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Abstract

Fractional Lévy processes generalize fractional Brownian motion in a natural way. We go
a step further and extend the usual fractional Riemann-Liouville kernel to regularly varying
functions with the same fractional integration parameter. We call the resulting stochastic
processes generalized fractional Lévy processes (GFLP) and show that they may have short
or long memory increments and that their sample paths may have jumps or not. Moreover,
we define stochastic integrals with respect to a GFLP and investigate their second order
structure and sample path properties. A specific example is the Ornstein-Uhlenbeck process
driven by a time scaled GFLP. We prove a functional central limit theorem (FCLT) for such
scaled processes to a fractional Ornstein-Uhlenbeck process. This approximation applies to
a wide class of stochastic volatility models, which include models, where possibly neither the

data nor the latent volatility process are semimartingales.
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1 Introduction

This paper contributes to current discussions in various areas of applications, where high-
frequency and unequally spaced data lead to continuous-time modelling. This applies in partic-
ular to financial and computer network traffic data, but also to environmental and climate data,
where remote sensing, satellite and/or radar data have become available.

Practitioners, engineers and scientists observe different characteristics in such data. In partic-
ular, we have to distinguish Gaussian and non-Gaussian distributions (specifically heavy tails),
no jumps or jumps, which are triggered by market forces or discontinuities in physical processes,
short and long memory of various origin, as well as stochastic variability (volatility) observed in
high-frequency measurements. We shall define a new class of models, which allows for flexible
modelling of the three essential properties: distributions, memory and jump behavior.

All stochastic objects are defined on a filtered probability space (2, F, (F;)ter, P), which
satisfies the usual conditions of completeness and right continuity of the filtration. Recall from

Marquardt (2006) that a fractional Lévy process (FLP) has the representation

aozé«wmﬁ*—«%ﬁ*wum,tew (L1)

where u; = max(u,0), H € (0,1) and L is a two-sided Lévy process. For L being Brownian
motion (BM) this process defines fractional Brownian motion (FBM) denoted by B and has

been studied extensively. We extend the class of processes (1.1) to
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for appropriate functions g and call S a generalized fractional Lévy process (GFLP). The class
of of functions g is determined such that S(t) exists for all ¢ € R.

As mentioned above, our motivation is based on three characteristics of a stochastic process,
the distribution or tail probabilities, the dependence structure or memory, and the sample path
properties. By introducing GFLPs, we provide a common platform for modeling these proper-
ties in a flexible way. Heavy-tailed distributions as well as long memory are often observed in
environmental data, computer network traffic, and in volatility processes of financial data, see
e.g. Doukhan et al. (2003). Sample path properties can be investigated based on high-frequency
data from various applications, indicating that data and volatilities may exhibit jumps (statis-
tical methods are presented in Jacod and Protter (2011)).

As a classic approach short range dependence models are integrated over a fractional kernel,
thus obtaining long memory versions of such processes. This applies in particular for processes
driven by BM. In the context of volatility modelling prominent papers using this method are
Comte and Renault (1996), Comte and Renault (1998), and Comte et al. (2003).

A different approach modifies the driving BM to a FBM, thus obtaining stochastic differential
equations driven by FBM; cf. Buchmann and Kliippelberg (2006) and Zéhle (1998). It is then a
natural step to extend FBM to FLPs providing more flexible distributions and tail behavior than

Gaussian processes, retaining the long memory increments. This implies immediately that OU



processes driven by FLP constitute a rich distributional class with long memory (cf. Marquardt
(2006)). They have been extended to general SDEs driven by FLP by e.g. Fink and Kliippelberg
(2011). However, all these processes can model only long memory and they have all continuous
sample path.

On the other hand, OU processes driven by a Lévy process provide besides flexible distribu-
tions both continuous sample paths (when driven by BM) and sample paths with jumps (when
driven by a Lévy process with jumps). In recent years substantial research focused on Lévy-
driven models with mostly short memory, exemplified in Barndorff-Nielsen and Shephard (2001)
or in Kliippelberg et al. (2004). However, all these processes have exponential autocovariances,
hence short memory.

Certain models, which give more flexibility for distributions and memory have been consid-
ered; for instance, CARMA models (cf. Brockwell and Lindner (2009) and references therein)
extend the class of Lévy-driven OU processes. Although they allow for more flexible autocovari-
ance functions than simple exponentials, they are restricted to short range dependence mod-
elling. Long range dependent models like the FICARMA (Brockwell and Marquardt (2005)) or
the infinite factor supOU process by Barndorff-Nielsen (2001) have been suggested. However,
FICARMA processes have again continuous sample paths, and the supOU process is a rather
complex model.

As a result, we notice a lack of stochastic processes model, which have flexible memory,
interpolating between long and exponential decay. Besides, most of the presently applied long
memory processes do not allow for jumps. In the light of these facts, the proposed GFLP can
contribute a more flexible model to the discussion.

Our paper is organized as follows. In Section 2 we define the GFLP S. We show that S
can exhibit both short memory increments (with exponentially or fast polynomially decreasing
autocovariances) and long memory increments (with slow polynomially decreasing autocovari-
ances). We investigate the sample path behavior, where we show that S has a cadlag version
and can have continuous paths or jumps. It is an interesting feature that S can have jumps
and long memory. In Section 3 we extend the classic Riemann-Liouville fractional integrals by
allowing for more general kernel functions. For fixed kernel function we determine the class H
of integrands such that the integral with respect to S exists. We present some analytic results
for this integral. If the kernel function is positive (or negative) on Ry the isometry between the
two inner product spaces L?(2) and H is presented, giving the second moment structure of S.
As a prominent example we consider the Ornstein-Uhlenbeck (OU) process driven by a GFLP
and prove functional convergence of scaled versions to a fractional (Gaussian) OU process. In
Section 5 we apply our results to stochastic volatility models, proving joint weak convergence
of the data process (driven by BM or FBM) and the volatility process in the Skorokhod space
D(R%).



2 GGeneralized fractional Lévy processes

Throughout this paper we work with a two-sided Lévy process L = {L(t)}ier constructed by
taking two independent copies Ly = {Li(f)}+>0 and Lo = {L2(t)}+>0 of a Lévy process and
setting L(t) := L1(t)1[0,00)(t) — L2((—1)—)1(—00,0)(t). Moreover, L is centered without Gaussian
component and the Lévy measure v satisfies f|m‘>1 2?v(dx) < oo, i.e. E[(L(t))?] = tE[(L(1))?] =
t fR 2?v(dx) < oo for all t € R. The distribution of L is uniquely defined by the characteristic
function (ch.f.) Elexp{i0L(t)}] = exp{ty(0)} for t > 0, where

1/;(9):/]1%( Wz _ 1 —ifz)v(dx), OeR. (2.1)

For more details on Lévy processes we refer to the excellent monograph of Sato (1999).

The following result is known and we recall it for later reference. It can be found in Propo-
sition 2.1 and Theorem 3.5 of Marquardt (2006) or, in a more general version, in Rajput and
Rosinski (1989).

Proposition 2.1. Let L be a Lévy process. Assume that E[L(l)] = 0 and E[(L(1))}] <
Fort € R let fy € L*(R). Then the integral S(t) := [, fi(u)dL(u) exists in the L*(Q) sense.
Furthermore, for s,t € R we obtain E[S(t)] =0, the zsmnetry

E[(S(t))’] = E[(LO)IIf )72 (2.2)
holds, and
F(s.t) = Cov(S(s),5(0)) = BULO)P) [ F(@)fila)du. (23)
Moreover, the ch.f. of S(t1),...,S(tm) fort; < -+ <ty is given by
E{exp{ZiﬂjS(tj)H = exp /Rw(Zijtj(s»ds , (2.4)
=1 =1
for0; € R, j=1,...,m, where ¢ is given in (2.1).
We define now a generalized fractional Lévy process.

Definition 2.2. Let L be a Lévy process with E[L(1)] =0 and E[(L(1))?] < co. Let g : R — R
with g(t) =0 for t <0 and such that [5(g(t — s) — g(—s))?ds < oo for all t € R. The stochastic
process S = {S(t) }ier defined by

/{gt—u —uw)dL(u), teR, (2.5)

is called generalized fractional Lévy process (GFLP).

The process S has stationary increments and is symmetric with S(0) = 0, i.e. S(—t) 4

1
—S(t), t > 0. By taking g(u) = uf 2 we obtain a FLP.
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The integral (2.5) obviously exists in the L?(€2) sense. In what follows we formulate as-
sumptions on g needed for the existence of a stochastic integral with respect to S considered
in Section 3 or for the existence of a functional limit of a scaled family of such processes in

Section 4.

Assumption 2.3. The function g : R — R satisfies g(t) = 0 for t <0 and is continuously twice
differentiable on (0,00), the limit lim, o |g'(u)| exists and is finite, and g"(u) = O(u=3/?"%) as
u — 0o for sufficiently small € > 0.

We assume that Assumption 2.3 holds throughout the paper. We start with some sample
path properties of a GFLP.

Lemma 2.4. Let L be a Lévy process with E[L(1)] = 0 and E[(L(1))?] < oo. Under Assump-
tion 2.8 on g, the GFLP S has a cadlag version. Moreover, S has jumps if and only if g(0) # 0.

Proof. We let t > 0 (w.l.o.g.) since the proof is analogous for ¢ < 0. Write

t 0
S(t) =/ g9(t — u)dL(u) +/ {9(t —u) — g(—u)}dL(u) =: Si(t) + Sa(t).
0 —00
Our assumption on the Lévy process implies the LILs (Sato, 1999, Propositions 47.11 and 48.9),

: |L(2)| : |L(1)] 21\1/2
! —0 as and limsup—— D2 _ (B(L( s
D o log(1jgy 2 S and Mmswp o i — (BN as

We use the fact that, if f is continuously differentiable,
b b
| L) = 0L - f@L@ - [ Les)afs)

holds (see Lemma 2.1 of Eberlein and Raible (1999): for fixed w the sets of jumps of L are an at
most countable Lebesgue null set). This together with the LIL at the origin and the assumptions

on g yields

Si(t) = /0 ot = WdL(w) = O ~ gt — 5)L(s) + /O L(w)g(t — w)du

t
—gO)L() + [ Lt - u)du
0
whereas this together with the LIL at infinity yields

0
Sa(t) = lim {g(t =) = g(~9)}L(s) + lm [ {g'(t=w) — g (~w)}L(u)du

= | {dt—u) —d(—u)}L(u)du.

—0o0

As for the expression of S, we apply the dominated convergence theorem to

0
S(t) — Sas) = / {g/(t — u) — ¢/(5 — w)} L(u)du

to observe lim;_,4 |S2(t) — S2(s)| = 0. Hence Sy is a.s. continuous. Similarly, the integral term of
S1 is continuous. Since L is cadlag without drift and Gaussian components, S; and hence S has
jumps if and only if g(0) # 0. O



GFLPs can exhibit both short and long memory increments. By Proposition 2.1, when w.l.o.g.

E[(L(1))?] = 1, the covariance function of the increments has for ¢, s, h > 0 the form
Y(t,h) = E[{S(t+s+h) —S(t+s)}{S(s+h) — S(s)}]

h
- / {g(t +h — ) — g(t — w)}{g(h — u) — g(~u)}du. (2.6)

Definition 2.5. The GFLP S is said to have long memory increments if y(t,h) ~ Ct=? as
t — oo with C > 0 and B < 1 for all h > 0. (In this case y(n,1) is non-summable.) If ~

decreases faster we say S has short memory increments.
Whether S has long or short memory increments depends on the asymptotic behavior of g.

Lemma 2.6. Let 0 < a < 3 and ¢; > 0. Assume that g(z) = c12® for x > M > 0. Then S has

long memory increments.
Proof. Set w.l.o.g. ¢; = 1. Write (¢, h) = y1(¢, h) + 72(t, h) with
h
) = [ Lot +h=u) = glt = wHolh— ) — o(—u)
M/t
Ya(t, h) == / {g(t+h —tv) — g(t — tv) {g(h — tv) — g(—tv) }tdv.

—0o0
By the mean value theorem, for x > M and y > 0 we have
9y +x) — g(x) = (y +2)* — 2% = az + 0y)* 'y,
where the parameter 0 < 6 < 1 depends on both x and y. We apply this mean value theorem to
both 47 and 2 and observe for = 0(t, h,u) € (0,1)
h

n(t,h) = at*h / (=t 00/ g ) = gl

h
~at™h [ {glh—u) — g(-u)}du
-M
and, similarly,
0
Yo(t, h) ~ a?h?t?1 / (1 =) (=) tdv = ?h?** ' B(a, 1 — 2a),
—00
where we have used the dominated convergence theorem. Hence, v(t,h) ~ Ct?**~ 1 as t — oo

with0<oz<%. O

Example 2.7. (a) Let g(x) = e*’\xl{ggzo}. Then S is a Lévy OU process, whose properties are
well-known. It has short memory increments, since (2.6) gives y(t,h) = e~ ffm(e_”h_“) -
e M=) 2dy for t,h > 0. Moreover, the sample paths of S exhibit jumps, since g(0) # 0.

(b) Let g(z) = 2® with 0 < a < 3 for > M and some M > 0. Then the sample paths of S can



have jumps or not depending on the behavior of g in 0, while .S has long memory increments by
Lemma 2.6.

(c) Consider g(z) = 1/(a + /\a:)ﬂl{xzo} with parameters a, A > 0 and 8 > —3, 3 # 0 as on
p. 635 of Gander and Stephens (2007), where they use this function g for stochastic volatility
models driven by Lévy processes. Then the sample paths of S have jumps and S can exhibit

short or long memory increments depending on 3.

Remark 2.8. (a) Like a fractional Lévy process, the GFLP S has stationary increments and
S(0) = 0 holds. Moreover, it inherits the symmetry from the driving Lévy process; i.e. S(—t) 4
—S(t) for t > 0. A novelty of the GFLP is that the process class combines processes, which
can have jumps without having independent increments, and without losing symmetry or its
stationary increments. Moreover, while fractional Lévy processes exhibit always long memory
behavior, the class of GFLPs can model both short and long memory.

(b) Continuity of fg L(u)g'(t — u)du in S7 and Sy as proved in Lemma 2.4 also follows from the

Kolmogorov-Chentsov theorem.

3 Stochastic integrals with respect to a GFLP

Recall that the Riemann-Liouville fractional integrals I are defined for o € (0,1) by

1

(I12h)(u) = @

/OO W)t —w)* e and  (I%)(u) = F1/u h(#)(u — 1) Ldt

(@) -

for functions h : R — R, provided that the integrals exist for almost all v € R. For details see
e.g. Samko et al. (1993).

As a motivation for what follows note that for ¢ > 0
gt =)= 9= = [ 1001 (v = udo.

We use now ¢’ for an extension of the classical Riemann-Liouville kernel function and define for

appropriate functions h

@ = [

u

o0

h(v)g (v — u)dv = /Rh(v)g’(v —u)dv. (3.1)

In what follows we assume that S is a GFLP driven by a Lévy process L with E[L(1)] =0
and (w.lo.g.) E[(L(1))?] = 1. Starting from the fact that

S(t) = /R (I?104)(@)L(dx), teR, (3.2)

we shall define a stochastic integral for a function A in a similar way as in Marquardt (2006),
Section 5. Since ¢’ is continuous on (0, 00) by Assumption 2.3, the integral (3.2) is well defined

as

0
(191 0)(x) = / § (v — z)dv = g(t — ) — g(—2).

7



For a fixed function g as above define

H = {h:R—HR+ : /R(Igh)Q(u)du< oo},

where I? h is as in (3.1). The proof of the following result is analogous to that of Proposition 5.1
of Marquardt (2006).

PropOSItlon 3.1. Suppose that g satisfies Assumption 2.3 and for its derivative g' fo g’ (s)|ds+
[ (g (s))?ds < oo holds. If h : R — Ry satisfies h € L*(R) N L*(R), then h € H.

Proof. Starting from the fact that I?h € L*(R) if and only if | [ o(u)(I?h)(u)du| < Cllol| 2
for all ¢ € L?(R) for some C > 0, it suffices to show that for all ¢ € L?(R)

/ / h(s + u)ldsdu < Cll] 2

This holds, if I; = [ fo lp(u)g' (s)h(s + w)|dsdu < C|lpll 2wy and I = [5 [ @(u)g'(s)h(s +
u)ldsdu < Cllo|| 2 Applymg Fub1n1 s theorem and the Holder inequality we obtaln

/rg I/Iw B(s + )| duds < ]l 2@ Hh\LzR)/|g Jlds < oo.

Furthermore, setting t = s + v and using Fubini’s theorem and the Holder inequality,

B [ 1] [ lete - 9 @dsat < [ el ([ (o 075) ol
< el ([ (0 )ds) " <.
[

We define the space H as the completion of all functions h: R — R, in L'(R) N L?(R) with

respect to the norm

Il = (B [ @)

R
We shall need an additional condition on g:

Assumption 3.2. In addition to Assumption 2.3, assume that g is monotone on (0,00); i.e.

g >0o0rg <0 on(0,00). We call ¢ a kernel function.

Assumption 3.2 implies that the sign of ¢’ - h is fixed on the whole of R and, thus, || - ||
defines in fact a norm. For more details on such spaces for the classical Riemann-Liouville kernel
we refer to Pipiras and Taqqu (2000).

From the proof of Proposition 3.1 follows immediately that for h € L'(R) N L?(R)

1Pl < CUIAl L) + 1l 2(R)) -

Next we define the stochastic integral with integrator S, which gives the correspondence
between the space H and that of stochastic integrals in L?(£2). Note that we should distinguish
the functional space H of h from the space H of I? h.



Theorem 3.3. Suppose that g satisfies Assumption 3.2. Let S be a GFLP and h € H. Then
the left-hand side integral is defined in the L*(Y) sense and it holds that

/h(u)dS(u) = /(Igh)(u)dL(u). (3.3)
R R
Moreover, the following isometry holds:

I ] WS )l = A

Proof. To construct the integral fR t)dS(t) for h € H we proceed as usual. For the indicator
function ¢(-) = 1(gy(-) for ¢ > 0 we calculate

/ ()5 (u) = / 10 ()dS(u) = S(t),
R R

and for the right-hand side of (3.3) we obtain

Ltowart = [ [ 109~ udsaiiw = [ (ot = - g(-w)driw) = S0

Let ¢ : R — R be a step function; i.e. ¢(t) = Z;:ll ail(y, 4,1 (t), where a; € Ry for i =
1,...,n—1and —oc0 < t; < --- < t, < co. Notice that ¢ € H. Define

/R gl (i) — S(t),

then the right-hand side of (3.3) is

/R( //Zajl t1)(8)g' (s — u)dsdL(u)

— /;aj/tm g (s — u)dsdL(u)
1

i
=2 ai(S(tin) = S(1)).
j=1
Moreover, for all step functions ¢ it follows from (2.2)

I ] eds@lae = B[( [ o) @arw) ] = BEm? [ (1202w = el (34

Since the non-negative step functions are dense in H, there exists a sequence (¢ )gen of such
functions such that |¢r — h|lx — 0 as k — oo. It follows from the isometry property (3.4)
that the integrals converge in L?(£2) and the isometry property is preserved in this procedure.
Finally, (3.4) implies that the integral [ h(t)dS(t) is the same for all sequences of step functions

converging to h. O



The second order properties of integrals, which are driven by GFLPs follow by direct calcu-
lation. It is useful to observe that L?(2) and H are inner product spaces with the inner products
given for hy, he € H by

</R hl(u)dS(u),/Rhg(u)dS(u)>L2(m - <h1,h2>H

The inner product in L?(€2) is the covariance, whereas an interpretation of the inner product in

‘H can be found in the next Proposition.

Proposition 3.4. Let S be a GFLP with kernel function g satisfying Assumption 3.2 and let
hi,ho € H. Then

cov[ /R hi(v)dS () /R hg(u)dS(u)] - /R /]R hi(w)he (0)T (u, v)dudv,

2 ov u v
r(u0) = S g [ o g0 - wide, (3.5)

where

In particular,

<h1,h2>%:E[(L(l))z]/R/Rhl(u)hg(v)/Rg’(u—w)g'(v—w)dwdudv.

Proof. Set w.l.o.g. E[(L(1))?] = 1. It suffices to prove the identities for the indicator functions
hi = 1, and hy = 19y for 0 < s < ¢. For s < 0 or ¢ < 0 we use the stationarity of the

increments and the symmetry of S.
VarlS()] = 15) o) = [ (9t ) - o(-u)Pdu
o0 2
= [ ([ 100 @ =wav) du = 10,15
Cov[S(s), S(1)] = (S(s),5(t))12(en
= [ tols = w) — s Halt — w) (=)}

= // (0,5 (W)L (0 (v )/ (v —w)g (u — w)dwdudv

- Os]a (0.t }>Ha

where we have used Fubini’s theorem for the second last identity, which is justified by the
definition of H. ]

Remark 3.5. Assumption 3.2 is needed to formulate the isometry between the space of stochas-
tic integrals with respect to S, i.e. L?(Q), and the functional space of integrands A, which de-
pends on g. However, for defining the stochastic integral with integrator S, the weaker space H

suffices.

Next we define the OU process driven by a GFLP.
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Definition 3.6. Let S be a GFLP such that it satisfies Assumption 3.2, and let A,y > 0.
(i) For an initial finite random variable V (0) we define an OU process driven by a GFLP as

t
V()= e (V(0) + / e)‘“dS(u)>, LER. (3.6)
0
(ii) If the initial random variable is given by V(0) = 'yf eMdS(u), the OU process driven by
a GFLP is stationary and we denote its statzonary version by
o t
V(t)=~ / e MWaS(u), teR. (3.7)

(iii) Recall that, when S is replaced by FBM BY for H € (1/2,1) in (3.6) and (3.7), we obtain the
fractional (Gaussian) Ornstein Uhlenbeck (FOU) process; cf. (Cheridito et al., 2003, Lemma 2.1)
or Pipiras and Taqqu (2000). We denote the stationary FOU by Y = {Y (t)}er. It will appear

as limit process in Section 4.
We show the existence of V and formulate some properties.

Proposition 3.7. Let S be a GFLP such that it satisfies Assumption 3.2 and let A > 0 and set
w.l.o.g. v =1. For allt € R the stochastic integral

V() = / DA () / C (M (w)dL ()

—0o0 —0o0

exists in the L?(Q) sense. Furthermore, for all s,t € R we have E[V(t)] = 0 and

Cov[V / / We AT (0, v)dudw

where T is given in (3.5). Moreover, the ch.f. of V(t1),...,V(tm) fort; < -+ < tn, is given by

m

m ts
E |exp E i0;V (t;) = exp /¢ g 9]-/] e_)‘(tj_”)g'(v—s)dv ds p ,
R . —0o0
Jj=1

j=1
where 0; € R, j=1,...,m, and ¢ is given in (2.1).

Proof. By Theorem 3.3 and Proposition 3.4 the existence of the integral and the autocovariance
function is a consequence of the fact that e_’\(t_')l{tz,} € H. The ch.f. follows for t € R from
Proposition 2.1 by observing that f;(s) is replaced by

t
hi(s) = / e Mg (v —s)dv, seR.

—0o0
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4 Limit theory for OU processes driven by time scaled GFLPs

Throughout this section we assume that E[(L(1))?] = 1. Moreover, we work under Assumption
3.2 so that Theorem 3.3 and Proposition 3.4 apply. For z > 0 we denote 0%(z) := Var[S(x)] and
define the time scaled GFLP S, = {S.(t) }ter by

Sy(t) == teR. (4.1)

Recall the definition of I' from (3.5) and of I from (2.3). Note that the expression (3.2) carries

over to the time scaled GFLP as follows. For z > 0 we have

S(at) = [ 10@)as® = [ U 1uwdL), t20.

R

Consequently, we can formulate the following Lemma.

Lemma 4.1. For x > 0 let Sy be the time scaled GFLP (4.1) and assume that Assumption 3.2
holds. Then for s,t € R we have

~ _ Cov[S(zs),S(xt)] T (s, xt) (Yo Loa)n

Felot) o= Covlishl). S = =] = 0@~ oal

Fo(rt) = Varlsy(r) = ezl

Lu(t,t) = Var[S,(t)] = Hl(o,w]H%’ (4.2)
? 2 1'2 S, T

Ty (s,t) O Cov[Su(s), Sult)] = —— -0 Cov[S(as), S(at)] = TLEHT)

Jsot o?(x) 0sot o?(x)

Proof. We prove the variance formula (4.2) for ¢ > 0, the other formulas are proved analogously.
For s,t > 0 we have (for s < 0 or t < 0 we use the symmetry of S, )

IS@DIZ0y _ Iiouall
5@ oy Mol

O

Lemma 4.1 provides a general principle by using the same construction of the integral as in
Theorem 3.3.

Theorem 4.2. For x > 0 let S, be the time scaled GFLP (4.1) and suppose that Assumption
3.2 holds.
(i) Then for h € H,

/R h(u)dS, (u) = /R B (w)dL(u), (4.3)
in the L%()) sense, where
B = /R hw)g (20 — 1)) (4.4)



(ii) Assume that hg,hy € H for s,t € R. Then

Cov ( / e () S, (1), / ht(u)dSm(u)> _ / / o () ha () (1, 0)

where
22T (zs, x z2
[y (u,v) = 1;(2(95’) t)_ 202) /g’((ua: —w))g (v — w)y)dw.

(iii) Defining hi as in (4.4) with h replaced by hy, the ch.f. of [ by, (w)dSy(u), ..., [ e, (u)dSy(u)
forty < -+ <ty is given by

E |exp izej/htj(u)de(u) = exp /1/1 Zﬁjhfj(u) du p ,
=1 =1

where 0; € R, j=1,...,m, and ¢ is as in (2.1).

Proof. To prove (4.3) it suffices to take an (interval)-indicator function as in the proof of Theo-
rem 3.3 and we omit it. Part (ii) follows from Proposition 2.1. Finally, (iii) follows from the fact
that

( / hay (W)dSy(u), .. ., / htm(u)de(u)) 4 ( / hE (u)dL(u), ..., / hfm(u)dL(u)),

where h¥(u) = ] J ht(v)g' (xv — u)dv and £ denotes equality in distribution. O

An important step in the proof of convergence of an OU process driven by a time scaled
GFLP is the convergence of the covariance function and its second derivative. This requires that

g’ is regularly varying; i.e. for all u > 0

/
lim ¢ (zu) =uP! (4.5)
v—o0 g/ ()

for p € (0,3), and we write ¢’ € RV,_1. Such properties have also been used in Kliippelberg
and Mikosch (1995) and Kliippelberg and Kiithn (2004) to prove convergence of scaled shot-noise
processes to self-similar Gaussian processes, in particular, to FBM. Condition (4.5) on g implies
in particular that Cov[S(s),S(t)] is bivariate regularly varying with index 1 + 2p and, hence,
that 0% € RV142,. For more details on regular variation we refer to Bingham et al. (1987). The

following result exploits these properties.

Theorem 4.3. Let p € (0, %) and ¢ € RV,_1. Define H := p+ % Then for each s,t € R,

2 [* g (x(s — w)1)g (@(t — w)s)dw

Tt = i, 72(2)
2
= afa Cov(BPH/2(s), BPT1/2(1)) = H(2H — 1)t — 5|2, (4.6)
S
lim To(s,t) = Cov(B"™/(s), BPH2(1)) = %(\t\”[ + s — |t — 5. (4.7)
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Proof. We use the second moment expressions from Theorem 3.4. To prove (4.6) write
PL(s.1) = <:1:g'(x)>2 J7he 9 (s = w)1)g (@t = w)1)/ (g (x))*dw
’ 9@) ) L {g@(1—v)y) = gla(—v)1)}?/g*(w)dv
Then by Karamata’s theorem (cf. Theorem 1.5.11 of Bingham et al. (1987)),

zg'(x)
m
z—oo g(x)
and g € RV ,. We first show convergence of the numerator of the factor in (4.8) by deriving bounds
in the spirit of Potter (cf. Bingham et al. (1987), Theorem 1.5.6). For 0 < & < (1/2 — p) A p we
l—e /

have ' ~*¢'(x) € RV,_. and p — e € (0,1/2). Hence, for every ¢ > 0 there exists some xy such
that for all z > z¢ and |s — w| < M for some M > 0,

gl —w)| _ (a(s —w))' g als —w)y) o+ (s—w)iT
g'(x) ‘ B (s —w)\"xl=eg/(x) = (s —w)i® < e ¥

where cp; > 0 is some constant, depending on M. On the other hand, for |s — w| > M,
g (@(s — w)s)
g'(z)
for sufficiently large = (cf. Propositions 0.5 & 0.8 of Resnick (1987)).

If we choose M appropriately, it follows that

/s/\t g’(x(s _ w)+)g’(g;(t - w)+)dw

<(14e)(s —w) e

—o0 (' (2))?
s—M SAt
< (1+¢)? / (s —w)! ot —w) T dw + A, (s —w)F'(t —w) o dw.
—00 s—M

Now we apply Lebesgue’s dominated convergence theorem to the numerator of (4.8) and obtain
convergence of this numerator to that of (4.6). As for the denominator of (4.6), its convergence
follows (as also the convergence of I'y in (4.7)) by a dominated convergence argument as in the
proof of Theorem 3.2 of Kliippelberg and Kiithn (2004). O

Since S, is a time changed version of S, E[S,(t)] = 0 and Var[S,(t)] = o?(zt)/c?(z) hold
for all t € R. Hence, we can define the following time scaled version of V.
Definition 4.4. For x > 0 let S, be the time scaled GFLP (4.1) and suppose that Assumption

3.2 holds.
(i) For A,y > 0 we define the OU process V; = {V(t) }1er driven by the time scaled GFLP S,

by

Vi(t) i= e (Vx(O) +7 / t eA“de(u)> , t>0.

0

(ii) If the initial random variable is given by V,(0) = 'yff)oo erdS,(u), then V, is stationary

and we denote the stationary process by

t
Valt) =~ / NN GS (0), teR. (4.9)

—00
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The following is a consequence of Theorem 4.2 and Proposition 2.1. We have set again v =1

for simplicity.

Proposition 4.5. For x > 0 let S, be the time scaled GFLP (4.1) and suppose that Assumption
3.2 holds.
(i) Fort € R

<l

¢ t
«(t) = / e M= GS, (u) = x/ / e N ! (20 — w)dvd L(w).
—00 R

(ii) For s,t € R, we have E[V.(t)] =0 and

Cov[V,(s),V. // A0 (@)e ML ()0 (u, v)dudo, (4.10)

where

33‘2

o%(x) Jr

(iii) The ch.f. of Vi(t1),Va(te),...,Vai(tm) forty <to < --- <t is given by

m ti
exp ZGV (t5) = exp /Rz/} Zﬁjaé)/] e_’\(tj_”)g’(xv—u)dv du p

j=1

Lp(u,v) =

g (zu —w)g (zv — w)dw.

where 85 € R for j=1,...,m and 1 is given in (2.1).

By extending earlier work of Lane (1984), who proved a CLT for the Poisson shot noise
process, it was shown in Theorem 3.2 of Kliippelberg and Kiihn (2004) that, if the driving Lévy
process is compound Poisson, then the GFLP S, converges weakly to B in the Skorokhod space
D(R}) equipped with the metric of uniform convergence on compacts. Since the limit process has
continuous sample path, by Theorem 6.6 of Billingsley (1999) we can equivalently consider weak
convergence with respect to the Skorohod d -metric on D(R ), which induces the .J; topology.
For a definition of d2 see e.g. (16.4) in Billingsley (1999). According to his Theorems 16.7
and 13.1 we have to show weak convergence of the finite dimensional distributions and tightness
of (V.()|jo,1)ter for every T > 0.

We extend this result two-fold. Firstly, we generalize the driving compound Poisson process
to a Lévy process and, secondly, we consider the convergence of stochastic volatility models
driven by a GFLP in Section 5.

Theorem 4.6. For x > 0 let V, be the stationary OU process driven by a time scaled GFLP as
defined in (4.9). Let Y be the stationary FOU process from Definition 3.6(iii) with H € (1/2,1).
Then

Ve %Y asa— oo,

where convergence holds in the Skorokhod space D(Ry) equipped with the metric which induces
the Skorokhod Ji topology.
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Proof. We start proving convergence of the finite dimensional distributions. Let 0 = t; < t9 <
o+ <ty <Tand 0 €R for j =1,...,m. Recall from Proposition 4.5 (iii) the ch.f. of V,(¢):

E{exp{igjlﬁjvz(tj)” = exp{Aéé(ygejhg(u))u(dy)du}
= eXp{/R/Rzmb(yg:lejhz(xu))y(dy)du}, (4.11)

where ¢(z) = e — 1 — iz, and we set
hi(s) := L /t e M gl (zv — s)dv
T a(e) ‘

The outline of our prove is that we apply a Taylor expansion (Lemma 3.2 of Petrov (1995)) to
xz¢(+) in (4.11) and observe that

m 2 m
zd(y Z 0;hi, (zw)) ~ —5:(:( Z 0;ht, (zw))” as z — oo. (4.12)
j=1 j=1
Then, since [; y*v(dy) = E[(L(1))?] = 1, we will show that

/ x(ZHjhfj (mw))zdw — ZHijCov(?(tj)Y(tk)) as r — 00, (4.13)
R - -
J=1 gk
which implies that the finite dimensional distributions convergence to the corresponding Gaus-
sian process.
Firstly, in view of (4.10) and Theorem 4.3 we prove that for s,¢ > 0,
lim [ zh?(zw)h](zw)dw = lim Cov(V.(s),V.(t)) = Cov(Y(s),Y (1)), (4.14)

T—00 T—00

which is the key of the proof. In view of (4.10), since I';(u, v) should converge to the unbounded
function |u —v|?# =2 for H = p+ %, there is some difficulty to apply the dominated convergence
theorem directly; i.e., to find a dominant function. Alternatively, we work with the following

representation, which is obtained from integration by parts:

he (zw) = g(“"(t(;)“’)) “a /_ b v —w)

o o(x)
_ St (zw) _ ! ) Jav(zw) v
SRRty o)

where we have set fi(w) = g(t — w) — g(—w). Now we apply dominated convergence to each

term of the following representation
/xhg(ﬂiw)hf(xw)dw = fx(S, t) — )\/ e Mo / :Bfm(:m;)()f;;t(xw) dwdu
—00 R g°“\x

_)\/t e—)\(t—u)/ xfwu(xw)facs(xw)dwdu
—o0 R

o*()
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s t
+)\2/ e/\(su)/ eA(tv)/ xfxu(xw)fl‘v(xw)dwdudv (415)
R

e o o?(x)

From Theorem 4.3 we find

lim Ty(s,t) = Cov(BPHY2(s), BPF1/2(1)).

T—r00

For the remaining terms, we only consider the third integral, since convergence of other integrals
can be proved similarly. By the Cauchy-Schwarz inequality the integrand in the third integral is
dominated by

o Ms—w)—A(t—v) |02 (2U) 02 (V)

We give a uniform upper bound for o2(ux)/o?(z). Since o2

€ RVi4g,, for sufficiently small
§ > 0, the function () := o?(z)|z|172¢7% for 2 > 0 is regularly varying with index —d and
v(uz)/v(x) converges to |u| =% uniformly in |u| € [1,00) as & — oo (cf. Theorem 1.5.2 of Bingham

et al. (1987)). Hence, we have

o (ux)
o?(x)

_ ‘u’1+2p+67(ux) < ’u‘1+2p+5(1 + |u’—6) < 2’u‘1+2p+6, ’u‘ e [1,00) (4.16)
V()

for sufficiently large x. Furthermore by Karamata’s theorem o?(ux)/o?(x) converges to |u|'*2*

uniformly in |u| € (0, 1], and this together with (4.16) implies

< (e + " 2P Ly <ay + 2ul T Ly 50y, (4.17)

for some ¢, ¢ > 0. Thus the dominating function is uniformly integrable and the integral con-

S t
lim / / \2p—A(s—u)=A(t—v)
z—=00 J_ o J o

Now we apply a generalized dominated convergence theorem (e.g. Theorem 1.21 of Kallenberg
(1997)) to (4.15) and obtain for the third integral of (4.15) in the limit

verges; i.e.,
o?(zu) o2(zv)
o*(z) o*(x)

dudv < oo.

s t
)\2/ / ef)\(sfu)f)\(tfv)%<‘u|2p+l + o2t — ju - v\QpH)dudv.

Hence with (4.15) we conclude

lim Cov(V.(s),Va(t) =

1
T—00 5

s
1
_)\/ 6—A(s—u)£(|t|2p+l + |u|2p+1 _ |7f _ u‘2p+1)du

(‘t‘2p+l + ‘S‘Zp-i-l . ‘t o 8‘2,0-1-1)

—00

t
_)\/ e—A(t—u)}(‘S‘Qp-‘rl + ‘U‘Zp—i-l _ ‘S o u’2p+1)du
2
o

s t
1
_|_)\2/ / efA(sfu)f)\(tfv)g(‘quJrl + |v‘2p+1 _ ‘u . U\2p+1)dudv
—00 J —00
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s t
= p(2p+1) / e A su) / e M) |y — 2PN dudu

— 00 —0o0

= Cov(Y(s),Y(t)),

which proves (4.14).
We turn to the proof of (4.12) and (4.13). From the representation

fr(zw) _ 1y {g(a(t — w) — glz(=u))}/g(z)
o(x) (Ji(Fo(wu))2du/g?(x)) 1/

we observe that fu¢(zw)/o(z) = O(z~/?) and hence h¥(zw) = O(x~'/?). Then (4.12) is implied

by a Taylor expansion: for sufficiently large = we have

o5 05m o) + L (320,085 )| = L (21530507 (ww) ' = 0,
=1 = P

and the right-hand side tends to 0 as * — oo. In the light of (4.14) and the same generalized

dominated convergence theorem as above (e.g. Theorem 1.21 of Kallenberg (1997)), it suffices for
the proof of (4.13) to show that the integral of a dominating function for z¢(y 372, 6; hi, (zw))

converges as ¥ — 00. We choose the dominating function by
x‘¢(y20jhfj (:cu)) ‘ < Em) Zﬁjhfj (xu)‘ =az(u,y), zeR.
j=1 J=1

such that its integral can be estimated as
2

Ga(wy(dy)du < 5 | yPu(dy) SULAES
R JR

Jj=1 L2 (]R)

T " 2
32" 12“"fhff<f’”')h

= oM 2292 / (h%(zu))?du, (4.18)

IN

*(R)

where we use Minkowski’s inequality and the fact [y 2u(dy) = 1. Since the right-hand side
converges as © — 0o by (4.14), we apply the generalized dominated convergence theorem to
(4.11) and obtain

xlgroloE exp X i Z_: 0;Va(t5) exp Z ;Y ,

which implies convergence of the finite dimensional distributions.
Next we prove tightness. For 0 < s < ¢ < 0o choose T > 0 such that s,¢ € [0, T]. By equation
(13.14) of Billingsley (1999) it suffices to show E[(V,(t) — V.(s))?] < cr(t — s)'** for some

constant ¢y > 0, By stationarity of V, we have

Va(t) = Vals) 2V, (t — 5) — V4(0) = (e*Mt*s) — 1) V(0) + /0 o e M5 aS (u).
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Applying Young’s inequality gives

2

B[(Valt) - Vols)’] <2 (209 1) B [(V.(0))?] + 28] /0 - e as, ()],

Since [e M=) — 1| < . (t — 5)1FP)/2 for t > s and some constant ¢ > 0, it suffices to show
that

E[( /Ot_s e_)\(t—s—u)dsx(u)>2} <t e

for some constant ¢/, > 0. Observe that by integration by parts as in (4.15),

E[(/Ots e*)‘(t*S*“)dSw(u)>2}
= /IR (% /Ots e MW ol (g — w)+)du>2dw

((t—S) ) 2 _—2\(t—s) o b= Alu+v) 2( ) 2(1‘0) udv
S TR / Lo () o%()

= 2(((;(;;’)) + 222 e A (- s>( /0 o du)Z

02((t — S)x) 1 —A(t—s) 2
= 20'27(;5‘) =+ 2CT (6 — 1)

for some constant ¢/ > 0. Since 0 € RV}, similarly as in the proof of Theorem 3.2 (p. 349)

of Kliippelberg and Kiihn (2004), the bounded function n(x) := o%(z)/z'** is regularly varying
with index p; i.e., n(z(t—s))/n(x) converges to (t—s)” as x — 0o uniformly int > s on compact

subsets of Ry. This implies that for each M > 0 and = > z); for some x )

o?(a(t - 5))
< (TP 1) (E—s) P
Sl < (N9
This (together with the Cauchy-Schwarz inequality) implies the tightness condition (13.14) of
Billingsley (1999), which gives our result. O

Remark 4.7. The proof of convergence of the finite dimensional distributions resembles that
of Theorem 1 in Pipiras and Taqqu (2008). However, the ch.f. (4.11) of our stochastic integrals
is more complicated than the one on p. 303, line 3 of that paper, as we have to deal with an

additional integral with respect to Lebesgue measure.

5 Limits of stochastic volatility models

We propose a flexible model class for stochastic volatility (SV) models: the data are driven by
BM or FBM, and the volatility process is an OU process driven by a time scaled GFLP. This
allows for different distributions by varying the driving Lévy process, it gives flexible dependence
structures, ranging from exponential short memory to polynomial, including long memory, and

it also allows for jumps in the volatility by the behavior of ¢ in 0.
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Moreover, we allow for time scaled versions of the SV model, which gives, when we apply
Theorem 4.6, in the limit a function of a FOU process with H € (1/2,1). Consequently, we can
adjust the model for the roughness of its sample paths, from those with jumps to continuous
ones.

For H € [1/2,1) let W be FBM (BM corresponding to H = 1/2). For x > 0 and a
continuous function f: R — R we define the SV model

t t _

Wlt) = utt B/ va(5)ds +/ Vo) dWE (s), (5.1)
0 0

v(t) = f(Va(t)).

The integral in the data equation is for H > 1/2 a path integral as defined in Young (1936) or
Mikosch and Norvaisa (2000), and requires p-variation of the sample path v, for appropriate p.
For H = 1/2 we take the usual Ito-integral.

We shall show that for z — oo the bivariate process {(z4(t),vz(t))}+>0 converges in the
Skorokhod space D(R2) to

2(t) = ut+ﬁ/0 v(s)d5+/0 Vo(s—)dWH (s),
o(t) = Y (1))

Recall first that v, = f(V), so that by the continuous mapping theorem weak convergence

of v, follows from that of V.

Theorem 5.1. For xz > 0 let (2,v;) be as in (5.1). Assume that z; = {z4(t)}+>0 is driven
by FBM (or BM) with H € [1/2,1). Assume furthermore that vy = {v.(t)}+>0 is positive, has
a.s. cadlag sample paths, and that it is independent of WH, Suppose that for every T > 0 and
t € [0,T] for all = sufficiently large

El(ve(t))?] < M, tel0,T), (5.2)

for some constant M > 0, which may depend on T. For H > 1/2 we additionally assume that
Uz is of finite p-variation for p < 1/(1 — H). If

v Bv asa— 00, (5.3)

in the Skorkohod space D(R.) with the metric which induces the Skorokhod Jy topology, and if
VU is again of finite p-variation with p < 1/(1 — H), then also

(22, Uz) a4 (z,v)  asx — o0,
in the Skorokhod space D(R2) with the metric which induces the Skorokhod Jy topology.

Proof. In order to prove weak convergence we show convergence of the finite dimensional distri-

butions and tightness. We shall often condition z, on the o-field

G :=0{vz(s),s€1[0,7],0 <z < oo}
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so that, given G, the process z, is a Gaussian process. Now we take 0 =] <to < - - <t <T
and 0 =1t} <ty <--- <t/ <T for m,n € N and prove

(20(t1), 20 (t2), - - 20 (tm), v (1), 02 (th), - . va(th))
% (2(t0), 2(t2), - 2(Em) 0(8), (), - v(E))

by the Cramér-Wold device. For (11,712, - - - Yim, V21, - - - » Yon) € R™T™ we shall show that

m n m n
d
D ygza(ty) + Y varva(ty) > Y viiz(t) + D varv(ty).
j=1 k=1 =1 k=1

Observe that

m

m n n
D mjze(ty) > varvalty) = Z 15 | (a(ty) = zo(tj-1)) + Y Yawva(th)
j=1 k=1 k=1

Jj=2 \h=j
with z;(t1) = 0 and, hence, it suffices to show that
m n m
D i (za(ty) = zo(ti1) + > varva(ty) = Z T15(% 2(tj-1)) + Z Yorv(t,)-
=2 k=1 j=2 k=1

We use the independence of v, and WH and the conditional Gaussianity of both z, and z given
the o-field G to obtain the ch.f.

F |:ei>‘{2;n:2 '71j(zx(tj)_zrc(tj—l))'i'z;;:l 'Y2kv:c(t;6)}i|
—elE [eiA{Z?;z Y15 (22 () —2a (tj—1))+ X =1 Yorva ()} ‘ gH
— B e Ticinaa () g |:Z>\ZJ o715 (22 (t5) =2 (tj-1)) ‘g”

_ g [P Sher e A S g (gt )48 Jy) ve(w)u)

e_gH(QH—l)Zy}k’hj"ﬂkﬁ? tk 1\/7\/7‘u w|2H- 2dudwj|
=: E[h(vg)].

Since h(-) is continuous, the continuous mapping theorem yields h(vy) 4 h(v). Furthermore,
the fact that |h| < 1 together with Lemma 3.11 of Kallenberg (1997) implies that Elh(vg)] —
E[h(v)] as © — oo (see also 3.8 in Ch. VI of Jacod and Shiryaev (2003)). Again by conditional
independence, reversing the argument which led to E[h(v,)] yields

)

E[h(v)] = E |eMXim mi@t)=2(t-0))+ 2k ’Y2kv(t;e)}:|

This concludes the first part of the proof.
Secondly, we prove tightness. For the process z, we apply the tightness condition of (13.14)
in Billingsley (1999). Since W has zero mean, it suffices to prove tightness of

t
I (@) ::/ vy(s)ds and I /\/ dWH t>0.
0
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For 0 < s <t we have

E[(1§1>(t)_1;1>(3))2] _ E[ /: /Stvx(u)vx(w)dudw

_ / t / " Bl (w)oy ()] duduw

< [ [ VBt PIE e w) Pldudu
< M(t_8)2a

where we have used the Cauchy-Schwarz inequality and (5.2). This ensures the tightness con-
dition for the Lebesgue integral 1Y, As for tightness of the (fractional) Brownian integral Y
recall that, given the o-field G, I;EQ) is Gaussian. We distinguish two cases.

For H > 1/2 we calculate

—
VS
N
no
=
—~
~
—
|
~
—~
no
=
—

V)
N—
~_

[N}
[E—
AN

E [E [(Iﬁf) (t) If)(s))2 ‘QH
B[ [ Voot wl ™ du]

< eM(t—s)*H,

IN

where ¢ is a finite positive constant, and apply (13.14) of Billingsley (1999) with g = 1/2.
For H = 1/2 we apply the same condition with 3 = 1 giving

B (190 - 106) | = £ || (10 - 126)" 6] | < & | (190 - 106)]

using properties of the quadratic variation of BM, and c is again a finite positive constant. Now
since the limit process z is continuous, the bivariate tightness of {(2(t), vz(t)) }+>0 follows from
Corollary 3.33 of Ch. VI of Jacod and Shiryaev (2003). O

Remark 5.2. (a) The same remark as made before Theorem 4.6 holds for the bivariate model.
Since the bivariate limit process has continuous sample paths, weak convergence also holds in the
Skorokhod space D(Ri) equipped with the metric of uniform convergence on compacts (Jacod
and Shiryaev, 2003, 1.17 (b), VI).

(b) Assume that v, = V is the stationary OU process driven by a time scaled GFLP as defined
in (4.6). If V, satisfies the moment condition (5.2) and the p-variation condition on the sample

path, then Theorem 5.1 applies.
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