SAMPLING THEORY IN SIGNAL AND IMAGE PROCESSING Vol. 9, No. 1-3, 2010, pp. 119-153
© 2010 SAMPLING PUBLISHING ISSN: 1530-6429

Sampling-Type Representations of
Signals and Systems

Holger Boche
Lehrstuhl fiir Theoretische
Technische Universitat Munchen
80290 Munchen, Germany
boche@tum.de

Ullrich J. Monich
Heinrich-Hertz-Chair for Mobile Communications
Technische Universitat Berlin
Einsteinufer 25
D-10578 Berlin, Germany
ullrich.moenich@mk.tu-berlin.de

Abstract

In practical applications the sole reconstruction of signals by its samples
is sometimes not sufficient. Often, some processed version of the signal is of
interest and must be approximated by using only the samples of the signal.
In this paper, the possible reconstruction kernels are characterized. Then,
the convergence behavior of general approximation processes for transla-
tion invariant, linear, and bounded operators is analyzed for signals in the
Paley-Wiener space PW2 and these kernels. Tt is shown that the Hilbert
transform is a universal operator in the sense that the peak value of all
possible approximation processes diverges unboundedly for some signal in
PW}” regardless of the oversampling factor and the kernel. Furthermore,
for all approximation processes and all points in time, there exists an op-
erator such that the approximation process diverges in this point. The
results are compared to the approximation behavior of the Hilbert trans-
form, operating on continuous-time signals. Moreover, a simple criterion
based on the exponential function as test signal is developed for answering
the question of whether or not an approximation process is convergent for
a given operator.
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1 Introduction

In many application areas the conversion of continuous-time signals to discrete-
time signals and vice versa plays an important role. This is due to the fact that
modern signal processing is done nearly always with digital processors while the
physical quantities of the real world are always analog, i.e., continuous in time.
Therefore, the conversion of the discrete-time signal back into a continuous-time
signal by some reconstruction process is essential. The Shannon sampling series
[26] is probably the most prominent example of a reconstruction process. It
has been widely used and plays an important role in many theoretical concepts.
In his “Lectures on Computation,” Richard Feynman discusses the problem of
transmitting a function of time and writes in this context: “Consideration of
such a problem will bring us on to consider the famous Sampling Theorem,
another baby of Claude Shannon” [10, p. 132].

The sampling theorem has a long history and many famous names like Whit-
taker [29], Kotel'nikov [15], and Raabe [23] are linked with its discovery. Shan-
non originally introduced the sampling theorem for signals with finite energy.
This special case is examined under various aspects in [28]. Many authors have
tried to extend the sampling theorem to a broader class of functions, e.g., to gen-
eralized bandlimited functions [30, 7, 19]. However, these extensions consider
only the pointwise convergence of the corresponding series. This means that for
a given order of the partial sum, the approximation error cannot be bounded
uniformly for all points in time, which complicates the use of these series in real
applications. Hence, we focus on convergence that is uniform and the signal
space PW}T, which is the largest space in the scale of Paley-Wiener spaces.

Sampling series with more general kernels (bandlimited and non-bandlimited)
have been analyzed in numerous publications. [13] deals with finite-energy
bandlimited signals and gives an upper bound for the truncation error of the
Shannon sampling series with oversampling. The truncation error for non-
bandlimited, uniformly continuous and bounded signals is studied in [6]. Further
results can be found in [12, Chapter 6] and [4, 5, 9]. Sampling series with Gaus-
sian multipliers are another topic, which recently attracted attention. In [21]
an upper bound for the peak approximation error of the Shannon sampling se-
ries with Gaussian multiplier was derived for certain bandlimited signals with
finite energy. [25] extends the result by providing error bounds for larger signal
spaces, including non-bandlimited signals and entire functions. The convergence
behavior for more general kernels was analyzed in [22].

Further extensions and generalizations of the sampling theorem are treated
in the overview article [14], which contains numerous references itself, and in
[16, 17]. Recent developments in sampling theory can be found in [11, 12, 18].

Often, the interest is not in the signal itself but in some processed version of
it. This might be the derivative, the Hilbert transform, or the result of any other
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linear operator T'. Thus, the goal is to approximate the desired transformation
Tf of a signal f by an approximation process, which uses only finitely many
samples of the signal, taken at or above Nyquist rate. Exactly as in the case
of signal reconstruction, the convergence behavior is important for practical
applications.

One possible application for this sampling-based signal processing approach
is in sensor networks. There, the signal of interest is some physical quantity, for
example, temperature or electric field intensity, and the task is to approximate
some transformation of this signal by using only the samples of the signal, which
are produced by the sensors.

2 Comparison: Analog and Digital Signal Processing

In order to continue, we need some notation and definitions. Let f denote the
Fourier transform of a function f, where f is to be understood in the distribu-
tional sense. LP(R), 1 < p < oo, is the space of all the pth power Lebesgue
integrable functions on R, with the usual norm || ||,, and L>(R) the space of
all functions for which the essential supremum norm || - || is finite. C§°[t1,t2]
denotes the space of all infinitely differentiable functions on R whose support is
in [t1,t2]. Furthermore, [P, 1 < p < oo, is the space of all sequences such that
the p-norm || - ||, is finite, and {*® denotes the space of bounded sequences with
the supremum norm || - [[je.

For o > 0, let B, be the set of all entire functions f with the property that
for all € > 0 there exists a constant C(e) with |f(z)| < C(e)exp((o + €)|z|) for
all z € C. The Bernstein space B consists of all signals in B,, whose restriction
to the real line is in LP(R), 1 < p < oo. A signal in B is called bandlimited
to 0. By the Paley-Wiener-Schwartz theorem, the Fourier transform of a signal
bandlimited to o is supported in [—o, g]. For 1 < p < 2 the Fourier transform is
defined in the classical and for p > 2 in the distributional sense. It is well known
that BY C B for 1 < p < s < oo. Hence, every signal f € BY, 1 < p < oo, is
bounded.

For ¢ > 0 and 1 < p < oo, we denote by PW?Y. the Paley-Wiener space of
signals f with a representation f(z) = o= [° g(w) €* dw, z € C, for some

2r J—o

A

g € LP[—0,0]. If f € PWE then g(w) = f(w). The norm for PW?Z, 1 < p < oo,
is given by || fllpwe = (g5 /7,1 f (@) dw)!/?.

As a consequence of Parseval’s equality we have B2 = PW?T. Furthermore,
the Hausdorff-Young inequality leads to B D PWE for 1 < p <2,1/p+1/q=1,
and Holder’s inequality to PWE D PW? for 1 < p < s < co. Moreover, it holds
that 1o < I/l

Since it is desirable to have a stable reconstruction for as large a space of
signals as possible, we focus our analysis on the space PW., because PW. is
the largest space in the scale of Paley-Wiener spaces with bandwidth .
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Next, we discuss some basic properties of bandlimited signals that illustrate
the relationship between continuous-time and discrete-time signals and, thus,
the connection between analog and digital signal processing. The spaces Bk
and [P for 1 < p < oo, for instance, can be used interchangeably because of
the isomorphism between them. This isomorphism is established by the linear
sampling operator Sy : B — [P, f — (f(k))rez and the linear interpolation
operator T : 1P — BE, (f(k))kez — Ypo o F(k) 2T which is given by
the Shannon sampling series.

A very useful tool in the convergence analysis of the Shannon sampling series
is the Plancherel-Pélya theorem [27, 20].

Plancherel-Pdélya Theorem. Let 1 < p < oo. There are two constants
Ci(p) > 0 and Cs(p) > 0, depending only on p, such that for all f € By

00 1/p . 1/p 1/p
C1(p) ( > If(k)\p> < (/_ IF@)F dt) < Ca(p ( > Ik ) - (1)

k=—00 k=—o00

Note, the first inequality of (1) also holds for p =1 and p = co. It is known
in mathematical literature that the second inequality (1) cannot be valid for
p =1 and p = oo (see corresponding remarks in [27, p. 11 and p. 22]).

For signals f € B, 1 < p < oo, the convergence of the Shannon sampling
series can be shown easily. Since

S = 3° i)

is a finite linear combination of sinc functions, for f € B, 1 <p < 0o, f — SN f
is in BE, too. Therefore,

1/p 1/p

If = S fllp < Ca(p) (Zu — (Sw )k >|p> <o) | Sirwr] .

k=—o00 |k|>N

and consequently limy_,o || f — Sn f|l, = 0. Note that || f —Sn fllec < C3(p)||f —
SN fllp, for some constant Cs(p). Thus, for f € BE, 1 < p < oo, the peak
error in the approximation sup;cp|f(t) — Sy f(t)|, made by the truncation of the
Shannon sampling series to N summands, can be bounded above and goes to
zero for N — co. Since BL C B2, this result is also valid for p = 1.

Furthermore, we have the uniform convergence of the Shannon sampling
series for the for the Paley-Wiener spaces PWE  p > 1, because B D PWE for
1<p<2 1/p+1/qg=1,and PWL C PW?2 for p > 2.

For f € PW. the situation is different. In [2] it has been shown for a
very general class of axiomatically defined reconstruction processes that a stable
reconstruction is not possible in general.
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2.1 Sampling-based Signal Processing

In this paper we analyze the question how signal processing operations, defined
for continuous-time signals, can be approximated by using only the samples of
the signal. In order to do this we need a reconstruction process, which generates
the continuous time-signal out of the samples. We approach this problem not
by considering one specific reconstruction process, e.g., the Shannon sampling
series, but by doing the investigation for a whole class of reconstruction pro-
cesses. The analyzed reconstruction processes A?\,’ > N € N, are of the general

structure
(A% D) :=§_Nf (£)o(i-5), ®

where a > 1 and ¢ € B2 is such that A(JIV, » has the M-property.

Definition 1. For given @ > 1 and ¢ € B;5, we say a reconstruction process
A ¢ has the M-property if

Jim | = A%y fllpyye, =0

for all f € PW2.

The M-property, where M stands for minimum requirement, is not a practical
restriction. It is a kind of minimum requirement, i.e., we require at least a
reconstruction for signals in PW2.

Example 1. If a > 1, many kernels ¢ € B are possible. For example, kernels
¢ with trapezoidal shape in the frequency domain, i.e.,

‘ w| <7
p(w) = a'::é;f;r) < |wl <ar
0 w| > ar,

or kernels ¢ with a cosine roll-off characteristic in the frequency domain, i.e.,

. wl <7
d(w) = i(l—sm{%(‘%‘—%l)b T <|w| <arm
0 w| > ar,

can be used. If a = 1, the only possible kernel is the sinc kernel

sin(7rt) .

¢(t) =

Tt

In Section 3 we will see that all kernels above belong to the class M(a), and that
all kernels in M(a) lead to reconstruction processes that have the M-property.
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Observation 1. Since for all ¢ > 1 and each finite N € N there is a fy €
PW2 such that fx(0) = 1 and fy(k/a) = 0, 1 < |k| < N, it follows for all
reconstruction processes that have the M-property that ¢ € PW?2 .

Definition 2. W is the space of continuous signals f with the property that
A . . C . 1 A ;

f € L'(R) exists in the distributional sense and f(t) = 5= [ f(w)e™! dw.
The norm is given by | fllhw = 5=/ f|1-

Definition 3. By £ we denote the set of translation invariant, linear, and
bounded operators 7 : W — W, and by L(PWE), 1 < p < oo, the set of
translation invariant, linear, and bounded operators 7" : PWE — PWE.

Observation 2. For every T € L, there is exactly one function hr € L(R) such
that

o= [ () f(w) 6 dw 3)

o o
for all f € W, and the operator norm [Tz := supy,,., [T flw is given by
1T = llhrlloc-

Observation 2 allows us to identify the systems in £ with functions in L*°(RR)
and gives a representation in the form of the integral (3), which is valid for all
systems in L. For the sake of completeness, the proof of Observation 2 is given
in Appendix A. Conversely, every function iy € L*>°(R) defines an operator in
L. Thus, the space L is isometric isomorph to L*°(R).

Moreover, a look at the proof of Observation 2 reveals that every translation
invariant, linear, and bounded operator 7' : W — L*°(R) has the same repre-
sentation (3) with a unique function hy € L°°(R), which implies that T € £
and in particular, that the range of T is W. Furthermore, since || f|loo < ||f]w,
every operator T' € W is a translation invariant, linear, and bounded operator
T : W — L*°(R). This behavior is specific to the space W and does not neces-
sarily hold for other spaces. For example, the range of a translation invariant,
linear and bounded operator T : L?(R) — L*°(R) is not L?(R) in general.

Furthermore, it can be shown that every T' € L(PWZ), 1 < p < 2, has the

representation
1 (™.

IO =5 [ () fw)e do, @

with hp € L®[—n,x], and that the operator norm is given by IT[ zepwey =
|hr]lso. Consequently, we do not need to distinguish between operators in
L(PWL) and, in L(PW?2), because both can be identified with h € L>®[—, ].

Example 2. The Hilbert transform H is an example for an operator in £. The
Hilbert transform f of a signal f € W is defined by

f = rne = o | " (Cisgn(@) f(w) e do,

:% .
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where sgn denotes the signum function. Obviously, ||H||z = 1 and consequently
HelL.

Example 3. An example for an operator in £(PW)) is the differential operator
D, which is defined by

(Df)(t) = S / i iwf(w)e™ dw.

o o
Remark 1. All preceding considerations have been made for the bandwidth .
However, they can be easily adapted to general bandwidths o > 0.

Of course, it is natural to look for a way to calculate T'f from the samples of
f. This is the key idea of sampling-based signal processing: the whole signal is
not used to calculate some transformation of the signal, but rather the samples of
the signal. Obviously, this corresponds to the natural situation in digital signal
processing, where only samples of the signal are available. Thus, the question
whether and how T'f can be calculated from the samples of f is of practical
importance. Sampling-based signal processing should be potentially possible
because f is, as a bandlimited signal, uniquely determined by its samples, i.e.,
the whole information about the signal is contained in the samples.

For f € PW? the situation is simple: We have

(THE) = D fk)ho(t — k) (5)

k=—00

due to the convergence of the Shannon sampling series in the PW2-norm and
the continuity and linearity of T € L£L(PW?2). The series in (5) converges in
the PW%—norm and consequently uniformly on R. Because of the convergence
behavior of the Shannon sampling series for f € PW?., in particular because
the Shannon sampling series is not convergent in the PW.-norm for signals in
PW. in general [1], we cannot expect such a behavior for PWL.

By considering oversampling and a variety of kernels, we analyze the con-
vergence behavior for a whole class of approximation processes, not only the
Shannon sampling series. For T' € £ we have

(T80 1)(0) = (TAS 4 1)(1) = sz_ij (Haa(-2)  ©

by applying T on (2). The expression T'¢, and thus equation (6), is well defined,
because ¢ € PW?2_C PW._C W by Observation 1. Note that if the samples
{f(k/a)}__\ are known, then (6) is a linear method to calculate an approxi-

mation of T'f. For N — oo one could hope that T, & f is close to T'f in some
suitable norm.
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In many situations, oversampling eliminates convergence problems, because
it creates an additional degree of freedom for the kernel choice (see Example 1).
In particular, it is possible to use kernels that have a better concentration in
the time domain and thus lead to a better convergence behavior of the sampling
series. However, as we show in Section 4, oversampling cannot improve the
convergence behavior of (6) in general, i.e., there are operators T € L for which
oversampling is useless.

3 Characterization of Sampling Series Kernels for
PW2

In Section 2 we have introduced and motivated sampling-based signal process-
ing. Next, general reconstruction processes shall be analyzed. We start by
characterizing the kernels ¢ for which the reconstruction process

(43,01)(0) —k:iNf (5)o(i-5), @

a > 1, fulfills the M-property, i.e., it converges to f in the PW%—norm for all
fePWi

Definition 4. M(a), a > 1, is the set of functions ¢ € B with ¢(w) = 1/a for
lw| < 7.

The functions in M(a), a > 1, are suitable kernels for the sampling series
(7) because for all f € PW. and a > 1 we have limy_o||f — AN s flloe = 0
if ¢ € M(a). We do not prove this statement here because it follows from
Corollary 2 and Lemma 1. Furthermore, for all ¢ € M(a), a > 1, and all
f € PW2 we have limy oo f — AN o fllpwz_ =0 [8].

Definition 5. M?(a), a > 1, denotes the set of all ¢ € PW?2_ such that
iy ool f = A% s fllpy2_ =0 for all f € PW3.

Remark 2. The set M?(1) contains only the sinc kernel sin(rt)/(mt). Further-
more, by Observation 1, ¢ € M?(a), a > 1, if and only if ¢ € B and AN 4
fulfills the M-property.

Obviously, the sets M(a) and M?(a) are related to each other by the inclu-
sion M(a) C M?(a), a > 1. This relation can be more precisely characterized
by the following two lemmas, Lemma 1 and Lemma 2.

Lemma 1. Let ¢ € Bl .. Then there exists a constant Cy such thaty oo |p(t—
k/a)| < Cy for allt € R.
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Proof. For g with g € C§°[—(a+ 1)7, (a + 1)7] and §(w) =1, |w| < am, we have
= f_oooo ¢(T)g(t — 7) dr and

S Jo(- 1) [0 5 (o2

k=—N

Since 3751y lg(t—k/a—7)| < Cs, we obtain 332 |6 (t = k/a)| < Csl|]ls
which completes the proof. O

Lemma 2. ¢ € M(a) if and only if ¢ € M?(a) and there exists a positive
constant Cy such that > 72 |¢p(t —k/a)| < Cy for allt € R.

Proof. “=": Since, M(a) C M?(a), a > 1, it remains to show that there exists
a positive constant Cy such that Y 2 __|¢p(t—k/a)| < Cy for all ¢ € R. However,
this is exactly the statement of Lemma 1.

“<”: By assumption afl/a Yore oot —k/a)| dt < Cy, and since

1/a 00
/ > gb(t—)‘dt—az:/ \dt—a/ p(t)] dt
ke —o0o k/a 0o
by the monotone convergence theorem, we have al|¢[|z < Cy. O

Remark 3. Lemma 2 shows that the class of kernels M?(a) is very large. This
is important in order not to impose too large a restriction on the permissible
kernels.

The set M?(a) can be explicitly characterized on the basis of Theorem 1, in
which the functional C? : PW2 — R,

1

1 . . 2
@)= suwp [ sup (2 / mwmxwr?wmﬁdw) ,
NeN \ 1fllpyy2 <1 \ 27 Jr<jul<an
with

YRR WO

plays an important role.
Theorem 1. Let a > 1. Then ¢ € M?(a) if and only if 6 € PW?2_ and
1. ¢(w) =1/a a.e. for|w| < 7; and

2. C%(¢) < 0.
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Remark 4. The conditions 1 and 2 of Theorem 1 have a descriptive interpreta-
tion. Condition 1 basically says that ¢ should be constant in the passband, and
C?(¢) in condition 2 describes the weighted out-of-band energy of ¢.

Proof. First part, “=": Let a > 1 and ¢ € M?(a) be arbitrary but fixed. For
each N € N we have

N
1A% flowz. < flle D Illpwe < 1flpwz 2N + D)I6lpyz
k=N

which shows that A% , : PW?2 — PW?2 is a bounded linear operator. Moreover,
since ¢ € M?(a), we have, according to Definition 5, Hmy ool A% o fllpyz, =
1 £llpyy2_, and consequently supyenl| A%y 4 flpy2 < oo for all f € PW3. Thus,
it follows by the Banach-Steinhaus theorem [24, p. 98] that there exists a con-
stant Cg such that [|A% ,fllpyz < Csl| fllpy2 for all f € PW?2 and all N € N.
Since

2
143 o yps = f e ta|
No7 IPWer /aﬂ' kz ( )
— 5 [ B H@P@P ot 5 [ @@ o 6)

r<|w|<am
> 5 [ laFRHPIGE

we obtain )
LT . :
(37 [ latERD@PIGIE a2 ) < Collflpe

for all f € PW?2 and all N € N. A
Furthermore, for all f € PW?2 with [fllpw2 < 1 and f € C§°[—m, 7], we

have limy_ maxwe[_ﬂmﬂf(w)—(F]‘\l,f)( )| =0 [31, p. 57] and since ¢ € PW?_,
it follows

(3 [ PP dw>;

= (55 [ 17) = @)+ (FRHEPISIP o)

< (52 [ 1) - ErD@PIBR a) + (5 [1ERHE@PISIE )

N

. 1
< (s 1) = ERHEE) Tollpwe + 23CollFlpz,
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ie.,

1 o -
3 | FPId) do < o
Hence, ess supwe[_mﬂ]|$(w)| < 00, i.e, ¢ restricted to [—7, ] is in L*°. Moreover,
1
LT s (2 SN2 2
5r | WP —ag(w)l” dw
™ —Tr

1

= (3 [ 17~ aF D) + (D) - af @I )

27 J_,
< (52 [ 1) - atrrH@d)P @)

" (2177 /7r P|(FRf)(w) = f@)Pldw)? dw) ’

—T

< (1 "7 w) — a(FE H@)dw)P dw) :

2 J_,

+ s )] (5 [ @FRAE) - P aw) (9)

we[—m,7] -7

Since imy oo || f — A} 4 fllp2z =0 and

I = Ao, 25r [ 1) = alPRA@IWP do

by the same steps as in (8), it follows that

im = [ 1) - a(FS ) (@)d@)? dw =0

—Tr

for all f € PW?2. Consequently, for N — oo the right-hand side of (9) tends to
zero and we obtain

1 (™ . -
3 | @RI = ad(w)f dw =0

for all f € PW2. Hence, p(w) = 1/a a.e. for |w| < m.
Obviously, by the same calculation as in (8),
a 1 a f i
Aot Iz, = 5= [ aFRH@PIGWE do,
o T Ja<|w|<arm

and since supr”pW%gl||A§L\7,¢f||73)/ngr < Cg, for all N € N we have C?(¢) < oo.
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Second part, “<": Let conditions (1) and (2) of Theorem 1 be true. For all

f € PW2 and all € > 0 there exists a g € PW?2 with § € C3°[—n, 7] such that
I|f = gllpy2 < €. Moreover,

If = ANgfllpwz. = 1f—9+9— AN s9+ AR o9 — Fllpwz.
<|f =gllpwe_ +1lg = AN ggllpwe_ + 1A% (9 — Fllpwe, - (10)

The first term in (10) is bounded above by [|f — gllppz = ||f — gllpp2 <€
For the second term in (10) we obtain

lg - A% s 2pe = / 9(w) — (Fg) () dw

o |a(F§9)(w)[*|o(w)]* dw.

m<|w|<ar

Since g € C§°[—m, 7], we have limy _, 0o maX,e[—rx|G(w) — (F%§)(w)|?> =0 and

My o0 MAXy < <ar|(Fv§) (w)|* = 0. Thus, for all € > 0 there exists a Ng =
No(€) such that

2
/rg (PR )P dw < &

and
1 a(F%5) @)1 dw < &
2m r<|w|<arm N 2’

and consequently ||g — A?\[7¢g||%wg < € for all N > Nj.
The third term in (10) can be further simplified according to

1A% (9 — F)I22 =o- / (FS(5— F)(w)[? dw

+27r a(F3(§ — ) @)P1dw)? do.

First of all,

o [ 106 - PP

1 am 2
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by using Parseval’s theorem twice. Next, consider the operator defined by

(R o)1) = /_O; kﬁ:Nf <l;> s <t o I;:) sin(awr)ﬂ; sin(77) dr,

which is nothing but the convolution of A?V’ é f with the impulse response of the
ideal band-pass filter with band limits = and am. Then it follows that

[N

1 . ,
BN fllpwz, = (27r /7r<|w<M’CL(F]%f)(w)Izlcb(w)l2 daf>

Let f € PW?2 be an arbitrary signal; then f; = f/ fllpywz has the norm

I fillpwz = 1.
By assumption [[RY ,f1llpyz < C?%(¢) and consequently

IRY /o2 < C2(@) fllpwz-

Thus, 4% 5(9 = e < €+ (C20)e).
Inserting all partial results into (10), we obtain [[f — AL ,fllpp2 < €3+
C?(¢)) for all N > Nj. Since € was arbitrary, the proof is complete. Ol

4 General Approximation Behavior

Our analysis up to this point in the paper addresses reconstruction processes of
the shape (7), which are a special case of the general approximation processes

(TR0 1)(1) = (TA% 4 1)(1) = ki_Nf (Hao(e-2).

because (7) is obtained from (11) with 7" = Id, where Id is the identity operator.
In [3] it has been shown that for every approximation process there exists

an operator 1" € £ and a function f; € 731/\/71r such that the peak value of the

approximation error ||T'fi — Ty , fillc, N € N, cannot be bounded.

Theorem 2. Let ¢ € M?(a), a > 1. Then there exists an operator T € L and
signal fi € PWL such that

imsup (supl(T)(0) - (750 (0)]) = o
N—oo teR
It is even possible to state a stronger result, showing that there is a universal
operator for all ¢ € M?(a), namely the Hilbert transform, that fulfills Theorem
2 [3].
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Consistently with (11), we introduce the abbreviation

= 51 (2)5(-

for the Hilbert transform H.

Theorem 3. Let ¢ € M?(a), a > 1. Then there exists a signal fi € PWL such
that

s (supl(F)(0) ~ ()0 ) = o (12)

N—oo teR

In order to prove Theorem 3, we need Lemma 3.

Lemma 3. For alla > 1 and N € N we have

i cos (gk) < 1
— k ~sin(g5)
Proof. Obviously,
N N N
Cos (gk) 1 imk/a 1 —ik/a
k=1 k=1 m— "~~~ -1

=Ck :dk

For the first sum on the right-hand side of (13) we have

k E ” 1 — eimk/a y
j— — me/a mm/a
C’“*ZCZ*ZG - 1_ei7r/ae
=1 =1
and
1
|Ck| < ——.
Sin (%)
Summation by parts gives
N N-1
> erdi| < [Cndn|+ D [Crldy — diga))|
k=1 k=1

1 1 = 1
= Sin (2) (N " ; (k - k+1>> ' -

The right-hand side of (14) can be further simplified by evaluating the telescop-

N— 1<_> 1_i
P k+1 N

ing series
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Thus,

zwk/ai
Ze B sm(2 )

for all @ > 1 and N € N. The second sum on the right-hand side of (13) can be
upper bounded in the same way. ]

Proof of Theorem 3. Let ¢ € M?2(a) be arbitrary but fixed. Thus, by Theo-
rem 1, ¢(w) = 1/a a.e. for |w| < 7. Next, we analyze

N

(HS, o 1)t Z f() < ’;) | ) 30 e ( ’;) dw.

For the functions fr, L € N, defined by

fL(W) _ {Lﬂ- ‘w| <

0 ‘UJ| > T»

= =

we obviously have || fr||py1 = 1 for all L € N. Since

1 al k
li - § : wk/a T N
LLH;o 2T Ne <t a) de
N 1/L
~ kN L .
= lim | Y ¢ (t - ) / ekl gy
L—oo [ a 2 —-1/L

. N k al\ . k
= Eﬂt‘a) (%) (z)|=

it follows that

S|
Ifllpr <1 ="y \@ a)| |y a
Moreover,
1 e .
0 =5 [ (cisgn)dw)e do
L[ 1 )
=5 _W(—zsgn(w)) et du + P o —q Sgn(w))¢(¢u)e“"t dw
—q()
1 WS]H(UJt) dw ta(®) 1 — cos(nt) ),

arm Jo amt
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N+L we obtain

Note, ¢(t) =0 for a = 1. For ty = ==
N+1 5)) ‘

k=—N
=Ln(a)

>

Next the right-hand side of (15) is further analyzed. The first term gives
2V cos (gk)

N cos(m (ML _E
Ly(a)= ) a(gw(ljk) a))_;k

k=—N

For a = 1 this immediately simplifies to

2%? 1 — cos(7k) iv: 2 iv: k1
Ly(1) = _— = > / 7 d7 =log(2N + 3).
=1 k =0 2k + 1 =0 k T+ 5
(16)
For a > 1 a little calculation is needed:
2N+1 2N+1 2N+1
1 cos (Ek) cos (Ek:)
Ly(a)= > o > — = > log(2N +2) - > = an
k=1 k=1 k=1
by the same calculation as in (16). Thus,
2N+1 x
cos (% 1
|Ln(a)| > log(2N +2) — | (&F) > log(2N +2) — ——
1 S11 (%)
by Lemma 3.
The second term of (15) gives for a > 1
N

1 (—isgn(@)d(w) Y ewltx—h/a) g,

Y k
S gt ) = o
a 2m r<|w|<am ke N
N

k=—N
(—isgn(w))(w) e™in S ekl qy,

1
2m r<|w|<am ke N

b

e~ tNw/a _ gi(N+1)w/a

Since
N

Z eiwk/a _

ay 1 — eiw/a
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we obtain
N . .
k 1 . e~ tNw/a _ oi(N+1l)w/a
3 q(tN—> <or [l |
k=—N a T m<|w|<am —¢
2]l Py
< Cyg7—— 7.
- 8‘1_el7r/a|

Therefore, for each N € Nand a > 1

2 ()0-0)

Hence, by the Banach-Steinhaus theorem there exists a f; € PWL. such that
N
kY -~ k
a a
k=—N

Theorem 3 shows that it is possible to find for all @ > 1 and ¢ € M?(a) a
signal f; € PW., which depends on ¢ and a, such that the peak value of H N1
diverges unboundedly. Immediately the question arises: is there a universal
signal f; € PWL. such that equation (12) of Theorem 3 holds for all ¢ € M?(a),
a > 17 We will show for a smaller class of approximation processes, namely,
all approximation process with ¢ € M(a), a > 1, that it is possible to find a
universal signal that creates divergence for all approximation processes.

sup

1
> — 10g(2N) - Cg.

N—oo teR

lim sup (max

0

Theorem 4. There exists a signal fi € PWL such that for all a > 1 and all
¢ € M(a) we have

imsup (supl(F (1) ~ (o) (0)]) = o

N—o0 teR
Remark 5. Note that Theorem 4 is more general than Theorems 2 and 3 in
the sense that we have one universal signal such that divergence appears for all
approximation processes, whereas in Theorems 2 and 3 the signal can be selected
according to the approximation process. However, Theorem 4 does not imply

Theorems 2 and 3 because in Theorem 4 the set of permissible approximation
processes is smaller: We require ¢ € M(a) C M?(a).

Remark 6. We want to emphasize that the Hilbert transform is only an example
operator, and that there are other translation invariant, linear, and bounded
operators—even operators T with continuous hpy—for which we have divergence.
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Proof of Theorem 4. Let a > 1 be arbitrary but fixed and ¢ € M(a). The func-
tion <Z> can be divided into two parts, ¢1 and ¢o, by setting ¢1( ) = qﬁ(w)wl (w)
and ¢o(w) = G(w)iby(w), where (W) = &rjor(w), Wo(w) = Eoramin/2(w) —
57r/2,7r( )a and

1 lw| <a
Cap(w) = 20 1 g <] <b
0 lw| > b.

Obviously, wi, wy € LY, i1 (w) + a(w) = 1 for |w| < am and ¢ = ¢1 + ¢2. Since
= [ o(r wgt—T)dTand

P21 < / / T)||wa(t — 7)| d7 dt

=/ 16(7) dT/ fws(r)] dr = ] wall < o0

by Fubini’s theorem, we see that ¢ € BL_
Moreover, from —isgn(w )h(w) = —isgn(w)ér (w) — i sgn(w)da(w), we obtain
¢(t) = d1(t) + da(t) and ¢y € BL,. Consequently,
~ k
w(-2)
a

(5)a(-2l= ZhC

N 5 k ~
b <t - a)‘ < Cioll fllpwe lo2lls2,,

<|Ifllpnr Y

k=—N

which implies that

kYN -~ k -
(G)o(=2)=) ( Jin (- )‘ ~ Cuoll Ty 1l
It remains to show that there is a f; € PWL such that
kYN ~ k
Z fi () b1 (t—>'> = oo.
a a

_ First, we need the Hilbert ‘Eransform gz~51, which can be obtained by evaluating
P1(t) = 1/(2m) [* —isgn(w)¢r(w) e dw. A short calculation gives

N—oo teR

lim sup <Sup

Gu(t) = it + # (sin(51) — sin(rt)) (19)

aT
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The function ¢; has a removable singularity at t = 0. By setting d~>1(0) =0, it
extends to a continuous functions on R. Furthermore,

9cos [ T4 '(ft)<‘2'(ft>‘<5t
cos | -t ) sin (=5 t)] < |2sin (= 5t

$1(t) >0 fort > 0. (20)

‘sin (gt) - sin(mﬁ)‘ =

and therefore

Next, consider the functions

ity = 28

=5

Since

0 |wl> %,

. N |w <%
mm:{ w| < F

we have ||gn|p1 = 1 for all N € N. The functions gy are the building blocks of
the universal signal f;. We further need a sequence (My)gen with the property
My, > 20%) and M2 log(My)/M;, < 1, k € N, and define

o0

1
710 = S moan(t)
=1
Since ||f1||73w71T < 25021(1/12)H9M1H73W; = > 1/1> = 7°/6, we have f; €
PWL.
We divide the expression to be analyzed into three parts, as follows:
r—1

1 1
(Hoto0 1) (tar,) =Y 2 91 900) (tar,) + —5 (Hat 91900, ) ()
=1

=a(r) =p(r)

o
1
+ ) 72 Hat0901,) (B,
l=r+1

=v(r)

where 7 > 1 and ¢ty = (N + 1)/a, and treat all parts separately.
Part 3: It can be easily seen that

2 km
l=r+1 k=—M, alM

v(r) =

o'} M, 1 km
Z 1 Z SlH(aMl> ¢~>1 (Mr+a1k> >0,

because of sin(z)/z > 0 for |z| < 7 and equation (20).
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Part 2: Next, we analyze

M, gin ( kz- ~ .
OEEY (kiMT) o (M)

k=—M, aMy,

By the same argumentation as in Part 3, we have §(r) > 0. Moreover,

5(T> _ﬁ ~, 05\2
. 9 (sm <7r(M,«2—Zl k)) sin <7r(Mr:1—k)>>
am (Mﬁalfk) + an? (Mr—zl—k)2
2ism (%) 2]\§1 1 2a (sm (g—f) — sin (%k)) ’
r2 = k m2k?
a k=1
which can be further simplified by using
M+l .3
Z — > —log(M, +1) > —log(2)
wk w s
k=1
and
2M,+1 k k
92 nk mk
§ 4 20 in (2(;)2]{2 sin ()| _ o,
k=1
to
s 92 s
B(r) > rsm (a,2 log(2) B %smﬂ(a)c
o ™o
Obviously,
lim G(r) = oo. (21)

Part 1: It can be shown that
lim |a(r)| < Cia (22)
r—00

with some constant Cio < co. Since the proof of this is rather technical, we put
it in the Appendix B.

We have | (g, 60 /1) (tas, )| = a(r) +8(r) ()] = |8(r)+(r)| — la(r)], and
since (r) > 0 and ~(r) > 0 this simplifies to [(Has, ¢, f1)(tar, )| > B(r) — (7))
Following (21) and (22) we obtain lim, o |(Has, ¢, f1)(tar, )| = 0o, which finishes
the proof. O
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Theorem 4, where ¢ € M(a), a > 1, shows that the global uniform conver-
gence of the Shannon sampling series is destroyed by the linear and bounded
operator H in general. In this case, oversampling and a special kernel design do
not help to improve the convergence behavior.

Up to this point we have discussed the approximation behavior concerning
the supremum norm. We have seen that for the Hilbert transform the approxi-
mation process does not converge uniformly on R, even if the original sampling
series is uniformly convergent on R. Next, arbitrary operators T" € L are con-
sidered, and it is shown that for all ¢; € R there exists an operator 7' € £ and
a signal fo € 73)/\/71r such that the corresponding approximation process diverges
for 7.

Theorem 5. Let t; € R and ¢ € M?(a), a > 1. Then there exists an operator
T € L and a signal fo € PWL such that

limsup|(T'f2)(t1) — (T ¢f2)(t1)] = o0

N—oo
For the proof of Theorem 5 we need Lemma 4.

Lemma 4. For a > 1 and N € N, N > (2a — 1)/2, we have

/W/a sin’ ((N + %) w) dw > log <2N +1 — 1)
0 sin (%) 2a '

Proof. Let Ly, be the largest natural number such that

implies Ly q < %

2LN,a7T T .
IN+T S g Which

. Then we obtain

/w/a sin? (N +3)w) Lfi S sin? (N + 1) w) N
0

3 w 3 w
s (5) 2?\1&1 S (5)
Ly,a—1 2(k+1)m
- 1 INFL
> — S w
. (k+1)w 2km
k=0 S IN+1 2N+1

LN,a,_1 LNa

2 /ﬂ' 2
= — sin“ w dw E 7> g
. (k+1)w
2N +1 J, =0 Sm(2z—v’_+1) Pt k:

where we used sinx < x for all > 0 in the last inequality. But

Lno—1

1
> log(Lya) > 1
kz_o o = losl N,)>og<

2N +1
+ _1)’

which completes the proof. O
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Proof of Theorem 5. Due to the translation invariance of T' € L, we can assume
t; = 0 without loss of generality. Clearly,

T N
T3 N0 = 5 [ F@) 3 et ) (4]
o k=—N

Since T'¢ has the representation (T¢)(t) = 5= [*" d(w)hr(w)e™t dw, with

—aTm

some hr(w) € L>®[—an, ar], we obtain

N k 1 - N
) = 7 iwk/a
k:Z—N(Td)) ( a> 2ma /—w () k:Z—Ne dw
1 N
- 7 2 wk/a
tor m<|w|<am hr(w)9lw) k;Ne A
=Ry
T . i N+ e
MWD D) 4y Ry
2ra J_, sin (2“’—&)

where we identified Ziv:_ ~ €F/ as the Dirichlet kernel. Using (18), the mod-
ulus of Ry can be bounded above independently of N by

19 ]l oo 7|l

Ry| < C . .
‘ N|— 13 ’1_61ﬂ/a’

We use the test function

i) =sin (¥ +3) 2) o).

where § is an even, continuous function with g(w) =1, 0 < |w| < 7 and §(w) =0,
|w| > am. Then, using Lemma 4, we obtain

€

o (VD) 1 e (D)
2ma . sin (2“’—(1) wa Jo sin (;—a)
- 1/7% i (V4 5)0) 3,5 Lyg <2N+1 —1)

T Jo sin (%) T 2a

for N > (2a —1)/2. By the Banach-Steinhaus theorem there exists a function
hr such that

ma

= Q.

” sin Lyw
/ iLT(w) ((N+ 2) a) dw

lim sup . <in (2%)

N—oo
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Since

limsup sup |[(T4f)(0)] > limsup

N—oo ||fH7,W71r§1 N—o0

ﬁS(T¢)<—§>':<n,

k=—N

we can again apply the Banach-Steinhaus theorem, which states the existence
of a signal fa € PWL such that limsupy_,.o|(T% 5f2)(0)] = oco. O

We have seen that it is not possible to stably approximate the Hilbert trans-
form on the basis of the samples {f(k/a)}rez, a > 1 in general. The size of
a is irrelevant, i.e., the result is valid for all @ > 1. This shows that a stable
sampling-based signal approximation cannot be realized in general.

However, this does not mean that a stable computation of f from the signal
values {f(t)}+er is impossible. Consider

(H.f)(t) = 1/ Lt s ar

T Je<lr|<t T

Theorem 6. For all f € PW. we have lim_o||f — Hef||oo = 0.

Proof. Let f € PWL and § > 0 arbitrary but fixed. Then we have

6 - ) = |- [ Fe)e (—z'sgn<w>+}r [t dr) o

1 (™ 2 (Y€ sin(wr)
< _z
<5 77T\f(w)\ sgn(w) 71_/6 = dr| dw
and
2/1/6 sin(wt) ar| < 2/1 sin(7) dr| < Cu
€ ™ Jo T

m T

for all € > 0 and w € R. There exists a wyp = wp(d) < 7 such that

L (™ i) dw < 6
o wo’f(w)’ w <
and )
wo 1/€
i |f(w)| |sgn(w) — 2/ sin(wr) dr| dw < §(1 + Ch4)
27 ) T J. T

for all e > 0. Moreover, there exists a g = €y(d) such that

1/e
1_2/'Sm@ﬂd{<5

s T 2
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for all 0 < € < ¢g and w € [wy, 7]. Consequently, for all 0 < e < ¢

- 1 (v . 2 [V sin(wr
50 - D)0 <5 [ 1 sne) - 2 [T D go]
T J o T J. T
1 . 92 1/e o
+— |f(w)||sgn(w) — / sin(wr) dr| dw
27 wo<|w|<m T J. T
1 .
<O+ Cua)+ 05 [ I dw <801+ Cua) + 8l s
T Jwo<|w| <7 *
Since d was arbitrary, the proof is complete. O

5 Test Signals

The results in Section 4 reveal the very intricate convergence behavior of the
approximation processes. We have shown that there is no universal approxima-
tion process of the shape (11) that is convergent for all operators T € £ and all
signals f € PWL. Furthermore, we have seen that the Hilbert transform H € £
is a universal operator in the sense that for every kernel ¢ € M?(a) there exist
a signal f1 € PW}T such that

lim sup <sup ‘(ij;d)fl)(t)‘) = 00.
N—oo teR

In other words, there is no uniformly convergent approximation process for the
Hilbert transform. However, for other operators a uniformly convergent approx-
imation process can exist. It would be useful to have a simple criterion whether
an approximation process is convergent for a given operator or not. In this sec-
tion we will provide a simple test for convergence, which uses the exponential
function, namely, fi%(t) = ¢! —71 < w < 7, as test signal. Note the simple
structure of the test signals: They are scaled versions of one basic function e.
Obviously, the set of test signals is neither dense in PWL nor does it form a
linear space.

Theorem 7. For alla>1, ¢ € M?*(a), t € R and T € LIPWL.) we have:

(T 1)(E) = (T)(#) (23)

lim
N—o0

for all f € PWL if and only if there exists a constant C15 = Cy5(t) such that

> etiory) (1 )

k=—N

< Ci5(t)

max
|w|<m

for all N € N.
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Proof. First part, “=”: Let t € R be arbitrary but fixed. Then, by as-
sumption, imy—_.oo|(T'f)(t) — (Tx 4f)(t)] = 0 for all f € PW., which implies
SUDNeN SUP|f| . <1/(TR 4f)(t)] < co. This together with

N / k
zwk’a
Z (T¢) <t—a>‘

sup  [(Tiv,4.f)(1)] = max
£ llppyr <1 jwl<m

completes the first part.

Second part, “<": Let t € R be arbitrary but fixed. For each € > 0 there
exists a g € PW?2 such that ||f — gllpy1 < € and consequently |(T'f)(t) —
(Tg)(t)] < €l|T| zpyyr_)- Obviously, we have

[(TF)() = (T (@)
= [(T)(#) = (Tg)(t) + (Tg)(t) — (T 49) () + (T (9 — ))(D)]
< [(THE) = (Tg) )]+ [(Tg)(t) = (Tns9) D] + [(T,(9 = /@)

Furthermore,

(TN p(9 = I = ;ﬂ/ﬂ (Q(w) - f(w)> i\f: /(T ) <t - S) dw
- k=N
< % /_7;|f}(w) — fw) zj\i:NeiWk/a(Téb) <75 - 5) dw
< max ENJ oHe(T ) (t - k) lg = fllpwr
< Cys(t )67

where we used the assumption in the last inequality. Moreover, there exists a
No = No(e) such that |[(T'g)(t) — (T} 49)(t)] < € for all N > No. Therefore,
(THE) = (TR HOF < @+ [Tl zpwr_y + Cis(t))e for all N > Ny and the
proof is complete because € was arbitrary. O

Theorem 8. For alla > 1, ¢ € M?(a) and T € L(PW.,) we have:

Jim |7 = Tf oo = 0 (24)

for all f € PWL if and only if there exists a constant Cyg, independently of t,

such that
N k:
sup max g eiwk/a(Tp) <t - > < Cis
a
k=—N

teR |w|<m

for all N ¢ N and t € R.
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Proof. Analogously to the proof of Theorem 7. 0

Corollary 1. For alla > 1, ¢ € M?(a) and t € R we have:
Tim (A%, = ()

for all f € PWL if and only if for all t € R there exists a constant C17 = Cy7(t)

such that
k
max Z et/ g ( ) < Cir (1) (25)
for all N € N.
Proof. Corollary 1 is a special case of Theorem 7 with T' = Id. O

The next corollary is similar to Corollary 1 but makes a statement about the
uniform convergence of A%, # f.

Corollary 2. For all a > 1 and ¢ € M?(a) we have:

Jimf — AR flloe = 0 (26)
for all f € PWL if and only if there exists a constant Cig, independently of t,
such that
al k
zwk’/a i <C

sup max <

1eR /< :Z ( a) °
for all N e N and t € R.
Proof. Corollary 2 is a special case of Theorem 8 with T' = Id. 0

The equations (23), (24), (25), and (26) have a pleasant interpretation. The
exponential function '
ut)est (t) — ezwt

can be thought of as a test signal, where the parameter w ranges from — to .
Thus, if for all t € R and N € N

N [k k
2 £ (5)e(-3)

then the sampling series A% ¢f( ) converges to f(t) for all f € PWL and t € R.
However the converse statement might be more practicable: If we find one
test signal fi°5* with some wy € [—m, 7] such that

i @e(-2)

S 017(t)7

max
|w| <7

lim sup
N—oo teR
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it follows by Corollary 2 that there is a signal f; € PWL such that A7V, sJ1 does
not converge uniformly.

We can illustrate the preceding corollaries, i.e., the case T' = Id, by applying
them on the well-known Shannon sampling series.

Example 4. The sampling series A?\f’ # f with a =1 and

_ sin(nt)

o(t) =

Tt
is nothing but the Shannon sampling series. For ¢ € R fixed we have

N

Z ftest(k> Sin(ﬂ-(t — k))

2 r— < Ciz(t)

for all w < w. Thus, by Corollary 1, the Shannon sampling series converges
pointwise to f for all f € PW..
On the other hand we have

N

Z fteSt(k:) Sin(ﬂ—(tN - k))

> Chglog N
' w(ty — k)

for t;y = N+1/2, which shows that the Shannon sampling series is not uniformly
convergent on R for f € PW! in general.

Remark 7. From the proof of Theorem 7 and Example 4 it can be seen that the
Shannon sampling series is uniformly convergent on all intervals [T, 7], T' > 0,

because
N

3 ffﬁ“(k)smw“"”‘ <

sup
't m(t — k)

[7T7T]

for all N € N. Thus, Brown’s theorem, namely, the uniform convergence of the
Shannon sampling series on all intervals [-7,T], T > 0, can be derived from
test signal criterion.

Example 5. Another example is the Shannon sampling series with oversam-
pling, i.e., A%, d>f with @ > 1 and

sin(mr (t — %))
O -8

a

Here we have, after a short calculation, for all |w| < 7w and ¢t € R the upper

bound
e ()] <o )

k=—N a
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which implies, according to Corollary 2, that the Shannon sampling series with
oversampling is uniformly convergent on R for all f € PW..

This example gives a nice interpretation for the mechanisms of oversampling
for the Shannon sampling series. If oversampling with a > 1 is applied, the
critical Nyquist frequency is no more 7 but aw. Thus, the test signals frest,
|w| < 7, do not lead to a divergent series.

Next, we have a look on general approximation processes.

Example 6. For a > 1 and ¢ € M(a) we have

= ()e(-3)

because of Lemma 1 and || £, = 1.

ol k
< oo D ’(;5 (t — a)’ < Cy,
k=—N

Thus, the uniform convergence of the corresponding sampling series follows
immediately by Corollary 2.

Example 7. Finally, we investigate the convergence behavior of the approxi-
mation process Tf{,’ o f with T = D, where D is the differential operator, and
¢ € M?(a).

Fist, we analyze the case a = 1. Then the only possible ¢ is ¢1(t) =
sin(wt)/(wt) and we obtain

7%t cos(nt) — sin(rt)

(D¢1)(t) = (7’['15)2
and
(N +1-k))
Sl Zf COSN+1—1<:
N+1 k
N Z f(k N+1—k

k=—N
For the test signal fi** we have fit(k) = (=1)* and

N
1
1 test .
|(DN,¢1f7reS JIN +1)| = Z Nil_% > log(2N + 2).
k=—N
Thus,

lim sup max|(D test = 00,
Jimsup max| (D, £57)(0)
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and Theorem 8 shows that there exists a signal in f; € PWL. such that D}V o 11
does not converge uniformly on R to Df;. Hence, for a = 1 there exists no

approximation process that converges uniformly on R to Df for all f € PWL.
On the other hand for @ > 1 and ¢ € M(a), we have D¢ € BL_ and

N
kZ_N £ (k) (Dg) <t - ’;) |
N
<1271 3 [0 (¢ )|

< 047

(DR o J5=)(t) =

w

by Lemma 1 and || f!*"| = 1. Thus,

sup max (D 4 f57°) ()] < Cy
teR |w|<m

for all N € N and Theorem 8 shows that DY f converges uniformly on R to
Df for a > 1 and ¢ € M(a). Since M(a) C M?(a), a > 1, there exists an
approximation process that converges uniformly on R to Df for all f € PWL.

This example demonstrates that oversampling combined with the choice of a
suitable kernel is eligible to improve the convergence behavior for the differential
operator.

6 Conclusions

We have shown that there is no universal approximation process of the shape (11)
that is convergent for all operators T' € £ and all signals f € PW?.. Furthermore,
we have seen that the Hilbert transform H € L is a universal operator in the
sense that for every kernel ¢ € M?(a) there exist a signal f; € PW2 such that

lim sup <sup ‘(Hj’{,¢f1)(t)’> = 0.
teR

N—oo

In other words, there is no uniformly convergent approximation process for the
Hilbert transform. In general, it is not possible to approximate an operator,
acting on continuous-time bandlimited functions, by an approximation process
that uses only the samples of the function, and even oversampling does not lead
to a better convergence behavior. In fact, the convergence has to be checked
from case to case. In order to be able to decide whether an approximation
process is convergent for a given operator, we derived a simple criterion, which
uses the exponential function as test signal.
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APPENDIX

A  Proof of Observation 2

Let T € L be arbitrary but fixed.
We first prove the existence of such a function. Since T'f € W for all f € W,
we have

1 [® ~ 1 .
[(THO)] < 277/ (THW)l dw =T flw < ITlclflw = 5 ITlell Al

—00

for all f € W. Thus, ¥ : L'(R) — C, f — (Tf)(0) is a bounded linear
functional. It follows that there exists a function h € L*(R) such that

1 ®© s
_ %/_OO Fw)h(w) dw

for all f € L*(R) and, hence, for all f € W. Let fi(7) = f(7 —t). Then we have
TH0 = (T1-00) = 5- [~ Fut)h) do=5- [ fwret i) do

for all f € W. Thus, h is the desired function Ay
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Next, we show the uniqueness of the function. Suppose that there are two
functions h; € L>®°(R) and hg € L*°(R) such that (3) is true for all f € W. Then
we have

1 [ 1 [

~

hy () f(w)e™! dw =

~

ho(w) f(w) €™t dw

2 ) 2 oo

and consequently

su Oo(iz (W) = ha(w)) f(w) €™ dw =0
||f||21/ 1 :

for all f € W. Since

~

sup / (ha (@) — (@) f(@) € dw = [y — gl
(Ifll1<1Y =

we have [|h1 — ha||eo = 0, which implies that hy = hy.

B Supplement to the Proof of Theorem 4

Part 1:

r—1 M, gin km ~ .
lez > gZMJél(M’"“ k) (27)
=1 —M,  aM a

The second sum in (27) can be split into the two parts

M,  gin (a’j\’j[l> 1 -
kn M,+1—k
k=—M,  aby 9T (H£5)
and
M sin (k—”) 2 <sin (w) — sin (M))
aM; 2a a

ke 9 (My41—k\2 (29)

k=—M, TM aT ( L a )

after (19) is inserted. Obviously, the modulus of (29) can be bounded above by

M, 2MT+1

4a 1
72 2 (M +1—k 7r2 Z k2 ? (30)

k=—M
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In order to upper bound the modulus of (28) we rearrange the expression

M, km

r sin (aMl) 1
km

k=—M, aM, am (

o kT 1
+;SIH <aMl> k(M,+1+k)

=cCk :dz

and do summation by parts. Let Cj, = Zﬁ:l ¢, |k| < M,. Then

k
1 . )
_ = inw/(aM;) _ —inm/(aM))
|Ck| = Zsm (aMl> = Ze Ve !
1 |in(h+1)/(@My) _ gmim/(aby) | 1 | e—im(k+1)/(aMy) _ gim/(aMy)
=3 /@) 1 *y i@ ]
. 1 . 1 1
= Jeir/@i) —1] " Je=im/@i) 1] Sin(ZaTE\Jl)
and
M, M,—1
> erdr| < |Cardag, |+ Y |Chlldi — diya
k=1 k=1
< - <dM + Z |di| + Z \dk+1|)
(QGMZ)
Since
M,—1 -1 M,—1
- - 1 1 1 1
SRS SLE S SN
— P E(M,+1—-k) M,+1 k:lk M, +1—-k
M1y
~ M, +1 ( Z Z )
1+ 2log(M,)
1+ log(M, — 1) + log(M, ,
< gy (1 Tog(My — 1) + log(a4)) < +H2158
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M1 Mr—1 M, —1
D gl = > : : S
e k41 ot (k+1)(M, — k) M +1 P k+1 ' M, —k

:M+1( Mf Z)

1 1+ 2log(M,)
< M1 (1+log(M, —1)+1log(M,)) < ———————=

M, ’
F = — e S
pt S k(My+14+k) M, +1 &k My +1+k
1+ log(M,)
1+ log(M, —1 -
< 3 (U log(, — 1)) < 8,
and
Miid _Miil ! I S e 1
P (k)M +2+ k) Mo+l = k1 Mo+2+4k
1+ log(M;)
log( M, A
<3, g1 s <y
we obtain
M, sm(a'jw) 1
k Motk
k=—M, TZ\Z aﬂ-(%l)
1
- N alM 5+ 6log(M;) n 1
(M, + 1) ﬂzsin(27]rw> M, M, (2M, + 1)
alM

a’?M? (5 + 6log(M,) 1
< —+ +
7(M, +1) 2 M, M, (2M, + 1)

because sin(z) > 2z /7 for all 0 <z < /2.
Inserting (30) and (31) into (27) gives

r—1 2 2
1 (2a 1 a®M; 1
la(r)] _Z <3 v s v <5+610g(Mr)+2Mr+1)>

=1

o I S e = Y PRV . G
=\3 Tr0n+ ) T w2, 8 oM, +1)) 6"

Moreover, by the construction of the sequence (M, ),cz we have:

M2 | log(M,)/M, < 1,

and therefore lim, o |a(r)| < Ci2 with some constant Cio < 00.



