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Abstract—We characterize the complete quality-of-service
(QoS) feasibility region and present a simple feasibility test for
given QoS requirements in the Gaussian vector broadcast channel.
While most contributions in the literature recast the QoS con-
straints into requirements for the signal-to-interference-and-noise
ratios (SINRs), we convert them into upper bounds for the min-
imum mean square errors (MMSEs) instead and test feasibility
in the MMSE domain. Our main contribution is a complete de-
scription of the feasible MMSE region. Its closure is shown to be a
polytope and we find the complete set of its bounding half-spaces
noniteratively after a finite number of steps. The polytope can
easily be converted into any other QoS domain like SINR or rate.
However, the simple geometry of the MMSE domain is lost in
other domains. Once the bounding half-spaces are determined,
any target MMSE tuple can quickly be checked for feasibility
by verifying its membership to the interior of the polytope. For
nondegenerate channels, the only relevant bounding half-space
is essentially the lower bound on the sum mean square error. No
further computations are necessary contrary to existing feasibility
checks which iteratively solve eigenproblems in an alternating
optimization framework for every single QoS requirement to test.
For two particular user/antenna configurations, we find a noniter-
ative closed form solution for the optimum power allocation of the
signal-to-interference ratio (SIR) balancing.

Index Terms—Feasibility check, quality-of-service (QoS) region,
vector broadcast channel.

I. INTRODUCTION

P OWER minimization under a set of quality-of-service
(QoS) requirements is a frequently arising optimization

problem, see, for example, [1]–[5]. Such QoS constraints are
typically formulated as lower bounds on the signal-to-interfer-
ence-and-noise ratios (SINRs), lower bounds on the data rate
under Gaussian signaling, or as upper bounds on the minimum
mean square error (MMSE). Likewise, any other metric which
follows from a bijective mapping of the three aforementioned
ones may be used. In the vector broadcast channel, where the
base station is equipped with at least as many antennas as single
antenna users are present in the system, any set of QoS require-
ments is feasible for full rank channels due to the existence of
the zero-forcing filter. However, when more receivers shall be
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served than antennas are available at the transmitter, or when
linearly dependent channels come into play, feasibility cannot
be guaranteed for any set of QoS requirements. To ensure the
convergence of any algorithm targeted at the power minimiza-
tion, feasibility has to be detected first. Since the feasibility
region was not known so far, one had to run an additional
optimization to test the constraint set. In [2], infeasible QoS
requirements are said to be reported by the second order cone
program itself. A more clever test is to perform a balancing
algorithm which fixes the ratios of the individual users’ QoS
metrics and then optimizes their common scalar. Feasibility
holds if this scalar is larger than or equal to one. In contrast
to the power minimization, the balancing algorithm is always
feasible. Detecting feasibility by means of balancing with
an additional constraint imposed on the maximum available
transmit power was done in [3], [6], and [7]. The more general
balancing without power limitation is treated in [8]–[13]. This
signal-to-interference ratio (SIR) balancing delivers the separa-
tion plane between feasibility and infeasibility, when power is
minimized for given SINR requirements.

Although the detection of feasibility by means of balancing
works well, there are several disadvantages embedded in this
methodology. First of all, the balancing algorithm has to be ex-
ecuted for every single set of SINR constraints. Assume the re-
quirements have changed since the previous ones have turned
out to be infeasible. Then, the complete balancing optimization
must be solved again to find out whether the newly chosen con-
straints are valid or not. Second, distinguishing between feasi-
bility and infeasibility becomes sensitive close to the separa-
tion plane. Remember that the decision criterion was that the
common scalar of all SINR values, which represents the radius
in polar coordinates, is either smaller than one indicating in-
feasibility or larger than or equal to one indicating feasibility.
As the balancing algorithm is iterative, it is difficult to decide
whether a common scalar close to but below one at any itera-
tion step might grow beyond the critical value of one in further
iterations or not. The same problem arises for the detection of
feasibility by means of the second order cone program in [2].
A higher accuracy in knowing whether QoS requirements close
to the feasibility boundary are feasible or not is directly con-
nected to a larger complexity. Finally, little knowledge about
the underlying geometrical structure of the feasibility region is
gained by means of the balancing algorithm. In [6] and [13], the
feasible region is defined by the set of SI(N)R tuples for which
the spectral radius of the scaled interference coupling matrix is
smaller than or equal to one. Only a few properties of the un-
derlying geometric structure of the feasibility region can be de-
duced from this, see, for example, [14].
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Our contributions in this paper are as follows:
1) We show that the domain of choice for the description of

the QoS feasibility region is the MMSE domain, where a
simple description is available.

2) The closure of the feasible MMSE region is a polytope
and any point belonging to the interior of this polytope
is achievable with finite transmit power. Any point on the
boundary of the polytope which is not the all-ones MMSE
vector can only be achieved asymptotically with an infinite
amount of power. This polytope in the MMSE domain can
easily be translated to any other domain like SINR or rate
by means of a bijective mapping.

3) The separating half-spaces of the polytope are shown to
be simple inequalities for the sum of individual users’
MMSEs. For nondegenerate, regular channels, only the
sum MMSE of all users determines feasibility. Therefore,
checking feasibility means to convert the QoS require-
ments by the bijective mapping into MMSE requirements
and afterwards test their sum MMSE.

4) For the special case when at most as many users are in the
system as the base station has antennas, we derive an upper
bound on the sum power that is required to satisfy given
QoS constraints.

5) In case of singular, linearly dependent channels, additional
constraints on the sum MMSE of subsets of users also de-
termine the polytope. We derive the complete geometric
structure for this case as well.

6) For the two special cases when there is either one user
more than antennas at the base, or when the base station
is equipped with only a single antenna, we find a closed
form expression for the asymptotically optimum power al-
location which achieves the QoS requirements.

7) The presented MSE-based framework for single-antenna
terminals also serves as the key technique when extending
the feasible rate region to multi-antenna terminals, where
it turns out that only single stream transmission per user
is relevant for the feasibility check, see [15]. In contrast to
the MAC admission problem considered in [16], an infinite
amount of power is assumed for the feasibility test again.

Notation: Throughout this paper, matrices and vectors are de-
noted by upper and lower case bold letters, respectively. The op-
erators , , , , and stand for transposi-
tion, Hermitian transposition, rank, determinant of a matrix, and
statistical expectation, respectively. The operator returns
the interior of a set. Finally, and denote the identity
matrix and the all-ones vector, respectively.

II. SYSTEM MODEL

Given perfect channel state information at the transmitter, the
vector broadcast channel (BC) and the dual vector multiple-ac-
cess channel (MAC) share the same MSE region under a sum
power constraint, e.g., [17] and [18]. Thus, we may describe the
maximum feasible MMSE region of the BC in its dual MAC
and feasibility can be detected in the dual MAC as well. The
main advantage of the dual MAC is its simple description by
the powers of the transmitting users, since the optimum receive
beamformers can be computed independently and are known to
minimize the MSE and maximize the receive SINR. Hence, the

user system is described by only nonnegative real-valued
scalars in the dual MAC, whereas complex-valued -di-
mensional vectors are needed in the BC for the transmit beam-
formers. Here, denotes the number of antennas at the base
station, and we define the set of user indices .

The transmit powers of the users in the dual MAC
are denoted by and the respective data
symbols are zero mean with unit variance. A
frequency flat channel is assumed for the transmission
from the users to the base station and the channel matrix

contains the channel vectors
of all users. At the base station (receiver in the MAC),
zero-mean Gaussian noise with covariance matrix

is added and the receive filter for user is de-
noted by . With above definition, the mean square
error of user is defined as the expected squared magnitude
of the difference between the symbol and its estimate, i.e.,

(1)

Minimizing above expression with respect to leads to the
minimum mean square error , for which the well-known re-
lation to the maximum SINR holds via [19]

(2)

Note that the receive filter minimizing (1) also leads to the
maximum SINR. Due to this bijective mapping between the
minimum MSE and the maximum SINR, describing a system
in terms of the MMSE instead of the maximum SINR is fully
equivalent and does not entail any loss of information or
interpretation.

III. GEOMETRY OF THE FEASIBLE MSE REGION

Consider a two user scenario where the two channel vectors
and are colinear (which happens for example if the base

station has only antenna). It can easily be shown that the
upper boundary of the maximum feasible SINR region is given
by [11]

(3)

where denotes the SINR of user . This boundary is only
asymptotically achieved when the ratios of both powers of the
two users and the noise variance goes to infinity, i.e., when

and . A generalization to more than
two users is not straightforward in the SINR domain and does
not feature such a simple relation as in (3). For example, when a
third user is added to the single-antenna system, the maximum
feasible SINR region is governed by

(4)

which will be derived in the next section, see (16).
In the following, we will derive the exact description of the

feasible region in the MSE domain for an arbitrary number of
users. In Section III-A, we assume the regular case in which
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the channel vectors of any user subset with cardinality
satisfy the rank relation

(5)

whereas the general (singular) case with linearly dependent
channel vectors allowed is discussed afterwards in Section III-B.
In (5), the matrix consists of the channel vectors of all users
belonging to .

A. Regular Channels Scenario

Under the reasonable assumption of the channel properties
defined in (5), we will first state and afterwards prove the fol-
lowing theorem:

Theorem III.1: The closure of the feasible MMSE region
in the vector broadcast channel with regular full rank chan-
nels satisfying (5) is a polytope

whose bounding half-spaces are the
individual box constraints and the sum
MMSE constraint . By means of a positive
power allocation with finite sum power, any point belonging to
the interior of the polytope can be achieved. For MMSEs equal
to one no power is allocated to the respective user.

From the above theorem, we directly conclude the next corol-
lary, which results from the existence of the zero-forcing filter
in the considered case.

Corollary III.2: In the -user vector broadcast channel
obeying (5) with an antenna base station, arbitrary
QoS requirements satisfying are feasible with
finite sum power.

For the proof of Theorem III.1, we define
as the diagonal matrix containing the nonnegative powers of all
users in the set . Then, the MMSE receive filter for user that
minimizes (1) reads as

(6)

and achieves the MMSE

(7)

The second line can be obtained by applying the matrix in-
version lemma. From the first line of (7), we can observe that
applying MMSE receive filters according to (6) automatically
leads to the box constraints

(8)

which contribute to the polytope. A necessary condition for a
particular user to achieve the lower bound asymptot-
ically with equivalence is that his power goes to infinity, i.e.,

. Given an antenna configuration with , not all
MMSEs can be chosen arbitrarily small simultaneously. With
the individual MMSEs from (7), we can express the sum MMSE
for arbitrary via (see, for example, [17] and [18])

(9)

resulting from the first line of (7). As the inverse matrix in (9)
is positive definite, its trace is lower bounded by .
Thus, any power allocation with finite sum power satisfies

(10)

for nonzero variance with strict inequality. Letting all1

powers raise to infinity, i.e., , we
asymptotically achieve the lower bound in (10) with equality

(11)

Under the regular channels assumption (5), the rank of the
channel matrix is , and the antenna
configuration does not entail any limitations on the
sum MSE since the resulting lower bound from
(11) is already included in the box constraints (8). The feasible
MMSE region is then completely described by (8). Therefore,
the case with regular channels allows for arbitrary
QoS requirements, which nevertheless have to meet (8). In
particular, any nonnegative SINR tuple is feasible since the
maximum SINR and the minimum MSE are related via
[19]

(12)

and can be made arbitrarily close to zero. However, when
, the polytope defined by (8) is shortened by the lower

bound on the sum MMSE in (11), which in conjunction with
simplifies to

(13)

This obviously limits the set of feasible QoS requirements. Note
that the lower bound in (13) can be achieved with
equality when .

So far, we have proven that any positive power allocation with
finite sum power achieves an MMSE tuple inside the polytope,
see (13) and (8) with strict inequality for finite sum power. To
complete the proof for Theorem III.1, we also have to show the
converse, namely that there exists a power allocation for any
desired MMSE tuple belonging to . Because only then,
the mapping from the powers to the MMSEs in (7) is surjective
in the interior of the polytope defined in Theorem III.1. The
proof goes as follows: First, we rewrite the mapping from the
MMSE tuple to the powers as a fixed point equa-
tion at the optimum power allocation. Since the arising func-
tion in the fixed point equation is increasing and concave, there
is at most one fixed point according to [20], [21]. If the fixed
point does exist, the mapping from powers to MMSEs is then
not only surjective, but also injective and thus bijective. For
any target MMSE tuple for which a fixed point exists, there is
a power allocation obtaining it. Fortunately, Kennan also de-
fines some sufficient conditions for the existence of a fixed point
in [20]. We show that these conditions are met if and only if the

1For� � � , it suffices that at least � powers go to infinity.
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target MMSE tuple is taken from the interior of the polytope ,
which will then complete the proof of Theorem III.1. The rather
technical derivation showing the existence of a power allocation
vector resulting in the desired MMSE tuple can be found in
Appendix A.

With the result from Theorem III.1, we can infer that the
smallest common MMSE reads as

for
for

and leads via (12) to the largest common SIR

for
for

which has already been observed in [19] in the CDMA context
and was later shown in [4].

For the case , a simple upper bound on the required
sum power to achieve the target MMSEs can be stated:

Theorem III.3: The sum power needed to satisfy posi-
tive target MMSEs in the vector broadcast channel
with users and regular channels defined in (5) is upper
bounded by

(14)

or, equivalently, by

(15)

The proof immediately follows from (41) and (34). Note that the
upper bound in (15) corresponds to the sum power that is needed
to achieve the given SINR requirements when zero-forcing re-
ceive filters are assumed in the dual MAC.

Examples: In the single antenna case mentioned in (3), the
SINRs and of the two users have to satisfy in
case of finite sum power, as shown in [11]. Using Theorem III.1,
we are now able to extend the feasible SINR region to the case
of users and antenna at the base station. The
bijective mapping (12) converts the condition

into

(16)

As shown in Fig. 1, the closure of the feasible MMSE region
simplifies to a pyramid for the given values and ,
and the feasible SINR tuples are visualized in Fig. 2. Adding a
second antenna to the base station, the MMSEs have to satisfy

, see Fig. 3. In the SINR domain

has to hold for finite sum power, see Fig. 4. For , any
positive SINR pair is feasible when the third SINR goes to zero.

B. Singular Channels Scenario

We have seen in Theorem III.1 that in the case of regular
channels satisfying (5), the closure of the feasible MMSE re-
gion is a polytope. Besides the obvious MMSE box constraints

Fig. 1. Polytope structure of the closure of the feasible MMSE region for� �

� users and an � � � antenna base station.

Fig. 2. Separating manifold in the SINR domain for � � � users and an
� � � antenna base station.

, the relevant boundary of the polytope fol-
lows from the half-space constraint when

. While probably all realistic channels fulfill (5), we
drop this linear independence constraint in this section and allow
for channels with arbitrary linear dependencies.

Fortunately, the basic structure of the feasible MSE region
does not change much as the polytope type structure remains.
In particular, the box constraints in (8) and the sum MMSE
half-space constraints (10) and (11) remain valid. However, ad-
ditional half-space constraints for the sum MMSE of subsets

furthermore diminish the set of feasible MMSE tuples.
For every subset for which

(17)

holds, i.e., for which the rank of the respective reduced channel
matrix is smaller than the minimum of the antennas and the
cardinality of the subset, an additional constraint on the sum
MMSE of all users in is imposed. This leads us to the fol-
lowing theorem.
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Fig. 3. Polytope structure of the closure of the feasible MMSE region for� �

� users and an � � � antenna base station.

Fig. 4. Separating manifold in the SINR domain for � � � users and an
� � � antenna base station.

Theorem III.4: The closure of the feasible MMSE region in
the vector broadcast channel is a polytope whose bounding
half-spaces are the individual box constraints

, the sum MMSE constraint , and
additional constraints for the sum MMSE of user subsets whose
channels are not full rank. Strictly speaking, a half-space con-
straint is imposed for every subset

for which .
Note that some of these constraints might be redundant since

they are already included in others, or they may even render the
sum MMSE constraint over all users superfluous because they
are stricter than it.

The proof for Theorem III.4 goes as follows: For any set
that fulfills (17), we assume that all users not belonging to do
not transmit anything at all, i.e., , whereas
all users in are active transmitters. This setup can then be
interpreted as a -user scenario which of course also has to

satisfy (10) and (11) with and replaced by and ,
respectively

(18)

Obviously, only those sets have to be taken into account
for which holds, i.e., for which
(17) is valid. If , (18) would
imply that , which is already included in the
box constraints (8) and hence superfluous. The second case

does not lead to an additional
constraint on the sum MMSE of all users in because the sum
MMSE constraint of all users is
stricter and therefore includes it. Hence, let us assume that the
inequality in (17) is strict. Letting the previously passive users
in actively transmit with constant positive power does not
have any impact on the validity of (18) since their interference
can be regarded as colored noise. However, colored noise does
not change the asymptotic behavior in the second line of (18)
since is implied there. This completes the
proof of Theorem III.4.

Examples: Assume a three user scenario and a base station
with antennas. The two channel vectors and shall
be linearly dependent, and is assumed implying
that is linearly independent of and . Besides the box
constraints (8), the half-space defined by the lower bound on
the sum MMSE reads as .
In addition, the subset satisfies (17). So another
half-space constraint contributes to the feasible MMSE region
polytope, namely, . Note that
this constraint is stricter than the sum MMSE constraint of all
users, since clearly implies for

, which is required by (8). Summing up, the closure of
the feasible MMSE region for this particular channel is given by
(8) and .

In a second example, users are served by an an-
tenna base station. The three channel vectors , , and shall
lie in a two-dimensional plane, however, every channel vector
pair out of those three vectors shall be linearly independent.
In addition, no further linear dependencies shall exist. Then,

implies the sum MMSE constraint
. The only user set satisfying (17) is ,

and this leads to the additional condition .

IV. OPTIMUM POWER ALLOCATION

In this section, we consider the two cases when there is ex-
actly one more user than antennas at the base station, i.e.,

, and when the base station has only a single antenna and
more than one user shall be served, i.e., and . For
those two cases, we derive the optimum power allocation for the
SIR balancing, With these power ratios, one could initialize an
iterative SINR balancing algorithm which includes a sum power
constraint and nonzero noise variance. In principle, one could
modify the fixed point algorithm in [21] by setting in
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(34) and normalizing all updated powers after the fixed point it-
eration such that their sum equals some iteration-index indepen-
dent chosen constant. This way, the (modified) fixed point algo-
rithm is not only applicable for SINR balancing, but also for SIR
balancing, if all target SIRs are chosen such that their MMSEs
sum up to . Of course, the right hand side in (34) does
not satisfy the scalability-axiom for (it is rather scale in-
variant) such that the framework derived in [21] cannot be used
to prove its convergence. However, rescaling the powers after
the fixed point update led to quick convergence of the balancing
powers in all our simulations. A more sophisticated approach is
presented in [6], [9], and [13], which features superlinear con-
vergence. However, all hitherto existing algorithms are iterative,
either they solve the fixed point equation by means of an after-
wards rescaled Picard iteration as in [21], or they alternate be-
tween the power allocation for fixed receivers and the receiver
optimization for fixed powers until convergence [6], [9], [13].
Thereby, the power allocation step which is run once per iter-
ation requires to find the principal eigenvector of a matrix be-
longing to the largest, but unknown eigenvalue. We show that
the optimum power allocation has a very simple closed form
solution for the two given cases when we take the optimum re-
ceivers for a given power allocation directly into account. An
iterative algorithm is not necessary, and no principal eigenvec-
tors or matrix inverses have to be computed. Note that we as-
sume regular channels according to (5).

The SIR balancing naturally evolves from the SINR bal-
ancing, when we either let the noise variance go down to
zero or allocate an infinite amount of power. For , we
assume a power allocation , whereas for , we set

with and taken from the interior of the unit
simplex in (43). In either case, the asymptotically achieved
mean square error from (7) can be expressed as the quotient
of two homogeneous polynomials when we apply the Cramer
rule to the second line in (7) and drop all monomials having
less than power variables to obtain the asymptotic result.
Thus, we first express the MMSE of user as the th entry
of , i.e., as the quotient of two determinants according to the
Cramer rule, where satisfies [see (7)]

(19)

and is the th canonical unit vector. Afterwards, we drop the
monomials containing less than power variables to obtain the
asymptotic behavior induced by either or

. This yields

(20)

Note that the numerator of consists of monomials
of degree , whereas the denominator has monomials of
degree each. Moreover, is the determinant of
with the set . For example, if and

, the MMSE of the first user reads as

While (20) is valid for any user/antenna configuration with
, it can be simplified for the two special cases we focus on,

namely, and .

A. Single Antenna Base Station

For , the MSE in (20) reads as

(21)

which leads to the following linear system of equations:

(22)

Defining the vector , and the diagonal
matrices and , (22) can
be expressed as

(23)

Note that the matrix has only non-
negative entries, if . In addition, it is irreducible
for , which holds according to our assumption in
(5). Thus, the Perron–Frobenius theory can be used to deter-
mine the unique positive vector . In the following, we show
that the matrix in (23) has the spectral radius one, if and only if

. According to the Perron–Frobe-
nius theory (e.g., [22]), the spectral radius is the only positive
eigenvalue and there exists a strictly positive vector satis-
fying (23).

To see that the matrix has an
eigenvalue which is one, we show that

(24)

when . Using
for any pair of rectangular matrices and of matching

dimensions, we find

(25)

which vanishes if . Therefore, the rela-
tive power allocation is the principal eigenvector belonging
to the eigenvalue 1 of the matrix . Note that the geometric
multiplicity of the eigenvalue 1 is equal to one since the arith-
metic multiplicity is also one according to the Perron–Frobenius
theory, see [22]. Since is
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a rank-one perturbation of the diagonal matrix , the prin-
cipal eigenvector has a closed form expression

(26)

The positive real-valued scaling factor can in general
be chosen arbitrarily. For , we get

. Rewriting (26) element-wise yields

(27)

which of course only holds for , cf. (25).

B. One User More Than Antennas at the Base Station

When , the numerator in (20) consists of a single
monomial only, whereas the denominator has monomials. Al-
though all arising monomials have degree , we can convert
the quotient of the two homogeneous polynomials of degree
each into a rational fraction, where both numerator and denom-
inator are linear in the inverse powers. This is done via dividing
numerator and denominator of (20) by . Thus, we can
solve the case again by means of an eigenvalue
problem in the inverse powers and obtain

(28)

where and is the
determinant with , i.e., the de-
terminant of the channel Gram where the th column has been
removed. Similar to (22), this implies the linear system of equa-
tions

(29)

Equivalently, we define and the
diagonal matrix and reformulate (29) for
all users as

(30)

where . With the same reasoning as in
Section IV-A, the matrix has
spectral radius one, if and only if

(31)

The optimum relative inverse power allocation therefore
corresponds to the principal eigenvector of the matrix be-
longing to the eigenvalue 1. Again, is positive according to

the Perron–Frobenius theory and has a closed form solution
due to the particular structure of :

(32)

The scaling may be chosen arbitrarily and the particular
choice leads to . The element-
wise solutions for and the relative power allocation read as

(33)

and require , cf. (31).

V. CONCLUSION

We derived a complete description of the feasible QoS re-
gion in the vector broadcast channel. Irrespective of the number
of users in the system, the closure of the feasible MMSE re-
gion was shown to be a polytope. For regular, full rank chan-
nels, the plane that separates feasibility from infeasibility turned
out to be the half-space defined by the lower bound on the sum
MMSE of all users. Additional half-space conditions which fur-
thermore reduce the polytope of feasible MMSE tuples arise for
singular, rank-deficient channels. Nonetheless, even for singular
channels, the polytope structure remained. As a by-product, our
contribution allowed us to confirm the result that any QoS con-
straints can be satisfied when the base station has at least as
many antennas as users are present in the system and the channel
matrix is regular, which already follows from the existence of
the zero-forcing filter. Besides feasibility, we considered the op-
timum power allocation for the signal-to-interference balancing
problem for two special cases. First, when the base station has
only a single antenna, and second, when there is one more user
in the system than antennas at the base station. In both sce-
narios, we derived a closed-form solution for the power allo-
cation, which hitherto had to be computed by means of iterative
algorithms. Finally, we presented a simple upper bound on the
sum power which is needed to obtain given QoS requirements
when at most as many users are served as antennas are deployed
at the base station.

APPENDIX A
PROOF FOR THE EXISTENCE OF A POWER ALLOCATION

OBTAINING CERTAIN MMSE TARGETS

Given MMSE targets with , we assume that the
power allocation achieves these targets. Rewriting the first line
of (7) with the help of the matrix inversion lemma leads to the
well-known result

Equating at the hypothetical fixed point , we ob-
tain

(34)
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where is well known from SINR balancing and
satisfies the interference function properties defined in [21]. In
particular, is positive, (quasi-)increasing, and the func-
tion is strictly radially quasiconcave for all (see
[20] for the definition). Hence, there is at most one fixed point
according to [20, Corollary 1]. For the existence of a unique
fixed point, Theorem 3 in [20] requires

(35)

(36)

(37)

The first requirement (35) immediately follows from (34):

If there is a user whose target MMSE is equal to one, simply no
power has to be allocated to that user and he can be discarded
for the power computation of the remaining users. Hence, we
assume in the following. For the second re-
quirement (36), we choose as the scaled all-ones vector.
Using (34), we find

from which we find the upper bound for .

(38)

Note that for . Thus, choosing and
setting satisfies .

For the third requirement (37), we need to find a power
vector for which . The cases and

will be treated separately. When , the function
can be upper bounded by lower bounding its

denominator. Defining the set , we introduce

(39)

as the projector into the null-space of all channel vectors ex-
cept the th one that features
due to . Herewith, we lower bound the denominator of

via

(40)

which is valid for all and equality only holds for
. Note that is larger

than zero due to (5). Hence, an upper bound for is
given by

(41)

and when and if is chosen such that

(42)

the third requirement (37) is satisfied. Since with
and defined in (38), choosing according to (42) sat-

isfies , which is also required in (37). Since the three
conditions (35)–(37) are fulfilled, Theorem III.1 is proven for

.
To show the existence of a power vector in (37) when
is slightly more complicated. First, we set the power alloca-

tion to , where is taken from the interior of the
dimensional unit simplex

(43)

and will later go to infinity. Since , the strict
inequality holds. For , we may omit the scaled
identity in the denominator of in (34), as the
matrix has rank for and all its
eigenvalues grow beyond all limits when and .
Then, the fixed point (34) can be rewritten as

(44)

which means that . Obviously, the
MMSE tuple obtained with power allocation and

satisfies , see (11). Since (44) and (11)
evolve from (7), the target MMSE tuple also has to satisfy

for . So far we have
shown that a power allocation with and

achieves an MMSE tuple which satisfies ,
where defines the plane which separates feasibility from in-
feasibility

Now, we show the converse, i.e., that there always exists a
unique in the power allocation with

for any MMSE tuple taken from . When
, the SINR metric reduces to the SIR without noise

component. From the various SIR-balancing papers, see, for
example, [9]–[13], we know that any ratio between individual
SIRs can be balanced since balancing is always feasible. The
main objective of the SIR balancing is to find the maximum
common scalar of all SIRs

(45)

with the SIR definition
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Assuming and using (12), the SIR ratio con-
straints can be converted into MMSE constraints:

(46)

where . Exploiting the fact that in case
of infinite power allocation for every user, the sum MMSE is
given by [see (11)], we find the radius in the SIR
domain. According to (46), it is easy to see that is de-
creasing in and, therefore, has a unique
solution for . In particular, if all are chosen such
that . This proves that for
any target MMSE tuple taken from and thus sat-
isfying , there exists an asymptotic power
allocation with and for which

. A slight relaxation of the target MMSE tuple
with to
with yields . Clearly,

the scaling must be small enough such that fulfills
(8). Since in (34) is strictly decreasing in , we have

, and therefore

Hence, the third requirement (37) for the existence of a unique
fixed point is satisfied for any whose sum MMSE is larger
than . Since and , we have .
This completes the proof for Theorem III.1.
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