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ABSTRACT: We calculate the differential branching fraction, lepton forward-backward
asymmetry and direct CP asymmetry for By, — 400 decays with an energetic photon.
We employ factorization methods, which result in rigorous next-to-leading order predic-
tions in the strong coupling at leading power in the large-energy/heavy-quark expansion,
together with estimates of power corrections and a resonance parameterization of sub-
leading power form factors in the region of small lepton invariant mass ¢?. The Bjs — o/
decay shares features of the charged-current decay B, — ~fry, and the FCNC decays
B — K™®¢0. As in the former, the leading-power decay rates can be expressed in terms of
the B-meson light-cone distribution amplitude and short-distance factors. However, simi-
lar to B — K®)¢¢, four-quark and dipole operators contribute to the Bgs — 00 decay in
an essential way, limiting the calculation to ¢?> < 6 GeV? below the charmonium resonances
in the lepton invariant mass spectrum. A detailed analysis of the main observables and
theoretical uncertainties is presented.
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1 Introduction

The semileptonic flavour-changing neutral-current (FCNC) decays driven by the quark-

level transitions b — ¢ ¢/ with ¢ = d, s and ¢ = e, ju, T are important tests of the dynamics
of the quark and lepton sectors in the framework of the standard model (SM) and constitute

very sensitive probes of nonstandard effects.

The exclusive B — K ®) ¢ decays are experimentally most easily accessible due to their

comparatively sizeable branching fractions of O(107%). The angular distributions of their

three- and four-body final states are among the prime targets of LHCb and Belle II for

¢ = e, i, because they offer many CP-symmetric and CP-asymmetric observables. However,



the hadronic nonperturbative effects entering the theoretical treatment are complex ranging
from form factors to resonant contributions, preventing currently theoretical calculations
with percent accuracy. In contrast, the purely leptonic decays B, — 00 allow theoretical
control of hadronic effects at the percent level [1], because they depend — apart from
higher-order QED corrections [2, 3] — only on the B-meson decay constant, which can be
computed in QCD lattice calculations with sub-percent accuracy [4]. On the other hand
the helicity suppression of the two-body final state leads to tiny branching fractions of
O(107?) for £ = p, requiring huge data samples at LHC in order to perform measurements
with precision comparable to the prediction. Nevertheless this decay has been observed by
LHCb [5], CMS [6] and ATLAS [7] with a rate compatible with SM predictions.

Compared to the strong research activities on the aforementioned decay modes, the
radiative leptonic decays B, — ~00 have received relatively little attention. The additional
photon in the final state implies suppression by the electromagnetic coupling, but lifts the
very different helicity suppression for ¢ = e and ¢ = p present in B, — ¢0. The decay
rates of B, — 700 become comparable for the electron and muon final states and can be
almost O(1078) for ¢ = s [8-11]. Further, the angular distribution offers complementary
observables to test the short-distance couplings. So far there are no experimental studies of
the B, — 00 decays, which for small photon energies also constitute a background process
in the experimental analyses of B, — 00 in the dilepton-invariant mass side-band [5, 12, 13].

Besides testing the SM, the theoretical interest in B, — 400 also derives from the
structure of hadronic effects. The limit of large photon energy F., > Aqcp, where Aqcp
denotes the strong interaction scale, allows for a systematic treatment of nonperturbative
effects when adopting the framework of QCD factorization and soft-collinear effective the-
ory (SCET). As pointed out in [14], in this limit the leading nonperturbative corrections
become universal for the decays B, — v{vy, B, — vy and B, — 00, relating thus hadronic
effects in b — wlvy, b — ¢y and b — qll, respectively, and offering a programme for the
combined analysis of long- and short-distance quantities in these decays. Other approaches
are available in the literature relying on the B, — v form factor calculation with dispersive
methods and quark models [8, 9, 11, 15]. The case of very soft photons due to initial-state
radiation has been considered in the framework of heavy-hadron chiral perturbation theory
in [12].

The factorization programme has been carried out for B, — £y, starting within QCD
factorization (QCDF') [16, 17] and has then been extended to the two-step matching in
SCET [18, 19] at leading power (LP) in Aqcp/mw, including next-to-leading order (NLO)
radiative QCD corrections and resummation of the associated large logarithms. Next-to-
leading power (NLP) corrections at lowest order in QCD have been considered in [20],
studying the consequences for the form factor symmetry relation. The NLP corrections
have been scrutinized further with sum rule calculations [21-24].

The decay B; — ~00 appears as a hybrid of the charged-current decay B, — v{Dy,
which is driven by tree-level electroweak b — ufv, transitions and the FCNC decays B —
K™ 00, which receive contributions from semileptonic b — s + (7, EZ) as well as from
hadronic b — s + (g, ¢G) transitions. When the final-state photon carries large energy
relative to the strong interaction scale, the non-hadronic final state of the B, — ~00 decay



enables the calculation of the relevant form factors in terms of the B-meson light-cone
distribution amplitude (LCDA) at LP in an expansion in the energy of the photon, similar
to the decay B, — /v, [18, 19]. On the other hand, the contribution of b — sqq four-
quark operators to B, — ~00 introduces issues familiar from B — K®)¢¢ decay, such as
the presence of charmonium resonances in the ¢¢ invariant mass spectrum that limit the
applicability of factorization methods to this decay [25, 26].

Previous work on B, — vl [8-11, 27] has usually focused on providing theoretical
calculations of the (differential) decay rate in the entire kinematically allowed regions in
terms of B — ~* form factors. This approach inevitably requires some amount of the-
oretical modelling of the form factors, and neglects “non-factorizable” O(«y) corrections
from the b — sqq four-quark and chromomagnetic dipole operators, which are known to
be sizeable for B — K¢ decays [25].

In contrast, our focus is on the kinematically more restricted region of photon energy
E, > Aqcp, while making maximal use of factorization methods applicable in this limit.
We perform a SCET analysis of B, — v£¢ including O(a;s) QCD corrections at LP. We
further include local NLP corrections in O(a?) explicitly, whereas non-local NLP contri-
butions are parametrized following [20, 22]. The analysis is more involved for the FCNC
b — qtl transitions compared to the tree-level decay b — wli, due to the extended weak
operator basis (2.1). Parts of our analysis are related to earlier works on B, — ~{vy,
B, — vy and B — K"/ within QCDF [14, 25, 28] or SCET [18-20, 22]. The fac-
torization approach then allows us to express the decay amplitudes in terms of only the
B-meson light-cone distribution amplitude (LCDA) at LP in the heavy-quark/large-energy
expansion. The modelling of form factors is necessary only at sub-leading power in this
expansion. The result is expected to be valid for sufficiently broad bins in invariant mass ¢>
of the lepton pair below the charmonium resonances, ¢> < 6 GeVZ2, and above the narrow
light-meson resonances. The latter restriction arises, since estimates following [29] imply
that global duality is violated not only by charmonium, but also by the light-meson reso-
nances. In order to extend our calculations to observables local in ¢, we incorporate the
light-meson resonances in our model for the sub-leading power form factors, which confirms
the estimates of duality violation. This together with numerical cancellations of various
otherwise dominant leading-power effects leads us to conclude that theoretical predictions
of By — ~00 observables in the low-¢? region are plagued by large theoretical uncertainties.

The outline of the paper is as follows. In section 2 we detail the conventions for
the effective weak interaction Lagrangian and parametrize the B, — ~00 amplitude in
terms of hadronic tensors and the associated form factors. We employ a mix of QCD
factorization and SCET techniques to calculate in section 3 the hadronic tensors at LP
including O(a;) radiative corrections and the summation of logarithms, and at NLP in
O(a?). We next discuss issues related to the interpretation of the rescattering phase from
factorization, duality violation and resonances. We then parametrize the single NLP form
factor, which cannot be computed in factorization, and discuss the model that will be used
for the numerical analysis. Section 4 is devoted to a detailed discussion of the various
contributions to the B, — ~00 decay amplitude, which exhibits sizeable corrections and
cancellations in the ¢? region of interest. We show the differential branching fraction, lepton



forward-backward asymmetry and direct CP asymmetry as functions of ¢ and integrated
in various bins. We conclude in section 5. Further details on definitions, conventions,
final-state radiation and the B-meson LCDA are given in appendices.

2 B, — v££ amplitude

2.1 AB =1 effective theory

The low-energy effective theory of electroweak interactions in the SM for AB = 1 semilep-
tonic b — ¢l (¢ = d, s) decays is

6 10 () 2
. plo) Qem D Au 4 ¢ _ pu
Lot = N ;_1:0113. - ;—;CYZPZJFAS“ ;—1:@ (Pf—PY| +he..  (21)

We adopt the basis proposed in [30, 31] for the operators P;. The normalization factor

New = 2V2GF )\Eq) contains products of elements of the quark mixing matrix )\g]) = ViV,

for U = u, ¢,t. The term proportional to )\q&q) leads to tiny doubly Cabibbo-suppressed CP-

asymmetries in b — s transitions, but is not negligible in b — d transitions. The Wilson
coefficients C;(v) are evaluated at the hard scale v of the order of the b-quark mass my,
after renormalization group (RG) evolution [32, 33] from the electroweak scale. There are
four-quark operators, the so-called charged-current operators Pf;‘ and the QCD-penguin
operators P34 56. The remaining operators in the SM are the semileptonic operators

Py = [gy" Prb][y,4), Pro = [q7" Prb)[Eyust), (2.2)
with Pr,r = (1 75)/2 and the dipole operators

Py = _?[QUWPRZJ] Fu, Py =& [qo"” PRTb] G,

o2 0% (23)

where 7, is the running b-quark mass in the MS scheme at the scale v. The QED x QCD
covariant derivative is chosen as Dy1p = (8, — ieQyA, — igsT*GS ), following [25]," and
Q¢ = —1 for leptons, @, = +2/3, Qq = —1/3 for quarks.

2.2 B;— ~££ form factors

The transition amplitude for the decay of the B, meson is

A= Z(Bq — 766) = <’Y(k7 6) E(pf) Z(pi) "CeH|EQ(p)>7 (2'4)

where € is the polarization vector of the photon, and k its momentum, related to the
dilepton momentum g = p; + p; = p — k. When working to lowest non-vanishing order in

'The definitions of P7 s contain a minus sign, such that both Wilson coefficients C7 s < 0 are negative
in the SM.



the electromagnetic coupling e = €2/(47), but to all orders in QCD, the amplitude can
be written in the form

A =ie O;em Now €5 { E e {T’“’ (00)0,2|0) + 5’ /d4x etk (00Tt (), [476)(0 }|0>]
™
=1

+ Cho [Tfa" (00]E,750]0) + SO / d'z ™ (U T{j{ (x), [57”756](0)}|0>} }

:ie Now € {an [T LVV+LWS<>} +Cho [T{‘O LA,,+LWS<10>]} . (2:5)

where j)' = Q¢ {y"¢ denotes the leptonic electromagnetic current. The quantities 7" and
Sl(,i) define hadronic matrix elements, which encode all QCD effects at lowest non-vanishing
order in the electromagnetic interaction. The calculation of these hadronic tensors is one
of the main purposes of this work.

We briefly consider the terms involving Sl(,i). The structure of the purely leptonic
tensor multiplying these terms shows that they correspond to final-state radiation (FSR)
of the photon from the lepton-pair. The hadronic matrix elements Sy) are B-meson to
vacuum matrix elements, which must be proportional to the B-meson momentum p,.
The contraction of the vectorial leptonic tensor with p, vanishes, pl,L’{/V = 0, while the
corresponding contraction of the axi-vectorial leptonic tensor is proportional to the lepton
mass. The only non-vanishing FSR contribution is therefore due to Pig [34] and helicity-

suppressed. The QCD effects are entirely described by the B-meson decay constant, since

_ — {
S0 = (0lawPLb|Be(p)) = —5 fi,pv- (2:6)

The FSR contribution is tiny except in very small phase-space regions, and can be safely
neglected in the later numerical analysis. For further details on the FSR contribution we
refer to appendix B.

Our main concern are therefore the hadronic tensors T}, sometimes referred to as
structure-dependent (SD) contributions. The individual SD contributions of each operator
are contracted with the vector or axial-vector lepton currents

L) = (007" (s)10) = ap) 1) i), i = {;Z o D

The hadronic tensors T!"(k, ¢) are the correlation functions
[ = / d'z €™ (0| T{j} (x), [7" P b)(0)} By), i =9,10, (2.8)
125 = 250 [dte e O1T(if(0), (410" 0u PR b)) B,), 29)
1t = 250 [dse O[Ty (e), [ai0" ko Prb0)}By), (210
T = (47;)2/d41: d'y e* e (0| T{j} (x), % (y), Pi(0)}|By), i=1,...,6,8 (2.11)
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Figure 1. The three possible contractions (A-type left, B-type middle) of the four-quark operators
Py ¢ at O(aY). The insertion shown on the right is power-suppressed. The B-type insertion is
power-suppressed when g2 ~ m? but LP when ¢*> ~ E,Aqcp, myAqep. For the first two diagrams,
there exists a counterpart where the real/virtual photon is attached to the heavy-quark line (double
line), which, however, is power-suppressed. The external photon line with momentum k symbolizes
the electromagnetic current jjf (x) in the definition (2.11) of the hadronic tensor T/, the virtual
photon including its decay into the lepton-pair graphically represents the current j}‘ (y). The B,-
meson state is represented by its leading partonic constituents, a b-quark and a light anti-quark.

with the electromagnetic quark-current j? = 25Qy [fy*f]. Here f is summed over all
five active quark flavours. The hadronic tensors Téf 1o are time-ordered products of the
weak currents with the electromagnetic current in direct analogy with the charged-current
decay B, — ~y{p;. The contribution from Pr, T4 = T¢) + TI, has been split into the
part T4, which accounts for the emission of the final-state photon from the constituents
of the B-meson, and the part T+, where the on-shell photon is emitted directly from Py,
while the electromagnetic current produces the virtual photon with momentum ¢, which
decays into the lepton pair. Quite generally, we refer to these two different contributions
as A- and B-type, respectively.? Similarly, the hadronic tensors T{f " ¢ for the four-quark
operators contain A-type and B-type parts, depending on which of the two electromagnetic
currents is inserted into a B-meson constituent quark line, and further an annihilation-type
contribution, where neither of the on-shell and virtual photon is emitted from the initial-
state quarks. See figure 1 for the lowest order diagrams in «y representing these three
contributions.

The hadronic tensors T/ (k,q) can be parametrized in terms of scalar form factors.
Their number is determined by exploiting the Ward identities (e.g. [35]) that hold upon
contraction with k& and ¢,

kuTsﬂo = k7% = aTrp =0, (2.12)
kuﬂuyzqyz—’iuy:o, i:17...,6,8,

together with the algebraic relations k, Tty = ¢, 1%, = 0. The Ward identities and the
transversality of the on-shell photon, €* - kK = 0, which implies that u is a transverse index,

2In the case of B, — v [28] the off-shell photon is replaced by an on-shell photon and A- and B-type
contributions are equivalent.



lead to the Lorentz decomposition

T (k,q) = mlB [l (k- q) — q"k*) () = ) + i P quks (B + FR) |

= B, ¢ (B - 7)) +ieh (F) + FR)) (2.13)
which contains two helicity form factors F' S)R for each operator P;. We use the convention
o123 = —1,3 for definitions of ¢/” and &” we refer to appendix A.

Below we will employ QCD factorization techniques to factorize the hadronic matrix
elements T!"(k,q) and the corresponding form factors F, ,Ei) (h = L, R) for large photon
energy F, > Aqcp. In this limit the right-helicity form factors F' 1(;) are suppressed by
Aqcp/ E- compared to F]Ei) due to the left-handedness of the weak interaction and helicity-
conservation of QCD at high energy. One often defines vector F‘(/i) = FS) + F ](;) and
axial-vector FX) =F g) - F g ) form factors, hence the symmetry F‘(/i) = X) between the
transversity form factors holds at LP in the heavy-quark/large-energy expansion.

3 Factorization of form factors

QCD factorization can be applied to the hadronic process if the on-shell photon is very
energetic B, > Aqcp. It is most intuitive to work in the rest frame of the B, meson,
where the three-vectors k and q are back-to-back and the constituent b and g quarks of the
B, meson will have soft residual momenta of order Aqcp.

We introduce the four velocity v (v? = 1) of the B,-meson and a pair of light-like
vectors n_ and ny, with n?2 =n? =0, n_ny =2, v = (n_ 4+ ny)/2, such that

_’I’l+k
2

mp
 — qyn/i’ quzi‘l[ni_F(l—y)nli]_ (3.1)

Pt = mp, ", LM 5

The photon energy E., = (nik)/2 = (mQBq —¢*)/(2mp,). For later convenience we define
y=2E,/mp, with 0 <y <1— 4m?/ mQBq. We refer to momenta r with large component
nir = O(E,,myp) in the direction of n_ and small 72 as collinear. Anti-collinear momenta
have this property with n, < n_ interchanged. Hence the momentum k* of the on-shell
final-state photon is collinear. The nature of the lepton-pair or virtual photon momentum
q" depends on whether the real photon energy E. is close to its maximal kinematically
allowed value mp, /2, corresponding to y = 1. Since q2/m23q =1-2E,/mp, =1—y, we
consider two scalings for ¢?:

1) anti-hard-collinear (hc) ¢* ~ E,Aqep or myAqep, in which case the momentum g#
is dominated by its component proportional to the light-like vector n’fr, and

2) hard (h) ¢® ~ mg, in which case the photon energy is large, but y is not parametrically
close to 1 in the heavy-quark limit.

3Note the different convention £g123 = +1 in [20] for By — v{vq.
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Figure 2. The LP A-type and B-type insertions. The grey blob denotes the effective hard vertex
of the operators P s.

In practice, we will be interested in the region with the restriction to ¢ < 6GeV?, as
originally introduced for B — K®)¢¢ [25], to avoid the charmonium resonance region.
This upper limit lies somewhat in between these two scalings. We will construct the form
factors (2.13) in an expansion in powers of \2 = Aqcp/E5 or Agep/my,

F}Ei) = F}(Li’LP) + F}Ei7NLP) + O(a?, as)2, 2, h=L,R (3:2)

where the LP contribution includes the resummation of NLO radiative QCD corrections,
for which we employ SCET. The NLP contribution is included to LO in QCD. Our result
will be accurate to these orders for both possible scalings of ¢.

3.1 Form factors at LP

The SCET framework allows for a systematic decoupling of fluctuations with hard virtu-
alities of order mg in the matching QCD — SCET; and fluctuations with hard-collinear
virtualities of order E,Aqcp, mpAqep in the matching SCET; — SCETy. The SCET
framework at LP [18-20] can be directly applied to the semileptonic operators Py 19 and
there is no difference whether ¢> ~ hc or ¢*> ~ h. The factorization of the form factors of the
other operators i = 1,...,8, which admit A- and B-type contributions is more complicated,
and we provide the results below, together with some explanation of their derivation.

3.1.1 Effective hard vertex

We begin the discussion of the first matching step to SCET} by assuming that ¢? is hard and
the insertion is of the A-type. A LP contribution to the hadronic tensors T}" is obtained
only when the separation x between the electromagnetic current j? () and the operator

P;(0) is of order 1//E,Aqcp. In other words, the propagator joining the two vertices in
the left diagram of figure 2 must have hard-collinear virtuality, since a hard propagator
would lead to power-suppression. Integrating out the hard scale therefore results in an
effective flavour-changing vertex, represented by the grey circle in figure 2. The hadronic
tensors appearing in (2.5) are therefore matched to SCETT as follows:

9 9
> nCT =" CiHi(q?) /d4$ ek O|T{% scrr, (@) [@ney™ Prho](0)}Bg),  (3.3)
i1

=1

ClOTluoy = Cho HIO(QQ) /d4m eikz <O{T{j?, SCET; (x)a [th'YVLPth](O)HEtﬁ ) (3-4)



where H;(q?) denotes the hard matching coefficients, and the hadronic tensor for i = 7 is
T4 . All operators match to the same correlation function of the SCET] heavy-to-light
current gy,.v"+ Prh, and the representation of the SCET] electromagnetic current. In the
above equation the Wilson coefficients C; are evaluated at the scale v ~ my after evolving
them to v from the electroweak scale. The matching coefficients H; are determined at the
hard scale p5, ~ my in the matching QCD — SCETY}. In addition to ¢?, they depend on the
scale v through the ultraviolet divergences of the QCD diagrams, such that the dependence
on v cancels in the product C;(v)H;(v, up), as well as on the scale py through the infrared
divergences of the QCD diagrams. The uj-dependence cancels with the dependence on up,
of the SCET] correlation functions in (3.3), (3.4).

The O(as) corrections to the hard functions H;(g?) are identical to those for B —
K™l (see figure 2 in [25]). For the four-quark operators, they arise from two-loop di-
agrams. It is customary to absorb the four-quark operator contributions into effective
Wilson coeflicients of P;_g, and we follow this practice here. Hence we define

27y mp,

9
> CiHi(q®) = Vg (%) + —F Vet (%),
=1

Cho Hio(q?) = Vil (4),

where 77, denotes the MS-scheme b-quark mass at the scale v.* The effective hard functions

(3.5)

including the O(as) correction are then given by

(a)
off _ rveff (A0) _ Qs () | Au_ [a(Te) _ polTu)
Vit =5t O —M{Ol(Fchrqu)[Flc—Fl D (3.6)
C A’Sl/q) C u
+ OB+ S5 [F — F1Y] ) + G + Copeterms .
t
Vel = 5% PO — 22 oy (RO + e (7 — F] (3.7)
9 = Lg \q 1% Pt ! )\gq) 1 1 .

+ Cy (FQ(QC) + /\L {FQ(QC) - FQ(QU)} > + C’§HF8(9) + C’gg—terms] ,

I/leﬂ = CYo C‘(/AO), (38)

where we have suppressed all arguments ¢2, up, v. Here ay is evaluated at p,. The effective
Wilson coefficient combinations read as follows [30, 31]:

Cy 4 20 80
C—Cr— =2 - 0y — 05— —C 3.9
7 3 9 4 3 5 9 65 ( )
O = Cg+ C3 — éal +20C5 — %006, (3.10)
effy 2 2 )‘Slq) 4 2 2
CS) = Co V) = 565 (301 + ) (e 0) = b)) (1)
t

“Here ¢* denotes the momentum-transfer squared at the hard vertex, which coincides with the dilepton
invariant mass squared for the A-type contribution. For the B-type contributions considered below ¢ must
be substituted by k% = 0.



We use the definition of the function Y (¢?) from [25]. The function h(g?,m,) [31] depends
on the light quark masses m,, 4, which are set to zero, or the charm-quark pole mass m..
For the semileptonic operators and the parts from the four-quark operators contained
in the effective Wilson coefficients above, the NLO QCD corrections are contained in the
matching coefficients C‘(/AO) (¢?), C’:(Fim) (¢?) of the heavy-to-light (axial-) vector and tensor
QCD currents to the SCET| current Gp,.y"+ Prh, [36]. We use the notation of [37] and

provide the NLO expression here:

A as(pn)C
PP =1+ (ZzF (3.12)
_9 2
X(_21“277”%2+5lntqz—3 Zlnz—2L12(1—z)—7T—6)7
" 1—=2 12
A0 as(u)Cr
Cf; )(qz):1+(473 (3.13)
2
. (2lnmb_2IH2W+51DmBqZ—3lnz—2Li2(1—Z)—7T—6>,
v W I 12

with 2 = 1 —¢*/m},_, O = (NZ —1)/(2N.) = 4/3, and N, = 3 in QCD.

The NLO QCD corrections from the charged-current operators Pff 5 and Py are given by
Ff;uﬂqg%gc) (¢?) from [38-40] and F87 9(¢?) from [25, 39], respectively. The analogous correc-
tions from P34 5 ¢ labelled “C3_g-terms” in (3.6), (3.7) are suppressed by the small penguin-
operator Wilson coefficients and have been neglected here.® The terms proportional to Aq(tq)
in Vfig give rise to direct CP violation, which is doubly-Cabibbo suppressed for ¢ = s and
leads to tiny CP asymmetries, whereas for ¢ = d CP-violating effects can be larger.

To summarize the discussion up to this point, we note that the A-type contribution to
B, — ~v£¢ amplitude (2.5) after matching to SCET] at LP is obtained in the form

_ . Olem 2mymp
'AtypefA = 1€ ?NGW 6; { <V9eﬁ(q2) + Tq ‘/765((12)) Ly, + Vleoﬁ(QQ)LA,l/}
X /d433 ™ (0| T{4% sopr, (©), [@ney™ Prho](0)}[By) - (3.14)

The derivation of this result assumed that the lepton-pair virtuality is hard. When ¢? is
anti-hard-collinear, the structure of the result remains the same. However, the effective
vertices, which are functions of ¢%/ m%, could now be evaluated at ¢> = 0, since the ratio
q?/ mg is power-suppressed. More importantly, the effective vertex V7eﬁ(q2) becomes power-
enhanced due to the photon pole 1/¢?, relative to which ngflfO(QQ) should be dropped as
power-suppressed. This, however, results in a physically unacceptable approximation. For
example, making the same approximation for the exclusive B — K¢ decay, the lepton
forward-backward asymmetry would disappear and the predicted branching fractions and
angular distributions in the small-¢> region become unrealistic. The reason is that the
magnitude of the Wilson coefficients Cg 19 is about an order of magnitude larger than C7,
so that it is more appropriate to count Cg 19 ~ m% /q? x C7. In other words, the expansion
in 1/my, should be performed for the Cy 19 and C7 terms separately, and for each term the

®They are known only for ¢* = 0 [41].
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LP should be kept.® In the same spirit, no harm is done by keeping the ¢?-dependence
in the effective vertices also at small ¢?. In this way, one obtains a smooth interpolation
between hard and anti-hard-collinear ¢2, as (3.14) applies without modification to the anti-
hard-collinear, small-¢? region. This is also the procedure that has been adopted for the
exclusive B — K *)¢¢ [25], which forms the basis of the QCD phenomenology of this decay.

Another subtlety needs to be mentioned here. When ¢? is anti-hard-collinear, the ef-
fective hard vertices are no longer guaranteed to be dominated by hard virtualities. This
is obvious for the one-loop four-quark operator contribution shown in the left diagram of
figure 1, where the quark-loop is then purely anti-hard-collinear. At O(«y) the two-loop

F1(72u’7c’9u’96) contain hard and hard-collinear regions. It therefore

diagrams contributing to
appears that the previous treatment should be substantially modified, since only the hard
regions are integrated out in the first matching step to SCET|. However, the SCET] corre-
lation function in (3.14) is governed by (hard-)collinear physics. The anti-(hard-)collinear
and the (hard-)collinear sectors of SCETy are already decoupled after integrating out the
hard modes and performing the soft-decoupling transformation in SCET;. The soft Wilson
lines from the decoupling transformation cancel, as the anti-collinear final state is colour-
neutral, hence the existence of the anti-hard-collinear physics leaves no impact on the
remaining collinear and soft interactions. In consequence, when ¢? is anti-hard-collinear,
we may simply assume that the hard functions H;(q?) introduced above are in fact the
hard and anti-hard-collinear functions. In principle, these functions may therefore contain
formally large logarithms In ¢?/ mlz), which we cannot resum by not factorizing the hard and
anti-hard-collinear physics properly. However, the existence of the limit ¢> — 0 shows that
such logarithms are absent, at least at LP and O(«g). We note that the same discussion
applies to the standard treatment of the exclusive B — K ®)¢¢ mode, although we are not
aware of its explicit mentioning.

In addition to the A-type insertion, there is also a B-type contribution, see the right di-
agram of figure 2, in which the role of the real and virtual photon is interchanged. When ¢>
is anti-hard-collinear, the separation between the flavour-changing and electromagnetic cur-
rent is again of order 1/(E,Aqcp), and one obtains a LP contribution. Since the lepton-pair
originates from the electromagnetic current, there is no B-type contraction from the opera-
tor Py 19, and in fact no contribution from the corresponding effective vertices Vg‘fflfo. Hence

. 4mbEV

— . Oem e
Atype—B = 1€ e /\/'GW €y q2 V'?H(O)LVW
< [dta e O[T soum, () 1 PRJONBy) . (319

We note that the effective vertex VE(0) is now evaluated for k% = 0,7 and the Fourier
transform of the SCET] correlation function is taken with respect to ¢ rather than k.
The remarks above concerning the interpretation of the “hard” functions H;(¢*) when the
argument ¢° is anti-hard-collinear, apply to the present case k? = 0.

5In case of C§¥, one then counts Fé7,9)(q2) as C7 and Cg terms, respectively.
"To be precise, the definition now contains the hadronic tensor 7%y instead of 7%}, but with the factor
1/4¢° taken out, the result for V¥ is the same as (3.6).
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When ¢? is hard, the SCET] correlation function in (3.15) is not the correct expression,
since the distance = ~ 1/1/¢? is hard and should already have been integrated out in the
matching to SCET]. In other words, the propagator connecting the two currents in the
right diagram of figure 2 is far off-shell and should be contracted to a point, resulting in
a local operator rather than a SCETY correlation function. Also the vertex VF%(0) is not
necessarily the correct one in (3.15), since it was obtained by matching the flavour-changing
current with an on-shell out-going quark. On the other hand, the off-shell propagator
provides power suppression of the B-type contraction in the hard-¢? region relative to the
anti-hard-collinear one, such that B-type insertions are NLP effects for hard ¢?, for which
we aim only at O(a?) accuracy.

We now argue that within the approximation that we include only LO O(a?) contribu-
tions at NLP, the expression (3.15) can be used even when ¢ is hard. The B-type insertion
O(a?) diagram (the diagram corresponding to the middle diagram of figure 1 but with the
quark-loop replaced by the direct attachment of the photon to the flavour-changing vertex)
contains the expression

)

2—2q-1 (7", K] Prus(po) €;,(K) , (3.16)

where [ is the momentum of the spectator quark. The LP approximation in both ¢?
regions is obtained from keeping only the potentially large momentum components in the
numerator. For hard ¢? this includes (n4+q)~5. The important observation is that this
term vanishes, since j is transverse and £ = E,n_, hence 7 _ {y“i,ﬂf} = 0. Thus, the
previous equation simplifies to

v i(n_q)7ﬁ+

Us(l)7 q2 “9q-1

1 *

5 V", K] Prug(p) €,(F) (3.17)
in both ¢?-regions. Eq. (3.17) would be obtained from (3.15) in the anti-hard-collinear
q? region, which proves that we can smoothly extrapolate (3.15) into the hard region at

O(a?), in which case

n_q . 1
¢*—=2q-1  niq

Since we do not aim at O(as) accuracy at NLP, we can use (3.15) in the hard-collinear

(3.18)

and hard ¢? region, even if in the hard region the O(ay) correction to VEf(0) is not the
complete one at NLO in ag.
To summarize the first matching step, we obtain the LP B, — ~00 amplitude (2.5) in
the form
App = Itype—A + ztype—B ; (3.19)

where the two terms are given by (3.14), (3.15). The second step consists of matching the
SCET] correlation function in these terms to SCET; by integrating out the hard-collinear
modes. Before turning to this task in the following subsection, we mention that the same
correlation function appears for all operators P; from the electroweak effective Lagrangian.
The RG evolution from the hard to the hard-collinear scale is therefore universally related to
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the anomalous dimension of the LP AO-type SCET] heavy-to-light current gy,.y"* Prh, [36]
and equals the one that appears in the B, — /v, decay. We therefore have

VG2, tines v) = Unr(@% pnes pin) VS (q%, s v) - (3.20)

The RG equation for Ug (g2, fthe, ) and its solution to NLL® can be found in egs. (A.1)
and (A.3) of [20] with Ug(q?, tthe, pin) = Ul((m%q — ¢%)/(2mp,), th, fhe) in terms of the
evolution factor defined there.

3.1.2 Hard-collinear function

The matching of SCET; to SCET; amounts to integrating out the hard-collinear modes
in the SCET| correlation function

() = [dlae™ OT{] scpr, @), ey PLb)OYBy).  (321)

No new calculation is required in this step. For 72 = 0, it has first been explained and
computed to the one-loop order for B, — v¢i, in [18, 19]. The generalization to 72 # 0
needed here was worked out in [22].

We recall from [18] that the SCET] electromagnetic current j} gy, () relevant here
consists of two power-suppressed pieces

. 0 (1)
Jascer, () = ]q,SéETI (z) + ]q,SéETI (z)

=Y Qq [th (’Yﬁ L iDpet + iPpey ! ’Yﬁ) mth] (x)

in+DhC in+DhC 2

+ Qg [@u(z-) 7 ane(w)] (3.22)

with 2# = (nyz)n” /2. Here (and above) gn. = W&, is the hard-collinear quark field
multiplied by the QCD hard-collinear Wilson line. The second term on the right-hand
side describes the conversion of the soft spectator quark into a hard-collinear quark at the
photon vertex and counts as @(\?). The first term is only O(\) suppressed, but contributes
to the amplitude with an external soft quark only through the O(\) suppressed quark-gluon
vertex of the SCET Lagrangian, that converts a soft quark into a hard-collinear quark
through interaction with a hard-collinear gluon. This part of the current contributes to
the matching only from NLO in the a; expansion through hard-collinear gluon corrections
to the photon vertex.

With the hard-collinear physics at the scale EyAqcp, myAqep integrated out, the
remaining nonperturbative soft physics is parametrized at LP in the matching by the
leading-twist light-cone distribution amplitude of the B meson, ¢4 (w). The matching
equation reads

J(n-r,rtw)
—r2/n-r—i0t "

F 00
T () = (g iet) LB [T, () (3.23)

8The RG solution sums Sudakov double logarithms. In the literature on Sudakov resummation, the
approximation would be called “NNLL”.
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Since both cases will be needed, we employ the convention that n-r denotes the large com-
ponent nr, when 7 is a collinear momentum and n_r when it is anti-collinear.? Concretely,
for the A-type contribution, we need J(nik,0,w) with nyk = 2E,, while for the B-type
one the relevant function is J(n_g,¢* w) with n_q = mp, and ¢* = mp, (mp, — 2E,).

The scale-dependent quantities Fp,, J, ¢4 are assumed to be evaluated at the hard-
collinear scale ., and the scale argument has been omitted in (3.23). Their definitions
are as follows. The B-meson LCDA ¢, (w) [42, 43] is the Fourier transform of the HQET
matrix element

(0[g,(tn-) [tn—, 0] 9t _v5 ho(0) |B4(p)) = imp, Fp, /Ooodw e hi(w), (3.24)

where [tn_, 0] denotes a straight soft Wilson line connecting the light-like separated points
0 and tn_. It is customary to relate the HQET B-meson decay constant Fg, to the scale-
independent decay constant of full QCD fp_, introduced in (2.6), and use the latter as an
input. The relation is

Fa,(tthe) = U (ithes tn) K~ (pn) [, (3.25)
with )
—1/,) _ as(w)Cr (3. p*

K (u)=1+ — i (2 In - +2]. (3.26)

The RG evolution factor Up ! from lhe tO pp, can be obtained from the appendix of [20]
with the identification Uy 1(,uhc, pn) = Uy 1(,uh, Lhe) in terms of the evolution factor defined
there.

Finally, the hard-collinear matching function (“jet function”) reads [22]

2 2
2 asCr 2 H T
. su) =1 1 —— -1 2
J(n-rre w;p) + . {n A P (3.27)
= — 2 2
SCRRES Pt | PR K 43
w n-r —r? n-r(w—m-r)

with 7 -7 = r2/n - r. We note that the second line vanishes for > = 0. Hence for the
A-type insertions, the convolution J(w) ® ¢4 (w) in (3.23) can be expressed as

0 dw
| Z 08, 0w o) (3.28)
1 as()Cr (| 9 2E 1o (1) 2E 0 . (2) w2
= 1 1 _9 In 222H0 T
A5, (1) l T\ e T 2om i e ) =g

in terms of the inverse (Ap,) and the first two inverse-logarithmic moments (crgf))

n A, (1) |, Ho 0
ofw) = [ B ), o) =1 (3.29)

of the B-meson LCDA [20]. However, for the B-type insertions the expression is more
complicated and the entire function ¢, (w) must be known to evaluate the convolution
integral.

%In the latter case, which applies to the B-type contribution, exchange hc — hc and ny <> n_ in (3.22).

— 14 —



3.1.3 Final factorized form

Putting together (3.14), (3.15) and (3.23), we obtain the following compact result for the
LP B, — y{ amplitude (2.5):

— . Oem v QqFB
ALP = ZG?NeW u(gJ_ + K )Tq
2mpymp o mp  dw
g {(v;%?) + BV Ly + Vil } 52 [T 61 CE, 0,0)
q QE,Y 0
2mymap, J(mp,, ¢* w)
7‘/ 0)Ly, d . . 3.30
v / g+ (w w—q2/mBq—i0+ (3:30)

Note that the amplitude contains ¢/” + ic/” and not ¢/ — ie/”. From (2.13) this implies

FUM —o,  i=1,...,10, (3.31)

and the so-called form-factor-symmetry relation F‘(j) = FX) as a consequence of helicity
conservation in the heavy-quark and large-energy limit.

For completeness, we also give the left-handed form factors. For this purpose we define

Z Féi-eff,LP) _ 29: mC’iFS’LP), F}ElO-eff,LP) _ 7710010F£10’LP) (3.32)
i=7,9 i—
and find
plretir) qu’Bq 2m;;an { Jrof 2E770 w) (3.33)
(0) /0 Oodw b (@)= f;%gjfjm } ,
pieLP) quBq Vel (g mBq / dw ¢4 (w QE”O “) 910 (3.34)

We recover the result for B, — ~fvy [20] from (3.34), by setting C9 = 1 and C; = 0
otherwise.

3.2 Form factors at NLP

As for the case of B, — vfv; [20] we include NLP Aqcp/Ey, Aqep/my corrections to the
above B, — ~£¢ form factors, but we aim only at O(a?) accuracy at NLP. Such power
corrections arise from three sources:

e The coupling of the real or virtual photon to the heavy quark.

e Power corrections to the (anti-) hard-collinear light-quark propagator in the LP O(a?)
contributions, that is, power corrections to the SCET] correlation function (3.21) at
tree level.
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e Annihilation-type insertions of the four-quark operators, such that the real and the
virtual photon are attached to the quark loop, see the right diagram in figure 1.

The first two effects are also present in B,, — ~fvy. The chromomagnetic dipole operator
Ps can be ignored, since its insertions involve at least one power of as.

The NLP contributions from the semileptonic operators P; (i = 9,10) can be taken
directly from the B, — /v, calculation [20]:

Fg,NLP) _ ¢B, (2E7)’

pNLP) _ [B, (Qb By +Qq 5 ) (3.36)

(3.35)

4E

At NLP the right-helicity form factor is non-vanishing, but this “symmetry-breaking” con-
tribution (as it implies Fy, # F4) is local at O(a?). By this we mean that at this order
they can be expressed in terms of the B-meson decay constant. On the other hand, the
power correction to the left-helicity form factor cannot be factorized and is parametrized
by an unknown function, the “symmetry-preserving” soft form factor. We also refer to
these contributions as “non-local” power corrections. For ¢ = u relevant to B, — vy it
has been calculated with QCD sum rules [21, 22, 24]. The definition in (3.35) is such that
in the SU(3)-flavour symmetry limit of QCD &, = Qu/Qu X B, (¢ = d, s) is related to
the one introduced in [20] for B,, — v¢v, simply by the ratio of the electric charges of the
spectator quarks. We remark that we consistently set the strange-quark mass to zero in
our analysis, which would otherwise give my/(2E,) corrections to the above expressions.
The NLP contributions of P; from the A-type insertion are

A - TR (e () + Qi ), (331)
’Y

my fB,

(2E)?"

We note that the emission of the photon from the heavy quark is symmetry-preserving for

F(?A NLP) -0, (3.38)

P;. For the B-type insertion of P; we find

e - T () o) o
FUPNER) _ g (3.40)

The parameterization of the NLP B-type insertion requires another soft form factor
3 B,(E,). The SCET] correlation function (3.21) can be considered as a function of n-r and
72, where n - 7 is the large component of the (anti-)collinear momentum r. To parametrize
the NLP correction, we may introduce the soft form factor (p,(n - 7, r?) of two variables.
Similar to the general hard-collinear function J(n - 7,72, w) in (3.23), the soft-form factors
n (3.37), (3.39) are then the special cases

¢p,(Ey) = Cp,(2E,,0),  &p,(Ey) = Cp,(mp,, mp,(mp, — 2E,)). (3.41)
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Figure 3. Annihilation-type one-loop diagrams with insertions of the four-quark operators
Pl(jé’c), P;5_g. The operator insertion is depicted by black squares. The @) stands for the five quark
flavours u, d, s, ¢, b.

The effect of the four-quark operators at O(a?) is two-fold. First, the NLP terms from
the left and middle diagram of figure 1 replace C7 and Cy multiplying F’ gﬁ NLP), F gg NLP)

f(9.NLP)
L,R
agram in figure 1), which appear only at NLP, and must be computed separately. The com-

plete set of such diagrams is depicted in figure 3. Contributions of this type were computed
for the case of two real photons, By — v in [28]. The authors of this paper also showed
that no infrared singularities appear in the two-loop O(as) corrections to these diagrams,

)

above by C’?H and C‘gﬁ. Second, they allow annihilation-type contractions (right di-

hence allowing for a quantitative interpretation of the lowest-order one-loop diagrams.

We computed the one-loop annihilation contribution for the B, — ~00 situation of
one virtual and one real photon attached to the quark loop. As expected, the result is
local such that the nonperturbative hadronic physics can be expressed in terms of fp,. We
express the result in the form

2
PP Z CEERE = "B I ) 2 ). (3.42)
q v

where the minus (plus) sign refers to L (R). The functions fy 4(y) read

)-
9 /\1(L) )\1(;1)
fv(y) = Qy (CrC1 + C2) <1 + NG )> [y + 22. ACy(2c, )] — @ Yy
t t
+2Q3(CrCy+C3) [y + > (2g — v/Zq) ACo(zq, )]
q=b,s
+8Q5 (CrCs + Cs) [4y + Y (424 — /Z9) ACo(2, )]
q=b,s
+ 12NCC5 Z QzQ [y + 2ZQ ACU(ZQ7 y)} ) (343)
Q
faly) = Q3 [CF(C4 +4Cs) + C3 + 4C5]
X Z *[4y + 2(424 — y) ACo (24, y) — 4(1 — y) ABo(24,9)] - (3.44)
q=b,s

Here y = 2E, /mp, as before. We further introduced the mass ratio zg = m2Q / mQBq, where
Q@ = u,d,s,c, b denotes the various quark flavours. In the numerical evaluation we set

my, = mgq = ms = 0. The contribution from Py, is included in fy(y) through the second
(

term proportional to )\uq). The loop functions are

A =B (1) B (). AGw=a(3)-a(TY), @)

z
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with

4 1 1
By(z) =24/ — — larctan | —— | — 2, Co(z) = —2arctan® [ — | . (3.46)
x 4_ 4_ 1

x T

Numerically, we find |f4] < 0.05|fy| for ¢*> < 8 GeV?, such that approximately Fglq’NLP) ~~

F}(%4q,NLP)'

3.3 Discontinuity, duality and validity of the factorization approach

To proceed to the numerical predictions for the B, — ~00 decay rates, we need a model
for the generalized soft form factor (g, (n - 7, r2), or the two single-variable form factors
n (3.41). The form factor g, (E,) = (B,(2E,,0) that appears in A-type contributions
could be computed with QCD sum rules as for B, — vfiy, for which sophisticated results
including radiative corrections and higher-twist effects already exist [21-24]. This method
applies to the transition to a real photon or a photon with Euclidean virtuality k2 < 0, but
not to the case ¢* = mp, (mp, — 2E,) relevant to ng(Ev) = (B,(mB,, mp,(mp, — 2E,))
in the B-type contribution. This form factor develops an imaginary part and resonances,
which cannot be fully described with large-energy factorization methods. In the following
we provide some general considerations on the factorization calculation of B — ~* form
factors in the physical region ¢ > 0. We take note of a recent computation of these form
factors with QCD sum rules [44], which however applies to larger ¢ than of interest here.

We first note that the B, — 700 decay amplitude contains a discontinuity already at
LP from two sources. First, in the A-type contribution from X/ﬁg(qQ), in lowest order given
by the cut through the quark loop in the left-most diagram of figure 1. This discontinuity
is similar to the one for B, — V¢¢ and its implications for short-distance and factorization
calculations are well understood. For the b — s transition it leads to prominent charmo-
nium resonances in the g?-spectrum and large global parton-hadron duality violation for
integrated or binned spectra, which limit the short-distance calculation to ¢> < 6 GeV2.
On the other hand, the light-meson resonances related to light-quark loops cause negligible
amounts of parton-hadron duality violation when sufficiently wide bins in ¢? are consid-
ered, as explained in [29]. The second source of a discontinuity appears in the B-type
contribution from real intermediate states in the correlation function 7 (q) (3.21) in the
physical region ¢ > 0 (see right diagram in figure 2). In the following we are concerned
with this discontinuity.

From (3.30) or (3.33) we obtain

1 g Fg, 2m, q*/mp 1 J N
— disc F’ g ofLLP) QoFp, 270 mBq eff / dwq ¢+ (w) — disc (mp,,¢",w)
2i 2 2i w—q?/mp, —i0*F
Q FB 2 my mB
~ q2 a 2 0 )¢+(W*)|w*:q2/m3q , (3.47)

where we used that the discontinuity is restricted to w < ¢%/m B, to set the upper integra-
tion limit. The second line holds in the tree-level approximation J(mp,, ¢?,w) = 1. Since
¢4 (w) o w for w — 0, the discontinuity survives as ¢ — 0, but is negligible relative to
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the real part of Fg'eH’LP)

must be interpreted as dual to a large number of continuum hadronic intermediate states

, which develops the photon pole. This partonic discontinuity

in the sense of parton-hadron duality. When ¢ ~ E,Aqcp is hard-collinear or larger, this
is certainly the case, since the invariant mass of the hadronic intermediate state becomes
parametrically large in the heavy-quark/large-energy limit. On the other hand, for small
g~ A(Qgcm the partonic discontinuity becomes unreliable. Note however, that it also be-
comes power-suppressed, since wy ~ A(ZQCD /mp when g2 ~ A(Qgcm hence ¢4 (wy) ~ 1/my as
opposed to ¢4 (wx) ~ 1/Aqcp for hard-collinear ¢>. In reality, these parametric estimates
do not work well. For example, when ¢2 ~ m?b

counts as Aqcp, but w, ~ 200 MeV is closer to the QCD scale Aqcp than to A(QQCD/mb.

is near the ¢ meson resonance, mgy formally

We next compare the leading-power B-type contribution Xtype,B defined in (3.15)
to the amplitude generated by saturating the hadronic tensor with a single vector res-
onance V of mass my and width I'y. Employing a standard spectral representation of
T¢5 (K, q) (2.10), we obtain

By—V
— . Qem mp 4mbE'y CVfVmVTl / (0)
Ares = —ie . New €, (¢ +ie"”) 5 . 2 VL) Ly, w? —imy Ty — (3.48)

The vector meson decay constant and B — V transition form factors are defined by

0|gvq|V (1, €)) = ial? f P my e (p') (3.49)

and
(V(p,e")|go" q,b| B, p>=—2 DV (@) errer et p ol (3.50)
V(') |0 3500 By (p)) = (=) aif) T3~ (¢?) [(m, — m¥) e — (" q) (" + p*)]

+ (=) agfq) T??qﬁv((f) (€ - q) [qu - m2q7_m2(pu +p'")
By v

respectively, with ¢ = p — p/. The factor aﬁf) arises from the quark flavour wave function

of the resonance. For the cases of interest below — the ¢, p and w mesons — the non-
vanishing constants are a((;) =1, (u) = (d) = 1/v/2, and al) = ol = 1/v/2. The
constant cy in (3.48) collects these ﬂavour factors as well as the electric charges from the
matrix element (0| j? |V (g,¢)) of the electromagnetic current,

ev =al? Y alfQ;. (3.51)
f=u,d,s
with values —1/3,—1/2,1/6 for V = ¢, p, w. We further used T5(0) = 71(0) to obtain (3.48).
Eq. (3.48) should be compared to the first and last line of (3.30). Hence, we obtain the
resonant amplitude from the LP B-type amplitude by the substitution

%/demw J(mp,, ¢*,w) . _CvamleBﬁV(O). (3.52)

w—q2/mBq—iO+ m%/—imvrv—(ﬂ
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With Fp, ~ A3/2D/ml/2 and TBqﬁV(O) ~ (Aqcp/my)?/?, we find that the resonant am-
plitude is suppressed by (Aqcp/mp)? in the heavy-quark limit when ¢? is hard-collinear
and by A(QQCD /(mp'y ) in the resonance region. This suggests that we can add the resonant
amplitude to the parameterization of the soft form factor (g, (n - q,¢%) without double
counting of part of the short-distance contributions, since they are formally of lower order
in the heavy-quark expansion.!'®

In order to address the question whether global duality is violated by the presence of

resonances, we consider the ratio

qmax dF Tax drtype B
R= ¢ —= / / dg®? =L 3.53
/ g LY (3.53)

min

of differential decay rates in a ¢?-bin. Since we are only interested in an O(1) estimate,
we evaluate the resonance contribution in the narrow-width approximation, and the short-
distance contribution in the tree-level approximation J = 1 for the hard-collinear function.
We define the complex, q2—dependent inverse moment

/ o 6 (w LR (3.54)

)\B —¢*/mp, —i0F

q

of the B-meson LCDA, and obtain

B,—V 3/2
Az,

-1

myTvQiFg, 2 @ my, ()]
B,V 2
- CV)\Bqu a (0) f‘z/ 1
~ 4w X X — (3.55)
QqFB, myly  In Ggax

min

provided m? € [¢2ins @2ax)- The second line is obtained upon neglecting the ¢?-dependence
of A\ Bq(q2), and neglecting ¢/ mQBq in the integrand. The above estimate allows us to draw
a number of important conclusions:

e Since the resonance is localized while the short-distance amplitude is smooth, we
would have expected the ratio to decrease as 1/¢2,,, with the width of the integration
interval for ¢2,. > ¢2;,- Instead the impact of the resonance on the integrated
decay spectrum decreases only logarithmically. This behaviour appears because the
amplitude shows the photon-pole 1/¢? enhancement.

e In the large-energy/heavy-quark limit R ~ (Aqcp/mp)?, counting I'v ~ Aqep; as
expected the resonance is a sub-leading power correction. However, R can be strongly
enhanced for narrow resonances. In [29] this mechanism has been identified as the
source of large global duality violation for the inclusive B — X 00 decay. Here we
find (with parameters as specified in section 4 and omitting the bin-size dependent

"The counting for the ratio of the imaginary parts is Aqcp/T'v in the resonance region. As mentioned
above, the imaginary part of the left-hand side of (3.52) is suppressed for small ¢>. The real part is
dominated by the subtraction constant in a once-subtracted dispersion relation.
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logarithm in this estimate) R ~ 57 for the ¢ resonance contribution to By — 00, and
R ~ 2.8 and 3.9 for the p and w meson contribution, respectively, to By — v¢¢. Hence
we conclude that global duality is violated by a large factor in By decay due to the
narrow width of the ¢ meson, and there is still an O(1) contribution from the p and w
resonance for the B, case. The short-distance contribution is only dominant, if the ¢
bin of dI'/dg? does not include the resonance and is sufficiently in the hard-collinear
region.

e Eq. (3.55) is similar to eq. (44) of [29], except that the factor fZ/m3 there is replaced
by ()\]E;LITIB‘IAV(0)/FBq)2 here. The first factor arises from the production of the
resonance from a local current, while here the resonance arises from the transition
from an extended B, meson. Although both ratios scale as (Aqcp/mp)? in the heavy-
quark limit, the second is larger by nearly two orders of magnitude, since the Bg-
meson form factors and decay constant do not satisfy the heavy-quark mass scaling
at my ~ 5 GeV. This explains why the p resonance makes a negligible contribution
for the inclusive B — X /¢ transition discussed in [29], but is O(1) for By — ~v/£.

Since the prominent lowest-mass resonance(s) may dominate any bin of the ¢2-distribution,
which contains them, in particular for By — ~v£¢, the short-distance calculation is valid only
in a small ¢? region from approximately 2 GeV? to about 6 GeV? below the charmonium
resonances. To extend the theoretical prediction to smaller ¢, we propose an ansatz for
the soft NLP form factor that includes the lowest resonance(s). From the above discussion
we deduce that this can be done without double counting, but the ansatz departs from the
rigour of the short-distance calculation.

3.4 Ansatz for the soft NLP form factor

The form factors ¢, (E.,), ng (Ey) are suppressed by a single power of Aqcp/E, in the
large-energy /heavy-quark limit. As mentioned above we add to these form factors a res-
onance contribution, which is formally suppressed by another power, to extend the local
description of the ¢? spectrum into the low-¢? region. We further draw on the observation
from [24] that the power-suppressed soft form-factor contribution tends to have opposite
sign to the leading-power contribution. We therefore subtract from &g, (E,), 3 B, (E,) the
leading-power contribution in the tree approximation multiplied by a parameter rip, which
formally scales as Aqcp/E and for which we adopt the value rp = 0.2 £ 0.2. This leads
to the ansatz

2ev fv . By—V, 9 QqFB, mp
E.) = § T — —_— 1 1 3.56
ng( "/) = my 1 (q ) TLp X )\Bq 2E»7 5 ( )
= 2cymy fv By—V Q.FB
E.,) = , TEV(0) = ppp x 4 Ba 3.57
£8,(E5) Evrm%/—zmvl“v —Zh (0) —rrp Ao, (&) (3.57)

where A\g, = A, (¢?> = 0) is the standard ¢*-independent inverse moment of the B-meson
LCDA. The first term in each expression involves the tensor form factor TIB qﬁv(q2) of
B, — V transitions, for which we will employ the combination of LCSR and lattice results
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from [45] in the numerical evaluation below. For the form factor {p, (E.,), which appears
in the A-type contribution, QCD sum rule calculations [21-24] exist including radiative
corrections and higher-twist effects. However, for a coherent approximation of both types of
form factors, we choose the same ansatz here. The two expressions above can be considered
as special cases of the same resonance+factorization ansatz for the generalized soft form
factor (g, (n -7, r2). We also remark that the tensor form factor literally appears only for
the 7A contribution to Fy. For i = 9,10, the vector and axial-vector form factors would
appear. However, all these form factors reduce to the universal, transverse vector meson
form factor fijﬂv(q2) when radiative and power corrections are neglected [43, 46]. Within
this approximation, it is consistent to use TlB =V (¢?) everywhere instead of ﬁfqﬁv(qz).
By default we only include the ¢(1020) resonance in case of the By — v£¢ decay. The
higher ss resonances have large masses and we assume that they can be subsumed in binned
averages of the short-distance contribution.!' For the By — v£¢ decay, we include V = p, w.

4 Phenomenological analysis

The phenomenological analysis of B, — 700 for ¢ = s,d and £ = e, u will use the results of
the form factors presented in the previous section. The systematic factorization leads to a
reduction of renormalization scheme dependencies when including NLO QCD corrections
to the LP contribution. Further, the NLP contributions allow to study the breaking of
the form factor symmetry and provide estimates of nonperturbative resonant and nonres-
onant contributions in the large-energy limit, i.e. the low-¢? region. Many features of the
factorization approach can be investigated at the level of amplitudes, for which we refer
to section 4.1. The observables of phenomenological interest and our final results will be
presented in section 4.2.

The numerical values of the SM and hadronic parameters, which will be used in the
analysis, are collected in table 1. The strong coupling as () in the MS scheme is calculated
from as(mz) with ny = 5 using three-loop evolution, including quark flavour threshold
crossings at the scale py = pyp, (transition to ny =4) and p3 = 1.2GeV (ny = 3). The Wil-
son coeflicients C; of the weak EFT are calculated at the electroweak matching scale py =
160 GeV and then evolved with the required accuracy (following [32, 33]) to the scale v that
we equate to the hard factorization scale yy, in the ny = 5 theory. Their values at the cen-
tral scale v = pj, = 5.0GeV are CNME = (—0.294, 1.004, —0.004, —0.081, 0.0003, 0.0009);
fori=1,...,6, CS?NU — _0.303, g™ = —0.136, CYNEE = 4.327 and CNNML = —4.262.
The central value of the hard-collinear scale is set to pp. = 1.5 GeV. The RG resummation
in SCET} between pj, and ppe is done in the ny = 4 theory, see Upy in (3.20) and Ur
in (3.25). The same holds for the factor as(ppne) in the NLO QCD correction to the jet
function in (3.27).

The bottom- and charm-quark masses, which enter the one- and two-loop matrix
elements of the four-quark operators Pj g through the hard functions in (3.6), (3.7)
and (3.11), are usually chosen to be the pole masses. The pole masses suffer from large

A comparison to including the ¢(1680) and ¢(2170) resonances explicitly will be done in the analysis
section.
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Parameter Value Ref. Parameter Value Ref.

Gr 1.166379 - 1075 GeV—2  [47] my 91.1876(21) GeV  [47]

ol (my) 0.1181(11) [47] my, 105.658... MeV  [47]

all(v=5.0GeV)  1/132.18 mPs 172.4(7) GeV 47
( ) / ¢

Ty (77 4.198(12) GeV [48] (3 GeV) 0.988(7) GeV (48]

miS(uy =2.0GeV)  4.527001 GeV [49, 50] | mES(uy = 1.0GeV)  1.39(5) GeV

mg, 5366.88(17) MeV [47] mg, 5279.64(13) MeV  [47]

B, 230.3(1.3) MeV [48] I8, 190.0(1.3) MeV  [48]

TB, 1.527(11) ps [47] B, 1.519(4) ps [47]

A, (10) 400(150) MeV Mg, (ko) 350(150) MeV

55 (o) 0.0(0.7) 24) | 55 (o) 0.0(0.7) [24

A 0.22650(48) [47] P 0.14175:018

A 0.79075:01% 7 0.357(11)

Table 1. Numerical input values for parameters. The values of the bottom- and charm-quark
masses in the MS scheme are averages of Ny = 2+ 1+ 1 lattice determinations from the FLAG
group from [51-55] and [51, 55-58]. The Bg-meson decay constants fp, are averages from the
FLAG group for Ny =2+ 1+ 1 from [4, 53, 59, 60]. The combinations of CKM parameters have
been determined from [61] for PDG 2020, which are very similar to [62]. The reference scale for the
B-meson LCDA parameters Ap,_, 85313 is po = 1 GeV.

uncertainties because the conversion from the very precisely known MS masses to the pole
scheme does not converge when using one-, two, or three-loop expressions. For exam-
ple we obtain m{S = 4.80(*13) GeV and mOS = 1.67(73]) GeV from the corresponding
MS-values in table 1 with two-loop expressions and an uncertainty spanned by using one-
and three-loop ones. On the other hand, the MS masses are also not appropriate here,
at least for the charm quark, since the hard functions then exhibit imaginary parts from
unphysically small values of 4m2. A good compromise is the potential-subtracted (PS)
renormalization scheme [63], since the PS mass has a well-behaved relation to the MS mass
while being numerically closer to the physical thresholds. We therefore use the PS masses
as parameters and perform the scheme conversion of the hard functions from the pole to
the PS scheme for the masses. In practice, this has to be done only for the charm mass,
such that the NLO corrections F1(?26) [38] acquire an additional term from the change of
scheme of m. in C§T(¢?). The bottom PS mass is then also used in the matching coeffi-
cient (3.26), (3.12), (3.13), (3.43), and (3.44).

We shall see below that the parameters of the B-meson LCDA cause by far the largest
theoretical uncertainty from input parameters. This is not surprising, since the related
charged current process B, — <fvy is usually advocated as a measurement of Ap, ~
AB,. While Ap, may therefore be known more precisely in the future, there is no obvious
measurement of Ap,. There also do not exist studies of SU(3) breaking for this quantity,
which requires us to make an educated guess. The value assumed in table 1 is obtained
from the fact that the B-meson LCDA represents the distribution of light-cone momentum
of the light-quark in the meson. A quark with larger mass is expected to have a larger

~ 93 -



light-cone momentum on average. More details on the treatment of the B-meson LCDA
in this analysis are provided in appendix C.

If not stated otherwise, below we provide results for ¢ = s and £ = u, because By — ~ypuji
is experimentally most easily accessible at LHCb.

4.1 B, — ~£€ amplitude

The By — ~00 amplitude can be the parametrized in terms of four helicity amplitudes,
7§ eg_aem]\/- E * ny . _uv j — j —
A(By — 410 = i~ = Now Eve, | (g1 + ") (Arvlino] + Apafimnasv))

u o (4.1)
— (g — i) (Anv [090] + Aralinysvl) |

where V and A refer to the vector and axial-vector chirality structure of the lepton currents,
respectively. With the aid of (2.5) and (2.13) the helicity amplitudes are given by

9 ) —
Ay =Y nCiFY, Apa=CwF'",  h=1L,R (4.2)
i=1

with LP and NLP contributions according to (3.2). The axial-vector amplitudes A4
depend only on a single Wilson coefficient, C1g. The transversity amplitudes

1 ( 1
V2 V2

have definite CP transformation properties facilitating the analysis of the time-dependence

zLx = Apy + sz) ) ZHX = (XLX — sz) , x=V,A, (4.3)

in neutral B-meson decays. The amplitude of the CP-conjugated decay A(B, — v¢{) is
given by replacing in (4.1)

jLX s —¢Bq Ay g — g7, Z”X — +eBq AHX[Q — g%, (4.4)

with all complex-valued fundamental couplings g (Wilson coefficients and CKM elements)
complex conjugated. The dependence on the phase of the CP transformation C77|§q> =
€84 |By) of the By-meson state will cancel in observables.

4.1.1 Amplitudes at LP

We start with the LP contributions to the amplitudes Ay and Ap4. (Recall that Agy =
Agra = 0 at LP.) In the evaluation of the LP amplitude (3.30) we drop systematically
higher-order terms in o than NLO. This concerns the weak-EFT Wilson coefficients, the
hard functions and the SCET; evolution matrix Ug (pn, ptre) in (3.20), the static HQET
decay constant Fg_(f4e) in (3.25), and the convolution of the jet function with the B-meson
LCDA ¢4 (w; pipe). Schematically, the NLO correction reads

F-V-Tlyo ~ FO-vO. 70 4 pO.y®). 70 4 pO . yO. 70 (4.5)

where each quantity X = X(© + X1 4 O(a?) is expanded in a at its corresponding scale.
In case of the evolution factors U, “(9” means LL instead of NLL.
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Previous studies of B — (X, K, K*) 4 £0 [25, 26, 38, 39] have shown that NLO
QCD corrections to these decays are sizeable, especially from the four-quark operators
Pf,. Including them leads to a significant reduction of the hard renormalization scale
uncertainty. We therefore first look at the scale uncertainties at LO and NLO of our
calculation of the B, — 00 mode. Here the LO approximation also implies only LL
evolution in Uy and U, and the omission of O(«;) corrections to the hard and jet functions.

The reduction of the dependence on u;, = {2.5, 5.0, 10.0} GeV upon going from LO to
NLO is shown in figure 4 for Ay and Ar 4. The NLO QCD corrections are sizeable for V;,eff
and Vfoff, where LO and NLO scale uncertainty bands do not overlap. These corrections
have been neglected in previous predictions of B, — v00. Whereas A4 is real-valued
and slowly varying over ¢> € [4m?, 8.0] GeV?, Apy has a sizeable imaginary part already
at LO QCD because of the B-type contribution ¢ = 7Beff, in contradistinction to the
decays B — (X, K, K*) + £, where such contributions are suppressed by the small QCD-
penguin coefficients.'?> Further, Re(Ary) is dominated for ¢*> < 2GeV? by the photon
pole in ¢ = TAeff, 7Beff, which interferes destructively with the ¢ = 9eff contribution for
¢> 2 2GeV? and leads to a zero crossing around ¢Z =~ (3.0 — 3.5) GeV?. The zero crossing
is responsible for the sign flip of the lepton forward-backward asymmetry Apg(q?), see
section 4.2. NLO QCD corrections shift ¢3 to slightly larger values and reduce the -
dependence. Moreover, in the g?-region of the zero-crossing of the LP contribution, the
total amplitude is also very sensitive to NLP corrections, see section 4.1.2.

The dependence of Ap,, on the hard-collinear scale jup, is also shown in figure 4, varying
pre = {1.0, 1.5, 2.0} GeV. Also here a reduction of the scale uncertainty can be observed
after including the NLO QCD corrections. Compared to the uj dependence, the residual
pne dependence at NLO is smaller in Ay and slightly larger in Aj 4, but both scale
dependencies are small compared to other theoretical uncertainties.

The charm-quark pair threshold causes a divergence of Ay in figure 4 at ¢ =
4(mF®)? ~ 7.73 GeV? from the two-loop matrix elements of PY 5, which signals a breakdown
of factorization and restricts us to ¢ < 6 GeV?. The uncertainties due to the charm-quark
mass on Re Ay (Im Ay ) for ¢ < 6 GeV? are at most 1.0% (2.0%) in the PS scheme. Note
that the physical threshold is at ¢% = m% o > 4(mfs)2. One might therefore be tempted
to adopt the pole scheme for the charm-quark mass, in which case the partonic threshold
divergence occurs closer to the physical threshold. However, we find that the uncertainty
on ReAry (Im Azy) from me for ¢*> < 6GeV? is 5.0% (5.0%) in the pole scheme, much
larger than in the PS scheme, due to the larger uncertainty in the mass value.

The variation of the bottom-quark mass shows that for ¢> < 6 GeV? the uncertainty
on Re Ay (Im Ay ) is less than 0.1% (0.3%) in the PS scheme and less than 0.3% (1.0%)
in the pole scheme, and similarly for Re Ay 4.

As already mentioned, a strong dependence of Az, (x = V,A) on the first inverse
moment Ap, of the B-meson LCDA ¢, (w) should be expected, which is shown in figure 5.
It represents the largest uncertainty compared to the tiny pp and the pp. uncertainties, and

1211 the case of charged b — ¢ decays also charged-current operators Py’; contribute to these so-called
weak annihilation contributions [25, 26]. They are CKM suppressed for ¢ = s, but not negligible for ¢ = d,
as for example in BT — M0, M = p, [26, 64].
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Figure 4. The py, [left] and pp. [right] dependence of the helicity amplitudes Re Az [upper],
Im Ary [middle] and Aza [lower] at LP. The variation of u; = {2.5, 5.0, 10.0} GeV and pp. =
{1.0, 1.5, 2.0} GeV [dotted, solid, dashed] leads to the grey bands at LO QCD [lighter] and NLO
QCD [darker]. The individual contributions i = 74, 78,9 |blue, red, green] are shown for A7y .
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Figure 5. The Ap_ [left] and 35313) [right] dependence of the helicity amplitudes Re Ay [upper],
Im Ary [middle] and Ay [lower] at LP. The variation of Ag, = (0.40 + 0.15) GeV and 35313 =
(0.0£0.7) [dotted, solid, dashed] leads to the grey bands. The individual contributions i = 7A, 7B, 9

[blue, red, green| are also shown for Ary .

— 97 -



also affects the location of the zero-crossing q% of Re Ary. To estimate the further model-
dependence on the B-meson LCDA, we vary also the first (hatted) logarithmic moment
Ggs) = (0.0 £ 0.7), as described in more detail in appendix C. The uncertainty due to ng
is rather large for the contribution of ¢ = 7Beff, but overall small compared to the Ap,

uncertainty.

4.1.2 Amplitudes at NLP

The NLP corrections to the amplitudes are due to local and nonlocal A-type and B-type,
as well as the local four-quark contributions in (3.42), see section 3.2 and figure 3.

The local and nonlocal A-type NLP contributions to Ay, (b = L,R) and Apa
in (3.35)—(3.38) due to the semileptonic (i = 9eff, 10) and dipole (i = 7Aeff) operators as
well as the local contributions from the four-quark (4qu) operators in (3.42) are compared
in figure 6 separately to the LP results. For the non-local form factor parameterization we
use the central value rp = 0.2. It can be seen that the contributions ¢ = 7Aeff, 4qu have
a photon pole for ¢ < 2GeV? and that i = 4qu contributes an imaginary part to the left-
and right-helicity amplitudes. The NLP corrections to Ay, 4 are within the expected size of
a Aqep/mp ~ (10—15)% correction relative to LP. In the case of Ay, this applies individ-
ually to the real part of i = 7Aeff and ¢ = 9eff, amounting to 15% and (10 — 15)% relative
to their respective LP contributions, whereas their imaginary parts of the LP and NLP
contributions are tiny (9eff) or vanish altogether (7Aeff). The real and imaginary parts of
the local NLP contribution ¢ = 4qu turn out to be rather large, constituting +(20 — 25)%
and —30% of the real part of the LP ¢ = 7Aeff contribution, which has been chosen for
comparison because of a similar photon pole. The NLP corrections are most important
in the ¢ region where the LP contributions cancel and give rise to the zero crossing of
Re(Azy). In fact, the location of the zero, ¢ =~ 4 GeV? is significantly shifted and the sum
of these NLP corrections is sizeable compared to the LP part for ¢> € [3, 5] GeV? around
the zero crossing ¢> € [3, 5] GeV?, especially for Re( ALy ).

The right-handed helicity amplitudes Ag, (x =V, A) are entirely NLP. Agy exhibits
a zero at g3 ~ 3 GeV? due to the interference of the i = 4qu, 9eff contributions, whereas
the i = 7Aeff part is not enhanced at ¢ — 0, see (3.38). The amplitude Ag4 is small.

The B-type NLP contributions (i = 7Beff) enter only in Apy. The nonlocal form
factors are modelled according to section 3.4 with parameters listed in table 2. The lowest
resonances affect the very-low ¢ region ¢ < 1 GeV: ¢(1020) for ¢ = s, and p°(770) and
w(782) for ¢ = d. We include these lowest resonances in our default model (“1(2) Res”) in
both A- and B-type contributions. Further we describe the continuum part of the nonlocal
NLP B-type contribution by the fraction rpp = 0.2+0.2 of the LP B-type amplitude (3.15),
omitting NLO QCD corrections. The positive central value of rpp implies destructive
interference with the LP contribution, see (3.57), in agreement with sum rule calculations
of the corresponding A-type form factor [24]. The resulting B-type NLP contributions to
the helicity amplitudes are shown in figure 7 as solid black line and grey band.

The B-type contribution needs the form factor in the time-like region. In order to in-
vestigate the impact of higher-mass resonances on this form factor, we define an alternative
model (“3(4) Res”), which includes the next two resonances listed in table 2 in the sum
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Figure 6. The local and nonlocal A-type NLP contributions to the real [solid] and imaginary
[dashed] parts of the helicity amplitudes Ay [upper], Agy [middle] and Ap4 with h = L, R
[lower]. For comparison the LP [gray] and the total LP + NLP [black] results are also shown.
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my Ty U ()

14 [ MeV] [MeV]  [MeV]
(1020) | 1019.461(16) 4.249(13) 233(4)  0.309(27)
$(1680) |  1680(20) 150(50) - .
(
0

2170) | 2170(15)  104(20)  — —
PO(770) | 775.26(25)  147.8(9) 213(5)  0.272(
w(782) | 782.65(12)  8.49(8) 197(8) 0.251(
w(1420) | 1410(60)  290(190)  — —
p(1450) | 1465(25)  400(60)  — —

26)
31)

Table 2. Numerical input values for the parameters of the resonances entering the b — s and
b — d transitions. Masses and decay widths are from [47] and decay constants and form factors
from [45], with the ¢ dependence of TlB +~V in the simplified series expansion (SSE) in table 14
from light-cone sum rules only.

over V in (3.57). We assume the unknown decay constants and form factors of the higher
¢, p and w resonances to be a fraction

e = (fv'Tqu%V/)/(fleBqﬁv) (g=d,s) (4.6)

of those of the lowest ones and use the same value r;{T = 0.3 for all higher resonances
V' > V. Since the higher resonances lie in the range of ¢?, where we might expect the con-
tinuum contribution calculated in factorization to already be dual to the contribution from
the relatively broad resonances, the value of rpp should be increased (implying a smaller
continuum part in the sum of LP and NLP according to (3.57)). Hence, we introduce
separate parameters rfp and rfp, where the first is always kept at rfp = 0.240.2, but the
second should depart from this value in the “3(4) Res” model, at least for ¢ = s, where the
effect of resonances is more pronounced.

In figure 7 the default model is compared to the one including the higher resonances.
In the case ¢ = s (upper plots), the higher ¢ resonances are clearly visible despite their
large widths of about (100 — 150) MeV. The “3-Res” model is shown for three different
values of rfp and oscillates around the default 1-Res model for the real part independently
of the choice of r,p. On the other hand, the imaginary part is very sensitive to this choice.
For rfp ~ (0.5 the local effects of the resonances would be included globally in the 1-Res
model with ’I“EP = 0.2, in agreement with the qualitative expectation above. In the case
of ¢ = d (lower plots) the effect of the excited resonances p(1450) and w(1420) is much
smaller in Ayy, such that local duality above ¢ > 2.0 GeV? works better compared to
q = s. Also we see that with rfp =~ 0.3 the 4-Res description is close to the 2-Res one,
again in agreement with expectations.

The final result of Ay, including all contributions (LP and NLP, A-type and B-
type), is shown in figure 8 for the default 1(2)-Res model of the NLP nonlocal B-type
contributions. The variation rpp = 0.2 £ 0.2 gives rise to the bands for the real and

— 30 —



ook 1 Res, rip=02£02 ] o6k — 1Res, rip = 02402 ]
-=- 3Res, 75 = 0.0 == 3Res, r{p = 0.0
= 04 — 3Res, rfp = 0.5 ] = — 3Res, 7{p =05 ]
= = - B
E\ 0.21 E 0.2 1;‘" 3 RCSI,:'\‘:'LP =1.0
> : N\
& 0.0 & 0.0 A 5 ===
S T B
< -o0.2r [, -0.2 1
g g
= =
-04r1 —0.4fF ]
—0.6f -0.6[ ]
0 2 4 6 8 0 2 4 6 8
¢ [GeV?) ¢ [GV?]
o6k — 2Res, rip=024+02 ] — 2Res, rp = 02£02 |
== 4Res, rfp = 0.0 === 4Res, %, = 0.0
— 04f B _s — B _x
@ — 4Res, rp=0.5 c;; — 4Res, rp =0.5
= 02 s 4 Res, 1P = 1.0 = s 4Res; 12 = 1.0
= =
. Z.
o &
< <53
S3 S5
= < -0.2
Q =
~ = H
-04r*
-0.6
0 2 4 6 8
¢* [GeV?] ¢ [GeV?]

Figure 7. The real [left] and imaginary [right] parts of the NLP local + nonlocal 7Beft-type
contributions i = 7Beff to Apy for ¢ = s [upper] and ¢ = d [lower]. The default 1(2)-Res model
for rLp = 0.2 £ 0.2 [grey band] is compared with the 3(4)-Res model for 7, = {0.0, 0.5, 1.0} [blue

dashed, solid, dotted].

imaginary parts. The zero crossing of the real part for ¢ = s is shifted to ¢8 ~ 4 GeV?
when compared to the LP result of Ary in figure 4. For g = d, the zero-crossing occurs at

the lower value ¢ ~ 2.5 GeV?.

4.2 B, — ~£€ observables

From the amplitude (4.1) we obtain the two-fold B, — ~00 decay-rate distribution

d’T

oo o = ) D) o+ 2(g?) cos®, ()

in terms of the kinematic variables ¢* € [4m2, mQBq] and cos, € [—1, 1], where 6, is the

angle between the Eq—meson direction and the lepton momentum in the dilepton center-of-
mass frame. The ¢?>-dependent angular coefficients are expressed in terms of the transver-
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Figure 8. The real [solid, darker] and imaginary [dashed, lighter] part of the combined LP and
NLP result for Ary in the default 1- and 2-Res model for ¢ = s [left] and q = d [right], respectively.
The grey band shows the variation rpp = 0.2 £ 0.2.

sity amplitudes as follows:

3 _ _ _ _

a=ToVA ¢80 x [(2= 83) (IAp P + [ALv ) + 82 (IApal? + [ALal?) |, (@8)

b=ToVA'¢*B x 48 Re [ZHV]*LA + -ZHAZ*LV]v (4.9)
3 _ _ _ _

¢=ToVX'¢*B x B} [|-A||V|2 + ALy + [Apal® + ‘ALA|2}7 (4.10)

and

al |NeW‘2 2 9 4m%
FOE%, ﬁEmBq—q y /BEE 1—q72 (411)

Eq. (4.7) refers to the square of the so-called structure-dependent (SD) amplitude. We
provide the lepton-mass suppressed parts of the double-differential width due to the FSR
amplitude of Pjg and its interferences with the SD amplitude in appendix B. The differential
decay width and the normalized lepton forward-backward asymmetry are

e(q?) b(q*)

:2[a(q2)—|— :W

4.12
3 +o (4.12)

+..., ZFB(QQ)

where the dots denote lepton-mass suppressed terms from the FSR contribution. The
angular observables @(q?) and ¢(¢?) differ only by lepton-mass effects, such that their
difference

2
a(q?) —ela®) o 200 = 57) ([Ap P + [Avl?) o o (A + [Auvl?) (4.13)

is lepton-mass suppressed. The lepton-mass suppression renders the experimental mea-
surement of these parts of the two-fold differential decay width challenging. Moreover,
the lepton-mass suppressed FSR contributions in appendix B cannot be disentangled from
them and introduce a dependence on Cjg, which is absent in @(q?) —¢(¢?). Further, the FSR
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contribution introduces a nonanalytic cos 6y dependence as can be seen in (B.6) and (B.7).
In consequence there are the two main observables, dI'/dg? and Arg(g?), in the part of the
phase space where 4m? < ¢

The two-fold decay-rate distribution

d*T

thw = a(g®) = b(¢*) cos O + c(g®) cos0; (4.14)

for the CP-conjugated decay B, — 00 is given by the quantities a, b and ¢ without bars,
which are obtained from (4.8)—(4.10) by using the CP-conjugated transversity amplitudes
Aly and A (x =V, A). The CP-transformation properties (4.4) of A}, imply a minus
sign in front of b(¢?) in correspondence with other B — V¢ decays (V = K*, ¢,...) [65].

The combination of the two-fold decay-rate distributions of the decay (4.7) and the CP-
conjugated decay (4.14) allows for two CP-averaged and two CP-asymmetric observables.
We consider the CP-averaged rate and the normalized lepton-forward-backward asymmetry
as well as the CP rate asymmetry, defined by

_ [b+(e?)
Arg(¢?) = m,

dB 7, d[l +1]

d[T' —T]/dq?
22 dE Ace(q?) = =T

= a4

We do not study the CP-asymmetry of the normalized lepton-forward-backward asymmetry
defined as ASE = [b — b](¢?)/(d[l 4+ T]/dg?). We note that an untagged sample actually
depends on the CP asymmetry of the lepton forward-backward asymmetry Agg(q2) o
d?[T+T] o< [b—b](¢?). On the other hand the measurement of the lepton forward-backward
asymmetry App(q?) oc d*[T — T o< [b + b](¢?) requires tagging.

The ¢? dependencies of the branching fraction dB/dq?, Arg(¢?) and Acp(q?) for By —
yup and By — yupp are shown in figure 9 when including successively the various higher-
order QCD and NLP corrections discussed in section 3. We recall that the calculation is
valid in the “low-¢*” region ¢%> < 6 GeV? or equivalently E, 2 21GeV (y 2 0.8). In the
figure, the NLP corrections have been separated into 1) purely local (“loc”), 2) nonlocal
A-type (“A”) as given in (3.56) and 3) nonlocal B-type (“B”) as given in (3.57). At LP,
the NLO QCD corrections — see “LP, LO” vs. “LP, NLO” — decrease (increase) dB/dq?
for ¢ > 3.0GeV? (¢ < 3.0GeV?) and shift the position of the zero-crossing of Arp(q?)
by about Aqg ~ +0.5GeV? towards higher values. Further, the NLO QCD corrections
substantially change the CP asymmetry Acp(¢?). The CP asymmetry is always tiny for
q = s, because it is suppressed by the Cabibbo angle, but for ¢ = d it can be reach —10%
locally below the zero-crossing at ¢ > 3.5 GeV2.

The local NLP corrections lead to a decrease of about (15 — 20)% of dB/dq* for ¢* >
3.0GeV?, i.e. in the region where the individual LP contributions i = 7Aeff, 7Beff, 9eff
cancel, and give a large shift Ag2 ~ +0.8 GeV? to the zero of the Apg(q?). The inclusion
of A-type nonlocal corrections (“NLP loc+ A”) almost cancels the effect of “NLP loc” in
dB/dq?, but not so in Apg(¢?) and Acp(¢?) for the chosen input rgcT =0.3 and rp = 0.2,
leaving Acp(q?) for ¢ = d at about —20% at very low ¢? and +5% at higher ¢?>. The
NLP nonlocal B-type corrections for the default model with only lowest resonances affects
only the very-low ¢? region, with strong impact from the $#(1020) on dB/dg* for q = s.
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Figure 9. The dB/dq? [upper|, Arp(¢?) [middle] and Acp(q?) [lower| distributions for By — ypuji
[left] and By — ~yppu [right] when adding successively various contributions: only LP [blue] at LO
QCD [dashed] and NLO QCD [solid]; 4 local NLP corrections [green]; + nonlocal A-type [red]; +
nonlocal B-type with lowest resonances [black] NLP corrections. The parameter rip = 0.2.

— 34 —



¢? bin LP NLP uncertainty of “NLP all”
[GeV?] LO NLO | loc loc+A all | uphe A, 8%11) rLp  total
Bs — yup
[4m2,6.0] | 2.32 296 | 3.81  4.03 1243 | D3l £330 89 3
20,60 | 040 034 | 031 036 030 | f901  +92l 4014 4020
[3.0,60 | 030 022 | 019 022 021 | f99L  +91s 4010 +0.20
(40,60 | 022 015 | 012 015 0.5 | f991  +014 4007 +0.16
[4m2,8.64] | 277  3.24 | 405 434 1274 | oA 38 A1 44D
Bg = yup
[4m2,6.0] | 877 1131|1407 1554 1843 | 1048 *l740 4508 HI819
[1.0,6.0] | 239 252 | 260 301 234 | 013 4L 4007 4107
2.0,6.0] | 1.52 125 | 1.13 143  1.29 | £096  +113 4056 +126
30,60 | 1.17 083 | 071 096 092 | £996 4100 4042 +109
[4.0,6.0] | 0.86 056 | 049  0.68 067 | T993 4076 4031 +083
[4m2, 8.64] | 10.53 12.38 | 15.03  16.98 19.85 | *933  F1%10 +ATL 41045

Table 3. The ¢*-integrated branching fractions 10° x B(Bs — yuji) and 10*! x B(Bg — yuji) in
four / five bins in the various approximations shown in figure 9. “NLP all” corresponds to “NLP
loc + A + B” in figure 9. The last four columns list the uncertainties due to 1) renormalization
scale uncertainties, 2) B-meson LCDA parameters and 3) the continuum fraction rpp as well as
“total” when adding them in quadrature.

The lowest resonances also affect the App(q?) and Acp(g?) locally in ¢2. In total, the
zero-crossing g3 is significantly increased by NLP contributions compared to “LP, NLO”.
The difference in ¢2 between B and By decays of about 0.5 GeV? is due to a different value
of Ag,, but also non-negligible contributions oc )\&q) for ¢ =d.

At very low ¢? the distributions shown in figure 9 are strongly affected locally by
the resonances from the B-type contributions, and therefore prone to the uncertainty in
modelling the corresponding form factor. In the spirit of global parton-hadron duality, we
investigate whether such effects become averaged once integrated over sufficiently large bins
in ¢%. The ¢ bins are chosen in the low-¢? region, with upper bin boundary ¢2,,, = 6 GeV?
to avoid large impacts of charmonium resonances.'® The lower bin boundaries are chosen
as g, = {4m2, 1.0, 2.0, 3.0, 4.0} GeV?, excluding ¢2,;, = 1.0 GeV? for ¢ = s because it is
at the center of the ¢(1020) peak region.'* The results for B(Bs — yuji) and B(Bg — yuji)
are listed in table 3 for the same approximations of the various curves as in figure 9.

The block of the first three corrections in table 3, “LP, LO” through “NLP, loc”,
are found within systematic approximations and assumptions, and can be considered as
model-independent. Omitting for a moment the nonlocal B-type contributions and com-

"*The bin ¢* € [4m}, 8.64] GeV? is shown for comparison with [10].
14Gee [11] for predictions in this ¢* bin.
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paring “NLP loc+ A” in the first two bins of B(Bs — ~yup) shows that the photon pole
at ¢> — 4mi in the bin ¢® € [4mi, 2.0 GeV?] contributes almost 90% of the rate. In
this approximation the rate is of the order 4 - 1079, comparable to the branching fraction
B(Bs — pp) of the non-radiative mode. When adding the nonlocal B-type contributions,
however, the ¢(1020) contribution dominates over these “short-distance” corrections and
enhances the rate by a factor of three to 12 - 1077, see “NLP all”, and is responsible for
about 70% of the signal in the bin [4mi, 6.0 GeVQ]. The photon pole constitutes also about
80% of the rate of B(Bq — yuj) in ¢* € [4m?, 6.0 GeV?] when omitting the nonlocal B-
type contributions due to the p and w resonances, which however have only a small impact
compared to the ¢ in B(Bs; — yujii), as expected from the discussion of duality violation
in section 3.3. They enhance the rate by a factor 1.2 to about 1.8 - 10719, which is com-
parable to the SM prediction of B(By — ppu) ~ 1-1071%. The comparison of the first
bin [4mi, 6.0 GeV?] to the second bin shows that the branching fractions are reduced by a
factor of about 40 and 8 for ¢ = s and ¢ = d, respectively, once the photon pole contribu-
tion is excluded, making them an order of magnitude smaller than for the corresponding
non-radiative rare decays, B; — pji. Note, however, that for £ = e the B, — ee rates are
strongly helicity suppressed by (me/ m“)Q, whereas the rates of B, — ~yee are identical to
By — yuji in the SM up to phase-space effects for very low ¢2.

Comparison of the value B(Bs — yuji) = (8.441.3)-107? in the ¢% bin [4mi, 8.64 GeV?]
given in [10] with table 3 shows that our prediction is about a factor 1.5 larger and within
the given errors there is some tension. Here we used the QCD factorization approach to
compute the A- and B-type contributions, allowing us also to include at LP the NLO QCD
corrections, contrary to [10]. In addition, we include in our model of the nonlocal NLP
A- and B-type contributions also a continuum contribution. On the other hand we do not
include a model for charmonium resonances (but rather stay away from them by restricting
q> < 6 GeV?), which could be responsible for some differences when ¢? approaches 8 GeV2.
Similar comments apply to [11] who predict B(Bs — yuji) = 7.79 - 107 in the bin ¢* €
[4m2, 6.0 GeV?] and B(Bg — ypi) = (1.02£0.16) - 107! in the bin ¢ € [1.0, 6.0] GeV?,
roughly a factor of 1.6 and 2.3, respectively, smaller than our results in table 3. We
attribute these differences to the difference between the QCD factorization computation of
the B — ~* form factors and the more model-dependent approaches used in [10, 11], and
differences in the numerical values of the T 1B V" form factors in the parameterization of
the nonlocal NLP B-type contribution relative to [11].

We calculate the theoretical uncertainties from 1) scale variation, 2) B-meson LCDA
parameters and 3) the modelling of the nonlocal A- and B-type contributions, as discussed
for the amplitudes in section 4.1. They are listed for the best approximation “NLP, all” in
table 3 and shown in figure 10 for the ¢?- distributions dB/dq?, Arp(¢?) and Acp(q?). The
default 1(2)-Res model is used and the uncertainties are added successively in quadrature.

The largest uncertainty is due to the LCDA parameters, amounting to about fgg %
for By — ypji in the bin ¢> € [2.0, 6.0] GeV? (see table 3), in particular the first inverse
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Figure 10. Uncertainty budget for dB/dg* [upper|, Arp(¢?) [middle] and Acp(g?) [lower] for ¢ = s
[left] and ¢ = d [right] when adding successively in quadrature the uncertainties due to renormaliza-

tion scales (fn,ne) [green], B-meson LCDA parameters (Ap,, qu)) [red] and the continuum fraction

(rLp) [blue].
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Figure 11. Comparison of the 1(2)-Res model with a continuum of rp = 0.2+ 0.2 [blue] with the
3(4)-Res model for different values r&, with fixed i}, = 0.2 [red] for dB/dg® [upper] and Arg(q?)
[lower] in By — yui [left] and By — yup [right)].

moment of the B-meson LCDA, Ap,, since roughly the LP is proportional to 1/Ap q.15 It is
even larger for By — ~yuji in that ¢ bin, because here the relative variation of A, = (350+
150) MeV is larger and the minimal value in the variation is 200 MeV to be compared to
AB, = (400£150) MeV. The variation rp = 0.24+0.2 of the continuum fraction in the form
factors model for the nonlocal A- and B-type contributions contributes another +(35—45) %
to the uncertainty when going to ¢2,;, = 2.0 GeV?, beyond the region of the lowest reso-

nances. The large uncertainty of the power-suppressed contributions does not come as a sur-
prise given that the continuum is modelled as a fraction of up to 40% of the LP amplitude.

5 The dependence on the renormalization scales pp,ne reduces when including NLO QCD corrections to
the LP amplitude. At NLP there would be a strong uncancelled uj, dependence of M, CS in the model of
the nonlocal A- and B-type contributions in (3.56) and (3.57). We neglect this particular scale dependence,
which is a consequence of our chosen model, and find that the remaining u; dependence of the local NLP
corrections is small. The scale uncertainties is sub-leading, less than 15 %, compared to the parametric
uncertainties.
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Figure 12. The ratio ry, for By — v¢/ [left] and By — v£¢ [right] with uncertainty budget as in
figure 10.

The nonlocal B-type corrections affect the g?-differential distributions particularly in
the very-low ¢?> domain as shown at the amplitude level in figure 7. There the default 1(2)-
Res model was compared to the 3(4)-Res model for various values of the continuum fraction
rP,. This comparison is extended to the observables dB/dq? and Agp(¢?) in figure 11. The
1(2)-Res model with a continuum parameter r{}, = TLP 0.2 £ 0.2 (blue) is compared to
the 3(4)-Res model for various values % and fixed r{% = 0.2 (red). The variation of rip
in the 1-Res model spans a band that includes in the case of dB[Bs — yufi]/dq? the effect
of ¢(1680) in the 3-Res model for values 75, ~ 0.5 and for the ¢(2170) even for all values
rB, ~ (0.0, 1.0]. For App(¢?) the higher resonances are locally not completely covered by
this band, but oscillate around it, such that suitable binning would indeed average out the
resonances. The comparison of the 2-Res with the 4-Res model in By — yuji shows a small
impact of the higher resonances in all distributions as expected from the discussion of the
corresponding amplitudes.
The ratios of observables with different lepton flavours provide interesting tests of
lepton-flavour universality. The deviations from unity are tiny in the SM, and hadronic
uncertainties cancel to large extent. Here we briefly discuss the ratio

dB[By — ypii] /dg?

rey(¢°) = dB(B, = yed]dg® (g=d,s). (4.16)

As shown in figure 12, these ratios take values between (0.98—1.00) for both ¢ = s, d, except
for ¢*> < 0.4 GeV?2. Within the framework of our calculation, lepton-mass dependence arises
only from By through the phase-space measure, not from the amplitudes themselves. In
table 4 we give the ratio

QrQnax dBB — qmax dBB — Yee
o [ B )

min min

for selected bins in ¢%. R, is always very close to unity except when g2, is below 1 GeVZ.
The considered sources of uncertainties cancel to very high degree, and in view of the
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¢° bin By — Ul By — vl
[GeV?] cen total cen total
[4m?2,6.0] | 0.9716 0% | 0.9263 00058
[1.0, 6.0] — — 10.9913 5033
2.0, 6.0] | 0.9883 F000a1 | 0.9878 OO0
3.0, 6.0] | 0.9875 *39%07 | 0.9874 F5-5008
[4.0,6.0] | 0.9883 00008 | 0.9885 00008
[4m?, 8.64] | 0.9721 00T | 0.9308  FO005E

Table 4. The ¢*-integrated lepton-flavour universality ratios Ry, for B, — v2¢ [left] and By — 00
[right] in several ¢2 bins for the approximation“NLP all”. The total uncertainty is obtained as for
table 3.

remaining tiny errors one should keep in mind that further not included higher order QCD
and QED as well as NLP corrections can contribute at this level.

So far we discussed the so-called instantaneous distributions at the time of the pro-
duction of the neutral B, meson without accounting for By-B, mixing. The time evolution
due to mixing between production and decay further complicates the predictions of ex-
perimentally measurable observables. Thus, besides tagged and untagged there can be
time-integrated or time-resolved measurements, all of which require a specific theoreti-
cal treatment of the time-dependence. In particular time-resolved measurements allow to
measure effective lifetimes as well as direct and mixing-induced CP-asymmetries.

The modifications due to time-dependence might not be negligible for B mesons,
but are certainly small compared to the current parametric uncertainties. The By — 00

observable that is most likely to be measured first is the time-integrated branching ratio

d(B) 1 o (dU[By(t) =yl | dU[By(t) — v¢4])
dg® 5/0 “ ( dg? i dg® ) ’

(4.18)

hence we focus on this to explore the phenomenological impacts of the Bg;-meson width
difference. At the time ¢t = 0 of the production of the B; meson the time-dependent decay
rate d['[B,(t = 0) — v¢{]/dq* = dT'/dq? is given by the instantaneous one in (4.12) and
correspondingly for the CP-conjugated decay dT'[B,(t = 0) — v££]/dq* = dT'/dg*. In the
case of By — ¢, the time-dependence can be included for the time-integrated branching
fraction by the simple replacement

1
—Ys

_ 1 _ _
’AHX|2 - m "AHX|2’ |'AJ-X|2 - 1 ’AJ-X|27 (x=V,A) (4.19)

in a(q®) and ¢(¢?), where ys = AT's/(2I's). This holds in the SM where the tiny AL
term can be neglected and no other weak phases than those in V,, Vi contribute. The
width difference of By is already well measured to 35 = 0.065 + 0.003 [66]. For By — ~v¢¢,

(d)

however, the Ay’ term cannot be neglected and the formula for the time-integrated rate

is slightly more involved. On the other hand, the upper bound on the width difference
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in the ballpark of |y4| < 0.005 makes width effects negligible anyway. We computed the
time-integrated branching fractions for the bins in table 3 and find the following changes
of the central values for B — yuji:

107 x Bigz il = 10” x (B) [@in> Thas]
¢* € [4m?, 6.0] GeV? : 12.43 — 12.51
¢ € [2.0, 6.0] GeV? : 0.300 — 0.304
¢ € [3.0, 6.0] GeV? : 0.207 — 0.212
¢* € [4.0, 6.0] GeV? : 0.146 — 0.150 (4.20)

These changes correspond to factors 1.006,1.013,1.024 and 1.027 with respect to the in-
stantaneous branching ratios. The changes are even smaller than the O(ys) ~ F6.5%
corrections of the individual transversity amplitudes squared (4.19) due to cancellation be-
tween the two in the branching fraction. Such a cancellation should be expected, since at
LP the two transversity amplitudes are equal, and in this case the width difference affects
the sum of the two amplitudes by the factor 1/(1 — y2), which deviates from unity only
by O(y2). Overall, the width difference results in tiny modifications of the instantaneous
rate compared to parametric and theoretical uncertainties. The time-dependence of other
observables can be worked out as well if required, but we refrain from doing so here.

5 Summary and conclusions

In this paper we provided the first analysis of the rare radiative B, — 00 decays in
the kinematic regime of large photon energy with QCD factorization techniques, which
construct a systematic expansion in inverse powers of large photon energy and heavy quark
mass. As in the case of B, — 74vy, a two step matching on SCET; and SCETy; leads to
a systematic decoupling of hard and hard-collinear degrees of freedom. At leading power
(LP) in 1/E,, 1/my this allows us to include the sizeable O(c,) QCD corrections, which
have previously been omitted. The neutral current radiative decays are more involved than
B, — ~fluy,, since the real photon is not only emitted from the constituent quarks of the
initial B-meson (A-type emission), but also directly from an operator in the weak EFT
(B-type emission). Power-counting shows that the B-type emission also contributes at LP.

Further, we analyze the next-to-leading power (NLP) corrections and provide all local
corrections, which can be calculated unambiguously. We also investigate the nonlocal
corrections to A- and B-type emission from subleading-power form factors. A new feature
compared to factorization calculations of B, — ¢, is the NLP form factor in the time-
like region, which is affected by resonances in the region of very small dilepton mass, for
which we adopted a parameterization in terms of resonances and a continuum term. We
note that the well-known partial cancellation of the contributions from the operators Py
and P7 to the transversity/helicity amplitudes, which is also responsible for the zero at qg
in the lepton-forward-backward asymmetry, makes the NLP corrections very important.
This together with the resonance contamination in the very low ¢ region, the restriction
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to ¢*> < 6 GeV? to avoid the charmonium resonance, and the large uncertainty from the B-
meson LCDA parameters leads to the conclusion that precise calculations of rare radiative
B, — ~00 decay observables are difficult in practice.

The analytical results allow us to provide predictions in the Standard Model for the
¢?-differential and ¢?-integrated CP-averaged branching fraction (dB/dq?), lepton-forward-
backward asymmetry (App), rate CP-asymmetry (Acp), and lepton-flavour ratios. We
quantified the dominant uncertainties from renormalization scales, the parametric depen-
dencies from the B-meson light-cone distribution amplitude (LCDA) as well as the mod-
elling of nonlocal NLP corrections. These studies show that the rate for the By decay mode
is strongly increased by the ¢ resonance due to the B-type contribution of the operator Pr
at very low ¢% < 2.0 GeVZ, but becomes small once restricting to ¢> > 2.0 GeV2. Our main
results are summarized in table 3 and figures 10 and 11. Here we quote the B, — ~yujit
branching fractions

(B)iamz 6.0 = (1251553) - 107°, (B)ppo.60) = (0.305537) - 107, (g=s) (5.1)
Bimz,6.0) = (1.84%73) - 1077, Bo.o,6.0) = (0-1325,6¢) - 10717, (

in two ¢°-bins, of which for ¢ = s the first is dominated by resonances. In the case of
By — ~yuji the (B) denotes the time-integrated branching fraction, which accounts for the
non-vanishing width difference of the By system. Compared to previous estimates [10, 11],
the branching fractions from the QCD factorization calculation performed here are roughly
a factor of two larger. We attribute these differences to the difference between the QCD
factorization computation of the form factors and the more model-dependent and less
complete parameterizations used in previous work as well as different form factor input in
the nonlocal NLP B-type contributions used in [11]. The presence of the additional real
photon lifts the helicity suppression of the purely leptonic B, — 00, which yields similar
rates for final states with electrons and muons. The rate CP asymmetry Acp for ¢ = s is
tiny, but reaches between —20% and +5% locally in ¢? for ¢ = d.

Note added. When this paper was completed, ref. [67] appeared, which presents the first
theoretical estimate of Ap,. The QCD sum rule calculation for this quantity and A, /Ag,
is in very good agreement with the values used here.
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A Definitions and conventions

Throughout we use the common definitions

nfn?  nfnk nen?
G =g = 0= =T e = twes T = ewapne, (A)
with eg123 = —1 and the conventions
Tr[’Yu’YV’Ya’VB’YS] = _4Z<€,uz/aﬁa o5 = §5uua6 O,aﬁ’ Ouv = 5[7}177y]- (AZ)

B Details on final-state radiation

Final-state radiation (FSR) is governed by the Bg-to-vacuum hadronic matrix elements

S&i) appearing in (2.5),

S = (00araPLb|By) = 5 J5,pa i=9,10, (B.1)
i QW(, . - .
S(g) = mT<0‘qZUaﬁpﬁPR b|Bq> = 0, 1= 77 (B2)
By
§G) — (4m)*i d*z e (0| T{jsa(x), Pi(0)}|B,) i=1,...,6,8 (B.3)
o T mQB jfoz ) K3 q/» T Ly ey Uy Oy .
q

which are linear in the Bg-meson momentum S,gi) X po- They are contracted with the

vector and axial-vector leptonic rank-two tensors

]ﬁg—i—%—l-mg

D on) = o e o) (B

Wy = I A S
LV(A) =1Qy U(pg) ['Y pp+ k)2 2

with the property p, L}/ = 0 and p, L} o fp, my/mp,. In consequence the FSR contri-
butions vanish except the one from Pjg, which is helicity suppressed and proportional to
IB,- The FSR amplitude then takes the form

A *
— . Olem my AFSR €, DPv
Alpsr = ie—New E

4r VA1 — B2 cos2y)

in terms of the kinematic variables (¢2, cos ), where Apsr = 4 C10Q¢fB =

[U(pe)(—i o™ )y5 v(pg)] (B.5)

The additional contributions to the two-fold differential decay width from the so-called
structure-dependent (SD) contributions in (4.7) consist of the interference of SD x FSR

d°T 3 mp,(1 - f7)
— = F \/X 2 X d e
dq? deos 0y sy = FoVA € VA (L — B2 cos?6y) (B.6)

x (—v2) Re KZJ_V + Becos by XHA)Z;‘SR} 5

and the term proportional |FSR/?

W
4X2(1 — 7 cos?6,)? FSR (B.7)

x [mb, +q" =201 = B7)q*m3, — BF cosbu(mi, +q")],

d’T ‘
dq? dcos 0y ||FSR)2

3
= Foﬁ q2,8€ X
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where for the CP-conjugated decay the transversity amplitudes in (B.6) should be replaced
according to (4.4). Both are lepton-mass suppressed as can be seen by the overall factor
(1 — B7) and become important only for very low ¢? ~ 4m? < 1GeV2. Further they have
a nonanalytic dependence on cosfy given by the factor (1 — 87 cos?6,)™" with n = 1,2,
respectively, which becomes most pronounced in regions of the phase space when ¢? > 4m?
and hence Sy — 1. Then the collinear divergence in the limit cos #, — 41 is regulated by the
finite lepton mass my # 0. The nonanalytic cos 8; dependence prevents a simple polynomial
dependence on cosf, as given in (4.7), but due to the lepton-mass suppression, this is of
concern only for small regions in the phase space, such that the phenomenologically most
important observables without lepton-mass suppression remain the differential decay width
and the lepton forward-backward asymmetry.

C Bj-meson LCDA: RG evolution and model

The factorization approach leads to a convolution of the jet function with the nonperturba-
tive B-meson LCDA ¢ (w; p) in the LP amplitudes (3.30). In A-type insertions, at NLO
in QCD, the convolution (3.28) is related to the inverse and first two logarithmic moments,
whereas in B-type insertions the knowledge of the functional form of ¢, (w;u) is required
even at LO in QCD. Apart from theoretical constraints, little is known about ¢, because
of the absence of stringent phenomenological constraints. In fact, the radiative charged-
current decay B, — /v, in the same kinematical region as B, — ~00 is considered as the
prime decay to determine the inverse (Ap,) and the first logarithmic (Ugj) moments [20—
24], and has been investigated by the Belle Collaboration [68]. There is a preference for
small values of Ap, , ~ 0.2GeV from hadronic two-body decays B — 7w, mp, pp [69, 70]
in the framework of QCD factorization. QCD sum rules yield Ap, ~ 0.46(11) GeV [71].

Such values usually refer to a particular renormalization scale. Throughout we set
o = 1 GeV as the initial scale, and RG evolution is used to evolve ¢4 to the hard-collinear
scale pipe, accounting for higher-order QCD corrections. The RG equations for ¢4 (w; 1) and
its moments involve a convolution in the momentum variable w, which can be avoided at the
leading-logarithmic order when going to dual (position) space [72], where the corresponding
nonperturbative function 14 (s; 1) = U4 (s; i, po)n+(s; po) has autonomous scaling for each
value of s.

We resort to the three-parameter model [24]

G+ (w; o) = ?Efé;c‘;‘ée—w/wo UB—a,3—a,w/w), (C.1)

which permits to solve the transformation from dual to momentum space analytically, and
in consequence also an analytic solution of the RG equation. The three parameters wg, a

and [ are assumed to determine ¢ (w) at the scale pp and the RG evolution is performed
as given in [24]. Further

_1
Ap = 2

q ﬁ — 10.)0, (02)
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which allows to associate wy to Ap,, whereas a and (3 determine the hatted logarithmic
moments defined as

n 00 A, ., Ap,e "
ag;:/o do =2t In" T (). (C.3)

w
The three-parameter model reduces to the exponential model [42] for a« = 3, which depends
only a single parameter Ap, = wp, the inverse moment.

In the numerical analysis, we choose as default the exponential model, i.e. « = 8. This
fixes the logarithmic moments, as for example

oh) =5 +In -, 5y =0, (C.4)
Bq
(2) g T Ho 0 ()
op =7+ ——+(2ve+In—|In—, op = —. (C.5)
q 6 )\Bq )\Bq 1 6

To calculate the uncertainty from the B-LCDA, besides the variation of Ap, (i.e. wp), we

also vary Ggq) = (0.0 £0.7), 6%23 = (0 £ 6) to estimate the further model-dependence,
using the three-parameter model (C.1). We use the following («, () tuples together with wp:

wo a 3 AB, S

0.295611 1.22294 1.18830 | 0.35GeV  —0.70 —6.00 0.93 —5.63
0.590920 1.42192 1.71234 | 0.35 GeV 0.70 6.00 2.33 10.93
0.337841 1.22294 1.18830 | 0.40GeV —0.70 —6.00 0.68 —6.03
0.675338 1.42192 1.71234 | 0.40 GeV 0.70 6.00 2.08 9.82
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