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Introduction

Let G be a locally compact group, and let P(G) be the convex set of all continuous,
positive definite functions (f> on G normalized by <f>(e) = 1, where e denotes the group
unit of G. For <peP(G) the spectrum sp^ of <j) is defined as the set of all
indecomposable \jfeP(G) which are limits, for the topology of uniform convergence
on compact subsets of G, of functions of the form

n
x v - y 2 c i c j ( j ) ( x j 1 x x i ) , w h e r e clt . . . , c n e C , x 1 , . . . , x n e G

(see [5], p. 43). Denoting by n^ the cyclic unitary representation of G associated with
<fi, it is clear that sp$J consists of all xj/eP(G) for which n^ is irreducible and weakly
contained in n^ (see [3], chapter 18).

Let l c be the constant positive definite function 1 on G. R. Godement asks in [5],
p. 77, whether G always has the following property which we denote by (P)
throughout this paper:

(P) If 0EP(G) and if <j> is positive in the usual sense, i.e. <f>(x) ^ 0 for all xeG,
then l c e s p 0 .

Examples of positive, positive definite functions are given by functions of the form
f*f~, where / is a positive function on G with compact support, / ~ is defined by
f~(x) = f(x~l) and * denotes convolution (for further examples, see Section 1 of this
paper). Actually, Godement was mainly interested in the question whether 1G is the
limit, uniformly on compact subsets, of such positive definite functions / * / ~ ([5],
probleme 5, p. 76). It is today well known that this is equivalent to the amenability
of G (see [7] or [8]). Thus, a necessary condition in order that (P) holds is that G is
amenable. As observed in [5], p. 77, it is easy to see that compact or abelian groups
satisfy (P). The main purpose of this paper is to show that (P) is satisfied by all
exponentially bounded groups (for example, all compact extensions of nilpotent
groups) and by all solvable discrete groups.

We do not know whether (P) is equivalent to amenability. However, for connected
groups G we show that amenability of G is equivalent to the following (weaker)
version (P*) of (P):

(P*) If <j>eP(G) and if <p > 0, then l G esp d 0 ,

where sp^ <j> denotes the spectrum of <j> when <f> is considered as a positive definite
function on Gd. the group G viewed as a discrete group.
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138 MOHAMMED B. BEKKA

1. Some remarks

Let n be a continuous unitary representation of the locally compact group G in the
Hilbert space (//„, < •, • >). A unit vector £e//,, will be called a positive vector for n, if
Re (n(x)£, £> ^ 0 for all xsG. Since Re<7r(-)£, £>eP(6?) such vectors yield examples
of positive, positive definite functions.

Examples 11. (i) The (left) regular representation AG of a locally compact group
G has positive vectors. Recall that Ac acts on L2(G) by left translation

(*G(x)f)(y) = J(y)=f(x~1y) (x,yeG,feL2(G)).

More generally, each induced representation ind^ 1H (where H is a closed subgroup
of G and lH the trivial one-dimensional representation of/ /) has positive vectors,

(ii) The conjugation representation yG of G, which acts on L2(G) by the unitary
operators

(yG(*)fHy) = *(x)lf(x-lyx) (x,yeG,feL*(G))

(where A denotes the modular function of G), has positive vectors.
(iii) If <fieP(G), then <j><f> = \(f>\2 is a positive, positive definite function on G. Hence

the (inner) tensor product n ® T7 has positive vectors for each unitary representation
77 of G, ff denoting the conjugate representation of v.

(iv) Let ̂ b e a real negative definite function on G. Then <j> = exp ^ is a positive,
positive definite function on G (see [1], 8-4). An example of such a positive definite
function on Un is the function

xh-»exp (— ||#||2), IMI denoting the Euclidean norm.

It is easy to translate (P) into a property of unitary representations with positive
vectors. Indeed, consider the following property (P') of G which is formally stronger
than (P):

(P') If n is a unitary representation of G with a positive vector, then n contains
weakly 1G.

PROPOSITION 1-2. (P) and (P') are equivalent for every locally compact group G.

Proof. Let n be a unitary representation of G with positive vector E,eHv. Let
<j>(x) = Re (n(x) £, £>, xeG. If (P) holds, then 1G is weakly contained in n^ which is a
subrepresentation of n © ff. Thus 1G is weakly contained in n ©ff, and this implies
that 1G is weakly contained in n. I

Suppose G is abelian. Then each <j>eP(G) is the Fourier transform jil of a probability
measure fi on the dual group G. I t is easy to see (cf. [1], 4-14) that (j> ^ 0 if and only
if /i is a positive definite measure on G. On the other hand, sp^i = supp/4. So, (P) for
abelian groups is a consequence of the following result, valid for arbitrary locally
compact groups:

PROPOSITION 1-3. Let /i be a positive definite (not necessarily bounded) measure on the
locally compact group G. If fi =t= 0, then eesupp/i.

Proof. Suppose e^supp^. Then there is some neighbourhood U of e such that
/i(f) = 0 for all feC00(G) with supp /£ U, where C00(G) denotes the space of all
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Positive definite functions 139
compactly supported functions on G. Choose a net (fa)a in C00(G) with fa ^ 0.
II/all i = l a n d supp / a -»{e}.Thenlima/«(/* * /J = 0, and hence by the Cauchy-Schwarz
inequality

K/)|2 = limH/*/J|2 < limMf**f)Mtt *fa) = 0
a a

for all feC00(G), a contradiction. I

The following (probably well known) fact should be mentioned in relation with
property (P').

PROPOSITION 1-4. Let n be a unitary representation of the locally compact group G
in the Hilbert space Hv. If there exist £,eHn and c > 0 such that Re (ji(x) £,, £) ^ c for
all xeG, then n contains 1G as subrepresentation (that is, there is r/eH^, t\ =(= 0 with
n(x)i] = 7] for all xeG).

Proof. Let X be the closed convex hull of {n(x) E,;xeG} in Hn. Let rj be the unique
element of X with minimal norm. Then Re<7/,£>=^c, hence r/ 4= 0. Moreover,
V(X)T} = 9/ for all xeG. I

2. Exponentially bounded groups

Recall that a locally compact group is called exponentially bounded if
limn|i!L

n|1/n = 1 for each compact neighbourhood K of e, where |-| denotes Haar
measure and Kn — {kt...kn;k(eK}. Clearly, groups of polynomial growth are
exponentially bounded. The converse is true for connected groups, but not in general.
Exponentially bounded groups are unimodular and amenable (cf. [6]).

THEOREM 2-1. Exponentially bounded groups have property (P).

Proof. Let G be such a group, and let <j>sP(G) with (f> > 0. Let K be a compact
neighbourhood of e with K = K'1, and let e > 0. Then there is ne N such that

f $(z-ly)dydz^{l+e)\ ^(z^y) dy dz (*)

where dy (respectively dz) denotes the Haar measure on G. Indeed, otherwise

| # n + T ^ f <t>(z-ly)dydz>(l+e)n f <f>(Z-ly) dy dz

for all TieN. As jKxK<f>(z~1y)dydz > 0, this would be a contradiction to
lim|i<L"|1/n = 1. Choose neN such that (*) holds. L e t / = ^ K n be the characteristic
function of Kn. Let 77 be the unitary representation of G associated to <j> with Hilbert
space Hn. Let ££#„ be such that <j>(x) = <TT(Z)£,£,}, xeG. Then

= I f**f(x)<f>(x)dx>0,
JG

since f**f(e)$(e) > 0 and f**f(x)<f>(x) ^ 0 for all xeG. Now let
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140 MOHAMMED B. BBKKA

Then x]/ is associated to 77. Moreover, for each xeG

f (xf-f)(y)U-f)(z)^'1y)dydzll f(y)f(z)<j>(z-ly)dydz
JGxG I JGxG

If
<p(z 1y)dydz <f>{z 1y)dydz,

where A denotes the symmetric difference. Xow. (*) implies that for xeK

(j)(z-ly)dydz^\ <f>(z~iy)dydz + <f>{zTly)dydz
J(xKn\Kn? J(K"+1)2\(K")2 J(Kn\xK"f

r _ r
=ge </>{z ly)dydz+ 0(z ly)dydz

J(Knf J(z-1Kn\K")2

I <f>(z-x

J(Kn)2
2e I <f>(z-xy)dydz,

J
since x~1eK. Hence \i/r(x) — 1|2 ^ 2e for all xeK. I

Remark 2-2. The proof of the above theorem yields a more precise result which
will be used in the sequel: G being exponentially bounded, if (j) e P(G) and 0 ^ 0 , then
1G is uniform limit on compact subsets of G of functions of the form

where all ct ^ 0 and xt e G. Indeed, the vector n(f) E, in the above proof belongs to the
closure of the cone generated by {n(x)£1\xeG}.

Remark 2-3. The above theorem applies, in particular, to nilpotent locally
compact groups. The simplest solvable group not covered by Theorem 2.1 is the
(ax + 6)-group G = {(a,b);aeU*,beU} with multiplication law (a,b){a',b') = (aa',
ab' + b). But it is easy to show that (P) holds for G. Indeed, let JV be the normal
subgroup {(1,6);beR}. Up to unitary equivalence, the unitary irreducible rep-
resentations of G are the characters of the abelian quotient G/N and two infinite-
dimensional representations n+ and TT~ which contain weakly 1G (cf. [4], theorem
5-l). Let (j>eP(G) with <j> ^ 0. If n+ or n~ is weakly contained in n^, then 1G is weakly
contained in n^. In the other case, 77̂  factors to a representation of G/N, and the
result follows since (P) holds for G/N.

Remark 2-4. Let G be nilpotent. Then, except 1G, no irreducible representation of
G has a positive vector. Let n be an irreducible representation of G with a positive
vector, and let Z be the centre of G. Then n\Z has a positive vector. Hence n is trivial
on Z. Considering the ascending central series of G and repeating this argument, we
see that n = 1G.

In contrast with this, let G be a connected semisimple non-compact Lie group,
and let P be a minimal parabolic subgroup. Then the principal series representation
7r = indp 1P is irreducible (cf., e.g., [9]) and has positive vectors. Observe that 1G is
not weakly contained in n.
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Positive definite functions 141
THEOREM 2-5. Discrete solvable groups have property (P).

Proof. Let G be such a group, and let <peP(G) with <f> ^ 0. Let

be a composition series with abelian factors Gt/Gt_x, 1 ̂  i ^n. First we show by
induction on i the following: for each 0 ^ i:^ n there is a net (ftja in P{G) with ^
S= 0 such that lima^a(a:) = 1 for all xeGt and such that n^ is weakly contained in n^
for all a.

The case i = 0 being trivial (take ^ra = <f>), suppose there is such a net (iffa)xeA for
some i. Let ^ b e a limit point of {i/ra)aeA in the weak *-topology cr(lx(G), ^(G)). Then
\jreP(G) and TJT ^ 0. Moreover

x) = 1 for all xeGt.

Hence ^r \ Gi+1 factors to a positive, positive definite function of Gi+1/Gt. Thus, by
Theorem 2-1 (see Remark 2-2), there is a net (^)^ in P{Gi+1/G() of the form

where all ck ^ 0 and xkeGi+l, such that \im\]f'p(x) = 1 for all xeGi+1. Observe that
in fact \Js'peP{G) and ^ ^ 0. Moreover 77y = 7fy. Hence each n^ is weakly
contained in {n^jaeA} which is weakly contained in n^. Our claim is thus proved,
and we get a net (ijra)aeP(G) such that lim^a(x) = 1 for all xeGn = G and such that
each 77̂  is weakly contained in n^. Hence l c is weakly contained in n^. I

We now turn to property (P*) from the Introduction. Observe that (P*) can be
formulated as follows: if n is a unitary representation of G with positive vectors, then
1G is weakly contained in n, when n and 1G are viewed as representations o£Gd.

THEOREM 2-6. For a connected locally compact group G the following are equivalent:
(i) G is amenable;

(ii) G has property (P*).

Proof. If G has property (P*), then l c is weakly contained in the regular
representation AG, when both representations are considered as representations of Gd.
As is well known, this is equivalent to the amenability of G (cf. [7], proposition 8-8).
Suppose G is amenable. Let N be the closure of the commutator subgroup of G. By
[2]. proposition 3, iVhas polynomial growth. Let <j>eP(G), <f> ^ 0. By Theorem 2-1 (see
Remark 2-2), there is a net (^Ja in P(G) with i/ra ^ 0 such that lima^a(a;) = 1 for all
xeN, and such that n^ is weakly contained in n^ for all a. Viewing now G as discrete
group, the method of proof of Theorem 2-5 yields some i/reP(Gd), i/r ^ 0 with
\jr\N = 1 and such that n^ is weakly contained in n^ (as representations of Gd). Since
G/N is abelian, 1G is weakly contained in n^, and the result follows. I

Remark 2-7. It is well known that l c is limit, for the compact convergence, of
positive definite functions of the form f*f~, feC00(G), / ^ 0, if (and only if) G is
amenable ([7, 8]). Actually, using Reiter's property (P2) (cf. [8], chapter 8, §3), it is
easy to prove the following more precise result. Let G be a locally compact
unimodular amenable group. Let <f>eP(G) with <j) ^ 0, and let n be the associated
representation. If <f> is integrable or if TT is square-integrable (i.e. all matrix
coefficients of n are square-integrable), then l c is weakly contained in n.
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