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Abstract—Research activities reveal a trend from an exclusive
to a shared use of certain frequency bands. Then, uncoordinated
interference will be unavoidable resulting in a channel that may
vary in an arbitrary and unknown manner from channel use
to channel use. This is the arbitrarily varying channel (AVC),
for which it has been shown that the classical deterministic
approaches with pre-specified encoder and decoder fail if the AVC
is symmetrizable. This necessitates more sophisticated strategies
such as common randomness (CR) assisted strategies or Ilist
decoding which are capable to resolve the ambiguity induced
by symmetrizable AVCs. Here, we study the arbitrarily varying
multiple access channel (AVMAC) with conferencing encoders,
which is motivated by cooperating base stations or access points
in future communication systems. The capacity region of the
AVMAC with conferencing encoders is established and it is shown
that list decoding allows for reliable communication also for
symmetrizable AVMACs. The list capacity region equals the CR-
assisted capacity region for large enough list size. Finally, for fixed
probability of decoding error the amount of resources, i.e., CR
or list size, is shown to be finite.

I. INTRODUCTION

A promising approach to increase the spectral efficiency of
cellular systems, especially at the cell edges, is cooperation
among neighboring base stations. High-speed backbones such
as glass fiber will allow the base stations to exchange infor-
mation about the channel state or the messages to transmit.
First rigorous studies go back to Willems who studied the
corresponding multiple access channel with conferencing en-
coders [1]. Not surprisingly, this is intensively discussed at the
moment by the 3GGP LTE-Advanced group.

Another current research development reveals a paradigm
shift from an exclusive to a shared use of certain frequency
bands. While current systems such as cellular systems operate
on exclusive frequency bands, there will be future systems
such as sensor or ad-hoc networks which will operate on
shared resources in a self-organizing and uncoordinated way.
The major issue of this development is that interference will
be ubiquitous making it the limiting factor of future wireless
networks. Since there is no way to coordinate such induced
interference, there is the need of new concepts.
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In particular, in such environments each receiver receives
the signal he is interested in but also interfering signals from
the other transmitters. As there is no coordination between
the different transmitter-receiver pairs, there is no knowledge
about the induced interference. Thus, all users have to be
prepared for the worst, which is a channel that may vary in an
arbitrary and unknown manner from channel use to channel
use. This is the concept of arbitrarily varying channels (AVCs)
[2-4] which provides a suitable and robust framework.

Unfortunately, it has been shown for AVCs that the tradi-
tional deterministic approach with pre-specified encoder and
decoder fails if the AVC is symmetrizable resulting in zero
capacity [3,4]. Roughly speaking, such a channel can emulate
a valid input so that it is impossible for the decoder to decide
on the correct one. This necessitates more sophisticated strate-
gies which overcome such channel conditions making reliable
communication possible also for symmetrizable channels.

If common randomness (CR) is available at all users as a
coordination resource, then they can use CR-assisted strate-
gies allowing for reliable communication over symmetrizable
channels [2,3]. Here, encoder and decoder depend on the
particular realization of the common randomness which has
to be known at all users prior to the transmission. If such
a coordination resource is not available, one is interested in
alternatives that do not rely on such assumptions. It has been
shown that list decoding might help to resolve the ambiguity
of codewords caused by symmetrizable channels without the
help of coordination resources. The capacity of the single-
user AVC under list decoding is derived in [5, 6]. Bounds on
the list sizes for the arbitrarily varying multiple access channel
(AVMAQC) are given in [7]. The broadcast channel with certain
receiver side information under list decoding is studied in [8].

We study the AVMAC with conferencing encoders under list
decoding for which we characterize the list capacity region.
It either equals its CR-assisted capacity region or else is zero.
This is done with the concept of symmetrizability and the
list size at the decoder. In particular, if the list size is large
enough, then a list strategy achieves the same performance as
a CR-assisted strategy which requires coordination resources
available at all users prior to transmission. In these cases the
probability of error is required to vanish asymptotically and,
usually, this requires an amount of common randomness which
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increases unbounded with increasing block length. Finally, it
is shown that for fixed but non-vanishing probability of error,
the amount of such resources needed to achieve the capacity
is finite, i.e., in particular independent of the block length.!

II. SYSTEM MODEL

The communication is affected by a channel which may
vary in an unknown and arbitrary manner from channel use to
channel use. To model such a behavior, we introduce a finite
state set S. Further, let X', ), and Z be finite input and output
sets. Then for a fixed state sequence s” € S™ of length n and
input and output sequences ™ € X", y" € V", and 2" € Z",
the discrete memoryless multiple access channel is given by
W (22", y", s™) = [Ty W(zil@i, i 8i).-

Definition 1: The discrete memoryless arbitrarily varying
multiple access channel (AVMAC) is the family

W= {W"(|-,-,s"): s" €S"}.

Further, for any probability distribution ¢ € P(S), we
denote the averaged multiple access channel by

= W(lz,y,s)q(s). (1)

seS

(z|z,y)

In the classical AVMAC setup, none of the transmitters has
any knowledge about the message the other one will transmit
and the corresponding capacity region is studied in [9, 10].
Here, we study the case where both transmitters can cooperate
in the sense that they can exchange limited information using
Willems conferencing [1]. Such information can regard the
messages to transmit but is not necessarily restricted to them.

Let My == {1,..., My} and My = {1,..., M5, } be the
sets of messages of transmitters 1 and 2, respectively, and
further M = M; x M. Then Willems conferencing is an
iterative protocol which can be described as follows. In the first
time slot, each transmitter sends some information to the other
one. In the subsequent time slots, they send more information
taking the information they received in the previous iterations
into account. Such a Willems conference terminates after a
fixed number of iterations I. Then, a pair (c1, c2) of functions
is determined by functions ¢; 1,¢; 2, ..., i 1, © = 1,2 with

1My = K 2)
and
Cik ' M; X ’Cf,l X ... X ICg’k,1 — ’Ci,k
for k=2,3,..,]andi=2ifi=1andi=1ifi=2. The

number of iterations I may be arbitrary but fixed and also KC; j,
can be an arbitrary finite set. Thus, the pair (c1, ¢2) is defined
by the concatenation of the individual c; j, as

(01,62) : M1 X Mg — ]Cl X ]CQ (3)

with Ky = K171 X ... X ’CIJ and Ky = IC271 X ... X ICQJ.

! Notation: Discrete random variables are denoted by capital letters and their
realizations and ranges by lower case and script letters; N and R4 denote the
sets of positive integers and non-negative real numbers; I(+;-) is the mutual
information; P{-} is the probability and P(-) is the set of all probability
distributions; O(-) is the big-O notation.

If the Willems conferencing is unrestricted, an arbitrary
amount of information can be exchanged such that both mes-
sages are available at both transmitters turning the AVMAC
into a single-user AVC. Due to practical reasons we consider
only limited exchange capabilities. Assuming a Willems con-
ference pair (c1,c2) : M1 X Mg — K1 X Ky as given in (3) is
used for a block length n code. Then, the conference (c1, c2)
has conferencing capacities Cy, Cy > 0 if

1
SloglKil < Cy i=1,2.
n

We call this an (n, Cy, Cs)-Willems conference, whose defini-
tion is independent of the number of iterations 1.

III. CODE CONCEPTS AND COORDINATION RESOURCES

In general, for AVCs deterministic strategies do not suffice
to establish reliable communication; in particular, symmetriz-
able channels require more sophisticated approaches [2—4].

A. Deterministic Codes

The deterministic approach relies on pre-specified encoders
and decoder as specified in the following.

Definition 2: A deterministic (n, My p,, Mz p, C1, Ca)-code
C for the AVMAC 20 is a 5-tuple (c1, ¢, f1, f2, ¢) consisting
of an (n,C, Cy)-Willems conference

(c1,¢2) : M1 x Mo — K1 X Ko, 4
encoders at transmitters 1 and 2
fii My x Ko —= X" and f;: Mo x Ky = Y",  (5a3)
and a decoder at the receiver
¢ Z" - My x M. (6)

Such a code implies the following system
{@, Y. Djk) : j € M1,k € Ma} (7)

with 27 = f1(j, c2(4, k), yj;, = fa(k,c1(j,k)), and disjoint
decoding sets Dji, = {z" € 2" : ¢(2™) = (4, k)}.

Then for the deterministic code C, the average probability
of decoding error for state sequence s™ € S™ is given by

ZW

(J k)emM

én(Sn|C) ]k‘m]k’yjk’ n)

Definition 3: A rate pair (Ry, Ro) € R? is said to be deter-
ministically achievable for the AVMAC 20 with conferencing
capacities Cy, Cy > 0 if for any § > 0 there exists an n(d) € N
and a sequence of (n, M ,,, Ms ,,,Cy,Cs)-codes C such that
for all n > n(d) we have

1
710gMi,nZRi757 1=1,2,
n

while

max en(s"C) < \n

with A, — 0 as n — oo. The deterministic capacity region
Raet(C1, Co) of the AVMAC 20 with conferencing encoders
is the set of all achievable rate pairs.
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We further need the concept of symmetrizability which is
given in the following definition.

Definition 4: An  AVMAC 20 is called (X,))-
symmetrizable if there exists a channel o : X x ) — P(S)
such that

> W(zle,y,s)o

seS

(s]z’, ")

=Y W(zla' v/, s)o(s|z,y)
seS
holds for all z,2" € X, y,y' € Y, and z € Z. This means,
the channel W (z|z,y,2',y") = >, cs W(z|x,y,s)o(s]2',y')
is symmetric in (z,y) and (2/,y’) for all z, 2’ € X, y,y’ € Y,
and z € Z.

Roughly speaking, such a channel can emulate valid channel
inputs making it impossible to decide on the correct one.

Remark 1: The capacity region of the classical AVMAC
without conferencing encoders depend also on so-called X-
symmetrizability and )-symmetrizability conditions that op-
erate only on one input. While these “marginal” conditions
are important for the analysis of the AVMAC without confer-
encing encoders [11], it has been shown that only (X,))-
symmetrizability is needed to completely characterize the
capacity region of the AVMAC with conferencing encoders.

Let IT be the set of all probability distributions p € P (U X
X x Y), where U is a finite (auxiliary) set and p further has
the form p(u, x,y) = Py(u)Px v (x|u) Py |y (ylu). We define
R(p,q,C1,C>) consisting of all (Ry, R,) € R% that satisfy

Ry < I(X;Z,|Y,U) + C
Ry < I(Y;Z4|X,U) + Cs
Rl + R2 S mln{[(X,Y,7q),I(X,Y,ZQ\U) + Cl + CQ}

where Z, is the random variable associated with the output
of the averaged channel W, ¢ € P(S), cf. (1). Then, we set

U ﬂ vaQaclaCQ)

p€EIl qeP(S)

Cla CZ

With this and the concept of symmetrizability, we are able
to characterize the deterministic capacity region.

Theorem 1 ([12]): For the deterministic capacity region
Raet(C1, Co) of the AVMAC 20 with conferencing capacities
C1,Cy > 0 we have

Raet(Cr, C2) = R(Cy, Cs)

if and only if the AVMAC 20 is non-(X, ))-symmetrizable.
If the AVMAC 20 is (X,))-symmetrizable, then
Raet(C1, C2) = {(0,0)}.

Remark 2: In addition, it turns out that a one-shot non-
iterative Willems-conference is sufficient to achieve capacity,
i.e., (3) consists only of the first conference round (2).

B. Common-Randomness-Assisted Codes

Since such a deterministic approach as discussed above with
predetermined encoders and decoder fails if the channel is
symmetrizable, one is interest in more sophisticated strategies
that work well also in this case. This is where the common-
randomness-assisted coding strategies come into play.

If the transmitters and receiver have access to a common
randomness (CR), then they can use this resource to coordinate
their choice of encoders and decoder. This is modeled by a
random variable I" on G,,. Then, conference (3), encoders (5),
and decoder (6) depend on the particular realization v € G,,.

Definition 5: A CR-assisted (n, M ,, M2, C1,Co,I')-
code Ccr for the AVMAC 20 is a family

{(ci(n),2(0), (), f2(7),6(7)) 27 € G}

with a random variable I" uniformly distributed on G,,.

This means G, defines a finite set of deterministic
(n, M1, M, C1,Cs)-codes as given in Definition 2. The
number of such codes contained in the CR-assisted code Ccr
is then determined by |G,|. Thus, each realization v € G,
indicates which particular code is selected out of the whole
ensemble.

Then for the CR-assisted code Ccgr, the average probability
of decoding error for state sequence s” € S™ becomes

éCR,TL( ‘CCR |g | Z en
" yeg,
\gn| Z O @) ), () 5",
( k)em

The definitions of a CR-assisted achievable rate pair and the
CR-assisted capacity region Rcr(Cy,Cs,I") of the AVMAC
20 with conferencing encoders follow accordingly.

Theorem 2 ([12]): The CR-assisted capacity region
Rcr(C1,Co, ") of the AVMAC 20 with conferencing
capacities C7,Cy > 0 is

Rer(Cy, C2, T') = R(Cy, Cy).

Thus, CR-assisted strategies achieve the same rates as the
deterministic ones, but also for symmetrizable channels. An
important observation for the analysis of list codes is the
following.

Remark 3: We know from [12, Lemma 15] that the amount
of common randomness that is needed for achieving the CR-
assisted capacity region Rcr(C1, Ca, I') of the AVMAC 20
is quadratic in block length. This means for a transmission of
block length n, it is sufficient to use a CR-assisted code which
consists of n? deterministic codes, ie., G, = {1,2,...,n%}
and |G, | = n?, cf. also Definition 5.

IV. CAPACITY REGION UNDER LIST DECODING

The previous discussion reveals the following dilemma: The
traditional deterministic approach with pre-specified encoders
and decoder only works for non-symmetrizable channels. And
unfortunately, many channels of practical relevance fall in
the category of symmetrizable channels resulting in zero
capacity [4]. On the other hand, CR-assisted codes allow
reliable communication also for such channel conditions. But
the drawback of such more sophisticated approaches is the
fact that they require a strong coordination between encoders
and decoder based on common randomness. In particular, the
actual realization has to be perfectly known at all users prior
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to transmission which might be hard to realize in practice
especially for multi-user scenarios.

Thus, one is interested in strategies which work well in
the case of symmetrizable channels but which do not rely
on such coordination resources as common randomness. It
has been shown for the single-user AVC that the concept
of list decoding helps to resolve the ambiguity induced by
symmetrizable channels [5,6] without relying on additional
coordination resources. In the following we want to analyze
list decoding also for the AVMAC with conferencing encoders.

A. List Codes

While a deterministic decoder ¢ of Definition 2 decides on
exactly one message pair (my, ms) € Mj x My based on its
received signal 2" € Z", a list decoder with list size L maps
the received signal into up to L possible message pairs. The
list code is specified as follows.

Definition 6: An (n, My, Ma., C1,Ca, L)-list code Cig
with list size L is a deterministic (n,M; ,, My, C,C2)-
code of Definition 2 where the deterministic decoder (6) is
replaced by a list decoder

¢ 20— f43[,(/\/11 X Mg)

where P, (M7 x My) is the set of all subsets of My x My
with cardinality at most L.

Similar to (7), such a code implies the system
{@%, 5 Dix) + § € Ma,k € Mz} where the decoding
sets are given by

Djp = {z" € 2" : (j,k) ¢ o(=")}.

In particular, due to the list decoding, the decoding sets need
not be disjoint and we have |{(j,k) : 2" € Dj;}| < L so that
6(=") = {(j. k) : =" € D).

Then for the list code Cjis, the probability of decoding error
for message pair (j, k) € M1 x Mz and s™ € 8™ is given by

éL,n((j7 k), Sn|clist) = Wn(DjkkU}zk»y;‘L}w s")
_ Z W"(Z”Lr?kv y;Lk, Sn)
zm:(4,k)Eb(2™)
and the average probability of decoding error for s € S™ is

1
€r.n(s"|Ciist) =

TAAl Z éL,n((jv k)a8n|clisl)-
M|
(4,k)eM

Definition 7: A rate pair (R1, R2) € R% is said to be list
achievable for the AVMAC 20 with conferencing capacities
Cy,Cy > 0 if for any 6 > 0 there exists an n(d) € N and
a sequence of (n, M ,,, My, Cy, Co, L)-list codes Ciig; such
that for all n > n(§) we have

flog( ’)zRi—é, 1=1,2,
n L
while
€L.n nCi< <A
max er,n(s"|Cis) < An
with A\, — 0 as n — oo. The list capacity region

Riist(C1,Ca, L) of the AVMAC 20 with conferencing en-
coders is the set of all achievable rate pairs.

B. Symmetrizability

For the analysis of the list capacity region, we need a cor-
responding extension of the concept of symmetrizability given
in Definition 4. We follow [5, 6] and introduce a refinement
which distinguishes different degrees of symmetry.

We say a channel W(z|(z1,y1), (z2,92), .., (Tt,yt))
with input alphabet (X x ))® and output alphabet
Z is symmetric if for every permutation 7 on
{1,2,...,n} we have W(z|(x1,y1), (72,92), - (T4, 9:)) =
W(Z|($7r(1)vy7r(1))v ) (xﬂ'(t)ay‘n'(t))) for all
(1,91) oy (xeyyt) € (X x Y) and z € Z. This leads
to the following definition.

Definition 8: For any t > 1, an AVMAC 20 is t-(X,))-
symmetrizable if there exists a channel o : (X x V)t — P(S)
such that

W(z‘(anyO)a (21,91), ooy (T, Y1)
::ZW(Z|1’0,y0,5)0(5|(x17y1)7"”(l'tvyt)) ®)

sES

is symmetric in (zo,¥0),(Z1,¥1), ..., (X¢,y;) for all
(x07y0)a(xlayl)v"'v(‘rtvyt) € XX x Y ad z € Z.
For convenience, we take all AVMACs to be 0-(X,))-
symmetrizable.

Intuitively, a ¢-(X', })-symmetrizable channel can be inter-
preted as a channel where the state sequence can emulate ¢
replicas of the channel input. In addition, from the definition
it follows that if an AVMAC is ¢-(X, ))-symmetrizable, then
it is also ¢'-(X, ))-symmetrizable for all 0 < ¢’ <.

Similarly as for the deterministic approach, the X-
symmetrizability and )-symmetrizability conditions can also
be extended to the list case as in (8). But again, the “joint”
t-(X,Y)-symmetrizability condition suffices to completely
characterize the capacity region, cf. also Remark 1.

C. List Capacity Region

Now we are in the position to prove the list capacity region
of the AVMAC with conferencing encoders.

Theorem 3: For the list capacity region Ry (C1, Ca, L) for
the AVMAC 20 with conferencing capacities C, Cy > 0 and
list size L we have

Riist(C1, C2, L) = Rer(Ch, Co, I) &)

if and only if the AVMAC 20 is non-L-(X, Y)-symmetrizable.
If the AVMAC 20 is L-(X,Y)-symmetrizable, then

Riist(C1, C2, L) = {(0,0)}. (10)

Proof: We first prove the second part (10) by contradic-
tion. Therefore, we assume that Ryisc(C1, Ca, L) # {(0,0)} so
that there must be a rate pair (R, 0) or (0, R) that is achievable.
If the rate is small in the sense it satisfies R < min{C1, Cs>},
then the rate pair (%, %) is achievable as well. Indeed, if
the rate is small enough (i.e. smaller than the conferencing
capacities), each transmitter can completely inform the other
transmitter about the own message making both messages at
both transmitters available.
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This allows interpreting both inputs « and y of the AVMAC
as a joint input (z,y) so that we obtain a corresponding single-
user AVC. Then, the L-(X, ))-symmetrizability becomes the
classical L-symmetrizability of the single-user AVC [5,6].
Moreover, as a result, the communication problem becomes an
equivalent single-user AVC list coding problem whose single-
user capacity is greater than zero. But we know that if a single-
user AVC is L-symmetrizable, then the corresponding single-
user list capacity is zero which contradicts the assumption of
non-zero single-user capacity proving (10).

Next we prove the remaining first part (9). We assume
Rcr(Cy,Co, ') # {(0,0)}, since otherwise there is nothing
to prove. We have to show that if the AVMAC 20 is non-L-
(X,))-symmetrizable, then using list codes Cjs, we achieve
the same rates as if we use CR-assisted codes Ccg, cf. (9). This
observation already suggests itself to incorporate CR-assisted
codes within the list coding as done by the following protocol.

To make use of CR-assisted codes, there is the need of
CR at transmitters and receiver, cf. Section III-B. As this
coordination resource is not available a priori, we have to
create it prior to the transmission of the messages. This has to
be done carefully in such a way that we do not “waste” too
much communication resources which would result in a loss of
rates for the subsequent transmission of the actual messages.

Fortunately, from [12, Lemma 15], cf. also Remark 3, we
know that the amount of CR needed for a capacity-achieving
CR-assisted code is quadratic in block length. Thus, first trans-
mitter 1 or 2 creates a v € G,, := {1,2,...,n?} uniformly and
informs the other transmitter about the particular realization
v € G, during the Willems-conference. As for transmission
of block length n we need |G,,| = n? common randomness, the
conference resources spent for informing the other transmitter
is of order O(logn) so that n/O(logn) — 0 as n — oo.
Thus, the resources spent for informing are negligible and do
not reduce the available conferencing resources.

After the conference, v € G, is available at both transmitters
and it remains to inform the receiver in a similar fashion by
spending a negligible amount of resources. Therefore, prior
to the transmission of the actual messages, the transmitters
uses a list code Cjig with list size L Again, as |G,| = n?,
the channel uses needed for transmission of v € G, is of
order I,, = O(logn) and therewith negligible. That such a
single-user code exists achieving positive rate is guaranteed by
the fact that the AVMAC 20 is non-L-(X, ))-symmetrizable.
Concatenated on that list code, we use a CR-assisted code of
block length n which is possible as CR, i.e., the particular
realization v € G, is now available at all users.

In the following we present the decoding error analysis for
the protocol described above. To transmit the message pair
(j, k) € M1 x Ms having v € G, available, transmitters 1
and 2 transmit the concatenated codewords

2l (y) = (2l 2 (v)) and Yl () = (vl u () (D)

where :z:fy" and yfyn are codewords of a single-user list code
to inform the receiver about v € G,,. As |G,| = n?, we have

n = O(logn) so that [,,/n — 0 as n — oo which means

that there will be no loss in overall rate for transmission of
messages (j,k) € My x Ma.

The signal z!»*" = (zln 2") € Z»F™ is received and the
receiver uses a list decoder with list size L to obtain a list of
possible realizations 7 IS gn from the first part zi» € Z!» ie.,

$1(2") = {y: 2" € D, }.

Based on this list, the receiver creates a list decoder for the
messages (j,k) € My X My transmitted in the second part
Z"e Z" ie.,

$2(2") = {(j, k) : Ty € ¢1(2'") and 2" € Dyi(v)}.

Thus, for any z!»*tm € Zintn let vy, ...,y € G, with L’ < L
the list ¢ (2!") = {71, ..., 72/}, the constructed list decoder

Pzt = (¢1(2'), g2(2™))
={(7,4.k) : v € {m,-.., 7/} and 2" € Dji(7)}

defines a valid list decoder with list size not greater than L as
required in Definition 6.

The channel W(z|z,y, s) is non-L-(X, Y)-symmetrizable
by assumption. Then there exists a (small) rate R <
min{C1, C2} so that this rate is achievable for the single-user
interpretation of this channel with joint input (x,y) € X x Y,
cf. also corresponding discussion of the proof of (10) in the
beginning. In more detail, let A; € (0,1) arbitrary and set

2 n
b= g log ()
(since R = 1og( )) Then we know from the single-user

AVC under hst decodlng [5, 6] that there exists a nq = nq(A1)
such that for all n > n; there exists a list code

{((Jci/",yfy"),i)v) sy e{l, ...,nQ}}

of length [,, such that the average probability of error satisfies

1

D, WRDSEe)st) <A (2)
ve{l,...,n%}
for all sl» € S'».
Next, we want to show that the error probability
1 1
éL,n(Sl"—i_n|Clist) =S Z Z
M ve{L,...,n%} (4,k
n?} (4,k)eM
n n| dnt+n ln+n n+n (13)
% ZW1+ l+|$+()yjk+(W)a«9l+)
n+n_
(ri) o= )

of the final concatenated list code is small as well for all
glntn g Slntn je

max
slntneSln+n

Now, if (7,7,k) ¢ ¢(z'»T"), then either a) v ¢ ¢ (2")
or b) v € ¢1(z') and we have 2" ¢ Djx(v;) for all v; €
#1(z'). Accordingly, we define the error events

)= {0y g ()

E(y,4, k) = {2ty € 1(2') and V v; € ¢ (")
we have 2" ¢ Dji(v;)}

ern (s T Cig) < A (14)

)
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so that

{200 (9,5 K) € 90T} C E4(7) U Ea(r, . )

With this, the average probability of error in (13) can be
bounded from above by

1 1
eLn(s""Cis) < 2 M| > >
v€{l,....n%} (§,k)EM
« < Z er,L+n(er,L+n|x§7€+n( ) y;k+n(,y)’sln+n)

zlntneg (v)

+ Z Wl +n( I +n|xl +n( )
zlntnegs(v,j5,k)

yé k+n (7)a Sln+n) )

where we bound both terms individually. For the first term we
observe that

Z Wl +n( In +n|xln+n( )

zlntnesy(y)
Ziniyge(2in)
where the equality follows from the concatenated structure of

the codewords (11) and the fact that the error event £; (vy) only
depends on the first part. Thus, by (12) we end up with

L, .
AR CONC L

Wln( ”|9:W,y,y, s )

1 1
S 2 2 2 WRERRwys)
vE{L,...,n2} (J,k)EM zln:yg gy (2ln)
1
T2 Z Wl"(Dc|x'v7y’y ,s') < Ar
ve{l,...,n%}

For the second event we observe that if zi»t" € & (v, 5, k),
then we have v € ¢1(z'") and 2" ¢ D;i () so that

{zI"t": y € ¢1(2™) and 2" ¢ Djr(7)}.

With this we obtain for the second term

Z Wl +n ( In+n |$l +n(,y)
zintne&y(v,5,k)
< Z Wl +n( In +n‘xl +n( )

Zlntn, vEPy (Zln)
and 2" €Dk ()

< D WE RO Y (), 8
22" ¢Dj ()
= W"™(D5 (N5 (7), ¥ (7), s™)
where the last inequality follows from the concatenated struc-

ture of the codewords (11) and the last equality from the
definition of the decoding sets of a CR-assisted code. Thus,

11
Y. D WDy

11
WML T G

52(73.7.7 k) -

y;kJrn ('Y), Sl"+n)

Yyt (), s

|‘T]k( ) y_;lk'(rY)a Sn)SAl

since it is a “good” CR-assisted code according to Definition
5. Since A; € (0,1) is arbitrary, we can choose A; such that
it satisfies 2A\; < A which proves (14). Since the rate pair
(R1, R2) in the CR-assisted code was arbitrary, the achiev-
ability is shown so that Ris(C1, Co, L) 2 Rcr(C1, Co, I).

The converse, i.e., Riis(C1,Ca, L) € Rer(C1, Ca, IN), fol-
lows immediately by observing that Rcgr(C1, C2, I") remains
the same for list decoding similarly as for the single-user AVC
[5,6] or the AVMAC (without conferencing encoders) [7]. W

V. FINITE RESOURCES

The previous discussion showed that for any rate pair
(R1,R2) € Rcr(Ci,Cy,I') there exists a CR-assisted
(n, My, My, C1,Co, I')-code Ccr Whose average probabil-
ity goes exponentially fast to zero [12], i.e.,

1 = n
Jnax, 1G] Z en(s"IC(7)) <e

™ yegn

—ne

5)

Unfortunately, we know that for this we need CR whose
amount tends to infinity for increasing block length n, cf.
Theorem 2, Remark 3, and [12]. Therefore we ask if it
is possible to control the amount of needed resources and
to achieve the same rates with a fixed amount of CR (i.e.
independent of the block length n) when we allow for a fixed
but non-vanishing probability of error.

Theorem 4: Let A € (0,1) be arbitrary. Then for every
(R1, R2) € Rer(Ch, Cs, I), there exists a fixed L such that

(R1,R2) € Rer(A, C1,Co, 1)

with I" is defined on G,, with |G,| = L. Rcr(A, C1,C2, T)
denotes the CR-assisted region Rcr(Ci,Co, ") where we
additionally allow for a non-vanishing probability of error A.
Proof: Let A € (0,1) and « > 0 be arbitrary but fixed.
Then for any (R, R2) € Rcr(C1,Ca,I') we know from
Theorem 2 that there is a CR-assisted code Ccr such that the
error probability satisfies (15). Thus, the probability that for
finite |G,,| = L and fixed s™ € S™ this is greater than \ is

{2 S 2]
L
< P{ exp (aZén(s"|C(i))) > exp(a)\L)}
i=1
L
< exp(—aAL) HE exp (ae, (s"[C(1)))].
=1
By the fact that €s"|C(i)) < 1 always holds and by stan-

dard arguments, cf. also [13], we obtain for the expectation
Elexp(ae,(s™|C(7)))] < 1+ exp(—ne + «) so that

Mh

P{exp (o) en(s"IC(1))) = exp(arL) }

1

I/\ i

xp(—aAL)(1 + exp(—ne + a))L.

Now, taking all state sequences s” € S™ into account yields

{exp a; (s™|C(7)

< exp ( — ne)\(

) > exp(aAL) for some s" € S”}

28)) ae)

where the second step follows with the choice oo = ne.
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Now, if we choose L > L := % In |S], then the probability
that the average probability of error of the constructed code is
smaller than the required A is

L

1 P . §
P{L;en(s IC(i)) < A for all s" € S }njol

exponentially fast as given by (16). -

This establishes a sufficient condition on how large the finite
amount of resources must be to achieve the whole region
Rcr (A, C1, Co, I') (with non-vanishing probability of error A).

Corollary 1: For any A € (0, 1), there exists a CR-assisted
(n,Ml,n,Mgm,Cl,CQ,F)—code Ccr with |Qn| = L that
achieves all rate pairs (Ry, R2) € Rer(A, C1,Ca, I) if

1
L>L=—Inl|S|.
>4 e)\n|‘

Next we want to establish also a necessary condition on the
minimal amount of common randomness.

Theorem 5: Let A € (0,1) arbitrary but fixed. Then for
every rate pair (Ry, Ra) € Rer(A, C1, Ca, I'), the amount of
resources L has to satisfy

1
L> %

Sketch of Proof: Let A € (0,1) and 7 > 0 be arbitrary
but fixed. Then for any (Rj, R2) € Rcr(A, C1,C, I") and
sufficiently large n > n(7), it holds for all deterministic codes
C of rates (R1, Rg) that maxgnegn €,(s"|C) > % — T, if
the AVMAC 20 is (X, ))-symmetrizable. This can be easily

shown by extending the results from [4] and [12]. Then

L

1 1 1/1

. IS it > Zen(s"C(1))> — (5 —7).
A2 mas D (" IC()) 2 mag pEa(s"C( IESACRY

Thus, L > (4 — 7) for all 7 > 0 which finally implies

L> i proving the theorem since 7 > 0 arbitrary. ]

From Theorem 4 we know that if L > - In|S| then there
exist many CR-assisted codes Ccr with finite L that achieve
the desired performance for symmetrizable channels. From
Theorem 5 we further know that L > % is necessary meaning
that for L < % no Ccr with finite L is possible. Unfortunately,
there is a gap between these two bounds so that it is open to
characterize the minimal CR in general.

Remark 4: We want to note that such a CR-assisted code
{(x?k(i),y;%(iLDjk(i)) cie{1,...,L}, (4,k) € M}, cf. (7)
and Definition 5, can be converted into a deterministic list code
{(x?k(z),y?k(z),D]k(z)) 2 (1,5, k) € {1,..., L} x M} with list
size L, cf. [13] for further details for the single-user case.

This further reveals the following interesting observation.
The list sizes determined by Theorems 4 and 5 might be
greater than the actually symmetrizability of the channel
and the resulting list size due to the strategy of Theorem
3. Thus, a list code solely created by a CR-assisted code
as in Remark 4 might not suffice to achieve the optimal
performance. Interestingly, on the other hand, the strategy of
Theorem 3 given by a “bad” list code with arbitrary small rate
in combination with a “good” CR-assisted code is optimal in
the sense that it achieves the minimal needed list size.

VI. CONCLUSION

We studied the AVMAC with conferencing encoders for
which we derived the list capacity region. It can be completely
characterized using the L-(X,))-symmetrizability condition
and it is shown that for large enough list size, i.e., larger than
the symmetrizability of the channel, the capacity region under
list decoding equals the one for highly involved CR-assisted
strategies based on coordination resources which have to be
available at all users. Thus, a large enough list size allows to
overcome the need of coordination resources. Allowing for
a small but non-vanishing probability of error, the amount
of resources (i.e. common randomness or list size) can be
shown to be finite and independent of the block length. This
is in contrast to the approach with vanishing error requiring
an increasing and unbounded amount of such resources.

The fact that both transmitters are able to cooperate using
their conferencing links further reveals the following note-
worthing observations. Investments in infrastructure imme-
diately yield gains in spectral efficiency as an increase in
conferencing capacities results in higher transmission rates.
Moreover, the ability of conferencing makes the communica-
tion more robust as the capacity region is solely characterized
by the L-(X, ))-symmetrizability condition while the capacity
of the classical AVMAC (without conferencing encoders)
depends on its marginal symmetrizability conditions as well.
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