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Abstract

This thesis is concerned with embedding problems for spanning subgraphs of growing
maximum degree into dense host graphs.
We generalise the well known Blow-up Lemma of Komlós, Sarközy, and Szemerédi

by replacing the constant degree bound for the target graph with a bound on its ar-
rangeability. Applications of the strengthened Blow-up Lemma include new embedding
results for graphs of sublinear bandwidth and planar graphs. In addition, we determine
the maximum size of a homogeneous set in typical graphs without an induced copy of
C5 or P4 respectively. Our proofs are based on the regularity method.

Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Einbettung von aufspannenden Subgraphen
mit wachsendem Maximalgrad in dichte Trägergraphen.
Es wird eine Verallgemeinerung des bekannten Blow-up Lemmas von Komlós, Sarkö-

zy und Szemerédi bewiesen, die die konstante Gradschranke für Gastgraphen durch eine
Schranke für die arrangeability ersetzt. Anwendungen des verallgemeinerten Blow-up
Lemmas umfassen neue Einbettungsergebnisse für Graphen mit sublinearer Bandweite
und planare Graphen. Desweiteren wird die maximale Gröÿe einer homogenen Menge
für typische Graphen ohne induzierte C5-Kopie bzw. ohne induzierte P4-Kopie bewie-
sen. Die Beweise basieren auf der Regularitätsmethode.
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1 Introduction

�Extremal graph theory, in its strictest sense, is a branch of graph
theory developed and loved by Hungarians.�

� Béla Bollobás (1978)

Extremal combinatorics is a branch of discrete mathematics. The term �extremal �
comes from the nature of the problems this �eld deals with: given a collection of
�nite objects (numbers, graphs, sets, etc.) that satis�es certain restrictions, how large
or small can the collection be? The restriction imposed on the combinatorial objects
often depends on a local property while extremality refers to a global one. The following
problem illustrates typical features of an extremal combinatorial problem.
Given an integer n, what is the maximum number of elements in {1, . . . , n} one can

choose without choosing three distinct integers a1, a2, a3 so that a3 � a2 = a2 � a1? The
problem de�nes a restriction on the triples of elements (local) and asks for the max-
imal cardinality of a set satisfying this restriction (global). A generalised version of
the preceding question has become known as the famous Erd®s-Turán conjecture. An
arithmetic progression of length k is a set of k integers {a1, . . . , ak} with the property
that all di�erences of the form ai+1 − ai are the same. In 1936, Erd®s and Turán con-
jectured that any subset of the integers with positive density contains arbitrarily long
arithmetic progressions. It took almost 40 years until Szemerédi proved this conjec-
ture in 1975. The key element of Szemerédi's ground breaking proof � the Regularity
Lemma � has become a central tool in graph theory and inspired a whole new series of
important results.1

A classical result from the time before the Regularity Lemma, and one of the earliest
results in extremal graph theory, is Turán's Theorem. Turán's Theorem determines the
maximum number of edges in a graph that does not contain a copy of Kr. Any graph
with more than this number of edges must contain a complete graph on r vertices.
Another classical result from extremal graph theory is the Theorem of Erd®s and

Stone. It considers the question how many edges are needed in a host graph G to
ensure that a graph H can be embedded into G. Interestingly, neither the number of
vertices nor the number of edges in H but its chromatic number determines the fraction
of edges necessary to enforce an embedding into G.
The Erd®s-Stone theorem applies to graphs H that are much smaller than the host

graphs G into which they are embedded. It was again Szemerédi who, together with
János Komlós and Gábor N. Sarközy, broke the ground with a �rst general embedding

1Endre Szemerédi has been awarded the 2012 Abel Prize because he �has revolutionized discrete

mathematics by introducing ingenious and novel techniques�. The Regularity Lemma is an out-
standing example of those contributions.
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1 Introduction

result for graphs H that have the same number of vertices as their host graphs G. Their
Blow-up Lemma paved the road for numerous important results on global structures
(the spanning graph H) that arise from local properties (e.g. the minimum degree) of
the host graph G.
Let us now give a short impression of a central concept in the Regularity Method.

The Regularity Lemma not only was the key to an amazing result in number theory, it
also became the foundation of a powerful technique in extremal graph theory. Roughly
speaking, this lemma states that any su�ciently large graph decomposes into a rel-
atively small number of parts that do have a very regular structure. More precisely,
the vertex set of a graph G can be partitioned into a constant number of equally sized
classes so that the following holds for most pairs (A,B) of such classes: The edges
running between the classes A and B form a bipartite graph with random-like edge
distribution. Later in this chapter we will explain what we mean by �random-like edge
distribution�. A partition into sets that have random-like edge distribution between
them is also called a regular partition and the random-like bipartite graphs are the
regular pairs of this partition.
The Blow-up Lemma states that � with respect to the embedding of graphs with con-

stant maximum degree � regular pairs behave (almost) like complete bipartite graphs
if they satisfy an additional minimum degree condition. Combining the Regularity
Lemma and the Blow-up Lemma hence gives a powerful tool for the spanning embed-
ding of graphs with constant maximum degree.
As a main result this thesis contains a generalisation of the Blow-up Lemma. Our

version of the Blow-up Lemma does not require the constant degree bound for the
target graph. Instead it relies on the more general concept of bounded arrangeabil-
ity (which we will introduce later in this chapter) to derive a spanning embedding.
This strengthening yields several applications: We obtain various embedding results
for spanning subgraphs of potentially unbounded maximum degree. Among those we
present a variant of the Bandwidth Conjecture of Bollobás and Komlós for arrangeable
graphs. This in turn provides generalised embedding results, e.g. for F -factors, planar
graphs or graphs embeddable into any (�xed) orientable surface.

As we will see in this introduction, many important results in extremal graph theory
have indeed been developed by Hungarians. And we would never doubt the assessment
of Béla Bollobás when it comes to graph theory. We will see in the following that
Hungarians are no longer the only ones that develop and love extremal graph theory.

Before stating our results in Section 1.2 we will give a short account of the relevant
previous work in the area in Section 1.1. In Section 1.3 we will then sketch and explain
some techniques that are used in many parts of this thesis. Those mostly fall into the
area of the Regularity Lemma or the Probabilistic Method.

2



1.1 History

1.1 History

In this section we provide some of the most important background material concerning
extremal graph theory (see Section 1.1.1) and random graph theory (see Section 1.1.2).
This will enable us to put our results in context later.

1.1.1 Extremal graph theory

We start this section with a short de�nition of the topic by Reinhard Diestel [33]:
�Extremal graph theory is a branch of the mathematical �eld of graph theory. Extremal
graph theory studies extremal (maximal or minimal) graphs which satisfy a certain
property. Extremality can be taken with respect to di�erent graph invariants, such
as order, size or girth. More abstractly, it studies how global properties of a graph
in�uence local substructures of the graph.�

The subgraph containment problem The primordial problem in extremal graph
theory has been solved by Paul Turán [92]. His by now classical result gives a tight
lower bound on the number of edges that force a copy of a complete graph on r vertices.
It states that Kr can be embedded into each n-vertex graph G with average degree
strictly greater than r−2

r−1n.

Theorem 1.1 (Turán [92])
Every graph G on n vertices with average degree d(G) > r−2

r−1n contains a complete
graph Kr on r vertices as a subgraph.

This theorem was generalised to arbitrary �xed graphs H by Erd®s, Stone, and
Simonovits [45, 38]. Their result, sometimes also called the fundamental theorem of
extremal graph theory, states the following: the average degree of a host graph needed
to guarantee an embedding of a �xed graph H depends only on the chromatic number
of H, i.e., the minimal number of colours necessary to colour the vertices of H in such
a way that no two adjacent vertices receive the same colour.

Theorem 1.2 (Erd®s, Stone [38])
For every constant γ > 0 and every �xed graph H with chromatic number r ≥ 2 there
is a constant n0 ∈ N such that every graph G with n ≥ n0 vertices and average degree
d(G) ≥

(
r−2
r−1 + γ

)
n contains a copy of H as a subgraph.

This result more or less settled the question of �xed subgraph containment and the
focus shifted towards more complex structures, among them spanning subgraphs.

Spanning subgraphs This section translates Theorem 1.2 into a spanning setting,
i.e., one where the graphs H and G have the same number of vertices. It is obvious
that at least two changes are necessary here.
Since a spanning subgraph uses every single vertex of G, we need to control every sin-

gle vertex of G. Hence the average degree condition must be replaced by one involving

3



1 Introduction

the minimum degree δ(G) of G. Moreover, there are simple examples of r-chromatic
graphs H that show that the lower bound has to be raised to at least δ(G) ≥ r−1

r
n:

simply consider the case where G is the complete r-partite graph with partition classes
almost but not exactly of the same size (thus G has minimum degree almost r−1

r
n) and

let H be the union of bn/rc vertex disjoint r-cliques (see Figure 1.1).

6⊆ m
−
1

m

m
+
1

Figure 1.1: The complete 3-partite graph G on 3m vertices with partition classes of
size m− 1,m,m+ 1 does not contain m vertex disjoint triangles.

And indeed, the minimum degree r−1
r
n is su�cient to guarantee the existence of

certain spanning subgraphs H. Maybe the most well-known example is Dirac's Theo-
rem [34] which states that any graph G on n vertices contains a Hamilton cycle, i.e., a
cycle on n vertices, if its minimum degree satis�es δ(G) ≥ n/2.
Another early result on large r-chromatic subgraphs of graphs with minimum degree

r−1
r
n is due to Corrádi and Hajnal [30]. They showed that in a graph G with n vertices

and minimum degree δ(G) ≥ 2
3
n all but at most two vertices can be covered by vertex

disjoint triangles.

Theorem 1.3 (Corrádi, Hajnal [30])
Let G be a graph on n vertices with minimum degree δ(G) ≥ 2

3
n. Then G contains

bn/3c vertex disjoint triangles.

This was generalised by Hajnal and Szemerédi [49], who proved the Kr-analogon,
i.e., that every graph G with δ(G) ≥ r−1

r
n must contain bn/rc vertex disjoint cliques

of order r.

Theorem 1.4 (Hajnal, Szemerédi [49])
Let G be a graph on n vertices with minimum degree δ(G) ≥ r−1

r
n. Then G contains

bn/rc vertex disjoint copies of Kr.

If a graph G on n vertices contains bn/|F |c vertex disjoint copies of a graph F we
also say that G contains an F -factor.

The �rst non-trivial case of Theorem 1.4 is r = 2, the existence of a perfect matching
which follows (for even n) from δ(G) ≥ 1

2
n. This is the same threshold as in Dirac's

Theorem about the existence of a Hamilton cycle. Could we �nd a more connected
structure in every graph G with high minimum degree such that the copies of Kr are
part of this structure? Indeed, Pósa (see, e.g., [41]) suggested a further extension of
Theorem 1.3. He conjectured that at the same degree threshold δ(G) ≥ 2

3
n where the

Theorem of Corrádi and Hajnal (Theorem 1.3) guarantees the existence of a spanning
triangle factor, a graph must already contain the square of a Hamilton cycle. (Here

4



1.1 History

the r-th power of a graph is obtained by inserting an edge between every two vertices
with distance at most r in the original graph, and the square of a graph is its second
power.) Note that the square of a cycle on at least 3t vertices contains t vertex disjoint
triangles.

Conjecture 1.5 (Pósa [41])
An n-vertex graph G with minimum degree δ(G) ≥ 2

3
n contains the square of a Hamilton

cycle.

This conjecture was later generalised by Seymour [89] who suggested that one can
exchange �square� and δ(G) ≥ 2

3
n for the �r-th power� and δ(G) ≥ r−1

r
n (this is often

called the Pósa-Seymour conjecture). Interestingly this again is the same threshold
as given by Theorem 1.4 for Kr-factors. Komlós, Sarközy, Szemerédi [61] �rst proved
Pósa's Conjecture (Conjecture 1.5), then an approximate version of the more general
Pósa-Seymour conjecture [64] and �nally [65] gave a full proof for �xed r and su�ciently
large graphs G.

Theorem 1.6 (Komlós, Sarközy, Szemerédi [65])
For every integer r ≥ 1 there is an integer n0 such that every graph G on n > n0

vertices with minimum degree δ(G) ≥ r−1
r
n contains the (r−1)-st power of a Hamilton

cycle.

The same authors also pioneered embedding results for a more general class of graphs.
Proving a conjecture of Bollobás [12, p. 437], Komlós, Sarközy, and Szemerédi [60]
showed (for n is su�ciently large) that graphs of order n with minimum degree (1

2
+

γ)n contain all trees on n vertices that respect a constant degree bound. They later
generalised this to trees of maximum degree O(n/ log n) which is optimal up to a
constant factor. To our knowledge, this was the only result on spanning subgraphs
that did not require a constant degree bound.

Theorem 1.7 (Komlós, Sarközy, Szemerédi [67])
For every γ > 0 there is an integer n0 and a constant c > 0 such that the following
holds. If T is a tree of order n ≥ n0 with ∆(T ) ≤ cn/ log n, and G is a graph of order
n with δ(G) ≥ (1

2
+ γ)n, then G contains T as a subgraph.

Several other results for bounded degree subgraphs have been obtained within the last
decade. As examples we present the following two theorems due to Komlós, Sarközy,
Szemerédi [66] on spanning F -factors (which solves a conjecture by Alon and Yuster [9])
and Kühn and Osthus [71] on spanning triangulations. For a detailed survey see [72]
and the references therein.

Theorem 1.8 (Komlós, Sarközy, Szemerédi [66])
For every r-chromatic graph F there is a constant C such that every graph G of order
n and minimum degree at least r−1

r
n+ C contains an F -factor.

Theorem 1.9 (Kühn, Osthus [71])
There is n0 such that every graph G with n ≥ n0 vertices and minimum degree at least
2
3
n contains a spanning triangulation.

5



1 Introduction

The results presented so far apply to very speci�c classes of target graphs (F -factors,
powers of cycles, trees of bounded maximum degree). We conclude this section on
extremal graph theory with a theorem that applies to a rather general class of (bounded
degree) graphs � graphs of sublinear bandwidth. A graph G has bandwidth at most b,
if there is a labelling of the vertices by numbers 1, . . . , n, such that for every edge ij of
the graph we have |i− j| ≤ b. F -factors, powers of cycles, trees of bounded degree, and
planar graphs of bounded degree all have sublinear bandwidth [17]. Hence the following
general statement which was suggested by Bollobás and Komlós [58, Conjecture 16]
and has been proved recently by Böttcher, Schacht, and Taraz [18] applies to each of
these classes.

Theorem 1.10 (Böttcher, Schacht, and Taraz [18])
For all r,∆ ∈ N and γ > 0, there are constants β > 0 and n0 ∈ N such that for every
n ≥ n0, if H is an r-chromatic graph on n vertices with ∆(H) ≤ ∆, and bandwidth at
most βn and if G is a graph on n vertices with minimum degree δ(G) ≥

(
r−1
r

+ γ
)
n,

then G contains a copy of H.

1.1.2 Random graph theory

The �eld of random graph theory started around the middle of the 20th century thanks
to several papers of Erd®s [39, 40, 42, 43]. He applied probabilistic arguments to show
the existence of graphs with certain properties; two of these examples we shall present
later in this section. Let us �rst de�ne the notion of a random graph and shed some
light on central concepts of random graph theory. A random graph is a probability
space over a set of graphs. Random graph theory now revolves around the question:
�What is the probability that a random graph graph does have a certain property.�
There are two strong motivations in random graph theory. The one that initially

inspired Erd®s was the following. To prove the existence of a graph with a certain
property, it su�ces to show that a random graph does have this property with positive
probability. There are numerous examples where a short probabilistic argument gives
the existence of graphs with a prescribed property but where it is extremely di�cult to
�nd a deterministic construction. The approach via random graphs has become known
as the Probabilistic Method.
The second motivation is the study of typical properties in a given class of graphs.

This is indeed an interesting problem for many graph classes as the values of graph
parameters often are highly concentrated even though a wide range of values is attained
by the class. We demonstrate this using the example of random triangle-free graphs.
It is well-known that triangle-free graphs can have arbitrarily large chromatic number.
However, if a graph is drawn uniformly at random from the set of all triangle-free graphs
it is bipartite with probability tending to 1. We also say that almost all triangle-free
graphs are bipartite.

This thesis pursues problems of both types. We employ the Probabilistic Method to
prove embedding results for spanning subgraphs. Later we give bounds on the size of
homogeneous sets for almost all graphs in certain graph classes de�ned by forbidden
induced subgraphs.

6



1.1 History

Almost all graphs The study of random graphs was started by Erd®s and Rényi [43]
in 1959. They introduced the G(n, p) random graph model where each edge is inserted
into a graph of order n uniformly and independently with probability p where p = p(n)
is allowed to depend on n. A �rst question to ask is whether such a random graph
typically is connected, or Hamiltonian, or contains a �xed subgraph H. Erd®s and
Rényi proved that the answer to these questions switches rapidly between �yes� and
�no� when p crosses certain thresholds.

Theorem 1.11 (Erd®s, Rényi [43])
Let k ≥ 3. Then

lim
n→∞

P[G(n, p) contains a k-cycle] =

{
0 if pn→ 0,

1 if pn→∞.

Interestingly, the threshold of Theorem 1.11 is independent of the cycle length k;
cycles of all (constant) lengths appear as soon as p is signi�cantly larger than 1/n.

The G(n, p)-model is not the only random graph model. Any class of graphs can
be turned into a random graph model by choosing randomly among its members. A
recent example is the following result by McDiarmid and Reed [77].

Theorem 1.12 (McDiarmid, Reed [77])
For every �xed surface S there are constants 0 < c < C such that

c log n ≤ ∆(H) ≤ C log n

for almost all graphs H of order n which are embeddable into S.

Probabilistic versions of open problems is another popular scenario in random graph
theory. One example is related to a famous conjecture by Erd®s and Hajnal [37]. The
conjecture suggests that for every graph H there is a positive constant ε(H) such that
all graphs G which do not contain H as an induced subgraph have a homogeneous
set of size at least |G|ε(H). (A homogeneous set spans either a clique or a stable set
in G.) This conjecture is open for most graphs H. Loebl, Reed, Scott, Thomason,
Thomassé [75] however showed that for every graph H the statement is true for almost
all graphs without induced H.

Theorem 1.13 (Loebl, Reed, Scott, Thomason, Thomassé [75])
For every H there is ε(H) > 0 such that almost all graphs G without an induced copy
of H contain a clique or a stable set of size |G|ε(H).

While random graph theory is an interesting �eld in its own right, random graph
models have proved a valuable tool for a variety of combinatorial problems. Even if
we cannot prove that almost all graphs have a given property random graphs may
yield valuable insights. Any positive probability certi�es that at least one graph with
the property in question exists. Deducing existence from positive expectation is the
principle that lies at the core of the Probabilistic Method. The following paragraph
gives two early and by now classical application of this concept.

7
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The Probabilistic Method The basic Probabilistic Method can be described as fol-
lows: In order to prove the existence of a combinatorial structure with certain proper-
ties, we construct an appropriate probability space and show that a randomly chosen
element in this space has the desired properties with positive probability. The following
example was one of the �rst in which this idea has been applied successfully.
The Ramsey number R(k) is the smallest integer n such that in any two-colouring of

the edges of a complete graph on n vertices Kn by red and blue, there is a red Kk (i.e.,
a complete subgraph on k vertices all of whose edges are coloured red) or a blue one.
Frank P. Ramsey [82] showed that R(k) is �nite for any integer k. His results imply an
exponential upper bound of R(k) ≤ 22k−3. It was Paul Erd®s [39] who employed the
Probabilistic Method to prove an exponential lower bound for R(k).

Theorem 1.14 (Erd®s [39])
Let k ≥ 3. Then R(k) > 2k/2.

The idea of the proof is as simple as intriguing. Consider a random two-colouring of
the edges ofKn obtained by colouring each edge independently either red or blue, where
each colour is equally likely. Then any �xed set of k vertices spans a monochromatic
clique with probability at least 21−(k2). Since there are

(
n
k

)
subsets of {1, . . . , n} with

k elements, the probability that at least one monochromatic subset occurs is at most(
n
k

)
21−(k2). Thus, a colouring without a monochromatic Kk exists if

(
n
k

)
21−(k2) < 1. This

is the case for n = b2k/2c.
To our knowledge no explicit construction is known that achieves this lower bound.

But a simple �rst moment calculation proves that a random edge-colouring of Kn with
positive probability does not contain a monochromatic Kk. Hence, there is an edge-
colouring of Kn that does not have a monochromatic Kk. Up to date this lower bound
is essentially the best known.

Another founding example of the technique that had by then become known under
the name Probabilistic Method is also due to Erd®s. In 1959 he answered the question
whether graphs without short cycles can have high chromatic number in the a�rma-
tive [40].

Theorem 1.15 (Erd®s, [40])
For all positive integers k, ` there is a graph G on `1+1/(2k) vertices that does not contain
any cycles of length up to k and has α(G) < `. In particular, χ(G) ≥ `1/k.

Half a century after its initial discovery the Probabilistic Method remains a ver-
satile tool in combinatorics. The ideas behind it have been re�ned from simple �rst
moment calculations to more and more sophisticated probabilistic arguments. Those
also include randomised algorithms and their analysis � an important tool in our later
proofs. The core argument of the Probabilistic Method remains unchanged: positive
probability implies existence.

8
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1.2 Results

In this section we present an overview of the results obtained throughout this thesis
and put them in the context of the previous section. We will describe an extension
of the Blow-up Lemma (Section 1.2.1) which is one of our core results. As a major
application we provide a generalised version of the Conjecture of Bollobás and Komlós
(Section 1.2.2). Moreover, we discuss planar subgraphs in dense graphs (Section 1.2.3).
All results will be repeated with more details in the respective chapters that cover their
proofs.

1.2.1 A Blow-up Lemma for growing degrees

As we have laid out in Section 1.1.1 the last decade has seen tremendous progress on
various results for spanning subgraphs. The foundation of this success was laid in the
Blow-up Lemma by Komlós, Sarközy, and Szemerédi [62]. In order to state this result
we need some de�nitions.
Let G = (V,E) be a graph and let ε, δ > 0. A pair (A,B) with A,B ⊆ V , A∩B = ∅

is called ε-regular if ∣∣∣∣e(A,B)

|A| |B|
− e(X, Y )

|X| |Y |

∣∣∣∣ ≤ ε

for all X ⊆ A, Y ⊆ B with |X| ≥ ε|A|, |Y | ≥ ε|B|. A pair (A,B) is called (ε, δ)-super-
regular if it is ε-regular and, in addition, deg(v,B) ≥ δ|B| and deg(w,A) ≥ δ|A| for
all v ∈ A, w ∈ B.
Let G, H and R be graphs with vertex sets V (G), V (H), and V (R) = {1, . . . , r}.

We say that H has an R-partition V (H) = X1 ·∪ . . . ·∪Xr, if for every edge xy ∈ E(H)
there are distinct i, j ∈ [r] with x ∈ Xi, y ∈ Xj and ij ∈ E(R). G has a corresponding
(ε, δ)-super-regular R-partition V (G) = V1 ·∪ . . . ·∪Vr, if |Vi| = |Xi| =: ni for all i ∈ [r]
and every pair (Vi, Vj) with ij ∈ E(R) is (ε, δ)-super-regular. These partitions are
balanced if n1 ≤ n2 ≤ · · · ≤ nr ≤ n1 + 1. We now state a basic version of the Blow-up
Lemma.

Theorem 1.16 (Komlós, Sarközy, Szemerédi [62])
Given a graph R of order r and positive parameters δ,∆ there is a positive ε = ε(δ,∆, r)
such that the following holds. Suppose that H and G are two graphs with the same
number of vertices, where ∆(H) ≤ ∆ and H has a balanced R-partition, and G has a
corresponding (ε, δ)-super-regular R-partition. Then there is an embedding of H into
G.

This result is one key ingredient in the proofs of Theorem 1.6, Theorem 1.8, Theo-
rem 1.9, and Theorem 1.10 from Section 1.1. We want to draw the reader's attention
to the constant degree bound for H in Theorem 1.16. This restriction is mirrored by
the fact that all of the listed theorems (implicitly) contain a constant bound on the
maximum degree of the subgraphs embedded.
Komlós [58] suggested to relax the constant degree bound in Theorem 1.16 by the

following more generous restriction. A graphH is called a-arrangeable if its vertices can
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be ordered as (x1, . . . , xn) in such a way that
∣∣N(N(xi, {xi+1, . . . , xn}), {x1, . . . , xi}

)∣∣ ≤
a for each 1 ≤ i ≤ n. This indeed generalises a constant degree bound as every graph
H with ∆(H) ≤ a is (a2 − a + 1)-arrangeable. At the same time, even 1-arrangeable
graphs, e.g. stars, can have unbounded degree. We give examples for graph classes
with bounded arrangeability in the following section. We prove the following theorem
in Chapter 4.

Theorem (Theorem 4.3)
Given a graph R of order r and positive parameters δ, a there is a positive ε = ε(δ, a, r)
such that the following holds. Suppose that H and G are two graphs with the same
number of vertices, where H is a-arrangeable, ∆(H) ≤

√
n/ log n and H has a balanced

R-partition, and G has a corresponding (ε, δ)-super-regular R-partition. Then there is
an embedding of H into G.

It remains to say that the restriction of ∆(H) ≤
√
n/ log n is optimal up to the

log-factor (see Proposition 4.35). Already in 1996 Komlós and Simonovits extended
the degree bound of the Blow-up Lemma to c

√
n/ log n for the case that H is a tree

(see [69, Theorem 6.6]).

1.2.2 A generalisation of a conjecture by Bollobás and Komlós

The conjecture of Bollobás and Komlós (Theorem 1.10) presents an embedding result
for the rather general class of graphs with sublinear bandwidth and constant maximum
degree. In Section 1.1.1 we have mentioned that powers of cycles, trees of bounded
degree, F -factors, and planar graphs of bounded degree all satisfy the requirements of
Theorem 1.10. Eliminating the constant degree bound would add even more classes
of graphs to this list. The degree bound is required in only two places in the proof
of Theorem 1.10 � one being an application of the Blow-up Lemma (Theorem 1.16).
Building on the generalised Blow-up Lemma presented in Section 1.2.1 we give a proof
of the following generalisation of the conjecture of Bollobás and Komlós in Chapter 5.

Theorem (Theorem 4.9)
For all r, a ∈ N and γ > 0, there are constants β > 0 and n0 ∈ N such that for every
n ≥ n0 the following holds.
If H is an r-chromatic, a-arrangeable graph on n vertices with ∆(H) ≤

√
n/ log n

and bandwidth at most βn and if G is a graph on n vertices with minimum degree
δ(G) ≥

(
r−1
r

+ γ
)
n, then G contains a copy of H.

The more generous degree bound of ∆(H) ≤
√
n/ log n allows various applications in

the spirit of Section 1.1.2. We give one example. So let S be an orientable surface and
HS(n) be the set of all graphs on n vertices which are embeddable into the surface S.
We argue that the requirements of the above theorem are satis�ed for almost all graphs
in HS(n).
A result by McDiarmid and Reed [77] (Theorem 1.12) states that there is a constant

C = C(S) such that almost all graphs H in HS(n) have ∆(H) ≤ C log n. Moreover,
almost all graphs in HS(n) have sublinear bandwidth (Böttcher, Pruessmann, Taraz,
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and Wür� [17]), are a = a(S)-arrangeable (Rödl and Thomas [87]), and have chro-
matic number at most r = b(7 +

√
1 + 48g)/2c (Heawood [51], Apple and Haken [10]).

Combining those results with our theorem above yields the following application of the
generalised conjecture of Bollobás and Komlós.

Theorem (Corollary 5.4)
Let γ > 0 and let S be an orientable surface of genus g ∈ N0. Set r = b(7 +√

1 + 48g)/2c and let G be any graph of order n with δ(G) ≥ ( r−1
r

+ γ)n. If H is
drawn uniformly at random from HS(n), then G contains H almost surely.

In particular, we obtain the subsequent result on planar graphs.

Corollary (Corollary 5.4)
Let γ > 0 then δ(G) ≥ (3

4
+ γ)n implies that G contains almost all planar graphs on n

vertices as subgraphs.

1.2.3 Large planar subgraphs in dense graphs

Given a graph G we want to exhibit a large planar subgraph and therefore de�ne pl(G)
to be the number of edges in the largest planar subgraph of G. Moreover, we set
pl(n, d) := min{pl(G) : v(G) = n, δ(G) ≥ d}. Those de�nitions are due to Kühn,
Osthus, and Taraz [74]. Using this notation we can write Theorem 1.9 as pl(n, 2

3
n) =

3n−6 for large n. Kühn, Osthus, and Taraz [74] prove that pl(n, γn) ≥ 2n−C(γ) and
pl(n, (1

2
+ γ)n) ≥ 3n− C(γ) for some constant C that only depends on γ.

In Chapter 6 we investigate the behaviour of pl(n, d) for values d slightly above n/2.
We discover the following peculiar behaviour.

Theorem (Theorem 6.2, Theorem 6.3)

pl(2m− 1,m) = (4.5 + o(1))m , pl(2m− 1,m+ 1) = (5 + o(1))m .

Note that the class of complete bipartite graphs shows that pl(2m,m) = 4m − 4.
Hence the parameter pl(n, d) has a �jump� at the threshold d = n/2. Contrary to that,
pl(n, d) exhibits a very smooth behaviour for a minimum degree of the form d = γn
with 0 < γ < 1/2. In Chapter 7 we prove the following theorem.

Theorem (Theorem 7.5)
For every γ ∈ (0, 1/2) there is nγ such that pl(n, γn) = 2n − 4k for every n ≥ nγ,
where k ∈ N is the unique integer such that k ≤ 1/(2γ) < k + 1.

1.2.4 Homogeneous sets

A famous conjecture by Erd®s and Hajnal [37] suggests that all graphs that do not
contain a �xed induced subgraph H have large homogeneous sets. To make this more
precise, we de�ne hom(G) as the size of the largest homogeneous set (i.e., clique or
stable set) in G. Using this notation the conjecture of Erd®s and Hajnal says the
following.

11
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Conjecture 1.17 (Erd®s, Hajnal [37])
For every graph H there is ε(H) > 0 such that hom(G) ≥ |G|ε(H) if G does not contain
H as an induced subgraph.

The conjecture is known to be true for a small number of graphs H, but open, among
others, for H = C5 (see [48]). Loebl, Reed, Scott, Thomason, and Thomassé [75]
however showed that for every graph H the statement is true for almost all graphs
without induced H. They ask for which graphs H it is true that almost all graphs
without an induced copy of H do have a linearly sized homogeneous set.
Let Forb∗n(H) denote the set of graphs on vertex set [n] that do not contain an

induced copy of H. For η > 0 we de�ne Forb∗n(H, c) to be the set of graphs in
Forb∗n(H) that have c

(
n
2

)
. We answer the question of Loebl et. al. in the a�rmative.

The statement even remains true if we restrict ourselves to graphs of a �xed density.

Theorem (Theorem 8.3)
For every 0 < c < 1 there is η > 0 such that

lim
n→∞

|{G ∈ Forb∗n(C5, c) : hom(G) ≥ ηn}|
|Forb∗n(C5, c)|

= 1.

This leaves us in a peculiar situation. Even though it is known that almost every
graph without an induced copy of C5 has a homogeneous set of linear size it remains
unknown whether all graphs G without an induced copy of C5 do have a homogeneous
set of size |G|ε for any �xed ε > 0.

Recently Kang, McDiarmid, Reed, and Scott [56] have shown that most graphs H
are such that almost all graphs without an induced copy of H do have a linearly sized
homogeneous set. One case that is not covered by their result is H = P4 which gives
the class of cographs. We show that almost all cographs do not have homogeneous sets
of linear size.
Theorem (Theorem 9.2)
For every ε > 0 we have

lim
n→∞

|{G ∈ Forb∗n(P4) : hom(G) ≥ n/ log1−ε n}|
|Forb∗n(P4)|

= 0 .

1.3 Ideas and concepts

In this section we brie�y describe the central ideas and concepts that are necessary to
prove the theorems presented in the previous section. Virtually all of these are based
on the Regularity Lemma and corresponding embedding results for regular partitions.
Hence this section constitutes an introduction into the regularity method with a focus
on the Blow-up Lemma. All de�nitions and results of this section will be repeated
later.
First, in Section 1.3.1, we motivate the Blow-up Lemma. Section 1.3.2 and Sec-

tion 1.3.3 introduce important ideas in the proof of our generalised Blow-up Lemma.
We conclude with questions regarding the application of the (generalised) Blow-up
Lemma in Section 1.3.4.
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1.3.1 Regular partitions and the Blow-up Lemma

As mentioned earlier, the Regularity Lemma is a structural result that guarantees that
every su�ciently large graph has a partition which we call regular. This partition
contains regular pairs which we described as random-like bipartite graphs. We shall
make this more precise in the following.
The density d(A,B) of a bipartite graph (A,B) with partition classes A and B is

the number of its edges divided by the number of possible edges |A| |B|. The pair
(A,B) is called ε-regular if all subsets A′ of A and all subsets B′ of B with |A′| ≥ ε|A|
and |B′| ≥ ε|B| have the property that their density d(A′, B′) di�ers from the density
d(A,B) by at most ε. An ε-regular partition of a graph G = (V,E) is a partition of
its vertex set V into V1, . . . , Vk such that (Vi, Vj) forms an ε-regular pair for all but at
most an ε-fraction of all possible index pairs i, j. The sets Vi are also called the clusters
of the partition. The Regularity Lemma then guarantees the existence of an ε-regular
partition of G into k clusters where k only depends on ε but not on the size of G.
Note that an empty bipartite graph is ε-regular for any positive ε. However, an

empty bipartite graph will not be useful in applications concerning the embedding of
graphs. For these applications we need regular pairs to have many edges (dense pairs).
Given an ε-regular partition of a graph we now de�ne a so called reduced graph R of
the partition. This graph contains one vertex for each cluster and an edge for every
ε-regular pair with density at least δ for some constant δ (much bigger than ε).
In the �rst pages of this chapter we called the edge distribution in an ε-regular pair

�random-like�. We elaborate on this analogy now. To do so we compare properties
of a random bipartite graph and a dense ε-regular pair. Let Gp = (A ∪ B,EG) be a
bipartite graph that contains every edge from A × B independently with probability
p and let H = (A ∪ B,EH) be an ε-regular pair with density p (p much larger then
ε). In both cases the degree of most vertices in A is close to p|B| (by symmetry the
analogous statement is true for B). Subpairs (A′, B′) of reasonable size in (A,B) have
density close to p in both graphs. And �nally both graphs contain roughly the same
number of copies of any �xed (bipartite) graph F . In particular, a dense ε-regular pair
contains many copies of a �xed bipartite graph F .
We can even guarantee much bigger structures in dense regular pairs if we require

the additional property that every vertex has a δ-fraction of all possible neighbours.
Regular pairs that satisfy this minimum degree condition are called (ε, δ)-super-regular.
The so-called Blow-up Lemma (see Theorem 1.16) implies that an (ε, δ)-super-regular
pair (A,B) is (almost) as good as a complete bipartite graph when it comes to the
embedding of bounded-degree subgraphs. More generally, the Blow-up Lemma allows
for the embedding of spanning graphs into systems of super-regular pairs. So assume
that a graph G = (V,E) has an ε-regular partition with reduced graph R in which
every dense pair is also (ε, δ)-super-regular. Further assume that H is another graph
on the vertex set V and that all edges of H run between clusters that are adjacent
in R. If, in addition, the maximum degree of H is bounded by a constant ∆, then the
Blow-up Lemma guarantees a copy of H in G (if ε is su�ciently small).

13



1 Introduction

Our generalised Blow-up Lemma (see Theorem 4.3) replaces the constant degree
bound for H by the weaker constraint for its arrangeability. Besides that, the method
remains unchanged: In order to �nd a spanning subgraph H of G we partition the host
graph G into (super-)regular pairs and apply the Blow-up Lemma to a corresponding
partition of the target graph H.

Let us close with the remark that the additional requirement of super-regularity is
no severe restriction. Any regular pair can easily be transformed into a super-regular
pair by omitting a few vertices (see Proposition 3.11).

1.3.2 A randomised embedding algorithm

A randomised embedding algorithm plays a central rôle in the proof of our generalised
Blow-up Lemma. We present the approach using the example of a single (ε, δ)-super-
regular pair. The ideas naturally carry over to systems of super-regular pairs. It is
quite instructive to study a naive greedy approach for this embedding problem �rst.
So assume that the graph G = (V1 ∪ V2, EG) is an (ε, δ)-super-regular pair and H =
(X1 ∪ X2, EH) is a bipartite graph with |Vi| = |Xi| for i = 1, 2. We �x an arbitrary
order for the vertices of H and start (randomly) embedding them one by one into the
pair (V1, V2). Doing so we have to respect the structure of H, i.e., if we want to embed
a vertex x of H and a neighbour y of x has already been embedded into w ∈ V1 then
we have to embed x into the neighbourhood of w. This restricts our choice for the
embedding of x in V2. At this point a severe problem arises. If x has a large number
of neighbours (say y1, . . . , yk) that have already been embedded, it could very well be
that the images of the yi do not have a common neighbour, thus leaving no choice for
the embedding of x. We therefore need a more sophisticated embedding scheme.

The indispensable detail to overcome this obstacle lies in the structure of a-arrange-
able graphs. As pointed out in Section 1.2.1, the generalised Blow-up Lemma re-
quires the graph H to be a-arrangeable for some constant a (see Theorem 4.3). So
let (x1, . . . , xn) be an a-arrangeable ordering of the vertices in H. We again start a
randomised embedding procedure. This time however we try to ensure that the em-
bedding of one vertex does not block the embedding of its neighbours. To do so we
simply forbid the embedding of xi into vertices that would disproportionately restrict
the embedding of a vertex xj (with j > i). This is where the a-arrangeability comes
into play. It guarantees that we indeed can �nd an embedding of xi that does not
disproportionately restrict the embedding of any vertex xj with j > i.

Nevertheless the randomised algorithm is likely to get stuck towards the end of the
embedding. By then most of the vertices of G are occupied which might again block
all possible embeddings of a remaining vertex of H. Hence, we only embed most of H
into the pair (V1, V2). We then try to �nd a simultaneous assignment of all remaining
vertices of H to the unoccupied vertices in G. We address the question why such an
assignment should exist in the subsequent section.
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1.3.3 The auxiliary graph and weighted regularity

In the previous section we have sketched a randomised algorithm for the embedding of
H into G. We now argue that in the setting of Section 1.3.2 this algorithm succeeds
with positive probability, thereby proving that H is indeed a subgraphs of G. In order
to analyse the embedding procedure we de�ne a family of auxiliary graphs as follows.
For i = 1, 2 and t ∈ {1, . . . , n}, the auxiliary graph Fi(t) is the bipartite graph on
vertex set Xi ∪ Vi that contains the following edges: xv is an edge in Fi(t) if and only
if after embedding vertices x1, . . . , xt−1 the vertex x can still be embedded into v. This
is the case if and only if all neighbours of x that already got embedded got embedded
into vertices that are adjacent to v in G. We want to illustrate this de�nition by the
following example. Let H be a cycle on 2n vertices and let G be a balanced bipartite
graph on the same number of vertices. We use the cyclical ordering of the vertices
in H for the embedding. (Note that this ordering is 2-arrangeable.) The auxiliary
graph Fi(0) is a complete bipartite graph as every vertex of Xi could be embedded
into any vertex of Vi at this point. This changes as we embed x1 into some vertex
v1 ∈ V1 thereby restricting the embedding of x2 (and of xn) to the neighbours of v1
in V2. Hence the neighbourhood of x2 in F2(1) is just the neighbourhood of v1 in
V2. While we embed vertex after vertex the auxiliary graphs keeps track of possible
embeddings: At time t we check whether the neighbourhood of xt in Fi(t) contains
vertices into which no vertex has been embedded yet. If this is the case we can embed
xt into those vertices. In particular, we �nd a spanning embedding of H into G if there
are unoccupied vertices in the neighbourhood of xt in Fi(t) for all t ∈ {1, . . . , n}.
Indeed, the above event happens with positive probability. The argument relies on

a concept that one could best describe as weighted regularity. The auxiliary graphs
Fi(t) are not ε-regular in terms of Szemerédi's classical de�nition as the degree of a
vertex x ∈ Xi strongly depend on the number of its neighbours that already got embed-
ded. However, one can introduce a weight function on the vertices of Xi together with
an corresponding de�nition of density that (potentially) makes those graphs weighted
regular. In Section 4.3 we prove that the randomised embedding into super-regular
pairs almost surely produces weighted regular auxiliary graphs. Moreover, all auxiliary
graphs of a randomised embedding have linear minimum degree with positive proba-
bility. If this is the case we obtain perfect matchings in each auxiliary graph. Those
perfect matchings at some point of time allow us to embed all remaining vertices of H
simultaneously into G thereby guaranteeing the spanning embedding in Section 4.4.

1.3.4 A lemma for G and a lemma for H

With the generalised Blow-up Lemma at hand, we prove an extension of a Conjecture
by Bollobás and Komlós [58] (see Theorem 4.9). For this purpose we need �nely tuned
tools for both the host graph and the target graph. Those we will call lemma for G and
lemma for H respectively. The lemma for G will construct a (super-)regular partition
of the graph G (building on the Regularity Lemma as described in Section 1.3.1) with
a reduced graph of quite a speci�c structure. This lemma for G follows from a result by
Böttcher, Schacht, and Taraz [18] from their proof of Theorem 1.10. The lemma for H
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in turn provides a partition of H that is compatible with the partition of G in view of
the embedding task. Here we prove a new version of a result by Böttcher et. al. that is
adapted to the potentially unbounded degree of H.
After these preparations we can apply our generalised Blow-up Lemma (see The-

orem 4.3) to embed H into G. This application di�ers from most previous ones in
that we do not need to split up the graphs into parts spanned by a �xed number of
clusters. Also the connecting via image restrictions becomes obsolete. Our Blow-up
Lemma embeds the whole of H in one go.

1.4 Organisation

This thesis is structured as follows.

- Chapter 2 gives an overview of basic de�nitions and concepts which we use
throughout the thesis.

- Chapter 3 introduces Szemerédi's Regularity Lemma in various forms as well as
corresponding embedding results for regular partitions. We present the state of
research and motivate upcoming results.

- Chapter 4 presents our core result, a Blow-up Lemma for graphs of growing
degree. This is joint work with Julia Böttcher, Yoshiharu Kohayakawa, and
Anusch Taraz [16].

- Chapter 5 contains an application of the extended Blow-up Lemma � the Con-
jecture of Bollobás and Komlós for arrangeable graphs. This is joint work with
Julia Böttcher and Anusch Taraz [19].

- Chapter 6 and Chapter 7 investigate the size of planar subgraphs in dense graphs.
These results are joint work with Oliver Cooley, Tomasz �uczak, and Anusch
Taraz [27] and Peter Allen and Jozef Skokan [3] respectively.

- Chapter 8 proves that almost all graphs without an induced copy of C5 have a
homogeneous set of linear size. This is joint work with Julia Böttcher and Anusch
Taraz [21].

- Chapter 9 proves that for any ε > 0 almost all cographs (graphs without an
induced copy of P4) have no homogeneous set of size n/ log1−ε n. This is joint
work with Carlos Hoppen and Marc Noy [52].

- Chapter 10 contains some concluding remarks on the problems covered in pre-
ceding chapters.
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2 De�nitions

In this chapter we provide the de�nitions of most concepts that we shall use throughout
the thesis. For all elementary graph theoretic concepts not de�ned in this chapter we
refer the reader to, e.g., [33]. In addition, we defer most de�nitions that are not used
in many chapters to later and only introduce them once we need them. In particular,
all terminology concerning the regularity method is introduced in Chapter 3.

2.1 Basic notions

Graphs A graph is a tuple G = (V,E) where V is a �nite, non-empty set and E ⊆
(
V
2

)
.

In particular all graphs in this thesis are �nite, simple, and undirected. We denote the
vertices of G by V (G):= V and the edges of G by E(G):= E. Their number is denoted
by v(G) and e(G) respectively. Sometimes we also write |G| for the number of vertices
in G and call it the order of G. An n-graph is a graph of order n. We frequently use
the shorthand uv for an edges {u, v} ∈ E(G) and say that it joins the vertex u to
the vertex v. We also say that u and v are adjacent vertices and that the vertex u is
incident with the edge uv.
For a vertex v ∈ V we write NG(v):= {u ∈ V (G) : uv ∈ E(G)} or simply N(v) for

the neighbourhood of v in G. Let A,B ⊆ V . Then N(v,B):= N(v)∩B denotes the set
of neighbours of v in B. The union of all neighbourhoods of vertices in A is also denoted
by NG(A) :=

⋃
v∈ANG(v) or simply N(A). The common or joint neighbourhood of two

vertices v, w is de�ned as NG(v, w):= NG(v)∩NG(w). The degree of a vertex v ∈ V (G)
is denoted by degG(v):= |NG(v)| while degG(v,B):= |NG(v) ∩ B|. We may omit the
subscript G if there is no doubt about the graph in question.
Let G = (VG, EG), H = (VH , EH) be two graphs. A homomorphism from H to G is

a function ϕ : VH → VG with {ϕ(v), ϕ(w)} ∈ EG for every {v, w} ∈ EH . The graph H
is called a subgraph of G if there is an injective homomorphism ϕ : VH → VG. In this
case we also say that G contains a copy of H or that ϕ is an embedding of H into G
and write H ⊆ G. The graph H is an induced subgraph of G if there is an injective
homomorphism ϕ : VH → VG with {ϕ(v), ϕ(w)} ∈ EG if and only if {v, w} ∈ EH . We
also say that G contains an induced copy of H. The set A ⊆ V induces the subgraph
G[A] := (A, V (G) ∩

(
A
2

)
). A subgraph H ⊆ G is called spanning if |H| = |G|.

A graph G = (V,E) is called complete if E =
(
V
2

)
; it is called a stable set if E = ∅.

We say a set W ⊆ V is homogeneous if it induces a complete graph or a stable
set in G. A partition of a graph G = (V,E) is a partition of its vertex set into
disjoint1 sets V = V1 ·∪ . . . ·∪Vk. A partition V = V1 ·∪ . . . ·∪Vk is called balanced if

1The dot in A ·∪B indicates that the union of A and B is a union between disjoint sets.
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2 De�nitions

|V1| ≤ |V2| ≤ · · · ≤ |Vk| ≤ |V1|+ 1. A graph G = (V,E) is called k-partite if there is a
partition V = V1 ·∪ . . . ·∪Vk of its vertices such that G[Vi] is a stable set for all i ∈ [k].
A 2-partite graph is called bipartite.
For a graph G = (V,E) and disjoint subsets A,B ⊆ V we de�ne e(A,B) to be the

number of edges between A and B. For disjoint nonempty vertex sets A,B ⊆ V the
density d(A,B) := e(A,B)/(|A| |B|) of the pair (A,B) is the number of edges that run
between A and B divided by the number of possible edges between A and B.
The graph Pn= ([n], {{i, i + 1} : i ∈ [n − 1]}) is called a path on n vertices, while

Cn= ([n], {{i, i+1} : i ∈ [n−1]}∪{{1, n}}) is called a cycle on n vertices. The complete
graph on n vertices, which we also call a clique, is denoted byKn, the complete bipartite
graph with partition classes of size n and m is denoted by Kn,m. A Hamilton cycle
is a spanning subgraph which is a cycle. Let H be a �xed graph. An F -factor is a
spanning subgraph which consists of vertex disjoint copies of H. A perfect matching is
a K2-factor. The k-th power of a graph G = (V,E) is denoted by Gk. It is a graph on
the same vertex set V in which two vertices x and y are adjacent if and only if there
is a path from x to y with length at most k in G.
A graph G is called connected if any two vertices are linked by a path in G. The

vertex maximal connected subgraphs of G are called the connected components of G.
A graph is called acyclic if it does not contain a subgraph which is a cycle. An acyclic,
connected graph is a tree and the disjoint union of trees is a forest. Vertices of degree
1 in a tree are leaves. A tree in which all but at most one vertex are leaves is called a
star.
A graph is called planar if it can be drawn into the plane in such a way that its

edges do not cross. A plane graph is a graph embedded into the plane together with
its embedding. The regions that arise from this embedding are called faces. A plane
graph G is a triangulation if all its faces are bounded by triangles and a quadrangulation
if all faces are bounded by 4-cycles. Note that a triangulation on n vertices has 3n− 6
edges, while a quadrangulation has 2n− 4 edges by Euler's formula. (Euler's formula
for polyhedra states that any plane graph satis�es v − e + f = 2, where v, e, f denote
the number of vertices, edges, faces in the plane embedding.)
A graph G is called perfect if ω(H) = χ(H) for every induced subgraph H of G. The

strong perfect graph theorem [23] asserts that perfect graphs are exactly those graphs
that do not contain an induced subgraph which is a cycle C2k+1 or the complement of
a cycle C2k+1 for some k ≥ 2.

Graph parameters We use the following basic graph parameters: the minimum de-
gree δ(G), the maximum degree ∆(G), and the average degree d(G). The maximum
size of a clique in G or the clique number of G is denoted by ω(G), the maximum
size of a stable set in G or the independence number by α(G). The maximum size of
a homogeneous set in G is denoted by hom(G):= max{α(G), ω(G)}. The chromatic
number of G is the minimum integer k such that G is k-partite. It is denoted by χ(G).
The two subsequent parameters will play an important rôle throughout the thesis.

De�nition (a-arrangeable)
Let a be an integer. A graph is called a-arrangeable if its vertices can be ordered as
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2.2 Random variables and random graphs

(x1, . . . , xn) in such a way that
∣∣N(N(xi,Righti),Lefti

)∣∣ ≤ a for each 1 ≤ i ≤ n, where
Lefti = {x1, x2, . . . , xi} and Righti = {xi+1, xi+2, . . . , xn}.

De�nition (Bandwidth)
Let G = (V,E) be a graph on n vertices. The bandwidth of G is denoted by bw(G) and
de�ned to be the minimum positive integer b, such that there exists a labelling of the
vertices in V by numbers 1, . . . , n so that the labels of every pair of adjacent vertices
di�er by no more than b.

The notion of arrangeability was introduced by Chen and Schelp in [22]. It generalises
the concept of bounded degree: every graph with maximum degree ∆ is (∆(∆−1)+1)-
arrangeable while even 1-arrangeable graphs such as stars may have arbitrarily large
degree. Chen and Schelp showed that planar graphs are 761-arrangeable which was
later improved to 10-arrangeable by Kierstead and Trotter [57]. Graphs with bounded
arrangeability exhibit several benign properties when it comes to embedding.
Key results of this thesis require graphs to have sublinear bandwidth. One can think

of this restriction as some locality constraint: the neighbours of every vertex lie close
to it in such a bandwidth ordering. Partitioning a graph along a bandwidth ordering
will thus ensure that edges only run between consecutive partition classes. Böttcher,
Pruessmann, Taraz, and Wür� [17] give several su�cient conditions for sublinear band-
width.

Asymptotics For asymptotic notation we use the Landau symbols O(f(n)), o(f(n)),
Ω(f(n)) and Θ(f(n)). The symbol � is used exclusively for the relation among con-
stants. For two positive real numbers ε, ε′ we write ε′ � ε to express that ε′ ≤ ε and
that we can choose ε′ smaller than any given positive ε.

Other We denote the set of positive integers by N and set N0:= N ∪ {0}. For any
integer n we write [n]:= {1, . . . , n}. For a real number x we denote by bxc the greatest
integer ≤ x, and by dxe the least integer ≥ x. Throughout this paper we omit �oors
and ceilings whenever this does not a�ect the argument. We write x = a ± b as a
shorthand for x ∈ [a− b, a+ b]. Unless we explicitly state a base all logarithms written
as 'log' refer to the natural logarithm, i.e., are taken at base e.

2.2 Random variables and random graphs

The notation and terminology we use for probabilities, random variables, and related
concepts is standard (in the theory of random graphs) and follows [54].
Some random variables that will play an important rôle throughout this thesis are

binomially distributed. The properties of this distribution are very well understood. So
let X be a binomially distributed random variable with parameters n and p. There is a
variety of concentration results for X which often go under the name Cherno� bound.
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2 De�nitions

We will mostly use the following inequality which is true for any c ∈ [0, 3/2].

P[|X − pn| ≥ c · pn] ≤ exp

(
−c

2

3
pn

)
.

A random graph in the Erd®s-Renyí model [43] denoted by G(n, p) is generated by
including each of the

(
n
2

)
possible edges on n vertices with probability p independently

at random. By linearity of expectation, the expected number of edges incident to
a vertex of G(n, p) equals (n − 1)p. Therefore, the parameter p governs the average
degree, or what we call the density of the graph.
A class of graphs that is closed under isomorphism is called a graph property. A

monotone graph property is closed under taking subgraphs while a hereditary graph
property is closed under taking induced subgraphs.
We say that a random graph G(n, p) has a property P asymptotically almost surely

(abbreviated a.a.s.) if the probability that G(n, p) ∈ P tends to 1 as n tends to in�nity.
The Erd®s-Renyí model has several convenient properties. If follows from Cherno�'s

inequality that G(n, p) for 0 < p < 1 asymptotically almost surely has the following
properties.

(i) every vertex has degree (p+ o(1))n,

(ii) every k-tuple of vertices has (pk + o(1))n common neighbours,

(iii) every subset which is signi�cantly larger than log n has density approximately p,

(iv) every �xed subgraph H is contained in G(n, p).

This may give an idea as to why the Erd®s-Renyí model is so popular in random graph
theory.

We would like to point out that Erd®s and Renyí [42] initially proposed the random
graph model G(n,m). A random graph in the G(n,m)-model is drawn uniformly at
random from the class of graphs with n vertices and m edges. The G(n, p)- and the
G(n,m)-model for m = p

(
n
2

)
are closely related as we shall see, e.g., in Section 8.4.

Other random graph models are de�ned by families of graphs. For an (in�nite)
family of graphs F let Fn be a graph drawn uniformly at random among all graphs of
order n in F . Much less than for G(n, p) is known about these graph models in general.
As an example let us shortly discuss random planar graphs, i.e., the case where F is
the set of all planar graphs. It has only recently been shown that the maximum degree
of Fn asymptotically almost surely is of order Θ(log n). At the same time the minimum
degree a.a.s. is as low as 1. Many of the other facts known about G(n, p) are either
not true or remain unknown.
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3 The regularity method

We have laid out in the introduction how Szemerédi's Regularity Lemma [90] has
paved the road for many important advances in extremal combinatorics. It originated
in a proof of the existence of arithmetic progressions in sets with positive density, but
has since then grown into a powerful framework for extremal problems of all kinds.
In particular, it has been the key instrument for the solution of a number of long-
standing open problems (such as, e.g., Theorem 1.6, Theorem 1.7, Theorem 1.8) in
extremal graph theory (see the surveys [69, 72] for a more detailed account). Little
surprising, virtually all results in this thesis build on the regularity method. Hence we
now want to give a detailed introduction into the topic.
In this chapter we will state the Regularity Lemma (Section 3.1) and some immediate

consequences which we group under the keywords regularity (Section 3.1) and super-
regularity (Section 3.2). We continue with embedding results such as the Blow-up
Lemma (Section 3.3) and conclude the chapter with some remarks on the concept of
weighted regularity (Section 3.4).

3.1 Regular partitions of graphs

The Regularity Lemma talks about regular partitions and, in particular, about regular
pairs. We de�ne those concepts before we state the lemma. For basic graph theoretic
de�nitions see Chapter 2. For the rest of this chapter, let ε, d ∈ (0, 1] unless noted
otherwise.

De�nition 3.1 (ε-regular)
The pair (A,B) is said to be ε-regular if, for all X ⊆ A, Y ⊆ B with |X| ≥ ε|A|,
|Y | ≥ ε|B|, one has |d(X, Y )− d(A,B)| < ε; otherwise (A,B) is said to be ε-irregular.
An ε-regular pair (A,B) is called (ε, d)-regular, if it has density at least d.

An ε-regular pair is also called quasi-random because regular pairs exhibiti properties
similar to the ones of random graphs in the G(n, p)-model stated in Section 2.2. There
are sevxeral ways to de�ne a regular partition. We present the original one by Szemerédi
from [90].

De�nition 3.2 (ε-regular partition)
Let G = (V,E). An equitable partition of V is a partition into pairwise disjoint sets
V0, V1, . . . , Vk such that |V1| = · · · = |Vk|. The set V0 is said to be exceptional, and one
might have V0 = ∅. Such an equitable partition of V is said to be an ε-regular partition
if |V0| ≤ ε|V | and not more than εk2 of the pairs (Vi, Vj) are ε-irregular in G, where
1 ≤ i < j ≤ k.
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3 The regularity method

With these de�nitions set Szemerédi's Regularity Lemma can be stated in two lines.

Lemma 3.3 (Regularity Lemma, Szemerédi [90])
For all ε > 0 and m there is M and N such that every graph G = (V,E) on n ≥ N
vertices has an ε-regular partition V = V0 ·∪V1 ·∪ . . . ·∪Vk with m ≤ k ≤M .

The crucial point here is that the upper bound M does not depend on the order n
but only on ε. However, N ≥ M and M grows rapidly with ε tending to 0. Proofs of
the Regularity Lemma bound M by a tower of 2s with height proportional to ε−5 (and
ε−5 cannot be replaced by anything better than ε−1 as was recently shown by Conlon
and Fox [26]). As a consequence, results obtained with the help of this lemma typically
talk about huge graphs only. And by huge graphs we mean graphs whose order easily
exceeds the number of atoms in the universe. This is also the scale for most results of
this thesis.
We will use the original version of the Regularity Lemma (Lemma 3.3) in Chapter 8.

For other purposes it is convenient to have slightly di�erent versions. Those might
seem stronger at �rst glance, however all versions of the Regularity Lemma presented
here directly imply each other. The following degree form of the Regularity Lemma
can be found, e.g., in [69, Theorem 1.10]. It will be used in Chapter 6.

Lemma 3.4 (Regularity Lemma, degree form)
For every ε, d > 0 there is an n0 such that the following is true for every graph G =
(V,E) on n ≥ n0 vertices. There is an equitable partition V = V0 ·∪V1 ·∪ . . . ·∪Vk and a
subgraph H ⊆ G such that

(i) k ≤ n0,

(ii) |V0| ≤ ε|V |,

(iii) H[Vi] is an empty graph for every i ∈ [k],

(iv) H[Vi ·∪Vj] is (ε, d)-regular or empty for every i, j ∈ [k],

(v) degG(v)− degH(v) ≤ (d+ ε)n for all v ∈ V .

Before we state a third form of the Regularity Lemma we introduce some more
notation. The concept of a reduced graph captures the structure of a regular partition.
One can think of it as a blueprint for the later embedding.

De�nition 3.5 ((ε, d)-reduced graph)
Let G = (V,E) have the ε-regular partition V = V0 ·∪V1 ·∪ . . . ·∪Vk. Then the (ε, d)-
reduced graph R of G is de�ned as the graph on vertex set [k] that has an edge ij if
and only if (Vi, Vj) is an (ε, d)-regular pair. We also say that G is (ε, d)-regular on R.

The sets Vi with i ∈ [k] are also called the clusters of the partition; we may occasion-
ally simplify notation and call a vertex i of the reduced graph a cluster and identify it
with its corresponding set Vi. The reduced graphs R inherits some properties from G.
The subsequent lemma states that minimum degree is one such property. This third
form of the Regularity Lemma can be found, e.g., in [74, Proposition 9]. We will use
it in Chapter 7.
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3.1 Regular partitions of graphs

Lemma 3.6 (Regularity Lemma, minimum degree form)
For all ε, d, γ with 0 < ε < d < γ < 1 and for all m there is M such that every graph
G on n > M vertices with δ(G) ≥ γn has an (ε, d)-reduced graph R on k vertices with
m0 ≤ k ≤M and δ(R) ≥ (γ − d− ε)k.

At this point we want to emphasize that we can require the exceptional set V0 in
a regular partition to be empty. Since n is not necessarily divisible by the number of
clusters k we then cannot expect the partition V = V1 ·∪ . . . ·∪Vk to be equitable any
more. However, we can demand |V1| ≤ |V2| ≤ · · · ≤ |Vk| ≤ |V1|+ 1. Recall that such a
partition is a balanced partition. The following equi-partite version of Lemma 3.3 can
be found in [68, Theorem 2].
The remainder of this section is dedicated to some convenient properties of regular

pairs. The �rst of these can be found, e.g., as [7, Lemma 3.1] and says that subpairs
of dense regular pairs are dense and regular.

Lemma 3.7 (Slicing lemma)
For every 0 < ε < d, α the following is true. Let (A,B) be an (ε, d)-regular pair
and let A′ ⊆ A, B′ ⊆ B satisfy |A′| ≥ α|A| and |B′| ≥ α|B|. Then (A′, B′) is an
(ε′, d− ε)-regular pair where ε′ = max{2ε, ε/α}.

The second property says that an even degree distribution is to some point equivalent
to ε-regularity. We de�ne the co-degree of v and w in G to be degG(v, w):= |NG(v) ∩
NG(w)|. As we have pointed out in Section 1.3.1, most vertices in a regular pair have
a degree close to the average degree. We make this more precise now. So let (A,B)
be an (ε, d)-regular pair. Then all but an ε-fraction of the vertices in A have degree at
least (d−ε)|B| into B. Similarly, only a small fraction of the pairs (v, w) ∈ A×A have
co-degree deg(v, w) < (d−ε)2|B|. In that sense ε-regularity forces an even distribution
of degrees and co-degrees in the pair. Interestingly, the converse is also true. The
subsequent statement (see, e.g., [35, Proposition 2.5]) says that an even degree and
co-degree distribution implies a certain degree of regularity.

Lemma 3.8 (Degree/co-degree lemma)
Let G = (A ·∪B,E) be a bipartite graph, |A| = |B| = n, and let at least (1−5ε)n2 pairs
of vertices (v, w) ∈ A× A satisfy

degG(v), degG(w) ≥ (d− ε)n , and

degG(v, w) < (d+ ε)2n ,

then G is (16ε)1/5-regular.

This degree/co-degree characterisation of regular pairs was introduced by Alon, Duke,
Lefmann, Rödl, and Yuster [6] in their proof of an algorithmic version of the Regularity
Lemma. We will employ the degree/co-degree characterisation to prove regularity for
the auxiliary graphs in Chapter 4.
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3 The regularity method

3.2 Super-regularity

We have already stated the Blow-up Lemma (Theorem 1.16) of Komlós, Sarközy, and
Szemerédi in the introduction. This result builds on the concept of super-regular pairs
which we now de�ne. Roughly speaking, a regular pair is super-regular if every vertex
has a su�ciently large degree.

De�nition 3.9 (super-regular pair)
An ε-regular pair (A,B) in a graph G = (V,E) is (ε, d)-super-regular if every vertex
v ∈ A has degree deg(v,B) ≥ d|B| and every v ∈ B has deg(v,A) ≥ d|A|. A partition
V = V0 ·∪V1 ·∪ . . . ·∪Vk is (ε, d)-super-regular on a graph R = ([k], ER), if all pairs
(Vi, Vj) with ij ∈ ER are (ε, d)-super-regular.

An ε-regular pair may be far from (ε, δ)-super-regular in the sense that it might
contain isolated vertices. However, there are not many vertices of small degree in a
regular pair.

Proposition 3.10
Let (A,B) be an (ε, d)-regular pair and B′ be a subset of B of size at least ε|B|. Then
there are at most ε|A| vertices v in A with |N(v) ∩B′| < (d− ε)|B′|.

Proof. Let A′ = {v ∈ A : |N(v) ∩ B′| < (d − ε)|B′|}. It follows that d(A′, B′) <
((d − ε)|A′| |B′|)/(|A′| |B′|) = d − ε. As (A,B) is (ε, d)-regular and |B′| ≥ ε|B| we
conclude that |A′| < ε|A|.

Applying Proposition 3.10 to all (ε, d)-regular pairs of a partition now gives a sub-
graphs which is super-regular on R. Note that we remove an ε-fraction of the vertices
for each edge of R that is incident to the cluster. Hence the subgraph could be empty
unless ∆(R) < 1/ε. We will only consider reduced graphs of bounded degree for this
reason. The following proposition can be found in [74, Proposition 8].

Proposition 3.11
Given ε, d > 0 and ∆ ∈ N set ε′ := 2ε∆/(1 − ε∆) and d′ := d − 2ε∆. Let G have
the balanced (ε, d)-regular partition V1 ·∪ . . . ·∪Vk with reduced graph R and let R′ be a
subgraph of R with ∆(R′) ≤ ∆. Then there are subsets V ′i ⊆ Vi with |V ′i | ≥ (1−ε∆)|Vi|
for every i ∈ [k] such that G[V ′i , V

′
j ] is (ε′, d′)-super-regular for every ij ∈ R′.

The concept of super-regularity will be central in the following section. Unfortu-
nately, even graphs with high minimum degree do not have a super-regular partition
in general. However, a dense graph can be partitioned such that an almost spanning
subgraph is super-regular on a bounded degree subgraph of the reduced graph. The
few vertices that are not part of this almost spanning subgraph are then moved to the
exceptional set V0.
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3.3 Embedding lemmas

3.3 Embedding lemmas

We now turn to embedding lemmas for regular pairs and/or partitions. We start with
two elementary result for the embedding of graphs with �xed number of vertices. Then
we move on to spanning embeddings and the Blow-up Lemma (Section 3.3.1). Finally
we present an almost-spanning embedding result that does not require a super-regular
partition (Section 3.3.2).
The subsequent lemma is a standard embedding result for regular partitions and

follows easily, e.g. from [68, Theorem 14].

Lemma 3.12 (Embedding lemma)
For every d > 0 and every integer k there exists ε > 0 with the following property.
Let H be a graph on k vertices v1, . . . , vk. Let G be a graph. Let V1, . . . , Vk be clusters
of an (ε, d)-regular partition of G with reduced graph R = ([k], ER). If there is a
homomorphism from H to R, then G contains a copy of H.

In Chapter 8 we will be interested in the embedding of induced subgraphs. Dense
regular pairs allow the embedding of induced subgraphs under the natural additional
assumption that they are not too dense. This means that, in an ε-regular pair we can
embed edges and �non-edges� as long as its density is bounded away from 0 and 1. The
following lemma from [7] makes this more precise.

Lemma 3.13 (Induced embedding lemma)
For every d > 0 and every integer k there exists ε > 0 such that the following holds.
Let H be a graph on k vertices v1, . . . , vk. Let G be a graph. Let V1, . . . , Vk be clusters
of an ε-regular partition of G with complete reduced graph R = ([k],

(
[k]
2

)
). Moreover

assume that d(Vi, Vj) ≥ d if vivj ∈ E(H) and d(Vi, Vj) ≤ 1 − d if vivj /∈ E(H). Then
G contains an induced induced copy of H.

3.3.1 The Blow-up Lemma

We have described in the introduction how the Blow-up Lemma is a key tool for many
results on spanning subgraphs. We now state the full result by Komlós, Sárközy and
Szemerédi [62] (for an alternative proof see [86]).
We �rst introduce some de�nitions. Let G, H and R be graphs with vertex sets

V (G), V (H) and V (R) = [r]. We say that a graph H has an R-partition V (H) =
X1 ·∪ . . . ·∪Xr, if for every edge xy ∈ E(H) there are distinct i, j ∈ [r] with x ∈ Xi,
y ∈ Xj and ij ∈ E(R). The graph G has a corresponding (ε, d)-super-regular R-parti-
tion if V (G) = V1 ·∪ . . . ·∪Vr is (ε, d)-super-regular on R and |Vi| = |Xi| for all i ∈ [r].
These partitions are balanced if n1 ≤ n2 ≤ · · · ≤ nr ≤ n1 + 1.

Lemma 3.14 (Blow-up Lemma)
Given a graph R of order r and positive parameters d,∆, c there exist positive con-
stants ε, α such that the following holds. Suppose that H and G are two graphs with
the same number of vertices, where ∆(H) ≤ ∆ and H has a balanced R-partition
V (H) = X1 ·∪ . . . ·∪Xr, and G has a corresponding (ε, d)-super-regular R-partition
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3 The regularity method

V (G) = V1 ·∪ . . . ·∪Vr. Further suppose that in each class Xi there is a set of at most
αni special vertices y, each of which is equipped with a candidate set Cy ⊆ Vi with
|Cy| ≥ c ni. Then there is an embedding of H into G such that each special vertex is
mapped to a vertex in its candidate set.

We also say that the special vertices y in Lemma 3.14 are image restricted to Cy. Thus
Lemma 3.14 not only embeds a spanning subgraphH into a graph with a corresponding
super-regular partition. It also allows us to control the embedding of a linear number
of vertices.

3.3.2 Almost spanning subgraphs

If one is only interested in almost spanning subgraphs, i.e., in graphs that span a (1−µ)-
fraction of the host graph, the condition on the super-regularity can be dropped. For
an almost spanning embedding it su�ces that the pairs are (ε, d)-regular (as opposed
to (ε, d)-super-regular for Lemma 3.14).

Lemma 3.15 (Almost spanning Blow-up Lemma)
Given a graph R of order r and positive parameters d,∆, c, µ there exist constants
ε, α > 0 such that the following holds. Suppose that H and G are two graphs, where
∆(H) ≤ ∆ and H has a balanced R-partition V (H) = X1 ·∪ . . . ·∪Xr, and G has a
balanced (ε, d)-super-regular R-partition V (G) = V1 ·∪ . . . ·∪Vr. Further let |Xi| = (1−
µ)ni and |Vi| = ni for all i ∈ [r] and suppose that in each class Xi there is a set of at
most αni special vertices y, each of which is equipped with a candidate set Cy ⊆ Vi with
|Cy| ≥ c ni. Then there is an embedding of H into G such that each special vertex is
mapped to a vertex in its candidate set.

Proof (sketch). Lemma 3.15 follows easily from Lemma 3.14 and Proposition 3.11.
Given the graph R we choose ε small enough for Proposition 3.11 to guarantee the
existence of a subgraph on a (1− µ)-fraction of the vertices which is super-regular on
R. We then apply the Blow-up Lemma (Lemma 3.14) to embed H into this subgraph.

3.4 Weighted regularity

We want to mention that the concept of ε-regularity can be extended to hypergraphs
(see [81]). As in the graph case an algorithmic version of the Regularity Lemma for
hypergraphs builds upon a degree/co-degree characterisation. Czygrinow and Rödl [32]
establish such a degree/co-degree characterisation of regularity for hypergraphs. The
hypergraph world, however, is more delicate. To address these di�culties they in-
troduce the concept of weighted regularity. In the following we present a (simpli�ed)
version of their concept for the graph case. (For weighted regularity in graphs see
also [31].)
So let G = (V, ω) be a graph with weight function ω : V × V → N0, and let

K = 1 + max{ω(v1, v2) : (v1, v2) ∈ V × V }. For disjoint V1, V2 we de�ne the weighted
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3.4 Weighted regularity

density as

dω(V1, V2) =

∑
ω(v1, v2)

K|V1| |V2|
,

where the sum is over all pairs (v1, v2) ∈ V1 × V2. A pair (V1, V2) with V1 ∩ V2 = ∅ is
called (ε, ω)-regular if all subsets Wi ⊆ Vi, i = 1, 2 with |Wi| ≥ ε|Vi| satisfy

|dω(V1, V2)− dω(W1,W2)| < ε .

Weighted regular pairs are very similar to regular pairs in many ways. For one, most
vertices in a weighted pair have a weighted degree close to the average weighted degree
of the pair. Moreover, there also is a weighted version of Lemma 3.7.

Lemma 3.16 (Slicing lemma)
Let d, ε > 0 and let G = (V1 ·∪V2, ω) with ω : V1×V2 → N0 be an (ε, ω)-regular pair with
weighted density d. Further let W1 ⊆ V1, W2 ⊆ V2 with |Wi| ≥ γ|Vi| for some γ ≥ ε.
Then (W1 ·∪W2, ω|W1×W2) is an (ε′, ω|W1×W2)-regular pair with weighted density d

′ where
ε′ = max{2ε, ε/γ} and |d′ − d| ≤ ε. Here ω|W1×W2 is the restriction of ω to W1 ×W2.

Proof. The de�nition of (ε, ω)-regularity implies |dω(W1,W2) − dω(V1, V2)| ≤ ε hence
(W1 ·∪W2, ω|W1×W2) has the claimed density. Moreover, all subsetsW ′

1 ⊆ W1, W ′
2 ⊆ W2

with |W ′
i | ≥ (ε/γ)|Wi| ≥ ε|Vi|, i = 1, 2 satisfy |dω(W ′

1,W
′
2)− dω(W1,W2)| ≤ 2ε as

|dω(W ′
1,W

′
2)− dω(W1,W2)| ≤ |dω(W ′

1,W
′
2)− dω(V1, V2)|+ |dω(V1, V2)− dω(W1,W2)|

again by the (ε, ω)-regularity of (V1 ·∪V2, ω).

Very much like standard regularity weighted regularity is closely linked to the dis-
tribution of degrees and co-degrees in the pair. These two parameters are de�ned in a
straight forward fashion.

De�nition 3.17 (Weighted degree and co-degree)
Let G = (V1 ·∪V2, ω) with ω : V1×V2 → N0 be a weighted bipartite graph. For x, y ∈ V1
we de�ne the weighted degree of x as degω(x) :=

∑
z∈V2 ω(x, z) and the weighted co-

degree of x and y as degω(x, y) :=
∑

z∈V2 ω(x, z)ω(y, z).

With this de�nition at hand we can state an analogon of Lemma 3.8 for weighted
graphs; the following result is an easy corollary of [32, Lemma 4.2].

Lemma 3.18 (Weighted degree/co-degree lemma)
Let ε > 0 and n ≥ ε−6. Further let G = (V1 ·∪V2, ω) with ω : V1 × V2 → N0 be a
weighted bipartite graph with |V1| = |V2| = n. If

(i ) |{x ∈ V1 : | degω(x)− dω(V1, V2)n| > ε12n}| < ε12n and

(ii ) |{(x, y) ∈ V1 × V1 : | degω(x, y)− dω(V1, V2)
2n| ≥ ε6n2}| ≤ ε6n2

then (V1, V2) is a (3ε, ω)-regular pair.
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3 The regularity method

We will apply the concept of weighted regularity to auxiliary graphs that arise from
a randomized embedding algorithm in Chapter 4. The nature of this algorithm is
such that the degree of a vertex in the auxiliary graph drops signi�cantly any time
a neighbour of that vertex is embedded. The degrees in the auxiliary graphs di�er
widely in general for this reason. Hence it will be convenient to balance out this e�ect
by a weight function that increases the weight of a vertex any time a predecessor of
the vertex has been embedded.
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4 A Blow-up Lemma for
arrangeable graphs

4.1 Introduction

The last 15 years have witnessed an impressive series of results guaranteeing the pres-
ence of spanning subgraphs in dense graphs. In this area, the so-called Blow-up Lemma
has become one of the key instruments. It emerged out of a series of papers by Komlós,
Sárközy, and Szemerédi (see e.g. [60, 61, 62, 63, 64, 65, 66]) and asserts, roughly spoken,
that we can �nd bounded degree spanning subgraphs in ε-regular pairs. It was used for
determining, among others, su�cient degree conditions for the existence of F -factors,
Hamilton paths and cycles and their powers, spanning trees and triangulations, and
graphs of sublinear bandwidth in graphs, digraphs and hypergraphs (see the survey [72]
for an excellent overview of these and related achievements). In this way, the Blow-up
Lemma has reshaped extremal graph theory.
However, with very few exceptions, the embedded spanning subgraphs H considered

so far came from classes of graphs with constant maximum degree, because the Blow-up
Lemma requires the subgraph it embeds to have constant maximum degree. In fact,
the Blow-up Lemma is usually the only reason why the proofs of the above mentioned
results only work for such subgraphs.
The central purpose of this paper is to overcome this obstacle. We shall provide

extensions of the Blow-up Lemma that can embed graphs whose degrees are allowed to
grow with the number of vertices. These versions require that the subgraphs we embed
are arrangeable.1 We will formulate them in the following and subsequently present
some applications.

Blow-up Lemmas. We �rst introduce some notation. Let G, H and R be graphs
with vertex sets V (G), V (H), and V (R) = {1, . . . , r} = : [r]. For v ∈ V (G) and
S, U ⊆ V (G) we de�ne N(v, S) := N(v) ∩ S and N(U, S) =

⋃
v∈U N(v, S). Let

A,B ⊂ V (G) be non-empty and disjoint, and let ε, δ ∈ [0, 1]. The density of the pair
(A,B) is de�ned to be d(A,B) := e(A,B)/(|A||B|). The pair (A,B) is ε-regular, if
|d(A,B)− d(A′, B′)| ≤ ε for all A′ ⊆ A and B′ ⊆ B with |A′| ≥ ε|A| and |B′| ≥ ε|B|.
An ε-regular pair (A,B) is called (ε, δ)-regular, if d(A,B) ≥ δ and (ε, δ)-super-regular,
if |N(v,B)| ≥ δ|B| for all v ∈ A and |N(v, A)| ≥ δ|A| for all v ∈ B. We say that H has
an R-partition V (H) = X1 ·∪ . . . ·∪Xr, if for every edge xy ∈ E(H) there are distinct

1We remark that it was already suggested in [58] to relax the maximum degree constraint to ar-
rangeability.
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4 A Blow-up Lemma for arrangeable graphs

i, j ∈ [r] with x ∈ Xi, y ∈ Xj and ij ∈ E(R). G has a corresponding (ε, δ)-super-
regular R-partition V (G) = V1 ·∪ . . . ·∪Vr, if |Vi| = |Xi| =: ni for all i ∈ [r] and every
pair (Vi, Vj) with ij ∈ E(R) is (ε, δ)-super-regular. In this case R is also called the
reduced graph of the super-regular partition. Moreover, these partitions are balanced if
n1 ≤ n2 ≤ · · · ≤ nr ≤ n1 + 1. They are κ-balanced if nj ≤ κni for all i, j ∈ [r]. The
partition classes Vi are also called clusters.
With this notation, a simple version of the Blow-up Lemma of Komlós, Sárközy, and

Szemerédi [62] can now be formulated as follows.

Theorem 4.1 (Blow-up Lemma [62])
Given a graph R of order r and positive parameters δ,∆, there exists a positive ε =
ε(r, δ,∆) such that the following holds. Suppose that H and G are two graphs with the
same number of vertices, where ∆(H) ≤ ∆ and H has a balanced R-partition, and G
has a corresponding (ε, δ)-super-regular R-partition. Then there exists an embedding of
H into G.

We remark that Rödl and Ruci«ski [86] gave a di�erent proof for this result. In
addition, Komlós, Sárközy, and Szemerédi [63] gave an algorithmic proof.
Our �rst result replaces the restriction on the maximum degree of H in Theorem 4.1

by a restriction on its arrangeability. This concept was �rst introduced by Chen and
Schelp in [22].

De�nition 4.2 (a-arrangeable)
Let a be an integer. A graph is called a-arrangeable if its vertices can be ordered as
(x1, . . . , xn) in such a way that

∣∣N(N(xi,Righti),Lefti
)∣∣ ≤ a for each 1 ≤ i ≤ n, where

Lefti = {x1, x2, . . . , xi} and Righti = {xi+1, xi+2, . . . , xn}.

Obviously, every graph H with ∆(H) ≤ a is (a2−a+1)-arrangeable. Other examples
for arrangeable graphs are planar graphs: Chen and Schelp showed that planar graphs
are 761-arrangeable [22]; Kierstead and Trotter [57] improved this to 10-arrangeable.
In addition, Rödl and Thomas [87] showed that graphs without Ks-subdivision are
s8-arrangeable. On the other hand, even 1-arrangeable graphs can have unbounded
degree (e.g. stars).

Theorem 4.3 (Arrangeable Blow-up Lemma)
Given a graph R of order r, a positive real δ and a natural number a, there exists a
positive real ε = ε(r, δ, a) such that the following holds. Suppose that H and G are two
graphs with the same number of vertices, where H is a-arrangeable, ∆(H) ≤

√
n/ log n

and H has a balanced R-partition, and G has a corresponding (ε, δ)-super-regular R-
partition. Then there exists an embedding of H into G.

Komlós, Sárközy, and Szemerédi proved that the Blow-up Lemma allows for the fol-
lowing strengthenings that are useful in applications. We allow the clusters to di�er in
size by a constant factor and we allow certain vertices of H to restrict their image in G
to be taken from an a priori speci�ed set of linear size. However, in contrast to the
original Blow-up Lemma, we need to be somewhat more restrictive about the image
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4.1 Introduction

restrictions: We still allow linearly many vertices in each cluster to have image restric-
tions, but now only a constant number of di�erent image restrictions is permissible in
each cluster (we shall show in Section 4.5 that this is best possible). In the following,
we state an extended version of the Blow-up Lemma that makes this precise.

Theorem 4.4 (Arrangeable Blow-up Lemma, full version)
For all C, a,∆R, κ ∈ N and for all δ, c > 0 there exist ε, α > 0 such that for every
integer r there is n0 such that the following is true for every n ≥ n0. Assume that we
are given

(i) a graph R of order r with ∆(R) < ∆R,

(ii) an a-arrangeable n-vertex graph H with maximum degree ∆(H) ≤
√
n/ log n,

together with a κ-balanced R-partition V (H) = X1 ·∪ . . . ·∪Xr,

(iii) a graph G with a corresponding (ε, δ)-super-regular R-partition V (G) = V1 ·∪ . . .
·∪Vr with |Vi| = |Xi| =: ni,

(iv) for every i ∈ [r] a set Si ⊆ Xi of at most |Si| ≤ αni image restricted vertices,
such that |NH(Si) ∩Xj| ≤ αnj for all ij ∈ E(R),

(v) and for every i ∈ [r] a family Ii = {Ii,1, . . . , Ii,C} ⊆ 2Vi of permissible image
restrictions, of size at least |Ii,j| ≥ cni each, together with a mapping I : Si → Ii,
which assigns a permissible image restriction to each image restricted vertex.

Then there exists an embedding ϕ : V (H) → V (G) such that ϕ(Xi) = Vi and ϕ(x) ∈
I(x) for every i ∈ [r] and every x ∈ Si.

As we shall show, the upper bound on the maximum degree of H in Theorem 4.4 is
optimal up to the log-factor (see Section 4.5). However, if we require additionally that
every (a+ 1)-tuple of G has a big common neighbourhood then this degree bound can
be relaxed to o(n/ log n).

Theorem 4.5 (Arrangeable Blow-up Lemma, extended version)
Let a,∆R, κ ∈ N and ι, δ > 0 be given. Then there exist ε, ξ > 0 such that for every r
there is n0 ∈ N such that the following holds for every n ≥ n0.

Assume that we are given a graph R of order r with ∆(R) < ∆R, an a-arrangeable
n-vertex graph with ∆(H) ≤ ξn/ log n, together with a κ-balanced R-partition, and a
graph G with a corresponding (ε, δ)-super-regular R-partition V = V1 ·∪ . . . ·∪Vr. As-
sume that in addition for every i ∈ [r] every tuple (u1, . . . , ua+1) ⊆ V \ Vi of vertices
satis�es |

⋂
j∈[a+1]NG(uj) ∩ Vi| ≥ ι|Vi|. Then there exists an embedding of H into G.

Again, the degree bound of ξn/ log n for H in Theorem 4.5 is optimal up to the
constant factor. The same degree bound can be obtained if we do require H only to be
an almost spanning subgraph, even if the additional condition on (a + 1)-tuples from
Theorem 4.5 is dropped again.
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4 A Blow-up Lemma for arrangeable graphs

Theorem 4.6 (Arrangeable Blow-up Lemma, almost spanning version)
Let µ > 0 and assume that we have exactly the same setup as in Theorem 4.4, but
with ∆(H) ≤ ξn/ log n instead of the maximum degree bound given in (b), where ξ is
su�ciently small compared to all other constants. Fix an a-arrangeable ordering of H,
let X ′i be the �rst (1−µ)ni vertices of Xi in this ordering, and set H ′ := H[X ′1∪· · ·∪X ′r].
Then there exists an embedding ϕ : V (H ′)→ V (G) such that ϕ(X ′i) ⊆ Vi and ϕ(x) ∈

I(x) for every i ∈ [r] and every x ∈ Si ∩X ′i.

Let us point out that one additional essential di�erence between these three versions
of the Blow-up Lemma and Theorem 4.1 concerns the order of the quanti�ers: the
regularity ε that we require only depends on the maximum degree ∆R of the reduced
graph R, but not on the number of the vertices in R. Sometimes this is useful in
applications. Clearly, we can reformulate our theorems to match the original order of
quanti�ers of Theorem 4.1; the lower bound on n0 can be omitted in this case.

Applications. To demonstrate the usefulness of these extensions of the Blow-up
Lemma, we consider two example applications that can now be derived in a rela-
tively straightforward manner. At the end of this section we are going to mention a
few further applications that are more di�cult and will be proven in separate papers.

Our �rst application concerns F -factors in graphs of high minimum degree. This is
a topic which is well investigated for graphs F of constant size. For a graph F on f
vertices, an F -factor in a graph G is a collection of vertex disjoint copies of F in G
such that all but at most f − 1 vertices of G are covered by these copies of F .
A classical theorem by Hajnal and Szemerédi [49] states that each n-vertex graph G

with minimum degree δ(G) ≥ r−1
r
n has a Kr-factor. Alon and Yuster [9] considered

arbitrary graphs F and showed that, if r denotes the chromatic number of F , every
su�ciently large graph G with minimum degree δ(G) ≥ ( r−1

r
+ γ)n contains an F -

factor. This was improved upon by Komlós, Sárközy, and Szemerédi [66], who replaced
the linear term γn in the degree bound by a constant C = C(F ); and by Kühn and
Osthus [73], who, inspired by a result of Komlós [59], determined the precise minimum
degree threshold for every constant size F up to a constant.
In contrast to the previous results we consider graphs F whose size may grow with

the number of vertices n of the host graph G. More precisely, we allow graphs F of
size linear in n. To prove this result, we use Theorem 4.4 (see Section 4.6) and hence
we require that F is a-arrangeable and has maximum degree at most

√
n/ log n.

Theorem 4.7
For every a, r and γ > 0 there exist n0 and ξ > 0 such that the following is true. Let G
be any graph on n ≥ n0 vertices with δ(G) ≥ ( r−1

r
+γ)n and let F be an a-arrangeable r-

chromatic graph with at most ξn vertices and with maximum degree ∆(F ) ≤
√
n/ log n.

Then G contains an F -factor.

Our second application is a universality result for random graphs G(n, p) with con-
stant p (that is, a graph on vertex set [n] for which every e ∈

(
[n]
2

)
is inserted as an

edge independently with probability p). A graph G is called universal for a family H
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of graphs if G contains a copy of each graph in H as a subgraph. For instance, graphs
that are universal for the family of forests, of planar graphs and of bounded degree
graphs have been investigated (see [5] and the references therein).
Here we consider the class

Hn,a,ξ := {H : |H| = n, H is a-arrangeable, ∆(H) ≤ ξn/ log n}

of arrangeable graphs whose maximum degree is allowed to grow with n. Using The-
orem 4.5, we show that with high probability G(n, p) contains a copy of each graph
in Hn,a,ξ (see Section 4.6). Universality problems for bounded degree graphs in (sub-
graphs of) random graphs with constant p were also considered in [53]. Another result
for subgraphs of potentially growing degree and p tending to 0 can be found in [84].
Theorem 2.1 of [84] implies that any a-arrangeable graph of maximum degree o(n1/4)
can be embedded into G(n, p) with p > 0 constant with high probability.

Theorem 4.8
For all constants a, p > 0 there exists ξ > 0 such that G(n, p) is universal for Hn,a,ξ

with high probability.

In addition, we use Theorem 4.4 in [19] to establish an analogue of the Bandwidth
Theorem from [18] for arrangeable graphs. More precisely, we prove the following
result.

Theorem 4.9 (Arrangeable Bandwidth Theorem [19])
For all r, a ∈ N and γ > 0, there exist constants β > 0 and n0 ∈ N such that for every
n ≥ n0 the following holds. If H is an r-chromatic, a-arrangeable graph on n vertices
with ∆(H) ≤

√
n/ log n and bandwidth at most βn and if G is a graph on n vertices

with minimum degree δ(G) ≥
(
r−1
r

+ γ
)
n, then there exists an embedding of H into G.

As we also show there, this implies for example that every graph G with minimum
degree at least (3

4
+ γ)n contains almost every planar graph H on n vertices, provided

that γ > 0. In addition it implies that almost every planar graph H has Ramsey
number R(H) ≤ 12|H|.
Finally, another application of Theorem 4.4 appears in [3]. In that paper Allen,

Skokan, and Wür� prove the following result, closing a gap left in the analysis of large
planar subgraphs of dense graphs by Kühn, Osthus, and Taraz [74] and Kühn and
Osthus [71].

Theorem 4.10 (Allen, Skokan, Wür� [3])
For every γ ∈ (0, 1/2) there exists nγ such that every graph on n ≥ nγ vertices with
minimum degree at least γn contains a planar subgraph with 2n− 4k edges, where k is
the unique integer such that k ≤ 1/(2γ) < k + 1.

Methods. To prove the full version of our Arrangeable Blow-up Lemma (Theo-
rem 4.4), we proceed in two steps. Firstly, we use a random greedy algorithm to
embed an almost spanning subgraph H ′ of the target graph H into the host graph G
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4 A Blow-up Lemma for arrangeable graphs

(proving Theorem 4.6 along the way). Secondly, we complete the embedding by �nd-
ing matchings in suitable auxiliary graphs which concern the remaining vertices in
V (H) \ V (H ′) and the unused vertices V Free of G. The �rst step uses an approach
similar to the one of Komlós, Sárközy, and Szemerédi [62]. The second step utilises
ideas from Rödl and Ruci«ski's [86]. Let us brie�y comment on the similarities and
di�erences.

The use of a random greedy algorithm to prove the Blow-up Lemma appears in [62].
The idea is intuitive and simple: Order the vertices of the target graph H ′ arbitrarily
and consecutively embed them into the host graph G, in each step choosing a random
image vertex ϕ(x) in the set A(x) of those vertices which are still possible as images
for the vertex x of H ′ we are currently embedding. If for some unembedded vertex x
the set A(x) gets too small, then call x critical and embed it immediately, but still
randomly in A(x). Our random greedy algorithm proceeds similarly, with one main
di�erence. We cannot use an arbitrary order of the vertices of H ′, but have to use one
which respects the arrangeability bound. Consequently, we also cannot embed critical
vertices immediately � each vertex has to be embedded when it is its turn according
to the given order. So we need a di�erent strategy for dealing with critical vertices.
We solve this problem by reserving a linear sized set of special vertices in G for the
embedding of critical vertices, which are very few.

The second step is more intricate. Similarly to the approach in [86] we construct
for each cluster Vi an auxiliary bipartite graph Fi with the classes Xi \ V (H ′) and
Vi ∩ V Free and an edge between x ∈ V (H) and v ∈ V (G) whenever embedding x into
v is a permissible extension of the partial embedding from the �rst step. Moreover,
we guarantee that V (H) \ V (H ′) is a stable set. Then, clearly, if each Fi has a perfect
matching, there is an embedding of H into G. So the question remains how to show
that the auxiliary graphs have perfect matchings. Rödl and Ruci«ski approach this
by showing that their auxiliary graphs are super-regular. We would like to use a
similar strategy, but there are two main di�culties. Firstly, because the degrees in
our auxiliary graphs vary greatly, they cannot be super-regular. Hence we have to
appropriately adjust this notion to our setting, which results in a property that we
call weighted super-regular. Secondly, the proof that our auxiliary graphs are weighted
super-regular now has to proceed quite di�erently, because we are dealing with the
arrangeable graphs.

Structure. This paper is organised as follows. In Section 4.2 we provide notation
and some tools. In Section 4.3 we show how to embed almost spanning arrangeable
graphs, which will prove Theorem 4.6. In Section 4.4 we extend this to become a
spanning embedding, proving Theorem 4.4. At the end of Section 4.4, we also outline
how a similar argument gives Theorem 4.5. In Section 4.5 we explain why the degree
bounds in the new versions of the Blow-up Lemma and the requirements for the image
restrictions are essentially best possible. In Section 4.6, we give the proofs for our
applications, Theorem 4.7 and Theorem 4.8.
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4.2 Notation and preliminaries

All logarithms are to base e. For a graph G we write V (G) for its vertex set, E(G) for its
edge set and denote the number of its vertices by |G|, its maximum degree by ∆(G) and
its minimum degree by δ(G). Let u, v ∈ V (G) and U,W ⊂ V (G). The neighbourhood
of u in G is denoted by NG(u), the neighbourhood of u in the set U by NG(u, U) :=
NG(u) ∩ U . Similarly NG(U) =

⋃
x∈U NG(x) and NG(U,W ) := NG(U) ∩ W . The

co-degree of u and v is degG(u, v) = |NG(u) ∩NG(v)|. We often omit the subscript G.
For easier reading, we will often use x, y or z for vertices in the graph H that we are

embedding, and u, v, w for vertices of the host graph G.
We shall also use the following version of the Hajnal-Szemerédi Theorem [49].

Theorem 4.11
Every graph G on n vertices and maximum degree ∆(G) can be partitioned into ∆(G)+1
stable sets of size bn/(∆(G) + 1)c or dn/(∆(G) + 1)e each.

4.2.1 Arrangeability

Let H be a graph and (x1, x2, . . . , xn) be an a-arrangeable ordering of its vertices.
We write xi ≺ xj if and only if i < j and say that xi is left of xj and xj is right
of xi. We write N−(x) := {y ∈ NH(x) : y ≺ x} and N+(x) := {y ∈ NH(x) : x ≺
y} and call these the set of predecessors or the set of successors of x respectively.
Predecessors and successors of vertex sets and in vertex sets are de�ned accordingly.
Then |N+(x)| ≤ ∆(H) for all x ∈ V (H) and the de�nition of arrangeability says that
N−
(
N+(xi)

)
∩ {x1, . . . , xi} is of size at most a for each i ∈ [n]. Moreover, it follows

that all x ∈ V (H) satisfy |N−(x)| ≤ a and

e(H) =
∑

x∈V (H)

|N+(x)| =
∑

x∈V (H)

|N−(x)| ≤ an . (4.1)

In the proof of our main theorem, it will turn out to be desirable to have a vertex
ordering which is not only arrangeable, but also has the property that its �nal µn
vertices form a stable set. More precisely we require the following properties.

De�nition 4.12 (stable ending)
Let µ > 0 and let H = (X1 ·∪ . . . ·∪Xr, E) be an r-partite, a-arrangeable graph with
partition classes of order |Xi| = ni with

∑
i∈[r] ni = n. Let (v1, . . . , vn) be an a-

arrangeable ordering of H. We say that the ordering has a stable ending of order µn
if W = {v(1−µ)n+1, . . . , vn} has the following properties

(i) |W ∩Xi| = µni for every i ∈ [r],

(ii) H[W ] is a stable set.

The next lemma shows that an arrangeable order of a graph can be reordered to
have a stable ending while only slightly increasing the arrangeability bound.
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Lemma 4.13
Let a,∆R, κ be integers and let H be an a-arrangeable graph that has a κ-balanced R-
partition with ∆(R) < ∆R. Then H has a (5a2κ∆R)-arrangeable ordering with stable
ending of order µn, where µ = 1/(10a(κ∆R)2).

Proof. Let X = X1 ·∪ . . . ·∪Xr be a κ-balanced R-partition of H with |Xi| = ni. Further
let (x1, . . . , xn) be any a-arrangeable ordering of H. In a �rst step we will �nd a
stable set W ⊆ X with |W ∩ Xi| = µni for µ = 1/(10a(κ∆R)2). Note that for every
i ∈ [r] a vertex x ∈ Xi has only neighbours in sets Xj with ij ∈ E(R). Further
H[Xi ∪ {Xj : ij ∈ E(R)}] has at most κ∆Rni vertices and is a-arrangeable. Therefore∑

w∈Xi

deg(w)
(4.1)

≤ 2aκ∆Rni.

It follows that at least half the vertices w ∈ Xi have deg(w) ≤ 4aκ∆R. Let W ′
i be the

set of these vertices and m′i be their number.
Now we greedily �nd a stable set W ⊆

⋃
i∈[r]W

′
i as follows. In the beginning we set

W = ∅. Then we iteratively select an i ∈ [r] with

|Xi ∩W |/ni = min
j∈[r]
|Xj ∩W |/nj , (4.2)

choose an arbitrary vertex x ∈ W ′
i , move it to W and delete x from W ′

i and NH(x)
from W ′

j for all j ∈ [r]. We perform this operation until we have found a stable set W
with |W ∩ Xi| = µni for all i ∈ [r] or we attempt to choose a vertex from an empty
set W ′

i∗ .
So assume that, at some point, we try to choose a vertex from an empty set W ′

i∗ .
For each i ∈ [r] let mi be the number of vertices chosen from Xi (and moved to W )
so far. Moreover, let i ∈ [r] be such that mi < µni and consider the last step when
a vertex from Xi was chosen. Before this step, mi − 1 vertices of Xi and at most mi∗

vertices of Xi∗ have been chosen. By (4.2) we thus have (mi − 1)/ni ≤ mi∗/ni∗ , which
implies mi ≤ κmi∗ + 1 because ni ≤ κni∗ . Hence, since W ′

i∗ became empty, we have

ni∗/2 ≤ m′i∗ ≤ mi∗ +
∑

{i∗,i}∈E(R)

mi4aκ∆R

≤ mi∗ + (∆R − 1)(κmi∗ + 1)4aκ∆R ≤ mi∗ 5a(κ∆R)2 .

Thus mi∗ ≥ ni∗/(10a(κ∆R)2). Since we then try to choose from W ′
i∗ we must have

mi∗/ni∗ ≤ mi/ni by (4.2), which implies mi ≥ ni/(10a(κ∆R)2) = µni. Hence we
indeed �nd a stable set W with |W ∩Xi| = µni for all i ∈ [r].
Given this stable set W we de�ne a new ordering in which these vertices are moved

to the end in order to form the stable ending. To make this more precise let (x′1, . . . , x
′
n)

be the vertex ordering obtained from (x1, . . . , xn) by moving all vertices of W to the
end (in any order). It remains to prove that (x′1, . . . , x

′
n) is (5a2κ∆R)-arrangeable. Let

L′i = {x′1, . . . , x′i} and R′i = {x′i+1, . . . , x
′
n} be the vertices left and right of x′i in the

new ordering. We have to show that∣∣N(N(x′i, R
′
i), L

′
i

)∣∣ ≤ 5a2κ∆R
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4.2 Notation and preliminaries

for all i ∈ [n]. This is obvious for the vertices in W because they are now at the end
and W is stable. For xi /∈ W let N ′i = N

(
N(xi, R

′
i), L

′
i

)
be the set of predecessors of

successors of xi in the new ordering. Ni is de�ned analogously for the original ordering.
Then all vertices in N ′i\Ni are neighbours of predecessors y of xi in the original ordering
with y ∈ W . There are at most a such left-neighbours of xi and each of these has at
most 4aκ∆R neighbours by de�nition of W . Hence

|N ′i | ≤ |Ni|+ a · 4aκ∆R ≤ a+ 4a2κ∆R ≤ 5a2κ∆R .

4.2.2 Weighted regularity

In our proof we shall make use of a weighted version of ε-regularity. More precisely,
we will have to deal with a bipartite graph whose vertices have very di�erent degrees.
The idea is then to give each vertex a weight antiproportional to its degree and then
say that the graph is weighted regular if the following holds.

De�nition 4.14 (Weighted regular pairs)
Let ε > 0 and consider a bipartite graph G = (A ·∪B,E) with a weight function ω :
A→ [0, 1]. For A′ ⊆ A , B′ ⊆ B we de�ne the weighted density

dω(A′, B′) :=

∑
x∈A′ ω(x)|N(x,B′)|
|A′| · |B′|

.

We say that the pair (A,B) with weight function ω is weighted ε-regular (with respect
to ω) if for any A′ ⊆ A with |A′| ≥ ε|A| and any B′ ⊆ B with |B′| ≥ ε|B| we have

|dω(A,B)− dω(A′, B′)| ≤ ε .

Many results for ε-regular pairs carry over to weighted ε-regular pairs. For one,
subpairs of weighted regular pairs are weighted regular.

Proposition 4.15
Let G = (A ·∪B,E) with weight function ω : A → [0, 1] be weighted ε-regular. Further
let A′ ⊆ A, B′ ⊆ B with |A′| ≥ γ|A| and |B′| ≥ γ|B| for some γ ≥ ε and set
ε′ := max{2ε, ε/γ}. Then (A′ ·∪B′, E ∩ A′ × B′) is a weighted ε′-regular pair with
respect to the restricted weight function ω′ : A′ → [0, 1], ω′(x) = ω(x).

Proof. Let A′ ⊆ A and B′ ⊆ B with |A′| ≥ γ|A|, |B′| ≥ γ|B| be arbitrary. The
de�nition of weighted ε-regularity implies that |dω(A,B)− dω(A′, B′)| ≤ ε. Moreover,
|dω(A,B)− dω(A∗, B∗)| ≤ ε for all A∗ ⊆ A′ and B∗ ⊆ B′ with |A∗| ≥ (ε/γ)|A′| ≥ ε|A|,
|B∗| ≥ (ε/γ)|B′| ≥ ε|B| for the same reason. It follows by triangle inequality that
|dω(A′, B′) − dω(A∗, B∗)| ≤ 2ε. Hence (A′ ·∪B′, E ∩ A′ × B′) with weight function
ω′ : A′ → [0, 1] is a weighted ε′-regular pair where ε′ = max{2ε, ε/γ}.

If most vertices of a bipartite graph have the `right' degree and most pairs have
the `right' co-degree then the graph is an ε-regular pair. This remains to be true for
weighted regular pairs and weighted degrees and co-degrees.
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4 A Blow-up Lemma for arrangeable graphs

De�nition 4.16 (Weighted degree and co-degree)
Let G = (A ·∪B,E) be a bipartite graph and ω : A→ [0, 1]. For x, y ∈ A we de�ne the
weighted degree of x as degω(x) := ω(x)|N(x,B)| and the weighted co-degree of x and
y as degω(x, y) := ω(x)ω(y)|N(x,B) ∩N(y,B)|.

A proof of the following lemma can be found in the Appendix.

Lemma 4.17
Let ε > 0 and n ≥ ε−6. Further let G = (A ·∪B,E) be a bipartite graph with |A| =
|B| = n and let ω : A→ [ε, 1] be a weight function for G. If

(i) |{x ∈ A : | degω(x)− dω(A,B)n| > ε14n}| < ε12n and

(ii) |{{x, y} ∈
(
A
2

)
: | degω(x, y)− dω(A,B)2n| ≥ ε9n}| ≤ ε6

(
n
2

)
then (A,B) is a weighted 3ε-regular pair.

It is well known that a balanced (ε, δ)-super-regular pair has a perfect matching if
δ > 2ε (see, e.g., [86]). Similarly, balanced weighted regular pairs with an appropriate
minimum degree bound have perfect matchings (see the Appendix for a proof).

Lemma 4.18
Let ε > 0 and let G = (A ·∪B,E) with |A| = |B| = n and weight function ω : A →
[
√
ε, 1] be a weighted ε-regular pair. If deg(x) > 2

√
εn for all x ∈ A∪B then G contains

a perfect matching.

4.2.3 Cherno� type bounds

Our proofs will heavily rely on the probabilistic method. In particular we will want to
bound random variables that are close to being binomial. By close to we mean that the
individual events are not necessarily independent but occur with certain probability
even if condition on the outcome of other events. The following two variations on the
classical bound by Cherno� make this more precise.

Lemma 4.19
Let 0 ≤ p1 ≤ p2 ≤ 1, 0 < c ≤ 1. Further let Ai for i ∈ [n] be 0-1-random variables and
set A :=

∑
i∈[n]Ai. If

p1 ≤ P
[
Ai = 1

∣∣∣∣ Aj = 1 for all j ∈ J and
Aj = 0 for all j ∈ [i− 1] \ J

]
≤ p2

for every i ∈ [n] and every J ⊆ [i− 1] then

P[A ≤ (1− c)p1n] ≤ exp

(
−c

2

3
p1n

)
and

P[A ≥ (1 + c)p2n] ≤ exp

(
−c

2

3
p2n

)
.
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4.3 An almost spanning version of the Blow-up Lemma

Similarly we can state a bound on the number of tuples of certain random variables.

Lemma 4.20
Let 0 < p and a,m, n ∈ N. Further let I ⊆ P([n]) \ {∅} be a collection of m disjoint
sets with at most a elements each. For every i ∈ [n] let Ai be a 0-1-random variable.
Further assume that for every I ∈ I and every k ∈ I we have

P
[
Ak = 1

∣∣∣∣ Aj = 1 for all j ∈ J and
Aj = 0 for all j ∈ [k − 1] \ J

]
≥ p

for every J ⊆ [k − 1] with [k − 1] ∩ I ⊆ J . Then

P
[∣∣{I ∈ I : Ai = 1 for all i ∈ I}

∣∣ ≥ 1
2
pam

]
≥ 1− 2 exp

(
− 1

12
pam

)
.

The proofs for both lemmas can be found in the Appendix. The �rst one is very
close to the proof of the classical Cherno� bound while the second proof builds on the
fact that the events [Ai = 1 for all i ∈ I] have probability at least pa for every I ∈ I.
In particular, in the special case a = 1, Lemma 4.19 implies Lemma 4.20.

4.3 An almost spanning version of the Blow-up

Lemma

This section is dedicated to the proof of Theorem 4.6 which is a �rst step towards
Theorem 4.4. We give a randomised algorithm for the embedding of an almost spanning
subgraph H ′ into G and show that it is well de�ned and that it succeeds with positive
probability.
This embedding of H ′ is later extended to the embedding of a spanning subgraph

H in Section 4.4. Applying the randomised algorithm to H while only embedding H ′

provides the structural information necessary for the extension of the embedding. It
is for this reason that we de�ne a graph H while only embedding a subgraph H ′ ⊆ H
into G in this section.

Remark
In the following we shall always assume that each super-regular pair (Vi, Vj) appearing
in the proof has density

d(Vi, Vj) = δ

exactly, and minimum degree

minv∈Vi deg(v, Vj) ≥ 1
2
δ|Vj| , minv∈Vj deg(v, Vi) ≥ 1

2
δ|Vi| , (4.3)

since otherwise we can simply appropriately delete random edges to obtain this situation
(while possibly increasing regularity to 2ε).
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4 A Blow-up Lemma for arrangeable graphs

4.3.1 Constants, constants

Since there will be plenty of constants involved in the following proofs we give a short
overview �rst.

∆R: the maximum degree of R is strictly smaller than ∆R

r: the number of clusters
a: the arrangeability of H
s: the chromatic number of H
δ: the density of the pairs (Vi, Vj) in G
µ: the proportion of G that will be left after embedding H
ξ: some constant in the degree-bound of H
ε: the regularity of the pairs (Vi, Vj) in G
ε′: the weighted regularity of the auxiliary graphs Fi(t)
κ: the maximum quotient between cluster sizes
γ: a threshold for moving a vertex into the critical set
λ: the fraction of vertices whose predecessors receive a special embedding
α: the fraction of vertices with image restrictions
c: the relative size of the image restrictions
C: the maximum number of image restrictions per cluster

Now let C, a,∆R, κ ∈ N and δ, c, µ > 0 be given. We de�ne the following constants.

γ =
c

2

µ

10
δa , (4.4)

λ =
1

25a
δγ , (4.5)

ε′ = min

{(
λδa

6 · 2a2+13a

)2

,

(
7γ

30

)2
}
, (4.6)

ε = min

{
1

∆R(1 + C)2a+1
ε′,

(
ε′

3

)36
}
, (4.7)

α =

√
ε

6
. (4.8)

Furthermore, let r be given. Then we choose

ξ =
8ε2

9γ2κr
. (4.9)

Moreover, we ensure that n0 is big enough to guarantee

√
n0 ≥ 48

3a2a
2+1aκr

λδa
, n0 ≥ 60

κr

ε2δµ
log(12(n0)

2), and log n0 ≥ 36
2a

2
a2κr

λ
.

(4.10)
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4.3 An almost spanning version of the Blow-up Lemma

All logarithms are base e. In short, the constants used relate as

0 < ξ � ε� α� ε′ � λ� γ � µ, δ ≤ 1 .

Moreover, ε � 1/∆R. Note that it follows from these de�nitions that (1 + ε/δ)a ≤
1 +
√
ε/3 and (1− ε/δ)a ≥ 1−

√
ε/3 which implies

(δ + ε)a

1 +
√
ε/3
≤ δa ≤ (δ − ε)a

1−
√
ε/3

, in particular (δ − ε)a ≥ 9

10
δa. (4.11)

4.3.2 The randomised greedy algorithm

Let V (H) = (x1, . . . , xn) be an a-arrangeable ordering of H and let H ′ ⊆ H be a
subgraph induced by {x1, . . . , x(1−µ)n}. In this section we de�ne a randomised greedy
algorithm (RGA) for the embedding of V (H ′) into V (G). This algorithm processes
the vertices of H vertex by vertex and thereby de�nes an embedding ϕ of H ′ into G.
We say that vertex xt gets embedded in time step t where t runs from 1 to T = |H ′|.
Accordingly t(x) ∈ [n] is de�ned to be the time step in which vertex x will be embedded.
We explain the main ideas before giving an exact de�nition of the algorithm.

Preparing H: Recall that Si is the set of image restricted vertices in Xi and set
S :=

⋃
Si. We de�ne L∗i to be the last λni vertices in Xi \ N(S) in the arrangeable

ordering. Moreover, we de�ne X∗i := N−(L∗i ) ∪ Si and X∗ :=
⋃
X∗i . Those vertices

will be called the important vertices. The name indicates that they will play a major
rôle for the spanning embedding. Important vertices shall be treated specially by the
embedding algorithm. The a-arrangeability of H implies that

|X∗i | ≤ aλni + αni (4.12)

for all i ∈ [r].

Preparing G: Before we start embedding into G we randomly set aside (µ/10)ni
vertices in Vi for each i ∈ [r]. We denote these sets by V s

i and call them the special
vertices. All remaining vertices, i.e., V o

i := Vi \ V s

i will be called ordinary vertices. As
the name suggests our algorithm will try to embed most vertices of H ′ into the sets
V o

i and only if this fails resort to embedding into V s

i . The idea is that the special
vertices will be reserved for the important vertices and for those vertices in H ′ whose
embedding turns out to be intricate. We de�ne

V o :=
r⋃
i=1

V o

i , V s :=
r⋃
i=1

V s

i .

Note that V o ·∪V s de�nes a partition of V (G).

Candidate sets: While our embedding process is running, more and more vertices
of G will be used up to accommodate vertices of H. For each time step t ∈ [n] we
denote by V Free(t) := V (G) \{v ∈ V (G) : ∃t′ < t : ϕ(xt′) = v} the set of vertices where
no vertex of H has been embedded yet. Obviously ϕ(xt) ∈ V Free(t) for all t.
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4 A Blow-up Lemma for arrangeable graphs

The algorithm will de�ne sets Ct,x ⊆ V (G) for 1 ≤ t ≤ T , x ∈ V (H), which we will
call the candidate set for x at time t. Analogously

At,x := Ct,x ∩ V Free(t)

will be called the available candidate set for x at time t. Again we distinguish between
the ordinary candidate set Co

t,x := Ct,x ∩ V o and the special candidate set Cs

t,x :=
Ct,x ∩ V s or their respective available version Ao

t,x := At,x ∩ V o and As

t,x := At,x ∩ V s.
Finally we de�ne a set Q(t) ⊆ V (H) and call it the critical set at time t. Q(t) will

contain the vertices whose available candidate set got too small at time t or earlier.

Algorithm RGA
Initialisation

Randomly select V s

i ⊆ Vi with |V s

i | = (µ/10)|Vi| for each i ∈ [r]. For x ∈ Xi \ Si set
C1,x = Vi and for x ∈ Si set C1,x = I(x). Set Q(1) = ∅.
Check that for every i ∈ [r], v ∈ Vi, and every j ∈ NR(i) we have∣∣∣∣ |NG(v) ∩ V s

j |
|V s

j |
− |NG(v) ∩ Vj|

|Vj|

∣∣∣∣ ≤ ε . (4.13)

Further check that every x ∈ Si has

|Cs

1,x| = |I(x) ∩ V s

i | ≥ 1
20
cµ ni . (4.14)

Halt with failure if any of these does not hold.

Embedding Stage

For t ≥ 1, repeat the following steps.

Step 1 � Embedding xt: Let x = xt be the vertex of H to be embedded at time t. Let
A′t,x be the set of vertices v ∈ At,x which satisfy (4.15) and (4.16) for all y ∈ N+(x):

(δ − ε)|Co

t,y| ≤|NG(v) ∩ Co

t,y| ≤ (δ + ε)|Co

t,y|, (4.15)

(δ − ε)|Cs

t,y| ≤|NG(v) ∩ Cs

t,y| ≤ (δ + ε)|Cs

t,y|. (4.16)

Choose ϕ(x) uniformly at random from

A(x) :=

{
Ao

t,x ∩ A′t,x if x /∈ X∗ and x /∈ Q(t),

As

t,x ∩ A′t,x else.
(4.17)

Step 2 � Updating candidate sets: for each unembedded vertex y ∈ V (H), set

Ct+1,y :=

{
Ct,y ∩NG(ϕ(x)) if y ∈ N+(x),

Ct,y otherwise.

Step 3 � Updating critical vertices: We will call a vertex y ∈ Xi critical if y /∈ X∗i and

|Ao

t+1,y| < γni. (4.18)
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4.3 An almost spanning version of the Blow-up Lemma

Obtain Q(t + 1) by adding to Q(t) all critical vertices that have not been embedded
yet. Set Qi(t+ 1) = Q(t+ 1) ∩Xi.

Halt with failure if there is i ∈ [r] with

|Qi(t+ 1)| > ε′ni . (4.19)

Else, if there are no more unembedded vertices left in V (H ′) halt with success,
otherwise set t← t+ 1 and go back to Step 1.

We have now de�ned our randomised greedy algorithm for the embedding of an
almost spanning subgraph H ′ into G. The rest of this section is to prove that it
succeeds with positive probability. This then implies Theorem 4.6.
In order to analyse the RGA we de�ne auxiliary graphs which describe possible

embeddings of vertices of H ′ into G. These auxiliary graphs inherit some kind of
regularity from G with positive probability. We show that the algorithm terminates
successfully whenever this happens.
In the subsequent Section 4.3.3 we show that conditions (4.13) and (4.14) hold with

probability at least 5/6. The Initialisation of the RGA succeeds whenever this
happens. Moreover, we prove that the embedding of each vertex is randomly chosen
from a set of linear size in Step 1 of the Embedding Stage.
In Section 4.3.4 we de�ne auxiliary graphs and derive that all auxiliary graphs are

weighted regular with probability at least 5/6. We also show that condition (4.19) never
holds if this is the case. Thus the Embedding Stage also terminates successfully with
probability at least 5/6.
We conclude that the whole RGA succeeds with probability at least 2/3. This implies

Theorem 4.6.

4.3.3 Initialisation and Step 1

This section is to prove that the Initialisation of the RGA succeeds with probability
at least 5/6 and that Step 1 of the Embedding Stage always chooses vertices from
a non-empty set.

Lemma 4.21
The Initialisation succeeds with probability at least 5/6, i.e. both condition (4.13)
and (4.14) hold for every i ∈ [r], v ∈ Vi, j ∈ [r] \ {i}, and x ∈ Si with probability 5/6.

Proof of Lemma 4.21. Fix one v ∈ Vi, j ∈ [r] \ {i}. Since V s

j is a randomly chosen
subset of Vj we have

E[|NG(v) ∩ V s

j |] = |NG(v) ∩ Vj|
|V s

j |
|Vj|
≥ δ

2
nj
µ

10
.

It follows from a Cherno� bound (see Theorem 4.40 in the Appendix) that

P
[
|NG(v) ∩ V s

j | − |NG(v) ∩ Vj|
|V s

j |
|Vj|

> ε|V s

j |
]
≤ exp

(
−ε

2

6
δni

µ

10

)
(4.10)

≤ 1

12n2
.
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4 A Blow-up Lemma for arrangeable graphs

Similarly c|V s

i | ≥ c µ
10
ni and

P[c|V s

i | − |I(x) ∩ V s

i | ≥
c

2
|V s

i |] ≤ exp

(
− 1

12
c
µ

10
ni

)
≤ 1

12n
.

A union bound over all i ∈ [r], v ∈ Vi and j ∈ NR(i) or over all x ∈ Si �nishes the
proof.

Let us write π(t, x) for the number of predecessors of x that already got embedded
by time t:

π(t, x) := |{t′ < t : {x, xt′} ∈ E(H)}|.

Obviously π(t, x) ≤ a by the de�nition of arrangeability.

Lemma 4.22
Let x ∈ Xi \ Si and t ≤ T be arbitrary. Then

(1− µ/10)(δ − ε)π(t,x)ni ≤ |Co

t,x| ≤ (1− µ/10)(δ + ε)π(t,x)ni ,

(µ/10)(δ − ε)π(t,x)ni ≤ |Cs

t,x| ≤ (µ/10)(δ + ε)π(t,x)ni .

If x ∈ Si, t ≤ T then
9

10
γni ≤ |Cs

t,x| .

Proof. The Initialisation of the RGA de�nes the candidate sets such that |Co

1,x| =
(1 − µ/10)ni and |Cs

1,x| = (µ/10)ni for every x ∈ Xi \ Si. In the Embedding Stage

conditions (4.15) and (4.16) guarantee that Co

t,x and C
s

t,x respectively shrink by a factor
of (δ ± ε) whenever a vertex in N−(x) is embedded.
If x ∈ Si we still have |Cs

1,x| ≥ (cµ/20)ni by (4.14). The statement follows as
conditions (4.15) and (4.16) again guarantee that Cs

t,x shrinks at most by a factor of
(δ − ε)a. Moreover, 1

20
cµ(δ − ε)a ≥ 9

10
γ by (4.11) and the de�nition of γ.

We now argue that ϕ(x) is chosen from a non-empty set at the end of Step 1 in the
Embedding Stage. In fact, we will show that ϕ(x) is chosen from a set of size linear
in ni.

Lemma 4.23
For any vertex x ∈ Xi that gets embedded in the Embedding Stage ϕ(x) is chosen
randomly from a set A(x) of size at least (γ/2)ni.
Moreover, if x gets embedded into V s

i

|X∗i |+ |Qi(t(x))|+ |As

t(x),x \ A(x)| ≤ δ

18
|Cs

t(x),x| .

If the RGA completes the Embedding Stage successfully but x ∈ Xi does not get
embedded in the Embedding Stage we have

|As

T,x| ≥
7γ

10
ni .
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4.3 An almost spanning version of the Blow-up Lemma

Proof. We claim that any x ∈ Xi that gets embedded into V σ
i during the Embedding

Stage has

|Aσt(x),x| ≥
7γ

10
ni . (4.20)

We will establish equation (4.20) at the end of this proof.
In order to show the �rst statement of the lemma we now bound |Aσt(x),x \ A(x)|,

i.e., we determine the number of vertices that potentially violate conditions (4.15)
or (4.16). As H is a-arrangeable, the vertices y ∈ N+(x) share at most 2a distinct
ordinary candidate sets Co

t(x),y in each Vj. The number of special candidate sets Cs

t(x),y

in each Vj might be larger by a factor of C as they arise from the intersection with at
most C sets Ij,k (with k ∈ [C]) which are the image restrictions. Moreover, there are
less than ∆R many sets Vj with j ∈ NR(i) bounding the total number of candidate sets
we have to care for by ∆R(1 + C)2a.
As we embed x into an ε-regular pair there are at most 2εni vertices v ∈ Aσt(x),x for

each Co

t(x),y that violate (4.15) (and the same number for each Cs

t(x),y that violate (4.16))
with y ∈ N+(x). Hence

|Aσt(x),x \ A(x)| ≤ ∆R(1 + C)2a+1εni (4.21)

if x gets embedded into V σ
i . Now ∆R(1 + C)2a+1εni ≤ γ/5ni by (4.7) and

|A(x)| = |Aσt(x),x| − |Aσt(x),x \ A(x)| ≥ (γ/2)ni

follows.

Next we show the second statement of the lemma. If x ∈ Xi gets embedded into V s

i

in the Embedding Stage we conclude

|X∗i |+ |Qi(t(x))|+ |As

t(x),x \ A(x)| ≤ (aλ+ α)ni + ε′ni + ∆R(1 + C)2a+1εni
(4.5),(4.7)

≤
(

1
25
δγ + α + 2ε′

)
ni

(4.8)

≤ 1
20
δγ ni

≤ δ
18
|Cs

t(x),x|

where the �rst inequality is due to (4.12), (4.19), and (4.21) and the last inequality is
due to |Cs

t(x),x| ≥
9
10
γni by Lemma 4.22.

We now return to Equation (4.20). In order to prove it we distinguish between
the two cases of (4.17) in Step 1 of the Embedding Stage. If x /∈ X∗ has never
entered the critical set, it is embedded into Ao

t(x),x and |Ao

t(x),x| ≥ (7γ/10)ni holds by
condition (4.18). Else x gets embedded into As

t(x),x. As only vertices from Qi(t(x)) or
X∗i have been embedded into V s

i so far, we can bound |As

t(x),x| by

|As

t(x),x| ≥ |Cs

t(x),x| − |Qi(t(x))| − |X∗i |
(4.12)

≥ 9γ

10
ni − ε′ni − (aλ+ α)ni ≥

7γ

10
ni
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4 A Blow-up Lemma for arrangeable graphs

where the second inequality is due to Lemma 4.22 and the third inequality is due to
our choice of constants. In any case we have |Aσt(x),x| ≥

7γ
10
ni if x gets embedded into

V σ
i (with σ ∈ {o, s}) in Step 1 of the Embedding Stage.

If the RGA completes the Embedding Stage successfully but x ∈ Xi does not get
embedded during the Embedding Stage the analogous argument gives

|As

T,x| ≥ |Cs

T,x| − |Qi(T )| − |X∗i | ≥
7γ

10
ni .

4.3.4 The auxiliary graph

We run the RGA as described above. In order to analyse it, we de�ne auxiliary graphs
Fi(t) which monitor at every time step t whether a vertex v ∈ V (G) is still contained
in the candidate set of a vertex x ∈ V (H). Let Fi(t) := (Xi ·∪Vi, E(Fi(t))) where
xv ∈ E(Fi(t)) if and only if v ∈ Ct,x. We stress that we use the candidate sets Ct,x
and not the set of available candidates At,x. This is well de�ned as Ct,x ⊆ Vi for every
x ∈ Xi and every t. Note that Fi(t) is a balanced bipartite graph. By Lemma 4.22 we
have

(δ − ε)π(t,x)ni ≤ degFi(t)(x) ≤ (δ + ε)π(t,x)ni (4.22)

for every x ∈ Xi \ Si, i.e., the degree of x in Fi(t) strongly depends on the number
π(t, x) of embedded predecessors. The main goal of this section is proving, however,
that if we take this into account and weight the auxiliary graphs accordingly, then they
are with high probability weighted regular (see Lemma 4.24). It will turn out that the
RGA succeeds if this is the case (see Lemma 4.26).
More precisely, for Fi(t) we shall use the weight function ωt : Xi → [0, 1] with

ωt(x) := δa−π(t,x) . (4.23)

Observe that the weight function depends on t. For nicer notation, we write degω,t(x) :=
degω(t)(x) = ωt(x)|NFi(t)(x)| for x ∈ Xi and dω,t(X, Y ) := dω(t)(X, Y ) for X ⊆ Xi and
Y ⊆ Vi. By (4.22) we have

degω,t(x) ≥ δa−π(t,x)(δ − ε)π(t,x)ni
(4.11)

≥ (1−
√
ε/3)δani , (4.24)

degω,t(x) ≤ δa−π(t,x
′)(δ + ε)π(t,x

′)ni
(4.11)

≤ (1 +
√
ε/3)δani (4.25)

for every x ∈ Xi \ Si and t. Thus for every i ∈ [r] and t ≤ T the auxiliary graph Fi(t)
satis�es

(1−
√
ε/2)δa

(4.8)

≤ (1− α)(1−
√
ε/3)δa ≤ dω,t(Xi, Vi) ≤ (1 +

√
ε/2)δa . (4.26)

Let Ri(t) denote the event that Fi(t) is weighted ε′-regular for ε′ as in (4.6). Further
let Ri be the event that Ri(t) for all t ≤ T .
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4.3 An almost spanning version of the Blow-up Lemma

Lemma 4.24
We run the RGA in the setting of Theorem 4.6. Then Ri holds for all i ∈ [r] with
probability at least 5/6.

We will use Lemma 4.17 and weighted degrees and co-degrees to prove Lemma 4.24.

Proof of Lemma 4.24. This proof checks the conditions of Lemma 4.17. Let

W
(1)
i (t) =

{
x ∈ Xi : | degω,t(x)− dω,t(Xi, Vi)ni| >

√
εni
}
,

W
(2)
i (t) =

{
{x, y} ∈

(
Xi

2

)
: | degω,t(x, y)− dω,t(Xi, Vi)

2ni| ≥ 4
√
εni

}
be the set of vertices and pairs which deviate from the expected (co-)degree. Let
W

(1)
i :=

⋃
t∈[T ]W

(1)
i (t) and W (2)

i :=
⋃
t∈[T ]W

(2)
i (t). We have ε′ ≥ 3ε1/36 by (4.7), and

by Lemma 4.17 all auxiliary graphs Fi(t) with t = 1, . . . , T are weighted ε′-regular if
both

|W (1)
i | <

√
εni , (4.27)

|W (2)
i | ≤ 4

√
ε

(
ni
2

)
. (4.28)

Thus Ri occurs whenever equations (4.27) and (4.28) are satis�ed. We will prove that
this happens for a �xed i ∈ [r] with probability at least 1 − n−1i , which together with
a union bound over i ∈ [r] implies the statement of the lemma.
So �x i ∈ [r]. From (4.24), (4.25) and (4.26) we deduce that

| degω,t(x)− dω,t(Xi, Vi)ni| ≤
√
εni

for all x ∈ Xi \Si and every t ≤ T . But |Si| ≤ αni <
√
εni by (4.8) and equation (4.27)

is thus always satis�ed.
It remains to consider (4.28). To this end let Pi be the set of all pairs {y, z} ∈

(
Xi\Si

2

)
with N−(y) ∩N−(z) = ∅. Observe that |

(
Xi
2

)
\
(
Xi\Si

2

)
| ≤ αn2

i ≤
√
ε
6
n2
i by (4.8) and∣∣∣{{y, z} ∈ (Xi

2

)
: N−(y) ∩N−(z) 6= ∅

}∣∣∣ ≤ a∆(H)ni ≤ a
ξn

log n
ni

≤ 2aξκr

log n

(
ni
2

)
(4.9)

≤
√
ε

(
ni
2

)
.

Hence it su�ces to show that

P
[
|W (2)

i ∩ Pi| ≤ 1
2

4
√
ε

(
ni
2

)]
≥ P

[
|W (2)

i ∩ Pi| ≤ 1
2

4
√
ε|Pi|

]
> 1− n−1i . (4.29)

For this we �rst partition Pi into sets of mutually predecessor disjoint pairs, i.e., Pi =
K1 ·∪ . . . ·∪K` such that for every k ∈ [`], no vertex of Xi appears in two di�erent pairs
in Kk, and moreover no two pairs in Kk contain two vertices that have a common
predecessor. Theorem 4.11 applied to the following graph asserts that there is such
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4 A Blow-up Lemma for arrangeable graphs

a partition with almost equally sized classes Kk: Let P be the graph on vertex set
Pi with edges between exactly those pairs {y1, y2}, {y′1, y′2} ∈ Pi which have either
{y1, y2} ∩ {y′1, y′2} 6= ∅ or

(
N−H (y1) ∪ N−H (y2)

)
∩
(
N−H (y′1) ∪ N−H (y′2)

)
6= ∅. This graph

has maximum degree ∆(P) < 2a∆(H)ni ≤ 2a(ξn/ log n)ni. Hence Theorem 4.11
gives a partition K1 ·∪ . . . ·∪K` of Pi into stable sets with |Kk| ≥ b|Pi|/

(
∆(P) + 1

)
c ≥

log n/(8aξκr) for all k ∈ [`], where we used |Pi| ≥ n2
i /4.

Now �x k ∈ [`] and consider the random variable K ′k := Kk ∩W (2)
i . Our goal now is

to show
P
[
|K ′k| > 1

2
4
√
ε|Kk|

]
≤ n−3i , (4.30)

as this together with another union bound over k ∈ [`] with ` < n2
i implies (4.29).

We shall �rst bound the probability that some �xed pair {y, z} ∈ Kk gets moved to
W

(2)
i (t) (and hence to K ′k) at some time t.
For a pair {y, z} ∈ Kk and t ∈ [T ] let Cot,y,z denote the event that | degω,t+1(y, z)−

degω,t(y, z)| ≤ εni. Why are we interested in these events? Obviously Cot,y,z holds for
all time steps t with xt /∈ N−(y) ·∪N−(z). This is because we have degω,t+1(y, z) =
degω,t(y, z) for such t. Moreover |dω,t′(Xi, Vi)

2−δ2a| ≤ 2
√
εδ2a by (4.26). Thus the fact

that |N−(y) ·∪N−(z)| ≤ 2a and the de�nition of ω from (4.23) imply the following. If
Cot,y,z holds for all t ≤ T , then

| degω,t′(y, z)− dω,t′(Xi, Vi)
2ni| ≤ | degω,t′(y, z)− δ2ani|+ |dω,t′(Xi, Vi)

2 − δ2a|ni

≤ 2aεni + 2
√
εδ2ani

(4.7)

≤ 4
√
εni

for every t′ ≤ T . In other words, if Cot,y,z holds for all t ≤ T then {y, z} 6∈ Kk ∩W (2)
i .

More precisely, we have the following.

Fact 4.25
For the smallest t with {y, z} ∈ W (2)

i (t) we have that Cot′,y,z holds for all t′ < t but not
for t′ = t.

Moreover, if Cot′,y,z holds for all t′ < t then

| degω,t(y, z)− degω,0(y, z)| ≤
(
π(t, y) + π(t, z)

)
εni .

Recall that degω,t(y, z) = δa−π(t,y)δa−π(t,z)|Ct,y ∩ Ct,z| and in particular (since y, z ∈
Xi \ Si) degω,0(y, z) = δ2ani. Hence

|Ct,y ∩ Ct,z| ≥ (δπ(t,y)+π(t,z) − εδπ(t,y)+π(t,z)−2a(π(t, y) + π(t, z)))ni
(4.7)

≥ εni . (4.31)

We now claim that

P[Cot,y,z | Cot′,y,z for all t′ < t] ≥ 1− 4ε

γ
. (4.32)

This is obvious if xt /∈ N−(y) ·∪N−(z). So assume we are about to embed an xt ∈
N−(y) ·∪N−(z), which happens to be in Xj. Then ϕ(xt) is chosen randomly among at
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4.3 An almost spanning version of the Blow-up Lemma

least (γ/2)nj vertices of Vj by Lemma 4.23. Out of those at most 2εnj vertices v ∈ Vj
have ∣∣ deg(v, Ct,y ∩ Ct,z)− d(Vi, Vj) · |Ct,y ∩ Ct,z|

∣∣ > εni

because |Ct,y ∩ Ct,z| ≥ εni by (4.31) and G[Vi, Vj] is ε-regular. For every other choice
of ϕ(xt) = v ∈ Vj we have∣∣ degω,t+1(y, z)− degω,t(y, z)

∣∣
=
∣∣ωt+1(y)ωt+1(z) deg(v, Ct,y ∩ Ct,z)− ωt(y)ωt(z) · |Ct,y ∩ Ct,z|

∣∣
= ωt+1(y)ωt+1(z) ·

∣∣ deg(v, Ct,y ∩ Ct,z)− δ · |Ct,y ∩ Ct,z|
∣∣

= ωt+1(y)ωt+1(z) ·
∣∣ deg(v, Ct,y ∩ Ct,z)− d(Vi, Vj) · |Ct,y ∩ Ct,z|

∣∣
≤ ωt+1(y)ωt+1(z) · εni ≤ εni .

Thus at most 2εnj out of (γ/2)nj choices for ϕ(xt) will result in Cot,y,z, which im-
plies (4.32), as claimed.
Finally, in order to show concentration, we will apply Lemma 4.19. For this purpose

observe that by the construction of Kk for each time step t ∈ [T ] the embedding of xt
changes the co-degree of at most one pair in Kk, which we denote by {yt, zt} if present.
That is, xt ∈ N−(yt) ∪ N−(zt). Now let Tk ⊆ [T ] be the set of time steps t with
{yt, zt} in Kk, i.e., let Tk be the set of time steps which actually change the co-degree
of a pair in Kk. Since |N−(y) ∪ N−(z)| ≤ 2a for every pair {y, z} ∈ Kk we have
|Tk| ≤ 2a|Kk|. We de�ne the following 0-1-variables A(t) for t ∈ Tk: Let A(t) = 1 if
and only if Cot′,yt,zt holds for all t′ ∈ [t − 1] ∩ Tk but not for t′ = t. Fact 4.25 then
implies |K ′k| ≤ A :=

∑
t∈Tk A(t). Moreover, for any t′ < t with {yt′ , zt′} = {yt, zt} and

A(t′) = 1 we have A(t) = 0 by de�nition. Hence, for any t ∈ Tk and J ⊆ [t] ∩ Tk we
have

P
[
A(t) = 1

∣∣∣A(t′) = 1 for all t′ ∈ J
A(t′) = 0 for all t′ ∈ ([t]∩ Tk) \ J

]
≤ 4ε/γ

by (4.32). Now either |Tk| < 16aε|Kk|/γ and thus A < 16aε|Kk|/γ by de�nition. Or
|Tk| ≥ 16aε|Kk|/γ and

P
[
A ≥ 16aε

γ
|Kk|

]
≤ P

[
A ≥ 8ε

γ
|Tk|
]
≤ exp

(
− 4ε

3γ
|Tk|
)
≤ n−3i ,

by Lemma 4.19, where the last inequality follows from

4ε

3γ
|Tk| ≥

64aε2

3γ2
|Kk| ≥

8ε2 log n

3γ2ξκr

(4.9)

≥ 3 log ni .

Since |K ′k| ≤ A and 16aε/γ < 1
2

4
√
ε by (4.7) we obtain (4.30) as desired.

We have now established that the auxiliary graph Fi(t) for the embedding of Xi

into Vi is weighted regular for all times t ≤ T with positive probability. The following
lemma states that no critical set ever gets large in this case, i.e., if all auxiliary graphs
remain weighted regular, then the RGA terminates successfully.
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4 A Blow-up Lemma for arrangeable graphs

Lemma 4.26
For every t ≤ T and i ∈ [r] we have: Ri(t) implies that |Qi(t)| ≤ ε′ni. In particular,
Ri for all i ∈ [r] implies that the RGA completes the Embedding Stage successfully.

Proof. The idea of the proof is the following. Vertices only become critical because their
available candidate set is signi�cantly smaller than the average available candidate
set. In other words, the weighted density between the set of critical vertices and
V Free
i (t) deviates signi�cantly from the weighted density of the auxiliary graph. Since

the auxiliary graph is weighted regular it follows that there cannot be many critical
vertices.
Indeed, assume for contradiction that there is i ∈ [r] and t ≤ T with |Qi(t)| > ε′ni

and such that Fi(t) is weighted ε′-regular. Let x ∈ Qi(t) be an arbitrary critical
vertex. Then x is an ordinary vertex and the available (ordinary) candidate set Ao

t,x =
Ct,x ∩ V o

i ∩ V Free
i (t) of x got small, that is,

|Ct,x ∩ V o

i ∩ V Free
i (t)|

(4.18)

< γni
(4.4)

≤ µ

20
δani .

In the language of the auxiliary graph this means that

degω,t(x, V
o

i ∩ V Free
i (t)) = ωt(x)|Ct,x ∩ V o

i ∩ V Free
i (t)| ≤ µ

20
δani.

Moreover |V o

i ∩ V Free
i (t)| ≥ |V Free

i (t)| − |V s

i | ≥ 9
10
µni ≥ ε′ni. This implies

dω,t(Qi(t), V
o

i ∩ V Free
i (t)) ≤ µ/20 δani

9/10µni
=

1

18
δa . (4.33)

Since (4.26) and (4.33) imply that

dω,t(Xi, Vi)− dω,t(Qi(t), V
o

i ∩ V Free
i (t)) ≥ 1

2
δa − 1

18
δa > ε′,

but Fi(t) is weighted ε′-regular we conclude that |Qi(t)| < ε′ni.

Theorem 4.6 is now immediate from the following lemma.

Lemma 4.27
If we apply the RGA in the setting of Theorem 4.6, then with probability at least 2/3
the event Ri holds for all i ∈ [r] and the RGA �nds an embedding of H ′ into G (obeying
the R-partitions of H and G and the image restrictions).

Proof of Lemma 4.27. Let C, a,∆R, κ and δ, c, µ be given. Set the constants γ, ε, α as in
(4.4)-(4.8). Let r be given and choose n0, ξ as in (4.9)-(4.10). Further let R be a graph
of order r with ∆(R) < ∆R and let G,H,H ′ have the required properties. Run the
RGA with these settings. The Initialisation succeeds with probability at least 5/6 by
Lemma 4.21. It follows from Lemma 4.24 that Ri occurs for all i ∈ [r] with probability
at least 5/6. This implies that no critical set Qi ever violates the bound (4.19) by
Lemma 4.26. Thus the Embedding Stage also succeeds with probability 5/6. We
conclude that the RGA succeeds with probability at least 2/3. Thus an embedding ϕ of
H ′ = H[X ′1 ·∪ . . . ·∪X ′r] into G which maps X ′i into Vi exists. Moreover this embedding
guarantees ϕ(x) ∈ I(x) for all x ∈ Si ∩X ′i by de�nition of the algorithm.
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4.3 An almost spanning version of the Blow-up Lemma

At the end of this section we want to point out that the minimum degree bound for
H in Theorem 4.6 can be increased even further if we swap the order of the quanti�ers.
More precisely, for a �xed graph R we may choose ε such that almost spanning sub-
graphs of linear maximum degree can be embedded into a corresponding (ε, d)-regular
R-partition.

Theorem 4.28
Given a graph R of order r and positive parameters a, κ, δ, µ there are ε, ξ > 0 such
that the following holds. Assume that we are given

(i) a graph G with a κ-balanced (ε, δ)-regular R-partition V (G) = V1 ·∪ . . . ·∪Vr with
|Vi| =: ni and

(ii) an a-arrangeable graph H with maximum degree ∆(H) ≤ ξn (where n =
∑
ni),

together with a corresponding R-partition V (H) = X1 ·∪ . . . ·∪Xr with |Xi| ≤
(1− µ)ni.

Then there is an embedding ϕ : V (H)→ V (G) such that ϕ(Xi) ⊆ Vi.

Proof (sketch). Theorem 4.28 is deduced along the lines of the proof of Theorem 4.6.
Once more the randomised greedy algorithm from Section 4.3.2 is applied. It �nds an

embedding of H into G if all auxiliary graphs Fi(t) remain weighted regular throughout
the Embedding Stage. This in turn happens if each auxiliary graph Fi(t) contains
few pairs {x, y} ∈

(
Xi
2

)
whose weighted co-degree deviates from the expected value.

In the setting of Theorem 4.6 this is the case with positive probability as has been
proven in Lemma 4.24: Inequality (4.29) states that the number of pairs with incorrect
co-degree exceeds the bound of (4.28) with probability at most 1−n−1i . This particular
argument is the only part of the proof of Theorem 4.6 that requires the degree bound
of ∆(H) ≤ ξn/ log n. We then used (4.29) and a union bound over i ∈ [r] to show that
all auxiliary graphs Fi(t) remain weighted regular throughout the Embedding Stage

with probability at least 5/6. Since r can be large compared to all constants except n0

we need the bound 1− n−1i in (4.29).
In the setting of Theorem 4.28 however it su�ces to replace this bound by a constant.

More precisely, since we are allowed to choose ε depending on the order of R the proof
of Lemma 4.24 becomes even simpler: Set ε small enough to ensure 3rε3/4γ ≤ 4a.
Note that inequality (4.32) implies that the expected number of pairs {y, z} ∈

(
Xi
2

)
with incorrect co-degree is bounded by 2a4ε

γ

(|Xi|
2

)
. It follows from Markov's inequality

and the union bound over all i ∈ [r] that all auxiliary graphs Fi(t) remain weighted
regular throughout the Embedding Stage with probability at least

1− r
4
√
εγ

8aε
≥ 5

6
.

Choosing ε su�ciently small we can thus guarantee that the randomised greedy algo-
rithm successfully embeds H into G with positive probability.

Using the classical approach of Chvatal, Rödl, Szemerédi, and Trotter [25] Theo-
rem 4.28 easily implies that all a-arrangeable graphs have linear Ramsey numbers.
This result has �rst been proven (using the approach of [25]) by Chen and Schelp [22].
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4.4 The spanning case

In this section we prove our main result, Theorem 4.4. We use the randomised greedy
algorithm and its analysis from Section 4.3 to infer that the almost spanning embed-
ding found in Theorem 4.6 can in fact be extended to a spanning embedding. We
shortly describe our strategy in Section 4.4.1 and establish a minimum degree bound
for the auxiliary graphs in Section 4.4.2 before we give the proof of Theorem 4.4 in
Section 4.4.3. We conclude this section with a sketch of the proof of Theorem 4.5 in
Section 4.4.4.

4.4.1 Outline of the proof

Let G,H satisfy the conditions of Theorem 4.4. We �rst use Lemma 4.13 to order
the vertices of H such that the arrangeability of the resulting order is bounded and
its last µn vertices form a stable set W . We then run the RGA to embed the almost
spanning subgraph H ′ = H[X \W ] into G. The RGA is successful and the resulting
auxiliary graphs Fi(T ) are all weighted regular (that is, Ri holds) with probability 2/3
by Lemma 4.27.
It remains to extend the embedding of H ′ to an embedding of H. Since W is stable

it su�ces to �nd for each i ∈ [r] a bijection between

Li := Xi \W

and V Free
i (T ) which respects the candidate sets, i.e., which maps x into CT,x. Such

a bijection is given by a perfect matching in F ∗i := Fi(T )[Li ·∪V Free
i (T )], which is the

subgraph of Fi(T ) induced by the vertices left after the Embedding Phase of the
RGA.
By Lemma 4.18 balanced weighted regular pairs with an appropriate minimum degree

bound have perfect matchings. Now, (Li, V
Free
i ) is a subpair of a weighted regular

pair and thus weighted regular itself by Proposition 4.15. Hence our main goal is to
establish a minimum degree bound for (Li, V

Free
i ). More precisely we shall explain in

Section 4.4.2 that it easily follows from the de�nition of the RGA that vertices in Li
have the appropriate minimum degree if Ri holds.

Proposition 4.29
Run the RGA in the setting of Theorem 4.4 and assume that Rj holds for all j ∈ [r].
Then every x ∈ Li has

degFi(T )(x, V
Free
i (T )) ≥ 3

√
ε′ni.

For vertices in V Free
i on the other hand this is not necessarily true. But it holds with

su�ciently high probability. This is also proved in Section 4.4.2.

Lemma 4.30
Run the RGA in the setting of Theorem 4.4 and assume that Rj holds for all j ∈ [r].
Then we have

P
[
∀i ∈ [r], ∀v ∈ V Free

i (T ) : degFi(T )(v, Li) ≥ 3
√
ε′ni

]
≥ 2

3
.
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4.4.2 Minimum degree bounds for the auxiliary graphs

In this section we prove Proposition 4.29 and Lemma 4.30. For the former we need to
show that vertices x ∈ Li have an appropriate minimum degree in F ∗i , which is easy.

Proof of Proposition 4.29. Since Rj holds for all j ∈ [r] the RGA completed the Em-
bedding Stage successfully by Lemma 4.26. Note that all x ∈ Li did not get embed-
ded yet. Thus

degFi(T )(x, V
Free
i (T )) = |AT,x| ≥ |As

T,x| ≥ 7
10
γni

(4.6)

≥ 3
√
ε′ni ,

for every x ∈ Li by Lemma 4.23.

Lemma 4.30 claims that vertices in V Free
i (T ) with positive probability also have a

su�ciently large degree in F ∗i . We sketch the idea of the proof.
Let x ∈ Li and v ∈ V Free

i (T ) for some i ∈ [r]. Recall that there is an edge
xv ∈ E(Fi(T )) if and only if ϕ(N−(x)) ⊆ NG(v). So we aim at lower-bounding the
probability that ϕ(N−(x)) ⊆ NG(v) for many vertices x ∈ Li.
Now let y ∈ N−(x) be a predecessor of x. Recall that y is randomly embedded

into A(y), as de�ned in (4.17). Hence the probability that y is embedded into NG(v) is
|A(y)∩NG(v)|/|A(y)|. Our goal will now be to show that these fractions are bounded
from below by a constant for all predecessors of many vertices x ∈ Li, which will then
imply Lemma 4.30. To motivate this constant lower bound observe that a random
subset A of Xj satis�es |A ∩ NG(v)|/|A| = |NG(v) ∩ Vj|/|Vj| in expectation, and the
right hand fraction is bounded from below by δ/2 by (4.3). For this reason we call the
vertex v likely for y ∈ Xj and say that Av(y) holds, if

|A(y) ∩NG(v)|
|A(y)|

≥ 2

3

|Vj ∩NG(v)|
|Vj|

.

Hence it will su�ce to prove that for every v ∈ Vi there are many x ∈ Li such that v
is likely for all y ∈ N−(x).
We will focus on the last λni vertices x in Li \ N(S) (i.e., on vertices x ∈ L∗i ) as

we have a good control over the embedding of their predecessors (who are in X∗ \ S).
Note that there indeed are λni vertices in Li \ N(S) as µni − αni ≥ λni. For i ∈ [r]
and v ∈ Vi we de�ne

L∗i (v) := {x ∈ L∗i : Av(y) holds for all y ∈ N−(x)} .

Our goal is to show that a positive proportion of the vertices in L∗i will be in L∗i (v).
The following lemma makes this more precise.

Lemma 4.31
We run the RGA in the setting of Theorem 4.4 and assume that Rj holds for all j ∈ [r].
Then

P
[
∀i ∈ [r],∀v ∈ Vi : |L∗i (v)| ≥ 2−a

2−1|L∗i |
]
≥ 5

6
.
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4 A Blow-up Lemma for arrangeable graphs

Lemma 4.31 together with the subsequent lemma will imply Lemma 4.30.

Lemma 4.32
Run the RGA in the setting of Theorem 4.4 and assume that Rj holds for all j ∈ [r]

and that |L∗i (v)| ≥ 2−a
2−1|L∗i |. Then we have

P
[
∀i ∈ [r], ∀v ∈ V Free

i (T ) : degFi(T )(v, Li) ≥ 3
√
ε′ni

]
≥ 5

6
.

Proof of Lemma 4.32. Let i ∈ [r] and v ∈ Vi be arbitrary and assume that the event
of Lemma 4.31 occurs, this is, assume that we do have |L∗i (v)| ≥ 2−a

2−1|L∗i |. We claim
that v almost surely has high degree in Fi(T ) in this case.

Claim If |L∗i (v)| ≥ 2−a
2−1|L∗i |, then

P
[
degFi(T )(v, Li) ≥ 3

√
ε′ni

]
≥ 1− 1

n2
i

.

This claim, together with a union bound over all i ∈ [r] and v ∈ Vi, implies that

P
[
∀i ∈ [r],∀v ∈ Vi : degFi(T )(v, Li) ≥ 3

√
ε′ni

]
≥ 5

6

if |L∗i (v)| ≥ 2−a
2−1|L∗i | for all i ∈ [r] and all v ∈ Vi. It remains to establish the claim.

Proof of Claim. Let x ∈ L∗i (v). Recall that xv ∈ E(Fi) if and only if ϕ(y) ∈ NG(v) for
all y ∈ N−(x). If the events [ϕ(y) ∈ NG(v)] were independent for all y ∈ N−(L∗i (v))
we could apply a Cherno� bound to infer that almost surely a linear number of the
vertices x ∈ L∗i (v) is such that [ϕ(y) ∈ NG(v)] for all y ∈ N−(x). However, the events
might be far from independent: just imagine two vertices x, x′ sharing a predecessor
y. We address this issue by partitioning the vertices into classes that do not share
predecessors. We then apply Lemma 4.20 to those classes to �nish the proof of the
claim. Here come the details.

We partition L∗i (v) into predecessor disjoint sets. To do so we construct an auxiliary
graph on vertex set L∗i (v) that has an edge xx′ for exactly those vertices x 6= x′ that
share at least one predecessor in H. As H is a-arrangeable, the maximum degree of
this auxiliary graph is bounded by a∆(H) − 1. Hence we can apply Theorem 4.11 to
partition the vertices of this auxiliary graph into stable sets K1 ·∪ . . . ·∪Kb with

|K`| ≥
|L∗i (v)|
a∆(H)

≥ 2−a
2−1λ
√
n

a κ r
log n

(4.10)

≥ 48

(
3

δ

)a
log ni (4.34)

for ` ∈ [b]. Those sets are predecessor disjoint inH. We now want to apply Lemma 4.20.
Let I = {N−(x) : x ∈ K`}. The sets in I are pairwise disjoint and have at most a
elements each. Name the elements of

⋃
I∈I I = {y1, . . . , ys} (with s = |

⋃
I∈I I|) in

ascending order with respect to the arrangeable ordering. Furthermore, let Ak be a
random variable which is 1 if and only if yk gets embedded intoNG(v). By the de�nition
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4.4 The spanning case

of L∗i (v), the event Av(yk) holds for each k ∈ [s]. It follows from the de�nition of Av(yk)
that

P[Ak = 1] = P[ϕ(yk) ∈ NG(v)] =
|A(yk) ∩NG(v)|
|A(yk)|

≥ 2

3

|NG(v) ∩ Vj|
|Vj|

(4.3)

≥ δ

3
.

This lower bound on the probability of Ak = 1 remains true even if we condition on
other events Aj = 1 (or their complements Aj = 0), because in this calculation the
lower bound relies solely on |A(yk)∩NG(v)|/|A(yk)|, which is at least δ/3 for all k ∈ [m]
regardless of the embedding of other yj. Hence,

P
[
Ak = 1

∣∣∣Aj = 1 for all j ∈ J
Aj = 0 for all j ∈ [k − 1] \ J

]
≥ δ

3

for every k and every J ⊆ [k − 1] (this is stronger than the condition required by
Lemma 4.20). By Lemma 4.20, we have

P
[∣∣{x ∈ K` : ϕ(N−(x)) ⊆ NG(v)

}∣∣ ≥ 1

2

(δ
3

)a
|K`|

]
= P

[∣∣{I ∈ I : Ai = 1 for all i ∈ I
}∣∣ ≥ 1

2

(δ
3

)a
|K`|

]
≥ 1− 2 exp

(
− 1

12

(δ
3

)a
|K`|

)
(4.34)

≥ 1− 2 exp(−4 log ni) = 1− 2 · n−4i .

Applying a union bound over all ` ∈ [b] we conclude that

degFi(T )(v, Li) ≥
∣∣{x ∈ L∗i (v) : ϕ(N−(x)) ⊆ NG(v)

}∣∣
≥
∑
`∈[b]

1

2

(δ
3

)a
|K`| =

1

2

(δ
3

)a
|L∗i (v)| ≥ δa

2 · 2a2+13a
λni

(4.6)

≥ 3
√
ε′ni

with probability at least 1− 2ni exp(−4 log ni) ≥ 1− n−2i .

This concludes the proof of the lemma.

The remainder of this section is dedicated to the proof of Lemma 4.31. This proof
will use similar ideas as the proof of Lemma 4.32. This time, however, we are not only
interested in the predecessors of x ∈ L∗i but in the predecessors of the predecessors.
We call those predecessors of second order and say two vertices x, x′ are predecessor
disjoint of second order if N−(x) ∩N−(x′) = ∅ and N−(N−(x)) ∩N−(N−(x′)) = ∅.

To prove Lemma 4.31, we have to show that for any vertex v ∈ Vi many vertices x
in L∗i are such that all their predecessors y ∈ N−(x) are likely for v. Note that x ∈ L∗i
implies that y ∈ N−(x) gets embedded into the special candidate set Cs

t(y),y.
It depends only on the embedding of the vertices in N−(y) whether a given vertex

v ∈ Vi is likely for y or not. Therefore, we formulate an event Bv,x(z), which, if satis�ed
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4 A Blow-up Lemma for arrangeable graphs

for all z ∈ N−(y), will imply Av(y) as we will show in the next proposition. Recall
that Cs

1,y = V s

j for y ∈ N−(L∗i ) ⊆ X∗ and Cs

t(z)+1,y = Cs

t(z),y ∩ NG(ϕ(z)). For x ∈ L∗i
and z ∈ N−(N−(x)) let Bv,x(z) be the event that∣∣∣∣∣ |C

s

t(z),y ∩NG(v)|
|Cs

t(z),y|
−
|Cs

t(z)+1,y ∩NG(v)|
|Cs

t(z)+1,y|

∣∣∣∣∣ ≤ 2ε

δ − ε

for all y ∈ N−(x).

Proposition 4.33
Let i ∈ [r], v ∈ Vi, x ∈ L∗i , and z ∈ N−(N−(x)), then

P
[
Bv,x(z)

∣∣Bv,x(z′) for all z′ ∈ N−(N−(x)) with t(z′) < t(z)
]
≥ 1/2.

This remains true if we additionally condition on other events Bv,x̃(z̃) (or their com-
plements) with z̃ ∈ N−(N−(x̃)) for x̃ ∈ L∗i , as long as x and x̃ are predecessor disjoint
of second order.
Moreover, if Bv,x(z) occurs for all z ∈ N−(N−(x)), then Av(y) occurs for all y ∈
N−(x).

Proof of Proposition 4.33. Let x ∈ L∗i and let z ∈ N−(N−(x)) lie in X`. Further
assume that Bv,x(z′) holds for all z′ ∈ N−(N−(x)) with t(z′) < t(z). For y ∈ N−(x) let
j(y) be such that y ∈ Xj(y). Then Bv,x(z′) for all z′ ∈ N−(y) with t(z′) < t(z) implies

|Cs

t(z),y ∩NG(v)|
|Cs

t(z),y|
≥
|Cs

1,y ∩NG(v)|
|Cs

1,y|
− 2ε · a
δ − ε

=
|Vj(y) ∩NG(v)|
|Vj(y)|

− 2ε · a
δ − ε

(4.3)

≥ δ

2
− 2ε · a
δ − ε

where the identity C1,y = Vj(y) is due to y /∈ S. Hence |Cs

t(z),y∩NG(v)| ≥ εnj(`) by (4.16)
and our choice of constants. Now �x a y ∈ N−(x). As (Vj(y), V`) is an ε-regular pair
all but at most 4εn` vertices w ∈ At(z),z ⊆ V` simultaneously satisfy∣∣∣∣∣

∣∣NG

(
w,Cs

t(z),y ∩NG(v)
)∣∣

|Cs

t(z),y ∩NG(v)|
− d(Vj(y), V`)

∣∣∣∣∣ ≤ ε , and∣∣∣∣∣ |NG(w,Cs

t(z),y)|
|Cs

t(z),y|
− d(Vj(y), V`)

∣∣∣∣∣ ≤ ε .

Hence, all but at most 4εan` vertices in V` satisfy the above inequalities for all y ∈
N−(x). If ϕ(z) = w for a vertex w that satis�es the above inequalities for all y ∈ N−(x)
we have ∣∣∣∣∣ |C

s

t(z)+1,y ∩NG(v)|
|Cs

t(z),y ∩NG(v)|
−
|Cs

t(z)+1,y|
|Cs

t(z),y|

∣∣∣∣∣ ≤ 2ε .
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4.4 The spanning case

This implies Bv,x(z) as∣∣∣∣∣ |C
s

t(z)+1,y ∩NG(v)|
|Cs

t(z)+1,y|
−
|Cs

t(z),y ∩NG(v)|
|Cs

t(z),y|

∣∣∣∣∣ ≤ 2ε
|Cs

t(z),y ∩NG(v)|
|Cs

t(z)+1,y|

≤ 2ε
|Cs

t(z),y|
|Cs

t(z)+1,y|
(4.15)

≤ 2ε

δ − ε
.

Since ϕ(z) is chosen randomly fromA(z) ⊆ At(z),z with |A(z)| ≥ (γ/2)n` by Lemma 4.23,
we obtain

P
[
Bv,x(z)

∣∣Bv,x(z′) for all z′ ∈ N−(N−(x)), t(z′) < t(z)
]
≥ 1− 4εan`

(γ/2)n`
≥ 1

2
.

Note that this probability follows alone from the ε-regularity of the pairs (Vj(y), V`) and
the fact that A(z) and Cs

t(z),y ∩NG(v) are large. If x and x̃ are predecessor disjoint of
second order the outcome of the event Bv,x̃(z̃) for z̃ ∈ N−(N−(x̃)) does not in�uence
those parameters. We can therefore condition on other events Bv,x̃(z̃) as long as x and
x̃ are predecessor disjoint of second order.

It remains to show the second part of the proposition, that v is likely for all y ∈ N−(x)
if Bv,x(z) holds for all z ∈ N−(N−(x)). Again let x ∈ L∗i and let y ∈ N−(x) lie in Xj.
Recall that condition (4.13) in the de�nition of the RGA guarantees∣∣∣∣ |V s

j ∩NG(v)|
|V s

j |
− |Vj ∩NG(v)|

|Vj|

∣∣∣∣ ≤ ε .

Moreover, Bv,x(z) for all z ∈ N−(y), Cs

1,y = V s

j (as y /∈ S) and the fact that |N−(y)| ≤ a
imply ∣∣∣∣∣ |C

s

t(y),y ∩NG(v)|
|Cs

t(y),y|
−
|V s

j ∩NG(v)|
|V s

j |

∣∣∣∣∣ ≤ 2ε · a
δ − ε

.

As 2εa/(δ − ε) + ε ≤ δ/36 ≤ (δ/18)|Vj ∩NG(v)|/|Vj| we conclude that
|Cs

t(y),y ∩NG(v)|
|Cs

t(y),y|
≥ 17

18

|Vj ∩NG(v)|
|Vj|

(4.35)

for all y ∈ N−(x) if Bv,x(z) for all z ∈ N−(N−(x)). Equation (4.35) in turn implies
Av(y) as only few vertices get embedded into V s thus making Cs

t,y ≈ As

t,y. More
precisely, by Lemma 4.23 we have

|A(y) ∩NG(v)|
|A(y)|

≥
|As

t(y),y ∩NG(v)| − |As

t(y),y \ A(y)|
|As

t(y),y|

≥
|Cs

t(y),y ∩NG(v)| − |X∗j | − |Qj(t(y))| − |As

t(y),y \ A(y)|
|Cs

t(y),y|

≥
|Cs

t(y),y ∩NG(v)|
|Cs

t(y),y|
− δ

18

(4.35)

≥
(

17

18
− 2

18

)
|Vj ∩NG(v)|
|Vj|

.
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4 A Blow-up Lemma for arrangeable graphs

We have seen that x ∈ L∗i also lies in L∗i (v) if Bv,x(z) holds for all z ∈ N−(N−(x)).
To prove Lemma 4.31 it therefore su�ces to show that an arbitrary vertex v has a
linear number of vertices x ∈ L∗i with Bv,x(z) for all z ∈ N−(N−(x)).

Proof of Lemma 4.31. Let i ∈ [r] and v ∈ Vi be arbitrary. We partition L∗i into classes
of vertices that are predecessor disjoint of second order. Observe that for every x ∈ L∗i
we have ∣∣∣∣{x′ ∈ L∗i :

N−(x) ∩N−(x′) 6= ∅ or
N−(N−(x)) ∩N−(N−(x′)) 6= ∅

}∣∣∣∣ ≤ (a∆(H))2 ≤ a2n

log2 n
(4.10)

<
λni

36 · 2a2 log ni

as H is a-arrangeable. Recall that |L∗i | = λni. Therefore, Theorem 4.11 gives a
partition L∗i = K1 ·∪ . . . ·∪Kb with

|K`| ≥ 36 · 2a2 log ni (4.36)

for all ` ∈ [b] such that the vertices in K` are predecessor disjoint of second order.
Next we want to apply Lemma 4.20. Let ` ∈ [b] be �xed. We de�ne I = {N−(N−(x)) :

x ∈ K`}. These sets are pairwise disjoint and have at most a2 elements each. Name
the elements of

⋃
I∈I I = {z1, . . . , z|∪I∈II|} in ascending order with respect to the ar-

rangeable ordering. Then for every I ∈ I and every zk ∈ I we have

P
[
Bv,x(zk)

∣∣∣Bv,x(zj) for all zj ∈ J ,Bv,x(zj) for all zj ∈ {z1, . . . , zk−1} \ J

]
≥ 1

2

for every J ⊆ {z1, . . . , zk−1} with {z1, . . . , zk−1} ∩ I ⊆ J by Proposition 4.33. We set
K`(v) := {x ∈ K` : Bv,x(z) for all z ∈ N−(N−(x))} and apply Lemma 4.20 to derive

P
[
|K`(v)| ≥ 2−a

2−1|K`|
]
≥ 1− 2 exp

(
− 1

12
2−a

2|K`|
)

(4.36)

≥ 1− 2 exp (−3 log ni) = 1− 2 · n−3i .

Note that we have
⋃
`∈[b]K`(v) ⊆ L∗i (v) as the following is true for every x ∈ K` by

Proposition 4.33: Bv,x(z) for all z ∈ N−(N−(x)) implies Av(y) for all y ∈ N−(x).
Taking a union bound over all ` ∈ [b] we thus obtain that

P
[
|L∗i (v)| ≥ 2−a

2−1|L∗i |
]
≥ 1− b · 2n−3i ≥ 1− 2

n2
i

.

One further union bound over all i ∈ [r] and v ∈ Vi �nishes the proof.

4.4.3 Proof of Theorem 4.4

Putting everything together, we conclude that the RGA gives a spanning embedding
of H into G with probability at least 1/3. We now use Lemma 4.18, Proposition 4.29,
and Lemma 4.30 to prove our main result.
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4.4 The spanning case

Proof of Theorem 4.4. Let integers C, a,∆R, κ and δ, c > 0 be given. Set a′ = 5a2κ∆R

and µ = 1/(10a′(κ∆R)2). We invoke Theorem 4.6 with parameters C, a′,∆R, κ and
δ, c, µ > 0 to obtain ε, α > 0. Let r be given and choose n0 as in Theorem 4.6.
Now let R be a graph on r vertices with ∆(R) < ∆R. And let G and H satisfy

the conditions of Theorem 4.4, i.e., let G have the (ε, δ)-super-regular R-partition
V (G) = V1 ·∪ . . . ·∪Vr and let H have a κ-balanced R-partition V (H) = X1 ·∪ . . . ·∪Xr.
Further let {x1, . . . , xn} be an a-arrangeable ordering of H. We apply Lemma 4.13 to
�nd an a′-arrangeable ordering {x′1, . . . , x′n} of H with a stable ending of order µn. Let
H ′ = H[{x′1, . . . , x′(1−µ)n}] be the subgraph induced by the �rst (1−µ)n vertices of the
new ordering. We take this ordering and run the RGA as described in Section 4.3.2 to
embed H ′ into G. By Lemma 4.27 we have

P
[
RGA successful and Ri for all i ∈ [r]

]
≥ 2

3
, (4.37)

where Ri is the event that the auxiliary graph Fi(t) is weighted ε′-regular for all t ≤ T .
Note that every image restricted vertex x ∈ Si ∩ V (H ′) has been embedded into I(x)
by the de�nition of the RGA.
Now assume that Ri holds for all i ∈ [r]. It remains to embed the stable set

Li = V (H) \ V (H ′). To this end we shall �nd in each F ∗i := Fi(T )[Li ·∪V Free
i (T )] a

perfect matching, which de�nes a bijection from Li to V Free
i (T ) that maps every x ∈ Li

to a vertex v ∈ V Free
i (T ) ∩ CT,x. Note that again x ∈ Si is embedded into I(x) by

construction.
Since Fi(T ) is weighted ε′-regular the subgraph F ∗i is weighted (ε′/µ)-regular by

Proposition 4.15. Moreover

P
[
δ(F ∗i ) ≥ 3

√
ε′ni for all i ∈ [r]

]
≥ 2

3
(4.38)

by Proposition 4.29 and Lemma 4.30. In other words, with probability at least 2/3
all graphs F ∗i = Fi(T )[Li ·∪V Free

i ] are balanced, bipartite graphs on 2µni vertices with
deg(x) ≥ 3

√
ε′/µ(µni) for all x ∈ Li ∪ V Free

i . Also note that ω(x) ≥ δa ≥
√
ε′/µ

for all x ∈ Li by de�nition of ε′. We conclude from Lemma 4.18 that F ∗i has a
perfect matching if F ∗i has minimum degree at least 3

√
ε′ni. Hence, combining (4.37)

and (4.38) we obtain that the RGA terminates successfully and all F ∗i have perfect
matchings with probability at least 1/3. Thus there is an almost spanning embedding
of H ′ into G that can be extended to a spanning embedding of H into G.

4.4.4 Proof of Theorem 4.5

We close this section by sketching the proof of Theorem 4.5, which is very similar
to the proof of Theorem 4.4. We start by quickly summarising the latter. For two
graphs G and H let the partitions V = V1 ·∪ . . . ·∪Vk and X = X1 ·∪ . . . ·∪Xk satisfy
the requirements of Theorem 4.4. In order to �nd an embedding of H into G that
maps the vertices of Xi onto Vi we proceeded in two steps. First we used a randomised
greedy algorithm to embed an almost spanning part of H into G. This left us with
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4 A Blow-up Lemma for arrangeable graphs

sets Li ⊆ Xi and V Free
i ⊆ Vi. We then found a bijection between the Li and V Free

i that
completed the embedding of H.

More precisely, we did the following. We ran the randomised greedy algorithm from
Section 4.3.2 and de�ned auxiliary graphs Fi(t) on vertex sets Vi ·∪Xi that kept track
of all possible embeddings at time t of the embedding algorithm. We showed that the
randomised greedy embedding succeeds for the almost spanning subgraph if all the
auxiliary graphs remain weighted regular (Lemma 4.26). This in turn happens with
probability at least 2/3 by Lemma 4.27. This �nished stage one of the embedding (and
also proved Theorem 4.6).
For the second stage of the embedding we assumed that stage one found an almost

spanning embedding by time T and that all auxiliary graphs are weighted regular. We
de�ned F ∗i (T ) to be the subgraph of Fi(T ) induced by Li ·∪V Free

i . This subgraph inher-
its (some) weighted regularity from Fi(T ). Moreover, we showed that all F ∗i (T ) have a
minimum degree which is linear in ni with probability at least 2/3 (see Proposition 4.29
and Lemma 4.30). Each F ∗i (T ) has a perfect matching in this case by Lemma 4.18.
Those perfect matchings then gave the bijection of Li onto V Free

i that completed the
embedding of H into G. We concluded that with probability at least 2/3 the almost
spanning embedding found by the randomised greedy algorithm in stage one can be
extended to a spanning embedding of H into G.

For the proof of Theorem 4.5 we proceed in exactly the same way. Note that The-
orem 4.4 and Theorem 4.5 di�er only in the following aspects. The �rst allows a
maximum degree of

√
n/ log n for H while the latter extends this to ∆(H) ≤ ξn/ log n.

This does not come free of charge. Theorem 4.5 not only requires the R-partition of
G to be super-regular but also imposes what we call the tuple condition, that every
tuple of a + 1 vertices in V \ Vi have a linearly sized joint neighbourhood in Vi. We
now sketch how one has to change the proof of Theorem 4.4 to obtain Theorem 4.5.

Again we proceed in two stages. The �rst of those, which gives the almost spanning
embedding, is identical to the previously described one: here the larger maximum
degree is not an obstacle (see also Theorem 4.6). Again all auxiliary graphs are weighted
regular by the end of the Embedding Phase with probability at least 2/3. Moreover,
all vertices in Li have linear degree in F ∗i (T ) by the same argument as before (see
Proposition 4.29 and its proof).
It now remains to show to show that every vertex v in V Free

i has a linear degree in the
auxiliary graph F ∗i (T ). At this point we deviate from the proof of Theorem 4.4. Recall
that L∗i was de�ned as the last λni vertices of Xi \ N(S) in the arrangeable ordering
and L∗i (v) was de�ned as the set of vertices x ∈ L∗i with Av(y) for all y ∈ N−(x). We
still want to prove that L∗i (v) is large for every v as this again would imply the linear
minimum degree for all v ∈ V Free

i . However, the maximum degree ∆(H) ≤ ξn/ log n
does not allow us to partition Li into sets which are predecessor disjoint of second order
any more. This, however, was crucial for our proof of |L∗i (v)| ≥ 2−a

2−1|L∗i | (see the
proof of Lemma 4.31).

We may, however, alter the de�nition of the event Av(y) to overcome this obstacle.
Instead of requiring that |A(y)∩NG(v)|/|A(y)| ≥ (2/3)|Vj∩NG(v)|/|Vj|, we now de�ne
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Av(y) in the proof of Theorem 4.5 to be the event that

|A(y) ∩N(v)|
|A(y)|

≥ ι

2
.

We still denote by L∗i (v) the set of vertices x ∈ L∗i with Av(y) for all y ∈ N−(x).
Now the tuple condition guarantees that |Ct(y),y ∩ NG(v)| ≥ ιnj for any y ∈ Xj and
v ∈ V \ Vj. Since we chose V s

j ⊆ Vj randomly we obtain |Cs

t(y),y ∩NG(v)| ≥ (µ/20)ιnj
for all y ∈ Xj almost surely. The same arguments as in the proof of Proposition 4.33
imply that A(y) ≈ Cs

t(y),y for all y that are predecessors of vertices x ∈ L∗i . Hence,

|A(y) ∩NG(v)|
|A(y)|

≈
|Cs

t(y),y ∩NG(v)|
|Cs

t(y),y|
≈ (µ/20)ιnj

(µ/10)δanj
≥ ι

2

for all x ∈ L∗i and all y ∈ N−(x) almost surely. If this is the case we have |L∗i (v)| =
|L∗i | = λni and therefore the assertion of Lemma 4.31 holds also in this setting. It
remains to show that the same is true for Lemma 4.32. Indeed, after some appropriate
adjustments of the constants, the very same argument implies degFi(T )(v, Li) ≥ 3ε′ni
for all i ∈ [r] and v ∈ V Free

i if |L∗i (v)| = |L∗i |. More precisely, the change in the
de�nition of Av(y) will force smaller values of ε′, that is, the constant in the bound of
the joint neighbourhood of each (a+ 1)-tuple has to be large compared to the ε in the
ε-regularity of the partition V1 ·∪ . . . ·∪Vk. The constants then relate as

0 < ξ � ε� ε′ � λ� γ � µ, δ, ι ≤ 1 .

The remaining steps in the proof of Theorem 4.5 are identical to those in the proof of
Theorem 4.4. For i ∈ [r] the minimum degree in F ∗i (T ) together with the weighted
regularity implies that F ∗i (T ) has a perfect matching. The perfect matching de�nes a
bijection of Li onto V Free

i that in turn completes the embedding of H into G.

To wrap up, let us quickly comment on the di�erent degree bounds for H in The-
orem 4.4 and Theorem 4.5. The proof of Theorem 4.5 just sketched only requires
∆(H) = ξn/ log n. This is needed to partition L∗i into predecessor disjoint sets in the
last step in order to prove the minimum degree for the auxiliary graphs.
Contrary to that the proof of Theorem 4.4 partitions the vertices of L∗i into sets which

are predecessor disjoint of second order, i.e., which do haveN−(N−(x))∩N−(N−(x′)) =
∅ for all x 6= x′. This is necessary to ensure that there is a linear number of vertices
x in L∗i with Av(y) for all y ∈ N−(x), i.e., whose predecessors all get embedded into
NG(v) with probability δ/3. More precisely we ensure that, all predecessors y of x
have the following property. The predecessors z1, . . . , zk of y are embedded to a k-
tuple (ϕ(z1), . . . , ϕ(zk)) of vertices in G such that

⋂
N(ϕ(zi)) ∩NG(v) ∩ Vj(y) is large.

This fact follows trivially from the tuple condition of Theorem 4.5 and hence we don't
need a partition into predecessor disjoint sets of second order.

4.5 Optimality

The aim of this section is twofold. Firstly, we shall investigate why the degree bounds
given in Theorem 4.4 and in Theorem 4.5 are best possible. Secondly, we shall why
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4 A Blow-up Lemma for arrangeable graphs

the conditions Theorem 4.4 imposes on image restrictions are so restrictive.

Optimality of Theorem 4.5. To argue that the requirement ∆(H) ≤ n/ log n is
optimal up to the constant factor we use a construction from [60] and the following
proposition.

Proposition 4.34
For every ε > 0 the domination number of a graph G(n, p) with high probability is larger
than (1− ε)p log n.

Proof. The probability that a graph in G(n, p) has a dominating set of size r is bounded
by (

n

r

)
(1− (1− p)r)n−r ≤ exp (r log n− exp(−rp)(n− r)) .

Setting r = (1− ε)p log n we obtain

P
[
G(n, p) has a dominating
set of size (1− ε)p log n

]
≤ exp

(
(1− ε)p log2 n− n− (1− ε)p log n

n1−ε

)
→ 0

for every (�xed) positive ε.

Let H be a tree with a root of degree 1
2

log n, such that each neighbour of this root
has 2n/ log n leaves as neighbours. This graph H almost surely is not a subgraph of
G(n, 0.9) by Proposition 4.34 as the neighbours of the root form a dominating set.

Optimality of Theorem 4.4. The degree bound ∆(H) ≤
√
n/ log n is optimal up to

the log-factor. More precisely, we can show the following.

Proposition 4.35
For every ε > 0 and n0 ∈ N there are n ≥ n0, an (ε, 1/2)-super-regular pair (V1, V2)
with |V1| = |V2| = n and a tree T ⊆ Kn,n with ∆(T ) ≤

√
n+ 1, such that (V1, V2) does

not contain T .

Condition (e) of Theorem 4.4 allows only a constant number of permissible image
restrictions per cluster. The following proposition shows that also this is best possible
(up to the value of the constant).

Proposition 4.36
For every ε > 0, n0 ∈ N, and every w : N→ N which goes to in�nity arbitrarily slowly,
there are n ≥ n0, an (ε, 1/2)-super-regular pair (V1, V2) with |V1| = |V2| = n and a
tree T ⊆ Kn,n with ∆(T ) ≤ w(n) such that the following is true. The images of w(n)
vertices of T can be restricted to sets of size n/2 in V1 ∪ V2 such that no embedding
of T into (V1, V2) respects these image restrictions.
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We remark that our construction for Proposition 4.36 does not require a spanning
tree T , but only one on w(n) + 1 vertices. Moreover, this proposition shows that the
number of admissible image restrictions drops from linear (in the original Blow-up
Lemma) to constant (in Theorem 4.4), if the maximum degree of the target graph H
increases from constant to an increasing function.

We now give the constructions that prove these two propositions.

Proof of Proposition 4.35 (sketch). Let ε > 0 and n0 be given, choose an integer k
such that 1/k � ε and an integer n such that k, n0 � n, and consider the following
bipartite graph Gk = (V1 ·∪V2, E) with |V1| = |V2| = n. Let W1, . . . ,Wk be a balanced
partition of V1. Now for each odd i ∈ [k] we randomly and independently choose a
subset Ui ⊆ V2 of size n/2; and we set Ui+1 := V2 \Ui. Then we insert exactly all those
edges into E which have one vertex inWi and the other in Ui, for i ∈ [k]. Clearly, every
vertex in G has degree n/2. In addition, using the degree co-degree characterisation of
ε-regularity it is not di�cult to check that (V1, V2) almost surely is ε-regular.
Next, we construct the tree T as follows. We start with a tree T ′, which consists of

a root of degree
√
n− 1 and is such that each child of this root has exactly

√
n leaves

as children. For obtaining T , we then take two copies of T ′, call their roots x1 and x2,
respectively, and add an edge between x1 and x2. Clearly, the two colour classes of T
have size n and ∆(T ) =

√
n+ 1.

It remains to show that T 6⊆ Gk. Assume for contradiction that there is an embed-
ding ϕ of T into Gk such that ϕ(x1) ∈ W1. Note that n−1 vertices in T have distance 2
from x1. Since Gk is bipartite ϕ has to map these n − 1 vertices to V1. In particular,
one of them has to be embedded in W2. However, the distance between W1 and W2

in Gk is greater than 2.

The proof of Proposition 4.36 proceeds similarly.

Proof of Proposition 4.36 (sketch). Let ε, n0 and w be given, choose n large enough so
that n0 ≤ n and 1/w(n)� ε, and set k := w(n).
We reuse the graph Gk = (V1 ·∪V2, E) from the previous proof as ε-regular pair.

Now consider any balanced tree T with a vertex x of degree ∆(T ) = w(n) = k. Let
{y1, . . . , yk} be the neighbours of x in T . For i ∈ [k] we then restrict the image of yi to
V2 \ Ui.
We claim that there is no embedding of T into G that respects these image restric-

tions. Indeed, clearly x has to be embedded into Wj ⊆ V1 for some j ∈ [k] because its
neighbours are image restricted to subsets of V2. However, by the de�nition of Uj this
prevents yj from being embedded into V2 \ Uj.

4.6 Applications

4.6.1 F -factors for growing degrees

This section is to prove Theorem 4.7. Our strategy will be to repeatedly embed a
collection of copies of F into a super-regular r-tuple in G with the help of the Blow-up
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4 A Blow-up Lemma for arrangeable graphs

Lemma version stated as Theorem 4.4. The following result by Böttcher, Schacht,
and Taraz [18, Lemma 6] says that for γ > 0 any su�ciently large graph G with
δ(G) ≥ ((r−1)/r+γ)|G| has a regular partition with a reduced graph R that contains
a Kr-factor. Moreover, all pairs of vertices in R that lie in the same Kr span super-
regular pairs in G. LetK(k)

r denote the disjoint union of k complete graphs on r vertices
each. For all n, k, r ∈ N, we call an integer partition (ni,j)i∈[k],j∈[r] of [n] (with ni,j ∈ N
for all i ∈ [k] and j ∈ [r]) r-equitable, if |ni,j − ni,j′| ≤ 1 for all i ∈ [k] and j, j′ ∈ [r].

Lemma 4.37
For all r ∈ N and γ > 0 there exists δ > 0 and ε0 > 0 such that for every positive
ε ≤ ε0 there exists K0 and ξ0 > 0 such that for all n ≥ K0 and for every graph G on
vertex set [n] with δ(G) ≥ ((r − 1)/r + γ)n there exists k ∈ N \ {0}, and a graph K

(k)
r

on vertex set [k]× [r] with

(R1) k ≤ K0,

(R2) there is an r-equitable integer partition (mi,j)i∈[k],j∈[r] of [n] with (1 + ε)n/(kr) ≥
mi,j ≥ (1− ε)n/(kr) such that the following holds.2

For every partition (ni,j)i∈[k],j∈[r] of n with mi,j − ξ0n ≤ ni,j ≤ mi,j + ξ0n there exists a
partition (Vi,j)i∈[k],j∈[r] of V with

(V1) |Vi,j| = ni,j,

(V2) (Vi,j)i∈[k],j∈[r] is (ε, δ)-super-regular on K
(k)
r .

Using this partitioning result for G, Theorem 4.7 follows easily.

Proof of Theorem 4.7. We alternatingly choose constants as given by Theorem 4.4 and
Lemma 4.37. So let δ, ε0 > 0 be the constants given by Lemma 4.37 for r and γ > 0.
Further let ε, α > 0 be the constants given by Theorem 4.4 for C = 0, a, ∆R = r,
κ = 2, c = 1 and δ. We are setting C = 0 as we do not use any image restrictions in
this proof. If necessary we decrease ε such that ε ≤ ε0 holds. Let K0 and ξ0 > 0 be as
in Lemma 4.37 with ε as set before. For r let n0 be given by Theorem 4.4. If necessary
increase n0 such that n0 ≥ K0. Finally set ξ = ξ0. In the following we assume that

(i) G is of order n ≥ n0 and has δ(G) ≥ ( r−1
r

+ γ)n, and

(ii) H is an a-arrangeable, r-chromatic F -factor with |F | ≤ ξn, ∆(F ) ≤
√
n/ log n.

We need to show that H ⊆ G. For this purpose we partition H into subgraphs
H1, . . . , Hk, whereHi is to be embedded into ∪j∈[r]Vi,j later, as follows. Let (mi,j)i∈[k],j∈[r]
be an r-equitable partition of [n] with mi,j ≥ (1 − ε)n/(kr) as given by Lemma 4.37.
For i = 1, . . . , k − 1 we choose `i such that both

∣∣mi,j − `i|F |
∣∣ ≤ |F |, and

∣∣∣∣∣∑
i′≤i

(mi′,j − `i′ |F |)

∣∣∣∣∣ ≤ |F | (4.39)

2The upper bound on mi,j is implicit in the proof of the lemma but not explicitly stated in [18].
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for all j ∈ [r]. Let ni,j = `i|F | for all j ∈ [r] and set Hi to be `ir copies of F . Note that
there exists an r-colouring of Hi in which each colour class Xi,j has exactly ni,j vertices.
Finally Hk is set to be H \ (H1 ∪ · · · ∪Hk−1). Let χ : V (Hk) → [r] be a colouring of
Hk where the colour-classes have as equal sizes as possible and set nk,j := |χ−1(j)| and
Xk,j := χ−1(j) for j ∈ [r]. It follows from (4.39) that

|ni,j −mi,j| ≤ |F | ≤ ξ0n (4.40)

for all i ∈ [k], j ∈ [r]. Thus there exists a partition (Vi,j)i∈[k],j∈[r] of V (G) with
properties (V1) and (V2) by Lemma 4.37.
We apply Theorem 4.4 to embed Hi into G[Vi,1 ∪ · · · ∪ Vi,r] for every i ∈ [k]. Note

that we have partitioned V (Hi) = Xi,1 ∪ · · · ∪ Xi,r in such a way that |Xi,j| = ni,j
and vw ∈ E(Hi) implies v ∈ Xi,j, w ∈ Xi,j′ with j 6= j′. Now properties (V1), (V2)
guarantee that |Vi,j| = ni,j and (Vi,j, Vi,j′) is an (ε, δ)-super-regular pair in G for all
i ∈ [k] and j, j′ ∈ [r] with j 6= j′. It follows that Hi is a subgraph of G[Vi,1 ∪ · · · ∪ Vi,r]
by Theorem 4.4.

4.6.2 Random graphs and universality

Next we prove Theorem 4.8, which states that G = G(n, p) is universal for the class of
a-arrangeable bounded degree graphs,

Hn,a,ξ = {H : |H| = n,H a-arr., ∆(H) ≤ ξn/ log n}.

To prove this we will �nd a balanced partition of G and apply Theorem 4.5. For this
purpose we also have to �nd a balanced partition of the graphs H ∈ Hn,a,ξ. To this
end we shall use the following result of Kostochka, Nakprasit, and Pemmaraju [70].

Theorem 4.38 (Theorem 4 from [70])
Every a-arrangeable3 graph H with ∆(H) ≤ n/15 has a balanced k-colouring for each
k ≥ 16a.

A graph has a balanced k-colouring if the graph has a proper colouring with at most
k colours such that the sizes of the colour classes di�er by at most 1.

Proof of Theorem 4.8. Let a and p be given. Set ∆R := 16a, κ = 1, ι := 1
2
pa+1,

δ := p/2 and let R be a complete graph on 16a vertices. Set r := 16a and let ε, ξ, n0 as
given by Theorem 4.5. Let n ≥ n0 and let V = V1 ·∪ . . . ·∪Vr be a balanced partition of
[n]. Then we generate a random graph G = G(n, p) on vertex set [n]. Every pair (Vi, Vj)
is (ε, p/2)-super-regular in G with high probability. Furthermore with high probability
we have that every tuple (u1, . . . , ua+1) ⊆ V \Vi satis�es |∩j∈[a+1]NG(uj)∩Vi| ≥ ι|Vi|. So
assume this is the case and let H ∈ Hn,a,ξ. We partition H into 16a equally sized stable
sets with the help of Theorem 4.38. Thus H satis�es the requirements of Theorem 4.5
and H embeds into G.

3In fact [70] shows this result for the more general class of a-degenerate graphs.
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4 A Blow-up Lemma for arrangeable graphs

4.7 Appendix

4.7.1 Weighted regularity

In this section we provide some background on weighted regularity. In particular,
we supplement the proofs of Lemma 4.17 and Lemma 4.18. We start with a short
introduction to the results on weighted regularity by Czygrinow and Rödl [32]. Their
focus lies on hypergraphs. However, we only present the graph case here.
Czygrinow and Rödl de�ne their weight function on the set of edges (whereas in our

scenario we have a bipartite graph with weights on the vertices of one class). They
consider weighted graphs G = (V, ω̃) where ω̃ : V ×V → N≥0. One can think of ω̃(x, y)
as the multiplicity of the edge (x, y). Their weighted degree and co-degree for x, y ∈ V
are then de�ned as

deg∗ω̃(x) :=
∑
y∈V

ω̃(x, y), deg∗ω̃(x, y) :=
∑
z∈V

ω̃(x, z)ω̃(y, z) .

For disjoint A,B ⊆ V they de�ne

d∗ω̃(A,B) =

∑
ω̃(x, y)

K|A| |B|
,

where the sum is over all pairs (x, y) ∈ A × B and K := 1 + max{ω̃(x, y) : (x, y) ∈
V × V }.4 A pair (A,B) in G = (V, ω̃) with A ∩B = ∅ is called (ε, ω̃)-regular if

|d∗ω̃(A,B)− d∗ω̃(A′, B′)| < ε

for all A′ ⊆ A with |A′| ≥ ε|A| and all B′ ⊆ B with |B′| ≥ ε|B|. As in the unweighted
case, regular pairs can be characterised by the degree and co-degree distribution of
their vertices. The following lemma (see [32, Lemma 4.2]) shows that a pair is weighted
regular in the setting of Czygrinow and Rödl if most of the vertices have the correct
weighted degree and most of the pairs have the correct weighted co-degree.

Lemma 4.39 (Czygrinow, Rödl [32])
Let G = (A ·∪B, ω̃) be a weighted graph with |A| = |B| = n and let ε, ξ ∈ (0, 1), ξ2 < ε,
n ≥ 1/ξ. Assume that both of the following conditions are satis�ed:

(i') |{x ∈ A : | deg∗ω̃(x)−K d∗ω̃(A,B)n| > Kξ2n}| < ξ2n, and

(ii')
∣∣{{xi, xj} ∈ (A2) : |deg∗ω̃(xi, xj)−K2d∗ω̃(A,B)2n| ≥ K2ξn

}∣∣ ≤ ξ
(
n
2

)
.

Then for every A′ ⊆ A with |A′| ≥ εn and every B′ ⊆ B with |B′| ≥ εn we have

|d∗ω̃(A′, B′)− d∗ω̃(A,B)| ≤ 2
ξ2

ε
+

√
5ξ

ε2 − εξ2
.

4Czygrinow and Rödl require K to be strictly larger than the maximal weight for technical reasons.
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The assertion of Lemma 4.39 implies that the pair (A,B) is (ε′, ω̃)-regular, where
ε′ = max{ε, 2ξ2/ε+

√
5ξ/(ε2 − εξ2)}, if the conditions of the lemma are satis�ed.

Our goal is to translate this result into our setting of weighted regularity (see Sec-
tion 4.2.2). We shortly recall our de�nition of weighted graphs and weighted regularity
before we restate and prove Lemma 4.17.
Let G = (A ·∪B,E) be a bipartite graph and ω : A → [0, 1] be our weight function

for G. We de�ne the weighted degree of a vertex x ∈ A to be degω(x) = ω(x)|N(x,B)|
and the weighted co-degree of x, y ∈ A as degω(x, y) = ω(x)ω(y)|N(x,B) ∩ N(y,B)|.
Similarly, the weighted density of a pair (A′, B′) is de�ned as

dω(A′, B′) :=
∑
x∈A′

ω(x)|N(x,B′)|
|A′| · |B′|

.

Again the pair (A,B) is called weighted ε-regular if

|dω(A,B)− dω(A′, B′)| ≤ ε

for all A′ ⊆ A and B′ ⊆ B with |A′| ≥ ε|A| and |B′| ≥ ε|B|. We now prove Lemma 4.17,
which we restate here for the reader's convenience.

Lemma (Lemma 4.17)
Let ε > 0 and n ≥ ε−6. Further let G = (A ·∪B,E) be a bipartite graph with |A| =
|B| = n and let ω : A→ [ε, 1] be a weight function for G. If

(i) |{x ∈ A : | degω(x)− dω(A,B)n| > ε14n}| < ε12n and

(ii) |{{x, y} ∈
(
A
2

)
: | degω(x, y)− dω(A,B)2n| ≥ ε9n}| ≤ ε6

(
n
2

)
then (A,B) is a weighted 3ε-regular pair.

Proof of Lemma 4.17. Let ε > 0, G = (A ∪ B,E) and ω : A → [ε, 1] satisfy the
requirements of the lemma. From this ω we de�ne a weight function ω̃ : A×B → N≥0
in the setting of Lemma 4.39. For (x, y) ∈ A×B we set

ω̃(x, y) :=

{
dC · ω(x)e if {x, y} ∈ E,
0 otherwise,

where ε−13 − 1 ≤ C ≤ ε−14 is chosen such that K = max{ω̃(x, y) + 1 : (x, y) ∈
A × B} ≥ ε−13. (This is possible unless E = ∅.) Note that our choice of constants
implies K/C ≤ 1 + 2ε13. Moreover, let d∗ω̃(A,B) be de�ned as above. The de�nition
of ω̃ implies

C degω(x) ≤ deg∗ω̃(x) ≤ C degω(x) + |N(x,B)| and (4.41)

C2 degω(x, y) ≤ deg∗ω̃(x, y) ≤ C2 degω(x, y) + (2C + 1)|N(x,B) ∩N(y,B)| (4.42)

for all x, y ∈ A. Here the second inequality follows from

dC · ω(x)e2 ≤ (C · ω(x) + 1)2 ≤ C2
(
ω(x)

)2
+ 2C + 1 .
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Moreover,

Cdω(A′, B′) ≤ Kd∗ω̃(A′, B′) ≤ Cdω(A′, B′) + 1 (4.43)

for all A′ ⊆ A, B′ ⊆ B which in turn implies that(
C dω(A′, B′)

)2 − (K d∗ω̃(A′, B′)
)2 ≤ 1 · (C +K) (4.44)

for all A′ ⊆ A, B′ ⊆ B.

We now verify that conditions (i) and (ii) of Lemma 4.17 imply conditions (i') and (ii')
of Lemma 4.39. Set ξ := ε6 and let x ∈ A be such that | degω(x)− dω(A,B)n| ≤ ε14n.
It follows from (4.41), (4.43) and the triangle inequality that

| deg∗ω̃(x)−K d∗ω̃(A,B)n| ≤ | deg∗ω̃(x)− C degω(x)|
+ |C degω(x)− C dω(A,B)n|
+ |C dω(A,B)n−K d∗ω̃(A,B)n|

≤ n+ Cε14n+ n ≤ 3n

≤ Kξ2n .

Hence, condition (i) implies condition (i').

Now let {x, y} ∈
(
A
2

)
satisfy | degω(x, y)− dω(A,B)2n| < ε9n. It follows from (4.42),

(4.43) and (4.44) that∣∣deg∗ω̃(x, y)−K2d∗ω̃(A,B)2n
∣∣ ≤ | deg∗ω̃(x, y)− C2 degω(x, y)|

+ |C2 degω(x, y)− C2dω(A,B)2n|
+
∣∣C2dω(A,B)2n−K2d∗ω̃(A,B)2n

∣∣
< (2C + 1)n+ C2ε9n+ (C +K)n

≤ K2ξn ,

where the last inequality is due to C ≤ K/ε. Thus, condition (ii) implies condition (ii').

We conclude that G = (A ·∪B, ω̃) satis�es the requirements of Lemma 4.39. Hence
every A′ ⊆ A with |A′| ≥ εn and every B′ ⊆ B with |B′| ≥ εn has

|d∗ω̃(A′, B′)− d∗ω̃(A,B)| ≤ 2
ξ2

ε
+

√
5ξ

ε2 − εξ2
≤ 5

2
ε .

Together with (4.43) and the fact that K/C ≤ 1 + 2ε13 this �nishes the proof as we
have

|dω(A′, B′)− dω(A,B)| ≤ |dω(A′, B′)− K
C
d∗ω̃(A′, B′)|

+ |K
C
d∗ω̃(A′, B′)− K

C
d∗ω̃(A,B)|

+ |K
C
d∗ω̃(A,B)− dω(A,B)|

≤ 1
C

+ K
C

5
2
ε+ 1

C

≤ 3ε .
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We want to point out that the requirement that ω is at least ε does not cause any
problem when we apply Lemma 4.17 because one could simply increase the weight
of all vertices x with ω(x) < ε to ε without changing the weighted densities in the
subpairs by more than ε. Hence a graph with an arbitrary weight function is weighted
2ε-regular if the graph with the modi�ed weight function is weighted ε-regular.

The remainder of this section is dedicated to the proof of Lemma 4.18 which we
restate here.

Lemma (Lemma 4.18)
Let ε > 0 and let G = (A ·∪B,E) with |Vi| = n and weight function ω : A → [

√
ε, 1]

be a weighted ε-regular pair. If deg(x) > 2
√
εn for all x ∈ A ∪ B then G contains a

perfect matching.

Proof of Lemma 4.18. In order to prove that G = (A ·∪B,E) has a perfect matching,
we will verify the König�Hall criterion for G, i.e., we will show that |N(S)| ≥ |S| for
every S ⊆ A. We distinguish three cases.
Case 1, |S| < εn: The minimum degree deg(x) ≥ 2

√
εn implies |N(S)| ≥ 2

√
εn ≥

|S| for any non-empty set S.
Case 2, εn ≤ |S| ≤ (1− ε)n: Note that deg(x) > 2

√
εn and ω(x) ≥

√
ε for all x ∈ A

implies that dω(A,B) > 2ε. We now set T = B \N(S). Since dω(S, T ) = 0 and (A,B)
is a weighted-ε-regular pair with weighted density greater than 2ε we conclude that
|T | < εn.
Case 3, |S| > (1− ε)n: For every y ∈ B we have |S|+ |N(y)| ≥ (1− ε+ 2

√
ε)n > n

and thus N(y) ∩ S 6= ∅. It follows that N(S) = B if |S| > (1− ε)n.

4.7.2 Cherno� type bounds

The analysis of our randomised greedy embedding (see Section 4.3.2) repeatedly uses
concentration results for random variables. Those random variables are the sum of
Bernoulli variables. If these are mutually independent we use a Cherno� bound (see,
e.g., [54, Corollary 2.3]).

Theorem 4.40 (Cherno� bound)
Let A =

∑
i∈[n]Ai be a binomially distributed random variable with P[Ai] = p for all

i ∈ [n]. Further let c ∈ [0, 3/2]. Then

P[|A − pn| ≥ c · pn] ≤ exp

(
−c

2

3
pn

)
.

However, we also consider scenarios where the Bernoulli variables are not indepen-
dent.

Lemma (Lemma 4.19)
Let 0 ≤ p1 ≤ p2 ≤ 1, 0 < c ≤ 1. Further let Ai for i ∈ [n] be a 0-1-random variable
and set A :=

∑
i∈[n]Ai. If

p1 ≤ P
[
Ai = 1

∣∣∣∣ Aj = 1 for all j ∈ J and
Aj = 0 for all j ∈ [i− 1] \ J

]
≤ p2 (4.45)
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for every i ∈ [n] and every J ⊆ [i− 1] then

P[A ≤ (1− c)p1n] ≤ exp

(
−c

2

3
p1n

)
and

P[A ≥ (1 + c)p2n] ≤ exp

(
−c

2

3
p2n

)
.

The somewhat technical conditioning in (4.45) allows us to bound the probability
for the event Ai = 1 even if we condition on any outcome of the events Aj with j < i.
The idea of the proof now is to relate the random variable A to a truly binomially

distributed random variable and then use a Cherno� bound.

Proof of Lemma 4.19. For k, ` ∈ N0 de�ne a`,k = P[
∑

i≤`Ai ≤ k] and b`,k = P[B`,p1 ≤
k] where B`,p1 is a binomially distributed random variable with parameters ` and p1.
So both a`,k and b`,k give a probability that a random variable (depending on ` and p1)
is below a certain value k. The following claim relates these two probabilities.

Claim For every k ≥ 0, ` ≥ 0 we have a`,k ≤ b`,k.

Proof. We will prove the claim by induction on `. For ` = 0 we trivially have a0,k =
1 = b0,k for all k ≥ 0. Now assume that the claim is true for ` − 1 and every k ≥ 0.
Now

a`,0 ≤ (1− p1)a`−1,0 ≤ (1− p1)b`−1,0 = b`,0 .

As

P
[
A` = 1

∣∣∣∣ Aj = 1 for all j ∈ J and
Aj = 0 for all j ∈ [`− 1] \ J

]
≥ p1

for every J ⊆ [`− 1] it follows that for k ≥ 1

a`,k ≤ a`−1,k−1 + (a`−1,k − a`−1,k−1)(1− p1) . (4.46)

This upper bound on a`,k implies that for every k ≥ 1 we have

a`,k
(4.46)

≤ p1 · a`−1,k−1 + (1− p1) · a`−1,k
≤ p1 · b`−1,k−1 + (1− p1) · b`−1,k
= p1 P[B`−1,p1 ≤ k − 1] + (1− p1)P[B`−1,p1 ≤ k]

= P[B`−1,p1 ≤ k − 1] + (1− p1)P[B`−1,p1 = k]

= P[B`,p1 ≤ k] = b`,k .

Here the second inequality is due to the induction hypothesis. This �nishes the induc-
tion step and the proof of the claim.

Now the �rst inequality of the lemma follows immediately. We set ` = n, k =
(1− c)p1n and obtain

P[A ≤ (1− c)p1n] = an,(1−c)p1n ≤ bn,(1−c)p1n = P[Bn,p1 ≤ (1− c)p1n] ≤ exp

(
−c

2

3
p1n

)
,
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where the last inequality follows by Theorem 4.40.
The second assertion of the lemma follows by an analogous argument: set a`,k =

P[
∑

i≤`Ai ≥ k] and b`,k = P[B`,p2 ≥ k] and obtain

a`,k ≤ a`−1,k + (a`−1,k−1 − a`−1,k)p2 . (4.47)

It follows by induction on ` that

a`,k
(4.47)

≤ (1− p2) · a`−1,k + p2 · a`−1,k−1
≤ (1− p2) · b`−1,k + p2 · b`−1,k−1
= P[B`−1,p2 ≥ k] + P[B`−1,p2 = k − 1]p2

= P[B`,p2 ≥ k] = b`,k .

Once more the second inequality follows from the induction hypothesis. Setting ` = n
and k = (1 + c)p2n and using Theorem 4.40 again then �nishes the proof.

In addition we need a similar result with a more complex setup.

Lemma (Lemma 4.20)
Let 0 < p and a,m, n ∈ N. Further let I ⊆ P([n]) \ {∅} be a collection of m disjoint
sets with at most a elements each. For every i ∈ [n] let Ai be a 0-1-random variable.
Further assume that for every I ∈ I and every k ∈ I we have

P
[
Ak = 1

∣∣∣∣ Aj = 1 for all j ∈ J and
Aj = 0 for all j ∈ [k − 1] \ J

]
≥ p

for every J ⊆ [k − 1] with [k − 1] ∩ I ⊆ J . Then

P
[∣∣{I ∈ I : Ai = 1 for all i ∈ I}

∣∣ ≥ 1
2
pam

]
≥ 1− 2 exp

(
− 1

12
pam

)
.

Proof of Lemma 4.20. Let p > 0, a,m, n ∈ N and I be given. We order the elements of
I as I = {I1, . . . , Im} by their respective largest index. This means, the Ij are sorted
such that j′ < j implies that there is an index ij ∈ Ij with i < ij for all i ∈ Ij′ . For
i ∈ [m] we now de�ne events Bi as

Bi :=

{
1 if Aj = 1 for all j ∈ Ii,
0 otherwise.

We claim that the events Bi satisfy equation (4.45) where the probability is bounded
from below by pa.

Claim For every i ∈ [m] and J ⊆ [i− 1] we have

P
[
Bi = 1

∣∣∣∣ Bj = 1 for all j ∈ J and
Bj = 0 for all j ∈ [i− 1] \ J

]
≥ pa .
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Proof. Let i ∈ [m] and J ⊆ [i−1] be given. We assume that |I| = a for ease of notation.
(The proof is just the same if |I| < a.) So let Ii = {i1, . . . , ia} be in ascending order
and de�ne i0 := 0. For v ∈ {0, 1}ik−ik−1−1 let Hk(v) be the 0-1-random variable with

Hk(v) =

{
1 Aik−1+` = v` for all ` ∈ [ik − ik−1 − 1],

0 otherwise.

The rationale for this de�nition is the following. The outcome of Bi is determined by
the outcome of the random variables Aij . However, we cannot neglect the random
variables A` for ` /∈ Ii as the A` are not mutually independent. Instead we condition
the probability of Aij = 1 on possible outcomes of A` with ` < ij. Now Hk(v) = 1
with v ∈ {0, 1}ik−ik−1−1 represents one outcome for the A` with ik−1 < ` < ik. We
call the v ∈ {0, 1}ik−ik−1−1 the history between Aik−1

and Aik . It follows from the
requirements of Lemma 4.20 that for any tuple (v1, . . . , vk) ∈ {0, 1}i1−1×{0, 1}i2−i1−1×
· · · × {0, 1}ik−ik−1−1 we have

P
[
Aik = 1

∣∣∣∣ Aij = 1 for all j ∈ [k− 1] and
Hj(vj) = 1 for all j ∈ [k − 1]

]
≥ p . (4.48)

However, we are not interested in every possible history (v1, . . . , vk) as some of the
histories cannot occur simultaneously with the event B = 1 where

B = 1 if and only if

[
Bj = 1 for all j ∈ J and
Bj = 0 for all j ∈ [i− 1] \ J

]
.

For ease of notation we de�ne the following shortcuts

H(v1, . . . , vk) = 1 if and only if Hj(vj) = 1 for all j ∈ [k],

A(k) = 1 if and only if Aij = 1 for all j ∈ [k].

Moreover, we de�ne Ck to be the set of all tuples (v1, . . . , vk) ∈ {0, 1}i1−1×{0, 1}i2−i1−1×
· · · × {0, 1}ik−ik−1−1 with

P [H(v1, . . . , vk) = 1 and B = 1] > 0 .

In other words, the elements of Ck are those histories that are compatible with the
event that we condition on in the claim. Note in particular that B = 1 if and only
if there is a (v1, . . . , va) ∈ Ca with H(v1, . . . , va) = 1. With these de�nitions we can
rewrite the probability in the assertion of our claim as

P [Bi = 1 | B = 1] =
∑

(v1,...,va)∈Ca

P
[
A(a) = 1 and
H(v1, . . . , va) = 1

∣∣∣ B = 1

]
.

We now prove by induction on k that

Pk :=
∑

(v1,...,vk)∈Ck

P
[
A(k) = 1 and
H(v1, . . . , vk) = 1

∣∣∣ B = 1

]
≥ pk (4.49)
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for all k ∈ [a]. The induction base k = 1 is immediate from the requirements of the
lemma as

P1 =
∑
v1∈C1

P
[
A(1) = 1 and
H(v1) = 1

∣∣∣ B = 1

]
(4.48)

≥ p
∑
v1∈C1

P
[
H(v1) = 1

∣∣ B = 1
]

= p .

The last equality above follows by total probability from the de�nition of C1. So assume
that the induction hypothesis holds for k − 1. Then

Pk =
∑

(v1,...,vk)∈Ck

P
[
A(k) = 1 and
H(v1, . . . , vk) = 1

∣∣∣ B = 1

]

=
∑

(v1,...,vk)∈Ck

P
[
Aik = 1

∣∣∣B = 1 andA(k−1) = 1 and
H(v1, . . . , vk) = 1

]
· P
[
A(k−1) = 1 and
H(v1, . . . , vk) = 1

∣∣∣B = 1

]
(4.48)

≥ p ·
∑

(v1,...,vk)∈Ck

P
[
A(k−1) = 1 and
H(v1, . . . , vk) = 1

∣∣∣B = 1

]

= p ·
∑

(v1,...,vk−1)∈Ck−1

P
[
A(k−1) = 1 and
H(v1, . . . , vk−1) = 1

∣∣∣B = 1

]
= p · Pk−1 ≥ pk .

The claim now follows as

P[Bi = 1 | B = 1] =
∑

(v1,...,va)∈Ca

P
[
A(a) = 1 and
H(v1, . . . , va) = 1

∣∣∣ B = 1

]
≥ pa .

We have seen that the Bi are pseudo-independent and that they have probability at
least pa each. Thus we can apply Lemma 4.19 and derive

P
[
|{i ∈ [m] : Bi = 1}| ≥ 1

2
pam

]
≥ 1− 2 exp

(
− 1

12
pam

)
.
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5 Spanning embeddings of
arrangeable graphs with sublinear
bandwidth

5.1 Introduction

The existence of spanning subgraphs in dense graphs has been investigated very suc-
cessfully over the past decades. Its early stages can be traced back to results by
Dirac [34] in 1952, who showed that a minimum degree of n/2 forces a Hamilton cycle
in graphs of order n, and Corrádi and Hajnal [30] in 1963 as well as Hajnal and Sze-
merédi [49] in 1970, who proved that every graph G with δ(G) ≥ r−1

r
n must contain a

family of bn/rc vertex disjoint cliques, each of size r. The story gained new momentum
when, in a series of papers in the 1990s, Komlós, Sarközy, and Szemerédi established
a new methodology which, based on the Regularity Lemma and the Blow-up Lemma,
paved the road to a series of results for spanning subgraphs with bounded maximum
degree, such as powers of Hamilton cycles, trees, F -factors, and planar graphs (see the
survey [72] for an excellent overview of these and related achievements).
During that period, Bollobás and Komlós [58] formulated a general conjecture which

(approximately) included many of the results mentioned above. Böttcher, Schacht and
Taraz proved this conjecture.

Theorem 5.1 (Böttcher, Schacht, Taraz [18])
For all r,∆ ∈ N and γ > 0, there exist constants β > 0 and n0 ∈ N such that for
every n ≥ n0 the following holds. If H is an r-chromatic graph on n vertices with
∆(H) ≤ ∆ and bandwidth at most βn and if G is a graph on n vertices with minimum
degree δ(G) ≥

(
r−1
r

+ γ
)
n, then G contains a copy of H.

Here a graph H has bandwidth at most b if there exists a labelling of the vertices
by numbers 1, . . . , n such that for every edge {i, j} ∈ E(H) we have |i − j| ≤ b. It is
well known that the restriction on the bandwidth in Theorem 5.1 cannot be omitted.
On the other hand, powers of Hamilton cycles and F -factors have constant bandwidth.
Moreover, bounded degree planar graphs and more generally any hereditary class of
bounded degree graphs with small separators have bandwidth at most O(n/ log n)
(see [17]). Hence a rich class of graphs H is covered by Theorem 5.1.
However, a major constraint of this theorem is that it allows only H with constant

maximum degree. In fact this is also true for most other results on spanning subgraphs
mentioned above. There are only few exceptions, such as a result by Komlós, Sarközy,
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and Szemerédi [67], which shows that each su�ciently large graph with minimum degree
at least (1

2
+ γ)n contains all spanning trees of maximum degree o(n/ log n).

One aim of this paper is to obtain a corresponding embedding result for a more
general class of graphs with unbounded maximum degree. More precisely, we will
generalise Theorem 5.1 to graphs with unbounded maximum degrees. We focus on
arrangeable graphs.

De�nition 5.2 (a-arrangeable)
Let a be an integer. A graph is called a-arrangeable if its vertices can be ordered as
(x1, . . . , xn) in such a way that

∣∣N(N(xi) ∩ Righti)) ∩ Lefti
)∣∣ ≤ a for each 1 ≤ i ≤ n,

where Lefti = {x1, x2, . . . , xi} and Righti = {xi+1, xi+2, . . . , xn}.

Arrangeability was introduced by Chen and Schelp [22]. It generalises the concept of
bounded maximum degree because graphs with maximum degree ∆ are clearly (∆2 −
∆ + 1)-arrangeable, and stars are 1-arrangeable. Moreover several important graph
classes were shown to be constantly arrangeable: planar graphs are 10-arrangeable [57]
(see also [22]) and graphs without a Kp-subdivision are p8-arrangeable [87].
Our main result asserts that we can replace the constant maximum degree bound in

Theorem 5.1 by a-arrangeability and ∆(H) ≤
√
n/ log n.

Theorem 5.3 (The bandwidth theorem for arrangeable graphs)
For all r, a ∈ N and γ > 0, there exist constants β > 0 and n0 ∈ N such that for every
n ≥ n0 the following holds. If H is an r-chromatic, a-arrangeable graph on n vertices
with ∆(H) ≤

√
n/ log n and bandwidth at most βn and if G is a graph on n vertices

with minimum degree δ(G) ≥
(
r−1
r

+ γ
)
n, then G contains a copy of H.

The key ingredient for generalising Theorem 5.1 to Theorem 5.3 is a variant of the
Blow-up Lemma for arrangeable graphs, obtained recently by Böttcher, Kohayakawa,
Taraz, and Wür� in [16] (see Theorem 5.13).

Applications. We give one direct application of Theorem 5.3 (Corollary 5.4), and
one application which uses the techniques needed in the proof of Theorem 5.3 (Theo-
rem 5.6). Both applications concern graphs of �xed genus.
Let S be an orientable surface and denote by g(S) the genus of S. Let HS(n)

be the family of n-vertex graphs embeddable on S and let HS(n,∆) be the family
of those graphs in HS(n) with maximum degree at most ∆. The celebrated Four
Colour Theorem [10, 85] and the a�rmative solution of Heawood's Conjecture [51, 83]
guarantee that each graph in HS(n) can be coloured with

r(S) :=
⌊7 +

√
1 + 48g(S)

2

⌋
(5.1)

colours. Moreover, in [17] it was shown that graphs in H ∈ HS(n,∆) have bandwidth
at most

bw(S, n,∆) :=
15n log ∆

log n− log min
(
1, g(S)

) . (5.2)
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Hence, as observed in [17], it is a direct consequence of Theorem 5.1 that large n-
vertex graphs G with minimum degree at least ( r−1

r
+ γ)n contain all graphs from

HS(n,∆) as subgraphs, which extends results of Kühn, Osthus and Taraz [74] (see
also [71]). With the help of Theorem 5.3 we are now able to say considerably more �
namely, that in fact almost all graph from HS(n) are contained in each such graph G.
Indeed, McDiarmid and Reed [77] proved that for each �xed S, if we draw a graph H

uniformly at random from HS(n) then asymptotically almost surely H has maximum
degree of order

∆(S, n) := ΘS(log n) . (5.3)

Moreover, clearly Kr(S)+1 cannot be embedded in S and hence graphs from HS(n) are
Kr(S)+1-minor free. It thus follows from the result of Rödl and Thomas [87] mentioned
above that the graphs in HS(n) are a(S)-arrangeable with

a(S) :=
(
r(S) + 1

)8
. (5.4)

In conclusion, using (5.1), (5.2), (5.3) and (5.4) we immediately obtain the following
corollary of Theorem 5.3.

Corollary 5.4
Let γ > 0, let S be an orientable surface and let G be an n-vertex graph with δ(G) ≥( r(S)−1

r(S)
+ γ

)
n. If H is drawn uniformly at random from HS(n), then G contains H

almost surely.
In particular, if δ(G) ≥ (3

4
+ γ)n then G contains almost all planar graphs on n

vertices.

Our second application concerns Ramsey numbers of graphs inHS(n). For a graphH
we denote by R(H) the two-colour Ramsey number of H. Allen, Brightwell, and
Skokan [2] proved that graphs with bounded maximum degree and small bandwidth
have small Ramsey numbers.

Theorem 5.5 (Allen, Brightwell and Skokan [2])
For all ∆ ∈ N, there exist constants β > 0 and n0 such that for every n ≥ n0 the follow-
ing holds. If H is an n-vertex graph with maximum degree at most ∆ and bw(H) ≤ βn,
then R(H) ≤ (2χ(H) + 4)n.

With the help of (5.1) and (5.2) this implies that for any �xed orientable surface S
and any �xed ∆ each graph H ∈ HS(n,∆) satis�es R(H) ≤

(
2r(S) + 4

)
n if n is

su�ciently large. In particular, large planar graphs H with bounded maximum degree
have Ramsey number R(H) ≤ 12|H|.
This together with the fact that planar graphs are known to have at most linear

Ramsey number (see [22]) led Allen, Brightwell, and Skokan to conjecture that in fact
all su�ciently large planar graphs H have Ramsey number at most 12|H|. Combining
their methods with ours we can now show that this is true for almost all planar graphs.

Theorem 5.6
Let S be an orientable surface. If H is drawn uniformly at random from HS(n), then
almost surely R(H) ≤ (2r(S) + 4)n.
In particular, for almost every planar graph H we have R(H) ≤ 12|H|.
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Organisation. In Section 5.2 we give an outline of our proof of Theorem 4.9. This
proof builds on partitioning results for G and for H, which we present in Section 5.3,
and on a variant of the Blow-up Lemma for arrangeable graphs, which we discuss in
Section 5.4. We then present the actual proof of Theorem 4.9 in Section 5.5. We close
with the proof of Theorem 5.6 in Section 5.6 and with some concluding remarks in
Section 5.7.

5.2 Outline

Many of the results concerning the embedding of spanning, bounded degree graphs
follow a general agenda which is nicely described in the survey paper [58] by Komlós.
This agenda consists of �ve main steps: �rstly preparing H, secondly preparing G,
thirdly assigning parts of H to parts of G, fourthly connecting those parts, and �fthly
embedding the parts of H separately, via the Blow-up Lemma.
In the proof of Theorem 4.9 we follow a similar agenda. The preparation for G

uses, as is usual, Szemerédi's Regularity Lemma and some additional work to produce
a suitable partition of G. For this step we can make use of a lemma from [18] (see
Lemma 5.7).
The preparation ofH (see Lemma 5.8) makes use of the bandwidth ofH and produces

a partition of H which is compatible to the partition of G (in this way we implicitly
obtain an assignment of the parts of H to the parts of G). This step is also similar
to the methods used in [18] to partition bounded degree graphs H. However, we need
to strengthen this approach because we now deal with graphs H whose degrees are no
longer bounded by a constant. In other words, we need a slightly di�erent partitioning
lemma for H in order to make this partition suitable for the Blow-up lemma that we
will use in the next step.
In a �nal step we use the two partitions obtained to embed H into G. Our approach

here is slightly di�erent from the steps described by Komlós which are usually used
(connecting the parts and embedding the parts of H separately). We use the Blow-up
Lemma for arrangeable graphs, which was recently established in [16], to formulate
an embedding result (see Theorem 5.14) which can handle super-regular and merely
regular pairs simultaneously and make use of a spanning subgraph of the reduced graph
of the partition for G. This enables us to embed H into G at once.

5.3 Lemmas for G and H

In this section we formulate a partitioning lemma for G, which asserts that G has a
regular partition suitable for our purposes, and a corresponding partitioning lemma
for H. Both these lemmas are tailored to the application of the version of the Blow-up
Lemma that we will give in the next section.
We �rst introduce some notation. Let G, H and R be graphs with vertex sets

V (G), V (H), and V (R) = {1, . . . , s} = : [s]. For v ∈ V (G) and S ⊆ V (G) we de�ne
N(v, S) := N(v)∩S. Let A,B ⊆ V (G) be non-empty and disjoint, and let 0 ≤ ε, δ ≤ 1.
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The density of the pair (A,B) is d(A,B) := e(A,B)/(|A||B|). The pair (A,B) is ε-
regular, if |d(A,B) − d(A′, B′)| ≤ ε for all A′ ⊆ A and B′ ⊆ B with |A′| ≥ ε|A|
and |B′| ≥ ε|B|. An ε-regular pair (A,B) is called (ε, δ)-regular if d(A,B) ≥ δ, and
(ε, δ)-super-regular if |N(v,B)| ≥ δ|B| for all v ∈ A and |N(v,A)| ≥ δ|A| for all v ∈ B.
Let G have the partition V (G) = V1 ·∪ . . . ·∪Vs and H have the partition V (H) =

W1 ·∪ . . . ·∪Ws. We say that (Vi)i∈[s] is (ε, δ)-(super-)regular on R if (Vi, Vj) is an (ε, δ)-
(super-)regular pair for every ij ∈ E(R). In this case R is also called reduced graph of
the (super-)regular partition. The partition classes Vi are also called clusters.
For all n, k, r ∈ N, we call an integer partition (ni,j)i∈[k],j∈[r] of n r-equitable, if
|ni,j − ni,j′| ≤ 1 for all i ∈ [k] and j, j′ ∈ [r]. Let Br

k be the kr-vertex graph obtained
from a path on k vertices by replacing every vertex by a clique of size r and replacing
every edge by a complete bipartite graph minus a perfect matching. More precisely,
V (Br

k) = [k]× [r] and

{(i, j), (i′, j′)} ∈ E(Br
k) i� i = i′ or |i− i′| = 1 ∧ j 6= j′.

Let Kr
k be the graph on vertex set [k] × [r] that is formed by the disjoint union of k

complete graphs on r vertices. Obviously, Kr
k ⊆ Br

k.
Now we can formulate the partition lemma for G, which we take from [18, Lemma 6].

Lemma 5.7 (Lemma for G [18])
For all r ∈ N and γ > 0 there exists d > 0 and ε0 > 0 such that for every positive
ε ≤ ε0 there exist K0 and ξ0 > 0 such that for all n ≥ K0 and for every graph G on
vertex set [n] with δ(G) ≥ ( r−1

r
+ γ)n there exist k ∈ [K0] and a graph Rr

k on vertex set
[k]× [r] with

(R1) Kr
k ⊆ Br

k ⊆ Rr
k,

(R2) δ(Rr
k) ≥ ( r−1

r
+ γ/2)kr, and

(R3) there is an r-equitable integer partition (mi,j)i∈[k],j∈[r] of n with (1 + ε)n/(kr) ≥
mi,j ≥ (1− ε)n/(kr) such that the following holds.1

For every partition (ni,j)i∈[k],j∈[r] of n with mi,j − ξ0n ≤ ni,j ≤ mi,j + ξ0n there exists a
partition (Vi,j)i∈[k],j∈[r] of V with

(G1) |Vi,j| = ni,j,

(G2) (Vi,j)i∈[k],j∈[r] is (ε, d)-regular on Rr
k, and

(G3) (Vi,j)i∈[k],j∈[r] is (ε, d)-super-regular on Kr
k.

The remainder of this section is dedicated to a corresponding partitioning lemma
for H, which again will be similar to the Lemma for H in [18] (Lemma 8 in that
paper). However, we need to strengthen the conclusion of this lemma. We shall point
out the main di�erences below.
1The upper bound on mi,j is implicit in the proof of Lemma 7 in [18].
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Again, we start with some de�nitions. Let H be a graph on n vertices and σ :
V (H) → {0, . . . , r} be a proper (r + 1)-colouring of H. A set W ⊆ V (H) is called
zero free if σ−1(0) ∩W = ∅. Now assume that the vertices of H are labelled 1, . . . , n
and that this labelling is a labelling of bandwidth at most βn for some β > 0. Given
an integer `, an (r + 1)-colouring σ : V (H)→ {0, . . . , r} of H is said to be (`, β)-zero
free with respect to such a labelling if any ` consecutive blocks contain at most one
block with zeros. Here a block is a set of the form Bt := {(t− 1)4rβn+ 1, . . . , t4rβn},
t = 1, . . . , 1/(4rβ).

Lemma 5.8 (Lemma for H)
Let r, k ≥ 1 be integers and let β, ξ > 0 satisfy β ≤ ξ2/(1200r). Let H be a graph on
n vertices and assume that H has a labelling of bandwidth at most βn and an (r + 1)-
colouring that is (10/ξ, β)-zero free with respect to this labelling. Let Rr

k be a graph
with V (Rr

k) = [k]× [r] such that

(R1∗) Kr
k ⊆ Br

k ⊆ Rr
k, and

(R2∗) for every i ∈ [k] there is a vertex si ∈ ([k] \ {i})× [r] with {si, (i, j)} ∈ E(Rr
k) for

every j ∈ [r].

Furthermore, suppose (mi,j)i∈[k],j∈[r] is an r-equitable integer partition of n with mi,j ≥
12βn for every i ∈ [k] and j ∈ [r]. Then there exists a mapping f : V (H) → [k] × [r]
and a set of special vertices X ⊆ V (H) with the following properties, where we set
Wi,j := f−1(i, j).

(H1) |X ∩Wi,j| ≤ ξn and |NH(X ∩Wi,j) ∩Wi′,j′ | ≤ ξn for all i, i′ ∈ [k], j, j′ ∈ [r],

(H2) mi,j − ξn ≤ |Wi,j| ≤ mi,j + ξn for every i ∈ [k] and j ∈ [r],

(H3) for every edge {u, v} ∈ E(H) we have {f(u), f(v)} ∈ E(Rr
k), and

(H4) if {u, v} ∈ E(H) \ E(H[X]) then {f(u), f(v)} ∈ E(Kr
k).

This lemma di�ers from Lemma 8 in [18] in that the conclusion (H4) is stronger.
In order to obtain this stronger conclusion we had to strengthen the notion of zero-
freeness as well. Nevertheless the proof of this modi�ed Lemma for H closely follows
the proof in [18]. We use the following propositions.

Proposition 5.9 (Proposition 20 in [18])
Let c1, . . . , cr be such that c1 ≤ c2 ≤ · · · ≤ cr−1 ≤ cr ≤ c1 + x and c′1, . . . , c

′
r be such

that c′r ≤ c′r−1 ≤ · · · ≤ c′2 ≤ c′1 ≤ c′r + x. If we set c′′i := ci + c′i for all i ∈ [r] then

max
i
{c′′i } ≤ min

i
{c′′i }+ x .

Proposition 5.10 (Proposition 22 in [18])
Assume that the vertices of H are labelled 1, . . . , n with bandwidth at most βn with
respect to this labelling. Let s ∈ [n] and suppose further that σ : [n] → {0, . . . , r} is a
proper (r + 1)-colouring of V (H) such that [s− 2βn, s+ 2βn] is zero free.
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Then for any two colours l, l′ ∈ [r] the mapping σ′ : [n]→ {0, . . . , r} de�ned by

σ′(v) :=


l if σ(v) = l′, s < v

l′ if σ(v) = l, s+ βn < v

0 if σ(v) = l, s− βn ≤ v ≤ s+ βn

σ(v) otherwise

is a proper (r + 1)-colouring of H.

By repeatedly applying Proposition 5.10 we can transform a colouring of H into a
balanced colouring by allowing some more vertices to be coloured with colour 0. This
is a �rst step towards the proof of Lemma 5.8.
In order to make this precise we need the following de�nition. For x ∈ N, a colouring

σ : [n]→ {0, . . . , r} is called x-aligned, if for each pair a, b ∈ [n]∪ {0} and each i ∈ [r],
we have

b− a
r
− x ≤

∣∣σ−1(i) ∩ {a+ 1, . . . , b}
∣∣ ≤ b− a

r
+ x

and |σ−1(0)| ≤ x.

Proposition 5.11
Assume that the vertices of H are labelled 1, . . . , n with bandwidth at most βn and that
H has an (r + 1)-colouring that is (2`, β)-zero free with respect to this labelling. Let
ξ = 1/` and β ≤ ξ2/(12r). Then there exists a proper (r + 1)-colouring σ : V (H) →
{0, . . . , r} that is (`, β)-zero free and 6ξn-aligned.

Proof. The idea of the proof is to split H into small parts and use Proposition 5.10 to
switch colours in the parts. This allows us to even out di�erences in the sizes of the
colour classes and obtain an aligned colouring.
Recall that the blocks B1, . . . , B1/4rβ of H are the vertex sets of the form Bt =
{(t− 1)4rβn+ 1, . . . , t4rβn}.
We start by identifying so called switching blocks. They will be used to exchange the

colours between parts of H. With the help of Proposition 5.10, which will colour some
vertices with 0, we choose the switching blocks in such a way that every ` consecutive
blocks contain at most one block which either had zeros in the original colouring or
one switching block. As the ordering of H is (2`, β)-zero free this can be done so that
every consecutive 3` blocks contain at least one switching block. We next explain how
to use the switching blocks.

Claim 5.12 Let σ : [n]→ {0, . . . , r} be a proper (r+ 1)-colouring of H, Bt a zero free
block and π any permutation of [r]. Then there exists a proper (r + 1)-colouring σ′ of
H with σ′(v) = σ(v) for all v ∈

⋃
i<tBi and σ

′(v) = π(σ(v)) for all v ∈
⋃
i>tBi.

Indeed, every permutation [r] is the concatenation of at most r transpositions, i.e.,
permutations that exchange only two elements. We split the block Bt into r disjoint
intervals of length 4βn and decompose π into at most r transpositions. The claim then
follows from Proposition 5.10.
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Let {s1, s2, . . . , sp} be the set of indices belonging to switching blocks. For ease of no-
tation let s0 = 0 and let sp+1 = 1/(4rβ)+1. Further let B∗(t) :=

⋃
i≤t

(⋃
si−1≤j<si Bj

)
,

ci(t) := |{v ∈ B∗(t) : σ(v) = i}| and c̃i(t) := |{v ∈ B∗(t + 1) \ B∗(t) : σ(v) = i}| for
t ∈ [p]. We inductively construct a proper (r + 1)-colouring of H with

max
i
{ci(t)} ≤ min

i
{ci(t)}+ ξn (5.5)

for every t ∈ [p+ 1].
Note that any proper colouring ofH satis�es (5.5) for t = 1 as |B∗(1)| ≤ 3`4rβn ≤ ξn

because s1 ≤ 3`. So let σ be a proper (r + 1)-colouring which satis�es (5.5) for all
t′ ≤ t. Without loss of generality we assume that c1(t) ≤ c2(t) ≤ · · · ≤ cr(t) ≤
c1(t) + ξn. We de�ne the switching for block t to be any permutation π which satis�es
c̃π(r)(t)+ξn ≥ c̃π(1)(t) ≥ c̃π(2)(t) ≥ · · · ≥ c̃π(r−1)(t) ≥ c̃π(r)(t). Such a permutation exists
as |B∗(t+1)\B∗(t)| ≤ ξn. We apply Claim 5.12 to σ, the block Bt and the permutation
π and obtain a new proper (r + 1)-colouring σ′. Let c′i(t) := |{v ∈ B∗(t) : σ′(v) = i}|.
It follows from Proposition 5.9 that c′i(t+ 1) = ci(t) + c̃π(i)(t) satis�es

max
i
{c′i(t+ 1)} ≤ min

i
{c′i(t+ 1)}+ ξn . (5.6)

Therefore, the colouring σ′ satis�es (5.5) for every t′ ≤ t+ 1. Let σ∗ be a colouring of
H which satis�es (5.5) for every t ≤ p + 1. Then σ∗ is a proper (r + 1)-colouring and
(`, β)-zero free by construction. It remains to show that σ∗ is also 6ξn-aligned.
For this purpose consider any interval [a, b] := {a, a+ 1, . . . , b} ⊆ [n] and let a′ = st

for the smallest switching block index st ≥ a. Similarly let b′ be the biggest st′ with
st′ ≤ b. Fix a colour i ∈ [r] and let Ci := (σ∗)−1(i). Clearly Ci ∩ [a, a′] and Ci ∩ [b′, b]
are of size ξn at most. Moreover, if z denotes the number of vertices x in [a′, b′] with
σ∗(x) = 0, then

|Ci ∩ [a′, b′]| = |Ci ∩ [b′]| − |Ci ∩ [a′]| (5.6)=
b′ − a′ − z

r
± 2ξn .

Because σ∗ is (`, β)-zero free we have z ≤ ξn. Hence
(
(b− a)− (b′ − a′)− z

)
/r ≤ 2ξn

implies

|Ci ∩ [a, b]| ≤ |Ci ∩ [a′, b′]| ± 2ξn =
b′ − a′ − z

r
± 4ξn =

b− a
r
± 6ξn .

With the help of Proposition 5.11 and an appropriate method for �cutting up� a
graph H with a balanced colouring we can now construct the homomorphism asserted
by Lemma 5.8.

Proof of Lemma 5.8. Given r, k and β, let ξ, H and Rr
k ⊇ Br

k ⊇ Kr
k be as required.

Assume without loss of generality that the vertices of Rr
k are labelled as induced by

this copy of Br
k. Assume moreover that the vertices of H are labelled 1, . . . , n with

bandwidth at most βn and that H has a (10/ξ, β)-zero free (r + 1)-colouring with
respect to this labelling. Let B1, . . . , B1/(4rβ) be the corresponding blocks of H. Set
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ξ′ = ξ/10 and note that β ≤ ξ2/(1200r) = (ξ′)2/(12r). Therefore, by Proposition 5.11
with input β, ` = 1/ξ′, and H, there is an (`, β)-zero free and 6ξ′n-aligned colouring
σ : V (H)→ {0, . . . , r} of H.
Given an r-equitable integer partition (mi,j)i∈[k],j∈[r] of n, set Mi :=

∑
j∈[r]mi,j for

i ∈ [k]. Now choose indices 0 = t0 ≤ t1 ≤ · · · ≤ tk−1 ≤ tk = 1/(4rβ) such that Bti and
Bti+1 are zero free blocks and∑

i′≤ti

|Bi′ | ≤
∑
i′≤i

Mi′ < 12rβn+
∑
i′≤ti

|Bi′ | . (5.7)

Indeed, such ti exist as σ is (`, β)-zero free and, in particular, two out of every three
consecutive blocks are zero free. Furthermore, the ti are distinct because mi,j ≥ 12βn.
The last βn vertices of the blocks Bti and the �rst βn vertices of the blocks Bti+1

will be called boundary vertices of H. Observe that the choice of the ti implies that
boundary vertices are never assigned colour 0 by σ.
Using σ, we will now construct f : V (H) → [k] × [r] and X ⊆ V (H). For each

i ∈ [k], and each v ∈
⋃
ti−1<i′≤ti Bi′ we set

f(v) :=

{
si if σ(v) = 0,

(i, σ(v)) otherwise,

where si is the vertex which exists by property (R2∗). Further let

X1 :=
⋃

v∈σ−1(0)

(
{v} ∪NH(v)

)
,

X2 :=
{
v ∈ V (H) : v is a boundary vertex

}
.

It remains to show that f andX := X1∪X2 satisfy properties (H1)�(H4) of Lemma 5.8.
Recall that there are 1/(4rβ) many blocks in the (`, β)-zero free colouring σ. The

bandwidth-ordering implies that all vertices from X1 ∪N(X1) lie in blocks that either
contain zeros or that are adjacent to blocks that contain zeros (because |B| ≥ 4rβn).
Hence, at most (3/`)/(4rβ)+3 out of 1/(4rβ) blocks contain vertices from X1∪N(X1).
Furthermore, everyWi,j = f−1(i, j) contains at most βn boundary vertices and at most
βn vertices adjacent to boundary vertices. Thus

|X ∩Wi,j| ≤ |X1|+ |X2 ∩Wi,j| ≤
(

3(1/`)

4rβ
+ 3

)
4rβ n+ βn

≤ 4

4r`β
4rβn+ βn =

4

10
ξn+ βn ≤ ξn ,

and

|N(X) ∩Wi,j| ≤ |N(X1)|+ |N(X2) ∩Wi,j| ≤
(

3(1/`)

4rβ
+ 3

)
4rβ n+ βn ≤ ξn

and property (H1) holds.
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It follows from (5.7) that Mi − 12rβn ≤ |
⋃
ti−1<i′≤ti Bi′| ≤ Mi + 12rβn. As σ is

6ξ′n-aligned and (mi,j)i∈[k],j∈[r] is an r-equitable integer partition of n this implies

mi,j − ξn ≤
Mi

r
− 12βn− 6ξ′n ≤ |f−1(i, j)| ≤ Mi

r
+ 12βn+ 6ξ′n ≤ mi,j + ξn

for every j ∈ [r]. Hence property (H2) is satis�ed.
Let {u, v} ∈ E(H) \ E(H[X]) with u /∈ X. Since vertices with colour 0 and their

neighbours lie in X, we know that therefore σ(u) 6= 0 6= σ(v). Hence f(u) = (i, σ(u))
and f(v) = (i′, σ(v)) for some i, i′ ∈ [r]. If i 6= i′, u and v must both be boundary
vertices, which contradicts u /∈ X. Hence i = i′ and property (H4) follows.
Let {u, v} ∈ E(H[X]). As σ is a proper (r + 1)-colouring, σ(u) 6= σ(v). First

assume that σ(u) = 0. Then there is an index i ∈ [k] such that f(u) = si and
f(v) = (i, σ(v)). But {si, (i, σ(v))} ∈ E(Rr

k) by condition (R2∗) and so (H3) holds in
this case. It remains to consider the case σ(u) 6= 0 6= σ(v). This implies that both
u, v are boundary vertices of di�erent colour. Since we started with an ordering of
bandwidth at most βn we have f(u) = (i, σ(u)) and f(v) = (i′, σ(v)) with |i− i′| ≤ 1.
Hence {f(u), f(v)} ∈ E(Br

k) ⊆ E(Rr
k) by condition (R1∗) and so property (H3) also

holds in this case.

5.4 A Blow-up Lemma for arrangeable graphs

In this section we provide a Blow-up Lemma type result which we shall apply to prove
Theorem 4.9 and Theorem 5.6. This results builds on the following Blow-up Lemma
for arrangeable graphs from [16].

Theorem 5.13 (Arrangeable Blow-up Lemma, full version [16])
For all C, a,∆R, κ ∈ N and for all δ′, c > 0 there exist ε′, α′ > 0 such that for every
integer s there is n0 such that the following is true for every n ≥ n0. Assume that we
are given

(i ) a graph R on vertex set [s] with ∆(R) < ∆R,

(ii ) an a-arrangeable n-vertex graph H with maximum degree ∆(H) ≤
√
n/ log n,

together with a partition V (H) = W1 ·∪ . . . ·∪Ws such that uv ∈ E(H) implies
u ∈ Wi and v ∈ Wj with ij ∈ E(R),

(iii ) a graph G with a partition V (G) = V1 ·∪ . . . ·∪Vs that is (ε′, δ′)-super-regular on R
and has |Wi| ≤ |Vi| =: ni and ni ≤ κ · nj for all i, j ∈ [s],

(iv ) for every i ∈ [s] a set Si ⊆ Wi of at most |Si| ≤ αni image restricted vertices,
such that |NH(Si) ∩Wj| ≤ αnj for all ij ∈ E(R),

(v ) and for every i ∈ [s] a family Ii = {Ii,1, . . . , Ii,C} ⊆ 2Vi of permissible image
restrictions, of size at least |Ii,j| ≥ cni each, together with a mapping I : Si → Ii,
which assigns a permissible image restriction to each image restricted vertex.
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Then there exists an embedding ϕ : V (H) → V (G) such that ϕ(Wi) = Vi and ϕ(x) ∈
I(x) for every i ∈ [s] and every x ∈ Si.

This theorem requires super-regularity for all pairs used in the embedding. However,
in applications this can usually not be guaranteed: Lemma 5.7 for example provides
a partition of G where we know only for very few regular pairs that they are also
super-regular.
The standard approach to deal with a situation like this is to apply the Blow-up

Lemma only locally to small groups of clusters where super-regularity is guaranteed
(such as the Kr-copies within Kr

k in Lemma 5.7) and to use image restrictions to
connect these local embeddings into an embedding of the whole graph H.
Instead, here we combine Theorem 5.13 with a randomisation step in order to obtain

the following version of the Blow-up Lemma for arrangeable graphs that can handle
super-regular pairs and merely regular pairs at once.
This result will allow us to embed a spanning graph H at once by imposing the

additional restriction that edges which are embedded into pairs that are regular but
not necessarily super-regular are con�ned to a small subpair in this pair.

Theorem 5.14 (Arrangeable Blow-up Lemma, mixed version)
For all a,∆R, κ and for all δ > 0 there exist ε, α > 0 such that for every s there is n0

such that the following is true for every n1, . . . , ns with n0 ≤ n =
∑
ni and ni ≤ κ · nj

for all i, j ∈ [s]. Assume that we are given graphs R, R∗ with V (R) = [s], ∆(R) < ∆R

and R∗ ⊆ R, and graphs G, H on V (G) = V1 ·∪ . . . ·∪Vs, V (H) = W1 ·∪ . . . ·∪Ws with

(G1) |Vi| = ni for every i ∈ [s],

(G2) (Vi)i∈[s] is (ε, δ)-regular on R, and

(G3) (Vi)i∈[s] is (ε, δ)-super-regular on R∗.

Further let H be a-arrangeable, ∆(H) ≤
√
n/ log n, and let there be a function f :

V (H)→ [s] and a set X ⊆ V (H) with

(H1) |X ∩ Wi| ≤ αni and |NH(X ∩ Wi) ∩ Wj| ≤ αnj for every i ∈ [s] and every
ij ∈ E(R),

(H2) |Wi| ≤ ni for every i ∈ [s],

(H3) for every edge {u, v} ∈ E(H) we have {f(u), f(v)} ∈ E(R),

(H4) for every edge {u, v} ∈ E(H) \ E(H[X]) we have {f(u), f(v)} ∈ E(R∗).

Then H ⊆ G.

The idea of the proof is as follows. If R = R∗, that is, if all edges in R correspond to
super-regular pairs in G, we are done by Theorem 5.13. In general of course this will
not be the case. However, we will arti�cially create a situation like that: we carefully
construct an auxiliary graph G′ ⊇ G which also has R as a reduced graph, but which
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has super-regular pairs for all edges in R. We then use Theorem 5.13 to embed H
into G′. It will then remain to show that we constructed G′ (and the image restrictions
used in the application of Theorem 5.13) su�ciently carefully that this embedding in
fact uses only edges from G.

Proof of Theorem 5.14. Let a,∆R, κ and δ > 0 be given. Let ε′, α′ > 0 as in Theo-
rem 5.13 with C := 1, a,∆R, κ, δ

′ := δ/2, and c := 1/2 and set ε := min{ε′/2, 1/(2∆R),
δ/2}, α := α′. Let s be given and choose n0 as given by Theorem 5.13. Now
let R,R∗, G,H have the required properties. In particular let V (G) = V1 ·∪ . . . ·∪Vs,
V (H) = W1 ·∪ . . . ·∪Ws be partitions such that (Vi)i∈[s] is (ε, δ)-regular on R and (ε, δ)-
super-regular on R∗.
For i ∈ [s] de�ne Ui to be the set of all vertices v ∈ Vi with |NG(v)∩Vj| ≥ (δ−ε)nj for

all j ∈ NR(i). Since ∆(R) < ∆R and all pairs (Vi, Vj) with j ∈ NR(i) are (ε, δ)-regular
we have

|Ui| ≥ |Vi| −∆Rε|Vi| ≥ 1
2
|Vi| . (5.8)

In the next step we construct a graph G′ which is super-regular on all pairs (Vi, Vj)
with ij ∈ E(R). For every ij ∈ E(R) \ E(R∗) we do the following. For every vertex
v ∈ Vi with |NG(v) ∩ Vj| < (δ − ε)nj we add edges to δnj randomly selected vertices
in Vj thus ensuring the minimum degree for v in Vj. Let G′ be the resulting graph.
With positive probability, all pairs (Vi, Vj) with ij ∈ E(R) are now (2ε, δ − ε)-super-
regular in G′. In particular, there exists at least one graph G′ with (Vi, Vj) being an
(2ε, δ − ε)-super-regular pair in G′ for every ij ∈ E(R) and

G[Vi ∪ Vj] = G′[Vi ∪ Vj] if ij ∈ E(R∗), (5.9)

G[Ui ∪ Uj] = G′[Ui ∪ Uj] if ij ∈ E(R). (5.10)

As G′ is (ε′, δ′)-super-regular for every ij ∈ E(R) we have H ⊆ G′ by Theorem 5.13
even if, for every i ∈ [s], we restrict the embedding of vertices in Si := Wi ∩ X to
Ui ∈ Ii := {Ui}. This is possible by (5.8) and the fact that |Wi ∩ X| ≤ αni and
|NH(Wi ∩X) ∩Wj| ≤ αnj for all i ∈ [s] and all ij ∈ E(R).
Moreover, every uv ∈ E(H) ∩ Wi × Wj with ij ∈ E(R) \ E(R∗) has u, v ∈ X.

Therefore, the embedding of H into G′ also is an embedding of H into G by (5.9)
and (5.10).

5.5 Proof of Theorem 5.3

Our strategy for this proof is as follows. We use the Lemma for G (Lemma 5.7) and the
Lemma for H (Lemma 5.8) to get a partition of H and a matching regular partition
of G which is (ε, δ)-(super-)regular wherever edges of H are to be embedded. Given
these partitions, the Blow-up Lemma (Theorem 5.14) guarantees an embedding of H
into G.

Proof of Theorem 5.3. We �rst set up the constants. Given r, a, γ > 0, let d, ε0 be
given by Lemma 5.7. Set ∆R := 3r + 1/γ + 1, κ := 2 and δ := d and let εT.5.14
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and 0 < α ≤ 1 be given by Theorem 5.14. Plug this ε := min{ε0, 1/4, εT.5.14} into
Lemma 5.7 and obtain K0, ξ0. If necessary decrease ξ0 such that ξ0 ≤ α/(2rK0).
Choose β, ξ such that ξ ≤ ξ0 and β ≤ ξ2/(1200r). Finally for every s ≤ r ·K0 let n0

be su�ciently large for the application of Theorem 5.14.
Now let G be any graph on n ≥ n0 vertices with δ(G) ≥ ( r−1

r
+γ)n. Then Lemma 5.7

returns a k ≤ K0 and a graph R̃r
k on vertex set [k] × [r] and an r-equitable integer

partition (mi,j)i∈[k],j∈[r] with properties (R1)�(R3). In particular,

mi,j ≥
n

2kr
≥ n

2k

2K0ξ0
α
≥ ξn ≥

√
1200rβn ≥ 12βn

for all i ∈ [k], j ∈ [r].
With this integer partition we return to Lemma 5.8. Let H satisfy the conditions of

Theorem 4.9, in particular H is r-chromatic and has bandwidth at most βn. Hence,
clearly there is a labelling of bandwidth at most βn with a (10/ξ, β)-zero free (r + 1)-
colouring. Furthermore, we need to show that there is a graph Rr

k with B
r
k ⊆ Rr

k ⊆ R̃r
k

which satis�es conditions (R1∗) and (R2∗) of Lemma 5.8 and additionally has ∆(Rr
k) <

∆R. Indeed, Rr
k can be obtained as follows. Recall that δ(R̃r

k) ≥
(
r−1
r

+ γ/2
)
kr by

property (R2). Thus for every i ∈ [k] there are at least γ
2
kr vertices v ∈ ([k] \ {i})× [r]

with {v, (i, j)} ∈ E(R̃r
k) for all j ∈ [r]. We say that such a vertex v covers i. Now,

consecutively choose for each i = 1, . . . , k a vertex vi ∈ [k] × [r] among those vertices
covering i which has been used as vi′ as few times as possible for i′ < i. Then the
edges of Rr

k only consist of edges of Br
k in R̃r

k and all edges {vi, (i, j) ∈ E(R̃r
k). Since

∆(Br
k) ≤ 3r we have by the choice of the vi that ∆(Rr

k) ≤ 3r + 2/γ < ∆R. Hence Rr
k

satis�es conditions (R1∗) and (R2∗) of Lemma 5.8.
As r, k, β, ξ and Rr

k and the r-equitable integer partition (mi,j)i∈[k],j∈[r] satisfy the
requirements of Lemma 5.8, we obtain a mapping f : V (H) → [k] × [r] and a set
X which satisfy conditions (H1)�(H4). In the next step we will partition V (G) into
(Vi,j)i∈[k],j∈[r]. A vertex x ∈ V (H) is then embedded into Vi,j ⊆ V (G) if and only if
x ∈ f−1(i, j).
De�ne ni,j := |f−1(i, j)| and note thatmi,j−ξ0n ≤ ni,j ≤ mi,j+ξ0n by property (H2).

Thus there exists a partition of V (G) into (Vi,j)i∈[k],j∈[r] with properties (G1)�(G3) by
Lemma 5.7. Moreover, ni,j ≤ 2ni′,j′ for all i, i′ ∈ [k] and j, j′ ∈ [r] by property (R3)
and property (H2) as

ni,j ≤ mi,j + ξ0n ≤ (1 + ε)
n

kr
+ ξ0n ≤ 2

(
(1− ε) n

kr
− ξ0n

)
≤ 2 (mi′,j′ − ξ0n) ≤ 2ni′,j′ .

Now all conditions of Theorem 5.14 are satis�ed and thus H ⊆ G.

5.6 Proof of Theorem 5.6

The proof of Theorem 5.6 closely follows the methods of Allen, Brightwell and Skokan [2].
The restriction on ∆(H) in their result (Theorem 5.5) originates from the embedding
result they use (Theorem 24 in [2]). This embedding result in turn relies on the Blow-
up Lemma and the Lemma for H in [18]. The following Lemma 5.15 is a consequence
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5 Spanning embeddings of arrangeable graphs with sublinear bandwidth

of our Lemma for H (Lemma 5.8). We shall use this lemma together with the Blow-up
Lemma for arrangeable graphs (Theorem 5.13) to extend the result of Allen, Brightwell
and Skokan to arrangeable graphs.
We denote by P r

m the r-th power of a path Pm, that is, P r
m has vertex set [m] and

edge set {uv : |u− v| ≤ r}. Analogously, Cr
m is the r-th power of the cycle Cm.

Lemma 5.15
For any ξ > 0 and for any natural numbers r′,m0 there exists β > 0 such that the
following is true. Let H be a graph on n vertices that is r-colourable for r ≤ r′ and
has bw(H) ≤ βn. Then for any m with 2r ≤ m ≤ m0 there exists a homomorphism
f : H → Cr

m with |f−1(i)| ≤ n
m

(1 + ξ) for every i ∈ [m].

Proof. Let ξ > 0 and r′,m0 be given. We choose k′ su�ciently large so that m0/k
′ ≤

ξ/3 and so that (k′ + r′ − 1)/m is integer for each m ∈ [m0] and r ∈ [r′]. We set

ξ′ :=
ξ

3k′r′
and β := min

( ξ′2

1200r′
,

ξ

6k′r′

)
.

Assume that H satis�es the requirements of the lemma. Observe that by the de�nition
of β we can assume that the number of vertices n of H satis�es n ≥ 6k′r′/ξ ≥ 6k′r/ξ
and hence

1 + ξ′n =
n

k′r

(k′r
n

+ k′rξ′
)

=
n

k′r

(k′r
n

+
ξ

3

)
≤ n

k′r
· ξ

2
. (5.11)

Let m with 2r ≤ m ≤ m0 be given.
We would now like to start by applying Lemma 5.8 with parameters r, k′ and β, ξ′.

For this purpose let Rr
k′ be the graph obtained from Br

k′ (de�ned in the beginning of
Section 5.3) by adding all edges of the form {(i, j), (i + 1, j)} where i ∈ [k′ − 1] and
i− j ≡ 0 mod r (see Figure 5.1). These additional edges ensure that for every i ∈ [k′]
there is a vertex si = (i + 1, i′) or si = (i − 1, i′) (where i′ ∈ [r] satis�es i − i′ ≡ 0
mod r) such that {si, (i, j)} ∈ E(Rr

k′) for all j ∈ [r]. Hence the graph Rr
k′ satis�es

conditions (R1∗) and (R2∗) of Lemma 5.8.
Furthermore let bn/(k′r)c = : m1,1 ≤ m1,2 ≤ · · · ≤ mk′,r := dn/(k′r)e. Then

Lemma 5.8 guarantees a mapping f ′ : V (H) → [k′] × [r] and a set X ⊆ V (H) with
properties (H1)�(H4). In the following we call each set f ′−1(i, j) with i ∈ [k′], j ∈ [r]
an f ′-class and use these classes to de�ne a homomorphism f : V (H)→ Cr

m with the
properties promised by Lemma 5.15.
We will construct f in two further steps. Recall that V (Rr

k′) = [k′]× [r] and consider
the r-th power of a path P r

k′+r−1 on vertex set V (P r
k′+r−1) = [k′ + r− 1]. First we now

de�ne a mapping f ∗ : [k′]×[r]→ [k′+r−1] whose purpose is to group the f ′-classes and
which is a homomorphism from Rr

k′ to P
r
k′+r−1. Let (i, j) ∈ [k′]×[r]. Observe that there

are unique positive integers ` and x such that x ∈ [r] and i = −(r− j) + r · `+x. Then
set f ∗(i, j) := r ·`+j (see also Figure 5.1). This guarantees for all y ∈ [k′+r−1] that at
most r pairs (i, j) are mapped to y, all of which have the same j-coordinate. In fact only
the �rst and the last r− 1 values y have less than r such pairs mapped to y, which we
call the exceptional preimages. Moreover it is easy to verify that |f ∗(i, j)−f ∗(i′, j′)| ≤ r
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j

1

2

3

i1 2 3 4 . . .

. . .

. . .

. . .

7→1

7→2

7→3

7→4

7→5

7→6

7→7

7→8

Figure 5.1: An illustration of f ∗ for r = 3. The white circle in column i and row j
represents the set f ′−1(i, j). The homomorphism f ∗ groups these sets as
indicated. The thick vertical edges indicate the additional edges {(i, j), si}
of the reduced graph Rr

k′ . For example f ∗(4, 2) = 5.

whenever |i− i′| ≤ 1, that f ∗(i, j) = f ∗(i′, j′) only if j = j′, and that f ∗(i, j) 6= f ∗(si)
for all i, i′ ∈ [k′] and j, j′ ∈ [r]. Hence f ∗ is a homomorphism from Rr

k′ to P
r
k′+r−1.

Our second step is to de�ne the mapping f ∗∗ : [k′+r−1]→ [m] by setting f ∗∗(y) := (y
mod m) + 1 for all y ∈ [k′ + r − 1]. Clearly f ∗∗ is a homomorphism from P r

k′+r−1 to
Cr
m. In conclusion, f := f ∗∗ ◦ f ∗ ◦ f ′ is a homomorphism from H to Cr

m.
It remains to verify that also |f−1(i)| ≤ n

m
(1 + ξ) for every i ∈ [m]. Indeed, by (H2)

of Lemma 5.8 we have |(f ′)−1(i, j)| = mi,j ± ξ′n for all i ∈ [k′], j ∈ [r]. Moreover, by
construction the preimages of f ∗ are all of size at most r and only 2(r − 1) of these
preimages, the exceptional preimages, are smaller than r. The preimages of f ∗∗ are all
of the same size and f ∗∗ maps at most one vertex with exceptional preimage under f ∗

to each vertex of Cr
m. Thus, because f ∗∗ ◦ f ∗ is a mapping from [k′] × [r] to [m], the

preimages of f ∗∗ ◦ f ∗ are all of size k′r
m
± r. Hence, in total for each i ∈ [m] we have

|f−1(i)| = (mi,j ± ξ′n) ·
(
k′r

m
± r
)

=
( n

k′r
± 1± ξ′n

)
· k
′r

m

(
1± m

k′

)
(5.11)
=

n

k′r

(
1± ξ

2

)
· k
′r

m

(
1± ξ

3

)
=

n

m
(1± ξ) ,

where we used mi,j = n
k′r
± 1 in the second equality and m

k′
≤ m0

k′
≤ 1

3
ξ in the third.

For the proof of Theorem 5.6 we additionally need the following lemma, which is
implicit in [2] in the proof of Theorem 5.5. Before we can state this lemma we need
some further de�nitions.
Assume we are given a complete graph Kn whose edges are red/blue-coloured. Let A

and B be disjoint vertex sets in Kn. Then (A,B) is a coloured ε-regular pair if (A,B)
is an ε-regular pair in the subgraph of Kn formed by the red edges. It is easy to see
that such a pair is also ε-regular in blue. A vertex partition (Vi)i∈[s] of V (Kn) is called
coloured ε-regular if all but at most ε

(
s
2

)
of the pairs (Vi, Vj) with {i, j} ∈

(
s
2

)
are not

coloured ε-regular. The coloured reduced graph R corresponding to this partition is the
graph with vertex set [s] and an edge for exactly each coloured ε-regular pair. Each
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5 Spanning embeddings of arrangeable graphs with sublinear bandwidth

edge ij of R is coloured in the majority-colour of the edges of (Vi, Vj). This clearly
implies that if ij is a red edge of R, then the subgraph of (Vi, Vj) formed by the red
edges is (ε, 1

2
)-regular.

Lemma 5.16 (Implicit in [2])
For every ε > 0, r, and m̃ there exists k0 and n0 such that the following is true for
every n ≥ n0. Let the edges of Kn be red/blue-coloured.

(a ) The graph Kn has a coloured ε-regular partition (Vi)i∈[k] with (2r+ 3)m̃ ≤ k ≤ k0
and |V1| ≤ |V2| ≤ . . . |Vk| ≤ |V1|+ 1.

Let R be the coloured reduced graph corresponding to this partition and let m be any
multiple of r + 1 with k ≥ (2r + 3)m.

(b ) The graph R contains a monochromatic copy of Cr
m.

We now apply Lemma 5.16, Lemma 5.15 and Theorem 5.13 to derive the following
result, which in view of (5.1), (5.2), (5.3) and (5.4) directly implies Theorem 5.6.

Theorem 5.17
Given a ≥ 1, there exists n0 and β > 0 such that, whenever n ≥ n0 and H is an a-
arrangeable n-vertex graph with maximum degree at most

√
n/ log n and bw(H) ≤ βn,

we have R(H) ≤ (2χ(H) + 4)n.

Proof. Let a be given and set r′ := a+ 1 (and observe that every a-arrangeable graph
is r′-colourable). Set ξ := 1/(100r′). Choose ε as given by Theorem 5.13 with C := 0,
a, ∆R := 2r′ + 1, κ := 2 and δ′ := 1/4, c := 1. If necessary decrease ε such that
ε ≤ ξ/(4r′). Further set m̃ := 100r′2. Let n′0 and k0 be as returned by Lemma 5.16
for these ε, r′, m̃. Then continue the application of Theorem 5.13 with s := k0 and
obtain n′′0. Set m0 := k0 and

n0 := max{n′0 , n′′0 , 100m0r
′} .

Let β > 0 be as given by Lemma 5.15 with parameters ξ, r′, and m0. Finally, let n
and H be given, set r := χ(H), and assume we have a red/blue-colouring of the edges
of K(2r+4)n.
Lemma 5.16(a ) asserts that there is a coloured ε-regular partition (V ′i )i∈[k] ofK(2r+4)n

with (2r + 3)m̃ ≤ k ≤ k0 whose clusters di�er in size by at most 1. Let R′ be the
coloured reduced graph of the partition (V ′i )i∈[k]. Let m be the multiple of r+ 1 which
satis�es (2r + 3)m ≤ k < (2r + 3)(m + r + 1). Observe that this and k ≥ (2r + 3)m̃
implies m ≥ m̃− r and thus

1

2
m ≥ 1

2
(m̃− r) ≥ 2r2 + 5r + 3 (5.12)

because m̃ = 100r′2 ≥ 100r2. Further, m ≤ k ≤ k0 = m0 and so

m

n
≤ m0

n0

≤ 1

100r′
≤ 1

100r
. (5.13)

90



5.7 Concluding remarks

We conclude that we have

|V ′i | ≥
(2r + 4)n

k
− 1 ≥ (2r + 4)n

(2r + 3)(m+ r + 1)
− 1

(5.12)

≥ (2r + 4)n

(2r + 3.5)m
− 1

=
(

1 +
0.5

2r + 3.5
− m

n

) n
m

(5.13)

≥
(

1 +
1

20r
− 1

100r

) n
m
≥ (1 + 2ξ)

n

m

because ξ = 1/(100r′) ≤ 1/(100r). In addition, by Lemma 5.16(b ) there is a monochro-
matic Cr

m in R′, without loss of generality a red Cr
m. Let U ⊆ V (K(2r+4)n) be the set

of all vertices contained in clusters of this Cr
m.

Our next step is to apply Lemma 5.15 to the graph H with parameters ξ, r′, m0, β, r
and m. This lemma guarantees a homomorphism f : H → Cr

m with |f−1(i)| ≤ (1+ξ) n
m

for every i ∈ [m]. By setting Wi := f−1(i) we obtain a partition (Wi)i∈V (Crm) of H.
We �nish the proof with an application of Theorem 5.13. In this application we will

not have image restricted vertices and we will use R := Cr
m. Observe that ∆(R) =

2r < ∆R and thus ((i )) of Theorem 5.13 is satis�ed. The partition (Wi)i∈V (Crm) and
the conditions on H guarantee that also condition ((ii )) of Theorem 5.13 is satis�ed.
Now let G′ be the subgraph of Kn with vertices U and all red edges of K(2r+4)n in U .

In the following we consider this graph as an uncoloured graph. Clearly the partition
(V ′i )i∈[k] induces a partition (V ′i )i∈V (Crm) of G′ which is (ε, 1

2
)-regular on Cr

m. Moreover,
since Cr

m has maximum degree 2r, by deleting from each of these clusters V ′i at most
2rε|V ′i | ≤ 1

2
ξ|V ′i | vertices we can obtain a partition (Vi)i∈V (Crm) of a subgraph G of G′

which is (ε, 1
4
)-super-regular on Cr

m and satis�es |Vi| ≥ (1 + ξ) n
m
≥ |Wi|. Hence for G

and (Vi)i∈V (Crm) also condition ((iii )) of Theorem 5.13 is satis�ed.
Thus Theorem 5.13 implies that there is a copy of H in G. This copy corresponds

to a red copy of H in the red/blue-coloured K(2r+4)n.

5.7 Concluding remarks

Optimality of Theorem 4.9. The degree bound ∆(H) ≤
√
n/ log n in Theorem 4.9

arises from our proof method: For the Blow-up Lemma, Theorem 5.13, such a degree
bound is necessary (see [16, Proposition 35]). For trees H, however, the correspond-
ing result of Komlós, Sarközy, and Szemerédi [67] requires only the weaker condition
∆(H) = o(n/ log n). It is thus well possible that our maximum degree condition is not
best possible and could be improved to o(n/ log n).

Blow-up Lemmas. In the original formulation of the Blow-up Lemma [62, 63, 86] the
regularity ε required for the super-regular pairs depends on the number of clusters k′

used in an application. Consequently, this lemma can never be used on the whole cluster
graph obtained from an application of the Regularity Lemma: the number of clusters k
the Regularity Lemma produces depends on the required regularity ε. Moreover, all
pairs used in the embedding have to be super-regular.
The Blow-up Lemma for arrangeable graphs formulated in [16] overcomes the �rst

di�culty: Here ε only depends on the maximum degree of the reduced graph of the
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5 Spanning embeddings of arrangeable graphs with sublinear bandwidth

super-regular partition that is used. (In fact, fairly straight-forward modi�cations of
the original Blow-up Lemma proof from [62] would also allow for a corresponding result
for bounded degree graphs.)
In Theorem 5.14 we also overcome the second di�culty: Pairs into which we only

want to embed few edges are now allowed to be merely ε-regular. This allows us to
avoid the occasionally tedious procedure of setting up suitable image restrictions and
then applying the Blow-up Lemma several times. This might turn out could be useful
for other applications as well.

Degeneracy. Though by now many important graph classes were shown to be a-
arrangeable for some constant a, the notion of arrangeability has the disadvantage of
seeming somewhat arti�cial at �rst sight. The notion of degeneracy is more natural
(and more general): A graph H is d-degenerate if there is an ordering of its vertices
such that each vertex has at most d neighbours to its left.
It would be very interesting to obtain an analogue of Theorem 4.9 for d-degenerate

graphs. However, most likely this problem is very hard. Indeed, a version of the
Blow-up Lemma for d-degenerate graphs would imply the di�cult and long-standing
Burr-Erdös conjecture [20], which states that degenerate graphs have linear Ramsey
number.
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6 Large planar subgraphs in dense
graphs (I)

In this paper we study an extremal question of the following type. Given a monotone
property P and a function m(n), how large does the minimum degree of a graph G
of order n have to be in order to guarantee a subgraph with at least m(n) edges and
propery P?
This question has �rst been asked for P being the planar graphs by Kühn, Osthus,

and Taraz [74]. They asymptotically determined the number of edges in planar sub-
graphs of graphs with given minimum degree d for many values of d. Among other
results they proved that in the case of m(n) = 3n − 6 (which gives a spanning trian-
gulation) a minimum degree of (2/3 + γ)n with any constant γ > 0 su�ces as long as
n is large enough. This was later improved to the optimal degree bound of (2/3)n by
Kühn and Osthus [71].
We extend the results of Kühn, Osthus, and Taraz by giving optimal conditions on

the minimum degree for m(n) = (2.25 + o(1))n and m(n) = (2.5 + o(1))n. Doing so we
discover an interesting threshold behaviour of m(n) for a minimum degree d slightly
above n/2.

Let pl(G) denote the number of edges in the largest planar subgraph of G, and set

pl(n, d) := min{pl(G) : v(G) = n, δ(G) ≥ d} . (6.1)

This de�nition is due to Kühn, Osthus, and Taraz [74] who proved asymptotic results
on pl(n, d) for many values of d. In particular they showed that for every γ > 0 there
is a constant C(γ) such that

pl(n, γn) ≥ 2n− C(γ) , and

pl(n, (1
2

+ γ)n) ≥ 3n− C(γ) .

The class of complete bipartite graphs shows that the �rst inequality is optimal up
to the value of the constant for every γ ≤ 1/2.1 The same is true for the second
inequality by Euler's formula. What remains unknown to this point is the tiny gap of
n/2 < d ≤ n/2 + o(n). This paper investigates the curious behaviour of pl(n, d) when
d is slightly above n/2. Let us state some upper bounds for pl(n, d).

Theorem 6.1
Let m ≥ 3 then

pl(2m− 1,m) ≤ 4.5m− 3 , and (6.2)

pl(2m,m+ 1) ≤ 5m− 3 . (6.3)

1Optimal constants for this case have recently been shown by Allen, Skokan, and Wür� in [3].
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Furthermore, for every k ≥ 3 and m su�ciently large we have

pl(2m,m+ 1
4
m1/k) ≤ (5 + 1

k
)m. (6.4)

So if the upper bounds of Theorem 6.1 are tight we have the following situation.
The parameter stays at pl(n, d) ≤ 2n for all d ≤ n/2, then there is a jump as d goes
slightly above n/2, i.e., already pl(2m − 1,m) = (4.5 + o(1))m. This is followed by a
second jump to pl(2m,m + 1) = (5 + o(1))m but then again pl(n, d) = (2.5 + o(1))n
for n/2 + 1 ≤ d ≤ n/2 + no(1).
The two main results of this paper are the following.

Theorem 6.2
pl(2m− 1,m) = (4.5 + o(1))m.

Theorem 6.3
pl(2m,m+ 1) = (5 + o(1))m.

We start out with a partitioning result using the regularity method in Section 6.1.
Subsequently we prove Theorems 6.2 and 6.3 in Sections 6.3 and 6.2 respectively. We
conclude with some �nal remarks in Section 6.4. Before doing so we supplement the
proof of Theorem 6.1.

Proof of Theorem 6.1. Note that for any graph G = H1 ∪H2 we have

pl(G) ≤ pl(H1) + pl(H2).

The inequality (6.2) now follows as we set H1 = (V1 ·∪V2, E1) to be a complete bipartite
graph with |V2| = m andH2 = (V2, E2) to be a perfect matching (or a matching and one
path of length 2 if m is odd). Analogously inequality (6.3) is obtained if |V2| = m+ 1
and H2 is a Hamiltonian cycle.
Erd®s and Sachs [44] prove that there is a graph H on (2d)g vertices with girth g

and minimum degree at least d. Euler's formula now implies that such a graph H has
pl(H) ≤ (2d)g/(1−2/g). It follows that pl(m, 1

2
m1/k) ≤ m/(1−2/k) if m is su�ciently

large compared to k. Hence, for every k there is m such that

pl
(
m+ 1

4
m1/k, 1

2
m1/k

)
≤ 1

1− 2/k

(
m+ 1

4
m1/k

)
≤
(

1 +
1

k

)
m.

We now derive (6.4) by choosing H1 = (V1 ·∪V2, E1) to be a complete bipartite graph
with |V1| = m− 1

4
m1/k, |V2| = m+ 1

4
m1/k and H2 = (V2, E2) to be a graph that attains

the bound above. Then δ(H1 ·∪H2) ≥ m+ 1
4
m1/k and

pl(H1 ∪H2) ≤ 4m− 4 +

(
1 +

1

k

)
m ≤

(
5 +

1

k

)
m.

This chapter is organised as follows. In Section 6.1 we provide a key tool for the
previously stated results, a partitioning lemma for dense graphs without large planar
subgraphs. Its proof relies on the regularity method which we also introduce here. We
continue with the proofs of Theorem 6.3 in Section 6.2. Slight modi�cations yield the
proof of Theorem 6.2 in Section 6.3. We conclude with some remarks in Section 6.4.
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6.1 Preliminary observations

6.1 Preliminary observations

A plane graph G is a triangulation if all its faces are bounded by triangles, and a
quadrangulation if all faces are bounded by 4-cycles. Note that a triangulation on n
vertices has 3n− 6 edges while a quadrangulation has 2n− 4 edges by Euler's formula.
Throughout this paper we omit �oors and ceilings whenever this does not a�ect the

argument. We write |G| for the order of a graph G, δ(G) for its minimum degree, ∆(G)
for its maximum degree and e(A,B) for the number of edges between A and B. The
density of a bipartite graph G = (A ·∪B,E) is de�ned to be

d(A,B) :=
e(A,B)

|A| |B|
.

A pair (A,B) is called ε-regular if |d(X, Y ) − d(A,B)| ≤ ε for every X ⊆ A, Y ⊆ B
with |X| ≥ ε|A|, |Y | ≥ ε|B|. Given δ ∈ [0, 1], we say that a pair (A,B) is (ε, δ)-regular,
if it is ε-regular and has density at least δ.
A partition V = V0 ·∪V1 ·∪ . . . ·∪Vk is called a balanced partition if |V1| ≤ |V2| ≤ · · · ≤
|Vk| ≤ |V1|+ 1. The following degree form of the Regularity Lemma can be found, e.g.,
in [69, Theorem 1.10].

Lemma 6.4 (Regularity Lemma, degree form)
For every ε, d > 0 there is an nL.6.4 such that the following is true for every graph
G = (V,E) on n ≥ nL.6.4 vertices. There is an balanced partition V = V0 ·∪V1 ·∪ . . . ·∪Vk
and a spanning subgraph G′ ⊆ G such that

(R1) k ≤ nL.6.4,

(R2) |V0| ≤ ε|V |,

(R3) G′[Vi] is an empty graph for every i ∈ [k],

(R4) G′[Vi ·∪Vj] is (ε, d)-regular or empty for every i, j ∈ [k],

(R5) degG(v)− degG′(v) ≤ (d+ ε)n for all v ∈ V .

For a partition V = V0 ·∪V1 ·∪ . . . ·∪Vk we de�ne a reduced graph R on vertex set [k].
R has an edge ij if and only if G′[Vi, Vj] is (ε, d)-regular.
The partition of Lemma 6.4 becomes a powerful tool when combined with an em-

bedding result such as the Blow-up Lemma of Komlós, Sárközy, and Szemerédi [62].2

Theorem 6.5 (Blow-up Lemma, [62])
Given a graph R on [k] and positive parameters d,∆, there is a positive ε = ε(δ,∆, k)
such that the following holds. Suppose that H and G are two graphs with V (H) =
X1 ·∪ . . . ·∪Xk, V (G) = V1 ·∪ . . . ·∪Vk and |Xi| = |Vi| for all i ∈ [k]. Moreover, assume
that

(R1) G[Vi ·∪Vj] is (ε, d)-super-regular for every ij ∈ ER,
2For surveys on Szemerédi's Regularity Lemma and the Blow-up Lemma see [58, 69].
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(R2) for every edge xy ∈ EH there is ij ∈ ER with x ∈ Xi and y ∈ Xj,

(R3) ∆(H) ≤ ∆.

Then there is an embedding of H into G.

Unfortunately, the properties guaranteed by the degree form of the Regularity Lemma
are not strong enough to apply the Blow-up Lemma in its original form. Hence we
combine it with the following lemma which can be found in [74, Proposition 8]. We
include its proof for the sake of being self contained.

Lemma 6.6
Let G = (V,EG) with V = V1 ·∪ . . . ·∪Vk and R = ([k], ER) be such that G[Vi ·∪Vj] is
an (ε, d)-regular pair whenever ij ∈ ER. Then each Vi contains a subset V ′i of size
(1 − εk)|Vi| such that for every ij ∈ ER the graph G[V ′i ·∪V ′j ] is (ε/(1 − εk), d − kε)-
super-regular.

Proof. Consider a bipartit subgraphG[Vi ·∪Vj] ofG. By the de�nition of (ε, d)-regularity
there are less than ε|Vi| vertices in Vi which have less than (d− ε)|Vj| neighbours in Vj.
So for every set Vi we can choose a set V ′i ⊆ Vi of size at least (1− εk)|Vi| such that for
each j ∈ NR(i) all vertices x ∈ V ′i have at least (d− ε)|Vj| neighbours in Vj. It can be
easily checked that for every edge ij of R the graph G[V ′i ·∪V ′j ] is (ε/(1− εk), d− kε)-
super-regular.

The following Lemma 6.7 will be the key to Theorem 6.2 and Theorem 6.3. We will
need it only in the cases when either a = 9/4 or a = 5/2.

Lemma 6.7
Let 2 < a ≤ 2.5. Then for every η > 0 there is an n0 such that the set of vertices of
every graph G = (V,E) with |V | = n ≥ n0, δ(G) ≥ n/2 and pl(G) < (a− 15η)n can be
partitioned into sets V = A ·∪B ·∪C ·∪D such that

(R1) every v ∈ C has deg(v,B ∪D) ≥ n/4 and
every v ∈ D has deg(v, A ∪ C) ≥ n/4,

(R2) every v ∈ A has deg(v,B ∪D) ≥ (1/2− 2η)n and
every v ∈ B has deg(v, A ∪ C) ≥ (1/2− 2η)n,

(R3) |A|+ |B| ≥ (2− a/2 + 5η)n,

(R4) (1/2− 2η)n ≤ |A ∪ C| ≤ |B ∪D|(1/2 + 2η)n .

The lemma states that any su�ciently large graph without a large planar subgraph
can be partitioned into two (roughly equal) sets A ·∪C and B ·∪D, such that the bi-
partite graphs spanned by A ∪ (B ∪ D), and B ∪ (A ∪ C) are basically complete
and sets A and B contain a signi�cant proportion of all vertices. We call a partition
V = A ·∪B ·∪C ·∪D with the properties (1)-(4) a working partition.

As mentioned in the introduction the following theorem was proved by Kühn, Osthus,
and Taraz.
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Theorem 6.8 (Theorem 2 of [74])
For every γ > 0 there is C = C(γ) such that every graph G of order n and minimum
degree at least γn contains a planar subgraph with at least 2n− C edges.

We prove Lemma 6.7 using the Regularity Lemma, Theorem 6.8 and the following
three propositions.

Proposition 6.9
For every α > 0 there is nP.6.9 such that for every n ≥ nP.6.9 the complete tripartite
graph G = (V1 ∪ V2 ∪ V3, E), with |V1| = |V2| = n and αn ≤ |V3| ≤ (2− α)n, contains
a spanning planar graph which is a triangulation and has maximum degree at most
4/α + 4.

Proof. We claim that for every integer n ≥ 2 there is quadrangulation on V1 ·∪V2 with
maximum degree four. We prove this claim by induction on n. Actually we prove the
stronger statement that for every even n there is a quadrangulation H on V1 ·∪V2 with
|V1| = |V2| = n with the following properties: The maximum degree of H is at most
four and there is a face which is bounded by vertices of degree at most three. A cycle on
four vertices establishes the induction base (n = 2). Now let H be a quadrangulation
on 2n vertices with maximum degree four and let v1, v2, v3, v4 be the boundary vertices
of a face in H such that degH(vi) ≤ 3. We embed a cycle on w1, w2, w3, w4 into said
face and connect vi to wi. The graph obtained satis�es the induction hypothesis for
2(n+ 2).
If n is odd we construct a quadrangulation on 2n − 2 vertices as described before.

We then insert the edge w1w2 into a face v1, v2, v3, v4 with degH(vi) ≤ 3 and add the
edges w1v1, w2v2, w1v3. The graph obtained is a quadrangulation H on V1 ·∪V2 with
maximum degree four.
We set nP.6.9 = d2/αe and assume that n ≥ nP.6.9 in the following. Let H be the

planar graph on V1∪V2 constructed before and let it be embedded into the plane. The
next step involves the dual graph of H. The dual graph H∗ is obtained from H by
replacing each face of H with a vertex and connecting two vertices in H∗ if and only if
the corresponding faces in H are bounded by a common edge.
Note that H has |V1|+ |V2| − 2 ≥ |V3| faces and that the dual graph H∗ of H has a

Hamilton cycle. We use this Hamilton cycle to construct a subgraph H ′ ⊆ H that has
|V3| faces with the additional property that no face is bounded by more than 4/α + 4
edges. To do so we partition the Hamilton cycle in H∗ into |V3| paths Pi with almost
equal lengths. Now H ′ is the subgraph obtained from H by removing all edges that lie
between faces fj and fk whenever jk is an edge of a path Pi in H∗. The graph H ′ by
construction has |V3| faces each with at most

2

(⌈
2n− 2

|V3|

⌉
+ 1

)
≤ 2

(⌈
2

α

⌉
+ 1

)
≤ 4

α
+ 4

bounding edges. Finally we embed one vertex of V3 in each face and add all edges from
those vertices to the boundary vertices of the faces they are embedded in. The graph
obtained is a triangulation with the properties of the proposition.
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6 Large planar subgraphs in dense graphs (I)

Proposition 6.10
For all positive α, δ, η there exist εP.6.10 > 0 and nP.6.10 such that for every n ≥ nP.6.10
and for every tripartite graph G = (V1∪V2∪V3, E) such that |V1| = |V2| = n, α ≤ |V3| ≤
(2− α)n, and all three pairs are (εP.6.10, δ/2)-regular, we have pl(G) ≥ 3(1− η)|G|.

Proof. Let α, δ, η be given and set ∆ = 4/α + 4, k = 3, κ = max{2, 1/α}, and
d = δ/4. Now let ε be given by Theorem 6.5. Set εP.6.10 := min{ε/2, η/2} and
nP.6.10 := nP.6.9/(1 − 1.5ε) where nP.6.9 is given by Proposition 6.9 with parameter α.
Now assume that G = (V1 ·∪V2 ·∪V3, E) satis�es the conditions of the proposition. We
apply Lemma 6.6 to obtain V ′1 , V

′
2 , V

′
3 with V ′i ⊆ Vi and |V ′i | = (1− 1.5ε)|Vi| such that

G[V ′i ·∪V ′j ] is (ε, d)-super-regular for every i 6= j. We use Proposition 6.9 to construct
a planar triangulation H with ∆(H) ≤ 4/α + 4 on the vertex set X1 ·∪X2 ·∪X3 where
|Xi| = |V ′i |. This H has 3(1− 1.5ε)|G| − 4 ≥ 3(1− η)|G| edges and is a subgraph of G
by Theorem 6.5.

The following lemma can be found, e.g., in [7, Lemma 3.1].

Proposition 6.11 (Slicing lemma)
For every ε, δ, α > 0 with α ≥ ε the following is true. Let (V1, V2) be an (ε, δ)-regular
pair and let Wi ⊆ Vi with |Wi| ≥ α|Vi|. Then (W1,W2) is (ε′, δ − ε)-regular where
ε′ = max{2ε, ε/α}.

In order to proceed we need the de�nition of a cactus. A cactus is a graph HC such
that the edges of HC can be decomposed into edge-disjoint triangles T1, . . . , Tm, where
for i = 2, 3, . . . ,m, ∣∣∣V (Ti) ∩

i−1⋃
j=1

V (Tj)
∣∣∣ ≤ 1 .

A cactus HC is called κ-bounded if every vertex of HC lies in no more than κ triangles.
We have now assembled the tools to prove our partitioning result, Lemma 6.7.

Proof of Lemma 6.7. Let 2 < a ≤ 2.5 and η > 0 be given. W.l.o.g. we can assume that
η < 1/5. Let α = η3, δ = η2/8 and let εP.6.10 and nP.6.10 be as given by Proposition 6.10.
Set ε = min{δ/2, εP.6.10η3} and let nL.6.4 be given by Lemma 6.4. Finally set n0 =
2nL.6.4 · nP.6.10.
Now take a graph G on n ≥ n0 vertices which has minimum degree δ(G) ≥ n/2

and pl(G) < (a − 15η)n. Apply Lemma 6.4 to G with ε, δ and obtain an ε-regular
partition V = V0 ·∪V1 ·∪ . . . ·∪Vk, a subgraph G′ ⊆ G, and a reduced graph R of G.
We claim that δ(R) ≥ (1/2− 2δ)k. Indeed, every vertex v ∈ V1 ·∪ . . . ·∪Vk has at least
δ(G) − (δ − 2ε)n neighbours in G′[V1 ·∪ . . . ·∪Vk]. The edges towards these neighbours
all lie in dense regular pairs of R. Hence (n/k) · δ(R) ≥ (1/2− 2δ)n.

We will work on this subgraph G′ and, with the help of several claims, establish that
V has a partition into A ·∪B ·∪C ·∪D with properties (1)-(4) unless pl(G) ≥ pl(G′) ≥
(a − 15η)n. For better readability we postpone the proofs of these claims to the end
of this argument.
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We start with the vertices in V1 ·∪ . . . ·∪Vk. The vertices in V0 will be added at a later
point of time. Now set κ = 1/η2 and let RC be a vertex-maximal κ-bounded cactus
in R.

Claim 6.12 |RC | ≤ (a− 2− 11η)k

Since RC now covers less than (1/2− 2δ)k ≤ δ(R) of the vertices of R, one can �nd
two vertices w1, w2 in V (R) \ V (RC) which are adjacent. Recall that RC is a maximal
κ-bounded cactus. Therefore the neighbourhoodsW1 := N(w1) andW2 := N(w2) only
intersect in vertices that lie in κ many triangles of RC . But there are at most (η2/2)k
such vertices. Thus W1 ∪W2 covers at least (1 − 4δ)k − (η2/2)k = (1 − η2)k many
vertices in R.
We now set

A′ := W1 \ V (RC), B′ := W2 \ V (RC),

C ′ := (W1 ∩ V (RC)) \W2, D′ := (W2 ∩ V (RC)) \W1,

Ĉ := {v ∈ C ′ : NR(v,A′ ∪ C ′) ≤ η2k}, D̂ := {v ∈ D′ : NR(v,B′ ∪D′) ≤ η2k}.

We further de�ne X := (V (R) \ (W1 ∪W2)) ∪ (W1 ∩W2) and �nally set

A′′ := A′ ∪ Ĉ, B′′ := B′ ∪ D̂,
C ′′ := C ′ \ Ĉ, D′′ := (D′ \ D̂) ∪X .

Claim 6.13 |Ĉ ∪ D̂| ≥ 1
2
|C ′ ∪D′| − 3η2k/2

Note that |X| ≤ 3
2
η2k. It follows from |C ′|+ |D′| ≤ |RC |, Claim 6.12, and Claim 6.13

that

|C ′′|+ |D′′| ≤ 1
2
|C ′ ∪D′|+ 3η2k/2 + 3η2k/2 ≤ 1

2
(a− 2− 11η)k + 3η2k .

Hence |A′′|+ |B′′| ≥ k − |C ′′| − |D′′| implies

|A′′|+ |B′′| ≥ (2− a/2 + 5η)k . (6.5)

As δ(R) ≥ (1/2− 2δ)k ≥ (1/2− η2/2)k we also have

|A′′|+ |C ′′| ≥ (1/2− η2)k , (6.6)

|B′′|+ |D′′| ≥ (1/2− η2)k . (6.7)

Our de�nitions already yield some valuable properties. One is that all vertices of R
that lie in A′′ have most of their neighbours in B′′ ∪D′′ and vertices in B′′ have most
of their neighbours in A′′ ∪ C ′′.

Claim 6.14 All vertices v ∈ A′′ and w ∈ B′′ have

degR(v, A′′ ∪ C ′′) ≤ η2k and degR(w,B′′ ∪D′′) ≤ η2k .
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6 Large planar subgraphs in dense graphs (I)

Now let A,B,C∗, D∗, denote the set of vertices of G which correspond to A′′, B′′,
C ′′, D′′ in R respectively. We want to point out the following lower bounds.

|A ∪B| ≥ (2− a/2 + 5η − ε)n ≥ (2− a/2 + 4η)n ,

|A ∪ C∗|, |B ∪D∗| ≥ (1/2− η2 − ε)n ≥ (1/2− 2η2)n , (6.8)

|A|, |B| ≥ (1/4 + 4η)n . (6.9)

The �rst and second bound are immediate from (6.5) and (6.6) and the fact that
(1− ε)n ≤ |V1 ·∪ . . . ·∪Vk|. The last bound follows as |C∗| + |D∗| ≤ (a/2− 1− 5η)n ≤
(1/4− 5η)n. Thus the partition has property (3).
We now add the vertices of V0 arbitrarily to either C∗ or D∗ (without changing the

denotation).

Claim 6.15 There are sets C,D with

(a) C∗ ·∪D∗ = C ·∪D,

(b) |C∗ \ C|, |D∗ \D| ≤ ηn, and

(c) every v ∈ C has degG(v,B ∪D) ≥ n/4,
every v ∈ D has degG(v, A ∪ C) ≥ n/4.

This is to say, we can move a small fraction of the vertices from C∗ to D∗ and vice
versa to ensure property (1). Moreover, inequality (6.8) together with Claim 6.15 imply

|A|+ |C| ≥ |A|+ |C∗| − ηn ≥ (1/2− 2η)n ,

|B|+ |D| ≥ |B|+ |D∗| − ηn ≥ (1/2− 2η)n

and hence the partition satis�es property (4). We claim that the partition also has
property (2).

Claim 6.16 Every vertex v ∈ A satis�es deg(v,B ∪ D) ≥ (1/2 − 2η)n, and every
vertex v ∈ B satis�es deg(v, A ∪ C) ≥ (1/2− 2η)n.

Assuming all �ve claims hold, the partition V = A ·∪B ·∪C ·∪D satis�es the prop-
erties (1)-(4) of the lemma. Except for those �ve claims the proof of Lemma 6.7 is
complete.

We now supplement the missing claims.

Proof of Claim 6.12. Let T1, . . . , Tm be the triangles of RC and suppose that it contains
exactly (a − 2 − 11η)k many vertices. If RC has more vertices we exchange RC for a
sub-cactus with the speci�ed number of vertices.
We argue now that in this case pl(G) ≥ (a − 15η)n. Indeed, for every set of the

cluster graph which is covered by RC , let us split it randomly into κ parts, where the
�rst κ − 1 parts each contain an η3-fraction of all vertices. The last part contains a
fraction of the vertices which is at least 1− (κ− 1)η3 ≥ 1− η. Then, for each triangle
Ti for i = 1, . . . ,m of the cactus we choose three sets of this partition, where we select
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large parts of the corresponding sets of a cluster graph if these sets appear in the
recursive construction for the �rst time, and small parts if the set already belonged to
one of the triangles T1, . . . , Ti−1. Thus, all but at most an η-fraction of the vertices
which belonged to sets covered by RC are distributed among vertex disjoint triples, in
which either all three sets are of equal size, or two large parts are of equal size and
one is (much) smaller. Let Ti be a triangle on (V1, V2, V3) and let (V ′1 , V

′
2 , V

′
3) be the

subsets chosen for this triple. Then (V ′1 , V
′
2 , V

′
3) is an (εP.6.10, δ/2)-regular triple by

Proposition 6.11. Moreover, it satis�es n′ := |V ′1 | = |V ′2 |, αn′ ≤ |V ′3 | ≤ (2 − α)n′ with
n′ ≥ nP.6.10. Thus G[V ′1 ∪V ′2 ∪V ′3 ] contains a planar subgraph with 3(1−η)|V ′1 ∪V ′2 ∪V ′3 |
many edges by Proposition 6.10. We conclude that all clusters covered by RC together
induce a subgraph H1 with

pl(H1) ≥ 3(1− η)2|H1| .

Now let H2 := G[V (G) \ V (H1)]. Note that δ(H2) ≥ δ(G)− |H1| ≥ η|H2|. Thus

pl(H2) ≥ 2|H2| − C(η)

by Theorem 6.8. Together with |H1| ≥ (a− 2− 11η − ε)n we have

pl(G) ≥ pl(H1) + pl(H2)

≥ 2(|H1|+ |H2|) + (1− 6η)|H1| − C(η)

≥ (a− 15η)n .

We deduce that RC covers less than (a−2−11η)k vertices of R as the above contradicts
contradicts our assumption pl(G) < (a− 15η)n.

Proof of Claim 6.13. We call a vertex in RC that lies in only one triangle a leaf. Let `i
be the number of triangles in RC that have exactly i leaves. We can assume that `0 = 0
as we could simply successively erase triangles without leaves and obtain a cactus with
the same number of vertices. Then |RC | = 2(`1 + `2 + `3) + c where c is the number of
connected components in RC . We now distinguish four cases for a vertex v ∈ C ′ which
itself does not lie in κ many triangles; the same argument works for v ∈ D′.
Case 0: v is not a leaf. Then it is only adjacent to vertices u ∈ C ′ that lie in κ many

triangles or in the same connected component as v in the cactus. Otherwise we could
extend the cactus by the triangle uvw1.
Case 1: v is the only leaf in its triangle. Then it is only adjacent to vertices u ∈ C ′

that lie in κ many triangles. Otherwise we would exchange the current triangle of v
against the triangle uvw1 and obtain a larger κ-bounded cactus.
Case 2: v is one of two leaves in its triangle. Let the other leaf be v′. Note that we

can easily extend the cactus by removing the current triangle and adding vv′w1 if
v′ ∈ C ′. So let us assume that v′ ∈ D′. Now either v or v′ is only adjacent to vertices
in its respective set that lie in κ many triangles. Otherwise we could replace the
triangle containing v, v′ with two triangles on vuw1 and v′u′w2. We want to point out
that possibly v′ /∈ C ′ ∪D′. But this happens for at most (η2/2)k vertices v.

101
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Case 3: v is one of three leaves in its triangle. If v has a neighbour u ∈ C ′ which lies
in less than κ many triangles we extend the cactus by the triangle vuw1.

Note that at most (η2/2)k many vertices lie in κ many triangles. Indeed, RC has at
most k/4 many triangles while each triangle has at least one leaf.
We conclude that any vertex v ∈ C ′ that is adjacent only to vertices u ∈ A′∪C ′ that

lie in κ many triangles has deg(v, A′ ∪ C ′) ≤ η2k. (We also have deg(v,B′ ∪D′) ≤ ηk
for v ∈ D′ if v is adjacent only to vertices u ∈ B′ ∪ D′ that lie in κ many triangles.)
Therefore, at least `1 + `2 + 3`3− (η2/2)k many leaves v in C ′ ∪D′ have a high degree
outside their class.
If v ∈ C ′ is not a leaf, lies in less than κ many triangles, and is part of a component

with at most (η2/2)k many vertices, then also N(v, A′∪C ′) ≤ (η2/2)k. (The analogous
statement holds for v ∈ D′.) But there less than 2/η2 components with more than
(η2/2)k many vertices and at most (η2/2)k many vertices lie in κ many triangles. So
at least max{0, c−2/η2−(η2/2)k}many of the non-leaf vertices satisfy |N(v,A′∪C ′)| ≤
η2k or |N(v,B′ ∪D′)| ≤ η2k respectively.
Recall that |C ′ ∪D′| ≤ |RC | = 2(`1 + `2 + `3) + c. Thus

`1 + `2 + 3`3 − (η2/2)k + max{0, c− 2/η2 − (η2/2)k} ≥ 1
2
|C ′ ∪D′| − 3η2k/2

vertices of C ′ ∪D′ lie in Ĉ ∪ D̂ and the claim follows.

Proof of Claim 6.14. By symmetry it su�ces to establish the claim for vertices v ∈ A′′.
The case v ∈ Ĉ follows by de�nition. So assume that v ∈ A′ = A′′ \ Ĉ. Since the
cactus RC was maximal, all neighbours u ∈ A′ ∪ C ′ of v lie in κ many triangles. But
again there are at most (η2/2)k many vertices that lie in κ many triangles.

Note that Claim 6.14 implies that any vertex x ∈ A and any y ∈ B has

degH(x,B ∪D∗) ≥ (1/2− 2η2)n , (6.10)

degH(y, A ∪ C∗) ≥ (1/2− 2η2)n . (6.11)

Indeed, degH(x) ≥ (1/2 − η2)n and x has at most η2n neighbours in A ∪ C∗ by
Claim 6.14. The same argument works for y ∈ B.

Proof of Claim 6.15. It follows by double counting from (6.8), (6.9), and (6.11) that
all but at most ηn many vertices v ∈ C∗ have degH(v,B) ≥ (1 − 4η)|B| ≥ n/4. The
analogous argument works for vertices in D∗. We one by one move vertices v ∈ C∗ with
deg(v,B ∪D∗) < n/4 from C∗ to D∗ and vertices v ∈ D∗ with deg(v, A ∪ C∗) < n/4
from D∗ to C∗. Since all vertices have degree at least n/2, this process increases the
density of edges between A ∪ C∗ and B ∪ D∗ in each step, and so must terminate.
Furthermore we certainly move at most ηn vertices from each class. The new sets
obtained are called C and D and satisfy the conditions of the claim.

Proof of Claim 6.16. We argue that already the degrees in G′ are large enough. To
see this we once more turn to R. Let v ∈ A be arbitrary and let x ∈ A′′ = A′ ∪ Ĉ be
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the cluster of R containing v. It follows from Claim 6.14 that degR(x,A′′ ∪C ′′) ≤ η2k.
Thus v has at most η2n many neighbours in clusters of A′∪C ′ = A′′∪C ′′. It might have
another 3

2
η2n neighbours in clusters of X. All other neighbours must lie in clusters

of B′ ∪ D′. As there are at least (1/2 − η2)n vertices in those clusters by (6.6) and
|(B ∪D∗) \ (B ∪D)| ≤ ηn we infer that

degG′(v,B ∪D) ≥ (1/2− η2)n− ηn ≥ (1/2− 2η)n .

The following result on matchings in bipartite graphs will be convenient in the proof
of both Theorem 6.2 and Theorem 6.3.

Proposition 6.17
Let G = (A ·∪B,E) be a bipartite graph with A = {a1, a′1, . . . , am, a′m} and |N(ai)|,
|N(a′i)| ≥ (1− µ)m, N(ai) ∩N(a′i) = ∅ for all i ∈ [m]. Then there is a matching that
covers all but 2µm vertices of A.

Proof. By deleting edges if necessary, we will assume that every vertex in A has degree
exactly (1−µ)m. Then it is easy to see that a minimal vertex cover in G must have at
least 2(1− µ)m vertices. Indeed, G has 2(1− µ)m2 edges but the maximum degree is
bounded by m. It follows from König's Theorem that G has a matching with 2(1−µ)m
edges.

6.2 Proof of Theorem 6.3

Before we go into details let us de�ne a special class of graphs. A jelly�sh is a connected
graph with exactly one cycle. Equivalently, a jelly�sh can be described as a tree plus
one additional edge, or as a connected graph whose vertex number equals the edge
number. It is easy to see that any graph G with δ(G) ≥ 2 has a partition into vertex-
disjoint jelly�sh.3

This section is dedicated to the proof of Theorem 6.3, i.e., we show that

pl(2m,m+ 1) ≥ (5 + o(1))m.

We �rst give a rough outline of the main steps in the construction of the planar
subgraph.
Partitioning G: We partition V (G) into A ·∪B ·∪C ·∪D with the help of Lemma 6.7

where a = 2.5 this time.
Finding a suitable planar subgraph F : Assume that |B ∪D| > |A∪C|. Hence

δ(G[B ∪D]) ≥ 2 and G[B ∪D] has a planar subgraph F that is the disjoint union of
jelly�sh. In particular, e(F ) ≥ n/2.
Cutting up F : To simplify the handling of components we erase a small number

of edges and obtain components which are either trees or jelly�sh.
Pairing the leaves of F : We pair up the leaves of F in such a way that F plus

the matching spanned by those pairs gives a planar graph. (Note that the pairs do not

3The authors wish to note that the correct collective noun for a group of jelly�sh is a `�uther'.
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necessarily form edges in G, so the matching is imagined and will not be part of the
planar subgraph of G which we construct.)
Attaching gadgets: We combine F with edges from the dense pairs (A,B ∪ D)

and (B,A ∪ C) to obtain a planar graph H with su�ciently high average degree.
Taking care of left-over vertices: There may be vertices in A∪C that have not

been used yet. We add those to H and connect each of them via two new edges.
The special case |A∪C| = |B∪D|: Finally we show how to adapt the proof when

the two sides of the working partition have exactly the same size (and so we cannot
assume δ(G[B ∪D]) ≥ 2).

We now give the details of the proof of Theorem 6.3.

Proof of Theorem 6.3. We will prove that for every η > 0 there is an integer n0 such
that any graph on n vertices with n ≥ n0 being an even integer that satis�es the
requirements of Theorem 6.3 has a planar subgraph with at least (2.5−3η1/12)n edges.

Let η > 0 be given. Set n0 as given by Lemma 6.7 and let G = (V,E) be a graph
on n ≥ n0 vertices where n is an even integer. Assume that G does not have a planar
subgraph with (5−15η)n/2 edges. Then G has a working partition V = A ·∪B ·∪C ·∪D
by Lemma 6.7. This partition might be such that |B ∪D| = n/2 = |A ∪ C|. We will
treat this case at the end of this section. For the moment we assume that |B∪D| > n/2.
Then G[B ∪ D] contains a spanning set of vertex-disjoint jelly�sh F . For reasons we
will explain later we will also admit some components into F which are actually trees.
We say that F is benign if all its components can be classi�ed as either Type I or Type
II, where

(B1) every component of Type I is a tree which can be rooted such that the root z
satis�es deg(z, A ∪ C) ≥ 1

2
|A ∪ C| and every vertex x 6= z in the tree satis�es

deg(x,A ∪ C) ≥ (1− 2η)|A ∪ C|,

(B2) every vertex y in a (jelly�sh or tree) component of Type II satis�es deg(y, A) ≥
(1− 2η)|A|, and

(B3) ∆(F ) ≤ |B ∪D|/2.

In Lemma 6.21 we will prove that G[B∪D] with δ(G[B∪D]) ≥ 2 contains a subgraph
F which is a benign union of jelly�sh and trees which has at least

So let us assume that F is a benign union of jelly�sh and trees. Before we continue
we set aside two vertices b1, b2 which have degree at most 2 in F and which lie in B
(since e(F ) ≤ |F | and |B| ≥ |F |/2, such vertices exist). In doing so we lose at most 4
edges, which will not a�ect calculations signi�cantly. Moreover, we reserve two vertices
a1, a2 ∈ A for later use. For technical reasons we do the following in each component
of F which is a jelly�sh. If the cycle of the component has less than two vertices of
degree at least three, we select one vertex of degree two in the cycle and make it a
pseudo-leaf (see Figure 6.1).
Moreover, we separate all jelly�sh and trees with less than three leaves (where

pseudo-leaves are counted as leaves). Those will be dealt with separately. Let F ′ ⊆ F
be the set of jelly�sh and trees that have at least three leaves.
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Now for a component S of F , let L(S) denote the set of leaves. We aim to split
the components of F into two classes which have an equal number of leaves. This
will not always be possible, but we will choose an optimal partition. To this end, if
P ·∪Q is a partition of the components of F , we de�ne L(P ) :=

∑
S∈P L(S), similarly

for Q and we de�ne the disparity of the partition to be |L(P ) − L(Q)|. We choose a
partition P ·∪Q with minimal disparity, and without loss of generality we may assume
L(P ) ≥ L(Q). We will consider three possible cases:

(R1) The disparity of P ·∪Q is at most 1;

(R2) The disparity of P ·∪Q is at least 2 and P has more than one component;

(R3) The disparity of P ·∪Q is at least 2 and P has only one component.

In case (1) we simply pair up the leaves of F according to the partition. We choose
an arbitrary order of the components S1, . . . , Sp in P and an arbitrary order of the
components S ′1, . . . , S

′
q in Q. Then for some planar embedding of each component in

which each leaf lies on a line in the outer face, we obtain an order of the leaves in that
component by choosing the order of leaves along the line. We now have an ordering
`1, . . . , `L(P ) of all the leaves in P by taking all the leaves of S1 in order, then all the
leaves of S2 in order and so on. Similarly we have an ordering `′1, . . . , `

′
L(Q) of all the

leaves in Q. We now pair up `i with `′i for each 1 ≤ i ≤ L(Q). If the number of leaves
is odd we remove the unpaired leaf from the forest. This only removes one edge which
will not a�ect calculations signi�cantly.
Case (2) is very similar, but now we alter the partition slightly to allow one compo-

nent to appear in both classes, and its leaves to be divided between the two classes.
Firstly, since P ·∪Q was chosen to be a partition with minimal disparity, each com-
ponent S of P satis�es L(S) ≥ L(P ) − L(Q). Again we choose an ordering of the
components of P and Q and of the leaves within each component, but now we take the
last d := L(P ) − L(Q) leaves of Sp and pair them with the �rst d leaves of S1 in the
reverse order, i.e. we pair `i with ``(P )+1−i for 1 ≤ i ≤ d. For the remaining leaves, we
pair `i+d with `′i for each 1 ≤ i ≤ L(Q). We then relabel the leaves in such a way that
the i-th pair contains `i and `′i.
Case (3) will be dealt with separately at the end of this section.
We now de�ne the notion of a socket. We line up the components of F ′ in a way

that the leaves `i and `′i lie opposite one another for all i.
Let `−i be de�ned as `i−1 if `i and `i−1 lie in the same component, or the leaf with

the highest index in the component containing `i otherwise. De�ne Pi to be the set of
vertices on a path between `i and `

−
i in F . If we have two choices for such a path (as

will be the case in a jelly�sh, since we may be able to go either way round the cycle)
we choose the �inner path� i.e. the path which lies closer to the `′j if `

−
i = `i−1, or the

�outer path� otherwise. We similarly de�ne (`′i)
− and P ′i . The i-th socket then consists

of Pi ∪ P ′i .

Here a leaf is called open for a1 if it is a leaf `i with the highest index in its star or
the leaf paired with this `i. It is called open for a2 if it is a leaf `′i with the highest index
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F ′ :

`i

`′i

`i-1

`′i-1

Figure 6.1: Pairing a partition into trees and jelly�sh; the star-shaped vertex marks
a pseudo-leaf; the black circles represent (examples of) sockets; the black
squares represent hubs.

in its star or the leaf paired with this `′i. The only exception to this scheme appears
when a pair of leaves is open for both a1 and a2. Instead of adding all four edges to
this pair we only add three of them. The fourth edge (from a1) instead goes to the
leaf with the highest index in the star containing `i+1, where the leaves `i are ordered
cyclically. Indeed, there is a planar embedding of the star forest with its gadgets and
all edges from ai to their respective open leaves. This gives another two edges per star
(see Figure 6.7).

A gadget for a socket now consists of one or two vertices from A ∪ C that is/are
adjacent to (most of) the vertices of the socket. Since a socket potentially has many
vertices we only require the gadget to be adjacent to most vertices of a socket. More
precisely we distinguish between the following two cases. An ordinary gadget is one
vertex that is adjacent to at least (1−√η)|Pi ∪ P ′i | of the vertices in Pi ∪ P ′i . A split
gadget consists of two vertices x, x′ where x is adjacent to at least (1−√η)|Pi| vertices
of Pi and x′ is adjacent to (1 − √η)|P ′i | vertices of P ′i . In addition we require that
either x′ is adjacent to {`−i , `i} or x is adjacent to {(`′i)−, `′i}.
For each cycle in F (not only in F ′!) we de�ne a hub gadget to be a vertex from A

which is adjacent to an (1−√η)-fraction of all vertices of the cycle.
We will later see that the proof of Theorem 6.2 is a special case of this where all

trees are stars, all sockets contain exactly six vertices, and every gadget is adjacent to
six (or �ve and three respectively) of these vertices.
Next we prove that we can �nd gadgets and hubs for almost all sockets and cycles.

So let go and gs denote the number of ordinary and split gadgets respectively. By gh
we denote the number of hub gadgets.
A potential half-gadget for a side of the i-th pair is a vertex which is adjacent to

(1−√η)|P ′i | vertices of P ′i or to (1−√η)|Pi| vertices of Pi respectively.

Claim 6.18 Every side of a socket has at least (1/4−√η)n potential half-gadgets and
every cycle has at least (1/4−√η)n potential hub gadgets.
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F ′ :

Figure 6.2: Some examples of ordinary, split and hub gadgets.

Proof. We will use properties (B1) and (B2) to derive this claim. Accordingly, we
distinguish between half-gadgets for vertices in a Type I component (which have prop-
erty (B1)) and half-gadgets (or hub gadgets) for vertices in a Type II component (which
have property (B2)).

Case 1: Pi is part of a Type I component. Then Pi is part of a tree. Let z be the
root of the tree and set Mi := {x ∈ A ∪ C : |N(x) ∩ (Pi \ {z})| ≥ (1−√η)|Pi \ {z}|}.
With (B1) we obtain

(1− 2η)|A ∪ C| · |Pi \ {z}| ≤ |Mi| · |Pi \ {z}|+ (|A ∪ C| − |Mi|)(1−
√
η)|Pi \ {z}|

which is true if and only if

(1− 2
√
η)|A ∪ C| ≤ |Mi| .

This implies that at least an (1−2
√
η)-fraction of the vertices in A∪C are adjacent to at

least (1−√η)|Pi\{z}| vertices in Pi\{z}. This settles Case 1 as z is adjacent to at least
(1/2−2

√
η)|A∪C| of those vertices. Hence we have (1/2−2

√
η)|A∪C| ≥ (1/4−2

√
η)n

potential half-gadgets.

Case 2: Pi is part of a Type II component. We set Mi = {x ∈ A : |N(x) ∩ Pi| ≥
(1−√η)|Pi|} and with the help of (B2) we obtain

(1− 2η)|A| · |Pi| ≤ |Mi| · |Pi|+ (|A| − |Mi|)(1−
√
η)|Pi|

which is true if and only if

(1− 2
√
η)|A| ≤ |Mi| .

This implies that at least (1 − 2
√
η)|A| ≥ (1/4 − 2

√
η)n vertices in A are potential

half-gadgets for Pi.

The argument of Case 2 also shows that each cycle (may it be in F ′ or in F \F ′ has
at least (1− 2

√
η)|A| ≥ (1/4− 2

√
η)n potential hub gadgets in A.
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We now assign gadgets to sockets and cycles. We claim that we can do so in a way
that gives many edges between the vertices of the gadgets and F ′. Those edges (i.e.,
edges between A ∪ C and F ′) will be called gadget edges. Let H be the planar graph
obtained by adding gadgets (with gadget edges) to F ′. The hub gadgets assigned to
cycles in F \ F ′ will be of importance at a later point.

Claim 6.19 There is an assignment of gadgets to sockets and cycles that uses go or-
dinary gadgets, gs split gadgets, and gh hub gadgets which contributes at least

2e(F ′) + 2go + 4gs − 34
√
ηn (6.12)

gadget-edges to H.

Proof. We want to apply Proposition 6.17 to derive that most pairs and cycles receive
a gadget. If this is the case we obtain at least the number of edges given in (6.12).

Let s be the number of pairs and cycles in F ′ plus the number of cycles in F \F ′. Since
every cycle has at least two non-leaf vertices, s is bounded by |B ∪D|/2 ≤ (1/4 + η)n.
It is easy to see that either s ≤ (1/4− 3

√
η)n or F has at least 4

√
ηn pairs of leaves or

cycles that correspond to sockets or to cycles with at most six vertices. In the latter
case we will give up on s− (1/4− 3

√
η)n ≤ 4

√
ηn of those pairs and cycles and try to

�nd gadgets only for the other pairs and cycles. In doing so we lose at most 32
√
ηn

edges in gadgets we gave up.
Now assume that the number of pairs and cycles in F ′ plus the number of cycles in

F \ F ′ is at most (1/4− 3
√
η)n. Claim 6.18 states that each side of a socket and each

cycle has at least (1/4− 2
√
η)n potential half-gadgets or hub gadgets.

First we (greedily) assign one hub gadget to each cycle. Since there are at most
(1/2 + 2η)n/3 cycles in F and we have (1/4 − 2

√
η)n potential hub gadgets for each

cycle, this can be done. Denote by gh the number of hub gadgets we have used in this
step.
In our next step we greedily assign ordinary gadgets to pairs until no more ordinary

gadgets can be found or all pairs have received gadgets. (Note that if one vertex is a
potential half-gadget for both sides of a pair it also is an ordinary gadget for this pair.)
Assume we have assigned go many ordinary gadgets.
Now we are left with at most (1/4 − 3

√
η)n − gh − go many pairs that have not

received a gadget yet. At least (1/4− 2
√
η)n− gh − go potential half-gadgets for each

side of those pairs are still unused.
Recall that our de�nition of a split gadget requires a bit more than just two potential

half-gadgets. Let x be a potential half-gadget for Pi and let x′ be a potential half gadget
for P ′i . If in addition x is adjacent to {(`′i)−, `′i} or x′ is adjacent to {`−i , `i} then x and
x′ form a split gadget for the i-th pair.
We claim that we can restrict the set of potential half-gadgets for each pair and each

side in such a way that

(a) at least (1/4 − 3
√
η)n − gh − go potential half-gadgets for each side of a socket

remain, and
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(b) any assignment of those potential half-gadgets to pairs is such that two potential
half-gadgets of a pair form a split gadget.

To show this, �x any pair i which has not received a gadget yet. First assume that
at least one side of pair i lies in a Type I component. Let Pi be the vertices of this
side and let M be the set of potential half-gadgets for the opposite side P ′i . If follows
from property (B1) that all but 2η|A ∪ C| vertices in M are adjacent to `i (or to `

−
i

respectively). Hence, we can restrict the set of potential half-gadgets to M ′ ⊆M with
|M ′| ≥ (1/4− 2

√
η)n− gh − go − 2ηn ≥ (1/4− 3

√
η)n− gh − go.

If both sides of pair i lie in Type II components the set M of potential half-gadgets
for P ′i is a subset of A. It follows from property (B1) that all but (1− 2η)|A| of those
vertices are adjacent to `i (or to `

−
i respectively). Hence, we can restrict M to a subset

M ′ ⊆M with |M ′| ≥ (1/4− 2
√
η)n− gh − go − 2ηn ≥ (1/4− 3

√
η)n− gh − go.

Obviously, the restricted sets of potential half-gadgets satisfy the second condition
above.
It remains to �nd an assignment of the (restricted) potential half-gadgets to the

pairs that covers all pairs. Such an assignment exists by Proposition 6.17 (with µ = 0)
as we are left with (1/4 − 3

√
η)n − gh − go many pairs but each side has at least

(1/4− 3
√
η)n− gh − go potential half-gadgets.

We have now seen that we can �nd gadgets for all but at most 4
√
ηn sockets and

cycles. Those sockets that we chose to disregard would contribute at most 32
√
ηn edges

(since each of those sockets would receive at most 8 edges from a split gadget).

Assume for the moment that we had an assignment of gadgets to sockets and cycles
that would leave no side of a socket or cycle empty. Moreover, assume that all gadgets
used were adjacent to all the vertices of their respective socket or cycle. We claim that
such an assignment adds∑

x∈V (F ′)

dF ′(x) + `(F ′) + 2gs = 2e(F ′) + 2go + 4gs

gadget-edges to H. Indeed, note that each vertex x ∈ V (F ′) which is not a leaf lies in
dF ′(x) many sockets; each leaf lies in 2 sockets. Hence the gadgets add dF ′(x) + `(F ′)
many edges. Each split gadget adds another 2 edges (as we have 8 edges for a split
gadget compared to 6 edges for an ordinary one).
However, we may not �nd gadgets for all sockets and the gadgets found may only

be adjacent to an (1−√η)-fraction of their respective socket or cycle. Still we �nd an
assignment of gadgets that adds at least

(1−√η)(2e(F ′) + 2go + 4gs)− 32
√
ηn ≥ (2e(F ′) + 2go + 4gs)− 34

√
ηn

edges to H.

Recall that a leaf `i in F ′ is called open for a1 if it is the leaf with the highest index
in its star or if it is the leaf `′i which is paired with this `i. It is called open for a2 if it
is a leaf `′i with the highest index in its star or the leaf paired with this `′i (unless this
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6 Large planar subgraphs in dense graphs (I)

leaf `i is also open for a1, in which case the leaf of the highest index in the component
containing `i+1 is also considered open for a2).
We now connect a1, a2 (with ai ∈ A) to their open leaves and to the vertices of

components in F \F ′ in such a way that two vertices on each cycle and all vertices not
on cycles are adjacent to both a1 and a2, and other vertices are adjacent to only one
of these vertices. Moreover, we have already placed hub gadgets into cycles of F \ F ′
(see Figure 6.3).

F ′ : F \ F ′ :

. . .

a1

a2

Figure 6.3: Connecting ai to free leaves in F ′ and taking care of the components with
at most two leaves in F \ F ′.

Claim 6.20 This adds another

2|F \ F ′|+ 2c(F )− 8ηn−√ηn (6.13)

edges to H, where c(F ) is the number of components in F .

Proof. Let us assume that in the graph G both ai were adjacent to all vertices of F
and that every cycle in F \ F ′ obtained a hub which was adjacent to all vertices of
the cycle. Then we obtain at least 2c(F ′) edges between the ai and open leaves in F ′

as there are two open leaves for every component in F ′. Moreover we obtain at least
2|F \F ′|+ 2c(F \F ′) edges between F \F ′ and {a1, a2} and the hub gadgets: Indeed,
two vertices of each component of F \F ′ are adjacent to a1, a2 and a hub gadget, while
the rest are adjacent to exactly 2 of these (i.e., the rest are adjacent to either a1 and
a2 or to one ai and one hub gadget).

In total we get at least 2|F \ F ′| + 2c(F ′) + 2c(F \ F ′) edges if our assumption
holds. However, some edges between the ai and F and some edges between the hub
gadgets and F \ F ′ are not present. Thus we lose at most 4ηn edges from each ai (as
deg(ai, B ∪D) ≥ (1/2− 2η)n ≥ |B ∪D| − 4ηn) and at most

√
ηn edges from the hub
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gadgets (as each potential hub gadget is adjacent to a (1−√η)-fraction of all vertices
on its cycle).

After the assignment of gadgets there might be vertices left in A ∪ C. Those will
be treated with the help of b1 and b2. We simply connect each bi to as many of the
left-over vertices as possible. There are at least (1/2 − 2η)n − go − 2gs − gh left-over
vertices in A∪C and each bi is adjacent to all but 2ηn of them. Thus we have at least

2 (n/2− 2ηn− go − 2gs − gh)− 4ηn (6.14)

edges incident to these vertices.

Our construction of the graph H is now complete. We bound the number of edges
in H by summing up the contributions from (6.12)�(6.14).

e(H) ≥ n+ 2e(F ) + 2c(F )− 2gh − 16ηn− 35
√
ηn ≥ n+ 2e(F )− 51

√
ηn (6.15)

where the inequality is due to gh ≤ c(F ).

Recall that we have assumed that F was a benign jelly�sh cover of G[B ∪D]. Such
a jelly�sh cover need not exist in general. However, Lemma 6.21 says that we �nd a
jelly�sh cover F of G[B ∪D] and a subgraph F ∗ ⊆ F with e(F ∗) ≥ e(F ) − 2ηn such
that F ∗ is benign. We apply our construction for H to this graph F ∗ and obtain a
planar graph H∗ ⊆ G with

pl(n, n/2 + 1) ≥ e(H∗) ≥ e(H)− 2η1/12n ≥ 2.5n− 3η1/12n .

Here the last inequality follows from (6.15) and the fact that e(F ) ≥ |B ∪D| ≥ n/2.

Except for the case |B ∪ D| = n/2 and the proof of Lemma 6.21 the proof of
Theorem 6.3 is complete.

Lemma 6.21
For every η > 0 there is n0 such that the following is true for every graph G on n ≥ n0

vertices. Let A ·∪B ·∪C ·∪D be a working partition of G and assume that G[B ∪D] has
minimum degree two. Then there is a subgraph F ⊆ G[B ∪D], whose components are
classi�ed as Type I or Type II, with the following properties:

(a) the components of F are either trees or jelly�sh,

(b) e(F ) ≥ |B ∪D| − 2η1/12n,

(c) every Type I component in F is a tree which can be rooted such that the root z
satis�es deg(z, A ∪ C) ≥ 1

2
|A ∪ C| and every vertex x 6= z in the tree satis�es

deg(x,A ∪ C) ≥ (1− η1/5)|A ∪ C|, and

(d) every vertex y in a Type II component in F satis�es deg(y, A) ≥ (1− η1/3)|A|,
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6 Large planar subgraphs in dense graphs (I)

(e) ∆(F ) ≤ |B ∪D|/2.

Proof. We �rst give a rough outline of the proof.
It follows from δ(G[B∪D]) ≥ 2 that B∪D can be partitioned into sets with spanning

jelly�sh in G[B ∪ D]. However, we will want to choose such a partition with certain
useful properties. To this end, given a graph H we de�ne the degree sequence of H to
be the (unique) decreasing sequence of integers (d1, d2, . . . , d|H|) such that there is a
bijection f : V (H) → [|H|] with degH(x) = df(x) for all x ∈ V (H). Suppose we have
a second graph H ′ on the same vertex set with degree sequence d′1, . . . , d

′
|H|. We say

that H is lexicographically smaller than H ′ if there is j ∈ [|H|] with di = d′i for all
1 ≤ i < j and dj < d′j. This gives us a partial order on partitions into jelly�sh (two
partitions are non-comparable if they have the same degree sequence). Now let F be
a lexicographically minimal spanning �uther of jelly�sh in G[B ∪D].
We call a vertex of F bad if it has degree at least η−1/4 in F . For a vertex z,

we denote by F (z) the tree induced by z and all vertices x of F which do not lie
on a cycle and for which the unique path from x to a cycle of F passes through z.
We partition V (F ) = X ·∪Y ·∪Z by letting Z be the set of bad vertices and setting
X :=

⋃
z∈Z F (z) \ Z and Y := V (F ) \ (X ∪ Z).

We now prove that F , X, Y and Z satisfy certain properties.

Claim 6.22 For any 0 < c < 1, there are at most 2cn vertices of degree at least 1/c
in F .

Proof. Since e(F ) = |F | ≤ (1/2 + 2η)n, the number of vertices of degree at least 1/c
in F is at most 2e(F )

1/c
≤ 2c(1/2 + 2η)n ≤ 2cn.

Note in particular that this implies that |Z| ≤ 2η1/4n.

Claim 6.23 ∆(F ) ≤ b|F |/2c+ 1.

Proof. There can certainly not be two vertices whose degree sum is at least 2b|F |/2c+3,
since then e(F ) ≥ 2b|F |/2c+ 3− 1 > |F | which is a contradiction.
Now suppose there is one vertex x of degree at least b|F |/2c+2. Since F is a jelly�sh,

there is at most one edge between neighbours of x, and if all of the at least b|F |/2c
remaining neighbours were not leaves, F would contain at least 2b|F |/2c + 3 > |F |
edges, a contradiction. Thus x has at least one neighbour y in F which is a leaf. But
since δ(G[B ∪D]) ≥ 2, the vertex y has at least one other neighbour z in V (F ) whose
degree in F is at most b|F |/2c. Adding the edge yz and deleting the edge xy from F
gives a new jelly�sh F ′ in which the maximum degree is smaller than that of F , and
which is therefore lexicographically smaller than F , contradicting the choice of F .

Claim 6.24 (I) For any x ∈ X we have degG(x,A ∪ C) ≥ (1− η1/5)|A ∪ C|.

(II) For all but at most η1/3n vertices y ∈ Y we have degG(y, A) ≥ (1− η1/3)|A|.
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Proof. Suppose (I) is false, so we have x ∈ X with at most (1 − η1/5)|A ∪ C| ≤
(1/2 − η1/5/2)n neighbours in |A ∪ C|. Then x has at least η1/5n/2 neighbours in
B ∪ D. However, by Claim 6.22 there are at most 4η1/4n vertices of degree at least
η−1/4/2 in F , and so x must be adjacent to a vertex y of degree less than η−1/4/2 with
xy /∈ E(F ). However, x is also in some tree F (z) for a bad vertex z. If we add the
edge xy and delete an edge incident to z which is not in F (z), then the degree of the
bad vertex z has decreased, but no new vertex has become bad. Furthermore, we have
a new jelly�sh, or possibly two new jelly�sh, in place of the old jelly�sh, and so we
have constructed a partition into jelly�sh which is lexicographically smaller than F ,
contradicting the choice of F .
Now suppose (II) is false. Then we have

e(B ∪D,A) ≤ (|B ∪D| − η1/3n)|A|+ η1/3n(1− η1/3)|A|
= |B ∪D||A| − η2/3|A|n
≤ (1/2 + 2η − η2/3)|A|n
< (1/2− 2η)|A|n,

contradicting property (2) of Lemma 6.7.

For each vertex in Z we now delete the incident edges which lie on a path between
the bad vertex and the cycle of the jelly�sh containing it. Note that for each bad vertex
we delete only one edge if it does not lie on the cycle, or if it does lie on the cycle,
we delete the two incident edges on the cycle. Thus we delete at most 4η1/4n edges in
total (by Claim 6.22).
The (additional) components we obtain by deleting edges satisfy condition (c) of the

lemma: Every component has exactly one vertex from Z (with deg(z, A∪C) ≥ n/4 ≥
1
2
|A ∪ C| by the properties of the working partition) and all other vertices x lie in X

and thus have deg(x,A ∪ C) ≥ (1− η1/5)|A ∪ C| by property (I) of Claim 6.24.
Furthermore, for each vertex y ∈ Y with degG(y, A) < (1−η1/3)|A| we delete y from

F together with all incident edges. The remaining vertices in Y span components in
F that are either trees or jelly�sh and that satisfy condition (d) by property (II) of
Claim 6.24. Since we delete only vertices which are not bad, and since there are at
most η1/3n of them, we are deleting at most η−1/4η1/3n = η1/12n edges in this step.
In total we have deleted at most 4η1/4n + η1/12n ≤ 2η1/12n edges and all components
obtained are either trees or jelly�sh hence property (a) and (b) of the lemma hold.
Note that originally we may have had ∆(F ) = b|B ∪D|/2c+ 1, but a vertex of this

degree would be bad and would have had at least one incident edge removed. Hence
also condition (e) holds.

6.2.1 The case of |A ∪ C| = |B ∪D|
We have one �nal case left to consider, namely when |A ∪ C| = |B ∪ D|. We begin
by splitting up the graph into more easily manageable parts. To this end, we say that
a graph G on n vertices has property Psplit with parameter η if there is a partition
V (G) = V1 ·∪V2 such that the following conditions hold:
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(i) |V1| ≥ ηn;

(ii) By adding at most 1/η2 edges to G[V2] we obtain the graph G′ with δ(G′) ≥
|V2|/2 + 1;

(iii) There is a planar subgraph H ⊆ G[V1] with e(H) ≥ (2.5− η)|V1|.

Essentially, property Psplit says that we can split o� a substantial proportion of the
graph, V1, and cover it with a planar subgraph of approximately the right size, while
the remainder still (almost) satis�es the appropriate minimum degree condition.
The property Psplit is the key to the case |A∪C| = |B∪D|. By the minimum degree

condition, we know that both G[A ∪ C] and G[B ∪D] have minimum degree at least
one. We call a component in one of these graphs which has at least 1/η vertices a large
component, and all others are small components. The union of large components in
G[B ∪D] is denoted L1, and the small components by S1. Similarly L2 and S2 denote
the unions of large and small components in G[A ∪ C]. Without loss of generality we
assume that |S1| ≤ |S2|.
Now let S ′2 ⊆ S2 be a subset of size |S1|, chosen in such a way that all small

components in S2 except at most one lie either completely in S ′2 or completely in
S2 \ S ′2.

The case |A ∪ C| = |B ∪D| is immediate from the following three propositions.

Proposition 6.25
If |S1 ∪ S ′2| < ηn then pl(G) ≥ 2.5n− 3η1/12n.

Proposition 6.26
If |S1 ∪ S ′2| ≥ ηn then G has property Psplit with parameter η.

Proposition 6.27
If G has property Psplit with parameter η it has pl(G) ≥ 2.5n− 3η1/12n.

It remains to prove Proposition 6.25, Proposition 6.26, and Proposition 6.27.

Proof of Proposition 6.25. We conclude from |S1| ≤ (η/2)n that G[B ∪ D \ V (S1)]
contains a collection of jelly�sh and large trees with at least (1 − η)(1 − η)n/2 ≥
(1 − 2η)n/2 edges. We can therefore add ηn (virtual) edges to G[B ∪ D] to increase
its minimum degree to at least 2. We then apply the construction from the case
|A∪C| < |B∪D| to �nd a planar subgraph with at least 2.5n−3η1/12n edges. (This is
indeed possible since the cases only di�er in that |A∪C| = |B∪D| does not guarantee
δ(G[B ∪D]) ≥ 2.) Removing the virtual edges again gives a planar subgraph H of G
with

e(H) ≥ 2.5n− 2η1/12n− 43
√
ηn− 2ηn ≥ 2.5n+ 3η1/12n

by (6.15).
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Proof of Proposition 6.26. We de�ne V1 = S1 ∪ S ′2, V2 = V (G) \ V1 and claim that the
partition V (G) = V1 ∪V2 is a certi�cate for the property Psplit. To prove this we verify
conditions (1)-(3).
Obviously |V1| ≥ ηn and hence property (1) is satis�ed.
To derive property (2) we set G′ = G[V2]. Let x be a vertex of L1. Then x has no

neighbours in S1, and so

dG′(x) ≥ dG(x)− |S ′2| ≥ n/2 + 1− |S ′2|
= (|G′|+ |S1|+ |S ′2|)/2 + 1− |S ′2|
= |G′|/2 + 1.

A similar argument shows that vertices of L2 also satisfy this minimum degree condition
inG′, as do all vertices of S2\S ′2 except possibily those in the one component of S2 which
was split between S ′2 and S2 \ S ′2. However, there are at most 1/η such vertices, each
having at most 1/η neighbours in S ′2, and therefore satisfying dG′(x) ≥ |G′|/2+1−1/η.
By adding at most 1/η2 edges to G′, we can ensure that these vertices also satisfy the
minimum degree condition, as required by property (2).
It remains to verify condition (3), i.e., that G[V1] contains a planar subgraph H

with e(H) ≥ (2.5 − η)|V1|. For this, we observe that a vertex in S1 has at most 1/η
neighbours in B ∪D, and therefore has at least n/2 + 1− 1/η neighbours in A∪C and
in particular at least |S ′2| − 1/η neighbours in S ′2. Similarly, a vertex in S ′2 has at least
|S1| − 1/η neighbours in S1.
In order to construct a planar subgraph H of G[V1] with close to 2|V1|+e(S1∪S2) ≥

2.5|V1| edges we pair up the vertices of S1 with the vertices of S ′2 in the following
fashion.
First we �x a planar embedding for each component. For each component we choose

an arbitrary vertex and start a walk around the outer face of the component in clockwise
direction. The vertices within the component are then ordered according to the order
in which they appear on this walk. (One could also think of a depth �rst search where
we always choose vertices from left to right.) The components of S ′2 are ordered in
the same way with the sole di�erence that the walk around a component has counter-
clockwise direction. We then pair up the i-th vertex in S1 with the i-th vertex in
S ′2.
We now bring the components of S1 into an arbitrary order. The components of

S ′2 are arranged such that a maximum number of components in S1 are such that
all vertices of the component C are adjacent to all vertices of components in S ′2 that
contain vertices paired with vertices of C. Since each component has less than 1/η
vertices and every vertex of S1 is adjacent to all but 1/η vertices of S ′2 such a pairing
di�ers in at most 1/η3 edges from one that contains all edges between components that
share vertices of a pair. We assume the latter in the following and denote the i-th
vertex of S1 by vi and the i-th vertex of S ′2 by wi.
We �nally construct a planar subgraph H of G[V1] by adding all edges of the form

viwi and vi+1wi. Moreover, we greedily add edges between S1 and S ′2 to all faces except
for the outer face (see Figure 6.4). Finally we connect v1 to all vertices of S ′2 that lie on

115



6 Large planar subgraphs in dense graphs (I)

the outer face and we connect w|S′2| to all vertices of S1 that lie on the outer face. Note
that v1 and w|S′2| might not be adjacent to all of those vertices but they are adjacent
to all but 1/η of those vertices for sure. (In this step we might loose another 2/η edges
that we already inserted between the components.)

v1 to w|S′2|

. . .

Figure 6.4: Small paired components and a maximal (bipartite) planar subgraph; the
dotted edges are those toward v1 and w|S′2| respectively.

Summing up we obtain a planar subgraph H ⊆ G[V1] with at least

e(S1) + e(S ′2) + 2|V1| − 4− 1/η3 − 4/η ≥ (2.5− η)|V1|

edges thus showing property (3). Hence V1 and V2 satisfy all condidtions of property
Psplit.

Proof of Proposition 6.27. Recall that G is a graph on n ≥ n0/η vertices. As G satis�es
property Psplit, we split it accordingly into V1 and V2, where V1 can be covered by
a planar subgraph with at least (2.5 − η)|V1| edges. Furthermore, we add at most
1/η2 edges to G[V2] to ensure that δ(G[V2]) ≥ |V2|/2 + 1 holds. We then continue to
work with G[V2]. It follows from Proposition 6.25 and Proposition 6.26 that either
pl(G[V2]) ≥ (2.5 − 3η1/12)|V2| or G[V2] again has property Psplit with parameter η. If
this is the case, we split o� another subgraph on vertex set V ′1 , set V2 := V2 \ V ′1 and
add at most 1/η2 edges to G[V2] to maintain a minimum degree of |V2|/2 + 1. We
continue this procedure until one of the following two cases holds.
Case 1: |V2| < n0: In this case, we simply take the planar subgraphs of the sets

which were split o�, which together contain at least (2.5− η)(n− n0) = (2.5− η)(1−
η)n ≥ (2.5− 4η)n edges.
Case 2: pl(G[V2]) ≥ (2.5− 3η1/12)|V2|: In this case we take a planar subgraph H2

of G[V2] with e(H2) ≥ (2.5− 3η1/12)|V2|, which together with the planar graphs on the
sets which were split o�, contains at least (2.5n − 3η1/12)|V2| + (2.5 − η)(n − |V2|) ≥
2.5− 3η1/12n+ 1/η4 edges.
We now need to delete those edges which we added in during the splitting steps.

In each step we added at most 1/η2 edges. Furthermore, in each step, the size of the
remaining graph decreased by a factor of at least (1−η). We therefore required at most
ln(η)/ ln(1 − η) ≤ 1/η2 steps, meaning we added at most 1/η4 edges. Thus deleting
these edges again, we obtain a planar subgraph of G with at least (2.5 − 3η1/12)n
edges.
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6.3 Proof of Theorem 6.2

6.3 Proof of Theorem 6.2

Before we prove Theorem 6.2 we introduce one additional de�nition. A star forest F
is a cycle-free graph with δ(F ) ≥ 1 and P3 6⊆ F . We will call a spanning star forest
F ⊆ G a star cover of G.

Proposition 6.28
Every graph G with δ(G) ≥ 1 has a star cover.

Proof. Let δ(G) ≥ 1 and let F be a vertex maximal star forest in G. Assume there is
v ∈ V (G) \ V (F ). But then v must be adjacent to at least one leaf w in F and the
star of w must have more than two vertices. We remove w from its current star and
add the edge vw to F which gives a star forest with more vertices.

Let G be a graph that satis�es the conditions of Theorem 6.2. In �ve steps we
construct a planar subgraph H of G that has many edges.
Partitioning G: We partition V (G) into A ·∪B ·∪C ·∪D with the help of Lemma 6.7

where a = 2.25.
Finding a suitable planar subgraph F : We have |B ∪ D| > |A ∪ C|.4 Hence

δ(G[B ∪D]) ≥ 1 and G[B ∪D] has a star cover F . In particular, e(F ) ≥ n/4.
Pairing the leaves of F : We pair up the leaves of F in such a way that F plus

the matching spanned by those pairs gives a planar graph. (Note that the pairs do not
necessarily form edges in G, so the matching is imagined and will not be part of the
planar subgraph of G which we construct.)
Attaching gadgets: We combine F with edges from the dense pairs (A,B ∪ D)

and (B,A ∪ C) to obtain a planar graph H with reasonably high average degree.
Taking care of left-over vertices: There may be vertices in A∪C that have not

been used yet. We put those into a planar graph with average degree 4.

We now give the details of the proof of Theorem 6.2, i.e., we show that pl(2m −
1,m) ≥ (4.5 + o(1))m.

Proof of Theorem 6.2. We will prove that for every η > 0 there is n0 such that

pl(n, dn/2e) ≥ (2.25− 70η)n

for every odd integer n ≥ n0.

Let η > 0. Set n0 as given by Lemma 6.7 and let G = (V,E) be a graph on n vertices
where n ≥ n0 is an odd integer. Assume that G does not have a planar subgraph
with (4.5 − 15η)n/2 edges. Then G has a working partition V = A ·∪B ·∪C ·∪D by
Lemma 6.7.
W.l.o.g. we have |B∪D| ≥ n/2 and G[B∪D] has a star cover F by Proposition 6.28.

We call a star cover F benign if every star S in F satis�es at least one of the following
conditions.
4In the odd case.
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(b1) The center v of S has deg(v, A ∪ C) ≥ 1
2
|A ∪ C| and

every leaf w of S has deg(w,A ∪ C)| ≥ |A ∪ C| − ηn, or

(b2) every vertex v in S has deg(v,A) ≥ |A| − 2ηn.

We will later see that stars with at least 2/η many leaves satisfy property (b1) while
stars with less than 2/η leaves (mostly) satisfy property (b2). We call the former
large stars and the latter small stars. For the rest of the proof we will assume that
A ·∪B ·∪C ·∪D is a working partition and that G[B ∪D] contains a benign star cover
F . Later, in Lemma 6.29, we will show that we indeed �nd a star cover F of G[B ∪D]
and an almost spanning star cover F ∗ ⊆ F with e(F ∗) ≥ e(F ) − 2ηn such that F ∗

satis�es properties (b1) and (b2).

We now extend F to a planar subgraph with many edges. First we set aside two
leaves b1, b2 of F that lie in B. In doing so we lose two edges, which will not a�ect
calculations signi�cantly. Moreover, we separate all stars with less than three vertices,
i.e., which are isolated edges. Those will be dealt with separately. Let F ′ ⊆ F be the
set of all stars with at least three vertices.

We now de�ne the notion of a socket. The i-th socket or the socket for the pair (`i, `
′
i)

is the following set of vertices: {`−i , c(`i), `i, (`′i)−, c(`′i), `′i}. Here c(`) is the center of
the star that contains the leaf `. Moreover, `−i is de�ned to be `i−1 if `i−1 and `i lie
in the same star, or the leaf of highest index in the star containing `i otherwise. We
de�ne (`′i)

− similarly. Now every pair of leaves has its unique socket (see Figure 6.5.

`i

`′i

Figure 6.5: A pairing of an unbalanced partition; the dashed lines from the black circle
end at vertices of the i-th socket.

A gadget for a socket consists of one or two vertices from A ∪ C that are adjacent
to the vertices of the socket. We distinguish between an ordinary gadget which is one
vertex that is adjacent to all six vertices of a socket and a split gadget which consists of
two vertices which, in the case of the i-th socket, are adjacent to {`−i , c(`i), `i, (`′i)−, `′i}
and {(`′i)−, c(`′i), `′i} (or {`−i , `i, (`′i)−, c(`′i), `′i} and {`−i , c(`i), `i}) respectively (see Fig-
ure 6.6). We denote the number of ordinary gadgets by go and the number of split
gadgets by gs and claim that we can �nd gadgets for almost all sockets. Let k denote
the number of leaves in F ′, and note that k ≤ |A ∪ C| ≤ n/2 + 2ηn.
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Figure 6.6: A pairing with (some) gadgets attached; dashed lines mark edges in the
gadgets.

Claim There is an assignment of gadgets to sockets that gives at least

2k + 2go + 4gs − 56ηn (6.16)

many edges towards F ′.

Proof. We call a vertex a potential half gadget for a side of the i-th pair if it is adjacent
to Pi := {`−i , c(`i), `i} or to P ′i := {(`′i)−, c(`′i), `′i} respectively. It follows from prop-
erty (b1) or (b2) that each side of the i-th pair has at least (1/4− 4η)n potential half
gadgets. Moreover, we can restrict the choice of potential half gadgets for small stars
to the set A and still have at least (1/4− 4η)n many of them. If a vertex is a potential
half gadget for both sides of the i-th pair it is an ordinary gadget for the i-th pair. If x
is adjacent to Pi and x′ is adjacent to P ′i these two form a split gadget for the i-th pair
if either x is adjacent to (`′i)

− and `′i or x
′ is adjacent to `−i and `i. This is the case for

most potential half gadgets if the vertices on one side belong to a large star as leaves
of large stars are adjacent to all but ηn vertices in A ∪ C. If the leaves on both sides
belong to small stars we choose the gadgets from A by de�nition. But then each leaf
is adjacent to all but ηn many vertices in A. In both cases we �nd (1/4− 6η)n many
potential half gadgets for each side that guarantee the existence of the two additional
edges. We now �nd an assignment of gadgets to sockets that leaves few sockets empty.
In a �rst step we greedily �ll sockets with ordinary gadgets. If no more ordinary

gadgets can be found the sets of potential half gadgets for all remaining pairs are
disjoint. We had k/2 many pairs in the beginning and that we have found go many
ordinary gadgets. Thus k/2 − go pairs (with k/2 ≤ (1/4 + η)n) remain and each leaf
in those pairs has at least (1/4 − 6η)n − go ≥ (k/2 − go) − 7ηn many potential half
gadgets.
Thus we can apply Proposition 6.17 to an appropriate auxiliary graph to �nd an

assignment of potential half gadgets to the sockets that leaves at most 14ηn sockets
(half) open. All other gs ≥ k/2 − go − 14ηn sockets receive split gadgets. This uses
another 2gs many vertices from A ∪ C. All in all we have found

6go + 8gs ≥ 4
(
1
2
k − 14ηn

)
+ 2go + 4gs
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edges from gadgets towards F ′.

In the next step we connect the vertices a1, a2 to open leaves of F . Here a leaf is
called open for a1 if it is a leaf `i with the highest index in its star or the leaf paired
with this `i. It is called open for a2 if it is a leaf `′i with the highest index in its star or
the leaf paired with this `′i. The only exception to this scheme appears when a pair of
leaves is open for both a1 and a2. Instead of adding all four edges to this pair we only
add three of them. The fourth edge (from a1) instead goes to the leaf with the highest
index in the star containing `i+1, where the leaves `i are ordered cyclically. Indeed,
there is a planar embedding of the star forest with its gadgets and all edges from ai to
their respective open leaves. This gives another two edges per star (see Figure 6.7).

a1

a2

Figure 6.7: Connecting up two leaves per star to a1 and/or a2.

In case (2) this construction collides with the edges of the star that that has leaves
on both sides. However, we only lose two edges in total because of this collision � one
for each ai.

Similarly we connect both ai to all their neighbours among the vertices of stars with
only two vertices (which we removed in the beginning). Together this adds another

2(|F \ F ′|+ (|F ′| − k)− 4ηn) ≥ n− 2k − 8ηn (6.17)

edges to H as deg(ai, B ∪D) ≥ n/2− 2ηn ≥ |B ∪D| − 4ηn.

After the assignment of gadgets there might be vertices left in A∪C. Those will be
treated with the help of b1 and b2. We simply connect each bi to as many of the left
over vertices as possible. There are at least (1/2− η)n− go− 2gs left over vertices and
the bi have at least

n− 4ηn− 2go − 4gs (6.18)

edges towards these vertices.

For the cases (1) and (2) the construction of H is complete at this point. Note that
H is indeed planar. We sum up the terms (6.16), (6.17), and (6.18) and obtain

e(H) ≥ e(F ) + 2n− 68ηn . (6.19)
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a1

a2

Figure 6.8: A pairing and gadgets for a giant star.

If we are in case (3) there is one giant star in F that has more than half of the total
leaves in F . Let us assume that this star has even more leaves than its center has
neighbours in A ∪ C. Since F was a minimal star cover it follows that each leave did
not have any other neighbour in A ∪ C. Hence we have |A ∪ C| = |B ∪ D| + 1. We
move the center of the giant star to B ∪ D and have |B ∪ D| > |A ∪ D| afterwards.
Hence we can exchange the rôles of A ∪ C and B ∪ D and again �nd a minimal star
cover. It could be that this star cover again has a giant star that has more leaves than
its center has neighbours in A ∪ C. Then we once more move the center to B ∪D. It
is easy to see that (after exchanging the rôles of A∪C and B ∪D once more) there is
no giant star with more leaves then center neighbours. We now pair up all other stars
against the giant star. The resulting pairs are treated as in the previous cases, i.e., we
�nd ordinary/split gadgets for those pairs. For the half-sockets of the giant star that
did not receive a pairing we take a di�erent approach, seeking only one half of a split
gadget (see Figure 6.8). Finally we connect a vertex from A to all leaves that did not
get paired up.

We now calculate how many edges this construction yields. The giant star has at
most d half-sockets, where d = dA∪C(x) and x is the center of the giant star, and at
most 4ηn of the neighbours of x in A∪C are not neighbours of some pair of leaves of the
giant star. On the other hand, the stars in Q contain at most |B∪D|/2 ≤ n/4+ηn half-
sockets, each with at least |A|− 6ηn ≥ n/4− 6ηn potential half-gadgets. Furthermore,
at most 4ηn pairs of potential half-gadgets for each (half-)socket do not admit the
required additional two edges for a split gadget. Thus we can certainly �nd split
gadgets (and half-gadgets for the unpaired leaves of the giant star) covering all but at
most 15ηn sockets and half sockets. Suppose that we use go ordinary gadgets, gs split
gadgets and gh half-gadgets. Then the number of edges in gadgets is 6go + 8gs + 3gh.
Furthermore, from a1 we obtain at least 2c(Q) edges, where c(Q) is the number of
stars in Q, and from a2 we obtain at least gh edges. Finally, we put the remaining
|A ∪ C| − (go + 2gs + gh) vertices into a bipartite graph with b1 and b2 containing at
least 2(|A ∪ C| − (go + 2gs + gh)) − 4ηn edges. Summing up all terms and including
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the edges from F we obtain a planar graph H with at least

e(F ) + 2|A ∪ C|+ 4go + 4gs + 2gh + 2c(Q)− 4ηn

≥ e(F ) + |A ∪ C|+ 2(`(F )− 30ηn) + 2c(Q)− 4ηn

≥ e(F ) + 2|A ∪ C|+ 2(|F | − 1)− 64ηn

≥ e(F ) + 2n− 65ηn

edges. We conclude that also in case (3) we have

e(H) ≥ e(F ) + 2n− 65ηn . (6.20)

Recall that we assumed that F was a benign star cover of G[B ∪ D]. Such a star
cover need not exist in general. However Lemma 6.29 says that we �nd a star cover
F of G[B ∪ D] and a subgraph F ∗ ⊆ F with e(F ∗) ≥ e(F ) − 2ηn. We apply our
construction for H to this graph F ∗ and obtain a planar graph H∗ ⊆ G with

pl(n, dn/2e) ≥ e(H∗) ≥ e(H)− 2ηn ≥ 2.25n− 70ηn .

Here the last inequality follows from (6.19) and (6.20) and the fact that e(F ) ≥ |B ∪
D|/2 ≥ n/4.

At this point the proof of Theorem 6.2 is complete except for the assumption that
the star cover F is a benign star cover. The remainder of this section proves that
we can indeed assume that (b1) or (b2) holds for a star cover F of G[B ∪ D]. More
precisely we show that G[B ∪D] with δ(G[B ∪D]) ≥ 1 has a star cover F such that
an almost spanning subgraph F ′ ⊆ F satis�es (b1) or (b2) for each component.

Recall that a star is called large if it has at least 2/η many leaves. Else it is called
small.

Lemma 6.29
Let η > 0 be given. Then there is an n0 such that the set of vertices of every graph
G = (V,E) with |V | = n ≥ n0, δ(G) > n/2 and pl(G) < (a− 15η)n can be partitioned
into sets V = A ·∪B ·∪C ·∪D such that properties (1)�(4) of Lemma 6.7 (with a = 2.25)
hold. Then there exist subsets B′ ⊆ B and D′ ⊆ D with the following properties.

|(B ∪D) \ (B′ ∪D′)| ≤ 2ηn

and G[B′ ∪D′] has a star cover F ∗ such that

(b1) every center v of a large star in F ∗ has deg(v,A ∪ C) ≥ 1
2
|A ∪ C| and every leaf

w has deg(w,A ∪ C) ≥ |A ∪ C| − ηn,

(b2) every vertex in a small star in F ∗ has deg(v, A) ≥ |A| − ηn,

(b3) e(F ∗) ≥ e(F )− 2ηn for some star cover F of G[B ∪D].
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Proof of Lemma 6.29. Let η > 0 be given and choose n0 as in Lemma 6.7 with pa-
rameters η3/4 and a = 2.25. Now let G have the properties required by the lemma.
In particular assume pl(G) ≤ (2.25 − 15η)n ≤ (2.25 − 15

4
η3)n. Then G has a working

partition V = A ·∪B ·∪C ·∪D with parameters a = 2.25 and η3/4 by Lemma 6.7. We
proceed in three steps to �nd subsets B′ ⊆ B and D′ ⊆ D with and a star cover F ∗ of
B′ ∪D′ with the promised properties.

Finding a suitable star cover F of G[B ∪ D]. If follows from the minimum
degree of G and |B ∪D| ≥ n/2 that G[B ∪D] has minimum degree at least 1. Thus
there is a star cover F in G[B ∪ D] by Proposition 6.28. However, we will want to
choose such a star cover with certain useful properties. To this end, given a graph
H we de�ne the degree sequence of H to be the (unique, non-monotone-) decreasing
sequence of integers (d1, d2, . . . , d|H|) such that there is a bijection f : V (H) → [|H|]
with degH(x) = df(x) for all x ∈ V (H). Suppose we have a second graph H ′ on the
same vertex set with degree sequence d′1, . . . , d

′
|H|. We say that H is lexicographically

smaller than H ′ if there is j ∈ [|H|] with di = d′i for all 1 ≤ i < j and dj < d′j. This
gives us a partial order on star covers (two partitions are non-comparable if they have
the same degree sequence). Now let F be a lexicographically minimal star cover of
G[B ∪D].

Fixing large stars. The aim of this step is to make sure that each large star
satis�es property (b1). First note that every center v of a large star in F satis�es
deg(v, A ∪C) ≥ n/4 ≥ 1

2
|A ∪C| by condition (1) of Lemma 6.7. So assume that there

is a large star in F that has a leaf w with deg(w,A∪C) < |A∪C| − ηn. Then w must
have more than ηn neighbours in B ∪D. At least one of those neighbours must be a
center of a star with less than 2/η − 1 leaves or a leaf itself. So we remove w from its
current star and attach it to the small star or to the leaf. In the latter case we also
remove the leaf from its star thus forming an isolated edge. The star forest obtained
is lexicographically smaller than F which contradicts our choice of F .

Fixing small stars. In this step we remove all vertices from B∪D which lie in small
stars that violate condition (b2), i.e., that contain a vertex v with deg(v,A) < |A|−ηn.
Let B′∪D′ be the set of remaining vertices. Obviously, F ∗ := F [B′∪D′] is a star forest
in which every star satis�es either (b1) or (b2). It remains to show that |(B ∪ D) \
(B′ ∪D′)| ≤ 2ηn. So let M be the set of vertices v ∈ B ∪D with deg(v,A) < |A| − ηn.
Since every vertex w ∈ A has deg(w,B∪D) ≥ (1/2−η3/2)n ≥ |B∪D|−η3n it follows
that |W | ≤ η2n. Therefore, we erase at most (2/η)η2n = 2ηn vertices in small stars
and |(B ∪D) \ (B′ ∪D′)| ≤ 2ηn follows.

As |(B∪D)\(B′∪D′)| ≤ 2ηn and F ∗ is a spanning star cover in B′∪D′ we conclude
that condition (b3) holds as

e(F ∗) ≥ e(F )− 2ηn ≥
(

1

4
− 2η

)
n .

Lemma 6.29 says that while G[B ∪D] may not contain a star cover which is benign,
we can always choose an almost spanning subset B′ ∪D′ ⊆ B ∪D that has a benign
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6 Large planar subgraphs in dense graphs (I)

star cover. We then use the construction from the proof of Theorem 6.2 on the (almost
spanning) partition A ·∪B′ ·∪C ·∪D′ and obtain nearly the same number of edges.

6.4 Concluding remarks

It would be interesting to obtain tight versions of Theorem 6.2 and Theorem 6.3 for
all values of m. We believe that the following should be true.

Conjecture 6.30
For every m ∈ N we have

pl(2m− 1,m) ≥ 4.5m− 4 ,

pl(2m,m+ 1) ≥ 5m− 4

Note that the di�erence of 1 to the upper bounds of Theorem 6.1 is due to parity
issues. Another direction of research would be the case d = o(n). If follows from
Theorem 6.1 that pl(n, 1) = dn/2e and pl(n, 2) = n while pl(n, no(1)) = (1 + o(1))n.
Kühn, Osthus, and Taraz showed the following.

Theorem 6.31 (Theorem 1 of [74])
For every 0 < ε < 1 there is n0 such that

pl(n, 1500
√
n/ε2) ≥ (2− ε)n

for every n ≥ n0.

Their proof relies on the fact that a minimum degree of order Θ(
√
n) forces the

existence of many copies of C4. At the same time graphs with girth larger than four do
not contain planar subgraph with more than 5/3n vertices. We conjecture that that
the existence of cycles of a given length governs the evolution of planarity.

Conjecture 6.32
For every k there exist constants c(k), C(k) such that

pl(n,C(k)nc(k)) =

(
2k + 1

2k − 1
+ o(1)

)
n .

This c(k) is the in�mum over all exponents which force every n-graph with minimum
degree nc(k) to contain a cycle of length at most 2k.

Another direction of research is to generalise the parameter pl(n, d) from planar
subgraphs to subgraphs from other monotone properties. One such question could be:
�What is the the maximum number of edges a subgraph can have without containing
a �xed minor?�
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7 Large planar subgraphs in dense
graphs (II)

7.1 Introduction

A way to reformulate typical questions in extremal graph theory is the following. Given
a property P and an edge density (or minimum vertex degree, etc.), what is the `largest'
member of P which must be contained in an n-vertex graph G with the given density?
For many problems in extremal graph theory, the property P is somewhat trivial (for
example, in Turán's theorem, P is the set of cliques). However this is not always the
case: for example, in the Erd®s-Stone [38] theorem, P is the set of complete r-partite
graphs, and the problem of determining the `largest' complete r-partite subgraph re-
mains active, with most recently results and generalisations due to Nikiforov [78]. In
2005, Kühn, Osthus and Taraz [74] suggested the study of the property P consisting
of all planar graphs, which, while well-studied in other parts of graph theory, have
received relatively little attention from extremal graph theorists.

A plane graph is a drawing of a graph in the plane with no crossing edges. A graph
is called planar if it has a plane graph drawing. The planarity of a graph G is de�ned
as the maximum number of edges in a planar subgraph of G. We denote the planarity
of G by pl(G). Kühn, Osthus and Taraz [74] investigated the connection between the
minimum degree δ(G) and planarity pl(G) of a graph G by studying the parameter

pl(n, d) := min{pl(G) : |G| = n, δ(G) ≥ d}.

Among other results they proved the following theorem.

Theorem 7.1
For each γ > 0 there exists nγ such that pl(n, (2/3 + γ)n) = 3n − 6 for every integer
n ≥ nγ.

This was later improved by Kühn and Osthus [71] to the following result with the
optimal bound on the minimum degree.

Theorem 7.2
There exists n2 such that pl(n, (2/3)n) = 3n− 6 for every integer n ≥ n2.

More recently, Cooley, �uczak, Taraz and Wür� [27] showed the following threshold
behaviour of pl(n, d) at minimum degree d = n/2.
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7 Large planar subgraphs in dense graphs (II)

Theorem 7.3
For every µ > 0 there exists nµ such that, for every n ≥ nµ, we have that

pl(n, dn/2e) ≥ (2.25− µ)n for n odd,

and

pl(n, n/2 + 1) ≥ (2.5− µ)n for n even.

This indeed constitutes a threshold behaviour since pl(n, bn/2c) ≤ 2n − 4 for all
integers n as one can see from the class of complete bipartite graphs. For smaller
values of d one does not observe such rapid changes in the planarity. Indeed, Kühn,
Osthus, and Taraz [74] showed that pl(n, d) varies only by a constant term for the
whole range of d = γn with γ ∈ (0, 1/2).

Theorem 7.4
For each γ > 0 there is C = C(γ) such that pl(n, γn) ≥ 2n− C for every integer n.

For γ < 1/2 this is optimal up to the value of the constant C. For γ ≥ 1/2 the above
statement trivially holds: a Hamilton cycle with chords from one vertex on the inner
face and from another vertex on the outer face proves that every n-vertex graph with
minimum degree at least n/2 has a planar subgraph with 2n− 4 edges. So it is natural
to ask whether there are values γ < 1/2 such that C(γ) = 4. We answer this in the
a�rmative as we determine the optimal value of C(γ) for all 0 < γ < 1/2.

Theorem 7.5
For every γ ∈ (0, 1/2) there exists nγ such that pl(n, γn) = 2n− 4k for every n ≥ nγ,
where k ∈ N is the unique integer such that k ≤ 1/(2γ) < k + 1. Hence, C(γ) =
4b1/(2γ)c for n ≥ nγ.

Note that the constants are best possible for the given minimum degree condition:
the graph consisting of k disjoint copies of Kt,t has 2kt vertices, is t-regular, and has no
planar subgraph with more than 4kt − 4k edges because Kt,t has no planar subgraph
with more than 4t− 4 edges.

7.2 Tools and lemmas

Our main tools in the proof are variants of the Regularity Lemma [90] and the Blow-up
Lemma [62]. In order to formulate the versions that we will use, we �rst introduce some
terminology.
Let G = (V,E) be a graph and let ε, d ∈ (0, 1]. For disjoint nonempty sets U,W ⊂ V ,

we denote by e(U,W ) the number of edges between U and W , and de�ne the density
of the pair (U,W ) as d(U,W ) := e(U,W )/|U ||W |. A pair (U,W ) is ε-regular if

|d(U ′,W ′)− d(U,W )| ≤ ε
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7.2 Tools and lemmas

for all U ′ ⊂ U and W ′ ⊂ W with |U ′| ≥ ε|U | and |W ′| ≥ ε|W |. If the pair (U,W ) is
ε-regular and has density at least d, then we say that (U,W ) is (ε, d)-regular.
An ε-regular partition of G = (V,E) is a partition V0 ·∪V1 ·∪ . . . ·∪Vr of V with |V0| ≤

ε|V |, |Vi| = |Vj| for all i, j ∈ [r] := {1, . . . , r}, and such that, for all but at most εr2

pairs (i, j) ∈ [r]2, the pair (Vi, Vj) is ε-regular.
We say that an ε-regular partition V0 ·∪V1 ·∪ . . . ·∪Vr of a graph G is an (ε, d)-regular

partition if the following is true. For every i ∈ [r] and every vertex v ∈ Vi, there are at
most (ε+ d)n edges incident to v which are not contained in (ε, d)-regular pairs of the
partition.
Given an (ε, d)-regular partition V0 ·∪V1 ·∪ . . . ·∪Vr of a graph G, we de�ne a graph R,

called the reduced graph of the partition of G, where R = (V (R), E(R)) has V (R) =
{V1, . . . , Vr} and ViVj ∈ E(R) whenever (Vi, Vj) is an (ε, d)-regular pair. We will
usually omit the partition, and simply say that G has (ε, d)-reduced graph R. We call
the partition classes Vi with i ∈ [r] clusters of G. Observe that our de�nition of the
reduced graph R implies that, for T ⊂ V (R), we can, for example, refer to the set

⋃
T ,

which is a subset of V (G).
In our proof, we require the minimum degree form of the Regularity Lemma.

Lemma 7.6 (Regularity Lemma, minimum degree form)
For all positive ε, d and γ with 0 < ε < d < γ < 1 there is r1 such that every graph G
on n > r1 vertices with minimum degree δ(G) ≥ γn has an (ε, d)-reduced graph R on r
vertices such that r ≤ r1 and δ(R) ≥ (γ − d− ε)r.

Lemma 7.6 is an easy consequence of the original Regularity Lemma of Szemerédi [90].
Its proof can be found, for example, in [74, Proposition 9].
Now we outline our proof strategy for Theorem 7.5. First, we apply Lemma 7.6 to

a given n-vertex graph G with minimum degree at least γn and obtain the reduced
r-vertex graph R whose minimum degree is almost as large as γr. Then we need to
distinguish two cases.
If any component of R has less than 2δ(R) vertices, then it contains a triangle. Using

this triangle we will �nd a small triangulation T (that is, a plane graph whose every
face is a triangle) in G, and Theorem 7.4 will guarantee a subgraph S of the rest of
the graph G− V (T ) such that the disjoint union of S and T has at least 2n edges.
It follows that each component of R has at least 2δ(R) > r/(k + 1) vertices, and

thus R has at most k components. These components correspond to k well-connected
subgraphs of G and cover almost all vertices of G. In each subgraph we will �nd a
quadrangulation (a plane graph whose every face has four edges) which has a certain
`accepting' property that allows the few remaining vertices to be inserted. We conclude
that there is a collection of at most k vertex-disjoint quadrangulations covering all the
vertices of G. Since every quadrangulation on m vertices has 2m−4 edges, the theorem
follows.
As one can see from the above outline, our argument divides into two cases, depend-

ing on whether the reduced graph R has a small component or not. In each case we
shall need some embedding results, which we now describe in detail.
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7 Large planar subgraphs in dense graphs (II)

When the reduced graph R does have a small component, we will need the following
embedding result, an easy case of the Counting Lemma (see, for example, Theorem 2.1
in [69]).

Lemma 7.7
For each d > 0 and s ∈ N there exist ε > 0 and m0 such that whenever m ≥ m0

the following holds. Let U, V,W be three pairwise disjoint vertex sets each of size m.
Suppose that each pair forms an (ε, d)-regular pair in a graph G. Then G contains
every 3-partite triangulation on s vertices.

In the case that R has no small components, we will construct quadrangulations.
For this we shall use a version of the Blow-up Lemma. In order to state this result,
we need a further de�nition. A pair of disjoint sets of vertices U and W in a graph
G is called (ε, δ)-super-regular if it is ε-regular, each vertex u ∈ U has at least δ|W |
neighbours in W , and each w ∈ W has at least δ|U | neighbours in U .
The original version of the Blow-up Lemma, due to Komlós, Sárközy and Sze-

merédi [62], showed that, for the purposes of embedding graphs of bounded degree,
super-regular pairs behave like complete bipartite graphs. In our proof, we will need to
embed (planar) graphs with growing degrees, which is generally a very di�cult prob-
lem. Fortunately for us, planar graphs are examples of arrangeable graphs, for which
a suitable extension of the Blow-up Lemma [62] has recently been proven by Böttcher,
Kohayakawa, Taraz and Wür�.

De�nition 7.8 (a-arrangeable)
Let a be an integer. An n-vertex graph is called a-arrangeable if its vertices can be
ordered as (x1, . . . , xn) in such a way that∣∣∣N(N(xi) ∩ {xi+1, xi+2, . . . , xn}

)
∩ {x1, x2, . . . , xi}

∣∣∣ ≤ a

for each 1 ≤ i ≤ n.
Here, for a set of vertices S, we denote by N(S) the set of those vertices not in S

that are adjacent to some vertex in S.

Chen and Schelp showed that planar graphs are 761-arrangeable [22]; Kierstead
and Trotter [57] improved this to 10-arrangeable. Thus, the following theorem of
Böttcher, Kohayakawa, Taraz and Wür� [16] can be used to embed planar graphs
whose maximum degree is not too large.

Theorem 7.9 (Arrangeable Blow-up Lemma)
For all a,∆R, κ ∈ N and for all δ > 0 there exists ε > 0 such that for every integer r
there is n0 such that the following is true for every n1, . . . , nr with n0 ≤ n =

∑
ni and

ni ≤ κ · nj for all i, j ∈ [r].
Let R be a graph of order r with ∆(R) < ∆R. Assume that we are given a graph

G with a partition V (G) = V1 ·∪ . . . ·∪Vr and a graph H with a partition V (H) =
X1 ·∪ . . . ·∪Xr with |Vi| = |Xi| = ni such that (Vi, Vj) is an (ε, δ)-super-regular pair
for every ij ∈ E(R) and such that all edges of H run between sets Xi, Xj for which
ij ∈ E(R). Further assume that H is a-arrangeable and has ∆(H) ≤

√
n/ log n. Then

there exists an embedding ϕ : V (H)→ V (G) of H to G such that ϕ(Xi) = Vi.
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We will embed planar graphs into a large well connected subgraphs of G. These
subgraphs will correspond to spanning trees of components of R. However, to be able
to use Theorem 7.9, we shall need spanning trees whose maximum degree is bounded.
This is the purpose of the following lemma.

Lemma 7.10
Given k ∈ N, let R be a connected graph with minimum degree at least v(R)/(2k).
Then R has a spanning tree with maximum degree 8k.

Proof. We de�ne the score of a spanning tree T of R to be the sum of the squares
of the degrees of vertices in T . Let T be a spanning tree of R with minimum score.
Observe that T has less than v(R)/(4k) vertices of degree 8k, since the sum of the
vertex degrees of T is 2v(R)− 2.
Suppose that there is a vertex u of T whose degree in T exceeds 8k. Observe that

the removal of u from T disconnects T into more than 8k components, one of which,
C, has less than v(R)/(8k) vertices. Let v be the neighbour of u which is in C. Now
v has at least v(R)/(2k) neighbours in R, of which less than v(R)/(8k) are in C and a
further less than v(R)/(4k) are of degree at least 8k. It follows that v has a neighbour
u′ in R which is not in C and whose degree is less than 8k. Let T ′ be obtained from T
by deleting uv and inserting u′v. Then T ′ is still a spanning tree of v. Each vertex of
T ′ has the same degree as in T except for u and u′, which have respectively lost and
gained one neighbour. It follows that the score of T ′ is smaller than that of T , which
by contradiction completes the proof.

Finally, we need to specify which planar graphs we will embed into our spanning
trees.
Let H = (V,E) be a plane graph. We say that a k element subset V ′ ⊆ V forms a

bag of order k in H if there is {x1, x2} ⊆ V \ V ′ such that V ′ ∪ {x1, x2} induces a copy
of K2,k in H and all inner faces of H[V ′ ∪ {x1, x2}] are also faces of H. We call the
vertices of V ′ which are not in the outer face the interior vertices of the bag.

x1

u u′

x2

x1

u u′

x2

Figure 7.1: A bag of order k = 6; the same bag reordered and with an insertion of
` = 6 vertices.

Observe that we can reorder the interior vertices of a bag without a�ecting the
planarity of H. A bag is thus a very convenient structure into which one can put
further vertices: if some vertex v (not in H) is adjacent in a supergraph G of H to
any two interior vertices u, u′ of a bag, then we can redraw H such that u and u′ are
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7 Large planar subgraphs in dense graphs (II)

consecutive in the bag, and insert v and uv, u′v to obtain H ′. If H is a quadrangulation,
then H ′ is still a quadrangulation contained in G. Furthermore, if v1, . . . , v` /∈ V (H)
are all adjacent to u and u′ in G, then we can insert all these vertices and edges to u
and u′, and still obtain a subgraph H ′′ of G which is a quadrangulation. Furthermore,
v1, . . . , v` then form a bag of order ` in H ′′. This will be particularly useful in the proof
of the following lemma.

Lemma 7.11
Let T be a tree of order r ≥ 2, n ≥ (16r)3, and let G be an n-vertex graph with the
parition V1 ·∪ . . . ·∪Vr of its vertex set such that |Vi| ≤ 2|Vj| for all i 6= j and G[Vi, Vj]
is a complete bipartite graph whenever ij ∈ E(T ).
Then G contains a plane quadrangulation H with maximum degree ∆(H) ≤ n1/3 + 2

as a spanning subgraph. Furthermore, all but at most 9n2/3 vertices of H are contained
in a collection of pairwise disjoint bags each of order in the interval [n1/3/2, n1/3].

Proof. We �rst prove that G has a quadrangulation H with ∆(H) ≤ n1/3 + 2 by
induction on r. So assume that r = 2 and G is a bipartite graph with partite sets
V1, V2. We partition Vi into sets Wi,j with sizes |Wi,j| ≤ n1/3 as equal as possible. The
plane graph H is constructed as follows. Take x1, x2 ∈ W1,1 and all of W2,1 and embed
the graph induced by these vertices into the plane. Let y1, y2 ∈ W2,1 lie in the same
face and embed W1,1 \ {x1, x2} into this face connecting each vertex to y1 and y2. We
continue greedily embedding setsWi,j into faces with two vertices of degree 2 from V3−i
and adding all edges in between. This process does not stop before all vertices of G
have been embedded into the plane. The resulting graph H is a quadrangulation with
∆(H) ≤ n1/3 + 2.
Now assume that r > 2 and 1r ∈ E(T ). Further assume that we have embedded

V1 ·∪ . . . ·∪Vr−1 this way and obtained a quadrangulation H ′ on V \ Vr. We extend H ′

to a quadrangulation H on V as follows. Again partition Vr into sets Wr,i of size at
most n1/3. For each i, pick a pair of vertices u, u′ in V1 that have degree 2 and lie in
the same face in H ′. Embed all vertices from Wr,i into this face and connect these to
u, u′. Since |V1| ≥ n/(2r − 1) > 8n2/3, we do not run out of pairs in V1.
It remains to show that most vertices lie in a collection of large disjoint bags. Recall

that the planarity of H is preserved if we reorder the embedding in such a way that
all vertices in Wi,j of degree 2 in H form a bag. Since there are at most 2n2/3 many
sets Wi,j, all but at most 4n2/3 many vertices lie in pairwise disjoint bags. Some of
these bags might be small, i.e., they might have order less than 1

2
n1/3. Assume that

the bag in Wi,j is small. Note that |Wi,j| ≥ 9
10
n1/3 by construction. Thus at least 1

5
n1/3

pairs from Wi,j have been used to embed other sets Wi′,j′ . But there are at most 2n2/3

many sets Wi,j. Hence, at most 10n1/3 bags are small. Consequently, all but at most
4n2/3 + 10n1/3 · 1

2
n1/3 ≤ 9n2/3 vertices lie in disjoint bags of size at least 1

2
n1/3.
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7.3 Proof of Theorem 7.5

7.3 Proof of Theorem 7.5

Given γ > 0, let k ∈ N be such that k ≤ 1/(2γ) < k+1. We set β = γ−1/(2(k+1)), δ =
β/8, d = β/4 and s = C(β) + 6, where C(β) is the constant returned by Theorem 7.4.
Next we choose ε such that 2ε is su�ciently small to apply Theorem 7.9 with a = 10,
∆R = 8(k + 1) + 1 and κ = 2. We further insist that

ε ≤ min
{ β

8(k + 1) + 1
,

1

16(k + 1)
,

1

105k4(8(k + 1) + 2)

}
.

Let r1 be the parameter returned by Lemma 7.6 for d and ε as chosen. Let n0 ≥
max

{
(16r1)

3, 6(k + 1)s
}
be su�ciently large so that Theorem 7.9 applies with any

r ≤ r1.
Suppose that n ≥ (4k) · n0 and let G be an n-vertex graph with minimum degree

δ(G) ≥
(

1
2(k+1)

+ β
)
n. By Lemma 7.6 there is an (ε, d)-regular partition V (G) =

V0 ·∪ . . . ·∪Vr with r ≤ r1 such that the corresponding reduced graph R satis�es δ(R) ≥(
1

2(k+1)
+ β/2

)
r. We distinguish two cases.

Case 1: R has a component with less than 2δ(R) vertices. In this case R contains a
triangle. It follows by Lemma 7.7 that G contains a triangulation T on s vertices, which
has 3s−6 edges. The graph G−V (T ) has minimum degree at least

(
1

2(k+1)
+β)n−s ≥

βn, where the last inequality is by our choice of n0. Therefore, by Theorem 7.4,
G − V (T ) contains a planar subgraph S with at least 2(n − s) − C(β) edges. Then
G contains the disjoint union of S and T , which is planar and has at least 2n − 2s −
C(β) + 3s− 6 ≥ 2n edges (by choice of s) as required.
Case 2: Every component of R has at least 2δ(R) > r/(k + 1) vertices. It follows

that R has c ≤ k components. We will show that we can cover G with c vertex-
disjoint quadrangulations, which implies that G contains a planar subgraph with at
least 2n− 4c ≥ 2n− 4k edges as required.
Let C be a component of R, and T be its spanning tree with maximum degree

8(k + 1) guaranteed by Lemma 7.10. Let Vi be any cluster of C and ij ∈ T . Observe
that, by the (ε, d)-regularity of (Vi, Vj), at most ε|Vi| vertices do not have at least
(d−ε)|Vj| neighbours in Vj. It follows that we can remove from each cluster Vi at most
8(k + 1)ε|Vi| vertices and obtain a set V ′i whose every vertex has at least (d − ε)|Vj|
neighbours in each Vj such that ij ∈ T . Since (8(k + 1) + 1)ε ≤ β/8 and d− δ = β/8,
if ij ∈ T , then each vertex in V ′i has at least δ|V ′j | neighbours in V ′j . Moreover, since
8(k + 1)ε ≤ 1/2, for each i we have |V ′i | ≥ |Vi|/2. Consequently, the pair (V ′i , V

′
j )

is 2ε-regular (see [69, Fact 1.5]) and, since |Vi| = |Vj|, we also have |V ′i | ≤ 2|V ′j | for
each i, j. It follows that each edge ij of T corresponds to a (2ε, δ)-super-regular pair
(V ′i , V

′
j ), and the cluster sizes are not too unbalanced, as required for Theorem 7.9.

Let G′ be a graph whose vertex set is the union of the sets V ′i , i ∈ C and whose
edges are all edges between V ′i and V

′
j whenever ij ∈ T . Note that G′ has nC vertices,

where nC satis�es

n ≥ nC ≥ 2δ(R)
(
1− 8(k + 1)ε

)(1− ε)n
r

≥ n

4k
≥ n0.
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7 Large planar subgraphs in dense graphs (II)

By Lemma 7.11, G′ contains a plane quadrangulation H in which the maximum degree
is at most nC1/3 + 2 ≤ n1/3 + 2, and in which at most 9n

2/3
C vertices are not contained

in bags of order between 1
2
nC

1/3 ≥ (n/32k)1/3 and n
1/3
C ≤ n1/3. By Theorem 7.9, H

can be embeded into the subgraph of G induced on
⋃
C.

Repeating this for each component we obtain c vertex disjoint quadrangulations
H1, . . . , Hc in G, together with a collection B1, . . . , B` of pairwise disjoint bags of order
at least (n/32k)1/3 covering all but at most 9

∑
C n

2/3
C ≤ 9n2/3 vertices of

⋃
i∈[r] V

′
i . In

particular, we have that 1
2
n2/3 < ` ≤ (32k)1/3n2/3.

Let L be the set of vertices in none of the quadrangulations. Observe that every
vertex in L is either in V0 or in Vi \V ′i for some i; therefore, it follows that |L| ≤ (8(k+
1)+1)εn. We say that a bag Bi is good for u ∈ L if u has at least n1/3/(32k2) neighbours
in Bi. Since (8(k+ 1) + 1)εn+ 9n2/3 ≤ βn, each vertex u ∈ L has at least n/(2(k+ 1))
neighbours contained in B1∪ · · ·∪B`. Of these at least n/(2(k+ 1))− ` ·n1/3/(32k2) ≥
n/(6k) lie in bags that are good for u. Hence, at least n2/3/(6k) ≥ `/(24k2) of the
bags Bi are good for u. We now assign vertices Li of L to each bag Bi sequentially as
follows. From the collection of unassigned vertices of L for which Bi is good, we assign
Li to be any n1/3/(128k2) of them if this is possible, and all of them if not. Suppose
that after carrying out this procedure there is a vertex u of L which is not in any Li.
Then it must be the case that for each Bi good for u, we have |Li| = n1/3/(128k2). But
there are at least `/(24k2) such Bi, and `/(24k2) ·n1/3/(128k2) > (8(k+1)+1)εn ≥ |L|,
(where the �rst inequality is by choice of ε) which is a contradiction.
We then work as follows. For each bag Bi, we reorder the interior vertices of Bi such

that the �rst vertex of Li is adjacent to the �rst and second interior vertices of Bi, the
second vertex of Li to the third and fourth, and so on. Because each vertex of Li has at
least n1/3/(32k2) neighbours in Bi, and |Li| ≤ n1/3/(128k2), this is possible. We now
insert, for each j, the jth vertex of Li to the interior face of Bi containing the (2j−1)st
and 2jth interior vertices, and add the edges to those two vertices. Let the plane graphs
so constructed be H ′1, . . . , H

′
c. By construction, these graphs are vertex disjoint and

cover G, and since Hi was a quadrangulation, so H ′i is also a quadrangulation for each i.
The disjoint union of H ′1, . . . , H

′
c is then a planar subgraph of G with 2n−4c ≥ 2n−4k

edges, as required.

7.4 Concluding remarks

There remain several open questions on planar graphs. In particular, it is possible that
in Theorem 7.5 the constant nγ can be taken to be an absolute constant provided γ �
n−1/2. Note that this is a natural lower bound since there are bipartite graphs without
4-cycles of minimum degree Θ(n1/2). Another possibility would be to investigate the
behaviour of the planarity function pl(n, γn) for γ ∈ (1/2, 2/3] in more detail. Finally,
one could ask these questions if the constraint imposed is that of edge density rather
than minimum degree.
More generally, one could replace `planar graphs' by some other property � topo-

logically de�ned, or by forbidden minors, for example.
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8 Homogeneous sets in graphs
without an induced copy of C5

8.1 Introduction and results

In this chapter we investigate classes of graphs that are de�ned by forbidding certain
substructures. LetH be such a class. We focus on two related goals: to approximate the
cardinality of H and to determine the structure of a typical graph in H. In particular,
we add the additional constraint that all graphs in H must have the same density c
and would like to know how the answer to these questions depends on the parameter c.
The quantity |Hn| where Hn := {G ∈ H : V (G) = [n]} is also called the speed

of H. Often exact formulas or good estimates for |Hn| are out of reach. In these
cases, however, one might still ask for the asymptotic behaviour of the speed of H.
One prominent result in this direction was obtained by Erd®s, Frankl and Rödl [36]
who considered properties Forb(F ) de�ned by a single forbidden (weak) subgraph F .
They proved that for each graph F with χ(F ) ≥ 3 the class Forbn(F ) of n-vertex
graphs that do not contain F as a subgraph satis�es |Forbn(F )| = 2ex(F,n)+o(n2) where
ex(F, n):= (χ(F ) − 2)

(
n
2

)
/(χ(F ) − 1). In other words, if χ(F ) ≥ 3 then the speed of

Forb(F ) asymptotically only depends on the chromatic number of F .
Here we are interested in features of the picture at a more �ne grained scale. More

precisely, we �x a density 0 < c < 1 and are interested in the number |Hn(c)| of graphs
on n vertices with property H and density c. Let Forbn(F, c)= Forbn(F ) ∩ Gn(c)
where Gn(c) is the set of all graphs on vertex set [n] with bc

(
n
2

)
e edges. Here bxe

denotes the nearest integer to x. For the sake of readability, we will always assume
in the following that c

(
n
2

)
is an integer since rounding issues would not a�ect our

asymptotic considerations.
Straightforward modi�cations of the proof of the theorem of Erd®s, Frankl and

Rödl [36] yield the following bounds for |Forbn(F, c)|. Let F be a graph with χ(F ) = r.
For all c ∈ (0, r−2

r−1) we have

lim
n→∞

log2 |Forbn(F, c)|(
n
2

) = r−2
r−1 H

(
r−1
r−2c

)
, (8.1)

where H(x) is the binary entropy function, that is, for x ∈ (0, 1) we set H(x) :=
−x log2 x − (1 − x) log2(1 − x). Here we denote by log2 the logarithm to base 2.
Notice that limn→∞ log2 |Forbn(F, c)|/

(
n
2

)
= 0 for c > r−2

r−1 by the theorem of Erd®s and
Stone [38].
The analogous problem for a graph class Forb∗(F ) (or Forb∗n(F ) respectively), char-

acterised by a forbidden induced subgraph F , is more challenging and was �rst con-
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8 Homogeneous sets in graphs without an induced copy of C5

sidered by Prömel and Steger [81]. They speci�ed a graph parameter, the so-called
colouring number χ∗(F ) of F , that serves as a suitable replacement of the chromatic
number in the theorem of Erd®s, Frankl and Rödl. More precisely, they showed that
|Forb∗n(F )| = 2ex∗(F,n)+o(n2) with ex∗(F, n):=

(
χ∗(F )− 2

)(
n
2

)
/
(
χ∗(F )− 1

)
where χ∗(F )

is de�ned as follows. A generalised r-colouring of F with r′ ∈ [0, r] cliques is a partition
of V (F ) into r′ cliques and r − r′ independent sets. The colouring number χ∗(F ) is
the largest integer r + 1 such that there is an r′ ∈ [r] for which F has no generalised
r-colouring with r′ cliques. For example, we have χ∗(C5) = 3 and χ∗(C7) = 4.
This naturally extends to hereditary graph properties, i.e., classes of graphs H which

are closed under isomorphism and taking induced subgraphs (and may therefore be
characterised by possibly in�nitely many forbidden induced subgraphs). Let F(r, r′)
denote the family of all graphs that admit a generalised r-colouring with r′ cliques.
Then the colouring number of H is

χ∗(H) := max{r + 1: F(r, r′) ⊂ H for some r′ ∈ [0, r]} ,

and we set ex∗(H, n) :=
(
χ∗(H) − 2

)(
n
2

)
/
(
χ∗(H) − 1

)
. Observe that this de�nition

implies χ∗
(
Forb∗(F )

)
= χ∗(F ). And indeed Alekseev [1], and Bollobás and Thoma-

son [13] generalised the result of Prömel and Steger to arbitrary hereditary graph
properties H and showed that |Pn | = 2ex∗(H,n)+o(n2).
More precise estimates for the speed were given for monotone properties H (prop-

erties that are closed under isomorphisms and taking subgraphs) by Balogh, Bollobás,
and Simonovits [11] who showed that 2ex∗(H,n) ≤ |Hn| ≤ 2ex∗(H,n)+cn log2 n for some con-
stant c, and for hereditary properties H by Alon, Balogh, Bollobás, and Morris [4] who
proved 2ex∗(H,n) ≤ |Hn| ≤ 2ex∗(H,n)+n2−ε

for some ε = ε(H) > 0 and n su�ciently large.
Prömel and Steger [79, 80] gave even more precise results for the speed of Forb∗n(C4) and
Forb∗n(C5) which they determined up to a factor of 2O(n). In fact, they showed in [80]
that almost all graphs in Forb∗n(C5) are generalised split graphs, that is, graphs of a
rather simple structure which are de�ned as follows. We say that a graph G = (V,E)
admits a generalised clique partition if there is a partition V = V1 ·∪ . . . ·∪Vk of its vertex
set such that G[Vi] is a clique and for i > j > 1 we have e(Vi, Vj) = e(Vj, Vi) = 0. A
graph G is a generalised split graph if G or its complement admit a generalised clique
partition.
It is illustrative to compare this result to the celebrated strong perfect graph theo-

rem [23]. A graph G is perfect if χ(G′) equals the clique number ω(G′) for all induced
subgraphs G′ of G. The strong perfect graph theorem asserts that all graphs with-
out induced copies of odd cycles C2i+1, i > 1 and without induced copies of their
complements C2i+1 are perfect. Using this characterisation, it is easy to see that gen-
eralised split graphs are perfect. Consequently the result of Prömel and Steger implies
that already almost all graphs without induced C5 are perfect (observe that C5 is
self-complementary).
In this chapter, we consider induced C5-free graphs of density c and provide bounds

for their number. In the spirit of the result by Prömel and Steger we also relate this
quantity to the number of n-vertex perfect graphs and generalised split graphs with
density c.
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8.1 Introduction and results

De�nition 8.1
We de�ne the following graph classes:

C(n, c) := Forb∗n(C5, c) := Forb∗n(C5) ∩ Gn(c) ,

P(n, c) :=
{
G ∈ Gn(c) : G is perfect

}
,

S(n, c) :=
{
G ∈ Gn(c) : G is a generalised split graph

}
.

Observe that for all n and c ∈ [0, 1] we have S(n, c) ⊂ P(n, c) ⊂ C(n, c). Our �rst
main result now bounds the multiplicative error term between |S(n, c)| and |C(n, c)|.
In order to state this we de�ne the following function. Let

h(c) :=


H(2c)/2 if 0 < c < 1

4
,

1/2 if 1
4
≤ c ≤ 3

4
,

H(2c− 1)/2 otherwise .

(8.2)

Note that the classes of all generalised split graphs, all perfect graphs, and all graphs
without induced C5 are closed under taking complements. Hence, e.g., |C(n, c)| =
|C(n, 1 − c)| for all c ∈ (0, 1) and h is in fact symmetric in (0, 1). Further note that
H(|2c− 1|)/2 = h(c) for c < 1/4 or c > 3/4.

Theorem 8.2
For all c ∈ (0, 1) we have

lim
n→∞

log2 |C(n, c)|(
n
2

) = lim
n→∞

log2 |P(n, c)|(
n
2

) = lim
n→∞

log2 |S(n, c)|(
n
2

) = h(c) .

The full proof of this theorem uses Szemerédi's Regularity Lemma and can be found
in [21]. A sketch of the proof is given in Section 8.2.
We remark that Bollobás and Thomason [14] studied related questions of a more

general type (see also the references in [14] for earlier results in this direction). They
were interested in the probability PH := P[G(n, p) ∈ H] of an arbitrary hereditary
property H in the probability space G(n, p) and showed that for any H there are very
simple properties H∗ which closely approximate H in the probability space G(n, p). In
this context, our Theorem 8.2 estimates the probability of H = Forb∗n(C5) in the prob-
ability space G(n,m) with m = c

(
n
2

)
and states that H = Forb∗n(C5) is approximated

by the property H∗ of being a generalised split graph in G(n,m). The actual value of
the probability PH was estimated by Marchant and Thomason in [76] for several prop-
erties H, such as H = Forb∗n(C5) (see [76, 91]). The probabilities P[G(n, p) ∈ H] and
P[G(n,m = p

(
n
2

)
) ∈ H] are related (but not identical), and we discuss their relation in

Section 8.4.

Let us now move from the question of approximating cardinalities to determining
the structure of a typical element in Forb∗n(C5). A well-known conjecture by Erd®s
and Hajnal [37] states that any family of graphs that does not contain a certain �xed
graph F as an induced subgraph must contain a homogeneous set, i.e. a clique or a
stable set, which is of size at least some positive power of the number of vertices.
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8 Homogeneous sets in graphs without an induced copy of C5

The conjecture is known to be true for certain graphs F , but open, among others, for
F = C5 (see [48]). However, Loebl, Reed, Scott, Thomason, and Thomassé [75] recently
showed that for any graph F almost all graphs in Forb∗n(F ) have a homogeneous set
of size at least some positive power of n. Moreover, they ask for which graphs F it is
true that almost all graphs in Forb∗n(F ) do indeed have a linearly sized homogeneous
set.
It may seem at �rst sight that our estimates derived in Theorem 8.2, carrying an

o(n2) term in the exponent, are too rough to tell us something about the structure
of almost all graphs in Forb∗n(C5) or Forb∗n(C5, c). However, we can combine them
with the ideas of [75] to answer the question of Loebl, Reed, Scott, Thomason, and
Thomassé in the a�rmative for the case F = C5. In fact, we can prove this assertion
even in the case where we, again, restrict the class to graphs with a given density.

Theorem 8.3
For η > 0 denote by Forb∗n,η(F, c) the set of graphs G ∈ Forb∗n(F, c) with hom(G):=
max{α(G), ω(G)} < ηn. Then for every 0 < c < 1 there exists η > 0 such that

|Forb∗n,η(C5, c)|
|Forb∗n(C5, c)|

→ 0 (n→∞).

We provide the proof of this theorem in Section 8.3.
Similar statements as in Theorem 8.2 and 8.3, for forbidden graphs F other than C5,

seem to require more work.

8.2 Concepts in the proof of Theorem 8.2

This section contains techniques and results from the proof of Theorem 8.2 that are
relevant for the proof of Theorem 8.3. However, we do not present the full proof of
Theorem 8.2 as those results have been obtained in [93]. The self-contained version of
Section 8.2 can be found in [21].

This section is organised as follows. We start with a lemma on the lower bound
of Theorem 8.2 in Section 8.2.1. For the upper bound we need some preparations:
We shall apply Szemerédi's Regularity Lemma, which is introduced in Section 8.2.2.
In Section 8.2.3 we prepare the tools that allow us to count graphs with a forbidden
induced subgraph. In Section 8.2.4, �nally, we prove the upper bound of Theorem 8.2.

Section 8.2.3 and Section 8.2.4 contain many concepts that are crucial for the for the
proof of Theorem 8.3 which we present in Section 8.3. We omitted proofs whenever
later arguments do not explicitly refer to them. Those proofs can be found in [21].

8.2.1 The lower bound of Theorem 8.2

The following lemma constitutes the lower bound of Theorem 8.2. The bound given
can be obtained by explicitly constructing a class of generalised split graphs of su�cient
size.
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8.2 Concepts in the proof of Theorem 8.2

Lemma 8.4
For all c, γ ∈ (0, 1) there is n0 such that for all n ≥ n0 we have

|S(n, c)| ≥ 2h(c)(
n
2)−γ(

n
2) .

We will use the following bound for binomial coe�cients (see, e.g., [55]). For every
γ > 0 there exists n0 such that for every integer m ≥ n0 and for every real c ∈ (0, 1)
we have

2mH(c)−γm ≤
(
m

cm

)
≤ 2mH(c) . (8.3)

We call the term −γm in the �rst exponent the error term of Equation (8.3).

8.2.2 Regularity

In order to prove the upper bound from Theorem 8.2, i.e.,

|C(n, c)| ≤ 2h(c)(
n
2)+γ(

n
2),

we will analyse the structure of graphs in C(n, c) by applying a variant of the Regularity
Lemma suitable for our purposes.

Lemma 8.5 (Regularity Lemma, [90])
For all ε > 0 and k0 there is k1 such that every graph G = (V,E) on n ≥ k1 vertices
has an ε-regular partition V = V0 ·∪V1 ·∪ . . . ·∪Vk with k0 ≤ k ≤ k1.

The strength of this lemma becomes apparent when it is complemented with corre-
sponding embedding lemmas, such as the following (see, e.g., [68]).

Lemma 8.6 (embedding lemma)
For every d > 0 and every integer k there exists ε > 0 with the following property.
Let H be a graph on k vertices v1, . . . , vk. Let G be a graph. Let V1, . . . , Vk be clusters
of an (ε, d)-regular partition of G with reduced graph R = ([k], ER). If there is a
homomorphism from H to R, then H is a subgraph of G.

8.2.3 Embedding induced subgraphs

We remark that the concepts and ideas presented in this section are not new. They
were used for various similar applications, e.g., by Bollobás and Thomason [14] or
Loebl, Reed, Scott, Thomason, and Thomassé [75], as well as for di�erent applications
such as property testing, e.g., by Alon, Fischer, Krivelevich and Szegedy [7], or Alon
and Shapira [8].

We start with an embedding lemma for induced subgraphs, which allows us to �nd
an induced copy of a graph F in a graph G with reduced graph R if F is an induced
subgraph of R (see, e.g., [7]).
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8 Homogeneous sets in graphs without an induced copy of C5

Lemma 8.7 (injective embedding lemma for induced subgraphs)
For every d > 0 and every integer k there exists ε > 0 such that for all f ≤ k the
following holds. Let V1, . . . , Vf be clusters of an ε-regular partition of a graph G such
that for all 1 ≤ i < j ≤ f the pair (Vi, Vj) is ε-regular. Let F = (VF , EF ) be a graph
on f vertices and let g : VF → [f ] be an injective mapping from F to the clusters of G
such that for all 1 ≤ i < j ≤ f we have d(Vi, Vj) ≥ d if {g−1(i), g−1(j)} ∈ E(F ) and
d(Vi, Vj) ≤ 1− d if {g−1(i), g−1(j)} 6∈ E(F ). Then G contains an induced copy of F .

In contrast to Lemma 8.6, this lemma allows us only to embed one vertex per cluster
of G. Our goal in the following will be to describe an embedding lemma for induced
subgraphs which allows us to embed more than one vertex per cluster. Observe �rst,
that for this purpose we must have some control over the existence of edges respectively
non-edges inside clusters of a regular partition of G. This can be achieved by applying
the following lemma to each of these clusters. It is not di�cult to infer this lemma
from the Regularity Lemma (Lemma 8.5) by applying Turán's theorem and Ramsey's
theorem (see, e.g., [7]).
We use the following de�nition. An (µ, ε, k)-subpartition of a graph G = (V,E)

is a family of pairwise disjoint vertex sets W1, . . . ,Wk ⊆ V with |Wi| ≥ µ|V | for
all i ∈ [k] such that each pair (Wi,Wj) with {i, j} ∈

(
k
2

)
is ε-regular. A (µ, ε, k)-

subpartition W1, . . . ,Wk of G is dense if d(Wi,Wj) ≥ 1
2
for all {i, j} ∈

(
k
2

)
, and sparse

if d(Wi,Wj) <
1
2
for all {i, j} ∈

(
k
2

)
.

Lemma 8.8
For every k and ε there exists µ > 0 such that every graph G = (V,E) with n ≥ µ−1

vertices either has a sparse or a dense (µ, ε, k)-subpartition.

The idea for the embedding lemma for induced subgraphs F of G now is as follows.
We �rst �nd a regular partition of G. By Lemma 8.7, if a regular pair (Vi, Vj) in this
partition is very dense then we can embed edges of F into (Vi, Vj), if it is very sparse
then we can embed non-edges of F , and if its density is neither very small nor very
big then we can embed both edges and non-edges of F . Moreover, Lemma 8.8 asserts
that each cluster either has a sparse or a dense subpartition. In the �rst case we can
embed non-edges inside this cluster, in the second case we can embed edges.
This motivates that we want to tag the reduced graphs with some additional in-

formation. For this purpose we colour an edge of the reduced graph white if the
corresponding regular pair is sparse, grey if it is of medium density, and black if it is
dense. Moreover we colour a cluster white if it has a sparse subpartition and black
otherwise. We call a cluster graph that is coloured in this way a type. The following
de�nitions make this precise.

De�nition 8.9 (coloured graph, type)
A coloured graph R is a triple (VR, ER, σ) such that (VR, ER) is a graph and σ : VR ∪
ER → {0, 12 , 1} is a colouring of the vertices and the edges of this graph where σ(VR) ⊂
{0, 1}. Vertices and edges with colour 0, 1

2
, and 1 are also called white, grey, and

black, respectively.
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8.2 Concepts in the proof of Theorem 8.2

Let G = (V,E) be a graph and let V = V0 ·∪V1 ·∪ . . . ·∪Vk be an ε-regular partition
of G with reduced graph ([k], ER). The (ε, ε′, d, k′)-type R corresponding to the partition
V0 ·∪V1 ·∪ . . . ·∪Vk is the coloured graph R = ([k], ER, σ) with colouring

σ({i, j}) =


0 if d(Vi, Vj) < d ,

1 if d(Vi, Vj) > 1− d ,
1
2

otherwise ,

for all {i, j} ∈ ER and

σ(i) =

{
0 if G[Vi] has a sparse (µ, ε′, k′)-subpartition ,

1 if G[Vi] has a dense (µ, ε′, k′)-subpartition ,

for all i ∈ [k], where µ is the constant from Lemma 8.8 for input k′ and ε′. In this case
we also simply say that G has (ε, ε′, d, k′)-type R.

By the discussion above a combination of the Regularity Lemma, Lemma 8.5, and
Lemma 8.8 gives the following.

Lemma 8.10 (type lemma)
For every ε, ε′ ∈ (0, 1

2
) and for all integers k′, k0 there are integers k1 and n0 such

that for every d > 0 every graph G on at least n0 vertices has an (ε, ε′, d, k′)-type
R = ([k], ER, σ) with k0 ≤ k ≤ k1 and with at most εk2 non-edges.

For formulating our embedding lemma we need one last preparation. We generalise
the concept of a graph homomorphism to the setting of coloured graphs.

De�nition 8.11 (coloured homomorphism)
Let F = (VF , EF ) be a graph and R = (VR, ER, σ) be a coloured graph. A coloured
homomorphism from F to R is a mapping h : VF → VR with the following properties.

(a ) If u, v ∈ VF and h(u) 6= h(v) then {h(u), h(v)} ∈ ER.

(b ) If {u, v} ∈ EF then

h(u) = h(v) and σ(h(u)) = 1, or h(u) 6= h(v) and σ
({
h(u), h(v)

})
∈ {1

2
, 1}.

(c ) If {u, v} /∈ EF then

h(u) = h(v) and σ(h(u)) = 0, or h(u) 6= h(v) and σ
({
h(u), h(v)

})
∈ {0, 1

2
}.

If there is a coloured homomorphism from F to R we also write F
σ→ R.

The following embedding lemma states that a graph F is an induced subgraph of a
graph G with type R if there is a coloured homomorphism from F to R. This lemma
is, e.g, inherent in [8]. For completeness we provide its proof below.

Lemma 8.12 (embedding lemma for induced graphs)
For every pair of integers k, k′ and for every d ∈ (0, 1) there are ε, ε′ > 0 such that
the following holds. Let f ≤ k′ and G be a graph on n vertices with (ε, ε′, d, k′)-type R
on k vertices. Let F be an f -vertex graph such that there is a coloured homomorphism
from F to R. Then F is an induced subgraph of G.
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8 Homogeneous sets in graphs without an induced copy of C5

8.2.4 The upper bound of Theorem 8.2

The following lemma constitutes the upper bound of Theorem 8.2.

Lemma 8.13
For all c, γ ∈ (0, 1) there is n0 such that for all n ≥ n0 we have

|C(n, c)| ≤ 2h(c)(
n
2)+γ(

n
2) .

The idea of the proof of Lemma 8.13 is as follows. We proceed in three steps. Firstly,
we start by applying the Regularity Lemma to all graphs in C(n, c). For each of the
regular partitions obtained in this way there is a corresponding type, and in total we
only get a constant numberK of di�erent types. Secondly, we continue with a structural
analysis of the possible types R for graphs from C(n, c) and infer from Lemma 8.12
that R cannot contain a triangle all of whose edges are grey (see Lemma 8.14). Thirdly,
we prove that a coloured graph without such a grey triangle can only serve as a type
for at most UB(n) graphs on n vertices (see Lemma 8.15). Multiplying UB(n) with K
then gives the desired bound.
We start with the second step.

Lemma 8.14
For every integer k′ ≥ 5 and every d > 0 there exist εL8.14, ε

′
L8.14

> 0 such that for
every 0 < ε ≤ εL8.14 and every 0 < ε′ ≤ ε′

L8.14
the following is true. If G is a graph

whose (ε, ε′, d, k′)-type R contains three grey edges forming a triangle then G has an
induced C5.

Next, we show an upper bound on the number of graphs on n vertices with a �xed
type R, where R does not contain a triangle with three grey edges. We use the following
de�nition.

R(R, ε, ε′, d, k′, n, c) :=
{
G ∈ G(n, c) : G has (ε, ε′, d, k′)-type R

}
. (8.4)

We stress that R(R, ε, ε′, d, k′, n, c) and R(R′, ε, ε′, d, k′, n, c) may have non-empty in-
tersection for R 6= R′.

Lemma 8.15
For every c with 0 < c ≤ 1

2
, and every γ > 0 there exist εL8.15, d0 > 0 and integers

nL8.15, k0 such that for all positive d ≤ d0, ε ≤ εL8.15, ε
′, and all integers k ≥ k0, k

′,
n ≥ max{k, nL8.15} the following holds. If R is a coloured graph of order k which has
at most εk2 non-edges and does not contain a triangle with three grey edges, then

|R(R, ε, ε′, d, k′, n, c)| ≤ 2h(c)(
n
2)+γ(

n
2) .

Proof. Let c, γ be given. Choose εL8.15, d0, k0 such that max{4εL8.15, H(d0),
1
k0
} ≤ γ

5
.

Let nL8.15 be large enough to guarantee log2(nL8.15 + 1) ≤ γ
5
(nL8.15 − 1). Let ε ≤ εL8.15,

ε′, d ≤ d0, k ≥ k0, k′, n ≥ max{nL8.15, k} be given.
Let R = ([k], ER, σ) be a coloured graph which has at most εk2 non-edges and does

not contain a triangle with three grey edges. We shall count the number of graphs in
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R(R, ε, ε′, d, k′, n, c) by estimating the number of equipartitions V0 ·∪ . . . ·∪Vk of [n], the
number of choices for edges with one end in the exceptional set V0 and edges in pairs
(Vi, Vj) such that {i, j} 6∈ ER, the number of choices for edges in clusters Vi such that
i is white or black in R, and the number of choices for at most c

(
n
2

)
edges in pairs

(Vi, Vj) such that {i, j} is a white, black, or grey edge of R.
The number of equipartitions V0 ·∪ . . . ·∪Vk of [n] is bounded by

(k + 1)n = 2n log2(k+1) ≤ 2n log2(n+1) ≤ 2
γ
5 (n2). (8.5)

Let us now �x such an equipartition. There are at most εn2 possible edges that have at
least one end in V0 and at most ε

2
n2 possible edges in pairs (Vi, Vj) such that {i, j} 6∈ ER.

Thus there are at most
2

3
2
εn2 ≤ 24ε(n2) (8.6)

possible ways to distribute such edges. In addition, the number of ways to distribute
edges in clusters Vi corresponding to white or black vertices of R is at most

2k(
n/k
2 ) ≤ 2

1
k(

n
2) (8.7)

By de�nition, white edges of an (ε, ε′, d, k′)-type correspond to pairs with density at
most d and black edges correspond to pairs with density at least (1−d). Hence, by the
symmetry of the binomial coe�cient the number of ways to distribute edges in pairs
(Vi, Vj) such that {i, j} is a white or a black edge of R is at most

( (n
k

)2
d
(
n
k

)2)(k2)

≤ 2(k2)(
n
k )

2
H(d) ≤ 2H(d)(n2) . (8.8)

For later reference we now sum up the estimates obtained so far. The product of
(8.5)�(8.8) gives less than

2( γ5+4ε+H(d)+ 1
k)(

n
2) ≤ 2

4
5
γ(n2) (8.9)

choices for the partition V0 ·∪ . . . ·∪Vk and for the distribution of edges inside such a
partition, except for the pairs (Vi, Vj) corresponding to grey edges of R.
It remains to take the grey edges Eg of R into account. By assumption Eg does not

contain a triangle. Hence, by Turán's Theorem (see, e.g., [92]) we have |Eg| ≤ k2

4
. It

follows that there are at most k2

4

(
n
k

)2
= n2

4
possible places for edges in Eg-pairs (Vi, Vj),

i.e., pairs such that {i, j} ∈ Eg. Hence the number Ng of possible ways to distribute

at most c
(
n
2

)
edges to Eg-pairs is at most c

(
n
2

)(n2/4

c(n2)

)
. If c < 1

4
then this gives

Ng ≤ 2
1
2(n2)H(2c)+γ(n2) , (8.10)

and if 1
4
≤ c ≤ 1

2
then

Ng ≤ 2
n2

4 ≤ 2
1
2(n2)+

γ
5 (n2) . (8.11)
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8 Homogeneous sets in graphs without an induced copy of C5

Combining (8.10) and (8.11) and recalling the de�nition of h(c) in (8.2) gives

Ng ≤ 2h(c)(
n
2)+

γ
5 (n2) . (8.12)

Multiplying (8.9) and (8.12) gives the desired upper bound

|R(R, ε, ε′, d, k′, n, c)| ≤ 2h(c)(
n
2)+

γ
5 (n2)+

4
5
γ(n2) = 2h(c)(

n
2)+γ(

n
2) .

8.3 The proof of Theorem 8.3

Our proof of Theorem 8.3 consists of the following steps. We start, similarly as in the
proof of Theorem 8.2, by constructing for each graph G in Forb∗n,η(C5, c) a type R of
size independent of n with the help of the type lemma, Lemma 8.10. Next, we consider
each cluster Vi of a partition of V (G) corresponding to R separately. We shall show
that the fact that G does not contain homogeneous sets of size ηn implies that G[Vi] has
many vertex disjoint induced copies of P3, the path on three vertices, or many vertex
disjoint induced copies of the anti-path P 3, the complement of P3 (see Lemma 8.16).
Many induced copies of P3 or P 3 in two clusters Vi and Vj, however, limit the number of
possibilities to insert edges between Vi and Vj without inducing a C5 (see Lemma 8.17).
Combining this with the proof strategy from Theorem 8.2 will give us an upper bound
for the number of graphs from Forb∗n,η(C5, c) with type R (see Lemma 8.18). Finally,
comparing this upper bound with the lower bound on |Forb∗n(C5, c)| from Theorem 8.2
will lead to the desired result.

We start by proving that graphs without big homogeneous sets contain many vertex
disjoint induced P3 or P 3.

Lemma 8.16
Let G be a graph of order n with hom(G) ≤ n/6. Then one of the following is true.

(i ) G contains n/6 vertex disjoint induced copies of P3, or

(ii ) G contains n/6 vertex disjoint induced copies of P 3.

Proof. Let G be an n-vertex graph with hom(G) ≤ n/6. Select a maximal set of
disjoint copies of P3. If this set consists of less than n/6 paths then there is a subgraph
G′ ⊆ G with v(G′) = n/2 that has no induced P3 and thus is a vertex disjoint union
of cliques Q1, . . . , Q`. We claim that in G′ we can �nd n/6 vertex disjoint induced P 3,
which proves the lemma.
Indeed, since hom(G) ≤ n/6 we have ` ≤ n/6 and for each i ∈ [`] we have qi :=
|Qi| ≤ n/6. This implies

∑
i∈[`]bqi/2c ≥

1
2
(n
2
− n

6
) = n/6. It follows that we can �nd a

set of n/6 vertex disjoint edges E = {e1, . . . , en/6} in these cliques in the following way.
We �rst choose as many vertex disjoint edges in Q1 as possible, then in Q2, and so on,
until we chose n/6 edges in total. Let Qk be the last clique used in this process. Then
for each clique Qi with i < k at most one vertex was unused in this process, and in Qk
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8.3 The proof of Theorem 8.3

possibly several vertices were unused. Let X be the set of all these unused vertices
together with all vertices from

⋃
k<i≤`Qi. Clearly |X| = n/6.

We consider the auxiliary bipartite graph B = (X ∪ E,EB) with {x, e} ∈ EB for
x ∈ X and e ∈ E i� x and e do not lie in the same clique of G′. We verify Hall's
condition for B. So let Y ⊆ X. If Y 6⊆ Qi for all i we have |N(Y )| = |E| = |X| ≥ |Y |.
Else if Y ⊆ Qi for some i then |N(Y )| ≥ |E|−(|Qi|−|Y |)/2 ≥ n/6−n/12+|Y |/2 ≥ |Y |
since |Y | ≤ n/6. It follows that B has a perfect matching, which means that there are
n/6 vertex disjoint induced P 3 in G′ as claimed.

Now suppose we are given a graph G with vertex set V1 ·∪V2 and no edges between
V1 and V2. Let further H1 and H2 be such that for i ∈ [2] the graph Hi induces a
copy of P3 or P 3 in G[Vi]. Observe that, no matter which combination of P3 or P 3

we choose, we can create an induced C5 in G by adding appropriate edges between H1

and H2. Since we are interested in graphs without induced C5 this motivates why we
call (H1, H2) a dangerous pair of (V1, V2).
Our next goal is to use these dangerous pairs in order to derive an upper bound

on the number of possibilities to insert edges between V1 and V2 without creating an
induced copy of C5 if we know that (V1, V2) contains many dangerous pairs. In order
to quantify this upper bound in Lemma 8.17 we use the following technical de�nition.
We de�ne R(c) = c4(1− c)4 and the function r : (0, 1)→ R+ with

r(c) =
1

72


R(2c) if c < 1

4
,

(1/4)4 if c ∈ [1
4
, 3
4
],

R(2c− 1) otherwise.

(8.13)

Recall in addition the de�nition of the function h(c) from (8.2).

Lemma 8.17
For every 0 < c0 ≤ 1

2
there is n0 such that for all c with c0 ≤ 2c ≤ 1−c0 and n ≥ n0 the

following holds. Let G1 = (V1, E1) and G2 = (V2, E2) be two n-vertex graphs, each of
which contains n/6 vertex disjoint induced copies of P3 or n/6 vertex disjoint induced
copies of P 3. Let G = (V1 ·∪V2, E) be the disjoint union of G1 and G2. Then there are
at most

22n2(h(c)−r(c))

ways to add exactly 2cn2 edges to G that run between V1 and V2 without inducing a C5

in G.

We remark that in the proof of this lemma we are going to make use of the following
probabilistic principle: We can count the number of elements in a �nite set X which
have some property P , by determining the probability that an element which is chosen
from X uniformly at random has property P .

Proof of Lemma 8.17. Given c0 ∈ (0, 1
2
] let n0 be su�ciently large such that

n0e
−2r(c0/2)n2

0 ≤ 2−2r(c0/2)n
2
0 . (8.14)
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8 Homogeneous sets in graphs without an induced copy of C5

Now let c be such that c0 ≤ 2c ≤ 1 − c0. Observe �rst that it su�ces to prove the
lemma for 2c ≤ 1

2
, since induced C5-free graphs are self-complementary and P3 is the

complement of P 3. Hence, we assume from now on that 2c ≤ 1
2
. Observe moreover,

that (8.14) remains valid if c0 is replaced by c since r(c) is monotone increasing in [0, 1
2
].

Let G1, G2, and G be as required.
Our �rst goal is to estimate the probability P ∗ of inducing no C5 in G when choosing

uniformly at random exactly 2cn2 edges between V1 and V2. Instead of dealing with P ∗

directly, we consider the following binomial random graph G(V1, V2, p) with p = 2c : we
start with G and add each edge between V1 and V2 independently with probability p.
Now, let A be the event that G(V1, V2, p) contains exactly 2cn2 edges between V1

and V2, and let B be the event that G(V1, V2, p) contains no induced C5. Observe that
each graph with 2cn2 edges between V1 and V2 is equally likely in G(V1, V2, p) and thus

P ∗ = P[B|A] ≤ P[B]

P[A]
. (8.15)

Hence it su�ces to estimate P[A] and P[B].
We �rst bound P[B]. By assumption there are at least n2/36 dangerous pairs in

(V1, V2). Now �x such a dangerous pair (H1, H2). The probability that (H1, H2) induces
a C5 in G(V1, V2, p) is at least p2(1 − p)4 unless H1 and H2 are both P 3, and at least
p4(1 − p)2 unless H1 and H2 are both P3. Thus (H1, H2) induces a copy of C5 with
probability at least

p4(1− p)4 = (2c)4(1− 2c)4
(8.13)

≥ 72 · r(c) .

Since we can upper bound the probability of B by the probability that none of the
n2/36 dangerous pairs in (V1, V2) induces a C5 in G(V1, V2, p) we obtain

P[B] ≤
(
1− 72 · r(c)

)n2/36 ≤ e−2r(c)n
2

.

Note that the number of edges between V1 and V2 in G(V1, V2, p) is binomially dis-
tributed. Thus by Stirling's formula P[A] ≥ 1/(

√
2πp(1− p)n) ≥ 1/n. By the choice

of n0, combining this with (8.15) gives

P ∗ ≤ n e−2r(c)n
2 (8.14)

≤ 2−2r(c)n
2

. (8.16)

It remains to estimate the number N of ways to choose exactly 2cn2 edges between V1
and V2. We have

N ≤
(
n2

2cn2

)
(8.3)

≤ 22h(c)n2

. (8.17)

This implies that the number of ways to add exactly 2cn2 edges to G that run between
V1 and V2 without inducing a C5 is

P ∗ ·N
(8.16),(8.17)

≤ 2−2r(c)n
2 · 22h(c)n2

.
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Next, we want to show that Lemma 8.17 allows us to derive an upper bound on the
number of graphs G such that (a) G has no large homogeneous sets and (b) G has a
�xed type R which does not contain a triangle with three grey edges. Our aim is to
obtain an upper bound which is much smaller than the bound provided in Lemma 8.15
for the corresponding problem without restriction (a). Lemma 8.18 states that this is
possible. Recall for this purpose the de�nition of R(R, ε, ε′, d, k′, n, c) from (8.4).

Lemma 8.18
For every c with 0 < c ≤ 1

2
, and every γ > 0 there exist ε0, d0 > 0 and an integer k0

such that for all integers k1 ≥ k0, k
′ there is an integer n0 such that for all positive

d ≤ d0, ε ≤ ε0, ε
′, and all integers n ≥ n0 and k0 ≤ k ≤ k1 the following holds. If R

is a coloured graph of order k which has at most εk2 non-edges and does not contain a
triangle with three grey edges, and η = 1/(6k1), then

|R(R, ε, ε′, d, k′, n, c) ∩ Forb∗n,η(C5, c)| ≤ 2(h(c)−r(c))(n2)+γ(
n
2) .

In the proof of this lemma we combine the strategy of the proof of Lemma 8.15 with
an application of Lemma 8.16 to all clusters of a partition corresponding to R, and an
application of Lemma 8.17 to regular pairs of medium density. We shall make use of
the following observation.
Using the de�nition of r(c) from (8.13), it is easy to check that f(c) := h(c) − r(c)

is a concave function for c ∈ (0, 1). Thus f enjoys the following property, which is a
special form of Jensen's inequality (see, e.g., [50]).

Proposition 8.19 (Jensen's inequality)
Let f be a concave function, 0 < c < 1, 0 < ci < 1 for i ∈ [m] and let

∑m
i=1 ci = mc.

Then
m∑
i=1

f(ci) ≤ m · f(c) .

Proof of Lemma 8.18. Let c, γ > 0 be given and choose ε0, d0, k0 and n0 as in the
proof of Lemma 8.15. Let d ≤ d0 and k1 be given and possibly increase n0 so that
n0 ≥ 2k1nL8.17, where nL8.17 is the constant from Lemma 8.17 with parameter d, and so
that

3

4
k21 log2 n0 + 2n0 ≤

γ

10

(
n0

2

)
. (8.18)

If necessary decrease ε0 so that

3ε0 log2

1

c
≤ γ

10
. (8.19)

Let ε ≤ ε0, ε′, n ≥ n0, and k with k0 ≤ k ≤ k1 be given.
Let R = ([k], ER, σ) be a coloured graph which has at most εk2 non-edges and does

not contain a triangle with three grey edges. In the proof of Lemma 8.15 we counted the
number of graphs in R(R, ε, ε′, d, k′, n, c) by estimating the number of equipartitions
V0 ·∪ . . . ·∪Vk of [n], the number of choices for edges with one end in the exceptional
set V0 and edges in pairs (Vi, Vj) such that {i, j} 6∈ ER, the number of choices for edges
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8 Homogeneous sets in graphs without an induced copy of C5

inside clusters Vi (such that i is white or black in R), and the number of choices for at
most c

(
n
2

)
edges in pairs (Vi, Vj) such that {i, j} is a white, black, or grey edge of R.

Now we are interested in the number of graphs in R(R, ε, ε′, d, k′, n, c)∩Forb∗n,η(C5, c).
Clearly, we can use the same strategy, and it is easy to verify that the estimates in
(8.5)�(8.8) and thus in (8.9) from the proof of Lemma 8.15 remain valid in this setting.
From now on, as in the proof of Lemma 8.15, we �x a partition V0 ·∪ . . . ·∪Vk of [n] and
observe that also mg := |Eg| ≤ k2

4
still holds for the grey edges Eg in R. However,

we shall now use Lemma 8.17 to obtain an improved bound on the number of possible
choices for edges in Eg-pairs (Vi, Vj), and use this to replace (8.12) by a smaller bound
on the number Ng of possible ways to distribute at most c

(
n
2

)
edges to Eg-pairs. Since in

the following we do not rely on any interferences between di�erent Eg-pairs, clearly Ng

will be maximal if mg is maximal, and hence we assume from now on that

mg = k2

4
. (8.20)

Let s := |V1| = · · · = |Vk| and observe that

n

k
≥ s ≥ (1− ε)n

k
≥ nL8.17 . (8.21)

By Lemma 8.16, for each cluster Vi of a partition P of a graph in R(R, ε, ε′, d, k′, n, c)∩
Forb∗n,η(C5, c) such that P corresponds to R, we have that Vi contains either s/6 copies
of P3 or s/6 copies of P 3. Hence we will assume from now on, that in our �xed partition
the clusters Vi have this property.
We now upper bound Ng by multiplying the possible ways A to assign at most c

(
n
2

)
edges to one Eg-pair each, and the maximum number B of ways to choose all these
assigned edges in the corresponding pairs, without inducing a C5. First observe that
we have

A ≤
(
c

(
n

2

))mg+1

≤ n3mg
(8.20)

≤ 2
3
4
k2 log2 n . (8.22)

For estimating B, we now assume that we �xed an assignment in which each pair
(Vi, Vj) with {i, j} ∈ Eg is assigned 2ci,js

2 edges. Let ĉ be such that∑
{i,j}∈Eg

2ci,js
2 =: ĉn2 ≤ c

(
n

2

)
. (8.23)

Observe further that, since {i, j} ∈ Eg is a grey edge of R, and we are interested in
counting graphs with a partition corresponding to R we can assume that d ≤ 2ci,j ≤
(1− d). Hence, by (8.21) we can apply Lemma 8.17 with c0 = d to infer that for each
{i, j} ∈ Eg there are at most

Bij ≤ 22s2(h(ci,j)−r(ci,j)) (8.24)

possible ways to choose the 2ci,js
2 edges in (Vi, Vj) without inducing a C5. Now let

2c̃ :=
∑
{i,j}∈Eg 2ci,j/mg and observe that

c̃
(8.23)
= ĉ

n2

2s2mg

(8.21)

≤ ĉ
k2

2(1− ε)2mg

(8.20)

≤ 2(1 + 3ε)ĉ
(8.23)

≤ (1 + 3ε)c ≤ 3

4
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Therefore, since f(x) := h(x) − r(x) is a concave function for x ∈ (0, 1), which is
moreover non-decreasing for x ≤ 3

4
we can infer from Lemma 8.19 that∑

{i,j}∈Eg

f(ci,j) ≤ mg · f(c̃) ≤ mg · f
(
c(1 + 3ε)

) (8.20)
=

k2

4
f
(
c(1 + 3ε)

)
. (8.25)

As h(x) is a convex function with h′(x) ≤ log2(1/x) and r(x) is non-decreasing for
x ≤ 3/4 we have

f
(
c(1 + 3ε)

)
≤ h(c+ 3ε)− r(c) ≤ h(c) + 3εh′(c)− r(c)

(8.19)

≤ h(c)− r(c) +
γ

10
.

Together with (8.24) and (8.25) this implies

B =
∏

{i,j}∈Eg

Bij ≤ 22s2(k2/4)(h(c)−r(c)+γ/10)
(8.21)

≤ 2(n2/2)(h(c)−r(c)+γ/10) ,

which in turn together with (8.22) gives

Ng ≤ 2
3
4
k2 log2 n · 2(n2/2)(h(c)−r(c)+γ/10)

(8.18)

≤ 2(h(c)−r(c))(n2)+(γ/5)(n2) .

By multiplying this with (8.9) from the proof of Lemma 8.15 we obtain

|R(R, ε, ε′, d, k′, n, c) ∩ Forb∗n,1/6k(C5, c)| ≤ 2(h(c)−r(c))(n2)+γ(
n
2) ,

as claimed.

Lemma 8.18 together with the type lemma, Lemma 8.10, implies an upper bound
on |Forb∗n,η(C5, c)|. Now we can combine this with the lower bound on |Forb∗n(C5, c)|
which follows from Lemma 8.4 in order to prove Theorem 8.3.

Proof of Theorem 8.3. Observe �rst that, since C5 is self-complementary, it su�ces to
prove Theorem 8.3 for c ≤ 1/2. Hence we assume c ≤ 1/2 from now on.
We �rst need to set up some constants. Given c ∈ (0, 1

2
], we choose γ > 0 such

that 2γ < r(c). For input c and γ Lemma 8.4 supplies us with a constant nL8.4. We
apply Lemma 8.18 with input c and γ/2 to obtain εL8.18, d0, and k0. Next, we apply
Lemma 8.14 with input d0 and obtain constants εL8.14 and ε′. Let ε := min{εL8.18, εL8.14}.
For input ε, ε′, and k0 Lemma 8.10 returns constants k1 and nL8.10. With this pa-
rameter k1 we continue the application of Lemma 8.18 and obtain nL8.18. Choose
n0 := max{nL8.4, nL8.10, nL8.18,

3√
γ
k1}, assume that n ≥ n0, and set η := 1/(6k1).

Now, for each graph G ∈ Forb∗n,η(C5, c) we apply the type lemma, Lemma 8.10, with
parameters ε, ε′, k0, k′ and d and obtain an (ε, ε′, d, k′)-type R of G on k vertices with
k0 ≤ k ≤ k1 and with at most εk2 non-edges. Let R̃ be the set of types obtained from
these applications of Lemma 8.10. It follows that |R̃| ≤ 4(k12 )2k1 ≤ 2k

2
1 . By Lemma 8.14

applied with d0, ε, and ε′, no coloured graph in R̃ contains a triangle with three grey
edges. Hence by Lemma 8.18 applied with c, γ/2, ε, ε′, n, and k we have∣∣∣R(R, ε, ε′, d, k′, n, c) ∩ Forb∗n,η(C5, c)

∣∣∣ ≤ 2(h(c)−r(c))(n2)+
1
2
γ(n2) .
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8 Homogeneous sets in graphs without an induced copy of C5

Since, by Lemma 8.10,

Forb∗n,η(C5, c) ⊂
⋃
R∈R̃

(
R(R, ε, ε′, d, k′, c, n) ∩ Forb∗n,η(C5, c)

)
we conclude from the choice of n0 that

|Forb∗n,η(C5, c)| ≤ 2k
2
1 · 2(h(c)−r(c))(n2)+

1
2
γ(n2) ≤ 2(h(c)−r(c))(n2)+γ(

n
2) .

On the other hand, by Lemma 8.4 and the choice of n0 we have

|Forb∗n(C5, c)| ≥ 2h(c)(
n
2)−γ(

n
2) .

Since 2γ < r(c) by the choice of γ, this implies that almost all graphs in Forb∗n(C5, c)
satisfy hom(G) ≥ ηn.

8.4 Concluding remarks

G(n,m) versus G(n, p)

Our counting results can be interpreted as probabilities in the random graph model
G(n,m = c

(
n
2

)
). We can reformulate Theorem 8.2 as

P
[
G
(
n,m = c

(
n
2

))
∈ Forb∗n(C5)

]
=
|Forb∗n(C5, c)|
|G(n, c)|

= 2(h(c)−H(c)+o(1))(n2) .

We now compare G(n,m = c
(
n
2

)
) to the standard Erd®s-Rényi model studied by

Marchant and Thomason in [76]. They showed that

P[G(n, p) ∈ Forb∗n(C5)] = 2cp(
n
2)

where cp = 1
2

max{log2 p, log2(1 − p)}. We can now derive the same estimate via
Theorem 8.2: Obviously P[G(n, p) ∈ Forb∗n(C5)] equals

max
c

P
[
e(G(n, p)) = c

(
n
2

)]
· P
[
G(n,m = c

(
n
2

)
) ∈ Forb∗n(C5)

]
· 2o(n2) .

Setting gp(c) = H(c) + c log2 p+ (1− c) log2(1− p) we obtain

P
[
e(G(n, p)) = c

(
n
2

)]
= 2(g(c)+o(1))(n2)

and thus by Theorem 8.2

P[G(n, p) ∈ Forb∗n(C5)] = 2(maxc gp(c)+h(c)−H(c)+o(1))(n2) .

The maximum is attained at c = p/2 for p < 1/2 and c = (p + 1)/2 for p > 1/2. For
p = 1/2 all values c ∈ [1/4, 3/4] are optimal. Inserting the optimal value for c shows
that the exponent is indeed equal to cp as computed in [91]. This indicates that, e.g., a
graph from G(n, 1/4) that happens to be induced C5-free will a.a.s. have (1/8+o(1))

(
n
2

)
edges. Thus the G(n,m) model can also be used to derive that a typical element having
a certain property might be far from a typical element in G(n, p).
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Extensions

The �nal thing to be considered is whether more can be said about Forb∗n(F, c) in the
G(n,m) model. Indeed, there are at least three natural ways to enhance our results.
First one might want to count Forb∗n(F, c) for graphs F other than C5. But already
the case of a forbidden induced C7 is more challenging, as tight upper bounds as in
Lemma 8.15 are not so easy to derive. Furthermore, h(c) does not seem to be unimodal
for C7.
Second it would be interesting to obtain even sharper asymptotic bounds for the

speed of Forb∗n(F, c). In [4], Alon et al. determine the speed of some hereditary prop-
erties up to a subquadratic term in the exponent. We believe that their techniques can
be extended to the case of restricted density.
Finally one might want to prove a much better constant in the size of the linear

homogeneous sets that can be found in almost all graphs in Forb∗n(C5, c). It easily
follows from the fact that almost all graphs in Forb∗n(C5) are generalised split graphs
(see [80]) that also almost all of them have a homogeneous set of size (1/2 − o(1))n.
We believe that the same is true for the density restricted case and that this can be
proven as in Theorem 8.3 combined with a stability type argument. We plan to return
to this in the near future.
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9 Homogeneous sets in graphs
without an induced copy of P4

9.1 Introduction

A well-known conjecture by Erd®s and Hajnal [37] states that any family of graphs
that does not contain a copy of a certain �xed graph F as an induced subgraph must
contain a homogeneous set, i.e. a clique or a stable set, which is of size at least some
positive power of the number of vertices. More formally, we de�ne Forb∗n(F ) to be the
set of all graphs on vertex set [n] without induced subgraph F and we set hom(G):=
max{α(G), ω(G)}, where, as usual, α(G) and ω(G) denote the size of a maximum
independent set and of a maximum clique in a graph G, respectively.

Conjecture 9.1 (Erd®s, Hajnal [37])
For every graph F there exists ε(F ) > 0 such that hom(G) ≥ nε(F ) for all G ∈ Forb∗n(F )
and all n ∈ N.

The conjecture is known to be true for some graphs F , such as all graphs on at most
four vertices, all cliques [37] and the bull graph [24], but open in general (see [48]).1

However, Loebl, Reed, Scott, Thomason, and Thomassé [75] showed that, for any �xed
graph F , almost all graphs in Forb∗n(F ) have a homogeneous set of size at least some
positive power of n. Moreover, they ask for the family of graphs F with the property
that almost all graphs in Forb∗n(F ) have a linearly sized homogeneous set. In light
of this, we say that a graph F has the linear Erd®s-Hajnal property if there exists
c(F ) > 0 such that

lim
n→∞

|{G ∈ Forb∗n(F ) : hom(G) ≥ c(F )n}|
|Forb∗n(F )|

= 1 .

The path P3 on three vertices does not have this property, as the class Forb∗n(P3) is
dominated by graphs which are the disjoint union of cliques of size log n. Hence graphs
in Forb∗n(P3) typically have hom(G) = Θ(n/ log n). On the other hand, Böttcher,
Taraz, and Wür� [21] showed that a cycle on �ve vertices satis�es the linear Erd®s-
Hajnal property, i.e., there is c(C5) > 0 such that almost all graphs G in Forb∗n(C5)
have hom(G) ≥ c(C5)n.
Recently the question of Loebl et. al. was answered for almost all graphs F by Kang,

McDiarmid, Reed, and Scott [56], who showed that almost all graphs F have the linear

1This seems to have changed recently: Sági [88] has announced a proof of the Erd®s-Hajnal conjecture
in November 2012.
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9 Homogeneous sets in graphs without an induced copy of P4

Erd®s-Hajnal property. The smallest graph for which the question has not been settled
in their paper is the case F = P4. This note proves that almost all graphs G in
Forb∗n(P4) do have hom(G) = O(n/ log1−ε n) where ε is an arbitrary positive constant,
and hence P4 does not satisfy the linear Erd®s-Hajnal property. (The class of graphs
Forb∗(P4) is also the class of n-vertex complement reducible graphs, or cographs for
short.)

Theorem 9.2
For every positive ε we have

lim
n→∞

|{G ∈ Forb∗n(P4) : hom(G) ≤ n/ log1−ε n}|
|Forb∗n(P4)|

= 1 .

The proof of Theorem 9.2 relies on the one-to-one correspondence between cographs
and a certain class of trees. The typical structure of these trees can be determined by
means of generating functions, as we shall see in Section 9.2. This structure will help
us �nd an upper bound on the size of homogeneous sets in typical cographs, which
leads to the proof of Theorem 9.2 in Section 9.3.

9.2 Basic facts about cographs

There are several equivalent ways of de�ning the class of cographs, which we introduced
as the class of graphs that do not contain an induced copy of P4. Cographs can also
be de�ned through graph operations usually known as the (disjoint) union and the
join, or (disjoint) sum. Given a family of graphs G1 = (V1, E1), . . . , Gk = (Vk, Ek)
whose vertex sets are mutually disjoint, the disjoint union G1 ∪ · · · ∪ Gk is the graph
with vertex set V = V1 ∪ · · · ∪ Vk and edge set E = E1 ∪ · · · ∪ Ek. The disjoint sum
G1 × · · · ×Gk is the graph obtained from the disjoint union by adding all edges of the
form {x, y} with x ∈ V (Gi) and y ∈ V (Gj) for i 6= j. The class of cographs may be
de�ned recursively as follows:

(R1) The graph on a single vertex is a cograph.

(R2) If G1, . . . , Gk are cographs, so is the disjoint union G1 ∪ · · · ∪Gk.

(R3) If G1, . . . , Gk are cographs, so is the join G1 × · · · ×Gk.

We call the operation from (2) the (disjoint) union of graphs and the operation
from (3) the (disjoint) sum of graphs.
Every cograph on vertex set [n] can be represented as a rooted tree with n leaves

labelled 1 through n and internal vertices that carry either the label �∪� for disjoint
union or �×� for disjoint sum. Given such a tree T , we construct the corresponding
cograph GT by looking at T one level at a time, starting from the bottom and proceed-
ing all the way to the root. A leaf of T corresponds to an isolated vertex in GT that
preserves its label in the tree, while an internal vertex generates, according to its label,
the disjoint union or the disjoint sum of the cographs associated with the branches
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9.2 Basic facts about cographs

containing its children. This representation is unique if we require two things. First
the labels of internal vertices must be alternating along any path in the tree and sec-
ond all internal vertices (including the root, unless it is childless) must have at least
two children. Trees with this property were named cotrees by Corneil, Lerchs, and
Burlingham [28], who introduced this bijection.

We would like to point out that the cotree representation of a cograph G is very
convenient if one wants to determine hom(G). We illustrate this with the following
example. Let G be the disjoint sum of G1, . . . , Gk. (This corresponds to a cotree
whose root has label �×� and with branches associated with G1, . . . , Gk.) Then ω(G) =∑

i∈[k] ω(Gi) and α(G) = maxi∈[k] α(Gi). Hence we can use the cotree to recursively
determine the size of the largest homogeneous set in G.2

We have seen how the cotree of a cograph allows us to easily determine graph pa-
rameters like α, ω, and hom. It is thus natural to study the structure of a typical
cotree. The one-to-one correspondence between cographs and cotrees will then easily
yield bounds on the size of homogeneous sets. As it turns out, the crucial parameter
is the largest component under the root of a cotree. To be more precise, let Cn be
the set of cotrees on n leaves labelled 1 through n whose root is labelled �×" (hence
Cn corresponds to the set of n-vertex connected cographs for all n ≥ 2.). Let Cn
be a cotree drawn uniformly at random in Cn and de�ne L(n) to be the number of
leaves in the largest branch incident with the root of Cn. We may derive asymptotic
information about the distribution of L(n) using the general framework introduced by
Gourdon [47], which leads to the following technical result.

Lemma 9.3
For any �xed integer k we have

lim
n→∞

P[L(n) = n− k] = pk

for some pk > 0. In addition there exist constants κ1, κ2 > 0 such that

E[L(n)] = n− κ1
√
n(1 + o(1)) and Var[L(n)] = κ2n

3/2(1 + o(1)) .

Proof of Lemma 9.3. The proof is based on a general framework introduced by Gour-
don [47], who found the expected size of the largest component of some combinatorial
structure C which may be constructed from some basic decomposition by means of
combinatorial substitution. In our case, let

C def
= cotrees with at least two branches and a root labelled �×� ∪ {ε},

P def
= labelled, connected cographs.

There is a natural bijection between C and P that maps ε to the graph on a single vertex
and a cotree with at least two branches (with a root labelled �×�) to the corresponding
2This property is the reason why largest cliques/stable sets in cographs can be found in linear
time [29].
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9 Homogeneous sets in graphs without an induced copy of P4

connected cograph. Moreover, the set C may be viewed as a set of objects formed by
means of a function Φ that substitutes objects of P inside `atoms', which corresponds to
substituting a labelled cograph for each branch (atom) of the cotree and to partitioning
the set of labels {1, . . . , n} among the branches. We de�ne

C(z)
def
= generating function for C,

P (z)
def
= generating function for P ,

F (w)
def
= generating function for the combinatorial substitution,

i.e., for the function Φ.

In particular we have

C(z) = F (P (z)) (9.1)

and, by de�nition,

C(z) = P (z)− z + 1 and F (w) = ew − w .

Hence (9.1) leads to

2P (z)− z + 1 = exp(P (z)) . (9.2)

We wish to apply Theorem 1 of [47]. To do so, we have to show (among other things)
that P (z) is algebraic-logarithmic, i.e., that it can be written as

P (z) = c−
(

1− z

ρ

)α(
log

1

1− z/ρ

)β
(d+ o(1))

as z tends to the dominant singularity ρ. The dominant singularity of (9.2) is given
by ρ = 2 log 2− 1, and, using methods of singularity analysis (see Flajolet, Salvy, and
Zimmermann [46]), we see that the local expansion of P (z) equals

P (z) = log 2−√ρ
(

1− z

ρ

)1/2

+O(1− z/ρ),

which is algebraic-logarithmic with c = log 2, d =
√
ρ, α = 1/2, and β = 0. Moreover,

[zn]P (z) =

√
3
√

2− 4

4
√
π

1

n3/2

1

(3− 2
√

2)n

(
1 + o

(
1

n

))
. (9.3)

We apply Theorem 1 of [47] to derive that L(n), which is the size of the largest
P-component in a random Φ(P) structure of size n (which is the number of leaves in
a largest subtree under the root of the cotree), tends to the following discrete law:

lim
n→∞

P[L(n) = n− k] =
bkρ

k

ec − 1
= : pk, (9.4)
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with ρ and c given above, and bk = [zk]F ′(P (z)). Note that the bk are easy to calculate
as F ′(P (z)) = exp(P (z)) − 1 = 2P (z) − z by (9.2). From (9.3) and (9.4) we deduce
that

P[L(n) = n− k] = O
(
k−3/2

)
. (9.5)

Moreover, by Corollary 1 of [47],

E[L(n)] = n− κ1
√
n(1 + o(1)) and

Var[L(n)] = κ2n
3/2(1 + o(1)) ,

where the constants κi are given by

κ1 =
dF ′′(c)√
πF ′(c)

=
√
ρ/π,

κ2 =
dF ′′(c)√
πF ′(c)

(
1√
π
−
√
π

4

)
=
√
ρ

(
1

π
− 1

4

)
.

Lemma 9.3 states that most leaves of a typical cotree can be found in a single subtree.
Using this structural property we now derive Theorem 9.2.

9.3 The proof of Theorem 9.2

We derive the statement by a �rst moment argument. Our goal will be to prove the
following lemma.

Lemma 9.4
For every ε > 0, there exists a positive constant C such that

E[hom(G)] ≤ C
n

log1−ε n

if G is drawn uniformly at random from the set of all cographs on vertex set [n].

Lemma 9.4 together with Markov's inequality then easily implies Theorem 9.2 as for
every ε > 0 we have

lim
n→∞

|{G ∈ Forb∗n(P4) : hom(G) ≤ n/ log1−2ε n}|
|Forb∗n(P4)|

≥ 1− lim
n→∞

C

logε n
= 1 .

Hence it remains to prove Lemma 9.4.

Proof of Lemma 9.4. We de�ne ω(n) and α(n) to be the expected values of ω(Cn)
and α(Cn), respectively, where Cn is drawn uniformly at random among all connected
cographs on vertex set [n]. Similarly we de�ne ω(n) and α(n) to be the expected values
of ω(Cn) and α (Cn) when Cn is drawn uniformly at random among all disconnected
cographs on vertex set [n]. Note that ω(Cn) = α

(
Cn
)
, and the fact that cographs

are closed under taking complements implies that ω(n) = α(n) and ω(n) = α(n).
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Hence, E[hom(G)] ≤ ω(n) + α(n) if G is drawn uniformly at random from the set of
all cographs on vertex set [n]. To show Lemma 9.4 it thus su�ces to prove

ω(n) = O

(
n

log1−ε n

)
(9.6)

for every ε > 0.
It is easy to see that every subadditive function ω(n) satis�es one of the following

two conditions.

(R1) For every ε > 0 there is C such that

ω(n) ≤ C
n

log1−ε n
, or

(R2) the function ω(n)(log n)/n is non-decreasing for n su�ciently large.

Indeed, if there is ε > 0 such that for every C there is n with

ω(n) > C
n

log1−ε n

the function ω(n) log1−ε(n)/n tends to in�nity with n→∞. In particular, ω(n)(log n)/n
is non-decreasing for n su�ciently large.
We assume the latter for the rest of this proof.

Claim

ω(n) =
∑
k≥1

ω(n− k)pk +O

( √
n

log2 n

)
, and (9.7)

ω(n) ≤
∑
k≥1

(ω(n− k) + ω(k)) pk . (9.8)

Proof of Claim 9.4.1. The error term O(
√
n/ log2 n) in (9.7) is due to the (unlikely)

case that the largest clique does not reside in the subgraph corresponding to the largest
branch.
Inequality (9.8) is justi�ed by the fact that ω(k) ≤ ω(k) in the case where the cotree

only has two branches (and the smaller branch thus corresponds to a disconnected
cograph on k vertices).

Claim ∑
k≥1

ω(n− k)pk ≤
ω(n)

n

((
n− 2κ1

√
n
(
1 + o(1)

))
+O

( √
n

log n

))
∑
k≥1

ω(k)pk ≤ ω(κ1
√
n) (1 + o(1))
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Proof of Claim 9.4.2. Recall that we have assume that ω(k)(log k)/k is non-decreasing
for all k ≥

√
n/ log2 n. Moreover, we claim that ω(k)/k is non-increasing. To see this

we show that, for every k′ ≥ k, we have

ω(k) ≥ k

k′
ω(k′) . (9.9)

So let Ck′ be drawn uniformly at random from the set of connected cographs on vertex
set [k′] and letM ⊆ [k′] span a maximum clique in Ck′ . Then the expected intersection
of M with [k] has (k/k′)|M | elements. Therefore

E [ω (Ck′ [{1, . . . , k}])] ≥
k

k′
ω(k′)

It follows from linearity of expectation and the fact that cographs are closed under
taking induced subgraphs that

ω(k) = E [ω(Ck)] ≥ E
[
ω
(
Ck′ [{1, . . . , k}]

)]
where Ck is drawn uniformly at random from the set of all connected cographs on [k].
(We do not have equality here because Ck′ [{1, . . . , k}] is not necessarily connected.)
This establishes (9.9).

We derive that

ω(k)

k
≤ ω(κ1

√
n)

κ1
√
n

(
1 +

log(κ1
√
n/k)

log k

)
≤ ω(κ1

√
n)

κ1
√
n

(
1 +

5 log log n

log n

)
for every k ≥

√
n/ log2 n. Hence we can bound

∑
k≥1 ω(k)pk by

∑
k≥1

ω(k)pk ≤

√
n/ log2 n∑
k≥1

kpk +
∑

k>
√
n/ log2 n

ω(k) pk

≤
√
n

log2 n
+
ω(κ1
√
n)

κ1
√
n

(
1 +

5 log log n

log n

) ∑
k>
√
n/ log2 n

k pk

≤ ω(κ1
√
n) (1 + o(1)) .

It also follows from the monotonicity of ω(n)(log n)/n that

ω(n− k − j)
n− k − j

≤ ω(n)

n

log n

log(n− k − j)
≤ ω(n)

n

(
1 +

(k + j)/(n− k − j)
log(n− k − j)

)
.(9.10)

Moreover, Lemma 9.3 implies that∑
j≥1

(n− k − j)pj = (n− k)− κ1
√
n− k(1 + o(1)) ≤ n− κ1

√
n(1− o(1))

n
(n− k)

(9.11)
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and that ∑
k≥1

(∑
j≥1

k + j

log(n− k − j)
pj

)
pk ≤

2

log n

∑
k≥1

(∑
j≥1

(k + j)pj

)
pk

=
2

log n
2κ1
√
n(1 + o(1)) .

Therefore we obviously have

∑
k≥1

(∑
j≥1

k + j

log(n− k − j)
pj

)
pk = O

( √
n

log n

)
. (9.12)

Putting everything together, we obtain

∑
k≥1

ω(n− k)pk
(9.7)
=
∑
k≥1

(∑
j≥1

ω(n− k − j)pj

)
pk +O

( √
n

log2 n

)
(9.10)

≤ ω(n)

n

∑
k≥1

(∑
j≥1

(
(n− k − j) +

k + j

log(n− k − j)

)
pj

)
pk +O

( √
n

log2 n

)
(9.12)

≤ ω(n)

n

(∑
k≥1

(∑
j≥1

(n− k − j)pj

)
pk +O

( √
n

log n

))
(9.11)

≤ ω(n)

n

(
n− κ1

√
n(1− o(1))

n

∑
k≥1

(n− k)pk +O

( √
n

log n

))

≤ ω(n)

n

(
n2 − 2κ1

√
nn(1 + o(1))

n
+O

( √
n

log n

))
.

From Claim 9.4.2 and (9.8) we now derive that

ω(n) ≤ ω(n)

n

((
n− 2κ1

√
n
(
1 + o(1)

))
+O

( √
n

log n

))
+ ω(κ1

√
n) (1 + o(1))

and thus

2κ1√
n
ω(n)(1 + o(1)) ≤ ω(κ1

√
n) (1 + o(1)) (9.13)

It is easy to see that (9.13) does not hold for any function ω with

ω(n) = Ω

(
n

log1−ε n

)
if ε > 0.
Moreover, α(n) = ω(n) ≤ ω(n) = α(n). In other words, the expected size of a max-

imum stable set in a connected cograph equals the expected size of a maximum clique
in a disconnected cograph which is not larger than the expected size of a maximum
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clique in a connected cograph which in turn equals the expected size of a maximum
stable set in a disconnected cograph. Summing up we conclude that for every ε > 0
there is C such that

max{ω(n), α(n)} ≤ C
n

log1−ε n
.

The methods employed above can also be used to prove the following lower bound
on the expected value for the size of a largest homogeneous sets in a random cograph.
For every ε > 0 there is a positive constant C such that

E[hom(G)] ≥ C
n

log1+ε n

if G is drawn uniformly at random from the set of all cographs on vertex set [n].
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10 Concluding remarks

The results presented in this thesis can be grouped into three di�erent topics. The �rst
containing the arrangeable Blow-up Lemma and its applications from Chapter 4 and
Chapter 5 revolves around the embedding of spanning subgraphs with growing degrees
into (super-)regular pairs. We have provided a variety of di�erent embedding results
that can be deduced from our generalised Blow-up Lemma for arrangeable graphs.
Central tools in these proofs are related to the Regularity Lemma and the probabilistic
method.
The second topic of this thesis is large planar subgraphs in dense graphs. This subject

di�ers from the previous in two aspects. On the one hand we focus on a particular class
of target graphs � planar graphs � and on the other hand we do not even stipulate a
�xed target graph. Instead we try to maximize a graph parameter (the edge number)
by embedding an a priory undetermined subgraph into the dense host graph. The
arguments employed in the corresponding Chapter 6 and Chapter 7 are algorithmic
and deterministic.
Thirdly, we study the typical structure of two classes of graphs. We determine the

size of homogeneous sets in almost all graphs that do not contain an induced copy
of C5 or an induced copy of P4 respectively. The setting of those problems is almost
identical, however, we deploy completely di�erent methods for the two cases. We apply
the regularity method for C5-free graphs in Chapter 8 while P4-free graphs (cographs)
are treated with the generating function approach in Chapter 9. In both cases we
determine asymptotic bounds for the size of a largest homogeneous set in a typical
element of the class.

In this �nal chapter of the thesis we give an outlook on future directions of research
related to the three topics presented within the thesis.

Blow-up Lemma for arrangeable graphs Our Blow-up Lemma for arrangeable
graphs applies to target graphs of maximum degree up to

√
n/ log n where n is the

order of the host graph. As we show in Section 4.5 this is optimal up to the log-factor.
Also the constant number of permissible image restrictions per cluster is best possible.
Hence it seems that not much more can be said in the standard graph setting.
Instead one might consider sparse versions of the (almost spanning) arrangeable

Blow-up Lemma and of corresponding applications. Böttcher, Kohayakawa, and Taraz
[15] have proved a bipartite version of their bandwidth theorem for dense subgraphs of
the random graph G(n, p). Later Huang, Lee, and Sudakov [53] have given a sparse ver-
sion of the bandwidth theorem for arbitrary chromatic numbers. A sparse, arrangeable
version of the bandwidth theorem would be a canonical generalisation of the previously
mentioned results.
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One could also try to further weaken the assumptions of the Blow-up Lemma in the
dense case. We did not �nd evidence as to why a degenerate version of the Blow-up
Lemma should not be true. However, the properties of an arrangeable ordering are
crucial for our proof of the arrangeable Blow-up Lemma. Thus our approach seems
hopeless for the more general class of degenerate graphs. This is little surprising as
any embedding result capable of embedding degenerate graphs of size linear in the size
of the host graph would prove the Conjecture of Burr and Erd®s [20]. Still it might be
interesting to determine the maximum size of a subgraph embeddable with the methods
of Chapter 4.

Planar subgraphs The parameter pl(n, d) is de�ned to be the largest integer k such
that every graph with n vertices and minimum degree d contains a planar subgraph
with at least k edges. The behaviour of pl(n, d) is well understood for values d = γn
with γ ∈ (0, 1/2) or γ ∈ (1/2, 1]. We have proved the existence of a jump in the
evolution of pl(n, d) for d slightly above n/2. It would be interesting to have tight
versions of Theorem 6.2 and Theorem 6.3. We believe that indeed

pl(2m− 1,m) ≥ 4.5m− 4, pl(2m,m+ 1) ≥ 5m− 4 .

However, those sharp results seem to require more diligence and/or di�erent tools than
our regularity based approach.

Another direction of research is to generalise the parameter pl(n, d) from planar
subgraphs to subgraphs from other monotone properties. One such question could be:
�What is the maximum number of edges a subgraph can have without containing a
�xed minor?�

Homogeneous sets The maximum size of a homogeneous set in a typical graph
without a forbidden induced subgraph F has been known for basically all graphs F .
We have settled one of the remaining open cases F = P4. The class of P4-free graphs
turns out to be one of the few examples where not almost all graphs without an induced
copy of F do have linearly sized homogeneous sets. For F = C5 we know that almost
all F -free graphs have linearly sized homogeneous sets even if we restrict the class to
graphs of a speci�c density. There does not seem to be an easy way to transfer this
result to other graphs F . In the case of F = C7, e.g., it already is a veritable task
to determine the number of graphs with a given density. We wonder whether it is
true for every c ∈ (0, 1) and every F that almost all F -free graphs of density c have a
linearly sized homogeneous set as long as almost all F -free graphs have a linearly sized
homogeneous set.

For the class of cographs (F = P4) our methods give a lot more structural information
about the typical elements of the class. Hence we believe that other graph parameters
can be determined with similar arguments. It would also be interesting to determine
the exact ξ such that almost all cographs on n vertices have hom(G) = (ξ+o(1))n/ log n
if such a ξ does exist.
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partition, 17
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Probabilistic Method, 8
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RGA see random greedy algorithm
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sparse, 138
special vertex, 41
speed, 133
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star, 18
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successor, 35
sum of graphs, 152
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tuple condition, 60
Turán's Theorem, 3
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universal, 32
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