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Introduction

In this thesis, we study Random Walks in Random Environment (RWRE) in different
settings. The study of RWRE goes back to models introduced by Chernov (JCh62]) and
Temkin ([Te72]) as toy-models for the replication of DNA-chains. Later, Solomon ([So75])
gave a rigorous construction of the probability measures of the system which started an
intensive study of RWRE by probabilists. Already in one dimension, RWRE show several
unusual phenomena — such as sub-diffusive behaviour, aging phenomena, trapping effects,

. — which make its study so interesting and rewarding. Over the last decades, the un-
derstanding of RWRE in one dimension has reached a very high level. However in the
multidimensional case, RWRE are still less understood and even many of the basic ques-
tions are still unresolved.

In Part |I| of this thesis (Random Walks in Random Environment|), we are mainly interested
in a model that lies between a one-dimensional and a multidimensional setting: We consider
the movement of a particle on the two-dimensional lattice Z?, but the random environment

is only one-dimensional, i.e. it only depends on the first component of each position. Our
main question will be if the considered random walks are recurrent or transient, i.e. if they
return to the origin infinitely often or not.

In Chapter [2[ (Strong Recurrence of Recurrent RWRE|), we start with one of the simplest
extensions of the one-dimensional RWRE to a random walk on Z?: What happens if we

consider a combination of the recurrent one-dimensional RWRE in the first coordinate and
a symmetric random walk on Z in the second coordinate (cf. Corollary and Corollary
for a precise description of the model)? Will the two-dimensional random walk become
transient?

For an answer to this question, we start with an analysis of the return probabilities of
the one-dimensional recurrent RWRE to the origin. In contrast to the symmetric random
walk on Z, the return probabilities of the RWRE do not only depend on time but also on
the environment w (cf. (L.3)). As a main tool, we will construct favourable “valleys” of
the environment (cf. Figure on page which make it easier for the RWRE (X,,)nen,
to return to 0 as long as it has not left this valley. Using this approach, we will get the
following two main results in Theorem and Theorem [2.4.2}

For P-a.e. environment w, we have

D Py(Xay =0)-n" =00 (1)

neN
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for 0 <a <1 and

3 (Pw(Xgn - 0)>a —

neN

for all & > 0. Those two analytical statements (and the analogous statement for a com-
bination of d € N i.i.d. environments in Theorem enable us to answer the question
of recurrence and transience for a lot of interesting examples of random walks in different
random environments (cf. Section [2.6] - [Examples for Recurrent Random Walks in Random|
I[Environments). As a first result, we will recover the statement that a combination of d

independent recurrent RWRE — in the same or d i.i.d. environments — is still recurrent
for a.e. environment. Additionally, we can conclude that the combination of a recurrent
one-dimensional RWRE and a symmetric random walk on Z (which we were originally

interested in) is still recurrent (cf. Corollary and Corollary [2.6.7)).

Therefore, the question of recurrence or transience of the two-dimensional process is still
interesting if we add an additional source of inhomogeneity to the random environment.
To this end, we introduce the model of a RWRE with random orientations (RWRO) in
Chapter [3] In this model, the one-dimensional random environment additionally contains
a sequence of i.i.d. random orientations (ay).cz taking the values —1 and +1 each with
probability % In contrast to the combination of the recurrent one-dimensional RWRE with
the symmetric random walk on Z, the particle in the RWRO can only move upwards or
downwards (i.e. move in the second component) in the direction of the random orientation.
Thereby, the first component is still treated as in the setting of a one-dimensional RWRE.
For more details on the model we refer to Section 3.2

An analysis of a similar model containing the symmetric random walk on 7Z instead of
the recurrent one-dimensional RWRE can be found in [CP03a]. Note here that the return
probabilities of the recurrent one-dimensional RWRE behave very differently in comparison
to the return probabilities of a symmetric random walk on Z: For the symmetric random
walk (Sy)nen, on Z, we have for example

ZP(Sgn =0)-n"%<o0

neN

for all a > % in contrast to . Therefore, we need a different approach in comparison with
[CP03al in order to answer the question of recurrence and transience of RWRO, which goes
as follows.

It is well known that the one-dimensional RWRE spends most of its time close to “bottom
points” of the environment. This makes the RWRE very sensitive to local inhomogeneities
as in the setting of RWRO. By using the observation that the random walk picks up a lot
of orientations pointing in the same direction close to the bottom points, we will show that
the RWRO is transient for a.e. environment — as in the setting of [CP03a] — even though
the recurrence in the first component is stronger compared to the symmetric random walk
on 7.

By combining the results of Chapter [2]and Chapter [3, we can further answer the question of
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INTRODUCTION

recurrence and transience of the following process which depends on the parameter p € [0, 1].
Here p can be understood as the strength of the inhomogeneity of the environment in the
vertical direction.

At first, we choose an environment € which consists of the environment w = (w,),ez of a
recurrent one-dimensional RWRE and i.i.d. orientations (o, ).ez taking the values —1 and
+1 each with probability % (cf. ) Then, for 0 < < 1 and 0 < p < 1, we can introduce
the following Markov chain (M, )nen, With values in Z? which is determined by

Py(Mo = (0,0)) =1,

Py(Myir = (k+1,0)|M, = (k,0)) =6 - wy,

Py(Mysr = (k= 1,0)|M,, = (k, 0)) =6 (1 — wy),
Py(Myir = (k, 0+ 1)|M, = (k,0)) = 17_5 (1+p-ag),
Po(Myir = (ot~ )M = (1,0) = =2 (1 = p - ay)

Here, in each step, 6 and 1 — ¢ are
the probabilities for a movement of
the particle in the first and the second
component, respectively. In Section 3.6,
we will see that we have the following
dependence on the parameter p:

Theorem B.6.11 (1) For p = 0, the
Markov chain (M )nen, is recur-

rent for P-a.e. environment 6.

(2) On the contrary for 0 < p <1, the
Markov chain (My,)nen, is transient
for P-a.e. environment 6.

Figure 1: A possible realization of the ran-
dom orientations 1) and the corresponding
transition probabilities.

In Part [I1| (Random Walks in Random Environment with Branching)), we consider a different
class of models. Here, we additionally allow particles to branch which leads to the model
of a Branching Random Walk in Random Environment (BRWRE). BRWRE can be used
as a model for the spread of particles in inhomogeneous media. Additionally, the analysis
of BRWRE is very interesting and useful from a purely mathematical point of view. For
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INTRODUCTION

example, it turned out that the analysis of BRWRE seems to be easier than the analysis of
RWRE (with only one particle) in the multidimensional case.

In Chapter [5| (Survival and Growth of a BRWRE]), we analyse the behaviour of a BRWRE
on Ny in which particles produce offspring which either stay at the same location or move

one step to the right. In the considered model, we also allow the particles to produce no
offspring. Therefore, our first question aims at survival and extinction of the process. For
the answer, we introduce two different survival regimes — Local Survival and Global Survival
— and give explicit criteria for these two types of survival.

In the following part, we answer the question of the growth of the process. We show that
global survival is equivalent to the exponential growth of the expected number of particles.
Further, on the event of survival the number of particles grows almost surely exponentially
fast with the same growth rate as the expected number of particles.

In general, the drift parameter h,, which gives the probability for each offspring to move
one step to the right, may depend on the location = of the particles. As an interesting
special case, we can choose h, = h € (0,1] to be constant. For this case, we answer the
question of survival of the process depending on the drift A. In particular, we show that
if the BRWRE survives with positive probability for some h € (0,1], then it also survives
with positive probability for all smaller drifts 0 < h < h.

The structure of this thesis is the following: As mentioned before, the thesis consists of two
major parts: The first one (Random Walks in Random Environment|) deals with a RWRE
with one particle and in the second part (Random Walks in Random Environment with|
Branching]) we allow the particles to branch. Each part begins with a chapter ‘Prelimi
maries]’, where we give an introduction to the basic setting and our general assumptions.
Further, we recall some of the classical and more recent results on RWRE (in Section
and on BRWRE (in Section [4.2)). This enables us to describe the context of our results
in Section [I.3] and Section [£.3] The key parts of this thesis are contained in Chapter
(Strong Recurrence of Recurrent RWRE)), Chapter [3| (RWRE with Random Orientations),
and Chapter 5| (Survival and Growth of a BRWRE]). Since we consider a different model
with the need of a slightly different notation in each of these chapters, we left the chap-
ters self-contained. Thus, some of the material already presented before is repeated in the

introductory sections.



Part 1

Random Walks in Random
Environment






Chapter 1

Preliminaries

1.1 Basic Notation and General Assumptions

In the following, we analyse the behaviour of different RWRE. The construction of a RWRE
always consists of two steps: In the first step, we choose an environment according to a
specific distribution, and in the second step, we perform a random walk in the chosen
environment.

The distribution of the environment will be denoted by P for which we make the following
assumptions in this chapter if not stated otherwise:

(1) P is a measure on ([0,1]% F), where F denotes the corresponding product o-field.
Further, we denote the projections [0, 1]Z — [0, 1] by w = (wy)nez.-

(2) w = (wn)nez 1is a sequence of i.i.d. random variables with respect to P.
(3) PO<wy<1)=1

The expectation and the variance with respect to P will be denoted by E[| and Var(-),
respectively. Further, we define

_].—CUO

po = po(w) := o

Given the environment w = (w,)nez and a starting point = € Z, we can introduce the
Markov chain (X,,)nen, With values in Z by

Pj(X() = .’L’) = 17
P Xpp1=y+1X,=vy) =uw, for all y € Z,n € Ny,
Pl Xpp=y—1X,=y)=1—-w, for all y € Z,n € Ny.

For each w, P® is a probability measure on the space of paths (ZY°,G), where G is the
corresponding product o-field. For notational convenience, we often drop the superscript
and use P, instead of P%. Statements involving P? are called quenched.

7



CHAPTER 1. PRELIMINARIES

The joint distribution P* of (w, (X, )nen,) With starting point x € Z is uniquely determined
by
PE(F % G) = /ng(G)P(de)
F

for F € F and G € G. Again, we often use PP instead of P? for notational convenience.
In contrast to above, probabilistic statements involving the second marginal distribution of
P*  i.e. observing an event in the RWRE (X,,),en, without observing the environment w
first, are called annealed.

It is important to note at this point that (X,,)uen, 1S & time-homogeneous Markov chain
under P? but (in general) not under P*. On the contrary, we have

]Px((Xn)neNo —re- ) = Py(<XN)neNo —yeE- )

for all z,y € Z, i.e. homogeneity in space, which is (in general) not true for the quenched
distributions P? and PY (for x # vy).

1.2 Classical and Recent Results

The first results in the mathematical literature on RWRE are due to Solomon. His first
result shows that the question of recurrence and transience of the RWRE can be answered
with the help of E [log py] as long as E [log po] is well defined:

Theorem 1.2.1 (Recurrence and Transience of RWRE - cf. Theorem 1.7 in [So75]). If
Ellog po| is well defined, then we have the following classification:

(1) If E[log po] = 0 holds, then we P-a.s. have

limsup X,, = o0 and liminfX, = —cc.
n—o00 n—oo

(2) If E[log po] > 0 holds, then we P-a.s. have

lim X, = —o0.
n—0o0

(3) If E[log po] < 0 holds, then we P-a.s. have

lim X, = oc.
n—oo

In particular, (X, )nen, s a recurrent Markov chain for P-a.e. environment in case (1). On
the contrary, (X,)nen, 1S transient for P-a.e. environment in the cases (2) and (3).

In the same article, Solomon also computed the linear speed of the RWRE (X, ),en, in the
transient case:



1.2. CLASSICAL AND RECENT RESULTS

Theorem 1.2.2 (Linear Speed of transient RWRE - cf. Theorem 1.16 in [So75]). There
are the following three cases:

(1) If E[po] < 1 holds, then we P-a.s. have

(2) IfE[(po) '] < 1 holds, then we P-a.s. have

Xy 1—El(py) ]
wioe n T4 El(po) 1]

(3) If (E[po))~* <1 < E[(po)~?] holds, then we P-a.s. have

By combining the last two theorems, we see that, if we have

Eflogpo] #0 and (E[po])™' <1 <E[(po)”'],

then our RWRE (X, )nen, is transient but the linear speed on its escape to {—o0, 00} is 0.
This regime is called the sub-ballistic regime. The occurrence of this regime is one of the
first properties which were shown for the RWRE but which do not occur for a random walk
in a constant environment (i.e. an environment with w, = p € (0,1) for all n € Z).

There are many more interesting and also very recent results on transient RWRE. But since
we only consider the recurrent RWRE on Z in the following, we restrict ourselves to the
recurrent case:

As a first highlight for a recurrent RWRE, we have to mention the following result which
is due to Sinai (cf. Section 1 in [Si82]). For the theorem, we assume that the following
conditions are fulfilled:

E [log po] = 0,
Pe<wy<l—¢g)=1 forsomece € (0,%),

Var(log poy) > 0. (1.1)
Then, the following theorem holds for which we chose the form which is also used in The-

orem 2.5.3 in [Ze04]:

Theorem 1.2.3 (Sinai’s Regime). For a RWRE (X,,)nen, for which the environment fulfils
the assumptions in (1.1)), we have the following:
There exists a sequence of random variables (by)nen, - which only depends on the environ-

"

ment w - such that
Xy

(logn)?

_bn

>n)TH—O°>0

for all n > 0.



CHAPTER 1. PRELIMINARIES

Alternatively, one can show that
Xn n—oo boo
(logn)?
where the exact law of the nondegenerate limit by, was computed in [Ke86] and [Go86]
independently.

in law

Again, the scaling (logn)? is completely different from the behaviour of a random walk in
a constant environment. This behaviour is often called slowdown of the random walk due
to the random environment. Here, slowdown is to be understood in comparison with the
behaviour of a random walk in a constant environment for which we have a scaling of nz
due to the central limit theorem.

Among the more recent results, we want to present two results on the strong localization of
the RWRE. Strong localization refers to the property of the RWRE to spend most of the
time around the bottom point of the deepest valley it has visited so far (cf. [GPS10] and
[DGPSO7] for more details). For the theorems, let (X,,)qen, be a one-dimensional RWRE,
and for x € Z, let

En,z) =NH0<j<n: X;=uz}
denote the local time of the RWRE in z. Then, the maximal local time

§"(n) :=sup&(n, z)

TEZL

has the following two properties:

Theorem 1.2.4 (limsup behaviour of £*(n) - cf. Theorem 1.1 and section 4 in [GPS10]).
Let (X)) nen, be a one-dimensional RWRE for which the environment fulfils the assumptions
in (1.1). Then, there exists a constant ¢ € (0,00) such that

lim sup &)

N—00 n

=c
P-a.s.

Further, the value of ¢ was computed in [GPSI0]. We want to remark here that the first
results about the lim sup behaviour of £*(n) in the form

lim sup &)

n—00 n

P-a.s. for some ¢ € (0, 00) were developed in [Ré05] (p.337) and [Sh98| (Theorem 1.1).

>c

Theorem 1.2.5 (liminf behaviour of £*(n) - cf. Theorem 1.1 in [DGPS07]). Let (X,)nen,
be a one-dimensional RWRE for which the environment fulfils the assumptions in (L.1)).
Then, there exists a constant ¢ € (0,00) such that

lim inf &) =c

n—oo n/(logloglogn)

10



1.3. CONTEXT OF OUR RESULTS

Actually, the last theorem was only derived for the RWRE on the positive half-line in
[DGPS07]. But it can easily be seen that the theorem can directly be extended to the
RWRE on Z by splitting the RWRE on Z into the time points it spends on Ny and on —N.

This strong localization property of the RWRE is important for our consideration in Chap-
ter [3 There, the RWRE collects +1/ — 1-orientations which have been attached to the
positions x € Z independently and with equal probability before the RWRE starts. Since
the RWRE spends most of its time in only few positions, the accumulated +1- and —1-
orientations, which the RWRE has collected, are mainly influenced by those few positions.
As a result, the RWRE has either collected a lot more +1-orientations or a lot more —1-
orientations at most time points with only few exceptions around the time points at which
the preferred sign changes from one to the other.

1.3 Context of our Results

1.3.1 Return Probabilities of the Recurrent RWRE

In [CP0O3b], Comets and Popov consider the return probabilities of the one-dimensional
recurrent RWRE. In contrast to our setting, they consider the corresponding jump process
in continuous time ()0 started at € Z and with jump rates (w;,w, )zez to the right
and left neighbouring sites. One advantage of this process in continuous time is that it is
not periodic as the RWRE in discrete time. By considering the process (£f):>0 in continuous
time only at the random time points of the jumps, we can recover the embedded discrete-
time RWRE.

As before, let us denote the law of the environment by P which is now a product measure
on ((0,00) x (0,00))%, and again w = ((w;, w; ))zez denote the projections. If we have

()] -

k1< war,wo’ <k P-a.s. for some k > 0,

Var (log (%)) € (0,00), (1.2)

then the following theorem holds:

Theorem 1.3.1 (Convergence of the Return Probabilities - cf. Corollary 2.1 in [CP03b]).

We have
log Pw(f? = O) t—00 3

logt

in law, where a, has the density

{2—2—(z+2)~6_2z if z € (0,1)

p(z) = (2 =1]-2-2)-e2 ifz>1.

11



CHAPTER 1. PRELIMINARIES

In Chapter [2] we are interested in the behaviour of the return probabilities of the discrete-
time RWRE to 0 for a fixed environment w. In contrast to [CP03b], our goal is to derive
P-a.s. statements involving the return probabilities P, (Xs, = 0) for fixed environment w.

Even though, Theorem and the approach in [CP03Db] to prove it are very helpful
for our consideration: Since we can embed the discrete-time RWRE (X,,)en, into the
corresponding jump process in continuous time, we can expect the return probabilities to
behave similarly as in the continuous setting, i.e.

P, (Xo, = 0) o~ p~@n) (1.3)
with

liminfa(w,n) = 0,
n—oo

lim sup a(w,n) = oo
n—oo

for P-a.e. environment w due to Theorem [.3.11

As one main result in Chapter [2] we will get the following theorems for a recurrent RWRE
(X1 )nen, in discrete time for which the environment w fulfils the assumptions in (|1.1]) (which
are the discrete-time analogous assumptions in comparison with (|1.2)):

Theorem [2.4.1] For 0 < a < 1, we have

D Py(Xpn =0)-n"" =00

neN

for P-a.e. environment w.

Theorem [2.4.2] For all o > 0, we have
S <PW(X2n _ 0)) — o0
neN

for P-a.e. environment w.

In particular, we see that, even though for fixed environment w there are arbitrarily large
time points n for which the exponent a(w,n) in is arbitrarily large, there are enough
time points n for which we have a(w,n) € (0, 0] for every 0 < § < 1 which cause the above
series to diverge.

12
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1.3.2 Random Orientations

In Chapter 3| we consider a RWRE with random orientations. Random walks on ran-
domly oriented lattices (or with random orientations) were also considered in [CP03al and
[GKP12]. The first result deals with the symmetric random walk on Z:

Let (ay)zez be a sequence of i.i.d. random variables with
1
P(CYO = —|—1) = P(CVO = —1) = 5 .
For a fixed environment o = (a).ez, we can now introduce the following Markov chain
(X, Yo )nen, started in z € Z? with respect to P? which is determined by

Pj((XO,YO) = z) =1,

P (X1, Yart) = (0 1,)|(Xa, 2 = (2,9)) = 5.

P ((Xoar, Yar) = (2 = 1,9)| (X0, Y2) = (2,9) = 3,

P (Xt Vo) = g+ DX Vo) = () = 2,

P2 (X, Yasn) = (2, = DX, ;) = (,9) = (1.4

for all n € Ny and x,y € Z. Note that the last two conditional probabilities are either
% or 0 depending on the realisation of «,. In particular, the random walk can only move
upwards in points (z,y) with a, = +1 (with a positive orientation) and it can only move
downwards in points (z,y) with o, = —1 (with a negative orientation). Further, note that
the first component (X, )nen, — only looked at when the first component has changed —

behaves as a symmetric random walk on Z for every environment a.

Theorem 1.3.2 (Transience of the random walk on the randomly oriented lattice - cf.
Theorem 1.8 in [CP03a]). For almost all realisations of the environment «, the simple
random walk (X, Y )nen, on the randomly vertically oriented lattice is transient with respect
to P,.

For the reference, note that in contrast to [CP03a] we have switched the roles of the first
and the second component which makes it easier to compare Theorem to our results
in Chapter 3| There, we want the first component (X,,),en, — only looked at when the first
component has changed — to behave as a RWRE on Z.

An analogous result with a generalization of the transition probabilities in (|1.4)) can be
found in Proposition 2 in [GKP12].

Another possibility for a generalization of the setting in Theorem [1.3.2]is to use an arbitrary
next-neighbour Markov chain (M,,),en, on Z with transition probabilities (p,).ecz such that

P(My41 = x + 1|M,, = x) = pq,

PMpyw=x—1M,=2)=1—p, (1.5)

13
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for n € Ny, z € Z instead of the embedded symmetric random walk in (1.4]). Such a process
(X0, Yo )nen, with values in Z? for a fixed environment 6 = (p,, @z )rez, @ € [0, 1] for all
x € Z and some 0 < 0 < 1 is determined by

P;((Xo,Yy) = z) =1,

(Xn-l—lvyn-f—l) = (ZL‘,y + 1)|(XH7YTL) = (l‘,y) = (1 - 5) s Oy,

for all n € Ny and z,y € Z. Here, § (and 1 — ) is an additional parameter which gives the
probability for a movement in the first (second) component. If the transition probabilities
are chosen such that the Markov chain (M,,)nen, in (1.5)) is positive recurrent, then we have
the following characterization of recurrence and transience:

Theorem 1.3.3 (Recurrence and Transience on the randomly oriented lattice - cf. Propo-
sition 3 in [GKPI12]). If (ps)zez is fized, such that the Markov chain (My)pen, in
is positive recurrent with invariant probability measure p = (p())rez and ()rez 1 an
arbitrary sequence with values in [0,1]. Then, the Markov chain (X,, Y, )nen, s recurrent
with respect to Py iff

Z:=> px) B =0

where B, = 2a, — 1.
If o = () wez are i.i.d. random variables with values in [0,1] with respect to some probability
measure P, E[ag] = 3, Var(ag) > 0, and p(x) > 0 holds for all x € Z, then

P(a : (X, Yo )nen, is recurrent with respect to Pg) = P(Z = 0) = 0.

In the final result of Chapter 3, we embed a one-dimensional RWRE into the above setting.
For this we make the following choice for (p,).ez and (ag)zez:

Let (wy)zez and (o) ez be two independent sequences of i.i.d random variables with respect
to the law of the environment P. The sequence w = (w, ).z is a sequence of i.i.d. random
variables taking values in (0, 1), and we assume that the following assumptions hold

E[log po] = 0,
Ple <wy<1—¢)=1 for some e € (0,%),
Var(log po) > 0,

where
1-— Wo

po = po(w) := o

14



1.3. CONTEXT OF OUR RESULTS

as usual. Note that (w,).ez corresponds to the random environment of a one-dimensional
RWRE and that the assumptions ensure that the one-dimensional RWRE is recurrent.

The second part of the random environment («,).ecz determines a random orientation for
every position x € Z . More precisely, (ay).cz is an i.i.d. sequence with

1

5 Plag = —1)

which is further independent of (w;).ez. Finally, our random environment is given by
0 = (0x)ecz = (Wa, Qa)zez-

By choosing p, = w, for x € Z and using

14+p-a,

5 instead of o,

for some p € [0, 1] in (|1.6]), we come to the following (transition) probabilities
X07 )/0 - Z) = 17
n+1, n+1 (I"i‘l,y)‘(Xn,Y) ( y)

Py ((

Py ((X )

Py (Xnt1, Yag1) = (2 = L) |(Xn, Ya) = (2,9)) =6 - (1 — w,),
PE (X, Vo) = (29 + D](X,, V) = (2,9)) = -

Py ((X )

n+1, n+1 (Jf,y - 1)‘(Xn7yn) = <x7y)

for all n € Ny, o,y € Z and z € Z2.

We derive the following characterization
of recurrence and transience for the
Markov chain (M,)nen, = (X, Yo )nen,
in

Theorem B.6.11 (1) For p = 0, the
Markov chain (M, )nen, @S recur-
rent for P-a.e. environment 6.

(2) On the contrary for 0 < p <1, the
Markov chain (My,)nen, is transient

for P-a.e. environment 6.

Figure 1.1: A possible realization of the
random orientations 1| and the correspond-
ing transition probabilities.
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1.3.3 RWRE in Random Scenery

Random Walk in Random Scenery (RWRS) is a family of stationary random processes
which possess long-range correlations. The general configuration is the following:

Let (M, )nen, be a Markov chain on some state space S and (a).es be a sequence of i.i.d.
random variables indexed by S. Then, (a;)zes is referred to as the random scenery. As
the random walk (M,,),cn, moves in its state space, it observes the random scenery at its
location. Therefore, we define

n
Sn = E Qag,
i=0

as the RWRS. Such a process was first introduced by Kesten and Spitzer in [KS79)]. Since
we only consider results on random scenery as by-product, we concentrate on results for
RWRE in random scenery (RWRERS) in the following. Therefore at this point, we only
refer to [KST9) for the first results on RWRS and to [HS06] for more results and recent
developments.

There are only few results on problems which combine RWRE and random scenery. A first
question about the behaviour of a RWRE on Z in a random scenery appeared in form of a
conjecture of Révész ([Ré05], p.353) which is motivated by the strong localization property
of the RWRE. Since the form of the conjecture in [RE05] was still unfinished, we use the
form of |Zi0§]:

Conjecture 1.3.4. Let (X,))nen, be a one-dimensional RWRE for which the environment
w fulfils our assumptions in (1.1)). Further, let (c)zez be an i.i.d. sequence with respect to
some probability measure Q. Does the assumption a := esssup ag < oo imply

S
limsup— =a P®Q — a.s.?

n—oo n

Here we use

as above. Further, the product measure P® () is used to indicate that we want the random
scenery to be independent of (w, (X, )nen,). In the same work, Zindy proved the following
result which shows that the conjecture is only true under further assumptions:

Theorem 1.3.5 (limsup behaviour of RWRERS - cf. Theorem 1.1 in [Zi08]). Assume that
the environment w fulfils the assumptions in (1.1) and a := esssup ay < oo.

(1) If Qlag > A) < m for some € > 0 and all large X\, then

P®Q (limsup& :a) = 1.

n—oo N

16
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(2) If Qlag > \) > W for some € > 0 and all large \, then

Sn
P®Q (limsup— = —oo) =1
n

n—oo

Here, we use the convention oy = max{—ay,0}. In particular the case € = 0 is still open.

In Chapter [3] we are able to derive a first statement about the liminf behaviour of a
particular RWRERS. As mentioned before, we consider a model in which the RWRE collects
+1/ — l-orientations, which have been attached to the positions x € Z independently and
with equal probability before the RWRE starts. This setting can also be understood as a
RWRERS, where (a,).ez is an i.i.d. sequence with

1
P(O./O = —I—l) = P(OZO = —1) = 5
which is further independent of the environment w. In our notation, we use P (instead of
P ® @) as the corresponding probability measure of the extended environment

0= ((Ux, aw)xEZ-

Using Theorem [1.3.5] we see that (expressed as a quenched statement) we have

S, -5
limsup— =1 and limsup—— =1
n—oo N n—oo n

Py-a.s. for P-a.e. environment #, where we use

Sy, = ZO‘Xi

for periodic reasons. (This statement could also be directly derived by known concentration
properties of the RWRE since we have esssup |ag| = 1 < oo (cf. Section 1.3 in [Zi08] and
Theorem 1.3 in [An07])).

But what can we say about S,,, where (v,)nen, denotes the sequence of the successive
return times of the RWRE (X,,)nen, to 07

Note here that (X, )nen, is recurrent for P-a.e. environment by assumption on the en-
vironment. In Chapter [3] we get the following proposition, where we assume that the
environment w of the RWRE (X,,),en, fulfils the assumptions in (1.1]):

Proposition For 0 <9 <1 we have

lim inf [

= e (- (0g(0)”)

Py-a.s. for P-a.e. environment 6.

=00 (1.7)

In particular for all n large enough, the RWRERS has either collected a lot more +1- orien-
tations or a lot more —1-orientations when the RWRE (X, ),en, returns to 0 at time v,,.

17
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Chapter 2

Strong Recurrence of Recurrent
RWRE

2.1 Overview

In this chapter, we consider a RWRE on Z for which we assume that we are in the recurrent
regime. Our main results are three analytical results on the quenched return probabilities
of the RWRE to the origin.

The structure of this chapter is the following: In Section [2.2] we introduce the model of a
RWRE on Z together with the notation which we use in this chapter. Then we collect some
useful equalities and inequalities in the context of RWRE in Section before we state our
main result in Section [2.4] Section [2.5] contains the proofs of our main results. The main
tool for our proofs is a careful analysis of the corresponding potential of the RWRE (cf.
(2.5)). To this end, we introduce favourable “valleys” (cf. Figure on page , which
help us to derive lower bounds for the quenched return probabilities of the RWRE to the
origin. In the last Section we give some examples for recurrent random walks in some
random environment. In particular Corollary and Corollary give reason for the
part “strong recurrence” in the title of this chapter when we compare the behaviour of
RWRE with the behaviour of a symmetric random walk on Z<.

2.2 Model and Notation

Let us first introduce the notation for a random walk in random environment (RWRE) as
it is usually done in the literature:

At first, let w = (w,)zez be a sequence of i.i.d. random variables taking values in (0, 1) with
respect to some probability measure P. For i € Z we define

1 — W
pi = pi(w) = :

ws
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In the following, we will assume that

E[log po] = 0, (2.1)
P(e <wy<1—¢) =1 for some ¢ € (0,3), (2.2)
Var(log po) > 0. (2.3)

Here, ([2.1)) ensures that the one-dimensional RWRE is recurrent. The second assumption
is a common technical condition in the context of RWRE. Further, the third assumption
excludes the case of a symmetric random walk on Z.

For each environment w, we can introduce the random walk (X,,)nen, wWhose transition
probabilities are determined by (wy)zez. More precisely for every x € Z, (X, )nen, s a
Markov chain with respect to P? determined by

}2f()(0:= I) 211,
Pl Xpmi=y+1X,=y)=w,=1-P/(X,mu=y—-1X,=y) VyeZ (2.4)

As usual, we use P? instead of P? and will even drop the superscript o where no confusion
is to be expected. We can now define the potential V' (cf. Section 2 in [SZ07]) as

> log p; forx=1,2,...
i=1
V(z):=<0 forx =0 (2.5)
0
ST log(p)™t forx=-1,-2,....
1=x+1

Note that V(z) is a sum of i.i.d. random variables which are centred and which are bounded
by C :=log(1—¢)—loge > 0 due to the assumptions and . One of the most useful
properties of the RWRE is the observation that, for fixed w, the random walk is a reversible
Markov chain and can therefore be described as an electrical network (cf. [DGPS07]). The
conductances are given by

[T(pi)™t forz=1,2,...
i=1
Capr)(w) = eV = {1 forx =0

0
I pi forz=-1-2...
i=z+1

and the reversible measure which is unique up to multiplication by a constant is given by

(z—1
E lfzuzﬁ forx =1,2,...
pio(z) = eV eVl = = for z =0 (2.6)
0
11 %WL forz=-1,-2,... .
Li=a4+1 *
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As a consequence of the reversibility, we conclude that we have
po(x) - B5(Xp = y) = po(y) - BY(X, = ) (2.7)

for all n € Ny and =,y € Z.

2.3 Preliminaries

In the following, we collect some useful properties of the RWRE. For the random time of
the first arrival in z
7(x) :=1inf{n > 0: X, =z}, (2.8)

the interpretation of the RWRE as an electrical network helps us to compute the following
probability for x < y < z (for a proof see for example formula (2.1.4) in [Ze04]):

V)

PY(r(2) < 7(x)) = (2.9)

z—1

S eV )
j=x

Further (cf. (2.4) and (2.5) in [SZ07] and Lemma 7 in [Go84]), we have for k € Nand y < z

PY(1(z) < k) <k-exp (— max [V(z —1) — V(z)}) (2.10)

y<i<z

and similarly for x <y

<1<y

PY(r(z) <k) <k-exp (— max [V(z+1) — V(z)}) . (2.11)

To get bounds for large values of 7(+), we can use that for x < y < z we have (cf. Lemma
2.1 in [SZ07])

Further, the Komlés-Major-Tusnady strong approximation theorem (cf. Theorem 1 in
[KMTT76], see also formula (2) in [CP03b]) will help us to compare the shape of the potential
with the paths of a two-sided Brownian motion:

Theorem 2.3.1. In a possibly enlarged probability space, there exists a version of our
environment process w and a two-sided Brownian motion (B(t))er with diffusion constant
o= (Var(logpo))2 (i.e. Var(B(t)) = o2|t|) such that for some K > 0 we have

P (limsupw < K) = 1. (2.13)

SRS log |z
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2.4 Results

Let us consider a RWRE (X,,)nen, on Z where the law of the environment w = (w;)zez
fulfils the assumptions (2.1)), (2.2)), and (2.3). Then, the following two theorems hold:

Theorem 2.4.1. For 0 < a < 1, we have

ZP‘U(XQn =0)-n =00

neN

for P-a.e. environment w.

Theorem 2.4.2. For all o > 0, we have
3 (Pw(in - 0)> =
neN

for P-a.e. environment w.

For the last theorem we consider a combination of d environments:

Theorem 2.4.3. For d € N, consider d i.5.d. environments w™®, w® | .

fulfil the assumptions (2.1), (2.2), and (2.3)). Then, we have
d
ST P (X = 0) = o

neN k=1

for P¥-a.e. environment (WM, w®, .. w@).

2.5 Proofs

(2.14)

(2.15)

S w' D which all

(2.16)

Let us first introduce the sets I't(L,0) and T'"(L,0) of environments for L € N and

0 < < 1 defined by

I'(L,0) :={R (L) <JL, Rj (L) < 6L, T*(L) < L*},

I=(L,8) := {Ry (L) < 6L, Ry (L) < 6L, —T~(L) < L?},

where
(T — s : i
T7(L) :=inf{n >0: V(n) . V(k) > L},

T7(L):=sup{n <0: V(n)— min V(k) > L},

n<k<0 -

Rf(L):=— min V(k),

0<k<T+(L)
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Ry (L):=— min V(k),

T (L)<k<0
T,H(L):=inf{n >0: V(n) = —R{ (L)},
T, (L) :=sup{n <0: V(n)=—-R; (L)},
Ry (L):= max V(k),
0<k<T;" (L)
Ry (L):= max V(k).

T, (L)<k<0

Here, the +-sign and the —-sign indicate whether we deal with properties of the valley on the
positive or negative half-line, respectively. Note that the definition of the sets T'" (L, ¢) and
'~ (L, ) is compatible with the scaling of a Brownian motion in space and time (cf. (2.31))).

V(zx)

L? L?

Figure 2.1: Shape of a valley of an environment in T'(L,d) :==T*(L,6) N T~ (L,d)

Remark 2.5.1. We have constructed the valleys in such a way that the return probability
of the random walk to the origin is high (or bounded from below as we will see) for even
time points as long as the random walk has not left the valley. For w € T'"(L,6)NT~(L,9),
we have the following behaviour for the random walk (X,,)nen, in the environment w:

(1) Since we have V(T (L))—V (T, (L)) > Land V(T*(L))-V (T, (L)) > L, the random
walk (Xp)nen, stays within {77(L),T (L) + 1,...,T%(L)} for (approximately) at
least exp(L) steps (cf. (2.23)).

(2) Within the area {T~(L),T (L) +1,...,T7 (L)}, the random walk prefers to stay at
positions x with a small potential V' (z), i.e. at positions close to the bottom points
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at T, (L) and T, (L).

(3) The return probability for the random walk from the positions 7}, (L) and T, (L) to
the origin is mainly influenced by the potential differences R, (L) + Ry (L) < 26L and
Ry (L) + R (L) < 25L respectively, i.e. by the height of the climb the random walk
has to trespass from the bottom points back to the origin (cf. )

Proposition 2.5.2. Forw € I'(L,6) :=T*(L,6) NI (L,8) with 0 < § < %, we have

Py(Xs, = 0) > C - exp(—36L) (2.17)

for
exp(36L) < n <exp ((1—26)L),

where the constant C' = C(6) does not depend on L.

Proof of Proposition[2.5.3. The construction of “valleys” has been useful for the proofs of
many theorems in the context of RWRE. Our construction uses some ideas from [CP03b],
where it is shown that the transition probabilities of a RWRE in continuous time converge
in distribution. Since we deal with a RWRE in discrete time and we want to have lower

estimates for the return probabilities for a fixed environment in Proposition [2.5.2] we will
have to adapt the construction to our setting:

The return probability to the origin for the time points of interest is mainly influenced
by the shape of the “valley” of the environment w between 7'~ (L) and TF(L). For the
positions of the two deepest bottom points of this valley on the positive and negative side,
we write

by :=T,"(L) and b_:=T, (L)

and we assume for the following proof that we have (cf. (2.8]) for the definition of 7(-))

Po(r(bs) < 7(bo)) > (2.18)

l\DI»—t

(Due to the symmetry of the RWRE, the proof also works in the opposite case if we switch
the roles of by and b_). We have

Pg(X% = 0) > PL) (X2n =0, T(b+) < %TL, T(b+) < T(bf))

> P2 (r(be) < 5 7(by) <7(0)) - l,_ram o 2 PE(Xe=0)
= P(r(0) < B rlb) < 700)) AU PGB (219

where we used ([2.7)) in the third step. Here, for z,y € Z,
mfge{ [%ﬂ 77777 zn}Pw (Xe=1y)
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is the short notation for

inf P (Xe=vy)

since we have to take care of the periodicity of the random walk.
Let us now have a closer look at the factors in the lower bound in (2.19) separately:

First factor in (2.19)):
We can bound the first factor from below by

P2 (r(b) < 20, 7(by) < 7(b.)
>1—-P° (T(b+) > 2?", T(by) < T(b_)) — PS(T(b.,.) > T(b_))

>1— - B [1(by) - Lrpy<rvyy] — P2(T(04) > 7(02))

)

N | —

>1— 2 (by —b ) exp ( max  (V(j) - V(i))> -

b_<i<j<by

where we used (2.12) and assumption (2.18) for the last step. Therefore, we get for
w e I'(L,0) and exp (30L) < n that

1 3-4-L* 1
Po(r(by) <2 7(by) <7(b)) > = — ——— -exp(20L) = = — 6- L* - exp(—01L).
w (T( +) — 3 T( +> T( )) — 2 2 -eXp(35L) eXp( ) 2 eXp( )
(2.20)
Second factor in (|2.19)):
By using assumption ((2.2)) and the relation in ({2.6)), we get for w € I'(L, d):
1 1
po(0) w0 _ w0
Mw(b+) e—Vi(by) -+ e—V(by—1) e—Vi(by) . (]_ -+ prr)
1
> _doe V) & V) > S —5L). 2.21
> i e ¢ =2y exp(=0L) (2.21)

1)

Here we used that V' (b;) > —0L holds for w € I'(L, 6).

Third factor in (2.19):

For the last factor in (2.19)), we can compare the RWRE with the process ()N(n)neNO which be-
haves as the original RWRE but is reflected at the positions T~ := T~ (L) and T" := T7(L),
i.e. we have for z € {T-, T~ +1,..., T}

P (Xy=1) =1,
P Xp =y £ 1|X, = y) = PX (X1 =y £ 1| X, = v),

Vye{T-+1,T"+2,...,T" -1},
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Pi( Xy =y+ 11X, =y) =1 fory =17,
P Xppi=y—1X,=y) =1 for y =T7.
Therefore, we have for ¢ € { (%ﬂ yees ,Qn} N (QZ + b+)
P(Xe=by)

> P%(Xy = by, min{7(T7),7(T")} > 2n)

= P(X, = by) = PY(X, = by, min{7(T7),7(T*)} < 2n)

> PY(X, = by) — Po(min{r(T7),7(T*)} < 2n)

> P(X = by, 7(bs) < 5. 7(by) < 7(b-)) — Po(min{r(T7), 7(T4)} < 20)

29

> Po(r(by) < & 7(by) < (b)) -ﬁke{[

Nl

.....

— P°(min{r(T7),7(T*)} < 2n). (2.22)

Using (2.10]) and (2.11]), we see that the last term in (2.22)) with the negative sign decreases
exponentially for n < exp ((1 — 25)L), ie.

Po(min{r(T7),7(T*)} < 2n) < P (min{7(T"),7(T")} < 2-exp ((1 —20)L))
< PS(r(T7) <2-exp((1—20)L)) + P (r(T%) < 2-exp ((1—20)L))

<4-exp((1—26)L) -exp(—L) =4-exp(—20L). (2.23)

In order to derive a lower bound for the first term in ([2.22)), we first notice that the analogous
calculation as in (2.20)) shows for w € I'(L, §) that

P2 (r(by) <5, 7(by) <7(b)) > 1 - % 4. L*- exp(26L) — %
> % —6- L" - exp(—0L) (2.24)

since ¢ > (%ﬂ > %-exp(?)éL) for n > exp(30L). For the second factor, we show the following

Lemma 2.5.3. Forw € I'(L,d) and for all { € 2N, we have

= 1 1
PH(X,=b)>=" -

exp ( — (5L).

Proof of Lemmal[2.5.3 Using the reversibility (cf. (2.7)) of ()’Z[)geNo, we get

Pb (X, = by)
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T+
= Y P (Xyp=1) Pi( Xy =by)

r=T-
S fio (b1
= Y Pl (X =a) B P (X = 2), (2.25)
T i ()

where 11,,(-) denotes a reversible measure of the reflected random walk (X,),en, which is
unique up to multiplication by a constant. To see that ()AQ)KGNO is also reversible, it is
enough to note that ()?g)geNo can again be described as an electrical network with the
following conductances:

5 (w) o C(m,m—l—l) ((,U) = e_V(ﬂC) for r = T_7 T + 17 . 7j"’-f— -1
r,x+1 —
el 0 fore =T-—-1,TF

Therefore, a reversible measure for the reflected random walk is given by (cf. (2.6))

po(r) =e V@ e Ve for g =T~ + 1,77 +2,..., Tt -1,
fo(z) = e V() forz =T,
e V(-1 for x =TT .

This implies, since 0 < b, < T,

ﬁw(b+) B_V(b+) + e_V(b+_1)
ﬂw(x) — e Vi) + e—V(z-1)

e_V(b+) 1
2 VYD = 3 ~exp(—0L) (2.26)

for T~ <2 <T7" and for w € T'(L,§). By applying (2.26) to (2.25)), we get

Py (X, =b)

T+

1 - 2
>3 (P (Koo =) - exp(—dL)
x=T—
1 T+ 1 2
> . cexp(—6L
=2 ;(]T]+T++1> exp(—oL)
1 1
— . . exp(—dL). 2.2
2 |T-|+T++1 exp( ) (2:27)

Here, we used that we have

i (az)" 2 i (\T\ +1T+ + 1)2

r=T— =T

T+
for every sequence (a,), with > a, = 1. O
r=T"

27



CHAPTER 2. STRONG RECURRENCE OF RECURRENT RWRE

We can now return to the proof of Proposition and finish our lower bound for the

third factor in (2.19). By applying (2.23)), (2.24) and Lemma to (2.22)), we get for
exp(30L) <n <exp((1 —20)L) and w € (L, ), i.e. [T~|,TT < L2,

1 1 1
> (2 _¢.74. _ Lo _ _ 4. _
> (2 6-L" - exp( 5L)> 5 321 exp(—0L) — 4 -exp (—24L)
> exp (—26L) (2.28)

for all L = L(J) large enough.

To finish the proof of Proposition [2.5.2) we can collect our lower bounds in (2.20)), (2.21),
and (2:28) and conclude with (2.19) that for exp (36L) < n < exp ((1 — 20)L) and for

w e I'(L,0) we have
PW(XQTL = O)

> <% —6-L* exp(—dL)) ' <

— &

exp(—0L) - exp (—30L)
> exp(—3JL)

for all L = L(§) large enough. This shows (2.17) since we have P, (X5, = 0) > 2" > 0 for
all n € N due to assumption ([2.2)). [ |

Proposition 2.5.4. For 0 < 6 < 1, we have

Pw: wel(L,0) for infinitely many L) = 1. (2.29)

Proof of Proposition[2.5.4. Let (B(t))ier be the two-sided Brownian motion from Theorem
2.3.1{ and let us choose some 0 < § < % For y € R we define

fﬂy) =1inf{t > 0: B(t) =y},
T~ (y) :=sup{t <0: B(t) =y}

as the first hitting times of y on the positive and negative side of the origin, respectively.
Additionally, for L € N, i € N, y € R, we can introduce the following sets

Fi(y) ={T*(y-L) <T" (~y- L)},
Fi(y)={T"(y-L)<T (~y-L)}

on which the Brownian motion reaches the value y - L before —y - L. Further we define

.L)},
.L)}

G(i) = {B(t)2(2z'—1)~ Lofor TT(20-8-L)<t<TH((2i+2)-

> >
> >

G (i) = {B(t)Z(Qi—l)- L ofor T7((2i+2)-2-L)<t<T (2
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on which the Brownian motion does not decrease much between the first hitting time of
the two levels of interest. Using these sets, we can define the sets
.L}

A=(L,8) := F_ (6)N {—f—(u-L) <L?  min_ g }

T—(1.1-L)<t<T— (6 L)

>~ >

AY(L,5) == Ff(5) N {fﬂl.l L) < L min B(t) >

T+(8-L)<t<T+(1.1-L)

DY(L,8) := GL(0)NGL (1) NGL(2)

N{TH(1.2-L) <09 L2 min t) > ¥
T+ (37"5~L) §t§f+(1.2-L) 4
D™ (L,0) :=G,(0)NnG,(1)NGL(2)
-~_ 2 . 35
N —-T7(12-L)<09-L", min B(t)zz L

T-(1.2-L)<t<T~ (3754:)

which which will be used for an approximation of our previously constructed valleys w
belonging to I'(L, ) which we illustrated in Figure on page . Here, we added the
factors 1.1, 1.2 and 0.9 in contrast to the construction before in order to have some space
for the approximation. For the Brownian motion, we can directly compute that we have

P(D*(1,6)n D~ (1,6)) > 0. (2.30)

Thereby, the scaling property of the Brownian motion, i.e. the property that for L € N

(%B(LQ : t)) (2.31)

teR

is again a two-sided Brownian motion with diffusion constant o, implies
P(D*(L,6)N D~ (L,8)) =P(D*(1,6)n D~ (1,4)) >0 (2.32)

for all L € N.

At first, we notice that for Ly € N we have

P( ﬁ (A*(L,é)ﬂA‘(L,6)>c> < P( ﬁ (A’L(Lk,d)mA‘(Lk,é))C) (2.33)

L=Lg k=0+1

for arbitrary ¢ € Ny, where we define
L := max {10, (%W} (Lp_1)?
for £ € N inductively. Note that for n > ¢ + 1 with
F =0 ((B(t))_(Lnil)QStS(L%m) ,
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CHAPTER 2. STRONG RECURRENCE OF RECURRENT RWRE

the following holds:

Pl N (A+(Lk,5) ﬂA‘(Lk,5)> )
k=¢+1
[ n—1
<E H 1 e 1
- A+(Ly,8)NA= (L5
-k:£+1 ( e " )) {(Ln—1)§n<a:i(Ln—1)2|B(t)<(Ln1)2}

|

E|1
[ {(B+ @)= B(Ln12) D L) od (Bl (L)) B (Lamr)) 8D (1)}

o <<Ln1max B(t)| = (Ln_1)2)

)2StS(Ln71)2

< <1 _ P(D+ (Ln,8) N D~ (Lm(g))> P ( ﬁl <A+(Lk75) mA‘(Lk,5)>c>

k=¢+1

o <<Ln1max B(t)| = (Ln_1)2)

)2StS(Ln71)2

< (1 . P(D+(1,5)mD—(1,5)))”_E+ i P( max IB(t)] > (Lk_l)Q).

—(Lp—1)?<t<(Ly—1)?

k=041
(2.34)
To see that the first step holds, note that for
2
oef , mx o 1BOI< (L)
N {(BEt+ (La)) = B((Ln1)) ez € D* (L0,0) | (2.35)
we have
. S : : 2 2
. gfgg?an(t) =2 gé?if_l)zB(t) + (Ln_l)%g?g(Ln)zB(” (Ln-1)7) = B((Ln-1)")
)
> — (Lp_1)* — 1 L, > —08- Ly,
and
max _B(t) > B((Ln,—1)?) + max Bt + (L,-1)*) — B((L,-1)?)

0<t<(Ln)? (Lp—1)2<t<(Ln)?—(Ln-1)?
> —(Lp1)?*+12-L,>1.1-L,.

In particular, we have T+ (8- L) < T (=4 - L) and T*(1.1- L) < L? on the considered set.
Similarly, again on the set in (2.35]), we see that we have

TH(5-L) > inf{t > (Lyt)’ s (B(t+ (Lot)®) = B(Luot)?) = 3 - Lo},
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T - L) <inf{t > (Ly1)*: (Bt + (Ln-1)?) — B((Ly1)?) > 32 - L,},

which implies

L,

RS

__min B(t) =
TH+(8-L)<t<T+(1.1-L)
by construction of D*(L,,d). Altogether, we can conclude that w € A™(L,,d) holds for
our choice of w in ([2.35). The argument for the negative part runs completely analogously.
Further in , we used the Markov property of the Brownian motion in the second step.
Additionally, we iterated the first two steps n — ¢ — 1 times and used for the last
step. To control the last sum in , let us recall the standard upper bound

1 1 x?
P(Z>2)< - ——. )
( _I)_x o exp( 2) orxz >0

for a random variable Z ~ A/(0,1), which can be found for example in Lemma 12.9 in
Appendix B of [MP10]. By using this upper bound, we can conclude that

- " B(t) L1
E P B > (L._1)?) <4- P >
<—(Lk1)r2nﬁat}§(lzk1)2’ ( )’ o ( g 1) ) o Z <0§t2(1%,§1)2 o-Li,_1~ o

k=0+1 k=¢+1

[e.9]

o 1 (Lk_1)2> f—00
<4- . -exp | — > 0. 2.36
- k;l Ly 2r¢ P ( ( )

Here, we used that

B(t)
max
0<t<(Lp-1)2 0 - Lj—y

for all k € N, where Z ~ N(0,1). By combining the upper bounds in (2.33), (2.34), and
(2.36)), we get for all ¢ € Ny

~ |Z]

P(wé¢ (AT(L,0)NA(L,0)) for all L > L)
< lm (1-P(D* (1,5) N D~ (1,3) ))M

(e}
P B(t)] > (L)) =0,
_'_k%: (_(Lk—l)IZDS%)S((Lk_IP‘ ( )‘ - ( k 1) >
=l+1
Since Ly € N was chosen arbitrarily, we can conclude that for 0 < 6§ < £ we have

P(w: we (A*(L,0) N A™(L,d)) for infinitely many L) = 1.

Using the Komlés-Major-Tusnddy strong approximation Theorem (cf. Theorem [2.3.1)), we
see that for 0 < 0 < % we have

{w: we (AT(L,6)NA™(L,d)) for infinitely many L}
C {w: weTl(L,20) for infinitely many L},
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CHAPTER 2. STRONG RECURRENCE OF RECURRENT RWRE

which is enough to conlude that (2.29)) holds for all 0 < ¢ < 1. [ |

With the help of Proposition and Proposition [2.5.4] we can now turn to the proofs of
our Theorems 2.4.1] — 2.4.3}

Proof of Theorem |2.4.1. For a fixed 0 < o < 1, we choose 0 < § < % such that

1—59

o (2.37)

a <

For w € T'(L, ), the inequality in (2.17) implies that

> Py(Xoy =0)-n""> > Py(Xy =0)-n"

neN [exp(36L)]<n<|exp((1—20)L)|

> (exp ((1—20)L) — exp(30L) — 1> - C - exp(—38L) - (exp ((1 —26)L)) " °
= C -exp(—30L) - exp(3JL) - (exp (1=56)L) —1— exp(—35L)) cexp (— a1 —20)L)

L—oo

—> 0

Since Proposition [2.5.4{ shows that for P-a.e. environment w we find L arbitrarily large such
that w € I'(L, ), we can conclude that (2.14]) holds for P-a.e. environment w. [ |

Proof of Theorem[2.4.3. For fixed a > 0, we choose § such that

o1
0 <6< mi -
< <mm{2+3a’5}’

which yields
1—26—3ad >0 and 1—2 > 39.

For w € I'(L, §), the inequality in (2.17)) implies

S (P =0))" 2 > (P =0))"
neN [exp(30L)]<n<|exp((1-26)L)]
> (exp ((1—=20)L) — exp(30L) — 1) - (C - exp(—35L))"
= (C%-exp(—3adL) - exp(3ad L)
: (exp ((1—26—3ad)L) —exp ((30 — 3ad)L) — exp(—3a5L)>

L—oo
Q.
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2.6. EXAMPLES FOR RECURRENT RWRE

Again since Proposition shows that for P-a.e. environment w we find L arbitrarily
large such that w € T'(L,d), we can conclude that (2.15) holds for P-a.e. environment w.

Proof of Theorem[2.7.3. Due to the independence of the environments w®, w® ... w®,
we can extend the proof of Proposition to get

P®? (For infinitely many L € N we have : w® € (L, 6) fori =1,2,... d) =1 (2.38)
forall 0 <9 < 1.

Thereby due to Proposition [2.5.2) we have for (w® w® ... w@) with w® € I'(L,) for
i=1,2,...d
d

S TP (Xan =0) > > [P (X =0)

neN k=1 [exp(36L)]<n<|exp((1—26)L)] k=1

> (exp (1 —28)L) —exp(36L) — 1) - C* - exp(—30dL)
= 4. exp(—30dL) - exp(30dL)

: (exp ((1 =26 —30d)L) — exp ((30 — 36d)L) — exp(—35dL)>

L—oo
for
0 < L
0<0<35733
Since holds for arbitrarily small §, we can conclude that holds for P®%a.e.
environment (w®,w® ... w@). -

2.6 Examples for Recurrent Random Walks in Ran-

dom Environments

Remark 2.6.1. Consider a RWRE (X,,)nen, for which the environment w fulfils the as-

sumptions ([2.1f), (2.2), and (2.3)). By an application of Theorem [2.4.1| for a = 0, we get
p ([2.1), , y an app , we g
D Py(Xop =0) =0

neN

for P-a.e. environment w. From this, we can conclude that the random walk is recurrent
for P-a.e. environment w.
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CHAPTER 2. STRONG RECURRENCE OF RECURRENT RWRE

Corollary 2.6.2 (d particles in the same random environment). Let us first choose a
random environment w = (wy)zez which fulfils the assumptions F -, and (2.3 - For
fixred w, we can now consider d independent random walks (Xn” )nen, for i = 1,2,...,d
where every random walk (Xﬁf))neNO is a usual RWRE in the environment w in the sense
of . Then, for arbitrary d, the d-dimensional process

(X X2 X0 e,

15 recurrent for P-a.e. environment w.

Proof of Corollary[2.6.3. First of all, we notice that for fixed w

(Xr(zl)7 X1(12)7 s 7X7(Ld))n€N0

is a Markov chain. For the expected amounts of returns to 0, we get by applying Theorem

.42 with a = d
ZP( o 2,3,...,)(2(;?):(0,0,...,0)):Z(Pw(xg,ﬁ):()))d:oo

neN neN

for P-a.e. environment w. This implies the recurrence. O

Corollary 2.6.3 (d particles in d i.i.d. random environments). For arbitrary d € N, we
choose d i.i.d. environments w® = (wg(f))xez which all fulfil the assumptions , ,
and (2.3 . fori=1,2,...,d. For fived @ := (W, w® .. . &) we consider d independent
RWRE (XT(L JneN,, where (Xy(f))neNO is a usual RWRE in the environment w¥ in the sense
of . In this case, the d-dimensional process

(XM, x®, ..

is recurrent for P®%-a.e. environment @.

Proof of Corollary[2.6.3. Due to the independence of the processes and the environments
in every component, we get

ZP ( 2n7 2n)7’X2(:lL)):(O ) ZHP(Z 2;)—0):

neN neN i=1

due to Theorem m for P®%_a.e. environment &. O

Remark 2.6.4. An alternative proof of Corollary can be found in [Ze04] after Lemma
A.2. The proof there uses the Nash-Williams inequality in the context of electrical networks.

Remark 2.6.5. Corollary [2.6.2] and [2.6.3| show that the recurrence of a RWRE is indeed
“stronger” than the recurrence of the symmetric random walk on Z. Note that d particles

performing a one-dimensional symmetric random walk will only meet finitely often for
d> 3.
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2.6. EXAMPLES FOR RECURRENT RWRE

Corollary 2.6.6 (Symmetric Random Walk combined with RWRE - Version 1). We first
choose an environment w which fulfils the assumptions (2.1)), (2.2), and (2.3). For a fized

w, let (Xn, Yo)nen, be a 2-dimensional process where the process (X, )nen, and (Yn)nen, are
independent with respect to P,, (Xn)nen, 1S @ RWRE in the sense of (2.4)) and (Y,,)nen, @
symmetric random walk on Z. Then, (Xp, Yo )nen, @S recurrent for P-a.e. environment w.

Proof of Corollary[2.6.6. Due to the independence of the two components, we get

> Pu((Xon, Yan) = (0,0)) =Y Py(Xa = 0) - P,y(Yan = 0)

neN neN

> C~2Pw((X2n = 0) ‘n"? = oo,

neN

Here, we used the lower bound
Po(Yan=0)>C-n"3 (2.39)

for the return probabilities of the symmetric random walk on Z with some constant C' > 0
(cf. Section 2.18.4 in |Gut05]) and Theorem with a = % for the last two steps. Again,
we can conclude the recurrence of the process (X, Y, )nen, for P-a.e. environment w. U

Corollary 2.6.7 (Symmetric Random Walk combined with RWRE - Version 2). We first
choose an environment w which fulfils the assumptions , , and and some
0<d < 1. For a fixred environment w, let (X, Y, )nen, be a Markov chain with values in
72 which is determined by

Po((Xps1, Yar1) = (@4 1,9)|(X0, Y5) = (z,y)) =0 - w,,

Po(Xns1, Yar) = (2 = Ly)[(Xa, Ya) = (2,9)) = 0 (1 —wy),
1-4

Po((Xng1, Yos) = (2,9 £ D[(X, Y2) = (2,9)) = —5

Again, (X, Y )nen, 18 recurrent for P-a.e. environment w.

Remark 2.6.8. In the situation of Corollary [2.6.7, we first choose the first (or second)
component for the next step with probability ¢ (or 1—¢). If we choose the first component,
then we change the first component by +1 as in the setting of a RWRE, otherwise we change
the second component by 4+1 with probability % as in the case of a symmetric random walk
on Z.

Proof of Corollary[2.6.7. For the proof, it is enough to look at the process (X, Y, )nen,
whenever it has moved in the first component. For this, we define inductively

T0:=0 and
T := inf {n > T Xy #F er.,l} for k > 1.
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CHAPTER 2. STRONG RECURRENCE OF RECURRENT RWRE

Additionally, we define

)~(n =X, for n € Ny,

Y, =Y, for n € Np.

Note that (Xn)neNO is a usual RWRE on Z for s.a ’i“’” ~’7 Owa - 64<1;w3> + 5‘L~'3i
which the environment w fulfils our assump-
tions (2.1), (2.2)), and (2.3)). Further, we have . e R DO S S

~ > > > > > > > > > T T

Y, £ S(7, — n), (2.40)

where (S(n))nen, denotes a symmetric ran-
dom walk on Z which is independent of
(X0 )neNgs (Tn)neny, and the environment w.

Note here that we can decompose 7,, into the

increments
n Figure 2.2: Transition probabilities for the
Tn = 23(7‘Z —Ti 1), (2.41) considered process in Coro]lary
i=1

where (7; — 7;_1)ien 18 a sequence of i.i.d. random variables with a geometric distribution
with parameter § and expectation %.

Let us fix an arbitrary v > 0. Due to (2.41)), an application of Cramer’s theorem implies
that we have

P, (o> (5+7)n) <exp(—n-I)
for some constant /=1(y) > 0. Therefore, the Borel-Cantelli lemma implies that we have

P, (liminf n<n<(G+7) n}) =1

n—oo
for every environment w. Notice here that we have 7, > n by definition. Due to the
continuity of P,, we can therefore conclude that

lim P,(n <7 < (549)n) = 1. (2.42)

n—oo

Since we are interested in the returns of the random walk to 0, we have to distinguish
between the cases in which 7, is even or odd. Only for even values of 7,, our random walk
(Xan, Yan) = (X,,., Vs, ) can reach the point (0,0). For this, we note that 7, has a negative
binomial distribution with parameters n and ¢ and therefore has the following properties:

—1
Py(ta =k) < Py(r, =k +1) forn§k§n5 :

-1
P,(tn=k) > P,(tn,=k+1) forkZmaX{n ,n},

5
max P, (r, = k) 700. (2.43)
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Thus, a combination of (2.42) and (2.43]) implies that in the limit, for n — oo, the proba-
bility for the even and odd part is the same, i.e.

: 1
lim Pw<n§7n§ (%—i—ﬁy) ‘N, Tn EQN()) =3

n—oo
Since due to our choice v > 0 we have

Pw<n§Tn§ (%+7)~n, Tn€2N0> >0

for all n € N, a combination of the last two in-/equalities implies that there exists some
constant Cy > 0 such that

Po(n << (§+79) n, 7 €2Mp) >G>0 (2.44)

for all n € N and for every environment w. Using the independence of (X'Qn)neNo and
(Yo )nen,, we therefore get the following lower bound:

> Pu((Xan, Yan) = (0,0)) = > P,(Xp, =0) - Py(Yan = 0)

neN neN

[(5:2) 2]

> N Pu(Xon=0)- Y Pu(Yan = 0,7, =)
G
> ) Pu(Xan=0)- Y Pu(S(i—2n)=0)- Pyt = i)
neN i=2n
1€2Ng
) ()] |
Z Z-Pw(X2n:0) (PW(TQnZQTZ)‘f' Z C('L—QTL)_§ 'Pw(Tgn:i)>

neN i;2n+2

1€2Ng

Here, we used (12.40)) in the third line and the usual lower bound for the return probabilities
of the symmetric random walk on Z (cf. (2.39)), i.e.

P,(S(i—2n)=0)>C- (i —2n)

for i € 2N, 7 > 2n + 2 and with some constant C' > 0, in the fourth line. From this, we get

Z Pw(()z%@; i72n - (07 O))
L6

>C Y P(Xan=0)- (2 (A+7-1)) 2 072 Z Py(Tan = 1)

neN

VI

=2n
1€2Np
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>0 G (2 (A7 —1)) Y PuKan=0) n 7t =00

neN

for P-a.e. environment w. Here, we additionally made use of ([2.44) and Theorem
(applied for a = %) in the last line. This implies that the process

(‘55717 ?n)nENo

is recurrent for P-a.e. environment w. Finally, this obviously implies that our process

(Xn7 Yn)nENo

is also recurrent for P-a.e. environment w since we can embed the paths of the process
(X0, Yo )nen, into the paths of the process (X, Yy )nen,- O
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Chapter 3

RWRE with Random Orientations

3.1 Overview

In this chapter, we consider a RWRE with random orientations (RWRO) which is a random
walk on Z? with a one-dimensional random environment. As the main result of this chapter,
we show that the RWRO is transient for a.e. random environment.

The structure of this chapter is the following: In Section [3.2, we start with a formal
description of the model and then state our main results. Before we can finally prove
these results, we need some preparation: In a first step in Section [3.3] we construct two
sequences of valleys with the help of a coupled two-sided Brownian motion and derive some
properties of these valleys. Afterwards, we collect and extend several statements about
the so-called strong localization of the RWRE with regard to our constructed valleys in
Section [3.4 With the help of our preparation, we are then able to prove our main theorems
in Section [3.5] Finally in Section we consider an extended model of the RWRO, for
which we introduce a drift p as an additional parameter. Here, we answer the question of
recurrence and transience of the extended model depending on the drift p. This further
connects our results from Chapter [2 and Section [3.2

3.2 Model and Results

We first introduce the random environment: Let (w,).ez and (ay)zez be two independent
sequences of i.i.d random variables with respect to the law of the environment P. The
sequence (w;)zez is a sequence of i.i.d. random variables taking values in (0,1) and we
assume that the following assumptions hold

E[log po] = 0, (3.1)

Ple<wy<1l—e)=1 forsomee e (0,3), (3.2)
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CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

Var(log py) > 0,

where
1— Wo

po = po(w) : oo

(3.3)

as usual. Note that (w,).ez corresponds to the random environment of a one-dimensional
RWRE and that (3.1 ensures that the one-dimensional RWRE is recurrent. The second
assumption is a common technical condition in the context of RWRE. Additionally, the

third assumption excludes the case of a symmetric random walk on Z.

The second part of the random environment, (a).ecz, determines a random orientation for

every position x € Z. More precisely, (o, )zez is an i.i.d. sequence with

Plag = +1) = % — P(ag = —1)

which is further independent of (w,)zez. Finally, the random environment is given by

For a fixed environment € and some 0 < § < 1,
we can now introduce the associated random walk
(Z)nen, Whose transition probabilities are deter-
mined by 6: For every z = (21, 22) € Z2, (Z)nen,
is a Markov chain with respect to P; determined

(3.4)

by
A A 1 A A
POZ(ZOZ(Zl,ZQ)) —1, ! ! ! !
POZ(ZTL+1 = (k + 176)’Zn = (k7€>) =0 - W,
§-(1—w_3) J-w_g
P (Znyr = (k= 1,0)|Z, = (k,0)) =6 - (1 — wy), 1,]5
1-6
Pi(Znyr = (k0 +1)|Z, = (K, 0)) = — (1+ ag),
1-96
Pi(Zngr = (k0 = 1)|Z, = (k, 0)) = (1 — o)

Figure 3.1: A possible realization
of the random orientations 1| and

the corresponding transition proba-

for n € Ny, k,¢ € 7Z. Here, 6 and 1 — § are the bilities.
probabilities for a movement in the first and the

second component, respectively.

Note that (Z,)nen, can only move upwards in points with a positive orientation and down-

wards in points with a negative orientation. For notational convenience, we will often use

P, without the superscript 0 instead of Py when we consider the random walk which is

started at the origin.
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In order to define a joint distribution of the environment # and the random walk (Z,,),en,,
we can equip the set of environments

Q= ((0,1) x {~1,1})"

with its product o-field F (where we consider the natural product o-field in every com-
ponent), and we equip the set of all paths (Z*)Y with the product o-field G. The joint
distribution P* of (0, (Z,)nen,) With starting point z € Z? is uniquely determined by

P*(F x G) = /P;(G)P(de)

for ' € F and G € G. Again, we will use P instead of P? for notational convenience. Our
main result is the following:

Theorem 3.2.1. The Markov chain (Z,)nen, s transient for P-a.e. environment 6. In
particular we have
P (Z, = (0,0) for infinitely many n) = 0.

Following [CP03a)], we can decompose the two-dimensional random walk

(Zn)nENo = ()?n’?n)neNo (35)

into a skeleton one-dimensional random walk (the horizontal walk (X,,)nen,), an embedded
one-dimensional random walk with unbounded jumps (the vertical walk (Y},),en,), and
a sequence of waiting times (ty)nen,- For the decomposition, we introduce the following
random times inductively:

T := 0,
T, = inf{n > 751 : )?n #+ )Z'Tk_l} for k > 1. (3.6)

With the help of the random times of the movement in the horizontal direction, we can
now define for n € N

X, = X‘rn>
Y, = }Z'Tn
byl = Ty, — Tn—1 (3.7)

where X := Xp, g := Y,. Note that (Xn)nen, is @ RWRE on Z. As a by-product, we get
the following result for a RWRE in a random scenery (RWRERS):

Theorem 3.2.2. For the RWRE (X,,)nez and the RWRERS (S,,)nen, with

n—1
Sy 1= Zaxi, (3.8)
i=0

we have that (X, Sy)nen, @ transient for P-a.e. environment 6. In particular, we have

P((X,, S,) = (0,0) for infinitely many n) = 0.
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3.3 Construction of the Valleys

As a tool for the proofs, we construct valleys of the environment as it is often done in the
context of RWRE. Note that only the first part of the environment, namely (w,).ez, is used
for the definition of the valleys. At first, we introduce the potential V' as it is usually done
in the literature (cf. Section 2 in [SZ07]). With

1—w,
pu(0) = o
for x € 7Z, we can define the potential V = (V(x))xez by
(ilogm forx=1,2,...
V(z) = 0_ forz =0

0
ST log(pi)™! forx=-1,-2,....

Note that V(z) is a sum of i.i.d. random variables which are centred and which are bounded

by C' :=log(1 —¢) —loge > 0 due to the assumptions and . One of the most

useful properties of the RWRE is the observation that (for fixed environment ¢) the random

walk is a reversible Markov chain and can therefore be described as an electrical network

(cf. [DGPSOT]). The conductances are given by

(T (p))™t forz=1,2,...
=1

=

Clawt1)(0) = e V@ = {1 for x =0

0
II pi forz=-1-2...

\ Z=CE+1

and the reversible measure (which is unique up to multiplication by a constant) is given by

(r—1

[T -+ forx=1,2,...
i=1

1-w; 1—wy

po(x) = e V@) pe Vi = f L for z =0 (3.9)

wo

0
IT 2L forx=-1,-2,....
. Wi Wz
\ i=z+1

3.3.1 Consideration of a two-sided Brownian Motion

Since the explicit distribution of the potential V' is often hard to describe, we use the
Komlés-Major-Tusnddy strong approximation theorem (cf. Theorem 1 in [KMT76], see
also formula (2) in [CP03b]) to define the valleys with the help of a two-sided Brownian
motion:

42



3.3. CONSTRUCTION OF THE VALLEYS

Theorem 3.3.1. In a possibly enlarged probability space, there exists a version of the
environment 6 = (w, «) and a two-sided Brownian motion (B(t))icr with diffusion constant
o= (Var(logpo))2 (i.e. Var(B(t)) = o|t|) such that for some K > 0 we have

P <1im sup —|V(a:) — B(=)|
r—+oo 1Og |£L‘|

<K ) =1. (3.10)
Remark: As in the situation of inequality (1.7) in [HS98], our assumptions (3.1]), (3.2)), and
imply that the approximation theorem may be applied to the potential V(). Here, it
is important that the moment generating function of V(1) exists in some neighbourhood of
0 which is ensured by assumption . Therefore, we can start with the construction of
the first component of the environment w, then apply the Komlés-Major-Tusnady strong
approximation theorem, and in a last step add the second part of the environment «
independently of (w, (B(t))icr)-

From now on, we consider the possibly enlarged probability space on which Theorem [3.3.1]
holds for the two-sided Brownian motion (B(t)):cr and the potential V' = (V(:zc))ggeZ with
respect to the law of the environment P.

With the help of (B(t))wcr, we can define the following sequence of valleys (]A)k)keN and
their deeper parts (Dy)ren which is motivated by the construction of valleys in [DGPS07].
There, the RWRE is restricted to the positive half-line by a barrier in 0. Further, our goal
is to control the returns of the RWRE to 0 in contrast to [DGPS07]. This is why we have

to modify the construction.

Since for the RWRE the points at which the potential V() attains its minima and its
maxima in some neighbourhood play a key role, we will construct our valleys with the help
of two sequences (Zk) keno and (7k)ren, on the left and the right side of the origin at which
the Brownian motion attains its maxima in some connected and open neighbourhood of
these points which further contains 0. Further, (Bk)keNo will be the sequence at which the
Brownian motion attains its minimum in between. For the construction, we start with the
Brownian motion at B(0) = 0. We always have to look a little further to the left and right
side of our candidates for extrema to be sure that they have their extremal property in

some open neighbourhood.

Note here that we use = for all quantities which are directly constructed with the help of
the two-sided Brownian motion. In contrast, all quantities which are directly connected to
the potential V() will be denoted without ™.

We start with £ = 0 and we define:
no :=inf{t >0: B(t) =1},

Ny :=sup{t <0: B(t) =1},

J;:Sup{0§t§ﬁ0+: B(t)z min B(S)},

0<s<m,"

43



CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

B(1)

Mo 770+

.
WJ
|
M
t t
+

|
% 3(; =bo P

by ::inf{ﬁO_StSO: B(t) = min B(s)},

~  [by it B(b)) < B(by)
by if B(by) < B(by),

ofF = inf{t >0, : B(t) = B(b)},

bo =

o =sup{ by < t < AJF : B(t)= max B(s),
bo<s<¢g"
Vo = [bo, 7o),
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3.3. CONSTRUCTION OF THE VALLEYS

01 r1

Figure 3.3: Sampled path of the two-sided Brownian motion and the corresponding valleys 731
and 91.

For k > 1 we distinguish between two cases. If we have H < f[k__l, then we define
inductively:

W =inf{t > 6f - B(t) = B0},
ﬁk_ = gbk;—fp

by, := sup {t <7 : B(t)= min B(s)} ,

0<s<7,"

~ o~

&F =inf{t > 77 : B(t) = By},
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In the other case, i.e. if H k+_1 > H w_1, we define in symmetry with the first case:

e =sup{t < ¢, : B(t) = B(l-1)},

~+ . o+
nk T ¢k717

Ay <s<0

by, = inf{t>ﬁk: B(t) = min B(s)},
O =sup{t <7 = B(t) = B(b)},

of = nt{t > 77 B(t) = B(b)},

O = inf{(gk <t<by: B(t)= max B(s)},
By <s<by

my = fkfl,

hy = Tg1,

Tk := inf {/Ek <t<¢f: B(t)=_ max B(s)} :
bp<s<o,
D = B(ly) — B(by),
D} := B(ii) — B(by).

Now we can define our valley ﬁg and its deeper part ﬁk

Vi 1= [0, T,
wk, T/T\Lk] if Hlj—l > ij—l’

the left and the right height of the valley Vj

ﬁk_ = B(Zk) - B(Ek),
H .= B(#,) — B(by),

and further the heights of the valley 17k and its deeper part ﬁk

Dy, := min{

Hy, := min{

2

Dy, D;f
H H}.
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3.3. CONSTRUCTION OF THE VALLEYS

Remark 3.3.2. In words, we can say the following about our constructed valleys:

(1)

(2)

For every k € Ny, we have constructed two valleys Vk = [Ek,rk] and Dk - Vk By
construction, we have bk € Dk C Vk, 0e Vk but 0 ¢ Dk for k> 1.

Here, the name wvalley refers to the property

B(ly) = max B(s),

£k<5<bk
B(Ek) = min B(s),
£ <s<Ty
B(r,) = max B(s)
b <s<T%

for the left end pomt Kk, the bottom point bk, and the rlght end point 7, of the valley
Vi. The Valley Dy, has the same property if we replace ﬁk and 7, by the left end right
end point of Dk

The reason for the distinction between the two cases H < H w1 and i > H b1
is the following: Due to the approximation theorem (Theorem , the path of the
two-sided Brownian motion is connected to the potential (V(z)),ez of our RWRE. The
RWRE prefers paths on which the potential is not very large in between. Therefore,
it is more likely that the RWRE leaves a valley to the side with the lower height.

Similarly to the construction in [DGPS07], note that (7" )ren, and ((g,j)keNo are stop-
ping times with respect to the filtration (F,;")s>q, where

Flri=o({Bs: —co<s<t}) fort>0.

The same holds for (7, )ren, and (ggk_)kENo with respect to the filtration (F;”):<o,
where

F ZZU({BS: t§s<oo}) for t <0.

In contrast, (Zk)keNO, (Tk)keng, (Mk)keny, and (Zk)keNO are not stopping times with
respect to any reasonable choice for the filtration.

In the following, we collect some properties of our constructed valleys (91@) keN, and (ﬁk) keNo
which will be useful to describe the behaviour of the RWRO later on.

The motivation for Proposition - is the following: Since we will often make use
of the Borel-Cantelli lemma to derive the typical behaviour of the RWRE for large time

points n, we need some quantity growing to infinity for our estimates. For this quantity,

we use the heights PAIk and ﬁk of our constructed valleys which turn out to grow at least
exponentially in &k (cf. Proposition [3.3.3)). Further we need some lower scale for the error

terms which we can neglect in cornparlson with Hk and Dk for large k. For this scale, we
use terms of the form (Hy)'~" and (Dy)!~" for some 0 < y < 1:
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Proposition 3.3.3. For 0 < 8 < 1, we P-a.s. have
Hy> Dy > exp (8- k) (3.11)
for all k large enough.
Proposition 3.3.4. For 9 > 0, we P-a.s. have
H, < k7. H, (3.12)
for all k large enough.
Proposition 3.3.5. For 0 < v < 1, we P-a.s. have
(He)'™ < |H = Hy| = [B() — B(l)| < (He )™ (3.13)
for all k large enough.
Proposition 3.3.6. For 9 > 0, we P-a.s. have
01 < (H*™ and 6] < (Hy)** (3.14)
for all k large enough. In particular, this implies that we P-a.s. have
0] < (Hp)*™  and  |73] < (Hy)*’ (3.15)
for all k large enough.

Proposition 3.3.7. For 0 < v < 1, we P-a.s. have

B(by) — B(be—1) < —(Hp_1)'7, (3.16)
B(0,) — B(ly_1) > (Hy_1)"" on {b, < 0}, (3.17)
B(#) — B(Fi_1) > (Hy_1)' ™ on {b; > 0} (3.18)

for all k large enough.

In view of the last proposition, it makes sense to introduce the following two random times
for0O<y<land keN:

5,;7 =sup{t <7, : B(t) = Bo) + (Hy1)' ),
O, = nf{t 2 B B(t) = Blb) + (1) 7} (3.19)

(Z,; ., and a,j , give the locations at which the Brownian motion has almost returned to the

minimal position B(/b\k) at the random times quSk_ and qz?lj again. Thereby, Proposition m
ensures that we P-a.s. have

¢k_’fy < ﬁk_?
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O >
for all £ large enough. The next Proposition ensures that we even P-a.s. have
o < Cgk_y < b,
3;? > (Exj v > Tk
for all k£ large enough:

Proposition 3.3.8. For 0 < v <1, we P-a.s. have

[N])

_max  B(t) < B(y) + (Hy)' 73,

¢ <t<éy
_max_ B(t) < B(b,) + (Hp_1)' "2 (3.20)
b <t<o,

for all k large enough.

Proofs:
For the proofs, let

(E(t))tzo < (B(t))tzo

denote another Brownian motion which is independent of ((B(t)) LR (V(2)), EZ) (on a

possibly enlarged probability space). Further, we define for x € R
T(z) :=inf{t >0: B(t) =z}

as the first hitting time of x of the Brownian motion (E(t))t>0.

Proof of Proposition[3.3.3. This proposition is motivated by Lemma 2.1 in [DGPS07].
Therefore, we use a similar approach:

For k € N, we define
Ay =Dy —Hp 1 >0

as the difference of the heights of ﬁk and 17k_1.

The key observation is the following;:
At first, notice that on the set {ﬁlj_—l < ]le__l} we have Hy | = f],:r_l and further that
the valley Z/D\k is located on the right side of 17k_1. Using the strong Markov property of
the Brownian motion for the stopping time :ﬁ\,j_l (cf. Remark [3.3.2)), we see that on the set
{f[,j_l < f-\lk’_l} we have for ¢ > 0 that

P(/Alk >c- ﬁk—l ﬁ]:;p ﬁk_,l) = P(f(—c ’ ﬁk—l) < f(ﬁk—lﬂﬁktp ﬁkzl)
He 1
<1+C)'ﬁk—1 1+C

, (3.21)
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i.e. the conditional probability can be computed with the help of ruin probabilities for the
Brownian motion. Analogously, we can use the strong Markov property at ¢, , to get for
¢> 0 on the set {H,", > H,”}

P(Ay > c- Hy|HS  H ) = . (3.22)

A combination of (3.21)) and (3.22)) now implies that for ¢ > 1 we have

H,_ 1 1 -~ 1\ =~ 1
P #S— :P<—'Ak2<1——)'Hk_1):—.
A + Hy_4 c c c c

Therefore, we can conclude that for £ € N
Hy_y
A+ H_q
has a uniform distribution on (0, 1).

Since k was arbitrary and again using the strong Markov property, we further notice that

<H51> — (#) (3.23)
Dy keN Ag + Hi— keN

is a sequence of i.i.d. random variables with a uniform distribution on (0, 1).

By an iteration, we get

~ ~ A +H
log Dy, = log(Ay + Hx—1) = log( i kol

) long 1
+

A+ H A+ H;_y ~
> log (%)—Hong 1>Zlog< 7T >—i—logD1.

k—1 i=2 —

Together with the strong law of large numbers, this P-a.s. implies

k ~ A~
el =~ 1 A+ H;_

— > — _— =
h]gglfklong_klgrolokglog< 7 > E
1
= —/ log(x)dx =1,
0
H,
121\2 + ﬁ1

has a uniform distribution on (0, 1) for the last step. In particular, we can conclude that,
for 0 < f < 1, we P-a.s. have

where we used that

Dy > exp (B - k)
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for all k£ large enough. |

Proof of Proposition|3.3.41 For k € N; we define

Cr = max{ﬁk_, ]5,:} - min{lA)k_, ZA)J}

as the height difference between the higher and lower side of the valley lsk With an
analogous calculation as in (3.21)) and ({3.22]), we see that

min{ﬁk_, ﬁ;} B ﬁk
max{D, , D,"} Lol Dy +Cr ) oy

is again a sequence of i.i.d. random variables with a uniform distribution on (0,1). For

the computation, we can use the strong Markov property of the Brownian motion for the
stopping times 7," and 7, (cf. Remark [3.3.2)). Again using the strong Markov property, we
see that

Hy Dy
= and ———
Dk Dk + Ck

are independent for each £ € N. Further, we have seen above and in (3.23) that both
random variables have a uniform distribution on (0,1). Therefore, we can conclude that
for ¢ > 1 (using Hy < max{D, , D, })

P (ﬁk >c- ﬁ]k_1> <P (max{ﬁk_,f),j} > c-ﬁk_l)

) f g

Il
-

ﬁk + ak ﬁkq
Dy, Dy,

Y

- /min{i,l} dyzw_
y-c c
0

Finally, an application of the Borel-Cantelli lemma finishes the proof since

i log(k17) + 1

JRE) < 0

k=0

for ¥ > 0. |

Proof of Proposition[3.3.5. For the proof, we fix v > 0. The intuition behind this propo-
sition is the following: Since the parts of the Brownian motion on the left and the right
side of the origin are independent, it is very unlikely that the maxima B(7}) and B (Zk)
only differ by the small distance (ﬁ] x—1)'77. On the other hand, their distance is with high
probability not larger than the large distanAce (lf[k_l)lﬂ. Here, small and large are to be

understood in comparison with the height Hj_;.
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More precisely, we again have the following connection to the ruin probabilities of the

Brownian motion: Using the strong Markov property of the Brownian motion at 7,7 (cf.

Remark [3.3.2)), we get on the set
{br > 0} = {B(ly—1) > B(F-1)}

(i.e. Dy, is located on the right side of the origin) and with

~

A= o (B@;), B(bw), B(iiF), B(ly-1), B(Fi1), Hy1)

~

P (~(Hi)™ < B(F) = B < (Hit)' ™

A, B(5))

= P(B() - B(Y) = B(ly) = B@) — (Hy1)' ™

A, B(5))

— P (B - B@!) > B@H) - B@GS) + (Hy)'

A B(D))

= P (T(max{0, Bl ~ B@) ~ (H ) 7)) <T(~ [B@) - BOO)| A B@)

= P(T(B@) - B@) + (Hia)' ) < T( - B - B | A B(Q))

= A~ A~

_ B@) — B(b) ___ B@)-Bb)
B(ty) — B(by) — (Hy-1)'=r B(l,) — B(by) + (Hyp—1)'~?

(B(l) = B@S) + (Hy )™ _ 2 (Hy )
B(ly) — B(bk) + (Hp—1)'™7 — Hpy + (Hpq)'

2 (H)' 7 (B) = B) 2 (i)'
B(Zk) — B@k))2 — (ﬁk—ﬂ?'(l_” © Hypy — (Hpq)'%

2

< ————
(Hp1)7 =1

if B(0) — B@) — (i

if B(l) — B(7") — (Hy-

it B(l) — B(7") — (Hy-

\ if B(6) — B) — (Hi

)T <0

1)177 >0 Y,

3\

)P <0

l)l_w >0 J

By a symmetric consideration, we can further derive the analogous upper bound on the
set {by < 0} by using the strong Markov property of the Brownian motion at 7, . Since
the last upper bound is P-a.s. summable in k£ due to the exponential growth of Hy_; (cf.

(3.11))), we can conclude by the Borel-Cantelli lemma that we P-a.s. have
(Hi)'™" < |B() = B(l)|
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for all k large enough. This shows the lower bound in (3.13]).

For the upper bound, we show the following three properties: We P-a.s. have

~

B(by) > —(Hy1)'"3,

B(R) < (Hp1)'™,

B(ly) < (Hy—y)'™ (3.24)
for all £ large enough. A combination of the last two inequalities in particular implies that

we P-a.s. have
|B(T) — B(ly)| < (Hyp-1)'™"?

for all k large enough, i.e. the upper bound in (3.13). Note here that we have
B(?w,B@) >0

by definition. For the first relation in , we can use the following connection to the ruin
probablhtles of the Brownian motion: Usmg the strong Markov property of the Brownian
motion at ¢k 1> we get on the set {bk >0} = {B(ﬁk 1) > B(rk-1)}

p (B@k) < —(Hy_ )3

B(Fi1), B(lr), Blbi 1))

~

—p (f( — (Hy-1)"% = B(by1)) < T(Hy-n)

B(Fer), B(ly_1), B(B,H))

_ Hyy Hy _ 1
Hypoy + (H)"3 4+ B(be—1) ~ (Hp_1)'t2  (Hp_y)?

Due to the symmetry, we can show the same upper bound on the set {Bk < 0} by an analo-
gous argument. Since the last upper bound is P-a.s. summable in k£ due to the exponential
growth of i k1 (cf. ), we can again conclude by the Borel-Cantelli lemma that we
P-a.s. have

B(be) > —(Hy)' 2

for all k large enough which is the first statement in (3.24]).

For the second relation in (3.24)), notice that on the set {B(7),) > (Hy_1)'+7} we P-a.s. have

B(rp) = max B(t) > (Hk 1)1+2 > —B(by) > — min B(t)
0<t<a,” 0<t<e,’

for all k large enough, i.e. the maximum of the Brownian up to time g/b\,j is of larger order

than the minimum which is very unlikely. More precisely, we observe for arbitrary 0 < g < 1
— using the first relation in (3.24) and the exponential growth of Hy_; in k (cf. (3.11)) —
that the following inclusion P-a.s. holds:

limsup {B(7}) > (Hp_1)'*}

C limsup ({B(m > (Hy)'"™y 0 {B(by) > —(Hy—) 2y 0 {Hyoy > exp (8- (k — 1))})
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k—o00

< limsup (U {B(?k) > (exp (B~ (n— 1)))1”} N {B(Bk) > —(exp(B- n))1+3}>
- (3.25)

For the last step, notice that we have exp(-(n—1)) < Hy, < exp(f - n) for some n > k
on {Hy_1 > exp(f - (k—1))}. Thereby, we have

~

Z P ({B(?k) > (exp (8- (n— 1)))1“} N {B(bk)

n>k

< P (T (e (5 (- 1)) < T (~(exalon) )

n>k

v
|
—
@

»
=
=
S
~—

—

+
(S
—
N——

¥

(exp(B-n))' "

gc (exp (8- (n—1)))"" + (exp(8-n)) "
1

nz>k (exp (8- (n—1)))

X
2

1

e (-5)

< =exp (-2 (k-1))-

2

for all k large enough.

Since the last upper bound is summable in k, we can conclude by the Borel-Cantelli lemma

and ((3.25) that we P-a.s. have
B(7y) < (He-1)'™

for all k large enough which is the second relation in (3.24]).

The third relation in (3.24]) can be shown by an analogous consideration for Zk instead of
7r due to the symmetry. [ |

Proof of Proposition[3.3.0. Here, we can use a similar approach as in [DGPS0T] (cf. Section
2.3):

For the proof, we fix ¥ > 0 and recall Chung’s law of the iterated logarithm (cf. Theorem
in [JP75]). It states that we have

> 0, P-a.s. (3.26)

Recall here that 0 < 0? = Var(log py) denotes the variance of Bj.

For the valley ljk, note that we have
_ max (B(t) — B(s)) =H,,
b, <s<t<0

max_ (B(s) — B(t)) = H,'

0<s<t<e,
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by construction. In particular, we can conclude that we have

max |B(s)| < H,
¢y <s<0
max |B(s)| < H.
0<s<g,f

Thereby (3.26)), i.e. Chung’s law of the iterated logarithm, implies that for 0 < v < 1 we
P-a.s. have

ﬁk_ > max |B(s)| > |$k;_|%’y7

@, <s<0
HY > max |B(s)| > o]
0<s<¢,f

for all k£ large enough. From this, we can conclude that we P-a.s. have

2=

or| < (H)?

971 < ()’ < (Hy o+ ()4
k S k

IN

(2 ‘ (ﬁk)2+2>i < (ﬁk>2+19

2=

for all k large enough and v = v(9) close enough to 1. Here, we applied the upper bound
in (3.13)) for % in the second step. Further, we used that Hj grows a.s. exponentially in k

(cf. (3.11])) for the last step. |

Proof of Proposition[3.3.7. For the proof, we fix 0 < v < 1. Further, we assume for

the beginning that we have /b\k > 0 for some k£ € N, i.e. the valley Zsk is located in the
right side of the origin. Then, we can make the following connection between the increase
B(by,) — B(by_1) and the ruin probability of the Brownian motion:
Using the strong Markov property of the Brownian motion at gglj_l (cf. Remark [3.3.2), we

get the following relation on the set {b; > 0} = {B(F_1) < B(lr_1)}

A~

P(B(by) — B(bp—1) > —(Hy—1)' | B(Fi1), B(ly—1), B(by—1))

ST ST N-N | T (ﬁk—l)l_7 1
= P(T(Hi-1) < T(—(Hg—1)""")|Hi-1) = = = = :
Hy1+ (He)'™ (Hp )Y +1

By a symmetric analogous consideration, we can derive the same result on the set {/l;k < 0}.
Since the last upper bound is P-a.s. summable in £ due to the exponential growth of Hy_,
in k (cf. (3.11)), the Borel-Cantelli lemma implies that we P-a.s. have

-~

B(by) — B(by_1) < —(Hj_1)"™"

for all k large enough. This shows ({3.16]).

The remaining two inequalities in (3.17) and (3.18]) are symmetric analogues of each other.
Therefore, we only show (3.18)):

%)



CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

Similarly to above, we can use the strong Markov property of the Brownian motion at 7,
to derive the following upper bound on the set {b;, > 0}

A~

P(B(7) — B(Fy—1) < (Hy1)' | BFi1), Bly—1), B(by—1), B(by))

~ o~

= P(T((Hr-1)' ") > T(— Hyr + B(by) — B(bg—1))|BF-1), B(lx-1), B(by—1), B(by))

(Hy_1)'™ < (He)'™ 1

 (He)' 4 Hea = B(b) + B(byr) — Hioa + (Hy)'™ (Hea) ' +10
Again, the Borel-Cantelli lemma finishes the proof of (3.18)). [ |

Proof of Proposition[3.3.8. TFor the proof, we fix 0 < v < 1. At first, we observe that for
all k e N

$+ def inf{t > ﬁlj : B(t) = B(/l;k) + (ﬁk71>17’y}

kyy

is a stopping time with respect to the filtration (F,");>o since 7" is a stopping time with
respect to this filtration (cf. Remark [3.3.2)) for all k.

Now, we can make the following connection to the ruin probabilities of the Brownian motion:
Using the strong Markov property of the Brownian motion at gb; .+ we get on the set
{B(br) — B(be—1) < —(Hi—1)' 77}

P (A max_ B(t) > B(by) + (Hy_,)' "3

B(br_1), B(by), ﬁk)

~ A~

=P (f«ﬁkfl)k% — (Hp)' ) < T( = (Hy1)")

i)

Since the last expression is summable in k£ due to the exponential growth of ﬁk_l in k
(cf. (3.11))) and since we P-a.s. have B(by) — B(br_1) < —(Hy_1)*™7 for all k large enough
according to (3.16)), we can conclude by the Borel-Cantelli lemma that we P-a.s. have

[

max_ B(t) < B(Ek) + (ﬁk—l)l_

b St<ey

for all k large enough. The argument for ggk’ ., runs completely analogously with the help of
the symmetric analogues of all appearing quantities. |
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3.3. CONSTRUCTION OF THE VALLEYS

3.3.2 Associated Valleys of the Potential and their Properties

Since the potential (V' (x)).ez is only defined for integers, we have to discretize the valleys
which we constructed in the previous section. For this, we define for k € Ny

O, ::min{xEZ, ngﬁ,;SxSO: V(z) = max V(y)},

¢, <y<0

Tk ::max{xEZ, nggqg;: V(z) = max V(y)},

0<y<oy

by := min {x €Z, by <z <rp: V(r)= min V(y)} (3.27)

L <y<ry
as the left end point, the right end point, and the position of the bottom point of the valley

which we will consider in the following. Further, we define mg := 0 and for k£ > 1

max {ac €L, b1 <x<b: V(r)= max V(y)} if b1 < by,

b1 <y<by
min {x EZL, by <x<bpq: V()= , max, V(y)} if b1 > by
k—13YS0k

as the position with the highest potential between the successive bottom points at b,_; and
br. Additionally, we define hg := 0 and for k£ > 1

Gy if by >0
A e (3.28)
Thk—1 if bk <0

as the point out of {{;_1,rx_1} which is not on the same side of the origin as b, and which
turns out to have the higher potential for all k large enough, i.e. (cf. (3.36]))

V(hk> = maX{V(ﬁk,l), V(’f’kfl)}.

Analogously to the construction with the help of the two-sided Brownian motion from the
previous section, we define the sequence of valleys (Vi )k>1 as

Vii={l, e +1,... 74}

and the sequence of deeper parts (Dy)r>1 as

O 0 1,... if by, <
Dk::{{k,k-i‘, ymy}if by < my, (3.29)

{mk,mk+1,,rk} lfbk ka

From the definition, it would be possible to have D, € V;. But in Proposition [3.3.9, we
show that this can only happen for finitely many k.
Additionally, we define the right and left heights of our valleys D and V. for k € Ny by

Df = Vi(rg) = V(be) if b > my
V(mk) - V(bk) if bk < myg,
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B(t)

D
Vi
- - | +— ¢
b1 b o N

1= m2
.
} Lo = h1
A i
Sy + x
by \
| b()
|
Hy
,,,,,,,,,,,, B
Dy

V1

Figure 3.4: Construction of our valleys D1 and V, with the help of the coupled Brownian motion:
Note here that the potential V' (-) is only defined for integers and that ¢1,by, 71, ... all denote the
x-coordinate of the points which are emphasized by the black circles. Further note that we cannot
be sure about the positions of by, my and hy alone from the shown part of the potential V (z).
Anyhow, we have attached them to their qualitatively correct positions where they are at least
located for large indices k since here we have V ({1) < V(ry).
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3.3. CONSTRUCTION OF THE VALLEYS

e {V(mk) ~V(be) if by >y
g V() —V(by) if by < my,

Hf :=V(ry) — V(bx),

Hy =V () = V(by),

and further the depth as

Dy, :=min{D}", D, },
Hy, :=min{H,, H, }.

In order to make sure that one upcoming definition is well defined (cf. (3.81])), we finally

define

b_1 = H_1 = 0.

Using the strong approximation theorem (Theorem [3.3.1)), which gives us an upper bound
for the differences between B(z) and V(x) for large |z| (z € Z), we can now derive the

analogous results from the previous section:

Proposition 3.3.9. For P-a.e. environment 6, we have by, # 0 and further

rp >0 ifbk+1 >0
M1 = .
gk <0 Zfbk_H <0

for all k large enough. In particular, this implies that we P-a.s. have

max  V(j) ifbgr1 >0

i<b —1
‘7( " 1) 0<5<bg41
max L ] 1 b <0
bpi1<j<—1 (]) f k+1 9

V(mpi1) =V (brs1) = Dy
V(mpi1) = V(by) = Hy,

for all k large enough.
Proposition 3.3.10. For 0 < 8,7 <1 and 0 < ¢, we P-a.s. have

Dyy1 > Hy > Dy, > exp(8 - k),
Hp <k Hyy,

V(hie1) = V(musr) > (Hi-1)'7,
0] < (Hi)*,

i < (Hp)*™,

|| < (Hi)**,
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CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

M| < (Hp)*, (3.40)
|| < (Hp)*? (3.41)

for all k large enough.
Proposition 3.3.11. For 0 < v < 1, we P-a.s. have

min  V(z) > V(by) + (Hp_1)"" (3.42)

€V \ Dy,

for all k large enough. In particular, we P-a.s. have
Dy > Hy i + (Hp )7 (3.43)

for all k large enough.

For the last two propositions, we need one more definition: For £ € N we define

nt = inf{n >b,: V(n) > V(m)},
n, = sup{n <by: V(n) > V(my)} (3.44)

as the closest position to the bottom point at b, at which the potential V'(-) reaches the
level V(my) (again).

Proposition 3.3.12. For 0 <~y < 1, we P-a.s. have

max V(y) = V(z) < Dy — (Hp1)' ™7 on {by > 0}, (3.45)
T, YyEDE: r<y<bg
— < _ I—y
oy A V(z) = V(y) < Dy — (Hy-1) on {bx < 0},
max V(y) = V(x) < Dy — (Hp_1)'™7 on {by > 0}, (3.46)
z,yEDy: bk<y<ac<nk+
max V(z) = V(y) < Dy — (Hp_ 1) on {by <0}

x,y€Dy: n,, <y<z<by

for all k large enough.

For the next proposition recall the following definition (cf. (3.19)) for 0 <y <1 and k € N

o Lint{t > 57+ B(t) = Bbe) + (He )Y,

Oy < sup{t <7 B() = Bl + (Hir) 7}

Proposition 3.3.13. For 0 <y < 1, we P-a.s. have

min  V(x) > V(b) + (Dp)' ™ on {b, > 0}, (3.47)
ni <w<ry

min V(x) > V(bk) + (Dk)1_7 on {bk < O},
Lp<z<n,
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3.3. CONSTRUCTION OF THE VALLEYS

Cmax  V(x) = V(mgy) < —(Hp)'™? on {bx+1 > 0}, (3.48)
by Sw<bit
max  V(z) — V(mpg) < —(Hp)'? on {bxy1 < 0}

brt+1 Swﬁé\k_ﬁ
for all k large enough.

For the proofs of Proposition —[3.3.13], the following lemmata are helpful:
The first lemma yields an upper bound for the fluctuations of the Brownian motion between
two integers:

Lemma 3.3.14. We P-a.s. have

max |B(n +1t) — B(n)} < (log(n))2 and

0<t<1

max [B(—n —t) = B(-n)| < (log(n))® (3.49)

for all n large enough.

The second lemma shows that the position of our valleys V, and D, are closely connected
to the positions of our auxiliary valleys V, and D, which we constructed with the help of
the coupled two-sided Brownian motion:

Lemma 3.3.15. For 0 <y <1, we P-a.s. have

6,0 ifbp >0
b€ {[?_” O i (3.50)
(G | if b <0,
o 0] if by >0
by, € {[f’“_‘lfz’“ ] Z.f 2t (3.51)
[ s &) if e <0,
o o] ifby >0
i € M’“if’fﬂ] Z_f -t (3.52)
[0, gb,m] if b, <0
for all k large enough. In particular, we P-a.s. have
B(bi) < B(by),
V(i) < V([bi)) (3.53)

for all k large enough.

Proofs: The main tool for the upcoming proofs is always the same one: We will use the
strong approximation theorem (Theorem for a comparison between the potential V()
and the coupled Brownian motion B(-). But in each situation, we still have to adapt our
argument to the considered situation. One of the main difficulties, which we have to take
care of here, is the following: The strong approximation theorem states that the differences
of the potential V(n) and the coupled Brownian motion B(n) are of order O(|n|) for large
In|. In particular, the upper bounds coming from the approximation theorem depend on
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the position n we are considering. On the other hand, the propositions are mostly stated in
terms of the increasing heights of the valleys H ks Dk, and Hy, Dy. One important tool for
us is therefore Proposition [3.3.6] which connects the height of the valleys and the positions
of their end points.

For reasons of completeness, we will present all proofs in the following:

Proof of Lemma[3.3.1]] Consider a random variable Z ~ N(0, 0?) and recall the standard

upper bound
A 1 1 2
P(—>x)§—~ .exp(—x—> forx >0
o T 21 2

for tails of the standard normal distribution which can be found for example in Lemma
12.9 in Appendix B of [MP10]. By choosing z = 2 - \/log(n), we see that

P (@ > 2. log(n)) <2.p7? (3.54)

for all n large enough. Since for all n € Nj

max (B(n+t) — B(n)) and max (B(—n—t)— B(—n))

0<t<1 0<t<1

have the same distribution as |Z|, we can conclude with the help of (3.54]) that

i (P (&% |B(n +t) — B(n)| > (1og(n))2)

n: P (&?x |B(=n—t) = B(=n)| = (10g(”))2)> -

holds (which is not the best possible statement, but the form in which we will use it).
Therefore, the Borel-Cantelli lemma implies ([3.49)). O

Proof of Lemma[3.3.15. We start the proof with the following remark which will be useful

for all remaining proofs in this section:

Remark 3.3.16. A combination of the Komlés-Major-Tusnady approximation Theorem
3.3.1| (which describes the coupling between the potential (V(x)),cz and the two-sided
Brownian motion (B(t));cr) and Lemma [3.3.14] (which controls the fluctuations of the

Brownian motion between two integers) implies for example that we P-a.s. have

max V(z) < max B(z) +2- (log|s])*,

max V(z) = max B(r) —2- (log|r])* - 2- (log |s])”,

OrgnajgsV(a:) < OrgrlggsB(x) +2 - (log|s|)?,

min V(z) = min B(z) —2- (log|r])* - 2 (log |s])’ (3.55)

for ;s € R with r < 0 < s and |r|, |s| large enough. Note here that V' (z) is only defined
for x € Z whereas B(z) is well defined for all z € R. As long as we only compare B(-)
and V(+) for integers, we can even drop the factor 2 in the above estimates. Inequalities of
these types will be useful for the upcoming estimates.
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3.3. CONSTRUCTION OF THE VALLEYS

Using this connection between the potential (V(z)),ez and the Brownian motion (B(t)):er,
we can continue the proof of Lemma |3.3.15]

For the proof, we fix 0 < v < 1. Further, we assume that l;; > 0, i.e. the valley ﬁk is
located on the right side of the origin. In the other case, i.e. by < 0, we only have to use
the symmetric analogues of all appearing quantities.

Let us start with the consideration of ¢;: Due to (3.55)) and (3.20)), we P-a.s. have

max V(r) < max B(x)+2- (log|q/5k_|)2 < B@k) + (I/-fk,)l_% + 2. (log|qu5k_|)2

¢ <e<d ¢ <e<d
~ ~ 2 ~ ~ 2
< Blbp_1)+2- (log ((Hk)%ﬁ)) < —(Hyn)" " +2- <1og ((Hk)2+7)> <0

for all £ large enough. Here, we further used for the third step, (3.16|) (applied for
3) for the third step, and again (3.16]) (applied for ) together with B(by_2) < 0 for the
fourth step. Additionally, we made use of and for the last step. Since we have
V(0) = 0, we can immediately conclude that we have

gk € [(g};fya 0]

To see where 1}, is located, we notice that, P-a.s.,

. ~\\ 2 ~ ) 2+'Y 2
OSH;?%L V(z) < Ogg} B(z)+2- (log(tk))” < B(F_1) + 2 (log ((H, ))
N -~ 2 N I~
< B(Tg-1) + (10g (K™ Hk—1)2+7)> < B(Tp-1) + 1 (Hp—1)'"

for all k large enough. Here, we used (3.15)) for the second step, (3.12)) for the third step,
and (3.11)) for the last step. Due to (3.20)), analogously to above, we further P-a.s. have

max V(z) < max B(x)+2- (log(gg,j))Z < B(Bk) + (f-\[k)l_% +2- (log(gg,j))2

o <a<ot o <a<ot
o~ ~ 2 —~ ~ 2
< Blbg_1) +2- <log ((Hk)M)) < —(Hy )" +2. <log ((Hk)m)) <0

for all £ large enough, where we again used (3.16)) (applied for ) for the third step and

(applied for 7) for the fourth step. In the last step, we again made use of (3.12)) and (3.11]).
On the other hand, we P-a.s. have

max V(z)> max B(z)—2- (log(

77+<x<¢k n+<x<¢k ¢
2
> B(P_1) + (Hy ( (Hy)* >

2
k1+fy Hk )2+’y))

) = B(#) —2- (log(é;))”

> B(Tk-1) + (Hg-1)

(A
> B(Fi) + 5 (Fyn)'”
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for all k large enough. Here, we used ([3.20)) for the second step. Further, we made use of
(3.14) and (3.18) for the third step, (3.12) for the fourth step, and (3.11]) for the last step.
By combining the last three upper bounds, we see that we P-a.s. have

max V(x) >max{ max V(z), max V(q:)}

My <z<é. 0<z<n, b Sa<of

for all k£ large enough which implies
rx € [ 01
due to the definition of ry.

The proof for the location of by works very similarly. Here, we are interested in which region
the potential V(-) attains its minimum. Again, we assume that we have b, > O:

Using ¢}, € [&Ek_ ,» 0] for all k large enough (which we have just shown), we can conclude that
we P-a.s. have

min  V(z)> min_ V(z)>_ min_ B(x)—2- (log(¢;))" — 2 (log(¢;)’

th<a<d SinSe<oit, S ST,

> B(oy) + (H)'™ — 4 (log ((z?r,g)%v))2 > B(by) + % (Hy)'

for all k large enough. Here, we used the definition of ngﬁk_ s gg,j_l, (3.16)), and (3.14)) for the
third step. For the last inequality, we further used (3.11)). Similarly, we P-a.s. have

min V(z)> min V(z)> min B(x)—2- (log(%j)f

A <a<ry e <z<ey A <a<e,
~ ,\ ~ 2 ~ 1~
> Boy) + ()" =2+ (log ((H)*)) = B + 5 - ()™
for all k large enough. Here, we again used the definition of 5; ., and (3.14) for the third

step and (3.11]) for the last step. On the other hand, we P-a.s. have (using by > 0, i.e.
b € (61,70 ])
~ ~ . ~ . 2
_min_ V(w) < V(b)) < B(b) +2- (log bl)” < B + 2+ (log ((H,)*) )
(b]j,lgwgﬁlj

~ 1 ~
< B(b) + 1 (Hp)™

for all k large enough. Here, we again used (3.15)) for the third step and (3.11]) for the last
step. A combination of the last three inequalities finally implies that, P-a.s.,

op <a<mf O <z<p | N <z<ry,

~min V(z) < min{ min  V(z), min V(x)}
for all k large enough. Therefore, we P-a.s. have
bi € (671, 77]  on {bx > 0}
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for all k large enough due to the definition of by.

An analogous proof shows that we also P-a.s. have

br € [ 0] on {bp <0}
for all k large enough. Overall, we can conclude (3.51)).
For the proof of (3.53)), note that by definition of /l;k we have

min  B(s) if by >0

B(/b\ ) $k+_1§8§77\;j
k) = ~
min  B(s) if by <O0.
ﬁk7§3§¢]:,1

On the other hand, we have just shown in (3.51)) that we P-a.s. have

~min  V(z) if by, > 0
o <z<nt
min  V(z) ifb, <0

M, <z<¢,

V(b) =

for all k large enough.

0

Together with the help of Lemma and |3.3.15] we can now start to prove that our
constructed valleys have various properties, which we formulated in Proposition -

0.0, Lok

Proof of Proposition[3.3.9. For the proof, we fix 0 < v < 1. Further, we assume that we

have /b\k:-i-l > 0, i.e. the valley ﬁkﬂ is located on the right side of the origin. In the other
case, i.e. bk+1 < 0, we only have to use the symmetric analogues of all appearmg quantities.
Thereby, we P-a.s. have bkﬂ # 0 for all k£ by definition of the bottom points (bk)keNO since

we P-a.s. have
min  B(t) <0

-1l

n— —n

for all n € N.

First of all, we notice that according to (3.51]) we P-a.s. have

b1 >0

for all k£ large enough. In a first step, we show that in this case we also P-a.s. have

Mpy1 > 0

for all k large enough. By definition of my.1, there is only something to show if we have

b, <0
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what we will assume for the next few lines. Again using (3.51)), this implies that we also
P-a.s. have
bk <0

for all k£ large enough. Let us assume that we have my,; < 0:
In this case, due to the definition of my,,, we P-a.s. have

V(mp41) = max V(z) < max V(z) < max B(z)+2- (log |Zk|)2

by, <z<0 Ao <a<0 Ay <2<0

for all k large enough, where we further used (3.51) and (3.55)). This yields that, P-a.s.,
~ ~ ~ 2
V(i) < B(lx-1) +2- (log [6])* < B(Fi1) = (Hy2)' ™7 +2- (10g ((Hk)ZH))

for all k large enough, where we used the definition of @\k,l for the first step and (3.13) and
(3.15)) for the last step. Notice here that b, < 0 implies B({x—1) < B(7%-1) by construction.

Due to and , the last inequality P-a.s. implies
V(mess) < Bs) = 5+ (i)™ (3.56)
for all k£ large enough. On the other hand, we notice that we P-a.s. have
0 < Tho1 < by

for all k large enough due to (3.51)). Thereby, we P-a.s. have

V(U‘\k—lJ) Z B(ﬁk—l) — 2 . (log |?k—1|)2 Z B(ﬁc—l) — 2 . <10g ((ﬁk_l)Q-i"y))z > V(mk+1>

for all k large enough, where we used (3.15)) for the second step and (3.56|) together with
(3.11) and (3.12)) for the last step. This a contradiction to the definition of my 1 as the
point with the highest potential between b, and by ;. In particular, we can conclude that

we P-a.s. have
M1 > 0 (3.57)

for all k£ large enough if also b1 > 0 holds.

Our claim is that we actually have

Migy1 =Tk

in our situation, i.e. byy; > 0. (Now we allow by > 0 and also b, < 0.) By definition, we
have
V(rg) = max V(x). (3.58)
0<z<¢,
Therefore, we still have to show that, P-a.s., we cannot have

~
Mpy1 > Q@ 2> T,
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for arbitrary large k. For my,q > gg,j > Tk, an application of (3.55)) and the definition of
my41 yields that, P-a.s.,

B(mis1) 2 V(mi) — (loglmial)* > V(7)) — (log mipal)?
> B([7)) — 2+ (log Imxsal)” = B = 3+ (log ((Hy1)**) )
> B(F) — 3 (log (K7 - H)*™)) = B(F) — (A"

for all k£ large enough. Here, we further used (3.14)), (3.12)) and the exponential growth of
Hy in k (cf. (3.11))). In terms of stopping times for the Brownian motion, this implies that
we P-a.s. have

lim sup <{mk+1 > q/b\;} N {bgy1 > O})

k—o00
C limsup <{$,j <A < gg,(f) < 7/7\,;:1} N {/b\k+1 > 0}) : (3.59)
k—o00

where, for k € Ny,

A= inf{t > o+ B(R) — (H)',
OP = inf{t > A : B(by)}.
For the relation in (3.59)), notice that the sign of b1 and 3k:+1 P-a.s. coincides for all k

large enough (cf. (3.51))). Further we have my, < b,y < 7" for all k large enough due to
the definition of my,, and again (3.51]).

On the set {bys1 > 0}, we have the following connection to the ruin probabilities of the
Brownian motion using the strong Markov property at A

P61 << @ <iifa| BE). B, Bb))

A~

< P(:F( — By + (H)') < T((Hy)') |B#), B@y), B(bk)>

(H)' 1

H, (Hp)"

Since this last upper bound is P-a.s. summable in £ due to the exponential growth of i k in
k (cf. (3.11])), the Borel-Cantelli lemma and (3.59)) imply that on the set by1 > 0 we P-a.s.
have

M1 < O

for all k£ large enough. In combination with (3.57) and (3.58), we can conclude that we
P-a.s. have

M1 =Tk

for all k large enough if by > 0.
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Finally, (3.31)) is a direct consequence of (3.30) and the definition of my,,. Further, a
combination of (3.30) and the definition of Dy P-a.s. yields

{mm{V(rk) — V<bk+1)7 V(?“k+1) — V(bk+1)} = V(Tk) — V<bk+1) if bk+1 > O}
min{V(€k+1) — V(b].H_l), V(fk) — V(bk+1)} = V(gk) — V(bk_H) if bk+1 <0
= V(mps1) = V(bet1)

for all k£ large enough which shows ([3.32)). For the proof of (3.33)), we notice that we P-a.s.
have

Dyy1 =

Hk = mm{V(ﬁk) — V(bk), V(’I‘k) - V(bk)} = Hlll’l{V(thrl) — V(bk), V<mk+1) — V(bk>}
= V(my11) — V(by)

for all k large enough. Here, we used the definition of Ay, 1 and (3.30)) for the second step.
The argument for the last step, i.e. V(myi1) < V(hyyq) for all k large enough, is postponed

to the proof of (3.36]). |

Proof of Proposition[3.3.1(} Due to Proposition we P-a.s. have

1 >0 ifbk>0
mp =
gk—1<0 lfbk<0

for all k£ large enough. Therefore, we also P-a.s. have

D, — {mm{V(rk) - V<bk)7 V(£k71) - V<bk)} if bk >0
CT iV () — Vo), Vi) - V(bo} if b <0,

Hy, = min{V(ry) — V(bg), V() — V(bi)},

{min{V(rkH V(bgs1), V(£
Dyy1 = v

)= V( V(
min{V ({;41) — V( (7%

— 1)} if bk+1 >0

) b+
br+1), ) bry1)} if by <0

for all k large enough by definition, where further

V(rksr) = V(rg) > V(rg-1),
V(ley1) 2 V() >V (L),
V(brt1) < V(by)

also holds by definition. Overall, we can conclude that we P-a.s. have
Dy, < H, < Dy (3.60)

for all k£ large enough. This shows the first part of . To see that the last inequality
holds, we will compare Hj, and ﬁk:

Let us assume that V() < V(¢) holds. In the other case, we can use the same proof with
the symmetrically analogous quantities. Due to the assumption, for ¥ > 0, we P-a.s. have

~

Hy = V(ry) = V(b)) > V([7%])) = V(Lbr])
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> BF) ~ B —4- (log (F*)) > He—4- (log (B)*)) (361)

for all k large enough. Thereby, we made use of the definition of 7 and (3.53)) in the second

step. Further, we used (3.55) and (3.15)) for the remaining steps. In particular, (3.11))
together with (3.60) implies that for every 0 < 5, A\ < 1 we P-a.s. have

Dipr > Hy > (1—\) - exp(B - k)

for all k£ large enough. Since this property holds for every 0 < 8, A\ < 1, we can conclude
that, for 0 < 8 < 1, we even P-a.s. have

Dyy1 > Hy > exp (8- (k+1))
for all k large enough. This finishes the proof of (3.34)).
For the proof of , we first notice that analogous arguments as in show that we
can derive the analogous upper bound, and therefore, for ¥ > 0, we P-a.s. have
., —4- <log ((1?{,@)2“9))2 <H,<H,+4- <log ((ﬁk)”ﬂ))Q (3.62)
for all k large enough. Since we have seen in Proposition that for ¥ > 0 we P-a.s. have
Hy, < k2 Hy

for all k£ large enough, a combination of the last two inequalities show that we also have
(3.35)), i.e. for ¥ > 0 we P-a.s. have

Hy, < k'™ Hy
for all k large enough where we further used the exponential growth of (Hy) in k (cf.
B.11)).

For the proof of (3.36), we first consider the difference V' (¢;) — V (ry) for k € Ny. For
0 <~v <1, we P-a.s. have

- 2

V(le) = V(rg) = V(L)) — B(r) — (log(r))
> B([l])) — B(re) — (log(ri))” — (log( %))’
B(6) — B(7) =3+ (log (()**)) (3.63)

for all k large enough. Here, we used the strong approximation Theorem and Lemma|3.3.14
several times (cf. Remark [3.3.16]). Further, we used (3.15|) for the third step. Recall that
due to (3.30) and the definition of hy,; we P-a.s. have

>0 ifbk_H >0
m =
T <0 by <0,
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€k>0 ifbk_H >0
hk+1 = .
r, <0 1fbk+1 <0

for all k£ large enough where further, P-a.s.,
bk+1 >0 iff /b\k-l-l >0

for all k large enough due to (3.51)). Therefore, we can conclude that on the set {byy1 > 0}

we P-a.s. have, using (3.63)),

-~

Vi(his1) = V(mgyr) = V() — V(rg) > B(l) — B(T%) — 3 - (log ((j_jk)Q-‘rw))Q

= B(};k+l) — B(My41) — 3 <log ((ﬁk)%w))? > (j_\[kfl)l_% _3. (log ((f]k)2+’y))2

_3
4

> (Hk_1—4- <10g ((Erk)?ﬂ))z)1 > (Hy )™

for all £ large enough. Here, we used (3.63)) for the second step. Further, we used (3.13)) (for
2) for the fourth step, where we have B(hyy1) — B(Mg41) > 0 by definition. Additionally,

we used (3.62)), (3.35]), and the exponential growth of Hy, in k (cf. (3.34])) for the last two
steps.

The argument on the set {by11 < 0} works just in the same way if we use the symmetric
analogues of all appearing quantities. Overall, we have shown (3.36]).

For the remaining inequalities, we can use (3.50]) and (3.52)) to conclude that, for ¥ > 0, we

P-a.s. have

N3

0] < |6y | < (Hp)**
] < |67| < (Hi)*

S (Hk)2+197
S (Hk)2+z9

9
2

for all k large enough, where we first applied (3.14) for g and then used (3.62)). This shows
(3.37) and (3.38). Further, (3.39)), (3.40)), and (3.41)) are direct consequences since we have

Ek S bk S TL and
hk+1 € {Ek,rk}

by definition and, P-a.s.,
mi+1 € {Ck, T}
for all k large enough due to Proposition [3.3.9] |

Proof of Proposition|3.3.11 For the proof, we fix 0 < v < 1. Further, we assume that we
have I;g > (), i.e. the valley Zsk is located on the right side of the origin. In the other case,

i.e. b, < 0, we only have to use the symmetric analogues of all appearing quantities.
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Due to our assumption and (3.51)), we also P-a.s. have b, > 0 for all k£ large enough. In
particular, this implies

Vk\pk: {Ek,gk—i-l,...,mk—l}I{gk,gk—kl,...,gk,l—1}U{€k,1,€k71+1,...,kal—l}

for all k large enough, where we further used (3.30)) for the last step. According to (3.50)),

we therefore P-a.s. have

{gkngk + ]-7 s 7£k:—1 - 1} g [g/gk_ﬁao]a
U1, b + 1,0 e — 13 C [51;1,77 51;1,y]

for all k large enough. Thereby, we can conclude with the help of (3.50)) and ([3.55]) that we
P-a.s. have

min  V(z)> min V(z)> min B(z)-2- (log|o|)’

bp<w<lyp-1-1 G <20 G <20

P <o<byy By <20

= min{ min  B(z), min B(l’)} -2 (log|ng5,;,y|)2

A~

> B(by) + (E[kfl)lf7 -2 <log ((ﬁk)ZH))Q

for all £ large enough. Here, we used the definition of q/bfk_ . (cf. (3.19)), (3.16) (note that we
have ggk__l =17), since by > 0 for all k large enough), and (3.14]). Similarly, we P-a.s. get

min V(z) > min V(z)

lp—1<z<rp—1—1 by 73565‘3211 N

> min B(x)—2- (log|$,;1’7|)2—2- (log|$§71ﬁ|)2

7 4
Pr1,,STSO_ g,

o~

2 B s ()

o~

> B(by) + (]/-\lk_1)1_7 -4 <10g ((ﬁk_1)2+7)>2

for all k large enough, where we again used (3.14)) and further (3.16|) for the last step. On
the other hand, due to (3.53]), we P-a.s. have

V(b < V() < B +2- (log [Bil)” < BB, +2- (log (1))

for all k large enough, where we applied (3.55)) in the second step and (3.15)) in the last
step. A combination of the last three inequalities in particular implies due to the exponential
growth of (Hy_1) in k (cf. (3.11)) that we P-a.s. have

min V(z) > V(b) + %(ﬁk_gl—v > V(b + %(Hk_l)l—v (3.64)

€V \Dy

71
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for all k£ large enough. Here, we additionally used that, P-a.s.,
~ N 2 N ~ 2
Hp_ 1 —4- <log ((Hk—1)2+7)) <Hp 1 < Hp1+4- (log ((Hk—1)2+7)>

for all k£ large enough which we have shown in (3.62)).

Since (3.64]) holds for every 0 < v < 1 and since Hy_; grows at least exponentially in k due
to (3.34)), we can finally conclude that we even P-a.s. have

min  V(z) > V(b)) + (Hp_1)'" (3.65)

€V \ Dy,

for all k large enough.
For the proof of (3.43)), recall (3.30) which states that, P-a.s.,

re—1 >0 b, >0
myg =
Ek_1<0 ifbk<0

for all k£ large enough. In particular we P-a.s. have
be—1 € Vi\ Dy,
for all k large enough, where further, P-a.s.,

Dk = V(mk) — V(bk) and
Hk,1 = V(mk) — V(bkfl)

for all k large enough (cf. (3.33))). [

Proof of Proposition[3.3.13. For the proof, it is helpful to have the following picture in
mind: The maximal potential difference we are interested in here can be understood as a
largest neighbouring spike within the valley Dj on the two sides of the bottom point b.

Since this neighbouring spike cannot stick out of the valley, we will see that is very unlikely
that the neighbouring spike is almost as high as the depth of the valley Dj.

For the proof, we fix 0 < v < 1. Further, we assume that we have b, > 0, i.e. the valley Dj
is located on the right side of the origin. In the other case, i.e. by < 0, we only have to use
the symmetric analogues of all appearing quantities.

Let us define
My, = max V(y) — V(z).

z,yEDy: x<y<by

Note in a first step that we P-a.s. have

lim sup ( {Mk > D), — (Hk_l)l_“’} N {by > ()}> C lim sup (F;C N {bx > 0}),

k—o0 k—oo

where, for k € Ny,
Fe={3my <2 <y <bp:V(z) < V(mg) = Dyt (Hi)' 7,V (y) 2 V() = (Hi)' 7}
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3.3. CONSTRUCTION OF THE VALLEYS

Thereby, we P-a.s. have for x with
mp <z <b, and V(z) <V(my)— Dp+ (Hp1)'™7

on the set {b;, > 0} that

< V) = 5(Ha ) S V(B ) = 5(Ha )
< Blbir) +2- (log i)’ - 5 (Hy )3
< B(by1) +2- <10g ((ﬁk1)2ﬂ))2 - %(Hkl)lg < B(by1)

holds for all k£ large enough. Here, we used the Komldés-Major-Tusnady strong approxima-

tion theorem (cf. Remark [3.55) for the first step. Further, we used (3.39)) and (3.35) in
the second and third step. Additionally, we used (3.42)) with I — which implies V' (bx—1) >

V/(by) + (Hy—1)' =2 for all k large enough — and the exponential growth of Hy, (cf. (3-34)) in
the third line. In the next two steps, we made use of and the approximation theorem
again. Finally, we can apply — which connects Hy_; and Hyp_, — together with the
exponential growth of H r to see that the last inequality holds. The last inequality, which
we just derived, in particular implies that for the considered x we P-a.s. have

T > &5,:_1
for all k large enough. Similarly, we P-a.s. have for y with
m <y <b, and V(y)>V(my)— (Hp_1)""
on the set {b;, > 0}

B(y) > V(y) — (log(y))* > V(my) — (Hy—1)"" — (log(y))
> V([Au]) = (He)'™ — <log ((Hk)zﬂ))Q > B(ig) — (Hy-1)'"

2

for all k large enough where we used the same inequalities as above. Additionally, we used
that we P-a.s. have my = ry_; due to our assumption for all £ large enough (cf. )
from which we know that the potential V'(-) attains a maximum in some neighbourhood at
re—1 = my which we used in the third step. For the last step, we made use of again
to connect E’k_1 and Hy_;. On the other hand, we P-a.s. have

o~

V() < V([be)) < B(by) + 2 (log(by))”
< B(bg-r) — (Hpa)' ™ +2- (log ((ﬁk)Qﬂ))Q < B(bp—1)

73



CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

for all k large enough. Here, we used ({3.53)) for the first step, (3.55) for the second step,
and (3.16]) for the third step. For the last step, we again used the exponential growth of

Hiyin k (cf. (3.11))) together with (3.12)).

In terms of stopping times for the Brownian motion with

/)‘\k’—l = 1nf{t > Q/b\]:;l : B(t) B(mk) - (ﬁk—l)l_%}v
op_y =mf{t > Ny B(t) = B(b)},
we can conclude by the above argument that we P-a.s. have

limsup ({ My > Dy — (He—1)"7"} N {bx > 0})

k—o0
C limsup ({gz?,j_l < Xk_l < 52—1 < 7/7\;} N {gk > 0}) .
k—o00

Here, we additionally used that implies that we P-a.s. have by < 7,7 and that the
sign of by and /b\k coincides for all k£ large enough. Now we can compute the probability for
the dominating event with the help of the ruin probabilities of the Brownian motion again.
More precisely, we have the following upper bound on the set /l;k > 0} using the strong
Markov property of the Brownian motion at /)\\k;—l (cf. Remark :

P (8 < Mot < Gy < | Bt BRon), B(Bi))

<P (f (—Esz—1 + (ﬁk—1>1_%> <T ((ﬁk—l)l_%> ‘ Hi 1, B(Fi), B(Zk—l)>

(Hy)'=3 1
s (Hy_1)?

Since the last expression is P-a.s. summable in k£ due to the exponential growth of H,_; in
Ek (cf. (3.34)), the Borel-Cantelli lemma yields that on the set {b; > 0} we P-a.s. have

M, dof max V(y) = V(x) < Dy — (Hp_1)'™7

2,y€Dy: z<y<by
for all k large enough. This shows (3.45)).

The proof of is similar to above, where we again assume by > 0. In order to have a
high neighbouring spike within the valley Dy, the potential has to reach a very large value
without reaching V' (my,) first, then a very small value without attaining a new minimum
before the potential reaches a value of at least V (my,) at time ;" again. In comparison with
above, all we have to do here is to use

MY = max Vi(z) = V(y),

z,yEDy: bk<ac<y<n/,;F
F={3<z<y<nf:V(z)>V(im)— (He1)",V(y) < V() — Dy + (Hi1)' 77}
instead of M and F},. For such x and y we P-a.s. have on {b; > 0}
Bla) > By — (Hi) %,
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o~

B(y) < B(bx-1)

for all k large enough due to the same arguments as above. With

et Einf{t > o B(t) = B(iu) — (Hy1)' "3},

def . 7

of_, Linf{t > M1 : B(t) = B(by_1)}

as above, this again implies

lim sup ({M,g1> > Dy — (Hk_l)l‘”} N {by > 0})

k—o00
C limsup ({gg,j_l < /)\\k_l < (;ASZ_l < 7/7\,:} N {Zk > O}) .
k—o00

Here, we used that we P-a.s. have b, > 5;_1 for all k large enough (cf. (3.51))). An
application of the Borel-Cantelli lemma therefore yields that on the set {b, > 0} we also
P-a.s. have

MPE max V(@)= V(y) < Dy (Hy)'
z,y€Dy: bk<a:<y<17,':
for all k large enough. This finishes the proof of ([3.46)). [

Proof of Proposition[3.3.13. The proof runs very similarly to the proof of Proposition
3:3.12] Again, we fix 0 < 7 < 1 and only consider the case by, > 0 (bg41 > 0), i.e. the case in
which the valley Dy, (D, 1) is located on the right side of the origin. In the other case, i.e.
br < 0 (bxy1 < 0), we only have to use the symmetric analogues of all appearing quantities.

Using the same approach as above, we see that for

M,iQ) = min V(z),

N Sw<ry
M,g?’) = max V(z)—V(mgs1)
Gy Sw<bri
we have
lim sup <{M,§2) < V(b)) + (Dk)l—V} N {by > 0})
k—o0
- 3@ _ @ _ 24 A [T
C limsup (17, <A <7, <o 1 Nybp >0
k—o0
and

lim sup <{M,§3) > —(Hk)“”} N {bsr > 0})

k—o0
C limsup <{<$,j < X,(f) < Aff) < ﬁ,:;l} N {/b\k+1 > 0})
k—o00

P-a.s., where, for k € N,
AP —inf{t > 77 B(t) = B(be) + (D)3},
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2= inf{t > AP B(t) = B(f) — (ﬁk)lf%}
M = int{t > ¢+ B(t) = B(fe) — (Hy)' 73},
o = inf{t > AP . B(t) = B(b)}.

Again using the strong Markov property of the Brownian motion at X,f and X,f’ respectively

(cf Remark [3.3.2) -, we can compute the probability of the dominating events: On the set
{b;C > 0}, we have the following connectlon to the ruin probability of the Brownian motion
(using the strong Markov property at )\k )

A~

P (it <N <@ < & | Dy Bow), BFe1), Bl )

IN

P (T (Dy—2- (D)) < T (~(D) ?)| Bu BB, BFEir). BEiy))

and similarly on the set {/l)\k+1 > 0} (using the strong Markov property at X,(:’))
P (8 <A <80 <iif| B BG). BF). B@))

< P (T(~B+ (A=) < T ((8)'3)| B BB, BE). BE)

(Hy)'=3 1
H, (Hy)?

Since the last two upper bounds are P-a.s. summable in k£ due to the exponential growth of

Dy, Hy, in k (cf. (3.34)), we can conclude with the help of the Borel-Cantelli lemma that
we P-a.s. have

MP L min V(z) > V(o) + (D)7 on {b, > 0},
it <w<ry
MP L max V(z) = V(mgs) < —(Hp)'? on {bpy1 > 0}
Byt Sw<bit
for all k large enough. This shows and ( - |
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3.4 Preparation for the proofs

3.4.1 Preliminaries

In the following, we collect some useful properties of the RWRE. For the random time of

the first arrival in z
T(x):=inf{n >0: X, =z},

the interpretation of the RWRE as an electrical network helps us to compute the following
probability for z < y < z (for a proof see for example formula (2.1.4) in [Ze04]):

SSIRE)
PY(T(2) < T(x)) = (3.66)
L)
Jj=x
Further (cf. (2.4) and (2.5) in [SZ07] and Lemma 7 in [Go84]), we have for k € Nand y < z
PJ(T(z) <k)<k-exp (— max [V(z—1) - V(z)]) (3.67)
y<i<z
and similarly for x <y
PJ(T(x) <k) <k-exp (— max [V(z+1) - V(z)}) . (3.68)
r<i<y

To get bounds for large values of T'(-), we can use the following estimate for x < y < z (cf.
Lemma 2.1 in [SZ07]):

EYIT(=) - Mroyeron] < (2 — )2 - exp ( max (V) - v<z'>)) (3.69)

2<i<j<z

3.4.2 Notation

In the following, we introduce some more notation which we need for our proofs:
Recall that (X,,)nen, is @ RWRE on Z. For x € Z, let

En,x) ={0<j<n: X;=uza}

denote the local time of the RWRE in z. As in [DGPS07] and [GPS10], it is helpful to
decompose the RWRE into excursions away from the bottom points (by)ren,. For this
decomposition, the following successive return times to (by)ren, are helpful. For k, ¢ € Ny,
we define inductively

TP = inf{i > T" . X;=b} forf>1 (3.70)
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where T3F := 0 (and T = T(b;)) for all k. For z € Z, we can decompose &(n, z) into the
number of visits to x before the first arrival in b, and the visits belonging to the different
excursions away from b,. For this, we define for every x € Z

VO =o<i<T®: X; =1}

by ,x

ybkx: {T" <]<T75+)1- X;=ux} forneN.

Then, we have for k,n € Ny, x € Z

7(n.k)

£(n,x) = ybmzywﬂ{nfzk) <j<n: X;=u}| (3.71)

where

7(n, k) :=sup{l € Ny : Tz(k) <n}

denotes the number of visits to by up to time n. Further, note that (ylfl’j}x)nzl are i.i.d.
random variables with respect to Py for all environments 6, x € Z and k € Nj,.

For the proofs, the expectation and the variance of the random variable yé;)x for x # by, will
play a crucial role. Similarly to Section 3.2 in [DGPSQ7], we observe that the distribution
of ygilg is almost geometric. More precisely, we have

A (1= Rt =1,2,3,...
Pe(ylg,i,)m:@:{l_()\ v ﬁ:oz :
where
A= Abi, @) = P (T () < T (b)),
B = Blbx,x) = Py (T (be) < T ())
with

TH(x) :=inf{n >0: X, =x}.
In particular, we have

A —V(z) —V(z—1)
byt A el _ eV e .
Rt ﬁ /L@(bk) e*V(bk) -+ e*V(bkfl)

where iy is a reversible measure for the Markov chain (X,,)nen, (cf. (3.9)). Further, we
have

A (2-6—=)) <E fo()
B2 B pe(br)

To get useful upper bounds for the variance, we observe that

Var(Vi!)) =

<1—w$>-P;-1(T<bk><T<bx>)=<1—ww>-(zbe M) it 2 > by

B = »
bp—1

wg - Py (T(by) < T(by)) = wy - ( > eV(y)‘V("”)) if © < by,
y==
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where we used ([3.66) for the second step. Using (3.2)), this implies

y=by,

( z—1
C e V@Vl . <Z eV(wvwcl)) if 2 > by
(1)
C e V@-Vo) . (Z eV(y)V(w)) if 2 < by
\ y=z
(

C . 6_[V($)_V(bk)] . (x — bk) . exp max (V(y) — V(QZ — 1))) lf xr > bk

b <y<ac—1

IN

C - ef[v(z)*v(bk)] . (bk — l') - exp max (V(y) — V(l’))) if x < bk

o <y<by—1

for some constant C' > 0.

Using the decomposition of the path of the random walk (X,,),en, into the different excur-
sions from the bottom point at b, back to by for some k € Ny, we introduce

ZW = Z Qg - ybkx,

€Dy
k ' :
Zj( )= Z Qg - y,fi)x for j €N (3.74)
€Dy
as the accumulated positive and negative orientations which the RWRE collects within the
valley Dy, on one excursion. With the help of the random variables (Zj(k)) jeN, We have the
following decomposition

7(n,k)
GP =2+ 3 zM 4 A (3.75)
j=1

where
AP = Z Qg - |{T7(k <j<n: X;=u}
rE€Dy,
denotes the remainder, i.e. the collected orientations of the last excursion which has not
been finished yet. Similarly to the effective width from [DGPS07], we can introduce, for
k € Ny,
oM = B, (2]

as the expected accumulated orientations which the RWRE collects on one excursion within
the valley Dy. We further define

® +1 if W >0
S =
-1 ifd® <0

as the “sign” of %)
Finally, we define
R® =inf{¢>T® : X, =my)} (3.76)

as the first time the RWRE leaves the k-th valley via my after it has reached the bottom
at bk
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3.4.3 Behaviour of the Drift within the Valleys

Recall that we have introduced

o = Ey[z Zaw lg;;

iEGDk

> o L)

€Dy, )

as the expected accumulated orientations which the RWRE collects on one excursion away
from the bottom point at b, in the valley Dy. This is why we can think of the quantity
d*) as a drift the environment 6 possesses in the valley Dj. In particular, it is more likely
that the RWRO collects more positive orientations as long as it moves in a valley Dy, with
drift ®*) > 0 and more negative orientations if we have ®®*) < 0. In our next proposition,
we show that, for all ¢ large enough, each of the valleys (Dy)r>, possesses a drift which is
different from 0 due to the inhomogeneity of our valleys. Additionally, the drift ®*) does
not decrease to 0 too fast in £ which will be useful for the proofs of Theorem [3.2.1}and |3.2.2]

Proposition 3.4.1. Let 0 < v < 1. Then, we have for P-a.e. environment 0 = (wy, &) ez

‘_Zﬂe ozm

€Dy,
for all k = k(6,~) large enough.

> exp (— (Dy)?) (3.77)

Proof of Proposition|3.4.1. At first, we fix 0 < v < 1. For an arbitrary k£ € N, we now
decompose the k-th valley Dy into disjoint sets depending on how “deep” the positions lie

in the valley. For this, we define

= {:)3 €Dy : exp <—j : (Dk)%) < M@ o (—(j —1). (Dk)l)} for j € N,

~ po(br)
17 ka<U1 ) .

The idea for the proof is the following: Since the contribution of positions in [ ](k) to &)

decays exponentially in 7, our goal is to find some j € N such that

Z Me 2 i R (—(j—l)-(Dk)%> _ ue(x)) |

et k
el ve {1
=0 £=j+1

i.e. the advance of a positive or negative drift of the lower part of Dy, is large enough such
that it cannot be compensated again by the upper part of D, for large k. Therefore, we
define for j € N

oy M@ oy
" 116(bk)
. xEZL:JO ( )
J =
Mol
-1 if > » <0
o 116(bk)
\ xEZL:JO ¢
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as the sign of the drift of the lower part of Dy up to I](k).

Further, we define for j € 2N

A e X to e, = exp (<3 (D07) g0 g

(k) (k)
J+1

on which the contribution of I ) and I1* +1 to the drift in particular has the same direction
as s;_1. We first notice that due to assumption (3.2) and (3.34) we have for P-a.e. (wy)zez
and all k& = k(v,0) large enough that I(k) # ( holds for 1 < j < 2-[(Dg)i]. Due
to the symmetry of the sequence (Ozx)xez with regard to 0 and using that (ay).cz and

(wg)zez are two independent sequences of i.i.d. random variables, we therefore have for
1<j<2-[(De)i] -1

P Nefl?

(wr)xEZ Z (378)

DO | —

7R
zelin

on {(Wx)xez : ]j(k) £Pfor1<j<2- L(Dk)%J}

Further, let z ) be the smallest element of I J(k) (as long as I 7& ). Then, we have for
1<j<2- L( el

_ fio()
PLOs w2 110 (br,)

6
a:el;k)

ay > exp (—j . (Dk)%> (Wa)wez

v
o

o\ T
{aigw =sj1fN0: sj1- Z tol )Oéa; >0 0| 8j-1, (We)eez || (Wa)aez
zelM\ (i}

(V2
|

(3.79)
on {(%)mez I £Qfor1<j<2. L(Dk)%J}.

A combination of (3.78) and (3.79) and again using that ().cz and (w;)zez are two
independent sequences of i.i.d. random variables now yields

P ﬂ <Ag;)> (wWa)wez

kf C
= PP M (Aéﬁ) ()19 fr 2D )20 (Wadeer || (We)oe
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IN

R AR A

(Z) o (3.80)

on {(w)sen: I #0for 1< j <2 |(De)F]}

IN

where we iterated the first two steps | (D)7 | — 1-times for the last step.

Note here that on the set
AR A (w : ](k)%(l)f < i< 2.|(Dp)4
2j ( m)xGZ - 4y or 1 >) > 2 L( k:) J

we have by construction for 1 < j < |(Dy)%]

po() po() po() po()
| = gy + oy + Ol
2 10 (br) Z t1o(br) Z 10 (br) ; 1o (b,
2€D S0 S0 e U I®
x€ ego xezgj p =542
po() fo()
> — 0| —
< 119(br) O.Z 1o (br)
z€ly; ze Ij(k)
0=2;42

> exp (—2]' . (Dk)%) — | Dy - exp <_(2j +1)- (Dk>%>
> exp (=2 (D)) (1 = (H)* - exp (—(Du)?) >
> exp (= (Dy))

for P-a.e. environment 6 and k& = k(v, ) large enough. Here, we applied (3.37)) and (3.38))
for the fourth step. Further, we used (3.35]) together with the exponential growth if Dy in

k (cf. (3.34) for the last step.

Therefore, (3.80) and the Borel-Cantelli lemma finally imply (3.77)) since the upper bound
in (3.80)) is summable in k for P-a.e. 6 again due to the exponential growth of Dy in k. W
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3.4.4 Strong Localization of the RWRE

V(x)

Vi

Figure 3.5: Sampled potential V() and the corresponding location of the valleys Vi and D;
from Figure 3.4 on page [5§

In the following, we derive some results on the strong localization of the RWRE in the form

that we will use for the proofs of Theorem [3.2.1f and [3.2.2} Strong localization refers to the

property of the RWRE to spend most of the time around the bottom point of the deepest
valley it has visited so far. Therefore, we introduce, for n € Ny,

N {sup{EENO: X; = b, for some j <n} if {{ € Ny: X; = by for some j <n} #0
S else

(3.81)

as the random index of the deepest bottom point (by)ren, the RWRE has visited up to
time n. Now, we can introduce the following sets which turn out to describe the typical
behaviour of the RWRE for large time points. For arbitrary 0 < 3, v < 1, which we choose

later (cf. (3.141))), we define (cf. (3.70), (3.76), and (3.75) for the definition of Tl(k), R®),
and Ggﬁ)):
1 n—00
3 logn} N {Nn — oo} ,

Bék) = k+1 ; Z En,z)=0p,

T€Z\(VkUDj+1)

Byi) = ‘v’n> k: Hy,—1 <

Bék) ={vn>RHM . Z E(n,z) < exp (—(Hk_l)lﬂ) ~&(n,by) ¢,

€V \ Dy,

BW = {vn < TH™ with X, ¢ Dy : Z E(n,x) <exp (—(He1)"7) - &(n,by) o,

$€Dk+1
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B .= {Vn > RW 12 (H)™ - Enby) = S §(n,x)} :
z€Vy
Bék) ={vn>R®: (1-5)-s® .00 . ¢nb) <s®.agP},
F®) = ﬁ (B nBY 0B 0B 0B 0 B").
=k

Here, B{k) gives us an upper bound for the height of the valley Vy__; — which is the second
deepest of the valleys (Vi)ken, in which the RWRE has visited the bottom point by up
to time n — after time k. On the intersection of (Bék))kzg, (Bék))kzg, and (Bﬁ(tk))kzg, the
RWRE prefers to spend most of the time in the valley Dy, for large n, i.e. the deepest
of the valleys (Dy)ren, in which the RWRE has visited the bottom point by up to time n.
Since the bottom point by plays a key role in our consideration, it will be useful to know
how often the RWRE has visited the bottom point b, of some valley D;, before it leaves Dy,
via my, at time R*) again. A lower bound for this behaviour is contained in Bék). Finally,
the behaviour on Bék) tells us that the accumulated +1/ — l-orientations G¥ | which the
RWRE collects in the valley Dj, before it leaves it via m;, at time R*) again, behaves — at
least in the lower bound — almost like the number of visits to the bottom point b, times the
expected accumulated +1/ — 1-orientations during one excursion away from by to by which
is denoted by ®®*).

One key tool for our proofs of Theorem |3.2.1| and [3.2.2] is the following proposition which
tells us that the RWRE will have the properties of the above introduced sets for all but
finitely many k:

Proposition 3.4.2. For P-a.e. environment 60, we have
Py (timinf FO) = lim Py (F®) = 1. (3.82)
k—o0 k—o0

Remark 3.4.3. Proposition [3.4.2| could easily be extended to show that for large time
points n our RWRE has spent most of its time in the valleys Dy, and Dy, —1 which are (for
large n) the last two valleys of the sequence (Dy)ren, the RWRE has visited up to time n.
A similar statement for the RWRE on the positive half-line has been shown in Theorem 3.4
in [DGPS07]. For our proof, we need a slightly different information: Due to the definition
of Bék) for k € Ny, we see that the RWRE — when returning to 0 at some large time point
n — has spent most of its time in the single valley Dy, C Vy,, , i.e. the deepest valley of the
sequence (Dy)gen, in which the RWRE has also visited the bottom point by, . Note for this
that according to Proposition we a.s. have 0 ¢ Dy, for all k large enough which implies
that the RWRE has to leave the valley Dy, at time R"») again before it can return to 0.

Proof of Proposition[3.7.3. TFor the proof, we show the following lemmata:

Lemma 3.4.4. For { € Ny, >0, and 0 < v < 1, we have for P-a.e. environment 6
P (T(bg) <exp((1-B)- H4_1)> <2-exp (= (Hp_s)) (3.83)
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for all ¢ = 4(B,~,0) large enough. In particular, we have
lim P, (B§’“>> e (lim inf B§’“>) —1 (3.84)
k—o00 k—o00

for P-a.e. environment 6.

Lemma 3.4.5. For ¢ € Ny and 0 < v < 1, we have for P-a.e. environment 0

Py(T(bes1) > T(hesr)) < exp (= (He1)' ) (3.85)
for all £ = 4(v,0) large enough. In particular, we have
Tim P, (Q ng>> — P <li’£giogf Bg’“)) ~1 (3.86)

for P-a.e. environment 6.

Lemma 3.4.6. For { € Ny, x € V,\Dy, and 0 < v < 1, we have for P-a.e. environment 0

Py (Eln > RY: £(n,x) > exp (—(He—1)'™7) 'f(n,bg)>
< exp (= (He1)'7) (3.87)

for all ¢ = U(v,0) large enough (uniformly in x). In particular, we have

. ‘ o k
lim P, (Q B )> -y <11}££f B >> ~1 (3.88)
for P-a.e. environment 6.

Lemma 3.4.7. For ¢ € Ny, © € Dyy1, and 0 < v < 1, we have for P-a.e. environment 6

Py <E|n < TV X, ¢ Dy, E(n,2) > exp (—(He1)' ) - &(n, bz))
< exp (—(Hyp—2)'"") (3.89)

for all ¢ = U(v,0) large enough (uniformly in x). In particular, we have

Tim P, <Dk B >> e (h}ggf B! )) ~1 (3.90)
for P-a.e. environment 6.

Lemma 3.4.8. For ¢ € Ng, z € Vy, and 0 < 3,7 < 1, we have for P-a.e. environment 6
Py(3n > RY . &(n,z) > 6-&(n, be)) < exp (—(He1)"7) (3.91)

for all ¢ = 0(B,~,0) large enough (uniformly in x). In particular, we have

. 00 o) _ ( . (k;)) _
kll_>moo Py (é'_l B; > Py 1lkm_>(1>101f B; 1 (3.92)
for P-a.e. environment 6.
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Lemma 3.4.9. For ¢ € Ny and 0 < 3,7 < 1, we have for P-a.e. environment 0
1
Py ({3n > RY: (1=p)-59.0Y . ¢(n,by) > Y- Gﬁf)}) < exp (—Z(Hg_l)lﬂ) (3.93)

for all £ = 4(B,~,0) large enough. In particular, we have

. ~ oy s (k)\ _
kh—>I£lo Py <Q Bg ) =h5 (11151_1>(1)I.}f Bg ) =1 (3.94)

for P-a.e. environment 0.

Proof of Lemma[3.4.4. At first we fix 0 < §,y < 1. Further, notice that, for P-a.e.
environment ¢, we have

lim N,, = oo (3.95)

n—oo
Py-a.s. since (X, )nen, is recurrent for P-a.e. environment # due to assumption ({3.1)).

For the proof of , we notice that
P, (T(bg) <exp((1-B)- Hg_l))
< pr <T(bg) <exp((1-p)- Hg_l)) e (T(bg_l) > T(mg)). (3.96)

for P-a.e. environment 6 and all £ = ¢(6) large enough due to (3.30]). For the first summand,
we get

pe <T(bg) <exp((1—B)- Hg_l)) < pre (T(mo <exp ((1—8)- He_l))

exp (1= 8)-Hp1) -exp | — , nax (V(me—1) = V(i) | ifb >0
S —1S1<<my

exp ((1—8) - Hy_1) - exp . (V(img+1) = V(i) ] ifb, <0
< oxp (1= B)- Hia) -2 -exp (= (V(me) — V(b))

_ é cexp (— 8- Hyy) (3.97)

for P-a.e. environment 0 and all £ = ¢() large enough. Here, we used the definition of
my for the first step. In the second line, we made use of and , where we have
b1 < my < bpifby>0and b, < my < by if by <0 (for P-a.e. environment € and for all
¢ = ((0) large enough). Further, we applied and in the last two lines.

Now we turn to the second summand in (3.96]): First of all, we notice that

0 if 0 < bg_l < my
0 if mg > by_q1 > 0.

P, (T(bg_l) > T(mg)> _ {
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Therefore, we only have to consider the remaining possibilities which are left for all ¢ large
enough (cf. (3.30)). By using (3.66]), we get

4 1 )

T v
j;jz_—; if be—1 <0 <my
T V0
P (T(bg,l) > T(mg)) —{ e >
S V0
— if by > 0> my
Z eV
[ J=me )
—by_1 - exp (b rrgjué ) V(j)) - exp < —V(mg— 1)) if by <0< my
S —1>]>—
by_1 - exp (0<jrgbax X V(j)) - eXp < — V(mg)) if bp_y >0 >my
>J>x00-1—

1 .

- |be_1] - exp (V(mg_l) - V(rg_1)> if by <0< my
lbg_r| - exp (vm,l) - v<1zg,1)) it by > 0 > my
1
9

IN

[\
U RO N N

b1 - exp <V(mg,1) - V(h€—1)> < — - (Hy)* vexp (= (Hg,:})l*%)

<= (=D (=2 Hy )" exp (= (Hy)'73)

< exp (— (He3)'"7) (3.98)

for P-a.e. environment ¢ and all £ = {(v, §) large enough. Here, we used (3.30)), (3.31]), and
in the third line. For the fourth line, notice that V(r,—1) > V(ry_2) and V({y_y) >
V(€y—3), where further hy_y = ry_o if by_y < 0 and hy—y = ly_5 if by_; > 0 by definition.
For the second step in this line, we applied and further for 3. Finally, we

used ([3.35)) in the last line and the exponential growth of H, in ¢ (cf. (3.34))) for the last
inequality.

By applying the two upper bounds in (3.97) and (3.98)) to (3.96)), we see that

Pg (T(bg) < exp ((1 — ﬁ) . Hg_l))
< % cexp (= B Hy) +exp(— (His)'"7) <2-exp (— (His)')

for P-a.e. environment 6 and all ¢ = ¢(f3,~,0) large enough. This shows (3.83]).

Since the last upper bound is summable in ¢ for P-a.e. environment 6 (again due to the
exponential growth of Hy in £), we can apply the Borel-Cantelli lemma to conclude that

1= P (ligigf {T(be) > exp (1) He—l)}>

= lim Py ({VYn>¢: T(b,) > exp (1) Ho)})

l—o0
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. 1
< klggoPg ({Vn >k: Hy, 1 < 7 _Blogn}>
holds for P-a.e. environment . The last step can be seen by assuming Hy, 1 > ﬁ logn
which implies T'(by, ) < n < exp ((1 — ) - Hy, 1), where further NV, — oo FPy-a.s. for P-a.e.
environment 6 (cf. (3.95)). In particular, we have shown (3.84]). O

Proof of Lemma[3.4.5. At first we fix 0 < v < 1. Then, we recall (cf. Proposition [3.3.9))
that we have

re if bg+1 >0
m =
o b, if bg+1 <0

for P-a.e. environment 6 and all ¢ = /() large enough. Further, we have by definition (cf.
B.29))

gg if bg.H >0
hz+1 = .
Ty if bg_H < 0.

Therefore, we conclude using the definition of V, and Dy, (cf. (3.29)) that

o= hor, hon + 1,00 mgga, oo bega, oo rea ) i beyr >0

V(UD[+1 - .
Yo, bor + 1,00 bega, sy, e = heyr b i by <0

for P-a.e. environment 6 and all ¢ = ¢(6) large enough. This yields that

( —1 \
S eV
- .
i]Lz+fJ—r11 if b1 <0 < e
Z eV(i)
Py <(B§€))C> < PQ(T(bgH) > T(h£+1)) — Zzbf:
eV (@)
Jj=0 .
bey1—1 if beJrl >0> h@+1
Z eV ()
\ j:hlJrl J
b - exp (b R V(j)> cexp (= V(hya — 1)) if by 1 <0< hyyq
< 0+1<j<—
bey1 - exp (Ogjglb%fl—l V(J)) - exp ( - V(hg+1)) if by > 0> heyy
! 1
< - (Heg1)?7 - exp (V(mgsr) — V(b)) < = (Hy)7 - exp (_<H271)17%)
1 o
< E . ((6 + 1)1"1‘7 . €1+7 . [‘Ié—1)2+'y - exp <_(H€_1)1—§) < exp (_(Hg_l)l—y)
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for P-a.e. environment 6 and all ¢ = ¢(~, ) large enough. Here in the third line, we used

(3.31)), (3.39)), and (3.2). Further we made use of (3.36) (applied for 7). Finally, we used
(3.34) and (3.35) for the last line. In particular, this shows (3.85]).

To finish the proof, we can use the last inequality to conclude that, for P-a.e. environment
0 and all k = k(v,0) large enough, we have

1—P9<ﬂB ) (G(B“)><Zexp (—(H,_1)' ) 220,

l=k

where we used the exponential growth of Hy in ¢ (cf. (3.34))) for the convergence for k — oc.
U

Proof of Lemma[3.4.60. Here, we are in similar situation as in Lemma 4.3 in [DGPS07],
and therefore we can use a similar approach:

We first fix 0 < 7 < 1 and an environment §. Then, we choose an arbitrary x € V,\D,.
Using the decomposition of the visits to  with respect to the excursions of the RWRE
away from by (cf. (3.71))), we see that we have

T(n,0)+1
0 |
) <0+ S VY
j=1

Recall that we have (cf. (3.73])), for some constant C' > 0,

V(@) =V®I . (2 — b)) - — — i
C-e” N (x—by) - exp beérylgi(_l(\/(y) V(z 1))) if x>0

Var(yb[ x) <
O . e V@)=V, (bé _ :[) - exp max (V(y) — V(x))) if z < by,

r<y<by—1
= (O . e V@)=V(be)] |2 — by| - exp (fg(l‘)), (3.99)
where
max (V(y)—V(z—1)) ifz>b
f[(l‘) — by<y<z—1 (V( ) B V( )) . b (3100)
xggg),@(—l Y x if © < by.

exp ( fg(l’)) is the factor of the variance which we have to control in the following. It
measures how hard it is for the RWRE to get from x to by.

At this point we have to distinguish between two cases, namely, if we have
(1) fo(z) < Dy — (He1)'™
(2) fg(:lf) > Dg — (Hg_l)l_ .

Let us start with the first case, i.e. we assume that fy(z) < Dy — (H,_1)'"2. Then, we
define

9= [exp (Dy = L(H 1) 3)] e o= [exp (Do = 2(H)'3) | and by 1= g2

or

[N [N
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for r € Ny. Observe that we have
Py (3n > RY . £(n,x) > exp (—(He-1)"7) - &(nyby))

< Py(&(T(be),x) > ) + Py (E(RY,by) < g)

r+1 1
“3-n (z > 5 (<)

for P-a.e. environment 6 and all ¢ = {(~, ) large enough (uniformly in x). Here, the first
summand controls the unlikely event that the RWRE visits « very often before the RWRE
reaches b, for the first time. The second summand is the probability of the event that the
number of finished excursions away from the bottom point b, before the RWRE reaches
my, again after the first visit to b, is unlikely low. Finally, the third summand controls the
event that there are a lot of visits to x up to the k,,;-th excursion for some r € N. To see
that the inequality really holds, note that on the set

{E(T(be), ) < ¢} N {E(RO, by) >g}mﬂ{§ij_§ e (- <Hz_1>1—v)} (3.102)

we have k, < &(n,b;) < k.41 for some r € Ny. Thereby, again on the set in (3.102]), we have
for every r € Ny with &, < &(n,by) < k,41 that

E(n,z) <c+ % k- exp (=(He-1)' ™) < &(n,be) - exp (—(He1)' )

holds for P-a.e. environment 6 and all £ = {(~, ) large enough (uniformly in z). Here, we
further use that we have H, — oo (for £ — oo) for P-a.e. environment 6 due to (3.34)).

To get an upper bound for I, let L denote the number of excursions from x to x made by
the walk during the time interval [0, T'(b;)) when we start in z. Then, L+ 1 has a geometric
distribution (with values 1,2,...) with parameter

( oV (@—1) \
(1—w,) - Py (T(be) < T(@)) = (1 —w,) - — if x> by
T eV
Wy - P9x+1 (T(bf) < T(ZL‘)) = Wg - by—1 if x < bg
2 eV(@)
\ =T J
1 1

> e g O () 2 e g exp (= ful)
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for P-a.e. environment 6 and all ¢ = ((~, 0) large enough (uniformly in x). Here, we used

. - -, and the definition of fy(x) (cf. ( - ) for the last two steps. Therefore,

we can conclude, using the definition of ¢, that

L <P f(T ) Pi(L+1>¢)=(1—q)° <exp(—qs-c)
1 5

1 o
< - 1=3
=P ( €1+7 Hy 1)2Jr7 P (3(Hﬁ_1) ))

< 5 exp (— (He1)'™7) (3.103)

< exp

for P-a.e. environment # and all ¢ = ¢(~, §) large enough (uniformly in z). Here, we applied
(3.35)) in the third line. For the last line, note that H, ; grows exponentially in ¢ due to
(3.34)).

Now, we can turn to I5: Similarly to above, let K denote the number of excursions away
from b, to b, made by the walk during the time interval [T'(b;), R¥)). Then, K + 1 has a
geometric distribution with parameter

” eV (be) )

W, - Pebﬂ-l (T(mg) < T(bg)) = Wy, * p—1 if my > bg

Y eV

i=by y

- oV (be=1)
(L —w,) - PN (T(me) < T(r) = (1 —wi,) - oy

S eV

\ 1=my J

{ exp (V(mg) = V(mg — 1)) -exp (V(be) = V(mg))  if mg > by
!

if my < bg

IA

exp (V(be — 1) = V(by)) - exp (V (b)) — V(my)) if my < by

< xp (— Dy)

for P-a.e. environment 6 and all ¢ = ¢(v,0) large enough (uniformly in z). Here, we used

(3-2) and (3.32)) for the last step. Therefore, we have using the definition of g

v

2 1
L=FK+1<g)<1—-(10-p)!<p-g< - exXp (—g(H€—1)1_2>
1
< 5o (—(Hr 1)) (3.104)

for P-a.e. environment 0 and all ¢ = ¢(~, ) large enough (uniformly in z). Here, we again
used the exponential growth of H,_; in ¢ for the last step.

For the upper bound for I3, we first note that due to (3.72) we have for all j € N

: pe(x) e V@ 4 VD 1
B = B = S v < - e (<(V@) - V(b))
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< L (08.0) €t

for P-a.e. environment 6 and all £ = ¢(+, ) large enough (uniformly in x). Here, we used
(3-2) for the third step. Further, we made use of (3.42) for 4 (which implies V (z) — V(b;) >
(Hg_l)l_% since z € V,\Dy) and again the exponential growth of Hy,_; in ¢ for the last two
steps. This yields, using that ( éi)z)jeN are i.i.d. random variables together with Cheby-
shev’s inequality,

kri1

I3 < ZPH (Z ybez bz x] > § ky - eXp( (HZ_1>17)>

00 9. ]{57«4-1 . Varg (ybw) 18- VaI'g (ybe x) () 1
= ; (kr)Q-exp(—2-(Hg71)1*w) - exp(—2 (Hp_ )= 'y Zk_

< 36 - C - exp (—(V(a:) — V(bg))) |z — by| - exp (fg(.%'))
- exp (=2 (Hp1)' ) g

_36-Cexp (— (Vi) ~ V(3)) -2 (H)* - exp (~3(Hir) )

<72-C- (07 HH)M - exp (—%(H“)lz) < % cexp (— (Hp-1)'™7)  (3.105)

for P-a.e. environment 6 and all ¢ = /(v,#) large enough (uniformly in x). Here, we used

Yoo ki = % and (3.99) in the third line, where C' denotes the constant which is also used

in (3.99). We further applied (3.42) for 7 and (3.35)) in the fifth line. For the last step, we
made use of the exponential growth of Hy in ¢ again (cf. ([3.34])).

A combination of the three upper bounds in (3.103)), (3.104)), and (3.105)) now implies

Py (3n > RY: &(n,x) > exp (—(He1)'™7) - £(n, b))
<L+ L+1Is<exp(— (He-)'),

for P-a.e. environment 6 and all ¢ = £(~,0) large enough (uniformly in z). This shows

B.87) for x € V\D, with fo(z) < Dy — (Hy_1)' 2.

Now we turn to the second case, i.e. positions = € V,\D, with fy(x) > D, — (Hy_1)* 3.
Here it turns out that the RWRE visits b, before  with very large probability. Similarly
to above, we define

9= [eXp (fe(z) + V(@) = V(be) — %(HEA)P%)W and k, :=g-2"

for r € Ny. Here, we have
Py (Eln > RO . &(n,z) > exp (—(He—ﬂlﬂ) -&(n, be))
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IA

Py(T(x) < T(be)) + Py (£(T (), be) < 7)

E’I‘+1

+3 P | S VD > Feexp (—(He)' )
r=0 j=1
=1L +1,+1; (3.106)

for all . Note here (in contrast to (3.101))) that on the set {T'(z) > T'(b;)} we have
§(n,x) =0

for RO <n < T(z).

For first summand I, we observe that we have
max (V(y)

fo(z) def ) besy<a—1 Vi) < V(myg) — V(be-1)
z<y<by—1 Y

V(e —1)) if0>z>b
max (
=Hyy < Dy— (Hp)' 2

V(z)) if 0 <z < by

for P-a.e. environment 6 and all ¢ = ¢(~, ) large enough (uniformly in z). Here, we made
use of and in the first line. Further, we used (applied for ) together
with the exponential growth of H,_; in ¢ for the last step. Therefore, due to our assumption
on fy(x), we only have to consider the remaining possibilities for the location of x and by:
We have

I, = Pg (T(CL’) < T(bg))

¢ —1 3\
vy -
0 weo(me v0) ey
rz—1 — o _ ‘
S0 e ma ve) PV HVED)
< j=by b<j<z—1
S 9 -t
V(35) . .
S (22.70)  yeap v it <0<
=~ = 1rxr ¢
be=1 . exp (fg(ﬂf) + V(a:))
%
\ ]; eV ) exp (xgrjng%i(—l‘/(j)) J
< (Ho)*™ - exp (V(me) = V(be) — (He—r)'" 3 = fo(2))

< (07 Hp )P exp (= (Heo)'™ 3 4 (H)'72) < 2 vexp (—(Hee)'™Y) (3.107)

Wl =

for P-a.e. environment 6 and all ¢ = ¢(~, ) large enough (uniformly in z). Here, we made
use of and the definition of f,(z) in the second line. Further, we applied and
(3.42) (for ) in the third line. In the last line, we used (3-32), (3-35)), and the assumption
on fy(x). Finally, the last step holds due to the exponential growth of H,_; in ¢ (cf. )
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Now, we can turn to I,: Similarly to above, let K denote the number of excursions away
from b, to b, made by the walk during the time interval [0, 7'(z)) when we start in b,. Again,
K + 1 has a geometric distribution with parameter

( ev(bl) )
W, * Pel’”l(T(:c) < T(by)) = wy, - — if x > by
S Vi)
: i=b
pe = - ‘ oV (bi=1)
(1 —wy,) - Py (T(x) < T(be)) = (1 — wy,) - P if z < by
eV (@)
\ i=x J

(

eV@=VE=1) . V() -V(@) . oxp (— max (V(z) —V(x— 1))) if v > b,

be<i<z—1

IN

eV(bz—l)—V(be) . eV(be)—V(év) - exp (_ max (V(z) — V(x))) ifz < b@

L 2<i<bp—1

1
< LV oy (- fia),
19

where we used ([3.2)) and the definition of f,(z) for the last step. Therefore, we have using
the definition of g

cexp (—(He1)'77) (3.108)

R

L=P/(K+1<g)<1-(1-p)<p-g<

(O}

1
- exp (—g(Hgl)l

<

Wl =

for P-a.e. environment 6 and all ¢ = ¢(+y, ) large enough (uniformly in x). Here, we used
the exponential growth of H,_; in ¢ in the last line.

The upper bound of I3 can be derived almost in the same way as the upper bound of I5.
Note that the factor f;(x) has to be treated differently here, which is compensated by the
larger choice of g. By using the same argument as in the first three lines in (3.105)), we get

7. < 30 Crexp (=(V(x) = V(b)) - |z = be| - exp (fe(2))
o exp (=2 (Hea)'™) g
_36-C-exp (=(He1)'"F) -2 (Hp) - exp (S(Hy_p)'"3)
- 0 (=2 o)

2 v

IN

< %.exp (= (Hi)'™) (3.109)

for P-a.e. environment 6 and all ¢ = {(~, ) large enough (uniformly in x).

Again, a combination of the three upper bounds in (3.107)), (3.108)), and (3.109) implies

Py (In>RY: &(n,x) > exp (—(He1)' ™) - &(n, by))
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< I+ I+ I3 <exp ( - (He—l)l_v),

for P-a.e. environment 6 and all £ = ¢(~, §) large enough (uniformly in ). This yields (3.87))

¥

for x € VZ\Dg with fg(x) > Dy — (Hg_1)1_5.

To finish the proof, note that for P-a.e. environment ¢ we have

(Béf))c 2RO Y elna) < exp (—(H1)'™) - €(n,by)

€V, \Dy

C U {Eln > RY . £(n,x) > exp <—(Hg,1)1’%> 'f(n,bg)}

€V \Dy

for all ¢ = £(v,0) large enough. Here, for the last step, we used that due to (3.37) and
(3.38) we have

[VAD,| < 2- (Hp)**

for P-a.e. environment 6 and all £ = {(~, 0) large enough. By applying (3.87)), this implies
that, for P-a.e. environment # and all k = k(v, #) large enough, we have

1- P, (fjk B§“> ) (G (B§f>)c

l=k

< Z Ve\Dy| - exp (—(H£_1)1*%> < ZQ (H)* - exp (_(Hg_l)k%) ke
=k

where we used (3.37)) and ([3.38)) for the second step and (3.34)) and (3.35|) for the convergence
for £ — oo. U

Proof of Lemma[3.4.7. We first fix 0 < v < 1. In order to make it a little easier to read
the proof, we assume in the following that we have

bg>0.

In the other case, i.e. by < 0, the proof works completely in the same way if we just consider
the symmetric analogues of all appearing quantities (with respect to the origin). Note here

that we a.s. have b, # 0 for all £ = ¢(0) large enough (cf. Proposition |3.3.9)).

For the proof of (3.89), we distinguish between two cases for which we recall (cf. (3.19))
that

by Doup{t <7 ¢ B(t) = B+ (Hi)'#} and
O, Yint(t > 77 B(t) = B(b) + (i)' 3},
In the first case, we consider positions x € Dy, with
M < o < CEZF% if by >0  or

%T% <z <mgy if by <O0.
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Those positions x therefore do not lie very deep in Dy, 1, which makes it unlikely that the
RWRE spends a lot of time in x without returning to b,. The remaining positions x € Dy
with

¢W <x <bpyy ifby >0 or

b@+1<x<¢€7 1fbg+1<0
on the other hand are very deep in Dy,;. In this case, it is unlikely that the RWRE leaves
the valley Dy, again before it reaches the bottom point by, .

Further, note that the RWRE cannot reach the remaining positions within Dy, without
reaching b, first.

Let us start with the first group, i.e. x € Dy, with
me+1<$<¢w ifbg+1>0 or

QSEPY <$<mg+1 if bg+1 < 0.

Here, we are almost in the same situation as in the proof of Lemma|3.4.6| Due to our choice
for x, we have for P-a.e. environment 6 and all ¢ = ¢(, 0) large enough that

V() > Bx) — max { (log(3;,))°, (10g(6,,))"}

~

> B(b) + (1) F = max { (10g(3;,))°, (108(6,,))"}

~

> V(b)) + (Hr1)'=% = 3 max { (log(6))", (log(d,;))°}

V0 ¢ B =3 (e ()’

~

2 V(be) + ( ) _5 -3 (log ((614_7 . ﬁ€—1)2+y)>2
3

R

> Vb)) + > (He1)'"2 > V(b)) + % (Hp_1)'"3, (3.110)

i.e. V(z) > V(bs), which makes it unlikely to observe more visits of the RWRE to = than
to by. Here, we need to choose ¢ large enough such that we may apply Lemma to
ensure that the Brownian motion B(-) and the potential V(-) attain their minima at b, and
by close to each other. Further, we applied the approxnnatlon theorem (cf. Remark 3.55) - in
the first and the third step, the definition of gbe 1 and gbe 1 in the second step, and - in

the fourth step. Additionally, we used ( and the exponentlal growth of Hg_l in ¢ (cf.
(3.11))) in the last two lines. Finally, we applied (3.62) — which connects Hy, 1 and H, 1 —
for the last step.

Similarly to the approach in (3.106)), we define
g i= |exp (fulw) + V(e) = V(b)) = 2(He 1) 3) | and By =72
for r € Ny, where

bzgylgiil (V(y) —V(r - 1>) if z > by
folx) =4 ™ (V(y) — V(2)) if 2 < by,

z<y<b,—1
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which measures how hard it is to get from x to b,. Then, we have

Py (30 < T s X ¢ Do, €ln,) > exp (= (Her)' ) - €nie)

IN

Fy(T(x) < T(be)) + Fy" (&(T(),be) < 9)

Er+1

+ Z Py Z yb(j'fw >k, - exp <— (Hg_l)kV)
r=0 j=1

= L+ 1y+1s (3.111)

for all 4.

Let us start with 71:

L = PQ(T(ZL‘) < T(bg))

( 3

0 if by > 0
v
J _ .

<) 5 wen( e Vo)

bp—1 S lf b€+1 < 0

Vi .
\ ]26 eV () exp (xfgjagio V(])) )
< (He)** - exp (V(mg) — Vi(he)) < (877 - (0= 1)1+ HZ_Q)QM - exp <—(He—2)1_%>
1

<5 ortHT) (3.112)

for P-a.e. environment 6 and ¢ = {(v,6) large enough (uniformly in x). Here in the third
line, we used and together with the fact that x < h, < 0 (for all ¢ large
enough) if we are in the situation with b, > 0 and by, < 0. Additionally, we applied
and for 2 in the next step. Finally, we used the exponential growth of H,_; in £ (cf.
(3.34])) for the last step.

For I, we can use the same approach as in ([3.108)): In particular we have

cexp (—(Hp-1)'77) (3.113)
for P-a.e. environment 6 and all ¢ = {(~, 0) large enough (uniformly in z).

The upper bound for I3 can be shown almost as in (3.109). The only difference is that
we have to use the upper bound |z — by| < 2 - (Hpy1)*™ in contrast to (3.109) and for
V(z) — V(by) we have to use our lower bound in (3.110)): In particular we have

7 o 36-Cexp (= (V@) = V(b)) - | = be| - exp (fe())
3= exp ( -2 (Hé—l)l_v) g
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v

< 36-C -exp (‘%(Hz_l)lff) 2+ (Hppp)*™ - exp (%(Hg_1)17%>
N exp (— 2 (Hp1)'=7)

W

1
<720 ((C+ 1) 07 H )7 - exp <—§(H£—1)1_ +2- (H€_1>1—7)

< % exp (= (Hyy)') (3.114)

for P-a.e. environment 6 and all ¢ = ¢(v,6) large enough (uniformly in z). Here in the
third line, we used ([3.35]). Further, we made use of the exponential growth of H,_; in ¢ (cf.
(3-34])) in the last step.

Finally, we can collect our upper bounds in (3.111]), (3.112)), (3.113)), and (3.114)) to conclude
that we have

Po(3n< T s Xo ¢ Do, €n) > exp (= (Hir)' ) - €(n,b)
<L4+To+ Ty <exp(—(Heo)'). (3.115)

for P-a.e. environment 6 and all ¢ = {¢(,0) large enough (uniformly in x). This shows
(3.89)) for the first group (of choices for x).

Now we turn to the second group, i.e. x € Dy, with

¢g+l <z < bf+1 if bg+1 >0 or
72 ~
biy1 <x < gzﬁgj% if bpy1 < 0.

For ~
é = WZ%W if b1 >0
| Ly if b <0,

we have
By (Hn <7V X, ¢ Dy, §(n,x) > €(n,by) - exp (_(Hf*1)1_7>>
< PY(T(mys1) < T(besr)).-

Note here that the RWRE can only leave the valley D,y via ¢ and my,, after visiting x
for the first time without visiting b,,1 in between.
Thereby, we have
( b[+1—1
S eV
i=¢

if byiy >0
bro—1 0+1

Pé?(T(mE-H) < T(bf—i-l)) _ i=mgyq

if bg+1 <0
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(b1 — @) -exp [ max V(i) — V(mep1) if by >0
¢,y Si<bpia—1
S 2
(¢ — bey1) - exp max V(i) = V(mgg) | - eV e Vimea=h iy <0
{ bz+1§1§¢[%—1 )
1 2 _
< (Hegr)?7 - exp (— (Hy)'"2) < exp (— (Hy)' ™) (3.116)

for P-a.e. environment 6 and all ¢ = {(~, ) large enough. Here in the last line, we applied
(3.2) and (3.48)) for 2. Further, we used the exponential growth of H,; in ¢ (cf. (3.34))

2

together with (3.35)) for the last step.

By comparing the upper bounds in (3.115)) and (3.116)), we conclude that overall we have
for every x € Dy, that

Py (Hn < Tl(“'l) . Xn & Dyi1, £(n,x) > exp (—(He_l)l_w) -&(n, bg)) < exp (—(Hg_Q)l—v)
holds for P-a.e. environment 6 and all £ = £(~, §) large enough (uniformly in x) which shows
(3.89).

To finish the proof, we note that for P-a.e. environment ¢ we have

(B@)Z Vn < T with X, € Di: Y €(noz) < exp (—(Hemr)' ™) - E(n.by)

€Dy 41

C U {Eln < T”l) : Xn & Dyiq, £(n,x) > exp <—(Hg,1)1_%> -&(n, bg)}

€Dy 41

for all £ = {(~, 0) large enough due to the exponential growth of H,_; in ¢ (cf. (3.34))), where
further

Det1| < (Hen)™

for P-a.e. environment 0 and all ¢ = £(6, ) large enough due to (3.30)), (3.37)), and (3.38)).
Therefore, for P-a.e. environment 6 and all & = k(v, #) large enough, we have

()3

< i D1 - exp (-(Hefz)k%) S i(Hf“)Zﬂ FXP <_<H€*2)17%>

l=k l=k

M8

< ((C+ 1) 057 (= 1) Hy )™ exp <_(H372)17%) =50,

14

I
e

where we used ([3.35)) in the last line and again the exponential growth of H, ; in ¢ (cf.
(3.34))) for the convergence for k — oo. O
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Proof of Lemma[3.4.8 For the proof we first fix 0 < v < 1. In view of (3.87), there is
nothing left to show for z € V,\D,. Therefore, we only consider positions z € D,. We
further treat the following two cases separately:

(1) me<az<n/ if b, > 0,

n, <x<my if by < 0, or
(2) nf<z<m if b, > 0,
b <z <mn, if by < 0.

Notice that in the first case the potential V' (x) can be close to V' (by) whereas in the second
case we have V' (z) > V(by) (cf. (3.47))). Let us start with the first case, i.e.

me <z <nf if by > 0,
n, <x<my if b, < 0.

Similarly to the approach in (3.101)), we define
g := [exp (Dg — %(Hg,l)k%ﬂ,c := [exp (Dg — %(Hg,l)k%ﬂ, and k, :=¢g-2"
for r € Ny and observe that we have

Py(3n > RO+ &(n, ) > 6-&(n, by))

kri1
< Pe(ﬁ(T(bz)7$>>C)+P0(§( R by) <9 ZPH (Zyng>5 k)
= [1+[2+Ié

for P-a.e. environment 6 and all ¢ = £(~, ) large enough (uniformly in x).

For I} and Iy, we can copy the argument from (3.103) and (3.104) to get
1 1
L < 3 €XP (—(He—1)'™) and I < 3 &XP (—=(He—1)'7) (3.117)

for P-a.e. environment 6 and all ¢ = /(+,0) large enough (uniformly in z). Note here that
we even have I1 = 0 for positions x € D, which the RWRE cannot reach before visiting b,
first.

Now, we turn to [3}: Let us again define

| max (V) =Ve—1)  ife>b
fo(x) = max (V(y) — V(x)) if v < by

z<y<b,—1
as before. First of all, we notice that

T er(:r:) _’_67‘/(:(:71)
D}bw]_ue( ): vV Vo) =2
M@(bl> e (l)—|—e (be—1)
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Therefore, we can conclude by using Chebyshev’s inequality that we have

Eri1 o k.- Var él)w
Iy < ZP" <Z< b [beD )S;]{”f \Zkre)z(yb>

=0

WK

<2.Cexp (V(z) = V(b)) - | — byl - exp (ful)) - ki

Il
o

r

(H,)* - exp ( — (V(x) — V(bg))) - exp (fg(x))
g

<4.C-

<4-C-(H)* - exp (—g(ﬂg_l)l—%) <~ exp (—(Hp_1)') (3.118)

c,o|>—~

for P-a.e. environment 6 and all ¢ = ¢(v,0) large enough (uniformly in x). Here, C' > 0
denotes the constant from our upper bound for Varg()/blx )(cf. (3.73)), which we used in the
second line. For the next step, notice agam that >, k = %. Further, we can apply
(for |x| < |bg|) or (3.46) (for b, < = < n; and 1, < x < b, depending on the sign of by)
for 2 in the fourth line. The last step holds again due to (3.35) and due to the exponential

growth of Hy in ¢ (cf. (3.34])).
By collecting our bounds from (3.117) and (3.118)), we get

Py (Hn >RY: &(n,x)>6- f(n,bg)) <L+ 1L+ I;<exp (—(Hg_l)l_”’)

for P-a.e. environment 6 and all ¢ = {(~, ) large enough (uniformly in x). This shows

(3.91)) in the first case.

Now we turn to the second case, i.e.

’I’}Z_<{L‘§7"g if by > 0,
€g§x<7)[ if by < 0.

In the following, we further assume that we have b, > 0. For the case b, < 0, we only have
to consider the symmetric analogues of all appearing quantities.

Similarly to the consideration in (3.106f), we define

g 1= |exp (fol@) + V(@) = V(b)) = §(He 1) 3) | and By =g 27
for r € Ny and observe that we have

Py(3n > RY: &(n,x) > 6-&(n, by))
Frt1
< Py(E(T(2),be) <7 +ZP0 Zybw>6'kr
= [2+[3
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for all £. Notice here, that the RWRE cannot reach x without reaching b, first.
Let us start with I,: Using the same estimates as in (3.108)) we get

I, < L xp (—(He—1)'77) (3.119)

N |

for P-a.e. environment ¢ and all £ = £(~, #) large enough (uniformly in z).

For I3, we have similarly to (3.118))

o< kyr - Varg (V1))

ZP9 (Z( D;bm]) >2'kr> STZ:; 4 (k)2

< C - exp ( — (V( ) — V(bg))) - |z — by| - exp (fg(x))

g
< C-exp ( — (DZ)I_%) (Hy)* - exp ( + %(He_l)l—% _ (Dg)l_%)

<C- (0 H) exp (= (Hea)' " 3) < S -exp (—(Het)' ) (3.120)

for P-a.e. environment # and all ¢ = /¢(v,0) large enough (uniformly in x). Here, we
additionally used (3.47)) (applied for 3) in the third line.

By collecting our bounds from (3.119)) and (3.120)), we get
Pg(EIn > RO . &(n,z) > 6- S(n,bg)) <Iy+13<exp (—(Hg_l)l_’y)

for P-a.e. environment ¢ and all ¢ = ¢(,0) large enough (uniformly in x). This shows

(3.91)) in the second case.
For the proof of (3.92)), notice that for P-a.e. environment 6 we have

(Bg@)c - {Vn > RO 12 (H)* - £(n,b) > Y E(n.a }

€V

c U (302 RO elan) > 6-elnto)

€V

for all ¢ = £(~, ) large enough. Here, we further used that
Vel <2 (H)*™

for P-a.e. environment 6 and all ¢ = ¢(6, v) large enough due to (3.37)) and (3.38)). Therefore,
we have for P-a.e. environment 6 and all k = k(~, 0) large enough

1- P, (ﬁ Bé”) oy <pk (Bg,@)C)

< Z‘Vd exp Hg 1 1 'y <ZQ Hg 2. exp( (Hg,1>177)

l=k
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< ST He )T exp (< (Hea)' ) 50,
=k

where we used ({3.35)) in the last line and again the exponential growth of H, ; in ¢ (cf.
(3.34))) for the convergence for k — oo. 0

Proof of Lemma[3.4.9. Here, we are in similar situation as in Lemma 4.3 in [DGPS07],
and therefore we can use a similar approach. Since in our case, we do not only have to

count the number of visits to different positions = € Z, but we also have to take care of the
orientations «, for z € Z, we have to be slightly more careful in our upper bounds:

For the proof, we first fix 0 < 3, v < 1. In order to make it a little easier to read the proof,
we assume in the following that we have

my < by.

In the other case, i.e. my > by, the proof works completely in the same way if we just
consider the symmetric analogues (with respect to the origin) of all appearing quantities.

The main tool for the proof is again to decompose the RWRE into excursions away from
the bottom point by. Since it might happen that the variance of YES; is relatively big, we
have to further decompose our valley D, into two parts with the help of (cf. (3.44))

Ne 1= ?72_ d:ef inf{n > bg : V(n) > V<m€)}

Note that in the considered case we have

Ne <1y

for P-a.e. environment 6 and all ¢ = ¢(0) large enough since we have m, = r;_; (cf. (3.30))
for large enough ¢ = ¢(6) and further r, > b, with V(ry) > V(r,_1) by definition.

The key observation here is that the RWRE has to reach 7, 4 ¢ first before it can reach
ne + 1+ 1. Since V(n,) — V(by) is large (for large ¢), we can expect the RWRE to spend a
lot of time within the valley D, before it reaches the positions n, + 1,1, 4+ 2, ..., 7, where
the time spent within the valley further increases with the increase of the position. Using
this approach, we get the following upper bound

Py(3n>RY: (1-8) 5000 . ¢(n,b) > s . GO)

=D (gn c [R("),T(m)) : (1-0)- s . p® - E(n, by) > ROMN G(D)

n

re—1
+> Py(Fne[TH),T(i+1): (1=p)-s 20 &(n,by) > s GY)
1=y

+ Py (In>T(re): (1-7)- s .00 . £(n,by) > Y - G(Z))

n

=L+ D)+ (3.121)
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The way we can derive upper bounds for Iy, I3 and I5(i) with 1, < i < r, — 1 runs very
similarly. The main difference is that we can expect that the random walk has spent more
time in the valley D, before it reaches larger positions i. Recall (cf. (3.75])) the decomposition

7(n,f)
_Z +ZZO% ybw+2ax \{T p<J<n: X;=ua}
] 1 $€'D[ xGDg

of the accumulated orientations which the RWRE collects on the different excursions it
makes away from the bottom point at b,. Thereby, we have for g(I) € N, whose precise
value we choose later (cf. (3.124)),

ol et
h:= [g([) - exp (-%(Hg_1>1_2)-‘ and k, = k,(I) = {g([) - exp (—%(H[_l)l 2) -U2-‘
for v € N, and for I € {I, I3} U{L(i) : n, <i<r,— 1} that

1< Py(€(T(1),be) < g(f)) + Pe(|z(§“\ >h)

00 ky1 max{ne,L(I)}

+ Z Z Z Q- ybw_ ( _§> 0.0k
U:{eXp (%(Hefl)lf%)J T=my
ky1 max{ng,L(I)}
Z Z ybe T é : (I)(K) . kv+1
i=ky x=my
= Ji(I)+ Jo + Z (J3(I, v) + Ju(I, U)) (3.122)

v:{exp (%(Hg_l)l_%)J

for P-a.e. environment 6 and all ¢ = ¢(3,~, 6) large enough (uniformly in 7). Here,

RO forI =1,
T(I):=T(ry) forl=1I;
T(i) for I = I5(i)

at which the random walk reaches the following location

my for I =1,
L(I):=qr, forl=1I;
i for I = I(i).

In the above sum, the first summand controls the unlikely event that the RWRE makes
only a few excursions from b, to b, before it reaches the position L(I) (again for [ = Ij).
The second summand gives an upper bound for the probability of the event that the RWRE
spends a lot of time in D, before it reaches the bottom point b, for the first time. Addi-
tionally, the term J5(I,v) controls the event that the absolute value of the accumulated
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orientations which the RWRE collects up to the k,;1-th excursion is unlikely low. Finally,
the term Jy (I, v) controls the probability of the event on which the time between the k,-th
and the k,,1-th excursion is unlikely long. To see that the inequality really holds, note that

we will choose (cf. (3.125]))

g(I) EmENgN (uniformly in I') such that h, ko > 0 for large /.

Therefore, we have for P-a.e. environment 6 on the complement of the union of all sets
which appear in the above inequality (i.e. on the intersection of all complements)

(1—0)-59.00 . ¢(n,b) < s GY

for all £ = ¢(B,7, ) large enough and n € [RY), T(n,)), n €
respectively. Here, we can use that we have

[T(i),T(i+ 1)) and n > T'(r,),

kv S £<n7bl) < kv+1

for some v > Lexp (%(Hg_l)l_%)J on the considered set. Further, recall Proposition
in which we have shown that for 0 <y <1 and v > |exp (%(Hg_l)l’%” we have

B

ol ol
h<2-g(I)-exp <—%(Hzf1)172> < 2-kypa(I)-exp <_%<HZ—1)172> <% PONCHNNG)

for P-a.e. environment @ and all ¢ = £(v, #) large enough (uniformly in I) since |®®)| does

not decrease to 0 too fast.

We start with J;(I): Let K = K(I) denote the number of excursions away from b, to by
made by the random walk during the time interval [T'(by),T(I)). Then K(I) + 1 has a
geometric distribution with parameter

( eV (be—1) )
(1 — wbe) . Pebf_l(T(L(]» < T(bg)) = ( — wbé) b1 if L(I) < by
Z eV(Z)
Do = pz([) — o) i=L(I)
Wy - By (T(L(T)) < T(by)) = wp, - 7 = if L(I) > by
Z eV(l)
\ i=by y,

(
ev(bffl)fv(bé) . exp — max
L(I)<i<b,—1
maX
bg<Z<L

coxp (= | max (V@) — V(b)) it L(I) < by
(P (_ (,,Zgigw)_l (V) - V(be))» if L(I) > by,

max
where we used ((3.2)) for the last step. Since we have

IA
(T)IH

ol (VO =Vb)) L) <b
max (V)= V() L) > b (=0T V0)=

be<i<L(I)—1

105



CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

for all ¢ large enough (uniformly in I) by definition and due to (3.32]), we can choose

)J (3.124)

-exp(Dy) - exp (—%(H5_1)1_3> > 1 (3.125)

(N[

g(I) = {(pz(f))_1  exp (—%(Hm)l_

such that we have

1

I)> -

9(l) = 5

for P-a.e. environment 6 and all ¢ = £(~y, ) large enough (uniformly in I). For this choice
of g(I), we further have

Ji(I) = Py(K(I) +1 < g(I)) < 1= (1= p(D)* < po(I) - g(I)
< exp (—%(H“)lz) < % - exp (—%(H“)H) (3.126)

again for P-a.e. environment 6 and all ¢ = {(~, 0) large enough (uniformly in 7).

To get an upper bound for J,, we first notice that (cf. (3.74)))

be—1

14 0 0
Zé) = Z Ofx'yzge,)x: Z O‘x'ylge,)x

z€Dy T=my

i.e. Zé” consists of the collected orientations in D, up to the first visit in b,. Due to our
assumption, we only have to take care of the number of visits to my, m;+1,...,b,— 1 here.
In particular, we can compare our RWRE with a RWRE ()?n)neNO in an environment w
in which the random walk is reflected in m, — 1 but has the same transition probabilities
otherwise. More precisely, we consider the process ()?n)neNo which is determined by the
following properties:

PN (Xg=me—1) =1,

PPN (X = X, + 1] X, = 2) = w, for x> my, n € Ny,
pg”f*(f(/ml:)?n_lpzn:x) =1—w, forz>my neNy,
szfl()N(nH:)N(n—i-l’)N(n:x) =1 forx =my,—1, n € N,.

This reflected RWRE in particular fulfills the requirements of the inequality in (A.1) in
[Go84] (see also inequality (3.1) in [DGPS07]) which gives

gt [f(m)] < (z—mg+1)% exp ( max  (V(j) — V(z))) (3.127)

me—1<i<j<z
for & > my. Here, T(z) denotes the first hitting time of z of the random walk (X, )nen,.
Thereby, we have

be—1

B="F (|2 >h) <R (Z VO > h> < P H(T(be) > h)

r=my
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<
- h - h

me—1<i<j<by

By [T()] _ (bz—me+1>2.exp< max (v(j)—V@)))

(He>4+27

< cexp (Dy — (Hy-1)'"2) (3.128)

for P-a.e. environment 6 and all £ = {(v,0) large enough. Here, we used ({3.127)) for the
second line and further (3.39) and (3.45) (applied for 3) for the last step. In particular, we
get using the definition of A and ((3.125))

‘ cexp (Dy — (Hy )13
Jy < [g(f) b <—%(H€—1)1_%)—‘ P (Dz (Hyp—1) )
< 2. (H)™ . exp (—é(H“)l ) < % exp (—%(HM)M> (3.129)

for P-a.e. environment ¢ and all ¢ = ¢(~, ) large enough (uniformly in 7), where we further
used ([3.34)) and (3.35)) for the last step.

Now, we turn to Js(/,v) and Jy(I,v). Note that for i € N we have

max{ne,L(I)} e (i) i ()
03 Bl ] 2903 Bl ] - Y B
T=my x=my T=n+1
T Te —V(a;) —V(w—l)
_ 0. O _ Z :“9_(37):3(0@)(2)_ Z ev(b)—irev(b S
2= talb) T
> 8(5) . (I)(e) —92. (W — 775) - exp (— min (V(SE) — V<b£)))
Ne<T<ry
> sO .0 _9. (H£)2+7 - exp (_(Dg)l—'y) > (1 _ g) ORI 10

for P-a.e. environment ¢ and ¢ = ¢(3,,0) large enough (uniformly in ), where we used
(3.38) and (3.47)) in the first part of the last line. Additionally, the exponential growth of
Dy (cf. (3.34)) and the slow decrease of ®*) to 0 (cf (3.77)) explain the last step.

Using the last inequality, we can conclude with help of Chebyshev’s inequality and the
independence of the different excursions that we have

koyy1 max{ne,L(I)}

i s
J3(1,v) Z Z A yée?x < (1 -5 RO OB

T=my

ko1 max{ne, L(I 5

EOIDY (ax-yéj?x—Ee[ax Y)) £ =5 s 00k

T=my
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max{ng,L(I1)} ) max{ng,L(I )} D
Vary > Yy | - korr Varg > v Vo

T=my T=my

< = (3.130)

2 2
o) (o)

for P-a.e. environment 6 and all ¢ = ¢(3,,0) large enough (uniformly in 7). Similarly, we

notice that we have

max{ng,L(I)} T re —V(z) —V(z—1)
Z () Z Me T) Z e +e
E9 [ybg,$:| S bg z - e—V(bIZ) =+ e_v(bz_l)
T=my T=my T=my

<24 |Dy <2 (H)* -5 00 exp ((D)¥)

IN

9.50 .0 . (e Hg_1)2ﬂ - exp <(€1+7 : Hé—l)%>

< 000 (1121

for P-a.e. environment 6 and ¢ = ¢(~, §) large enough (uniformly in 7). Here, we used ({3.38))
and (3.77) (applied for ) in the second line. Further, we made of use of (3.34) and (3.35)
in the last two lines. Therefore, we can conclude — using

i _
kost — ko +1 2 (204 1) - g(I) - exp <—§(H4_1)1‘2> <3 kst - exp (-%(Hg_l)l z)

for v > {exp (%(Hg,l)k%” and all £ = {(v,0) large enough (uniformly in /) — that we
have

ky+1 max{ng,L(I)}

J4([,’U) = P0 Z Z ybgm ﬁ (I)() karl

i=ky T=my
ky41 max{ng,L(I ﬁ

<Ph|() Z ylw B[V | > o sO .00 k.,
i=ky T=my

T=my

2
(o)

max{ng,L(I)}
VaI'g Z yb

T=my

<
(g : (I)(E)) : kv+1

max{ng,L(I
Varg Z yb ' ( v+1 T kv + 1)

<

(3.131)
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for P-a.e. environment 6, all £ = ((/3,~,0) large enough (uniformly in I) and

v > Lexp (%(Hg_l)l_%>J .

Using the inequality

Vary (Z ybm> <n- ZVarg ybzz)

=1

we therefore have, depending on the choice of I,

max{ng,L(I)} max{ne,L(I)}
Vary Z a, - y,ﬁj)x < |Dy| - Z Vary ()/ ) =: Vary(I) (3.132)
r=my T=my
and
max{ng,L(I)} max{ne,L(I)}
vag [ Y Y <l Y Va (ybe ) Varg(I). (3.133)
T=my T=my

Recall that we have the following upper bound for some constant C' > 0 (cf. (3.73)):

(

C - exp ( — (V(z) - V(bz))) Dyl - exp (bggggx (V(y) = V(e — 1)))
) if x> b,
Vary (41,) <40 if 7 = by
C - exp ( - (V(z) - V(b[))) - |Dy| - exp (I<I;1<al;§_1 (V(y) - V(x)))
\ o if x < by,

In particular, this implies — using V(x) — V' (b;) > 0 for = € Dy, (3.45)), and (3.46)) — that

we have

Te
> Varg (¥0,) < (= me+1) - C - [Di] - exp (D — (Hy)'F)

T=my

for P-a.e. environment 6 and all £ = ¢(~, 0) large enough. Similarly for L(I) > n, + 1, we
can use (3.47) — applied for I together with H,_; < D, for all £ large enough (cf. ( -

to conclude that

Z Vary <))b€ m)

z=n¢+1

< (L(I)=m) - C-exp (—(Hg_l)l‘%> 1Dy| - exp ( max  (V(y) — V(bg))>

be<y<L(I)—1

for P-a.e. environment 6 and all ¢ = ¢(,0) large enough (uniformly in 7). Overall, this
yields using (3.123]) and (3.125)) together with the definition of g(I) that for each choice of
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Ie{l, I3} U{l): n <i<r,—1} we have

max{ne,L(I)} 1)
o PULE L) 20 2
ary T=myg 3 1—-2
— <|D -—-exp(——H_ 2
o0 o0 Del” - — 5 (Hi-1)
2C 2 ol 1 X
< (He -E“”)GHV - — - exp (—g(Hz_Ol_?) < exp (—§(Hz—1)1_2)
€

for P-a.e. environment 6 and all ¢ = ¢(+,0) large enough (uniformly in 7). Here, we used
(3.38) and ([3.35]) for the third step and the exponential growth of Hy_y in ¢ (cf. (3.34))) for
the last step.

Therefore, we find by the means of (3.130]) and (3.132]) that we have for P-a.e. environment
0 and all £ = ¢(f,~,0) large enough (uniformly in I)

> Js(I,v)

< Z 2 Vary (1)
e m— (g - <1><f>) o) - exp (~2(He 1) 72) - (0412
(D)) S

_ <§>2 cexp (=(Dg)7) 7 (v+1)2

Hg_l)”> , (3.134)

where we further applied Proposition for & in the second step and (3.35)) in the third
step. Similarly, an application of (3.131)) and (3.133) yields

< Z 2 Varg (1)
v= {exp (%(H,g_l)l*%)J (g . CID(Z)) {Q(I) exp (-%(He 1) 2) (v + 1)2}
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for P-a.e. environment 6 and all £ = ¢(f3,~, ) large enough (uniformly in I'). By combining

(3.122)) with (3.126)), (3.129), (3.134)), and (3.135)), we therefore get for each I € {Iy, I3} U
{LG): g <i<r,—1}

I < J(I)+ Jy+ i (J5(1,v) + Ju(1,v))
U={6XP (%(Hefl)lig)J
<2- % - exp (—%(Hg_l)l_'y) + 2. é - exp (—%(Hg_l)lv) (3.136)
= exp <—%(H“)1‘”) (3.137)

for P-a.e. environment 6 and all ¢ = ¢(3,, 0) large (uniformly in 7). Finally, we can apply
(3.137) to (3.121)) to get

Py(3n>RY: (1-8)-50. 00 . ¢(n,b) > 50 . GO)

n

re—1
. 1 _
<ILi+ Z Iy(i) + I3 < (rg — me + 2) - exp <_§(Hel)1 7)

1=
1 _ 1 _
< (Hp)**7 - exp (—§(H£1)1 7) < exp (—Z(Hel)l 7)

for P-a.e. environment 6 and all ¢ = ¢(f3,,0) large enough. Here, we used (3.38]) in the
third line and (3.35)) together with the exponential growth of H,_ 1 in ¢ (cf. (3.34])) for the

last step. This shows (3.93]).

To finish the proof, we note that, for P-a.e. environment 6 and all k = k(5,~,0) large
enough, we have

=k =k
= 1 1—v k—o0
< ——(H,_
> ZeXp ( 4( L l) ) 07
=k
where we used ([3.34]) for the convergence for k — oc. O

A combination of Lemma [3.4.4, [3.4.5| [3.4.7} |3.4.6 [3.4.8] and finally implies (3.82)) in
Proposition [3.4.2] [
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3.5 Proofs

After the construction of our valleys and the description of the typical behaviour of the
RWRE for large time points n, we are now able to prove Theorem and Theorem
3.2.2| For the following proposition, we let (v,),en, denote the sequence of the successive
return times of the RWRE (X,,)nen, to 0. Note here that (X,,)nen, is recurrent for P-a.e.
environment due to assumption (3.1)).

At these return times (v, )nen,, we look at the accumulated orientations S, (cf. (3.8])) with

vn—1

def
S,,n = E OéXi
=0

which the RWRE (X,,)nen, has collected before time v,. For large n, the RWRE will have
either collected a lot more +1-orientations or a lot more —1-orientations when it returns to
0 at time v,,:

Proposition 3.5.1. For 0 < 9 < 1, we have

lim inf S

== ( - (log(yn))ﬁ> =00 (3.138)

Py-a.s. for P-a.e. environment 6.

Proof of Proposition|3.5.1. For the proof, we fix an arbitrary 0 < S < 1 and some
0<vy< %, whose precise value we choose later (cf. (3.141)). In a first step, we need to
make sure that the valleys of the environment, which we consider, behave “typically” start-

ing from the (k — 1)-th valley. For this, we define:

AP =10 0] > exp (— (D))},
AP =10 Hy, > Dy > exp(8-k)},
AP =16 H, <k H, )},

AP =16: 0¢ Dy},

E® = () (AP nal nal nal).
{=k

Note that due to Proposition [3.4.1} (3.34)),(3.35)) and Proposition [3.3.9] we have

P <lim infE(k)> ~ 1. (3.139)

k—o0
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In a second step, we need to make sure that (for fixed environment ) the RWRE (X,,)nen,
behaves “typically” starting from the random time point R*). To this end, we introduced
the following sets in the last section

B .

1
v>k H <
n Nn1_1_ﬁ

vn <T]€+1 Z E(n,z) =05,

2€Z\(VxUDg41)

logn} {N H—°°>oo}

zEV) \Dk

Vn < T U with X, ¢ Dyy1: Z E(n,x) < exp (—(Hi—1)"7) - E(n,by) ¢,

€DK 41

1SN
z
i

|v

12+ (He)™ - E(n,by) > > f(nyx)} )

€V

By = {Vn>R<’“ LY ) e (—(Hi)'7) - (mbi) o s
{¥n

Sy
o=
>
=
i

R®: (1-8)s®. 00 . ¢(n,b,) < s® . GWY

n

1
i
IDYX:

(B@ nBY B nB nBnB).

{=k

Note that F*) is an increasing sequence of sets by definition for which we have
Py <lim ian(k)> ~1 (3.140)
k—o0

for P-a.e. environment 6 due to Proposition [3.4.2]

Now, we can decompose S,,, into the contribution from the valley Dy, , i.e. from the deepest
of the valleys (Dy)ren, in which the RWRE has reached the bottom point b before time
Vp, and the remaining positions € Z\Dy, . Notice (cf. Remark that for large v,
the RWRE has spent most of its time in the valley Dy, when it returns to 0 at time v,.
Therefore, this valley has the main influence on the accumulated orientations .S,,. Note
here that for fixed environment 8 € E®) we have

Vp, 2 R(NV’I’L)

for all n with v, > R®. This holds since we know that 0 ¢ Dy for all ¢ > k due to our
choice of the environment # € E®). Therefore, the RWRE has to leave the valley Dy,
again at time RV») — after it has reached the bottom point by,, — before it can return to
0. Overall, we get for fixed environment 8 € E*~1 and v,, > R"® on the set F'*

|S,,| = GQVn) 4 Z a, - &(v, — 1, ) 2|GZ(,]X”” - Z (v — 1, 2)

:DGZ\DNVn $EZ\DNV
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> ((1 —p) - sWNvw) . oNen) _ 9. exp (—(HNynfl)lﬂ) ) -&(Vn,bn,,)
> ((1=5) - exp (~(Dx,, )") =2+ exp (=(Hy,, 1)) ) - &(vm b,
> <(1 —fB) - exp (— ((Nyn)1ij . HNVn_l)’Y) —2-exp (—(HNVn_l)l_W) )

: f(yna le/n)

for all n = n(8,,0) large enough. Note that, due to the exponential growth of Hy > Dy
in £ and our choice 0 < 7 < i, the difference in the first of the last two lines is positive
for all n large enough (and with this v, > 2n and N,,, large enough). Therefore, we can
conclude that

>, (v, x)

TEVN,,,

12 (Hy,, )*™
Up — Z f(me>

:EEZ\VNV"

12 ((N,)+7 - (Hy, _1))*"

<
o () o (- (25) ™)
<

> exp —(log(yn))M) “Up

|Sun’ > exp (— (HNUTL—1)27> :

> exp | — (HNVn—l)%) :

v

for all n = n(f,~,0) large enough. By choosing

0,
== 3.141
V=7 (3.141)
we get for § € E#~Y on the set F*)
Sy, | > exp (—(log(vn)f)  Un (3.142)

for all n = n(¥,0) large enough.

Since (3.142)) holds for all 0 < ¥ < 1, we can conclude by using (3.139)) and (3.140) that
(3.138]) holds. ]

Proof of Theorem[3.2.3. Theorem is a direct consequence of Proposition 3.5.1, W

Proof of Theorem|[3.2.1. 'We choose v = % and define the sets

My = {[8] 2 ()}
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for n € N. Due to (3.138)), we have

P (lim inf Mn> —1 (3.143)

n—0o0

for P-a.e. environment 6. Recall the definition of (7,)nen, from : T, denotes the first
random time point at which the random walk (Z;)sen, = (X, Yo)een, has moved in the first
component for the n-th time. Notice that (7,41 — 7y )nen, is a sequence of i.i.d. random vari-
ables with a geometric distribution with parameter 6 which are independent of (X,,),ecn, and
the environment 6. Further, recall that we have introduced (X, Y, )nen, as the embedded
process for which we only consider the positions of the process (Z,)nen, = ()Z'n, ?n)neNo
right after this second process has moved in the first component. Thereby, we have the
following decomposition of the second component for the embedded process:

n—1
Y, = Zaxk (e — k)
k=0

n+2$n n72Sn
4 (+) )
=2 n" =N
k=1 k=1

Here, (X,(j)) keN, and (X(_)) keN, denote two independent sequences of i.i.d. random variables

with a geometric distribution with parameter 0, where (ng)) keN, and (X,(;)) ken, are further
independent of (X,,),en, and the environment 6.

In a first step, we show that Y, will not be close to 0 with high probability. Therefore, we
start with

Pg( —c-logn) <Y, <c- log(n)|un, S,,n)

Vn+51/n Vn*SVn
2 2
=Py | —c-log(n) < X,(:r) - Z X;(;) < c-log(n)| vy, Sy,
k=1 k=1
V”JF‘SVn' V"7|SVn‘
2 2
< P Z X,(f) - Z X,(g_) < c-log(n)| vy, Sy,
k=1 k=1
vn+[Suy, |
2
<h| X oas 23+ ()3 + e log(n)| v, S,

2
+R | D W= ) v S | (3.144)

where ¢ > 0 denotes a constant which we choose later (cf. (3.149))). Note that the additional
term :t(yn)% is not necessary for our proof here but it enables us to directly extend our
proof of Theorem to the more general setting in Theorem [3.6.1
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For the forthcoming inequalities the common moment generating function ¢(t) of X§+) and
X1 is helpful. Since X ) and X ) both have a geometric distribution, ¢(t) is finite for
t < —log(1l—90). In particular, ¢(t) is finite in a neighbourhood of 0, and therefore we have
(cf. Theorem 4.8.3 (iii) in [Gut05])

60 = B [exp (t-307)] = 1+ Bl ™) - £+ Bl - £+ 08
:1+§+ 5_25 %+O(t3)

By using the inequality 1 + z < exp(z) for all x € R, this implies that we have

B(t) < exp (f +C - |t3\) (3.145)

b 2-02

for all =1 <t < —% log(1 — §), where C' > 0 denotes a suitable constant. For the first
summand in (3.144)), we can derive the following upper bound for arbitrary

—1<t=t(n)<0

by applying Markov’s inequality and using v,, > 2n

Py i X,(j) < ;—g + (yn)% + ¢ -log(n)| vn, Sy,
k=1
vt Sun|
< P |exp (t- 2 xif)) > exp (1 (53 +2- ()?) )| v S,
k=1

< o (- (212 woh)) - (o)

< exp( t-<;5+2 (Vn)§>)-exp<%|syn‘-(§+2_5g £24C- yﬂ))
= e (1 (Bl -2 i) v S et Bl o it Bl

for all n large enough. Here, we used (3.145)) for the third step. By choosing

we therefore get on the set M, = {|S,,n‘ > (Vn)%}

l’"'HSan
2

P Y Xff)ég—g ()5 + ¢ - log(n) | v, S, <eXp< %) (3.146)

for all n and with this v, > 2n large enough.
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Now, we can turn to the second summand in ((3.144]). Similarly for
0<s=s(n) <—3log(l—4),

we get by applying Markov’s inequality and again using v, > 2n

U"_ls’/n‘

— Un, 2
Bl Y 7 = - ) vS,
k=1
V"l*ISan
2 — Vp 2
< P@ €Xp | § Xl(q ) > exp (3' <%_(Vn)§>) Vn;Sun

)
w — |5y 2—90
-eXp(VTm'(g—FQ'—W'SQ—FC"S?”))

1Sy, | 2 2—0 vn—1S,] Un — |Su,|
—exp(s-(——+(l/n)3 +52-2_52- 5 +|53|-C-T

for all n large enough, where we again used ([3.145)) for the third step. By choosing

_2
3

s=s(n) = (v) %,
we therefore get on the set M,, = {‘S,,n| > (l/n)%}
vn=|Sun|

Pg Z Xl(c_) Z g_:; - (Vn)% Vn, Sun S €Xp <_n%3> (3147)
k=1

for all n and with this v, > 2n large enough.

Inserting (3.146) and (3.147)) in (3.144) now yields

Py({—c-log(n) <Y, <c-log(n)} NM,) <2-exp <—nT13)
for all n large enough. Therefore, the Borel-Cantelli lemma and (3.143)) imply
Py (Y, € [—c-log(n),c-log(n)] for infinitely many n) =0 (3.148)

for P-a.e. environment 6 and all ¢ > 0. This in particular shows the transience of the
process (Z: Jneno = (Xn, Yo )nen, (cf. (3.7)) for which we only consider the time points at
which the first coordinate of the process (Z,)nen, has changed in the last step.

In a last step, we only need to make sure that the process (Z,)neng = (Xn, Y )nen, — which
we are mainly interested in — does not make too many steps in the second component
without moving in the first component. For this, we note that for n € Ny we have

1

Py (Tun+1 — Ty, 2 C- 10%(”)) = (1 — §)letoem] < petos(1=0) . 1T—s"

117



CHAPTER 3. RWRE WITH RANDOM ORIENTATIONS

Here, 7, .1 — 7, denotes the number of movements of (Z,)nen, in the second component
after returning to 0 in the first component at time v, up to leaving 0 again in the first
component at time v, + 1. By choosing ¢ = ¢(d) large enough such that

c-log(l—9¢) < —1, (3.149)
we can therefore conclude with the help of the Borel-Cantelli lemma that
Py (Tl,nH — T, > c¢-log(n) for infinitely many n) =0 (3.150)

holds for P-a.e. environment 6. Finally, we can combine (3.148]) and (3.150f) to conclude
that we have
Py(Z, = (0,0) for infinitely many n) =0

for P-a.e. environment #. For the last conclusion, we use that, as long as

Tyot1 — T, < C-log(n)

holds for some n € Ny, the random walk (Z;)sen, cannot reach (0,0) between the time
points £ = v, and { = v, +1 as long as Y,,, ¢ [—c-log(n), c-log(n)], which was left to show.
[ |

3.6 A Final Extension of RWRE with Random Orien-
tations

As one possible extension of the RWRE with random orientations, we can look at the fol-
lowing process which combines our results from Chapter [2| and Section

We still use the same random environment 6 as introduced in Section [3.2l The only differ-
ence is that we need one more parameter p € [0, 1]. For every environment 6, we can now
look at the following Markov chain (M, ),en, With values in Z? which is determined by

Py (My = (z1,2)) =1,

Py (Mys1 = (k+1,0)| M, = (k,0)) =6 - wy,

Py (Mpi1 = )| M, = (k,0) =6+ (1 — wy),

P (M1 = (k. 0+ 1)| M, = H)):ﬂ.(lﬂo ag),
Py (M1 = (k, 0 —1)|M,, = kﬁ)):%-(l—p-ak)

for z = (21, 20) € Z°.
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The process can be understood as
a combination of a one-dimensional
RWRE with an asymmetric random
walk on Z for 0 < p <1 and a sym-
metric random walk for p = 0. In
the case 0 < p < 1, the random
orientation «y, contained in the ran-

dom environment # indicates if the
Markov chain at time n prefers to
move upwards or downwards in the
second component given M, = (k,-)
for some k£ € Z. Then, we have the
following dependency of the param-
eter p € [0,1]:

Figure 3.6: A possible realization of the random ori-
entations 1| and the corresponding transition proba-
bilities for the extended model.

Theorem 3.6.1. (1) For p =0, the Markov chain (M,)nen, s recurrent for P-a.e. en-

vironment 0.

(2) On the contrary for 0 < p < 1, the Markov chain (M,)nen, is transient for P-a.e.
environment 0.

Proof of Theorem [5.6.1. 1In the first case, we are exactly in the situation of Corollary .
Therefore, there is nothing left to show.

In the second case, i.e. 0 < p < 1, the proof runs almost as the proof of Theorem and
we can adjust our argument to the new situation:

Let us denote the second component of (M,),en, by
37; = pry(M,) for n € Ny,
and note that the first component

X, = pr, (M,,) for n € Ny

for each choice of 0 < p < 1 still behaves as (X,,)nen, Which was introduced in (3.5)). As in
(3.6]), we can introduce

To =0,
T = inf{n > 71 : X, -+ )Z'Tk_l} for k>1

inductively as the time points of the movement in the first component. Now, we can again
define

X, ::)~(T

n’
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Y, ::lN/T’;
for n € Ny. As before, (X,)nen, behaves as a RWRE on Z.

At the random successive return times (v, )nen, of the first component (X,,),en, to 0, we
now have the following decomposition of the movement in the second component (Y,)nen,:

vn—1
B3 d
Yun = Z ax, - T(k)(TkJrl - Tk)
k=0
V'n,+sun ansun
d ~ o v~ O
YO Y g7 - > X (3.151)
k=1 k=1

Here, (ng))keNo and (Xi(;))keNo again denote two independent sequences of i.i.d. random
variables with a geometric distribution with parameter ¢, where (X](:_))kENo and (Xl(@_)) keN,
are further independent of (X,),cy, and the environment 6. Additionally, (Y©(¢))sen,,
(YD) eng, (Y () geng, - - - denote i.i.d. asymmetric next neighbour random walks on Z
with

Py(YM(0) =0) =1,

1
Py (YO +1) =y + 1[TO(0) = y) = % for all y € Z, £ € Ny,

1 —
P(YW(+1) =y - 1Y) =y) = Tp for all y € Z, ¢ € N,

for every environment 6, where the sequence (Y@ (£))seng, (YO () seng,(TP(0))oeny, - -
is further independent of (ng))keNo and (X(i))keNO, (Xn)neng, and the environment 6. As
before, the moment generating function will be helpful for our consideration. For ¢t € R, we
define
t?
P(t) == By [exp (t- TW(1)] =1+ Ey [YV(Q)] - t + Ey [(T(l)(l))z] St O(t?)
2

t
:1+p-t+5+0(t3),

where the second relation holds since 9 (¢) < oo holds in a neighbourhood of 0 (which is R
here). Again using the inequality 1+ x < exp(x) for z € R, we get for —1 <t <1 that

P(t) < exp (p “t+ g +C- |t3|) (3.152)

for some suitable constant C' > 0. Similarly to the proof of Theorem [3.2.1] we get the
following for arbitrary ¢ > 0 by using ([3.151)):

n

Py(—c-log(n) <Y,, <c-log(n))
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vn+Suy, vn—Suy,
2 2
=Py | —c-log(n) < TW Z X’(€+) —-T® Z X/E;_) < ¢-log(n)
k=1 k=1
Vn+‘25Vn| angsl/n‘
<P |TW Z X,(j) —1® Z X/(.c_) < c¢-log(n)
k=1 k=1

Recall that a combination of (3.143)), (3.146[), and (3.147)) implies that we have

( l’”'HSan )
2
.. + Vn 2
Py h}?_l)g}lf kg_l Xé ) > oY (V)3 =1
\ B V
( vn—|Sup | )
2
.. (=) Un 2 .
Po h;gggf{ kgl X S 55 (vn)s p | =1 (3.153)
\ 7

for P-a.e. environment 6.

In comparison with the upper bound in (3.144)), here we also need upper bounds for the atyp-
ical behaviour of the asymmetric random walks (YM)(£))sen, and (T3 (£))sen,. Thereby,
we have:

Vn+\23Vn‘ vn—|Sup | Vn+‘2SVn| anLSVn‘
A RN B DR I (N B WS St L= (D] I WA W
k=1 k=1 k=1 k=1
Vn'HQ»sun | %-Sy,n‘ un—LSl,n |
+ D Vn + -
= e B D I R CLOIED DEPCANED DSt
k=1 k=1 k=1
vn—|Sup | vn+|Svp | vn—|Sup |
SNSRI S WV o S
(2) n
+R|T x| =5 o’ D> (3.154)
k=1 k=1 k=1
Notice that there exists A = A(p) € [—1,0) such that
def I+p -
Y(t) = By lexp (t-TH(1))] = 5 -exp(t) + 5 exp(—t) <1

for all A(p) <t < 0. Therefore, on the set

V"+|SV7L|

2

Vnp 2
R TR (S RN CALES
k=1

n

and for A\(p) <t = t(n) < 0, we get for the first summand in (3.154)) by using Markov’s
inequality

vn+|Suy, |
2

(+)

Py T X4

<pé—:;n+c-log
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vn+|Sup | vn+[Sup |

2 3 l/n 2
=P |lexp|t-: T Z x,(j) > exp (t : (% +c- 105—’5(”))) Z X1(<;+)
k=1 k=1

vn+|Suy |
< exp <—t' <p2—;" + c-log(n))) - exp kz:; X;(j) -log (w(t))

< exp (-t (252 e togn)) e (L + ) - (14 5 1))

tQ

— exp (t- (—e-tog(n) +p- (n)F) + 5 (% S OD ERGeE (% + <un)§)) .

Here in the third line, we used that, for £ € Ny, T()(¢) has the same distribution as the
sum of ¢ i.i.d. copies of YM(1). For the fourth line, we used and ¥(t) < 1 for
A(p) <t < 0. By choosing ¢t = t(n) := —(r,,) "2, the last upper bound implies that on the
set AL we have

vn+|Sup | Vn+|sun| Vn*|sun|
2

“Up 2 _
Py | YW Z X}(€+) < % + ¢ - log(n) X,(:), Z X/(f M <exp (—n
k=1 k=1 k=1

=

)

(3.155)

for all n large enough, where we further used v, > 2n for the last step. For the second
summand in the upper bound in (3.154]), we similarly get on the set

V"_lsl’n‘
2

— n 2

AP =] S <)
k=1

for 0 < s = s(n) < 1 again using Markov’s inequality

vn—|Sup | Vn+‘SVn| Vn_lsl’n‘
2

2 2

_ DUy _

AR DR e B DEPAED SRS
k=1 k=1 k=1

vn—|Svy | l’nf‘SV'nI

-2 2
=Py |exp|s-T® Z X;(;) > exp (3 . pz(;/n) X;(;)
k=1

< o0 (o 255t) o (55— ) (304 5 191
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where we further used ¥ (s) > 1 for s > 0 for the second step. By choosing

[NIE

s = s(n) = () %,

the last upper bound implies that on the set Ag) we have

Vn—|25vn| Vn+|2571n| Vn—|25un|
_ DUy _ 1
R B DI e B DEPUSED SRS Se@(—ﬂ?) (3.156)
k=1 k=1 k=1

for all n large enough, where we again used v, > 2n. By combining (3.153), (3.155)), and
(3.156)), we can in particular conclude with the help of the Borel-Cantelli lemma that for
all ¢ > 0 we have

Py (Y,, € [—c-log(n),c-log(n)] for infinitely many n) = 0

for P-a.e. environment 6.

For the rest of the proof, we can copy the end of our argument from the proof of Theorem
to ensure that for P-a.e. environment 6 our process (My)een, Po-a.s. does not reach
the point (0,0) between time v, and v, + 1 for infinitely many n € Ny. |
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Part 11

Random Walks in Random
Environment with Branching
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Chapter 4

Preliminaries

4.1 Basic Notation and General Assumptions

In the following chapter, we do not only consider the movement of one particle but we
allow the particles to produce a random number of offspring in each step. Models which
combine those two components — random reproduction and movement of particles — are
called Branching Random Walks (BRW). As before, we additionally assume that the en-
vironment — which determines the probabilities for the reproduction and the movement of
the particles — is random itself. Altogether, this leads to the model of a Branching Random
Walk in Random Environment (BRWRE).

The construction of a BRWRE also consists of two steps: In a first step, we choose an
environment according to a specific distribution P, and in a second step, we perform a
BRW in the chosen environment. The expectation with respect to P will be denoted by E[]
as in Part [Il

4.2 Classical Results

Let us first collect some basic results on Branching Processes in Random Environment
(BPRE) from [Ta77]:

Since we are only interested in the (random) number of all existing particles in this set-
ting, the distribution of the environment P can be chosen as a probability distribution on

(./\/1N(17_/4NO)7 where
M = {(pi)ieNo TP 2 O’Zpi - 1}
=0

is the set of all offspring distributions (i.e. probability measures on Ny) and A is some
suitable o-algebra on M (for example we can equip M with the induced topology of
(RNo, BNo) and then consider the generated Borel o-algebra on M).
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Let pt = (fn)nen, denote a sequence in MM with distribution P. Then, p is referred to as
the random environment and we write P, for the quenched probability measure given .
For fixed p, we can now introduce the following inhomogeneous branching process (2, )nen,
with respect to P,:

At time 0, we start with Z; = 1 particle. Afterwards at every time n € Ny, all existing
particles Z,, produce offspring according to the distribution pu, independently of all other
existing particles and then die. The amount of all newly produced offspring then gives the
size Zp41 of the (n 4 1)-th generation. For a more detailed description of the model, we
refer to Section 1 in [Ta77].

For the next three theorems from [Ta77], we have to assume that the environment p=(it,)nen,
is stationary and ergodic with respect to P. In particular, we may apply the results if
p = (ftn)nen, is an ii.d. sequence. Further, using the (random) probability distribution pug
on Ny, we write

polpo) == 1o({0}),  pi(po) = po({1}),
mo = mo(uo) := Y _ kuo({k})

for the (random) probability to have 0 or 1 descendant at time 0, respectively, and for the
(random) mean number of offspring at time 0.
Due to Tanny, we know the following sufficient criteria for survival and extinction of

(Zn)nen:
Theorem 4.2.1 (Sufficient Condition for Survival - cf. Corollary 6.3 in [Ta77]). If
E [Jlog (1 — po(uo))|] < oo and E[log(my)] > 0, (4.1)
then we have
P.(Z, —0) <1
for P-a.e. environment p.

Here, E[log(mg)] > 0 means in particular that E[log(mg)] is well-defined.

Theorem 4.2.2 (Sufficient Condition for Extinction - c¢f. Theorem 5.5 in [Ta77]). If one
of the conditions

(1) E[log(me)] <0,
(2) P(pi(po) =1) <1 and E[log(mg)] =0

holds, then we have
P(Z,—0)=1
for P-a.e. environment p.
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We remark here that the conditions in the last two theorems are in general not necessary
for survival/extinction of a BPRE as Tanny showed in Section 7 in [Ta77]. If 1 = (5 )nen,
is an i.i.d. sequence, then we can say more: If

E[llog(mo)[] < oo and  P(pi(po) =1) <1

holds, then the conditions in (4.1)) are also necessary for survival of a BPRE in an i.i.d.
environment (cf. Theorem 1 in [Sm68] and Theorem 3.1 in [SW69)]).

Additionally to the above conditions for survival and extinction, Tanny also answered the

question of the growth of the BPRE in the case of survival:

Theorem 4.2.3 (Growth of a Surviving BPRE - c¢f. Theorem 5.5 (iii) and Theorem 5.3 in
[Ta77]). For E[log(mg)] > 0, we have

lim 1 log Z, = E[log(mo)]

n—oo
P,-a.s. on {Z, # 0} for P-a.e. environment .

In particular, the BPRE grows exponentially fast if it survives.

4.3 Context of our Results

4.3.1 Survival of BRWRE

In Chapter [5, we answer the question under which conditions and in which way a special
BRWRE on Nj survives. The same question for a related model was answered in [GMPV0S].
Let us therefore quickly recall the setting of the model, which is introduced in Section 2 in
[GMPV0§], as a motivation for our considered model. Further, we are able to compare our
results to the results in the [GMPVO§| at the end of this section:

Define U:= {-1,0,1},
V={v= (v, x €U): v, € Ny Vr €U}

and for v € V put |v] =)
w on V, ie.

sey Vz- Furthermore, let M be the set of all probability measures

M = {w = (w),veV): w(v)>0foralveV, Zw(v) = 1} .
veY
Then, suppose that w = (w, € M,z € Z) is an i.i.d. sequence with values in M with
respect to some probability measure P. As before, w = (w, € M,x € Z) is called the
environment. Given the environment w, the evolution of the process is described in the
following way: start with one particle at some fixed site of Z. At each integer time the
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particles branch independently in the following way: for a particle at site x € Z, a random
element v = (v,, y € U) is chosen with probability w,(v) and then the particle is substituted
by v, particles in x +y, y € U.

Remark 4.3.1. In many models (and also in our model introduced in Chapter [5)) on
BRWRE, the reproduction and the movement of the particles takes place in two subsequent
steps: At every discrete time point n € Ny, a particle in z first produces ¢ offspring with
probability p. (i) independently of all other particles and then dies. Then, each of the
offspring jumps to x + y with probability p(x,y) independently off all other offspring.
Thereby, the pairs ((p(7))ieng, (P(%,y))yeu) are chosen according to some i.i.d. field on Z.
In the above notation introduced in [GMPV0S], this case is included in their setup if we
choose

wal) = 3 pa(iMult(i, pl. ).y €U)().

i€Ng
Let us continue the description of the model: Denote

py = wa(v) vy, pd = wa(v) vy, and pf = wa(v) -,

veY veY veY

i.e., given the environment w, p, is the mean number of offspring sent by a particle from
position z to x — 1, u) is the mean number of offspring sent by a particle from position
to z+1, and 2 is the mean number of offspring which stay at z. Further, we assume that
the following two conditions hold:

(1) Plmin{g g} > 0) = 1.
(2) There exists v € V with |v| > 2 such that P(wg(v) > 0) > 0. (4.2)

Here, the first condition ensures that the process is irreducible in the sense that for any
x,y € Z a particle from x can have descendants at y. The second condition states that
there are positions where particles are able to branch.

In the context of BRW, we can distinguish between different survival regimes:

Definition 4.3.2. Given the environment w we say that

(1) there is Global Survival (GS) if

PY(Z, —0) < 1.

(2) there is Local Survival (LS) if
P (na(z) = 0) <1
for all x € Nj.
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We say that for a given w there is local (global) extinction if there is no local (no global)
survival. Alone from the above definition, GS and LS could depend on the starting point
and on the realization of the environment w. But the next theorem shows that, for an i.i.d.
random environment which fulfils the assumptions in , there is no such dependence:

Theorem 4.3.3 (cf. Theorem 2.4 and Theorem 2.9 in [GMPVO0S]). Local survival and
global survival do not depend on the starting point of the BRWRE. Further, there is either
local survival (global survival) for P-a.e. environment w or there is local extinction (global
extinction) for P-a.e. environment w.

The next theorem answers the question on local survival:

Theorem 4.3.4 (Local Survival - cf. Theorem 2.6 in [GMPVO08]). There is local extinction
iff there exists A > 0 such that

po AT+ )+ g A < 1

for P-a.e. environment w.

For the next theorem on global survival, we have to assume that also the following condition
holds:

Condition S. E[|log(wy(V1))]] < oo and E[| log(wo(V_1))|] < oc.

Here, Vi :={v € V: vy > 1} and V1 := {v € V : v_; > 1} denote the set of all
offspring configurations which send at least one offspring one step to the right or to the
left, respectively.

Further, we need to define two so-called Lyapunov exponents: For k& € N denote
—u) oy _ 1—p)
A= wi m | and A= i
1 0 1 0

1 - .1 ~ o~ ~
~v1 = lim —E[log |AR A1 -+ 'Alm and 7 := nh—{Eo EE[log AR A1 -+ -Alﬂ],

n—oo M,

and define

where ||-|| is any matrix norm. Then, 7, and 7; exist due to the assumptions in [GMPV0S].

Theorem 4.3.5 (Global Survival - cf. Theorem 2.9 in [GMPV08]). Suppose that condition
S holds. Assume also that there is local extinction. Then, the following holds:

(1) If there is some A > 1 such that pg A\™' + pd + ug A < 1 P-a.s., then there is global
survival iff
Ho
log (—)] .
1o
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(2) If there is some A < 1 such that ug A" + ud + pg X < 1 P-a.s., then there is global
survival iff
s
log (—‘1)} :
Ho

Even though the last two theorems give a complete answer to the question on global sur-
vival, the condition in Theorem is not very explicit. In particular if we just consider
a combination of two offspring configurations, we cannot answer the question on global

M1 <E

survival without a longer and involved computation in general.

In the next chapter, we consider an easier model in which particles located at = € Nj can
only produce offspring to the same position x € Ny and to the right neighbouring site x4+ 1.
This case is excluded by the assumptions in (4.2)). The easier configuration of the model
enables us to derive a very simple condition on global survival in

Theorem [5.3.2] Suppose A < 1.
There is either GS for P-a.e. w or there is no GS for P-a.e. w.
There is GS for P-a.e. w iff

o ()

Here, my denotes the mean number of offspring produced by one particle located at 0.
Afterwards, every newly produced offspring moves to +1 (or stays at 0) with probability
ho (or 1 — hg) independently of all other existing particles (cf. Section for a precise
description of the considered model).

Further, A := esssup(mg(1—hy)) (cf. (5.2)) which is a helpful quantity to characterize local
survival:

Theorem [5.3.1] There is either LS for P-a.e. w or there is no LS for P-a.e. w.
There is LS for P-a.e. w iff
A>1.

Remark 4.3.6. Let us shortly summarize some aspects of Theorem [5.3.2;

(1) If we choose hy = 1, then the condition for global survival reduces to the condition for
survival of a BPRE in Theorem by Tanny. Note for this that our assumptions in
(5.1)) ensure that in our setting the first condition in Theorem is always fulfilled.

(2) If we choose hg = h to be constant, an analysis of the function

ot =€ Jlox (o5 )|

allows us to answer the dependence of survival on the drift 4 (cf. Theorem [5.3.7)).
We show that global survival for some drift h always implies that we also have global
survival for all drifts h such that 0 < h < h, i.e. for the considered BRWRE, it is
easier to survive for a smaller drift h.
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4.3.2 Growth of BRWRE

The questions of the growth rates of the BRWRE in Chapter 5[ are motivated by a series of
papers by Baillon, Clement, Greven and den Hollander, see [BCGH93], [BCGH94|, [GH91],
[GH92] and [GH94] in which the authors consider the Population Growth in Random Media.

In Remark [5.4.2] we will see that there is strong connection between our model which we
consider in Chapter |5 and the model which is considered in [GH91]. So, let us shortly repeat
the setting of the model which is introduced in the latter article (cf. 0.2 Section Model in
[GHO1]):

(1) For each z € Z, F, is a random probability measure on the nonnegative integers Ny
called the offspring distribution at site x. The sequence F' = (F}).cz is i.i.d. with
common distribution «. Here, F' plays the role of the random medium.

(2) For fixed F, define a discrete-time Markov process (1,)n>0 on (Ng)Z with

M = (1n(2))sez,
N (2) = number of particles at site = at time n

by specifying its one-step transition mechanism as follows: Given the state 7, at time

n,

(a) each particle is independently replaced by a new generation. The size of the
new generation descending from a particle at site x has distribution F,, i.e., it
consists of k new particles with probability F, (k) (k =0,1,2,...). Also, particles
at the same site branch independently.

(b) Immediately after creation, each new particle at site z independently decides to
either stay at x with probability 1 — A or to jump to x + 1 with probability A.
The parameter h € [0, 1] is the drift and is the same for all x.

(3) The resulting sequence of particle numbers after steps (1) and (2) make up the state
Nna1 ab time n 4+ 1. F' stays fixed during the evolution.

(4) We start with n9(z) = 1, i.e. one particle at each site x € Z at time 0 (which
corresponds to Case I in [GH91]).

In Equation (0.3) in [GH91], the quantity
dn(z, F) == Epna())]

is introduced as the average particle density at site x at time n for fixed F. Here we
use the usual “quenched” notation in the context of BRWRE (alternatively one can define
dy(z, F) := E[n,(x)|F] as in [GHI1] where E denotes the expectation with respect to the
joint distribution of (F, (7,)nen,))-

In Theorem 1 and Theorem 2 I. in [GH91], Greven and den Hollander describe the limit

lim +logd,(0,F) =: A(h)

n—oo
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as a function of the drift h by an implicit formula which we want to shortly repeat here to
emphasize the explicitness of our results:
Let

by = i kE, (k)
k=0

denote the mean offspring of a particle located at site z and let 3 denote the distribution
of b, (which does not depend on x since F' = (F}),ez is an i.i.d. sequence) and we assume

0 <infb, <supb, < oo [-a.s.

Further, we define

My = {I/ € P(N x supp f) : Ziy(i,j) =0 Zu(i,j) = (4(j) for all j} ,

/Z:hj

f(v) =) vlij)ilog .

i7j

[975(V) = ZV(Z7J> lOg (%) !

1,(0) = flog (%) + (1= 0)log (%) |

mo(i) == 0(1 — 0)" L.

The notation is for the situation where suppf is countable. For more details on the defini-
tions, we refer to Section 0.3 in [GH91]. Then, we have the following:

Theorem 4.3.7 (cf. Theorem 1 in [GH91]). For h € (0,1), we have

AR) = lim Llogd, (0, F) = A(8,h;0) F-a.s.,

n—o0

where

(B, h;0) == ezl(tp”[cfﬁ(e) — 1,(0)],

Js(0) := 0 sup [f(v) — Ipp(v)] for 6 e (0,1].

I/GMgﬁ

The two suprema in the last theorem have a nice interpretation as the best strategy for
particles to move within the random medium (cf. Section 0.5 in [GH9I]). Further, the
variational expressions in Theorem [£.3.7] can be solved, i.e. there are maximizers for both
expressions (cf. (0.21) and (0.22) in |[GH91]). The solution leads to the following theorem
which gives a very complete description of A(h) from a qualitative point of view:
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Theorem 4.3.8 (cf. Theorem 2 I. and Corollary 2 I. in [GH91]). With M := esssup by, we
have
A(B, h; 0) = log[M (1 — h)] + 17,

where r* can be described by an implicit formula (cf. Section 0.4 in [GHI1|] for more details).
Further, we have the following properties:

(1) h — AX(B,h;0) is continuous and strictly decreasing on (0,1). Further, A\(§,0;0) =
log M and A(8,1;0) = >_, B(5) log(j).

(2) In particular if log M >0 > 3, 8(j)log(j), then A(8,h;0) as function of h changes
sign at h = h’ which is the unique solution of A\(B, h;0) = 0.

In the next chapter, we introduce the model of a BRWRE on Z in which every particle
located at x € Ny can only produce offspring to the same position z € Ny and to the right
neighbouring position  + 1. The total number of particles at time n will be denoted by
Z, (cf. (54)). In our setting, the drift h, (for a single offspring to move one step to the
right) may also depend on the location x of the parental particles. In the case of a constant
drift (i.e. hy, = h € (0,1] for all z € Np), we show in Remark [5.4.2) that the expected global
population size E,[Z,] corresponds to d, (0, F) in the notation of [GHI1].

In order to make our results on global survival comparable to the results on the growth
of the process in |[GH91], we show that global survival of our BRWRE in Chapter [5| is
equivalent to the exponential growth of E,[Z,] (cf. Definition for the definition of
global survival):

Theorem [(5.3.5] The following assertions are equivalent:
(1) lim tlog E,[Z,] > 0 holds for P-a.e. w.
n—oo
(2) There is GS for P-a.e. w.

So, let us recall the condition for global survival (rewritten for the case of a constant drift
ho = h) which we already mentioned above:

Theorem [5.3.2] Suppose A 1 oss sup(mo(l —h)) < 1.
There is either GS for P-a.e. w or there is no GS for P-a.e. w.
There is GS for P-a.e. w iff

el )] -

By combining the last two theorems, we are able to describe the location of the critical
parameter h = h} in Theorem by just using one implicit formula, i.e. the solution of
0 = ¢(h) (uniqueness — if a solution exists — will be shown in Theorem [5.3.7)). Note here
that the critical parameter h = h* in Theorem is only given by an implicit formula
in which the quantity r* itself is only available through a second implicit formula. The

easier criterion from Theorem [5.3.2] in particular enables us to directly treat the cases in
which we deal with a combination of just two offspring distributions. Here, we can describe
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the phases in which we have global survival (i.e. exponential growth of the population)
and no global survival (i.e. no exponential growth of the population) without any further
computation. Two examples for this configuration are included in Section
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Chapter 5

Survival and Growth of a BRWRE

5.1 Overview

The chapter consists of the article Survival and Growth of a Branching Random Walk in
Random Environment by Christian Bartsch, Nina Gantert, and Michael Kochler ([BGK09]).
In order to keep this chapter self-contained, this article has been left relatively unchanged.

In the article we considered a particular Branching Random Walk in Random Environment
(BRWRE) on Nj started with one particle at the origin. Particles reproduce according
to an offspring distribution (which depends on the location) and move either one step to
the right (with a probability in (0, 1] which also depends on the location) or stay in the
same place. We give criteria for local and global survival and show that global survival
is equivalent to exponential growth of the moments. Further, on the event of survival the
number of particles grows almost surely exponentially fast with the same growth rate as
the moments.

The chapter is organized as follows: In Section 2, we give a formal description of our model.
Section 3 contains the results, Section 4 some remarks and Section 5 the proofs. At last,
in Section 6, we provide examples and pictures.

5.2 Formal Description of the Model

The considered BRWRE will be constructed in two steps, namely we first choose an envi-
ronment and then let the particles reproduce and move in this environment.

Step I (Choice of the environment)
First, define

M = {(pi)ieNo ‘D 2 O’ipi - 1}

1=0

137



CHAPTER 5. SURVIVAL AND GROWTH OF A BRWRE

as the set of all offspring distributions (i.e. probability measures on Ny). Then, define
Q=M x (0,1]

as the set of all possible choices for the local environment, now also containing the local
drift parameter. Let a be a probability measure on €2 satisfying

a ({((pi)ieth) €Q:p = 1}) <1,

a ({((pi)ieNO,h) €Q:ipe<1-6 hels 1]}) —1

(5.1)

for some 6 > 0. The first property ensures that the branching is non-trivial and the second
property is a common ellipticity condition which comes up in the context of survival of
branching processes in random environment.

Let w = (wz)eeny = (fa ha)zen, be an ii.d. random sequence in 2 with distribution
o = R, @ We write P = oMo and E for the associated expectation. In the fol-
lowing, w is referred to as the random environment containing the offspring distributions
it and the drift parameters h,. Let

My = mg(w) := Z ke ({k})

be the mean offspring at location x € Ny. We denote the essential supremum of mq by
M := esssup my
and furthermore we define
A = esssup (mo(1 — hy)). (5.2)

Step II (Evolution of the cloud of particles)

Given the randomly chosen environment (w;)zen, = (Ha, Pa)zen,, the cloud of particles
evolves at every time n € Ny. First, each existing particle at some site x € Ny produces
offspring according to the distribution u, independently of all other particles and dies.
Then, the newly produced particles move independently according to an underlying Markov
chain starting at position x. The transition probabilities are also given by the environment.
We will only consider a particular type of Markov chain on Ny that we may call “movement
to the right with (random) delay”. This Markov chain is determined by the following
transition probabilities:

hy y=x+1
0 otherwise

Note that due to the ellipticity condition (5.1]), A, is bounded away from 0 by some positive
d. Later, we consider the case that P(hg = h) = 1 for some h € (0, 1] where the drift pa-
rameter is constant and analyse different survival regimes depending on the drift parameter
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h, see Theorem [5.3.7]

For n € Ny and = € Ny, let us denote the number of particles at location x at time n by
N (), and furthermore, let

Ly = Z N () (5.4)

€Ny

be the total number of particles at time n.
We denote the probability and the expectation for the process in the fixed environment w
started with one particle at by P” and E”, respectively. P? and E? are often referred to
as “quenched” probability and expectation.

Now we define two survival regimes:
Definition 5.2.1. Given w, we say that

(i) there is Global Survival (GS) if

P)(Z,—0) <1,

(ii) there is Local Survival (LS) if
P° (nn(a:) — O) <1
for some = € Nj.
Remarks 5.2.2. (i) For fixed w, LS is equivalent to

P)(n(z) - 0V 2 eNy) < 1.

(ii) Since the drift parameter is always positive, it is easy to see that for fixed w LS and
GS do not depend on the starting point in Definition [5.2.1] Thus we will always
assume that our process starts at 0. For convenience we will omit the superscript 0
and use P, and FE,, instead.

5.3 Results

The following results characterize the different survival regimes. As in [GMPVO0S] (cf. The-
orem and Theorem [4.3.5)), local and global survival do not depend on the realization

of the environment but only on its law.

Theorem 5.3.1. There is either LS for P-a.e. w or there is no LS for P-a.e. w.
There is LS for P-a.e. w iff
A>1.
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Theorem 5.3.2. Suppose A < 1.
There is either GS for P-a.e. w or there is no GS for P-a.e. w.
There 1s GS for P-a.e. w iff

We now consider the local and the global growth of the moments E,[n,(x)] and E,[Z,).
For Theorems —15.3.6 we need the following stronger condition

o ({((pi)ieth) €Q:p = 1}) <1,
o ({((pl)lENoah) € - Do <1 _67 h € [571_5]}> =1
for some 0 > 0. In addition, for those theorems we assume M < oc.

Theorem 5.3.3. There exists a unique, deterministic, continuous, and concave function
B :10,1] — R such that for every v > 0 we have for P-a.e. w

lim max = 0.

n—oo zen[y,1JNN

Llog B, [na(z)] — B(2)

Additionally, it holds that 3(0) = log (A) and B(1) = E[log(moho)].
Theorem 5.3.4. We have

lim %log E, [Zn] = max [(z) forP-a.e. w.

n—00 z€[0,1]

The next theorem shows that GS is equivalent to exponential growth of the moments E,[Z,]:

Theorem 5.3.5. The following assertions are equivalent:
(i) lim Llog E,[Z,] > 0 holds for P-a.e. w.
n—oo

(i) There is GS for P-a.e. w.

In the following theorem we consider the growth of the population Z,, on the event of sur-
vival:

Theorem 5.3.6. If there is GS we have for P-a.e. w

lim 1logZ, = max $(z) >0 P,-as. on {Z,# 0}.

n—00 z€[0,1]
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As already announced above, we now analyse the case of constant drift parameter, i.e.
P(ho = h) =1 for some h € (0,1]. As it is easy to see from Theorem in this case, we
have LS iff
11—+ if Me(l,oo
h<hpg:= M ( ]
0 if M € (0,1] .

To analyse the dependence of GS on h we define

Theorem 5.3.7. Suppose h > hg.
(1) If M <1, then we have ¢(h) <0 for all h € (0,1] and thus there is a.s. no GS.
(ii) Assume M > 1.

(a) If p(hrs) > 0 and p(1) < 0, then there is a unique hgs € [hps,1] with
o(hgs) =0. In this case, we have a.s. GS for h € (0,hgs) and a.s. no GS
for h € [hGS, 1].

(b) If ¢
he

(c) If ¢
he

hrs) < 0, then (h) < 0 for all h € [hps,1]. Thus, we have a.s. GS for
0,hrs) and a.s. no GS for h € [hpg,1]. In this case, we define hgs = hpg.

1) > 0, then ¢(h) > 0 for all h € [hrs,1]. Thus, there is a.s. GS for all
0,1]. In this case we define hgg = 0.

—~ —~

Hence, we have a unique hgs € [hrg, 1)U {0} such that there is a.s. GS for h < hgg
and a.s. no GS for h > hgs.

5.4 Remarks

The following remarks apply to the case of constant drift:

Remarks 5.4.1. (i) Since ¢(1) = E[logmy], our results can be seen as an extension
of the well-known condition for possible survival of branching processes in a random
environment (cf. Theorem[4.2.1]and Theorem[4.2.2] by Tanny, recalling that we assume
condition ) In fact, our proofs rely on this result.

(i) If M < oo and p(hrs) € (0,00], then due to the continuity of ¢ there exists z > 0
such that there is a.s. GS but a.s. no LS for every h € [hpg, hrs + z). In particular,
this is the case if P(my = M) > 0, since then ¢(hrg) = oo.

(iii) We provide an example for a setting in which the condition of Theorem (i) (b)
holds. In this case, there is a.s. LSS for h € (0, hpg) and a.s. no GS for h € [hg, 1] for
some hrs € (0,1). (See Section [5.6])
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Remark 5.4.2. The expected global population size E,[Z,] corresponds to d,(0, F') in the
notation of [GH91]. They describe the limit

lim +log E,[Z,) = lim 1logd, =: \(h)
n—oo

n—o0

as a function of the drift A by an implicit formula (cf. Theorem [4.3.7)).
To see this correspondence, let (S,)nen, be a random walk with (non-random) transition
probabilities (pp(z,V))syen, starting in 0 where the transition probabilities are defined by

h y=x+1
p(z,y):=<1—h y==x
0 otherwise

and let Ej be the associated expectation. We denote the local times of (S,)nen, by ln(x),
that is
() ={0<i<n:S; =z} forx>0n2>0.

For x = 0, we now have

Eylnn(0)] = (1= h)" - mo(w)" = En

n—1
H msi (w) . ]I{S"O}] °
1=0

For x > 1, we have
Ey ()] = h-my (W) - B, [nn—1<x - 1)} + (1 =h) -mg(w)- E, [T]n_1(l‘ﬂ

which yields

Eylmm(z)] = B,

n—1
H mgs, (w) ’ ]1{5n=$}]
=0

for all x > 1 by induction. Finally, we get

=FE)

n—1 n—1

H msg,(w) H My (w)l"(x)] :

=0 x=0

Since we can extend the environment w = (wy)zen, to an ii.d. environment (w,)zez and
since (wy)zez and (w_,)zez have the same distribution with respect to P, formula (1.8) and

Theorem by Greven and den Hollander show that there exists a deterministic ¢ € R
such that

EulZ,] = Z Eunn(z)] = By

lim +log E,[Z,) =c¢ for P-a.e. w.
n—o0

In our notation this limit coincides with max,ep1] 5().

The connection between the two models enables us to characterize the critical drift param-
eter at which the function h + A(h) in Theorem [1.3.8) (2) by Greven and den Hollander
changes its sign using an easier criterion, see Theorem [5.3.7
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5.5 Proofs

Proof of Theorem |5.5.1. First, we observe that the descendants of a particle at location x
that stay at = form a Galton-Watson process with mean offspring m,, (1 — h,). Given w, we

therefore have

Pi(n(z) = 0) <1 & my(w)(l— hy(w) > 1.

Now assume A > 1. Thus, there is some A > 1 such that
P(mo(l — ho) > )\) >e>0

for some € > 0 and using the Borel-Cantelli lemma we obtain that P-a.s. for infinitely many
locations x we have

mz(1 —hy) > 1.

Let zg = zo(w) be a location satisfying mg,(1 — hy,) > 1.
For P-a.e. w, we see

By (w0) = 1)
> (1= po({03))ho - (1= 1 ({0}))ha -+ (1 = prag—1({0}) ) g1

> 0

whereas the second inequality uses condition (5.1]).
We obtain for P-a.e. w

By (na(0) — 00)
> Pu(Nwe(z0) 2 1) - P (nn(20) — 00)
> 0

and thus LS.

Now assume A < 1. As mentioned above, for every x € Ny and P-a.e. w, the descendants of
a particle at location = that stay at x form a subcritical or critical Galton-Watson process.
Thus, for a given w we have

7, (0) = 0 P,-as.

and the total number of particles that move from 0 to 1 is therefore P, -a.s. finite. Induc-
tively, we conclude for every x € Ny that the total number of particles that reach location
x from x — 1 is finite. By assumption, each of those particles starts a subcritical or critical
Galton-Watson process at location x which dies out P,-a.s.. This implies

P,(nu(z) - 0)=1 VzeNy
which completes the proof. [ |
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Proof of Theorem[5.3.3. Since A < 1 by assumption, there is P-a.s. no LS according to
Theorem [5.3.1] In other words, we have for all x € Ny

P,(nu(z) = 0)=1 for P-a.e. w.

We now define a branching process in random environment (&, ),en, that is embedded in
the considered BRWRE. After starting with one particle at 0, we freeze all particles that
reach 1 and keep those particles frozen until all existing particles have reached 1. This will
happen a.s. after a finite time because the number of particles at 0 constitutes a subcritical
or critical Galton-Watson process that dies out with probability 1. We now denote the total
number of particles frozen in 1 by &. Then, we release all particles, let them reproduce
and move according to the BRWRE and freeze all particles that hit 2. Let & be the total
number of particles frozen at 2. We repeat this procedure and with & := 1 we obtain the
process (&,)nen, Which is a branching process in an i.i.d. environment.

Another way to construct (&,)nen, i to think of ancestral lines. Each particle has a unique
ancestral line leading back to the first particle starting from the origin. Then, &, is the total
number of particles which are the first particles that reach position £ among the particles
in their particular ancestral lines.

We observe that GS of (Z,,)nen, is equivalent to survival of (&,)nen,-

Due to Theorem and Theorem by Tanny (taking into account condition (5.1))),
the process (&, )nen, survives with positive probability for P-a.e. environment w iff

/ log (E,[&1]) P(dw) > 0.

Computing the expectation E,[£;] now completes our proof. First, we define ££k) as the
number of particles which move from position 0 to 1 at time k. Using this notation, we

N
;1

may write

and obtain N
Eul6] =) B¢
k=0

To calculate E,, [ﬁfk)] , we observe that (with respect to P,,) the expected number of particles
at position 0 at time k equals (mo(w) - (1 — ho(w)))k. Each of those particles contributes
mo(w) « ho(w) to E, [f%k)}. This yields

EJe] = D (mo(w) - (1= ho(w)))"  mo(w) - ho(w)

k=0
_ mo(w) - ho(w)
1 —mo(w) - (1 = ho(w)) (5:6)

which is defined as oo if mg(w) - (1 — hg(w)) = 1. [ |
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Remark 5.5.1. Alternatively, equation ([5.6)) can be obtained using generating functions.
The crucial observation is that the generating function f,(s) := E,[s%+1|¢, = 1] is a solution
of the equation

fo(8) = g2 (1 = ha) fu(s) + has)
where g,(s) == > pe o ({k})s". Then, E,[&] = f}(1), leading to :

Proof of Theorem[5.3.3. Following the ideas of [CPQT7], we introduce the function 3 to
investigate the local growth rates.

(i) First, we show that /3 can be defined as a concave function on (0, 1] N @ such that

lim % log E,, [nsn(rn)] =0 (%) (5.7)

n—oo

holds for all r, s € N with r < s and for P-a.e. w.
To see this, fix r, s € N with » < s. We define

Smn(w) = 1 log " [US(”—m)(Tn)]

s

for 0 < m < n which is integrable due to (5.5) and M < oco. Using this definition, we have
Smt1,n+1(w) = S 0 O(w) (5.8)

where ©(w) := 0"(w) with € denoting the shift operator as usual, i.e. (w); = w;;. Fur-
thermore, we have

S(],n(w) Z So’m<W) + Sm,n(w)

E [Nsn(rn)] > ES [Nsm(rm)] - B [15n-m) (rn)]. (5.9)

With the properties (5.8) and ([5.9)), we are able to apply the subadditive ergodic theorem
to (Sp,n) and we obtain that

lim . So,n(w) = lim - log B [nen(rn)] =: 5 (%)

n—o0

exists for P-a.e. w. Clearly, the limit only depends on . Whereas it is P-a.s. constant since
P is i.i.d..

(ii) We now show that § is concave on (0,1] N Q. Fix a,b,t € (0,1] N Q with ¢t # 1
and let s := a’- b’ t' be the product of the denominators of the reduced fractions of a, b, t.

Due to (5.9), we have
L log E, [nsn(s(ta +(1- t)b)n)}
—log E,, |:7]stn (stan)}

+ (1= ) 5y, log B [ns(l_t)n(s(ta + (1 — t)b)n)]

v
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stn

+ (1 t) s(l O lOg E@stanw |:7]5(1 —t)n ( (1 — t)bn)] . (510)

= tLtlogkE, [nstn (st(m)}

We observe that for all n € Ny
Epstan,, [ns(l,t)n (s(l — t)bn)] 2 E, [773(14)11 (3(1 — t)bn)} )

Due to (5.7) and since 3 is P-a.s. constant, this implies

(1 — ) sk 10g Egerans [ns(l_t)n(s(l . t)zm)} s (1 1)B(D)

n—oo

in probability. Therefore there exists a subsequence such that we have P-a.s. convergence

n and this yields
Blta+ (1 =1)b) = t6(a) + (1 —1)B(b).

We observe that ( is bounded with 21logd + log(1 — ) < fB(x

) <log M and thus it can be
uniquely extended to a continuous and concave function 5 : (0, 1

) — R.

(iii) We now investigate the behaviour of 8 for « | 0 and show that

lim B(z) = log(A).

z)0

Fix e > 0 and a € QN (0,¢]. Let @’ be the denominator of the reduced fraction of a. For
P-a.e. w there exists y = y(w) with

My() (1 = hyw)) > A —e.

With
k:=max{l e N:[ < (1—¢)a'n},
we get for large n such that k > y(w)

Ew[na/n(a/an)] > E, [nk( ( ))] 'EoyJ(W) [na’n—k(a/an)}
> 53 (A —g)kv@) -(56“””“ for P-a.e. w

whereas & := 0% - (1 — §). Taking n — oo and £ — 0, we conclude

hmilnfﬁ( x) > log(A).

To get the other inequality, we notice that for ny,ny € N we have

E, |:77n1-n2<n2):| < (”;:2) A e o Pg el . (5.11)
Since
nﬁng & (n;;u) nz—)oo\ n;lzl IOg (nrul) + nL log(n1) ﬁ 07
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(5.11) yields for P-a.e. w

o tog B[ na(m2)] < (0(na) + om) + H= log(A) + L log(M)

ni-n2

— ”;—:1 log(A) + o(nq).

ng—r0o0

This implies
lim sup /3 (%) < log(A),

n—oo

and due to the continuity of g on (0, 1), we conclude

limsup B(z) < log(A).
z/0

(iv) Since (7,(n))nen, is a branching process in an i.i.d. environment satisfying

E m(1)] = moho,

we have
B(1) = E[log(moho)}.

The continuity of 5 in 1 can be shown with similar arguments as in part (iii).

(v) Fix v > 0 and € > 0. We now show that for P-a.e. w

liminf min (% log Eu[nn(x)] — B(%)) > 0. (5.12)

n—oo  zen[y,1]NN

To see this, we observe that there is a finite set {ay,...,q;} C (0,1) N Q satisfying the
following condition:

Vbely,1]3d,je{l,....0}: |[b—ai| <e, a;<band |b—a| <e, a; >b.
Let a; be the denominator of the reduced fraction of a;. We define
ki :==max{l € N:a;l < (1 —¢)n}.

By definition of k;, for large n, it holds that

(1—2)n<(1—e)n—a; <ak; <(1—e)n. (5.13)
Furthermore, for large n and for all i € {1,...,{}, we have
ﬁ log E,, [na;ki(agaiki)] > f(a;) —e (5.14)

for P-a.e. w due to (5.7)).
Now let y € n[y,1] N N. Then, there is a; < ¥ with |£ — a;| < ¢ and we have

aaik; < (1—ena; < (1—e)y <y. (5.15)
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If B(a;) —e > 0 due to (5.13), (5.14), and (5.15)), we have

Eu[na(y)]

B [1ark, (ajaiks)] - Egk ]

exp (ajk; - (B(a;) —€)) - 56%&%

exp (- aiki - (B(a;) —€) — (n — ajki) - log(85 "))
N N

>(1-2¢e)n <2en

> exp (n((1-22) - (Blar) — <) — 22 log(6 1)) )

v

v

for P-a.e. w and for all large n, again with d, := §2-(1 — §). This yields for P-a.e. w

Llog E., [na(y)]
> (1-22) (B(ai) — ) — 22 - log(5"). (5.16)

If B(a;) — e < 0, we conclude in the same way that for P-a.e. w

E, [nn(w]
> exp (n(<1 —e) - (Blay) — ) — 2¢ - 1og(50—1))). (5.17)

Since |a; — 2| < € and since 3 is uniformly continuous on [v,1], (5.16) and (5.17) imply
(5.12)) as n — oo and € — 0.

(vi) To complete the proof, we now have to show that for P-a.e. w

limsup max (%log E,[na(z)] — B(%)) <0. (5.18)
n—oo x€N[y,1JNN
So we assume that ([5.18) does not hold and thus for infinitely many n € N there exists
y € n[y,1] NN such that
Slog By [m(y)] = B(2) +¢ (5.19)

holds with positive probability. As in (v), associated with y, there exists a; > £ with

n
4 —a;] < e. We define

n

K :=max{l € N:ajl < (1+4¢)n}.
Then, (5.7 implies
E, [nagk;(a;ajk;)] < exp (ajk] - (B(a;) +¢)) (5.20)

for P-a.e. w and for all large n. At the same time due to (5.19), we have with positive
probability

V
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since ajk; —n > 0 and aja;k; > (n +en — aj)a; > na; > y for large n. This yields a

contradiction to (5.20) and hence completes the proof of the theorem. |

Proof of Theorem[5.3.4. For any € > 0, there exists zo € QN (0, 1] such that

Blao) = max f(x) —e.

Let zf, € N be the denominator of the reduced fraction of zy. Then, we have for P-a.e. w

lim inf -1 log E,, [Zm{)] > liminf 2 log E,, [nn%(nx(}-;po)}

! !
n—oo o n—oo o

= Blxo) 2 max B(x) —e,

and because of the ellipticity condition (5.5)),
for r € {0,1,...,25 — 1} and for P-a.e. w. We conclude for ¢ — 0 that for P-a.e. w

liminf 2 log E,,[Z,] > max B(z). (5.21)

n—00 z€[0,1]
To get the other inequality, we first state the following
Lemma 5.5.2. For e > 0, there is v > 0 such that for all n € N we have
Llog B, [na(y)] <log(A+¢) for P-ae. w

for all y € n[0,~] N Ny.
Proof of Lemma[5.5.3. For % >~ >0 and y < yn, we have

Eulna(y)] < (Z) A"V MY for P-ae. w.

Since

7 log (1) < 7 log (ﬁj) — 0

for v — 0 uniformly in n, we get for P-a.e. w
+log B na(y)] < o(y) + "2 log(A) + £log(M) < log(A +¢)
for v > 0 small enough. U

For an arbitrary € > 0, we now choose v > 0 as in Lemma [5.5.2 Then, by Theorem [5.3.3
and Lemma [5.5.2] we get

limsup = log E,,[Z,,]

n—oo
[yn]—1 n
= limsup2log B, [ Y ma(y)+ > ma(y)
oo y=0 y=|n|
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< hmsup%log (’yn- (A + S)n + n-exp (n( max [(z) + 0(n))>)

n—00 z€[0,1]

< ma )+ €
< 16[0?1(}6( )

for P-a.e. w since (0) = log(A). For € — 0, this yields for P-a.e. w

limsup + log E,[Z,] < max ((z),

n—o00 z€[0,1]

which, together with (5.21)), proves the claim. [ |

Proof of Theorem[5.3.5. We start by proving that (ii) implies (7).

First, assume that there is P-a.s. LS. As shown in the proof of Theorem for P-a.e.
w there is a location x such that the descendants of a particle at = that stay at =z form a
supercritical Galton-Watson process. Let x = x(w) be such a location, i.e. m,(1 —h,) > 1.
Then, we have for P-a.e. w and for n >

E ()]
(1= mo({0}))ho - (1= pe1 ({03)) s - (ma(1 = )"
(0% - (ma(1 — hy))" "

By 2]

(AVARR AV AV4

where we used condition ({5.1)) for the last inequality. Due to Theorem we obtain for
P-a.e. w

lim *log E,[Z,] > limsup +log (6*" - (m,(1 — hy))" ")

n—00 n—00

> 0.

Now, let us assume that there is P-a.s. no LS, which is according to Theorem [5.3.1|equivalent
to A < 1. Again, we use the process (&,)nen, defined in the proof of Theorem [5.3.2]

Since there is GS for P-a.e. w, the process (&, )nen, has a positive probability of survival for
P-a.e. w. Thus, we have

/ log (E.[61])P(dw) > 0 (5.22)

due to Theorem and Theorem by Tanny. For 7' € N, we now introduce a
slightly modified embedded branching process (£1),en,. For k € N, we define & as the
total number of all particles that move from position £ — 1 to k£ within 7" time units after
they were released at position k — 1. The left over particles are no longer considered. With
& := 1, we observe that (£!),en, is a branching process in an i.i.d. environment. By the
monotone convergence theorem and , there exists some 7" such that

/ log (EL[7]) P(dw) > 0. (5.23)
By construction of (£1),,cx,, we obtain

&8 < Zo4 Zpa ¥+ Zop (5.24)
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Using the strong law of large numbers and taking into account that w is an i.i.d. sequence,
we have

lim Llog E,[¢]]

n—oo

= lim Llog [ [ Epne[¢]]

n—00 !
=0

= lim 2 “log Epny [¢] ]
1=0

n—o0

= /log (E.[¢]]) P(dw) for P-ae. w. (5.25)

Here, 0 again denotes the shift operator as usual, i.e. (Qw); = w;r1. Together with (5.23))
and ((5.24)), this yields for P-a.e. w
liminf Llog B, [Z, + Zyps1 + ... + Zur] > 0. (5.26)

n—0o0

Now, we conclude using Theorem that for P-a.e. w

max ((z) = lim *log E,[Z,] >0
z€[0,1] n—oo ™

because otherwise there would be a contradiction to (5.26). This shows that (i7) implies

(1).

To show that (i) implies (7i), we first notice that (7i) obviously holds if there is LS for P-a.e.
w. Therefore, we may assume A < 1 for the rest of the proof.

Now, label every particle of the entire branching process and let I' denote the set of all
produced particles. Write o < 7 for two particles o # 7 if ¢ is an ancestor of 7 and denote
by |o| the generation in which the particle o is produced. Furthermore, for every o € T let
X, be the random location of the particle o. Using these notations, we define

Gi={rel: X, =i, X, <iforallocel',o <7} (5.27)

for every i € Ny. Therefore, G; is for 7 # 0 the set of all the particles 7 that move from
position 7 — 1 to position ¢ and hence the particles in G; are the first particles at position
i in their particular ancestral lines. We observe that the process (|G,,|)nen, coincides with
(&n)nen,- Further, define for every o € I' and n € Ny

H =|{rel:o0=27|1|=n, X;: =X,}|

as the number of descendants of the particle o in generation n which are still at the same
location as the particle o. This enables us to decompose Z,, in the following way:

Zy=>_ Y H{ ., (5.28)

i=1 0€G;
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Since by assumption there is no LS, we have for P-a.e. w
E,H  |loel, X, =14 <1 (5.29)

because for any existing particle o its progeny which stays at the location of ¢ forms a
Galton-Watson process which eventually dies out. By (5.28) and (5.29)), we conclude that
for P-a.e. w we have

Ew[Zn] < ZEw“GZH
i=1
Therefore, due to (7), we get

limsup +log E,[|Gpl] >0 for P-ae. w.
n—oo
Since (|Gp|)nen, coincides with the branching process in random environment (&, )nen,, We
obtain

/ log (E.[6]) P(dw) = lim Llog E,[|G,]] >0 for P-ae. w

as in (5.25). But then again, we have GS for P-a.e. w since (&, )nen, survives with positive
probability for P-a.e. w. |

Proof of Theorem[5.3.6. In this proof we use the expression “a.s.” in the sense of “P,-a.s.
for P-a.e. w”.

Part 1. In the first part of the proof we show in three steps that we have a.s.

limsup + log Z, < max (). (5.30)

n—00 x€[0,1]

(i) To obtain ([5.30)), we start by showing that for all v > 0 we have a.s.

limsup max (+logn,(z) — B(%£)) <O0. (5.31)

n—oo  z€n[y,1JNN

To see this, fix v > 0 and € > 0.
Then, by Theorem 5.3.3] for P-a.e. w there exists N = N(w,~,¢) such that for all n > N
and for all y € n[y, 1] NN we have

Eu[m(y)] < exp (n- (B(3) +¢))-

Thus, for P-a.e. w we obtain for large n and for all y € n[y,1] NN

) Eolm(y)]
Pu(m) 2 e (- (50 +29)) < (a5 oy

Using the Borel-Cantelli lemma and taking into account that ‘n[% 11N N‘ < n, this yields
that a.s. we have

= exp(—en).

limsup max (Llognm.(y) — B(Y)) < 2e.

n—oo rEN[Y,1JNN

Since ¢ is arbitrarily small, this proves ((5.31)).
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(ii) Secondly, we show that for every € > 0 there exists v = y(¢) > 0 such that a.s. we have

limsup max (logn,(z) — B(0) —¢) <O0. (5.32)

n—oo TE€N[0,y]NN

To see this, we observe that according to Lemma for every e > 0 there is v = y(g) > 0
such that

Log B, [a(y)] < log(A +¢) < log(A) + == B(0) + ¢

for P-a.e. w and for 0 <y < yn. Therefore, the same argument as in (i) yields ([5.32)).

(iii) We now combine (i) and (ii) to obtain (5.30). For an arbitrary ¢ > 0, choose v > 0 as
in (ii). Then, (5.31)) and (5.32)) imply that a.s. we have

lim sup % log Z,,

n—oo
[yn]-1 n
= limsupilog | > na(y)+ > maly)
e y=0 y=|yn]
< limsup + log (fyn~exp (n-(B(0) +€)) + n-exp (n( rg[%)lcl B(z) + 0(n))>)
n—00 relY,

< a + €.
=

For ¢ — 0, this implies ([5.30) and thus the first part of the proof is complete.

Part 2. In the second part of the proof we show that

P, (lim inf % log Z,, > max ((x)

n—00 z€[0,1]

Zn 0) =1 for P-a.e. w. (5.33)
We start by stating the following

Lemma 5.5.3. For alle > 0 andr,s € N withr < s and 3(%) —e > 0, there evists Ny € N
such that for P-a.e. w we have

P, (hrrlggjlf L= 108 Nnsny (N No) > B(L) — 5) > 0.

nsNg

Proof of Lemmal5.5.3. Define

My = {w e Q: flog E,[nw(rN)] > () — 5} .
Then, for every gq > 0 there exists Ny = Ny(go) such that
P(MNO) Z 1— €0

and thus for sufficiently small gy and the corresponding Ny(g¢) we have

/ log E., [1sn, (rNo) ] P(dw)
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> sNo(B(%) — 5)(1 — eo)
> sNo(B(%) —€) + sNo(5 — B(%)e0 + 5€0)
> sNo(B(2) —€) > 0. (5.34)

We now construct a branching process in random environment (¢, ),en, which is dominated
by (nns No (nTNO))nENO' After starting with one particle at 0, we count all the particles that
are at time sN; at position 7Ny and denote this number by ;. The remaining particles
are removed from the system and no longer considered. After that, we count the number
of particles at time 25N, at position 2rNy and denote this number by 1),. Repeating this

procedure yields the process (1, )nen, Which is supercritical due to (5.34). In fact, (5.34))
and Theorem by Tanny now imply that for sufficiently small g,

lim inf £ log 7,sn, (nrNo) > sNo(B(%) —¢) (5.35)

n—o0

a.s. on {¢, # 0}. Since we assume condition ({5.5)), Theorem by Tanny implies

FPo(¢n —0) <1 (5.36)
for P-a.e. w. Combining (5.35)) and ([5.36)) now completes the proof of the lemma. O

Lemma [5.5.3| yields the following
Corollary 5.5.4. Let e,r,s and Ny be as in Lemma|5.5.5. Then, there exists v > 0 such
that for P-a.e. w there exists an increasing sequence (;)1en, = (21(w))ien, n No such that

for all | € Ny we have

P (lirxbxl)icngINO 10g Mnsn, (N No) > B(5) — 5) > .

Proof of Corollary[5.5.7. Due to Lemma W, there exists v > 0 such that

P ({w . P, (ligi;lf nSINO 10g Mnsn, (N No) > B(%) — 5) > V}) > 0.

Since the sequence

€Ny

= <P0%u <linLIi>g>lf #No log Tns Ny (nTNO) > ﬁ(%) —€ )

€Ny
is ergodic with respect to P, the ergodic theorem yields

n—1

Tim 1 Z ]I{Pga:w(liggicgf o 108 sy (7 No) > B(E) —€) > 1/} >0
k=
for P-a.e. w and this completes the proof of the corollary. O
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Let (2)ien, be an increasing sequence of positions as in Corollary [5.5.4 We now show in
two steps that a.s. on the event of non-extinction there will eventually be some particle at
one of the positions x; such that the descendants of this particle constitute a process with
the desired growth.

(i) As a first step, we show that a.s. on the event of survival (Z,)nen, grows as desired
along some subsequence (j + nsNp)nen, for some j € {0,...,sNy — 1}. To obtain this, as
in the proof of Theorem let T' again denote the set of all existing particles and for
o € I' let n7(y) denote the number of descendants of o among the particles which belong

to m,(y). With the sets (G))en, as in (5.27) and the sequence (z;)en, as in Corollary [5.5.4]
we define:

A, = {EI o€ Gy, hmmf 10g77|0|+nsN0(:1:l +nrNo) > B(%) — 5}
B, = {IGul =1}

Due to Corollary and since the descendants of all particles belonging to G, evolve
independently, we get

P, (A, NB,) <(1—v) for P-ae. w,

and therefore, we conclude with the Borel-Cantelli lemma that

P, <hmsup (AS, ﬂBxl)> =0 for P-a.e. w. (5.37)

l—00

According to Theorem by Tanny, we have a.s. exponential growth of the process
(|Gl|)l e, On the event of survival and therefore it holds that we have a.s.

h}gglf B,, = {Zn s 0}.
Together with ([5.37)), this yields

P, (lim sup A7,

l—00

I #> 0) =0 for P-a.e. w.

Thus a.s. on {Z,, /4 0}, there is [ € Ny and o € G, such that

lim inf ——= 108 17| nsny (z14+mnrNg) > B(%) —

n—o0

and hence we have for P-a.e. w

P, (U {hgrimf — 10gZ\a|+nsN0 > B(%) - 5} Zn P> O)
oel’

= P, (U {hmlnf longrnSN0 > B(%) — 5} Zn #> 0)
JE€N
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sNog
= P, <U {ligg}fﬁ log Zjinsny > B(%) — 8}
j=1

Z > o) = 1. (5.38)

(ii) The last step of this part of the proof is to show that the growth along some subsequence
(7 + nsNo)nen, already implies sufficiently strong growth of (Z,)nen, -
Due to the ellipticity condition (5.5)), we have (recalling §y = 6%(1 — 9))

P2 (ni(z) > 1) > 6, for all i,z € Ny.
A large deviation bound for the binomial distribution therefore implies

St
Pw (Zn—H < Zn70

Zn = m) <exp(—m-Ay) VmeN (5.39)

for i € {1,...,sNy} and some constant A\g = Ag(Ng) > 0. We now define:

SN
0 sNg

Oj,n = LJl {Zj+nsN0+i < 502 €xp (nSNO(B(g) - 5))}

Dj,n = {#]VO log Zj+nsNo 2 ﬁ(g) — 5}
Then, due to (5.39)) for P-a.e. w, we have for all j € {1,...,sNy}

P,(C;nNDjn,)

< sNp-exp (— Agexp(n-\y)) (5.40)
where A; := sNy-(B(%) — ¢).

Since the upper bound in ([5.40)) is summable in n € Ny, we can apply the Borel-Cantelli
lemma and conclude that for P-a.e. w we have for all j € {1,...,sNy}

n—o0

P, (lim sup Cj,,

lim inf Dj,n>
n—oo
-1
< P (lminf D) - P, (hmsup(cj,nmpj,n)) =0

n—00 n—00

Thus, for P-a.e. w, we have for all j € {1,...,sNy}

n—o0

P, (lim inf % log Z, < B(%) — 2¢ | liminf Dj,n> =0
n—oo

and this implies

n—oo

P, <liminf%10g Zn < B(E) — 2
n—oo

sNg
|J lim inf Dj,n> = 0. (5.41)
j=1

Using ((5.38)) and ({5.41]), we obtain

P, (liminf Log Z, < B(2) — 2¢ | Zu 4 0)

n—o0
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n—oo

< P,(Z,/0)"-P, ({ligiogf%log Zn < B(3) — 25} N mliminf DM>
= 0 -
which yields
P, <lirrllliorolf%log Zo > B(E) — 2 ‘ Zy Ao o) —1 for P-ae. w. (5.42)

Since r and s can be chosen such that (%) is arbitrarily close to max,ejo,1) 3(z), (5.42)
implies (5.33) as € — 0 and the proof is complete.

Proof of Theorem[5.3.7. If M < 1, then

moh
1 < P-a.s.
Og(l—mo(l—h)>_0 s

and therefore Theorem implies (7).

We continue with proving (7i) and assume that M > 1. If mg = M P-a.s., then

m()h
1 P-a.s.
Og(l—mo(l—h))>0 a.s

and thus ¢(h) > 0 for all h € (hrg,1]. This case is included in (¢).
In the following, we assume that mg is not deterministic. We notice that ¢ is finite and
continuously differentiable for h € (hrg, 1] since

il moh _l_ mo
on P\1—mo(l—h))  h 1—mo(l—h)

is a.s. uniformly bounded for h € [hps + ¢, 1] with £ > 0. Thus, we have

0 1 mg
%gp(h) =E {E T (1= h)] . (5.43)

Now assume that there exists h* € (hpg, 1] with ¢(h*) = 0. Then,

E {log <1 — m:ﬁ — h*)ﬂ — log (hi) . (5.44)

Due to the strict concavity of y — logy, we have

log (E {1 — m:Zi — h*)D > log (hi> (5.45)

by Jensen’s inequality and (5.44)). Thus, we obtain that ¢ is strictly decreasing in h = h*

by (643) and (515).
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Now assume ¢(hrs) = 0. As above, Jensen’s inequality yields (5.45) for hpg instead of h*.

Since the mapping -
0

h
T (1= h)

is decreasing in h > 1 — - we have
mo

. mo myo 1
lim E =E >
3{5‘ l—mo(l—th—l—e)} {1—7710(1 —th)} his

by the monotone convergence theorem. Thus, ¢ is strictly decreasing and therefore negative
in h € (hps, hrs + €) for some sufficiently small € > 0.

Now, we obtain (a) — (¢) by the continuity of ¢ and the fact that ¢ is strictly decreasing
in every zero in [hrg, 1]. [ |

5.6 Examples

1. A basic and natural example to illustrate our results is the following. Let ) and p(-)
be two different non-trivial offspring distributions. We define

mt) = Z kp™(k) and  m) .= Z k (k)
k=0 k=0

and suppose
0<m™ <mP) < .

e(h) e (h)

hrs 1< hgs

1 : 1T : 111 : I : 11
Figure 5.1: There are three regimes: I: Figure 5.2: There are two regimes: I: LS,

LS, II: GS but no LS, III: no GS II: GS but no LS

Furthermore, let
P (o = p7) =1 =P (o = p'7) = q € (0,1).
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This setting obviously satisfies condition (5.1)). For Figures and 5.2 we have chosen

9
2

9

.

Y

Wl o Do

respectively.
2. As already announced above, we now provide an example for a setting in which hgg =

hrs < 1. Let the law P™ of the mean offspring mq be given by

P
dA

(SC) =16- ]1[0.5’1} (Z’) + 0.2- ]1(1’2] (27)

where A denotes the Lebesgue measure. Obviously, hps = 0.5 and a simple computation
yields

p(hrs) = 0.2 (2 : log(2)> 4116 (2 log(2) — 1.5 log(3)> <0.
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