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bound to construct a barrier Lyapunov function. This auxiliary performance
bound is reset at each switching instant, which prevents the barrier transgres-
sion caused by the jumps of the error metric at switching instants. The dwell
time constraints are derived such that the auxiliary performance bound resides
within the user-defined performance bound. We prove that the Lyapunov func-
tion is nonincreasing at and in between the switching instants. Therefore, it
does not impose extra dwell time constraints and ensures the error metric to ful-
fill the performance guarantees. Furthermore, we study the robust modification
of the adaptive controller for the uncertain piecewise affine systems subject to
unmatched disturbances. A numerical example validates the correctness of the
proposed approach.
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1 | INTRODUCTION

The study of piecewise affine (PWA) systems has attracted significant interest due to their capability to approximate
nonlinear systems and model hybrid systems. A PWA system consists of several linear subsystems. Each subsystem is
associated with a certain region in the state space. Depending on in which region the state vector lies, the PWA system
is governed by the associated subsystem dynamics. The switching from one subsystem to another subsystem is triggered,
when the state trajectory goes through the boundary of two neighboring regions. Therefore, PWA systems represent a
class of state-dependent switched systems. Early studies of PWA systems focus on the controllability and observability,!-?
convergence analysis,? and control synthesis,*> where the system parameters and region partitions are exactly known.
In the physical world, an exact system model is mostly not accessible due to uncertainties and disturbances.
Therefore, introducing the adaptive mechanism into the uncertain PWA systems has significant meaning, especially
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when the uncertainties and disturbances are so large that a single robust controller cannot stabilize the closed-loop
system. Due to the hybrid nature of the PWA systems, not only the uncertain parameters need to be estimated by
designing adaptation laws, but also the switching behavior of the closed-loop system needs to be carefully consid-
ered. In the last decade, model reference adaptive control (MRAC) approaches have been investigated for uncertain
PWA systems. The methods proposed in the work of di Bernardo et al.>® rely on common Lyapunov functions, where
the closed-loop systems are allowed to switch arbitrarily fast. MRAC for piecewise linear systems, a special version
of PWA systems, are investigated in the work of Sang and Tao,”!° where dwell time constraints for switches are
given to ensure the closed-loop stability. Its extension to PWA systems is reported recently,!! where the exponen-
tial decaying of the state tracking error is proved given that a persistently exciting (PE) condition and some dwell
time constraints are fulfilled. To enhance the robustness of the adaptive switched systems against disturbances and
time-delay, some robust MRAC approaches have been proposed for switched linear systems, whose formulation is sim-
ilar to PWA systems but with switching signals given externally. These include robust MRAC with dead zone!? and
leakage,' robust H,, MRAC!! as well as control approaches with asynchronous switching between subsystems and
controllers.!6:17

Despite the aforementioned advances, the adaptive control for PWA systems fulfilling a user-defined performance
guarantee (such as state constraints) is rarely studied. In light of the fact that a lot of systems in practice have state
constraints like physical or operational boundaries, saturation, performance and safety specifications, we would like to
explore the MRAC of generalized PWA systems with state tracking performance guarantees.

Notable progress has been made in the field of adaptive control with performance guarantees. These include funnel
control,'®!% barrier Lyapunov function-based approach,?® and prescribed performance control.?2> All of these meth-
ods are proposed to confine the output tracking error within the predefined constraints. Although some recent barrier
Lyapunov function-based controllers achieve the full state constraints,?32% they are built upon the backstepping struc-
ture, which requires the controlled system to be in strict feedback form or pure feedback form. Thus, they cannot be
applied to generalized PWA systems. Recently, a set-theoretic MRAC for linear systems is developed.?’ It uses the bar-
rier Lyapunov function concept to confine the weighted Euclidean norm of the state tracking error within a predefined
bound. The controller does not rely on the backstepping-type analysis and therefore does not impose restrictions on the
system structure. This method is extended to the cases with time-varying performance bounds,?® systems with actuator
faults,?® and systems with unstructured uncertainties.3* However, applying this method to switched systems is nontrivial
and challenging. If the barrier Lyapunov function is constructed with the user-defined performance bound being the bar-
rier, as it is done in the linear system case, then the discontinuity of the weighted Euclidean norm of the tracking error at
switching instants may cause transgression of the barrier, which makes the barrier Lyapunov function invalid. Besides,
only matched uncertainties (uncertainties, which can be compensated with an additional input term) are addressed in
the work of set-theoretic MRAC approaches. Since the PWA systems are mostly approximations of nonlinear systems,
their approximation errors are not necessarily matched, let alone other kinds of external disturbances. How to enhance
the robustness against unmatched uncertainties/disturbances when applying the set-theoretic MRAC to PWA systems is
still open.

The main contribution of this paper is twofold. First, a set-theoretic MRAC approach for uncertain PWA sys-
tems with state tracking performance guarantees is developed. Second, a robust modification of this method is
proposed for PWA systems subject to unmatched disturbances. Specifically, we impose an auxiliary performance
bound with a state reset map to construct the barrier Lyapunov function, which bypasses the barrier transgression
problem. The dwell time constraints are derived based on the auxiliary performance bound and the user-defined
performance bound. The Lyapunov function is nonincreasing, even at switching instants, and therefore, does not
impose extra dwell time constraints. Furthermore, a projection-based robust modification of the proposed approach
is developed to enhance the robustness against disturbances. Compared with the state-of-the-art set-theoretic MRAC
approaches, the disturbances are not required to be matched. This allows broader applications of the proposed
method.

The paper is structured as follows. The definition of PWA systems, MRAC, and the performance function are revisited
in Section 2. The proposed method is explained in Section 3, in which the stability analysis is also provided. The robust
modification is shown in Section 3.4. A numerical example is illustrated in Section 4.

Notations: In this paper, R,R*, N and N* denote the set of real numbers, positive real numbers, natural numbers,
and positive natural numbers, respectively. tr(-) represents the trace of a matrix. The Euclidean norm is denoted by || - ||>.
Amax(P) and Amin (P) represent the maximal and minimal eigenvalues of matrix P, respectively. ||e|lp = (eTPe)i represents
the weighted Euclidean norm of e € R" with the weighting matrix P € R™".
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2 | PRELIMINARIES AND PROBLEM STATEMENT

Let the state space be partitioned into s € N* convex regions {€;}] | without overlaps, that is, Q; N Q; = ¢ for i # j and
i,je I 2{1,2,...,s}. The PWA system is of the form

X = AiX(t) + Biu(t) +ﬁ, X(t) (S Qi, (1)

where A; € R™" and B; € R™P and f; € R". x € R" and u € R? denote its state and control input signal. To characterize
in which region the state vector locates, we define the following indicator function

0 = {1, if x() € Q- -

0, otherwise

Since the regions {€;}}_ have no overlaps, we have Y,z =1 and [];_, x; = 0. Thus, the PWA system can be
written as

X(t) = AOx(1) + B(u(t) + f (1), (3)

with A(t) = X, ri(DA:, B®) = X1 xi(0B; and f(6) = X1, xi(Of:-

In this paper, the reference system is also chosen to be a PWA model, which provides more design flexibility for the
user. Without loss of generality, we let the reference PWA system (4) and the controlled PWA system (3) have the same
region partitions and therefore, the same indicator functions. The PWA reference system is given by

Xm(t) = An(OXpm () + Bu(OF(0) + fin(0), “4)

where x,,, € R" and r € RP denote the state and input of the reference system, A,,(t) = Zf=l Xi(OA i, Bp(b) = Zf=l Xi(©Bui,
fm(®) = Z?zl Xi(Ofmi wWith A, € R™" B, € R™P, f,,; € R",i € T being the parameters of the reference system. A,,; are
Hurwitz matrices and there exists a set of positive definite matrices P; and Q; € R™",i € T such that

Al Pi+PiAp = -Q;, Viel. (5)

For each subsystem, a set of controller gains is utilized. Let K€ Rpxn, K e RPXP, K; € RP,i € T denote the nomi-
nal controller gains for the ith subsystem of (3). The controller gains and the system parameters switch synchronously.
Therefore, the controller takes the form

u(t) = Kix(t) + Kir(t) + K3, (6)

where K;(t) = Yi_ xi(DK?, Ki (D) = X, xi(OKE, K@) = > xi(DK;. Taking (6) into (3) yields the closed-loop system.
To obtain a closed-loop system having the same behavior as the reference system, we make the usual assumption that
following matching equations hold:

Api = A + BK*

xi’

Bni = BK*

ri’

fmi=fi+BiK;, Viel. (7)

These are typical conditions for state feedback state tracking design. Note that not every system can satisfy such match-
ing equations, some relaxation approaches (state feedback output tracking and output feedback output tracking) can be
found in section 4 of Tao’s survey.3! Since A;, B;, f; are unknown, the nominal controller gains K;‘i, K;"i, K ”; are not available.
Let Kyi(f) € RP", K,4(t) € RPP, K(f) € RP be the estimates of K7, K, K}:. We introduce the following adaptive controller

u(t) = Kx(0x(t) + K (Or(t) + Ky (0), ©))

with K(t) = Y, xi(OKa(t), K(t) = Y, xi(OKx(t) and Kp(t) = ¥, xi(H)Kp(0). Inserting (8) into the controlled PWA
system (3) and defining the state tracking error e(t) = x(t) — X,,,(t), we have

s
e=Apne+ Z}(iBi(f(xix + I~<rir + Kﬁ), (9)
i=1
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where Ky; = Ky — K. Kyi = Ky — K. Kj = Kp — K.
We define f, to be the initial time instant and the set {t1, 5, - - , &, - - - |k € Nt} to be the set of switching time instants.

Definition 1 (Dwell time32). The switching of a switched system is said to be with dwell time if there exists a number
7p > 0 such that the time between every two consecutive switches is no smaller than zp, that is, constraint tx; — > 7p
holds for Vk € N*. Such positive number 7, is called dwell time.

In this paper, we would like to design an adaptive controller for PWA systems such that the norm of the state tracking
error e is enforced within a predefined performance bound such that the closed-loop system has performance guarantees.
The performance bound can be formulated by a performance function p : R* — R*, a smooth and decreasing function
satisfying lim,_. o, p(t) = ps > 0. We adopt the following commonly used performance function?!

p(0) = (po — peo)e ™) + peg, (10)

where po, peo. | € R and py > po,. We can see that p(¢) is smooth and decreasing with the initial value p(t = to) = po and
the final value p(t — o) = p. The initial value py can be chosen such that the performance guarantee (introduced in
(11)) can be satisfied at the initial time instant. The final value p,, implies a steady-state error bound, while [ determines
the convergence speed toward p,. The performance guarantee to be satisfied can be formulated as

lle®llp < p(®). 11)

The error metric ||e(?)||p serves as a performance measure reflecting the difference between the state of the controlled
system and the reference system. P is equal to P; if subsystem i is activated, that is, P = Zle xi(t)P;, where the weighting
matrices P; satisfy (5). So the error metric ||e(t)||p and the system parameters switch synchronously.

Remark 1. Some questions may arise regarding (11): is it feasible to specify a global weighting matrix for the error metric
instead of the switching one? What if the user would like to define a performance guarantee with an arbitrary weighting
matrix, which does not necessarily satisfy the Lyapunov equation (5)? In fact, these requirements can be transformed into
the formulation (11). We explain this point in the following.

Suppose that a global performance measure, which should hold for every subsystem, is desired by the user, that is,
lle()]ls < p*(t), where S € R™™" is an arbitrary user-defined positive definite matrix and p*(t) represents a user-defined
performance function in form of (10). Then, we can choose P;,i € T matrices based on (5). We know |le||s < %llell p with

y = minjeg 4 /% To satisfy ||e(t)||s < p*(¢), it suffices to let ||e||p < yp*(¢t) hold, which is equivalent to (11) by letting
p(t) = yp*(1).

The problem to be studied in this paper is formulated as follows:
Problem 1. Given a performance function (10), a reference model (4) and a PWA system (3) with unknown subsystem
parameters A;, B;, f; and known regions Q; (or equivalently, known indicator functions y;(t)), design an adaptive control

law u(¢) such that the state x(¢) of (3) tracks the state x,,(¢) of (4) with the tracking error e(t) satisfying the performance
guarantee (11).

3 | ADAPTIVE CONTROL DESIGN

In this section, we propose the adaptive controller to solve the given problem in the disturbance-free case and study its
robust modification. First, we introduce the auxiliary performance bound and explain the solution concept. Then the
proposed adaptation laws are presented, which are followed by the stability analysis of the closed-loop system.

3.1 | Auxiliary performance bound

We define a generalized restricted potential function (barrier Lyapunov function)® ¢ : R* — R* on the set Dy £
{e] llellr €10,0)}

llell?

(lellp) = ———,
P(llellp 0~ Il

llellr < 6(0). (12)
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FIGURE 1 Graphical illustration of the barrier transgression problem and the concept to introduce auxiliary performance bound.
(A) The barrier transgression problem; (B) Introducing auxiliary performance bound

By properly initializing the reference system or designing the performance function, we can let ||e(ty)||p < p(ty). The
set-theoretic MRAC approach for linear systems?® suggests specifying the barrier 8 to be p(t) and designing the adaptation
laws such that ¢(||e]|p) is bounded Vt € [ty, o0), then it would be obtained that ||e(t)||p < p(t), Vt € [y, o0).

The difficulty in switched systems is that P = }';_, xi(f)P; leads to the jumps of ||e(t)||p at switching instants. Suppose
xi(t) =1fort € [y, tr) and y;(t) = 1 for t € [f, ty) fori #j,1,j € I, we have

Amax( j)

eI, 13)

le(tll? = e” (t)Pje(t) < Amax(Pplle(t)||? < -

“’“EP: > 1 and lle(t) P < p(t;), as shown in Figure 1A. This further makes the

barrier function ¢(||e||p) invalid. We call this barrier transgression problem.

To overcome this problem, our idea is to introduce an auxiliary performance bound, denoted by e(t), which decays
faster than the user-defined performance bound p(t). e(f) is reset at each switching instant such that ||e(t)||p < e(t)
for k € N*, see Figure 1B. If the adaptive controller ensures |le||p < e(t) and if e(t) is designed such that e(t) < p(t) for
t € [t, o0), then the control objective (11) is achieved.

We propose the auxiliary performance bound e(¢t) with the following dynamics

which may result in ||e(tx)||p > p(t;) for

()= —he)+g. et € (F.0).  elto) = Gle(t)) (14)

where h,g € R*. G : Rt —» R* is a state reset map. It resets the value of ¢ at each switching instant. Note that e shares
the same switching instants with the controlled PWA system t;, k € N*, that is, when the switch of the controlled PWA
system occurs, ¢ is reset by the state reset map simultaneously. We specify the state reset map G to be

_ _ Amax(Py)
Gle(ty)) = \/ue(ty), u= Eﬂ‘é‘%‘ T (P (15)

with y > 1. The parameters h, g, 4 control the evolution of the auxiliary performance bound e(t). Specifically, h represents
the decreasing rate of e(¢). g serves as a input for the dynamics of ¢ and affects its minimum value. \/ﬁ reflects the incre-
ment of e(f) at each switching instant. As stated before, e(f) should be smaller than p(t), Vt € [fy, o). To achieve this, the
state reset of e() needs to satisfy some dwell time constraints, that is, min{t; — ty_1} > 7p, k € N* for some 7p € R*. We
have the following lemma:

Lemma 1. Given the performance function (10) and the auxiliary performance bound (14) with the reset map (15), if h > I,
P > \/;_4 % and if the dwell time of e(t) satisfies

(16)
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for u > 1, then the following inequality holds

=0

<e() < p(t), VteE /[ty ). 17)

Proof. The initial value of € satisfies e(ty) > %, meaning that ¢ decreases exponentially toward % if no switch occurs. Since
\/;_4 > 1, e increases at each switching time instant and e() > % for Vk € N*. If the switch terminates from some time
on, then ¢ —» % for t > o0, otherwise, ¢ > % for t € [ty, ). Therefore, we have e(f) > %,Vt € [ty, ).

Now, we explore the relationship between e(t) and p(t). We have for the time interval [fo, t;)

t
e(t) = e(ty)e ) 4 g/ e M-9dr = (e(to) - %) e M-l 4 % (18)
tl)

Since e(ty) € (% p0>, h>land pe > \/ﬁf we have e(t) < p(t) for t € [y, t;). For t = t; it gives

e(t) = \/ﬁe(tl_) = \/ﬁ (e(to) — %) e—hti—to) 4 \/;% (19)

Let At; £ t; — tp, we have

p(t) = (1) = (po = po)e™ = fi (elto) = 7 ) €74 + (o = /i)
> (po = po)e2 =/t (elt) = ) &80 4 (o =/l ) et20
= (o= VHE)e ™ = i (etto) = F ) e
(- VB - B )

=00 >|0q

If the inequality
(= V) > Vi E) . 2

holds, we will immediately have p(t;) > e(t1). Since pg > poo > \/ﬁ% > %, we have py — y% >0 and \/u(po — %) > 0.
Therefore, (21) is equivalent to

_ g
Po \/ﬁh 5> e-(h-DA

(22)
\/ﬁ (Po - %)
Taking the logarithm of both sides we obtain
g
HPo — ZA/H
At > L ln\/_ gh\/_. (23)
h—1 Po— L\H
Following the above analysis we can obtain e(t) < p(t) for t € [ty—1, tx) and e(ty) < p(ty) for k € N* if
1 VHp(tir) — %\/ﬁ 1 (u— \/ﬁ)%
Aty > In Z = In \/ﬁ +t— | (24)
h=1" pte)~5\/u h-l p(ter) = 54 /u

If the dwell time 7p is no smaller than the maximal required interval length max{At}, then e(t) < p(¢) holds for
Ultk_1, tx), k € NT. Because p(tx_1) > po for k € N*, we have

1 Hpoo = /M
7p > max{At;} > In
h-1 £ /u

(25)
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So we can conclude that if (16) holds, then e(t) < p(t) for t € [ty, ). n
Lemma 1 tells the dwell time constraint to be fulfilled. We will further discuss how this dwell time constraint can be

satisfied later following Remark 4. Since ¢, the reference system (4) and the closed-loop system share the same switching
signal, the first question to ask is, if the reference system is stable with the dwell time constraint (16)? This is answered
by the following lemma.

Lemma 2. The reference system (4) satisfying (5) is stable with the dwell time constraint (16) and h satisfying (28).

The proof of Lemma 2 can be seen in Appendix A.1.

3.2 | Adaptation laws

Based on the auxiliary performance bound proposed in Section 3.1, we define the following generalized restricted
potential function (barrier Lyapunov function) ¢ : R* — R*

llell

- > s 26
oy el <e® (26)

¢(llellp) =

with P = Zle xi(HP;. Since ||e||12, and €?(t) are piecewise continuous and piecewise differentiable, the partial derivative of
¢ with respect to ||e||2 over the time interval [f, ti1), k € N* takes the form ¢g = d¢p/d|le||2 = €(t)/(*(t) — |le|2)? > 0.
¢ and ¢4 have the property that 2¢,(|lellp)llel|Z — ¢ > 0.

The adaptation laws of the estimated controller gains are given as

Ky = —xila¢aS; B! Piex", Ky =—yTngaS B! Pier’, Kp=—yIs¢aS Bl Pe, (27)

where I'y;, I';, 'y € R* are positive scaling factors. S; € RP*P is a matrix such that there exists a symmetric and positive
definite matrix M; € RP*P with (K;‘iSl-)‘1 = M;. Here we make the usual assumption in multivariable adaptive control3!
that S; is known. The use of the indicator functions y;(t) in the adaptation laws (27) implies that the controller gains
associated with a certain subsystem are updated only when this subsystem is activated. Their adaptation terminates and
their values stay unchanged during the inactive phase of the corresponding subsystem. Note that ¢4 in (27) can also be
viewed as an error-dependent gain, whose effect can be weakened or amplified by tuning the constant gains I'y;, I';, I's:.
They are chosen by trial and error in the simulation. If 'y, I';, I's are too small, the effect of ¢pg on the adaptation speeds
Kxi,K,i,Kﬁ is weakened. Consequently, ¢ and ¢4 may have every small denominators and become ill-conditioned. If
Iy, T, I are too large, the differential equations may become “stiff” and difficult to solve numerically.

3.3 | Stability analysis

The tracking performance and the stability of the closed-loop system are summarized in the following theorem.

Theorem 1. Given the reference PWA system (4) and the predefined performance function (10), let the PWA system (3)
with known regions Q;, i € T and unknown subsystem parameters A;, B, f;,i € T be controlled by the feedback controller (8)
with the adaptation laws (27). Let the initial state of e satisfy ||e(to)||p < €(tp). The closed-loop system is stable and the state
tracking error e(t) fulfills the prescribed performance guarantees (11) if the time constant h in (14) satisfies

h < Lmin 2min(Q) (28)
2 el /lmax(Pi)

and if the switching signal of the controlled PWA system obeys the dwell time constraint tp in (16).
Proof. Without loss of generality, we let the scaling factors in (27) be 1. Consider the following Lyapunov function

N
v =alellp) + Y, (tr (KM ) + tr (KiMiK ) + KMy ). (29)
i=1

o 7
g

évg
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V is piecewise continuous and piecewise differentiable. In particular, V is continuous and differentiable in between
any two consecutive switching instants [#;—1, tx), K € NT, while it is nondifferentiable and (possibly) discontinuous at each
switching instant t, k € N*. The mixture of the continuous evolution and the discontinuous jumps of V' constitutes the
main challenge of the stability analysis of switched systems. The overall idea is to prove V < 0 in between switches and
evaluate the incremental or decremental jumps at each switching instant. First of all, we would like to study the evolution
of V in the continuous phase (named phase 1), namely, in between two consecutive switches:

phase 1:t € [ty_1,tx), k € N*

V is continuous in the intervals between two successive switches. Without loss of generality, we suppose that the
ith subsystem is activated for ¢ € [f,_1, &) and e(f,—) satisfies ||le(t—1)|lp, < e(f—1). The time-derivative of V' in [tx_1, &) is
given by

N
v = dlelln) + 2, (tr (KaMik ) + tr (KiMiKs ) + RiMiKy ) (30)

i=1
First, we simplify the second term of V. Taking the adaptation laws (27) into the first summand of the second term of
V gives
~T 2 ~T
tr <KxiMini> = — yiatr (KxiMiSfB,iiPiexT) 31)
Since (Kr*l.Si)_1 = M; and BK?*, = By, we have M;STB! - = M;ST (BiK;‘i)T = M;M;'B! = B!, which further gives

~T & ~T ~ ~ ~
tr (KxiMini) = —Jipatr (KxiBiT Pz-exT) = —ridatr (xe' PiBiKyi) = —yigatr (e" PiBiKix) = —yipae' PiBiKx.  (32)

Doing the same simplification for tr <I§'£Mif<n~> and I?;Mif{ﬁ we have

N N
=T 2 ~T 2 ~T 2 ~ ~ ~
2y <tr < xiMini> +tr <K,l-MiK,i> + KﬁMiKﬁ> =2 zibae"PiB; (Kux + Ror + Kp) . (33)
i=1 i=1

¢ can be further simplified as

dlle||?

op p, 09 . . 0P,

— + —¢ = 2¢ ellp)e! Pie + —¢. 34
6||e||123_ dt de alllellz)e” P de ¢ (34

Substituting e with (9) yields

N
. - _ - 0
b = pa(e” (ALPi + PiAn)e + 2¢"Pi )" yiBi(Rux + Kyr + Kp)) + a—fe'
i=1
N ad)
= —¢d€TQi€ + 22){[¢d€TP[B[(I~<x[x + I~(rir + Kﬂ) + ge (35)
i=1
Therefore, V can be simplified as
. 0
V = —¢ge’ Qe + —¢e, (36)
de
with
2
o —2ellellp , € 5 lé]
—=———¢€=-2 ellp)llells = <2 ellp)llells —. 37
3t = eyt = 2l el < 26ullelln el (37)
Invoking Lemma 1, we have e(t) > %, Vt € [ty, ). Therefore,
) he —
lel _he=g _,_8 oy, (38)

€ € €
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which leads to

0
D < 2hpatlelilell, (39)
Taking this into (36) yields

V < —dallell? Amin(Q)) + 2hdallel|3 Amax(P) = —allel|Z(Amin(Q:) — 2R Amax(Py)). (40)

From the condition (28) it follows Amin(Q;) — 2hAmax(P;) > 0, which together with the property 2¢4(||e]| p)||e||12, —¢p>0
gives
V < _ Amin(Qi) - 2h/lmalx(Pi)

- 2/Imax(Pi) ¢ =0 (41)

The fact V < 0 in intervals [f;_1, ), k € N* implies that the Lyapunov function decreases between two consecutive
switches. ¢ and ¢y are bounded in [#;_1, t). Since |le(t—1)||p, < e(tx-1), we have |le(?)||p, < e(t) for Vi € [tx_1, ty).

The property V < 0 for each [f;_;, tx) does not imply the global stability of the closed-loop system over the whole
t € [y, o). It is necessary to evaluate the discontinuity of V" at each switching instant (phase 2):

phase 2: jump at switch instant ti, k € N*

Now we analyse the behavior of the Lyapunov function at the switching time instants. Suppose that ith subsystem
is activated in [tx_1, ;) and jth subsystem is activated in [ty, tx+1), Where i,j € T,i # j. From the adaptation laws of the
estimated controller gains (27), we see that the estimated controller gains are continuous, that s, Ky;(fx) = szi(t;), K.t =
f(,i(tlz) and f(ﬁ(tk) = Kﬁ(t;) for Vi € I, from which it follows Vo(t;) = Vp(tk). To study the relationship between V(#) and
V(t,;), it remains to analyse ¢(|le(tx)||p) and ¢(||e(t];)|| p). Since e(t) is also continuous, e(t;) = e(t). This results in

j'max(P') imaX(P')
lle(tll? = e (t)Pje(t) < Amax(Pplle(t)lI? < p— (pf.) el (t)Pie(ty) = o~ (Pf-)

le(t)l3 < ullet)Il3 (42)
From the analysis of phase 1, we already know that ||e(t;)|| p< e(t,:). ¢ is reset at t;, and we have

letllp < \/ullet)llp < \/uety) = e, (43)

which makes the potential function ¢(||e(tx)||p) also valid at t;. Recalling the dynamics of ¢ (14) and the above inequalities
(42), we have

lle(tll3 ullet)7 ulletOl3 ~
t = < = = £)]lp). 44
el = 0 - llewollz ~ e2(t) — plle@Ollp  ue(t) — plleIIR #llett ) @
Combining the facts ¢(|le(tw)]|p) < ¢(||e(t;)||p) and Vo(t,) = Vo(t), we have
V(t) = ¢(lle(tllp) + Vo) < d(llet)Ip) + Vo(t,) = V(E). (45)

Therefore, the Lyapunov function is nonincreasing at every switching time instant. This together with the fact V < 0
in [#, te+1) for Vk € Nimplies that V() is nonincreasing for Vt € [ty, o). The discontinuity of the Lyapunov function does
not introduce extra dwell time constraints.

Combining the analysis of phase 1 and phase 2, we have ¢, Ky;, K, K5 € L, which further leads to Ky, Ky, K € L.
Besides, |[[e(?)||p < €(t) < p(¢) holds for Vt € [ty, o0). This gives ¢g € L.

Invoking Lemma 2 we have x,, € L. This property and ||e(t)||p < e(t) < p(t) lead to x € L, which together with
r, ¢4 € L implies Ky, Ky, Kfi € Lo -

Theorem 1 shows the tracking performance and the stability of the closed-loop system under the dwell time constraint
(16). Now we study the case with arbitrary switching. For the PWA reference systems with common Lyapunov matrix P,

that is, if positive definite matrices P and Q;, i € T exist such that

AT P+PAy=-Q, i€1, (46)
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the error metric ||e(?)||p exhibits no jumps at the switching instants. We can construct the potential function with the
user-defined performance function directly

llell?
p*(t) — llellp

Corollary 1. For the reference PWA system (4) with a common Lyapunov matrix P, if the adaptation laws

do(llellp) = llellp < p(®). (47)

Ky = —fipaoS] ByPex', Ky =—yxidaoS{ B Per’, Kp=—yidaS;By,/Pe, (48)
are used with ¢gy = %, and if the decaying rate of p satisfies
P
A .
1< 1min—mm(Ql), (49)
2 i€l Amax(P)

the closed-loop system is stable under arbitrary switching and the state tracking error e(t) satisfies the prescribed performance
guarantees (11).

Proof. We propose the following common Lyapunov function
N
ST 2 ST 2 ST 5
v = dolllelle) + Y, (tr (RiMie ) + tr (KiMiR ) + KiMiks ). (50)
i=1

V is continuous not only within each interval [f, tx+1), k € N but also at switch instants f, k € N*. Taking its time
derivative and inserting (48) and (9), we obtain

S
. odo
V = —¢ae” z xiQi e+ 9o p. (51)
i=1 op
Since %% < 2¢uo((lellp)lle][} 2 and 12 < I, we have

r}'gnﬂmin(Qi) — 2l Amax(P)
’ 2.3 2
V< _¢d0“e”21}é11nﬂmin(Qi) + 21¢d0”e”2}°max(P) <- 2 (P) ¢Po <0, (52)

given that (49) holds. V < 0 is negative semidefinite. Therefore, we have ¢, Ky;, K11, K € L for arbitrary switching.
The boundedness of Ky;, K,;, K implies Ky, Kyi, K € L. Furthermore, |le(f)||p < p(t) holds for V¢ € [ty, o0). This leads
tox € Lo and ¢go € L, which together with r € L, implies that Ky;, Ki, K € L. n

It is worth comparing the proposed method with other control approaches for switched systems with perfor-
mance guarantees. The bang-bang funnel controller*® enforces the output tracking error of systems, which can be
transformed into Byrnes-Isidori normal form, within a predefined funnel. The backstepping-based approaches can
achieve output tracking with performance guarantees for systems with special structures (strict-feedback form3*3> and
non-strict-feedback form3°). In contrast, our approach achieves performance-guaranteed full state tracking without spe-
cial structural requirements provided that the matching conditions (7) hold. Nevertheless, extra efforts are needed in
our case for the design of auxiliary performance bound to bypass the barrier transgression problem. The fault-tolerant
approach? solves the barrier transgression problem by modifying the performance function when actuator failure occurs.
Compared to this concept, our method imposes the auxiliary performance bound with certain dwell time constraints such
that the modification of the original performance function p(t) is not necessary.

Remark 2. The classical MRAC approaches for switched systems'®!1:1# suggest using e’ (};_, xiP;) e as the error-related
term (the first summand) of the Lyapunov function V . This leads to potential increases of V' at switching instants. The
dwell time constraints are then derived by formulating an inequality in form of V < —aV + g for some constant a, # > 0 to
keep V exponentially decreasing in between the switches. To achieve this, the projection operator needs to be introduced
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(see work by Sang and Tao'? as well as Wu and Zhao'#) or the input signal must be PE (see work by Kersting and Buss!?!)
in the disturbance-free case. One key feature of our approach is that the Lyapunov function V is nonincreasing even at
the switching instants and does not impose extra dwell time constraints. This omits the need for introducing projection
or the PE condition in the disturbance-free case.

Remark 3. The nonincreasing property at switching instants of Lyapunov functions is also achieved in the recently pro-
posed adaptive control approaches for switched systems,**** which employ time-varying gains for adaptation laws. These
time-varying gains are either obtained by interpolating a set of precalculated P;; matrices satisfying certain linear matrix
inequalities® or generated by an auxiliary piecewise continuous dynamical system.3® Compared to these approaches, our
method can be viewed as an error-dependent dynamic gain approach (see ¢4 in adaptation laws (27)) and endows the
closed-loop system with a user-defined performance guarantee.

Remark 4. Introducing the auxiliary performance bound e has the advantage that the barrier transgression problem can
be avoided. Nevertheless, this imposes one technical challenge: how its parameters are related to the dwell time constraint
and the system stability. We resolve this challenge by deriving a novel dwell time constraint in terms of the parameters of
¢ in Lemma 1, which differs from the existing dwell time constraints*>*' and proving that the resulted Lyapunov function
does not impose extra dwell time constraints.

So far, the theoretical results are obtained with the assumption that the reference PWA system (4) and the controlled
PWA system (3) switch synchronously, where the switches depend on the state of the controlled PWA system. To show how
the dwell time constraint (16) can be satisfied, we consider a more general case, where the reference PWA system switches
based on its own state space partitions x,, € {Q;}:_,. Forx € Q; and x,, € Q;, a set of controllers Ky;, Ky, Kpy Is activated
for adaptations, whose nominal values K;‘U K:;j, Kf”;. satisfy the matching equations for {A;, B;, f;} and {Ayj, Bmj, fmj}. At the
switching instants {7 }xen+ of the reference PWA system, that is, x(f;) and x(&) € Qi,Xm(l) € Qj, Xm(fi) € Qu.j # I, we
have P(;) = P, P(;) = P;. The reset of € is triggered; At the switching instants {f; }xen+ of the controlled PWA system, i.e.,
x(f];) € Q.x(h) € Qi+ l,xm(i‘;) and X (f) € €, we have a common P(Z‘I;) = P(fx) = P;. € is not reset at fy. So within
each interval [Zx_,, Ix), the analysis follows a common Lyapunov setting shown in Corollary 1; Over the whole time interval
Ukl2k-1, x), the stability argumentation follows Theorem 1. The above analysis shows that only {Z }ien+ of the reference
system have to satisfy the dwell time constraint. Since the reference PWA system is designed by the user, the dwell time
constraint can be fulfilled by properly designing the reference input and the reference PWA system offline and can be
checked in advance.

3.4 | Robust modification

We now study the robust modification of the proposed method to extend it to the case with disturbances and unmodeled
dynamics. Consider

x(t) = A(Ox(t) + B(Ou(t) + f(6) + dCx, u, ), (53)

where d(x,u,t) € R" can denote the approximation error of the linearization, unmodeled dynamics or external distur-
bances. d is continuous and its norm is upper bounded, that is, ||d||, < d, where d is known.
We propose the following robust adaptation laws

Ky = —xi¢aS! BL Piex” + yiFyxi, Ky =—yi¢aS BL Pier’ + yiFu, Kp=—yidaS; B} Pie + yiFoi, (54)

where F; € RP*", F,; € RP?, F,; € RP represent the projection terms to confine the estimated controller gains Ky, K, K
within some given bounds. The projection terms have no effect on the adaptation if Ky;, K, Kj are within their bounds,
otherwise, the adaptation terminates. Here we make the assumption that a known matrix S; € RP*P as well as an unknown
diagonal and positive definite matrix M; € RP*P exist such that (K:‘iSi)‘1 = M;.

Remark 5. For the robust adaptive control design, more prior information is required compared with the disturbance-free
case. For our projection-based approach, M; must be diagonal and the element-wise bounds of K;, K,;, K need to be
known (see also work by Sang and Tao®). The leakage-based approach proposed by Yuan et al.'® requires M; to be
completely known because they are used in the leakage terms. The follow-up work*? requires /lmax(Mi‘l) to satisfy some
constraints associated with the leakage rates.
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Remark 6. Regarding the input matrix, there is another popular formulation X = Apx 4+ B, Au for linear systems appearing
in many works inspired by aerospace applications,*®%** where B, is known and A is an unknown diagonal matrix with
strictly positive diagonal elements. Such arrangement of the input matrix is equivalent to our formulation. Specifically,
we have B = B,,,SM (we remove the subscript i) in our notations. The unknown diagonal matrix A with strictly positive
diagonal elements corresponds to the diagonal and positive definite matrix M in our case, while the known control
direction B, corresponds to the multiplication Bp,S.

Besides, we assume that positive definite matrices P;, Q;,i € T exist such that
Al Pi+PAp+Pi=-Q, i€l (55)

Before we proceed with the robustness analysis, another property of the potential function, which is useful for the
analysis in this paper, is given in the following lemma.

Lemma 3. For a positive constant ¢ € R* and ¢ < min, e2(t), the function ¢(||e||p) defined in (26) and its partial derivative
¢q with respect to ||e||?, satisfy

(D 2¢a-(llellz —c) = ¢ >0 for £ <|lell} < €
(2 2¢a-(llellz =) =@ <0 forJlell} < ¢

with C A —e2+1/e*+8e2c
The proof of Lemma 3 can be seen in Appendix A.2.

The control performance and the closed-loop stability by using the robust adaptive controller are summarized in the
following theorem.

Theorem 2. Given the reference PWA system (4) and the predefined performance function (10), let the PWA system (3)
with known regions Q;,i € T and unknown subsystem parameters A;, By, f;,i € T be controlled by the feedback controller (8)
with the adaptation laws (54). Let the initial state of ¢ satisfy ||e(to)||p < e(to). The closed-loop system is stable and the state
tracking error e(t) satisfies the prescribed performance guarantees (11) if the time constant h in (14) satisfies

h< lmin/lmin(Qi) max lmax(Pi)d < %’ (56)

208 dmax(PD” UL /7 (Q0) = 2R (P

and if the switching signal of the controlled PWA system obeys the dwell time constraint tp in (16).

Proof. We propose the same Lyapunov function as (29). The stability analysis can also be divided into two phases as the
one in Theorem 1.

phase 1: t € [ty_1,tx), k € Nt

Following the same steps from (30) to (35) as in Theorem 1, we have

. 0p N N 5
V = —pae" (AT P+ PiAi)e + pa(e"Pid + d"Pie) + a—fe + 2¢a(tr(RgMiFy) + tr(RiMiFy) + K MiFoy). (57)

Since M; is diagonal, we have

=

p p P 14
) ) ) i e o
Patr(REMFyg) + tr(REMiFy) + REMiFop) = dha < mPE P+ Y Pk P+ Y mPky fo°3> (58)
=1 j=1

I=1 j=11=1 j=1

J

with K; = [fcgll)] K, = [128;”], K = [I}g)], F,= [f)gl)] F,; = [fr(iﬂ)], and Fy; = [fgf)] M; = diag <m§1), e mﬁp)). It can be
verified that l%gz)];(fl) <0, fci’;’)fg” <0and l}gl)ﬁgb < 0, which together with the fact that ml@ >0,iel,j=1,...,pleadsto

. 0
V < —pae” (AT P; + PiAm)e + a—fé + ¢pg(e"Pid + dT Pie). (59)
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Since P; is positive definite, it can be written as P; = Hl-Hl.T with H; being a nonsingular matrix. The inequality (59) can
be further transformed as

- 0
V < —ae" (AL P; + PiAme + a—d’e' +2¢qe" HiHd
€
0
< ~ae’ (Qi+ Pe + a—fé + pa(e"H;H/ e + d"H;H] d)
T 29 . R
= —¢ae Qe+ ——¢ + ¢ad HiH; d
< _d’d”e”g(/lmin(Qi) - 2hﬂ”maxd%)) + (.bddTPid

—2
< ~¢allell3xi + Parmax(P)d (60)

with &; £ Anin(Q;) — 2hAmax(P;). For P;, Q; and h satisfying the condition (56), we have «; > 0. Further analysis can be
divided into two cases: ||e||Z > ¢ and [le||? < ¢, where

—e2 4+ 1/e* + 8e¢;

Gi= > , 1€T, (61)
=2
with ¢; £ @d . From (56) we obtain
& 2. (Pyd A2 (P) =2
e(t)? > = > max = max d % >c, (62)
h? i€l Amin(Q;) — 2hAmax(P;) €1 Ki
which further leads to
—e2 m
gi< Crverte e o (63)
2
Case 1 ||e||12, > ¢;: invoking Lemma 3, inequality (60) can be further derived as
Ki(a 2 Arznax(Pi)_Z Kj
<- llell? - d)<-——"_¢<o. (64)
imaX(Pi) ( P i 2imax(Pi)

Case 2 ||e||}23 < ¢: defining « £ minjcz{k;}, @ = Maxjes Amax(P;) and considering the property that 2¢g(|lelp)
llellZ — ¢ > 0, we have

-2 —2
V<—¢p+daad =—=—(dp+Vo)+2—Vo+dgad <—=-V+ -
2a 2a 2a 2a

)
Vo + g ad, (65)
20 max

with ¢, = max;,e< pallell?) = pa(max; &) € Ly, for & = Y1, yili. Vo is defined in (29). Ky, Ky, K are bounded due
to the utilization of the projection, which leads to V, € L. Suppose V, to be the maximum of V, and let the positive

number B € R* be defined as

—2
ey, s Dl

(66)
For V < B, V may increase. For V > B, we have V < 0 and therefore, V is decreasing. Combining Case 1 and Case 2,
we know that V is bounded for the interval [t;_1, ty).
phase 2: jump at switch instant tx, k € N* Following the same steps as shown in Theorem 1 and we have V() < V(£,).
Based on the analysis of phase 1 and phase 2, we can conclude that

V() < max{V(t), B}, Vt € [y, ), (67)

from which we obtain ¢, ¢4 € L. The projection leads to Ky, Ky, K € L, which further leads to Ky, Ki, K € Loo.
Besides, |le(t)|lp < e(t) < p(t) holds for Vt € [ty, 00). The prescribed performance guarantee (11) is satisfied.

With similar steps in the proof of Lemma 2, one can prove the stability of the reference system with (55), so we have
Xm € L. This leads to x € L, which together with r, ¢q € L, implies Ky, Ki, Kji € L. n
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Remark 7. The leakage-based robust MRAC approach for switched linear systems!3 obtains the boundedness of the Lya-
punov function V by formulating the inequality V < —aV + 8, where a > 0 and f is a disturbance-related term. This,
however, does not apply to our approach, because the disturbance-related term in our case has a time-varying coefficient

—2
¢4 (see the term ¢gAmax(P;)d in (60)). The boundedness of ¢4 cannot be concluded without proving the boundedness of

V', while the boundedness of V requires ¢4 lmaX(Pi)az to be bounded. This potential circular reasoning constitutes one of
the main technical challenges of the robust modification. Our solution concept is employing the property of ¢ shown in
Lemma 3 to discuss the stability in two separate cases. When ||e(t)||p < ¢, V may increase with ¢4 and V upper bounded.
V is strictly decreasing if ||e(t)||p > ¢ for & = X_, xii.

Remark 8. In work about set-theoretic MRAC by Arabi and Yucelen,?”?%3 disturbances flow into the system through the
same input matrix as the control signal. The fault-tolerant set-theoretic MRAC approach proposed by Xiao and Dong? also
assumes the actuator fault and external disturbances to be matched, that is, they can be compensated by designing additive
terms in the control signal. Compared with these works, a distinctive feature of our approach is that the disturbance term
d is also allowed to be unmatched.

Remark 9. According to (16), the length of the dwell time is governed by \/_ , the reset map of the auxiliary performance

signal e(¢) (see (15)). By reducing \/_ , a less-conservative dwell time constraint can be obtained. In both the adaptive

controller (27) and the robust adaptive controller (54), the reset map is defined with y = max;jez im‘“g";, which indicates

min\* j

the maximal possible jump of ||e(#)||? at each switching instant. Since the current activated subsystem is known (supposed

Amax (Pl)

to be p), the maximal jump of ||e(t) ||12, at next switching instant is y, = maX;es < u. For the case where both current

j'min(Pp)
subsystem (supposed to be p) and the next subsystem to be switched on (supposed to be q) are known in advance, the
o 2 e : AP . .
maximal jump of [|e(t)||; at this switching instant is pp, = " (PZ) < u. Adopting 4/up or 4/up, instead of \/ﬁ as the reset

map of e yields a less conservative dwell time constraint. The corresponding stability properties of the reference system
(4) and the closed-loop system are still retained. Such dwell time constraints are known as mode-dependent dwell time**
(when y, is adopted) and mode-mode-dependent dwell time'* (when pp, is utilized).

4 | NUMERICAL VALIDATION

In this section, the proposed MRAC approach is validated through a numerical example modified based on the example
in the literature,!! a mass-spring-damper system, which is shown in Figure 2. The displacement of the mass is denoted by
p and the force operated on the mass is F, respectively. The mass is m = 1kg and the damping factor isd = 1 N s/m. The
mass is connected to the static wall with the spring c, and the damper d. For |p| < y = 1 m, the spring factor ¢, = 10 N/m.
If it is extended beyond y, that is, p > 1 m, the spring factor c, is reduced to ¢, = 1N/m. The spring ¢, = 90N/m is a
floating spring with one end connected to the wall. The distance between the mass and the tip of the spring ¢, is y when
¢y is in its resting position. The system is equivalent to a classical mass-spring-damper system with the spring exhibiting
a PWA stiffness characteristics

¢1 =10 N/m, if |[pj]<1m
Fc(p)= ¢ =1N/m, ifp>1m . (68)

¢z = 100 N/m, if p<—-1m

, AN L, p

14 ¢ —

v Y
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v c

¥ X
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/ d

FIGURE 2 The mass-spring-damper system
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Let the state x = [x;,x,]7 = [p, p]” and the input u = F. The system dynamics can be described by a PWA system in

form of
. 0 1 0 o] .
X = 3 alxt i utr|=] ie{l1,2,3}, (69)
“m Tm o fi

withf1 = 0,]_”2 =(c;—c1)/ m,j_"3 = (c1 — c3)/m. The region partitions are given as
Q) ={xeR?x| <1}, L={xeRx>1}, Q={xeRx <-1}.

The reference system is a PWA system with the following subsystem matrices

0 1 0 0

Aml = l ] ) Bml = l ] ) fml = l ] ) (70)
=25 -10 25 0

Am2 = l 0 ! ] s Bm2 = lol s fmz = lO] s (71)
-16 -8 16 5

0 1 0 0
Am3 = 5 Bm3 = ) fm3 = . (72)
-49 -14 49 -10
Ideal case:

The adaptive controller in the ideal case with the adaptation laws (27) is tested. The P; and Q; matrices satisfying (5)
are chosen as

140 2 121.25 3.125 182.857 1.02 100 10 .
P1= ,P2= ,P3: ,Qi= for l€{1,2,3}, (73)
2 52 3.125 6.64 1.02 3.644 10 100

which gives \/ﬁ = 7.1. The scaling factors are I'y;,I';;,I's = 0.1. The performance function is designed with py = 10,
P = 1.5,1=0.02. We choose ¢(tp) = 9,h = 0.12, and g = 0.01 such that the condition (28) and further conditions stated
in Lemma 1 hold. Let the initial values of the reference system and the controlled PWA system be [2,0]”. The initial val-
ues of the estimated controller gains are specified as K,;(ty) = 0.5K%,, Kyi(to) = 0.5K, K(to) = O.SK]‘::,i € {1,2,3}. We use
the following input signal r

2 + 0.5sin(0.2xt), for 0s<t<25s
—0.08t + 2.8, for 25s<t<50s
r(t) = . (74)
-2+ 0.8sin(2t — 100 — x)), for 50s<t<75s
0, for t>75s

The state-space trajectories of the reference system and the closed-loop system in the time interval [23 s, 52s] are
displayed in Figure 3A with black dashed and red solid lines, respectively. The light blue, light green, and light yel-
low regions refer to Q,,€;, and Qj. The ellipses centered at the state trajectory of the reference system represent
lle(®)]lp = e(t) and indicate the bounds of the state of the closed-loop PWA system. The colors of the ellipses dis-
tinguish [[e(?)]|p,, lle(®)llp,, and |le(t)||p,- We can observe that the state of the closed-loop system always stays within
the auxiliary performance bound. For comparison, the state trajectory of the closed-loop system by using MRAC
approach!! is displayed with blue solid lines in Figure 3B, from which the violation of the performance bound can be
observed.

According to Lemma 1, the dwell time of the closed-loop system should satisfy zp > 24 s. The small window of
Figure 4A shows the mode information of the closed-loop system. We can observe that the dwell time constraint is satis-
fied. In Figure 4A, the prescribed performance bound p(¢), the auxiliary performance bound e(¢) and the weighted norm
of the state tracking error ||e(?)||p are displayed with the black dashed line, the blue solid line, and the red solid line,
respectively. We can see that ||e(t)||p < e(t) < p(t). The weighted norm of the state tracking error ||e(t)||p and the auxiliary
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FIGURE 3 Closed-loop system’s trajectory by applying proposed method and the classical model reference adaptive control (MRAC)
approach. (A) Proposed approach; (B) Classical MRAC approach
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FIGURE 4 Tracking performance of the adaptive controller with adaptation laws (27). (A) State tracking error and performance
bound. (B) Lyapunov function

performance bound e(¢) jump at the switching instants, where the relation ||e(t)||p < e(?) is still satisfied. This guarantees
the potential function ¢(t) to be valid and the control objective (11) to be fulfilled.

The Lyapunov function V is displayed in Figure 4B. We observe that the Lyapunov function V is nonincreasing, also
at the switching instants. This validates the theoretical statement given in Theorem 1.

Robust case:

Now we test the performance of the robust adaptive controller with the adaptation laws (54). The PWA system is
subject to an unmatched disturbance term d = [0.036 cos(0.7t) + 0.072sin(0.2¢) + 0.018 sin(¢), 0]7. The P;, Q; matrices
satisfying (55) are chosen as

0.7627 0.0353 0.6140 0.0504 0.7932 0.0183 1 07 1 0.6
P = Py = Py = Q1 =Q = ,Q3 = ,
0.0353 0.0458 0.0504 0.0601 0.0183 0.0236 0.7 0.8 0.6 0.6
(75)
which gives \/;7 = 5.86. The scaling factors are I'y;, ', I'; = 1. The performance function is designed with py = 10, p, =
3.2,1 = 0.02. The auxiliary performance signal is designed with e(tp) = 9,h = 0.08 and g = 0.04 to fulfill the conditions
in Lemma 1 and Theorem 2. The dwell time of the closed-loop system must satisfy zp > 67.7 s. Let the initial values of

the reference system and the controlled PWA system be [0,0]”. The initial values of the estimated controller gains are
specified as Kyi(tp) = 0.5K7, Kyi(to) = 0.5K};, Kp(to) = O.SK’:,i € {1,2,3}. The input signal r is

0, forOs+%§t<70s+%
rt) =42, for 70 s+ KT <t<140s+KT , (76)
-2, for 210 s+ KT <t <280 s+ KT

with K € Nand T = 280s.
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FIGURE 5 Tracking performance of the adaptive controller with adaptation laws (54). (A) State tracking error and performance
bound; (B) Lyapunov function; (C) state x;; (D) state x,

The small window of Figure 5A shows the switching information of the closed-loop system. It can be observed that
the dwell time constraint zp > 67.7 s is satisfied. In Figure 5A, the black dashed line, the blue solid line, and the red
solid line represent the prescribed performance bound p(t), the auxiliary performance bound e(f) and the weighted norm
of the state tracking error ||e(¢)||p, respectively. It can be seen that ||e(t)||p < e(t) < p(t) holds. The element-wise tracking
performance of the closed-loop system is displayed in Figure 5C,D, where the black dashed lines represent the reference
signals and the red solid lines represent the state signals. Despite the existence of the disturbance, the closed-loop state
tracks the one of the reference system with the prescribed performance.

The Lyapunov function V is shown in Figure 5B. According to the proof of Theorem 2, V may increase when |le||p < ¢.
In Figure 5B, V is shown in red for ||e||p > ¢ and in blue for ||e||p < ¢. We observe that V is decreasing for ||e||p > ¢ whereas
it may increase (as shown in the small window) but remain bounded for ||e||p < ¢{. This validates the theoretical result
given in Theorem 2.

5 | CONCLUSION

In this paper, we explored the MRAC approach for PWA systems with time-varying performance guarantees on the state
tracking error. The proposed method is based on barrier Lyapunov functions. To solve the barrier transgression problem
caused by the discontinuity of the weighted Euclidean norm of the state tracking error, we introduce an auxiliary per-
formance bound with a state reset map at switching instants to construct the barrier Lyapunov function. This auxiliary
performance bound resides within the user-defined performance bound if some dwell time constraints are satisfied. The
Lyapunov function is nonincreasing at and in between the switching instants, which ensures the weighted Euclidean
norm of the state tracking error to fulfill the performance guarantee. To enhance the robustness of the closed-loop sys-
tem against unmatched disturbances, the projection-based robust modification of the proposed method is presented.
Future work may include the extension to indirect MRAC approach and stability analysis when sliding mode on
switching hyperplanes occurs. The current approach requires a proper initialization such that the error metric
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locates within the performance bound at the initial instant. Extending this approach to a global setting is also of
interest.
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APPENDIX. PROOFS

A.1 Proof of Lemma 2
Consider the Lyapunov function V,,, = x, (Zle ;(iPi) Xm for the homogeneous part of (4). The increment of V,, at each
switching instant satisfies V,(f) < yVm(t,;). In the interval t € [t_1, ), k € N*, we have V,,, < —a,,, Vi, With

Ay = min imin(Qi)

P (P (A1)
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If the switching satisfies tx — tx—1 > 12—" Vk € N*, the homogeneous system X,, = Ap,Xy, is exponentially stable and the

stability of the reference system (4) can be concluded for bounded input r.*>*¢ From (28) we have h — [ < h < %am. This
together with y > 1 leads to

HPoo — (Poo — g 1
TD>—1n\/_ Ve > 2 Vles — ) W _Inu (A2)
¥m Poo — z U &m Poo — Am

:‘IW

So this tells that the reference system is stable and x,,, € L, if the dwell time constraint zp in (16) is satisfied.

A.2 Proof of Lemma 3
Proof. From the definition of ¢ given in (26) we have

llell% + €2[lel|? — 2ce?
2¢a - (llell2 — o) —p = —= £ : (A3)

(€2 = llell3)?

The denominator of (A3) is positive and the sign of 2¢y - (||e||f, —¢) — ¢ is determined by the numerator, which can be

viewed as a quadratic function f(z) = z? + ¢’z — 2ce? with z = ||e||3. We have f(z) <0 forz € [_€2_‘/2€4+8520, _€2+‘/2€4+8520]
and f(z) > 0 otherwise. Since ¢, ¢, are defined over ||e||f, € [0, €?) and Ze-Veltsele ”26”8620 <0, it can be obtained that

2 - (lell2 =€) = ¢ > 0 for ¢ < |lel|2 < e and 2¢pq - (l[e]l2 — &) = ¢ < 0 for [lel|2 < ¢ with & = =HVCHbee, .



