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ABSTRACT

This paper addresses the problem of recognizing on-line
sampled handwritten symbols. Within the proposed symbol
recognition system based on Hidden Markov Models differ-
ent kinds of feature extraction algorithms are used analysing
on-line features as well as off-line features and combining
the classification results.
By conducting writer-dependent recognition experiments, it
is demonstrated that the recognition rates as well as the reli-
ability of the results is improved by using the proposed rec-
ognition system. Furthermore, by applying handwriting data
not representing symbols out of the given alphabet, an in-
crease of their rejection rate is obtained.

1.  INTRODUCTION

This paper is concerned with the problem of recognizing on-
line sampled handwritten symbols, which is one stage
within the overall system presented at ICASSP‘95 for un-
derstanding handwritten mathematical expressions [1][2].

Based on the soft-decision approach within the symbol seg-
mentation and recognition stage of the overall system, next
to the recognition rate two additional features are important:
• the reliability of the recognition results.
• the rejection of handwriting data not representing sym-

bols out of the given alphabet.

Within the proposed symbol recognition system the classifi-
cation is founded on single recognizers analysing different
kinds of feature vectors. The obtained single recognizer re-
sults are finally combined. The improvements obtained by
using the proposed recognition system are demonstrated by
writer-dependent experiments.

2.  SYMBOL RECOGNITION SYSTEM

2.1  System overview

Our system is based on the on-line sampled handwritten
data. On-line means that the input data is a sequence of
strokes captured during writing, each stroke itself is a se-

quence of (x,y)-coordinates corresponding to the pen posi-
tions. A stroke, in this connection, is the writing from pen
down to pen up.
Based on the on-line data of each symbol, three different
kinds of feature extraction algorithms are used. One of these
algorithms is a typical on-line algorithm using the temporal
information of the handwriting for generating a sequence of
feature vectors {xo}. The remaining two algorithms are off-
line algorithms generating sequences of feature vectors {xv}
and {xh} extracted by the image of the symbol.
Each sequence of feature vectors {xo}, {xv} and {xh} repre-
sents the input of a symbol recognizer based on Hidden
Markov Models (HMMs). The classification for each HMM
is done by computing the maximum „a posteriori“ probabil-
ity that a symbol model generates the corresponding se-
quence of feature vectors.

As illustrated in fig. 1, the recognizer results are combined
by multiplying their generation probabilities and taking the
square root of the result.

2.2  Preprocessing

Preprocessing is subdivided into the following stages:

Figure 1: Overview to the symbol recognition system
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• The incoming temporally sequenced data of each stroke
are smoothed by lowpass-filtering.

• The slant of the handwriting is estimated by detecting
the near-vertical parts of each stroke. The correction is
done by carrying out a shear.

• For size and position normalisation two pairs of (x,y)-
coordinates, namely (x10,y10) and (x90,y90), are calcu-
lated. The thresholds x10 and x90 denote the coordinates
where 10% of the overall stroke length of the symbol is
on the left respectively on the right side of these thresh-
olds. The thresholds y10 and y90 represents the analo-
gous thresholds in the vertical direction.

2.3  „On-line“ Feature Extraction

Evaluating the temporal information is the most obvious
kind for recognizing on-line sampled handwriting. Remark-
able recognition results are concerned with recognizing
handwritten characters [3] and words [4].

In our system so-called hidden strokes are integrated be-
tween each pair of temporal successive strokes within the
symbol first. Each hidden stroke represents the pen move-
ment from the final pen position of the actual stroke to the
starting position of the successive stroke. This insertion is
advantageous especially for the letters „i“ and „j“ contain-
ing small dots.
By using the coordinates (x10,y10) calculated during the pre-
processing stage position normalisation is carried out, size
normalisation is done by means of the second pair (x90,y90).
Finally, the temporally sequenced strokes and the integrated
hidden strokes are resampled at equispaced points along the
trajectory retaining the temporal order. This resampling re-
sults in an elimination of the velocity in writing the symbol.
For each point a feature vector  is constructed containing
the local position, the sine and cosine value of the angle
and the information whether the actual point belongs to a
stroke or to an integrated hidden stroke.  denotes the angle
between the horizontal axis and the vector connecting the
previous and the actual point. For the first feature vector
the sine and cosine value of  is set to zero.

2.4  „Off-line“ Feature Extraction

In comparison with on-line symbol recognition off-line rec-
ognition is based on the image of the handwriting contain-
ing no temporal information.
In our system the image of the handwritten symbol is calcu-
lated by interpolating the on-line sampled data. Two se-
quences of feature vectors {xv} and {xh} are generated by
mapping different grids upon this image. A detailed descrip-
tion and an illustration of this procedure is given in [1].
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2.5  HMM-Topology

For each symbol Sa of our alphabet three
HMMs ,  and  are generated corresponding to
the different feature extraction algorithms.

The number of states N, the state transition probabilities
 and the observation probabilities  com-

pletely specify each HMM [5].
Within our system semicontinuous first order left to right
HMMs are used. This means that the state transition proba-
bilities  are set to zero if j < i or j > i+2. The obser-
vation probability  for a given feature vector xt at
state i is determined by a mixture of Gaussian distributions
gk and can be written as:

.

Furthermore, the first feature vector x1 out of a sequence
{xt} is fixed to the first state s1, the last feature vector xT to
the last state sN respectively.

Recognition by means of HMMs (f indicates any of the
three feature extraction algorithms or a combination of
them) is carried out by calculating the maximum „a posteri-
ori“ probability that a symbol model gener-
ates the observed sequence of feature vectors {xf}:

As illustrated in fig. 1, the off-line results are combined by
calculating the generation probability

.

Analogous, the final combination is done by

.

3.  RESULTS AND DISCUSSION

3.1  Data Sets

Within the overall system symbols out of a 84-character al-
phabet are used. Three of these symbols, namely „Dot“,
„Minus“ and „Fraction“, are classified by means of a prere-
cognition stage [6]. The remaining 81 symbols containing
upper and lower case letters as well as digits, mathematical
operators and other special symbols are used for HMM
training and the recognition experiments. An illustration is
given in fig. 2.

For each writer (currently nine) the data sampling was per-
formed under two different environments: writing single
symbols on the one hand and mathematical expressions on
the other hand.
Within the single sampled data set each writer contributed
50 versions of each symbol within the alphabet. These sym-
bols are used as part of the HMM training data set.
By means of the system presented in [6], 27 different math-
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ematical expressions written up to 10 times by each writer
are sampled. A few samples are given in fig. 3.

Altogether, each writer contributed more than 5000 symbols
by writing expressions, each symbol of the alphabet was
represented. 60% of these symbols are used for HMM train-
ing too, the remaining symbols are applied to the recogni-
tion experiments.

3.2  Recognition experiments using symbols extracted
from mathematical expressions

The results obtained with applying symbols extracted from
mathematical expressions to the recognition system are
summarized in tab. 1. In order to achieve independency of
the symbol distribution within the recognition data set, for
each writer averaging is done over the recognition rates for
each symbol of the alphabet.
Additionally, the average Top-2 recognition rates (the
„a posteriori“ probability corresponding to
the symbol Sa has to be one of the two most probable) are
given.

By combining the three recognizer results a reduction of the
average Top-1 error rate of about 13% in comparison with
the best single recognizer is obtained.

Caused by the large number of nearly indistinguishable
symbols such as „0“, „o“ and „O“ or „x“ and „X“ of the al-
phabet, a further improvement without using any contextual
knowledge is not realistic. More than 80% of the final rec-
ognition errors are based on such confusions. This is indi-
cated by the results achieved by the Top-2 recognition ex-
periments. None of the three single recognizer is able to
handle this problem, therefore the combination also fails in
distinguishing these symbols.

Figure 2: Handwritten symbols of the alphabet used for
the recognition experiments, written by „wh“

Figure 3: Handwritten expressions taken from the data set
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As shown in tab. 1, the recognition rate is weak decreasing
for some writers by combining the single recognizer results,
which is also based on the mix-up of these symbols.

3.3  Experiments concerning the reliability of the recog-
nition results

Using the results obtained by the symbol recognition system
for further processing such as recognizing handwritten ex-
pressions [1] or words [4] using contextual knowledge, next
to the Top-n recognition results the reliability of the results
is important for reducing the perplexity of the following
tasks. By using the reliability we want to determine how
confident the recognizer system is in classifying the sym-
bols.

By applying the feature sequence generated by the
i-th handwritten version of the symbol  to the recognizer
and analysing the generation probabilities obtained by the
HMMs or their combination, a measurement for the reliabil-
ity R of this classification result can be calculated by using
the cost function C presented in [7][8]:

,

By distinguishing between correct and wrong classification
results achieving independency from the Top-1 recognition
rates, two reliabilities Rc and Rw are calculated by using

. Based on the feature extraction algorithms and their
combination, the average results of the reliability calcula-
tion is given in tab. 2.
Additionally, the theoretical maximum values for Rc and Rw
are given too.

writer {xv} {xh} {xo} {xw} {x}

bw 86.2% 85.9% 91.9% 90.7% 92.3%

gv 88.0% 87.9% 91.8% 91.7% 94.4%

hs 87.4% 86.4% 91.9% 89.7% 92.2%

kb 90.5% 89.1% 93.1% 90.1% 92.5%

kl 89.6% 89.8% 90.9% 91.6% 91.8%

km 82.5% 82.6% 85.6% 86.7% 88.4%

ls 85.0% 83.1% 87.0% 87.9% 88.9%

sa 87.8% 87.4% 86.5% 88.9% 89.6%

wh 85.1% 83.8% 87.9% 87.3% 89.1%

AVG 86.9% 86.2% 89.6% 89.4% 91.0%

Top-2 97.0% 96.1% 98.5% 98.0% 98.7%

Table 1: Recognition rates using symbols extracted from
mathematical expressions
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Comparing the results based on the final combination with
any other of the given results, it is realized that the reliabil-
ity Rc calculated by the correct classification results as well
as Rw is always the highest. Therefore, the classification is
more unequivocal if the result is correct and, if the result is
wrong, the confusion error between the correct result and
the classification result is minimized.
By calculating the reliability R without distinguishing be-
tween wrong and correct classification results, the improve-
ment of the final combination will additionally increase
caused by the higher recognition rate.

3.4  Experiments concerning the rejection of handwrit-
ing data not representing a symbol

In the preceding experiments handwriting data representing
symbols Sa out of the alphabet are used for
demonstrating the performance of the proposed symbol rec-
ognition system.
Within the overall system data not representing symbols of
a handwritten expression are also applied to the symbol rec-
ognition system. This is caused by the soft-decision ap-
proach within the symbol segmentation stage [6]. There-
fore, the symbol recognizer has to reject these data by a poor
generation probability in relation to the generation probabil-
ity obtained by applying the symbols Sa out of the alphabet
[1].

The writer-independent soft-decision segmentation results
in a symbol hypotheses net composed of the elements:
• Se containing the strokes belonging to a symbol used

within the handwritten expression. These symbols are
identical to the data set used within the preceding exper-
iments.

• Ss containing a subgroup of strokes belonging to a sym-
bol Se.

• Sm containing strokes of two or more symbols.

In order to achieve independency of the number N(Se,s,m) of
these elements, writer-independent thresholds Ts and Tm are
calculated maximizing the rejection rates Js and Jm:

.

Based on the three feature extraction algorithms and their
combination, the optimized rejection rates Js and Jm are
given in tab. 3 concluding two different results.

R {xv} {xh} {xo} {xw} {x} max.

Rc 0.78 0.77 0.77 0.81 0.83 1.00

Rw 0.37 0.36 0.39 0.37 0.40 0.50

Table 2: Reliabilities Rc and Rw calculated by the recog-
nition experiments analogous to tab. 1
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At first, the rejection rates Js and Jm are increasing by com-
bining the generation probabilities of the single recognizers.
This is based on the combination by multiplication, just one
poor generation probability of any single recognizer results
in a significant devaluation of the final generation probabil-
ity.
Furthermore, the rejection rate Js is quite low caused by the
fact that in many cases the elements Ss are symbols Sa of the
alphabet even if they are not symbols Se within the expres-
sion. For example, the letter „B“ given in fig. 2 consists of
the letter „I“ and the digit „3“. Their devaluation has to be
based on geometrical features [6].
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J {xv} {xh} {xo} {xw} {x}

Js 66.5% 61.3% 66.3% 70.9% 71.6%

Jm 88.1% 90.0% 96.3% 94.7% 97.6%

Table 3: Rejection rates Js and Jm


