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ON A SEMILINEAR VARIATIONAL PROBLEM

BERND ScHMIDT!

Abstract. We provide a detailed analysis of the minimizers of the functional u + fR” |Vul? +
DfR" lu]”, v € (0,2), subject to the constraint [ju||zz = 1. This problem, e.g., describes the long-
time behavior of the parabolic Anderson in probability theory or ground state solutions of a nonlinear
Schrédinger equation. While existence can be proved with standard methods, we show that the usual
uniqueness results obtained with PDE-methods can be considerably simplified by additional variational
arguments. In addition, we investigate qualitative properties of the minimizers and also study their
behavior near the critical exponent 2.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Consider the variational problems

I(u) =1, p(u) ::/ |Vu|2+D/ |u|” — min (1.1)
RWV RW,
for 0 <y <2, D >0 and u in the class of admissible functions
A= {ue H'®") : |lull 2 = 1}.

Due to the constraint ||u||zz = 1, even for v > 1 this is a non-convex minimization problem. We will study the
existence, uniqueness and qualitative aspects of minimizers of (1.1).

Our main motivation for this investigation comes from the long-time behavior of the parabolic Anderson
model

{ Lo(z,t) = Am"v(z,t) +£(2)v(z,1), te (0,00), z €2Z",
v(2,0) = dop(2), z€Z".

Here (£(2))zezn is a family of i.i.d. random variables bounded from above and A™ denotes the discrete Laplacian
A"(2) = > eznije—s=1(f(x) — f(2)). We refer to [8] for more background information on the parabolic
Anderson model. In [2] a variational formula is derived for the long-time asymptotics of the total mass in
this system in terms of the minimal value of I. Here the constants v and D describe the limiting behavior
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of the density of the distribution of £(z) near its essential supremum. The minimizers — if they exist — can be
interpreted as the shape of suitably rescaled solutions on certain regions which contribute in an optimal way to
the total mass within the system (see [2,9] for more details). It is therefore interesting to also investigate the
minimizers rather than only the minimal values of this functional?.

As a perhaps more prominent example where problems of this type occur we also mention the theory of
nonlinear Schrédinger equations (¢f. e.g. [1]). If T as in (1.1) describes a nonlinear quantum Hamiltonian, one
seeks for ground states of the system, that is for minimizers of I.

A lot of information can be obtained by studying the associated Euler-Lagrange equation of (1.1). In fact,
there exists an abundant literature on semilinear Dirichlet problems of the form

Au+ f(u)=0 (1.2)

and there are existence, uniqueness and symmetry results under various assumptions on the nonlinearity f for
positive solutions of (1.2) decaying to 0 at infinity. We do not give a complete account on the literature here
but just refer to [6,7,12] and the references therein, which will be of particular interest to our situation.

Note, however, that in both examples discussed above, u in addition is a minimizer of I. One of our main
goals is to show that this additional feature greatly facilitates the arguments needed to analyze solutions of (1.2),
even if one restricts to considering only radially symmetric and non-negative functions u. Also note that only
for the variational problem solutions will in fact be radially symmetric (up to translations).

An outline of the paper is as follows. In Section 2 we will show that minimizers of I exist and I attains its
minimal value at a radially symmetric and radially decreasing function. We mention that variational techniques
of the type we will encounter here have been used before to establish existence of solutions of (1.2). On
bounded domains, i.e. for the functionals I, restricted to functions supported on a ball of radius p, existence
readily follows by standard methods. To obtain existence on R” we will give a proof here that very naturally
links the functionals I, to the limiting functional I by I'-convergence. A mild equicoercivity estimate then yields
the desired result. (Note that this provides, e.g., an alternative proof for the existence statement in [6], which
only uses elementary convexity arguments.)

In the following Section 3 we examine the Euler-Lagrange equation associated with I. A standard argument
will imply that minimizers of I are compactly supported and (possibly after switching sign and a translation)
are radially symmetric and radially decreasing. (This shows that in fact minimizers of I are also minimizers
of I, for p sufficiently large.) Also note that the symmetry result is a variational effect that cannot follow
from the PDE alone, for if w is any minimizer and R sufficiently large, also u 4+ u(- + R) is a solution of the
Euler-Lagrange equation. We finally investigate the regularity properties of minimizers u. It easily follows that
u is C*°-smooth away from the sphere 0 suppu, where u becomes 0. We also study the behavior of u in the
vicinity of this singular set in detail.

The greatest advantage of keeping a variational point of view is in the proof of uniqueness (up to translation
and sign-changes) of minimizers, which will be given in Section 4. Having noted that all minimizers satisfy
the same Euler-Lagrange equation, one could refer to uniqueness results as proved in [6,7,12]. However, an
additional variational convexity argument will greatly simplify these approaches. As it turns out, the — due to
the singularity — seemingly harder case v < 1 becomes in fact much easier. The case v > 1, on the contrary,
yields a convex non-linearity and is more difficult.

We summarize the main results of these sections in the following Theorem, whose proof directly follows from
Corollary 2.6, Proposition 3.3, Lemma 3.2, Lemmas 4.1, 3.1 and Proposition 4.2.

Theorem 1.1. Suppose I is given as in (1.1) with D >0, 0 <y < 2.
(i) There exist minimizers of I.
(il) After a suitable translation and, possibly, a change of sign, every minimizer is non-negative, rotationally

symmetric about the origin, decreasing in the radial variable and compactly supported.
(iil) The non-negative radially symmetric minimizer is unique.

2More precisely, the functional considered in [2] is inf,~0 Ip, where I, = I,, ,, p are the restrictions to A, := {u € A : supp(u) €
Qp} and the @, can be taken as balls Ep of radius p. This is in fact equivalent to our original problem.
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The precise statement about the regularity of minimizers is given in Proposition 3.5.

Finally, in Section 5 we first discuss two cases where explicit formulae for the minimizers can be given.
This is possible in one dimension for every v (as has been noted already by Biskup and Konig, unpublished
notes) and in any dimension if the Euler-Lagrange equation becomes linear. Interestingly, there is also an
explicit asymptotic formula for the minimizers when ~ approaches the critical exponent 2: if v — 2, then the
corresponding minimizers ., — suitably rescaled — converge to a Gaussian function with covariance matrix % Id:

n T D\* Dlx|?
2 —~)4 e _ s
-0t (=)~ (3)

See Propositions 5.1, 5.2 and Theorem 5.3 for the precise statement of these results.

For the sake of clarity we confine our analysis to the functional introduced in (1.1), but we believe that
the variational point of view advocated here might be useful in more general situations. In fact, some of the
arguments developed here are easily seen to apply in more general situations. (F.g., a straightforward adaption
of the method showing existence gives an alternative proof of the existence theorem in [6]. Also, the particular
form of the nonlinearity in the uniqueness proof is not relevant to our analysis.)

2. EXISTENCE AND ['-CONVERGENCE

Our first aim is to obtain the existence of minimizers of /. We will do this by reducing to the functionals
I, =1, p, the restriction of I to A, = {u € A:suppu C B,}, B, the ball of radius p about the origin.
A standard application of the direct method gives the following

Lemma 2.1. Minimizers of I,, 0 < p < oo, exist.

Proof. Choose a minimizing sequence (uy,) such that uy, — win H'(B,). Since uy — u € Ain L? and |u|? — |u|”
in L7, by lower semicontinuity of the gradient term we find I,(u) < liminf I,(uy) = inf I,. O

The next task is to show that minimizers can be chosen to be radially decreasing, i.e, to only depend on the
radial variable r = |z| € [0,00) and to be decreasing in r. If a function f : R®™ — R decays to 0 at infinity
in the sense that [{x : |f(z)| > t}| < oo for all t > 0, its symmetrically decreasing rearrangement (or Schwarz
symmetrization) is defined by

fH(@) = sup{t: {[f] >t} > wnlz["},
where w,, denotes the volume of the n-dimensional unit ball. (See, e.g., [11] for basic properties of symmetric
rearrangements.) For easy reference we give the following lemma from [4]:

Lemma 2.2. Suppose f:R" — R decays to 0 at infinity. Then, for any o > 0,

[1rr@ = [ ()@,

whenever one of these terms is finite. If f € H*(R™), then also f* € H*(R™) and

[Ivr@pas< [197@P (2.1)

Equality can occur in (2.1) only if |f| = f*(- — a) for a suitable translation vector a under the assumption
that |[{V f* = 0} N (f*)~1(0,esssup f*)| = 0, or, equivalently, <= f*(r) # 0 for almost all v such that f*(r) €
(0,esssup f*), where f* is defined by f*(x) = f*(|z|).

Note that in the sequel we will not distinguish in our notation between f and f with f(|z|) = f(z) for a
radially symmetric function f.
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Lemma 2.3. There are radially decreasing minimizers of I,.

Proof. Clear by Lemmas 2.2 and 2.1. O

We now turn to the problem of finding minimizers of I. More generally, we establish the following connection
between I, and I. (See, e.g., [3] for a general introduction to the theory of I'-convergence.)

Proposition 2.4. The functionals I, (extended by +oo outside A, to all of A) I'-converge to I with respect to
the strong L%-topology on A.

Proof. Let u € A. By multiplication with suitable cut-off functions 6, : R — [0, 1] such that §, = 1 on B,_1,
6, =0onR"\ B, and |V0,| < C, we find v, = 6,u, supported on B, such that |v,| < |u| and v, — u in H.
Then u, := Hvyﬁ € A is a recovery sequence for u:

pllL

. .1 _ . _
fimsup I, (ur) = Yim 5llo,l72 [ (90, +msun Dll77 [ ool < 700
n p—00 n

p—00

To prove the I'-lim inf inequality, let u, — « and without loss of generality assume that the sequence (I,(u,))
is bounded, whence u, — u in H'. On every ball By of radius R > 0, as in the proof of Lemma 2.1, we see that

1 1
liminf I,(u,) > lim inf (—/ |Vau,|? + D/ |up|7) > —/ |Vul|? +D/ |u]?.
p—00 p—00 2 Br Br 2 Br Br

Now sending R — oo we obtain that indeed liminf, o I,(u,) > I(u) by monotone convergence. O

We now prove equi-mild coercivity for the functionals I, as p — oo.

Lemma 2.5. Let p, — oo and (ui) be a sequence of radially decreasing minimizers of I, . Then for a
subsequence (not relabeled) ux — u in L? for some u € A.

Proof. Since the sequence (I, (u)) is bounded, by passing if necessary to a suitable subsequence we may
assume that ux — u in H'(R") for some v € H'(R™). It only remains to prove that |lu/yz > 1.
Assume that ||u||p2 <1 — ¢ for some € > 0. Then for each ball Bg there is ko(R) such that

[k Xgn\BgllL2 > € for k > ko,

because otherwise 1 — & < limsupy,_, o [|[urxBrllr2 = |luxBrllrz < ||ullz2 since up — u in L? on the bounded
set Bgr. (Here xas denotes the characteristic function of the set M C R™.) Now let § > 0 and set vy, := UiX]R"\BR

for R = (wn52)’71u Since the uy, are radially decreasing, we find that 0 < vy, < 62 for all k € N and ||vg|| ;1 > 2
for k > ko(R). Clearly, I, (ug) > D [y, v)/>.
Now note that the variational problem

/ v? — min, subject to 0 < v <2 and ||[v] .1 = ¢ (fixed)

can be solved noting that = — x7/2 is concave: An optimal choice is v = 82y s for a set M of measure ¢d~2 with

value [o, v3 = 6772, Tt follows that liminfy,_ o I, (uy) > 2672 for all § > 0 contradicting the boundedness

of (I, (ug)). O
A standard argument in the theory of I'-convergence now implies the existence of minimizers of I:

Corollary 2.6. There exist radially decreasing minimizers of I.
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Proof. By Lemma 2.5 there exists a sequence (uy) of radially decreasing minimizers of I,, such that ux — u
in L2, whence also u is radially decreasing. Then Proposition 2.4 shows that I(u) = inf I: If v € A, choosing a
recovery sequence for v we see that I(v) = limy I, (vg) > liminfy o I, (ur) > I(u). O

This, in particular, proves Theorem 1.1(i).

3. QUALITATIVE PROPERTIES OF MINIMIZERS

In this section we study the qualitative aspects of minimizers of I. We first derive the Euler-Lagrange
equation and show that minimizers have compact support. Next we investigate the regularity and symmetry
properties of minimizers.

Suppose u is a radially decreasing minimizer of I (or I, for p < o0). By Br = Bp(,) we denote the open ball
Br = {u > 0} of radius R € (0, 00|, so that u € H}(Br) N C(Bg).

Note that if v < 1, then I is not differentiable at « in directions that do not vanish on {u = 0}, so we first
consider variations concentrated on {u > 0}. Since infu > 0 on every compact subset of Br, by standard
methods we find that

Vu - Vv + Dv/ lu"to - X[ uw=0 (3.1)

Br Br Br

for all v € C°(Bg) and some Lagrange-multiplier A = A(u) € R (due to the side-condition [u? = 1), so
u € H}(BR) is a distributional solution of

Au+ A u—Dyu]”" ' =0 in Bg.

Note that in fact (3.1) holds for all v € H}(Bg). If v has compact support in Bg this follows from a standard
approximation argument. If v > 0, it can be seen by using approximations 6yv — v in H}(Bg) with smooth
cut-off function 6y, k € N, where 0, /' 1 on Bg, and monotone convergence. For general v one then splits v
intov =0T —v~.
By elliptic regularity, we have in fact u € C*°(Bg). Notice also that, as u is radially symmetric, |z| =: r —
u(r) solves
u + 2L+ du—Dylu’"! = 0 for0<r<R,
u(r) = 0 forr=R, (3.2)
u'(r) = 0 forr=0.
S

Finally observe that v’ < 0 on (0, R), for if there were some 71 € (0, R) with «/(r;) = 0, then also v”(r1) =0

L
since u decreases and so Au(ry) — Dyu?"1(r1) =0 and u = (%) "7 by unique continuation.

The next lemma shows that both integrals in the definition of I(u) and the Lagrange multiplier A(u) in fact
only depend on the value I(u). This will be particularly useful in the next section on uniqueness.

Lemma 3.1. Suppose u is a radially decreasing minimizer of I. Then

1 2 _ (2 - 7)” v o 4
2 / Vul” = 44+ (2 — 'y)nl(u)’ b Rn ful” = 44+ (2 — ’y)nl(u)
and A= \u) = 25124—(;—)11’;;?1(“)

Proof. Let u, () = p™/?u(px). Clearly, |lu,|2, = |lul[2, = 1. Since

2

(—2)n
I =5 [ 1P+ D2 [
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it follows from 9,1 (u,)|=1 = 0 that

-2
/ |Vul? +Dy/ [ul” = 0.

1
5/ |Vu|> + D lu|” = I(u).
n R?L

Since v — 2 < 0, we can solve for % f]R" Vu|2 and D fR,L u|7 in terms of I(u) to obtain the values as claimed.
Noting that u solves the Euler-Lagrange equation (3.1), we can derive another equation by testing (3.1)

with u itself to get
/|Vu|2 +D’y/ lu|¥ =X =0,

and the the identity for A follows by inserting the values found for % - Vu|? and D f]R" ul?. O

We will now prove that decreasing solutions of (3.2) are compactly supported. This is a well-known fact for
ground states of (3.2), which holds true under even more general non-linearities (see, e.g., [12]). We will give a
short self-contained proof here.

On the other hand,

Lemma 3.2. There is no solution u : (0,00) — R of
-1
W T Dylu["™t =0 (3.3)
7

with w > 0 decreasing and u(r) — 0 as r — oo.

Proof. Suppose such a u exists. Since u(r) — 0 as r — oo, there is ro such that v =2(r) > %ﬁ‘y‘ and so

Dyu=1(r) — du(r) > %tﬂ_l(r) for all r > ro. As u decreases, we obtain

o D~y

> =Lyt
2

for r > rg.

Note that, in particular, this shows that u is convex on [rg, 00). Multiplying this inequality with «’ < 0 and
integrating over [s, t] with ro < s <t we obtain

(u)?(s) = ()*(t) = D (u(s) —u"(t)).

Since u(t) — 0 and, by convexity, also u/(t) — 0 as t — oo, we then get u'(s) < —v/Du3 (s), i.e, u~2 (s)u'(s) <
—+/D. Integration over [rg, 7], r > rq yields

% (uz%(r) — U%TV(TQ)) < —VD(r — o).

Now letting r tend to oo gives a contradiction. O

An immediate consequence of the strict monotonicity of radially decreasing minimizers and the results in the
previous section is that — up to translations and a change of sign — every minimizer is radially decreasing;:

Proposition 3.3. Let u be a minimizer of I. Then there exists an a € R™ such that v = u*(- — a) or
u=—u*(-—a) ae

Proof. By Lemma 2.2, if u is a minimizer, then «* is a minimizer, too, and thus a solution of (3.2). Since
(u*) < 0 on (0,R = R(u*)), again by Lemma 2.2 it follows that |u| = u* +u~ = u*(- — a) a.e. for some
a € R". But then v = u*(- —a) or u = —u*(- — a) a.e. for also u™ + u (- + 4R) is a minimizer, and so
ut+u (- +4R) = (ut +u (- +4R))*(- — b) = u*(- — b) for some b € R, whence um =0oru™ =0ae. O
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Theorem 1.1(ii) now follows immediately from Lemma 3.2 and Proposition 3.3.

As mentioned, u is smooth on [0, R) and, trivially, on (R, c0). So for regularity considerations we concentrate
onr = R. As a first step we examine v/ (R):

Lemma 3.4. Let u be a radially decreasing minimizer of I. Then u/(R(u)) = 0.

(For v > 1 this follows of course from the Euler-Lagrange equation on R™.)
Proof. Note that u/(R) := lim, ~g u'(r) exists in (—o00,0] because u is convex near R. Set F(u) := Ju? — Du?.
Multiplying (3.2) by r"u and integrating from 0 to s < R, after integration by parts we find

0= S—u’(s) - E/ ()2 dr + (n — 1)/ ()2 dr

+ 5" (%UQ(S) - Du7(8)> - n/ rnl (%uQ — Dtﬂ) dr.
0

Sending s — R and changing to n-dimensional integrals gives

nR" -2 A
nen kR u'(R) = _n / |Vul? dz + n/ “u? — Du"dx
2 2 Ju, 2

Br
 —m=2)2—=y)n+((2—)n+2y)n —4n B
B 44+ (2—v)n I(u) =0
by Lemma 3.1. 0

Proposition 3.5. Let u be a radially decreasing minimizer of I, 3 := % Then, for all k € N, ﬁ €

C([0, R]). In particular, uw € C* for all v and

i ) <\/5(27)>
(2

r/R(R—r)7TH V2

W) VD@2 -7\
Ph R 2D< V2 )

Note that this shows that u € WLA+LP(R™) for all p < L6J+1 5 if B EN ue WH>(@R") if 3 € N. As a

consequence, u € W21 (R") is a distributional solution of Au+ Au— D’yzﬂ 1'= 0 on all of R™ for every 7 € (0,2).
Proof. Since by Lemma 3.4, monotone convergence and by (3.2)

and
Y
-y

t

R R, _
300 = = [ [T IR = S + D),

and since f “L(w)2dt < (R — )22 (W) (r) < (v/)*(r) and w*(r) < u”(r) as r — R, it follows that
lim, ~pu="(r)(u )2 r) = 2D and thus

lim w2 (r)u/ (1) = —V/2D. (3.4)

r,/R

Now L’Hospital’s rule implies that

22—y
ouz (r) 2= _a,\ 2—ny
TR iy T =

This, together with (3.4), yields the asymptotic behavior of u and w’.
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Now note that for each k € N there are polynomials ¢, ; in 71 and numbers ag;, by i, @ € {1,...,my}, such
that

mi
w® = E ¢k7iuak,q,(u/)bk,i
=1

with Bag; + (8 — 1)by; > 5 — k, where § := % (This clear for K = 0,1 and follows easily by induction for
general k from (3.2).) The claim now follows from the asymptotic behavior of v and v’ near r = R. O

4. UNIQUENESS OF MINIMIZERS

We will now prove that minimizers are (up to translations and a change of sign) unique. By Proposition 3.3
it suffices to prove uniqueness in the class of radially symmetric and decreasing functions. We split the proof
into several lemmas. Note that Lemma 3.1 has two important consequences. Firstly, a variational argument
implies that the difference of two minimizers has to change sign at least twice (see Lem. 4.1). Secondly, we
may study the common Euler-Lagrange equation to show by PDE-methods (mainly Green’s formula) that the
difference of two minimizers cannot change sign more than once, see Proposition 4.2. (In what follows we will
repeatedly use that, if uy, us are two different solutions of (3.2), then wi(r) = ua(r) implies u}(r) # ub(r) for
each r € (0, min{R(u1), R(u2)}) by unique continuation. Also we will view radially symmetric functions in n
variables © = (z1,...,zy) as functions of the radial variable r = || > 0 and wvice versa whenever convenient.)

The case n = 1, which can be solved explicitly, will be treated separately in the next section. So assume for
now that n > 2.

Lemma 4.1. Suppose uy and ug are radially decreasing minimizers of I, uy # us. Then uy — uy has to change
sign at least twice, i.e., uy — uz has at least two zeros in (0, R), R := min{R(u1), R(u2)}.

Proof. uy — us has to change sign at least once, for otherwise [p, [u1|* and [, |uz|* cannot both be equal to 1.

Suppose u; — ug changes sign only once, without loss of generality say uq(r) > ua(r) on (0,71) and uq(r) <
uz(r) on (1, R2), Ry = R(uz). Let ¢ := u? — u3. By strict concavity of (0,00) > t ~ t2 and since (0, Ry) >
T u772(7’) is strictly increasing, we find

V-2 Y, y-2
< ud(r) + Ju3 2()e(r) < ud(r) + Lug 2 )e(r),
where the inequalities are strict for r # r;. Integrating over the ball of radius Rs centered at the origin we

arrive at [p, |u1|" < [g. [u2|? since [p, ¢ = 0. But this contradicts the assertion of Lemma 3.1. O

For the sake of notational convenience we note that, by the results of the previous section, for every symmet-

rically decreasing minimizer u of I the function (%)7ﬁu(ﬁ) (with A as in Lem. 3.1) is a decreasing classical

solution of
Au+ f(u)=0o0n (0,R), u(R)=0 (4.1)

with f(u) = u—u® o=+ —1and R = R(u) such that v > 0 on [0, R) and v’ is bounded. In case v > 1 it
even solves

Au+ f(u) =0on (0,00), u=0on [R,0). (4.2)

Proposition 4.2. Let u; € C?([0, R(u1))), us € C?([0, R(uz))) be two different functions such that

(i) =1 < a <0 and uy,uz are solutions of (4.1), or
(i) 0 < o<1 and uy,us are solutions of (4.2),

then their graphs cannot intersect twice above 0.
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We split the proof into several lemmas.

Lemma 4.3. Suppose uy,usz are decreasing solutions solutions of (4.1) with uy # ua. Then the graphs of uy
and ug cannot intersect twice in [0,00) x (0,1].

Proof. Suppose there were 71 < 73 such that 1 > wuy(ry) = ua(ry) > ui(re) = uz(r2) > 0. Without loss of
generality assume us > wuj on (ry,r2). Since uy and ug are strictly decreasing on [rq, 2], their respective inverses
v1, 092 ¢ [ur(re),ui(r1)] — [r1,r2] exist. Choose @ € [uy(r2),u1(r1)] such that % is maximal at v = @ with
value, say, p > 1. Then vy < pv; with equality at @ and strict inequality at u(r1) and wuq(r2).

By u™ denote the inverse function of pwvy : [ui(ry),u(r2)] — [ury, pre], de., u®(r) = ui(y;). Then
va(u) € (ury,r2) and ul® > uy on [ury, re] with equality at r = vy (@) and strict inequality on {ury, 2}, whence
we can also find an 1 > 0 such that p(ry +n) < v2(@) < r2 and «®) > uy on {u(ry +n),r2}. Then for any
0 > 0 we may choose an open interval Vs C (u(ry + 1), r2) containing ve(@) such that 0 < ut) — s < & on Vj
and u(*®) — uy > 0 on V.

This finally leads to a contradiction if § is chosen so small that f(uz)—f(u®)) < a := (1 - ;%2) min{— f(u1(r1+
), —f(u1(*2))} on Vj, for then

@) (£) = Bualr) = faa(r) - 25 ()
< (1 - %) FP () +a <0,

since f(u) < max{f(ui(r1 + 7)), f(ui(£2))} on [p(r1 +n),r2] (by convexity of fif a € (0,1) and by mono-
tonicity of f if @ € (—1,0]). This, however, cannot be true because u® — uy does not attain its minimum
over Vs on the boundary oVj. O

Proof of Proposition 4.2(i). Suppose the graphs of u; and uy intersect twice above 0. By Lemma 4.3 there
exists 71 such that uq(r1) = u2(r1) > 1. Without loss of generality we may assume that u; > ug on (14 —&,71)
for € > 0 sufficiently small. Let 7o = inf{r > 0: w3 > ug on (r,71)}. Since uj(r1) < ub(r1), u1(r1) = u2(r1) > 1
and either 79 = 0 (in which case the first term on the right hand side of the following formula vanishes) or else
ro > 0 and hence uq(rg) = ua2(rg) > u2(r1) > 1 with u)(rg) > uh(ro), we obtain for v; = u; — 1

0 > 75" (=va(ro)v (ro) + v (ro)v(ro)) + 17~ (va(r1)vy (r1) — vi(r1)vh(r)),

which by Green’s formula implies

m m 1 1
0> / " g Avy — v1Avg) dr = / " Logvg (f(v2 +1) — o+ )> dr.
ro ro V2 U1
But this cannot be true as v; > vy > 0 on (rg,71) and the function v — w is decreasing on (0,00): its

derivative is given by
v v 2 (V4 1D)* +a(v+1)* 7 (—v) — 1)
which is non-positive by the convexity of v — v™ for a < 0. O

We now turn to the case v > 1. Here we will need the following monotonicity lemma from [5] (going back
o [10]). We will include the proof — following [6] — for the sake of completeness.

Lemma 4.4. Let R > 0 and suppose u € C*([0,R)) is a decreasing solution of (4.1). Then TT“/ is strictly
decreasing on (0, R).



ON A SEMILINEAR VARIATIONAL PROBLEM 95

Proof. On (0, R) we have

Since A(ru') = —ru’ f'(u) — 2f(u), Green’s formula yields
" ((ru ) — () u) = / (tu/ Au — uA(tu)) "1 dt
0

= / 7‘ (—u'f(u) +uu'f'(w)) t" dt + / ' 2uf(u)t"tdt
0 0

/ (1 — a)u*u't" dt + / 2uf(u)t" " dt

0 0

1— r 1

A (L +/ (2u2 - (2 + ﬂ) u”‘*) tdt (4.4)
0

1+« 1+«

for r < R. Now note (0,00) > u +— 2u? — (2 + (11—4_;2)71) u'T has a unique zero u, say. Then if u(r) > @, the last

integral in (4.4) is non-negative. If on the other hand u(r) < @, then this integral can be bounded from below
by the integral up to R as the integrand is negative on (r, R):

r 1- R 1-
/ (2&2 _ <2 + w) u1+a> tnfl dt Z / <2u2 _ (2 + w) u1+a) tnfl dt _ 0’

where the last equality followed from (4.4) with r sent to R (note that (ru/)'u = (2 — n)u'u — ruf(u)), or
alternatively from an explicit evaluation with the help of Lemma 3.1. So also in this case the last integral
in (4.4) is non-negative. Since u'** > 0 on (0, R) the claim then follows from (4.3) and (4.4). O

Proof of Proposition 4.2(ii). Suppose u; and us intersect at least twice above 0. Then by Lemma 4.3 we may
assume that there exist 0 < r; < ro such that uy(r1) = ua(ry) > 1, ui(re) = ua(r2) > 0 and ug > uy on (r1,ra2).
Let ro := inf{r > 0: w3 > ug on (r,71)} and r3 := sup{r > ra : u1 > ug on (re,7)}. Set w := u; — uz and note
that, by convexity of f,

Aw + f'(ur)w = f(uz) = flu1) — f'(ur)(ug —u1) >0 (4.5)

on (O,Rl), R1 = R(ul)

11—«
Let v := ru} + fu; and 3 := 2(1“1%(2)_1) > 0. An elementary calculation shows that
Av+ f(u)v = @(uy) :=uf (1 — )3 — 2(u; ™ — 1)), (4.6)
in particular that ®(u;) < 0 on (0,71) and ®(uy) > 0 on (r1, Ry). Note also that v < 0 on (r1, Ry): if this were
not the case, then v > 0 on (0,71) since by Lemma 4.4 v can change sign at most once on (0, R;). But then

using (4.5) and (4.6) we would find
vAw — wAv >0 on (rg,71)

and, by Green’s formula, obtain that
frg_lv(ro)w’(ro) + Yo (r)w’ (r) + rg_lw(ro)v’(ro) — " Yw(r)v' (ry) > 0.

Since v(ro),v(r1) >0, w'(r1) < 0 < 78w (ro) and r§tw(re) = v 1w(r1) = 0, this leads to a contradiction.
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As a consequence we get from (4.5) and (4.6) that
wAv —vAw > 0 on (rg,r3).

Again by Green’s formula we obtain

2 u(ra)w (r2) — i to(rz)w’ (r3) > 0.

But this contradicts v(r2) < 0, w’(r2) > 0, v(rg) <0, w'(rs) < 0. O
Theorem 1.1(iii) now immediately follows from Lemmas 4.1, 3.1 and Proposition 4.2.
5. EXPLICITLY SOLVABLE CASES

In this last section we examine special cases where the minimizers can be determined explicitly. In particular,
this is possible in one dimension (as has been noted before by Biskup and Konig, unpublished notes) and when
the Euler-Lagrange equation is linear. Interestingly, it turns out that also the limit for + close to the critical
exponent 2 yields an explicit asymptotic expression for the minimizers.

5.1. The one-dimensional case

Proposition 5.1. Let n = 1. There exists a unique radially decreasing minimizer u of I, which is given by

(%)ﬁ coSTo7 (7‘&(22_”)’“) for0<r < —=Z

u(r) = S e (5.1)
0 forr > NoYCRE
4—2~
T 6—~ 6—
where \ = (2D)57 (%) . Furthermore, I(u) = —46;21%
2—y

Proof. Suppose u is a radially decreasing minimizer of I in one dimension, so that
'+ u—Dyu’ =0, 4/(0)=0, wu(R(u))=1u'(R(u)=0 (5.2)

by (3.2) and Lemmas 3.2 and 3.4. This equation can be solved explicitly, e.g., by first multiplying with 2u’ and
integrating over (r, R) to obtain

u' (1) = —/=M2(r) + 2Du ().
This is a first order autonomous equation and it easily follows that the unique solution of (5.2) that strictly
decreases on (0, R(u)) is given by (5.1). The value of A follows from

2 = 6
2D\ =7 [VR@e- A2 — o (=% .
1= fuf2s =2 <—> / T et (YA g, opyets VLG e
A 0 2 F(ﬂ)
and Lemma 3.1 implies I(u) = —46;21)\. O

5.2. Linear Euler-Lagrange equations

For the sake of completeness we also briefly discuss I, for the special values v = 0,1 that lead to explicitly
solvable Euler-Lagrange equations. Here, for v = 0, the functional I, is interpreted as

1
Ip(u) = §/RV|VU(£L')|2(1£L'+D A g(u)dx
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with g(u) =1 if u # 0 and ¢g(0) = 0. (By the classical Rayleigh-Faber-Krahn inequality, the minimizers of this
functional are of course well known.)

Let U(r) = Pt Jn2 (r), Ju—2 the Bessel function of the first kind with parameter 222 so that @ — U(|z])
is an eigenfunction of the Laplacian with eigenvalue 1.

Proposition 5.2. The minimizers of Iy, respectively I, are — up to translations or a change of sign — given by

UV Xolx or =
vy = f UL .
0 for |£L’| > \/—,
where rq is the first zero of U, respectively
Dy (UG Az])
w(z) =4 ™ ( U] T 1) for ) (5.4)
0 for |:c| > \ﬁ’

where 1 is the point at which U assumes its first minimum, for suitable pg, Ao, A1 > 0. The values of g, Ao
and A1 can be computed explicitly.

Proof. As in the previous sections we see that minimizers of I are radially decreasing up to translations or
a change of sign and we easily infer from Aug + Agug = 0 on Bp that wug is of the form (5.3). The condition

lluol|2 = 1 leads to pog = HU|\Z§(R”))\§. But then

(y=2)n

U”L?(Rw Ao + HUHL2(RW D/ UVdz Ay *

Io(u) = _HVU”L?(]R"

and minimizing with respect to Ay concludes the proof for v = 0.
If v = 1, noting that A(u; — 1317) = A (ug — g”) we readily infer that u; is indeed of the form (5.4). A\ can
then then be determined from ||uq||zz = 1. O

5.3. Behavior near the critical exponent

We now investigate the behavior of the minimizers of I = I, when - is close to 2. Note that inf 4 [ = D, but
the minimum is not attained. In fact, as v approaches 2, the minimizers of I, are more and more smeared out
over R", and so we introduce the rescaling w(z) = (2 — fy) T m) Alternatlvely, one can rescale D in order

to obtain a non-trivial limit of I, D In [9] Konig gives a formal argument that in this regime the minimizers
P2—v
may be expected to approach a Gaussian function. We will make this precise by proving the following result:

Theorem 5.3. Let u, p be the unique radially decreasing minimizer of I, p. If w, p are the rescaled functions
W = (2= 7) " Fuy (=), then as 7 — 2,

D\* _p.p
V11/m2 W~,p = h/m2 Uy, 2 =W, where  w(x) = <;) e ,
strongly in H' and
L.p(uy.0) = D2 =7)~ " D
lim —=——" =lml, o (u, b)—5—
v/2 2—v N> BRAPE A A y
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As in Corollary 2.6 we will use a I'-convergence argument to prove this by considering the functionals

1 |w|" — |w|? _@on
J—Y(U}) = 5/ |Vw|2 +Dny/ ﬁ, C’Y = (2 —’y) 1 ,

n

4“(ﬁ) isa

on A. It is not hard to see that u, is a minimizer of I, if and only if its rescaling w, = (2 — )
minimizer of .J,.

Before we state the relevant result, we recall the logarithmic Sobolev inequality (see, e.g., [11]): For any
f € HY(R") with ||f|/z2 = 1 and any number a > 0 it holds

@ [ 19sP = [ 1Pton(s?) 0 (14 25T 4 loga) (55)
R" R"

u:2
with equality if and only if f(z) = £(27a?)~ 3 e 2.2 after a suitable translation of f.

Proposition 5.4. The functionals J, I'-converge to the functional

1
J(w) = E/R |Vw|27D/]R |w|? log |w]

on A as v — 2 with respect to the strong L?- and the weak H'-topology. Moreover, every recovery sequence
converges strongly in H'.

Proof. Note first that clearly ¢, — 1 as 2 — v and that by Taylor-expansion we have
w]" — |w[?

2—ny
for some & = (Jwl), ¢ = ((lw]) € (7,2).

To construct recovery sequences (w,) we assume first that w € A has compact support. Then indeed w., := w
for all  satisfies

2—v
= —|w|*log Jw| = —|w|*log [w]| + lelc(log lwl)? (5.6)

7 — |wl? 92 _
) = 90) = (e =)D [ P D2 [ g 6:1)
Since |%| = |w|¢|log |w|| < C(jw| + |w|*>") and |w|¢ (log |w|)?| < C(Jw| + |w|*") we obtain from Sobolev’s

embedding theorem that both of the integrals in (5.7) are bounded by C||w|| g1, whence J,(w,) — J(w) — 0 as
v — 2.

The existence of a recovery sequence for general w € A follows from a general argument in the theory
of T'-convergence if one notices that w can be approximated by wg € A with compact support such that
J(wr) — J(w) as R — oo: Choose vg, supported on Bg, with |vg| / |w| a.e. and vg — w in H' as R — oo
and set wr = 28— (cf. the proof of Prop. 2.4). Then [ |[Vwg|? — [|[Vw]? and

L

1
/ lwr|? log [wr| = — log [vrll s + - / gl log vl
n lvrllZ- flwl<2=}

1
+72/ lvr|?log [ug].
||UR||L2 {lw[>—=}

By monotone convergence, the first integral converges to f{|w|<i}w2 log|w| as R — oo. For the second
e

integral note that |v|r being bounded in H', it is also bounded in L2 and thus |v% log |vg|| equiintegrable
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1 . . . 2
on the set {|w| > %} So from dominated convergence we obtain that this term converges to f{w<¢%} w? log |w|

as R — oo.

We now prove the lim inf-inequality: Suppose w, = w € A in L? and without loss of generality assume that
J(w.,) < C for some constant C. So w, € A for all v, whence ||w,||zz =1 = |Jw| 2 and thus w, — w in L.
By (5.6) and (5.5)

1
C> 1w =5 [ Yl —eD [ o, Ploghe,

1 cyD logm  log(2¢yD)
> \v4 2 2l 1 o Y
—AL/W|“”|+2"<Jr 2 2 !

and so (w) is bounded in H' and Vw, — Vw in L.
For fixed & > 0let g.(t) := min{max{—1¢?t?logt}, 1}. Since (w,) is bounded in L*, X{jw, |>1} 1wy [ log [w, ||
is bounded in L" for some 1 > 1 and we obtain

1
liminf J, (wy) > —/ |Vwl? —Dlimsup/ lw, |2 log |w. |
y—2 2 n y—2 Rn
1 .
>5[ vup = Dlimsup [ gu(lus ) - ple)
R™ 7%2 n
1
=5 [ vuf =D [ g.(uwh (e (5:5)

for some p(e) — 0 as ¢ — 0. Now by the monotone convergence theorem, applied on {|w| > 1} and {|w| < 1}
separately, sending ¢ — 0 we see that indeed liminf,_,o J, (w) > J(w).

In order to prove the last statement of the proposition, suppose (w-) is an arbitrary recovery sequence. Then
similarly as in (5.8) we find

1
—/ |Vw|* - D/ lw|?log |w| = limsup J, (w-)
2 Jen e o

1
> lim sup 3 / |Vw,|? — Dlim sup/ wi log w.
RTL n

y—2 y—2

1
21imsup§/]R |Vw,y|2—D/]R |w|? log |w|,

y—2

and so ||Vw, ||z — ||[Vw| 2. But then Vw, — Vw in L? since Vw, — Vw, and the claim follows. O

As noted before, the minimizers of J, are the rescaled minimizers of I, so there is a (unique) radially
decreasing minimizer w, of J,. We need the following mild equicoercivity result.

Proposition 5.5. Let v, — 2 and (w4,) be a sequence of radially decreasing minimizers of J,. Then there is
a subsequence (not relabeled) of (w., ) that converges to some w € A strongly in L? and weakly in H*'.

Proof. We follow the strategy of the proof of Lemma 2.5. Let yx — 2. As seen in the proof of Proposition 5.4,
lwn, || 71 can be estimated in terms of J., (w., ), so we may assume that wy, := w,, — w for some w € H'. It
remains to show that ||w|pz > 1.
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Assuming this were not the case, similarly as in the proof of Lemma 2.5 we find some fixed € > 0 such that

for each d > 0 there exists R > 0 and a cut-off function 6 : R — [0,1] with § =1 on Br_1, § =0 on R™ \ Bp,
|VO| bounded independently of R and

HXR”\BkaHL2 > ¢ for all k > k’o(&), |wk| <6 on R™ \ Br_1.

Now if § < ﬁ, then —w? logwy, > —(Owy)? log(fwy) on Br \ Br—1. Also note that |V (0wy)|?* < 2|Vwg|? +
Cw3. So

1 1
—/ |Vwg|? — De,, / w? log |wy | > —/ |V(0wy)|* — De, / (Owy,)? log |fwy| — C
2 JBg Br 4 JBg Br

and thus by (5.6) and the logarithmic Sobolev inequality (applied to Wfﬂ%)

2

1 2 2 w)* — wi
Iy (we) > = [ [V = De,, [ w}loglu|+ De,, Yy — U
2 Br Br R"\Br 2— Yk

Now as in the proof of Lemma 2.5 by minimizing [ v” for fixed [v? under the constraint 0 < v < §, we find
that this implies

g -1 S7—2 1
O el - 02 e, o L

J >D
Vi (ww) = CW 92 — Yk

for all k > ko. Taking the limsup,,_, .., we obtain C' > —¢?log§. This leads to a contradiction when § — 0. [

Proof of Theorem 5.3. Using Propositions 5.4 and 5.5, as in Corollary 2.6 we see that every sequence (w., ) has
a subsequence converging strongly in L? and weakly in H' to a radially decreasing minimizer of .J. Since this

minimizer is uniquely given by
D 2 Da?
w(r) = | — e 2
@ =(5)

by the logarithmic Sobolev inequality (5.5), the whole sequence (w-) converges to w. But then (w-) is a recovery
sequence for w and w, — w in H' by Proposition 5.4. Furthermore,

I, p(uy,p) — De Dn logm — log D
DU) = D0 () Jw) = T (14 <ET AR ).

The proof of the remaining part of the theorem on the limiting behavior of ., D follows exactly along the
72—y

same lines, when c, in the definition of .J, is replaced by 1. O

Acknowledgements. 1 would like to thank Wolfgang Konig for pointing out this problem to me and for interesting
discussions on the subject.
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