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Abstract 

Moderate or Intense Low-oxygen Dilution (MILD) combustion has drawn increasing attention as it allows 
to avoid the thermo-chemical conditions prone to the formation of pollutant species while ensuring high 

energy efficiency and fuel flexibility. MILD combustion is characterized by a strong competition between 

turbulent mixing and chemical kinetics so that turbulence-chemistry interactions are naturally strengthened 

and unsteady phenomena such as local extinction and re-ignition may occur. The underlying physical mech- 
anisms are not fully understood yet and the validation of combustion models featuring enhanced predic- 
tive capabilities is required. Within this context, high-fidelity data from Direct Numerical Simulation (DNS) 
represent a great opportunity for the assessment and the validation of combustion closure formulations. 
In this study, the performance of the Partially Stirred Reactor (PaSR) combustion model in MILD condi- 
tions is a priori assessed on Direct Numerical Simulations (DNS) of turbulent combustion of MILD mix- 
tures in a cubical domain. Modeled quantities of interest, such as heat release rate and reaction rates of 
major and minor species, are compared to the corresponding filtered quantities extracted from the DNS. 
Different submodels for the key model parameters, i.e., the chemical time scale τ c and the mixing time 
scale τmix , are considered and their influence on the results is evaluated. The results show that the mixing 
time scale is the leading scale in the investigated cases. The best agreement with the DNS data regard- 
ing the prediction of heat release rate and chemical source terms is achieved by the PaSR model that em- 
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ploys a local dynamic approach for the estimation of the  

species source terms occurs in limited zones of the compu  

rates. 
© 2020 The Authors. Published by Elsevier Inc. on behalf
This is an open access article under the CC BY-NC-ND l
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Combustion technologies must undergo a
rofound innovation in terms of fuel flexibility,
ollutant emissions, and thermal efficiency, to
rovide a clean and affordable solution to the

ncreasing environmental concerns [1] . In the
ast decades, Moderate and Intense Low-oxygen

ilution (MILD) combustion [2,3] appeared to be
 promising technology because of its capability
o deliver abated pollutant emissions with elevated
hermal efficiency and fuel flexibility. These fea-
ures are achieved via Exhaust Gases Recirculation
EGR) in the reaction zone. EGR preheats the
eactants above their auto-ignition temperature
nd decreases the oxygen concentration. As a
onsequence, MILD combustion occurs within
istributed reactive zones rather than within a
ame front [4] and achieves reduced peak temper-
tures and pollutants concentrations, which are
esirable for industrial applications. Turbulence-
hemistry interactions are naturally enhanced in

ILD combustion [5] and may lead to unsteady
henomena such as local extinction and re-ignition

6] . In numerical simulations, they also result in
dditional difficulties in modeling the chemical
ource term in the species transport equations. The
ombustion closure in MILD conditions still re-
ains a key issue [7] and has been treated in many

ifferent ways, both in Reynolds-Averaged Navier–
tokes (RANS) and Large Eddy Simulation (LES)
rameworks. Several numerical studies have em-
loyed combustion models like probability density
unction (PDF) methods [8–10] and Eddy Dissi-
ation Concept (EDC) in both RANS and LES

10–13] . LES investigations with a Perfectly Stirred
eactor (PSR) closure [14] and a flamelet/progress
ariable (FPV) approach [15] were also carried out.
homiak [16] proposed the Partially Stirred Re-
ctor (PaSR) model as an alternative to the EDC
odel, and better results in terms of prediction

f temperatures and main species concentrations
ave been achieved by RANS and LES studies em-
loying different formulations of the PaSR model

17–19] . These models have been validated against
xperimental data collected in flames and reactors
perated in MILD conditions [8,20,21] . More
 mixing time scale. An overestimation of the OH
tational domain, characterized by low heat release

 of The Combustion Institute. 
icense. 

ombustion; Partially Stirred Reactor (PaSR); Direct 

recently, Direct Numerical Simulation (DNS)
has become a powerful tool for the assessment
and validation of combustion models in MILD
conditions [22–24] . Furthermore, by solving the
whole turbulence scale spectrum, DNS allows to
gather useful insights about the morphology of 
the MILD reaction zones and their interactions
with turbulent structures [5,25] and ultimately to
shed light on fundamental processes of MILD
combustion such as the absence of visible flames
and the presence of strongly convoluted reaction
zones [26] . The present study aims to leverage
DNS data of turbulent MILD combustion [26] to
perform an a priori assessment of the Partially
Stirred Reactor combustion model as a predictive
sub-grid scale (SGS) model for LES. Predictive
simulation capabilities are necessary for design and
optimization of burners and furnaces operating
in the MILD regime. This paper is organized in
the following way. The Partially Stirred Reactor is
presented in Section 2 . The methodology to con-
duct the DNS is described in Section 3 along with
the chemical kinetic mechanism used in this work.
Results are presented and discussed in Section 4 .
Conclusions are summarized in the final section. 

2. The Partially Stirred Reactor (PaSR) model 

The chemical reaction rates, based on the Arrhe-
nius law, are highly non-linear. Therefore, the mean
reaction rates cannot be derived from the average
quantities (species mass fractions, density, temper-
ature) in a straightforward way. Turbulent combus-
tion models are then required to provide closure
for the chemical source terms in the RANS and
LES species transport equations. In the Partially
Stirred Reactor (PaSR) model [16] , each computa-
tional cell is split into two regions: a reacting zone
and a non-reacting zone. The mean (or filtered) cell
reaction rate ¯̇

 ω i , which is provided to the species
transport equation, is obtained based on a mass ex-
change between the two regions and expressed as:

¯̇
 ω i = κ

ρ̄(Y 

∗
i − Y 

0 
i ) 

τ ∗ , (1)

http://creativecommons.org/licenses/by-nc-nd/4.0/
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where ρ̄ is the Reynolds-averaged density, Y 

0 
i and

 

∗
i are the i th species mass fractions in the non-

reactive region and in the reactive zone, respec-
tively, and τ ∗ represents the residence time in the
reactive structure. The parameter κ is the volume
fraction of the reactive zone and thus provides the
partially stirred condition. κ is estimated as the
ratio between the chemical time scale τ c and the
sum of the chemical time scale and the mixing time
scale τmix , i.e., κ = τc / (τc + τmix ) [27] . The sub-grid
quantity Y 

∗
i is obtained by considering the reactive

zone as an ideal reactor (either a perfectly stirred re-
actor or a plug flow reactor) evolving from Y 

0 
i dur-

ing the residence time τ ∗. Therefore, the following
equation is solved: 

d Y 

∗
i 

dt 
= 

˙ ω 

∗
i 

ρ
. (2)

The term ˙ ω 

∗
i is the instantaneous formation rate of 

the i th species. The final integration of d Y 

∗
i /dt over

the residence time τ ∗ results in the estimation of 
 

∗
i . The residence time τ ∗ is considered to be the

mixing time scale [27] , and is also the time over
which the ideal reactor is integrated, however in
other works, including the present study, it equals
the minimum between τ c and τmix [19,28] . The es-
timation of chemical and mixing time scales be-
comes crucial to ensure accurate predictions from
the model. Different approaches have been devel-
oped to estimate these timescales. As far as the
chemical time scale is concerned, Chomiak and
Karlsson [29] proposed an estimation based on the
formation rates of the species acting as fuel and
oxidizer, 

1 
τc 

= max 
(− ˙ ω F 

Y F 
, 
− ˙ ω O 

Y O 

)
, (3)

where ˙ ω is the global conversion rate, Y is the
species mass fraction, and the subscripts F and
O stand for fuel and oxidizer, respectively. Fuel
and oxidizer were deemed to best represent the
changes in the reacting system. Fox and Varma
[30] suggested estimating the chemical time scale
via the calculated eigenvalues of the Jacobian ma-
trix J jk = ∂ ̇  ω j /∂Y k , where ˙ ω j is the j th species net
production rate and Y k the k th species mass frac-
tion. The decomposition of the Jacobian matrix
of the species source terms, while allowing to con-
sider complex chemical kinetic schemes, is a time-
consuming method for the evaluation of τ c . As a
compromise between accuracy and computational
cost, other works [18,19] used the approach based
on the species formation rates by considering the
slowest chemical time scale as the leading one, 

τc = max 
(

Y 

∗
i 

| d Y 

∗
i /dt | 

)
. (4)

As far as the mixing time scale is concerned, Kr-
rholm and Nordin [27,31] estimated it as a certain
fraction of the integral time scale τmixI , related to
the eddy break-up time leading from large-scale to 

Kolmogorov-scale turbulent vortexes, 

τmix = C mix τmixI = C mix 
k 

ε 
, (5) 

where k is the turbulent kinetic energy, ε its dissi- 
pation rate and C mix the mixing constant, ranging 
from 0.001 to 0.3. Chomiak and Karlsson [29] pro- 
posed a definition based on the geometrical mean 

of integral and Kolmogorov time scales. The lat- 
ter is defined as τmixK = 

√ 

ν/ε , where ν is the kine- 
matic viscosity, and represents the assumption that, 
in conventional combustion systems, reactions oc- 
cur at the dissipation scale, of the order of the Kol- 
mogorov one. The geometrical mean of integral 
and Kolmogorov time scales is then estimated by 

τmixMean = 

√ 

τmixI τmixK = 

√ 

k 

ε 

(ν

ε 

)1 / 2 
. (6) 

All the presented submodels for the determina- 
tion of the turbulent time scale can be regarded as 
global approaches. A more comprehensive and lo- 
cal definition for τmix was designed by Senouci et al. 
[32] and involves the mixture fraction Z . The ap- 
proach employs the ratio of the mixture fraction 

variance ˜ Z 

′′ 2 to the mixture fraction dissipation 

rate ˜ χ, 

τmix = 

˜ Z 

′′ 2 

˜ χ
. (7) 

The above review clearly indicates that the de- 
termination of the characteristic scales is not uni- 
versal and still subject to discussion, highlighting a 
lack of generality. To widen the applicability range 
of the PaSR model, high-fidelity data from DNS 

represent a great opportunity to evaluate the per- 
formances of the PaSR model and improve its pre- 
dictive capability. In this perspective, an a priori 
assessment of the above-mentioned formulations 
for both the characteristic timescales τ c and τmix 

is performed by comparing modeled species pro- 
duction/consumption and heat release rates with 

the corresponding quantities directly filtered from 

DNS data of MILD combustion. Details about 
the DNS methodology are given in the following 
section. 

3. Direct Numerical Simulation data 

The DNS data of MILD combustion of a 
mixture of methane, air, and exhaust gases, having 
spatial and temporal variations of mixture frac- 
tion, are used in this study. The turbulence and 

thermo-chemical conditions of the mixture cor- 
respond to the Case AZ1 of Doan et al. [26] , and 

the flow and mass fraction fields for the DNS are 
generated by the procedure described therein. The 
turbulence conditions of Case AZ1 are the same 
as for a premixed reference case studied in earlier 
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Fig. 1. Filtered heat release rates in the mid x–y plane: (a) extracted from the DNS data; (b) obtained by the PaSR model. 
The dynamic approach ( Eq. (7) ) is considered for the evaluation of the mixing time scale τmix , whereas the formation rate 
approach ( Eq. (4) ) is used for the calculation of the chemical time scale τ c . 
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orks [5,22,25] . Case AZ1 is the non-premixed
ounterpart of the reference case as it includes a
patio-temporally varying mixture fraction field.
he turbulence field has an integral length scale
f 
0 ≈ 1.42 mm and a root mean square value
f u ′ ≈ 16.66 m/s for the velocity fluctuations.
he turbulence and Taylor microscale Reynolds
umbers are Re t ≈ 96 and Re λ ≈ 35, respectively.
he turbulence Reynolds number is similar to

hose in previous experimental studies of MILD
ombustion [21,33,34] . Case AZ1 has 3.5% by
olume as maximum oxygen concentration. Addi-
ional information regarding the mixture fraction
nd progress variable fields can be found in the
upplemental Material. 

The conservation equations for mass, momen-
um, energy and species mass fractions are solved
sing the SENGA2 code [35] . The code has been
sed in previous studies of MILD combustion,
here additional details about the derivative

chemes and boundary conditions can be found
5,22,26] . The kinetic mechanism MS-58 is used
or the chemistry and consists of 19 species and
8 reactions [26] . The DNS cubic domain of size
 x = L y = L z = 0.01 m is discretised using 512 3

niform grid points which ensures a sufficient
esolution ( δx = 20 μm) for the turbulent and
hemical length scales of interest. The simulation
as run for 1.5 flow-through time τ f , defined in

22] , before collecting data for statistical analysis.
or the present study, the quantities of interest
re obtained from the DNS by applying Gaussian
ltering and Favre averaging operations [22] . The
lter size is  = 20 times the DNS grid size and
orresponds to a normalised filter size + = 0.25,
efined as + = δx /δ

m , where δm = 1.6 mm is
th th 
the thermal thickness obtained from the corre-
sponding MILD Flame Element (MIFE) laminar
calculation [5] using the mean mixture fraction. 

4. Results and discussion 

The capability of the PaSR model to predict
the filtered heat release rate ¯̇

 Q and filtered species
source terms ¯̇

 ω i is assessed by considering the fil-
tered quantities in the mid x-y plane of the cubical
domain at a time t = 2 τ f . The heat release rate is

obtained by ¯̇
 Q = −∑ N s 

i=1 h f i 
¯̇
 ω i , where h f i is the

enthalpy of formation of the i th species. The fil-
tered species source terms ¯̇

 ω i is computed by the
PaSR model according to Eq. (1) . The chemical
time scale is computed via the formation rate ap-
proach ( Eq. (4) ), whereas the mixing time scale
is estimated via the dynamic approach ( Eq. (7) ).
The quantities required for the calculation of τ c

and τmix are taken by filtering the corresponding
DNS data. The contours of the heat release rate
¯̇
 Q extracted from the DNS data and estimated by

the PaSR model are shown in Fig. 1 a and 1 b, re-
spectively. Reactions occur over a large portion of 
the domain in convoluted zones, rather than in a
clearly distinguished flame front, as expected. A
close agreement between the DNS data and the es-
timations from the PaSR model can be noticed,
particularly in the zones of high rates, where the
profiles of the convoluted reaction zones are well
captured. The agreement between the species pro-
duction/consumption rates obtained from the DNS
and modeled by PaSR is assessed by looking at the
parity plots shown in Fig. 2 . The filtered source
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Fig. 2. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω extracted from DNS and esti- 

mated by the PaSR model for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The dynamic approach ( Eq. (7) ) is considered for τmix , 
whereas the formation rate approach ( Eq. (4) ) is used for τ c . 
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terms of three main species, CH 4 , CO 2 , and CO,
and an intermediate one, OH, are considered. All
the grid points of the mid x–y plane are shown
in each plot. The contours of the joint PDF of 
¯̇
 ω 

DNS 
i and 

¯̇
 ω 

PaSR 

i for the samples collected on the
x–y plane are also shown. The PaSR model pre-
dicts the source terms of the main species fairly
well, while it performs slightly worse in estimat-
ing the net production rate of OH, especially for
the points of the plane where the DNS rates are
close to zero. However, the values that fall far
from the y = x line constitute a small fraction
of the whole ensemble. This is also true for the
CH 4 filtered rates since the great majority of the
source term values is concentrated in the upper
right corner of Fig. 2 a. The contour of the ab-
solute error  ¯̇

 ω OH 

= 

¯̇
 ω 

PaSR 

OH 

− ¯̇
 ω 

DNS 
OH 

at the mid x–
y plane is shown in Fig. 3 a. It can be seen that
the highest overestimation of the OH source term
occurs in the right region of the plane, where the
reactivity is low, as confirmed by the contours of 
the heat release rates in Fig. 1 . The overestimation 

can be explained by looking at the contour map of 
the mixing time scale τmix , shown in Fig. 3 b. The 
zones of high 

¯̇
 ω 

PaSR 

OH 

correspond to those where τmix 

is extremely small, making the κρ/ τ ∗ term of Eq. (1) 
significantly large. On the other hand, the (Y 

∗
OH 

−
 

0 
OH 

) term does not reach low enough values to 

compensate for the high κρ/ τ ∗ term and bring back 

the PaSR source term close to zero. The mixing 
time scale is the leading scale for the investigated 

case, being lower than the chemical time scale all 
over the mid x–y plane. 

To assess the impact of the mixing time scale on 

the PaSR predictions, a different formulation for 
τmix is considered: τmix is calculated as a fraction of 
the integral time scale (see Eq. (5) ). The constant 
C mix in Eq. (5) is imposed equal to 0.5, according 
to Ferrarotti et al. [17] . The parity plots in Fig. 4 
show that the PaSR model performs slightly better 
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Fig. 3. Filled contour plots of (a) the absolute error between the OH filtered reaction rates from the PaSR model and the 
DNS, and (b) the mixing time scale τmix at the mid x–y plane. 

Fig. 4. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω, extracted from DNS and esti- 

mated by the PaSR model, for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The integral time scale approach ( Eq. (5) ) is considered 
for the evaluation of τmix . 
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Fig. 5. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω, extracted from DNS and 

estimated by the PaSR model, for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The geometrical mean approach ( Eq. (6) ) is considered 
for the evaluation of τmix . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

for OH, although a larger scatter of the data across
the y = x line is seen for the other species. 

A different submodel for τmix is then considered,
namely the approach that estimates τmix from the
geometrical mean of integral and Kolmogorov time
scales (see Eq. (6) ). The estimation of the filtered
OH source term is greatly improved by employing
the geometrical mean approach for the mixing time
scale, as shown in Fig. 5 . However, the source terms
of the main species are not affected in the same way
by the considered τmix formulation. 

The sensitivity of the results of the PaSR
model to the chemical time scale is subsequently
assessed. The formulation proposed by Chomiak
and Karlsson [29] is considered (see Eq. (3) ).
According to this approach, the fuel and oxidizer
chemical time scales are evaluated and the lowest
(fastest) time is used to calculate τ c and identify the
limiting reactant. Although this method follows an
opposite rationale compared to the formation rates
approach (see Eq. (4) ), the impact on the prediction 

of the source terms is minor for all the species but 
CO 2 , as shown in Fig. 6 . This is explained by the 
fact that the chemical time scale of CO 2 is overall 
higher than the one of the limiting reactant. Hence, 
accounting for a faster time scale worsens the 
prediction of this slow species. The amount of 
points lying on the y = x lines is reduced for all 
the species, compared to the corresponding plots 
in Fig. 2 . 

A compromise between the formation rate for- 
mulation and the approach proposed by Chomiak 

is to partition the space of chemical time scales 
into fast/slow subspaces, and to impose τ c equal to 

the so-called τM+1 time scale, which corresponds 
to the fastest of the slow time scales, in accordance 
with the procedure proposed by Valorani et al. 
[36] . Figure 7 shows that the predictions of the 
PaSR model are improved with respect to the pre- 
vious τ c formulation and are comparable with the 
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Fig. 6. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω, extracted from DNS and 

estimated by the PaSR model, for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The Chomiak approach ( Eq. (3) ) is considered for 
the evaluation of the chemical time scale τ c . 
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esults achieved by the PaSR model employing the
ynamic approach for τmix and the formation rate
ormulation for τ c ( Fig. 2 ). 

The comparison of the different formulations
f the PaSR model has proven that the mixing time
cale is the leading scale for the majority of the
nvestigated cases, with τmix < < τ c almost overall
or all the PaSR versions but the one that uses the
homiak formulation for τ c . The mixing time scale
etermines the residence time τ ∗ in Eq. (1) and thus
as a considerable impact on the predictions of 
he filtered chemical source terms. Overall, the best
erformances are achieved by the PaSR model em-
loying the formation rate approach for τ c and the
ynamic estimation of τmix , although the source
erms for the intermediate OH species are not well
aptured in the zones of low reactivity, possibly
ndermining the use of the mixing time of a non-
eacting scalar, such as the mixture fraction Z , for
the evaluation of τmix . Moreover, the performance
of this PaSR model version declines with larger
filter sizes (  ≥ 60) and this is inherently connected
with the magnitude of the dynamic mixing time
scale and how it compares with the distributions
of the species chemical time scales. The effect of 
the filter size on the PaSR model predictions is
reported in the Supplementary Material. 

An additional case, namely case BZ1 of Doan
et al. [26] , has also been investigated to further
validate the performances of the PaSR model that
employs the formation rate approach for τ c and
the dynamic formulation for τmix . Case BZ1 is con-
structed such that its mixing length is the same as
AZ1 but with a higher dilution level. Case BZ1 has
a lower maximum concentration of oxygen in the
DNS domain, i.e., 2% O 2 , and lower stoichiometric
and mean mixture fractions with respect to case
AZ1. Therefore, case BZ1 is chosen to investigate
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Fig. 7. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω, extracted from DNS and esti- 

mated by the PaSR model, for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The τ (m + 1) approach is considered for the evaluation 
of τ c . 

Fig. 8. Filtered heat release rates in the mid x–y plane for case BZ1: (a) extracted from the DNS data; (b) obtained by the 
PaSR model. The dynamic approach ( Eq. (7) ) is considered for τmix , whereas the formation rate approach ( Eq. (4) ) is used 
for τ c . 
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Fig. 9. Parity plots and contours of the joint PDF of the filtered chemical source terms ¯̇
 ω, extracted from DNS and 

estimated by the PaSR model, for: (a) CH 4 , (b) CO 2 , (c) CO, (d) OH. The dynamic approach ( Eq. (7) ) is considered for 
τmix , whereas the formation rate approach ( Eq. (4) ) is used for τ c . 
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he dilution effects on the PaSR model perfor-
ance. The DNS data of case BZ1 are filtered

sing a Gaussian filter size  = 30, corresponding
o a normalised filter width + = 0.25, same as for
ase AZ1. The contours of the heat release rate ¯̇

 Q
ltered from the DNS and estimated by the PaSR
odel are shown in Fig. 8 a and 8 b, respectively. Re-

ctions occur over a larger portion of the domain
ithin thicker and more convoluted zones with re-

pect to case AZ1. These reacting regions are once
gain well captured by the PaSR model. The filtered
NS species source terms and those obtained by
aSR are shown in the parity plots of Fig. 9 . As for
ase AZ1, the filtered source terms of CH 4 , CO 2 ,
O, and OH, are considered. The PaSR model
redicts the source terms of the main species satis-
actorily. Moreover, the estimation of the chemical
ource term of the intermediate species OH is
dequate. 
5. Conclusions 

The predictive capabilities of the Partially
Stirred Reactor (PaSR) model in MILD combus-
tion conditions have been a priori tested using
the DNS filtered heat release rate ¯̇

 Q and species
source terms ¯̇

 ω i . The comparison between the
filtered quantities extracted from the DNS data
and obtained from the PaSR model shows good
agreement for heat release and major species
formation/consumption rates, for the turbulence
and thermo-chemical conditions considered in this
study. The best results are achieved by the PaSR
formulation employing the dynamic approach
for the mixing time scale and the formation rate
estimation for the chemical time scale. For the
less diluted case, this PaSR formulation suffers
at capturing the filtered source term of the mi-
nor species OH in the zones of low reactivity.
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Although various characteristic timescale defi-
nitions are available, only the determination of 
the mixing time scale using the geometrical mean
definition allows to improve the estimation of the
filtered OH formation rate, although affecting the
predictions for the other species. The mixing time
scale is found to have the highest impact on the
predictions of the filtered reaction rates for the
investigated cases. The promising results of the
PaSR model are obtained for a relatively small
filter width, making the model appealing as SGS
closure for fine-grid LES. At larger filter widths,
the PaSR model loses accuracy, and future work
will focus on addressing the sources of modeling
bias via data-driven approaches and on validating
the PaSR model as a trusted SGS closure for LES
of industrial applications of MILD combustion. 
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