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Problem Definition - Equilibrium Statistical Mechanics

Fine scale

pr(x) o @21

e X: fine-scale dofs

e Vi(x): atomistic potential

Observables: Ep, [a] = [ a(x) pi(x) dx
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e X: coarse-scale dofs

e R: restriction operator
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Problem Definition - Equilibrium Statistical Mechanics

Fine scale

pr(x) o e 711

e X: fine-scale dofs

e Vi(x): atomistic potential

Observables: Ey, [a] = [ a(x) pr(x) dx

Coarse scale
X = R(x), dim(X) << dim(x)

e X: coarse-scale dofs

e R: restriction operator
(fine — coarse)

\

How can one simulate X and still predict Ep,[a]?
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Problem Definition - Equilibrium Statistical Mechanics

e Suppose the observable of interest a(x) depends on X i.e.:
a(x) = A(X) = A(R(x))

e Then:
Ep 2] r(X) dx
) pr(x) dx
X)o(X — R(x)) dX) ps(x) dx
( 50X — R(x)) pr(x) dx) dX
) pe(X) dX

PDF of the CG variables X:

pe(X) = [ 8(X ~ R(x) pi(x) dx ox & ¥

and the CG potential V,(X) is the potential of mean force (PMF) w.r.t. X:

Ve(X) = ~5""log [ 5(X ~ R(x)) pi(x) ox
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Existing Methods

o Free-energy methods (for low-dimensional X) [Lelievre et al 2010]
o Lattice systems [Katsoulakis 2003], Soft matter |Peter & Kremer 2010]

e Inversion-based methods: lterative Boltzmann Inversion [Reith et al.
(2003)], Inverse Monte Carlo [Lyubartsev & Laaksonen (1995), Soper (1996)],
Molecular RG-CG [Savelyev & Papoian 2009]

e Variational methods: Multiscale CG [Izvekov &et al. (2005), Noid et al.
(2007)] , Relative Entropy [Shell (2008)], Ultra-Coarse-Graining [Dama et al.
2013]
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Motivation

What are good coarse-grained variables X (how many, what is
fine-to-coarse mapping R)

What is the right CG potential (or CG model)?

e How much information is lost during coarse-graining and how does this
affect predictive uncertainty?

Given finite simulation data at the fine-scale, how (un)certain can we be
in our predictions?

Can one use the same CG variables X to make predictions about
observables a(x) # A(X)?
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Motivation

Existing methods

=
——
fine coarse @cﬂme,sme
Z

Proposed (Generative model)

o (X1X)  —
Pe(X) PalXIX), 5 (x) = / Per(XI1X) pe(X) dX l Coarae to time

coarse

fine

x

e No restriction operator (fine-to-coarse R(x) = X).
e A probabilistic coarse-to-fine map p.r(x|X) is prescribed

e The coarse model p.(X) is not the marginal of X (given R(x) = X)
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Motivation

Relative Entropy CG [Shell, 2008]

e A fine—coarse map R and an (approximate) CG density p;(X) imply:

Br(x) = %m(ﬁm)
where: Q(R(x)) = [J(R X) dx

e Find po(X) that minimizes KL -divergence between ps(x) (exact) and
Pr(x) (approximate):

KL(ps(x)11Pr(x)) = KL(Pc(X)||Pe(X)) +  Smap(R)
~———

inf. loss due to error in PMF inf. loss due to map R

where Spap = [ pr(x)log Q(R(x)) dx
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Motivation

Proposed Probabilistic Generative model

¢ A probabilistic coarse—fine map ps(x|X) and a CG model p;(X), imply:

Bi(x) = [ pu(xIX) pe(X) oX
e Find pr(x|X) and p.(X) that minimize:

J per(x1X) po(X) dX
/p )log pr(X) dx

KL(pr(x)|pr(x
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Learning

Proposed Probabilistic Generative model

e Parametrize: Pe(X|0c),  por(X|X, Ocr)
SN—— SN————
coarse model coarse—+fine map

e Optimize:

min KL(p(x) || Br(x|6c. 0.1)

H _ fpcf(xlx7gcf) pc(X‘oc) ax
© min J p#(x)log 5:00) d

 max [ pr(x) (log [ pcr(X|X,0c) Pe(X|6c) dX) dx
¢ Ycf
4 max STV 10g [ Per(XD|X, 6r) Pe(X|6c) X
c,Ycf
A gn%x E(GCaecf)a (MLE)

¢ Ycf

X
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Learning

Proposed Probabilistic Generative model

e Parametrize: Pe(X|0c),  por(X|X, Ocr)
SN—— SN————
coarse model coarse—+fine map

e Optimize:

min KL(p(x) || Br(x|6c. 0.1)

H _ fpcf(xlx7gcf) pc(X‘oc) ax
© min J p#(x)log 5:00) d

 max [ pr(x) (log [ pcr(X|X,0c) Pe(X|6c) dX) dx
c,Ycf
4 max STV 10g [ Per(XD|X, 6r) Pe(X|6c) X
c)Ycf
A gn%x E(gmecf)a (MLE)

¢ Ycf

X

o MAP estimate: max £(0.,6) + log p(Oc, O)
0:,0.¢ —_———
log— prior
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Learning

Proposed Probabilistic Generative model

e Parametrize: Pe(X|0c),  por(X|X, Ocr)
SN—— SN————
coarse model coarse—+fine map

e Optimize:

min KL(p(x) || Br(x|6c. 0.1)

H Pci (X|X795 ) pC(X‘oc) ax
© gnin = J pr(x) log Lo e dx

 max [ pr(x) (log [ pcr(X|X,0c) Pe(X|6c) dX) dx
c,Ycf

4 max STV 10g [ Per(XD|X, 6r) Pe(X|6c) X
c,Ycf
& max L(6c,0c), (MLE)

c cl

o MAP estimate: max £(0., 0.) + log p(6., 0c)
%,_/

00 cf

log— prior
e Fully Bayesian i.e. posterior: p(6, 0| x("N)) oc exp{L(O¢c, Ocr) P(Oc, Ocr)}
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Prediction

Probabilistic Prediction

e For an observable a(x) (reconstruction, [Katsoulakis et al. 2006, Trashorras
et al. 2010]):

data

1:N)

Epla ~ Epla x("V)]
— Ja(x) Br(x|x(™) dx

p.s.koutsourelakis@tum.de Predictive Coarse-Graining 10/32



Prediction

Probabilistic Prediction

e For an observable a(x) (reconstruction, [Katsoulakis et al. 2006, Trashorras
et al. 2010]):

data

o
Eplal =~ Ep[a x"V)]

— J a(x) py(x|x(1™) dx

= [a(x) pr(X, 0¢, Oce| x":N)) dO, dO.r dx
=/ a( ) Dr(x|0c, 051)p(0c, 05| xN)) dO, dO dx
f ax (f pcf(x|Xa ocf)pc(xw(:) dX) p(007 00f|x(1:N)) dec decf d
T ([ a(X)pu(x|X. 6 )pc(X[6) dXlx) p(8. B ') 0B 0
fé(ecn cf) p(em cf|x ) dec decf

posterior

e For each 6., 6. from the posterior, one gets an estimate of the
observable

e Not just point-estimates anymore, but whole distributions!
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Learning/Inference

MCMC-SA (Expectation-Maximization) [Gu & Kong 1998]

ﬁ(gc- gcf) = Z Ionpcf(x(, |X Bcf) Pc(x(l |9 ) X(,)

N g 1x0,0,1) poxD 0c)
= SEilon JaxOE iy ® " axt 0)
R T TR (L P
- = . q(X’)
=i f(q(X(’)% 0c, 6cr) i=1,...,N

e E-step (given (6., 0.)) : Sample each XD from qOP’(X(’)):
g% (X) o por(xV1XD, 0cr) pe(X?]6c)

e M-step: Compute gradients S-, Vo F, SN . Vg, F, (and Hessian) and
update (0, Of)
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Learning/Inference

MCMC-SA (Expectation-Maximization) [Gu & Kong 1998]

L£(0c,0) =2V, Iogfpc,(x(’ XD, 65) pe(XD16;) dXD

_ pf(x()\x(” 0cr) PeXD106) 1y(i)
=N, log [ q(x)Ee = C(,)) ax 5
N () pr(x) | xU i 000) pe(XD16c) v (i) X
2 Xy J a(x®)log o) dx
:Z?; ]:(‘7()(([))7 0, Ocr) i= 1,“‘,N

e E-step (given (6., 0.)) : Sample each XD from q"Pt(X(")):
G (X1) o< per(x VXD, 6r) pe(X16c)

e M-step: Compute gradients >V, Vo F, 32V, Vo F, (and Hessian) and
update (0., Of)

Robbins-Monro: 01 = 0! + o; Ve F
Yar=00,) 02 <0
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Learning/Inference

e For exponential-family distributions:

Pc(X|0c) = exp{O] (X) — A(6c)} (e(%) — [ 8c¢(X) gX)
Per(X|X, 0cr) = exp{0Lab(x, X) — B(X,0,)} (€BX0e) = [ gl (xX) gix)

o Gradients:
it VooF = 5104 < #(XD) >g0x0) =N < @(X) >pcxi00
( VQCKL Z, 1 ( (x)) - N < (b( ) >pc (X|6.) Relative Entropy [Shell 2008])
Sy Vo, F = S (< (xD, XD) > iy = < 06 XD) >, 0x0 00q0x0
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Learning/Inference

e For exponential-family distributions:

Pc(X|0c) = exp{O] (X) — A(6c)} (e(%) — [ 8c¢(X) gX)
Per(X|X, 0cr) = exp{0Lab(x, X) — B(X,0,)} (€BX0e) = [ gl (xX) gix)

o Gradients:
it VooF = 5104 < #(XD) >g0x0) =N < @(X) >pcxi00
( VQCKL Z, 1 ( (x)) - N < (b( ) >pc (X|6.) Relative Entropy [Shell 2008])
Sy Vo, F = S (< (xD, XD) > iy = < 06 XD) >, 0x0 00q0x0

o Hessian:

SV, Ve F=-N Covpc(x\ec [6(X)]

N i — Concave
> et Vtzacf}-_ Z: 1 Cov, Dot (x| X0 6 xm)[i/’(X,X(l))] }
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Learning/Inference

o MAP-estimates:
max ﬁ(ec: acf) + IOg p(em 90!)
N————’

Oc,0,
log— prior
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Learning/Inference

o MAP-estimates:
max »C(am 00)‘) + IOg p(007 ecf)
N————’

Oc,0,
log— prior

e Approximate Bayesian posterior using Laplace approximation

p(0c|xN) ~ N (1, S)

where: Gaussian
o = Oc yap |
os'=-1 V3 F I exact

0

Figure : Laplace approximation
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Ising Model - Fine-Scale

Fine-scale variables x; € {—1,1} following ps(x) oc e~ #Yi(*):

Fine-scale potential

:__ZJK Z XiXj — MZX/

k=1 li—jl=k

with i,j € {1,..., n¢} having ny lattice sites.
e Maximal interactions of Ly sites apart are regarded in the potential.
e |i — j| = k neighbors over k-sites apart
e Jy, strength of the k-th interaction.

with Jy following a power law for a given overall strength Jy and exponent a,
Ji = i with,

L
K=dl' ) k*
k=1
in order to normalize the interaction strength [Katsoulakis et al 2007].
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Ising Model - Coarse — Fine map

Coarse-to-fine mapping per(x| X, Ocr)

1+xr,sXr 14xr,sXr
Per(XIX,0c) [I TI 02 (1—6cr)7

parent r child s

.-l
-

[~
..
./ Y N

Do) )
. \

. 1 \_
P, X '
N

: i
\/ .l'pcl(xr,slx:)
< /
e
- “T

Figure : Probabilistic coarse — fine map
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lllustration

Predicted Fine-Scale Sample
~ pef (XX, Bey)

Xpred
I mimml |

Coarse—ScaIe Sample
~ (X', O, ) E [x|X] Fine-Scale Data Point x'

Predicted Fir\eScaIe Sample
Hppea ~ Pef (XX, 6,

R1E3

=]
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Overview of results

e Comparison with Relative Entropy at various 1 - magnetization
o Probabilistic predictions:

¢ with various amounts of data
e various levels of coarse-graining dim(x)/dim(X)

e Model Selection
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Comparison

1
_e_gc,preng
_"_gc,relEntr
09 [~ B
< &
1, |
0.8 - =
[ ‘ | ‘ ‘ 0.7 L | | | |
-4 -2 0 2 4 -4 -2 0 2 4
L
Figure : 6. Figure : O
1
0134 S wy 3o
k=1 li—jl=k
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Comparison of predicted magnetization

1l (| —e— Truth
—©O—— relEntr

0.5 ——f—— predCg
= o —|
E
—0.5 ]
—1
—a 2 o 2 a
)7

Figure : Predicted magnetization < m(u) > with Rel. Entropy (relEntr) and proposed
method (predCq)

+1, 13%%s>0
X ={ -1, I3%x%s<0
U(—1,+1), otherwise
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Probabilistic Predictitons

{m{))

Figure : Probabilistic predictions for N = 5 data

99% - 1% conf. interval 95% - 5% conf. interval

Truth

Pred. mean

Data
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Probabilistic Predictitons

(i)

Figure : Probabilistic predictions for N = 10 data

99% - 1% conf. interval 95% - 5% conf. interval

Truth

Pred. mean

Data
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Probabilistic Predictitons

(i)

Figure : Probabilistic predictions for N = 20 data

99% - 1% conf. interval 95% - 5% conf. interval

Truth

Pred. mean

Data
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Probabilistic Predictitons

-0.4
99% confidence interval

-0.6 95% confidence interval | -
Posterior mean

-0.8 ——— Truth i
Data

1 " . . ; ;
-3 -2 -1 o 1 2 3

Figure : Probabilistic predictions for N = 50 data

99% - 1% conf. interval 95% - 5% conf. interval

Truth

Pred. mean
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Probabilistic Predictitons

0.8
q
0.1 —
0.6 | .
o .
£ ‘@ 0.4 | .
® 51072 - |o
0.2 -
J L
0 0 | | ©
0 20 40 60 80 10 0 20 40 60 80 100
Figure : Error in magnetization as a Figure : Error in correlation as a function of
training data N

function of training data N
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Effect of Coarse-Graining level

-0.4 +

99% confidence interval
95% confidence interval
Truth a
Data
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Figure : Probabilistic predictions for dim(x)/dim(X) = 2

p.s.koutsourelakis@tum.de Predictive Coarse-Graining 25/32



Effect of Coarse-Graining level
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Figure : Probabilistic predictions for dim(x)/dim(X) = 4
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Effect of Coarse-Graining level

-0.4 + m

-0.6 99% confidence interval | -
95% confidence interval
-0.8 Truth a
Data

1 L L L L

,
w
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N
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Figure : Probabilistic predictions for dim(x)/dim(X) =8
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Model Selection

What is the right CG potential V (X)?

Pe(X|05) = exp{O] o(X) — A(6c)}
VC(X) = 0; ¢(X)
it

Linear

2nd arder
Interaction lamgth 2

Bra arder

e Number of features ¢(X) grows exponentially fast
e What are most important?
e Can one search across models?
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Model Selection

e Sparsity-enforcing - Hierarchical priors (ARD, [MacKay 1994])

|— Gaussian prior ’J
3 == Hierarchical prior
p(6c| ) = 11; P(Oc,jl7j)
6c, ~ N(O, Tj_1)
7j ~ Gamma(ay, bo)

s} -1
o As hyperparameters 7; — oo, then 6, ; — 0.
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Model Selection

e Sparsity-enforcing - Hierarchical priors (ARD, [MacKay 1994])

= . .
= Gaussian prior

3 == Hierarchical primj‘
p(6c|7) = [T, P(8c,l7)
0. ~ N(0, 7'j_1)
7j ~ Gamma(ay, bo)

-2 -1
o As hyperparameters 7; — oo, then 6. ; — 0.
e Readily integrated in the EM-framework:

e E-step: Compute < 7j >y, )

304*1/2
- bo+9(2:’l/2
* M-step: Compute 55— = — < 7> %/
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Model Selection

] 2
3
)
] 0
0 do 260 do 00 0 00 .2(‘)0 . 00 00
iteration iteration
Figure : no ARD (uniform prior) Figure : with ARD prior

Figure : 2™-order interactions - Feature functions ¢;(X) = 3, Xi X,
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Model Selection

1 T T T T T
0.8
0.6
04
0.2
< of
=
02 +
-0.4
99% confidence interval
-0.6 95% confidence interval | -
Posterior mean
-0.8 Truth i
Data
Y L L L L L
-3 -2 -1 (0] 1 2 3

Figure : Probabilistic predictions with ARD prior for N = 20 data
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Conclusions

Summary
o A generative probabilistic model is proposed
e It consists of a CG-density and a probabilistic coarse — fine map.
e Can account for information loss due to CG

Can quantify predictive uncertainty in fine-scale observables.

Can be used for Model selection.
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Conclusions

A generative probabilistic model is proposed

It consists of a CG-density and a probabilostic coarse — fine map.
e Can account for information loss due to CG

Can quantify predictive uncertainty in fine-scale observables.
e Can be used for Model selection.

Outlook

o Explore alternative definitions of coarse variables X and alternative
coarse — fine maps pgr €.9.:

o Discrete states indicating Free-Energy wells
e Hierachical coarse-graining:
B = [ pu(x{X1) pe(Xi[Xe) Pe(XelXa) .. pe(Xir) X1 .. Xis

e Fully Bayesian or Variational Bayesian

e Improvements in Learning by advanced sampling (instead of MCMC) and
stochastic BFGS [Byrd et al. 2014, Moritz el al. 2015]
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