an adaptive behavior, allowing to react to the specific properties of the 

solution to be filtered. The cyclo-stationary signal variance, used in the future mission scenario, is 

identical to the one used within the evaluation of the GRACE and GRACE-like results in section 

5.3. It is based on the 12 year average of the respective monthly signals. This long term average is 

taken to avoid designing the filter with the target signal of the respective month itself. One can 

conclude from the observations in Figure 6-5 that the VADER filter seems suited for application 

to future mission double pair environments. 

Figure 6-6 gives an overview of global performance levels of VADER and Gaussian filters of 

different strength in the context of future missions. The cumulative geoid error in mm geoid 

height, derived from the residuals, is shown with respect to the average smoothing radius (in case 

of Gaussian type filters the actual half width radius). For the VADER filter the average 

smoothing radius is derived according to the procedure outlines in section 5.3, the same way as for 

the GRACE examples. The red and purple curves indicate the performance of the VADER filter. 

Two options regarding the deterministic noise contribution are shown. In solid lines the 

performance without any additional deterministic errors is shown. This case would correspond to 

a scenario with complete AO and OT de-aliasing, which is fairly unrealistic in the near future. 

Nevertheless such a scenario allows to rate the performance of filters isolated from the 

deterministic noise contributions systematic effects. Clear performance gain can be observed for 

the VADER filter in the double pair (red) with respect to the single pair (purple) scenario. The 

average smoothing radius of about 140 km is larger than for the Gaussian filter half width of the 

same scenario (blue). A Gaussian filter half width of about 100 km represents a compromise of not 

or only very light filtering of coefficients of lower SH degrees, whereas at some point filtering 

Figure 6-5: Median SH degree RMS from different closed loop simulation runs assuming complete AO and 

OT dealising (left panel) and residual AO and OT de-aliasing errors (right panel) for a double (red and 

blue) and single polar pair (purple and light blue) constellation. Median lines from 12 monthly solutions 

are shown. HIS signal curve (yellow) represents the overall mean of the observed input signal for the 

closed loop experiment. 
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needs to be applied for the higher SH degrees, as depicted in the left panel of Figure 6-5. Tests 

revealed good results whilst applying the Gaussian filter only from e.g. SH degree 20 or 30 

onwards, leaving coefficients with lower SH degree untouched. As this modified Gaussian filter is 

highly empirical regarding a suitable choice of design parameters, clear preference is given to the 

VADER filter approach, whose inherent characteristics allow for exactly such filter behavior. The 

performance of the VADER filter in the double pair scenario (red dashed) with additional AO and 

OT de-aliasing errors (marked with AO&OT in the figures legend) appears almost equal to the 

Gaussian filter (blue dashed) performance on global scale in terms of cumulative geoid height 

errors. Investigations in basin scale areas of interest disprove this impression, although one can 

notice a decreasing need for filtering for double pair, compared to single pair, scenarios. The single 

pair scenarios exhibit, similar to the results for the GRACE-like missions, a clear performance 

gain and less strong average smoothing for the VADER (purple dashed) compared to the 

Gaussian type filter (light blue dashed). As the variances in the double pair case are almost one 

order of magnitude smaller than for the single pair case (cf. Figure 6-4), the average smoothing 

radius consequently decreases (if signal variance and α-value remains unchanged), as a comparison 

of the red and purple lines reveals. 

 

 

 

 

 

 

 

 

 

 

 

The results presented in the three panels of Figure 6-7 show the performance in terms of average 

residual EWH in mm for the respective area of interest for the VADER (blue), Gaussian (red), 

and S&W version one (black) empirical decorrelation filter. The three areas selected are two high 

latitude areas, Greenland and Antarctica, with coverage only (respectively mostly) by the polar 

pair, and one low latitude area, the Amazon basin, with coverage from both the polar and inclined 

pair. The polygon for defining the Amazon basin is derived from the STN-30p dataset 

[Vörösmarty et al. 2000], whereas the other two polygons for Antarctica and Greenland are 

derived from Zwally et al. [2012]. Shown are the results for the twelve monthly solutions of the 

simulation period. The solid lines represent the results of the polar pair, whereas the dashed lines 

represent the performance of the double pair. A general observation valid for all three panels is 

the smaller difference between dashed than solid red and blue lines. This is in agreement with the 

aforementioned reduced need of filtering for the double pair solutions. The better the solutions get 

in terms of residual noise and aliasing errors, the lower the strength of the filter needs to be. The 

differences between Gaussian and VADER filter in terms of filter characteristics are reduced, since 

the solutions tend to show isotropic error characteristics with reduced striping, not demanding 

highly sophisticated filters to be applied. For Greenland (left panel) and Antarctica (center 

panel), the residuals show stable behavior over time. For the Amazon basin the residuals show 

Figure 6-6: Cumulative geoid errors for varying 

filter strengths of VADER and Gaussian filters in 

the future mission polar only (purple and light 

blue) and double pair (red and blue) scenarios. No 

de-aliasing errors (solid lines) and 20% AO and 

OT difference de-aliasing errors (dashed lines) 

indicated by line style. 
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seasonal behavior. The oscillations are not induced by e.g. the cyclo-stationary signal variance 

applied within the VADER filter, since also the residuals resulting from the non-variable Gaussian 

filtering show such performance as well. Differences in the signal properties over time, mainly the 

seasonal cycle of hydrological mass redistribution, are the reason for the variations. Investigating 

the hydrological component of the underlying Earth model reveals that the residuals are, 

compared to the signal amplitude per month, virtually constant. This implies that the system can 

always observe a certain proportion of the observed signal. As signal strength is varying over 

time, these properties call for the application of a filter taking such variability into account. The 

variability of the residuals for the double pair VADER result is, compared to the Gaussian one, 

lower (dashed blue versus dashed red curve). This observation can be understood as a reason for 

applying adaptive and non-stationary filters. But not every time variable filter does meet the 

required characteristics, as the results of the S&W filter show. 

 

 

 

 

 

 

 

 

 

Since the performance of the S&W filter version two, fitting one polynomial per order, shows 

significant oscillation effects for a solution expanded up to SH degree 120, resulting in erroneous 

artefacts, only version one is considered to be included in this part of the experiment. For all 

three panels the resulting performance in terms of residuals is indicated by the black curves. 

Contrary to the Gaussian and VADER filter, the residuals in the double pair case of the S&W 

filter version one show larger residuals for Greenland and Antarctica than for the single pair case. 

This can be attributed to the non-conformity of the correlations embedded in the coefficients 

violating the assumption regarding the correlation patterns. By visual inspection of the S&W 

version one filtered monthly solutions, erroneous artefacts, induced by the polynomial fit and 

subsequent reduction, which are not present in the original observations, are detected. In the right 

panel for the Amazon basin, the double pair is better than the single pair result, as one would 

expect since the general noise level is expected to be lower than for the polar pair only solutions.  

One result, being unexpected from what all investigations regarding the VADER and S&W filter 

showed in the preceding experiments, is the better performance of the S&W filter in the case of 

Antarctica for the single pair scenario (solid black against solid blue curve). Apparently the 

correlation pattern inherent in the solutions corresponds to the assumed one, resulting in good 

filter performance. As this is not true for the other two regions, there are no solid grounds for 

concluding that the S&W filter version one is outperforming the VADER filter in the region of 

Antarctica. The S&W filter is tuned for every region to optimal performance by defining the 

optimal half width of the Gaussian filter in the second step of the filter cascade individually for 

each area of interest. Such optimizations can be carried out in the closed loop environment as the 

true solution is known. For real world applications this does not hold anymore, as the tuning 

becomes a highly empirical matter. 

Figure 6-7: Residuals in mm EWH as average per respective area from closed loop future mission 

experiments. Areas are Greenland (left panel), Antarctica (center panel), and the Amazon basin (right 

panel). Solid lines represent the results from single polar pair and dashed lines from double pair 

constellation, both polar and inclined. Filters compared are Gauss (red), VADER (blue), and S&W 

version one (black). Note the different scaling on the y-axes. 
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A conclusion one can draw from the results presented above is the clear benefit in performance 

using the VADER filter for both single and double pair future mission scenarios. Table 6-1 is 

summarizing the findings from Figure 6-7 by indicating the RMS of the residuals of the respective 

solutions for the three areas of interest. A very encouraging result, also regarding the discussion of 

the benefit of an inclined pair for cryospheric analysis, is the gain in performance for the retrieval 

of geophysical signals in areas without direct coverage of the inclined pair, namely most of 

Greenland and the whole of Antarctica. The introduction of a second pair allows for retrieving 

more stable results containing less noise contribution due to temporal aliasing, leading to the 

GRACE typical striping patterns. As results from the different filters are closer in terms of 

nominal residuals than for the single pair scenario, this is an indicator for less need of post-

processing and filtering, since the number of observations is about doubled and the noise 

characteristics are more beneficial for geophysical signal retrieval as the correlation length of 

errors is significantly reduced. 

Table 6-1: RMS of residuals (mm EWH per area) of different filter types in different regions according to the 

examples in Figure 6-7. 

 Single polar pair Double polar and inclined pair 

Area Gauss S&W v1 VADER Gauss S&W v1 VADER 

Greenland 5.31 4.85 4.63 3.95 4.95 3.62 

Antarctica 2.15 1.37 1.48 1.39 1.54 1.02 

Amazon basin 4.08 3.73 3.28 2.82 3.38 2.42 

Global 0.26 2.35 0.20 0.17 0.52 0.16 

 

On global scale (last row of the table), the performance deficits of the S&W filter are mainly due 

to the limited capabilities of the filter approach in low latitude areas. The filter is applied with a 

second step of the cascade consisting of an average Gaussian filter, making a compromise in filter 

strength for all areas of low, mid, and high latitude. For the optimal design in the case studies 

depicted in Figure 6-7, the filter strength of the Gaussian filter as second part of the S&W filter 

cascade is changing from 80 km half width in the polar areas to 240 km for the near equator and 

low latitude areas. Such changes for a suitable filter design are easy to determine in the closed 

loop environment. For real world applications this does not hold because the true target signal is 

unknown. 

Figure 6-8 gives an impression of the spatial resolution and attenuation of signal amplitudes for 

retrieving linear trend signals from the closed loop time series, showing examples for the regions of 

Greenland (upper panels) and South America (lower panels). One should not misinterpret the 

spatial pattern and signal amplitudes as real world signals, as the underlying dataset originates 

from model assumptions (year 1996) of HI signals, and a certain grade of alteration from the 

geophysically true signal must be expected. 

A second limitation is the very short period the linear trend signal is estimated from. For 

geophysically meaningful results one should employ at least a several-year long time series. 

Nevertheless, the results allow to get an impression of how well the observed signals can be 

retrieved by the respective mission design and the subsequently applied post-processing method. 

The VADER filter (left panels) delivers, as the preceding experiments suggested, superior results 

with respect to the Gaussian filtering (right panels). Especially for the high latitude areas above 

65° north (most of Greenland) the features retrieved in the double pair case match the reference 

HI trend (middle panel) better than for the single polar pair only case. For the example of South 

America, the double pair coverage significantly increases the recoverability of the observed HI 

signals for both Gaussian and VADER filtering. For the Gaussian filtering in general, residual 
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striping patterns remain, as the filter is not capable of suppressing groups of correlated coefficients 

causing such patterns. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 6-8: Examples of linear trends (mm EWH per year) from VADER (left panels) and Gaussian 

(right panels) filtering in Greenland (upper five panels) and South America (lower five panels). The 

underlying true trend is depicted by the respective middle panel. Note the panel heading for details 

regarding the respective constellation. 
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6.3 Suggested process of optimal post-processing for future 
mission time series 

 

Upon the findings from the analysis in section 6.1 and 6.2, a clear preference for employing the 

VADER filter can be concluded. Either for the single pair or for the double pair scenario, the 

filter outperforms the other filters tested in terms of cumulative geoid errors on global scale or the 

analysis of the residuals of EWH in the three local areas. 

A second criterion, favorable for the VADER filter, is the pattern of spatial error correlation 

structures after filtering. Figure 6-9 gives an impression of how the patterns look like for the 

Gaussian (upper panels) and VADER filtering (lower panels) in the single (left panels) and double 

pair scenario (right panels). From the left three bins in Figure 6-2, representing the correlations in 

the unfiltered state, one can already see the positive effect in terms of error correlation patterns 

introducing the second pair, leading to comparably isotropic results. 

The choice for the applied filter strength used for the results displayed is derived from the local 

minima in Figure 6-6. The difference between Gaussian and VADER filtering in the single pair 

case is much more prominent as for the double pair case. As one would expect, the shortest 

correlation length for the VADER filter appears in the double pair case. The shorter correlation 

length of the VADER filter has a clear advantage whilst integrating over basins or areas of 

interest. Averaging observations with uncorrelated errors leads to a decrease in the uncertainty of 

the averaged quantity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-9: Spatial correlation of errors from single (left panels) and double pair (right panels) 

scenario after Gaussian (upper panels) and VADER (lower panels) filtering applied. Colorbars 

indicate the correlation. 
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Interpreting the findings outlined above, one should note that the orbital configuration followed 

an idealized model. In real world scenarios the satellites will be subject to orbit maneuvers as well 

as calibration and outage phases, accountable for not delivering scientific data. These data gaps 

lead to disturbances of the idealized assumptions in the closed loop world. From experiments with 

GRACE, comparing simulation results from perfect repeat orbits with coherent and steady 

sampling rates against real GRACE orbits with outages and short repeat phases, a clear 

performance decrease can be observed. This decrease in performance is caused by non-homogenous 

observations in space and time, resulting in amplified correlated errors and a worse signal to noise 

ratio in general. In real world conditions one can expect an adaptive filter, defined by the 

observational geometry and error characteristic of each individual solution, best suited for 

employment in future mission post-processing based on the experience with GRACE data and 

upon the experiments for the mission scenario. 
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7. Applications 

Formelabschnitt (nächster) 

The following chapter presents two applications of the filter and post-processing strategies 

investigated respectively developed in preceding chapters. The application cases are applied on 

both real and simulated GRACE data. 

The first example is dealing with the retrieval of Antarctic ice mass variations, especially linear 

trend components, derived from a decadal real GRACE time series. The processing comprises the 

steps from selecting a suitable time series, applying all necessary corrections and retrieving the 

linear mass change component using an adequate functional model as well as suitable integration 

or averaging kernels. The whole process is accompanied by an estimation of an overall error 

budget, resulting in mass rates on basin scale with their associated accuracies. 

The second example is built on a series of simulated GRACE-like monthly gravity field estimates, 

studying the impact of applying static or time variable filters on hydrological signals in a selection 

of river basins. Especially the impact on the retrieval of amplitude and phase estimates of the 

river catchment is of interest. The target is to evaluate whether static or time variable filters 

cause an erroneous shift of phase or attenuate the amplitudes of the estimated signals with respect 

to the true reference. 

 

7.1 Mass change in Antarctica measured by GRACE 

 

Within this section an example of geophysical mass change estimates derived by using the 

VADER filter is presented. It covers the process of estimating linear mass change in Antarctica 

and its subregions from the selection of a suitable GRACE time series to the final change rates, 

including an estimate of their uncertainty. The main processing details regarding the corrections 

applied are aligned with the IMBIE project [Shepherd et al. 2012], allowing comparison to 

independently derived mass transport estimates. The definition of the region boundaries is derived 

from the dataset by Zwally and Giovinetto [2011]. The averaging or integration kernel follows the 

approach outlined in section 4.2.4 and is displayed as an example for the whole AIS in Figure 4-9. 

The selection of a suitable time series is based on three main criteria. First, the time series needs 

to provide full error covariance information since the VADER filter is not applicable without 

them. Second, the time series should be maintained over and cover an as long as possible time 

frame. Third, it should comprise latest processing techniques and incorporate up-to-date auxiliary 

data sets like de-aliasing products or tide models. Upon the investigations carried out in section 

4.3.2, the model of choice is the ITSG-Grace2016 time series [Mayer-Gürr et al. 2016a], since it 

fulfills all the abovementioned criteria. Especially the formal error covariance estimates appear to 

show better quality compared to the other available series (cf. section 4.3.2). 

Before corrections are applied, the monthly sets of coefficients are filtered using the VADER filter. 

Upon the findings outlined in chapter 5, a cyclo-stationary signal variance, a non-stationary error 

covariance, and an α-value of 0.5 is employed to build the VADER filter. According to Table 5-1 

the α-value corresponds to an average smoothing radius of about 287 km. An α-value of 1 would 

result in an average smoothing radius of 312 km and is also rated to be suitable for Antarctic 

mass balance estimates incorporating the ITSG-Grace2016 time series. One should note that the 

choice for the optimal α-values is not directly transferable to the use of other GRACE time series, 
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since they can have a different structure within their normal equation matrices, calling for other 

α-values. 

The filter process is accompanied by an error propagation of the unfiltered covariance matrix 

according to equation (2.20). The variances of the propagated error covariance matrix (diagonal of 

the full error covariance matrix) are subsequently evaluated for the respective target region to 

derive month-to-month variances in the spatial domain. This allows either deriving month-to-

month weights for the trend estimation process or scaling factors for the monthly GRACE error 

budget contribution. The month-to-month GRACE error budget contribution is derived similar to 

the approach described by Nagler et al. [2016]. As well as for the evaluation of the error budget 

contribution of degree one and 
20C  coefficients (cf. section 4.2.2, C20 paragraph), a residual mass 

time series is computed for the respective area of interest. To obtain the residual time series, a 

nine-parameter reduction model is applied. It consists of a constant, linear, quadratic, and 365.25, 

182.6, and 161 days sine/cosine parameter. A 13-month Gaussian low-pass filter (cf. section 4.2.2, 

C20 paragraph) is subsequently applied to suppress remaining geophysically induced signal. One 

should note that for the preceding analysis the degree one and 
20C  terms are set to zero. These 

quantities are evaluated separately. The error noise of the respective area of interest is then scaled 

by the propagated variance, derived from VADER filter covariance propagation, for each month 

individually. In this case applying a scaling to the propagated monthly variance estimates, due to 

the underestimation of the true error (revealed by the regularization bias investigations) is not 

necessary since the scaling only reflects the relative differences between the individual months and 

not their absolute value. 

Towards meaningful trend estimates, corrections are introduced by replacing the degree one and 

20C  coefficients. A discussion regarding the theoretical background, explaining the underlying 

problems making such corrections necessary, can be found in section 4.2.2. The replacement 
20C  

coefficients are obtained from the time series provided by GRACE technical note TN-07 [Cheng 

and Ries 2016]. The degree one coefficients are obtained from the GRACE Tellus web portal 

(http://grace.jpl.nasa.gov/), which provides coefficients computed according to the procedure 

outlined in [Swenson et al. 2008]. SMB corrections are based on the RACMO2-ANT27 regional 

atmospheric climate model [Lenaerts et al. 2012]. The gridded SMB product is transferred to 

Stokes coefficients by a SH analysis before being applied as a correction to the GRACE time 

series. Replacing the 
20C  coefficients after applying the filter causes, as discussed in section 4.2.2, 

a little bias. The fully populated filter matrix distributes energy of the original 
20C  coefficient to 

all other coefficients. For the ITSG-Grace2016 time series this bias has only minor impact (<0.1 

Gt year-1 for linear trend component of the AIS), as the original and SLR derived coefficients are 

more similar than for the other time series. An error budget contribution for individual months is 

derived according to the procedure outlined in section 4.2.2. Numerical values for the 
20C  error 

budget contribution in the region of Antarctica and its subregions for an individual monthly 

solution can be found in Table 7-2. The contribution of the 
20C  error to the total error budget of 

the linear trend component is derived by evaluating the linear trend of the series of 
20C  

coefficients separated from the other coefficients. Table 7-3 indicates the respective numbers for 

Antarctica. 

Another option to assess the uncertainty of 
20C  time series is by comparing different 

20C  time 

series. Bloßfeld et al. [2015] compare e.g. their own 
20C  time series with the one from CSR [Cheng 

and Ries 2016]. Their comparison reveals a difference of 12.3 Gt year-1 in the linear trend 

component for the region of Antarctica between the two 20C  time series. As only a very limited 

number of 
20C  time series is available, and deriving an error estimate from an ensemble of only 2 

models is from the perspective of statistics unsatisfying, this approach is not further pursued here. 

Since the degree one coefficients are not part of the initial estimate of the solution, the error 

covariance matrix does not contain any information regarding these coefficients. They are 

therefore treated as uncorrelated and they are not part of the propagated error, as the ITSG-
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Grace2016 error covariance matrices contain only information for coefficients with 2l  . The 

introduction of values different from zero causes, as explained in section 4.2.2, a shift of the origin 

of the solutions away from the center of mass. In the case of the applied correction, the origin is 

shifted to the center of figure. To account for the uncertainty introduced with the degree one 

coefficients, a dedicated error budget is assigned for the final linear trend error budget (cf. Table 

7-3), as well as for the individual monthly solutions (cf. Table 7-2). The approach is the same as 

the one described above for the error budget assessment of the 
20C  coefficients. 

The GIA error estimate applied to the final error estimates shown in Table 7-2 originates from the 

standard deviation of an ensemble of four different GIA model solutions in the respective area of 

interest. The ensemble of GIA models used for the assessment of the GIA error are: A mean of all 

three W12a [Whitehouse et al. 2012] solutions, a mean of all six IJ05_R2 [Ivins and James 2005] 

solutions, the ICE-5G [Peltier 2004] solution, and the reconciled version of the ICE-6G_C [Stuhne 

and Peltier 2015] solution, which is an update of the original ICE-6G_C model [Peltier et al. 

2015]. Unit weight is applied when calculating the standard deviation of the four different results 

integrated over the respective area of interest. Table 7-1 presents in the lower section numbers for 

the derived assumptions for the GIA standard deviations in Gt year-1 for the respective area of 

interest. The magnitude for the GIA error budget reaches, except for West Antarctic ice sheet 

(WAIS), only about 50-60% of the one derived from van der Wal et al. [2015]. For the WAIS the 

number is almost equal. In this region the magnitude of GIA rates is significantly larger than e.g. 

in the East Antarctic ice sheet (EAIS) (cf. Figure 4-8). Analysis shows that in this region the 

deviations between the tested models are largest, resulting in a similar standard deviation for the 

samples tested by van der Wal et al. [2015]. A reason for the difference can also be found not only 

in the different sets of samples incorporated for the assessment, but also in the different averaging 

functions applied for the respective target regions. It shows that results are highly sensitive to the 

choice of samples taken into account and that differences between models are concentrated in 

spatially confined regions mainly at the Antarctic coast and the WAIS. When selecting models for 

an error assessment, considering a representative selection of models built on different ice loading 

history models, underlying Earth models, and rheology is advisable. Comparing the assessment 

carried out by Sasgen et al. [submitted 2016a], the agreement between the error budget 

contributions is better than for the results derived from van der Wal et al. [2015]. The numbers 

derived by Sasgen et al. [submitted 2016a] find the standard deviation for the respective basin 

even lower than the ones derived by the analysis within this thesis. Considering the spreading of 

available GIA solutions in the Antarctic region, the formal uncertainty by Sasgen et al. is 

considered to represent a lower bound of uncertainty. For a single monthly GRACE estimate the 

standard deviation scales to a twelfth of the indicated value for one year (cf. Table 7-2). This is 

done since for the single monthly solution only the error within the time of one month from GIA 

is of interest. 

Table 7-1 shows the applied GIA correction for the mass balance estimates presented at the end 

of this section. It is derived from the same models as used in the IMBIE project [Shepherd et al. 

2012] for reasons of comparability. The correction applied is the one called “W12a & IJ05_R2”, 

which is a combination of the W12a [Whitehouse et al. 2012] and the IJ05_R2 [Ivins and James 

2005] GIA estimates. The combination is computed by taking the mean of the IJ05_R2 ensemble 

and the W12a so called best estimate. Since the IMBIE project comprises five different estimates 

of gravimetric mass balance over Antarctica and its subregions, it serves as the main benchmark 

for the VADER results. 
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Table 7-1: GIA correction and standard deviation of GIA correction for the Antarctic region and its 

subregions compared to independent estimates. All numbers in Gt year-1. 

Region: AP WAIS EAIS AIS 

GIA correction applied for region of AIS [Gt year-1]:     

Mean of IJ05-R2 and W12a 6.9 41.1 24.8 72.8 

Standard deviation per area [Gt year-1]:     

This study 3.3 12.5 20.7 30.2 

Derived from van der Wal et al. 2015 6.2 12.1 37.9 52.7 

Formal uncertainty by Sasgen et al. [submitted 2016a] 9.8 13.8 14.7 22.7 

 

One could estimate mass trends from GRACE also on smaller scales than the three subregions 

EAIS, WAIS, and Antarctic Peninsula (AP). Apart from the challenges and limits set by leakage 

problems and suitable averaging functions, other problems arise whilst evaluating GRACE results 

for small basins with spatial extents of only a few hundred kilometers in each direction (e.g. areas 

like basin 17, 20, or 23 as displayed in Figure A 5 in the appendix section). Refining e.g. GIA 

estimates and their uncertainty to areas of scales below several hundred kilometers seems 

problematic if the approach of assessing such quantities is not changed from the above described. 

GIA models show especially in the region of the WAIS corrections, differing by tens of gigatons 

(cf. Figure 4-8 for variability in spatial domain). Analyzing the rheological structure one must not 

expect such strong variations on scales of only some hundred kilometers, since the GIA signals are 

predominantly composed of large scale signals (hundreds to thousands of kilometers), resulting in 

relatively smooth rebound patterns (cf. Figure 4-8). According to e.g. Morelli and Danesi [2004], 

the structure of the Earth’s crust of East and West Antarctica show significant differences. They 

report the tectonic setting for West Antarctica being significantly more heterogeneous than for 

East Antarctica. This explains the generally better agreement (less spread of the GIA solutions) 

in East compared to West Antarctica, as the properties of the Earth’s crust are easier to constrain 

in a homogeneous environment. Lowering the size of the areas of interest in West Antarctica 

results in increasing GIA uncertainties, as the effect of averaging becomes less effective. Tests 

reveal GIA uncertainties for individual small basins, defined by the boundaries according to 

Zwally and Giovinetto [2011] or Rignot et al. [2011, 2013], of higher magnitude than the GRACE 

signals themselves. This makes the GRACE gravimetric mass balance (GMB) estimates not 

reliable anymore. Consequently no refinement of the areas of interest is performed at this stage. 

From the perspective of GIA models and the estimation of their uncertainty, a separation of areas 

into basins, separated by the underlying rheological structure, might be reasonable. Therefore 

breaking down the three sub regions of the AIS into smaller regions, separated by varying 

properties of the Earth’s crust and mantle viscosity and not the drainage basins, is a promising 

option needing further analysis. As for climatological and ice mass change analysis the separation 

into drainage basins is desired, one can think of aggregating small scale drainage basins to 

subregions constrained by coherent tectonic structures. This idea to refine the size of areas of 

interest, other than Antarctica, does not necessarily prove useful for all regions. In most regions 

around the globe GIA signal can usually be better constrained by e.g. GNSS observations or 

seismic analysis. The remote location, harsh conditions, thick ice coverage (up to kilometers), and 

surfacing bedrock only in a very limited number of locations not evenly distributed over the entire 

ice sheet (only Transantarctic Mountains and coastal/near coastal areas), make it difficult to 

constrain GIA estimates easily. 
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Table 7-2 summarizes the error budget contributions of a single monthly solution for the AIS and 

its subregions WAIS, EAIS, and AP. The value for the GRACE contribution itself is given as 

median value of the month-to-month scattering. The other error budget contributions (
20C , 

degree one, and GIA) are assumed to be static. The total error budget for a monthly solution is 

derived by taking the square root of the quadratic sum of the individual contributors. 

Table 7-2: Error budget contributors and total error budget of a single monthly mass balance estimate 

derived from GRACE in gigatons [Gt] for Antarctica and its subregions AP, WAIS, and EAIS. 

Area AP WAIS EAIS AIS 

GIA 0.3 1.0 1.7 2.5 

C20 3.7 11.7 47.7 63.1 

Degree one 2.0 5.7 22.1 29.2 

GRACE (median) 19.1 25.1 41.8 59.6 

Total 19.6 28.3 67.1 91.6 

 

The SMB correction is treated as error free. It mainly reduces interannual variability of signals 

related to geophysical processes like snowfall and wind driven snow transport (cf. section 4.2.2). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7-1 shows the monthly mass balance estimates for the region of the AIS and its subregions 

AP, WAIS, and EAIS derived from the ITSG-Grace2016 time series. Corrections are applied as 

indicated above, including the reduction of interannual surface mass balance estimates. The 

Figure 7-1*: Monthly mass balance estimates (black curves) between 2003-01 and 2014-11 for the AIS and 

its three subregions AP, WAIS, and EAIS. Blue error bars indicate the individual total error budget for 

the respective month. 
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timeframe presented ranges from 2003-01 to 2014-11. The first month (2003-01) is set to have a 

mass balance of 0 gigatons. The blue error bars indicate for each monthly estimate the total error 

budget derived from the procedure outlined above (cf. Table 7-2). A clear negative trend can be 

observed for the AIS in general. For its subregions a positive trend is derived for the EAIS and 

negative trends are derived for the WAIS and AP. These findings are in agreement with the 

results in literature. To classify the results, trends for each of the four areas of interest are 

calculated for different time periods. Table 7-4 gives numbers of the linear trend component for 

the whole period displayed above in Figure 7-1 as well as for a shorter period spanning from 2003-

10 until 2008-12. The functional model for the fit consists of constant, linear, and seasonal 

sine/cosine parameters with 365.25, 182.6 and 161 days frequencies. 

The associated uncertainty of the linear trend component and its constituents is shown in Table 

7-3 in Gt year-1 for the period 2003-01 until 2014-11 (upper row in Table 7-4). The last row 

indicates the total error budget for the respective areas of interest. The upper four rows indicate 

the individual error budget contributors. It is apparent that the GIA uncertainty is clearly 

dominating the total error budget. The GRACE error itself is only of minor impact on the total 

budget. One error budget contributor not listed in Table 7-3 is the uncertainty due to leakage. 

Nagler et al. [2016] suggest to introduce an error of 3 Gt year-1 for the whole AIS. According to 

the presented numbers in Table 7-3, a contribution of such magnitude does only have a minor 

impact on the total budget.  

 

Table 7-3: Linear trend error budget and its contributors in Gt year-1 

Area AP WAIS EAIS AIS 

GIA 3.2 12.4 20.7 30.2 

C20 0.2 0.4 1.6 2.2 

Degree one 0.1 0.2 1.0 1.3 

GRACE (median) 2003-01 until 2014-11 0.8 2.9 2.6 2.9 

Total 2003-01 until 2014-11 3.3 12.8 21.0 30.5 

GRACE (median) 2003-09 until 2008-12 2.4 2.5 6.0 9.1 

Total 2003-09 until 2008-12 4.1 12.7 21.7 31.7 

 

The error budget contributions of GRACE itself for the period between 2003-01 and 2014-11 for 

the regions of the WAIS and AIS are on equal level (2.9 Gt year-1). The comparably small value 

for the whole AIS is due to the averaging over a long time period over a large region containing 

ample areas showing no or only very little trend signal and low error. Nagler et al. [2016] report a 

GRACE only error budget of 4 Gt year-1 for the same period (2003-2014), being a bit larger than 

the number estimated within this thesis. Van der Wal et al. [2015] estimate a trend uncertainty 

from calibrated standard deviations of GRACE monthly gravity field solutions of 1.9 Gt year-1 for 

AP, 3.2 Gt year-1 for WAIS, 6.7 Gt year-1 for EAIS, and 9.2 Gt year-1 for AIS in the period 

between 2003-02 and 2013-06. Their numbers are larger than the other estimates discussed but are 

expected to also incorporate error budget contributions from at least the 
20C  terms (not explicitly 

specified in manuscript). For the shorter period ranging from 2003-09 until 2008-12 the GRACE 

error budget contribution is, as one can expect, larger since the time period is shorter. Only for 

the WAIS this does not hold. Here the error budget contribution from GRACE increases from 2.5 

to 2.9 Gt year-1. A reason for this effect can be found in the high dynamics of ice mass change in 

this region. 
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Table 7-4 presents the linear mass change component estimated from the ITSG-Grace2016 time 

series for the respective areas of interest in the region of the AIS with associated uncertainties. 

Note that the IMBIE GMB uncertainty indicated is, according to Shepherd et al. [2012], derived 

as an arithmetic mean of the given individual uncertainty levels of the participating group 

members. For further details regarding the IMBIE datasets please consult the supplementary 

material of Shepherd et al. [2012]. 

 

Table 7-4: Mass trend for the region of Antarctica and its subregions derived from the VADER filtered 

ITSG-Grace2016 time series for the periods of 2003-01 until 2014-11 and 2003-10 until 2008-12. 

Area AP WAIS EAIS AIS 

Period 2003-01 until 2014-11 -35.2 ±3.3 -149.5 ±12.8 67.2 ±21.0 -117.5 ±30.5 

Period 2003-10 until 2008-12 -26.0 ±4.1 -71.2 ±12.7 21.0 ±21.7 -76.2 ±31.7 

IMBIE GMB average “03-08” -21 ±14 -68 ±23 35 ±40 -57 ±50 

IMBIE overall average “03-08” -28 ±10 -67 ±21 24 ±36 -72 ±43 

 

The shorter period (second row) is presented to allow intercomparison against the results obtained 

within the IMBIE project [Shepherd et al. 2012]. In the third and fourth row the respective 

average results for the gravimetric mass balance (GMB), the overall mass balance aggregating 

input-output method (IOM), radar altimetry (RA), laser altimetry (LA), and GMB obtained from 

the supplementary material of Shepherd et al. [2012], are given. The label “03-08” is adapted from 

the documentation of the IMBIE project and corresponds to the period 2003-10 until 2008-12. The 

GIA correction applied is as mentioned above consistent for all estimates summarized in Table 

7-4. 

The trend results for the IMBIE period (second row) agree well with the results published by the 

IMBIE project. Especially the agreement with the overall average mass trend is noticeable. For 

the period 2003-01 until 2014-11 the trend estimates appear amplified. This becomes apparent by 

inspecting the mass balance estimates displayed in Figure 7-1 for e.g. the first and second half of 

the presented time interval. 

If an acceleration of mass trend signals appears to be present, attention should be drawn on not 

erroneously misinterpreting inter-decadal variability as general change of environmental 

conditions. Kusche et al. [2016] conduct experiments in a probabilistic framework to evaluate 

whether major changes in mass transport mechanisms (extreme conditions; intensification) can be 

detected in a statistically significant manner by GRACE yet. They conclude that the necessary 

length of the time series used for determining changes in the global hydrological cycle is at least 

18 years of continuous observations (will be reached around 2020). Hydrological signals have not 

the same forcing as ice mass change but are still coupled with each other. The findings regarding 

the necessary length of observations for hydrological signals cannot be transferred directly to ice 

mass change signals. Nevertheless care must be taken whilst interpreting signals of only decadal 

length since well-known forcing mechanisms of global climate variability such as the El Niño 

southern oscillation (ENSO) [Trenberth 2013] have periods of 7 years. According to Turner [2004] 

the ENSO is partially linked with the Antarctic climate system. Therefore short scale variability 

like the apparent acceleration can be due to either external forcing by e.g. the ENSO or real 

acceleration due to increased regional warming. But independent of the underlying forcing, an 

increase of the mass loss rate for the AIS in the recent past is present, whether it proves 

statistically significant in terms of the climate systems variability or not. 
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In summary one can conclude that the VADER filtered ITSG-Grace2016 time series allows 

estimating linear trend components with associated error budget estimates in a competitive and 

profound way. 

 

 

7.2 Estimating hydrological variations in large and medium 
sized basins 

 

The following section analyzes the impact of the filter and post-processing techniques investigated 

in sections 4.3.3 (Gaussian filter), 5.2 (S&W filter), and 5.3 (VADER filter) on the retrieval of 

hydrological signals on basin scale. The environment for the experiment is the closed loop white 

noise time series as described in chapter 3 (cf. Table 3-1). Evaluating post-processing methods in 

the closed loop environment allows to rate the recoverability of the original input signal. This is 

not the case for real world applications, where the true signal is not known. Benchmark values are 

the amplitude and phase of the retrieved signal per month compared with the amplitude and 

phase of the initially observed signal. 

The comparison is made on the level of total water storage (TWS) change time series per basin 

(cf. Figure 7-2). To determine the phase lag between retrieved (after post-processing) and 

observed signal (truth), the following procedure, similar to an approach described by Eicker et al. 

[2016], is applied. Based on the time series of TWS change, a Hilbert transform is performed, 

leaving a complex representation H  of the original time series Z . 

 

    H re Z i im Z    (7.1) 

 

The relation in equation (7.1) can be used to determine the phase angle P  for each observation 

by evaluating  

 

   (7.2) 

 

In case jumps   between two consecutive phase angles P occur, these jumps are corrected by 

adding multiples of 2 . The phase lag lagP between observed HI signal, transferred to TWS per 

basin (subscript HI), and the retrieved TWS signal after post-processing (subscript OBS) is 

determined for each month by subtracting the respective phase angles P  from each other. 

 

 lag HI OBSP P P    (7.3) 

 

The post-processing methods compared are: (a) The VADER filter in its preferred design of cyclo-

stationary signal variance combined with non-stationary error covariance, (b) the VADER filter 

in a variant with stationary signal variance and non-stationary error covariance, the S&W filter in 

version one (c) and two (d), and (e) the Gaussian filter. The benchmark is always the monthly 

average HI signal for the respective basin. The average is computed from the 6-hourly sampling 

intervals of the Earth system model by Dobslaw et al. [2015b]. 
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As the Earth model used for the closed loop environment spans from 01-Jan-1995 to 31-Dec-2006, 

the observed signals for the basins must not be understood as truth with respect to the GRACE 

measurement period. GRACE orbits incorporated are ranging from 01-Jan-2003 until  

30-Nov-2014, thus delivering 143 months of solutions observing the respective basins from 01-Jan-

1995 until 30-Nov-2006. This does not make the investigation less meaningful or informative. One 

just has to keep in mind not to compare the presented results with data from other sources 

without considering the shift in time. 

Figure 7-2 shows the location of the six river basins investigated for the evaluation of the 

comparison of the aforementioned post-processing methods (a-e). The basins are located on 

different continents and at different latitudes, thus showing varying seasonal and long term 

behavior. The basin boundaries are derived from the STN-30p dataset [Vörösmarty et al. 2000]. 

They are the Ganges (1.628.404 km²), Amazon (5.853.804 km²), Danube (788.002 km²), 

Mississippi (3.202.958 km²), Murray (1.031.512 km²), and Parana (2.661.391 km²) river basin. 

The numbers in brackets indicate the respective basin size in square kilometers. 

 

 

 

 

 

 

 

 

 

 

Figure 7-3 shows the average absolute HI signal (cyan curves) for the six basins in mm EWH. The 

term HI is used since the input for the simulation are hydrological and ice mass signals. For the 

river basins under investigation, almost no ice contribution must be expected. The target signal is 

assumed to originate from almost solely hydrological variations. To create a more realistic 

simulation environment, 20% of the AO signal and an ocean tide model difference are added to 

the noise free HI datasets (cf. chapter 3), before computing the five versions of the GRACE-like 

post-processing results. The residuals with respect to the target HI signal, originating from the 

GRACE-like observations after applying the post-processing methods a-e, are shown in the red 

(Gauss), blue (VADER), magenta (VADER with stationary/median signal variance), black (S&W 

filter version one), and green (S&W filter version two) curves. Two distinct features are the steep 

peaks in the residuals (red, black, and green) present for all basins around 2004-09 and 2012-05. 

Both periods are subject to a short repeat cycle of GRACE. This is in agreement with the findings 

regarding the order resonances for GRACE as shown in the left panel of Figure 5-11. The 

VADER filter results (blue and magenta) do not show such peaks in residuals as the filter is 

capable to account for such anomalous events. As one can expect, the rate of signal recovery is 

depending on the shape and extent of the target regions and the signal strength. For basins like 

the Murray River (second smallest of the six tested basins), the signal is very small compared to 

the other basins investigated and does not show significant seasonal variation. Residuals are in the 

range of the target signal itself, thus suggesting no significance of the retrieved signals. For the 

Danube river basin the situation is, although even smaller, different, because it shows larger signal 

Figure 7-2: River basins investigated for the post-processing method 

comparison for retrieving hydrological signals. 
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amplitudes compared to the Murray River. This leads, depending on the post-processing methods, 

to residuals significantly smaller than the target signal. Of course one must not expect the 

residuals to become zero or near zero since observing the Earth from space comes along with a 

dampening and filtering of the original signals on ground. Especially signals from small scale 

features are damped. The different post-processing methods add additional attenuation of the 

target signals as they imperfectly separate signal from noise. Part of the residual signals shown is 

also the intentionally introduced residual AO and OT signal simulating the de-aliasing error. Not 

all of it is being reduced by the post-processing strategies applied. It is apparent that the two 

VADER filter versions do show best performance (smallest residuals) compared to the other filter 

approaches tested. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using cyclo-stationary or stationary signal variance does not cause significant deviations, 

especially no systematic calendar-month dependent effects. The blue curve, representing the 

results obtained with the cyclo-stationary signal variance, is hardly visible since it almost 

coincides with the magenta curve, representing the results from the stationary signal variance. 

The label VADER med is chosen, since the stationary signal variance is derived by taking the 

median of the cyclo-stationary signal variance. 

A distinct feature is also the temporal behavior of the residuals comparing e.g. the case of the 

Amazon and Mississippi River basin. For the Amazon the residuals follow the pattern of the 

target signal, whereas for the Mississippi River the residuals remain at a certain more constant 

level. 

To analyze the impact of the different post-processing strategies on phase and amplitude of 

retrieved signals, a seven parameter model is adjusted to the respective time series. Each time 

series represents the integrated mass change per basin computed from the monthly solutions. The 

Figure 7-3*: Average absolute signal in mm EWH for each month for 6 river basins (cyan curve). Other 

curves show residual signal (true signal minus signal after post-processing) for the respective post-processing 

method. 
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seven parameters are a constant, linear, annual sine/cosine, semiannual sine/cosine, and quadratic 

term. Figure 7-4 shows the representation of the adjusted model for each basin over time. 

Indicated are the results for the different post-processing methods and the original HI target 

signal. Apart from the Murray River, the agreement between target signal and the different 

GRACE signals is very good in terms of seasonal patterns. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Characteristic seasonal patterns can be observed for the different basins. The Amazon shows 

strong seasonal amplitudes with maxima in spring and minima in autumn and the Ganges River 

shows a peak signal in late summer due to the south-west monsoon and an extended minimum 

from December until June. The large residuals in Figure 7-3 observed for the Murray River can be 

explained by the signal being very small compared to all other basins investigated. Accordingly 

the adjusted model parameters for the GRACE-like results do not represent the true target signal 

characteristics as they are dominated by noise. The significant slope for the Mississippi River and 

the Ganges are not considered to represent realistic features and are attributed to a potentially 

erroneous modeling of the hydrological features in the Earth model. Analysis of the model reveals 

a significant negative trend for the area of the Mississippi River basin inherent in the model 

[Dobslaw et al. 2015a]. Comparison with real world hydrological data [USGS 2016] confirms the 

characteristics of the seasonal variability for the Mississippi River basin, but not the slope. 

The phase lag between target HI signal and filtered GRACE-like results is derived by firstly 

estimating seasonal signals from the original time series and secondly by applying the relations 

expressed in equation (7.1) to (7.3) on the estimated signals. Figure 7-5 shows the phase lag for 

the six river basins in terms of days. The phase lag between HI and GRACE-like estimates is 

within the interval  , representing  182.5 days (assuming a year of 365 days). The jumps 

occurring e.g. in the case of the Murray River are due to subtracting phase angles across the 

Figure 7-4*: Estimated signals (6 parameters) for 6 river basins in mm EWH from the respective post-

processing output and the original observed HI signal. 
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interval boundaries. Whilst analyzing the phase lag, one should note the different scaling on the 

y-axes of the six examples. As visible by eye, the fit between target signal and retrieved signals is 

poor for the Murray River (cf. Figure 7-4). Accordingly the phase lag is high and does not allow 

meaningful interpretation of the retrieved results. In real world applications such a scenario would 

belong to the hydrological examples not or only partially captured by GRACE (cf. left panels of 

Figure 4-1). For the other basins the phase lag is within reasonable bounds, varying between close 

to 0 and about 25 days. The reason for different phase lags in different basins is the effect of 

leakage. Although surrounded by other basins with strong seasonal amplitudes, the Amazon River 

basin shows comparably little phase lag. Primarily this is due to its enormous size, which reduces 

the influence of surrounding basins. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A second effect is the phase of the neighboring basins. In case the phase runs in parallel, a phase 

shift due to leakage becomes a minor issue. In this scenario the amplitude difference plays a more 

prominent role. The presence of a significant offset in phase for two neighboring basins can cause, 

depending on the post-processing method applied, a phase shift due to leakage resulting in a 

distorted estimate of seasonal signals. For most basins, the largest phase lag can be observed 

whilst using the Gaussian filter (red curves). The smallest phase lag is observed upon using the 

VADER filter. Both tested VADER filter versions deliver comparable results. The performance of 

the S&W filter results is between these two ends. Table 7-5 presents an evaluation of the phase 

lag per basin and per post-processing method. For comparison the RMS and the mean value of 

each curve from Figure 7-5 is indicated. The RMS allows evaluating the spread of retrieved results 

for the phase lag. For all six basins tested, the VADER filter shows best performance. The 

difference between the two versions is of very small scale. For the mean value, given in brackets, 

best performance (in terms of smallest value) is achieved by different filter techniques. 

Nevertheless a RMS of 8.7 days around a mean value of -0.7 days for the VADER filter is 

Figure 7-5*: Phase difference in days of estimated signals (6 parameters) between HI and 

respective post-processing output. 
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considered to be superior with respect to a RMS of 12.1 days around a mean value of -0.1 days for 

the Gaussian filter for the Parana River basin example. If a solution exhibits a stable and 

constant phase shift over time, one can estimate and apply a correction more easily than for a 

solution with scattering phase shifts. 

 

Table 7-5: RMS and mean value of phase shift in days derived from decadal time series as depicted in Figure 

7-5. Mean value in brackets. Unit is days for all values. 

River VADER VADER med. S&W v1 S&W v2 Gauss 

Parana 8.7 (-0.7) 9.4 (-0.5) 13.5 (-4.8) 11.6 (-4.2) 12.1 (-0.1) 

Murray 48.4 (-28.4) 49.2 (-28.4) 70.2 (-50.3) 62.7 (-48.3) 63.8 (-22.4) 

Mississippi 1.4 (<0.1) 1.4 (<0.1) 3.3 (<0.1) 1.8 (<0.1) 1.8 (<0.1) 

Danube 5.7 (-1.8) 5.7 (-1.6) 18.6 (-0.9) 14.2 (-2.7) 10.2 (1.0) 

Amazon 1.9 (-0.7) 1.8 (-0.6) 3.1 (-1.9) 5.1 (-1.7) 7.4 (-1.5) 

Ganges 8.0 (2.5) 8.3 (2.5) 29.8 (5.8) 28.4 (5.7) 26.5 (5.9) 

 

From the analysis of post-processing performance, a clear advantage using the VADER filter can 

be deducted. It shows most robust behavior in terms of e.g. the appearance of short repeat cycles 

(cf. Figure 7-3). Showing the smallest residuals per basin over the whole 143 month sample period 

indicates best performance in terms of retrieved signal amplitudes (or least attenuation). The 

phase shift induced by applying the VADER filter as post-processing method is smallest for all 

basins compared to all other filters tested. Altogether this leads to the conclusion that applying 

the VADER filter in the context of hydrological analysis for large and medium sized basins 

delivers the most promising results. The presented analysis suggests encountering only a low risk 

of misinterpretation of geophysical features due to erroneous shift in amplitude or strong signal 

attenuation by using the VADER filter. 
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8. Summary, discussion & outlook 

Formelabschnitt (nächster) 

The first part of this last chapter gives a summary of the major findings and results extracted 

from the work conducted within the framework of this thesis. The second part presents some ideas 

and considerations on possible amendments of the investigations presented and future experiments 

to be conducted. 

 

Summary and discussion 

The findings regarding the evaluated post-processing methods reveal superior performance of the 

VADER filter concept. The in-depth analysis in the context of the GRACE mission shows clear 

advantages with respect to the challenges of real space mission operations. In deep resonance 

phases or months with inhomogeneous data coverage the VADER filter delivers, due to its non-

stationary design, superior results compared to all other filter methods investigated. The 

availability of full month-to-month error covariance information from an increasing number of 

GRACE level-2 processing centers allows for applying the VADER filter concept using different 

time series. One advantage using formal month-to-month error covariance information is the 

option to perform error propagation throughout the whole filter process not omitting any 

stochastic information from the original estimate. The analysis of correlation structures within 

formal error covariance matrices reveals time dependent behavior and evolution. This variability 

calls for a clear recommendation to use non-stationary filter designs. A relation between orbital 

geometry and especially SH order dependent patterns of correlations is confirmed. This relation 

agrees with well described resonances in SH coefficients [Sneeuw 2000; Seo et al. 2008; Murböck et 

al. 2014], also depending on the SH order. 

The question whether the formal error covariance matrices, provided by the GRACE processing 

centers, are reliable at all, can be answered positively only for some time series. One in this 

respect positive example is the ITSG-Grace2016 time series. Based on empirical assessments it 

appears to exhibit realistic errors. Error covariances from other processing centers are identified to 

exhibit significant deviations between formal and empirically derived estimates. 

A relevant result from the application experiments is the reduced attenuation and phase shift of 

seasonal signals whilst using the VADER filter. Tests for six river basins reveal the smallest phase 

shift compared to all other filters tested. This is of great importance since using post-processing 

methods should ideally not alter the target signal to avoid misinterpretation of the estimated 

signals. 

The VADER filter has also a favorable impact on the patterns of post-filter error correlations. It 

reduces the elongated correlations, especially in along-track direction, significantly. The almost 

isotropic pattern of the correlations and the reduced correlation length allow applying more simple 

and confined averaging kernels for retrieving mass balance estimates in the respective target 

region. The average smoothing radius is, applying the VADER filter, on average shorter than e.g. 

using a Gaussian filter as post-processing method. This implies a reduction of spatial leakage 

effects between e.g. river basins. 

The design of the closed loop experiments can be considered to be realistic in terms of the error 

correlation structure of the retrieved error covariance matrices. Accordingly the findings made 

within the closed loop experiments are rated to be a realistic proxy for real world applications. 
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The transfer of the processing strategies evaluated for the GRACE mission to future mission 

scenarios shows again superior performance for the VADER filter. Due to its adaptability, 

attributable to the use of full month-to-month error covariance matrices, it can not only be 

applied in single pair, but also in double pair scenarios without major modifications. With respect 

to the GRACE-FO mission, direct applicability of the VADER filter concept without 

modifications can be expected. 

An important finding in the context of the double pair scenarios, independent of the respective 

post-processing method applied, is the performance gain in terms of retrieved signal in the polar 

areas, not covered by the inclined pair, while operating in double pair mode. The presence of the 

second pair is identified to stabilize and improve the solution globally. The overall error level is 

also drastically reduced by introducing a second inclined pair. The error correlation patterns 

derived from the formal error covariance matrices show significantly shorter error correlation 

lengths compared to a single pair scenario. In addition to the reduction of correlation length they 

also exhibit almost isotropic behavior compared to the elongated strip-like pattern in along-track 

direction for the single polar pair. This behavior is expected to result in lower filter strength 

necessary to extract target signals from future missions. 

 

Outlook and future experiments 

For the assessment of the VADER filter, error covariance matrices have been evaluated in detail, 

showing variability of error correlation patterns between different time series. Since other than the 

spherical harmonics representations of GRACE time variable gravity field solutions are used as 

well, a detailed comparison of the error correlation patterns, especially of mascon solutions, is an 

interesting, but still open question. Extending the simulation environment to the mascon 

parameterization would allow assessing strong and weak points of the respective solutions. To 

extend the closed loop simulation environment by implementing a parametrization to derive 

mascon solutions from the acceleration differences would be the next step to assess the potential 

of the different parameterization methods on a broader scale. 

For the averaging function in the case study of Antarctica, only relatively simple assumptions 

regarding leakage have been fed into the design of the function. Amending the approach of 

estimating averaging functions, described by e.g. Groh and Horwath [2016], built on high 

resolution approximations of mass change signals to account for leakage by incorporating error 

correlation patterns is a promising further development. Since the month-to-month formal error 

covariance matrices of e.g. the ITSG-Grace2016 time series show realistic errors, not only the 

impact of static or empirical estimates of the error correlation patterns, but also time variable 

patterns, depending on the quality of the monthly GRACE solution, call for investigation of 

building averaging functions. Such refinements of the averaging functions are considered necessary 

to allow more robust mass change estimates on the scale of individual small and medium sized 

drainage basins (cf. Figure A 5) in e.g. the region of Antarctica. 

The favorably small impact on amplitudes and phase of hydrological signals by the VADER filter 

approach in the closed loop environment is waiting to be evaluated in real data experiments. A 

validation of the filter performance, comparing the results with up-to-date independent datasets, 

can serve as basis for a broader inclusion of GRACE for hydrological studies of not only large 

scale, but also medium and small scale effects and phenomena. The performance of the VADER 

filter can be understood as shifting the performance curves of the GRACE mission indicated in 

Figure 4-1 towards smaller signals and finer scales, thus resolving a larger proportion of the 

geophysical phenomena. 

Further investigations in order to derive tailored regularization designs towards respective target 

regions with dominating target signals are advisable. This means e.g. applying a different filter 
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strength (steered by different signal variances) and filter design for retrieving ice mass change in 

polar and near-polar regions than for retrieving hydrological variations in low latitude and 

equatorial regions. 

An important investigation with respect to future mission double pair scenarios is the evaluation 

of post-processing methods in realistic scenarios. In such scenarios the mission operations are 

disturbed from the nominal state by encountering outages of either the inclined or polar pair, 

appearance of short repeat phases of the orbital configuration, or significant data gaps (not 

providing even data coverage). As the VADER filter is adaptive to changing environments, a 

better understanding of the capabilities and limits of performance is necessary for deriving sound 

and consistent time series. Especially the filter performance at the margins between double and 

single pair coverage is an interesting area to assess since e.g. drainage basins in Greenland are 

located at or near such zones. 

As mentioned in the context of the temporal aliasing problem (cf. section 2.5), a co-

parameterization of geophysical signals is a promising way to pursue. Some processing centers co-

estimate time variable signals up to a certain SH degree on e.g. daily basis to improve the 

stability of their monthly solutions. Changing the parameterization within the closed loop 

environment towards the co-estimation of trend parameters is an interesting experiment. One can 

study the correlations between constant and variable part and one can assess the strong and weak 

points of post-processing with subsequent trend parameter estimation versus directly co-

estimating trend parameters while estimating the gravity field solution itself. 
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Appendix 

 

Formal and empirical errors from formal and empirical covariance matrices for the GRACE time 

series ITSG-Grace2014, CSR-RL05, and GFZ-RL5a. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Formal and empirical errors displayed in Figure A 1 to Figure A 3 show as mentioned in chapter 

4.3.2 larger differences than visible for the results originating from the ITSG-Grace2016 series. 

Please note the use of different limits for the colorbar in Figure A 2 between left and right panel 

for better readability. 

 

 

Figure A 1: Empirical (left) and formal (right; 2004-04) errors from the ITSG-Grace2014 time series. 

Figure A 2: Empirical (left) and formal (right; 2004-04) errors from the GFZ-RL5a time series. 

Figure A 3: Empirical (left) and formal (right; 2004-06) errors from the CSR60 RL05 time series. 
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Map of Antarctica illustrating the different regions East and West Antarctica, the Antarctic 

Peninsula and other regions including major lakes and research station. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure A 4: Map of Antarctica (courtesy of the LIMA project, US Department of the Interior, US 

Geological Service) http://lima.usgs.gov/documents/LIMA_overview_map.pdf, last access: 23.09.2016) 
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Figure A 5: Regional integration basins 1 to 27 forming the Antarctic Ice Sheet (AIS) after Zwally and 

Giovinetto [2011]. Red basins belong to the region of East Antarctica (EAIS), green basins to West Antarctica 

(WAIS), and blue basins to the Antarctic Peninsula (AP). 

Source: http://homepages.see.leeds.ac.uk/~earkhb/Drainage_sectorsZ_img_large.html (last access: 23.09.2016) 
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