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Abstract— In this paper a distributed control approach
aiming at delay-independent stability of networked (Q,S,R)-
dissipative systems is proposed. The key idea is to exploit the
available computational power in the plant side to locally im-
plement a static-output-feedback-input-feedforward controller.
This controller can be interpreted as an invertible trans-
formation of arbitrary dissipativity properties of the pla nt
into finite L2-gain properties which are invariant against
unknown constant time delay. As a result delay-independent
stability of the overall system is guaranteed if the original
plant and controller satisfy the well-known dissipativity-based
stability conditions for interconnected systems without time
delay. Extensions to time-varying delay and packet loss are
straightforward. The superior performance of the proposed
approach is demonstrated in simulations.

I. I NTRODUCTION

In networked control systems (NCS) the spatially sepa-
rated plant and controller are connected through a commu-
nication network, see Fig. 1. One of the numerous advantages
of NCS compared to the standard architecture, is their
flexible reconfiguration; nodes can be added or removed
without additional wiring effort. However, the benefits of
NCS come at the cost of time delay and possibly packet loss
in the communication. The exact transmission characteristics
typically depend on the number of nodes sharing the com-
munication line as well as their transmission characteristics,
and may be largely unknown during the controller design.

For a general overview in the NCS literature see [2].
Only a few approaches utilize the limited computational
power which is available in the plant side. For instance
in [11] the controller estimates and sends future values of
its output together with the current one, and in the plant
side a “time delay compensator” chooses the most recent
value. An interesting approach appears also in [5] where
signal processing techniques are used at plant and controller
side to reduce the influence of communication unreliabilities
modelled by a constant signal-to-noise ratio, however without
time delay considerations.

In this paper the focus is on the stabilization in the
presence of unknown, constant time delay. Constant time
delay approaches are classified into delay-dependent and
delay-independent, according to whether a bound on the time
delay value is necessary or not for stability guarantees, for
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Fig. 1. Typical networked control system architecture.

a concise overview see [6]. A distributed control approach
is proposed here for delay-independent stability, assuming
that only a linear static-output-feedback-input-feedforward
(SOFIF) controller can be implemented in the plant side.
It should be noted that the proposed approach is straight-
forwardly extendable to time-varying delay and packet as
explained later. We assume that there is a pre-designed
controller for the system without taking into account the
time delay. We additionally require that for zero time delay
the response of the closed loop system is identical to that
of system with the pre-designed controller, but without the
communication network.

The plant and the pre-designed controller can be consid-
ered non-linear systems belonging to the class of (Q,S,R)-
dissipative systems. Stability without the communication
network is assumed to be guaranteed based on classical
dissipativity theory results for interconnected dissipative sys-
tems [7]. The major contribution of this paper is a SOFIF
controller for the plant side together with a modification of
the original controller such that delay-independent stability
is guaranteed. The SOFIF controller can be interpreted as
an invertible transformation of the input-output behaviorof
the (Q,S,R)-dissipative plant. Roughly speaking, the SOFIF
controller transforms the plant into a finite gainL2 stable
system. The constant time delay operator does not alter this
L2 gain. At the controller side another SOFIF system trans-
forms the input-output behavior of the subsystem comprising
the communication network and the plant with the SOFIF
control such that it belongs to the same class of (Q,S,R)-
dissipative systems as the plant. Stability is guaranteed based
on the feedback interconnection of this subsystem and the
pre-designed controller. An alternative interpretation uses
small gain type arguments.

This work is originally inspired by the scattering transfor-
mation [1], [17], a method frequently encountered in force
feedback telepresence systems with unknown, constant time
delay, which bears however the restrictive assumption of
passive plant and controller. This paper is a continuation
of [14], [16] extending the approach in [16] to (Q,S,R)-
dissipative systems.

The remainder of this paper is organized as follows.
In Section II the necessary background on dissipativity is



given. Section III presents the proposed distributed control
architecture and in Section IV the main result regarding
the delay-independent stability is provided. Simulationsare
performed in order to validate the proposed approach in
Section V.

II. BACKGROUND

Notation. Let ‖u‖ be the L2 norm of a continuous time
functionu(·) : R+ 7→ R

m, with R+ being the set of real pos-
itive numbers andRm the Euclidean space of dimensionm.
The truncation ofu(·) until time t is denoted byut(·).
The inner product of the truncated signalsut , yt is denoted
by 〈u,y〉t , hence‖ut‖2 = 〈u,u〉t . With Lm

2e the extended space
of Lebesgue integrable functions of dimensionm with sup-
port on R+ is denoted. We consider a dynamical system
Σ as a causal input-output mappingΣ : U 7→ Y where
U ⊂ Lm

2e,Y ⊂ Lp
2e the admissible input and output spaces

respectively andΣ(t ≤ 0) = 0. The considered systems are
well defined, i.e. to each element inU an element inY
is associated. The notationM > 0 (“≥”,“ <”,“ ≤”) denotes
the positive definiteness (positive semi-definiteness, negative
definiteness, negative semi-definiteness respectively) ofM.
With diag{di} a (block) diagonal matrix with elementsdi is
denoted, and withI the unit matrix.

A. Dissipativity

For a detailed discussion on dissipativity see [7], [20].
Consider a systemΣ : U 7→ Y where U ⊂ Lm

2e,Y ⊂ Lp
2e

and its input-output vector denoted byzT = [uT yT ] where
u∈ U ,y∈ Y . Consider additionally the matricesQ= QT ∈
R

m×m,S∈ R
p×m andR= RT ∈ R

p×p.
Definition 1: A system Σ : U 7→ Y is called (Q,S,R)-

dissipative if for each admissibleu∈ U and eacht ≥ 0 holds
∫ t

0
zTPzdτ =

∫ t

0
uTQu+yTRy+2uTSydτ ≥ 0, (1)

whereP =

[

Q S
ST R

]

. (2)

Note, that we use the notation of [18] and denote the matrix
related to the output byR and the one related to the input
by Q, contrary to [7], [20] where the inverse notation is
used. Dissipativity defines a restriction on the input-output
behavior of a system. The dissipativity matrixP (2) is not
unique for each system. For instance, if a system is (Q,S,R)-
dissipative with a matrixP, it is also (Q,S,R)-dissipative with
every matrix satisfyingP′ ≥P. If the inequality holds strictly,
P′ is less restrictive, i.e. more conservative thanP.

A special case of (Q,S,R)-dissipativity, with
S= 0,R= −I , Q = γ2I ,γ ∈ R+, is finite gainL2 stability.

Definition 2: [8] A system Σ : U 7→ Y is called finite
gain L2 stable if there existsγ ∈ R+ so that for eachu∈ U

and each t ≥ 0 ‖yt‖ ≤ γ‖ut‖. (3)
Inequality (3) states that for each input, the output is bounded
by the norm of the input signal scaled by a constant factor
γ. It is straightforward to examine if a (Q,S,R)-dissipative
system is finite gainL2 stable.

Proposition 1: [7] A (Q,S,R)-dissipative system
Σ : U 7→ Y is finite gainL2 stable ifR< 0.

The most important fact of the dissipativity theory, is thatit
can guarantee the stability of interconnected systems based
only on their dissipativity parameters.

Proposition 2: [7] The negative feedback interconnection
of Σp : up(·) 7→ yp(·) andΣc : uc(·) 7→ yc(·) with dissipativity
parametersQp,Rp,Sp and Qc,Rc,Sc respectively, is finite
gain L2 stable from the reference inputw to the output of
the plant and controller[yT

p yT
c ] if

R̂=

[

Qp Sp

ST
p Rp

]

+

[

Rc −ST
c

−Sc Qc

]

< 0. (4)

In case of known LTI systems it is straightforward to ex-
amine if a system is (Q,S,R)-dissipative, using linear matrix
inequalities (LMIs).

Proposition 3: [18] A controllable, LTI system, with
state space matricesA,B,C,D is (Q,S,R)-dissipative with the
matrix P (2) if and only if there existsK = KT > 0 so that

[

ATK +KA KB
BTK 0

]

−
[

0 I
C D

]T

P

[

0 I
C D

]

≤ 0.

B. Spectral theorem

A normal matrix is one for which PTP = PPT

holds. Symmetric matrices are always normal since
P = PT ⇒ PTP = PPT = P2. According to the spectral theo-
rem a matrixP is normal if and only if it can be decomposed
as P = UTΛU , whereU ∈ R

n×n an orthogonal matrix, i.e.
UUT = I , and Λ = diag{λ1,λ2, ...}. The columns ofU are
the eigenvectors ofP. The entries ofΛ are the eigenvalues
of P, which are in the same order as the eigenvectors are
ordered inU . The order can be arbitrarily chosen.

III. D ISTRIBUTED CONTROL ARCHITECTURE

The plant Σp : Up 7→ Yp is a mapping from the in-
put up ∈ Up ⊂ Lm

2e to the outputyp ∈ Yp ⊂ Lp
2e. The con-

troller comprises two parts. The local controller, placed at
the plant side, is a linear SOFIF controller, see Fig. 2, de-
scribed by[uT

p vT
r ]T = Dr [uT

r yT
p]T , whereDr ∈R

(m+p)×(m+p)

the static controller gain matrix. The remote con-
troller Σl : [W Vl ] 7→ Ul , is a mapping from the reference
input w∈ W ⊂ Lp

2e and the left output of the communication
networkvl ∈ Vl ⊂ Lp

2e, to the left input to the communication
network ul ∈ Ul ⊂ Lm

2e. The further structure of the remote
controller seen in Fig. 2 is explained later.

The communication network is modelled as a forward
and a backward time delay operator,DT1 (controller to plant
channel) andDT2 (plant to controller channel) respectively,
with time delaysT1,T2 ∈ R+ constant but unknown. The
input-output relations are given byDT1 : ur(t) = ul (t −T1)
and DT2 : vl (t) = vr(t −T2). Their initial conditions are as-
sumed to be zero:

ur(t) = 0, t ∈ [−T1,0], vl (t) = 0, t ∈ [−T2,0]. (5)

The pre-designed controller is denoted byΣc : E 7→ Yc where
e∈ E ⊂ Lp

2e the control error. As already mentioned, we
require that for zero time delay the input-output behavior of
the system is identical to that of the closed loop system with
the pre-designed controller, and without the communication
network. This, together with the fact that the controllerDr



is applied in the plant side, leads to the decomposition ofΣl

depicted in Fig. 2.
We represent the local static controllerDr as an invertible

mapping between the right transmitted valueszT
r = [uT

r vT
r ]

and the input-output plant vectorzT
p = [uT

p yT
p], i.e. zr = Mzp

with detM 6= 0. The relation betweenDr andM is given later.
Consider now the system without the network, i.e. the feed-
back interconnection ofΣl and the subsystemΣr : Ur 7→ Vr

whereur ∈ Ur ,vr ∈ Vr .
Proposition 4: The feedback interconnection of the sub-

systemsΣr and Σl is equivalent to the negative feedback
interconnection of the systemsΣp andΣc, if Σl can be decom-
posed into a static controllerDl , i.e. [uT

l uT
c ]T = Dl [yT

c vT
l ]T ,

Dl ∈ R
(m+p)×(m+p), which represents the inverse map-

ping M−1 between the input-output vectorszT
c = [yT

c uT
c ],

zT
l = [uT

l vT
l ], i.e. zc = M−1zl and the systemΣc : E 7→ Yc,

wheree= w−uc, see Fig. 2.
Proof: Considering that for zero time delay, i.e. when
zl = zr holds, the left static system cancels the right, i.e.
zc = M−1zl = M−1zr = M−1Mzp = zp.

The relations betweenDr ,Dl andM are

Dr =

[

Dr11 Dr12

Dr21 Dr22

]

=

[

M−1
11 −M−1

11 M12

M21M
−1
11 M22−M21M

−1
11 M12

]

Dl =

[

Dl11 Dl12

Dl21 Dl22

]

=

[

M11−M12M
−1
22 M21 M12M

−1
22

−M−1
22 M21 M−1

22

]

,

(6)
where M11,Dr11,Dl11 ∈ R

m×m, M12,Dr12,Dl12 ∈ R
m×p,

M21,Dr21,Dl21 ∈ R
p×m, M22,Dr22,Dl22 ∈ R

p×p. Note
that (6) require thatM11 = Dr11 is invertible. Additionally,
the invertibility of M implies thatM22−M21M

−1
11 M12 = Dr22

is invertible. The invertibility of theDr11,Dr22 guarantees
that the controllability and observability ofΣr is preserved.

Proposition 5: AssumeΣp to be controllable and observ-
able. The subsystemΣr is guaranteed to be controllable if
and only if Dr11 is invertible. The systemΣr is guaranteed
to be observable if and only ifDr22 is invertible.
Proof: For the relation between the inputs ofΣr and
Σp we haveup = Dr11ur +Dr12yp ⇒ ur = D−1

r11(up−Dr12yp),
i.e. for each inputup and outputyp we can find a signalur .
Hence, if the system is controllable from the inputup it is
also controllable from the inputur . That controllability ofΣr

may be lost ifDr11 is not invertible is straightforward, if we
considerDr11 = 0, meaning that no control signal reaches
the plant input. The proof for observability follows the same
line, consideringDr22.

Example 1:The elements ofM in case of the scattering
transformation and SISO systems areM11 =

√

b/2,M12 =
√

1/2b,M21 = −
√

b/2,M22 =
√

1/2b, where b > 0 a pa-
rameter that can be freely chosen [17]. Considering for
simplicity b = 1 the static controller gains (6) become

Dr =
1√
2

[

1 1
−1 2

]

, Dl =
1√
2

[

2 1
1 1

]

. �

Note that forM = I the standard approach without con-
troller at the plant side is recovered. The following analysis
deals with the design ofDr ,Dl , or equivalently the selection
of M, so that stability with unknown constant time delay
is guaranteed. Throughout the paper we assume that the

Fig. 2. Networked control system with local and remote control measures.

closed loop system is well posed, i.e. for each inputw∈ W

there exists a unique solution for the signalse,uc,yc,ul ,vl ,
ur ,vr ,up,yp that causally depend onw.

We make furthermore the following assumption:
A1. The plant Σp and the controllerΣc are (Q,S,R)-

dissipative systems with the matrices

Pp =

[

Qp Sp

ST
p Rp

]

, Pc =

[

Qc Sc

ST
c Rc

]

respectively, satisfying Proposition 2.

For further reference we define also the subsystems
Σr,T : Ul 7→ Vl with ul ∈ Ul ,vl ∈ Vl , which consists ofΣr

and the communication network, andΣ3 : Yc 7→ Uc with
yc ∈ Yc,uc ∈ Uc comprising the plant,Dr ,Dl and the com-
munication network, see Fig. 2.

IV. M AIN RESULT

The description of the static systemsDr ,Dl by the ma-
trix M plays a significant role in the following.M describes
an invertible transformation of the (Q,S,R)-dissipativity
properties of a system as stated in the following Lemma.
Consider the plantΣp and the subsystemΣr , see Fig. 2.

Lemma 1:The systemΣr is (Q,S,R)-dissipative with the
matrix Pr = M−TPpM−1 if and only if Σp is (Q,S,R)-
dissipative with the matrixPp.
Proof: The relation between the plant input-output vectorzp

and the input-output vector ofΣr zT
r = [uT

r vT
r ] is

zp = M−1zr . (7)

By substituting (7) in the plant dissipativity inequality (1)

we get equivalently
t
∫

0
zT
r M−TPpM−1zrdτ ≥ 0, which is ex-

actly (1) for the input-output vectorzr of Σr , and the
dissipativity matrixPr = M−TPpM−1. Going the other way
around, starting fromΣr with the dissipativity matrixPr ,
considering thatzr = Mzp, and using the same procedure,
we reach forΣp the dissipativity matrixPp.

A transformation of the formN = MTBM where B,M
are square matrices and detM 6= 0, is called a congruence
transformation. According to Sylvester’s law of inertia con-
gruence transformations do not change the inertia of a matrix,
i.e the number of positive, negative and zero eigenvalues.
In addition, between two matrices with the same inertia,
a congruence transformation always exists. Thus, linear
SOFIF control is sufficient to arbitrarily change the (Q,S,R)-
dissipativity parameters of a system, as long as the inertiaof
the initial and the final dissipativity matrices are the same.



A. Delay-independent stability

For the following analysis we decompose the closed loop
system into the feedback interconnection of the systems
Σc and Σ3, see Fig. 2. The underlying idea is that if the
dissipativity property of the plantΣp is preserved toΣ3, then
stability of the overall system can be guaranteed based on
Assumption A1. We denote byλi ,λi ≥ λi+1 the eigenvalues
of the plant dissipativity matrixPp and by L the number
of its non-negative eigenvalues. We denote further byUp a
matrix having as columns the eigenvectors ofPp, ordered so
that the corresponding eigenvalues are in decreasing order.
By D =diag{di} > 0 an arbitrary diagonal matrix is denoted.
The next Lemma presents the main result of this paper.

Lemma 2: If the dissipativity matrix of the plantPp has
equal or less non-negative eigenvalues than the size of its
input, i.e. L ≤ m, and M is chosen to beM = DUp, then
Σ3 : Yc 7→ Uc is (Q,S,R)-dissipative with the matrix

P3 = Pp +UT
p ∆Up, (8)

with ∆ =

[

diag{0, ...,0,−λL+1, ...,−λm} 0
0 0

]

≥ 0. (9)

Proof: Based on the spectral theorem, the dissipativity
matrix of the plant can be decomposed asPp = UT

p ΛpUp,
with Λp =diag{λ1, ...,λm+p}. According to Lemma 1,
for M = DUp the dissipativity matrix ofΣr becomes

Pr = D−TU−T
p UT

p ΛpUpU
−1
p D−1 = D−TΛpD−1. (10)

Since∆ ≥ 0 (9), Σr is also (Q,S,R)-dissipative with
Pdiag,r = D−TΛpD−1 +D−T∆D−1. (11)

The dissipativity inequality forPdiag,r can be written as
d2

m+1(−λm+1)‖v1
r,t‖2 + ...+d2

m+p(−λm+p)‖vp
r,t‖2 ≤

d2
1λ1‖u1

r,t‖2 + ...+d2
LλL‖uL

r,t‖2 (12)

where ui
r ,v

j
r the i input and j output of the subsystemΣr

respectively, and{λ1, ...,λL} the non-negative eigenvalues.
For the forward and backward constant time delay operators,
taking into account (5) we can state

‖ui
r,t‖2 ≤ ‖ui

l ,t‖2, ‖v j
l ,t‖2 ≤ ‖v j

r,t‖2, ∀t > 0, (13)
and substituting (13) in (12) it follows for the subsystemΣr,T

d2
m+1(−λm+1)‖v1

l ,t‖2 + ...+d2
m+p(−λm+p)‖vp

l ,t‖2 ≤
d2

1λ1‖u1
l ,t‖2 + ...+d2

LλL‖uL
l ,t‖2,

i.e. the dissipativity matrix ofΣr,T is Pr,T = Pdiag,r . Applying
Lemma 1 toPr,T = Pdiag,r the Lemma is proved.

The systemDr transforms the plantΣp into the (Q,S,R)-
dissipative systemΣr with a diagonal dissipativity ma-
trix Pr (10). If Pp, and consequentlyPr , has less non-negative
eigenvalues than the size of its input, then all the elements
in the lower block diagonal part ofPr which corresponds
to the output are negative. Accordingly, there is a diagonal
matrix, with negative elements in the lower diagonal part,
and non-negative in the upper, i.e.Pdiag,r (11), for which the
system is again (Q,S,R)-dissipative sincePdiag,r ≥ Pr holds.
The constant time delay operators do not affect this property,
i.e.Σr,T is also (Q,S,R)-dissipative withPdiag,r . The left static
systemDl transformsΣr,T into another (Q,S,R)-dissipative
system with its dissipativity matrixP3 depending directly on
the dissipativity matrix of the plantPp.

Since∆ ≥ 0 P3 is in general more conservative thanPp.
The matrix∆ becomes zero if the matrixPp has exactlyp
negative eigenvalues. In this case,P3 = Pp holds, i.e. the ex-
act same dissipativity property of the plant is inherited toΣ3.
In the remainder of this paper it is assumed thatM = DUp.
For this selection ofM it is straightforward to formulate a
stability condition.

Theorem 1:The closed loop system with constant time
delay is finite gainL2 stable from the reference inputw to
the output of the plantyp if

R̂+UT
p ∆Up < 0, (14)

whereR̂ is given by (4) based on Assumption A1.
Proof: For the feedback interconnectionΣc andΣ3, based on
Proposition 2 and substituting (8) (4) it follows

R̂3 = P3 +

[

Rc −ST
c

−Sc Qc

]

= R̂+UT
p ∆Up.

In consequence,̂R+UT
p ∆Up < 0⇒ R̂3 < 0, i.e. the closed

loop system is finite gainL2 stable from the inputw
to zT

c = [yT
c uT

c ], i.e. the signalsuc,yc,e∈ L2e. Since ul ,vl

are linear combinations ofuc,yc we have uc,yc ∈ L2e ⇒
ul ,vl ∈ L2e. The forward time delay operator is finite
gain L2 stable soul ∈ L2e ⇒ ur ∈ L2e. Further the subsys-
tem Σr is finite gain L2 stable, thusur ∈ L2e ⇒ vr ∈ L2e.
Since up,yp are a linear transformation ofur ,vr , we have
thatur ,vr ∈ L2e ⇒ up,yp ∈ L2e, i.e. there exists aγ < ∞ such
that ‖yp,t‖ ≤ γ‖wt‖ holds∀t.

Stability of the overall system is guaranteed ifR̂ is
“enough negative definite” so that̂R< −UT

p ∆Up holds. In
case the plant dissipativity matrix hasp negative eigenval-
uesR̂3 = R̂ holds. In consequence, every plant controller pair
which is stable without the network, is again stable with the
network with arbitrarily large constant time delay and the
proposed transformation. Note, that the elements ofD can
be freely chosen to meet performance requirements.

B. Small gain interpretation

For a specific choice of the elements of the matrixD the
interpretation of Theorem 1 from a small gain perspective,
gives an interesting viewpoint of the proposed approach.
Therefore the closed loop system is decomposed into the
subsystemsΣr , Σl , DT1, and DT2 where the transmitted
signalsul , ur , vr , vl act as inputs and outputs. The open loop
systemΣOL = Σl ◦DT1 ◦Σr ◦DT2, is considered, see Fig. 2,
with its L2 gain denoted byγOL.

Corollary 1: If the elements ofD are chosen by

di =







√

qr
|λi | , i ∈ {1, ...,m},

√

rr
|λi | , i ∈ {m+1, ...,m+ p}

, (15)

with qr , rr > 0, the systemΣOL has anL2 gain γOL < 1.
Proof: For the constant time delay operators we
have γT1,γT2 = 1, thus, for the L2 gain of ΣOL holds
γOL ≤ γl γrγT1γT2 = γl γr . It remains to show thatγl γr < 1.
Choosingdi from (15) the dissipativity matrix ofΣr (11)
becomesPdiag,r = diag{qr I ,−rr I}, i.e. Σr is finite gain L2

stable with gainγ2
r = qr

rr
. Considering thatuc = −e the

dissipativity inequality (1) forΣc with the input-output
vectorzT

c = [yT
c −eT ] becomes



∫ t

0
zT
c P′

czcdτ ≥ 0 with P′
c =

[

Rc −ST
c

−Sc Qc

]

.

Considering thatzc = M−1zl and according to Lemma 1
for the dissipativity matrix of the subsystemΣl we have
Pl = M−TP′

cM
−1, and substitutingP′

c = −Pp+ R̂ from (4)
and (11), it followsPl = −Pdiag,r +M−T(R̂+UT

p ∆Up)M−1.
Subsituting (14) we havePl < −Pdiag,r =diag{−qrI , rr I}, i.e.
for the L2 gain of Σl it holds γ2

l < rr
qr

= 1
γ2
r
⇔ γ2

l γ2
r < 1.

Hence, the small gain condition in the communicated
variables is satisfied. In fact, with equality in Theorem 1 i.e.
marginal stability, also the open loop gain becomesγOL = 1.
If (4) is more robustly satisfied it results in smaller gain
γr γl , i.e. a larger stability reserve. Note, that the small gain
theorem does not need to be satisfied between the mappings
with the (original) control variablese,yc,up,yp.

Remark 1: In case of unstable plants the proposed ap-
proach locally pre-stabilizes the plant, by the righthand static
controllerDr . This becomes clear from the fact that for the
dissipativity matrix ofΣr , Rr < 0 holds, whereRr its lower
block diagonal part, i.e.Σr is finite gainL2 stable.

Remark 2:Observe that the only important fact for the
stability is that for theL2 gain of the time delay operators
γT1,γT2 ≤ 1 holds. Hence, replacing the time delay operators
DT1,DT2 with any other norm bounded uncertainty with
γ ≤ 1 does alter the stability result. Many approaches for
time-varying delay [13] and packet loss [3] in case of the
scattering transformation use this fact, introducing control
actions to keep theL2 gain of the network input-output
operator toγ ≤ 1. These approaches are straightforward to
apply here.

Remark 3:For input-feedforward-output-feedback-
passive systems, i.e. systems withQ = −δ I ,R= −εI ,
S= 1

2I , δ ,ε ∈ R, a matrix M which exactly preserves the
dissipativity properties of the plant always exists, asL = m
holds. This matrix can be analytically computed, see [16].

Remark 4: In case of passive systems,
i.e. Q = R= 0,S= 1

2I , the spectral theorem gives

Up =

√
2

2

[

I I
−I I

]

By choosing further D =diag{
√

bI,(
√

b)−1I}, the well
known scattering transformation [1], [17] is recovered.

C. Dissipativity parameters for known LTI system

If plant and controller are LTI systems with state space
matricesAi ,Bi ,Ci ,Di , i ∈ {p,c}, LMIs can be used to exam-
ine if there are matricesPp,Pc satisfying Assumption A1.

Proposition 6: The plant Σp and the controllerΣc are
(Q,S,R)-dissipative withPp,Pc, satisfying Proposition 2, if
and only if there areKi = KT

i > 0, i ∈ {p,c} so that
[

AT
i Ki +KiAi KiBi

BT
i Ki 0

]

−
[

0 I
Ci Di

]T

Pi

[

0 I
Ci Di

]

≤ 0,
[

Qp Sp

ST
p Rp

]

+

[

Rc −ST
c

−Sc Qc

]

< 0.

Proof: The proof is straightforward by combining Proposi-
tions 3 and 2.

Remark 5:Proposition 6 leads to only a sufficient delay-
independent stability condition, as it is based on the sufficient

condition of Proposition 2. The necessary and sufficient
delay-independent stability condition is based on a small
gain condition ofΣr ◦Σl , i.e. γΣr◦Σl < 1. The conservatism
is reduced becauseγΣr◦Σl ≤ γrγl holds in general with strict
inequality. However, the direct design ofDr ,Dl so that
γΣr◦Σl < 1 holds is complicated, becauseDr ,Dl are coupled
through the matrixM (6). In [15] this has been formulated
as a problem with bilinear matrix inequalities but only for
the single-input-single-output case.

V. NUMERICAL EXAMPLE

We consider the PSM example, extracted from the publicly
available benchmark collection COMPleib [10] described by

ẋp = Apxp +B1w+Bpup,

zp = C1xp+D11wp +D12up, yp = Cpxp+D12wp

where xp(·) ∈ R
7 the states,up ∈ R

2,yp ∈ R
3 the control

input and output, andwp ∈ R
2,zp ∈ R

5 the external input and
output respectively. Three different controllers are compared,
a linear quadratic regulator (LQR) with and without the static
systemsDr ,Dl , and a state feedback controller satisfying
the small gain condition. It should be pointed out, that the
comparison to the small gain based controller is “unfair”,
since state feedback is required contrary to the other two
controllers which consider output feedback.

A. Controller design

As the controllerΣc a LQR for zero time delay is consid-
ered minimizing the cost function

J = ‖zp‖2 +0.1‖up‖2dτ, (16)
together with a full state observer, with its poles placed in
the positions [-10,-11,...,-16], so as to be ten times faster than
the slowest pole ofΣp. For the selection ofM Proposition 6
is solved with YALMIP Matlab toolbox [12] and the SDPT3
solver [19], in order to compute the plant dissipativity
matrix Pp. The transformationM is chosen according to
Lemma 2 to beM = Up, i.e. D = I :

M =













−795 −201 546 51 162
−179 763 181 120 −580
235 −492 389 −325 −667

0.457 313 673 −224 433
266 −189 251 909 −63













∗10−3.

For the small gain based controller the LQR state feedback
problem is formulated in LMIs [4], with an additional small
gain constraint of the open loop transfer function, which
ensures delay-independent stability:

minimize x0K1x0 subject to
[

0.1I BT
pK1

K1Bp AT
pK1 +P1Ap +CT

pCp

]

< 0, K1 > 0,K2 > 0,

[

AT
pK2 +K2Ap+K1BpR−2BT

pK1 K2Bp

BT
pK2 −I

]

> 0,

where with bold letters the optimization parameters are
denoted, andxp(t = 0) = [1 ... 1] is the initial condition.
Using the YALMIP Matlab toolbox [12] and the local solver
PENBMI [9] the (locally optimal) state feedback is

F =

[

289 72 299 −227 206 61 251
206 61 249 522 239 52 219

]

∗10−3.



Fig. 3. Response of the first output of the systems with the LQRwith
and without the static controllers, and the small gain basedcontroller,
starting from the initial conditionxp(t = 0) = [1 ... 1]T , for various time
delay values. TABLE I

OPTIMIZATION CRITERION FOR TIME HORIZON6SEC.

Time Delay T1 +T2[ms] 0 150 300 450

Transformation 1.7377 1.9788 2.2330 2.4241
LQR 1.7376 unst. unst. unst.

State feedback small gain 1.7768 1.9584 2.3975 3.1788

B. Simulations

For comparison the response of the systems is presented
starting from the initial conditionxp(t = 0) = [1 ... 1]T ,
see Fig.3. Due to space limitations only the first output is
depicted. Various values for the round trip time delayT =
T1 + T2 are considered, equally divided to the forward and
the backward path. The system with the proposed approach
remains stable and its response is only slightly affected by
the time delay value. The LQR without the static systems
Dr ,Dl becomes unstable forT=87ms. The response of the
system with the state feedback small gain based controller
shows higher overshoot and longer settling time than the
proposed approach although it is also slightly affected by
the time delay value. In Table I the cost function (16)
for the simulation time horizon of 6sec is presented. The
proposed approach clearly outperforms the LQR without the
transformation, but even the small gain basedstate feedback
controller for the time delaysT = 0,300,450ms.

VI. CONCLUSIONS

A distributed control is proposed for delay-independent
stability of NCS composed of (Q,S,R)-dissipative systems.
Key idea is to use the limited computational power at the
plant side to implement a SOFIF controller. The SOFIF
controller transforms the plant into a finite gainL2 stable
system. Finite gainL2 stability is not affected by arbitrarily
large constant time delay. Thus, the dissipativity property of
the plant is preserved throughout the network. As a result
delay-independent stability of the overall system can be
guaranteed based on a dissipativity-based stability condition

without time delay, between the original plant and controller.
Simulations demonstrate the superior performance of the
proposed approach, in a comparison between the systems
with and without the SOFIF controller and a small gain based
state feedback controller. Extensions to time-varying delay
and packet loss are straightforward combined with existing
approaches. Future research addresses the investigation of
more general transformations.

REFERENCES

[1] R. J. Anderson and M. W. Spong. Bilateral control of teleoperators
with time delay.IEEE Transactions on Automatic Control, 34(5):494–
501, May 1989.

[2] J. Baillieul and P.J. Antsaklis. Control and communication challenges
in networked real-time systems.Proceedings of the IEEE, 95(1):9–28,
January 2007.

[3] B. Berestesky, N. Chopra, and M. W. Spong. Discrete Time Passivity
in Bilateral Teleoperation over the Internet. InProceedings of the IEEE
International Conference on Robotics and Automation ICRA’04, pages
4557–4564, New Orleans, US, 2004.

[4] S. Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan.Linear Matrix
Inequalities in System and Control Theory. Society of Industrial and
applied mathematics,SIAM, 1994.

[5] G. Goodwin, D. Quevedo, and E. I. Silva. Filter Banks in Networked
Control. In Proceedings of the 17th International Symposium in
Mathematical Theory of Networks and Systems MTNS2006, pages –,
Kyoto, Japan, 2006.

[6] K. Gu, V. Kharitonov, and J. Chen.Stability of Time-Delay Systems.
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