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Abstract

A class of diamond networks is studied where the broadcast component is orthogonal and modeled by two independent bit-
pipes. New upper and lower bounds on the capacity are derived. The proof technique for the upper bound generalizes bounding
techniques of Ozarow for the Gaussian multiple description problem (1981) and Kang and Liu for the Gaussian diamond network
(2011). The lower bound is based on Marton’s coding technique and superposition coding. The bounds are evaluated for Gaussian
and binary adder multiple access channels (MACs). For Gaussian MACs, both the lower and upper bounds strengthen the Kang-
Liu bounds and establish capacity for interesting ranges of bit-pipe capacities. For binary adder MACs, the capacity is established
for all ranges of bit-pipe capacities.

I. INTRODUCTION

The diamond network [1] is a two-hop network that is a cascade of a broadcast channel (BC) and a multiple access channel
(MAC). The two-relay diamond network has a source communicate with a sink through two relay nodes that do not have
information of their own to communicate. The underlying challenge may be described as follows. In order to fully utilize the
MAC to the receiver, we would like to achieve full cooperation at the relay nodes. On the other hand, to better use the diversity
that is offered by the relays, we would like to send independent information to the relay nodes over the BC.

The problem of finding the capacity of this network is unresolved. Lower and upper bounds on the capacity are given in [1].
An interesting class of networks is when the BC and/or MAC are modelled via orthogonal links [2], [3], [4], [5]. The problem
is solved for linear deterministic relay networks, and the capacity of Gaussian relay networks has been approximated within a
constant number of bits [6]. The capacity of Gaussian diamond networks with n relays is studied in [7], [8], [9]. These works
propose relaying strategies that achieve the cut-set upper bound up to an additive (or multiplicative) gap.

In this paper, we study capacity bounds when there are two relays and the BC is orthogonal, which means that the BC
may as well have two independent bit-pipes. This problem was studied in [2] where lower and upper bounds were derived on
the capacity. Recently, [3] studied a Gaussian MAC and derived a new upper bound that constrains the mutual information
between the MAC inputs. The bounding technique in [3] is motivated by [10] that treats the Gaussian multiple description
problem. Unfortunately, neither result seems to apply to discrete memoryless channels.

This paper is organized as follows. We state the problem setup in Section II. In Section III, we improve the achievable
rates of [2] by communicating a common piece of information from the source to both relays using superposition coding and
Marton’s coding. In Section IV, we prove new capacity upper bounds by generalizing and improving the bounding technique
of [3]. Our upper bounds apply to the general class of discrete memoryless MACs, and strictly improve the cut-set bound. We
study the bounds for networks with a Gaussian MAC (Section V) and a binary adder MAC (Section VI). For networks with a
Gaussian MAC, we find conditions on the bit-pipe capacities such that the upper and lower bounds meet. For networks with
a binary adder MAC, we find the capacity for all ranges of bit-pipe capacities.

II. PRELIMINARIES
A. Notation

Random variables are denoted by capital letters, e.g. X, and their realizations are denoted by small letters, e.g. . The
probability mass function (pmf) describing X is denoted by px(z) or p(x). The entropy of X is denoted by H(X), the
conditional entropy of X given Y is denoted by H(X|Y), and the mutual information between X and Y is denoted by
I(X;Y). Differential entropies are denoted by h(X) and conditional differential entropies are denoted by h(X|Y'). Sets are
denoted by script letters and matrices are denoted by bold capital letters. The random sequence X7, ..., X,, is denoted by X".
T*(X) denotes the set of sequences ™ that are e— typical with respect to Px (.) [11]. When Px(.) is clear from the context
we write 7.".

When X is a Bernoulli random variable with px (0) = g, its entropy in bits is h2(q) = —¢log,(q)—(1—¢) log,(1—¢). The pair
of random variables (X, Y) is said to be a doubly symmetric binary source with parameter p if pxy(0,0) = pxy(1,1) = 1%1',
and pxy(0,1) = pxy(1,0) = §. Throughout this paper, all logarithms are to the base 2. For a real number z, we denote
max(x,0) by z7.
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Fig. 1: Problem setup.

B. Model

Consider the diamond network in Fig. 1. A source communicates a message W with nR bits to a sink. The source encodes
W into the sequence V", which is available at relay 1, and the sequence V', which is available at relay 2. V" and V3" are
such that H(V]*) < nC; and H(V3') < nCs. Each relay 4, ¢ = 1,2, maps its received sequence V;" into a sequence X* which
is sent over a MAC with transition probabilities p(y|x1, z2), for each 1 € X1, z2 € Ao, y € ). From the received sequence
Y™, the sink decodes an estimate W of W.

A coding scheme consists of an encoder, two relay mappings, and a decoder, and is said to achieve the rate R if, by choosing
n sufficiently large, we can make the error probability Pr(W # W) as small as desired. We are interested in characterizing
the largest achievable rate R. We refer to the maximum achievable rate as the capacity C*° of the network.

III. LOWER BOUND

Our coding scheme is based on [2], but we further send a common message to both relaying nodes. This is done by rate
splitting, superposition coding and Marton’s coding and is summarized in the following theorem.

Theorem 1. The rate R is achievable if it satisfies the following condition for some pmf p(u, x1, x2,y) = p(u, x1, x2)p(y|z1, T2),
and U € U with U] < min{|X1||X2| + 3, |V| + 4}.

C1+ Cy — I(X1; X5|U),
Co+ I(X1;Y|XoU),
R<min¢ Cy+ I(X9;Y|X10), (1)
F(C1+ Co + I(X1 Xo; Y|U) — I(X1; Xo|U)),
I(XlXQ,Y)

Remark 1. If U is a constant then the fourth bound in (1) is redundant as it is half the sum of the first and fifth bounds.
This shows that Theorem 1 without a U reduces to [2, Theorem 1]. U turns out to be useful for Gaussian MACS, as shown
in Fig. 3. Theorem 1 appeared in [12, Theorem 2] and also in [13, Theorem 2].

Remark 2. One could add a time-sharing random variable Q to (1). However, by combining Q) with U, one can check that
Theorem 1 is at least as large as this region.

Sketch of proof:
a) Codebook construction: Fix the joint pmf p(u, z1,x2) and R12, Ry, Ra, R, R, > 0. Let

R = Ris+ R1 + Rs. (2)

Generate 212 sequences 1™ (m o) independently, each in an i.i.d manner according to I1, Pu(u;). For each sequence u™ (m12),
generate (i) 2"(F1+51) sequences o (mag,my,my),mp =1,...,2"0 ml =1, 21 | conditionally independently, each
in an i.i.d manner according to [], Px, v (z1,|ui(m12)) and (ii) on(R2+R2) sequences & (mia, ma,mb), me = 1,... 278>,
mlh = 1,...,2"% conditionally independently, each in an i.i.d manner according to [], Px, v (w2,1|ui(m12)). For each bin
index (mq2,m1,ms2), pick a sequence pair (2 (mi2, m1, m}), x5 (M2, ma, mb)) that is jointly typical.

b) Encoding: To communicate message W = (m12, m1, mz), communicate (mi2,m1, m}) to relay 1 and (my2, ma, mj)
to relay 2; here (a7 (mi2, m1, m}), x5 (mi2, m2, mb)) is the jointly typical pair picked in the bin indexed by (m12, m1, ms).

¢) Decoding: Upon receiving y™, the receiver looks for indices mjq, M1, Mo for which the following tuple is jointly
typical for some /), rf:

(u" (1a2), 27 (Mg, 1, My ), o4 (g, Mg, my), y™) € T



d) Error Analysis: The error analysis is standard and is deferred to Appendix A. Eliminating Ri2, R1, Ro, R}, R} by
Fourier-Motzkin elimination, we arrive at Theorem 1. Cardinality bounds follow by using the standard method via the Fenchel-
Eggleston-Carathéodory theorem [11, Appendix C], [14, Appendix B]. [ ]

Proposition 1. The lower bound of Theorem 1 is concave in Cy,Cs.

Proof: We prove the statement for Cy, = Cy = C. The same argument holds in general. We express the lower bound of
Theorem 1 in terms of the following maximization problem.
f@(C) = max ff(C,p(u,xl,xg)) (3)
p(u,r1,22)
In this formulation, f'(C,p(u, 21, 22)) is the minimum term on the right hand side (RHS) of (1).

The proof is by contradiction. Suppose that the lower bound is not concave in C; i.., there exist values C1), C'®), and
@, 0 < a <1, such that C* = aCM + (1 — a)C®@ and f,(C*) < afe(CD) + (1 — a)fo(CP). Let p) (u, x1, x2) (resp.
p@ (u, 21, 72)) be the pmf that maximizes f7(C), p(u, x1,x2)) (resp. f7(C?, p(u,z1,22))). Let po(1) = o, pg(2) = 1—a,
and define pyrx, x| (u, 21, 22|1) = pM (u, 21, 32) and pyx, x,|0(u, 21, 22|2) = p® (u, 21, 22). Then we have

fe(C7)

<afo(CV) + (1 - a)fu(CP)

2C* —I(Xl;XQ‘UQ),

c* +I(X1,Y|X2UQ),

< min Cc* +I(X2,Y|X1UQ),

320" + I(X,1 Xo; Y|UQ) — I(X1; X2|UQ)),
I(UX1X2;YQ)

2C* _I(X17X2‘UQ),

c* +I(X1,Y|X2UQ),

<min{ C*+I[(Xy;Y|X1UQ), 4
1(2C* + I(X1 X2, Y|UQ) — I(X1; X2|UQ)),
I(UXng; Y)
(a)
< fo(C*). (5)
Step (a) follows by renaming (U, Q) a U and comparing (4) with the lower bound of Theorem 1. ]

IV. AN UPPER BOUND

The idea behind our upper bound is motivated by [3], [10]. The proposed bound applies not only to Gaussian channels, but
also to general discrete memoryless channels. It strictly improves the cut-set bound as we show via two examples. The cut-set
bound [15, Theorem 15.10.1] is given by the following Lemma.

Lemma 1 (Cut-Set Bound). The capacity C° satisfies

Ol +C2a
. & +I(X2'Y‘X1)
o < ) ) . 6
¢ plora) ) G+ I(X1; Y] Xa), ©
I(X:1X2;Y)

The cut-set bound disregards the potential correlation between the inputs in the first term of (6). More precisely, we have
nk < H(V" Vy')
=HW") +HV") -1V V)

<nCi +nCy — I(X]; X2). @)
It is noted in [2] that optimizing the following n-letter characterization gives the capacity of the network when n — oco:
nR < nCy +nCy — I(XT; X3) 8)
nR <nCy + I(X3;Y"|XT) 9
nR <nCy + I(X7;Y"|XY) (10)
nR < I(X7X3;Y™). (11)

But, infinite letter characterizations are usually non-computable and we would like to find computable bounds.
We prove the following upper bound.



Theorem 2. The capacity C° satisfies

Ol + C2a
Cl —|— I(X27 Y‘Xl),
C° < max min min{ Cy + I(X1;Y|X2), . (12)
p(z1,22) p(ulz1,z2,y)=p(uly) I(X1X5Y),

1(CL+ Co+ I(X1 X3 Y|U) + I(X1; U|X2) + 1(X2; U] X1))

Remark 3. For a fixed auxiliary channel p(u|z1,x2,y) and a fixed MAC p(y|x1,x2), all RHS terms in (12) are concave in
p(x1,x2). See Appendix B.

Remark 4. The last term of the minimum in (12) may be written as
R< % (C1+ Co + I(X1 X2 YU) — I(X1; Xo) + I(X1; Xo|U)) . (13)
Since we choose p(u|x1,x2,y) = p(uly), the bound (13) becomes
2R<C1+Co+ I(X1 X3 Y) — I(X1; Xo) + I(X1; Xo|U). (14)

Proof of Theorem 2: 1t is observed in [3] that 7(X}; X%) may be written in the following form for any integer n, and
any random sequence U™:

(X7 X3) =I(XPX5:U™) — I(X7; UM|X5) — I(X5: UXT) + I(XTs X5 |U™). (15)
Therefore, using (7) and the non-negativity of mutual information we have
nR <nCy +nCy — (X7 X3, U™) + I(X7, UM XY) + I( X35 U XT). (16)
To see the usefulness of (16), we proceed as follows. First, note that
nR < I(XTX3, Y™ <I(X7TX3,Y"U"). a7
Combining inequalities (16) and (17), we have
2nR <nCy +nCy + [(XTX3; Y U™) + [(XU™MXS) + I(X3; U™ XT). (18)

Define U; from Xi;, Xo;,Y; through the channel py|x, x,v (uil21i, 22i, %), @ = 1,2, ..., n. With this choice of U; we have
the following chain of inequalities:

2nR < nCi +nCe + [(X7' X3 Y™U™) + [(X5U™MXE) + I(X3; U™ XT)
=nCy +nCy + > I(XTX3; VUMY ™)+ Y I(XT3 Ui X53U ™) + Y I(X3; Ui XU

i=1 i=1 i=1

((l) n n n
< nCi +nCsy + ZI(XUX%; Yi\Ui) + ZI(Xu; Ui| X2:) + ZI(X% Uil X1:)

i=1 i=1 i=1

<nCi +nCy+nl( X1, Xor; Yi|Ur) + nl (X155 Ur| Xor) + nI(Xor; Ur| Xar), (19)

where I is a time-sharing random variable with p;(i) = % for all i = 1,...,n. Step (a) holds because of the following two
Markov chains:

(XTX3U"Y'"™h) — (X1, XU;) = Y3 (20)

(XPXPU™Y) — (X1 X2) — Ui 21)

From here on, for simplicity we restrict the auxiliary channel to satisfy
PUix, x.y (U1, T2, Y) = pupy (uly), Va1 € X1, z2 € A, ueld, ye .

This proves Theorem 2. [ ]
We now refine our bounding technique to derive a stronger upper bound in Theorem 3.

Theorem 3. The capacity C° satisfies

C1 + Cs,
Cl + I(XQ; Y‘XlQ),
C° < max min max min { Cz + I(X1; Y] X2Q),
p(z1,22) p(ulz,@2,y)=p(uly) p(glz1,22,y,u)=p(q|z1,22) 1(X1X2:Y|Q),

Cr+ G — I(X1 Xp; U|Q) + I(X2; UX1Q) + I(Xy; U X2Q)
(22)
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Fig. 2: The associated FDG for Theorem 3 and n = 3. The random variables 7, Zs, Z3 and Z1, Z}, Z% are appropriate noise
random variables with the distributions pz(.) and pz/(.), respectively.

Remark 5. In the above characterization, it suffices to consider |Q| < |X||X2| + 3. See Appendix C.

Remark 6. The upper bound in (22) may be loosened by exchanging the order of the fist maximization and the second
minimization. In this case, it suffices to consider |Q| < 4. See Remark 21 in Appendix C.

Remark 7. The last term of the minimum in (22) may be re-written as
Cl+02—I(Xl;XQ‘Q)-FI(Xl;XﬂUQ). (23)

Observe that the difference of mutual information terms in (23) also appears in the Hekstra-Willems dependence balance
bound [16].

Remark 8. The upper bound given in Theorem 3 is tighter than Theorem 2 (see Appendix D). We show through the examples
of Sections V and VI that Theorem 3 can strictly improve on Theorem 2.

Proof of Theorem 3: We start with the multi-letter bound in (8)-(11). We use the identity in (15) to expand inequality
(8) for any random sequence U™ as follows:
nR < nCy +nCy — I(X]; X3)
=nC; +nCy — [(XTXF,U™) + [(X3; U™ XT]) + I(XTH5U™XY) — (X7 X3U™). (24)

In particular, we choose U™ to be such that each symbol Uj is the output of the channel py|y (u;|y;) with input y;,i = 1,...,n.
Thus, we have the functional dependence graph (FDG) depicted in Fig. 2. Furthermore, we have

(a) , ) ,
nR < nCy+nCy — Y [I(X0i Xai U|U™Y) + I(Xoi; U U™ X3) + 1(X03: Us U™ X))
=nC1 +nCy — nI(XUXQ[; U[|UI_1I) + ’I’LI(XQ]; U]|UI_1X1]I) —|—nI(X11; U[‘UI_1X2[I)
b
(:) nCqi +nCy — nI(Xl[Xg[; U[‘Q) + TLI(XQ[; U]|X11Q) + TLI(XlI; UI‘XQ[Q). (25)

Step (a) follows because U; — X1; Xo;U*~! — X7 X1 forms a Markov chain (see (21)). Step (b) follows by defining Q = U/~11.
We single-letterize (9)-(11) next:

nR < nCy + I(X5:Y"| X

<nC; + Z I(Xoi; Vi| X0, Y1)
i—1
@w nCi + Z I(Xo; Y| X, YUY
i—1
<nC; + Z I(X2:; Y| XU )
i—1
=nCi + nI(Xg[; Y[‘XlIUlil_[)
=nCy —|—nI(X21;Y1‘X1]Q). (26)



Step (a) follows because X1;Xo;Y; — Y1 — U~ forms a Markov chain. Similarly, we have

R < Co+ I(X11;Y1|X21Q) (27)
R < I(X11 X213 Y7|Q). (23)
We further have
X1 XorViUrQ(T1, T2, Y, Uy @) = DXy X (T1, 22)PQ X, X0, (4171, 22) Dy x, x5 (W1, 22) DUy (uly). (29)
Renaming (X717, Xos, Y7, Ur, Q) as (X1, X2,Y,U, Q) concludes the proof of Theorem 3. [ |

Remark 9. Note that Q is defined based on U. That is, p(q|x1,x2) could be a function of p(u|y) and we cannot necessarily
change the order in which we minimize over p(uly) and maximize over p(q|x1,x2).

V. THE GAUSSIAN MAC

The output of the Gaussian MAC is
Y=X+Xo+Z

where Z ~ N(0,1) and the transmitters have average block power constraints Pj, P,; i.c., we have

1 § E(Xi,) <P (30)
" :
i=1
1 — )
- Y E(X3,) < P 3D
=1

When C; = C5 = C and P, = P, = P, we call the network symmetric.

To find a lower bound on the maximum achievable rate, we use Theorem 1. We choose (U, X1, X3) to be jointly Gaussian
with zero mean and covariance matrix Ky x, x,. A special case is when U is null and (X7, X5) is jointly Gaussian with the
correlation coefficient p. The rates that satisfy the following constraints for some p, 0 < p < 1, are thus achievable.

R<Cy+Cy— %bg ﬁ (32)
R<Cy+ %log (1+ P (1-p%) (33)
R <Cs + %log (1+ P (1=p%) (34)
RS%log (1+P1 L P42 P1P2p> (35)

This choice of (U, X7, X2) is not optimal in general. For example when C; and C5 are large (i.e., Cy,Co > %log(l + P+
Py + 2/ P P,)), the rate

1
R = B log(l + P+ Py + 24/ Plpg)

is not achievable by (32)-(35) but is achievable by Theorem 1 if we choose (U, X1, X2) to be jointly Gaussian and such that
\/% = j%l = j% ~ N(0,1). Theorem 1 therefore gives a strictly larger lower bound compared to [2, Theorem 1], [3,
Theorem 2]. More interestingly, in certain regimes of C7, Cs the optimal (U, X1, X2) is not jointly Gaussian.

Fig. 3 shows the lower bound as a function of C for a symmetric network with P = 1. The dotted curve in Fig. 3 shows
the rates achieved using the scheme of Section III with jointly Gaussian random variables (U, X1, X5) (see [3, Fig. 2] and
also [13, Fig. 4]). It is interesting that the obtained lower bound is not concave in C'. This does not contradict Proposition 1
because Gaussian distributions are sub-optimal. The improved solid curve shows rates that are achievable using a mixture
of two Gaussian distributions. These rates are slightly larger than the rates achieved by time-sharing between two Gaussian
distributions with powers P, = P, = 1. If one permits both time-sharing and power control, then one achieves similar rates
as for mixture distributions.

Theorems 2 and 3 give upper bounds on the capacity. From Remark 8, Theorem 3 is stronger than Theorem 2. Nevertheless,
the bound in Theorem 2 is simpler to evaluate analytically because we can use the maximum entropy lemma to bound all
terms. We study both bounds for the Gaussian MAC.

First, we find an upper bound using Theorem 2. We choose U =Y + Z’, where Z’ is Gaussian noise with zero mean and
variance N (to be optimized later). The constrains in (12) are written as follows using maximum entropy lemmas:

R<CL+Cy (36)
1
R<Cy+ 3 log (14 Py(1—p?)) (37
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Fig. 3: Upper and lower bounds on R as functions of C' for the Gaussian MAC with P, = P» = 1.

1
R<Cy+ Elog (14 Pi(1-p?) (38)
1

R< Slog (14 Pi+ P+ 20/ P (39)

(a) 1 1 (1+N+P1(1—p2))(1+N+P2(1—pz))>
2R<Ci+Cy+ <1 1+ P+ Po+20PiP) + -1 40
= e 2Og( LT RTava 2) 2Og( 1+ N1 P +P+20V/PB)(1+N) 40

To obtain inequality (a) above, write the last constraint of (12) as

2R<C1+Co+ h(Y|U) = h(YU|X1X2) + h(U|X1) + h(U|X2) — h(U]| X1 X2). (41)

The negative terms are easy to calculate because of the Gaussian nature of the channel and the choice of U. The positive terms
are bounded from above using the conditional version of the maximum entropy lemma [17]. It remains to solve a max-min
problem (max over p and min over N). So the rate R is achievable only if there exists some p > 0 for which for every NV > 0
inequalities (36)-(40) hold.

We choose N to be (see [3, eqn. (21)])

1 +
N = <\/ P1P2 (— — p) — 1) . (42)
p
Let us first motivate this choice. From (14), the inequality in (40) is
2R<C1+ Co+ I(X1 X2 Y) — I(X1; Xo) + I(X1; Xo|U) (43)
evaluated for the joint Gaussian distribution p(x1,x2) with covariance matrix

[ P VPP } (44)
p\/P1P2 P2 ’

The choice (42) makes U satisfy the Markov chain X; — U — X, for the regime where

JP.h (% _ p> 150 45)



and thus minimizes the RHS of (43). Otherwise, we choose U = Y which results in a redundant bound. The resulting upper
bound is summarized in Corollary 1.

Corollary 1. Rate R is achievable only if there are p > 0 such that

1 1
< _

p= \/1+ 4P P \/4Ple7 (36)

R<Cy+Cy (47)
1

R<Cy+5log (14 P(1-p%) (48)
1

R<Cy+ 3 log (14 Py (1 - p?)) (49)

1
R< Slog (1+Pi+ Py +20\/PiRs) (50)
1 1 1
2R<Ci1 + Cy + §log (1 +P+ P +2p\/P1P2> — §log <1 — p2> , (51)
or
\/1 . \/ 1 <1 (52)
4P Py 4P, Py, — =45

R<Cy+Cy (53)
1

R < Ch+ 5 log (14 Pi(1-p%) (54)
1

R < Cy+ 5 log (14 P (1 - p%) (55)

1
R <5 log (1 Y P+ Pyt 2p\/P1P2> . (56)

The above upper bound is plotted in Fig. 3 for different values of C' and for P = 1. For symmetric diamond networks,
we specify a regime of C for which the above upper bound meets the lower bound in Theorem 1 and thus characterizes the
capacity. This is summarized in Theorem 4 and its proof is deferred to Appendix E.

Theorem 4. For a symmetric Gaussian diamond network with orthogonal broadcast links, the upper bound in Theorem 2 is
tight if C < Llog(1+2P), C > Llog(1 +4P), or

1. 142P(1+pMm 1. 142P(1+p®
_1ogL+p2)§C§_10gL+p2) (57)
R ) 1 (p®)
where
—(142P) + \/12P2 + (1 + 2P)?
P = ( )+ ( ) (58)
6P
1 1
2 —=/1 R
p + 1P T 3p (59)

Remark 10. The p(l) given in (58) maximizes the RHS of (51). The p(2) given in (59) is the solution of (45) with equality.
Note that p® forms the RHS of (46) and the LHS of (52). In other words, for p < p®) one can find U as a degraded version
of Y such that X, — U — Xy forms a Markov chain. This is not possible for p > p).

Remark 11. For C < Ylog(1 + 2P), the capacity is equal to 2C and is achieved by (32)-(35) with p = 0 (no cooperation
among the relays). In the regime (57), the capacity is given by (32)-(35) with partial cooperation among the relays. For
C > %log(l + 4P), the capacity is equal to %log(l +4P) and is achieved using Theorem 1 with X1 = X5 = U ~ N (0, P)
(full cooperation among the relays).

Remark 12. The bound in Corollary 1 and the bound in [3, Theorem 1] are closely related. The bound in [3, Theorem 1] is
tighter than Corollary 1 in certain regimes of operation. We will see that Theorem 3 strengthens Corollary 1 and is in general
tighter than [3, Theorem 1].

Based on Theorem 4, the upper and lower bounds match in Fig. 3 (where P = 1) for C' < 0.3962, 0.4807 < C' < 0.6942,
and C' > 1.1610. Theorem 3 tightens the above upper bound as we show next. We again choose U =Y + Z’ where Z’ is a
Gaussian random variable with zero mean and variance N (to be optimized). In contrast to Theorem 2, it is not clear whether
Gaussian distributions are optimal in Theorem 3. To compute the bound in Theorem 3, we proceed as follows.

The first four bounds of (22) may be loosened by dropping the time-sharing random variable () and using the maximum
entropy lemma:



R<C;+Cy (60)

1
R<Cy+ I(X2;Y[X1Q) §01+§10g(1+P2 (1-0p%) (61)
1
R§02+I(X1;Y|X2Q)§02+§10g(1+P1 (1—p2)) (62)
1
R < I(X1X3Y|Q) < 5 log (1 + P+ Py+2 Plpgp) . (63)

To bound the last constraint in (22), we use both the entropy power inequality [15, Theorem 17.7.3] and the maximum entropy
lemma:
R <Ci+ Co = I(X1 X9, U|Q) + I(X1; U[X2Q) + I(X2; U X1Q)
=C1 + Oy = W(U|Q) — h(U|X1X3) + (U] X2Q) + h(U]X1Q)
<Cy +C2 = h(U|Q) — h(U|X1X2) + R(U|X2) + h(U|X1)

(a) 1
<Ci+Cp — 5 log (27reN + QQW‘Q)) — W(U|X1X2) 4+ h(U|X3) + h(U|X,)
®) 1

1
<C1+C5 — 3 log (27reN + 22h'(Y‘Q)) ~3 log (2me(1 4+ N))

+ %log (2me (1+ N+ P (1-p%))) + %log (2me (1+ N+ P, (1—p?))) (64)

where (a) holds by the entropy power inequality and () holds by the maximum entropy lemma. We now use R < (X7 X5;Y|Q)
to write

MY1Q) = 5 log(2me) + (X1 X Y]Q)
> %1og(27re) +R. (65)
From (64) and (65) we obtain
Rg(ﬁ+&b——%bgﬁv+2”ﬁ-—%bguf%N)+%hg(L+N4<H(1—p%)+%hg(L+Nﬁ<%(l—p5)- (66)

Remark 13. The above argument is similar to the argument used in [10], and it is also related to [18, Section X].

Remark 14. Expression (66) may be re-written as

N+ \/N2 + 92(C1+C2+1) (1+N+P1(1—021)1(Jb+N+P2(1—p2))

R< % log 67)

2

Recall that (67) holds for any value of NV > 0. We choose N as a function of p to minimize the RHS of (67). It remains to
maximize over p and find the maximum rate R admissible by (60)-(63), (67). We solve this optimization problem numerically
for the symmetric Gaussian network with P = 1, and plot the resulting upper bound in Fig. 3. Note that the upper bound of
Theorem 3 is strictly tighter than Theorem 2 for 0.3962 < C' < 0.4807. Furthermore, from the numerical evaluation of the
bound, the upper bound of Theorem 3 is tight for C' < 0.6942 and C' > 1.1610. This is made precise for symmetric Gaussian
networks in the following theorem which we prove in Appendix F.

Theorem 5. For a symmetric Gaussian diamond network, the upper bound in Theorem 3 meets the lower bound in Theorem 1
for all C such that C > Llog(1 + 4P), or

1. 1+42P(1+p@
C < >log w
=)

/ 1 1
2) _

Sketch of proof: The regime C > % log(1 4+ 4P) is addressed in Remark 11. We briefly outline the proof for the regime

in (68). Consider the lower bound in (32)-(35) and let RE&X be the maximum achievable rate. This lower bound meets the
cut-set bound (and is thus tight) unless (32) and (35) are both active in which case we have

1 1 1
Rg)a)(201+02—§10gm:§log<1+P1+P2+2)\\/P1P2> (70)

(68)

where



where A is the optimal correlation coefficient in (32)-(35). We show in Appendix F that the upper bound given by (60)-(63),

(66) meets the lower bound R,(an when we have (70) and A < p(z). One can check for symmetric networks that A < p(2) if

and only if (68) is satisfied. [ |
More generally, we have the following result for asymmetric networks. This is addressed in Remark 26 in Appendix F.

Theorem 6. The upper bound in Theorem 3 meets the lower bound in Theorem 1 if any of the following conditions hold:

1 1+ P+ P, +2p3 /PP
Ch+Cy < = log + 11+t p2 1172 71
2 1= (o)
1 14 P, + Py + 2pg/P. P
Cl<—log( + 1+ 2+ P02 1 2) (72)
2 1—|—P2(1—p0)
1 14 P+ Py + 2poV/P. P
C'2<—log( AR R 2) (73)
2 1+ Pi(1—pf)
1
min(Cy, Ca) > - log (1 PP 2\/P1P2) (74)

where p?) is given by (69) and po is given by

/PP + \/P1P2 +22C1+C2) (22(C14C2) — 1 - Py — By)
PO = 22(01+Cz) !

Remark 15. pg is defined such that Cy + Cy = 1 log (1+P1+Pfj§2”"vP1P2 . Note that we have py < p if and only if (71)
0

is satisfied. In defining pg, we have implicitly assumed that Cy + Co > %log (1+ Py + P»); this is without loss of generality
because otherwise C1,Co are in the regime defined by (71).

Remark 16. In the regime? (74), the cut-set bound is achievable using Theorem 1 with \/LPT = % = fr% ~ N(0,1) and the
lower bound in (32)-(35) is loose.

Remark 17. Theorem 6 reduces to Theorem 5 when Py = P, = P and C1 = Cy = C.

Remark 18. Theorem 3 is strictly tighter than [3, Theorem 1] and [13, Theorem 1]. The regime of interest is given by (70)
because otherwise both upper bounds reduce to the cut-set bound which is tight. First suppose X\ > p\?). In this case, [3,
Theorem 1] reduces to the cut-set bound and is larger than or equal to the upper bound of Theorem 3. Next suppose X < p?).
Here, the upper bound given by (60)-(63), (66) can be shown to be equal to Rﬁfl)ax and is thus tight but [3, Theorem 1] may
not be tight, see [13, Theorem 3]. For example, when Py = P, = 0.25 and Cy, = Cy = 0.15 Theorem 3 gives C° < .2994
(which is tight) whereas [3, Theorem 1] gives C° < 0.3. The looseness of [3, Theorem 1] in comparison to our result seems
to be due to the relaxation of [3, eqn. (28)] in the final theorem statement of [3, Theorem 1].

VI. THE BINARY ADDER CHANNEL
Consider the binary adder channel defined by X; = {0,1}, X, = {0,1},Y = {0,1,2},and Y = X; + X5. Suppose without
loss of generality that C; < C. When C7 = Cs = C, we call the network symmetric. The best known upper bound for this
channel is the cut-set bound and the best known lower bound is given by [2, Theorem 1]. More precisely, using a doubly
symmetric input distribution, R is achievable if it satisfies the following inequalities for some p, 0 < p < 1.

R<Ci+Cy—1+ ha(p) (75)
R < Cy + ha(p) (76)
R < ha(p)+1—p (77)

This lower bound is a special case of Theorem 1 with U a constant. The bound is plotted in Fig. 4 as a function of C for
symmetric networks where C; = Cy = C.

We evaluate Theorems 2 and 3 to derive new upper bounds on the achievable rate. The obtained upper bounds are plotted
in Fig. 4. It turns out that the upper bound of Theorem 3 meets the lower bound for all ranges of C. Theorem 3 is better than
Theorem 2, but Theorem 2 is simpler to analyze and gives capacity for C' < 0.75 and C' > .7929.

Consider first Theorem 2. Let p(u|y) be a symmetric channel as shown in Fig. 5 with parameter o, o < %, to be optimized.
From Theorem 2, we must solve a max-min problem (max over p(x1,x2), min over «). For a fixed «, the upper bound is
concave in p(x1,x2) (see Remark 3). The concavity together with the symmetry of the problem and the auxiliary channel in
p(x1,z2) imply the following lemma. We defer the proof to Appendix G.

Lemma 2. An optimizing pmf p(x1,x2) in (12) is that of a doubly symmetric binary source.
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Fig. 4: Upper and lower bounds on R as functions of C' for the binary adder MAC.

So suppose p(x1,x2) is a doubly symmetric binary source with parameter p. The upper bound in Theorem 2 with p(uly)
in Fig. 5 reduces to

C1 + Cs,

. . C1 + h2(p),
max min min
0<p< i 0<a<li ha(p) +1 —p,
GEG 4 ho(p) — &+ L1(X1; X5|U)

(78)
where the last term of (78) is written using (14), and where the range of p is [0, 2]. Note that « is implicit in J(X1; X2|U):
1(X1: Xo|U) = 2hs (% £ ) = (1 = p)ha(@) — ha(p) — p. (79)

Here the * operator is defined by a*x 8 = o(1 — 8) + 8(1 — «), S < 1. To obtain the best bound, we choose U such that
X1 — U — X, forms a Markov chain. This requires

a(l —a) = (ﬁ)z (80)

which has a solution for « because p < %

Corollary 2. Rate R is achievable only if there is some p, 0 < p < %, such that

R<C1+Cy (81)

R < C1 + ha(p) (82)

R<hy(p)+1—p (83)
C1+C

Rty 2 o

We compare Corollary 2 with the lower bound in (75)-(77) for symmetric networks and find the capacity for some ranges
of C. This is summarized in Theorem 7 and the proof is deferred to Appendix H.



Fig. 6: The auxiliary channel p(u|y) as the cascade of p(g|y) and p(u|y) for the binary adder MAC.

Theorem 7. The upper bound in Theorem 2 meets the lower bound in Theorem 1 for the symmetric diamond network with a
binary adder channel if C < .75 or

p®

where pt!) = 1+1\/§ ~ 0.4142.

In the rest of this section, we show that Theorem 3 gives the capacity of the diamond network with a binary adder MAC
for all ranges of C1,Cy. We first state a generalization of Mrs. Gerber’s Lemma [19] that we prove in Appendix J. For other
generalizations, please see [20], [21], [22], [23], [24], [25], [26], [27], [28], [29]. Our generalization is different than previous
ones in that it establishes the convexity of a difference of entropies, rather than an individual entropy. In this sense, Lemma 3
seems similar to an extension [30] of Shannon’s entropy power inequality [31].

Lemma 3 (Generalization of Mrs. Gerber’s Lemma). The function
x—h +
9(@,y) = ho (a* (y + (L= yhy’ (%D) —hz (ax %) (36)
2 1—y 2
is jointly convex in x and y, 0 < x < 1+ ha(y) —y, 0 <y < 1. We recover Mrs. Gerber’s Lemma by choosing y = 0.

Theorem 8. The upper bound of Theorem 3 matches the lower bound of Theorem 1 i.e., the capacity C° of diamond networks
with binary adder MACs and Cy < Cy is

Cy1 + Cy — 1+ ha(p)
C° = I<na<x1 min ¢ Cy + ha(p) (87)
0<p<3 ha(p) +1—p.

Proof: We again use the auxiliary channel p(u|y) depicted in Fig. 5. This channel may be viewed as the cascade of the
channels p(7|y) and p(u|g) shown in Fig. 6, where p(ul|g) is a BSC with cross over probability «. Define p;, ¢;, i € Q, and
q by

pi = py|o(0]7) (88)
qi = pY\Q(W) (89)
q=py(1). (90)



The first four terms of (22) may be loosened by dropping the time sharing random variable ). We use the symmetry and
concavity of those terms in p(x1,z2) to write

R<CL+ 0y On
R < C1+ ha(q) 92)
R <hs(qg)+1—gq. (93)

It remains to bound the last term of (22):

R<COy +Co — (X1 X2, U|Q) + (X2, U X1Q) + I(X1;U|X2Q)

=C1 +C2 — HU|Q) — HU|X1X2) + HU|X1Q) + H(U|X2Q). (94)
We optimize the RHS of (94) under the constraint
R<I(X1X;Y|Q)=H(Y|Q) (95)

that is imposed by the fourth term of (22). We have H(U|X;X2) = (1—¢)h2(«)+q and can upper bound both H(U|X1Q = i)
and H(U|X;Q =) by
oo+ %)

by the concavity of hy(.) and symmetry of py|y (see Appendix I). But how to bound (94) from above is not obvious because
H(U|Q) appears with a negative sign. We start with

H(U|Q = i) = hs (a* (%eri)) (96)
HYIQ =) = (e + (1= e (2 ). ©7)

Note that both (96) and (97) are symmetric in p; with respect to 1_7‘1 We may therefore choose p; < 1_2‘“ , find p; from (97)
and insert it into (96) to obtain

HU|Q = i) = hy (a* (% +(1—q)hy! (H(Y@l:_i)qf hz(qi)))) : (98)
Combining the above bounds and inserting in (94), we have
12| 4 _ , 4
R<C; +Cy+ ;pQ(Z) (—h2 <a* <% +(1- qz‘)h2—1 <H(YQ1 _Z)qz hz(%)))) — (1 = qi)h2(a) — qi + 2h2 (a* %))
(a) — +
<O+ Cy — hy (a* (% +(1—q)hy" <(H(Y|Ql)_ qh2(Q)) ))) — (L= q)ha(@) =g +2hs (ax 3)

+
et o (a* (g +(1—q)hy! (min (1, w»)) — (1= q)ha(a) — q + 2hs (a* g) (99)

where (a) follows by concavity of the binary entropy function and Lemma 3, and (b) follows from (95) because ho(a %
(£+(1—qhy 1(3:))) is non-decreasing in @ for a < 1. Choosing « appropriately, we show in Appendix K that the upper
bound in (91)-(93) and (99) matches the lower bound in (75)-(77).

|
Remark 19. One may use Mrs. Gerber’s lemma [19] to obtain
H(UIQ) 2hs (axhy* (H(V1Q)))
>hy (@ hy" (min (1, (R = ha(q) +9)"))) (100)

where the second inequality follows by
R <I(X1X2;Y|Q)
= I(X1X5;YY|Q)
=H(Y|Q)+H(Y|YQ) - HY|X1X>)
<H(Y|Q) + ha(q) — ¢ (101)

and the monotonicity of ha(a * h;l(x)) in x. This approach gives an upper bound that is tight when Cy + Co > 1.5317 (and
when C1 + Cy < 1.5). The range of symmetric bit-pipe capacities C' for which Mrs. Gerber’s lemma is tight is shown in Fig.
4. In fact, Mrs. Gerber’s lemma is within less than 10~3 bits of capacity for all C in Fig. 4.



VII. CONCLUSION

We studied diamond networks with an orthogonal broadcast channel and found new upper and lower bounds on their
capacities. The lower bound is based on Marton’s coding technique and superposition coding. We showed through an example
with a Gaussian MAC that the new lower bound strictly improves the previous bounds in [2], [3], [13]. The proof technique
for the upper bound generalizes bounding techniques of Ozarow [10] and Kang and Liu [3] and applies to discrete memoryless
MACs. We specialized the upper bound for networks with a Gaussian MAC and a binary adder MAC. We strengthened the
results of Kang and Liu [3], [13] for Gaussian MACs and found the capacity for binary adder MACs.

APPENDIX A
ERROR PROBABILITY ANALYSIS FOR SECTION III

We give a proof for discrete alphabet MACs. A proof for the AWGN MAC follows in the usual way be quantizing alphabets
and taking limits [11, Page 50]. We calculate the average error probability P., averaged over the codebook and the message
set, and show that P, approaches zero, as n gets large, if we have

R + R,y > I(X1; X5|U) (102)
Rio+ R+ Ry <y (103)
Ris + Ro + R, < O (104)
Rio+ Ry + Ry + Ry + Ry < I(X1 X2;Y) + I(X1; Xo|U) (105)
Ry + R} + Ry + Ry, < I(X1 X0, Y|U) + I(X1; X2|U) (106)
Ry + R, < I(Xo; Y| X1,U) 4 I(X1; Xo|U) (107)
R+ Ry < I(X1;Y[Xo,U) + I(X1; Xo|U). (108)

Conditions (102)-(108), together with R, R, R1, Ro, R12 > 0 and the rate-splitting condition in (2), characterize an achievable
rate. By the symmetry of the codebook construction and the encoding/decoding scheme, we have

P.=Pr ((Mlz,Ml,M2) #* (M127M17M2)>
= Pr (M, My, My) # (o, Ny, Np)|(Maz, M, M) = (1,1,1)). (109

Conditioned on (M2, M1, Ms) = (1,1, 1), an error occurs only if one of the following events occurs:
e &p: There is no index pair (m}, mj) such that (U™(1), X7(1,1,m}), X3(1,1,7m5),Y™) € T
o &>: There are Thlg,ml,mg,mﬁ,mé such that (mlg,ml,mg) 7é (1, 1, 1) and
(Un(mIZ)aX{L(m127mlam/1)7 Xg(m12am27m/2)ayn) S 7;”
We have

P < Pr(&|(Maa, My, Ma) = (1,1,1)) + Pr(E|(Maz, My, Ma) = (1,1,1))
— Pr(&1) + Pr(&). (110)

Using the Mutual Covering lemma [11, Lemma 8.1], Pr(£;) can be made small for large n if (102) is satisfied. To analyze
Pr(&2), consider the following partition of &s;:

. 7’7’1,12 7é 1

e mia=1,m1 #1,ms #1

e« Mmigo=1,Mm1=1,my #1

e Mmio=1,Mm1 #1,my=1.

The first case has a small error probability, for large n, if (105) is satisfied. Similarly, the second, third, fourth cases have
small error probabilities, for large n, if (106), (107), (108) are satisfied, respectively. We illustrate the analysis for the second
case here:

Pr U (U™(1), X1 (1,100, m4), X2(1, 19, mb), Y™) € T
m17#1,maF#L,m] Ml

< Z Pr((Un(1)7X1n(17mlamll)axg(lam%mé)’Yn) € 7;")
ST REPE R RTIA

< onUtRit+RatRy) > p(u™)p(a] [u™)p(ah [u™)p(y"|u")

(um,z7,25,y")ETe
gn(Ri+Ry+Ra+Ry) on(H(UX1 X2 Y)+eH(UX1 X2Y))

IN



o 9~ n(H(U)—eH(U)) g =n(H(X1|U)—eH(X:1|U)) g=n(H(X2|U)—eH(X>|U)) g—n(H(Y |U)~cH(Y |U))

gn(R1+R} +Ra+Ry) g —n(I(X1 XY [U)+1(X13X2|U) =6(c)) (111)

where d(e) — 0 as € — 0. For rates that satisfy (106), the RHS in (111) approaches zero as n grows large.

APPENDIX B
CONCAVITY IN p(z1,x2)

Consider (12) and
I(X1;Y]Xo) = H(Y|Xa) — H(Y|X1Xs). (112)
H(Y|X5) is a concave function of p(z2, y) which is a linear function of p(x1,x2). H(Y|X; X>2) is a linear function of p(x1, z2).
So I(X1;Y|X>) is concave in p(x1,x2). A similar result holds for I(Xs; Y| X7) and I(X7, Xo;Y) when p(y|z1, x2) is fixed.
Finally, consider the last RHS term in (12) when p(y|z1,22) and p(u|z1,x2,y) are fixed. We have
I(Xa X0, YU) + 1(X1;U|X2) + I(Xo; Ul X0) (113)
=H(Y|U) - H(YU|X1X2) + H(U[X2) + I(X3; U|X3).
H(Y|U) is concave in p(u,y), H(YU|X;X3) is linear in p(z1,22), H(U|X3) is concave in p(u,zs) and I(Xo; U|X3) is
concave in p(x1,x2). Since p(u,y) and p(u, zo) are both linear in p(x1,x2), (113) is concave in p(x1, z2).

APPENDIX C
CARDINALITY BOUND FOR THEOREM 3

We follow the line of argument in [14, Appendix B]. Denote by P the set of all probability vectors p(x1, z2) and let P be an el-
ement of P. Suppose that R is such that for a certain distribution po(x1, 2, u, y, ¢) = po(1, x2)p* (y|z1, x2)p* (u|y)po(¢|r122)
the following inequalities hold:

R < Cy + Ip(X2; Y[X1Q), (114)
R < Cy + In(X1; Y[ X20Q), (115)
R < In(X1X2;Y|Q), (116)
R<Ci+ Cy — Ip(X1 Xo; U‘Q) + Ih(X2; Ul X1Q) + In(X1; U X2Q) (117)

In the above inequalities, the index O on the mutual information terms emphasizes that the mutual information is evaluated for
po(x1,z2,u,y,q). We now interpret po(z1,z2|q) for every ¢ € Q as an element Py of P with a corresponding probability
po(q). Consider the following continuous functions that map an element of P into an element of R.

fo12.(P) = P%{Xl =21, Xo =22}, V(x1,22) € X1 X Xy except one (118)

fr(P) = Ip(X2; Y] Xy), (119)

frr(P) =1p(X1;Y|X5), (120)

Jrrr(P) = Ip(X1X2;Y), (121)

frv(P)=—Ip(X1Xo;U) 4+ Ip(Xo; U|X1) 4+ Ip(X1;U|X2) (122)

We are interested in the following terms.
po(x1,x2) = Z Jor,2o(Ppo(q),  V(z1,22) € Xy X Xy except one (123)
qeQ

Io(X2;Y[X1Q) = Y f1(PD)polg), (124)
q€Q

I(X1;Y[X2Q) = > frr(P)pola), (125)
qeQ

Io(X1 X2 Y(Q) = Y frua(P)polg), (126)
qeQ

— I(X1 X2 U1Q) + Io(Xo; U1 X1Q) + Io(X1; U X2Q) = Y frv(P)polg) (127)

qeQ

The Fenchel-Eggleston-Carathéodory theorem [11, Appendix A] ensures that there are |X}||X2| + 3 vectors P, € P, k =
1,...,|X1||X2|+3, whose convex combination gives (123)-(127). In other words, we may restrict attention to |Q| < | Xy ||X2|+3.



Remark 20. We need to keep p(x1,x2) fixed because p*(uly) can be a function of p(x1,x2) and we don’t want to change
p*(uly).

Remark 21. If p*(uly) is fixed (and not a function of p(x1,x2)), then it suffices to have |Q| < 4 because we must fix only
(119)-(122).

APPENDIX D
THEOREM 3 IS TIGHTER THAN THEOREM 2

Let R be less than or equal to the upper bound of Theorem 3. Therefore, there is a p(x1, z2) for which for all p(u|z1, 22, y) =
p(uly) there is a p(q|z1, z2,y,u) = p(g|x1, x2) such that the constraints in (22) hold. Combining the last two bounds in (22),
we obtain

2R < C1 + Oy + I(X1 X9, Y|Q) — (X1 X2; U[Q) + [(X1; U X2Q) + I(X2; U X4Q)
=C1+ Co+ I(Xa X2; Y|UQ) + I(X1; U X2Q) + I[(X2;UX:1Q)

SO+ O+ I(Xa X3 YIU) + (X3 U X2) + 1(X2; U X)), (128)
Furthermore, we have
I(X2;Y|X1Q) < I(X2; Y[ X)) (129)
I(X1;Y|X5Q) < I(X1; Y| X3) (130)
[(X1X2;Y|Q) < I(X1X2:Y). (131)
APPENDIX E

PROOF OF THEOREM 4
Consider first the regime
C< ilog(l +2P).
The lower bound of Theorem 1 meets the upper bound of Corollary 1 for U = ¢, X1 ~ N (0, P), X5 ~ N(0,P) , and X,
independent of X». Consider next
C> %bg(l +4P).

The lower bound of Theorem 1 meets the upper bound of Corollary 1 for X; = Xo = U ~ N (0, P).
The more interesting regime of C' is given in (57). Consider the upper bound in Corollary 1 and define the functions

h(C) =2C

f2(C,p)=C+ %log (1 +P(1- p2))

fa(p) = 3log (1+2P(1 + p)) 5

f1(C.p) = 4 (20 + b1og (1+2P(1 + p)) — S10g (2 (132)
/ _ f4(Cv p) p< p(z)

e = e b,

The functions f1(C), f2(C, p), f3(p), f1(C, p) are plotted in Fig. 7 for different values of C' (where C' increases from Fig. 7a
to Fig. 7c).

Remark 22. For symmetric diamond networks, one can check that f4(C,p) < fa(C,p) for all 0 < p < 1. Recall from
Corollary 1 that f4(C, p) is not limiting for p > p®). This is reflected in the definition of f}(C,p). So we can write the upper
bound of Corollary I as

Remark 23. The function f4(C,p) is concave in p and it attains its maximum at p(V) given in (58). fo(C, p) is concave and
decreasing in p. One can check by substitution and differentiation that fi(C, p) is continuous and differentiable with respect
to p at p = p). Furthermore, f;(C, p) is concave and attains its maximum at p\). The derivative of f;(C, p) is non-positive
at p® and thus we have p") < p(2).

Remark 24. In the regime % log(1 +2P) < C < 3log(1 + 4P) the functions f3(p) and fi(C,p) have exactly one point p
where f3(p) = f1(C, p). To see this we study the zeros of the function g(C, p) = f3(p) — f1(C, p). Since C > log(1+ 2P),
we have g(C,0) < 0. Since C < $1log(1 + 4P), we have g(C,1) > 0. Furthermore, we have

g, ., Ofs, . O
5, (G0 =5 (0) =

(C,p) >0, Vpel0,1] (134)
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Fig. 7: The functions in (132) for different values of C' where C increases from Fig. 7a to Fig. 7c. Note the range of the
R—axis in Fig. 7c.

and thus g(C, p) is increasing in p. So g(C, p) has exactly one zero.

Remark 25. In the regime

2C < f1(C,p"M) (135)
we have
y_ L 1)
fa(pM) = Slog (14+2P(1+p))
1 1 1

> My) — = - -

> S log (1+2P0+ M) 5 log (1 . (p(1>)2>

=2 11(07 P(l)) —-2C

> f1(C, pt). (136)

Inequality (136) follows by (135). The implication is that f3(p) is not “limiting” in (133) for the the regime given by (135).

Fix the value of C'. Define p* to be the optimal correlation coefficient in Corollary 1 and let R,,,x be the maximum value
it attains. We have one of the following cases.

(a) p* is such that Ry, = f1(C).



(b) p* is the unique p that maximizes f4(C,p) and Rpyax = f1(C, p™M).
(¢) p* is such that Ryax = f3(p*).

When C' = 0, we are in case (a). As C increases, f3(p) remains unchanged but f1(C) and f;(C,p) increase. We remain
in case (a) as long as 2C < f4(C, p(1)). This is illustrated in Fig. 7a. We then transit to case (b) where Rma = f4(C, p"),
see Fig. 7b. To see this, keep increasing C' until 2C' = f4(C, p(!)). At this point, we are about to leave case (a), and we still
have f3(p™M) > f1(C, p™M)) (see Remark 25). Moreover, f;(C, p) is decreasing in p for p > p(!), and f3(p) is increasing in
p. So the crossing point of the two curves should be at or before p(1). As C' further increases, p* remains equal to p(!) until
f3(p™M) = f4(C, pV)). From that point on, we have

1. 1+42P(1+pW
C > =log ( 2”)
4 1—p(1)

(137)

and we move into case (c). In this case, p* is such that Ry,.x = f3(p*) = f1(C, p*) (see Fig. 7c). We note that as C' increases,
so does p*. We thus have p* < p(?) if

1. 1+2P(1+p®
C < >log * ( +2p )
4 1— p(2)

(138)

In this regime, besides the bounds (47)-(50), we have

Rmax = f3(p*)
=2f1(C,p*) = fa(p*)
_ 1 _1 * (2)
:{ 20 21og(1,,ﬁ2) p sz . (139)
2/2(C, p*) = fs(p*)  p* > p®
Therefore, when C satisfies (137) and (138) the upper bound meets the lower bound of (32)-(35).
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Consider (66) and suppose C° is the capacity of the network. For symmetric networks, we thus have
1 o 1
C° <20 — §log<N+220 ) - §log(1+N)+log(1+N+P(1 —p?))
(@) 1 , 1
<20 — 5 log (N + 2231(1”2“> ~3 log(1+N)+log(1+ N+ P (1- p2)) (140)

where R,(an is the maximum admissible rate in the lower bound of (32)-(35). Note that (a) holds because R,(an < C°. The
upper bound of Theorem 3 is thus loosened to:

R = max minmin {f1(C), f2(C; p), f5(p), f5(C.p, N)} (141)

where f1, fa, f3 are defined in (132) and f5(C, p, N) is the RHS of (140). Furthermore, define

1 1
fo(C,p) =2C — 3 log (m) (142)
so that we have
R{),. = max min{fo(C, p), f2(C, p), fa(p)} - (143)
0<p<1

We shall prove that (143) is equal to (141) for the range of C' given in (68). We start with (143). Fix C and let A be the
optimizing correlation coefficient. The functions fo(C, p) and f2(C, p) are decreasing in p and f3(p) is increasing in p. So
depending on how f3(0) compares with min(fo(C,0), f2(C,0)) we have the following cases for :

o If 20 < %log(l + 2P), then we have A = 0 and R = 2C is achievable using independent Gaussian random variables
X1, X9 with zero mean and variance P.

o If 2C > Llog(1 4 2P), then A is such that either RO, = f3(\) = f2(C, \) (where the cut-set bound is achievable) or
R = f3(\) = fo(C, \). We show that in the latter case R'thy and R\ are equal if (68) is satisfied.

Suppose A is such that
R = f3(A) = fo(C, ). (144)
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Fig. 8: Several functions of p. At p = A, the curves fo(C, p), f3(p), and f5(C, p, Ny) all have the same value.

Here ) is defined by the crossing point of f3(p) and fo(C, p) and is such that

1 14+2P(1+))
C—4log( T\ )

The RHS of (145) is an increasing function of A\ and thus we have A < p(z) if and only if (68) is satisfied.
Next consider (141) in the regime of C' given by (68). First note that for a fixed N, f5(C, p, N) is decreasing in p. Let

NA:PG—A> —1. (146)

(145)

Since A < p(®), we have Ny > 0 and the upper bound may be written as follows:
R <f5(C,p,Ny)
=2C — %log (N,\ + QQRSJILX> — %log (1+Ny) +log (1 +Nx+ P (1 — pz))
Woe - %bg (14 Ny +2P(1+ X)) — %log (14 Nx) +log (1+ Nx+ P (1-p%) (147)
where (a) holds by (144). The RHS of (147), evaluated for p = A, is given by

F(CAN) =20 = glog (1257 ) = €,

This follows by the argument in (42)-(45). We conclude that f5(C, p, Ny) is equal to fo(C,\) = f3(A) at p = A. Since
f5(C, p, Ny) is decreasing in p, A is the optimal p* in (141) too. This is illustrated in Fig. 8. So in the regime characterized
by (68) the upper bound is equal to Rﬁfl)ax and is thus achievable.

Remark 26. A similar result can be established for asymmetric networks. Let fo(C1,Ca,p) and fs(p) be the RHSs of (32)
and (35), respectively. Define \ to be the optimizing correlation coefficient in (32)-(35) and Rgll)ax as the maximum achievable
rate. One can check that Rgll)ax is equal to the cut-set bound if Cy,Cs satisfy C1 + Cy < %log (1+ P+ P), or if (72) or
(73) are satisfied. The cut-set bound may not be achievable by (32)-(35) when we have

R = f35(N) = fo(C1,Ca, N). (148)
For Cy,Cs where (71) is satisfied, we have
A< p®, (149)

Therefore, following the steps in (146)-(147), we have a matching upper bound based on Theorem 3 (in the form of (141)
but written for general C1,C5). Finally, for C1,Cs that satisfy (74) the cut-set bound is achievable using Theorem 1 with

u _ Xy _ X
v = e = v ~N(01).
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Consider the following optimization problem:

20
C+1(X2;Y[X1)
max min min{ C+ [(X71;Y|X>) . (150)
p(z1,72) p(uly) I(X1X2;Y)

3 2C+I(X1 X Y|U) + I(X1;U|X2) + I(X2; U X1))

We first note that the objective function in (150) is symmetric in p(z1,z2) (When p(uly) is given by the channel in Fig. 5).
More precisely, for every pmf p(z1,x2), the pmf p(x1,x2) with p(0,0) = p(1,1), p(0,1) = p(1,0), p(1,0) = p(0,1),
7(1,1) = p(0,0) gives the same objective function. Let p(!) (z1,z5) be the pmf that attains the optimal value of (150). Take
the pmf p() (1, z5) and form the doubly symmetric pmf

_ pW (z1, m2) + pW (21, 22)

p*(x1,22) = 5 , 11=0,1, 22 =0,1.

For a fixed p(uly), all terms of the min expression in (150) are concave functions of p(x1,x2) (see Remark 3). Therefore,
at any point (p* (1, 22), p(uly)) they take on values larger than or equal to their respective values at (p(*) (21, z2), p(uly)) (or
(5 (21, 2), p(uly))). This proves that there exists at least one optimizing doubly symmetric pmf p(z1,z2) in (150).

APPENDIX H
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The proof is similar to the proof of Theorem 4. The lower and upper bounds match for C' < 0.75 and C' > 1. In the former
regime, the cut-set bound is achievable using no cooperation among the relays with p = % in (75)-(77). In the latter case, the
cut-set bound is achievable using full cooperation among the relays with p = % in (75)-(77). We prove the theorem for C’s
satisfying (85) and we assume C' < 1.

Define
gl(C) =2C
g93(p) = ha(p) + 1 —p (151)
94(C,p) = C + ha(p) — &
so that the upper bound of Corollay 2 is given by
Rmax = maxl mln{gl(0)7 g3(p),g4(0, p)} (152)
0<p<s;

The functions g1(C), g3(p), and g4(C,p) are drawn in Fig. 9 as functions of p < 1 for different values of C, where C
increases from Fig. 9a to Fig. 9d. We consider two probabilities:

1
n_ - 153
P 142 (133)

p® =2(1-0). (154)

Remark 27. ¢4(C, p) is concave in p and it attains its maximum at p = p). g3 (p) is also concave and it attains its maximum
atp= % We have % < pW. gs(p) and g4(C, p) cross at p = p®.

Remark 28. For the regime

2C < g4(C, pM) (155)
we have
(1) (1)
CShg(p(l))—pT <1—pT. (156)

As a result, we have
94(C,pM) < gs(p™).

The implication is that g3(p) is not “limiting” for the regime given by (155).

Fix the value of C and denote the maximizing p in (152) by p*. We have one of the following cases:
(a) p* is such that R.x = ¢1(C).
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Fig. 9: The functions in (151) for different values of C'.

(o p* = p(g) and Rmax = g3(p*) = 94(C, p*).

(d) p* =% and Ruax = g3(3).

When C' = 0, we are in case (a). We remain in this case as long as 2C < g4(C, p(l)). When 2C = g4(C’,p(1)) we have
94(C,pM) < g3(p™)), see Remark 28. So as C' increases we have p* = p(!) and we move into case (b), see Fig. 9b. In this
regime, g3(p) and g4(C, p) cross at the point p3) which is larger than or equal to p(!). As C further increases, the crossing
point p®) of g3(p) and g4(C,p) decreases towards p(!), and as soon as g3(pM) = g4(C,p")) we move into case (c) where
p* = p(?’), see Fig. 9c. In this case, we have

(b) p* = p(l) and Rpax = 94(07 p(l))
(

Rmax = g3(p*) = 94(07 p*) (157)
Using (157), we obtain

Ryax = 294(07 p*) - 93(p*)
— 20 + ha(p*) — 1. (158)

So the upper bound reduces to

R < C+ ha(p*) (159)
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R < hy(p*) +1—p* (160)
R<2C + hy(p*) — 1 (161)

which matches the lower bound in (75)-(77). Finally, when p(®) < % we have p* = % and full cooperation is achieved. We
thus meet the cut-set bound. This concludes the proof.

APPENDIX I
AN UPPER BOUND ON H(U|X1,Q = i) AND H(U|X3,Q = 1)

H(U|X1,Q = i) may be expanded as follows:

. x1x5(0,1) . Pxqx5(1,0)
. Px1x210(0,0[0) (1 — a) + Bz . Pxx1Q (L 1i)(1 — @) + =253-—"=
= px,|10(0]i)h ; +px, @ (1]i)h .
qi
< —a)(1 — 1
<h (1-a)1-a)+%)
- hQ(a*%) (162)

where the inequality is by the concavity of ho(.) in its argument. H (U|X2@Q) may be bounded similarly.

APPENDIX J
PROOF OF LEMMA 3

First, note that for < ha(y), we have g(x,y) = 0. For > ha(y), g(z,y) is non-negative. Since g(x,y) is continuous at
z = hs(y), it suffices to prove convexity of g(z,y) in the regime 2 > ha(y). Recall that y < 1 and o < 5. We prove that the
Hessian matrix

82g(a:2,y) 389(; )
H=1 246y oo (163)
Jyox oy?

is positive semi-definite. Using Sylvester’s criterion [32, Theorem 7.2.5], H is positive semi-definite if and only if its leading
principal minors are non-negative; i.e., if

0*g(z,y)
—_— >
or2 = 0 (164)
2 2 2 2
O g(z,y) O%g(z,y) gz, y) 0°g(x,y) > 0. (165)
Ox? Oy? dxdy  Oyox
We use the following notation:
z = h2—1 <l2(y)) . y<1 (166)
I-y
— Y _
s=ax (2 +( y)z) (167)
hy(z) 1
- _ — (1 — <rp< =
r(z) e (1l —z)n O<sz<g (168)
, 1 11—z 1
= <rp< =
hy(x) ™) In - 0<z< 5 (169)
y 1 1 1
= —— <z< -
2(%) In2z(1—x) 07:572 (170)

Taking the partial derivatives, we have

%g(x,y) (1—2q)

= 1—2a)(1 hy (s)hs
o = o (HAEIRAGS) (1= 2001~ DI () (2)
= (L= 20)h3(2)h3 () 1 -2« r(z 171
1=y () (r(s) = ( )A = y)r(2)) (171)
g(x,y) g(x,y)  0*g(x,y) 8*g(z,y)
0x? Oy? ozxdy  Oydx

1_sap [ IR CHER(S) + (1= 20)(1 — )b (s)h (=) W (ex §)
RCTEIE +HEE R () (W (s))° Lan
’ P\ (1= 20) (~(4 — 2)%h4(2) — (1= 9)h5(y)) By(s)h5 ()
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We shall prove that (171) and (172) are non-negative for all non-negative parameters o < 1 y<1,z< % We start with

= 32
(171). We claim that

r(s) — (1 —2a)(1 —y)r(2) (173)
is non-negative because it is equal to 0 at z = % and is a non-increasing function of 2,0 < z < % To see this, consider
0
p (r(s) = (1 =2a)(1 —y)r(2)) = (1 = 2a)(1 —y) (r'(s) —'(2)) (174)

where

r(r) = (1—-2x)In 12

—1. (175)

Since r/(x) is non-increasing in x and s > z, (174) is non-positive. This line of argument is very similar to [20, Theorem 2]
and [29, Theorem 2].

To prove the non-negativity of (172) we proceed as follows. We have hj(ax §) < hy(s) because hy(x) is increasing in ,
0<z <3 and ax¥ <s. We thus have

?g(x,y) 0g(x,y)  *g(x,y) B*g(z,y)

022 dy? dzdy  Oydx
. —0=20) (R (2)hh(s) + (1 — 2a) (1 — )Y (s)hh(2)) WY (s)
(1 20() (z) " 2
+h, (Z)h y) (s (3))

RO (
o (1, o () ey O arrE)
- (h’z(z))4(1—y) < 4y(1 v)°l < P ) ()+(1—2a)2 (I-y) 1—204)' (176)

It suffices to prove the non-negativity of

=Y ey + Rl -

t(a,y,z)———yl— ( m—( YT o,
z <

for every non-negative parameter o < 5,y < 1,
that ¢(a, y, z) is non-negative if and only if £(0,y,2) i
we obtain

First we show that ¢(«a,y, z) is non-decreasing in «, and conclude

1
2°
is non-negative. By taking the derivative of ¢(«,y, z) with respect to «

Ot(ayy,2) _ (2r(s) — (1 —20)(1 — y)*r(2)) (2r(s) + (1 — 20)(1 — y)(1 — 22)r'(s))
dar (1 - 2a) '

Both terms in the numerator are non-negative. The first term is non-negative because it is larger than (173) and the second
term is non-negative because it is a non-increasing function of z, 0 < z < %, and is equal to 0 at z = %
Finally, we plot
t(0,y, 2)

(1—y)?(1—=22)*

in Fig. 10 and demonstrate that the function is non-negative over 0 <y <1 and 0 < z < % The terms in the denominator of
f(y, z) capture the behaviour of ¢(0,y, z) around z = % and y = 1. f(y, z) is zero at y = 0 with a strictly positive slope at

y:Oforallz,0<z<%.

(178)

fly,2) =
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Consider (75)-(77) and let Rmax be the maximum rate admissible. We have

R = max min{go(C1,C2,p), 92(C1,p), g3(p)} (179)
0<p<1
where
90(C1,Ca,p) = C1 + Co — 1 4 ha(p) (180)
92(C1,p) = C1 + ha(p) (181)

g3(p) = ha(p) +1 —p. (182)
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Fig. 10: The function f(y, z) is non-negative for y, 2,0 <y <1,0< z <

Consider next (91)-(93), (99) with ¢ = Py (1) as in (90). Let Rfﬁgx be the maximum admissible rate. Since the function

ha(arx (24 (1 - q)hgl(x))) is non-decreasing in xz, we have

(B — (@)
1—-¢

R <Ci+Cy—hy|ax +(1—¢q)hy* | min | 1,

N[

— (1 — @)ha(e) — g + 2hs (a* g) .

So the capacity is upper bounded by
R{" < max min min{gi(C1, C2), g2(C1,q), g3(q), g5(C1, C2, 4, )} (184)

AT 0<g<1 0<a<

where ¢1(C1,C3) = C1 + Cs and g5(C, Co, ¢, «) is the RHS of (183). Since (184) depends only on ¢ = px, x,(0,1) +
Px,x,(1,0), we may assume, without loss of generality, that p(x1,x2) is a doubly symmetric binary pmf with parameter g.
Using (79) the bound in (183) may be re-written as

+
1—-q

95(C1,C2,q, ) = go(C1,C2,q) + I1(X1; X2|U) +1 = ha | ax +(1—¢q)hy" [ min |1,

N[

(185)

where I(X1; X2|U) is a function of o and ¢g. We denote this conditional mutual information by I, 4(X1; Xo|U).
Consider (179) and let i be the optimizing p. We have n < % Note that when Cy > 1, go(C1, Ca,p) is redundant in (179)
and the cut-set bound is achievable. Otherwise, go(C1, p) is redundant and we have one of the following cases:

(@) n=1% and RU, = g93(3). In this case, RU, = log,(3) and the cut-set bound is achievable.
@) =1 and RYx = go(C1, Cy, 1). In this case, R\ = C} + Cy and the cut-set bound is achievable.
n=3 l 2 .
(c) 7 is such that RO = 90(C1,Ca, 1) = g3(n). We show that R and R{Y, match in this case. Here, we have
n=2—C1—Cy (186)
R = 90(C1, Ca,1) = g3(n). (187)
Consider (184) in regime (c) and let vy, be the solution of

(1= ay) = (ﬁf (188)
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Fig. 11: Several functions of ¢. At ¢ = ), the curves go(C1, C2,q), g3(q), and g5(C1, C2, ¢, o) all have the same value.

that is less than or equal to % where 7 is given by (186). With this choice of a, we study ¢5(C1,C2,q, ;). At ¢ = 7,

X1 — U — X, forms a Markov chain and using (187) we have

95(01, 02,77,017,) = gO(Clv 02777)'

In regime (c) given by (187), gs(q) and go(C1,Cs,q) cross at ¢ = 7. At this point, g3(q) is decreasing and go(C1, Ca,q) is
increasing in ¢. Also, g5(C1, C2, g, vy;) crosses the two curves at ¢ = 1 as shown in (189). Therefore, if g5(C1, Ca, g, ¢vyy) is
non-decreasing in ¢, ¢ < n, then n maximizes (184) and RI(,?B)LX = R,(é)ax, see Fig. 11.

It remains to show that g5(C1,Ca,q, cv,) is non-decreasing in ¢, ¢ < 1. g5(C1,Ca,q, cv;) is continuous and piece-wise
concave. We thus look at the following two regimes and prove that g5(C1, Cs, ¢, oy;) is non-decreasing in both regimes: ¢ < 7
and 77 < ¢ < 7 where 7] and 7 are the two solutions of Rf,ll)ax =1+ ha(q) —q.

e ¢ < 1: Here, we have RO >1+ ha(q) — q and
95(01702’q7a77) = 90(017027(]) + Ia7l,q(X1;X2|U)
=C1 4+ Co — (1 — q)ha(ay) — g+ 2hs (an*%) Y

(189)

(190)

The RHS of (190) is concave in q. By showing that this function is non-decreasing at ¢ = n we prove that it is non-
decreasing in ¢, ¢ < 7. We first show that I, (X1; X2|U) has a zero derivative at ¢ = 7:

01y, ,q(X1; X2|U) 1—gq an + 2(1(£q)
L =ha(ay) —1—log | — | — (1 — 2a,) log
dq ! q ! (1 —an) + 555

an + 2(1(£q)

= ha(ay) — 1~ log (1;—Q> — (1= 2a,)log ((1

1—
= ha(ay) — 1 —log <Tq

We use (188) to write

3Ia7l’q(X1; X2|U)
dq

q=n

2(quq) —Qy
X g
20—q W

(2(1(17(]) )2 - a% >

_O‘n)"‘ﬁ

— (1 -2ay)log
) ! (gzregy)? — (1 = an) + 55 (1 = 200

(191)

= ha(ay) —log (@) —(1—-2ay,)log (M)

sty (1 — 2a)

— afag) + 108 (a1~ ) = (1= 2a) o ) + (5 ) 080y (1~ )

=0.

(192)

At ¢ = 1, Ia, ¢(X1; X2|U) has a zero derivative and go(C1,C2,q) is non-decreasing. So the RHS of (190) is non-
decreasing at ¢ = 1, and since it is concave, it is also non-decreasing at all g, ¢ < n, and in particular at all ¢, ¢ < 7.
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7 < g < n: In this regime, we have

Yhy! (Rgl)ax B h2(q)>+
2

g5(017027q7an) :.90(017027q)+Ian,q(X1;X2‘U)+1_h2 Oy % 1_q

+(1—¢q

N
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(B — (@)

+(1—q)hy" -

:C'1+C'2—(1—q)h2(a)—q+2h2(a*%> —hy lax*

N[

(194)
The RHS of (194) is concave in g (see Appendix J). Furthermore, (194) is non-decreasing at ¢ = n. To see this, one can
take its derivative with respect to ¢ and evaluate it at g =71 — €, e = 0:

. a . Oln, o(X1; Xo|U
lim 890(01,02,(],@77) (:) log <1 77) + n»q(al 2‘ ) _ (1_2an)2 (1_h/2(n)) (1 _n)
q=n—e€ n q q=n

e—0 0q
e (350 1 (125)) ({52
(512 (e (5)

where (a) follows by differentiating (193) with respect to ¢ and evaluating it at ¢ = 7 and (b) follows by (192) and (188).
The function log (z) — (1 — 1) (1 — log(z)) is equal to 0 at = = 1 and is non-decreasing for 2 > 1; therefore, (195) is

xT
non-negative and g5(C1, Ca, ¢, o) is non-decreasing in ¢, 7 < ¢ < 7).
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