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Chapter 1

Introduction

Continuous time autoregressive moving average (CARMA) processes are the continu-
ous time analogue of the well-known (discrete time) ARMA processes (see e.g. [13]).
The advantage of continuous time modelling is that it allows handling irregularly spaced
time series and in particular high frequency data often appearing in finance. In practice
multivariate models are necessary in many applications in order to take account of the
joint behavior of several time series. The multivariate version of the CARMA process
(MCARMA) was introduced by Marquardt and Stelzer [41].

Originally, driving processes of CARMA models were restricted to Brownian motion;
however, Brockwell [I1] allowed for Lévy processes which have a finite r-th moment for
some r > 0.

It was not only the past two years where the worst worldwide financial and eco-
nomic crisis since 1929 has demonstrated impressively that there is a necessity for new
models incorporating more of the so-called stylized facts (for instance heavy tails, i.e. very
high /low values are far more likely than in the normal distribution) which one can observe
in real financial observation data. Bargel and Wenzel [5] explained in a press release of
the Deutsche Mathematiker-Vereinigung from 1st April 2009 that new models are formed
using Lévy processes but that these are not established as a business standard yet.

In order to illustrate the basic difference between a Gaussian distribution and a distri-
bution with a long tail, Montroll and Shlesinger [43] proposed to compare the distribution
of heights with the distribution of annual incomes for American adult males. An average
individual who seeks a friend twice his height would fail. On the other hand, one who
has an average income will have no trouble to discover a richer person, who, with a little
diligence, may locate a third person with twice his income, etc. The income distribution
in its upper range has a Pareto inverse power tail; however, most of the income distribu-
tions follow a log-normal curve, but the last few percent have a stable tail with exponent
a = 1.6 (cf. Badgar [4]), i.e., the mean is finite but the variance of the corresponding
1.6-stable distribution diverges.

Mandelbrot [40] and Fama [25] proposed the a-stable distribution for modelling stock
returns. However, in the case of financial data these models are extreme in the sense
that stable distributions (excluding the Gaussian) do not have a finite variance. But in
contrast to “classical” finance (stocks, bonds, currencies, storable commodities, etc.) there
are many other fields of application where it is reasonable to assume infinite variance for
the data. Garcia, Kliippelberg and Miiller [28] for instance fitted a stable CARMA(2,1)
model to spot prices from the Singapore New Electricity Market. Other examples where
a-stable stochastic modelling seems to be appropriate are given in Chapter 7 in Janicki
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and Weron [32].

Figure depicts a simulation of (univariate) driving Lévy processes which are sym-
metric a-stable with a-values of 2 (Brownian Motion) and 1.6 (heavy-tailed). Furthermore,
we plotted for each of the two driving processes the simulated values of a corresponding
stationary CARMA (3, 1) process with parameters p(z) = z3+4.522+6.52+3 and ¢q(z) = 2
and a CARMA (2, 1) process with parameters p(z) = 22+52+6 and ¢(z) = 22+4. One can
see nicely, how the tail behavior of the driving Lévy process determines the tail behavior
of the corresponding CARMA processes. Moreover recall that in the case of Brownian
Motion the sample paths of the related CARMA processes are continuous whereas in the
case @ = 1.6 only the corresponding CARMA (3, 1) process possesses continuous sample
paths, i.e. the heavy tails come from the jumps of the underlying Lévy process, but the
paths exhibit only continuous shocks. The CARMA (2, 1) process in that case has a jump
whenever the underlying Lévy process has one (cf. [41, Proposition 3.32]).

The main topic of this thesis is the analysis of the spectral representation of Lévy
and Lévy-driven CARMA processes, which in the Brownian case is well-understood. In
the Lévy-case with finite second moments this representation has been briefly studied in
[41]. We extend the representation to the cases when the driving Lévy process has infinite
second moment, but is regularly varying with index between one and two. Furthermore,
we study in detail properties of the resulting random measure. Additionally we provide
new conditions for multivariate infinitely divisible processes to be mixing and apply them
to CARMA processes.

Driving Lévy process for a =2 Driving Lévy process for a = 1.6
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Figure 1.1: CARMA(3,1), CARMA(2,1) and driving Lévy processes



Outline of the thesis

In Chapter 2, we begin with a summary of employed notation. In Section [2.2] we provide
a brief overview of important results concerning multivariate Lévy processes and the
last section is dedicated to Fourier transformations on the real line. We focus on the
LP, 1 < p < 2, theory which is rather standard. However, since we consider complex
matrix-valued functions on the real line we give the “multivariate” proofs of well-known
results for complex-valued functions on the real line.

The third chapter considers multivariate CARMA processes where the underlying Lévy
processes are supposed to have finite second moments. In that case one can use so-called
random orthogonal measures, which we introduce in Section [3.1] in order to construct a
spectral representation of square-integrable Lévy processes. This representation is recalled
in Section (3.2l Thereafter we propose further properties of the “Fourier transform” of a
square-integrable Lévy process, i.e. we show some general results concerning the relation
between properties of a Lévy process and its associated random orthogonal measure.
Chapter [3] finishes with the definition of multivariate CARMA processes.

Symmetric a-stable MCARMA processes are then considered in the fourth chapter.
Sections [£.1] and recall basic results about symmetric stable random variables, pro-
cesses and integrals. A general procedure how one can extend symmetric a-stable random
measures from semi-rings to the Borel sets with finite control measure is described in the
third section and will be used for the proof of a spectral representation, in the summa-
bility sense, of symmetric a-stable Lévy processes in Section [£.4l The last part of this
chapter gives both, a spectral and a moving average representation of symmetric a-stable
MCARMA processes.

Chapter [f] is an extension of the results obtained in Chapter [ to regularly varying
Lévy and MCARMA processes. The proofs are similar to those of the preceding chapter,
however, one has to find conditions such that the introduced stochastic integrals depend
continuously on their integrands.

The last chapter of this thesis recalls well-known mixing conditions for univariate in-
finitely divisible processes and then establishes their multivariate generalizations. Finally,
we apply these conditions in order to show that the MCARMA processes of Chapter [4]
and [5| are always mixing and thus in particular ergodic.
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Chapter 2

Preliminaries

2.1 General notation

We denote by N, Z, R and C the set of all natural numbers, integers, real and complex
numbers, resp., and R, := [0,00). For the minimum of two real numbers a,b € R we
write shortly a A b := min(a,b) and for the maximum a V b := max(a, b). The real and
imaginary part of a complex number z € C is written as Re(z) and Im(z), respectively.
The set of n x d matrices over the field K is denoted by M, «4(K), where K € {R,C}.
We set My(K) := Myyq(K) and define S4(K) as the linear subspace of symmetric and
Hermitian matrices in the real and complex case, respectively. The positive semidefinite
cone is denoted by S} (K) and the strictly positive definite matrices by S}*(K). For
a positive definite and positive semidefinite matrix A € S;(K) we also write A > 0 and
A > 0, respectively. The transpose of A € M,,..4(R) is written as A’, the complex conjugate
transpose of A € M,,q4(C) as A*. The identity matrix in M,(K) shall be denoted by I,.

On R? and C%, resp., we denote by || the Euclidean norm, whereas || -|| stands for any
other arbitrary norm. Recall the fact that two norms on a finite dimensional linear space
are always equivalent which is why the concrete type of a norm in that case shall not be
important for our results. A scalar product on linear spaces is written as (-, -); in R? and
C9, we usually take the Euclidean one. If X and Y are normed linear spaces, let B(X,Y)
be the set of bounded linear operators from X into Y. On B(X,Y) we will usually use
the operator norm which, in the case of Y being a Banach space, makes B(X,Y) itself to
a Banach space. If X is a topological space, we denote by Z(X) the Borel o-algebra on
X, that is the smallest o-algebra on X containing all open subsets of X. The Lebesgue
measure on (R? %(R?)) is written as \%.

For a random variable X defined on some probability space (€2, %, P) we call the image
measure X (P) distribution of X which is written as £ (X). For two random variables X

and Y the notation X Z Y means equality in distribution. For a d-dimensional K-valued,
K € {R,C}, random variable X, we say that X € LP(Q, .7 ,P;K%), 1 < p < oo, if E[| X 7]
is finite. If we define the norm || X||,, := (E[|X|"])}/? and, as usual, do not distinguish
between random variables and equivalence classes of random variables, L?(Q,.%,P; K?)
becomes a Banach space. If we consider a sequence of random variables (X, ),en, we shall
denote almost sure convergence of the sequence to some random variable X by X, %5 X

Convergence in probability will be denoted by X, RN , convergence in LP by X, 2 X
and convergence in distribution by X,, — X.

5
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2.2 Multivariate Lévy processes

We give a summary of elementary properties of multivariate Lévy processes that will be
needed throughout this thesis. For a more general treatment and proofs we refer the reader
to the standard books on this topic, e.g. Sato [54], Applebaum [I] and Bertoin [§].

Let (Q,.#,P) be a probability space. An increasing family F := (%;)cr, of sub-o-
algebras of .Z is called filtration. (2, % P, F) is referred to as a filtered probability
space. A family X = (X;)ier, of R%valued random variables defined on (Q2,.#,P) is
called a d-dimensional stochastic process. We say that X is adapted to F if X is
F-measurable for all ¢t € R,.

Definition 2.1. An adapted R%-valued stochastic process L = (Lt)ter, is called Lévy
process with respect to F, if

(i) Lo =0 a.s.,
(i) Ly — L is independent of F for all s,t € Ry with s <'t,
(i11) Lyn — Li Z Loy, — Ly for all s,t,h € R,
(iv) L is continuous in probability, i.e. for all s € Ry we have L; — Ly L0ast—s.

We call a process just Lévy process if it is a Lévy process w.r.t. its own natural filtration
(Fl=0(Ls: 0<s<t))er, -

Property (ii) says in particular that L has independent increments and property (iii) says
that L has stationary increments.

2.2.1 Infinitely divisible distributions

Recall that for two probability measures p; and py on (R% Z(R?)) the convolution is
defined by

o) i= [ [ Late+ ) mldn) midy). A€ AR,

The convolution operation is commutative and associative. If X; and X5 are independent
random variables on R? with distribution j; and ps, resp., then X; + X, has distribution

1 * .
The n-fold convolution of a probability measure p with itself will be denoted by

W=k ek Lk
—_—

n times

Definition 2.2. A probability measure i on (R, %B(R?)) is called infinitely divisible
if, for any n € N, there is a probability measure y,, on (R4, B(RY)) such that yu = p™*.

Or equivalently, w is infinitely divisible iff its characteristic function ®, : R? —
C, ®,(2) == [pa € pu(dz), has n-th roots, i.e. for any n € N there is a characteris-
tic function ®,, : RY — C such that ®,(z) = (P,(2))" for all z € R,
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It can be shown that there is a close connection between Lévy processes and infinitely
divisible distributions. Recall that two stochastic processes X and Y (not necessarily

defined on a common probability space) are identical in law, written as X 4 Y, if the
systems of their finite dimensional distributions are identical.

Lemma 2.3 (cf. [54], Lemma 7.9).
If p s infinitely divisible, then, for everyt € Ry, u

t*

1s definable and infinitely divisible.
Theorem 2.4 (cf. [54], Theorem 7.10).

(i) Let (Li)ier, be a Lévy process on R%. Then, for any t € Ry, the distribution of L,
is infinitely divisible and, letting u = £(Ly), we have L (L) = p'*.

(ii) Conversely, if p is an infinitely divisible distribution on (RY, B(RY)), then there is
a Lévy process (Li)ier, with £ (L) = p.

(i) If LO = (L )ier, and L® = (L), are Lévy processes on RY such that
X(Lgl)) = X(ng)), then LY and L® are identical in law.

Hence the collection of all infinitely divisible distributions is in one-to-one correspondence
with the collection of all Lévy processes, when two processes identical in law are considered
as the same.

We recall the well-known Lévy-Khintchine representation of characteristic functions
of all infinitely divisible distributions.

Theorem 2.5 (cf. [54], Theorem 8.1).

(i) Let p be an infinitely divisible distribution on (R, Z(R?)), then there emist v €
R? 3 € S§(R) and a measure v on (RY, B(R?)) satisfying

V{0 =0 and /Rd(l/\HxHQ)V(d:c)<oo (2.1)

such that the characteristic function of p is given by

. 1 i(z,x .
®,(2) = exp {z(*y,z) — 5(2, Yz) + /d (e —1 — iz, 2) Loy (||2]])) u(daz)},
R
(2.2)
for each z € R?,
Moreover, the representation of ®,(z) in by v, X and v is unique.

(ii) Conversely, if ¥ € ST (R), v a measure on (R?, B(R?)) satisfying and y € R4,

then there exists an infinitely divisible distribution pu whose characteristic function

s given by .

We call (v, X, v) the generating triplet of . The matrix ¥ and the measure v are called,
respectively, the Gaussian covariance matrix and the Lévy measure of pu.

Corollary 2.6 (cf. [54], Corollary 8.3).
If u has generating triplet (v,%,v), then, for every t € Ry, u** has generating triplet
(ty,t3,tv).
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Henceforth we can characterize due to the Theorems [2.4] and [2.5] every Lévy process L in
a unique way by the generating triplet of the distribution of L;.

Remark 2.7.

(i) The function 1o y(||x[|) is called truncation function. It makes the integrand of
the integral in the right-hand side of integrable with respect to v. There are
many other ways of getting an integrable integrand incorporating only a change in
v (cf. [54, Remark 8.4] for examples).

(i) If v satisfies the additional condition f{HxII<1} |z|| v(dz) < oo, then the truncation
function can be omitted and we get

P, (z) =exp {i(’yo,z) — %(z, Yz) + /Rd (et — 1) V(d:c)}

with v := v — [ga #Lo1y(||z]) v(dz). The constant 7 is called drift of x and we
may also call (vg, 2, ) generating triplet of p (w.r.t. the truncation function zero).

(iii) If v satisfies f{||$H>1} ||z|| v(dx) < oo, which is equivalent to finiteness of [, ||z || p(dz)
(cf. upcoming Theorem [2.20]), we can write the characteristic function as

@u@):fmp{ﬂvh@——%@gZ@%iéd@mﬂf—l—i@¢w)Wd@}

with v =~y + f{‘|$||>1} xv(dzr). The constant v; is called center of p and is equal
to the mean of u (cf. [54, Example 25.12]).

2.2.2 Sample paths and the Lévy-It6 decomposition

Definition 2.8. Let X = (X;)ier, be a stochastic process. X is said to be a cadlag
process (continu a droite, limité a gauche) if almost all paths are right continuous and
have existing limits from the left.

For a cadlag process X we define the process X_ by X, := lim, » X, for t > 0 and
Xo_ = Xy and the process of jumps AX by AX; := X; — X;_ and AX, := 0. Note that,
a.s., AX # 0 at most countably often.

Definition 2.9.
Let X andY be two stochastic processes on a common probability space (2, F,P).

(1)) X and Y are said to be modifications of each other if P(X; = Y;) = 1 for all
teR,.

(i) X and Y are called indistinguishable if P(X; =Y, for allt e R, ) =1.

Obviously, two indistinguishable processes are also modifications of each other. If two
cadlag processes are modifications of each other, then they are indistinguishable.

Theorem 2.10 (cf. [54], Theorem 11.5 and [47], Theorem 1.30).

Let L be a Lévy process. Then there exists a modification L of L which is a cadlag process
and in particular also a Lévy process. L is unique up to indistinguishability.
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We will henceforth always assume that a given Lévy process has a.s. cadlag paths.
Since it is important for stochastic integration purposes, we make the following defi-
nition.

Definition 2.11. A filtered probability space (Q, F,P,F = (F)er,) is said to satisfy
the usual hypotheses if

(1) the filtration F is right continuous, i.e. F#; = (| Fs for allt € Ry,
s>t

(i1) F is complete, i.e. Fy contains all the P-null sets of F.

Given a filtration (.#;),cr, we can always enlarge it to satisfy the completeness property
(ii) in the following way: let .4#” denote the collection of all P-null sets in .% and define
4, = F VAN for each t € Ry, then (%,)icr, is another filtration of %, called the
augmented filtration. Lévy processes provide us with examples of filtrations that satisfy
the usual hypotheses. Recall that the natural filtration of a Lévy process L is given by
L._ .

(Zf=0(Ls: 0<5<1)),p -
Theorem 2.12 (cf. [I], Theorem 2.1.9 and [47], Theorem 1.31).

If L is the cadlag version of a Lévy process, then its augmented natural filtration is right
continuous.

As we shall make use of two-sided Lévy processes, i.e. Lévy processes starting in the
infinite past, let us briefly introduce them. Taking two independent copies (Lil))teR . and

(L,EQ))teR . of a one-sided Lévy process, we set

oo if t >0
T -L®, ift<o0

(—=t)—
and call L = (L;)ier a two-sided Lévy process. Obviously L also has a.s. cadlag paths.

Finally, we conclude this subsection by the Lévy-1t6 decomposition which shows that
every Lévy process can be decomposed pathwise into the independent sum of the so-
called continuous part (composed of a deterministic drift v¢ and a Brownian motion
with covariance matrix ¥) and the so-called jump part (which consists itself of two parts
— the sum of all large jumps and the sum of small jumps compensated by an infinite drift).
We define the punctured Euclidean space by R? := R%\ {0}.

Definition 2.13. Let p be a o-finite measure on (R x RY, B(R, x RY)). A mapping
J: BRxRYxQ —Z, :={0,1,2,...} U{+00} is called Poisson random measure
on (Ry x RY, B(R, x RY)) with intensity measure p if

(i) J(A, ) ~ Poisson(p(A)) for all A € B(R, x R?),

(i1) the random variables J(Ay, -),...,J(An, ) are independent whenever Ay, ..., A, €
BR, x RY) are pairwise disjoint,

(iii) J(-,w) is a measure on (Ry x RY, B(R, x RY)) for all w € Q.

For integration w.r.t. Poisson random measures we refer to Sato [54, Proposition 19.5].
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Theorem 2.14 (cf. [54], Theorem 19.2 and [1], Theorem 2.4.16).

Let L be a Lévy process on RY with generating triplet (v,3,v) defined on a probability
space (Q, F,P). Assume that L has cadlag paths for all w € Q. For A € B(R, x R%) we
set

J(Aw) =#{seRy: (s,ALs(w)) € A}.
Then the following hold:

(i) J is a Poisson random measure on (R, x RS, B(R, x R2)) with intensity measure
Mg, @ v|ga (where N'|g, is the Lebesque measure on R.).

(ii) There is Oy € F with P(Qy) =1 s.t. for all w €

LY (w) = lim z (J(d(s,z),w) — ds v(dz))
N0 J (0,0 x {a: € (e,1]}

+/ x J(d(s,x),w)
(0,t] x{@: ||z||>1}

is definable for every t € R, and the first term converges uniformly on compact
intervals of t. LW is a Lévy process on (Q,.%,P) with generating triplet (0,0, v).
(11i) Define
LP(W) = Liw) — LM (w)  forw e Q.
Then there is Qo € F with P(Qe) = 1 such that L,@(w) is continuous in t for

all w € Qy. L?) is a Lévy process with generating triplet (v, %,0) (i.e. a Brownian
motion with drift v and covariance matriz ).

(iv) The two processes LY and L® are independent.

Remark 2.15.

(i) Since v ({z : ||z|| > €}) < oo for every € > 0, a Lévy process has only finitely many
jumps bigger in norm than any € > 0 on bounded time intervals.
However, if v(R?) = oo it has infinitely (but countably) many arbitrarily small jumps
on any finite time interval. We shall speak of infinite activity of the Lévy process in
that case.

(ii) In general neither

/ z J(d(s,z)) nor / xdsv(dr)
(0,8]x{: [lx]|€(e,1]} (0,]x{: [Jz]|€(e,1]}

converges for ¢ — 0. That is “the first addend of L™ is given by the sum of infinitely
many small jumps, which are not summable, compensated by an infinite drift”.

() f1o 1 fa: 51y © / (d(s,2)) is simply the sum of all large jumps.

(iv) If the small jumps are summable (ensured by the condition that | (lel<1) ||| v(dz)

is finite), then the compensation and limiting procedure is not needed, see Sato [54,
Theorem 19.3].
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2.2.3 J)-variation of sample paths

From the Lévy-Ito decomposition we can deduce many important path properties. One
of them is the so-called d-variation of sample paths.
Let D(R,,R?) denote the set of all cadlag functions on R, with values in R

Definition 2.16. Let f € D(R,R?) and 6 > 0, then
Vi(t) = SXPZ 1£(s;) = fsi-)°
C—

with the supremum taken over all finite partitions Ay : 0 =859 <81 <...< 8, =t, n €N,
of [0,t], is called 0-variation of f.
If Vf(t) < oo forallt € Ry, then f is said to be of finite d-variation.

For § = 1, we shall speak of variation instead of 1-variation. For many important processes,
conditions for the almost sure boundedness of §-variation of sample paths on bounded time
intervals are already known: Lévy [36] showed that, for Brownian motion, the §-variation
is a.s. bounded if and only if § > 2, a result refined by Taylor [59]. The J-variation of
Gaussian processes was investigated by Jain and Monrad [31]. The same problem for Lévy
processes was addressed in the papers by Fristedt and Taylor [27] and Bretagnolle [10].
We recall the following results:

Proposition 2.17 (cf. [54], Theorem 21.9 and [10], Theorem IIIb).
Suppose 1 < 0 < 2 and let L be a Lévy process with generating triplet (v, %, v). Then L
has a.s. finite d-variation iff ¥ =0 and f{HrII<1} z° v(dz) < .

Remark 2.18.

One must not confound the notions of 2-variation and quadratic variation, the latter used
in stochastic analysis in order to define for instance stochastic integration w.r.t. Brownian
motion (see e.g. Protter [47]). In the case of Brownian motion, the quadratic variation
(which uses a refining sequence of interval partitions) is finite whereas the 2-variation is
infinite.

We conclude this part by introducing the Blumenthal-Getoor-Index, defined for the
first time in [9].

Definition 2.19. Let v be a Lévy measure on (RY, B(RY)). Then the Blumenthal-
Getoor-Index of v is given by

B(v) := inf {a >0 /{”xg} ||| v(dz) < oo} .

Obviously, 0 < #(v) < 2 holds for every Lévy measure v.

2.2.4 Moments of Lévy processes

We discuss the question whether moments of L, for a Lévy process (L;)icr, are finite or
not. One has the following central theorem:



12 CHAPTER 2. PRELIMINARIES

Theorem 2.20 (cf. [54], Corollary 25.8).
Let (Ly)ier, be a d-dimensional Lévy process with generating triplet (v,3,v) and a >
0,0<b<1,¢>0.Ifg:RY— R, is of one of the forms

(i) g(x) = ||z
(it) g(x) = (0 Vlog [l]))*

(iii) g(x) = || - eI,

then E[g(L:)] < oo for all t € Ry if and only if E[g(L1)] < oo and Elg(L,1)] < oo if and
only if f{Hrllzl} g(z)v(dr) < oo

This means that the property of finite moments is time independent in the class of Lévy
processes.

2.2.5 Stochastic integrals with respect to Lévy processes

We consider the stochastic integral process (X;);er given by

X = / fi(s , teR, (2.3)

where f: R xR — Myyq(R), (t,s) — fi(s), is a measurable function and L = (L;);er is
a two-sided d-dimensional Lévy process.

We first recall an existence result. Let therefore (7,3, v) be the generating triplet of L.
Necessary and sufficient conditions for the integral in to exist are (cf. [48, Theorem

2.7])
/

fils 7+/ fe(s)z (Lynsal<ty — Lgzi<ny) v(da)|| ds < o0 (24)

AM@mwmw<m (2.5)

and

// (1A If(s)zll?) v(de) ds < oo. (2.6)
R JRY
Moreover, it is possible to characterize the distribution of every X;. Namely, if the integral

is well-defined, then the distribution of X, is infinitely divisible with generating triplet
(7%, Xk, V) given by (cf. [48, Theorem 2.7] and [55], Corollary 2.19 and Proposition 5.5])

Vx :/ (ft 7-1—/ fi(s ]l{”fz s)z||<1} — ]l{lle<1}) (da:)) ds (2.7)

E&zéﬂ@iﬁﬁ% (2.8)

and

//Rd]lA fi(s)x) v(dx) ds, A€ B(RY). (2.9)
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2.3 Fourier transforms on the real line

In this section we summarize important properties of Fourier transforms on the real line.
The theory for complex-valued functions in L' and L?, resp., is rather standard. Also
the extension to complex-valued functions in LP with p € (1,2), for which the Fourier
transforms can be defined by continuity as functions in L? with ¢ = p/(p — 1), is quite
common. For good expositions we refer the reader to Katznelson [33] or Stein and Weiss
[58].

Since we shall consider complex matrix-valued functions on the real line and, to the
best of our knowledge, general results cannot be found elsewhere yet, we found it useful to
give an outline of the “multivariate” case, although it is obvious that one can generalize
the well-known univariate theory by a componentwise perception to the multivariate case.
We will essentially follow Chapter VI of [33] to derive the following results.

2.3.1 The L' theory
Let us denote by

LY(M4(C)) = {f : R — My(C) measurable, /R |f(@)] dt < oo}

the space of all Lebesgue integrable complex matrix-valued functions on the real line. It is
independent of the norm ||-|| on M4(C) (since My(C) is a finite dimensional linear space)
and it is equal to the space of functions f = (f;;) : R — My(C) where all components
fij» i, J = 1,...,d, are in the usual space L'(C). We assume throughout the whole section
that the norm on M;(C) is given by

IA| = VAr(AAY), A€ My(C),

where tr(-) denotes the trace of a matrix. Note that (A, B)a,c) = tr(AB*) defines a
scalar product on the Hilbert space My(C). On L'(M4(C)) we define the norm

I = [ )] d

R

and L*(My(C)) becomes a Banach space with respect to ||| ,:.
The Fourier transform f of f € L'(My(C)) is defined by

~ 1

f() = or /Reigwf(x) dr, ¢eR. (2.10)

Clearly, f: R — My(C) and ]?can be interpreted as the componentwise Fourier trans-
formation of fi;, i,5 = 1,...,d, i.e. f = (f;;). That is why standard results for Fourier
transforms in the space L'(C) (cf. for example [33]) can be generalized:

Theorem 2.21. Let f,g € L'(M4(C)) and a € My(C). Then:
(i) f/—i-\g = J/C\—i— g and &? = ozf (i.e. the Fourier transformation is a linear operator).

(it) For f,(x) := f(x —y) with arbitrary y € R, we have

F(6) = e (), E€R.
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(i1i) For f.(x) :=c- f(cx) with arbitrary ¢ € R\ {0}, we have
Ho=7 (%) cer

(iv) For every & € R, we have
|7 <11

Proof. The theorem follows immediately from the definition (2.10]). O

Theorem 2.22. Assume that we have given f € L'(C) and g € L*(M4(C)). For almost
all z € R, f(x —y)g(y) is integrable as a function of y and, if we write

/fw— y) dy,

1Pl < WA - Mgl -

We denote h = f * g and call h the convolution of f and g. Moreover,

n(E) = V2rf(€) - §(¢)

then h € L'(My(C)) and

for any £ € R.

Proof. The function F(x,y) := f(xr — y)g(y) is obviously measurable. For almost all
y € R, the components of the function z — F(z,y) are constant multiples of f(- — y),
hence integrable and

[ (i) ds= [ 151 Dot s =171, lals.

Thus, due to the Theorems of Tonelli and Fubini, y — F(x,y) is integrable for almost all
x € R and

[~ [

Finally, for £ € R we obtain

0= g fememerie= g [ ([ ety o

/ (m/ ey —y>df’@) ey (y) dy = J(€) - / ¢ g(y) dy
= V21 f(£) - §(9).

F(x,y) dy’

iz < / / 1F (a9 dzdy = 1L - gl -

D‘)

where the change in the order of integration is again justified by Fubini’s Theorem. [
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),

a(C
_ / ¢ P (¢

for some F € L*(C). Then, for every x € R,
/ zf:cF f

Corollary 2.23. Let f € L'(C), g € L*(M,
1

ﬁ\

Proof. For almost all x € R

(f ) /f:c— dy_m// € P(€)g(y) de dy.

The function F(£)g(y) is integrable in (&,y), hence the Theorem of Fubini yields

o) = [ r© (<= [ @aman)ac = [ eereae de
]

It is obvious that one can also understand the convolution operation componentwise.
Since L'(C) with * as multiplication is a Banach algebra without unit element, our next
objective is to approximate the missing “convolution one” by an appropriate sequence of
functions. We make the following definition:

Definition 2.24. A summability kernel on the real line is a family of continuous
functions (kx)ae(o,00) 0n R satisfying the following:

(i) [z kx(z)dez =1 for all X € (0,00),
(i) [g|kx(z)]dz = O(1) as X — oo,
(iii) Jim Sz [Fx(@)[ dz =0 for all 6 > 0.

Example 2.25. Probably the best known summability kernel is the so-called Féjer ker-
nel on R defined by
Fi(xz) :=X-F(\x), A € (0,00),

where

Py = o (B2 =52 [ - de (211)

2T

The second equality in (2.11)) is obtained directly by integration and using the identity
cos2r =1 — 2sin®x, x € R.

We only have to prove fR x)dr = 1, since this implies, introducing the change of
variable y = Az,

/H{F,\(x)dx:/RF(y)dyzl, A€ (0,00),
/R |Fa(2)| d = / Fy)ldy =1, A€ (0,00)
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and

/ ]F,\(w)|dx:/ |F(y)| dy — 0 as A — oo,
{lz|>6} {ly|>As}

which shows that (FA) A€(0,00) 18 indeed a summability kernel on the real line.
For the proof of [, F(z)dx = 1 we refer to [33 p. 125].

Using the Féjer kernel we get an approximative convolution one in the following sense:

Theorem 2.26. Let f € L'(My(C)) and (F))xe,00) the Féjer summability kernel on R,
then, for any x € R,

(B* (@) = <= / ( '5') 7o) de (2.12)

Jim [~ Fyx fl =0, (2.13)

and

Proof. We first show (2.12)). Setting

A (1—1z]), |z[<1
A(z) = VQTF( ’ -
(z) { 0, otherwise

we obtain, due to A(g) = F(=¢) = F(¢) for all £ € R. Theorem m (i) yields,
for all £ € R, Fy(&) = Ax(§) with

An(z) = { i (1-5), <A (2.14)

otherwise.

)

Y

- [ ()

using again the symmetry of Fy(-). Then Corollary implies .

As to (2.13)), let f € L'(My(C)) and define ¢ : R — LY(My(C)), (1) :== f(- — 7).
Note that ¢ is a continuous L'(M4(C))-valued function on the real line. If ¢ > 0, then
there is a continuous function g with compact support on R such that || f — g||;, <€ and
thus, due to the Dominated Convergence Theorem,

lo(r) = el = £ =7) = F(- =7l < W= 7) = g =l
+llg(- =) = g =70}l 2 + llg- —70) = (- = 70)lls
<etllg(- =) —g(- =)l +e

—0 as T—719

Hence,

which proves the continuity of ¢ since £ can be taken arbitrarily small.
We next show that

/_Oo Fr(r)p(r) dr 5 p(0) = f as A — oo (2.15)

o0
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Note that the left-hand side in is stated in terms of vector-valued integrals, i.e.
they have to be understood as improper Riemann integrals of Banach space-valued (here
LY(M4(C))-valued) functions, defined and continuous on the real line. The existence is
assured since [*_||FA(7)p(7)|| 1 dT < 00. Now, due to [*° F\(7)dr =1, we have

/_OO B(r)e(r) dr = 9(0) = /Oo EX(T) (1) — 9(0)) dr

[e.9] —0o0

_ / Fy(7) (p(r) — p(0)) dr + /{ L B —p0)dr

-4

for arbitrary 6 > 0. Then

H/i A7) (o(7) = (0)) dr

< max||¢(7) — ¢(0)| 11 '/Oo |FA(7)| dT

I7|<6 -

= max [[o(7) — w(0)]| 11 (2.16)

|T|<é

Lt

since (F)) is a nonnegative summability kernel and

H/IT>5} EX(7) (p(7) = 9(0)) d7

< max [o(7) — @(O)]]1 - / Fy(r)| dr
T {Ir|>6}

Ll

<21fl,. - /{| B (2.17)

Given ¢ > 0, we can choose, due to the continuity of ¢(7) at 7 = 0, a 6 > 0 such
that is bounded by ¢ and keeping that ¢, is bounded by ¢ for large A since
f{|ﬂ>§} |F\(T)|dT — 0 as A — oo. Thus is shown.

Although the integrals in have the formal appearance of a convolution, the
operation involved (i.e. vector integration) is different from the convolution as defined in
Theorem [2.22) The ambiguity, however, is harmless, since

/ T R(F)p(r) dr = Fy + f (2.18)

—00

for all f € L'(My(C)). To establish (2.18)), assume first that f is continuous with compact
support on R. Then, for any n € N,

N

/_n Fx(1)p(r)dr = lim (Tj41 — ) FA(m) f (- — ;)

N—oo
7=0

where the limit is taken in the L'(M,(C)) norm as the subdivision (7;) of [-n, n] becomes
finer and finer. On the other hand,

N

. ;(Tj—s—l — ) ENT) f(t = 75) = (FaLjonm * f) (1)

for any ¢ € R. Hence, for all n € N,

/ B dr = Byl % f. (2.19)

—n
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Now, the left-hand side in (2.19) converges in L'(Mq(C)) to [* Fx(1)e(7) dr as n — oo
by definition of the improper vector-valued integral. For the right-hand side in (2.19)) we
observe

3L ) % f = Fx £ = [[(FAL o) = F2) = £
< HF)\]I[—n,n] - F)\HLl ' ||f||L1 — 0
as n — oo by the Dominated Convergence Theorem. Thus holds for continuous f

with compact support. For arbitrary f € L'(My(C)), let € > 0 and let g be continuous
with compact support on R such that ||f — g||;. <e. Then

/°° FA<r>so<T>dr—FA*f:/O° EA(r)(f —g)(- —7)dr + Fax (g— /)

o0

and thus || [22 Ex(r)e(T) dr — F) * f||L1 < 2¢e. This completes the proof of 1)
Finally, (2.15) together with (2.18]) yields (2.13)) which concludes the proof. O

Corollary 2.27 (Inversion formula).
Let f € LY(My(C)) and f € LY(M4(C)). Then, for almost all x € R,

1 iz 7
o) = <= / ¢ Fl€) de.

Proof. The function & — Tj_y 5 (€)e™™ (1 — €] /N) ]/”\(5) converges pointwise for all x € R

to the function & — €% f(€) as A — oo. Since f € L'(My(C)) we can use the Dominated
Convergence Theorem to deduce for all x € R

e @ B [1@ee (1-8) foa

o L[ e fe e,

V21 Jr

Theorem shows that ||F\* f — f||;: — 0 as A — oo, hence there is a subsequence

(F, )ken such that Fy, * f koge f almost everywhere. O

Before extending the Fourier transformation theory to L”, 1 < p < 2, we finish the
L' theory by the following two observations which we will use several times in Chapter
and [5| where we consider Fourier transformations of a-stable and regularly varying Lévy

processes, respectively.
Due to Corollary we have, for almost all £ € R,

RO = 7= ( - "57') 1w (€ 2 Ay (2.20)

and by virtue of Theorem we obtain for all f € L'(My(C)),

Frx F(€) = V2rER(€) - F(€) = V2rAL(©) - L&) (2.21)

for almost all £ € R.
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2.3.2 The L?, 1 <p<2, theory
For p € (1,2] we set

LP(M4(C)) = {f : R — M,y(C) measurable, /R If@)))F dt < oo} :

We equip LP(My(C)) with the norm || f||,, = (fullf()|7dt)"". The fact that the
Lebesgue measure of R is infinite implies that LP(My(C)) C L'(M4(C)) does not hold
if p > 1. Thus we have to find a new way to define the Fourier transform for the spaces
LP(My(C)), 1 <p <2.

We first consider the case p = 2. Let

Co(My(C)) :=={f : R — My(C), f continuous with compact support}

which is equal to the space of functions f = (fi;) : R — Mgy(C) where all components
fi; are continuous complex-valued functions with compact support on R. We obtain the
following result:

Lemma 2.28. For f € Gy(My(C)),
/RHf(f)szf:/R||f(93)||2d1:.

Proof. Recall that, if f = (fi;), we have f = (E) since the Fourier transformation
can be interpreted componentwise (cf. Section [2.3.1)). The proof of the lemma in the
one-dimensional case can be found in [33] Chapter VI.3]. Thus

4!]?(5)\\2d5=§4

2 d , ,
ef a3 [ 1@ de = [ @)

m
The next theorem is central in the L? theory:
Theorem 2.29 (Plancherel).
There exists a unique linear bijective operator
F : L*(My(C)) — L*(My(CT))
satisfying R
Ff=f forall f € L' (My(C)) N L*(My(C)) (2.22)
IF Fllz = [1fll 2 for all f € L*(My(C)). (2.23)

Proof. We observe first that L'(My(C))NL?(My(C)) is dense in L*(M(C)), consequently
any continuous operator defined on L?(My(C)) is determined by its values on L*(My(C))N
L?(My(C)). This shows the uniqueness claim.

By virtue of Lemma holds for all f € Cy(My(C)) and since Cy(My(C)) is
dense in L'(M4(C)) N L*(My4(C)) (w.r.t. the norm ||« ||+ || 2), also holds for all
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f e LY(My(C)) N L?(M4(C)). The mapping f — fAclearly can be extended by continuity
to an isometry from L?(My(C)) into L*(M4(C)).

It remains to show that F is onto. Note that (f, ¢) L2y (c)) = fp tr(f (t)) dt defines
a scalar product on L?(M4(C)). One can then establish easﬂy Parseval S formula
(fr9) 2auacy = (Ff, Fg) ey (2.24)
for f,g € L?*(My(C)) which is in fact equivalent to (2.23). We have moreover
(F I, 97 2uacy) = (F 9, [ 20m40)) (2.25)

for all f,g € L*(My(C)). For, if f, g € Co(M4(C)), the Theorem of Fubini yields

(FI ") 2mcy = / G(FS(g(t) dt = tr / (% / e f(€) dg) g(t)di

—tr/f(f) (%/Re-iftg(t) dt) dg = /Rtr(f(ﬁ)Fg(f))d&

= (Fg, [") 2(my(0))

where we used the fact that tr(AB) = tr(BA) for all A, B € My(C).
For general f, g € L*(M4(C)), one can choose sequences ( f,,), (gn) € Co(M4(C)) such that

fn = f, gn = g as n — oo. With the continuity of the scalar product, (2.25) also holds
for the limits f and g.
Hence, for arbitrary f € L*(My(C)), setting g := (Ff)* and h := (Fg)*, we deduce

I = hllZ2 = IF1I72 + |1hlI72 — / tr(h(t) f*(t) + F(O)R"(1)) dt.
—~— Jr

=l£132
Since
(fi ) L2y = (B*5 ) 2y = (F 9, ) r2(uac))

= F L9 o) = (FLF Praare)

=4 Doy = 11
and

(h, f)r2(c)) = mLZ(Md((C)) - ||f||i2

we finally obtain ||f — k|7, = 0 which proves that F is surjective. O

In view of (2.22) we shall write henceforth J?instead of Ff which simplifies notation.

Remark 2.30.
For f € L?*(My(C)) we can define f, := fli_,, € L'(Mq(C)) N L?*(M4(C)). Obviously

fn = fasn — oo and we obtain the following form of Plancherel’s Theorem: the

sequence fn( \/ﬂ J" e~ f(x)dx converges in L?(My(C)) to a function, denoted by
F, for which (2.23) is valid.

We now turn our attention to p € (1,2). Using the Riesz-Thorin Theorem (cf. [33, p.
97]), one can establish the well-known Hausdorff-Young Theorem:
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Theorem 2.31 (cf. [33], p 142 and[ ] p. 6).
Letl<p<2andq= p—l (i.e. L o+ 1). Then there is a constant C(p) such that for

all f € Ll(Md((C)) N LQ(Md((C)),
"ds)q <) ( / ||f<x>||pdx) . (2.26)

(/7

Using this result, we extend the Fourier transform to the space LP(My(C)), 1 < p < 2, by
continuity in the following way:

Definition 2.32.
Let f € LP(My(C)), 1 <p < 2, and q = Then the Fourier transform f of [ is

defined as the limit in LY(M4(C)) of the sequence \/ﬂ f_n — f(x)dx as n — oo.

Note that f is well-defined, since L!'(My(C)) N L2(My(C)) is dense in L'(My(C)) N
LP(My4(C)) (w.r.t. the norm ||- ||, + [|-[|;,) which implies that holds for all f €
L (Ma(©)) 1 LP(Mq(0)).
The mapping f +— [ so-defined is a linear continuous operator from LP(M4(C)) into
Li(My4(C)), however, it is no longer an isometry and the range is not the whole of
L9(My(C)).

We want to generalize Theorem to the L case for p € (1,2]. To this end, we first
generalize Theorem and get

Theorem 2.33. Let f € L'(C) and g € LP(My(C)), 1 < p < 2. For almost all v € R,
the convolution h(zx) := (f x g)(z) is well-defined, h € LP(M4(C)) and

12l e < A1 f 1l gl o -
Moreover, h=+ 27r]?- qg.

Proof. Consider the function F(x,y) := |f(z — y)| - [lg(y)||" which is obviously measur-
able. Similar to the proof of Theorem we obtain that, for almost all x € R, the
integral [, F(z,y)dy exists and

| [Fawdyds =11, ol
R JR

Hence, with % + % = 1, we have for almost all x € R,

1) = I (f * g)(@)]] </|fx— o)l dy

<([1e—vttswrw) ([ 1re-pia) " <o

where we used Holder’s Inequality. Thus the convolution is almost everywhere defined
and

AIIM%‘)HPdw < UF g Mgl - AU L (1Al < F g Nglzo - (2.27)
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Finally, note that h as well as /27 f - § are elements in LY(M4(C)) with ¢ =p/(p—1). Let
(gn)nen C Co(My4(C)) be a sequence of continuous functions with compact support on R
such that g, — ¢g as n — oo in LP(My(C)). Then, using Theorem and together
with Definition [2.32] we obtain

i varfal, < [i- 73, + 775 - Ve ],
= [#+Ta=an)||,, +|verF-am =3 ,

Cp) - I1f * (g = gu)ll o + V27 || fll 1 -

IN

9n — gH
La

227
< CW) - fllpr - g = gall o + V21 (1 fll g2 - C ) - lgn — 9l 1
’I’L:OO O‘
This shows that h = v/ 27rfA- g and concludes the proof. O

As a consequence, if we take for f the Féjer kernel F), we have

Frrg=v2rb -5 8 Vara, 5 (2.28)

for all g € LP(M4(C)), 1 < p < 2. Since F) * g is bounded (namely, for all z € R,
| (Fx* g)(@)]] < W1 F\ - lgllp» with 1/p4+1/¢ = 1) and in LP(M4(C)) (cf. Theorem [2.33)
we also obtain that Fy x g € L?(M4(C)). Hence, by virtue of Theorem and its proof
(in particular the “surjective” part), we deduce

Fysg= \/Lz_ﬁ /_1 e (1 — @) g(&) de¢ (2.29)

for all g € LP(M4(C)), 1 <p < 2.

The last point which we have to show for the generalization of Theorem to the LP
case is that ||g — F\* g/, — 0 as A — oo for all g € LP(My(C)). In fact, this can be
established in a completely analogous way to the proof of . We only have to replace
LY (My(C)) by LP(My(C)), 1 < p < oo. We thus have

Theorem 2.34. Let f € LP(M4(C)) with 1 < p < 2. Then

_ 1 g i - €1 7
p=tim e [ (18D e ag
in the LP(My4(C)) norm.



Chapter 3

Multivariate CARMA processes

In this chapter we introduce multivariate Lévy-driven continuous time autoregressive mov-
ing average (CARMA) processes. They extend the well-known univariate CARMA models,
dating back to [20], which have been extensively studied over the recent years (see e.g.
[11], 12], 14, 60] and references therein). Originally, driving processes of CARMA models
were restricted to Brownian motion, however, [I1] allowed for Lévy processes which have
a finite r-th moment for some r > 0. The multivariate CARMA model (MCARMA) was
introduced in [41] where an explicit construction using a state space representation and
a spectral representation of the driving Lévy process is given.

The chapter is organized as follows. In the first section we start with a brief sum-
mary of notions and results concerning random orthogonal measures. We then recall the
construction of such a random orthogonal measure allowing for a spectral representation
of square-integrable Lévy processes before we shall give some examples and study fur-
ther properties of that measure in the third section. Multivariate CARMA and causal
MCARMA processes are introduced in the last section.

3.1 Random orthogonal measures

As we shall make use of spectral representations of stationary processes (see [21], 29] 52]
for comprehensive treatments), we need the notion of random orthogonal measures. In
this section we briefly introduce these measures and integration w.r.t. them.

Let S be a non-empty set. Recall that a subset % of the power set Z(5) of S is called
ring if ) € Z and A, B € #Z implies AUB € #Z and A\B € Z. If in addition S € %,
then Z is called algebra.

Definition 3.1. Let (Q2,.%,P) be a probability space and let S be a non-empty set with a
ring Z. If ¢ - # — L*(Q, . F,P;C?) is a map satisfying

(i) C(0) =0,

(i1) for all sequences (Ap)neny C Z pairwise disjoint with |J A, € Z#
neN

((Uan) = can

neN neN

(i.e. the series converges in L? to (U, ey 4n)),

23
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(ZZZ} fOT all Al,AQ € X with Al NAy, = 0

E[¢(A1)¢(A2)"] = 0,

then C is called a d-dimensional random orthogonal measure on Z%.
The map F : # — My(C), F(A) :== E[((A)((A)*] is called spectral function w.r.1.

the random orthogonal measure (.

One often only has that ¢ : #Z — L? is additive which is less than (ii) in Definition [3.1]
In this case ( is referred to as a random orthogonal content.

F' assumes values in the positive semidefinite matrices. From the point of view of
functional analysis, the positive semidefinite matrices form the cone of positive bounded
operators in the C*-algebra B(C?) := B(C%, CY). For every sequence (A,)neny € Z pair-
wise disjoint with |J,.y An € #, one has

k

P(UA) =E[c(UA)(UA) ] = lim STECANCA)] = FlA),

neN neN neN n=1 neN

where the convergence of the series holds for any (operator) norm on B(C?). Obviously
F(A) > F(0) = 0 for every A € #, where, for X,Y € S (C) positive semidefinite, X > Y
if and only if X —Y > 0, i.e. X =Y € S§(C). Thus F is a positive-operator-valued (POV)
measure on % (cf. for instance [57] for the notion of a POV measure).

Let us denote by o(Z#) the o-ring generated by #Z (i.e. 0(#) is the smallest o-ring
containing #). In the following we will assume throughout that S = R, Z C %,(R) and
o(#) = B(R) where HBy(R) is the ring of all Borel sets with finite Lebesgue measure.
We only encounter random orthogonal measures whose associated spectral functions have
constant density w.r.t. the Lebesgue measure \' on R, i.e. F(A) = M(A)C for some
C € S§(C) and all A € %, which simplifies the upcoming integration theory considerably.

Due to our assumption that F' has constant density w.r.t. to A, one can immediately
extend F' to a POV measure F on %,(R) by setting F(A) := A(A)C for all A € By(R).
By abuse of notation we denote that extension again by F'. It is referred to as the spectral
measure of the random orthogonal measure (.

Our next aim is to extend also ¢ to the ring of all Borel sets with finite Lebesgue
measure %By(R). To this end, consider an elementary function ¢ : R — My(C), ¢ =
> ori wrla,, where Ay € Z are pairwise disjoint and ¢ € My(C), k =1,...,n,n € N.
We define the stochastic integral of ¢ with respect to ¢ by

J(@) == ol(A) € L*(Q,.F7,P;CY).
k=1

It is standard to show that J(y) is independent of the concrete representation of the
elementary function ¢. Moreover, it is easy to deduce that

BU()IW)] = [ elOF @) = [ stourd B.)

R

for all elementary functions ¢ and . Indeed there exist representations of ¢ and v with
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©0=> ¢rla, and ¢ = 3 14, where A; N Ay =0 for all j # k. Then
k=1 k=1

E[J(¢)] ZE wrC(AR)C(AR) Yr] = Zgok Ap)' i

k=1

_ / SO F(dt)b(t)* = / (DOt dt

_F(Ak)

We want to extend integration w.r.t. ¢ to all functions in L?(My(C)) which is defined as

(cf. Section
L*(M4(C)) = {f : R — My(C) measurable, / 1)) dt < oo}
R

with |- || being any norm on Mgy(C). Note that [, | £(t)||> dt < oo implies the existence
of [ f(t)F(dt)f(t)*. Recall that the space L?(My(C)) is equal to the space of functions
f = (fij) : R = My(C) where all components are in the usual space L*(C). With the
ordinary norm || f||,2 := ([, ||£(£)]|* dt)'/2, the space L2(My(C)) becomes a Banach space
and thus it is in particular complete.

Proposition 3.2. Let ( : # — L*(Q,.7,P;CY%) be a random orthogonal measure on the
ring Z C Bo(R) such that o(#) = B(R).

Define T(#) = {o=>1_,vela,, Ax € Z pairwise disjoint, ¢ € My(C)} the linear
space of all Z-elementary functions. Then T(Z) is dense in L*(My(C)).

Proof. 1t is a well-known result that the linear space of %y(R)-elementary functions is
dense in L?*(M4(C)). Recall the simple fact that for A € o(Z) = Z(R) with \}(A) < 0o
there exists for every ¢ > 0 a set A. = |J;_, 4; with A; € Z pairwise disjoint such that
M(AAA,) < e (where AAB := (A\B) U (B\A) is the symmetric difference of the sets A
and B). Thus every %, (R)-elementary function can be approximated by an Z-elementary
function. ]

If now f € L*(My(C)), let (¢n)nen € T(Z) be a sequence s.t. ¢, — f in L*(My(C)).
Hence, using (3.1)), we have

17 (2n) = J(om)ll72 = E[|lJ(0n — 0m)|*] < ¢ [[E[J(¢n — @) T (0n — om)’]|
¢ C - lon — mlle (3.2)

for some constants ¢, ¢ > 0. This yields that J(p,) converges in mean square since it is a
Cauchy sequence in L?(Q,.7,P; C?). We set

/ fd¢ = J(f) = Llim. J(p,) € L*(Q,.Z,P;C?%
R n—oo

where 1.i.m. means the L2-limit.

Proposition 3.3. Suppose the settings of Proposition[3.3 and assume that the correspond-
ing spectral measure is given by F : By(R) — My(C), F(dt) = Cdt for some C € S} (C).
Then the following properties hold for the introduced integral:
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(i) For all f € L*(My(C)), the integral [; fdC is independent of the approzimating
sequence of Z-elementary functions ¢,.

(i) E[(fp fdO)(Jp9dC)*] = [ f(#)Cg(t)*dt for all f,g € L*(Mqy(C)).
(iii) [p(af +B9)d¢ =a [u fdC+ B [ gdC for all a, B € My(C) and f,g € L2(My(C)).

(iv) If (fu)nen s a sequence in L*(My(C)) and f € L*(M4(C)) with ||f, — fll;2 — 0 as
n — oo, then [, fod¢"=" [ fdC in L*(Q, 7, P;CY).

Proof. These properties are an easy consequence of the definition of the integral and

(3.1) and (3.2), respectively. ]

Now we are able to extend ¢ : #Z — L? to a random orthogonal measure defined on the ring
of all Borel sets with finite Lebesgue measure %,(R). More precisely, for all A € %,(R),
define

) =) = [ 1ade
R
Being completely correct one should write I;1 4 with I; being the identity matrix in My(C)

instead of 14 for the integrand above. However, we forego this correctness to simplify
notation in the upcoming proof of Theorem . Obviously (| = (. Moreover we have:

Theorem 3.4. Let ¢ : Bo(R) — LX(Q,.Z,P;C?) be the extension of a random orthogonal
measure to the ring of all Borel sets with finite Lebesque measure as constructed above.
Then:

(i) E [E(AQZ(A?)*} = F(A, N Ay) for all Ay, As € By(R).

(ZZ) C(Al U AQ) == C(Al) + C(Ag) fO?" all Al,AQ S %0(1&) with Al N A2 = @

(153) If (Ap)nen € HBo(R) are pairwise disjoint with |J A, € $Bo(R) then E( U An> =

neN neN

ST C(Ay) in LA(Q, #,P;CY).

neN

Proof.
(i) For arbitrary Ay, Ay € %ABy(R), we deduce

e icandtan] =2 [( [ 10 0c) ([ 100

- / L4, ()CLa, (1) dt
R
:/ Cdt =\(A1NA)C =F(A NA).
A1NAg
(ii) Let Ay, As € A(R) be two disjoint sets, then

C(AlUA2) _/R]lthAz dC_/R(]lz‘h +]1A2)dc
Z/ﬂAl dC+/1A2dC=Z(A1)+E(A2)-
R R
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(iii) Let A := |J A, and f, :== 14 — > 14,. Due to 1) and Proposition (i), we
neN i=1

obtain (with the same ¢ as in (3.2))

2

E < [1CI - fall2 — 0 as n — .

GOEDINIY

]

Theorem shows that Z"is indeed a random orthogonal measure on %,(R). Of course it
is possible to define integration of functions f € L?*(My(C)) w.r.t. the extended random

orthogonal measure ( in the same way as it has been done above for (. It is easy to see
that Proposition [3.3] remains valid.

3.2 Spectral representation of square-integrable Lévy
processes

We recall the central theorem in [41] establishing a spectral representation for square-
integrable Lévy processes using random orthogonal measures.

Theorem 3.5. Let L = (L;)icr be a two-sided square-integrable Lévy process in R with
E[Ly] =0 and E[L L;] = ¥1. Then there is a d-dimensional random orthogonal measure
O, defined on By(R) with spectral measure Fy, such that E[®L(A)] =0 for any bounded

Borel set A,

>
Fp(dt) = 2—; dt

e} emt -1
L= / L5, (dp).
oo i

The random measure ®, is uniquely determined by

and

0 p—ipa _ o ipb
CPL([CL,b)):/ WL(CZN)

for all —0o < a < b < .
Proof. See [41, Theorem 3.5]. O

Remark 3.6. The proof of [4T] Theorem 3.5] starts with the observation that ® ([a, b)) :=
Ly — L, defines a random orthogonal measure on the semi-ring of intervals [a,b) with
—00 < a < b < oo. The associated spectral function ﬁL satisfies ﬁL(dt) = Yrdt. In
Section we described the general procedure how one can extend a random orthog-
onal measure from a ring that generates the Borel o-algebra to %,(R). The definition
on a semi-ring (that generates Z(R)) is not a constraint for that procedure since it
is well-known how a measure can be extended from a semi-ring to the generated ring
therefrom. Namely, if /% is a semi-ring, the generated ring therefrom has the form
{U_ A neN, A € SZ%,i=1,...,n} where the sets A; can be chosen w.l.o.g. pair-
wise disjoint.
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3.3 Properties of the associated random orthogonal
measure

In this section we study further properties of the random orthogonal measure ¢, in The-
orem . Therefore recall that, if the integral X; = fR L(ds) with f : Rx R —
Mi.«q(R) measurable and (L;)cr a two-sided d—dlmensmnal Levy process with generat-
ing triplet (v, 0,r) is well-defined, then the distribution of X; is infinitely divisible with
generating triplet (7%, 0, %) where

o= [ (5o [ 090 (smien ~ Lusien) o)) ds

and

:// La(f(t, $)2) v(da) ds, A € B(RY)
(cf. Section [2.2.F).

Example 3.7. We start with the simple example of a (compensated) Poisson process in
R. Let (IVy)ier be a Poisson process with rate xk and consider L = (Ly)er, Ly := Ny — Kt.
Then E[L,] = 0 and E[L?] = Var(L;) = k and hence the requirements of Theorem [3.5| are
fulfilled.

The original Lévy measure is given by v = k-9; where ¢; denotes the Dirac measure in
1. Thus it is obvious that L has finite activity, a.s. finite variation and finite exponential
moments (i.e. E[exp {a/|L;|}] < oo for every a > 0).

We fix t > 0 and consider Z, := @, ([0,t)) = [ 1—22;;W L(dp). Then the distribution
of Z, is infinitely divisible and we obtain for its Lévy measure, identifying C with R2,

7z,ut
vz, (A // ( 2 ) v(dz)du
1— —iput 1— —iut
:m-/ﬂA(—e,)du:/-i-)\l ({MER: L_eA})
R 2T 2T

for every A € %B(C,), denoting the Lebesgue measure on R by A! and the punctured
complex plane by C, := C\ {0}. Hence, vy, is an infinite measure on (C, Z(C)). That is,
Z; has not a compound Poisson distribution.

We define f: R — C, f(u) := 1_2‘;;;” and denote by f(A!) the image measure of \!
by f on (C,#(C)). Then one has

2| vy (do) = k- 2’ AN (dz) = K - I\(d
/{msu’ valde) /{mm' A /fl({ﬂgl}) (I A (dy)
(1—cos(yt))3

K

= : A (dy).
237 /{Vlljjf(y”s\/iw} lyl°
Since
1-— t t 1-— t
lim cos (yt) = and lim cos (yt) 0
y—0 ‘y’ \/_ y—oo |y‘

we observe that
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for a sufficiently large ¢ > 0.

Setting A := {|y| > ¢} and B :={|y| <c} N {—Vl;ﬁs(m < \/§7r} yields

. 51/2 de) — 6/€ _ (1 — cos (yt))% (g (1 — cos (yt))% (g ) |
/{|z|g1}| [ va(do) 2370 (/A ly|° (y)+[9 yl° (dy)

The second integral on the right-hand side is nonnegative and bounded by (v/27)%2¢ and
the first integral is finite if and only if § > 1. Hence, vz, integrates ]93|5 locally at zero iff
0 >1.

Analogously, for any a > 0 and ¢ sufficiently large s.t.

(] > ¢} {—V L= cosyt) @r},

C
Y|

we obtain

1— t
/ exp {a|z[} vz, (do) <k - / exp {a : —“”} A (dy)
(le[>1} yl<c'} V2r |yl

/ /!
<kK-2¢ -c

for some ¢’ € R, , since the integrand converges to exp {a . %} as y — 0 and thus it is
in particular bounded on {|y| < ¢’}. This implies that Z; has finite exponential moments
and in particular finite moments of all orders.

This example shows that although the original process has finite activity and a.s.
finite variation, vz, is not finite and does not integrate |x| locally at zero. However, the
“transformation” preserves moments. Indeed, this can be shown in general.

Theorem 3.8. Let L = (L;)scr be a two-sided square-integrable Lévy process in R? without
a Brownian component such that E[L;] = 0 and let & be the corresponding random
orthogonal measure of Theorem . Moreover, letting (v,0,v) the generating triplet of
L, we assume that v # 0. Then, for all t > 0, we have the following results for Z; =

Dy ([0,6)) = [, 55 Lidp):

(1) The distribution of Z; is infinitely divisible, its corresponding Lévy measure vy, is
infinite and f{||x||§1} |z|| vz, (dx) = cc.

(i) For any 6 € (1,2), the Lévy process L has a.s. finite d-variation if and only if
f{||xug1} ||$||6Vzt(d:v) 18 finite.

(11i) The Blumenthal-Getoor-Index of vz, is given by B(vz,) =1V B(v).
(i) If a > 2, then E[||L1]|*] < oo if and only if E[|| Z||"] < oo.
(v) If Elexp {a||L1]|}] < oo for some a > 0, then E [exp {a(t) || Z:]|}] < oo with

=" & and ct)=su V1= cos (ut)
0= Jp® M AD=smT

€ (0,00).
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Proof.
(i) Obviously, Z, = @1 ([0,t)) = [~ % L(dp) has an infinitely divisible distribution
for every t > 0.

Its Lévy measure, identifying again C with R? and C? with (R?)?, is given by

()= [ [ (P ) v = f0V s 0)(a), A€ 2 (),

2T

where f : R x R? — C¢, f(u,z) =1 Qfm;u x and M denotes again the one-dimensional

Lebesgue measure. Since vz, ({0}) = 0, we obtain

vz, (C%) = vz (CY) =N ®@v ({(u,x) eRxR: 12, # o})

2T
1 1_67“” d
=AQulipeR: #0 x{xER:x;ﬁO}
2m,u
1 1 — et d
=AM (JqpueR: ————#0¢ ) v(RY) =00
2mip ——
~ ~~ >0

Now, for any 0 € [1,2), we observe

[ el v an
{llzl<1}

®v)(d(p,y))

) 5
/ ( lyl| ) (1 —cos (put))> (o
{m,y)eRde Vizeor ) Hyl|<\f7r} V2 ul’

N[

(1 = cos (1))

1 >5 / 5
() [ | an | v(dy)
<\/§7r R\ {0} {MGR VAo Gty < /2 w} |l
(3.3)

due to the Theorem of Fubini.

Since the inner integral (zeos ¥ g for all y € R?\ {0} if
ince the inner integral [ LER: \/W L)Hy”g\frr} lul® p = o0 for all y \ {0} i

d =1 (cf. Example , we deduce

[ allvatdn = o, (3.0
{llzl<1}

and (i) is shown.
(ii) Let now ¢ € (1,2) and assume that L has a.s. finite d-variation. Note that the inner

integral in (3.3)) satisfies

(1 — cos (ut))? / (1 — cos (ut))?
dp < dp =: C(0) < oo (3.5)
/{MGR: 7%‘1“’“\@%@} ul’ R ul’

and thus (3.3)) becomes
5 1y’ 5
]| vz, (dx) < C(6) - Jar) lylI* v(dy)
{llefl<1} 2 R\ {0}

C
co) (o5 ) (/ [ v+ | o1 vtas) ).
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The first integral on the right-hand side is finite since we assume that L has a.s. finite
d-variation (cf. Proposition [2.17)) and the second integral is finite as well since L is square-
integrable (cf. Theorem [2.20]). Hence, the integral f{HIII<1} |]|° vz, (dz) is finite.

Conversely, assume that f{||a:||<1} 1#]|° v, (dz) < co. Then (cf. 1}

/ el vz (de)
{llz||<1}

1 >5 /(1—cos(ut))g / 5
=\ ) - [yl v(dy) | dp
(ﬁﬁ R ul’ {yeRd\{o}: Vizrelen) ||y||gﬂ7r}

and due to

[y RN {0}: Iyl <7 [ul} € {yeRd\{O}: e m}

for all p # 0, we deduce

/ P v (de)
{]|z||<1}

< >6 {\u\>1} - C(;S(S(Mt))i </{Ily||§7w} ||y”6 V(dy)) U
< > {\u\>1} = C|(ZLS|6(Iut>)2 (/{Ilyll<7r} ||y||6 V(dy)) o

l—cos t
(%) SO g [ oty
{ul>1} 1) {lyl <}

The first integral on the right-hand side is strictly positive and finite since 6 > 1. This
implies f{”y”g} lyl|° v(dy) < oo and thus L has a.s. finite §-variation which completes the
proof of (ii).

(iii) To establish (iii) combine (ii) and (3.4)).

(iv) We still have to prove that moments are preserved by the “transformation”. Let
o > 2 and assume that E[||L1]|*] < co. Then, analogously to (3.3) and (3.5)),

/ el vz (de)
{l|=||>1}
(1 - cos (ut))#

€ N — i | vy
=\ 7= : Yy a H] viay
V21 R4\ {0} {MER: 1_+S(“t)||y\\2\/§7r} |

<c)(g5) - (L anmysa+ [ v ).

The first integral on the right-hand side is finite since v is a Lévy measure (cf. (2.1])) and
the second integral is finite since we assume that L; has a finite a-th moment. Hence,

f{Hxllzl} |z[|* vz, (dz) < oo which implies (cf. Theorem [2.20) that E[|| Z;[|*] < oo

[ SIS
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@ . o . . v/ 1—cos (put)
Conversely, let E[||L||"] = oo, i.e. f{||y||21} lly||* v(dy) = oo. Since ll}g(l) = \/LE
(cf. Example , there is a positive constant ¢ > 0 s.t. %SW) > L forall |y <c B

virtue of

{y ERN {0} : [y = z’tﬁw} c {y erA\ (0} YIS0y @r}

for any |u| < ¢, we obtain

[ el vatas)
{ll=|>1}
_( 1 >a /(1—Cos(ut))3 /
\/§7T R |M|a {yE]Rd\{O}: 7““??(“‘)\\1/”2@#

J
1\ (1 —cos (ut))=
- <E) '/{|u|<c} |ul® </{||y||>2{w} I V(dy)> o

> (Ngﬁ)a 2 /{Hyzﬂ () =

lyl|® v(dy) | du

This implies [, [|2]|% vz (dz) = oo, i.e. E[|| Z¢[|*] = oo and thus (iv) is shown.
(v) We know by virtue of Theorem that Elexp {o/ | Z:||}] < oo if and only if
f{ux||>1} exp {c ||x||} vz, (dx) is finite which is obviously the case if and only if the integral

Jijags1y exp {e 2]} vz, (dz) if finite. We have

| e ta ol va (o)
{llzlI>1}

syl /1 — cos (ut)
- exp duv(dy). (3.6)
/Rd\{o}/{uGR: L v | { Vor o |ul

Setting c(t) := sup,,cg —W, observe first that ¢(t) € (0,00) for any ¢t > 0. Thus we

obtain for any y € R4\ {0} with HyH < \/;;r that Yoo () |ly|l < +/27 for all u € R. This

gives that the inner integral in vanishes for all y € ]Rd\ {0} with ||y|| < xc@ 7)r and
hence, due to

1— t
{ueRr %“”Hywﬂw}g{ueﬂ% 1l < ”jj”}
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for any y € R?\ {0},

/ exp {o [l2]]} vz (da)
{llz]|>1}

[ oo [ ol V=
(=25} J{ L= et >ven | “Var ol

, lyll /1 = cos (ut)
S/{yll>c<t>}/{lul<”“} p{ }d/w dy)

V21 |1
<2 Ly I p{ O i), (5.7)

B exp {S 1L} < EILIPE - Elesp {a L <

by assumption, Theorem m (iii) shows that the right-hand side of (3.7) is finite for
o = aft) = A (t)oz > 0. This proves (v). O

Since

Example 3.9. We consider a real-valued (compensated) compound Poisson process, i.e.
L; = Zf\ﬁl U;—~ktE[U;], t € R, where (Ny)cr is a Poisson process with rate x, independent
of (U;)i>1 which is an i.i.d. sequence of real-valued random variables with distribution
pw- Suppose moreover that py € L?, ie. E[U] = [, 2% py(dz) < oo. Then E[L;] = 0
and E[L?] = k<E[U?] and thus Theorem 3.8 applies. In particular, for any o > 2, the
process Z; = ¢ ([0,t)),t € Ry, has finite a-th moments if and only if uy € L (i.e.

Je 2" po(dz) < o0).

Example 3.10. If we take a Gamma process with corresponding Lévy measure vr(dz) =
¢ “—=1(0,00)(x) A} (dz) for some v, ¢ > 0, then the original process has already infinite
activity but a.s. finite variation and finite moments of any order. Theorem shows that
the associated random orthogonal measure of the compensated Gamma process has also
finite moments of any order and v, integrates ]:c\(S locally at zero for every § > 1, i.e. the

Blumenthal-Getoor-Index of v, equals 1.

Example 3.11. Finally, we consider a normal inverse Gaussian process which has itself
a.s. infinite variation but finite moments of any order. Due to Theorem the corre-
sponding random orthogonal measure of the compensated NIG process has again finite
moments of any order and vy, (like v) does not integrate |x| locally at zero. Moreover,
the Blumenthal-Getoor-Index of vz, coincides with the index of v. Since the Lévy density
[ of v satisfies f(z) ~ 77 10x72 as * — 0 for some constant § > 0 (cf. [6, (3.18)]) one
immediately obtains that these indices are equal to 1.

Remark 3.12. The fact that we assume in Theorem the Lévy process to have no
Brownian component is not really a constraint. It is a well-known result that

% gint 1
— 0o Y

is a d-dimensional standard Wiener process if ¢ is a d-dimensional Gaussian random
orthogonal measure satisfying E[®(A)] = 0 and E[®(A)®(A)*] = A(A)2L for all A €
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Bo(R) (cf. for instance [2, Section 2.1, Lemma 5]). Conversely, every standard Wiener
process (Wy)er yields such a Gaussian random orthogonal measure by setting

9] efi,u,a _ efi,ub
®([a,b)) = — W(
(la.8) = [ = W

for —0o < a < b < 0o and extending that measure to %y(R) (cf. Section[3.1]and Theorem
3.5). In other words Brownian components are “preserved” by the transition to their
associated random orthogonal measures.

Since we can decompose every Lévy process in a Brownian component and another Lévy
process without a Brownian component (Lévy-It6 decomposition) we deduce that the
Brownian part is “preserved” whereas Theorem applies for the other part.

3.4 Definition of multivariate CARMA and causal
MCARMA processes

We finish this chapter with the definition of a d-dimensional CARMA (MCARMA) process
using the spectral representation for square-integrable Lévy processes. In addition we
recall an extension of that definition, called causal MCARMA processes, allowing for
driving Lévy processes with finite logarithmic moment.

Definition 3.13 (cf. [41], Definition 3.18).

Let L = (Ly)ier be a two-sided square-integrable d-dimensional Lévy process with E[L,] = 0
and E[L1 L] = ¥1. A d-dimensional Lévy-driven continuous time autoregressive moving
average process (Y;)ier of order (p,q) with p,q € No, p > q (MCARMA(p,q) process)
is defined as

Y, — / EMPNTIQUN) B(dN), tER, where

P(Z)2:Ide—|—A12p71+...+Ap,
Q(2):=Bo" + Bz ' +...+ B,

and ® is the Lévy orthogonal random measure of Theorem (3.5 satisfying E[®(d\)] = 0 and
E[®(dN\)P(dN)*] = 3£ dX. Here A; € My(R), i =1,...,p, and B; € My(R), j =1,...,q,
are real matrices satisfying By # 0 and A (P) := {z € C: det(P(z)) = 0} C R\ {0} +iR.
Remark 3.14.

(i) An MCARMA process Y can be interpreted as a solution to the p-th order d-
dimensional differential equation

P(D)Y;=Q(D)DL;, teR,
where D denotes the differentiation operator w.r.t. ¢ (cf. [41, Remark 3.19 (a)]).

(ii) The well-definedness is ensured by [41, Lemmata 3.10 and 3.11] which show that the
integrand is in L?(M4(C)) and thus integrable with respect to ® (cf. Section [3.1]).
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(iii) Assuming E[L,] = 0 is actually no restriction. If E[L,] = pz, # 0, one simply observes
that the compensated Lévy process L; = L; — pupt has zero expectation and

P(D)™'Q(D)DL, = P(D)'Q(D)DL; + P(D) ' Q(D)pu..

The first term on the right-hand side is the MCARMA process driven by the com-
pensated Lévy process L and the second an ordinary differential equation having the

unique solution —A7 'B,ur, as simple calculations show. Thus, the definition can be
immediately extended to E[L;] # 0 (cf. [41l Remark 3.19 (c)]).

Definition 3.15 (cf. [41], Definition 3.20).

Let L = (Ly)ier be a d-dimensional Lévy process with associated Lévy measure v satisfying
f{Hxllzl} log ||z||v(dx) < oo, and p,q € Ny with p > q. We suppose Ay, As,..., A, €
My(R), By, By,...,B, € My(R), By # 0, and define the polynomial P as in Definition
[3.13 Let A € My,(R) be the matriz

0 Iy 0 0
0 0 Iy
A= : - 0
0 0 0 I
-A, —A, —A

and define another matriz 3 = (By,...,3,)" € Mapxa(R) by

p—j—1

ﬁpfj = Z Aiﬁpfjfi + quja j = 07 17 Y 17 (38)

i=1

setting B; = 0 for i < 0. Denote the spectrum of A by o(A) and assume that o(A) =
N (P) C (—00,0) + iR. Let (Gi)ier be the unique strictly stationary solution to the
stochastic differential equation

Then the d-dimensional process Y; = (Id,OMd((c), .. .,OMd(C)) Gy is said to be a causal
Lévy-driven MCARMA(p, q) process with state space representation G.

Remark 3.16.

(i) The unique strictly stationary solution to (3.9) is given by
t
Gy = / =B L(ds), teR

(cf. [41l, Theorem 3.12 and remark after Theorem 3.12]). From the same theorem
it follows that Definition coincides with Definition [3.13] when L is square-
integrable.

(ii) The fact 0(A) = A (P) has been shown in [41, Lemma 3.8].
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(iii)) An MCARMA process Y can be represented as the moving average process

Yt:/oog(t—s)L(ds), teR,

o0

with the kernel matrix function

o) = o [ " (i) Qi) di.

:% .

An analogous result holds for causal MCARMA processes with the kernel function
g replaced by
9(t) = (1o, 0at,(c) - - - Oay(0)) € AL o) (1)

(cf. [41, Theorem 3.22 and Remark 3.23]).



Chapter 4

Multivariate symmetric a-stable
CARMA processes

In this chapter we consider multivariate symmetric a-stable (Sa.S) CARMA processes.
We are going to derive both, a spectral and a moving average representation for them.
Our results extend those of Chapter |3| and we shall prove that in the causal case they
are in line with the extended definition of MCARMA processes proposed by Definition
[3.15] We focus on the symmetric stable case with index of stability a € (1,2). The case
a = 2 corresponds to the well-known Gaussian case and thus it is already contained in
the preceding chapter.

The relationship between harmonizable Sa.S processes (i.e. Fourier transforms of pos-
sibly dependently scattered Sa.S noises) and moving averages of stationarily and inde-
pendently scattered Sa.S noises has been studied for a long time. It was first investigated
by Cambanis and Soltani in [I8] where it has been proven that, if « € (1,2), no SaS
process having a moving average representation is strongly harmonizable (i.e. a Fourier
transform of some independently scatterd Sa.S noise). Moreover, they stated that every
SasS process having such a moving average representation was instead harmonizable. A
few years later this claim was corrected and it has been shown that they are not even har-
monizable (cf. [39] and also [I7]). Again three years later Cambanis and Houdré [16] have
shown that the crux of the dichotomy between Fourier transforms and moving averages is
a “boundedness” property of the stable noise in the Fourier transformation. Furthermore,
they derived the result that a large class of moving averages of SaS Lévy processes are
Fourier transforms, in the summability sense, of dependently scattered Sa.S noises. We
will basically follow the ideas of this paper to develop our results for Sa.S MCARMA and
their driving Lévy processes. Since we are obliged to consider Fourier transforms in the
summability sense, we shall make heavily use of the theory in Section [2.3]

At this point a word of caution is necessary. The Fourier transforms considered in
[16], (18], 39] and here are “usual” Fourier transforms of random noises and rely on norm
properties of the noise and the process. With a weaker notion of Fourier transformation via
random Schwartz distributions, stable moving averages are Fourier transforms of random
distributions (cf. [22] 23], 39]).

The outline of the chapter is as follows: in the first section we introduce real and
complex Sa.S random variables and define the notion of covariation, a concept which has
analogous properties to those of the covariance, although it is not as powerful because
it lacks some of the nice properties of the covariance. In Section 2 we will explain SaS
random measures and integration w.r.t. them before we describe in the third section a

37
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general procedure how one can extend such a random measure from the semi-ring of inter-
vals [a,b) with —o0o < a < b < 0o to the ring of all Borel sets with finite control measure
where the latter will be defined in combination with stable integrals. For more details
concerning these concepts we refer the reader to standard textbooks on this topic like for
instance Samorodnitsky and Taqqu [53] or Janicki and Weron [32]. A good exposition for
the complex case is also [15]. Thereafter we construct a (dependently scattered) Sa.S noise
allowing for a spectral representation (in the summability sense) of SaS Lévy processes
and state some further properties of this noise in Section 4. Using these results we deduce
a spectral and a moving average representation of Sa.S MCARMA processes in the last
section which we finish with the proof of consistency to Definition in the causal case.

4.1 Symmetric stable random variables
We start with the univariate real case.

Definition 4.1. A real-valued random variable X is called symmetric a-stable (SaS)
with index of stability o € (0,2], if its characteristic function is of the form

Oy(2) =E[exp{izX}] = exp{—0c®|2|"}, z€R,
for some o > 0. We shall write X ~ SaS(0).
We recall well-known properties of real Sa.S random variables (cf. [53, Chapter 1.2]):
Proposition 4.2.

(i) Let X1 and Xy be independent random variables with X; ~ SaS(0;), i =1,2. Then
X; + Xy ~ SaS(o) with o = (o + a)"/e.

(i1) Let X ~ SaS(o), a € (0,2), then

E[[X["] < oo forany pe(0,a),
E[|X[|] =00 forany p> a.

Let now X = (Xi,...,X,) be an R%valued random variable.

Definition 4.3. X is said to be a symmetric a-stable random vector in R with index
of stability o € (0, 2] if all linear combinations 25:1 a; X;,a; €R,i=1,...,d, are SaS.

We shall also say that Xi,..., X, are jointly Sa.sS.

Remark 4.4. In contrast to what one might expect, a random vector X = (Xy,..., Xy)’
is in general not SasS if all its components are Sa.S, i.e. the symmetry of an a-stable
random vector cannot be regarded as a componentwise property. Indeed, there are non-
symmetric a-stable random vectors X whose components Xi, Xo,..., Xy are all SaS
(cf. [53, Remark 2 in Section 2.4] for a counterexample and [53, Definition 2.1.1] for the
general definition of a-stable random vectors).
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Theorem 4.5 (cf. [53], Theorem 2.3.1 and 2.4.3).

X is a symmetric a-stable random vector in R? with o € (0,2) iff there is a symmetric
finite measure U'x on the unit sphere Sq := {z € RY: |z| =1} (i.e. Px(A) = x(—A) for
any Borel set A of Sq) s.t. the joint characteristic function of X is of the form

Ox(z) =Eexp{i(z,X)}] =exp {— |(z, s)|” FX(ds)}, z € R% (4.1)

Sa

Moreover, the measure I'x is unique. It is referred to as the spectral measure of the
SaS random vector X .

Note that in the Gaussian case a = 2, expression ({4.1]) also holds but I'y is not unique
any longer (cf. [53], Remark 3 in Section 2.4]).
Let us now introduce the covariation of jointly Sa.S random variables.

Definition 4.6 (cf. [53], Definition 2.7.1).
If X and Y are real jointly SaS random variables with o € (1,2] and I'xy the corre-
sponding spectral measure of (X,Y), then we define the covariation of X on'Y by

X.Y), = / £y Ty (d(z,y))

where, for ally € R and § > 0,

B — 118 oy if y > 0,
y = y -51gny = .
vl ) {—Iy\ﬁ if y <O0.

Note that Definition [4.6[reduces to the well-known covariance in the case o = 2, where the
exact relationship is [X,Y], = 1/2- Cov(X,Y) (cf. [53, Example 2.7.2]). The covariation
has analogous properties to those of the covariance, however, it lacks some of the nice
properties of the covariance like for example symmetry or linearity in the second argument.
We summarize the properties in the following proposition:

Proposition 4.7. Let Xi,..., X4, Y be real jointly SaS random variables with o € (1,2].
Denote by I'x the corresponding spectral measure of X = (Xq,...,X4)". Then:

(i) [X1, Xa], = [, s155  Tx (ds) and [Xy, X1),, =[5, Is1]" Tx(ds).
(ii) [ X1+ Xo,Y], = [X1,Y], + [ X2, Y], (Additivity in the first argument).
(iii) [aX1,bXo], = abl™V [ Xy, Xo],, for all a,b € R (Scaling).

(iv) The covariation is in general neither symmetric in its arguments nor linear in its
second argument.

(v) If X1 and X, are independent, then [X1, X5], = 0.
(vi) If X1 and X, are independent, then [Y, X1 + X,], = [V, Xu], + [V, X2,

(vis) |Y], = Y5 Y]i/a defines a norm on any linear space of jointly SaS random vari-
ables. Convergence in ||-||, is equivalent to convergence in probability and con-
vergence in LP(Q, .7 P;R) for any p < «. If Xq,..., Xy are independent, then

S Xl = ST XS
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(viii) |[X1, Xa], | < | X, - |1 X2

Proof. See [53, Lemma 2.7.5, Corollary 2.7.9 and 2.7.10, Property 2.7.11 and 2.7.15,
Proposition 2.8.3 and Property 2.8.4]. 0

Now we pass on to complex SaS random variables which we define in the following
way:
Definition 4.8. A complex random variable X = X7 + 1 X5 is symmetric a-stable, or
Sas, if X1 and Xy are jointly SaS.

Several complex random variables X1, . .., Xy are jointly SaS (or equivalently the C?-

valued random vector X = (X{,..., X})" is said to be SaS) if their real and imaginary
parts Re(X1), Im(X4), ..., Re(Xq), Im(Xy) are jointly SasS.

It is easy to show that X = (X7,..., X})* is a SaS random vector in C? if and only if
all linear combinations Zle a;X;, a; € C,i=1,...,d, are SaS.

The joint characteristic function of a complex SaS random variable X = X; + iX5 can
be written, with z = 2; 4+ 129, as

E [exp {iRe(2X™)}] = E [exp {i(21 X1 + 22X5) }]

= €Xp {— 2181 + 2282|" I'xy x, (d(s1, 82))}
Sa

where I'x, x, is the spectral measure of (X, X5).

We modify the notion of covariation and obtain the following extension of the real
case (cf. [15]).

Definition 4.9. If X = X;+i X, andY = Y1 +iY; are complez jointly SaS with o € (1, 2]
and I'x, x,.vi.v, the corresponding spectral measure of (X1, Xo,Y1,Ys), then we define the
covartation of X onY by

[X7 Y]a = / (xl + 21'2) (yl + 7’-3/2)<a_1> FX17X2,Y1,Y2 (d('xla x2,Y1, y2))
Sa

where, for all z € C and § > 0, we use the convention

L) . |z[ﬁ_1 20 af 2 #£0,
' 0 if z=0.

One can generalize Proposition to the complex case with the following modifications:
(i) becomes

[Xl, X2]a = / (Sl + ’ng) (83 + iS4)<a_1> Px(ds) and
Saq

(X1, X1], :/ |s1 + isa|* T'x(ds)
Saq

with T'x being the spectral measure of (Re(Xj),Im(X;),...,Re(Xy),Im(X,)) and the
terms symmetric and linear in (iv) have to be replaced by Hermitian and sesquilinear,
respectively. For the proofs we refer to [I5, Theorem 2.1 and Lemma 2.2].

There it also has been shown that Definition 4.9)is indeed an extension of the real case, i.e.
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one has [X,Y], = [X1,Y1], if Xo =Y, = 0. However, there is one remarkable difference
between the real and complex case, namely, || X||, determines the distribution of X via
Py (z) = exp{— || XIS - |2]"} in the real case whereas this is no longer valid in the complex
case where for X = X +iXy, only || X||% = I'x, x,(S2) holds, i.e. the covariation norm
only determines the total mass of the spectral measure.

Concerning moments of complex SaS random variables, we recall the following:

Corollary 4.10. Let X be a complex SaS random variable with o € (0,2), then
E[IX]'] <o 0<p<a.

If Xy,..., Xy are complex jointly SaS random variables with o € (0,2) and d-fold depen-
dent, i.e.

where I" is the spectral measure of (Re(X1),Im(X1),...,Re(Xy),Im(X,)), then

E[| X" | Xl <o 0<pr+...+ps < a

Proof. See for instance [I5, Section 4]. O

4.2 Symmetric stable processes and integrals

Throughout this section we shall assume that o € (1,2). A real or complex stochastic
process is said to be SasS if all finite dimensional margins are SasS.

In the following we introduce complex-valued Sa.S random measures and complex sta-
ble stochastic integrals. Let L°(Q,.%,P; C) denote the set of all complex random variables
defined on (92, .%,P) and let k be a measure on the product space (R x Sy, Z(R) x Z(Ss)),

where Sy denotes again the unit circle in R?, such that
for every A € ZA(R) with k(A x S3) < 0o

k(A x -) is a (finite) symmetric measure on (Sz, #(S52)). (4.2)
We define %y(R) := {A € ZB(R) : k(A x S3) < 0o}.

Definition 4.11. A complez-valued SauS random measure on (R, B(R)) with circular
control measure k is a set function

M : %y(R) — L°(Q, . #,P;C)
satisfying
(i) M(A) is complex SaS with spectral measure k(A x -) for all A € %By(R),

(i) M(Ay), M(Ag),..., M(A,) are independent whenever Ay, As,..., A, € Bo(R) are
pairwise disjoint,

(111) M< ’ 1Aj> = ZlM(Aj) a.s. for all Ay, As, ... € By(R) that are mutually disjoint
i= 7=

with \J A; € Bo(R).
j=1
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A SaS random measure is an independently scattered (property (ii)) and o-additive
(property (iii)) set function.

Definition 4.12. The measure on (R, A(R)) defined by m(A) := k(A x Sy) is called

control measure of the complex-valued SauS random measure M.

In order to define integration w.r.t. complex SaS random measures, the first step is to
define such an integral for simple functions f = >"" | fila, where f; € C,i = 1,...,n,
and A; € $y(R), i =1,...,n, are pairwise disjoint sets. As usual, for such an f we set

/R FaM =Y fM(A). (43)

It is easy to check that for simple functions the integral is linear and one can show that
its real and imaginary part are jointly SaS. Thereafter we can extend integration to the
space

L*(C;dm) := {f : R — C measurable, /R|f(x)|am(d:r) < oo}

by choosing a sequence of simple functions (f,,)nen such that
/ |fu(2) — f(2)|*m(dx) "=°0 (ie. f, — f asn — oo in L*(C;dm))
and then proving that ( fR frndM)nen converges in probability. We define

/ faM =P~ lim | f,dM (4.4)

n—oo

where P —1lim means the limit in probability. For more details about that construction, see
[53, Section 3.4 and Section 6.2]. Note in particular, that the integral does not depend on
the concrete choice of the approximating sequence (f,,)nen. We summarize its properties
in the following proposition:

Proposition 4.13.

1) For an € L*(C;dm), the integral dM s a complex SaS random variable
Y g R p
with joint characteristic function

oxp{i(ame [ gant - 2tm /fdM)}]

:exp{—/]R s |21(s1 Ref(x) — so Imf(x))

E

+ zo(sy Imf(x) + so Ref(x))|* k(dx, ds)}, 21,29 € R.

(i1) For all f,g € L*(C;dm), a,b € C,

/R(af+bg)dM:a-/RfdMM-/Rng.
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(i1i) Let f: R — C be measurable s.t. there is a sequence (f,)nen of measurable simple
functions satisfying

fo(@) "=° f(x)  for m-almost every x € R

and s.t. the sequence of integrals (fR frndM),en defined by converges in distri-
bution, then f € L*(C;dm).

(w) Let X; = [o f;dM,j=1,2,..., and X = [, fdM with f, f;, j =1,2,..., being in
L*(C;dm). Then

P—-limX; =X < lim |f]( z) — f(x)|* m(dx) = 0. (4.5)
j—00 Jj—0o0
Proof. See for instance [53, Proposition 6.2.1, 6.2.2 and 6.2.3]. m

Remark 4.14.

(i) Itis easy to deduce that the convergence in probability of the sequence ( [ fr dM )pen

n 1D and ( fR fidM)jen in 1} respectively, is equivalent to convergence in
LP(Q, #,P;C) for any p < «a (cf. also Proposition [4.7] (vii)).

(ii) The assumption that there is a sequence (f,)nen s.t. fn — f m-a.e. in Proposition
4.13| (iii) can be replaced by the assumption that there is a sequence (f,,)nen s.t. f, —
f in L*(C;dm). Note that the latter is a stronger assumption, since convergence in
L*(C; dm) implies convergence m-a.e. for some subsequence (f;)jen.

We conclude this section by extending the notion of stable integrals to the multivariate
case for which we will use a componentwise perception. Let L°(€2,.%,P; C?) denote the
collection of all C4-valued random variables defined on (£2,.%,P) and let k be a measure
on the product space (R x Sy, B(R) x HB(S24)), where Syy stands for the unit sphere in
R2? such that, analogously to ,

for every A € Z(R) with k(A x Saq) < oo

k(A x -)is a (finite) symmetric measure on (Saq, Z(Sa24)). (4.6)
Again the control measure on (R, Z(R)) is defined by m(A) := k(A x Syq) and %y(R) :=
{Ae BR): m(A) < co}.

Definition 4.15.
A complex-valued d-dimensional SaS random measure on (R, Z(R)) with circular
control measure k is an independently scattered, o-additive set function

M : By(R) — L°(Q,.7,P;C?)

k(A forall A € @0( ), i.e. k(A X -) is the spectral measure of the real random vector

s.t. M(A) (Myi(A), ..., My(A)) is a complex SaS random vector with spectral measure
X -)
(Re M1(A),Im M;(A),...,Re My(A),Im My(A)).
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Now we take the same approach as in the one-dimensional case to define multivariate
symmetric stable integrals. First we set

/R FAM =3 fiM(4) (4.7)

for any simple function f = Y ", f;1a,, where f; € My(C),i = 1,...,n, and A; €
PBo(R), i = 1,...,n, are pairwise disjoint. Obviously, the integral is linear for simple
functions and it is a complex d-dimensional SaS random vector due to the following two
facts:

Corollary 4.16.

(i) If X = (X7,...,X3)* is a Clvalued SaS random variable and A € My(C), then
AX s also jointly SalS.

(i) If X = (X{,..., X)) and Y = (Y}",...,Y})* are SaS random vectors and indepen-
dent, then X +Y 1s jointly SaS.

Proof.
(i) Due to the remark after Definition 1.8, AX is jointly Sa.S if and only if all linear
combinations Zle bi(AX);, b € C,i=1,...,d, are SaS random variables. Now, letting
A = (ai),
d d d d d

> = 3o (o ) <3 (v )

i=1 i=1 j=1 j=1 \i=1
is a linear combination of the random variables X; and thus SasS.
(ii) Due to Definition [4.8 we assume w.l.o.g. that X and Y are real random vectors. Due
to the independence assumption, we obtain for the characteristic function of X +Y

—log®xyy(2) = —logElexp {i(z, X)}] — log E[exp {i(z,Y)}]

[(z,s)|* Tx(ds) + [(z,s)|* T'y (ds)
Sy Sa

= | [(z8)]" (T'x +I'y)(ds)
Sq

with ['x and 'y being the spectral measures of X and Y, respectively. Since I' :=T'x +T'y
is a symmetric finite measure on Sy, we apply once more Theorem to conclude. O

Note that the integral in (4.7)) can be understood componentwise: denoting the coordinates
of M by M = (M;,...,M})*, the i-th element of [, fdM is given by Z?Zl Sz fij dM;
where the integrals are one-dimensional stable integrals introduced previously and f;;
denotes the component function of f in the i-th row and j-th column. Therefore we can
extend integration to

L*(My4(C);dm) = {f : R — My(C) measurable, /R||f(x)||am(dx) < oo}

where || - || denotes an arbitrary norm on My(C). The space L*(M4(C); dm) is equal to the
space of functions f = (f;;) : R — My(C) with all components f;; being in L*(C; dm) (cf.
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also Section [2.3)and [3.1]). Hence, for any f = (f;;) € L*(My4(C);dm), it is clearly possible
to choose a sequence of simple functions (f™),cy s.t.

R i(f)(x) - fij(x)’am(dx) "0 forall ij=1,....d. (4.8)

Now note that every coordinate M;, j =1,...,d, of the Sa.S random measure M is itself
a SaS random measure according to Definition with control measure m; satisfying

m;(A) = k;(A x Sa) = [|M;(A)| = [M;(A), M;(A)],
- /5 5251+ oy k(A X )(ds) < K(A X Sha)
= m(Qil), Ae BR),
where we used the complex version of Proposition (i) and (vii). Hence
fij € L*(C;dmy,) forall i,5,k=1,...,d

and (4.8)) holds as well with m replaced by my. Thus, for all 4,57 = 1,...,d, the in-
tegrals fR fi(]@)de converge in probability to fR fij dM;, respectively. This implies that
Z?Zl Je fgb)de converges in probability to > ;l L Jg fij dM; for all i = 1,... . d. Conse-
quently, the integrals [, f™dM = (Y il 1fR £ dM;)._
we define

converge in probability and

d
/ fdM =P —lim f")dM (Z / fij de> . (4.9)
n—oo =1 R .

As in the univariate case this definition does not depend on the approximating sequence.
Since we used a componentwise perception and since convergence in probability implies
convergence in distribution, we get the following proposition in analogy to Proposition

413t
Proposition 4.17.

(i) For any f € L*(My(C);dm) the integral [, fdM is a C-valued SauS random vari-
able.

(i1) For all f,g € L*(My4(C);dm), A, B € M4(C),

/R(AerBg)dM:A-/RfdMJrB-/Rng.

(iii) Let f : R — My(C) be measurable s.t. there is a sequence (f™),en of measurable
simple functions satisfying

| fu(z) — F(2)]| "=°0  for m-almost every x € R

cmd s.t. the sequences of integrals fR de converge in distribution for all 1,5,k =

,d, then f € L*(My(C);dm).
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(w) Let X; = [, f;dM, j=1,2,..., and X = [, fdM with f, f;, j =1,2,..., being in
L*(My(C);dm). Then

jlim I fi(z) = f(x)]|*m(dz) =0=P—limX; = X. (4.10)
—oo Jp

j—00

Proof. Use the univariate case (Proposition and the fact that the set of complex
d-dimensional SaS random variables is closed under convergence in distribution in order
to show (i) and (iv). The statement (ii) follows immediately by the definition of the
integral and its linearity for simple functions. As to (iii), Proposition gives that for
all 4,7,k =1,...,d the component function f;; is in L%(C;dmy). Since

d d
> mi(A) = / D lsono1+isau|™ k(A X -)(ds)
k=1 S2d k=1
>c for some c;a and all s€Syy
>c-m(A), AeBR),
this implies f;; € L*(C;dm) for any 4,j = 1,...,d and thus f € L*(M4(C);dm). O

Remark 4.18. As in the univariate case the convergence in probability in (4.9) and
(4.10)), resp., can be replaced by convergence in LP(§2,.%,P; C?) for any p < a.

4.3 Extension of SaS random measures from semi-
rings to %4;(R)

In general, it is convenient to define a Sa.S random measure on the semi-ring of intervals
la,b) with —oco < a < b < 00, denoted henceforth by . Z(R), and then to extend it to
PBo(R). As announced at the beginning of this chapter we are going to use this section for
the description of a general procedure how one can construct such an extension.

We assume that k is a measure on (R X Sy, B(R) x ZB(S24)) satisfying (4.6]). Sup-
pose moreover that we have given a complex-valued d-dimensional Sa.S random measure
on S#%(R), i.e. an independently scattered, o-additive set function M : SZ(R) —
L(Q, 7, P;C%) such that M(A) is jointly SaS with spectral measure k(A x -) for all
A e SZR). We set m(A) := k(A x Syg) and assume that .SZ(R) C H(R) =
{Ae BR): m(A) < co}.

Now the first step is to extend M to the ring &(R) generated by .#Z(R). Note that
& (R) contains all elementary subsets of R, i.e. all finite unions of the half-open bounded
intervals in % (R), where w.l.0.g. the union can always be taken over mutually disjoint
intervals. Thus an appropriate extension is given by

M(A) = M([as, b)) (4.11)

for A =J;_,]a;,b;) € &R) with pairwise disjoint intervals [a;, b;), i = 1,...,n. It is easy
to check that this is indeed a SaS random measure on & (R) and that M(A) is jointly
SaS with spectral measure k(A x -) for all A € &(R) (cf. Corollary (ii)). We shall

denote the extension M also by M.
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The second step is the extension to %y(R). Therefore, note that the same procedure as
in Section [4.2]is possible in order to introduce integration of functions f € L*(M4(C); dm)
w.r.t. the SaS random measure M given by ((4.11)). In fact, since for all A € %y(R) and all
e > 0 there exists A. € &(R) such that m(AAA.) < e, where AAA, == (A\A.) U (A\A)
is the symmetric difference of the sets A and A., we can approximate every %,(R)-simple
function by an &(R)-simple function. That is why the sequence (f™),cn in (4.8)) can be
assumed to be & (R)-simple. Thus one can define

/fdM =P —lim f">dM

n—oo

analogously to Section [4.2] where (f(™),cx is now an arbitrary sequence of &(R)-simple
functions such that [, || f™(z) — f(z) Ha m(dx) — 0 as n — 0o. The extension of the Sa.S
random measure M to %y(R) is then defined by

M(A) = /R 1adM, A€ By(R), (4.12)

where
I4, re A

Oarycy, otherwise.

La(z) = {

The definition is well-posed since 14 € L*(My(C);dm) for all A € HBy(R). M is now a
SaS random measure on (R, Z(R)) according to Definition and M(A) is jointly Sa.S
with spectral measure k(A x -) for all A € %,(R).

For, if A € %,(R), we choose a sequence (A, )ney € & (R) such that m(A4,AA) < n™!
for all n € N. This implies that

/R |14, (z) — La(2)]|*m(dz) -0 asn — oo

and thus M (A,) S M (A) asm — oo. Since convergence in probability implies convergence
in distribution, we obtain for the characteristic function of M(A) at the point z € R??,
due to Lévy’s Continuity Theorem,

exp {z i (zzj_l Re ]\Z(A) + 295 Im M(!‘D) }

j=1

= lim ®j4,)(2) = lim exp {—/ 1(z, $)|" k(A, % ds)}.
Sad

n—oo n—oo

Setting p,(+) := k(A, x -) — k(A x ), we obtain

/S (2 81" pn(ds)
< / 10"l (5) < P21l (520
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where || denotes the total variation of the signed measure p,, and since

o0

|ttn] (Sa2q) = sup Z ln(Bi)|  : (Bi)ien a partition of Say
= <k((4n24)xBy)
< E((A,AA) x Syq) =m(A,AA) < —

n

we deduce that

D7ay(2) = exp {—/ (2, s)|" k(A x ds)}, z € R%,
Sad
This shows that M(A) is jointly Sa.S with spectral measure k(A x -) for all A € %y(R).
To prove that M is independently scattered, let Ay, ..., A; € &(R) be mutually dis-

joint. Then the joint characteristic function of M(A;),..., M(Ag) is given, due to their
independence, by

E

k
exp {Z Z <ZJ(»1) Re MI(A]) + ZJ(»Q) Im Ml(Aj) +

+ 28V Re My(A;) + 2 Im Md(Aj)) }

k
= HE[eXp {z’(z](-l) Re M, (A;) + z](?) Im M, (A;) +
j=1

+ 27D Re My(A)) + 2P Tm Md(Aj)) H

(l)s + 2(2) o+ ...+ Z;Qd)sgd

Hlexp{ /S

k
k

Ml L1

J

{ / /&d

which is actually true for arbitrary, not necessarily disjoint sets Ay, ..., Ay € &(R) (cf. also
[53, p. 273]). Again Lévy’s Continuity Theorem and the argumentation from above (using
this time the Dominated Convergence Theorem) yield for arbitrary A,..., A; €
Po(R) and the joint characteristic function of M(A,), ..., M(Ay). In particular, since the
joint characteristic function can be factorized for pairwise disjoint Ay, ..., Ay € %o(R),
we obtain that M is independently scattered. .

Finally, we have to show the g-additivity. Additivity of M is clear by definition. Thus
we have to prove that, for all Ay, A,,... € %y(R) with A :=J;2, 4; € Bo(R),

= i ]\7(141) a.s.,
i=1

" k(A % ds)}

<.

(D g, + z; @4 9+ . ..+z](-2d)32d) 1y, (x)

" k(dz x ds)}

«

Vs + 2P sy 4. 4+ 25 )ij(x)
7j=1

k(dx x ds)} (4.13)
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ie. M(A) = lim ZM(/L) = lim M(U Ai> a.s.
i=1 i=1

n—oo

or M(A)= lim M <U Ai> in probability
i=1

since the series ., M (A;) has independent summands. Due to Proposition m (iv)
(which is also true for the Sa.S random measure M on &(R)) and the fact that Tyr 4, —
14 as n — oo in LY(My(C); dm), this is indeed the case.

Remark 4.19. Our point of view of extending a SaS random measure from the semi-
ring of half-open bounded intervals on the real line to %,(R) seems to be, to the best of
our knowledge, new. However, in [53 Chapter 3] several definitions of univariate (real)
stable integrals are mentioned. The first definition there as an a-stable stochastic process
parameterized by their integrands (which are also supposed to be in L%) is used in order
to show that an a-stable random measure exists at all. This verification of existence seems
to be in some kind related to our approach, since they define, for any A € %y(R), the
measure M (A) as the stable integral of 14 (understood as the stochastic process at “time”
14). In the following they describe using this existence of an a-stable random measure the
constructive definition of stable integrals which can be found in our Section [4.2] and verify
that both definitions actually coincide. Nevertheless, only the univariate case is studied
in that different ways and they do not consider stable integrals w.r.t. an a-stable random

measure only defined on &(R). Note also that Section and are very similar.

4.4 Spectral representation of SaS Lévy processes

In this section we will establish a spectral representation for symmetric a-stable Lévy
processes, where again 1 < o < 2 is assumed throughout the whole section. Let &(R)
denote the collection of all elementary subsets of R (cf. Section . As already explained
in the introduction to this chapter (cf. also upcoming Remark @D it is only possible to
derive spectral representations in the summability sense.

It will turn out that we have to integrate w.r.t. what we shall call Sa.S random
contents, i.e. possibly dependently scattered, additive Sa.S noises defined on &'(R).

Definition 4.20. For a € (1,2) a d-dimensional SaS random content is a set function
M: &R) — L°(Q, 7, P;CY
satisfying
(i) M(A) is a d-dimensional SaS random vector for all A € &(R),
(ii) MU, Ai) = > M(A;) a.s. whenever Ay, ..., A, € &R) are pairwise disjoint
(i.e. M is additive).

Analogously to Section and , integration of simple functions f =Y | fil4, (with
fi€ My(C),i=1,...,n,n €N, and 4; € &R) mutually disjoint) w.r.t. a SaS random
content M is defined by

[ £ir =3 5a.
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This integral is jointly Sa.S given that the random vector (M (A;),..., M(A,)) is jointly
SaS whenever A; € &(R) are mutually disjoint. Note that, in general, fR fdM is not
symmetric and thus only a complex d-dimensional a-stable random vector (cf. Remark
4.4]). It is obvious that the integral is linear for simple functions and that it is well-defined
due to the additivity of M. Integration of more general functions is difficult, but we have
the following;:

Theorem 4.21. Let L = (Ly)er be a SaS Lévy process in R with o € (1,2). Then there
is a SaS random content M : &(R) — L°(Q, F ,P;C?) s.t

Ly =P —1i el _lul M(dp), teR (4.14)
e )\—>oi>m Y 'LM A ) ’ '

The SaS random content M 1is given by

M(4) = ——= / L(dp), Ae&(R),

where 14(p) = \/LQ? [ em L g(x) da is the Fourier transform of 14 (cf. Sectio.
Moreover, the random content M is dependently scattered, i.e. the increments of are
not independent.

Proof.
Step 1: We first show that M is well-defined and a Sa.S random content on & (R). For
—00 < a < b < 0o we obtain

o 1 e—iua _ e—iub
1 — :
[a,b) (:u) \/% Z,u 5

which is obviously an element of L*(C) since « is supposed to be greater than 1. Hence,
for any A € &(R), the Fourier transform 1, is in L*(C).

Given the Lévy process (L;)icr, we define M([a, b)) ==Ly — L, for —oo <a <b< o0
which is clearly a Sa.S random measure on the semi-ring .#Z%(R) of half-open bounded
intervals in R. The circular control measure k on (R x Sy, B(R) x Z(Sy4)) is given by the
product measure \! ® I where A! denotes the one-dimensional Lebesgue measure and I'
is the spectral measure of L;. We extend this Sa.S random measure to %y(R) using the
general procedure of Section (note that the assumption .7 Z(R) C %, (R) is fulfilled
since the control measure on (R, Z(R)) is given by I'(Sy) - A!). The extension shall also

p € R,

be denoted by M. Tt is clear that integration w.r.t. M is the same as integration w.r.t.
the Lévy process L. Thus M is well-defined (cf. Sect1on and obviously a Sa.S random
content according to Definition (cf. Proposition (i), (ii) and Section [2.3)).

Step 2: Next we want to study integration of more general than simple functions w.r.t.
M. For simple functions f = """ | fil4, we deduce, using the linearity of the Fourier
transformation, the identity

o n 1 co N o 1 oo

If now f : R — M,y(C) is a measurable function s.t. there is a sequence of & (R)-simple

functions f,, satisfying

f/; La(]\ﬁ(c f as n — 00, (4.16)
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then we can define the integral ffooo fdM as the limit in probability of the sequence of
simple integrals [ f, dM which is well-defined since every f,, is &(R)-simple. Due to
Proposition [4.17] (iv), this limit exists and satisfies

- [ 1 /°°A 1 /OOA
dM =P —lim ndM = P —lim —— ndl = — dL. (4.17
[ ! Vo J I LT

%) n—oo —00 n—o0

We shall call measurable functions f : R — My(C) satisfying (4.16)) M-integrable.
Step 3: Let us now define, for any —oo < a < b < o0,

flp)="—"— peRr

Then f-®,: R — C with

1
Pr(p) == (1 - %) Lan(p), neR,

is continuous with compact support on R. Moreover, note that f - ®, is M-integrable.
For, writing

Ft) - Da(t) = (Sin (tt) ;Sin (ta) _ ;cos(th) _— (t“)) - (1 _ HXl) Lan(), tER,

one immediately verifies that there is a lower sequence of &(R)-simple functions s.t.

1
fn gy f®yx asn— oo and

Var(f,) < Var(f®,) < oo

where Var(-) denotes the total variation (cf. [16, proof of Theorem 3.1]). We show that
fn — f®, in L%(C) as n — oco. We have

Fo-ral) = [ |Ro- TR0 J |t = ]
SlIfn—f2allTa
<2l = sl [ (R0 - P du (4.18)
{lp>1}

where the first addend vanishes as n — oco. Integration by parts yields
it 1 1
fa®e ™ dt = | | fa®)d | ——e ) (t)| < — | 2sup|fu(t)| + Var(f,)
R R L ) t

1

< o (20 700+ Van(2) ) € L(-o6,~1) U (1, 00)
t

and since ‘ﬁ(u) - ﬁ@\,\(,u)‘ < |lfa— f®ull "= 0 for all u € R, we obtain, due to

the Dominated Convergence Theorem, that the second term in (4.18)) vanishes as well as

n — o0o. Hence f®, is M-integrable.

fn(u)‘ =
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We set g(pt) := v2mlgp) (1) and k() := g(—p), o € R. Then

eztb - ezta
it

= f(t)
and hence, due to Corollary [2.27]

o= B E o h= (Fush) (=) = Frxg Py as A — oo
1)

where the convergence follows from (2.29) together with Theorem [2.34] Thus

o 1) 1 o _— 1 o0
/fchdM\/—%/ f@AdL:\/—2_7T/ (Fy* g)dL
1 o0
ﬂ\/—2_7r/ gdL:Lb—La as A — 0o

by virtue of Proposition m (iv) and the claimed spectral representation of the Sa.S
Lévy process is shown.

Step 4: We still have to show that the increments of M are not independent. Assume that
they were independent s.t., in particular, Re M;([a,b)) and Re M;([c,d)) have to be in-
dependent for disjoint intervals [a, b) and [c, d). Since Re M ([a, b)) = [*°_Re (m) dL™
where L(V) denotes the first component of L, we can use [53, Theorem 3.5.3] to deduce
that

Re (m(m Re <m( u)) _ (sin (pb) —sin (pa)) - (sin (pd) — sin (uc)) _

112
Lebesgue-a.e. on R, which is obviously not true. Hence the increments of M cannot be
independent. L
Remark 4.22.

(i) Again the limit in probability which occurs in the spectral representation of the
Lévy process in (4.14)) can be replaced by a limit in LP(Q,.#,P;CY) for any p < «
(cf. Remark (i) and 4.18)).

(ii) The assumption ([4.16)), used in the second step of the proof above for the extension
of integration w.r.t. M to more general integrands, is strong. However, it holds for
any continuous function f with compact support on R if f is in addition of bounded
variation as one can observe from Step 3 in the preceding proof. All the functions
appearing in the next section where we consider multivariate symmetric a-stable

CARMA processes shall be of this type.

(iii) One might ask whether the random content M in Theorem can be extended to
PBy(R), i.e. to a dependently scattered, o-additive Sa.S noise on %y(R). Although
it is not necessary for the developed spectral representation of the Lévy process
L, it seems to be an interesting question. We know that, for anlil, Ay, ... E
PBo(R) pairwise disjoint with A := (J,cy Ai € %o(R), the sequence Ly 4, converges
pointwise and in L2(C) to 14, but we could not establish the convergence in L%(C)
to this day which, however, seems to be necessary (cf. Proposition [4.17] (iii)). We
could not find a solution to this problem in literature either. Finally, note that the
general procedure of Section cannot be applied, since M is not independently
scattered.
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The following properties for the Sa.S random content in Theorem are easy to
deduce:

Proposition 4.23. Let L = (L;)iwer be a two-sided SaS Lévy process in R with o €
(1,2) and let M be its corresponding Sa.S random content. Moreover, letting (vy,0,v) the
generating triplet of L, we assume that v # 0 (i.e. L is non-trivial). Then (Zy)icr, with

] — e

zi=m(0.0) = [

—0o0

L({d teR
27_(_7[“ ( M)? =+

1s a SaS stochastic process.
Additionally, for any t > 0, we have the following results for Z; and its corresponding
Lévy measure vy, :

(i) f{IIxH<1} |z|| vz, (dx) = oo which in particular implies that vz, is infinite.
(ii) E[|| Z:]["] < oo if and only if 0 < p < «.

(iii) For any ¢ € (0,2), we have f{lelﬁl} Iz° v(dz) < oo iff f{lleSl} |2)° vz, (dz) < oo
which is in turn the case iff 6 > a. Consequently, the Blumenthal-Getoor-Indices of
vz, and v are both equal to o.

Proof. We first show that (Z;);cr, is a SaS process, i.e. all finite dimensional margins
are (complex) SaS. Let (t1,...,t,) € RY, then

Zy, . S22 Do) (1) L(dp) T
S ; _ 1 L(d 419
: Gl NI tm (1) L(dp) (4.19)
Ztm f—oo ]l[ovtm)(l’b) L(dﬂ)
where g, 1, : R — M,,4x4(C) is defined by
]1[0,t1)<ru’)
gtl ----- tm (Iu) =
]l[o,tm)(:u)

(note that ‘we can understand i for any A € & (R) as a function mapping from R to
My(C) by La(p) = diag(La(p), ..., La(n))).

It is not hard to verify that all results for stable integrals in Section [4.2] remain valid if
we take integrands mapping into the complex md x d matrices with any m € N (where m
equals 1 in Section[4.2). We want to use Proposition .17 (i) to deduce that isaSasS
random vector in C™¢. Therefore, we only have to verify that g;,. ;. € L*(Myaxa(C))
which is actually true since there is ¢ > 0 s.t.

[l @ds < e [ [Tt
R =1 YR

Thus (Z;)icr, is a SaS process.
Since, for any ¢ > 0, vz is obviously non-trivial (cf. (2.9) and Theorem [3.8]), [54]
Proposition 14.5] immediately implies statement (i) and Corollary shows statement

(ii).

.....

o
ds < oo.
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As to (iii), [54, Theorem 14.3] implies that there is a finite measure x on the unit
sphere Sy = {z € R : ||z]| = 1} s.t.

o) = [ () | o5

for all A € #(R?). Hence, simple calculations show that

1
5 1
T I/dx:/mdf/—dr
/{||oc|<1}H I vtde) 54 (&) o rites?

where the right-hand side is finite iff 6 > «. Since (Z;)er, is a SaS process the same is
true with v replaced by vz, and (iii) is shown. O

4.5 Symmetric a-stable MCARMA processes

In this section we use the results obtained in Section [4.4]to derive a spectral representation
(in the summability sense) and a moving average representation of SaS MCARMA pro-
cesses. The proof of consistency to Definition [3.15]in the causal case forms the conclusion
of the chapter.

Before turning to these representations we are going to state three lemmata. The
first one establishes a spectral representation for moving averages of Sa.S Lévy processes
having kernel functions that are in L' N L* and satisfy in addition that their Fourier
transforms are of bounded variation on compacta.

Lemma 4.24. Let L = (L;)ier be a d-dimensional SaS Lévy process with 1 < a < 2 and
M the corresponding Sa.S random content of Theorem |{.21 [4.21 Assume that we have given
some h € LY(My(C)) N L*(My(C)) s.t. N is of bounded variation on compacta.

Define
A

Gy =P —lim ei“t/ﬁ(,u) (1 — ’i)\|> M(dp), teR.

A—00 Y

Then (Gy)ier is a SaS process and, for allt € R,

Gy = T / ) L(dp).

Proof. Since h € L'(My(C)), the Fourier transform % is obviously continuous and thus
the function
Iz

ot = e ) (1= W) 10

is continuous with compact support on R and has bounded variation by assumption.
Consequently, it can be approximated in the L'(My(C))-norm by a sequence of & (R)-
simple functions f, satisfying in addition f, — j?,\\t in La(Md((C)) as n — oo (this can be
shown in the same way as in Step 3 of the proof of Theorem (.21} cf. also Remark [4.22]
(i1)). This gives that [~ fx.(u) M(dp) is well-defined for any )\ >0and teR.

Then

Gy =P —lim h For(p) M(dp) ]P’—lim\/%_ﬁ/_oo f,\\,t(u) L(dp).

A—00 A—00
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Setting @, (p) :== (1 — %)]l[,,\,)\] (n) and hy(p) == h(p +t), we have

f)\,t = @Aeit'ﬁ V 27TA)\6it‘ﬁ =V 27TA)\;L; mt
and thus, due to Corollary [2.27],

for = Faxhy = (Fys hy)(—-) = Fux (hy(—-)) S (=)

as A — oo where the convergence holds by virtue of (2.29) together with Theorem m
Hence, due to Proposition [£.17] (iv),

1 o0 1 [e o]
G, =P—1lim — F hi(—-))dL = — h.(—-)dL
t mimm/_oo yx (=) m/_m (=)

for all t € R.

We still have to show that (Gy)er is a SaS process, i.e. all finite dimensional distri-
butions are symmetric a-stable. For (¢1,...,t,) € R™ we have (cf. proof of Proposition
123)

X4, ] -
S (WL 4.20
: \/% _oogt, ,t (:u) ( :u) ( )
X,
where gi,.4,, : R = M,44a(C) is defined by
h(ty — p)
gtl ----- tm (l’[’) =
h(tm — )

.....

=1,..,

=1,...

(i)
where g;” ; ~and h'"”) denote the (z, j)-th component function of gy, ., ., and h, respec-

tively. O

The next lemma relates the zeros of what is to become the autoregressive polynomial
of an MCARMA process to the spectrum of a particular matrix A (cf. also Section |3.4)).
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Lemma 4.25. Let A;,..., A, € My(C), p € N, and define
PIC—)Md((C), Zl—>Ide—|—A12’p_1+...—|—Ap.

Setting N (P) .= {z € C: det(P(z)) =0} and

0 Iy 0 ... 0
0 0 Iy :
A= : . . 0 eMdP<C>
0 0 ... 0 Iy
CA, A A

one has N (P) = o(A) where o(A) denotes the spectrum of A.
Moreover, if /' (P) C R\ {0} + iR, then P(iz) € GL4(C) for all z € R (i.e. P(iz) is
an invertible d x d matriz for all z € R).

Proof. See [41, Lemma 3.8 and 3.10]. O

The last lemma verifies the assumptions of Lemma |4.24]in the case of SaeS MCARMA
processes.

Lemma 4.26. Let p,q € Ny with p > q and By, By,...,B, € My(C) with By # 0.
Define the matriz A and the polynomial P as in Lemma[{.25 and assume that A (P) C
R\ {0} + iR. Setting Q : C — My(C), z — Byz?+ B1z7"' ...+ By, the function

g:R— My(C), g(p) := P(ip) ' Q(ip)

~

is continuous and of bounded variation on compacta. Moreover g(u) = h(u) for almost
every p € R with

h(p) = 5(—n) ¢ P(is) ' Q(is) ds

m/
= \/_Z Z 1M D R <0y Cas) € LH(Ma(C)) N LY(My(C))  (4.21)

where Y denotes the sum over all distinct zeros in A (P), the multiplicity of the zero X
)

is written as m(\) and Cys are constant complez-valued d X d matrices.

Proof. We need the following consequence of the residue theorem from complex analysis
(cf., for instance, [35], Section V1.2, Theorem 2.2] or [26] Section II1.7, Theorem 7.11]): let
q and p : C — C be polynomials where p is of higher degree than ¢q. Assume that p has
no zeros on the real line. Then

277 - > Res. f, >0

z€C:Im(z)>0,

> z,u,t Q(t) dt = Z;(Z)ZO
P —27i - > Res.f, pn<0
2€C: Im(2)<0,

p(2)=0

with f: C — C, z — 6““28 and Res, f denoting the residual of the function f at the
point z.
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Turning now to our function g, note first that it is well-defined by virtue of Lemma
[4.25] it is clearly continuous and we have from elementary matrix theory that

cN=1)( S(ip)

where S : C — M,(C) is some matrix-valued polynomial. Due to [41], Lemma 3.11] it is not
hard to see that the complex-valued polynomial det(P(iu)) in u is of higher degree than
S(ip). Since all zeros of P are assumed to have non-vanishing real part, the zeros of P(i-)
have non-vanishing imaginary part. This implies on the one hand that all components of
the function g are continuously differentiable and hence of bounded variation on compacta
which shows that ¢ is of bounded variation on compacta as well.

On the other hand this enables us to apply the above stated results from complex
function theory componentwise and we deduce for all j,k=1,...,d and p € R, u # 0,

(varn) = ([ ematvar)

o) ik

= 2m (]l{ﬂ>0} . Z Reszfjk — ]l{ﬂ<0} . Z ReSijk>
2€C: Im(z)>0, 2€C: Im(z)<0,
det(P(iz))=0 det(P(iz))=0

=2mi (]l{u>0} ) Z Res—izfjk - ]l{u<0} : Z Res—izfjk)
z€C: Re(2)<0, z€C: Re(z)>0,
det(P(z))=0 det(P(z))=0

(4.22)

. inz Sik(iz)
where fj;, : C — C, 2+ e detJ(P(l.z)).

Let A denote the distinct zeros of det(P(z)) (i.e. the distinct eigenvalues of A) and m(\)
the multiplicity of the zero A. Since it is well-known that the residual of any meromorphic
function f : C — C at a pole a of order n € N is given by

| e a2

(cf. [26] Section II1.6, Remark 6.4.1]), the residual of fj; at the point —i\, with A being
any zero of det(P(z)), can be written as

Res,f =

zZ=a

1 Jmn-1 . Six(i2)
Res_ixfix = \) N eins T
R IR {dm»—l(”” ) det(P(z‘z»L 2
m(A\)—1
LS e (4.23)
s=0

for some complex constants - (where the sum reduces to —i-S;(\)/ [

dz
if m(A) =1). Thus (4.22) becomes

m(A)—1 m(\)—1
h(p)je = V2m <]l{u>0} S D Aw =ty Y Ciﬁusek“)
=0

A:Re(A)<0  s=0 A:Re(A)>0

m(\)—1
=Vory Y (EiiuseA“ﬂ{Re(m-KO}) (4.24)
A s=0
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with " := ¥ if Re(\) < 0 and &@* := —c* if Re()\) > 0.

Hence h is obviously in L'(M4(C)) N L*(My(C)) for all o € (1,2] and by virtue of the
inversion formula (cf. the “surjective part” of the proof of Theorem
in L?(My(C)) and thus for almost every x € R we have h(x) = g(u).

Finally, defining the d x d matrices C)s := (E’g\i) jk, We obtain the claimed representation

of h in (4.21)). O

Now, due to the Lemmata [4.24] and [4.26] we are able to give a definition of
symmetric a-stable CARMA processes which is at the same time what we shall call their
spectral representation.

we obtain h = g

Definition 4.27. Let L = (L;)ier be a d-dimensional SaS Lévy process with o € (1,2)
and M the corresponding SaS random content of Theorem [{.21 A d-dimensional sym-
metric a-stable Lévy-driven continuous time autoregressive moving average process (Y;)ier
of order (p,q) with p,q € No, p > q (SaS MCARMA(p,q) process) is defined as the
SasS process

A

Y, : = IP’/\— lim [ e™P(ip)'Qip) (1 - ’%’) M(dp), teR, where

P(z):=Tg2P + A12P .+ A, and
Q(Z) L= B()Zq + Blzq_l —I— e + Bq
are the autoregressive and moving average polynomial, respectively.

Here A; € My(R),i=1,...,p, and B; € My(R), j =1,...,q, are real matrices satisfying
By # 0 and A (P) ={z € C: det(P(z)) =0} C R\ {0} +iR.

Remark 4.28. One might think that SaS MCARMA processes also have a bona fide
spectral representation of the form

Vie [ empin) QUi Midy), te®,

—00

for some appropriate extension M of the SaS random content of Theorem to Ao (R).
However, we have already mentioned in the introduction to this chapter that this is not
possible given that (Y;):er is non-trivial. Namely, [39, Proposition 1.9] implies that if (Y})
were representable in that way, Y; = 0 for all ¢t € R.

Lemmata and yield the following moving average representation as well:

Corollary 4.29. Let Y = (Yi)ier be a SaS MCARMA(p, q) process, then Y has the
moving average representation

1 o0
K—\/—Q—W/_Ooh(t—u)L(du)

for all t € R, where h is given by .
Remark 4.30. Alternatively, the SaS MCARMA(p, ¢) process can be written as

Y= = [t — ) Lidp)

:% N
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with kernel function

h(t) = /]ReitSP(is)_lQ(is) ds, teR.

This is in line with [44], Example 3.7] where the same moving average representation has
also been established for o < 1.

The question which may be asked at the end of this chapter is whether our defini-
tion (spectral representation) and moving average representation of a symmetric a-stable
MCARMA process coincides in the causal case where 0(A) = A (P) C (—o0,0)+iR with
the definition of causal MCARMA processes made in [4I] (cf. Definition [3.15). Indeed,
the following (more general) lemma gives the consistency.

Lemma 4.31. Let the polynomials P and Q be defined as in Definition and the
matrices A and 3 as in Definition |3.15. Then, for any t € R,

1
(La: Oagy(cys - - > Onryoy) €43 = 2mi

/ P(2)1Q(2)e" da (4.25)

p

where p is a simple closed curve in the complex plane that encircles all eigenvalues of the
matriz A.

Proof. By virtue of [7, Proposition 11.2.1] we have, for any ¢ € R,

1
A — z
et = 5 p(zldp — A) Lotz 4z

where p is a simple closed curve in the complex plane enclosing the spectrum of A. Setting

p—k
hip(2) = Z Ay k2", k=1,...,p, (4.26)
u=0
with Ay := 14, and
k
ri(z) == —ZAp,uz“, k=0,1,...,p—2,
u=0

one easily verifies that, for all z ¢ o(A), the d x d blocks ¢;;(2), 4,5 = 1,...,p, of the
matrix (zIg, — A)~' € My,(C) are given by

g _ -1 hj,p(z)zi_l, if1 <7,
() =Pt { e S

Indeed, one can show by simple calculations that this matrix is a left inverse for zI;, — A
and thus, due to [7, Corollary 2.6.4], it is the unique inverse of 2zl — A. Hence

1
(Id7 Ona(c)s - - 70Md(©)) et = i P(2)™" - (hp(2), hogp(2), - . hyyp(2)) € dz
p

which implies

1 p
(Id, OMd((C)a ey OMd(C)) etAﬁ = — /P(z)_l . [Z hj7p(z)ﬂj] etz dz.
p j=1

271
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Since B; = 0 for all i < 0, we obtain

p p p—J p—1 /p—
D hip(2)B =D D At =) (Z A”‘j‘“ﬁj> .
j=1 j=1 u=0 u=0 \j=1
p—1 /p—u—1
u=0 j=1
B9 :
ED DU
u=0 u=0
and thus (4.25)) is shown. O

Now observe that the causal MCARMA process in Definition [3.15| can be represented as

t
Y;g == / (Id, OMd((C)7 e 70Md((C)) e(t_S)Aﬂ L(ds), t e R.

—00

Since 0(A) = A (P) C (—00,0) 4 iR, we obtain for all s < ¢, due to Lemma and the
Residue Theorem,

—S 1 - —S)z
(Id, OMd((C)a ce 70Md((C)) e(t )Aﬁ = — /f(z) 1Q<Z)€(t ) dz
P

211

-~

=:f(2)

=1,...

with f(2) := P(iz)"'Q(iz)e!"9)%, z € C. Using then (4.23) and (4.24)), we deduce

s 1
(Id7 OMd((C)7 s 70Md((C)) e(t )Aﬁ ' ]1{$<t} = \/_Q_Wh(t - S)

and the claimed consistency follows from Corollary [4.29]

Remark 4.32. The same results in the univariate case can be found in [I14, Lemma 2.3].
However, the first claim in the proof of this lemma concerning the elements of the matrix
e seems to be in contradiction to our proof of Lemma . Since at least the upper
triangle of e'4 is correct in [I4], the result (2.10) there remains true and is in line with

the multivariate version (4.25) in our Lemma [4.31]



Chapter 5

Multivariate regularly varying
CARMA processes

In this chapter we will generalize the foregoing results obtained for Sa.S Lévy and CARMA
processes to the setting of regularly varying processes. Since every a-stable Lévy process
is also regularly varying with index «, this is actually an extension of Chapter [4 We shall
concentrate on the case where the index of variation satisfies a € (1,2] since the case
a > 2 implies that the driving Lévy process possesses finite second moments and thus it
is already contained in Chapter [3]

The chapter is organized as follows: first we recall the notion of multivariate regular
variation and give a useful connection to Lévy measures in the case of infinitely divisible
distributions. In Section 2 we then prove a spectral representation for multivariate reg-
ularly varying Lévy processes. Our approach therefore will be similar to Theorem [4.21]
but we have to specify suitable conditions in Step 2 of the proof of that theorem ensuring
that integration can again be extended to more general than simple functions. Having
shown the spectral representation for the driving Lévy process, we will be able to state
analogously to Section a spectral and a moving average representation of multivariate
regularly varying CARMA processes in the last section.

5.1 Multivariate regular variation

As announced we first recall the notion of multivariate regular variation which can be
used for the analysis of the tail behavior of multivariate stochastic processes. However,
there is not only one single definition of multivariate regular variation, but many different
equivalent ones. For detailed and good introductions into the different approaches, we
refer the reader to Resnick [49] and Lindskog [37]. We start with a definition from [30].

Let therefore = denote vague convergence. It is defined on the one-point uncompact-
ification @d\ {0} (where R := [—00, o0]), which assures that the Borel sets of R? that are
bounded away form the origin can be referred to as the relatively compact sets in the
vague topology.

Definition 5.1. An R%-valued random vector X with unbounded support is called requ-
larly varying with index o > 0, if there exist a functionl : R — R which is slowly varying
at infinity and a non-zero Radon measure r defined on %’(Rd\ {0}) with m(@d\Rd) =0

such that, as u — 00,
ul(u)Pu™ X € -) 5 k(+)

61
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on %(Ed\ {0}). We write X € RV (a1, k).
Similarly, we call a Radon measure v regularly varying, if , | and k ezist as above
such that
ul(wr(u-) = k()

as u — oo and we write v € RV (a,l, k).

A d-dimensional real-valued stochastic process (Xi)ier is called reqularly varying with
index « if all its finite dimensional distributions are reqularly varying with indez .

We say that a complex random vector X = (Xy,...,Xq) is reqularly varying if and
only if the real random vector (Re(X1), Im(X1), ..., Re(Xy), Im(Xy)) is regularly varying.

We want to recall another definition which is widely used and gives a nice interpreta-
tion of multivariate regular variation. The following theorem shows their equivalence. Let
therefore Sy = {z € R*: ||z|| = 1} denote the unit sphere in R

Theorem 5.2 (cf. [44], Theorem A.1).
Let X be a random vector in RY. Then the following characterizations are equivalent:

(1) X is reqularly varying with index o in the sense of Definition .
(11) There exists an Sg-valued random variable © s.t. for every t > 0
X

BIX > O

on B(Sq) as u — 0.

P(|| X[ >tu)
. . . . . P(||XH>U) . .

t > 0, i.e. whenever a random variable X is (multivariate) regularly varying of index «,

the univariate random variable || X|| is also regularly varying with the same index. Thus

we immediately infer, using the well-known results for the univariate case (cf. e.g. [24]):

The second characterization in particular implies that lim,_ =t~ for any

Proposition 5.3.
Let X be an R¥-valued reqularly varying random variable with index o. Then

E[|X||"] < oo forany 0<p<a,
E[|X|["] =00 forany p> «a.

For infinitely divisible random variables, the following very useful connection between
regular variation of the random variable and its Lévy measure exists.

Theorem 5.4 (cf. [30], Proposition 3.1).
Let X be an infinitely divisible R%-valued random vector with Lévy measure v. Then X €
RV (o, 1, k) if and only if v € RV (o, 1, K).

One can show that a d-dimensional Lévy process L = (L;)cr is regularly varying of index
« iff its characteristic Lévy measure v (i.e. the Lévy measure of L;) is regularly varying of
index . Strictly speaking the Lévy process (L;)ier is not regularly varying since Ly = 0
a.s., but, as all other finite dimensional margins are regularly varying, we neglect that
inaccuracy.
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5.2 Spectral representation of regularly varying Lévy
processes
In analogy to Definition we define:

Definition 5.5. For o € (1,2] a d-dimensional regularly varying random content
with index o is a set function

M : &R) — L°(Q, .7, P;CY
satisfying

(1) M(A) is a complex d-dimensional random vector that is reqularly varying with index

a for all A € &(R),

(ii) MU, Ai) = > M(A;) a.s. whenever Ay, ..., A, € &R) are pairwise disjoint
(i.e. M is additive).

Integration of simple functions f = >" | fila, (with f; € My(C),i =1,...,n,n € N,
and A; € &(R) mutually disjoint) w.r.t. M is again defined by

/R FAM =Y fM(A)

which is obviously a complex d-dimensional random vector. The integral is linear for
simple functions and it is well-defined due to the additivity of M. We have the following
theorem in analogy to Theorem [4.21}

Theorem 5.6. Let L = (L;)icr be a Lévy process in R?, reqularly varying of index
a € (1,2] and suppose E[L;| = 0. Then there is a regularly varying random content
M : ER) — LO(Q,.F,P;CY) with index a such that

A it 1
Li=P lm [ " -(1—M>M(du), teR.
A—00 Y (7Y A

The random content M 1is given by
1 0~
M(A) = — 1 L(dup), A€ &R),
W= o= [ T L. Acsm)

where 14 is the Fourier transform of 1 4.

Before we pass on to the proof of Theorem [5.6, we recall two results from [44] and
establish one more lemma which will be used in the proof.

Theorem 5.7 (cf. [44], Theorem 2.5).

Let L = (Ly)ier be a d-dimensional Lévy process with generating triplet (v, %, v), let v be
reqularly varying with index o € (1,2] and let f : R — Myxq(R) be measurable. Then f is
L-integrable if it is bounded, E[L,] = 0 and f € L°(Myxa(R)) for some § < a.
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Theorem 5.8 (cf. [44], Theorem 3.2).

Let L = (Ly)ier be a d-dimensional Lévy process with generating triplet (v,>,v) and
let v € RV(a,l,k,). If f + R — Myyq(R) is L-integrable, f € LO‘(kad(R)) and
ko (f71(s)(RM\ {0})) = 0 does not hold for almost every s, then X := [, f(s) L(ds) €

RV (a,l, kx) with

= [ [ uatsn mtdyds, 4e BE (o)

The following lemma will be central in the proof of Theorem for the extension of
integration to more general integrands.

Lemma 5.9. Let L = (L;)ier be a d-dimensional Lévy process with E[L,] = 0 and
generating triplet (7, 3, v) where v is supposed to be reqularly varying with index o € (1,2].
Let f: R — Myxq(R) be measurable and f, : R — Myyq(R) be a sequence of measurable
functions s.t. f, — f asn — oo in L°(Myxq(R)) for some § < a. Moreover, assume that
I fu(8) = f()|| + [ ()| < C foralln € N, s € R and some constant C > 0. Then the
sequence of integrals fR fndL converges in probability to fR fdL asn — oo.

We use the following general result on the relation between convergence of characteristic
triplets and weak convergence of probability distributions.

Lemma 5.10 (cf. [54], Theorem 8.7).
Let ¢ : R — R be bounded and continuous s.t.

clx)=1+o(|z]]) as ||z|| =0 and

2] e(x) =0 as [lz] — oo

Assume that p, for n € N are infinitely divisible distributions on R with generat-
ing triplets (Yn, Yn, Vn)e (i-€. holds with the truncation function c(x) in place of
Loy (lll))) and let ju be another probability distribution on RY. Then p, — u if and only
if p is infinitely divisible with characteristic triplet (v, ¥, v). satisfying the following three
conditions:

(1) If f is a bounded, continuous function from R? to R wvanishing in a neighborhood of
0, then

lim f(z) v, (dx) = g f(z)v(dx)

n—o0 [pd
(i.e. v, converges to v vaguely as measures on Ed\ {0}).

(2) Define the symmetric positive semidefinite matrices X, . by

(2,8ne2) = (2, 5p2) + /{ » }(z,x)Q vp(dx).

Then
h{n limsup [(z,3,.2) — (2,22)| =0

n—oo

for all z € R,
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(8) Y — v as n — 0.

Proof of Lemma[5.9.
Note first that the integrals [ f, dL and [, fdL are well-defined due to Theorem .

Letting g, := f, — f, we have to show that fR gndL £ 0 as n — oo which is equivalent

to [, gndL = 0 as n — oo.
The distribution of every fR gn dL is infinitely divisible and possesses the generating

triplet (7, X, V) given by (cf. Section (12.7)-(2.9))
o= [ (antehr+ [ an(o)e (tanlan(e)al) = Lo lel) vide) ) s,

L= / Gn(5) g (s)'ds,

by
vn(B) = /]R/]Rd 1p(gn(s)7) v(dz)ds, B € B(RF).

Since we want to use Lemma @, we change the truncation function from 1o q;(||z||)
to c(z) = Lpy(l|z]]) + Laz(llz]])(2 — ||z||) which satisfies the assumptions of Lemma
. Concerning the generating triplet of fR gn dL, only 7, is affected, namely, using c as
truncation function we obtain the generating triplet (y,,.c, 2n, ¥ ). Where

e =30t [ 2 @)~ L) va@n) =t [ o el

llzlle(1,2]}

The remainder of the proof is dedicated to the verification of conditions (1) - (3) in Lemma

0. 10L
We first show that

/R/R (1A llga(s)zll?) v(de) ds "=5° 0. (5.1)

We get

// (1A [lga(s)e]2) v(dz) ds
R JRd
:// ]l{|gn(5)x|>1}l/(dl‘)d8+// ||gn(8)513||2]l{”gn(s)xugl}l/(dl‘)ds. (52)
R JR4 R JRR4

If we assume w.l.o.g. that our norm on Mjy4(R) is compatible with the vector norm
(which is e.g. the case for any operator norm), we can use the inequality

lgn () 1zl = llgn(s)z]] > 1

which implies ||z|| > 1/]|gn(s)||. Thus the first term on the right-hand side of (5.2)) can
be bounded by

/R/Rd Ljign(s)zli>1y V(dx) ds < /Ru ({Hx” > M}) ds.

Now we can apply the Potter bounds (cf. [49, Proposition 2.6]), giving the existence of
some ty s.t. for all t > ty a regularly varying function (in our case v) can be bounded.
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Therefore, we distinguish the cases 1/ |[gn(s)|| > to and 1/[g.(s)[| < to.
For the first case we set C' := sup {||gn(s)]| : ||gn(s)]] < 1/to} < 1/to. Then we can apply
the Potter bounds for ¢t = 1/C > ¢, in order to get

/R]l{mgn(snbto} v ({HxH > Hgn })
<(+a- 5>/R]1{1/||gn >t} V ({HwH > —}) (”g"é )H> ds "= 0

since g, — 0 as n — oo in L°(Mjxa(R)).
In the other case we note that sup || gn(s)]] £ C < oo and obtain

/R]l{l/llgn(s)<to} v ({HIH > ||gn } R]l{l/\\gn(s)lléto} v ({||=’17|| > é}) ds
v ({lel 2 g })x ({ Jon = 1))
sv <{”f‘“ >—}) 1o /Hgn )|I°ds — 0

as n — 00, using again the assumption that g, converges to 0 in L°(Mj4(R)).

The second term on the right hand side of (5.2)) can be bounded by

[ [ 195021 Lgomen i)
R JRd
[ o)l Ly ey ) ds
R J{[Jz]|<1}
=[] 1l Lo vide) s
R J{[[z]|>1}

< [ln@ltds [ ol vido)
R {llzll<1}
s [lon@lds [l vian
R {llz[[>1}

where we used the fact that the boundedness of the sequence g,, together with the conver-
gence to 0 in L°(Mjxq(R)) implies that g, converges to 0 also in L?(Mj4(R)). Moreover,
note that f{\lzllzl} || v(dz) < oo due to Theorem [2.20, since 0 < § < a and hence the
underlying Lévy process has a finite 0-th moment. Putting these results together we have
shown that holds.

Let us now verify condition (1) of Lemma We show that v, converges in total
variation to the zero measure outside of any fixed neighborhood of 0. Let therefore U =
{llz|| < €}, e > 0, be such a neighborhood. We obtain

I/n(]Rk\U) =M ev{(sz): [lgn(s)z] >}
=7 /352 /R/Rd (LA N9a(8)2]1%) Lgign(s)aizey v(da) ds

) (1 A |lgn(s)x|| ) v(dx)ds "=° 0

n—oo
=0
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by virtue of (5.1)). This immediately implies condition (1) of Lemma [5.10|
As to condition (2), note first that, for some ¢; > 0,

12l < e I / lgu(s)[1? ds "= 0

since g, converges to 0 in L?(Mj,4(R)) as previously noted. Hence, using again (5.1]) we
obtain for any € € (0,1),

(2, B2 < (2 02| + / (22 va(dy)
{llylI<e}

= [{z, EnZ>|+/ H ”<}<z  gn(9)2)* (A @ v)(d(s, 7))

2 |21 (HZ H+/S/ (1A llgn(s)a|®) v(da) d )”15”0

where ¢, is a positive constant. This in particular yields h{‘% limsup |(z, 3, c2)| = 0 for all

n—oo
2z € R*.

Finally we show condition (3), i.e. 7, — 0 as n — oco. Recall that
o=t [ a2 el walde).
{lllle(1,2]}
We immediately obtain that

/ [l (2 = llzl)) v (d) < v ({ll=]| € (1,2]}) "=70
{llzlle,21}

since v, converges in total variation to the zero measure outside of any fixed neighborhood
of 0. For ,, we have

bl < [ o+ [ (912 (toalan(1al) - tolel)) )| s
=/ gn(8)7+/ 9n(8)T L(jg(s)al<1y (d2)
R {lll>1}
—/ gn(s)x]l{\\gn(s)x\bl} I/(d:lj) ds. (53)
{llzll<1}
Since E[L;] = 0, we know ~ = —f{”x”>1}xy(dx) (cf. Remark (iii)). Choose any

€€ (5,), £ > 1. Then (5.3) becomes

J

—/ gn(s)z v(dz) +/ Gn(8)x Lyjg, (s)al<1} V(d)
{ll=[|>1} {llzl|>1}

ds

- / gn ()2 Ljg, (s)a)>13 V(d)
{ll=ll<1}

< [ [ ol b vde)ds < [ [ an(s)ol gy vide) ds
R JRR4 R JRd

< [Yglids [ el uidn) "o
R {l=I>&}
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since g, — 01in L°(Mj4(R)). Note again that f{lle>é} ||| v(dz) is finite since 0 < € < o
and hence the underlying Lévy process has a finite £&-th moment. Together this shows
Yn,e — 0 as n — oo.

We conclude the proof by using Lemma [5.10 O

Now we are able to give a proof of Theorem [5.6] Since it is similar to the proof of
Theorem [4.21], we shall only sketch it.

Sketch of the proof of Theorem [5.6].

e Due to Theorem [5.4] it follows immediately that the characteristic Lévy measure
v of L is regularly varying with index a € (1,2]. For any A € &(R), we split the
Fourier transform ]T; up into its real and imaginary part and Theorem can be
applied in order to show that M is well-defined. Using then Theorem [5.8 we obtain
that M is a regularly varying random content.

e For simple functions f =Y " | f;14, one can deduce the same identity as in (4.15)),

namely
oo 1 o0 e
/_OofdM:E/_oode. (5.4)

e If now f: R — My(C) is a measurable function s.t. there is a sequence of &(R)-
simple functions f,, satisfying

then we define the integral ffooo fdM as the limit in probability of the sequence of

~ LS(M,(C ~
" (—d>())f asn — oo for some § < a and

Ful) — f(u)H + Hf(u)H < C foralln €N, u € R and some constant C' > 0,

simple integrals ffooo fndM. Note that this sequence of integrals is well-defined since
every f, is &(R)-simple. Since we can always identify C with R? and C¢ with (R?)?
and since the multiplication of two complex numbers x = x; + ixs and y = y1 + iy
can be regarded as the (real) matrix-vector multiplication

Ty —T2\ (YN
T2 I Y2 )’

it is easy to see that Lemmal[5.9 holds with functions that take values in the complex
k x d matrices as well. Thus, due to that Lemma, we have

/ fodL 5 / fdL (5.5)
as n — o0o. Using (/5.4]), we know that

[ o= [ ot

and hence the sequence of simple integrals [ fooo fn dM converges in probability which
shows that ffooo f dM is well-defined. Moreover, 1} immediately yields

/_ZfdM:\/%_ﬂ/_Zde. (5.6)

We shall call such functions, as in Chapter [, M-integrable.
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e Now define, for any —oco < a < b < o0,

e H
f(p):=—— and ®,(u) = (1 — %) L), pekR
Completely analogous as in the proof of Theorem one can then show that f-®,

is M-integrable (note that the additional boundedness assumption follows directly
from Theorem [2.21] (iv)).

e Finally, setting g(u) := V211 p) (1) and h(p) = g(—p), p € R, we obtain h=f
and hence (cf. proof of Theorem 4.21))

— 5
f(ID,\:FA*gL—@g as A — 00

for any 1 < ¢ < «. Thus, applying once more Lemma [5.9] we deduce

%) =) 1 o 1 %)
/f(I)AdME/ f@AdL:E/ (Fy = g)dL

p 1 o
& gdL=1L,— L, as \— oo.
V27T/oo

]

We get the following properties for the regularly varying random content M (cf. Section

B3 and [id).

Proposition 5.11. Let L = (L;)scr be a two-sided Lévy process in R? with E[L;] = 0 and
generating triplet (v, 2,v). Assume moreover that v € RV (a,l,k,) for some a € (1,2]

and let M be the associated regularly varying random content of Theorem[5.6. Then the
process
°© 1 _ e—iut

Z, ::M([O,t)):/ L(dp), >0,

oo 2mip
18 reqularly varying with index o.

Furthermore we have, for any t > 0, the following results for Z, and its corresponding
Lévy measure vy, :

(i) f{lle<1} |z|| vz, (dx) = oo and thus vz, is in particular infinite.
(ii) B[|| Z:|]"] < oo for any 0 < p < a and E[||Z;||"] = oo for any p > «.

. 5 . L 5

(111) For any 5' € (1,a) the integral f{IIxHSI} Izl V.(dl') is ﬁ.mz.fe sz f{lleﬁl} ||$|| vz, (dz)
is finite, i.e. the Lévy process L has a.s. finite d-variation if and only if ¥ = 0
and f{l\xll<1} %)) vz, (dz) < oo. Moreover, if the Lévy process satisfies in addition
E[||L1||"] < oo, then the statement is also true for § = .

(iv) The implication

/ z)|° vz, (dz) < 0o = |z))° v(dz) < oo
{ll=]|<1} {ll=|I<1}

is valid for every 6 € (1,2).
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Proof. Let (ty,...,t,) € (0,00)™ and observe that

Zy, Joo Loy (1) L(dp) o
=L : - L g (1) L(dp)
. - \/ﬂ . /\ - \/% e [N tm
Zy, S oo Do) (1) L(dpa)
where gi,..t,, : R = Mpaxa(C) is defined by
1[0,751)(:“’)
gtl ----- tm (u) =
]l[o,tm)(,u)

.....

[44] Theorem 3.2] shows that the process (Z;);~o is regularly varying of index a which
also implies (ii) by virtue of Proposition . In order to establish the other statements,
repeat the proof of Theorem with some evident modifications. O

5.3 Spectral representation of multivariate regularly
varying CARMA processes

The next lemma provides the analogous results of Lemma [4.24] in the regularly varying
setting. It gives more insight into the spectral representation of moving averages of reg-
ularly varying Lévy processes and will enable us to state a spectral representation for
multivariate regularly varying CARMA processes (in the summability sense).

Lemma 5.12. Let L = (Ly)ier be a Lévy process in R? with generating triplet (v, 3, v)
where v € RV («, 1, k,) with o € (1,2] and suppose E[L1] = 0. Let M be the corresponding
random content of Theorem[5.6 and assume that h € L'(My(C)) N L*(M4(C)) s.t. in ad-

dition h is bounded and its Fourier transformation h is of bounded variation on compacta.

Define
A

Gy =P —lim ei“tﬁ(,u) (1 — ’%’) M(dp), teR.

A—00 Y

Then, for allt € R,

1 oo
Gy = —— h(t —p) L(dp).
: %/_Oo (t = ) L(dp)
If &y (h71(s)(CN\ {0})) = 0 does not hold for almost every s, then the process (Gy)ier is

also reqularly varying of indez «.

Proof. The proof is similar to that of Lemma [4.24] Setting

ot = e (1= B 1000

one notes that fy, € L'(My(C)) and can be approximated in the L'(My(C))-norm by a
sequence of &(R)-simple functions f, satisfying in addition f, — fy; in L°(M4(C)) as
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n — oo for some § < « (this can be shown in the same way as in the proof of Theorem
and Theorem respectively). Thus fy, is M-integrable for any A > 0 and ¢ € R.
Then, analogously to the proof of Lemma [4.24] we obtain

/ f)\thM:ﬁ/ fA’tdL:E/ FA*h(t dL—>—/

as n — oo for all t € R, since Fy x h(t — ) — h(t — -) in L(M4(C)) for any 1 < § < «
which implies together with the boundedness of F\ % h(t — -) and hA(t — -) the claimed
stochastic convergence by virtue of Lemma

The additional statement follows from [44], Corollary 3.5]. O

Let us now give both, a spectral representation and a moving average representation
for regularly varying MCARMA processes with index a € (1, 2]. We begin with a definition
which is at the same time their spectral representation. Note that the well-definedness is

ensured by the Lemmata [£.25] [£.26] and [5.12]

Definition 5.13. Let L = (L;)ier be a d-dimensional Lévy process with generating triplet
(7,2, v) where v € RV («, 1, k,) with index o € (1,2] and let M be the corresponding ran-
dom content of Theorem [5.6. A d-dimensional reqularly varying Lévy-driven continuous
time autoregressive moving average process (Yi)ier of order (p,q) with p,q € No, p > ¢
(regularly varying MCARMA(p,q) process) of index « is defined as the reqularly
Varying process

A
Y,:=P—1lim [ e"P(ip) Qi) ( |ﬁ/\|> M(dp), teR, where

A—00 Y

P(2):=142"+ AP+ ...+ A, and

Q(2): = Boz" + B2 '+ ...+ B,
are the autoregressive and moving average polynomaial, respectively.
Here A; € My(R), i =1,...,p, and B; € My(R), j =1,...,q, are real matrices satisfying
By # 0 and A (P) ={z € C: det(P(z)) =0} C R\ {0} +iR and k, is a Radon measure
s.t. K, (h71(s)(CI\ {0})) = 0 does not hold for almost every s, where h = g(—-), letting
g="P>)7'Q>") (cf. )-

Lemmata and together yield immediately the following moving average rep-

resentation:

Corollary 5.14. Let Y = (Yi)ier be a regularly varying MCARMA(p, q) process of index
€ (1,2], then' Y has the moving average representation

= Wor / ) L(dp)

e P(is)~'Q(is) ds is given by (4.21)).

for allt € R, where h(p) =
Remark 5.15.

7= S

(i) One can ask the same question as in Chapter 4] whether this definition (spectral
representation) and moving average representation of a regularly varying MCARMA
process coincides in the causal case where o(A) = A (P) C (—o00,0) + ‘R with the
definition of causal MCARMA processes made in [41] (cf. Definition [3.15)). This is
indeed still the case and can be established in a completely analogous way as in
Chapter [4
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(i) For a = 2 we can distinguish the following two cases: if E[|| L1||*] < oo, then we are in
the setting of Chapter[3|and one can derive a bona fide spectral representation for the
driving Lévy and the associated MCARMA process. If L; has infinite variance, then
the L?-theory of Chapter [3|is not applicable but we get a spectral representation (in
the summability sense) for the driving Lévy and the associated MCARMA process
according to Theorem and Definition [5.13] respectively.



Chapter 6

Mixing of multivariate CARMA
processes

In this chapter we will study mixing properties of the multivariate CARMA processes
considered in Chapter [4] and [5] Let us first recall the notions mixing, weakly mixing and
ergodic.

Let (X;)ier be a real-valued strictly stationary process defined on the canonical space
(RE, 7 P), ie. F = B(RR). The process (X;)er is said to be ergodic if

T
% / P(AN §'B)dt "=5° P(A)P(B),
0

weakly mixing if
e oo
- / IP(ANS'B) — P(A)P(B)|dt "= 0
0

and mixing if

P(AN S'B) =3° P(A)P(B) (6.1)
where (S%);cr is the induced group of shift transformations on RE¥ (ie. S*(z,)ser =
(T5_¢)ser for any (z5)ser € R® and t € R) and A, B € Z. It is obvious that mixing
implies weakly mixing and weakly mixing implies ergodic, respectively. However, the in-
verse implications are not true in general since in ergodic theory there are examples of
flows (S");er that are weakly mixing, but not mixing and ergodic, but not weakly mixing,
respectively (cf. [19], [45]).

In the same way as in the univariate case we shall call an R%valued strictly stationary
process (X;)ier defined on the canonical space ((RY)®,.# = 2((R?)F),P) mixing if
holds for any A, B € .% where (S");cr is now the group of shift transformations on (R%)*
defined again by S%(z,)scr = (Ts_¢)ser for any t € R and (x,)scr € (RY)E.

Usually, the weak mixing property is much closer to mixing than to ergodicity (cf. [51],
Proposition 1]). However, in the case of stationary Gaussian processes, weak mixing and
ergodicity coincide (see [19, Chapter 14 §2]). Podgérski [46] has shown that the same is
true for symmetric stable processes, a result extended by Kokoszka and Podgérski [34] to
symmetric semistable processes. Five years later Rosiniski and Zak [51, Theorem 1] have
even proven the equivalence of weak mixing and ergodicity for general stationary infinitely
divisible processes.

The chapter is structured as follows: Section 1 gives a brief summary of important
results concerning mixing and ergodic properties of stationary infinitely divisible pro-
cesses. In particular we recall the characterization of mixing via their Lévy characteristics

73
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which dates back to the fundamental paper by Maruyama [42]. In the second section we
shall generalize these mixing conditions in terms of Lévy characteristics to multivariate
infinitely divisible processes, which is not yet to be found in the literature to the best of
our knowledge. The last section will apply these results in order to prove mixing for the
multivariate SaS and regularly varying CARMA processes of Chapter [4] and [5], respec-
tively. For causal MCARMA processes with finite r-th moment for some r > 0 strong
mixing can already be found in |41 Proposition 3.34] (note that strongly mixing implies
mixing).

6.1 Results for infinitely divisible processes

This section summarizes some results concerning the properties mixing, weak mixing and
ergodicity for real-valued strictly stationary infinitely divisible processes. Recall that a
stochastic process is said to be infinitely divisible if all its finite dimensional margins are
infinitely divisible.

As mentioned in the introduction to this chapter, the description of the mixing prop-
erty for such processes can be characterized in terms of their Lévy characteristics, namely,
Maruyama [42 Theorem 6] showed that an infinitely divisible strictly stationary process
(X})ier is mixing if and only if

(M1) the covariance function r(t) of its Gaussian part tends to 0 as t — oo,

(M2) tlirn vor(|zy| > §) = 0 for every 6 > 0 and

(M?’) tlggo f{0<x2+y2§1} Ty VOt(dﬁa dy) =0
where v is the Lévy measure of Z(Xy, X;).

This result has been improved by [38], where the implication (M2)=-(M3) has been
established.

However, condition (M2) is not very easy to verify even for symmetric stable processes
as mentioned in [50]. Recall that the density of a subset D of the positive half-line is de-
fined by limc_o |D N[0, C]| /C if the limit exists, where |-| denotes the one-dimensional
Lebesgue measure. We also recall the following well-known characterization of weak mix-
ing: a stationary stochastic process is weakly mixing iff for any A, B € .# there is some
D, a subset of the density one in Ry, such that lim; oo tep P(ANS*B) = P(A)P(B) (cf.
[51, Proposition 1]). The following theorem provides another useful criterion for (weak)
mixing of infinitely divisible processes:

Theorem 6.1 (cf. [50], Theorem 1 and 3).
Let (Xy)ier be a strictly stationary infinitely divisible process s.t. vy, the Lévy measure of
Z(Xo), has no atoms in 2nZ. Then (X;)ier

(1) is mizing if and only if tlim E[e!(Xe=Xo0)] = ‘E[eiXO]f and

(11) weakly mizing if and only if there is some set D of density one in Ry such that

lim  E[e!XX0)] = |E[ei¥0]|”,
t—oo,teD
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Rosiniski and Zak reformulated Theorem in terms of the codifference. The latter is
defined for jointly infinitely divisible real random variables X; and X5 by

T(X1, Xo) = logE[ei(leXz)] _ logE[eixl] _ 1OgE[€7iX2]_
Hence, the following version of Theorem [6.1] is easily obtained:

Proposition 6.2 (cf. [51], Proposition 4).
Let (Xy)ier be a strictly stationary infinitely divisible process s.t. vy, the Lévy measure of
Z(Xo), has no atoms in 2nZ. Then (X;)ier

(1) is mizing if and only if 7(t) = 7(Xo, X¢) — 0 as t — oo and

(11) weakly mizing if and only if there exists a set D of the density one in Ry such that
7(t) =0 ast — o0, t € D.

Since SaS and regularly varying MCARMA processes always possess a moving average
representation w.r.t. their driving Lévy processes, we want to recall mixing conditions for
stationary infinitely divisible processes of the form

/th(s)L(ds), LR

with fi(s) : R xR — R, (s,t) — fi(s), measurable and L = (L;)cr a Lévy process in R.
We have the following results:

Theorem 6.3 (cf. [50], Theorem 4, 5 and Remark 4).
Let L = (L¢)iwer be a Lévy process in R with generating triplet (v,0% v) and let fi(s) :
R xR —R, (s,t) — fi(s), be measurable. Assume that

X, ::/ft(s)L(ds), teR,

1s a well-defined and strictly stationary infinitely divisible process.

(i) (Xi)ier is mizing if and only if
i {| [ ot as] + [ [ (0nfu(osal- ts)ah) wido) dsp <o

(11) If in addition (Xy)ier has no Gaussian part, then it is mizing if and only if, for any
e >0,

M{seR: |fo(s)] >¢, |fi(s)] >e}) =0 ast— oco.

6.2 Generalization to multivariate infinitely divisible
processes

This section is dedicated to the generalization of the results in Section [6.1|to multivariate
infinitely divisible processes. The extension to the multivariate setting is straightforward,
however, since it is not yet to be found in the literature to the best of our knowledge we
shall also give the proofs. ‘

We denote the j-th component of an R%-valued stochastic process (X;):er by (Xt(] ))
In analogy to Theorem we will show the following:

teR’



76 CHAPTER 6. MIXING OF MULTIVARIATE CARMA PROCESSES

Theorem 6.4. Let (X;)ier be an Re-valued strictly stationary infinitely divisible process
s.t. vy, the Lévy measure of £(Xy), satisfies

Vo ({m:(xl,...,md)leRd: Jje{l,...,d}, z; E27TZ}) = 0. (6.2)

Then (X})ier is mizing if and only if

lim E [ei(X’SﬂX‘gk))] =K [eixéj)] -E [e_iX[(’w} (6.3)

t—o0
for every j,k=1,....,d.

Proof. We follow the proof of [50, Theorem 1].
“=7: Let (X¢)ter be mixing which implies

E [ei<91,Xo>+i<92,Xt>] =00 E [ei<917X0>] - E [ei<92,X0>]
for any 0y, 0, € R? (see e.g. [19] or [45]) and in particular, setting (61, 0y) = (—ex, €;), j, k =

1,...,d, with e; the j-th unit vector in R?, (6.3 holds.
“<”: We will prove the converse. Assume that (6.3]) holds for every j,k =1,...,d. Note

first that then _
E LZ’(X?”XSC))} R ] B[] (6.4)
holds for every j,k =1,...,d as well (cf. [50, Theorem 1, Step 1]).
We shall prove the following two conditions:

(M1) the covariance matrix function (¢) of the Gaussian part of (X;)cr tends to 0 as
t — oo and

(M2) 1tlim vor(||z]| - |y|| > &) = 0 for every § > 0

where vy is the Lévy measure of Z(Xy, X;) on (R??, #(R?*!)). Having established (M1)
and (M2), we will conclude with the upcoming Lemma which shows that these two
conditions imply mixing.

As to (M1), since (Xg, X;) has a 2d-dimensional infinitely divisible distribution, its

characteristic function can be written, due to the Lévy-Khintchine formula, for every
(91, 62) € Rd X Rd, as

]E [ei(el,Xo)+i<92,Xt>]

=eo{i(3)- (1) -5(5) = (&)
-+Ama%@“%@—1—@Wnﬂ+ﬂ%w»hmMwa7Hﬁ%W@w»}

(6.5)

where 71,7, € RY, X € S§,(R) and vy, is the Lévy measure of £ (X, X;) on (R* Z(R??)).
Since Z(Xy) = Z(X}), observe that

(50) =)
2‘(mw mm) (6.6)
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with X(¢) being the covariance matrix function of the Gaussian part of (X;);egr. If we
denote the generating triplet of £ (Xj) by (v, %(0), v9), we can use [54], Proposition 11.10]
in order to deduce

== [ (1o (el = B (| (20)' ) vt ) (6.7)

and

!/
T2 =7 /dey (11[071] (vl = Loy (]| (") H)) vor(d(z,y)). (6.8)
Putting the results (6.5))-(6.8) together, the characteristic function of (Xp, X;) at the point
(01,0;) € RY x RY can be written as

E [ei(91,Xo)+i<02,Xt>]
~exp {z’<91 0.3 — 5 (10020000 + 2061, (0 + (62, 5(0)0) )

OO 1 iy, )l i) LoD v )
R
(6.9)
By substituting (—ex,e;), (0,e;) and (—e,0), j,k = 1,...,d, for (61,0) in (6.9) we

get the description of (6.3)) in terms of the covariance matrix function of the Gaussian
part and the Lévy measure vy, namely

lim E {ei(xéj)xék))} . <E [eixt(j)] -E [e‘iXék)D_l

t—o00

t—o0

= lim exp {ajk(t) +/ ) (ei(y(j)_x(k)) _ D _ i 1) vou(d(, y))} =1
R2

for arbitrary j,k = 1,...,d, where oj,(t) is the (j, k)-th element of %(¢) and 2*) and y)
denote the k-th and j-th element of x and y, respectively. Next, taking logarithms of both
sides and using the identity

Re (ei(y’“) —e¥ —e ™ +1) = (cosz —1)(cosy — 1) +sinzsiny
we obtain

tlim ok(t) + / ((cos z®) — 1)(cosy™) — 1) + sin 2™ sin y(j)) vor(d(z,y)) =0 (6.10)
—00 R2d
for any 7,k =1,...,d.

Starting with (6.4)) and using the same arguments as above, we get

lim —o(t) —i—/ ((cosz™® — 1)(cosy"?) — 1) — sinz®™ siny?) vy, (d(z,y)) =0 (6.11)
R2d

t—o00

for every j,k=1,...,d.
Adding (6.10) and (6.11)) yields, due to the consistency of Lévy measures (cf. [54]
Proposition 11.10]),

lim (cos ™ —1)(cosy) — 1) v (d(z,y))

t—00 [p2d

= lim [ (cosxz —1)(cosy — 1) l/(()ik)(dI, dy) =0 (6.12)

t—o0 R2
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for every j,k = 1,...,d, where V(()t denotes the Lévy measure of & (Xék),Xt(j)) on
(R?, B(R?)).

Now we use a tightness argument. Fix j, k& € {1,...,d} and observe first that the
family {Z(Xék), Xt(j)) } e 1 tight. Indeed, letting B, := {(z,y) € R*: 2% +y* <7}, we
have by stationarity

2 , 2
P((x".x”) ¢ B,) <P (|X§’“)\2 > 5) +P (}XMQ > 5)

_ QX“| 2)+PQX 2> g)

and hence lim sup P ((Xék), Xt(j )) ¢ Br> = 0. Thus, due to the Theorem of Prohorov, the

T teR
family is relatively compact (in the topology of weak convergence) Choose any sequence

Tp, — 00, T, € R, and let F}j; be an accumulation point of {.,2”( (k) Xﬁf;)) }neN. Then Fj,
is an infinitely divisible distribution on R? with some Lévy measure vj; (cf. [54, Lemma
7.8]). Now let (t,)nen be a subsequence of (7;,)nen S.t.

< (Xék),Xt(i)> = Fj, asn — oo, (6.13)
Then, for every § > 0 with v;,(0Bs) =0,
Véif) Rt Viklge asn — 00 (6.14)
BC

é

(see for instance Lemma or [3]). Since (cosx — 1)(cosy — 1) > 0, we deduce

0< /C(cosx —1)(cosy — 1) vj(dz, dy) €19 (cosz — 1)(cosy — 1) VOt (dx dy)

n—ﬂm Be

< Jim | (cosw —1)(cosy — 1) vy (de, dy) = 0.

n—oo R2

Since d can be taken arbitrarily small we infer that every Lévy measure v, is concentrated
on {(z,y) eR?: x € 2rZ or y € 277Z}.

By the stationarity of the process and - the projection of v, onto the first
and second axis coincide with I/(()k) and v ), respectlvely, on the complement of every

neighborhood of zero. Hence, by our assumption (6.2) on vy, for every m € Z, m # 0,
vir ({20m} x R) = o ({2rm}) = (R x ... x Rx {2rm} x R x ... x R)

k—1 d—k

§V0({xERd: EIlE{l,...,d},IZEZWZ}):()

and similarly v, (R x {2rm}) = 0. This shows that every v, 7,k = 1,.. d is actu-

ally concentrated on the axes of R? and on each of them coincides with 1/0 ) and Vo @
respectively.

Now, observe that, for every t € R,

; 1
jay| v (de, dy) < + / (22 + o) v (de, dy)
Bs 2 Bs

1 1 ;
< 5/ 7 l/ék)(dl‘) + 5/ y° Vé])(dy) <e (6.15)
{l=[<6} {ly|<é}
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for any positive € and any j,k = 1,...,d, if only § is small enough. Then (|6.15) yields,
for every j,k=1,...,d,

|sin x sin y| V(()i \(da, dy) < |zy| I/Ot Ndx, dy) < e
Bs Bs

for sufficiently small 6 > 0 and any n. Since every v;x is concentrated on the axes of R?,

6.14)) implies that lim,,_. ch s1nxs1nyu0t (dm dy) = 0. Thus

lim smxsmyVOt '(dz, dy) =0 (6.16)

n—00 Jp2

for every j,k=1,...,d.
From (6.10)), (6.12) and (6.16) we infer that o (¢,) — 0 as n — oo for all j,k =

.,d. Since (t,) is a subsequence of an arbitrary sequence 7,, — o0, it follows that
oi(t) — 0 as t — oo and thus X(t) — 0 as t — oo, i.e. (M1) holds.
To prove (M2), observe that, for any n € N,

d )
— i 2 0
yotn( M > 52) < V(()i:) ((x(k)y(])) > )
—Z?,kzl(az(k)ymf j.k=1 )

d
<3 (‘x(k)y(j)l > g) .

Since - s
lim sup y (‘x @] > d) < v (‘x(k)y(j)| > 8) -0
for every j,k = 1,...,d, we deduce lim, .o vo, (|z]-|y| > ) = 0 for every 6 > 0.

Again, since (t,) is a subsequence of any arbitrary sequence 7,, — oo, it follows that
limy o0 vor (|| - Jy| > 0) = 0 for every § > 0 and thus also limy_, v (||| - ||y|| > ) =0

for any § > 0 and any norm |||, i.e. (M2) is shown.
As already mentioned at the beginning of the proof, we can now conclude with the
upcoming Lemma O

In order to establish Lemma we need the following multivariate generalization of [38|
Lemma 1].

Lemma 6.5.
Assume that limy_.o vor (||z]] - |lyll > 6) = 0 for every 6 > 0. Then one also has

(M3) lim f{o<Hx||2+||yH2§1} ]| - llyll voe(d(, y)) = 0.

t—o0
Proof. Fix ¢ > 0 and define for any § € (0,1) the sets
B = {(z,y) € RTx R : |Jz|* + [ly||* < 6°}
and Rs := By\Bs. Then, for every 6 € (0,1),

Ll vor(d(,
/{0<Ilwl2+||y|2s1} [l Nyl vor(d(z, ))
Bs .
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Taking advantage of stationarity of (X;)icr, we obtain

1
ILl= 5 2[1* + lyll* vor(d(z, )
Bs

1 9 )
<5 ([ e+ [ i)
= [ el wtan) <

{ll]|<o}

for every ¢ sufficiently small.
We fix such a § and set [ := min {0/2,¢/8q} with ¢ := vy ({||:L‘H2 > 0?/2}) < oo and
C:= Rsn{]lz| - [|y]| > (}. Then

DO ™

vor(C) + v (R5\C)

|| Z/Cllxl\ - \IyIIVOt(d(x>y))+L§\C - 1yl vor(d(z, y)) < 2

1 £ 52 52
< 50+ g [ (117 > 5 ) o (101> 5 )| <

Since vor (||| - |ly]] > 1) < e/2 if only t is large enough, we obtain

N~ DN

£
vou (] - gl > 1) + =

]l - lyll vor(d(z, y)) < e

/{0<r||2+y||2§1}
for sufficiently large t. Letting € \, 0, we obtain the desired result. O]

The next lemma shows that conditions (M1) and (M2) together imply mixing and thus
concludes the proof of Theorem [6.4]

Lemma 6.6.
Let (X;)ier be an Ré-valued strictly stationary infinitely divisible process. Assume that

(M1) the covariance matriz function X(t) of its Gaussian part tends to 0 as t — oo and
(M2) tlim vor (||| - [|y|l > ) =0 for every 6 > 0.

Then the process (Xi)ier is mizing.

Proof. Note first that, due to Lemmal6.5] also condition (M3) holds. We follow the proof
of Theorem 6 in [42]. We shall denote X, = (X ,..., X ) forany 7 = (s1,...,sp,) € R™.
Then (cf. [42]) it is sufficient for (X;);er to be mixing that for all 7 = (s1,...,8,), p =
(U1, ..., Uy,) € R™and 2y, 20 € R™,
thm E[ei(21,XT>+i(z2,Xu+t>] - ]E[ei(Zthq . E[ei<z2’X“>] (6.17)
where p+t = (uy +t,...,uy, +1).
The family of R*™-valued infinitely divisible random vectors {(X;, X,,4,)}, 5 is tight.

Therefore let B, := {z € R?4: |z|> <r2}. Then

P <(XT’XM+t) ¢ B\/%r) < ZP (‘ij| > T) +P (‘X%‘H‘ > T)

j=1

=2m-P(|Xo| >7r)—0
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as 7 — o00. Hence the family is relatively compact w.r.t. the weak topology (i.e. the
topology generated by weak convergence).

Let (v}, X' v!) and (72, %2%,1%) be the characteristic triplets of Z(X,) and £ (X,),
respectively. Consider an arbitrary sequence 7, € R, 7, — oo and an accumulation point
F of the associated sequence {Z(X;, X,1y,)},cn @ 7 — 00, i.e. there is a subsequence
(tn)nEN of (nn)neN s.t.

L(Xe, Xpir,) = F asn — o0

where the accumulation point F' is obviously (cf. [54, Lemma 7.8]) an infinitely divisible
distribution on R?*™¢ with some generating triplet (v, %, v). We denote by (V,, X, v,) the
characteristic triplet of £ (X, X,,14,) for any n € N and by ®,(z1, 2) its characteristic
function at the point (21, z;) € R™ x R™. The logarithm of ®,, can be written (cf. proof

of Theorem as

e =i(2)- ()42 (2)

+/ elGrartiten -1 — iz, o)Ly (lel) — iz, y) L (lyl) va(d(z, 9))
{lz|<9, ly|<d}

+/ etrariten —1 — iy, o)Ly (o)) — iz ) Loy (lyl) va(d(z, y))
{lx=6 or |y|=4}

== 11+IQ+[3+I4.

We shall prove that log ®, (21, z2) — log ®1(z1) + log ®2(22) as n — oo for all 2, 2o € R™
where ®; and ®, are the characteristic functions of X, and X,,, respectively.

Obviously I} = i(z1,v") +i(22,7%) and due to the assumption (M1) the second term
I, converges to —1/2(z1, X 21) — 1/2(z, ¥%25) as n — oo.

As to Iy, we have (cf. (6.14]))

L= eHer e tiees) — 1 — iz, ) Loy (llzll) = idz2, ) Lo,y (lyl) v(d(z, y))
{Ja]6 or lyl=3}

_ / ) _ 1 iz, )Ly ([l2l]) v (da)
{|z|>d}

+/ AR i(ZQ,y>]l[0,1]<HyH) y2(dy)
{ly|=d}

since, letting © = (x(l)/, . ,x(m)/)/ € (RY)™ and y = (y(l)/, . ,y(m)l), € (RY)™,

v (|l -yl > 6) <liminf vy (Jz] - [y > )

. 5
<timinf 3 vou oo, (‘xm‘ ] > )

n—oo m
Ji:k=1

(2)

for any § > 0 which shows in particular that v(|z| - |y| > 0) = 0.
Analogously to = and y we denote the R%components of z; and z by z? ) and zéﬂ ),
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respectively. Concerning I3, a simple Taylor expansion yields for any ¢ > 0 small enough

_ 1 - i = @ .. i
I3 =—— 27 x 2y, vp(d(z,
. [ /{ s (Z ) (Z< y >> (d(z,9)

7j=1 j=1
- 2/ (Z y(’“)>> va(d(z,y))| + R
{lal<s.lyl<8} \ 57,

with

3 2 2)3/2
6|R| < /ﬂm el o ((f +1u%)") (o)

73
- ‘(Z) v (w) vald(z. )
“2 {Jo|<8, ly|<s} | \Y
3
< ‘(Zl) -2 - (/ |x]2 yl(dm) +/ |y|2y2(dy)>
22 {0<|z|<6} {0<|y|<8}

and thus 6 |R| < e for any positive € if only ¢ is small enough. Moreover, for again
sufficiently small § > 0 and every j,k=1,...,m,

N C LI L PACTEN)
{lz|<d, lyl<3}
<O [ e )] sadla)
{lz<9, |yl <4}

PAROING / O]y ®] o ooy (d(zD,y®
S T AN L B A )

by virtue of (M3). Finally

1 ; .
3 matwey) s [ E o1 i)ty () v )
{l=] <6, ly|<d} {o<|z|<d}
< J+Jo
with
1 2 1 2
h=|3 (o1, 0 v, 9)) ~ (o112 vald(,9))
{0<|z|<d, ly|<d} {0<|z|<d}
</ (Pl <laf [ el
{0<]z|<0, ly[>6} {0<|z|<d}
and
1 ; ‘
Rl [ GaPnden) s [ i) )
{0<|z| <8} {0<|z|<d}
1 , .
—| [ e -1 i)y lel) )
{0<|z|<d}

<lal's [ P,
{0<|x|<d}
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An analogous result is obviously true for the second addend of the first term of I5.
Putting all this together we obtain

lim log ®,,(z1, 20) = log ®1(21) + log ®y(2) for all 21, zp € R™

and thus the desired result in (6.17) which completes the proof. O]
From the foregoing results we can derive the following corollary:

Corollary 6.7. Let (X;)ier be an R-valued strictly stationary infinitely divisible process.
Then, with the previous notation, (X;)ier is mizing iff

tim {10+ [ A Ll Ty vt ) <o (6.18)

Proof. Obviously implies (M1) and (M2) and thus, due to Lemma
implies mixing.

Conversely, if (X;)er is mixing, then by investigating again Theorem and Lemma
(and their proofs) we know that (M1) holds. Moreover (cf. (6.14)))

(3k)

Vgr as t — 00 (6.19)

B§

for every 0 > 0 s.t. v;,(0Bs) = 0 and any j,k = 1,...,d. From the proof of Theorem
we further know that the Lévy measures v;; are concentrated on the axes of R Now
choose ¢ > 0 s.t. (6.15) and (6.19) hold, then we have

t—o00 t—o00

lim sup/ (1A |zy]) Véik)(da:, dy) < e+ lim Sup/ (1A |zyl) Voik)(dx, dy) = .
R? ¢

Letting € \, 0 we deduce limy_ [5, (1A |zy|) VOt (dx dy) = 0 for any j,k = 1,...,d.
Finally

d

Aw( }:mﬁ§?%>wtxy }:/ (1A Jary;]) vor(d(, )

k=1
d
=32 [ A faal) o ey =
7,k=1

This clearly implies limy oo [poa (1A |2 - |y]) voi(d(z, y)) = 0 as well and hence (6.18)) is
shown. O

In view of an application to MCARMA processes in the upcoming section, we now
consider a stationary infinitely divisible process of the form

(éﬂ@ng,teR

where L = (L;)ser is a Lévy process in R? and fi(s) : R — Mjq(R), (s,t) — fi(s), is
measurable (cf. end of Section for the univariate mixing results in such a case).
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Theorem 6.8. Let (X;)icr z (Jg fe(s )) be a strictly stationary infinitely divisible

process where L = (Ly)ier 5 a Levy process in R with generating triplet (v,3,v) and
fi(s) : R — Miwa(R), (s,t) — fi(s), is measurable. Then (X;)ier is mizing iff

jim { # [ [ QA L)l Uts)el) v asf o

Proof. Since we can write

Xo / fo(S))
= L(ds), teR,
(Xt> R (ft(s) (ds)
we immediately obtain the covariance matrix function of the Gaussian part of (X;)er (cf.

(2.8)) by

$)X fi(s) ds

—/ﬁ@mmw%,tek
The Lévy measure vy of Z(Xy, Xy) is given (cf. ( .

Vor (A //Rd]l"‘ o)z, Fi(s)2) v(dz)ds, A € BRZ).

Thus
[ antel -l waddten) = [ [ anlosl - Ids)al) vds) ds
R2F R JRE
and Corollary [6.7] completes the proof. O

6.3 Application to MCARMA processes

Let us now consider a Sa.S or a regularly varying MCARMA(p, q) process (Y};)ier which
can be represented as the moving average

Y, = / f(t—s)L(ds), teR, (6.20)
with kernel function
1 .
1) = 5= [ Pl QU dn, s €
2m Jp

where P and () are the autoregressive and moving average polynomial, respectively. The
Lévy process L is accordingly supposed to be SaS or regularly varying.

Applying [I, Theorem 4.3.16] immediately yields strict stationarity of SaS and reg-
ularly varying MCARMA processes. The moving averages in are in particular in-
finitely divisible processes. We get the following analogue to |41, Proposition 3.27]:

Proposition 6.9. If the driving Lévy process has generating triplet (v,>%,v), then the
distribution of the MCARMA process Yy in 1s infinitely divisible for allt € R and

the generating triplet of the stationary distribution is (52, X%, v5°) where

gl —/f 7d8+// F(8)z (Lpoal<ry — Lija<ry) v(dz) ds,
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= 'd
> 4ﬂﬂﬂ@s
and

// Ta(f v(dr)ds, Ac BRY).
Rd

We use Theorem [6.8|in order to derive the mixing property (and thus also weak mixing
and ergodicity) for the MCARMA processes in (6.20)). Observe first (see (4.21])) that

[ft=s)<C
for some C' > 0 and any t,s € R. Then, for some ¢ > 0,
t—o00
(St = s)ds| < eI [ 151 I =)l ds =0

due to the Dominated Convergence Theorem since the integrand converges pointwise to
0 as t — oo and can be bounded by C - || f(—s)|| which is an integrable majorant. The
second condition in Theorem [6.8] namely

| [ ansesial -t = syl vian as =0, (6.21)

is verified in the following lemma. Hence, Theorem [6.8] yields the mixing property for Sa.S
and regularly varying MCARMA processes.

Lemma 6.10.
The SaS (or alternatively reqularly varying) MCARMA process satisfies )

Proof. First note that, for any ¢ > 0,
M{seR:If(=s)ll > &, [ f(t=s)] >} =0, (6.22)
Indeed, for any € > 0 there is some n. € N such that
{seR: |[f(=s)ll > e} C [-ne,n]
since f(—s) — 0 as s — £oo. Thus, for any ¢ > 2n.,

M{seR:(f(=s) > e [If(t—s)] >e})
<M ({s€[=nen: |f(t—s)ll >e}) =0.

Now fix an arbitrary e > 0. We set B, := {(z,y) € R? x R?: ||z[|* + ||ly||* < r?}. Note
that in order to establish (6.14]) we did not use the assumption that the process is mixing.
Hence there is some R > 1 and some to > 0 s.t.

sup vt (Bg) < €.
t>to

Thus, for any ¢t > tg,
| [ antsessl e =sjelvands = [ @alal- ol vddte. )
< [ A lal - ol vt ) + =
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Then, for any 6 > 0,

/B A 2l - y]) el )

/ / (LA F(=s)el - £t — s)z])) v(de) ds
{If(=s)I<FU{|| f(t—s)|I<} J{(f(—s)x,f(t—s)x)eBR}

+f / (A A =s)all - ¢ = s)ol) o(dz) ds
UF N>, [1f E=s)1>8} J{(f(=s),f(t—s)z)EBR}
= ]1 + .[2.

Since
min{|lul| - [[v][,1} < R min{[Ju, 1} - min{|[v]|, 1},

provided that max{||u||, ||v||} < R, we obtain

L <R / / AN (=s)zl)) - A [f(E = s)z]]) v(de) ds
(I (=9I <aulft=s)l<6} Jre

= </{||f(s)<5}/ (LA Nf(=9)zl®) v(da) ds) v
(// (LA £ (t = s)o]*) v(dr)d ) 8
<// (LA [ (=s)l?) w(d) d )
X </{“f (t=9)lI<d} /R Lnlse _18);’\2) v(dz) ds> :
o (/{llf(—s)sa} /Rd (LA Nf (=s)z]l”) v(dx) ds) /
(o) ([ i)
=2R- (/]Rd (1A HZJH2) yo(dy)>1/2 , (/{f(_s)”g} /Rd (1A Hf(—s):cH2) v(dz) ds) 1/2

<e

if only ¢ is sufficiently small. Now fix such a ¢ and consider I,. Analogously, one obtains

IQSR'(/{nf( )|>5fts>5}/ (Al vide) o )1/2
(// (LA £t — 8)al”) w(dz) d )1/2
—r ([ )w(dm)

1/2
LA || f(=s)z|*) v(d d)
< ( /{f(_s)”>w_s)“>5} [, A Lsalf) o) as
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where the right-hand side converges to 0 as t — oo by virtue of (6.22)) and thus (6.21)) is
shown. O
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