Credit contagion in a long range dependent macroeconomic factor

model

Francesca Biagini * Serena Fuschini Claudia Kliippelberg *

March 23, 2010

Abstract

We propose a new default contagion model, where default may originate from the perfor-
mance of a specific firm itself, but can also be directly influenced by defaults of other firms.
The default intensities of our model depend on smoothly varying macroeconomic variables,
driven by a long range dependent process. In particular, we focus on the pricing of default-
able derivatives, whose default depends on the macroeconomic process and may be affected
by the contagion effect. In our approach we are able to provide explicit formulas for prices of
defaultable derivatives at any time ¢ € [0, T]. Finally we calculate some examples explicitly,
where the macroeconomic factor process is given by a functional of the fractional Brownian

motion with Hurst index H > %
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1 Introduction

The ongoing financial crisis has been triggered by the dramatic rise in mortgage delinquencies
and foreclosures in the United States. This crisis has not only manifested the weaknesses in
financial industry regulation, but also of the financial models used for pricing instruments of
mortgage pools like MBSs and CDOs. In particular, the systemic risk has been desastrously
underestimated. It has been industry standard to model contagion within a pool of credits by
an intensity model, where the intensities of surviving credits may increase at default of some
credit. This approach increases the probability for default of dependent credits, so has no direct
effect. In a static model, Davis and Lo [8] suggested a direct contagion model, which is able to
capture the immediate effect of one credit default to other credits in a pool.

We investigate a dynamic version of the direct contagion model of Davis and Lo [8], which is
based on interacting intensities. Each default indicator process may be influenced by the default
of other firms, which is modeled by an indicator variable representing the contagion possibility.
In addition, we allow the default intensities to depend on smoothly varying macroeconomic
variables (for example supply and demand, interest rates, the gross national product, or other
measures of economics activities), which are often modeled by a Markov state vector leading to
affine models; see e.g. Duffie [10] and Duffie, Filipovic and Schachermayer [11].

It is, however, well-known that many macroeconomic processes show a long-range depen-
dence effect; see e.g. Henry and Zaffaroni [17]. Consequently, in this paper we model the latent
macroeconomic process governing the default intensities by a long range dependent process, here
exemplified by a one-dimensional process, which stands for instance for a weighted mean of a
vector of macroeconomic variables.

In this paper we focus on the pricing of defaultable derivatives depending on the macroeco-
nomic process and affected by the contagion effect. We remark that we are not assuming that the
primary assets on the market are driven by a long range dependent process. Hence no arbitrage
problem arises in the use of our model. For a discussion on this topic we refer to Bjork and
Hult [2] or Oksendal [18]. In our model the long range dependent macroeconomic process enters
as a progressively measurable process into the default intensity. By usual no-arbitrage arguments
the price of a contingent claim at time ¢ is given by the conditional expectation under the pricing
measure, which we suppose to be given by the market.

In this not at all standard model we are able to provide explicit formulas for the derivative
price at any time ¢t € [0,7]. We discuss suitable long range dependent models for the macroe-
conomic process and calculate some examples, where the macroeconomic factor is given by a
functional of the fractional Brownian motion with Hurst index H > %

Our paper is organized as follows. In Section 2 we present our model and the contagion
mechanism for instantaneous contagion, modeling the intensity as a function of the macroeco-
nomic process. We explain the model in detail in Section 2 - it is an intensity-based model - and
we present all assumptions here. We present a specific example in Section 3 and calculate its

infinitesimal generators of the default indicator process and the default number process. After-



wards, we calculate a defaultable derivatives price in Section 4 at first conditionally on the latent
process. We conclude the section with a specific example, calculating the prices of a defaultable
bond under contagion. Finally, in Section 5, we introduce a general long range dependent frac-
tional macroeconomic process as intensity process. We obtain an explicit formula, which can be
evaluated numerically. In Section 5 we discuss some specific macroeconomic models and give an

explicit financial example.

2 The credit model

2.1 The default model

We consider a portfolio of m firms indexed by ¢ € {1,...,m}. Its default state is described by a
default indicator process
Zy=(Z(1),.... Zy(m)), t>0,

with values in the set {0,1}"™. For every i € {1,...,m} the random variable Z;(i) indicates, if
the firm ¢ has defaulted or not by time ¢, i.e. Z;(i) = 1 if the firm 7 has defaulted by time ¢ and
Z(i) = 0 otherwise.

Aiming at an extension of the idea of Davis and Lo [7] as indicated in [8], Section 3, to a
dynamic setting we distinguish between default caused by itself and default caused by contagion,
based on the default of some other firms. To this purpose we introduce the self-default indicator
process

Y;:(Yt(l),...,Yt(m)), t>0,

with values in {0, 1}, where again Y;(¢) = 1 if the firm ¢ has defaulted by time ¢ by itself and
Y;(i) = 0 otherwise. We denote by 7; the default time of the i-th firm for i € {1,...,m} and by

7 the indicator function, then
Yi(i) = Lyri<ty, 1=1,...,m.

Next we model contagion by using a contagion matrixz indicator process: if firm ¢ defaults by
itself at some time ¢, then Cy(i,j) determines whether infection of default from firm i to firm j
takes place or not at time t.
We assume that, if default of firm i causes default of firm j, then this happens instantaneously
resulting in Cy(7,j) = 1. More precisely, for any time ¢ > 0,
1 if the default of firm ¢ causes default of firm j at time ¢,
Cili ) = (2.1)

0 otherwise.

This results in a representation of the default indicator process of firm j
2(j) = i) + (1 = %i(7)) (1 = [T(1 = Conns (1) Yi(0)))
i#j

=¥i() + (1= %) (1= [T( = € i)ve@)), ¢=0. (22)
i#j



Since firm j is influenced by itself, we define Cy(j,7) = 1 for all j € {1,...,m} and t > 0.

Then equation (2.2) can also be written as

2i5) = 1-T[ (= Cali Y0 . t20. (2.3)

The defaults of the portfolio, either by itself or by infection, are caused by fluctuations in the
macroeconomic environment, which we model by a state variable process ¥ = (U;);>¢ with
values in R? for d € N, representing the evolution of macroeconomic variables such as supply
and demand, interest rates, the gross national product, or other measures of economics activities.
In the literature ¥ is usually taken to be Markovian, so that the overall model of the system,
given by (Uy, Y:, Ct)i>0 is Markovian.

It is, however, well-known that many macroeconomic variables show a long-range dependence
effect; see e.g. Henry and Zaffaroni [17]. Consequently, we model the macroeconomic environment

by a long range dependent process (¥;)¢>0 to be specified later (see Section 5).

2.2 The probability space

The overall state of our system is described by the process (U4, Y, Cy)i>0 on the probability
space (92, F,P) endowed with the filtration

Fo=F'VFYVF, t>0,

where (F}¥)i>0, (F} )i>o0 and (FC)¢>0 are the natural filtrations associated to the processes ¥, Y
and C, respectively. Here we assume that the agent on the market knows if a firm has defaulted

by itself or not and the contagion structure among the firms. Moreover, we define the filtration
G =FEVvFYVFS, t>o0.

We assume that investors have access to (F;);>0, whereas the larger filtration (G):>0, which
contains information about the whole path (¥;);>0 serves mainly theoretical purposes. Finally,
we assume that all filtrations satisfy the usual hypotheses of completeness and right-continuity.

From now on we work under the following assumptions.

Assumption 2.1. (1) We remain in the framework of most reduced-form credit risk models
in the literature and assume that the dynamic of W is not affected by the evolution of the
default indicator process Z. This has the advantage that we first model the dynamic of ¥
and, in a second step, the conditional distribution of the default indicator process Z for a
given realization of the macroeconomic factor process W. In particular, we require that ¥ is
not affected by the evolution of the default indicator process Y and the contagion matrix
C. In mathematical terms this means that for every bounded F.y-measurable random

variable 7,

Eln| B =E[n| 7], t>0.



(2) The processes (Y;(i))¢>o for i € {1,...,m}, (Ci(i,7))e>0 for 4,5 € {1,...,m},i # j, are
conditionally independent with respect to the filtration (G;)¢>0. This means that for every
{i1,...,ix} € {1,...,m} and for every choice (ay, £1),..., (o, B) in {(i,5) € {1,...,m}? |
i #j} wehave forallt; >t,j=1,....k, and s, >t,n=1,...,1

k [
TTTI 7 (¥ (i) 9 (Co,(n. B)) | Gi

j=1n=1
l

k

H )| 6] T Elg (Cs(an, 8)) | Gi]

J=1 n=1

k [

H £ (%)) | FEV R ] TTE [9(Colan, B)) | FL v FL O

n=1

for f,g:{0,1} — R, with ]-"Y( D o(Yy(i) : u < t) and }"C(Z’]) =0 (Cyu(i,j) : u < t), for

every 1,5 € {1,...,m}, i #j.
(3) For every i € {1,...,m} the self-default indicator process (Y;(7)):>0 is a doubly stochastic
indicator process with respect to the filtration (Fy, V F} )i>0 with stochastic intensity

depending only on the path of (¥;);>¢. In particular we assume that the stochastic intensity

of firm i is of the form A!(t, ¥;) for A\ : R? — R, a continuous function. This means that

—fs)\i(u,\l'u)du
E[1-Y,()| G = (1-Yi(i)e " s>t (2.4)

where the last equality holds by Corollary 5.1.5 of Bielecki and Rutkowski [5].

(4) The contagion processes (C4(i, j))i>o0 for i # j are FY,—conditionally time-inhomogeneous
Markov chains; i.e. for every function f: {0,1} — R,
C'(1, .o ..
E[£(Culig) | FLVF | = E[F(C60,0) | FLVa(Clin )], s =t
For all 7,7 € {1,...,m}, i # j and k,h € {0,1}, we denote the conditional transition
probabilities by
PRk, h) =P [Ci(i, ) = h| FXLV o(Cili, ) = k)]

and assume that (p (k, h))scp+ is a continuous process for every t € R*, i,j € {1,...,m}
and k, h € {0,1}.

In the sequel we will use the fact that on {C(i,7) = k}

P [Cu(i,j) = h, Ci(i.§) = k| FX]

pi(k,h) =

Note that, unlike the default indicator processes, the processes (Cy(i, j))¢>0 are allowed to
change between 0 and 1 back and forth in time. They model the presence of a business
relationship between firm ¢ and firm j, which can be present at time 0, absent at some

later time, and come in force again even later.



3 A portfolio with disjoint contagion classes

We want to discuss our model assumptions for the simple case of a credit portfolio with group
structure. For simplicity we assume that the matrix C is time-independent and deterministic.
This means that we can divide the credit portfolio of m firms into groups, which we can identify

by the following assumptions.
Assumption 3.1. (1) Reflexivity: By definition C(i,7) =1 for all i € {1,...,m}.

(2) Symmetry: C(i,j) = C(j,i) for all i,5 € {1,...,m}.

The influence of default is symmetric.

(3) Transitivity: C(i, h)C(h,j) < C(i,7) for all 4,5,h € {1,...,m}.
If the default of firm ¢ causes firm A to default, and firm h causes firm j to default, then

also firm ¢ causes the default of firm j.

Assumptions 3.1 define an equivalence relation on the credit portfolio, i.e. i ~ j if and only
if C'(i,7) = 1. The equivalence relation subdivides the portfolio into disjoint equivalence classes,

which we call contagion classes and denote by

[i]:={j € {l,...,m} | C(i,5) = 1}.

We assume that the portfolio consists of k contagion classes [i1], ..., [ix], representing for instance
business sections or local markets.

By definition (2.2) of the default indicator process we have:

: Lt @) =1 v Gi#i C6hj)=1 st Yi(j)=1)
Z(i) = (3.1)
0 if (Vi())=0) A (G()=0 Vj#i st C(i,j)=1).
Given some i € {1,...,m}, from the definition of the default indicator process in (2.2) and

Assumption 3.1 we have

This means that either all firms of the same contagion class default at the same time or all of
them are alive. Here we see that our modeling is different from (and more drastic than) the usual
credit risk contagion modeling, where the default of some firm within a group only increases the
hazard of all other group members; for examples and further references see Schonbucher [20],
Chapter 10.5.

Conditionally on the macroeconomic state variable process W the default indicator process
(Z¢)¢>0 is Markovian. Since in this case C' is supposed to be deterministic it is to be expected
that the intensities of (Z;);>0 are inherited in a deterministic way by the default intensities of
the self-indicator process (Y;)¢>0 as given by (2.4) of Assumption 2.1(3).

This allows us to calculate the conditional generator of the default indicator process as well

as of the default number process.



3.1 Conditional infinitesimal generator of the default indicator process

We calculate the conditional infinitesimal generator of the default indicator process (Z:)i>0,

where we use Definition 2.2 of Yin and Zhang [23].

Theorem 3.2. The infinitesimal generator A; of the fo‘g—conditional time inhomogeneous

Markov process (Zi)e>o is for any test function f:{0,1}™ — R given by

=TT IT =1z —2D>] [f(z(“) - f(z)} (1= z)N(t,0), z€{0,1}™, (32)
J=1luelj] i=1
where
20 = (21 + (1= 2)C(30,1), ... zm + (1 — 2)C(i,m)). (3.3)

Proof. By Proposition 11.3.1 of [5] we obtain that the infinitesimal conditional generator of Z;
is given by
AT f(z) =) [f(w) = F(2)] A (2, w)
wz
for any f: {0,1}™ — R, where A?(z,w) denotes the Fv,—conditional stochastic intensity of the

process Z from state z to state w, given by

z z
z,w) — ph(z,w
/\tZ<2’7w)f li ptt+h( ) — pii( )

4
h—0 h (3 )

with conditional transition probabilities

o (o) i P(Zps =w, % = 2| i)
e P(Z = z| FX)

=PV (Zys=w| Zi=2), t,s>0.

and

P 1 if z =w,
Pit(2,w) = 020 1=
0 otherwise.

Since the different contagion classes are independent, we factorize the transition probabilities as

follows:

k
ptt+s z,w) H Mielin] Zt+s( ) = w; | ﬂz‘e[ih]Zt(i) = Zz) . (3.5)

Recall that in each factor in (3.5) the states w;, z; € {0,1} and that 1 is the absorbing state.
Because of the deterministic contagion mechanism, at any time either the whole contagion class

of firms has defaulted or has not, i.e.
Ji € fin] st {Z(i) =0} & NMigp{Ze(i) =0} . (3.6)
Moreover, by definition (3.1) we have that

Miein{Z:(1) =0} & Niep, {Y2(i) = 0} (3.7)



Setting Zy(ip) := [] 1 Z¢(i), which also is a 0-1 random variable, we have

i€lin
Niclin{Z:(i) =0} = {Zi(in) = 0}
and by (2.4), (3.6) and (3.7) we get
E[L - Zursin) | G = (1= Zy(in))e i Zieton Mt (3.8)
Given z = (21,...,2m) € {0,1}" we define for h € {1,...,k}
2] = (21 4+ (1= 20)C(in, 1), ..., 2m 4 (1 — 20)C (i, m)),

representing the fact that only group [iy] can default and, if it does, then all other components
of z remain the same. Then by (3.5) and (3.8), taking the limit in (3.4), we obtain for zlin) £ »

N (20 = TT =25) D N, wy)
JElin] i€lip]
and M (z,w) = 0 for w # 2 or w = 2.
Then the infinitesimal generator for elements z such that z; = z;, if firms ¢, j are in the same

contagion class, is given by

AEFz) =30 (1) = p@)] TT (= 2) 3 N w),
h=1 J€[in] i€[in]
which can equivalently be represented as

m

AZF(2) =0 [FED) = 1)) (1= 20X (1, W)

i=1
where z() is defined as in (3.3). To guarantee that at the same time only defaults in one contagion

m

class take place, we multiply the right hand side by [[ [] (1 —|zj — #u|), which means that
3=1 u€lj]

the vector z can not have two different components which correspond to equivalent firms. This

gives the form of the generator as in (3.2). O

3.2 Conditional infinitesimal generator of the default number process

We invoke the previous result to calculate the generator of the default number process for the
portfolio. To this end we split the group of all firms in [ homogeneous groups Gy, ..., G}, where
each group contains all the firms with the same default intensity. We recall that firms belonging

to the same equivalent class [i] have a default intensity given by
A = Z N (t, ).
€l
It follows that each homogeneous group Gy, is given by the union of a certain number s; of

contagion classes, i.e.
-h -h
Gn=[n]U---Uljg,]

8



For every h € {1,...,1}, we denote by n? the cardinality of the class [j}] for i = 1,--- , sy, and
by AGnr(t, ¥;) the intensity of every firm belonging to the group Gj. Let

M (h) :zslh > Z;? ot Y Zn’f}(f) (3.9)

e L i€l ] O

be the weighted average number of defaults in the group Gj.We now consider the process M; :=
(M(1),...,M(l)). Because of the conditional independence of contagion classes the components
of this process are also conditionally independent. We calculate the conditional infinitesimal
generator of (My)¢>o.

Recall first from our calculations in the proof of Theorem 3.2 that we can not have simultaneous
defaults for two different contagion classes, and that inside a contagion class all firms default at
the same time. Hence the counting process (M;)¢>o can jump from a state v = (uqy,...,u;) =
<%, ol Z—i), where v € {0,..., s} (for k =1,...,1), only to a state of the form u+ éek, where
er is the k-th element of the canonical basis of R'. With an analogous proof as in Lemma 3.4
of Frey and Backhaus [12], we obtain that the transition intensity of M from u into the state

U+ iek is given by
1
M <u, U+ ek> = s5p(1 — up) A (s, W)
Sk
Then the infinitesimal conditional generator of (M;);>¢ has the following form.

Theorem 3.3. Let My = (M(1),...,M(1)), t > 0, be the default number process with compo-
nents defined in (3.9). Under Assumptions 2.1 and 3.1 the inﬁnitesz’mal genemtor of this FY -
1 x - x {0, 2 1} - R

conditional Markov process is for any test function f : {0, X

) 810 TR

given by
l

Avf(u Z [ (u + ek> f(u)} sp(1 — up) A9k (8, 0y) .

=1

4 The price of credit derivatives as a function of ¥

We consider the problem of pricing derivatives, whose values are influenced by the contagion
mechanism represented by the matrix C' and the underlying macroeconomics factors ¥ as de-

scribed in Section 2.1.
Assumption 4.1 (Market structure; cf. Frey and Backhaus [13], Ass. 3.1.).

(1) The investor information at time ¢ is given by the default history F%; i.e. the investor knows
the latent process W, the self-default indicator process Y and the contagion matrix C' up

to time t.

(2) The default-free interest rate is deterministic, so that we can w.l.o.g. set it equal to 0. This
does not prevent us to include for instance the LIBOR rate as one of the macroeconomic

variables processes.



(3) A pricing (martingale) measure P exists and is known. For conditions such that this as-
sumption holds, see for example Lemma 13.2 of [14]. The price in ¢ of any Fp-measurable
claim L € L'(Q,P) with maturity 7" > 0 is given by

Li=E[L| F] for0<t<T. (4.1)

Here we do not assume that the pricing measure P is necessarily unique. In an incomplete
market setting in absence of arbitrage, the price process of a claim is given by formula (4.1) for
some choice of a martingale measure P. See for example Theorem 5.30 of [16].

We do not investigate further the issue of market completeness in this model, since it goes
beyod the interests of this paper. Given a contingent claim, we then focus on the pricing issue
in this setting and compute (4.1) for a given pricing measure P.

Without further specifying the macroeconomic process ¥ we can formulate the following result.

Theorem 4.2. Let f: R x R™ — R be a bounded measurable function. Let o = (aq,...,Qn),
B= (B, 0m) and z = (z1,...,2m) be in {0,1}™ and KD kW € {0,1}™ fori=1,...,m.
Set hii = kii:=1 fori=1,...,m, hy; := [MD]; and k;; := [kD); for j # i. Then fort € [0,T)]

> ayzj -

E[f(r. Z0) | Fl= Y. (07 [z I ®ha@)' " 1 - vi@)*
z,a,3€{0,1}™ j=1 i=1
X E | f(¥r, 2) [] brr(i)* fﬁ], (4.2)
i=1
with
at(i) - Z I{Bi(avh)zo}I{C‘g):h(i)}
h()e{o,1}m—1
ber(i) = > L o_poy ( / Ni(u, Wy )e™ i X (0 ¥)dsy, (kO pO)dy
h(i)}k(i)e{oyl}m_l t T
+I{f~lz(0¢7h)=0}/t )\l(u, \Pu)ei ft )\Z(S,\I/S)dspt,u(k(l)7h(l))du>7
where

m
~ 0 if Z Oéjhij = 07
7j=1

hi(oz,h) = (4.3)

1  otherwise.

and pyr, (kW h0) = H;nzlpgi([k(i)}j, [h9);) denotes the joint transition probabilities of the

random vector Cq(-:’) from time t to time ;.

Our proof is based on the following lemma.

10



Lemma 4.3. Assume the same notation as in Theorem 4.2. Then for all z € {0,1}™ and
te[0,7)

E [I{ZT:Z} | gf]

@) D Thuem=nLe—no
h(i)E{O,l}m*1

AN Y T, (/ N e XA (60, 1) du
h() k@ e{0,1}m—1 T

Ty || A Be 5 0 0O ) | (4.4

Proof. By (2.3) we have for z; € {0,1}

ac{0,1}m j=1 i=1

—

LizpGi)=2y = 7+ (=D | [ (1= Cr(6,5)Y7r(9)) -

i=1
Then for z € {0,1}™,
Lie=y = 1] |7 )% [t = Crili, ) Yr (i) (4.5)
7=1 i=1

We apply the following identity, which can be proved easily, for instance, by induction on m:

(A +B)= > HA1 “BY, (4.6)

j=1 ac{0,1}m j=1

m

where a; € {0,1}, j = 1,...,m. Setting 0° := 1 the formula holds also if there exists j €
{1,...,m} such that A; =0 or B; = 0. We apply this formula to

Aj = z;j and Bj := ZJH Cr,(1,7)Yr(7))
=1

Then we obtain the following expression for the indicator function in (4.5):

Lgp=zy = D H(la][ Ul Cr, (i, §)Yr(i))

ac{0,1}m j=1

) (4.7
= > 7 (15 ) IO - Gntvnin

Then by Assumption 2.1(2) we have that

Q
m
~~
=
—
—
3
<
Il
—_
<
I
—_
~
Il
—_

in:OéJZ] m o m m
B Zirymn | Gl = X 07 (T157) IIR | T10 - ontigyvr@n® | G

ae{0,1}m j=1 i=1 | j=1

11



We focus now on the calculation of the conditional expectation in (4.8). The total probability
theorem, by considering all the possible contagion structures for i-th row Cg) of the the random

matrix C, (written in its vector representation and avoiding the element C,(,1)), yields

m

E| ][0 —Cnlii)Yr()™ | G

Jj=1

m

= Z E (1- hinT(i))ajI{cgz_'):h(i)} Gi
re{o,1}m-1 | j=1

= E[(=Ye(@) ML o0, | ] (4.9)
h()e{0,1}m=1 "

where hy; := 1 and h;; := [h9)]; for j # i and h;(a, h) is as in (4.3). We now calculate

E [(1 - YT(i))Ei(a’h)z{cﬁ?zh“)} ‘ gt}

B T |
=E {}E [(I{T<‘ri})ﬁi(a,h)z{cﬁz):hm} ‘ ]3’}/(") V Qt] ’ gt]

= Lzt L (am=0y Ly —pny

+ Lam= B | Ticry D ptvﬂ'(k(i)’h(i))z{d%km} G
k(W e{0,1}ym—1

k(i)e{[),l}m_l

- Y;‘/(i)z{fu(a7h):0}I{o£§>=h(i>} + Z I{ct(”:w} (4.10)
k(M ef{o,1}m-1

% (Ziianr=or® [ Focr i B0 00| Go] + T 0y B | Tirmypn K0, 00| G )
where by using Assumption 2.1(2) and (4) we have set p; ., (), h()) := 15, pgi([k(i)]j, [h)];)
to denote the joint transition probabilities of the random vector Cg) from time ¢ to time 7;
under the convention that [h(")]; = [k®)]; = pﬁi([k:(i)}i, [R(];) := 1. Note that in the second term
of (4.10) we have 7; > t.

Since by Assumption 2.1(4) pt’.(k(i), h(i)) is a bounded continuous stochastic process, we can

now apply Proposition 5.1.1(ii) and Corollary 5.1.1(ii) of Bielecki and Rutkowski [5] and obtain

12



Zijy (=0 E [I{t<n}ptm(k(jv ) ’ gt} T Zihi(a,h)£0) [I{T<n}pt,n(k(i)vh(i)) ’ Qt]

=ZLir>0) <I{Ei(a,h)0}E [/t A (u, ‘I’u)e_ft A (S’\ps)dspt,u(k?(z),h(z))du fo\g}

7))

{h (b 0}/ )\2 (u, Uy)e — [ N (s, )ds pt,u(k(i),h(i))du), (4.11)

+m . u i . .
Ly 20y B [/T N, W) Je X dep, (kD 20 du

Feo ) U i . .
= =) ([ A e NG 60,100

T

where in the last equality we have used the fact that all terms in the conditional expectation
are F-measurable (Assumption 2.1(4)).
By plugging now (4.10) and (4.11) in (4.9) and then in (4.8) we conclude the proof. O

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. Iterating the conditional expectation we get
E[f(Yr, Zp)| 7] = E[E[f(Y7, Zr)| G| Fel.

In order to calculate the inner conditional expectation we use formula (4.4) of Lemma 4.3. For

the sake of simplicity, we set
a@® =" > Tem=nLeino
r()e{0,1}m—1
and

too w g . .
bt,T(i) = Z I{Ct(i)zk(i)} </T N(u, \I/u)e_ff A (S7W8)dspt,u(k(2)’ h("))du

h(D) k(D ef0,1}m-1

Then by the total probability theorem it follows that

E[f(Ur, Z0) | F) =B | > f(90,2)E [Ziz,—y | Gi] | Fi (4.12)
ze{0,1}™

™m

Z ajz; ™

H Zl aJE

We now calculate the conditional expectation appearing in (4.12). By (4.6) we have that

2

Oqu{O,l}m

f(Ur, 2 H (Yi(i)ae(i) + (1 — Yi(i ))bt,T(i))‘ ft] .
=1

TLas) + (- Yiibr@) = 3 ] e@ain' (1 - viibr ()

i=1 Bef0,1}m i=1
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Hence

fwr,2) [ v (1 - Yi(0))ber(0))

=1

.

B[ Y [0l (- Vi) | 7

pef{0,1}m i=1
= Y H (Vi(D)ar(i)' ™% (1 = Yi(i))V B | f(¥r, 2) [ [ brr(i)° ft‘”] : (4.13)
pefo0,1}m i=1 i=1
Plugging (4.13) in (4.12) concludes the proof. O

Equation (4.13) shows that the final pricing formula depends on the specification of the
macroeconomic process ¥ and the dynamics of the contagion matrix C.

We first comment on the contagion matrix. Recall that it simply describes for two firms, if
there is a business relation at time ¢ or not. From our formulas it is clear that we only need to
know C' at the time of default. There is still room for more precise modeling of the contagion
matrix. For the moment we assume a time-independent but possibly random contagion matrix
given by

Ci(i,j) = C(i,5)Ye (i), t>0, (4.14)

where C has entries [C];; = Cj;(w) given by iid random variables independent of the processes
Y and V. In what follows, we have then F;, = 7Y vV F}Y vV o(C) for t > 0 and Fy := {0, Q}.

We study now this situation. Note that we still do not specify the macroeconomic process V¥;
this will only come in Section 5, where we price derivatives under the assumption of long range

dependence for W.

Theorem 4.4. If the contagion matriz is of the form (4.14), the pricing formula (4.2) is given
forO<t<T by
5 aiz
E[f(Yr, Zr)| Fi] = Z Z (=1)=

a,2€{0,1}™ he{0,1}m(m~-1)

T
MN (u, Uy, )d
CE | f(up, e 125" R o (4.15)

H Z (=Y (@) M Loy,
-1

MS

Il
—

and fort =0 by

EfUnzol= S Y (ST [e v = h)
=1

a,ZG{O,l}m hE{O,l}m(m*U

f hi(c,h) N (u, Wy, ) du
XE | f(¥r,z)e 0 ) (4.16)

MS

Il
-

7

where hi(a, h) is as in (4.3) with hy =1 fori=1,...,m, and hij :== [h]ij fori# j.
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Proof. First we note that in this case C, (7, 7)Y:(i) = C(4,7)Y:(7). The total probability theorem,
by considering all possible contagion structures for the random matrix C' (again written in its

vector representation and avoiding the diagonal) yields with (4.7)

E[Lizp- | G) = Y. E[Lz—nTic-ny| G

he{0,1}m(m—1)

Zoaz- m
= X > = (Tls ) HH = higYr (D)) Lic—ny | Gt
j=1

he{0,1}m(m—1) a€{0,1}™ 1=1j=1

We now distinguish between ¢ = 0 and ¢ > 0. Since Zyc—p) is Fi-measurable for every ¢ > 0, by
Assumption 2.1(2) and by (4.9) we obtain that for ¢t > 0

E[Ziz,=2) | Gi] (4.17)
- ¥ R JJ(HZ;*QJ)I{C:h}HE T[] - hisYr (i) | G,
he{0,1}m(m=1) ae{0,1}™ j=1 i=1 j=1
& m )
= > > =07 (1) Te- h}HE[ (1= Yr(D) e | G|,
he{0,1}m(m—1) ae{0,1}™ j=1 i=1

where h;(a,h) is as in (4.3) with hy :==1,i=1,...,m, and hy; := [h];, i # j. Since by (2.4)

T _
: [ hi(a,h) N (u, W) du
E[(1-¥r@)HeM | 6] = (1 - vi@)Hhe ,
we obtain that for ¢ > 0
E[Zzr=2 | 9] (4.18)

Zoz-z- mn
SD SHED Db § ) ey | (RO
j=1

he{0,1}m(m=1) ac{0,1}™ i=1

w%,ﬂ

i (o, )N (u, Wy, ) du

To obtain the final pricing formula, we proceed analogously as in the proof of Theorem 4.2. By
(4.18) and (4.12) we have for ¢t > 0

E[f(Yr,Z7r)| Fi] =E Z f(¥r,2) Z{ZT =} ‘ gt} Fi (4.19)
ze{0,1}m
Z ajzj , M
D DD DN G § | g E
a,z€{0,1}™ he{0,1}m(m— 1) j=1

T
m - — [ R )N (u, Wy, ) du
T - V@)@ ME | fup,zpe | 7
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This proves equation (4.15). For ¢t = 0 we obtain

E [Ziz,=2 | Go] (4.20)

m T - .
Z Q25 fZ:'Ll hi(a,h))\l(u,\llu)du

- 3 Y ()& (ﬁ zj‘“j)P(c = h)e ©
j=1

he{0,1}m(m-1) ae{0,1}™

Substituting (4.20) in (4.19) for ¢t = 0, we obtain formula (4.16). O

If the contagion matrix is deterministic, i.e. for every i,j € {1,...,m} and all ¢t > 0,
Ct<Z7j)(w) = Ct(%]) € {07 1} Vw € Qa
we have FC = {(), Q} for every t € [0, T].

Corollary 4.5. Assuming that the contagion matriz is deterministic, the pricing formula (4.2)

stmplifies to

USSR RN VRNCE | (CRE U

a,ze{0,1}™

XE | f(Up,z)e ti=t F (4.21)

where

0 if > a;Cr(i,j) =0,
j=1

hi(a) := (4.22)

1 otherwise.
In the following simple example we investigate the effect of the contagion mechanism.

Example 4.6. We assume the group model of section 3 in its simplest form of a portfolio
consisting of two classes, taking 5 firms in one group and 10 firms in the second group. We work

with a deterministic contagion matrix and consider different contagion scenarios for C:

C C
C = 5x5 5x10
Croxs Crox1o
We consider the following six scenarios, where I; denotes the identity matrix in R%, 04y the

matrix with only entries 0, and 1,4, the matrix with only entries 1.

Oy = s Cy — 1545 Osx10 Oy = < I5 05x10 )

O10x5 Lo O10x5 liox10
1 1 1 0
04 _ 5x5 5x10 05 _ 5x5 5x10 Cﬁ _ 115><15
O10x5 liox10 lioxs  Tio
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Obviously, C; corresponds to no contagion and will serve as reference scenario. Cy models
contagion within the first group, no contagion in the second and no contagion between firms of
the two groups. C3 models the complementary situation. Contagion matrix Cy models contagion
in the first group, but also the spill-over of default of group 1 firms into the second group. Cj
models contagion within both groups, and contagion from firms in the second group to the first
group. Finally, Cs models contagion between all 15 firms.

These scenarios determine the vectors (hi(a),i = 1,...,15) for all a € {0,1}. We also
assume that all firms in the same group have the same intensity of default, i.e. \¥ = Al for all
i€{l,...,5} and A = AP for all i € {6,...,15}. Furthermore, we assume that A2 = 2\l and
that both groups are exposed to the same realization of the macroeconomic process A,

Now to understand precisely, what the effect of the contagion is, we take as simplest example
one bond of one firm of the two groups at one time. For a defaultable bond of a firm in group

i € {1,2} with pricing formula (4.21) we obtain we have to calculate

vl =E|0

(1 - Ziyexp{— / )M\ (u, wu)du}]

Note that the zeros in fzi(a) correspond to no default of all firms in group 1 and the second part
of the vector to arbitrary values in the second group.

It remains to specify A and we take the CIR model, such that the intensities are positive
a.s., i.e. \U(t, By) = )\7[51} is the solution to

M = a2\ 4o/ AMaB,, t>0,,

where (Bj)¢>0 is standard Brownian motion, and we take the parameters a = 2.0, b = 0.05,
o = 0.4 and initial value A1(0) = 0.03. Obviously, prices should decrease for higher contagion

scenarios and for bonds with higher maturity.

Bond of firm in group 1 | Bond of firm in group 2
T=1 T=2 T=1 T=2
Ch 0.966936 0.923076 0.935458 0.853588
Co 0.849446 0.681479 0.935458 0.853588
Cs 0.966936 0.923076 0.550128 0.258520
Cy 0.482438 0.195017 0.935458 0.853588
Cs 0.849446 0.681479 0.482438 0.195017
Cs 0.482438 0.195017 0.482438 0.195017

Table 4.1: Bond prices VH for maturities T'=1 and T" = 2 and the different scenarios.
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5 Pricing contingent claim depending on the macroeconomic

process with credit risk contagion

5.1 Modeling the macroeconomic process

Now we turn to the macroeconomic process W. There are many examples, which consider the
intensity as a function of a state vector of Markov processes; see e.g. Schonbucher [20], Chapter 7.
Gaussian processes and processes driven by Brownian motion are the most prominent ones. Here
we focus on the case, where ¥ = ¥ is given by a long range dependent process with Hurst
index H > % This choice is motivated by the fact that macroeconomic variables like demand and
supply, interest rates, or other economic activity measures often exhibit long range dependence.
In the context of fractional processes examples include fractional geometric Brownian motion or
other processes driven by fractional Brownian motion with non-negativity guaranteed.

We recall here the definition of fractional Brownian motion.

Definition 5.1. A fractional Brownian motion (fBm) BY = (BH);>¢ with Hurst index H €

(0,1) is a continuous centered Gaussian process with covariance function
1
cov(BE, BH) .= RH(t,s) := §(t2H + s2H |t — 52, t,s € R,

In this section we focus on the case where the macroeconomic process is given by a suitable
function ¢ of a stochastic integral of a deterministic function with respect to fBm with Hurst
index H > % For examples see Buchmann and Kliippelberg [6] and for more details concerning
fractional Brownian motion and the relevant stochastic calculus we refer to Biagini et al. [4]. Then
we will compute the pricing formula (4.2) of Theorem 4.2 under the macroeconomic variables

model .
(ELRET) (ItH), Jrd ::/ g(s)dB? | tel0,T), (5.1)
0

where v is an invertible continuous function and g is a deterministic function in L% ([0, 7). We
recall that L% ([0,T]) is the completion of the Schwartz-space S([0,T]) equipped with the inner
product

T pT
(fr9)m == H(2H — 1)/0 /0 F(s)g(t)|s =t 2dsdt < oo f,g € S((0,T]).

In particular, in (5.1) we focus on deterministic integrands g € H*([0,7T]) (which is a subset of
L%,([0,T])), the space of the Holder continuous functions on [0, T] of order u > 1 — H, and such
that 1/g(s) is defined for all s € [0,T].

Remark 5.2. Under the above condition on % and g we get the following.
(i) The stochastic integral in the formula (5.1) can be understood pathwise in the Riemann-

Stieltjes sense (see Section 5.1 in [4]).

¢
(ii) By Theorem 4.4.2 of [24] we have also that B (¢) = [ ﬁ IH, where this integral can
0

again be interpreted in the Riemann-Stieltjes sense. This implies that the processes I and BH

generate the same filtration and that F,’ - ]-}BH (because 1) is invertible and measurable).
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Although a long range dependent macroeconomic process may be more realistic than a
Markovian one, it is clear that the calculations and the resulting pricing formulas become much
more complicated. In this paper we shall restrict ourselves to the case, where for alli € {1,...,m}

the default intensities of the self-default processes (Y;())¢>0 are stochastic and of the form
N, U) = B +9' (), w>0, (5:2)

where 3% and +* are continuous functions.

Recall that intensities are supposed to be positive. Now, because the integral I’ has fBm as
integrator, obviously it can happen with positive probability that the intensity becomes negative.
By the affine transformation, however, we can at least control that this probability remains small.
Of course, the same problem arises, when working with affine models driven by Brownian motion
as, for instance, for the Ornstein-Uhlenbeck model (see Schénbucher [20], Section 7.1).

In this paper we work with Gaussian macroeconomic variables, but allow for different co-
variances in time governed by the function g. For a further discussion on possible choices of g
and Il we also refer to [3]. Other fBm-driven models for macroeconomic factors are discussed

in [6]; analogous fractional models beyond Gaussian are suggested in [15].

5.2 Pricing contingent claims with a long range dependent ¥

In the setting outlined in Section 5.1 we focus on the pricing of contingent claims written on
the long range dependent macroeconomic index U and affected by credit risk contagion. For
the sake of simplicity we consider the case, where the contagion matrix C} is deterministic for

all 0 <t < T. Referring to Corollary 4.5, the problem is now to calculate a term of the form

h )\Zu\I/Hd
£ |y RN 5]
Tmflia B (w)TH 4~ (u))du
:[ () [ (sl w) ft]
I B hatent e fy 2 bt @ du

%
O’i

3 H(w)IHdu
xE[fMI#,z) 5 hale)i ()

ff’H] (5.3)

for fixed z € {0,1}™, where we have set f¥ := f o . Note that in (5.3) the last equality holds
by Assumption 2.1(1).
For simplicity we omit in the sequel the index z and write simply f(¥4f) and f¥(I#) instead
of f(VH 2) and f¥(IH,2), respectively.
We now proceed as follows. Define for a € R the function f(z) == e f¥(z) for z € R and
its Fourier transform by f;" &=/ e_igxfff (z)dz for £ € R. We assume that f and v are such
R

that
A= {a eR|f¥(-) € L'(R) and f¥(-) € Ll(R)} £0.
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Then by Theorem 9.1 of Rudin [19] the following inversion formula holds:

1

1 [ gy
27T/Re fa (§)dE, zeR. (5.4)

f () =

We collect some useful results in the following lemma.

Lemma 5.3. With the same notation and assumptions as above, we have

fo Zh VB (w) IH du

E | f(¥f)e

g | 1 ST n(s,€)dBE | £H] 0
7 ] = 5 [l o £ s (55)

T m '
n(s, &) == g(s) (a + 1€ —/ Zhﬂa)ﬁ%u)du) , s €1[0,T] (5.6)

where hi() fori e {1,...,m} are defined in (4.22).

Furthermore,

where

[efo n(s.€)d

} (5.7)
2 Lo H 2
- {2|rn<-,s>z<t,T><->uH - Sl s D0 (Ol
X exp {/0 (n(s, &) + ¢f(3,§,t,T))dBf}
where || f||3; :== (f, [)u for f € L3([0,T]),

st s60) =5 b D (BRI 0] 53)
and for o = H — % € (0,1/2) we define
(I ) (s) = F(la) (/ n(r)(r — s)aldr> L0<s<t, (5.9)
and
T
(I787) (s) == _I‘(ll—a)ci </ n(r)(r — s)_o‘dr> , 0<s<T. (5.10)

Proof. We first prove (5.5). We introduce the notation Er := exp [ fo Z hi(e) B (w) IH du|.

=1
By Theorem 6.4 of Sottinen [21] follows that we can exchange the order of integration and obtain

— (T 4(s Tm~iaiuu H
P g<>(fs popt )ﬁ()d>dBS'

Then by using the definition of fff and the Fourier inversion formula (5.4) we get

i S latie= [ 3 hu()8 (wydulg(s)aBE — i
E|fiher| 7| = lzﬂ/ = T e | FY ]
- _E [ / elo (5B fﬁH] e, (5.11)
27T R
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where rom |
n(s, &) = g(s) <a +i€ — / Zhi(a)/)”(U)dU> :
S =1

Since E [efoT "(375)‘1Bf} < 00, we can exchange the order of integration in (5.11) and obtain (5.5).

Next we prove (5.7). By Remark 5.2(ii) we have

E [efoT n(s,6)dBE ]:t‘I’H} - [efoT n(s,£)dBE ;ﬁH]
! H r H BH
= exp (s, §)dB;" ¢ E | exp n(s, §)dBg ¢ | F |,
0 t
which is equal to (5.7) by Proposition 3.6 of Biagini, Fink and Kliippelberg [3]. O

Example 5.4. For the special case where g = 1 (that gives I/ = Bf) and ' = 0 for all
i€ {l,...,m}, formula (5.7) can be calculated by Theorem 3.2 of Valkeila [22] as follows

E [e(aﬂg)B;I ]_—tBH}

_ exp{;(a—&-if)g (T2 — (M™),) + (a +i€) <BtH+/t‘I’T(t’s>dBf>}

0

where .
(M) :/ (T, s)2ds
0
with
H 1 g T H-3 H-1
2(T,s) := (H_§)CHS2 w2 (u—s)" " 2du
B ( 2HT (3 — H) >;
T \rm+hre-2m)
and

1 1 Tl =z (u—t)7 2
Pp(t,s) == —sin (W(H— 5)) S%_H(t — 1)é_H/ L Cll) du .
t

™ u—=S

We are now able to provide a pricing formula for a long range dependent macroeconomic

state variable process.

Theorem 5.5. Assume that the contagion matriz C is deterministic and that for all i €
{1,...,m} the intensities of the self-default processes Y; = (Yi(1))i>0 are of the form

N, ol = g +4'(t), t >0,

where 5* and v* are continuous functions. Consider

t
I ::/ g(s)dB(s), t>0,
0
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for g € HH([0,T]) with p > 1 — H and such that é is well-defined. Let f(-,z) and () be

deterministic continuous functions and denote for all z € {0,1}™

flw,2) = f(¥(a),2), wz€R,

and
f(x,2) == e f¥(x, 2), a,xz € R.

Assume that there exists some a € R such that fY(-,z) and its Fourier transform fY (-, z) belong
to L*(R) for all z € {0,1}™.
Finally let v be invertible and set

(ZERET </Otg(s)dBH(s)> , t>0.

Then the price (4.21) at time t € [0,T] is given by the following formula

E[f (Y, Z7)| Fi]

S ;2 M ~ T hi(a *(u)du
_ Z (_1)Z§1 (Zil—ai(l N }/%(Z'))hi(a))e J; Z; (a)7*(u)
a,z€{0,1}™ i=1
&S hi@)Bi(w)IH du 1 1 1,
xe' =1 o . P {2||77('7§)I(t,T)(')H%-I = 5l (‘7§ataT)Z(0,t)(')H%{}
X ex t H(s 6,6, T)dBY \ f2(¢,2)d 5.12
P (s, &) + ¥y (5,68, 1))dBS" ¢ fa (€, 2)d€ (5.12)

where hi(«) is given in (4.22), n in (5.6) and ¢f(~,§,t,T) in (5.8).

A basic structural analysis for pricing formulas with long range dependent hazard func-
tion models will be presented in Biagini, Fink and Kliippelberg [3] together with an extended

numerical analysis study.

Example 5.6. (Inflation-linked caps and floors).
To illustrate how to compute ff , we introduce some examples of inflation-linked derivatives,
such as inflation-linked caps and floors, that we allow to be also exposed to contagion risk. By

using the notation of Theorem 5.5, we consider a payoff of the form
f(\IITa ZT) = (\I/T - k)+b(ZT)a

where WUp represents here the inflation index and b(-) is a positive measurable function, that

describes the contagion effects. By Theorem 5.5 we have to find some a € R such that

o —

(for)? € L'(R) and  (f.,,)Y € L'(R) (5.13)

hold. We show (5.13) for g = 1 and the two special cases 1(z) = x and ¥(x) = €*, corresponding

to fractional Brownian motion and geometric fractional Brownian motion, respectively.
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(A) Lot (x) =
It follows immediately that (5.13) holds for (f, ”) for all @ > 0. We compute now the

Fourier transform of ( fca”)w for a > 0.
(f/\)w( B () (atin) . B e—K(a—i—iu)
ol u)—/K e (x K)dx_i(a—i—iu) .
Since
e—K(a—l—iu) _ e—Ka _0 < 1 ) "y o
(a+ iu)? u? u? ’

we have that (5.13) holds also for the Fourier transform of ( fca”)w for all a > 0.

(B) Let ¢(z) =
It follows from the calculations in (A) that (5.13) holds for ( fca”)ff for all a > 1. We
compute now the Fourier transform of ( fm”) for a > 1:

— o] —(a—14iu) In K
(Fa)(w) = / et Ry =
InK a+w)(a—1+u
call/a ( . )( 1 . )

Since
e—(a—1+iu) In K
(a+iu)(a— 1+ iu)

B e—(a—l)an 0 1 N
Tlala— D) w2 tiu2a—1)  \u2) YT

condition (5.13) holds also for the Fourier transform of ( fca”) for all @ > 1.

5.3 Comparison with Markovian V¥

Theorem 5.7. Assume that (5.1) holds for standard Brownian motion as integrator and assume

also (5.2). Then

E(f(Ur.Z0)| Fl= Y. (- 15 H( Loy (i))w))e ST 3 hat)

a,zG{O,l}m =1

R i T t

> hi(@)B(u)ludu 1 1 -
<& o [ewls [ reaas+ [ a0 fie e
21 Jr 2 Ji 0
where hi(a) is given in (4.22) and n in (5.6).

Proof. By Theorem 4.4, (5.3) and Lemma 5.3 we obtain that calculating the price
E[f (Yr, Zr)| F] boils down to compute the term
E {JOT n(s.€)dBs

FY ]

with 7(s, &) = g(s) (a + i€ — fsT Sy Ei(a)ﬁi(u)du)
Since exp {% fOT n2(s,§)ds} < oo for every fixed £ € R, i.e. the Novikov condition is satisfied,

fﬂ —eXp{;/tTnQ(s,f)ds—i-/Dtn(s,{)st}.
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Since the integrand ¢ in (5.1) is in L?([0,T]) C L%([0,T]) (see [1] for the proof), we now

compare the prices in ¢t = 0 for the standard and the long range dependent case.

(i) For the standard Brownian motion case, the price Vj in ¢t = 0 is equal to

Vo= >

a,zE{O,l}m

ii Ms

ﬁ fOT § hi(a)y (w)du

1 1 (T o
X % Rexp{2/0 n2($,€)d5}fép(€,z)df;

11 or € Iractiona rownian motion case, € price miév = 1S equal To
ii) For the fractional Browni ti the price V{# int =0 i 1t

v — Z Za@ﬁzll i, s 2 R (w)du

a,z€{0, 1}m

<o [ exp{un ) (o,nuif}f?(g,z)ds.

The difference is indeed due to the fact that for Brownian motion we use the It6 integral and
obtain consequently an It6 term, whereas for fBm integration is pathwise. Anyway, we see that
Vo > Vi for every H > % Of course, the long range dependence effect takes effect for prices V;

for t > 0, but then numerical calculations are called for.
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