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We introduce a systematic approach to characterize the most general nonrelativistic weakly interacting
massive particle (WIMP)-nucleus interaction allowed by Galilean invariance for a WIMP of arbitrary spin
jχ in the approximation of one-nucleon currents and for a WIMP-nucleon effective potential at most linear
in the velocity. Under these assumptions our framework can be matched to any high-energy model of
particle dark matter, including elementary particles and composite states. Five nucleon currents arise from
the nonrelativistic limit of the free nucleon Dirac bilinears. Our procedure consists in (1) organizing the
WIMP currents according to the rank of the 2jχ þ 1 irreducible operator products of up to 2jχ WIMP spin
vectors, and (2) coupling each of the WIMP currents to each of the five nucleon currents. The transferred
momentum q appears to a power fixed by rotational invariance. For a WIMP of spin jχ we find a basis of
4þ 20jχ independent operators that exhaust all the possible operators that drive elastic WIMP-nucleus
scattering in the approximation of one-nucleon currents. By comparing our operator basis, which is
complete, to the operators already introduced in the literature we show that some of the latter for jχ ¼ 1

were not independent and some were missing. We provide explicit formulas for the squared scattering
amplitudes in terms of the nuclear response functions, which are available in the literature for most of the
targets used in WIMP direct detection experiments.

DOI: 10.1103/PhysRevD.104.063017

I. INTRODUCTION

In one of its most popular scenarios dark matter (DM) is
believed to be composed of weakly interacting massive
particles (WIMPs) with a mass in the GeV-TeV range and
weak-type interactions with ordinary matter. Such small but
nonvanishing interactions can drive WIMP scattering off
nuclear targets, and the measurement of the ensuing nuclear
recoils in low-background detectors (direct detection, DD)
represents the most straightforward way to detect them.
The most popular WIMP candidates are provided by

extensions of the Standard Model such as supersymmetry
or large extra dimensions, which are in growing tension
with the constraints from the Large Hadron Collider.
As a consequence, model-independent approaches have

become increasingly popular to interpret DM search
experiments [1–22].
In particular, since the DD process is nonrelativistic, on

general grounds the WIMP-nucleon interaction can be
parameterized with an effective Hamiltonian H that com-
plies with Galilean symmetry. The effective HamiltonianH
to zeroth order in the WIMP-nucleon relative velocity v⃗
and momentum transfer q⃗ has been known since at least
Ref. [23], and consists of the usual spin-dependent and
spin-independent terms. To first order in v⃗, the effective
Hamiltonian H has been systematically described in
[24,25] for WIMPs of spin 0 and 1=2, and less system-
atically described in [26,27] for WIMPs of spin 1 and in
[28] for WIMPs of spin 3=2. An extension to spin-1=2
inelastic DM to first-order approximation in the WIMP
mass difference can be found in [29]. The experimental
reach to inelastic scattering events in which the nucleus is
excited in the context of a low-energy effective field theory
has been investigated in [30] for xenon-based detectors.
In this paper we systematically extend the WIMP-

nucleon effective interaction approach [24,25] to the case
of a WIMP with arbitrary spin jχ . Our operator base can be
matched to any high-energy model of particle dark matter,
including elementary particles and composite states, pro-
vided the interactions are at most linear in the relative
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momentum, as higher powers would require nuclear
response functions that are not available in the literature
(see Sec. VI D for details).
As in [24–28], we focus on elastic WIMP-nucleus

scattering and include one-nucleon currents only [24,25].
The effective Hamiltonian H is a sum of WIMP-nucleon
operators Ojtτ, each multiplied by a coefficient cτj,

H ¼
X
τ¼0;1

XN
j¼1

cτjOjtτ: ð1:1Þ

Here τ is an isospin index (0 for isoscalar and 1 for
isovector), t0 ¼ 1, t1 ¼ τ3 are nucleon isospin operators
(the 2 × 2 identity and the third Pauli matrix, respectively),
and theOjs (j ¼ 1, N) are operators in the space of WIMP-
nucleon states. Alternatively, the sum over the isospin index
τ can be replaced by a sum over protons and neutrons using
the following relations between the isoscalar and isovector
coupling constants c0j and c1j and the proton and neutron
coupling constants cpj and cnj ,

cpj ¼ c0j þ c1j
2

; cnj ¼
c0j − c1j

2
: ð1:2Þ

The Oj operators introduced in [25–27] are listed in the
first and second columns of Table I (the third column shows
their expressions in terms of the operators OX;s;l that we
introduce systematically in Sec. III). The symbol 1χN
denotes the identity operator, q⃗ is the momentum trans-
ferred from the WIMP to the nucleus,1 a tilde over q
denotes q̃ ¼ q=mN (and ⃗q̃ ¼ q⃗=mN), where mN is the
nucleon mass, S⃗χ and S⃗N are the WIMP and nucleon spins,
respectively, and Sij ¼ δij − 1

2
ðSχiSχj þ SχjSχiÞ is a DM

spin-1 operator (see Sec. VI A for its identification with the
symbol S used in [26,27]). Moreover,

v⃗χN ¼ v⃗χ − v⃗N ð1:3Þ

is the WIMP-nucleon relative velocity, and

v⃗þχN ¼ v⃗χN −
q⃗

2μχN
; ð1:4Þ

where μχN is the reduced WIMP-nucleon mass. The
operators listed in Table I are invariant under Galilean
transformations.
The operators O1 and O4 are the only two operators to

zeroth order in v⃗χN and q⃗. If terms up to first order in v⃗χN

are included, H in [24,25] contains four terms for a WIMP
of spin 0 (O1;3;7;10) and 15 terms for a WIMP of spin 1=2
(O1;3;…;16). Earlier work on effective WIMP-nucleon inter-
actions beyond the usual spin independent and spin
dependent considered only operators independent of v⃗χN
[3]. Later work to include WIMPs of spin 1 enlarged the
effective Hamiltonian to a total of 18 terms in [26] (O1;…;18)
and eventually 24 terms in [27] (O1;…;24). Beyond spin 1,
Ref. [28] shows a particular example for a WIMP of spin
3=2. Our systematic treatment shows that some of these
operators are not independent. Specifically, a look at the
third column in Table I reveals that O7 and O21 are
multiples of the same operator, O22 and O24 are the same
operator, and O23 is a linear combination of O3 and O22.
Details are given in Sec. VI B.
The expected DD scattering rate is obtained by evalu-

ating the effective Hamiltonian H between initial and final
nuclear states. The expected differential rate for WIMP-
nucleus elastic scattering off a nuclear target T, differential
in the energy deposited ER, is given by

TABLE I. Nonrelativistic Galilean invariant operators dis-
cussed in the literature ([25–27]) for a dark matter particle of
spin 0, 1=2, and 1, and their relation with the WIMP-nucleon
operators OX;s;l defined in Eq. (3.22). Notice that the sign
convention for the momentum transfer q⃗ used in this table and
throughout the paper is opposite to that of Refs. [25–27].

O1 1 OM;0;0
O2 ðv⃗þχNÞ2 N:A.
O3 −iS⃗N · ð ⃗q̃ × v⃗þχNÞ −OΦ;0;1

O4 S⃗χ · S⃗N OΣ;1;0

O5 −iS⃗χ · ð ⃗q̃ × v⃗þχNÞ −OΔ;1;1

O6 ðS⃗χ · ⃗q̃ÞðS⃗N · ⃗q̃Þ −OΣ;1;2

O7 S⃗N · v⃗þχN OΩ;0;0

O8 S⃗χ · v⃗
þ
χN

OΔ;1;0

O9 −iS⃗χ · ðS⃗N × ⃗q̃Þ OΣ;1;1

O10 −iS⃗N · ⃗q̃ −OΣ;0;1

O11 −iS⃗χ · ⃗q̃ −OM;1;1

O12 S⃗χ · ðS⃗N × v⃗þχNÞ −OΦ;1;0

O13 O10O8 −OΦ;1;1

O14 O11O7 −OΩ;1;1
O15 −O11O3 −OΦ;1;2

O16 −O10O5 −OΦ;1;2 − q̃2OΦ;1;0

O17 −i ⃗q̃ · S · v⃗þχN OΔ;2;1

O18 −i ⃗q̃ · S · S⃗N OΣ;2;1 − 1
3
OΣ;0;1

O19 ⃗q̃ · S · ⃗q̃ OM;2;2 þ 1
3
q̃2OM;0;0

O20 ðS⃗N × ⃗q̃Þ · S · ⃗q̃ −OΣ;2;2

O21 v⃗þχN · S · S⃗N
1
3
OΩ;0;0

O22 ð−i ⃗q̃ × v⃗þχNÞ · S · S⃗N −OΦ;2;1 − 1
3
OΦ;0;1

O23 −i ⃗q̃ · S · ðS⃗N × v⃗þχNÞ −OΦ;2;1 þ 1
3
OΦ;0;1

O24 −v⃗þχN · S · ðS⃗N × i ⃗q̃Þ −OΦ;2;1 − 1
3
OΦ;0;1

1We use the long-standing convention for q⃗ in the dark matter
direct detection literature instead of the convention in [25,26]. In
the latter, q⃗ is the momentum lost by the nucleus and thus has the
opposite sign to ours. This explains the signs in the definition of
the q⃗-dependent operators in Table I.
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�
dR
dER

�
T
¼ MNT

Z
vesc

vT;minðERÞ

ρχ
mχ

v
dσT
dER

fðv⃗; tÞd3v; ð1:5Þ

where M is the mass of the detector, NT is the number of
target nuclei per unit detector mass, ρχ is the mass density
of dark matter in the neighborhood of the Sun, mχ is the
WIMP mass, fðvÞ is the WIMP speed distribution in the
reference frame of the Earth, and vT;minðERÞ is the minimal
speed an incoming WIMP needs to have in the target
reference frame to deposit energy ER. For elastic WIMP
scattering,

vT;minðERÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mTER

2μ2χT

s
; ð1:6Þ

where mT is equal to the nuclear target mass and μχT is
equal to the WIMP-nucleus reduced mass. As shown in
[25], the differential cross section dσT=dER in Eq. (1.5) can
be put into the form

dσT
dER

¼ 2mT

4πv2
X
τ¼0;1

X
τ0¼0;1

X
k

Rττ0
k F̃ττ0

Tk; ð1:7Þ

where the sums contain products of WIMP and nuclear
response functions Rττ0

k ðv; qÞ and F̃ττ0
TkðqÞ (the latter are the

nuclear response functions Wττ0
TkðqÞ in [24,25] apart from a

multiplying factor). In the expression above, WIMP and
nuclear physics are factorized in the product of the nuclear
response functions F̃ττ0

Tk, which depend on q2, and the
WIMP response functions Rττ0

k , which depend on cτj, q
2,

and ðv⃗þχTÞ2 ¼ ½v⃗χT − q⃗=ð2μχTÞ�2, where v⃗χT is the WIMP-
nucleus relative velocity and μχT is the WIMP-nucleus
reduced mass. The index k runs over combinations of
nucleon currents. This factorization holds if two-nucleon
effects [20,31,32] are neglected.
To generalize the expressions above for a WIMP of

arbitrary spin, the crucial observation is that, thanks to the
factorization between the WIMP and the nucleon currents,
the latter are unchanged and completely fixed irrespective
of the WIMP spin. This has two consequences: (i) the
effective operatorsOjtτ for a WIMP of arbitrary spin can be
obtained in a systematic way by saturating the nucleon
current with increasing powers of the vectors q⃗, v⃗þχN and S⃗χ ;
(ii) the shell model determinations of the nuclear response
functions F̃ττ0

TkðqÞ available in the literature [25,33] can also
be used for WIMPs of spin higher that 1.
The only new ingredients required to upgrade the cross

section of Eq. (1.7) to a WIMP of arbitrary spin are WIMP
response functions Rττ0

k that include the WIMP-nucleon
operators for WIMPs of any spin. We compute their explicit
expressions and give them in Eqs. (5.43). To obtain such
expressions we find it convenient to define WIMP-nucleon
interaction Hamiltonian operators in terms of tensors

irreducible under the rotation group. The corresponding
operator basis OX;s;l is given in Eq. (3.22) or, alternatively,
in Eq. (3.23), and differs from that of the Oj operators of
Eq. (1.1). The third column in Table I gives the dictionary
between the two operator bases, from which an analogous
dictionary among the corresponding Wilson coefficients cτj
can be obtained in a straightforward way.
This paper is organized as follows. In Sec. II we review

the nuclear currents that arise in the nonrelativistic limit
of nucleon Dirac bilinears. In Sec. III we introduce a basis
Ojtτ of WIMP-nucleon interaction operators for the
Hamiltonian of Eq. (1.1) and a WIMP of arbitrary spin.
In Sec. IV we “put the nucleons inside the nucleus” and
present the ensuing effective WIMP-nucleus Hamiltonian.
In Sec. V we derive the squared WIMP-nucleus scattering
amplitude, resulting in Eqs. (5.43), which are the main
result of this paper. We discuss our findings in Sec. VI,
where we also mention some of the phenomenological
consequences of the new effective operators that we
introduced in the present analysis. A detailed phenomeno-
logical study is provided in [34]. We conclude in Sec. VII.

II. NONRELATIVISTIC NUCLEON CURRENTS

There is a standard procedure to find all possible non-
relativistic one-nucleon current operators in a nucleus. First
one finds the free-nucleon operators that appear in the
nonrelativistic limit of the free nucleon currents (the Dirac
bilinears). Then one sums the corresponding density
operators over the A nucleons in the nucleus.2

In the nonrelativistic limit, the nucleon Dirac bilinears
ψ̄ fΓψ i, where Γ is any combination of Dirac γ matrices and
ψ is the Dirac spinor for a relativistic free nucleon, reduce
to linear combinations of five nonrelativistic bilinears
χ†f ÔXtτNχi, where χ is a nonrelativistic Pauli spinor for
the nucleon, tτN is the isospin operator (τ ¼ 0, 1 for the
isoscalar and isovector parts, respectively), and ÔX is one
of the free-nucleon operators

ÔM ¼ 1; ˆO⃗Σ ¼ σ⃗N;
ˆO⃗Δ ¼ ˆv⃗þN;

ˆO⃗Φ ¼ ˆv⃗þN × σ⃗N; ÔΩ ¼ ˆv⃗þN · σ⃗N: ð2:1Þ

Here σ⃗N is the vector of Pauli spin matrices acting on the
spin states of the nucleon N, and ˆv⃗þN is the operator

ˆv⃗þN ¼ −
i

mN

� ∂⃗
∂r⃗N −

∂⃖
∂r⃗N

�
ð2:2Þ

2Notice that a free-nucleon operator acts in the space of one
nucleon, while a one-nucleon operator acts in the space of many
nucleons, and it equals the sum over all nucleons of the volume
density of the free-nucleon operators, each multiplied by the
identity operator in the subspace of the other nucleons.
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(in the position representation), where r⃗N and mN are the
position vector and the mass of the nucleon N.
The operator ˆv⃗þN is defined so that its matrix elements

between free nucleon states are

χ†f
ˆv⃗þNχi ¼ v⃗þN ≡ v⃗N;i þ v⃗N;f

2
; ð2:3Þ

where v⃗N;i and v⃗N;f are the initial and final velocities of the
nucleon. By contrast, the nucleon velocity operator is

ˆv⃗N ¼ −
i

mN

∂
∂r⃗N : ð2:4Þ

For a nucleon in a nucleus, one introduces one-nucleon
current densities where a volume-density version of the
operator ˆv⃗þN appears. Each of the five free-nucleon oper-
ators ÔXtτN (X ¼ M;Σ;Δ;Φ;Ω) has a corresponding one-
nucleon current density defined by

ĵτMðr⃗Þ ¼
XA
N¼1

δðr⃗ − ˆr⃗NÞtτN;

ˆj⃗
τ
Σðr⃗Þ ¼

XA
N¼1

δðr⃗ − ˆr⃗NÞσ⃗NtτN;

ˆj⃗
τ
Δ;symðr⃗Þ ¼

XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗N �symtτN;

ˆj⃗
τ
Φ;symðr⃗Þ ¼

XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗N �sym × σ⃗NtτN;

ĵτΩ;symðr⃗Þ ¼
XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗N �sym · σ⃗NtτN: ð2:5Þ

Here the index N refers to the nucleon on which the
operator acts (we abuse the notationN by using it to refer to
a particular free nucleon and also as a summation index
over nucleons bound in a nucleus). Moreover, the symbol
½� � ��sym stands for the symmetrization operation

½δðr⃗ − ˆr⃗NÞ ˆv⃗N �sym ¼ 1

2
½δðr⃗ − ˆr⃗NÞˆv⃗N þ ˆv⃗Nδðr⃗ − ˆr⃗NÞ�: ð2:6Þ

This symmetrized operator is Hermitian and is the volume
density version of the operator ˆv⃗þN, in the sense that its free-
nucleon matrix elements between nucleon wave functions
ψ1ðr⃗NÞ and ψ2ðr⃗NÞ obey the relationZ

ψ�
1ðr⃗NÞ½δðr⃗ − ˆr⃗NÞ ˆv⃗N �symψ�

2ðr⃗NÞd3rN

¼
Z

δðr⃗ − r⃗NÞ½ψ�
1ðr⃗NÞˆv⃗þNψ�

2ðr⃗NÞ�d3rN: ð2:7Þ

This justifies the replacement of v⃗þN with ½δðr⃗ − r⃗NÞv⃗N �sym
in passing from a free-nucleon operator to a one-nucleon
current in a nucleus.

Hence the following correspondence applies between
free-nucleon operators and one-nucleon currents,

ÔMtτN → ĵτMðr⃗Þ;
ˆO⃗ΣtτN → ˆj⃗

τ
Σðr⃗Þ;

ˆO⃗ΔtτN → ˆj⃗
τ
Δ;symðr⃗Þ;

ˆO⃗ΦtτN → ˆj⃗
τ
Φ;symðr⃗Þ;

ÔΩtτN → ĵτΩ;symðr⃗Þ: ð2:8Þ

In problems involving the transfer of a momentum q⃗ to
the nucleus (such as the problem we are interested in,
namely the scattering of WIMPs off nuclei), another variant
of the one-nucleon currents appears. These are currents
defined in the Breit frame of the nucleus, namely the
reference frame in which the nucleus momentum changes
sign when the momentum q⃗ is transferred.3 The velocity of
the Breit frame is4

v⃗þT ¼ v⃗T;i þ v⃗T;f
2

; ð2:9Þ

where v⃗T;i and v⃗T;f are the initial and final velocities of the
nucleus. Since the velocity of the nucleus v⃗T equals the
velocity of the center of mass of the system of nucleons,

v⃗T ¼ 1

A

X
N

v⃗N; ð2:10Þ

Eqs. (2.3) and (2.9) imply

v⃗þT ¼ 1

A

X
N

v⃗þN: ð2:11Þ

Let

v⃗NT ¼ v⃗N − v⃗þT ð2:12Þ

3For elastic scattering, the energy transferred to the nucleus in
the Breit frame is zero. The use of the Breit frame in the definition
of form factors for particles of any spin has been discussed in
[35]. The Breit frame is particularly relevant for nucleon form
factors (see, e.g., [36–38]).

4In the notation of [24,25], v⃗⊥T is used in place of our v⃗þχT in
Eq. (4.1), and there is no v⃗þT . Moreover, v⃗⊥ is used in place of our
v⃗þχN in Eq. (3.4). To err in the direction of clarity, we have chosen
to maintain the particle labels as subscripts and to use the
different symbol þ in place of ⊥ to distinguish v⃗⊥T in [24,25]
from our v⃗þT in Eq. (2.9).
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be the nucleon velocity in the nucleus Breit frame corre-
sponding to momentum transfer q⃗. The Breit-frame cur-
rents are defined as the symmetrized currents with v⃗N
replaced by v⃗NT,

ˆj⃗
τ
Δ̃ðr⃗Þ ¼

XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗NT �symtτN;

ˆj⃗
τ
Φ̃ðr⃗Þ ¼

XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗NT × σ⃗N �symtτN;

ĵτΩ̃ðr⃗Þ ¼
XA
N¼1

½δðr⃗ − ˆr⃗NÞˆv⃗NT · σ⃗N �symtτN: ð2:13Þ

The Breit-frame currents are related to the symmetrized
currents via

ˆj⃗
τ
Δ;symðr⃗Þ ¼ ˆj⃗

τ
Δ̃ðr⃗Þ þ v⃗þT ĵ

τ
Mðr⃗Þ;

ˆj⃗
τ
Φ;symðr⃗Þ ¼ ˆj⃗

τ
Φ̃ðr⃗Þ þ v⃗þT × ĵτΣðr⃗Þ;

ˆj⃗
τ
Ω;symðr⃗Þ ¼ ˆj⃗

τ
Ω̃ðr⃗Þ þ v⃗þT · ĵτΣðr⃗Þ: ð2:14Þ

One also defines the nonsymmetrized currents in the
Breit frame

ˆj⃗
τ
Δðr⃗Þ ¼

XA
N¼1

δðr⃗ − ˆr⃗NÞˆv⃗NTtτN;

ˆj⃗
τ
Φðr⃗Þ ¼

XA
N¼1

δðr⃗ − ˆr⃗NÞˆv⃗NT × σ⃗NtτN;

ĵτΩðr⃗Þ ¼
XA
N¼1

δðr⃗ − ˆr⃗NÞˆv⃗NT · σ⃗NtτN: ð2:15Þ

When we later consider the scattering of WIMPs in
the Born approximation, the plane wave WIMP wave
functions contribute a factor eiq⃗·r⃗ to the amplitude, and
the Fourier transform of the one-nucleon Breit-frame
currents appears,

jτXðq⃗Þ ¼
Z

d3reiq⃗·r⃗jτXðr⃗Þ; for X¼M;Ω; Ω̃;

j⃗τXðq⃗Þ ¼
Z

d3reiq⃗·r⃗j⃗τXðr⃗Þ; for X¼ Σ;Δ;Φ; Δ̃;Φ̃: ð2:16Þ

Substituting Eqs. (2.13) into Eqs. (2.16), and using the
relation

Z
ψ�
1ðr⃗NÞ½eiq⃗·r⃗N ˆ⃗vN �symψ�

2ðr⃗NÞd3rN

¼
Z

eiq⃗·r⃗N
�
ψ�
1ðr⃗NÞ

�
ˆ⃗vNþ

q⃗
2mN

�
ψ�
2ðr⃗NÞ

�
d3rN; ð2:17Þ

one finds the following identities between the Fourier-
transformed symmetrized and nonsymmetrized one-nucleon
currents in the Breit frame:

jτΔ̃ðq⃗Þ ¼ jτΔðq⃗Þ þ
q⃗

2mN
jτMðq⃗Þ;

jτΦ̃ðq⃗Þ ¼ jτΦðq⃗Þ þ
q⃗

2mN
× j⃗τΣðq⃗Þ;

jτΩ̃ðq⃗Þ ¼ jτΩðq⃗Þ þ
q⃗

2mN
· j⃗τΣðq⃗Þ: ð2:18Þ

III. WIMP-NUCLEON OPERATORS

In this section we describe the effective interaction
Hamiltonian of a WIMP with a free nucleon. The five
free-nucleon operators ÔX (X ¼ M;Ω;Σ;Δ;Φ) in Eq. (2.1)
depend on the nucleon velocity, which is not invariant
under Galilean boosts. Indeed, to comply with Galilean
invariance one must introduce five corresponding WIMP-
nucleon operators ÔX (X ¼ M;Ω;Σ;Δ;Φ) that depend on
the relative WIMP-nucleon velocity instead (in the follow-
ing we drop the hat on top of operators, unless it is needed
for clarity)

v⃗χN ¼ v⃗χ − v⃗N: ð3:1Þ
However from the nonrelativistic limit of the nucleon Dirac
bilinears one knows that v⃗N appears in the combination v⃗þN
of Eq. (2.17). If the WIMP has spin-1=2, then the same
argument implies that the analogous combination

v⃗þχ ¼ v⃗χ −
q⃗

2mχ
ð3:2Þ

appears also from the nonrelativistic limit of the WIMP
Dirac bilinear. Then combining Eqs. (3.1) and (3.2) one
concludes that the WIMP-nucleon operators consistent to
Eq. (2.1) must be

ÔM ¼ 1;
ˆ
O⃗Σ ¼ σ⃗N;

ˆ
O⃗Δ ¼ v⃗þχN;

ˆ
O⃗Φ ¼ v⃗þχN × σ⃗N; ÔΩ ¼ v⃗þχN · σ⃗N; ð3:3Þ

where

v⃗þχN ¼ v⃗þχ − v⃗þN: ð3:4Þ
We now show that this conclusion holds also for a

WIMP of arbitrary spin. In order to do so one writes the
nonrelativistic Hamiltonian ĤχN for an interacting system
made of a WIMP χ and a nucleon N,

HχN ¼ p⃗2
χ

2mχ
þ p⃗2

N

2mN
þ VχN: ð3:5Þ

The most general interaction Hamiltonian VχN depends
on the WIMP spin operator S⃗χ, the nucleon spin operator
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S⃗N , and, imposing Galilean invariance, on the relative
WIMP-nucleon position operator r⃗χN and its conjugate
relative momentum operator p⃗χN. Moreover, Eqs. (2.1)
imply that the interaction Hamiltonian is either independent
of p⃗χN or linear in p⃗χN . In particular we do not consider
higher powers of p⃗χN in the effective potential, that, if
present, would require extending the set of nuclear
response functions available in the literature [25,33], which
include only terms up to the first power of p⃗χN . When VχN

depends on the noncommuting operators r⃗χN and p⃗χN , a
prescription needs to be set up on the order in which these
two operators appear since VχN must be Hermitian. Any
combination of the form f1ðr⃗χNÞp⃗χNf2ðr⃗χNÞ, where
f1ðr⃗χNÞ and f2ðr⃗χNÞ are arbitrary functions, can be
rearranged with the r⃗χN dependence on the left of the
operator p⃗χN by commuting p⃗χN and f2ðr⃗χNÞ and regarding
their commutator as an extra term in the Hamiltonian. Thus
there is no loss of generality in assuming that the depend-
ence on r⃗χN is on the left of p⃗χN , as in fðr⃗χNÞp⃗χN . Then an
Hermitian term in the Hamiltonian is obtained by con-
structing the symmetric combination

½fðr⃗χNÞp⃗χN �sym ¼ 1

2
ðfðr⃗χNÞp⃗χN þ p⃗χNfðr⃗χNÞÞ: ð3:6Þ

Since the nucleon has spin 1=2, the interaction
Hamiltonian VχN can be split into terms independent of

the nucleon spin operator S⃗N and terms linear in S⃗N (notice
that the nonrelativistic limit of the nucleon Dirac bilinears
in Sec. II shows that symmetric tensor terms of the form
pχN;iSN;j þ pχN;jSN;i do not appear). So the interaction
Hamiltonian VχN must have the form

VχN ¼ Vτ
χNt

τ
N; ð3:7Þ

with

Vτ
χN ¼ Vτ

Mðr⃗χN; S⃗χÞ þ S⃗N · V⃗τ
Σðr⃗χN; S⃗χÞ

þ ½V⃗τ
Δðr⃗χN; S⃗χÞ · v⃗χN �sym

þ S⃗N · ½V⃗τ
Φðr⃗χN; S⃗χÞ × v⃗χN �sym

þ S⃗N · ½Vτ
Ωðr⃗χN; S⃗χÞv⃗χN �sym: ð3:8Þ

Here we have introduced the relative WIMP-nucleon
velocity operator v⃗χN defined by

v⃗χN ¼ 1

μχN
p⃗χN: ð3:9Þ

The interaction amplitude for the WIMP-nucleon scat-
tering process (in the Born approximation) is then given by

hfjVχN jii ¼
Z

d3rχd3rNe−ip⃗χ;f ·r⃗χ−ip⃗N;f ·r⃗NVχNeip⃗χ;i ·r⃗χþip⃗N;i ·r⃗N ;

¼
Z

d3Rd3rχNe−ip⃗tot;f ·R⃗−ip⃗χN;f ·r⃗χN

× VχNeip⃗tot;i·R⃗þip⃗χN;i ·r⃗χN ;

¼ ð2πÞ3δðp⃗tot;f − p⃗tot;iÞ

×
Z

d3rχNe−ip⃗χN;f ·r⃗χNVχNeip⃗χN;i ·r⃗χN ; ð3:10Þ

where p⃗χ;i, p⃗χ;f , p⃗N;i, p⃗N;f are the initial and final momenta
of the WIMP and the nucleon, and in the integral we have
explicitly separated the motion of the center of mass with
coordinates ðR⃗; p⃗totÞ.
The integral appearing in Eq. (3.10) is a function

of q⃗ ¼ p⃗χN;i − p⃗χN;f and v⃗þχN ¼ ðp⃗χN;i þ p⃗χN;fÞ=ð2μχNÞ.
The dependence on v⃗þχN gives the operators in Eq. (3.3)
multiplied by functions of q⃗, namely the Fourier transforms

Vτ
Xðq⃗; S⃗χÞ ¼

Z
d3rχNeiq⃗·r⃗χNVτ

Xðr⃗χN; S⃗χÞ ð3:11Þ

of the potentials in Eq. (3.8).
As a way of example, the explicit contribution to the

amplitude from V⃗Δ is

Z
d3rχNe−ip⃗χN;f ·r⃗χN ½V⃗τ

Δðr⃗χN;S⃗χÞ · v⃗χN �symeip⃗χN;i ·r⃗χN ¼ 1

2μχN

Z
d3rχNe−ip⃗χN;f ·r⃗χN ½2V⃗τ

Δðr⃗χN;S⃗χÞ ·p⃗χNþ½p⃗χN;V⃗Δðr⃗χN;S⃗χÞ��eip⃗χN;i ·r⃗χN ;

¼
Z

d3rχNeiq⃗·r⃗χN
�
V⃗τ
Δðr⃗χN;S⃗χÞ · v⃗χN;i−

i
2μχN

∇⃗ ·V⃗Δðr⃗χN;S⃗χÞ
�
;

¼
Z

d3rχNeiq⃗·r⃗χN V⃗
τ
Δðr⃗χN;S⃗χÞ ·

�
v⃗χN;i−

q⃗
2μχN

�
;

¼
Z

d3rχNeiq⃗·r⃗χN V⃗
τ
Δðr⃗χN;S⃗χÞ · v⃗þχN;

¼ ⃗̃V
τ
Δðq⃗;S⃗χÞ · v⃗þχN: ð3:12Þ
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Analogous steps show that the contributions from V⃗Φ and
V⃗Ω are also proportional to the v⃗þχN operator. This shows
that the effective operators of Eq. (3.3) written in terms of
v⃗þχN must drive the WIMP-nucleon interaction also for
WIMPs of spin higher that 1=2. Notice that for elastic
WIMP-nucleon scattering,

q⃗ · v⃗þχN ¼ 0: ð3:13Þ

The WIMP-nucleon operators ÔX are related to the free-
nucleon operators ÔX by means of the relations, obtained
by using v⃗þχN ¼ v⃗þχ − v⃗þN ,

ÔM ¼ ÔM;

ˆ
O⃗Σ ¼ ˆO⃗Σ;

ˆ
O⃗Δ ¼ v⃗þχ ÔM − ˆO⃗Δ;

ˆ
O⃗Φ ¼ v⃗þχ × ˆO⃗Σ −

ˆO⃗Φ;

ÔΩ ¼ v⃗þχ · ˆO⃗Σ − ÔΩ: ð3:14Þ

The operators ÔX (X ¼ M;Ω;Σ;Δ;Φ) are either invari-
ant under rotations (ÔM and ÔΩ) or transform as vectors

(
ˆ
O⃗Σ,

ˆ
O⃗Δ,

ˆ
O⃗Φ). Therefore rotational invariance of the

interaction Hamiltonian term imposes that the scalar
operators ÔM and ÔΩ multiply a scalar WIMP operator

ô, and the vector operators
ˆ
O⃗Σ,

ˆ
O⃗Δ,

ˆ
O⃗Φ multiply a vector

WIMP operator ˆo⃗ as in ˆo⃗ ·
ˆ
O⃗X.

On the other hand, the effective interaction term for a
WIMP of spin jχ must contain up to the product of 2jχ
WIMP spin vectors, in order to mediate transitions where
the third component of theWIMP spin changes from�jχ to
∓jχ . Using index notation Si for the ith component of

the vector S⃗χ (we drop the subscript χ in Sχ;i for more
readability), there are interaction terms containing no Si or
a product of s factors Si up to s ¼ 2jχ ,

1; Si1 ; Si1Si2 ; Si1Si2Si3 ;…; Si1Si2 � � � Si2jχ : ð3:15Þ

In other words, there are 2jχ þ 1 possible products of the
WIMP spin operator for a WIMP of spin jχ . Each product
can be labeled by the number s of WIMP spin factors Si.
An alternative way to reach the same conclusion is to show
that the 2jχ þ 1 products in Eq. (3.15) are a basis in the
space of spin operators for spin jχ . Once the number of
WIMP spin factors is fixed to s, and the scalar or vector
nature of the free-nucleon operator ÔX is considered, the
number of q̃ factors is constrained by rotational invariance.
In particular, in the case of a scalar nucleon operator ÔX
(X ¼ M;Ω), the WIMP operator ô must be a scalar, and all

the indices i1 � � � is in Si1 � � � Sis must be saturated by
terms q̃i1 � � � q̃is . The resulting WIMP operator is
Si1 � � � Sis q̃i1 � � � q̃is . On the other hand, in the case of a

vector nucleon operator ⃗ÔX (X ¼ Σ;Δ;Φ), a vector WIMP
operator ˆo⃗ is needed, and the s indices in Si1 � � � Sis must be
saturated by an appropriate number of q̃ factors in order to
obtain a vector. This can be achieved in three ways: (1) by
using s − 1 factors of q̃ to produce Si1 � � �Sis q̃i1 � � � q̃is−1
with free index is, (2) by using s factors of q̃ to produce
ϵislmSi1 � � � Sis−1Slq̃i1 � � � q̃is−1 q̃m, again with free index is,
and (3) by using sþ 1 factors of q̃ to produce
Si1 � � � Sis q̃i1 � � � q̃is q̃isþ1

, with free index isþ1.
A further consideration informs our choice of basis

interaction terms. In the calculation of the cross section
for WIMP-nucleus scattering, traces of the Si1 � � � Sis
operators are needed. The latter are greatly simplified if
for the products of WIMP spin operators one uses irre-
ducible tensors (i.e., belonging to irreducible representa-
tions of the rotation group). Irreducible tensors are
completely symmetric under exchange of any two of their
indices and have zero trace under contraction of any
number of pairs of indices (they are symmetric traceless
tensors). In addition, an irreducible tensor of rank s has
2sþ 1 independent components, and belongs to the irre-
ducible representation of the rotation group of spin s.
Irreducible tensor operators of different rank are indepen-
dent, in the sense that the trace of their product is zero. As a
consequence, there are no interference terms in the cross
section between irreducible operators of different spin.
Therefore we use the following 2jχ þ 1 irreducible spin
tensors as a basis in the spin space of a WIMP of spin jχ ,

1; Si1 ; Si1Si2 ; Si1Si2Si3 ;…; Si1Si2 � � � Si2jχ : ð3:16Þ

Here, borrowing the notation of [39], we use an overbracket
over an expression containing a set of indices to indicate
that the free indices under the bracket are completely
symmetrized and all of their contractions are subtracted.
For example,

Aij ¼
1

2
ðAij þ AjiÞ −

1

3
δijAk

k: ð3:17Þ

Notice that 1 ¼ 1 and Ai ¼ Ai. More details are given in
Appendixes D 2 and D 3.
When the potentials VXðr⃗χN; S⃗χÞ in Eq. (3.8) are

expanded onto the basis (3.16), the coefficients of the
expansion are tensor functions of ranks from 0 to 2jχ þ 1

of the magnitude rχN ¼ jr⃗χN j, These tensor functions can
be written as derivatives of scalar functions of rχN .
For instance, introducing a factor ð−1Þs for our later
convenience,
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Vτ
Mðr⃗χN; S⃗χÞ

¼
X2jχ
s¼0

ð−1ÞsSi1Si2 � � �Sis∂i1∂i2 � � �∂isV
τ
M;s;sðrχNÞ: ð3:18Þ

Notice that the symmetric traceless operation (the over-
bracket) on the product of spin operators implies that only
the symmetric traceless combination of the derivatives of
the scalar potential appears. Such a combination with l
derivatives defines the lth multipole in the multipole
expansion of the potential, and corresponds to orbital
angular momentum l. Actually, one could have started
with the multiple expansion of the potentials in Eq. (3.8)
and obtained the symmetric traceless products of spin
operators.
When the same procedure is applied to the Fourier

transforms Vτ
Xðq⃗; S⃗χÞ in Eq. (3.11), the coefficient functions

are tensor products of the form iqi1iqi2 � � � iqis multiplied
by scalar functions of the magnitude q ¼ jq⃗j. For example,

Vτ
Mðq⃗; S⃗χÞ

¼
X2jχ
s¼0

Si1Si2 � � � Sis isqi1qi2 � � � qisVτ
M;s;sðqÞ: ð3:19Þ

The scalar functions Vτ
X;s;lðqÞwill give the q dependence of

the coefficients cτX;s;lðqÞ in Eq. (3.24) below.
Using the irreducible spin products in Eq. (3.16) in place

of those in Eq. (3.15), we are lead to introduce the scalar
WIMP operators

isSi1 � � � Sis q̃i1 � � � q̃is ; ð3:20Þ

and the vector WIMP operators

isSi1 � � �Sis q̃i1 � � � q̃is−1 ðfree index isÞ;
isϵijkSi1 � � �Sis−1Sj q̃i1 � � � q̃is−1 q̃k ðfree index iÞ;

isþ1Si1 � � �Sis q̃i1 � � � q̃is q̃isþ1
ðfree index isþ1Þ: ð3:21Þ

The three vector operators correspond to the three possible
combinations of angular momenta s (the number of S
factors) and l (the number of q̃ factors) with total angular
momentum 1.
Following the procedure outlined above we define the

following basis of WIMP-nucleon operators OX;s;l, all of
which are irreducible in WIMP spin space and Hermitian,

OM;s;s¼ isSi1 ���Sis q̃i1 ���q̃is ; ðs≥0Þ;
OΩ;s;s¼ isSi1 ���Sis q̃i1 ���q̃isðv⃗þχN · σ⃗NÞ=2; ðs≥0Þ;

OΣ;s;s−1¼ is−1Si1 ���Sis q̃i1 ���q̃is−1ðσ⃗NÞis=2; ðs≥1Þ;
OΣ;s;s¼ isSi1 ���Sis q̃i1 ���q̃is−1ð ⃗̃q× σ⃗NÞis=2; ðs≥1Þ;

OΣ;s;sþ1¼ isþ1Si1 ���Sis q̃i1 ���q̃isð ⃗̃q · σ⃗NÞ=2; ðs≥0Þ;
OΔ;s;s−1¼ is−1Si1 ���Sis q̃i1 ���q̃is−1ðv⃗þχNÞis ; ðs≥1Þ;
OΔ;s;s¼ isSi1 ���Sis q̃i1 ���q̃is−1ð ⃗̃q× v⃗þχNÞis ; ðs≥1Þ;

OΔ;s;sþ1¼ isþ1Si1 ���Sis q̃i1 ���q̃isð ⃗̃q · v⃗þχNÞ; ðs≥0Þ;
OΦ;s;s−1¼ is−1Si1 ���Sis q̃i1 ���q̃is−1ðv⃗þχN× σ⃗NÞis=2; ðs≥1Þ;
OΦ;s;s¼ isSi1 ���Sis q̃i1 ���q̃is−1ð ⃗̃q×ðv⃗þχN× σ⃗NÞÞis=2; ðs≥1Þ;

OΦ;s;sþ1¼ isþ1Si1 ���Sis q̃i1 ���q̃isð ⃗̃q · v⃗þχN× σ⃗NÞ=2; ðs≥0Þ:
ð3:22Þ

Each operator of Eq. (3.22) is to be multiplied by the
isoscalar or isovector operator t0 or t1 ¼ τ3 to form
Oτ

X;s;l ¼ OX;s;ltτ.
The basis operators in Eqs. (3.22) can also be written in

vector notation as follows, where the overbrackets amount
to taking the symmetric traceless part of the product of
WIMP spin matrices (in the following equation and in
Tables II–VI we use the notation S⃗N and S⃗χ for the nucleon
and WIMP spins, respectively)

TABLE II. Effective WIMP-nucleon operators appearing for
WIMPs of spin ≥ 0.

OM;0;0 ¼ 1 OΣ;0;1 ¼ i ⃗q̃ · S⃗N
OΦ;0;1 ¼ i ⃗q̃ × v⃗þχN · S⃗N OΩ;0;0 ¼ v⃗þχN · S⃗N

TABLE III. Effective WIMP-nucleon operators for WIMPs of
spin ≥ 1=2.

OM;1;1 ¼ iS⃗χ · ⃗q̃ OΣ;1;0 ¼ S⃗χ · S⃗N

OΣ;1;1 ¼ iS⃗χ · ð ⃗q̃ × S⃗NÞ OΣ;1;2 ¼ −ðS⃗χ · ⃗q̃Þð ⃗q̃ · S⃗NÞ
OΔ;1;0 ¼ S⃗χ · v⃗

þ
χN OΔ;1;1 ¼ iS⃗χ · ð ⃗q̃ × v⃗þχNÞ

OΦ;1;0 ¼ S⃗χ · ðv⃗þχN × S⃗NÞ OΦ;1;1 ¼ iðS⃗χ · v⃗þχNÞð ⃗q̃ · S⃗NÞ
OΦ;1;2 ¼ −ðS⃗χ · ⃗q̃Þð ⃗q̃ × v⃗þχN · S⃗NÞ OΩ;1;1 ¼ iðSχ · ⃗q̃Þðv⃗þχN · S⃗NÞ
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TABLE V. Effective WIMP-nucleon operators for WIMPs of spin jχ ≥ 3=2.

OM;3;3 ¼ −ið ⃗q̃ · S⃗χÞ3 OΣ;3;2 ¼ −ð ⃗q̃ · S⃗χÞ2S⃗χ · S⃗N
OΣ;3;3 ¼ −ið ⃗q̃ · S⃗χÞ2S⃗χ × ⃗q̃ · S⃗N OΣ;3;4 ¼ ð ⃗q̃ · S⃗χÞ2ð ⃗q̃ · S⃗NÞ
OΔ;3;2 ¼ −ð ⃗q̃ · S⃗χÞ2S⃗χ · v⃗þχN OΔ;3;3 ¼ −ið ⃗q̃ · S⃗χÞ2S⃗χ × ⃗q̃ · v⃗þχN

OΦ;3;2 ¼ −ð ⃗q̃ · S⃗χÞ2S⃗χ · v⃗þχN × S⃗N OΦ;3;3 ¼ −ið ⃗q̃ · S⃗χÞ2S⃗χ · v⃗þχNð ⃗q̃ · S⃗NÞ
OΦ;3;4 ¼ ð ⃗q̃ · S⃗χÞ3ð ⃗q̃ · v⃗þχN × S⃗NÞ OΩ;3;3 ¼ −ið ⃗q̃ · S⃗χÞ3ðv⃗þχN · S⃗NÞ
ð ⃗q̃ · S⃗χÞ3 ¼ ð ⃗q̃ · S⃗χÞ3 − 3

5
q̃2jχðjχ þ 1Þð ⃗q̃ · S⃗χÞ,

ð ⃗q̃ · S⃗χÞ2S⃗χ ¼ 1
3
½ð ⃗q̃ · S⃗χÞ2S⃗χ þ ð ⃗q̃ · S⃗χÞS⃗χð ⃗q̃ · S⃗χÞ þ S⃗χð ⃗q̃ · S⃗χÞ2� − 2

5
jχðjχ þ 1Þð ⃗q̃ · S⃗χÞ ⃗q̃ − 1

5
jχðjχ þ 1Þq̃2S⃗χ .

TABLE IV. Effective WIMP-nucleon operators for WIMPs of spin ≥ 1.

OM;2;2 ¼ −ð ⃗q̃ · S⃗χÞ2 OΣ;2;1 ¼ ið ⃗q̃ · S⃗χÞS⃗χ · S⃗N

OΣ;2;2 ¼ −ð ⃗q̃ · S⃗χÞS⃗χ × ⃗q̃ · S⃗N OΣ;2;3 ¼ −ið ⃗q̃ · S⃗χÞ2ð ⃗q̃ · S⃗NÞ
OΔ;2;1 ¼ ið ⃗q̃ · S⃗χÞS⃗χ · v⃗þχN OΔ;2;2 ¼ −ð ⃗q̃ · S⃗χÞS⃗χ × ⃗q̃ · v⃗þχN

OΦ;2;1 ¼ ið ⃗q̃ · S⃗χÞS⃗χ · v⃗þχN × S⃗N OΦ;2;2 ¼ −ð ⃗q̃ · S⃗χÞS⃗χ · v⃗þχNð ⃗q̃ · S⃗NÞ
OΦ;2;3 ¼ −i ð ⃗q̃ · S⃗χÞ ð ⃗q̃ · v⃗þχN × S⃗NÞ OΩ;2;2 ¼ −ð ⃗q̃ · S⃗χÞ2ðv⃗þχN · S⃗NÞ
ð ⃗q̃ · S⃗χÞ2 ¼ ðS⃗χ · ⃗q̃Þ2 − 1

3
jχðjχ þ 1Þq̃2, ð ⃗q̃ · S⃗χÞS⃗χ ¼ 1

2
½ðS⃗χ · ⃗q̃ÞS⃗χ þ S⃗χðS⃗χ · ⃗q̃Þ� − 1

3
jχðjχ þ 1Þ ⃗q̃

TABLE VI. Effective WIMP-nucleon operators for WIMPs of spin jχ ≥ 2.

OM;4;4 ¼ ð ⃗q̃ · S⃗χÞ4 OΣ;4;3 ¼ −i ð ⃗q̃ · S⃗χÞ3S⃗χ · S⃗N

OΣ;4;4 ¼ ð ⃗q̃ · S⃗χÞ3S⃗χ × ⃗q̃ · S⃗N OΣ;4;5 ¼ ið ⃗q̃ · S⃗χÞ4ð ⃗q̃ · S⃗NÞ
OΔ;4;3 ¼ −i ð ⃗q̃ · S⃗χÞ3S⃗χ · v⃗þχN OΔ;4;4 ¼ ð ⃗q̃ · S⃗χÞ3S⃗χ × ⃗q̃ · v⃗þχN

OΦ;4;3 ¼ −ið ⃗q̃ · S⃗χÞ3S⃗χ · v⃗þχN × S⃗N OΦ;4;4 ¼ ð ⃗q̃ · S⃗χÞ3S⃗χ · v⃗þχNð ⃗q̃ · S⃗NÞ
OΦ;4;5 ¼ ið ⃗q̃ · S⃗χÞ4ð ⃗q̃ · v⃗þχN × S⃗NÞ OΩ;4;4 ¼ ð ⃗q̃ · S⃗χÞ4ðv⃗þχN · S⃗NÞ
ð ⃗q̃ · S⃗χÞ4 ¼ ð ⃗q̃ · S⃗χÞ4 − 6

7
jχðjχ þ 1Þq̃2ð ⃗q̃ · S⃗χÞ2 þ 3

35
j2χðjχ þ 1Þ2q̃4,

ð ⃗q̃ · S⃗χÞ3S⃗χ ¼ 1
4
½ð ⃗q̃ · S⃗χÞ3ðS⃗N · S⃗χÞ þ ð ⃗q̃ · S⃗χÞ2ðS⃗N · S⃗χÞð ⃗q̃ · S⃗χÞ þ ð ⃗q̃ · S⃗χÞðS⃗N · S⃗χÞð ⃗q̃ · S⃗χÞ2 þ ðS⃗N · S⃗χÞð ⃗q̃ · S⃗χÞ3�

− 3
14
jχðjχ þ 1Þq̃2½ð ⃗q̃ · S⃗χÞðS⃗N · S⃗χÞ þ ðS⃗N · S⃗χÞð ⃗q̃ · S⃗χÞ� − 3

7
jχðjχ þ 1ÞðS⃗N · ⃗q̃Þð ⃗q̃ · S⃗χÞ2 þ 3

35
j2χðjχ þ 1Þ2q̃2ð ⃗q̃ · S⃗NÞ,
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OM;s;s ¼ ði ⃗q̃ · S⃗χÞs; ðs ≥ 0Þ;

OΩ;s;s ¼ ði ⃗q̃ · S⃗χÞsðv⃗þχN · S⃗NÞ; ðs ≥ 0Þ;

OΣ;s;s−1 ¼ ði ⃗q̃ · S⃗χÞs−1ðS⃗N · S⃗χÞ; ðs ≥ 1Þ;

OΣ;s;s ¼ ði ⃗q̃ · S⃗χÞs−1ði ⃗q̃ × S⃗N · S⃗χÞ; ðs ≥ 1Þ;

OΣ;s;sþ1 ¼ ði ⃗q̃ · S⃗χÞsði ⃗q̃ · S⃗NÞ; ðs ≥ 0Þ;

OΔ;s;s−1 ¼ ði ⃗q̃ · S⃗χÞs−1ðv⃗þχN · S⃗χÞ; ðs ≥ 1Þ;

OΔ;s;s ¼ ði ⃗q̃ · S⃗χÞs−1ði ⃗q̃ × v⃗þχN · S⃗χÞ; ðs ≥ 1Þ;

OΔ;s;sþ1 ¼ ði ⃗q̃ · S⃗χÞsði ⃗q̃ · v⃗þχNÞ; ðs ≥ 0Þ;

OΦ;s;s−1 ¼ ði ⃗q̃ · S⃗χÞs−1ðv⃗þχN × S⃗N · S⃗χÞ; ðs ≥ 1Þ;

OΦ;s;s ¼ ði ⃗q̃ · S⃗χÞs−1ðv⃗þχN · S⃗χÞði ⃗q̃ · S⃗NÞ; ðs ≥ 1Þ;

OΦ;s;sþ1 ¼ ði ⃗q̃ · S⃗χÞsði ⃗q̃ × v⃗þχN · S⃗NÞ; ðs ≥ 0Þ: ð3:23Þ

The indices in the symbol of the operator OX;s;l follow
the following scheme. The first index X is the nucleon
current (X ¼ M, Ω, Σ, Δ, and Φ for the nucleon currents 1,
v⃗þχN · σ⃗N , σ⃗N , v⃗

þ
χN , and v⃗þχN × σ⃗N , respectively). The second

index s is the number of WIMP spin operators S⃗χ appearing
inOX;s;l. This can be considered as the spin of the operator.
It ranges from s ¼ 0 to twice the WIMP spin s ¼ 2jχ . The
third index l is the power of the momentum exchange
vector qi in the operator OX;s;l. This can be considered as
the angular momentum of the operator. A factor of i is
introduced for every power of q. We include the operator
OΔ;s;sþ1 in our list of basis operators even if it is zero for
elastic scattering because v⃗þχN · q⃗ ¼ 0; it may appear in
inelastic scattering in which the nucleus transitions to
another energy level.
The relation between our operators and those defined in

[24–26] is listed in Table I (see Sec. VI A for the case of
WIMP spin 1). Notice that following common usage in the
WIMP dark matter community we define q⃗ as the momen-
tum transferred to the nucleus, whereas [24,25] use q⃗ for
the momentum lost by the nucleus; thus our q⃗ and that in
[24,25] have opposite signs. Tables II–VI summarize the
explicit forms of the effective operators for WIMPs of spin
0, 1=2, 1, 3=2, and 2.
A general WIMP-nucleon operator OχN that is at most

linear in the relative WIMP-nucleon velocity is a linear
combination of the basis WIMP-nucleon operators in
Eqs. (3.22),

ÔχN ¼
X
Xτsl

cτX;s;lðqÞÔX;s;ltτN: ð3:24Þ

The coefficients cτX;s;lðqÞ are in principle functions of the
magnitude q of the momentum transfer, determined by
the Fourier transforms of the potentials in Eq. (3.8) as
cτX;s;lðqÞ ¼ ml

NV
τ
X;s;lðqÞ. In some phenomenological stud-

ies they have been taken as constants. If one were to go
beyond linearity in vþχN , Galilean invariance allows the
coefficients cτX;s;l to be arbitrary functions of powers of
ðvþχNÞ2 [40], and allows for the presence of additional
tensorial terms in ðvþχNÞiðvþχNÞjðvþχNÞk � � �.
We can group the basis operators according to the five

nucleon currents X ¼ M;Ω;Σ;Δ;Φ as

ÔχN¼
X
τ

tτðlτ
MÔMþ l⃗τ

Σ ·
ˆ⃗
OΣþ l⃗τ

Δ ·
ˆ⃗
OΔþ l⃗τ

Φ ·
ˆ⃗
OΦþlτ

ΩÔΩÞ:

ð3:25Þ

Here the operators ÔM;
ˆ
O⃗Σ;

ˆ
O⃗Δ;

ˆ
O⃗Φ; ÔΩ are those appear-

ing in Eq. (3.3), and the WIMP currents lM, lΩ, l⃗Σ, l⃗Δ, l⃗Φ
can be obtained by substituting Eq. (3.22) into Eq. (3.24),

lτ
M ¼

X2jχ
s¼0

isSi1 � � �Sis q̃i1 � � � q̃iscτM;s;s;

lτ
Ω¼ 1

2

X2jχ
s¼0

isSi1 � � �Sis q̃i1 � � � q̃iscτΩ;s;s;

lτ
Σ;i¼

1

2
icτΣ;0;1q̃i

þ1

2

X2jχ
s¼1

is−1Si1 � � �Sis q̃i1 � � � q̃is−1

× ðcτΣ;s;s−1δisi− icτΣ;s;sϵisijq̃j−cτΣ;s;sþ1q̃is q̃iÞ;
lτ
Δ;i¼ icτΔ;0;1q̃i

þ
X2jχ
s¼1

is−1Si1 � � �Sis q̃i1 � � � q̃is−1

× ðcτΔ;s;s−1δisi− icτΔ;s;sϵisijq̃j−cτΔ;s;sþ1q̃is q̃iÞ;

lτ
Φ;i¼

1

2
icτΦ;0;1q̃i

þ1

2

X2jχ
s¼1

is−1Si1 � � �Sis q̃i1 � � � q̃is−1

× ðcτΦ;s;s−1δisi− icτΦ;s;sϵisijq̃j−cτΦ;s;sþ1q̃is q̃iÞ: ð3:26Þ

Equation (3.25) applies to WIMP interactions with a free
nucleon.
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IV. EFFECTIVE WIMP-NUCLEUS HAMILTONIAN

We now pass from the Hamiltonian describing the
interaction of a WIMP with a free nucleon to the effective
Hamiltonian that describes the interaction of the WIMP
with the whole nucleus. Under the approximation that the
WIMP interacts only with one nucleon at a time (the one-
nucleon approximation), what we need to do is to “put the
nucleon inside the nucleus” and use the relative velocity of
the WIMP with respect to the nucleus (i.e., the center of
mass of the system of nucleons).
Let v⃗χT be the WIMP velocity in the reference frame of

the nucleus center of mass. Introduce v⃗þχT as

v⃗þχT ¼ v⃗þχ − v⃗þT ¼ v⃗χT −
q⃗

2μχT
: ð4:1Þ

In the notation of [24,25],

v⃗þχT ¼ v⃗⊥T ð4:2Þ

(see footnote 4).
For elastic WIMP-nucleus scattering,

q⃗ · v⃗þχT ¼ 0; ð4:3Þ

and

ðv⃗þχTÞ2 ¼ v2χT −
q2

4μ2χT
: ð4:4Þ

The recipe to “put the nucleon inside the nucleus” is to
replace the free-nucleon operators ÔXtτ by their respective
symmetrized nucleon current densities ĵτX. In more detail,
using

v⃗þχN ¼ v⃗þχT − v⃗þNT; ð4:5Þ

Eqs. (2.14) and (3.14) imply the following replacements

ÔMtτN → ĵτM;

ˆ
O⃗ΣtτN → ˆj⃗

τ
Σ;

ˆ
O⃗ΔtτN → v⃗þχTĵ

τ
M − ˆj⃗

τ
Δ̃;

ˆ
O⃗ΦtτN → v⃗þχT × ˆj⃗

τ
Σ −

ˆj⃗
τ
Φ̃;

ÔΩtτN → v⃗þχT · ˆj⃗
τ
Σ − ĵτΩ̃: ð4:6Þ

A Fourier transform (which applies for WIMP wave
functions that are plane waves) leads to the WIMP-nucleus
effective Hamiltonian

Ĥðq⃗Þ ¼
X
τ

½l̃τ
Mĵ

τ
Mðq⃗Þ þ ⃗l̃

τ
Σ ·

ˆj⃗
τ
Σðq⃗Þ − l⃗τ

Δ · ˆj⃗
τ
Δ̃ðq⃗Þ

− l⃗τ
Φ · ˆj⃗

τ
Φ̃ðq⃗Þ − lΩĵ

τ
Ω̃ðq⃗Þ�; ð4:7Þ

where

l̃τ
M ¼ lτ

M þ l⃗τ
Δ · v⃗þχT;

⃗l̃
τ
Σ ¼ l⃗τ

Σ þ lΩv⃗
þ
χT þ l⃗τ

Φ × v⃗þχT: ð4:8Þ

V. SCATTERING AMPLITUDE SQUARED

In this section we outline the procedure to calculate the
square of the amplitude for the scattering process driven by
the effective Hamiltonian of Eq. (4.7). As already pointed
out, the factorization between the nuclear currents jτX, j⃗

τ
X

and the WIMP currents lτX, ⃗l
τ
X implies that, compared to the

results in the literature for a WIMP of spin ≤ 1 [24–26],
the nuclear part of the calculation will not change when the
currents (3.26) are used to describe the interaction of a
WIMP with arbitrary spin. As a consequence, part of the
procedure has already been described elsewhere [24,25].
Nevertheless, for completeness, in this section we review
the full calculation, albeit focusing on how to obtain the
WIMP spin averages from the currents of Eqs. (3.26). In the
latter derivation the convenience of assuming irreducible
representations of the rotation group for the basis WIMP-
nucleon operators introduced in Sec. III becomes apparent,
as all the results are obtained by using the two master
equations (5.19)–(5.20) for traces of products of irreducible
spin operators. The proof of some of the derivations used in
this Section, including those of Eqs. (5.19)–(5.20), are
provided in the Appendices.

A. Sum/average over nuclear spins

Nuclear targets in direct dark matter detection experi-
ments are usually unpolarized, thus the cross section is
summed over final nuclear spins and averaged over initial
nuclear spins. Let Hfi ¼ hfjĤjii indicate the transition
matrix element of the effective Hamiltonian between an
initial WIMP-nucleus state jii and a final WIMP-nucleus
state jfi. The sum/average over nuclear polarizations is
defined as a sum over final nuclear azimuthal quantum
numbers Mf and an average over initial nuclear azimuthal
quantum numbers Mi,

¯H�
fiHfi ¼

1

2Ji þ 1

XJi
Mi¼−Ji

XJf
Mf¼−Jf

H�
fiHfi: ð5:1Þ

Here Ji and Jf denote the initial and final total angular
momentum of the nucleus.
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As far as the nuclear part is concerned, the calculation
requires to expand the nuclear currents jτX, j⃗

τ
X in spherical

and vector spherical harmonics, and to obtain the sums
over initial and final nuclear spins for each nuclear current
multipole operator making use of the Wigner-Eckart
theorem.
When the Fourier transform of the nonsymmetrized

nucleon currents in Eqs. (2.15) is expanded into multipoles
one obtains

ĵτMðq⃗Þ ¼
X
JM

4πiJY�
JMðq̂ÞM̂τ

JMðqÞ;

ĵτΩðq⃗Þ ¼
X
JM

4πiJY�
JMðq̂ÞΩ̂τ

JMðqÞ; ð5:2Þ

for the scalar currents, and

ˆj⃗
τ
ΣðqÞ ¼

X
JM

4πiJ½−iY⃗ðLÞ�
JM ðq̂ÞΣ̂00τ

JMðqÞ − iY⃗ðTEÞ�
JM ðq̂ÞΣ̂0τ

JMðqÞ

þ iY⃗ðTMÞ�
JM ðq̂ÞΣ̂τ

JMðqÞ�;
ˆj⃗
τ
ΔðqÞ ¼ −

iq
mN

X
JM

4πiJ½−iY⃗ðLÞ�
JM ðq̂ÞΔ̂00τ

JMðqÞ

þ iY⃗ðTEÞ�
JM ðq̂ÞΔ̂0τ

JMðqÞ þ iY⃗ðTMÞ�
JM ðq̂ÞΔ̂τ

JMðqÞ�;
ˆj⃗
τ
ΦðqÞ ¼ −

iq
mN

X
JM

4πiJ½Y⃗ðLÞ�
JM ðq̂ÞΦ̂00τ

JMðqÞ

þ Y⃗ðTEÞ�
JM ðq̂ÞΦ̂0τ

JMðqÞ − Y⃗ðTMÞ�
JM ðq̂ÞΦ̂τ

JMðqÞ�; ð5:3Þ

for the vector currents. In the expression above, which is
obtained using the multipole expansion of the scalar
and vector plane waves provided in Appendix A, the
one-nucleon operators X̂τ

JM, X̂0τ
JM, and X̂00τ

JM (with X ¼
M;Σ;Δ;Φ;Ω) arise [41–43]. We provide them explicitly in
Eq. (C3). For the vector operators X ¼ Σ;Δ;Φ, we follow

the standard notation that double-primed quantities indicate
a longitudinal multipole (L), single-primed quantities
correspond to a transverse-electric multipole (TE) and
unprimed quantities indicates a transverse-magnetic multi-

pole (TM). Moreover, in the expressions above, Y⃗ðLÞ
JM, Y⃗

ðTEÞ
JM ,

and Y⃗ðTMÞ
JM are longitudinal, transverse electric, and trans-

verse magnetic spherical harmonics defined in terms of the
vector spherical harmonics Y⃗JLMðq̂Þ. We provide them
explicitly in Eqs. (A5)–(A8).
The operators ˆj⃗

τ
Δ,

ˆj⃗
τ
Φ, and ĵτΩ in Eq. (C3) correspond to

the nonsymmetrized nuclear currents of Eq. (2.15). As
explained in Sec. II the WIMP-nucleus scattering process is
driven by the symmetrized currents in Eq. (2.18). So after
symmetrization one obtains

ĵτΩ;symðq⃗Þ ¼
X
JM

4πiJY�
JMðq̂Þ ˆ̃Ω

τ
JMðqÞ;

ˆj⃗
τ
Δ;symðqÞ ¼ −

iq
mN

X
JM

4πiJ½−iY⃗ðLÞ�
JM ðq̂Þ ˆ̃Δ00τ

JMðqÞ

þ iY⃗ðTEÞ�
JM ðq̂ÞΔ̂0τ

JMðqÞ þ iY⃗ðTMÞ�
JM ðq̂ÞΔ̂τ

JMðqÞ�;
ˆj⃗
τ
Φ;symðqÞ ¼ −

iq
mN

X
JM

4πiJ½Y⃗ðLÞ�
JM ðq̂ÞΦ̂00τ

JMðqÞ

þ Y⃗ðTEÞ�
JM ðq̂Þ ˆ̃Φ0τ

JMðqÞ − Y⃗ðTMÞ�
JM ðq̂Þ ˆ̃Φτ

JMðqÞ�;
ð5:4Þ

with the symmetrized operators, indicated by a tilde, given
in Eqs. (C2).
When the multipole expansions of the nucleon currents

(5.2), (5.4) are inserted into the effective WIMP-nucleon
Hamiltonian Ĥ in Eq. (4.7), one obtains the multipole
expansion of Ĥ,

TABLE VII. Parity of the nucleon currents under space reflection P and time reversal T. Columns PJ and TJ list the parities of their
Jth multipole moments (the notation L, TE, and TM stands for longitudinal, transverse electric, and transverse magnetic multipole,
respectively). The last column lists the allowed Js in a ground state that is P and T (or CP) invariant.

X Operator P T Multipole: PJ TJ Ground state

M 1 þ1 þ1 ð−1ÞJ ð−1ÞJ Even J

Ω̃ v⃗þN · σ⃗N −1 þ1 ð−1ÞJþ1 ð−1ÞJ Forbidden

Σ σ⃗N þ1 −1 L: ð−1ÞJþ1 ð−1ÞJþ1 Odd J
TE: ð−1ÞJþ1 ð−1ÞJþ1 Odd J
TM: ð−1ÞJ ð−1ÞJþ1 Forbidden

Δ̃ v⃗þN −1 −1 L: ð−1ÞJ ð−1ÞJþ1 Forbidden
TE: ð−1ÞJ ð−1ÞJþ1 Forbidden
TM: ð−1ÞJþ1 ð−1ÞJþ1 Odd J

Φ̃ v⃗þN × σ⃗N −1 þ1 L: ð−1ÞJ ð−1ÞJ Even J
TE: ð−1ÞJ ð−1ÞJ Even J
TM: ð−1ÞJþ1 ð−1ÞJ Forbidden
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Ĥ ¼
X
JM

4πiJ½Yτ�
JMðq̂ÞĤJM þ Y⃗ðTEÞ

JM ðq̂Þ · ˆH⃗ðTEÞ
JM þ Y⃗ðTMÞ

JM ðq̂Þ · ˆH⃗ðTMÞ
JM �; ð5:5Þ

with

ĤJM ¼
X
τ

�
l̃τ
MM̂

τ
JM − i ⃗l̃Σ · q̂Σ̂00τ

JM −
q
mN

l⃗τ
Δ · q̂ ˆ̃Δ00τ

JM −
iq
mN

l⃗τ
Φ · q̂Φ̂00τ

JM −
iq
mN

lτ
Ω
ˆ̃Ωτ
JM

�
;

ˆH⃗
ðTEÞ
JM ¼

X
τ

�
−i ⃗l̃

τ
ΣΣ̂0τ

JM þ q
mN

l⃗τ
ΔΔ̂0τ

JM −
iq
mN

l⃗Φ
ˆ̃Φ0τ
JM

�
;

ˆH⃗
ðTMÞ
JM ¼

X
τ

�
i ⃗l̃

τ
ΣΣ̂τ

JM þ q
mN

l⃗τ
ΔΔ̂τ

JM þ iq
mN

l⃗Φ
ˆ̃Φτ
JM

�
: ð5:6Þ

We provide the details of the rest of the calculation of the sum/average over nuclear spins in Appendix B. The result is

H�
fiHfi¼

X
ττ0

�
l̃τ
Ml̃

τ0�
M Fττ0

M þ l̃τ
Σil̃

τ0�
Σj q̂iq̂jF

ττ0
Σ00 þ1

2
l̃τ
Σil̃

τ0�
Σj ðδij− q̂iq̂jÞFττ0

Σ0 þ 2q
mN

Imðq̂ilτ
Φil̃

τ0�
M Fττ0

Φ00MÞþ
q
mN

Imðϵijkl̃τ
Σ;il

τ0�
Δjq̂kF

ττ0
Σ0ΔÞ

þ q̃2lτ
Φil

τ0�
Φjq̂iq̂jF

ττ0
Φ00 þ1

2
q̃2lτ

Φil
τ0�
Φjðδij− q̂iq̂jÞFττ0

Φ̃0 þ1

2
q̃2lτ

Δil
τ0�
Δjðδij− q̂iq̂jÞFττ0

Δ

�
; ð5:7Þ

with ⃗q̂ the unit vector q⃗=q. In Eq. (5.7) we use the notation
of [24], where the nuclear response functions Fττ0

X are
defined by

Fττ0
XYðqÞ

¼ 4π

2Ji þ 1

X
Jf

hJfjjX̂τ
JðqÞjjJiihJfjjŶτ

JðqÞjjJii�; ð5:8Þ

with hJfjjX̂τ
JðqÞjjJii being the reduced matrix elements

of the one-nucleon multipole operator X̂τ
JM defined in

Eq. (C3). Reference [25] uses the notation

Fττ0
XYðqÞ ¼

4π

2Ji þ 1

X
Jf

Wττ0
XYðqÞ: ð5:9Þ

Wewrite Fττ0
X ðqÞ for Fττ0

XXðqÞ. In Eq. (5.7) only the multipole
operators X ¼ M, Σ0, Σ00, Δ, Φ00, and Φ̃0 appear, which
correspond to P and T invariant nuclear ground states.
These are the only allowed responses under the assumption
that the nuclear ground state is an eigenstate of P and CP.
The parity of the nucleon currents and their multipoles
under space-reflection P and time-reversal T are collected
in Table VII.

B. Sum/average over WIMP spins

The sum/averages over the nuclear spins Eq. (5.7)
contain products of the WIMP currents lτ

X and l⃗ τ
X. The

average of these products over the initial WIMP spins and

their sum over the final WIMP spins defines the unpolar-
ized WIMP response functions Rττ0

XY , apart from conven-
tional factors. We indicate the sum/average over WIMP
spins with an overline over the product of WIMP currents.
(The context makes it clear if the overline denotes a sum/
average over nuclear spins or WIMP spins; a double
overline denotes a sum/average over both.) Thinking of
the WIMP currents lτ

X and l⃗ τ
X as matrices in WIMP spin

space, and thus of lτ�
X as the Hermitian conjugate of the

matrix lτ
X, we have

lτ
Xl

τ0�
Y ≡ 1

2jχ þ 1
trðlτ

Xl
τ0�
Y Þ ð5:10Þ

and similar relations for the vector WIMP currents.
In particular, taking the average over nuclear and WIMP

spins of Eq. (5.7) yields

H�
fiHfi ¼

X
ττ0

fRττ0
M Fττ0

M þ Rττ0
Σ00Fττ0

Σ00 þ Rττ0
Σ0 Fττ0

Σ0

þ q̃2½Rττ0
Φ00MF

ττ0
Φ00M þ Rττ0

Σ0ΔF
ττ0
Σ0Δ þ Rττ0

Φ00Fττ0
Φ00

þ Rττ0
Φ̃0Fττ0

Φ̃0 þ Rττ0
Δ Fττ0

Δ �g; ð5:11Þ

where, matching the notation of [25],
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Rττ0
M ¼ l̃τ

Ml̃
τ0�
M ;

Rττ0
Σ0 ¼ 1

2
ðδij − q̂iq̂jÞl̃τ

Σil̃
τ0�
Σj ;

Rττ0
Σ00 ¼ q̂iq̂jl̃

τ
Σil̃

τ0�
Σj ;

Rττ0
Δ ¼ 1

2
ðδij − q̂iq̂jÞlτ

Δil
τ0�
Δj ;

Rττ0
Φ̃0 ¼ 1

2
ðδij − q̂iq̂jÞlτ

Φil
τ0�
Φj;

Rττ0
Φ00 ¼ q̂iq̂jlτ

Φil
τ0�
Φj;

Rττ0
Φ00M ¼ 2mN

q
Imðq̂ilτ

Φil̃
τ0�
M Þ;

Rττ0
Σ0Δ ¼ mN

q
Imðϵijkl̃τ

Σ0il
τ0�
Δj q̂kÞ: ð5:12Þ

We now use Eqs. (4.8) and the fact that the lXl�
Y are

functions of the vector q⃗ only. Thus, for example, lτ
Ml

τ0�
X;i is

proportional to q̂i,

lτ
Ml

τ0�
X;i ¼ Lττ0

MXq̂i; ð5:13Þ

with coefficient given by

Lττ0
MX ¼ q̂ilτ

Ml
τ0�
X;i: ð5:14Þ

On the other hand lτ
X;il

τ0�
Y;j is the sum of a term in δij − q̂iq̂j,

a term in q̂iq̂j, and a term in ϵijkq̂k,

lτ
X;il

τ0�
Y;j ¼ L⊥ττ0

XY ðδij − q̂iq̂jÞ þ Ljjττ0
XY q̂iq̂j

þ L×ττ0
XY ϵijkq̂k; ð5:15Þ

with respective coefficients given by

L⊥ττ0
XY ¼ 1

2
ðδij − q̂iq̂jÞlτ

X;il
τ0�
Y;j;

Ljjττ0
XY ¼ q̂iq̂jlτ

X;il
τ0�
Y;j;

L×ττ0
XY ¼ 1

2
ϵijkq̂klτ

X;il
τ0�
Y;j: ð5:16Þ

We can express the WIMP response functions Rττ0
XY in

terms of the coefficients Lττ0
XY . Writing Lττ0

XX ¼ Lττ0
X and

introducing

Lττ0
M ¼ lτ

Ml
τ0�
M ; Lττ0

Ω ¼ lτ
Ωl

τ0�
Ω ; ð5:17Þ

we obtain

Rττ0
M ¼ Lττ0

M þ ðvþχTÞ2L⊥ττ0
Δ ;

Rττ0
Σ0 ¼ L⊥ττ0

Σ þ 1

2
ðvþχTÞ2ðLττ0

Ω þ Ljjττ0
Φ Þ;

Rττ0
Σ00 ¼ Ljjττ0

Σ þ ðvþχTÞ2L⊥ττ0
Φ ;

Rττ0
Δ ¼ L⊥ττ0

Δ ;

Rττ0
Φ̃0 ¼ L⊥ττ0

Φ ;

Rττ0
Φ00 ¼ Ljjττ0

Φ ;

Rττ0
Φ00M ¼ 2mN

q
ImLττ0

ΦM;

Rττ0
Σ0Δ ¼ 2mN

q
ImL×ττ0

ΣΔ : ð5:18Þ

The last step is the calculation of the traces of the WIMP
currents contained in the coefficients Lττ0

XY . In Sec. III we
chose to write the effective Hamiltonian in terms of

irreducible tensors Si1 � � � Sis of products of WIMP spin
operators. As a consequence, all the traces can be calcu-
lated by making use of the two following master equations

1

2jχ þ 1
trðSi1 � � �Sis q̂i1 � � � q̂isSj1 � � � Sjs0 q̂j1 � � � q̂js0 Þ

¼ δss0Bjχ ;s; ð5:19Þ

and

1

2jχþ1
trðSi1 ���Sis q̂i1 ���q̂is−1aisSj1 ���Sjs0 q̂j1 ���q̂js0−1bjs0 Þ

¼
�
q̂iq̂jþ

sþ1

2s
ðδij− q̂iq̂jÞ

�
aibjδss0Bjχ ;s ðs≥1Þ: ð5:20Þ

Here

Bjχ ;s ¼
s!

ð2sþ 1Þ!!
s!

ð2s − 1Þ!!Kjχ ;0 � � �Kjχ ;s−1; ð5:21Þ

with

Kjχ ;i ¼ jχðjχ þ 1Þ − i
2

�
i
2
þ 1

�
: ð5:22Þ

The first few values of Bjχ ;s are
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Bjχ ;0 ¼ 1; Bjχ ;1 ¼
jχðjχ þ 1Þ

3
;

Bjχ ;2 ¼
4

45
jχðjχ þ 1Þ

�
jχðjχ þ 1Þ − 3

4

�
;

Bjχ ;3 ¼
4

175
jχðjχ þ 1Þ

�
jχðjχ þ 1Þ − 3

4

�
ðjχðjχ þ 1Þ − 2Þ;

Bjχ ;4 ¼
64

11025
jχðjχ þ 1Þ

�
jχðjχ þ 1Þ − 3

4

�
ðjχðjχ þ 1Þ − 2Þ

×

�
jχðjχ þ 1Þ − 15

4

�
: ð5:23Þ

A proof of the equations above is provided in
Appendix D 3.
Let us start with the scalar currents, which are readily

obtained. For example,

Lττ0
M ¼ 1

2jχ þ 1
trðlτ

Ml
τ0�
M Þ;

¼
X2jχ
s¼0

X2jχ
s0¼0

1

2jχ þ 1
trðSi1 � � � Sis q̃i1 � � �

q̃isc
τ
M;s;sSj1 � � � Sjs q̃j1 � � � q̃jscτ

0�
M;s;sÞ;

¼
X2jχ
s¼0

BJχ ;sc
τ
M;s;sc

τ0�
M;s;sq̃

2s: ð5:24Þ

And similarly

Lττ0
Ω ¼ 1

4

X2jχ
s¼0

Bjχ ;sc
τ
Ω;s;sc

τ0�
Ω;s;sq̃

2s: ð5:25Þ

The vector currents 2lτ
Σ;i, lτ

Δ;i, and 2lτ
Φ;i have similar

expressions, and we give details about the calculation of
Lττ0
Σ only. We need

1

2jχ þ 1
trðSi1 � � � Sis q̃i1 � � � q̃is−1aτΣ;isiSj1 � � � Sjs q̃j1 � � �

q̃js−1a
τ0�
Σ;jsjÞ; ð5:26Þ

where

aτΣ;isi ¼ cτΣ;s;s−1δisi − icτΣ;s;sϵisikq̃k − cτΣ;s;sþ1q̃is q̃i: ð5:27Þ

Split aτΣ;isi into a part parallel to q̂is and a part perpendicular
to q̂is ,

aτΣ;isi ¼ ajjτΣ;iq̂is þ a⊥τ
Σ;isi; ð5:28Þ

where

ajjτΣ;i ¼ cjjτΣ;sq̂i;

a⊥τ
Σ;isi ¼ cτΣ;s;s−1ðδisi − q̂is q̂iÞ − icτΣ;s;sϵisijq̃j; ð5:29Þ

with

cjjτΣ;s ¼ cτΣ;s;s−1 − cτΣ;s;sþ1q̃
2: ð5:30Þ

Then

1

2jχ þ 1
trðSi1 � � �Sis q̃i1 � � � q̃is−1aτΣ;isiSj1 � � � Sjs q̃j1 � � � q̃js−1aτ

0�
Σ;jsjÞ

¼ Bjχ ;sq̃
2s−2

�
ajjτΣ;ia

jjτ0�
Σ;j þ sþ 1

2s
ðδmn − q̂mq̂nÞa⊥τ

Σ;mia
⊥τ0�
Σ;nj

�
;

¼ Bjχ ;sq̃
2s−2

�
q̂iq̂jc

jjτ
Σ cjjτ

0�
Σ þ sþ 1

2s
ðδij − q̂iq̂jÞðcτΣ;s;s−1cτ

0�
Σ;s;s−1 þ cτΣ;s;sc

τ0�
Σ;s;sq̃

2Þ
�
: ð5:31Þ

Here we used

ðδmn − q̂mq̂nÞa⊥τ
Σ;mia

⊥τ0�
Σ;nj ¼ cτΣ;s;s−1c

τ0�
Σ;s;s−1ðδij − q̂iq̂jÞ þ cτΣ;s;sc

τ0�
Σ;s;sϵmikq̃kϵmjlq̃l;

¼ ðcτΣ;s;s−1cτ
0�
Σ;s;s−1 þ cτΣ;s;sc

τ0�
Σ;s;sq̃

2Þðδij − q̂iq̂jÞ: ð5:32Þ

Therefore,

4lτ
Σ;il

τ0�
Σ;j ¼ cτΣ;0;1c

τ0�
Σ;0;1q̃iq̃j þ

X2jχ
s¼1

Bjχ ;sq̃
2s−2

�
q̂iq̂jc

jjτ
Σ cjjτ

0�
Σ þ sþ 1

2s
ðδij − q̂iq̂jÞðcτΣ;s;s−1cτ

0�
Σ;s;s−1 þ cτΣ;s;sc

τ0�
Σ;s;sq̃

2Þ
�
: ð5:33Þ
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Then

Ljjττ0
Σ ¼ 1

4
cτΣ;0;1c

τ0�
Σ;0;1q̃

2 þ 1

4

X2jχ
s¼1

Bjχ ;sq̃
2s−2ðcτΣ;s;s−1 − cτΣ;s;sþ1q̃

2Þðcτ0�Σ;s;s−1 − cτ
0�
Σ;s;sþ1q̃

2Þ; ð5:34Þ

L⊥ττ0
Σ ¼ 1

4

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−2ðcτΣ;s;s−1cτ

0�
Σ;s;s−1 þ cτΣ;s;sc

τ0�
Σ;s;sq̃

2Þ: ð5:35Þ

Similar calculations for the other vector currents give

L⊥ττ0
Δ ¼

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−2ðcτΔ;s;s−1cτ

0�
Δ;s;s−1 þ cτΔ;s;sc

τ0�
Δ;s;sq̃

2Þ; ð5:36Þ

Ljjττ0
Φ ¼ 1

4
cτΦ;0;1c

τ0�
Φ;0;1q̃

2 þ 1

4

X2jχ
s¼1

Bjχ ;sq̃
2s−2ðcτΦ;s;s−1 − cτΦ;s;sþ1q̃

2Þðcτ0�Φ;s;s−1 − cτ
0�
Φ;s;sþ1q̃

2Þ; ð5:37Þ

L⊥ττ0
Φ ¼ 1

4

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−2ðcτΦ;s;s−1c

τ0�
Φ;s;s−1 þ cτΦ;s;sc

τ0�
Φ;s;sq̃

2Þ: ð5:38Þ

The quantities Lττ0
ΦM and Lττ0

ΣΔ are obtained as follows

Lττ0
ΦM ¼ q̂ilτ

Φ;il
τ0�
M ;¼ i

2

�
cτΦ;0;1c

τ0�
M;0;0q̃ −

X2jχ
s¼1

Bjχ ;sq̃
2s−1ðcτΦ;s;s−1 − cτΦ;s;sþ1q̃

2Þcτ0�M;s;s

�
; ð5:39Þ

L×ττ0
ΣΔ ¼ 1

2
ϵijkq̂klΣ;il�

Δ;j;¼
i
2

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−1ðcτΣ;s;s−1cτ

0�
Δ;s;s þ cτΣ;s;sc

τ0�
Δ;s;s−1Þ: ð5:40Þ

Finally, inserting the expressions for Lττ0
XY into (5.18), the

explicit expressions in the next subsection are obtained for
the eight response functions Rττ0

XY with X ¼ M, Φ00, Φ00M,
Φ̃0, Σ00, Σ0, Δ, and ΔΣ0.

C. Results

The unpolarized differential cross section for WIMP-
nucleus scattering is given by the expression (our vþ2

χT ≡
ðv⃗þχTÞ2 is equal to v⊥2

T in the notation of [24])

dσT
dER

¼ 2mT

4πv2
X
τ¼0;1

X
τ0¼0;1

X
X

Rττ0
X ðvþ2

χT ; q̃
2ÞF̃ττ0

TXðq̃Þ; ð5:41Þ

where the sum is over X ¼ M;Φ00;Φ00M; Φ̃0;Σ00;Σ0;Δ;ΔΣ0.
The functions F̃ττ0

TXðq̃Þ are given in terms of the nuclear
response functions in Eq. (5.8) and available in the
literature by the expressions

F̃ττ0
TXðq̃Þ¼Fττ0

X ðq̃Þ; forX¼M;Σ0;Σ00;

F̃ττ0
TXðq̃Þ¼ q̃2Fττ0

X ðq̃Þ; forX¼Δ;Φ̃0;Φ00;Σ0Δ;Φ00M: ð5:42Þ

The functions Rττ0
k ðvþ2

χT ; q̃
2Þ are the WIMP response func-

tions, given for WIMPs of any spin by

Rττ0
M ðvþ2

χT ; q̃
2Þ ¼ vþ2

χT R
ττ0
Δ ðvþ2

χT ; q̃
2Þ þ

X2jχ
s¼0

Bjχ ;sc
τ
M;s;sc

τ0�
M;s;sq̃

2s;

Rττ0
Φ00 ðvþ2

χT ; q̃
2Þ ¼ 1

4
cτΦ;0;1c

τ0�
Φ;0;1q̃

2 þ 1

4

X2jχ
s¼1

Bjχ ;sq̃
2s−2ðcτΦ;s;s−1 − cτΦ;s;sþ1q̃

2Þðcτ0�Φ;s;s−1 − cτ
0�
Φ;s;sþ1q̃

2Þ;
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Rττ0
Φ00Mðvþ2

χT ; q̃
2Þ ¼ −cτΦ;0;1c

τ0�
M;0;0 þ

X2jχ
s¼1

Bjχ ;sq̃
2s−2ðcτΦ;s;s−1 − cτΦ;s;sþ1q̃

2Þcτ0�M;s;s;

Rττ0
Φ̃0 ðvþ2

χT ; q̃
2Þ ¼

X2jχ
s¼1

Bjχ ;s
sþ 1

8s
q̃2s−2ðcτΦ;s;s−1c

τ0�
Φ;s;s−1 þ cτΦ;s;sc

τ0�
Φ;s;sq̃

2Þ;

Rττ0
Σ00 ðvþ2

χT ; q̃
2Þ ¼ vþ2

χT R
ττ0
Φ̃0 ðvþ2

χT ; q̃
2Þ þ 1

4
cτΣ;0;1c

τ0�
Σ;0;1q̃

2 þ
X2jχ
s¼1

1

4
Bjχ ;sq̃

2s−2ðcτΣ;s;s−1 − cτΣ;s;sþ1q̃
2Þðcτ0�Σ;s;s−1 − cτ

0�
Σ;s;sþ1q̃

2Þ;

Rττ0
Σ0 ðvþ2

χT ; q̃
2Þ ¼ 1

2
vþ2
χT R

ττ0
Φ00 ðvþ2

χT ; q̃
2Þ þ

X2jχ
s¼0

1

8
Bjχ ;sc

τ
Ω;s;sc

τ0�
Ω;s;sv

þ2
χT q̃

2s þ
X2jχ
s¼1

1

8
Bjχ ;s

sþ 1

s
q̃2s−2ðcτΣ;s;s−1cτ

0�
Σ;s;s−1 þ cτΣ;s;sc

τ0�
Σ;s;sq̃

2Þ;

Rττ0
Δ ðvþ2

χT ; q̃
2Þ ¼

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−2ðcτΔ;s;s−1cτ

0�
Δ;s;s−1 þ cτΔ;s;sc

τ0�
Δ;s;sq̃

2Þ;

Rττ0
ΔΣ0 ðvþ2

χT ; q̃
2Þ ¼ −

X2jχ
s¼1

Bjχ ;s
sþ 1

2s
q̃2s−2ðcτΔ;s;scτ

0�
Σ;s;s−1 þ cτΔ;s;s−1c

τ0�
Σ;s;sÞ; ð5:43Þ

We recall that

vþ2
χT ¼ v2χT −

q2

4μ2χT
ð5:44Þ

[see Eq. (4.1) with q⃗ · v⃗þχT ¼ 0] and

Bjχ ;s ¼
s!

ð2sþ 1Þ!!
s!

ð2s − 1Þ!!Kjχ ;0 � � �Kjχ ;s−1 ð5:45Þ

with

Kjχ ;i ¼ jχðjχ þ 1Þ − i
2

�
i
2
þ 1

�
ð5:46Þ

(see Eq. (5.21). The equations above are valid for a WIMP
of arbitrary spin jχ and are the main result of the present
paper. In particular, the adoption of the irreducible tensors
in Eq. (3.16) implies that for a given value of s ¼ 2jχ a
different set of WIMP response functions Rττ0

X arises for
each set of the operators OX;s;l introduced in Sec. III. For a
WIMP of spin jχ all the operators OX;s;l with s ≤ 2jχ
contribute to the cross section.

VI. DISCUSSION

In this section we discuss some of the consequences of
the results obtained in the previous sections.

A. The case of spin 1

In Sec. III we expressed the WIMP-nucleon interaction
Hamiltonian operators in terms of tensors irreducible under
the rotation group. The case jχ ¼ 1 has already been

discussed in the literature in terms of reducible operators
[26,27], so it is instructive to compare the two approaches.
The authors of Ref. [26] introduce a symbol S in

expressions of the kind a⃗ · S · b⃗, where a⃗ and b⃗ are vectors
[see, e.g., their Eq. (4)]. They call it the symmetric
combination of polarization vectors ϵi. In their Appendix
they give the expression

Sij ¼
1

2
ðϵ†i ϵj þ ϵ†jϵiÞ: ð6:1Þ

We want to identify the symbol S with an operator Ŝ in
WIMP spin space (in this section we keep the hat over
WIMP spin operators). We find the definitions of S and Sij
as operators in Ref. [26] a little obscure. We interpret them
as definitions in a particular basis, and then translate them
to basis-independent definition in terms of the WIMP spin
operators Si (where i ¼ 1, 2, 3). In particular, we identify
the quantities ϵsi in [26] with the components of the
WIMP spin eigenstate j1; si in the linear polarization basis
jeii, i.e.,

ϵsi ¼ heij1; si: ð6:2Þ

As standard, the linear polarization states in the x, y,
and z directions jeii (with i ¼ 1, 2, 3) are given in terms
of the angular momentum eigenstates j1; mi (with m ¼
þ1; 0;−1) by

je1i ¼ −
1ffiffiffi
2

p j1; 1i þ 1ffiffiffi
2

p j1;−1i;

je2i ¼
iffiffiffi
2

p j1; 1i þ iffiffiffi
2

p j1;−1i;

je3i ¼ j1; 0i: ð6:3Þ
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Notice that heijeji ¼ δij. The coefficients in the definition
of the states jeii are the same as in the expressions
of the Cartesian unit vectors ex, ey, ez in terms of the

spherical basis vectors eþ1 ¼ ð−ex − ieyÞ=
ffiffiffi
2

p
, e0 ¼ ez,

and e−1 ¼ ðex − ieyÞ=
ffiffiffi
2

p
.

The matrix elements of the spin matrices Ŝk (with k ¼ 1,
2, 3) in the jeii and j1; si bases are, respectively,

heijŜkjeji ¼ iϵikj; ð6:4Þ

h1; s0jŜkj1; si ¼ h1; s0jeiiheijSkjejihejj1; si
¼ iϵikjϵs

0�
i ϵsj: ð6:5Þ

The latter expression matches the formula iSk ¼ ϵijkϵ
†
i ϵj

after Eq. (B4) in [26] if it is interpreted as iŜk ¼ ϵijkjejiheij,
i.e., if the following identifications are made: ϵi → jeii
and ϵ†i → heij. This motivates our interpretation of the
definition of Sij in the Appendix of Ref. [26], namely
Sij ¼ 1

2
ðϵ†i ϵj þ ϵ†jϵiÞ, as

Ŝij ¼
1

2
ðjejiheij þ jeiihejjÞ: ð6:6Þ

Our goal is to write the operator Ŝij so identified in terms
of products of the spin operators Ŝi (where i ¼ 1, 2, 3). In
the jeii basis, from Eq. (6.6),

hemjŜijjeni ¼
1

2
ðδinδjm þ δjnδimÞ: ð6:7Þ

Also,

hemjŜiŜjjeni ¼ iϵmikiϵkjn ¼ δijδmn − δinδjm: ð6:8Þ

Therefore

hemjðŜiŜj þ ŜjŜiÞjeni ¼ 2δijδmn − ðδinδjm þ δjnδimÞ
¼ 2hemjδij1̂ − Ŝijjeni: ð6:9Þ

Hence

Ŝij ¼ δij1̂ −
1

2
ðŜiŜj þ ŜjŜiÞ: ð6:10Þ

Using the symmetrization symbol f::g and jχ ¼ 1 in the
relation

ŜiŜj ¼ fŜiŜjg −
jχðjχ þ 1Þ

3
δij1̂; ð6:11Þ

Ŝij can also be written as

Ŝij ¼ δij1̂ − fŜiŜjg ¼ 1

3
δij1̂ − ŜiŜj: ð6:12Þ

The substitutions Ŝij → −ŜiŜj þ 1
3
δij1̂ and ⃗q̃ → − ⃗q̃

produce the relations in Table I between the spin-1
operators O17;…;20 and the operators OX;s;l introduced in
Sec. III.
Similarly, we find the definition of the Sij in Ref. [27] as

operator also a little confusing. The definition in their
Eq. (3.4) is consistent with the operator Ŝij that we identify
in Eq. (6.10) if their Eq. (3.4) is interpreted as the transition
amplitude of the operator Ŝij between initial and final
helicity eigenstates. Let the initial and final helicity
eigenstates for a spin-1 particle be

jh; si; jh0; s0i; ð6:13Þ

respectively. We identify the quantities esi and e0s0i in [27]
with

esi ¼ heijh; si; e0s0i ¼ hh0; s0jeii: ð6:14Þ

Then from Eq. (6.6) we have

hh0; s0jŜijjh; si ¼
1

2
ðesie0s0j þ esje0s0iÞ; ð6:15Þ

which equals Ss0s
ij in [27] and reproduces their

equation (3.4).
This clarifies that the symbols S in Dent et al. [26] and

Catena et al. [27] can be identified with the operators

Ŝij ¼ δij1̂ −
1

2
ðŜiŜj þ ŜjŜiÞ: ð6:16Þ

We now show that the additional operators O21;…;24 of
order q introduced in [27] are not independent in the one-
nucleon approximation. These operators do not arise from
the nonrelativistic limit of a high energy amplitude. They
are obtained by combining S in rotationally invariant
combinations with S⃗N , q⃗, and v⃗þχN . Consider for example

the operator O21 ¼ v⃗þχN · S · S⃗N. Using Eq. (6.12) one
obtains

O21 ¼ −SiSjvþχN;iSN;j þ
1

3
v⃗þχN · S⃗N: ð6:17Þ

Since SiSjv
þ
χN;iSN;j ¼ SiSj v

þ
χN;iSN;j, and in one-nucleon

approximation vþχN;iSN;j does not contribute to the scatter-
ing process, i.e., it is not included among the currents
in Eq. (2.1), the first term in the right-hand side of
Eq. (6.17) vanishes. Thus in the one-nucleon-scattering
approximation,
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O21 ¼
1

3
v⃗þχN · S⃗N ¼ 1

3
O7 ¼

1

3
OΩ;0;0: ð6:18Þ

In general any interaction term depending on v⃗þχN and S⃗N
must be projected onto the currents of Eq. (2.1) using the
decomposition

vþχN;iSN;j ¼
1

3
δijðv⃗þχN · S⃗NÞ þ

1

2
ϵijkðv⃗þχN × S⃗NÞk þ vþχN;iSN;j :

ð6:19Þ

In this way, for the additional operators O22;…;24 defined in
[27], we obtain

O22¼
�
i
q⃗
mN

× v⃗þχN

�
·S · S⃗N¼−OΦ;2;1−

1

3
OΦ;0;1;

O23¼ i
q⃗
mN

·S ·ðS⃗N× v⃗þχNÞ¼−OΦ;2;1þ
1

3
OΦ;0;1¼O22−

2

3
O3;

O24¼ v⃗þχN ·S ·
�
S⃗N×i

q⃗
mN

�
¼−OΦ;2;1−

1

3
OΦ;0;1¼O22:

ð6:20Þ

We conclude that in one-nucleon-scattering approximation,
O22 and O24 correspond to the same operator, while O23 is
a linear combination of O22 and O3.

B. The counting of independent operators

The procedure outlined in Sec. III consists in coupling
one of the five nucleon currents of Eq. (2.1) to WIMP
currents ordered according to the rank of the irreducible
operators Sis � � � Sis (s ¼ 0; 1; 2;…). The power l of the
transferred momentum q descends from rotational invari-
ance. For elastic WIMP-nucleus scattering, it is l ¼ s for
the scalar nucleon operators OM and OΩ, l ¼ s, s� 1 for
the vector operators OΣ and OΦ, and l ¼ s, s − 1 for the
vector operator OΔ. Taking this into account, we can count
the number of basis WIMP-nucleon operators as follows.
For s ¼ 0, there are two operators OM;0;0 and OΩ;0;0, and
three operators OΣ;0;1, OΦ;0;1, and OΔ;0;1 (with the excep-
tion that for elastic scattering OΔ;0;1 vanishes and is not
counted). Thus for s ¼ 0 there is a total of five operators
(four for elastic scattering). For s > 0, Eqs. (3.22) show that
at a fixed value of s there is one operator for each scalar
nucleon current (OX;s;s for X ¼ M;Ω) and there are three
operators for each vector nucleon current (OX;s;s−1, OX;s;s,
OX;s;sþ1 for X ¼ Σ;Δ;Φ, with the exception that for elastic
scattering OΔ;s;sþ1 vanishes). This implies that each value
of s > 0 contributes 2þ 3 × 3 ¼ 11 new operators (10 for
elastic scattering). Since s ranges from 0 to 2jχ , the
total number of independent operators for a WIMP of spin
jχ is 4þ 10 × 2jχ ¼ 4þ 20jχ for elastic scattering
(5þ 11 × 2jχ ¼ 5þ 22jχ for inelastic scattering). If we
restrict the counting to operators that are independent of the

WIMP-nucleon relative velocity, then we keep only
X ¼ M;Σ, and find that at s ¼ 0 there are two operators
and that each s > 0 contributes four operators (one with
X ¼ M and three with X ¼ Σ). This gives a total of 2þ 8jχ
velocity-independent basis operators. The number of lin-
early independent operators for WIMPs of spin 0, 1=2, 1,
3=2, and 2 are collected in Table VIII.
The number of operators introduced so far in the

literature for WIMP spin jχ ≤ 1 is 24, as shown in
Table I. This number coincides with our counting of 24
basis operators for elastic scattering of WIMPs of spin
jχ ≤ 1. This is only a coincidence. The total number of
independent operators that have appeared in the literature
so far is actually 19, as 1 of those in Table I is of order v2

(namely, O2) and 4 are linearly dependent on the other 19
(namely,O16,O21, and two amongO22,O23, andO24). The
five linearly independent operators that have so far been
missing in the literature for jχ ≤ 1 are

OΩ;2;2; OΣ;2;3; OΔ;2;2; OΦ;2;2; OΦ;2;3 ð6:21Þ

(see their absence from Table I and their presence in
Table IV). In addition, for inelastic scattering, one should
add the linearly independent operators,

OΔ;0;1; OΔ;1;2; OΔ;2;3: ð6:22Þ

Reference [25] introduced 14 independent operators for
jχ ≤ 1=2, in agreement to our counting for elastic scatter-
ing: the 16 operators O1;…;16, minus the two operators O2

and O16, the former being quadratic in vþ and the latter
being a linear combination of O12 and O15. Reference [26]
introduced two additional operators for jχ ¼ 1, O17 and
O18, accounting for 16 of the 24 independent operators for
jχ ¼ 1. Reference [27] introduced six additional operators
O19;…;24, but only three of them are linearly independent,
bringing the number of independent operators for jχ ¼ 1 to
19 out of 24. Our addition of the operators in Eq. (6.21)
completes the 24 linearly independent operators for elastic
scattering of WIMPs of spin jχ ¼ 1.

TABLE VIII. Number of linearly independent operators in the
one-nucleon approximation.

WIMP
spin

Elastic
scattering

Inelastic
scattering

Velocity
independent

0 4 5 2
1
2

14 16 10
1 24 27 18
3
2

34 38 26
2 44 49 34
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C. Examples of differential scattering rates

In Figs. 1–4 we provide a few examples of the expected
spectrum of the differential rate in Eq. (1.5) as driven by
some of the irreducible effective operators introduced in
Eqs. (3.22). In particular Fig. 1 shows the differential rate
for a 10 GeV mass WIMP on xenon and for the 10
irreducible effective operators OX;2;l that arise for a WIMP
with jχ ≥ 1. Figure 2 shows the differential rate for the
operators OX;3;l arising for a WIMP with jχ ≥ 3=2.
Figures 3 and 4 show the analogous cases for a fluorine
nuclear target. All the spectra are normalized to one
event. For the WIMP velocity distribution fðvÞ, a truncated
Maxwellian with escape velocity 550 km=s and rms

velocity 270 km=s in the Galactic rest frame is adopted.
In these plots one can observe how the spectra shift to larger
recoil energies ER for growing jχ due to the correlation
between ER and the power of q=mN in the squared
amplitude. Such correlation implies also a suppression of
the contribution of higher-rank operators compared to
lower-rank operators when their couplings are of the same
order of magnitude. It must be remarked that from the point
of view of a nonrelativistic effective theory, one cannot rule
out the possibility that the scattering rate of a WIMP with
spin jχ is driven by one of the higher-rank operators. This
leads to nonstandard phenomenological consequences. We
provide a detailed analysis in Ref. [34].

D. Higher powers of relative velocity

Nonrelativistic limits of relativistic scattering amplitudes
are expansions in powers of the relative velocity v=c, and

FIG. 1. Expected differential scattering rate (1.5) normalized to
1 event for a 10 GeV mass WIMP with a xenon target and for the
10 irreducible effective operators OX;2;l defined in Eqs. (3.22),
assuming a WIMP of spin jχ ≥ 1.

FIG. 2. Same as Fig. 1 but for the 10 irreducible effective
operators OX;3;l and assuming a WIMP of spin jχ ≥ 3=2.

FIG. 3. Same as Fig. 1 but for a fluorine target.

FIG. 4. Same as in Fig. 2 but for a fluorine target.
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therefore contain linear combinations of the base operators
described in this paper, and also operators that are higher
order in the relative momentum p⃗χN of the scattering
particles.
In WIMP scattering applications, one can safely neglect

corrections coming from subdominant terms that contain
higher powers of v with respect to the dominant term. For
example, suppose the effective Hamiltonian is the sum of
the operatorsOM;0;0 andOM;2;2 with coefficients that are of
the same order. Then the operator OM;2;2 is suppressed by
two powers of q=mN compared toOM;0;0, and contributes a
small correction to the scattering amplitude due to OM;0;0.
In the context of a higher-energy theory, the operatorOM;0;0

will be accompanied by other operators which are sup-
pressed with respect to OM;0;0 by powers of the relative
velocity v, for example v2OM;0;0. If v2 ∼ ðq=mNÞ2, then the
contribution from v2OM;0;0 is of the same order as the
contribution from OM;2;2. As the WIMP velocity is typi-
cally ∼10−3, the correction due to both v2OM;0;0 andOM;2;2

is ∼10−6 in this example, and thus can be very safely
neglected in dark matter studies. Given the many uncer-
tainties inherent to the WIMP-nucleus scattering process
such level of accuracy is clearly not warranted.
On the other hand, suppose we consider quadrupolar

dark matter [34], for which the first nonzero interaction
operators have two powers of the particle spin. In this case,
there is no contribution from OM;0;0 and only OM;2;2, say,
contributes to the interaction. In this case, there are no
v2OM;0;0 corrections, and the phenomenology of WIMP
scattering is dominated by OM;2;2.
Our formalism is perfectly adequate to describe the

previous two cases, and cases similar to them.
The limitations of our formalism arise when the dom-

inant operator contains powers of p⃗χN higher than one. In
this case, suppose for instance that the WIMP-nucleon
scattering amplitude is of the form O2 ¼ v⊥2, which is
more fully written as, using (2.1) and (3.4),

O2 ¼ ðv⃗þχNÞ2 ¼ ðv⃗þχ − v⃗þNÞ2

¼ ðv⃗þχ Þ2OM − 2v⃗þχ · O⃗Δ þ ðv⃗þNÞ2: ð6:23Þ

In this case, while the first two operators in the last term
involve the known nuclear structure functionsM andΔ (but
notice that the cross term by its own is not Galilean
invariant), the last operator would require a new nuclear
structure function which is quadratic in v⃗þN . Such quadratic
structure functions are not part of the structure functions
available in the literature, which correspond to the five
operators in (2.1). In addition, operators with higher powers
of p⃗χN are subject to symmetrization in p⃗χN and r⃗χN .
In general, the momentum suppression of an operator

grows with its rank, so when the effective Hamiltonian
contains both high- and low-rank operators, the latter
dominate the transition. In this case the WIMP particle

mostly interacts through small spin transitions irrespective
of jχ and the new high-rank operators that we introduce
represent small corrections that compete in size with
momentum-suppressed terms of higher order in the v
expansion and lower spin rank. To include all the terms
with the same momentum suppression would require
extending the effective Hamiltonian beyond the terms linear
inv thatwe consider, implying a proliferation of newnuclear
response functions besides those available in the literature.
The phenomenological interest of the operators intro-

duced in the present paper rests in the possibility that they
dominate the scattering process. This is possible if, for
instance, the WIMP particle carries a high multipolarity
[34]. In this case a Hamiltonian at most linear in v
represents an adequate approximation and interaction terms
containing higher powers of v can be safely neglected.

VII. CONCLUSIONS

In the present paper we have introduced a systematic
approach that, in the one-nucleon approximation and
allowing for a WIMP-nucleon effective potential at
most linear in the velocity describes the most general
nonrelativistic WIMP-nucleus interaction allowed by
Galilean invariance for a WIMP of arbitrary spin. It can
be matched to any high-energy model of particle dark
matter, including elementary particles and composite states.
The resulting squared scattering amplitudes depend on

the WIMP response functions of Eqs. (5.43), which
are the main result of our paper, and on the same nuclear
response functions as for WIMPs of spin ≤ 1. Many
nuclear response functions are available in the literature
for most of the targets used in WIMP direct detection
experiments [25,33].
In particular, we have expressed the WIMP-nucleon

interaction Hamiltonian operators in terms of tensors
irreducible under the rotation group. This has several
advantages:

(i) It includes all the operators allowed by symmetry,
including those that do not arise as the low-energy
limit of standard pointlike particle interactions with
spin ≤ 1 mediators.

(ii) It avoids double counting, allowing to show that
some of the operators introduced in the literature for
the spin-1 WIMP case are not independent (see
Sec. VI A).

(iii) It greatly simplifies the calculation of the cross
section, that was obtained from the two master
equations (5.19)–(5.20) for the traces of WIMP spin
operators.

(iv) For a given WIMP spin jχ the scattering cross
section is given by a sum of cleanly separated
contributions from irreducible operators of ranks
0; 1; 2; 3;…, up to 2jχ , without interference terms
(since irreducible operators of different rank do not
interfere).
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All the Wilson coefficients cX;s;l are defined up to
arbitrary functions of the transferred momentum q2.
Moreover, as shown in Table I, in some cases the change
of basis from reducible to irreducible operators involves
momentum-dependent coefficients.
From the phenomenological point of view, contributions

from irreducible operators of higher rank are shifted to
larger recoil energies compared with contributions from
operators of lower rank. It may happen that lower rank
operators vanish and the WIMP scattering rate is dominated
by a higher rank operator. In Ref. [34] we provide an
analysis of the nonstandard phenomenological conse-
quences this leads to.
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APPENDIX A: MULTIPOLE EXPANSION
OF A VECTOR PLANE WAVE

It is well known that a plane wave eiq⃗·r⃗ can be expanded
into spherical harmonics according to the equation

eiq⃗·r⃗ ¼
X∞
L¼0

XL
M¼−L

4πiLjLðqrÞY�
LMðq̂ÞYLMðr̂Þ: ðA1Þ

Here jLðqrÞ is the spherical Bessel function of order L.
Among equivalent forms of this expansion, Eq. (A1) is a
vector equation valid in any coordinate system that shows
the explicit separate dependence on the unit vectors q̂ and r̂.
For a vector plane wave l⃗eiq⃗·r⃗, it is not hard to find in the

literature expressions of its expansion into vector spherical
harmonics in specific coordinate systems, for the most part
with the z axis chosen along the direction of the vector q⃗.
Here we establish the following vector relation valid in all
coordinate systems, showing the explicit separate depend-
ence on the unit vectors q̂ and r̂ in analogy to Eq. (A1).

eiq⃗·r⃗j⃗ðr⃗Þ¼
X∞
J¼0

XJ
M¼−J

4πiJ
�
−iY⃗ðLÞ�

JM ðq̂Þ
�
1

q
∂MJMðq; r⃗Þ

∂r⃗
�
· j⃗ðr⃗Þ

þ iY⃗ðTEÞ�
JM ðq̂Þ

�
−
i
q
∂
∂r⃗×M⃗M

JJðq; r⃗Þ
�
· j⃗ðr⃗Þ

þ iY⃗ðTMÞ�
JM ðq̂ÞM⃗M

JJðq; r⃗Þ · j⃗ðr⃗Þ
�
: ðA2Þ

Here L, TE, and TM stand for longitudinal, transverse
electric, and transverse magnetic, respectively; the TE and
TM terms start at J ¼ 1;

MJMðq; r⃗Þ ¼ jJðqrÞYJMðr̂Þ; ðA3Þ

M⃗M
JLðq; r⃗Þ ¼ jJðqrÞY⃗JLMðr̂Þ: ðA4Þ

Moreover,

Y⃗ðLÞ
JMðq̂Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
Y⃗JJ−1Mðq̂Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
Y⃗JJþ1Mðq̂Þ

¼ q̂YJMðq̂Þ; ðA5Þ

Y⃗ðTEÞ
JM ðq̂Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
Y⃗JJ−1Mðq̂Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
Y⃗JJþ1Mðq̂Þ

¼ qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp ∂YJMðq̂Þ

∂q⃗ ; ðA6Þ

Y⃗ðTMÞ
JM ðq̂Þ ¼ iY⃗JJMðq̂Þ ¼ q̂ × Y⃗ðTEÞ

JM ðq̂Þ; ðA7Þ

are the longitudinal, transverse electric, and transverse
magnetic spherical harmonics, defined in terms of the
vector spherical harmonics

Y⃗JLMðq̂Þ ¼
XL
α¼−L

X1
β¼−1

CJM
Lα1βYLαðq̂Þêβ; ðA8Þ

where CJM
Lα1β is the Clebsch-Gordan coefficient for coupling

angular momenta Lα and 1β into JM, and êβ is the standard
spherical basis

êþ1¼−ðx̂þiŷÞ=
ffiffiffi
2

p
; ê0¼ ẑ; ê−1¼ðx̂−iŷÞ=

ffiffiffi
2

p
: ðA9Þ

Equation (A2) can be obtained as follows. Write

l⃗ · j⃗eiq⃗·r⃗ ¼
X
JM

�
cðLÞJM

1

q
∂MJMðq; r⃗Þ

∂r⃗ − icðTEÞJM
1

q
∂
∂r⃗× M⃗M

JJðq; r⃗Þ

þ cðTMÞ
JM M⃗M

JJðq; r⃗Þ
�
· j⃗: ðA10Þ

By using the relations

∂MJMðq; r⃗Þ
∂r⃗ ¼ q

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
M⃗M

JJ−1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
M⃗M

JJþ1

�
;

ðA11Þ

and
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∂
∂r⃗× M⃗M

JJðq; r⃗Þ ¼ iq

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ 1

2Jþ 1

r
M⃗M

JJ−1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2Jþ 1

r
M⃗M

JJþ1

�
;

ðA12Þ

express Eq. (A10) in the form

l⃗ · j⃗eiq⃗·r⃗ ¼
X
JLM

cJLMjLðqrÞY⃗JLMðr̂Þ · j⃗; ðA13Þ

where L ¼ J − 1; J; J þ 1, and

cðLÞJM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2J þ 1

r
cJJ−1M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
cJJþ1M; ðA14Þ

cðTEÞJM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
cJJ−1M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
cJJþ1M; ðA15Þ

cðTMÞ
JM ¼ cJJM: ðA16Þ

The orthogonality relation for the vector spherical
harmonics,Z

Y⃗�
JLMðr̂Þ · Y⃗J0L0M0 ðr̂ÞdΩr ¼ δJJ0δLL0δMM0 ; ðA17Þ

then gives

cJLM ¼ 4πiLl⃗ · Y⃗�
JLMðq̂Þ: ðA18Þ

Relations (A5)–(A7) finally lead to Eq. (A2).

APPENDIX B: SUM/AVERAGE OVER
NUCLEAR SPINS

We provide here the details leading to Eq. (5.7).
The matrix element of the effective WIMP-nucleon
Hamiltonian between an initial nuclear state jJiMii and
a final nuclear state hJfMfj can be expanded into multi-
poles using Eq. (5.5). Then the Wigner-Eckart theorem can
be applied to the matrix element of each nuclear current
multipole operator X̂τ

JMðqÞ in the right-hand side of
Eq. (5.6),

hJfMfjX̂τ
JMðqÞjJiMii ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Jf þ 1

p C
JfMf

JiMiJM
hJfjjX̂τ

JðqÞjjJii;

ðB1Þ

where C
JfMf

JiMiJM
is the Clebsch-Gordan coefficient coupling

angular momenta JiMi and JM into angular momentum
JfMf, and hJfjjX̂τ

JðqÞjjJii is the reduced matrix element of
the nuclear multipole operator. One then computes the sum/
average over nuclear spins

H�
fiHfi ≡ 1

2Ji þ 1

X
MiMf

H�
fiHfi ðB2Þ

using

X
MiMf

C
JfMf

JiMiJM
C
JfMf

JiMiJ0M0 ¼ 2Jf þ 1

2J þ 1
δJJ0δMM0 ðB3Þ

and Eqs. (D2)–(D4). One obtains

H�
fiHfi¼

4π

2Jiþ1

X
J

�
H�

JHJþ
1

2
ðδij− q̂iq̂jÞðHðTEÞ�

J;i HðTEÞ
J;j

þHðTMÞ�
J;i HðTMÞ

J;j Þ− q̂ ·ReðH⃗ðTMÞ�
J ×H⃗ðTEÞ

J Þ
�
: ðB4Þ

Here

HJ ¼
X
τ

�
l̃τ
MM

τ
J − i ⃗l̃

τ
Σ · q̂Σ00τ

J −
q
mN

l⃗τ
Δ · q̂Δ̃00τ

J

−
iq
mN

l⃗τ
Φ · q̂Φ00τ

J −
iq
mN

lτ
ΩΩτ

J

�
; ðB5Þ

H⃗ðTEÞ
J ¼

X
τ

�
−i ⃗l̃

τ
ΣΣ0τ

J þ q
mN

l⃗τ
ΔΔ0τ

J −
iq
mN

l⃗ΦΦ̃0τ
J

�
; ðB6Þ

H⃗ðTMÞ
J ¼

X
τ

�
i ⃗l̃

τ
ΣΣτ

J þ
q
mN

l⃗τ
ΔΔτ

J þ
iq
mN

l⃗ΦΦτ
J

�
; ðB7Þ

with

Xτ
JðqÞ ¼ hJfjjX̂τ

JjjJii: ðB8Þ

According to Table VII, the nuclear matrix elements that
do not vanish in the nucleus ground state are

Mτ
JðqÞ;Φ0τ

J ðqÞ;Φ00τ
J ðqÞ; for J even;

Δτ
JðqÞ;Σ0τ

J ðqÞ;Σ00τ
J ðqÞ; for J odd: ðB9Þ

This gives

HJ ¼
� l̃τ

MM
τ
J −

iq
mN

l⃗τ
Φ · q̂Φ00τ

J ; for J even;

−i ⃗l̃
τ
Σ · q̂Σ00τ

J ; for J odd;
ðB10Þ

H⃗ðTEÞ
JM ¼

�− iq
mN

l⃗τ
ΦΦ̃0τ

J ; for J even;

−i ⃗l̃
τ
ΣΣ0τ

J ; for J odd;
ðB11Þ

H⃗ðTMÞ
JM ¼

�
0; for J even;
q
mN

l⃗τ
ΔΔτ

J; for J odd:
ðB12Þ
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Substituting the latter equations into Eq. (B4) gives
Eq. (5.7) in terms of the nuclear response functions defined
in (5.8), with Fττ0

XY ¼ Fττ0
M , Fττ0

Σ0 , Fττ0
Σ00 , Fττ0

Δ , Fττ0
Φ00 , Fττ0

Ψ̃0 , Fττ0
MΦ00 ,

and Fττ0
ΔΣ0 .

APPENDIX C: ONE-NUCLEON
MULTIPOLE OPERATORS

Here we list the one-nucleon multipole operators
defined, for instance, in [41–43]. In the position-space
representation, with r⃗ the position vector and σ⃗ the Pauli
spin matrices, they are given by

M̂JMðq; r⃗Þ ¼ jJðqrÞYJMðr̂Þ;

Δ̂JMðq; r⃗Þ ¼ M⃗M
JJðq; r⃗Þ ·

1

q
∂
∂r⃗ ;

Δ̂0
JMðq; r⃗Þ ¼ −i

�
1

q
∂
∂r⃗ × M⃗M

JJðq; r⃗Þ
�
·
1

q
∂
∂r⃗ ;

Δ̂00
JMðq; r⃗Þ ¼

�
1

q
∂MJMðq; r⃗Þ

∂r⃗
�
·
1

q
∂
∂r⃗ ;

Σ̂JMðq; r⃗Þ ¼ M⃗M
JJðq; r⃗Þ · σ⃗;

Σ̂0
JMðq; r⃗Þ ¼ −i

�
1

q
∂
∂r⃗ × M⃗M

JJðq; r⃗Þ
�
· σ⃗;

Σ̂00
JMðq; r⃗Þ ¼

�
1

q
∂MJMðq; r⃗Þ

∂r⃗
�
· σ⃗;

Φ̂JMðq; r⃗Þ ¼ iM⃗M
JJðq; r⃗Þ ·

�
σ⃗ ×

1

q
∂
∂r⃗

�
;

Φ̂0
JMðq; r⃗Þ ¼

�
1

q
∂
∂r⃗ × M⃗M

JJðq; r⃗Þ
�
×

�
σ⃗ ×

1

q
∂
∂r⃗

�
;

Φ̂00
JMðq; r⃗Þ ¼ i

�
1

q
∂MJMðq; r⃗Þ

∂r⃗
�
·

�
σ⃗ ×

1

q
∂
∂r⃗

�
;

Ω̂JMðq; r⃗Þ ¼ MJMðq; r⃗Þσ⃗ ·
1

q
∂
∂r⃗ : ðC1Þ

Moreover, the following definitions are given in [24] as
implementation of Eq. (2.14),

ˆ̃Δ00
JMðq; r⃗Þ ¼ Δ̂00

JMðq; r⃗Þ −
1

2
M̂JMðq; r⃗Þ;

ˆ̃Φ0
JMðq; r⃗Þ ¼ Φ̂0

JMðq; r⃗Þ þ
1

2
Σ̂JMðq; r⃗Þ;

ˆ̃ΦJMðq; r⃗Þ ¼ Φ̂JMðq; r⃗Þ −
1

2
Σ̂0
JMðq; r⃗Þ;

ˆ̃ΩJMðq; r⃗Þ ¼ Ω̂JMðq; r⃗Þ þ
1

2
Σ̂00
JMðq; r⃗Þ: ðC2Þ

The one-nucleon operators appearing in Eqs. (5.2)–(5.4)
are then

X̂τ
JMðqÞ ¼

X
N

X̂JMðq⃗; r⃗NÞtτN; ðC3Þ

where X ¼ M;Δ;Δ0;Δ00;Σ;Σ0;Σ00;Φ;Φ0;Φ00;Ω; Δ̃; Φ̃; Ω̃.

APPENDIX D: SOME
MATHEMATICAL IDENTITIES

1. Sums of products of spherical harmonics
over magnetic quantum number

In the sum/average over nuclear spins, one needs
expressions for the sum over M of products of scalar
and vector spherical harmonics. The simplest one is for the
case of the product of two scalar spherical harmonics. It is

XJ
M¼−J

YJMðr̂ÞY�
JMðr̂Þ ¼

2J þ 1

4π
: ðD1Þ

Here we prove the following equations, written in dyadic
notation (namely a⃗ b⃗≡aibj), with r̂, θ̂, ϕ̂ equal to the unit
coordinate vectors in spherical coordinates ðr; θ;ϕÞ.

XJ
M¼−J

Y⃗ðTEÞ
JM ðr̂ÞY�

JMðr̂Þ ¼
XJ
M¼−J

Y⃗ðTMÞ
JM ðr̂ÞY�

JMðr̂Þ ¼ 0; ðD2Þ

XJ
M¼−J

Y⃗ðTEÞ
JM ðr̂ÞY⃗ðTEÞ�

JM ðr̂Þ ¼
XJ
M¼−J

Y⃗ðTMÞ
JM ðr̂ÞY⃗ðTMÞ�

JM ðr̂Þ

¼ 2J þ 1

4π

1

2
ðθ̂ θ̂þϕ̂ ϕ̂Þ; ðD3Þ

XJ
M¼−J

Y⃗ðTMÞ
JM ðr̂ÞY⃗ðTEÞ�

JM ðr̂Þ ¼ 2J þ 1

4π

1

2
ðϕ̂ θ̂−θ̂ ϕ̂Þ: ðD4Þ

To obtain Eqs. (D2)–(D4), one first writes

Y⃗ðLÞ
JMðr̂Þ ¼ YJMðr̂Þr̂; ðD5Þ

Y⃗ðTEÞ
JM ðr̂Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp �∂YJMðr̂Þ
∂θ θ̂ þ 1

sin θ
∂YJMðr̂Þ

∂ϕ ϕ̂

�
;

ðD6Þ

Y⃗ðTMÞ
JM ðr̂Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp �
−

1

sin θ
∂YJMðr̂Þ

∂ϕ θ̂ þ ∂YJMðr̂Þ
∂θ ϕ̂

�
:

ðD7Þ

The sums over M involving derivatives of the YJM are
evaluated by differentiating the addition theorem of spheri-
cal harmonics

XJ
M¼−J

YJMðθ1;ϕ1ÞY�
JMðθ2;ϕ2Þ ¼

2J þ 1

4π
PJðμÞ; ðD8Þ
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where PJðμÞ is the Legendre polynomial of order J with

μ ¼ cos θ1 cos θ2 þ sin θ1 sin θ2 cosðϕ1 − ϕ2Þ: ðD9Þ

For example, with the → indicating the limit ðθ1;ϕ1Þ →
ðθ2;ϕ2Þ,
X
M

∂YJMðθ1;ϕ1Þ
∂θ1

∂Y�
JMðθ2;ϕ2Þ
∂θ2 ¼ 2J þ 1

4π

∂2PJðμÞ
∂θ1∂θ2

→
2J þ 1

4π
P0
Jð1Þ: ðD10Þ

In this way one finds, using P0
Jð1Þ ¼ JðJ þ 1Þ=2,

X
M

∂YJM

∂θ
∂Y�

JM

∂θ ¼
X
M

1

sin2 θ
∂YJM

∂ϕ
∂Y�

JM

∂ϕ
¼ 2J þ 1

4π

JðJ þ 1Þ
2

; ðD11Þ

X
M

∂YJM

∂θ
∂Y�

JM

∂ϕ ¼
X
M

∂YJM

∂θ Y�
JM

¼
X
M

∂YJM

∂ϕ Y�
JM ¼ 0: ðD12Þ

Combining Eqs. (D5)–(D7) and (D11)–(D12) one obtains
Eqs. (D2)–(D4).

2. Some relations between symmetric and symmetric
traceless tensors

By definition, the symmetric traceless part Ai1·is of an
rank-s tensor Ai1���is is obtained by first symmetrizing Ai1���is
completely with respect to all of its indices, and then
subtracting all the possible traces, i.e., contractions of pairs
of indices, double pairs of indices, …, s=2-tuple pairs of
indices. There is a general formula for the resulting
expression [cf. Eq. (2.2) in [44,45], and (2.44) in [46],
where the connection with Legendre polynomials is also
explained],

Ai1���is ¼
1

Ns

Xbs=2c
p¼0

Cs;s−2pfδi1i2 � � � δi2p−1i2pSi2pþ1���isk1k1���kpkpg;

ðD13Þ

where the sum is over the number p of traces (or of
Kronecker δs) in the right-hand side, bs=2c is the largest
integer smaller than or equal to s=2,

Cs;s−2p ¼ ð−1Þp ð2s − 2pÞ!
2sðs − pÞ!ðs − 2pÞ! ðD14Þ

is the coefficient of xs−2p in the Legendre polynomial PsðxÞ
of order s (in the standard normalization Psð1Þ ¼ 1),

Ns ¼ Cs;s; ðD15Þ

Si1���is ¼ fAi1���isg; ðD16Þ

and curly brackets indicate complete symmetrization with
respect to the free indices inside the brackets,

fAi1���isg ¼ 1

s!

X
π

Aiπð1Þ���iπðsÞ ; ðD17Þ

with the sum over the permutations π of 12 � � � s.
For products of spin operators S⃗ and a vector q⃗,

Eq. (D13) gives

ðq⃗ · S⃗Þn ¼
Xbn=2c
k¼0

cn;kq2kS⃗
2kðq⃗ · S⃗Þn−2k; ðD18Þ

where

cn;k ¼ ð−1Þk ðn!Þ2ð2n − 2kÞ!
k!ð2nÞ!ðn − 2kÞ!ðn − kÞ! : ðD19Þ

Recall that for a particle of spin jχ ,

S⃗2 ¼ jχðjχ þ 1Þ; S⃗2k ¼ ½jχðjχ þ 1Þ�k: ðD20Þ

The quantity cn;k is the coefficient of xn−2k in the monic
Legendre polynomial P̄nðxÞ of degree n (in a monic
polynomial, the coefficient of the term of highest degree
is equal to 1),

P̄nðxÞ ¼
ð2n − 1Þ!!

n!
PnðxÞ ¼

Xbn=2c
k¼0

cn;kxn−2k: ðD21Þ

The first few cases, relevant for WIMPs of spin up
to 2, are

q⃗ · S⃗ ¼ q⃗ · S⃗; ðD22Þ

ðq⃗ · S⃗Þ2 ¼ ðq⃗ · S⃗Þ2 − 1

3
q2S⃗2; ðD23Þ

ðq⃗ · S⃗Þ3 ¼ ðq⃗ · S⃗Þ3 − 3

5
q2S⃗2ðq⃗ · S⃗Þ; ðD24Þ

ðq⃗ · S⃗Þ4 ¼ ðq⃗ · S⃗Þ4 − 6

7
q2S⃗2ðq⃗ · S⃗Þ2 þ 3

35
q4S⃗4: ðD25Þ

The coefficients can be compared to those appearing in the
Legendre polynomials

P1ðxÞ ¼ x; ðD26Þ
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P2ðxÞ ¼
3

2

�
x2 −

1

3

�
; ðD27Þ

P3ðxÞ ¼
5

2

�
x3 −

3

5
x

�
; ðD28Þ

P4ðxÞ ¼
35

8

�
x4 −

6

7
x2 þ 3

35

�
: ðD29Þ

The reason for the equality of these coefficients is that
Legendre polynomials are the expressions in polar angles
of the symmetric traceless tensors that define electrostatic
multipoles. The identities that connect these quantities are

ðq⃗ · ∇⃗Þl 1
r
¼ ð−1Þl ð2l − 1Þ!!

r2lþ1
ðq⃗ · r⃗Þl ¼ ð−1Þl

l!
Plðcos θÞ
r2lþ1

;

ðD30Þ

ðq⃗ · r⃗Þl ¼ l!
ð2l − 1Þ!! q

lrlPlðcos θÞ; ðD31Þ

where θ is the angle between q⃗ and r⃗.
A formula for products of spin operators S⃗ involving two

vectors q⃗ and a⃗ is

ða⃗ · S⃗Þðq⃗ · S⃗Þn−1

¼
Xbn=2c
k¼0

cn;k

�
2k

n − 2k
q2k−2S⃗2ka⃗ · q⃗½ðq⃗ · S⃗Þn−2k�sym

þ n − 4k
n − 2k

q2kS⃗2k½ða⃗ · S⃗Þðq⃗ · S⃗Þn−2k−1�sym
�
: ðD32Þ

It can be obtained by replacing one of the directional

derivatives q⃗ · ∇⃗ in Eq. (D30) with a⃗ · ∇⃗, leading to the
polynomials

Plða; xÞ ¼ PlðxÞ þ
a − x
l

dPlðxÞ
dx

: ðD33Þ

The first few cases are

a⃗ · S⃗ ¼ a⃗ · S⃗; ðD34Þ

ða⃗ · S⃗Þðq⃗ · S⃗Þ ¼ ½ða⃗ · S⃗Þðq⃗ · S⃗Þ�sym −
1

3
a⃗ · q⃗S⃗2; ðD35Þ

ða⃗ · S⃗Þðq⃗ · S⃗Þ2 ¼ ½ða⃗ · S⃗Þðq⃗ · S⃗Þ2�sym
−
2

5
ða⃗ · q⃗ÞS⃗2ðq⃗ · S⃗Þ−1

5
q2S⃗2ða⃗ · S⃗Þ; ðD36Þ

ða⃗ · S⃗Þðq⃗ · S⃗Þ3 ¼ ½ða⃗ · S⃗Þðq⃗ · S⃗Þ3�sym −
3

7
ða⃗ · q⃗ÞS⃗2ðq⃗ · S⃗Þ2

−
3

7
q2S⃗2½ða⃗ · S⃗Þðq⃗ · S⃗Þ�sym

þ 3

35
ða⃗ · q⃗Þq2S⃗4: ðD37Þ

Compare the coefficients to those in Plða; xÞ,

P1ða; xÞ ¼ a; ðD38Þ

P2ða; xÞ ¼
3

2

�
ax −

1

3

�
; ðD39Þ

P3ða; xÞ ¼
5

2

�
ax2 −

2

5
x −

1

5
a

�
; ðD40Þ

P4ða; xÞ ¼
35

8

�
ax3 −

3

7
x2 −

3

7
axþ 3

35

�
: ðD41Þ

For completeness, we recall that

½ða⃗ · S⃗Þðq⃗ · S⃗Þ�sym ¼ 1

2
½ða⃗ · S⃗Þðq⃗ · S⃗Þ þ ðq⃗ · S⃗Þða⃗ · S⃗Þ�;

ðD42Þ

½ða⃗ · S⃗Þðq⃗ · S⃗Þ2�sym ¼ 1

3
½ða⃗ · S⃗Þðq⃗ · S⃗Þ2 þ ðq⃗ · S⃗Þða⃗ · S⃗Þðq⃗ · S⃗Þ

þ ðq⃗ · S⃗Þ2ða⃗ · S⃗Þ�; ðD43Þ

½ða⃗ · S⃗Þðq⃗ · S⃗Þ3�sym ¼ 1

4
½ða⃗ · S⃗Þðq⃗ · S⃗Þ3þðq⃗ · S⃗Þða⃗ · S⃗Þðq⃗ · S⃗Þ2

þðq⃗ · S⃗Þ2ða⃗ · S⃗Þðq⃗ · S⃗Þþ ðq⃗ · S⃗Þ3ða⃗ · S⃗Þ�;
ðD44Þ

and so on.
Inverse relations to Eqs. (D18) and (D32), giving the

symmetric products of spin operators in terms of the
symmetric traceless products, are

½ðq⃗ · S⃗Þn�sym ¼
Xbn=2c
k¼0

dn;kq2kS⃗
2kðq⃗ · S⃗Þn−2k; ðD45Þ

and

½ða⃗ · S⃗Þðq⃗ · S⃗Þn−1�sym ¼
Xbn=2c
k¼0

dn;k

�
2k
n
q2k−2S⃗2ka⃗ · q⃗ ðq⃗ · S⃗Þn−2k

þ n− 2k
n

q2kS⃗2kða⃗ · S⃗Þðq⃗ · S⃗Þn−2k−1
�
;

ðD46Þ
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where

dn;k ¼
ð2k − 1Þ!!ð2n − 4kþ 1Þ!!

ð2n − 2kþ 1Þ!!
�

n

2k

�
: ðD47Þ

The quantities dn;k appear in the expansion of powers of x
in monic Legendre polynomials,

xn ¼
Xbn=2c
k¼0

dn;kP̄n−2kðxÞ: ðD48Þ

The first few cases are

½q⃗ · S⃗�sym ¼ q⃗ · S⃗; ðD49Þ

½ðq⃗ · S⃗Þ2�sym ¼ ðq⃗ · S⃗Þ2 þ 1

3
q2S⃗2; ðD50Þ

½ðq⃗ · S⃗Þ3�sym ¼ ðq⃗ · S⃗Þ3 þ 3

5
q2S⃗2 q⃗ · S⃗ ; ðD51Þ

½ðq⃗ · S⃗Þ4�sym ¼ ðq⃗ · S⃗Þ4 þ 6

7
q2S⃗2ðq⃗ · S⃗Þ2 þ 1

5
q4S⃗4; ðD52Þ

½a⃗ · S⃗�sym ¼ a⃗ · S⃗ ; ðD53Þ

½ða⃗ · S⃗Þðq⃗ · S⃗Þ�sym ¼ ða⃗ · S⃗Þðq⃗ · S⃗Þ þ 1

3
a⃗ · q⃗S⃗2; ðD54Þ

½ða⃗ · S⃗Þðq⃗ · S⃗Þ2�sym ¼ ða⃗ · S⃗Þðq⃗ · S⃗Þ2 þ 2

5
a⃗ · q⃗S⃗2 q⃗ · S⃗

þ 1

5
q2S⃗2 a⃗ · S⃗ ; ðD55Þ

½ða⃗ · S⃗Þðq⃗ · S⃗Þ3�sym ¼ ða⃗ · S⃗Þðq⃗ · S⃗Þ3 þ 3

7
a⃗ · q⃗S⃗2ðq⃗ · S⃗Þ2

þ 3

7
q2S⃗2 ða⃗ · S⃗Þðq⃗ · S⃗Þ2

þ 1

5
a⃗ · q⃗q2S⃗2: ðD56Þ

3. Formulas for WIMP spin averages

To prove Eqs. (5.19)–(5.20), we make use of the
formula [39],

1

2jχþ1
trðSi1Si2 ���Sis Sj1Sj2 ���Sjs0 Þ

¼δss0
s!

ð2sþ1Þ!!Kjχ ;0Kjχ ;1 ���Kjχ ;s−1Δ
ðsÞ
i1i2���is;j1j2���js ; ðD57Þ

Here Kjχ ;i is given in Eq. (5.22) while the tensor

ΔðsÞ
i1i2���is;j1j2���js projects the symmetric traceless part of a

rank-s tensor [39]. In other words, it is defined by

Sis � � � Sis ¼ ΔðsÞ
i1i2���is;i01i02���i0sSi

0
s
� � � Si0s : ðD58Þ

Saturating all the free indices of Eq (D57) with the
product of momenta q̂j1 � � � q̂js , q̂j1 � � � q̂js0 one gets

1

2jχ þ 1
trðSi1 � � � Sis q̂i1 � � � q̂is Sj1 � � � Sjs0 q̂j1 � � � q̂js0 Þ

¼ δss0
s!

ð2sþ 1Þ!!Kjχ ;0Kjχ ;1 � � �Kjχ ;s−1q̂i1 � � � q̂is q̂j1 � � � q̂js :

ðD59Þ

Equation (5.19) follows from the identity

q̂i1 � � � q̂is q̂j1 � � � q̂js ¼
1

Ns
; ðD60Þ

where

Ns ¼
ð2s − 1Þ!!

s!
ðD61Þ

is the coefficient of xs in the Legendre polynomial PsðxÞ of
order s [in the standard normalization Psð1Þ ¼ 1].
To prove Eq. (5.20), write

1

2jχ þ 1
trðSi1 � � �Sis q̂i1 � � � q̂is−1aisSj1 � � �Sjs0 q̂j1 � � � q̂js0−1bjs0 Þ

¼ δss0
s!

ð2sþ 1Þ!!Kjχ ;0Kjχ ;1 � � �Kjχ ;s−1q̂i1 � � � q̂is−1ais

× q̂j1 � � � q̂js−1bis : ðD62Þ

In Sec. D 4 we show that

q̂i1 � � � q̂is−1ais q̂i1 � � � q̂is−1bis ¼
sþ 1

2sNs
ða⃗ · b⃗Þ; for a⃗ · q⃗ ¼ 0:

ðD63Þ

Thus write

ais ¼ q̂isa
jj þ a⊥is ; ðD64Þ

where

ajj ¼ q̂iai; a⊥i ¼ ðδij − q̂iq̂jÞa⊥j ; ðD65Þ

and similarly for bis. Then using Eqs. (D60) and (D63),
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q̂i1 � � � q̂is−1ais q̂j1 � � � q̂js−1bis
¼ q̂i1 � � � q̂is−1 q̂is q̂j1 � � � q̂js−1 q̂is ajjbjj

þ q̂i1 � � � q̂is−1 q̂is q̂j1 � � � q̂js−1b⊥is ajj

þ q̂i1 � � � q̂is−1aþis q̂j1 � � � q̂js−1 q̂is bjj

þ q̂i1 � � � q̂is−1a⊥is q̂j1 � � � q̂js−1b⊥is ; ðD66Þ

¼ 1

Ns
ajjbjj þ sþ 1

2sNs
ða⃗⊥ · b⃗⊥Þ; ðD67Þ

¼ 1

Ns

�
q̂iq̂j þ

sþ 1

2s
ðδij − q̂iq̂jÞ

�
aibj: ðD68Þ

Then Eq. (5.20) follows from combining Eqs. (D62)
and (D68).

4. Proof of Eq. (D63)

We apply formula (D13) to the product q̂i1 � � � q̂is−1ais .
The symmetrization gives

SðaÞi1���is ≡ fq̂i1 � � � q̂is−1aisg

¼ 1

s!

X
π

q̂iπð1Þ � � � q̂iπðs−1ÞaiπðsÞ : ðD69Þ

Separating the permutations involving ai1 ; ai2 ;…; ais
leads to

SðaÞi1���is ¼
1

s!

�
ai1

X
π

without i1

q̂iπð1Þ � � � q̂iπðs−1Þ

þ ai2
X

π
without i2

q̂iπð1Þ � � � q̂iπðs−1Þ þ � � �

þ ais
X

π
without is

q̂iπð1Þ � � � q̂iπðs−1Þ
�

ðD70Þ

¼ 1

s!
½ai1 q̂i2 � � � q̂is−1ðs − 1Þ!

þ ai2 q̂i1 q̂i3 � � � q̂is−1ðs − 1Þ!þ � � �
þ ais q̂i1 � � � q̂is−1ðs − 1Þ!� ðD71Þ

¼ 1

s
½ai1 q̂i2 � � � q̂is−1 þ q̂i1ai2 q̂i3 � � � q̂is−1

þ � � � þ q̂i1 � � � q̂is−1ais �: ðD72Þ

In subtracting the traces, the assumption a⃗ · q⃗ ¼ 0 sim-
plifies the expressions considerably, because all contrac-
tions involving one index from a and the other from q̂
vanish. Contraction of one pair of indices gives

SðaÞi1���is−2kk ¼
1

s
½ai1 q̂i2 � � � q̂is−2 q̂kq̂k þ q̂i1ai2 q̂i3 � � � q̂is−2 q̂kq̂k þ � � � þ q̂i1 � � � q̂is−3ais−2 q̂kq̂k

þ q̂i1 � � � q̂is−3ais−1akq̂k þ q̂i1 � � � q̂is−3ais−1 q̂kak�;

¼ 1

s
½ai1 q̂i2 � � � q̂is−2 þ q̂i1ai2 q̂i3 � � � q̂is−2 þ � � � þ q̂i1 � � � q̂is−3ais−2 �;

¼ s − 2

s
SðaÞi1���is−2 : ðD73Þ

The contractions of double pairs, triple pairs, etc., follow by
recursion as

SðaÞi1���is−4k1k1k2k2 ¼
s−2

s
s−4

s−2
SðaÞi1���is−4 ¼

s−4

s
SðaÞi1���is−2 ; ðD74Þ

and in general

SðaÞi1���is−2pk1k1���kpkp ¼
s − 2p

s
SðaÞi1���is−2p : ðD75Þ

Inserting the latter expression into formula (D13)
leads to

q̂i1 � � � q̂is−1ais ¼
1

Ns

Xbs=2c
p¼0

Cs;s−2pfδi1i2 � � � δi2p−1i2pSðaÞi2pþ1���isg

×
s − 2p

s
: ðD76Þ

We now consider the product q̂i1 � � � q̂is−1ais×
q̂j1 � � � q̂js−1bis , with a⃗ · q⃗ ¼ 0. The symmetric traceless
operation on the left forces a symmetric traceless operation
on the right, so we can write
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q̂i1 � � � q̂is−1ais q̂i1 � � � q̂is−1bis
¼ q̂i1 � � � q̂is−1ais q̂i1 � � � q̂is−1bis : ðD77Þ

Inserting Eq. (D76), and using

δi1i2 � � � δi2p−1i2pSi1���is ¼ Si2pþ1���isk1k1���kpkp

¼ s − 2p
s

Si2pþ1���is ; ðD78Þ

we obtain

q̂i1 � � � q̂is−1ais q̂j1 � � � q̂js−1bis ¼
Xbs=2c
p¼0

Cs;s−2p

Ns

s − 2p
s

fδi1i2 � � � δi2p−1i2pSðaÞi2pþ1���isgq̂i1 � � � q̂is−1bis ;

¼
Xbs=2c
p¼0

Cs;s−2p

Ns

s − 2p
s

fδi1i2 � � � δi2p−1i2pSðaÞi2pþ1���isgfq̂i1 � � � q̂is−1bisg;

¼
Xbs=2c
p¼0

Cs;s−2p

Ns

s − 2p
s

fδi1i2 � � � δi2p−1i2pSðaÞi2pþ1���isgS
ðbÞ
i1���is ;

¼
Xbs=2c
p¼0

Cs;s−2p

Ns

s − 2p
s

δi1i2 � � � δi2p−1i2pSðaÞi2pþ1���isS
ðbÞ
i1���is ;

¼
Xbs=2c
p¼0

Cs;s−2p

Ns

�
s − 2p

s

�
2

SðaÞi2pþ1���isS
ðbÞ
i2pþ1���is : ðD79Þ

To find the product SðaÞi1���inS
ðbÞ
i1���in , we write

Si1���inSi1���in ¼
1

n2
½ai1 q̂i2 � � � q̂in þ q̂i1ai2 q̂i3 � � � q̂in þ � � �

þ q̂i1 � � � q̂in−1ain �
× ½bi1 q̂i2 � � � q̂in þ q̂i1bi2 q̂i3 � � � q̂in þ � � �
þ q̂i1 � � � q̂in−1bin �: ðD80Þ

Now all cross terms in the product of the two square
brackets have aiqi ¼ 0 and so are zero. Only the square
terms remain, and there are n of them. Thus,

Si1���inSi1���in ¼
1

n
ða⃗ · b⃗Þ: ðD81Þ

Hence,

q̂i1 � � � q̂is−1ais q̂j1 � � � q̂js−1bis

¼
Xbs=2c
p¼0

Cs;s−2p

Ns

�
s − 2p

s

�
2 1

s − 2p
ða⃗ · b⃗Þ;

¼ ða⃗ · b⃗Þ 1

s2Ns

Xbs=2c
p¼0

ðs − 2pÞCs;s−2p: ðD82Þ

To evaluate the last sum, we recall that by definition of
Cs;s−2p,

PsðxÞ ¼
Xbs=2c
p¼0

Cs;s−2pxs−2p: ðD83Þ

Taking one derivative,

P0
sðxÞ ¼

Xbs=2c
p¼0

ðs − 2pÞCs;s−2pxs−2p: ðD84Þ

Thus

Xbs=2c
p¼0

ðs − 2pÞCs;s−2p ¼ P0
sð1Þ ¼

sðsþ 1Þ
2

: ðD85Þ

We conclude that

q̂i1 � � � q̂is−1ais q̂j1 � � � q̂js−1bis ¼
sþ 1

2sNs
ða⃗ · b⃗Þ; ðD86Þ

which is Eq. (D63).
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