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1 | INTRODUCTION

H. Briesen

Abstract

Various examples show that stratified columns can improve the transport perfor-
mance of particle packings. However, to date, there is no universal strategy to design
these packings to yield optimal performance. This study proposes a model-based
approach for designing particle packings in which mass transfer occurs between a lig-
uid phase and a stationary phase using optimal control theory. The primary objective
is to provide a general design strategy that is applicable across different unit opera-
tions in chemical, pharmaceutical, and food applications. Optimal control is utilized to
determine the optimal particle diameter as a function of the axial position within the
column. We demonstrate the approach using two case studies and three different
optimization criteria. Numerical results indicate that the proposed method is highly
effective, for example, the solvent demand is reduced by up to 32.47%. Moreover,
the optimally graded packing yields a significantly sharper breakthrough curve of an

adsorption column.

KEYWORDS
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were achieved with decreasing particle diameters in the axial direc-

tion. Naidu and Mathews® obtained sharper breakthrough curves

Diffusive mass transfer between a stationary phase and a liquid phase,
as well as various adsorption processes, exist in many different

industries, including the pharmaceutical, chemical, and food

industries. Chromatographic separation processes,®?

3-5 6,7

adsorption

columns, coffee extraction,”” and porous media Washing8 are
exemplary applications. These processes typically involve homoge-
neous packings with a constant mean particle diameter along the
axial direction.

Several studies show that packings with a gradient of the particle
diameter could have beneficial properties. Pota and Mathews’ passed
a flow through a stratified fixed bed adsorber in both directions and

found that the breakthrough curves were not identical. Better results

using stratified adsorption columns for the separation of bioproduced
acetic acid. Li and Liapis*! investigated layered adsorption columns
and concluded that decreasing particle diameters in the axial direction
lead to longer breakthrough times, and, thus, could be particularly
advantageous for high flow rates. Sze and McKay'? mitigated para-
chlorophenol through stratified activated carbon adsorption columns.
Hernandez-Hernandez et al.'® found that stratified adsorption col-
umns have better breakthrough parameters than conventional packed
beds for the binary adsorption of heavy metals. Bruttini and Liapis'*
accelerated the drying rates of a freeze-drying system using stratified
packings. Besides these observational studies, only a few studies have

considered the actual stratification design. Salloum and Robinson®
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optimized the flow through porous particle packings by spatially vary-
ing the permeability. Georgiadis and Kostoglou® developed multilami-
nated polymer matrix devices using optimal control to enable
controlled drug release. Kuhn et al.'” addressed the methodological
gap in depth filtration by designing layered depth filters using optimal
control theory. Kuhn and Briesen'® applied the same methodology to
the axial resistance profile of submerged hollow membranes. In addi-
tion to the beneficial properties of stratified columns, 3D printing has
increased the possibilities of manufacturing such packings, allowing
enhanced freedom of design.t?2!

Various approaches can be used to model the transport processes

22-24

in porous beds. Typically, continuum models or discrete

pore-scale models?>?¢

are used. The optimal design strategy requires
reasonable computational effort, so we opt for the 1D transport dis-
persive model at the continuum level. Our approach addresses trans-
port processes in porous media, where diffusive mass transfer
between the pore phase and the fluid phase is the rate-limiting
step. Additionally, molecules adsorb onto the surfaces of the
porous stationary phase. We consider the two mass transfer cases
separately: mass transfer from the stationary phase into the fluid
phase (Case A) and mass transfer from the fluid phase into the sta-
tionary phase (Case B). For both cases, various applications exist.
Examples of Case A are washing of porous media, such as filter
cake washing, coffee extraction, or removing impurities in porous
solids.®®2728 |n Case B, the mass transfer occurs in the opposite
direction. Initially, an unloaded stationary phase is flowed by a fluid
phase containing a target component to load the solid phase with
this target component or to remove the target component from the
liquid phase.??-31

The approach presented has a high degree of generality from uti-
lizing the classical continuum approach combined with established
constitutive relationships. Furthermore, well-established parametriza-
tion strategies are available. Though no experimental data is investi-
gated here, the used model and correlations are already widely
validated and frequently used to describe transport processes in
porous media. Instead, we present a model-based approach using
optimal control for designing columns with a particle diameter as a
function of the axial variable.

2 | CASESTUDIES

We demonstrate our methodology using two case studies A and B
combined with three optimization criteria corresponding to three
objective functionals J1, J,, and J3. In both cases, we consider a fluid
phase flowing through a porous stationary phase and examine the
mass transfer of a target component in the fluid and between the fluid
phase and the solid phase. Consequently, the transport phenomena
we investigate are convection, dispersion, molecular diffusion, and
adsorption. The transfer of our approach to other applications with
similar transport processes such as chromatographic separation

should be straightforward.

21 | Case A: Solid-liquid extraction

In Case A, the mass transfer from the solid phase into the liquid phase
is optimized. The stationary phase is initially loaded with a target com-
ponent, and a solvent extracts such component into the liquid phase
(Figure 1, left). The blue color scale illustrates the concentration in
the porous particles of the stationary phase. The darker the blue, the
higher the corresponding concentration. At time t=0, the mobile
phase is filled with an inert fluid into which the target component
does not diffuse. Extraction from the stationary phase only occurs
when it gets into contact with the solvent (Figure 1, middle). The mol-
ecules of the target component desorb from the solid surfaces into
the pore phase of the porous particles and diffuse into the mobile
phase. At entry, the column is flowed through with pure solvent. Con-
sequently, a phase boundary between the inert phase and the solvent
phase must be implemented, which passes through the packing at the
beginning of the process. At finite time t =t¢"?, the process is finished.
The decreasing concentration difference between the mobile phase
and the stationary phase in axial direction z, results in an inhomoge-
neous washing for a packing with constant particle diameter (Figure 1,
right).

2.2 | Case B: Adsorption columns

In Case B, we examine the scenario of opposite mass transfer, which
involves the diffusion and adsorption of a target component into a
porous stationary phase. Specifically, we consider a system where
the target component is initially not present in the mobile phase or in
the stationary phase (Figure 2, left). At entry, the target component is
dissolved in the fluid inlet stream. As the mobile phase passes through
the packing, the molecules of the target component diffuse into the
porous particles and adsorb onto the surfaces of the solid phase
(Figure 2, middle). As in Case A, for a homogeneous packing with con-
stant particle diameter, an inhomogeneous loading of the stationary
phase is obtained if the process is terminated at finite time t=te"
(Figure 2, right).

3 | MODEL-BASED APPROACH

3.1 | Modeling

To design graded particle columns using optimal control theory, a
mathematical model must represent the relevant physical phenomena
of Case A and B. As both cases reflect the same physical phenomena,
their distinction is done only via the boundary conditions and initial
conditions in Section 3.2. First, a mass balance of the target compo-
nent in the mobile phase and the stationary phase is formulated. The
transport dispersive model is used to describe the mass transfer in
porous particle packings assuming an isothermal process. For detailed

information regarding the transport dispersive model, the reader is
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FIGURE 1 InCaseAatt=0,the t=0
porous particles contain the target

component. Through flushing the packing Inlet
with the solvent, the target component

desorbs into the pore phase and diffuses

into the mobile phase.

Outlet

FIGURE 2 InCaseBatt=0,the t=0
target component is neither present in the
stationary phase nor the mobile phase. Inlet
Through flushing the packing with an inlet

stream containing the target component,

the target component diffuses into the

pore phase and adsorbs onto the surfaces

of the porous particles.

Outlet

|32

referred to, for example, Schmidt-Traub et al.”>* The model comprises

the mass balance of the target compound in the fluid phase:

dc v dc d%c 1—¢ dCstat
Gt e PegpT o o 1)

c is the fluid phase concentration of the target component; ¢ is the
bed porosity; t is the time variable; z is the axial variable; D,y is the
axial dispersion coefficient; ¢4 is the stationary phase concentration
of the target component; v is the superficial velocity. Additionally, a
second mass balance is formulated for the domain of the porous sta-
tionary phase cgqt, Which changes only due to diffusive mass transfer
between the pore phase and the liquid phase. Since the stationary
phase consists of porous particles, the stationary phase comprises the
pore phase and the solid phase.

Jc 6
o —ker(c=co) g, 2

ke is the effective mass transfer coefficient; ¢, is the concentration
of the target compound in the liquid pore particle phase; d, is the par-
ticle diameter. The driving force of mass transfer is the concentration
difference between the liquid phase and the pore phase (c —c;). The
diffusive mass transfer across the liquid boundary layer and the intra-

particle diffusive mass transfer are considered to be rate-limiting.
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Extraction t =tend

Inlet Inlet

v

Outlet Outlet

Loading t = tend

Inlet
z
v

Outlet Outlet

Inlet

The effective mass transfer coefficient ke combines these two
effects. All parameters must be formulated as a function of the par-
ticle diameter d, to implement the optimal control problem. For the
description of the film mass transfer coefficient kgm, the correlation
according to Wilson and Geankoplis,® and for the pore mass transfer
coefficient kyore, the correlation according to Mackie and Meares®*

are used:
1 1

1
- - 4 , 3
keff kr‘iIm kpore ( )

L 109D, (v-d,,>°'33 @
film=—"——7 |~ ,
e dp \ Dm
10 &
Kpore =— ——2——D, (5)
pore dp (276‘,)2 m

&p is the inner-particle porosity; Dy, is the molecular diffusion coeffi-
cient in the liquid phase. In addition to intra-particle diffusion, the
molecules adsorb and desorb onto the porous particle surfaces. As
common in many processes, adsorption and desorption rates are
assumed to be significantly faster than diffusive phenomena.® There-
fore, the equilibrium between the solid phase and the pore phase is
instantaneously present and is described through the Langmuir

adsorption isotherm:
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a-c

cs= ,
* " 1+b-c

(6)

¢s is the concentration in the solid phase of the particles; a and b are
parameters of the Langmuir adsorption isotherm. A closing condition
between the concentrations within the stationary phase is finally for-
mulated, connecting the concentrations in the pore space ¢, the solid
phase c;, and the overall stationary phase domain cg,t via the particle

porosity &,:
Cstat =€p - Cp + (1 —&p)Cs. (7)

Besides the mass transfer between the stationary phase and the
liquid phase and convection, molecular diffusion and axial dispersion
occur in the liquid phase. These two effects are summarized by the
axial dispersion coefficient D, (Equation 8), which is estimated
according to the correlation of Chung and Wen.*® The pressure drop
Ap across a particle packing is determined using the integrated form

of a localized Kozeny-Carman Equation (9)3¢°%7:

v-d
Dox = o ®8)
0.2+0.011(*%2)
A JLk A=e)nv, 9)
P o 03 2%

p is the density of the fluid; 5 is the dynamic viscosity of the fluid; ko
is an unknown factor depending on the structure of the packed bed; L
is the length of the column.

Since the main objective of this article is to develop a general method,
we use a non-dimensionalized form of the model. The non-
dimensionalized model also provides advantages in numerical optimization
due to the implicit scaling. The detailed derivation of the non-dimensional

model in Equations (10)-(16) is given in the Supplementary Material.

ge_ ok 1 9% 1-edba (10)
ot oz Bo(&,,) 9?2 e at’

ac =\ . s
;Zt_at:Stmod (dp)(cfcp)y (11)
. ag
“T11b-¢, (12)
Cstat =¢€p - Cp+ (1 —&p)Cs, (13)
1
Ap:J 712dz, (14)
od
14
~ -048
- _02+b-d
Bo(d,) —a . (15)

Stioa (0 ) = =757 (16)

Bo is the Bodenstein number; St,,.q4 is the modified Stanton number;
¢ is the basis concentration; @,b,¢,d and & are the non-dimensional
model parameters (Supplementary Material). Note the many depen-
dencies of Equations (15) and (16) on the particle size El,,. In homoge-
neous packings, these values would be fixed. And of course, the
performance depends on that fixed particle size a,,. However, here we
are explicitly searching for a stratified column with a spatially depen-
dent particle size d,(Z) to optimize process performance.

3.2 | Initial conditions and boundary conditions
3.2.1 | Initial conditions and boundary conditions
for Case A

In order to model Case A, the initial and boundary conditions need to
be defined. As mentioned in Section 2.1, the target component is in
the stationary phase at the beginning, and the column is flushed with
pure solvent. The outlet of the column is implemented as a constant
flux. Mathematically formulated, the initial conditions in Equations (17)
and (18) and the boundary conditions in Equations (19) and (20) are
obtained:

¢(f=02)=0V ze[0,1], (17)
Eat(f=02)=1 v z€[0,1], (18)
¢(£2=0) =0, (19)
ge(tz=1)
=0 (20)

322 |
for Case B

Initial conditions and boundary conditions

In Case B, at t=0, the target component is neither in the mobile
phase nor the stationary phase. Instead, an inlet stream where the tar-
get component is dissolved flows through the column (Section 2.2).
Mathematically, the initial conditions are given in Equations (21) and
(22), and the boundary conditions in Equations (23) and (24).

¢(t=0,2)=0 v ze[0,1], (21)
Eat(f=0,2)=0 v z€(0,1], (22)

¢(tz=0)=1, (23)
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TABLE 1 Numerical parameters for objectives J; and J, for both TABLE 2 Numerical parameters for objective J; for Case B.
Case A and Case B.
Parameter Value
Parameter Value i 352.05
a 11,905 b 7.978 x 1073
b 2.985x10°* ¢ 403.385
¢ 12,600 d 4.044x 102
d 1.346x 107 5 5.402 x 10-3
¢ 26x10°° a 209.41
a 10 b 0.53
b 0.009
c 177 )
0
c 100 [gﬂ . L
d, 1.3x 107 [m]
dgl 1x107* [m] o o1
amm 0.3
b amax 1
~ P
d:ax 1 zend 15
t
(o 4 o 4.522
p .
Cotor 0.3/1.4 1 -2 3 -4 -5 0.705;0.593;0.498;0.419;0.352
p'dp'dp’dp’dp
pmax 2.367
layers has the same pressure drop Ap as the optimal column. Table 2
ac (f,i = 1) 0 o4 shows all relevant model parameters for objective functional J3.
3.3 | Optimization criteria
3.2.3 | Choice of parameters
3.3.1 | Maximize mass transfer

For the optimization problems corresponding to the functionals J;
andJ, (to be defined in Section 3.3), the same values of the model
parameter are chosen for Case A and Case B (see Section 2). This case
study is not based on any particular experiment, but is a theoretical
consideration of various possible applications. Nevertheless, all
parameters are chosen in a realistic range (Table 1). Furthermore, the
ratio between convection and diffusive mass transport is decisive for
objectives J; andJ,, which is proportional to the volumetric flow rate
and, thus, can be controlled.

For the optimization of the objective functional J3, we only con-
sider Case B and are guided by the paper by Naidu and Mathews.'°
There, a significantly sharper breakthrough curve was achieved by strati-
fying an adsorption column with activated carbon for the separation of
bioproduced acetic acid. We use the same material parameters in this
work. However, the model and the correlations used in Naidu and Math-
ews?© differ from those in our proposed method. Naidu and Mathews®
created a stratified packing consisting of five distinct layers. The mean
particle diameters of the individual layers decreased in the axial direction.
This stratified column is the benchmark for the resulting optimal profile of
the particle diameter EI,,. a: — 32 are the mean particle diameters of the
five layers from Naidu and Mathews.'® We obtain as an optimal solu-
tion a function of the particle diameter d, of the axial variable z. We
approximate this optimal function with a constant piecewise function

to determine five optimal layers. The column consisting of those five

Optimization criteria for optimal control problems are formulated in
terms of functionals. The first objective functional considered is the
maximum mass transfer J;. In Case A, examples of objective J; are
solid-liquid extraction processes such as espresso preparation. The
goal is to extract the maximum of a target component from a given
amount of ground coffee. In Case B, a possible application of the
objective functional J; is the removal of a target component from a
liquid phase. The minimum amount of the target component should
leave the column at the outlet. Therefore, at a maximum mass trans-
fer, the time integration of the breakthrough concentration 6(?,2: 1)
becomes maximal in Case A or minimal in Case B if a constant superfi-
cial velocity is considered. Without formulating a constraint, the opti-
mizer would deliver a homogeneous packing with minimum particle
diameter d, to maximize surface area over the entire axial position z
as a solution. However, such packing would be associated with a huge
pressure drop Ap. For this reason, a maximum allowable pressure drop
Ap™ over the column is formulated as a constraint. Moreover, we
define a minimal particle diameter H;"in and a maximal particle diame-
ter El;nax, which would reflect natural limitations on available particle
sizes dp:

cend

t

min J; = i[ é(z=1)dk, (25)

Jo
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s.t. Equations (10) - (16), (26)
AP < AP™, (27)
dy2d)" v 2€[0,1], (28)
dy<d, ¥ ze[0,1]. (29)

3.3.2 | Minimize solvent demand

The second objective functional is the minimum solvent demand J,.
Objective J, for Case A represents the removal of impurities in a sta-
tionary phase by flushing the column with a solvent. Considering the
objective functional J, for Case B is a theoretical case study with no
direct application. The process is finished if the concentration in the

stationary phase falls below (Case A) or exceeds (Case B) a defined

tar

target concentration g

along the entire axial position z. The solvent
demand Vsgpent is minimized until the process ends. Since the volu-
metric flow rate, bed porosity e, and inner column diameter are con-
stant, the solvent demand is proportional to the time needed to reach
the target concentration in the stationary phase: Vsolvent o<fe"d. Similar

as for objective J;, the maximum pressure drop Ap™™

again is formu-

lated as a constraint because a homogeneous packing with minimum
. . ~min . .. . .

particle diameter d,” would again be the trivial optimal solution for

unconstrained pressure drop Ap:

min J2 = Vsovents (30)

s.t. Equations (10) - (16), (31)

Ap £ Ap™, (32)

dyzd)" v 2€[0,1], (33)
dosd,” vV ze[0,1], (34)

s (E=172) s 285, ¥ 2 [0,1], (35)

3.3.3 | Sharp breakthrough curve

For the final objective J3, we consider only Case B. The breakthrough
curve of an ideal adsorption column would elute exactly like the inlet
concentration profile, only delayed due to the diffusive mass transfer

and adsorption processes. Accordingly, the theoretically ideal sharp

breakthrough curve &' would have a vertical edge in Case B
(Figure 8). The objective J3 aims to minimize the difference between
the breakthrough curve of the optimal packing and the theoretically
ideal breakthrough curve &', Note that this theoretically ideal sharp
breakthrough curve & cannot be reached in reality and in the used
model due to non-ideal effects such as molecular diffusion, axial dis-
persion, and mass transfer between the stationary phase and the lig-
uid phase. The assessment of the remaining deviation from that ideal
state is done by evaluating the L,-norm of the difference function in
the time domain. Again, the maximum pressure drop Ap™ is used as
a constraint to achieve comparability between the optimal column
and the homogeneous column:

min J :J: {E(E,Z: 1) —65”“"’}2&, (36)
s.t. Equations (10) - (16), (37)

Ap s AP™, (38)

dpy2d)" v 2€[0,1], (39)
dosd,” v ze[0,1]. (40)

3.4 | Numerical solution

The two coupled partial differential equations (PDEs) in Equations (10)
and (11) are solved using the method of lines. First, the spatial direc-
tion is discretized using 200 equidistantly distributed discretization
points. Then, first-order partial derivatives are approximated using a
five-point upwind scheme, and second-order partial derivatives are
approximated using a three-point central scheme. The Van Leer flux
limiter is implemented to prevent oscillations in areas of steep moving
fronts.®® In our model, a steep moving front exists in Case A at the
phase boundary between the solvent phase and the inert phase, and
in Case B the moving solute front. Finally, the resulting system of ordi-
nary equations (ODEs) is solved with the implicit time integration
scheme odel5s in MATLAB (Version R2023a, supplier: The Math-
Works, Natick, Massachusetts).

We use an optimal control approach to find an optimal continu-
ous function of the particle diameter rather than optimal discrete
layers as in standard optimization techniques. The optimal control
problem is reduced to a conventional optimization problem by com-
bining control parametrization with a direct-single-shooting
method.>®3% In Figure 3, the blue line is the optimal function of the
particle diameter 8p. This function is naturally not known in optimal
control problems. First, the particle diameter 8,, is assumed to be a lin-
ear function of the axial variable z. Therefore, the particle diameters

EI,, at the inlet and outlet are optimally determined with all diameters
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FIGURE 3
direct-single-shooting method.8%?

at each axial discretization point linearly interpolated between those
two points (Figure 3, left). In the second iteration, a third control point
is added in the middle of the two points of the first iteration. The three
control variables are again determined optimally with continuous infor-
mation along the axis z being linearly interpolated between the points
(Figure 3, middle). Before each iteration, the control variables are ini-
tialized with the values of the previous iteration to increase speed and
robustness of the optimization algorithm. With each iteration, one
point is added between every two points. Using this successive refine-
ment strategy, theoretically any continuous function can be approxi-
mated, including strongly non-linear functions, if enough iterations are
performed (Figure 3, right).2”3? In this work, a total of five iterations
and thus 17 points are used to obtain the optimal function of the par-
ticle diameter a,,. fmincon, a numerical gradient-based solver in

MATLAB, is used to solve the optimization problems.

4 | RESULTS AND DISCUSSION

41 | Maximize mass transfer

First, we investigate the results for maximizing the mass transfer J;.
For both Case A and Case B, the optimal solution is actually a homo-
geneous packing with constant particle diameter a,, as shown in Fig-
ure 4. The optimal control formulation cannot achieve any particular
improvement. The constant particle diameter a,, maximizes the spe-
cific surface area and intra-particle diffusion rates over the complete
column if the pressure drop Ap is formulated as a constraint (Table 3).
Thus, the homogeneous column maximizes the overall diffusive mass
transfer between the liquid phase and the stationary phase. In this
case, particles are washed out (Case A) or loaded (Case B) faster at
the column's inlet than at the column's outlet since the concentration
difference between the mobile phase and the stationary phase
decreases in the axial direction Z (Figure 4). Note that it may be possi-
ble to achieve minor improvements in other parameter ranges. We
have focused on a realistic range for the model parameters in which
the homogeneous packing is optimal. While not providing a particu-
larly exciting solution, these cases still show that the overall strategy

also retrieves the potentially simple solutions.

04

Axial position z [-]
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lllustration of the numerical solution strategy to solve the optimal control problems by combining control parametrization with a

-
10 T T T T l/l\?
- d,forCase AandB [120%
X P g

‘N - =Cua(t=1""2)Case A|| I
_08F S - =Cu(t = 1", 2) Case B =
L '~ 116
S N - 2
(2]
S ~ . (“
B o6l ~ 2
: - =
~ = >
S e {12 8
S ‘. 12 G
© 04} i -g
S S IS
£ . [%2]
D(? S . £

_dos8
02}k cmm==—"" .5
se===""" °
S £
Lo--" 8
0.0 1 1 L L 04 c
0.0 02 04 06 0.8 10§

Axial position z [—]

FIGURE 4 Resulting optimal particle diameter a,, for objective J;
for Case A and Case B and the concentration in the stationary phase
at the end of the process cs, over the axial position z.

TABLE 3 Averaged modified Stanton number St,,,4 over the
complete column and the solvent demand VSolvent for the
homogeneous packing (optimal for J;) and the two optimal profiles ap
(optimal for Case A and Case B for J,).

PaCking Stmod VSDIvent
Optimal d, for J 0.77086 1
Case A and Case B
Optimal dj, for J 0.77063 0.7541
Case A
Optimal dj, for J 0.77057 0.6753
Case B

4.2 | Minimize solvent demand

The second objective J, aims to minimize the solvent demand Vsonent
until the concentration in the stationary phase falls below (Case A) or

~tar

reaches (Case B) the defined target concentration cg, at every axial

position z. The resulting optimal particle diameters 8p as functions of
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FIGURE 6 Resulting optimal particle diameter a,, for objective J,
for Case B and the concentration in the stationary phase at the end of
the process Csqt Over the axial position z.

the axial position Z are illustrated in Figure 5 for Case A and in
Figure 6 for Case B. The mass transfer is homogenized in both cases
as the particle diameter a,, decreases along the axial position z. The
decreasing concentration difference in the axial direction zZ between
the mobile phase and the pore phase is compensated by the increas-
ing specific surface area and the faster intra-particle diffusion of the
smaller particles. This results in a homogeneous washing (Case A,
Figure 5) or loading (Case B, Figure 6), and, thus, the target concentra-
tion ¢ is reached simultaneously along the column in axial direction
Z at the end of the process .

In Table 3, the average modified Stanton number St,,,4 over the

axial position z and the solvent demand Vsyyen: are shown for the

homogeneous packing (optimal for J1) and the two optimal profiles of
a,, (optimal for J5). The modified Stanton number St,,,4 relates convec-
tion and diffusive transport between the liquid phase and the pore
phase. The higher the modified Stanton number St,,4, the higher the
diffusive mass transfer between liquid and pore phases in relation to
convection. The homogeneous column has a slightly higher averaged
modified Stanton number St;,,q compared to the stratified packings.
For this reason, the overall mass transfer is maximized, and the homo-
geneous packing is optimal for objective J;. However, the averaged
modified Stanton number St;,,q is only minimally lower for the two
packings with gradients of particle diameter a,, and, thus, the overall
mass transfer is only slightly lower. If the homogeneous packing is
used, the mass transfer between the liquid phase and the stationary
phase is faster at the inlet of the column and decreases along the axial
position Z due to the decreasing concentration difference. The result
is an inhomogeneous washing/loading of the solid phase (Figure 4).
Since the optimally stratified packing allows this homogeneous mass
transfer with only a slightly lower overall modified Stanton number
Stmod and thus only slightly lower overall mass transfer, significantly
less solvent is needed to reach the target concentration ¢, along the
entire column in axial direction z (Table 3). In Case A, a reduction in
solvent demand Vioyen: Of 24.59% compared to the homogeneous
packing is achieved. In Case B, the optimal packing reduces the sol-
vent demand Viopent by 32.47% (Table 3).

It is important to mention that the perfect homogeneous washing
(Case A) or loading (Case B) as illustrated in Figures 5 and 6 is only
possible if convection and diffusive mass transfer between the liquid
phase and the solid phase are in a certain ratio. The modified Stanton
number St,,q expresses this ratio. For a modified Stanton number of
approximately Stp.q > 1.5, homogeneous mass transfer is no longer
possible. In this case, the particles at the inlet are washed out/loaded
faster than the particles at the outlet, despite reaching the maximum
particle diameter a;“’* at the inlet and the minimal particle diameter
a;"‘“ at the outlet. Nevertheless, a reduction in the solvent demand
Vsolvent Can still be achieved for Styeq > 1.5. If the convection is so low
that the concentration between the liquid phase and the stationary
phase reaches equilibrium at any time and at any point of the column,
a gradient of the particle diameter a,, achieves no improvement of
objective J,.

4.3 | Sharp breakthrough curve
The final objective J; aims to reach the sharpest breakthrough
curve at the outlet of an adsorption column (Case B) as possible. The
profile of the particle diameter a,, in axial direction Z is displayed in
Figure 7 for the homogeneous packing, the five layers by Naidu and
Mathews,° the optimal solution for J;, and the optimal five layers.
Additionally, Figure 8 shows the breakthrough concentrations
E(E,Z: 1) of these four packings and the theoretically optimal sharp
curve.

The breakthrough concentration 6(5,2:1) of the homogeneous
packing has the broadest shape (Figure 8). Using a stratified packing,
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FIGURE 7 Particle diameter d, as a function of the axial position
z for objective J3 for Case B for the homogeneous column, the five
layers by Naidu and Mathews,*C the optimal profile, and the optimal
five layers.
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FIGURE 8 Model predicted breakthrough curves of the
homogeneous column, the five layers by Naidu and Mathews,° the
optimal profile, the optimal five layers, and the theoretically perfect
sharp curve.

Naidu and Mathews® achieved a significantly sharper breakthrough
curve than the homogeneous column. The comparison of the
predictions of the used model in this work and the experimentally
obtained data of Naidu and Mathews'® are included in the
Supplementary Material. Qualitatively, the model predictions and
the experimental data are in sufficient agreement. In our model, the
five layers by Naidu and Mathews!® achieve a significantly sharper
breakthrough curve (Figure 8). The deviation in terms of the L,-norm
of the difference functions is 42.04% lower than the deviation of the

homogeneous packing with equal pressure drop Ap (Table 4). Using

diameter 3,, has a more significant gradient along the axial direction z
and a decreasing slope. The breakthrough concentration E(E,Z: 1) of
the optimal packing is the closest to the theoretically optimal sharp
curve (Figure 8) and reduces the distance by 80.34% compared to the
homogeneous packing (Table 4). The optimal five layers improve
the sharpness of the breakthrough curve by 62.56% compared to the
homogeneous column (Table 4). Consequently, using the optimal con-
trol algorithm, five optimal layers can be determined. This significantly
improves the sharpness of the breakthrough curve compared to the
layers used in Naidu and Mathews'® (Figure 8).

Whether stratification reaches improved process performance
depends on various factors. For this reason, the methodology pre-
sented in this article is particularly valuable to identify whether a
stratified packing can provide advantages. If that is the case, optimal
profiles of the particle diameter ap in the axial direction z using opti-
mal control can be determined.

5 | CONCLUSION

In this article, we presented a model-based strategy to design strati-
fied particle packings with varying particle diameter along the axial
direction using optimal control. The method was illustrated for the
mass transfer from the stationary phase into the liquid phase (Case A)
and the mass transfer into the stationary phase from the liquid phase
(Case B). An example of Case A is the removal of impurities through
washing with a solvent or coffee extraction, and an example of Case B
is an adsorption column. Three objective functionals, namely the max-
imal mass transfer J1, the minimal solvent demand J,, and the sharp-
ness of the breakthrough curve J; of Case B were investigated. The
method effectively optimized mass transfer by determining optimal
profiles of the particle diameter as a function of the axial position.
Homogeneous packings are optimal for maximizing overall mass trans-
fer. Optimal particle diameter profiles were determined using optimal
control to enable homogeneous washing (Case A) or homogeneous
loading (Case B). Furthermore, columns with axial gradients of the par-
ticle diameter achieved significant savings in solvent demand (up to
32.47%) during washing/loading to a defined target concentration in
the stationary phase. In addition, the sharpness of the breakthrough
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curve of an adsorption column was improved by 80.34% compared to
a homogeneous packing. Moreover, our method can potentially
improve the design of stratified particle packings with any varying
property in spatial direction for various applications.

Methodologically, future work could include advancing the model
to a 2D model by resolving the radial concentration within the porous
particles and coupling it with model reduction methods such as proper
orthogonal decomposition.*® Especially for larger particles and slower
intra-particle mass transfer, this could increase the model accuracy. A
multiscale approach could be considered to describe transport phe-
nomena on a micro-scale level.?® Naturally, experimental validation of
enabling homogeneous mass transfer by stratified particle packings
and, thus, reducing the solvent demand to reach a target concentra-
tion in the solid phase is highly desirable. The local variation of the
concentration in the stationary phase in the axial direction could, for
example, be investigated by x-ray micro-computed tomography.**

We are convinced that methods like those presented in this con-
tribution will become increasingly important. Various examples of
stratified packings have already been shown to have beneficial prop-
erties.?11-1417:18234243 Mo del-based methods are ideally suited to

make optimal use of those benefits.
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