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Abstract—Orthogonal frequency division multiplexing
(OFDM) system, known to be very practical for multipath
environments, suffers from signal waveform with high
Peak-to-Average Power Ratio (PAPR). As a consequence
nonlinear distortion are introduced by the radio frequency
(RF) components, such as amplitude clipping due to the
low noise amplifier (LNA) in low cost receivers. This can
significantly affect the symbol error rate (SER) performance
of such systems. In this article we propose a method to
efficiently estimate the SER performance of OFDM receivers
in an industrial test environment, where the transmitter is
considered ideal and neither fading nor significant noise are
observed. To this end importance sampling (IS) techniques are
employed. The application of the proposed method shortens the
simulation/measurement time up to three orders of magnitude
compared to the time needed by intensive Monte Carlo (MC)
simulations. We also compare the IS estimated SER with
intensive MC simulations and analytically derived results.

I. INTRODUCTION

OFDM modulation has been adopted by many wireless
communication standards due to its robustness in multipath
environment and quite simple implementation. Two important
examples are the widely known WiMAX and 3GPP LTE
standard. The main drawback of OFDM is the high PAPR
of the transmitted signal. This constitutes a major problem in
systems with low cost terminals, since nonlinear distortions
result from the clipping effects at the output of the LNA
and ADC. This nonlinearity affects the symbol error rate
performance of the system. In this work we are interested
in developing a new method for fast test and measurement of
the SER degradation due to clipping in WiMAX receivers.

In situations where there is a low SER, a direct MC
simulation method would require a huge amount of transmitted
symbols due to the large number of subcarriers N . In WiMAX
the number of subcarriers can be as big as N=1024. We
propose here a new method for fast SER measurement when
the receiver front-end nonlinearity is the main source of error.
The method is based on the IS methods [1], [2]. To make the
problem of finding and generating a biased input distribution
tractable, a one-parameter characterization of error producing
symbols that overcome the large dimensionality of the OFDM

symbol is investigated. Contrary to [3] a prior and an off-
line classification, pre-selection and saving of millions of
OFDM symbols is not needed, but rather they can be generated
online, which makes the estimation more accurate. Note that
fast measurement or testing is more challenging than fast
simulation, since the receiver has to be considered as a black
box, thus the biasing of the signal statistics cannot be done at
an intermediate point of the system. Additionally, the receiver
should be operated under some specified conditions. Through
simulations and a new analytically derived SER result, we
show that the proposed method is accurate and can shorten
the measurement time by a factor up to 1000. Besides, the
method is flexible with respect to the specifications of the
OFDM receiver and can be adjusted to different standards and
properties.

This paper is organized as follows. Section II describes the
system model and notational issues. In Section III we derive
a new general expression of the SER, then we elaborate on
the fast measurement method using the IS technique in Section
IV. In Section V, the correctness and usefulness of the method
are shown through some simulation scenarios.

II. SYSTEM MODEL

We are particularly interested here in an industrial test envi-
ronment of mobile stations. This means that the transmitter is
an expensive equipment that has ideal characteristics. We also
consider a high SNR received signal, because the transmitter is
linked to the receiver by a cable. In that sense, we can assume
that the error due to clipping is dominant over the noise and
that there is neither frequency nor time selective transmission
channel. As a consequence, the clipping occurs only at the
receiver and the transmitted signal is considered ideal.

We define s[�] ∈ CN as the �-th transmitted OFDM symbol,
with its elements given by

sn[�] =
1√
N

N−1∑
k=0

ck[�]ej 2πnk/N , (1)

with ck[�] belonging to an M -QAM symbol constellation.
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Because the noise power is considered negligible, the received
vector is defined as r[�] ≈ s[�].

When the receiver operates under normal conditions, the
mean power of the received vector r[�] should be con-
stant. We assume here the mean power normalized to unity,

i.e. E
[
|rn[�]|2

]
≈

∑N−1
0 |rn[�]|2

N = 1.

Let us consider the hard clipping function g(•) 1. We define
the auxiliary variable an[�] = |rn[�]| and the hard clipping as

g (rn[�]) =

{
rn[�] if an[�] ≤ l,

lej θn,� else,
(2)

where θn,� is the phase of the received sample rn[�].
In our simulations, the clip level is defined by

l =

√
Psat

E [|rn[�]|2] =
√

Psat, (3)

where Psat is the maximum output power of the LNA at the
receiver.

III. ANALYTICAL SER COMPUTATION DUE TO CLIPPING

In this section, we deliver a theoretical analysis of the SER
caused by clipping in a multicarrier system. We assume by the
central limit theorem that the output of the OFDM modulator
is almost Gaussian distributed in real and imaginary part.
Contrary to [4] a discrete time system model is employed
which leads to more accurate results, as observed later from
the simulations.

Let E be the event that a symbol error occurs for a given
subcarrier and C be the event that at least one sample is
clipped in one OFDM symbol. Similar to [4], we distinguish
two cases. First, when the clip level is set quite low, then
many clipping events may occur within one OFDM symbol,
so that the additive white Gaussian noise assumption becomes
valid. The second case is when the clip level is set high
enough such that clipping is a rare event. It means that, very
probably, clipping occurs at most once every OFDM symbol.
Thus, clipping distortion can be modeled as additive impulsive
noise. The validity of the two models are discussed in the
simulation section. Herewith, a noise-free testbed channel is
assumed, although a generalization to noisy channels is quite
straightforward.

A. Additive Gaussian noise model

Under clip level l, the variance of the distortion error nor-
malized by the received signal power can be easily computed
as

σc
2 = e−l2 − l

√
π erfc (l) .

Then by the additive white noise model, we have [5]

Pr(E) = 1−
(

1 − 2
√

M − 1√
M

Q

(√
3

2(M − 1)σc
2

))2

. (4)

1The proposed approach can also be applied considering soft clipping.

where Q(y) = 1√
2π

∫∞
y

e−
u2
2 du.

Due to its simplicity, this model is commonly used in the
literature but may become very inaccurate for high clip levels.

B. Additive impulsive noise model

Now we assume that clipping is a rare event. In this case
the probability that exactly one clip event occur is almost the
same as the probability that at least one happens within an
OFDM symbol, and is obviously given by 2

Pr(C) = 1 − (1 − Pr(a2
n > l2))N . (5)

Then by the law of total probability, we have

Pr(E) = Pr(E|C) · Pr(C) + Pr(E|C̄) · Pr(C̄). (6)

where C̄ is the complement of C.
Both real and imaginary parts of rn are normal Gaussian

distributed, with mean zero-mean. Additionally, the amplitude
an =

√�(rn)2 + �(rn)2 follows a Chi-square distribution

fa(an) = 2an · e−a2
n , an > 0. (7)

Thus, the following probability density function of the
power samples pn = a2

n is exponential with unit mean

fp(pn) = e−pn , pn > 0. (8)

The clipped amplitude portion is εn = an − |g(rn)| and
follows the probability density function

fεn
(εn) =

{
2(εn + l)e(εn+l)2 for εn > 0
(1 − e−l2) · δ(εn) for εn = 0.

(9)

Therefore, the conditional probability density function of the
clipped amplitude portion given that clipping happens, is

fεn
(εn |εn > 0) = 2(εn + l)eεn(εn+2l). (10)

Afterwards, we evaluate the conditional rate of symbol error
due to clipping, which is required to compute the overall
symbol error probability.

For this we evaluate the effect of a clipped amplitude,
occurring at block position c, on the k-th subcarrier channel.
It is given by the DFT of the clipped portion of the amplitude
sample εc

Fk =
1√
N

εc cos(2πkc/N) + j
1√
N

εc sin(2πkc/N)

=
εc√
N

ej Θk = α + jβ, (11)

where Θk = 2πkc/N is uniform distributed over [0, 2π].
Since a square constellation of M points is used, each real

and imaginary component has
√

M levels, equally spaced and
separated by 2d,

d =

√
3

2 (M − 1)
, (12)

where the total power of each subcarrier is set to unity.

2For the sake of simplicity we will omit the index � and set without loss
of generality the received signal power to unity.
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Now we assume, for simplicity, that the real and imaginary
parts of the Fk are independent (which is not true in reality).
The probability that an error occurs in a constellation of M -
points is [5]

Pr(E) = 1−
(

1 − 2
√

M − 1√
M

· Pr(
√

Nα >
√

Nd)

)2

. (13)

Using the pdf in (10) of the complex clipping noise, we
derive the cumulative distribution of the in-phase noise α from
(11)

Pr(
√

Nα > x) =
∫ ∞

x

∫ arccos( x
α )

0

2(α + l)e−α(α+2l) 1
π

dθ dα

=
∫ ∞

x

2(α + l)e−α(α+2l) arccos( x
α )

π
dα.

(14)
This integral is not solvable in closed form. However the
arccos(·) function can be approximated in the interval [0, 1]
by a linear function, i.e. arccos(

x

α
) ≈ π

2
(1− x

α
). Furthermore,

for l � x, this can be approximated again by arccos(
x

α
) ≈

π

2
(1 − x

l + α
), and so

Pr(
√

Nα > x) ≈
∫ ∞

x

(1 − x

l + α
)(α + l)e−α(α+2l) dα

(15)

≈ erfc(l + x)
2 erfc(l)

,

where we used the approximation erfc(x) ≈ ex

x
√

π
for x > 1.

Now, plugging (12) and (15) into (13) yields the final result

Pr(E) = 1 −
⎛
⎝1 − 2

√
M − 1√

M
·
erfc(l +

√
3N

2(M−1) )

2 erfc(l)

⎞
⎠

2

.

(16)

IV. APPLICATION OF IMPORTANCE SAMPLING TO SER
MEASUREMENT

A. Importance Sampling (IS)

IS is a simulation technique which aims to reduce a cost
function, such as the variance of a given estimator. In our case,
to reduce the simulation runs of the SER measurement, we aim
to reduce the variance of the SER estimator. The main idea
is to simulate those input variables that have the most impact
on the estimating parameter. They will be more frequently
simulated than the others, so the variance of the estimator can
be reduced. Actually, IS consists in finding such a distribution,
which encourages these important values [2].

We denote E the set of error producing symbols due to
clipping, or simply error region. The estimator of the symbol
error probability PE for a MC simulation over K runs is

SERMC =
1
K

K∑
i=1

1E(xi), (17)

where 1E(x) is the indicator function of E defined as

1E(x) =

{
1, if x ∈ E

0, if x /∈ E.
(18)

The biased estimator over K̃ simulation runs applying IS is

SERIS =
1
K̃

K̃∑
i=1

1E(xi) · w(xi), (19)

with w(xi) defined as

w(xi) =
f(xi)
f∗(xi)

, (20)

where f(•) is the original distribution and f∗(•) is the biased
distribution. The weight function gives the relation between
the biased and the original distributions.

The theoretical optimal biased distribution f∗
opt can be

obtained when the probability of symbol error PE and the
error region E are known a priori, i.e.

f∗
opt(x) =

1E(x)f(x)
PE

.

Despite this exciting result, it is not practicable since PE is
the parameter to be estimated and 1E(x) is unknown [2].

Nevertheless, from f∗
opt(•) we can obtain the properties of

a practicable biased distribution. f∗(•) is so chosen that
• its support includes the support of the rare event, in our

case E.
• the higher probability regions of E are hit more often

during the simulation than the lower probability regions
of E.

B. Proposed approach

Applying IS means finding and generating a practicable
f∗(•) for the system. However, we are limited in this choice.
Since we estimated the SER of an OFDM symbol s, we
are confronted with the high dimensionality of the IS input
variable. This leads to a complex computation, generation and
evaluation of a high dimensional distribution. Consequently,
we first have to find a one dimensional parameter that effi-
ciently characterizes E due to clipping and make therefore the
generation of the biased input distribution easier. As follows
two parameters are investigated for the characterization of the
error region E.

The first parameter previously used in [3] is called Crest
Factor (CF) and is defined as

CF(s) = max
0≤n≤N−1

(|sn|). (21)

The second parameter is the variance of the signal power
(VP) over a single OFDM symbol about the mean and is given
by

VP(s) =
∑N−1

n=0 (|sn|2 − E[|sn|2)2
N

(22)

=
∑N−1

n=0 (|sn|2 − 1)2

N
.
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Figure 1. Example of two conditional parameter distributions for the
parameter VP, with N=1024, M = 64 and l = 2.

Both criteria were evaluated on their ability to distinguish be-
tween error producing and error free symbols. As an example
Fig. 1 depicts the distribution of the parameter VP conditioned
on the occurrence or not of an error event.

The Jensen-Shannon Divergence (JSD) [6] between the con-
ditional distributions p(CF(s)|E), p(CF(s)|Ē) and between
p(VP(s)|E), p(VP(s)|Ē) have been calculated to find out
which of them distinguished better E and Ē. It turned out that
the criteria VP maximizes this JSD distance and therefore the
search of f∗(•) has been based on that parameter.

We have to notice that the biased distribution f∗(•) must
have the properties listed in Section IV-A, i.e. the support of
f∗(•) has to include E and to favor the typical error set. Due to
the exponential nature of the signal power samples pn (at least
for high N ) and in order to increase the number of degrees
of freedom, a weighted sum of exponential distributions is
proposed as the biased distribution as follows

f∗
exp(pn) = ce−

pn
a + de−

pn
b . (23)

Besides the fact that f∗
exp(pn) must be a pdf, it also has to

possess some properties due to certain measurement specified
constraints. For instance, the expected value of the power has
to be fixed to unity. On the other hand, the expected value
of the variance of the signal power have to be increased to
a value that will be denoted as MVP > 1. In order to make
errors occur more frequently, this value also represents in fact
the stress-factor of the proposed measurement method.

Mathematically we have∫
f∗

exp(pn) dpd = 1,

E[(pn)] = 1,

E[E ((pn) − E[(pn)])2] = E[VP] = MVP > 1.

From those constraints we obtain the following identities

b =
1 + MV P − 2a

2(1 − a)
(24)

c =
1 − b

a(a − b)
(25)

d =
1 − a

b(b − a)
. (26)

The parameter a is a free variable that can be adjusted to fit
the conditional distribution of Frame Error Rate (FER) given
VP:

Pr(E |VP(s) ) =
p(VP(s) |E ) · Pr(E)

p(VP(s))
. (27)

To generate the symbols according to the chosen distribution
we proceed as follows. First, the power samples pn are gener-
ated from f∗

exp(pn). Secondly, the resulting amplitude samples
are randomly rotated and demodulated, then transformed with
the DFT. Finally, they can be transmitted.

Since it is not possible to find the exact distribution f∗(s)
which is needed for evaluating (20) and (19), we computed the
weight function by means of an estimated distribution of the
parameter VP. To this end the relevant parameter range is di-
vided into 100 sections. Then, in order to obtain an estimation
of the probability of occurrence of each section respectively for
the biased and unbiased distributions, a simulation of 1 million
OFDM symbols was carried out. The resulting histograms can
be further refined by using curve fitting. Further details are
omited due to the lack of space.

V. SIMULATIONS RESULTS

In order to evaluate the success of using IS in saving
simulation runs, we define the speed-up factor

GIS,MC =
var(SERIS)
var(SERMC)

. (28)

This gain corresponds to the reduction in the number of trials
needed to be performed using IS in order to reach the same
confidence as the MC simulation.

In the following simulation results we have employed a 64-
QAM alphabet and always transmitted 1000 OFDM symbols
on each run and a total of 100 runs.

As a first test of the IS method, an OFDM system with
N = 64 subcarriers was considered. In this case, the number
of symbols necessary to get reliable MC simulation results to
obtain the real SER is not so high, making it possible to be
used as a benchmark.

If we consider a clip level of l = 2 we get the following
simulated SER

SERMC = 1.703 · 10−3 (29)

SERIS = 1.696 · 10−3.

From the variances of the IS and MC estimators, we can
compute the speed-up factor as

GIS,MC =
var(SERIS)
var(SERMC)

(30)

= 4.4564 · 10−2

Increasing the clip level to l = 2.5 results in

SERMC = 2.125 · 10−5 (31)

SERIS = 1.0893 · 10−5.
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Figure 2. SER and Pr(E) using IS, MC and analytical computations for
N=64

The resulting speed-up factor is then

GIS,MC =
var(SERIS)
var(SERMC)

= 1.4674 · 10−3.

Fig. 2 shows the simulated and analytical results for the first
example with various values of clip level. The dashed lines
correspond to the analytical methods developed in Section III.
For receivers with high levels of nonlinearity, in other words,
with a low level of signal clipping, the impulsive noise method
sub-estimates the SER, while the AWGN models seems closer
to the MC simulation results. This happens because in this case
more than one sample of the OFDM symbol are affected by the
clipping, making the error similar to a Gaussian process. For
a higher level of signal clipping, the roles seem to change and
the AWGN model seems too optimistic while the impulsive
noise model is closer to the MC simulation results. Besides
that, it is important to note the similarity between the MC and
the IS simulations.

As a second example we have employed the IS method
in an OFDM system with parameters closer to the WiMAX
standard. In this case the OFDM symbol had N = 1024
samples.

For a clip level l = 2 we get

SERMC = 9.8535 · 10−6 (32)

SERIS = 9.2974 · 10−6.

The speed up factor is then

GIS,MC =
var(SERIS)
var(SERMC)

= 4.8609 · 10−2.

Fig. 3 shows the IS simulated result and the analytical SER
using the AWGN model for various values of clip level. It can
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Figure 3. SER and Pr(E) using IS and analytical computation for N=1024

be observed that for a higher number of subcarriers the AWGN
model approximates more to the simulated result, because
more peaks are clipped and the effect is similar to an additive
noise.

VI. CONCLUSIONS

A new method based on importance sampling is presented
for efficient simulation and/or measurement of OFDM re-
ceivers with high number of subcarriers and under nonlinear
distortion. With an appropriate biased distribution the runtime
speed-up is in the order of 1000. The generation of this dis-
tribution was based on an intermediate variable to reduce the
dimensional complexity. The proposed method also provides
accurate estimates in the low SER regime. Contrary to [3] a
prior pre-selection, classification and saving of inputs symbols
is no more necessary. The method is also independent of
the specifications of the OFDM receiver and can be adjusted
to different standards and properties, like the number of
subcarriers in OFDM and the modulation scheme, and even
can be used for coded transmission.
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