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Featured Application: The developed methods can be used in aircraft configuration design and
optimization along with controller design. The main application is requirements-based propulsive
control sizing for multirotor and distributed electric propulsion aircraft configurations.

Abstract: Attainable moment sets (AMS) are a powerful method to assess aircraft controllability.
However, as attainable moment sets only take into account the achievable moment set of the control
effectors, they do not assess the required moment set to fulfill the aircraft mission requirements.
This paper proposes to calculate a corresponding required moment set (RMS) which defines a set of
moments sufficient for fulfilling aircraft controllability requirements in the mission flight envelope.
The paper applies the required moment set approach to a nonlinear simulation model of an electric
vertical take off vehicle (eVTOL) transition drone in hover. By comparing the required moment set to
the AMS of the aircraft model, moment set margins are derived and used to assess the controllability
of the considered aircraft. The results indicate that the combined evaluation directly identifies
critical moment channels and margins, which is advantageous when compared to a pure AMS-based
evaluation. The proposed approach enables the execution of simulation-based assessments in aircraft
design and flight control development. In the early stages of aircraft design, required moment sets
can support sizing, positioning and tilting of control effectors (e.g., propulsive elements) to fit the
AMS to the actual required force and moment set for the specific system.

Keywords: controllability; eVTOL; attainable moment set

1. Introduction

Recently, multirotor configurations have become popular, especially in urban air
mobility applications [1]. A very common method to assess the controllability of these
multirotor aircraft is the so-called attainable moment set (AMS), which is defined as the set
of maximum moments that an aircraft can reach by using the full control authority [2,3].
The initial work on the concept of the AMS was motivated from a control allocation
background [2,3] and the method was derived for linear systems. A method which enables
the applicability to nonlinear systems was investigated in [4]. A more novel trim and
optimization-based method for calculating a nonlinear AMS was developed in [5]. After
the AMS is calculated, a very important question is also how to judge the controllability of
the given AMS. The work in [6] proposes AMS shape criteria to make judgments about
the controllability.

A disadvantage of these AMS-based controllability assessments is that they do not take
into account what forces/moments are required to fulfill the aircraft mission requirements
within the desired envelope. Especially for transition capable multicopter configurations
that are also supposed to obtain wingborne flight, the aerodynamic effective surfaces
can cause high disturbance moments in hover mode which should be considered when
evaluating the controllability via an AMS.
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For this reason, this paper proposes to evaluate a required moment set (RMS), which is
a set containing the worst case required moments that need to be covered by the attainable
moments in order for the aircraft to fulfill controllability requirements. Consequently, the
RMS defines a minimum required AMS which can be used to assess and even to optimize
the actual AMS of the vehicle, e.g., by tilting propulsive elements or sizing propulsive units.

The main objective of this paper is to present methods to obtain a measure of con-
trollability based on attainable and required control sets. As the AMS has already been
studied thoroughly in current literature, this work’s objective is to mainly focus on the
RMS and to allow a direct comparison of AMS and RMS. As the proposed methods shall
be applicable already in early stages of aircraft design, the used methods shall rely only on
aircraft simulation models. Another very important objective is the traceability of RMS
subsets, i.e., to be able to distinguish between different parts of the RMS, e.g., parts to
obtain angular accelerations and parts to trim against aerodynamic disturbances.

After this introduction, the paper focuses on the methods used to achieve above
mentioned objectives. In a first step, the RMS is split up conceptually in different required
parts, e.g., for maneuvering and for countering aerodynamic disturbances. As the proposed
approach is based on a simulation model, the underlying physical assumptions as well as
equations are presented. In a next step we derive a method to numerically evaluate the
required moment set for aerodynamic disturbances. In order to guarantee a straightforward
comparison of AMS and RMS the following subsection deals with the assembly in a convex
hull-based control set. In order to complete the different types of control sets, the required
control set and the attainable set are investigated as well. Finally a method to assess the
controllability is shown. The paper then finishes with results for a transition capable
multirotor configuration and derives conclusions about the applicability of the methods to
achieve the above specified objectives.

2. Materials and Methods
2.1. Separation Into Individual Required Control Subsets

In order to calculate the required moment set in a structured manner and in order to
perform the proposed RMS-based controllability assessment in a traceable manner, the
required forces and moments are split into individual subsets. We call the first part the
disturbance part, which constitutes the required propulsive forces and moments that are
required to counter disturbances. This paper focuses on the aerodynamic disturbance, as
in hover mode the aerodynamic forces and moments have to be compensated for via the
propulsive system and are not part of the flight control as they are for wingborne mode.

In order to determine the maximum possible aerodynamic disturbance that can act
during the operation, the aircraft is first trimmed at the boundary points of the aerodynamic
velocity envelope, as there the aerodynamic disturbance obtains the highest magnitudes. In
all possible trimmed directions of flight, multiple attitude deviations from the trim points
are used to evaluate aerodynamic forces and moments. With this approach we obtain a
realistic set of possible aerodynamic forces and moments that need to be countered by the
propulsive system.

For the sake of simplicity the calculation process and moment set approach include a
configuration with a fixed direction of hover thrust (no tilt configuration); for this reason,
the required moment set is defined by the three roll, pitch and yaw moments (L, M, N)
or corresponding angular accelerations (ṗ, q̇, ṙ) and the total aircraft thrust in the body
z-direction T or the corresponding body z load factor (nz)B.

Figure 1 shows an overview of the different parts of the required moment set that is
used throughout this paper. Besides countering aerodynamic disturbance, the propulsive
system also needs to provide the desired maneuverability. The corresponding desired quan-
tities are attainable accelerations (angular and translational), which from a kinematic point
of view and provide sufficient dynamics for fulfilling higher level mission requirements.
We use the angular body accelerations (ṗ, q̇, ṙ) and the inertial translational acceleration in
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the body z direction (az)B as direct requirements. These acceleration limits again define a
convex set (e.g., a four dimensional cube).

Required Moment Set (RMS) Attainable

Moment Set 

(AMS)

Attainable

moments/accelera

tion by the

controls

standard method

Disturbance Moment Set Maneuver 

Moment Set

required system

accelerations from

top level

requirements

( ሶ𝑝, ሶ𝑞, ሶ𝑟, 𝑛𝑧)

Aerodynamic

Aerodynamic

forces and

moments as

disturbance

Others

e.g. center of

gravity shift

not focus of

this paper

RMS Assembly

Add individual parts (disturbance, maneuver) to obtain complete

RMS

Figure 1. Overview of required and attainable moment sets and the proposed methods for obtaining the required mo-
ment set.

In order to sum up the disturbance and maneuverability parts of the required forces/
moments, we use query directions in the four-dimensional set space and find the cross
sections with the convex hull of the corresponding sets. This procedure simplifies the
summation process of disturbance and maneuverability sets, which finally yields the full
set of required forces/moments.

In order to finally assess the controllability, the attainable and required control sets
need to be compared. To evaluate this, first the AMS is calculated by applying all possible
combinations of minimum or maximum propulsive inputs and assembling them in a
convex set [7,8]. In a second step, the convex set intersections in the direction of the
query directions are determined. Afterwards, attainable and required forces/moments
are available in the same query directions and can be directly compared to assess the
controllability margins and to identify critical directions/channels.

2.2. Underlying Aircraft Simulation Model

The use of a simulation model-based assessment can be applied already in early
aircraft design and can help lower development costs. One of the main applications of
aircraft simulation models is model-based control design as in [9,10]. In order to guarantee
a close match to the real aircraft system, identification can be used to improve the accuracy
of the models [11,12].

To demonstrate the RMS approach with the methods of this paper, a simulation model
of a lift and cruise multirotor UAV is used. As the methods used in this paper do not
require time simulation, this section only shows the force and moment balance parts of the
equations of motion. The translational and rotational equations of motion read [13].
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where u, v, w denote the three velocity components, K the kinematic nature, G the center of
gravity, the index I I the inertial acceleration, m the vehicle mass, X, Y, Z and L, M, N forces
and moments due to aerodynamics A or propulsion P. The inertia around the center of
gravity in the body frame is denoted with IG

BB.
In order to provide an aerodynamic model for flow from all possible directions, a

multi-compartment aerodynamic model comparable to [14] is used. Assembling all forces
and moments in the center of gravity then yieldsXG
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where Sre f denotes the wing reference area, s the wing span, c̄ the chord, VA the magni-
tude of the true airspeed and Ci the force/moment coefficients. The dependency of the
coefficients with respect to the aerodynamic angle of attack αA and angle of sideslip βA are
realized with lookup tables [15].

The multirotor propulsion system is modeled independent of the aerodynamics;
propulsion airframe interactions are neglected. For each propulsive unit, the propeller
forces and moments are modelled as linear in the squares of the angular rates [16,17]

Ti = CT D4ρ
1

4π2 ω2
i , (5)

Ni = CN D5ρ
1

4π2 ω2
i , (6)

where Ti denotes the thrust of the ith propeller, Ni the corresponding torque around the
corresponding rotational axis, ωi the rotational rate in rad/s and D the propeller diameter.
As the aircraft only has propellers of the same type the thrust coefficient CT and the torque
coefficient CN are the same for all propellers.

2.3. Trim-Based Calculation of Aerodynamic Disturbance Set

Now that an aircraft model is established, a very important next objective of this
paper is to establish means to calculate different parts of required control sets. This section
explains the proposed method of calculating the worst case aerodynamic disturbance
throughout the aircraft mission.

The presented analysis is carried out for a given altitude h and density of the atmo-
sphere ρ. At this point the aircraft is required to be able to fly up to certain kinematic speeds
in various directions. A convenient frame to describe the three-dimensional velocities is the
control frame C as it is indifferent to the heading Ψ but includes the down direction [18].
Figure 2 shows the axes of the C-frame.
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𝑦𝑂

𝑥𝑂

Ψ

Figure 2. Visualization of the Control frame C, which is a North–East–Down frame O, rotated by the
heading Ψ around the z-axis.

Besides the kinematic speed requirement, there can also be requirements for envi-
ronmental conditions such as wind speeds. Combining both requirements yields a total
airspeed envelope that the vehicle must be able to cover. For the sake of simplicity let us
assume a cuboidal envelope of the shape

uC,min ≤ uC ≤ uC,max, (7)

vC,min ≤ vC ≤ vC,max, (8)

wC,min ≤ wC ≤ wC,max, (9)

with uC, vC, wC denoting the components of the aerodynamic velocity given in the C
frame V3×1

C .
For all points within this airspeed envelope the aircraft must be able to obtain steady

state operation. In order for the aircraft to be in steady state attitude, the body rates (p, q, r)
and the corresponding accelerations (ṗ, q̇, ṙ) need to be zero. The translational motion of the
aircraft is then defined by the velocity point in the envelope VC. The total hover thrust of
the aircraft T tilted by the attitude (Φ, Θ) needs to offset the aerodynamic and gravitational
forces in order to reach no translational acceleration and steady state velocities in the C
frame. For the sake of simplicity it is assumed that the hover thrust direction coincides
with the negative body z direction which yields the force trim balance equationXA(Θ, Φ, VC)

YA(Θ, Φ, VC)
ZA(Θ, Φ, VC)


B

+

 0
0
−T

+

 − sin(Θ)
cos(Θ) sin(Φ)
cos(Θ) cos(Φ)

mg !
=

0
0
0

. (10)

Note that for applying this method an aerodynamic model defining XA, YA, ZA(Θ, Φ, VC)
over the full envelope of angles of attack and angles of sideslip is required. As these models
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are nonlinear, Equation (10) needs to be solved numerically, e.g., via Matlab’s fsolve() [19]
or more aircraft tailored trim solutions [20].

In order to determine the maximum possible aerodynamic disturbance hull, only the
boundary of the aerodynamic velocity envelope is considered, as the dynamic pressure and
therefore also possible disturbance forces/moments reach their highest values here, see
Figure 3. As individual points are required for the moment set and assembly to a convex
hull, we selected a number of query points that represents our envelope boundary. Unlike
for simplified approaches when calculating an AMS where the number of set points is
finite, for this nonlinear aerodynamic disturbance set the number of points can be chosen
to be arbitrarily large. Higher resolution in the query points on the envelope boundary
will increase the accuracy of the obtained RMS but also increase the amount of points that
need to be analyzed. The later Results section will show the results for different chosen
resolutions of the RMS.

𝑦𝐶

𝑧𝐶

𝑣𝐶

𝑤𝐶

Airspeed Envelope Boundary

in C-Frame

Trim Representative Critical 

Airspeed Envelope Points

Figure 3. Exemplary distribution of boundary points on the aerodynamic velocity envelope in the control frame (2D
example for visualization purposes).

As the mission hover envelope in most cases follows simple geometrical shapes (e.g.,
cuboid or ellipsoid) in the control frame, the points can be chosen as linearly spaced on
the boundary. Let nV denote the number of representative points on the boundary of the
airspeed envelope. Figure 3 shows exemplary representative query points in 2D for an
ellipsoidal required aerodynamic velocity envelope.

As the operation of the aircraft is considered around a steady trim state and during
the transition from one trim state to another trim state, the aircraft is trimmed at all nV
query points using Equation (10). The aerodynamic forces and moments in these trim
points already constitute one part of the disturbance moment set. However, as we are also
interested in transitions/maneuvers from one trim state to another (e.g., acceleration or
deceleration in the lateral direction), the disturbance for these maneuvers is calculated
as well.

In order to account for these maneuvers, we assume that, at each trim point, the
attitude of the aircraft can vary from the trim point while the airspeed is kept constant.
In order to model the transition phases and the obtained aerodynamic inflow angles
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realistically without being too conservative, a range of attitude deviation from the trim
point obtainable via maneuvers is determined. For this, minimum and maximum allowed
attitude angles for maneuvers can be derived from system requirements. Additionally,
an overshoot over the trim pitch/roll angles is allowed in order to make the disturbances
more realistic. Figure 4 shows the idea of the attitude variation for an exemplary 2D
model. In the range of the minimum and maximum pitch and roll angles, different
attitude deviations/combinations from the trim point are calculated. The allowed attitude
region follows

Φ− = min(Φmin, Φtrim −Φovershoot), (11)

Φ+ = max(Φmax, Φtrim + Φovershoot), (12)

Θ− = min(Θmin, Θtrim −Θovershoot), (13)

Θ+ = max(Θmax, Θtrim + Θovershoot). (14)

𝑦𝐶

𝑧𝐶

Initial Trim State

Φ = Φ𝑡𝑟𝑖𝑚

Maneuver Forward/Overshoot Case

Φ+

Maneuver Backward Case

Φ−

𝑉𝐴

Trim Inflow

Φ

Evaluate Aerodynamic

Forces/Moments at given

trim inflow (in C-Frame) 

with varying attitudes.

Figure 4. Illustration of attitude deviation for calculating disturbance moments and forces during maneuvers (2D example
for visualization purposes).

As for the query points on the boundary of the velocity envelope, query points in
the bounded Φ-Θ-plane are used to obtain set points for various inflow angles during
maneuvers from one trim state to another. Let nΦ,Θ denote the total number of points in the
attitude plane. Note that the maneuver disturbance here follows from attitude deviations
and body rates are neglected for the sake of reducing computational complexity.

The corresponding required moments to counter the disturbances follow by evaluating
the aerodynamic model at the nΦ,Θ query attitude points with the query inflow LRMS,D

MRMS,D
NRMS,D


B

= −

 LA(Θ, Φ, VC)
MA(Θ, Φ, VC)
NA(Θ, Φ, VC)


B

, (15)
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where the index D denotes the disturbance part. The requirement for the total propulsive
thrust to compensate for the disturbances depends on the desired behavior during the
maneuver. We considered transitions in the horizontal plane, as these transitions change
the attitude/inflow angles, and therefore there will be arbitrary accelerations depending
on the attitude in the horizontal direction. In the vertical direction, however, the propulsive
system needs to counter the disturbance (e.g., negative lift of the wing when hovering
forward with negative pitch angle). This requires a total zero force in the z direction of the
control frame. Transforming the force balance Equation (10) into the C frame and taking
the z component yields

− sin(Θ)XA(Θ, Φ, VC) + cos(Θ) sin(Φ)YA(Θ, Φ, VC) + cos(Θ) cos(Φ)ZA(Θ, Φ, VC)

− cos(Θ) cos(Φ)T + mg = 0
. (16)

Solving for the thrust leads to

TRMS,D = ZA(Θ, Φ, VC)−
tan(Θ)

cos(Φ)
XA(Θ, Φ, VC) + tan(Φ)YA(Θ, Φ, VC) +

mg
cos(Θ) cos(Φ)

. (17)

In order to have a more scale-free and kinematic judgment of the controllability
configuration we transform the forces/moments to resulting accelerations and assemble
the moment set points in the acceleration space. The rotational accelerations follow from
the rotational equations of motion ṗRMS,D

q̇RMS,D
ṙRMS,D


B

= (IG
BB)
−1

 LRMS,D
MRMS,D
NRMS,D


B

. (18)

The translational equations of motion lead to

(nz,RMS,D)B =
TRMS,D

mg
. (19)

This yields all angular and translational accelerations at the nVnΦ,Θ total query points
for different envelope boundary points as well as attitude deviations. The next section
explains how to assemble these points and combine them with other required moments in
a convex hull approach.

2.4. Convex Hull-Based Control Set Assembly

The last subsection contributed to the objective of calculating clearly traceable parts of
the RMS. This subsection proposes a method to add these individual RMS subsets and to
compare them to the AMS. After the query points for the disturbance set are assembled,
the convex hull [7] of the set can be computed in order to obtain a worst case estimation of
the aerodynamic disturbance. Note that this convex hull-based approach is chosen here
as it can be performed generically for any set of points regardless of the physical origin.
An efficient algorithm for determining the convex hull of an arbitrary set of points is the
quickhull algorithm [8], which is implemented in the Matlab function convhulln(). It is
important to mention here that, due to the nonlinearities in the aerodynamic coefficients, the
aerodynamic disturbance set is in general no convex set. The goal of this paper, however,
is a comparison of the RMS with the AMS. For this reason, assembling the RMS as a
convex set does not produce overly conservative results. Any convex AMS that contains a
non-convex RMS will also contain a more conservative convex version of the RMS.

In order to be able to sum up the different independent elements of the RMS (distur-
bance and maneuverability parts) and compare them to the AMS, we propose to calculate
the maximum attainable acceleration in the query directions of the four-dimensional accel-
eration space. This reduces computational effort and produces magnitudes in predefined
directions that do not depend on the configuration but are chosen by the user. This ap-
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proach also allows comparison of different configurations with respect to each other very
easily. A disadvantage of this method is that for small numbers of query directions, the
actual set might not be resolved accurately enough. In order to resolve the moment set
with higher accuracy, the number of query directions increases very fast as the moment set
is four-dimensional.

The maximum of the accelerations in the query directions is determined by the points
in the query direction that lie on the convex hull. An efficient algorithm to determine the
cross sections with the convex is presented in [21].

To parameterize the four-dimensional directions, we use an n-spherical coordinate
system [22] which, for the four-dimensional case, requires three angles for the parameteri-
zation. Including a scaling along the four-dimensions which leads to

dnz = nz,scale cos(β1) (20)

d ṗ = ṗscale sin(β1) cos(β2) (21)

dq̇ = q̇scale sin(β1) sin(β2) cos(β3) (22)

dṙ = ṙscale sin(β1) sin(β2) sin(β3) (23)

d =
1√

d2
nz + d2

ṗ + d2
q̇ + d2

ṙ


dnz

d ṗ
dq̇
dṙ

, (24)

with the normalized query direction d ∈ R4×1 and the three parameterization angles
β1, β2 ∈ [0...π] and β3 ∈ [0...2π). As for the velocity envelope and the attitude deviation,
we again use linearly spaced parameterization angles. Let nβ1 , nβ2 , nβ3 denote the number
of the corresponding angles for the linear spacing, then nβ = nβ1 nβ2 nβ3 is the total number
of query directions. Finally, all directions are assembled in a direction matrix D ∈ R4×nβ .

Applying this query direction approach to the convex hull obtained from the aerody-
namic disturbance moments in all directions contained in D and assembling the results
in a row vector yields the required acceleration magnitudes for disturbance rejection
aRMS,D ∈ R1×nβ .

2.5. Calculation of Required Maneuver Set and Assembly of Total Required Set

The last subsection yielded a query direction-based control set interface which can be
used to easily add and compare control sets. This section will focus on the required control
set to maneuver the aircraft in order to complete the total required moment set.

The required moment set for maneuvering can be expressed in terms of maximum
accelerations that are used by the system to fulfill higher level missions/maneuvers. In a
possible controller architecture, these maximum accelerations could be implemented as
limitations/protections. In the case of an individual channel limitation a cuboidal convex
set is obtained, defined by

−(∆nz,max)B ≤ (∆nz,RMS,D)B ≤ (∆nz,max)B (25)

− ṗmax ≤ ṗRMS,M ≤ ṗmax (26)

−q̇max ≤ q̇RMS,M ≤ q̇max (27)

−ṙmax ≤ ṙRMS,M ≤ ṙmax. (28)

For the required maneuverability set above, the cross sections in the acceleration direc-
tions can directly be obtained via first finding the critical surface of the cuboid by applying
an elementwise division of the direction d and the critical limits in the corresponding
channels and taking the maximum value. Scaling up the direction vector d by the inverse
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of this value will lead to hitting the boundary of the cuboid; therefore, the inverse of the
value is the cross section magnitude in this direction

aRMS,M =
1

max


∣∣∣∣∣∣∣∣d�


(∆nz,max)B

ṗmax
q̇max
ṙmax


∣∣∣∣∣∣∣∣


, (29)

where � and || denote the elementwise division and absolute value, respectively. Applying
Equation (29) to all directions in D and assembling the results in a row vector yields the
required acceleration magnitudes for maneuverability aRMS,M ∈ R1×nβ . To obtain the total
required accelerations we now can simply add maneuver and disturbance accelerations

aRMS = aRMS,D + aRMS,M. (30)

2.5.1. Evaluation of Attainable Moment Set

In order to finally perform a control set-based controllability analysis, the attainable
control set needs to be calculated and transformed to the query direction-based control
set interface. There are methods for evaluating the attainable moments for nonlinear
control effector models [5]. For the exemplary multirotor electric vertical take off vehicle
(eVTOL) configurations that are the focus of this paper, simplified propellers with thrust
and propeller torque that is linear in the squares of the angular propeller rates are used. For
this reason the attainable set can be obtained by evaluating the angular and translational
accelerations of all combinations of minimum and maximum propeller angular rates. The
corresponding convex hull can again be found by using the quickhull algorithm [8].

In general, the proposed approach allows more complex nonlinear propeller models
for calculating the AMS as well. It is important to mention here that the comparison with
the RMS does not allow an inflow dependent AMS, as the RMS is chosen for the worst
case inflow in the envelope. A possible solution to this problem is to also choose the worst
case AMS via intersecting multiple AMSs that were calculated at different points in the
aerodynamic velocity envelope.

After the convex hull is calculated, the same approach as for the required moments is
used to assemble the intersections in the query directions in the vector aAMS ∈ R1×nβ .

2.5.2. Controllability Evaluation

Now that attainable and required acceleration sets are determined, the easiest way
to assess the controllability is just to check if, in any direction, the required moment set
exceeds what is attainable:

min(aAMS − aRMS) ≥ 0.. (31)

According to this definition, Equation (31) is a condition for fulfilling the controllability
requirements. Note that this simple comparison contributes to two major objectives of this
paper. First of all, a very simple final evaluation of controllability is possible. Second of all,
the RMS is obtained from a simple sum of individual sets, therefore it is always traceable
what the corresponding contributions of individual sets are.

In order to obtain continuous instead of binary controllability measures we can assem-
ble a margin vector, which contains the differences of attainable and required accelerations.
In order to obtain a more relative controllability measure, the margin can be normalized by
the required moment set that obtains a relative margin vector m ∈ R1×nβ .

m = (aAMS − aRMS)� aAMS. (32)

In order to assess the overall controllability, various norms can be used to transform
the vector margin to a scalar controllability measure.
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3. Results

This section investigates the results obtained from the described analysis carried out
for the above specified model of a transition eVTOL configuration. Figure 5 shows the
results for the RMS and AMS acceleration set.
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Figure 5. Results of the calculation of attainable moment set (AMS) and required moment set (RMS) hulls.

The chosen discretization numbers were (nu = 5, nv = 5, nw = 5, nΦ = 10,
nΘ = 10, nβ1 = 12, nβ2 = 12, nβ3 = 24), the airspeed envelope was defined via
(uC,min = −8 m/s, vC,min = −8 m/s, wC,min = −3 m/s, uC,max = 8 m/s, vC,max = 8 m/s,
wC,max = 3 m/s,), the maneuver attitude deviations were (Φmin = −20 deg, Φmax = 20 deg,
Θmin = −20 deg, Θmax = 20 deg, Φovershoot = 5, Θovershoot = 5), the scales were chosen
to (nz,scale = 2, ṗscale = 1000 deg/s2, q̇scale = 1000 deg/s2, ṙscale = 120 deg/s2) and the
maneuverability limitations were chosen to (∆nz,max = 3/g m/s2, ṗmax = 90 deg/s2,
q̇max = 90 deg/s2, ṙmax = 30 deg/s2).

For visualization we chose the six possible pair combinations of the four chosen
acceleration channels and plotted the cross section of the corresponding channel pair
plane with the hull defined via the query directions lying in the plane. This visualization
provides a very fast and intuitive understanding of possible problematic directions. The
purple area represents the maximum possible aerodynamic disturbance accelerations
while the orange areas on top are the additional accelerations corresponding to required
maneuverability. The sum of both yields the total RMS (red line). As the right bottom
yaw/body z acceleration plot in Figure 5 shows, we can immediately identify the critical
directions of requirement violation. The cuboid shape of the maneuverability required
moment set leads to higher required moments than the AMS can provide in cases of
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simultaneous yaw and body z acceleration demands. The controllability evaluation taking
into account the RMS also shows clear advantages over the solely AMS-based evaluation
here, as it directly identifies the critical direction that would not be available for a purely
AMS-based evaluation.

Another important effect which needs to be investigated when assessing the proposed
methods is the effect of resolutions for calculating the control sets. The first important
resolution to mention here is the number of chosen query directions to span the control sets
nβ1 , nβ2 , nβ3 . Table 1 shows the controllability analysis results for different chosen values
corresponding to 3.75°, 7.5°, 15° and 30° resolution.

Table 1. Controllability Analysis Results For Different Query Point Resolutions.

Resolution Mean (m) Min (m) Failure Percentage

nβ1 = nβ2 = 6, nβ3 = 12 0.391 −0.298 18.52%
nβ1 = nβ2 = 12, nβ3 = 24 0.391 −0.367 15.50%
nβ1 = nβ2 = 24, nβ3 = 48 0.398 −0.369 14.94%
nβ1 = nβ2 = 48, nβ3 = 96 0.403 −0.371 14.69%

To assess the controllability, three measures are shown. The first two measures are
the minimum and mean value of the control set margins from Equation (32). The third
measure is the percentage of control set query directions for which the attainable control
is not greater or equal than required control m < 0. Decreasing the control set resolution
down to 3.75° also increases the accuracy of the controllability measures.

Another important resolution effect to investigate is the chosen resoultion of bank and
pitch angles when evaluating the disturbance set. Table 2 shows the controllability analysis
results for various resoultions in the pitch and bank angle plane.

Table 2. Controllability Analysis Results For Different Disturbance Set Resolutions.

Resolution Mean (m) Min (m) Failure Percentage

nφ = 2, nθ = 2 0.414 −0.318 14.04%
nφ = 5, nθ = 5 0.399 −0.365 14.83%

nφ = 10, nθ = 10 0.398 −0.369 14.94%
nφ = 20, nθ = 20 0.397 −0.370 14.96%
nφ = 40, nθ = 40 0.397 −0.370 14.97%
nφ = 80, nθ = 80 0.397 −0.370 14.97%

When the corresponding resolution is increased, all three controllability measures
converge. This shows that the method of assembling the aerodynamic disturbance set
points via linearly spacing is suitable to obtain worst case estimates of the aerodynamic
disturbance for the given simulation model.

4. Conclusions

The results indicate that the calculation of a required moment set allows an intuitive
controllability analysis based on system requirements. The assembly in a control set enables
a simple comparison of AMS and RMS and at the same time keeps traceability of a source
of a required moment (e.g., aerodynamic disturbance or maneuverability). The resolution
analysis of control sets showed the convergence of simple measures of controllability when
the underlying resolutions are increased. Consequently, the methods for assembling the
aerodynamic disturbance set points and the query direction-based intersection set assembly
are able to cover the full control set area. However, the price of a high accuracy of the
presented results are higher computation times as the number of query directions rises
with third power of the underlying resolution.

As the introduced RMS and calculation approach were only carried out in an ex-
emplary manner for a considered eVTOL, refinements can be investigated in the future.
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For example, disturbance sources such as center of gravity and mass uncertainties can
be included in the disturbance moment set as well. At the same time, means to include
the effect of body rates on the disturbance forces/moments can be analyzed in future
work. Another important aspect to mention here is the inclusion of model uncertainties
in order to obtain probabilistic controllability statements. To obtain probabilistic judge-
ments, the uncertainties first need to be quantified [23] and then included in the simulation
model [15]. It is important to mention here that the inclusion of sample-based stochastic
analysis will further increase the computation times and therefore requires an efficient
algorithmic implementation.

As this work mainly focuses on the introduction and calculation of the RMS, it opens
various options to use the RMS, e.g., in design optimization and controller design. For
design optimization, suitable measures based on the presented controllability margins can
be investigated. For control design for a given configuration, the allowable airspeed enve-
lope can be determined which guarantees sufficient maneuverability. Additionally, given a
desired airspeed envelope, the maximum available maneuverability can be determined,
which can be used for protective measures in flight control algorithms.
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Abbreviations
The following abbreviations and nomenclature are used in this manuscript:

eVTOL Electric Vertical Take Off Vehicle
AMS Attainable Moment Set
RMS Required Moment Set
Ψ, Θ, Φ Euler angles (heading, pitch, roll)
β spherical coordinates for acceleration set parameterization
A index for aerodynamic forces/moments
B Body frame
C Control frame
O North–East–Down frame
D query direction matrix
IG
BB inertia tensor around the center of gravity, given in the body frame

L, M, N moment components
T hover thrust
V aerodynamic velocity vector
X, Y, Z force components
a acceleration magnitudes in query directions
d query direction vector
g gravitational acceleration
m relative set margins
m aircraft mass
nz load factor in z-direction
p, q, r body angular rates
u, v, w aerodynamic velocity components
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