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Kurzfassung

Die Option der Verbrennung von Flüssigbrennstoffen in stationären Gas-
turbinen erhöht die Brennstoffflexibilität und ist daher erstrebenswert.
Um die strengen Emissionsvorschriften einzuhalten, werden stationäre
Gasturbinen in der Regel mager vorgemischt betrieben, was die Entwick-
lung thermoakustischer Instabilitäten begünstigt. Während thermoakus-
tische Instabilitäten bei mager-vorgemischter Erdgasverbrennung bereits
umfangreich erforscht wurden, gibt es bisher nur wenige Untersuchun-
gen zu thermoakustischen Instabilitäten bei der mager-vorgemischten
Verbrennung von flüssigen Brennstoffen.

Die vorliegende Arbeit vergleicht die longitudinale Flammendynamik
von mager-vorgemischter Kerosin- und Erdgasverbrennung unter at-
mosphärischen Bedingungen. Anhand von experimentell gemessenen
Flammentransferfunktionen wird die Flammendynamik über einen
weiten Betriebsbereich charakterisiert. Es werden Experimente für zwei
Flüssigbrennstoffkonfigurationen mit unterschiedlichem Vormischgrad
durchgeführt und mit perfekt und technisch vorgemischter Erdgasver-
brennung verglichen. Es wird gezeigt, dass die Flammendynamik nur
schwach von der Brennstoffart abhängig ist, solange Brennstoff und Luft
vollständig vorgemischt sind. Die beobachteten Trends im Fall der teil-
weise vorgemischten Flüssigbrennstoffverbrennung weichen dagegen
deutlich von den anderen Konfigurationen ab.

Zur Interpretation der Ergebnisse wird ein analytisches Flammen-
transferfunktionsmodell aufgestellt. Die unterschiedlichen Rückkopp-
lungsmechanismen, die zur Flammendynamik beitragen, werden dabei
einzeln modelliert und aufsummiert. Die Modellparameter für die
Erdgasverbrennung und den vollständig vorgemischten Flüssigbetrieb
können linear mit der Flammengeometrie verknüpft werden. Dies lässt
darauf schließen, dass die beobachtete Flammendynamik bei der Ver-
brennung von Erdgas und im vollständig vorgemischten Flüssigbetrieb
auf dieselben Rückkopplungsmechanismen zurückzuführen ist. Die gute
Übereinstimmung zwischen den experimentellen Daten und dem Mo-
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dell über einen breiten Betriebsbereich erlaubt die physikalische Inter-
pretation des Modells als Zerlegung der Flammentransferfunktion in
die verschiedenen Rückkopplungsmechanismen. Von besonderer Bedeu-
tung sind dabei Äquivalenzverhältnisschwankungen, die bei technischer
Vormischung durch das akustische Feld am Ort der Brennstoffeindüsung
verursacht werden. Diese unterscheiden sich zwischen dem Erdgas- und
dem vollständig vorgemischten Kerosinbetrieb. Die beobachteten Unter-
schiede zwischen den Flammentransferfunktionen lassen sich großteils
hierauf zurückführen. Die experimentellen Ergebnisse für den teilweise
vorgemischten Flüssigbrennstoffbetrieb können dagegen nicht mit dem
analytischen Modellansatz reproduziert werden, was darauf hindeutet,
dass die relevanten Rückkopplungsmechanismen anderer Natur sind.
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Abstract

To enhance fuel flexibility, it is desirable to have the option of liquid fuel
combustion in stationary gas turbines. To comply with emission regula-
tions, stationary gas turbines are usually operated under lean premixed
conditions, which are prone to developing thermoacoustic instabilities.
While extensive research on this topic has been conducted for lean pre-
mixed natural gas operation, the research on thermoacoustic instabili-
ties of lean premixed liquid fuel combustion has been limited so far. This
study compares the longitudinal flame dynamics of kerosene and natural
gas combustion in a lean premixed gas turbine combustor under atmo-
spheric conditions. Flame transfer functions are measured over a broad
range of operating conditions to quantify flame dynamics. Experiments
are conducted for two liquid fuel configurations with different degrees of
premixing and compared to perfectly and technically premixed natural
gas combustion. Results show that the fuel type has little impact on the
flame dynamics as long as fuel and air are fully premixed. In contrast,
the trends for partially premixed liquid fuel combustion differ from all
others. A physically-motivated analytical flame transfer function model
is applied. The various feedback mechanisms contributing to the flame
dynamics are individually modeled and then superposed. The model pa-
rameters can be linearly linked to the flame geometry for natural gas and
fully premixed liquid fuel combustion, suggesting that these configura-
tions share the same feedback mechanisms. The good agreement between
the experimental data and the model allows for the physical interpreta-
tion of the model as a decomposition of the flame transfer function into
the various feedback mechanisms. Equivalence ratio fluctuations caused
by the acoustic field at the point of fuel injection in the case of technical
premixing were identified as particularly important, as these differ be-
tween natural gas and fully premixed kerosene operation. The observed
differences between the flame transfer functions can largely be attributed
to this. The experimental results from the partially premixed liquid fuel
combustion cannot be reproduced by the analytical model, thus indicat-
ing that the relevant feedback mechanisms are of a different nature.
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stant air mass flow ṁair = 25 g/s and constant equivalence
ratio ϕ = 0.675. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6.1 Burner scattering matrices of the NG-, k70- and k30-
configuration at constant air mass flow ṁair = 25 g/s. . . . . 55

6.2 Normalized velocity oscillation amplitudes at the burner
outlet at the reference operating point of the NGpp-, NGtp-,
k70- and k30-configuration. . . . . . . . . . . . . . . . . . . . . . 56

6.3 FTFs at the reference operating point of the NGpp-, NGtp-,
k70- and k30-configuration depending on f . . . . . . . . . . . 58

xvi



LIST OF FIGURES

6.4 FTFs at the reference operating point of the NGpp-, NGtp-,
k70- and k30-configuration depending on Sr. . . . . . . . . . 59

6.5 FTFs of the NGpp-, NGtp-, k70- and k30-configuration for
different air mass flows at constant equivalence ratio
ϕ = 0.675 depending on f . . . . . . . . . . . . . . . . . . . . . . 61

6.6 FTFs of the NGpp-, NGtp-, k70- and k30-configuration for
different air mass flows at constant equivalence ratio
ϕ = 0.675 depending on Sr. . . . . . . . . . . . . . . . . . . . . 62

6.7 FTFs of the NGpp-, NGtp-, k70- and k30-configuration for
different equivalence ratios at constant air mass flow ṁair
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50 kW, λ = 1.4 (ṁair = 24 g/s, ϕ = 0.741). . . . . . . . . . . . . 93

8.4 Predicted flame geometry parameters xcg, l f l and d f l of
the NGpp- and NGtp-configuration for (a) different equiv-
alence ratios at constant thermal power Pth = 50 kW and
(b) different air mass flows at constant equivalence ratio
ϕ = 0.714. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

8.5 Comparison of predicted FTF and experimental data of
the NGpp- and NGtp-configuration from Bade [6] at Pth =
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1 Introduction

Modern land-based gas turbines are essential for meeting the increasing
global demand for electricity due to their flexibility in application. They
can cover peak loads and base-load supply alike and offer short start-up
times. Despite limited fossil fuel resources and the growth of renewable
energy sources, gas turbines will therefore continue to play a crucial role
in the future energy supply [34].

In order to reliably supply electrical energy, especially in case of high
prices or limited availability of the primary fuel, fuel flexibility becomes a
matter of great importance in modern gas turbine technology [16,55,100].
This issue has recently gained importance, particularly due to the polit-
ically motivated shortage of natural gas supplies following the Crimean
Crisis in 2014 [44] and the Russian invasion of Ukraine in 2022 [46]. Con-
sequently, developing combustion systems capable of burning liquid fu-
els in gas turbines is a key objective of current research. In the case of
liquid fuel combustion, the mixture preparation involves additional sub-
processes, namely fuel atomization, droplet-air mixing, and fuel evap-
oration, which increase the complexity of the process. Besides, modern
heavy-duty gas turbines have to comply with restrictive emission regula-
tions [86]. Meeting those requirements while at the same time enhancing
overall efficiency and flexibility are challenges to ensure that gas turbines
remain a viable energy option in the face of ecological concerns and com-
petition with other energy sources.

One major pollutant group emitted by gas turbines are nitrogen oxides
(NOx). They contribute to the formation of ground-level ozone, acid rain,
and smog, all of which have harmful effects on human health, vege-
tation, and ecosystems [4]. NOx also contribute to the depletion of the
ozone layer. Because the formation of ground-level ozone contributes to
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1.1 Thermoacoustic Instabilities

the greenhouse effect, NOx is also considered a greenhouse gas [39]. The
formation of NOx emissions depends heavily on the local combustion
temperature. The control of the flame temperature thus offers consider-
able potential for reducing NOx emissions.

Historically, gas turbines relied on diffusion combustion due to its inher-
ent stability of the combustion process [28]. In such systems, fuel and air
are injected separately. Mixing and combustion occur simultaneously in
the combustion chamber. For this reason, most of the reaction takes place
at almost stoichiometric conditions, and consequently, particularly high
flame temperatures are reached [48]. The transition from diffusion to pre-
mixed combustion has significantly reduced NOx emissions [29, 51, 89].
Here, the mixing process is decoupled from combustion, and fuel and air
enter the combustion chamber as a homogeneous mixture. Combustion
takes place under lean conditions, i.e., with an excess of air. This reduces
the local flame temperatures and, thus, the NOx emissions.

However, the emission reductions come at the cost of increased suscepti-
bility to combustion instabilities, such as flame extinguishing and flame
flashback into the burner. Furthermore, lean premixed combustion fa-
vors the formation of thermoacoustic combustion instabilities. These can
lead to significant pressure and temperature oscillations in the combus-
tion chamber and thereby affect the efficiency and reliability of the sys-
tem [19, 29, 40, 53].

1.1 Thermoacoustic Instabilities

Thermoacoustic instabilities arise from an undesirable constructive inter-
action between the unsteady flame heat release and the system acoustics.
Small-scale perturbations in the acoustic field lead to fluctuations in the
flame heat release rate. An unsteady heat release rate generally represents
a source of sound due to the associated volume fluctuation. The sound
waves emitted by the flame travel up- and downstream and are partially
reflected back to the flame at the combustion chamber walls and at the
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inlets and outlets. This again causes heat release fluctuations and hence
acoustic perturbations.

For harmonic oscillations, the effect of the interaction between the pres-
sure fluctuation in the reaction zone, p′ and the flame heat release rate
oscillation Q̇′ can be either amplifying or damping depending on their
phase relation. This was first investigated by Lord Rayleigh in 1878 [74].
He discovered that the oscillations would be amplified most if the heat is
added at the instant of the pressure maximum, or in other words if p′ and
Q̇′ are in phase and vice versa. The Rayleigh criterion, which is derived
from this, states that a thermoacoustic instability can only occur if the in-
tegral product of heat release fluctuation Q̇′ and pressure fluctuation p′
is positive over a period T:

∫

T

0
p′(t) ⋅ Q̇′(t)dt > 0. (1.1)

The sign of this integral is determined by the phase difference between
the two fluctuations. The integral is positive for absolute phase differ-
ences smaller than π/2, and the fluctuations are amplified. If the value is
greater than π/2, the fluctuations are damped.

The Rayleigh criterion is necessary but not sufficient for the occurrence
of thermoacoustic instabilities. In addition, there needs to be an increase
in the system’s acoustic energy, which can only occur if the energy added
to the acoustic field by the flame exceeds the damping and losses in the
combustor [54, 70]. In such cases, the fluctuation variables experience a
persistent increase, potentially leading to unbounded amplitude values.
However, in practice, nonlinear effects hinder this growth and establish
a limit cycle characterized by the maximum fluctuation amplitudes [21].

1.1.1 Thermoacoustic Modes

The thermoacoustic oscillations appear as natural modes at distinct
eigenfrequencies of the system. The modes can be categorized accord-
ing to the direction of the oscillations with respect to the flow direction.
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For narrow combustion chambers with a length significantly larger than
their height, the following modes can develop:

• Longitudinal modes: These modes typically exhibit eigenfrequen-
cies in the range below 1000 Hz [23]. The oscillation direction is par-
allel to the main flow direction in the combustion chamber. The wave
propagation is usually analyzed as one-dimensional. Because the
acoustic wavelength is considerably longer than the flame length,
the flame can be assumed to be acoustically compact. This means
that the acoustic properties remain constant across the flame region.
In gas turbines, acoustic waves are commonly reflected at the com-
bustor outlet due to the fast acceleration of the flow beyond the
combustor. As a result, longitudinal modes often appear as stand-
ing waves within the combustion chamber [23, 43].

As discussed further in Section 4.3, the flame response of longitu-
dinal thermoacoustic oscillations is commonly dominated by con-
vective effects. Acoustic perturbations are convectively transported
from the burner to the flame, where they cause heat release pertur-
bations Q̇′. Due to the convection, the heat release perturbations lag
the pressure perturbations p′ by a convective time delay τ. To ob-
tain self-excitation according to the Rayleigh criterion, the convec-
tive time delay τ must be related to the oscillation period T as fol-
lows:

0 < τ <
T
4

,
3T
4
< τ <

5T
4

, etc. (1.2)

• Azimuthal modes: In annular combustors, azimuthal modes can oc-
cur. These modes cause oscillations in the circumferential direction,
with frequencies generally within the same range as longitudinal
modes. For adjacent burners within an annular combustor, the az-
imuthal mode can modulate the axial mass flow in the correspond-
ing burners and also generate transverse excitation. Acoustic wave
propagation can therefore be described by a combination of one- and
two-dimensional approaches [30]. Usually, it is valid to consider the
system as acoustically compact [8].
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• Transverse modes: Transverse modes occur at eigenfrequencies
above 1000 Hz [82]. The oscillation direction is perpendicular to the
main flow direction in the combustion chamber. The dimensions of
the flame length and the acoustic wavelength are in the same or-
der of magnitude. The acoustic field, therefore, changes consider-
ably over the flame volume. As a result, it cannot be assumed that
the flame is acoustically compact. Hence, a spatially resolved anal-
ysis of the interaction between acoustics and flame is required. The
resulting acoustic field is multi-dimensional [19, 65].

1.1.2 Feedback Mechanisms

Essential for the formation of a self-excited thermoacoustic oscillation is
the existence of a feedback mechanism to close the loop. For this reason,
extensive studies on this topic have been conducted in recent years. For
lean premixed combustion, the following mechanisms have been found
to be dominant in the formation of thermoacoustic instabilities:

• Velocity perturbations: The feedback is initialized by a deflection of
the velocity field and the associated modulation of the flame heat re-
lease. The hereby generated sound wave is partially reflected at the
combustion chamber exit and consequently causes, in turn, a deflec-
tion of the velocity field.

• Forced coherent flow structures: Acoustic perturbations at the
burner can cause modulations of the flow field, resulting in coher-
ent flow structures. These structures pulsate with the excitation fre-
quency and generate significant heat release fluctuations by modu-
lating the flame surface, the reaction rate, or both [66,69,79]. In swirl-
stabilized systems, swirl fluctuations additionally contribute to the
generation of instabilities. They are generated by the acoustic waves
impinging on the swirler [37, 45].

• Equivalence ratio fluctuations: In technical combustion systems,
fuel supply and mixing usually take place in the burner. Pressure
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and velocity perturbations at the fuel injector nozzle cause fluctua-
tions of the equivalence ratio ϕ. The equivalence ratio is defined as
the ratio of fuel mass flow rate to air mass flow rate, normalized by
the stoichiometric ratio of the two [93]:

ϕ =
ṁ f uel/ṁair

ṁ f uel,st/ṁair,st
. (1.3)

The equivalence ratio fluctuations ϕ′ are convectively transported
with the mean flow. In the flame, they cause a modulation of the
heat release rate. This can be either directly via the energy content of
the flow and also via the flame temperature and thus the resulting
reaction rate [12,41,52,76,85]. In liquid fuel combustion systems, the
generation of equivalence ratio fluctuations is affected by the addi-
tional processes of atomization and evaporation, which may react to
the acoustic perturbations [13, 27].

• Entropy waves: Entropy waves s′ are perturbations in the hot gas
temperature that are generated by the heat release of the flame re-
sulting from equivalence ratio fluctuations. A feedback mechanism
can be formed if such a perturbation is convected into a choked or
nearly-choked nozzle at the combustor exit, where it is reflected as a
pressure wave [26, 59, 72, 90].

In addition, turbulent noise and naturally occurring flow structures like
vortex separation at edges can act as a trigger to start an instability. How-
ever, they usually do not participate in the feedback cycle [15, 91].

1.1.3 Spray Combustion

For natural gas combustion, thermoacoustic oscillations in lean premixed
combustion have already been extensively studied [23, 38]. Research on
liquid combustion has mainly focused on the primary zone of aero en-
gines, in which usually rich, non-premixed conditions prevail, and the
combustion remains incomplete [26, 60, 97]. So far, only limited research
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has been conducted on thermoacoustic instabilities of lean premixed liq-
uid fuel combustion [75]. Compared to natural gas, liquid fuel combus-
tion includes the additional sub-processes of fuel atomization, spray dis-
persion, and evaporation [19]. Consequently, especially the formation of
equivalence ratio fluctuations ϕ′ at the burner outlet may exhibit different
mechanisms.

Sujith [92] experimentally investigated the influence of acoustic excita-
tion on the fuel spray for high forcing amplitudes. He reported that high-
amplitude velocity oscillations reduce the length of the spray cone and
spray velocity. Moreover, he demonstrated that the impact of acoustic
oscillations on the spray is contingent on the phase of the acoustic field
at the spray injection site. The effect is strongest when the spray is in-
jected at an acoustic velocity antinode, i.e., when the acoustic velocity
amplitude is at its maximum, and the corresponding acoustic pressure
amplitude is at its minimum.

Eckstein [27] investigated the influence of acoustic velocity fluctuations
on the droplet size distribution under non-premixed, rich conditions. His
findings indicate that even minor velocity fluctuations can significantly
impact the droplet size distribution, resulting in a modulation of the heat
release rate. The unstable oscillation frequency was observed to be pre-
dominantly governed by the droplets’ transport and combustion time
scales.

Chishty [11] explored the influence of acoustic perturbations for lean
kerosene combustion. He reported that sprays are particularly suscepti-
ble to oscillations at low frequencies. The associated cut-off frequency is
determined by the relaxation time of the droplets, which correlates with
the mean droplet size. More precisely, the spray reacts to acoustic distur-
bances when the time scales of the droplet lifetime correspond to those
of an acoustic period.

Christou et. al. [13] investigated the effects of air mass flow oscillations
on droplet formation and transport for a pre-filming airblast atomizer.
They observed that fluctuations in air mass flow cause oscillations of
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the mean droplet diameter and modulations of the droplet velocity. They
concluded that even if the average evaporation quality is only marginally
affected by acoustic excitation, the different inertia of droplets of differ-
ent sizes causes the segregation of small droplets at velocity antinodes,
whereas bigger droplets remain unaffected by the excitation. Achury [3]
reported similar findings in CFD simulations when replicating experi-
mental data from Gurubaran [35].

1.2 Thesis Outline

This study compares longitudinal thermoacoustic oscillations in a lean
premixed gas turbine combustor fueled by natural gas and kerosene un-
der atmospheric conditions. A downscaled version of the A2EV burner
is retrofitted using a central twin-fluid nozzle to inject liquid fuel. This
allows for investigating the combustion of liquid fuel and natural gas us-
ing the same burner hardware. Flame transfer functions (FTFs) are used
as a measure to quantify flame dynamics. The comparison of FTFs across
different operating conditions and configurations aims to identify sim-
ilarities and differences in sensitivity. Particular emphasis is placed on
highlighting the similarities and differences between the configurations.
Based on the experimental results, an analytical FTF model is derived.
The model incorporates physically-motivated fit parameters to replicate
the individual feedback mechanisms. The good agreement between the
experimental data and the model allows for the physical interpretation
of the model as a decomposition into the various feedback mechanisms.
Lastly, the model is extended to predict the FTF for a given operating
point.

The thesis is structured as follows: Chapter 2 presents the relevant ther-
moacoustic theory. The derivation of the linear wave equation is ex-
plained, followed by a representation of wave propagation in simple
ducts by solving the wave equation. The propagation of waves in acous-
tic systems is described through low order network models. Finally, FTFs
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are introduced as measure of flame dynamics. Chapter 3 describes the
experimental setup, including an overview of the atmospheric single
burner test rig and the modular swirl burner used for the investiga-
tions. The operation range and the burner configurations studied are also
introduced. Chapter 4 outlines the diagnostic equipment and methods
used in the study. Besides the description of the experimental FTF de-
termination, this includes a review of existing analytical FTF modeling
approaches in general and the applied models in particular. Chapter 5
presents and discusses the stationary operation properties of the com-
bustion system. The degree of premixing for the different liquid fuel con-
figurations is determined based on fuel droplet size measurements and
NOx emission measurements. Stationary OH*-chemiluminescence flame
images are presented and compared across all configurations. Chapter 6
focuses on the dynamic properties of the combustion system. The scat-
tering matrices for the burner with and without liquid fuel injector are
compared with each other, followed by a discussion of FTFs for all oper-
ating points. Chapters 7 and 8 deal with the analytical FTF model. Scaling
rules for the model fit parameters are derived in Chapter 7. The approach
of linking the parameters to the flame geometry is motivated. The re-
constructed FTFs are compared to the experimental data and interpreted
with regard to the importance of the individual coupling mechanisms.
Chapter 8 extends the model to predict the FTF based on the operating
conditions. To achieve this, the flame geometry for the considered oper-
ating point is predicted using proper orthogonal decomposition (POD).
Finally, a summary of the thesis is provided in Chapter 9.
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2 Longitudinal Thermoacoustics

In this chapter, the theoretical foundation for analyzing thermoacoustic
instabilities is presented. First, the basics of linear 1D acoustics are ex-
plained. This includes deriving the solution of the linear wave equation,
which describes the propagation of acoustic waves. Section 2.2 introduces
low order network modeling as a technique for characterizing intricate
acoustic networks by combining multiple simple elements. Subsequently,
the fundamentals of thermoacoustics are discussed, and the concept of
FTFs, which are commonly used as a measure to describe flame dynam-
ics, is introduced.

2.1 Linear 1D Acoustics

The propagation of acoustic waves in time and space can be described
based on conservation equations. Neglecting body forces and viscous
stress, the conservation equations for mass (cf. Equation 2.1) and mo-
mentum (cf. Equation 2.2) can be formulated as follows:

∂ρ

∂t
+

∂ρui

∂xi
= 0 (2.1)

∂ρui

∂t
+ uj

∂ρui

∂xj
+

∂p
∂xi
= 0. (2.2)

Here, p represents the pressure, ρ is the density, xi,j are the cartesian co-
ordinates, and ui,j is the corresponding velocity field.

If the radial extension of the combustor is small compared to the axial
length and if, furthermore, the oscillation frequency is low, the waves can
be assumed to be one-dimensionally propagating plane waves. Conse-
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quently, the entire problem becomes one-dimensional, and only the axial
direction of the velocity field and the coordinates is considered:

ui,j = u xi,j = x. (2.3)

Neglecting stochastic fluctuations, the flow variables can be split into
their mean quantity (.̄..) and a fluctuating component (...′) as:

p(x, t) = p̄(x, t)+ p′(x, t) (2.4)
ρ(x, t) = ρ̄(x, t)+ ρ′(x, t) (2.5)
u(x, t) = ū(x, t)+ u′(x, t). (2.6)

2.1.1 Derivation of the Wave Equation

The one-dimensional wave equation is first derived without taking into
account the mean flow. Subsequently, considering the mean flow veloc-
ities yields the convective wave equation. Applying the decomposition
based on Equations 2.4-2.6 to the conservation equations and assuming
that the fluctuating components are significantly smaller than the mean,
the products of the fluctuating parts cancel out. Equations 2.1 and 2.2 can
be reformulated as:

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ ρ̄

∂u′

∂x
= 0 (2.7)

ρ̄ (
∂u′

∂t
+ ū

∂u′

∂x
)+

∂p′

∂x
= 0. (2.8)

In gas turbine combustors, the Mach number of the mean flow Ma = ū/c
is often low. This allows to neglect the mean flow velocity. Equations 2.7
and 2.8 thus simplify to:

∂ρ′

∂t
+ ρ̄

∂u′

∂x
= 0 (2.9)

ρ̄
∂u′

∂t
+

∂p′

∂x
= 0. (2.10)
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For an isentropic flow, the oscillations of acoustic pressure p′ and density
ρ′ are coupled via the speed of sound c:

ρ′ =
p′

c2 . (2.11)

This allows to derive the wave equation by partially deriving the mass
conservation equation (cf. Eq. 2.9) with respect to x and the momentum
conservation equation (cf. Eq. 2.10) with respect to t and subtracting the
two. For constant mean density ρ ≠ ρ(x, y, z) this yields:

∂2p′

∂t2 − c2 ∂2p′

∂x2 = 0. (2.12)

For non-neglectable homegeneous mean flow ū ≠ ū(x, y, z), the convec-
tive wave equation can be derived from Equations 2.7 and 2.8:

(
∂

∂t
+ ū

∂

∂x
)

2

p′ − c2 ∂2p′

∂x2 = 0. (2.13)

2.1.2 Solution of the Wave Equation

First, the solution of the one-dimensional wave equation with no mean
flow is outlined. Subsequently, this is transferred to the solution of the
one-dimensional convective wave equation. The wave equation (cf. Eq.
2.12) can be solved analytically using d’Alembert’s method:

p′(x, t)
ρc

= f (x − ct)+ g(x + ct). (2.14)

Herein f and g are the so-called Riemann Invariants. They are arbitrary,
frequency-dependent functions that depend on the initial values and
boundary conditions and represent upstream ( f ) and downstream (g)
traveling waves propagating with the speed of sound.

Inserting the solution of the wave equation (cf. Eq. 2.14) into the mass
conservation equation for no mean flow (cf. Eq. 2.9) yields the corre-
sponding acoustic velocity fluctuation:

u′(x, t) = f (x − ct)− g(x + ct). (2.15)

13



Longitudinal Thermoacoustics

Equations 2.14 and 2.15 can be rearranged for f and g to:

f (x, t) =
1
2
(

p′(x, t)
ρc

+ u′(x, t)) (2.16)

g(x, t) =
1
2
(

p′(x, t)
ρc

− u′(x, t)) . (2.17)

Assuming f and g to be harmonic in time, they can be written as a func-
tion of the angular frequency ω = 2π f :

p′(x, t)
ρ̄c

= f ⋅ e(iωt−ikx) + g ⋅ e(iωt+ikx) (2.18)

u′(x, t) = f ⋅ e(iωt−ikx) − g ⋅ e(iωt+ikx). (2.19)

k denotes the wave number, which represents the spatial frequency, i.e.,
the number of cycles in a unit distance of a wave. It is defined as:

k =
ω

c
. (2.20)

The solution of the convective wave equation (cf. Eq. 2.13) follows a sim-
ilar procedure. Again, the d’Alembert method is applied and combined
with the mass conservation equation (cf. Eq. 2.7) to obtain the solutions
for p′ and u′:

p′(x, t)
ρc

= f (x − (c + ū)t)+ g(x + (c − ū)t) (2.21)

u′(x, t) = f (x − (c + ū)t)− g(x + (c − ū)t). (2.22)

Compared to the case without mean flow, the propagation speed of the
Riemann Invariants f and g is modified by the mean flow field. f is prop-
agating downstream with a speed of c + ū, and g is propagating against
the mean flow with a speed of c − ū.

Again assuming harmonic functions for f and g, they can be rewritten to:

p′(x, t)
ρ̄c

= f ⋅ e(iωt−ik+x) + g ⋅ e(iωt+ik−x) (2.23)

u′(x, t) = f ⋅ e(iωt−ik+x) − g ⋅ e(iωt+ik−x). (2.24)

14



2.2 Low Order Network Modeling

Here, k± denotes the convective wave number defined as:

k± =
ω

c ± ū
. (2.25)

2.2 Low Order Network Modeling

When different acoustic components are connected in series, the acous-
tic field altered by one component becomes the inlet condition for the
other. Therefore, it is convenient to treat complex acoustic geometries as
networks of interconnected simple elements with well-known acoustic
properties. The acoustic properties of each element are represented by
transfer matrices that linearly link the acoustic state variables upstream
and downstream of the element. Low order network models are origi-
nally known from electrical engineering and have become a commonly
used way to represent the acoustic properties of gas turbine combustors
with the aim to predict thermoacoustic instabilities [20,62,63]. Some sim-
ple elements, such as straight ducts, area jumps, joints, and forks, can be
described by analytical expressions [32]. In principle, any acoustic ele-
ment can be integrated into a network model by its acoustic transfer ma-
trix obtained from measurements, analytical models, or numerical simu-
lations.

The transfer matrix couples either the acoustic pressure (cf. Eq. 2.26) and
velocity fluctuations or the Riemann invariants f and g (cf. Eq. 2.27) up-
stream (index u) and downstream (index d) of the element of interest as
follows:

⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u

⎤
⎥
⎥
⎥
⎥
⎦d

=

⎡
⎢
⎢
⎢
⎢
⎣

TM11 TM12

TM21 TM22

⎤
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
TMpu

⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u

⎤
⎥
⎥
⎥
⎥
⎦u

(2.26)
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⎡
⎢
⎢
⎢
⎢
⎣

f
g

⎤
⎥
⎥
⎥
⎥
⎦d

=

⎡
⎢
⎢
⎢
⎢
⎣

TM11 TM12

TM21 TM22

⎤
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
TMfg

⎡
⎢
⎢
⎢
⎢
⎣

f
g

⎤
⎥
⎥
⎥
⎥
⎦u

. (2.27)

TMpu and TM f g can be converted into another as follows [32]:

TMpu
=Ω ⋅TM f g ⋅Ω−1 (2.28)

TM f g
=Ω−1

⋅TMpu
⋅Ω. (2.29)

Here, Ω represents a linear coordinate transformation matrix and Ω−1 its
inverse:

Ω =

⎡
⎢
⎢
⎢
⎢
⎣

1 1
1 −1

⎤
⎥
⎥
⎥
⎥
⎦

(2.30)

Ω−1
=

1
2

⎡
⎢
⎢
⎢
⎢
⎣

1 1
1 −1

⎤
⎥
⎥
⎥
⎥
⎦

. (2.31)

The scattering matrix SM f g provides another common way to describe
the acoustic properties of an element. The matrix relates the waves fu

and gd traveling towards the element from both directions to the waves
gu and fd traveling outwards. The acoustic element can be considered a
scattering process, where the waves that enter the element are split into
a reflected and transmitted wave. These two waves are characterized by
the complex reflection coefficients (R+, R−) and transmission coefficients
(T+, T−) of the scattering matrix. The advantage of scattering matrices
over transfer matrices is that they can be interpreted more intuitively be-
cause the waves leaving and entering the acoustic element appear sepa-
rately. The scattering matrix is defined as follows [1, 32]:

[
fd

gu
] = [

T+ R−
R+ T− ]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
SM f g

[
fu

gd
] . (2.32)
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Reformulating Equations 2.27 and 2.32, the following relationship be-
tween the transfer matrix TM f g and the scattering matrix SM f g can be
derived [67]:

SM f g
=

1

TM f g
22

[
TM f g

11 TM f g
22 − TM f g

12 TM f g
21 TM f g

12

−TM f g
21 1

] . (2.33)

2.3 Flame Dynamics

To accurately predict thermoacoustic oscillations in gas turbine com-
bustors, it is crucial to understand how the flame’s heat-release source
term varies with frequency. This thesis relies on experimentally measured
FTFs to provide insight into how the flame responds to acoustic distur-
bances. In the following, the concept of FTFs is presented, and the under-
lying assumptions are explained first. After that, the Rankine-Hugoniot
relations that connect the FTFs and the previously discussed transfer ma-
trices are introduced.

2.3.1 Flame Transfer Functions

The FTF correlates flame heat release fluctuations Q̇′ to the perturbations
of acoustic velocity at the burner exit u′B. Both quantities are normalized
with their respective mean values ¯̇Q and ūB, thus yielding the following
equation:

FTF =
Q̇′/ ¯̇Q
u′B/ūB

. (2.34)

Assuming that the fluctuating quantities u′B and Q̇′ undergo harmonic
oscillations at a particular angular frequency ω, they can be converted
into the frequency domain. Both quantities can be expressed by their
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complex-valued Fourier coefficients:

Q̇′(ω) = ∣Q̇′∣(ω)e(iωt+φQ̇) (2.35)

u′B(ω) = ∣u
′

B∣(ω)e
(iωt+φuB). (2.36)

This allows splitting up the FTF into its frequency-dependent amplitude
and phase response, defined as:

∣FTF∣(ω) =
∣Q̇′∣/ ¯̇Q
∣u′B∣/ūB

∠FTF(ω) = φQ̇ − φuB .
(2.37)

For very low frequencies ω → 0, the FTF describes the quasi-steady flame
response [71]. This is a characteristic feature that depends on the com-
bustion configuration.

For perfectly premixed combustion, where the homogeneously premixed
fuel-air mass flow is modulated, this describes a pure thermal power
modulation. The heat release rate is varied proportionally to the veloc-
ity at the burner outlet with no phase shift:

lim
ω→0
∣FTFpp∣ = 1 (2.38)

lim
ω→0
∠FTFpp = 0. (2.39)

In the case of technically premixed flames, equivalence ratio fluctuations
additionally contribute to the FTFs as discussed in Section 1.1.2. In the
following, it is shown that this contribution can also be expressed as a
function of the burner outlet velocity fluctuation. Thus, the concept of
FTFs is also applicable to technically premixed flames.

For low oscillation amplitudes, the overall heat release rate fluctuation
Q̇′ can be expressed as a linear superposition of the equivalence ratio
contribution Gϕ onto the FTF of a perfectly premixed flame [33, 81]:

Q̇′
¯̇Q
= FTFpp ⋅

u′B
ūB
+Gϕ ⋅

ϕ′

ϕ̄
. (2.40)
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If the pressure loss in the fuel injector is high compared to the oscillation
amplitudes, the fuel supply can be considered acoustically stiff, which
means that the fuel flow rate does not react to acoustic perturbations. In
this case, the equivalence ratio fluctuations depend only on the air mass
flow perturbations. Those are directly related to the acoustic velocity per-
turbations. Thus, both FTF contributions can be formulated as functions
of u′B:

Q̇′
¯̇Q
= FTFpp ⋅

u′B
ūB
+ FTFϕ ⋅

u′B
ūB

(2.41)

= FTFtp ⋅
u′B
ūB

. (2.42)

For determining the quasi-steady flame response of FTFtp, the equiva-
lence ratio contribution FTFϕ is considered first. Due to the acoustically
stiff fuel supply, only the air mass flow is modulated. A positive acoustic
velocity fluctuation causes a dilution of the mixture, and vice versa [12].
The equivalence ratio fluctuations are hence out of phase with respect to
the velocity fluctuations by π:

lim
ω→0
∣FTFϕ∣ = 1 (2.43)

lim
ω→0
∠FTFϕ = π. (2.44)

The superposition of FTFpp and FTFϕ results in the following low fre-
quency limits of FTFtp [33]:

lim
ω→0
∣FTFtp∣ = 0 (2.45)

lim
ω→0
∠FTFtp =

π

2
. (2.46)

At ω = 0, the phase value is not defined due to the vanishing amplitude.

For high frequencies, the FTF amplitude tends towards zero for any con-
figuration due to the increasing axial dispersion of the flame response
[33]:

lim
ω→∞
∣FTF∣ = 0. (2.47)
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2.3.2 Rankine-Hugoniot Relations

In the following, the FTF is expressed as a function of the acoustic
state variables p′ and u′ upstream and downstream of the flame. This
is achieved by making use of the Rankine-Hugoniot relations. This ap-
proach allows the extraction of the FTF from acoustic measurements only,
without requiring a direct measurement of the oscillating heat release
rate Q̇′. As mentioned in Section 1.1.1, the frequency range under investi-
gation has a much larger wavelength than the flame’s axial expansion in
longitudinal thermoacoustics. Consequently, the flame can be regarded
as acoustically compact. As a result, the thickness of the flame can be dis-
regarded, and it can be treated as a thin sheet that marks the boundary
between the cold reactants (index c) and hot products (index h) in the
reacting flow [14,40,72]. Integrating the conservation equations for mass
(cf. Eq. 2.1) and momentum (cf. Eq. 2.2) across a control volume that in-
cludes the flame leads to:

ρhuh − ρcuc = 0 (2.48)
ph + ρhu2

h − pc − ρcu2
c = 0. (2.49)

Additionally, energy conservation is considered:

ρhu2
h (hh +

u2
h

2
)− ρcu2

c (hc +
u2

c

2
)− Q̇ = 0. (2.50)

Here, h denotes the specific enthalpy. Assuming a stationary, isentropic
one-dimensional flow up- and downstream of the flame, the ideal gas
law ρ = RT/p applies and the specific enthalpy can be expressed as:

h = cpT =
γ

γ − 1
p
ρ

. (2.51)

Herein, γ denotes the specific heat ratio. Applying the definition of the
Mach number, Ma = u/c and inserting Equation 2.51, Equations 2.48-
2.50 can be reformulated. The result are the Rankine-Hugoniot relations,
which describe the jump conditions for velocity, pressure, and tempera-
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ture across the flame [83]:

uh

uc
= 1+

γ − 1
γ

Q̇
pcuc

+O (Ma2) (2.52)

ph

pc
= 1− (γ − 1)

Q̇
pcuc

Ma2
c +O (Ma4) (2.53)

Th

Tc
= (

ch

cc
)

2
= 1+

γ − 1
γ

Q̇
pcuc

+O (Ma2) . (2.54)

(2.55)

For low Mach numbers, as usually present in gas turbine combustors,
higher order Mach number terms O(...) can be neglected. The total flow
quantities in Equations 2.52-2.54 are decomposed into their respective
mean and fluctuating components using Equations 2.4-2.6. Then, by re-
taining only first-order terms and linearizing the resulting expressions,
two equations that establish a correlation between acoustic pressure and
velocity fluctuations across the flame can be derived:

p′h
ρ̄hch

= ϑ
p′c

ρ̄ccc
− θϑMac (1+

Q̇′/ ¯̇Q
u′c/ūc

)u′c (2.56)

u′h = −ϑγMacu′c
p′c

ρ̄ccc
+ (1+

Q̇′/ ¯̇Q
u′c/ūc

)u′c. (2.57)

Herein, the specific impedance ϑ and the relative temperature rise θ are
defined as:

ϑ =
ρ̄ccc

ρ̄hch
(2.58)

θ =
Th

Tc
− 1. (2.59)

Incorporating the FTF definition according to Equation 2.34 and rep-
resenting Equations 2.56 and 2.57 in matrix-vector notation yields the
acoustic transfer matrix of the flame in pu-notation, FTMpu:
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⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u′

⎤
⎥
⎥
⎥
⎥
⎦h

= [
ϑ −ϑθMac(1+ FTF)

−θγMac 1+ θFTF
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FTMpu

⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u′

⎤
⎥
⎥
⎥
⎥
⎦c

(2.60)

For very low Mach numbers, Equation 2.60 can be further simplified to:

⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u′

⎤
⎥
⎥
⎥
⎥
⎦h

= [
ϑ 0
0 1+ θFTF

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FTMpu

⎡
⎢
⎢
⎢
⎢
⎣

p′

ρ̄c

u′

⎤
⎥
⎥
⎥
⎥
⎦c

. (2.61)

This formulation serves as the basis for the experimental FTF determina-
tion as outlined in Section 4.2.2.
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This chapter describes the experimental setup. All experiments were car-
ried out on an atmospheric single burner test rig. The rig is described
first. Second, the swirl burner used is described in detail. The chapter
ends with the introduction of the operating range covered in the experi-
ments described in Chapters 5 and 6.

3.1 Atmospheric Combustion Test Rig

Figure 3.1 presents a schematic of the test rig. The rig is an axial arrange-
ment of plenum, combustor, and exhaust silencer with a swirl burner
mounted at the combustor inlet. Combustion air is drawn from a com-
pressed air supply header. It is filtered and regulated to maintain a pres-
sure of approximately 10 bar. The air mass flow is electrically preheated
to maintain a burner inlet temperature of Tpre=573 K. At the outlet of the
preheater, natural gas can be introduced into the air flow if the test rig is
operated in perfectly premixed natural gas configuration (NGpp).

Via a 3-way valve, half of the heated mixture is then supplied directly to
the plenum and the other half through a hot gas siren that serves for up-
stream acoustic excitation. The siren consists of a stator and a rotor disc
with double sine-shaped orifices that generate a harmonic excitation sig-
nal. The rotor is driven by a 1.1 kW three-phase motor with a frequency
converter to control the rotation speed. The rotation speed is monitored
by a photo sensor, which is interrupted by a profiled disk mounted on
the siren shaft. Effective excitation frequencies up to 800 Hz can be re-
alized. A detailed description of the siren is given by Eckstein [27]. The
pipes connecting the preheater and the plenum provide enough buffer
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Intensified
high speed

camera

Exhaust gas
measurement

probe

PlenumHot gas
sirenPreheater

Natural gas (NGtp)
Kerosene

Atomizing air

Watercooled
pressure transducers

Air Natural gas
(NGpp)

To
exhaust

Removable
siren

Perforated
plate

Figure 3.1: Schematic of the atmospheric single burner test rig. Adapted
from Stadlmair [88].

volume for acoustically isolating the plenum from upstream infrastruc-
ture [25]. The plenum is a cylindrical tube with a length of 1727 mm and
a diameter of 124 mm. It provides ports for pressure and temperature
measurement. External insulation is provided to minimize the heat loss
in the plenum. Kerosene, atomizing air, and natural gas for the techni-
cally premixed configuration (NGtp) are supplied via an interface at the
downstream end of the plenum. The combustion chamber has a rectan-
gular section of 150 × 150 mm and a length of 730 mm. It provides optical
access to the flame through a quartz glass window and ports for pressure
and global NOx emission measurement. Impingement air cooling is pro-
vided on the combustor walls and the quartz glass window. Downstream
of the measuring port section, a removable siren that serves as the second
acoustic excitation source [47] can be attached. A perforated plate at the
test rig outlet generates a lowly-reflecting acoustic boundary condition.
More detailed descriptions of the test rig can be found in [87] and [6].

3.2 A2EV Swirl Burner

The burner used in this study is a scaled-down version of the modular
A2EV swirl burner developed by Sangl [77] and Mayer [61]. The design
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3.2 A2EV Swirl Burner

was derived from the Alstom AEV burner and optimized with respect
to flame flashback safety and low NOx emissions across a wide range of
operating conditions. Figure 3.2 depicts a schematic of the burner in the
original gas burner configuration (a) and in the dual fuel burner configu-
ration, which was developed in the present work (b).

The burner consists of a conical element with four tangential slots by
which the air flow is swirled. In technically premixed natural gas opera-
tion, natural gas is fed directly into the swirler at each of the four trailing
edges of the slots through ten evenly spaced holes. The apex of the coni-
cal element is cut off, and a head air port at the center axis allows part of
the airflow to bypass the swirl slots. The conical mixing tube connected
to the swirler regulates the swirl number by increasing the axial flow
component due to the decrease in the cross-sectional area [77]. From a
thermoacoustic perspective, this creates a convective time delay between
the fluctuations of swirl and axial velocity at the burner exit [6]. The ther-
moacoustic importance of the time delays is discussed further in Section
4.3. The sudden area increase at the burner outlet induces a vortex break-
down. This leads to the formation of shear layers in the inner and outer
recirculation zones as well as a flow stagnation point at the burner cen-
terline, which serves for flame stabilization. The properties of the natural
gas configuration have been studied by Bade [6].

Kerosene

ṁat

Twin-fluid nozzle
ṁair

(NGtp)

Swirler Mixing tube
a) b)

Spray

lmix

ṁair
(+NGpp)

Figure 3.2: A2EV swirl burner in (a) gas burner configuration and (b)
dual fuel burner configuration.

In order to allow liquid fuel combustion, the burner is retrofitted with
a movable twin-fluid nozzle, which is mounted at the center axis at the
head air port of the swirler [95] as shown in Figure 3.2 (b). The nozzle
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is fed with kerosene and atomizing air, which are brought into contact at
the nozzle exit, where the liquid flow is atomized by the high momentum
air flow. The atomizing air is not preheated. To enhance the atomization
quality, the atomizing air is swirled in the nozzle. The atomizing air swirl
has the same direction as the main air. The spray cone has a narrow open-
ing angle of 20○. In operation, the nozzle is choked at the exit.

In order to vary the degree of fuel-air premixing in the combustion cham-
ber, the axial distance between the nozzle outlet and the combustor inlet
can be changed. This distance is referred to as mixing length lmix. Fuel-air
premixing is affected by this in two ways: Firstly, a longer premixing dis-
tance leads to better turbulent mixing of fuel and air. Secondly, the spatial
distribution of the fuel becomes more homogeneous. Because of the nar-
row spray cone opening angle, the spray is not distributed over the entire
burner cross section when the nozzle exit is close to the combustor inlet,
as indicated in the schematic in Figure 3.1. In contrast to that, the fuel is
distributed over the entire cross section of the burner outlet if the nozzle
is retracted far enough.

The insertion of the twin fluid nozzle blocks the head air port and thus
changes the flow field. Due to the increased mass flow through the swirl
slots, the swirl number of the flow increases. Furthermore, the axial mo-
mentum of the flow is reduced, and the recirculation zone moves towards
the burner exit. In liquid operation, this is counteracted by the atomizing
air flow. For natural gas combustion, the nozzle is removed in all exper-
iments in this study. The impact of the nozzle on the acoustic properties
of the burner is discussed in Section 6.1.

3.3 Operating Range

Experiments are conducted for four different burner configurations in
total in order to stepwise increase the mixture preparation complexity.
The NGpp- and the NGtp-configuration serve as reference as they have
already been studied before [6]. For kerosene combustion, a highly pre-
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mixed configuration with a mixing length of lmix = 70 mm (k70) and a
partially premixed configuration with a mixing length of lmix = 30 mm
(k30) are investigated.

The operating range is spanned by the systematic variation of equiv-
alence ratio ϕ and main air mass flow ṁair for all configurations. For
the two liquid fuel configurations, the atomizing air mass flow ṁat is a
third variable that determines the operating point. The reference oper-
ating point is at ṁair = 25 g/s and ϕ = 0.675. For the two liquid fueled
configurations, the atomizing air mass flow is ṁat = 0.875 g/s which is
3.5% of ṁair.

Three test series are carried out for both nozzle configurations, in each of
which one parameter is varied separately. First, the main air mass flow
is altered between ṁair = 20 g/s and ṁair = 30 g/s at constant equiva-
lence ratio ϕ = 0.675. In liquid operation, the atomizing air mass flow
is kept proportional to the main air mass flow at a constant ratio of
ṁat/ṁair = 3.5%. This aims to maintain the flow field self-similarity from
the natural gas configurations [77] also for the cases with liquid fuel in-
jection. This means that fuel, main air, and atomizing air mass flow are
changed proportionally.

The second series of experiments comprises a variation of the equiva-
lence ratio between ϕ = 0.575 and ϕ = 0.775 at a fixed main air mass flow
of ṁair = 25 g/s. Due to the prescribed coupling of ṁat to ṁair, this means
that the air-liquid-ratio at the liquid injection nozzle (ALR) is changed. As
discussed in Section 5.1, this affects the liquid fuel atomization quality.

In order to separately investigate the influence of the atomization quality
on the combustion dynamics for the liquid fuel configurations, the atom-
izing air mass flow is varied between ṁat = 0.63 g/s and ṁat = 1.13 g/s
at a fixed equivalence ratio of ϕ = 0.675 and a fixed main air mass flow of
ṁair = 25 g/s.

Table 3.1 provides an overview of the reference operating point and the
three test series for natural gas and kerosene. Except for the atomizing
air variation, the operating parameters of each test series are listed in
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two rows. The first row denotes the parameters for natural gas, and the
second row for kerosene. Parameters that remain unchanged between the
two configurations are written centered. The atomizing air is only varied
in kerosene operation. Due to the different stoichiometric air requirement
of the two fuel types, the fuel mass flow rates differ. The resulting thermal
power is almost equal between the two fuels.

Varied ṁair ṁNG ṁkero ṁat Pth ϕ

parameter (g/s) (g/s) (g/s) (g/s) (kW)

Reference 25
1.03 51

0.675
1.19 0.875 51

ṁair 20− 30
0.83− 1.24 41− 61

0.675
0.95− 1.43 0.70− 1.05 41− 62

ϕ 25
0.88− 1.19 43− 58

0.575− 0.775
1.00− 1.35 0.875 43− 58

ṁat 25 1.19 0.63− 1.13 51 0.675

Table 3.1: Overview of the operating parameters in the reference opera-
tion point and for systematic variations of air mass flow, equiv-
alence ratio, and atomizing air mass flow.
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This chapter provides information about the diagnostics used and the
applied methods. The chapter starts with a brief description of the sta-
tionary characterization. Particular focus is set on the dynamic flame be-
havior. The experimental determination of flame transfer matrices and
flame transfer functions is outlined in Section 4.2. Finally, the approach
for the analytical FTF modeling is described, and the relevant feedback
mechanisms are discussed in Section 4.3.

4.1 Stationary Flame Characterization

4.1.1 Flame Imaging

Flame images are acquired using a Photron FastCam SAX-2 high-speed
camera equipped with a Hamamatsu C10880 image intensifier. A band-
pass filter with a center wavelength of 307±5 nm is installed in front of
the intensifier in order to record only the OH*-chemiluminescence radi-
ation. For each operating point, sets of 1000 images are recorded with
a frame rate of 125 images per second and averaged in MATLAB to re-
move the influence of turbulent fluctuations. The correction with a cal-
ibration image of a reference target allows to remove the distortion of
the images and scale the length. To facilitate the comparison of flame
positions and flame shapes across different operating points, the OH*-
chemiluminescence intensity values are scaled between 0 and 1 by nor-
malizing with the individual maximum. The stationary flame geome-
try parameters are then calculated based on the normalized line-of-sight
OH*-chemiluminescence intensity Iij as visualized in Figure 4.1:
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• The flame center of gravity xcg is defined as follows:

xcg =
∑

xmax
i=1 (xi∑

ymax
j=1 Iij)

∑
xmax
i=1 ∑

ymax
j=1 Iij

. (4.1)

• In accordance with the previous works of Bade [6] and Stadlmair
[88], the axial extension of the flame l f l is defined as the axial distance
between the first and the last column where at least 5 pixels exceed
a relative intensity of 18%.

• Similarly, the flame width d f l is determined by the vertical distance
of the upper and lower row, where at least 5 pixels exceed the thresh-
old value. Since the flame may extend close to the combustor walls,
the intensity gradient at the radial boundaries is very steep. The
threshold is therefore set to 50% to guarantee reliable width detec-
tion.

xcg

x (mm)

l f l

d f l

r
(m

m
)

0.18

0.5

1

0

IOH∗
IOH∗,max

Figure 4.1: Determination of the flame geometry parameters from OH*-
chemiluminescence images.

4.1.2 Droplet Sizing

For the droplet size measurements, the burner is installed outside of the
test rig and operated without main air. The liquid fuel is replaced by a
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mixture of 90% ethanol and 10% water, which provides similar atom-
ization characteristics to kerosene [27]. The droplet spectrum is deter-
mined through optical measurements based on Mie scattering using a
Spraytec MALVERN Particle Sizer 200 mm downstream of the nozzle exit
on the central axis. Measurement data are acquired at a recording rate of
2500 Hz over a period of 1 second to obtain a statistically sufficient num-
ber of particles. The Sauter mean diameter (SMD) is chosen to describe
the spray’s size distribution by one representative value. The SMD rep-
resents the average volume-to-surface ratio of the droplets in the spray,
which dominates heat and mass transfer phenomena [50]. For a control
volume of N spherical droplets with the respective diameters dn, it is de-
fined as follows:

SMD = ∑
N
n=1 Nnd3

n

∑
N
n=1 Nnd2

n
. (4.2)

4.1.3 NOx Measurement

The exhaust gas measurement port is located at a distance of 540 mm
downstream of the burner exit. A water thermostat is used to keep the
temperature in the exhaust gas at 353 K. This is necessary to quench the
reaction and protect the exhaust probe in the hot gas from overheating.
The extracted gas is fed to an ECOphysics CLD700ELht NOx analyzer. The
hose that conveys the exhaust gases to the analyzer is temperature con-
trolled to prevent water condensation. This is necessary because NOx

species have good solubility in liquid water, and condensation would
therefore falsify the measurement result. Time series of 20 s each are
recorded at a sampling rate of 2 Hz and averaged to eliminate fluctua-
tions of the measured values. In order to compare the measured values
with each other, all concentrations are normalized to 15% O2 in the dry
exhaust gas.
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4.2 Acoustic Characterization of Burner and Flame

The acoustic properties of the burner and the flame are character-
ized based on dynamic pressure measurements. For this, the test rig is
equipped with in total eight water-cooled PCB 106B piezoelectric dy-
namic pressure transducers, four of which are located in the plenum and
the other four in the combustion chamber. Dynamic pressure is recorded
at a sample rate of 65536 samples per second. Time traces of 10 seconds
are recorded for each excitation frequency in the range between 20 Hz
and 800 Hz at a frequency stepping of 20 Hz. The recorded data is cor-
related to the excitation signal in the postprocessing to extract the ampli-
tude and phase information of the dynamic pressure signal, which serve
as input for the acoustic field reconstruction.

In the following, the calculation of acoustic scattering matrices using the
multi-microphone method is described. The resulting scattering matrices
are then employed as input for the FTF determination, which is described
subsequently.

4.2.1 Determination of Scattering Matrices

The determination of scattering matrices from the acoustic measurements
is schematically shown in Figure 4.2.

xu,1 xu,2 xu,3 xu,4 xd,1 xd,2 xd,3 xd,4

SMfg

xref,u xref,d

Figure 4.2: Experimental determination of scattering matrices. Adapted
from Stadlmair [88].

The frequency-dependent acoustic scattering matrices of the burner with
and without flame can be determined experimentally by imposing a
known acoustic excitation state on one side of the element and measur-
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ing its response on the other. In order to determine the four elements of
the scattering matrix from two acoustic state variables, two independent
excitation states are required. This can be achieved using the two-source
location method in which two acoustic forcing conditions are imposed
on the system by separately using the two acoustic sources upstream
(A) and downstream (B) of the element [62]. From the dynamic pres-
sure measurements at multiple discrete positions upstream and down-
stream, the analytical solution of the convective wave equation 2.23 and
2.24 can then be used to obtain the Riemann-invariants f and g. The min-
imum required number of microphones for this procedure is two on each
side. The procedure is then referred to as two-microphone method [1].
If the distance between the two measurement points is equal to half
of the acoustic wavelength, this method leads to the occurrence of sin-
gularities [2]. This problem can be overcome by the multi-microphone
method (MMM), which uses more than two non-equidistantly spaced
microphones on both sides [32,67,80]. The determination of the Riemann
invariants according to Equations 2.23 and 2.24 thus becomes an opti-
mization problem that can be reformulated to be solved by a least square
method:

[
f A
u/d(ω) f B

u/d(ω)

gA
u/d(ω) gB

u/d(ω)
] = H†

u/dp′u/d. (4.3)

p′u/d denotes the spectral pressure amplitude of the acoustic pressure sig-
nal p′(x, t) at the discrete measurement locations upstream and down-
stream, evaluated for the respective forcing frequency f = ω/2π for both
forcing conditions A and B:

p′u/d =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

p′A (xu/d,1 − xre f ,u/d, ω) p′B (xu/d,1 − xre f ,u/d, ω)

⋮ ⋮

p′A (xu/d,N − xre f ,u/d, ω) p′B (xu/d,N − xre f ,u/d, ω)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (4.4)

The reference coordinates xre f ,u/d are the up- and downstream boundaries
of the element under consideration, respectively. The matrix Hu/d con-
tains the spatial field information, given by the convective wave numbers
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k± and corresponding measurement locations xu/d:

Hu/d =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

e(−ik+xu/d,1−xre f ,u/d) e(ik
−xu/d,1−xre f ,u/d)

⋮ ⋮

e(−ik+xu/d,N−xre f ,u/d) e(ik
−xu/d,N−xre f ,u/d)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (4.5)

H† represents the pseudo-inverse of H, defined as:

H† = (H⊺ ⋅H)−1
⋅H⊺. (4.6)

Finally, the scattering matrix can be obtained from the reconstructed f
and g by rearranging Equation 2.32:

[
T+ R−
R+ T− ]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
SMfg

= [
f A
d f B

d
gA

u gB
u
] [

f A
u f B

u
gA

d gB
d
]

−1

. (4.7)

4.2.2 Measurement of Flame Transfer Functions

The FTF can be determined from purely acoustic measurements by ap-
plying the MMM and exploiting the relationship between the flame
transfer matrix and the FTF via the Rankine Hugoniot relations as out-
lined in Section 2.3.2. Equation 2.61 can be solved for the FTF to:

FTF =
FTMpu

22 − 1
θ

=
FTMpu

22 − 1
Th/Tc − 1

, (4.8)

with Tc and Th being the local temperature just up- and downstream of
the flame, respectively.

The direct experimental determination of the flame transfer matrix FTM
is not possible since measurements with flame always also include the
acoustic influence of the burner. However, this contribution can be elim-
inated in the evaluation procedure.
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It is presumed that the acoustic qualities of both the burner and flame
are linearly superposed. Based on this assumption, the exclusive flame
transfer matrix can be expressed by the combined burner-flame transfer
matrix (BFTM) and the matrix of the burner without flame (BTM) as
follows [80]:

FTM = BFTM ⋅BTM−1. (4.9)

The BFTM and the BTM can be determined separately from acous-
tic measurements with and without combustion and the procedure de-
scribed in Section 4.2.1. The underlying assumption that the acoustic
properties of the burner remain unaffected by the presence of the flame
has been confirmed in several works in the past [5, 80].

For perfectly premixed flames, the equivalence ratio is locally constant.
Thus, the normalized heat release fluctuations Q̇′/ ¯̇Q can be assumed pro-
portional to the normalized integral OH∗-chemiluminescence intensity
I′OH∗/ ĪOH∗. Consequently, Equation 2.34 can be expressed as:

FTF =
I′OH∗/ ĪOH∗

u′B/ūB
. (4.10)

The integral OH∗-chemiluminescence intensity IOH∗ can be measured us-
ing a photomultiplier. The velocity perturbations at the burner outlet can
be obtained from acoustic pressure measurements in the plenum and the
burner transfer matrix. More information on the method can be found
in [88] and [6].

In the present work, the purely acoustic method based on the Rank-
ine Hugoniot relations is applied, because it is suitable for all combus-
tion configurations. In addition, for the NGpp-configuration, the OH∗-
chemiluminescence-based method is applied in parallel to cross-validate
the measurements. The comparison of both results can be found in Ap-
pendix A.2.
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4.3 Analytical FTF Modeling

In addition to the qualitative explanation of the feedback mechanisms
presented in Section 1.1.2, reliable methods for modeling the flame re-
sponse are of significant importance. The modeling serves two purposes:

• First, replicating measured FTFs of existing systems allows for a
deeper understanding of the physical processes that drive the com-
bustion dynamics.

• Second, the prediction of FTFs allows to prevent potential instabili-
ties during the development of new systems.

The analytical FTF model discussed in the following is applied for both
purposes, as presented in Chapter 7. The model represents various mech-
anisms by which acoustic excitation can lead to heat release fluctuations,
each based on physically-based fit functions. In the following, the differ-
ent mechanisms are briefly described, and modeling approaches for the
individual terms are given.

Two main coupling mechanisms for perfectly premixed, swirl-stabilized
combustion have been identified: mass flow fluctuations and swirl fluc-
tuations [38]. In the case of technical premixing, equivalence ratio fluctu-
ations provide a third mechanism that contributes to the flame response.
For low excitation amplitudes, these three mechanisms can be linearly
superposed. The analytical FTF model for technically premixed combus-
tion thus results from the summation of these three terms:

FTF = FTFM + FTFS + FTFϕ. (4.11)

The indices M, S, and ϕ represent the contribution of mass flow, swirl,
and equivalence ratio fluctuations, respectively.

A common property of all three mechanisms is that the respective distur-
bance is convectively transported from its origin to the flame, where it
causes heat release fluctuations. Each of the three model terms, therefore,
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τM

τϕ

τS

Figure 4.3: Visualisation of the different length scales associated with the
convective transport of mass flow fluctuations, swirl fluctua-
tions, and equivalence ratio fluctuations.

contains time delay elements of the type e−iωτ, where τ represents a con-
vective time delay [18]. As indicated in Figure 4.3, the three mechanisms
are triggered at different positions along the flow path and are thus asso-
ciated with different convective time scales τM, τS and τϕ. This leads to a
varying phase relation, causing the mechanisms to constructively or de-
structively interfere, depending on the respective time delay difference
and frequency.

4.3.1 Mass Flow Fluctuations

Modulations of the mass flow can directly trigger heat release rate fluc-
tuations. The mechanism was first investigated for perfectly premixed
laminar gas flames [22, 24, 84], where the observed heat release fluctua-
tions could directly be related to fluctuations of the flame surface. It was
found that the mechanism is predominantly significant at low frequen-
cies. For turbulent flames, local flame speed fluctuations must be taken
into account. Schuermans et al. [81] proposed the τ − σ model, which de-
scribes the heat release rate fluctuations by a time delay τ and a standard
deviation σ to account for the spatially distributed heat release in the
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flame:

FTFτ−σ(ω) = e−iωτ−1
2 ω2σ2

. (4.12)

The model FTF is characterized by a linear phase and an amplitude de-
creasing from one to zero with increasing frequencies at a rate that is
determined by the standard deviation σ. The model cannot reproduce
amplitude values exceeding unity. To overcome this limitation, Alemela
extended the model by a prefactor n, called interaction index [5]. How-
ever, this so-called n − τ − σ model violates the low frequency limits dis-
cussed in Section 2.3.1. Another approach was proposed by Freitag, who
combined the time delay element with a second order delay element [33]:

FTFM(ω) =
e−iωτM

1+ αM1iω + (αM2iω)2
. (4.13)

The model has a low frequency limit amplitude of one, thus fulfilling the
required low frequency limit. Depending on the two damping parame-
ters αM1 and αM2, the amplitude may first rise to a limit amplitude higher
than one. For higher frequencies, the amplitude decays and approaches
zero for high frequencies. The disadvantage of this model is the limited
physical significance of the model variables. Especially the τM value can-
not be directly interpreted as the time delay since the phase slope devi-
ates from the linear form due to the combination with the second order
delay term. In the present work, the approach proposed by Freitag is used
to describe the contribution of mass flow fluctuations to the FTF.

4.3.2 Swirl Fluctuations

Hirsch et al. [37] have shown that swirl burners generate a time-delayed
circulation fluctuation, which causes additional axial velocity fluctua-
tions and consequently leads to the generation of heat release rate fluc-
tuations. The mechanism can be explained based on the effect of vortex
breakdown, which in swirl burners is responsible for the formation of the
internal recirculation zone and, thus, for the aerodynamic stabilization of
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the flame. While the circulation fluctuations are convectively transported
along the cone-shaped reaction zone, they generate fluctuations in the
azimuthal vorticity. According to the Biot-Savart law, these fluctuations
induce axial velocity fluctuations at the flame front, which in turn cause
heat release fluctuations. The analytical model proposed by Hirsch et al.
is capable of predicting the swirl fluctuation-related FTF contribution en-
tirely based on physical mechanisms. However, this requires a very de-
tailed description of the flame parameters.

An alternative model was proposed by Komarek and Polifke [45]. They
numerically applied a unit impulse of the tangential velocity to a swirl-
stabilized flame and analyzed the flame response. They showed that the
resulting heat release rate is first increased and subsequently decreased
by the impulse. Since the overall heat release rate remains unaffected, the
positive and the negative contribution are necessarily of the same inten-
sity. In the FTF model, the increase and decrease of the heat release are
approximated by two distributed time delay terms with opposite signs:

FTFS = nS ⋅ (e−iωτS1−
1
2 ω2σ2

S − e−iωτS2−
1
2 ω2σ2

S) . (4.14)

The vorticity increases with the radial position, and therefore the mag-
nitude of the mechanism depends on the flame diameter. This is repre-
sented by the interaction index nS. Based on the observation that the heat
release rate increases first, the time delay τS1, which is associated with the
positive heat release fluctuation, must be smaller than τS2. The normal
distribution σS must have the same value for both terms in order to ful-
fill the requirement that the integral heat release rate fluctuation is zero.
Hauser [36] compared the models of Hirsch et al. and Komarek and Po-
lifke and showed that both models yield identical results. In the present
work, the simple model of Komarek and Polifke is applied because it re-
quires no a-priori modeling of the physical flame parameters.
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4.3.3 Equivalence Ratio Fluctuations

Equivalence ratio fluctuations are generated at the fuel injection location.
Fluctuations of the acoustic field cause air and fuel mass flow oscillations,
thus modulating the equivalence ratio. After their generation, the equiva-
lence ratio fluctuations are convectively transported to the reaction zone,
where they induce heat release fluctuations.

A simple model to describe the impact of equivalence ratio fluctuations
was presented by Lieuwen [52]. The model is focused on the convec-
tive transport, which is represented by a pure time delay with no am-
plitude modification. Any dispersive or diffusive effects are neglected.
Sattelmayer developed a model that includes dispersive effects [78]. An
estimate of the time delay distribution is obtained by investigating the
velocity field. Schuermans et al. proposed to model the equivalence ra-
tio contribution as a distributed time delay using a Gaussian distribu-
tion [81]:

FTFϕ = −nϕe−iωτϕ−
1
2 ω2σ2

ϕ . (4.15)

This model is applied in the present study. To satisfy the low frequency
limit of technically premixed FTFs, the interaction index nϕ must be one
and is therefore omitted in the following. In contrast to the other model
terms, the value of τϕ corresponds directly to the convective time delay
of the equivalence ratio fluctuations.

Bade [6] experimentally isolated the equivalence ratio fluctuation term
by comparing flame transfer functions of perfectly and technically pre-
mixed natural gas combustion using the same burner hardware as in the
present study. She showed that the equivalence ratio fluctuations pre-
dominantly affect the FTF at low frequencies and that the distributed
time delay model can reproduce her experimental results. This was con-
firmed by Vogel et al. [96], who directly measured the equivalence ratio
fluctuations in the flame for kerosene and natural gas combustion using
an optical method and determined the numeric values of τϕ and σϕ for
different operating conditions. They pointed out that τϕ severely depends
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on the fuel type. While natural gas can be considered to adapt to the lo-
cal flow field initially after injection, the droplets need a non-negligible
timespan to accelerate to the local flow velocity due to their inertia. The
inertia and thus the acceleration time scale with the droplet diameter. The
additional time delay significantly affects the dynamic properties of the
flame, as discussed in Section 7.2.
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5 Stationary Properties

In this chapter, the stationary properties throughout the operating range
defined in Section 3.3 are presented and discussed. The focus is on the
two liquid fuel configurations k70 and k30, while the two natural gas
configurations serve as references. First, the atomizer performance for
the liquid operation is discussed. NOx measurements are used to deter-
mine the degree of premixing that results from the measured droplet
size spectrum for the two kerosene configurations. Emission measure-
ments for the two natural gas configurations serve as reference. After
this, the flame shapes for all configurations are discussed based on OH*-
chemiluminescence images.

5.1 Atomizer Performance

This section addresses the mean droplet sizes of the liquid fuel spray.
Analyzing the measured droplet diameters allows for drawing conclu-
sions about the associated evaporation times. This, in turn, determines
the level of fuel-air premixing that can be anticipated for the two dif-
ferent nozzle positions studied. Furthermore, conclusions can be drawn
about the frequency range of possible interaction between the droplets
and the acoustic field in the excited operation discussed in Chapter 6.

As discussed in Section 4.1.2, the experiments were conducted with a fuel
substitute and in the absence of main air. The parameter variations of the
test series according to the operating range definition from Table 3.1 are
therefore also limited to ṁliq and ṁat. However, in order to establish the
connection between the droplet size measurements and the subsequent
combustion experiments, the results are plotted against the correspond-
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ṁat

ṁfuel

ṁair

Projection plane
ṁair = 0

c) b)

a)

Figure 5.1: Qualitative visualization of the parametric variations for the
original operation range (straight lines) and projected para-
metric variations for the SMD measurements in the absence of
main air (dotted lines): (a): Variation of ṁat and ṁfuel at con-
stant ratio representing the air mass flow variation, (b): Varia-
tion of ṁfuel at constant ṁat representing the equivalence ratio
variation and (c): Variation of ṁat at constant ṁfuel represent-
ing the atomizing air variation.

ing variation parameters ṁair, ϕ, and ṁat from Table 3.1 in the following.
This is illustrated in Figure 5.1.

The resulting SMD values for the three modified variation sets repre-
senting the sensitivities towards ṁair, ϕ and ṁat are plotted in Figure 5.2.
At the reference operating point defined in Section 3.3, the SMD equals
18.5 µm. The time required for a droplet to evaporate completely depends
on its initial diameter and the local flow conditions and can be estimated
using the D2 law [50]. For the given conditions, the evaporation time cal-
culates to τevap = 1.15 ms, which is well beyond the convective time de-
lay between injection and burner outlet for the k70-configuration τIB,k70

= 3.11 ms calculated by Vogel et al. [96]. Therefore, it can be concluded
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that the spray is fully evaporated at the burner outlet. This assumption is
further confirmed in Section 5.2. The calculation of the evaporation time
is provided in Appendix A.1.

a) b) c)

Figure 5.2: Measured SMD of the fuel substitute spray for (a) different
liquid and atomizing air mass flows at constant ratio ṁliq/ṁat

= 1.36 over the corresponding air mass flow according to the
operating range definition (cf. Table 3.1), (b) different liquid
mass flows at constant atomizing air mass flow ṁat = 0.875
g/s over the corresponding equivalence ratio according to the
operating range definition (cf. Table 3.1), and (c) different at-
omizing air mass flows at constant liquid mass flow ṁliq = 1.19
g/s.

Figure 5.2 (a) shows the SMD for a proportional variation of liquid and at-
omizing air mass flow, plotted over the corresponding main air mass flow
according to the operation range definition from Table 3.1. The ALR re-
mains constant. According to Lefebvre [50], the transfer of the atomizing
air’s kinetic energy to the droplets’ surface energy dominates the atom-
ization in air-assisted atomizers. If the nozzle was run under sub-critical
conditions, i.e., the flow velocity at the nozzle exit was below the local
speed of sound, the atomizer air velocity would have an impact on the
SMD. However, this is not observed here, thus confirming the assump-
tion that the nozzle is choked in operation. Due to the critical flow in the
nozzle, the atomizer air velocity remains constant. The energy transfer
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between the atomizing air and liquid flow, and hence the droplet size,
is thus mainly determined by the mass flow ratio between the two [50].
This is inversely proportional to the ALR and constant in this case.

Figure 5.2 (b) displays the SMD for a variation of the liquid mass flow
at constant atomizing air mass flow, representing an equivalence ratio
variation according to the operating range defined in Table 3.1. In this
case, the ALR is inversely proportional to ϕ. The SMD scales linearly with
the liquid mass flow and is hence, as expected, inversely proportional to
the ALR.

The effect of the atomizing air on the SMD is shown in Figure 5.2 (c).
The ALR is proportional to ṁat in this case. As expected, the SMD scales
inversely with ṁat. It can thus be concluded that the nozzle is choked for
all operating conditions investigated in this study.

5.2 NOx Emissions

The NOx emissions in the exhaust gas are used to evaluate the quality of
fuel-air mixing. NOx measurements for perfectly premixed natural gas
combustion serve as reference. Since NOx emissions scale nonlinearly
with the combustion temperature and, thus, with the local equivalence
ratio, local mixture inhomogeneities lead to increased global NOx emis-
sions in the exhaust gas [93]. Therefore, increased NOx emissions at a
constant equivalence ratio indicate a poor degree of premixing and vice
versa. Note that, because of the difference in chemical composition, the
NOx values for kerosene are slightly higher than those for an identically
premixed natural gas case [49].

Figure 5.3 (a) shows the NOx emissions over ṁair at constant equiva-
lence ratio for the four different configurations. The lowest emissions
are observed for the natural gas cases, with no discernible difference be-
tween the perfectly and technically premixed configuration. This is in
line with the findings of Mayer [61], who investigated the full-scale A2EV
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a) b) c)

Figure 5.3: Measured NOx emissions for (a) different air mass flows at
constant equivalence ratio, (b) different equivalence ratios at
constant air mass flow, and (c) different atomizing air mass
flows at constant equivalence ratio and constant air mass flow
of the NGpp-, NGtp-, k70- and k30-configuration.

burner and only found differences in NOx emissions between the two
natural gas configurations for near-stochiometric conditions. For the k70-
configuration, the NOx emissions are slightly higher but still very close
to the natural gas levels. Considering that the NOx emissions are always
higher for kerosene than for natural gas at the same degree of premixing,
this indicates a very good premixing of kerosene and air. This supports
the hypothesis from Section 5.1 that the fuel is completely evaporated at
the burner outlet. The emissions in the k30 case are higher than in the cor-
responding k70 case by a factor of 5. This indicates the presence of mix-
ture inhomogeneities and, thus, a more diffusive combustion character
caused by the reduced premixing length.

The main air mass flow does not impact the emissions in any of the four
cases. The NOx emissions show an exponential dependence on the equiv-
alence ratio in all four cases, as visible in Figure 5.3 (b). Again, emissions
are very similar for the two natural gas cases and the k70-configuration,
whereas emissions for the k30-configuration are notably higher.
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Figure 5.3 (c) shows the impact of atomizing air on NOx emissions for the
two liquid cases. For the k70-configuration, the emissions remain constant
across the entire range. The fact that the NOx emissions remain constant
even though, as previously discussed, the SMD changes indicates that the
mixture quality in the flame is not controlled by the atomization quality
at the nozzle outlet but by turbulent mixing in the mixing tube. The ax-
ial distance between the nozzle outlet and the flame is sufficiently long
for this process to be completed regardless of the initial droplet diame-
ter. In contrast to that, for the k30-configuration, the NOx emissions show
a strong dependency on the atomizing air mass flow. This indicates that
the mixing process is not completed in the flame. NOx emission values
for atomizing air mass flows below ṁat = 0.6 g/s are not plotted because
no complete combustion could be achieved due to the insufficient atom-
ization quality.

5.3 Flame Geometry

This section analyzes the stationary flame geometry. As discussed in Sec-
tion 4.1.1, line of sight integrated OH*-chemiluminescence images are
used for this purpose. First, flame shape and position at the reference op-
erating point are compared across the four different configurations. After
this, the flame shape sensitivity towards main air mass flow and equiva-
lence ratio is discussed. Finally, the impact of the atomizing air mass flow
on the flame shape is assessed for the two liquid fuel cases.

Figure 5.4 shows the OH*-chemiluminescence flame images of the four
configurations at the reference operating point. The 50%-isocontour is
added as a dashed black line to all images. The two left images depict
the flames for natural gas combustion in perfectly and technically pre-
mixed configuration. The two images on the right side show liquid fuel
combustion for the k70- and k30-configuration.

The natural gas flames are almost identical, with a disc-like shape charac-
terized by a moderate radial and low axial extension. The intensity peak
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Figure 5.4: OH*-chemiluminescence flame images at the reference oper-
ating point of the NGpp-, NGtp-, k70- and k30-configuration.

occurs at the radially outer region near the flame tip. This is consistent
with previous findings [6]. The flame shape for kerosene combustion in
the k70-configuration is generally similar to the natural gas cases, with
slightly increased lift-off and reduced radial extension. The axial intensity
distribution is more uniform. In contrast, the k30-configuration exhibits a
fundamentally different flame structure. Unlike the disc-like flame ob-
served for all other configurations, the k30-flame is notably more com-
pact in the radial direction. This can be attributed to the narrower fuel
cone angle, which results in an inhomogeneous fuel distribution with a
high concentration at the middle axis.

The impact of the air mass flow on the flame geometry is shown in Figure
5.5. The black dashed contours in all images denote the 50%-isocontour
of the respective reference operating point, which is depicted in the mid-
dle row. Similar to the previous observations from Bade [7], the flame
shape and position remain unaffected by the changes in all four cases.
This validates the strategy of maintaining self-similarity in the flow fields
for the two liquid scenarios through proportional variation of the atomiz-
ing air and main air. With the position and shape of the flame remaining
unchanged, modifying the mass flow rate and, consequently, the flow
velocity can be understood as a variation of the convective time delay
between the burner and the flame for all configurations.
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Figure 5.5: OH*-chemiluminescence flame images of the NGpp-, NGtp-,
k70- and k30-configuration for different air mass flows at con-
stant equivalence ratio ϕ = 0.675.

Figure 5.6 shows the flame images for three different equivalence ratios at
constant air mass flow. For the two liquid fuel cases, this also involves a
variation of the SMD, as discussed in Section 5.1. The reference operating
point is depicted in the middle row, and the 50%-isocontour of the re-
spective reference operating points is plotted as a dashed black line in all
images. The results show that flame shape and position change with the
equivalence ratio in all cases, but in different ways. In the two natural gas
cases and the k70-configuration, the flame contracts radially and moves
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Figure 5.6: OH*-chemiluminescence flame images of the NGpp-, NGtp-,
k70- and k30-configuration for different equivalence ratios at
constant air mass flow ṁair = 25 g/s.

upstream as the equivalence ratio increases. This can be attributed to the
higher combustion temperatures at higher equivalence ratios, which in-
crease the reactivity and burning velocity. In contrast, the trends observed
for the k30-configuration are opposite, with a leaner equivalence ratio
leading to radial contraction and upstream displacement of the flame,
and vice versa. A possible reason for this is the enhanced vaporization
quality in the lean case. In the leanest case, the flame reaches the up-
per and lower combustion chamber walls in the two gas configurations.
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From previous studies, it is known that the interaction with the combus-
tion chamber wall can have an impact on the FTF [5, 31, 36].

Figure 5.7: OH*-chemiluminescence flame images of the k70- and k30-
configuration for different atomizing air mass flows at con-
stant air mass flow ṁair = 25 g/s and constant equivalence
ratio ϕ = 0.675.

The impact of the atomizing air on the flame shape is discussed next.
Figure 5.7 shows flame images for five different atomizing air mass flows
ranging from ṁat = 0.63 g/s to ṁat = 1.13 g/s. The k70-configuration is dis-
played in the upper row, and the k30-configuration in the lower row. The
left image in both rows corresponds to the case with the lowest atomizing
air mass flow and the coarsest atomization.

In the k70-configuration, the flame shape is almost unaffected by atomiz-
ing air mass flow changes over a wide range. Only at the lowest atom-
izing air mass flow the flame shape changes abruptly due to the transi-
tion of the prevailing flame holding mechanism and the flame anchors
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in the mixing tube. The liquid fuel injection is located so far upstream
that neither droplet diameter nor axial momentum have any impact on
the flame shape, as long as they do not fall below a critical minimum. It
can therefore be concluded that mixture quality and fuel distribution in
the combustion chamber are not affected by changes in the atomizing air
mass flow in the k70-configuration.

In contrast, in the k30-configuration, the flame shape gradually changes
with ṁat. As the atomizing air mass flow increases, the flame contracts
radially. This is in line with the observations for the lean equivalence ra-
tio case. Combining the observations from Figures 5.7 and 5.3 reveals
that although the flame volume increases with decreasing ṁat, the NOx

emissions increase. This further indicates the presence of strong mixture
inhomogeneities in the cases with low atomizing air mass flow.

5.4 Summary of the Stationary Operation Characteristics

To summarize, the analysis of the stationary operation yielded the fol-
lowing results:

• In the k70-configuration, the fuel always enters the combustion
chamber in a fully evaporated state. This can be deduced from an
assessment of the droplet’s vaporization time, calculated based on
the droplet size measurements, and by analyzing the levels of NOx

emissions, which approximate those of natural gas.

• The stationary combustion properties and trends for the NGpp-,
NGtp- and k70-configuration are very similar. The fuel is well pre-
mixed and distributed over the entire burner outlet cross section,
thus resulting in a disc-like flame shape and low NOx emissions.
The flame shape is mainly determined by the flow field.

• The results for the k30-configuration are fundamentally different
from the other three configurations. Due to the low premixing
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length, the fuel is not fully evaporated nor distributed over the entire
cross section at the burner outlet. The flame shape is mainly deter-
mined by inhomogeneous radial fuel distribution. This results in a
radially more compact flame shape and a more diffusive combus-
tion character, which is indicated by the increased NOx emissions.
The flame shape trends in response to variations of ϕ and ṁat are
opposed between the k30-configuration and all other configurations.

In addition, the following conclusions that affect the flame dynamics can
be drawn about the different test series:

• Flame shape and position are invariant with respect to the main air
mass flow for all configurations. A variation of the air mass flow at
constant equivalence ratio is therefore associated with a variation of
the convective time delay between burner and flame. NOx emissions
and droplet size are also constant over the air mass flow. This sug-
gests that, besides the convective time delay variation, the main air
mass flow variation does not have an effect that is relevant to the
flame dynamics.

• Owing to the definition of the operating range, a variation of the
equivalence ratio in liquid operation is associated with a change of
the ALR at the nozzle and thus of the droplet size.
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6 Dynamic Properties of Burner and
Flame

This chapter presents the experimentally determined dynamic proper-
ties of burner and flame. First, the burner scattering matrices for the dif-
ferent configurations with and without liquid fuel injection nozzle are
compared with each other. It is shown that the installation of the nozzle
does not affect the acoustic properties of the burner. The acoustic forcing
level is briefly discussed. After this, FTFs for the different configurations
and operating points specified in Section 3.3 are presented. The chapter
focuses on describing the observed FTFs and their trends, while most of
the interpretation is carried out in the following Chapter 7.

6.1 Burner Scattering Matrices

In the following section, experimentally determined scattering matrices
of the gas burner without kerosene injection lance are compared with the
scattering matrices of the burner with a kerosene injection lance in the
k70- and k30-configuration. The aim is to assess the influence of the in-
jection nozzle on the burner acoustics. The measured scattering matrices
are shown in Figure 6.1. All presented matrices are measured without
fuel injection at the reference operating point at a main air mass flow of
ṁair = 25 g/s and a preheating temperature of Tpre = 573 K in the plenum.
In the configurations with nozzle, the atomizing air mass flow is ṁat =
0.875 g/s. The axial reference locations of the transfer matrix are at the
burner in- and outlet, respectively.

It can be seen that the scattering matrices of all three configurations
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Figure 6.1: Burner scattering matrices of the NG-, k70- and k30-
configuration at constant air mass flow ṁair = 25 g/s.

agree very well in amplitude and phase for all four elements. In all three
configurations, the amplitudes of the transmission coefficients T+ and T−

reach their maximum at low frequencies of 60 Hz and 80 Hz, respec-
tively, and decline towards zero for higher frequencies. Except for the
very low frequencies, f < 80 Hz, the phase drop of both elements is linear.
The downstream reflection coefficient R− has an amplitude response that
reaches its minimum value of around 0.5 at a frequency of 140 Hz, and
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then approaches 1 as the frequency increases. The corresponding phase
remains almost constant at zero. The amplitude of R+ increases continu-
ously from 0.5 at 0 Hz to 1 at high frequencies. The phase angle drops
linearly with increasing frequency. The downstream reflection coefficient
R− exhibits slightly increased scattering at low frequencies. This can be
attributed to the weaker acoustic forcing capability of the downstream
siren. In summary, the results show that adding the fuel injection nozzle
in any configuration does not significantly influence the acoustic scatter-
ing behavior of the burner. The burner scattering matrices provide the
basis for the determination of the FTFs, which are presented next.

6.2 Acoustic Forcing

Figure 6.2 shows the amplitude of the normalized velocity fluctuations
at the burner outlet at the reference operating point under upstream forc-
ing for all four configurations. This serves as a measure to determine the
acoustic forcing amplitude. The fluctuations have been calculated from
the acoustic field upstream of the burner and the burner scattering ma-
trix.

Figure 6.2: Normalized velocity oscillation amplitudes at the burner out-
let at the reference operating point of the NGpp-, NGtp-, k70-
and k30-configuration.
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Similar trends can be observed for all four configurations. For most fre-
quencies, the relative forcing level is below 10%. A linear flame response
and, thus, a linear superposition of the contributing flame response
mechanisms can be assumed for this forcing level. The forcing level de-
creases with increasing frequencies. This trend is superimposed by max-
ima that regularly occur at intervals of 150 Hz. Under these conditions,
the flame may exhibit non-linear effects, and no linear superposition of
the contributing flame response mechanisms can be assumed [17,81]. Vo-
gel [94] showed that these frequencies correspond to the eigenfrequen-
cies of the plenum, which causes the amplification of the forcing level.
For downstream excitation, the forcing level is generally lower and does
not exceed 10%.

6.3 Flame Transfer Functions

Figure 6.3 shows the FTFs at the reference operating point of the four
different configurations. The two natural gas cases are plotted in the first
row, while the second row shows the two kerosene cases. The left plots
show the amplitudes; the corresponding phase values are plotted on the
right side.

Black squares depict the FTF for the perfectly premixed natural gas con-
figuration. The amplitudes and phases show the typical features of per-
fectly premixed FTFs. The low frequency limits are limf→0∣FTF∣ = 1 and
limf→ 0∠FTF = 0 as discussed in Section 2.3.1. The phase function is li-
near, except for a phase jump at 200 Hz, which is associated with a local
amplitude minimum.

Green diamonds denote the FTF for technically premixed natural gas
combustion. As discussed theoretically in Section 2.3.1 and shown in
Chapter 7 by means of decomposition, the differences with respect to
the NGpp-configuration can be attributed to the presence of equiva-
lence ratio fluctuations. The low frequency limits limf→0∣FTF∣ = 0 and
limf→ 0∠FTF =π/2 are in line with the theoretical considerations from Sec-
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Figure 6.3: FTFs at the reference operating point of the NGpp-, NGtp-, k70-
and k30-configuration depending on f .

tion 2.3.1. In contrast to the observations from the NGpp-configuration,
the FTF has no local amplitude minimum and phase jump at 200 Hz. In-
stead, a local amplitude maximum at 300 Hz can be observed. Between
300 Hz and 500 Hz, the phase slope is very flat. For f > 400 Hz, the am-
plitudes and phases for the two natural gas configurations converge.

The FTF for the highly premixed kerosene configuration k70 is depicted
by blue circles in the second row of Figure 6.3. The partially premixed
k30-configuration is plotted as red triangles. It can be seen that the k30-
FTF has generally low amplitude values, which is in line with the diffu-
sive combustion character. For very low frequencies f < 60 Hz as well as
for f > 300 Hz, the two FTFs agree in amplitude and phase, while they
deviate between 60 Hz and 300 Hz. Similar to the technically premixed
natural gas FTFs discussed before, both FTFs approach a low frequency
amplitude limit of limf→0∣FTF∣ = 0 and limf→ 0∠FTF =π/2. Between 60 Hz
and 300 Hz, the two curves deviate strongly. In the highly premixed k70-
configuration, the FTF has a distinct amplitude peak with a maximum
value of ∣FTF∣ > 3 at 120 Hz. In contrast to this, in the partially premixed
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k30-configuration, the FTF has a local amplitude minimum with an am-
plitude of zero and a phase jump at 160 Hz. The phases of the two FTFs
also differ between 160 Hz and 300 Hz. For f > 300 Hz, the FTFs of the
two kerosene configurations converge, with amplitudes decaying from
∣FTF∣ = 1 at 300 Hz to ∣FTF∣ = 0.5 at 800 Hz and a linear phase slope.

Figure 6.4: FTFs at the reference operating point of the NGpp-, NGtp-, k70-
and k30-configuration depending on Sr.

For the comparison across different operating conditions, FTFs are often
plotted over the dimensionless Strouhal number Sr, which relates the fre-
quency to the convective time scale [5,32,56]. For the natural gas configu-
ration of the current burner, this has been discussed in detail by Bade [6].
The Strouhal number is defined as follows:

Sr =
f xcg

uB
. (6.1)

Herein, xcg is the axial coordinate of the flame center of gravity, which
is determined from the stationary flame images as described in Section
4.1.1. The mean flow velocity at the burner outlet uB is calculated from
the mass flow in the burner outlet plane.

Figure 6.4 shows the previously discussed FTFs over the Strouhal num-
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ber. The Strouhal notation causes an individual axial scaling of the FTF
curves, depending on the corresponding flame lift-off. As discussed in
Section 5.3, the axial lift-off distance of the flame is similar in all four con-
figurations. Consequently, the relative position of the FTFs to each other
changes only slightly compared to the notation over the frequency.

6.3.1 Air Mass Flow Variation

The FTF sensitivity on the main air mass flow is assessed first. As dis-
cussed in Section 5.3, the variation of the air mass flow can be interpreted
as a variation of the convective delay times in the combustor for all con-
figurations due to the self-similar flame geometries. Figure 6.5 shows
FTFs for ṁair = 20 g/s, ṁair = 25 g/s and ṁair = 30 g/s at constant equiva-
lence ratio ϕ = 0.675 for all four configurations. The FTFs are plotted over
the frequency. The blue symbols in each plot correspond to the lowest
mass flow, and the red symbols correspond to the highest mass flow.

In all four configurations, the FTFs have a similar shape but behave dif-
ferently along the frequency axis. This can be seen especially from the
phases. The phase drop increases with decreasing mass flow in all four
cases. A decreased mass flow corresponds to longer convective time de-
lays. The FTF notation over the Strouhal number plotted in Figure 6.6
compensates for the differences in the convective delay between the
burner outlet and the flame.

It can be seen that in the Strouhal notation, the three curves for the differ-
ent air mass flow rates are similar in all four configurations. Only a minor
deviation can be observed in the two kerosene cases. This indicates that
the observed FTF trends for the air mass flow variation can be entirely
attributed to changes in the convective delay time between burner outlet
and flame.
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Figure 6.5: FTFs of the NGpp-, NGtp-, k70- and k30-configuration for dif-
ferent air mass flows at constant equivalence ratio ϕ = 0.675
depending on f .
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Figure 6.6: FTFs of the NGpp-, NGtp-, k70- and k30-configuration for dif-
ferent air mass flows at constant equivalence ratio ϕ = 0.675
depending on Sr.
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6.3.2 Equivalence Ratio Variation

Next, the sensitivity of the FTFs on the equivalence ratio is discussed.
Figure 6.7 shows the FTFs for three different equivalence ratios ϕ = 0.575,
ϕ = 0.675 and ϕ = 0.775 at constant air mass flow ṁair = 25 g/s over the
frequency. The blue symbols denote the leanest case.

In all cases, the equivalence ratio significantly affects the FTFs in am-
plitude and phase. Except for the k30-configuration, the peak amplitude
increases, and the phase drops stronger with decreasing equivalence ra-
tio in all cases. In the NGpp-configuration, the local minimum and the
phase jump are additionally at lower frequencies with decreasing equiv-
alence ratio. In the NGtp- and k70-configuration, the FTF exhibits a local
minimum and a phase jump in the high equivalence ratio case.

In the k30-configuration, the peak amplitude declines, and the phase
slope flattens with decreasing equivalence ratio, which is opposite to
the observations for all other configurations. The local amplitude mini-
mum and the associated phase jump are shifted towards lower frequen-
cies with decreasing equivalence ratio.

The FTF plot over Sr is given in Figure 6.8. In contrast to the observations
from the main air mass flow variation, the FTFs still differ in amplitude
and phase when plotted over Sr. The frequency shift of the local minima
in the NGpp- and k30-configuration is still visible. The phases are only
similar in the k30-configuration for Sr > 0.2. However, at the same time,
the amplitude differences increase when plotted over Sr. In the NGpp-
and NGtp-configuration, the phases of the ϕ = 0.675 and ϕ = 0.775 cases
are similar for high frequencies, but the phase for the leanest case devi-
ates from the other two.

The observed FTF trends in response to changes in the equivalence ra-
tio can thus not be attributed to changes in the convective delay time
between burner outlet and flame. This is discussed in detail in Chapter 7.
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Figure 6.7: FTFs of the NGpp-, NGtp-, k70- and k30-configuration for differ-
ent equivalence ratios at constant air mass flow ṁair = 25 g/s
depending on f .
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Figure 6.8: FTFs of the NGpp-, NGtp-, k70- and k30-configuration for differ-
ent equivalence ratios at constant air mass flow ṁair = 25 g/s
depending on Sr.
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6.3.3 Atomizing Air Mass Flow Variation

Figure 6.9 shows the FTFs for five different atomizing air mass flow
rates at constant main air mass flow ṁair = 25 g/s and equivalence ratio
ϕ = 0.675 in the k70- and k30-configuration. Blue symbols denote the low-
est atomizing air mass flow corresponding with the coarsest droplets. The
highest atomizing air mass flow with the finest droplets is represented by
red symbols.

Figure 6.9: FTFs of the k70- and k30-configuration for different atomizing
air mass flows at constant air mass flow ṁair = 25 g/s and
constant equivalence ratio ϕ = 0.675 depending on f .

The k70-configuration is analyzed first. Although, as discussed in Chapter
5, the atomizing air mass flow does not have an impact on flame shape
and NOx emissions, the FTF is strongly affected in the frequency range
between the amplitude maximum at 100 Hz and 300 Hz. A high atom-
izing air mass flow results in a linear phase slope without phase jump
and a flat amplitude decay after the maximum. This increases the ampli-
tude between 100 Hz and 300 Hz. Vice versa, a lower atomizing air mass
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flow decreases the FTF amplitude for frequencies above the amplitude
maximum and leads to the formation of an amplitude minimum with
an associated phase jump at 180 Hz. For f > 300 Hz, the amplitudes and
phases of the different atomizing air mass flows are similar. Although,
as discussed in Section 5.3, the flame shape for the lowest atomizing air
mass flow is significantly different from all others, the corresponding FTF
does not differ significantly from the others.

Figure 6.10: FTFs of the k70- and k30-configuration for different atomizing
air mass flows at constant air mass flow ṁair = 25 g/s and
constant equivalence ratio ϕ = 0.675 depending on Sr.

In the k30-configuration, the effect of the atomizing air mass flow varia-
tion on the FTF is fundamentally different. A lower atomizing air mass
flow leads to an amplitude increase in the low frequency range and shifts
the local minimum to higher frequencies, thus enlarging the low fre-
quency regime range. This is in line with the observations from the equiv-
alence ratio variation discussed before. For high frequencies, the ampli-
tudes converge. The phase slope increases with increasing ṁat.
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In Figure 6.10, the FTFs are given over the Strouhal number. No change
can be observed for the k70-configuration. In the k30-configuration, the
phases converge due to the different axial scaling.
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The analytical FTF model introduced in Section 4.3 is applied in this
chapter to reproduce the experimentally obtained FTFs from Chapter 6.
For this purpose, parametric scaling rules are derived that allow to cal-
culate the model parameters as functions of the flame geometry.

Following the idea of Schuermans et al. [81] and Freitag [33], the para-
metric scaling rules for perfectly premixed natural gas FTFs are adopted
for the technically premixed natural gas configuration. In the technically
premixed case, they are merely supplemented by scaling rules for the two
additional parameters representing the equivalence ratio fluctuations:
Furthermore, the parametric scaling rules for the perfectly premixed nat-
ural gas FTFs are also applied to the FTF model of the k70-configuration.
This is motivated by the conclusion drawn in Chapter 5 that the fuel
spray is fully evaporated at the combustion chamber inlet, which leads
to the assumption that the mass flow and swirl fluctuation mechanisms
apply to the k70-configuration in a similar way as to the natural gas cases.
The parameters representing the equivalence ratio fluctuation coupling
are separately fitted for the k70-configuration to account for the different
inertia of the droplets compared to natural gas as discussed in Section 4.3.
It is shown that the fitted parameters agree well with the experimentally
determined parameters from Vogel et al. [96].

The validity of the introduced model can be concluded by its ability to
accurately describe the flame dynamics in three different configurations
across the entire operating range in a single approach, with good agree-
ment between the model predictions and experimental data. The model
is therefore interpreted physically as a decomposition of the FTF into the
different contributing mechanisms in the following.
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In contrast, for the k30-configuration, it was not possible to derive a set of
model parameters that satisfactorily reproduced the flame dynamics over
the entire operating range. This can be interpreted as a further indication
that the flame driving mechanisms are fundamentally different in this
case.

To further validate the method, the modeling approach is additionally
applied to experimentally determined FTFs from an industrial burner de-
sign. The results can be found in Appendix A.4.

7.1 Parameter Scaling Rules

As discussed in Section 4.3, the applied model contains three terms rep-
resenting the impact of mass flow fluctuations (index M), swirl fluctua-
tions (index S), and equivalence ratio fluctuations (index ϕ), respectively.
From the combination of Equations 4.13, 4.14 and 4.15, according to Equa-
tion 4.11, the analytical model FTF formulation for technically premixed
flames reads:

FTF(ω) =
e−iωτM1

1+ αM1iω + (αM2iω)2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

FTFM

+n ⋅ (e−iωτS1−
1
2 ω2σ2

S − e−iωτS2−
1
2 ω2σ2

S)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FTFS

− e−iωτϕ−
1
2 ω2σ2

ϕ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FTFϕ

.

(7.1)

For perfectly premixed FTFs, the FTFϕ term is omitted and the FTF com-
poses from FTFM and FTFS only.

Based on the considerations from the model description in Section 4.3,
the parameters are linearly linked to the flame geometry parameters as
follows:

• τM1, τS1, τS2 and τϕ represent the convective time delay between
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burner outlet and flame, swirler and flame and fuel injection and
flame respectively. The determining flame geometry parameter is
thus the axial position of the flame. Consequently, the variables are
linked to the axial position of the flame center of gravity, xcg. Note
that, due to the combination with other terms, except for τϕ, the val-
ues cannot be interpreted as the actual delay times [33].

• αM1, αM2, σS and σϕ are model parameters for the time delay disper-
sions accounting for the spatial distributions of heat release, swirl
generation, and fuel injection. The spatial distributions of heat re-
lease and swirl generation are invariant, and the release distribution
is the only remaining operating point-dependent quantity. The time
delay dispersion scales with the heat release distribution in flow di-
rection, which can be approximated as being axial. The variables are
therefore linked to the axial length of the combustion zone l f l.

• The vortex interaction index nS covers the observation that vor-
tices and, thus, the swirl fluctuation-related feedback mechanism are
gaining intensity with increasing radial extension. Consequently, nS

is linked to the radial flame extension d f l.

Furthermore, the following scaling is applied to account for the effects of
different main air flow velocities and droplet sizes which are not related
to the flame geometry:

• In order to account for the different axial scaling of the FTFs for dif-
ferent main air mass flows at constant equivalence ratio, all parame-
ters are inversely scaled with ṁair. This resembles the Strouhal scal-
ing of the FTF applied in Chapter 6.

• In the case of liquid combustion, the atomization quality is expected
to have an impact on τϕ and σϕ. This is accounted for by additionally
inversely scaling the two variables with the ALR.
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7.2 Combined Model for the NGpp-, NGtp- and k70-
Configuration

The scaling rules for the seven model parameters of the NGpp-
configuration as functions of the flame geometry are listed below:
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In addition, the scaling rules for the parameters of FTFϕ are given for the
NGtp-configuration by:
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For the k70-configuration, the scaling rules for these parameters are:

(
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The resulting model parameter trends are plotted exemplarily for the
equivalence ratio variation of all three configurations over the respective
corresponding flame geometry length scale evaluated in Figure 7.1. The
values are normalized with the parameters at ϕ = 0.675, ṁair = 25 g/s in
the NGtp-configuration to make the comparison easier. Parameters con-
tributing to FTFM are plotted in blue color, parameters contributing to
FTFS are plotted in red color, and parameters contributing to FTFϕ are
plotted in green color. In addition to the 9 parameters, the two derived
values αM1/αM2 and τS2 − τS1 are plotted as empty symbols.

The following conclusions regarding the FTF trends can be drawn from
the parameters:
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a) b) c)

Figure 7.1: FTF model parameters of the NGpp-, NGtp- and k70-
configuration for different equivalence ratios at constant air
mass flow ṁair = 25 g/s over the corresponding flame geome-
try parameters: (a) xcg, (b) l f l and (c) d f l.

• As expected from the model specifications, all parameters show li-
near trends with regard to the respective geometry parameter and lie
on a straight line in each case. The exception to this are the param-
eters τϕ and σϕ corresponding to FTFϕ. These form different straight
lines for the NGtp and k70-configurations respectively.

• The parameters corresponding to FTFM show only low sensitivity to
the flame geometry, whereas the parameters corresponding to FTFS

are very sensitive to the flame geometry.

• The time delays corresponding to FTFϕ have a similar slope and are
merely shifted by a fixed offset. This can be interpreted as the addi-
tional acceleration time delay in the liquid case.

• The amplitude maximum of FTFS is shifted towards lower frequen-
cies with increasing axial displacement and flame length due to the
increase of the corresponding time delay difference τS2 − τS1 and the
dispersion term σS.

• The time delay difference τS2 − τS1 rises with flame length, while nS

73



Analytical Modeling and Analysis

increases with flame width, both of which promote an increase of the
maximum amplitude of FTFS. However, the increase of σS reduces
the amplitude maximum. Thus, no clear trend can be predicted for
the amplitude maximum of FTFS.

The implications of the observed trends on the mechanism superposition
and the resulting FTF are discussed in the following.

7.2.1 Reference Operating Point

Figure 7.2 shows the flame geometry parameters, which were derived
from the flame images according to the description in Section 5.3 at the
reference operating point. The coordinates serve as input for the FTF re-
construction. The two natural gas cases have a nearly identical flame ge-
ometry. In the k70-configuration, the flame lift-off and the axial extension
increase by 10 mm compared to the natural gas cases.

a) b) c)

Figure 7.2: Flame geometry parameters at the reference operating point
of the NGpp-, NGtp- and k70-configuration: (a) xcg, (b) l f l and
(c) d f l.

The resulting model reconstruction at the reference operating point for
perfectly premixed natural gas combustion is compared to the experi-
mental data in Figure 7.3.

The mass flow fluctuation contribution FTFM is denoted by dashed blue
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Figure 7.3: Comparison of model FTF and experimental data at the refer-
ence operating point of the NGpp-configuration.

lines in the amplitude and phase plots, whereas the swirl fluctuation con-
tribution FTFS is given by red dot-dashed lines. The resulting analytical
model FTF from the superposition of the two mechanisms is plotted as a
thick black line. Square symbols denote the experimental data. The model
matches the experimental data very well, thus allowing for a physical
analysis of the contributing terms.

In accordance with the results from Bade [6], FTFM is predominantly
present at low frequencies and decays with increasing frequency. The
phase is not completely linear. The phase drop is steepest at low fre-
quencies and gradually becomes less steep as the frequency increases.
Mathematically, this can be explained by the second order time delay el-
ement [33]. The swirl fluctuation FTFS contribution has a strictly linear
phase slope. The amplitude maximum is at around 500 Hz. The resulting
model FTF is consequently dominated by FTFM for low frequencies f <
200 Hz, while for f > 200 Hz, the swirl fluctuation mechanism is domi-
nant. The local amplitude minimum at 200 Hz is caused by destructive
interference of the two mechanisms, which have the same magnitude and
a phase difference of π at this frequency. The associated phase jump can
be explained with the FTF phase shifting from following the phase slope
of FTFM to the phase slope of FTFS.
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The model FTF for the technically premixed natural gas configuration
at the reference operating point is given in Figure 7.4. Again, the model
agrees very well with the experimental data.

Figure 7.4: Comparison of model FTF and experimental data at the refer-
ence operating point of the NGtp-configuration.

As could be expected due to the almost identical flame shape, FTFM and
FTFS are similar to the previously discussed. The additional equivalence
ratio fluctuation term FTFϕ is denoted by green dotted lines in both plots.
Similar to the mass flow coupling mechanism, the equivalence ratio fluc-
tuation term reaches its maximum amplitude in the low frequency range
and decays with increasing frequency. The phase shift of π between FTFM

and FTFϕ leads to the two terms compensating each other for low fre-
quencies. All three terms have different phase slopes corresponding to
the different convective time delays of the respective disturbances. The
phase relation between the three terms consequently changes over the
frequency. The local amplitude maximum at 300 Hz can be explained by
constructive interference of all three mechanisms due to the low phase
difference. The dominant mechanisms in the different frequency ranges
can be identified from the phase plot. For f < 180 Hz, the phase of the
overall model FTF follows the phase of FTFM while between 180 Hz and
300 Hz, the phase of the overall FTF agrees with FTFϕ. For f > 500 Hz, the
overall FTF has the same phase as FTFS. The intermediate zone with al-
most constant phase characterizes the transition regime between 300 Hz
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and 500 Hz. For high frequencies, the equivalence ratio contribution de-
cays, and the FTF approaches the corresponding NGpp curve, which is
dominated by FTFS.

Figure 7.5: Comparison of model FTF and experimental data at the refer-
ence operating point of the k70-configuration.

The model FTF at the reference operating point of the fully premixed
kerosene configuration k70 is given in Figure 7.5. Due to the same flame
geometry, FTFM and FTFS are similar to the natural gas cases albeit with
a slightly altered scaling of the FTFS term on the frequency axis result-
ing from the downstream shift of the kerosene flame. The fundamen-
tally different shape of the overall FTF can therefore only be attributed
to changes in the equivalence ratio contribution FTFϕ. The phase drop is
significantly larger than in the NGtp case. This represents the larger con-
vective time delay of the equivalence ratio perturbations, which results
from the slower droplet acceleration due to the higher inertia discussed
in Section 4.3. As a consequence, the three mechanisms constructively
interfere between 0 Hz and 200 Hz, which causes the formation of the
strong amplitude maximum. Compared to the NGtp case, the FTFϕ con-
tribution decays already at lower frequencies. This can also be attributed
to the inertia of the droplets, which causes them to stop following the
excitation if the excitation frequency becomes too high.

The comparison with the experimental data shows that the model under-
estimates the FTF amplitude in the frequency range between 80 Hz and
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160 Hz. This is where the forcing amplitude was found to be exception-
ally high, and nonlinear effects could be expected according to Section
6.2.

Figure 7.6: Comparison of experimentally determined [96] and fit-based
FTFϕ at the reference operating point of the k70-configuration.

In the following, the modeled contribution equivalence ratio fluctuations
to the flame dynamics FTFϕ is validated by comparing it to experimental
data from Vogel [96]. He used an optical method to determine FTFϕ.

Figure 7.6 again shows the experimental data, the model FTF and the
modeled equivalence ratio fluctuation term FTFϕ at the reference operat-
ing point of the k70-configuration. Similar to the representation in Figure
7.5, the experimental data is given in grey circles, the model FTF is given
as a black line, and the fitted FTFϕ is represented by a green dashed line.
Additionally, the experimentally determined FTFϕ from [96] is given by
green diamonds. It can be seen that the analytical model FTFϕ matches
the experimental data very well in amplitude and phase. For low fre-
quencies f < 140 Hz, the experimentally determined FTFϕ exceeds an
amplitude of one, which the analytical FTFϕ model cannot reproduce.
Black diamonds represent the FTF reconstruction using FTFM, FTFS from
the analytical model and the experimentally determined FTFϕ. It can be
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seen that the reconstructed FTF using the experimental FTFϕ matches the
experimentally determined FTF slightly better than the fit-based recon-
struction in the low frequency range f < 140 Hz.

Overall, the similarity between the experimental and fitted FTFϕ and the
good agreement between the experimentally determined FTF and the
model reconstruction using both variants of FTFϕ increase the confidence
in the analytical model approach.

ṁair ϕ τϕ,exp τϕ, f it rel.error σϕ,exp σϕ, f it rel. error

(g/s) (-) (ms) (ms) (%) (ms) (ms) (%)

25 0.575 5.82 5.65 3.0 1.21 1.08 10.5

25 0.675 4.78 5.06 5.9 0.72 0.77 7.4

25 0.775 4.40 4.66 6.0 0.68 0.60 11.6

20 0.675 5.86 5.88 0.3 1.01 1.01 0.2

30 0.675 4.10 4.22 2.8 0.39 0.58 47.4

Table 7.1: Comparison of experimentally determined [96] and fit-based
values of τϕ and σϕ for the k70-configuration.

A comparison between the fitted and experimentally determined values
of τϕ and σϕ is given in Table 7.1 for all operating points where experi-
mental data are available. It can be seen that the values match very well.
The relative errors of τϕ are around 5%. For σϕ, the relative error differs
strongly from case to case. However, the absolute errors are still very low.

7.2.2 Air Mass Flow Variation

The flame geometry parameters for ṁair = 20 g/s ṁair = 25 g/s and
ṁair = 30 g/s at ϕ = 0.675 are given in Figure 7.7. As discussed in Sec-
tion 5.3, the flame shape is self-similar over ṁair in all configurations. The
parameters, therefore, remain constant. The difference between the high-
est and lowest value is less than 5 mm in each dimension and for each
configuration.
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a) b) c)

Figure 7.7: Flame geometry parameters of the NGpp-, NGtp-, k70- and k30-
configuration for different main air mass flows at constant
equivalence ratio ϕ = 0.675: (a) xcg, (b) l f l and (c) d f l.

The comparison between the experimentally determined FTFs and the
model FTFs obtained from the geometry parameters is combined for all
configurations in Figure 7.8. It can be seen that the model matches the
experiment very well in all cases. Despite the flame geometry remaining
constant, the model successfully reproduces the varying scaling of the
FTFs along the frequency axis. This confirms the approach of scaling the
model parameters inversely with ṁair.
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NGpp

NGtp

k70

Figure 7.8: Comparison of model FTF and experimental data of the
NGpp-, NGtp- and k70-configuration for different air mass
flows at constant equivalence ratio ϕ = 0.675.
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7.2.3 Equivalence Ratio Variation

The flame geometry parameters for ϕ = 0.575, ϕ = 0.675 and ϕ = 0.775 at
ṁair = 25 g/s are given in Figure 7.9. With increasing equivalence ra-
tio, the axial lift-off and the flame length decrease by around 20 mm be-
tween ϕ = 0.575 and ϕ = 0.775 for all configurations. The flame diameter
decreases by about 30 mm.

a) b) c)

Figure 7.9: Flame geometry parameters of the NGpp-, NGtp- and k70-
configuration for different equivalence ratios at constant air
mass flow ṁair = 25 g/s: (a) xcg, (b) l f l and (c) d f l.

The implications of the observed flame geometry changes are discussed
based on the results for the k70-configuration given in Figure 7.10. The
results for the two natural gas configurations are then combined in Figure
7.11 since the flame geometry changes, and therefore the implications on
the FTFs are identical to the k70 case.

Comparing the three model FTFs shows that the low frequency ampli-
tude increase is mainly caused by a change of FTFS. The increased flame
length and axial lift-off in the leanest case ϕ = 0.575 shift the amplitude
maximum of FTFS to lower frequencies and increase the phase slope. As
a result, the magnitude of FTFS increases in the low frequency range, and
the interference between FTFS and the other two mechanisms becomes
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Figure 7.10: Comparison of model FTF and experimental data of the k70-
configuration for different equivalence ratios at constant air
mass flow ṁair = 25 g/s.

constructive. Comparing the FTFs for ϕ = 0.775 and ϕ = 0.575 reveals that
this change almost doubles the low frequency amplitude peak. Although
FTFM and FTFϕ also change with the equivalence ratio, this is far less
significant.

The comparison of the modeled FTFs with the experimental data for the
two natural gas configurations is given in Figure 7.11. Similar to the pre-
viously discussed k70 case, the observed shift of the amplitude maximum
can be mainly attributed to a change of the contribution of FTFS. A slight
deviation between the model and the experimental data can be observed
in the leanest case. Here, the model fails to accurately reproduce the FTF
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amplitude for low frequencies f < 100 Hz. However, as discussed in Sec-
tion 5.3, the flame interacts with the combustion chamber walls in these
cases. The relationship between flame geometry and FTF is, therefore,
possibly influenced by additional effects which are not included in the
model.

NGpp

NGtp

Figure 7.11: Comparison of model FTF and experimental data of the
NGpp- and NGtp-configuration for different equivalence ra-
tios at constant air mass flow ṁair = 25 g/s.

7.2.4 Atomizing Air Mass Flow Variation

The reconstruction and interpretation of the FTF sensitivity on the atom-
izing air mass flow in the k70-configuration allows to specifically address
the impact of FTFϕ. As visible from Figure 7.12, the flame shape is in-
sensitive to changes in the atomizing air mass flow over a wide range
with less than 5 mm change in all parameters between ṁat = 0.75 g/s and
ṁat = 1.13 g/s. This means that FTFM and FTFS remain constant, and all
changes in the FTF can be attributed to FTFϕ. The lowest atomizing air
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a) b) c)

Figure 7.12: Flame geometry parameters of the k70-configuration for dif-
ferent atomizing air mass flows at constant air mass flow ṁair

= 25 g/s and constant equivalence ratio ϕ = 0.675: (a) xcg, (b)
l f l and (c) d f l.

mass flow case is excluded from the following analysis because dfl and lfl

differ from the values at higher ṁat.

The FTF models for the k70-configuration with various atomizing air
mass flows are given in Figure 7.13. The model matches the experimental
data well, thus justifying the approach of scaling the model parameters
of FTFϕ with the ALR. It can be seen that the amplitude decay of FTFϕ

is only marginally changed with the atomizing air mass flow, and the
observed changes in the FTF can therefore be attributed to the changes
in the FTFϕ phase. The low atomizing air mass flow case denoted in the
upper row is associated with coarse droplets. As pointed out in Section
4.3, this leads to a higher value of τϕ and thus a steeper phase drop with
frequency. Between 100 Hz and 200 Hz, the phases of FTFϕ and FTFM are
very similar but differ from the phase of FTFS by almost π. This leads to
the formation of a local amplitude minimum at 200 Hz.

With increasing atomizing air mass flow and thus smaller droplets, the
phase of FTFϕ drops less steep with frequency. This leads to constructive
interference of FTFϕ and FTFS at 200 Hz in the highest atomization air
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Figure 7.13: Comparison of model FTF and experimental data of the k70-
configuration for different atomizing air mass flows at con-
stant air mass flow ṁair = 25 g/s and constant equivalence
ratio ϕ = 0.675.
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7.3 k30-Configuration

Figure 7.14: Flame geometry parameters xcg, l f l and d f l of the k30-
configuration over (a) equivalence ratio and (b) atomizing
air mass flow.

mass flow case, resulting in an amplitude value of ∣FTF∣ = 2.

7.3 k30-Configuration

Applying the scaling rules obtained from the already discussed three
cases directly to model the FTFs in the k30-configuration does not pro-
duce any significant results. This is not surprising since the fundamen-
tal correlations between the burner, flame, and velocity field in the k30-
configuration differ significantly from those in the other three cases, as
discussed in Chapter 5. However, also deriving a specialized set of scal-
ing rules solely for the k30-configuration was unsuccessful. This obser-
vation suggests that the dependencies of the mechanisms on the flame
geometry are not the only differentiating factor in the partially diffusive
k30-configuration. Instead, the flame response is driven by distinct mech-
anisms that are primarily influenced by the incomplete fuel distribution
and by the local atomizer flow field, rather than by the flame shape.

The two observations that contradict the applicability of the model in the
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k30-configuration are:

• The FTF does not change with the flame geometry. As visible from
Figure 7.14, the flame geometry parameters change considerably
with the operating point. At the same time, the FTF changes only
marginally and, especially in the high frequency range, remains con-
stant, as discussed in Chapter 6 based on Figures 6.5-6.10. The high
frequency range was found to be dominated by the swirl fluctua-
tion mechanism FTFS in the other configurations. This mechanism
showed the highest sensitivity on the flame geometry. This suggests
that mechanisms are present in the k30-configuration that are inde-
pendent of the flame shape.

• As shown in Figure 6.6, the k30-FTF amplitudes of different air mass
flow rates are not similar when plotted over Sr. From a modeling
point of view, this contradicts the approach of scaling the model pa-
rameters inversely with the mass flows. From a physical point of
view, this indicates that the driving mechanisms are not of convec-
tive nature.

7.4 Conclusions from the Analytical Model Analysis

In this chapter, an analytical FTF model was applied. A single parametric
scaling rule set based on the flame geometry was derived for the NGpp-,
NGpp- and k70-configuration. The model was used for the analysis of ex-
perimentally determined FTF. From this, the following conclusions were
drawn:

• The existence of a single parametric scaling rule set that allows to re-
produce the FTFs for the three different configurations strongly sug-
gests that the underlying mechanisms are the same for all three con-
figurations. The only major difference between the k70-configuration
and the natural gas configurations is the increased inertia of the
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droplets, which leads to a higher convective time delay of the equiv-
alence ratio fluctuations. Besides this, the fuel type does not have
an impact on the FTF as long as the spray is fully evaporated at the
combustion chamber entry.

• The FTF trends for a variation of the equivalence ratio could be
mainly attributed to changes in the swirl fluctuation contribution
FTFS.

• Changing the atomization quality affects the convective time delay
of the equivalence ratio fluctuations, even if the flame shape remains
unchanged. This can lead to changes in the FTF at constant flame
shape and position.

• The fact that a similar set of parametric scaling rules could not be de-
rived for the k30-configuration suggests that the mechanisms and de-
pendencies contributing to the FTF trends in the partially diffusive
k30-configuration fundamentally differ from the three other configu-
rations.
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8 FTF Prediction

Optimizing the operating point of a given system with regard to its
thermoacoustic characteristics requires a considerable amount of FTF
datasets for different operating conditions. This causes a high effort and
high costs. Accurately predicting the FTF for a given operating point sig-
nificantly reduces the effort for gaining the required datasets.

This chapter applies the analytical model from the previous chapter to
predict the FTF for a given operating point. For this, the method is ex-
tended as schematically shown in Figure 8.1. Experimental flame im-
age data and the corresponding operating conditions are provided to
the POD for a relatively small number of operating points. From this,
the POD is able to calculate generic flame images for any given operat-
ing point. These images then serve as input for the model described in
the previous chapter. This method can be advantageous for generating a
larger database or extracting information about a specific operating point
in situations where the available data on flame geometry and FTF is lim-
ited to only a few operating conditions. However, it is not applicable if no
a priori datasets are available. The approach is demonstrated in the fol-
lowing by reproducing FTFs for natural gas operation from Bade [6]. The
FTFs were recorded at the same test rig and using the same burner hard-
ware as in this thesis. Therefore, the flame images given in Section 5.3 are
used as the database for the POD, and the flame-geometry-dependent pa-
rameter scaling rules derived in the previous chapter are applied without
change.

POD is a mathematical technique used to reduce the dimensionality of
large datasets while preserving their key features. The concept of POD is
known under several names in different application fields [98]. It was
first introduced in fluid dynamics to study the behavior of turbulent
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ṁair = ...

...

α1 = ...
...

τ1 = f (xcg, ṁair , ...)
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Figure 8.1: Schematic representation of the FTF prediction workflow, in-
cluding POD.

flows and identify the most important flow structures [57, 64, 68]. In re-
cent years, the POD has found wide application in other fields, such as
image processing, where it is mainly referred to as principal component
analysis [42]. In the context of combustion research, Marquez has applied
POD to analyze the spatio-temporal unmixedness of fuel and air in multi-
burner systems [58]. Zahn demonstrated that POD can be applied to di-
rectly determine the FTF at a given operating point [99]. This methodol-
ogy offers a more straightforward means of generating FTF data. How-
ever, the presented approach of only applying the POD for generating
flame images provides the advantage of maintaining causality to the
flame geometry, thereby enabling a more comprehensive understanding
of the underlying mechanisms.

The procedure can be described as a generalized Fourier series expan-
sion, in which a given function is approximated based on trigonomet-
ric approach functions. However, unlike the Fourier series, an optimal
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Figure 8.2: Flame image POD modes of the NGpp-configuration: (a) In-
tensity distribution and (b) mode information content.

orthogonal basis is chosen instead of trigonometric functions. A rela-
tively small set of measured data X is used as input. Based on those
data, the POD generates a set of orthonormal basis functions Φi, called
modes and corresponding operating point-dependent mode coefficients
ci(ϕ, ṁair) [57]. By retaining only the N most important basis functions,
the POD can significantly reduce the model order while maintaining a
high level of accuracy. The reduced order data XPOD for any desired op-
erating point can thus be approximated using the following linear com-
bination:

X(ϕ, ṁair) ≈ XPOD(ϕ, ṁair) =
N

∑
i=1

ci(ϕ, ṁair)Φi. (8.1)

More detailed information on POD can be found in [10, 42, 57].

The methodology is employed in the following for reproducing the FTF
from Bade [6]. The process is illustrated in detail using the reference op-
erating point as an example. The reference operating point is at λ = 1.4
and Pth = 50 kW which translates to ϕ = 0.714 and ṁair = 25 g/s. The nor-
malized flame images for perfectly and technically premixed natural gas
combustion discussed in Section 5.3 serve as input for the POD.

The first three modes generated by the POD are shown in Figure 8.2 along
with the corresponding relative information content. It can be seen that
the third mode already contains less than 1% of the overall information.
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Figure 8.3: Evaluated POD coefficients of the NGpp-configuration and fit-
ted coefficient for flame image reconstruction at Pth = 50 kW,
λ = 1.4 (ṁair = 24 g/s, ϕ = 0.741).

All following modes have fever information content and can therefore be
omitted. The colorbar is normalized to the maximum intensity and cen-
tered around zero for all three modes. Positive values are indicated in
red color and negative values in blue color. The first mode only contains
positive intensity values. It can be interpreted as the mean flame image
over all operating points. The second mode is positive towards the flame
root and negative in the downstream direction. It can be interpreted as
a displacement along the streamlines. The third mode is positive at the
flame’s upstream and downstream boundaries and negative at the mid-
dle. It can be thought of as a variation of the axial flame length. According
to Equation 8.1, the modes are weighted by mode-individual, operating
point-dependent coefficients ci before they are summed up to obtain the
reduced order flame images.

The coefficients c1 − c3 corresponding to the modes 1 to 3 are plotted in
Figure 8.3. The coefficients corresponding to the experimental input data
sets are given by filled black symbols. A red symbol in all three plots
gives the interpolated coefficient for the desired operating point. The
color of the interpolated surface again indicates positive values in red
and negative values in blue. As expected from the interpretation as the
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mean image, the coefficient corresponding to mode 1 is always positive.
The coefficient c2 is independent of ṁair but strongly depends on ϕ. For
high values of ϕ, c2 is positive and negative for low values of ϕ. This
means that for high values of ϕ, the flame moves towards the burner
outlet, while the negative sign of c2 for low values of ϕ means that the
movement indicated by the mode shape in Figure 8.2 is inverted, and the
flame is therefore shifted downstream. The coefficient c3 shows no clear
tendency. It can be interpreted as an elongation of the flame for high and
low values of the equivalence ratio. However, this mode only contains
less than 1% of the information, and the effect is, therefore, only very
weak.

The flame image is then obtained by summing up the weighted modes.
The modes and POD coefficient planes from Figures 8.2 and 8.3 re-
main identical for all operation points, and only the fitted coefficients
are adapted. The flame coordinates are extracted as described in Section
4.1.1 and used as input for the FTF model.

Figure 8.4: Predicted flame geometry parameters xcg, l f l and d f l of the
NGpp- and NGtp-configuration for (a) different equivalence
ratios at constant thermal power Pth = 50 kW and (b) differ-
ent air mass flows at constant equivalence ratio ϕ = 0.714.
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The resulting flame parameter trends for the operating range specified
in [6] are plotted in Figure 8.4. In contrast to the operating range from this
thesis, the equivalence ratio is varied at constant thermal power instead
of constant air mass flow. The air mass flow, therefore, decreases with in-
creasing equivalence ratio. No notable difference is visible between the
parameters for the NGpp- and NGtp-configuration. All parameters de-
crease as the equivalence ratio increases and are insensitive towards the
air mass flow. This is in line with the experimental results from Figures
7.9 and 7.7.

Figure 8.5: Comparison of predicted FTF and experimental data of the
NGpp- and NGtp-configuration from Bade [6] at Pth = 50 kW,
λ = 1.4 (ṁair = 24 g/s, ϕ = 0.741).

The resulting predicted FTFs for perfectly and technically premixed nat-
ural gas combustion at Pth = 50 kW and λ = 1.4 are compared to the ex-
perimental data from Bade [6] in Figure 8.5. The experimental data are
approximated very well by the prediction in amplitude and phase. The
prediction results for other operating points in the range specified by
Bade [6] can be found in Appendix A.3.
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It can thus be concluded that the applied method is capable of predict-
ing FTFs for a given operating point. This technique may be beneficial in
scenarios where there is a need to generate a larger database or extract in-
formation about a specific operating point from a limited amount of data
on flame geometry and FTF for a few operating conditions. Compared to
other methods, the knowledge of flame geometry and FTF composition
generated besides the FTF itself is valuable additional information and
can be helpful in interpreting the resulting FTF.
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9 Summary and Conclusion

The option of burning liquid fuels increases the fuel flexibility of gas
turbines. However, gas turbines must comply with emission regula-
tions, which requires operating under lean premixed conditions. Unfor-
tunately, such conditions may lead to thermoacoustic instabilities. While
there has been considerable research on these instabilities in lean pre-
mixed natural gas combustion, studies on lean premixed liquid fuel com-
bustion are limited. The aim of this work was to contribute to this topic
by examining the longitudinal thermoacoustic oscillations in an atmo-
spheric lean premixed gas turbine combustor. Two liquid fuel configu-
rations with different degrees of premixing were compared with natural
gas as reference. Flame transfer functions were used to quantify flame
dynamics, the potential driver of thermoacoustic instability.

Experiments were carried out in an atmospheric single burner test rig us-
ing a modular swirl burner, which was retrofitted with a twin fluid nozzle
for kerosene injection. The axially movable nozzle installation allowed
for realizing different degrees of fuel-air premixing in liquid operation.
In total, four different configurations were investigated. Natural gas com-
bustion in perfectly and technically premixed mode served as references.
In liquid operation, a fully premixed configuration with a long premix-
ing length and a partially premixed configuration with a short premixing
length were investigated.

First, the stationary combustion characteristics were investigated. NOx

emission measurements, stationary OH*-chemiluminescence flame im-
ages, and liquid fuel droplet size measurements were presented for vary-
ing air mass flow rates, equivalence ratios, and atomizing air mass flow
rates. The results revealed fundamental differences in the stationary char-
acteristics of the two liquid configurations:
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• The fully premixed liquid fuel configuration was found to be very
similar to the two natural gas configurations. All three configura-
tions revealed similar, disc-like flame shapes and low NOx emis-
sions. Based on droplet size and NOx emission measurements, it
was concluded that the fuel entered the combustion chamber in a
fully evaporated state. The flame was, therefore, mainly determined
by the flow field in the combustion chamber. Flame shape and NOx

emissions were independent of the vaporization quality at the noz-
zle.

• The behavior observed in the partially premixed configuration was
notably different from the observed behaviour for the other three
configurations. Due to the short premixing length, the fuel was not
fully evaporated nor distributed over the entire cross section at the
burner outlet. The flame shape was mainly determined by inhomo-
geneous radial fuel distribution. This resulted in a radially more
compact flame shape and a more diffusive combustion character,
which was indicated by the increased NOx emissions. The flame
shape trends in response to variations of the equivalence ratio ϕ and
atomizing air mass flow ṁat were opposed between the partially pre-
mixed liquid fuel configuration and all other configurations.

The longitudinal thermoacoustic properties of the burner and the flame
were discussed next. The acoustic scattering matrices of the burner, both
with and without liquid fuel injection nozzle, were compared with each
other in order to prove that the acoustic scattering properties remained
unaffected by the installation of the nozzle. Subsequently, flame transfer
functions were presented for the various operating conditions.

A high maximum amplitude in the low frequency range for all operating
points characterized the flame transfer functions of the fully premixed
liquid fuel configuration. In contrast, the partially premixed configura-
tion exhibited low amplitudes throughout the operating range.

In response to variations of the operation parameters, the fully premixed
kerosene configuration showed the same behaviour as the two natural
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gas configurations. In contrast, the partially premixed liquid fuel config-
uration exhibited a fundamentally different behaviour. The atomizing air
affected the flame transfer function in both liquid fueled configurations.

An analytical model was applied to gain further insight into the flame
transfer function’s composition from different flame response mecha-
nisms. The different feedback mechanisms were modeled individually
and then superposed. Based on the experimental observations, it was as-
sumed that the flame response mechanisms were similar for the fully pre-
mixed kerosene configuration and the two natural gas cases. Most of the
model parameters were consequently chosen identical for the three con-
figurations. The good agreement with the experimental data over the en-
tire operating range for three different configurations allowed for physi-
cally interpreting the model-based decomposition into the different flame
response mechanisms. The key findings from these investigations can be
summarized as follows:

• The existence of a single model parameter set that allowed to repro-
duce the flame transfer functions for the three different configura-
tions strongly suggested that the underlying mechanisms were the
same for all three configurations. Of particular importance here were
the equivalence ratio fluctuations caused by the acoustic field at the
point of fuel injection in the case of technical premixing. Unlike the
gas, which immediately adjusted to the mean flow field after injec-
tion, the liquid droplets required extra acceleration time due to their
inertia. This changed the phase relation between the equivalence ra-
tio fluctuations and the other mechanisms contributing to the flame
dynamics. This observation could explain the differences observed
between the fully premixed liquid fuel configuration and the natu-
ral gas cases.

• Changing the atomization quality affected the convective time delay
of the equivalence ratio fluctuations. This changed the flame transfer
function, even though the flame shape and position remained con-
stant.
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• A consistent model parameter set could not be derived for the par-
tially premixed configuration. This suggested that the mechanisms
and dependencies contributing to the flame dynamics in the par-
tially premixed configuration fundamentally differed from the three
other configurations.

Finally, the derived analytical model was applied to predict flame trans-
fer functions based on the operating conditions. The method was vali-
dated by reproducing experimental data from preceding work. A good
agreement between the predicted flame transfer functions and the exper-
imental validation data could be achieved.

While the measured flame transfer functions could be decomposed and
the resulting components attributed to different flame response mech-
anisms for natural gas and kerosene in fully premixed operation, this
could not be achieved in the partially premixed configuration. Thus, fu-
ture work should aim to improve the understanding of the underlying
mechanisms at lower degrees of premixing. One key point for this is the
detailed investigation of the interaction between droplets, acoustic field,
and heat release rate. To achieve this, performing phase-resolved mea-
surements of droplet diameters and velocities, along with the oscillating
heat release field, would be advantageous.
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A Appendix

A.1 Droplet Evaporation Time Estimation

The evaporation time of a single spherical droplet can be estimated by
applying the D2 law:

τevap = d2/K. (A.1)

The evaporation constant K depends on material properties and condi-
tions of the liquid (index l) and gaseous (index g) phase [93]:

K =
8λg

ρlcp,g
lnB + 1. (A.2)

λ denotes the thermal conductivity here and cp is the specific isobaric
heat capacity. B is the transfer number, which is defined as:

B =
cp,g (T∞ − Tboil)

∆h
(A.3)

with ∆h being the specific evaporation enthalpy.

Since kerosene is not a pure substance but a mixture of substances, it
does not have a boiling point but a boiling range. The boiling temperature
was thus defined as the boiling temperature at 50% recovered. According
to the supplier datasheet, this is Tboil = 463.78 K. The other values were
taken from [73] for the closest matching value T = 450 K at atmospheric
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pressure:

ρl = 678.9
kg
m3

cp,g = 2.753
kJ

kgK

λg = 0.09203
W
mK

∆h = 265.1
kJ
kg

.

The surrounding temperature was assumed to be equivalent to the pre-
heating temperature of the plenum, T∞ = 573.15 K.

The calculation does not take into account the increased heat transfer in a
convective flow [9]. It can therefore be assumed that the calculation over-
estimates the evaporation time. Thus, the calculated value can be seen as
an upper boundary.
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A.2 FTF Validation Using OH*-based Measurements in
the NGpp-Configuration

To validate the FTFs, the MMM-based FTF data of the NGpp-
configuration are compared to FTF obtained from a second method. As
discussed in Section 4.2.2, this method relies on the pressure measure-
ments in the plenum which are also used for the MMM and simultane-
ously recorded OH*-chemiluminescence time series of the flame. Figures
A.1 and A.2 show that the results of the two different methods match
very well over the entire operating range.

Figure A.1: Comparison of MMM-based FTF and OH*-based FTF of the
NGpp-configuration for different air mass flows at constant
equivalence ratio ϕ = 0.675.
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Figure A.2: Comparison of MMM-based FTF and OH*-based FTF of the
NGpp-configuration for different equivalence ratios at con-
stant air mass flow ṁair = 25 g/s.
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A.3 FTF Prediction for the Operating Range from Bade [6]

This section presents the predicted FTF according to the procedure out-
lined in Chapter 8 for the entire operating range specified by Bade [6].
Figure A.3 shows the predicted FTF for the thermal power variation, and
Figure A.4 for the equivalence ratio variation.

Figure A.3: Comparison of predicted FTF and experimental data of the
NGpp- and NGtp-configuration from Bade [6] for different
thermal power levels at constant equivalence ratio λ = 1.4
(ϕ = 0.714).

In general, the predicted FTFs and the experimental data agree very well,
particularly for the NGpp-configuration. Only in the leanest case the pre-
diction deviates from the experimental data. In the NGtp-configuration,
the amplitudes deviate slightly more. Since this deviation is specific to
the NGtp-configuration, it can be concluded that it is primarily caused by
the equivalence ratio fluctuation term. Nevertheless, the amplitudes are
still reproduced qualitatively correct, and the phases closely match the
experimental data.
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Figure A.4: Comparison of predicted FTF and experimental data of the
NGpp- and NGtp-configuration from Bade [6] for different
equivalence ratios at constant thermal power Pth = 50 kW.
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A.4 FTF and Analytical Model Applied to an Industrial
Burner Design

In addition to the A2EV burner, the analytical model approach described
in Chapter 7 is applied to an industrial burner design to decompose the
FTF. The industrial burner is a GE15 dry low NOx fuel nozzle, which
can be operated with natural gas in perfectly (NGpp) and technically
premixed mode (NGtp) or with kerosene in diffusion mode. Figure A.5
schematically shows the plenum and combustion chamber sections of the
test rig as presented in Figure 3.1 with the industrial burner installed.

The main part of the burner is a cylindrical tube with a constant di-
ameter positioned ahead of the combustion chamber inlet. This tube is
equipped with swirler blades and a central nozzle for liquid fuel injec-
tion. Natural gas is supplied through small holes in the swirler blades
in NGtp operation. Liquid fuel operation is realized via an air assisted
atomizer with five injection orifices at the nozzle tip, thus resulting in a
non-axisymmetric diffusion flame. To ensure an acoustically clean mea-
surement section, the interface for fuel and atomizing air supply is situ-
ated upstream of the pressure transducers. The fuel lance is connected to
the plenum walls by three thin pins at the upstream mount to minimize
its impact on the acoustic field.

Atomizing air

Kerosene

Upstream mount Swirler

Pressure
transducers

to downstream
acoustic section

from upstream
siren

NGtp

Figure A.5: Test rig plenum with industrial burner.

Analogous to the procedure from Chapter 7, a set of scaling rules is de-
rived to consistently calculate the model parameters based on the flame
geometry for the entire operating range. The model is applied to perfectly
and technically premixed combustion for variations of equivalence ratio
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and main air mass flow. Figures A.6-A.9 show that the experimental data
can be reproduced very well over the entire operating range.

Similar to the results for the A2EV burner, the model could not be applied
to the results for kerosene combustion due to the diffusive combustion
character. The FTF results for kerosene are presented without a model at
the end of this section in Figure A.10.

Figure A.6: Comparison of model FTF and experimental data of the
NGpp-configuration of the industrial burner for different
equivalence ratios at constant air mass flow ṁair = 35 g/s.
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Figure A.7: Comparison of model FTF and experimental data of the
NGpp-configuration of the industrial burner for different air
mass flows at constant equivalence ratio ϕ = 0.625.
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Figure A.8: Comparison of model FTF and experimental data of the
NGtp-configuration of the industrial burner for different
equivalence ratios at constant air mass flow ṁair = 35 g/s.
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Figure A.9: Comparison of model FTF and experimental data of the
NGtp-configuration of the industrial burner for different air
mass flows at constant equivalence ratio ϕ = 0.625.
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Figure A.10: Experimental FTF data of the kerosene configuration of the
industrial burner for different air mass flows at constant
equivalence ratio ϕ = 0.625 and different equivalence ratios
at constant air mass flow ṁair = 35 g/s.
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[2] ÅBOM, M., AND BODÉN, H. Error analysis of two-microphone
measurements in ducts with flow. The Journal of the Acoustical Soci-
ety of America 83, 6 (1988), 2429–2438.

[3] ACHURY, J., AND POLIFKE, W. Modulation of spray droplet num-
ber density and size distribution by an acoustic field. The Journal of
Computational Multiphase Flows 9, 1 (2017), 32–46.

[4] AKIMOTO, H. Atmospheric reaction chemistry. Springer, Tokyo, 2016.

[5] ALEMELA, P. R., FANACA, D., HIRSCH, C., SATTELMAYER, T.,
AND SCHUERMANS, B. Determination and scaling of thermo acous-
tic characteristics of premixed flames. International Journal of Spray
and Combustion Dynamics 2, 2 (2010), 169–198.

[6] BADE, S. Messung und Modellierung der thermoakustischen Eigen-
schaften eines modularen Brennersystems für vorgemischte Drallflam-
men. PhD thesis, Technical University of Munich, 2014.

[7] BADE, S., WAGNER, M., HIRSCH, C., SATTELMAYER, T., AND

SCHUERMANS, B. Design for thermo-acoustic stability: Procedure
and database. Journal of Engineering for Gas Turbines and Power 135,
12 (2013), 121507.

117



BIBLIOGRAPHY

[8] BAUERHEIM, M., NICOUD, F., AND POINSOT, T. Progress in an-
alytical methods to predict and control azimuthal combustion in-
stability modes in annular chambers. Physics of Fluids 28, 2 (2016),
021303.

[9] CARVALHO JR, J., MCQUAY, M., AND GOTAC, P. The interaction
of liquid reacting droplets with the pulsating flow in a Rijke-tube
combustor. Combustion and Flame 108, 1-2 (1997), 87–103.

[10] CHATTERJEE, A. An introduction to the proper orthogonal decom-
position. Current Science 78, 7 (2000), 808–817.

[11] CHISHTY, W. A. Effects of thermoacoustic oscillations on spray combus-
tion dynamics with implications for lean direct injection systems. PhD
thesis, Virginia Polytechnic Institute and State University, 2005.

[12] CHO, J. H., AND LIEUWEN, T. C. Modeling the response of pre-
mixed flames to mixture ratio perturbations. In Proceedings of the
ASME Turbo Expo (Atlanta, Georgia, USA, 2003), GT2003-38089.

[13] CHRISTOU, T., STELZNER, B., AND ZARZALIS, N. Influence of an
oscillating airflow on the prefilming airblast atomization process.
Atomization and Sprays 31, 3 (2021), 1–14.

[14] CHU, B.-T. On the generation of pressure waves at a plane flame
front. Symposium (International) on Combustion 4, 1 (1953), 603–612.

[15] CLAVIN, P., AND SIGGIA, E. D. Turbulent premixed flames and
sound generation. Combustion Science and Technology 78, 1-3 (1991),
147–155.
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