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Abstract—If the senders and the receiver of an Arbitrarily
Varying Multiple-Access Channel (AV-MAC) have access to the
outputs of discrete correlated memoryless sources, the same rate
region is achievable as if common randomness were available.
This reduces the necessary amount of cooperation in an AV-
MAC considerably. Moreover, to transmit blocklength-n words,
no more than order logn source outputs are required.

I. INTRODUCTION

Arbitrarily Varying Channels (AVCs) and Arbitrarily Vary-
ing Multiple Access Channels (AV-MACs) are examples of
channels where deterministic coding must not be confused
with random coding. Ahlswede observed that in AVCs there
is a dichotomy: the deterministic capacity of an AVC, i.e. the
capacity achievable with deterministic coding, either equals
the random capacity, i.e. the capacity achievable with random
codes, or it equals zero [1]. Csiszar and Narayan showed that
the discriminating property is symmetrizability as introduced
by Ericson [6]: the deterministic capacity of an AVC equals
zero if and only if the channel is symmetrizable [5].

If the senders of an AV-MAC are allowed to do Willems
conferencing at positive rates C7,Cs, the situation is rather
close. Willems conferencing was introduced by Willems in
[8], [9]. This iterative way of encoder cooperation interpolates
between the traditional non-cooperative case (C; = Cs = 0)
and the case where the two senders can be treated as one (C; =
C5 = o). The symmetrizability condition applied in this case
is Ericson’s if the senders of the AV-MAC are considered to
be one. One obtains a dichotomy similar to the AVC case:
symmetrizability means that no message can be transmitted
deterministically, otherwise deterministic coding achieves the
same capacity region as random coding [7].

What does random coding mean? It means that both the
sender(s) and the receiver know the outcome of a single
random experiment which then is used to select the codewords
and decoding set for a given message (pair). The random
experiment is distributed according to a finite uniform dis-
tribution on a set with arbitrary cardinality. For the cases
described above, one can show that this cardinality can be
chosen to be quadratic in the blocklength of the random code.
But still, an application of random codes requires a lot of
coordination within the channel which in reality will be hard
to establish. Thus the question comes naturally whether less
“coordinated randomness” still is able to achieve the random
coding capacity or what it achieves instead.

For AVCs, this question was answered by Ahlswede and
Cai. If there is a Discrete Memoryless Multiple Source
(DMMS) with two stochastically dependent components, the
first of which is known to the sender and the second of which is
known to the receiver, then using this less coordinated type of
randomness is sufficient to achieve the random capacity. This
holds no matter whether or not the AVC is symmetrizable.
Thus one gets rid of the Ahlswede dichotomy at the expense
of allowing some randomness, which however does not have
to be coordinated as strongly as in what we have called
random coding so far [2]. To distinguish the two types of
randomness, we call the type of randomness described in the
first paragraphs common randomness, whereas in the second
case, we say that sender and receiver have access to correlated
sources.

The analogy to the AVC suggests that for AV-MACs, one
might get rid of the dichotomy observed for deterministic cod-
ing with the help of correlated sources. It is shown below that
this is indeed so and that the complete common randomness
capacity region is achievable, both where the senders have
a common source correlated with the receiver’s source, and
where there are three sources, one for each channel terminal.
It turns out that this can even be realized in a causal manner.

The core of the proof is to show that with these models,
some pair of positive rates is achievable. This can be done by
reducing the multi-sender setting to the single-sender setting
from [2] via conferencing. Once the existence of a pair of
positive rates has been established, one can apply Ahlswede’s
elimination technique developed in [1]. This is a derandom-
ization technique whose goal is to show the achievability of
the random coding capacity region. The underlying idea is that
the positive-rate code is used as a prefix code to transmit the
random index of any common randomness code.

For the AV-MAC, the application of the elimination tech-
nique has interesting consequences: one needs even less
coordination of randomness than in the case of the AVC
with correlated sources. In the latter case, the sender and
the receiver need n independent samples of their respective
sources. This result is used to show that a positive rate is
achievable in the AV-MAC with correlated sources. But the
correlated multiple-access codes thus obtained only enter the
code construction in the elimination technique as prefix codes
for random codes. As the blocklength of these prefix codes
grows logarithmically in the blocklength of the corresponding
random code, only order logn source outputs are necessary to



form a correlated sources code with blocklength n.

Suppose that a multiple access channel with conferencing
encoders is disturbed by a jammer. Information-theoretically,
this generates an AV-MAC. If only deterministic coding is
possible and the AV-MAC is symmetrizable, then the jammer
can completely prevent any message transmission from the
senders to the receiver. However, if the senders and the receiver
can observe the output of correlated sources, then the jammer
loses its power: transmission is possible at all rate pairs
contained in the common randomness capacity region.

Notation: For a positive integer M, we write [M] :=
{1,...,M}.

II. DEFINITIONS

Fix real numbers Cy,Cs > 0. Let W be a set of stochastic
matrices with input alphabet X} x X5 and output alphabet ).
W determines an Arbitrarily Varying Multiple-Access Channel
(AV-MAC). At each time instant, this channel arbitrarily as-
sumes one of the states contained in VV. A Willems conference
is an iterative protocol to exchange information between
the senders. In the first time slot, each sender sends some
information to the other. In the subsequent time slots, they
again send information taking into account the information
from the other sender obtained so far. The process terminates
after a fixed number I of iterations. Such a protocol can be
described as a pair of functions

(61,62) : Al X Ag — ’Cl X ICQ,

where A, As represent the respective sender’s knowledge at
the outset of conferencing and IC, = K1 X ... x K,f forv =
1,2. Details can be found in [7], [9]. A Willems conference
has conferencing capacities C, Cs at blocklength n if

1
—log|KC,| < C,.
n

In this case, we call it an (n,Cq,Cy)-Willems conference.
The input to the conference may include any knowledge the
senders have. We use the notation

, {2
V=
1

A. Separate source for each node

Let (UL,U2,V1), (U3, U3, V3),... be a Discrete Memory-
less Multiple Source (DMMS) with three components. We
denote a generic triple by (U',U?,V). It attains values in
the finite set ' x U? x V.

Definition 1 (Model 1): Let ¢,n, M, My be positive inte-
gers. An (¢,n, My, Ms)-code; is a 5-tuple (¢, co, f1, f2, ®),
where

ifv=1,
if v=2.

1) (c1,¢2) is an (n, Cq, Cy)-Willems conference
(Cl,CQ) : ([Mﬂ X Z/{”) X ([Mg] X Z/[Qe) — ICl X ICQ

for finite sets K1, Ko,
2) the encoding functions f1, fo satisfy for v = 1,2

fo M) x U x Ky — X7,

3) the decoding function ¢ satisfies
¢: Y x VE— [M] x [My].

Thus we allow conferencing also to concern a number ¢ of
outputs of the DMMS. In [2], only £ = n is considered. In our
case, it is necessary to allow for ¢ # n. Any (¢, n, My, Ms)-
codey (c1, ¢, f1, f2,®) gives rise to a system

M, M.
{(g7lnnlm2 (Ulea u%), gfrﬁmg (Ulga u%), Diyms (UZ))mll,mjzl :
ul@ c ulé,u2€ c u2f’,uf c V€}7
where

QZﬁmQ (u1€7 u2€) = fu(ml/a uuf’ clj(mla ulf’ ma, uze))v
Dmlmz (vf) = {yn € yn : ¢(yn7vf) = (mlamQ)}'
Definition 2 (Average error): For A\>0, an (¢,n, My, Ms)-
COdel (Cla C2, fla f2) d)) is an (£7 n, M17 M27 /\)_COdel if
M, M
Z Z P£1U2V(’U,M,’LL2Z, 1}@)-
mi,ma=1q1¢ 42¢ ¢

W™ (D (0°) gt oy (w00, g2t (w0, 5™)
>1—A

for every s™ € S™, if W = {W(:|-,-,s) : s € S}.
B. One source for both senders

Let (U1, V1), (Uz, V2),... be a DMMS with two compo-
nents. We denote a generic pair by (U, V). It attains values in
the finite set & x V. The Willems conference can be restricted
to only concern the messages because we will see that this
already is optimal.

Definition 3 (Model 2): Let £,n, My, M5 be positive inte-
gers. An (¢,n, My, Ms)-codes is a 5-tuple (c1,co, f1, f2,®),
where

1) (c1,¢2) is an (n,Cy, Cy)-Willems conference

(c1,¢2) @ [M] x [Ma] — Ky x K2

for finite sets K1, Ko,
2) the encoding functions f1, fo satisfy for v = 1,2

fu o [M)] x U x Ky —> X,

1
M, M,

3) the decoding function ¢ satisfies
¢: Y™ x V' — [My] x [My)].

Codewords and decoding sets are defined in the same way
as in Model 1, the average error and (¢, n, My, Ma, \)-codesy
are defined analogously.

C. Capacity regions
Definition 4: Let p € {1,2}. A pair (Ry, R2) of nonnega-
tive real numbers is called a rate pair achievable by model i if

for every ¢, A > 0 and sufficiently large n there are ¢, M7, M,
and an (¢, n, My, My, \)-code,, with

1
—logM, >R, —e, v=1,2.
n

The set of all achievable rate pairs is called the capacity region
of model |1 and denoted by C,,.



D. Deterministic and Common Randomness Codes

All of the above models generalize the concept of deter-
ministic coding. Deterministic codes are also the components
of codes which apply common randomness shared by senders
and receiver. The latter generalize the two above models. The
question answered in this work will be where C,, lies between
the deterministic and common randomness capacity regions.

Definition 5 (Deterministic codes): Let n,M;,Ms; be
positive integers. An (n,M;, Ms)-codey is a 5-tuple
(Cl, Ca, fl, fQ, (b), where

1) (c1,c2) is a (n,Cy,Cy)-Willems conference

(01,02) : [Ml] X [MQ] — ICl X ,CQ

for finite sets K1, Ko,
2) the encoding functions f1, fa satisfy for v = 1,2

fl/:[Ml/] XIC,;‘>X;L,
3) the decoding function ¢ satisfies
¢ : y” — [Ml] X [MQ]

The average error is defined analogously to the average error
of a code,,.

Definition 6 (Common randomness codes): Let n, My, Mo
be positive integers. An (n, M7, Ms)-code, is a family

{(er(),c2(7), f1(7), f2(7), 0(7)) s v €T}, )]

T a finite set, of (n, My, Ms)-codesgy. |T'| is called the amount
of common randomness.

For A > 0, an (n, M;, Ms)-code, is an (n, My, Mo, A)-
code,. if
My, M

2

ml,m2:1

1 1
P

My M, e

Wn(Dm1m2 (7)‘9117:11”12 (7)79727?1m2 (’7)7 sn)
>1—7,

where g1, (7), v = 1,2, and Dy, m, (7) are the codewords

and the decoding set, respectively, for message pair (my,ms)
in the ~-th deterministic component of the (n, M7, Ms)-code,..

The achievability of a rate pair by codes; or codes,,

respectively, is defined analogously to Definition 4. In contrast
to Models 1-2, to form a code,, the senders and the receiver
jointly have to know the outcome of a uniform random
experiment on a finite set whose size can be chosen. Note that
using a uniform distribution on a sufficiently large set can be
used to approximate any discrete probability distribution. The
continuity of the average error of codes, in the distribution of
the common randomness thus implies that common random-
ness codes generalize those from Models 1 and 2.

Definition 7: 1) A pair (Ry, R2) which is achievable by
codes, is called deterministically achievable. The set of
all such rate pairs is called the deterministic capacity
region and denoted by C,.

2) A pair (Ry, Ry) which is achievable by codes,. is called
achievable with common randomness. The set of all such

rate pairs is called the common randomness capacity
region and denoted by C,.
We note the obvious relations

CaCCinCyCcCiuUly CCy. 2)

C, depends on C1,C5 in a continuous manner. In Model
1, conferencing may also concern the outputs of U! and UZ.
Such conferencing will be necessary to achieve C,.. However,
this has to be done in such a way that one does not lose rate
compared to C,. The actual form of C, is as follows. Let W
be the convex closure of WV and let S be an index set for W,
so W = {Ws(|-,-,5) : 3 € S}. Then

C, = closure (com) <U R(p)>> .

Here, p ranges over the families of random variables p =
(Z, X1, X2,{Ys};c5) where Z attains values on an arbitrary
finite set, (X1, X2) on X} x X and Y5 on ) for every 5 € S.
Further, for every 5 € S, the sequence Z, (X1, X3),Ys forms
a Markov chain, X7, X5 are independent conditional on Z,
and the distribution of Y conditional on (X7, X5) equals Wi.
The sets R(p) can be written as (.5 R(p, 5). The set R(p, 5)
consists of those pairs (R1, R2) of nonnegative real numbers
satisfying

Ry < I(Ys N Xq1|X2Z) + Ch, (3a)
Ry < I(Ys N X3| X1 Z) + Cs, (3b)
Ri+ Rs Smin{I(Yg/\XlX2|Z)+C1+CQ, 3¢)

I(Ys A X1 X5)}.

For a better understanding of the discussions, we also give
the definition of symmetrizability.

Definition 8: An AV-MAC is called jointly symmetrizable
if there is a stochastic matrix ¢ with inputs from A7 x X5
and outputs from S such that for every choice 1,2} € A},
xo,xh € Xp and y € ),

ZW(y|x1,x2, s)o(s|x, mé):ZW(yM’l, xh, s)o(s|ry, xa).
seS seS

Remark 1: Two other, “marginal” symmetrizability condi-
tions exist for AV-MACs. They are important in the description
of the capacity region of the AV-MAC without conferencing. If
both of these conditions are satisfied, the AV-MAC is useless
with deterministic coding. However, the complete determin-
istic capacity region of the AV-MAC without conferencing
encoders is not yet completely known. Details can be found
in [3], [7]. With C1, Cs > 0, these marginal symmetrizability
conditions do not matter any more. Thus conferencing changes
the structure of AV-MACs into the direction of single-sender
AVCs.

III. MAIN THEOREM

Recall the dichotomy derived in [7] for Cy: it equals C, if
W is not jointly symmetrizable, otherwise it equals {(0,0)}.
The question is whether common randomness in all generality
is necessary to achieve C, or whether, and if so how far, this



condition can be relaxed. Models 1 and 2 describe a setting
where the senders and the receiver only have access to the
outputs of given correlated sources.

Theorem 1: Correlated sources at senders and receiver are
sufficient to achieve C,.. More precisely:

1) C, =C, if ({UiUsAV) > 0.

2) Co=C,.if [UAV)>0.

From (3a)-(3c¢) it is intuitively clear that using conferencing
for other purposes than to exchange information about mes-
sages could reduce the achievable rates. Hence in the proof
of the theorem one has to be careful to keep the conferencing
not concerned with messages as short as possible.

IV. PROOF OF MAIN THEOREM
A. Achieving a positive rate

This is the central part of the proof of the theorem. We may
assume that C, # {(0,0)}, otherwise the theorem is trivial.
First we treat Model 2. We formulate the corresponding result
as a lemma.

Lemma 1: Set o := C1/(Cy + C3). Then there exists an
R € (0, min{C1, C2}) with (aR, (1 — a)R) € Cs.

Proof: Consider W as a single-sender Arbitrarily Varying
Channel (AVC) as in [2] with input alphabet &} x X5 and
output alphabet ). Using I(U A V) > 0, it is proved in
[2] that with the help of the sequence of random variables
(U1,V1), (Ua, V2),. .., this AVC achieves a positive rate R
which we can without loss of generality assume to be strictly
smaller than min{C, C }. More precisely, for arbitrary , A >
0 and n sufficiently large there exists a system

{(™ (™), Dy (0™)M_, s ™ e U™, 0™ € VY, (4a)
gr(u™) € (X x Xp)" for u™ € U™, (4b)
Dy, (v™) € Y™ for v™ € V" (4c)
with D,,(v"™) N Dy (v"™) = @ for m # m/
where M is a positive integer satisfying
1
min{Cy,Cs} > ElogM >R—¢ (®)]
and where
— Z > Py YW (D (0™ (u™), ™) > 1=\

m=1u",v"

By enlarging n if necessary, one can find positive integers
Ml,Mg which satisfy M/2 < M1M2 < M and

C,
lo M,> ——R—c¢,
& Cr+ Oy
Thus the system (4) has a subsystem
n , : n n\Mi, Mz
{(g;{llmg (un)7972nn1m2 (u )’ Dm1m2 (Un))mll,m;:1 .

uTL E u7z7,U’rL E VTL}7

v=1,2. (6)

where g, (u™) is the X'*"-component of g;, .. (u"). This
gives us the possibility of defining an (n,n, M;, Ms)-codes.

We set K,, := [M,] and define one-shot conferencing functions

¢, as the identity on [M,], for v = 1,2. This conference
is admissible because of (5) and R < min{C7,Cs}. The
encoding functions f1, fo are defined as

fo(my,ma,u™) =gt (u"), v=1,2.

The decoding sets are obvious. The average error of the
resulting (n,n, My, Ms)-codey (c1,ca, f1, f2,¢) applied to
the channel with state sequence s™ € S™ satisfies

MlM Z ZPUVU "

mi,mgo=1u",v"

. Wn(Dmlmz( ) |gm1m2( ) 9727:L1m2 (un)73”)
M
< .
— M1 M,
1 8 .
DTS Pt ) WD g (), 57)
m=1u",v"
<2\
This completes the proof of the lemma. [ ]

Note that conferencing is essential to be able to apply the
single-user AVC theory of [2] to the AV-MAC. To prove a
statement analogous to Lemma 1 for Model 1, the idea is
that the senders first have a conference about the outputs of
their respective sources. Then we can refer to Lemma 1. Even
though the source outputs the senders have a conference about
are generated previous to the application of the codes from
Lemma 1, the average error of the concatenation is small due
to the memorylessness of the source.

Lemma 2: Set a := Cy/(C1 4+ C3) and define

B = (m +2)7
1/2

if min{C’l,Cg} <1,
if min{Cl,Cg} Z 1.

Then there exists an R € (0, min{C7, Ca}) with SR (a, 1 —
a) e (.

Proof: As noted in [2] (details in [4]) we may assume
that |/¥| = 2, otherwise the senders can apply binary functions
by, by such that (by (U1), (b2(U?)) and V are still stochastically
dependent. Let £, A > 0. By Lemma 1 thereis arate 0 < R <
min{C1,C5} such that for sufficiently large n one can find
an (n,n, My, Ma, \)-codes (c1, ¢, f1, f2, $) satisfying

%longzaR—a, %IOgMQZ(l—Q)R_E.

If min{C7,C5} < 1, set n' := [n/min{Cy, Cy}], other-
wise let n’ = n. We define an (n,n’, 1, 1)-code; as follows: for
v = 1,2, let ¢ be the identity on U*". (¢}, ¢3) is an admissible
Willems conferencing protocol at blocklength n’. The encod-
ing and decoding functions of the prefix (n,n’, 1, 1)-codel are
determined by the senders’ unique codewords ¢!, 2" and
the complete set ' as decoding set.

To enable transmission at a positive rate in Model 2, we
concatenate the (n,n’,1,1)-code; and the (n,n, My, Ms)-
codes. Assume transmission starts at time instant 1. Using
the prefix (n,n’,1,1)-code;, the senders exchange their first



n source outputs u'™ u?". When the (n,n, M, Ms)-codes
is applied after this, the senders and the receiver do not use
the source outputs at times n’ + 1,...,n’ + n to form their
codewords and decoding sets, but those exchanged earlier. This
forms a (2n,n’ 4+ n, My, Ms)-code; which is admissible be-
cause the concatenation of admissible conferencing protocols
is admissible. As the sources are memoryless, the average error
of the (2n,n’ + n, My, Ms)-code; is upper-bounded by .
Finally, we note that

log M
n’+n0g 1

1
,min{C’l,C’g} <1,
Hlin{cth} Z 1.

1 1 B
> a(R—e)- (mi“{cl’cﬂ‘ tat 1)
1/2,

An analogous statement holds for My, with o replaced by
1 — . This completes the proof. ]

B. Ahlswede’s elimination technique

In Lemmas 1 and 2 it was shown that a positive rate is
achievable by both models. Now we can establish the equality
C,, = C,. This is done using Ahlswede’s elimination technique
from [1] which was already applied in [7]. It builds on the
concatenation of the positive-rate achieving code, with a
code,..

Lemma 3 ([7], Lemma 15): C, is achievable by codes,
whose amount of common randomness is quadratic in block-
length.

Now for any A > 0 take an (n, M, My, \)-code,. given by
a family as in (1), where I' = [n?]. The goal is to construct a
code,, with approximately the same message sets and average
error. To do this, one of the senders, say the first one, first
chooses an element of v uniformly at random. Using the
positive-rate code,, whose existence we are assuming at the
moment, the outcome of this experiment can be transmitted to
the sender at vanishing rate cost. (Note that by the construction
of the code,, the second encoder is also informed about the
outcome of the random experiment.) More precisely, assume
that (R, R) € C, for some R > 0. Then if n is large, there
is an £ and an (¢,n’,n? n? \)-code, (ci,cs, fi,f5,¢*) with
n' = [(4logn)/R], because this implies (2logn)/n’ < R/2.
For a given « € [n?], the first sender can now send this index
to the receiver, the other sender transmits an arbitrary message.

Once all parties have been informed about
the value v, the (n,M;, Ms)-code; given by
(c1(7),e2(7), f1(7), f2(7),¢(7)) can be applied. This

concatenation defines an (¢, n’ +n,n?M;, n> Ms)-code,, with
small average error. It is admissible because for v = 1,2

log(|KCH[1C, (1)) n’ n

< C
n' +n —n+n V+n’+n

C, = CV)
where KC} denotes the range of ¢}, and /C,,(y) denotes the range

of ¢, (). We also obtain for sufficiently large n

log(n?M,) . _n
n+n —n+n

(R—¢)>R— 2e.

The average error of the concatenation is upper-bounded by
2. Instead of proving this we just state Ahlswede’s Inner-
product lemma [1] and appeal to [1] and [7] for details of the
application ([1] shows and actually develops the elimination
technique in the case of single-sender arbitrarily varying
channels, [7] shows it in the case of AV-MACsS).

Lemma 4 (Innerproduct lemma, [1]): Let  (aq,...,an)
and (B1,...,0n) be two vectors with 0 < cuy,, B < 1 for
m =1,..., N which for some A € (0, 1) satisfy

1 1
NZBle_)\’ Nzamzl_Av
m=1

m=1

then

1 N
= Y B = 1= 2X,
Nm—l

Thus we have obtained an (¢,n’ + n,n?>My,n>Ma,2)\)-
code,, which shows that all rates achievable by codes, are
achievable by codes,,. This means C, C C,. In (2) we noted
that the converse holds trivially, so we have equality.

Corollary 1: For un = 1,2, C, is achievable using
(¢,n, My, Ms)-codes,, with £ = O(logn).

Proof: The codes,, constructed above using Ahlswede’s
elimination technique only require the knowledge of the cor-
related sources in the first alogn time slots, where n is the
blocklength and a is a constant. [ ]

Corollary 1 should be compared to the single-sender setting
of [2], where the construction requires the observation of n
source outcomes.

Remark 2: Note that the above construction is causal as far
as the DMMS is concerned. No output of the DMMS is used
at the senders or the receiver before it has been realized.
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