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Now let us consider Lagrange optimization when x is a function. In a moment, we will try 
to find the initial state that gives the highest growth after a given time, T.
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M = [-0.1 5 ; 0.001 -0.2];
lam = eig(M); 
plot(real(lam),imag(lam)) 
NumR = NumRange(M,300);
plot(real(NumR),imag(NumR),'r-‘)

First, we will examine the behaviour of a simple non-normal matrix.
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% First order Euler time-march
for n = 1:floor(T/dt)-1

dXdt = M * X(:,n);
X(:,n+1) = X(:,n) + dt * dXdt;

end
[U,S,V] = svd(expm(M*T));

x0 = [1;1]

x0 = V(:,1)

x0 = [1;1]

We can find the optimal initial condition with the Singular Value Decomposition.
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We can also find the optimal initial condition via adjoint looping and an optimization 
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x0. 

optional
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functions of t

We can also find the optimal initial condition via adjoint looping and an optimization 
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x0. 
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reminder

We can also find the optimal initial condition via adjoint looping and an optimization 
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x0. 
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function [J,dL] = fun_JdL_lin_RK1(T,dt,X0)

t = 0:dt:T; L = length(t);

X(:,1) = X0;
for n = 1:L-1

dXdt = M * X(:,n); X(:,n+1) = X(:,n) + dt * dXdt;
end
E = sum(X.^2); ET = E(L);
J = ET/E0;

Ma = -M';
A(:,L) = X(:,L) * 2*T/E0;
for n = L:-1:2

dAdt = Ma * A(:,n); A(:,n-1) = A(:,n) - dt * dAdt;
end

dL = A(:,1)/T  - X0 * 2*ET/E0^2;

We can also find the optimal initial condition via adjoint looping and an optimization 
routine. The adjoint looping algorithm finds the gradient of L w.r.t. initial conditions, x0. 
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The contours show cost functional, J(x0) 
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The contours show cost functional, J(x0). The arrows show the gradient information 
calculated with the adjoint looping algorithm.



Non‐linear adjoint looping – a brief tutorial



Non‐linear adjoint looping – a brief tutorial

for n = 1:40
[J,dL] = fun_JdL_lin_RK1(T,dt,X0);
X0 = X0 + dL*scale;

end

The contours show cost functional, J(x0). The arrows show the gradient information 
calculated with the adjoint looping algorithm. Green dots show an optimization algorithm.

Start point

End point (40 iterations)

SVD solution
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Now let us find gradient information from non-linear governing equations.
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function [J,dL] = fun_JdL_nonlin_RK1(T,dt,X0)

t = 0:dt:T; L = length(t);

X(:,1) = X0;
for n = 1:L-1

dXdt = M * X(:,n) + N * X(:,n).^2; 
X(:,n+1) = X(:,n) + dt * dXdt;

end
E = sum(X.^2); ET = E(L);
J = ET/E0;

Ma = -M'; Na = -N';
A(:,L) = X(:,L) * 2*T/E0;
for n = L:-1:2

dAdt = Ma * A(:,n) + 2*X(:,n) .* (Na*A(:,n));
A(:,n-1) = A(:,n) - dt * dAdt;

end

dL = A(:,1)/T  - X0 * 2*ET/E0^2;

The algorithm is very similar to that for the linear governing equations. The extra terms 
are highlighted.
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The contours show cost functional, J(x0). The arrows show the gradient information 
calculated with the adjoint looping algorithm. Green dots show an optimization algorithm.

for n = 1:40
[J,dL] = fun_JdL_lin_RK1(T,dt,X0);
X0 = X0 + dL*scale;

end

Start point

End point (40 iterations)
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