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1 Introduction

Let (2, F, P) be a complete probability space carrying a two-sided fractional Brownian
motion (B)icr (FBM) with Hurst index H € (0,1), i.e., a centred Gaussian process
(t,w) — B (w), t € R and w € Q with locally Holder continuous sample paths up to

every order v < H and covariance function
EBPBH = %<|t|2H+ |s|2H — yt—s|2H), s,t €R. (1.1)
The process has stationary increments and it is selfsimilar, i.e. for all ¢ € R,
(B = |d"(Bf), teR,

in particular, B = 0 with probability one.

Moreover, sample paths of B are nowhere differentiable and its variation is always
infinite. A Hurst index of H = 1/2 corresponds to standard Brownian motion. As the
quadratic variation of B is 0 for H > 1/2 and infinite for H < 1/2 FBM is for H # 1/2
not a semimartingale. The Ito integral with respect to FBM is therefore not defined for
any H # 1/2. Moreover, FBM exhibits short range dependence for H < 1/2 and long
range dependence for H > 1/2. Further properties can be found in Samorodnitsky and
Taqqu [15].

We want to use FBM as driving process of a SDE and start with an Ornstein-Uhlenbeck
model. For v > 0, consider the stationary fractional Ornstein-Uhlenbeck process (FOUP),

ie.,
t
OtHﬂ:/ e t=9gBH  teR. (1.2)

This stochastic integral converges pathwisely as an improper Riemann-Stieltjes integral.

In this Riemann-Stieltjes sense O = (O/"7),cr solves pathwise the SDE

0
Oy = / e*dB? | dO; = —yOudt +dBl t>0. (1.3)

—0o0

This SDE is called the Langevin equation, which has a long and successful history in
particular in physics; for details see Mikosch and Norvaisa [12].

In our paper we consider fractional integral equations of the type

t t
Xt—st/ M(Xu)du+/ o(X,)dBY  s<t, (1.4)

where all integrals are interpreted pathwisely in the Riemann-Stieltjes sense. We ask what

functions p and o allow for a stationary solution X = (f(O;))er where f is a monotone
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transformation. We summarize relations on p and o in the concept of H-proper triples in
Section 3.

Our paper is organized as follows. In Section 2 we introduce the notation and summa-
rize the material regarding Riemann-Stieltjes integrals. Furthermore, we discuss and refine
(without proof) some results on the Langevin equation and FOUP as given in Cheridito,
Kawaguchi and Maejima [3]. Section 3 includes our main theorems and relates the con-
cepts of H-proper triples to the transformation f. Existence and uniqueness of the SDE
(1.4) has been studied by various authors. Our approach is mainly based on Zéhle [17]
and Klingenhofer and Zahle [10]. In Section 4 structural properties of H-proper triples are
analyzed in detail. Those results are applied in Section 5, where we discuss some examples

for 1 and o.

2 Preliminaries

Throughout this paper we use the convention | Ba (x)de = — f s x)dx for a < . We
start with some smoothness and integrability conditions.

DEFINITION 2.1. For M C R we define the following spaces of functions f : M — R.

(i) C(M) denotes the space of continuous functions.

(ii) If M C R is open and k € N U {oco}, we denote by C¥(M) the space of k-times

continuously differentiable functions.

(iii) For 3> 0 denote by C°~ (M) (CP*H(M)) be the space of functions, such that, for all

compact intervals K C M, the restriction f : K — R is Holder continuous of all orders
a < 3 (at least of some order o = a(K) > [3).

(iv) For any Borel set M C R, we denote by Lo(M) the set of measurable functions
g: M — R, which are locally integrable, i.e. the Lebesque integral fK lg(t)| dt < oo for all
compact K C M.

(v) The set of locally absolutely continuous functz’ons f: M — R is denoted by AC(M),
i.e., there exists g € Lo(M) such that f(y )+ [7 g(z)dz for all [x,y] € M. O

We summarize some well-known facts in the following Remark.

REMARK 2.2. For M, N CRlet f:N—R and g:M — N. For 3> 0 and H € (0, 1), the

following assertions hold.
(i) If f e cU=H/H+(N) and g € CH~ (M), then fog e COH*(M).
(i) If M is open and g € C*(M) and f € C?*(N), then f o g € C*H(M).



(iii) If N is open and g € C°~(M) and f € C}(N), then fog € C~(M).

(iv) If M = R and g € C(R) with ¢’ € C°*(R), where g : R — g(R) = N is strictly
increasing, then g=! € CY(N\g(Z(g'))) with (¢71) € C°+(N\g(Z(g"))).
(v) If 8>1and g € C’F(R), then g is constant. O

The following properties will be used throughout.

REMARK 2.3. (i) Almost all sample paths of B are elements of C~(R) N C'*(R) for
all H € (0,H) and all H € (0,1); but recall that B¥ has Hélder continuous paths of
order o only strictly less than H (Decreuesefond and Ustiinel [5], Theorem 3.1).

(ii) For H > 0 we define a Banach space of continuous functions by

l9(2)]

P T L <o 21)

Vir =19 € C(R) « lgll := sup

where L(x) = y/loglog z for x > e and L(x) = 0, otherwise. If H € (0, 1), then almost all
sample paths of B¥ belong to Vi by the law of iterated logarithm for FBM (Arcones [1],
Corollary 3.1).

(i) Define Z(h) := {z € M : h(z) = 0}, the set of zeros of h in M of a function
h: M — R.If M C R is an open interval, g € Lo(M) and f € AC(M) is strictly
increasing with f(t) = f(s) + [, g(2) dz, then f~' € AC(f(M)) if and only if Z(g) has
Lebesgue measure zero. In this case, if h € Lo(f(M)) with f~'(y) = f(2) + [! h(z) d=z
for all z,y € f(M) then a.e.

h=1/(go f7). O

The next proposition rephrases results on Riemann-Stieltjes (RS)- integration as given
in Zahle [17] (Theorems 4.2.1, 4.3.1, and 4.4.2) in terms of the Holder spaces C*~ (M)
and CH*(M). Assertion (i) was shown by Young in his classical paper ([16], Sections 8
and 10).

PROPOSITION 2.4. Let H € (0,1) and M, N C R. Suppose that a < b exist such that
[a,b] C M.

(i) If f € CO-IH (M) and g € C~(M), then f f(x) dg(z) exists in the RS-sense.

(ii) (Chain rule). Suppose g € C1=(M ) and let f € Cl( ), where g(M) C N.
If f' o g € CA~+ (M), then in the RS-sense

flo@) ~ Flota) = [ Flole) dote).  a<y<b
(i4i) (Density formula). Let f, h € CA~+(M) and g € CH=(M).
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Then y
" ::/ W) dg(z), a<y<b,

exists in the RS-sense. Furthermore, ¢ € C*~([a,b]) and it holds in the RS-sense

/a F(@)h(z) / £(x) défa

Throughout this paper all integrals fs o(X,) dB} will be interpreted pathwisely in
the RS-sense. In our analysis we replace B¥ by sample paths ¢ from a suitable subspace
of C(R). By Remark 2.3(ii), B¥ € Vi N CH~(R) with probability one; it is therefore
convenient to work with functions g € Vi N CH¥~(R). We need the following definition to

make our approach precise.

DEFINITION 2.5. Let H € (0,1) and g € VN C¥~(R). Suppose that I C R is non-empty

and p,o € C(I). We refer to x as a solution of

da(t) = plx(t)) dt + o(a(t)) dg(t) (2.2)
whenever x € C~(R) and x takes values in I such that for s < t,
(S1) 0 o x is RS-integrable with respect to g on [s,t];

(S2) the following integral equation holds

o) = 2(9) = [ la(w) dut [ oau)) dytu).
The space of all solutions x of (2.2) is denoted by S™(I,p, o). O

REMARK 2.6. Under our assumptions on p and g, fstu(x(u)) du in (S2) always exists
as Riemann integral. If, additionally, ¢ € C((1=H)/H)"(I) then (S1) is satisfied by Re-
mark 2.2(i) and Proposition 2.4(i). However, the RS-integral may also exist under weaker
assumptions. Thus, we will not explicitly state such a condition on o; see also Remark 5.4
below. O

For g € Vg and v > 0, we define the (Ornstein-Uhlenbeck) operator O by

0O/ (g) == /t e1(t=s) dg(s) :=g(t) — ’y/t e”(t’s)g(u) du, teR. (2.3)

For all g € Vi, the right-hand integral exists as improper Riemann integral or Lebesgue
integral. Partial integration shows that the integral on the left-hand side converges as
improper RS-integral (e.g. Lang [11], Proposition X §1 1.4.). In particular, O7 is well-
defined as an operator on Vy. Furthermore, Remark 2.3(i,ii) imply that the pathwise
identity O = O7(B¥) holds with probability one.

The next proposition summarizes properties of the operator O7.
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PROPOSITION 2.7. Let H € (0,1) and v > 0. The following assertions hold.

(i) O7:Vyg — Vg defines a continuous linear operator.

(i1) Let g € Viy and H' € (0,1). Then

geC™R) & 09 eC"(R),
g € C"*H(R) & 07(g) € C"*(R).
Proof. (i) and (ii) are direct consequences of the second equality in (2.3). O

Next we define for g € Vi, 7,y € R and v > 0
Ol(g.7,y) = 07 (g) —e " 70X (g) + e Dy, teR. (2.4)
Observe that O)(g, 7,y) =y for all 7,y € R; moreover,
O7(g,7,02(9)) = O"(g) - (2.5)

The following theorem connects operators to solutions of (1.3). It is a refinement of
Proposition A.1 ¢) of Cheridito et al. [3]. The proof is omitted.

THEOREM 2.8. Let H € (0,1), v > 0 and g € V. Then the following assertions hold.
(i) If o € C(R), then o = O7(g,1,0(7)) for all T € R if and only if
¢
o(t) —o(s) = —7/ o(u)du+ g(t) —g(s), s<t. (2.6)
(ii) If o € Vi is a solution of (2.6), then o = O7(g).

(iii) OH7 = OV(BM) is the unique strictly stationary pathwise solution of

t
Of’”—Of’”z—fy/Of”dquBf—Bf, s<t.

3 Stationary solutions via state space transforms

We start with a preliminary definition to be specified later.

DEFINITION 3.1 (STATE SPACE TRANSFORM). A function f : R — R is called state
space transform (SST) , whenever it is continuous and strictly increasing; the open interval
I = f(R) is called state space.

As the FOUP process O as defined in (1.2) takes values in R and is stationary, any

process of the form f(O#"7) has state space f(IR) and strict stationarity is preserved under
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f. On the other hand, for any given interval I, a SST f with state space [ exists and we can
construct a new stochastic process (X;);er with state space I by setting X; := f(O;"7).
The concept of state space transforms is borrowed from the theory of regular diffusions
(e.g. Karlin and Taylor [9], Theorem 2.1). A standard tool in the theory of diffusions is the
concept of a scale function (e.g. It6 and McKean [8], Revuz and Yor [14]), which turns one-
dimensional diffusions into continuous local martingales. As we are dealing with neither
martingales nor Markov processes these concepts are only loosely connected to our work.
We aim at stationary solutions of integral equations (1.4) driven by fractional Brownian
motion. More precisely, we are interested in the existence of solutions X = f(O*"), where

fis a SST and v > 0. We start with a simple example.

EXAMPLE 3.2. [Fractional Vasicek model]
Define the SST f(z) = ox — /B, x € R, for § < 0,0 > 0 and o € R. Set v = —f3. Then
the process V; = f(O}) = 0 O/"" — /B, t € R, inherits the stationary from the FOUP,

Moreover, the following calculation holds for all s <t
t t
ViV, = —7/ c O du+ o(BF — B = / (a+BV,)du+o(Bff — BY).

Hence, V is the solution of the SDE dV; = u(V;)dt + odB} , where u(x) = a + Bz.
Obviously, V serves as natural extension of the usual Vasicek model driven by the Wiener

process to the fractional world. O

In order to generalize this approach, we introduce the following concept. Recall from
Remark 2.3(iii) the definition of Z(h).

DEFINITION 3.3 (PROPER TRIPLE). A triple (I,p,0) is called proper, whenever the
following properties are satisfied:

(P1) I=(l,r) CR is an open non-empty interval and p,o € C(I).

(P2) There ezists v € AC(I) strictly decreasing such that v = u/o on I\Z(o) and

li*nw(w) = —liglw(x) = —00. (3.1)

(P3) There exists v > 0 such that o)’ = —v Lebesque-a.e. on 1.

Let H € (0,1). A triple (I, p,0) is called H-proper, whenever (I, u,o) is proper and, in
addition, the following property holds

(P4) The inverse function =1 : R — ¢ Y R) = I is differentiable with (') €
C(O-H)/H)+(R),

REMARK 3.4. (i) By (P2), ¢ : I — 9(I) = R is strictly decreasing and absolutely con-

tinuous. In particular, the additional property (P4) makes sense. Furthermore, v is a.e.
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differentiable on I with ¢ < 0; (P3) implies that both sets Z (o) and Z(¢’) have Lebesgue
measure zero. Furthermore, o is non-negative and 1/0 € Lo (1). Additionally, I\Z(0o) is
dense in [ and open by (P1). By continuity the equality p = o1 extends to I. Conse-
quently, ¥ and, therefore, v are uniquely determined by p and o.

(i) Let H € (0,1/2] and (I, u,0) be H-proper. By Remark 2.2, ¢/ € C(0~/H)™(R) im-
plies that ¢/’ is constant. Thus, for some o, § € R, ¥(z) = ax+ 3, x € I. (P2) implies that

I =Rand a < 0. By (P3) the function o reduces to a non-negative constant; furthermore,

= o is affine. Thus, (I, i, 0) is a Vasicek model as considered in Example 3.2. O
We summarize some notation in the following Definition.

DEFINITION 3.5. Let (I, pu,0) be proper.

(i) The interval I is called state space.
(ii) The (unique) v > 0 in (P3) is called friction coeflicient (FC) (for (I, pu,0)).
(iii) The (unique) SST f:R—1 = f(R), f(x) =" (—vx), is called SST (for (I, u,o)).

We introduce the concept of a center.

DEFINITION 3.6. Let (I,7) C R be an open interval and h € C((l,r)).

The (unique) number £ € (1,r) is called center for h, whenever h(z) is non-negative for

z € (1,€) and non-positive for x € (&,r), and Z(h) has Lebesgue measure zero.
Every proper triple (I, i, 0) has a center for p.

LEMMA 3.7. If (I,u,0) is proper then there exists a center & for p with the following
properties

Z() =1&,  fO)=¢,  Z(p) = Z(0) U{S}.

Proof. Note that there exists a unique £ such that Z(¢) = {{}as¢ : [ — ¢(I) =R is
strictly decreasing and continuous by (P2). By (iii), f(0) = £ is immediate by construction.
As 1 : I — R is strictly decreasing we obtain ¢ (z) > 0 for all [ < z < £ whereas ¥(z) < 0
for all £ < x < r. By Remark 3.4(i), the equality i = 0% holds on the whole of I and
therefore Z(o) U {¢{} = Z(u) is immediate. Since o is non-negative on I, pu(z) is non-
negative for z < ¢ and non-positive for x > £. Finally, as Z (o) has Lebesgue measure

zero by Remark 3.4(i), the same holds for Z(u); thus, € is a center for p. O

In the next two lemmas we present a differential equation for the corresponding SST
f which shows that f is determined by ¢ and the center £ only. Furthermore, we give a

sufficient condition such that a proper triple is H-proper.



LEMMA 3.8. Suppose that (I, u, o) is proper with SST f. Let & be the center for u. Then
the following assertions hold:

(i) f € CYR) with f' = oo f and f(0) = &. Furthermore, f~' € C*(I\Z(0)) with
(fY(z)=1/o(x) for all z € I\Z(o).

(ii) If g € C1(R) is a SST with state space I such that ¢ = o o g and g(0) =&, then

flz) < g(x) for allx <0 and flz) > g(x) for allx > 0.
Furthermore, f = g if and only if g~* € AC(I).

Proof. (i) By Definition 3.5, f(0) = £. Construction of f and Remark 3.4(i) guarantee
that 1/0 € Lo(I) and f~1 € AC(I) with (f7!)" = 1/0 a.e.. In particular, the set Z((f~1))
has Lebesgue measure zero. Thus, f € AC(R) and, a.e.,

N S
F=wer=o°t 32

As the right-hand side is continuous we even obtain f € C'(R). In particular, (3.2) extends
to the whole of R. Furthermore, (3.2) implies f’o f~! = ¢ on I; consequently, (f~) =1/c
on I\Z (o). The set I\Z(o) is open; thus, f~' € C}(I\Z(0)).

(ii) Let g € CY(R) be a SST with state space I, g(0) = £ and ¢ = 0 o g. Lebesgue’s
decomposition theorem states the existence of non-decreasing and continuous functions
hi,hy € C(I) such that g=! = hy+hy where hy € AC(I) and hs is the distribution function
of a positive o-finite measure p singular to Lebesgue measure. Without loss of generality
suppose that h1(£) = 0 and h2(0) = 0. As g € C}(R) and ¢’ = oog we find g~ differentiable
on I\Z(o) with (g7 (z) = 1/o(z) for all z € I\Z(c). As hy is differentiable a.e. on [
and Z(o) has Lebesgue measure zero by Remark 3.4(i), hy = g~! — hy is differentiable a.e.
on [ with hl, = 0 since p is singular to the Lebesgue measure. Thus, (f~!) = (¢7!) = A}
a.e. on I. Since hy(£) = 0 we obtain h; = f~! and therefore g™* = f~! + hy on I.

The remaining part of the assertion is immediate. O
LEMMA 3.9. Let H € (0,1) and (I, u,0) be proper with SST f.
(i) (I,p,0) is H-proper if and only if f € CY(R) and f' € C(—H/MT(R).
(ii) If o € CCO—H/E+([) then f' € CIA—H/HH(R) and (I, u, ) is H-proper.
(iii) If (I, pu,0) is H-proper, then both (f~'), o € CCO—H/H+(1\ Z (7).
(iv) If Z(a) =0, then (I,u,0) is H-proper if and only if o € C{U—H)/H)+(R).

Proof. (i) is immediate by definition. As f’ = o o f, (ii) follows from Remark 2.2(ii) and
f € C*(R). Furthermore, f' = oo f implies f(Z(f')) = Z(0). As o= f'o f~! holds on I
(iii) is implied by (i) and Remarks 2.2(ii) and (iv); (iv) follows from (ii) and (iii). O
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If (I, p,0) is H-proper, then there exists a simple method to construct solutions of
(2.2) explicitly. For g € Vi, a SST f with state space I, FC v > 0,7 € Rand z € I, we
define X/ (g,7,2) : Vg x R x I — C(R) by

X[(g.m2) = (O] (9,7, [ (2))), tER,

with O7(g, 7, y) as in (2.4). By definition, for all 7,2 € R (cf. (2.5)), we have X/ (g, 7, 2) =

Z; moreover,

XT(g,7, f(O7)) = F(O(g)) - (3.3)
THEOREM 3.10. Let H € (0,1). Then following assertions hold:
(i) If (I, u,0) is H-proper with SST f and FC ~ > 0, then, for all g € Vg NCE~(R),
{X7(g,m2): TER, 2 I} CS8"(I,p,0,9). (3.4)

(ii) Let I C R be an open interval. Let v > 0 and p,0 € C(I). Let f € C(R) be a SST

with state space I, where Z(f') has Lebesque measure zero.

If (3.4) holds for all g € Vg NCH=(R), then (I, u, o) is proper.

Proof. (i) Let v > 0 be the FC and f the SST for (I, u,0). Fix g € Vg N CT~(R) and
let e Rand z € I. Set

o(t) :== O] (g, 7, f(2)), x(t) = X! (g,7,2), teR.

We shall show that z € SH(I, i, 0, g).

By construction, x takes values in I. Proposition 2.7(ii) implies o € C~(R). Further-
more, f € C(R) and f' € C{A~H)/H)+(R) by Lemma 3.9(i). Thus, f'oo € CA~#)*(R) and
r = foo€ CP (R) by Remarks 2.2 (i) and (iii), respectively. Proposition 2.4(ii) applies

to foo,ie.,

2(t) — x(s) = f(o(t)) — f(o(s)) Z/tf'(O(U)) do(u), s<t, (3.5)

where the right-hand side exists as a RS-integral. As o is the solution of (2.6) we can
rewrite (3.5) to

o(u) =o(s) — fy/u o(v) dv+g(u) —g(s), s<u. (3.6)

Recall that the RS-integral is additive with respect to a sum of integrators, whenever the
RS-integrals exist separately for each of the integrators. Clearly, f’ oo is RS-integrable with

respect to the constant functions u — o(s) and u — g(s). Furthermore, u — —v [ o(v) dv
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is of bounded variation and f’ o 0 is continuous; thus, f’ o 0 is RS-integrable with respect
to u — [ o(v) dv. As g € C"(R) and f' o0 € CU7H)T(R) holds the existence of the
RS-integral of f’ o 0 with respect to g is ensured by Proposition 2.4(i). Thus, (3.5) and
(3.6) imply

£(t) — 2(s) = — / f(ouw)) d / “o(v) dv+ / f(o(w) dg(u), s<t.

As u— ["o(v) dv is continuously differentiable and u — f'(o(u)) o(u) is continuous, we

obtain by the density formula for Riemann integrals

£(t) — 2(s) = — / £'(0(u)) o(u) du + / f(o(w) dg(u), s<t.

Lemma 3.8(i) states f' = g o f; hence 0 oz = f' 00 € CI~H)*+(R). By Proposition 2.4(i),
o ox is RS-integrable with respect to g € C#~(R). Thus, z satisfies (S1) in Definition 2.5.
Invoking Remark 3.4(i) and Definition 3.5(iii), we observe that o f~! = —g /vy = —u /7.
Finally, (S2) is satisfied as

o(t) —o(s) = — / o(f(0(w))) ou) du + / o(f(0())) dg(u)
_ / () du + / o((u)) dg(u).

Thus, © = X/7(g,7,2) € S#(I, 1,0, 9).

(ii) For 0<a<1 set go(t) := explyy%:(t A 1)], t € R. We consider the family
T:={0g.: 0€R, ac(0,1)} C VgnNC* (R).

For 0 < o« < 1 we obtain

0 =), Ol =g, [0 = L, t<1,

For g € T arbitrary, as o € C(I) and, therefore, o(f(O7(g))g" € C((—o0, 1)), the density

formula for Riemann-integrals applies, i.e.,

[ otouanige) = [ oot a,  ssi<iger.

In particular, for all ¢ € T, we know from (3.3) that X/ (g,0,0](g)) = f(O(g)) €
SH(I, u,0,q); hence, for g € T,

£(01(9)) - F(0(g)) = / u(F(O%(9))) du + / o(f(0U9)) (W) du, s<t<1.
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As the integrands are continuous, we may differentiate both sides and obtain

F(O1@)[01(9)] = n(f(O}(9) +a(f(O](9))) g'(t), s<t<1,g€T.
Specifying g = § g, for 6 € R and a € (0, 1), this is equivalent to

0T 5.0) £ 009a(8) = M08 + 1oL () o(Fladalt)). s<t<1.

For a € (0,1) and = € R fixed, choose t < 1 and § € R such that = adg,(t); then this

implies .
'ya:f'(a:):%au(f(x))+%xa(f(x)), reR 0<a<l.

Specifying «; = 1/i, i = 2, 3, this generates a system of linear equations with non-
vanishing determinant. The unique solution is

pf (@) ==y f(z), yro(f(z)) =~vzf(z), xeR.

By continuity, for all y € I, we obtain the equivalent formulation

wy) == fof Ny, oly)=Ffofty, yel.

It remains to show that (I, u, o) is proper. Clearly, (P1) holds. As f € C'(R) and
Z(f') has Lebesgue measure zero, we have f~' € AC(I). Thus, ¢(x) := —yf (z) is
an absolutely continuous strictly decreasing extension of p/o to I where lim,q, ¢(z) =
— lim,|; ¥ (x) = —oo. By Remark 2.3(iil), oy’ = —yo/[f o f~!] = —7 a.e. on I; thus,
(P3) is satisfied. O

If (I, u,0) is H-proper, then the solution of (2.2) is unique in the following sense.

THEOREM 3.11. Let H € (0,1) and (I,p,0) be H-proper with SST f and FC v > 0.
Suppose that g € Vg NCHT~(R). Then the following assertions hold.

(i) If Z(o) = 0, then
S, p,0,9) = {X"7(g,7,2): TER, z€ I}, (3.7)
(i) If (3.7) holds and g is not a constant function, then Z(o) = ().

Proof. (i) Lemmas 3.8 and 3.9 state that f~! € CY(I) and (f~!) € CU~H)/H*(]), where
(fY(z) =1/o(z) for all z € I.

Let s < t and x € S”(I,u,0). By Definition 2.5, we have x € C~(R). Both Re-
mark 2.2(iv) and Lemma 3.8(i) apply, i.e.,

(1/o)ox = (f) ox € CH-IT(R). (3.8)
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Therefore, Proposition 2.4(ii) applies to f~! o x and we obtain

) = ) = [ Y )it = [ s dete). s<e 69

z(u))
On the other hand, z € S (I, ui, 0, g) satisfies (S1) and (S2) of Definition 2.5, i.e.,

:du):a($41/UMQXW)dv+1/uUQKM)dg@), s<u. (3.10)

We shall ensure that the RS-integral on the right-hand side in (3.9) is additive with
respect to the integrators in (3.10). This is guaranteed whenever the RS-integrals ex-
ist separately. As (1/0) o = is continuous, this obviously holds for the first two addends
in (3.10). Lemma 3.9(iv) states o € C{O~H/H*(]); thus, o o 2 € C'~+(R) by Re-
mark 2.2(i). As g € C~(R), Proposition 2.4(iii) applies to ¥ (u) = [" o(z(v))dg(v), i.e.,
Y € CH=([s,1]). By (3.8), we have (1/0)ox € CH~H)*(R). Thus, (1/0)ox is RS-integrable
with respect to . Thus, the RS-integral in (3.9) is additive with respect to the integra-
tors in (3.10). Furthermore, Proposition 2.4(iii) provides a density formula. The following

chain of equalities summarizes our reasoning,
f‘l(fv(t)t) — [ (x(s)) t
- [ [ e an]+ [y dl [ oteton aso)

p(z(u))
du+g(t) —g(s), s<t
/s o(z(u))
As (I, p, o) is proper, (P2) states 1(z) = u(z)/o(2) for all z € I; additionally, ¢ = —f~!
by Definition 3.5. Hence pu(z2)/0o(2) = —vf~!(z) holds for all z € I; therefore

fH () = fHa(s) = — / (f ) (@) du+g(t) —g(s),  s<t.
Thus, f~'ox : R — R is a solution of (2.6). Fix some 7 € R. For all ¢ € R, Theorem 2.8
states f~1(x(t)) = O} (g, 7, f~H(z(7))); thus, . = X/ (g, 7, 2(7)).

(ii) Contradicting the hypothesis, assume that, at the same time, Z(c) # () and (3.7)

0
holds. In particular, there exists zg € I such that o(zy) = 0 and, therefore, p(zo) = 0 by
Lemma 3.7. Observe that y,, € S¥(I, u,0,g) where y., : R — I, y.,(t) = 2.
By assumption, y., has form X/7(g, 7, z) for some 7 € R and z € I. Thus,

fHz0) = e (z) — e D0Ng) + Ol (g),  teR.

Set G := e’ f~1(2) — €02 (g). By partial integration, we obtain

t
g(t) = fy/ e g(s)ds — Ge™ ' + fHz), teR.

—00
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Thus, g € C*(R). Multiplying both sides by € and differentiating yields a linear dif-
ferential equation for h(t) = e'g(t), namely, h'(t) = vh(t) + v’ f~(z). Both h(t) =
elho +vf H20)t] and g(t) = e h(t) = hg + vf ' (z0)t are uniquely determined up to
the choice of hg € R. As g is not a constant function we obtain f~'(zq) # 0. However, an

affine non-constant function is not an element of Vy, contradicting our assumption. [
We return to the probabilistic setting.

THEOREM 3.12. Let H € (0,1) and (I, u,0) be H-proper with FC v > 0 and SST f.
Let X = f(O"7). Then the following assertions hold.

(i) X is a strictly stationary pathwise solution of the stochastic integral equation

t
- X, = / du—l—/ o(X,)dBY, s<t. (3.11)
The distribution of X; has a Lebesque density p (I'(-) denotes Euler’s gamma function)
where
H 2H—2 2
gl gl u(-)) }
. exp | — a.e. on 1. 3.12
PO = T eET Do [ D(2H+1) (a<-> (312)

(11) If Z(o) = 0 then X is the unique stationary pathwise solution of (3.11).

Proof. (i) Let f be the SST of the H-proper triple (I, i, o). Theorem 3.10 states that
X = X'(BH0, f(O3(Bf)) = f(O"7) is a pathwise solution of (3.11). Theorem 2.8(iii)
states that O+ is strictly stationary and so is X = f(O®"). The FOUP is a stationary
mean zero Gaussian process with variance E(O")? = T(2H+1)/(2y*") (cf. Buchmann
and Kliippelberg [2], Lemma 2.1). By definition of f, the relation f~* = — /v holds; thus

P(X, < x) = P(f(O"(t) S2) = | — 2/TEH+1)Y"W(2)|, z€l,

where ®(z) = (2m)~ /2 [* eV’ 2 dy, x e R.
Therefore the distribution of X; is absolutely continuous with respect to Lebesgue

measure. Formula (3.12) is verified by differentiating and (P3).

(ii) If Y is a pathwise solution, then Theorem 3.11 guarantees the existence of a random
variable G such that Y; = f(e 'G + O] (B¥)) a.s.. Additionally, if Y is strictly stationary
then G = 0 with probability one. Thus, ¥ = X. O

We conclude this section with some remarks on the existing literature.
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REMARK 3.13. Nualart and Rascanu [13] also consider the case H > 1/2. They prove
existence and uniqueness for time dependent multivariate integral equations defined on
compact time intervals. They apply Banach’s fixpoint theorem which requires strong reg-
ularity conditions on p and o. Hairer [6] shows by a different method the existence of
stationary solution of (3.11) for constant o > 0. Mikosch and Norvaisa [12] discuss linear
equations driven by FBM with Hurst index H € (1/2,1). They consider the coefficients
w(t) and o(t), t € R*, of bounded a-variation for a« > 1/H. Our work has mostly prof-
ited from Zahle [17]; in fact it is related to Klingenhofer and Zahle [10], where drift and
volatility may depend on time and the level of the process. They take u to be continuous
and o € C!. Our approach gives a constructive method to find stationary solutions of
integral equations under weakest possible conditions — only Holder continuity — for drift

and volatility. 0

4 Structural Properties

Construction of proper triples when ¢ is given

Suppose that I C R is an open interval and o € C(I) is non-negative. When does there
exist p € C(I) such that (I, u, o) is proper? Define

Kro={(v,n) € RT" xC(I): (I, u,0) is proper with FC ~} . (4.1)

Recall that a subset M C C([I) is a cone, whenever oM C M for all « > 0. The next

proposition lists some important properties of Kp .

PROPOSITION 4.1. Let I = (I,r) CR and o € C(I) be non-negative.

(i) The following assertions are equivalent:

(a) Kr,#0.
(b) 1/o € Lo(I) and for all x € 1

T odz " dz
[l .
(1)) Krp o is a cone. If (a) or (b) of (i) holds, then

K10 = {(7, 1) € R* x C(1) :u<x>=—w<x>/;%,sef},

where v and & are uniquely determined by o and .

Proof. (i) and (a) = (b) Suppose (y,1) € K;ro. Let ¢ € AC(I) be the function as in
(P2) and (P3). By Remark 3.4(i), 1/0 € L¢(I). As by Lemma 3.7 (I, i, o) defines a center
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¢ € I for p with (&) =0, (P3) implies ¥(z) = — f& 1/0(z)dz for all x € I. By property
(P2),

¢ dz
lggl;lfy . o) :—laljg}w(x):oo and 12171?[17/1 s _1xIlrll¢( x) =

(i) and (b) = (a) Let v > 0, & € I. Define p(z) = —vyo(a) [ 1/o(z)dz, v € I.
We have to show that (7, u, o) is a proper triple with FC ~ > 0. Property (P1) holds
by assumption. Define i(z) = —v fg 1/o(2)dz, x € I. Then ¢ = pu/o on I\Z(c) and
Y € AC(I) is strictly decreasmg The limits in (3.1) are implied by (4.2). Therefore, (P2)
holds. Moreover, ¢ = —v/o a.e on I. Hence (P3) is true. Thus, (v, x) € K1 ,.

(i) W.lo.g. assume Ky, # 0. Let (y,pu) € K1, and a > 0. We shall show that (I, fi, o)
is proper with FC 4 where i = ap and 4 = ay. (P1) is immediate. Let ¢ € AC(I) be
the extension of p/o to I. Obviously, ¢ = aup € AC(I) is a strictly decreasing extension
of fi/o to I satisfying (P2). Property (P3) follows from ¢/ = o)/ = —ay/o = —7/0.
Suppose that (a) or (b) of (i) holds. Let (y,u) € Kr,. Then (I, u,0) is a proper triple
with FC v > 0 and center £ € I for p. If ¢ € AC(I) is the extension of u/o from I\Z(o)

to I, then as in the proof of (i) we obtain the representation

/1/1 dz——'y/a:%? xel,

thus, u(r) = —yo(x fg 1/o(z)dz, x € I. Uniqueness of 7 and ¢ follows from the con-

struction. O

Construction of proper triples when u is given

Suppose that I C R is an open interval and that p € C(/). When does there exist
a continuous non-negative function o : I — R such that (I, u,0) is a proper tripel?

Combining (P2) and (P3) yields a differential equation for ¢ in terms of p, namely, a.e.,

N (43
o fu

Every solution ¢ of (4.3) defines a candidate o by (P2), i.e., set 0 = p /1.

However, every proper triple has a center £ € I for u; in particular, ¢(§) = 0. It is not
obvious that (4.3) leads to a continuous o. We split the state space I into ({,§) and (&,r)
and (4.3) is solved on (I,&) and (&, ) separately. This yields two branches of a solution.
Their behaviour close to ¢ has to be investigated more carefully. Before we do that we

state the following lemma.

LEMMA 4.2. Let I = (I,7) CR and p € C(I). Suppose that there exists a center § € I for
w and that 1/p € Lo(IN{E}).
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Letv> 0,z € (l,§) andy € (&, 7). Then ¢y, : IN{{} — R is well-defined, where

_ w g,
exp _—fy/x ). forw € (,€),
V(W) = ) (4.4)

w d T
— exp _—'y/y M(i) forw e (&7).

Moreover, 1, ~ is the unique absolutely continuous solution of (4.3) on I\{&} with
¢x,y,’y($) = _¢x,y,’y(y> =1.

Additionally, if ¢y, extends continuously to I, then 1y, € AC(I) and 1, is strictly
increasing on 1.

Proof. Clearly, ¢ = 9, is well-defined and ¢ € AC(I1\{{}). Furthermore, it is a solution
of (4.3) with ¢ (x) = —1(y) = 1. Suppose that 1 € AC(I\{¢}) is another solution of (4.3)
on I\{¢} with ¥(z) = —(y) = 1. As 1 is continuous there exists an open interval U
containing x such that ¢(z) > 0 for all z € U; thus, log¢ € AC(U). Analogously, 1 > 0
on (1,€); hence logy € AC((1,£)). Thus, a.e. on U N (1, §)
!/ /
(log)' = % = —vi = % = (log®)".

Integrating both sides shows ¢ = ¢ on UN (I, &). As (I,€) is connected and ) > 0 on (I, €)
we may proceed and obtain ¢ = v on (I, ¢). Analogous reasoning holds for (&, 7).

Clearly, ' < 0 a.e. on I by (4.3) and (4.4). Suppose that ¢ extends continuously to [
and set ¢'(£) = 0. For all s € ([,¢), the monotone convergence theorem and continuity of

¥ imply

z 3
9O = 0ls) = lim () = 0ls) = limy [ W/ (w)dw = [ v/(w)dw.

This shows 1 € AC((1,£]). Analogous reasoning holds for [, r). The extension 1) is strictly
decreasing as ¢’ < 0 a.e. O

In the previous subsection, for o given, we were able to choose the FC ~ > 0 freely. In
general this is not possible, when p is given. Therefore we shall treat v and o separately.

Firstly, we set
[y, :={y€eR": 3o €C(I) such that (I, u, o) is proper with FC ~ }.
For v € I'7 ., we ask for the set of possible candidates for o, i.e., we set
Hi oy~ ={0c€C): (I,p,0)is proper with FC ~ }.

Although the set of all pairs (v, 0), where (I, pu, o) is proper with FC ~, is no longer a

cone, an analogous property still holds for Hy, , .
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PROPOSITION 4.3. Let I C R be an open interval, p € C(I) and v € I'y .. Then Hy, ., is

a comne.

Proof. Let o € Hy,,, - and a > 0. We have to show that & = ao € H;,,,, . (P1) is obvious.
If ¢» € AC(I) is the strictly decreasing extension of p/o to I such that (P2) and (P3) are
satisfied then ¢ := ¢/a € AC(I) is a strictly decreasing extension of /G to I such that
both (P2) and (P3) hold for I, u, ¢ and 7. O

We are now ready to investigate I'7 ..

PROPOSITION 4.4. Let I = (I,r) C R be an open interval. Let p € C(I). The following

assertions are equivalent:

(i) Tr, #0.
(i) There exists a center & € I for p such that

(a) 1/p e Lo(IN{E})-

(b) Foralll<zx<é<y<r

/l“ MCZ) N yT |MCZ)| B /: /;Z) - /gy |NCZ)| o )

(¢c) The set Op,, is non-empty, where

Or,={yeR": Jze(,6)Iye (&) 3%% :gﬁg% ~0}.

Proof. (i) = (ii) Suppose 'y, # (. By Lemma 3.7 there exists a center € I for . Let
v € I'; . Then there exists o € C(I) such that (I, p,0) is proper with FC v > 0. Let
¥ € AC(I) be the extension of /o from I\Z(o) to I. Lemma 3.7 states Z(v)) = {{}. As
Z(u) = {£} U Z(0) has Lebesgue measure zero, (P3) yields ¢/ = —vy/o = —y /i a.e. on
I.

As ¢ € C(I) is continuous and Z(¢) = {£} holds, 9 is bounded away from zero on
compact subsets of I\{¢}. By Remark 3.4(i), 1/0 € L&(I) and thus 1/p = 1/(vo) €
Lo(I\eY).

Next we shall prove (4.5). Recall that ¢: I — R is strictly decreasing and continuous.
As (&) = 0 there exist z € ([,§) and y € (&,r) such that ¢(z) = —¢(y) = 1. Lemma 4.2

applies to u; thus, ¥(w) = ¥y, (w) for all w € I\{}.
Formula (4.4) and (P2) yield

00 = ilf?o (w) = illrglo Yy yry(W) = lachlIll exp {7/1 ;ﬁ;} :
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Analogously, continuity of ¢ in £ implies

v od
0 =l () = lim () =ty exp | = [*5 ]
Finally, for any 4 € (0,7),
Cpw) o p(w) (v de
T ey T M {” ”)/x u(zﬂ
. . Yodz B
~ tmotw) ew |G- [ 5] = o (46)

Analogous reasoning for (£, r) shows that Oy, # 0.

(ii) = (i) Lety€©Oy,0. Asl/pu e Lo(I\{E}), Proposition 4.2 applies to p and . Thus,
there exist = € (I,€) and y € (&, r) such that
lim plw) . p(w)
WIE Yy (W) wlé Yoy (w)

additionally, v, ,,  is the unique solution of (4.3) on I\{&} with ¢, ,(z) = =, ,(y) = 1.
By (4.4)) and (4.5), 9, - extends continuously on I by setting ¢, , ~(§) := 0. Furthermore,

=0: (4.7)

I&)Ifll Yy (W) = — L{%} Yy (W) =00 .

Lemma 4.2 states that 1, , ., € AC(I) and that ¢, , is strictly decreasing.

In particular, Z(¢,,~) = {£{}. Set 0(§) = 0 and o(w) = p(w) /1)y ~(w) for w €
I\{¢&}. We shall show that (I, u, o) is proper. o € C(I\{¢}) is immediate; continuity of
o in £ is a consequence of v € Oy ,. Consequently, (P1) holds. By definition, ¢ = 1, -
is a function satisfying (P2). By (4.3), a.e. ¥/ = —v¢/u = —v/o implying (P3). Thus,
(I, p1,0) is proper and hence I';,, is non-empty. O

The next proposition investigates ©; , in more detail. We denote
Yi,ui=supl'y .

PROPOSITION 4.5. Suppose that I C R is an open interval and p € C(I). Let I'y,, # 0
and let § € I be the center of . Then (0,77,,) € O, C ' 4.

Furthermore, if v € ©r ,, then

Hl,u,»y = {O’ € C([) : dx e (l,f), dy € (l,f) such that

_ o) = FW)
=0 A olw) = EE Vwen(e)},

where 1y, s given in (4.4) and x and y in the representation of o € Hy . o are uniquely

determined by p and o.
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Proof. The proof is a refinement of the proof of Proposition 4.4. It relies on three ob-
servations. Firstly, (4.6) holds for all v € I';, and 4 € (0,7); this implies the chain of
inclusions. Secondly, whenever the limit in (4.7) exists and vanishes for some z € (I,¢)
and y € (&, 7) then it exists and vanishes for all x € (I,¢) and all y € (§,r). This is a
consequence of formula (4.4). Finally, roots of ¢)(x) = —1(y) = 1 are uniquely determined

for the extension 9 of /o to I; consequently, uniqueness of the representation holds. [J

The remaining case to investigate concerns the situation, when ~; , € I'y , but v, , ¢
Or, -

PROPOSITION 4.6. Let I C R be an open interval and p € C(I) with center £. Suppose
that 'y, is non-empty and bounded and that v ,, & O; .
(i) The following assertions are equivalent:

(a) VI,MGFLM-

(b) & is an isolated point of Z(u). For all T € (1,€) and all g € (§,7), the following

limits exist and it holds

o p(w) o p(w)
lim lim w1 r) = limlim

Y50, (T)] = 1. (4.8)

(ii) Suppose that either (a) or (b) of (i) holds. For x € (1,€) and y € (§,r), let

@) forze (LE),

S ()
Tl =Y fora=¢, (4.9)
111{? Z((;U)) V2w, (T)] forz e (7).

Then o, , is well-defined and o, , € C(I). The representation does not depend on T and

y. Furthermore, Hy,n, , = {coy,, : c€RT L

Proof. (i) and (a) = (b). There exists ¢ € C(I) such that (I, u, o) is proper with corre-
sponding FC v;, .. Let ¢ be the absolutely continuous extension of y/o to I. Analogously,
we find 7 € (,€) and § € (&, 7) such that ¥(w) = ¥z 4,, ,(w) for all w € I\{{}.

Let w < z < &. From (4.4) we conclude ¥(z) = Yz 5, ,(¥) = Y(W)u g, , (). But
then

o) = lim o(x) = G - lim A (4.10)

lim
x1€,2¢Z(0) 1€, 2¢Z(0) (I) zb(w) 1€, 2¢Z(0) ¢w,§,71# (l’)

Thus, the inner limit on the left-hand side of (4.8) exists for # T ¢ where z € I\Z(0).
(P2) implies ¢(w) > 0 for all w € (I,£). Moreover, v ¢ Oy, ,. By an observation made
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in the proof of Proposition 4.5, the limit on the right-hand side of (4.10) is necessarily
non-vanishing for all w € (1,&) and y € (&, r). Consequently, o(&) > 0.

As o(€) is strictly positive and o € C([), it is strictly positive in a neighborhood of
€ As Z(pn) = {£} U Z(0) by Lemma 3.7, € is an isolated point of Z(u). Consequently,
there exists a neighborhood U of £ in I such that p(z) # 0 and ¢ (z) = p(z)/o(x) for all
x € U\{¢}. Therefore, we can drop the condition z ¢ Z(o) in all limits of (4.10). Directly
from (4.10)

p(w)

IR 1 B
Vw,gor, (T) = () LIJIT? o(w) ~ o) Llj%la(w) =1.

Therefore, (4.8) is established on (I,£) and the left-hand side does not depend on .
As the right-hand side limit in (4.10) is strictly positive, this implies that for all w € (I, )

lim lim M
wié =€ p(x)

1 _ im ww»ﬂfn,#(x)
A

Therefore, the limit on the right-hand side is a continuous function in w € (I, §).

Rewriting the last equation on I\ Z(0) yields

o(w) =o(§) lim )

@) Vwgrr,, (T) -

The set I\Z(0) is dense and all functions are continuous in w on /\Z(c). Consequently,
the identity extends to all w € (I,€). Thus, o has (necessarily) the form described in (ii).
The representation does not depend on the choice of 7.

As analogous reasoning holds for (§,7) we obtain H;,,, , € {co,,, : ¢ € R} for
0y, given in (4.9).
(i) and (b) = (a) We show that (I,u,0,, ) is proper with friction coefficient v; ,. By

Proposition 4.3 Hy,,,, , is a cone; this completes also the proof of (ii), i.e.,
{CO—’YI,/,L - C E R+} g HIvM?’YI,M :

As 1/p € Lo(IN{E}), Yy, (2) is well-defined and non-vanishing for all z € I'\{¢},
re\{&}, ye (& r). Let 2 € (1,€) and gy € (&, 7). Set

Qﬁ(w):limﬂ for w e (1,€), (w) zlimL for w e (&,7).

Define ¥(§) = 0. Then ¢ is well-defined. This is a consequence of (4.4) and (4.8). For
l<w <wy < f,

Y(wz) = Y(w1) Yu, gy, (W2) - (4.11)
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Consequently, 1 € AC((,€)) holds and 1 is strictly decreasing on ([,£) by (4.4). As
', # 0 assertion (4.5) holds, by definition of 9y, 5, ,(w2) in (4.4),

w2 d

Blrﬁ¢(wl) = Y(w2) exp {%,u/l W’;} = o0,
¢ d

gﬁw(w) = Y(w) GXP{—W,M/T WZ)} = 0.

The second line implies left-continuity of ¢ in &; thus, ¢ € C((I,£]); the same argument
as in Lemma 4.2 yields ¢ € AC((l,¢]).

By definition, 0., , = u/1 on (I,&). As ¢ is strictly increasing on (I, £] we know that
Y(w) > 0 for all w € ([,€). Hence o, , € C([,&). Left-continuity in & follows from (4.8)
and the definition of o,, ,. Therefore (P1) is satisfied on (I, £].

Since o, () = 1 and p(§) = 0 we obtain by definition (§) = pu(§)/0,, ,(§). As
Oy, = /¥ on (1,€) this implies ¢ = /o7, on (I,€]\Z(0r,). Thus, ¢ is a function such
that (P2) holds for y and o, , on (I,&]. To show (P3) observe that (4.11) implies a.e. on

(1,¢] . ,
77Z)/ = —V,p — = —Vi,pu
M O-’YI,,LL
As analogous reasoning holds for [¢,r), the tripel (1, i1, 0, ) is proper with corresponding

FC VI, - U

5 Parametric models

In this section we present some new models given by proper triples and derive the sta-
tionary densities, respectively. In all models parameters are chosen from sets in finite
dimensional spaces.

Every proper triple (I, u,0) is complemented by a center £ of u, a SST f, a FC ~
(Definition 3.5, Lemma 3.7). If (I, u,0) is H-proper, then the stationary solution X =
f(O7) of (1.4) has marginal density p given in (3.12).

Affine drift

In this subsection we apply the results of Propositions 4.4-4.6 to ;1 : R — R given by
w(x) = a+ Bz for a, § € R.

PROPOSITION 5.1. Let 1 : R — R be given by u(x) = o+ pzx for a, § € R. There exist
I CR and o € C(I) such that (I, u,0) is proper if and only if 3 < 0. In this case

[:R7 F[,u:(oa‘ﬁua @I,u:(oa‘ﬁwa 62__'
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Proof. We have to check the conditions of Proposition 4.4. There exists a center & for p if
and only if 5 < 0. Thus, suppose that 3 < 0. The conditions (a) and (b) in Proposition 4.4
are satisfied for I = R and & = —«a/(. They also imply that R is the minimal state
space. To obtain I'; ,,, we have to calculate O ,; secondly, vr,, € I'y , is verified if either
Y1, € ©1,, or 7y, satisfies (4.8) of Proposition 4.6. For v and = < £ < y, we obtain from
(4.4)

w
wu( ()w) = (a+B2)7 (a+ Bw) P forw < €,
Y.y
S ok sl s el tore < 61
@y,
Thus, ©;,, = (0,|8|) and v;,, = |3| by Proposition 4.5. The FC ~; , is not an element of
©r, 4, but it satisfies (4.8) in Proposition 4.6. In particular, I'y ,, = (0, |3[]. =

As Oy, differs from I'; ,, two types of cones Hg , , will appear — one-dimensional

two-dimensional ones.

PROPOSITION 5.2. Let H € (0,1) and 3 < 0. Then every o € Hg,, 5 leads to a Vasicek

model, i.e.,
He g = {0 €CR): o(x) =00, 2 €R 09 > 0}.

Moreover,
(i) (I,p,0) is H-proper with SST f(x) = gz + £ = opx — /3.

(i) The stationary pathwise solution X of (1.4) is unique and a Gaussian process with
mean EX; = & and variance E(X; — £)? =271 8|72 62 T(2H +1).

Proof. This is an application of Proposition 4.6, and it is verified by (4.9) there. For a
function o = oy, we obtain ¢¥(x) = u(z)/oy = afog + Bx/og. The SST f has to be
calculated by f(z) = ~'(Bz), whereas p is straightforward from (3.12). As f is affine,
(I,p,0) is always H-proper. Moreover, as X is the image of OY(B*) under an affine
mapping it is Gaussian. Clearly, Z (o) is empty. Thus, X is the unique stationary pathwise
solution of (1.4). O

Recall from Remark 3.4(ii) that H-proper pairs, which differ from the Vasicek model,
only occur for H € (1/2,1).

PROPOSITION 5.3. Let B < 0 and § € (0,1). Then (1—96)|5| € Or,, and the following
assertions hold.
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(i) o € Hrpa-6)8 if and only if there exist constants o1, oo > 0 such that
o(z) =0y |la+pz]® forz<&, o) =0y |a+ Pz’ forz>E. (5.2)
For such o and f; = | 8|50 ¢/ (1-§)V/(=9) ;=1 2, the SST f is given by

fa) = { —fi|z[YO0 ¢ forz <0,

folz[YO 4 & forz > 0.

(i) (I,p,0) is H-proper if and only if § € (1—H,1) and H € (1/2,1). In this case the

stationary density is given by

p(x) = Pe]o1)l(—oog)(®) + P(x|o2) (g 00) (2)

H-5(1 _§\H 2(H-0) (1 _ §\2H-2
8]"(1-0) |$_5‘—5 exp _lﬁl (1-9) |$_€’2(H5) ‘

p(x|o;
plelo:) TT(2H+1)0? oy I'(2H+1)

REMARK 5.4. By Lemma 3.9(ii), o € C{0~H)/H)*(T) implies that a proper triple is also
H-proper. In the situation of Proposition 5.3(i) this is satisfied, whenever § > (1—H)/H
and H € (1/2,1). As stated in (ii) a triple is already H-proper, whenever § > 1—H and
H € (1/2,1) which is clearly a weaker condition. This refers to Remark 2.6. O

Proof of Proposition 5.3. This is an application of Proposition 4.5 to v = (1—4)|3|. For
T € (—00,&) and § € (£, 00,§), set

la+ B2~ |a + Ba|' /P for x < €,
O_f’g;y(f]:) = 0 for x = 57
o+ By| =P |a 4 B[P for 2 > €.

By Proposition 4.5 and (5.1), Hy 4 = {025+ : T € (—00,§),y € (§,00)}; furthermore,

the following mappings are bijections:
(—00,8), (£,00) 3w 0= |a+ fu| P €RY, (0,[8]) 37— d=1+7/8€(0,1).

Hi, .~ 1s a cone; thus, o € Hy , -, holds if and only if o is of the form stated in (5.2). The
SST is calculated by f(x) = ¢¥~1(—(1-4)|8|z), where ¥(z) = p(x)/o(z) for z # £ and
(&) = 0. The formula for p follows from (3.12).

For ¢ € (0,1), we find §/(1—0) > (1—H)/H if and only if 6 > 1— H. By Remark 3.4(ii)
and Lemma 3.9(i) , (I, u, o) is H-proper if and only if f’ € C{UH)/H+(R) and H € (1/2,1);
this is true whenever § > 1—H and H € (1/2,1). O
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Power volatility

We apply Proposition 4.1 to the function o : R — [0, 00) given by o(x) = ay|x|® for o > 0
and 0 € R.

PROPOSITION 5.5. Let o : R — [0,00) be given by o(x) = ogo|x|® for g > 0 and § € R.
We set 0(0) = oo for 6 < 0. There exist I CR and p € C(I) such that (I, p, o) is proper
if and only if 6 € [0, 1].

Proof. 1f 6 < 0 then 1/0 € L&(R); thus, I = R would be the minimal state space in this
case. However (P1) is violated as o can not be extended to a continuous function on R. If
6 > 1then 1/o € Lo(R\{0}), but [~° 1/0(2)dz and [~ 1/0(z) dz are finite for all € > 0,
violating (4.2) in Proposition 4.1. For ¢ € [0, 1], there always exists a choice for a state

space [ satisfying the conditions in Proposition 4.1(ii)(b). O

Next we derive representations of the cones Ky, for all § € [0,1]. The choice of 6 =0

leads to a Vasicek model and was already discussed in Proposition 5.2.

PROPOSITION 5.6. Let § = 1.
(i) Kr o is non-empty if and only if either I = (0,00) or I = (—00,0).

(i) If I = (0,00) or I = (—00,0), then (I,p,0) is H-proper for all (v,n) € Kr,, and
H € (1/2,1). In this case the stationary pathwise solution X of (1.4) is unique.

(i) K(o,00),0 has representation
Ko,00),0 = {(\5|,u) ER"C(): pu(z) =azr+ Prlogr,a eR, <0,z €l}.

(w) If p(z) = ax+ Brlogr and p € Koo, o, then the following formulas hold for the
SST f, the center & and the stationary density p for ((0,00), p, o).

flx) = e /B 2 e (0,00),
£ = 0,
p(x) = 7 Y2C 27! exp [— C? (logm + %)2} , x€(0,00),
18"

VT@2H+1)02
p s the density of a lognormal random variable.

Analogous formulas hold for I = (—o0,0).

REMARK 5.7. A similar construction was used in Comte and Renault [4]. They define
a stationary process of the form Y, = ffoo a7 (t—s) dB;/2, t € R, for v > 0 and
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H € (1/2,1). This process is up to a norming constant equivalent to a FOUP (cf. formulas
(2.5) in Comte and Renault [4] and (6.1) in Hult [7], respectively). They consider a
model f(YH7) for f = exp, which shows a certain similarity to the model defined in

Proposition 5.6. O

Proof of Proposition 5.6. Condition (b) in Proposition 4.1(i) is satisfied for both I = (0, c0)
and [ = (—o00,0). By Proposition 4.1, the cone k(g o), » contains precisely the pairs (7, 1),
where p(z) = —vyo(x fg 1/o(z)dz and v > 0; € € (0,00) is the corresponding center of
p. We calculate pu(x) = vz log & —vyxlogx for x, &, v > 0. The mapping RT xR* 3 (£,7) —
(v1log(&), —y) € R x (—00,0) is a bijection; thus, K, is precisely of the form stated
in (iii). The formulas for f and p are calculated from ¢ = p/o and f(z) = = 1(—|8|).
0

PROPOSITION 5.8. Let § € (0,1).
(i) Kro is non-empty if and only if [ =R

(ii)) Kr,, has representation
’CR,U - {((1_5)|ﬁ‘7:u) € R"x C(R) : M<I> = oz|x|5+ﬁx, a€eR, 3<0,z€ R}

(i) If (y,u) € Kr,» then (I,p,0) is H-proper if and only if 6 € (1—H,1) and H €
(1/2,1).

(iv) If u(z) = a|z|’ + Bz and p € Kg o then the following formulas hold for the SST f,
the center & and the stationary density p for (R, u, o).

1/(14

f(z) = sign[og(1—0)z — /[ ‘001 0)x /ﬁ|
¢ = sign(a)la/B",
plx) = Cila|™ exp(=Ca(ala| + /), z€R,

r€eR,

where

) G | ) S
VrD(2H +1)02’ 02T (2H+1)
Proof. Condition (b) of Proposition 4.1(i) holds for I = R. For £ € R and v > 0, we
obtain i € Kg » by

“d
) = —vota) [ 5= 7 sien(@) [ el - g, e R

Analogous reasoning yields the formulas stated in (iv). A proper triple is H-proper if and
only if f € C{U=H/H)+(R) for the SST f; this holds whenever 6 € (1—H, 1). O
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Bounded state space

In this section we present two models with bounded state space I. According to Re-
mark 3.4(vii) such models exist only for H € (1/2,1).

EXAMPLE 5.9. [Bounded State Space] We construct an H-proper triple with state space

I = (l,r), where r <[ are finite real numbers. For x € (I,r), set

o(x) =oo(z = O)(r—=z),  plx)=oca(r—1)(r—2x)+o00B(x—1)(r—x)log r - l} :

r—x

The triple (I, pu,0) is H-proper. We obtain the following quantities. Note that f and &

are obtained by logistic convex combinations from [ and r.

B 1 exp(—a/p)
&= 1+ exp(—a/B) Lt 1+ exp(—a/f) "
v = —pBog
B 1 exp(ooz—a/3)
S 1+ exp(ogr—a/f) o 1 + exp(ogr —a/3) o welbn),
p(x) = C\(H,B,00) (x =) (r—x)™"
2
X exp [—CQ(H,ﬁ,UO)(a—I—ﬂlog [%}) ] , xe(lr).
where |B‘H0'5171 |ﬁ’2H—20.(2)H72
C\(H,3,00) = m» Cy(H, B,00) = TQH+D) [

EXAMPLE 5.10. [Construction based on 9] Let [ = (—7/2,7/2). We start with v > 0 and
define 1, (z) = —ytanxz. Then v, € C>(I) is strictly decreasing satisfying (3.1) of (P2)
in /. We ask for functions pu, o € C(I) such that (I, u, o) is proper with FC ~. By (P3),
Yl = —v/o; thus, o(z) = cos? z. Moreover, i = otb,, hence pu(x) = —ycosasinz. Then p
has center £ = 0 and the SST is f(z) = arctan . Clearly, (I, 1, o) is H-proper. Moreover,
X is the unique pathwise solution of (1.4) and we find

p(z) = ol ! exp | — L tan® x el O
/nT(2H +1) cos? x [(2H+1) ’ ‘
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