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The road to wisdom? — Well, it’s plain
and simple to express:
Err
and err
and err again
but less
and less

and less.

— Piet Hein
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Introduction

Information theory deals with the mathematical description of information processing tasks.
Such tasks can often be treated in an abstract fashion such that the concrete physical realizations
do not enter the analysis. This is possible as many systems used for communication can be
described within the same stochastic formalism. However, with the development of quantum
mechanics it became apparent that the fundamental laws of physics were quite different from
what had been anticipated. In particular it was realized that no ordinary stochastic theory
could explain the experimental data, and a non-commutative stochastic theory was needed. Asa
consequence also the classical information theory based on the classical probability theory has to
be replaced by a non-commutative quantum information theory, when considering information
processing tasks involving quantum systems.

This dissertation is about information theory in systems described by quantum Markov
processes. The Markov assumption says that the evolution of a system only depends on the
current state and time, and not on the particular history that lead to the current state. This
assumption is useful both in the classical and in the quantum theory to simplify the description
of a system. Most of the articles included in this dissertation are motivated by the transmission

of quantum information (represented by quantum states) over such quantum Markov processes.

1.1 Summary

I will begin with a brief summary of the articles included in this dissertation. Often, research
does not proceed in a linear fashion and these articles contain results on different topics in quan-
tum information theory. The main line of research concerns capacities and entropy-production

of continuous-time quantum Markov processes (articles I, III and IV). Some questions related



1. INTRODUCTION

to discrete-time quantum Markov processes are addressed in article II. Finally article V is not
directly related to quantum information theory. It emerged as a side project and addresses an

elementary matrix-theoretic problem.

1. Quantum capacities for continuous-time quantum Markov processes: Article T
A Dbasic scenario of quantum Shannon-theory is the transmission of quantum informa-
tion through many copies of the same quantum channel. The quantum Shannon-capacity
quantifies the optimal amount of transmitted information per channel use (i.e. the opti-
mal rate) that can be transmitted when a suitable encoding is chosen before transmission
such that the error of decoding after transmission vanishes in the limit of infinitely many
channel uses. This framework can also be applied to quantify the optimal rate of storing
quantum information in an array of identical quantum memories each affected by the
same continuous-time Markovian noise. However, the standard Shannon-theory is too
restrictive in this case as we have direct access to the quantum memory and may ap-
ply additional coding channels (or even additional continuous-time Markovian processes)
during the storage time to counteract the noise. To apply ideas of quantum Shannon-
theory in such a scenario we introduce new capacities allowing for this additional freedom.
For the quantum subdivision capacity the noise channel may be subdivided into many
pieces with coding channels acting in between to protect the information. Depending on
which coding channels we allow different quantum subdivision capacities are obtained.
When all infinitely divisible quantum channels are allowed, we show that any noise can
be removed and perfect storage for arbitrary long times becomes possible. In the case
where only unitary quantum channels are allowed we show that the corresponding quan-
tum subdivision capacity is strictly positive for all times, but for depolarizing noise it
exponentially decays to zero. Besides quantum subdivision capacities we also introduce
the continuous quantum capacity, where an additional continuous-time Markov evolution
may be applied to the system in order to protect the information. This idea is similar to
continuous-time quantum error correction studied by several authors, e.g. [1, 2, 3]. How-
ever, these ideas have to my knowledge never been studied (even in the classical case) in a
Shannon-theoretic setting allowing for techniques like randomized coding and decoupling

to be applied.



1.1 Summary

2. Positivity of linear maps under tensor powers: Article I1
A linear map acting on a matrix algebra is called positive if the image of any positive
semidefinite matrix is again positive semidefinite. In this article we study how positivity
behaves under tensor products. In general even the simplest case of the second tensor
power, i.e. a tensor product of a positive linear map with itself, will fail to be positive.
Nevertheless, there are two trivial classes of positive linear maps (completely positive and
completely co-positive maps connected to the transposition) for which any tensor power
is again positive. In our work we study the question whether there are non-trivial (i.e.
not belonging to the two aforementioned classes) positive maps with this property called
tensor-stable positivity. Unfortunately, we were not able to show the existence of such a
map. However, we prove that their existence would lead to an NPPT bound-entangled
state and thereby solve the long-standing NPPT bound entanglement problem [4, 5]. As
a direct consequence the only tensor-stable positive maps with input or output dimension
two are trivial. The existence of tensor-stable positive maps would have other implications
in quantum information theory, e.g. upper bounds (even strong converse bounds) on the
quantum Shannon-capacity and proving that any oco-entanglement annihilating channel
has to be entanglement breaking (see [6]). Finally we show that for any fixed number
n there is a positive linear map, neither completely positive nor completely co-positive,
with positive n-th tensor power. However, it is unclear, whether our construction also

yields such a map for all n.

3. Entropy-production of doubly stochastic quantum channels: Article II1

Remark: This work was done in a collaboration, where the author contributed but did
not take the leading role.

This work originated from article I on quantum capacities for continuous-time Markov-
processes, where we used an entropy-production estimate to upper bound the unitary
quantum subdivision capacity (i.e. where unitary coding channels may be applied in the
intermediate steps) of depolarizing channels. To obtain similar bounds for more general
Liouvillians we study logarithmic-Sobolev inequalities. It turns out that for primitive and
doubly stochastic quantum Markov-processes the entropy increases exponentially fast to
its maximal value with an exponent proportional to the logarithmic-Sobolev constant. It
is usually difficult to compute the exact value of logarithmic Sobolev constants even in
the classical case. Additionally we need entropy-production estimates scaling well un-

der tensor powers of quantum channels to prove upper bounds on the unitary quantum
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subdivision capacity. We establish such bounds using in the first step a group-theoretic
technique and hypercontractivity to compute a bound on the logarithmic-Sobolev con-
stant for tensor powers of the depolarizing channel. Then by a comparison method we
obtain an estimate for the logarithmic-Sobolev constant of any doubly stochastic, primi-
tive continuous-time quantum Markov-process in terms of its spectral gap. This method
is new and our result improves on similar ones obtained by more complicated techniques.
Using the entropy production estimate derived this way we can prove exponential decay of
the unitary quantum subdivision capacity of any doubly stochastic, primitive continuous-

time quantum Markov-process.

4. Relative entropy convergence for depolarizing channels: Article IV
While the previous work dealt with logarithmic-Sobolev inequalities of unital continuous-
time quantum Markov processes in this article we go back to the case of depolarizing
channels now with general fixed points. Our main result is the computation of the
logarithmic-Sobolev constant for these kind of channels. We are able to show, that this
constant coincides with the logarithmic-Sobolev constant of a classical random walk on
a finite set with transition probabilities equal to the eigenvalues of the fixed point. Sur-
prisingly this constant seems to be unknown even in the classical case and by using
Lagrange-multipliers we compute it explicitly. As an application we derive an improved
concavity inequality for the von-Neumann (or Shannon) entropy of a convex combination
of two states with a correction term depending on the relative entropy of the states. This
improvement seems to be incomparable to other recent improvements to this inequality,
but in some cases gives better bounds than the previously known results (cf. [7]). Further
results contained in this paper are an optimal (in terms of spectral data of one of the two
states) Pinsker’s inequality and a proof of an entropy production bound for tensor powers

of a depolarizing channel (stated less general in [8]) using a quantum Shearer’s inequality.

5. Spectral-variation Bounds in Hyperbolic Geometry: Article V
This paper is not directly related to quantum information theory and arose from the
work of the second author. Given two complex n X m-matrices we consider the problem
of bounding the optimal matching distance between their spectra in terms of the norm
distance of the two matrices. Despite considerable interest in the question, the optimal
constants in these bounds are not known. We introduce an optimal matching distance

in the hyperbolic pseudometric on the Poincaré-disc model. To derive spectral-variation



1.2 Outline

bounds for this distance we use resolvent bounds from the theory of model operators [9]
and a Chebyshev-type interpolation result for Blaschke-products [10]. Due to properties
of the hyperbolic pseudometric our bound is hard to compare to previous results in the
Euclidean metric. However, if the distance between the two matrices is small enough we
obtain a Euclidean spectral-variation bound with a constant approaching the conjectured

optimal value in the limit of large dimensions.

1.2 Outline

In the following chapter I will introduce the necessary concepts of quantum information theory
to understand the articles included in this thesis. As these articles only deal with finite dimen-
sional spaces I will restrict my introduction to this case. Note that by doing so many technical
difficulties usually occurring in infinite-dimensional Banach-space theory can be avoided. How-
ever, even in finite dimensions there are still many open questions and hard problems mostly
due to the non-commutative nature of quantum theory. To make the exposition as simple
as possible I only consider matrix algebras and avoid introducing the framework on general
C*-algebras. This does not restrict the theory in finite dimensions.

In section 2.1 I start with a brief introduction of the basic formalism of finite-dimensional
quantum mechanics. Section 2.2 contains a brief introduction to quantum channels (quantum
Markov chains) and mathematical tools needed to study their properties. Special emphasize is
put on continuous quantum Markov-processes towards the end of this section. In section 2.3
distance measures on matrix algebras and state spaces will be introduced. In particular I give
a brief introduction to completely bounded p-to-g-norms, which were introduced in operator
space theory [26]. In section 2.4 I introduce some information theoretic quantities necessary to
understand the articles and the rest of the introduction. Finally in section 2.5 I conclude with
a brief introduction to quantum Shannon-theory and the decoupling approach.

Throughout this introduction I will omit references for basic definitions well-known in the
field of quantum information theory. These definitions can be found in the standard textbook
by Michael A. Nielsen and Isaac L. Chuang [11]. Furthermore, I do not claim any credit for the

results summarized in this chapter even if a reference is missing.
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Finite-dimensional quantum

mechanics

Throughout this thesis the standard notation €% x4 for complex dq X do-matrices is used. If
dy = do = d we will also write My := M ((Dd) = €% for the algebra of complex d x d-matrices.
Note that in finite dimensions we can simply define Mg, @Mg, := {XQY : X € My,,Y € My, }
where the ® (between matrices) denotes the Kronecker product (see [11]). By iterating this
definition we obtain M (C4 @ --- ® C¥) := @;_; Mg,. A matrix X € My is called positive
(denoted by X > 0) if and only if (iff) it is Hermitian with spec (X) C [0,00). The set of
positive matrices forms a cone and is denoted by M; C My. For positive matrices on the
tensor product M (C* @ --- @ C%) we will write M (Ch @ --- @ C).

We will often consider linear maps between matrix algebras. Such maps could in principle
be represented by matrices again, but we will rarely do so as the properties we want to consider
would not have easy counterparts in these representations. Note that for linear maps § :
Mg,
map fulfilling (R T)(X @Y) =8(X)@T(Y) for all X € My,,Y € My,.

— Mg, and T : My, — My, we can define the tensor product § ® T as the unique linear

Formulas quickly get complicated when tensor product spaces are involved. Therefore it
is sometimes useful to attach labels to matrices indicating the tensor structure of the space
they are contained in. For instance we write X p € M ((DdA ® C’dB). We might also write
VA=BE . @da — Cd2 @ €9 to emphasize that the matrix V (considered as a linear map)
maps to a system with a certain tensor structure. Most of the time when only dealing with
simple systems where such labels might cause confusion, we will simply omit them for better

readability.
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2.1 Quantum states and measurements

For d € N we denote by Dy C My the set of quantum states, i.e. positive matrices with
normalized trace, of a d-dimensional quantum system. These are the quantum mechanical
analogue of probability distributions. It is easy to see that D, is compact, convex and the
extremal points of this set, called pure states, are the rank-1 projectors [¢)(3| for [1) € ©C9.
Given n € N quantum systems with dimensions dy,ds,...,d, € N a composite (multi-
partite) quantum system can be formed by taking tensor products. The quantum states of
this multipartite quantum system are given by D ((Ddl R - ® (Dd") C Qi Mg,. A state
p €D ((Dd1 R ® (Dd") is called separable if there are k € IN, a probability distribution

{p;}F_, and sets of quantum states {o"}_, C D,y for all m € {1,...,n} such that p =

Zle pio; ® 02 ®...® o7 Any state p € D (C" ®--- ® C%) that is not separable is called
entangled.

For a multipartite quantum state the reduced states on a subsystem is obtained by applying
a trace map tr : My — C to the rest of the system. Consider for instance a bipartite quantum
state pap € D ((DdA ® (DdB). Tracing out the A’ part of the state corresponds to applying
the partial trace try = tr ® idg, to pap. We will denote the quantum state after applying
the partial trace by simply omitting the corresponding labels, i.e. in the above case we have
pB = tra(pap). The reduced state pp corresponds to the quantum information of a local
observer having only access to the 'B’ part of the system.

Let 14 € My denote the identity matrix. We will use the notation 7y := %‘1 € Dy (or also
w4 € Dg, if labels are used) for the mazimally mized state. Note that this is the analogue of
the uniform distribution in classical probability theory. Consider now the composition of two
d-dimensional systems. For any choice of orthonormal bases {|1;)}&; and {|¢;)}¢_; on the two
spaces we can define a mazimally entangled state wq := |Qa)XQq| for |Qq) = % 2?21 [1i) @ i)
Often all properties we are interested in are preserved under a local change of bases on the
two tensor factors. In this case we will consider the so called computational basis given by the
standard unit vectors {|i)}¢_; with |i); = §;; and refer to the maximally entangled state with
respect to this basis (on each tensor factor) simply as the maximally entangled state. When
labels are used we will sometimes write wra € D ((DdR ® (DdA) for d4 = dp for the maximally
entangled state. This might seem strange as C%4 and C?# are mathematically the same space.
However, thinking about these spaces as different tensor factors will be helpful when studying

coding protocols where they represent different physical systems.



2.2 Quantum Markov chains

We will conclude this section with a brief description of quantum measurements. An ob-
servable on a quantum system is represented by a so called positive operator valued measure.
A set {E;}F, € M is called positive operator valued measure (POVM) iff Zf:l E;, = 1,
Here the indices ¢ € {1,...,k} should be thought of as measurement outcomes. Performing the
measurement represented by the POVM {E;}¥_; € M} on a quantum system in a particular
state p € Dy yields outcome ¢ € {1,...,k} with probability p; = tr (E;p). In the special case
where rk (E;) =1 and tr (E;E;) = §;5, i.e. where E; = |1;)}(1;| for mutually orthogonal vectors

|v;) € €%, the POVM is also called a von-Neumann measurement.

2.2 Quantum Markov chains

In the formalism of quantum mechanics physical processes are represented by linear maps
mapping quantum states on one physical system to quantum states on another. It is therefore
necessary for these maps to preserve both positivity of matrices and the trace. A linear map
T : Mg, — Mg, is called positive iff T(X) > 0 whenever X > 0, and it is called trace-preserving
if it preserves the trace, i.e. tr [T (X)] = tr [X] for any X € My,. An example of such a map is
the identity map idg : Mg — My given by idy(X) = X for any X € M, (we might also write
idg : Mg, — Mgy, when labels are used).

It turns out that these two conditions are not enough to properly model physical processes
in quantum mechanics. A positive map representing a physical process should even preserve
positivity when only applied to part of a quantum state describing a larger system (and leaving
the rest of the state unchanged). A linear map T : My, — My, is called completely positive iff
(id, ®T) : M (C" @ C%) — M (C" ® C%) is a positive map for every n € N [12]. An example
for a positive map that is not completely positive is the matriz transposition 94 : Mg — My
given by ¥4(X) = X7 in any fixed basis. A linear map is called a quantum channel iff it is
trace-preserving and completely positive. Note that the quantum channel (as defined here)
does not depend on the particular history leading to the input state. Therefore, the physical
processes described by such channels are Markovian and we will sometimes refer to quantum
channels as quantum Markov processes/chains.

In the mathematical model of quantum mechanics quantum states evolve by application
of quantum channels while observables represented by POVMs stay fixed. This is usually
referred to as “Schrédinger picture”. An equivalent model can be constructed by letting the

observables evolve and the states stay fixed. Note that for a quantum channel T : My, — Mg,
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and any POVM {E;}¥_, € M,, we can write the output probabilities of an evolved state as
p; = tr [E;T(p)] = tr [T* (E;) p], where T* : My, — My, denotes the dual map of T with respect
to the Hilbert-Schmidt inner product. Thus, without changing the outcome probabilities of
measurements (which are the only quantities accessible by experiment) we could take the maps
T* to represent physical processes. This mathematical model of quantum mechanics is referred
to as “Heisenberg picture”. It is easy to see that the map T* is wnital, i.e. T*(14,) = 1q4,,
whenever T is trace-preserving. Thus, the unital completely positive maps are quantum channels

in the Heisenberg picture.

2.2.1 Choi-Jamiolkowski isomorphism and representation theorems

In order to check complete positivity and other properties of linear maps between matrix alge-
bras the following theorem is useful.

Theorem 2.2.1 (Choi-Jamiolkowski isomorphism, [13]). The spaces {T : Mg, — My, : T linear}

and M ((Ddl ® (Dd"’) are isomorphic and an isomorphism is given by
T — Cy:= (iddl ®(.T) (wdl) . (21)
The matriz Cy € Mg, ® My, is called Choi matrix of 7.

Some properties of a linear map T : My, — My, have useful characterizations in terms
of the Choi matrix. For example T is completely positive iff C5 > 0 [13]. It is not hard to
show (see for instance [13]) that via the Choi-Jamiolkowski isomorphism any rank-1 matrix
[Xyp| € M+ ((Ddl ® (Dd2) corresponds to a completely positive map Ly : Mg, — Mg, of the
form £4(X) = AX AT for some fixed matrix A € C%*%. For any completely positive map T
its positive Choi-matrix Cq admits a spectral decomposition (and thus can be written as a sum
of rank-1 matrices). Linearity of the Choi-Jamiolkowski isomorphism then implies:

Theorem 2.2.2 (Kraus decomposition, [13, 14]). A linear map T : Mg, — My, is completely
positive iff there are matrices A; € C=*% such that for any X € Mg,

k
T(X)=) AXAL
=1

The matrices {Ai}é“:l are called Kraus operators of T. A completely positive map in the above

form is trace-preserving iff Ele AZTAi =1g4.

The following theorem can be obtained as a consequence of the Kraus decomposition

(see [15]), but we will not go into the details of the proof.

10



2.2 Quantum Markov chains

Theorem 2.2.3 (Stinespring dilation, [16]). A linear map T : Mg, — My, is a quantum
channel iff there exists dg € N and an isometry V : C — C% @ C% such that for any
X e Mdl

T(X) = trg [VXVT].
The isometry V is also called the Stinespring isometry of the channel 7.

By the Stinespring dilation the output state of a quantum channel corresponds to the reduced
state of a larger system in which the initial state is embedded. This illustrates what is called
an open quantum system instead of a closed one. An observer of an open quantum system
can only access part of a quantum system and the rest of the quantum system often called the
environment might be much larger. This point of view is particularly useful for communication
scenarios involving privacy. The information that an adversary (not having access to the output
system of the quantum channel) can possibly have about the transmitted state are contained
in the environment system after the transmission. Given a quantum channel T : Mg, — My,
with Stinespring dilation T(X) = trg [VXVT] the complementary channel (see [17]) denoted
by T¢ : My, — My, is defined as T¢(X) = trp [VXVT}7 where the partial trace acts on
the output-system of T. The complementary channel T7¢ describes the information flow to the

environment, that occurs when the channel T is applied.

2.2.2 Entanglement breaking and completely co-positive channels

The transmission of quantum entanglement is a fundamental task of quantum information
processing. We will introduce two classes of quantum channels that are ill-suited for the
transmission of entanglement. A quantum channel T : My, — My, is called entanglement
breaking iff (id,, @ T) (p) is separable for any n € N and any state p € D (C" ® C?) [18]. En-
tanglement breaking channels are not useful for any quantum information processing as they
destroy entanglement completely. It can be shown that any entanglement breaking channel
T : Mg, — Mg, can be written as T (p) = Zle tr [E;p] oi, i.e. as a measurement with effect
operators {E;}¥_, C My, followed by a preparation of new states {o;}¥_, € Dy, depending on
the measurement outcome.

We need the following characterization (based on the Hahn-Banach theorem [19]) of sep-
arability and some facts about entanglement: A bipartite quantum state p € D (Cdl ® (DdQ)
is separable iff (idg, ® P) (p) > 0 for any positive map P : My, — My (with d € N arbi-

trary) [20]. Therefore, we can use positive maps to detect entanglement as any bipartite state

11



2. FINITE-DIMENSIONAL QUANTUM MECHANICS

with (idg, ® P) (p) # 0 for some positive map has to be entangled. It is clear that only positive
maps which are not completely positive yield a useful criterion, because for completely positive
maps the expression (idg, ® P) (p) is always positive. One possible choice is the transposition
map ¥4 : Mg — My (in any basis) which is positive but not completely positive. A map of the
form (idg, ®94,) : M (C" @ C%) — M (Ch @ C*) is called a partial transposition and states
p € D (C™ ® C%) with (idg, ®q,)(p) # 0 are called NPPT (“non-positive partial transpose”).
Similar p is called PPT(“positive partial transpose”) if (idg, ® 94,)(p) > 0. By the previous
discussion every NPPT state is entangled and it turns out that a state p € D ((Ddl ® (Dd"’) with
dyds < 6 is separable iff it is PPT [20]. However, this is not true for higher dimensions and
already for d; = do = 3 there are entangled PPT states.

Using the transposition and a completely positive map we can build new positive maps by
composition. We call a linear map T : My, — My, completely co-positive iff T = ¥4, o 8 for
a completely positive map 8 : My, — My, (see for instance [21] where these maps are called
copositive). This definition does not depend on the basis of the transposition (as positivity is
preserved under unitary transformations). Note that a linear map T : My, — My, is completely
co-positive iff T = 8o ¥4, for a completely positive map S: Mg, = Mg,. There are quantum
channels which are also completely co-positive. For such a channel T : Mg, — My, states of the
form (id,, ® T) (p) are always PPT. It is easy to check that any entanglement-breaking channel
is a completely co-positive quantum channel and every completely co-positive quantum channel
T : My, = Mg, for dimensions fulfilling dids < 6 is entanglement breaking (as the partial
transposition detects all entanglement in these dimensions by [20]). In larger dimensions this is
no longer true and there are completely co-positive quantum channels that are not entanglement

breaking.

2.2.3 Continuous-time quantum Markov processes

A quantum dynamical semigroup is a semigroup of quantum channels T; : My — My indexed
by a (time-)parameter ¢ € R that is continuous in ¢ and such that Tp = idg and T30Tp = Tepe
for all s, € R*t. We have the following representation theorem:

Theorem 2.2.4 (Lindblad [22]). For every quantum dynamical semigroup T; : Mg — My there

is a Hermitian matriz H € My and matrices {A;}¥_, C My such that T, = e'* for the generator
L: Mg — My of the form

k
L(X)=i[X,H+ ) AXAl - %{AIA“X}. (2.2)

i=1

12



2.3 Distance measures

The generator £ in (2.2) is also called a Liouvillian. By differentiation it is easy to check, that
for any initial state p € Dy the time-evolved state p; := T4 (p) fulfills the following differential

equation:

Co=L0).
By setting 4, = 0 for all ¢ € {1,...,k} we obtain the Schrodinger equation describing the
time-evolution of a closed system with a Hamiltonian H. This is solved by p; = U(t)pU(t)}
for unitary U(t) = e *#!. Therefore the first part of (2.2) can be interpreted as a unitary
time-evolution. The second part can be similarly interpreted as dissipation.

The Liouvillian (2.2) can also be written as
L(X)=8(X)- KX — XK'

for a completely positive map 8 : My — My and a matrix K € My such that 8*(14) = K + K
(see [23]). By choosing 8 : My — My to be a quantum channel and K = 11, we see that
L = 8 —idy is the generator of a quantum dynamical semigroup. In the special case where
8(X) = tr[X] o for a quantum state o € Dy this yields the depolarizing Liouvillian L£,(X) =
tr [X]o — X. This Liouvillian generates the depolarizing channel Ty(X) = (1 — e )tr [X]o +
e~ !X depolarizing onto the state o [11].

A quantum dynamical semigroup T; : Mg — My is called primitive iff there exists a unique
full-rank stationary state o € Dy such that Ty (p) — o for any p € Dy [24]. The depolarizing
Liouvillian £, generates an example of such a semigroup if o € Dy is full-rank. It is clear that
generic quantum dynamical semigroups are primitive. For any primitive quantum dynamical
semigroup it is easy to show, that there exists a finite time t; € R™ such that T; is entanglement

breaking for any ¢t > t.

2.3 Distance measures

We will need some distance measures on My and on the set of linear maps acting on M.

2.3.1 Matrix norms and induced norms for linear maps

For p € [1,00) the p-norm (also called Schatten-p-norm) of a matrix X € My is defined as
| X, = tr [1X[P]*/7, where | X| = VXTX denotes the absolute value of X [25]. By the singular

1/p
value decomposition we can also write || X]||, = (Z?zl si(X)p) , where {s;(X)}%; C R*
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2. FINITE-DIMENSIONAL QUANTUM MECHANICS

denote the singular values of X. As for commutative p-norms one consistently defines || X ||oc =
lim, o | X|l, = sup;{si(X)}. The Schatten-p-norms have the usual properties (Hélder in-
equality, ordering || - ||, > || - |q for p < g, etc.) as their commutative counterparts [25]. The
Schatten-1-norm is also called trace norm.

When working on tensor products M ((Ddl ® (Ed2) it will be useful to introduce norms acting
like an r-norm on the first tensor factor, but like a p-norm on the second tensor factor. Such
norms have been introduced in the context of non-commutative vector-valued L,-spaces [26].
See also [27] for a more readable presentation of this topic in the special case of finite dimen-
sional matrix algebras. Following their presentation we first define this notion for » = co. For

XeM ((Ddl ® (Dd2) we set

[(A®La,) X (B & La)|
X ||(sepy = sup )X 25 o)l
ABEMq, 1All20 11 Bll2

Now one can define the (r, p)-norm as

X o) = [All2r | Bll2r Y [l (co.p)-

inf
X=(A®14,)Y (B®14,)
A,BEM g,

Note that for a tensor product of matrices this norm fulfills | X ® Y||¢, ) = || X||+[|Y ||, which

is consistent with the interpretation stated above. Furthermore, we have || - ||, ) = || - ||, and
I llerpy =1l lp on M (C ® C©%) ~ Mg,.
For a linear map T : My, — My, and p, q € [1, 00] the p-to-g-norm (see [28]) is given by
17Xl
[Tllp—q = sup
P xenta, X

The p-to-g-norms behave well with respect to composition and it can be shown, that ||8 o
Tlp—q < I8llp=rl|T|lr—sq for linear maps T : Mg, — Mgy, 8 : Mg, — Mg, [28]. In many cases
we will deal with the cases p = ¢ = 1 or p = ¢ = oo. In these cases (which are dual to each
other) there is an interesting connection between the above norms and positivity of the linear

map 7T.
Theorem 2.3.1 (Russo-Dye and converse to Russo-Dye, see [25]).
(i) For a positive map T : My, — Mg, we have || T|lco—oo = [|T(Lay)|oo-
(i) If for a unital linear map T : Mg, — Mg, we have ||T]comoo = 1, then T is positive.

Tt is easy to see (by duality of norms [25]), that for a positive map T : Mg, — My, we also

have ||T]|151 = ||T7*(1a,)|loo and therefore ||T||1—1 = 1 for a trace-preserving positive map 7.
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Despite all these nice properties the p-to-¢ norms have some drawbacks when applied to
tensor products of linear maps. More specifically we may have ||8 @ T[p—q > [|8|lp—ql|Tllp—q
(consider for instance p = ¢ =1 and 8 = idy, T = ¥2) for linear maps 8 and T. To resolve this
issue one can define stabilized versions of the p-to-g-norms. Consider first the case where p = ¢.
For p € [1,00] the completely bounded (CB) p-to-p norm (see [27]) of T : My, — My, is given
by

H{I”CB-,p%p = sup [|id, ® (‘THp%p' (2.3)

neN
In the special case where p = 1 the above norm || - ||cg,151 = || - [|o is also called the o-
norm. For p = oo the norm | - [[cB,cos00 = || - [|oB is often just called the CB-norm. In finite

dimensions the computation of these norms simplifies and for any linear map T : My, — Mg,
we have ||T]|¢ = [lidg, ® T|j11 (see [12]). By the Russo-Dye theorem we have ||T||, = 1 for any
quantum channel T. The converse to the Russo-Dye theorem shows that for any trace-preserving
linear map T : My, — My, that is not completely positive we have ||T]|, > 1.

Note that with the above definition we have ||8 ® T||cBp—p = [I8|lcB,p—pllTllcB,p—p Which
makes these norms useful for quantum information theory. Also it can be shown that for any
completely positive map T : Mg, — Mg, and p € [1, 00| we have ||T|cBpop = [|Tllp—p [27].

With the (p, p)-norms the completely bounded p-to-p can be written as

HTHCB,p—w = S‘ég [lid, ® {IH(p,p)ﬁ(p,p)

This definition applies a p-to-p norm on the first tensor factor where the n-dimensional identity
acts. When ¢ < p we have to be careful as [/id,||p—q = ni~# — 0o as n — oo. Therefore
the naive definition “||T|cB p—sq = supP,en lidn ® T/ (p,p)—(q,q)” does not work in general. The

completely bounded p-to-q norm (see [27]) of a linear map T : My, — My, is given by

1TllcB.p—sq = Sgg lid, ® ‘TH(S,p)—%Sﬂ)

with || - [|(s,p) as defined above and for an arbitrary s € [1,00]. It turns out that the choice
of s € [1,00] on the first tensor factor is irrelevant and the above norm has the same value in
any case [26]. The completely bounded p-to-g-norm has some nice properties. First it is clear
that [Tlczpog = [Tlpg. The property S @ Tlezpog = ISlcspsalTlczpg holds for
completely positive maps 8§ and T [27]. For ¢ > p and a completely positive map T we have
1TNlce,p—q = |Tllp—q [27]. Finally as the Riesz-Thorin interpolation theorem holds for the

p-to-g-norms (see [29, 30]) it also holds for the completely bounded p-to-¢ norms [31]:
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2. FINITE-DIMENSIONAL QUANTUM MECHANICS

Theorem 2.3.2 (Riesz-Thorin theorem). For any linear map T : My, — Mg, and po, p1, qo, 1 €
[1,00] and 6 € [0, 1] we have

1Tl e5.p0)-40) < ITNEB po—a0 17165 1

2.3.2 Fidelity

The fidelity of two quantum states p,o € Dy is defined as

F(p,0) = tr [\/ p1/20p1/2] . (2.4)

Note that F(p,p) = 1 and F(p,0) = 0 if supp (p) Nsupp (¢) = @. For pure states the above

definition simplifies and we have

F([9Xl [oXel) = [(¢]9)

for ), |¢) € C%. We will also write F(|1)), |¢)) for the fidelity of two pure states. The following

theorem relates the fidelity with the metric induced by the trace-norm:

Theorem 2.3.3 (Fuchs-van de Graaf-inequalities [32]). For quantum states p,o € Dy we have

1
1= F(p,0) < 5llp—olly < V1~ F(p,0)*. (2:5)

The fidelity has some properties, that make it a useful quantity in quantum information
theory. It can be shown that the fidelity F'(p, o) can be interpreted in terms of how well p and
o can be distinguished by measurements. More specifically for p,c € Dy we have

k
F(p,0) = min tr [pE;] tr [0 E;]

{EY,
where the minimization is over POVMs {E,,}f_; ¢ M} [11]. It is a simple consequence of
this representation (using that adjoints of positive maps are positive) that the application of
a positive and trace-preserving map P : Mg, — My, two both states p,o € Dy, increases the
fidelity, i.e. F(P(p),P(c)) > F(p,o). Furthermore, the fidelity is jointly concave in its two
arguments (see [11]), i.e. for quantum states p;,0; € Dy and p; € R such that Zle p; =1

we have

k
szpzazpﬂ?'z ZZ puo'z
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The fidelity of two quantum states can be expressed as the fidelity of two pure states on a
larger system. A purification of a quantum state p4 € Dy, is a pure state [45) € O @ C&

such that pa = trg [[Yas)Yagl|] [11].

Theorem 2.3.4 (Uhlmann [33]). For quantum states pa,o4 € Dg, and any dp > da we have

F(pa,04)= max F , = max .
(pa,04) [YaB),|PaB) (¥a5):|¢as)) |'¢AB>;|¢AB>|<,I/}ABI¢AB>‘

where the mazxima are over purifications |Yag),|pan) € C¥4 @ € of pa and o4 respectively.

It can be shown that two pure states [pa5) € C% ® C? and |pap) € C¥ ® C¥# with
dp < dp are purifications of the same state psa € Dy, iff they are related by an isometry
V:Cd — @l ie. |pap) = (14 ®V)[hap) [11]. Together with Uhlmann’s theorem this
implies that for pure states |¢ag), |#pap) € C¥4 @ C and any isometry V : C4& — €95’ we
have F(1a @ V)|Yag),(1a®@V)|par)) = F(|Yag),|¢ar)). As an immediate consequence we
can write the statement of Uhlmann’s theorem for fixed purifications [ty ap) € €9 ®@ C? and

|pap) € C¥ @ Cl of p,o € Dy, and with dp < dp' as

F(p,a):m‘ngF((ILA®V)|1/)AB>,|¢AB/>). (2.6)

Here the maximum is over isometries V : €% — Q5.

2.3.3 Relative entropy

Throughout this thesis we will write log for the logarithm to base 2. The relative entropy (also

known as quantum Kullback-Leibler-divergence) of quantum states p,o € Dy is defined as

D(pllo) = {tr[p(logp —logo)], if supp(p) C supp(o) @7)

400, otherwise
The relative entropy fulfills a so called data-processing inequality, i.e. for any quantum chan-
nel T : Mg, — My, and quantum states p,o € Dy, we have D(T(p)||T(c)) < D(p|lo) [34].
Furthermore it is jointly convex in its arguments (see [35]), i.e.

k

k k
DY _pipill Y _pioi) <D piD(pillos)
=1 =1

i=1
for quantum states p;,0; € Dy and p; € RT with Zle p; = 1. The relative entropy also has
the following property with respect to tensor-powers: For any quantum states p;,01 € Dy, and
p2,02 € Dy, we have D(p1 ® pz2l|lo1 ® 02) = D(p1llo1) + D(pz2]|o2). We can lower bound the

relative entropy in terms of the trace-distance
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2. FINITE-DIMENSIONAL QUANTUM MECHANICS

Theorem 2.3.5 (Pinsker inequality [36]). For quantum states p,o € Dy we have
1
e =olli < D(p,0).

2.4 Information-theoretic quantities

In this section we will introduce some quantities commonly used in quantum information theory.

2.4.1 Von-Neumann entropy and conditional entropy

The von-Neumann entropy of a quantum state p € Dy is defined as S(p) = —tr[plog(p)]. Tt
can be shown that S (p) € [0,log(d)] for any p € Dy and that S(p) = 0 iff p is a pure state [11].
Furthermore the entropy is a concave function [11]. Note that the relative entropy can be
written as D(p|lo) = —S(p) — tr[plog(o)] and many properties of the von-Neumann entropy
are related to properties of the relative entropy.

For a bipartite quantum state pap € D ((DdA ® (DdB) we have the subadditivity inequality
S(pap) < S(pa)+S(pp) [11]. For a tripartite quantum state papc € D (C¥ @ C¥ @ C) we
can use the monotonicity of the relative entropy under quantum channels (more specifically the
partial trace) to show D (pap|lpa ® ps) < D (papcllpa ® ppe). By rewriting this inequality
in terms of the von-Neumann entropy we obtain the so called strong subadditivity inequality
S(papc) +S(pp) < S(pan) + S(psc) [11].

The von-Neumann entropy is the quantum version of the Shannon-entropy. As its classi-
cal counterpart it has an operational interpretation in a source coding (or data compression)

protocol. We will need the following lemma:

Lemma 2.4.1 (Typical subspace theorem [11]). Let p € Dy be a quantum state and € > 0
fized. Then for any 6 > 0 there exists an N € N such that for any n > N there is a projector
P(n,€) with:

1. tr[P(n,e)p®"] >1-14
2. (1 —6)2"50)=9) < tr[P(n, )] < 27S)+e)

The subspace Im (P(n,€)) C C*" is also called e-typical subspace.
As a direct consequence for any fixed € > 0, some § > 0 and n sufficiently large we can write
p®n = pnp?yp + (1 - pn)p?cst

with p, = tr[P(n, €)p®"], a state pf}, supported on the typical subspace and a state pj.y, with
no support on the typical subspace. Note that for S (p) < log(d) the dimension of the typical
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subspace diyp, = tr[P(n,€)] < 215+ « ¢ will be much smaller than the dimension of the
full space. As [[p®" — pit Jlli < 2(1 — p,) < 20 we can (for § small enough) compress p®" to
Piyp Without introducing much error. This compression can be performed by measuring the
2-outcome POVM given by {P(n,€), (14n — P(n,€))}. This will successfully compress p®™ with
probability p, > 1 — §, which is close to 1 when § > 0 is chosen small enough. It can also be
shown that it is not possible to compress the state further without introducing large errors in
the limit n — oo, i.e. the von-Neumann entropy is the optimal upper bound for the compression
rate of a quantum state in the asymptotic limit of many copies [11].

Similar to the classical case where one can consider the Shannon entropy of a conditional
probability distribution one can define the conditional entropy in the quantum case. Given
a bipartite quantum state pap € D ((DdA ® (DdB) the conditional (von-Neumann) entropy of
system A given system B is defined as S(A|B),,, = S(pap) — S(pr). This quantity can be
interpreted as the information that an observer can gain about system A when allowed access
to system B. It is a well-known fact, that due to entanglement of psp the conditional entropy
S(A|B),.,, can be negative unlike its classical analogue [37]. For a quantum channel T : Mg, —
My, and a quantum state ogga € D ((DdR ® (DdA) with dg = da we define I°® (opa,T) 1=
—S(R|B)(idr@T)(ora)- Then the coherent information of T is given by

I°h (T) = max IM (oA, T)
ora€D(CIRQTLA)

The coherent information quantifies how much information can be transmitted through the

quantum channel.

2.4.2 Conditional min-entropy

The von-Neumann entropy and the quantities derived from it are useful in scenarios involving
asymptotic limits of many copies of the same object (usually quantum states or quantum
channels). They seem to be less useful in one-shot scenarios where only one instance of an
object is considered. To analyze such scenarios many useful quantities have been introduced
(see for instance [38, 39]). We will only use one such quantity namely the conditional min-
entropy first introduced in [38].

For a bipartite positive and subnormalized matrix X 5 € M™ ((DdA ® (DdB), i.e. with

tr [X] < 1, the conditional min-entropy of A given B (see [39]) is defined as

Smin(4|B)x ,, := —log (min{tr [Yg] : Yp € M:{B,XAB <14, ®YB}) .
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2. FINITE-DIMENSIONAL QUANTUM MECHANICS

The optimization in the conditional min-entropy is a semidefinite program and hence this
quantity can be efficiently computed [39]. For any matrix X p € MT ((DdA ® ¢ ) with
tr[Xap] <1 wehave X5 < 14, ® 14,, which implies Syin(A4|B)x,,; > —log(dp). It can also

be shown (see [39]) that for any subnormalized X5 € MT (C% @ C%?) and any isometries
V@4 — €% and W : €4 — €5’ we have

Smin(A'|B") (vew)x as(vew) = Smin(A|B)x -

The conditional min-entropy of a quantum state has an operational interpretation as the
maximum achievable overlap with a maximally entangled state [40]. More specifically for
pag €D ((DdA ® (DdB) with d4 < dg we have

275’mm(A‘B)pAB =dy m{JE}XF ((1dA (4] (.T) (PAB) 7WAB)

where the maximum is over quantum channels T : Mg, — Mg, .
For € > 0 the e-smooth conditional min-entropy of A given B (see [39]) of a bipartite
quantum state p € D ((Dd“ ® (DdB) is defined as

Srgnin(A|B)pAB = XEEI%?EB 0 Smin(AlB)XAB

where B(p,e) = {Xap € MT (C% @ C?) : tr[X] < 1,4/1—F(p,X)? < €} denotes an
e-ball around p in the purified distance (where the fidelity F(p, X) for subnormalized X can
be defined as in (2.4)). By the above lower bound for Sy, (A|B)x,, for subnormalized and

positive X ap we also have
Srenin(A|B)PAB Z - log(dB) (28)

for any state pap € D (C% ® C?%). The invariance under local isometries mentioned above
for Smin also holds for the smooth version, i.e. for any € > 0, any state pag € D ((DdA ® (DdB)

and any isometries V : C% — C%’ and W : C%® — C?’ we have

€

min(A/|B/)(V®W)pAB(V®W) = Srénin(A|B)PAB' (29)

When the e-smooth conditional min-entropy is applied to tensor-powers of a quantum state
the usual (von-Neumann) conditional entropy can be recovered as a limit [39]. More specifically

for a quantum state psp € D (C% @ C?#) we have for any € € (0,1) that

lim S¢
n— o0 m

W(A"[B") 0 = S(A[B)

PAB*

We will not need this property directly, but only the following bound known as asymptotic

equipartition property:
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Theorem 2.4.1 (Fully quantum AEP, [41]). For a density operator pap € D ((DdA ® (DdB) and
- 8 2

€ > 0 there exists a sequence A(n, pap,€) — 0 as n — 0o and such that for all n > £ log (?2)

we have

1
=S ATIB) 2y = S(AIB) pay — Al pas,€) (2.10)

2.5 Quantum capacities

In this section we will introduce two capacities describing the transmission of quantum infor-
mation over quantum channels. First we will talk about the quantum analogue of the Shannon
capacity. In the second part we will introduce the two-way quantum capacity where the trans-
mission is assisted by arbitrary classical communication between the sender and the receiver.
Note that there are many other capacities and communication settings not mentioned here de-
scribing for instance the transmission of classical information or using different channel models
(e.g. scenarios with more than one in- and/or output-systems, see [42] or channels varying in
time). Also we will assume that the sender and receiver know the the quantum channel used

for transmission exactly. This might not be the case in realistic scenarios.

2.5.1 Quantum Shannon-capacity

Definition 2.5.1 (Quantum capacity, see [43]). For a quantum channel T : Mg, — Mg, its

quantum capacity is defined as
Q(T) =sup{r € R : r achievable rate }.

A numberr € R is called achievable rate iff there are sequences (n,), oy € NN and (my),en €

NN with n, — 0o as v — oo and r = limsup,, ., 2= such that

my

—0asv— o0 (2.11)
<&

inf Hm?” _DoTEM o8
&,

where the infimum is over encoding quantum channels & : M?"” — M?It" and decoding quan-
tum channels D : MG™ — M5

Note that by choosing the identity channel in (2.11) to be two-dimensional we take the qubit
as the unit of quantum information. By choosing a different dimension d we obtain essentially
the same capacity just scaled by a factor of 1/log,(d) [43]. It can be shown (see [43]) that a
rate r > 0 is achievable iff the communication error in (2.11) vanishes for the sequences n, = rv

and m, = v.
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There are many equivalent definitions for the quantum capacity of a quantum channel using
different error-measures. Instead of the o-norm it is sometimes useful to consider the so called

channel fidelity (see for instance [43]) of a quantum channel T : My, — My, defined as
Fc({.T) = F((idR®‘J')(wRA),wRB)2 . (212)

This error-measure quantifies how much entanglement is transmitted through T. Requiring
supg p Fe (Do T¥™ 0 &) — 1 as v — oo instead of (2.11) to express the vanishing communi-
cation error yields an equivalent definition of the capacity. For convenience we will summarize
the argument given in [43] to show this fact. The following theorem is a direct consequence of
[43, Proposition 4.5].

Theorem 2.5.1 ([43]). Let T : My — Mg and k < d. Then there exist quantum channels
Vi : My — My and 8y, : My — My, such that
1/4
1- Fc (T)
<8 | ————=
o 1-— g

With this theorem it is possible to see, that the capacity does not change when the ¢-norm

Hidk —8,0T 0V,

is replaced by the channel fidelity to quantify the communication error in (2.11). Assume that

there is a rate r > 0 and sequences (n,), and (m,), with r = limsup,,_,., 2 such that for

a sequence of encodings &, : Maon, — Mygm, and decodings D, : Mgm, — Mon, we have
F.(D,0oT®™ o0&,) = 1 as v — oo. Now applying the above theorem for each k, = 27 ~1
yields modified encodings (EZV = €, oV, and modified decodings @V = §, 0D, such that
Hid?“”‘“ — D, o TEM o,

n,—1
my

= r this rate is also

— 0 as v — oco. As limsup,_,
achievable when using the <>—n0;>m as in (2.11) to quantify the communication error. The other
direction that any rate achievable with respect to the ¢-norm is also achievable with respect to
the channel fidelity is straightforward [43].

From the above definition it is still unclear how to compute the quantum capacity for a

concrete channel. The following theorem relates the above capacity to the coherent information

introduced before:

Theorem 2.5.2 (LSD-theorem [44, 45, 46]). For a quantum channel T : Mg, — My, we have

Q(7) = lim L peon (T%m).

n—o00 N
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The limit over tensor-powers in the above theorem, also called regularization, is essential
and for any n € N there are examples of quantum channels T such that I°°" (T®") = 0 but
[e°h (T®(FD) > 0 [47]. At the time of writing it is not known whether there is a formula for
the quantum capacity possibly involving other quantities and avoiding a regularization.

Even with Theorem 2.5.2 computing the quantum capacity for a given quantum channel is
hard in general, but in some cases the computation simplifies. A quantum channel 7 : My, —
Mg, with complementary channel T¢ : My, — My, is called degradable (see [17]) iff there is
a quantum channel 8§ : My, — My, such that § o T = T¢. For degradable quantum channels
the regularization can be removed in Theorem 2.5.2 which simplifies the computation of the
capacity. A quantum channel 7 : My, — My, with complementary channel 7¢: Mg, — Mg, is
called anti-degradable (see for instance [48]) iff there exists a quantum channel 8 : Mg, — Mg,
such that 8§ o ¢ = TJ. It can be shown that anti-degradable channels have vanishing quantum
capacity. Note that every entanglement-breaking channel is also anti-degradable [48].

We finish this section by stating the well-known transposition bound on the quantum ca-

pacity. Let ¢4 : Mgz — M, denote a matrix transposition in any fixed basis.

Theorem 2.5.3 (Transposition bound [49]). For a quantum channel T : Mg, — Mg, we have

Q(7) < logy([[Pap o Tllo) -

Using the properties of ||-||, the transposition bound implies that any completely co-positive
quantum channel (i.e. a quantum channel T for which ¢ o T is also a quantum channel) has
vanishing quantum capacity. At the time of writing the completely co-positive quantum chan-
nels and the anti-degradable channels are the only classes of quantum channels for which the

quantum capacity is known to vanish.

2.5.2 The decoupling approach

In this section we will illustrate how to show the existence of suitable coding channels in
Definition 2.5.1 of the quantum capacity using the decoupling approach. While this method
can be used to prove Theorem 2.5.2 in its full generality (see [50, 51]) we will only show that for
a quantum channel T: My, — My, any rate r < I.on (wara,T) is achievable. This is sufficient
to understand the articles contained in this dissertation and the argument will be slightly easier
while equally illuminating. The following discussion is based on results stated in [51].

The idea of the decoupling approach can be described using the following lemma, which is

a consequence of Uhlmann’s theorem.
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Lemma 2.5.1 ([51]). Let T : My, — Mg, be a quantum channel with Stinespring isometry

VA=BE . Qa5 @8 @ C and a purification of its Choi-matriz is given by |orpr) =

(]lR (024 VAHBE)|QRA>, If
H(idR ®T) (Wra) — TR ®0'EH1 <e,

then there exists a quantum channel D : Mg, — Mq,, for dg = dar such that

F(DoT) > (1-%)2.

Proof. Using the Fuchs-van de Graaf (Theorem 2.3.3) inequalities we have:
F((idR®TC) (wga), TR ®og) > 1— g

Note that a purification of Tr @0 is given by |[Qpa/)®|or 5 E) € CEIa @CIr'd6'd8 and also a
purification of (idg ®T°) (wra) is given by |orpEr) € C2@CY @ CY. By applying Uhlmann’s
theorem (in the form (2.6)) there is an isometry WB=AR'B" . @ds — Qdar @ 4 @ C%% such
that

1- (1g @ WEARE @1 5)|orsE), [wra') @ |orBE))

<F
< F((idgy ® Do T) (WRA) s wrA)-

In the last step we used monotonicity of the fidelity under quantum channels (in this case partial
traces) and introduced the quantum channel D : My, — Mg,, as

’ / !’ 7 !/ !’ T
D(p) = trp {VVBHA RB, (VVB%A R'B ) } '
O

By the above lemma a decoding channel D achieving high channel fidelity exists when
after information transmission the environment (labeled by 'E’) is decoupled from the reference
system (labeled by 'R’). Surprisingly, by choosing a random encoding prior to transmission this
can be ensured. The following theorem is also called decoupling theorem:

Theorem 2.5.4 (Decoupling Theorem [51]). For a quantum state ppa € D (C** @ C%4) and a

quantum channel T : Mg, — Mg, with Choi matriz ocag = (idar @ T) (wara) and an arbitrary
€ > 0 we have

/ii(dA)

where the integral is with respect to the Haar measure on the group of unitary matrices U(d4) C
M, -

' (idg @ T oU) (pra) — pr ® UEH QU < 2~ 3Smn(A1E) =35 (AIR), | 19
1
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2.5 Quantum capacities

To apply the decoupling approach consider a quantum channel T : My, — My, with
Stinespring isometry VAZBE . @44 — €98 @ C9 and purified Choi-matrix |4 pg) = (14 ®
VAZBE) Qa4 4). For any rate 0 < r < Ieon (wara,T) let wpre € D ((DdR ®(DdR’) be the
maximally entangled state for dg = drr = 2. To show that r is achievable in the sense of
Definition 2.5.1 we set ppar = (idg ® W,,) (wrr) for isometric channels W, (-) = W,, - W with
isometries W, : €%’ — C%. Note that by (2.9) and (2.8) we have

renin (AV|R) = anin (R/‘R)

PRAYV

> —log(dr).

WRR!

Ru

Now consider the quantum channel (7€) and note that the Choi-matrix of this channel is

given by 0%/,,. Using the asymptotic equipartition property (see Theorem 2.4.1) we have

min

: ((AI)VlEV)O-%,VE 2 S<A/|E)0'A/E - A<Va O-A’Eae) = lcoh (WA’A,T) - A(V; OA'E, 6)'

Applying Theorem 2.5.4 with € = % implies the existence of unitary channels U, € gy such
that

, 12
H (idR ®(T)* o Uy o Wu) (prev) — pR® 0| < Vg2 Fleon(@ara N+ 3AMoape) 4 2
1 174

Finally we can use the Lemma 2.5.1 to obtain quantum channels D, : J\/[0173 — My such that

2
F.(D,oT® oU,oW,) > (1 _ 1 (25(T_IC"“(“’A’A’THA(”’UA/E’e)) + 12)) .
- 2 v

As 7 < Ion (wara, T) we have that F.(D, o T® oU, o W,) — 1 in the limit ¥ — oo. By the
discussion after Theorem 2.5.1 we can slightly modify the above coding scheme such that the
communication error (2.11) in ¢-norm vanishes in the limit ¥ — co. This proves that any such

rate is an achievable rate for the quantum capacity.

2.5.3 Quantum capacity assisted by classical communication

The quantum capacity introduced in the previous section only describes a very basic scenario
of information transmission, which often does not capture all resources that the sender and the
receiver could use. In this section we introduce another quantum capacity taking into account
that the sender and receiver might be able to exchange arbitrary classical information for free.
For more information concerning this and similar scenarios see [52]. It should be emphasized
that we restrict to the idealized case where the quantum channel used for transmission is known

to both communicating parties.
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2. FINITE-DIMENSIONAL QUANTUM MECHANICS

In the following we consider a bipartite system with its two parts labeled A’ and ’B’. The
A’ part should be thought of as a system controlled by the sender, and in the same way the
"B’ part is a system controlled by the receiver. We introduce essentially classical systems both
at the sending and the receiving side where the two parties can store classical information. To
distinguish the quantum- and the classical part of our states we will use labels A,, B, to refer
to the quantum part at A or B and labels A., B, for the classical part.

We will start with a central definition of the special class of quantum channels that can
be implemented using local quantum channels and arbitrary classical communication. This set

can be found in similar form in [53] where its mathematical properties are discussed.

Definition 2.5.2 (Local operations and classical communication (LOCC) [53]). A quantum
channel T : M ((DdA ® (DdB) - M ((DdA’ ® (DdB’) is called an LOCC-channel with respect
to the bipartition A : B if it can be written as a sequential concatenation of any number
of channels £ : ."J\/E((Ddf‘qd“‘c ®<Dd34d3ﬂ) - M ((Dd‘/“‘ildAé ®(Dd351d35) of the following form
(for Xa,a.8,8. € M (CHa%e @ C¥8at5e))

L(Xa,a.8,8)=> (K!®KP)Xa,a.8,8. (K@ KP) @ |j)ila, @ |iXi|s,, (2.13)
i

where K : Cd4edac 5 ©%% gnd KJ-B . @¥Bedee _ ©'B4 gre Kraus operators of quantum
channels mapping system AyA. to A, and system By B, to By respectively (i.e. Zi(KiA)TKZA =
1a,4, and Zj(KJB)TKJB = 1p,B.), and |j)a; and |i)p, are orthonormal bases belonging to
(effectively classical) systems A. and B..

As the definition of LOCC-channels is complicated it is often helpful to consider the following
class of quantum channels, which contains the LOCC-channels as a proper subset [53]:

Definition 2.5.3 (Separable operations [53]). A quantum channel T : M (C% @ C%) —
M ((DdA’ ® (DdB’) is called separable iff it can be written as

T(X) =Y (K o KP) X (K @ KF)'
i
for matrices {K#}; € Cdarxda gnd {KP} c Cdor*ds,
Separable quantum channels are easier to analyze than LOCC quantum channels. Never-
theless, they still have enough structure for interesting properties to hold; examples of this can

be found in the articles contained in this dissertation. With the previous definitions we can

define a capacity assisted by unlimited classical two-way communication.
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2.5 Quantum capacities

Definition 2.5.4 (Quantum capacity assisted by unlimited 2-way classical communication [52]).
For a quantum channel T : My, — My, the 2-way classical communication assisted capacity
is defined as

Qs (T) =sup{r € R" : r achievable rate}.

A number r € R is called achievable rate iff there are sequences (n,),ex € NN and (m,),en €

NN with r = limsup,_, ., 2= and such that

my

inf

idy™ —Lon, 410 (ida, ® Ta, 5, ®idp,ByB,, )0
Ll:---7'cnzu+1

oloo(idaaya,,  ©Ta,, -5 ®idp,)o Ly

—0
<
as v — oo. In each step the channel T brings one system of size da from the A’ side to the
‘B’ side. The infimum is over LOCC-quantum channels

Li . M (@dAchl'”dAmu—H»l ® (DdBCdBl"'dBi—l) N M ((DdA/chl'"dAmufi+1 ® (DdBédBl"'dBi—l)
for1<i<m, and

Li1:M (®27lv> — M (CHaetardam, @ @)
and
Lm,,-‘rl M ((DdAC ® (DdBCdBl"'dBmu) =M (CQ7LV)

where the label ¢ indicates classical systems (as explained above) of arbitrary size and da, = da

and dg, = dp for all k, 1.

The above capacity is connected to the task of entanglement distillation, i.e. the generation
of a maximally entangled state from many copies of a given state. We have the following precise
definition:

Definition 2.5.5 (Entanglement distillation [4]). A bipartite quantum state pap € D (C4 ® C7%)
is called distillable iff

e )], 0

with infimum over LOCC-quantum channels £, : M (@dﬁ ® (Dd%) - M (@2 ® @2).

It can be shown that a quantum channel T : My, — My, has Qa (T) > 0 iff its Choi-matrix
CreD ((DdA ® (DdB) is distillable. By using properties of the transposition map it can be
shown that PPT states are not distillable [4]. As there are entangled PPT states this leads to
the surprising fact that there are entangled states, which are not distillable. Such states are
called bound entangled states. As PPT states are not distillable it is natural to ask, whether
conversely all NPPT states are distillable. This problem of the existence of an NPPT bound
entangled state is often referred to as the NPPT bound entanglement problem. It is despite

considerable effort [5, 54, 55, 56] still an open problem.
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Quantum Subdivision Capacities and Continuous-time
Quantum Coding

A. Miiller-Hermes, D. Reeb and M. Wolf May 20, 2015

The quantum Shannon capacity quantifies the optimal rate of transmitting quantum
information via many copies of a quantum channel. Here we study the optimal storage
rates of an array of identical quantum memories each affected by continuous-time
Markovian noise in a Shannon theoretic framework. The noise affecting each memory
is modeled by a quantum dynamical semigroup generated by a Liouvillian L, i.e.
quantum channels 7; = e'* [2] describing the accumulated noise up to times t. We
introduce new quantum capacities where coding channels can also be applied during
the storage time. This possibility is not captured by the quantum Shannon capacity.
The ideas of our capacities might be also useful in a classical setting where they seem
to be new as well.

1 Quantum subdivision capacities

For a subset € of quantum channels we define the €-quantum subdivision capacity of
a noise Liouvillian £ : My — M,y at time ¢ denoted by Q¢ (t£) as the supremum
over achievable rates R € RT. A rate R is called achievable iff there exist sequences
(ny),=, and (m,);Z, such that R = limsup,_,, ;= and such that the approximation
error vanishes asymptotically

k

id?n” — DOH (Cl o (ei)®mu> o0&

=1

inf

—0 asv— oo (1)
k,E,D,Cy1,...,Ck

<&

The latter infimum is over the number of subdivisions k& € N, arbitrary encoding and
decoding quantum channels £ and D and appropriate intermediate coding channels
C; € € taken from the chosen subset €.

In the case where € = ID is the set of infinitely divisible quantum channels, i.e.
quantum channels of the form Hi'=1 e+ for some | € N and Liouvillians {£;}F_, we
prove:

Theorem 1.1. For any Liouvillian £ : Mg — Mgy and any time t € R we have
Qip (tL) = logy(d).

Note that log,(d) is the capacity of a noiseless channel on a d-dimensional system.
The proof constructs a coding scheme by cutting the Markovian noise into pieces each
close to the identity channel and hence with capacity close to log,(d). By successive
de- and encoding in between these pieces we can achieve any rate below log,(d) when
arbitrary coding channels are allowed. The final part of the proof uses the decoupling



approach and a typical subspace argument to show that only a small overhead of
channel uses is needed to implement this coding scheme using unitaries and strong
depolarizing noise.

When € = U is the set of unitary quantum channels the above techniques cannot be
applied anymore. In this case we use Schumacher compression to prove that Qu (t£) >
0 for any Liouvillian £ : My — My and any time ¢ € R™. However, we also prove an
upper bound:

Theorem 1.2. For the depolarizing Liouvillian Lgep : Mg — Mg with fized-point
po € Dy defined as Laep(p) = tr(p) po — p we have

Qu (tL2P) <logy(d) — (L —e") S (po) -

The proof uses an estimate for the entropy produced by any tensor-product of the
depolarizing channel. The unitary coding maps cannot remove the entropy from the
system and as it accumulates the transmission rate decreases.

2 Continuous quantum capacity

We also introduce a more general continuous quantum capacity allowing for continuous-
time coding Liouvillians to be applied in addition to the noise. These capacities
take techniques like continuous error correction [3] and algorithmic cooling [1] into
account to quantify the limitations of quantum memories in a setting of quantum
Shannon theory. Surprisingly even purely dissipative coding Liouvillians can assist
the information storage. As an additional result we give an example of Liouvillians
L, L. such that L. is purely dissipative and Q (Gl:) < Q (e£+‘:‘:) holds for the usual
quantum Shannon capacity Q.

3 Legal statement

The project was assigned by Michael Wolf. In all parts of this work I was significantly
involved.
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Positivity of Linear Maps under Tensor-powers

A. Miiller-Hermes, D. Reeb and M. Wolf May 18, 2015

A linear map P : Mgy, — My, is called positive iff P (MdJrl) C M;{z. We call a
linear map P n-tensor-stable positive iff P®" is positive and tensor-stable positive iff
it is n-tensor-stable positive for any n € IN. There are two trivial classes of tensor-
stable positive maps: Completely positive maps and completely co-positive maps (i.e.
compositions of completely positive maps and a transposition). It is currently not
known, whether there exist non-trivial tensor-stable positive maps. We connect this
question to several open problems in quantum information theory (NPPT-bound en-
tanglement [2, 1], capacity bounds, existence of quantum channels with entanglement
annihilating properties [3]) and obtain some results on n-tensor-stable positivity.

1 Existence of n-tensor-stable positive maps

A set of product states {|a;) ® |3;)}%_, is called an unestendible product set if there is
. L
no product vector in (span; (Ja;) ® |5;))) .

Theorem 1.1. For any n € N and any di,ds > 2 there exists an n-tensor-stable
positive map P : Mg, — Mag,.

The proof uses unextendible product sets to construct a Choi-matrix staying block-
positive under tensor-powers. In the proof we need a quantified version of the ten-
sorization property of unextendible product bases. This is shown using multiplicativity
of the minimal output eigenvalue of an entanglement breaking channel.

2 Tensor-stable positivity and NPPT-bound entanglement

We denote by dcp(P) := % (||[Cpll1 — tr (Cp)), which measures the distance of P to
the cone of completely positive maps. The following lemma connects tensor-stable
positivity to distillation problems:

Lemma 2.1. Let P : Mg, = Mg, be an n-tensor-stable positive map. Then

dep(P) _ . ®(n—1)
< inf |wg, — S (C ) , 1

”/P"<> = Ssep " dy P ”1 ( )
where the infimum is taken over all separable completely positive maps S : Md'{L—l ®

Md;—l — Mdl ® Mdl .

Thus, any tensor-stable positive map for which there is a sequence S,, of separable
completely positive maps fulfilling |wa, — S, (C5") |1 — 0 as n — oo has to be
completely positive. We show how such a sequence of separable completely positive
maps can be constructed by generalizing entanglement distillation protocols (originally
only defined for quantum states) to block-positive matrices. By doing so we prove:




Theorem 2.1 (Non-trivial tensor-stable positivity implies NPPT-bound entangle-
ment). If there exists a non-trivial tensor-stable positive map P : Mg, — Mag,, then
there exist NPPT bound-entangled states in Mg, @ Mg, as well as in Mg, @ Mg, .

As there is no NPPT-bound entanglement [1] in 2-dimensional systems we have:

Theorem 2.2. Any tensor-stable positive map P : Mg, — Mg, withdy =2 ordy =2
18 trivial.

3 Connection to other open problems

We generalize the well-known transposition bound by using any surjective tensor-
stable positive map. Furthermore, we show how to obtain strong converse bounds on
the quantum capacity using tensor-stable positive maps. For the quantum capacity
assisted by 2-way classical communication we show that the transposition bound is
actually a strong converse bound.

A quantum channel 7 is called oo-locally entanglement annihilating if for any n € N
and any input state p the output state 7" (p) is fully separable (with respect to the
n tensor factors). If any tensor-stable positive map is trivial, then any oco-locally en-
tanglement annihilating channel would be entanglement breaking. This would answer
an open question posed in [3].

4 Legal statement

The project was assigned by Michael Wolf. In all parts of this work, except the strong
converse bounds, I was significantly involved. I proved an upper bound on Qs, which
was replaced by the strong converse bound.
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We investigate linear maps between matrix algebras that remain positive under tensor
powers, i.e., under tensoring with n copies of themselves. Completely positive and completely
co-positive maps are trivial examples of this kind. We show that for every n € N there
exist non-trivial maps with this property and that for two-dimensional Hilbert spaces there
is no non-trivial map for which this holds for all n. For higher dimensions we reduce the
existence question of such non-trivial “tensor-stable positive maps” to a one-parameter family
of maps and show that an affirmative answer would imply the existence of NPPT bound
entanglement.

As an application we show that any tensor-stable positive map that is not completely
positive yields an upper bound on the quantum channel capacity, which for the transposition
map gives the well-known cb-norm bound. We furthermore show that the latter is an upper
bound even for the LOCC-assisted quantum capacity, and that moreover it is a strong
converse rate for this task.
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I. INTRODUCTION AND MAIN RESULTS

Within the set My of complex d X d-matrices we denote the cone of positive matrices by
./\/l:lr (we call “positive semidefinite matrices” simply “positive matrices”). A linear map P :

Mg, — My, is called positive if P (M;) - M;Q, and we then write P > 0. We want to study

how positivity of a linear map behaves when taking tensor powers. Therefore we consider the
following:

Definition 1 (Tensor-stable positivity).

(i) A linear map P : My, — Mg, is called n-tensor-stable positive for some number
n € N if the map P®" : Mgn — Mg is positive.

(ii) A linear map P : Mg, — My, is called tensor-stable positive if the map P is n-tensor-
stable positive for all n € N.

Note that every n-tensor-stable positive map is in particular a positive map. The following
example displays some maps that are easily seen to be tensor-stable positive. We will call all
maps from these classes trivial tensor-stable positive maps.

Example I.1 (Trivial tensor-stable positive maps).

1. All completely positive maps are tensor-stable positive, i.e. all linear maps T : Mg, —
Mg, such that (idg@T) : Mg ® Mg, — Mg® My, is positive for all dimensions d € N.

2. All maps of the form Vg, o T for a completely positive map T : Mg, — Mg, and the
transposition ¥4 : Mg — My are tensor-stable positive. The maps of this form are called
completely co-positive.

We will be concerned with three basic questions:
1. Are there any non-trivial tensor-stable positive maps?

2. How far away can an n-tensor-stable positive map be from the cones of completely positive
and completely co-positive maps (i.e. from the two cones of trivial tensor-stable positive
maps from Example 1.1)7

3. What are the implications of question 1. for quantum information theory?

Our main results are the following. In section III we use (non-orthogonal) unextendible
product bases to show:

Theorem 1 (Existence of n-tensor-stable positive maps). For any n € N and any dy,ds > 2
there exists an n-tensor-stable positive map P : My, — Mg, that is not a trivial tensor-stable
positive map.

Our construction used to obtain this theorem does not seem to suffice for constructing a
non-trivial tensor-stable positive map (i.e. one for all n € N), and at the time of writing we do
not know whether such a map exists.

In section IV we discuss applications and implications of tensor-stable positive maps for quan-
tum information theory. We show that the existence of an co-locally entanglement annihilating



channel [11, 12, 21] which is not entanglement breaking [18] implies the existence of non-trivial
tensor-stable positive maps. A quantum channel is called oo-locally entanglement annihilating
if any state when sent through arbitrarily many copies of the channel becomes fully separable.
It is currently not known whether such channels exist outside the set of entanglement breaking
channels [10].

In Section IV B we generalize the well-known transposition bound [14] to show that tensor-
stable positive, but not completely positive, maps yield upper bounds on the quantum channel
capacity as well as strong converse rates for this task (Section IV D). In Section IV C we show
that the transposition bound is an upper bound even on the LOCC-assisted quantum capacity
(see also Corollary 2) and constitutes a strong converse rate for this task.

In light of these implications, deciding question 1. would have important consequences for
quantum information theory. Whereas we cannot resolve this question in general, in section V we
use techniques from the theory of entanglement distillation and a generalization of a technique
used in [27] to prove:

Theorem 2 (Only trivial tensor-stable positive maps in d = 2). There are no non-trivial
tensor-stable positive maps P : Mo — Mg or P : My — My for any d € N.

Furthermore, a non-trivial tensor-stable positive map exists iff one exists within the following
one-parameter families based on Werner states [30]:

Theorem 3 (One-parameter family of candidates for non-trivial tensor-stable positivity). Let
di,dy € N, d € {dy,d2}, and for p € [-1,1] let

Pp;:Wp®(q9don): Mg@Mg— Mg Mg, (1>

where we define for X € My:

1
Wy (X) 1:ﬁ((d—p)tr(X)ﬂd—(l—dp)XT)~ (2)
(i) If there exists a non-trivial tensor-stable positive map P : Mg, — Mg,, then there exists
p € [—1,0) such that the map (1) is tensor-stable positive.

(i) If for some p € [—1,0) the map (1) is tensor-stable positive, then it is non-trivial tensor-
stable positive (i.e. it is neither completely positive nor completely co-positive).

The aforementioned connection to the theory of entanglement distillation has the following
direct implication:

Theorem 4 (Non-trivial tensor-stable positivity implies NPPT-bound entanglement). If there
exists a non-trivial tensor-stable positive map P : Mg, — Mag,, then there exist NPPT bound-
entangled states [8, 9, 17] in Mg, ® Mg, as well as in Mg, @ Mg,.

After completion of this work, we learned that tensor-stable positive maps have been in-
troduced by M. Hayashi under the name “tensor product positive maps” in [13, chapter 5],
where it was furthermore shown that the quantum relative entropy does not increase under the
application of any trace-preserving tensor product positive map.



II. NOTATION AND PRELIMINARIES

For every d € N, we fix an orthonormal basis {|i)}%; of the Hilbert space C¢, and denote
by 94(X) := X7 the transposition w.r.t. that basis, the d-dimensional maximally entangled
state by |Qg) = ﬁ Zle lit) € Mgz and the corresponding projection by wg := [Q4)€24|. The
d x d—identity matrix will be denoted by 14. The following Lemma collects two frequently used
and well-known techniques involving the maximally entangled state and linear maps that can

be proved by direct computation.

Lemma 1 (Tricks using the maximally entangled state).
1. For any day x dy-matriz X we have (14, @ X) |Qq,) = \/g—f (XT ®14,) |Q4,)-

2. For any map L : Mg, — Mg, that is hermiticity-preserving (i.e. maps hermitian matrices
to hermitian matrices), we have (idg, ® L) (wq,) = g—f (Vg, 0 L* 0 Vg, ®idg,) (wWa,)-

In the above L* denotes the adjoint w.r.t. the Hilbert-Schmidt inner product.

We will frequently make use of the Choi-Jamiolkowski isomorphism between linear maps
L: Mg, — Mg, and matrices C € My, ® Mg,. The Choi matrix of such a linear map is defined
as Cr := (idg, ® L) (wg, ). Note that we used the normalized maximally entangled state in this
definition. The following implications are well known:

o L: My — My, is positive iff C is block-positive, i.e. ((¢| ® (]) C (|¢) ® |1)) > 0 for
all |¢) € €%, o) € C2.

o L: Mgy — My, is completely positive iff Cz > 0.
o L: My — My, is completely co-positive iff CZQ > 0.

For C € My, ® My, we denote by C*2 := (idq ® 94) (C) the partial transpose w.r.t. to the
second tensor-factor. The paradigm of a block-positive matrix that is not positive is the Choi
matrix of the transposition ng = 1F,;. Here Fy: C¢® C% - C?® C? denotes the flip operator
with Fylij) = |j7).

Matrices C' € My, ® My, with C*2 > 0 will be called PPT (positive partial transpose). A
matrix is called NPPT (non-positive partial transpose) if it is not PPT. The question of NPPT-
bound entanglement [8, 9, 17] concerns the problem of creating a maximally entangled state
from many copies of an NPPT-state using only local operations and classical communications
(LOCC) [6]. While it is clear that no maximally entangled state can be created from many
copies of a PPT-state it is currently unknown whether the same can be true for an NPPT-state.

The o-norm [23] is defined as [|£|[o := suppen supj x|, =1 || (idn ® £) (X) |1 for a linear map
L: Mg — Mag,.

III. PROOF OF THEOREM 1

Our proof of Theorem 1 uses the following quantitative version of the result [7, Lemma
22] about tensor products of generalizations of unextendible product bases [1], whose elements
are not necessarily mutually orthogonal. For the following, we call a matrix P € Mgy, ® Mgy,
separable if it can be written as P = Zle A; ® B; for some k € N and matrices A; € My,
B; € Md2 with 4; > 0 and B; > 0.



Lemma 2 (Multiplicativity of minimal overlap with product states). For a separable matrix
P e Mg, ® Mg,, define

po= min{((Y]® (8]) P([) @ [¢) : [¥) € CU,[9) € C=, (Y]y) = (¢l¢) = 1}.

Then, for all n € N, we have
min{(¥] @ (@)) P (j0) @) : [0) € (040) 7" j9) € (€)™ (ww) = (@la) =1} = "

In particular, if there is no nonzero product vector in the kernel of P, then there is none in the
kernel of PO™.

The connection to [7, Lemma 22| becomes clear by noting that any separable matrix P €
Mg, ® My, admits a decomposition of the form P = SV [4;) (1] @) (¢] such that ker (P) =
(span{[e;) @ |¢i) fil)L. Hence for p > 0 the set {|¢);) ® |¢;)} forms an unextendible product
set.

For the following proof we will need the minimal output eigenvalue of a completely positive

map 7 : Mg, — Mg, defined as

Aot [T] = min i (T (p)) - (3)

pEDy,

Here Apin (+) denotes the minimal eigenvalue and Dy, is the set of quantum states in Mg, . For
any entanglement breaking map 7 and any completely positive map & we prove in Theorem 9
(Appendix B) that

)\min [7— ® S] — )\min [7—] )\min [8] .

out out out

Thus, AT is multiplicative for entanglement breaking maps.

proof of Lemma 2. Consider the completely positive map 7 : My, — My, such that P = C7.
Then we have

(%] @ (@) P* (|0) @ |@)) = dl,f@w@’“ (Twyer) @)

for all £ € N and all |¥) € ((Ddl)@k, |®) € ((Ddz)@k. Using the minimal output eigenvalue (3)
we have for any k € N

Aot (TEF) = df min { ((W[(@[) PP* (|T)[@)) : [¥) € (C*)®F,[@) € (C=)F, || = 2| = 1}.

out

As P is separable the map 7 is entanglement breaking [18] and we can apply Theorem 9 from
Appendix B. This shows that AR (77) = \In (7)™ and finishes the proof.

out out

O
With this ingredient we prove Theorem 1:

proof of Theorem 1. Choose orthonormal bases {|i)} C ©C% and {|j)} € C% and define the
operator

P o= (|D1) +[2)12)) (L] + (2142]) + [1)I2)(1[2] + [2)[1)(2/(]
+Y DINGEG € Ma, © Ma, . (4)

(4,5
i>2 or j>2



It is easy to verify that

3
1 A\ vy
P = okl @ 6&l + D liKil ® i)l
k=1 (i)
i>2 or j>2
for |&,) = |0) + e 5" |1). This shows that P is separable as a sum of positive product operators.
Now define

po= min{((¥|® (¢]) P ([¥) ® |¢)) : [p) € C¥, |¢) € C®, (Y|v) = (g|¢) = 1}

and apply Lemma 2 showing that for any k € IN:

min{((¥] @ (@]) PP (0) @) : [#) € (©0)7 2y € (02)7 (ww) = @le) = 1) = 4~

As the kernel ker(P) = span{|1)|1) — |2)|2)} of P in (4) contains no nonzero product vector we
have p > 0. With this we can compute

L3] Bl

(910 (@) (P~ ctata)™ () 019) =3 (5, )i = 32 (5, )P
)

|3

_ )"+ (w=9)" ([Pl +8)" = ([Pl —2)"

2 2
2 p" = (IPlloc + )" + P[5 20

for any 0 < e < {/||P|, + 1" — || P|lco- This means that (P —elg,q,)®™ € (Mg, )®" @ (Mgy,)®"
is a block-positive operator for any e € [0, YIIPl%, + p — HPHOO}, which by the Choi-
Jamiolkowski isomorphism (Section II) corresponds to a positive linear map PE" : (Mg, )®™ —
(Mg,)®". The map P- : My, — Mg, with Choi matrix (P — elg,q4,) is thus n-tensor-stable
positive. Note that P is rank-deficient and as P™2 equals the expression (4) with the first terms
replaced by (|1)|2) +(2)|1)) ((1](2] + (2|(1]) 4+ |1)|1)(1|(1| +|2)|2)(2](2| it is rank-deficient as well.
Hence, the Choi matrices (P — l4,q,) and (P72 — €ly,4,) of P respectively ¥4, o P are not
positive for € > 0, which finally shows that P, is not a trivial tensor-stable positive map for any

e € (0, /TP + 12 — |1 Plloo). =

IV. APPLICATIONS TO QUANTUM INFORMATION THEORY

Deciding the existence of non-trivial tensor-stable positive maps could lead to a solution of
other open problems in quantum information theory. Here we will discuss two such connections.

A. Entanglement annihilating channels

In [10-12, 21] the authors study how entanglement in a multipartite setting can be destroyed
by dissipative processes. They define the set of k-locally entanglement annihilating channels.
These are quantum channels 7 : My, — My, such that 7®* (p) is k-partite separable for all

input states p € My, ie. for all p > 0 we have T (p) = >0, pel@cP e @ af’“) for

% %



some m € N, states Ul(] ) ¢ Mg, and p; € R depending on p. Furthermore, a channel is called
oo-locally entanglement annihilating if it is k-locally entanglement annihilating for all £ € IN.

It is clear that entanglement breaking channels [18] are co-locally entanglement annihilating.
In [11, 21] examples of 2-locally entanglement annihilating channels are constructed that are not
entanglement breaking. However it is not known whether there exist an oco-locally entanglement
annihilating channel, which is not entanglement breaking.

We can prove the following theorem connecting k-locally entanglement annihilating channels
to tensor-stable positive maps.

Theorem 5. If the quantum channel T : Mg, — Mg, is k-locally entanglement annihilating
for some k > 2, but not entanglement breaking, then there exists a positive map S : Mg, = Mg,
such that P : Mg — Mgz defined as

P=(SoT)®((WoS0oT) (6)

s a L%J -tensor-stable positive map that is not a trivial tensor-stable positive map.
Thus, the existence of a mnon-entanglement breaking oc-locally entanglement annihilating
channel implies the existence of a non-trivial tensor-stable positive map.

Proof. Assume that T : Mg, — My, is a k-locally entanglement annihilating channel. If 7 is
not entanglement breaking, then there exists a positive map S : My, — My, such that So T
is not completely positive [16]. Now consider the map P : Mgz — Mgz defined in (6). As

T : Mg, — Mg, is k-entanglement annihilating, P is L%J—tensor—stable positive. Furthermore
it is neither completely positive nor completely co-positive.
O

By our Theorem 4, the existence of a oo-locally entanglement annihilating but not entangle-
ment breaking channel then implies the existence of NPPT-bound entanglement.

B. Upper bounds on the quantum capacity

The existence of non-trivial tensor-stable positive maps would imply new bounds on the
quantum capacity of a quantum channel. By generalizing the proof of the transposition cri-
terion [14, 19] we obtain a quantitative bound on the quantum capacity Q (7) of a quantum
channel. Recall that the quantum capacity is defined as:

Definition 2 (Quantum capacity Q, see [19, 20]).
The quantum capacity of a quantum channel T : Mg, — Mg, is defined as

Q(T) :=sup{R € R" : R achievable rate},

where a rate R € RY is called achievable if there exist sequences (ny)oeq,(my)oe, such that

v=1">
ny logs (d)
my

R =limsup,_, and the approrimation error vanishes in the asymptotic limit, i.e.

tlgnIf) %Hid?"” —DoT¥" ok —0 asv— oco. (7)

Here, the infimum runs over all encoding and decoding quantum channels & : ./\/lffm” — ./\/lf?lm”

and D : M?;m” — ME™, and d > 2 is any fived integer (note, the value of Q(T) does not
depend on the choice of d [19]).



Currently all channels known to have zero quantum capacity come from two classes [26].
These are the classes of anti-degradable channels [2, 5] and of completely co-positive quantum
channels. The latter can be shown using the quantitative transposition bound [14]

Q(T) <logs (|94, o Tlo) (8)

on the quantum capacity of any quantum channel 7 : My — Mg,. We will now prove a
generalization of this bound using any surjective, unital and tensor-stable positive map P :
Mg, — Mg, that is not completely positive. Note that any surjective linear map P : Mgy, —
M, has a linear right-inverse P~ : Mg, — Mg, (generally not unique) satisfying P o P~1 =
idg, .

Theorem 6. Let T : My, — Mg, be a quantum channel and P : Mg, — Mg, be a surjective,
unital and tensor-stable positive map that is not completely positive, and let P~ be any right-
inverse of P. Then we have

_ logy ([P~ o Tlo[P* (1a;) [ o) loga(d2)
- logs (1P*[)
Note that the transposition bound (8) is retrieved for P = vg,.

Q(T)

Proof. As P* is trace-preserving but not completely positive, we have |[P*|, > 1 [23], and from
the definition of the diamond norm it is furthermore |[P*|, = |94, © P* 0 ¥4, 0. Now we can do
the following calculation, which generalizes the proof of the transposition bound [14, 19]. Let
E: M?;"” — M?lm” and D : M?;m” — ./\/l?;"” denote arbitrary quantum channels. Then:
[0, 0 P* 0 Day |1 = |(Da, 0 P* 0 9)°" 0 (10 ~ Do T 0 £ 4 DoTH™ o) |,
< | (Vg 0 P* 004,)*™ 0 (idg™ =D o T™ 0 )| + || (Jay 0 P* 094,)*™ 0 Do T™ o ],
< 26, [04; 0 P* 0 Vg, |57 + | (Vay 0 P* 0 94,)™ 0 Do PE™ [ [P~ o T,

where we abbreviated the approximation error by €, := ||id§)2”” —DoT®™ o&|,/2 and used
well-known properties [23] of the o-norm. Note that by Lemma 1 we have

(iddgw ® [(ﬁds 0 P*0194,)*™ 0oDo P®mV]> (wim”)

ds My . '
= (d?’) ﬂd?(7nu+nu) o(P )®(m,,+nu) oq?d?(mﬁny) o <1ddg“f ® D) (w?;my> > 0,

since P* is also tensor-stable positive. Thus, the map (¥4, o P* o 19d2)®"” oDoPE™ is completely
positive, and by unitality of P we have
| (Va0 P* 00a,)*™ 0 Do PO [o = |P* (Lay) |5

for all quantum channels D, as any positive map attains its operator norm at the identity
matrix [23, Corollary 2.9]. Inserting this into the above calculation we have

(1= 26) IP*lr = (1 = 26) [9a, 0 P* 0 Va5 < |P* (La,) I [P~ 0 TIE™
Applying the logarithm and taking the limit ¥ — oo we obtain

= ey T 1082 _ 1085 (1P~ 0 Tl (10 L) o (02
V—00 my 10g2 (”P* ||<>)

for any achievable rate R (see Definition 2) and corresponding coding schemes £, D with €, —
0. O



To apply Theorem 6 it is enough to have a surjective and tensor-stable positive map R :
Mg, — Mg, which is not completely positive. Note that as R is surjective, it is easy to see that
the operator R(14,) is strictly positive, and thus the map P : M4, — My, defined by P(X) :=
R(1g,) Y?*R(X)R(14,)~/? is unital, surjective and tensor-stable positive. Furthermore, P is
completely (co-)positive if and only if R was completely (co-)positive. Thus, we constructed a
map P as needed for Theorem 6.

Note that for completely co-positive maps P the capacity bound from Theorem 6 is worse than
the transposition bound given by (8). To prove this let P = 4, o S for a surjective, unital and
completely positive map S : My, — M,. Then, due to the invertibility of 94,, any right-inverse
P~1 of P can be written as P~ =S 1o ¥4, with a right-inverse S71 : My, — Mg, of S. By
unitality of P and basic properties of the o-norm (see for instance [23, Exercise 3.11 and Corollary
2.9]) we have |P*|, < do|P*|11 = d2, and furthermore |P* (14,) oo = |S* (1ay) oo = [S]lo

since S is completely positive. Thus, for any quantum channel 7 : Mg, — M, we have:

logy (IP~" o To[P* (La,) ) logy do
logs (1P*[)

Therefore, to obtain a capacity bound stronger than the transposition bound (8), one would
need a non-trivial tensor-stable positive map P.

Similarly, if P : Mg, — My, is a trace-preserving and tensor-stable positive map that is not
completely positive and that has a left-inverse P~ : Mg, — Myg,, then the following bound
holds for any quantum channel 7 : Mg, — Mg,:

> logy (|87 0 Wa, 0 TlolSls) > logy [9a, © Tlo > Q(T).

log, (”T op! ||<>) logy(dy)
logy ([P*[o/1P (Lay) o)

The proof works in the same way as the proof of Theorem 6, and again, this bound reduces to
the transposition bound (8) for P = v, .

Q(T) <

(9)

C. Transposition bound as a strong converse rate for the two-way quantum capacity

We now prove that the transposition bound (8) is even an upper bound on the capacity
Qo(T) > Q(T) of any channel T for forward communication of quantum information assisted
by unrestricted two-way classical side communication between both parties and arbitrary local
quantum operations (LOCC).

For this, we first define an LOCC' channel (w.r.t. bipartitions A : B and A’ : B’ of the input
and output systems, respectively) to be any quantum channel La.p_,a.5 : Mg, & Mg, —
Mg, ® Mg, that can be written as a sequential concatenation of any number of channels
ﬁAq;BqﬁAgA/c;BéBé of the following form (XAqu € Mqu & ./\/lqu):

Ly asy(Xas,) =Y (K@ KP) X5, (K ® KP) @ 15)(jla, @ |i)(ils,  (10)
2]

where KiA : Clel 5 ¢4l and KJB . CIBdl — ¢ 154l (1 € I,j € J) are Kraus operators of quantum
channels mapping system A to A’q and system B to Bg respectively (i.e. ZZ(KZA)TK,;A = 14,
and Zj(KJB)TKJB = 1p,), and |j)4, and |i)p: are orthonormal bases belonging to (effectively
classical) systems A, and B. of dimension |J| and |I| (see [6] for more details). When one of the
systems, such as B, is trivial (i.e. one-dimensional), we also speak of a LOCC channel £, 47.p,
omitting the indices of the trivial subsystems. From the definition it is clear that any LOCC



10

channel La.p 1. : Ma, @ Mgy — Ma,, @ Mg, is PPT preserving (w.r.t. bipartitions A : B
and A’ : B’), meaning that the map (ida ® 9p/)L .5 4.5/ (ida ®9B) is completely positive and
therefore a quantum channel, whose o-norm equals 1. We can now define the two-way quantum
capacity.

Definition 3 (Two-way quantum capacity Qo).

Given a quantum channel T : Mg, — Mag,, we define an (N, m,e)-scheme for quan-
tum communication with two-way classical communication to be any set of LOCC channels
ﬁAi:BEB'L‘)A2+1A'L+13Bi+1 fori =0,...,m, where the initial A-system and final B-system are of
the same dimension N = |Ag| = |Bm+1| and are identified with each other, Ay = Bp,4+1, the
initial B-system and final A-system are trivial, |Bf| = |Bo| = |AL, 1| = [Am+1| = 1, and the sub-
systems used for quantum transmission (hence the superscript “t”) are of dimensions |Al| = d;
and |BY| =ds for i =1,...,m, and € is the o-norm error of the scheme,

€= H1dA0—>Bm+1_EAm:BﬁanﬁBmH oTat,—nt, © L, Bt Bp—1—+Am A, By © TAjn71—>Bt R

m—1 m—1

- © TA5—>35 © £A1:B§B1—>A5A2:BQ © 7:4§—>B§ © £A0—>A§A1:Bl H<>/27 (11)

omitting for brevity the action of the identity channel on some subsystems, e.g. in Tyi_ gt =
(TA§—>B1? ®ida, ®idp,). o

We call R € RT an achievable rate for quantum communication over the channel T assisted
by two-way classical communication if there exists for each v € N a (N,, my,e,)-scheme as just
defined in such a way that R = limsup,_, % and lim, oo e, = 0. The two-way quantum
capacity Qo(T) is defined to be the supremum of all such achievable rates.

To prove the following statements about Qo we need only the PPT preserving property of
the LOCC channels in the above coding scheme. The statements hold therefore more generally
for quantum communication assisted by any PPT preserving channels.

Lemma 3 (Error of two-way coding schemes). Let T : Mg, — Mg, be a quantum channel and
suppose there exists a (N, m,¢e)-scheme for quantum communication with two-way classical side
communication. Then:
[9a, o Tl
e>1—-1——"°
- N
Proof. The following proof generalizes ideas from the examples in [22, Section III]. We fol-
low through the m steps of the given (NN, m,e)-scheme (cf. Definition 3) and examine how
the partially transposed communication channel between the two parties evolves. For this, let

1) _ tov
SAO%AiAlBl '_[’AO*)AﬁAlBl andforz-l,...,m,
(i+1) L . ' @
SAOHAEJrlAiJrlBiJrl T (EAi:BfBi%AnglAiJrliBiJrl) © (TAf%Bf ® ldAi ® ldBi) o SAo%AzAiBi :

As each LOCC map in the communication scheme is PPT preserving and using that the trans-
position is an involution, i.e. ¥pip. o (Vg ® Up,) = idgi g, we have:
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. (i4+1)
H (ldA§+1Ai+l ® 19Bi+1) © SA —>A1+1AL+1BZ'+1 H

= H 1dAt A ® UB;y,) 0 (ﬁA :B!B; —>Az+1AH_1:Bi+1) o (ida,; ® ﬁBfBi) °

o (idAi ® Vgt @UB,)(Tat,pt ®ida, ®idp,) o " )

< ||Gdar,, Ay ®9Bi40) © (Laipisat, Ay:Biy) © (ldAi ® 193;3)

<>‘H(ldAtA,®193)O ()
(l)

o

05 o Tar e

= Hﬁd?OTHO (ldAEA,L@ﬁB)O
for i =1,...,m, and [[(idys 4, ® 0p,) 0 515‘3%,5&51”0 = I(idat 4, ® 95,) © Lag a1 4,3, llo =
From these relations we obtain inductively, recalling that Af ., and A,y are trivial one-
dimensional systems whereas Ay = By,41 are N-dimensional and abbreviating S := Sﬁ(g:gmﬂ :
MN — ./\/lN:
_ (m+1) m
HﬂN OSHQ - HﬁBerl SAT—>Bm+1H ||19d2 OTHQ : (12)

Next, we bound the ¢o-norm error € of the communication scheme (see Definition 3) from
below by evaluating at the /N-dimensional maximally entangled state wy = wa,r between the
two IN-dimensional systems Ay and R and twirling over a representation of the unitary group
U(N). For this we note that the twirled state is

/M(N) dU (U @ T) (S ®idn)(wn) (U @ T) = puy + (1 p)(Ly> — wn) /(N2 — 1)
with p := tr (wy (S ® idy)(wy)) by Appendix A.
= fHIdN sl > Sl Gy —8) @ i) )]

1

- Q/M(N) dU ||(U @ U)(wn — (S @ idn) (wn))(U @ 01|,

1 _ _ B
= QHwN—/u(N) AU (U T) (S @idy)(wy) (U D),
= L= pon — (1= ) (1w — ) (V2 ~ D), = 1.

We now derive an upper bound on p, by using similar steps starting from (12) and noting that
Ny ®idy)(wn) = Fy is the flip operator:
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Vv

194, o T = ([ 0 S|, = [[((9w o S) @ idw) (wn)ly

— [ | @sT) 0y oS) @idy)wn) @' T,
U(N)

Vv

(Y ®idy) (/M(N) dU (U@ TU) (S ®@idy)(wn) (UT ®UT)>

1

— D
<1N2—wN>)
NZ-1 )
Np+1 Iya+Fy , Np—1 Ly —Fy
NN+1) 2 NN-1) 2

= |Np+1|/2+|Np—1|/2 > Np.

= ||(Uy ®idy) <pr +

Combining this bound with the above relation between p and ¢ yields the claim. O
We can now state our capacity bound:

Theorem 7 (Strong converse upper bound on the two-way capacity Qa(7)). Let T : Mgy, —
Mg, be a quantum channel. Then:

Qa(T) < logs ([[9a, © Tlo) -

Moreover, let for each v € N an (N,,my,€,)-scheme for quantum communication over T
assisted by two-way classical communication be given in such a way that lim,_., m, = 0o, and
define the lower code rate Riy¢ := liminf, .o %. If Ring > logy (|94, 0 Tlls), then the
o-norm error €, of the sequence converges to 1 (exponentially fast in my, ).

Proof. To prove the first statement, suppose that a rate R = limsup,,_, % > logy(||Y4, ©

T||o) is achievable by schemes with parameters (N,,m,,e,) (cf. Definition 3). Then, for any
x € R with [[9g, 0 Tlo < x < 2, we have N, > x™ for infinitely many values of v € N. Thus,
by Lemma 3,

Y T Y my
limsupe, > 1—liminfM > 1 — liminf <M> > 0.
V—00 v—00 Nl, V—00 X
which contradicts the requirement lim, ., &, = 0.
The second statement follows similarly by noting that for any x < 2%, one has N, > y™
for almost all v € N. ]

The second part of Theorem 7 means that log, (][04, 07T ||o) is not only an upper bound on the
two-way capacity Q2(7), but even a strong converse rate for quantum communication over 7T
assisted by free two-way classical communication. This generalizes the examples in [22, Section
I11], which are obtained for completely co-positive channels T, where Qa2(7T) = logs(||94,0T ||o) =
0, and for the identity channel 7 = idy, where logy(||9q 0 Tlle) = logy(d) = Qa2(T). The
entanglement cost Ec(T) has been established as a strong converse rate for Qs [3], although
it can be larger than our bound. In recent work [29] is has been shown that the upper bound
logy(||94, 0 T |o) from Eq. (8), and improvements thereof, are strong converse rates for the usual
quantum capacity Q from Definition 2, even when allowing for arbitrary LOCC operations at
the beginning and the end of the protocol. The case of free LOCC communication during the
protocol as in Definition 3 has however not been resolved in ref. [29].
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Even the capacity bound on Q2(7) from the first part of Theorem 7 seems to be new. In
particular, an upper bound on Qy(7) for pure-loss bosonic channels was derived in [28, Section
6] based on the squashed entanglement of T. And while this was noted for pure-loss channels
T to agree with the transposition bound (8) on Q(7), the question was left open whether the
transposition bound is a general upper bound on two-way capacity Qa(7).

D. Strong converse rate from tensor-stable positive maps

With ideas from the proofs of Lemma 3 and Theorem 6, we can use any surjective, unital and
tensor-stable positive map P : Mgy, — My, that is not completely positive to derive a strong
converse rate for the usual quantum capacity Q(7) of any quantum channel 7 : My, — Mg,
(see Definition 2). The strong converse rate we obtain is

logy ([P~ o Tlls P* (1ay) ll) logs(da)
log ([[(P* @ ida, ) (way ) 1) ’
which is always at least as big as our upper bound on Q(7) from Theorem 6, due to ||P*||s >

|(P* ® idg,)(wa,)|l1- The proof that (13) is a strong converse rate for the desired task follows
from the following Lemma in the same way as Theorem 7 follows from Lemma 3.

(13)

Lemma 4. Let T : Mg, — Mg, be a quantum channel and P : Mg, — Mg, be a surjective,
unital and tensor-stable positive map that is not completely positive, and let P~ be any right-
inverse of P. Let n,m € N. Then:

1 (1P @)l P~ o Tlo)™ +2

>1—— — . :
o d3" 1(P* @ iday ) (wa,)[I7

where the infimum is over all quantum channels E : MS?Q” — ./\/lf?lm and D : M?Qm — M?Q".

1
inf 5 [iagr —DoTmoE

Proof. Fix £, D. As in the proof of Lemma 3, we bound the o-norm with the maximally
entangled state wgy of dimension d3 and then twirl:

1
> =

1
1R ®
§H1dd2"—DOT mog| =3

= 1_p7
1

dg—/ AU (U T) p (U @ T)f
()

where we denoted p := (Do T 0 £) ® iday)(way), and used [dU (U @ U)p (U @ )t =
pwap + (1= p)(Lggn —way)/(d3" 1) for p := tr (wy p). For any unitary U € U(d}) we now define
the unital quantum channel Cy; : MS’;” — M?;" by Cy(X) :=UXUT for all X € MS’;” and reuse
some arguments from the proof of Theorem 6:

IP* (W)l 1P o T 2 /u any U Wi 0P 0 04) " 0 Cyro Do PEN JI(PTHE™ 0 T o £,

2

Y

[ (070001 0 0 DO T )& ) s
2

Z H((19d3 9] P* o ’19d2)®n & lddgb) <pwd; + ﬁ(ﬂdgn - wdg)>
2 1
P = L P69, o id AP (W 0 P 09,5 @ idy) (1
> 1B (a0 P 0 00)™ ®1iday) (wag) |, = w1 (G 0P 0 90)" @) (1)

1 * o n
> ( _d2n> I(P" @ida,) (wa, Iy — 2.
2

;
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Converting this to an upper bound on p and combining with the above relation, we obtain the
claim. 0

V. DISTILLATION SCHEMES FOR TENSOR-STABLE POSITIVE MAPS

A. Quantifying the distance from the completely positive maps

For a given hermiticity-preserving map P : My, — M, we define a distance from the set of
completely positive maps as

der (P) := 5 (I0pl1 — tr (Cp)). (14

By the Choi-Jamiolkowski isomorphism, P is completely positive iff Cp > 0, i.e. iff dop(P) =
0, whereas dcp(P) > 0 otherwise. The distance dcp(P) is just the absolute value of the sum
of negative eigenvalues of the Choi matrix Cp of P. The following lemma gives a useful upper
bound on dcp:

Lemma 5. Let P : My, — My, be a positive map. If there exists a linear map R : Mg, — Mg,
such that R ® P is a positive map, then

dop(P) < [ida, = Rlo[Plo- (15)

Proof. By elementary properties of the ¢-norm and using positivity of R ® P we have

lidg, = Rlo[Plo = Jwa, = (R @ ida;) (wa,) [1]P]e = [(ida, @ P)(wa,) — (R @ P)(wa, )1

> inf [Cp — X|s.
= Inf |Cp — Xy

And for any hermitian matrix H we have infx>o|H — X|1 = 3 (|H|1 — tr (H)) by Weyl’s
inequalities [4, Corollary I11.2.2]. O

Note that in the case of P : My, — My, being completely positive we can use R = idg, in
order to verify that dcp(P) = 0 using Lemma 5.

To apply Lemma 5 for an n-tensor-stable positive map P : My, — My, we have to find a
suitable map R : My, — My, such that R ® P is positive and R is close to the identity map.
A convenient way to construct such an R is by considering generalized “coding schemes” of the
form

R=Y DioP¥" Vo (16)
i=1

with completely positive maps &; : Mgy, — Md?—l and D; : Mdg.—l — My, . Indeed, as P®" > 0
we have

R@P = (Di®idg,)o (P") o (& ®idg,) > 0.
=1

As R®P is positive for all choices of & and D; in (16) we can optimize over these completely
positive maps trying to make |idg, — R|, as small as possible. This proves:
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Corollary 1. Let P : My, — Mg, be an n-tensor-stable positive map, P # 0. Then

dcp(P) _ ' m B
< inf |idg, — D; o PEM-D o e 17
IPle — mé.ps lida, ; o (17)

where the infimum is taken over m € N and completely positive maps &;, D;.

The map R in (16) can be interpreted as a coding scheme where quantum information is
encoded by the completely positive maps &;, sent through (n—1) uses of the map P, and decoded
using the maps D;. The indices ¢ can be seen as classical information which is communicated
from the sender to the receiver for free and without noise. A special case of this technique for
m = 1 and projectors &£, D; has been used in ref. [27].

If P is tensor-stable positive we can take the limit n — oo of the approximation error on the
right-hand-side of (17). As the left-hand-side in (17) does not depend on n, the approximation
error cannot vanish in the limit n — oo unless P is completely positive.

As a first application of this idea we derive sufficient criteria for a quantum channel
T : Mg, — Mg, to have Qo (T) = 0 (see Definition 3). For this, note that the alternating
application of the LOCC maps and the m channel uses in Eq. (11) can be written as

LBl BB © - © Tatpt © Lagatags, (0) = Y K¢ T (KJ?P(K?)T) (KT
K

where here the K ,‘;‘ (with a multi-index k) are simply all the time-ordered products of Kraus
operators (K1 ®|j)) on the sender’s side from (10) occurring in the LOCC maps in (11); similarly
for K ,? on the receiver’s side. Thus, by defining completely positive maps & : M4, — Mf?lm
and Dy : MJ™ — Mp, ., by &(X) = K X (KT and Di(Y) = KPY (KP)T, we have
shown the existence of completely positive maps &, Dy, such that

lidy = Do T¥™ 0 & llo = 2¢,
k

whenever there exists a (N, m, ¢)-scheme for LOCC-assisted quantum communication according
to Definition 3. If the quantum channel 7 has positive two-way capacity Q2(7) > 0, then for
any fixed IV, one can certainly transmit an /N-dimensional quantum system with arbitrarily low
error (¢ — 0) in the limit of arbitrarily many channel uses (m — 00).

Now consider the case where the quantum channel 7 with Qa(7) > 0 is of the form 7 =
Ej V;oPoW; for a tensor-stable positive map P : Mgy, — My, that is not completely positive
and for completely positive maps V; : Mg, — Mgy, and W; : My, — Mg,. Then, by setting
N := d3 in the previous paragraph, we have

0 = lim inf [lidg, — Y Dio T 0 &l
k

m—00 Dy,
idg, — Z (Dk o ®Vjé> o POM g <®sz o 5k> HO
(=1 =1

kvjlv-'vjm

= lim inf
m—)ooDk,Ek

But this leads to a contradiction since, by interpreting D; := Dj, o (®y2,Vj,) and & =
(QyLy W;,) o & with the multi-index i = (k,j1,...,Jm) as the encoding and decoding maps
for the map P, Corollary 1 would imply that dcp(P) = 0, meaning that P would be completely
positive contrary to assumption. This proves the following;:
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Corollary 2. Let T be a quantum channel of the form T = Zj VjoPoW; for a tensor-stable
positive map P that is not completely positive and for completely positive maps Vj, W;. Then:

Q(T)=0.

The special case 7 = Vo1 of this theorem, i.e. where T is completely co-positive, was already
established in [24]. It however appears that Corollary 2 could give new channels 7 =P oW or
T =V oP with Q(T) = 0 beyond Theorem 6 and Eq. (9), at least when P does not possess a
right- or left-inverse.

Using Corollary 2 one can show that any non-trivial tensor-stable positive map P : My, —
My, will immediately yield new channels 7 : My — My with Q2(7) = 0 (for both d = d;
and d = d3). To see this, note that by writing the separable map S from Lemma 6 into single
Kraus operators as in Section V C, we can construct completely positive maps V;, W; such that
>.;VjoPoW; = Wp, where Wy : My — Mg with p € [~1,0) is a quantum channel from
the family (2) whose Choi matrix is an entangled Werner state. Thus, by Corollary 2 and the
depolarizing idea from Section V C, all the channels W, with p € [p,0) have vanishing two-way
capacity Q2(W,) = 0, although these channels are not detected as such by the existing criterion
from [24] (or by Theorem 7) as they are not completely co-positive. The channels constructed in
this way are however already known to have vanishing one-way quantum capacity Q(W,) = 0,
since they possess a symmetric extension (note, the case d < 2 does not occur here due to
Theorem 2) and are thus anti-degradable [2, 5, 26].

In the following chapters we will use another way of thinking about coding schemes of the form
(16). Recall that a completely positive map S : Mg, @My, — Mg, @My, is called separable if its
Kraus operators are product operators {A; ® B;}I";, i.e. S(X)=>"",(A,®B;) X (A ® By)!
for all X € Mg, @ Mgyj.

The application of a separable map S : Mdyfq ® ./\/ld;ﬂ — Mg, ® Mg, to (n — 1) copies of
the Choi-matrix Cp of some linear map P : M, — My, corresponds via the Choi-Jamiolkowski
isomorphism to a map R as

Cr =8 (5" Y),

with R (X) = 27, B/P2("=1) (AT XA;) B]. The map R is of the form (16), which by slightly
modifying the proof of Lemma 5 implies:

Corollary 3. Let P : My, — Mg, be an n-tensor-stable positive map. Then

dep(P) . ®@(n—1)
———~ < inf -§(C 18
i < dof e, =8 (G377 I, (18)

where the infimum is taken over all separable completely positive maps S : /\/ldrlzﬂ ® Md;* —

Mg, @ Mg, .

If the Choi-matrix Cp is a quantum state, then the problem of finding separable maps S to
minimize the error on the right-hand-side of (18) is well-studied in quantum information theory:
A state Cp € My, ® My, is distillable iff there exists a sequence of LOCC-maps S,, such that
Sn (Cg") — wq, . As LOCC-maps are in particular separable this sequence leads to a vanishing
(in the limit n — oo) right-hand-side in (18).

Note that any positive map that is not completely co-positive has an NPPT, but not necessar-
ily positive, Choi-matrix. We generalize distillation schemes from quantum states to arbitrary
block-positive matrices to show (using Corollary 3) that tensor-stable positivity implies complete
positivity for certain classes of non-completely co-positive maps.
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B. Proof of Theorem 2 and Theorem 4

To prove Theorem 2 and Theorem 4 we will use the theory of entanglement distillation. For
convenience we collect some basic definitions and results in Appendix A. The central result we
will need is Lemma 8, which shows that applying the twirl [30] to a block-positive and NPPT
matrix yields (up to normalization) a Werner state, i.e. it yields in particular a positive matrix.
This allows us to extend the theory of entanglement distillation to block-positive matrices. We
will start with a basic lemma:

Lemma 6 (Werner states from positive maps). Let P : Mgy, — Mg, be a positive map and
d € {di,da}. If P is not completely co-positive, then there exists a separable completely positive
map S : Mg, @ Mg, = Mg Mg such that S (Cp) is an entangled d-dimensional Werner state
(see Appendiz A).

Proof. This proof works similar to the protocol introduced in [15] for states. Consider d = ds
now, and we will treat the case d = dy later. As P is not completely co-positive, there exists
a normalized vector 1) € C" ® C% with <1MC’£2|1/1> < 0. Express this vector as [)) = (A®
14,)|Q4,) for some d; x da matrix A and the maximally entangled state |€24,). Now define a new
linear map P’ via the Choi-Jamiolkowski isomorphism by applying a local filtering operation

Cpr = (AT ® 14,)Cp(A® 1g,) € Mg, ® May,

ie. P'(X) =P (AXAT) for all X € Mg,.

The matrix Cps is block-positive and fulfills tr (Cp/Fy,) = d2<¢|C£2|¢> < 0. Therefore we
can use Lemma 8 and conclude that applying the UU-twirl leads to a positive matrix. After
normalization we obtain a Werner state

1
pW:/ (U@ U)Cp (U U) dU € Mg, @ Mg,
tr (Cpr) Jueu(ds)

Due to tr (Cp/[Fy,) < 0, this state is entangled. Finally, the composition of the twirl (which is
separable, see Appendix A) with the filtering map is a separable completely positive map.
If one chooses d = dj, then write ) = (14, ® B)|Qq,) with a dy x dj-matrix B, and define
Cpr = (14, ® BT)Op(14, ® B). The proof goes then through similarly.
]

From this Lemma we get:

proof of Theorem 4. For d € {dy,d2} the Choi-matrix C» of every non-trivial tensor-stable
positive map P : My, — My, yields an entangled Werner state by the application of a separable
completely positive map S according to Lemma 6. If this Werner state is distillable, there exists
a sequence of separable (even LOCC) completely positive maps (Sp,)nen such that |wg — S, ©
S (CE™) |1 — 0 as n — oo. But then Corollary 3 implies that P is completely positive
contradicting the assumptions.

O

proof of Theorem 2. As all entangled Werner states on My ® My are distillable [15, 17] there is
no non-trivial tensor-stable positive map P : My — My or P : My — My for d € N according
to Theorem 4.

O
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C. Proof of Theorem 3

Using the techniques from section VB we can define one-parameter families of non-trivial
positive maps such that there exists a non-trivial tensor-stable positive map iff it exists within
this family.

proof of Theorem 3. ad (ii): For p € [—1,0) the Werner state pg}) € Mgz is NPPT. Therefore
the map Pp : My — M2 is neither completely positive nor completely co-positive, as its

Ty

Choi-matrix is pg;) ® (pg;)) .
ad (i): For a non-trivial tensor-stable positive map P : My, — Myg,, neither P nor ¥q4, o P
are completely co-positive. According to Lemma 6 there exist p1,ps € [—1,0) and separable

completely positive maps 51,82 : Mg, @ Mg, = Mg ® Mg such that

) = 81(Cp),
) = 85(Cy, 0p) = S0 (ida, ®94,)(Cp).

It is obvious that for the separable completely positive map Sa(X) = »_,(A; ® B;) X (4; ® B)t
the map Sy = (idg ®~19d) 0 8y o (idg, ® ¥4,) is again separable completely positive. Thus, the
separable map S; ® Sz applied to two tensor copies of Cp gives:

Q T
(81®8)(Cp @ Cp) = pPM ® @3;)) :

By applying a depolarizing channel D, : My — M, of the form D, (X) = (1 — a)tr (X) %i +

T
aX (with a chosen appropriately) to one half of either pg;l) (if p1 < po) or (p%,}?)) ’ (if p1 > p2)

we can increase the corresponding parameter to obtain the desired state p%) & (pg;))T2 with
p = max (p1,p2) < 0. Thus, there exists a separable and completely positive map R : (Mg, ®
Mg,)®? — (Mg ® My)®?%, given by the composition of S; ® Sy with (D, ® idy) ® idge or
idg @ (Do ® idg), such that Cp, = pl) @ (pgﬁ))TQ = R(Cpsz) = 32,(C; @ Dy)Copisz(Cy @ D;)t
where P, was defined in (1). By the Choi-Jamiolkowski isomorphism we can thus write P,(X) =
>, DiP?(ClX 61')D3, which shows that P, is tensor-stable positive as P was. O

Note that the construction from the proof of Theorem 3 also works for an n-tensor-stable
positive map P : My, — Myg,. The positive map P, of the from (1) obtained this way is
| 5 |-tensor-stable positive.

D. Generalization of the reduction criterion

In this section we will generalize the reduction criterion and use the well-known recurrence
protocol [15] to prove bounds on dcp (P) for an n-tensor-stable positive map P.
We will need the following lemma (an analogue of Lemma 6):

Lemma 7 (Reduction criterion). Let P : My, — Mg, be a positive map. Let I'g: Mg — My
denote the reduction map I'(X) :=tr (X) 14 — X. Then we have:

1. If 'y, o P is not completely positive there exists a separable completely positive map S :
Mg, @ Mg, = Mg, @ My, s.th. S(Cp) is an entangled isotropic state (see Appendiz A).
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2. If Pol'y, is not completely positive there exists a separable completely positive map S :
Mg, @ Mg, = Mg, @ Mg, s.th. S(Cp) is an entangled isotropic state (see Appendiz A).

Proof. Again the proof works similar to the protocol introduced in [15] for states. We will start
with the first case.

As T'g, oP is not completely positive the Choi-matrix Cr 1, 0P = P (]ld2)T ® 14, —Cp, derived
using Lemma 1, is not positive. Thus, there exists a normalized vector |¢) € C% ® C% with

T WIP" (1) L) < (9ICp10).

Express this vector as 1)) = (A ® 14,)|Q4,) for some d; X do-matrix A and define a new linear
map P’ with Choi matrix

Cpr = (AT @ 14,)Cp(A® 1g,) € Mg, @ Mg,.

Note that by construction P’ is a tensor-stable positive map obtained from P via a separable
(even local) completely positive map. Furthermore we have using Lemma 1

tr (Cpr) =(Qq, |AAT @ P*(14,)|Q,)
da
dq

d
=(|P* (Lg,)" ® Lay |¥) - d—j < da(4)|Cp ).

:<Qd2|ATP*(Hd2)TA ® ﬂd2|Qd2> '

Therefore we have tr (Cpiwg,) = (¢|CplYp) > % > 0. Note that tr (Cp/) > 0 as Cpr is

block-positive and Cpr # 0 as I'g, o P is not completely positive. By applying Lemma 8 we
conclude that

w_ 1 / UeT A\
pr- = QU)Cp (U®U) dU € My, ® Mg,.
L w (Op) Jueuws) ( ) ) ’ ’
is an isotropic state, with p = 7“&5;72::;2) > —de. Thus this state is entangled and the composition

of the twirl (which is a separable completely positive map, see Appendix A) with the filtering
map is separable and completely positive.

The second part works similar to the first part. Note that P o I'y, not being completely
positive is equivalent to the existence of a normalized vector |¢) € CU @ C% with

dll<1/1\1ldl ®@P (Lay) [¥0) < (¥|Cplth).

Express this vector as 1)) = (14, ® B)|Qq,) for some dy x dij-matrix B and define a new linear
map P’ with Choi matrix

Cpr = (1g, ® BT)Cp(]ldl ® B) € Mg, ® Mg,.

Now by a similar calculation as before we have tr (Cp/) = (¥|1g, @ P (1g,) |¥) < di{¢|Cp|)).
The rest of the proof works the same as for the first case.
O
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Lemma 7 shows how to obtain an entangled isotropic state from the Choi-matrix of a positive
map violating the reduction criterion. It is well-known that these states are distillable by
the recurrence protocol [15]. More precisely there exists a separable completely positive map

S : Mp — My with
TUU S ((p([p))®2) — p(IT(P))7 (19)
where Ty denotes the UU-twirl and where

T()_1+p(pd(d2+d—1)—2)
PP " —opd+d2+d—1

It can be easily seen that for p > 1 we have (™) (p) — 1 as m — oo, where the notation (™ (p)
means that we concatenate m applications of the function r, i.e. r™)(p) := r(r(...7(p))). There-
fore iterating the protocol using up many copies of the input state p(Ip ) leads to isotropic states
close to the maximally entangled state wgy. In the following we use this protocol and Corollary 3
to upper-bound the distance of an n-tensor-stable positive map violating the reduction criterion
to the cone of completely positive maps.

Note that the original protocol [15] has a sufficiently small but non-zero probability of failure.
As the separable completely positive maps S in Corollary 3 do not have to be trace-preserving
we can avoid the possibility of failure by choosing only the Kraus operators corresponding to a
successful measurement for S.

Theorem 8 (Bound from the recurrence protocol). Let P : Mg, — Mg, be a positive map and
such that P oIy, is not completely positive, i.e.

(L|Cply)

- 20
i |w>e<lsiglp®®d2 (Y|1g, @ P (Lay) [20) (20)
= Az [(1ay ©P (14)) " 2Cp (10, @ P (1)) %] € (/e 1], (21)

using generalized inverses and denoting by Amaz[-] the mazimum eigenvalue. If P is n-tensor-
stable positive, then

dep(P) < 2(1 — p) (ga, (p)) B2~ 1) (22)

where ga(p) == UEED2onpdd LUt - Note that ga(p) € [0,1) forp € (4,1].

Proof. By Lemma 7 (and its proof) there is a separable completely positive map S;
M aydp) -1 — M(d%)(n_n with Sl(Cg(n_l)) = (p(lp))@)(”*l). By (19) we can apply the recur-

rence protocol for |logy(n—1)] levels yielding pgp VeM 2 with p’ = rlleg2(n=DD) () Composing
these two protocols gives a separable completely positive map S : M(dl dp)(n—1) M(d%) with

loa, =8 (G577 ) =20~ 9.
A simple calculation gives

1—p =1 —rlles(=DD ) < (g4, (p)>tlogz(n—1)J (1—p),



21

since gq, (p) = 1;1(5) is strictly monotonously decreasing for p € (d%v 1) and is equal to the

expression above.
By Corollary 3 we finally have

dcp (T)
1Pl

< 2(1 — p) (ga, (p)) B2

O]

For dimension d; = 2 we have I'y = U o 9o for some unitary conjugation & : My — Ma.
Therefore the positive maps P : My — My such that I's o P is completely positive are precisely
the completely co-positive maps. For general maps P : My, — Mg,, if 'y, oP is not completely
positive, then ¥4, o P is not completely positive, i.e. P is not completely co-positive.

VI. CONCLUSION

We have introduced the notions of n-tensor-stable positive and tensor-stable positive maps,
and have investigated whether such maps exist outside of the cones of completely positive or
completely co-positive maps. We showed that tensor-stable positive maps outside these families
would provide novel bounds on the quantum capacity of quantum channels. Our main technique
was to apply coding schemes from distillation theory to block-positive operators rather than to
density matrices. Thereby and by the Choi correspondence between block-positive operators and
positive maps, we related the existence of tensor-stable positive maps to the existence of NPPT
bound entanglement. We also showed that the cb-norm bound coming from the transposition
map yields a strong converse rate for the two-way quantum capacity 9o, and established strong
converse rates on the usual quantum capacity @ coming from other tensor-stable positive maps.

The main question left open by our work is whether non-trivial tensor-stable positive maps
exist at all, i.e. maps outside of the above cones that are n-tensor-stable positive for all n € N.
We have reduced this existence question to certain one-parameter families of candidate maps
(Theorem 3). But can this reduction be used to decide the existence, or at least to prove the
non-existence result of Theorem 2 directly?

Furthermore, the converse of Theorem 4 is open: Does the existence of NPPT bound en-
tanglement imply the existence of non-trivial tensor-stable positive maps? Note that such an
equivalence would be rather different from the equivalence result of [8], linking NPPT bound
entanglement to completely co-positive maps which are not completely positive but such that
all their tensor powers are 2-positive. The map of interest in the latter scenario lies within the
completely co-positive cone, which is among the trivial cases for our work.

Our existence result of an n-tensor stable positive map for every n € N (Theorem 1) is
analogous to the result in the theory of entanglement distillation which guarantees for every
n the existence of NPPT states that are not n-copy distillable [8, 9]. Our Lemma 2 however
appears to be to weak to show the existence of a map that is n-tensor stable positive for all n,
see Eq. (5).

Finally, note that one may relate the existence of a tensor-stable positive map to the stability
of operator norms under tensor products [23]: a positive unital map 7 : My, — My, is n-tensor
stable positive if and only if the induced operator norm || 7%"||so—00 = 1.
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Appendix A: Twirling and families of symmetric matrices

The main ingredient in the distillation protocols we will apply is the UU-twirl operation
Toy : Mg @ Mg — Mg My [30], defined as

Tow (X) = /U IRCEIRNCE )t .

An application of the Schur-Weyl duality gives [30] (for d > 2)

[t (X)) tr (XTFy) tr (X) tr (XTFy)
/Uemd) U)X (U V)V~ Ll? -1 d(d® - 1)] (1a® 1) - Lz(dz Sy R i
(A1)

It is easy to verify that this matrix is positive iff tr (XF;) € [—tr (X),tr (X)] (and tr (X) > 0);
the twirled matrix has positive partial transpose iff tr (XF;) € [0, dtr (X)] (and tr (X) > 0).
Using unitary 2-designs [25] it is well-known that the twirl is a separable completely positive
map, i.e. there exists a finite set of unitary product matrices {U; ® U;}", such that Ty (X) =
LY (Ui U)X (U e U)".
States of the form (A1) are clearly invariant under the UU-twirl operation and are called
Werner states [30]. We denote these states by p%), parametrized by p := tr (p%)lﬁ‘d> €[-1,1]

and satisfying tr (p%)) = 1. It is well-known that these states are entangled (and NPPT) for

p € [—1,0) and separable for p € [0, 1] (thus, PPT). Furthermore for d = 2 all entangled Werner
states are distillable [15, 17]. But for d > 2 it is not known whether all entangled Werner states
are distillable.

By partially transposing the matrices of form (Al) we obtain matrices invariant under the
UU-twirl operation, i.e. invariant under the operation

X Uel)x (UeU) av.
Ueld(d)

We will denote the states obtained in this way by p(lp ), which are the isotropic states [15]

parametrized by p := tr (p(Ip)w> = %tr ((pgp))TQ]Fd) € [0,1] and normalized to tr (pgp)> = 1.

These states are entangled (and NPPT) for p € (2117 1], and separable for p € [0, é] (thus, PPT).
It is well-known that all entangled isotropic states are distillable [15].

To obtain distillation schemes as needed in our proofs we will apply suitable twirling opera-
tions to the Choi-matrix Cp of a positive map P : My — My. The matrix Cp is in general not
positive, but the next lemma proves that under certain conditions the UU-twirl leads to positive
matrix, which can then be distilled using the existing theory.
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Lemma 8 (Twirl of block-positive matrices). If C' € My ® My is block-positive and such that
tr (CFy) <0, then

/ (UeU)C(UeU) dU> 0. (A2)
Ueld(d)
Similarly, if C € Mgz is block-positive and such that tr (Cwg) > 0, then

/ Uel)cUel) dav=>o. (A3)
Ueu(d)

Proof. By block-positivity we have tr (C') > 0 and
tr (C(lg®@1y+Fy)) >0

because the Werner state pg/ll/) = (I ® 1g+ Fy)/(d(d + 1)) is separable. Together with the
assumption tr (CF,) < 0 this implies tr (CF4) € [—tr (C),0] which shows the first statement

(A2).
Secondly, as the Werner state p(v?,) is also separable we get by block-positivity

tr (CT2 <]ld ® 11— ;Fd>> >0,

which implies dtr (CTQ) > tr (C’TQIFd). Together with the assumption tr (CT2IE‘d) =
dtr (Cwg) > 0 this implies that the UU-twirl of C2 has positive partial transpose. As
T _ _
[(U QU)X (U® U)T} "= (U®U)X (UaT)" this finishes the proof.
O

Appendix B: Minimal output eigenvalue

Here we prove the multiplicativity of the minimal output eigenvalue (3) for entanglement
breaking completely positive maps.

Theorem 9. Let T : My, — Mg, be entanglement breaking, i.e. (id, ® T) (p) is separable for
all n € N and positive p € My, @ Mg,, and S : Mg, — Mg, be completely positive. Then we
have

Nowi [T ® 8] = AT [TI NG [S] -

Proof. By inserting product states it is clear that APIM [T @ S] < AR [T] AR [S].

out — 7“‘out out

For the other direction, let the minimum in (3) for the computation of \Ml [T ® S| be
attained at p = 7. Then there exists a pure state |¢) such that

Mot [T ® S = ($[(T @ S)(7)9)

k
— 03 [0 @ S(p0)] 9)

i=1
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using that there exist non-zero o; > 0 and p; > 0 such that (T @ idg,) (1) = S5, 0; @ pi as T
is entanglement breaking. Note that 7T (try (7)) = Zle tr (p;) 05. Thus:

1]
2]

[3]

[9]

[10]

k

AP (T @8] = (6] S [U(pi)ai © S ﬂ 6)
=1

tr (pi)

k
> A0t [S](8] Y tr (pi) 05 @ 14, 6)
=1

= Aot [S)tr [T (tra (7)) tra (|0)0))]
> (I;ﬂuli1 [5] Amin (T (tra (7)) )
> )\min [8] )\min [7—] .

out out
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We study the entropy increase of quantum systems evolving under primitive, dou-
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This entropy increase can be quantified by a logarithmic-Sobolev constant of the Li-
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1. Introduction

Consider a quantum system affected by Markovian noise driving every initial state to the maximally
mixed state. For such a, so-called doubly stochastic and primitive, noise the von-Neumann entropy
S will steadily increase in time. Here we want to quantify how much entropy is produced by such
a noise channel. More specifically let the Markovian noise channel be modeled by a quantum
dynamical semigroup 7; = e** and recall that the von-Neumann entropy of a state p is given by
S(p) = —tr(plog(p)). We want to establish bounds of the form

S(Ti(p)) — S(p) = Ci(log(d) — S(p)) (1)

for some time-dependent C; < 1 independent of the state p. To find good C} for a given noise
channel T; in the above bound we apply the framework of logarithmic Sobolev (LS) inequal-
ities [0Z99, KT13]. For special channels bounds of the form of (1) have been considered in
[ABIN96]. Similar bounds have also been studied in terms of contractive properties of the channel
with respect to different norms in [Str85, Rag02, cf. Remark 4.1]. However, in these cases the
lower bound is given in terms of the trace or Hilbert-Schmidt distance between the state p and
the maximally mixed state, which are upper bounded by a constant independent of the dimension,
while the left-hand side of (1) is of order log (d). The entropy production of quantum dynamical
semigroups has also been investigated in a more general setting in [Spo78].

For many applications in quantum information theory it will be important to quantify the entropy
production of tensor-powers Tt®" of the noise channel. In our main result we obtain bounds of this
form, where C; does not depend on n. We improve on recent results by Temme et al. [TPK14]
who established such bounds using spectral theory. The invariance under taking tensor-powers
makes these bounds important for many applications including the study of stability in Markovian
systems [CLMP13], mixing-time bounds [TPK14] and quantifying the storage time in quantum
memories [MHRW15].

In the second part of this paper we consider entropy production estimates of the form (1)
for discrete-time doubly stochastic quantum channels. We introduce the framework of discrete LS
inequalities, which allows us to generalize results from classical Markov chains, where there already
is a vast literature on the subject [DSC96, DSC93, BT06, Mic97].

This paper is organized as follows:

e In section 2 we introduce our notation, definitions and show how the framework of logarithmic
Sobolev inequalities relates to the entropy production of a doubly stochastic Markovian time-
evolution.

e In section 3.1 we prove our main result. This is an improved lower bound on the LS
constant of tensor powers of doubly stochastic semigroups (Theorem 3.3), which directly
implies an entropy production estimate (Corollary 3.3) for tensor-products of Markovian
time-evolutions. Previous approaches to this problem focused on spectral and interpolation
techniques [BZ00, TPK14]. Here we obtain better bounds with simpler proofs using group
theoretic techniques similar to the ones developed in [JPPP15] and comparison inequalities.

e In section 3.2 we consider Liouvillians of the form £ = T —id, where T is a quantum channel.
We show how to use LS constants of classical Markov chains to analyze the entropy production
of such semigroups. As an application of our techniques we compute the LS constant of all
doubly stochastic qubit Liouvillians of this form.

e In section 4 we extend techniques from LS inequalities to analyze discrete-time quantum
channels. Here we not only get bounds on the entropy production (Theorem 4.2) but also
on the hypercontractivity (Theorem 4.5) of these channels. However, the obtained bounds
are in general weaker and become trivial as we increase the number of copies of the channel.
These results are mostly a generalization of [Mic97].



e In section 5 we apply the results from section 2 to unitary quantum subdivision capacities
introduced by some of the authors [MHRW15]. We show (Theorem 5.1) that the unitary
quantum subdivision capacity of any doubly stochastic and primitive Liouvillian has to decay
exponentially in time. Our bound improves similar results found in [ABIN96, BOGH13]. In
the second part of the section we compute entropy production estimates for random Pauli
channels.

2. Notations and preliminaries

Throughout this paper My will denote the set of complex d X d-matrices and M; C My the
cone of strictly positive matrices. The set of d-dimensional density matrices or states, i.e. positive
matrices in My with trace 1, will be denoted by Dy and the set of strictly positive states will be
denoted by D;. The d x d identity matrix will be denoted by 14.

We will call a completely positive, trace preserving linear map 7' : My — M  a quantum channel
and will denote its adjoint with respect to the Hilbert-Schmidt scalar product by T*. A quantum
channel T is said to be doubly stochastic if

T(1g) =T" (1a) = 1a.

A family of quantum channels {7} },cr, parametrized by a nonnegative parameter will be called
a quantum dynamical semigroup if Ty = idg (the identity map in d dimensions), Ts1y = TT;
for any s,t € R4+ and T} depends continuously on ¢. Physically a quantum dynamical semigroup
describes a Markovian evolution in continuous time. It is well known [Lin76, GKS76] that any
quantum dynamical semigroup is generated by a Liouvillian £ : My — M of the form

L(X)=d®(X) - kX — Xk,

for Kk € Mg and ® : My — M, completely positive such that ®*(14) = s + &'.

A quantum dynamical semigroup generated by a Liouvillian £ is said to have a fixed point
0 € Dg if £L(0) = 0. Then all quantum channel in {e'*};cg, have o as a fixed point. In the special
case where the fixed point is 0 = %‘i we call the quantum dynamical semigroup and its Liouvillian
doubly stochastic. If the generator is hermitian with respect to the Hilbert-Schmidt scalar product,
i.e. L= L* we will call it reversible. We will be interested in the asymptotic behavior of quantum
dynamical semigroups. A quantum dynamical semigroup T; : My — My with a full-rank fixed

point o € Dy is called primitive if tlim T:(p) = o for all states p € Dy. In the following we will be
—00

interested in particular in tensor-products of quantum dynamical semigroups. Given a Liouvillian
L: Mg — My we denote by
n
L =3y @ Leid] " (2)
i=1
the generator of the quantum dynamical semigroup (e**)®".
We will need distance measures on the set My. Recall the family of Schatten p-norms for
p € [1,00) defined as

1/p
[ X]]p == (Z Si(X)p>

i=1

where s;(X) denotes the i-th singular value of X € My and s(X) € R is the vector contain-
ing the ordered singular values of X as entries. Note that we can consistently define || X|| :=
SUP;eqi,....q3 Si(X) for any X € Mg.

Another distance measure (although not a metric) on the set Dy of states is the relative entropy
(also known as Kullback-Leibler divergence):

D(plo) = tr[p(log p —logo)], if supp(p) C supp(o)
400, otherwise



for p,o € Dy. Recall Pinsker’s inequality:

1
Dpllo) = 3o~ ol

for any p, o € Dy. This inequality implies in particular that D(p|lo) =0 iff p = 0.

2.1. The LS-1 Constant

Consider an inequality of the form:

D (ni0]%) < (o] %) 3)

for some doubly stochastic Liouvillian £ : Mg — My, and where T; = e**, p € Dy and o € R
is a constant independent of p. Using D (p||%d) = log(d) — S(p) the above inequality is clearly
equivalent to (1) for C; = (1 — e=29%). The framework of logarithmic Sobolev-1-inequalities (LS-
1 inequality) allows us to determine the optimal « such that (3) holds. To this end define the
function f(t) = D (Ty(p)||4#). If we can show

d,
z£ < —2af (4)

for some o € Ry it follows that f(t) < e=2%f(0). The time derivative of the relative entropy at
t = 0, also called the entropy production[Spo78], is given by:
t=0

iD(E@MEﬁ
= tr[L(p) log(p)]

as tr(L(p)) = 0 for any p € Dy. This motivates the definition of the LS-1 constant:

= tr[L(p) (log(d) + log(p))]

Definition 2.1 (LS-1 constant). Let £ : Mg — Mg be a doubly stochastic Liouvillian. We define
its LS-1 constant as

a(L) ;= inf _ L triLlp) log(p)] (5)

penf 2 D(p||%#)

By the above discussion (3) is valid for o = a;(£) as it is true for small times and the time can
be extended by iterating the bound. Also by definition it is the optimal constant such that (3)
holds independent of p. Note that we may only consider states with full rank in the optimization
of Definition 2.1 due to the continuity of the relative entropy and entropy production. Also note
that if the Liouvillian £ has another fixed point different from %‘l, then a1(£) = 0 and (3) reduces
to the data processing inequality. In the following we will always consider primitive Liouvillians
and thereby avoid this issue.

Using D (p|| 1) =log(d) — S(p) the following theorem follows from (3):

Corollary 2.1 (Entropy increase). Let £ : Mg — Mgy be a doubly stochastic Liouvillian and
a < aj (L) then

S(Tu(p)) = S(p) = (1 = e>*")(log(d) — S(p))

for any p € Dyg and where T, = e*t denotes the semigroup generated by L.



2.2. The LS-2 Constant

The non-linearity of the optimization problem in (5) makes it hard to compute the LS-1 constant
analytically. In fact there are only few examples even for classical Markov chains [BT06] where
the LS-1 constant is known. For many applications, however, it will be enough to have good lower
bounds on «;. Here these lower bounds will be in terms of the so-called LS-2 constant:

Definition 2.2 (LS-2 constant). Let L : Mg — Mg be a doubly stochastic Liouvillian. We define
its LS-2 constant as

Y 10,9
f) = Il B (X)

Here we used the so-called 2-Dirichlet form
1
EX(X) = —atr[E(X)X]

and the so-called 2-relative entropy given by

Enty(X) := ;—dtr {XQ (log (tT§2)> + log(d)ﬂ

It is well known that a Liouvillian is primitive iff we have a unique strictly positive density
matrix in the kernel of £. From this it is easy to see that as(L) = 0 if the Liouvillian is not
primitive, as in this case there exists X € M s.t. X ¢ span{1} and £5(X) = 0. We will later
see that the LS-2 constant is strictly positive if the Liouvillian is primitive.

As the 2-Dirichlet form is bilinear, «s is easier to compute than «;, where a logarithm occurs in
the numerator (see (5)). Also by as(L) = ag(“f*) we may always suppose that the Liouvillian
is reversible when computing as. Another advantage of the LS-2 constant in comparison to the
LS-1 constant is the following hypercontractive characterization. This characterization allows the
use of tools from other areas of mathematics, such as interpolation theory, to compute the LS-2
constant.

Theorem 2.1 (Hypercontractive picture [0Z99]). Let L : Mg — My be a primitive doubly
stochastic Liowvillian and T, = et* its associated semigroup. Then:

1. If there exists o > 0 such that ||T¢(X)
1+ e it follows that az(L) > a.

< X, 1y for all X € M, where p(t) =
' d

Hp(t),]%‘,i

2. For as(L) > 0, we have ||Tt(X)Hp(t) 1y
) d
L reversible and p(t) = 1 + e*2t if not.

<X, 1q for all X € M, with p(t) = 14 e**2* for
]

Here we used the ﬂ(—f—weighted lp-norm on My given by:

1 1
1Y, 1y o= — (Y ]7))7
Py d

We will state the connection between the LS-2 and the LS-1 constants in Theorem 2.2 below.

2.3. The spectral gap and relations between the LS-constants

Another important constant for studying the convergence properties of quantum dynamical semi-
groups is the spectral gap. Usually a unital Liouvillian £ : My — My is said to have a spectral
gap X if the 0 eigenvalue corresponding to %d is the only eigenvalue with real part 0 whereas
|[ReA;| > X for all other eigenvalues of £. In the context of LS-inequalities the following definition

is used:



Definition 2.3 (Spectral Gap). Let L : My — My be a doubly stochastic Liouvillian. The
spectral gap is defined as:
EE(X)

ML) = inf L L
) XEMI,?:X:XT Var(X)

Here we used the variance with respect to the maximally mized state defined as

Vara

—d
d

1
(V) =Y = tr(Y) 713 sy -

It agrees with the usual definition for reversible Liouvillians and is the spectral gap of the
additive symmetrization % Indeed, for reversible Liouvillians the spectrum is nonpositive and
we may assume w.l.o.g. that the eigenvector X; corresponding to an eigenvalue \; is hermitian.
By the orthogonality of eigenvectors, we have that tr[14X;] = 0, thus all eigenvectors that do
not correspond to the eigenvalue 0 are also traceless and are invariant under the transformation
X — X —tr[X]L. By these considerations,

in SE(X)
XeMq:x=xt Var(X)

(6)

is the second largest eigenvalue of —L if L is reversible or the of 75+T£* if not, coinciding with the
usual definition.

Finally we can state how the LS-constants and the spectral gap relate to each other.

Theorem 2.2 ([KT13]). Let L : Mg — Mg be a doubly stochastic Liowvillian. If L is reversible,
the spectral gap, LS-2 and LS-1 constant satisfy:

20-9) _ as(L) < a1(L) < A(L)

M iggia—1y =)=

If L is not reversible they satisfy:

(1- 2) as(£)
( )log(d—dl) = 2

_2
For d = 2 the function d — 1z,c(;l(dj1)) can be extended continuously by 1.

The previous theorem establishes a connection between the LS-1 and LS-2 constants. We will
use this connection as it is usually easier to derive bounds on the LS-2 constant than on the LS-1
constant directly. Note that by combining Theorem 2.2 with Theorem 2.1 we immediately obtain
the bound

S(Ti(p) — S(p) = (1 — e~ =) (log(d) — S(p)) (7)

for any p € Dy and where T} = e** denotes the semigroup generated by L.

3. Continuous LS inequalities for doubly stochastic Liouvillians

3.1. Tensor-stable LS-inequalities

For doubly stochastic and primitive Liouvillians £ : Mg — M, we consider the generator £
(see (2)) of the tensor-product semigroup (em)®n. We will prove a lower bound on as (£™) that
does not depend on n. By (7) such bounds directly lead to entropy production inequalities for
tensor-products of quantum dynamical semigroups (see Corollary 3.3). These inequalities turn out
to be useful for the analysis of quantum memories (see section 5.1).



For our bounds on the LS-2 constant we will first compute a lower bound on ay (E(n) ), where

dep
Laep : Mg — M, denotes the depolarizing Liouvillian given by
14
Laep(X) = tr(X)g -X. (8)
Then we use a comparison technique to derive the desired bound for general doubly stochastic and
primitive Liouvillians.
We will need the following theorem proved in [TPK14] showing that it suffices to show hyper-
contractivity for one fixed time to lower bound ao(L):

Theorem 3.1. [TPK14, Theorem 5] Let L : Mg — My be a reversible, doubly stochastic Liou-
villian with spectral gap \. Suppose that for some to € Ry we have || T3, < 1. Then:

”2%4,%

A
as(L) > ———
2(£) 2 ANto + 2
Using the group theoretic techniques and definitions introduced in the appendix we prove the

following bound on the 2 — 4 norm of tensor powers of the depolarizing channel. Similar bounds
have been developed in [JPPP15].

Theorem 3.2. Let T} : My — My denote the semigroup T, = et*~4r generated by Liep : Mg —
My as defined in (8). Then we have

T8 g, e <1 (9)

) qm

log(3) log(d®—1)

forto = ===

Proof. Note that the Weyl system (52) forms an almost commuting unitary eigenbasis (see Defini-
tion A.1) for the depolarizing Liouvillian L4ep. The unitaries of the Weyl system can be associated
to characters on Zg X Zg4. As explained in the appendix we can associate a classical semigroup P;
(see (54)) acting on the space V(Z4 X Zq) of complex functions on Zg X Zg. It is easy to verify
that the generator L of this classical semigroup coincides with the generator of the random walk
on the complete graph with d? vertices and uniform distribution. In [DSC96, Theorem A.1] it was
shown that:

2 (1—2d72)
Ly="+_= 1
az(L) log(d? — 1) (10)
Also it is known that for classical semigroups [DSC96, Lemma 3.2]
OéQ(Ll ®ld+ld®L2) :min{OéQ(Ll),Oég(Lg)}. (11)

Thus, by the hypercontractive characterization of the LS-2 constant[DSC96, Theorem 3.5] we have

HPt®n||2ap(t) <1,

for any n € N where p(t) = 1 + €221t With t, = 21?5((?2) we have p(tg) = 4 and the the claim

follows if we apply Theorem A.1 inductively. O

As the spectral gap of Lqep is 1 we obtain the following corollary by applying Theorem 3.2 and
Theorem 3.1.

Corollary 3.1 (Lower bound on LS-2 for tensor powers of the depolarizing channel). Let Lgep :
Mg — My be the depolarizing Liowvillian (8). Then:

—2
() < (1—-2d7%)
a2(Laey) = log(3)log(d? — 1) +2 (1 — 2d~2)




Note that any doubly stochastic Liouvillian £ commutes with the depolarizing Liouvillian Lgep.
We can use this simple observation to prove the following comparison theorem, which will lead to
our main result.

Theorem 3.3 (Comparison with the depolarizing Liouvillian). Let £ : My — My be a dou-
bly stochastic and primitive Liouwvillian with spectral gap A and || “’25 | the operator norm of its
additive symmetrization. For any n € N we have

H£+£*

ag(ﬁ(n)

dep

) > as(L™) > Ao (L)

where L) is defined as in (2).

Proof. When working with the LS-2 constant (see Definition 2.2 and the discussion following this
definition) we may consider the additive symmetrization Lgﬁ* instead of L. Therefore, we may
assume that £ is reversible without loss of generality.

Using tr(£(Y)) = 0 for all Y € M, and L(14) = 0 it is easily seen that [Lgep, £] = 0. This
(n)
dep”

shows that £ and Lgep can be simultaneously diagonalized. The same also holds for £ and £

Let {Y; }o<i<a2—1 be an orthonormal basis for M4 with respect to the normalized Hilbert-Schmidt

scalar product (-|-)1, = %<|>HS consisting of eigenvectors of £ and Lgep with Y5 = 14. Let \;
d

denote the corresponding eigenvalues of £, i.e. such that £(Y;) = \;Y;. We will show that

1 1
mggm) (X) <€ (X) < nggz(m (X)

dep

for X € M.
Given a multi-index v € [d® — 1]", where [d? — 1] = {0, ...,d* — 1}, we define

Y, = Q) Y, )
i=1

Clearly {Y,},e[g2—1)» forms an orthonormal basis of eigenvectors of LM and E((izl)o. For a multi-
index v € [d? — 1]™ we define supp (v) := {i € {1,2,...,n} : v(i) # 0}. As L(Y)) = Laep(Yo) =0

we have

LMY, = Z Ay | Yo

i€supp(v)
and
Lo (Ye) = ~lsupp () Y,

for any multi-index v € [d? — 1]". With

o= Y A

i€supp(v)

we can express the 2-Dirichlet forms (see Definition 2.2) as

2
SEM) (X> = - Z Av <X|Yu>ﬂéiin"

vel[d2—1]m

and

2
0 (X) = Y Isupp () [(X[¥o)

dep veld2—1]»



We know that the spectral gap is given by A = II;éi(I)l{—)\i} and || £]| = max{—\;}. As a consequence
K2 K2

we have
— Ay > |supp (v) |A, (14)

— Ay < [supp (v) [[I£]]. (15)
Combining (12) and (14) leads to

Epen (X) > A2 .

By Definition 2.2 of the LS-2 constant this shows ag(L™) > )\ag(ﬁgél)a).

In the same way combining (15) and (12) implies ag(L£L™) < H£||042(£((£2)).
O

The previous result tells us that, considering Liouvillians with fixed operator norms, the de-
polarizing channel is the most hypercontractive one, as it has the largest LS-2 constant in this
class.

One can also introduce LS constants for Liouvillians £ having a stationary state o € D;‘ that is
not necessarily maximally mixed[KT13, 0Z99]. When L is primitive and reversible the same proof
as for Theorem 3.3 yields

| Lllaz (e

dep,o

) > an(L™) > Aan (L

dep,o)

for the generalized depolarizing Liouvillian Lgep o (X) = tr(X)o — X.
By combining Theorem 3.3 with Corollary 3.1 we can finally establish an explicit lower bound
on ap (C(”)). For an explicit upper bound we can also apply Corollary 3.1 to

2(1 - 2)
02(Liep) < 02(Laen) = 10,7775
where we used that the LS-2 constant can only decrease when taking tensor-powers (see Definition
2.2). We also used the explicit formula for the LS-2 constant of a single depolarizing Liouvillian
Laep : Mg — Mg calculated in [KT13]. Summarizing these observations we obtain the following
corollary:

Corollary 3.2. Let L: Mgz — My be a doubly stochastic and primitive Liouvillian with spectral

gap A and || ﬁgﬁ* || the operator norm of its additive symmetrization. Then:
r21-2 A(1—2d2
2 log(d — 1) log(3)log(d? — 1) +2 (1 —2d—2)

Note that the lower bound in Corollary 3.2 is slightly better than the one that follows from the
results in [BZ00, TPK14] given by

Ly> 2
a2(L™) 2

Using (7) we obtain the following corollary on the entropy production of a tensor-product semi-
group:

Corollary 3.3 (Entropy production of tensor-product semigroups). Let L : Mg — My be a
doubly stochastic and primitive Liouwvillian with spectral gap A. Then we have

S(TE" (p)) = S(p) = (1 — (D) (log(d") — 5 (p))

_5g-2
with a (d) = o203 1og)251i 721()12(172[1,2) for the quantum dynamical semigroup Ty = e'* generated by

L.




In [Kinl4][Theorem 3] the multiplicativity of the 2 — ¢ norm for ¢ > 2 has been proven for
doubly stochastic and reversible quantum channels T : Ms — Msy. That is, for a completely
positive map Q : Mgy — My we have

12 Tlla—q = 1224l Tll2g -

It then follows from the hypercontractive characterization (Theorem 2.1) of the LS-2 that ao(L£™) =
as(L) for any doubly stochastic, primitive and reversible qubit Liouvillian £ : My — Mas, but for
non-reversible Liouvillians it only follows that s (E(")) > %

Here we give a proof of this lower-bound without needing reversibility:

Corollary 3.4. Let L : Ms — My be a doubly stochastic and primitive Liouvillian with spectral
gap . Then:

ag(ﬁ(")) = ag(ﬂ) =A

Proof. In [KT13, Lemma 25], it was proven that ag(ﬁ((iz;) = a9(Lgep) = 1. Theorem 3.3 then

implies ao(£™) > A. But, by Theorem 2.2, ap(£(™) < A, which proves the claim. O
Note that if we are interested in the hypercontractivity of £ : Mgn — Magn, this result implies

£
e ey 13 <1

with p(t) = 1 + €2 if L is reversible and with p(t) = 1 + e if £ is not reversible.

3.2. Qubit Liouvillians of the form £ =T —id

In this section we consider quantum dynamical semigroups on a qubit system generated by Liou-
villians of the form £ = T — idy for a doubly stochastic quantum channel 7' : My — My, For
these Liouvillians we will compute the LS-1 and LS-2 constants using the corresponding constants
for classical Markov chains [DSC96]. By the general theory of LS-inequalities (see Section 2) this
leads to entropy production estimates for this kind of Liouvillians.

We start with the LS-2 constant: to establish the connection with classical Markov chains note
that we can split the infimum in Definition 2.2 and optimize over spectrum and basis separately. Let
Uy denote the set of unitary d x d-matrices and denote the diagonal matrix with entries s € R¢ by
diag(s). For a doubly stochastic quantum channel T': My — M4 and the Liouvillian £ =T —idy
the definitions of 512: and Ent, lead to:

ou0) = ol B, G et )
= o, siéﬁafi 2_822 (<i9()|g(é\4|l|]_) i‘ﬁlﬁd)y (17)

Here My € My is a doubly stochastic matrix depending on U € Uy defined as
(My)ij = (| UTTUa)iUT)U |3) (18)

for some fixed orthonormal basis {|i)} C C?. Note that My is doubly stochastic for any U € Uy
and thus the matrix My — 1, defines a classical Markov kernel on a d-point set. Finally let
ozgc)(MU — 14) denote the classical LS-2 constant [DSC96, equation (3.1)] of the Markov kernel
My — 14. By direct comparison we have

as(L) = inf oS (My = 1y). (19)

10



The LS-1 constant of the Liouvillian £ = T — idg can be treated in the same way as the LS-2
constant above. A similar reasoning then leads to

ar(L) = inf od?(My - 14) (20)

where agc) (My —14) denotes the classical LS-1 constant [BT06, Equation 1.5] of the Markov kernel
My — 14, see (18).

The above technique works for every dimension d > 2. We will now restrict to d = 2, i.e.
T : My — My is a doubly stochastic qubit quantum channel. Such a quantum channel can be
represented as an affine transformation on R?, the so-called Bloch sphere representation [NCO00].
In this representation quantum states p € Dy are identified with vectors x € R? by

I+ Z?:1 xi0;

where we used the Pauli-matrices, i.e.

/(01 (0 —i (1 0
=11 0)>27\i o) 7 \o -1/

In this representation a doubly stochastic quantum channel 7' : My — My corresponds to a matrix
T € M3 acting on the corresponding vectors in IR?. Note that the adjoint channel T* with respect

—

to the Hilbert-Schmidt scalar product corresponds to the transposed matrix (T*) = (7).
We now show how to express the LS constants of a doubly stochastic qubit Liouvillian of the
form £ =T — idy in terms of the matrix T representing the action of the quantum channel T'.

Theorem 3.4. Let L : My — My be a doubly stochastic and primitive Liouvillian of the form
L =T —idy, where T : My — Moy is a doubly stochastic quantum channel. Then we have

T+TT“

0‘2(5):17“ 2

where T' € Ms is the matriz representing T on the Bloch sphere.

L+L”
2

, which is represented by a symmetric matrix, instead

Proof. Note that we may replace £ by the symmetrized Liouvillian

T+T*
2

as we are computing the
LS-2 constant. Thus, we may consider
of T.

Diaconis and Saloff-Coste showed that the LS-2 constant of a Markov kernel M — 1, on a two-
dimensional state space is given by 2M; o [DSC96, Corollary A.3]!. For U € Uy, consider My, see
(18). Using (19) and the aforementioned result we get:

T4+T*
2

as(L) = inf. oS (My —14) =2 Jnf (1] Ut (

) @oowh e
Let x be the vector corresponding to U |0) on the Bloch sphere. Then —z is the vector corresponding
to U |1). By changing to the Bloch sphere representation we get:

. <'(;)> (22)

aot (T55) woloh v -

[N

Taking the infimum over Uy in (21) corresponds to taking the infimum over all unit vectors in R3
n (22). This gives

a (L) =1- xeﬁiﬁ\a”:lm <T+2TT> z)=1-— H <T+2TT> H
O

INote that our definition of the 2-entropy in Definition 2.2 is half of the corresponding function in [DSC96]. This
explains the difference by a factor of 2 between our results.

11



Similarly we can also compute the LS-1 constant:

Theorem 3.5. Let L : My — My be a doubly stochastic and primitive Liouvillian of the form
L =T —id, where T : My — My is a quantum channel. Then,

a (L)y=1- sup |<x\Tx)| ,
z€R3:||z]|=1

where T' € Ms is the matriz representing the action of T on the Bloch sphere.

Proof. For fixed U € U we define p := (Myr)1 2, see (18). As My is doubly stochastic for a doubly
stochastic quantum channel T' we may write the Markov kernel as:

-p P
My — 19 = =: 2pQ), 23
U 2 ( P —p ) Q) (23)
_1 1
where Q := < 24 ) denotes the kernel of a random walk on the complete graph with two
2

2
vertices and uniform distribution. In [DSC96] the classical LS-1 constant is defined as

agc) (My —12) = inf —= = Zpalc)(Q)

s€R% 2 Ent, (X)

ai(£) = inf ag@(MU_]ld):Uigg{ 2(1UT (Ujo)o|UN) U |1).
d

Changing to the Bloch sphere representation as in the proof of Theorem 3.4 finishes the proof. O
Using Theorem 2.1 we obtain the following entropy production estimate from Theorem 3.5:

Corollary 3.5 (Entropy production of qubit Liouvillians of the form 7 — id).
Let L : My — My be a doubly stochastic and primitive Liouvillian of the form L =T — id for a

quantum channel represented by T € Ms in the Bloch sphere picture withr =  sup \<x|Tac>|
z€R3:||z||=1
Then

S(Tu(p)) = S(p) = (1 — e 277" (log(d) — S(p))

for any p € Dy and where Ty = e~ denotes the semigroup generated by L.

The results from the previous section show that for doubly stochastic, primitive and reversible
qubit Liouvillians of the form £ =T — id we have a3 (£) = as (£). However, in general we might
have a1 (£) > ag (£) even for reversible Liouvillians of this type. This is demonstrated for instance
by the depolarizing Liouvillian £(X) = tr(X)X — X where

2(1—3)

=T 7 1N >
az(L) log(d—l)_)()an_H)O , but oy (L) >

DN | =

Therefore, methods based on hypercontractivity may lead to entropy production estimates that
are far from optimal, as the optimal constant is described by the LS-1 constant and the separation
between LS-2 and LS-1 can be arbitrarily large. For the depolarizing channels in any dimension the
authors succeeded in computing the exact LS-1 constant and thus the optimal entropy production
in [MHSFW15].
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4. Discrete LS inequalities for doubly stochastic channels

In this section we show how LS inequalities may be used to derive an entropy production estimate
for doubly stochastic quantum channels in discrete time. We build upon and generalize some
results of [Mic97]. As for continuous time-evolutions, we say that a doubly stochastic quantum
channel T': My — My is primitive iff nl;rréo T (p) = %i for any p € Dy. We will need the following

characterization of primitive channels:

Theorem 4.1 ([SPGWC10]). Let T : Mg — Mg be a doubly stochastic quantum channel. The
following are equivalent:

1. T is primitive.
2. There exists n € N such that we have T™ (p) > 0 for any p € Dy.
3. T has only one eigenvalue of magnitude 1 counting multiplicities.

We define the discrete LS constant of a quantum channel T : Mg — M, by the usual LS-2
constant, see Definition 2.2, of a continuous semigroup associated to T'.

Definition 4.1 (Discrete LS constant). Let T : My — Mg be a doubly stochastic quantum channel
such that T*T is primitive. Define the discrete LS constant of T as

ap (T) = %ag (T*T — idy) (24)

This definition is motivated by the following entropy production estimate:

Theorem 4.2. Let T : My — My be a doubly stochastic quantum channel such that T*T is
primitive. Then for any p € Dg we have:

1 1
p(r(] %) <a-an@yp (o) (25)
Note that this is equivalent to the entropy production estimate:

S(T(p)) — S(p) = ap(T)(log(d) — S(p))

Proof. Suppose first that p € ’D;r and define X = dp. Our goal is to show the following inequality:

p (7| 22) < (o)) - 2.0 (x). (26)
(rwl5) <o (%) (x})

For that we will use the theory of discrete LS inequalities for classical Markov chains introduced
in [Mic97]. Let {|a;)}1<i<a and {|b;)}1<j<a be orthonormal bases of C? consisting of eigenvectors
of X and T (X), respectively. As T is a doubly stochastic quantum channel the matrix P € M,
defined as (P), ; := (b:| T (|a;)Xa;|) |b;) is doubly-stochastic. In the following denote by s(X) € R4
the vector of eigenvalues of X decreasingly ordered.

Using that as 1; commutes with any d x d-matrix we have D(p||%d) = D (s(p)||lrq) and
D(T(p)||E2) = D9 (Ps(p)||ma) where D (-|-) denotes the classical relative entropy and mq the
d-dimensional uniform distribution. Then with [Mic97, Equation 8] % one can easily show:

p(rw|%) <o (o) - ;f_j Vo), (VD - Ve (PTP),,. 21)

2Note that in [Mic97] the evolution of a probability distribution is given by a left multiplication with the transition
matrix P, while we work with right multiplication. This explains why the order of P and P7 is reversed.
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Let V € Uy be a unitary operator such that [VT (x)yvt,r (X%)} = 0, i.e. both opera-
tors have the same eigenvectors {|cx)}1<k<a. Now define the doubly-stochastic matrix (Q), , =
{ce| T (Ja;)as)) |cx). As Q is doubly-stochastic so is Q7@ and we have:

$(X),(QQ),, = tr(X). (28)

d
ik=1
By construction, Qs (X%) =35 (T (X%)) and so:

S (1) 5 (), (@70),, = (s (¥t) s (et =w[r ()] e

ik=1

Using unitary invariance of the relative entropy, (27) and equations (28) and (29) we have that:

p (1|2 = b (vr () vi|ie (30)
(rw|5) = (vreviy)

<D <p I(Lid) - é y \/S (X); (\/3 (X); — \/5 (X)k> (QTQ>zk (31)
i,k

D<p ]izd> fétr EXT(X5>2> (32)
-D <p d) iy (X%) : (33)

By Definition 4.1 of the discrete LS-2 constant and by definition of X we have
14 14 9 1 H 14
%) < i) B < 2 ) < _ _a
D <T (p) H pi ) <D (pH pi ) Eperid ((dp) ) <1 —-ap(T)D <p g

for full rank p. The inequality follows for all states by a continuity argument.

O

Note that if T*T is primitive, then ap(T") is strictly positive by the lower bound given in Theorem
2.2 as primitivity implies the existence of a positive spectral gap by Theorem 4.1.

If the channel T is normal, i.e. T*T = TT*, it was shown in [BCG'13, Proposition 13] that
T*T being primitive is also a necessary condition for T being primitive. However, as being a strict
contraction w.r.t. the relative entropy is not a necessary condition for primitivity, it can’t hold that
ap(T) > 0 for all primitive channels T. We now show that the assumption of T being primitive is
sufficient to ensure that ap (T™) > 0 for some n € N and also derive another characterization of
primitive, doubly stochastic channels:

Theorem 4.3. Let T : My — My be a doubly stochastic quantum channel. The following are
equivalent:

1. T is primitive
2. In € N such that (T*)" T™ is primitive

Proof. If T is primitive, then by Theorem 4.1 there exists n € N such that T" (p) > 0 for all
p € Dg. As T is doubly stochastic, also (T*)" T™ (p) > 0 holds, which implies that (7%)" T™ is
primitive. On the other hand, if (7T*)" T™ is primitive for some n € N, then ap (7T™) > 0. By
Theorem 4.2 we have klin;o Tk (p) = %d. As %‘i is a fixed point the convergence for a subsequence

implies the convergence of the sequence. 0

14



We were not able to determine if inequality (25) is tight, i.e. whether there is a primitive doubly
stochastic channel T : My — M, with

0 (p)III%) 1 ap(T),

peDa,p#% D (P”g)

However, it is clear that the best constant in the equation (25) is not always given by the discrete
LS constant. Consider for instance the completely depolarizing channel T (p) := tr (p) %‘1. Then,

ap (T*T —id) = lo(gl( -l 3) <1 [KT13, Corollary 27].
Now we want to determine a bound on the discrete LS constant. For this we need:
Theorem 4.4. Let T : My — My be a doubly stochastic, primitive quantum channel. Then the

function k — aq ((T*)k Tk — idd) is monotone increasing.

Proof. As T is doubly stochastic, the operator Schwarz inequality[Pau02, Proposition 3.3] implies
that for X € M7

TH(X)? < T (Tk (X)Q) . (34)

As T is trace-preserving we get

T G0 3 = gor (77 00°) < gor (T (00°) = 1T O o %)

where again | X3, = 2tr (X?). Observe that
1 *
Elp-ypr —ia, (X) = =5t (T)FT7) (X) X = X7) = |IT* () |3 5 = 1X]I3,-

Then we have by (35) that 5(2T*)k+1Tk'+17idd > 5((T* FTR)—idy which implies the claim by the
variational definition of the LS-2 constant.

O

The next corollary shows that the discrete LS constant becomes less useful if the dimension d of
the system grows large.

Corollary 4.1. Let T : Mg — Mg be a doubly stochastic quantum channel s.t. T*T is primitive.
Then

2 _2
mln{;\ lo(gl(dj)l)} >ap(T) > Alo(gl(dj)l)’ (36)
where X\ is the spectral gap of T*T — id. Again we have % =1 for d =2 by continuity.
Proof. By Theorem 4.4, for k € N we have ap (T) < ap (Tk) and so
ap (T) <lim inf ap (T") (37)

k—o0
By Theorem 3.3:

1-2)
lim inf TF) < 1i THE Tk (1-3)
im inf ap (T%) < Jim || (77)°T" = idallg om0y

For primitive channels klim T = T,,, where T, (X) = tr (X )La. By the continuity of norms,
— 00

multiplication and conjugation of linear operators and ||idg — Too|| =

(-3

ap (T) < m

The lower bound follows from [KT13, Corollary 27] and the upper bound in terms of the spectral
gap from Theorem 2.2. O
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With Theorem 4.2 we immediately get the following entropy production estimate for a doubly
stochastic quantum channel T : My — My

(1-3)
_ >\ d/ _
S(T(p)) = Sp) = )\log @D (log(d) = 5(p)) (38)
for any p € Dy, where A denotes the spectral gap of T*T — id.

Remark 4.1. The bound given in Equation (38) is similar to the one in [Str85, Lemma 2.1], given
by

S(T()) - 56 2 Sl 5B,

where A is again the spectral gap of T*T — id. However, if ap(T) and A are of the same order of
magnitude, then (25) gives an improvement of order log(d). Similar holds for the bound in [Rag02].

Given the usefulness of the hypercontractive characterization of the LS-2 constant in continuous
time, it is natural to ask whether we have a similar characterization of the discrete LS constant.
We now show that the discrete LS constant implies hypercontractivity of the channel, but first we
will prove some technical lemmas. The following lemma is the generalization of [Mic97, Lemma 3]
to the quantum case.

Lemma 4.1. For X € M; and q > 2:
q_2 1—q a
11, 2 = X1, 2 < =X 054 Eney (XF) (39)

Proof. Working in the eigenbasis of X, the proof is identical to [Mic97, Lemma 3]. O

Lemma 4.2. Let T : Mg — My be a doubly stochastic quantum channel, X € ./\/l:; and q > 2.
Then:

17O oy —IXN 1y < ~EFra (XF) (40)

Proof. As the r.h.s. of 40 is equal to

1 q\2

_ 2 _ q

; {tr (T (X2) ) tr (X )] (41)
and the L.h.s. is equal to

2o (T (X)) — tr (X)), (12)

the claim is equivalent to tr (T (X)?) < tr (T (X%)z). As T is a doubly stochastic channel and
q > 2 [Davb7]:

o

T(X)<T (X%)E (43)

2
Both T'(X) and T (X %) 7 are positive operators, which implies by Weyl’s monotonicity theo-
rem [Bha97, Corollary I11.2.3]:

s(T (X)), < s (T (X2)2) (44)

As tr (T (X)?) = zd: s (T (X))4, we have:

77

tr (T (X)9) < ZS(T (X%))z = tr <T (X%)2> (45)

i=1 ¢

and the claim follows. O
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Theorem 4.5 (Discrete hypercontractivity). Let T : My — My be a doubly stochastic quantum
channel s.t. T*T is primitive. Then ||T||2Hq 1y <1 forq<2+42ap(T)
»7d

Proof. For X € M, we have by Lemma (4.1):
q_2 1— a
10,5 = IXTl, 1 < =X En (X (46)

As the function g (z) = 24 is concave on R, we have the following inequality for a,b € R:

1
ai —bi < . ( o - b)) (47)
Plugging in a = ||T (X) ||Z 1, and b= ||X||Z 1, we get:
- -
1 1—q q q

TGO, 3 = 1K, < 211252 (I GONE L, — 112 (4s)

Summing inequalities (46) and (48) and applying Lemma (4.2), we finally get:

1 _ a a
1T () U, 1 = 1K1 50 < —IX115 (0= 2)Bnts (XF) - €2 (xF)) (49)
°7d ’7d q 44

By the definition of the discrete LS inequality, if ¢ < 2 + 2ap (T) the right-hand side in (4.2) is
negative, which implies for X € M

70, 0
X = )
]

As shown in [Aud09, Wat05], we may restrict ourselves to positive semi-definite operators when
considering the 2 — ¢ norm of completely positive maps. By continuity, inequality (50) is also
valid for all positive semi-definite operators, implying ||T||2_>q 1, <1
v d
O

It is not to be expected that the other direction holds, at least in a naive way. That is, that a
bound of the form:

1Tl 2y <1

for some ¢ > 2 and a doubly stochastic quantum channel 7" : My — My gives a lower-bound on
ap(T) that is independent of the dimension d, as we have for continuous time.

To see why this is the case, consider a doubly stochastic qubit channel T : My — My, As we
have mentioned before, we have [Kinl4]:

®n —
1Ty 1gm =175, 1y

If hypercontractivity of the channel would imply a lower-bound on ap(7T) that is independent of
the dimension, we would then obtain a lower-bound strictly positive for T®" for all n € N. But it
follows from Corollary 4.1 that lim ap (T®") = 0.

n—oo

5. Applications

5.1. Upper bounds on unitary quantum subdivision capacities

In [MHRW15] some of the authors introduced quantum capacities for continuous Markovian time-
evolutions. These capacities are similar to the usual quantum capacity, but in addition to applying
encoding and decoding operations in the beginning and end of the protocol additional operations
may be applied in intermediate steps. Here we will only consider the case where these additional op-
erations are unitary quantum channels. The precise definition of this unitary quantum subdivision
capacity is:

17



Definition 5.1 (Unitary quantum subdivision capacity Q¢[MHRW15]).
The U-quantum subdivision capacity of a Liouvillian L : Mg — My at a time t € Ry is
defined as

Qy (tL) :==sup{R € R4 : R achievable rate}

where a rate R € Ry is called achievable if there exist sequences (n,) -

v=1" (ml/)sozl SuCh that
R =lim SUp, 00 " and we have

my,
k
. F RN, Qm,,
kf,E7Dl71[}f7---7Uk idy Do H (Ul o T% ) oE|| =0 asv—oo. (51)
1=1 o
The latter infimum is over the number of subdivisions k € N for which the channels T% = ekt

are defined, arbitrary encoding and decoding quantum channels E : M?"” — M?m” and D :
M?m” — ME™ and unitary channels U; € 4 from the chosen subset.

The unitary quantum subdivision capacity quantifies the highest possible rate of information
storage in a quantum memory, when unitary gates may be applied to protect the information
against the noise. Using our Corollary 3.2 we obtain the following upper bound on Qy:

Theorem 5.1. (Upper bound for doubly stochastic, primitive Liouvillians)
Let L : Mg — My be a doubly stochastic and primitive Liouvillian with spectral gap A. Then

Qy (tL) < e og(d)

A(1—2d7?)
log(3) log(d?—1)+2(1—2d—2) "

with a(d) =
Proof. Using Corollary 3.3 gives
S(TE™ (p) = (1 — =22 log(d™) 4 =2 5 ()
> (1= e72(D) log(d")

where T; = e** and n € N. The rest of the proof follows the lines of the proof in [MHRW15,
Theorem 5.1].
O

The above theorem shows that in a quantum memory affected by a doubly stochastic, primi-
tive and self-adjoint noise Liouvillian the storage rate is exponentially small in time, when only
unitary correction operations are allowed. This result is similar in flavor to results by Ben-Or et
al. [BOGH13, ABIN96].

5.2. Entropy production for random Pauli channels

As an application of the discrete LS inequalities from Section 4, we derive an entropy production
estimate for random Pauli channels.

Definition 5.2 (Random Pauli channel). A channel T : Ma — My is said to be a random Pauli
channel if it can be written as

T (p) = p1o1po1 + p202p02 + p303pos + (1 — p1 — p2 — p3) p,
for a probability distribution (p1,p2,ps, 1 — p1 — pa — p3). Here 01,029,053 are the Pauli matrices.
First we use the results from Section 3.2 to prove:

Theorem 5.2. Let T : My — My be a random Pauli channel and L : My — Mo given by
L =T —idy. Then the LS-2 constant (Definition 2.2) can be computed as

az (£) = 2min{p, + p2,p2 + 3, p3 + 1}

18



Proof. Note that we have ag (£) = 0 if £ is not primitive. Therefore, we only have to show the
claim for £ primitive. As T is reversible, Corollary 3.4 implies o (£) = a2 (£) = A (£). One can
check that the spectrum of a random Pauli channel is given by:

{1,1=2(p1 +p2), 1 —2(ps +p2),1 —2(p1 +p3)}
and thus the spectral gap of £ is given by 2min{p; + p2, p2 + p3, ps + p1}. O
Theorem 5.3. Let T : My — My be a random Pauli channel. Define

P = 2min{pi1p2 + p1p3, P21 + P2p3, P3p1 + P3p2}-

Then S(T(p)) — S(p) = pllog(d) — S(p))-

Proof. 1t is easy to check that if T is a random Pauli channel,

T*T (p) = q1o1po1 + q202p02 + q303p0s + (1 —q1 —q2 — q3) p

is a random Pauli channel as well with ¢; = 2psps, g2 = 2q1¢93 and g3 = 2¢g19q2. By Theorem 5.2,
ap (T) = p and the claim follows from Theorem 4.2.
O

6. Conclusion

We have extended the use of group theoretic techniques to study LS inequalities for doubly stochas-
tic, primitive Markovian time-evolutions. These bounds lead to entropy-production estimates for
tensor-powers of this kind of semigroups, which are independent of the number of tensor-powers.
We applied these estimates to derive upper bounds on quantum subdivision capacities. For discrete
doubly stochastic quantum channels we generalized discrete LS inequalities to the quantum case.

There are some directions of possible future research which should be emphasized. It would be
desirable to try our group theoretic approach with other relevant semigroups and generalize it to
semigroups that are not doubly stochastic. Another concrete open question is, whether the LS-2
constant can actually decrease under taking tensor powers.

Concerning LS inequalities for discrete channels there are similar open problems. Again prov-
ing analogous statements for channels with arbitrary fixed points and determine the discrete LS
constant for more channels would be interesting. New techniques that would yield bounds stable
under tensor powers of discrete channels would also be of great interest.

We believe that our proofs illustrate how comparison inequality techniques can be useful and
finding systematic methods to establish them, as there are for classical Markov chains, would be
interesting.
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A. Hypercontractivity via group theory

Here we will consider reversible quantum dynamical semigroups with an eigenbasis consisting of
unitaries commuting up to a phase. By relating such quantum semigroups to classical semigroups
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defined on finite abelian groups we can use the classical theory to prove hypercontractivity. We
explore and extend ideas similar to [JPPP15]. In particular we get a bound on the 2 — 4 norm
of tensor products of depolarizing channels. We start by reviewing some basic facts about Fourier
analysis on abelian groups, the proofs of which can be found in [SS11, Chapter 7].

Given a finite abelian group G of order |G| we will denote by V(G) the vector space of all
functions f : G — C. For f € V(G) we define its [,-norm by

1
1115 = 1€l > (g
geG
and for linear operators A : V(G) — V(G) we define

Af
lAllysg = sup 127N,
revie) Ifllp

The characters of G are functions x : G — {z € C : |z| = 1} such that x(g192) = x(91)x(92)
holds for any g1, g2 € G. We will denote by G the set of all characters of G, which is again a group
isomorphic to G under multiplication. The characters form an orthonormal basis for the space of
functions V(G) under the scalar product

1 *
(F1h) = & > F(9)"h(g)-

geG

We have f = S f(i)x; for f(i) = (f|x:). We also define G x G’ to be the direct product of two
Xi €aG
groups G, G’ and we have

—

GxG~2Gxq,
i.e. all characters of G x G’ are of the form yx’ for x € G and y’ € G’

Definition A.1 (Almost commuting unitary Basis). A set of unitaries {U;}o<i<az—1 C Mg with
Uy = 14 is called an almost commuting unitary basis (associated to an abelian group G) if:

1. tUIU,] = dé; ; for all 0 <i,j < d? —1.

2. The {U;}o<i<q2—1 are a projective representation of G, i.e. for all 0 <1i,j < d?> — 1 we have
UU; = ¢(i,)U;U; and U;U; = ¢/(i,j)Uisj for some ¢'(i,4), ¢(4,j) € C with |¢'(4, j)| =

|o(i, 7)| = 1, where in the index we mean addition in the group G.
We can then associate each unitary to a character in G.

A prominent example of an almost commuting unitary basis is the discrete Weyl system of
unitaries {Uy i to<k,i<a C Mg given by:

d—1
Uk, :Zyrl|k+r> (rl, v=e". (52)
r=0

It is easy to check the properties:
1. tr (UZTJUM) = db; 16, for any 4,4, k,1 € {0,....d—1}.

_ ik
2. Ui jUky = vV0Uik j+1

3. U,;ll =vMU_ _ for any k,1 € {0,...,d — 1}.
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These unitaries are a projective representation of Zg x Zg in PU(d). This basis has been explored
in [JPPP15] to derive similar results on hypercontractivity. However, it should be noted that there
are other examples of almost commuting bases and that tensoring leads to further examples.

By associating an almost commuting basis on My  to the orthonormal basis of characters on
V(G) we can also relate norms on M, to corresponding norms on V(G). For any X € My we
define

fx = Z Fx (i) (53)
with fx (i) = (Ul X) 1.

Lemma A.1. Let {U;}o<i<q2—1 be an almost commuting unitary basis and G the group associated
to it. For any X € My and fx as in (53) we have

1X02 5 = I£x113

Proof. 1t follows immediately from the definition of an almost commuting unitary basis that it is
an orthonormal basis w.r.t. (-[-)1 and so we have:

d?—1
||X||§7n7d = (X|X)1 = Y (Uil X)s* =
i=0

d?—1

S IFGOP =117
=0
d2-1
as by Plancherel’s identity ||f]|3 = > |f(i)|?.
i=0
O

In the following £ : My — M, will denote a unital, reversible Liouvillian with spectrum
{Ai}o<i<gz—1 € R and with unitary eigenvectors {U;}o<;<q42—1 forming an almost commuting
unitary basis. To such a Liouvillian we associate a classical semigroup P; : V(G) — V(G) defined
as:

d?—1
Pif =Y M f(i)x. (54)
i=0
With this definition we can state the following theorem:

Theorem A.1l. Let L : Mg — My be a unital, reversible Liouvillian with an almost commuting
unitary eigenbasis and Py : V(g) — V(g) the associated classical semigroup as in (54). Then:

L
e lla a1 < [[Prll2—a

Proof. Let {\;}o<i<q2—1 denote the spectrum of £ and {U; }g<;<42_1 the almost commuting unitary
eigenbasis. Any X € M, can be written as X = Z?ial F(@)U; with fx (i) = (UilX)1 and we can
also define fx as in (53). Then we have:

]- 1 r E . P N .
HX”ZL% = gtr[XTXXTX] =3 Z fx (i) fx (i2) fx (is)" fx (ia) tx[U) U3, UL U3,]

11,92,13,%4

The unitaries {Ui}figl commute and form a group up to a phase. Also by the orthogonality
condition we have tr(U;) = 0 for any 4 # 0, which implies

1
g|tr[UiT1 Ui, UL Ui = Sigtis—is—ir 0-
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By the triangle inequality we have:

HX”i% < > [Fx (1) fx (i2) fx (i) fx (ia) | (55)

io+i4—13—11=0

Now define f% € V(G) as f = Z?igl |/x (i) |x; and note that

4

fx (i)‘ Xi (9)

d?—1

1
Il = 7l = 2 D0 [0

g€eG | i=0

-2y >

9€G i1,i2,13,i4

Fx (1) fx (i2) fx (i) Fx (ia)| Xiatis—is—ir (9)-

where we have used the identities x;(g)* = x—:(¢g) and x4, (9)Xi,(9) = Xi,+i,(g) for any g € G. By
the orthogonality of characters we have 5 Xa(9) = d?640 and therefore

Ifxlli= > |fx (1) fx (i2) fx (is) fx (ia) |-

io+ig—13—11=0

It then follows from (55) that || X[|1 . < | fx|i.
rd

The2 semigroup e'* acts as a multiplication operator in the almost commuting unitary eigenbasis
{U;}L,. By construction the classical semigroup P; from (54) associated to e'* acts in the same
way in the basis of characters. This implies:

e XNy 5 < IPefxlla < 1Pillasallfxllz = [ Pellasall XI5 1 (56)

using Lemma A.1 for the last equality.
O

Note that the proof of the previous theorem can be used for any 2 — ¢ norm with ¢ an even
integer [JPPP15].

Consider two unital, reversible Liouvillians £4 : Mg, — Mg, and Lo : My, — Mg, with spectra
{)\i}ﬁgl and {1, }?3251 and almost commuting unitary eigenbases {U] }o<i<qz—1 and {UZ }o<j<az—1
associated to abelian groups G and G5. Now we can apply the above theorem to the tensor product
semigroup e’ = et*1 ® X2 generated by £ = L1 ® idg, + idg, ® Lo. It can be verified easily
that {U} ® UjQ}ogigd%—l,ogjgdg—l is an almost commuting unitary eigenbasis for £ associated to
the abelian group G; x G3. Let Q: denote the classical semigroup acting on V(G1) ® V(Gg) =
V(G x G3) associated to et* as in (54). Also let P! and P? denote the classical semigroups
associated in the same way to e'“! and e'“? respectively. Note that for any Xij € G;<\G2 we
have

Qixij = Qexixj = Mttt yix; = P} ® PPy

and hence Q; = P! ® P? as the characters (in G@g) form a basis of V(G x G3). This proves
the following corollary:

Corollary A.1. Let L1 : Mg, — My, and Lo : Mg, — Mgy, be unital, reversible Liouvillians
with almost commuting unitary eigenbases associated to abelian groups Gy and Go. Furthermore,
let P} and P? be the associated classical semigroups as in (54) acting on V(G1) and V(Gz). Then:

et @ e 2y 1 < [IPF© PR>ss
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Relative Entropy Convergence for Depolarizing Channels

A. Miiller-Hermes, D. Stilck Franga and M. Wolf May 19, 2015

We study quantum Markovian time-evolutions generated by general depolarizing Li-
ouvillians, i.e. L, : Mg — My given by L,(p) = tr(p)o — p for some quantum state
0 € Dy. Here we restrict to the case where o is full-rank (otherwise the logarithmic-
Sobolev framework is not well-defined). The logarithmic-Sobolev constant a; (£, ) can
be seen as the optimal exponent o € R such that

D(T? (p)llo) < e D(pllo) (1)

holds for any p € Dy and any t € RY.

1 Main result

Our main result is the computation of a; (£,). As a direct consequence of (1) we have
to solve the following optimization problem:

1 DGolle)
or (L) = it 5 (1+ B0y)

The quotient of relative entropies appearing in the optimization is a quasi-linear func-
tion in the entries of the doubly stochastic matrix P;; = |(v;|w;)|? depending on the
eigenbases {|v;)} and {|w;)} of p and o. Then Birkhoft’s theorem implies that the
optimal p has to commute with . By applying Lagrange-multipliers we obtain:

Theorem 1.1. Let L, : Mg — My be the depolarizing Liowvillian with full-rank fixed
point o € Dy. Then we have

! (14 Doty
Dy (|| smin(0))
where $min(0) denotes the minimal eigenvalue of o.

Our proof shows, that the above constant is also the logarithmic-Sobolev constant
for a classical random walk on {1,...,d} with transition probabilities equal to the
eigenvalues of . To the best of our knowledge this constant has not been computed
before.

2 Concavity of von-Neumann entropy

As an application of Theorem 1.1 we improve the concavity inequality of the von-
Neumann entropy:



Theorem 2.1 (Improved Concavity of the von-Neumann Entropy). Let p € Dy and
o € D with minimal eigenvalue smin(c). Then for q € [0,1] we have

S((1=q)o +aqp) > (1= q)S(0) + ¢S(p) + q(1 = ¢°)D(p| ),
with
C(O’) — min DQ(Smin(U)||‘T)
2€(0,1] Da(2||smin(0))

The proof is a straightforward rewriting of (1) with a = ay (£,). Our result seems
to be incomparable to similar improvements [2] using different quantities for the cor-
rection terms. While in some cases our bound performs better (by numerical value),
there are other cases where it performs worse. Furthermore, our proof gives a similar
result for the Shannon entropy.

3 Tensor-powers

Let K((Tn) denote the generator of the semigroup (77)®™. In the special case where

o= %d is the maximally mixed state we can prove the lower bound

) s L
Otl(ﬁl(?)_Q

for any n € N and any d > 2. This bound is a direct consequence of the following
entropy-production estimate:

Theorem 3.1. For any o,p € Dy (not necessarily full rank) we have
SU(T7)*"(p)) = e'S(p) + (1 —e7")S(@™").

This theorem was first considered (though with wrong proof) in [1] for the special
case 0 = 1—22. We prove the above theorem using a quantum version of Shearer’s
inequality for entropies.

4 Legal statement
In all parts of this work, except the section on the improved Pinsker’s inequality, I was
significantly involved.
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We study the convergence of states under continuous-time depolarizing
channels with full rank fixed points in terms of the relative entropy. The
optimal exponent of an upper bound on the relative entropy in this case is
given by the log-Sobolev-1 constant. Our main result is the computation
of this constant. As an application we use the log-Sobolev-1 constant of
the depolarizing channels to improve the concavity inequality of the von-
Neumann entropy. This result is compared to similar bounds obtained
recently by Kim et al. and we show a version of Pinsker’s inequality, which
is optimal and tight if we fix the second argument of the relative entropy.
Finally, we consider the log-Sobolev-1 constant of tensor-powers of the
completely depolarizing channel and use a quantum version of Shearer’s
inequality to prove a uniform lower bound.

1. Introduction

Let M denote the set of complex d x d-matrices, Dy C My the set of quantum states,
i.e. positive matrices with trace equal to 1, and ’Dj the set of strictly positive states.
The relative entropy (also called quantum Kullback-Leibler divergence) of p,o € Dy
is defined as

D(pl|o) i= {tr[P(logP —logo)], if supp(p) C supp(o) . n

400, otherwise
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The relative entropy defines a natural distance measure to study the convergence of
Markovian time-evolutions. For some state o € Dy consider the generalized depolar-
izing Liouvillian £, : Mg — M, defined as

Ly (p) == tr[p]o —p. (2)

This Liouvillian generates the generalized depolarizing channel T : Mg — Mg with
T? (p) := et (p) = (1—e !)tr [p] o+etp, where t € R* denotes a time parameter. As
T7(p) — o for t — oo we can study the convergence speed of the depolarizing channel
with a full rank fixed point o € D, by determining the largest constant o € R™ such
that

D(TY (p)llo) < e™***D(pllo) 3)

holds for any p € Dy and any t € RT. This constant is known as the logarithmic
Sobolev-1 constant [1, 2] of £, denoted by a; (£,). In the following we will compute
this constant and then use it to derive an improvement on the concavity of von-
Neumann entropy.

2. Preliminaries and notation

Consider a primitive! Liouvillian £ with full rank fixed point ¢ € Dy and denote by
T; := e** the quantum dynamical semigroup generated by £. Consider the function
fit)y:=D (Tt(p)Ha) for some initial state p € Dy and note that if

df
<
i —2af

holds for some a € Ry, then it follows that f(t) < e 2% f(0). The time derivative of
the relative entropy at ¢ = 0, also called the entropy production [3], is given by:

b @ofl)|

as tr(L(p)) = 0 for any p € Dy. This motivates the following definition:

= —tr[L(p)(log(c) — log(p))] (4)

Definition 2.1 (log-Sobolev-1 constant, [1, 2]). For a primitive Liouvillian £ : Mg —
My with full rank fixed point o € D, we define its log-Sobolev-1 constant as

01(£) = sup {a € R - tr[L(p) (log(o) — log(p))] > 20D (pllo) Yo € Df }  (5)

LA Liouvillian is primitive if, and only if, it has a unique full rank fixed point ¢ and for any p € Dy
we have et (p) = o as t — oo.



For a primitive Liouvillian £ : Mg — My the preceding discussion shows that (3)
holds for any o < «;(£). Furthermore, ay (L) is the optimal constant for which this
inequality holds independent of p € Dy (for states p not of full rank this follows from
a simple continuity argument).

In the following we will need some functions defined as continuous extensions of

quotients of relative entropies. We denote by @, : D(‘; — R the continuous extension

of the function p g&'\‘ﬁ ; (see Appendix B) given by

D(a|lp)
Qo (p) := {f(mlgV Z# Z . .

Note that for « € [0,1] and y € (0,1) the binary relative entropy is defined as

Da(lly) == = log (”yc) +(1—2) log(i_i). (1)

This is the classical relative entropy of the probability distributions (z,1 — z) and

(y,1 —y). For y € (0,1) we denote by g, : (0,1) — R the continuous extension of

Dy (yl|z)

T Di(ally)

given by

Da(yllz)

S TFEY

wte) = { PR 270, ®)
]_, Tr = y

3. Log-Sobolev-1 constant for the depolarizing
Liouvillian

Note that for the depolarizing Liouvillian £, with o € D} as defined in (2) we have
tr[Lo (p)(log(a) —log(p))] = D(pllo) + D(a|lp)-

Inserting this into Definition 2.1 we can write

(L) = it 2 (14Q0(0)). (9)

pED;
Our main result is the following theorem:

Theorem 3.1. Let L, : Mg — My be the depolarizing Liouvillian with full rank fixed
point o € Dy as defined in (2). Then we have

1
o (Lo) = o 5 (14 g, (o) (@)

where $min(0) denotes the minimal eigenvalue of o.
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Figure 1: oy (L£,) for spmin(o) € [0,1].

In Figure 1 the values of oy (£,) depending on syin(0) € [0, 1] are plotted. Note that
by Theorem 3.1 we have a; (£,) — 1/2 in the limit spin(c) = 0 (as Da(Smin(0)||x) —
0 and Da(x||Smin(0)) — oo in this case).

Before we state the proof of Theorem 3.1 we need to make a technical comment. By
(6) we have Q,(p) = +00 as p — 0Dy, i.e. as p converges to a rank-deficient state.
Therefore, the infimum in (9) will be attained in a full rank state p € D} and we can
restrict the optimization to the compact set K, C Dy (depending on o) defined as

Ko‘ = {P S D(—i‘r : Smin(p) Z Smin (ﬁ) - 6} (10)

for some fixed € € (0, Spin (p)) and where Spyin (-) denotes the minimal eigenvalue. Note
that the minimizing state p is contained in the interior of K,. Now we have to solve
the following optimization problem for fixed o € ’Dj:

it Qo(p) = inf Qolp) (11)

To prove Theorem 3.1 we will need the following lemma showing that the infimum
in (11) is attained at states p € Dy commuting with the fixed point o.

Lemma 3.1. For any o € Dj{ we have

inf Qs (p) =

in
PEKS pPEK 5 [p,0]=0

Qo (p)

where Qo : DT — R denotes the continuous extension of p — gg;”g% (see (6)).




Proof. Consider the spectral decomposition o = Zle silvi)(v;| for s € RY and fix a
vector r € IRi which is not a permutation of s and which fulfills min; (r;) > Smin (p) —€

(see (10)) and 25:1 r; = 1. For some fixed orthonormal basis {|w;)}, consider p :=

ijl rilw;Xw;| € K,. Inserting p into Q, gives:

 Dollp) _ ~S(0) - trlolog(p)] _ —S(o) — (s, Plog(r)) _
Q)= Biolo) = “5(p) —ulplog()] ~ —S(p)— (log(e). Pry L) (12

where we introduced P € M, given by P;; = | (v;Jw;)|*> and log(s),log(r) € R¢ are
defined as (log(s)); = log(s;) and (log(r)); = log(r;). Note that P is a unistochastic
matrix, i.e. a doubly stochastic matrix whose entries are squares of absolute values of
the entries of a unitary matrix. We will show that the minimum of F' over unistochastic
matrices P is attained at a permutation matrix. By definition of P this shows that
there exists a state p’ € K, with spectrum r and commuting with o, which fulfills
Qo (p') < Qo(p).

As the set of unistochastic matrices is in general not convex [4], we want to consider
the set of doubly stochastic matrices instead. By Birkhoff’s theorem [5, Theorem

I1.2.3] we can write any doubly stochastic D € My as D = Zle A P; for some k € N,

numbers A; € [0,1] with Zle A; = 1 and permutation matrices P;. Now we can write
the denominator of F(D) as

k k
~S(p) — (log(s), Dr) = 3" A (=5 (p) — (log(s), Pr)) = 3 AD(psllo) > 0,

i=1 i=1

where p; is the state obtained by permuting the eigenvectors of p with P;. In the last
step we used Klein’s inequality [6, p. 511] together with the fact that p; # o for any
1 < i < k as their spectra are different. The previous estimate shows that F' is also
well-defined on doubly stochastic matrices.

Any unistochastic matrix is also doubly stochastic and we have

inf {F(P) : P € My doubly stochastic} <inf {F(P) P eMgy unistochastic}.

Note that S(o) and S(p) in (12) only depend on s € RY and r € RY and thus the
numerator and the denominator of F' are positive affine functions in P. This shows
that F' is a quasi-linear function [7, p. 91] on the set of doubly stochastic matrices.
It can be shown (see [7]) that the minimum of such a function over a compact and
convex set is always attained in an extremal point of the set. By Birkhoff’s theorem [5,
Theorem I1.2.3] the extremal points of the compact and convex set of doubly stochastic
matrices are the permutation matrices. As these are also unistochastic matrices we
have

inf {F(P) P eMgy unistochastic} = inf {F(P) : P € My permutation matrix}.

This finishes the first part.



To prove the lemma note that we have

inf Qa(p) = Qo(ﬁ)

PEK,

for some minimizing full rank state p € DJ. Now consider some sequence (pn),,cn €
KY with p,, — p as n — 0o and such that the spectra of the p, are no permutations
of the spectrum of o. By the first part of the proof we find a sequence (p},), cn € KN
commuting with o, such that

Qs (p) < Qo) < Qolpn) = Qo(p)

as n — 00.Thus Q,(p),) = Qs(p) as n — oo. On the compact set K, the sequence
(py,),, has a converging subsequence (p’nk)ke]N with p}, — p' € K, as k — oo. By
continuity of Q, we have Q. (p") = Qo (p) = inf,cx, Q-(p) and by continuity of the
commutator p — [p, o] we have [p’, 0] = 0.

[

With this lemma we can prove our main result:

Proof of Theorem 3.1. By Lemma 3.1 we may restrict the optimization in (11) to
states which commute with o. Thus, we can repeat the construction of the compact
set K, (see 10) for a minimizer p € D} with [p,0] = 0. By construction j lies
in the interior of K,, which will be important for the following argument involving
Lagrange-multipliers.
To find necessary conditions on the minimizers of (11) we abbreviate C' := inf ,cx, Q,(p)
and note that C' > 0. To see this, note that we may extend Q. (p) continuously to
1

1 at o, so there exists § > 0 s.t. for |[p — ol[1 < 6 we have Qs(p) > 5 and for p

st. |lp — olli > § we have Q. (p) > WQ(rl)) Using Pinsker’s inequality and
D(pllo) < 10g (Smin (0)). For any p € K, with [p,c] =0 and p # ¢ have

D(allp)
D(pllo)

>C

which is equivalent to

d d
S(o) <CS(p) + CZH log(si) — ZSZ log(r;). (13)

i=1

Here {r;}¢_, denote the eigenvalues of p € K, (see 10) fulfilling [p,o] = 0 and {s;}%_,
the eigenvalues of . As p is a minimizer of (11) and commutes with o its spectrum
is a minimizer of the right-hand-side of (13) minimized over the set S := {r € R? :
min, (r;) > Smin(p) — €} € R with € chosen in the construction of K, (see (10)). We
will now compute necessary conditions on the spectrum of p using the formalism of
Lagrange-multipliers (note that by construction the spectrum of p lies in the interior
of §).



Consider the Lagrange function F': § x R — R given by
d

d d
F(ri,...,rq,\) =CS(p) + C’Zri log(s;) — Zsi log(r;) + A <Zrl - 1) .
i=1 i=1

i=1

The gradient of F' is given by:

C(—log(r;) — 1+ log(s; f%+)\ 1<5<d

[VF(rla"wTd?)\)]j = (d ( ]) ( ])) J . (14)
Zi:lri_l ]:d+1

By the formalism of Lagrange-multipliers any minimizer r = (ry1,...,74) of the right-

hand-side of (13) in the interior of S has to fulfill VF(rq,...,rq, A) = 0 for some X € R.
Summing up the first d of these equations (where the jth equation is multiplied with
;) implies

A=1+C(1+ D(p|o)).

Inserting this back into the equations [VF(rq,...,rq, )\)]j = 0 and using u; = Z—; we
obtain
u;(1+ CD(pl0)) - 1 = Cuj log(u;) (15)

for 1 < j < d. For fixed D(pl||c) there are only two values for u; solving the equations
(15), as an affine functions (the left-hand-side) can only intersect a strictly convex
function (the right-hand-side) in at most two points. Thus, for a minimizer {r;}& ; of
the right-hand-side of (13) in the interior of S there are constants ci,co € R such
that for each i € {1,...,d} either r; = ¢1s; or r; = ca8; holds.

We have obtained the following conditions on the spectrum of the minimizer p € K,
(fulfilling [p, 0] = 0) of (11): There exist constants c¢;,c2 € RT a permutation v € S,
(where Sy denotes the group of permutations on {1,...,d}) and some 0 < n < d such
that the spectrum r € ]Rd+ of p fulfills r; = c1s; for any 0 < i < n and r; = cgs; for
any n+ 1 <4 < d. Note that the cases ¢c; = c; =1, n = 0 and n = d all correspond
to the case p = o where we have Q,(c) = 1. Thus, we can exclude the cases n = 0
and n = d as long as we optimize over ¢; = ¢5 = 1. Furthermore, note that we can
use the normalization of g, i.e. ¢; Z?:l S; +co Z?:nﬂ s; = 1 to eliminate ¢o. Given a
permutation v € Sg and n € {1,...,d}, we define p(v,n) = 31" | s,(;). Inserting the
above conditions into (11) and setting ¢; = 2 and 0 < n < d yields

ier}ga Qs(p) = inf inf inf Ip(v,n) (xD(V, 1)) (16)

p veSy 1<n<d x€[0,p(v,n) 1]

R RE 17
ulélsd, 1%2<d$€11[%)’1] dp(v,n) ('T’) ( )

where ¢, : [0,1] — IR denotes the continuous extension of = gzggﬂf]; (see (8)). By

Lemma A.l in the appendix the function y — g, (x) is continuous and quasi-concave
and hence the minimum over any convex and compact set is attained at the boundary.
Thus, we have

Tspin(o) (@) = Inf Inf gy n)(2) > Qy(T) = Gsppin (o) (T)

in
veSy 1<n<d yE[smin(0)71_5min(0)]



using qi—s,...(0) () = Gspuin (o) () for any = € [0, 1]. Inserting this into (17) leads to

inf Qu(p) = inf qu (o (x).
pg}gQ (p) o i | s ) ()

O

Lemma 3.1 implies that the log-Sobolev-1 constant of the depolarizing channels
coincides with the classical one of the random walk on the complete graph with d
vertices and distribution given by the spectrum of o. This constant has been shown to
imply other inequalities, such as in [8, Proposition 3.13]. Using this result, Theorem
3.1 implies a refined transportation inequality on graphs.

Using the correspondence with the classical log-Sobolev-1 constant of a random walk
on the complete graph, we may apply [9, Example 3.10], which proves:

Corollary 3.1. Let L, : Mg — My be the depolarizing Liouvillian with full rank
fized point o € Dy as defined in (2). Then we have

01(L0) 2 5+ V/5min (@) (1~ 50 (0))

with equality iff Smin (o) = % Again $min(0) denotes the minimal eigenvalue of o.

4. Application: Improved concavity of von-Neumann
entropy

It is a well-known fact that the von-Neumann entropy S(p) = —tr [plog(p)] is concave
in p. Using Theorem 3.1 we can improve the concavity inequality:

Theorem 4.1 (Improved concavity of the von-Neumann entropy). For p,c € Dy and
q € [0,1] we have

S(A—=qlo+agp) — (1= q)5(0) —qS(p) =
- {qu = ¢“)D(pllo)
(1-¢)(1 = (1-9q)*)D(a]p)
with
o) = i D2(sum()l)
2€[0,1] Do (Z||$min(0))
and ¢(p) defined in the same way.

Note that this bound becomes trivial if both ¢ and p are not of full rank (as we
have ¢(p) = ¢(o) = 0 in this case). However, as long as D(p||o) or D(c||p) < oo, we
may still get a bound by restricting both density matrices to the support of o or p,
respectively.



Proof. Note that for the Liouvillian £ := —log(¢q)L, we have:

e“(p) = gp+ (1= q)o.

By Theorem 3.1 and (3) we have
D (e“(p)lo) < eFAD DD (p]|o) (18)
Rearranging and expanding the terms in (18) we get
S(ap + (1 =)o) = (1 = q)S(0) — qtr [plog(0)] + ¢" 7 D(p||o)
= (1 —q)S(o) +¢S(p) +a(1 = ¢°7) D(p]lo).

Interchanging the roles of p and ¢ in the above proof gives the second case under the
maximum.

O

In [10] another improvement on the concavity of the von-Neumann entropy is shown:

q(1—q) D(pavgll prev)
S(1=q)o+qp) — (1 —q)S(0) —aS(p) = 1 2g) {D(prevllpavg) (19)
> Za(1 -~ a)llo— ol (20)

where pave = (1 —¢)o + gp and prev = (1 — q)p + go. Note that this bound is valid for
all states p, 0 € Dy while our bound in Theorem 4.1 becomes trivial unless the support
p is contained in the support of ¢ or the other way around. We will therefore consider
only full rank states in the following analysis.

By simple numerical experiments our bound from Theorem 4.1 seems to be worse
than (19). However, one can argue that (19) is not much simpler than the left-hand-
side itself. In particular the dependence on p and o is only implicit via the relative
entropy between payg and prev. Our bound from Theorem 4.1 depends on some spectral
data (in terms of the smallest eigenvalues of p or o), but whenever this is given, we
have a bound for any ¢ € [0, 1] in terms of the relative entropies of p and o.

Again we can do simple numerical experiments to compare the bounds (20) and
Theorem 4.1. Recall that our bound is given in terms of the relative entropy and
(20) in terms of the trace norm. In Figure 2 the bounds are compared for randomly
generated quantum states in dimension d = 10. These plots show that the bounds are
not comparable and depending of the choice of the states the bound from Theorem
4.1 will perform better than (20) or vice versa. Note that for ¢ close to 0 or 1 our
bound seems to perform better in both Figures. This is to be expected as «; (L)
is defined as the optimal constant o bounding the entropy production (4) (in ¢t = 0)
by —2aD(p||o). Therefore, Theorem 4.1 should be the optimal bound (in terms of
relative entropy) for g near 0 or 1.

Note that by applying Pinsker’s inequality:

1
D (pllo) = 3llo— ol (21)



01 4 01

Figure 2: Comparison of bound (20) (red) and the bound from Theorem 4.1 (blue,
where both choices of the ordering of p and o are plotted) and the exact
value S((1 — q)o + qp) — (1 — q)S(0) — ¢S(p) (black) two pairs of randomly
generated 10 x 10 quantum states and ¢ € [0, 1].

for states p, 0 € Dy to our bound from Theorem 4.1 we can obtain an improvement on
the concavity inequality in terms of the trace-distance similar to (20). Unfortunately
a simple computation shows that the resulting trace-norm bound is always worse than
(20). In the next section we will show that Pinsker’s inequality can be improved in
the case where the second argument in the relative entropy is fixed (which is the case
in the bound from Theorem 4.1). This will lead to an additional improvement of the
trace-norm bound obtained from Theorem 4.1, such that in some (but only very few)
cases the bound becomes better than (20).

5. State-Dependent Optimal Pinsker’s Inequality

Pinsker’s inequality (21) can be applied to the bound in Theorem 4.1 to get an im-
provement of the concavity in terms of the trace distance of the two density matrices.
It can also be applied to (3) to get a mixing time bound [2] for the depolarizing chan-
nel. Note that in both of these cases the second argument of the relative entropy is
fixed. Other improvements have been considered in the literature [11], but here we will
improve Pinsker’s inequality in terms of the second argument of the relative entropy.
More specifically we compute the optimal constant C (o) (depending on o) such that
D (p|lo) > C (o) ||p — o]|? holds when o has full rank.

We will follow a strategy similar to the one pursued in [12] in proving this, where
the analogous problem was considered for classical probability distributions. For a
state p € Dy let s(p) = (s1(p),--.,84(p)) denote its vector of eigenvalues decreasingly
ordered.

10



Lemma 5.1. Let o0 € D} and for A C {1,...,d} define P, (A) = 3 si(0). Then we
€A
have for e > 0:

min D = min Dy (P, (A) +¢||P, (A
pillp—ollize (pllo) AC{1,...,d} 2 (Py (A) + €| P (4))

Proof. Let p € Dy be such that ||p — ||y = 0, with § > e. By Lidskii’s theorem [5,
Corollary II1.4.2], we have:
s(p—o)=s(0)—Ls(p),
where L is a doubly stochastic matrix. Define p’ to be the state which has eigenvalues
Ls (p) and commutes with o. Then we have:
lp=olly =o' = ollx

By the operational interpretation for the 1—norm [6, Theorem 9.1] there exist hermi-
tian projections @, Q" € M,, such that

2t0(Q (p — o) = llp = olls = llp" = oy = 2tr[Q" (p — 7). (22)

Now define the quantum channel T : My — M given by:
T (p) = tr[@p]|0)(O[ + tr[(1 — Q) p][1){1].

where |0),|1) is an orthonormal basis of C2. By the data processing inequality we
have:
D (plle) = D (T (p) |IT (o)) (23)

It is easy to see that the image of ' must be spanned by eigenvectors of o. Thus, we
may associate a subset A C {1,...,d} to the projector @’ indicating the eigenvectors
of o spanning this subspace. Using (22) and the assumption that ||p — o||; = § we
have:

1)
wlQ'p] = Py (A) + 5.

Also observe that

DT ()T 0)) = D (Fa () + 572 (4)) 2 D2 (P2 () + 5 )

as the binary relative entropy is convex and ¢ > € was assumed. With (23) we have:
€

min  D(pllo)> min D(PUA+7‘PUA) 24

i Dllle) 2 | min Dz (Po (A) +3|Fo (4) (24)

Now given any A C {1,...,d} such that P, (A)+5 < 1 (otherwise Dy (Py (A) + €|| P, (A)) =
+00) , define a state 7 € Dy which commutes with o and has spectrum:

P,(A)+€/2)s; (o .
e {El—(f’%ﬁ(é )/2§ ~)( ) orred
Ul—PU(A) : else.

11



Note that |lc — 7||; = € and D (r||o) = Dy (P, (A) + §||P5 (A)), i.e. the lower bound
in (24) is attained.

We define the function ¢ : [0, 3] = R as

b(p) = ——log (1 — p) (25)

71—2p p

extended continuously by ¢ (%) = 2. Furthermore for any o € D; we define
. 1
(o) = ,Jhax  minq o, Z si(o) ¢ . (26)
c{1,....d} ca

With essentially the same proof as given in [12] for the classical case we obtain the
following improvement on Pinsker’s inequality:

Theorem 5.1 (State-dependent Pinsker’s Inequality). For o, p € Dy we have:

D(pllo) > 2Ty oy (27)

with ¢ as in (25) and w (o) as in (26). Moreover, this inequality is tight.

Proof. For convenience set ||p — o||; = §. Then we have

D)z min D@y~ i D:(P+ 5P ) @9

= il ol =8 AC{1,...,
using Theorem 5.1. By [12, Proposition 2.2] for p € [0, 1] and € > 0 we have
D (p+ellp) < D2 (1—p+elll—p)

so we may assume P, (A) < 1 in (28). In [13, Theorem 1] it is shown that for p € [0, 1]
we have

. Dy (p EHP)
nf — =9 29
ee(%),lfp] €2 (p) ( )

which implies:

. )
min }D2 <P(7 (A) + 5‘

P, (A
AC{1,....d P‘T(A))> min MHP—UH%

T AC{1,...,d} 4
By [12, Proposition 2.4] the function ¢ is strictly decreasing. Thus, we have
¢ (Fs(4)) _ ¢(m(0))

Agr{rﬂ.r.l.,d} 4 - 4

12



which, after combining the previous inequalities, finishes the proof of (27). To show
that the inequality is tight, we may again follow the proof of [12, Proposition 2.1].
Let B C {1,...,d} be the subset such that = (0) = P, (B) =: p. Define a minimizing
sequence {€; };en with €; > 0 for the infimum (with respect to p) in (29), i.e. such that

D A
i P2 (@ 42r €illp)

i—00 €7

= (p).

Next define a sequence of states p; that commute with ¢ and have spectrum:

(te)si(o) for j € B
Sj (Pz) = (1—p£e7‘,)87‘,(0) 1 ’
? else.

One can check that ||p; — o|l1 = 2¢; and D (p;||o) = D2 (p + €]|p), from which we get:
D (pillo) _ ¢(x(9))

li =
o [Ipi — ol 4

O

In some cases the bound can be made more explicit, as illustrated in the next
corollary:

Corollary 5.1. Let 0,p € Dy be such that ||o|| > 5. Then:

20 ole)y, g (30)

Proof. In this case it is clear that 7 (0) = 1 — ||0]|co- O

D (pllo) =

Note that we have ¢ (x) — 400 for £ — 0. Thus, there might be an arbitrary large
improvement of (27) compared to the usual Pinsker’s inequality (21). This happens
for instance in Corollary 5.1 when ||o|lcc — 1, i.e. when o converges to a pure state.

By applying the improved inequality (27) to Theorem 4.1 we obtain for quantum
states p,o € Dy and ¢ € [0,1]

a(1 = ¢") 252 |p — o]

S((1=q)o+qp) — (1= q)S(o) — ¢S(p) = max {(1 g1 — (1 — gy $Eed) g2

with ¢ as in (25) and 7 (o) as in (26).

Even using this refinement of Pinsker’s inequality, some numerical experiments in-
dicate that (20) is stronger for randomly generated states. From Corollary 5.1 we can
expect our bound to perform well if o has a large eigenvalue and the smallest eigen-

1-p

value is as large as possible. Such states have spectrum of the form (p, ;:—f, ceey ﬂ).

Indeed for o € D5 with spectrum (0.99,0.0025,0.0025, 0.0025,0.0025) and ¢ < 0.2 our
bound performs better than (19) for randomly generated p. However, even in this case
the improvement is not significant.

Still we can expect that Theorem 5.1 will find more applications, for instance im-
proving the mixing time bounds. Such bounds have been derived from log-Sobolev
inequalities in [2]. The next theorem can be used to improve these results:
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Theorem 5.2. Let L : My — My be a primitive Liouvillian with fized point o that
satisfies

D (¢"%pll0) < D (pll0) (31)

for some o > 0 and for all p € Dy and t € RY. Then we have

log (Smin (U))
¢ (m (o))

with ¢ as in (25), 7 (o) as in (26) and where symin(c) is the smallest eigenvalue of o.

e (p) = olly < 2e7 (32)

Proof. This is a direct consequence of (3) and (27). O

6. Tensor products of depolarizing channels

For a Liouvillian £ : My — My generating the channel 7; = e¢** and any n € N we
denote by £ : Mgn — Mgn the generator of the tensor-product semigroup (7};)®",
fe. £ =" id9 @ Loidd ™Y,

Here we study aq (£2) in the special case where o = %‘i. For simplicity we denote

the depolarizing Liouvillian onto o = %‘i by L4 := L1, and by T# = £’ the generated
d

semigroup. In the case d = 2 it is known [2] that ay (E(Qn)) =1foranyn € N. It
is, however, an open problem to determine this constant for any d > 2 and any n > 2.
We will now show the inequality oy (E((jn)) > % for any d > 2 and n > 1, which is
the best possible lower bound that is independent of the local dimension. Note that

for o = L& inequality (3) for the channel (7;‘i)®n can be rewritten as the entropy

production inequality:
STHE () = (1 = e~ )nlog(d) + e~ S(p).

This inequality has been studied in [14] for the case where d = 2, for wich, however,
an incorrect proof was given. We will provide a proof of a more general statement,

from which the claim o (E(n)

dep) > % readily follows by the previous discussion.

Theorem 6.1. For any o,p € Dy (not necessarily full rank) we have

S((T)*"(p)) = e7'S(p) + (1 — 7S (™).

For the proof we will need a special case of the quantum Shearer’s inequality. We will
denote by p € D ((Dd1 RC2®---® (Dd") a multipartite density matrix (where the d;
are the local dimensions of each tensor factor). Furthermore we write S(i1,2,...,1x),

14



for the entropy of the reduced density matrix p on the tensor factors specified by the
indices i1, 12, ..., 1. Similarly we write

S(i17"'7ik|j17"'7jl)p = S(i17"'7ik7j17"'7jl)p - S(.j17"'7.jl)f)

for a conditional entropy. The proof of the quantum version of Shearer’s inequality
is essentially the same as the proof given by Radhakrishnan and Llewellyn for the
classical version (see [15]). For convenience we provide the full proof:

Lemma 6.1 (Quantum Shearer’s inequality). Consider t € N and a family F C
2Lt of subsets of {1,...,n} such that each i € {1,...,n} is included in exactly t
elements of F. Then for any p € D ((Dd1 RC*R---® (Dd”) we have

5(1,2...,n), < % > S(F), . (33)
FeF

Proof. For F' C {1,...,n} denote its elements by (i1,...,7), increasingly ordered.
For any p € D (Ch @ C2 @ --- ® C¥) we have

|F|
ZS(ijliu coyijo1)p = S(in)p 4+ S(ialin)p 4 - - 4+ S piliv, i, p)—1)p

J=1

:S(i17i27"'7i\F|)p:S(F)P

where we used a telescopic sum trick. By strong subadditivity [16] conditioning de-
creases the entropy. This implies

|F |

D S(i11,2, i = 1), <Y S(lins 1), = S(F),. (34)
j=1 j=1

Now consider a family F < 2{1-"} with the properties stated in the assumptions.
Using (34) for the first inequality gives:

|F'|
S, = D> S30;1,2,.. 0 - 1), (35)
FeF FeF j=1
n
=t> S(il1,2,...,i— 1), =t5(1,2,...,n),. (36)
i=1
Here we used the assumption that each i € {1,...,n} is contained in exactly ¢t elements
of F and (34) in the special case of F' = {1,...,n} for the final equality. O

Note that in the classical case Shearer’s inequality is true under the weaker assump-
tion that any ¢ € {1,...,d} is contained in at least ¢t elements of F. However, as
the quantum conditional entropy might be negative [17] we have to use the stronger
assumption to get the equality between (35) and (36) where an > would be enough.

15



In the special case where F = Fj, := {F C {1,...,n} : |F| = k} denotes the family
of k-element subsets of {1,...,n} (i.e. every i € {1,...,d} is contained in exactly

(Zj) = %(2) elements of F;) the quantum Shearer inequality gives

Fsa,...n Z S(F (37)

n
"7 FeFy

This inequality was also proved in [18], but in a more complicated way and without
mentioning the more general quantum Shearer’s inequality. It is also used as a lemma
(with wrong proof) in [14], where the rest of the proof of their entropy production
estimate is correct. The proof of Theorem 6.1 follows the same lines. For completeness
we will include the full proof here:

Proof of Theorem 6.1. In the following we will abbreviate p := e~!. For a subset
F c {1,...,n} we denote by p|r the reduced density matrix on the tensor factors

specified by F. Using this notation we can write

T =3 3 (1= k<®a®p|FC>

k=0 FeFy leF

where F'© = {1,...,n} \ F. Concavity of the von-Neumann entropy implies

S ((T7)%"(p Z D (@=p)p T (kS(0) + S(F),)

k=0 FeFy

> -pns@)+ Y () R pt sl
k=0

= (1=p)S(@®") 4+ pS(p).

Here we used the elementary identity ", _ () (1 — p)*p" %k = (1 — p)n and (37) for
the (n — k)-element subsets F°. O
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A. Quasi-concavity of a quotient of relative entropies

In this appendix we will prove the quasi-concavity of the function y — ¢, (z) for any
€ (0,1). As defined in (8) the function ¢, : (0,1) — R denotes the continuous
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extension of = gzgguzg In the following we consider f, : [0,1] — R defined as

fo(y) = qy(z) for any y € (0,1) and with f,(0) = f,(1) = 1. It can be checked easily
that f, is continuous for any = € (0,1). We have the following Lemma:

Lemma A.1. For any z € (0,1) the function f, : [0,1] — R given by f.(y) = gzggllllf/;

fory ¢ {0,2,1} and extended continuously by fr(z) = 1 and f.(0) = f.(1) = 0 is
quasi-concave.

Proof. Note that without loss of generality we can assume x > %7 as f.(y) = fi—a(1—
y). By continuity it is clear that there exists an my € (0,1) (we can exclude the
boundary points since fg(z) > f,(0) = f(1)) such that f,(my) is the global maximum.
By [7][p- 99] it is sufficient to show that f, is unimodal, i.e. that f, is monotonically
increasing on [0, ms) and monotonically decreasing on (my, 1]. We will use the method
of L’Hospital type rules for monotonicity developed in [19, 20].

For any = € (0,1) and y € (0,1) with = # y we compute

y(l _ x)) y—x
Do (y]|z) = log (x(l ~) D2 (z|y) i
yu_x)) 1 y—r _ytr—2y
Oy = p) _
vos (x(l k) y(1—y) Yy(l—y) 1 - y)%y2
and define
z(1—y) _
9o(y) = 9y D3 (y||x) _ log (u(l ac)) y(1—y) (58)
N dy D3 (z]|y) Z—y
z(1-y)
L (y) a IOg (y(l z)) y(l _.y) (39)
ayﬁ y2 + 2z —2yx

where again g, is extended continuously by ¢,(0) = g,(1) = 0 and g.(z) = 1. As
y — y%+x — 2y has no real zeros for x € (0, 1) the rational function h, is continuously
differentiable on (0,1). A straightforward calculation reveals that for z > 1 and on
(0,1) the derivative h/, only vanishes in

B {1_ vel=e)  fr >
mp =

2x—1
for z =

N D=

2

which has to be a maximum as h;(0) = h;(1) = 0. By the lack of further points with
vanishing derivative we have hl (y) < 0 for any y < my, and also h/(y) > 0 for any
y > my. Note that my < z for any z > %

Consider first the interval (z,1) C (0, 1) For y — 2 we have log (xgl yg) — 0 and

— 0. Also it is clear that y — -5=4 7 does not change sign on the interval (z,1).

y(l y)
Therefore and by (39) we see that the palr g, and h, satisfy the assumptions of [19,

Proposition 1.1.] and as h, is decreasing we have that ¢/ (y) < 0 for any y € (z,1).
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We can use the same argument for the (possibly empty) interval (my,,z) where h, is
decreasing as well and obtain ¢/ (y) < 0 for any y € (my, z). By continuity of g, in
we see that g, is decreasing on (my, 1).

Note that in the case where z = % we can directly apply [19, Proposition 1.1.] to
the remaining interval (0, %) where hy /5 is increasing. This proves 9/1/2(?4) > 0 for
any y € (0,3). By continuity m, = 3 is the maximum point of g1/2- For x # i
where the remaining interval is (0,mj;) we apply the more general Proposition 2.1.
in [20]. Tt can be checked easily that the assumptions of this proposition are fulfilled

for the pair g, and h,. As for y € (0,my) we have %W < 0 and as h; is
increasing the proposition shows that g/,(y) > 0 for any y € (0,m,) and ¢, (y) < 0 for
any y € (mg,mp). Here my € (0,my,) denotes the maximum point of g, (note that a
maximum my, has to exist due to continuity and g,(0) = g,(1) = 0).

The previous argument shows that for any = > 1 there exists a point m, € (0,my] C
(0,2] (we have my = my, = % for = 1) such that g/ (y) > 0 for y € (0,m,) and
gh(y) <0 for y € (my,1)\ {z}. We can now repeat the above argument for the pair
fz and g,. This gives the existence of a point my € (0,m,] such that f.(y) > 0 for
any y € (0,my) and f.(y) < 0 for any y € (my,1)\ {z}. By continuity in = this shows
that the function f, is unimodal and therefore quasi-concave.

O

B. Continuous extension of a quotient of relative
entropies

In this section we show that the function Q. : ’Dj — R as defined in (6) is indeed
continuous. As @, is clearly continuous in any point p # o we have to prove the
following:

Lemma B.1. Foro € D} and X € My with X = XT, tr[X] =0 and X # 0 we have

D(allo +eX) _
0 D (o +eX||o)

Proof. To show the claim we will expand the relative entropy in terms of € up to second
order. Observe that for p € Dy we have

o) = tr +0) 7 = (o +t)7 )] dt. (40)
D(p O/ (p )}

In the following we assume e > 0 to be small enough such that o + eX € DJ. To
simplify the notation, we introduce A(t) := (o +¢)"" and B(t) := (o0 +€X +1) "
Applying the recursive relation

B(t) = —eB(H)XA(t) + A(%),
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twice leads to
B(t) — A(t) = —eB(H) X A(t) = B(t) X A(t) X A(t) — e A(t) X A(t)
= CAMXA()XA(t) — eAD)XA(t) + O ().
Inserting this into (40) gives

D (o|lo +eX) = /tr [cc A(t) X A(t) — €0 A X A(t) X A(t) + O(e*)] dt (41)

and

D(oc+eX|o) = /tr [—ec A(t) X A(t) + 0 A(t) XA X A(t) — EXA(H) X A(t) + O(e*)] dt.
0

(42)
As [A(t),0] = 0 we can diagonalize these operators in the same orthonormal basis
{li)} € €%, which leads to
oo o0 d
/ [0 A XA(E)] dt = 3 (i X i) / “S X =0 (43)
0 i=1 0 i=1
where {s 1 denotes the spectrum of o. Note that again by diagonalizing o and A(t)
in the same ba51s we have
/tr [(20A(t) — 1) (XA(t) X A(t))] dt (44)
0
d o0
2s; 1
X|5))? / . - dt
]z_:l| X0 ) G2 10 o 40
4= 0

zd_: |)_(|ij ) ( (8i —sj) — (si + s5) log <Z)> (45)

The last equality follows from the fact that the expression in (45) clearly changes its
sign when s; and s; are exchanged. This is only possible if the value of the integral
(44) vanishes. Rearranging the integral (44) gives:

/ tr[o A X A(E) X A(8)] dt = / b [—o A() X A() X A(t) + XA X A®)] dt.  (46)
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Finally applying (43),(46) to the formulas for the relative entropies (41) and (42) gives:

D(ofo+eX) _c+0(
Do+eXo) ct0() "

as € — 0. Here ¢ := [tr[cA(t)XA(t)XA(t)]dt > 0 as 0, A(t) > 0 for any ¢ € [0,00)

0
and X # 0 is Hermitian.
O
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Spectral Variation Bounds in Hyperbolic Geometry

A. Miiller-Hermes and O. Szehr May 18, 2015

The (Euclidean) optimal matching distance of two sets {a;}}_; and {b;} is defined
as
dp({ai},{bi}) = mi i = bo(i
plfedd, () = g Jo: = oo
where S,, denotes the group of permutations of {1,...,n}. For two complex n X n-

matrices A, B € M,, with spectra o(A),o(B) C C spectral variation bounds of the
form

dr(o(A),0(B)) < Cy (A + | BI)' " |4 - B|[* (1)

have been studied for C,, independent of A and B (see for instance [1] and the references
therein). Currently the best known constant in the above bound is C,, = % [2] and
it is conjectured that C,, = 2 [1] is the optimal constant. In our work we apply recent
bounds (proved in [3]) on resolvents to obtain spectral variation bounds with respect
to a hyperbolic pseudometric. These lead to an improvement of (1) in certain cases.

1 Main result
For two sets {a;}" ;,{bi}*_; C D define the hyperbolic optimal matching distance as

a; — bg (i)
1 — @by (s

dr({a;},{b;}) = min max

0€S, 1<i<n

With this we can prove:

Theorem 1.1. For A, B € M,, with ||A],||B]|| < 1 let |m| denote the degree of the
minimal polynomial of A and let p(B) < ||B|| denote the spectral radius of B. Then

dn(o(A)o(B) < — 2 ja- gy,

(1= p(B)[lA])T

Using a Chebyshev-type interpolation theorem for finite Blaschke products we even
prove a slightly stronger statement than the above theorem in terms of elliptic func-
tions. However, as it is difficult to work with this stronger bound, we have to rely on
the above statement to improve (1).



2 Improved Euclidean spectral variation bound

Note that a “hyperbolic disk” with radius 7 € R* and center a € D coincides with a
Euclidean disc with possibly different center and radius. More specifically we have

{zeD | 1“__;Z <r}={zeD||C -z <R}
with center C € D and radius R € [0, 1] given by
1—r2 1— |al?
e d -
¢ 1—r2\a|2a a r 1 —1r2|al?

As R — 0 for |a| — 1 the hyperbolic bound is stronger for eigenvalues close to the
boundary of D, because then the corresponding discs are smaller. This effect of the
hyperbolic geometry can be exploited by choosing a good scaling for the two matrices.

Corollary 2.1. For A, B € M,, with My := max{||A||,||B||} and distance

1 n—1 7’L+1 n
A-B|| < | —— I i " 2
l4-l< () (7)o, _min ol ®
we get
1 1
dp (0(A),0(B)) < — (2My) " | A~ B||»
where

12 ® jn—1
an.—2 — L

Note that the condition (2) is needed to get a uniform bound independent of the
concrete eigenvalue pair under consideration. As «, — 2 as n — oo this bound
converges to the conjectured optimal spectral variation bound (1).

3 Legal statement

The idea to use the techniques from [3] and the proof of Theorem 3 (in the paper) are
due to Oleg Szehr. In all other parts of this work I was significantly involved.
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