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Summary This work develops the mathematical models suggested by various authors to 
simulate nutrient uptake of plants from soil. The simulation is based on ion transport from 
the soil to the roots by mass flow and diffusion and on Michaelis-Menten kinetics of nutrient 
uptake from soil solution by plant roots. For this purpose a differential equation is numerically 
integrated. Inter-root competition is allowed for by the choice of the boundary conditions. The 
integration procedure used makes it possible to take into account a variable buffer power which 
depends on soil solution concentration. 

The model calculates the change of nutrient concentrations in soil as a function of distance 
from the root surface for preestablished periods of time. Furthermore, the rate of uptake 
and the quantity of nutrients taken up per cm of root length is obtained. If the growth function 
of the root is known, nutrient uptake of a growing root system can be calculated. 

In order to verify the model two experiments were made: 
1. Potassium distribution was measured in a soil in the vicinity of rape roots under three 
different K levels. The calculated values agreed with the measured data. 
2. Potassium uptake of maize plants was measured in pot experiments with three different 
soils at two K levels each. Calculated K uptake agreed satisfactorily with measured K uptake. 

It is therefore concluded that the theoretical conception of the model is realistic and that 
the parameters have correctly been measured. The model thus appears to be useful to simulate 
such aspects of nutrient uptake of plants from soil which cannot be measured. 

Zusammenfassung Die Arbeit hat das Ziel, die yon verschiedenen Autoren vorgeschlagenen 
Reehenmodelle zur Besehreibung der N~ihrstoffaufnahme aus dem Boden zu entwickeln. 
Sic basieren auf dem N~ihrstofftransport yore Boden zur Wurzel dutch Massenfluss und Dif- 
fusion sowie auf der Kinetik der N~ihrstoffaufnahme yon Wurzeln aus der Bodenl6sung nach 
der Michaelis-Menten-Kinetik. Dabei wird eine Differentialgleichung numerisch integriert. Die 
Konkurrenz der Wurzeln um Mineralstoffe wird durch die Wahl der Randbedingungen beriiek- 
sichtigt. Das gew~ihlte Integrationsverfahren erm6glicht die Einbeziehung einer va.riablen, yon 
der Konzentration der Bodenl/Ssung abh~ngigen Pufferung. 

Das ModeU errechnet die Xnderung der Konzentration yon Mineralstoffen im Boden mit 
zunehmender Enffemung yon der Wurzeloberfl~iche in beliebigen Zeitspannen. Weiterhin wird 
die Aufnahmerate und die N~ihrstoffaufnahme pro cm Wurzel ermittelt. Ist die Wachstums- 
funktion der Wurzeln bekannt, so kann auch die N~ihrstoffaufnahme eines waehsenden Wurzel- 
systems errechnet werden. 
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Zur Verifizierung des ModeUs wurden zwei Versuche durchgefiihrt: 
1. Ein Boden wurde auf drei K-Gehalte gebracht und die Verteilung der K-Konzentration in 
der Umgebung yon Rapswurzeln gemessen. Die Modellreehnung ergab eine gute Obereinstim- 
mung zwischen der gemessenen und der errechneten Konzentrationsverteilung im wurzel- 
nahen Boden. 
2. In einem Gef'assversuch mit drei B6den und je zwei K-Stufen wurde die K-Aufnahme y o n  

Maispflanzen gemessen. Auch bier stimmte die gemessene K-Aufnahme mit dem Ergebnis der 
ModeUrechnung befriedigend iiberein 

Hieraus wird der Schluss gezogen, dass die theoretischen Vorstellungen, die dem Modell 
zugrundeliegen, realistisch find und die verwendeten Parameter dchtig gemessen wurden. Das 
Rechenmodell erscheint daher geeignet, um auch solche Aspekte der Mineralstoffaufnahme 
aus dem Boden zu untersuehen, die man nicht messen kann. 

Introduction 

Nutrient uptake of  plants from soil is the result of  interactions 
between plant and soil. The rate of  uptake of  a nutrient depends 
on the concentration o f  this nutrient  in soil solution at the root  surface. 
The relation between the concentration and the rate of  uptake can often 
be described quantitatively by Michaelis-Menten-kinetics as has been 
published by  Epstein 8 and Nielsen 12 . Barber 2 has shown that transport 
o f  nutrients from soil to plant roots essentially proceeds by mass 
flow and diffusion. The determinants of  these mechanisms are also 
known;  therefore, they can be described mathematically. By combining 
the uptake and transport processes in a mathematical model, it appears 
possible to calculate the whole process of  nutrient uptake of  plants 
from soil under the influence of  the plant and soil factors involved. 
By comparing the results from simulation with those from experiments, 
it should be possible to check the correctness of  our ideas about  the 
interaction between plant and soil in regard to nutrient uptake of  
plants. Furthermore,  the significance of  the factors involved can be 
assessed and such parts o f  the whole system that cannot be measured 
can be calculated. 

Models of  this kind have been developed by  several authors 4's'6'7 
The model  o f  Nye and Marriott 14 describes the distribution of  nutrients 
around the root.  Claassen and Barber s extended the model  in order to 
determine also the rate of  uptake and the quanti ty of  a nutrient taken 
up per unit o f  roots as a function o f  time of  uptake. Another  supple- 
ment  enables the calculation o f  total nutrient uptake of  growing root  
systems. This gives a possibility to verify the model since the quanti ty 
of  nutrients taken up can be measured easily. 

Cushman 6 has changed one of  the boundary conditions for inte- 
grating the differential equation in order to include the competi t ion 
for nutrients among neighbouring roots. This is important  for nu- 
trients high enough in mobil i ty to allow for an overlap of  the de- 
pletion profiles of  neighbouring roots. 



VERIFICATION OF A K-UPTAKE MODEL 211 

Since Cushman 6 integrates the differential equation analytically, 
he has to assume a linear relationship between the uptake rate and soil 
solution concentration. Therefore, the application of  the model is 
restricted to relatively low concentrations of  nutrients in soil. How- 
ever, this is often not  so, for example in the case of  potassium or 
nitrate. 

This restriction was overcome in later developments by  Barber and 
Cushman 4 and Cushman 7 by using numerical integration of  the dif- 
ferential equation which allows for a nonlinear relationship between 
uptake rate and soil solution concentration. 

This approach was used in this research, i.e., nutrient uptake from 
soil solution is described by  Michaelis-Menten kinetics and root  com- 
peti t ion is accounted for. 

The aim of  the present s tudy was to test this model  by comparing 
calculated and measured total K uptake by  a growing root  system under 
very different soil conditions, which has been done by several authors 
as described by  Barbei 2 . It fur thermore should be tested by comparing 
the measured and calculated nutrient depletion next to root  surfaces. 
This has not been done before and is an important  step in the overall 
process of  nutrient  uptake from soil. 

Description o f  the model 
The model is based on the differential equation (1) taken from Nye 

and Marriott is which describes the transport o f  nutrients to the root  
by  mass flow and diffusion. 

dC~ _ 1 d ( dC~ V o ' r o ' C ~ )  
dt r d r  r ' D e  ~ r  + b (1) 

Ca = concentrat ion of  the soil solution 
r = radial distance from the root  axis 
ro = root  radius 
De = effective diffusion coefficient 
b = buffer  power  
Vo = rate of  water uptake 
t = time 

The integration was performed under the following initial and 
boundary  conditions: 

t = O , r > r o ,  Cl = Cli (2) 

dC1 Im~x (C1-Clmi~) (3) 
t > 0, r = ro, De �9 b ~ + v oC1 = K m +  Cl__Clmin 
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dCa 
t > 0 ,  r = r l , D e ' b - ~ -  r 

or C1 = Cli 

In this case is 

-4- r~  - -  v0C1 = 0 ( 4 )  
r l  

Cu = initial concentration of  the soil solution 
Cxmt, = minimum concentration; net influx = 0 
km = Michaelis constant 
Imax = maximum rate of  net influx 
r 1 = half distance between roots 

Equation (3) states that the flux of  nutrients at the root surface 
equals the rate of  uptake which in turn follows Michaelis-Menten 
kinetics as formulated by Nielsen 12 . 

Equation (4) allows for inter-root competit ion and indicates that 
between two neighbouring roots is a flux of  water but not  of  nut- 
rients 6 . Equation (4a) is the alternative to equation (4) for non inter- 
root  competit ion i .e. at ri the  concentration is kept constant and 
equal to Cu. 

The solution of  the problem defined by equation (1) to (4) is ob- 
tained numerically by an implicit finite-difference method. Because of  
the nonlinearity introduced by equation (3) the resulting system 
of  equations is solved by the iterative Newton-Raphson 7' 16 algorithm. 

It shows rapid convergence and is unconditionally stable. It further- 
more allows the introduction of a concentration dependent buffer 
power. The relation between buffer power and soil solution concen- 
tration can be of  any form. 

The computer  program was written in 'BASIC' and executed on a 
Commodore computer. It calculates the rate of uptake for preesta- 
blished time steps, the cumulative quanti ty of  nutrients (AM) taken 
up per cm of  root,  and the distribution of  the nutrients around the 
root after each time step. Total uptake of  a growing root system 
(GA) is then obtained from the sum of  the products of  root segments, 
La, (with the period of  uptake 'a'). t is the duration of  the uptake 
experiment. 

a = t  

GA = Y" ALaAMa (5) 
a = o  

In order to determine A L  a values, at least two harvests are neces- 
sary. By using a growth function, which may be linear or exponential 
the proportion of  the root  system of  age 'a' can be calculated. For 
young plants as used in this  research the root growth function has been 
found to be exponential. 
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Table 1. Some properties of  the soils used 
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Clay Exch. K 
Soil (%) pH (#mol/100 g) 

1 S6derhof Kt * 9.2 7.2 295 
2 S6derhof K2 9.2 7.2 517 
3 S6derhof K3 9.2 7.2 1365 
4 Briindeln K~ 12.1 7.8 303 
5 Briindeln K: 12.1 7.8 440 
6 Biilten K~ 21.2 8.0 132 
7 Biilten K 3 21.2 8.0 268 
8 Herrenhs. Kt 4.4 7.1 199 
9 Herrenhs. K2 4.4 7.1 382 

Tabelle 1. Eigenschaften der verwendeten B6den 
* Subscripts 1 = soil was cropped to lower K content of  the soil 

2 = soil was untreated 
3 = soil was fertilized with K 

Materials and methods 

Some properties of the soils used are summarized in Table 1. In order to obtain varying 
K contents, the soils were cropped with maize, left unchanged or fertilized with K. Potassium 
depletion profiles were determined with soils 1 -3 ;  soils 4 - 9  were used in a pot experiment 
in order to determine K uptake of maize plants. 

Determination o f  K depletion profiles 
K distribution in the soil adjacent to the roots was obtained from ~~ For this purpose, 

pregerminated seeds of oil seed rape c.v. 'Quinta'  were grown in special containers in which 
the roots were separated from the soil by a fine meshed Nylon screen. Root hairs penetrated 
through the screen into the soil, but the roots could not. In this way, a plane interface between 
the root  system and the soil was obtained. The pots were placed on a ceramic porous plate, 
which was connected to a 100 cm water column in order to supply water of  a tension of pF 2. 
After a growth period of 4 days, the plants were harvested. The soil block was frozen in liquid 
nitrogen and divided into thin layers by using a refrigerated microtome. The soil samples 
obtained this way have a defined distance from the root surface. They were extracted with 
1 N NH 4-acetate solution in order to determine exchangeable potassium. (For details see 9). 

Pot experiment 
K uptake of  maize plants c.v. 'Garbo'  was determined in 3 different topsoils at two levels of 

K in a pot experiment (as shown in Table 1, No. 4 - 9 ) .  In addition 280 mg N and 440 mg P 
per pot  were added as NH,NO 3 and CaHPO4. Under constant climatic conditions two plants 
were grown in pots filled with 5 kg of soil. Root and shoot weight, potassium content of the 
plants and root  length were determined 10 (11 days for soil 8) and 21 days after sowing. Roots 
were carefully washed out of the soil and root length measured according to Newman ~3 . 

Determination o f  the soil and plan t parameters 
Imax: Maximum rate of K net influx. In case of  the depletion profile experiments Ima x was 

derived from the treatment with the highest K level. In this treatment exchangeable K was 
decreased to about 20Ot~mol K/100 g and, as shown by desorption studies, soil solution con- 
centration is about 20~mol  1-1 . At this K concentration uptake rate is 1/3 of Ima x if K m 
equals 40 t~mol 1-1. Therefore, the measured uptake rate was multiplied by 3 to obtain Ima x. 
In the pot  experiment, Ima x is the rate of  K influx measured when additional K application to 
the soil under study did not  increase the rate of K influx. 
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Km: The Michaelis cons tan t  and 
Clmin: the m i n i m u m  concentra t ion were determined in nutr ient  solution by the  me thod  of  

Claassen and BarberS. 
ro: Root  radius in the pot  exper iment  was calculated from root  length and root  fresh 

weight according to 

/ root  f resh weight (g)  

r~ = :  ~ /  l r ' r o o t l e n g t h ( c m )  

In the  deplet ion profile exper iment ,  r was set to 1 em for the  calculation in order to simulate 
the  plane soil-root interface. 

vo: Water uptake rate was calculated from the water consumpt ion  of  the plants in the  
respective exper iments .  In the  pot  exper iment ,  the rate of  uptake was calculated by using the 
equat ion  of  Williams ~ 7. 

r 1 : the  mean  half-distance between two neighbouring roots  was calculated according to 

soil vo lume (cm 3) 

r ,  = ~ / ~  : root  lengt~-------~ (c---m) 

Cli: The initial concentra t ion of  the soil solution was measured in the displacement extract  
as suggested by Adams  I . 

De: The effective diffusion coefficient was calculated from the formula 

1 
D e = D l ~ f  T 

D 1 = diffusion coefficient in water 
0 = volumetric  water con ten t  of  the  soil 
f = impedance  factor,  being mainly a func t ion  of  0 was obtained from Fig. 4.1 out  oP s 
b = buffer  capacity defined as 

ZxC Ci - Cf 

AC 1 Cli 

AC is the  decrease o f  exchangeable K 
C~ and Cf is the initial and final exchangeable K in a desorpt ion exper iment  

k: Is the  relative growth cons tan t  defined as 

In (L 2/L 1 ) 
k -  

t 2 - t~ 

L~ and L 2 is root  length at t ime t~ and t 2 when  harvests one and two were made 

Results 

Shoot dry weight, root  length, and K content  of  the maize plants 
of  the pot experiment are summarized in Table 2. As can be seen, 
K concentrations and K uptake of  the plants were markedly increased 
by the application of  K to the soils. These data were used to test the 
simulation model. The parameters necessary for the calculation are 
given in Table 3. The quanti ty of  K taken up between the first and 
the second harvest was calculated according to the scheme shown in 
Table 4. This table indicates that  40% of  the K taken up was absorbed 
by the roots already present at the first harvest, the other 60% was 
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Table 2. Root  length,  shoot  weight and potass ium con ten t  of  maize plants in a pot  exper iment  
at two harvests 

1. harvest  2. harvest  

Root  Shoot  Root  Shoot  
length weight  K length weight K 

Soil K level* (cm) (g) (%) (cm) (g) (%) 

Briindeln K1 1349 0.13 1.96 7899 1 .49  2,17 
B~nde l n  K 2 1601 0.14 2.34 12701 1.58 4.09 
Biilten K 1 1373 0.15 1.63 14201 1.60 1.88 
Biilten K3 1009 0.11 2.42 11256 1.33 4.30 
Herrenhausen K 1 284 0.07 1.92 1922 0.53 2.76 
Herrenhausen K2 2225 0.18 5.59 9690 2.23 5.59 

Tabelle 2. Wurzelli~nge, Sprossertrag und K-Gehalt yon Maispflanzen zur 1. und 2. Ernte im 
Gefassversuch 
* Subscripts  1 = soil was cropped to lower K conten t  o f  the  soil 

2 = soil was unt rea ted  
3 = soil was fertilized with K 

0 0 

measured K 
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4 

Fig. 1. Measured and calculated K uptake  of  maize plants  in a pot  experiment .  

Abb. 1. Vergleich der gemessenen und errechneten K-Aufnahme yon Maispflanzen in einem 
Gefassversuch. 
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Table 4. Basic data for the calculation o f  K uptake by a whole  root  system (Soil 4) 
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(1) (2) (3) (4) (5) 
t i ALi age AM]cm AM i 
(d) (cm) (d) (~mol/cm) ~ m o l )  

0 1349 11.00 0.2558 345.1 
0.5 104 10.75 0.2275 23.8 
1.5 234 10 0.2181 51.1 
2.5 272 9 0.1990 54.2 
3.5 316 8 0.1790 56.6 
4.5 367 7 0.1587 58.2 
5.5 426 6 0.1384 59.0 
6.5 494 5 0.1173 58.0 
7.5 575 4 0.0962 55.3 
8.5 667 3 0.0741 49.4 
9.5 774 2 0.0511 39.6 

10.5 899 1 0.0270 24.3 
11.0 503 0.25 0.0075 3.8 

878.4 

Tabelle 4. Grunddaten zur Berechnung der K-Aufnahme eines gesamten Wurzelsystems (Boden 
). 

(1) t i 
(2) ALl 

Li 

(3) d 
(4) AMlcm 

(5) AM i 

= time from first harvest in days 
= Li-Lt_ a , new root  growth between ti_ ~ and t i or roots already present at t i = 0 
= Lte  ktt, L 1 = root  length at first harvest and k = relative growth constant in 

days -1 
= age o f  root  segment ALi in days, given by (t~ -- t t ) --  (t i + ti_ 1 )/2 
= K uptake per em after t ime of  uptake equals the age of  the root  segment cal- 

culated by the model  
= K taken up by root  segment ZXL i equals (2) • (4). 

taken up by the roots grown between the first and the second harvest. 
For each of  the 6 treatments the relation between calculated and 

measured K uptake is shown in Figure 1. This indicates that the model 
gave a satisfactory prediction of  the K uptake of  corn plants measured 
in this experiment. 

The distribution of  the K concentration in the soil around the roots 
o f  oil seed rape plants is shown in Figure 2. The fully drawn curves are 
the result o f  the simulation calculation and are not simply regression 
lines. It can be stated that these calculated lines are well in agreement 
with the measured data. 

Discussion 

The results have shown that the simulation model satisfactorily 
predicted the potassium uptake of  root systems growing in soil. This 
confirms former results o f  Claassen and Barber s . In addition, it became 
apparent that the model also described adequately the distribution 
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Fig. 2. Measured and calculated K concentra t ion of  the soil in the  vicinity o f  rape roots (4 
days old) at three different  K levels. 
Abb. 2. Vergleich der gemessenen und errechneten K-Verarmungsprofile van 4 Tage alten 
Rapspflanzen bei 3 verschiedenen K-Gehalten eines Bodens. 

of  the K concentration in the soil around the roots. The model there- 
fore proved to be useful to simulate the whole process as well as an 
important  aspect of  the total sequence of  interactions between plant 
roots and the soil in potassium uptake. 

The model consists of  two distinct parts, i.e., the transport to the 
root by mass flow and diffusion and the uptake following Michaelis 
Menten kinetics. In order to test both parts the K supply of  the soil 
should be such that  transport to the plant is limiting K uptake; other- 
wise, because of  the second boundary condition, we would only test 
whether Imp, was measured correctly. For this reason, in the pot ex- 
periment, only those treatments were chosen where the K content  
of  maize plants was below its maximum value; thereby assuring that 
also the transport of  K through the soil had to be simulated by the 
model correctly. 

It can thus be concluded that the model is based on a realistic 
conception of  nutrient  uptake from soil and that the parameters have 
been measured with sufficient accuracy. This is an encouragement 
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to use the model also for such aspects of  the soil-root interactions 
which cannot be measured so far; as, for example, the distribution 
of  potassium around individual roots under different moisture levels 11 . 

The numerical integration of  the differential equation with the 
Newton-Raphson method made it possible to introduce a nonlinear 
relationship between concentration and uptake rate as, in this case, the 
Michaelis-Menten equation. Therefore, the model can be applied to 
conditions of  relatively high concentrations in the soil solution. 

A copy of  the computer program can be sent by the authors on 
request. 
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