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Abstract

This work presents a new approach for the solution of pointwise state constrained optimal control
problems that are governed by linear elliptic partial differential equations. The main idea of this
approach is to replace the state constraints by a single constraint using a smoothed minimum function.
The resulting interior point methods are analyzed in an infinite-dimensional setting using in parts the
concept of self-concordance, which is generalized to Banach spaces. Numerical experiments demonstrate
the efficiency of the approach.

Zusammenfassung

Diese Arbeit befasst sich mit einem neuen Ansatz zur Lésung von Optimalsteuerungsproblemen mit
partiellen Differentialgleichungen und punktweisen Zustandsbeschrankungen. Die Hauptidee ist, die Zu-
standsbeschrénkungen mithilfe einer geglatteten Minimumfunktion durch eine einzige Nebenbedingung
zu ersetzen. Fiir die sich daraus ergebenden Innere-Punkte-Verfahren wird Konvergenztheorie im Un-
endlichdimensionalen entwickelt. Dabei wird unter anderem Selbstkonkordanztheorie verwendet, die auf
Banachrdume verallgemeinert wird. Numerische Experimente belegen die Effektivitdt des Ansatzes.
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1. Introduction

1.1. Optimal control with state constraints

In this thesis we present a new class of interior point methods to tackle pointwise state
constrained optimal control problems that are governed by linear elliptic partial differential
equations. The problem class that we consider is presented in detail in Section [3| It comprises,
in particular, problems of the form

. a L
min ~ Q(y,u) + —Hu||2U st. y>y,in 2, Ay-+ Bu=yg. (Pan)
(y,u)eY xU 2

Here, & > 0, Y is a Banach space with Y — C%%(£2) continuously for a given 8 > 0 and
a bounded Lipschitz domain 2 C R? with d € IN, Z a Banach space, U a Hilbert space,
Q:Y x U — R is quadratic and convex, y, € C%%(2), A € L(Y, Z) invertible, B € L(U, Z),
and g € Z. Also, we assume that (y°,u°) € Y x U and 7° > 0 exist with Ay® + Bu® = g as
well as y° — 7° > y, in 2. The equality constraint Ay + Bu = g models a partial differential
equation (PDE) in (2.

It is well-known that the pointwise state constraints y(x) > y,(x) for all z € 2 complicate the
solution of since the associated Lagrange multiplier is, in general, only a measure, see, e.g.,
[Cas86] and [CMV13]. Currently, there exist mainly three types of Newton-based algorithms
that can deal with and for which an infinite-dimensional analysis is available: Moreau-
Yosida regularization, cf., e.g., [IK03|, HK06a, [HK06b, [HK09], Lavrentiev regularization and
the closely related virtual control concept, cf., e.g., [MRT06, MPT07, [KR09, TY09a, [TY09b],
and interior point methods, cf., e.g., [PS09) [Sch09a), [Sch09b, [Sch12]. In all these approaches
a family of regularized problems is introduced. This family induces a path of solutions that
the respective algorithm follows. For a fixed regularization parameter the corresponding
regularized problem is solved using (a possibly semismooth) Newton’s method. Although all
these approaches are quite successful in practice and their convergence analyses are sophisticated,
there are still several open questions. For methods based on Moreau-Yosida and Lavrentiev-
type regularizations, the convergence of Newton’s method for a fixed regularized problem as
well as the convergence of the path of solutions to the solution of the original problem have
been established. Furthermore, estimates are available regarding Hoélder continuity of the
path of solutions, cf. [SH11, [HSW12| for Moreau-Yosida regularization and |[CKR0S8|, KR09]
for Lavrentiev-type regularizations. However, there are no complexity estimates available
for fixed regularization parameter and there are no results regarding the convergence of the
overall path-following algorithms. For interior point methods Holder continuity of the path of
solutions has been established, cf., e.g., [Sch09b], and it has been shown that it is possible to
decrease the regularization parameter in such a way that the iterates converge to the optimal
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solution of the original problem, cf. [Sch12]. This result concerns a short step method, i.e.,
each Newton step is accompanied by a decrease of the regularization parameter. Thus, it
also provides a complexity estimate for fixed regularization parameter. However, there are
no results regarding the rate of convergence of the regularization parameter. Moreover, all
these path-following algorithms lack a measure for the proximity of the actual iterate to the
path that the respective algorithm follows which can be used in theory and practice. In a
practical algorithm, therefore, heuristics are used to decide when to stop Newton’s method for
fixed regularization parameter. However, none of these heuristics guarantee convergence of the
overall algorithm on an infinite-dimensional level.

The approach taken in this thesis is based on the idea to replace the pointwise state constraints
by the constraint min. (y—y,) > 0. Here, min, is a smoothed version of the minimum functional
min 5, and € > 0 denotes the corresponding smoothing parameter. This yields regularized
versions of , parametrized by €, and induces a path of solutions. We show that this path
leads to the optimal solution of and is Holder continuous with order almost O(v/¢).
This motivates two schemes: We can fix € and derive interior point methods that solve the
regularized problem associated with this €. In combination with the estimate from the Holder
continuity of the path of solutions, this approach is viable to solve up to a prescribed
accuracy corresponding to a given €. The second idea is to develop interior point methods in
which ¢ is driven to zero.

For all algorithms that we develop we provide a detailed convergence analysis. This includes,
in particular:

e A proximity measure through which we can ensure, in theory and practice, that the
iterates stay close enough to the path which the respective algorithm follows.

e Linear convergence of the iterates to the solution of the regularized problem together
with complexity estimates in the first scheme. Here, all constants are explicit, i.e., we
can say in advance how many iterations suffice to produce a d-optimal solution of the
regularized problem.

e Convergence of the iterates to the solution of (Pg,y)) together with a bound on the number
of Newton steps required for each regularization parameter and, moreover, a rate of
convergence for the regularization parameter in the second scheme.

e In both schemes we have an estimate for the difference in function value between the
actual iterate and the solution of (Pgyyl).

e Complexity estimates for phase one, i.e., estimates for the number of Newton steps
required to find a suitable starting point if an arbitrary interior point is used as starting
point.

Our approach relies in part on the theory of interior point methods for self-concordant barrier
functions, which Nesterov and Nemirovski introduced to finite-dimensional optimization,
cf., e.g., INN94]. Since the optimization variables y and u in , however, belong to
infinite-dimensional function spaces, we need to generalize the concept of self-concordance to
infinite-dimensional spaces. Therefore, we also develop a rigorous treatment of self-concordance
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in Banach spaces in this thesis. To the best of our knowledge self-concordance in an infinite-
dimensional setting is only considered in [FM97a] and [FM97b]. However, there the constraints
are quadratic, which is rather restrictive and, in fact, not satisfied in our approach for (Pg,)).

This thesis is organized as follows. In Section 2 we generalize the theory of self-concordance to
Banach spaces. In Section 3 we present the class of optimal control problems that we consider
along with our approach to tackle these problems. In Section 4 we investigate the smoothed
problems that result from this approach. In Section 5 we present short step, long step, and
phase one methods for the first scheme, i.e., for fixed smoothing parameter €. In Section 6
we provide the necessary theory to analyze interior point methods for the second scheme, i.e.,
for ¢ — 0%. In section 7 we examine short step, long step, and phase one methods for the
second scheme. In Section 8 we present numerical results for both schemes. In Section 9 we
summarize and point out some possible future research directions. Furthermore, this thesis
contains an appendix to provide several, sometimes technical results that we consider either to
be well-known or that we feel would distract the reader unnecessarily from the presentation of
the main ideas. For instance, the appendix contains several results from functional analysis
and convex optimization.

1.2. Notation

We employ a rather standard notation. For the reader’s convenience, however, we included
some of our notation in Section [A] of the appendix.






2. Self-concordance in Banach spaces

In this section we generalize the theory of self-concordant and self-bounded barrier functions
that Nesterov and Nemirovski introduced to finite-dimensional optimization, cf., e.g., [NN94], to
Banach spaces. Since this theory makes intensive use of scalar products, one of our assumptions
implies that the underlying space is, in fact, a Hilbert space. However, since it is no additional
effort to work in Banach spaces and since it allows us to clearly point out the assumption
that induces the Hilbert space structure, we use this more general framework. Also, it may be
possible to work with a weaker assumption that induces only a pre-Hilbert space structure.
However, the investigation of whether or not this is possible is beyond the scope of this thesis.

Many proofs in this section are inspired by their finite-dimensional counterparts, with [NN94]
being the main reference. However, there is more literature that influenced the proofs we
present in this section; besides the references directly quoted we mention [BV04], [den94],
[JS04], [Ren01], and [UIb10].

To develop the theory of self-concordance in Banach spaces, we employ the following assump-
tion.

Assumption 2.0.1. Throughout Section [q let X be a Banach space and |||y its norm.

Moreover, during the entire section we suppose that K C X is a nonempty, open, and convex
subset of X.

Our aim in this section is to develop barrier methods to solve the optimization problem

in j .t. M P
minj(z) s z €M, (Psc)
where j : M — R, and M satisfies K C M C K. Further details of this problem are fixed
later. Before we deal with barrier methods for this problem, we introduce and investigate the
class of self-concordant functions, the class of self-concordant barrier functions, and the class
of self-bounded functions. These functions are at the heart of the barrier methods that we
develop.

2.1. Self-concordant functions

The following definition introduces the class of self-concordant functions. This notion, together
with the one of self-concordant barrier functions and the concept of self-boundedness (we
introduce the first in Section and the latter in Section are very important since they
constitute the framework in which we work throughout this thesis.
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Definition 2.1.1 (Cf. [Jar94] and [NN94]). Let f : K — R be thrice Fréchet differentiable.
We call f self-concordant on K iff f is convex and satisfies for all x € K and all h € X

(NI

f"(@)hy by h] < 2 (f"(2)[h, h])2

Example 2.1.2. The standard example for a self-concordant function is —In : K — R with
K = R-o. When we apply the theory of Section [2] to optimal control, we will encounter more
complex examples of self-concordant functions.

Remark 2.1.3. The right-hand side of the above inequality is well-defined since f”(z) is positive
semidefinite due to the convexity of f, cf. Lemma

Remark 2.1.4. In [NN94], Definition is stated in more generality, since a-self-concordant
functions with a > 0 are introduced. Self-concordant functions in the sense of Definition [2.1.1
are 1-self-concordant functions in the sense of [NN94].

Remark 2.1.5. The exponent 3/2 in the defining inequality of self-concordance is the only
nonnegative exponent that yields a suitably large class of functions: Assume that the exponent
were p > 0. Inserting th for h we obtain

t3_2pfm(33)[h7 h,h] <2 (f”(x)[h, h})p

for every z € K, every h € X, and every t € R\ {0}. Considering t — 07, ¢ — 07, and
t — 400, we deduce that it holds either f”” = 0 or p = 3/2. Hence, for p # 3/2 the class
of self-concordant functions would only contain quadratic functions. However, to construct
interior point methods we also need f to be a barrier function for K, i.e., f(z¥) — oo for
every sequence (z¥) C K that converges to a point z on the topological boundary of K.
Consequently, if every self-concordant function were quadratic, we could only provide interior
point methods for K = X, i.e., for unconstrained optimization problems. Thus, p = 3/2 is the
only reasonable choice.

Remark 2.1.6. Although the exponent 3/2 is the only reasonable choice in the definition of
self-concordance, this is not the case for the factor 2 that appears in this definition. This
factor can, in fact, be chosen arbitrarily: If a > 0 is chosen instead of 2 in the definition, we
see that a function f is self-concordant with respect to the new definition if and only if % fis
self-concordant with respect to the old definition with factor 2. The reason to use exactly 2 is
to make the function —In : Rsg — R self-concordant as it is, i.e., without having to rescale it.

Remark 2.1.7. Tt follows from Theorem[C.2.11|that although " is not assumed to be continuous,
the trilinear form f”(z) : X x X x X — R is symmetric, a property that we employ in
several of the following proofs. Moreover, we suspect that for the following theory even
thrice Gateaux differentiability with all differentials being symmetric would suffice, but we
do not follow this line of thought since in the optimal control setting we are interested in,
differentiability is not an issue. Nonetheless, the assumption of thrice Fréchet differentiability
instead of thrice continuous differentiability in Definition 2.1.1] is a small generalization in
comparison to the literature.

Definition is often stated slightly different, namely with the absolute value applied to the
left-hand side of the defining inequality. In the next lemma we show that these two definitions
coincide and present a third equivalent characterization of self-concordance.
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Lemma 2.1.8. Let f : K — R be thrice Fréchet differentiable. Then the following three
statements are equivalent:

1) f is self-concordant on K, i.e., f is convex and satisfies for all x € K and all h € X

Nl

f"(@)[h, by h] < 2 (f7(2)[h, B])2 .

2) f is convex and satisfies for all x € K and all h € X

Njw

|f" (@), b, B[ < 2 (f"(2)[h, h])2 .
3) f satisfies for all x € K and all h € X
(/" @) by 1])* < 4 (" (@) [ 1)

Proof. Assume that 1) holds. Fix x € K and h € X. In the defining inequality of self-
concordance we replace h with —h and use f"”(z)[—h,—h,—h| = —f"(x)[h, h, h] as well as
P1(@)h,—h] = £(2)lh, b] to infer max{ £ (z)[h, b, K], " (x) b, b, B} < 2 (£ (2)[h, A])?.
This clearly implies 2). Now assume that 2) holds. Fix z € K and h € X. Squaring both
sides of the inequality in 2) yields 3). Suppose that 3) holds. First note that 3) implies
f"(z)[h,h] > 0 for all z € K and all h € X, which shows the convexity of f. To derive the
inequality in 1), take the square root in 3), which is possible due to f”(z)[h,h] > 0. With
" (z)[h, h, h] < |f"(x)[h, h, k]| this implies 1). O

We present another characterization of self-concordance. To state this characterization concisely
we need the following definition.

Definition 2.1.9. Let f : K — R be a function. For x € K and h € X we define
Lp={teR:z2+the K} and forn i Ion = R, fon(t) = f(z+th).
Remark 2.1.10. Since K is open and convex, I, j is an open interval containing zero.

Using this definition we now present different characterizations of self-concordance which,
basically, show that self-concordance is a property “along lines”.

Lemma 2.1.11. Let f : K — R be thrice Fréchet differentiable. Then f is self-concordant
on K if and only if one of the following four equivalent statements holds:

1) For every x € K and every h € X the function fyp, is convex and satisfies for allt € I,
%
) <2 (fram)?.

2) For every x € K and every h € X the function fy is convex and satisfies for allt € I p,

F| <2 (£m) "
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3) For every x € K and every h € X the function f, satisfies for allt € Iy,
2 3
(@) <a(fru®)”
4) For every x € K and every h € X the function f,p, is self-concordant on I .

Proof. Using f,",(t) = f"(y)[h, h,h] and f;/,,(t) = f"(y)[h, h] with y := z +th, the equivalence
of 1), 2), and 3) can be established as in Lemma We now show that f is self-concordant
on K if and only if 3) holds. The inequality in 3) is equivalent to

(f"(z + th)[h, b, b)) < 4 (f"(z + th)[h, h])°. (2.1)

Since I, O {0} holds, this implies self-concordance of f, as follows by virtue of 3) in
Lemma . Conversely, fix x € K, h € X, and t € I, ;. Using 3) from Lemma at
x + th € K in direction h € X, we obtain (2.1)). This concludes the reasoning that 3) is
equivalent to f being self-concordant. We now establish that 4) is equivalent to 3). This
follows by applying Lemma 3) to fu,n since the direction in which f7', (t) and f;,(?) are
evaluated belongs to R and, therefore, cancels out. O

Remark 2.1.12. The characterization in 4) indicates how we can use finite-dimensional self-
concordance theory to establish results in the infinite-dimensional case.

Definition 2.1.13. Let f : K — R be twice continuously differentiable and convex. For
every z € K, f”(x) induces a symmetric, positive semidefinite bilinear form via the definition
(v, W) pr(z) 1= f"(z)[v,w] and a seminorm via ||v| fr(z) := 1/ (v, V) pr(z). We call this seminorm
the local seminorm of v at x.

Remark 2.1.14. The fact that a symmetric, positive semidefinite bilinear form induces a
seminorm is proven in [MV92] 11.1].

The following lemma presents a geometrical interpretation of self-concordance.

Lemma 2.1.15. Let f : K — R be thrice Fréchet differentiable and convex, and denote
B, ={heX: Al g1y < 1} for x € K. Then f is self-concordant on K if and only if it
satisfies for all x € K
sup  f"(x)[h1, ho, h3] < 2.
h1,h2,h3€By

Proof. This follows from the definition in combination with Lemma O

Remark 2.1.16. The previous lemma shows that f”(x) is a bounded trilinear form if the
seminorm ||-|| ¢ (4 is used on X, and that the bound is uniform with respect to 2. Note that if
[l x is used instead of [|-[| (), then this uniformity may not hold as f(z) = —In(z) shows.

Remark 2.1.17. We will see that self-concordant functions are very well-suited for the application
of Newton’s method. An informal motivation for this fact is based on the preceding lemma: It
is well-known, for instance from the Newton-Kantorovich theorem and the Newton-Mysovskikh
theorem, cf. [Deulll Section 1.2.1], that the convergence properties of Newton’s method depend
on the Lipschitz constant of f”. Thus, bounding f”, which corresponds to bounding the
Lipschitz constant of f”, seems to be a reasonable approach.



2.2. Self-concordant barrier functions

The sum of two self-concordant functions is self-concordant, too.

Lemma 2.1.18. Let K1, Ky C X be open and convex sets with K := K1 N Ky # 0. Let
fi: K1 = R and fy : Ko — R be self-concordant on K1, respectively, Ko. Then

f:K—=R, f(x):=fi(z)+ falz)

1s self-concordant on the nonempty, open, and convex set K.

Proof. Clearly, K is nonempty, open, and convex, and f is thrice Fréchet differentiable. It
remains to show the self-concordance of f. The definition of self-concordance implies that
the restrictions of f1 and fs to K are self-concordant. Thus, the assertion follows from the
inequality /2 4 b3/ < (a 4 b)*/? for a,b > 0. O

We show that —C'In(q) is self-concordant for C' € [1,00) if ¢ is a quadratic, concave function.
Note that if f is self-concordant and C € (0, 1), then C'f may not be self-concordant.

Lemma 2.1.19. Let ¢ : X — R be quadratic and concave, and define K := {x € X : q(x) > 0}.
Suppose that K is nonempty and let C € [1,00). Then f: K — R, f(z) := —C'lIn(q(x)) is
self-concordant on the nonempty, open, and convex set K.

Proof. Obviously, K is nonempty and open. It is, furthermore, convex since ¢ is concave.
To show that f is self-concordant on K, it suffices to consider C' = 1. The fact that f is
thrice Fréchet differentiable can be deduced from Corollary and the product rule. Using
¢"" = 0 and the notation ¢ := q(z), ¢’ := ¢'(z)[h], ¢" == ¢"(x)[h,h] for x € K and h € X we
obtain N2 " 10 n3
R G R o P e C
q q
where we used ¢¢” < 0 due to the concavity of ¢ and the definition of K. Hence, it remains to
show (f"'(x)[h,h])? < 4(f"(z)[h, h])3, which is equivalent to (3¢¢’q"” —2(¢")?)? < 4((¢')* —qq")3.
For the left-hand side we have (3qg¢’q” — 2(¢')®)? < 4(¢")® — 12¢(¢")*¢" + 12(qq’q")?. For the
right-hand side we use ¢¢” < 0 to deduce 4((¢')> — q¢")? > 4(¢')® — 12¢(¢")*q" + 12(qq'q")?.
These estimates imply that f is self-concordant on K. O

f"(@)h, h] =

)

2.2. Self-concordant barrier functions

In this section we introduce and examine the class of self-concordant barrier functions.

Definition 2.2.1 (Cf. [Jar94]). We call a continuous function f : K — R a barrier function
for K iff it has the property

(") C K, lim 2 =2 € 0K — lim f(z) = +o0.
k—o0 k—o0

Here, 0K denotes the boundary of K.

Example 2.2.2. Obviously, —In : K — R is a barrier function for K = R~y.
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Remark 2.2.3. Tt is no restriction to assume in this definition that K is open: Suppose that we
have a barrier function f: S — R for S C X. From the barrier property together with the
continuity of f we infer that SN dS is empty. Hence, S is open.

Definition 2.2.4. We call f : K — R a self-concordant barrier function for K iff it is
self-concordant on K and a barrier function for K.

Remark 2.2.5. In [NN94], self-concordant barrier functions are called strongly 1-self-concordant
functions.

We examine the behaviour of the local seminorm at x with respect to perturbations in z. For
self-concordant barrier functions, local seminorms contain feasibility information.

Lemma 2.2.6 (cf. [NN94, Theorem 2.1.1}). Let f : K — R be self-concordant on K. Let
v € K and h € X with ||h|[ 1) <1 and x +h € K. Then it holds for all h € X

1

1oll e
If, in addition, f is a barrier function for K, then ||f~L||f//(x) <1 implies x + h € K.

Proof. We start by demonstrating the asserted inequalities. To this end, we define I := [0, 1]
and set for every h € X

Yp T =R, p(t):= f"(x + th)[h, h).

According to Lemma [C.1.0] self-concordance of f implies for all z € K and all hy, ho, hg € X

£ @), ha, hs)| < 20/ £ (@) ha, ha) -/ (@) o, ha] - \/ () [hs, h).

Fixing h € X this establishes on [ the differential inequalities
3
ROl <2Wh1)2  and  [¥h(1)] < 2¢/95(t) - Pn(t). (22)

Applying Gronwall’s inequality from Lemma 1) with a(t) = 295, t)%, we conclude ¢; = 0
on [ if HiLHf//(m) = 17(0) = 0 holds. The application of Lemma [D.0.4] 1) is possible since
shows with the continuity of ¥; on the compact interval I that w% is bounded. From
Lemma 2), applied with «(t) = —Qwﬁ(t)%, we deduce that HfNLan(x) > 0 implies ¢; > 0
on I. In the first case, shows that 1)y, is constant on I by the mean value theorem so that
the asserted inequalities follow from ||h||2”(x+ﬁ) = ¢p(1) = Yp(0) = HhHQ,,(x). It remains to

deal with the second case. Thus, we have ¢; > 0 on I. The self-concordance of f, therefore,
implies |(1/1}~L(t)7%)’| <1 on I. Integration from 0 to ¢ establishes (@D;l(t))f% > (1#,;(0))7% —t
for all t € I. Integration is possible due to Lemma since (7 (t)”2)" is apparently
bounded on I. From the last inequality, we infer \/wﬁ(t) < \/@/J;L(O)/(l — t4/95(0)). Note

that 1 —¢/¢7(0) > 1 — ||}~l||f// > 0 holds on I by assumption. This shows with (2.2) that
[, ()] < 245 (t) - 1/137(0)/(1 — t1/47(0)) is satisfied for all ¢ € I. Using Gronwall’s inequality

-

10



2.2. Self-concordant barrier functions

again, we either have ¢, = 0 or ¥, > 0 on I depending on whether v, (0) = 0 or 15,(0) > 0. In
the first case, 1, is constant and as above this implies the asserted inequalities. In the latter
case, we divide by 9y, and integrate from 0 to ¢ to find [In(+y,(t) /44 (0))| < 2In(1/(1—t4/47(0)))
for all t € I. From this, both inequalities of the assertion follow by use of t = 1 and application
of the exponential function.

For the second part of the proof, let z € K and h € X with HfLHfu(z) < 1 be given. We
have to show 1 € I_;. To argue by contradiction let us assume 1 ¢ I_;. The first assertion

implies \/f;’ﬁ(t) < \/ 7 (0)/(1 =t /f!:(0)) for all t € I, ; N[0,1]. Squaring this inequality
and applying Corollary twice, we see that this implies boundedness of f, ; on I_; N[0, 1].
Moreover, we have f ;(t) — +oo for ¢ — supl_; < 1 since f is a barrier function for K.
However, this contradicts the boundedness of f,; on I_; N[0,1]. t

Remark 2.2.7. The inequalities of the previous lemma are sometimes used to define the class
of (strongly nondegenerate) self-concordant functions, see, e.g., [Ren01l Section 2.2.1]. This
broadens the class of self-concordant functions slightly since then self-concordant functions
are allowed to be only twice continuously differentiable instead of thrice Fréchet differentiable.
The definition of self-concordance we employ is, however, better suited to check if a given
function is self-concordant. And indeed, proving self-concordance of certain barrier functions
is an important part of this thesis. Furthermore, it can be shown that in the case of thrice
Fréchet differentiable functions with f”(x) being positive definite for all x € K, the definition
via the inequalities of Lemma [2:2.0] is equivalent to the definition of a self-concordant barrier
function in the sense of Definition [2.2.4] see [Ren01], Section 2.5, in particular Theorem 2.5.3].

To compute Newton steps we require f”(z) € £(X, X*) to be invertible. In a finite-dimensional
setting the following property is sufficient to ensure this.

Definition 2.2.8. Let f : K — R be twice continuously differentiable. We call f pd on K
iff f”(x) € B(X x X,R) is positive definite for every z € K, i.e., iff f”(x)[h,h] > 0 holds for
all z € K and all h € X \ {0}. Here, B(X x X,R) denotes the space of bounded real-valued
bilinear mappings defined on X x X.

Remark 2.2.9. Accordingly, we say that f is pd self-concordant on K or a pd self-concordant
barrier function for K iff f is pd and self-concordant on K or pd and a self-concordant barrier
function for K, respectively. We mention that in [NN94], pd self-concordant barrier functions
are called nondegenerate strongly 1-self-concordant functions.

We provide sufficient conditions for self-concordant functions to be pd self-concordant.

Lemma 2.2.10. Let f : K — R be self-concordant on K. If there exists x € K such that
1" (z) is positive definite, then f is pd self-concordant on K. Furthermore, if K does not
contain a straight line, then every self-concordant barrier function for K is a pd self-concordant
barrier function for K.

Proof. To establish the first assertion we argue by contraposition. To this end, let there
be £ € K and h € X \ {0} such that f”(Z)[h,h] = 0 holds. We show that this implies

11
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f"(x)[h,h] = 0 for all z € K. This suffices. Let 2 € K and denote I := [0,1], v: [ — K,
2(t) = &+ t(z — &), and @ T — Rso, p(t) = f"(1(6))[h, h]. Then we have

(O] = 7" (0) .z — 31| < 20" (3(0) 1)1 (O o — 7,2 —

for all ¢t € I, where we used the inequality from Lemma [C.I.6] Due to the extreme value
theorem there exists M > 0 such that ¢'(t) < M f"(y(t))[h,h] = M(t) holds for all t € I.
Thus, Gronwall’s inequality together with ¢(0) = 0 yields ¢ = 0 on I, c¢f. Lemma In
particular, it holds 0 = ¢(1) = f”(x)[h, h].

To establish the second assertion let there again be & € K and h € X \ {0} such that
1" (Z)[h, h] = 0 holds. We have shown in the first part that this implies f” ( )[h, h] = 0 for all
z € K. Now fix x € K and consider f,, : I , — R. Since there holds h =0on Ippn, fon
is affine linear on I, ;. Hence, the barrier property of f yields I, ; = R, i.e., K contains the
straight line = + th, t € R. O

If K does not contain a straight line and f : K — R is a self-concordant barrier function
for K, then f is a pd self-concordant barrier function for K according to Lemma [2.2.10} If
X is finite-dimensional, this implies that f”(z) is invertible for all z € K. However, if X is
infinite-dimensional, then f”(x) may fail to be invertible, nonetheless. The following example
demonstrates this.

Example 2.2.11. Consider the separable Hilbert space X := {5 := l5(R), i.e., the space of
square summable real sequences. We endow this space with the usual scalar product and norm,
ie., (v,w)x == > 4= 1vkwk and ||z||x = (22, #7)'/2. We consider the concave quadratic
function g(z) := 1 — 3||T(z)|%, where T : X — X denotes the bounded linear operator
T(x) := %= for all k € IN. Note that T'(x) € X as well as the boundedness of T" follow
from | T(x)||x < ||z]|x. Lemma yields that f(z) := —In(g(x)) is self-concordant on
K :={z € X : ¢(x) > 0}. The continuity of ¢ on X implies 0K C {z € X : ¢(x) = 0} and,
therefore, f is a barrier function for K. For ¢t € R and x,d € X we have ||T'(z + td)||x >
t|T(d)||x — ||T(z)||x by the reverse triangle inequality, which implies that K does not contain
a straight line. Hence, f is pd self-concordant on K. In particular, f”(z) is positive definite
at 7 :=0 € K. We now show that f”(z) € L(X, X™) is not invertible. Due to T'(z) = 0 and
q(z) =1 we have

@] = T T2 | (@), T0) - (T(@), T(0s))

q(7) (¢(7))
for all hq,hs € X. (This computation also confirms that f”(z) is positive definite for x € K.)
Hence, f”(z)[j%¢;] = wj, where e; € X denotes the sequence whose j-th component is one
and whose other components are zero, and w; € X* denotes w;(v) := v;. Since there hold
|5%€ej]|x = 7% and |lw;||x+ = 1 for every j € N, this demonstrates that for f”(Z), the preimage
of the unit ball is not bounded. Hence, f”(z) is not boundedly invertible. With Theorem
this shows that f”(Z) is not invertible at all.

= (T'(h1), T(h2))x

We remark that [|-|| p»(z) is not equivalent to |-/ x, as is evident from |[le;| () = j~' and
lejllx =1 for all j € IN. (However, |- x is always stronger than [|-|| (), * € K, since f"(x)
is a bounded bilinear mapping.)

12



2.2. Self-concordant barrier functions

The following condition ensures that Newton’s method can be applied.

Definition 2.2.12. Let f: K — R be twice continuously differentiable. We call f nondegen-
erate on K iff f"(x) € L(X, X™) is invertible for every = € K.

Remark 2.2.13. Accordingly, we also speak of nondegenerate self-concordant functions on K
and nondegenerate self-concordant barrier functions for K.

Remark 2.2.14. It follows from the famous Lax-Milgram theorem that f : K — R is non-
degenerate on K if f is twice continuously differentiable and uniformly convex on K, i.e.,
if f"(z)[h,h] > a||h||% holds for all x € K and all h € X with a constant o > 0, cf. Theo-
rem However, f(x) = —Inx shows that uniform convexity is not required for f to be
nondegenerate. Note also that for finite-dimensional X, pd self-concordance and nondegenerate
self-concordance coincide.

Remark 2.2.15. If f: K — R is twice continuously differentiable and convex and if there is
2% € K such that f”(z") € L(X, X*) is invertible, then f”(z°) is positive definite, (X, ||| y(;0))
is a Hilbert space, and (X, ||| x) is reflexive. In fact, we have || pn(z0) < [If"(2%) | % x|/l x

and ||h]x < Hf”(a:o)_lHE(X*’X)Hf”(xO)Hlﬁ/(igxﬂHthH(IO) for every h € X, where we have used
the Cauchy-Schwarz inequality. For the application of the Cauchy-Schwarz inequality it suffices
that (-,-) pr(;0) is a positive semidefinite symmetric bilinear form, cf. [MV92, 11.1]. Hence,
f"(2°) is positive definite and ||| x and -] p#(,0) are equivalent. Therefore, (X, ||| yu(z0) is
complete and (X, ||-||x) is reflexive, as follows from Theorem This applies, in particular,
when we develop barrier methods since then we require f : K — R to be a nondegenerate
self-concordant barrier function for K. Consequently, it would be interesting to look for weaker
assumptions than f being nondegenerate. We suspect that it may be enough to require that
Newton’s equation is uniquely solvable, i.e., f/(z) € ran(f”(z)) and f”(z) is injective for
x € K, where ran(f”(z)) C X* denotes the image of f”(z) € £(X, X*). This may be a topic
for future research.

A very important quantity in the analysis of interior point methods based on self-concordance
is the Newton decrement.

Definition 2.2.16. Let f : K — R be nondegenerate self-concordant on K. Here and in the
following, denote by n, € X the Newton step of f at z, i.e., ny :== —f”(z)"*(f'(z)). Then
A(@) := Af(@) := [[nall pn(y) is called the Newton decrement of f at x.

Remark 2.2.17. A\(zx) is nonnegative with A(x) = 0 if and only if z is a stationary point for f,
which is equivalent to x being the unique and global minimizer of f on K. The uniqueness
follows since f”(x) is positive definite for all z € K by Remark which implies strict
convexity of f.

The next lemma provides an estimate for the decrease in function value after a suitably damped
Newton step.

Lemma 2.2.18. Let f: K — R be a nondegenerate self-concordant barrier function for K.

Let x € K and define o := ﬁ(x) Then there hold x + on, € K and

f(z) = f(z +ong) > Nz) — In(1 + A(z)).

13
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Proof. We may assume n, # 0 without loss of generality. Since there holds [|ongl| f(z) =
Az)/(1+ A(z)) < 1, Lemma implies x 4+ on, € K. Defining h := n, it, hence, suffices to
argue that the asserted estimate follows from the finite-dimensional counterpart of Lemma2.2.18]
We have o < min{1,1/A(z)} and f;/,,(0) = ||h||?,,(z) > 0. Hence, the Newton step h for f; 5
at ¢ = 0ish=—f;,(0)/ 9'0’7h(~0). Due to f; ;,(0) :~f'(:n)[h] = —Hthm@ = —f1,(0) it holds
h = 1. Defining ¢ :=1/(1 + Hh]]f;h(o)) we obtain Hth;/’h(O) = Hle;',h(O) = A(z), which shows

& = o by definition of o and &. In particular, & < min{1,1/A} is satisfied with X := ||l~1|]f;/’h(0).
The finite-dimensional version of Lemma which can be found in [NN94, Theorem 2.2.1],
yields

fon(t) = fon(t+Gh) > X —In(1 + ). (2.3)

We mention that the inequality & < min{1,1/)} is a prerequisite of the theorem from [NN94|;
moreover, the proof of this theorem stays valid if f” is not continuous since only the inequalities
from Lemma [2.2.6] are needed.

Using t = 0, h = 1, & = 0, A = A(z), and the definition of fzn in (2.3) we obtain the
assertion. O

We slightly weaken the estimate from the preceding lemma to write it in a form that shows
more clearly which decrease we can expect from a damped Newton step. However, in proofs
we do not use this weaker estimate but employ the one from Lemma [2.2.18

Corollary 2.2.19. In Lemma we can also estimate as follows:

A if A(z) <
f@) = fle+ong) > 2% L 003: i L <A@) <1,
A@L 403 if AMz) > 1.

Proof. Employing the preceding lemma and 1 —1In2 > 0.3 it suffices to show for ¢ > 0:

2 if + <1,
t—In(1+t)>{ % +0032:  if L<t<l,

El41-m2: ift>1
We prove these estimate separately.
e Differentiation shows that t —In(1+t¢) — % is monotone increasing for all ¢t with 0 < ¢ < %
This implies
12 02

for all these t, which proves the first estimate.

e The function ¢t —In(1 +¢) — % — 0.032 is monotone increasing for all ¢ with 0 <¢ < 1.
Hence, it holds

t—In(1+1) P 00325t —m3_L 00320
n e S B T

for all ¢ with % < t < 1, which establishes the second estimate.

14



2.2. Self-concordant barrier functions

e Again by differentiation we infer that ¢t —In(1+¢)— (1—In2+ 1) is monotone increasing
for all ¢ > 1. Thus, we have for these ¢

t—1 1-1
t—In(l1+1¢)— <1ln2+2) >1—In(1+4+1)— <1ln2+2> =0,
which demonstrates that the third estimate is valid. This concludes the proof. ]

In the next result we present estimates for the Newton decrement of different points and for
f'(@)[na].

Lemma 2.2.20. Let f : K — R be a nondegenerate self-concordant barrier function for K and

let x € K with \(x) < 1 be given. Set o := ﬁ(@ and denote xt 1=z +n, and 27 := x4 on,.

Then there hold x+,x° € K together with the estimates
M)

2 x3
A< (P25) - A SAEE and f ) < 25

Proof. We number the three asserted estimates as 1), 2), 3). Combining ideas of [JS04, pp.
366-370] and [Nem04, Chapter 2, IX] we demonstrate these three estimates simultaneously.
We mention that 1) and 2) are a special case of [NN94, Theorem 2.2.1, (2.2.8)], whose proof is,
however, more technical.

We denote by ng, nge and n,+ the Newton steps at =, 7 and 2. Furthermore, we abbreviate
A= Ax), A7 := A(27) and A(z") := AT, Defining I := [0,1] and v : I — X, 7(t) :== z + tn,
we conclude v(I) C K from Lemma In particular, we have 2, 27 € K. Lemma
also implies for all h € X and all t € [

J - - - - 1 -
GOy B = £ @) )| = 1A,y — 1Bl | < <(1—16A)2_1> 1Al (24)

Here, we used 1 — (1 — )2 < ﬁ — 1 for all s € [0,1) with s :=¢\. For h € X, set

on: I =R, on(t) = (L—t)f'(x)[h] — f'(v(t))[h].

Due to ([2.4) and the positive definiteness of f”(z) we can apply the generalized Cauchy-Schwarz
inequality, see Lemma This yields for all t € T

(1) = £ (), B = £ (YD) [, h] < 7(0) \/ 7 (@) [ ma] o/ £ (@) [, B] = Ar<t>||h||f~<?>, |
2.5

with r: I — R, r(t) := m — 1. We now prove 1) and 3). Since we have

Pre () = =@Ml = (V)T and g, () = =@l

it suffices to establish ¢, , (1) <A™ (ﬁ)2 as well as |pp, (1)] < % Since ¢, , is continuous
on I and since ¢, , (0) = 0 holds, (2.5) and Lemma imply 1) via

b L AT
(‘Onaﬁ(l) = /0 (’Onx‘* (t) dt < >‘||na:+Hf”(a:)/0 T(t) dt < A 1—\ ﬁ,

15
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and 3) follows from |y, (1)] < A2 fol r(t)dt = % It remains to prove 2). With the definition
of o we obtain
A

enee (0) = (L= 0)f(@)[nae] = f(27)lnae] = (V) = 15

F(@) g, nge].
By virtue of the estimate

A X A
- ol < o " < —
1_|_)\f (2)[ne, ngr] < _|_)\an I (x) = 1421 -0\

||nxa ”fll(zcr) = )\2)\0

1
it, thus, suffices to prove ¢,_, (o) < A°A2. Analogously as for 1) and 3), this follows from

AN

o 1 g -
e (0) < Mol [ 70 € 125 [ _tL _ AN, 0

Remark 2.2.21. The second inequality stays valid without the assumption A\(x) < 1. The proof
of this more general version only requires to work with I = [0, o] instead of I = [0, 1] in the
proof given above. However, we do not need this generality.

Definition 2.2.22. Let f: K — R be a nondegenerate and self-concordant function on K.
For t > 0 we denote A(t) := {z € K : \(z) < t}. Moreover, we set A := A(3).
The next result elucidates the convergence behaviour of Newton’s method for nondegenerate
self-concordant barrier functions. Although the result mimics closely its finite-dimensional
counterpart, the proof requires some extra work.

Lemma 2.2.23. Let f : K — R be a nondegenerate self-concordant barrier function for K
with A # (). Then there exists a unique and global minimizer T € K of the barrier problem
mingex f(z). Moreover, Newton’s method with starting point x° € A generates a sequence
(z¥) C A that converges strongly to Z. Also, we have the estimates

2
<10 (A(x0)>2 and | f(2°) - f(2)] < 1_(21(:3;))2-
9

Hwo -

£ (@0)

Proof. Preliminaries: From Remark [2.2.15 we know that ||| x and [|-|| f#(,0) are equivalent.
2.2.20

Moreover, we deduce from Lemma that A(z*) < I holds true for all k, i.e., (zF) C 4.
We argue for the case where Newton’s method does not terminate finitely; the case of finite
termination can be treated analogously but is simpler. Thus, we have ||y, # 0 for all
k,i € INg. Since f is strictly convex, there exists at most one (necessarily global) minimizer z.

Part I: We prove existence of Z, Z € K, limj,_,oo ¥ = Z, and the first asserted estimate.

Part a: We show by induction for all k € No: A(z"™1) < 4. (5)F1 - (A(20))%. In fact, by
virtue of Lemma [2.2.20] and the induction hypothesis we obtain for all £k € IN

A xk 4 k 4 k+1
)\(xlﬁ-l) < [ug\(x)k))zl . l4. <9) . ()\(xo))Q <4. (9> . ()\(mo))Z,

Here, we used (z¥) C A. The induction assumption also follows from Lemma [2.2.20
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k+1

Part b: We prove by induction for all k& € No: [[ngrs1 | pr oy < 4- (5—?) - (AM(z))%. In fact,

using Lemma and ||ngk || g iy # 0 for all k,i € o we deduce

[ e i 1
In, k+1HfH 20) = = |In, k+1||f// ohH1) H ”—fm) < )\(warl) H

Npk+1 Hf// (zi+1) i—0 1- anl Hf”(zi) .

Here, we employed |1, [ (i) = AMz') < § < 1for all i € No. This also implies

k+1 i 1 k+1 4 bt
s ey < AP ] <A@ (5)
f ( ) i—0 1-— ”anHf//(xl) 3

Together with the estimate from part a this concludes part b.

Part c: The estimate in part b shows that (2*) is a Cauchy sequence with respect to ||| £7(20)
since we have [|z" — 2™|| 50y < Z?;#LHnmin//(xO) < 4(\(20))? ?;ﬂll(%)z for all m,n € Ny
with 0 < m < n. Since [|-[| s (40 and ||| x are equivalent, we can define 7 := limy_,oo 7k, In
particular, (z¥) converges strongly to Z, and for m = 0 and n — oo we obtain ||2° — Z|| Fr(a0) <

4N (20))2 302 (38 ) < 10(A(z ))2, which establishes the first of the two asserted estimates
and implies T € K via Lemma and z° € A.

Part d: By demonstrating f'(#) = 0 we prove that ¥ is a minimizer of f. Due to |f'(z*)[h]| =
|f"(xF) [nge, h]| < M= )||h||f,, o0 forall h € X, k € Ny, and limg 00 A(z k) =0, see part a,

it suffices to show boundedness of (||h||fn (k) for a given h € X. Lemma [2.2.6 - yields
[l prr(amy < ( folﬁ

From \(z') <  we infer 5 ( <1+ 2\ (z?) for all i. Thus, there holds

)Hh” f1(20)- Hence, it is sufficient to establish 3 7% In y < oo

1— )\(:L"’

Zln (:U)<Zln1+2/\ ZQA

1=0
where we used In(1 4 ¢) < t¢. Part a now implies } ;2 1n ﬁ(ml) < o0.

Part II: It remains to establish the second estimate. The convexity of f yields
2

P = F&F 4 nge) > £+ F @] = £ - (Ma")

for all k € INg. From Lemma [2.2.20| we infer \(z*) < (%)\(:co))2k_1)\(x0) for all £ € INg. With
f(z¥) — f(Z) this implies

F(z0) — f(z) = i (f(xk) 2k ) i ( )

k=0

< ()3 [(BGAW)Qk_l

k=0

thereby concluding the proof. O
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2.3. Self-bounded functions

In addition to the concept of self-concordance we need a property that is called self-boundedness.
In this section we introduce and investigate the class of self-bounded functions.

Definition 2.3.1 (Cf. [Jar94]). We say that a twice continuously differentiable function
b: K — R is self-bounded on K iff there exists a constant ¥, > 0 with

(V' (2)[h])* < 0y - b (x)[h, D]

for all x € K and all h € X. We call 9 the constant of self-boundedness of b and also refer
to b as a Jy-self-bounded function. If b is, in addition, self-concordant on K, we speak of a
Wp-self-concordant function on K.

Example 2.3.2. The function —In : K — R is self-bounded on K = R~ with constant of
self-boundedness equal to 1.

Remark 2.3.3. We mention a technicality: We were able to weaken the classical assumption
of thrice continuous differentiability for f : K — R in the self-concordant case, and required
only thrice Fréchet differentiability, instead. In the proof of several results we used that the
fundamental theorem of calculus applies to f;'; on compact intervals since f,"}, is bounded
due to the self-concordance of f; 5, cf. Lemma For self-bounded functions we employ
the fundamental theorem of calculus for bf,c7h in various proofs. Therefore, we require in the
definition above that b is twice continuously differentiable. Here, twice Fréchet differentiability
would not be sufficient.

As for self-concordant functions we have the following equivalent characterization of self-
bounded functions. We recall the definition I, = {t e R: x +th € K}.

Lemma 2.3.4. A twice continuously differentiable function b: K — R is self-bounded on K
with constant ¥y > 0 if and only if for every x € K and every h € X the function

bx7h : Ix7h — R, bx7h(t) = b(ﬂi‘ + th)

is Op-self-bounded on Iy, i.e., (b;7h(t))2 <y by (t) forallz € K, h€ X, and t € I p.
Proof. This follows readily from the definition. O

The following lemma presents a geometrical interpretation of self-boundedness.

Lemma 2.3.5. Let b: K — R be twice continuously differentiable and convex, and denote
B, ={heX: [|Allyr () < 1} for x € K. Then b is Jy-self-bounded on K if and only if it
satisfies for all z € K

sup b'(z)[h] < Vs

h€B,

Proof. This follows from the definition of self-boundedness. O
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2.3. Self-bounded functions

Remark 2.3.6. The previous lemma shows that for z € K the operator V' (x) is bounded if the
seminorm ||[|(,) is used on X, and that the bound is uniform with respect to x. Note that
this is not necessarily true if [|-|| x is used instead of [|-[|y(,), as we see for b(z) = —In(x).

Obviously, every self-bounded function is convex. The converse, however, is not true as follows
from the example b : R — R, b(z) := 22 for # — oo. (Yet, note that 22 is self-bounded on any
bounded interval.) The next lemma shows how self-boundedness and convexity are linked.

Lemma 2.3.7. A twice continuously differentiable function b: K — R is self-bounded on K
with constant ¥y > 0 if and only if the function ¥ : K — R, ¥(x) := e @)/ s concave.

Proof. The function ¥ is concave on K if and only if it holds " (x)[h,h] < 0 for all x € K
and all h € X. Computing ¥”(z)[h, h] we see that this is equivalent to

by, (V@A V(@) A
e~b@)/Y (( I >— \ )SO.

for all x € K and all h € X. This implies the assertion. O

Remark 2.3.8. It is easy to see that if ¥ is concave, then so is —b. In fact, the preceding lemma
states that ¥-self-boundedness of b is equivalent to —b/9¥, being “exponentially concave”,
i.e., —b/J is not only concave but stays concave even after applying the convex exponential
function. The term “exponentially concave” is motivated by the analogue concept of logarithmic
convexity, which, for instance, plays a role in characterizing the Gamma function, cf. [K6n04al
Section 17.1 and 17.2].

A large class of self-bounded functions is provided by the following simple construction.

Corollary 2.3.9. Let B : X — R be twice continuously differentiable and concave, and define
K :={x € X : B(z) > 0}. Suppose that K is nonempty and let C > 0. Then b: K — R,
b(x) := —C'In(B(x)) is C-self-bounded on the nonempty, open, and convex set K.

Proof. The function b is well-defined on K, and it is easily seen that K is open and convex.
From Lemma we infer that b is C-self-bounded. O

The next lemma shows how scaling affects self-bounded functions.

Lemma 2.3.10. Let b: K — R be self-bounded on K with constant ¥, > 0 and let ¢ > 0 be
given. Then b: K — R, b := cb is self-bounded on K with constant ¥ = cty.

Proof. Obviously, there holds
- 2 -
('(2)[R])" = (b (2)[1])* < 20pb" ()[R, ] = el () [, ]
for all 2 € K and all h € X. This proves the self-boundedness of b with constant cds. O

The following observation on the sum of self-bounded functions is also very basic.
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2. Self-concordance in Banach spaces

Lemma 2.3.11. Let Ky, Ky C X be open and convex with K := K1NKy # (). Letby : K — R
and by : Ko — R be self-bounded, with constants ¥y, and 9y, , respectively. Then

b: K =R, bx):=bi(z)+bx)

is self-bounded on the nonempty, open, and convex set K, with constant ¥y = 9y, + Jp,.

Proof. Clearly, K is open and convex, and b is twice continuously differentiable. Moreover, we
have for every z € K and every h € X

(¥ (2)[A))* = (V) ()R] + by(x)[h])* = (b (x)[R])* + 20} ()[] - by () [h] + (Bh(2)[A])>.

From the definition of self-boundedness we infer

(/' (@)R)* < 9, b7 (@) o, ) + 2[00, b () oy ] - /9, ) B+ D, b5 () [, ).
Employing 2 \/6\/5 < a + b, which holds for a,b > 0, we obtain
(b (2)[R))* < 00,0 (2) [0, h) + Dy b5 () [, B] + D, () [, ] + D,y () [, .

This implies the assertion. O

Every uniformly convex function with uniformly bounded first derivative is self-bounded.

Lemma 2.3.12. Let b: K — R be twice continuously differentiable with uniformly bounded
first derivative, i.e., there exists C > 0 such that b'(z)[h] < C||h||x is satisfied for all x € K
and all h € X. Moreover, let b be uniformly convex with convexity modulus o > 0. Then b is
self-bounded with constant ¥y, = %2

Proof. Note that the inequality o' (x)[h] < C||h||x for all € K and all h € X is equivalent to
b/ (z)[R]| < C||h||x for all z € K and all h € X. Fix # € K. There holds b"(x)[h, h] > a ||h]%
for all h € X. This implies

2
@R < (IRl < @) in
for all h € X, which proves the assertion. O

Remark 2.3.13. For unbounded K the assumption that b has bounded first derivatives on K is
very restrictive. However, this is not the case that we are interested in: When we apply the
above result, the set K is, in fact, bounded. Thus, the assumption of bounded first derivatives
for b on K still allows for great generality in the choice of b.

The next lemma deals with growth rates of self-bounded functions. To state it conveniently
we introduce the Minkowski function.

Definition 2.3.14. Let x € K. The Minkowski function of K at x is defined by

wet K —[0,1),  ws(y) ::inf{t>0: x+y;x€K}.
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2.4. Construction of self-concordant, self-bounded barrier functions

Remark 2.3.15. Since K is nonempty, open, and convex, w, is well-defined and, indeed, satisfies
wz(y) < 1forally e K.

We present the aforementioned result.

Lemma 2.3.16. Let b: K — R be a ¥y-self-bounded function. Then the following inequalities
hold for all x,y € K:

V@ly—2] <0, and  by) —bx) < Oy In(1l — w,(y))).

Proof. We start by establishing the first estimate. Define h := y—x and consider b, ;. We need
to show b/, ;,(0) < ¥, and assume b, ,(0) > 0 without loss of generality. This implies b, () > 0
for all t € I := I, 5, N[0, 00) via monotonicity of b, ,. Thus, we have b7 ,,(¢)/( ;c,h(t))2 > 19%7 for
all t € I by Lemma Integration yields b/, ,(0)~" — b, , ()~ > 19%7 for all ¢ € I, which
establishes b/, ,(0) < . The assertion follows for t =1 € I.

We now demonstrate the validity of the second estimate. We define b, 5, : I, , — R as above. It
follows as in the proof of the first estimate that b;7h(t1) < ¥p/(ta —t1) holds for all t1,ty € I 5,
with ¢ <t and b}, ;,(t1) > 0. Obviously, ¥, (t1) < ¥s/(t2 — t1) is also true for all t1,t5 € I, p,

with ¢; < ty and b;yh(tl) < 0. This yields for all ¢t3 € I}, with to > 1:

T

to —

1 1
ben(1) — by p(0) :/ b, p,(t) dt g/ dt = ﬂb‘ln(l —t;l)‘.
0 0

Choosing for ts a sequence that converges to the (possibly infinite) supremum of I, p, we
obtain ¢ ' w.(y) < 1. By continuity this implies the assertion. O

2.4. Construction of self-concordant, self-bounded barrier
functions

In this section we present a sophisticated method to construct self-concordant, self-bounded
barrier functions. It works for appropriate functions.

Definition 2.4.1 (Cf. [Nem04] and [TN10]). A thrice Fréchet differentiable concave function
A K — R is said to be S-appropriate for Rsg on K iff there is 8 > 0 such that

A" (x)[h, h,h] < —3BA"(x)[h, h)
is satisfied forall z € K and allh € X withxz+h e Kand x —h € K.

Remark 2.4.2. The definition from [Nem04] also considers different sets than R~ and is,
therefore, more general. Since we only consider R+, we may not mention this set and just
speak of functions that are -appropriate on K.

Equipped with this terminology we present a result that shows how to create a self-concordant
and self-bounded barrier function from an appropriate mapping.
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2. Self-concordance in Banach spaces

Lemma 2.4.3. Let A: K — R be B-appropriate for Rsg on K. Let E :={x € K : A(xz) > 0}
be nonempty and let C € [1,00) and C > max{1, 3%}. Moreover, let f : K — R be a self-
concordant barrier function for K and a 0 y-self-bounded function on E. Then E is nonempty,
open, and convex, and

G:E—R, Gx):=-Cln(A®)+Cf(z)
s a 9-self-concordant barrier function for E, where 9 is given by ¥ := C' + C'ﬂf.

Remark 2.4.4. Roughly speaking, this result shows that for an appropriate mapping A it is
possible to create a self-concordant and self-bounded barrier function via x — —In(A(z)) if
a suitably weighted 9 p-self-concordant barrier function f is added. The importance of this
result lies in the fact that x — —C'In(A(x)) is, in general, not self-concordant. (It is, however,
self-bounded with constant C, cf. Corollary [2.3.9])

Remark 2.4.5. The above result is based on [Nem04, Theorem 9.1.1]. We mention that a
related, yet in some sense less general version of this result can already be found in [NN94|
Proposition 5.1.7], see also the discussion in [TN10, Lemma 2.2].

Remark 2.4.6. The original statement [Nem04, Theorem 9.1.1] is more general than our version:
It allows arbitrary self-concordant and self-bounded barrier functions for the composition with
A, not only the negative logarithm. However, Lemma is sufficient for our purposes and
its proof is less technical in comparison to the original statement.

Remark 2.4.7. In [Nem04, Theorem 9.1.1] (translated into our terminology) it is required that
f is self-bounded on K. This is not necessary in our setting; it suffices to assume that f is
self-bounded on E. This may lead to a smaller constant of self-boundedness.

Proof. Clearly, E is open and convex. To show that G is a barrier function for E, let (z¥) E
satisfy limj_,o. z¥ = & € OF. We need to establish limy_,o, G(2¥) = co. Due to (2*) C
there either holds z € 0K or 7 € K. If z € K holds, we have limy_,o, A(2*) = A(z) = O+
since A is continuous on K and since Z € dF is valid. This implies —CIn(A(z")) — oo for
k — co. Since limy_,oo C'f(2%) = Cf(Z) is true, we obtain limy_,s G(z¥) = co. In the case
T € OK we have f(2*) — oo for k — oco. Thus, it suffices to show that (A(z*)) is bounded
from above. Since (z*) is convergent, this follows from A(z*) < A(2?) + A’ (20)[z* — 2°].

It remains to establish that G is 9- self—concordant on E. Since —C'In(\A(-)) is self-bounded on
E with constant C due to Corollary [2. and since C f is self-bounded with constant oll] fon
E, Lemma 1| yields that their sum G is self-bounded with constant C' + C 7, as asserted.
Therefore, it only remains to show that G is self-concordant, which we do by following closely
the proof of [Nem04, Theorem 9.1.1]. Since f and A are thrice Fréchet differentiable, it follows
by virtue of Corollary [C.2.10| that G is thrice Fréchet differentiable. We fix z € E and h € X
and show |G (z)[h, h, h]| < 2(G"(z)[h, h])*/%. This suffices. Let us denote

a:=Ax), da:=A@)h], o =A")hh], and " :=A"(z)[h,h,h)].
A simple computation shows

(a/)z a//
2

Gmmmm:c<

a
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2.4. Construction of self-concordant, self-bounded barrier functions

and
( a’)3 a/ a”

n
G (x)[h,h,h] = C (—2 g3y - “a> + Cf"(@)[h, h, ).

We now establish
38a"\/ f"(z)[h,h] < a" < —=3Ba"+\/f"(x)[h, k). (2.6)

Let t € R with [t|\/f”(x)[h, h] < 1 be given and define h; := th. Then it holds f”(x)[h¢, he] < 1.
With Lemma it follows z+h; € K and x—h; € K, where we used that f is a self-concordant
barrier function for K. Therefore, the definition of appropriateness implies

3 /// A///( )[ht, ht, ht] < —SBA//(x)[ht,ht] — —3,8752&“
for all ¢ with |¢|\/f"(z)[h,h] < 1. If f"(z)[h, h] = 0, then this implies ([2.6)) for ¢ — +oo. For

" (x)[h,h] #0, follows from this via t — (1/+/f"(x)[h, h])” and t — (=1/+/f"(x)[h, h])*

Since f is self-concordant on E, we have

Nlw

@) 3da 38 a (Cr"(@)n, b))

asd 2 a2 §f

This implies with Ve > [ and \/5, V/C > 1 that

a 3 a a’ ~ A 3
|G" (@)[h, b, B]| < 2 ("/fg | +;’|C | (‘/f - Cf”(w)[h,h]» +2(Cf" (@)l h)*

G"(x)[h, h, h] < 2C (- Cf(x)h, h]) +2

S

a

holds. Setting r1 := [VCd/|/a > 0, ro := /[Ca”[[a > 0, and r3 := /C f"(z)[h, h] > 0, we
obtain

3,
G"(x)[h,hl =77+ 73 +r3 and |G"(x)[h,h,h]| <2 (rl + 2r2 (r1+7s3) +r3>

To conclude the proof it, thus, suffices to show that

3 3
“r3(ri+rs) 415 < (rf 415 +13)2

3
7"1+2

holds for any given r1, 19,73 > 0. For ry = ro = r3 = 0, this is clear. Defining ¢ := (r%—l—r%—i—r%)*l

and multiplying the inequality with c%, we see that it is enough to establish
3
3+ 57“%(7“1 +r3)+rs<1
for any given r1,79,73 > 0 with 7 + 73 + 73 = 1. We have

3 3
4 53 )+ = k) (7 4 d a3

3 1
= (r1+73) (2 (7“% + 73 +7"§) 3 (r1 +7"3)2>
1
=3 (r1 +73) (3 —(r1+ 7‘3)2) <L

To derive the inequality in this estimate we used max;>qt(3 — t?) = 2. O
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2. Self-concordance in Banach spaces

2.5. Theoretical background for barrier methods

In this section we provide the theoretical foundation for solving

in j .t. M P
gél)f(l](.%’) st. ze€ (Psc)
via barrier methods that are based on the theory developed so far. Here, j : M — R. Further
details of this problem are fixed after the following definition.

Definition 2.5.1. The optimal value of (Psc)) is denoted by j := infeps j(2).

To tackle (Pgc)) by barrier methods we require the following assumption.

Assumption 2.5.2.
o We assume K C M C K C X, where K is nonempty, open, and convex, and (X, ||-||x)
is a Banach space.

e j: M — R is continuous. Its restriction to K is thrice Fréchet differentiable and conver.

e There exists pus > 0 such that for every u € I := (0, us| the functional
J(x
fu: K =R, fulz):= fu) + b(x)

is a nondegenerate self-concordant barrier function for K, where b: K — R is ¥y-self-
bounded with ¥y > 1. For every € I, x € K we define \,(z) := Ay, (z). Moreover, we
set A, (t) :=={z € K : \y(z) <t} and Ay == A,(3).

e There holds A, # (.

Remark 2.5.3. Since some of the results in this section do not require the above assumption,
we explicitly mention for each result whether Assumption [2.5.2]is imposed or not.

Remark 2.5.4. Problem looks a bit strange in the case that M is not closed. The
choice M = K is natural. For example, the problem mingeg» j(7) s.t. g(z) < 0 with
j and g (componentwise) convex has M = K with K = {z € R" : g(x) < 0} if K is
nonempty (Slater’s condition), cf. Lemma However, this problem can be reformulated
as mingern — In(j(2) — j(z)) s.t. g(x) <0, j(z) < j(Z), which gives M = {z € R" : g(x) <
0, j(x) < j(2)} with K ¢ M C K for K ={z € R" : g(z) <0, j(z) < j(2)}. If g(£) < 0 holds
and j(Z) is not the optimal value of the original problem, then this reformulation possesses the
same global minimizers (if any) as the original problem, but M # K, cf. again Lemma
When we deal with optimal control, such a reformulation will turn out to be advantageous for
the overall convergence rate. To cover this case as well as the standard formulation, we work
with the set M rather than with K.

Remark 2.5.5. Assumption [2.5.2] implies that we explicitly know a self-concordant barrier
function and a self-bounded function for K, which may not be true for an arbitrary convex
set K.

Remark 2.5.6. We stress that % does not have to be self-bounded in the above assumption,
only b. Also, b does not have to be self-concordant or a barrier function for K, only f,,, u € I,
does.
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2.5. Theoretical background for barrier methods

Remark 2.5.7. In fact, ¥, > 1 necessarily holds true if b is a self-bounded, self-concordant
barrier function for K # X. By considering b, ; with I, ; # R, this can be proven as in
[NN94, Section 2.3.4]. We point out that b is not necessarily self-concordant or a barrier in
Assumption However, the impact of the assumption 9 > 1 on the convergence results
to come is insignificant, anyway.

Remark 2.5.8. The assumption A, # () is, for instance, valid if a minimizer of f, : K - R
exists. Since f,, is a nondegenerate self-concordant barrier function for K, the existence of a
minimizer follows if f, possesses at least one nonempty and bounded lower level set. This
can be proven analogously to Corollary Note that the reflexivity of X required in this
corollary follows from the nondegenerateness of f,,, see Remark In particular, the
existence of a minimizer follows if K is bounded or if f,, is uniformly convex. The fact that
uniform convexity implies boundedness of lower level sets is proven in Lemma [C.4.13]

It is important to understand how A, () changes when x is updated to the next Newton iterate
T and p is updated to Bu < p.

Lemma 2.5.9. Let Assumption hold. Fiz 0 € (0,%) and § € [0,+/Dy), and let p € I, and
x € Au(0). Choose € (0,1] with > 1 — ﬁ and set ot := x + ny and py = Pu, where n,
denotes the Newton step for f, at x. Then there holds

92

)‘M+ (.CL‘+) S 6

0(1——9%
In particular, we have z € A, (0) for all § > 0 with § < ((71;9)2)
T

Remark 2.5.10. A, (z7) is well-defined since = € 4,,() implies 2T € K, cf. Lemma

o(1——2—
Remark 2.5.11. It follows from 8 < % that there exist § > 0 that satisfy § < <1+(1;0)2)
Vo

Proof. The second estimate follows from the first by a simple computation. We now establish
the first estimate. To do so, let us assume without loss of generality A, (z7) > 0. Fix € K
and h € X. Let n} and nz denote the Newton steps for fu, and f,, at Z. We have

@t n) ==, @ = Ly
K+
Furthermore, it holds
LAY #)[ns _ 7'(@)[h] s 1%
o 1 (T)[na, h] o +u+b( )[h].

This shows

"= By o1 [ H '(F
L@ h = L@ e ] = (L =1) v@)h,
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2. Self-concordance in Banach spaces

Inserting & = 2™ and h = n;ﬁ into this equality, where n; denotes the Newton step for f,.
at T, we obtain

M@ = L e )+ (= 1) Wl i)

The Cauchy-Schwarz inequality and self-boundedness of b yield

1 1
Aur (@) < Sl e Ing s + 50 11 = Bl V@)t nt) (2)

Using the convexity of j and p4 < p this implies

1
/\M+(x+)2 < B)‘M(er))‘ + \/>‘1 /8‘ >‘M+ )
Dividing by A, (1) > 0 the assertion follows from Lemma [2.2.20| with = € A,,(6). O

Corollary 2.5.12. Let Assumption hold. Then we have A, # 0 for all p € I.

Proof. Due to Assumption 2| there exists z € K with A, (z) < 1. Hence, the previous

0(1-—2=)
lemma applied with p = 15, 0 = 1,6 = —2292° 5 0, and 8 € [1— -2, 1) yields A, # 0 for all
4 1+\ﬁ V0 H
9p
we [(1— ﬁ)#& ts]. Applying this lemma again we obtain A, # () for all 1 € [(1 %)Q,us, L]
By iteration of this argument we, thus, conclude A, # 0 for all p € (0, 5] = Is. O

Corollary 2.5.13. Let Assumptz’on hold. Then f, possesses exactly one minimizer for
every pu € Is, denoted by x, € K. In addition, this minimizer is global.

Proof. For every fixed p € I, Corollary [2.5.12| shows that there exists x € K with A\, (z) < %
Hence, Lemma [2.2.23] implies the assertion. O

Definition 2.5.14. We call I; > p+— 7, € K C X the central path.

For later use in phase one methods we need the following version of the preceding lemma.

Lemma 2.5.15. Let Assumption |2.5.2 hold, but with I; = (0, us| replaced by Is = [us, 00).
Furthermore, let j in Assumption |2.5.9 be a linear function. Fiz 6 € (0, %] and & € [0,v/Ty),
and let p € Iy and x € A,(0). Choose 3 € [1,00) with 5 < 1+ \/%b Set xT := z + n, and
p4 = B, where n, denotes the Newton step for f,, at x. Then there holds

92

Tz +0
(1-6)°

Aup () < 5

6
In particular, we have z € A, (0) for all § > 0 with § < M

g

Remark 2.5.16. We have 1 — > 0 due to 9y > 1.

0
VU
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2.5. Theoretical background for barrier methods

Remark 2.5.17. The assumption that the objective j is linear may seem to be a great restriction.
However, this is not the case since the objective that is employed in phase one is not the
objective of (Pgc]) but, in fact, a linear function, as we will see when we deal with phase one.

Proof. The second estimate is implied by the first. The first estimate can be proven as in
Lemma The linearity of j is needed in the line where it says “Using the convexity of j
[...]” to be able to still conclude ||f’3+||f[[(x+) < ||:c+\|fg+ (@) O

The next two lemmas provide estimates for the objective function j. The first lemma deals
with the difference between x € A, and z,,.

Lemma 2.5.18. Let Assumptz'on hold. Fiz p € I, and let 2° € A,,. Then there holds

. o Aa(2%) VO + (Nu(20))?
b~ < 4

Proof. We set x := 2% and denote by n, the Newton step at . First, we prove

(x4 na) = 5(@)| _ Au(@)® + VD5 - Aul@)

< 2.8
H 1= () (28)
Since j is convex on K, we have
7(@)[na] < jla +na) — () < 5'(x + ng)nal. (2.9)

From the structure of f,, we derive M = —A\u(2)? = V/(2)[ns]. Self-boundedness of b and
convexity of j imply 2 (z)["”] > = \/ﬁb fll(x)[ng, ng]. This establishes

i (z)[ny

Zllal 5 @) = iy M), (2.10)

Analogously, we obtain

J'( + na)[na]

. < fi(@ + n2)[ne] + Vblnall gy osn,)-

Lemma [2.2.20| yields f/,(z + ng)[n.] < 1’\_"/\(522), while Lemma [2.2.6| provides the estimate
u(x)

(|72 ] fl(@4na) < 1= MEOR Together, we deduce

3’ (@ 4 ng)[ng] < )‘u(x)S + V0 - Au()
K B 1= Au(z) '

In combination with (2.10|) this estimate implies via (2.9))

i (@ +na) — j(2)] Au(2)? + V0 - Au()
. <maX{AM(x)2+m-Au(x), 1_)\“&) }
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2. Self-concordance in Banach spaces

Using ¥, > 1 it is readily shown that the maximum in the above expression is given by

3 .
%W. In conclusion, we proved (2.8). To obtain the assertion we apply Newton’s

method to f, with starting point 2°. This yields a sequence (z*) C A, with limj_,c 2% =
z, € K, see Lemma [2.2.23] We only argue for the case that (z¥) is infinite; the finite case
can be treated similarly. Continuity of j implies limy_,o j(z*) = Jj(z,). Also, we infer from

Lemma via t > (ﬁ) for t € [0,1] that A, (z*) < Au(2°) holds for all k € No. In
combination with (2.8)) this implies
(@) —j(@)] 1 | SR Au(2%)? + V0 ?9
hal < A 2.11
L ,u ];) ( )) 1— /\M( Z ( )

From Lemma [2.2.20 we infer A, (z*) < (%6)\“($0))2k_1)\u(x0) for all k£ € INg. Therefore, we

have
) " S E 0 ok _1 ‘ 0 ‘| )\H(:L,O)
IIEVCSEDD [( ghe)) M| S Y (212)

Together, (2.11)) and (2.12) establish the assertion. O

For points on the central path we have the following estimate.

Lemma 2.5.19. Let Assumption[2.5.3 hold. Let u € Is. Then we have for all x € M
§(@p) = j(x) < pde.
In particular, Problem (Psc]) is bounded from below, i.e. j > —oc, and there holds
§(@) = 3] < .

Remark 2.5.20. Of course, if j possesses a minimizer Z on M, then we have j = j(Z).

Proof. Obviously, the second estimate as well as boundedness of j from below follow from
the first. Hence, it only remains to establish the first estimate. Note that it suffices to prove
this estimate on K since by continuity of j on M and by M C K it extends to M. To this
end, fix 4 € I and x € K. The assertion follows from the convexity of j, f,(7,) = 0, and
Lemma

§(@n) = §(@) < 5'(@)[F) — 2] = b (Zp) e — 2] < pidy. O

For long step based barrier methods we need the following estimate.

Lemma 2.5.21. Let Assumption[2.5.9 hold. Let u € I, and B € (0,1]. Set py := Bu. Let
x € Ay(0) with 6 € (0, %] Denote fi := f,, and x4 =z, . Then we have

1003 1 Vi, + 9
Fi(x) = fr(z4) < 7+7(1092F+z9) bﬁ VP T Vb
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2.5. Theoretical background for barrier methods

Proof. Let & denote the minimizer of f := f,. Furthermore, let n, and n;} denote the Newton
steps for f, and f,, at z. Set h :=x — . Then it holds

F1l@) = (@) < L@ = = L)k = L= @b+ (1= L) V@b (213)

This implies
1 _
Fil@) = (@) < 50l B LB /oy .

Lemma [2.2.23| provides ||h| 7,y < 10A(2)?. Hence, we have

@ - £ < 9 P o <

Due to j(z) — j(z+) < j/(2)[z — 24] = ub'(Z)[24 — Z] we deduce from Lemma [2.3.16]
e @G (B Ny, oo 128
£4(@) = fol@e) = LI a(a) —vias) < (L 1) V@l —al < E o

Together with (2.13)) the assertion follows by use of the triangle inequality. O

For a successful phase one we require that for a fixed pg € I, the function f,,, from Assump-
tion is ¥ Fuo -self-bounded on K with ¢ Fuo > 1. We now collect three results that ensure
this.

Lemma 2.5.22. Let Assumption[2.5.9 hold. In addition, let j be self bounded with constant
U;. Then for every po € Is, fu, is self-bounded with constant ¥y, = =+ Tp.

Proof. This follows from Lemma [2.3.10, Lemma [2.3.T1], and Assumption [2.5.2] O

Lemma 2.5.23. Let Assumption [2.5.9 hold. In addition, let j : K — R have a uniformly
bounded first derivative and be uniformly convexr with modulus o > 0. Then f,, is self-bounded

for every g € Iy with constant 0%20 + Oy, where C > 0 satisfies sup,c ||’ (z)||x+ < C.
Proof. Using Lemma [2.3.12] this is a consequence of Lemma [2.5.22 ]

We can also deal with the case where j is neither self-bounded nor uniformly convex. In order
to still infer that f,, is self-bounded, we require additionally that b is uniformly convex.

Lemma 2.5.24. Let Assumption[2.5.3 hold. In addition, let j : K — R have a uniformly
bounded first derivative and let b : K — R be uniformly conver with modulus o > 0. Set
C = sup,cg ||j'(@)|| x» < co. Then for every ug € I the function f,, is self-bounded with

constant ¥y, =2 <0%2§ + 191;).
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2. Self-concordance in Banach spaces

Proof. Fix pg > 0. By definition we have |j/(x)[h]| < C||h||x for all z € K and all h € X.
Employing Young’s inequality, the self-boundedness of b with constant ¥, the uniform convexity
of b, and the convexity of j/uo, we have for all z € K and all h € X

(o 2 il (1 2 2 2 i
(P v@m) <2 (P9 o @my? <2 () 4 ooy

2C 9 ” (C’ ) "
< —sallh||5 + 200" (x)|h,h] <2 —5 + Y | b (x)|h, h

C? i"(@)[h,h] .,
gz((w%wb) (MOer (x)[h,h]). 0

To derive complexity estimates for phase one algorithms we introduce the following definition.

Definition 2.5.25 (Cf. [Ren01]). Suppose that K C X is nonempty, open, convex, and
bounded. Let x € K. For y € X \ {0} define [,(y) > 0 through

lz(y) :=sup{t>0:z+tye K}.

Furthermore, define the symmetry of K about x in direction y € X \ {0} by

sym,(y) := min {
Eventually, define the symmetry of K about x by

sym(z, K) := yégl\f{O} sym,, (y).

Remark 2.5.26. Since K is nonempty, open, and bounded, I, (y) and sym,(y) are well-defined
and positive. The well-definition of sym(z, K) is then obvious.

Remark 2.5.27. The additional assumption that K is bounded, respectively, the above definition
is only needed for a particular phase one method. This has nothing to do with the fact that
we follow [Ren01]: The boundedness of K is also assumed in [NN94], cf. [NN94, Beginning of
Section 3.2.2].

Remark 2.5.28. From a geometrical point of view, sym,(y) € (0, 1] measures the symmetry
of K with respect to the point z if one looks only into the directions y and —y. Informally
speaking, values close to 1 indicate “much symmetry in direction y and —y”, whereas values
close to zero indicate that K is “not very symmetric in direction y and —y” . For example, if
K C R" is the image of the open unit ball under an isomorphism, then sym_(y) =1 for z = 0
and all y € X \ {0}. Since small values of sym_(y) indicate that x is much closer to 0K in
one direction than in the corresponding negative direction, we can interpret sym(z, K) as a
measure for symmetry of K about z.

Remark 2.5.29. If x is chosen to be an analytical center of K, i.e., the minimizer of a self-
bounded function b : K — R, then one can show sym(z, K) > 1/(49, + 1), cf. [Ren01l
Corollary 2.3.5].
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Remark 2.5.30. It is easy to see that sym,(y) = sym,(ty) holds for all ¢ > 0. Thus, an
equivalent definition of sym(z, K) is given by sym(xz, K) = infycg, sym,(y), where S; C X
is defined by S; := {y € X : ||y|lx = 1}. This implies sym(x, K) > 0 since K is open and
bounded.

We prove a simple auxiliary result for sym,(y).

Lemma 2.5.31. Suppose that K C X is nonempty, open, convex, and bounded. Let x € K
andy € K\ {z} be given. Set s :=sym,(y — x). Then it holds x — s(y — z) € K.

Remark 2.5.32. Since s € (0, 1] is valid and since K is convex, we obviously have z+s(y—zx) € K.
The lemma above states that this is also true if we look from the center x into the other
direction, i.e., in direction z — y instead of y — x.

Proof. We demonstrate l,(z —y) > s. By definition this implies x + s(x — y) € K thereby
proving the assertion. Clearly, we have l,(y — x) > 1. This yields

= min lo(y — ) lu(z —y) lo(x —y) T —
=min {2 R < =g <) :

Lemma 2.5.33. Let K C X be nonempty, open, convex, and bounded. Let f : K — R be
a nondegenerate U y-self-concordant barrier function for K. FEventually, let z,2° € K with

z # 20 and define s := — f"(x°) "1 f'(z). Then it holds
1

In particular, this implies

1
HSHf”(xO) < <1 + ) 19f.
sym(z, K)

Remark 2.5.34. We have sym(z, K) > 0, cf. Remark [2.5.30

Proof. Since it holds sym,(z° — z) > sym(z, K) by definition, it suffices to prove the first
estimate. The following proof is a refined version of [Ren01, Proof of Proposition 2.3.7]. Set
o = sym,(z° — x) € (0,1] and w =z — o(z" — ). Lemma shows w € K. For r > 0
and & € X we denote By(Z) :={y € X : |ly — & yu(,0) <7} during the remainder of the proof.
Using Bi(z2°) C K, cf. Lemma and the convexity of K we obtain

1 n o
w
l1+o 1+o

By (zY) C K.

There holds x = H% + h%axo. With r .= 1%, we deduce therefrom

w 1 1
B,.(z) = B, (W +rx0> =11 oY + B, (ra%) = 7Y + 7By (z).
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Together, this implies B,(x) C K. For s = 0, the assertion is trivially fulfilled. For s # 0 we
have

sl oy < sup @ —2] =1t sup f()o— 2] < Lsup f()o — 2] <10,
vEB1(x) vEBy(x) veK

where we used v = x +ts/ [|s]| 1,0y With ¢ — 17 in the first and Lemma [2.3.16/in the last step.
The assertion now follows from 7~ =1 + % O

2.6. A short step method

In this section we present and analyze a short step method for solving problem (Pgc.

For the moment let us suppose that Assumption holds. Then we can consider the
following algorithm for solving (Pscl).

Algorithm SSM (short step method)

Input: Parameters (6, u9) € (0, 5] x I, starting point 2° € A,,,(6).

__o __
Set 6::w and f:=1-— .

H\/%Tb NG
FOR k=0,1,2,...
Compute the Newton step s* € X by solving f// (z¥)[s*] = —f/, («*) in X*.

Set zF 1 := 2*F + 5% and i1 = Buk.
END

Remark 2.6.1. A starting point 2V that satisfies 2 € 4,,,(#) can be found by use of a phase
one method. Phase one methods only require a starting point g € K. We treat phase one
methods in Section 2.9

Remark 2.6.2. We comment on termination criteria for SSM after the next theorem.

We present one of the main results of Section [2] It states the convergence of SSM with r-linear
rate and provides complexity estimates.

Theorem 2.6.3. Let Assumption[2.5.9 be satisfied. Then Algorithm SSM generates a sequence
(zF) ¢ K with 2* € Ay, (0) for all k € Ng, and for every k € Ng we have:

1) To reach iteration k (more precisely: to reach the FOR statement in SSM for the k+ 1-th
time) Algorithm SSM requires exactly k Newton steps.

2) The sequence (j(2*)) converges with r-linear rate § to the optimal value j = inf ey j(z)
of (Pscl). More precisely, there holds

13 (@) — 31 < (9 + Vo) = (96 + v/0p) B o (2.14)
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2.6. A short step method

3) For every &€ > 0 we have the complezity estimate

VU 1n<#0(?9b + V)

k>

5 z ) —  li") —jl<e (2.15)

4) If M is convezx and j is uniformly convex on M with respect to a norm ||| - |||, and if
(Pscl) possesses a minimizer x € M, then it holds

e =l </ o+ i v (2.16)

where a > 0 denotes the convexity modulus of j with respect to |||-|||. In particular, (z*)
then converges r-linearly with rate \/B and |||-|||-strongly to the unique minimizer T, and
we have for every € > 0 the complexity estimate

oy VA oW+ /)
k> 5 In e

= |l2" -z <& (2.17)

Proof. Lemma implies (z¥) C K with 2* € A, () C A, for all k € Ny. 1) is evident.
Using Lemma [2.5.18 and Lemma [2.5.19) we obtain ([2.14]):
G@*) =7 <13 @®) = (@) + 15 (@,) — |
[ A ()T + A (5)°
(1= 20 (@) - (1= Ay, ()

IN

+ | pk

< l i\/ﬁz - 6714\/19? + 7y
(1-35)-(1-3)
Together with the inequality —ﬁ < ﬁ, follows from with a simple computation.
Setting t := 1 — 8 € (0,1) this inequality is obviously a consequence of the inequality
—1In(1 —¢) > ¢, which holds for all ¢ € [0,1). The latter inequality follows from the fact that
g(t) := —1In(1 — t) — ¢ satisfies g(0) = 0 and ¢'(¢) > 0 for all ¢t € [0, 1).

We now establish (2.16)). In view of (2.14) it suffices to prove |||z — Z||| < \/g\/j(x) —Jj(x)

for all x € K. This inequality is a consequence of Lemma [C.4.12] Furthermore, it implies
(2.17)) via (2.15)). Since j is, in particular, strictly convex on M, the minimizer z of is

unique. O

pe < [\/UTHF ﬁb} H = [\/197+ 191;} B o.

Remark 2.6.4. Based on (2.14), (2.15)), (2.16), or (2.17)), various termination criteria are
conceivable for Algorithm SSM.

Remark 2.6.5. Theorem holds for arbitrary choices 6 € (0, i] It turns out that if 4 is
chosen suitably, then the complexity estimates in the preceding theorem can be improved, cf.
[GIi02, Theorem 2.5 and Corollary 2.1]. However, the improved estimates still contain the
leading factor \/Jp, which turns out to be the dominant part in the application to optimal
control. Therefore, the above version of Theorem [2.6.3] is sufficient for our purposes.
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2. Self-concordance in Banach spaces

Remark 2.6.6. The existence of a minimizer T of follows, for instance, if X is reflexive,
M = K holds, and K is nonempty, bounded, and convex, and j : M — R is continuous
and convex, cf. Lemma The existence of Z is also ensured under these conditions if
the boundedness of K is replaced by uniform convexity of j on M = K together with its
Gateaux differentiability on an open set D D M, since then j has bounded level sets, cf.

Lemma

2.7. A long step method

In this section we present and analyze a long step method for solving problem (Psc]).

For the moment let us suppose that Assumption holds. Then we can consider the
following algorithm for solving (Psc).

Algorithm LSM (long step method)

Input: Parameters (6, 10) € (0, 1] X I, Bmin: Bmax € (0,1) With Bmin < Bmax,
starting point z° € A, (77!) with 7 :=2 2/2.

FOR £=0,1,2,...
Compute the Newton step s* € X by solving f// (z¥)[s"] = —f/, («*) in X*.
CALL Algorithm LSMSUB with (2%, s*, jux, #) and denote its return value by z*+1.
Choose Sk € [Bmin, Pmax) and set pipi1 := Brfik.

END

Remark 2.7.1. We point out that zFt!, k € INg, is determined in iteration k. We will encounter
this index shift in all algorithms that are based on LSM.

Remark 2.7.2. We later present termination criteria for LSM.

We state Algorithm LSMSUB.
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2.7. A long step method

Algorithm LSMSUB (subroutine for Algorithm LSM)

Input: (z,s,p4,0) € K x X x I, x (0 where s is the Newton step for f, at .

3
Output: € 4,(6).

Set 30 := 2, 3% :=5, 7 := /%, and 1 := min{l - %771}.

FOR [ =0,1,2,...:
IF ), (3') < 71, THEN 7 := & + 15015
IF )\, (2') < 5 AND f,(3' + &) < f.(&), THEN (overwrite & by) & := &' + &.
IF )\M(ffl) <7, THEN RETURN z.

Al .l 1z
Set &7 =" + W et

IF )\, (#') <1- 2= AND f,(i' +3) < f,(2"*1), THEN #'*! := ' 4 3!, ELSE #'*! := 3!*+1.

V2
IF A\, (@) > 1— % AND ), (7!) < ﬁ THEN !+ = 2+,

IF )\, (%)) > THEN choose ! € K such that f,(Z't1) < f,(2!*!) holds.

Q\f
Compute the Newton step 371 € X by solving f//(Z11)3' 1 = — f/ ('+1) in X*.
END

Remark 2.7.3. Making use of Lemma [2.2.6] it is easy to see that all iterates that LSMSUB

generates belong to K if Assumption [2.5.2/ holds. For instance, /71 = &l + Hfil(i,l) € K is
n
A 7l
Satlsﬁed due to ||1+)\7Hf// = % < 1.

Remark 2.7.4. If \,(3') > heuristics to find z/*! with

fu (@) < f,(2!F1). For instance, we can employ line search strategies, which may (signifi-
cantly) increase the effectiveness of Algorithm LSMSUB in comparison to the use of /! = &+,
In practical optimization problems the numerical costs for a line search are often negligible
in comparison to the computation of a Newton step. Let us now comment further on how

to determine a suitable #*! in the case A, (Z') > 215[ using line search. Usually, we are
2-%/2

interested in taking large steps. Thus, we successively check if # 4 ¢;5!, i =0,1,2,..., N for
some large NV, belongs to K and yields a functlon value smaller than or equal to f ( 1,

where t; :=1— (i/N)(1 — oy) with o; := m. Of course, for i = N we have t; = o, which
mn

implies that &' + t;3' is accepted for i = N. Hence, this method is well-defined. To check for a
given i whether #! 4 t;5' is accepted, only the evaluation of fu(a}l +t;8") is required. Of course,
several refinements of this strategy are conceivable. For instance, we could also incorporate step
sizes t; that are smaller than ;. Or we could use the evaluations of f, (z! 4 t;8") to construct
a model of ¢t — f“(;%l + t5!) on some interval containing ¢;, and then choose #!*! := #! 4 £3,
where ¢ is obtained from the model. In this setting, the model is often chosen such that
its exact minimizer can be obtained easily and # is then chosen to be this minimizer. Also,
standard step size rules, e.g., the Armijo rule, could be employed to obtain a candidate for
the comparison with f,,(Z l+1) Note that f;(il ), which appears in the Armijo rule, is already
available from the computation of the Newton step 3.
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Remark 2.7.5. In contrast to the previous remark on step sizes, computing other search
directions, i.e., search directions different from the Newton direction, is not sensible in general,
since the Newton direction is required in each iteration of LSMSUB, anyway, to compute
)\”(a?l ). Hence, in a concrete implementation we only use heuristics on the step size but not on
the search direction.

We study how Algorithm LSMSUB affects function value and Newton decrement.

Lemma 2.7.6. Let Assumption hold. Let Algorithm LSMSUB be started with (z, s, 1, 0) €
K x X x I x (0, i], where s is the Newton step for f, at x. Denote by 3, 1 =0,1,2,..., the
(possibly finitely many) iterates that LSMSUB generates. Then there hold for every L € Ny
for which & exists:

D) M(E) > e = ful@) = L@ ) 2 00 —In(1+ A (21)) > 0.0927.

[=2
V)

2)1— % <A (@) < " 21% = There exists i € {1,2,...,6} with \,(z17) <1— %

3) Au(Fh) <1-
steps.

=  LSMSUB takes mazimal L 4+ [1.13 + 1.451n |In 27|] Newton

Sl

Proof. We start by establishing that 1) holds. The first inequality follows from Lemma [2.2.18
in combination with f,(Z L+ < fu(@ L+1) | The second inequality is due to monotonicity of
t—1In(1 +1).

Now we demonstrate that 2) is valid. If there holds A, (Z Ly <1- % for some i € {1,2,...,5},

then there is nothlng to prove. Therefore, we may assume A, (Z Lty > 1 - % fori=0,1,...,5.
Since A, (#1) < 2.2.20 A, (251 < 2),(3F)2 < 215[,
where we used acLH = #*1 due to )\M(:EL) > 1-— % Hence, repeated apphcatlon of
Lemma [2.2.20| yields that A, (ZL76) <2x,(#1+°)2 <1 <1— % is satisfied.

Eventually, we turn to 3). By A,(z1) <1-— 7, Lemma 0l yields A, (ZEH1) < 2x,(zLF-1)2
for all I € IN such that 2+ exists, where we used 1/(1— t) <2fort<1-— % From this follows

(@) < L. ( )27 for all these [ as well as | = 0. Hence, it suffices to determine [ € N,
with 2/-1 > ln(27'1)/ln 2, since this implies A, (£7!) < 71, i.e., Algorithm LSMSUB terminates

Inl
after the Computatlon of at most L 4 [ Newton steps. This is ensured if { > 1 — r;nnf + ln‘ll?l?l'

holds. We have — 2 < 0.1262 and 5 < 1.4427, which concludes the proof. O

Remark 2.7.7. The last inequality in 1) may be much too conservative. In fact, for /\M(J%L )>1
we have f,(#L) — f,(2L7Y) > f.(3L) — fu(31T)) = (x ) cf. Corollary [2.2.19]

The previous lemma implies an estimate on the maximal number of iterations of LSMSUB.
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2.7. A long step method

Corollary 2.7.8. Let Assumption hold. When started with (z, s, u,0) € KxX xI3x(0, 4],
where s is the Newton step for f,, at x, LSMSUB computes

N < [10.79 (fu(@) = fu(@,))] + [7.13 + 1.451In [In V26|

Newton steps and terminates with & € A, (0). If f, is, in addition, self-bounded on K with
constant 9, then we also have
V26 ] ,

where wz, : K — [0,1) denotes the Minkowski function, cf. Definition |2.3.14.

N < [10.799, [In(1 = ws, (2))[| + [7.13 + 1.45In |In

Proof. By virtue of Lemma [2.3.16] the second estimate is a direct consequence of the first,

so it remains to prove the first assertion. If we have \,(%°) < ;Sf , it follows from
2-%/2

Lemma 2) and 3) that LSMSUB terminates after at most 6 + [1.13 + 1.45In|ln 27]]

Newton steps, which proves the asserted estimate for this case. Let A, (") > % and denote
2-2V/2

by L € Ny a number with (') >

infer

for all [ < L. From z = #° and Lemma [2.7.6{ 1) we

L
Ful@) = fu @) =30 (Fu(@) = fu(@HY) > 0.0927(L +1). (2.18)

=0
The function f, has a global minimizer z,, see Corollary [2.5.13 Hence, (2.18)) implies
L+1< [(fulz) - fu(iy)) 10.79]. Now, let L* € Ny denote the mazimal number that
satisfies A, (') > ) for all I < L*. Thus, \,(3!) < + 1 so that we

can apply Lemma 2 7 6 2) and 3). This shows that LSMSUB terminates after at most
L*+1+6+[1.13 +1.45 In|ln 271 |] Newton steps, which concludes the proof of the asserted
estimate. When LSMSUB terminates, there holds A, (%) < 2X,(2")? < 272 = 0, as follows from
Lemma O

Remark 2.7.9. In [KU13] we used a slightly different version of Algorithm LSMSUB. This
yields a different estimate for IV, namely one where the factor 10.79 is changed to 27.77, while
the number 7.13 is replaced by 1.13. The modification in [KU13] allows to use line search also
in the case where A, (') > 1 — -2 and \,(3!) < ; 21% are satisfied.

V2

We present another main result of Section 2] It states the convergence of LSM with r-linear
rate and provides complexity estimates.

Theorem 2.7.10. Let Assumption be satisfied. Then Algorithm LSM generates a
sequence (z%) C K with 2**1 € A, () for all k € No, and for each k € Ny we have:

1) To reach iteration k (more precisely: to reach the FOR statement in LSM for the k+ 1-th
time) Algorithm LSM requires at most

kqlﬁonf (0b+\F)J 813+1451n\1n2n|1) (2.19)

Newton steps, including the Newton steps from LSMSUB.
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2) The sequence (j(ﬂ?k)) converges with r-linear rate By, in iteration k to the optimal value
j = infzen j(z) of m More precisely, there holds

JCADE J|<(ﬂb+f)uonﬁz—(z9b+m)uk.

3) For every é > 0 we have the complexity estimate

1 Iy + /U -
k> In MO( b"j‘ b) — ‘]($k+1)—j’ <.
In Brax €
4) If M is convexr and j is uniformly convex on M with respect to a norm ||| |||, and if

(Psc|) possesses a minimizer & € M, then it holds

4
=t =l < /2 /o, + V8, v,

where a > 0 denotes the convexity modulus of j with respect to |||-|||. In particular, (x*)
then converges r-linearly with rate /By in iteration k and |||-|||-strongly to the unique

minimizer T, and we have for every € > 0 the complezity estimate

[ 7

k>

— e -zl <

In 5max

Proof. Corollary implies (z¥) C K and 2**! € A, (9) for all k € INy. Assertions 2), 3)
and 4) can be proven as their counterparts in Theorem so it suffices to establish 1). For
k = 0 there is nothing to prove. To determine x! no more than 1 + [7.13 + 1.451n|In 27 |]
Newton steps are required by LSM and LSMSUB together, as follows from Lemma m 2)
and 3) and the requirement 2° € A,,(77!). To determine z**! for k € IN we note that
during each iteration of LSM exactly one Newton step is computed if we do not count the
Newton steps from LSMSUB. If LSMSUB is called to determine z*t!, k € IN, no more
than |10.79(f,, (#%) — fu,(Zu,))] + [7.13 + 1.451n[ln 271 |] Newton steps are required, cf.

. - Dpt+/T
Corollary [2.7.8] Hence, 1) is a consequence of f,, (z%) — fu, (Z4,) < ?T\/:b

from Lemma 2.5.21} To apply this lemma we used z* € Ay, (0) for k€ IN. O

, which follows

Remark 2.7.11. Remark [2.6.4] and Remark [2.6.6] also apply here.

Remark 2.7.12. The complexity estimates for Algorithm LSM demonstrate that an &-optimal
iterate can be found after O(¥,, hl(M)) Newton steps, as follows from 1) and 3) in the

above theorem. With Algorithm SSM this task requires only O(y/J,, ID(M)) Newton
steps, cf. Theorem m 3). Let us, therefore, mention that in practice long step methods
are usually superior to short step methods. Or, as Renegar so eloquently puts it, cf. [Ren01]
Section 2.4.3]: “It is one of the ironies of the ipm literature that algorithms which are more
efficient in practice often have somewhat worse complexity bounds”. For linear optimization it
is possible to prove O(y/Jp In(9) ln(“ogb )) complexity for long step methods using self-regular
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functions rather than self-concordant functions, cf., e.g., [PRT02al, [PRT02b]. However, it seems
that so far self-regularity has not been generalized to convex optimization problems but only
to subclasses, e.g., semidefinite optimization and convex quadratic optimization, cf. [Liu09].

2.8. A predictor-corrector method

Among the fastest interior point methods in practice are predictor-corrector methods, cf.,
e.g., [Wri97, Chapter 10] and [Ren01), Section 2.4.4], even though their provable complexity
is worse than the ones of short step and long step methods. In the following we sketch a
predictor-corrector method. Throughout this section, we impose Assumption [2.5.2

In Corollary we proved that the barrier function f,, possesses a unique minimum for
all p € I,. Since f, is convex, this minimum Z, is characterized as the unique solution of
fi.(x) = 0. Moreover, since f,, depends twice continuously differentiable on (x, ;1) € K x R
and since f,;(z) € L(X, X*) is invertible for every (z,u) € K x I, the central path v : Iy — K,
v(p) := Z,, defines a continuously differentiable trajectory, as follows from the implicit function
theorem. (In fact, by the same argument the central path is infinitely many times continuously
differentiable.) This motivates the predictor step: Given z,, for uj € I, i.e., y(u), we are
interested in finding v (pgr1) with pgi1 < pg. Taylor expansion y(u) & y(pr) + ' (1) (0 — k)
shows that an approximation for v(u+1) can be obtained if 7/(uy) is available. Since we
have

d 7" (v(w)) 7' (v(w)
0= —f' L NN AR ANV /
g 0W) L) = V0 G0)Y (),
computing 7'(ux) means solving the linear system f/| (Z,,)s = ] /(jg’“). Of course, in practice
k

we do not have 7, at our disposal but use an approximation, e.g., 2 with )\uk(:z:k) < 0.01.
Since the new point is only an approximation of v(uxy1), we have to ensure feasibility of
this new point, i.e., we have to choose i, suitably. Moreover, each predictor step may
have to be accompanied by several corrector steps, i.e., steps that yield an iterate zF+! with
Mg (%) < 0.01 again. This task can be handled by LSMSUB. If such an #*! is obtained,
we use a predictor step again, and so on. Summarizing, we have sketched a predictor-corrector
scheme. However, we leave all theoretical investigations for future research.

2.9. Phase one

Algorithm SSM requires for a given g € I, a starting point 2° € K that satisfies A, (z%) < 0
with 6 € (0, 1]. Such a point is also suitable to start Algorithm LSM. The task of finding such
a point is called phase one since it has to be applied prior to the actual optimization method.
In this section we examine two methods that realize phase one.
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2. Self-concordance in Banach spaces

2.9.1. Phase one based on a short step method

In this section we describe and investigate an algorithm that can serve as a phase one method
and that is based on short steps. This algorithm utilizes the following barrier functions.

Definition 2.9.1. Let Assumption hold. For (z°, po,v) € K x Iy x R~o we abbreviate
by f,, 10,20 the function

/ 0
Jopoa0 t K =Ry fy 0 00(x) = fue(z) — Mo(i)[‘m]_

In the following algorithm A, (z) denotes the Newton decrement of f,,, as always. To state
this algorithm we suppose that Assumption holds and that f,, is ¢ Fuo -self-bounded on K.
We recall that we provided sufficient conditions for f,, to be self-bounded in Lemma
2.5.23, and 2.5.24]

Algorithm POSS (phase one based on short steps)

Input: (2% p9,0) € K x I, x (0, ].
Output: z € A,,(9).

Let Jf, > 1 be the self-boundedness constant of f,, on K. Denote 0 := g, 1o := 1, and define

5 5(171—%)2) A pg=14-2
=— an =14 —F.
1- 2 VUi
Vv ﬂfun ’
FOR £=0,1,2,...
Compute the Newton step s& for f,, at «* by solving f// («*)[sk ] = —f/ (z*) in X*.
IF ), (z*) < 6, THEN RETURN i := z*.
Compute the Newton step s* for f,, ., .0 at z* by solving f}| = o(z")[s"] = —f] . o(z")in X*.
Set zF+1 := 2*F + 5% and vy = B,
END

Remark 2.9.2. There holds ;L/O(l‘k) = L’km,xo (%), which shows that the Newton steps in
POSS are well-defined. Moreover, the linear systems that need to be solved to compute the
Newton steps sﬁo and s* in a practical implementation have the same coefficient matrix. This
can be used to decrease the computational costs by either employing the same factorization or

the same preconditioner when solving these systems.

Lemma 2.9.3. Let Assumption [2.5.2 be valid, let K be bounded, and let po € Is. Then for
every z° € K and all v > 0, Jvuo,z0 15 @ mondegenerate self-concordant barrier function for K
and it holds A, ,, 0 # 0 for v =1. Here, A, , 0 :={zx € K: ), , o(z) < %} with Ay, 0 20
denoting the Newton decrement of f, ,, z0-
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2.9. Phase one

Proof. Since f,, is nondegenerate self-concordant on K due to Assumption Ju o201
nondegenerate self-concordant on K. Since K is bounded and since f,, is a barrier function

for K by Assumption [2.5.2 we infer that f, ,, .0 is a barrier function for K, too. Moreover, it
holds Ay, -0(2%) = 0 due to f; 10,20 (%) = 0. O

The next lemma indicates that Algorithm POSS is a path-following scheme. In fact, it follows
the path [1,00) > v+ argmin, ¢ f,, 20 (%) for v — oo, which can be shown to exist under

Assumption and if fy, is ¥y, -selt-bounded with ¢y, ~> 1. This can be proven analogously
to Corollary [2.5.13] However, the existence of this path is not required for the analysis to

come.

Lemma 2.9.4. Let Assumption be valid, let K be bounded, and let f,, be Oy, -self-
bounded on K with 9y, >1 for a fized o € Is. Then Algorithm POSS generates a sequence

(%) ¢ K with A1, (z%) < 8 for every k € No.

Proof. Obviously, there holds A, i ;0 (%) = 0 due to f 0.410,20 (2°) = 0. Using induction we

conclude Ay, | 0 (zF+1) < 6 from v pi0,20 (%) < 0 by Lemma [2.5.15| applied to Ju po,z0 With
the role of p now played by v. This lemma is applicable due to Lemma [2.9.3] O

Informally speaking, the problems

ﬁi}% o 10,20 () and gélll(l fuo (@)

become more and more alike for v — oo. Hence, following the path v — argmin, ¢k f,, 0,20 (7)
for v — oo should lead to the minimizer z,, of the problem min,cx f,,(x), which satisfies
Ao (Tpo) = 0. Therefore, we can expect A, (z*) < 6 for sufficiently large k, i.e., Algo-
rithm POSS terminates successfully after finitely many iterations. This vague argument
is made precise with the following complexity estimate, which is the main result for Al-
gorithm POSS. We recall that sym(z°, K) > 0, the symmetry of K about z°, is given by
Definition 2.5.25

Theorem 2.9.5. Let Assumptz’on be valid, let K be bounded, and let f,, be Uy, -self-
bounded on K with ﬁfuo > 1 for a fized ug € Is. Then Algorithm POSS requires N € INg
iterations and terminates with a & € A, (0), where N is bounded from above by

17 19]0#0 279]‘“ 1
< |2 . 0 _
Ns= {16 0 hl( 0 <1+sym(x0,K)>

During the course of POSS, 2N 4+ 1 Newton steps have to be computed.

41



2. Self-concordance in Banach spaces

Proof. We need to estimate for which N € INg we have A, (z"") < 6. It holds

)= Fip@™) = N = =A@ ) 1 o0 @)

— ||V — fl/’/vuo,zo(xN) ! ;/m(wo)
’ 0 @)
e T R P
g
= g + 1 MO(xN)—l ;/to(xo) fﬂo(wN)
1 1

§Z+V(1+sym(x0,K))ﬁfﬂo’

where we used Lemma 2.9.4] and Lemma 2.5.33] This shows that for N with

w2 (1 + 1) 9
N=9 sym(z9, K) Tuo

we have \,(z ) < 6. Since there holds v;1 = By for all k£ and 1y = 1, a simple computation

using 1n(11+t) < 11671‘, for ¢t € (0,1/8] together with 0 < § < 1/8, which follows from 0 < 1/8,
establishes the bound on N. The assertion on the number of Newton steps is obvious. O

2.9.2. Phase one based on a long step method

We can use LSMSUB as a long step based phase one method.

Theorem 2.9.6. Let Assumption be valid and let f,, be Oy, -self-bounded on K with
Vy,, =1 for a fized po € Is. Let Algorithm LSMSUB be started with (29,59 po,0) € K x X x

I x (0, 4] where s° denotes the Newton step for Juo at 20, Then LSMSUB requires N € INg
iterations and terminates with a & € A, (0), where N is bounded from above by

N < [10.799,,

In(1 - ws,, (29)|] +[7.13+ 1.451n |In v20] |

Here, wz, @ K — [0,1) denotes the Minkowski function, see Definition |2.3.14. Also, the
number of Newton steps that have to be computed during the course of LSMSUB equals N .

Proof. See Corollary 2.7.8] O

Remark 2.9.7. In contrast to the corresponding result for Algorithm POSS, cf. Theorem
the above complexity is derived without the assumption that K is bounded.

Remark 2.9.8. Similar to the short step and long step method we presented, we observe that
the complexity of a long step based phase one is worse with respect to the parameter ¢ Fuo
than the complexity of a short step based phase one. Therefore, we mention again that despite
their theoretically worse complexity, in practice long steps methods usually perform better
than short step methods.
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3. Problem class and associated barrier
problems

In this section we present the class of optimal control problems we are interested in. We
provide results on existence and uniqueness of optimal solutions and establish necessary and
sufficient optimality conditions for these problems. Furthermore, given a problem from this
class we show how to construct self-concordant and self-bounded barrier functions for a closely
related problem. This results in a powerful framework for the convergence analysis of the
algorithms that we develop in later sections.

3.1. Problem formulation, reduced problem, general assumptions

The problem under consideration is

min  J(y,u) st. Ay+Bu=g, y()>y.lr) Vo€ 2, (Porig)
(y,u)eY xU

where Y and Z are Banach spaces, Y — CO’B(ﬁa) continuously with a 8 > 0, 2, C R¢ open
and bounded, U is a Hilbert space, J : Y x U - R, A € LY,Z), Be LWU,Z), g€ Z, and
Ya € CO’B(ﬁQ). Moreover, we suppose that A is invertible. To impose further assumptions we
require some standard definitions.

Definition 3.1.1. For u € U the unique solution of the state equation Ay + Bu = g is denoted
by y(u) := A~ (g — Bu).

Definition 3.1.2. The reduced objective is denoted by j : U — R, j(u) := J(y(u), u).

Definition 3.1.3. The reduced problem is given by

ggjlj(u) st y(u)(z) > yu(z) Vo € 02,. (Preq)

Definition 3.1.4. We denote the admissible set of the reduced problem by U,g, i.e.,
Uaq i= {u e U :y(u)(z) > yq(z) Vo € ﬁa} :

Remark 3.1.5. The reduced problem is equivalent to (Porig)) in the sense that « is a solution of

(Pred) if and only if (y(u),u) is a solution of (Poyig)). Hence, we can focus on ([Preq)-.

Remark 3.1.6. The set U,q is closed and convex. This follows since A~! is continuous by the
bounded inverse theorem, cf. Theorem and since Y — C%#(02,) — C(£2,) continuously.
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3. Problem class and associated barrier problems

We demonstrate that if J is uniformly convex, then (Preg) has a unique optimal solution.

Lemma 3.1.7. Let the reduced objective ] : U — R be Gateauz differentiable. Furthermore,
assume that it is uniformly convexr and lower semi-continuous on Uy,q and that U,q is nonempty.
Then the reduced problem (Pyed) possesses a unique optimal solution.

Proof. Let @ € U,q. Then the lower level set L := {u € Upq : j(u) < j(@)} is bounded due
to Lemma It is, furthermore, nonempty, closed, and convex, where we used that U,q
is closed and convex and that j is lower semi-continuous. Since U is reflexive and j is lower
semi-continuous and convex on L, Lemma yields the existence of an optimal solution.
Since } is, in particular, strictly convex on L, the optimal solution is unique. O

Remark 3.1.8. The uniform convexity is required to deduce the boundedness of the lower level
set in the proof above. The existence of an optimal solution is, thus, also ensured if the uniform
convexity of j is replaced by convexity of j and boundedness of U,q. However, we can only
expect U,q to be bounded if either bilateral control constraints or bilateral state constraints
are present, and we cover neither of these settings in this thesis. We remark that bilateral
state constraints are a straightforward extension of the theory we present in this thesis, but
are neglected for conciseness of the presentation.

We impose the following assumption on ([P,eq)) throughout this thesis.
Assumption 3.1.9.

1) Y is a Banach space that allows for the continuous (but not necessarily injective)
embedding Y — C%P(02,) for some fived B > 0 and a set §2, C R? that consists of
finitely many nonempty, disjoint and bounded domains §2,;, i =1,...,m. We suppose
that each of the £2,; satisfies the cone condition. Since the cone condition is a technical
and very weak assumption (it is, e.g., satisfied by Lipschitz domains), we refer to the
appendiz for details, see Section[E. In addition, we assume that U is a Hilbert space and
Z is a Banach space.

2) There hold A€ L(Y,Z), Be€ L(U,Z), g € Z, and A is invertible.
3) We assume that (Pred)) possesses at least one optimal solution.

4) We suppose that 7 : U — R is either quadratic and uniformly convez with modulus & > 0
or self-concordant. We refer to the first setting as “case 1”7 and to the second as “case
117 In case II, i.e., if 7 is only self-concordant, we additionally require the following:

e It holds ||ul|ly < C)y|j,, with a known constant C\y)|,, > 0 for at least one solution u
of (Prea);
e j:U — R has a bounded first derivative on bounded sets.

5) It holds y, € C%P(12,).

6) There exists a point u® € U such that y° := y(u®) is an interior point of the closed convex
set {y € C(024) : y(x) > yo(x) Vo € 24}. This is, y° has to satisfy

Ir°>0: y°(x) — 7° > yu(x) Vo € Q,.
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Remark 3.1.10. Local and global solutions of ([P,.gl) coincide due to convexity, cf. Lemma

Remark 3.1.11. In case II we suppose that there is an optimal solution u such that ||u||¢ is
bounded by the available constant C)g,,. This assumption is, for instance, fulfilled if 7 is
uniformly convex on U, cf. Lemma It is also satisfied if bilateral control constraints
occur in . In this thesis, however, we do not treat problems with both control and state
constraints but instead consider this a topic for future research.

Remark 3.1.12. If 7 is uniformly convex and quadratic, then it is also self-concordant, a constant
Cla|, that bounds the norm of the optimal solution is available, and 7 has bounded derivatives
on bounded sets. For the existence of Cjy|, see Lemma @ Hence, case II comprises
case 1. However, in case I we construct the barrier functionals differently and are, thereby,
able to prove better convergence rates. This is why it pays off to not just work with the more
general setting.

Remark 3.1.13. In case II it is possible to replace the self-concordance of J on U and the
boundedness of the first derivative on bounded sets by the weaker assumption that self-
concordance and boundedness of the first derivative only hold on B,(0) for an r > 0 with
r > 14 g (max{|u°[|y, Cja|, })?. However, this requires additional technicalities and we refrain
from it.

The next lemma introduces an important constant.

Lemma 3.1.14. There exists a constant Cy o ) > 0 with HA_IBuHc(ﬁa) < Cy @) llully
for allu € U and |A g ¢ g,y < Coc@n 1912

Proof. This follows from the boundedness of A~! and B in combination with the embeddings
Y — C%8(0,) — C(0,). O

3.2. A model problem and possible generalizations

We present a model problem that satisfies Assumption We also discuss which type of
problems fall under Assumption [3.1.9 and how the framework that we use in this thesis may
be extended.

Example 3.2.1. We consider (P with Y := H2(2)NH(2), U := L?(2), Z := U, 2 C RY,
d € {1,2,3}, where §2 is a nonempty and bounded domain that is either convex or of class C2,
A=—-AeL(Y,Z),B:=-1€L(U,Z),g=0,and J(y,u) =% |y — ydﬁ%ﬂ) + 5 ||u||%2(9)
with yq € L?(£2) and & > 0. We take 2, := £ and use some 3, € C%?(12,) with y, < 0 on
0{2,, which is consistent with the homogeneous Dirichlet boundary conditions we imposed.

Assumption is fulfilled:

1) From Sobolev embedding theory we obtain that Y < C%#(§2,) holds for every § € (0, 1],
B € (0,1) and 8 € (0,1/2), respectively, for d = 1, d = 2, and d = 3, cf., e.g., [Alt0G,
8.13] and [Grilll Theorem 1.4.4.1]. To apply these embedding theorems in the case of a
convex {2 we note that convex domains are, in particular, Lipschitz domains, see |Grilll,
Corollary 1.2.2.3]. Since we have 2, = (2, this also implies that {2, is a nonempty and
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bounded domain that satisfies the cone condition. Of course, U is a Hilbert space and Z
is a Banach space.

2) The operator A is well-defined, linear, continuous, and invertible, as is well-known from
regularity theory for linear elliptic PDEs of second order, cf. [GT83, Theorem 8.12] or
[Eval0, Section 6.3.2, Theorem 4] for the case of a domain with C2-boundary, and [Grill],
Theorem 3.2.1.2] for the case of a convex domain.

3) Lemma shows the existence of a unique optimal solution « of the reduced problem,
provided a feasible point exists. In particular, this is satisfied if u° exists, see 6).

4) The objective 7 is uniformly convex with modulus & and quadratic.
5) ya € C%%(£2,) holds by assumption.

6) We can choose u° := —Ay°, where y° € Y denotes a function with y° > y, on 2,. The
existence of such a function is, for example, ensured if y, < 0 on 2,. (More generally, if
B € L(U, Z) is invertible and there is a function y° € Y with y° > y, on §2,, then we
can use u°® := B71(g — Ay°).)

We comment on possible generalizations of the model problem that still satisfy Assumption [3.1.9]
First of all, it is clear that 4) in this assumption allows for more general objectives, for instance
J(y,u) = Q(y,u) + |lu— uo||f, where Q : Y x U — R is quadratic and convex, and ug € U.
Second, we remark that the parts 3), 5), and 6) are standard assumptions in state constrained
optimal control.

It remains to deal with 1) and 2). This comes down to the question which PDEs we can
allow for the state equation Ay + Bu = g. We start with the case 2 = 2,. If we use
—Ay = u on {2 = {2, with homogeneous Dirichlet boundary conditions as state equation, then
Assumption does not necessarily require that 2 is convex or C2. For instance, in the
case {2 C R? we can work with arbitrary bounded Lipschitz domains: For these domains,
— Ay = u has a unique solution y(u) € H3/?79(2)NH{ () for every u € L?(§2), where § > 0 is
arbitrarily small, and y(u) depends continuously on u, see [JK95, Theorem 0.5 (b)]. Moreover,
for these domains we have the embedding H3/2=9(2)N HY(2) < C%P(R2,) for B € (0,1/2—4).
In the case 2 C R? we have y(u) € H?(2) N H}(£2) if the bounded Lipschitz domain 2
satisfies a so-called outer ball condition, cf. [Ado92l Theorem 1.1], which is more general than
being C? or convex. For d < 3 this allows for embeddings into Holder spaces, as explained in
the above example. We are also able to work with state equations where the control acts only
on the boundary, e.g., —Ay +y = g, % =u with g € L?(£2), u € U = L?(912) on a bounded
Lipschitz domain 2 C R?; the unique solution y(u) of this equation belongs to H%/279(2),
where § > 0 is arbitrarily small, cf. [Sav98, Theorem 4], and depends continuously on wu.
Reversing the roles of g and u, [Sav98, Theorem 4] implies that we also have y(u) € H3/279(12)
with continuous dependence if we consider —Ay + y = u, dy/Jv = g on a bounded Lipschitz
domain £2. For both cases we obtain an embedding into C%#(£2,) for g € (0,1/2 — §) if
2 C R?. We mention that in [Sav98] all results are proven for more general elliptic operators.
Also, it is possible to consider in R%, 2 < d < 4, linear elliptic PDEs of second order with
mized boundary conditions on bounded Lipschitz domains that satisfy a certain regularity
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property, cf. [HDMRS09, Theorem 3.3]. Of course, many more regularity results are available;
for a broad account see, e.g., [Ama93, Section 9].

In the case that the PDE is defined on (2 and the state constraints act on a subset 2, C {2,
only interior regularity is required, i.e., it suffices if solutions of the PDE are Holder continuous
on {2, C 2 instead of 2. In contrast to the case of boundary regularity from above this may
be satisfied without assumptions on the regularity of {2 (and, since the Holder continuity of y
is induced by the PDE, without any assumption on the regularity of {2, other than the cone
condition). For interior regularity of elliptic PDEs, see, e.g., [Eval0l Section 6.3] and [GTS83]
Section 8.3].

The case where 2, C §2 but {2, touches the boundary of 2 may be handled as the case 2 = §2,,
but would also allow for more generality than this case, since regularity of the solution must
only be valid on the parts of 92 that intersect with £2,. In particular, this may be exploited
in the case of mixed boundary conditions.

3.3. Two reformulations of the reduced problem

We consider different barrier functionals for depending on whether j is uniformly convex
and quadratic (case I) or only self-concordant (case II), cf. Assumption The reason for
this is that in the special case that j is uniformly convex and quadratic it turns out that the
overall convergence rate is better if the construction of the barrier functional takes into account
this special structure of the objective. This construction can, however, not be employed in
the more general case that j is self-concordant. If j is uniformly convex and quadratic, we

reformulate (Pyegl) as

Helglj(u) st y(u)(z) > yu(z) Vo € 02,

with

Dj:={uelU:C; —7(u) > 0}, C; =1 +35(u®),  jlu) = —C; In(C; — j(w)), and Cj > 0.
It is obvious that D; is nonempty, open, and convex, that j is a barrier function for D;, and
that this problem possesses the same unique minimizer as ([Pyeq).

To have a unified notation in case I and case II we consider from now on the problem

minju) st y()(@) 2 ) Vo e R (P)

where D; is nonempty, open, and convex, j is a barrier function for D;, and the set of optimal
solutions of coincides with the one of (]ED If 7 is not uniformly convex and quadratic,
we can achieve this by use of j := ij with C; := 1, and D; := U. Thus, comprises both
settings we are interested in, but j and D; differ in these settings. For clarity, let us repeat:

e In case I we employ D; := {u € U : C — 7(u) > 0}, C; =1 + 5(u°), jlu) =
—C;In(C; — j(u)), and C; > 0 in (P);

e In case II we use D; :=U and j := Cji with C :=1in .

Our aim from now on is to solve .
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3.4. KKT conditions

To state the necessary and sufficient optimality conditions of in a convenient form we
introduce the following definition.

Definition 3.4.1. We call A € C(£2,)* nonpositive and write A < 0 iff it satisfies

M Ye@yc@y S0

for all y € C>0(£2,). Here, C>¢(2,) := {y € C(£2,) : y(x) > 0 Vz € 2,} C C(£2,) denotes

the cone of nonnegative continuous functions on {2,.

Remark 3.4.2. The space C(§2,)* can be identified with the space of regular Borel measures
on 2,, cf. [AIt06], 4.22]. A more thorough introduction into this subject can be found in, e.g.,
[BauO1l, §29].

The KKT conditions for a minimizer u € D; of (]E) read as follows.

Lemma 3.4.3. The point u € Dj is a minimizer of (]ED if and only if there exists A € C(£2,)*
with

J@)+T*X=0 inU"
§ > Ya in 2oy A<0, (0T~ Ya)o@m,) c(@) =0
Here, we used y :=y(u) and T := —A"'B € L(U,Y).

Remark 3.4.4. The equation in the first line is well-defined due to Y — C(2,).

Remark 3.4.5. Since (P)) is convex, the KKT conditions are sufficient for (local=global)
optimality. This assertion can be proven similarly as in the finite-dimensional case, cf.,
e.g., [GK02, Satz 2.46]; for a proof in the infinite-dimensional setting see, e.g., [Ulbllal
Theorem 3.21]. Also, we mention that we never use the fact that the KKT conditions are
sufficent for optimality.

Proof. We argue that the stated conditions are necessary for optimality. We start with case II.

Case 11
Here, (Ped)) and coincide. We establish that (Peq) satisfies the KKT conditions. To this
end, we first argue for the original problem (Poyig)). In this problem we consider the pointwise

inequality constraints as (y(u) — y.) € C>0(f2,) and note that C>o(£2,) C C(2,) is a closed

convex cone. By assumption there exists y° with y° — 7° > y,. Obviously, y° — y, € C(£2,)
is an interior point of C>o(£2,). Moreover, (y°,u°) € Y x U is feasible and A is surjective.
Together, these facts imply that Robinson’s constraint qualification holds at every feasible
point (y,u) € Y x U of (Pog)), see [HPUUQY, Lemma 1.14, p. 85]. Since @ is a solution of
(Pred), (7, u) with 7 := y(u) is a solution of (Perig). Thus, the KKT conditions are fulfilled at

(y,u). This implies that there exist A € C'(§2,)* and p € Z* such that there hold
TG, u)+ A+ Ap=0 inY*
Ji(5,4) + B*p =0 inU*,
Ay+Bu=g in Z,
(7 = ¥a) € C>0(2a), A <0, A\ = Ya)oq@y-.c@n = 0
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see [UUL2, Section 1.7.3.4]. From the first equation we deduce p = —A_*(JA?’J(Q, u) + A).
Inserting this into the second equation we obtain

Jig,w) = B (A7 (Jyg,w) + 1)) =0 inU".
Since it holds j'(a) = J! (7, a) + T*j;(ﬂ, @) with T := — A~ B by the chain rule, we infer that
@+ TN =g, w) + T (J;(5,0) + A) = Ji(g,8) = B* (A~ (Jy(5,2) + 1)) =0
is true in U*. This establishes the assertion for case II.

Case I
As we have already established, the KK'T conditions are satisfied for (Pred)) at a minimizer u,

i.e., there exists A € C(£2,)* with
J@+TA=0 inU",
7>yain 20, A0, (N~ Yadoq@my- o = 0

where y = y(u). For the derivative of the functional j : Dj — R, j(u) := —C;In(C; — 7(u)) at
u we compute

Ja)=c;- 10— )

C; — j(u)
with r = G%(ﬁ) > 0. Hence, the KKT conditions of (Preq) for (i, A) imply the KKT
j _
conditions of in case I for (u,r\). O

3.5. Associated barrier problems

In this section we construct self-concordant barrier functions that can be used to solve .

Employing the non-differentiable functional min 5 C(£2,) = R we can reformulate (P)
equivalently as

min j(u)  s.t. min (y(u)(z) — ya(z)) > 0.

ueD; TEf,
In this reformulation we have transferred the infinitely many inequality constraints of to a
single nonsmooth inequality constraint. The underlying idea is that we can handle finitely
many constraints very well by barrier methods using the theory developed in Section [2] but
that for infinitely many constraints this theory is not applicable: For finitely many constraints
we can use one barrier per constraint and obtain a barrier for the entire optimization problem
by summation. This is common practice in finite-dimensional optimization, but is not sensible
for infinitely many constraints since, for instance, the constant of self-boundedness would
be infinite. This follows from the fact that for m linear constraints, this constant cannot
be smaller than m, cf. [Ren01, Section 2.3.3]. However, it turns out that it is possible to
construct self-concordant barriers using the above reformulation with just a single constraint.
A first idea may be to consider — In(min, 5 (y(u)(x) — yo())). Yet, by definition we require
a self-concordant barrier to be thrice Fréchet differentiable. Thus, to continue in this direction
we smooth the minimum function min 5 and then apply the negative logarithm.
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3. Problem class and associated barrier problems

Definition 3.5.1. We call the mapping

min, : C(2,) > R, min(y):=—eln | —"=2———

vol(£2,)
the smoothed minimum with smoothing parameter € > 0.

Remark 3.5.2. The finite-dimensional version of this function is well-known in optimization. It
has been used in, e.g., [BTT89, [CM95, [Aus99, [CQQT04].

The smoothed minimum is well-defined on C(£2,) since (2, is compact. Using it we obtain the
following family of problems:

geliDnj Jj(u)  st. ming(y(u) —ye) > 0. (3.1)

Since we need the mapping min.(y — y,) very often, we abbreviate it.

Definition 3.5.3. For every € > 0 we denote by Bé the mapping

(12a)

Furthermore, we use the mapping B¢, which we define by

B*:U—R, B (u):= Bé(ﬁa)(y(u)).

We set Dye :={u € U : B¥(u) > 0} and create the barrier functional b° by
b i Dpe —» R, b°(u) := —7(g) In(B(u)),
where 7(g) > 0.
Later we develop algorithms in which we drive € to zero, but for the moment it is helpful to

assume that e is fixed and that we would like to solve (3.1 for this particular € by use of
self-concordant barrier functions.

We point out that the idea how to construct suitable barriers is motivated by [TN10] and the
references therein, in particular [Nem04]. Note, however, that the infinite-dimensional case is
not considered there and that a sum of n barriers occurs, where n denotes the dimension of
the optimization variable.

3.5.1. A suitable barrier function for case |

In this section we introduce and investigate the barrier function that we use in case I.
Definition 3.5.4. For ¢ > 0 we define Uyq(€) := D; N Dye in case L.

Definition 3.5.5. In case I we use for €, u > 0 the barrier function

feu: Uad(e) = R, f:—:,u(u) = ](MU) + b (u).
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3.5. Associated barrier problems

To apply the framework of Section |Z| we want to show that for fixed e and suitable > 0, f; ,
satisfies Assumption This is the goal of this section. The key step is to argue that f; , is
self-concordant. This can be done using Lemma [2.4.3] To apply Lemma [2.4.3 we have to make
sure that B¢ is appropriate. To prove this in a concise way we first establish the following
auxiliary result.

Lemma 3.5.6. Let £ > 0 be given. For fixed y,h € Y define

e~ (Y(@)—ya(z))/e h(z) h(z)
p(x) == A O @ = /ap(x) S de, and s(x) = - L.

Then there hold:

(Bé(ﬁa))”(y) [h,h] = —¢ /Qa ps?dz and (Bsc(ﬁa))

n

()lh, hyh] = & /Q s .

e—(W—va)/e qg

ol(722) ) Hence, Corollary (C.2.18

and Corollary |C.2.10|imply in combination with the product rule that y — Bé @ )(y) is thrice

Fréchet differentiable. Setting H(y) := In( [, e~W=va)/= dz) it suffices to prove

. B Jo,
Proof. By definition we have Bé(ﬁa)(y) = —eln(

1) H"(y)[h, h) :/ ps? dz and 2) H"(y)[h,h,h] = —/ ps3 dz.

a a

In the following we abbreviate f := e~ (V~¥a)/e,

2 2
To 1): From ps? = p (%) - 2p§ Jo, p% dz +p (an p% dac) and [, pdr =1 we infer

Jo. I (2)2 do (fga o dx>2
anfda; fgafdm

h\?2 h 2
=/ p () dz — </ p— dac) :/ ps*dx.
2, € o € o

To 2): For the third directional derivative we obtain

H"(y)[h, h, h]

_3an f%dxfgaf(%)Q dz o (fna fgda?)B_ f()af(%)B &
: (f(za fdl‘)Q Jo, fdz Jo, fdx

3</Qap(s~|—,u)dx> </Qap(s+u)2dx) —2(/Qap(s—l—,u)dx)g—/Qap(s—l—,u)?’dx
:3</Qap,udx> (/(ZapSde—i-/(zaqudx) —2</Qappdx>3—/gap(s+u)3dx.

Here, we used [, psdz = 0. From [, pudzr = p [ pdr = p we deduce

H"(y)[h, h] =

H"(y)[h, h,h] = 3p (/Q ps’da + MQ) — 247 — / p(s> + 387 p + 3sp® + %) da

a

:—/ psgdx—?)uz/ psdx:—/ ps® dz. ]
2, 2, 2,
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3. Problem class and associated barrier problems

In the next lemma we show that y — BEC @ )(y) is an appropriate mapping.

Lemma 3.5.7. Fize > 0. Let C,C’ eR withC < C. Lety,h €Y withy < C andy+h > C
in £2, be given. Then it holds

(Bé(ﬁa)>m(y) [h, b, h] < I C(

é(ﬁ ) 1Y — R is S-appropriate on {y € Y : C < y < C} and any convex
2(C-0)

subset thereof if B satisfies 8 > ==—=.

In particular, B

Proof. We start by proving the asserted inequality. Since |h| <y — C holds in £2,, we have
h

£

< % < % Defining p, u, and s as in Lemma |3.5.6| we compute

[ et ars | |p\-‘c‘c‘dxsc_ca

p Pap—
€ € €
where we used [, [p|dz = 1. Together, this implies

sl \h \<\h\+r<2
sl =|— — —
e H_s M=

c-C

With Lemma B.5.6] we deduce

BE " hhh< ) d
( c@)) W)[h, h, ]_E/Qaps |s| dw

A c-C "
2 _ €
<2(C C)/apg der = -2 6 (BC(TZG)) (y)[h, h).

The second assertion (“In particular, ...”) is obvious: In order for B, @)

on the convex set {y € Y : €' < y < C} we only have to consider y with C <y < C,and h € Y
with €' < y £+ h < C, which comprises in particular the inequalities that were needed to prove
the first assertion. Moreover, Bé @) Y — R is concave, see its second directional derivatives
in Lemma In conclusion, Bé(ﬁa is appropriate on the aforementioned set with the

to be appropriate

asserted constant. Moreover, it follows directly from the definition that a function that is
appropriate on a set is also appropriate with the same constant on every convex subset thereof.
Finally, it is clear from the definition that any S-appropriate function remains appropriate if 3
is enlarged. This concludes the proof. O

. . . ; C; In(C5—3) .
As main result of this section we show that f. , = % +0°=——"-"~L"——7(c)In(B?) is a
self-concordant and self-bounded barrier function for U,q(e) if C; is large enough.

Lemma 3.5.8. Let ¢ >0 and 7(¢) > 1. Let C,, > 0 and let C; satisfy

N 2
C 16 215" @)= | -
Cj > ?;maX {52, ?CE,C(ﬁa) ( + HUHU + HgHZ

Q>
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3.5. Associated barrier problems

with a @ € U that fulfills j() > C; =1+ J(u®). Then feu = %-l— b° is a mondegenerate
(% + 7(g))-self-concordant barrier function for Uaq(e) if p € (0,C)] holds.

Moreover, f., is uniformly convexr with modulus ((e,p) = %, where o > 0 denotes the

convezity modulus of j on Ugq(e).

Remark 3.5.9. In Lemma m C.4.14] we show that j is uniformly convex on Dj O Uad(e) and link
the convexity modulus a of j to the convexity modulus & of j.

Remark 3.5.10. For the standard example j(u) = 3y (u)— deLQ ) dHulﬁz( ) Withyg € L*(0)
and state equat1on —Ay = u with homogeneous Dirichlet boundary conditions we readily
compute [|5'(@)l|v+ = ¢ (@)l + &llallo = p(@)] L2(0) + @l L2(q), where g(u) = 3]ly(u) -
de%Q(Q) and p(@) € H%(2) N H(£2) solves —Ap = y( ) — yq. The quantity [|7’(@)||y~ can,
hence, easily be evaluated numerically.

Proof. We want to apply Lemma[2.4.3] Using Lemma [2.1.19]as well as Corollary [2.3.9]it follows
that j/Cj is a 1-self-concordant barrier function for D;. From Lemma |C.4.13| we deduce that
Dj={ue U :j(u) <C;} is bounded by 217 (@ )HU*/a+ |@||r7, where @ satisfies j(4) > C.

Due to ||y(u)||c(§ < Ca @ (Hu||U +/l9]|z), see Lemma |3.1.14] we have for all u € D;

2|1 (@)]|o-

lv@ e, < Cocmy ( + llally + ||9l|Z> . (3.2)

o

=y

Define T := —A7'B € L(U,Y) and let u € D; and h € U with u £+ h € D; be given. From
(3.2) we infer

lly(u) £ T(h)llc(ﬁa) = lly(u=+ h)”c(ﬁa) <7 and Hy(U)HC(ﬁa) <7
Together with Lemma [3.5.7] this implies

(BY)" (w)[h, h b = (B .))" (w()[T(h), T(h), T(h)

| /\

(B ) @) [T (), T(R)] = %“”(BE)”@) 1.

This shows that B : D; — R is 3- approprlate if B satisfies 8 > > . Hence, all prerequisites of
Lemma are fulﬁlled (use A=B°, f=j/Cj, K=D;, E= Uad( )ou°, C=1(e) > 1,

C = Cj/u in this lemma). This yields that fepisa (C' +7(¢))-self-concordant barrier function

for Uaa(e) if C; is chosen according to J > max{1, ( ) }. For p < C), it is, thus, sufficient
to choose C; such that it holds

4\ 2 C 162
CjZCumax{l, (32) }zgfmax{e{ ; }

Inserting the definition of v we obtain the asserted estimate. The uniform convexity of f. ,
implies that f. , is nondegenerate, see Theorem It follows from the uniform convexity
of j, which is itself a consequence of Lemma [C:4.14] O
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3. Problem class and associated barrier problems

Lemma 3.5.11. For e > 0, b° is 7(¢)-self-bounded on Ugq(e).

Proof. This follows directly from Corollary [2.3.9 O

Corollary 3.5.12. Under the assumptions of Lemma|[3.5.8, f., satisfies Assumption[2.5.9
for M :=Dj N Dy, K :=Upgq(e) = Dj N Dpe, ps :=C,, and 9y := 7(e).

Proof. 1t follows from Lemma that K C M C K is satisfied. Furthermore, f. , possesses
a global minimizer on Uyq(e) for u = ps. The existence of such a minimizer follows from
Corollary since Uaq(€) C Dj is nonempty, convex, and bounded. The remaining parts of
Assumption [2.5.2] follow from Lemma [3.5.8] O

Definition 3.5.13. For € > 0 we set 9J(¢) := 7(¢) in case L

3.5.2. A suitable barrier function for case Il

In this section we construct a self-concordant barrier function f , for case II. In this case
the function fL + b that we used in case I may not be nondegenerate, e.g., if j = J is linear.
Therefore, we add a uniformly convex barrier term. We also need this term to argue that f. ,
is self-concordant.

Definition 3.5.14. In case II we define
- - 1
B:U — R, B(u) = C”H — §HUH2U7

where C). is given by Cjj =1+ %(max{”uoHU,CH@||U})2. We set Dj. := {u € U : B(u) > 0}
and define for & > 0 the barrier functional b° by

B Dy >R, B(u) = —7(e) n(B(w),
where 7(g) > 0.

Definition 3.5.15. For € > 0 we define Uyq(¢) := Dpe N Dy in case II.

Before we introduce the barrier function f; ,, we demonstrate that b° + b = —7(e) In(B?) —
7(e)In(B) is a self-concordant and self-bounded barrier function for U,q(e) if 7(¢) is large
enough.

Lemma 3.5.16. Let ¢ > 0 and 7(¢) > 1. Then b + b is a (7(g) + 7(¢))-self-concordant
barrier function for Uauq(e) if 7(e) satisfies

(o) > w2 82 (/2 + lall)).
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3.5. Associated barrier problems

Proof. To establish the assertion we use Lemma[2.4.3| Let us start by arguing that this lemma is
applicable. From Lemma [2.1.19/and Corollary it follows that b°/7 () is a 1-self-concordant
barrier function for Dj.. Furthermore, for u € Dj. = {u € U : 3|ull} < C}} we obviously

have the bound |[jully < |/2C),. Together with |y(u )HC(Qa < Cyoma) ([[ullo + 1lgllz), see

Lemma [3.1.14] we obtain
ly()lle@,) < Coco@.) (\/20\\ +lgll) (3.3)

for all u € Dj.. This yields for all u € Dj. and all h € U with u = h € Dj. the estimate
ly(w) £ T,y = (e £ W)l o,y <A

where T := —A7'B € L(U,Y). Using this and (3.3)) in combination with Lemma we
deduce for these u, h that

(B%)" (u)lh. h. h] = (Bgyg5,))" ()T (h), T(h), T(h)]

C(0a)
< (B ) )T (R), T(H)] = 2 (B) (w)[h, ]

holds. Thus, B¢ is S-appropriate on Dbs if B8 satisfies § > 41. Hence, all prerequisites of
Lemma [2.4.3| are fulfilled (use A = B®, f = b°/7(¢), K = Dj., E = Upa(e) 3 u°, C = 7(e) > 1,
and C' = T( ) in this lemma). This ylelds that b° 4 b° is a (7(g) + %(5))—self—concordant barrier
function for Uyq(e) if 7(¢) is chosen according to 7(¢) > max{1, (%)2}, which establishes the
assertion. O

Definition 3.5.17. In case II we use for ¢, 4 > 0 the barrier function
X .7( ) € 7€
few i Uaale) = R, fopulu) = . + 0% (u) +b°(u).

As main result of this section we obtain that f. , is a self-concordant and self-bounded barrier
function for U,q(e) if 7(¢) is large enough.

Lemma 3.5.18. Let e >0, 7(¢) > 1, and C,, < 1. Then for every u € (0,C,] the function

. ~ 2
fop = % +0° +b° is a nondegenerate 2 (igg('e')' +7(e) + %(5)) -self-concordant barrier function
for Ugq(e) if 7(e) satisfies

- 1 16
7’(8) > 62Hla,x{ 2 80(9 (1/20\\ —|—||g||z> }

Here, C' denotes the bound on the first derivative of j on Uag(€).

Moreover, f., is uniformly convex with modulus (e, ) := % + Z}‘(fl)‘ ,

convexity modulus of j, with o = 0 if j is not uniformly convex.

Remark 3.5.19. Since we assume j = ; to be self-concordant, % may not be self-concordant for
i > 1. Therefore, we use €, < 1 in the preceding lemma.
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3. Problem class and associated barrier problems

Proof. Let p € (0,C,]. Employing Lemma |3.5.16, the self-concordance of %, and its bounded-

ness on the bounded set Uyq(¢), cf. Corollary we obtain that f. , = i + b5+ is a
self-concordant barrier function for U,q(e). It is nondegenerate since it is uniformly convex, as
follows together with the asserted modulus of convexity from Lemma [C.4.14] Since b + b° is

uniformly convex with modulus g(i) and self-bounded with constant 7(g) +7(¢), Lemma [2.5.24]

establishes that f. , is self-bounded with constant as asserted. This lemma is applicable since
Assumption [2.5.2] is satisfied, as we prove in the succeeding corollary. O

Corollary 3.5.20. Under the Assumptions of Lemma feu satisfies Assumption
with M := Dy N Dy, K 1= Uyq(e), ps = Cp, and 9y := 7(c) + 7(e).

Proof. 1t follows from Lemma that K C M = K is satisfied. The last part of Assump-
tion [2.5.2| is valid since the barrier function f.,, possesses a minimizer on Uyq(e) due to
Corollary [C.4.6] The remaining parts of Assumption follow from Lemma [3.5.18 O

Definition 3.5.21. For € > 0 we set ¥(¢) := 7(¢) + 7(¢) in case IL

3.5.3. Definitions for the barrier functions

Since f,, is thrice Fréchet differentiable and uniformly convex for every (e, 1) € Rso x Rxo
on Uy,q(e), the Newton step n,, is well-defined at every u € U,q(¢), cf. Theorem |C.4.15

Definition 3.5.22. For (e,1) € Rso x Ry we define the Newton decrement of f., at
u € Uyq(e) via

)‘57#(10 = é/,u(u) [nTu nu]v
where n, € U denotes the Newton step for f. , at u € Uyq(e).
Definition 3.5.23. For (e, 1) € Rso x Rso and t > 0 we set

1

Aep(t) = {u € Upa(€) s dep(u) <8} and Ao, i= Ao, (4) .

3.5.4. Associated smoothed problems

So far we have shown how to obtain suitable barrier functions f; ,. It is left to explain how we
actually tackle by use of these barriers.

Definition 3.5.24. We call the problem

Zr:&i{l}j(u) st. wue M) (P.)

the smoothed problem with smoothing parameter € > 0. Here, we define M (g) := Dy N Dj in
case I and M(e) := Dy N Dj. in case I1.

Remark 3.5.25. Since closures of convex sets are convex, cf. Lemma M (e) is convex.
Remark 3.5.26. In case I, is identical to (3.1) that we used to motivate our approach.
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3.6. Estimates for an important constant

To tackle (]ED we use two different strategies. On the one hand, we develop barrier methods for
fixed € that drive p to zero. This is, for each p we approximately solve min, ¢y, (o) fe,u(u) via
(a damped version of) Newton’s method and then decrease p. This yields a solution of ,
as we prove later. This solution can be regarded as an approximation for the solution of ,
in particular since we will provide an error bound. On the other hand, we develop algorithms
in which p and e are both driven to zero. This is, for each (g, u) we approximately solve
Min,eq,, (o) feu(u) via (a damped version of) Newton’s method and then decrease € and p.
This yields a solution of , as we establish later.

3.6. Estimates for an important constant

To ensure self-concordance of f. ,, we need to choose C; and 7(¢), respectively, large enough, cf.
Lemma and Lemma To do so, we need to find a priori estimates for C o5 ), as
the very same lemmas show. This constant depends only on the state equation Ay + Bu =g
and (2,. For d € {2,3} results from [Plu92] can be employed to derive bounds for Co.c@.)
We use this to obtain estimates for one of the two state equations with d = 2 that we employ
in our numerical experiments. The first estimate, however, deals with the case d = 1.

Lemma 3.6.1. Let 2 := (a,b) C R, Y := H>(2)NH}(N2), U := Z = L*(2), A = - A,
B:=—1I, and g =0. Then we have

b
Iyl < o f) 140520 = 52 iz

for all u € L2(£2) and all 2, C 2, iie., it holds Cy ., < L9

Proof. 1t suffices to argue for 2, = 2. Let a,b € R with a < b be given. We first show how
to reduce the general case of {2 = (a,b) to the case 2 = (0,1). To this end, set {2 := (a,b)
and let u € L%(2) be given. Then, y := y(u) € Y satisfies —y” = u on §2 in the weak
sense, and y(a) = y(b) = 0. Using the transformation g : [0,1] — [a,b], g(t) :=a + (b — a)t
we obtain ¢ : [0,1] — R, g(t) := y(g(t)). The chain rule for Sobolev functions, cf., e.g.,
[ATE06, 2.25, p. 124], yields § € Y := H?(£2) N H}(£2), where we used 2 := (0,1). Deﬁnmg
a(t) == (b —a)®u(g(t)) we, thus, deduce that ¢ : [0,1] — R satisfies

—"(t) = a(t) forallt € 2 =(0,1), F(0)=g(1)=0.

Using integration by substitution we obtain ||al| L2(0) = (b— a)>?||ul £2()- This yields

ly(Wlle@,) = 1Wle@,) = 19lleqo < Cllallrzoyy = Cb - a)3/2||u||L2(Q)a

where C' denotes C, (@) in the special case 2 = 2, = (0,1). To establish the assertion, it,
hence, suffices to prove Hy(u)||c(§a) < T%”UHLQ(Q) for all u € L?(£2) with £2 = 2, = (0,1). To
do so, assume without loss of generality y := y(u) # 0 and let zo € (0,1) with y(z0) = [[yllo5,)-

Assume, furthermore, that y(z) > 0 is satisfied (if not, use —y instead of y) and that =y € [0, 3]
holds (if not, use [zg, 1] instead of [0, 2¢]). Since y € C*(£2) holds due to Sobolev embeddings,
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3. Problem class and associated barrier problems

we infer y/(z9) = 0. Using y(0) = 0, the fundamental theorem of calculus, integration by parts
for Sobolev functions, cf. [Alt06, A6.8 (2), p. 267], and y/(xg) = 0 we obtain

X0 z xo
I¥lleqm, = vlao) = (o) —9(0) = [y dt= oy — [y wrar
xo
== [0 Ot < 10 1 200) < Il 200

where we also employed Holder’s inequality. Invoking xg < we infer [[[[ 120 4) < f This
implies the assertion.

Remark 3.6.2. By use of 2 = (2, = (a,b) and y(z) = (z — a)(z — b) we obtain HyHc(ﬁa) =
M 1 Ayll2(g)- Since 13— \1/6| < 0.08 holds, the bound of Lemma [3.6.1{ may be considered
suﬂi(:lently sharp for practical purposes. Of course, for {2, C 2 with {2, # {2 it may be possible
to improve this bound.

Remark 3.6.3. [CGL10, Theorem 1] yields a slightly better estimate than the one we presented.

As state equation in one of our numerical examples we consider —Ay+y = u with homogeneous
Dirichlet boundary conditions on the unit square.

Lemma 3.6.4. Let 2 := (0,1) x (0,1) C R%, Y := H*(2) N H}(N2), U := Z = L*(N),
A:=-A+1, B :=—I, and g = 0. Then we have H?J(U)HC(EG) < 1.14|ul[z2(y for all
u € L2(N2) and all 2, C 2, i.e. » it holds Cy o5,y < 1.14.

Proof. We only need to argue for the case {2, = 2. From [Plu92, Theorem 1, (b)], [Plu92,
Theorem 4], and [KS84, p. 164, (3.2)] we infer C, @) < 1.14. To argue more precisely, we
use the notation from [PIu92]. Then we have:

e In [Plu92, Theorem 1, (b)] we use meas(£2) =1, M,(Q,x0) < v2%, and v = \f this
value for 71 is contained in the proof. This yields that the choice Cy = 0, C; = 2,
Cy = 0.71 is possible in [PIu92, Theorem 4], i.e., ||y||C ) < < 2||yzll2,2 + 0.71{| Y2z 2,02
holds for y € Y.

e In [PIu92, Theorem 4] we take 2 = 2 = (0,1) x (0,1), c=c =1, Cy =0, C; = 2,
C5 =0.71, and 7 =1 to obtain K < 1.14; for pug we employ the smallest eigenvalue p of

—A on £2 with respect to Dirichlet boundary conditions. It is well-known that p = 272,
see, e.g., [KS84l p. 164, (3.2)].

In conclusion, this yields K < 1.14, i.e. ||y(u)||c(§ < 1.14|ul[ 20y for all u € U. O

In another numerical example we employ Poisson’s equation on the unit disc.

Lemma 3.6.5. Let 2 := B1(0) C R?, Y = HQ(Q) NHYNN), U:= 7 :=L[*(N2), A:=—A,
B:=—1I, and g =0. ThenwehaveC’aC(ﬁ) r<02f0rall() C 1.

Proof. As before we establish the assertion for {2, = {2, which suffices. In this case the estimate
is proven in [CGL10, Theorem 2]. O
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4. The smoothed problems
This section is devoted to the examination of the problems .

4.1. Properties of the smoothed minimum

In this section we study the smoothed minimum min, : C(£2,) — R.
For constant functions the smoothed minimum yields the exact minimum.

Lemma 4.1.1. Let y € C(£2,) and c € R. Then it holds for all e > 0
min. (y + ¢) = min.(y) + c.

In particular, we have ming(c) = ¢ for all e > 0.

Proof. For € > 0 the definition of min, yields

—(y+o)/e g —y/eq
mine (y +¢) = —Eln<f9“ ‘ x) = —8111(66/5 . W) = c+min.(y). O

vol(£2,) vol(£2,)

In the next lemma we show, in particular, that the smoothed minimum is monotone in the
sense that for two functions y, ¥ with y < ¢ there holds min.(y) < ming (7).

Lemma 4.1.2. Let y,3 € C(§2,) withy <§. Then it holds min.(y) < min.(g) for all € > 0.
If, in addition, there is xo € 2, with y(zo) < §(xo), then we have ming(y) < min.(g) for all
e>0.

Proof. We only establish the second assertion; the proof of the first assertion is similar, but
simpler. Let € > 0 and set

Qo ={x € 2y :ylx) <yz)} and Q- ={x e y:ylx)=7x)}.
Due to the existence of xp and the continuity of y and ¢ there holds vol({2-) > 0. Therefore,

e—v(@)/e 4 e~ U(@)/e 1 1 e—v(@)/e q e~ U(@)/e q
/_Q< vol(£2,) v /Q< vol(£2,) v an /_Q vol(£2,) . _/ vol(£2,) .
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4. The smoothed problems

are satisfied due to the definition of 2. and 2—. Using 2. N 2— = () and 2, = 2. U (2_ this

implies
| 1 ev@/e Wk
min,(y) = —¢ln /Q< Vol(Qa) T /Q vol(£2,)

1 I eI o -
s oen / _vol(29) T o vol(_Qa) = mine ().

Corollary 4.1.3. Let y € C(£2,). Then there holds for all e > 0

min(y) < min.(y) < max(y).

Proof. We set m :=min 5 y(z) and M := max 5 y(z). The assertion then follows from
the application of min. to
m <y <M,

using the preceding lemma and Lemma |4.1.1 O

The following lemma justifies the name smoothed minimum.

Lemma 4.1.4. Let y € C(£2,). Then we have

lim min,(y) = min(y).
e—0t

Proof. Set m := min(y). From Lemma we know that it holds min.(y —m) = min.(y) —m
for alle > 0. Defining g(z) := y(x)—m for x € §2, it, thus, suffices to show lim,_, o+ min. () = 0.
Since Corollary provides 0 = min(y) < liminf, o+ min.(7), we only need to establish
that limsup,_,o+ min.(g) < 0 is valid. This is the aim for the remainder of the proof.

Let 6 > 0. Since there hold § € C(£2,) and {x € 2, : §(x) = 0} # (), we know that
S:={zx € 2y :y(x) <}

is nonempty and open, hence satisfies vol(S) > 0. For all € > 0 we clearly have e=%/¢ > 0 on
2, and e 9/¢ > ¢7%/¢ on S. We deduce that it holds Jo, e ¥/ dx > [ge /¢ da for all £ > 0.

Hence, we have
[, e 95 dx [qe 0/ dx
; D= —cln( 2% " | < _glnls—
mine () = —¢ n( vol(22) ) = 5\ vol(2)

e (Len(an) -0 m ()

for all € > 0, from which we infer lim sup,_ o+ min.(g) < 0. Since 6 > 0 was arbitrary, it
follows lim sup,_,o+ min.(7) < 0, which concludes the proof. O
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4.1. Properties of the smoothed minimum

Remark 4.1.5. Tt is possible to broaden the domain of definition of the smoothed minimum.
For example, upper semi-continuous functions are admissible. The integral is, in that case,
well-defined since for an upper semi-continuous function y the mapping z — e ¥/ ig
lower semi-continuous, hence integrable. Furthermore, the above lemma holds true for upper
semi-continuous functions if “min” is replaced by “inf” (note that upper semi-continuous
functions on compact sets do not necessarily attain their infimum). To establish this result
one proceeds analogously to the proof given above and uses the fact that for each § € R the
set {x € 2, : y(x) < d§} is open, which is a consequence of the upper semi-continuity of y.
However, in this thesis we only deal with functions that are at least continuous and, thus,

choose to work with C'(£2,) as the domain of definition of the smoothed minimum.

Lemma 4.1.6. The function min. : C(£2,) — R is concave for every e > 0.

Proof. Let ¢ >0 and y € C(§2,). It suffices to show min”(y)[h, h] < 0 for all h € C(£2,). To

this end, let h € C(f2,) be given. Then it holds

2
[ e ¥/ehdx —y/ep2 4
mlng(y)[h, h] — } ( £2q )2 B an € x . (41)
=\ (Jo, e7v/edz) Jo,e7v/edz

Moreover, Holder’s inequality implies

2 2
(/ e Y/Ep d:v) = (/ Ve v/leey/e hda:) < He_y/E
2q £2q

. (4.2)

e

L (£24) L(£2a)

Inserting (4.2)) into (4.1) we obtain the assertion. O

Corollary 4.1.7. The functions Bé Y — R and B : U — R are concave for all € > 0.

(£2a)

Proof. The claim on Bé @) follows from the previous lemma by the chain rule. To establish the
assertion on B¢ let u € U and € > 0. We have (B®)"(u)[h1, ho] = (Bé(ﬁ ))”(y(u))[Thl,ThQ]

for all hy, hy € U, with T denoting the operator T := —A~'B € L(U,Y). The first assertion,
thus, implies (B¢)"(u)[h,h] < 0 for all h € U. O

The smoothed minimum is monotone with respect to e.

Lemma 4.1.8. For every y € C(§2,) the mapping € — min.(y) is monotonically increasing
on Rsg. Moreover, € — min.(y) is strictly monotonically increasing if and only if y is not
constant.

Proof. We start by deriving an auxiliary estimate. To this end, let f € C(£2,). Using Hélder’s
inequality with ¢ > 1 and ¢/(c — 1) we have

c—1
/ 1@ < [ e 10 1 g = 1 e,y vol(020)
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4. The smoothed problems

This yields for all ¢ > 1 and all f € C(£2,) with f > 0 the inequality

(fg f(z)da ) _ Jo, U@)° da.

vol(£2,) vol(£2,) (43)

We now establish the first assertion. Let y € C(£2,), € > 0, and ¢ > 1 be given. Employing
[@.3) with f(z) := e ¥/ € C(£2,) we obtain the assertion via

an e—cy(w)/s dl’) c , (fﬂa (efy(z)/s)c dg;)
=—1In

. 15
mln%(y) = In ( Vol (£2,) vol(£2,)
- e~ v(@)/e qp ¢ f : e v(@)/e qu .
? E ((M) ) = —£ ln <QV01((ZQ)> = mlnE(y)'

We now demonstrate that the second assertion is valid. To this end, we note that holds
strictly if and only if f and the function 1 are linearly independent. This follows from the
fact that Holder’s inequality becomes an equality if and only if the two integrands are linearly
dependent, see, e.g., [Rud87, p. 65]. The linear dependence of f and 1 is, of course, equivalent
to f being constant, which in turn is equivalent to y being constant. O

C

Corollary 4.1.9. For every y € C(§2,) the mapping € — B¢ is monotonically increas-

c@n W)
ing on R~q. Moreover, ¢ — Bé(ﬁ )(y) is strictly monotonically increasing if and only if y — yq

is not constant.

Proof. With the previous lemma this follows directly from B, @ )(y) = min.(y — Yq)- O

Corollary 4.1.10. There hold Uyg(e1) C Uga(g2) and M(g1) C M(e2) for all 0 < g1 < &9.
Proof. Using Corollary this follows from the definition of Uuq(e) and M (e). O

The next result is an interesting consequence of Lemma
Corollary 4.1.11. For ally € C(£2,) with [, e¥®) dz > vol(§2,) it holds Jo, eV @y (z)dz > 0.

Proof. Let y € C(£2,) and apply Lemma with —y instead of y. The monotonicity of
Oming (—y)
Oe

£ — ming(—y) is equivalent to > 0 for all € > 0. We compute the derivative, which

exists due to Lemma [C.2.20] and obtain

1 f ey(z)/g ) d:L’ an 6y(z)/£ dZE S 0
€ an ev@/edr vol(§2,) -

For € = 1 this yields the assertion:

y(z) d y(z) q
fgae y(z) dx i fﬂae x >0,
Jq, €@ dx vol(£2,)
where we used the prerequisite [, V@) dz / vol(£2,) > 1. O
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4.2. Boundedness of the feasible sets

4.2. Boundedness of the feasible sets

Definition 4.2.1. For every € > 0 we define

Yad(‘s) = {y(u) €Y:ue Uad(e)} :

Lemma 4.2.2. The sets Yy4(¢), Uya(e), and M () are uniformly bounded for all € > 0.

Proof. The uniform boundedness of U,q(e) and M (¢) follows in case I from U,q(e), M (e) C D;
and in case IT from Uyq(€), M(¢) C Dj.. The uniform boundedness of Y,4(¢) is then implied
by the boundedness of A~! and B. O

Corollary 4.2.3. The set Yy4(e) C C%P(02,) C C(R2,) is uniformly bounded for all ¢ > 0.

Proof. By Assumption we have Y — C%8(£2,). Of course, it holds C%#(£2,) — C(£2,).
Along with the preceding lemma this implies the claim. O

4.3. Existence of optimal solutions

Lemma 4.3.1. For every € > 0 the smoothed problem (P.)) possesses a global solution, and
this solution is unique if j is strictly convex on M/e).

Proof. Let € > 0. Since M (¢) is convex as intersection of convex sets, it is clear that a possible
solution is unique if the objective j is strictly convex. We now prove existence of solutions.
We first deal with case I. In this case we consider j on L := {u € M(e) : j(u) < j(u®)}.
We note that we have u® € L. Since M(g) = D; N Dy and since j is a continuous barrier
function for Dj, it is easy to see that L is closed in U. Also, L C M/(e) is bounded due to
Lemma Moreover, L is convex. Since j is continuous and convex on L, Lemma
yields the assertion. In case II, M (g) 3 u° is nonempty, bounded, closed, and convex, and j is
continuous and convex on U, so that Lemma implies the existence of a minimizer. [

The possible non-uniqueness of minimizers of (P.)) in case II poses no problems, as is emphasized
by the next definition.

Definition 4.3.2. For every € > 0 we denote by u. € M (e) an arbitrary minimizer of
and by y. € Y the function . := y(u:). Moreover, we define the path of optimal solutions by
]R>0 S € Ug.

Remark 4.3.3. To understand why we can work with an arbitrary minimizer u. we mention
that if j is not uniformly convex, we will not prove results on u. but rather on j(u.). For
example, we later provide an estimate for |j(u:) — j(u)| and deduce from this, under the
additional assumption that j is uniformly convex, an estimate for ||u. — ul|y.
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4. The smoothed problems

4.4. The path of optimal solutions

In this section we examine the path of optimal solutions.

4.4.1. Maximum constraint violation
To examine the maximal pointwise infeasibility of functions y € Y,q4(¢) with respect to the
constraint y > y,, we need the following auxiliary result.

Lemma 4.4.1. Let p > 0 and define 7, : R>0 = R, v,(s) := [g e 't?~ ' dt. Then there holds
Yp(s) > % for all s > 0.

Proof. Integration by parts yields v,(s) = # + [ e’;tp dt for all s > 0. O

Remark 4.4.2. We point out that limg ,o p(s) = I'(p), where I' : Rsg — R denotes the
well-known gamma function (whose domain of definition can be extended substantially by
means of complex analysis). However, in this thesis we do not use this identity.

We recall that d denotes the dimension of 2, i.e., 2, C R%.

Lemma 4.4.3. Let S C C%%(82,) be bounded. Then there exists C > 0 such that
. : d
0 < min.(y) —min(y) <e <C’ + 3 |ln5|>
holds for alle > 0 and ally € S.

Proof. Let y € S. The inequality on the left-hand side follows from Corollary We now
establish the inequality on the right-hand side. For £ > 1 there holds min.(y) — min(y) <

max(y)+|yllcm,) < €(C+%|ln€|) with C':= 2[|y||og,)- Here, we employed min.(y) < max(y),
see Corollary Since S is bounded, this establishes the assertion for ¢ > 1.

Let ¢ € (0,1]. The function y possesses a minimizer Z* on the compact set {2,. Since
2, = U, 024, we have 7% € 2, for an * € {1,...,m}. Let n > 0. Then there exists
x* € g+ with y(z*) < y(Z*) + 1. We now establish min,(y) — min(y) < e(C + % lne|) +n
with a constant C' > 0 that is independent of €, y, £*, «*, ¢*, and 1. This implies the assertion.
By assumption there exists a constant C' > 0, that is independent of all these quantities,
with Hych(ﬁa) < C. Setting w := min.(y) it holds Jo, e Y/e dx = vol(£2,)e~*/¢. We have

—(y(z) —y(2)) =2 —C ||z — x*|)” for all = € 2,. This implies
(y(z) —y(z"))
vol(£2,)e ™/ =/ e V@ dg > e—y(m*)/a/ o—Clla—a*1° /e 4,
24 2,

> o—v(@")/e / ¢—Clla—a*11° /2 4.
0,

a,i*

(4.4)

Due to the cone condition there are constants ¢; > 0 and §; > 0 such that an . e*é”x*'zi”ﬁ/s dx >

G fBéi(Zi) e—Cllz=2ill" /2 4 is satisfied for all € > 0 and all 2i € {2445, 1=1,...,m. For a rigorous
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4.4. The path of optimal solutions

proof that such constants exist we refer to Lemma @ We set ¢ := mineg )¢ and
0 = min;e(1, .. m} %, and note that c and J are independent of ¢, y, %, z*, 7*, and . Multiplying

(4.4) with fzi(l( )/) we deduce

_ ~ ) _

() -w/e > ¢ / ~Cllz=2*|1? /e 4pp > €€ / ~CrfJe d-1 4

€ e X e T T
- VO](Qa) Bgs(z*) - VOl(Qa) 0

with & := dvol(B1(0)), B1(0) C R?. Here, we used integration of rotational symmetric
functions, cf., e.g., [K6n04bl Satz, p. 311]. Substituting ¢ := %7‘5 we infer

(vla*) )/ @ (e\i e, @ (e\F [t e
yle)-w)fe 5, [ = € *tﬁ dt>7 — / B dt
€ = Bvol(12,) <O> /0 Bvol(§2,) <C) 0 °

with é := C§f < géﬁ due to € < 1. Apparently, ¢ is independent of ¢, y, *, x*, i*, and 7.
We remark that the substitution ¢ := %rﬁ we used may not be continuously differentiable in
[0, 0] due to 5 € (0,1]. However, if we start with the integral we derived by substitution and
substitute r := (%t)l/ B which is continuously differentiable, we obtain that the substitution
we performed is, in fact, correct.

From Lemma 1| with p := gﬁ +1= % > 0 we conclude

d d
o) —w) /e cc g8 . cc eENB B _p.d
e 61()<c> ’Yp“f)?na)() a“

d
C := min ) ’ e ¢ 1
= ;3
<

. * a
we obtain eW(@)=)/e > ¢ where ¢
we infer with the definition of z*:

Hence, for

% is independent of ¢, y, Z*, x*, *, and 1. From this

d d
y(z*) > y(x¥) —n2w+sln(éag) —n:w—n+£<lnc+ ﬁlns).

We set C' := —In¢ > 0 and note that this constant is independent of ¢, y, £*, «*, ¢*, and 7.
Thus, we finish the proof with the conclusion

min, (y) — min(y) =w —y(z*) < e <C’ + g |1n5|> + 1. O

Corollary 4.4.4. There exists C' > 0 such that for every e > 0 it holds

d
H(y(u) - ya)iHc(ﬁa) <e <C + E \ln5|>

for all uw € M(e). In particular, we have for all € > 0 the estimate

_ _ d
H(ys —Ya) Hc(ﬁa) <e (C + E |1n5\) . (4.5)
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4. The smoothed problems

Proof. By use of u := u. € M(e) we infer that it suffices to prove the first assertion. Since
the first assertion is trivial for min(y(u) — y,) > 0, we may assume min(y(u) — y,) < 0 in the
following. Lemma shows that M := Ug~oM (e) is bounded. This implies the boundedness
of {y(u) €Y :u € M} — C%(£2,). Hence, Lemma yields the existence of C' > 0 such
that for all w € M and all € > 0 it holds

d
(w0 = 10) ey = = minfo(e) — o) < & (€ + § Inel) - B*(u).

For every € > 0 there holds M (e) C Dy, hence B%(u) > 0 for all u € M (e). O

We show that the estimate of the preceding lemma is sharp with respect to the order of ¢ if €
is sufficiently small. Note that for sufficiently small ¢ the right-hand side in this lemma has
order O(e|lnel).

Lemma 4.4.5. For 2, = (0,2) C R there exists a bounded family (yz)oc(0.1) C C*(2a) such
that every y. satisfies

min,(y:) >0 and ||y;HC(ﬁa) =c|lne|.

Moreover, this is also true if all y. are required to satisfy either homogeneous Dirichlet or
homogeneous Neumann boundary conditions.

Proof. To establish the assertions it suffices to argue for the case of homogeneous Dirichlet and
homogeneous Neumann boundary conditions. In the case of homogeneous Dirichlet boundary
conditions consider for € € (0,1)

- if x € [0, —eln¢],
Ye(z) ' =<(2elne+x: ifze|[—clne,1—clng,
2—x: ifxe[l—elne, 2.

Note that the last interval in the definition of y. is well-defined since —elne < 1 for all
e € (0,1). Obviously, y. is Lipschitz with constant 1 and uniformly bounded regardless of ¢.
This shows the boundedness of (y.) C C%!(£2,). Furthermore, there hold .(0) = y.(2) = 0
and Hy;”c(ﬁa) = ¢|lne|. A computation yields min, (y.) = —eIn(1 — e~ /), which is positive.

In the case of homogeneous Neumann boundary conditions consider for ¢ € (0,1)

elne: if x € [0,¢],
ye(z) =S x+e(lne—1): ifxelg2—¢l,
24+¢e(lne—2): ifzxe2—¢2.
Obviously, y. is Lipschitz with constant 1 and uniformly bounded regardless of €. This

shows the boundedness of (y.) C C%!(£2,). Furthermore, it holds y.(0) = y.(2) = 0, and
lly=|I @) = e|lne|. A computation yields min,(y.) = 0. This concludes the proof. O
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4.4. The path of optimal solutions

Remark 4.4.6. Since the order of Lemma [4.4.3]is sharp with respect to ¢ for d = 1, it can be
expected to be sharp for d > 2 as well. This is, in particular, true since the key argument in
the proof of this lemma is to employ rotational symmetry, which shows that we basically use
an argument for d = 1, anyway.

Remark 4.4.7. The estimate in Lemmal[4.4.3]may be improved in specific situations. For instance,
if every y € S is constant, then the right-hand side is bounded by zero, cf. Lemma [I.1.1] We
mention this since it indicates that in specific situations it may be possible to improve the
estimate for ||(y: — ya) || ¢(@,) from Corollary 4.4.4f This would be desirable since it turns out

that the quantity [|(y: — ya)~ H(J(ﬁa) determines the length of the path of solutions. However,

we remark that in one of the numerical examples for d = 2 we observe the order O(¢|lne¢|) for
1(% — va)~ llo@,) to be sharp, which confirms the estimate in Corollary in the general
case.

4.4.2. Length

From the previous result we derive an estimate for the length of the path of solutions. Recall
that in case I, j = —C} ln(Cj — ) depends on the choice of C; > 0. Note, however, that the

minimizer u. of j on M (e) does not depend on this choice. We also recall that we have j = C’ﬁ
with C; = 1 in case II.

Theorem 4.4.8. There exists C > 0 such that

o o < d
(8) = 5@ < Al < (€ + 5 nel)

is satisfied for all € > 0 and, in case I, for all C; > 0. Here, X\ denotes a Lagrange multiplier
for w in the case Cj = 1, cf. Lemma . Moreover, if j/C; is uniformly convex on M e)
with modulus o > 0, then it also holds

AN o5,y
H%—MM<V|’Em”w@ €+ 5 ine],

with the same C and the same X as before.

Proof. We first deal with the estimate for the objective. Dividing this estimate by C; we see
that it suffices to argue for the case C; = 1. To this end, define T := —A™1B € L(U,C(£2,)).
We have Dy = {u € U : B*(u) > 0} due to Lemma and u® € Dp-. From B®(u) >
min(y(u) — yq) > 0, cf. Lemma we infer 4 € Dye. This implies @ € M (g). Together with
Lemma, this yields

(ue) = ()] = j(u) = j(ue) < —j' (W)t — u] = (N, T(te — W) 5, @)
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By Lemma we have <5\,y>0(§a)* c@m, < 0forally e C(£2,) with y > 0. From this

we infer |j(@) = J@| < (@ — v0) omyr oy < WMo 1@ — 1) o, Using
Corollary [4.4.4] we obtain the assertion.

We now turn to the second estimate. Since u. is also the global minimizer of the uniformly
convex function j with C; = 1 on M (e), it follows from Lemma |C.4.12|that we have ||u—u.||y <

\/g Vi(u) — j(us) with Cj = 1. Hence, the second inequality follows from the first one. [

Remark 4.4.9. Regardless of the dimension d of 2 we have order O(\/e(1+ |ln¢€|)) in the
above estimate for the path of optimal solutions. For interior point methods and Lavrentiev
reqularization similar estimates have been proven, cf., e.g., [Sch09b, Theorem 6.3] and [KR0Y,
Theorem 3.4]. In Moreau-Yosida reqularization for state constrained optimal control problems

the length of the path of optimal solutions can also be bounded by some power of the reqularization
parameter, but this power depends on d, cf. [HSWI12, Theorem 2.9] and [SH11, Theorem 2.9].

We estimate H;‘Hc(ﬁa)* in a simple situation.

Lemma 4.4.10. We consider a state equation with Z = U, B = —I, g = 0, i.e., a state
equation of the form Ay = u, with A € L(Y,U). Let Y satisfy Y — L*(2) as well as 1 €Y,
where 1 denotes the constant function with value 1. Furthermore, let the reduced objective be
given by j(u) = L||ly(u) — de%g(Q) + S\ull? with yq € L2(£2) and & > 0. Then for X from the
previous theorem it holds

Mo, < V2@ (wol(@) + 410 ).

In particular, for the state equation —Ay +y = u on §2 and % =0 on 012, this estimate reads

HS‘HC(ﬁa)* <2 25(11) vol(£2).

Proof. The optimality condition A < 0 implies HS‘HC(EI)* = () L) o(@.)+.c(f.)- Moreover,

we have j'(u)[h] = <5‘7A_1h>c(ﬁa)*,(](§a) for all h € U. There hold |j'(@)[h]| < |7'(@)[h]| and

7(@)[h] = (y(a@) — ya, A7h) 20y + @(@, h) 12(g) for all h € U. To derive the first estimate we

used C; =1 and, in case I, the optimality of u and C; > 1. Apparently, we have 7' (w)[A1]] <

15 —yall L2211 L2(2) + a6l L2 (0) [|AL]| L2(2)- Together with max{ ||y —yallp2(0), &llullL2(2)} <
27(w) this implies

Mo, < 17 @A) < [7@[A1]] < y25@) (I120) + 141 22) ) - O
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5. Barrier methods for fixed smoothing
parameter

In this section we develop barrier methods to solve (P.)) for a given e.

5.1. An estimate for the overall error

Lemma 5.1.1. Lete > 0 and 7(¢) > 1. In case I let Cy, > 0 and let C; be chosen according to
Lemma[3.5.8. In case II let C, <1 and let 7(¢) be chosen according to Lemma[3.5.18. Then
for every p € Iy = (0,C,] we have

|7 (u) = j(ae)] < 2ud(e)

for allw € A, ,. If, in addition, j is uniformly convex on M (e) with modulus o > 0, then it

also holds
4
— |y < 4/ —/2u0
fu el <\ \2u0(e)

for these p and u.

Proof. Considering Corollary [3.5.12]in case I and Corollary [3.5.20] in case 11, it follows from

Lemma [2.5.18, Lemma [2.5.19] and A. ,(u) < 1 that

19 (w) = ()| < [5(w) = j(teu)| + 15 (Ue,n) — j(2e)]

u el 2
< 1_%( )<u>'@f;i{;§ ) .M+ﬁ(s)u§<§ 19(5”8?6)“29(5)#
9 M €,

is satisfied, where 1., denotes the minimizer of f. , on U,q(e). Since we have 9¥(e) > 1, it

holds 3 3
- — < <
which yields the first estimate. The second estimate is implied by the first, cf. Lemma

O]

Remark 5.1.2. The proof shows that the order pi(e) in the above estimate does not improve if
u € A, ,(0) with 0 < 1 is required instead of u € A, , = A. ().

We present an estimate for the overall error. Clearly, choosing a smaller € should enable us to
decrease this error. However, since a smaller ¢ may require the choice of a larger C; in case I,
cf. Lemma the following result also displays the influence of C';. We recall that in case II
we have C; = 1.
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5. Barrier methods for fixed smoothing parameter

Lemma 5.1.3. Lete > 0 and 7(¢) > 1. In case I let Cy, > 0 and let C; be chosen according to

Lemma[3.5.8 In case II let C, <1 and let 7(g) be chosen according to Lemma[3.5.18 Then
for every p € Iy = (0,C,] we have

i) —J(@)] _ 2u0(e)
Cj B CJ

+Ce (1 + [Ine])

for all w € A ,,, where C > 0 is independent of ¢, 7(¢), 7(e), C,, C;, i, and u.
M pr &js M

If, in addition, j/C; is uniformly convex on M (e) with modulus o > 0, then it also holds

lu— ,/8‘“9 ,/40\/ (1+Ine)).

for these u, u, and the same C.

Proof. Both estimates follow from Theorem and Lemma by use of the triangle
inequality. O

Remark 5.1.4. Theorem [£.4.§ provides more information for the right summand in the above
estimates.

5.2. A short step method

We consider the following short step method to solve .

Algorithm SSM. (short step method to solve (P.))

Input: Parameters ¢ > 0, yo > 0 in case I and po < 1 in case II, 6 € (0, 1], 7(e) > 1,
starting point u® € A, (0).

Set C,, := o and select C; according to Lemma in case I and 7(e) according to Lemma [3.5.18|in
case II.

o(1-—2
Set 9y, := () and define ¢ := M and B:=1— Lﬂ. Set f, == fe .
+M Vo,

FOR k=0,1,2,...:
Compute the Newton step s* € U by solving f;/ (u¥)[s"] = —f/, (u*) in U*.
Set uF 1 := ¥ + 5% and piy1 = Buk.

END

Remark 5.2.1. The freedom to choose large values for 7(¢) may be useful to find a starting
point for SSM,.

Remark 5.2.2. Termination criteria for SSM, can be based on the next theorem.
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5.2. A short step method

We have the following theorem on convergence and complexity of Algorithm SSM,. It is one
of the main results of this thesis.

Theorem 5.2.3. Algorithm SSM. generates a sequence (u*) C Uy(e) with u € A, () for
all k € Ng. Moreover, with 9y := () we have for every k € Wq:

1) To reach iteration k (more precisely: to reach the FOR statement in SSM; for the k+1-th
time) Algorithm SSM. requires exactly k Newton steps.

2) The sequence (j(u*)) converges with r-linear rate 3 to the optimal value of (PJ). More
precisely, there holds

. k _ ./ —
‘J(u )CA](us)’ < U J;\/Fbuk _ Iy Emﬁkuo-
J J J

3) For every & > 0 we have the complezity estimate

) @m<é‘;wb+m> L )

k> _
13

4) If j/C; is uniformly convex on M () with modulus o > 0, then it holds

_ 4
||Uk — v < m\/ Dy + o/t
\ Cj

In particular, (u*) converges r-linearly with rate /B and ||-||r-strongly to i., and we
have for every € > 0 the complexity estimate

\/%\/ to(96 + /D)
é

k

= lu™ — ue||lv < €.

5) There exists a constant C' > 0 that is independent of €, 7(¢), 7(¢), Cu, Cj, and k such

that 5 k;) (@)
J(u") —j(u 20y
< + Ce (1 + |In
Cj e e (1+[ine)

is satisfied. If j/C; is uniformly convex on M (e) with modulus o > 0, then it also holds

/8/%19;, /40\/7
— 1
|u ully Cya 1+ [lne|)

with the same C as before.

Proof. 1), 2), 3), and 4) are derived from their counterparts in Theorem which is
applicable due to Corollary [3.5.12|in case I and Corollary [3.5.20|in case II. The estimates in 5)
follow from Lemma [5.1.3l ]
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5. Barrier methods for fixed smoothing parameter

Remark 5.2.4. All constants that appear in 1), 2), 3), and 4) are known explicitly. Thus, we
can determine in advance how many iterations of SSM. suffice to ensure a given accuracy for
|7(u*) — j ()| and, if j is uniformly convex, |u* — .|

Remark 5.2.5. In case I, j/C; is uniformly convex on D; D M(e), as follows from the uniform
convexity of 7 via Lemma |C.4.14] In this lemma we also provide an estimate for the convexity
modulus of j/Cj.

Remark 5.2.6. In case II we have j = J, so the estimates for j are actually estimates for the
original objective j of m In case I we use the reformulation j = —Cj} ln(Cj — 7). However,

by use of M = [In(1 + J( ) (()))\, estimates for j may be transferred to ; also in this

case. For instance if k is large enough, then j(u¥) — j(1.) < 2.5(C; — 7(u*)) holds. If, in

addition, j > 0 is valid, then (u® ) o J(ue)l > liu %Cﬁ 1@l j5 satisfied for all k large enough. In
J

particular, this implies that (j(u¥)) is r-linear convergent.

Remark 5.2.7. In case I we have ¥, = ¥(e) = 7(¢) and 7(¢) only has to satisfy 7(¢) > 1.

In case II it holds ¥, = ¥(g) = 7(g) + 7(¢) and 7(¢) has to be chosen of order O(1/£?), cf.

Lemma [3.5.1§

Remark 5.2.8. The estimates in 5) indicate that in case I it is not sensible to choose ¥, =
() = 7(e) too small, since then the first term on the right-hand side may already be smaller
than the second term for y = pg. This matches the observation from our numerical experiments
that phase one may become excessively long for small 7(¢) if € is small. In several experiments
for case I choices around 7(¢) = Cje(1 + |In¢|) produced good results.

5.3. A long step method

We consider the following long step method for solving .

Algorithm LSM. (long step method to solve )

Input: Parameters € > 0, po > 0 in case T and pp < 1 in case IT, 6 € (0, %]7 Brmins Pmax € (0,1) with
Bmin < Bmax, T() > 1, starting point u® € Az g (771 with 7:=2 25/?.

Set C, := po and select C; according to Lemma in case I and 7(g) according to Lemma [3.5.18|in
case II. Set f, := f- -

FOR k=0,1,2,...:

Compute the Newton step s* € U by solving f// (u*)[s*] = —f/, (u*) in U*.

CALL Algorithm LSMSUB from Section Wlth (uF, 5% ur, 0) (use X :=U, K := U,q(e), and
I, = (0,C,] in LSMSUB) and denote its return value by u**1.

Choose By € [Brmin, Bmax] and set i1 = B
END
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5.3. A long step method

Remark 5.3.1. Termination criteria for LSM, can be based on the next theorem.
Remark 5.3.2. In LSMSUB line searches may be employed, cf. Remark [2.7.41 We emphasize

that line searches based on function values do not require additional solves of the state equation
and are, therefore, numerically inexpensive: Given the actual iterate @' in LSMSUB and the
corresponding Newton step &, line searches evaluate I (@' 4 t&") for some t € R, which
requires y(@! + t5'). Assuming that A~lg and y(@') are already available the affine linearity of
the state equation implies y(i! + t3') = y(ﬂl) + ty(3) —tA~lg. This demonstrates that only
the state y(5') has to be computed for the line search, i.e., one solve of the state equation
is required. However, y(5') can then be used to compute y(@*!) without solving the state
equation. Since the computation of y(@!*!) is necessary anyway, this shows that function
evaluations for line search do not require additional solves of the state equation.

We have the following theorem on convergence and complexity of Algorithm LSM,. It is one of
the main results of this thesis. Note that «**! is determined in iteration k € INy of LSM.,.

Theorem 5.3.3. Algorithm LSM. generates a sequence (u*) C Ugq(e) with ubt € A, (0)
for all k € Ng. Moreover, with Uy, := ¥(e) we have for all k € INy:

1) To reach iteration k (more precisely: to reach the FOR statement in LSM; for the k+1-th
time) Algorithm LSM. requires at most

k qlﬁom? (9 + \/197,)J +[8.13+145In ‘m @H)

Newton steps, including the Newton steps from LSMSUB.

2) The sequence (j(u*)) converges with r-linear rate By, in iteration k to the optimal value
of (Pc). More precisely, there holds

s k1Y s k—1
1 (u )Cj Jue)l 19b+j\ﬁonﬁ] 191;+;F

3) For every € > 0 we have the complezity estimate

m(é?(ﬁb i \/1970) L L) )

é

1

k>
~ |In Bmax

4) Identical to 4) from Theorem with v, B, and (in the complexity estimate) Qf@
replaced by u*+1, By, and |1ngﬁ|

5) Identical to 5) from Theorem with u* replaced by uF*!

Proof. 1), 2), 3), and 4) follow directly from their counterparts in Theorem [2.7.10, which is
applicable due to Corollary [3.5.12]in case I and Corollary [3.5.20|in case II. The estimates in 5)
follow from Lemma O

Remark 5.3.4. The remarks after Theorem [5.2.3] also apply here.
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5. Barrier methods for fixed smoothing parameter

5.4. Phase one

In this section we describe phase one methods for Algorithm SSM, and Algorithm LSM,.. This
is, we show how to obtain a starting point for Algorithm SSM, and Algorithm LSM, if only a
point u® € Upq(e) is known.

5.4.1. Phase one based on a short step method

The following Algorithm APOSS determines % € U,q(e) with A 4o (@) < 6. Thus, @ is suitable
as starting point for Algorithm SSM, and LSM..

Algorithm APOSS (phase one based on short steps applied to f; )

Input: Parameters ¢ > 0, o > 0 in case I and po < 1 in case 11, 6 € (0, %], T(e) > 1,
starting point u® € Uy,q(e).

Output: @ € A, ,,(0).

Set C), := pp and select C; according to Lemma in case I and 7(¢) according to Lemma [3.5.18|in
case II. Define f,,, = fe 0, K := Uaa(€), and set for v > 0

/(0
fu’uo’uo P K =R, fu,Mo,uO (u) = fuo (u) o M.

CALL Algorithm POSS from Section with (u®, po, 0) (use X = U, Iy = (0,C,] in Algorithm POSS)
and denote its return value by .
RETURN 4.

Remark 5.4.1. Algorithm POSS requires the self-boundedness constant dy, , - of fu, = fe uo-
From Lemma [3.5.8] and Lemma [3.5.18| we know that this constant is given by

20y
p37(e)

9 :@4-7'(8) incase I and 19fw0:2<
Ho ’

Jeno

+7(e) + %(5)) in case II,

where C satisfies |7’ (u)||y= < C for all u € Uyq(e).

We have the following complexity result for Algorithm APOSS. We recall that sym(u”, Uaq(e)),
the symmetry of U,q(g) about u?, is introduced in Definition [2.5.25

Theorem 5.4.2. Algorithm APOSS returns a @ that satisfies \; (@) < 6 after N € INg
iterations of Algorithm POSS, where N is bounded from above by

17 NI -In 2 (1 + 1 >
16 5 0 sym(u®, Uga(€))

N <
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5.4. Phase one

with
20y

127 (e) +7(e) + ?(€)> in case II,

C; )
ﬁfs,uo = IT(J) + 7(¢) in case I, ﬁwa —9 <

and 5
n 0
5— o (1 _ (1jé)2)
vV ﬁfauo
Here, C satisfies ||7'(u)||g= < C for all u € Uyq(€).

~ 0
here 0 = —.
, where 5

During the course of APOSS, 2N 4+ 1 Newton steps have to be computed.

Proof. The boundedness of U,q(¢) together with Lemma and Corollary [3.5.12 in case I,
respectively, Lemma [3.5.18 and Corollary [3.5.20]in case 11, yield that Theorem [2.9.5]is applicable
with constants of self-boundedness as claimed. Theorem [2.9.5| now implies all assertions. [

Remark 5.4.3. Jy., has at least order (9(8%), cf. Lemma and Lemma [3.5.18

5.4.2. Phase one based on a long step method

The following Algorithm APOLS determines @ € Uyq(e) with A. (@) < 0. Thus, @ is suitable
as starting point for Algorithm SSM,. and LSM,.

Algorithm APOLS (phase one based on long steps applied to f; )

Input: Parameters ¢ > 0, po > 0 in case I and po < 1 in case II, 6 € (0, i], T(e) > 1,
starting point u® € U,q(e).

Output: @ € A, ,,(0).

Set C), := po and select C; according to Lemma in case I and 7(g) according to Lemma [3.5.18|in
case IL. Define f,,, := fe o and K := Unqg(e).

Compute the Newton step s € U by solving f// (u®)[s"] = —f;, (u°) in U*.

CALL Algorithm LSMSUB from Sectionwith (u®, s°, po, 0) (use X = U, I, = (0,C,] in LSMSUB)
and denote its return value by .

RETURN 4.

We have the following complexity result for Algorithm APOLS.

Theorem 5.4.4. Algorithm APOLS returns a 4 that satisfies Ac o (0) < 6 after N € Ny
iterations of LSMSUB, where N is bounded from above by

N < [10.799y,

(1= ws,,, (u)|] + [7.13 + 1.451n [In v/26]| .
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5. Barrier methods for fixed smoothing parameter

Here, uc,, denotes the minimizer of feu, on Udd(€), wa.,, * Udi(e) — [0,1) denotes the
Minkowski function, see Definition|2.3.14), and 19wa denotes the same constant as in Theo-

rem [5.4.9
During the course of APOLS, N + 1 Newton steps have to be computed.

Proof. Due to Lemma and Corollary [3.5.12] in case I, respectively, Lemma [3.5.18| and
Corollary [3.5.20] in case II, Theorem [2.9.6] is applicable with constants of self-boundedness as
claimed. Theorem [2.9.6| now implies all assertions. O

5.5. Comparison with a grid-based approach

In this section we compare our approach for fixed € with another approach.

For simplicity let us assume {2 = §2,. We consider a mesh on {2 with nodes (@i)i=1,...n. We can
now impose the constraints y(z;) > yq(x;) for i = 1,...,n and introduce the 1-self-concordant
functions u — —In(y(u)(x;) — ya(x;)) for ¢ = 1,...,n. The fact that these functions are
1-self-concordant follows from Lemma and Corollz}ry . Instead of and the

associated barrier functional f; , we work with f, ,,(u) := % + by (u) in this approach, where

bp(u) = =31 In(y(u)(z;) — ya(x;)) is n-self-concordant. Accordingly, we want to solve

minj(u) st y(z) > ya(z;) fori=1,...,n,

uelU
which we call (P,,). We can now apply the theory from Section [2[ to obtain, e.g., a short
step method for the solution of (P,) for a fixed n. In fact, with ¥, := n we can directly
use Algorithm SSM and the according Theorem m if we write u instead of z and
instead of J- If we compare Theorem m 2) to Theorem 2) for case II, where we
have j = j, we see that 9, = n corresponds to ¥, = ¥(e) in this case, i.e., to obtain the
same error bound for the objective ; when working with fn,u instead of f. ,, we have to
use a mesh with n = [¥(e)] = O(¢72) points. For a bounded set S C C%? () we have
the estimate |(y(7) — ya(7))”| < Csmingeqy  nylle — sz’g for all z € 2 and all y € S,
where C's > 0 only depends on S. Under a regularity assumption on the mesh we obtain
mineqr, o3| — xll2 < Ch for all z € 2, with h = ﬁ and a constant C' that is independent
of n. This yields ||(y — ya)*HC(ﬁ) < Cn=P/d. Using 2 = (0,1)% it can be argued that this
order is sharp, in general. For n = Ce~? this implies ||(y — ya)_HC@) < Ce?8/? where
the value of C' may have changed but is still independent of n, €, 3, and d. Since the
maximum pointwise constraint violation directly translates into the length of the path of
optimal solutions, cf. Theorem and its proof, we obtain that for n = Ce~2 points
there holds |7(t,) — j(@)|] < Ce?P/? where 1, denotes the optimal solution to (P,). For
Algorithm SSM this implies with Theorem 2) that we have

17 (u?) = J(@)] < 2upy + ¥/,

By comparison of this estimate with the one from Theorem m 5) we conjecture that this
grid-based approach is favourable if it holds €2%/¢ < ¢(1 + [In¢|) or, a little less precise, if
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5.5. Comparison with a grid-based approach

23/d > 1. Assuming Y < H?(£2) we have 8 =~ 1 in dimension d = 2 and, thus, conclude that
the two approaches may be comparable. However, if H?-regularity is not available, then our
approach seems favourable even for d = 2. In particular, we see that our approach is more
robust with respect to the parameters 8 and d. For d = 3 our approach seems superior, anyway.
Also, let us mention that if we compare this new approach to case I, where we usually work

with ¢, = O( HEnE' ), we obtain that our approach seems favourable for d = 2.

Finally, we note that a comparison of the practical performance of algorithms based on f. ,
with algorithms based on f, , may be interesting.
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6. Theoretical background for variable
smoothing parameter

In this section we provide results that are required for the convergence analysis of barrier
methods that drive € and p to zero.

6.1. Standing assumptions

In this section we present additional assumptions that we impose to treat variable €.

When we dealt with fixed € > 0, the key to apply self-concordance theory was to make f, , fulfill
Assumption for all p from some interval (0, us], cf. Corollary and Corollary
With this Assumption fulfilled a main result was Lemma When dealing with variable €
we want f., to satisfy Assumption for all € from the interval (0,e4] and for all u from
some interval that may depend on . We now explain for case I and case II how to choose

—C;In(C:—j
the parameters that occur in f; ,. In case I we scale f. , = # — 7(e) In(B*) such
that C; is independent of € € (0,g,]. From Lemma we see that this is possible with

C; = max{e?, %C;C(ﬁa)(”%/(% + ||@llo + |lgllz)?} provided we choose C,, = £? in this

lemma. This implies that we have to choose ;i < &2 to make fe,u fulfill Assumption If
we choose i = €2, Lemma tells us to use 7(e) = C’T% with an e-independent C- > 0
to optimally balance the errors with respect to ¢ (recall that ¥(e) = 7(¢) in case I). In case II
we have ¥(g) = 7(¢) + 7(¢) and we want to choose ¥(e) small with respect to the order in e.

Therefore, Lemma [3.5.18|leads to the use of 7(¢) = % max{e?, %C;C(ﬁa)(, 2C)1 + llgllz)?}-

Considering Lemma, [5.1.3| we then work with u = Ce? to balance the errors suitably, where
C' > 0 needs to be chosen such that p < 1 is satisfied for all € € (0,&;]. Here, we neglected the
logarithm for simplicity.

Summarizing, we have motivated the following assumption on the parameter choice, that we
impose for the rest of this thesis.

Assumption 6.1.1. From now on we consider a fixed €5 > 0.

e In case I: Choose

N 2
16 125" (@)[lu= -
Cj ‘= max {Eg, 50370(511) ( + HUHU + ”gHZ

Q>
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6. Theoretical background for variable smoothing parameter

with a @ € U that fulfills j(@) > ¢, =1 + 7(u®). Moreover, let Rug 3 € — 7(g) € Rsg be

continuously differentiable with T(e) > 1 for all € € (0,e4] and 7(¢) := CT% for all
e € (0, 3], where C; > 0 is a constant.

o In case II: Let j = J be uniformly convex on U with bounded second derivative on bounded

sets. Choose ) 16
S~ 2 /
7_(6) T ? max{ €s) 9 8C(Qa ( 2CH + ”gHZ) }

for all e € Rsg. Moreover, let Rsg 3 € — 7(g) € Rso be continuously differentiable
with 7(e) > 1 for all e € (0,e5] and 7(e) = C-7(¢) for all € € (0,¢5], where Cr >0 is a
constant.

Remark 6.1.2. We recall that by definition C, C(T2a) denotes any constant that satisfies the

estimates HA BuHC 7.0 < Co oy llully for all u € U and | A~ gHC(Qa) < Cp @ lallz cf.
Lemma Since the maximum 1n the definitions of C; and 7(¢) is usually attained for the

second term in the max operator, this shows that the choice of C; and 7 () is still somewhat

flexible.

2

As explained above we choose ;1 = €2 in case I and p = Ce? in case IL. To this end, we introduce

the following definitions.

Definition 6.1.3. Denote
p:Rso = Rso, p(t) = Cp%7

with p = 2 in case I and p = 3 in case II, and C}, > 0 a constant. In case I let C,, := 1 and in
case II let it be such that s := p~'(es) < 1 holds, where p~! denotes the inverse function, i.e.,

pltop=1.
Definition 6.1.4. We define y, := p~!(e;) and set
P< = {(e,p) € (0,&5] X (0, pus] : p(ps) < e}

Furthermore, we define

P :={(e,p) € (0,e] x (0, ps] = p(p) = €}
For a pair (e, ) € P—= we sometimes write (e(u), p), i.e., we use e(u) := p(pu).

Remark 6.1.5. For (g, u) € P— we have e — 0% if and only if u — 07. We use this tacitly from
now on.

The next lemma presents fundamental properties of f. ,. In particular, it shows that f. ,
allows for the application of self-concordance theory.

Lemma 6.1.6. We have

o In case I: f. , is a nondegenerate ( + 7(€))-self-concordant barrier for Uyq(e) for every

(e,p) € P<. For every e € (0,¢e4], fgu satisfies Assumptzon“ 2.5.9 with M := Dj N Dje,
K :=Ugq(e) = Dj N Dye, ps := p~t(e), and Uy := 7(e).
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6.1. Standing assumptions

ey
p27(e)
Uad(e) for every (e,p) € P<. Here, C denotes the bound on the first derivative of j
on Ugq(e). For every e € (0,&4], fo, satisfies Assumption with M := Dy N Dy,
K = Ugq(e), ps = p~t(e), and 9y := 7(e) + 7(e).

e In case II: f., is a nondegenerate 2 ( +7(e) + %(8)) -self-concordant barrier for

o In both cases f., possesses exactly one global minimizer u., € Ugq4(e) for every
(e,p) € P<.

e In both cases it holds for every (e, ) € P<
() —J(@)] _ 2u0(e)
Cj -G
for all uw € A; ,,, where C > 0 is independent of €, 7(¢), 7(€), Cj, p, and u. Moreover, it
holds for every (e, ) € P<

_ 8ud(e) 4C
— < — 141 .
Ju— o < [P + 22 e

for all w € A, and the same C, where a > 0 denotes the convexity modulus of j/C; on
UEG(O,ES]M(e) = M(&S).

+Ce (1 + [Ine)

e In particular, we have in both cases strong convergence e, — u for (e,u) € P= and
e—07T.

Proof. The assertions for case I are special cases of Lemma and Corollary The
assertions for case II are special cases of Lemma [3.5.18 and Corollary [3.5.20] Since Assump-
tion is fulfilled for every fixed € € (0, &4], the assertion on u. , is implied by Corollary
The estimates for both cases follow directly from Lemma with Uee(oe, M (g) = M (es)
being a consequence of Corollary The convergence of u. ,, follows from the estimate for
|lu — @l by use of ud(e) — 0% for (e, ) € P= and € — 0. O

Remark 6.1.7. The convexity modulus « of j/C; on M (es) is well-defined. In case I this follows
since M(es) C Dj; holds and since j is uniformly convex on D; due to Lemma |C.4.14] In

A

case II j = j is uniformly convex on U, hence also on M (ey).

We require the existence of a certain test function.

Definition 6.1.8. For a bounded set 2 C R and § > 0 we denote
Qs:={zec:|x—i|r <0 forsomezecdR} and 0f:=0\ 2.

Assumption 6.1.9. Let the equality constraint Ay+ Bu = g in (Porig)) be a partial differential
equation on {2 D (2,.

1) If we have 2 = 2, and homogeneous Dirichlet boundary conditions, let 6 := (%)l/ﬁ,
where L = ||y — ya”coﬁ(ﬁa) and 7° denotes the constant from Assumption . We

assume that there exist t € U, € > 0, and a positive 5 < & with
g(x) >0 for all x € £2 and g(x) > & forall x € QSC,

where § €Y is defined via §j := —A~1 Ba.
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6. Theoretical background for variable smoothing parameter

2) If we have Neumann or Robin boundary conditions or if it holds 2, C §2, we assume
that there exist & € U and € > 0 with

g(x) > € for all x € (2,
where § € Y is defined via §j := —A~1 Bq.

Remark 6.1.10. Notice that we do not require 4 to be feasible but only to belong to U. Also
notice that the assumption we make in the case of Neumann or Robin boundary conditions
and (2 = (2, is not sensible in the case of homogeneous Dirichlet boundary conditions.

Remark 6.1.11. In particular, we exclude from now on mixed boundary conditions on {2 = (2,
as well as the case where we have homogeneous Dirichlet boundary conditions on 02 with
002, NI # () but 2, # 2. However, we mention that these scenarios can be included but
the previous lemma and assumption become more technical then.

Remark 6.1.12. For B = —Id the assumption simplifies. In fact, it is then only an assumption
on § since if §j € Y satisfies, e.g., §(z) > € for all x € §2,, then we can obtain an according @
through @ := Ag. This shows, in particular, that for standard examples such as —Ay = u on
2 = 2, with homogeneous Dirichlet boundary conditions the above assumption is valid (use a
partition of unity to obtain g, cf., e.g., [Alt06, Section 2.19]).

6.2. Distance to the boundary |

By definition, ., € U,a(e) is a minimizer of f; ,, and this functional is a barrier for U,q(e).
The aim of this section is to show in some sense that the distance between ., and OU,q(e) is
uniformly bounded away from zero if € and p are uniformly bounded away from zero. The
following lemma states the precise result. For a convenient notation we introduce a definition
first. We recall that in case IT we have B(u) := Cyy — llull?;, whereas in case I we have not
defined B so far.

Definition 6.2.1. In case I we define
B:U =R, B(u):= C; — 7(u).

Lemma 6.2.2. Let £,i > 0. Then there exists ¢ > 0 such that for every (e,u) € P< with
€ > ¢ and 1 > i we have B®(u. ) > ¢ and B(ue,) > c.

Proof. It suffices to show that (e, u) — 1., is continuous on P< since then (e, u) — B (te )
and (e, ) — B(ue,) are continuous and positive on P<, which implies the assertion by
compactness.

For every (e, u) € P<, the point ., is the unique root of fé,u : Uaq(e) — U*. Moreover, since
fe,u is uniformly convex, it follows from Lemma that f7, (u.,) € L(U,U") is invertible
for each (e, 1) € P<. Application of the implicit function theorem, cf. Theorem yields,
in particular, that (e, p) — ., is continuous on P<. O

Remark 6.2.3. We could prove the preceding lemma by directly estimating B® (Ue,,) and

B(ue,,), in which case we would argue without using the implicit function theorem. However,
the proof given above is much shorter.
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6.3. Distance to the boundary II

6.3. Distance to the boundary Il

In this section we derive a positive lower bound for the term B(u), where u belongs to any
of the neighborhoods A, ,, of u.(,) - This is, the neighborhoods A.(,) , provide a certain
distance to the boundary of U,q(g) with respect to B. From this result we infer that the
mapping u — b°(u) is Lipschitz on A ),u- Furthermore, we provide a bound for (b°) on these
neighborhoods.

e(p

Lemma 6.3.1. There exists ¢ > 0 such that for every (e, ) € P— it holds B(u) > ¢ for all
u€ Ay

Proof. We have B(@) > 1 in case I and case II. By continuity of u +— B(u) at u = 4 we
infer that there exists a § > 0 such that for all u with ||u — ||, < ¢ it holds B(u) > 1/2.
Lemma implies that there is £ > 0 such that ||u — ul|; < J is satisfied for all (e, 1) € P<
with e < & and all u € A, ;,. Thus, we have

B(u) > = for all (e, 1) € P< with e <& and all u € A, . (6.1)

N =

Now we consider (e, 1) € P— with € € [£,e,]. From Lemma [2.2.23| we know that f. ,(u) —
feu(te,) < C is satisfied for u € A. ), with a constant C' > 0 that is independent of ¢, x, and
u. Using the definition of f. , this yields

—C; ln<l§(u)) < Cp+ pmax{0,b°(te ) — b°(u)} — C; 1H(B(ﬂs,u)>
in case I and
(B (i) =50 0 e 1 b (B
1n(B(u)) <C+ - max{0, b (te,,.) — 0% (u)} hl(B(us,u))

in case II, where we used 7(¢) > 1.
We begin by arguing for the first case:
e Clearly, there holds C'u < Clus.

e The term pb®(ue,) = —p7(e) In(B*(Ue,y,)) is bounded from above on P— with ¢ > &.
This follows from the fact that u7(¢) = p~!(g)7(¢) is bounded on [£, &4] due to continuity,
together with Lemma [6.2.2]

e For the term —ub®(u) = pr(e)In(B(u)) we have In(B*(u)) < In(max(y(u) — ya)),
see Corollary [£.1.3] which is bounded from above independently of u, u, and e, cf.
Corollary [4.2.2]

e The term —C}; In(B(ic,,)), too, is bounded from above on P_with e > &, see Lemma

From these arguments we see in case I that —In(B(u)) is bounded from above for all u € A, ,,
where (e, 1) € P— with ¢ > & holds. Thus, B(u) is bounded away from zero for all these (e, )
and u. Together with the assertion follows in case 1. In case II we can reason analogously,
the only additional argument being that that |j(u.,,) — j(u)| is bounded since j = 7 is bounded
on bounded sets. O
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6. Theoretical background for variable smoothing parameter

Corollary 6.3.2. There exists L > 0 such that for every (e, ) € P= it holds
o |j(u1) — j(u2)| < L|luy — usl|v in case I,
° ’(}E(ul) - BE(U2)| < L7(e)||ur — ugl|u in case IT

for all ui,up € A, .

Proof. By definition we have j(u) = —C; ln(B(y)) in case I and b°(u) = —7(¢)In(B(u)) in

case II. From Lemma and the fact that B is quadratic we infer that B is Lipschitz
continuous on the bounded set Ug.soUaq(€) D U(E#)epz/lg,u. Since the natural logarithm is
Lipschitz continuous on every interval [c, o0), ¢ > 0, the assertion follows using the preceding
lemma. O

Corollary 6.3.3. There exists L > 0 such that for every (e, u) € P— it holds
o ||j/(u)|lux < L in case I,
o [|(09) (w)||y+ < L7(e) in case II

forallu e Ag .

Proof. There hold

) |5 (w) .

Ci||B'(u 7
= © e Y], =

ur B(u)

15" ()]

in case I, respectively, case II. By virtue of Lemma it suffices to show that B'(u) is
uniformly bounded for all u € U, )ep_Ac . Since B is quadratic, it has bounded derivatives
on bounded sets. Using U ,)ep_ e C UesoUad(€) We obtain the assertion. O

Remark 6.3.4. To infer Corollary [6.3.2] from Corollary [6.3.3] we would have to show that A,
is convex. Therefore, we prefer a direct proof of Corollary

6.4. Distance to the boundary IlI

We show in two steps that B®(u) is bounded away from zero for (¢, u) € P= and u € A,
where the bound depends on € and p and tends to zero for €, u — 0. This is, the neighborhood
Ae(),n Provides a certain distance to the boundary of Uaq(e) with respect to the smoothed
minimum.
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6.4.1. Step I: An estimate for b*" (@.(,,),.)

We deduce an upper bound for the term b5 (te(y),u) from the following result.
Lemma 6.4.1. There exists ¢ > 0 such that for all (e, ) € P= it holds
B (te,u) > cpd(e).

Remark 6.4.2. This lemma indicates how fast B*(u.,,) converges to zero for (e, ) = (e(u), 1)
and p — 07. Note that in the case min(y — ya) = 0 the condition B*(t(,),) — 0" for p — 0F

is necessary to achieve convergence u,(, 4 @ for p — 0. This can be shown by virtue

)5

of Lemma 4.1.1} Lemma 4.1.2) and Lemma |4.1.4} using that strong convergence

- : _ Me@a) _ o
implies uniform convergence (), — Y, where ¥z, 0 = Y(Ue(u),u)-

Proof. Before we start the actual proof, we recall the definition B*(u) = B, (7 )(y(u)) In

particular, we have B (u. ,) = Bé(ﬁ )(gj8 ) and B (u) = Ba( )( y), where g 1 = Y(Ue(p),p)-
We establish the assertions with B®(u.,,) replaced by B ( )

If we have § > vy, in {2,, we infer by continuity the existence of a constant 7 > 0 such that
§J — Yo > m is satisfied. Hence, we have

B () (#) = mine(§ — ya) > min (5(z) ~ya(x)) 2 7

for all ¢ € (0,00) by Corollary Using ye, — ¢ for p — 01 with respect to ||||C(§ )
we deduce that there is i > 0 such that it holds §. , — y, > 7/2 in 2, for all (e,u) € P=
with u < fi. Therefore, we have Bg(ﬁ )(gg,ﬂ) > n/2 for all these (¢, ). The application of
Lemma, yields a constant 77 > 0 such that Bg(ﬁa)(g&#) > 17 holds for all (g, u) € P— with
p > fi. Setting ¢ := min{n/2,7} we obtain B*(u.,) = Bg(ﬁ )@57“) > ¢ for all (e, u) € P=,
which establishes the assertion in the case ¥ > ¥, in £2,. Hence, we may assume in the following
that there exists at least one z* € 2, such that y(x*) = y,(2*) is satisfied.

Let (¢, 1) € P=. We have f. (e ) =0 in U*, that is

- L
J (UE,H)[ ] (bs) (Ua M)[h] — 0
I
for all h € U in case I and
- A )
MUE/f)H (ba) (us,u)[h] + (ba)/(ae,#)[h] =0
for all h € U in case II. We treat case II first.

Case II
We use h = 4 with @ from Assumption Employing the boundedness of j' on bounded
sets, see Assumption [3.1.9] we obtain

) @ela] _ Llally | |
@ - rem T ) ’

—
>
m
N
<
—~
N
N
*
N—

U 1@l
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6. Theoretical background for variable smoothing parameter

where L > 0 is independent of ;1 and . We use Corollary T(e) = g with a constant

C >0, and % = % to infer that the right-hand side can be bounded by C’(% +1) with a u-

and e-independent constant C' > 0. With the chain rule and § = —A~' B4 this yields

(Bogy) Wl (v (me )] e
B g Wen) G =° <1 ! M> |

BZ‘(ﬁ )(gcf,ﬂ) :
W we see, thus, that we only need to derive a u- and
u

e-independent positive lower bound for (Bé

Multiplying this inequality with

@ ))’ (Ue,u)[9] to establish the assertion. (Note that
2 = % with a suitable constant C' > 0 and that ¥(g) = E% with another constant.) Before we

e

o

do this, we show that in case I we have to prove the very same.
Case 1

We use h = @ with @ from Assumption [6.1.9] Corollary [6.3.3] yields

) (e )li] Ll
@ - s

where L > 0 is independent of 1 and €. Hence, we obtain

(BE(Q )) (Ye,) 9] (be) (Ue,u)[0] < c

Bg(ﬁa)@s,u) a 7(e) ERIGITS

Thus, we only need to derive a - and e-independent positive lower bound for (B, @ ))’ (Ye,u) (U]
to establish the assertion.

We now demonstrate that (B, @ ))’ (Ye,)[9] is bounded from below by a positive constant that
is independent of x4 and €. To do so, we have to differ between Assumption 1) and 2).

Assumption 2) is satisfied
We use §j > € > 0 on {2, to infer

an ysu ya)/s ydl’
[ e Genwall dz

(Bé‘(ﬁa))/(gs,u) [9] = >é

This concludes the proof in the case where Assumption 2) is satisfied.
Assumption 9/ 1) is satisfied

By assumption there exists at least one x* € §2, such that y(z*)
the existence of the interior point y° and the fact that y° =y =
we infer that

= yq(x*) is satisfied. From
0 holds true on 012 = 012,

g(l‘) - ya(x) = yo(x) - ya($) >7°>0
is satisfied for all x € 02, see Assumption 6). From the Holder continuity of § — y, on
the compact set 2 = (2, we infer that with § from Assumption 1) we have

° (6.2)
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6.4. Distance to the boundary III

for all z € (2. Of course, b is independent of ¢ and . Using y. , — y for p — 07 with respect
to H'”C(ﬁa) we infer that we can choose i > 0 such that it holds ||y, — g”C(ﬁa) < 7°/4 for

all (e, ) € P= with p < fi. For all (g, ) € P— with u > fi the assertion follows from Lemma
Thus, it only remains to establish the assertion for (e, u) € P— with u < fi. To this end,
it suffices to prove that (Bé(ﬁ ))/@s,p)[?}] is bounded away from zero for all these ¢ and p.

From Y., — gj||C(§a) < 1°/4 for (e, ) € P= with p < i we deduce by virtue of (6.2]) that

g&,u(x) - ya(x) > %O (6.3)

is valid for all (¢, ) € P= with p < fi and all z € §2;. Choose a § > 0 such that Bs(z*) C _QSC
holds true and such that

_ T°

y(x) = yale) < (6.4)
is satisfied for all x € Bs(z*). Such a choice is possible because y — y, is continuous,
y(z*) = yq(a*) is satisfied, and (6.2]) holds true, which says that z* is an interior point
of QSC. We stress that ¢ is independent of p and €. Again using ||y.,, — gHC(ﬁa) < 7°/4 for
(e, ) € P= with p < fi we infer from (6.4) that for all these (e, ) it holds

_ 7°
o)~ yala) < =
for all z € Bs(x*). This yields for all these (e, i)
/ e~ Wenmva)/e gz > 777/ (29) L yol(Bj(a*)).
Bs(z*)

From (6.3) it follows for all these (&, u) that
/ e~ Wen=10)/2 dy < ¢=7/29) yol(12y)

2

holds true. We set ¢ := % and note that ¢ > 0 is independent of p and e since this is
o

true for § and §. So far we have proven that for all (e,p) € P= with u < i we have

/ o= Ten—v0)/2 dgp > o - / e~ (e n—v0)/
Bs(x*)

25

where ¢ > 0, § > 0, and 6> 0 are independent of p and . Using Bs(z*) C Qg we are able to
infer therefrom for all these (e, u)

/ e Tenva)/e 4z > o - / o~ Fe—ya)/2 4z
ne
5

25

Adding o [,c e~ =n=va)/e 4z to both sides and dividing by 1 + o we obtain
0

/C e_(g&li_ya)/a dx Z 1—7_ ./ e_(:ge,,u,_ya)/a dm
(9 o

a
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6. Theoretical background for variable smoothing parameter

for all these (e, ). We use § > € on QSC and § > 0 on {2 = (2, to, eventually, infer the desired
positive lower bound for all (g, ) € P= with p < ji:

o
140’

f_QQ ef(gf,ufyﬂ)/s dx
)

an e—We.u—va)/e dg

f()a 6_(gs,u_ya)/5 . Qd:[;

Ja e~ We,u—Ya)/e da =

> ¢

(Bé(ﬁa))/(gs,,u)[g] =

where 0 > 0 and £ > 0 are independent of u and €. This concludes the proof in the case where
Assumption 1) is satisfied and, thus, also finishes the proof in total. O

Corollary 6.4.3. There exists C € R such that for all (e, ) € P= it holds

b (e y) < 7(e) (C = In(ud(e))) .

Proof. Using the definition b°(u) = —7(¢)In(B*(u)) the assertion follows readily from the
previous lemma. O

6.4.2. Step Il: An estimate for b*(*) on A, (),

The next lemma contains an estimate for 5 (), where u lies in the neighborhood A of

e(p),p

Ug(y),u- 1t is derived from the above result for be(w) (e (),p0)-

Lemma 6.4.4. There exists C € R such that for every (e, u) € P it holds
V() < 7(e) (C — In(ud (<))

for allu € A, .

Proof. Let (e, 1) € P— and let u € A, ,. Then it follows from Lemma [2.2.23| that it holds

()‘e,u(u))2 5
1- (1?6)‘87#(“))

fe,u(u) - fs,,u(as,,u) < % (6.5)

<

By definition we have f. ,(u) = j(u)/u -+ b°(u) in case T and fo,(u) = j(u)/p + b (u) + b°(u)
in case II. We deal with case II first.

Case 1I:

We infer from (6.5)) that it holds

1 [G(u) = e | b (aey) | b (ae,) — b°(u)

. ) 3. 3 6.6
10 T(e)p + 7(¢) + 7(g) ’ (6.6)

<

where we used 7(g) > 1. We estimate the three unknown summands on the right-hand side.
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6.4. Distance to the boundary III

)= (e ),

e An upper bound for =M

By Lemma [2.5.18] we have

‘](u) _j(ﬂe,u)‘ S V +)‘ ,,u < C / 1 C
H ( - ?)‘S,M( )) (1-
where C' > 0 is independent of ¢, p, and u. Here, we have used A ,(u) < i and

I(e) = 7(e) + 7(e) = (1 + C,)F(e) = C/e? with a suitable C that is independent of ¢, y,
and u. We infer

’] (u) — j(ﬂa,u)’
T(e)p
where C > 0 is independent of €, u, and wu.

< Ce < Csg,

e An upper bound for b°(u. ,):
We know from Corollary that b° (e ,)/7(e) is bounded from above by C' —In(ud(¢))
with a constant C' € R that is independent of €, u, and u.

e An upper bound for %'

By Corollary [6.3.2] there exists an e-, u-, and u-independent constant L > 0 with

¥ ep) =B )| _ L7(e) [y — ully
7(e) N 7(¢) .

Since 7(¢)/7(e) = C; and since U,q(¢) is bounded independently of e, we obtain that
[b6° (t1e ) —b° (w)|

7(e)

is bounded from above independently of €, u, and w.

With these three estimates yield the existence of a constant C' > 0 that is independent of
€, i, and u such that

b*(u) < 7(e) (€ = In(ud(e)))
is satisfied. This establishes the proof in case II.

Case I:
We deduce from ([6.5)) that it holds

ba(u) 1 |](u) — j(as,u” + ba(ﬂe,,u)
() — 10 T(e)p T(e) -

We infer from Corollary that b°(u,,)/7(e) is bounded from above by C'—In(ud(e)) with a
constant C' € R that is independent of ¢, p1, and w. It remains to estimate |j(u)—j(ue )|/ (7(e)p).
We deal with this term analogously to case II and obtain

j(u) — us,u <CF

which shows that U(LJM is bounded from above by a constant that is independent of ¢,
u, and u. This establishes the assertion in case I, thereby finishing the proof. O

The following result is crucial for large parts of the theory to come.
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Corollary 6.4.5. There exists ¢ > 0 such that for every (e, ) € P— it holds
B (u) > eud(e)

for alluw € A .

b€ (u)

Proof. We use B(u) = e 7@ to infer from Lemma [6.4.4 that for every (g, 1) € P— we have

Bf(u) > e “pi(e)

for all u € A, ,, which proves the assertion. O

As a consequence we obtain the following bound for ||(b%)" (u)||g+.
Lemma 6.4.6. There exists C > 0 such that for every (e, ) € P= it holds

- Cr(e)
U~ ui(e)

|07 ()

forallu e A .

Proof. Due to Corollary we have for every (e, ) € P—

_ 7@ NB) Wl 7(e) 1(B°) () -

U+ Be(u) - cud(e)

6% ()

for all u € A, ,,. Thus, it remains to show that ||(B) (u)||y~ < C' is satisfied for all these ¢, p,
and u. The chain rule implies for all w € U and all h € U that it holds

(B (w)[h]] = |(Bg ) (w(w) [Th]
fQ e_(y(u)_ya)/a . Th dm
fo e~ (W) ~va)/e dg

< | Thlle@, < Cyon Il e 1Al

where we used T := —A~!B € L(U,Y) and the embedding Y — C(£2,) with constant Cy o@a)-
This concludes the proof. O

6.5. An estimate for a derivative of the smoothed minimum

Definition 6.5.1. Subsequently, we always denote by a the function
a:Rso— Rso, ale):=c(l+]ne]).
Lemma 6.5.2. There exists C > 0 such that for every &,& € (0,e5] with € < £ it holds

OB%(u)
Oe

< é (B(u) + Ca(e))

for all u € Ugq(€).
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6.6. Lipschitz continuity of the first derivative of the barrier function

Proof. From the definition it follows

aBé(U) BEN(U) 1 . an ef(y(u)fya)/g . (ya — y(u)) dx

9e & T e W0-u)E do

This implies

0B°(u) _ B*(u) + 1 f{yry(U)ZO} e WTIE - (yo — y(u) da
Oe £ > an e—(W(w)=ya) /€ d g

™

B‘f(u) 1 3 an e—(y(u)—ya)/é dz
=7 T& I = va)lle@.) [ e~ WW=v)/Edz
The assertion follows from Corollary since it holds u € Uyq(€) C Uaa(é). O

6.6. Lipschitz continuity of the first derivative of the barrier
function

In this section we prove that for suitable y and u the mapping ¢ — féu(u) is Lipschitz
continuous on a certain interval. Note that the feasible set U,q(e) changes when ¢ changes.
Since we want to prove Lipschitz continuity with respect to €, we need to make sure that
u stays away from the boundary of U,q(e) for all € that we consider. We start with two
definitions.

Definition 6.6.1. For (e, ;1) € P< and 6 € (0, 7] we denote by A2 ,(0) C U the set

2
/1?7#(6) = {u € Uad(€) : Aep(u) < (&) }

Furthermore, we define A2, := Ag,u(%)'

Remark 6.6.2. We have A2 ,(0) C A, (0) C Ua(e) for all (e, ) € P< and all 6 € (0, 1.
Remark 6.6.3. Note that A2 (6) is the set to which u**! = u¥ 4+-n,x belongs if u* € A, ,, (0)

€kilk
and n,x is the Newton step for f., ., at u¥, where (e, ) € P<. This indicates why the

neighborhoods 42, . (0) are important for short step methods.

Definition 6.6.4. For every (e, ) € P= let a set M., C U be given. Then we denote
T(M57M) = {(57H7u) eP-xU:ue M&M}'

Via the following assumption we ensure for suitable u that the distance from u to the boundary

of U,d(e) is sufficiently large for all ¢ from some interval.

Assumption 6.6.5. Let a family (M) pep. with M, C U for all (¢, 1) € P= be given.
Furthermore, let (I (g, p,u)) (e puyer(m..,,) be a family of compact intervals. Suppose that there
exists a constant ¢ > 0 with the following property:
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6. Theoretical background for variable smoothing parameter

For every (e, p,u) € T (M) the interval I (¢, u,u) satisfies {e} G I (e, p,u) C [5,€], and for
every (&, p,u) € T (M.,,,) we have

B (u) > cud(e) and B(u) > ¢
forallé € I (e, p,u).
We now want to prove that the family (A2 1(0))(e.yep_ and a suitably chosen family of intervals

fulfill Assumption W To this end, we ﬁrst establish Assumption “ 5| for (Ac ;) and suitable

intervals.

Lemma 6.6.6. There exists a constant ¢ > 0 with the following property:
For every (e,p,u) € T(A.,) the interval I(e,p,u) = [¢(1 — ci?s()s)),e] satisfies {e} G
I (e, p,u) C [5,¢€] and there hold

B¥(u) > cud(e) and B(u) > ¢

for all € € I (e, p,u). This is, with M., := A, for (e,u) € P— and the compact intervals
I (e, p,u) defined above for (e,pu,u) € T(A:,), Assumptz'on is fulfilled. Moreover, all

these assertions stay true if ¢ is replaced by a positive constant smaller than c.

Proof. 1t suffices to prove the existence of ¢ as described in the lemma. To this end, fix
(e,p,u) € T(A ). From Corollary and Lemma we deduce the existence of a
constant ¢ > 0 that is independent of u, €, and p such that the inequalities

Bf(u) > éud(e) and B(u) >é (6.7)

are satisfied. Obviously, B(u) is constant on I (e, ,u). Summarizing, it is sufficient to
prove the existence of ¢ with B(u) > cud(e) for all & € [e(1 — CZ?S)),E] C [5,¢], where c is
independent of u, &, €, and u. In the remainder of the proof we establish this.

By definition of P—, 9(¢), and a(e) we have “j((a)) < C for all (g, 1) € P— and a suitable C' > 0
that is independent of u, £, €, and p. Moreover, it holds

A

[(y(u) = ya 7Hc(na) < Ca(e),

see Corollary To apply this corollary note that u € Unq(e) C M(e) is valid due to (6.7).
Here, C is independent of u, &, ¢, and . Thus, we obtain

fe_ y(u)—ya)/f (ya — y( fe ya)/a dl'

[ e~ —va)/Z dg < [[(y(u) —ya)7||0(9a [ e~ Ww—va)/Z dg Ca(e) (6.8)

IN

for all € € (0,e4]. Here and in the following, the domain of integration is always (2,. Thus, for
all € € (0, 5] we have

f e_(y(u)_ya)/é . (ya — y(u)) dx
f e~ (W) —va)/¢ dg

cud(e) + < Céa(e) + Ca(e) < Cale),
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6.6. Lipschitz continuity of the first derivative of the barrier function

where we set C' = C¢ + C. Defining ¢ := min{¢/2,¢/(4C), 1/(2C)} we obtain that c is
independent of u, &, £, and pu since this is true for C, C, and ¢é. This shows

e y(} e—ya)/‘€~ (yya /E—dg./x( u)) dz < Ca(e) (6.9)

cud(e) +

for all € € (0,e4]. Let us define I (&, p,u) = [e(1 — C‘;?g()s)) e]. Note that the choice of ¢ implies,
in particular, I (g, u,u) C [g/2,€]. If there holds B®(u) > éud(e)/2 for all & € I (e, 1, u), then
the assertion is true with ¢/2, and thus with the constant ¢ as defined above. Using the
continuity of € — B®(u) as well as B(u) > é¢ud(e), see (6.7), we may, therefore, assume that
there exists € € I (e, u, u) with € < e and

- cud(e) . cud(e)

Bf(u) = 5 and B (u) > 5

for all € € [¢,¢]. (6.10)

Let ¢* € (£,¢] denote the smallest number greater than & with B (u) = éu(¢). We now prove
that e* — & > cepdd(e) /a(e) is satisfied. Using the mean value theorem we obtain an ef € [£, £*]

such that it holds

aud(e) .- 5 . 9B (u)
5 =B (0) = B (u) = —5-

(e* = 2).
Employing the definition of B*(u) we compute

0B (u) _ 1 (Ba(u) B fe*y("*ya)/ " () ~ ya) dx>‘

de &l [e=Ww=ya)/e" dg

This yields

cpd(e) OB (u) ., I N S J e WmlE (y(u) — y,) dar x _ =
5 — 86 . (5 — 5) = g <B (U) — fe—(y u)—ya)/ef e ) . (5 — 5)
e )—Ya)/et — T
< 517 (5/“9( ) f f@ y(ay/gT dyx( )) d > ’ (6* - 5)
e~ (W —ya)/et — T
< g (51“9( )+ fe y(g/sf dg;( = ) 9

where we used el > /2 due to I (e, u,u) C [¢/2,€] (note that the left-hand side is positive
and, therefore, this is true for the term in large brackets, too). Using we obtain

eude) _ 2 (. [ e~ -wa)/e! (:l/ —y)dz . _2Ca(e) . .
<z (eF—g) < C(e* —
5 <3 epd(e) + fe Y (e"—¢) < . (e* —2).
From this we deduce
oz )
~ 4Cal(e)”
Therefore, it holds cepd(e)/a(e) < e* — & < e — &, which yields € < &(1 — cud(e)/a(e)). Using
g€ l(e,pu,u) we infer € =e(1 —cpu ( )/a(e)). The assertion then follows from (6.10)). O
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6. Theoretical background for variable smoothing parameter

Corollary 6.6.7. Let 0 € (0, i] Then Assumption is fulfilled for the families (Ag’u(G))
and (I (e, p,u)), the latter being defined as in the previous lemma.

Proof. The assertion follows from /127”(0) C Acpu(8) C Ay, for all (e, 1) € P—. O

The succeeding lemma gives precise information about the Lipschitz continuity of € — fg H(u)
The proof demonstrates what the use of Assumption [6.6.5] is.

Lemma 6.6.8. Let Assumption [6.6.5 be fulfilled for the families (Mz ) and (I (¢, p,u)). Then
there exists C' > 0 such that for every (e, p,u) € T(M.,,) it holds

e
v = ra e e

Py () = fly ()]

forall ey,e9 € I (g, u,u), with p =2 in case I and p = 3 in case II.

Proof. In the following we only argue for case II. Case I can be treated analogously. Fix
(e, p,u) € T(M,,,). We show that

@ :I(e,pyu) = U, o(t) = f] ,(u)

is Lipschitz continuous and that s% is an upper bound for the Lipschitz constant, where the

constant C' > 0 is independent of p, €, and uw. This proves the assertion.

Note first that ¢ is well-defined: We have Bf(u) > cutd(e) > 0 and B(u) > ¢ > 0 for all
€ € 1I(e,pu,u), hence there holds u € Uyq(€) for all £ from an open neighborhood of I (e, p, u).
With Lemma we infer that f; (u) exists for all ¢ from this neighborhood, which shows
the well-definition of ¢ on this neighborhood.

It suffices to demonstrate that ¢ is Fréchet differentiable in an open neighborhood of I (e, i, u)
and that there exists C' > 0 that is independent of u, €, and u, such that

e Ol < %
is satisfied for all t € I (e, pu,u) C [g/2,¢], cf. Lemma In the following, we use C, Cq, Cs,
and Cj for positive constants that are independent of p, e, and u. Also, we identify ¢’ (¢)[1]
with ¢/(¢), cf. also [Zei93] Corollary 4.12]. Fréchet differentiability of ¢ is not hard to see.
It mainly follows from the product rule, cf. Lemma the chain rule, cf. Lemma
Lemma and Corollary We spare the details and focus on estimating the
Lipschitz constant. Lemma [C:3.1] yields the identity

(6.11)

s -0 (T @ L B GBY W) o (Y ), GEw
ot Bt(u) B(u) t3Bt(u) t2 ot Bt(u) t3B(u)

i i (6.12)

For the right summand we have % : HBEZQU* < CHB;&Z)HU* for all t € I(e,p,u). This is

bounded from above by C/t3 since B’ is bounded on bounded sets. The summand on the left is
bounded in U* by C/(ud(e)t?) < C/t4, since ||(BY) (u)||p= < C, cf. the proof of Lemma
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6.6. Lipschitz continuity of the first derivative of the barrier function

and since B'(u) > cud(g). It remains to estimate the summand in the middle. For this term
we have

o ( (BY W)\ (BY (w 0B'(u) 1 -0 ((BY (w)
ot <_ Bt(u) ) - (Bt(u))2 g + Biw) . P . (6.13)

We have 1/Bt(u) < 1/(cud(€)) and ||(B?)' (u)||y~ < C. Thus, to obtain an estimate for the

right hand side of (6.13)) it remains to deduce upper bounds for the two terms 8B8tt(u) and

|| (Bt '(u))

Y.

1) Due to 2 ( ) > 0, cf. Corollary we have
OB (u) 1 1 Caf(t) Ca(t)
. < = <
| ot Bt(u) ~ t + pd(e)t — pd(e)t’
where we used Lemma [6.5.2] and two different C'.
2) We compute for all h € U
-0 ((BY' () "
ot
_ 1 (Ja(t,u)(ya —y(w)Thde  [q(t,u)Thdz [ q(t,u)(ys — y(u)) dz
2 J a(t,w) da (T a(t, u) da)?

where T := —A~'B and q(t,u)(z) = e~ @W@)-ve(2))/  Since ||y(u) — ya”C(ﬁa) < C and
HThHC@a) < C||h||r are satisfied, this implies

o((BY' (w) _C
ot 2
U
Summarizing, there exists C > 0 with
o By _1EY@],. o5 N CICCONO)
ot Biu) )|,  (Bi(w)’ ot Bt(u) ot .
Cal(t) C

9 (e)?t + po(e)t?

To obtain the first inequality we used (6.13)). In conclusion, the summand in the middle of

(6.12) can be bounded by

Caf(t) n C < C(1+ |Int|) N C < C
p2d(e)2t3  pd(e)tt — t4 o~ 5’
which concludes the proof. O

As a direct consequence of the previous lemma we note:
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6. Theoretical background for variable smoothing parameter

Corollary 6.6.9. Define (I (¢, p,u)) as in Lemma|6.6.0, Then there exists C > 0 such that
for every (e, p,u) € T(Agu) it holds

<

Ue = ept2 1 — 22

Py () = fly ()]

for all e1,e9 € I (g, u,u), with p =2 in case I and p = 3 in case II.

Proof. We apply Lemma to (AZ,,) and (I (¢, 4, u)). This is possible, see Corollary [6.6.7
UJ

6.7. An estimate for (b°)”

Definition 6.7.1. For € > 0 we define

b :Usp(e) = R, b°:= {be : in case I,

b +b°:  in case IL

We estimate H(IA)€+)”(u)H£(U7U*) uniformly with respect to ey € I (e, p, u).

Lemma 6.7.2. Let Assumption[6.6.5 be fulfilled for the families (M. ;) and (I (¢, p,u)). There
exists C' > 0 such that for every (e, u,u) € T(M, ) it holds

C

H(BH)”(“)H&U,U*) = it

foralley € I(g,pu,u), with p=2 in case I and p = 3 in case II.

Proof. We argue for case II since case I is simpler. Hence, we have
()" (u) = (5°+)"(w) + ()" (w).
We estimate the two summands on the right-hand side separately.

e For the first summand there holds for all hq, ho € U

T(e4) - B+ (u) (B=+ (u))? '

=) (w)lh, ha] _ _ (B*)"(u)lha, ha] | (BTH)(u)[ha] - (B*)'(u) o]

We have
[(B=*)"(u)]

Moreover, it is easy to see that it holds

ue = Ca,C(ﬁa)'

IN

[(B=*)" (u) ||L(U,U*)
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6.8. Uniform Lipschitz continuity of the Newton decrement

Also, we have B+ (u) > cud(e) due to Assumption Using pd(e) = Ce and
7(e1) = C/(e4)? < 4C/<? these considerations yield for the first summand

% 1 1 C
107V @l ey < € (pe * e < o0

where we used C' > 0 for different constants that are all independent of ¢, ey, u, and .

e For the second summand we have for all A1, hy € U

(65+)" (u)[ha, ho) _ _BH(U) [h1, ha] N B'(u)[h] - B'(u) [h2]'
F(eq) B(u) (B(u))2

Due to Assumption we have B(u) > ¢. From this we easily infer

- C
e\ < = < —
&Y @] 0 < CFE < 5
where C' > 0 is independent of ¢, 4, u, and u.
Together, these two estimates imply the assertion. O

6.8. Uniform Lipschitz continuity of the Newton decrement

Lemma 6.8.1. Let 1,9 € (0,&5] with e1 < e2 and define N := [e1,e2]. For a given ¢ > 0 set
A(N,c) :=={ucU: B%(u) >c for alle € N and B(u) > c}. Then for every u € A(N,c) the
mapping
2
F,:N—=R, Fyue):= ()\57p71(€)(u))

is well-defined and Lipschitz, and the Lipschitz constant is uniformly bounded for allu € A(N,c).
In particular, for € € (0,e5] and u € Uyq(€) there exists a neighborhood N of € such that F, is
Lipschitz in N.

Proof. The second assertion follows from the first: Since u € U,q(£) implies B*(u) > 0 and
B(u) > 0, there exists an interval N := [g1, g9] with & € (e1, €2) such that B*(u) > B°(u)/2 and
B(u) > 0 are satisfied due to continuity. With ¢ := min{B?(u)/2, B(u)} we obtain v € A(N, )
and, thus, Lipschitz continuity of F,, on N follows from the first assertion. It remains to prove
the first assertion.

Let us begin by explaining that for u € A(N, ¢) the mapping F), is well-defined on N. In fact,
u € A(N,c) implies u € Uyqg(e) for all e € N. Since f;, is nondegenerate on Uyq(e) for every
(e, ) € P<, cf. Lemma the Newton step and, hence, the Newton decrement for f, , at u
is well-defined for every (e, u) € P= with € € N. This shows the well-definition of F;, on N
since (g, p~1(g)) € P-.
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6. Theoretical background for variable smoothing parameter

We now argue briefly that e — f! p—1() (u) € U* and € — fé’p,l(a) (u) € L(U,U*) are continu-
ously differentiable in an open neighborhood of N. We demonstrate this for the first mapping
in case I. The reasoning for case II and the second mapping are similar. We have

C; J' () (B°)'(w)

Girw) 6.14

52 B(U) 7_<6) BE(U) ? ( )

see Lemma where we used that in case I we have p~!(g) = €2, Since e — B°(u) and
— (B*)’(u) are continuously differentiable in an open neighborhood of N, as follows with the

use of Lemma |C.2.20 and Corollary C.2.22F we deduce that € — f! —1(e) (u) is continuously

differentiable in an open neighborhood of N. We compute this derivative and obtain for all
heU

(212 )ty == GG (B0

fsl,p—l(s) (u) =

Qeler e\ 3 B(u) - B (u)
q(e,u) da q(e,u) (y(u)—ya) dz
(BE)/<U)[h] ’ (hl(fvol(()a) ) + f z—:fq(s,u) dx )
—7(¢) 5 (6.15)
(B=(u))
Jalew)(y(w)—ya)Thde  [q(e)Thde [ qle,u)(y(u)—ya) do
fq e,u) dz (f q(eu) d:):)2
—7e) £2B%(u) !
where T := —A~'B, q(e,u)(z) := e~ @@ ~v(@)/2 and the domain of integration is always

£2,. We now show that 1
(e F @) )] < Llnly

is satisfied for all e € N, all u € A(N,¢), and all h € U, where L is independent of €, u, and
h. This implies via Lemma that for every u € A(N,c) the mapping ¢ — f! 1) (u) is
Lipschitz in N, where the Lipschitz constant is independent of u.

e For the first summand in (6.15) this is clear since 1/ < 1/e$ on N, since B(u) > ¢ for
u € A(N,c), and since j'(u) is bounded on bounded sets.

e For the second summand we note that 7/ is bounded on NNV since it is continuous, that
B#(u) > ¢ holds for all w € A(N,c) and all e € N, and that [(B®)'(u)[h]| < C|h|lv
with a C that is independent of ¢, u, and h, as we have already shown in the proof of
Lemma [6.4.6)

e For most parts of the third summand we can use the same arguments as before. It

is bounded from above independently of ¢, u, and h. Using : 1< Ei as well as
BE(u) = B2,y ((u)) < masx(y(w) — o) < ()l + el o, tosether with the

uniform boundedness of Y,q4(¢), cf. Corollary |4.2.3] this follows with f E;Z (8 Zi dza)dx <
H?J(U)Hc(ﬁa) + Hych(ﬁ

remains to argue that

‘hl(fQ(é,u) dx) n [q(e,u)(y(u) — yq) da
vol(§2,) e [q(e,u) dz

< (1o + [ LEst) )t
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6.9. An estimate for the Newton decrement after an update of the barrier parameter

e For the last summand no new arguments are required.

In conclusion, we have established in case I that for every u € A(N,c) the mapping £ —
f! p—1(e) (u) is Lipschitz in N, where the Lipschitz constant is independent of u. Similar

arguments can be used to show the same for € — f;’p_l(a)(u) and for both these mappings in
case II.

Furthermore, for every e € N, f, ,-1(.) is uniformly convex on U,q(e) with convexity modulus
uniformly bounded away from zero, cf. Lemma [3.5.8]and Lemma[3.5.18] With Corollary [C.2.29]

this implies that the concatenation e — (f7 p—1(e) (u))~! is Lipschitz in N for every u € A(N, c)

with a Lipschitz constant that is independent of u. Moreover, Theorem [C.1.4] shows that
||(fé/7p_1(a) (u)) ™| (=) is bounded from above independently of ¢ € N and u € A(N, c). With
it is easy to argue that this holds true for ||f5’7p_1(8) (u)||u= as well. Together, it follows
that for every u € A(N,c) the mapping n,(e) = —(fé’,p_l(g) (u))_l(fé’p_l(g) (u)) is bounded
from above independently of u and ¢, and Lipschitz in N with a Lipschitz constant independent
of u. Furthermore, with arguments as before it can be established that ||fé:p_1(<E ()|l g+ s
bounded from above independently of ¢ € N and u € A(N,¢), cf. also Lemma

In conclusion, for every u € A(N,c) the mapping

&5 2 s (W) (). nu(€)) = Fule)

is Lipschitz in N with a Lipschitz constant independent of wu. ]

6.9. An estimate for the Newton decrement after an update of the
barrier parameter

Definition 6.9.1. We use the notation fi (u) := fo ., (u) for (4, puy) € P< and u € Uaq(ey).

Lemma 6.9.2. Let (e, 1), (e4+,14+) € P< with e < e and u € Uyq(cy) be given. Let n, and
ng denote the Newton steps for f,, at w and fy at u, respectively. Then for all h € U it holds

" _i'//un M As/u _A€+/u K .AE+/u )
Ll ] = 2 g2 a2 () )0 = 67 @) + (25 = 1) ()

Remark 6.9.3. Since u € Uyg(ey) holds, fy(u), b (u) and all derivatives thereof are well-

defined. Moreover, u € U,q(e+) implies u € Uyq(e), cf. Corollary [4.1.10, This shows the
well-definition of f. ,(u) and all related quantities.

Proof. We use f ,(u) = jliu) + (b°)'(u) and Newton’s equation for n, to derive for all h € U

o M _ _JWh  m ey
oy el B == fe ()lh] el AL
= —FL () [B] + () (w)[B] — 2= - (57 () ).
Hy-
Using Newton’s equation for n; the assertion follows. O
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6. Theoretical background for variable smoothing parameter

In the proof of the theorem on the behaviour of the Newton decrement with respect to changes
in € and p, we switch from the norm ||-||;; to the local norm, and vice versa. Therefore, the
following two lemmas are helpful.

Lemma 6.9.4. There exists C > 0 such that for all (e, p,u) € T(Ac ) and all h € U it holds

C
1Pl ) < Ne 1l -

Proof. We argue for case II since the other case is simpler. Using the formula for the second
derivative from Lemma we can estimate

i = SR B @] (B @l
)] = m( : ( &w>>>

1 1 1 1
gcyhy@<u++ +2>,

where we employed 7(¢), 7(¢) < 9(¢), B*(u) > cud(e) and B(u) > ¢ as well as estimates for the
first and second derivatives of B¢(u) and B(u) that we have used in the proof of Lemma m
and the fact that j = j has uniformly bounded second derivatives on the bounded set T' (Ae,p)-
The constant C' > 0 is independent of €, u, u, and h. Using ud(e) > Ce the above estimate
implies

Cnlz
12l ) = F2 ()l b < =22,
where C > 0 is still independent of €, u, u, and h. This establishes the assertion. O

Lemma 6.9.5. There exists C > 0 such that for every (e, p) € P< it holds

1#lly < OV Bl

for all uw € Ugy(e) and all h € U.

Proof. Using the uniform convexity of f. , on Usq(e) with modulus B(e, 1) > o/p, where o
denotes the convexity modulus of j on U.c( ., M(e) = M(es) we directly obtain

2
a [kl

I

2
1~y 2

for all u € Uyq(e) and all h € U, where « is independent of ¢, u, u, and h. O]

The next statement is the aforementioned theorem that allows us to estimate the Newton
decrement after an update of € and u to €4 and p4. It is a key result to derive convergence
rates for short step methods.
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6.9. An estimate for the Newton decrement after an update of the barrier parameter

Theorem 6.9.6. There exists C > 0 such that for every (e, p,u) € T(Ac ) it holds

Aepug(u) <C (Ae,u(u) ) \/Z+ 821/;7 (e - 5+)>

for all (e, puy) € P= with ey € I (e, p,u), where I (e, p,u) is defined as in Lemma [6.6.6,

Proof. Inserting h = n;} in Lemma we obtain

2 H "
[ e I
H 7N/ + 7€+ + K 74\ + (6.16)
L (Y @] = Y @ni]) + (L =1) - 6 ln)

We estimate the three summands on the right-hand side of this equation separately.

e The first summand can be estimated via the Cauchy-Schwarz inequality for the local
norm at u and the inequality from Lemma This yields
[ 4 M p ¢
_ U Ny, Ny | < — - |1 1 - ln < Z— .\ u) —— - |In
o e < = g, ) S 5 At o]
where here and in the following C' > 0 denotes a constant that is independent of €, e,
i, phy, and u. Employing Lemma which is possible due to u € Upg(e4), we obtain

+ +

u 9

U

e
Ny, Ny | < C - A
Ly z—:,y( )[ ] EM N-i-

f/l (u

It follows from p/py+ = (¢/e4)P (with p =2 in case I and p = 3 in case II) and ey > ¢/2
that we have pu/py < 2P. Hence, there exists C' > 0 that is independent of €, €4, u, py,

and v with
I
: Ny Ny | < C - A, \/7
S ] il [,
e For the second summand we obtain C > 0 such that it holds
I N N C
o (Y @] = G @) < o - =)+ o],

Here, we used Lemma Applying Lemma and pu = CeP we deduce

S () @] - 7Y i) <

[+

(e=ev) i

e2/n HON

e For the last summand we use the self-boundedness of b+ and &/, < 2 to infer
(L= 1) -Gy @bnt) < (£ - 1) - yfotes) ooy @it ni]
H H4
(—1) \/195+ \/ nu,nu
(i)

fll
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6. Theoretical background for variable smoothing parameter

Together, these considerations imply via (6.16]) the estimate

‘ 20 (/\s,u(u) : \/34— 521/,5 (e—eyq)+ (/Z_ — 1) ) 19(5)> '

Since we have £~ —1 =1 — \ = *, it is elementary to see that - —1 < C=—* is
Mt ep Kt

satisfied. This implies

2
+ < +
“ﬂw—chu

n

2 1 1
M < Cl|nf A : \/> + (e — .
‘nu fi(u) = ‘nu fi(u) ( 8,#(“) c 52\/]& (E €+)
Since by definition it holds ||nj frw) = ey oy (u), the assertion follows. O

6.10. Estimates on function values

Lemma 6.10.1. There exists C > 0 such that for every (e, p,u) € T(Ae ) it holds

= d(e
for all (e4,uy) € P= with ey € I (e, pu,u), where I (e, pu,u) is defined as in Lemma ,

Remark 6.10.2. fi(ue,) is well-defined since it holds ., € Uyq(e4) due to e € I (e, p,u) =

I (e, p,1cy), cf. Lemma [6.6.6]

Proof. We denote by n, and n; the Newton steps for f., at u and fy at u, respectively.
Moreover, we set h := u — u. ;. Since fy is convex, we have

fe(u) — fite,) < ()b = —fL(u)n, A
= L), ) = ) () [B] + (6 ()], (6.17)
My H-

For the second equality we employed Lemma [6.9.2] Using the Cauchy-Schwarz inequality for
Il () and the self-boundedness of b and b5+ we infer from ([6.17) that it holds
e, 1

_ 1z R
fo(u) = f(eu) < a : H”u”fé{u(u) ||h||fg (u) + — \/ b "(u)[h, h]

+/0(er) - (35+)”(U)[h7h]-

(6.18)

We estimate the three summands on the right-hand side of (6.18)) separately.
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6.10. Estimates on function values

e For the first summand we have by definition ||n,|| ) = Ae (). From Lemma [2.2.23
we deduce [|Al| gy ) = [lu— aa,a”fg’ﬂ(u) <10 ()\57u(u))2. We have noted in other proofs

that u/py < C, where here and in the following C' > 0 denotes constants that are
independent of €, e, u, p4, h, and u. Together, we have

K 3
e : ||”u‘|fg“(u) HthgM(u) < CAep(u)”.

e For the second summand we can estimate

(b)"(w)[h, b] < C - \J0(e) - \[f2, (W[ b] < 10C - \/9(E) - Ae (),

e For the third summand we apply Lemma [6.7.2] and Lemma Since we have p = CeP
with p = 2 in case I and p = 3 in case 1I, this yields

- .
(b=+)"(u)[h, h] < \/E- Al < \/:;T Vi Qe p(w)? < C)\E\er()

Moreover, we have /¥ (e4) < C/¥(e). Putting these inequalities together we obtain for
the third summand the upper bound

\/Y(e4) b€+ "(w)[h, h] < Cy 19(5\)/)5‘6,/1(“)2

Together with (6.18)) the estimates for the three summands imply

Fo () = i (o) < Cap(u)? (Aww 4 M) . 0

3

Lemma 6.10.3. There exists C > 0 such that for every (e,p),(e+,pn+) € P= with
ey €I(e,p,uey) it holds

e) [In(cpui(e))|

S (e ) = fo(tey py) < le —e4],
UE
where I (e, 1, Ue ) and c are defined as in Lemma .
Proof. Using the definition of fi we have
. ) Jey) = ) | rer i o e
er(Us,u) - f+(“€+,u+) = =k e s o (usyu) — bt (“E+,u+)- (6.19)

M
We estimate the first summand by using the convexity of j, the optimality of u.,, i.e.,

fL (e ) = 0, and the convexity of b. This yields

J02) =3 i §0e) — 3 _ g 5o — e )

<
K+ Kot 1% B I
o 2 — — - H re— re—
= : (be)/(uayu)[uuvw — Ue,p] < ’ (bs(u8+7u+) - bg(ua,u)> .
H- Mt
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6. Theoretical background for variable smoothing parameter

From this inequality we infer with (6.19)) that it holds

(i) = Sy ) S B (o) = 67 ) + o (B e s) = 6 ()
= (0% () = (@) + (B (e ) = B (@) (6.20)
+ <1 - L) : (gs(ﬂ&/ﬁ) - bs(ﬂﬂ—,/ﬂ—)) :

We derive an upper bound for the sum on the right-hand side by estimating its three summands
separately. To this end, we set I := [e4,e]. To make clear that derivatives with respect to ¢
are not applied to uc, and uc, , , respectively, we set u 1= uc, and uy = Uz, 4,

e We start with the term b+ (Ue,p) — Bg(ﬂa7u). Using the mean value theorem we obtain
€ € I with N
N ~ N ~ b
B ) — 5 () = 574 () — 57 () = 2 ey ).

We first deal with case I, i.e., b° = b° = —7(&)In(B?). Due to Lemma we have
B#(u) > cpud(e), where ¢ > 0 is independent of €, &, e, 1, fi, Ue , and U, ,,, . Moreover,
from Lemma we deduce

P o0 = (Femea + 5k 2B e

< <C |7 (&)] In(cpd(e))| + Cr(e) n Ct(e)a(e)

5 cud(e)e > (e,

where we used that 7(£) < C7(e) and &€ > £/2 hold as well as B*(u) < max(y(u)—y,) < C
and cpd(e) < % for all (e, ) € P— without loss of generality. Here and in the following,
C > 0 denotes different constants that are all independent of ¢, &, €4, u, py, 4e y, and

Ue, .- 1t follows from elementary calculus that |7/(¢)] < ’7075(5” < —CTE(E). Employing
7(e) < CQT(E) and % =1 we have

pe fe Ca(e) |In(cud(e)

b+ (ue,,u) - bg(us,,u) < | ( )| |€ — 5+| .

ue

In case I we have b° = b°+b°. For b° we can argue exactly as in case I and obtain the same
bound for the derivative with respect to €. For b° it holds b°(u. ) = —7(¢) In(B(te,u))

and B(ic ) > c¢. With |#/(e)| = C/e® = C/u this yields a smaller bound for %—bj than

for %—bj. This shows that in case II we also have

Ca(e) [ (cpi(e))|

b (Ue ) — b (Uep) < e

e —e4l.

e For the second summand we start with case I. The monotonicity of & — B (., ,, ), cf.
Corollary implies

~

Ba(ﬂ@mlhr) — b (a€+“u+> = ba(a€+7u+> — b (a€+,,u+) < (7—(6-0—) - 7(5)) ln(BE+ (a€+,,u+))'
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6.11. A result for the derivation of complexity estimates in the case of sublinear convergence

This can be estimated by |7/(£)||e — e ||In(cpy¥(e4))| with & € I, cf. Lemmal[6.4.1, which
subsequently yields the same estimate as for the first summand using |In(cpyd(ey))| <
Clln(cpd(€))| (we recall that ¢ is chosen so small that we have cud(e) < 3 for all
(1,€) € P=). In case II we can use the same argument but have an additional term

b* (e, ) — b°F (e, p, ). For this term we can estimate

O (e oy ) = 07 (e ) < (Fle4) = 7)) (Bt oy ) < C (D) — 2]

where we used 7(ey) — 7(¢) > 0 and In(B(ue, ;. )) < C. This shows that we obtain the
same bound as in case I.

e For the last summand we use arguments as for the other summands and obtain that in
case I it holds

7(e) (In(B*(te,p))| — In(B (tey py )

Cale)

(C In(epi(e))]) ,

(6.21)

p_P
z ;*, it is elementary to see that the inequality

. ] )
with p = 2. Since we have |1 — %’ =2

|1 — ;—ﬁ] <C @ is satisfied. In case I we, therefore, obtain
+

(1 — /Z_) : (Ba(as,,u) - Be(ﬁ€+:ﬂ+)) < Ca(g) |1T/:(€C,U19(5))’ ‘5 - 5+‘ :

In case IT we can estimate similar to (6.21)) with p = 3 and use C' > B ), B(ﬂa+7u+) > ¢,
cf. Lemma to derive the same upper bound as in case 1.

In conclusion, all three summands on the right-hand side of (6.20) allow the upper bound
Ca(e)[In(cpd(e))] le —eyl. ]
He

6.11. A result for the derivation of complexity estimates in the
case of sublinear convergence

In this section we provide a result that allows to establish complexity estimates in the presence
of sublinear convergence. From this result we deduce an upper bound for the number of
iterations that is necessary to reach a prescribed value e, from a starting point g if the
underlying sequence (gx) converges to zero at a sublinear rate.

Lemma 6.11.1. Let a sequence (g5) C Rso be given with €1 < (1 — cep,) e for all k € Ny,
where ¢,r,e9 > 0 are real numbers. Then the function

1\~
g:[0,00) = R, g(t):= (crt + 5”)
0

satisfies e, < §(k) for all k € Ny.
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6. Theoretical background for variable smoothing parameter

Proof. A simple computation shows that § solves the initial value problem y’ = —cy"+! with
y(0) = 9. We now prove by induction that e, < (k) holds for all k € INy. For k = 0 this is
clear. Hence, we can assume k£ > 1 and €1 < g(k — 1). Defining

1 -
y ik —1,00) = R, y'(t):= (cr(t— k+1)+ 5’“)
k-1

we see that y* solves 3y = —cy” ! and satisfies y*(k—1) = g,_1. From y*(k—1) = g1 < §(k—1)
we infer with Lemma that it holds y* < g on [k — 1,00). In particular, y*(k) < g(k) is
satisfied. Thus, it suffices to establish ¢;, < y*(k). Since t — (y*(¢))" ! decreases monotonically,
we infer that (y*) = —c(y*)" ™! increases monotonically. This implies (y*)'(k — 1) < (y*)'(t)
for all t € [k — 1, k]. Using the mean value theorem we deduce that there exists a £ € (k—1,k)
such that it holds

v (k) =y (k= 1)+ (y")(€) 2 y" (k= 1) + (y) (k = 1) = g1 — c5i 7] > e,
which concludes the proof. O

Corollary 6.11.2. Let a sequence (¢) C Rso be given with €1 < (1 — ce}) e, for all k € Ny,
where c,r,e9 > 0 are real numbers. Let 0 < e, < g9 and define

Then it holds e < €.

Proof. Denoting by ¢ the same function as in the preceding lemma we infer from this lemma
that it suffices to establish §(K) < e,. By requiring §(7") = . the definition of g implies

T
Ex
T = ﬁ
crel,
Since g is monotonically decreasing, this yields g([T']) < e,, which proves §(K) < &,. O

Remark 6.11.3. In the previous lemma and corollary it is possible to include the case r = 0,
i.e., the case of linear convergence. The proof runs completely parallel but the structure of §
and y* changes, hence extra notational effort is needed. Since we are not interested in the case
r = 0 and, also, in this case an estimate for K can be computed directly, we omit including
a proof for this case. However, we mention that our approach yields that K = [% In(£2)]
iterations suffice to obtain ex < e, in this case. The bound obtained by direct calculation
reads K = [—ﬁ In(£2)]. Since —m can be approximated (via its Laurent series at
c=0)by 1/c—1/2 —¢c/12 — O(c?), which is close to 1/c if ¢ is close to zero, we suspect that
our bound is reasonably sharp in the sublinear case as well. This is further backed up by
numerical tests. For instance, using ej41 1= (1 —ce},)ey, for k € Ng with e =r =1 and gg = 0.5
we obtain 1900 ~ 9.914 - 10~%, while we have K = 1007 for e, = £1000. In the same setting
we can, moreover, conclude from numerical tests that the asymptotical behaviour of (gi) is
captured very well. For instance, using e, = 196 we have K = 10° + 14, using e, = £1¢0 we

obtain K = 109 + 21.
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7. Barrier methods for variable smoothing
parameter

7.1. The short step method SSM )

In this section we introduce and examine the short step method SSM@ that is able to solve
the state constrained optimal control problem @

We state the algorithm of SSM@.

Algorithm SSMp) (short step method to solve ®))

Input: Parameters (gq, 19) € P=, 0 € (0,%], 6 € (0,1), starting point u® € A, ,,(d(g0)), where
¢ :Rso — R is given by ¢(e) := min{@,a#}.
FOR k£=0,1,2,...
Compute the Newton step s* € U by solving ).
Set uF*t = uk + sk,
Choose 3, € [4,1) via backtracking such that Ag, e, p-1(geen) (WF 1) < d(Brek) is satisfied.

Set exr1 = Brek and gy = p L (Epr1).
END

(ukF)[s¥] = —fL . (u¥) in U*.

EksHEk

Remark 7.1.1. In the following we consider SSM@ only with the two following backtracking

strategies: In strategy A we successively test if 5; =1 — (%)’, 1=1,2,...,is a possible value

for B and set 3y := f3; for the first 7 that passes the test. Of course, other factors than % can
be used. However, to simplify notation in the following we use precisely this backtracking

~ 3tpy§ .
strategy as strategy A. In strategy B we successively test if 8; = 1 — cg}.? * (%)Z, i=1,2,...,

is a possible value for §; and set B := (; for the first ¢ that passes the test. Here, p = 2 in
3+p
case I and p = 3 in case II, and, moreover, ¢ is chosen such that ce,* * <1 for all £ € INg.
3tp 4§
This can, for instance, be ensured by taking ¢ < 1/¢,? 0

Remark 7.1.2. Note that the i-th backtracking step requires to check for &; = Biek if
)\ghpfl(éi)(uk—i_l) < ¢(&;) is fulfilled. This is expensive since the evaluation of )\éi,pq(gi)(ukﬂ)
requires the computation of a Newton step, and hence it can be necessary to compute several
Newton steps in each iteration of SSM@. As a speedup one could, for example, combine the

backtracking with the following interpolation strategy: Suppose that (&;, A, pfl(éi)(uk+1)) have
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7. Barrier methods for variable smoothing parameter

been computed for i = 1,..., K, i.e., these backtracking steps were unsuccessful. Interpolate
these points (or a subset thereof) by a polynomial p : R — R. Determine the next candidate
€x+1 for ex41 as (approximate) solution of the equation p(e) = ¢(e), or, to give another
example, of the equation p(e) = % (¢), where a safeguard is included. If this equation has
several solutions, choose the largest among those which are smaller than e. If there is no
solution that is smaller than ey, use éx 41 from the backtracking instead. Check if £ can

be used as €511, and if this is not the case, set K + 1 < K and repeat the whole procedure.

Remark 7.1.3. Below we show that all § sufficiently close to 1 are valid choices for ;. Thus,
the backtracking technique and the overall algorithm are well-defined.

Remark 7.1.4. To obtain a starting point u" € A, ., (#(g0)) a phase one may be required. We
treat phase one methods in Section [7.3]

Remark 7.1.5. Termination criteria for an implementation of SSM can be based, e.g., on
convergence of the objective value or other quantities of interest. We present a termination
criterion that can also be used in SSM when we conduct numerical experiments for variable
smoothing parameter in Section 8.3

Lemma 7.1.6. In every iteration of Algorithm SSM the backtracking to obtain By terminates
successfully after finitely many steps, i.e., SSM@ is well-defined.

2
Proof. For k = 0 we have u* € A, ,,, (¢(ex)). Hence, u' satisfies A, ,,, (u!) < (fgf’“s)k))g < d)(;’“)

due to Lemma [2.2.20] With Lemma [6.8.T] this implies that there exists a neighborhood N
of e such that A, -1, (u') < ¢(e) for all € € N. Therefore, the backtracking terminates
successfully after finitely many steps for k& = 0. Using the same argument for k£ > 0 the
assertion follows by induction. O

7.1.1. Convergence of SSMp)

In this section we show that Algorithm SSM@ is convergent, i.e., it generates a sequence
(u¥) C U that converges strongly to the unique solution of .

The following lemma is the base of the convergence proof.

Lemma 7.1.7. Algorithm SSM) generates sequences (uF) C U, (ex) C Rso, and (u) C R
with

Ay (UF) < d(ex)  for all k € Ny and (ek, ) — (0F,01)  for k — oc.

Proof. Obviously, for all k € INg we have A, ,,, (u*) < ¢(ex). Hence it remains to show that
it is possible to choose () such that it holds (eg, ux) — (07,07) for k — oo. Since we have
er — 0T if and only if puy — 0 for k — oo, it suffices to establish e, — 0T for k — co. Hence,
we need to take a look at the backtracking in SSM@. We argue for strategy A, which works as
follows: Successively choose §; := 1 — (%)Z, i=1,2,3,... and check if f3; is admissible for 8.

If so, set By := f; and denote this value of i by i[k]. We now prove that for this choice of (8x)
the resulting sequence (gi) converges to zero. Obviously, the sequence (g) C R~ is strictly
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7.1. The short step method SSM@

monotone decreasing and, thus, converges to €, € R>p. Assume that e, > 0 is true. We
demonstrate that there is a constant ¢ > 0, a neighborhood N of €,, and an index K € Ny such
that there hold for all k > K the inequalities B (u*) > ¢ for all e € N and B(u”*) > ¢. Since we
have B(u*) > ¢ for all k due to u* € Ay . cf. Lemma we only need to show that there
holds Bf(uF) > ¢ for all ¢ € N and all k > K with suitable K, ¢, and N. There exist K € Ng
and 0 < 7 < &,/2 such that (1 — cup¥(er)/aler))er < ex — n is satisfied for all k > K, where
¢ denotes the constant from Lemma This is true since (g) converges monotonically
decreasing to e, > 0 and since cp~!(g)V(g)/a(e) is positive and continuous on [e., o). We
define N := [e, — 1, e]. Due to Lemma|[6.6.6| there holds for all k > K: B (u*) > cuzpd(ey) for
all € € [ex —n,ex]. Hence, Corollary shows that we have for all k > K: B*(u) > cupd(ex)
for all € € [ex —n,00) D N. This implies B®(u*) > cmin.en{p~1()d(e)} for all k > K and
all e € N. In conclusion, we have established that there are ¢ > 0, N, and K € INg such that
there hold for all k > K the inequalities B®(u*) > ¢ for all e € N and B(uF) > ¢. Therefore,
Lemma [6.8.1] implies that

G N =R, Gle) = (Ao ()’ = (6(0))°

is Lipschitz in IV for all £ > K and the Lipschitz constant is independent of k. This is, there
exists L > 0 such that for all k¥ > K it holds

|Gur(e) = Gur(8)| < Le — ¢
forall e,€ € N.

We may assume that i[k] > 2 is satisfied for all sufficiently large & with k£ > K. This is possible
since otherwise we would have e — 07 for k — oo. Using the definition of ¢(¢) and the fact
that N does not contain zero and is compact, we have

for all e € N and a suitable & > 0 (the function (¢/(1 —t))* — 2 is strictly monotone decreasing

on [0,1/4] with function value 0 at ¢t = 0). We recall the definition 3; = 1 — (3)". Using

G yr+1(exBifr)—1) > 0 it follows for all sufficiently large k

4
c < ¢(Ek)2 - <¢(€k))> < —G e (Ek)

1 —¢(ek e (1)
< Guri(ExBip)—1) — Gurri(er) < Lieg — exBijp—1) = Lex <2) :
Here, we used )\%pq(sk)(ukﬂ) < %, which follows from )\%pfl(sk)(uk) < ¢(ek), and

that for all sufficiently large k we have ;8- € N: It holds ex(1 — (%)Z[k]) = epBr — e for
k — oo. This implies

N 1 i[k]—1 1 i[k]
Ek‘ﬁi[k]—l = &k 1— (2> = 251: 1-— (2) — &k — Ex

for £ — oo.
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7. Barrier methods for variable smoothing parameter

Using i[k] — oo for k — oo (otherwise, e — 01) we can take k — oo in and arrive at
the contradiction ¢ < 0. This establishes e, — 0" for & — oo and, thus, finishes the proof
if strategy A is used in the backtracking. The proof for strategy B is quasi identical and is,
therefore, omitted. O

The next theorem states convergence of SSM@.

Theorem 7.1.8. Algorithm SSMp) generates a sequence (v, er, pr)) C U x P~ that satisfies
(e, i) — (01,07) as well as the estimates

17 (uF) — j(u)] < 2m9(r)
Cj -G

_ 8,U,k19(6k) 4C
k_ < | EEER = 1+
[u® —ally <4/ Cra o Ver (14 [Ineg)

for all k € Ny, where C > 0 is independent of k and o denotes the convezity modulus of j/C;
on Uee(0,e,) M (€) = M(es). In particular, uF converges strongly to .

+ Cep (1 + |lneg))

and

Proof. The estimates are a consequence of Lemma and u* € A, ,,, which follows from
Acpe (W) < @(e) < 0 < 1. The assertion (g, ) — (07,07) was proven in the previous
lemma. O

Remark 7.1.9. Due to ((ex, pux)) C P= we have ppd(ex) = O(er(1 + |lneg|)) so that the above
estimates imply |j(u¥) — j ()| = O(ex(1 + |Iney|)) and ||u* — ||y = O(V/er(1 + [Inex))).
Remark 7.1.10. It is easy to see that the above theorem is still valid if only A, ,, (u*) < 6

with 6 € (0, ﬂ is ensured in each iteration. However, to prove a rate of convergence we need
the stronger requirement A, ,, (u*) < é(e).

7.1.2. Rate of convergence and complexity of SSMp)

In this section we prove that the sequences generated by Algorithm SSM@ converge with
certain rates.

The succeeding lemma establishes a convergence rate for (g).

Lemma 7.1.11. Let the sequence () C [%, 1) be generated by Algorithm SSMp). Then there

exists ¢ > 0 such that

3+p

=SE+4
2

5k <1 ey

is satisfied for all k € g, with p = 2 in case I and p = 3 in case II.

Moreover, if strateqy B is used in the backtracking, then there exists a constant C € IN such
that in every iteration the required number of backtracking steps is bounded by C.
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7.1. The short step method SSM@

Proof. The second assertion is implied by the first: In iteration & € INy of SSM@ the first

assertion yields that strategy B terminates for an ¢ € IN that satisfies ¢ (%)Z > ¢, since ¢ (%)’ <c
3+p 5 X 3+p 5 .
would imply B, =1 — ég,.? * (%)Z >1—cg’? 0 Apparently, this implies that i is bounded

from above by a constant that is independent of k, which proves the second assertion.

Thus, it remains to establish the first assertion. Let ¢ denote the constant from Lemma
We show that for every k sufficiently large every 5 that satisfies

~ 3tp
b€ [1—cek2 +5,1

(7.2)

is admissible as (. Due to the backtracking in SSM@ this implies that

3+p ; 3+p
=t € _Z 40

d
Bke[l—ésk ,1—§5k >

or an even smaller §; is selected for all k sufficiently large, which yields the first assertion.
Here, we use ¢ := ¢ in strategy A and é := min{c, ¢/2} in strategy B.

Since Ay (uF) < @leg) < 0 < 1, we have A, (uFt!) < ﬁ < 1, which shows
uktl e Agy iy for all k € INg. Hence, with I from Lemma it holds

I(ak,uk7uk+1) = {51C (1 — W(sk)) 754 D [ek (1 — ac(il;)) ,54

a(ey)
= o (' Tz )

where ¢ may have changed but is still independent of k. Thus, we may assume that for all &

3tp
sufficiently large [e;(1 — ce,” +6), ex] C I(ek, pr, uF+1) is satisfied. Therefore, Theorem [6.9.6
yields for every k sufficiently large

/1 1
AEJruu‘Jr (uk+1) < ¢ <)\5kaﬂk (uk+1) ’ 5 + 52\/lTk ’ (5k - 6+)>
k

3+p
for all (e, u4) € P— with e € [e(1 —ce? +6), ek|. Here and in the following, C' > 0 denotes

different constants that are all independent of k.

2
. 5 .
Since Ac, u, (uF) < ¢(er), we have A, (uFH1) < % < 2¢(ep)? < 25:%; for sufficiently

=E+5
large k due to e — 01, see Lemma [7.1.70 Moreover, ey € [gx(1 — cg,2 * ), €k| implies
3+p Fy
ep — 4 < cepgy’ 0 Also, we have /ux > 62/2/0. Together, this shows for every k

sufficiently large

1 1 ﬂ+§ d 146 146 S
k+1 1+6 | 145
Ay (W) <C <€k’+ \ e + 5T kg =Cepe,” <272 Cepoley)
€ 2
k

34p
for all (e4, puy) € P— with e, € [ef(1 — cg? +6),<€k], where we used £4 > £5/2. In conclusion,
we have Ao, ,, (uF*1) < ¢(ey) for every k sufficiently large and all (e4,py) € P= with

Heys

e+ € [ex(1 —cg,? ),ex]. This establishes the assertion. O
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7. Barrier methods for variable smoothing parameter

Corollary 7.1.12. Let (ex) and (ug) be sequences generated by Algorithm 55Mp) and denote
by o) € (0,1) the ratio o = “Z—Zl Then for all k € Nq it holds

3+p
| 2eis
akgl—CPMQ )

where ¢ > 0 is independent of k, with p = 2 in case I and p = 3 in case II.

Proof. From Lemma we know that

3+p

=SE+9
2

ﬁk <1l- ey

is satisfied for all k£ € INg. This implies

ke p MeErg) (5]&%)” ( 3+P+6>p
o) = =— = < .
Pk p~1(ex) £k

Hence, we obtain
p
3+p
Hpys
o < (1 — ey, . ” )

for all k € INg, where we used e, = C'¢/uug. Application of the reverse version of Bernoulli’s
inequality, cf. Lemma [D.0.2] implies the assertion. O

The next lemma contains a bound for the number of iterations K of SSM@ that is necessary
to obtain u® with |j(u®) — j(u)| < 7 or |[u® — 4|y < 7, where 7 > 0 represents a prescribed
tolerance.

Lemma 7.1.13. Let (¢3), (), and (u*) be generated by Algorithm SSMp). Then there exists
C > 0 such that for all T > 0 it holds

(6)
Kz |20 = i) @] <~
and ,
(g)f%_i
K > T “0 — HuK—aH <rT
cr

Here, c is the constant from the rate of convergence of (ex), ¢f. Lemmal|7.1.11, and r = 3# +4,
with p =2 in case I and p = 3 in case II.

Remark 7.1.14. The preceding lemma implies, for instance, that in case I we have | j(uK ) —
j(u)| < 7 for small values of 7 after approximately (9(7_%) iterations, and [|uf* — ||y < 7
after roughly O(779) iterations. Of course, these are worst-case bounds.
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Proof. By Theorem we have for all £ € INy the estimates

) = j(@)] < Cep (1+ |nggl)  and  [uf —ally < Cyfe (14 [lneg).

Enlarging C' if necessary this implies for all £ € INg the estimates

1-5
§(F) —j@] < Cel®  and  |luf —ally < O, .

We now show that |j(u’) — j(@)| < 7 holds by establishing Cek® < 7 provided K >

(9HTo-% 1
[CTO-‘ Since Ce;? < 7 is equivalent to 025}{6 < 72, this also implies the complexity

estimate for ||uf — |y < 7.

Applying Lemma [6.11.1f we obtain ¢ < g(k) for all £ € INy for the function

3=

7:[0,00), g(t):= (crt—i— 516)_

Here, we used that (ej) satisfies ex41 < (1 — cef)ey for all k € Ny with r» = 3+Tp + 9, cf.
Lemma [7.1.11] To establish the assertion it, thus, suffices to demonstrate that Cj(K)' =0 < 7
is valid. Solving the equation C(T)'~% = 7 yields

74
T — 1 €6
cr

which finishes the proof. O

Y

The next theorem is one of the main results of this thesis.

Theorem 7.1.15. Algorithm SSM(p) generates a sequence (uF,ep, ) C U x P= with
(u¥, en, p) — (@,0%,0%) for k — oo, and such that
Eky1 = Brer  and  pgy1 = Oppik

are satisfied for all k € No. Here, By, € (0,1) and oy, € (0,1) satisfy for all k the inequalities

34+p 3+p
=F+0 pl E+6
Br <1—cg? and o <1—c\lg,*

with a constant ¢ > 0 that is independent of k, where p = 2 in case I and p = 3 in case 1. If
strateqy B is used in the backtracking, then the number of backtracking steps required to obtain
B is bounded by a constant that is independent of k.

Moreover, there exists C > 0 such that for all k € Ny there hold

(u*) = §@)] _ 2 (er)
Cj Y

_ 8,[1,]{19(6]6) 4C
g <[ PERER T e (U Ineg)
[u” —allp < Cra o e (1 + [Inegl),

+ Ce (1 + |lneg|)

and
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7. Barrier methods for variable smoothing parameter

where o denotes the convexity modulus of j/Cj on U.c(o,.0, M (€) = M (es).

Also, there exists C > 0 such that for all T > 0 we have the complexity estimates

O -4
K> |22 = i) —j@)]<r

and .
e

Here, ¢ denotes the same constant as above and r = 3’%’ +0.

Proof. Combine Theorem Lemma [7.1.11] Corollary [7.1.12] and Lemma O

Remark 7.1.16. Of course, the rates of convergence of (gx) and (ug) and also the complexity
estimates are worst-case bounds. This is, in practice we can hope for better rates and better
complexity.

Remark 7.1.17. We remark again that due to ((eg,ux)) C P= the above estimates imply
5(u?) = j(@)| = O(ex(1 + |Ineg|)) and [Ju* — afly = O(Ve(1 + Inex])).
Remark 7.1.18. Also, let us mention again that in case IT we have j = J, i.e., estimates for j

are estimates for the objective of the original reduced problem (P.4)). In case I estimates for j
can be transferred to j as described in Remark

Remark 7.1.19. We point out that the number of backtracking steps and, thus, the number of
Newton steps required for each iteration of SSM@ may tend to infinity as € tends to zero if
strategy A is used for backtracking. In strategy B this cannot happen; the number of Newton
steps required in each iteration of SSM@ is bounded by a constant. This shows that from
a theoretical point of view the convergence result for SSM@ with strategy B is stronger.
However, since this strategy limits the practical speed of convergence severely, we also provided
a convergence result for the more practically oriented strategy A.

7.2. The long step method LSM
In this section we introduce and examine the long step method LSM@ that is able to solve
the state constrained optimal control problem .

We state the algorithm of the long step method LSM@. In fact, we state versions of LSM@,
Version A and Version B. We indicate the different versions by writing “A: Command” or
“B: Command”, respectively, if “Command” is to be executed in Version A or Version B only.
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7.2. The long step method LSM@

Algorithm LSMp) (long step method to solve ®))

Input: Parameters (g9, o) € P=, 6 € (0, 1], Brmin, Bmax € (0,1) with Buin < Bmax,
starting point u® € Uad(€0)

Denote by ¢ : Rsg — Rs¢ a function with ¢(¢) < 6 for all € > 0.

FOR £ =0,1,2,.
Compute the Newton step s* € U by solving f, , (u¥)[s"] = —f . (u*) in U*.
CALL Algorithm LSMSUB from Section w1th (uF, 8%, g, d(er)) (use X :=U, K := Uyq(e),
I == (0, g, and fy, = f-, 4, in LSMSUB) and denote its return value by u*+1.
A: Choose Bk € [Bmin, Bmax)-
B: Choose B, € [Bmin, 1) via backtracking such that u**! € U,q(Brey) is satisfied.
Set 41 1= Brex and ppyq = p~ H(Ept1)-

A: TF v+ & U,q (ep41), THEN choose \41 € [0,1) via backtracking such that
R = APt + (1= Ay 1)u® € Uag (6k41) holds and redefine uf+! := gF+1,

END

Remark 7.2.1. Obviously, the difference between Version A and Version B of LSM@ is the
following:

e In Version A the reduction of €}, happens linearly. Feasibility of the new iterate u*+!

uFtt € Uuq(ep41), is ensured via a shift towards the interior if necessary.

, i.e.

e In Version B, however, the reduction of ¢}, is allowed to be sublinear. Feasibility of u**1

is ensured via the choice of S.

In conclusion, Version A of LSMgp, aims at a large reduction of € in each iteration. The
drawback of this is that after reducing ¢ the actual iterate may be infeasible, which is why
we employ a shift towards u°. In Version B this shift is not necessary since the update for
¢ is chosen such that the actual iterate stays feasible. The disadvantage of this is that in
Version B the reduction for € is generally smaller than in Version A. However, if the shift
towards u° is large, it is reasonable to expect that this affects the number of Newton steps
required by LSMSUB negatively.

Remark 7.2.2. We later discuss different choices for ¢(c).

Remark 7.2.3. We assume that the backtracking for A;4; in Version A has the following
structure: It generates a sequence (5\1)@6]1\10 C (0,1) with X\i = 0F for i — oo and uses
Akg1 = A; for the smallest i that satisfies Aju* 1+ (1—X;)u® € Unq(eg41). For the backtracking
of B in Version B we impose a similar structure: It generates a sequence (Bz)%E]No [Bumin, 1)
with 8; — 1~ for i — oo and uses B = B; for the smallest i that satisfies uFt! € Uad(ﬁzek).
In particular, we allow in Version A and Version B that the backtracking changes during the
course of the algorithm in the sense that different sequences (\;) and (5;), respectively, can be
employed in different iterations of Version A and Version B.

Remark 7.2.4. We emphasize that the shift in Version A of LSM@ does not require additional
solves of the state equation apart from computing y° = y(u°) during the initialization of
LSM@. This can be argued similar as in Remark
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7. Barrier methods for variable smoothing parameter

Remark 7.2.5. Termination criteria for an implementation of LSM can be based, e.g., on
convergence of the objective value or other quantities of interest. We develop a termination

criterion for LSM@ when we conduct numerical experiments for variable smoothing parameter
in Section [R.3]

We have the following bound on the maximal number of iterations required by LSMSUB.

Lemma 7.2.6. When called from Algorithm LSM@ with (u¥, s% g, ¢(ex)), LSMSUB termi-
nates after finitely many iterations with a point i € Uqq (€)) that satisfies Ae, ., (1) < ¢(ex).
More precisely, the number of iterations of LSMSUB is bounded from above by

ln\/m—‘.

Proof. We recall the fact that Assumption [2.5.2] is satisfied, cf. Lemma [6.1.6] Hence, the
assertion follows from Corollary O

110.79 (fepopue (4F) = Fepopm ey ) ) | + [7.13 +1.45In

Remark 7.2.7. The maximal number of iterations of LSMSUB depends only very weakly on
¢(er). This is to say that this number increases only slightly if we require, say, A, ., (@) < €
instead of A, ,, (@) < 1. This is due to the quadratic convergence that Newton’s method
achieves in A, ,,. However, the above bound also tells us that the number of iterations of
LSMSUB may become arbitrarily large for k — oo if we have ¢(g;) — 0T, which yields that
the second summand tends to infinity. For practical purposes, however, we note that for the
choice ¢(g) = min{e, §}, and g, = 1071¢, the second summand equals 13. We will see in the
numerical experiments in Section [§] that £;, = 10716 is far smaller than a practically reasonable
choice for the final value of €. Hence, in practical applications the second summand can be

estimated by 13 or a smaller value, i.e., the fact that it tends to infinity can be neglected.

Remark 7.2.8. The first summand shows how the number of iterations of LSMSUB depends
on the choice of u* and . We see that this number depends on the function value f:, ,, (u¥)
and the optimal value f;, 4, (Uc, 4, ). In a practical implementation of LSMp), this can be
used to develop heuristics for the choice of €, and u*. As a very simple example we consider
the shifting step in Version A of LSM@. In this step we have the freedom to further decrease
Ak+1 once a feasible \gyq is found. The preceding result (rather unsurprisingly) indicates
that a further decrease of A\;11 may be beneficial if it lowers the function value. As a more
complex example we mention that if ¢(ey) is close to zero for small e, we can regard f-, ., (u¥)
as good approximation of f., ,, (e, 1) due to Ae, . (u¥) < ¢(ex), cf. Lemma [2.2.23] Thus,
along with the iterates we obtain an approximation of the sequence ((ek, fe, up (Uepi)))-
This can be used for extrapolation, i.e., for estimating f, ., 4., (%ey,, upy, ). The choice of

ek41 could then, for instance, be based on a comparison of f, ., (u*) — fo . (tey ) and
k:+1)

f€k+17uk+1(u - f5k+17uk+1(ﬂ6k+1,#k+1)'

We take a look at the shifting in Version A of LSM.

Lemma 7.2.9. We consider iteration k € Ng of Version A of Algorithm LSM@. If it holds
uF T & Uy (eps1), then there exists 81 > 0 such that (Mg a4+ (1 — Apy1)u®) € Uga(erir)
is satisfied for all A\gy1 € [0, Og41]-
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7.2. The long step method LSM@

Remark 7.2.10. Of course, the assertion is also true in the case uf™!' € U,q (€p41), with
Op+1 = 1.

Proof. We have B*(u°) = min.(y° — y,) > min(y°® —y,) > 7° for every € > 0, i.e. u® € Dye for
all € > 0. Hence, from the definition of Cj in case I and C|| in case II we infer u® € Uad(Eks1)-
Since Uaq(ery1) is open, continuity implies that (Agu ! 4 (1 — Apy1)u®) € Uaq(ggy1) holds
true for all A\g4, sufficiently close to zero. ]

The following lemma contains the well-definition of Version A of Algorithm LSM. It also
constitutes the base for the convergence proof of this version.

Lemma 7.2.11. Version A of Algorithm LSM@ generates a sequence ((uk, Eky i) C U X P=
with

DY (ukH) < ¢(ex) for all k € Ny and (ek, i) — (01,01 for k — oo.

Moreover, the convergence of (¢) and () is g-linear.

Proof. Newton steps exist since [z, ,, is nondegenerate, cf. Lemma Lemma [7.2.6) implies
that in every iteration of LSMp), LSMSUB terminates finitely, while Lemma @ shows that
this is also true for the backtracking to obtain A;41. Together, it follows that Version A of
LSM ) generates a sequence ((u*, g, ur)) C U x P with e, (uFT1) < ¢(ey) for all k € No.
Moreover, we obviously have ¢ < [31];&)(50 for all k¥ € INp, and hence g, — 0" for k — oo as
well as g-linear convergence. From

Pt _ P (Ere) _ (6k€k>p =B < BR

HE B P_l(ﬁk) €k e

with p = 2 in case I and p = 3 in case II we deduce that (u) also converges g-linearly to
Zero. O

For Version B of LSM@ we have the following result that contains, in particular, its well-
definition.

Lemma 7.2.12. Version B of Algorithm LSM) generates a sequence ((uk,ep, k) C U xP-
with ey, (WFT) < @(eg) for all k € Ny.

Proof. Newton steps can be computed since f;, ,, is nondegenerate, cf. Lemma Taking
Lemma [7.2.6| into account it only remains to argue that the backtracking strategy in iteration
k € INg yields Bi € [Bmin, 1) with w1 € Uaq(Brer) after finitely many steps. Lemma
shows that u**+! € U,q(e)) holds true. Hence, we have B (u#*+1) > 0 and B(uF*1) > 0. We
now use £ > 0 and the continuity of ¢ — B*(u**!) on (0,00). Therefrom we infer that for all
¢ sufficiently close to &, there hold Bf(uf*1) > 0 and B(u**1) > 0, i.e. uF! € U,q(é). This
shows that for 3 sufficiently close to 1 there holds u**! € U,q(Bier). Since the sequence (,5’1)
generated by backtracking is supposed to satisfy 3; — 1~ for i — oo, we obtain after finitely
many steps a B; that is accepted as Sj. O
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7. Barrier methods for variable smoothing parameter

7.2.1. Convergence of Version A of LSM(p

In this section we only deal with Version A of Algorithm LSM@. We show that the shift
towards u°® becomes arbitrarily small and that this version of LSM@ converges.

The next lemma demonstrates that the necessary shift tends to zero as ¢ tends to zero. We
recall that the constant 7° stems from the interior point y°, cf. Assumption 6).

Lemma 7.2.13. There exists C > 0 that is independent of k such that in iteration k of
Version A of Algorithm LSM it holds (Mpp1u®t1 4+ (1 — Mg 1)u®) € Uga(epyr) for all
Aet+1 € [0,1) with

7_O

Akt1 < .
ML o4 Cep (1+1Inlex|)

In particular, Ax11 can be chosen close to 1 if k is large.

Remark 7.2.14. The fact that the necessary shift tends to zero when & tends to zero should be
incorporated in the backtracking strategy for Ay41 since large shifts can be expected to result
in large iteration numbers of LSMSUB. As a very basic example a backtracking of the form
A = (%)’ for i = 0,1,2 may be used in iteration k € INg of LSM(p). We mention also that the
backtracking strategy may be improved in practice by taking into account not only the feasibility
of App1uFTt + (1 — A\pq1)u® but also its function value fEkJrhMH()\kJrlukJrl + (1 = Mga1)u®)
since a lower function value may result in less iterations of LSMSUB, cf. the estimate in

Lemma [7.2.6] and the discussion in Remark [7.2.8]

Proof. For k — oo we have ¢, — 07, see Lemma [7.2.11} Hence, there holds

,7_0

— 17 for k — oo,
7° + Cepgq (1 + Infegy1])

which shows that A;;1 can be chosen close to 1 for large values of k provided we can prove
the estimate for Ayy;. Hence, it remains to demonstrate the existence of C' > 0 such that
Apr1 < WM implies (Apy 10 4 (1 — Apy1)u®) € Uaa(epg1), i€, B+ (Appuftt +
(1= Apg1)u®) > 0 and B(Appquf ! + (1 — Agp1)u®) > 0. Using uF! € U,q(ex) we obtain from
Corollary a constant C' > 0 independent of ©**! and ¢, and such that the pointwise
estimate

y(uFt) —yy > —Cep (1 + [Ine|)

is satisfied. Moreover, there holds y° — y, > 7°, see Assumption [3.1.9] Together, we infer that

(@) + (1= 09°) =y = A (¥ = ya) + (1= ) (5° — va)
> —Chep (14 |Ineg|) + (1 = N)7°

holds true for all A € [0,1]. The expression on the right-hand side is positive for all A € [0, 1)
that satisfy

7_O

A< .
7° + Ceg (1 + In |eg])
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7.2. The long step method LSM@

Using the affine linearity of u — y(u) and Corollary we, hence, obtain for all these A
B (A 4 (1= Wu®) = Boa (y(a 4 (1= Nu))

= B (A + (1= Ny°)

= min,, ,, (()\y(ukH) +(1=XN)y°) — ?/a)

> min(()\y(uk+1) +(1-=Ny°) — ya> > 0.

To finish the proof it remains to establish B(AuF™ 4 (1—A\)u®) > 0 for all A € [0,1) that satisfy
A< m Since we have u*T! € U,q(ey), there holds B(u**!) > 0. Furthermore,

B(u®) > 0 is satisfied. Since u ~— B(u) is concave, we infer B(AuF*! + (1 — \)u®) > 0. O

The next theorem is one of the main results of this thesis.

Theorem 7.2.15. Version A of Algorithm LSM@ generates a sequence ((uk,ak,uk)) C
U x P— that satisfies (u*,ep, up) — (4,07,07), where the convergence of (e) and () is
g-linear. Also, we have the estimates

(W) — (@) _ 2 ()
Cj B Cj

R L

for all k € Ng and a constant C > 0. Here, a denotes the convexity modulus of j/C; on
UEE(O,ES]M<€> = M(‘SS)'
Moreover, the number of iterations required by LSMSUB in iteration k € INg is bounded from

above by
Iny\/2¢(ex) -‘ .

Proof. The estimates for [j(u**1) — j(@)| and |[u**! — || follow from Lemma [6.1.6, where
we used A, ., (uF1) < ¢(ex) < %, cf. Lemma [7.2.11] Lemma [7.2.11| also shows the g-linear
convergence of (g;) and (i) to zero. The estimate for ||[u**T — 4|y now implies u* — @
for K — oo. The bound on the number of iterations required by LSMSUB is proven in

Lemma [7.2.6 O

+ Ce (1 + |lneg))

and

110.79 ( Fpp (0F) = Fopp (e ) | + {7.13 +1.45In

Remark 7.2.16. The above theorem establishes convergence of ((u*, ey, ux)) and also provides
convergence rates. Furthermore, it features an estimate for the number of iterations required
by LSMSUB in each iteration of LSM@. However, we note that this estimate is very basic
since it still allows, for instance, that the iteration numbers of LSMSUB increase arbitrarily
fast as € converges to zero. Note that this number equals the number of Newton steps required
by LSMSUB. For Version B of LSM we will provide a convergence result that contains a
more concrete bound for the iteration numbers of LSMSUB.

119



7. Barrier methods for variable smoothing parameter

Remark 7.2.17. We remark that the above estimates imply |7(u*T1) — j(@)| = O(ex(1+ [Ineg))
and [|u* ™ —ally = O(Ver (1 + [Inex])).
Remark 7.2.18. Also, let us mention again that in case II we have j = J, i.e., estimates for j

are estimates for the obJectlve of the original reduced problem (Peq). In case I estimates for j
can be transferred to j as described in Remark |5

7.2.2. Convergence of Version B of LSM)

In this section we prove that Version B of Algorithm LSM@ converges for two different
backtracking strategies to update ey.

Lemma [7.2.12] implies that we have the error estimates from Lemma [6.1.6] Thus, we see that
for a convergence proof we only have to ensure €, — 0 for k — oco. Considering the update
formula ;41 = Srer we, hence, need to show that fi € [Bmin, 1) can be chosen sufficiently
small.

Lemma 7.2.19. There exists ¢ > 0 such that for every k € Ng it holds u*+1 € U,q(Brer) in

. . . ¥
iteration k of Version B of LSM for all By € [1 — ”:(aff)k) ,1].

Proof. Applying Lemma [6.6.6] we readily obtain the assertion with ¢ from that lemma.
Lemma is applicable since A, ,,, (u¥T1) < ¢(ex) < 1, of. Lemma|7.2.12 O

In the next two corollaries we present two different backtracking strategies to obtain 5 in
iteration k of Version B of LSM@.

Corollary 7.2.20. We consider Version B of LSM. For the backtracking in iteration k we
choose By € [Bmin, Bmax] and define B =1-— (f) (1-— 50) for i € N. We select the smallest
i € Ng such that uFt! e Uad(ﬁzsk) is satisfied and set By := B;. Then there exists ¢ > 0 such

that for every k € Ny it holds B, <1 — % in iteration k of Version B of LSM@.

Proof. We have ;29(25)) < ¢ for a suitable ¢ > 0 and all (e,u) € P—. Hence, we can choose
¢ > 0 so small that the assertion of the previous lemma holds true and 1 — % Bmax
is valid for all & € INyg. The latter implies Sy < 1 — %(6)’“) for every k € Ny, where

aeg
By stems from the backtracking strategy. Hence, for a suitable i = i(k) € INp we have

B e 1 — ’“(IZ(;)’“), 1— C’;Z?{:_(ES“)) In combination with the previous lemma this yields that
in iteration k a B € [1 — £ ’“&ZS’” 1-— C’;Z?g(jf)) (or an even smaller (i) is selected, which
establishes the assertion. O

Remark 7.2.21. In case I we have “aﬁ((;)) = ¢ for all (g,1) € P= and a suitable ¢ > 0. This

demonstrates that (ex) converges g-linearly to zero in this case if the backtracking from the
preceding corollary is used, albeit the rate may be close to 1. In case II we have & 19((6)) =7 +ﬁn5|

for all (g, 1) € P— and a suitable ¢ > 0, which displays that () converges to zero at a rate
that converges very slowly to 1.
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Corollary 7.2.22. We consider Version B of LSM@. For the backtracking in iteration k we
2. . 1\i c : = . ¢

define ;i := 1 — (35) m for i € N, where ¢ is so small that 1 — Wﬁllnsl) > Bmin

holds for all (e,pn) € P~ (we use this ¢ for all k). We select the smallest i € Ny such that

uktl ¢ Uad(ﬁisk) is satisfied and set By = B;. Then there exists ¢ > 0 such that for every

k € WNq it holds B, <1 — m in iteration k of Version B of LSMp).

Remark 7.2.23. The constant ¢ exists due to ﬁ < Ce for all (e,p) € P—, with a suitable
constant C. Moreover, it is easy to obtain an explicit value for ¢. For example, in case I we

have m < e <e¢g forall (g,u) € P—, hence ¢ := l_fﬂ can be used. This shows that

it is possible to actually implement the backtracking Strategy of the preceding corollary.

Proof. Due to ¥(c) > < for all ¢ € (0,&,] and a suitable C' > 0, we have 1 — %(E)’“) <

al(€g -

- m for all kK € INg and a suitable k-independent é > 0 with é < &, where ¢ > 0

denotes the same constant as in Lemma With Lemma the backtracking now

yields that in iteration k a i € [1 — a(Ek)((ljl—Li-k\lnakD 11— QG(Ek)(cf‘junng) (or an even smaller ()

is selected, which establishes the assertion. O

Corollary 7.2.24. For the sequence ((eg, 1)) generated by Version B of LSMp) it holds
(e, pr) — (07,07 for k — oo provided that either the backtracking strategy from Corol-

lary [7.2.2Q or the one from Corollary[7.2.23 is employed.

Proof. Since () decreases monotonically, it converges to e, > 0. Assuming €, > 0 we obtain
from Corollary respectively, Corollary that (Bg) is uniformly bounded away from
1 for all k € INg, which yields the contradiction £, — 0T for & — co. Hence, there holds e, = 0,
i.e., e — 0. Due to (e, ux) € P= for all k € Ny this implies pg — 0T for k — oo. O

To estimate the rate of convergence of (uy) we use the following result.

Lemma 7.2.25. Let (¢1) and (ug) be generated by Version B of Algorithm LSM) and denote
by ok € (0,1) the ratio oy, := % Then for all k € INg it holds

—_ AP
Ok = Pg»

where p =2 in case I and p = 3 in case II.

Proof. We have

1 p
oy = Mt _ P (Eret1) _ <5k6k> ‘ 0

pe  ptex) €k

We now establish convergence of Version B of Algorithm LSM@. This is one of the main
results of this thesis.
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Theorem 7.2.26. We consider Version B of Algorithm LSMp) with either the backtracking
strategy from Corollary[7.2.20 or the one from Comllary Then it holds:

Version B of Algorithm LSM@ generates a sequence ((uk,ak,uk)) C U x P= that satisfies
(uF, ep, ux) — (,0%,07) as well as the estimates

lj(u" ) — j(a))| < 2p19(eg)
Cj -G

_ 8kt (e 4C
1 —aly < (/SR 2O )
J

for all k € Ny and a constant C > 0. Here, o denotes the convexity modulus of j/C; on
UEG(O,ES]M(e) = M (es).

+ Cei (1 4 |lnegl)

and

Moreover, we have
€1 = Prer and g1 = Okfik
for all k € WNq, where B, € (0,1) satisfies for all k the estimate from Corollary|7.2.2( or

Corollary respectively, and oy, € (0,1) satisfies o, = B} for all k, with p =2 in case I
and p = 3 in case II.

Also, the number of iterations required by LSMSUB in iteration k € Ng is bounded from above

by
In \/26(c5) } |

Proof. The estimates follow from Lemma |6.1.6, where we used A, ., (u*™1) < ¢(g;) < 1,
cf. Lemma [7.2.12] The remaining assertions follow from Lemma [7.2.6] Corollary [7.2.20]

Corollary Corollary and Lemma O

Remark 7.2.27. In the above theorem the number of iterations required by LSMSUB in
each iteration of LSM@ can still tend to infinity at an arbitrarily fast rate. Note that this
number equals the number of Newton steps required by LSMSUB. Therefore, we consider it a
convergence result rather than a result on the rate of convergence.

11079 (fepogue (4F) = Fopopn ey ) ) | + [7.13 +1.45In

Remark 7.2.28. As for Version A we remark that the above estimates imply |j(u**1) — j(u)| =
O(er(1 4 [Ingg|)) and [|[ub*t! — 4|y = O(v/ex(1 + [Ineg])) and that in case IT we have j = 7,
i.e., estimates for j are estimates for the objective of the original reduced problem . In
case I estimates for j can be transferred to j as described in Remark @

7.2.3. Rate of convergence and complexity of Version B of LSM,

In this section we establish a rate of convergence and complexity estimates for Version B of
LSM with the backtracking from Corollary Using similar arguments it would also be
possible to derive a rate of convergence and complexity estimates for Version B of LSM@ with
the backtracking from Corollary [7.2.20]
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Version B of LSM@ consists of two parts: An inner iteration that is given by LSMSUB and
an outer iteration in which € and p are decreased. To obtain a meaningful rate of convergence
we need to derive estimates for both parts of the algorithm. In view of Theorem [7.2.26] it,
therefore, only remains to examine Algorithm LSMSUB, more precisely we need to estimate
the quantity f-, ., (u*) — fep i (@ey ). This is done in the subsequent lemma.

Lemma 7.2.29. We consider Version B of Algorithm LSMgpy with the backtracking strategy

from Corollary . Moreover, we choose ¢(e) = min{e2 /(1 + llne\)%ﬁ} in case I and
o(e) = min{ai,Q} in case II. Then there exists C > 0 such that for all k € INg it holds

fEan«k (uk) - fEan«k (aEkyl—Lk) < C.

Remark 7.2.30. By use of a slightly more restrictive ¢(g) and a slightly more restrictive
backtracking technique we could prove that fe, ,, (uF) — Jep s, (Uey ) converges to zero for
k — oo. However, the estimate from Lemma shows that the number of iterations required
by LSMSUB tends to infinity, anyway, if ¢(g) converges to zero for ¢ — 0%. Therefore, a
further improvement of the bound for f;, ,, (uk) — Jeru (Uey ) does not yield a better order
for the number of iterations required by LSMSUB.

Proof. 1t suffices to establish the assertion for all £ € INg sufficiently large. Let ¢ denote
the constant from Lemma We show that for every k sufficiently large (o from the
backtracking satisfies Boei € I(ep, pi, u¥T1). This implies Biey, € I(eg, pu, uFt1) for all i € Ny
and all these k, which yields 41 € I(eg, pp, u* 1) for all k sufficiently large. Note that
I(ek, p, uFT1) is well-defined since ., ,,, (uF*!) < @(ex) < 0 < 1 implies w1 € A, ,,
for all k € No. To deduce Bye; € I(ep, pg, vt = [en(1 — %),ek] we have to prove

— m =By >1— %S’“) for all k sufficiently large. This inequality follows from
I(e) > g for all € € (0,¢,] and a suitable C' > 0 since we know from Corollary that
€k, i — 01 for k — co. In conclusion, we have established e;,1 € I(eg, g, u**1) for all k
sufficiently large. We now show f, ., (u¥) — fe, 1, (e, 1) < C for all k sufficiently large, which
finishes the proof. We do this in two steps.

1) Without loss of generality we assume k > 1. Inserting € 1= 1, p = pg_1, €4 := €k,
and p = py into Lemma [6.10.1| we obtain the existence of C' > 0 such that it holds for
all sufficiently large k

_ 2 Y(ep_
Jerom (uk) — Jerm (UEk—laﬂk—l) <C <)‘€k71,#k71(uk)> <>‘€k1,uk1(uk) + (6:_11)> )

where C' > 0 is independent of k. Lemma |6.10.1f can be applied since u* satisfies
)\Ekfhukfl(uk) < dlegp—r) < %, ie., (5k_1,uk_1,uk) € T(Aey s, )s cf. Lemma |7.2.12
J(e
—— <
€

and since e € I(gk—1, k-1, uk) for sufficiently large k, as argued above. Using

70(14"21“5') in case T and 2@ — < in case II, where C is independent of ¢ € (0,e5), we
15 15 13
obtain
fEkMk (uk) - fEk“uk (ﬁskfl,/—"k—l) <C (7'3)

for all sufficiently large k from A€k717uk71(uk) < ¢(eg—1) and the definition of ¢ using
ex — 01 for k — oo.
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7. Barrier methods for variable smoothing parameter

2) Since we have I(egx_1, pp—1,u") = I(k—1, poh—1,Uey_y 1), cf. Lemma it fol-

lows that e € I(eg—1,h—1,Uey ;s ,) holds for all k sufficiently large. Therefore,
Lemma [6.10.3] is applicable for all these k. This yields a k-independent constant C' > 0
such that

Ca(ep-1) In(cpr—19(ek—1))]
MEk—1€k—1

Jeromn (askq,ukq) — feron (ﬂEk’P«k) > lex—1 — €k

is satisfied for all k large enough. We have €1 — e = (1 — fr_1)ek—1 and Pr_1 >

Clog— . .
- a(sk,l)(1+|llnsk,1|) due to the backtracking we employ. Hence, we obtain |ex_1 —ej| <

Cep—1Mk—1 P :
A ) (e ] This implies

Cé|In(cpp—19(ek—1))|
1+ |1H Ek_1|

fekv,uk (aek—lvﬂk—1> - fEkaﬂk (ﬂ‘fk#k) =

for all k sufficiently large. To establish

f€k,uk (aek—laﬂk—l) - f5k7l‘k (ﬁek,ﬂk) < C (7'4)

for all k sufficiently large and a suitable C' > 0, it, thus, suffices to argue that the term
IIn(cpp—19(ek—1))|/(1 + [lneg_1]) is bounded from above independently of k. Due to
IIn(cpr—19(ek—1))| < |Inc| + [In(pr—19(ex—1))| we only need to establish this for the
term [In(pg—19(ek—1))|/(1 + [Ineg_1]). Since it holds px_19(gx—1) — 0 for k — oo and
pr—19(eg—1) > cex—1 with a k-independent constant ¢ > 0, this is elementary to see.

Summarizing, (7.3)) and (7.4)) show fe, ., (u¥) = fep i (Geg ) < C for all k sufficiently large. O

We conclude this section with the following theorem that presents a detailed description of
the convergence behaviour of Version B of Algorithm LSM with the backtracking from

Corollary [7.2.22]

Theorem 7.2.31. Version B of Algorithm LSM with the backtracking strateqy from Corol-
lary and the choice ¢(e) = min{eé/(l + |In 5|)i,9} in case I and ¢(e) = min{sﬁ,é?} in
case II generates a sequence ((u¥, ek, ug)) C U x P— that satisfies (u*,eg, uy) — (4,07,07) as
well as the estimates

and

j(u ) — j(w)] < 2m9(er)
Cj -G

_ 8urd(e 4C
[uF Tt — @y < w+\/a\/€k(1+]lnsk1)
J

+ Cei, (1 4 |Inegl)

for all k € Ny and a constant C > 0. Here, o denotes the convexity modulus of j/C; on
UEE(O,ES]M(e) = M(&s).

Moreover, we have

124

€yl = Prer and g1 = Okfik



7.3. Phase one

for all k € No, where By € (0,1) satisfies for all k the estimate
cel™?

Bp<l————0
(1 + [lneg)”

with a k-independent ¢ > 0 and oy, € (0,1) satisfies o, = B, for all k. Here, it holds p =2 in
case I and p = 3 in case II.

Also, the number of iterations required by LSMSUB in iteration k € Ny is bounded from above

by
In \/Q(b(e’fk) -‘ s

where C' > 0 is independent of k. This is, LSMp) requires at most C'+1+[1.451In[In /2¢(e)] |
Newton steps in iteration k.

C+ {1.45 In

Finally, for every 6 € (0,1) there exist C,é > 0 such that for all 7 > 0 we have the complexity
estimates

T

(Q)m _ 1
K> |22 = i) )] <7
and .
©* -3
K> TT% — HuK“ - aHU <

Here, it holdsr =p— 146 with p=2 in case [ and p = 3 in case II.

Remark 7.2.32. Note that for k — oo the term In|ln \/2¢(sy)| goes to infinity. However, since
its order is O(In|ln y/2¢y|) for k — oo, it grows very slowly. In practice, we can assume that
the number of iterations of LSMSUB is bounded finitely, cf. also Remark

Remark 7.2.33. The complexity estimates show, for instance, that in case I we have |j(u®+1) —
j(@)| < 7 for small values of T after approximately O(r~!) iterations and ||uf+!
after roughly O(772) iterations. Of course, these are worst-case bounds.

—illy <7

Proof. All assertions except the complexity estimates follow from Theorem [7.2.26] in combina-
tion with Lemma [7.2.29] To establish the complexity estimates we choose ¢ > 0 so small that
it holds £ <1 — ~€£_ o forall k € INy. This is possible due to the estimate we have for 5 in
the above theorem and since ) < 1/(1 + |Ineg|)? is satisfied for all k sufficiently large, as is
elementary to see. The complexity estimates can now be proven exactly as in Lemma [7.1.13]
the only difference being the different value of r. O

7.3. Phase one

In this section we describe phase one methods for Algorithm SSM@ and Algorithm LSM.
This is, we show how to obtain a starting point for Algorithm SSM@ and Algorithm LSM@ if
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7. Barrier methods for variable smoothing parameter

only a point u® € U,q(gg) is known and provide complexity estimates for this process. Note
that for LSMg) we only require a starting point u? € U,q(gp) since LSMp) calls Algo-
rithm LSMSUB, which is used as a phase one method if it is the first iteration of LSM@
However, in this section we obtain a complexity result that is more precise than the one from

Theorem [7.2.31]

7.3.1. Phase one based on a short step method

The following Algorithm APOSS determines @ € Uaq(eo) with Aey 0 (%) < 6. We use the name
APOSS since this algorithm is the same as the one from Section

Algorithm APOSS (phase one based on short steps applied to f. )

Input: Parameters (eo, po) € P=, 6 € (0, i], starting point u° € U,q(go).
Output: @ € A, ,,(0).

Define f,, = feg,p0» K := Uad(€0), and set for v > 0

4 0
fVJLOvuO K =R, fl/,Mo,uU (U) = f,uo (U) - M.

CALL Algorithm POSS from Section[2.9.1with (u°, uo,0) (use X = U, I = (0, o] in Algorithm POSS)
and denote its return value by 4.
RETURN 4.

Remark 7.3.1. Algorithm POSS requires the self-boundedness constant ¥y, of fuo = feq,u0-
From Lemma we know that this constant is given by

0y

137 (£0)

C-
D fogo = HTJ) +7(e0) incasel and dp =2 ( + 7(e0) + %(50)> in case II,

where C satisfies ||7'(u)||y= < C for all u € Uaq(eo).

We have the following complexity result for Algorithm APOSS. We recall that sym(u", Uaq(c0)),
the symmetry of U,q(co) about u°, is introduced in Definition [2.5.25

Theorem 7.3.2. Algorithm APOSS returns a @ that satisfies Aoy (1) < 6 after N € Ny
iterations of Algorithm POSS, where N is bounded from above by

RO AT 7 <1+ 1 )
= |16 5 9 sym(u®, Usd(€0))

with
20|y

137 (o)

C; ) . .
Voo = /73 + 7(g0) in case I, D fogg = 2 < + 7(g0) + 7(50)> in case II,
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7.3. Phase one

and

¢ p—— g
6:<(1§0)2), wher69:§.
1— 90
VﬁfEO*LO

Here, C satisfies || (u)|o= < C for all u € Uyg(eo).
During the course of APOSS, 2N + 1 Newton steps have to be computed.

Proof. The boundedness of U,q(eg) together with Lemma yields that Theorem [2.9.F]
is applicable with constants of self-boundedness as asserted. Theorem [2.9.5| now implies all
assertions. O

Remark 7.3.3. We stress that in SSM@ and LSM@ we usually start with a relatively large eg
in comparison to SSM, and LSM,, where ¢ is chosen small from the beginning. This implies
that the complexity of phase one may be much worse for SSM, and LSM, than for SSM and
LSM@.

7.3.2. Phase one based on a long step method

The following Algorithm APOLS determines @ € Uyq(gg) with As; (@) < 6. We use the name
APOLS since this algorithm is the same as the one from Section

Algorithm APOLS (phase one based on long steps applied to f; )

Input: Parameters (g9, o) € P, 6 € (0, 1], starting point u® € Una(eo).
Output: @ € A, ,,(0).

Define fy, = feo,uo and K := Uaa(eo).

Compute the Newton step s” € U by solving f// (u®)[s°] = —f}, (u°) in U*.
CALL Algorithm LSMSUB from Sectionwith (u®, 5%, 1o, 0) (use X = U, I, = (0, yo] in LSMSUB),
and denote its return value by .

RETURN 4.

We have the following complexity result for Algorithm APOLS.

Theorem 7.3.4. Algorithm APOLS returns a @ that satisfies Ae, uo(0) < 6 after N € Ny
iterations of LSMSUB, where N is bounded from above by

N < [10.799, .,

ln<1 = Wiiey g (uo)) H + [7.13 +1.451n ’ln \/%H :

Here, wa, ., : Uad(e0) — [0,1) denotes the Minkowski function, see Definition |2.53.14), and
V.o denotes the same constant as in Theorem|[7.5.9

During the course of APOLS, N + 1 Newton steps have to be computed.
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7. Barrier methods for variable smoothing parameter

Proof. Due to Lemma [6.1.6] Theorem [2.9.6] is applicable with constants of self-boundedness as
asserted. Theorem [2.9.6| now implies all assertions. O
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8. Numerics

In this section we deal with numerical aspects of the developed algorithms and present numerical
results. It is well-known that in practice short step methods are usually inferior to long step
methods. Therefore, we deal with Algorithm LSM,. and LSM@ in this section and leave
SSM. and SSM@ aside. All examples that we consider are treated within the framework of
case I.

8.1. Discretization

We used MATLAB to implement Algorithm LSM. and LSM@. Before we explain the
discretization strategy in more detail, let us outline the most important parts. For the
discretization of the Laplace operator in two dimensions we use a standard regular five-point
finite difference stencil with mesh size h. Most of our numerical examples use the unit square
2 = (0,1) x (0,1) as domain for the state equation, where this discretization strategy is
equivalent to the use of linear finite elements on a uniformly triangulated grid, cf. |[GRO5,
Beispiel 3.4, pp. 104]. Furthermore, the state constraints act on all of 2, i.e. 2 = (2,. For
integration on the unit square we use the weights h? for all nodes in £2. To develop fast code
several techniques are helpful. For instance, by suitably rewriting the Newton system and
using structural properties of the corresponding Hessians, the main costs for the computation
of a Newton step in our test problems amount to two solves of a linear system of the form
(A*A+~- Iy = f, with vy € C%8(02). If, for instance, A = —A, then this system corresponds
to a biharmonic equation. Also, only the right-hand side f varies, which further diminishes
the numerical costs.

8.1.1. Discretization strategy

We use the same discretization strategy for all numerical examples. To explain this strategy
we consider the model problem

—Ay=u in {2,
(MP)
y=0 on 942,

. 1
min -

2 o 2 -
o 5 = vallie) + 5 llellie) sty 2 e in {

with Y = H2(2) N H}(2), U = L*(2), 2 = 2, = (0,1)? C R?, yq € L*(2), yo € COB(12,),
and & > 0.

To discretize this problem we use a uniform grid on 2 with (N +1)? points to cover §2. This grid
has mesh width h = 1/N. We number the points from the origin to the right, i.e., zo = (0,0),
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8. Numerics

r1 = (h,O), ceey, TN = (1,0), IN+1 = (O,h), ooy TONH1 = (1,h), ey x(N—i—l)Q—l = (1, 1). The
points that belong to {2 are exactly the x; with ¢ € I, where I denotes the index set

I:= {0,1,2,...,(N+1)2—1}\f
with
I:={0,1,2,...,N}
U{N+1,2(N+1)—1,2(N+1),3(N+1) = 1,3(N +1),...,N(N + 1) — 1}
U{N(V+1), NN+ 1)+ 1, N(N +1)+2,..., (N +1)? — 1}

We replace the functions in by vectors from R®Y -1? = gl |, whose values represent the
function values at the nodes in {2. The replacements are denoted by an additional index h;
for example, y € Y becomes yp, € Y3 1= ROV-1? and u € U becomes up € Up, 1= ROV-1?. We
employ a superscript ¢ to denote the i-th component of a vector. We consider the elements in
I to be ordered by size from the smallest to the largest and use I(7) to denote the i-th element
with respect to this order. Then yj, represents y(zy(;) for i € {1,2,..., (N —1)?}.

We use the classical five-point stencil to discretize A, cf., e.g., [Bral3l Chapter 1]. This is, the
PDE in (MP)) is replaced by Apy;, = up with

T -1 0
I T -I
1 _ 2
Ani=13 —1 —I | e RIV-D (V=17
0 -1 T

4 -1 0

|7t e RIW-Dx(N-1)
SO
0 -1 4
Note that linear finite elements on a uniformly triangulated grid would result in the same
discretization of A apart from the scaling 1/h?%, cf. [GR05, Beispiel 3.4, pp. 104].

To evaluate the integrals in (MP) we use [, f(z)dx ~ h? Zg{lﬁ f(zr@))- This formula
can, for instance, be obtained via Fubini’s theorem [, f(z)dz = fol fol f(y1,y2) dyy dy2 and
application of the trapezoidal rule to the iterated integrals assuming that f is zero on 0f2.
Another motivation for this formula is given in [Tré05, Section 2.12.3].

Summarizing, we replace (MP)) by the discrete problem

(N-1)
) 1 . , o , . .
a2 > ((y% —yan) + a(uz)g) st yh >y 1<i < (N=1), Apyp = un,
’ i=1

(MPy,)
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8.1. Discretization

where we divided the objective by k2.

To apply an algorithm, e.g., LSM,, to we need a discretization of f; ,. This dis-
cretization can be derived in the same fashion as above. A particularity is that f; , con-
tains the integral an e~W—va)/edz. More generally, at different points in the algorithms
that we use we have to evaluate integrals of the form an e~W=va)/e f 4z with a function
f. This can be a cause of instability if y — y, is negative, respectively, if yi — v’ , is
negative for some 7. To compute these expressions in a stable manner we employ7 the
identity o e~ Wva)/efdy = e min(y—ya)/e fo, e~ (W—Ya—min(y—va))/e f 4z where min denotes
the pointwise minimum in 2,. On the discrete level the corresponding identity reads
h2 22(51—1)2 e—(yz—y;h)/ff}ib — e min(yhfya,h)/sh2 2551_1)2 e—(yz—yé,h—min(yh—ya,h))/Ef}il’ where
min(yy, — ya,n) denotes the minimal component of the vector yp, — yq.p-

So far we have described the discretization strategy that we use. Let us now cover an important
aspect of the implementation, the computation of Newton steps. In doing so, we will also
derive the discrete Newton system that we solve.

8.1.2. Efficient computation of Newton steps in the case of a linear state
equation

In the following we demonstrate for case I how Newton steps can be computed efficiently since
all our numerical examples use case I. We mention that case II can be handled similarly. Also,
we allow {2, G 2 in this section.

The state equations that we consider in the numerical examples are of the form Ay = u with
A€ L(Y,U), where Y = H?(£2) N H}(2) and U = L%(§2). Since A is bijective, we can obtain
a state reduced version f. ,(y) instead of the control reduced version that we worked with
in the preceding sections. However, since Ay = u couples y and u linearly and bijectively, it
can be argued that the sequence of iterates (y*) obtained by use of the state reduced feus 18
exactly (A~ u*), where (u*) denotes the sequence of iterates generated by use of the control
reduced f. . This shows that the theory developed in this thesis still applies if we use a state
reduced f; ;. In fact, in a former version of this thesis we worked with reduction to the state
since that seemed to simplify the theory a bit. While it is a standard requirement that there is
a unique state for every control, this is not the case the other way round, so we changed the
presentation and now use reduction to the control in this thesis to be more general.

We start by considering the Newton system for f. , in function space. From this system we
derive a discretized Newton system, which is the one that is actually solved to compute the
Newton step in our implementation. We remark that the Newton step that results from this
process is the same as the one we obtain by first discretizing f; , and then computing the
Newton step for the discretized f; ,.

The Newton system reads fZ,(y)[ny] = —fi,(y) for a given y € Yaq(e). Since we have
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feuly) = —Cj%(y)) —7(e)In(B%, = (), we obtain for the derivatives

= N () (Bé(ﬁa))/(y) [h1]
©o B(y) B, )

where j(y) denotes the state reduced objective and B(y) := C; = 7(y). In the numerical

examples we always use J(y,u) = Hly — yd||%2(9) + %HUH%Q(Q) as objective function, i.e.,

5(9) = %Hy - yd”%%g) + %|’A?JH%2(Q)- Thus, we have
7' W) = (y = ya, h1)p2(0) + &(Ay, Ah1) 2(0),

3" ()[h, ha] = (R, ha) r2() + &(Ah, Ahg) 20y,

B an 6_(y_ya)/€h1 dl’
o [0 e—(W—va)/e dg ’

(Beg) @]
and

8 7 1 Jo, e~ Wva)/ep, dx Jo. e~ Wva)/ehy da o, e~ W—va)/eh, hy da
(BC(EG)) (y) [h17 hQ] = g 2 - f e—(y—ya)/g dx
(S, e~ twwe)/= dz) 2

We note that here and in the following all derivatives are Fréchet derivatives, as can be
established by arguments similar to those used in the control reduced case or, alternatively, the
chain rule. Moreover, we point out that the state reduced f , is uniformly convex since this is
true for j(y) To infer that this suffices, see Lemma C.4.14L To infer uniform convexity of J
note that the bijectivity of A : Y — U implies ||Ah||y > HTL’ﬁ"ﬁ’;U o The uniform convexity of
fe,; implies that Newton’s equation is uniquely solvable, cf. Theorem Alternatively,
this also follows from the fact that the control reduced version of Newton’s equation is uniquely
solvable in combination with the bijectivity of A.

Setting g := e~ (¥=%)/¢ on 2, and ¢ = 0 on 2\ £2,, we can write Newton’s equation as operator
equation f(y)[n,] = —f. ,(y) in Y* using the L?(£2) scalar product as well as

/ Cj A A* 7'(6) 4
_ ¢ . A* Ay — 8.1
fewl) =5 (v) W= yatadidy) Bt W) Jo, adz o
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and
; - AA* Ay) - - AA* Ay)hy d
éi#(y)[hl] — g’J <h1 4 @A*Ahl 4 (y Ya +a y) fN (y Yd + y) 1 Z‘)
uB(y) B(y)
7(e) q[o qhidx £
S— a 1]~ |
eBg g, W) Jo, adz \  Jo, adx B, W)

We now replace the quantities in the Newton system f,(y)[n,] = —fZ ,(y) by their discrete

counterparts, e.g., functions are replaced by their node vectors as described in the previous
section. For conciseness we perform these replacements without change of notation. This is,
from now on ¥, yg, etc. denote vectors, A and A* = AT denote matrices, and integrals are to
be read in the sense of the quadrature formula described in the previous section. We emphasize
again that the discrete Newton system that results from this process is the same as the one we
obtain if we compute the Newton system for the discretized f; ,.

We assume that the uniform mesh used for discretization contains M nodes in (2. In the
notation of the previous section we would have, e.g., M = (N — 1)? for the unit square.
Introducing the abbreviations

Cj 7(e)

c1 = — and cg = )

 (y)[ny] takes the form (E 4 viw{ + vow3 )n, with

E:=q¢ (I + dATA) + codiag(q), (8.2)
where diag(q) € RM*M denotes the square matrix with zero entries and diagonal g,

y — ya + aAT Ay

, W1 = QT(y —Ya+ @ATAy)v
B(y)

V1 = C1

and
Vg 1= Cy BSL—I q, wg::QT(é.
C(ﬁa)(y) f(}aq x

Here, Q@ € RM™*M denotes the matrix whose entries are the weights for integration, i.e.,
f}f Qon ~ [ fgdx if the vectors f; and gj represent the nodal values of functions f and g in
{2. Note that () does not have to be assembled, as we explain below. In effect, we have to solve
a linear system of the form (E + viw{ + vywg )n, = r, with r the discretization of —f. ,(y)
from . The rank-1 updates viw! and vowl can be treated with the Sherman-Morrison
formula, as we explain in a moment. This leaves as crucial step the solution of a linear system
of the form Es = b. The coefficient matrix E contains AT A. However, since AT A has the
squared condition of A, we want to avoid working with A” A. To this end, we remark that it
is possible to solve instead of Fs = b the linear system

édiag(l—l—%q) AT\ (s - clbd
A -1 5] 0/
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This is a 2 x 2 elliptic system. Systems like this one frequently occur in optimal control,
cf., e.g., [HPUUQ9, Section 2.8.2]. They can be solved efficiently by multigrid methods, cf.
[Bral3, Chapter 5]. An alternative to multigrid methods is the preconditioned conjugate
gradients method, cf. [GVLO7, Section 10.3] and [BBCT93, Section 2 and 3]. This method, as
well as others, are MATLAB built-in functions and we tested several of them. However, we
observed that MATLARB’s sparse backslash operator is more efficient and, therefore, in the
implementation for this thesis we use backslash to solve the occuring sparse linear systems. For
more on how MATLAB deals with sparsity, cf. [GMS92]. We note that the relative residuals we
observed by use of backslash are usually below 10719 measured in the (discrete) L?-norm. As
an interesting alternative, for instance on very fine meshes or in 3D where backslash may be to
expensive, we mention that quite recently preconditioners that are tailored for optimal control
with PDEs in the presence of state constraints have been proposed in [HS10] and [SU12].

We handle the two rank-1 updates by the Sherman-Morrison formula. Applying this formula
twice we see that we can solve (E + viw! + vowd)n, = r as follows:

1) Solve Es; =1, Esy = vy, and Es3 = vs.

powlpy
1+wlps”

szwlTSS
T
l—i—w1 59

szwlTsl
T
14wy s2

2) Define py := s1 —

and po := s3 — . Set ny :=p; —

Alternatively, we can use the Sherman-Morrison-Woodbury formula and develop the same
routine from inverting £ + VW7 with V = (v1,v2) € RM*2 and W = (wy, wz) € RM*2. We
point out that r is a linear combination of v; and ve, so in 1) only the systems E'sy = v; and
Es3 = vg have to be solved. Furthermore, we note that the vectors w; and ws only occur in 2)
and only in scalar products, i.e., in the form w] s and w3's. This means that we do not have
to assemble the matrix ) with the integration weights; it suffices to evaluate integrals of the

form [,(y — ya + &AT Ay)sdz and [, gsdz.

8.1.3. Efficient computation of Newton steps in the case of a semilinear state
equation

In one of our numerical examples we consider J(y, u) = Hly — yd||%2(9) + %||u||%2(9) together
with the semilinear state equation —Ay +y + y> = w in 2, y = 0 on 9f2. Of course, the
nonlinearity 32 introduces nonconvexity to j and fe,u» and, therefore, the theory developed in
this thesis is not applicable. Nonetheless, it is interesting to see how our algorithms perform
in this case.

To derive the state reduced Newton system we insert F: H2(2) N H}(2) — L*(02), F(y) :=
—Ay + vy + y? for w in J. This approach is sensible since for every u € L?(£2) there is
a unique solution y = y(u) € H?(2) N H}(2) of F(y) = u, as we argue now. First, we
note that —Ay + y + y> = u possesses a unique weak solution y = y(u) in H}(£2) for
2 c R% d < 3, a bounded Lipschitz domain. This can be proven exactly as in [Tr605),
Section 7.1.1] using the theory of monotone operators. Alternatively, we can prove this by
establishing that for given u € L?(£2) the Fréchet differentiable functional G : H}(£2) — R,
G(y) = %HVy||%2(Q)d + %HyH%Q(Q) + i||yH4L4(Q) — (Y, u)12(2) Possesses a unique minimizer y.
This minimizer, of course, satisfies G'(¥)[h] = 0 for all h € H{(£2), which states that ¥ is
the weak solution of the semilinear PDE we are interested in. To demonstrate H?-regularity
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let § € H}(£2) denote the unique weak solution of —Ay + y + y®> = u. For d < 3 it holds
H}(02) — L5(2) and, thus, 3° € L?(£2). This shows w := u — ¢ € L*(2) and, hence, the
solution of —Ay + y = w, which is 7, satisfies y € H?(§2) if 2 is a C? domain or convex. For
references concerning these and other regularity results, see Section We remark that in
our numerical example, 2 = (0,1)? is, indeed, convex.

For F(y) = —Ay+y+y> we have F'(y)[h1] = —Ahy + hy + 3y%hy and F"(y)[h1, ha] = 6yhiha,

which are Fréchet derivatives as one can argue. Thus, we obtain

) q
Bé(ﬁa)<y) an qu

fLuy) =c1(y—ya+aF (y) F(y))
and

" @] = e (m £ & (F(y) F W)l + F(y) - 6yhn)

+

{2
B(y)

—c 7qf9“ @ do S [ — —qh
Jao, adx B ., W) ’

where we used the same notation as in the previous section. The discretization can now be
carried out analogously to the case with a linear state equation.

(y —ya+ aF' (y)* F(y)) - [oly — ya+ &F'(y)*F(y))h da:)

The nonconvexity of f., may prevent the unique solvability of Newton’s equation. This
can be overcome by using f/,, + 8I with a sufficiently large 3 > 0 instead of f,. Here, 3
may be chosen different in each iteration. This technique is known as Levenberg-Marquardt
regularization, cf., e.g., [GK99, Aufgabe 9.11] and [Ber99, Section 1.5.1]. However, in the
numerical experiments that we conduct such a regularization is not necessary.

8.1.4. Line search

We recall that if iterates with large Newton decrement occur in LSMSUB, then line search
can be used to find a better step size than the one induced by the Newton decrement, cf.
Remark . If not mentioned otherwise, we employ as line search strategy a (numerical)
minimum rule, where we first determine the maximal interval in [0, 1] such that y + tn, is
feasible using MATLAB’s built-in fzero, and then employ MATLAB’s fminbnd to determine
the unique (local=global) minimum of ¢(t) := f. ,(y + tn,) in this interval. As tolerance
in fzero and fminbnd we use machine precision. We note that fzero requires only function
evaluations of Bg(ﬁa) and B , and fminbnd requires only function evaluations of f; ,. Since we
work with reduction to the state, these evaluations are numerically inexpensive because no
additional PDEs have to be solved. However, this would still be true if we used reduction to
the control since the state equation is affine linear; see also the discussion in Remark
Moreover, we point out that ¢ is uniformly convex, which is certainly a good structural property
for minimization. Summarizing, we expect the line search strategy to be computationally
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8. Numerics

inexpensive. In fact, in the numerical experiments whose results we present in the following
sections, we usually observed on the finest mesh that all line searches together require less than
two percent of the total running time, whereas the computation of Newton steps consumes
almost all remaining time. Of course, a larger tolerance in fzero and fminbnd or other line
search strategies are conceivable. For more on the line search strategy in LSMSUB, see the
discussion in Remark

8.2. Numerical results for fixed smoothing parameter

In this section we present numerical experiments with Algorithm LSM, as stated in Section
Some of these experiments are similar to the ones conducted in [KU13) Section 4], while others
are completely new. In comparison to [KUIL3] we use a different termination criterion and a
slightly different version of Algorithm LSMSUB, which is at the heart of LSM.. We recall that
the main result for LSM, is Theorem [5.3.3

8.2.1. Test Problem I

We consider the problem

—Ay=u in {2,
y=0 on 9f,

. 1
min  —

2 @ 2 7
cmin Lyl Sl st vz {

with Y := H?*(2) N HY(N2), U := L*(N2), 2 = 0, == B1(0) C R?, and & := 1072, The
functions y4 and y, are given in polar coordinates: yq(r) := gi=(1 + r*(In(r) — 1)) and

Ya(r) == g2z (1—2r). Using Z:=U, A:==—-A€ L(Y,Z), B:=—1 € L(U,Z), and g = 0, this
problem is a special instance of Example and, hence, satisfies Assumption [3.1.9

This problem is also considered in [CKROS8|, Section 5.1] and [BV09, Section 5.3], and in slightly
different form in [MPTOT7, Section 6.2] and [HPUU09, Section 3.3.1.4]. Using the optimality
conditions from Lemma for case II it is easy to check that y = y4 and u(r) = —1;1752 are
optimal and that the corresponding multiplier X is a Dirac measure concentrated in the origin.
The latter is not surprising since the origin is the only active point of the constraints y > y,,
cf. also [Cas86, Corollary 1]. Recalling that 7 is the objective of the reduced original problem,

this yields j (@) = 6.25/7.

Throughout the experiments for this test problem we use 6 = 0.25, C; = 2'61—203, o =1, and

1+|lng|
—

C; =1+ J(u®) with u° = s+=. Unless stated otherwise, we employ 7(¢) = 2-10° -
Lemma provides C, @) < 0.2. Thus, by use of & = 1.1u° Lemma yields self-
concordance of f. ,, for u € (0, po] and € < 1, since it holds

~ 2
2-103 1 16 217" (@) o -
s =Cj > 2 max {52’ EC?),C(EG) ( + ||l .

€ 1o

Here, we computed the quantity ||7/(@) ||~ numerically on a uniform mesh with width h = 279,
cf. Remark (3.5.10, This shows that every C; > 1'3;7'2103 ensures self-concordance. The actual
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8.2. Numerical results for fixed smoothing parameter

choice for C; includes a safeguard to take into account the numerical computation involved in
this process.

The main result regarding Algorithm LSM; is Theorem To derive the estimates in part
5) of this theorem, Corollary is crucial. We start with a numerical validation of this
theorem and this corollary. Later, we also examine the efficiency of LSM..

First, we investigate the convergence of (j(u*)) and (j(u¥)) to j(@.) and j(@.), respectively,
cf. Theorem [5.3.32). We use mesh width h = 277. In Figure We display &-(j(u*1) —j(u.))
J

and 3’(uk+1) — j(ﬂg) for k € Ny, where we use for @, the last iterate of LSM, with h = 277

and pigna = 10710 We have 1 < ;- JWFY) =14 50 — (k) <1450 < % for
sufficiently large k in this experiment. Hence,

- k+1 _A. — ~ k+1 _A. —
4 = ) = a1 DI g )2
C;— J(u+) C; = 3(u+)

J(@:)| to
|7(uF*1) —j ()| for large k, and to behave similar to |7(u**+1) —j(a.)|. Figure conﬁrms this.
It also shows that the convergence rate of (j(u*)) is linear, in accordance with the developed
theory, cf. Theorem 2). In addition, this theorem provides a fairly good estimate for
lj(uF*1) — j(a.)] if py is small, as is displayed in Figure

shows that we can expect Cij|j(uk“) — j(ue)| to range roughly from %]j(uk“) -

A

To assess the discretization error we show in Figure C%_\j(ukﬂ) —j(tz)| and |j(uFt1) =7 (a.)|

for k € Ny, where @, is now computed with h = 278 while the iterates are still computed
with b = 277, In [BV09] the discretization error for the objective value is estimated using
linear finite elements on uniform triangulations and the trapezoidal rule for integration. For
a mesh with roughly 8 - 10* nodes the discretization error is around 8 - 1073, We use mesh
width h = 277 with roughly 5 - 10* nodes and observe in Figure 8.3 that |j(uf*1) — j(a.)| lies
in [3-1073,7-1073] for large k. Note that since LSM, is an infeasible method, the values for
j(t.) and j(u.) using h = 277 may be smaller than the ones obtained with A = 278, This
is what causes the regions of non-monotonic convergence in Figure [8:3] For an assessment
of the discretization error in the case that the iterates are computed with h = 278 and . is
computed with h = 279, we refer to [KUT3, Section 4].

We now focus on the infeasibility of (y(u*)) with respect to the pointwise state constraints.
An estimate for this infeasibility can be found in Corollary We use mesh widths h =277
and h = 272, The results are depicted in Figure The iterates are feasible at the beginning
of the algorithm and become infeasible during the course of the algorithm. This happens
at pp ~ 5.5-1073 and py, ~ 3 - 1073, respectively. We observe that the last iterates, which
approximate y(u.), violate feasibility the most. This is not surprising since the optimal solution
ue of can be expected to lie on the boundary of Dy-. Moreover, we observe that the
choice of h = 277 or h = 279 does not make a significant difference. This may indicate that
the discretization error for (y*) is already rather small for b = 277. Taking a look at the
infeasibility of the final iterates in Figure we suspect that [[(y: — ya) || C(@) 18 of order
O(e), which is slightly better than the estimate provided in Corollary

Next, we examine the error ||u*+! — || r2(p) for k € Ny, cf. Theorem m 5). Recall that u is
known exactly. We employ mesh width & = 270, The results are depicted in Figure Since
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Figure 8.1. Test problem I: Error in j and j with respect to @, computed on the
same grid as the iterates
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Figure 8.2. Test problem I: Error in j compared to its prediction from Theo-

rem m 2)

(uF) converges to i, the last iterates display the error ||ie — 1| z2(). The choice h = 2710 is
motivated by the fact that we want to take a look at the asymptotic for ||u. — l|z2(o) as €
decreases. Therefore, we choose h so small that ||ue — 1| 12(g) (almost) does not change if h is
further diminished. This makes it most likely that this error does not stem from discretization.
We conjecture that for this problem ||t — | 12() has order O(y/e(1 + [Inegl)), as predicted
by the estimate from Theorem [5.3.3]5).

In Figure We display —i. and —jj, for e = 107¢, i = 2, 3, 4, together with —% and —7. We
use negative functions to generate good-looking plots. Also, we recall that we have y; = 3.
Apparently, the structure of the optimal control u and the optimal state y are well replicated
by u. and ., respectively.

We now examine the efficiency of LSM,. To this end, we use mesh sizes up to h = 279 and
choose ¢ > 107°. We use the same parameters as before except for 7(¢), which we change to
2-10%- % The choice 7(¢) = Cje(1 + |Ine)/10 also produced good efficiency results for
other test problems and is based on the error estimate from Theorem m 5). The value for
7(e) that we employed before, however, is better suited to generate nice plots; for the new
choice of 7(e) the overall errors and infeasibilities are already for po = 1 rather close to their
final values, which explains why we used a larger value for 7(¢) before. Note that regardless of
the value for 7(g), LSM. computes u.. This is, 7(¢) influences the path p +— . ,, which the
iterates generated by LSM, follow, but not the endpoint u. of this path, to which the iterates
converge. This knowledge can be used to determine a suitable value for 7(¢) in the following
way: We apply LSM. on a coarse grid for different choices of 7(¢) and pick for 7(¢) the value
for which the number of Newton steps is minimal (using a termination criterion based on
convergence of the objective since the use of a fixed pgna would not yield comparable final
iterates). Here, we focus on the number of Newton steps since the computation of Newton
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Numerical results for fixed smoothing parameter
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Figure 8.5. Test problem I: Overall error of the control

steps dominates the amount of time that is required by the algorithm. We demonstrate later
that LSM; is mesh independent. This shows that the use of a coarse grid is possible in this
strategy and, therefore, this strategy is practicable. To improve this strategy an estimate for
7(g) can be derived from Theorem 5) and Lemma as we explain in more detail
when we conduct experiments for ¢ — 07. We emphasize that this estimate usually yields a
good final value for 7(¢), already.

Furthermore, we choose for LSM, the parameters Bmin = 1074, Bmax = 0.5, and By = 0.1.

To adaptively determine the update [ for up at the end of iteration k£ € IN, we use the
following simple rule: We prescribe a natural number m > 2. If LSMSUB is called in iteration
k and takes less than m — 1 iterations, then we choose S € (Smin, Smax) With Sr < Br—1. If
LSMSUB takes more than m + 1 iterations, then we choose S € (Bmin, fmax) With B > Br_1.
The concrete size of [ is determined depending on the deviation from m, e.g., if LSMSUB
takes m + 4 iterations, Sx > Bir_1 is chosen larger than if LSMSUB takes m + 3 iterations. We
employ m = 4. We do not apply this strategy after phase one, i.e., we always have u1 = Bouo
with the initial 5. We point out that this strategy for the determination of (fy) is completely
within the theoretical framework developed in this thesis.

Motivated by Theorem |5.3.3|5) we use max{ |j(uk+172j_j(m+l)l’ |5(Uk+;‘(7;1)cﬁ§u}cﬂ) I} < E(lﬁ%na‘)

for ¢ = 1,2 as termination criterion, which seems rather strict. As an alternative to this
termination criterion it is also possible to directly prescribe pgnai, cf. [KUIL3, Section 4].

We first display the mesh independence of LSM,. To this end, we apply LSM, for different
values of € and different mesh sizes, where the finest mesh has width h = 27°. The total
numbers of Newton steps that have to be computed during the course of LSM, can be found
in Table and clearly indicate that LSM; is mesh independent.
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8.2. Numerical results for fixed smoothing parameter

it for & = 1072 —y. for e = 1072

—%, for e = 1073 —y. for e = 1073

e for e =104 ye for e =10 4

Figure 8.6. Test problem I: —a, and —. for ¢ = 10~ 1234} together with —u and
-y
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Algorithm LSM, requires a starting point u® € A, (7). Since the u® that we employ does
not satisfy u® € A,,(7), the overall iteration numbers displayed in Table contain a phase
one. To be in accordance with Algorithm APOSS and the corresponding Theorem we
count all Newton steps as phase one until an iterate @ is obtained for which A, (%) < 6 is
ensured. This is, we count all Newton steps until ug is decreased to u1, which is a little stricter
than just counting the Newton steps until a @ with A,,(a) < 7 is found, since 7 ~ 0.5 while
0 = 0.25. However, in practice we observed that this often does not change the number of
Newton steps that we count, anyway. If it changes the number, then usually only by one step.
The Newton steps required by phase one are displayed in Table [8.1] in brackets for the finest
mesh; for coarser mesh sizes this number is basically the same. From now on, such a number
in brackets always denotes iterations required during phase one in the sense just explained.

Table also contains the infeasibility ||(y® — y4)~ ||C(§a) along with the errors M
and |j(u®) — j(@)|, and the final value of ji,. Here and in all experiments that follow, (y%, u%)
denotes the final iterate of LSM,. Since LSM. generates a sequence (u*) that converges to .,
we interpret (y®,u’*) as (¥, 4.) and, consequently, understand the infeasibility and errors in
Table as values for ||(y. — ya)_”c(ﬁay W7 and |7(t:) — 7()|. We remark that in
separate experiments we confirmed that these values do not change when a stricter termination
criterion is employed.

When we displayed ||tz —ul|12(), we used h = 2710 since for larger h the numerically computed
value for ||i. — @|12(q) decreased for ¢ = 107* when passing from h to h/2. Therefore, we
Ij(ﬁs)c—j(ﬁ)l

expect that the numerically computed value for with A = 272 may contain a notable

J
discretization error for e = 10~% and £ = 10~°. This matches the fact that in Table [8.1] the
error for ==~ gseems to be too large in comparison to the predicte + |Ing|)e) for
for (i) -I(0) to be too 1 to the predicted O((1 + |1 f
e = 10~* and almost stays the same when passing from ¢ = 1074 to ¢ = 107°. The infeasibility
(e — ya)~ HC(ﬁa)ﬂ however, seems to be well-resolved for h = 279 and all displayed values

of &; we suspect convergence with order O(e), which is slightly better than the result from
Corollary [£.4.4] This convergence order is in accordance with Figure

€ Mesh size h =277, i = 1™ = va) o, 1@ —i@] &liw®) —j@) Hfinal
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (0. f. m.) (o. f. m.)
1072 12 12 12 12 12 12(6) 1.25 x 1071 1.22 x 1071 3.46 x 1072 2.43 x 1076
1073 16 15 16 16 17 17(11) 1.36 x 1072 1.62 x 1072 4.68 x 1073 2.43 x 10~6
10-4 18 17 16 20 16 17(11) 1.36 x 1073 4.03 x 1073 1.17 x 1073 2.43 x 1076
107 17 16 21 20 17 21(10) 1.36 x 107% 2.81 x 1073 8.12 x 1074 7.65 x 1076

Table 8.1. Test problem I: Total number of Newton steps required by LSM,; the
Newton steps from LSMSUB and phase one are included; displayed in
brackets is the number of Newton steps required by phase one; (€, uf)
denotes the final iterate

In Table we display for ¢ = 107%, i = 2,3, 4, in more detail how s, is decreased to figna) for
h =279, We observe that the overall errors with respect to j and j increase for y, < 107!, This
can be attributed to the fact that (u*) converges to ., not to #. To compute an approximation
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8.2. Numerical results for fixed smoothing parameter

of j(u) in this test problem, it would be sufficient to use pgpa ~ 1 in LSM,. Of course, this
value for figna; is based on the fact that we know @ and j(@) in this example. In a practical
optimization problem, however, such optimal values for pgn. are unknown. In this case we
suggest to determine pgn, within the algorithm in the way presented here, i.e., by use of a
termination criterion that is based on convergence of the quantity of interest, e.g., the objective
value.

Figure depicts the development of the Newton decrement during the course of LSM, for
e=10"%i=2,3,4, and h = 279. We can clearly recognize phase one as well as the points
at which py is decreased since these are exactly the points at which the Newton decrement
increases. We note that LSMSUB is capable of substantially reducing the Newton decrement
with only a single damped Newton step.

k+1 _ - — Sk tly _ Sem L ya k1Y _ s

1k #steps  ||(y Ya) N,y M@ i@l & lit) —j@)l
1 6 1.04 x 10~ 1 1.02 x 10~1 2.91 x 10~2
10—t 2 1.23 x 10~ 1 1.20 x 10~ 1 3.41 x 1072
1.26 x 103 2 1.25 x 101 1.22 x 101 3.46 x 1072
2.43 x 10~6 2 1.25 x 10~1 1.22 x 10~1 3.46 x 10~2

k+1 _ — _ = k+1Y _ G/~ 1, k+1\ _ (5

s #steps  ||(y Ya) e,y B —s@) i) —j@)]
1 11 1.09 x 10—2 1.35 x 102 3.89 x 103
10-1 2 1.33 x 102 1.59 x 102 4.60 x 103
1.26 x 10—3 2 1.36 x 10—2 1.62 x 10—2 4.68 x 1073
2.43 x 10~6 2 1.36 x 102 1.62 x 102 4.68 x 103

s #steps (" —va) " lloeq,) |7 (uF+t) = ji(w)| c%\j(u’““) — j(@)]
1 11 1.01 x 103 3.68 x 103 1.06 x 103
10~1 2 1.33 x 103 4.00 x 10~3 1.16 x 103
1.26 x 10—3 2 1.36 x 103 4.03 x 1073 1.17 x 10—3
2.43 x 106 2 1.36 x 103 4.03 x 103 1.17 x 103

Table 8.2. Test problem I: Course of LSM, with e = 1072 (top), e = 1072 (middle),
and € = 10~* (bottom)

Table [8.2) may be read in the sense that the termination criterion is too strict. Thus, we now

change the termination criterion to max{ |j(uk+172j_j(uk+l)‘, |j(uk+;;,)cﬁ§uk“) [} <10e(1+ [lngl)
for ¢ = 1,2, which is less strict than the criterion we used before. It yields the iteration numbers
and errors displayed in Table Comparing these overall errors to the ones from Table
we conclude that in this test problem the less strict termination criterion is more efficient in
approximating j(u) since it requires less iterations and produces equally good solutions. In
the following experiments for Test Problem I, we, hence, work with this less strict termination

criterion.

To increase the practical efficiency of LSM, for Test Problem I we employ a nested grid strategy.
More precisely, we use a hierarchy of six grids that have mesh widths h = 27% i =4,5,...,9.
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Newton decrement
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Figure 8.7. Test problem I: Newton decrements of LSM, for ¢ = 1072 (top),
e = 1073 (middle), and € = 10~* (bottom)
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. _ o—i i _ K — ~ K oy 1 . K .
E Meshsize h=2"% i= " —wa) llogm,, @ —i@| &) —i@  phna
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
10-2 10 10 10 10 10 10 1.25 x 10~1 1.22 x 10~1 3.46 x 102 1.26 x 10—3
10=3 13 13 14 14 15 15 1.36 x 10—2 1.62 x 10~2 4.68 x 103 1.26 x 10~3
10-% 13 13 13 14 14 15 1.36 x 103 4.03 x 1073 1.17 x 103 1.26 x 103
10°5 13 14 15 15 14 15 1.36 x 10~ 2.81 x 10~3 8.12 x 10~¢ 1.26 x 10~3

Table 8.3. Test problem I: Results of LSM, with less strict termination criterion

Applying LSM, on the coarsest grid of the hierarchy we obtain as final iterate an approximation
of 4. on this grid for some value pgna. We denote this iterate by ﬂ? to take into account
the grid on which this iterate lives. We prolongate ﬂ? onto the next finer grid to obtain an
approximation of . on this finer grid with mesh width h/2. We use this approximation as
starting point for LSM, on the grid with mesh width A/2. On this grid we carry out LSM, only
for = pgnal, where pgna stems from LSM. on the coarsest grid. This is, we assume that
the value for pgna obtained on the coarsest grid is somewhat close to the value for pgna that
we would obtain on finer grids, a hypothesis that is confirmed by a comparison of the values
Uanal from experiments without nested grids, see Table [8.3] with the ones we obtain here. To
further safeguard this value of ugna we could, for instance, work with a stricter termination
criterion on the coarsest grid. However, we will see that even without such a safeguard our
strategy works well. The final iterate generated by LSM. on the grid with mesh width h/2 is

denoted by 112/ 2. We use the prolongation of 71?/ % onto the next finer grid as starting point for
LSM, with g = pgna on this finer grid. We repeat this procedure until we obtain the final
iterate of LSM; on the finest grid.

It remains to describe how we prolongate a given ﬂ? onto a grid with mesh width h/2 to
generate a starting point for LSM, on this finer mesh. As a first step we use linear interpolation
to create from 7]? the interpolant . that lives on the grid with mesh width h/2. Unfortunately,
fi. may be infeasible, i.e. B°(@.) < 0 or B(@.) < 0, even though @” is feasible on the grid with
mesh width h. A simple idea to overcome this difficulty is to shift 4. towards a feasible point,
e.g., the starting point u® = 2;07 from before or, more precisely, its discretization on the mesh
with width h/2. Another idea is based on the observation that the infeasibility increases as p

decreases: We could use all grids except for the finest to compute ﬂ’g , for a rather large p

instead of aiming for ﬂ? The decrease of i to pifna would then be carried out on the finest
mesh resulting in ﬂ? on the finest mesh. If y = pg is used, then this basically means that
we try to reduce the iterations required by phase one on the finest grid. We follow the first
idea since it seems more promising. We now explain how we determine the size of the shift
towards u. More precisely, we want to obtain t* € [0, 1] such that . := t*@. + (1 — t*)u°
is feasible, i.e. B*(i.) > 0 and B(i.) > 0. First, we check if B%(4.) > 0. If so, then we set
t1 := 1. If not, then we use MATLAB’s built-in function fzero to determine a root ¢; € (0,1
of o1 : [0,1] = R, ¢y(t) := B(ta. + (1 — t)u’). The concavity of BF, cf. Corollary [4.1.7]
implies concavity of ;. Together with ¢1(0) > 0 and ¢;1(1) < 0 this can be used to argue
that ¢1 has a unique root t; € (0,1] and that ¢1(¢) > 0 is satisfied for all 0 < t < ¢;. The
same argument shows that either B(@.) > 0, in which case we set to := 1, or @9 : [0,1] = R,
©o(t) := B(tti. + (1 — t)u’) possesses a unique root ty € (0,1] and it holds ¢o(t) > 0 for all
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8. Numerics

0 <t < ty. Thus, ti. + (1 —t)u’ is feasible for every 0 < ¢t < min{ty,t}. Finally, we obtain t*
BE (4e) |+ B (u°

by setting t* := min{ty,t2} - /<a| (tho) - for a k € (0,1). In this test problem we employ
% := 0.9. The idea behind the definition of t* is to ensure a certain distance to the boundary of
the feasible set. This resembles the fraction-to-the-boundary rule, which is, for instance, used
in the very successful IPOPT, cf. [WBO06l Section 2.2]. Moreover, the definition of ¢t* is based
on the observation that in all numerical experiments feasibility is only violated with respect to
B?ie., to = 1 and min{ty,t2} = t1. If BS(u®) is significantly larger than |B®(.)|, we want
t* < t; to be rather close to kt; = kmin{ty,t2} since we expect that this already ensures
enough feasibility for the starting point. If, however, B%(u") is significantly smaller than
| B¢ ()|, we want t* to deviate stronger from ¢; since we expect that values close to ¢ may not
yield enough feasibility for the starting point. Eventually, we define . := t*@. + (1 — t*)u’.

We remark that all states that occur during the determination process for t* are of the form
y(tie + (1 — t)u®) = ty(a.) + (1 — t)y(u®), where we used the affine linearity of the state
equation. Since interpolation and the use of fzero are numerically cheap, the prolongation
onto a finer grid essentially only requires two additional solves of the state equation on this
finer grid. To judge these costs we recall that a Newton step on this grid is more expensive, cf.

Section R.1.21

In Table we show the Newton steps required on each of the nested grids together with
errors on the finest grid. We use an additional (s) to mark that prolongation from a grid onto
the next finer one requires a shift. Except for ¢ = 1072 we observe that the number of Newton
steps required on finer grid seems to be rather large for a nested grid strategy; we attribute
this to the shift towards u° that ensures feasibility. We believe that it is possible to further
reduce this number by use of more sophisticated techniques to ensure feasibility. For instance,
it may be possible to determine a better t* by involving the objective j or the barrier f. ,. We
leave this as a topic for future research. Nonetheless, a comparison with Table shows that
the nested grid strategy increases the practical efficiency of LSML,.

In Figure and we depict for ¢ = 107* and € = 107° on each grid how the Newton
decrement is reduced. This is, we show the complete development of the Newton decrement
during the iterations of the nested grid strategy.

€ Mesh size h = 27°, i = 1™ —va)llem,, @ -i@1 Zlie) - i@ Hfinal
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
1072 10 5(s)  4(s) 3 3 3 1.25 x 10~ 1 1.22 x 1071 3.46 x 10~2 1.26 x 1073
1073 13(s) 6(s) 6(s) 6(s) B(s) 5 1.36 x 1072 1.62 x 1072 4.68 x 1073 1.26 x 1073
1074 13(s) 7(s) 6(s) 6(s) 6(s) 6 1.36 x 1073 4.03 x 1073 1.17 x 1073 1.26 x 1073
107%  13(s) 8(s) 7(s) 9(s) 8(s) 7 1.36 x 104 2.81 x 1073 8.12 x 1074 1.26 x 1073

Table 8.4. Test problem I: Results of LSM, with a nested grid strategy; (s) indicates
that the prolongation from this mesh onto the next finer one involves a
shift

We recall that the barrier f; ,(u) = —w — 7(e) In(B*(u)) contains the weights C;

and 7(g). The choice for C; is induced by the necessity to make f; , self-concordant, cf.
Lemma [3.5.8 The choice for 7(¢) is motivated by the error estimate from Theorem 5).
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Figure 8.8. Test problem I: Newton decrements of LSM, on the different grids in a
nested grid strategy for ¢ = 1074, from h = 27% (top left) over h = 27°
(top right) to h = 272 (bottom right)
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8.2. Numerical results for fixed smoothing parameter

In the experiments we conducted for efficiency so far, we worked with C; = 2.51203 and

7(e) = 2-102- % This shows that these weights become rather large, in particular for
small values of . It is interesting to see what happens if smaller values are used, although
self-concordance is no longer guaranteed and, therefore, our theory is no longer applicable.
To this end, we rescale these weights such that 7(¢) = 1 holds. More precisely, we use
C; = W(l)nal) and 7(g) = 1. This yields the values and errors displayed in Table [8.5 and
shows, in particular, that the overall errors are the same as before, cf. Table This may
indicate that it is possible to use these rescaled weights in practice. This is, it may not be
necessary to know an exact lower bound for C;, which is somewhat of a relief since such a
bound seems to be hard to obtain, in general, because it involves the constant Ca,C(ﬁay cf.

Lemma In Table we show the course of LSM, with rescaled weights for e = 1074
and h = 279 in detail.

€ Mesh size h =277, i = IS = va) o,y 1@ i@ Zliw) —j@)] Hfinal
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
02 9 9 9 9 9 95 1.25 x 1071 1.22 x 1071 3.46 x 10~2 1.26 x 1073
1072 10 10 11 11 12 12(8) 1.36 x 1072 1.62 x 1072 4.68 x 1073 1.26 x 1073
0% 10 10 11 11 11 12(8) 1.36 x 1073 4.03 x 1073 1.17 x 1073 1.26 x 1073
107® 10 10 11 11 11 11(7) 1.36 x 1074 2.81 x 1073 8.12 x 1074 1.26 x 1073

Table 8.5. Test problem I: Results of LSM. with modified weights C; and 7(¢)

s #steps (" —va) " lloeq,) |7 (uFH1) — ()| C%U(u’““) —j(@)]
1 8 1.04 x 103 3.71 x 1073 1.07 x 103
10-1 2 1.33 x 103 4.00 x 103 1.16 x 103
1.26 x 10—3 2 1.36 x 103 4.03 x 103 1.17 x 1073
Table 8.6. Test problem I: Course of LSM, with modified weights C; and 7(¢) for
—4
e =10

8.2.2. Test Problem Il

We further illustrate the efficiency of LSM.. To this end, we consider

1 A

& e —Ay+y=wu in §2,
ly — yd”%%m Ty ||U||%2(Q) st. Y2 yain 2, {

y=0 on df,

min
(y,u)€Y xU 2
with Y = H*(2) N HY(N), U = L2(N2), 2 := 2, == (0,1) x (0,1) € R2, & := 1072,
ya(z) :== —%(sin(2mz1) 4+ 22), and y, = —0.01 on 2,. Using Z :=U, A:=—-A+1 € L(Y, Z),
B:=—-1€L(U,Z),and g =0, this problem is a small variation of Example and it can
be argued as for Example that it satisfies Assumption with, e.g., u® = 0.

Inspection of the numerical solution, for which we explain later how we obtained it, reveals
that the optimal state y touches the bound y, on a rather large, connected set. This stands in
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8. Numerics

contrast to Test Problem I, where the optimal state is active at a single point only. Figure
shows 9. and . for ¢ = 107¢, i = 2,3, 4, together with 7, 4, and y4. It is, for instance, visible
how the feasibility violation of y. decreases as € decreases and how y. approximates y with
increasing accuracy (note that @, — @ in U for ¢ — 07 implies . — ¢ in Y and, due to
Y < C(£2,), uniform convergence g. — ¢ for ¢ — 07).

We use mesh sizes up to h = 270 and choose £ > 107°. We employ 0 = 0.25, C; = 8'51293,
7(e) = 8102 Bl 00 = 14 5(u) with u® = 0, 19 = 1, frin = 107%, Bax = 0.5, and
Bo = 0.1. Lemma provides C@,C(ﬁa) < 1.14. Lemma implies via % = 15 that f. , is
self-concordant for all p € (0, o] and all € < 1, since it holds

~ 2
8-10° 1 16 217" (@)=, -
= = Ci 2 gmax {52 < Co.c@a) (d +lallo | -

As for Test Problem I we computed the quantity ||7(@)||y= numerically on a uniform mesh
with width h = 279, ¢f. Remark [3.5.10] and incorporated a safeguard for the final choice of
C;.

The update S for p is adaptively determined in the same way as for Test Problem I. Also, we use
(uk+17i) J( k+1)| ] ukt+1— 7. k+1 < 1+|1n6‘)
Cj | ](uk+1 ’}
for i = 1,2. Alternatively, we could prescribe pifina1, see [KUL3l Section 4]. As optlmal
values j(u) and j(u) we take the final values for j(u**1) and j(u**!) obtained by LSM with
Ij(uk+1—i)_j(uk+l)‘ 3 k+1— z k+1
ey <

the same termination criterion, namely max{ |J

e =10"", h = 270 and the termination criterion max{

e(1+|lne|)
100 :

Cj

We apply LSM; for different values of ¢ and different mesh sizes. The total numbers of Newton
steps that have to be computed during the course of LSM, can be found in Table and
clearly indicate that LSM, is mesh independent. Moreover, this table contains the infeasibility
1(Ue — ya) " || c(7,) and the errors w and | (t.) — j(@)|. We see that the infeasibility of
Ue, indeed, behaves like O((1 + |Ine|)e), cf. Corollary [£.4.4 Moreover, as the theory suggests,
cf. Theorem |4.4.8) the error W is of order O((1 + [lng|)e), too. This also seems to

hold for the error |j(@.) — j(@)|, which is not surprising since we expect this error to behave
| (tie) =5 (w)]

Cj '
In Table we display for e = 1072, i = 2,3,4, and h = 27'% in detail how sy, is decreased to
lfinal- In particular, we observe that the errors with respect to j and j increase for juy, < 1072,
This can be attributed to the fact that (u*) converges to i, not to . In addition, Figure
shows the development of the Newton decrement during the course of LSM, for these values
of € and h. We can clearly recognize phase one as well as the points at which p is decreased
since these are exactly the points at which the Newton decrement increases.

similar to

{Ij(u

k+172,;j(uk+l | |] H;(;l“) o )|} < 102(1 + |Inel) for i = 1,2 as termi-
nation criterion, we obtain the iteration numbers and errors displayed in Table 8.9 Again, we
clearly observe mesh independence. Furthermore, a comparison of the errors from this table
with the ones from Table [8.7 shows that the less strict termination criterion is superior. In the
remaining experiments for this test problem we, therefore, always employ this criterion.

If we employ max
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8.2. Numerical results for fixed smoothing parameter

@. for ¢ = 1072 g, for e =102

@, for e =1073 Ye for e = 1073

005

s

. for ¢ = 1074 ge for £ = 107

Figure 8.10. Test problem II: @, and 7. (with inverted z-axis) for ¢ = 10~ {234}
together with u and y (with inverted z-axis) as well as y4 (with inverted
z-axis)
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€ Mesh size h =27, i = 1™ = va) o,y 0@ —i@] Zli@) =i@|  mna
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
1072 16 16 16 16 16 16(5) 1.46 x 1072 1.33 x 1073 1.33 x 1073 1x1073
1072 23 19 19 19 19 19(5) 2.44 x 1073 2.68 x 104 2.68 x 10~ 1x1073
1074 28 21 21 21 21 21(8) 3.11 x 1074 3.44 x 1075 3.43 x 107 1x1073
107> 38 33 31 31 31 28(14) 4.13 x 107° 4.00 x 10~ 3.99 x 10~ 1x1073
Table 8.7. Test problem II: Total number of Newton steps required by LSM,; the

Newton steps from LSMSUB and phase one are included; displayed in

brackets is the number of Newton steps required by phase one; (y

denotes the final iterate

we o #steps 1 —va)Tlog,, B@HH i@ i@t - @)
1 6 0 2.18 x 103 2.18 x 10— 3
10-1 4 1.01 x 102 8.21 x 10~% 8.19 x 10~%
102 4 1.41 x 102 1.28 x 103 1.28 x 103
10—3 3 1.46 x 10~2 1.33 x 103 1.33 x 103
pe  #steps  ||(yFH — Ya) " lle@,) |7 (ukt) — j(w)| C%Ij(u’““) —j(@)]
1 5 0 4.51 x 10~¢ 4.50 x 104
10-1 5 1.85 x 103 1.91 x 104 1.90 x 104
10—2 5 2.39 x 10~3 2.61 x 10~4 2.61 x 10~ 4
10—3 4 2.44 x 1073 2.68 x 104 2.68 x 10~ 4
pe #steps  ||(yF Tt —va) " e, k) —j@)|  Fli@htt) — @)
1 8 0 6.67 x 104 6.66 x 10~°
10—1 5 2.37 x 10~% 2.42 x 10~° 2.42 x 107°
10—2 4 3.04 x 10~* 3.34 x 10~° 3.34 x 10~°
10-3 4 3.11 x 10~4 3.44 x 10~° 3.43 x 10~°

K,uK)

Table 8.8. Test problem II: Course of LSM, for e = 1072 (top), ¢ = 1072 (middle),
and £ = 10~* (bottom)

. _ — . K —_ ~ K Ny— . K .y —
e Meshsize h=2"" i= |4 ~va) o, @) -i@| &) —i@ o
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
102 13 13 13 13 13 13 1.41 x 10—2 1.28 x 103 1.28 x 10—3 1x 102
1003 15 15 15 15 15 15 2.39 x 10~2 2.61 x 10~4 2.61 x 10~¢ 1x 1072
10-% 18 17 17 17 17 17 3.04 x 104 3.34 x 1072 3.34 x 10~° 1x 1072
1075 26 25 25 24 25 23 4.05 x 105 3.89 x 10~6 3.88 x 10~ 6 1x 102

Table 8.9. Test problem II: Results of LSM, with less strict termination criterion
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Figure 8.11. Test problem II: Newton decrements of LSM, for ¢ = 1072 (top),
e = 1073 (middle), and € = 10~* (bottom)
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We now add a nested grid strategy to LSM.. We use the same strategy as for Test Problem I
with a grid hierarchy ranging from h = 27° to h = 2710, As for Test Problem I we have to
ensure feasibility when prolongating onto a finer grid, which may require a shift towards a
feasible point. In contrast to Test Problem I, where a shift is often necessary, we observe in this
test problem that a shift is only required for € = 107° and only on the coarsest grid. In this
test problem we shift towards «® = 0. The size of the shift is computed as for Test Problem I,
only that we change the value of x to x := 0.999.

In Table we show the results of LSM, with this nested grid strategy. An additional (s)
indicates that a shift is necessary. In Figure and we display for e = 107% and € = 107°
how the Newton decrement develops during the course of the algorithm.

For Test Problem I we pointed out that the numbers of Newton steps required on the finer
grids seems to be rather large for a nested grid strategy, cf. Table [8:4] We attributed this to
the shift that is necessary to ensure feasibility. This view is further encouraged by the fact that
in this example, where a shift is not required on finer meshes, the number of Newton steps on
finer grids is substantially lower, in particular in comparison to the overall iteration number
without a nested strategy. For instance, for ¢ = 10~ only 2 Newton steps are required on the
finest mesh, which is dramatically lower than the 17 Newton steps needed without nesting,
cf. Table Moreover, a comparison of the values for pgn, from Table with the ones
from Table [8.9 shows that the the determination of ugna on the coarsest mesh works very
well in this test problem. Hence, the overall errors are exactly the same as for LSM, without
nesting, as is confirmed by the same tables. We conclude that nesting improves the efficiency
of LSM, greatly for this test problem.

€ Mesh size h =277, i = 1" = va)"lloim,y 5 () = j(@)| C%.Ij(uK) —j(@)] Hfinal
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
10—2 13 3 3 3 2 2 1.41 x 10—2 1.28 x 10—3 1.28 x 103 1x 102
10-3 15 4 3 3 2 2 2.39 x 10~3 2.61 x 10~4 2.61 x 104 1x 1072
10~4 18 4 4 3 3 2 3.04 x 104 3.34 x 1072 3.34 x 10~° 1x 102
1075 26(s) 7 6 5 6 4 4.05 x 1075 3.89 x 10~6 3.88 x 1076 1x 1072

Table 8.10. Test problem II: Results of LSM, with a nested grid strategy

In the last experiment for Test Problem II we rescale the weights C; and 7(¢) to C; = m
and 7(¢) = 1. The results are displayed in Table The table shows, in particular, that
the overall errors are basically the same as for the original weights but with the more strict
termination criterion, cf. Table [877 This is, the rescaled weights yield the same accuracy with
a less strict termination criterion than the original weights with a more strict termination
criterion. This encourages the view that it is possible to use these rescaled weights in practice.
In Table we show the course of LSM, with these rescaled weights for ¢ = 107 and

h = 2710 in detail.
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8.2. Numerical results for fixed smoothing parameter
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Figure 8.12. Test problem II: Newton decrements of LSM, on the different grids
in a nested grid strategy for ¢ = 1074, from h = 27° (top left) over
h =275 (top right) to h = 270 (bottom right)

e Mesh size h =27, i = 1S = va) " llog,, @) —i@1 i@ - @) Hfinal
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
02 8 7 T 7 7 7(2) 1.44 x 1072 1.31 x 1073 1.31 x 1073 4.59 x 1073
032 9 9 9 9 9 9(3) 2.42 x 1073 2.66 x 104 2.65 x 10~4 4.59 x 1073
1074 11 11 11 11 11 11(5) 3.11 x 1074 3.43 x 1075 3.43 x 1075 1.26 x 1073
1075 14 14 14 14 14 14(10) 4.12 x 107° 4.00 x 1076 3.99 x 1076 1.26 x 1073

Table 8.11. Test problem II: Results of LSM, with modified weights C; and 7(¢)

s #steps (4" —ya) loqm,, @D @0 AL - @)
1 5 0 6.36 x 10~° 6.35 x 102
10-1 2 2.35 x 10~4 2.44 x 107° 2.44 x 10~°
1.26 x 103 4 3.11 x 10~4 3.43 x 10~° 3.43 x 102
Table 8.12. Test problem II: Course of LSM, with modified weights C; and 7(¢) for
—4
e =10
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Figure 8.13. Test problem II: Newton decrements of LSM, on the different grids
in a nested grid strategy for ¢ = 107°, from h = 27° (top left) over
h =275 (top right) to h = 2710 (bottom right)
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8.2. Numerical results for fixed smoothing parameter

8.2.3. Test Problem Il

We present an example with a semilinear state equation to further examine LSM. In particular,
we want to demonstrate that LSM, can also be used to solve problems that are not covered by
the theory developed in this thesis. We consider the problem

~Ay+y+y>=u in 2,

(v, u)€Y><U 2 y=0 on 942,

Hy vallF2(0) % [ullfzg) st ¥ > ya in 2, {
with Y 1= H2(Q)NH(2), U := L*(2), 24 := 2 :=(0,1)2, yq(z) := 3sin(4rx1) cos(8mxs)e?,
& = 107° and y, = —2 in 2,. The choice of y; in this problem is inspired by [Sta09,
Example 3]. It can be proven by standard arguments, see, e.g., [HPUUQ9, Section 1.5.2],
that this problem possesses at least one optimal solution (y,u) € Y x U. We explained in
Section [B:1.3 how to compute Newton steps for this semilinear state equation. We remark
again that this nonlinearity introduces nonconvexity into the reduced problem and, therefore,
the theory developed in this thesis is not applicable.

As optimal state 4 and optimal control % we employ the final iterate of LSM, with ¢ = 1077
and h = 271°, Note that the termination criterion of LSM, is based on convergence of the
objective function. Therefore, the fact that LSM, terminates suggests, at least, convergence
of (j(u*)) and (j(u*)) for the generated sequence (u¥). Inspection of this numerical solution
reveals that the optimal state i touches the bound y, at three different small sets, which
are approximately located at (0.9,0.25), (0.9,0.5), and (0.9,0.75). We depict y, u, and yg in
Figure where we also display the final iterate of LSM, for e = 107¢, i = 2,3,4. As before
we call the final iterate (e, ¥-) in this figure.

In Test Problem I and II we observed that LSM. performs very well with the rescaled
weights C; = m and 7(¢) = 1. Therefore, we use these weights in all experiments for
Test Problem III. Furthermore, we employ C; =1+ 7(u®) with u® = 0. Apart from this all

other parameters remain unchanged in comparison to Test Problem I and Test Problem II.

The update 5y for uy in iteration k € IN is adaptively determined in the same way as for
Test Problem I and II. Also, we use the same (strict) termination criterion, i.e., we require

'uk+1—i . uk’+1 A‘ k:+1 i k:+1 1+|ln
max{lj( C)’j J( )\’|J J(ul+{§ )‘} < e( +| el)

for i = 1,2. To obtain the optimal

ukt1- ZH( SO IR g o sin) g,

values j(@) and j(u) we even used maX{U o ; FTOEE)

i=1,2.

The barrier f;, cannot be self-concordant in this example since the very definition of self-
concordance requires convexity. Hence, we modify the choice of the step size and the termi-
nation criterion in LSMSUB. The reason is that this choice and this criterion rely heavily
on self-concordance. In the absence of self-concordance it could, for instance, happen that
infeasible iterates occur in LSMSUB or that the point § returned by LSMSUB does not satisfy
e (7) < 6 when LSMSUB is called in iteration k of LSM. (we write § rather than @ since in
the implementation we use reduction to the state, cf. also Section . The latter problem is
solved by changing the termination criterion: We terminate LSMSUB if it produces an iterate
g with )\E e (01) < 6. To detect Ay, (§') < 6 we have to compute the corresponding Newton
step ng. Since this Newton step is available then, we can cheaply compute a new iterate Tk
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@, for £ = 1072 7. for e = 1072

g: for ¢ = 107°

— -

Py G

e
0

7. for e = 1074

Figure 8.14. Test problem III: 4. and y. for ¢ = 10~ {234} together with u, y, and
yq (all with inverted z-axis)
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8.2. Numerical results for fixed smoothing parameter

by application of a line search method. Since this implies that §'T! has smaller function value
than 7', LSMSUB returns § := §'*1. We remark that A. ,, (') may not even be a sensible
expression if f; ,, is not convex. However, during our numerical experiments A. ,, (4') could
always be computed.

It remains to explain how we modify the choice of the step size. We mention in advance that
the strategy described in the following can be carried out without solving the state equation,
since we work with reduction to the state. Let LSMSUB be called in iteration k£ € INy of
LSM. and let !, I € INg, denote a state during the course of LSMSUB. Moreover, denote the
corresponding Newton step by ng . We want to find a suitable step size ¢* € (0,1] and use
gtti=g + t*ng as new iterate. In particular, this means that 7+ t*ng should be feasible.
To attain this, we first check if §' + ng is feasible and if fc ., (7' + ng) < fep (7). If s0, we
use t* = 1. In particular, we hope that this choice ensures the locally quadratic convergence of
Newton’s method. If ¢+ ng is not feasible or does not decrease the value of f; ,, , then we use
fzero to detect a £ € (0,1] such that §' + fngz lies on the boundary of the feasible set. Since we
observed in the numerical experiments that feasibility seems to be a problem only with respect
to BEC (@) e can expect that ¢ is unique and that all smaller ¢ are feasible due to the convexity

of {y €Y : B;, (ﬁa)(y) > 0}; we presented a similar argument in more detail in Section

when we discussed how to determine the size of the shift in the nested grid strategy. We now
employ fminbnd to determine a step size t* € [0, (f] that (locally) minimizes f. ,, (y* + )
on [0, ¢f], where ¢ € [0.5,1) is a factor that safeguards the iterates against coming to close to
the boundary of the feasible set. This resembles the fraction-to-the-boundary rule, cf. [WBO6),
Section 2.2]. We choose ¢ depending on the size of £, with ¢ close to 1 for £ close to 1. We
note that t* may be very small or even zero, since  may be small and since n,, may not be
a (good) descent direction. This issue could, for instance, be addressed by incorporation of
negative gradient steps if Y is a Hilbert space, or a Levenberg-Marquardt-type regularization.
The use of negative gradient steps in case that some other search direction, e.g., the Newton
step, fails to be a descent direction is a common technique to ensure global convergence of
optimization algorithms in Hilbert spaces. More generally speaking it is certainly possible
to further adapt LSM. to nonconvex problems. However, with the modifications described
above we can already demonstrate that LSM; is capable of solving problems that are not
covered theoretically. In particular, in all experiments that we conduct for this test problem
LSM; converges successfully.

We apply the modified version of LSM, to Test Problem III for different values of €. In

Table we display the total number of Newton steps that is required during the course
i(uEY—75(a A AL

of LSM, along with ||y — ya)llo(a, ), "2 15(u") = j(@)], and jugnar on the finest

mesh. The results indicate that LSM; is mesh independent and can be successfully applied

even in cases that are not covered by the theory developed in this thesis.

We note that the numbers of Newton steps in Table seem to be rather large in comparison
to the computations with the same modified weights for Test Problem I and II, c¢f. Table 85|
and (although in the computations for Table and we used a less strict termination
criterion, but this does not make much of a difference). We conjecture that this is due to the
rather small value of &. Indeed, if we choose & > 1074, the required numbers of Newton steps
are similar to the ones in Table and Moreover, we observe that basically only the
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8. Numerics

number of Newton steps required by phase one increases as € decreases. This indicates that
the iterate obtained by phase one is already close to the final iterate.

In Table we display the course of LSM, for ¢ = 107%, i = 2,3,4, and h = 279 in detail.

€ Mesh size h =27, i = I(y* — va) o, 17 (u®) = j(@)| c%.lj(uK) —j(@)l Hfinal
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (0. £. m.) (o. f. m.)
1072 11 10 10 10 10 10(5) 7.92 x 1072 2.06 x 1073 7.07 x 10~ 1.26 x 1073
1073 15 16 16 14 14  14(8) 9.87 x 1073 2.82 x 1074 9.71 x 1075 1.26 x 1073
1074 18 25 27 23 18 17(11) 1.10 x 1073 3.18 x 1075 1.09 x 1072 4.59 x 1073
107 37 37 34 34 36 34(28) 1.17 x 1074 3.36 x 1076 1.16 x 1076 1.26 x 1073

Table 8.13. Test problem III: Results of LSM,

Mk #steps [(* ! —va) Ml o, |7 (uk+t) = j(w)| éj [5(uFH) — j(w)]
1 5 0 8.91 x 10~3 3.07 x 103
10-1 2 2.18 x 10~2 5.98 x 10~4 2.06 x 10~4
1.26 x 103 3 7.92 x 1072 2.06 x 10~3 7.07 x 10~4
M #steps  [|(v* ! —va) "l s, |7 (uk+t) = j(w)| C%Ij(u’““) —J(@)]
1 8 0 1.67 x 103 5.76 x 104
10-1 2 2.10 x 10~3 5.76 x 10~° 1.98 x 102
1.26 x 103 4 9.87 x 10~3 2.82 x 1074 9.71 x 10~°
o #steps (" —va) " llo(q,) 7 (uk+t) = j(a)| C%.Ij(u’““) —j(@)]
1 11 0 2.47 x 104 8.50 x 10~°
10-1 3 1.39 x 104 3.54 x 10~ 1.22 x 10~6
4.59 x 10~3 3 1.10 x 103 3.18 x 10~° 1.09 x 10—5

Table 8.14. Test problem III: Course of LSM, for e = 1072 (top), e = 1073 (middle),
and € = 10~ (bottom)

Lastly, we employ a nested grid strategy. We use the same strategy as for Test Problem I and
II with a grid hierarchy ranging from h = 275 to h = 270, As for the other test problems we
have to ensure feasibility when prolongating onto a finer grid. Before, we used interpolation
and shifting for the control to realize this. This requires two additional solves of the state
equation and is, therefore, not very costly. However, in this test problem the state equation is
nonlinear and, therefore, more costly to solve. We circumvent this by using the state rather
than the control for interpolation and shifting. The shifting is done in the same manner as
before for the control. Since the state is smoother than the control, we use spline interpolation
instead of linear interpolation. This is, in particular, sensible since linear interpolation can be
expected to cause problems when applying (a discretized version of) A. In this test problem
we shift towards 4 = 0 and use & := 0.999.

In Table we show the results of LSM, with nested grid strategy. As in Test Problem I we
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8.3. Numerical results for variable smoothing parameter

observe that when a shift is required the number of Newton steps seems to be rather large
for a nested grid strategy. In particular, on the mesh with width A = 276 these numbers are
even larger than without nesting, cf. Table [8.13] However, on the finer meshes the nesting
technique still reduces the required number of Newton steps significantly. We suspect that the
nesting strategy can be further improved.

. —i . K — A~ K AL K L
€ Mesh size h = 27", i = W™ —va)"lggm,, @) @) C%.IJ(U ) — i@ Hfinal
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
1072 11(s) 9 4 2 1 1 7.69 x 102 2.00 x 1073 6.89 x 10~4 4.59 x 1073
1073 15(s)  17(s) 10 3 3 1 9.60 x 1073 2.74 x 10™4 9.45 x 107° 4.59 x 1073
1074 18(s)  27(s)  17(s)  13(s) 8(s) 6 1.14 x 1073 3.28 x 107° 1.13 x 107° 1.26 x 1073
107%  37(s)  39(s) 22(s) 19(s) 17(s) 12 1.17 x 104 3.36 x 1076 1.16 x 106 1.26 x 1073

Table 8.15. Test problem III: Results of LSM, with a nested grid strategy

8.3. Numerical results for variable smoothing parameter

In this section we present numerical experiments for Version B of Algorithm LSM@. Since
the backtracking from Corollary [7.2.22] only allows for small updates of € and u, we use the
one from Corollary [7.2.20} The main result for this algorithm is Theorem [7.2.26

8.3.1. Test Problem |

The first problem under consideration is identical to Test Problem I for fixed €, see Section
We choose e5 = 1, Cj = 2103, 7(¢) = C’T% with C; = 2103 for all € € (0,¢4], and
;= 147 (u®) with u° = 27107. We have to show that these parameters satisfy Assumption
To this end, we note that 7(¢) can be extended to a continuously differentiable, positive function
in R~ and that we obviously have 7(¢) > 1 in (0, e5]. Moreover, we reasoned in Section

that C; = 2.51203 ensures self-concordance of f, , for all € (0, 1] since it holds

. 3 Ay~ X 2
2100 1 ] e (nzy @l HW)
9

g2 9 0,C(Ra)

(o)

for all ¢ < 1 and @ = 1.1u°. Enlarging Cy C(Ta) if necessary this implies

A 2
16 27" (@) |
2-10° = max { €2, KCS,C(EQ) (”M)HU + HQHU>

>

Summarizing, this shows that Assumption is fulfilled for this test problem. Moreover,
Assumption is valid as follows by use of §(z) :== 1 — ||z|3 € Y = H?(£2) N H}(§2) and
@ := —Aj. Also, we argued in Section that this test problem satisfies Assumption
Together, we have established all assumptions that are required to apply the theory developed
in this thesis.
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The choice of C'; is based on the overall error estimate

]j(u]”l) —ju)] _ 2Crer(l+ |lneg|) - ( d )
< + | A ~5 y C+ =11 , .
CJ — Cj H HC(QQ) F:k /B ’ nf‘:k’ (8 3)

where A denotes a Lagrange multiplier associated to @ for C; = 1, cf. Lemma This
estimate is a more detailed version of the estimate from Theorem [7.2.26] cf. also Theorem [£.4.8|
The aim is to choose C; such that the summands on the right-hand side are well-balanced
for £, — 0T, i.e., have similar order of magnitude. To explain how we make this choice let us
assume for the moment that we have an estimate for ||| C(@.) Forex — 0" the dominant

parts on the right-hand side in (8.3) are Qg;_f ek|lneg| and %H;\HC(EG)*EMIH ek|. Due to Sobolev

embeddings every 5 < 1 is admissible in this problem, which yields % ~ 2. This leads to the

choice C; ~ CJH/_\HO(EG)*'

It remains to explain how to estimate ||5\HC(§“)*. To do this, we use the result

Mo, < V25(@) (yvol(2) + 141 (8.4)

from Lemma We note that the prerequisite 1 € Y is not satisfied here since the state
equation contains homogeneous Dirichlet boundary conditions. However, we suspect that the

order of magnitude that Lemma provides for ||| C(f2.)+ 18 correct, anyway. From
we derive HS‘HC(EG)* < j/2§'(ﬁ)7r < V571 ~ 4, where we used j(u) < 2.5. OfA course, in this
example we even know j(u) = 6.25/7 < 2. Since, in general, we do not know j(u), we remark
that an upper bound for j(ﬁ) is, for instance, provided by any u that is feasible for the reduced
problem. Also, LSM@ may be used to refine an estimate for j(@): We can choose C; based on
j(u) with a feasible v and then use LSM@ with this C; to compute a better approximation
for 5(11), we can use a coarse grid for this since we are only interested in a rough approximation.
Since we estimated HS‘HC(QI)* < 4 and since the real value of HS\HC@a)* is somewhere around

1/2 (in this example we know that the multiplier associated to 7 is a Dirac at the origin,
which implies that A is a scaled version of this Dirac; note, furthermore, that the estimate for
H)\||C(§a)* has the right order of magnitude, indeed), we include as safeguard a factor of 1 to

be closer to the real value of ||5\HC(§G)*. We mention that we employ the same safeguard also

in examples where HS\HC@G)* is unknown. Finally, we arrive at the choice C; = C; = 2 - 103.
We later also investigate how LSM@ performs for other choices of C..

We choose 0 = 0.25, £g = 1, Bmin = 107%, Bmax = 0.5, and By = 0.1 for k = 0 in the
backtracking strategy. Furthermore, we incorporate a strategy to adaptively choose 3y in the
backtracking strategy. We recall that the convergence theory we developed covers this case,
provided Gy € [Bmin, Bmax| holds throughout LSM@, cf. Corollary The strategy we use
works as follows: We prescribe a natural number m > 2. If LSMSUB is called from LSM@ in
iteration £ € IN and requires more than m + 1 Newton steps, then we choose in iteration k£ + 1
a Bo € (Bumin, Bmax) that is larger than the fy that was used in iteration k. In addition, we
choose the new Sy the closer to fBmax, the larger m is. Analogously, if LSMSUB requires less
than m — 1 Newton steps, then the new (g € (Bmin, Bmax) is smaller than the previous Bo, with
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8.3. Numerical results for variable smoothing parameter

the new BD the closer to Bumin, the smaller m is. We use m = 6 in all experiments, also for
other test problems.

In the first couple of experiments and unless stated otherwise we prescribe a value gy, and
terminate LSM@ when e} = egnar is satisfied. To ensure that €, = efna1 actually occurs we
modify the update strategy for € such that if e0; < €gnal holds, then ;11 = €qpa is used
instead of €1 = € Fk.

In the first experiment we apply LSM for different values of egn,1 on uniform meshes with
different mesh sizes h. We choose egna; > 107° and use h > 272, The total numbers of Newton
steps that have to be computed during the course of LSM@ are listed in Table and clearly
indicate that LSM@ is mesh independent.

The numbers of Newton steps displayed in Table contain a phase one. The Newton steps
required by phase one are displayed in brackets for egna = 1072 on the finest mesh. For
other mesh sizes phase one requires exactly the same number of Newton steps. Moreover,
for other values of e, these numbers are the same since phase one is carried out for g = 1
and is, therefore, not affected by a change of egn,. The fact that phase one is carried out for
€0 = po = 1 implies that the number of Newton steps required by phase one in LSM@ can
be expected to be smaller than in LSM, with uo = 1 and a small value of e. A comparison
with, e.g., Table confirms this. We remark that, as in our tests with fixed e, we count as
phase one all Newton steps until a @ is found for which @ € A, ,,(@) < 6 is ensured. This
equals the number of Newton steps that are taken until g is decreased to 1. In all further
tables numbers in brackets denote the Newton steps required by phase one in the sense just
explained. Also, we always denote by (', u) the final iterate.

Table shows that the final state is feasible with respect to min(y — y,) > 0 for all
displayed values of eqn,. Of course, this is not true in general for LSM@. In fact, it can
be expected that the size of the feasibility, respectively, infeasibility with respect to the
smoothed minimum depends on the choice of C; or, more precisely, on the ratio C;/C;:
In f., = _Ciln(C—j) CT(1+\1n;|)1n(BE)

the constant C; is a weight for the reformulated

m
objective — ln(Ci —7) and C; is a weight for the barrier part —In(B%). Thus, we suspect that
for a given e, a larger value of C; keeps the iterate u*+1 farther away from the boundary
{u € U : B%(u) = 0}, which, in turn, may result in y(u**') being more feasible, respectively,
less infeasible with respect to min(y —y,) > 0. We investigate this hypothesis when we examine
LSM@ for different choices of C';.

At first glance it may seem odd that the objective value of the last iterate increases when
Efinal changes from 1074 to 107°. We attribute this to discretization effects and can, in fact,
see this in Table : From Theorem [7.2.26| we know that C%] §(uf) — j(1)| should converge

like O(egnal(l + |Inegnal|)), and for egpa; > 107* we actually observe this. For egna = 1072,
however, this does not seem to hold any more, which indicates a discretization effect. Moreover,
the following observation directly confirms such an effect: For egna = 107° the last iterate
u has objective value j(u€) < 1.9871 and satisfies y(u’) > y,. However, since the minimal
objective value is j(#) = 6.25/7 > 1.989, the existence of such a v is not possible in U; it
can only be explained by discretization effects.
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By a comparison of Table @ and Table 8.1 we conclude that Algorithm LSM. and LSM ) re-
quire similar iteration numbers for this test problem. However, the final iterates generated by
LSM@ are closer to the optimal solution @ in objective value, both with respect to j and J.
Also, this stays true if we compare to LSM, with less strict termination criterion, see Table
Furthermore, the final iterates of LSM@ bear the advantage that they are feasible for the
original problem. This may be beneficial in practical applications if solutions are strictly
forbidden to contain infeasibility.

Efinal Mesh size h = 27", i = min(y® —ya) ") =@ & i) - @)
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.)
1072 13 13 13 13 13 13(6) 5.74 x 1072 5.60 x 1072 1.63 x 1072
1073 15 15 15 15 16 16 1.34 x 102 1.08 x 102 3.11 x 103
10-4 17 17 17 18 18 18 2.16 x 10~3 5.08 x 10~4 1.47 x 10~
10-° 17 17 17 18 18 18 2.97 x 10~4 2.38 x 10~3 6.87 x 104

Table 8.16. Test problem I: Total number of Newton steps required by LSM@ with
C, = 2-10% the Newton steps from LSMSUB and phase one are
included; displayed in brackets is the number of Newton steps required
by phase one; (3, u®) denotes the final iterate

In Table m we show in detail the course of LSM for efpa; = 107° and h = 279. We
observe that the first iterate is infeasible with respect to min(y — y,) > 0, while all others are
feasible.

A crucial ingredient to establish several main results for SSM@ and LSM@ is the estimate
from Corollary This estimate states that

B (uF ) > i (er) = cCrep(1 + |Ineg|)

is satisfied for all k € INg, where ¢ > 0 is independent of k. If the order on the right-hand side
of this estimate could be improved, then we would obtain stronger results, e.g., better rates of
convergence. Therefore, we check numerically if By := B (u*+1)/up9(ey) is approximately
constant during the course of LSM@. We observe in Table @ that By is growing at a very
slow rate at first, but seems to converge for smaller values of ;. We conclude that the order
of B+ (u**1) is well captured by our theoretical estimate.

€k #steps By, min(yF 1 —ya)  |j(uFt) — j(@) c%\j(u’““) —j(@)]
1 6 1.21 x 1073 —2.65 x 10—t 1.50 x 10~1 4.26 x 10~2
10-1 4 1.44 x 103 1.63 x 1071 1.72 x 10~ 5.12 x 10~2
6.00 x 10~3 3 1.66 x 10—3 4.21 x 10~2 4.01 x 10~2 1.17 x 10—2
1.45 x 10~4 3 1.73 x 10~3 2.94 x 10~3 2.69 x 10~4 7.79 x 10~°
10-° 2 1.73 x 103 2.97 x 10~4 2.38 x 10~3 6.87 x 10~4

Table 8.17. Test problem I: Course of LSM@ with C, = 2103 and eqpa = 107°

Figure depicts for egna = 107° and h = 279 the convergence rates () of (gx) that are
achieved during the course of LSM. In addition, this figure displays the Newton decrements
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8.3. Numerical results for variable smoothing parameter

that occur. Theorem together with Remark predicts that (e) converges g-linearly
to zero. This is, indeed, visible in Figure [8.15]since we have £, < 0.1 for all k. Moreover, this
figure may even indicate g-superlinear convergence. Note that the fast rate of convergence
of (ex) is achieved with a fairly small amount of Newton steps for each ;. We emphasize
this since the bound for the number of Newton steps in Theorem [7.2.26] could go to infinity
at an arbitrarily fast rate for e — 0", which would render the g-linear convergence of (gj)
meaningless. For the convergence rates we do not display the rate in the last iteration since
this rate is modified such that eqy,1 is obtained, as we described above.

Newton decrement

g G
Number of Newton steps.

Figure 8.15. Test problem I: Convergence rates and Newton decrements of
LSMp) with egpar = 107°

Figure displays the final control ¥ and the final state y® obtained by LSM for
€anal = 107% ¢ = 2,3,4. We recall that optimal control and optimal state are shown in
Figure and that this figure also contains @, and ¢, for e = 1077, i = 2,3, 4. Since the final
control of LSM approximates Uz, . (o 12, which itself can be regarded as an approximation
of Ueg .., We expect uf for egnal = 107 to look similar to . for e = 107%, i = 2,3, 4. Of course,
we have the same expectation for ¥ and .. A comparison of Figure and confirms
this expectation and, moreover, shows that «® and y* replicate quite well the structure of

and 3.

So far we used the weight C = 2 - 103 for all computations in this section. We now examine
the effect of different weights (- on LSMgp). In Table we display results for C; = 2 - 102,
C;=2-10% and C, = 2-10°. In Table we show in detail the course of LSM@ for these
weights and epna = 1075, computed with A = 272. We mention that all these choices for C;
are covered by the developed theory.

For C, = 2- 10" with i = 3,4,5, we observe that LSM@ is clearly mesh independent. For
C; = 2-10? the required number of Newton steps varies a little with the mesh. Below we give
a reason for this effect.

Table shows for C;; > 2-10% that C%\ §(uf) — j(@)| seems to have the predicted order
O(eginal(1 + |Inggnat])). We can also observe this order of convergence for C, = 2 - 102 for
Efinal > 1073; for eqpa < 1074 the level of the discretization error seems to be reached.

We observe that for a given e, choosing C; larger than 2 - 10® increases feasibility with
respect to both the original constraint min(y(u) — y,) > 0, cf. Table and and the
constraint B®(u) > 0 we replace the original constraint with, cf. the values of By in Table
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uX for epna = 1072 Y% for £pa = 1072

wE for egpa = 1073 yK for &nal = 1073

—u for egpa =10 4 ,yh' for cgna = 10 *

Figure 8.16. Test problem I: Final iterates —u® and —y® of LSM@ for eqnal =
10_{27374}

and and recall that By = B (u**1)/(Crer(1 + |Iney|)) depends on C,. Similarly, a
smaller C- decreases feasibility, respectively, increases infeasibility. This observation can be
explained by the fact that C is a weight for the barrier part —In(B®) in f. ,, since, therefore,
increasing C7 is likely to push the path €+ 4, .2 for each € farther away from the boundary
{u € U : B°(u) = 0}. This weight property of C also explains why for a given & the overall
errors become larger, in general, when C, = 2 - 10 is increased, see Table and It is
interesting to note that they are, however, not smaller when C; is decreased to 2 - 102. We
attribute this to the fact that for C; = 2 - 10? infeasibility occurs; in fact, if C, is further
decreased, we expect the objective error to become larger since infeasibility is increased, which
means that the path ¢ — @, .2 is for each € closer to ., cf. also the objective errors of . in

Table

Figure provides the according convergence rates (i) for (ex) and the development of
the Newton decrement, computed with h = 279, This figure confirms that the convergence
rate of (eg) is g-linear, even for C, = 2 - 102, where it is closer to 1 than for the other choices.
Moreover, the number of Newton steps required by LSMSUB does not seem to grow as e

decreases, cf. Table [8.17 and 819

Since we chose Bmax = 0.5, we have By < 0.5 in every iteration. Together with the backtracking
strategy that we use this implies that 5, > 0.5 holds if and only if backtracking is actually
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Efinal Mesh size h =27, i = min(yX —ya) W) —5@)] Z i) - @)
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.)
1072 70 8 91 89 88 88(6) —1.04 x 1071 1.02 x 1071 2.91 x 1072
10=3 112 133 164 171 174 184 —1.09 x 10~2 1.35 x 10~2 3.89 x 1073
10-% 144 177 217 237 251 271 —1.01 x 10—3 3.68 x 10~3 1.06 x 103
1075 165 209 257 284 310 332 —9.29 x 1072 2.77 x 1073 8.00 x 10~
Efinal Mesh size h =277, i = min(y® —ya) W) @) ZliW) - 5@
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.)
1072 14 14 15 15 15 15(5) 7.56 x 1071 9.73 x 1071 3.30 x 1071
10-3 17 17 17 18 18 18 2.07 x 10~1 2.21 x 10~1 6.61 x 10~2
1074 19 19 19 20 20 20 3.28 x 102 3.05 x 10~2 8.86 x 10~3
1075 19 19 19 22 22 22 4.18 x 10~3 1.51 x 10—3 4.36 x 10~*
€final Mesh size h =277, i = min(y® —ya) () —j@] 21" - (@)
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.)
1072 28 28 28 28 28 28(9) 1.67 x 109 2.73 x 100 1.56 x 109
1073 34 34 34 34 34 34 9.62 x 10~1 1.31 x 10° 4.78 x 10—t
1074 35 35 35 35 35 36 2.67 x 10~1 2.92 x 10~1 8.81 x 102
10-5% 37 37 37 37 37 38 4.13 x 1072 3.93 x 1072 1.14 x 102

Table 8.18. Test problem I: Results of LSMp) with Cr = 2-10* (top), Cr = 2 - 10*
(middle), and C, = 2-10° (bottom)

necessary, i.e., if and only if uF+1 & Uad(ﬁgz—:k). We observe in Figure that for C; = 2 - 10°
with ¢ = 3,4, 5, no backtracking is necessary. This is, the value for By that is picked by our
adaptive strategy is accepted throughout the course of LSM. For C; = 2 - 10? the situation
changes; backtracking is necessary. Of course, this slows down the rate of convergence, which
is also obvious in Figure [8.17] and illustrated by the larger numbers of Newton steps required
for C; = 2-10%. The necessity of backtracking for smaller values of C; can be explained as
follows: The only situation that requires backtracking is if B (u*+1) < 0 holds. We can
expect that it is possible to decrease ¢, the stronger, the larger B (u*+1) > 0 is. We already
argued and observed in practice that, generally, B (u**1) is the larger, the larger C; is. If
uF ! satisfies min(y(u**1) —y,) > 0, an additional argument is provided by the inequality from
Corollary which implies Be(ukﬂ) > ( for all € > 0 and, therefore, backtracking cannot
occur (at least if we ignore discretization effects). This explains why we see backtracking only
for smaller values of C.. Moreover, this leads us to the believe that we will see even more
backtracking, respectively, even slower convergence rates if we choose C, smaller than 2 - 10.
To examine this claim and to prove that despite an even smaller value for C; the convergence
of (ex) stays g-linear, we apply LSMp) with C7 =7 - 10" and C; = 2-10'. The resulting
convergence rates are shown in Figure They display g-linear convergence and, in addition,
encourage the view that the smaller distance to the boundary of the feasible set requires more
backtracking, thereby slowing down the speed of convergence.
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170

€k #tsteps B, min(y* " —y.)  [ju*Y) = j(@)| c% lj(u+h) — ji(w)]
1 6 9.16 x 107 —1.13 x 10° 6.40 x 107! 1.70 x 1071
5.50 x 107! 2 7.65 x 1073 —1.02 x 10° 6.22 x 107! 1.65 x 107!
2.81 x 107! 3 5.85x 1072 —8.82 x 107! 5.85 x 1071 1.56 x 1071
1.41 x 1071 4 408 x 107 —6.83x 107! 5.06 x 107! 1.36 x 1071
1.06 x 107! 4 353x107% —5.89x 107! 458 x 107! 1.24 x 1071
7.97 x 1072 4 310 x 1072 —4.97x 107! 4.05 x 107! 1.11 x 1071
5.98 x 1072 5 278 x 1072 —4.12x 107! 3.50 x 107! 9.63 x 1072
4.49 x 1072 4 253 x107% —3.38x 107! 2.96 x 1071 8.23 x 1072
3.37 x 1072 8 234x 1072 —274x 107! 2.47 x 1071 6.91 x 1072
2.95 x 1072 4 227 x 1072 —2.48 x 107! 2.27 x 107! 6.35 x 1072
4.25 x 107° 6 1.73x 1073  —4.16 x 1074 3.09 x 1073 8.93 x 1074
3.38 x 107° 6 1.73x107% —3.28 x 107 3.00 x 1073 8.68 x 1074
2.69 x 107° 6 1.73x 1073  —2.59 x 1074 2.93 x 1073 8.48 x 1074
2.14 x 1075 6 1.73x 1073  —2.04 x 107 2.88 x 1073 8.31 x 1074
1.70 x 107° 6 1.73x 1072  —1.61x107* 2.83x 1073 8.19 x 1074
1.35 x 107° 6 1.73x 1073  —1.27x 1074 2.80 x 1073 8.09 x 1074
1.08 x 107° 6 1.73x107%  —1.00 x 10~ 2.77 x 1073 8.02 x 1074
107° 4 1.73x107%  —9.29x107° 2.77 x 1073 8.00 x 1074

ek #steps B min(y"* —ya) [J) —5@] ZliW) @)
1 5 1.63 x 107% 1.02 x 10° 2.10 x 10° 9.34 x 107!
107! 5 3.25 x 107* 1.37 x 10° 2.10 x 10° 9.34 x 107!
8.00 x 1073 5 8.48 x 107* 6.88 x 107! 8.67 x 107! 2.89 x 107!
5.12 x 1074 3 1.52 x 1073 1.26 x 1071 1.30 x 1071 3.83 x 1072
1.32 x 107° 2 1.72 x 1073 5.36 x 1073 2.70 x 1073 7.81 x 1074
107° 2 1.72 x 1073 418 x 1073 1.51 x 1073 4.36 x 107*

€k #tsteps B, min(y* " —ya) G = j(@)| c% lj(uth) — ji(a)]
1 9 1.75 x 10™° 1.43 x 10° 3.27 x 10° 2.91 x 10°
107t 9 4.01 x 107° 1.88 x 10° 3.26 x 10° 2.84 x 10°
1.50 x 1072 6 1.22 x 107% 1.73 x 10° 2.89 x 10° 1.80 x 10°
2.25 x 10732 6 4.04 x 107* 1.26 x 10° 1.87 x 10° 7.76 x 107!
3.38 x 1074 4 9.56 x 107* 5.76 x 107! 7.00 x 107! 2.26 x 107!
3.04 x 107° 2 1.55 x 1073 1.07 x 1071 1.09 x 1071 3.19 x 1072
107° 2 1.65 x 1073 4.13 x 1072 3.93 x 1072 1.14 x 1072

Table 8.19. Test problem I: Course of LSM@

with egpa = 107° for C, = 2 - 102

(top), Cr = 2-10* (middle), and C, = 2-10° (bottom)
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The values of By, in Table for smaller ¢;, lead to the conjecture that B (u**1) may
have exactly the order (1 + |Ineg|) regardless of C;, with (Bj) converging to approximately
1.73-1073. We further investigated this hypothesis by use of €gna = 107 and found it to be
true. This underlines the accuracy of the estimate in Corollary Moreover, it indicates
that the constant ¢ in this corollary may be independent of C;, which is neither part of the
assertion in Corollary nor can it be inferred from its proof.

We noted above that for C; = 2 - 102 the overall number of Newton steps varies stronger with
the mesh size. We attribute this to the fact that backtracking is required, since feasibility,
respectively, infeasibility with respect to the nonlinear term B® can be expected to vary
with changing mesh size. We encountered a similar dependence during the experiments for
Test Problem I for fixed ¢ in Section [8.2.I] where we observed in a nesting strategy that a
function may be feasible with respect to B® on a certain grid, but its interpolant on a finer
grid may be infeasible, nevertheless.
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Figure 8.17. Test problem I: Convergence rates and Newton decrements of
LSMp) with efinal = 107° for C, = 2-102 (top), C, = 2-10* (middle),
and C; = 2-10° (bottom)
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Figure 8.18. Test problem I: Convergence rates of LSM with egpa = 107° for
C, =7-10! (left) and C, = 2- 10" (right)

We now conduct experiments in which eqp, is determined during the course of the algorithm.

A

We want to terminate LSM ) in iteration £ if max{|j (uF 1) = (@), || (y(uF ) —ya)~ lo@at <

TOL with TOL = 1072 is satisfied. To explain the shift in the index we recall that (y*+1, u*+1)
is determined in iteration k and satisfies u*** € A., ,,, (). This termination criterion ensures a
certain accuracy for the objective while also requiring that the infeasibility is not too large. Of
course, many different termination criteria are conceivable. In particular, the error tolerance
TOL could be based on an (a posteriori) estimate of the discretization error with respect
to the quantities of interest, e.g., j and the infeasibility. It would be a desirable feature to
incorporate estimates for the discretization error into the implementation of LSMgp,, but this
is beyond the scope of this work. We mention that, nevertheless, the choice TOL = 1072 takes
into account that we expect the discretization error for j to be smaller than 1072 on meshes
with h < 277, This estimate stems from Section

To check if max{|7(u**1) — j(@)], ||(y(u**1) — ya)_HC(ﬁa)} < 1072 is satisfied, we have to

estimate 5(12) since, in general, we do not know this quantity. To this end, we interpolate linearly

between (g5_g, j(u*1)) and (g4_1,(u*)) and also between (g4_1,7(u*)) and (g, (uF*1)).

Evaluating the two interpolants at e = 0 yields two estimates for j(u). We take the mean
value of these estimates as final estimate for j(u). We note that linear interpolation is sensible

since (|7(u**+1) — j(@)|)x can be expected to behave like (W)k as we argue, e.g., in
Remark [5.2.6 and since we have U(“Hé% = O(er(1+ [lneg|)) = O(eg) by Theorem [7.2.26

We increase Bmin t0 Bmin = 1072 since we believe that very small values of 3 to update € to
ex+1 may affect the accuracy of the interpolation strategy negatively.

Table [8.21| shows partly the corresponding detailed development of LSM, computed with
h = 277; in this table we focus on the last four iterations to demonstrate the accuracy of the
termination criterion. Also, the first iterations with automatic determination of eqn,) are very
similar to the first iterations with prescribed egn,. Therefore, the beginning of a detailed
development of LSM) with automatic determination of egnar looks similar to Table @ and
[8.19] respectively.

In Table 3.20] we display results obtained by LSM@ with automatic determination of egpy.
- 21]
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We observe in Table that the initially proposed value C; = 2 - 10? requires the lowest
number of Newton steps. Furthermore, Table shows that eqy,) is the smaller, the larger
C; is. This goes together well with our statements from before that C; is a weight for the
barrier part of f; ,, since weighing the barrier more means weighing the objective less.

In Table we see that our termination criterion works relatively well: LSM) is termi-

nated at most one iteration after or one iteration before max{|j(u**1) — j(@)], ||(y(u*+1) —
ya)_HC(ﬁa)} < 1072 is satisfied for the first time. We observe for C; = 2 - 10% that

max{|7(u**1) — j(@)], || (y(uFt) — ya)*HC(ﬁa)} is slightly larger than 1072, To avoid this we
could incorporate a safeguard into the termination criterion. However, we also see that the inter-

polation strategy works well for C = 2-102 since max{|j (u**t1)—=j(@)], || (y(uF 1) —yq)~ HC(ﬁa)}
is very close to 1072. Therefore, we leave the termination criterion unchanged.

Table shows that the obtained accuracy is similar for all choices of C; and that the
iteration numbers are rather mesh independent. Thus, we propose the following strategy to
determine a suitable value for C.: First, we use theoretical results to estimate C;, as shown in
detail at the beginning of this section. Then we apply LSM@ on a coarse mesh for different
values of C; that are close to the estimated value. As actual value for C, we take the one for
which LSM@ requires the lowest number of Newton steps. We note, however, that for this
test problem the use of C; as estimated at the beginning of this section seems to be a good
choice, anyway.

Cr Mesh size h = 277, i = min(y® —ya) ) - i@ i) - @) €final
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
2x10%2 104 124 163 177 179  193(6) —8.13 x 1073 1.08 x 1072 3.11 x 1073 7.56 x 1074
2 x 103 15 15 15 16 16 16(6) 3.87 x 1073 1.20 x 1073 3.48 x 1074 2.02 x 1074
2 x 104 24 22 22 24 25 23(5) 1.48 x 1074 2.53 x 1073 7.31 x 1074 2.68 x 1077
2 x10° 43 45 45 45 46 44(9) 7.57 x 107° 2.60 x 1073 7.51 x 1074 1.14 x 1078

Table 8.20. Test problem I: Total number of Newton steps required by LSM@ with
different values of C. and automatic determination of eg,a;

To increase the practical efficiency of LSM@ we add a nested grid strategy. As in the
experiments for fixed ¢ for Test Problem I we use a hierarchy of six grids ranging from h = 274
to h = 279, Since we observed during our experiments that the automatic determination
of efnal yields on coarse grids roughly the same value for egu, as on finer grids, we start
LSM@ on the coarsest grid and use the egy, from the coarsest grids for all finer grids, i.e.,
we only carry out LSM on all finer grids with € = egn,. More sophisticated techniques to
determine egn, may be a topic of future research. However, we will see that this strategy
works relatively well. When prolongating the final iterate of LSM@) onto a finer grid, a shift
to restore feasibility may be required. We discussed this in detail in Section [8.2.1, where we
also presented a strategy to determine the size of the shift. We use exactly the same strategy
here.

The results of LSMgp, with nested grid strategy are shown for different choices of C; in
Table where an additional (s) indicates that a shift is necessary for the final iterate on
the current mesh. We see that C; = 2- 103 performs well in comparison to the other choices of
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€k #steps min(y* T —ya)  [5(uFT) = j(w)| c%lj (Ut — ji(a)|
1 6 —1.13 x 10° 6.40 x 107! 1.70 x 1071
1.12 x 1073 5 —1.22 x 1072 1.48 x 1072 428 x 1073
9.84 x 10~* 5 —1.07 x 1072 1.33 x 1072 3.84 x 1073
8.62 x 107* 5 —-9.32 x 1073 1.20 x 1072 3.45 x 1073
7.56 x 1074 5 —8.13x 1073 1.08 x 1072 3.11x 1073
en #steps min(y™ —ya) (") —G(@)| &l (@)
1 6 —2.65 x 107t 1.50 x 1071 4.26 x 1072
107! 4 1.63 x 1071 1.73 x 1071 5.12 x 1072
6.40 x 1073 3 4.38 x 1072 418 x 1072 1.22 x 1072
2.02 x 107* 3 3.87 x 1073 1.20 x 1073 3.48 x 107*
€k #steps min(y" —ya) |j(u") — 5@ &l (@)
1 5 1.03 x 10° 2.10 x 10° 9.34 x 107!
107t 5 1.37 x 10° 2.10 x 10° 9.34 x 107!
8.20 x 1073 5 6.95 x 107! 8.78 x 107! 2.93 x 1071
5.54 x 107* 3 1.34 x 1071 1.38 x 1071 4.09 x 1072
1.83 x 107° 2 7.24 x 1073 4.59 x 1073 1.33 x 1073
2.68 x 1077 3 1.48 x 1074 2.53 x 1073 7.31 x 107*
€k #steps min(y* —ya) G —j(@)| c%.lj (uFth) — ji(a)|
1 9 1.43 x 10° 3.27 x 10° 2.92 x 10°
3.38 x 1074 4 5.76 x 107! 7.00 x 1071 2.26 x 107!
3.17 x 107° 2 1.11 x 1071 1.13 x 1071 3.31 x 1072
8.50 x 1077 2 4.38 x 1073 1.71 x 1073 4.94 x 107*
1.14 x 1078 6 7.57 x 107° 2.60 x 1073 7.51 x 1074

Table 8.21. Test problem I: Course of LSM with automatic determination of
Efinal for Cr = 2-10? (top), Cr = 2103 (below top), C, = 2-10* (above
bottom), and C, = 2 - 105 (bottom)
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C; that we tested. Furthermore, we observe that nesting does not work well for larger choices
of C; in this test problem. We attribute this to the fact that a (rather large) shift is required
even on finer meshes. Since our initial choice C, = 2 - 10? yields acceptable results, we do not
investigate further how to increase the performance of LSM@ with nesting for larger weights.
Moreover, for C; = 2 - 10? we see that the termination criterion is slightly violated on the
finest mesh. In fact, even the infeasibility is slightly too large, which can be attributed to the
fact that egpg) is determined on the coarsest mesh. However, the violation of the termination
criterion is fairly small and could certainly be addressed by incorporation of a safeguard for

Efinal -
o Mesh size h = 27%, i = min(y% — yq) 17 (u®) = j(@)] %j|j(uK) —j(a)| £final
4 5 6 7 8 9 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
2 x 102 104(s)  10(s) 5(s) 4 6 4 —1.69 x 10~2 1.95 x 102 5.62 x 1073 1.54 x 1073
2 x 103 15(s) 5(s) 4(s) 6 6 5 3.87 x 1073 1.20 x 1073 3.48 x 1074 2.02 x 10™%
2 x 104 24(s) 9(s) 10(s)  13(s) 13(s) 14 8.30 x 1077 2.59 x 1073 7.49 x 10~4 1.47 x 1077
2 x 10° 43(s) 12(s)  13(s)  13(s) 16(s) 18 4.68 x 1072 2.63 x 1073 7.59 x 10~4 6.84 x 10~°

Table 8.22. Test problem I: Results of LSM@ with automatic determination of
€final and a nested grid strategy for different values of C;

8.3.2. Test Problem Il

The second problem under consideration is identical to Test Problem II for fixed e, see
Section 8.2.2! We choose g5 = 1, C; = 8- 103, 7(¢) = CT% with C; = 2-10? for all
e € (0,e4], and C; = 1 + j(u®) with u® = 0. We have to show that these parameters satisfy

Assumption [6.1.1, We reasoned in Section that C; = 8'61203 ensures self-concordance of
feu for all g e (0,1] and all € € (0, 1] since

N 2
8.10° 1 16 237 (@) || 7+
> ?max 2 202 7 <|| g (@) lo i ”MU)

22 "9 T9,0(

Q>

is satisfied for @ = 15. Enlarging C, (@) if necessary this implies

A 2
16 27" (@) |
8-10° = max { €2, ?CS,C(EQ) (”M)HU + HﬂHU>

o

This shows that Assumption is fulfilled for this test problem. Moreover, Assumption [6.1.9
is valid as follows by use of §(z1,72) := m129(1 — x1)(1 — 22) € Y = H?*(2) N H(£2) and
@ := —Aj+7. Also, we argued in Section [8.2.2]that this test problem satisfies Assumption [3.1.9
Together, we have established all assumptions that are required to apply the theory developed
in this thesis.

At the beginning of Section we argued that the choice C; =~ Cj||) C(@,) 1s sensible.

Applying the same reasoning as in that section we, furthermore, obtain for |||l C(@.)- the
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estimate ||5\HC(§“)* < 24/27(u) < 21/0.25 = 1, where we used the estimate j(u) < 0.125. We
include as safeguard a factor of %, which yields C, = % —2.103. We later also investigate

1
how LSM@ performs for other choices of C;.

We choose 6 = 0.25, g0 = 1, Bmin = 1074, Buax = 0.5, and By = 0.1 for k = 0 in the
backtracking strategy. Furthermore, we apply the same strategy as for Test Problem I to
adaptively choose Sy in iteration k£ € IN.

For the unknown values j (@) and j(@) we employ j(@.) and j(@.) for e = 10~7 computed with

LSM, for h = 2710 in Section

In the first experiment we prescribe gy, and terminate LSM@ when e, = egpna) is satisfied.
We apply LSM@ for several values of gy, on uniform meshes with different widths h; we
choose egna > 107° and h > 2710 The total numbers of Newton steps that have to be
computed during the course of LSM) are listed in Table @ and clearly indicate that
LSMp) is mesh independent. By a comparison of Table and Table [R.7] we conclude that
Algorithm LSM, and LSM@ require similar iteration numbers for this test problem but that
the final iterates generated by LSM, are closer to the optimal solution % in objective value,
both with respect to j and J. Moreover, the final iterates generated by LSM are feasible with
respect to the constraint min(y —y,) > 0. From Theorem |7.2.26{ we know that C%U(uK) —j(a)]

has the order O(ggnal(1 + [Inegpall)). Table confirms this. Moreover, for egna < 1073 it
seems that this order cannot be improved.

Sfinal Mesh size h =277, i = min(y® —ya) ) —j@]  Z i) - (@)
5 6 7 8 9 10 (on finest mesh) (0. f. m.) (0. f. m.)
1072 15 15 15 15 15 15(7) 1.00 x 1072 5.20 x 1073 5.20 x 1073
1072 20 20 20 20 20 20 7.31 x 1073 1.22 x 103 1.21 x 103
1074 26 26 26 26 26 26 1.47 x 103 2.14 x 10~ 2.14 x 10~
107° 32 32 32 32 32 32 1.86 x 10~ 2.72 x 107° 2.72 x 107°

Table 8.23. Test problem II: Results of LSM@ with C; = 2-10°

In Table we show in detail the course of LSMp) for efinal = 1072 on the finest mesh that
we employed. As for Test Problem I in Section we check numerically if the quantity
By, = B (u**1) /up9(ey,) is approximately constant during the course of LSM ). We observe
that By, grows at a slow rate, which indicates that Corollary [6.4.5] estimates By, well.

ek #steps By, min(yF 1 —ya)  |j(uFt) — j(@) C%U(u’““) —j(@)]
1 7 7.43 x 107° 1.00 x 10—2 1.17 x 10~1 1.24 x 10~1
10-1 3 1.06 x 10—4 1.00 x 102 3.75 x 10~2 3.81 x 10~2
4.00 x 10~3 5 2.65 x 10~4 1.00 x 10—2 2.46 x 10~3 2.46 x 10~3
1.28 x 104 8 8.54 x 104 1.82 x 1073 2.66 x 10~4 2.65 x 10~4
10-° 9 9.10 x 104 1.86 x 104 2.72 x 1075 2.72 x 10~°

Table 8.24. Test problem II: Course of LSM@ with C, = 2103 and gy, = 107°
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Figure displays the final controls u® and the final states y’* obtained by LSM for
€fnal = 107% ¢ = 2,3,4. We recall that optimal control and optimal state are shown in
Figure This figure also contains @, and 4. for ¢ = 107, i = 2,3,4. For egpa = 1077,
i = 3,4, it is clearly visible that /€ and y* are somewhat similar to #. and §. and that they
replicate well the structure of « and y.

uf for eg 1 = 1072 y¥ for g . = 1072

u® for Efinal = 10 3 yX for Efinal = 1073

u® for Efinal = 107* y¥ for €final = 107*

Figure 8.19. Test problem II: Final iterates v and y® (with inverted z-axis) of
LSM for egpa = 101234}

We now incorporate into LSM@ the strategy proposed in Section E to determine egpal
automatically. In the termination criterion we use TOL = 10~4. In Table @I we display the
results for different choices of C;, while Table shows the course of the algorithm in more
detail for these choices of C, computed with h = 2719, Figure provides the according
convergence rates () for (ex) and the development of the Newton decrement.

We see in Table that the proposed value C; = 2 - 103 requires the lowest number
of Newton steps. Furthermore, we can observe similar connections as in Test Problem I
between the quantities displayed in Table and the weight C,. For instance, the larger
C; becomes, the larger is the feasibility of the iterates for a given e. Moreover, Table [8:20]
shows that our termination criterion works relatively well: LSM terminates either when
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max{|7(u**1) = j(@)], ||(y(uFt) — Ya) llo@ant < 10~% is satisfied for the first time or one
iteration before. If LSM terminates before this criterion is fulfilled, which is only the case
for C; = 2-10%, then max{[j(u*t') — j(a)|, |(y(u**) — Ya)"llo(m,)} 1s only slightly larger
than 104, Furthermore, Table leads to the conjecture that (By) converges to a value
somewhere around 9.13 - 1074, We further investigated this hypothesis by use of egpa = 10710
and found it to be true, indeed; (By,) converges to approximately 9.16 - 10~* regardless of the
choice of C. This underlines the accuracy of the estimate in Corollary [6.4.5] and, again, seems
to indicate that the constant ¢ in this corollary is independent of C;. We mention that if this
were true, then we could prove by use of Corollary [6.4.5] and an argument as in the proof of
Corollary @ that for C; sufficiently large, the neighborhoods A, are feasible with respect
to min(y — y,) > 0 for all (¢, ) € P=. In particular, this would imply that all iterates are
feasible if C; is chosen large enough.

Figure confirms that the convergence rate of (g) is g-linear, even for C, = 2 - 102, where
backtracking is required for £ > 2. In Figure we display convergence rates for smaller
choices than C; = 2 - 10%2. We observe g-linear convergence also for these smaller values of C;,
with convergence rates closer to 1. This fits nicely with what we have said in Section [8.3.1
about the size of C; and its influence on backtracking and the convergence rate. We point
out that for C, = 10%, i = 3,4, the number of Newton steps required by LSMSUB seems to
increase as ¢, decreases, cf. Table

Cr Mesh size h =277, i = min(yX —ya) 7)) —5@)] &) - @) Efinal
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (o. f. m.)
2x 102 40 46 46 46 46 46(5) —6.02 x 1075 3.77 x 1076 3.76 x 1076 4.17 x 1073
2x10% 36 34 34 34 34 34(7) 1.33 x 1074 1.95 x 107° 1.94 x 1073 6.93 x 1076
2x10* 61 60 47 47 47 46(7) 9.18 x 104 1.28 x 1074 1.28 x 1074 3.91 x 1076

Table 8.25. Test problem II: Results of LSM@ with automatic determination of
€final

In the last experiment for Test Problem II we add to LSM@ a nested grid strategy. We employ
a hierarchy of six grids ranging from h = 27° to h = 2710 and use automatic determination of
Efinal ON the coarsest grid and € = egp,1 on all finer grids. The shift to restore feasibility as part
of the prolongation onto a finer grid can be computed in exactly the same manner as when we
applied LSM, with nesting to Test Problem II, cf. Section However, it turns out that a
shift is never required. The results of LSM@ with nested grid strategy are shown for different
choices of C; in Table Apparently, nesting increases the efficiency of LSM@ significantly
for this test problem. We note that the determination of eg,,; on the coarsest grid works well,
although for C; = 2 - 10? the termination criterion is not satisfied on the finest mesh since
| (y® — ya)*HC(ﬁa) is slightly larger than 10~%; however, the violation is small.

8.3.3. Test Problem Il

The last problem that we consider is identical to Test Problem III for fixed e, see Section [8.2.3]
We recall that the state equation in this problem is semilinear and, therefore, the theory
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8.3. Numerical results for variable smoothing parameter

€k #steps By, min(y* ™ —y.) (5 = j(w) C%.Ij (Ut — ji(u)|
1 5 2.27 x 1074 1.00 x 1072 1.37 x 1072 1.38 x 1072
107! 3 3.33x 1074 4.60 x 1073 3.62 x 1073 3.62 x 1073
4.60 x 1073 5 712x107%  —342x 1073 2.10 x 107* 2.10 x 107*
2.39 x 1073 4 8.10x 107%* —2.08 x 1071 1.49 x 107 1.48 x 107*
1.23 x 1073 4 863x107% —1.18x1073 8.97 x 107° 8.95 x 107°
6.26 x 107* 5 8.87x107* —6.45x 107* 5.05 x 107° 5.04 x 107°
3.19 x 107* 5 9.00x 107* —3.49x10~* 2.73 x 107° 2.72 x 107°
1.62 x 107% 5 9.07x107* —1.90x 107* 1.43 x 107° 1.43 x 107°
8.23 x 107° 5 9.11x107* —1.05x10™* 7.40 x 107 7.38 x 107
417 x 107° 5 9.13x107%* —6.02x 107° 3.77 x 1076 3.76 x 107
o #steps By min(y* " —ya) [F@) 5@ F i) ~ (@)
1 7 7.43 x 1075 1.00 x 1072 1.17 x 1071 1.24 x 1071
107! 3 1.06 x 1074 1.00 x 1072 3.75 x 1072 3.81 x 1072
4.60 x 1073 5 2.48 x 1074 1.00 x 1072 2.72 x 1073 2.72 x 1073
1.78 x 107* 8 8.33 x 1074 2.38 x 1073 3.52 x 107* 3.51 x 107*
6.93 x 107 11 9.11 x 1074 1.33 x 107* 1.95 x 107° 1.94 x 107°
€k #steps By, min(y* ™ —ya) G = j(u) i (Ut — j(a)|
1 7 1.62 x 107° 1.00 x 1072 5.48 x 1071 7.92 x 107!
107! 4 2.14 x 107° 1.00 x 1072 2.15x 107! 2.42 x 1071
6.40 x 1073 5 3.29 x 107° 1.00 x 1072 1.71 x 1072 1.73 x 1072
3.40 x 107* 8 1.77 x 1074 1.00 x 1072 1.93 x 1073 1.93 x 1073
1.81 x 107° 12 8.16 x 1074 3.46 x 1073 5.03 x 1074 5.02 x 107%
3.91 x 107 10 8.90 x 1074 9.18 x 107* 1.28 x 1074 1.28 x 1074

Table 8.26. Test problem II: Course of LSM with automatic determination of
Efinal for Cr = 2102 (top), C; = 2 - 103 (middle), and C, = 2 - 10%

(bottom)
Cr Meshsize h=2"i=  min(" —ya) [J@)—j@ Zli@)-i@  cana
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.) (0. f. m.)
2x102 40 3 3 2 2 2 —1.05 x 104 7.36 x 10~ 7.35 x 10~6 8.19 x 10~°
2x10% 36 5 4 3 3 2 1.33 x 104 1.95 x 105 1.94 x 10—° 6.93 x 106
2x10* 61 9 5 5 5 4 3.59 x 104 4.94 x 10~° 4.93 x 10~5 1.39 x 106

Table 8.27. Test problem II: Results of LSM@ with a nested grid strategy
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Figure 8.20. Test problem II: Convergence rates and Newton decrements of
LSM@ with automatic determination of g, for C; = 2 - 102 (top),
C, =2-10? (middle), and C, = 2-10* (bottom)

Figure 8.21. Test problem II: Convergence rates of LSM with automatic deter-
mination of egpa for Cp = 7- 10! (left) and C, = 2 - 10! (right)
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8.3. Numerical results for variable smoothing parameter

developed in this thesis is not applicable. Nonetheless, it is interesting to see how LSMgp, can
handle this problem. In what follows we use as optimal solution (y,u) the final iterate of
LSM, with e = 1077 and h = 2719 see Section Consequently, we employ for j(u) and
(@) the final values for j(u*) and j(u*) obtained by LSM, with e = 107 and h = 2710, We
recall that optimal state, optimal control, and desired state y, are displayed in Figure [8.14]

We choose g5 = 1, C; = 4- 10!, 7(e) = C’T% with C; = 1 for all ¢ € (0,&5], and
C;=1+ 7(u®) with u® = 0. Similar to Test Problem III for fixed ¢ we scaled the weights such
that Cr = 1. To find a good ratio for C;/C; we applied LSM@ with automatic detection of
€final ON coarse meshes for different ratios and observed how many Newton steps were necessary.
We chose a ratio that requires a small number of Newton steps. We mention that the automatic
detection of egy, is exactly the same as for Test Problem I and II. Other parameter values
that we employ are 8 = 0.25, Bmin = 1074, and Bmax = 0.5. In the backtracking for k = 0 we
use By = 0.1, while in all following iterations By is determined adaptively in the same way as
for Test Problem I and II. Moreover, we modify the choice of the step size and the termination
criterion in LSMSUB in the same way as for Test Problem III with fixed ¢, cf. Section [8.2.3
in that section we also discuss why this is necessary.

We apply the modified version of LSM@ to Test Problem III for different values of egpa
and on different uniform meshes. In Table [8:28 we display the results. They indicate that
LSM is mesh independent and can be successfully applied to this test problem, although
it is not covered by the developed theory. Moreover, LSM performs similar to LSM, for
this test problem, cf. Table [8.13] We mention that a modification of the weight C; has very
similar effects as in Test Problem I and II and, therefore, we do not display results for other
choices of C;.

Figure provides for egua1 = 107° the convergence rates (8y) of (g;) and the development
of the Newton decrement, computed with h = 2710, As in Test Problem I and II we observe
g-linear convergence.

Efinal Mesh size h =27, i = min(y® —ya)  [J) =@ i) - (@)
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (o. f. m.)
1072 15 12 11 11 11 11(5) 3.65 x 1072 1.22 x 1073 4.21 x 1074
1073 20 17 21 19 19 19 9.09 x 10~3 2.43 x 10~ 9.32 x 1075
10-% 31 21 30 26 23 22 1.41 x 103 1.08 x 10~° 1.34 x 10~°
1075 40 33 41 31 32 24 1.17 x 10~4 3.36 x 10~ 1.16 x 106

Table 8.28. Test problem III: Results of LSM@

We now incorporate into LSM@ the strategy proposed in Section to determine efpa
automatically. In the termination criterion we use TOL = 1072 and TOL = 10~*. We note that
we have j(@) ~ 12.8 so that requiring max{|7(u**1) — j(@)|, || (y(u*t1) — Ya) |l ﬁa)} <1073
is already relatively strict. In Table [8:29] we display the results, while Table @ shows the
course of the algorithm on the finest mesh in more detail. We observe in Table that our
termination criterion works well: LSMp) is terminated exactly when the termination criterion
is satisfied for the first time. Also, we suspect that (Bj) converges to a value around 2.46. We
inspected this by use of egna = 10™° and observed convergence to approximately 2.47.
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L
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Figure 8.22. Test problem III: Convergence rates and Newton decrements of

LSMp) with efina = 10=°

TOL Mesh size h =277, i = min(yX —ya)  5() - j@)] i) —i@)]  eina
J
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (0. f. m.) (o. f. m.)
1073 15 12 11 14 14 14(5) 2.51 x 1072 7.66 x 1074 2.73 x 1074 4.60 x 1073
1074 23 21 20 22 19 18 2.64 x 1073 4.76 x 102 2.61 x 10~° 2.12 x 10~4

Table 8.29. Test problem III: Results of LSM@ with automatic determination of

Efinal
ek #steps By, min(yFH —ya)  [juFtt) - (@) C%.\j(u’” b —i(w)]
1 5 1.77 x 100 —2.93 x 101 4.46 x 103 1.52 x 103
10—t 3 1.72 x 10° 1.61 x 10—2 1.19 x 103 4.19 x 10~*
4.60 x 103 6 2.19 x 10° 2.51 x 10~2 7.67 x 10~4 2.73 x 10~4
ek #steps By min(y" ! —ya) ) = 5@ F i) - 5@
1 5 1.77 x 100 —2.93 x 101 4.46 x 103 1.52 x 103
10—t 3 1.72 x 10° 1.61 x 10—2 1.19 x 103 4.19 x 10~4
4.60 x 103 6 2.19 x 10° 2.51 x 10~2 7.67 x 10~4 2.73 x 10~4
2.12 x 10~4 4 2.46 x 10° 2.64 x 103 4.76 x 1072 2.61 x 10~°

Table 8.30. Test problem III: Course of LSM@

with automatic determination of

Efinal for TOL = 1073 (top) and TOL = 10~* (bottom)
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8.3. Numerical results for variable smoothing parameter

Finally, we add to LSMgp), a nested grid strategy. As before we use a hierarchy of six grids
ranging from h = 275 toh =219, We employ automatic determination of egp,) on the coarsest
grid and € = eqpa) on all finer grids. The prolongation onto a finer grid is carried out in exactly
the same way as when we applied LSM, with nesting to Test Problem III, cf. Section If
the prolongation involves a shift, we indicate this by writing (s). In Table we show the
results. We observe that nesting improves the practical performance of LSM@ dramatically
for this problem. As in Test Problem II we see that the determination of eg,, on the coarsest
mesh has the effect that the termination criterion is violated on the finest mesh. Yet, the
violation is very small.

TOL  Mesh size h =277, i = min(y® —ya)  [j) =@ &) -i@] e
J
5 6 7 8 9 10 (on finest mesh) (o. f. m.) (0. f. m.) (o. f. m.)
1073 15 4 3 2 2 1 3.35 x 1072 1.11 x 1073 3.81 x 1074 8.20 x 1073
1074 20s) 9 6 6 3 3 5.67 x 1073 1.70 x 10~4 5.86 x 1075 5.54 x 1074

Table 8.31. Test problem III: Results of LSM@ with a nested grid strategy
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9. Conclusions and outlook

In this thesis we have presented a new approach to tackle optimal control problems with
pointwise state constraints governed by linear elliptic PDEs. The main idea of this approach
is to replace the state constraints by a single constraint using a smoothed minimum function.
The smoothing parameter induces a family of optimal control problems whose solutions form
a path that converges to the optimal solution of the original problem. We call this path the
path of solutions. We pursued two ideas:

1) We developed interior point methods for fixed smoothing parameter. These methods
converge to a point on the path of solutions. For the remaining length of this path we
provided an estimate.

2) We developed interior point methods that drive the smoothing parameter to zero. These
methods converge to the optimal solution of the original problem, i.e., the endpoint of
the path of solutions.

The methods in 1) admit a very complete convergence analysis in an infinite-dimensional
setting; the obtained results are similar to results from finite-dimensional interior point theory.
The drawback is, of course, that these methods do not aim for the optimal solution of the
original problem. However, by choosing the smoothing parameter small, a solution generated
by these methods is close to the solution of the original problem.

For the methods in 2) we provided a detailed convergence analysis in an infinite-dimensional
setting, too. In particular, we proved convergence of the iterates to the optimal solution together
with an estimate for the error in each iteration. Furthermore, we provided convergence rates
for the smoothing parameter and a bound for the required number of Newton steps. We point
out that for the problem class under consideration comparable results on convergence rates
have not been established before.

A special feature that all methods presented in this thesis share is that there is a quantity,
namely the Newton decrement, that provides a theoretically rigorous termination criterion for
the inner iteration of the interior point method and that can be computed during the course
of the algorithm.

We investigated methods from both 1) and 2) in numerical experiments and found that they
can be successfully applied in practice, probably even in cases that are not covered by the
theory in this thesis. Moreover, we tested some key estimates from theory numerically and
found all of them to be sharp.

Yet, there are several open questions. For instance, we only discussed problems with pointwise
state constraints; it would be desirable to add control constraints to this setting. Although
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9. Conclusions and outlook

control constraints are not considered as challenging as state constraints, it is not straight-
forward to incorporate these constraints into the self-concordance based framework that we
used. For instance, in a standard setting the controls would be elements of L?(£2), but the
self-concordant barrier functions that we employed are not well-defined on all of L?(£2).

Another generalization would be to allow for more general pointwise state constraints. We
suspect that this is possible as long as the resulting barrier functions are still self-concordant.
Moreover, it would be interesting to further investigate the predictor-corrector approach from
Section [2.8]in the context of optimal control.

On a more practical note it would be desirable that the developed algorithms take discretization
errors into account. Also, the practical efficiency would certainly benefit if goal-oriented mesh
refinement was used. Last but not least, it would be interesting to conduct further numerical
experiments, for instance for problems where the control acts only on the boundary, where (2,
is a strict subset of £2, or where £2 belongs to R3.

186



Acknowledgements

At first T would like to express my gratitude to my supervisor Michael Ulbrich for suggesting
this interesting subject and letting me explore it with great freedom. Furthermore, I would
like to thank him for giving me the opportunity to gain valuable teaching experience; I have
always tremendously enjoyed to teach students.

My special thanks are addressed to Boris von Loesch and Dominik Meidner. With Boris I shared
an office for over four years; the numerous discussions with him enriched my mathematical
work and my personal life. Dominik’s help as a colleague and his friendship are invaluable. I
am deeply grateful that I have met both of them.

I would also like to thank all my actual and former colleagues at university, particularly Alana,
Andre, Christian, Dennis, Florian, Martin, Moritz, Moritz, Sebastian, and Sonja, for the
wonderful time we have spent together.

I like to thank Anton, Chen, Dana, Fynn, and Hannah, who studied mathematics with me in
Hamburg and who have always encouraged me.

Finally, I thank my family for their support in all of its forms.

187






Appendices

189






A. Notation

All vector spaces in this thesis are real vector spaces.

The natural numbers 1, 2, 3, ... are denoted by IN. If we want to include zero, we write IN,
i.e., we set INg := IN U {0}.

We define Rs and R>¢ via Ry := {x € R: 2 > 0} and R>o := {x € R: 2 > 0}. The sets
R and R<( are defined analogously.

We use [z] € Z to denote the smallest integer that is equal to or greater than x € R, and
|x| € Z for the largest integer that is equal to or smaller than x € R. This is, [-] rounds up
and |-] rounds down.

To avoid confusion when dealing with norms we consistently use an index to make clear which
norm is meant. For instance, we use [-||, to denote the usual p-norm in R", p € [1,00]. In
particular, ||z||2 is the Euclidean norm of the vector x. Since this work often deals with several
norms on a fixed vector space, it is our opinion that this notation increases accessibility.

Let M and N be sets and f,g: M — N be functions. Then f = g means f(z) = g(z) for all
x € M. In particular, we write f = 0 to indicate that f vanishes everywhere on its domain of
definition.

For a function y : M — R on a set M we define y~ : M — R<g via y~ (z) := min{0, y(x)}.

Let D C X be an open subset of the normed vector space X. We call a three times
Gateaux differentiable function g : D — R quadratic on D iff it satisfies ¢/ = 0 on D. Note
that ¢ is then infinitely many times continuously differentiable.

A set 2 C R?, d € N, is said to be a domain iff it is open and connected.

For a continuous function y € C(£2,), respectively a function that belongs to a vector space Y
with Y — C(£2,), we denote by min(y) its minimum on (2,. If the minimum is to be taken on
a subset A C {2, only, we write mingea(y(z)).

For two continuous functions y € C(£2,) and § € C(f2,) we often abbreviate pointwise
inequalities that are satisfied on all of {2, by suppressing the point z. For instance, instead
of y(z) > §(x) Vo € 2, we just write y > §. Another example of this notation is given by
y > 0.

Newton steps at « are often denoted by n,. More precisely, for a twice Gateaux differentiable
function f: D — R with D C X open, X a Banach space, and f”(x) € L(X, X*) invertible,
we define n, := —f"(z) "1 f'(z).

To indicate for differentials whether we are dealing with a point x or a direction h, we use
different brackets. For example, by f/'(z)[h] € Z we denote the directional derivative of
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A. Notation

f:D— Z, D C X open, at x € D in direction h € X, where X and Z are normed vector
spaces. If f is at least Gateaux differentiable at x, f/'(z) € L(X, Z) denotes the differential of
f at z, and f’(z)[h] can then also be interpreted as the evaluation of f/(z) in direction h. In
particular, if Z = R and f is Gateaux differentiable at z, that is, f’(x) : X — R is an element
of X*, the notation f’(z)[h] coincides with the dual pairing (f'(z), h)x+ x, which we, however,
avoid for derivatives.

There are two common ways of looking at differentials of second derivatives. The first one
stems from the definition: The twice Gateaux differentiable function f: D — R, D C X open,
has the differential f”(z) € £(X,X*) at € D. Using the notation from above we write
f"(z)[h1][he] for hy, he € X, when we evaluate the differential f”(x)[h1] € X* in the direction
he € X. The second way of regarding the differential f”(z) is to identify £(X, X*) with the
space B(X x X, R), that is the space of bounded bilinear forms. It is easy to see that £(X, X*)
and B(X x X,R) are, indeed, isometrically isomorphic and can, hence, be identified. However,
this changes the notation a bit: Taking this point of view we rather write f”(z)[hq, hs| for
h1, ho € X. Besides notational changes this has an important effect on the existence of inverse
operators: While clearly there is no inverse to the bilinear form f”(z) € B(X x X,R), the
inverse of the mapping f”(x) € L(X, X*) does exist under certain conditions. In this work
we prefer to write f”(z)[h1, he], mainly since it is easier to read. However, if we want to
emphasize invertibility, we may use f”(x)[h1][he]. As a generalization of these considerations,
the differential f(™ (z) of a functional f : D — R that is n times Gateaux differentiable may
be considered a bounded multilinear mapping from X" to R. For more on this topic, see
[Zei93, Section 4.5].
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B. Sublinear rates of convergence

With the following definitions we give precise meaning to the term sublinear rate of conver-
gence.

Definition B.0.1. Let X be a normed vector space. Let (iL'k) C X be a convergent sequence
with limit point Z and denote by U the set U := {z* : k € IN}. We say that the sequence (z*)
converges g-sublinearly or at a g-sublinear rate to x € X iff there exists a function f : U — [0,1)
and an index K € IN such that it holds

lz**t — Zl|x < f(a")ll2" ~ Zlx Yk > K.

We call f(zF) the rate of convergence in iteration k.

Obviously, every g-linearly convergent sequence is g-sublinearly convergent, too. The converse
is not true, as the following example shows.

Example B.0.2. We choose X = R and consider the function f: X — R, f(t) :==1—¢. We
define the recursive sequence (73) via 7 = %, Tkt1 = f(7x) - 7k, k € IN. Tt is positive and
monotone decreasing, hence convergent with limit point 7 > 0. From the definition of (73) it
follows that 7 satisfies 7 = f(7) - 7, which yields 7 = 0. With this it follows from the definition
of (1) that this sequence is g-sublinearly convergent to zero with exact rate f(7;) =1 — 7 in
iteration k. However, since by definition we have

-
lim —* = Jim f(r,) =1
k—oo Tk k—ro0

due to 7, — 0 for k — oo, the sequence (73) is not g-linearly convergent.

Definition B.0.3. Let X be a normed vector space. We say that a sequence (l’k) c X
converges r-sublinearly or at an r-sublinear rate to & € X iff there exists a sequence (75) C R
that converges g-sublinearly to zero and an index K € IN such that it holds

||:Uk —|x <7 Vk>K.
As rate of convergence in iteration k we define the corresponding rate of the sequence (7).

Remark B.0.4. Note that g-sublinearly convergent sequences as well as r-sublinearly convergent
sequences are, in particular, convergent: For g-sublinearly convergent sequences this is required
by definition. For r-sublinearly convergent sequences this follows from the fact that the
sequence (7%) in the definition of r-sublinear convergence converges to zero.

Remark B.0.5. The notions of g-sublinear and r-sublinear convergence alone are not very
strong. For instance, g-sublinear convergence of a sequence (mk) to T is equivalent to the
strictly monotone convergence of (||z* — Z||x)k>x to zero. Of course, these concepts become
more meaningful when a rate of convergence is provided.
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C. Analysis in normed vector spaces

C.1. (Multi-)Linear operators

We start with the bounded inverse theorem, a fundamental result from functional analysis.

Theorem C.1.1. Let X and Y be Banach spaces and let A € L(X,Y) be invertible. Then
there holds A~! € L(Y, X).

Proof. See [Yos94l, Section 5, Corollary on p. 77|, where the spaces X and Y are even allowed
to be Fréchet spaces. ]

When working with n-th derivatives we want the corresponding differentials to be symmetric.

Definition C.1.2. Let X and Y be normed vector spaces and n € IN. Let X" denote the
direct product of n copies of X. We call a multilinear mapping A : X" — Y symmetric
iff it holds A(h1,ha,...,hn) = A(hoq), ho@), - - hom)) for all by, ha, ... hy, € X and every
permutation o : {1,2,...,n} — {1,2,...,n}. Here, as usual, permutation means bijection.

Remark C.1.3. In the special case n = 2 and ¥ = R we sometimes consider the bilinear
operator A : X x X — R in the preceding definition as A : X — X*. Then A is symmetric iff
it holds A(z)(y) = A(y)(x) for all z,y € X.

The following result is used to demonstrate that Newton’s equation is uniquely solvable.
It resembles the famous Laz-Milgram theorem. Its proof, however, only requires the Riesz
representation theorem since we work with a symmetric operator.

Theorem C.1.4. Let (X, |||x) be a Banach space. Let ¢ > 0 and A € L(X,X™*) be a
symmetric operator that satisfies the inequality

A(h)(R) = c|lR]% (C.1)
forall h € X. Then (X, ||-||x) is reflexive and for every f € X* the equation
A(s) = f

has a unique solution s € X. Moreover, A has a continuous inverse A=t € L(X*, X) and there
holds

47 ey <

1
LX*X) ™ ¢

In addition, the scalar product induced by A, i.e., (x,y)a = A(x)(y), yields a norm ||-||a on
X that is equivalent to ||-||x. In particular, X is a Hilbert space with respect to ||-||a-
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Proof. Using the properties of A we see that (x,y)4 defines a scalar product, indeed. Fur-
thermore, we infer from and the continuity of A that the norm ||-||4 induced by this
scalar product is equivalent to ||-|[x. This implies, firstly, that (X, ||-||4) is a Hilbert space,
and, secondly, that the dual spaces of (X, ||-||4) and (X, ||-||x) coincide as sets. Furthermore,
the bidual spaces of (X, ||-||4) and (X, ||-||x) also coincide as sets. It follows that (X, ||-||x) is
reflexive since this is true for the Hilbert space (X, ||-||4). Applying the Riesz representation
theorem, see, e.g., [Yos94l, Section 6, pp. 90], we deduce that A(s) = f is uniquely solvable
for every f € X*. Thus, A is invertible. Due to (C.1) we have ||A(h)|x+ > c||h||x for all
h € X. Using the bijectivity of A this implies that A~! is bounded with HAich(X*,X) < %,
as asserted. Of course, this also shows the continuity of A~ O

The next lemma provides a generalized version of the well-known Cauchy-Schwarz inequality.

Lemma C.1.5. Let X be a normed vector space. Let A, B : X x X — R be symmetric bilinear
forms with

|A(h,h)| < B(h,h)

for all h € X. Furthermore, let B be positive definite, i.e., for all h € X \ {0} it holds
B(h,h) > 0. Then we have for all hy,hy € X

|A(h1,h2)| </ B(ha, hn) \/B(ha, ho).

Proof. We start with an auxiliary consideration: For arbitrary hi, ho € X we have
. 1 T I
A(hy,ho) = 1 (A(h1 + ha, hi + he) — A(h1 — ha, hy — hz)) -
Invoking the prerequisite we obtain
.. 1 - . - - - . - 1 - . - .
A(ha. o) < 3 (B(ha + ha, bt + ho) + B(ha — ha, by — ho) ) = 5 (B(h1, h1) + B(ha, b)) .

(C.2)

We now prove the assertion for hy € X and hy € X. Apparently, it suffices to establish

A(hy,hg) < \/B(h1,h1) \/B(hg, hy). Without loss of generality we assume hy, hy # 0. We
define

W= (4/B(h1, hl)/B(hQ, hg) > 0.
Application of (C.2) to hy := hy/p and hy := phs yields together with the definition of y

Al ha) = AlFn, o) < <;2B(h1,h1) +u2B(h2,h2)> — /B, ) /B, o). O

The next result is an inequality between symmetric bilinear and trilinear forms.

Lemma C.1.6. Let X be a normed vector space. Let A: X x X x X — R be a symmetric
trilinear form on X and B : X x X — R be a symmetric bilinear form on X such that

A(h,h,h)? < aB(h,h)?
is satisfied for all h € X and a positive constant o. Then it holds for all hy, ha,hs € X
A(hi,ha, h3)? < aB(hy, h1)B(ho, ho) B(hs, hs).
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C.2. Differential calculus

Proof. Let (h1,ha,h3) € X x X x X be given. Defining V := Span{hi, ho, hg} it obviously
suffices to prove that
A(h,h,h)? < aB(h,h)® forallheV
implies
A(ha,ha, h3)? < aB(hy, 1) B(ha, ho) B(hs, hs).
We now show that this implication follows from the finite-dimensional version of the assertion.

To this end, we define for all v € R? the multiplication v - (hy, ha, h3) := vih1 + vohs + vshs
and set

AR xR*xR* 5 R, A(vi,v2,v3) := A(vy - (ha, ha, h3),va - (h, ha, hs),vs - (ha, ha, h3))
and ) )
B: RS X ]Rg — R, B(Ul,vg) = B('Ul . (hl, hg, hg),’l)g . (hl, hQ, hg))
With these definitions it is sufficient to prove that

A(v,v,v)* < aB(v,v)® forallveR3

implies

Aleq,ez,e3)? < aB(ey,e1)Bley, e2)B(es, e3),
where e; € R3, i € {1,2,3}, denotes the canonical unit vector. It is easy to see that Ais a
symmetric trilinear form and that B is a symmetric bilinear form. In fact, this is directly
implied by the corresponding properties of A and B. Thus, it suffices to prove the assertion for
the finite-dimensional case of X = R3. A proof for this case can be found in [Jar92, Appendix,
A.1]. (Note that in [Jar92] the form A is additionally assumed to be homogeneous. However,

by saying that A is trilinear, we consider it to be homogeneous, too. Thus, we can apply the
result from [Jar92].) O

C.2. Differential calculus

The following lemma provides a large class of Lipschitz continuous mappings.

Lemma C.2.1. Let X and Y be normed vector spaces. Let D C X be open and let K C D be
conver. Let F': D =Y be Gateaux differentiable. Then it holds

[1F(z) = F(y)lly < sup HF/(Z)HL(X,Y) Iz —yllx
z€K
for all z,y € K. In particular, F is Lipschitz in K if sup,cg ||F’(z)||£(ij) < 00 is valid.

Proof. Since it is hard to find a proof in the literature if only Gateaux differentiability is as-
sumed, we provide one here. It is based on [K6n04bl Section 3.2]. If sup,c k|| F”(2) || z(x,v) = 00,
then there is nothing to prove. Hence, we may assume L := sup,¢ g || F'(2)[ z(x,y) < oo. Fix
x,y € K. Without loss of generality we may assume z # y. The Gateaux differentiability of
F implies that t — F(y + t(x — y)) is continuous in [0, 1]. For € > 0 we consider

Ge:[0,1] =R, Ge(t) = ||F(y+tlz—y) - F)ly —t(L+e)lz—yllx.
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C. Analysis in normed vector spaces

We establish G-(1) < 0 for all € > 0, which implies the assertion. To this end, assume that there
is € > 0 with G.(1) > 0. By virtue of G.(0) = 0 and the intermediate value theorem (G is
continuous) this shows that there exists tg € (0,1) with G:(t9) = G:(1)/2 and G.(t) > G.(1)/2
for all t € (to,1]. Hence, it follows

Gs(t) - Gs(t())
t—to

p(t) =

>0 forall t € (to,1].

Using the reverse triangle inequality the definition of ¢ implies

Fly+tx—y) — F(y+tolz —y))
t—to

—(L+e)llz—yly forallte (to,1].
Y

p(t) < H

Together, we have

Fly+tx—y) — Fy+to(z —y))
t—1to

—(L+e)||lz—yly forallte (t,1]. (C.3)

<]
Y

With the Gateaux differentiability of F' and the convexity of K we infer

Fly+tx—y) — F(y+tolz —y))
t—to

lim
t—to

=F'(y+tolx =)z = yllly < Lllz —yllx-
Y

Thus, taking the limit ¢ — ¢J in (C.3) yields the contradiction
0<[[F'(y+tox—y)lz—yllly —(L+e)llz—ylx < —cllz—ylx <O m

Lemma C.2.2. Let X and Y be normed vector spaces. Let K C X be bounded. If F': K =Y
is Lipschitz continuous, then F' is bounded in K.

Proof. If K is empty, the assertion is trivial. If K is nonempty, choose y € K arbitrarily. By
the triangle inequality and the Lipschitz continuity with constant L we have

IE()ly < [FW)lly +I1F(@) = F)lly <IFWly + Lz —yllx
for all x € K. Since K is bounded, this inequality proves the assertion. O

Corollary C.2.3. Let X andY be normed vector spaces. Let D C X be open and let K C D be
bounded and convex. Let F : D — 'Y be Gateauz differentiable with sup, ¢ ”F/(Z)Hﬁ(x yy < 00.
Then F s bounded in K.

Proof. Lemma yields the Lipschitz continuity of F' in K, and from Lemma the
assertion follows. O

Well-known from finite-dimensional analysis and often very useful is the technique to argue total
differentiability through showing continuous partial differentiability. In infinite-dimensional
vector spaces this is possible, too, if one replaces the terms “total differentiability” and “partial
differentiability” by “Fréchet differentiability” and “Gateaux differentiability”.
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C.2. Differential calculus

Lemma C.2.4. Let X and Y be normed vector spaces and D C X be open. Let F': D — Y
be Gateaux differentiable in D and let x — F'(z) be continuous at vo € D. Then F is
Fréchet differentiable at xg.

Proof. There exists § > 0 with zg + Bs(0) C D. Let (h¥) € Bs(0) \ {0} with limj_,, h¥ =0
be given. It suffices to establish

F(zo + h*) — F(z0) — F'(x0)[R"]
ﬁﬁ“ : P - (4

Consider for fixed k£ € IN the function
G:1—-Y, G(t):=F(zq+th*) — tF'(x)[h*],

where the open interval I is given by I := {t € R : th* € Bs(0)}. In particular, we have
[0,1] € I. The definition of Gateaux differentiability implies that G is Gateaux differentiable
in I with G'(t)[s] = s(F'(zo + th*)[h¥] — F'(x0)[h*]). Hence, from Lemma we deduce

|0 + 1) = Flao) - Flao)(], = 160 = GOy < st |G Ollcqnyy

)

IN

sup | F(wo + th*) — F' (o)
t€[0,1]

>

‘|

L(X,)Y) X’

This estimate holds for all £ € IN. To demonstrate that (C.4]) is valid it, thus, remains to argue
limy— 00 SUPefo, 1] [|F" (w0 + th*) — F'(z0)| z(x,y) = 0. However, it is elementary to see that this
follows from the continuity of F’ at xg. O

Remark C.2.5. Of course, in the preceding lemma Gateaux and Fréchet differential coincide.

The next result implies that we do not need to differ between continuous Fréchet differentiability
and continuous Gateaux differentiability; we can just speak of continuous differentiability.

Corollary C.2.6. Let X and Y be normed vector spaces and D C X be open. Let F': D —'Y
be continuously Gateaux differentiable in D. Then F is continuously Fréchet differentiable
in D.

Proof. Using the coincidence of Gateaux and Fréchet derivative in the case at hand, this
follows from the preceding lemma. O
Two basic tools for differentiation in normed vector spaces are product rule and chain rule.

Lemma C.2.7. Let X, Y1, Ys, and Z be normed vector spaces. Let D C X be an open set
and let F: D — Y] and G : D — Y3 be (continuously) Fréchet differentiable. Moreover, let
a:Y1 X Yo — Z be a bounded bilinear form. Then

H:D— Z, H(z):=a(F(z),G(z))
is (continuously) Fréchet differentiable. Its derivative in direction h € X is given by

H'(z)[h] = a(F'(2)[h], G(2)) + a(F(2), G'(x)[h]).
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C. Analysis in normed vector spaces

Proof. For the proof in the Fréchet differentiable case, see [Zei93, Proposition 4.11]. The
prerequisite in [Zei93] that all vector spaces are Banach spaces is not required for the proof
given there.

It remains to prove continuity of H' in the case that F’ and G’ are continuous. Given x € D
and y € X with x +y € D we have for all h € X the estimate

1 (2 + y)[h] = H'(2)[R]] ; < [|a

+ Ha

+ Ha

+ Ha

—~

Fl(z +y)[h, G(z +y)) — o(F'(z + y)[n], G(@)) ] ,
Fl(@ +y)[h], G(z)) — a(F'()[1], G(2)) | ,
F(z +y), Gz +y)[h]) — a(F(2), Gz + y)[h) || ,
F(x),G'(z +y)[h]) — a(F(x), G ()[A])]] , -

—~~ —~

It is easy to see that the continuity of H' at z follows from this estimate in combination with
the boundedness of a and the continuity of F', F’, G, and G’. O

Remark C.2.8. An important special case of the preceding lemma is the one where Z = R,
Y1 = Y5, and the bilinear form is a scalar product. If, in addition, D = X = Y; = Y5 and
F = G =1d are used, then we obtain the well-known formula for the derivative of x — ||z[/%.

Lemma C.2.9. Let X, Y, and Z be normed vector spaces. Let D C X and E CY be open.
Let F: D —Y and G: E — Z be (continuously) Fréchet differentiable with F(D) C E. Then

H:D— Z, H(z):=G(F(x))
is (continuously) Fréchet differentiable. Its derivative in direction h € X is given by

H'(z)[h] = G'(F(2)) [F" (x)[1].

Proof. In the case of Fréchet differentiability the proof is the same as in finite dimensions,
see, e.g., [Kon04b, Section 3.1, IT]. In the case of continuous differentiability the continuity
of x — G'(F(x))F'(x) € L(X, Z) follows by an estimate similar to the one in the proof of
Lemma O

In an important special case the chain rule reads as follows.

Corollary C.2.10. Let X be a normed vector space. Let D C X and E C R be open. Let
F : D — R be (continuously) Fréchet differentiable with F(D) C E. Moreover, let ¢ : E — R
be a (continuously) differentiable function. Then

H:D— R, H(z):=pF(x)
is (continuously) Fréchet differentiable. Its derivative in direction h € X is given by

H'(z)[h] = &' (F(x)) - F'(2)[h].

Proof. The assertion follows from the preceding lemma by use of Y = R, Z = R, and
G = ¢. Note that (continuous) Fréchet differentiability of G translates into (continuous)
differentiability of ¢, and that there holds ¢'(t)[s] = ¢/(t) - s for all directions s € R. O
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A well-known result is Schwarz’s Theorem, which is also called Clairaut’s Theorem. We present
a version for functionals, i.e., mappings whose image space is R. This is sufficient for our
purposes and allows for a particularly simple proof. Moreover, it allows us to slightly weaken the
assumption from the frequently required continuous differentiability to Fréchet differentiability
only.

Theorem C.2.11. Let X be a normed vector space and D C X be an open set. Let f : D — R
be n times Fréchet differentiable. Then f™ (x) : X™ — R is symmetric for every x € D.

Proof. For n =1 the assertion is trivially fulfilled. Hence, let n > 2. Since every permutation
can be written as composition of commutations, cf. [Fis08, Section 3.2.2], it suffices to establish
the assertion in the case n = 2. To this end, fix x € D and hq, hy € X. Define

¢:B;(0) CR? =R, ¢(t,s):= f(x +thy + shy),

where 6 > 0 is chosen such that x + th; + shy € D holds for all (¢,s) € Bs(0). It is elementary
to see that ¢ is twice Fréchet differentiable with

gD”(t, 8)[11] [w] = f”(w +thy + Shg)[vlhl + Ughg][wlih + wghg]

for all v,w € R2. We apply the finite-dimensional version of Schwarz’s Theorem, cf. [BF96,
Satz, Seite 125ff], to ¢ at ¢ = s = 0. This establishes the assertion:

f(x)[ha][ha] = ¢"(0,0)[e1][ea] = ¢"(0,0)[e2][e1] = f"(x)[h2][h1]- O

Remark C.2.12. As an alternative to the proof given above we mention that the proof from
IBF96] also applies to f: D — R.

The next lemma shows how to differentiate in a continuously embedded subspace W — X
when a derivative in X is known.

Lemma C.2.13. Let X and Y be normed vector spaces. Let D C X be an open set and
let F : D — Y be (continuously) Fréchet differentiable in D. Moreover, let W — X be
continuously embedded and denote the embedding by T € L(W, X). Then the “restriction F of
FtoW?” ie, Fi=FoT:T Y (D) =Y, is (continuously) Fréchet differentiable in T—(D),
and it holds F'(w)[h] = F'(z)[T(h)] for all w € T~Y(D) and all h € W, where w satisfies
T(w) =z.

Remark C.2.14. The set T—1(D) is W-open since T is continuous.

Proof. All assertions follow from the chain rule, ¢f. Lemma O

Lemma C.2.15. Let f : R — R be k times continuously differentiable and let {2 be a bounded
domain. Then

F:0@) =R, Fy) ::/Qf(y(x))dx

is k times continuously differentiable and its r-th differential F")(y) € (C(R2)")* at y € C(R)
s given by

FO@h. .l = [ O y@)h(a) - (@) do.
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Remark C.2.16. Due to continuity all integrals in the preceding lemma are well-defined.

Remark C.2.17. Apparently, the statement holds true if 2 = U™, £2; with disjoint and bounded
domains §2;, i =1,...,m.

Proof. Using the linearity and continuity of the operator [, : C(£2) — R, the assertion follows
from [Ulb11bl Proposition A.13] and the chain rule. O

Corollary C.2.18. Let Y be a function space with Y — C(§2). Then the assertions of
Lemma hold true with C($2) replaced by Y and y(z), h(x) replaced by T(y)(z), T (h)(x),

where T € L(Y,C(§2)) denotes the embedding.

Proof. Apply Lemma to Lemma O

Remark C.2.19. It is customary not to write embeddings explicitly. Then the preceding result
states that we can directly replace C(£2) by Y in Lemma |C.2.15

The next lemma shows how to differentiate integrals that depend on a real parameter. It
basically states that we are allowed to “differentiate under the integral”. We choose not to
give a more general version since this simple version is sufficient for our purposes.

Lemma C.2.20. Let I C R be an open interval and 2 C R™ a bounded open set. Furthermore,
let f:Ix 02 =R, (t,z)— f(t,z) be a function with the following properties:

o For every fived t € I the function x — f(t,x) is continuous in {2.

e For every fived x € 2 the function t — f(t,x) is differentiable in I.
: of(ta) , ]

e The function (t,x) — == is continuous in I x £2.

Then
F:1—-R, F():= /Qf(t,:c)da;

1s continuously differentiable. Its derivative is given by

F':I>R, F(t) ::/ Of(t, )

dx.
0 ot .

Remark C.2.21. All integrals in the preceding lemma are well-defined due to continuity.

Proof. This result follows from [K6n04bl Section 8.4, Differentiationssatz]. O

The following two corollaries show how to differentiate certain mappings.
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Corollary C.2.22. Let I C R be an open interval and 2 C R"™ a bounded open set. Let
f:Ix02 =R, (t,r)— f(t,z) be a function with the same properties as in Lemma |C.2.20).
Moreover, let Y be a normed vector space with Y — C(£2). Then

F:IoY*, F)®) ::/Qf(t,:c)h(x)dx

is continuously differentiable. Its derivative at t € I in direction s € R is given by

F'(t)[s] € Y™, F’(t)[s](h):s-/gafgt’x) () da.

In the integrals we write h rather than T(h), where T denotes the embedding Y — C(£2).

Remark C.2.23. F'(t) is well-defined since the occurring integrand is continuous with respect
to x.

Proof. We abbreviate by f/(t,z) the continuous function (¢,z) of g;,x)‘ Furthermore, we
denote by C the constant of the embedding Y < C(£2). At every point to € I the asserted
differential F'(to)[s] € Y* is obviously linear in s. It is, furthermore, continuous:

sup HF'(tO)[sH v+ = sup |s] - HF’ to)| H sup / fi(to,
[s|=1 |s|=1 ”hHY_l
< sup Hft to, - HLl(Q) ||h||() < CHft(tO)')HLl(Q)

lI2lly=1
Here, we used that = — f/(to,2) is continuous in §2, which implies that || f(to,-)l| 1) is finite.
Lemma now yields the continuous differentiability of F' in I, as is easy to see. O

Corollary C.2.24. Let I C R be an open interval and 2 C R™ a bounded open set. Let
f:Ix2 =R, (t,x)— f(t,z) be a function with the same properties as in Lemma |C.2.20).
Moreover, let Y be a normed vector space with Y — C(£2). Then

F:l—L,Y"), F)h)h /ftxhl 2)ho(z) dz

1s continuously differentiable. Its derivative at t € I in direction s € R is given by

F'(t)[s] € LY, Y™), F'(t)[s](h1)(hg) =s- /Q Gf(att, z) - hy(z)ha(z) dz.

Proof. Analogue to the proof of the preceding corollary. O

The following result is the well-known implicit function theorem.

Theorem C.2.25. Let X, Y, and Z be Banach spaces and let D C X XY be open. Let
F:D — Z be (m times) continuously differentiable and let (zo,yo) € D with F(xo,yo) =0 be
given. Moreover, let Fy(xg,y0) € L(Y,Z) be invertible. Then there exist 61,02 > 0 such that
for each x € Bs, (x0) there is exactly one y = y(x) € Bs,(yo) with F(x,y) = 0. Furthermore,
x — y(x) is (m times) continuously differentiable.
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Remark C.2.26. F,(xo,yo) denotes the derivative of y — F'(zo,y) evaluated at y = yo.
Proof. See [Z¢193), Theorem 4.B]. O

The next lemma shows that taking the inverse is a Fréchet differentiable mapping.

Lemma C.2.27. Let X and Y be Banach spaces. Denote by M C L(X,Y) the set of bounded
linear operators that are invertible. Then M is open and

Inv: M — L(Y,X), Ar Inv(A):=A""
is continuously differentiable. Its derivative at A € M in direction H € L(X,Y) is given by

Inv'(A)[H] = —Inv(A) o H o Inv(A) € L(Y,X).

Proof. The fact that M is open is well-known, cf., e.g., [AIt06, Section 3.8]. To infer the
continuous differentiability apply the implicit function theorem to the continuously differentiable

mapping
F:MxLY,X)—LY)Y), F(AB):=A0B-1Id.

This is possible since L£(X,Y), L(Y, X), and £(Y,Y’) are Banach spaces. This yields that the
mapping A — Inv(A) is continuously differentiable. The formula for the derivative can be
deduced from differentiating A — F(A,Inv(A)) using the chain rule. O

Corollary C.2.28. Let the mapping Inv : M — L(Y, X) be defined as in Lemma and
let K C M be a convex set in which the inequality supacgc [Inv(A)|z (v, x) < 00 is satisfied.
Then Inv is Lipschitz continuous in K and the Lipschitz constant L1, ts bounded by

Ly, < sup HIHV(A)Hi(Y,X) < 0.
AcK

Proof. Lipschitz continuity and the first inequality are a direct consequence of Lemma
and Lemma The second inequality is obvious. O

At some point we investigate how changes of an invertible operator affect the inverse of this
operator. The following corollary provides a suitable estimate.

Corollary C.2.29. Let X be a Banach space. Let ¢ > 0 and assume that the set
P.:= {A € L(X,X*): A symmetric with A(h)(h) > c||h||% for all h € X}

is nonempty. Then it holds: X is reflexive, all elements of P. are invertible, and taking the
inverse is a Lipschitz continuous operation. More precisely, for all A, B € P, we have

HA—I N B—1H£(X*,X) < c% 1A = Bl gix.xo) -
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Proof. Theorem implies that X is reflexive and that every A € P, is invertible with
continuous inverse. It remains to estimate the Lipschitz constant. To this end, we define

Inv: M — L(X* X), Inv(A):=A""

with M C L£(X,X*) as in the two preceding results (note that X* is a Banach space).
Obviously, P, is a convex subset of M. Furthermore, from Theorem we know that it
holds [[Inv(A)|z(x+,x) < 1 for every A € P.. Therefore, it follows from Corollary that
the mapping Inv is Lipschitz continuous on P, with Lipschitz constant smaller than or equal
to c%, which shows the assertion. ]

C.3. Derivatives of the barrier functions

We compute the derivatives of the barrier functions f ,.

Lemma C.3.1. Let (g,u) € R>g X Rso. Then it holds:

The mapping Uqa(e) > u > feu(u) is thrice Fréchet differentiable. Its first derivative in
direction h € U 1is given by

! Cj j'(w)h Be) (u)[h
P ()] = M% (e BTN

in case I. In case II we have

! —gﬁlu —7(e)—=——7F
fe(W)[h] = u]( )[h] = 7(¢) B (u)

Its second derivative in directions (hy,ha) € U x U is given by

Cj [ 3"(@)lha,ha] — j'(w)[ha] - 3" (u) (Do)

" [
eulw)lhi he] = — = — -
(u)[ha, hal C: —iw) (C;—j(u))z
—r(e) (B°)"(w)lh1,ho]  (B) (uw)[h1] - (BF)"(u)[h]
B#(u) (B(u))”
in case I. In case II we have
Faw)lhnste] = <25 w)lhy, o
—r(e) (B9)"(u)[h1,he]  (B%) (u)[h] - (B7)(u)[he]
B=(u) (B(u))®
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Proof. By definition, ; is thrice Fréchet differentiable in U. Moreover, B is a quadratic
function and, hence, thrice Fréchet differentiable in U. The smoothed minimum min, is thrice
Fréchet differentiable in C(£2,), as can be argued by use of Corollary |C.2.10, Lemma
and the product rule. The chain rule then implies that B¢ is thrice Fréchet differentiable.

The fact that f; , is thrice Fréchet differentiable as well as the asserted formulas for the first
and second derivative can now be established by use of Corollary and the product
rule. O

C.4. Convex analysis

In this section we suppose that (X, ||-||x) is a normed vector space if not stated otherwise.

C.4.1. Convex sets

The following lemma shows that convexity of K implies convexity of K.

Lemma C.4.1. Let K C X be convex. Then K is conver.

Proof. If K is empty, then the assertion is true. Hence, we may suppose that K is nonempty.
Let 2,y € K. There exist sequences (z¥), (y¥) ¢ K with 2 — z and y* — y for & — oc.
Hence, for A € [0,1] and all k € IN we have Az* + (1 — \)y* € K. For k — oo this shows
A+ (1-NyeK. 0

The next result characterizes the interior of feasible sets for convex optimization problems.

Lemma C.4.2. Let g : X — R™ be continuous with convexr components g;, i = 1,...,m.
Define K € X by K :={z € X : g(x) < 0}. Then K is convex. Furthermore, if Slater’s
condition holds, i.e., if there exists x° € K with g(z°) < 0, then the interior of K is given by

int(K) ={z e X :g(z) <0},
and the closure of {x € X : g(x) < 0} is K. Here, all inequalities are meant componentwise.

Remark C.4.3. Of course, if ¢ is continuous there always holds {x € X : g(x) < 0} C int(K).
The result above says that the converse is true if the components of g are convex and
{z € X : g(z) < 0} is nonempty. As simple examples describing why these two prerequisites
are necessary, consider ¢ : R — R, g(xr) = —2? (g is not convex) and g = 0 (the set
{z € X : g(z) < 0} is empty). Furthermore, it is clear that the closure of {z € X : g(x) < 0}
is contained in K. However, these two sets are, in general, not equal. The result above
states that the convexity of the components of g and {x € X : g(x) < 0} # () are sufficient
conditions for this equality to hold. As examples for the necessity of these two prerequisites
use g: R — R, g(x) = % — z + 2 (this function is not convex, and it holds # := 1 € K but

¢ {xr € X :g(x) <0} since ¥ is a local minimizer of g) and, again, g = 0.
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Proof. 1t is elementary to show the convexity of K. To prove int(K) = {z € X : g(z) < 0}
it suffices to show int(K) C {x € X : g(x) < 0}, as pointed out in the remark. We argue by
contradiction. Thus, assume that there exists Z € int(K) with g(Z) = 0. Then there is € > 0
such that all x € X with ||z — Z||x < € satisfy g(z) < 0. This implies that there is 7 > 1 such
that y := 2° + 7(Z — 2°) satisfies g(y) < 0. Due to convexity of g;, i = 1,...,m, and g(z°) <0
we infer that it holds for all A € [0,1)

g Ay + (1 —XN)z°) <0.

For A = 1 € (0,1) we obtain Ay + (1 — A)z° = & and hence g() < 0, which is a contradiction.

Using {z € X : g(z) < 0} C K the last assertion can be established by showing that it holds
K C{z € X : g(x) < 0}. To this end, let z € K be given, i.e., we have g(z) < 0. Considering
y* = Mgz + (1 — A )2° for a sequence (M) C [0,1) with Ay — 1~ for k — oo, we obtain y* — z
for k — oo, and (y¥) C {x € X : g(z) < 0} from the convexity of the g;, i = 1,...,m. This
implies x € {x € X : g(x) < 0}, which concludes the proof. O

C.4.2. Minimizers of convex optimization problems

For convex problems every local minimizer is a global minimizer.

Lemma C.4.4. Let f : K — R be convex on the conver set K C X. Then every local
minimizer of f is a global minimizer. If f is strictly convex, then there is at most one
minimaizer.

Proof. Let x € K be a local minimizer of f, i.e., there exists § > 0 such that z is a global
minimizer of f on Bs(z) N K. Assume that z is not a global minimizer of f on K, i.e.,
there exists * € K with f(2*) < f(z). Then for sufficiently small A € (0,1) there holds
x:=Ax*+ (1 - Nz € (Bs(z) N K) since K is convex. This implies f(z) > f(z). However, the
convexity of f yields the contradiction f(xz) < Af(x*)+ (1 = N\)f(z) < f(Z).

If f is strictly convex and Z,z* € K are two (local=global) minimizers with Z # z*, then
f(37+ 32%) < 1 f(2) + 5 f(z*) = f(2) yields a contradiction. O
The next lemma presents the fundamental result for existence of minimizers in reflexive Banach

spaces.

Lemma C.4.5. Let X be a reflexive Banach space. Let K C X be nonempty, bounded, closed,
and convex. Let j : K — R be lower semi-continuous and convex on K. Then there exists a
global minimizer of j on K.

Proof. The proof can, e.g., be found in the classical book of Ekeland and Temam, see [ET99,
Chapter 2, Proposition 1.2]. O

The following corollary is very useful in the context of barrier methods.
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Corollary C.4.6. Let X be a reflexive Banach space. Let K C X be nonempty, bounded, and
convezx. Let f: K — R be a continuous and convex barrier function for K. Then f possesses
a global minimizer on K.

Proof. Since f is convex on K, any minimizer is global. Fix & € K and define
Ni={seK: f(z) < (@)}

We have & € N. Moreover, N C K is obviously convex and bounded. Due to the barrier
property of f, the set N is also closed in X (not only in K). Hence, by Lemma the
function f possesses a minimizer on N. This, of course, is also a minimizer of f on K. O

C.4.3. Convex functions I: Characterizations via derivatives

The following lemmas are often helpful for proving convexity of differentiable functions.

Lemma C.4.7. Let D C X be open, K C D convex, and f : D — R Gateauz differentiable.
Then f is

1) convex on K if and only if

fl@) + @)y — 2] < fly)

2) strictly conver on K if and only if

f@) + f(@)ly — 2] < f(y)
3) uniformly convexr on K with modulus o > 0 if and only if

f@) + f @)y~ ] + Flle = yllk < )
holds for all x,y € K with © # y.

Proof. This can be proven in the same way as for finite-dimensional X. A proof of the
finite-dimensional version can be found in many introductory textbooks on optimization that
cover convexity, e.g., [GK99, Satz 3.5] and [UUIL2, Satz 6.3]. (In these books it is assumed
that f is continuously differentiable, however, the proofs do not make use of this since only
directional derivatives are considered.) O

Corollary C.4.8. Let D C X be open, K C D convex, and f : D — R Gadteauz differentiable.
Moreover, let f be convex on K and let & € K with f'(z) =0 € X* be given. Then T is a
global minimizer of f on K.

Proof. This is an immediate consequence of 1) from the preceding lemma. O

208



C.4. Convex analysis

Lemma C.4.9. Let K C X be open and convex. Furthermore, let f : K — R be twice
continuously differentiable. Then f is convex on K (respectively, uniformly convex on K with
modulus o > 0) if and only if

f"(@)[h,h) >0 (respectively, f"(x)[h, h] > a||h]?)
is satisfied for all x € K, h € X. f is strictly convex on K if for all x € K, h € X we have

f"(x)[h, k] > 0.

Proof. This can be proven in the same way as for finite-dimensional X, e.g., as in [UU12|

Satz 6.4]. O

Remark C.4.10. In the preceding lemma the assumption of twice continuous differentiability
can be replaced by twice Gateaux differentiability. This can be proven as in [BC11, Proposi-
tion 17.10]. The standard proofs, however, use Taylor expansion and are, therefore, not valid
in this more general setting.

C.4.4. Convex functions Il: Uniform convexity

First we state the definition of a uniformly convex function. We do this in particular because
we want to make clear what we mean by the modulus of a uniformly convex function.

Definition C.4.11. Let K C X be a convex set. We call a function j : K — R uniformly
convex with (convexity) modulus o > 0 iff it holds

. ~ « ~ . .
J O+ (1= 02) + 5M1 = V) [l = llx < Ajw) + (1= V(@)
for all z,z € K and all A € [0,1].

Uniform convexity plays an important role in our considerations. This is due to two properties
that uniformly convex functions possess: Firstly, uniform convexity implies certain growth
properties. For instance, for uniformly convex functions the distance of two points can be
measured by the distance of their function values. This allows us to pass from convergence in
function value to convergence of iterates. Secondly, uniform convexity implies that Newton’s
equation has a unique solution. We start with the growth properties.

Lemma C.4.12. Let j: K — R be uniformly convex with modulus o > 0 on the convex set
K C X. Assume that j possesses a global minimizer T on K. Then it holds for all z € K

le =7 < ja i) = i(@).

Proof. Let x € K be arbitrary. Due to the uniform convexity of j with convexity modulus
a > 0 on K, there holds

1 1
T e ==* < j(@) + (@) - 2o + 57).
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we have —2j(3z + 3T) < —2j(T) since T is the global minimum of j on K. From this we

deduce
1

. L 1 _ . o
() + (@) — 24(5 + 57) < (@) - (@)
and, hence, the assertion follows. O

Lemma C.4.13. Let D C X be open, K C D convezx, and f: D — R Gateauz differentiable.
Moreover, let f be uniformly convex with modulus o > 0 on K. Furthermore, let &,x € K.
Then it holds

2[|f(%)[ x-

F@) 5@ = ey < P

Moreover, for every v € R there exists a C > 0 such that every x € K with ||z||x > C satisfies
f(x) >~. In particular, L§(y) :={x € K : f(z) <~} is bounded.

Proof. The first assertion is clear for z = Z. Hence, let x # & be satisfied. Due to the uniform
convexity of f with modulus @ > 0 and f(z) — f(Z) < 0 we have

« 112 1 - T T -
e —al% < 5 if(w) ~F@) - a(f (5+3) - £@) a o
<~ F @l =7~ Sl - 2% < 1@l lle = Flx — e 2l

To derive the second inequality we used Lemma Adding ||z — Z[|% to both sides
of (C.5)), multiplying it with 4/«, dividing by ||z — Z||x, and applying the reverse triangle
inequality ||z — Z||x > ||z||x — ||Z]|x, we obtain the first assertion.

To deduce the validity of the second assertion fix & € K and choose C' > 0 so large that
~ ~ ~ «a ~
F@) = IF @l = 2llx + e =2k =y (C.6)

holds true for all x € K with ||z||x > C. It is easy to see that such a C exists. Due to the
uniform convexity of f we deduce for all these x

Qo -al < 3@ - f@) - (1 (5+3) - 1@) <

where we used Lemma, This yields

(F(z) — F(@)) — 57/ @)fw — 7],

N | =

U — 2l + F @)l 3] + @) < f(@)

for all these z. Together with (C.6) this implies f(z) >« for all z € K with ||z||x > C. O

The next lemma shows that concatenation with the natural logarithm preserves uniform
concavity.

Lemma C.4.14. Let f : X — R be twice continuously differentiable and uniformly concave
with modulus o > 0, i.e., there holds f"(x)[h, h] < —a||h||% for allz € X and allh € X. Define
K :={x e X : f(x) >0}. Then K is bounded. Let Cy > 0 and denote f :=sup,c f(x). If f

is finite, then f : K — R, f(z) = —Cy¢In(f(x)) is uniformly convex with modulus % If K

is nonempty and X a Banach space, then f is guaranteed to be finite.
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Proof. The boundedness of K follows from Lemma |C.4.13] Supposing that f is finite the
assertion on the uniform convexity of f follows from a simple computation. In fact, we have
forallz € K and he X

rams-o (L5258

@Y o Il
ZCf( /() )ch fw) = 1Mk

We show that f is finite under the additional assumptions by establishing inf,c f(x) > —oo.
K is nonempty, convex, and bounded. Moreover, f is a continuous barrier function for K since
0K C {x € X : f(x) = 0}, as follows from the continuity of f. Without assuming finiteness of f,
(C7) still shows that f is convex on K. Therefore, Corollary implies inf,e f(x) > —oo0.
To apply this corollary we note that X is reflexive due to Theorem [C.1.4] O

(C.7)

Finally, we establish that Newton’s equation has a unique solution for uniformly convex
functions.

Theorem C.4.15. Let (X, ||-||x) be a Banach space. Let K C X be nonempty, open, and
convez. Let f : K — R be twice continuously differentiable and uniformly conver on K with
modulus c > 0. Then X is reflexive and Newton’s equation at x € K, i.e.,

f(@)[s] = —f'(x),

posed in X*, has a unique solution s € X. Moreover, f"(x) € L(X,X*) has a continuous
inverse f"(z)~! € L(X*, X) and there holds

In addition, the scalar product induced by f"(x) yields a norm ||-|| pr(z) on X that is equivalent
to ||-lx. In particular, X is a Hilbert space with respect to ||-|| p(z)-

1
LX*X) ~ o

f//(m)—lH <

Proof. Using the uniform convexity of f with modulus a and the differentiability properties,
we have for all h € X
f"(@)[hh] = allh] -

Since there also holds f”(z) € £(X, X*) and since this operator is symmetric due to Schwarz’s
theorem, see Theorem [C.2.11] we can apply Theorem [C.1.4] This theorem yields all assertions.
O
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D. Inequalities

The first inequality we present is a generalization of Bernoulli’s inequality.

Lemma D.0.1. Letp € R withp > 1 and t € R with t > —1. Then it holds (1 +t)? > 1+ pt.

Proof. The function f:J — R, f(t) := (1 +t)? — (1 + pt) satisfies f(t) > 0on J := (=1, 00),
as a simple computation shows. Hence, f is convex on J, which implies f(0 ) F10)(t O) < f(t)
for all ¢ € J. Since we have f(0) =0 and f’(0) = 0, this yields f(¢t) > 0 on J = (—1,00). By
continuity of f we, thus, obtain f(t) > 0 on J = [~1, 00), which proves the assertion. O

The second inequality can be considered as a reverse version of Bernoulli’s inequality on a
restricted interval.

Lemma D.0.2. Letp > 1, t € [—3,0], and ¢ := (5)P~'. Then it holds (1 + )P < 1+ cpt.

Proof. Let J := [—3,0] and define f : J — R, f(t) := 1+ cpt — (1+¢)P. There holds f'(t) <0
for all t € J, as a simple computation shows. Hence, f is monotonically decreasing on J. This
implies f(¢) > f(0) = 0 on J, thus establishing the assertion. O

The next result is a very general version of the fundamental theorem of calculus.
Lemma D.0.3. Let f : [a,b] — R be differentiable with bounded derivative. Then f' is
Lebesgue integrable on [a,b] and it holds f(b) — f(a) = f; () de

Proof. See [Kén04bl Satz, p. 280]. O

We present a differential version of Gronwall’s inequality. We provide a small extension in
comparison to versions that are usually found in the literature, cf., e.g., [Eval0, Appendix B j].

Lemma D.0.4.

1) Let f: I — R>o be nonnegative and differentiable with bounded derivative on I := [to, T,
where tg < T. Also, let f satisfy f'(t) < a(t)f(t)+5(t) forallt € I, where o, : I — R
are nonnegative and continuous. Then it holds for allt € 1

t

f(t) < efto a(s)ds (f(to) + ttﬁ(s) ds> .
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2) Let f: 1 — R0 be nonnegative and differentiable with bounded derivative on I := [to,T],
where to < T. Also, let f satisfy f'(t) > a(t)f(t) + B(t) for allt € I, where o : I — R<p
is nonpositive, B : I — R>q is nonnegative, and both functions are continuous. Then it

holds for allt € 1
ftto a(s)ds t
ft) > e (7o) + [ Bts)as).

Remark D.0.5. Obviously, the boundedness of f’ from above is implied for 1) by the assumed
inequality. In 2) this is true for the boundedness of f’ from below.

Proof. In the setting of 1) we have for all s € I

d - § al\r ‘s —(* al(r T — ° al\r ‘s

2 (s@e e ) = et O (1) — o)) < o (o).

The left-hand side is uniformly bounded on I due to boundedness of f’ and continuity of «
and f on the compact set I. This shows that the fundamental theorem of calculus applies, cf.
Lemma [D.0.3] Integrating from ¢y to ¢t € I we obtain

Fe om0 < gy 4 [ eI OV a0 ds < fito) + [ B(s) ds.

to to
From this the assertion of 1) is evident.

To establish 2) we can use the same arguments as for 1), but with < replaced by >. O

Another result on differential inequalities is the following. It is inspired by [Wal00, §9, IX].

Lemma D.0.6. Let I := (a,b) and (c,d) be intervals, where each of the choices b = oo,
¢ = —00, and d = oo is allowed. Let f : [a,b) x (¢,d) — R be locally Lipschitz with respect
to the second argument, i.e., for every (to,yo) € [a,b) x (c,d) there exists a neighborhood
U = U(to,yo) C [a,b) x (¢,d) of (to,yo) and an L = L(to,y0) > 0 with |f(t,y1) — f(t,y2)| <
Liy1 — y2| provided (t,y1),(t,y2) € U. Let y, € (c,d) be given and assume that there exists
a continuous function y : [a,b) — (c,d) that is differentiable in I and solves the initial value
problem

y'(t) = f(t,y(t) in I, y(a) = Y.

Furthermore, assume that there exists a continuous function § : [a,b) — (c,d) that is differen-
tiable in I and satisfies

g < f(t9(0) in I, (a) < ya-
Then it holds §(t) < y(t) for allt € [a,b).

Proof. Suppose the assertion is wrong. Then there exists a nontrivial interval [«, 5] C [a,b)
with g(a) = y(a) and §(t) > y(t) for all t € (o, B]. Let L > 0 denote the Lipschitz constant of
f in a neighborhood U C [a,b) x (¢, d) of (o, §(a)) = (e, y(x)). Due to the continuity of § and
y on [a,b) we can shrink /5 until it so small that (¢,9(¢)) € U and (¢, y(t)) € U are satisfied for
all ¢t € [«, B]. Of course, we still have §(t) > y(t) for all ¢ € (o, f].
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Denote by y : [a,b) — R the continuous function y(t) := g(¢) — y(¢). It holds
y(a) =0, y(t) > 0 for all ¢t € (o, F].

In contradiction to this we now show that y(t) < 0 is valid for all ¢ € [«, ]. This establishes
the assertion. Since y is differentiable in I D (a, ], we have for all ¢ € («, f]:

y(t)=9'() = f(t,5() - ' (t) = f(t,9(1) + f(£,9(t) — f(£,5(t) < Ly(t).

<0 =0 <L(g(t)-y(t))

We set g : [, B] = R, g(t) := y(t)e "*. Then we have
/

g(t) = (ye ™) = (y/(t) = Ly(®) e " <0

for all t € (a, B]. With g(a) = 0 it follows g(¢) < 0 on [« 3] since the existence of f € (c, 3] with
g(t) > 0 yields £ € («a, ) with ¢/(f) > 0 via the mean value theorem, cf. [K6n04al, Section 9.3].
From ¢(t) <0 on [a, 5] we infer y(t) < 0 for all ¢ € [«, 5] thus finishing the proof. O
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E. Cone condition

In this section we offer a rigorous treatment of the cone condition, cf. [Ada75l p. 66].

Definition E.0.1. Let v € R?\ {0}, 0 < k < 7, and p > 0. Then the set
C:= {x eR: |zlls <p and Z(z,v) < ;}

is called a finite cone of height p, axis direction v, and aperture angle , with vertex at the
origin. Here, Z(z,v) € [0, 7] denotes the unoriented angle between = and v.

Definition E.0.2. Let A, B C RY. We say that A is congruent to B iff there exists a vector
w € R? and an orthogonal linear mapping 7 : R — R i.e., || Tv|j2 = ||v|]2 for all v € R,
such that B = w + T'(A) holds.

Definition E.0.3. We say that the domain £2 C R¢ satisfies the cone condition iff there exists
a finite cone C' C R? with vertex at the origin such that each point z € 2 is the vertex of a
finite cone C), contained in {2 and congruent to C'. More precisely, for each x € {2 there is an
orthogonal linear mapping 7T, with C, := x + T,(C) C (2.

Remark E.0.4. Every Lipschitz domain satisfies the cone condition, see [Ada75, p. 66f].

We make use of the cone condition during the integration of rotational symmetric functions.

Definition E.0.5. We say f : R? — R is rotational symmetric with respect to o € R® iff
there exists a function ¢ : R>g — R such that f(x) = ¢(||x — 2¢l|2) holds for all x € R

The cone condition comes into play since we want to change the domain of integration of
certain nonnegative functions, defined on R?, from 2 to Bs(zq), o € §2. Since it may happen
that Bgs(xg) is not completely contained in {2, it is not at all clear how the domain change
affects the value of the integral. However, if {2 satisfies the cone condition and the integrand
is, in addition, rotational symmetric, we have the following estimate.

Lemma E.0.6. Let 2 C R? satisfy the cone condition. Let xo € £2 and let f : R — R
be measurable, nonnegative, and rotational symmetric with respect to xog. Then there exist
constants ¢, > 0 such that it holds

/Qf(fﬂ) dz > C/Ba(ivo) f(z)da.

The constants ¢,§ > 0 depend only on §2, but neither on f nor xg.

Remark E.0.7. The integrals in the above inequality are well-defined (with possible value +o0)
since f is measurable and since the sets {2 and Bj(xg) are open, hence measurable.
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Proof. In what follows, all integrals are well-defined since all integration domains are measurable,
as is readily seen. Also, it poses no difficulties to see that the proof stays valid if one or
both of the integrals in the assertion take the value +o0o. Therefore, we do not mention these
properties during the remainder of the proof.

Let Cyy = xo + Ty, (C) C §2 denote the cone at xy given by the cone condition. Obviously,
we have [, f(z)dz > waO f(x)dz. To establish the assertion it, thus, suffices to argue the

existence of constants ¢, d > 0 that are independent of f and xy and that satisfy foO f(z)dx >
ché(l,O) f(z)dx. To this end, set 0 := p/2 > 0, where p is the height of C. Apparently, ¢

only depends on {2. We now prove rigorously that it is possible to cover Bs(zg) with finitely
many congruent copies of Cy,, all originating at xg. To do so, note first that an open cover for
Bgj(xg) is given by

(xo + U {:c eRY: 0< ||z2 <p and Z(z,v) < ’5}) U Bsa(x0),
llo]|=p

with x denoting the aperture angle of C. The compactness of Bs(xg) implies that this cover
contains a finite subcover. Let m denote the number of elements of this subcover. Clearly, m
is independent of f. But m is also independent of x( since for a different point Ty € 2 we
can use the same open cover and finite subcover with translation Zy instead of xy to cover
Bs(Zp). Since x needs to be covered, Bs /2(1’0) is one of the m elements of the finite subcover.

However, the other m — 1 > 1 elements still cover Bs(x¢) \ {zo}, as we argue now. In fact,

let © € Bs(zo) \ {xo}. Then y := xo + 6% € Bs(zo) \ Bs/a2(o0) is covered by an element
of the finite subcover, i.e., there is v € R? with ||v]|s = p such that y € z¢ 4 C is satisfied,
where C' == {z € R : 0 < ||zf]2 < p and Z(z,v) < &}. Since w € C implies tw € C for

all t € (0,1], we obtain t62=20— ¢ C for all t € (0,1]. With t = ||z — 20||2/d € (0,1/2) this

lz—zoll2
shows that it holds z € zg 4+ C, i.e., x is covered by an element of the finite subcover different
from Bs/s(z0). In conclusion, there are v; with |[lv;|| = p, i =1,...,m — 1, such that
m—1 m—1
Bg(&?o) C x9 + U C; = U (.Z‘o + Cz) (El)
i=1 i=1

holds, where the C; are given by
C; = {:L'GIRd: |lz]l2 < p and ZL(z,v;) < g}, i=1,...,m—1.
Note that Cy, — z¢ also has this form, i.e., there exists vy with ||vg|| = p such that it holds

Co = Cxo—xoz{xE]Rd: lzll2 < p and Z(z,v9) < H}.

It is easy to see that each C;, i = 0,...,m — 1, is the image of C under an orthogonal
transformation 7; : R — R?. In fact, T; can be any orthogonal linear mapping that maps
v/||v]| to vi/||vsi||, where v denotes the axis direction of C. It follows from elementary linear
algebra that such a mapping exists for each ¢, regardless of the dimension d. More precisely,
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take for fixed 7 an orthonormal basis h1, ha, ..., hg € R? with by = v/||v||2 and an orthonormal
basis w1, wa, ..., wq € R? with w; = v;/||vil|2. Let A € R™? denote the matrix that maps
(hi,...,hq) to the canonical base, i.e., (h1,...,hq)" ", and let B € R?¥? denote the matrix
(w1, ..., wq), that maps the canonical base to (wq,...,wy). Then A and B are orthogonal and,
hence, the mapping T; € R4*? given by T; := BA is orthogonal, too. Also, Ti(hj) = w; for
j=1,...,d, and in particular T;(v/||v||2) = v;/||vil|2, as required.

We define K; :=x9+ C; for i = 1,...,m — 1, and use the rotational symmetry of f to infer
/ f(z)dz :/ o(|z[)dz  and / f(z) dz :/ o(lz))dz, i=1,...,m—1. (E2)
CIO CD K’L Ci

The orthogonality implies for i = 0,...,m — 1 that |det(7})| = 1 holds and that for all z € R?
we have ||T;(z)|| = ||z||. Using the change of variables formula we deduce from this

L etehaz= [ ellelyar= [ o(Ti@I)laet(T] ar = [ o(lai)dz

for i =0,...,m — 1. With (E.2) this yields szo fle)dz = [ fle)de=...= [ f(z)dz.
Employing K := U"'K; D Bs(xg), see (E.1]), in combination with the nonnegativity of f, we

infer
(m—1) /C () da _21 (/Kif(:r) dx) > /Kf(ac) dz > /Bs(mo)f(x) dz.

As pointed out before, m only depends on §2. Thus, the assertion follows with ¢ := 1/(m—1). O
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