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Abstract. We present here novel insight into exchange-correlation functionals in density functional theory,
based on the viewpoint of optimal transport. We show that in the case of two electrons and in the semiclas-
sical limit, the exact exchange-correlation functional reduces to a very interesting functional of novel form,
which depends on an optimal transport map T associated with a given density p. Since the above limit is
strongly correlated, the limit functional yields insight into electron correlations. We prove the existence and
uniqueness of such an optimal map for any number of electrons and each p, and determine the map explicitly
in the case when p is radially symmetric.
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1 Introduction

The precise modelling of electron correlations continues to constitute the major obstacle in developing high-
accuracy, low-cost methods for electronic structure computations in molecules and solids. In this article
we shed new light on the longstanding problem of how to accurately incorporate electron correlation into
density functional theory (DFT), by deriving and analyzing the semiclassical limit of the exact Hohenberg-
Kohn functional with the single-particle density p held fixed. In this limit, we find that the exact functional
reduces formally to a very interesting functional of novel form which depends on an optimal transport map
T associated with a given density p. Our work thereby links DFT, which is a large and very active research
area in physics and chemistry [PY95, FNMO03, Ra09], for the first time to optimal transportation theory,
which has recently become a very active area in mathematics [GM96, Ru96, Vill09].

In optimal transportation theory the goal is to transport “mass” from an initial density p4 to a target density
pp in such a way that the “cost” ¢(z,y) for transporting mass from x to y is minimized. Mathematically,
this means that one minimizes a cost functional [ ¢(z,y)dy(z,y) over a set of joint measures v (in physics
terminology: pair densities) subject to fixed marginals (single-particle densities). See below for a precise
formulation. The main mathematical novelty of the optimal transportation problem arising from DFT,

1
Minimize / | |d'y(x, y) subject to equal marginals p, (1.1)
RS [T —Y

is that the cost, which is given by the Coulomb law ¢(z,y) = 1/|x — y|, decreases rather than increases with
distance and has a singularity on the diagonal.

Our goals in this paper are

(i) to prove that for any given single-particle density p, the optimal transportation problem with Coulomb
cost possesses a unique minimizer which is given by an optimal transport map 7T, associated with p. (It is
well known that uniqueness is false for the seemingly simpler cost function c¢(z,y) = |z — y|.)

(ii) to derive an explicit formula for the optimal map in the case when p is radially symmetric. (Note that
in physics, radial densities arise as atomic ground state densities for many elements such as He, Li, N, Ne,
Na, Mg, Cu.)

(iii) to prove that DFT with electron interaction energy given by the optimal transportation cost Eor[p]
(defined as the minimum cost in (1.1)) is the semiclassical limit of exact Hohenberg-Kohn DFT in case of
two electrons, and establish basic properties such as that it is a rigorous lower bound to exact DFT for any
number of electrons.

We do not know whether our semiclassical limit result remains true for a general number of electrons.
As explained in Section 5, this question is related to the representability problem for two-particle density
matrices [CY02].

To prove (i) and (ii) we adapt geometric methods as developed in [GM96], [Ru96], and [SK92], for cost
functions that increase with distance. In our case of decreasing cost functions, one can still geometrically
construct a potential which specifies both in which direction and how far to move the mass of p4 which sits
near x. To prove (iii) we will need to make modifications to the optimal transport plan which yields Eor[p],
since any wave function whose pair density is given by the optimal plan has infinite kinetic energy. The main
technical idea here is a construction to re-instate the original marginals after smoothing.

The optimal transportation functional Eor|[p] which emerges as a limit of the Hohenberg-Kohn functional



should be viewed as a natural “opposite” of the well known mean field functional J[p] = 5 fRG L (‘9;) ely o] ) dy dy:
it arises in a strongly correlated rather than a de-correlated limit, thereby yleldlng valuable qualitative
insight into electron correlations. We also believe that Eor|[p] has a role to play in the design of quantitative
competitors to existing exchange-correlation functionals: it provides an alternative starting point of novel
functional form for designing approximations, and — just like the mean field functional — could be incorporated
as an ingredient into hybrid functionals. Basic quantitative issues are addressed in the companion paper

[CFK11].

This paper is structured as follows. In Section 2 we discuss density functional theory from a mathematical
perspective. In section 3 we introduce optimal transport theory, prove in Theorem 3.6 the main result of
the section, the uniqueness of the optimal transport map, and establish some of its general properties. In
section 4 we give in Theorem 4.10 an explicit formula for the optimal map for equal, radially symmetric
marginals. In section 5 we compare the optimal transportation cost Eor[p] to the exact Hohenberg-Kohn
functional, and show that it is its semiclassical limit in the case of two electrons (Theorem 5.2), as well as a
lower bound for any number of electrons (Theorem 5.1).

2 Density functional theory

Density functional theory (DFT) was introduced by Hohenberg, Kohn and Sham in the 1960s in two fun-
damental papers [HK64, KS65], as an approximate computational method for solving the many-electron
Schrodinger equation whose computational cost remains feasible even for large systems. In this theory, one
only computes the single-particle density instead of the full wave function. In order to obtain a closed equa-
tion, a closure assumption is needed which expresses the pair density in terms of the single-particle density.
A simple “independence” ansatz has turned out to be far too crude in practice. A huge effort has gone into
developing corrections which account for the failure of independence [PY95, FNMO03, Ra09].

Our goal in this section is to discuss DFT from a mathematical perspective.

The key quantity DFT aims to predict is the ground state energy E; of a molecule as a function of the
atomic positions. From this, further properties can be readily extracted, for instance, in order to determine
a molecule’s stable equilibrium shapes one minimizes Ey (locally or globally) over atomic positions.

Starting point for developing DFT models is the “exact” (non-relativistic, Born-Oppenheimer) quantum
mechanical ground state energy E(? M " The definition contains some details which may look a bit complicated
to readers not familiar with many-particle quantum theory, but the basic mathematical structure relevant
to developing DFT models is simple. E(?M is the minimum value of a suitable energy functional £ over a
suitable class of functions A.

2.1 Exact ground state energy

The detailed definition is as follows. Consider a molecule with atomic nuclei at positions Ry, .., Ry € R3,
with charges Z1,..,Zy € N (Z = 1 means hydrogen, Z = 2 Helium, Z = 3 Lithium, Z = 4 Beryllium,
Z =5 Boron, Z = 6 Carbon, Z = 7 Nitrogen, Z = 8 Oxygen, and so on), and with N electrons. The energy
functional depends on the positions and charges of the nuclei only through the ensuing Coulomb potential

€R®. 2.1
Z Jo - R Y (2.1)
For the discussion below, the potential v can more generally be any function in the space L3/2(R?)+L>®(R?) =
{vy +va vy € L3/2(R3), vg € L°(R?)}. The class of functions A is given by

A={VUc L?((R® x Zy)N;C)| V¥ € L?, ¥ antisymmetric, |||z = 1}. (2.2)

(Here antisymmetric means ¥(2,(1), .., Zo(n)) = sgn(0)¥ (21, .., zv) for all permutations o, where 21, ..., 2y €
R3 x Zy are space-spin-coordinates for the N electrons. Spin will not play a big role in the sequel, but the



fact that the functions ¥ depend on all the positions of all the electrons is important. It leads to the fact that
we will have to deal with “N-point distributions”.) Elements of A are called (N-electron) wave functions.

The energy functional is given by
EM (W) = T[W] + Ve[ U] + Vee [V] (2.3)

where (employing the notation z; = (z;,s;) € R? x Z, [dz; = > ez, Jrs dxi)

N
1
T[] = 5/.../2:|Vmi\l'(x1,$1,..,a:N,51\/)|2dz1..d21\/
i=1

is the kinetic energy,
N
Vn@[\l’] = / / Z’U(xz)hp(xl; 51, TN, SN)|2dZ1dZN
i=1

is the electron-nuclei interaction energy, and

1
Vpe[\ll]:// Z ————|U(z1, 81,..,xN, 5N)|2d21..d2n

T — 1
1§i<j§N| v J|
is the electron-electron interaction energy.

The quantum mechanical ground state energy is defined as

EZM = inf £9M[p]. 2.4
o = jof EXV[Y] (24)
In the usual case where v is given by (2.1) and N = Ziil Z« (neutral molecules), it is a basic theorem due
to Zhislin that the infimum is attained. For a simple proof see [Fr03].

Since the energy functional is a quadratic form, we could equivalently have defined E(?M as the lowest
eigenvalue of the corresponding linear partial differential operator — 3 Zf\; Ay, + Ef;l o(i)+> 2, Fl%\
This formulation is useful for many other purposes, but — unlike (2.4) — does not play an important role in
DFT.

2.2 Probabilistic interpretation; marginals

The absolute value squared of ¥ can be interpreted as an N-point probability distribution,

|U (21,81, TN, sN)|2 = probability density that the electrons are at positions x; with spins s;.

In quantum mechanics this is known as the Born interpretation. Note that the above function is nonnegative
and integrates to 1, due to the requirement that ¥ has L? norm 1. (In fact this was the physical motivation
for this requirement.)

Various partial marginals will play an important role. First, by integrating out the spins we obtain the
N-point position density:
pr(@n,man) = Y Wz, 81,z s8] (2.5)
S1,.-,SN€ZL2

Next, by integrating out all but two respectively one electron positions we obtain the pair density and the
single particle density:
o N o
Py (z1,22) = oy (1, . xn)des..dey, (2.6)
2 R3(N—2)

pY(z) =N ow (1, .o )dre. dy. (2.7)
R3(N—-1)



For the rest of this section, we drop the superscript ¥ from p? and py .

The normalization factors are a convention in quantum mechanics so that p integrates to the number of
particles and py to the number of pairs in the system. (In Section 3 we find it convenient to work with the
corresponding probability densities, normalized so as to integrate to 1.) With the above conventions, the
important fact that p is a marginal distribution of ps takes the form

iy [ et =s). G [oten)ae =) 2:5)
2 2

The relevance of p and ps for determining the ground state energy (2.4) come from the fact that the electron-
nuclei energy V. and the electron-electron energy V. in (2.3) depend only on these.

Lemma 2.1. With the above definitions, for any ¥ € A we have

Vel = [ v@ota)de, Veel9) = [ oy dedy (29)

Proof. This follows from definitions (2.6), (2.7) and the fact that due to the antisymmetry of ¥, |¥(z1, .., zy)|?
is a symmetric function of the z;. O

In the sequel we write Vye[p], Vee[p2] instead of V. [¥], Vee[V].

Also, we note that the space of densities arising from functions ¥ € A,
R :={p : R® = R|pis the density (2.7) of some ¥ € A}, (2.10)
is known explicitly: by a result of Lieb [Li83],
R={p: B~ Rp=0, y5e H'®), [ pla)ds =N, (2.11)
R3

where H1(R?) is the usual Sobolev space {u € L?(R?)|Vu € L?(R?)}.

2.3 Universal Hohenberg-Kohn functional

The expression for V,,. derived in Lemma 2.1 leads to the following well known partitioning of the minimiza-
tion (2.4) into a double minimization (first minimize over ¥ subject to fixed p, then over p):

E(c)gM _ plg%{FHK[p] + /]R3 v(z) p(a:)da:} (2.12)
with
Falel =, _inf {10+ Veelpal . (213)

Here and below, the notation ¥ +— p means that ¥ has single-particle density p. Note that Fpyg is a
universal functional of p, in the sense that it does not depend on the external potential v, and is called
the Hohenberg-Kohn functional. It is defined on the admissible set (2.10). The above constrained-search
definition of Fp is due to Levy and Lieb [Le79, Li83]; in the original Hohenberg-Kohn paper [HK64] the
functional was constructed in a more indirect and slightly less general way, requiring that p be the density
of some ¥ which is a non-degenerate ground state of £ for some potential v.



2.4 Exchange-correlation functionals

The problem with definition (2.4) of E(? M as well as definition (2.13) of the ‘exact’ density functional Fy,
is that it is unfeasible in practice except when the number IV of particles is very small. This is due to the
so-called problem of exponential scaling: the functions over which one minimizes are functions on R3" and
the discretization of R*V requires a K V-point grid if the single-particle space R? is discretized by a K-point
grid.

This problem would disappear if we could accurately approximate V;. in the variational principle (2.4) by a

functional V.. of p instead of pa, ~
Vee[ﬁQ] ~ Vee [l)] (2.14)

(Why this is so is not completely trivial, since there remains T to deal with, but see eq. (2.17) below.) Thus
in DFT one approximates the variational principle for the ground state energy E(? M by:

EPFT = int {10+ Vclo] + Veelp] |- (2.15)

Physically, this means (in the light of Lemma 2.1) that in DFT, interactions of electrons with an external
environment, such as the Coulomb forces exerted by an array of atomic nuclei, are included exactly, but
electron-electron interactions have to be suitably “modelled”. By partitioning the minimization in (2.15)
analogously to (2.12), (2.13), EPTT can be obtained by minimization of a functional of p alone,

EQTT = inf {T, Vaelol + Veelol ), Toulpli=,_inf  TI9]. 2.1
0 nf \Toumlel + Vaclpl + Veelplp, - Tomlpl:= | _inf  T(Y] (2.16)
The minimization over the “large” space A of functions on (R? x Zs)" in (2.16) can now be replaced by

a minimization over a much “smaller” space. As can be shown with the help of reduced density matrices
[CY02], and abbreviating [ =Y., [qs.
s€Z2 JR

. . )\i 2
— . <)\ < -
ve mE pT[\IJ] = mf{ ;:1: . /| Voil© | 0< A <, ;:1 Ai = N,

0 € H'E x 2a), [ 085 =65 3 3 o o) = pla) .
=1 s€Z>

(2.17)

After truncating the sum after an appropriate number i,,q, of terms (the standard truncation being i,,q, =
N, yielding the Kohn-Sham kinetic energy functional [KS65]) and discretizing R*® by a K-point grid, the
number of degrees of freedom of the right hand side scales linearly instead of exponentially in N.

By means of this fact, the task of eliminating the exponential complexity of (2.4) is reduced to the following

Fundamental problem of DFT Design accurate approzimations of the form (2.14). In other words,
approzimate a simple explicit functional of the pair density pa, a function on RS, by a functional of its
joint right and left marginal p, a function on R3. Note that the approzimations only need to be accurate for
single-particle densities and pair densities of ground states of molecules, not arbitrary states. FElsewhere it
suffices that the approzimations give a reasonably good lower bound so as to avoid spurious minimizers.

Example 2.2. (statistical independence) The simplest idea would be to assume statistical independence,

1
pa2(z,y) = 5p(2)p(y) (2.18)
(the factor 1/2 coming from the normalization factors in (2.7), (2.6)), and substitute this ansatz into the

formula for V.. derived in Lemma 2.1. This leads to taking

Vet = 5 [ mp(@)o(o) dody = Tl (2.19)




i.e. V. is replaced by the Coulomb self-repulsion of the single-particle density. The above mean field
functional appears, for instance, in Thomas-Fermi-theory.

In modern DFT, the very naive ansatz (2.18) was never used, but — without this being natural from a
probabilistic point of view — the convention is to include corrections to it additively, i.e. one makes an ansatz

Veelp] = Jlpl + Exclp], (2.:20)

the additive correction being called an exchange-correlation functional. This notational convention should
not, of course, prevent us from contemplating non-additive modifications of (2.18) and (2.19). O

Example 2.3. (correctly normalized mean field) Let po = (J;f )’y and p = Npu, so that v and g have integral

1. Then

fy%g@ﬂ@ﬁ"p@p

(5) N7

which is equivalent to

NEN ORI YN
p2N2 Np Py

where here and below we use the notation (p ® p')(z,y) = p(x)p’(y), corresponding to the product measure
when interpreting p, p’ as measures.

Note that physicists and chemists use
1
P2~ 5P @ P,

which is justified in the context of macroscopic systems such as an electron gas (where one has taken a limit
N — 00), but less natural in the context of DFT for atoms and molecules. O

Example 2.4. (local density approximation) In a model system, the so-called free electron gas, the pair
density can be determined explicitly [Fr97]. In this case the single-particle density is a constant,

plw) =7, (2.21)
and the pair density can be determined to be
1, 1 — _2\1/3 )2)
_ = _z — 2.22
p2(,y) = 5P (1 qh((f’)mT ) Ple—yl) ), (2.22)
where
hs) = 3(sins — scoss).

53

In particular, at long range |z — y| — oo statistical independence is correct, but at short range |z — y| — 0,
p2 tends to zero in the case of a single spin state, i.e. it vanishes on the diagonal = y, and to half the size
of a statistically independent sample in the (physical) case of two spin states. Substituting the result (2.22)
into the formula for V.. [p2] leads to the so-called local density approzimation

x@m=AM—%Aﬂw%@7 (2.23)

where ¢, = %(%)1/ 3. As a heuristic approximation to V., this formula goes back to Dirac and Bloch (for a
rigorous justification see [Fr97]). It was widely used in the early days of DFT, following [KS65]. O

Example 2.5. (B3LYP) Cwrrent functionals used in practice, e.g. the ‘B3LYP’ functional of Becke, Lee,
Yang and Parr [Be93, LYP88|, rely on — from a mathematical point of view questionable — guesses of
functional forms (e.g. local in p, or local in p and Vp), additional terms depending non-locally on the
orbitals in (2.17), and careful fitting of parameters to experimental or high-accuracy-computational data.
The resulting expressions are a little too complicated to write down here. They have led to an accuracy
improvement for E(?M over the local density approximation of an order of magnitude or so, but not more,
with little progress in the last decade despite continuing effort. O



3 Optimal transportation for DFT

We begin with a basic observation. The weight factor in front of ps in V.. in (2.9) is always positive, and
largest on the diagonal x = ¥, so even “complete anticorrelation” might be a better ansatz than independence
(keeping in mind that the states on which the ansatz needs to be good are the minimizers of a functional
which includes V).

In fact, such a complete anticorrelation is exactly what emerges when one starts from the exact Hohenberg-
Kohn functional Fy e, inserts a semiclassical factor 22 in front of the kinetic energy functional 7" in (2.13)
and passes to the semiclassical limit 2 — 0. In this limit, the Hohenberg-Kohn functional Fyg reduces to
the following functional obtained by a minimization over pair densities instead of wave functions,

- 1
Flp] = inf — pa2(z,y) dx dy. 3.1

[p] p2ER, parap \/]R6 |$ — y| p2( 7y) Y ( )
Here pa — p means that py satisfies eq. (2.8), i.e. it has right and left marginal p, and the set Ry of
admissbile pair densities is the image of A under the map W +— ps. Unlike the corresponding admissible set
of single-particle densities, Ro is not known explicitly (this is a variant of the representability problem for
two-particle density matrices [CY02]).

Formally, ignoring this point and discarding in particular the smoothness restriction (which can be proved
analogously to the proof in [Li83] of (2.11)) that

p2 € Ro = \/p2 € H'(R), (3.2)

the above functional F' reduces to the functional

Forl) =, it Cll. Clpli= | ———dpa(a.y). (3.3)

p2EM, parsp 6 |{E -y

where M, denotes the set of (nonnegative) Radon measures on R. For a rigorous justification that (3.3) is
indeed the correct semiclassical limit of Fgx in case N = 2 see section 5.

The variational problem that has appeared here, to minimize a “cost functional” C' over a set of joint
measures on R® subject to fixed marginals, is an optimal transport problem. This type of problem, with
“cost functions” such as |z — y| or |z — y|? instead of |z — y|~!, dates back to Monge in 1781 and has a
famous history, which is nicely summarized in the very readable paper [GM96], which was our main source
when studying the problem (3.3).

Before formulating our particular problem we give some notations and definitions.

For a set Z C R?, we denote by P(Z) the set of probability measures on Z. If Z is a closed subset of R?
and v € P(Z), then the support of v is the smallest closed set supp v C Z of full mass, that is such that
Y(supp v) =v(Z) = 1.

Suppose X,Y C R? are closed sets. If 4 € P(X) and v € P(Y), we denote by I'(u1, ) the joint probability
measures 7 on R? x R? which have p and v as their marginals, that is with u(U) = (U x R?) and
v(U) = ~v(R% x U) for Borel U C R%. In fact, if v € I'(i, v), then supp v C X x Y. Typically x has density
u; and v has density uy, where u1, us are L' functions, in which case we write T(uy,us).

Remark 3.1. In this section it is convenient to eliminate the prefactors in ps and p, and to consider the
cost functional C' on probability measures v, with equal marginals p (which are again probability measures),
with pa in (8.8) corresponding to (1;/)7 and p corresponding to Nu as in Example 2.5.

We first formulate the general problem, which is now called the Kantorovich problem. For some cost function
c:RYx RY — RU{+oo} we are interested in minimizing the transport cost

Chy) = / o(z, 9)d(z, ), (3.4)



among joint measures v € I'(u, v), called transport plans, to obtain

inf  C[y]. (3.5)

yEr (k)

Let 7 (i, v) be the set of Borel maps 7' : Q € RY — R9 that push u forward to v, i.e. Typ[V]:= u(T~H(V)) =
v(V) for Borel V C R%. The so-called Monge problem is to minimize

1) = [ el T(@)duta) (3.6)
over maps T in 7 (u,v), called transport maps, to obtain
inf I[T]. (3.7)
Ty p=v

There is a natural embedding which associates to each transport map T € T (u,v) a transport map yr =
(id x T')4p € I'(p, v) or, in physics notation, yr(x,y) := () (y)p(x), where id: R — R is the identity map.
Since C[yr] = I[T], we conclude that

inf Cv] < inf I[T]. 3.8

yeT (p,v) s TeT (p,v) 7] (8:8)

Let R := RU {+oco} and endow R with the usual topology so that ¢ € C(R? x R% R) means that

lim (g ) —(z,5) c(x,y) = c(Z,y). In particular, if ¢(Z,y) = +oo, then c(z,y) tends to +oo as (x,y) tends
to (Z,7), and similarly for limit —oo.

Throughout we will work with cost functions ¢ such that c(x,y) = h(z — y) for all z,y € R?. We recall

the definition of the dual of a convex function and refer to Rockafellar [Ro72] for standard definitions and
further background.

Definition 3.2. The dual (or Legendre transform) h* : R? — R U {+o0} of a convex function h : R? —
R U {+o0} is given by

h*(y) == S;l]é)d{< x,y > —h(x)}. (3.9)

Since our cost functions of interest are not convex, we need to work with the following more subtle definition
of Legendre transform.

Definition 3.3. (generalized Legendre transform) Suppose that | : R — RU {400} is lower semi-continuous
and convex. Define k : R — R U {400} by k(A) = I(A) if A > 0 and k(\) = +oo otherwise. Define
h* :R? — RU {+o0} by

h*(x) = k*(—|z|) := sup{—p|z| — k(Jz|)}, =z € R, (3.10)
BER

We define 1°(X) = k*(—|\|) for A € R.

Definition 3.4. A function ¢ : R — R U {—o0}, not identically —oco, is said to be c-concave if it is the
infimum of a family of translates and shifts of h(z): i.e, there is a set A C R x R such that

R : d
U(x) = (y}gfeA{C(af,y) +A}, zeR (3.11)

Let A := {(z,2) | # € R} and ¢ : R? x RY — R U {+o0} be such that c(z,y) := h(z —y) :=I(Jz —y|) >0
and with ¢ and [ such that

(A1) 1:]0,00] — [0, 00] is strictly convex, strictly decreasing and C'* on (0, 00);

(A2) ce CY(R? x R4\ A,R);



(A3) c:R? x R? — [0, +00] is lower semi-continuous;

(A4) for every g € R?, c(zq,70) = +00.

Remark 3.5. Note that [GM96] only assume that | is continuous and not C*; using their arguments, we
could replace (A1) and (A2) by

(A1%) 1:]0,00] — [0,00] is strictly convex, decreasing and continuous on (0,00);

(A2") c€ O(R? x R\ A R).

The main result of this section, obtained by combining the results from Theorems 3.25 and 3.27, is

Theorem 3.6. Assume that ¢ and | satisfy (A1)-(A4), and let p,v € P(R?) be absolutely continuous with
respect to the Lebesgue measure. Then there exists a unique minimizer v € T'(u,v) of the functional C
defined in (3.4), and a unique transport map T pushing p forward to v such that v = (id, T)up (or, in
physics notation, y(x,y) = Op@)(y)u(y)). This map is of the form T(x) = x — Vh*(Vip(x)) for some
c-concave function v on R®.

We next give a simple example, which illustrates the emergence of such an optimal map 7" when the marginals
consist of two Dirac delta functions, and explicitly compute the function hA* appearing above for our cost
function of interest.

Example 3.7. Let a,b € R. For ¢ and [ as in (Al)-(A4) we are interested in minimizing

/C(x, y)dy(z,y), (3.12)

subject to
/ () = ba(y) + 6y(y ) and / (s y)dy = 8a(2) + 64(2), (3.13)

where §, is the Dirac function such that, for all Borel subsets of R, we have fQ da(y) = 1if a € Q, and
Jo 9a(y) = 0 otherwise. We claim that the minimum in (3.13) is attained for

V(@) = a(2)ds(y) + 0b(x)da(y) =: 10(z,y). (3.14)
To show this, note first that
(@, y) = Caaba(®)da(y) + cabda(®)06(y) + cvadn(x)da(y) + condp ()b (y),

with Caa, Cabs Chas Cob > 0 and caq + Cap + Cpa + cop = 2. Due to the constraints on v from (3.13) we have
Cha = Cap a0d Cqq = cpp. Hence

V(@,y) = @ (0a(x)da(y) + 06(2)0(y)) + B (da(2)0b(y) + 0p(2)da(y)), with a,F >0 and a+ 5 =1.
Minimizing (3.12) subject to (3.13) is then equivalent to the following problem:
Minimize 2« 1(0) 4+ 261(]b — a|) subject to the constraints a, 3 >0, a + 3 = 1.

Since by (A1) we have [(0) > [(|a — b]), the minimum in the above is attained for &« = 0 and 8 = 1, which
proves the claim.

Formula (3.14) for the minimizer admits a very interesting interpretation which motivates the notion of
optimal transport map and foresees the structure of general minimizers as given in Theorem 4.8. Denote the
single-particle density d,(x)+ dp(2) in (3.13) by p(x), and introduce the map 7" : {a,b} — {a, b} which maps
a to b and b to a. Then T pushes p forward to p, and the optimal measure 7 has the form

Yo(2,y) = Or(z) (y)p(2),

or, in measure-theoretic notation,
Y0 = (lda T)#p'
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Example 3.8. (generalized Legendre transform for Coulomb cost) Let h(x) = k(|z —y|) with k(\) = A~! for
A > 0 and 400 for A < 0. Note that & : R — RU {400} is lower semi-continuous and convex. The ordinary
Legendre transform of k is given by k*(s) = supgeg{s —k(3)}. Since k() = +oc for 3 < 0, negative values
of B do not contribute to the above supremum (the term in brackets then being —oc). Consequently,

k*(s) = sup{fs — k(0)}.

B>0

When s > 0, we infer £*(s) = +o00. It thus remains to calculate

k*(—s) = Zlipo{—ﬁs —-k(B)}, s=>0.

Recall now that k(8) = 1/8. The elementary calculus problem of maximising the function in brackets on
(0, 00) has the unique solution § = 1/4/s, whence k*(—s) = —24/s for s > 0. Altogether it follows that the
generalized Legendre transform of h is

h*(x) = —2¢/]z], xecR% (3.15)
Consequently, if ¢(z,y) = |T—1y| then the optimal map T in Theorem 3.6 is of the form T'(z) = x + %.

a

Subsections 3.1-3.4 are devoted to the proof of Theorem 3.6. The proofs follow partially the proofs in [GM96],
[KMO7], [GM95] and [GOO07]. In the final subsection, 3.5, we derive some general properties of the unique
optimal measure and the optimal cost under the assumption of equal marginals, p = v.

3.1 Definitions and notation

In the following we present some definitions which are needed throughout the remainder of the section.

Definition 3.9. (1) Let V C R%. A c-concave function 1) : R? — R U {—o0} is said to be the c-transform
on'V of a function ¢ if (3.11) holds with A C'V x R. Moreover,

U(@) = inf {e(e.) — 6)},

for some function ¢ : V — RU {—o0}.
(2) The c-transform of a function 1 : RY — R U {—oc} is the function ¢ : R? — RU {—o0} defined by

ve(y) = Inf {c(z,y) —¥(@)}.

(3) A subset S C X xY is called c-cyclically monotone, if for any finite number of points (xj,y;) € S,j =
1,...,n and permutations o : {1,..,n} — {1,..,n}

n

S @i 5) <3 el@agy ) (3.16)

j=1 j=1

Remark 3.10. Remark 3.4 of [GO07] proves the following: If ¢ : R* — R U {—o0} is not identically —oo,
and is given by (3.11), then we have
(i) P(y) > =X > —oo for all (y,\) € A, where A is the set in (3.11). Hence, ¢ is not identically —oo.

(i) = 9.

Theorem 3.11 (optimal measures have c-cyclically monotone support: Proposition 3.2 of [GOO07]). Assume
that X,Y € RY are closed sets, that u € P(X), v € P(Y) and that ¢ > 0 is lower semicontinuous on X x Y.
Then the following hold:

11



(a) There is at least one optimal measure v € T'(p1, V).

(b) Suppose that in addition ¢ € C(X x Y,R). Unless C = 400 throughout T'(u,v), there is a c-cyclically
monotone set S C R? x R? containing the support of all optimal measures in T'(u, V).

Definition 3.12. (1) A function ¢ : R — R U {—oc} is superdifferentiable at = € R, if (z) is finite
and there exists y € R? such that

U+ 2) SY(@)+ < 2,y > +o(l2]) as |z[ — 0; (3.17)
here o(\) means terms n(\) such that n(\)/X\ tends to zero with A.

(2) A pair (x,7) belongs to the superdifferential 9¢) C R? x R? of 1, if ¢(z) is finite and (3.17) holds, in
which case y is called a supergradient of ¢ at x. Such supergradients y comprise the set 9'1(x) C RY,
while for V.C R% we define 0'1(V) := Upey 0 h(x).

(3) The analogous notions of subdifferentiability, subgradients and the subdifferential 0.9 are defined by
reversing inequality (3.17).

(4) A real-valued function 1 will be differentiabale at x precisely if it is both super- and subdifferentiable
there; then

() = 01p(x) = {Vip(x)}.

Definition 3.13. The c-superdifferential 9% of ¢ : R? — R U {—oc0}, not identical —oco, consists of the
pairs (z,y) € R x R for which c(x,y) — (x) < c(z,y) — ¥(z) for all z € RY.

Lemma 3.14 (relating c-superdifferentials to subdifferentials: Lemma 3.1 of [GM96]). Let h : R? — R? and
P :RY — RU{—oc0}. If c(x,y) = h(z —y), then (z,y) € 0% implies d.4p(x) C d.h(z —y). When h and ¥
are differentiable, then Vip(x) = Vh(xz —y).

Definition 3.15. A function ¢ : R? — R U {—o00} is said to be locally semi-concave (locally semi-convex)
at p € R%, if there is a constant X < oo, which makes 1)(x) — A|z|? concave (convex) on some (small) open
ball centered at p.

Remark 3.16. Suppose that p € P(X) and v € P(Y) have no atoms and that v* minimizes C[y] over
I'(p,v) and that C(v*) < oo. Then v*(A) = 0 and so, supp v*\ A contains at least one element, say (xo,yo).
Also v*(E) =0, where E = (xg x Y)U (X X yo). Hence the set X x Y\ (ENA) is non-empty, so it contains
an element (ZTo, o). Note that xo,y0 ¢ {ZTo,TJo}-

We will need the non-atomic property of the marginal measures p and v (and the resulting remark above)
from the uniqueness section 3.3 onwards, as a means to bypass the singularity of ¢ on the diagonal. We will
use Remark 3.16 in Lemma 3.20 and in Lemma 3.21 below.

Remark 3.17. Suppose that S C X x Y is c-cyclically monotone and contains two pairs (xo,yo), (Zo,Yo)
such that o # yo, To # Yo and To, Yo ¢ {xo,y0}. Then for all (z,y) € S, we have x # y.

Proof. Let us assume that (z,y) € S, with = y. There are the following possibilities to consider: = =y =
Lo, T =Y = Yo, T = y:i‘o x:y:go and z,y ¢ {3?0790,5?07?]0}-

We present a proof for one of the cases, the other cases being treated analogously. Consider z = y = .
Then z,y ¢ {x0, Zo,Jo} and from (3.16), we get

C(l’,y) < C(iﬁ,go) + c(xo,y) + C({fo, yO) - C(iC(), yO) - C(:f()’go) < +o0,

which leads to a contradiction as ¢(x,y) = +oo. O

12



3.2 Existence of an optimal measure with c-cyclical monotone support

The main issue in this section is not the existence of an optimal measure, as the existence of an optimal
measure is assured by Theorem 3.11 (a), but the existence of an optimal measure with c-cyclical monotone
support. In order to use Theorem 3.11 (b) and construct such an optimal measure, we need to first construct
a joint measure «y, with marginals 4 and v and with C[y] < co. This is done in the Lemma below.

Lemma 3.18. Suppose that i, v € P(R?) and are absolutely continuous with respect to the Lebesgue measure.
Then there exists v € T'(u,v) and € > 0 such that for all (z,y) € supp ,

|z —y| >e€

Proof. The proof follows similar arguments as the proof of Proposition 4.1 from [GO07] adapted to our
situation.

Let b,c € Ry and let S(0;b) := {z € R? : |z| < b}, S¢(0;b) := {x € R? : |z| > b} and S(b;c) := {x € R¢ :
b < |z| < ¢}. Since p and v are absolutely continuous with respect to the Lebesgue measure, the functions

t— N'S(O;t)7 t— V|S(O;t)7 t— 1 Se(0;t)s t— V|S"(O;t) (318)

are continuous.
Step 1. We assume first that there exists b € Ry such that supp p C S(0;b) and supp v C S¢(0;b). Then,
because of (3.18), we may choose €1, €5 > 0 such that

1
w(S(0;0—€1)) =v(Sb;b+e)) = 5 with €; < b.

Let
1= plsop—cr)r BT = pls—ap)y VT = Vlspibte) and VT = vlge0prey)-
Set
vi=2(um @vT +ut vt
Note that v € T'(u, ) and for all (z,y) € supp v, we have

|z — y| > min{ey, e2} > 0.

Step 2. Assume that p and v are arbitrary in P(R%). We use (3.18) to choose b € R, such that
p(S(0;0)) = v(5°(0;0)) = m. (3.19)

If m = 0, then we reduce the discussion to Step 1. Similarly if m = 1. We can therefore assume that
0 < m < 1. More precisely, if we denote by f(b) := u(S(0;b)) — v(5°(0;b)) for all b € Ry, then f(b) is an
increasing and continuous function of b, going from negative values to positive ones as b goes from 0 to +oc.
Therefore, there exists by € Ry such that f(bg) = 0, which is equivalent to u(S(0;bo)) = v(5°(0;b9)). Set

1 = plsmoys 1T = plseomoys VT = Vls(oime) and v = vlse(0.0y)-
By (3.19), % and % are probability measures. They satisfy

supp = C S(0;bg) and supp v C S¢(0; bo).
Therefore, they satisfy the assumptions of Step 1, so there exists §; > 0 and v; € F(%, %) such that for
all (x,y) € supp 1, we have
| —y| > d;.

Similarly, there exists do > 0 and v2 € I'(5 ~ v

W
—m’ 1—-m

) such that for all (z,y) € supp 72, we have

| —y| > 2.
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Set v :=m~vy1 + (1 — m)~vys. Then v € T'(u,v) and for all (x,y) € supp T'(u, v), we have
|z — y| > min{dy, b2 }.
|

Theorem 3.19 (existence of optimal measure with c-cyclical monotone support). Assume that c(x,y) =
h(z —y) = I(|z — y|) satisfies (A1)-(A4) and let p,v € P(RY) be absolutely continuous with respect to the
Lebesgue measure. Then there exists a measure vo with c-cyclically monotone support which minimizes the
functional C(7) introduced in (3.4) over I'(u,v).

Proof. By Lemma 3.18, there exists v € I'(i, v) and € > 0 such that
|z —y| > € (3.20)

for all z,y € supp ~y. Since [ is strictly decreasing on (0,00), (3.20) together with (Al) ensure that c is
uniformly bounded from above on supp v by Il(e). This proves that C[y] < co. The statement follows now
immediately from Theorem 3.11. O

3.3 Geometrical characterization of the optimal measure

It is well known that a set is cyclically monotone if and only if it is contained in the subdifferential of a
c-concave function; this result was proved for general cost functions ¢ : X X Y — R in [SK92]. The following
theorem is a further extension that is needed to deal with cost functions which satisfy (A1)-(A3) (and are
allowed to take the value +o00 somewhere).

Lemma 3.20. Suppose that X, Y C R? are closed sets.
(1) For S C X xY to be c-cyclically monotone, it is necessary and sufficient that S C 0 for some
c-concave b : X — RU {—o0}.

(2) Suppose that S C X XY s c-cyclically monotone and contains two pairs (xo,yo), (To, o) such that
To,0 ¢ {z0,yo}. Let b : R4 — R U {—oc} be the c-concave function from (1). Then

(2a) ¥(xo) and ¥ (ZTo) are finite,
(2b) whenever (z,y) € 0%, we have that PY(x) > —o0 and x # vy,

(2¢) we have p-a.e.
Y(@) = inf {c(z,y) —¥°(),x #y}, z€X

Proof. Part (1) has been proved in Theorem 2.7 of [GM96] or Lemma 2.1 of [Ru96].
(2) As in the proof of Lemma 2.1 in [Ru96], we define

n—1 n
) = inf inf c(x,yn) + Tiy1, c(xj, , weX. 3.21
V) =l | ) D el ) = D l@ion) (3.21)

(2a) The construction above yields a c-concave ¥ on X with S C 0. Standard arguments (see for example
[Ru96]) give that 9 is c-cyclically monotone in the sense that

Zc(xj,yj Z A(Tnt1,Yn) + (Tng1,Yn) with z,41 = x0. (3.22)
=0 i=0

and so Y(xg) > 0. Taking n = 1, 1 = Tp and y; = g1 in (3.21) gives that 9 (z¢) < 0. We conclude that
Y(xg) = 0 and so ¢ is finite and not identically —oo. Note that by construction, 1 is the c-concave function
from (1). Recall now that (z,y) € 0°) is equivalent to

c(x,y) —(x) < c(z,y) —9(z), zeX. (3.23)
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Now recall Remark 3.16. Setting (x,y) = (Zo, 7o), 2 = xo in (3.23), using the fact that ¥ (xo) = 0 and that
Zo # Yo, we obtain that 1(Z) is finite.
(2b) Next, if (ug,y) € S, setting z = ug, we have that

ez, y) —(x) < c(uo, y) — ¥ (uo). (3.24)

If y # x0, we set ug = zo in (3.24) to obtain the claim. If y = zq, we set ug = Tp and we use the fact that
¥(Zo) is finite, to obtain the claim.
(2¢) This representation is a simple consequence of the construction. O

We have proved the following. If we define
O = {(z,y) € 0 | x £y} and Ofy(x) := I%P(x) \ {z}, (3.25)

then 0§y = 0 p-a.e. and we will focus on the off-diagonal elements from now on. We also assume for the
rest of this chapter that X =Y = R<.

Lemma 3.21 (p-a.e. differentiability of c-transforms). Let ¢ and 1 satisfy (A1)-(A4). Then the function i
from Lemma 3.20 is pi-a.e. differentiable on R?.

Proof. Recall that
Y(x) = inf {c(z,y) — P (y), = # y}.

y€ERd

We will prove that ¢ is p-a.e. differentiable on R,

Step 0. Let > 0 be such that v takes finite values at two or more points in S(0;7) (this is possible due
to Remark 3.16 and Lemma 3.20). Let 0 < a < r arbitrarily fixed, which means that S(0;a) C S(0;7). We
will show in Steps 1 — 3 below that ¢ is p-a.e. differentiable on S(0;a), from which we will derive in Step
4 the corresponding property on R?. The reason for the choice of an 0 < a < r such that S(0;a) C S(0;7),
will become apparent in Step 2 below.

In order to prove that ¢ is p-a.e. differentiable on S(0;a), take x € S(0;a) arbitrarily fixed. Then
P(x) = min{e (z), a2 (2) },

where

Vi(e) = inf Ae(z.y) —v5y), e £y} and o(e) = i elwy) =9 (y) 2 # v},

yeS(05r yeSe(0;r
Due to the fact that ¢ takes finite values at two or more points in S(0;7), it follows from the definition that
11 and 1y also take finite values at two or more points in S(0;7).
Step 1. 11 is locally Lipschitz and semi-concave on S(0; a):

As 1 takes finite values at two or more points, the proof follows the same reasoning as the proof of
Proposition A.6 in [KMO07] and will be omitted. Note also that by Proposition C.6 of [GM96], differentiability
of 11 can only fail on a set of y-measure zero.

Step 2. 12 is locally Lipschitz and p-a.e. differentiable on S(0;a):

Let 6 := r —a > 0. Define £ < 0 by using the right derivative 26¢ := I’(6%) of [ at §. Then the function
Is(A) = I(X) — €A? is strictly convex on [6, 00) and non-decreasing since I5(67) = 0. Extend this function to
A < & by making I5()\) constant-valued there. Then hgs(z) := I5(|z|) will be convex on R?: taking z,y € R?
and 0 < ¢t < 1 implies

hs (1= t) +ty) <1s((1 = )|z + tly]) < (1 = H)hs () + ths(y). (3.26)

Note that h(z) = hs(z) + £|z|* whenever |z| > 6. Take x € S(0;a) and y € S°(0;7); then |z — y| > § and
the definition of 19 yields

vale) €l = it {hs(w—y) +26 <ay > 47— )
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Note now that hs satisfies conditions (H1)-(H3) of [GM96]. Since [ is continuous on (0,00), we can apply
Theorem 3.3 of [GM96] to hs and 12 (see also Proposition C.2 in [GM96]) and thus, ¥a(z) — &|z|? will be
locally Lipschitz. Using the fact that 1o (2) — &|z|? is locally Lipschitz, Rademacher’s theorem shows that
the gradient Vs is defined p-a.e. everywhere on S(0;r).

Step 3. 1 is p-a.e. differentiable on S(0;a):

Since ¥ (z) = min (11 (x), Y2(x)), the p-a.e. differentiability of ¢ on S(0;a) follows immediately as 1 is the
minimum of two p-a.e. differentiable functions.

Step 4. v is p-a.e. differentiable on R%:

Let (an)nen be an increasing sequence of positive real numbers tending to infinity as n — oo and R? =
UnenS(0;a,). Let A := {z € R? : ¢ is differentiable at z}. Then u(A) = lim, o (AN S(0;a,)). The
statement follows now immediately by means of Step 3. O

The following is a version of Lemma 5.2 of [GM96] for strictly convex and decreasing I.

Lemma 3.22 (the c-superdifferential lies in the graph of a map). Let ¢ satisfy (A1)-(A4). Suppose that
Y : R — R is differentiable at some x € R%. Then y € 05(x) implies that h* is differentiable at V(z)
and that y = © — Vh*(Vy(x)).

Proof. We recall first that by (Al), VA is injective off the diagonal; the injectivity of Vh off the diagonal
is crucial for the argument of this lemma, as will become apparent below. The proof follows similar steps
as the proof of Lemma 5.2 in [GM96]. Let y € d§i(x). Then = # y, so h is differentiable at z — y. From
Lemma 3.14 (see also Lemma 3.1 of [GM96]) we have that 0.¢)(x) € Vh(z —y). As 1 is differentiable at z,
we have 0.9 (x) = Vo (x) and Vip(x) = Vh(z — y). Since z # y and since [ is strictly convex and strictly
decreasing, the gradient Vi(x) does not vanish p-a.e. Lemma A .4 (ii)-(iii) implies both (Vi (z),z—y) € 0.h*
and differentiability of h* at Vip(x), whence VA*(Vip(x)) =z — y. O

Lemma 3.23. Let ¢ and [ satisfy (A1)-(A4) and let u,v € P(R?). Suppose that a joint measure vy € I'(p1, v)
has supp v C 0§ = 0%, where ¢ : R? — R is the c-transform of a function on supp v. The map
T(x) :=x — Vh*(V(x)) pushes p forward to v. In fact, v = (id, T)yp and Typp = v.

Proof. The proof follows the same steps of Theorem 5.4 from [GM96]. For the reader’s convenience, we
provide the reasoning below.

To begin, one would like to know that the map T'(+) is Borel and defined p-a.e.. By Lemma 3.21, differentia-
bility of ¢ can only fail on a set N of y-measure zero in R, Thus pu(N) =0, (N x Y) = 0 and so the map
Vi is defined p-a.e.. Since by Remark 3.16, v(A) = 0 and since supp v C 9 = 951, we have y(95¢) = 1.
Therefore, define S := {(z,y) € 95|x € domV1)}, where domV1) denotes the subset of R? on which 1 is
differentiable. Lemma 3.21 shows that ¢ is p-a.e. differentiable on dom 1. Since its gradient is obtained as
the pointwise limit of a sequence of continuous approximants (finite differences), V4 is Borel measurable on
the (Borel) set dom Vi where it can be defined. Lemma A .4 shows that Vh* is a Borel map. For (x,y) € S,
Lemma 3.22 implies that T is defined at  and y = T'(x). Thus T is defined on the projection of S onto
R? by 7(z,y) := x; it is a Borel map since Vi) and Vh* are. Moreover, the set m(S) is Borel and has full
measure for p: both 9§y and w(9§) are o-compact, so 7(S) = w(I§y) N domV1) is the intersection of two
Borel sets with full measure. Thus v(ZNS) = v(Z) for Z C R% x R Tt remains to check that (id, T)gu = 7,
from which Ty = v follows immediately.

It suffices now to show that the measure (id, T') 4 p coincides with  on products U x V' of Borel sets U, V' € R?;
the semi-algebra of such products generates all Borel sets in R? xR?. Define S := {(x,y) € 95|z € dom V}.
Therefore, since y = T'(x) if (z,y) € S, we have

UxWV)NS=(UNT V) xRHNS. (3.27)

Being the intersection of two sets having full measure for y — the closed set 951 and the Borel set dom Vi) x R?
— the set S is Borel with full measure. Thus 7(ZNS) = v(Z) for Z C R? x RY. Applied to (3.27), this yields

AU X V) =AU NT (V) x BY = p(U N T(V)) = (id, T) U x V).
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~v € T'(u,v) implies the second equation, Definition 3.6 implies the third. O
Remark 3.24. Note that by Lemma 3.20 and Lemma 3.22, we have

p({z € R : T(x) = x}) =0,

Theorem 3.25 (geometric representation of optimal solution). Assume that ¢ and 1 satisfy (A1)-(A4), and
let u,v € P(R?) be absolutely continuous with respect to the Lebesgue measure. Then the following hold:

(a) There exists an optimal measure vy € I'(u,v) with c-cyclical monotone support;

(b) For any such vy, there is a function ¢ : RY — R which is the c-transform of some function on supp 7
such that the map T := id — Vh*(Vy) pushes p forward to v and satisfies v = (id, T ).

(c) v:= (S x id)gv for some inverse map S : RY — R%.
(d) S(T(x)) =z p-a.e., while T(S(y)) =y v-a.c.

Proof. For completeness, we sketch the arguments used in [GM96].

(a) and (b) The existence of an optimal v with ¢-cyclical monotone support is guaranteed by Theorem 3.19.
Then supp v C 9§y. The map 7(z,y) = = on R? x R? pushes v forward to p = w4y while projecting the
closed set 951 to a o-compact set of full measure for p. From Lemma 3.21, we know that 1 is differentiable
p-a.e. Lemma 3.23 shows that T'(-) pushes u forward to v while vy coincides with the measure (id, T')4u.
The proofs of (¢) and (d) follow the same reasoning as the proofs of (iv) and (v) from Theorem 4.6 in [GM96]
and will be omitted.

O

3.4 Uniqueness of the optimal measure

Lemma 3.26 (c-superdifferentiability of c-transforms). Let ¢ and [ satisfy (A1)-(A4) and let V C R? be a
closed set. Let 1 : R? — R be the c-transform of a function on V and suppose that T :=id — Vh*(V4)) can
be defined at some p € R? (i.e., 9 is differentiable at p and Vh* exists at V)(p)). Then 95 (p) = {T(p)}.

Proof. The proof follows similar arguments as the proof of Proposition 6.1 of [GM96]. From Lemma 3.22,
it is clear that 05¢(p) C {T'(p)}. Therefore, we only need to prove that 951 (p) is non-empty. Assume that
T(p) is defined for some p € R%. By c-concavity of v, there is a sequence (yn,ay)re; C A C V x R such
that

¥(p) = lim [e(p,yn) + an). (3.28)

n—-+oo

As is shown below, (|y,|)52; must be bounded. We first assume this bound to complete the proof. Since
(yn)S2; is bounded, a subsequence must converge to a limit y, — y in the closed set V. On the other hand,
y € 951 (p) since for all z € R, (3.11) and (3.28) imply

¥(2) < inf{e(z,yn) + an} < clz,y) + ¥ (p) - clp,y),

with both ¥(z),¥(p) > —oo, as shown by Lemma 3.20 (2b). Thus, p # y and y € 951 (p). It remains only
to prove that the sequence (|y,|)$2, is bounded, which means that we can extract a convergent subsequence
that converges to a point y € Y. To produce a contradiction, suppose that a subsequence diverges in a
direction ,, — . Then |p — y,| is bounded away from zero by § > 0. Since for each arbitrary small z € R?
we have |p — y, — | > 0, it follows that Vh exists at p — y,, — . More precisely, for each n the uniform
subdifferentiability in Lemma A.3 gives

—Yn — T
WP = ) 2 h(p = yn = 2)= < (@) > +O05(jaf’), where wn(z) = ==l (p—yn —al)  (3:29)
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for arbitrary small € R? and O;(|z|?) independent of n. We re-write
P=Yn _ _Ip—ynl

U(lp = yn — 2|)
|p_yn| |P—yn—$

|p_yn_x|

< zywp(v) >=< =z, |l’(|p—yn—x|)— <mzyx>

Equation (3.29) now becomes

P—Yn P — Yl
p=ynl T Py —w
Recall now that the derivative of [ is negative and increasing and, therefore, |I'(|p — y, — x|)| < [I'((§ + |z])).
The sequence (|y,|)52, can only diverge if [I'(|p — y» — z|)| tends to |I'(c0)| := infy [I/(N)]. Therefore,

!/ 1 !/
h(p—yn) > h(p—yn—2)— <2 |l (Ip=yn =) = 512"V ([p=yn =)+ Os(|2[*). (3.30)

%l’ﬂp —yn —x|) — I'(c0). Taking a subsequence if necessary ensures that ;:z:‘ converge to a limit
w € RY, with |w| = 1. Thus ‘pf;i’fw‘l'ﬂp — Yy, — x|) converges to wl’(c0), which is independent of z.

Combining (3.30) with the definition of a ¢-concave function, this yields
¥(p) = Y(p — )= < z,w > 1'(c0) + Os(|z)),
where the large n limit has been taken using (3.28). By taking z = —z in the above equation, we get
P(p)+ < z,w1 > +05(|z]) > ¥ (p + 2), where wy := —wl’(co0) and |wy| = |I'(c0)].

Thus w; € 94(p). On the other hand, differentiability of ¢ at p implies d-¢(p) = {Vi(p)}, whence
w1 = V(p). Now (wy,p —T(p)) € 0.h* follows from the definition of T'(p). Assume now that p = T'(p). It
follows that (wq,0) € 0 h*. If h* is non-constant, Lemma A.2 gives (—|y|,0) € 0.l — a result which is obvious
when h* is constant. Thus (—|y|,0) € 0.1) by Lemma A.1 (i). This conclusion contradicts the fact that [ is not
differentiable at 0. Therefore T'(p) # p and (Vh)(p —T(p)) = w1. Lemma A.2 gives (|p —T'(p)|, —|w1|) € O.1.
Since [ is strictly convex, |wi| > |I'(c0)|, which produces a contradiction. Therefore, the sequence (y,,)52 ; is
bounded. O

Theorem 3.27 (uniqueness of the optimal map). Assume that ¢ and | satisfy (A1)-(A4) and let p,v €
P(R?) be such that they are absolutely continuous with respect to the Lebesque measure. Then an optimal

map T pushing p forward to v is uniquely determined p-a.e. by the requirement that it is of the form
T(x) = — Vh*(Vip(z)) for some c-concave 1) on R?.

Proof. For completeness’ sake, we will sketch the main idea of the proof, as given in Theorem 4.4 of [GM96].

We will prove by contradiction that 7" is unique. That is, we assume that there exists, in addition to 7" and
1, a second c-concave function ¢ for which 7"(z) := x — Vh*(V¢'(z)) pushes p forward to Tpp =Tyu = v.
Recall now that ¢ and 1)’ are u-a.e. differentiable. T and T” are defined p-almost everywhere, and unless
they coincide, there exists some p € R? at which both 1 and ¢’ are differentiable but T'(p) # T’(p). From
this, it is clear that Vi (p) # V¢/(p).

Let U := {z € R%(p) > ¢/(p)}. A contradiction will be derived by showing that the push-forwards Ty = v
and T}y = v-alleged to coincide-must differ on V' := 9°¢(U). We will show that
pwT=HV)) < p(U) < u(T"=H(V)).

The main ingredient necessary to prove the last equation is the fact that 95 (p) = {T'(p)}, which is proved
in Lemma 3.26. By using this together with the fact that p is absolutely continuous with respect to the
Lebesgue measure, the proof follows via the same arguments as Theorem 4.4 from [GM96] and will be
omitted. O

3.5 Some general properties of the optimal measure and the optimal cost for
equal marginals

We will investigate in this subsection the case of equal marginals ;1 = v with common density p, and assume
throughout that the cost function ¢ satisfies conditions (A1)-(A4). We also introduce the optimal cost

ErT™ ol =  inf C
o1 ") Lot [7]
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E35™[p] corresponds to the non-normalized functional Eor introduced in Section 3 via

norm

5™ (6] = -~ Eor[Nol.

(5)

For the proof of Theorem 3.29 below, we will need the following lemma.

Lemma 3.28. For any marginals j1 and v, and any map T which pushes p forward to v, p,v and T satisfy

the following equation
pu(x) = v(T'(z))|det DT (x))],

where DT is the approxzimate gradient of T (for a definition see for example Definition 10.2 of [Vill09]).

Proof. We have that u(T~1(A)) = v(A) for all Borel sets A C R%. Then for any such A we have

/y IRCOE / _ duta). (3.31)

With the change of variables y = T'(z) the left-hand side of (3.31) becomes
/ dv(y) = / |det DT (z)|v(T'(x))dz. (3.32)
y€eT(A) yEA

From (3.31) and (3.32), the claim follows. O

Theorem 3.29. Assume that pn = v with common density p. Then

(a) The optimal measure yp which minimizes C[y] is symmetric, that is

yr(A x B) =~y (B x A) for all Borel A, B € R%.

b) The optimal cost EZE™(p]| is strictly convex in p.
or P P

(¢) Let c(x,y) = 1/|x —y|. Then for all & > 0 we have the following dilation behaviour
Eg7™ o plar)] = aEGT™ [p(-)).

Proof. (a) Recall from Theorem 3.25 that vr = (id,T)xp, where T is the optimal map which pushes p
forward to v, i.e. w(T71(A)) = v(A) for all A € B(R?). Then vr(z,y) = p ((id, T) " (2,y)) = dp()(y)p(z).
Using this we get

wrtaxB)= [ [ sr@an) = [ @), (3.33)

where y denotes the indicator function. We now use Lemma 3.28 and the fact that u = v, then the right
hand-side of (3.33) becomes

/ x5 (T (@) (d) / x5 (T(@)(T (@))|det DT(x))d = / x5 ) u()dy
€A €A

yET~1(A)
= [ @i = [ xa@)ud
yEB yeB
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(b) The convexity is immediate from the definition of E3% " [p], and strict convexity follows from uniqueness.
(¢) Fix any « > 0. Then

Esgmatp()] = 3, y)dady

I e
ser(atpla).ain(a) ) o —y|

oYy (o, o) dady

a2dy(az, ay) 'VGF(/L/J)/ |J3 - y|

= v(az, ay)dzd
'VGF(/W)/ |$_y| ) Y

= inf y(2' y)dx' dy
vEL (p, p) |$
— aEnOTm
where for the second equality we used the fact that for v € I'(p, p) we have [ a?lvy(az,ay)dy = a?p(ax) and
for the penultimate equality we used the change of variables 2/ = a%xz, vy’ = a%y. O

Remark 3.30. (0) Trivially, the statements in Theorem 3.29 also hold for the non-normalized functional
Eor.

(1) Recall from Lemma 2.1 that the exact energy interaction is of form

1
Vit = [ pale.y) dedy,
Re [T — Y|

with the exact pair density pa being symmetric due to the antisymmetry condition on the underlying ¥ in
(2.2). Property (a) of Theorem 3.29 shows that the approzimate interaction energy
opt

Eorlp] :/ Md dy,
re |z —yl
is of the same form, with the arising p;pt being automatically symmetric as a consequence of optimality
coupled with the weaker symmetry condition that ps’ " has equal marginals.

(2) Property (c) of Theorem 3.29 is a scaling property of the exact electron-electron energy Ve, not shared by
many approrimate density functionals used in the physics literature, such as the local density approximation

(3) The dilation behaviour of Eor equals that of the exact V., as well as that of approzimations like (2.23).

4 Explicit example - equal radially symmetric marginals

As in the last subsection, we continue to investigate the case of equal marginals g = v with common density
p : R — [0,00). Moreover, we assume that p(x) > 0 for all x € supp p. We will also assume throughout
that the cost function ¢ satisfies conditions (A1)-(A4).

Throughout this section, for any dimension d € N we will denote the optimal map by T®. In subsection 4.1
we will explicitly compute T}, and in subsection 4.2 we use the one-dimensional analysis to explicitly
compute 7@ when p is radially symmetric, that is to say when p(z) = A(|Jz|) for all z € R? and some
function A.

As turns out, in the above situations the optimal map is universal with respect to all cost functions satisfying
(A1)-(A4), but the fact that c¢(x,y) decreases with the distance |x — y| is essential.

4.1 Explicit solution for equal marginals in one dimension
Let p = v € P(R) be equal marginals on R. Moreover, we define I := supp u. Recall from Theorem 3.11

that the unique optimal measure has c-cyclically monotone support. This will help us to characterize the
optimal map T in the following lemmas.
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Figure 1: Configurations excluded by Lemma 4.1

Lemma 4.1. Let (z1,y1) and (z2,y2) be two points in the support of the optimal map v, that is y; = TM (z1)
and yo = TW (x2). The possible configurations (not counting the symmetries between (x1,v1) and (r2,y2))
are: £1 < Z2 <Y1 S Y2, 1 S Y2 S Y1 S X2, Y1 S X2 <21 S Y2, Y1 S Y2 S < @2, 1 S Y2 < 22 S Y,
n <z <y < a1, 11 < y1 < a0 < yooand y1 < x1 < yo < xo (see also Figure 1 for the excluded
configurations).

Proof. If (z1,y1) and (x2,y2) are two points in the support of the optimal map =, then
c(z1,y1) + c(@2,y2) < c(@1,y2) + (22, y1).
Let us consider the excluded cases one by one.
(i) z1 <1 <y2 < 2.
Then, due to the fact that [ is strictly decreasing, it follows that
c(zr,y1) + (@2, y2) > c(@1,y2) + c(@2,91),
which contradicts the c-cyclically monotonicity property of the optimal solution.

(11) Y1 <z <z9 < Y2.
Similar to (i).

(iil) x1 < o < yo < Y1.
We have yo — 2 < y2 — 21 < y1 — x1. Therefore, yo — 21 = t(y2 — x2) + (1 — t)(y1 — x1) and
y1 — w2 = (1 —t)(y2 — x2) + t(y1 — x1), where ¢ € [0,1]. Thus, using the strict convexity of h, we have

c(z2,y1) + (@1, y2) < te(wa,y2) + (1 —)c(zr,y1) + (1 = t)e(z2,y2) + te(z1,y1) = c(z1,y1) + (22, 92),
which contradicts the c-cyclically monotonicity property of the optimal solution.
(iv) y1 <y2 < @2 <1y
Similar to (iii).
O
Lemma 4.2. Assume (x1,41), (Z2,Yy2) € supp 7y are such that one of the following four configurations holds:
T <Y <xa <y ory <xe <y <x orx <Y < Ty <ys oryr <1 <ya < xa. Then, if (x3,ys3) is
another point in the supp 7y, none of the following configurations are possible: x; < xp < y; < x; < yr < yi,

Tp <Y < Y; < Tj < T < Yi, Yi < Tp < Tj <Yj <Y < T, Yo < Yp < x5 <Y;j < < Ty,
T <y <xj<y; <z <y and y; < x; <y; < xj <yp <z, where i, j, k€ {1,2,3} (see also Figure 2).
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Figure 2: Example of configurations excluded by Lemma 4.2

51 X2 Y1 Y2 Y1 Y2 X1 X2
X1 Y2 Y1 X2 Y1 X2 X1 Y2
X1 Y2 X2 Y1 Y1 X2 Y2 X1

Figure 3: Possible configurations by Remark 4.4

Proof. Note that the first 4 configurations are immediately excluded by Lemma 4.1. Let us focus on the
penultimate configuration. From the c-cyclically monotonicity property, we have that

C(xhyl) + C($27y2) + C(IBa y3) S c(xj7yk) + C(Ii, y]) + C(x/ﬁy?)

But due to the fact that h is strictly decreasing, we have that c(z;, ;) > c(2:,y5), c(z;,y;) > c(xk, y;) and
c(xk, yr) > c(xj, yi), which gives rise to a contradiction. The last configuration can be dealt with in a similar
way. O

Remark 4.3. Note that by Lemma 4.1, if (z1,y1), (x2,y2) and (x3,y3) € supp 7, with x1 < xo < x3 the
following configurations are also not possible: T1 < yo < y1 < o < T3 < Y3z and x1 < Yo < Y1 < Y3 < Ty <
x3. Similarly, the configurations y1 < 1 < T2 < Y3 < y2 < x3 and r1 < x2 < y1 < y3 < y2 < x3 are not
possible.

Remark 4.4. From Lemma 4.1, Lemma 4.2 and Remark 4.3, it follows that the configurations p-a.e.
pOSSible are OffOTm.' T < T2 <Y1 < Y2, 1 < Y2 <Y1 < T2, Yy1 Y2 <1 <2, Y1 <xr2 <1 < Ya,
21 <yo < a9 <y and y1 < x9 <y < x1 (see also Figure 3).

Definition 4.5. We say that T™) has no points of decrease on A C I if u({x € A : 3’ € A2’ >
z, TW(z) > TW(2")}) = 0. We say that T has points of decrease on A with positive measure if u({z €
A3 e A > 2, TV (z) > TW(a")}) > 0. We say that T is p-a.e. decreasing on A C T if
p{r e A: 32" € Az’ > 2, TW(z) > TW(2))}) = 1. We define similarly for T™) the notions of points of
increase on A and p-increasing on A.

Note that we can assume that the set B of such z' above such that T™) has points of decrease (respectively
points of increase) on A with positive measure, is also a set of positive measure. Otherwise, if the set of
such x’ is of p-measure zero, we may consider the set A\ B, on which T s p-a.e. decreasing (respectively
l-a.e. increasing).
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Figure 4: Optimal map configurations

Lemma 4.6. The map TV cannot be p-a.e. decreasing on any subset A C I.

Proof. Asssume that T(") is p-a.e. decreasing on a subset A C I. Let (z;,y:)3_, = (i, T™M ()3, where
x; € Afori € {1,2,3}. Recall now from Remark 4.4 the possible configurations by which 7" is decreasing.
Assume first that x1 < ya < x2 < y1. Then the possibilities for (x3,ys) such that T s strictly decreasing,
are: 3 < r1 < Y2 < a2 <Y1 < Y3, T1 <x3 < Y2 <Ys <xr2 <Y1, 1 < Y2 <ysz < a3 < T2 < Y1,
T < Yo < 23 < Y3 < 22 <Y1, Y3 < 1 < Yo < T2 < 3 < Y1, T1 < Y3 < Y2 < w2 < w3 < Yy,
ys < 11 < Yo < xa < Y1 < wz and 1 < y3 < yo < T2 < Y1 < x3. In view of Lemmas 4.1 and 4.2, each
these possibilities can only happen on a set of p-a.e. measure 0. The case y; < 22 < y2 < 21 can be treated
similarly.

Assume next that 1 < yo < 41 < 2. Then the possibilities for (z3,ys) such that T() is strictly decreasing,
are: 3 < r1 < Y2 <Y1 <y3 < T2, ¥3 < x1 <Y <Y1 <x2 <Yz, 1 <3 < Y2 <Yz <y < Ty,
T < Y2 <23 <Yz <Y1 < X2, 1 < Y2 <ys <3 <y <2 1 <Y <y <y <xz < T,
ys < a1 <Y <yp <o < wg and x7 < yz <Yz < y1 < 2 < x3. In view of Lemmas 4.1 and 4.2, each these
possibilities can only happen on a set of p-a.e. measure 0. The case y; < xo < x1 < Y2 can be treated in a
similar way. O

Remark 4.7. We have supp v = I x I; in particular, Im(TM) = I, where we denoted by Im(T™M) the
image of T,

Proof. Note first that v(I x I) = v(I x R) = pu(I) = 1. Let us now assume that supp v = I x J, with
I,JCRand J C I, with u(I\J)>0. Then 1 =~v(I x J) =~y xR) = u(I) = v(R x J) = p(J), which
contradicts the definition of the support I of the marginals. O

For the proof of the next theorem, we will use the results of Theorems 3.25 and 3.27; in particular, we will
use the properties of the map T(!), as given in those two theorems.

Theorem 4.8. Let o, € R with a <  and let I = [a,f]. There exists a € I such that T s p-
a.e. increasing on o, a) and p-a.e. increasing on (a, (], with TM(a) = TM(B) = a, TM(a_) = 3 and
T(l)(a+) = «, with discontinuity at a. Fzxcept on a set of p-measure zero, we have

(a) For all x1,2} € (o, a) with x1 < o, we have x; <z} < T (x1) < TW (), with TW (x) € (a,B);
or all 2,25 € (a, with xo < Ty, we have To) < Ty) < Tg < Ty, Wit T) € (a,a);

b) For all A B) with A have T T (2 by with T

(c) For every interval (I1l2) C I, we have T'((l1,12)) = (r1,r2) C I.

Moreover, a is such that p([e, a]) = p([a, B]) = & (see also Figure 4).

Proof. Recall first from Remark 3.24 that

p({z e RY: TW(z) = z}) = 0.
Recall also from Theorem 3.25 that T is a bijective map; in particular, u(x € I : 3y € I\ {z}, TM(z) =
TM(y)) = 0.

23



Step 1. T™) cannot be p-a.e. increasing on I:

Assume that T is p-a.e. increasing on I. Then T is p-a.e. strictly increasing and it can only be
increasing as described in Remark 4.4. Suppose first that for p-a.e. all z1,29 € I, we have 21 < 29 <
TW (1) < TW(25). Then for each z € [, 3], we have two possibilities: 70 (a,z) = (a, TM(z)) or
TO(a,z) C (¢, TW(z)), with o < ¢. If T () = (a, T (z)), using pp = po (T™M)~! and the fact that
p > 0, we get that T (z) = z p-a.e., which contradicts Remark 3.24. If 7MW (a,z) C (¢, T (x)), then
T (a, B) C (¢, TV (B)). Using again p = po (TM)~1, we get that u(a, ) = 1 < u(e, TM(B)), where a < c,
which would contradict the definition of supp pu = [a, 8]. The case with 70 (z1) < TW (23) < 1 < o for
p-a.e. all z1,z9 € I, can be discounted the same way.

Step 2. T cannot have both points of increase and points of decrease on every interval A C I
with positive measure:

Assume that there exists an interval A C I, such that T has both points of increase and points of
decrease on A with positive measure. Take an arbitray point 1 € A such that 3z} € A, 2} > z; and
TW(z}) > TW(z,). By assumption, for a subset of such z; (and for a subset of 7} ) in A of positive measure,
3o, b € (21,2)) with 25, >z and TW (24) < TW (24). Assume now that z; < 2y < TW (1) < T (z)).
Due to the p-a.e. possible configurations as given by Remark 4.4, 2, is such that T (z}) < 5. Then the
c-cyclical monotonicity of the optimal support fails for (2}, 7M1 (z})) and (4, T™M (x4)). If we denote by B
the set of such z, we have v(B,T™(B)) = u(B) > 0, which contradicts the assumption on the optimal
support. The case with TM (z1) < TM (2]) < 1 < 2 can be treated similarly so its proof will be omitted.

Step 3. There exists (o, a1), (81,8) C I, with a1 < 31, such that p-a.e. for all 1 € (o, a1) we
have T™M (z1) > x; and p-a.e. for all x5 € (B1,8) we have TM (x3) < xa:

Recall first the possible configurations, as given by Remark 4.4. Note now that in view of Step 1, Step 2
and of Lemma 4.6, there exists (a, ay), (61, 8) C I, with a; < 1 on which T is an increasing function. Tt
remains to show that the optimal map can only be such that p-a.e. for all z; € (o, o), we have TW (21) > z;
and p-a.e. for all 25 € (61, ), we have TM (x3) < xs.

Let us consider the alternatives one by one. Suppose to begin with that p(z1 € (o, o) : T (21) < 1) > 0
and p(ze € (61, 8) : w2 < TW(22)) > 0. By Lemma 4.1, if 21 € (o, ay) with TW (21) < 2y and @2 € (81, 3)
with 2o < T (z4)), c-cyclical monotonicity of the support fails for (1, 7™ (1)) and (w2, 7™ (22)). Assume
next that p(z; € (a,a1) : TW (1) < 1) > 0 and p(ze € (61, ) : T (x2) < x2) > 0. In view of Step 1,
of Lemma 4.6 and of Lemma 4.7, there exists then some subset (o}, ;) C (a1, 1) such that with positive
measure, T has both points of increase and points of decrease on (o}, ;). But this contradicts the
conclusion of Step 2 and therefore our assumption has to be wrong. The case with u(z1 € (o, 1) : 1 <
TW(21)) > 0 and p(xa € (B1,8) : 22 < TW(23)) > 0 can be reasoned similarly, so its proof will be omitted.

Step 4. TM (a) > TM(B):

Assume that T (a) < TM(B). By Step 3, there exist (o, a’) C (a, T (a)) and (3, 3)  (TM(B),3) on
which 7™ is as described in (a) and (b). Then, if z; € (a,’) and @2 € (3, 3), c-cyclical monotonicity
of supp v would fail for (z;, 7™M (z;)) and (z2, T™M (x5)), as shown in Lemma 4.1 (i). Therefore, T (a) >
TO(5)

Step 5. There exists b € T such that T is as described in (a) and (b), for (a,b) C I and for
(b, B) C I, respectively:

Note that by Lemma 4.6, Step 1 and Step 2, 7)) has to be p-a.e. increasing on a certain number of sub-
intervals of (a1, £1). On any such sub-intervals, either 7MW () < z p-a.e. or T () > z p-a.e. In both these
cases, due to the form of T on (a, o) and (@, o), as proved in Step 3, the c-cyclical monotonicity of the
support would fail on a set of positive measure unless p((ay, 1)) = 0.

Step 6. For every interval (I1l2) C I, we have T((l1,12)) = (r1,72) C I:

This is a simple consequence of Step 5 and of Remark 4.7.

Step 7. b=TW (a) =TV (B), TV (b_) =B and TM (b,) =

Note first that 7 (b_) = 3 and T™M(by) = a or else (o, @) and (a, §) will be mapped into a smaller interval
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than I, which contradicts Remark 4.7. By Step 4, we have T (a) > T(M(5). It remains to prove that b =
TW (o) = TM(B). If this does not hold, the alternatives are: 7™ (a) > b > TW(B), TMW(a) > TMW(B) > b
and TW(B) < TMW(a) < b. We will only show the reasoning for the case 7™ (a) > b > T (), as the other
two possibilities can be dealt with in a similar way. In this first case, we map (o, b) to (T (a), 3) and (b, 3)
to (o, T (3)). Therefore, supp v C I x ((a, TV (B)) U(TW (), B) # I x I, which contradicts Remark 4.7.

Step 8. u(lasal) = p(la, B]) = :
(a, a) is mapped into (a, 3) and (a, 8) is mapped into (a, a). Therefore
V((a,a) x (a,8)) +7((a, ) x (a,a)) = 1.

But
Y((a,a) x (a,8)) = (e, @) x I) = p((e, a)),
as Y((«, a) X (aya)) = 0. Similarly,
1((a, B) x (a,a)) = p((@, a)).
It follows that 2u((a,a)) =1 or u((a, a)) = L. O

2

Theorem 4.9. Assume that pn = v with density p(x) > 0 on I = [, 3], where a,f € RU {£o0}. Let

p(z) == pl(a,z)), i = p((z,a)) for x € (o, a), pa(x) := p((z, B)) and fz == p((a,x)), for x € (a,B). If
z € (a,a), we have TW (x) = fiy (1 (z)) and if x € (a, B), we have T (x) = a7 (p2(z)).

Proof. We will use the fact that o T™ = 4 to find 7M. Let # € (a,a). Then due to the properties of 7"
from Theorem 4.8, it follows that 7™M ((a, ) = (a, T™W(x)). Therefore,

(@) = pl(a,2)) = p((a, TW () = (T (@)).

We know that p(z) > 0. Due to the fact that T (z) is increasing on (o, a) and with TM(a_) = 3,
p2(TM () is a a strictly increasing function. We can take inverses and have

T (@) = fiy (11 ().

A similar reasoning holds for x € (a, ). O

4.2 Equal radially symmetric marginals in dimension d

We assume in this subsection that the marginals y and v are radially symmetric and in P(R%). As before,
we suppose that the cost function is given by ¢(z,y) = ¢(|z — y|) > 0, with ¢ and /¢ satisfying (A1)-(A4).

Theorem 4.10. Suppose that p = v, with common density p(x) = A(|z|) for all x € supp p. Moreover, we
assume that p(x) > 0 for all z € supp p. Then the optimal transport map TP has to be radially symmetric
itself, that is

T (z) = g<|x|>ﬁ, z € RY, (4.1)
x
for some function g : [0,00) — R. Moreover g < 0, and g is an increasing function with g(04) = —oo and

g(+00) = 0.

Proof. Step 1. T(Rx) = RT(x) for all R € O(d) and all x € supp p: (Here O(d) denotes the group
of orthogonal d x d matrices):

Let yr be a minimizer of C on I'(p, p). Then (R x R)yy is also a minimizer, for any R € O(n), since it
belongs to I'(p, p) by the radial symmetry of p, and has the same cost C' as v by the invariance of the cost
function c¢(z,y) under (z,y) — (R~ xz, R~'y). Hence by uniqueness, yr = (R x R)yyr. But an elementary
calculation shows that the latter is equivalent to T'(z) = RT(R™'2) for all 2z € supp . Left, respectively right
hand side, evaluated on a set A x B give [ xa(z)xs(T(z))p(z)dz respectively [ xa(Rz)xp(RT(x))p(z)dx.
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A change of Variables together with the radial symmetry of p shows that the latter expression equals
J xa(z)xs(RT(R™'z))p(z)dz. Comparing with the former expression yields the assertion.

Step 2. T is radial and direction reversing, i.e. T'(x) = g(|w|)% for some g < 0:

Let e; be a fixed unit vector in R and r > 0. By Step 1, for all R € O(n) we have
T(Rre1) = RT(re1) = Rf(r)v(r) with f(r) :=|T(re1)| and v(r) := T (re1)/|T (re1)|. (4.2)

Hence
7] = [ e~ 1)) de = [ eler = F(lau(ia)) ple) da.

But ¢ is by assumption strictly decreasing and |re; — f(r)v(r)| is maximized among unit vectors v(r) if and
only if v(r) = —e;. Hence, since T' minimizes I, v(r) = —e;. Substituting into (4.2) yields the assertion,
with g(r) = —f(r) = —|T(re1)].

Step 3. g solves a one-dimensional mass transportation problem:

For any Borel map T on R%, abbreviate 1,,[T] := [ {(|z — T'(z)|)p(x)dx (Monge functional with map 7" and
equal marginals p(x) = A(|z])). If T is a rad1a1 map, i.e. of form T(z) = g(|a:|) ; for some Borel g : [0,00) —
R, and g denotes the antisymmetric extension of g to R, such that, in partlcular T(x,0,0) = (g(x),0,0) for
all x € R, then using polar coordinates (with |S%~!| denoting the Hausdorff measure of the unit sphere in
R%)

BTl = [ - gDIs A
= [T s g 318 A sl s = 1 7

=:p1(s)

Hence the d-dimensional Monge problem of minimizing I, over radial maps is equivalent to the one-
dimensional Monge problem of minimizing I,, over antisymmetric maps, and — because of Step 1 (with
d=1 and R = —I) — to the one-dimensional Monge problem of minimizing I,, over arbitrary maps. It
follows that the function g in (4.1), antisymmetrically extended to R, is a minimizer of I,,. The asserted
properties of g now follow immediately from Theorem 4.8 and the fact that p; (being symmetric) has median
0. O

Corollary 4.11. Suppose that ;o = v are as in Theorem 4.10. Let t € (0,00) and denote by
t
t) = |Sd*1|/ A(s)s? s and Fy(—t) =[S 1|/ )s?1ds.
0

Then the function g in (4.1) is given by
g(t) = Fy  (F(t))-

Proof. We have already shown that ¢, antisymmetrically extended to R, minimizes the one-dimensional
functional I,,,, with p; as in Step 3 above. The assertion is now a direct consequence of the representation
formula given in Theorem 4.9. |

Example 4.12. (exponential radially symmetric distribution) Assume now that p(z) = Ze~!*l for z =
(71,2,73) € R3 where Z is the normalizing constant, that is, Z = fe*|m|dx1dx2dx3. Then for ¢t € (0, 00),
we have

Fi(t)=1- (1 +t+ g) et Fy(—t)=e""! (1 +t+ g) and g(t) = F; ' (F1(t)).
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Figure 5: Optimal transport map T for the Figure 6: Optimal transportzmap T for the
density p(z) = const x e~ 1*|. As shown in density p(z) = const x e~ 1#I7/2,

the text, T leaves lines through the origin
invariant, e.g. T'(x,0,0) = (g(z),0,0) for
all z, and the figure shows the function g.

Example 4.13. (normal radially symmetric distribution) Assume now that p(z) = %e"‘”'z/ 2 for z € R?,
where Z is the normalizing constant. Then for ¢ € (0, 00), we have

I 1 [ _
Fi(t) = E/O e~ 128245, Fy(—t) = ﬁ/f e~ /25%ds and g(t) = Fy "(Fy(t)).

5 Asymptotic exactness of the optimal transport functional in the
semiclassical limit

Our goal in this section is to compare the exact quantum mechanical ground state energy to the approzimate
DFT ground state energy obtained by replacing V.. by the optimal transportation functional. Recall from
(2.3) and (2.4)) that the exact ground state energy of an N-electron system is defined as

EQM = inf { TIW] + Vaelp"] + Ve p¥] | (5.1)
veA
and the approximate ground state energy is (recall the DFT formalism in (2.15), (2.16))

EyTTOT = inf, { T[¥] + Voelp"] + Eor[p"”] } = inf {TQM[P] + Vaelp]l + Eorp] } (5.2)

In the above, py and p¥ denote the pair density, respectively the single particle density of ¥ (see (2.5), (2.6)
and (2.7)), and Eor is the optimal transportation functional with Coulomb cost from (3.3)

1
E, = inf —d . 5.3
orll = ot [ ——drtay) (53)

Due to the fact that p¥ is the marginal of py, we have
Veelpy] > Eor[p¥] for every ¥ € A. (5.4)
Taking the infimum over ¥ gives

Theorem 5.1. For every N, and any potential v € L3/?(R3) 4+ L (R?), the density functional with electron-
electron interaction energy given by the mass transportation functional is a Tigorous lower bound:

ESQJW > EODFTfoT.
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Now consider the kinetic energy functional T'[¥] from Section 2.1 with physical constants inserted,

K2 N
Tr[¥] = %/.../Z|Vmi\I/(a:1,81,..,a:N,sN)|2dz1..dzN. (5.5)
i=1

Here m is the mass of the electron and £ is Planck’s constant h divided by 2m. We are interested in the limit
h — 0 (semiclassical limit). Define now EZM (k) and EPFT=CT(R) as in (5.1) and (5.2), but with T]¥]
replaced by T5[¥]. Note now that the statement

EZM (h)

is in general false. The reason is that when /i gets small, then (for typical V;,.) the ground state densities of
both models contract, and the approximation is not uniformly good on families of contracting densities.

This has nothing particular to do with the use of Eor, but (5.6) fails for any DFT model (2.15) whose
electron interaction functional V.. has the correct scaling under dilations,

Veel@®p(ar)] = aVee[p()], (5.7)

such as the mean field functional (2.18) or the local density approximation (2.23). A counterexample is

already given by atoms, v(z) = —Z/|x| (eq. (2.1) in Section 2, with & = 1). Very remarkably, in this case
M

_ BT

==

- EODFT_OT(I)

ESY () 2,

and EPFT=9T (p) (5.8)

and hence the quotient Eé? Ail (h)/ EPFT=OT () is independent of h! To prove this, use that the four functionals
involved, T, Ve, Vee, and V.., all have a definite scaling behaviour with respect to dilations. For a given
U € A, consider its L?-norm-preserving dilation

Up(x1,.,xn) = (B3N 20(h 22y, .. h 2zy).
Then (with T, being the kinetic energy with prefactor h?/2m from (5.5))
(Th + Vae + Vee) (O3] = h2(T1 + Voe + Vee) [¥].

Taking the infimum over ¥ gives the first assertion in (5.8). The second assertion follows analogously after
noting that
p¥r(x) = (B*)*p¥ (h*z), Eorlp“"] = h*Eor[p"]

(or more generally Vee [p¥r] = B2V, [p¥r] for every V.. satisfying (5.7)).

What we can prove is the following “pointwise” statement in which we only minimize out ¥ at fixed p:

Theorem 5.2. Let N =2. Then
}liirr%) Fuklp] = Eorlp] for every p € R.

Here R is the natural class of densities given by the image of A under the map ¥V +— p (R is defined in
(2.11)), and Fyk is the Hohenberg-Kohn functional (2.13) with kinetic energy functional Ty in place of T.

This case for N = 2 already contains the main analytic issue, namely that the optimal transport measure
~ is singular and so its square root fails to be in L? and fails to have an L? gradient. But the case allows
to avoid the quantum mechanical issues of spin and antisymmetry, which would enter on top of this when
N > 3.

An interesting challenge raised by the above theorem is to derive higher order corrections to Eor in the
semiclassical limit.
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5.1 Re-instating the constraint

In order to show that lims_.0 Fx[p] = Forlp], we will need to make modifications to the optimal plan v
which yields Forlp], since any ¥ which represents v has T[¥] = +oo. Therefore we cannot use these ¥’s
as trial states in the variational principle for Firx[p]. Hence, we will need to modify the optimal ~. But the
modifications that one would like to use, e.g. smoothing, lead to modified marginals.

Hence we need to be able to control the change in Eor[p] induced by a small change in p. This is not trivial,
due to the rigid infinite-dimensional constraint in the variational principle for Eor that the trial states must
have marginals exactly equal to p, and is achieved in Theorem 5.3 below.

The main technical idea behind this theorem is the following construction to “re-instate the constraint”,
i.e. to deform a given trial plan into a nearby one with prescribed marginals. Suppose we are given an
arbitrary transport plan y4_ 4 with equal marginals p4, and an arbitrary second density pp. We assume
that pa,pp € L' N L3(R3), pa,pp > 0, and Jgs pa(z)de = [os pp(x)de = 1. Our interest is in the case
when pp is near p4, but the construction works for general pp.

Intuitively, the plan yp_,p with equal marginals pp we have in mind is the following.

e First transport pp to pa by a transport plan yp_, 4 that does not move much mass around when pp
is close to pa.

e Then apply the plan v4_ 4.

e Finally transport p4 back to pp.

First, let us construct a suitable plan vy 4. Let f(x) := min{pa(z), pp(z)}. Take fa := (pa — f)+ and
= (pB— f)+ Then pa = f+ faand pp = f + fB.
On f we “do nothing”, i.e. we let:

Vs, y) = f(2)02(y)-

On fa we transport to fp via a convenient plan which allows simple estimates (note that [p, fa(z)dz =
Jgs [B(2) dz, due to the fact that [ps pa(z)de = [5s pp(z) dz):

_ fa(@)fB(y)
’yfAHfB(x’y) = fRS fB(x)dx'

We then set
fa(z)fB(y)

Jos FB(W) dy
} z)dx
Note that s va—n(z,5)dy = f(z) + fa(z) = pale) and [yap(@,y)de = f(y) + foly) FID9E =
fly)+ fely) = pe(y), as required. We will also need the reverse plan

fe(@)faly)
fRs fA(y) dy7

which satisfies [ps vB—a(z,y)dy = pp(x) and [, yB—a(z,y)dz = pa(y). Finally we introduce the com-
bined plan

Ya—B(%,y) = V- (2, y) + Via—rs (2, y) = f(2)0:(y) + (5.9)

YB—A(2,y) = f(2)d2(y) + (5.10)

XPA>O(y) opt XPA>0(Z)
P(x,w) := Az, y) ==Ly Ay, 2) =L va_p(z,w)dy dz. 5.11
@)= [ [ mmate X200t ) X200 e dy 6.11)
We now claim that
/P(a:,w)dw:pB(a:) and P(z,w)dx = pp(w). (5.12)
R3 R3

To prove the first claim, we begin by integrating over w. This yields

Xpa>0(Y) _opt Xpa>0(2)
PiE,’LU dw:/ / —-A\T, Y 2 ’YZL, Y,z 2 AlZ dde
[ Plawydo= [ [ onatey) 222288 g X2l )
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Noting that X”;‘Aiigz) pa(z) = 1 whenever ¥¥ ,(y,2) > 0 and recalling that [, 7% 4(y,2)dz = pa(y),
integrating over z yields

Xpa>0 (y)

oA®) pa(y)dy.

Pz, w) dw = / )
R3 R3

XPA>0( )

Since =245 pa(y) =1 whenever yp_, 4(x,y) > 0 and since [p5 vp—a(2,y) dy = pp(x), the right hand side
becomes equal to pg(x) after integrating over y. The second marginal condition can be derived analogously.

5.2 Continuity of the optimal transport functional

By combining the techique introduced above with appropriate estimates, we are able to control the change
in Eor[p] induced by a small change in p.

Theorem 5.3. There exists a c. > 0 such that for any pa,pp € L' N L3(R®), with pa,pp > 0 and
Jgs pa(z)de = [o5 pa(x)de =1, the optimal transport functional with Coulomb cost (5.3) satisfies

|Eor(pal — Eorlpsll < ¢« ([lpalloincs@s) + lpBllLiazs@s)) [lpa — pBllLr@s)nLs@s),
where ||Pi||L1ﬁL3(]R3) = max{||pi||L1(R3), ||Pi||L3(R3)} for 1€ {A, B},
Proof. Fix arbitrarily two marginals pa, pp € L'NL3(R?), with pa, pp > 0and [, pa(z) de = [p; pa(x) do =
1. Let y4—a = 'y;’iA be an optimal transport plan of C subject to the constraint that v4_, 4 has equal

marginals p4. The main idea is to consider the associated plan vp_,p = P introduced in (5.11) and show
that

C(vp—5) < COYAL4) + e (lpallrnrs@s) + ol Linms @) 14 = pBllo@s)nises)- (5.13)
By the variational principle for Eor[pp] and the optimality of ’yi’i 4 this implies
Eorlps] < Eorlpal + ¢« (llpalloincs@s) + [loBlloinrs@s)) llpa — pBllor@s)nws @s),

as required.
Step 1: C(P) < C(v%, ) + 3M with M = SUPeps fps c(y, ) fp(w) dw
By substituting the expressions (5.9) and (5.10) into (5.11), we get

B clrw | F(x IB(@)fa(y) | Xpa>0(y) opt Xpa>0(2)
cey=[ [ ][ et >[f( ) + 42 fA(y)dy] 22000) oy, ) Xeaztl)
fa(z)fB(w) o du de duw
{f(z)éz(w)—kifw o loyds do dy dz dw.  (5.14)

This is a sum of four terms, which arise by picking one term from each square bracket and carrying out the
integrals over the delta functions:

XpA>0(y) opt XpA>0(Z) P -
W= /H@/RS b pa(y) Ya=al:2) pa(z) fz) dy dz,
XPA>O(y) opt XPA>O(Z) fA(Z)fB(w) > dw
Wo [ [ [ e e e Joo Fi(w) duw ¥ 7
fA( ) XPA>0(y) opt XPA>O(Z) 2)dx .
wa [ [ et fRsz Yy paly) AW uy TE ey
and
(@) fa(y) Xpa>0(y) opt N Xeaxo(2) fa(2)fB(w) oo
W4_/]R3 /]R3 ~/]R3 ~/]R3 fRs faly)dy  pa(y) Vamal:2) pa(z)  Jgs fB(w)dwd Ay dz duw
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Next, we will estimate each of these four terms. For the first term, we use the simple estimate that fx,,>0 <
pa, which gives

Wy < /3 /3 C(y,Z)’YZZiA(y,z)dydz _ C('V;ZiA)-
R3 JR

For the second term, we estimate [, c(y,w) dw by the constant M defined in Step 2 and f(y) X"[jf(zgy) by
1, and we get

M opt XPA>0( 2)
s fRsz(w ) dw /]R3/ Va2 /)A(z) =A== fa(z) dy dz
M
ff;ai(w/]R Xpa>0(2)fa(z)dz = M.
R3 3

Analogously, by the change of variables (y, z, w) — (z,y, ) we have
Wy =Wy < M.

Finally, to bound Wy we estimate [, ¢(z,w)fp(w)dw by M and fa(y) %(z()y) by 1, and we obtain

(f]Rs fB dw 2 /]Rs /]Rg RS fB(x)lyAﬂA(yaZ)fA(z) () dx dy dz

Tnteray? o] [ [ st ania 22 ae| =t

Plugging the above bounds for Wy, Wy, W3, Wy into (5.14) yields the assertion.
Step 2. For g € L' N L%(R3), we have:

Wy

IN

1
sup / 9(y) dy‘ < comax{||g||r1 (s, ||9]|Ls®s) } (5.15)
zcks |JRrs [T — Y]

with ¢g = 2 (8”)1/3.

To prove this, we split IT—iyl into a short-range and a long-range part,

1 _ X|zl<a X|z|>a

B E

=:hs(2) + lu(2),

with the obvious definitions for hs and h;, and with cut-off parameter a > 0 to be chosen later. Note that
hs € L*%(R?) and h; € L>(R?). By Hblder’s inequality we have

J= dy] ] [ hete =gty + [ hz(x—y)g(y)dy]<||hs||L3/z<R3)||g||L3<R3>
R3 |33—Z/|

+ [Nl @y llgllLr sy < llgllincs@s) ([1hsllpazsy + [Pl | Lo s)) -

a 2/3 2/3
1 1 8T 1
||hs||L3/2(]R3) + ||hl||Loo(]R3) = <47T/ 7‘2—3/2 d?”) + E = (?) a—+ E

N—1/3
)

Explicitly,

Minimizing over a in the above gives a = ( , leading to the value of ¢y in the assertion.
Step 3. Putting it all together:

By Steps 1 and 2 we have

C(P) < OO 1) + 3collfallninrsms)-
But 0 < fg < |pa —pBl, 5o ||fBllz1nAL3®s) < |lpa — pBl|L1AL3rs). This establishes (5.13) and Theorem 5.3,
with ¢, = 3¢ = 6(8)1/3. O
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5.3 Finiteness of kinetic energy

In this section we investigate the behaviour of derivatives of the combined plan yg_.p = P introduced in
(5.11) when the original plan y4_ 4 is differentiable.

Recall that y4_, 4 is a transport plan of C subject to the constraint of equal marginals pa, 74— 5 was defined
n (5.9), and yp_ 4 is the reverse plan (5.10). Unlike in the previous section, here y4_, 4 does not need to be
optimal. Due to the fact that wave functions correspond, up to integrating out variables, to square roots of
pair densities, and the kinetic energy of a wave function is }12—2 JIV¥|%, we have to show that V7B-B € L2
in order to be able to construct an admissible trial function with pair density 7 in the variational definition
of the Hohenberg-Kohn density functional Fx. The following result gives hypotheses under which this is
true. Before stating the result we introduce the following notion which we call strong positivity.

Definition 5.4. A transportation plan v € P(R?4) with marginals p, v € P(R?) is called strongly positive
if there exists a constant 3 > 0 such that
Y= Bu@v.

We note that strong positivity implies, in particular, that the support of  is the product of the supports of
its marginals, supp v = supp pu X supp v.

Theorem 5.5. Suppose that pa,pp > 0,\/pa,\/PB € Hl(R3), and assume that ya_. 4 belongs to the set
M (R®) (see Section 3) and has equal marginals pa.

(i) /7% 4 € HY(R?)  (smoothness);
(it) v . > Bpa @ pa for some constant 3> 0 (strong positivity).
Then the plan yp_.p = P defined in (5.11) satisfies VP € H'(RS).

Proof. Plugging formula (5.10) for yp_ 4 into (5.11) and using that pa,pp > 0 and that [, fa(y)dy =
Jzs [B(y) dy, we have

o f({E) opt .z ’YA—»B(Zaw) fYA;»A(y7 ) sw .
o) = 155 f e p 2 e O [ 0 e e s
Consequently,

\Y P(x,w):m
Vf(x) opt T,z ’YA—»B(Zyw) . f(if) va(if) opt .z ’YA—»B(Zaw) .
{pm /Rs“*/*( NS e ] f e ) S
opt fYA—>B(Z7w) P va Z‘) ’yzlzi»A(ya ) 2w »
o D EEREE bt I [ a0 S (e

= :W1+W2+W3+W4,

with the obvious definitions for Wy, Wa, W3 and W,. We have to show that Jgs [Wi(-,w)|? dw € L*(R3) for
i =1,...,4. To estimate the first two terms, we use the following lower bound on P which neglects the
contribution from fp(x) in P(x,w).

f(x) opt .z VA*B(wa) Y —- f(.]?) T.w
Plaw) > L [ ot (o) BB b = L (o), (5.16)

It follows that

palz)  Vf(z)
f@)g(z,w) pa(x)

(Wi (z,w)| <

g(wi) and |W2(Z‘,U))| <

N =

@) [ F(&) Voalo)
(‘pm) pa@) ) a(ww)

N =
s
~—
8
S~—
)
~—
8
S
~—
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and hence

7 <1 Vf@F f( )I

Next, due to [ps va—p(z, w)dw = pA(z), we have that

opt
T, 2 o
/gmMM=/7&ﬂLJ/vaWmm:/vﬁA%aw=m@.
R3 R3 R3 R3

pa(z)

z 1 |[Vpa(a)f(z)
g(z,w) and |Wo(z,w)|? gzwg(x,w).

[Val?
a

Consequently, using the fact that |V/a|? = i for any function a, we have

1|Vf 2 f(@) [Vpa(z)? 2
/ W1 (z, w)|dw < = |VV/f? and / W (2, w |dw7 Toa®) pale) < |Vpal% (5.17)

where in the last inequality we have used f < pa. Since \/f = min{\/pa,\/p5}, and \/pa, /p5 € H'(R?),
by a standard fact concerning Sobolev functions we have /f € H'(R?) and

V\/? = Xpa>ps VVPB + Xpa<ps VV/PA a.e.
Consequently,

/Rs Wi (a, w)dw < |V/[I* < [Vy/pBI* + Vy/pal” (5.18)

Next we analyze Ws. To this end, we make use of the identity

Var? (@, 2) = V( ’VAHsz) —2\/7212sz Va \/'yAﬂA

Together with (5.16) this yields

pa(z)
f(x)g(x,w)

To estimate the integral over z in the formula above, we write
Ya-B(z,w) _ [ya-p(zw) [ya-B(zw)
pa(z) pa(z) pa(z) 7

group one of these factors with \/fyzpi 4(, z) and one with V1 / fyzpi 4(z, ), and apply the Cauchy-Schwarz

inequality. This yields

Wil < | =5 waJV/\ VA A, 2)

12 f(z)
Wal < pa(z) /]R3

Ya—B(z,w)
pa(z)

[Ws| <

opt opt YA—B (Z7 U})
\/'yﬂxzv\/'yﬂxzidz.
il e

’YA—>B(Z7 w)

)~

and hence
7%4%3(2’ w) dz.
pa(z)

dzg/
]R3

Finally for W), is is natural to use a different lower bound for P than the one in (5.16), obtained by neglecting
the first instead of the second term in P(x, w).

Ve ’YZIZA(JJ z)

Integrating over w and using that [, dw =1 gives

f(x)
pa(x) Jr

2 2

dz. (5.19)

[ Gl o < AT A 2) VA7 a0, 2)

xw ’Y‘%iAy,) Z,w z_fBi()~w
P( ’ f]R3 fB y dy 43 A3 pA( )’YAHB( )dyd fRs fB g( ) (520)
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Substituting this estimate into the definition for W, immediately gives

1 \Y g(w
2 f]R3 fB(y
and, after squaring, integrating over w, and using ng g(w) dw = ng fB(y) dy, we get
1
/ Wi, )| o < 'VJ{B( — VTRl (5.21)
B

But unlike the analogous bounds on Wl, Wg, Wg, this estimate is insufficient to infer W4 e H 1(R6) since
VPA,/pB € HY(R3) do not imply that the function

Ve = \/XpB>pA (b5 — pa)

belongs to H'. In fact, even when \/pa, /p5 are positive and belong to C*°, /f need not be in Hlloc'

Example 5.6. Let pa(z) = (1 —x+x2)e’w2 and pp(z) = (14+z+2%)e™™ . Because 1+z+2% > 1(142?)
is bounded away from zero, we have \/pa,/p5 € H'(R), but \/XPB>,,A (pB — PA) = X(0,00) (T )\/2xe_"" */2 ¢
HI(R) since [V y/Xpnops (07 = P4 = X(o.00)(®) (5 — 20+ 20%) e ¢ LI(R). 0

Note that this example captures the generic behaviour of f near a point where any two smooth functions p 4
and pp cross. This effect is the reason why the additional assumption (ii) was made in Theorem 5.5. This
assumption, together with (5.16), yields the following alternative lower bound on P
f(z) Ya-B(2, w)
Bpa(x)pa(z)——=—
pa@) Jo PPAEPAETG)
We fix a number § € (0,1) and we use the lower bounds (5.20) or (5.22), depending on whether fp(z) >
épp(x) or fp(x) < dpp(z).
() =

Region 1: Assume fp(z

P(x,w)

dz = B f(z)ps(w). (5.22)

pp(x). Via (5.20) and (5.21) we obtain

: LIVisP _ [Vpal? +|Vps|?
2
. <
R L
1 Vpal? Vog|? 2
< SiXpe>pa (| pal + Vos| <= (|V\//)A|2 + |V\/pB|2). (5.23)
20 PA PB 0

Region 2: Assume fp(z) < dpp(x). First of all, note that whenever fg(xz) > 0, i.e. pg(x) > pa(x), we
have the following equivalences

f(x) < dpp(x) = pp(x) — pale) < dpp(z) & pp(e)(1 - 0) < pa(x) = min{pa(z), pp(r)} = f(2).

Via (5.22) we have
VB )|

2\/ 5f z)pp(w fn@ fB(y

We split the factor g(w) into /g(w)+/g(w) and estimate one of the factors via the elementary inequality
faly) < paly), so as to eliminate the bad factor \/pp from the denominator:

— _ fa) 734, 2) o vap(zw) |\
g(w) </}R3 o o) pal2) ’YAHB(Z,w)dde> </Rs/ Yaa(y, z yipA(z) dz)

g(w).
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Consequently,

1 |VfB($)|

2v/Bf (@) Jps fB(Y)d §(w).

Squaring, integrating over w and using ng g(w)dw = ng fB(y dy yields

Wyl <

1 |Vfp()P 1
46 fl@)  Jgs f2(y)dy

But in the region {x | fe(z) > 0} = {z| pp(z) > pa(z)}, as shown above we have f = pg > (1 — d)pp, and
consequently,

/ W, ) 2w < —= (5.24)

= 1 [Vpal* + |Vps|? 1
XBBB/ Wil w)Pdw < —
fB<dp R3| 4( )| 25 f ng fB(y)dy
2 2
S i<|VpA| /S N
26\ pa 1-=6 pp ) [zsfBlY
1
= 2 (vvmP + TR e (5.25)
R3
Combining (5.17), (5.18), (5.19), (5.23) and (5.25) establishes the theorem. O

Remark 5.7. In region 1, the factor f(x) appearing in (5.24) is uncontrollably bad. In region 2, the factor

fB(m) appearing in (5.21) is uncontrollably bad.

5.4 Smoothing

The third ingredient needed in the proof of Theorem 5.2 lies in the fact that the Coulomb cost functional
Cly] = [ |z — y|~*dy(z,y) is well behaved under smoothing of ~, despite the fact that the cost function
|z — |1 is discontinuous and hence does not belong to the dual of the space of probability measures on RS.

Let p € R (see (2.11)), and let v € I'(p, p) be a minimizer of C[y] = [ |z — y|~'dvy(z,y) so that

Clv] = Eorlp).

We now introduce a standard mollification of v, as follows. Let ¢ : R? — R belong to the Schwartz space
S(R?) of smooth, rapidly decaying functions, and assume that ¢ > 0, fR3 ¢ =1, ¢ radially symmetric. E.g.,
the choice ¢(z) = 7=3/2¢= 121" will do. Let

and let v, = (¢ @ d¢) * 7, that is to say

1eay) = [ oo =)oy =y )r(al o), (526)
Proposition 5.8. The mollified pair density . introduced in (5.26) satisfies

(a) ve € C®(R®), v >0

(0) [ 7@, 5)dz = pe), [ 1ol y) dy = pe(z), where p, is the mollified marginal (9. * p)(@) = frs dc(a
2 )p(a’)da'.

(c) Clve]l < Cyl.

35



Proof. (a): Smoothness is a standard fact concerning mollification of Radon measures, and positivity is
obvious from the positivity of ¢.

(b): This follows from the elementary calculation

[rewwas = [ [ [ota-row- i) do
//¢e(y—y’)dv($'7y’) = /(be(y—y’)p(y')dy’-

(c): First, we claim that the cost functional evaluated at the mollified transport plan, C[v.], can be interpreted
as a cost functional with modified cost function evaluated at the original transport plan. Indeed, by Fubini’s

theorem
Chv = // c(z,y) //Qﬁg )y —y') dy(2, y):|dg;dy
// //¢e($—x')¢e(y—y')0(x,y)da:dy} dy(z',y").

=:é(a’ )

The modified cost function ¢(z’,y") appearing here has an interesting physical meaning which we will exploit
to establish (c), namely it is the electrostatic repulsion between the two charge distributions ¢.(- — z’) and
(- —9') (i.e., the charge distributions centered at 2’ respectively y’ whose profile is given by the mollifier
¢.). Now it is a standard fact going back to Newton that the electrostatic potential exerted by a radial
charge distribution on a point outside it equals the potential exerted by the same amount of charge placed
at the centre,

1 1

1S:] Js, |z —al

1
max{|al, 7}’

HQ(x) =

where S, denotes the sphere of radius r around 0, H? is the Hausdorff measure (area element) on the
sphere, and |S,.|(= 47r?) is the total area of the sphere. This together with the radial symmetry of ¢ (i.e.,
be(x) = pe(|]) for some function ¢) gives

1 - 9 B o0 ~ 1
s g = //s |x—a|dH (9”)‘/0 15el 0etr) el

( /0 1S0] oclr) dr) - e ﬁ (5.27)

Hence by repeated application of (5.27)

IN

A N 1
cay) = //gm ) (y |x+x Ty )|da:dy (5.28)
< /¢€ y_/¢€ |y_ ! _y)| dy (529)
|x/ —y| (5.30)
This establishes (c). O

5.5 Passage to the limit

We are now in a position to give the

Proof of Theorem 5.2. Let p be any density in R. Recall that p € R implies that \/p, V\/p € L*(R?) and
hence, by the Sobolev embedding theorem, /p € L6(R?), whence p € L' N L3(R?).

We have to show that lims 0 Frx[p] = Eor[p]. We will do so via the following strategy:
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e Start from an optimal transport plan vy with marginals p.
e Smooth it.

e Make it strongly positive (see Definition 5.4), by mixing in a small amount of the mean field (i.e.,
tensor product) plan.

e Re-instate the marginal constraint, via the technique introduced in Section 5.1.

e Infer from Theorem 5.5 that, unlike the original optimal transport plan -, the so-obtained modified
plan P is the pair density (2.6) of a wave function ¥ with square-integrable gradient.

e Pass to the semiclassical limit, by careful error estimates on the three modification steps listed above
(smoothing, achieving strong positivity, re-instating the constraint).

We now implement this strategy in detail. Let v be an optimal transport plan of the Coulomb cost functional
C' subject to equal marginals p. (Of course we know from Section 3 that «y is unique, but uniqueness is not
needed here.) For € > 0, let . be its mollification (5.26). By Proposition 5.8, its right and left marginals
are given by the mollification p. = ¢, * p of the density p. Finally we introduce the “strong positivization”

Ye.s := (1= B)7ve + Bpe @ pe,
where 4 € (0,1). Note that 4. g has the same marginals as ., regardless of the value of f.

Observe now that the transportation plan 4. g and the densities p, p satisfy the assumptions of Theorem 5.5.
Consequently, by Theorem 5.5 there exists a transportation plan P, g with marginals p (i.e., with re-instated
constraint) whose square root belongs to H!(RS).

Now comes the only step where we use the assumption N = 2. In this case we can achieve the (otherwise
highly nontrivial) antisymmetry condition on ¥ appearing in (2.2) purely by means of an antisymmetric spin
part. More precisely we define ¥ : (R® x Z3)? — C by

a(s)B(t) — B(s)a(t)
\/§ )

where o, 8 : Zy = {+1} — C are given by a(s) = 01/2(s), B(s) = 6_1/2(s). Then it is straightforward to
check that ¥ belongs to the admissible set A defined in (2.2) and its pair density, density, and kinetic energy

are
h2
o5 =P 0" =p Tl =5 [ VPP
m R6

\I/(x587y7t) = Pe,ﬂ(xvy)

It follows that

lim Frrrclp) < lim (Ta() + Voo () = Vee () = C(Pry5). (5.31)
Next, (5.13) yields
O1P. ] < Clie sl + e (llollzsnzs + llpellzinis ) lp  pellzins. (532)
Next, we claim that
Cle,5] = (1 = B)C[ve] + BC(pe @ pe) < Clve] + coBllpell L [|pellrare- (5.33)

This is immediate from the estimate

ICLf @ gll < collfllrllgllLanze for any f, g € L' N L7,

which follows by applying (5.15), multiplying by f, and integrating over z.

Finally, we will need the following bound which was established in Proposition 5.8:

Cly] < Chl. (5.34)
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Combining the estimates (5.31)—(5.34) yields

. C*
lim, Firxclp] < Cl + 5= [Bllocl s lpell s + Ulollzsens + o linws)llp = pellzioss

Letting 3 and € tend to zero and using that p., being the mollification ¢, * p of p, tends to p in L' N L? as
€ — 0 yields
lim Fix [p] < C[1] = Eorlpl-

The reverse inequality is immediate from (5.4) and the positivity of Tj. This completes the proof of Theo-
rem 5.2.

A Appendix

Lemma A.1 (Legendre transforms on the line). Let [ : R — R U {400} be lower semi-continuous and
convez. Define its dual function 1° by (3.10). Then I° salisfies the same hypotheses as I, and

(a) (N &) € 0.1 if and only if (§,\) € 0.1°;
(b) the dual function of I° is 1, that is I = [°°;
(c) strict convexity of | implies 1° differentiable, where it is subdifferentiable;

(iv) 1°(€) is non-increasing if and only if I(\) = oo for all A > 0.

Proof. (a)-(c) follow from the corresponding statements in Theorem A.1 in [GM96]. Assertion (d) is easily
proved similarly to Theorem A.3 (iv) in [GM96]. To verify the only if implication, suppose that [(\) is finite
at some A > 0; we shall show that [° increases somewhere. Being convex, [ must be subdifferentiable at A (or
some nearby point): (A, §) € 0.1. Then (i) implies that [° is finite at { and increasing: (°(£ +¢€) > [°(§) + Ae
for some £ > 0.

To prove the converse, suppose that [° increases somewhere. Then one has (£, A) € 0.1° for some £ € R and
A > 0. Invoking once again (i) gives (A, &) € 0., from which one concludes finiteness of I(\). O

For x € R?\ {0}, denote by & := 2/|z| the unit vector in direction of x.

Lemma A.2 (subdifferentiability of the cost). Let | : R — R U {400} be convex and non-increasing on
[0,00) and define h(z) := I(|z]) on R?. Unless h is a constant: (x,y) € O.h if and only if (|z|, —|y|) € 0.1
with y = |y|& and x # 0.

Proof. Fix x € R%\ {0} and suppose [()\) admits ¢ as a subderivative at |z| : (|z|,£) € d.1. Since [ is convex
and non-increasing, £ < 0, while for € € R,

Wz| +¢€) > U(Jz]) + €. (A1)

Let
02

2|’

€= |x+v|—|x|:\/|x|2+2<x,v>—|—|v|2—|x| << T,v>+ (A.2)

which inequality follows from v1+ X < 143. Now h(z+v) = I(|z+v]) > I(jz]+e€), with e =< v, > +o(|v]),
as seen from (A.2). Tt follows immediately from Definition 3.11(1) that h is subdifferentiable at =, with
(z,€2) € d.h. On the other hand, h cannot be subdifferentiable at the origin as h(0) = co.

Now let (z,y) € d.h, so x # 0 and for small v € R?

h(x 4+ v) > h(x)+ < v,y > +o(|v]).

38



Spherical symmetry of h forces y to be parallel to x: otherwise, a slight rotation  + v := x cos — Zsin 6 of
2 in the direction z := y — (< y, & >)Z would contradict h(z + v) = h(z) for 0 sufficiently small. Moreover,
taking v := €2 yields (A.1) with £ :=< &,y > +o(1), which concludes the lemma: |y| = + < &,y > holds
with a minus sign since [ cannot increase. O

Lemma A.3 (uniform subdifferentiability of the cost). Let [ and h be defined as in the lemma above. Then
h is subdifferentiable on R4\ {0}. Moreover, for § > 0, there is a real function Os()\) tending to zero linearly
with |\| such that |z| > 6,y € 0.h(x) and v € R? imply

h(x +v) > h(z)+ < v,y > +05(v?). (A.3)

Proof. For A > 0, the convex function [ admits a subgradient £ € 9.1(\): for example, take its right derivative
E=U(A\T). If |x| = A, the lemma implies (x,£2) € 0.h, so h(x) is subdifferentiable at .

Now suppose that (z,y) € 0.h. The opposite implication of the lemma yields y = & with (|z|,&) € 0.1 so
(3.24) holds. Morover, £ < 0. If v € R?, then h(z + v) > I(|z| + €) where € is as in (A.2). By convexity of
I, its right derivative is a non-decreasing function of A\. Asssume |z| > § so that & > I’(§1). Together with
(A.1) and (A.2), this assumption gives

h(x +v) > h(z)+ < Ex,v > +0?l'(6T)/26.
O

Lemma A.4. Let | and h be defined as in the Lemma A.2. Define the dual function h* : R — R U {+o0}
via (3.10). The for some R > 0,

(i) h*(y) is continuously differentiable on |y| > R while h* = 400 on |y| < R;
(ii) (y,x) € O.h* with x # 0 if and only if (z,y) € 0.h with y # 0;
(ii3) if (y,x) € O.h*, then x = Vh*(y).

Proof. The proof follows the same reasoning as the proof of Proposition A.6 (i)-(iii) from [GM96] and will
be omitted. 0
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