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Abstract

In this paper we introduce an exponential continuous time GARCH(p, q) process.
It is defined in such a way that it is a continuous time extension of the discrete time
EGARCH(p, q) process. We investigate stationarity, mixing and moment properties of the
new model. An instantaneous leverage effect can be shown for the exponential continuous
time GARCH(p, p) model.
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1 Introduction

GARCH type processes have become very popular in financial econometrics to model returns
of stocks, exchange rates and other series observed at equidistant time points. They have
been designed (see Engle [9] and Bollerslev [3]) to capture so-called stylised facts of such data,
which are e.g. volatility clustering, dependence without correlation and tail heaviness. An-
other characteristic is that stock returns seem to be negatively correlated with changes in the
volatility, i.e. that volatility tends to increase after negative shocks and to fall after positive
ones. This effect is called leverage effect and can not be modelled by a GARCH type process
without further extensions. This finding led Nelson [19] to introduce the exponential GARCH
process, which is able to model this asymmetry in stock returns. The log-volatility of the
EGARCH(p, q) process was modelled as an ARMA (g, p — 1) process. We also like to mention
another popular model the LARCH process, which explains besides a long memory property
also the leverage effect as shown in Giraitis et al. [10].

The availability of high frequency data, which increased enormously in the last years, is one
reason to consider continuous time models with similar behaviour as discrete time GARCH
models. The reason for this is of course that at the highest available frequency the observations
of the price process occur at irregularly spaced time points and therefore it is kind of natural to
assume an underlying continuous time model. Different approaches have been taken to set up
a continuous time model, which has the same features as discrete time GARCH processes. Re-
cently Klippelberg et al.[13] developed a continuous time GARCH(1, 1) model, shortly called
COGARCH(1, 1). Their approach differs fundamentally from previous attempts, which could
be summarized as diffusion approximations (see e.g. Nelson [18]), by the fact that their model
is driven by only one source of randomness (like discrete time GARCH) instead of two (like
in the diffusion approximations). They replaced the noise process of discrete time GARCH by
the jumps of a Lévy process. The COGARCH(1, 1) was then extended by Brockwell et al.[5] to
a continuous time GARCH(p, q) process for general orders p,q € IN, g > p, henceforth called
COGARCH(p, g).

In this paper a continuous time analogue of the EGARCH(p,q) model is introduced. The
noise processes will also be modelled by the increments of a Lévy process. As in the discrete
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time case we describe the log-volatility process as a linear process, more precisely a continu-
ous time ARMA(g, p — 1) process.

The paper is now organized as follows. In Section 2 we review the definition of the discrete
time EGARCH process. After a short review of elementary properties of Lévy processes we
define the exponential continuous time GARCH(p, q) process at the beginning of Section 3. In
addition we state stationarity conditions for the log-volatility and volatility process of our
model. Afterwards the leverage effect in our model is considered. We close the section with
an investigation of the mixing properties of the (log)volatility and return process. In Section
4 we derive second order properties of the volatility process. Section 5 is devoted to the ana-
lysis of the second order behaviour of the return process. We derive expressions for the first
and second moment of the return process. The stylised fact of zero correlation in the return
process but correlation of the squared returns is also shown.

2 The discrete time EGARCH process

Motivated by empirical evidence that stock returns are negatively correlated with changes in
returns volatility Nelson [19] defined the exponential GARCH process (EGARCH) to model
this effect, which is called leverage effect (see also Section 3.1).

The process (Xu)nez of the form X, = oy€,,n € Z, where (€,)nez is an i.id. sequence with
E(e1) = 0and Var(ey) = 1, is called an EGARCH process, if the volatility process (02 )nez satisfies

log(02) = ju + ki Bef(enr),

where f : R — R is some measurable real valued deterministic function, y € R and (By)rew are real
coefficients such that E(|f(e,)]) < oo, Var(f(e,)) < coand Y12 |Bx| < oo.

Nelson [19] also suggested a finite parameter model by modelling the log-volatility as
an ARMA(g, p — 1) process instead of an infinite moving average process. This leads to the
EGARCH(p, q) model, which is defined in the following way.

Let p,g € N, p,a1,...,04,B1,...,Bp € R, suppose ay # 0, B, # 0 and that the autoregressive
polynomial ¢(z) := 1 — a1z — --- — ayz7 and the moving average polynomial ¢(z) := p1 +
Baz + -+ + BpzP~! have no common zeros and that ¢(z) # 0 on {z € C | |z| < 1}. Let (€4)nez be
an i.i.d. sequence with [E(e1) = 0 and Var(e1) = 1, and let f(-) be such that E(|f(e,)|) < oo and
Var(f(ey)) < oo. Then (Xy)nez, where X, = 0y€, and

p g
log(o7) = p+ Y Bef(en—i) + Y axlog(os ;)
pae] =1

is called an EGARCH(p,q) process.

To achieve the asymmetric relation between the stock returns and the volatility, f(e,)
must be a function of the magnitude and the sign of €, as noted by Nelson [19]. Therefore he
proposed the following function:

f(en) =0y + v[len] —E(len])], (2.1)

with real coefficients 6 and y. We see that f(e,) is piecewise linear in €, and has slope 6 +

for positive shocks €, and slope 6 — +y for negative ones. Therefore f(e,) allows the volatility

process (02),cz to respond asymmetrically to positive and negative jumps in the stock price.
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3 Exponential COGARCH

The goal of this section is to construct a continuous time analogue of the discrete time
EGARCH(p, q) process. Therefore we will use the idea of Kliippelberg et al. [13] to replace
the noise variables €, by the increments of a Lévy process L = (L;);>0. Any Lévy process L
on R has a characteristic function of the form E(e#!) = exp{ty (u)}, t >0, with

. T2 , .
P (u) :==iyLu— ?Luz + /]R(e”’x —1—iuxy_q17)(x))ve(dx), u€R,
where Tf >0, 7L € R, the measure vy, satisfies

vp({0}) =0 and /Rmin(xz,l)vL(dx) < o0

and x(-) denotes the indicator function of the set A C R. The measure vy, is called the Lévy
process measure of L and the triplet (1, 17, v1) is called the characteristic triplet of L. The map
Yy is called the Lévy process symbol . For more details on Lévy process es we refer to Sato [21]
or Applebaum [1].

We consider Lévy processes L defined on a probability space (€}, F, P) with jumps AL; :=
Ly — L;—, zero mean and finite variance. In that case the Lévy process-Itd6 decomposition (see
e.g. Theorem 2.4.16 of Applebaum [1]) of L is

t
Lt = Bt +/ / XNL (dt, d.'X) ’ t > 0,
0 JR\{0}

where B is a Brownian motion with variance 7 and Ny (t,dx) = NL(tdx) — tv(dx),
t > 0, is the compensated random measure associated to the Poisson random measure

Ny (t, A) =#{0<s <tAL; € A} = Y xa(ALy), A€B®R\{0}),

0<s<t

on Ry x R\ {0}, which is independent of B.

The driving noise process in this continuous time model will be constructed similar as in
the discrete time case. In particular for a zero mean Lévy process L, with E(L?) < oo, and
parameters (,7)T € R?\ {0} we define the driving process M of the log-volatility process by

= h(x)Np(t,dx), t>0, (3.2)
R\{0}

with h(x) := 0x + |x|.

Remark 3.1. (i) The process M defined by (3.2) is by construction a process with independent and
stationary increments and by Theorem 4.3.4 in Applebaum [1] well defined if

/ Ih(x)[Pvp (dx) < oo. (3.3)

Condition (3.3) is satisfied since vy, is a Lévy process measure and L has finite variance. By equation
(2.9) of Applebaum [1] the characteristic triplet of M is (ya1,0,va), where vag := vy o h™ ! is the Lévy

process measure of M and ypy := — f‘ *>1 xvp(dx). The precise form of vy depends on the sign and
size of 0 and <y and is given in the following formulas:
v ([— g, 00)) +uL((—o0, — %)), —7 >8> 7
v 00, — 5= —-0<y<o
e~y = | o=, e
VL([ 9+fy/oo))/ 9>’)/>6

0 —r<i<qy
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and
vi([gs, ) +ve((—e0, %)), -y <0<7
vr((—o0, 5%]), —0>7>6
1% x,OO = Y
([ ) VL([%Y,OO)), <y <0
0 —y >8>
for x> 0. One recognises that M is a spectrally negative Lévy process for

¥ <8 < —v ,i.e. M has only negative jumps, and a spectrally positive Lévy process for —y < 6 < 7.
(ii) In case the jump part of L is of finite variation, M is a Lévy process of finite variation with Lévy
process-Ito decomposition

Mi:= Y [0AL;+|ALJ]—Ct,  t>0,

0<s<t
where C := 7y [ |x|ve (dx).

Now we define the exponential continuous time GARCH(p, q) process by specifying the log-
volatility process as a continuous time ARMA(g,p — 1) process, henceforth called
CARMA(g, p — 1) process (see e.g. Brockwell and Marquardt [6] for details on CARMA pro-
cesses), which is the continuous time analogue of an ARMA (g, p — 1) process. The driving
noise process of the CARMA(g, p — 1) process will be defined similarly to (2.1).

Definition 3.2. Let L = (L;);>0 be a zero mean Lévy process with Lévy process measure vy such
that f\x\>1 x?vy(dx) < oo. Then we define the exponential COGARCH(p,q) process G, shortly

ECOGARCH(p, q), as the stochastic process satisfying,
th = U't,st, t> 0, Go = 0,
where the log-volatility process log(c?) = (log(c?))i>0 isa CARMA(g, p — 1) process, 1 < p < g,

with mean y € R and state space representation
log(c?) = u+b'X;, t>0,log(cd) =u-+b'Xo (3.4)
aXy = AXi+ 1qut , t>0 (35)

where Xo € RY is independent of the driving Lévy process M. The q x q matrix A and the vectors
b € R7and 1; € RY are defined by

0 1 0 e 0 b1 0
0 0 1 e 0 13 0
A= : : : R ;b= 3 lg=1
0 0 0 e 1 by-1 0
[ —4q —0g-1 —dg2 ccc — ] L by [ 1
with coefficients ay, ..., a4,b1,...,b, € R, where ag # 0,b, # 0, and b1 = -+ = b; = 0.

Returns over a time interval of length r > 0 are described by the increments of G
G = Gt—Gtr:/( dls,  t2r>0. (3.6)
t—r,t
Thus this gives us the possibility to model ultra high frequency data, which consists of
returns over varying time intervals. On the other hand an equidistant sequence of such non-

overlapping returns of length r is given by (Gy(,ry))nglN.

In the sequel we refer to G and G(") as the (log-)price process and (log-)return process, re-
spectively. Also o2 and log(c?) will be called the volatility process and log-volatility process,
respectively.
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Proposition 3.3. Let 02 and G be as in Definition 3.2, with 0 and ~y not both equal to zero. If the
eigenvalues of A all have negative real parts and Xo has the same distribution as [ e"1,dM,,, then
log(c?) and o2 are strictly stationary.

Proof: The strict stationarity of log(c?) follows from Proposition 2 in Brockwell and Marquardt
[6], since it is a CARMA(g, p — 1) process. Since strict stationarity is invariant under continu-
ous transformations, 02 also has this property. O

Remark 3.4. The solution of the continuous time state space model (3.4) and (3.5) has the representa-
tion ,
log(c?) = u+bletXg +/0 bTeAt-"1,dM,, t>0.

If we choose a second Lévy process (Li)s>o independent of L and with the same distribution as L,
then we can define an extension (L} )cr of L to the real line by:

L} = LiXjoeo) () = Lot-X(—o00)(t),  tER,

where x 4(-) denotes the indicator function of the set A. Using L* instead of L in (3.2) we get an
extension M* of M. In the following we will write for simplicity L and M instead of L* and M*. In
the strictly stationary case the log-volatility process can be defined on the whole real line

t
log(o7) = p +/ glt—u)dM,,  tER, (3.7)
with kernel function

g(t) =b e x(00) (1) (3.8)
(see section 2 of Brockwell and Marquardt [6] for more details).

From (3.6) it follows directly that the increments G‘(r) =/ (=r] 0s—dLs of G are stationary

if the volatility o? is stationary, since the increments of L are stationary and independent by
definition.

Corollary 3.5. If 02 is strictly stationary, then G has strictly stationary increments.

Remark 3.6. (i) Ifq > p+1 the log-volatility process is (q — p — 1) times differentiable, which
follows from the state space representation of log(c?), and hence the volatility process has continuous
sample path. In particular the volatility will only contain jumps for p = q.

(i)  The volatility of the ECOGARCH(p, q) process is positive by definition. Therefore the parameters
do not need to satisfy any constraints to assure positivity of the volatility. This is not the case for the
COGARCH(p, q) model. For higher order COGARCHY(p, q) processes these condition become quite
difficult to check (see Theorem 5.1 in Brockwell et al. [5]).

3.1 Leverage effect

In empirical return data researchers have found evidence (see e.g. Section 1 in Nelson [19])
that current returns are negatively correlated with future volatility. This means that a negative
shock increases the future volatility more than a positive one of the same size or increases it
while a positive one even decreases the volatility. This phenomenon is called leverage effect in
the literature.

If we take a look at the shocks of the state process X in the ECOGARCH(p, ) model

AMt_{ (0 — )AL, AL, <0 ’

we see that:
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(i) for —y < 0 < 0(0 < 0 < 7) a positive jump AL; leads to a smaller (greater) positive
jump AM; than a negative jump of the same size,

(ii) for @ > || a positive jump AL; leads to a positive jump AM;, while a negative jump of
the same size results in a negative jump AM;,

(iii) for 0 < 8 < — (y < 0 < 0) a positive jump AL; leads to a smaller (greater) negative
jump AM; than a negative jump of the same size,

(iv) for 6 < —|v| a positive jump AL; leads to a negative jump AM;, while a negative jump
of the same size results in a positive jump AM;.

If we compare this to the COGARCH(p, q) process, we see that in the COGARCH model
the innovations of the volatility process at time t are given by the squared innovations of
the log-price process (see Section 2 of Brockwell et al. [5]). Hence the volatility process of
the COGARCH model reacts in the same way to positive and negative shocks. Now we will
consider the instantaneous leverage effect, which is defined as

Cov(AGy, 0?7 | |ALs| > €)

being negative. Intuitively it is clear that this correlation can only be different from zero, if the
sample paths of 02 exhibit jumps. But from Remark 3.6 (iv) we know that this is just the case
for p = q. The reason is that for p < g the parameter b, will be zero and therefore the jump AL;
at time ¢t just contributes to the (g — 1)th derivative of the state process X, but is not taken into
account for the log-volatility at that time point. Thus we will expect an instantaneous leverage
effect only for the ECOGARCH(p, p) models. This will be shown in the next proposition, in
particular we will show that the sign of the correlation is equal to the sign of 6b;. This result
is similar to the discrete time case (see Proposition 2.9 in Surgailis and Viano [22]).

Proposition 3.7. Assume that the distribution of the jumps of L is symmetric, i.e. for all € > 0,
P(AL; € dx| |AL¢| > €) = P(AL; € —dx| |AL¢| > ¢€), t>0.
Conditionally on the event that |AL;| > €, the sign of Cov(AGy, 07) is equal to the sign of 6b,.
Proof: Since the distribution of the jumps of L is symmetric we get
E(AG; | |AL:| > €) =E(0:-)E(AL; | |AL| >€) =0.
This then implies

Cov(AG:, 07 | |ALy| >€) = E(AGio? | |ALi| > €)
= E(AGiexp {log(c7_) + b,AM;} | |AL¢| > €)
= E (07 AL exp{bs(0AL; + v|AL:|)} | |AL:| > €)

Since AL; is independent of 07 we get

Cov(AGy, 07| |AL| > €)
= (07 )E(AL;exp {by(0ALt + y|AL;|)} | |ALy| > €)

= IE(af’,) /Dexexp(bq'yx)(exp(%qx) —exp(—0byx))P(AL; € dx| |AL¢| > €).

From sgn(exp(0b;x) — exp(—6b,x)) = sgn(6b,) for all x > € the desired result follows. ]
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Example 3.8. As a first illustrative example we consider an ECOGARCH(1, 1) process driven by a
Lévy process L with Lévy process symbol

2 .
Pu(u) = —“7 + /R (¢ — 1)ADy 1/ (dx),

where ®gq(+) is the distribution function of a normal distribution with mean 0 and variance 1/A.
This means that L is the sum of a standard Brownian motion W and the compound Poisson process
I = Z,I:I;l Zg, t > 0, where (Ny)ter is an independent Poisson process with intensity A > 0 and
jump times (Ty)gez. The Poisson process N is also independent from the i.i.d. sequence of jump sizes
(Zx)kez, with Z1 ~ N(0,1/A). The Lévy process M is in this case given by the following expression

N

My =Y [0Zc+|Z]] - Ct, t>0,
k=1

with C = 7y [5 |x|A®g1/1 (dx) = \/ 2. If we just consider the case that 6 < —vy < 0 then the Lévy
process measure vy of M is defined by

(=0, =) = Ao (|—gim)) x>0

on the negative half real line and by

vm([x,0)) = ADgq/p ((—Oo,ﬁb , x>0,

on the positive half real line. In the top row of Figure 1 a simulated sample path of the compound Pois-
son process |, with N(0,1/2) distributed jumps, can be seen over three time scales. The corresponding
Lévy process M, with parameters 8 = —0.2 and -y = 0.1, can be seen in the bottom row. Over all three
time intervals one can recognise the desired asymmetry for this set of parameters. If | jumps up, then
M jumps down and vice versa. If | does not move, then one observes the downwards drift of M, which
can bee seen on the right hand side of Figure 1.

Figure 1: Simulated sample pathes of | (top row ) and M (bottom row ), with parameters
6 = —0.2 and v = 0.1, over three different time scales.

The log-volatility process is then of the form

t
log(atz) = y+b1e’“1th—|—/0 bre~ (=5 g M,

Ni
= pu+ blefalth + Z b]efal(thk) [sz -+ ’)’|Zk|] — CZ—l (1 — efult) ,
k=1 1
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Figure 2: Observations of the log-price process G; (top row), the return process Gt( ) (second
row), the volatility process UE (third row), with parameters by = 1,47 = 0.1,y = —4,0 = —0.2

and 7y = 0.1 and the driving Lévy process L; (last row) in the time interval (0,700].

for t > 0, and the log-price process is given by

t N
Gt:/ oo dWo+ Y o Zx, t>0, Go
0 k=1

with jump times Ty, k € IN.
Generally the simulation of a sample path of the log-price process G and the log-volatility process
log(c?) over a time interval [0, T| is done in the following steps.
(a) Choose observation times 0 =ty < t; < --- < t, < T, possibly random.

(b) Simulate the jump times (Ty), k = 1,...,ny, with ny := max{k € N : T, < T}, of the
compound Poisson process |.

(c) Approximate the state process (3.5) of the log-volatility by a stochastic Euler scheme.

(d) Compute an approximation G via the recursion

N,

ét[ = ét[—l + ati—lwi + Z \/exp{y + bTiTk_}Zk’
k=Np_,+1

where Wi ~ N(0,t; — t;_1) and Xr,_ is the Euler approximation without the jump AMr,.

In Figure 2 the results of the above simulation procedure are shown. The jump rate A is now chosen
to be 1/4, which implies a variance of the jump sizes Z; of 4. For exponentially distributed interarrival
times At; == t; — t;_1 ~ expo(1) the sample path of the log-price G, the return process G'**) and the
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volatility process o are displayed in the first three rows of Figure 2. The sample path of the driving
Lévy process L is shown in the last row. From the plots of the return and volatility process we see the
negative correlation between the two processes. We recognise on the one hand increases in the volatility
after large negative returns and on the other a decrease in the volatility after a larger positive return.
This displays the leverage effect explained in Section 3.1.

3.2 Mixing

Mixing properties are useful for a number of applications including asymptotic statistics as the
central limit theorem is in place for mixing processes (cf. Doukhan [8] for a comprehensive
treatment of mixing properties) . For an example in this continuous time GARCH setting
compare Theorem 3 in Haug et al. [12]. Thus we will derive mixing properties of the strictly
stationary volatility process and the return process in the ECOGARCH(p, q) model.

First we recall the definition of strong mixing, which is also called a-mixing for a process
with continuous time parameter.

Definition 3.9 (Davydov [7]). For a process Y = (Y5)s>0 define the o-algebras
]—"[’6 u = a((Ys)sepo,u)) and ‘7:[1{4“00) = 0((Ys)s>u+t) for all u > 0. Then Y is called strongly or
a-mixing, if
ay(t) = supuc(f[lof,u},]:ﬁwt,w))
u>0
= sup sup{|P(ANB) —P(A)P(B)|: A€ Fy 0, B€ F 1)} =0
u>0

ast — oo.

Above we denote by o(-) the generated completed o-algebra. The strong mixing property
with exponential rate of the log-volatility, volatility and return process is the subject of the
next theorem. Here strong mixing with exponential rate (exponentially a-mixing) means that
a(t) decays to zero exponentially fast for t — 0.

Theorem 3.10. Let log(c?) be defined by (3.4) and (3.5) with 6 and «y not both equal to zero. Assume
that E(L?) < oo, the eigenvalues of A all have negative real parts and Xo has the same distribution as
fooo eM1,dM,,, hence log(c?) and o are strictly stationary.

(i) Then there exist constants K > 0 and a > 0 such that

Uog(o2) (1) < K-e™™ and wp(t) <K-e™™,  as t— oo, (3.9)

where 45 (,2)(t) and a2 (t) are the a-mixing coefficients of the log-volatility and volatility process,
respectively.
(ii) Then the discrete time process (Gy(f,))ne]N, where Gr(f,) is defined in (3.6), is strongly mixing with

exponential rate and ergodic.

Proof: (i) The log-volatility process is a CARMA(g, p — 1) process, which is equal to the first
component of the g-dimensional OU process V := (V1,...,V1)T € R7 (see e.g. Section 4 of
Brockwell [4]) where for fixed t

t
V, = BABT(-5)y 1 / ANBLAM,  as, (3.10)
S
with
by by by oo b
01 0 --- 0
o0
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Since L, hence M, has finite second moment V also has finite second moment. Therefore
the condition (4.5) in Masuda [15] is satisfied. By Theorem 4.3 in Masuda [15] V is then
exponentially a-mixing. Since every component of a multidimensional exponentially strong
mixing process is exponentially strong mixing, the log-volatility process is also exponentially
a-mixing. The property of a-mixing is invariant under continuous transformations, which
implies that ¢ also has this property.

(ii) Define the c-algebras .7:;72’dL = U(Uf,Lt —Ls @ st € I) for I C R and
]-']G(y) = O‘(G,E:) : k € ]) for ] C IN. From (3.6) it follows that

Gt dL G AL
Fo..ny C ]:[% poAand Faie,.y © ]:[Tku 1)r,00) ° (3.11)

To show the strong mixing property of the return process we will use the following relation
(.Fl,fz) (.Fl,fz) < 60((]:1,]:2) (3.12)

where F7 and F; are c-algebras,

W(Fi, 7o) = sup { [B(17) — E() o)+ £ € 6Tz Iflle <1

and bF denotes the set of all bounded F-measurable random variables. The left-hand inequal-
ity is easy to see (cf. Lemma B.2 in Haug et al. [12]) and the right-hand inequality follows
from Lemma 3.5 in McLeish [17]. For a stochastic process Y the corresponding &-mixing coef-
ficient is defined as &y (t) := sup, g &(F@IS],F[LLOO)) ,t € Ry (see e.g. Section 2.1 in Masuda

[16]). Now since (Gr(f,))nem is strictly stationary we have the following

~ (r) (r)
ion(k—1) = sup {IE(FIFGS )~ Bl : f€bFGr o Ifle <1}
02 0'2
< sup {IE(IFG ) —B(Allue) s f € bF, o Ifle <1}

where the inequality follows from (3.11) and an application of Jensen’s inequality (see also
Remark 1 in Masuda [16]). From the exponentially a-mixing property of 0> and relation (3.12)
we get that there exists a constant K, > 0 such that

ia(t—s) = sup {|E(fIFGy) —E()llpw : f € bFLA Iflle <1}
< ngefu(tfs)’

forall 0 <s <t < ooand ||f|e < 1. Now it follows analogously to the proof of Lemma 1 in
Kusuoka and Yoshida [14] that

0.2
IEIFG i) — E)lp) < Kpe 07 fllo

forall f € bF] [‘éf %)y o)’ The only difference is that we do not have a Markov process, hence we

have to condition on the information over the whole time interval [0,/r] and not just on the
information at the time point /7. This implies that we have

g (k—1) < Kpe ®(1=0r)

which means that (G,(f,))ne]N is exponentially a-mixing by (3.12). Since strict stationarity and
strong mixing imply ergodicity the result follows. O
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4 Second order properties of the volatility process

In this section we derive moments and the autocovariance function of the volatility process
o?. Since it is a non-linear transformation of a CARMA(g, p — 1) process, we will first recall
the moment structure and conditions for weak stationarity of a CARMA(g, p — 1) process.

Proposition 4.1. If XO has the same mean wvector and covariance matrix as
Jo e > e1,dM,, then log(o?) is weakly stationary. In the weakly stationary case the mean and autoco-
variance functzon of log(c?) are given by

E(log(c?)) =p and Cov(log(c?,), log(c?)) = E(M})bTeM'sb,  th >0,
where ¥ := fooo eAslqqueATsds.

Proof: The condition for weak stationarity of log(¢?) is given in Proposition 1 in Brock-
well and Marquardt [6]. The moment expressions follow from Remark 4 in Brockwell and
Marquardt [6] and the fact that [, g(u — h)g(u)du = bTeA"Lb, with ¢ defined in (3.8). 0

The moments of the strictly stationary volatility process are exponential moments of the
stationary distribution of the log-volatility process. In Proposition 3.3 we gave conditions
for the existence of a stationary distribution F of the log-volatility process. In the following
proposition we want to further characterise this distribution.

Proposition 4.2. Let (7yp,0,va) be the characteristic triplet of the Lévy process M, where M is
defined in (3.2), and F is the stationary distribution of the log-volatility process. Then F is infinitely
divisible with characteristic triplet (Y, 0, Voo ), where

T = et [ sl vwk+/ [ 8011 (80610 = 11 (D)l (d)ds
w(B) = [ [wg@nuxds,  BeBR®),

with g(s) = bTe 1 x (00 (5).

Proof: In the strictly stationary case the log-volatility process is the continuous time moving
average process (3.7). Since M has finite variance, the kernel ¢ and the driving Lévy process
M satisty the conditions in Theorem 2.7 in Rajput and Rosifiski [20] which are:

o Ju|rug(s) + frx8() [x(-10)(38(5)) = xX(-11)(¥) | vaa(dx) | ds < oo

o [ Jrmin(|g(s)x]?, 1vpm(dx)ds < co.
Therefore the stationary distribution F of the log-volatility process is infinitely divisible with

characteristic triplet (7Yeo, 0, Voo ). O

Let log(c%) be a random variable with distribution F. Since F is infinitely divisible, we
can now apply Theorem 25.17 of Sato [21] to calculate the exponential moments of log(¢?2),
i.e. the moments of ¢2, in the next Proposition.

Proposition 4.3. Let F be the stationary distribution of log(c?) with characteristic triplet (yeo, 0, Voo ).
Then the k-th moment of o7 is finite, if

ke Ko = {s€R: oo (dx) < o0}

[x|>1

= {seR: / / (0%y; (dx)du < oo} .
XER,|h(x \>l
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In this case
k) := Yook + /R (ek" -1- kxx(,lll)(x)> Voo (dx), (4.13)
is well defined and
E(c?) =e¥~®,  vi>0. (4.14)

Proof: The k-th exponential moment of a Lévy process (X;);>o is computed in Theorem 25.17
of Sato [21]. Hence we can apply the Theorem for a Lévy process process X with infin-
itely divisible distribution F at time one to get the k-th exponential moment of log(c?). It
is then given by E(exp(log(c?))¥) = e¥=®), Vvt > 0, with Yoo (k) = Yook + Jr(e™ —1—
kxx(-1,1)(x))Ves (dx) (see equation (25.11) in Sato [21]). 0

Proposition 4.4. Let log(c?) be the strictly stationary solution of (3.4) and (3.5). Assume that
E(o}) < oo forall t > 0. Let ¥ (1) and ¥ (1) be defined by (4.13) with kernel function g replaced
by §%(s) = bT(I; + eM)ets1, and g"(s) = bTe™1,x g (s), respectively. Then the autocovariance
function of 0 is given by the following expression

Cov(c?,,, 07) = ¥t () _ ¥ 50 t>0. (4.15)

Proof: Let FM = o(M;,—o < s < t) be the c-algebra generated by the Lévy process M up
to time ¢, then
fN)

t+h
lE(cthJrh].FtM) =E (exp {y + /700 g(t+h— s)dMS}

t t+h
= exp {y + /_Oo bTeAheA(tS)lqus} E (exp {/t g(t+h— s)dMS}> .

Therefore we get

IE(‘Tt2+h‘7t) Ut2+h‘72’]:t )) = E( tzIE(Utz+h’]:tM))

= <02 exp {y + /_Oo bTeAheA(ts)lqus} E <exp {/tt+hg(t +h— s)dM5}>>

. <eXp {ZPH_/t bT(Iq+€Ah)eA(t—S)1qus}> E (exp{/ohg(s)dM5}>
— E (exp {pH—/ b7 (I, + eAM)e*1,d M, })

xE (exp {y +/ bTeAsqu(Olh) (s)dMS}>
0

Q1) (1)

7

where the last equality follows from (4.14) when we substitute the kernel g in (3.7) by g’;o(s)
and ¢", respectively. This together with (4.14) yields (4.15). 0

5 Second order properties of the return process
In this section we derive the moment structure of the return process
G[(r):Gt_Gt—V:/(b ]Us_dLs, t27’>0.
t—r,t

We will only consider the case of a strictly stationary volatility process.
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5.1 Moments and autocovariance function of the return process

Proposition 5.1. Let L be a Lévy process with E(Ly) = 0 and E(L}) < oco. Assume that the
volatility process o> is strictly stationary with finite mean. Then E(G?) < oo for all t > 0, and for
every t,h > r > 0 it holds

E(G)? = e™WrE(L]) (517)
Cov(G”,G/}) = o G189

If further E(L}) < oo and the wvolatility process has finite second moment, then
E(G}) < o for all t > 0 and for every t,h > r > 0 we have

h+r

Cov((G")2,(G)Y) = E(13) i Cov(G2,02)ds. (5.19)

Proof: If L has no Brownian component the proof of (5.16) - (5.18) is analogously to the proof
of Proposition 5.1 in Kliippelberg et al. [13] and can be extended in the same way as in the
proof of Proposition 2.1 in Haug et al. [12] in case L has a Brownian component. Since G is a
square integrable martingale we get

E((G")2(GY))?) = B(G2(Ghyr — Gi)?) = B(GX(GEs, — GY)).

Using this result, G? = 2 fot Gs_0s_dLg + fot 02 d[L,L]s, t > 0, and the compensation for-
mula (see e.g. Section 0.5 in Bertoin [2]) we get

E((GV)2(GY),)?) = ( / G2G,_0,_ dLS+/ G202 d[L, L], )
h+tr h+
= lE( Gfaszd[L,L]s> :/ E(G?0?) ds+/ E(G?0?) ds/ x?vp (dx)
h h R
h+tr
— E(L%)/ E(G202)ds
h
Hence the covariance is equal to

Cov((G)2(GY))?) = E((G)2(G)))?) — (B(G)?)?

= B [ (Cov(Ghe?) + B(GHE(?)) ds — (B(GY Y

= B2 [ cov(@ e2)d
- ( 1) W OV( rras) 5.

The covariance is finite if E(G) < oo, Vt > 0, and this follows with E(L}) < o0 and 2 € K«
analogously as in Proposition 1.1 in Haug et al. [12]. 0

Example 5.2. Let us consider again Example 3.8. From 50 000 equidistant observations of the simu-
lated log-price we computed the empirical autocorrelation function of the returns and squared returns.
In Figure 3 the first 40 lags of both empirical autocorrelation functions are shown. One recognises
the GARCH like behaviour of zero correlation of the returns and significant correlation of the squared
returns.
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Figure 3: The first 40 lags of the empirical autocorrelation function of the return (left) and
squared return (right) process.

Remark 5.3. In Theorem 3.10 we have seen that volatility and return process are strongly mixing with
exponential rate. A consequence of this property (see e.g. Section 1.2.2 in Doukhan [8]) is that there
exist constants Ky, Ky > 0 such that

(Cov(0?y, 01)| < Ky-e™™ and |Cov((G[)),, )% (Gi)?)] < Ko™,

forall h > 0, with a > 0 as in Theorem 3.10. In particular this means that the autocovariance function
of the volatility and squared returns will decay to zero at an exponential rate. Therefore we will speak
of short memory process in both cases. The model can be extended to incorporate long memory effects,
by specifying the log-volatility process by a fractionally integrated CARMA(q, p — 1) process. For
more details we refer to Haug and Czado [11].

Acknowledgements

We are indebted to two anonymous referees for a number of helpful suggestions and correc-
tions. Further we like to thank Claudia Kliippelberg, Alexander Lindner and Robert Stelzer
for fruitful and inspiring discussions. This work was supported by the Deutsche Forschungs-
gemeinschaft, Sonderforschungsbereich 386, Statistical Analysis of Discrete Structures.

References

[1] ArrLEBAUM, D. (2004). Lévy process Processes and Stochastic Calculus . Cambridge University Press.
[2] BerTOIN, J. (1996). Lévy process es . Cambrige University Press.

[3] BoLLERSLEY, T. (1986). Generalized Autoregressive Conditional Heteroskedasticity. Journal of Econometrics 31,
307-327.

[4] BrockweLL, PJ. (2001). Lévy process driven CARMA process. Ann. Inst. Stat. Math. 53, 113-124.

[5] BrockweLL, PJ., CHADRAA, E. AND LINDNER, A.M. (2006). Continuous time GARCH processes. Ann. Appl.
Probab. 16, 790-826.

[6] BrRocKWELL, PJ. AND MARQUARDT, T. (2005). Lévy process-driven and fractionally integrated ARMA pro-
cesses with continuous time parameter. Statist. Sinica 15, 477-494.

[7] Davypov, Y.A. (1973). Mixing conditions for Markov chains. Theory Probab. Appl. 18, 312-328.
[8] DouxkHAN, P. (1994). Mixing: Properties and Examples. Lecture Notes in Statistics 85. Springer, New York.

[9] ENGLE, R.F. (1982). Autoregressive Conditional Heteroskedasticity With Estimates of the Variance of U.K.
Inflation. Econometrica 50, 987-1008.



An ECOGARCH process 15

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]
(18]
(19]

(20]

(21]

(22]

Girartis, L., Lerrus, R., RoBiNsoN, PM. AND SurcaiLs, D. (2004). LARCH, leverage, and long memory.
Journal of Financial Econometrics 2, 177-210.

Hauc S. anD Czapo C. (2006). A fractionally integrated ECOGARCH process. Discussion paper 484, SFB386 .

Haug, S., KLorreLBERG, C., LINDNER, A.M. AND ZArpr, M. (2007). Method of moment estimation in the
COGARCH(1, 1) model. The Econometrics Journal 10, 320-341. .

KLUPPELBERG, C., LINDNER, A.M. AND MALLER,, R. (2004). A continuous time GARCH process driven by a
Lévy process process: stationarity and second order behaviour. Journal of Applied Probability 41, 601-622.

Kusuoka, S. AND YosHipa, N. (2000). Malliavin calculus, geometric mixing, and expansion of diffusion
functionals. Probab. Theory Relat. Fields 116, 457-484.

Masupa, H. (2004). On multidimensional Ornstein-Uhlenbeck processes driven by a general Lévy process.
Bernoulli 10, 97-120.

Masupa, H. (2005). Classical method of moments for partially and discretely observed ergodic models.
Statistical Inference for Stochastic Processes 8, 25-50.

McLErsH, D.L. (1975). Invariance principles for dependent variables. Z. Wahrsch. Verw. Gebiete 32, 165-175.
NEeLsoN, D.B. (1990). ARCH models as diffusion approximations. Journal of Econometrics 45, 7-38.

NELsoN, D.B. (1991). Conditional heteroskedasticity in asset returns: a new approach. Econometrica 59, 347—
370.

Rajrut, B.S. AND ROsINSKI, ]. (1989). Spectral representations of infinitely divisible processes. Probability
Theory and Related Fields 82, 451-487.

Sato, K. (1999). Lévy process Processes and Infinitely Divisible Distributions . Cambridge University Press.

SurGaILis, D. AND Viano, M.C. (2002). Long memory properties and covariance structure of the EGARCH
model. ESAIM Probability & Statistics 6, 311-329.

Stephan Haug Claudia Czado

Zentrum Mathematik Zentrum Mathematik
Technische Universitiat Miinchen Technische Universitat Miinchen
Boltzmannstrafe 3 Boltzmannstrafe 3

D-85748 Garching, Germany D-85748 Garching, Germany

haug@tum.de cczado@ma.tum.de



	Introduction
	The discrete time EGARCH process
	Exponential COGARCH
	Leverage effect
	Mixing

	Second order properties of the volatility process
	Second order properties of the return process
	Moments and autocovariance function of the return process


