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Non-linear adjoint looping,
a brief tutorial

Matthew Juniper, with lots of help from Peter
Schmid, together with Patrick Huerre’s notes
on optimal control
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-th a simple example of Lagrange optimization

1 Lagrange optimization

We want to optimize some cost function, [J(xq,x5), subject to
some constraint, F' (1, xs) = 0. We do this by defining a new func-
tion, L(xy,xs) = J — aF, where a is an unknown constant called
a Lagrange multiplier. At optimality, 9L/dx; = 0, OL / Ory = 0
and JL/da = 0. 2 .

e.g. maximize
7T o— o2 2 1
J=1—u]— a3

subject to the constraint

FEl—;L’l—;LTQ:U.
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e.g. maximize
— g2 2
J=1—u]—ua5

subject to the constraint

FEl—JLl—.LQZO

L = J—-aF=1—-uf—u5—a+ar; +ars, (1)
% = 201 4+a=0, (2)
% = —2us+4a=0, (3)
‘;—‘;’ = 1—uy —a2=0, (4)

From (2) and (3), we have x; = &5 and from (4), which is just the
original constraint, we have x; = xs = 1 /2. We do not need to
calculate a.
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Exercise 1: Use Lagrange optimization to calculate the mini-
mum surface area of a closed cylindrical can whose volume is V.
Compare the result with one calculated via a different method.
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e.g. maximize
g2 2
J E[l €Ty — &5 ]

subject to the constraint

FEl—LEl—:L'Q == 0.

L = J—aF{l—w%—m%}a-l-am-l-a;ﬂz, (1)
% — 2r +a=0, (2)
% = —2us+4a=0, (3)
g—‘;’ = 1—2—23=0. (4)

From (2) and (3), we have x; = &5 and from (4), which is just the
original constraint, we have x; = xs = 1 /2. We do not need to
calculate a.
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Now let us consider Lagrange optimization when x is a function. In a moment, we will try
to find the initial state that gives the highest growth after a given time, T.

2 Lagrange optimization of linear ODEs

Let us consider a state vector x = (i1, 9)7 whose time evolution
1s governed by the matrix M:

dx

T = M . 5

dt X (5)

Mo (o), ©
a1 M99 T
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Exercise 2: (a) For

-0.1 0
M:( 0 —0.2)-‘

write a Matlab script that evaluates x(t) given Xg, using the ma-
trix exponential (expm). Check your answer against one evaluated
with a simple exponential (exp). (b) Repeat for mi5 = n, for gen-
eral n. (n represents the degree of non-normality.) (c¢) Setting
n = b, write a script to plot the norm of x(t) as a function of ¢,
for general xg. (The norm of x is defined as ||x| w3+ 13.)
Repeat for different values of n. (d) Setting n = 5, plot ||x(t)]]
as a function of ¢ for different xg, keeping ||xo|| constant. (e) Use
the SVD to find the initial state, Xq, that maximizes ||x(7")|| for
T = 5. The growth ||x(7) at this xg is given the label
G(T). (f) Plot G(T') for varying 17" and find its maximum value.
This is given the label Giqr (1) and is the maximum possible
transient growth for this matrix M.
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First, we will examine the behaviour of a simple non-normal matrix.

2 ‘ ‘
- | Unstable region
M = __0'1 ” ol » Eigenvalues
—\ 0.001 —-0.2 —— Numerical Range
1_
2
M= [-0.15; 0.001 -0.2]; go- &
lam = eig (M) ; 1
plot(real (lam) ,imag(lam))
NumR = NumRange (M,300) ; !
plot (real (NumR) ,imag (NumR) , 'r-")
ST 0 2
Real(})

It M has negative eigenvalues then ||x|| — 0 as t — oc but it M is
also non-normal then transient growth is possible at intermediate
times. For this linear system we can find the initial state xg that
gives maximum growth of ||x|| after time 71" with the Singular
Value Decomposition (SVD). In Matlab we would type

[U,S,V] = svd(expm(M*T)); x0 = V(:,1).
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We can find the optimal initial condition with the Singular Value Decomposition.

Cl_X — Mx $ First order Euler time-march
dt ’ for n = 1:floor(T/dt)-1

dXdt = M * X(:,n);

X(:,n+l) = X(:,n) + dt * dXdt;
end
[U,S,V] = svd(expm(M*T)) ;

15 ‘ . 15

—
o
—
o

amplitude
amplitude

9]
9]

DEPARTMENT OF
ENGINEERING

Non-linear adjoint looping — a brief tutorial




We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

dirq —
=  mq1Ly + Mmoo, (7)
dt -
d;{'g
= Moy + Mooils, (8)
dt -

which can be written as two constraints:

du _ _
F] = Hl — M1l — Moo = U._ t e [U_.T]. (9)
dit
. _ _
FQ = l—: — Mo21.L1 — Mooy = U'._ t € [U_.T}. (10)
T AV,
Similarly, we define the initial condition, xg = (10, x20), formally )
with two constraints:
Gy = x(0)—u0=0, t=0, (11) ¢~ optional
(:_ng = ;{'2(0) — Lo — 0_.. t = 0. (12)
J
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We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

Also, we define an inner product:

1 T
(p(t),q(t)) = = / pq dt. (13)
T < ()
We will keep the same cost functional that we had for the SVD:
(D)2 _ #3(T) + 3(T)
l|xo]]? J"%n + *‘én

J =

(14)

We can still use Lagrange optimization but this time the Lagrange
multipliers a; and as must be functions rather than variables:

L=7T—(ai(t), Fi(t)) — (a2(t), F2(t)) — b1G1 — b2Ga. (15)

N/

functions of ¢
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We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,,.

\
1 T
(p(t),q(t)) = T/ pq dt. (13)
o > reminder
L=7T—(a(t), Fi(t)) — (as(t), Fs(t)) — biGy — boGy,  (15)
S

and we must also define what we mean by 0L/dx when x(t) is a
function:

— O yY=€c— 0 — ' —, (16)
O € o

<()1C . > m  2(e+ edx) — L(x)

where du(t) is an arbitrary perturbation to x(t). We see from
(13,15) that all variations with respect to the Lagrange multipliers
are zero it Fy = Fy, =0forte [0,7] andift Gy =Gy =0att =0,
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We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

d;.{il
dt
In order to evaluate 9L/0wx,, OL/0xs, OL/Dx19 and OL/Dx,
it helps to re-arrange (15) so that wxy, w9, x19 and xyg appear
explicitly. We do this term by term:

Fl = — M1L1 — M2y = [L t € [U_.T]_. (9) } reminder

dil
dt

(ay, F1) = (ay, ) — (ay, myywy) — (@, mysas). (17)

The last two terms are easy to re-arrange:

hY

! ! i/ / Y i \
—(ay,myyry) — (ay, myswg) = —(ry,myjay) — (w9, mysay). (18)

The first term can be integrated by parts:

o d.
(., i* = —/ alidf (19)

= l( (1)61(T) — ar (0)24(0)) — 7, g (20)
— T aq £ — a1(V)r{u)) — T : L] dt :
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a adjoint looping and an optimization
gradient of L w.r.t. initial conditions, x,,.

We re-arrange (as, F) in the same way. Putting these together
we have:

A(T) + 3(T)

L = —<LL'1:,F+ —;IJQTF—I—
Ay F) = (e B
—bl(.Ll(O) — L[Il[]) — bg(Jbg(O) — LL'QD) v e
1
1
—i (a2(T)22(T) — az(U)22(0)), (21)
where
d
Fl—i_ = —% — M1y — Ma1ds, (22)
d
F2+ — —% — MM12a1 — o209, (23)
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We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

Now we can evaluate 9L/0x, OL/0xy, OL/Oxy and OL/Dxy
more easily:

oL Qil(T)() l](T) \
(— ) = , ‘ — (01, Fi7) — by (0
{\a;iil gy ;E%U—}—;{'%U R N 1 tl( )
1 . 1 .
—fal(T)é;m(T) — ?{1.1(0)01:1(0) (24)
ac 200(T)0o(T) ‘
—— 6 = — L — Sy, FF) — bodura(0
\a@ drg ) N Oua, Iy 20:5(0)
1 . 1
——(LQ(T)O;iig (T) -+ f (0)0 ig([}) (25)
or A(T) + 43T
9 — 2L 2 by 6. 26
C);z:m( £10 r'10 ( 2 ¥ m) 1o + b1oxg (26)
C)t,{‘g(} oroy = —2 {TQ(] ( 2 F ,{é )2 00 + bodurog (21‘)
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adjoint looping and an optimization
gradient of L w.r.t. initial conditions, x,,.

Now we can evaluate 9L/Jxy, OL/0xy, OL/Oxyy and OL/Dxy
more easily:

oL 201 (7)o (1)
5 021) = (5 +} £ (0). ..
<3;L'1’ 1) 22+ a2, [<5“L11F1 )b bow(0)
! 1
— (1)ox1 (1) + 701 (0)d21(0) (24)
oL 2wo(T)owa(T)
dndiy o8 _ o
<a$27 iﬂ) J»%D-FJ/%D <(SJL2,F2> bg(sng(O)
! 1
— 742 (1)ow2(T") + a2 (0)022(0) (25)
Fi" = 0, te(0.1), 28
Ey = 0, 1€(0.7) (29)
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la adjoint looping and an optimization
gradient of L w.r.t. initial conditions, x,,.
Now we can evaluate 9L/Jxy, OL/0xy, OL/Oxyy and OL/Dxy
more easily:

oL

(G 021) DOV (5, FYF) = b0y (0)
(24)

<§»—i’5i’2> (59, FS) — bosira(0) ...
(25)
; -
(31)
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adjoint looping and an optimization

_gradient of L w.r.t. initial conditions, x,,.

Now we can evaluate 9L/Jxy, OL/0xy, OL/Oxyy and OL/Dxy

more easily:

%’i, duy) = Q‘Ligfi %ET) — (S F) A 10y (0)) .

<%,5$2) - Q‘Lj%ffi%?) (B0 By ) by (0)]
—bl+%a1(0) ~ 0, t=0, (32)
—bg+%@2(0) — 0, t=0 (33)
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la adjoint looping and an optimization

e gradient of L w.r.t. initial conditions, x,,.
Now we can evaluate 9L/0x, OL/0xy, OL/Oxy and OL/Dxy
more easily:

Ot (S‘ ' - o £ —|— _ L T
<8;L'1’ JJl) J:%D + ;’U%D <5"{’1aF1 ) 515.1,1(0)
1 1
—7m (I)ow(T') + 7o (0)d.x1(0) (24)
oL 29(T) 5o (T)
Rty _ TR
<a$23 J»Q) LL'%D +L%D <5~L2’F2 > b25u52(0)
1 1
— a2 (T)0a(T) + —az(0)dr2(0) (25)
o AT+ 3(T)
dryg = =20 2 Syo + by 26
[81510 o o (7 + 5,)> T10 + 010%10 (26)
oL AT+ ()
(S' ; = —r 1 2 - .
Do L2 290 (;L_%O T iﬂ%o 5 diron + bodirag (27)
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itial condition via adjoint looping and an optimization
orithm finds the gradient of L w.r.t. initial conditions, x,,.

ok ; (1) +23(1) ¢ | \
[ai'lootgw = TR (5o + w30)? P10+ oo (26)
oL A+ 3@,
oL = —2r ! 2 dr bodur 97
drag 120 20 (0% + 235,)2 L20 + 020020 (27)
> reminder
[ bt @) = 0, t=0 ] (32)
52+;a2(0) = 0, t=0. (33)
J

Substituting (32,33) into (26,27) gives the gradient of £ with re-
spect to the initial conditions, which must also be zero at opti-
mality:




We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

Step 1 Start from an initial state xg = (10, 220)" .

Step 2 Set x¢(0) and 2(0) with (11,12).

Step 3 Evolve x; and ax» forwards to t =T with (9,10).

Step 4 Initialize the adjoint variables a1 and as at t+ = 1" with

(30,31):
2T (T
Llp T Lo
QT s (T
as(T) = r2(1) (37)

2 4 2
L0 T 430
Step 5 Evolve a; and ay backwards to t = 0 with (22,23).

Step 6 Evaluate the gradient Vi, £ = (9L/0wx1y, 0L/ Dwy)
with (34.35). When this gradient is zero, all variations of £ are

zero and an optimal value of 7 has been found.
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Exercise 3: (a) Write a first order Euler timemarch algorithm
in Matlab to evolve xg fromt =0tot=1T. (i.e. x(n+1) = x(n)
+ dt * dxdt(n).) (b) Compare your results with those calculated
with the matrix exponential in exercise 2. Test the dependence on
dt. (c) The cost functional 7 is defined as ||x(1")||/||xol||. Write
your script as a Matlab function that returns [ as a function of
Xo = (w10, 220) for given 1" and dt. (d) Write a script that plots
contours of J (w19, 00) for —1 < w9 < 1 and —1 < @q9g < 1.
Matlab’s contour function will be useful. (e) Implement the ad-
joint looping algorithm to evaluate OL/0xy and AL/Dx5o, which
we shall label gradL. Add this to your function so that it returns
gradL as well as 7. (f) Write a script that plots the directions of
gradL on top of the contours of /. Matlab’s quiver function will
be useful.
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Exercise 3b In the linear adjoint loop, the quantity (x(¢), a(t))
1s conserved , which gives us a useful tool for de-bugging the al-
gorithm. It also gives us a relationship between the direct ma-
trix, M and the adjoint matrix, A. These are defined such that
dx/dt = Mx and da/dt = Aa. By considering (x(0),a(0)) and
(x(T),a(T")), or otherwise, find the relationship between matrix
M and matrix A.
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We can also find the optimal initial condition via adjoint looping and an optimization
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x,.

function [J,dL] = fun JdL lin RKI1 (T,dt,X0)
t = 0:dt:T; L = length(t);

X(:,1) = XO0;
for n = 1:L-1
dXdt = M * X(:,n); X(:,n+l) = X(:,n) + dt * dXdt;
end
E = sum(X.*2); ET = E(L);
J = ET/EOQ;

Ma = -M';
A(:,L) = X(:,L) * 2*T/EO;
for n = L:-1:2
dAdt = Ma * A(:,n); A(:,n-1) = A(:,n) - dt * dAdt;
end

dL = A(:,1)/T - X0 * 2*ET/E0"2;
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The contours show cost functional, J(x,)
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The contours show cost functional, J(x,). The arrows show the gradient information
calculated with the adjoint looping algorithm.

_1 o > % ;
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Exercise 4: (a) A simple optimization algorithm, which works
for linear systems, is to set (w0, x20) — (a1(0),a2(0)) between
loops. Because the system is linear, X can be renormalized be-
tween loops. Implement this algorithm and investigate its rate of
convergence. (b) Another simple algorithm is to move incremen-
tally in the direction of steepest descent or ascent of 7, which
is given by +gradL. Implement this algorithm and investigate its

convergeice.
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The contours show cost functional, J(x,). The arrows show the gradient information
calculated with the adjoint looping algorithm. Green dots show an optimization algorithm.

_:SVD solution

for n = 1:40
[J,dL] = fun JdL lin RK1(T,dt,6XO0);
X0 = X0 + dL*scale;
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3 Lagrange optimization of nonlinear ODEs

Let us add some simple non-linear terms to (5):

dx 1 ;{:2
= M N ! 38
o = M) () "
N = ( LT ) . (39)
nap 122
Equations (9,10) become:
Fl — Liﬂl — 1Ly — Moo —[ﬂ11$2}[ﬂ12$2]: 0 (40)
dt 1 2 7
I, = clr . . 2 210 11
2 = E — M21L1 — MLz —|N21Ly [—|N22Ly = U. ( )

ear adjoint looping — a brief tutorial
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Equation (17) now has two more terms:
c. —[<(CTL1j ?’111;}1?%)]—[({117 ﬂm;ﬂ%)] (42)

! / ) 2d— / ) r3dt (43)
T . (111144 T . 11 12.L9

(a1, F2)

If we denote these terms by A, their contributions to 9L /dx,
OL/Oxy are:

ON - N(e+eduy) — N(y)

<6r—£1761»1> = . (44)

1 T
— —/ 2$1?111&15$1dt (45)

T 0
— <5;L’1? 2;)1:1?111{11), (46)
and <3—N, 6L2> = <(S;L'2.f. 2;152%12(11) (47)
L2
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When the variations with respect to dxy and o5 are set to zero,
these terms contribute four more terms to the adjoint equations

2;132?122&,2}49)

(22,23):
F+ — _@ _ _ —12r 20 48)
1 = dr mipypay — ma1ds [ =L1’T111ﬂa1]>[ 1»1?121@2](
d
F2+ — —% — Mol — Mooy — 2;[52’?112(11

Equations (28 - 35) remain the same. The algorithm remains the
same but x must be stored during the forward evolution in Stage
3 so that it can be used during the backward evolution in Stage

4.
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Exercise 5: Repeat exercises 2 and 3 for the non-linear system
with the same M and with

0.1  —0.03
N= ( 0.05 —0.1 )

An example is shown in Fig. 1 for these values of M and N. This
particular example does not have isolated maxima but demon-
strates the principle nonetheless. Examples with isolated maxima
are shown in 4.
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The algorithm is very similar to that for the linear governing equations. The extra terms
are highlighted.

function [J,dL] = fun JdL nonlin RKI1 (T, dt, X0)
t = 0:dt:T; L = length(t);

X(:,1) = XO0;

for n = 1:L-1
dXdt = M * X(:,n) + N * X(:,n).*2;
X(:,n+l) = X(:,n) + dt * dXdt;

end
E = sum(X.~2); ET = E(L);
J = ET/EOQ;

Ma = -M'; Na = -N';

A(:,L) = X(:,L) * 2*T/EO;

for n = L:-1:2
dAdt = Ma * A(:,n) +| 2*X(:,n) .* (Na*A(:,n))|;
A(:,n-1) = A(:,n) - dt * dAdt;

end
dL = A(:,1)/T - X0 * 2*ET/E0"2;
_= DEPARTMENT OF . B - brict o 2.7 UNIVERSITY OF
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The contours show cost functional, J(x,). The arrows show the gradient information
calculated with the adjoint looping algorithm. Green dots show an optimization algorithm.

End point (40 iterations)

for n = 1:40
[J,dL] = fun JdL 1lin RK1(T,dt,XO0);
X0 = X0 + dL*scale;

Y 05 0 05 1
%10
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Exercise 6: (a) Repeat exercises 2 and 2 for a simple model
of a thermoacoustic system:

dir

—d; = (50)
i (L+a)*+ )t =1],  (51)
dr — 1 L2 L € )

where ( and 3 are constants of order 0.1 to 1 and € is a small
constant of order 107%. (b) Repeat this exercise when .y in the
B-term is replaced with @y (t—7), where 7 is a time delay (difficult).
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