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Abstract

Efficient discretization techniques are of crucial impoda for most types of prob-
lems in numerical mathematics, starting from tasks like bmwefine sets of points to
approximate, interpolate, or integrate certain classdaraftions as good as possible,
up to the numerical solution of differential equationsraadiuced by Zenger in 1990 and
based on hierarchical tensor product approximation spapasse grids have turned out
to be a very efficient approach in order to improve the rationeésted storage and
computing time to the achieved accuracy for many problenthénareas mentioned
above.

In this paper, we discuss two new algorithmic developmeateerning the sparse
grid finite element discretization of elliptic partial difiential equations. First, a method
for the numerical treatment of the general linear elliptifedential operator of sec-
ond order is presented which, with the help of mapping tepies, allows to tackle
problems on more complicated geometries. Second, we lbavapproximation space
of the piecewise multilinear functions and introduce hielnécal polynomial bases of
piecewise arbitrary degree that lead to a very straightiotvand efficient access to an
approximation of higher order on sparse grids.

Both algorithms discussed here have been designed in arectidnal way that
allows the recursive reduction of the genetalimensional case to the simpler 1 D one
and, thus, the formulation of programs for arbitrary

1 Introduction

Though the idea of using hierarchical representations of functions for tasks likealatton
or numerical quadrature has a long tradition that at least goes back to Archirateegpts
to integratel — z? over[—1, 1], it was not before the eighties of our century that a hierar-
chical approach was studied in detail for a p.d.e. or, to be more precise,eadi@ment
context [5, 29]. One of the main advantages of hierarchical bases comparedanitarst
nodal point bases is probably the fact that the basis gets a multilevel structiexd can
now distinguish between high-level basis functions with a large support that ugnathe

*Institut fur Informatik, Technische Universitat Minchen, D-802Minchen, Germany; e-mail:
{bungart z, dor nsei f }@ nf or nat i k. t u- nuenchen. de. This work has been supported by the Bay-
erische Forschungsstiftung via FORTWIHR — The Bavarian Consuortor HPSC.



smooth case, at least) already contain a significant part of the informatidrfuactions
living on lower levels whose contribution to an interpolant or a finite elemgptaximation

is rather small. The decrease of the hierarchical coefficients frorhtelevel can be used,
of course, to control adaptive grid refinement, but, if it is combined with atgmeduct ap-
proach for the higher dimensional case, it can be used for an a priori reduction of tbemum
of grid points involved in the calculation, too.

In order to illustrate the transition from the well-known regular full gﬁ&) with con-
stant mesh widt2~" for each coordinate direction to its corresponding sparse@ﬁ)d let
us look at the subspace splitting that comes along with hierarchical bases on pgeod-
uct elements. Figure 1 shows the 1D case of a piecewise linear hieraichsts, Fig. 2
illustrates the construction of piecewise bilinear hierarchical basigimscon 2 D tensor
product elements, i. e. quadrilaterals. Note that we use recursive dattusts like binary
trees for the representation of our grid functions.

Figure 1: Piecewise linear hierarchical basis and corresponding binary tree
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Figure 2: Tensor product approach for two piecewise bilinear hierarchical basisans

In Fig. 3, ford = 2, we show a sector of the theoretically infinite scheme of subspaces.
Here, a standard full gri«ﬂ?(f) with (2" — 1)% inner grid points corresponds to a square
sector ofn? subspace$;, ;,, andT;, ;, contains all basis functions with congruent supports
of the same aspect ratio. Obviously, the dimension (i. e. the number of grid poirda#) of
subspace§;, ;, with i, + i, = cis just2¢ 2. Furthermore, for functions continuous on
the unit squard®, it has been shown that the contribution of Bl ;, with i; + i, = c to
the interpolant ofu is of the same orded(272¢) with respect to thd.,- or L.,-norm and

O(2 ) with regard to theH*-norm, if % and some lower mixed derivatives ofare
1 2

continuous orQ (see [7, 8, 26, 30]). For gener(al analogous results have been shown for
subspace$;, ;. withi; +...+i; = ¢, if W and some lower mixed derivativesofire

continuous orQ = [0, 1]¢ (see [8, 26]). Due to these properties concerning cost (number of
grid points) and benefit (order of approximation), it turns out to be more reasonable to deal
with triangular schemes of subspaces as given in Fig. 4 instead of using squarerbee
grids or patterns of grid points resulting from such triangular sections arel splese grids
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Figure 3: Hierarchical subspace decomposition: subspace scheme for fulG@ZﬁO(haft)

and corresponding pattern of grid points foe= 3 (right). Each square on the left-hand side
shows one subspatg ;, and is divided into the (equally shaped) supports of this subspace’s
basis functions. The numbers on the right indicate the subspace index of the respéttive gr
point.

For a formal definition of sparse grids, see [8, 30]. Besides the regular spatséhgti result
from skipping certain subspaces according to Fig. 4, there is a very straigattbaccess

to adaptive grid refinement. The hierarchical coefficierttierarchical surplugtself can be
used to indicate the smoothnessucdt the corresponding grid point and, consequently, the
necessity to refine the grid here. Figure 5 shows a regular 2 D sparse grid addtively
refined 3 D one with singularities at the re-entrant corner and along the threg stdgeng
from there.

Talking about the most important properties of sparse grids, we have at least to look
at the number of grid points involved and at the approximation accuracy in the [psecew
multilinear case. For a detailed analysis, we once again refer to [8, Bf).generald,
the approach described above and illustrated in Fig. 4 leads to regulae gpais with
O(N(log,(N))¢ 1) grid points, if N denotes the maximum number of grid points in one
dimension (i. e.% is the smallest mesh width occurring). With some modification, sparse
grids with O(N) grid points can be defined, too. Concerning the approximation quality,
the accuracy of the sparse grid interpolant is only slightly deteriorated f#¢M—2) to
O(N~2(log,(N))¢=1) with respect to the.,- or L,,-norm. With regard to théf'-norm,
both the sparse grid interpolant and the finite element approximation to the solutioe of
given problem are of the ordér(N1). Thus, we get a number of grid points that is nearly
or even actually independent @fa behaviour known from Monte Carlo methods, e. g.), but
we have to pay for it with only a logarithmic loss in accuracy. Thereforesspgrids are a
very promising approach for many tasks in numerical mathematics [4, 6, 9, 10, 115,12,
16,17, 21, 22, 23, 27] and especially attractive for problems with a large pemaime
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Figure 4: Hierarchical subspace decomposition: subspace scheme for sparééfé(léﬁ)
and corresponding pattern of grid points foe= 3 (right)

Figure 5: Sparse grids: regular example (left) and adaptive one (right)

2 Algorithmic Aspects

In this paper, we deal with finite element discretizations on sparse gridedarumerical
solution of elliptic partial differential equations. The main algorithmiapiple of either
sparse grid method discussed here is the so-cali@irectionalapproach (cf. [4]), i. e. the

fact that ad-dimensional problem is reduced to the simpler 1 D case via recursion. Thus,
the parameted can be handled as an input parameter of the code, and all algorithmic work
can be done in just one dimension. The characteristics of this unidirectional cohaties
discussed in the following.

To solve the arising linear systems, we use iterative schemes likaatig@ed Jacobi
iteration, a (preconditioned) cg-technique, or a multigrid method. Those schemal are
based on a routine to compuge  for the stiffness matrixs and arbitrary input vectors.

Since this calculation of -u can be separated from the iteration itself, only the matrix-vector-



product has to be implemented in our recursive data structure. To do this, wéonese
a closer look afS. In a tensor product approacafrdimensional hierarchical basis functions
@i(z1, ..., zq4) are defined as products of 1 D hierarchical basis functgps:;), 1 <1 < d:

d
%(%;---,m) = H%’,z(m) . (1)
1=1

Thus, an entry; ; of S for the Laplacian, e. g., is of the form

d
S = D (fi?fi-Hfi?ﬁ?S> ) (2)
k=1

1#£k
where
. 0p; 0w
Ik = / Pilr) 00sel®e) gy, 3)
w7 Qi,kmnj,k 8‘%‘1{3 axk
Lk = / Cije(Tk) - @j(@k) dog (4)
Qi,kmnj,k

and; x = supfy;x(zx)). Obviously, alls; ; are just sums of products @f1 D integrals
4% or I, respectively, and all that has to be done from an algorithmic point of view
is just to provide those integrals for all 1 D basis functions, i. e. foi athd j, and for all
coordinate directions.

Actually, for an efficient calculation of - v, we must not compute the ; themselves,
since we have lost some sparsity$tiue to the use of hierarchical bases, but just the sums
Z;-Vzl s ju; for 1 <4 < N. This is done in a recursive way, such that we get all of those
sums during a few passes through the data structure. In the 1 D case, wetstartector
u containing the actual solution; in all grid points: and make a copyu of it. Then,
with u, a top-down-pass (calledbwnin the following) through the data structure is done in
hierarchical order, and withu, we make a bottom-up pass (called). Note that, for the
recursive extension, it is important to separate the two collection stejssvinandup. After
that, »; contains the sum of all products;u; originating from grid pointg hierarchically
higher than: and from: itself, anduu, contains alls; ;u; from grid points; hierarchically
lower thani. Finally, v := u + uu providesZé\’:1 s; ju; for each grid point, andu now
contains the product - u. Thus, apart from the copy process; u is calculated in place,
and, therefore, we need only two variables per grid point or unknown, resp. The underlying
1 D algorithmic scheme of this process is shown in the upper part of Fig. 6. Theivecurs
extension of the 1 D algorithmic principle to the general case is given by the |maveof
Fig. 6. There, ford = 2, e.g., the grey boxes entitledc_ext have to be replaced by the
1 D scheme. Note that it is important to do the recursive dmfsrethe down, butfterthe
up step. Concerning the storage requirement, the influence of the paransetery small.
Since we can handle the whole process on the stack, there exist only local copids of par
the data structure which are dominated by the copy ofitHenensional overall structure.

In conclusion, we want to emphasize that the presented unidirectional algorgtrioge
ture is independent of whether you work with standard full grids or with sparse gnds, a
that it does not depend on the type of hierarchical basis you actually choose. It isgedt ba
upon a hierarchical tensor product approach.
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Figure 6: Scheme of the unidirectional algorithm: one-dimensional (top) and geheral
dimensional case (bottom)

The following three sections deal with different extensions of the applicabilisparse
grids in the p.d. e. context concerning the operators, the domains, and the type of the hi-
erarchical basis. All techniques presented here have been implementedbasithef the
unidirectional approach.

3 Discretization of Linear Elliptic Partial Differential Equa-
tions of Second Order

In this section, we want to examine sparse grid discretizations for elljptichlet boundary
value problems on thé-dimensional unit intervalQ =10, 1[¢. For a given functionf €
L,(Q) and for the coefficient functiond € (L,(Q))™% b € (Loo(Q))%, ¢ € Lo(Q)
describing a continuous ardl} -elliptic bilinear fornt

a:Hy(Q) x Hy(Q) — R,

(u,v) +— /VUA(VU)T + Vubv + ucv dz, (5)
Q

we are looking for the solution € H;(Q) of the weak equation

a(u,v) = /fv dz Vv e Hy(Q). (6)
Q

3.1 Discretization on Sparse Grids

Using the function spacé . of piecewisel-linear functions on the sparse gﬂiﬁfl) as an

approximation ofH}(Q), we arrive at a first finite element discretization of (6): Find the
solutionu,, € S @ of the discretized equatién

ofunv) = [ 1o (fundz Vo € S ™
Q

1The bilinear forma is Hg-elliptic, iff the diffusion coefficientA(z) is positive definite for almost all

z € Q.

2Since we use sparse grid discretizations only, we wijtenstead ofu s and, lateray, instead ofa sz a) -
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with the piecewise linear interpolation operator on sparse @t‘ﬂg)s If the coefficients of (5)

are constant functions, all integrals involved can be calculated exaatly tire technique of
Sect. 2. But, if they are arbitrary functions, it becomes too costly in geoemnpossible
at all to calculate the resulting stiffness matrix exactly. Thuscarse discretization step is
necessary, now for the bilinear form

Therefore, we first introduce thgiecewise constant interpolation operator on sparse
grids(cf. [26]). The 1 D operator is given by

rec(o]) — F(0,1]):={f:[0,1] = R},
Lon(f)(ih+s) — [BELEDN Sy fo 2 — 1}, 0<s < h:=27",

2

I%On(f)(()) N f(O)-iz-f(h),

and the extension bdimensions on regular full gric@‘g’l) with the grid sizeh = (hy, ..., hq) =
(2=™,...,27™) is defined as the composition of the 1D interpolation operators in the re-
spective coordinate directiohs

on Q) F(Q). 1% -—Hlm

The piecewise constant interpolation operator on the sparséé@icﬂhen is defined via the
combination formuldcf. [10, 18, 26])

d

con d—1 con
b —Z(—”'““(k_l) > 8)

k=1 Im|=n+d—k 2

d
wherelm| = |(mq,...,mg)| == > m;and2 2 = (27™ . 27™d),

=1
A first approach for the discretization of (5) was given in [26] as

an (Un, Vn) = /VUhI <t (A) (Von)" + VunlE (b) vn + unliis (ondz,  (9)
Q

where the coefficient functions af are interpolated with piecewise constant functions on
the sparse gria’f}g{’l).‘lL This discretization is easy to handle for theoretical results: In [26], a
O(h|log h|®~Y)-convergence in thél'-norm and a0 (h'*/¢|1log h|(~V)-convergence in

the L,-norm have been proved. But till now, there are no implementations for2. This

is due to the fact that the occurring integrals have to be calculated over ppazfutiree
functions (| ucv dz, e.g.), instead of over two functions as for the Laplace operator in Sect.
2. Thus, the algorithmic situation has become much harder. In order to get backielkthe
known situation of Sect. 2, we introducenaxed interpolation operator on sparse gridsor

3Note that the full gride%d) has the same grid si2= ™ in each direction, whereas the full gl@f_f) has the
grid size2=" in the i-th coordinate direction.
“The interpolation of vector- and matrix-valued functions is to be reachom@ntwise.



a given coordinate direction;, i € {1,...,d}, we define the mixed interpolation operator
on regular full grids with the grid size = (hy,...,hq) = (27™,...,27") as

Ig(cdo)n Jin | C(Q) _> f(Q) : Izz((;(;n hn . H Ihn o Icon H Ihn

k=i+1

and on the sparse gr'(a,({l), again, via the combination formula

d

x;con,lin d—1 x;con,lin
IG(d> "= Z(_l)kﬂ (k—1> Z IG(d> " (10)

k=1 \m|=n+d—k

Now, we can formulate a second discretization:

d

an(un, vn) = / { D L (un e, Aig) he,
a il | (11)
+ Z Ixf(cd(;n 11n Uh T ) v+ Ilgid) (Uh C)Uh}dg .

Here, the products of the ansatz functighand the coefficient functions are treated as a
single function to be interpolated: the productsugf,, A;; andw,, ;,b; are approximated in
the same function space asg,, itself, and the produet,, c in the same function space ag
Thus, this discretization results in integrals over products of only two fonsti

But, it has to be noted that, due to the different treatmeng,aindv,, in ay (u, vs), for
a symmetric bilinear forna, discretization (11) produces an unsymmetric stiffness matrix.
If all coefficients are constant except the Helmholtz coefficierthe discretization can be
symmetrized (cf. [23]). Also, whereas the joint approximations of the producisdamn-
tageous for the algorithmic situation, they are disadvantageous for the thedretatalent.
Up to now, we only proved an estimation of the distance between the exasdriiorma
and the approximated bilinear form (11):

|a(un, vn) — an(un, vp)| < k| log h|“"DC||vp|| max { [,z oo, [[un]]oo} -

Using Strang’s first Lemma, this promise®#h| log h|¢~Y)-convergence in thé&'-norm,
but the uniform ellipticity ofa, (3 > 0 :  an(vs,vn) > al|op|[3 Yo, € SG(d>) as an
important condition is still an open problem.

3.2 A Numerical Experiment

We consider the homogeneous diffusion equation
V- (Az)(Vu)") =0 in 0,1 (12)

with the variable diffusion coefficient

Ale) = ((cos(ma1) cosh(raz)/ cosh(r) +2) ( 01 )
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Figure 7: Numerical results on regular sparse grids for both the Laplace equati¢h2)
using the discretizations (9) and (11)

and the solution
u(xy, xe) = sin(may ) sinh(mxs)/ sinh(r) . (13)

Note that this function also solves the Laplace equatitvn, = 0.

The numerical results for both the Laplace equation and (12) are shown in Fig.ré, whe
regular sparse grids of increasing depth are used. On the left-hand side e seever-
gence results of th& t-error for the discretization (11) of (12) and the Laplace equation, on
the right-hand side those of the,-error, and, additionally, the convergence results for the
discretization (9) of (12). In comparison with the reference curves one canvetsnO (h)-
convergence of thé'-error and arO(h?log h~')-convergence of thé -error. Moreover,
in spite of the additional simplification of discretization (11) in comparisath \(9), the
results are nearly the same.

4 Treatment of Boundary Fitted Coordinates

Now, we want to profit from the discretization of the general elliptic operéiprof the

preceding section in order to deal with more general geometries. This can beisloge
domain transformation techniques. letC R? be a simply connected domain the so-

calledphysical domainThen, we are interested in the solutio H}(P) of (6) onP.

4.1 The Governing Equation in Generalized Coordinates

To be able to treat the equation on the curvilinear bounded doRaive introduce a new
coordinate system — thgeeneralizedr boundary fitted coordinatesThus, first, we have to
find a C!-diffeomorphism ¢'-invertible mapping)) : Q — P, z — £ = ¢(z), which
maps the unit interval) = [0, 1]¢ — the so-calle¢omputational domair one-to-one onto
the physical domaidP. The coordinate systemin Q is called thegeneralizeccoordinate
system, and a coordinate line @ is mapped onto a curvilinear coordinate lineEn(cf.

>We consider @lomainas an open connected set. As we us@ithe coordinates (and(z,y), (z,y,2) in
2D, 3D, resp.), we use iR the coordinateg (and(&,7), (§,7,¢) in 2D, 3D, resp.).

9
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Figure 8: Coordinate transformation in three spatial dimensions

Fig. 8). Thus, we can identify the generalized coordinate syste@ with a curvilinear
coordinate system iR.
Now, we want to solve the transformed equation

a*(&,@):/f*@dg Vi € Hy(Q) (14)
Q

with the new bilinear form
a* - HY(Q) x H{(Q) — R,

(4,0) + /vaA*(V@)T + Vab* o+ ac* i dx .
Q

Here, we use the notation and new coefficients

g(z) = goy(x), acomposed function

A(z) = Ty (@) (Ao () J, " (z) [ det Jy(x)|,

b'(z) = Jy(z) (bo(z)) | det Jy(z)], (15)
¢'(z) = (cop(a))|dety(z)], [ (z):=(for(z))|detJy(z)|,

Jy = (%)i,ﬂ,..,d, the Jacobian matrix of ,

J

(cf. [12, 24]). Equation (14) now is formulated @), and an approximatiofi, on sparse

grids of its solution:

€ H}(Q) can be calculated numerically using the discretization (11)

of the preceding section. Then, the approximation of the solution of the original problem is

provided byu,, := uy

owfl.

4.2 Grid Generation on Sparse Grids

The remaining problem is to find a suitable mapping: Q — P which maps thei-
dimensional unit interval) onto the physical domaiR. Since we have focused on algebraic
mapping techniques for the 2D case in [12], here, we want to extend our considerations t
algebraic mapping techniques for the 34I)) case and elliptic grid generation techniques.

10



Let the geometric description of the physical donmRibe given in terms of its boundary,

i. e. for the 2 D case in terms of its four parametrized boundary lines
sz . [0, 1] — 8P, T — bwo(l'), bzl . [0, 1] — 8P, T — bwl(l'),
o - o o (16)
boy : [0,1] = 0P, y = boy(y), by :[0,1] = P, y = biy(y),

and for the 3 D case analogously in terms of its six parametrized boundaryesb@m, ),
by (2, 9),s bzos (T, 2), ba1z (7, 2), boyz(y, 2), @ndbyy, (y, 2). Then in 2D, a mapping : Q—
P has to be found with the boundary conditions

U(w,0) = byolz), (e,1) =bu(r) Vael[0,1],

¥(0,y) = boy(y), ¢(1,y) = by, (y) Yy €[0,1].

The case of three spatial dimensions can again be treated analogously.

(17)

4.2.1 Transfinite Interpolation.

One of the most popular algebraic mapping techniques isdhsfinite interpolatiorfcf. [13,
14]). In 2D, this method is defined by

la,y) = {1 =9 bl@) +ybu@) }+ {1 -2

boy (y) + 2 by (9) }

{0 = )1 = 2) by (0) + (1 = y)w by, (0) (18)
y(1 = 2) boy (1) + by (1)}

and in 3D, the corresponding formula consists of 26 summands.

In our sparse grid context, this interpolation method is intrinsic, since gus/aelent to
the d-linear hierarchical interpolation from the boundary. Thus, there is no need fad-an
ditional implementation of higher dimensional transfinite interpolation formulasirther
advantage is that grid controlling techniques like the multisurface method ireflktlyy can
be included. In Fig. 9, the folding grid (a) has been improved by prescribing thedo et
the interior grid liney(x = 1/2,y). The same grid as in Fig. 9 (b) can be achieved by using
block structuring.

The drawback of such controlling techniques is that the Jacobian matrbecomes
discontinuous due to bucklings in the coordinate line®inUsing interpolation methods,
discontinuities in/,, also arise if there are bucklings at the boundary (cf. Fig. 15).

4.2.2 Numerical Experiments.
As a first example, we consider the equation

—V  (AVW)") +Vub+cu=f (19)

on the 3D domairP shown in Fig. 10. The grid o was generated by the transfinite
interpolation method. The coefficients are

4+ sin(27r£1) + sin(27r§2) Sin(ﬂglngg)/Q &6
A(f) _ sin(w§1§2§3)/2 4+Sin(27‘('§1§2) 0
= €16 0 4 + sin(27&y ) + sin(27és) |’

+ sin(27¢3)

11



(@) (b)

Figure 9: A folding grid produced by transfinite interpolation (left) and an impataye by
prescribing the location of the interior grid lingz = 1/2, y) (right)
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Figure 10: Physical domaiR of problem (19)

1
b(§) = 2 4+ 4(1 — 2&) sin(27&) , ) =T+ V1 + ertertts
3+ 4(1 — 2&) cos(2m&LEs)

and the right-hand sid¢ and the Dirichlet boundary conditions are chosen in such a way
thatu(&) = sin(n&;) sin(7&y) sin(7&3) solves (19). In Fig. 11, the numerical results for the
H'- andL-error of discretization (11) are shown.

In the second numerical experiment, we consider the 2 D Laplace equatiBrasrn
Fig. 12, left, with a sigularity at the boundary point (0,1/2). The boundary conditions are
chosen in such a fashion that;, &) = Re(v/& + i&;) solves this equation (cf. Fig. 12,

middle). The numerical grid oR was generated by transfinite interpolation, which provides

12
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Figure 11: Numerical results on regular sparse grids for (19) by discretizatign (
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Figure 12: Adaptive grid with 5237 grid points (left), the solution functiofmiddle), and
the error function on a coarser grid using 151 grid points (right) for the Laplace equati
with a sigularity on the boundary

a new diffusion coefficienti* with nonzero components only in the diagonal:

4/ (1 + 4z 0

A*(zq,20) =
(1, 22) 0 (14 4xy)/4

The approximate solutiom, was calculated on adaptive sparse grids with decreasing bounds
e for the hierarchical surplusses of the approximate solution (minimizind.th@nd L.-
error). This results in an adaptive grid refinement near the singularityewthe error func-

tion v — uy, has its maximum (cf. Fig. 12, right). In Fig. 13, thEh?log h ') behaviour of

both theL,- and theL ..-error can be seen.

4.2.3 Elliptic Grid Generation.

To avoid such discontinuities as they were mentioned in the section aboutrtitaristerpo-
lation and to gain smooth interior grids, one often uses elliptic grid generatiasimplest
elliptic grid generator is the so-called AH grid generator based on thehBatiboundary
value problem for the Laplace equation) = A& = 0, with boundary conditions like (17)
(cf. [1]). But, for nonconvex domair, the generated grids are folded in general. To ensure
nonfolding grids (i. e. a bijective mapping) the Winslow generator can be used (cf. [28]).
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Figure 13: Numerical results on adaptive sparse grids for the Laplace equattioa swu-
larity on the boundary by discretization (11)

Here, the inverse mapping ™' is required to be harmonic, i. &4 ~" = Az = 0. Since the
computational domaif) is convex, Rado’s Theorem from the theory of harmonic mapping
guarantees in the 2 D case that the mappirnigelf is a diffeomorphism (cf. [25], e. g.). But,

for the numerical calculation, the above equation has to be inverted, whidtsriesa quasi-
linear and coupled system @fequations for) = (v, ..., 14)" (cf. [28]). This nonlinearity

and coupling is the major drawback of this (often used) method, because substamialy
work has to be invested in the numerical solution of these equations. Furthemamtgea

for nonfolding grids can only be given for 2D domains, because an extension of Rado’s
Theorem to domains of higher spatial dimensions is not known. Additionally, grid control-
ling techniques are based on special control functions on the right-hand side of ptie elli
equations above, and they often require user intervention, experience, ancfsgaut]).

These problems in generating smooth nonfolding grids in the interior of a domain and
the lack of user-friendly grid controlling techniques for elliptic grid genesatootivate the
introduction of ehybrid methodvhich combines the easy control mechanism of interpolation
methods with the smooth grids and low costs (in relation to the Winslow genpodtan
AH elliptic grid generator.

We start with an arbitrary give@?-diffeomorphismy) = (1, ..., %4)" : Q — P which
maps the computational domainontoP. Then, the coordinates (), i € {1,...,d}, are
solutions of the elliptic equations in divergence férm

Ve ([det(Jy)| 15 15 (Vo)) =0 onQ =)0, 1[*, i€ {l,...,d}.  (20)

Concerning the transformation formula (15), these equations simply are thetraatbns

of the trivial equationg\¢y) = (A¢&;, . .., Ae&q) = 0 onP to the according equations @
An important implication of (20) is that every grid generation method is eceiiab a

certain elliptic method. 1. e., for a given mappirg Q — P, we get the Dirichlet problem

Ve (A" (Vo)D) =0, ie{l,....d}, inQ=]0,1[%, (21a)
with the boundary conditions

o(w1,., Zjy oy q) = (21, ., Tyy oy q) , 1€ {L,...,d}, 7; €{0,1} (21b)

SFor clarity, we use the notations, = (0/0x1,...,0/dx4) andAg = 9°/IE + ... + 0% /0],
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Figure 15: Comparison: (a) AH elliptic grid, (b) Winslow elliptic grid, (c)rsdinite inter-
polation grid, (d) hybrid grid

and the diffusion coefficient
A" = | det(Jy) |, T, T (21c)

For the solutiony of this problem,py = ¢ holds. If we fix the boundary conditions (21b),
the new coordinateg only depend omi*, and we get a starting point for grid controlling
via the interpolation method, e. g. But, also for nonsmooth gridlines we get a stadiing
to improve the grid. In (21a), bucklings in the coordinate lines are coupled gineth
discontinuities inA* of (21c). Thus, to reach a smooth coordinate systefmom (21a), we
have to smooth the diffusion coefficieAt. B

As an example, we consider the physical donfaishown in Fig. 15. Then, the transfi-
nite interpolation (18) results in the discontinuous coefficient matrix

det(Jy)  (1-y)sign(} — a)

* - _1 x_l
Y= aopsigny - gy Uowedl o dely) =g afe-gl ()

det(J¢)
The component functions of* are shown in Fig. 14, and one can see that the buckling in
the coordinate lineg(z, y = cons} results in discontinuous partial derivatives:halirection
of the componentsl*, and A%, and in the component functions;, = A3, themselves. To
reach aC'-coordinate system, we smooth the components, = A%, to continuous (and
piecewise linear) functions (cf. Fig. 14, right). This results in the grid shiowFig. 15 (d).
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5 Hierarchical Bases of Higher Order

Up to now, we have only dealt with piecewise multilinear and piecewisdantisierarchical
bases. In the following, we introduce hierarchical polynomial bases of piecevbgeary
degree in each coordinate direction that allow us to combine the efficiency rsiesgads
(which, in some sense, can be seen as a method of higher order themselvesy artdnisec

h-adaptivity (cf. Sect. 1) with the improved approximation qualities of highdeobasis
functions. Thus, in spite of a quite different approach, there are close relatitdmst and

h-p-versions of the finite element method [2, 3, 19, 20, 31].

5.1 Construction and Properties of the Hierarchical Bases

A first step towards higher order techniques on sparse grids has been done by Stortkuhl [27]
There, the main emphasis is put on the solution of the 2 D biharmonic equstios 0. In

order to get!-elements, a piecewise cubic hierarchical Hermite basis is defineck Biec
values of both the function and of its first derivative have to be fixed, this appteads to

2¢ degrees of freedom per grid point for the gendrdimensional case.

In [9], the hierarchical Lagrangian interpolation, an alternative choice eralchical
polynomials based ofi’-elements with still one degree of freedom per grid point, has been
presented and studied in detail ¥ 2 andp = 2. Now, we want to extend the principle
of the hierarchical Lagrangian interpolation to arbitrary valueg ahdp. Since our tensor
product approach provides us wifkdimensional functions if 1 D functions are defined, we
can restrict ourselves to this simpler case for the following explanations

Obviously, there is exactly one quadratic polynomiathat fulfils

ei(wi) =1,  @i(z; — hs) = @iz + hy) =0 (23)

and that can be used, consequently, as a quadratic hierarchical basis functidmpirgrz;

with the supportx; — h;, z; + h;]. But, for somep; of a degree > 2, additional degrees

of freedom must be fixed. For the construction of a spline interpolant, e. g., those degrees
of freedom are invested in more smoothness. However, since we want towitbrk®-
elements, we usthat ¢; with support[z; — h;, z; + h;] andg;(z;) = 1 that is part of the
polynomial of degree@ with zeroes at the support’s two boundary points and apthe2

next direct hierarchical ancestarg of x;, with respect to the hierarchical ordering of the
grid points or associated subspaces (cf. Figs. 1, 3, and 4). Note that those angeater
situatedoutsidethe support; they are only used to construct Consequently, we get just

one degree of freedom in each grid point, and there is only a subspace of the space of all
piecewise polynomials of degredhat can be represented.

Figure 16 illustrates the quartic case. Here, the actual grid paointis—0.75, and, due
to the hierarchical relations of the points given by the right-hand side of Fig. 16¢the f
ancestors used for the hierarchical interpolationare—0.5, 0, and1. The left-hand part of
Fig. 16, finally, shows the whole resulting interpolant (dotted line) and the patrtiutiis
afterwards used as the hierarchical basis functiar {golid line).

There are several interesting consequences of this construction. Firstftsnelative
position of the different zeroes @f depends on the hierarchical position of its corresponding
grid pointz;, we get more than one different type of basis functionsfor 2. Actually,
there are two different (but symmetric) basis functions of degree 3, four of dégaeel, in
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Figure 16: Construction of a hierarchical basis function of degree 4 by hierardlaeal
grangian interpolation (left) and corresponding hierarchical structure of tliepgints

(right)

general 27—2 of degreep. Figure 17 shows the basis functions foe 2 andp = 3, Fig. 18
illustrates the situation fgy = 4, where we get two pairs of symmetric polynomials.

L ST ST 3
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,,,,, basis function in x=-0.5
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C b tr
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Figure 17: Hierarchical basis functions for= 2 andp = 3 (different scaling for reasons of
clarity): construction via hierarchical interpolation (left) and usetrieson to the respective
hierarchical support (right)

Second, though our approach is based on a simple Lagrangian interpolation without any
influence on the position of the respective nodal points, we get no numerical problems due
to oscillations, since only a small and uncritical part of the resultingpafant is taken into
account. As it can be seen in Fig. 19, the shape of the different basis functions does not
change that much even for largerl. e., there are only slight changes in the basis functions
when we switch fronp to p + 1, e. g. Therefore, we can expect an only moderate influence
of p on the condition of the stiffness matrix (cf. the discussion and Fig. 21 in S&9t.

A third remark concerns the dependencyaih x; on the hierarchical level of;. Since
we need points outside,’s support ifp > 2, itis clear that for the point on level 1, e. g. (i. e.

x; = 0.5 for Q =]0, 1[), no basis function witlp > 2 can be constructed. Thus, deggesan
only be used starting from level— 1 (i.e.i; > p — 1 for the subspace indek; cf. Sect.
1). Consequently, the exact representation of a polynonoédegreep, €. g., at least needs
the existence of level — 1 and a total o2?~! + 1 grid points in 1 D, which is a difference
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Figure 19: Resulting hierarchical basis t@f) andpy,., = 5 (different scaling)

between our approach aperersion-type methods.

Now, let us turn to some aspects of the implementation of our method thatyctea
its efficiency. First of all, there are no changes in the data structurenmparison with the
piecewise multilinear case. We still only store the hierarchical aoefft in each grid point,
which, again, leads to an overall storage requirement of aboiy, whereM denotes the
number of grid points and/ = O(N(log,(N))41) (cf. Sects. 1 and 2). The algorithmic
handling of the different polynomials is done in 1 D procedures only and is organized on the
stack. I. e., there are local vectors of polynomial coefficients or of integraiseoliength
p + 1 which are passed on during the recursiyeanddownprocedures described in Sect.
2. Thus, for a sparse gr(a%d) of depthn and a fixed maximum degreg..., there is only an
additional storage af(n - (pmax + 1)) = O(logy(N) - (pmax + 1)) for the stack. Since we
use a classical Taylor representatiog RP=<+! for all occurring basis functions and local
interpolantsf (x),

pma,x :Ek
fla)=2 a7 (24)
k=0 )

an adaptive treatment pfcan be easily achieved by omitting the leading coefficignor
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by taking into account a new,. , resp., if suitable criteria for such a process are developed.
However, up to now, no experiments with an adaptive handlingive been done. Finally,

in order to avoid repeated calculations with our basis polynomials, we compulayle
coefficients of each basis functign and the integrals

k
| ale)de . 0 <k < o 25
supp(p;)

during a setup phase before the iteration. The values (25) are important for a elt@ap c
lation of the occurring finite element integrals. Due to te? different basis polynomi-
als of degreey, we get an additional storage requirementgR?>> - (pyax + 1)). Since
Pmax < 1+ 1 for Gﬁ{” due to the hierarchical Lagrangian approach and sipge < n for
reasonable applications with biggerboth terms - (pax + 1) and2P==x - (pax + 1) de-
pending orp..., are significantly smaller than the ab@ut)/ variables for the data structure
itself. Consequently, there is only a slight influence of the polynomial degree on thalove
storage requirement.

Concerning the number of arithmetic operations, the only part of the algorithm where
is important is the updating and passing of the vectoo$ lengthp + 1 to grid points on
the next lower or higher level, resp. For thewnprocess of Sect. 2, this is equivalent to a
multiplication

Q(son) —T.D. Q(fa,ther) : (26)

for theup process, the updating and passing corresponds to
Q(father) —D. TT . Q(son) 7 (27)

where D € Re+Dx(+1) represents a diagonal scaling, dfide R#+Dx(+1) js an upper
triangular Toeplitz matrix. Note that both and7 are constant matrices that do neither
depend on the actual grid point nor on the hierarchical level. From (26) and (27)pw$oll
that the number of arithmetic operations is of the okdés?) in each grid point. Thus, if we
work with a fixed maximum degres,..., we getatotal 0O (M -p? . ) = O(N(log,(N))4 L.
p2..) operations for the product of the stiffness mat$iwith a given solution.. However,

if on each level degreep := [ + 1 is applied with no limit forp, the result is a total of
O(M - (log,(N))?) = O(N(log,(N))?*!) operations.

Finally, after studying the storage requirement and the computational cost of our algo-
rithm, we must have a look at the quality of the underlying sparse grid finite elespent
proximation. Analogously to the quadratic case, where#dt an interpolation accuracy of
O(N—3(log,(N))%t) = O(h?|log,(h)|41) with respect to thd.,- and theL.,-norm and an
approximation accuracy @f(N~2) = O(h?) with respect to thé/'-norm have been proved,

. d . . . . =
if % and lower mixed derivatives af are continuous o (cf. [9]), we can show or-
e

ders ofO(h?*log,(h)|* ) or O(R?), resp., for the general (ngradaptive) situation of a
degreep. The proof follows [9], but gets a bit more technical due to the increasing number
of types of basis functions for larger The smoothness requirements have to be increased
in a corresponding way, and we need now continuous mixed derlvatlvesﬂé;‘tel;lT

Note that, of course, the intrinstcadaptivity of sparse grids is not influenced or reduced by
our higher order approach.
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5.2 A Numerical Example

As a simple example and model problem, we study the Laplace equation in two dam&nsi
on the unit squar€ with the Dirichlet boundary conditions given in (13). To solve the
resulting linear system, a multigrid algorithm based on a damped Jacobi smo«mm}ﬁﬁ
and successive coarse grid correction steps on the regular full grids wstinwnéthsh, =
27" andh, = 272 for iy +iy = n+ 1 and fori; = is < n/2 has been used. Figure 20 shows
the behaviour of thé., error||én ||oo on the regular sparse grid&” and the factors,, of
error reductionp,, := ||en+1||oo/|| ||oo, for increasing: and2 < p < 6. For degree, the
approximation quality turns out to be a little bit worse than the ogigr*!) = O(2P+1)

of the full grid case, which is due to the additional logarithmic factor typicasparse grids.
Nevertheless, the higher order approximation properties can be seen clearly.
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Figure 20:L-error onGY (left) and factors,, of error reduction (right) for various and
p

Finally, Fig. 21 shows the spectral condition number of the diagonally preconditioned
stiffness matrix for different regular sparse gr'(ag) and2 < p < 6. In comparison with
the behaviour known from hierarchical polynomials ip-ar h-p-version context (cf. [31],
e.g.), the influence of the polynomial degree on the condition number turns out to be quite
moderate. This was to be expected, because, due to the fact that we only usé@agmal
of the respective hierarchical interpolants as our actual basis function, the shthe basis
functions does not differ that much (cf. Fig. 19, e. g.).

6 Concluding Remarks

In this paper, we presented unidirectional algorithms for two important iseubs context

of sparse grid finite element discretizations of elliptic partial diffiéied equations. Con-
cerning the class of equations that can be tackled, we extended the disanetiadkie gen-

eral linear elliptic differential operator of second order on dhdimensional unit interval.
This extension enables us to deal with more general geometries using domdiorinans

tion techniques. Furthermore, we presented two grid generation methods, ribinita
interpolation as the intrinsic method for sparse grids and a hybrid method which psoduce
smooth grids. Concerning the underlying hierarchical basis, we presentedegstnatv

to defined-dimensional hierarchical tensor product bases of piecewise arbitrary polynomial
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Figure 21: Condition of the (diagonally preconditioned) stiffness matrix for spamm@,fﬁ)

degree. This approach opens the way to some kindaafaptivity, if suitable criteria for the
adaptive handling op are developed. Since the construction, handling, and storage of our
polynomial bases are very simple and cheap, our approach provides a very pronisisg) ac
to finite element methods of higher order on sparse grids. The focus of the future work wil
be to bring together the different algorithmic concepts that have been develo@edrsthe
sparse grid area in order to get an efficient solver with a broad area of aipqh.
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Michael Griebel, Michael Schneider, Christoph Zenger: A combination
technique for the solution of sparse grid problems

Michael Griebel: A Parallelizable and Vectorizable Multi- élev
Algorithm on Sparse Grids

V. Diekert, E. Ochmanski, K. Reinhardt: On confluent semi-
commutations-decidability and complexity results

Manfred Broy, Claus Dendorfer: Functional Modelling of Operating
System Structures by Timed Higher Order Stream Processing Functions
Rob van Glabbeek, Ursula Goltz: A Deadlock-sensitive Congruence for
Action Refinement

Manfred Broy: On the Design and Verification of a Simple Distribute
Spanning Tree Algorithm

Thomas Bemmerl, Arndt Bode, Peter Braun, Olav Hansen, Peter
Luksch, Roland Wismiller: TOPSYS - Tools for Parallel Systems
(User’s Overview and User’s Manuals)

Thomas Bemmerl, Arndt Bode, Thomas Ludwig, Stefan Tritscher:
MMK - Multiprocessor Multitasking Kernel (User’'s Guide and User’s
Reference Manual)

Wolfgang Ertel: Random Competition: A Simple, but Efficient Method
for Parallelizing Inference Systems

Rob van Glabbeek, Frits Vaandrager: Modular Specification of Process
Algebras

Rob van Glabbeek, Peter Weijland: Branching Time and Abstraction in
Bisimulation Semantics

Michael Griebel: Parallel Multigrid Methods on Sparse Grids

Rolf Niedermeier, Peter Rossmanith: Unambiguous Simulations of
Auxiliary Pushdown Automata and Circuits

Inga Niepel, Peter Rossmanith: Uniform Circuits and Exclusive Read
PRAMs

Dr. Hermann Hellwagner: A Survey of Virtually Shared Memory
Schemes
Walter Vogler:
Refinement?
Manfred Broy, Frank Dederichs, Claus Dendorfer, Rainer Weber: Char
acterizing the Behaviour of Reactive Systems by Trace Sets

Ulrich Furbach, Christian Suttner, Bertram Fronhofer. MalysRar-

allel Inference Systems

Rudolf Bayer: Non-deterministic Computing, Transactions and Recur-
sive Atomicity

Is Partial Order Semantics Necessary foroActi
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Robert Gold: Dataflow semantics for Petri nets

A. Heise; C. Dimitrovici: Transformation und Komposition von P/T-
Netzen unter Erhaltung wesentlicher Eigenschaften

Walter Vogler: Asynchronous Communication of Petri Nets and the Re-
finement of Transitions

Walter Vogler: Generalized OM-Bisimulation

Christoph Zenger, Klaus Hallatschek: Fouriertransformation auf
duinnen Gittern mit hierarchischen Basen

Erwin Loibl, Hans Obermaier, Markus Pawlowski: Towards Péisatie

in a Relational Database System

Michael Werner: Implementierung von Algorithmen zur Kompakti-
fizierung von Programmen fur VLIW-Architekturen

Reiner Muller: Implementierung von Algorithmen zur Optimierung von
Schleifen mit Hilfe von Software-Pipelining Techniken

Sally Baker, Hans-Jorg Beier, Thomas Bemmerl, Arndt Bode, Hu-
bert Ertl, Udo Graf, Olav Hansen, Josef Haunerdinger, Paul Hofstetter,
Rainer Knodlseder, Jaroslav Kremenek, Siegfried Langenbuch, Robert
Lindhof, Thomas Ludwig, Peter Luksch, Roy Milner, Bernhard Ries,
Thomas Treml: TOPSYS - Tools for Parallel Systems (Artikelsamm-
lung); 2., erweiterte Auflage

Michael Griebel: The combination technique for the sparse grid solu-
tion of PDE’s on multiprocessor machines

Thomas F. Gritzner, Manfred Broy: A Link Between Process Algebras
and Abstract Relation Algebras?

Thomas Bemmerl, Arndt Bode, Peter Braun, Olav Hansen, Thomas
Treml, Roland Wismiller: The Design and Implementation of TOPSYS
Ulrich Furbach: Answers for disjunctive logic programs

Ulrich Furbach: Splitting as a source of parallelism in disjunocbiges|
programs

Gerhard W. Zumbusch: Adaptive parallele Multilevel-Methoden zur
Losung elliptischer Randwertprobleme

M. Jobmann, J. Schumann: Modelling and Performance Analysis of a
Parallel Theorem Prover

Hans-Joachim Bungartz: An Adaptive Poisson Solver Using Hierarchi-
cal Bases and Sparse Grids

Wolfgang Ertel, Theodor Gemenis, Johann M. Ph. Schumann, Christian
B. Suttner, Rainer Weber, Zongyan Qiu: Formalisms and Languages for
Specifying Parallel Inference Systems

Astrid Kiehn: Local and Global Causes

Johann M.Ph. Schumann: Parallelization of Inference Systems by using
an Abstract Machine
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342/10/92 A

Eike Jessen: Speedup Analysis by Hierarchical Load Decomposition
Thomas F. Gritzner: A Simple Toy Example of a Distributed System:
On the Design of a Connecting Switch

Thomas Schnekenburger, Andreas Weininger, Michael Friedrich: In-
troduction to the Parallel and Distributed Programming Language
ParMod-C

Claus Dendorfer: Funktionale Modellierung eines Postsystems
Michael Griebel: Multilevel algorithms considered as iteratie¢éhods

on indefinite systems

W. Reisig: Parallel Composition of Liveness

Thomas Bemmerl, Christian Kasperbauer, Martin Mairandres\- Ber
hard Ries: Programming Tools for Distributed Multiprocessor Com-
puting Environments

Frank Lel3ke: On constructive specifications of abstract data types using
temporal logic

L. Kanal, C.B. Suttner (Editors): Informal Proceedings of the Workshop
on Parallel Processing for Al

Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas
F. Gritzner, Rainer Weber: The Design of Distributed Systems - An
Introduction to FOCUS

Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas
F. Gritzner, Rainer Weber: The Design of Distributed Systems - An
Introduction to FOCUS - Revised Version (erschienen im Januar 1993)
Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas
F. Gritzner, Rainer Weber: Summary of Case Studies in FOCUS - a
Design Method for Distributed Systems

Claus Dendorfer, Rainer Weber: Development and Implementation of a
Communication Protocol - An Exercise in FOCUS

Michael Friedrich: Sprachmittel und Werkzeuge zur Unterstit- zung
paralleler und verteilter Programmierung

Thomas F. Gritzner: The Action Graph Model as a Link between Ab-
stract Relation Algebras and Process-Algebraic Specifications

Sergei Gorlatch: Parallel Program Development for a Recursive Nu-
merical Algorithm: a Case Study

Henning Spruth, Georg Sigl, Frank Johannes: Parallel Algorithms for
Slicing Based Final Placement

Herbert Bauer, Christian Sporrer, Thomas Krodel: On Distributed
Logic Simulation Using Time Warp

H. Bungartz, M. Griebel, U. Riude: Extrapolation, Combination and
Sparse Grid Techniques for Elliptic Boundary Value Problems
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M. Griebel, W. Huber, U. Rude, T. Stortkuhl: The Combination Tech-
nique for Parallel Sparse-Grid-Preconditioning and -Solution of PDEs
on Multiprocessor Machines and Workstation Networks

Rolf Niedermeier, Peter Rossmanith: Optimal Parallel Algostfon
Computing Recursively Defined Functions

Rainer Weber: Eine Methodik fur die formale Anforderungsspezifka-
tion verteilter Systeme

Michael Griebel: Grid— and point—oriented multilevel algorithms

M. Griebel, C. Zenger, S. Zimmer: Improved multilevel algorgtion
full and sparse grid problems
J. Desel, D. Gomm, E. Kindler, B. Paech, R. Walter: Baustenss ei
kompositionalen Beweiskalkuls fur netzmodellierte Systeme

Frank Dederichs: Transformation verteilter Systeme: Von appékat
zu prozeduralen Darstellungen
Andreas Listl, Markus Pawlowski: Parallel Cache Management of a
RDBMS

Erwin Loibl, Markus Pawlowski, Christian Roth: PART: A Paraiet
lational Toolbox as Basis for the Optimization and Interpretation of Par-
allel Queries
Jorg Desel, Wolfgang Reisig: The Synthesis Problem of Petri Nets

Robert Balder, Christoph Zenger: The d-dimensional Helmholtz equa-
tion on sparse Grids

llko Michler: Neuronale Netzwerk-Paradigmen zum Erlernen von
Heuristiken
Wolfgang Reisig: Elements of a Temporal Logic.
Concurrency
T. Stortkuhl, Chr. Zenger, S. Zimmer: An asymptotic solution for the
singularity at the angular point of the lid driven cavity

Ekkart Kindler: Invariants, Compositionality and Substitution
Thomas Bonk, Ulrich Ruide: Performance Analysis and Optimization
of Numerically Intensive Programs
M. Griebel, V. Thurner: The Efficient Solution of Fluid Dynamics Prob-
lems by the Combination Technique
Ketil Stalen, Frank Dederichs, Rainer Weber: Assumption / Commit
ment Rules for Networks of Asynchronously Communicating Agents
Thomas Schnekenburger: A Definition of Efficiency of Parallel Pro-
grams in Multi-Tasking Environments
Hans-Joachim Bungartz, Michael Griebel, Dierk Roschke, Christoph
Zenger: A Proof of Convergence for the Combination Technique for
the Laplace Equation Using Tools of Symbolic Computation

Coping with
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342/01/94 A

342/02/94 A
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Manfred Kunde, Rolf Niedermeier, Peter Rossmanith: Faster Sorting
and Routing on Grids with Diagonals

Michael Griebel, Peter Oswald: Remarks on the Abstract Theory of
Additive and Multiplicative Schwarz Algorithms

Christian Sporrer, Herbert Bauer: Corolla Partitioning for isted
Logic Simulation of VLSI Circuits

Herbert Bauer, Christian Sporrer: Reducing Rollback Overhead in
Time-Warp Based Distributed Simulation with Optimized Increraént
State Saving

Peter Slavkovsky: The Visibility Problem for Single-Valued Sur{ace

= f(x,y)): The Analysis and the Parallelization of Algorithms

Ulrich Rude: Multilevel, Extrapolation, and Sparse Grid Methods

Hans Regler, Ulrich Ride: Layout Optimization with Algebraic Multi
grid Methods

Dieter Barnard, Angelika Mader: Model Checking for the Modal Mu-
Calculus using Gauf3 Elimination

Christoph Pflaum, Ulrich Rude: Gaul¥’ Adaptive Relaxation for the
Multilevel Solution of Partial Differential Equations on Sparse Grids
Christoph Pflaum: Convergence of the Combination Technique for the
Finite Element Solution of Poisson’s Equation

Michael Luby, Wolfgang Ertel: Optimal Parallelization of Las \fega
Algorithms

Hans-Joachim Bungartz, Michael Griebel, Dierk Roschke, Christoph
Zenger: Pointwise Convergence of the Combination Technique for
Laplace’s Equation

Georg Stellner, Matthias Schumann, Stefan Lamberts, Thomas Ludwig,
Arndt Bode, Martin Kiehl und Rainer Mehlhorn: Developing Multi-
computer Applications on Networks of Workstations Using NXLib

Max Fuchs, Ketil Stglen: Development of a Distributed Min/Max
Component

Johann K. Obermaier: Recovery and Transaction Management in
Write-optimized Database Systems

Sergej Gorlatch: Deriving Efficient Parallel Programs by Systegat
Coarsing Specification Parallelism
Reiner Huttl, Michael Schneider:
Simulation

Henning Spruth, Frank Johannes: Parallel Routing of VLSI Circuits
Based on Net Independency

Henning Spruth, Frank Johannes, Kurt Antreich: PHIroute: A Parallel
Hierarchical Sea-of-Gates Router

Parallel Adaptive Numerical
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Martin Kiehl, Rainer Mehlhorn, Matthias Schumann: Parallel Multiple
Shooting for Optimal Control Problems Under NX/2

Christian Suttner, Christoph Goller, Peter Krauss, Klaus-Jéngd,
Ludwig Thomas, Thomas Schnekenburger: Heuristic Optimization of
Parallel Computations

Andreas Listl: Using Subpages for Cache Coherency Control in Parallel
Database Systems

Manfred Broy, Ketil Stglen: Specification and Refinement of Finite
Dataflow Networks - a Relational Approach

Katharina Spies: Funktionale Spezifikation eines Kommunika-
tionsprotokolls

Peter A. Krauss: Applying a New Search Space Partitioning Method to
Parallel Test Generation for Sequential Circuits

Manfred Broy: A Functional Rephrasing of the Assumption/Com-
mitment Specification Style

Eckhardt Holz, Ketil Stglen: An Attempt to Embed a Restrictedider

of SDL as a Target Language in Focus

Christoph Pflaum: A Multi-Level-Algorithm for the Finite-Element-
Solution of General Second Order Elliptic Differential Equations on
Adaptive Sparse Grids

Manfred Broy, Max Fuchs, Thomas F. Gritzner, Bernhard Schatz,
Katharina Spies, Ketil Stglen: Summary of Case Studies in FOCUS
- a Design Method for Distributed Systems

Maximilian Fuchs: Technologieabhangigkeit von Spezifikationen digi-
taler Hardware

M. Griebel, P. Oswald: Tensor Product Type Subspace Splittings And
Multilevel Iterative Methods For Anisotropic Problems

Gheorghe Stefanescu: Algebra of Flownomials

Ketil Stglen: A Refinement Relation Supporting the Transition from
Unbounded to Bounded Communication Buffers

Michael Griebel, Tilman Neuhoeffer: A Domain-Oriented Mulglev
Algorithm-Implementation and Parallelization

Michael Griebel, Walter Huber: Turbulence Simulation on Sparsis Gri
Using the Combination Method

Johann Schumann: Using the Theorem Prover SETHEO for verifying
the development of a Communication Protocol in FOCUS - A Case
Study -

Hans-Joachim Bungartz: Higher Order Finite Elements on Sparse Grids
Tao Zhang, Seonglim Kang, Lester R. Lipsky: The Performance of Par-
allel Computers: Order Statistics and Amdahl’s Law
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Lester R. Lipsky, Appie van de Liefvoort: Transformation of the Kro-
necker Product of Identical Servers to a Reduced Product Space
Pierre Fiorini, Lester R. Lipsky, Wen-Jung Hsin, Appie van de
Liefvoort: Auto-Correlation of Lag-k For Customers Departing From
Semi-Markov Processes

Sascha Hilgenfeldt, Robert Balder, Christoph Zenger: Sparse Grids:
Applications to Multi-dimensional Schrodinger Problems

Maximilian Fuchs: Formal Design of a Model-N Counter
Hans-Joachim Bungartz, Stefan Schulte: Coupled Problems in Mi-
crosystem Technology

Alexander Pfaffinger: Parallel Communication on Workstation Net-
works with Complex Topologies

Ketil Stglen: Assumption/Commitment Rules for Data-flow Networks
- with an Emphasis on Completeness

Ketil Stglen, Max Fuchs: A Formal Method for Hardware/Software Co-
Design

Thomas Schnekenburger: The ALDY Load Distribution System

Javier Esparza, Stefan Romer, Walter Vogler: An Improvement of
McMillan’s Unfolding Algorithm

Stephan Melzer, Javier Esparza: Checking System Properties via Inte
ger Programming

Radu Grosu, Ketil Stglen: A Denotational Model for Mobile Point-to-
Point Dataflow Networks

Andrei Kovalyov, Javier Esparza: A Polynomial Algorithm to Compute
the Concurrency Relation of Free-Choice Signal Transition Graphs
Bernhard Schatz, Katharina Spies: Formale Syntax zur logischen Ker
sprache der Focus-Entwicklungsmethodik

Georg Stellner: Using CoCheck on a Network of Workstations

Arndt Bode, Thomas Ludwig, Vaidy Sunderam, Roland Wismuller:
Workshop on PVM, MPI, Tools and Applications

Thomas Schnekenburger: Integration of Load Distribution into
ParMod-C

Ketil Stglen: Refinement Principles Supporting the Transition from
Asynchronous to Synchronous Communication

Andreas Listl, Giannis Bozas: Performance Gains Using Subpages for
Cache Coherency Control

Volker Heun, Ernst W. Mayr: Embedding Graphs with Bounded
Treewidth into Optimal Hypercubes

Petr Jancar, Javier Esparza: Deciding Finiteness of Pefriugeto
Bisimulation
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M. Jung, U. Rude: Implicit Extrapolation Methods for Variable Coeffi-
cient Problems

Michael Griebel, Tilman Neunhoeffer, Hans Regler: Algebraic Multi
grid Methods for the Solution of the Navier-Stokes Equations in Com-
plicated Geometries

Thomas Grauschopf, Michael Griebel, Hans Regler: Additive
Multilevel-Preconditioners based on Bilinear Interpolation, Matrix De-
pendent Geometric Coarsening and Algebraic-Multigrid Coarsening for
Second Order Elliptic PDEs

Volker Heun, Ernst W. Mayr: Optimal Dynamic Edge-Disjoint Embed-
dings of Complete Binary Trees into Hypercubes

Thomas Huckle: Efficient Computation of Sparse Approximate
Inverses

Thomas Ludwig, Roland Wismiller, Vaidy Sunderam, Arndt Bode:
OMIS — On-line Monitoring Interface Specification

Ekkart Kindler: A Compositional Partial Order Semantics for Petri Ne
Components

Richard Mayr: Some Results on Basic Parallel Processes

Ralph Radermacher, Frank Weimer: INSEL Syntax-Bericht

P.P. Spies, C. Eckert, M. Lange, D. Marek, R. Radermacher, faf/ei
H.-M. Windisch: Sprachkonzepte zur Konstruktion verteilter Systeme
Stefan Lamberts, Thomas Ludwig, Christian Roder, Arndt Bode: PFS-
Lib — A File System for Parallel Programming Environments

Manfred Broy, Gheorghe Stefanescu: The Algebra of Stream Process-
ing Functions

Javier Esparza: Reachability in Live and Safe Free-ChoideNlegtris
NP-complete

Radu Grosu, Ketil Stglen: A Denotational Model for Mobile Many-to-
Many Data-flow Networks

Giannis Bozas, Michael Jaedicke, Andreas Listl, Bernhard Mitgcha
Angelika Reiser, Stephan Zimmermann: On Transforming a Sequential
SQL-DBMS into a Parallel One: First Results and Experiences of the
MIDAS Project

Richard Mayr: A Tableau System for Model Checking Petri Nets with
a Fragment of the Linear Time-Calculus

Ursula Hinkel, Katharina Spies: Anleitung zur Spezifikation von mo-
bilen, dynamischen Focus-Netzen

Richard Mayr: Model Checking PA-Processes

Michaela Huhn: Put your Model Checker on Diet: Verification on Local
States
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342/01/97 A Tobias Muller, Stefan Lamberts, Ursula Maier, Georg Stellner
Evaluierung der Leistungsfahigkeit eines ATM-Netzes mit parallelen
Programmierbibliotheken

342/02/97 A Hans-Joachim Bungartz, Thomas Dornseifer: Sparse Grids: Recent De-
velopments For Elliptic Partial Differential Equations
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342/1/93 B
342/2/93 B

342/1/94 B

Methoden und Werkzeuge flie Nutz ung paralleler
Rechnerarchitekturen

Wolfgang Reisig: Petri Nets and Algebraic Specifications

Jorg Desel: On Abstraction of Nets

Jorg Desel: Reduction and Design of Well-behaved Free-choice
Systems

Franz Abstre-

iter, Michael Friedrich, Hans-Jurgen Plewan: Das Werkzeug runtime
zur Beobachtung verteilter und paralleler Programme

Barbara Paechl: Concurrency as a Modality

Birgit Kandler, Markus Pawlowski: SAM: Eine Sortier- Toolbox -
Anwenderbeschreibung

Erwin Loibl, Hans Obermaier, Markus Pawlowski: 2. Workshop tber
Parallelisierung von Datenbanksystemen

Werner Pohlmann: A Limitation of Distributed Simulation Methods
Dominik Gomm, Ekkart Kindler: A Weakly Coherent Virtually Shared
Memory Scheme: Formal Specification and Analysis

Dominik Gomm, Ekkart Kindler: Causality Based Specification and
Correctness Proof of a Virtually Shared Memory Scheme

W. Reisig: Concurrent Temporal Logic

Malte Grosse, Christian B. Suttner: A Parallel Algorithm for@&et
Support

Christian B. Suttner: Parallel Computation of Multiple Sets-of-Support
Arndt Bode, Hartmut Wedekind: Parallelrechner: Theorie, Hardware,
Software, Anwendungen

Max Fuchs: Funktionale Spezifikation einer Geschwindigkeitsregelung
Ekkart Kindler: Sicherheits- und Lebendigkeitseigenschaften: Ein Lit-
eraturuiberblick

Andreas Listl; Thomas Schnekenburger; Michael Friedrich: Zum En-
twurf eines Prototypen fur MIDAS
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