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Abstract We consider biased random walks on the infinite cluster of a conditional bond
percolation model on the infinite ladder graph. Axelson-Fisk and Haggstrom established for
this model a phase transition for the asymptotic linear speed v of the walk. Namely, there exists
some critical value Ac > O suchthatv > 0if L € (0, A¢c) and Vv = 0 if L > Ac. We show
that the speed V is continuous in A on (0, co) and differentiable on (0, Ac/2). Moreover,
we characterize the derivative as a covariance. For the proof of the differentiability of Vv
on (0, Ac/2), we require and prove a central limit theorem for the biased random walk.
Additionally, we prove that the central limit theorem fails to hold for A > A¢/2.
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1 Introduction

As a model for transport in an inhomogeneous medium, one may consider a biased random
walk on an (infinite) percolation cluster. The bias, whose strength is given by some parameter
A > 0, favors the walk to move in a pre-specified direction. A very interesting phenomenon
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predicted first by Barma and Dhar [5] concerns the (asymptotic) linear speed. Namely, it was
conjectured that there exists a critical bias A¢ such that for A € (0, A¢) the walk has positive
speed while for A > Ac the speed is zero. This conjecture was partly proved by Berger et al.
[10] and Sznitman [26]: they showed that when the bias is small enough, the walk exhibits
a positive speed, while for large bias the speed is zero. Eventually, Fribergh and Hammond
proved the phase transition in [14].

The reason for these two different regimes is that the percolation cluster contains traps (or
dead ends) and the walk faces two competing effects. When the bias becomes larger the time
spent in such traps (peninsulas stretching out in the direction of the bias) increases while the
time spent on the backbone (consisting of infinite paths in the direction of the bias) decreases.
Once the bias is sufficiently large the expected time the walk stays in a typical trap is infinite
and hence the speed of the walk is zero. (In cases where there are no traps, the behaviour
is different: Deijfen and Higgstrom [13] constructed an invariant percolation model on Z?
such that biased random walk has zero speed for small A and positive speed when 2 is large.)

The same phenomenon is known for biased random walks on supercritical Galton—Watson
trees with leaves, the corresponding phase transition was proved by Lyons et al. [19]. (The
bias is here assumed to point away from the root.) The Galton—Watson trees with leaves can
be interpreted, in some cases, as infinite percolation clusters on a regular tree. Although the
tree case is easier than the lattice Z¢, mainly because there is a natural decomposition of
the tree in a backbone and traps, see the textbook of Athreya and Ney [2, p. 48], there are
still many open questions. For instance, one would like to know if the speed is continuous or
differentiable as a function of the bias, and if it is a unimodal function.

In the case of Galton—Watson trees without leaves, the speed is conjectured to be increasing
as a function of the bias. This conjecture is proved for large enough bias by Ben Arous et al.
in [8]. Aidékon gave in [1] a formula for the speed of biased random walks on Galton—Watson
trees, which allows to deduce monotonicity for a larger (but not the full) range of parameters.
The Einstein relation, which relates the derivative of the speed at the critical parameter with
the diffusivity of the unperturbed model, was derived by Ben Arous et al. in [7].

In this paper we consider biased random walk on a one-dimensional percolation model
and study the regularity of the speed as a function of the bias A. The model was introduced
by Axelson-Fisk and Higgstrom [3] as a tractable model that exhibits the same phenomena
as biased random walk on the supercritical percolation model in Z¢. In fact, Axelson-Fisk
and Héggstrom proved the above phase transition for this model before the conjecture was
settled on Z¢.

Even though the model may be considered as one of the easiest non-trivial models, explicit
calculation for the speed could not be carried out. The main result of our paper is that the
speed (for fixed percolation parameter p) is continuous in A on (0, 0o), see Theorem 2.4.
The continuity of the speed may seem obvious, but to our best knowledge, it has not been
proved for a biased random walk on a percolation cluster, and not even for biased random
walk on Galton—Watson trees. Moreover, we prove that the speed is differentiable in A on
(0, Ac/2) and we characterize the derivative as the covariance of a suitable two-dimensional
Brownian motion, see Formula (2.17). (We hope to address the derivative at A = 0 in future
work). The main ingredient of the proof of the latter result is an invariance principle for the
biased random walk, which holds for A < A¢/2 and fails to hold for A > Ac/2.

Let us remark that invariance principles for random walks on infinite clusters of super-
critical i.i.d. percolation on 74 are known for simple random walks, see De Masi et al. [12],
Sidoravicius and Sznitman [24], Berger and Biskup [9], and Mathieu and Piatnitski [21].
The case of Galton—Watson trees was addressed by Peres and Zeitouni in [22]: they proved
a quenched invariance principle for biased random walks on supercritical Galton—Watson
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trees without leaves. For biased random walk on percolation clusters on Z¢, a central limit
theorem was proved for A < A¢/2 by Fribergh and Hammond, see [14].

2 Preliminaries and Main Results

In this section we give a brief review of the percolation and random walk model studied in
this paper.

2.1 Percolation on the Ladder Graph

Consider the infinite ladder graph £ = (V, E). The vertex set V is identified with Z x {0, 1}.
Two vertices v, w € V share an edge if they are at Euclidean distance one from each other. In
this case we either write (v, w) € E or v ~ w, and say that v and w are neighbors. Axelson-
Fisk and Héggstrom [4] introduced a percolation model on this graph that may be labelled
“i. i. d. bond percolation on the ladder graph conditioned on the existence of a bi-infinite
path”.

Let 2 := {0, 1}£. The elements w € £2 are called configurations throughout the paper. A
path in £ is a finite sequence of distinct edges connecting a finite sequence of neighboring
vertices. Given a configuration @ € §2, we call a path 7w in £ open if w(e) = 1 for each edge
e € m. For a configuration w and a vertex v € V, C,(v) denotes the connected component
in w that contains v, i.e.,

Cw(v) = {w € V : there is an open path in w connecting v and w}.

We denote by X : V. — Zandy : V — {0, 1} the projections from V to Z and {0, 1},
respectively. Hence, for any v € V, v = (X(v), y(v)). We call X(v) the X-coordinate of v,
and y(v) the y-coordinate of v. For N1, N» € N, let 2y, n, be the event that there exists an
open path from some v; € V to some vy € V with X-coordinates —N; and N,, respectively,
and let 2% := [y, n,>0 £2n;,N, be the event that there is an infinite path connecting —oo
and +-o00.

Denote by F the o-field on §2 generated by the projections p, : 2 — {0, 1}, w — w(e),
e € E.For p € (0, 1), let i1, be the distribution of i. i. d. bond percolation on (£2, F) with
mp(w(e) = 1) = p for all e € E. The Borel-Cantelli lemma implies p1,(£2*) = 0. Write
Py NN () i=p (- N 2Ny N,) /14 p(£2n,, N,) Tor the probability distribution on §2 that arises
from conditioning on the existence of an open path from X-coordinate — N to X-coordinate
N;. The following result is Theorem 2.1 in [4]:

Theorem 2.1 The probability measures P, n, n, converge weakly as Ni, No — 00 to a
probability measure P;,‘ on (2, F) with P;,‘(.Q*) =1

R . . e

9 @ o—o @ —&

Given w € 2%, denote by C = C,, the a.s. unique infinite open cluster. Define 2y := {w €
£2*:0eCland P,(-) := P;('|.Qo) where 0 := (0, 0). The measure P, will serve as the law
of the percolation environment for the random walk which is introduced next.

2.2 Random Walk in the Infinite Percolation Cluster

We consider the random walk model introduced by Axelson-Fisk and Higgstrom in [3].
However, in order to be more consistent with other works on biased random walks we will use
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a different parametrization. State and trajectory space of the walk are V and VN0, respectively.
By Y, : VN0 — v, we denote the projection from V™0 onto the nth coordinate, n € Ny. We
equip VN0 with the o-field G = o (Y, : n € Np). Fix A > 0. Given a configuration » € £2,
let P, ; denote the distribution on v No that makes Y := (¥, neN, a Markov chain on V with
initial position 0 := (0, 0) and transition probabilities

X)X ()

Poi W) = Pop(Ysr = w | Yy =) = Sy

Lo (fv,w=1} 2.1
for v ~ w and

Por(0,0) = Py (Yap1 =v | Yy =v) = 1= py,(v, w).

w~v

We write P0 . to emphasize the initial position 0, and P, , for the distribution of the Markov
chain with the same transition probabilities but initial posmon v € V. The joint distribution
of w and (Y;,),eN, When o is drawn at random according to a probability distribution Q on
(£2, F) is denoted by Q0 x P ; =: IP”Q’A where v is the initial position of the walk. Formally,
it is defined by

YA (F x G) = / P!, (G) Qdw), FeF, Geg. (2.2)
F
We fix p € (0, 1) throughout this paper and write P} for IPf, N and IP; for ]P’g. Then (2.2)
becomes !
BAF % G) = [ Pai(G) Po(do) = EylLiuer) P () 23)
F

where E, denotes expectation with respect to P,. We write [P} for P(l)’;,x

2.3 The Random Walk Revisited

Axelson-Fisk and Héggstrom proved in [3] that the random walk (Y,),cn, is recurrent if
A = 0 and transient, otherwise. The result in the case . = 0 follows immediately from the
recurrence of simple random walk on Z? together with Raleigh’s monotonicity principle,
which implies that any subgraph of a recurrent graph is recurrent. If A # 0, the transience of
(Yu)nen, again follows from Raleigh’s monotonicity principle since the percolation cluster
contains a bi-infinite line graph on which the biased random walk is transient.

Proposition 2.2 (Proposition 3.1 in [3]) The random walk (Yy,),en, is recurrent under P(B,o
and transient under P0 s Jor A #0, for Py -almost all w.

Define X,, := X(¥y), n € Ny as the projection on the X-coordinate. In the biased case, a
strong law of large numbers holds for X;:

Proposition 2.3 (Theorem 3.2 in [3]) For any . > 0, there exists a deterministic constant
v(A) =v(p, A) € [0, 1] such that

X
2550 Py-as. asn — oo.
n

Furthermore, there exists a critical value L = Ac(p) > 0 such that

v(A) > 0for0 < A <Ac and v(A) =0 for A > rc.
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The critical value \¢ (Fig. 1) is

1
Ac:510g(2/(1+2p—2p2—\/1+4p2—8p3 —|—4p4)). 2.4)

2.4 Regularity of the Speed

Our first main result is the following theorem.

Theorem 2.4 The speed v is continuous in ). on the interval (0, 00). Further, for any A* €
O,rc)andany 1 <r < % A 2, we have

v(A) —v(A¥)

aa A — x|l

For A* = A¢, we have [v(A)| = [v(L) —V(Ae)| = O(IA — A¢l) for A — Ac.

=0. (2.5)

For A € (0, Ac/2), we show a stronger statement:

Theorem 2.5 The speed v is differentiable in A on the interval (0, A¢/2), and the derivative
is given in (2.17) below.

The differentiability of ¥ at A = 0 together with the statement V' (0) = o2 for the limiting
variance o2 of n=1/2X,, under the distribution PPy is the Einstein relation for this model. We
will consider the Einstein relation in a follow-up paper.

2.5 Sketch of the Proof

Fix A* € (0, A¢c) andlet 1 < r < Ac/A™if A* > Ac/2, and r = 2 if A* < Ac/2. In order to
prove Theorems 2.4 and 2.5, we show that

V(&) — V() 0 if A* > Ac/2,

im ———= =
Ao A — Ax|r] V() if AF < Ac/2.

Since V(1) = lim,,_, %IE;\[X n] by Lebesgue’s dominated convergence theorem, we need

to understand the quantity
]EA[Xn] - E)\-* [Xn]

nlx — x|l
Fig. 1 The figure shows A¢ and 9
Ac/2 as functions of p. The
critical value A¢ is symmetric
around 1/2, i.e.,
Ae(p) =he(l—p) 1.5
1
Ac
0.5
Ac
2
|
P 1
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as first n — oo and then A — A*. We follow ideas from [15,20] and replace the double
limit by a suitable simultaneous limit. For instance, consider the case A* < A¢/2,i.e.,r = 2.
Then the expected difference between X,, under P, and Py« is of the order n (A — A¥)V' (A*¥).
On the other hand, when a central limit theorem for X, with square-root scaling holds, the
fluctuations of X,, are of order /n. By matching these two scales, that is, (A — A*) ~ n~ 12
we are able to apply a measure-change argument replacing [E, [ X,,] by an expectation of the
form Ey«[X, fa,,] for a suitable density function f3 ,. In order to understand the limiting
behavior of Ej+[ X}, f1 »], we use a joint central limit theorem for X, and the leading term in
Sfan. Inthe case A* > Ac/2, we use Marcinkiewicz—Zygmund-type strong laws for X, and
the leading term in fj , instead.

2.6 Functional Central Limit Theorem

As mentioned in the preceding paragraph, we will require a joint central limit theorem for
X, and the leading term of a suitable density. We will make this precise now.

Fix A* > 0 and, for v € V, let N,(v) == {w € V : pyo(v,w) > 0}. Notice that
N, (v) # @ even for isolated vertices. For w € N, (v), the function log py (v, w) is
differentiable at 1*. Hence, we can write a first-order Taylor expansion of log p, » (v, w) as
A — A™ in the form

10g poi (v, w) = 10g pe,px (v, W) + (h = A7) ve 20 (v, W) + (A = A)op= (A — 17)  (2.6)

where vy, 3+ (v, w) is the derivative of log p,, . (v, w) at A* and 0, (A — A*) converges to 0 as
A — A*.Since there is only a finite number of 1-step transition probabilities, 0« (A—1*) — 0
as A — A* uniformly (in v, w and w).

For all v and all w, p,, 5+ (v, -) is a probability measure on N, (v) and hence

Z Vw,k*(v7 w)pw,k* (U, w) =0.

wWEN,, (v)

Therefore, the sequence (M,}* (0))n>0 defined by M(’}* (w) = 0 and

n
M) (@) =) vour(Ye1, Y), neN @7
k=1

is a martingale under P, +. We write M,’}* for the random variable M,ﬁ‘* () on £2 x VNo and
notice that the sequence (M,i‘*)nzo is also a martingale under the annealed measure [Pyx.
For t > 0, denote by |¢] the largest integer < ¢. For A > 0 and n € N, put
1
Jn
Then B, := (B, (t))o<:<1 takes values in the Skorokhod space DI0, 1] of real-valued right-
continuous functions with finite left limits, see e.g. [11, Chap. 3].

B, (1) := —=(X{nr) — ln1JV(2)), 0=<r<1

Theorem 2.6 Let A € (0, A¢/2). Then
(Bu(t),n™'?M},,)) = (B*, M*) under P, (2.8)

where = denotes convergence in distribution in the Skorokhod space D|0, 1] and (B A MMyis
a two-dimensional centered Brownian motion with covariance matrix ¥ = (0ij (M), j=1,2-
Further,

sup Ex [| B, (1)[*] < o0 (2.9)

n>1

@ Springer



Regularity of the Speed of Biased Random Walk... 1129

for some k = k(L) > 2. In particular,
o (M) =B [B*(1)*] = lim n™ "By [(X, — n¥(1)*],
n—oo
on() =B [M*(1)*] = lim n "B [(M})?],
n—oo
o120) =B [BX(OM* (D] = lim n™ "B, [(X, — nv(1) M ].
n—00
If A > A¢/2, then (2.8) fails to hold, and B,, does not converge in distribution.

We do not only require a moment bound for B, (1), n > 1 as given in (2.9), but also a
similar (but stronger) moment bound for the martingale M,f for A € (0, A¢). The result we
need is the following:

Proposition 2.7 Let p € (0, 1), A € (0, A¢). Then, for every t > 0,

sup Ex e "M ] < oo. (2.10)

n>1

2.7 Marcinkiewicz—Zygmund-Type Strong Laws

Even though the central limit theorem for X, does not hold when A > A¢/2, we can give
upper bounds on the fluctuations of X,, around nv(}).

Theorem 2.8 Let p € (0,1), L € (0, A¢c) andr < }”TC A 2. Then

X, —nv(d)
nl/r

2.8 Outline of the Proofs

— 0 and n"V"M} - 0 Py-as. andin L' (Py). (2.11)

We continue with an outline of how the joint central limit theorem is used to derive the
regularity of the speed. First of all, for a fixed percolation configuration w, we have, by
writing the Radon-Nikodym derivative,

= Posr(Yj-1, Y))
E,;[X,=E ,A*[X | | u] (2.12)
1) n [0) nj:1 pw,k*(Yj—I»Yj)

for A, 1* > 0. Integration with respect to P, leads to

n
Por(¥Yj—1,Y})
E,[X,]=E *|:X —_— |, (2.13)
Han L ,1:[1 Poa(Yj—1,Y))

As outlined above, we follow the strategy used in [20] and prove the differentiability of v
in four steps:

1. We prove the joint central limit theorem, Theorem 2.6.
2. We prove that, for A* € (0, A¢c/2),

sup l}EM[(Xn — nv(A*))?] < . (2.14)

n>1
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3. Using the joint central limit theorem and (2.14), we show that, for @ > 0,
E)[Xn] — Ex+[X,]
im
A—AF, (A —A%)n

(A=2*)’n—a

4. We show that, for any A* € (0, Ac/2),

= Eu[BY (WM (1)] = 012(A*). (2.15)

v(A) —v(A* E)[X,] — Ex+[X
lim V( ) V( ) _ [ Xn] 3+ [ Xn] -0 (216)
A—>A* o AF (A — A)n
(A—2*)n—o00
Notice that (2.16) and (2.15) imply
E\[Xn] — Ex+[X % *
YO = lim Xn] = Bl Xl _ g (MY (D)]. (2.17)
A 2F, (A= 2A%)n

(A=A")2n—>a

The proof of the continuity of V on [Ac/2, Ac) follows a similar strategy, where the use of
the central limit theorem is replaced by the use of the Marcinkiewicz-Zygmund-type strong
law for X, and M,),‘.

The detailed proofs of Theorems 2.4 and 2.5 are given and in Sect. 5, respectively.

3 Background on the Percolation Model

In this section we provide some basic results on the percolation model. Most of the material
presented here goes back to [3,4], while some results are extensions that are tailor made for
our analysis.

3.1 The Percolation Law

Let E-= and E™Z be the sets of edges (subsets of E), with both endpoints having X-coordinate
<ior > i,respectively. Further, let E-< := E \ E“Z and E> := E \ E>=. Given w € £2,
we call a vertex v € V backwards communicating if there exists an infinite open path in
EX®):= that contains v. Analogously, we call v forwards communicating if the same is true
with EX®)-= replaced by EX")-Z. Loosely speaking, v is backwards communicating if one
can move in w from v to —oo without ever visiting a vertex with X-coordinate larger than
X(v). Now define

00 if neither (7, 0) nor (i, 1) are backwards communicating;
01 if (i, 0) is not backwards communicating but (i, 1) is;
10 if (i, 0) is backwards communicating but (7, 1) is not;

11 if (i,0) and (i, 1) are backwards communicating.

We note that T'; is a function of w. When w is drawn from P;‘, then T := (T;);ez is a
Markov chain with state space {10, 01, 11}, and the distribution of w given T takes a simple
form. To describe it, we introduce the notion of compatibility. Let E! := E-=\ EI-L= A

local configuration n € {0, 1}Ei is called ab-cd-compatible for ab, cd € {00, 10, 01, 11}
if Ti—1 =aband w(E') = nimply T; = cd.

Lemma 3.1 Under P;;, (Ti)iez is an irreducible and aperiodic time-homogeneous Markov
chain. Further, (T ;);cy, is reversible and ergodic. The conditional distribution of (w(EMY)iez,
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given (Tj)icz is
[1Porim; (3.1
ieZ

where, for ab, cd € {00, 10, 01, 11},

14y is ab-cd-compatible) _
Ppab.ca{n}) = WWZC o l_[ p"(1 — p)!=n@
p.ab,cd oKl

with a norming constant Zp qp, cq such that Py qp cq is a probability distribution.

Proof Theorems 3.1 and 3.2 in [4] yield that (T';);cz is a stationary time-homogeneous
Markov chain. Aperiodicity follows from the explicit form of the transition matrix p on
pp. 1111-1112 of the cited reference. From this explicit form and the form of the invariant
distribution 7 given on p. 1112 of [4] it is readily checked that w and p are in detailed
balance. Hence, (T';);cz is reversible. Since the state space {01, 10, 11} is finite, 7 is the
unique invariant distribution. Consequently, (T';);cz is ergodic.

The form of the conditional distribution given in (3.1) is (3.17) of [4]. m}

3.2 Cyclic Decomposition

Next, we introduce a decomposition of the percolation cluster into i.i.d. cycles originally

introduced in [3]. Cycles begin and end at horizontal levels i such that (7, 1) is isolated in

. A vertex (i, 0) such that (i, 1) is isolated in w is called a pre-regeneration point. We let

R R‘jr; , Rgrf, Rgre, Rllm, R2pre, ... be an enumeration of the pre-regeneration points such
pre

that X(R™)) < X(R™}) < 0 < X(R}™) < x(RY™) < x(RY™)....

{ @ o @ @ 0—@ [ ) e o6—o
*—0—0 I 0—@ *—o e o @ I —0—0
re e e
pre 0 Ry® R}

We denote the subgraph of @ with vertex set {v € V : a < X(v) < b} and edge set
{e € E*Z N EY»< : w(e) = 1} by [a, b) and call [a, b) a piece or block (of w). The
pre-regeneration points split the percolation cluster into blocks

wn = [X(RYC)), X(RY®)), n eZ.

The notation suggests that there are infinitely many pre-regeneration points to the left and
right of 0. This is indeed the case and will be shown below.

Further, we call a piece [a, b) with a < b a trap piece (in w) if it has the following
properties:

(i) The vertical edge ((a, 0), (a, 1)) is open, while all other vertical edges in [a, b + 1) are
closed;
(ii) All horizontal edges in [a, b) are open;
(iii) Exactly one of the horizontal edges ((b, i), (b + 1,i)),i € {0, 1} is open.

We call b — a the length of the trap. If i is such that w ({(b, i), (b + 1,1))) = 1, the vertex
(b + 1,i) is called the trap end. In this situation, the induced line graph on the vertices
(a,1 —1i),...,(b,1 =) is called trap or dead end and the vertex (a, 1 — i) is called the
entrance of the trap.
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1132 N. Gantert et al.

trap end

(a, 1) /

-o—eo—0—0—0 6 -

/ (b+1,0

trap entrance

We enumerate the traps in w as follows. Let L be the trap piece that belongs to the trap
entrance with the smallest nonnegative X-coordinate. We enumerate the remaining trap pieces
such that L, is the next trap piece to the right of L etc. Analogously, Ly is the first trap piece
to the left of L etc.

Lemma 3.2 Under PI”,‘, (T, w(EY))icz is a (time-homogeneous) Markov chain with state

space {01, 10, 11} x {0, 133. Further, there exists a constant y(p) € (0, 1) such that, for
everyi € Z,

P (Tiim | 0((G, 0, G, D) = 1) = y(p)e <", meN (3.2)

where Ty, denotes the event that [a, b) is a trap piece (a,b € Z, a < b). When i > 0, then
(3.2) also holds with P; replaced by P,,.

Proof From the last statement in Lemma 3.1, one infers that ((T;, o (E ))iez is a Markov
chain with state space {01, 10, 11} x {0, 1}3. This Markov chain can be thought of as follows.
Given all information up to and including time i — 1, one can first sample the value T'; using
knowledge of the value of T;_; only. Then, independently of everything sampled before,
one can sample the value of w(E ) from P p,Ti_y,T;- Since P;; is shift-invariant, it is enough
to calculate A, (p) = P;(To;m | @({(0,0), (0,1))) = 1). This can be done as in [3, pp.
3403-3404] and leads to

1 m
Am(p) =y (p) (5 (l +2p—2p° - \/1 +4p? —8p? +4p4)) =y (p)e” e

where y(p) = P;j (C1|To = 11) € (0,1) and Cj is the event that precisely one of the
horizontal edges with right endpoint at X-coordinate 1 is open, while the other one and the
vertical connection between (1, 0) and (1, 1) are closed.
Finally, assume that i > 0 and write V; for the event {w({(i, 0), (i, 1))) = 1}. Then
Py (Tiiym N Vi) Pp(Tiigm NViN{0 €CY)

Py (Vi) Pr(Vin{0ech
=P} (T | Vi N{0 € CY) = PX(Thsigm | Vi)

Pp(Ti:i+m | Vi) =

where the last identity follows from the Markov property under P} at time i > 0 for
(T}, w(E?)))jez. O

We now introduce shift operators. For v € V, the shift 6V is the translation possibly
combined with a flip of the y-coordinate that maps v € V to 0 and, in general, w € V to
X(w) — x(v), [y(w) — y(v)|). The shift 8 canonically extends to a mapping on the set of
edges and hence to a mapping on the configuration space §2. For convenience, we denote
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all these mappings by 8. The mappings #¥ form a commutative group since 6% = §vT¥
where addition v + w is to be understood in Z x Z;. In particular, (X(v), 1) + (X(w), 1) =
() 4+ x(w), 0).

Next define

E' = o, pF 5 and E%:= | (0. pF R
ieN ieN, jeNy

The GREZEI wp, n # 0 can be considered as random variables taking values in E’, while wy
is a random variable taking values in EY Let Co C EY be defined as follows. For i € N
and j € Ny and a finite configuration n € {0, I}Eﬂ'zﬁEw, we let n € Cy iff there exist
open paths in n connecting (—i, 0) with 0 and 0 with (j, 0). Then P, (-) = P;‘(-IO e(C) =
P; (- N{wp € Co}) /P;‘ (wo € Cop) since with probability one, 0 € C if 0 is connected via open
paths with R”" rf and RP', the last pre-regeneration point before X-coordinate 0 and the first
pre-regeneration point with X-coordinate > 0.

Lemma 3.3 The following assertions hold true:

(a) With P;—probability one, there are infinitely many pre-regeneration points to the right
and to the left of zero.

(b) There exists some ¢ = c(p) € (0, 1) with P;(X(lere) — X(Rgre) > k) < cf for all
k e No.

(¢c) Under P, ((GRsrfl wn, X(RY') — X(Rsr_e1 Mnez\(o} is a family of i.i.d. random variables
independent of wy.

All assertions also holdwith P;,‘ replaced by Py. Further, the distribution of (0 L wn, X(RP™)
— X(Rgr_e] Mnez\joy under Py is the same as under P;.

- e e
| |
| |

—b—eo— ¢ -
(i, 0)

Proof Forthe proof of this lemma, we consider the auxiliary stochastic process ((T';, 1i))icz =
((T;, w(E'=1> 0 Et+1<Y)), 7. At time i, it contains the information which of the vertices
with X-coordinate i are backwards communicating, encoded by the value of T';, plus the
information which edges adjacent to the vertices with X-coordinate i are open, encoded by
the value of ;. This process is a Markov chain. Notice that ((T';, 1;))icz has a finite state
space and that (i, 0) being a pre-regeneration point is equivalent to 7; = 10 and »; taking
the particular value displayed in the figure above. As this state is an accessible state for the
chain and as the state space is finite, the chain hits it infinitely often, proving (a). Further,
a standard geometric trials argument gives (b). Assertion (c) follows from the fact that the
cycles between successive visits of a given state by the Markov chain ((T';, n;))iez are i.i.d.
At first, this argument only applies to the cycles w1, w», ... and then extends by reflection
(Py is symmetric by construction) also to those that are on the negative half-axis. The cycle
straddling the origin still is independent of the other cycles by the Markov property, but may
have a different distribution.

Finally, one checks that (a), (b) and (c) hold with P;‘ replaced by P,,. ]

Using regeneration-time arguments will make it necessary at some points to use a different
percolation law than P, or P}, namely, the cycle-stationary percolation law Py, which is
defined below.
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Definition 3.4 The cycle-stationary percolation law Py is defined to be the unique probability
measure on (§2, F) such that the cycles w,, n € Z are i.i.d. under P; and such that each w,
has the same law under PPO as w; under P;,‘.

3.3 The Traps

The biased random walk will pass pieces of the graph that do not contain traps in linear time,
while in traps, it will spend more time. In the next step, we investigate the lengths of traps.
Let ¢,, denote the length of the trap L,, n € Z.

Lemma 3.5 (a) Under P}, (£,)n0 is a family of i.i.d. nonnegative random variables inde-
pendent of £y with P;(El =m) = (e2¢ — 1)e~2*¢™ m e N.
(b) There is a constant x(p) such that PI’)"(ZO =m) < X(p)me_z’\cm, m e N.

Proof Each trap begins at an open vertical edge. By the strong Markov property,
((Ti, w(E")));ez starts afresh at every open vertical edge. By (3.2), the probability of having
a trap of length m following an open vertical edge is proportional to e ~>*¢”, This implies
assertion (a).

Assertion (b) is reminiscent of the fact that the distribution of the length of the cycle
straddling the origin in a two-sided renewal process is the size-biasing of the distribution
of any other cycle. This result is not directly applicable, but standard arguments yield the
estimate in (b). ]

For later use, we derive an upper bound on the probability under the cycle-stationary
percolation law of the event that a certain piece of the ladder is part of a trap.

Lemma 3.6 For k,m € No, m > 0, let Tk/:k+m be the event that the piece [k, k + m) is

Y . -2
contained in a trap piece. Then P;(Tk’:an) < e M,

Proof Notice that T/, ., € {Tx = 11} N mT:1 Bi+j where B; is the event that w({(j —
1,i),(j,))) = 1fori =0,1 and w({(J,0), (j, 1)) =0, j € Z. Hence, arguing as in [3,
pp. 3403-3404], we obtain

m
PO(T g im) < PS(Tk = 1DPH( () Buy [Tk = 11) < o= 2.
j=1

4 Regeneration Arguments

Throughout this section, we fix a bias A > 0. Hence, under P;, X,, — oo a.s. as n — oo.
To deduce a central limit theorem or a Marcinkiewicz-Zygmund-type strong law for X,
information is needed about the time the walk spends in initial pieces of the percolation
cluster. To investigate these times, we introduce some additional terminology.

4.1 The Backbone

We call the subgraph B of the infinite cluster induced by all forwards communicating states
the backbone. The backbone is obtained from Co, by deleting the dead ends of all trap pieces.
Clearly, B is connected and contains all pre-regeneration points (Fig. 2).
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([ ] e 6o
o O
R 0 Ry
Rzrf 0 Rgre

Fig. 2 The original percolation configuration and the backbone

Let (Zo, Z1, . ..) be the agile walk corresponding to the walk (Yo, Y7, .. .), that is, the walk
obtained from (Yo, Y1, ...) by removing all times at which the walk stays put. Further, let
(Z(?, Zfs, ...) be the walk that is obtained from (Zy, Z1, . . .) by removing all steps in which
the walk moves to or from a point outside 5. By the strong Markov property, (Z,),>0 and
(Zf),,zo are Markov chains on C and B, respectively, under P, ; for every @ € £2¢ with
0eB.

4.2 Regeneration Points and Times

Let RP := (R : n € Ny} denote the (random) set of all pre-regeneration points strictly to
the right of X-coordinate 0. A member of RP™ is called a regeneration point if it is visited
by the random walk (Y},),>0 precisely once. The set of regeneration points will be denoted
by R € RP®. Let Ry :=0and Ry, Ry, ... be an enumeration of the regeneration points with
increasing X-coordinates. Define 7p := 0 and, for n € N, and let 7, be the unique time at
which Y visits R,,. Formally, the 7,, and R,, n € N are given by:

T, i= inf{k > 1,1 : Yx € RP®,Y; # Yy forall j #k}, R, :=7Yq,. 4.1

Since A > 0, the random walk is transient to the right. This ensures that the t,, n € Ny are
almost surely finite and form an increasing sequence. The 1, n € N are no stopping times.
However, there is an analogue of the strong Markov property. In order to formulate it, let
pon = X(Rp) and denote by

Hp =0 (Tt s Tn, Y0, -5 Yo, ({0, w)) 0 X(V) <y, X(W) < op)

the o-field of the walk up to time 7, and the environment up to p,. Further, for e € E, let
Pe: 2 — {0,1}, o — w(e), and

-7:2 = O'(p(v,w) D X(), X(w) > 0)
Lemma 4.1 For every n € N and all measurable sets F € F~, G € G, we have

Py((0%" Yr, 4)k20 € G, 05w € F | Hy)
=P ((Yis0 €G, w € F | Yy #0forallk > 1) 4.2)
where P} = P; x Py 5. In particular, the (th41 — Tn, Pn+1 — Pn), 1 € N are i.i.d. pairs of

random variables under Py,

The proof is similar to the proof of Proposition 1.3 in [27], we refrain from providing
details here. The key result concerning the regeneration times is the following lemma, which
is proved in Sect. 6 below.
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Lemma 4.2 The following assertions hold:

(a) Forevery A > 0, there exists some ¢ > 0 such that E;[¢?®2=PD] < o0.
(b) Letk > 1. Then Bz (2 — 11)¥] < 00 iff & < €.

4.3 The Marcinkiewicz—Zygmund-Type Strong Law

We now give a proof of Theorem 2.8 based on Lemmas 4.1 and 4.2. For the reader’s conve-
nience, we restate the result here in a slightly extended version.

Proposition 4.3 Let p € (0, 1).

(@ If» > 0, then
X E -
- M =:v(A) Pj-a.s. asn — oo. 4.3)
n Exlr2 — 71l
In particular, v()) > 0 iff . < Ac andv(X) = 0 iff L > Ac.
(b) Ifr € (0,hc) and 1 < r < *C A2, then

X, — nv(
%rv()_)o and n~V"M* > 0 @2.11)
n

where the convergence in (2.11) holds Py -a.s. and in L" (P;).

Part (a) of this proposition implies Proposition 2.3, part (b) implies Theorem 2.8. A
different formula for V(i) was given in [3, p. 3412].

Proof LetA > 0.Further,letr € (1, )\—C/\Z) if A < Ac,andr = 1, otherwise. By Lemmas 4.1
and 4.2, (pn+1 — Pn)neN and (Ty4+1 — Ty)nen are sequences of i.i.d. nonnegative random
variables with E; [(p2 — p1)"] < 00, Ex[(12 — 71)"] < 00 if A < Ac and Ey[1p — 11] = o0 if
A > Ac. The Marcinkiewicz-Zygmund strong law [16, Theorems 6.7.1 and 6.10.3] applied
0 (ou41 — P1)neny. yields

on —nE;[p2 — p1]

7 — 0 Pj-as.andin L™ (P;) as n — o0. (4.4)
Analogously, if A < Ac,
% — 0 Py-as.andin L"(P;) as n — oo, 4.5)
while in any case, we have
;—n — E)[tp — 11] Pj-ass.asn — oo 4.6)

even in the case E)[tp — 71] = oo. Define V(1) := E,[p» — p1]l/Ex[r2 — 71] and
k(n) := max{k € Ng : 7} < n}. Clearly, k(n) — oo as n — oo. Further,

ko 1

- P-as. 4.7
" _)Ek[rz—tl] -a.8.as n — 00 4.7

by the strong law of large numbers for renewal counting processes. Set v(n) := k(n) + 1.
Then v(n) is a stopping time with respect to the canonical filtration of ((tx, px))ken, and
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v(n) < n + 1. Hence, the family (v(n)/n),en is uniformly integrable. Thus [17, Theorem
1.6.2] implies that

_ E _ r
( Po) v(n)l /rk L2 = pil ) is uniformly integrable.1 4.8)
n neNy
We write
Xn—nv(d) Xy — pum) | Pv) —v)Eslo2 — 1] | v(im)Exlp2 — p1] — nv(R)
nl/r - nl/r + nl/r + nl/r .

The absolute value of the first summand is bounded by (0y(n) — Pk))/ n'/", which tends to
0P;-a.s.and in L" (P,) by [17, Theorem 1.8.1]. The second summand tends to 0 P, -a.s. and
in L"(IP;) by (4.4), (4.7) and (4.8). Further, we find that if A > Ac, i.e., r = 1, then the third
summand tends to 0 P -a.s. by (4.7). If > € (0, A¢), then

_ o vmE [ —-tul-tw| VA (@m — Tkm)
‘V(A) /T + W :

v(m)Ey[o2 — p1] — nv() ‘ -

nl/r -

4.9

The first summand converges to 0 IP; -a.s. by (4.5) and (4.7). A subsequent application of [17,

Theorem 1.6.2] guarantees that this convergence also holds in L" (P, ). The second summand

is bounded above by V(A) (7, () — tk(n))/nl/’, which tends to 0 P,-a.s. and in L" (P,) again
by [17, Theorem 1.8.1].

For the proof of the statement concerning M,)l‘ in (2.11), recall (2.7) and define

M = Vo r(Ye, . Yo, 101) + - + Vo0 (Ye,—1, Ye,) = M} — M7

forn € N. The n,, n > 2 are i.i.d. by Lemma 4.1. There is a constant C > 0 such that
SUP, y.w Vw2 (v, w)| < C. As a consequence,

|Vw,)\.(YTn_17 Yr,,_1+1)| +---+ |Vw,)»(ytn—ls Y‘[n)| <C(tp — T-1)
for all n € N. Hence,
Ml)-hk(”) - C(Tn - 7.'”,1) < My); < Ml)-;((n) + C(T.'n — ‘L'nfl)

for all n € N. Similar arguments as those used for X,, — nv(%) now yield the second limit
relation in (2.11). ]

4.4 The Invariance Principle

We now give a proof of Theorem 2.6 based on regeneration times. The same technique has
been used e. g. in the proofs of Theorem 4.1 in [23] and Theorem 4.1 in [25].

Proof of Theorem 2.6 Assume that L € (0, Ac/2). Then v = V(1) > 0 by Proposition 2.3.
Forn € N, let

Sn = (pn - ,On—l) - (Tn - Tnfl)v = (Xrn - Xrn,l) - (Tn - Tnfl)v
and, as in the proof of Proposition 2.3,

Nn = VL(),)\(YT,z_lv YT”_]—H) +--+ Vw,A(an—]v Yr,,) = M?n - M?,,f

1

1 Notice that p1 may have a different distribution under [P, than the other increments p,, 11 — pp, n € N.
However, only minor changes are necessary to apply the results from [17] anyway. This comment applies
several times in this proof.
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According to Lemma4.1, ((§,, 7,))n>2 is a sequence of centered 2-dimensional i.i.d. random
variables. Due to Lemma 4.2 and since v. ; (-, -) is uniformly bounded, the covariance matrix
»* of (&2, n2) has finite entries only. Moreover, E,, [“;‘22] > 0 and Ek[n%] > 0 since clearly,
&, and 1y are not a.s. constant. Define Sp := (0, 0) and

Sp=GELn) + -+ Enn) = Xq, — TV, ML) neN. (4.10)

Since the contribution of the first term (£, n1) is negligible as n — oo, Donsker’s invariance
principle [11, Theorem 14.1] implies that

VS o<i<1 = (B, M%) 4.11)
n—0o00

in the Skorokhod space D[0, 1] for a two-dimensional centered Brownian motion with covari-
ance matrix X*. For u > 0, let k(u) = max{k € No : 1t < u}. By monotonicity,
lim;— 0o ﬁn) = E;[t» — 71] Py-a.s. extends to

k(nt t
() _ 0 Pj-as. (4.12)
o<t<1| N Ex[rr — 11]| n—oo

The idea is to use (4.12) to transfer (4.11) to (n~"/2Sk(ur))o<t<1 (Step 1). Then we show
that the latter process is close to (B, n~l 2M,i‘) and, thereby, establish the convergence of
(B, n~'>M}}) (Step 2).

Step 1 As Brownian motion has almost surely continuous paths, convergence to Brownian
motion in the Skorokhod space implies convergence of the finite-dimensional distributions,
seee.g.[11, Sect. 13]. Hence, forz > 0, (4.11), (4.12) and Anscombe’s theorem [17, Theorem
1.3.1] imply

028y 2 (BM(6), MM(1)) asn — oo

where (B*(t), M*(t)) = (Ei[tz — 1))~ /2(B*(t), M*(t)). Moreover, by inspecting
the proof of [17, Theorem 1.3.1], this convergence can be strengthened to finite-
dimensional convergence. According to [11, Theorem 13.1], in order to prove convergence
of (™ 12Skmr))o<i<1 to (B*, M*) in the Skorokhod space, it suffices to check that
((n’l/sz(m))og,il)nZ] is tight. To this end, we invoke [11, Theorem 13.2], which yields
tightness, once we have verified the conditions of the theorem. For a function f : [0, 1] — R2,
we write || || for sup,¢pg 1 1/ (2)| where | f(#)| denotes the Euclidean norm of f(¢). Some-
times, we write || f(¢)|| for || f||. To verify the first condition of [11, Eq. (13.4) in Theorem
13.2], we first notice that [11, Theorem 14.4] and Slutsky’s theorem imply

n 28 iy = (BM(t), M* (1)) asn — oo. (4.13)
Using this and (4.12), we conclude that

lim lim sup P, [||n_1/2Sk(m) | > a]
a—>00 ;00

L k(n)\1/2 IS;]
= Jim timsup®, | (02)7 max O =

= lim P,[||(B*, M")|| > a] = 0.
a— o0

Turning to the second condition, we need to estimate terms of the form [Sk(u) — Sk(ns)l
uniformly in |t — s| < § for some § € (0, 1) that will ultimately tend to 0. Using the
triangular inequality, we obtain

@ Springer



Regularity of the Speed of Biased Random Walk... 1139

[Sknr) — Sk@ms)] = [Sk@mry = Sint/Estra—ni1) | + 1Skns) — Sins/Erlrr—ui1)
HS(nt/Eslra—11) — Sins/Exle—m1il-

Since 7712 S| /B, [~ 1) converges in distribution on D[0, 1] by (4.11), it is in particular
tight and satisfies the second condition of Theorem 13.2 in [11]. Therefore, it is enough to
consider the first two terms on the right-hand side of the last inequality. By symmetry, it
suffices to consider one of them. Let ¢ > 0. Then, for arbitrary ¢ > 0,

P [0 2 USkuey = Sttt —ei1) | = €]

1
<Py | |k(nt) — . >nc|+Py| sup max —|§; -S| >¢].
Exlr2 — =l j<k@n)li—jlsne /n

The first term tends to 0 as n — oo for any given ¢ > 0 by (4.12). By (4.13) and the
continuous mapping theorem, the second term tends to

Py, {sup max |(B*(t), M*(1)) — (B*(s), M*(5))| 28}
0<t<l1 s|=

which tends to 0 as ¢ — 0, since Brownian motion is a. s. continuous (hence, uniformly
continuous on compact intervals). Therefore,

limsupP;. [~ 2| Skqury — Spne/By1ea—m1y Il = €] = 0.
n—o0

Step 2 With || - || denoting the supremum norm of one- or two-dimensional functions, respec-

tively, the distance between (B (-), n 12y i‘n 1 and Sg(,.) can be estimated as follows:

1(Ba (o), MW N = Skan I/l
(”XLntJ = ]V = Xy — Ty + ”MiLmJ M'?k(nr) ”)

< 0 21Xty = X I+ VI Ty = Lt ]+ 1M = M7 ).

Here, for the first term, we find

IA

A

”XLntJ - XTk(nt) ” = ”ka(m)-H - X'L}(,,t) ” = j,max(n)(ijrl _/0])
Thus, for any ¢ > 0, using k(n) < n, the union bound and Chebychev’s inequality give
Bor Xy = Xy | 2 £) < P max (o1 =) 2 /)

< Py(p1 = ev/n/2) +nPy(02 —p1 > £4/n/2)
<Pilp1 = e/n/2) + 46 *Eal(p2 —p1) Ly pyse iyl = 0.

n—oo
The other two terms are treated in a similar manner. Finally, we obtain
|(Bu(6), My, /5/n) =~ 2 Sgun | — O in P, -probability.
n—o0

In view of Theorem 3.1 in [11], the convergence of n_l/sz(m) in D[O0, 1] thus implies the
convergence of (B, (t), M}, //n) in D[0, 1].2

2 1In fact, one needs to show the above convergence in P -probability with the supremum norm replaced by
a metric that induces the Skorokhod topology, for instance, the metric d° defined on p. 125 of [11]. However,

a°¢,) ==
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Now we show (2.9). To this end, pick k > 2 with E, [(72 — 71)“] < oco. The existence of «
is guaranteed by Lemma4.2. Forn € N, observethatv(n) := inf{j € N: 7; > n} = k(n)+1
is a stopping time w.r.t. the filtration (G )xeNn, Where Gy = o ((p;, T;) : 1 < j < k). Further,
writing || - ||, for the k-norm w.r.t. P;, we infer from Minkowski’s inequality that

1 _ _
1B, (Dl < ﬁ(”xrv(n) - Tv(n)V”K + ”er(n) — Xnlle + V”Tv(n) - n”K)
1 v(n) v
=7 ;sj e = o lle 7l ~Tw e @14)

If &, &, ... were i.i.d. under IP; , boundedness of the first summand as n — oo would follow
from classical renewal theory as presented in [17]. However, we have to incorporate the fact
that, under P;, &; has a different distribution than the &;’s for j > 2. Define V/(k) = inf{j €
No : 7j11 — 71 > k} and use Minkowski’s inequality to obtain

v(n) v (n—11)

1> &, < e+ D &,
j=1 j=2

Condition w.r.t. G; in the second summand to obtain
G } }

v (n—11) P v (n—11) K
sl % e)|-ml=(( X )
j=2 j=2

< E,\[ZBKEAH&’K]EA[V/(” — )| gl]]
< 2BE,[|&| Bl (m)*/?]

where we have used [17, Theorem 1.5.1] for the first inequality and where B, is a finite
constant depending only on k. Now take the «th root to arrive at the corresponding bounds
for the «-norm and subsequently divide by /7. Then, using that n~1/2(E; [v' (n)</?])!/* =
IE)\[(v’(n)/n)’(/z] and the uniform integrability of (v’(n)/n)"/z, n € N (see [17, Formula
(2.5.6)]) we conclude that the supremum over alln € N of the first summand in (4.14) is finite.
We now turn to the second and third summand in (4.14). First observe that E, [(p2 — p1)*] <
oo and E[(r2 — 11)¥] < oo by Lemma 4.2. Second, notice that %v(n) - Bl — D7t
a.s. as n — oo by the strong law of large numbers for renewal processes [17, Theorem
2.5.1] and that (%v(n))neN is uniformly integrable, see [17, Formula (2.5.6)]. Therefore,
limy,— 00 V2] pu(n) =Pk e = 0 and limy,—, oo 271/2(| 7y (2) —Tk(n) ll« = O is a consequence
of [17, Theorem 1.8.1].

Finally, we show that if A € [A¢/2, Ac), then the invariance principle does not hold. The
argument is that if the invariance principle holds, then the variance of & under P, must be
finite, which is not the case for A > A¢ /2. To be more precise, fix A € [Ac/2, A¢) and assume
for a contradiction that (2.8) holds. Then B,, = n~!/ 2(Xn —nV) — o B(1) in distribution as
n — oo and, moreover,

k(n)

1By —n 2> g < n 21X = Xy |+ 910 = o). (4.15)
j=1

. . P
By the arguments given in the proof of Step 2 above, n~1/2(X, — X)) —> O asn — oo.
Further, n — 74 (,) is the age at time n of the (delayed) renewal process (7x)ken, - By standard
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results from renewal theory, see e.g. [28, Corollary 10.1 on p. 76],

Py (n — Tk = J) T mﬂ”x(m — 11> j)
where 1 < Ac guarantees the finiteness of E,[7o — 71]. (Notice that the fact that 1 has a
different distribution than the 7,41 — 7,, n > 1 has no effect on this result.) Hence, also
n12n - Tkn)) — 0 in P;-probability as n — 0o. From (4.15) and Theorem 3.1 in [11],
we thus conclude that n~1/2 le(zni &; — o B(1) in distribution as n — 0. In particular, the
sequence (n—1/2 Z’;(znl) &j)n>1 s tight. From Theorem 3.4 in [6] (notice that in the theorem,
stochastic domination is assumed rather than tightness; however, it is clear from the proof that
tightness suffices), we conclude that [E;, [522] < oo which, in turn, gives E, [(t2 — 11)2] < 0.
This contradicts Lemma 4.2. m]
We continue with the proof of Proposition 2.7:

Proof of Proposition 2.7 Choose an arbitrary 6 > 0. By the Azuma—Hoeffding inequality
[29, E14.2], with ¢; := sup, ,, , [Ve.2 (v, w)| where the supremum is over all w € 2 and
v, w € V, we have '

1 x2n x2
P (tn~ 2 M* > x) < ex (—f ):ex (——)
i nZX) S exp 21‘2nc§ P 2l26§

for all x > 0. This finishes the proof of (2.10) because the bound on the right-hand side is
independent of 7. O

5 Proof of Theorem 2.5

We carry out the program described on p 8. The first two steps of the program are contained
in Theorem 2.6 (the second step follows from (2.9)). We continue with Step 3. It is based on

Por(Yj—1,Y}) ) at A = A

a second order Taylor expansion for Z’}:l log (p Vo)
, J—=1)

ilog( Por(Yj-1,Y}) )

e Por(Yj-1,Y;)

= (=AM +

(A—A%)2 2”;(17;/),,\*(1’/'71, Y;)

— Vo (Y1, ¥))?)
2 Pos(Yi—1,Y)) ° ! !

j=1
n
+ =22 rwonyy v () (5.1)
j=1

where 74 y* p,w(A) tends to O uniformly in w € £2 and v, w € V as L — A*. Set

1 < P;/,;L*(ijl, Y])
Auie@) = 5 3 (o (Vo ¥ = 22 )
¢ 2; ¢ ! ! Powix(Yj—1,Y;)
and
n
Ropea(n) = (=22 rosey, 1y, (0 = (0= 297 no(1), (5.2)
j=1

where o(1) denotes a term that converges (uniformly) to 0 as A — A™*.
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1142 N. Gantert et al.

Lemma 5.1 Let \* € (0, A¢).

(@) IfA* € (0, Ac/2), then
(A — 192 Ag 5 (n) — %E,\*[M’\*(I)Z] Pjys-a.s. and in L' (P;+) (5.3)

if the limit A— A* and n— 00 is such that lim,_, oo (A—21%)2n =: a € (0, 00).
(b) If3* € (0, A¢) and 1 < r < 3€ A2, then

(A —1")2Ap 5 (n) = 0 Pye-a.s. and in L' (Py+) (5.4)

if the limit A — A* and n — o0 is such that lim,_, .o (A —A*)"'n =: a € (0, 00).

Further, Ry, = 5 (n) — O0Py=-a.s. ifthe limits . — A* andn — oo are such thatlim,_, oo (A—
2*)2n < oo.

Proof The convergence Ry, j+;(n) — 0if A — A* and n — oo such that lim,— oo (A —
1)2n < oo follows immediately from (5.2).
‘We now turn to assertions (a) and (b). To this end, notice that A,, ;+(t,) = 22:1 & where

Tk

1 PZ) *(Y.',I,Y')
=5 ) <Vm,)\*(Yj71, Yj)? — #) keN.

Pt Posx(Yj_1,Y})

The &, k > 2 arei.i.d. by Lemma 4.1. They are further integrable since the summands in the
definition are uniformly bounded and E,+[t2 — 71] < 00. The strong law of large numbers
gives, as n — 00,

1 1 2 PoYio1,Y))
—Awx(Tn) = *EA*[ > (Vw,k*(Yj—lv Yj)? — M—)} Pys-a.s.
n 2 Pl Por(Yj—1,Y;)

Using the sandwich argument from the proof of Proposition 4.3(a), one infers

2 . N2 Puar 1Y)
lA () —> 1EA*[Zj:I1+1 (Uw,x*(Y1_1, YJ) — m)]
o 2

IF’A*—a. S.
Eys[r2 — 71l

In the situation of (b), (A — A*)? is of the order n=2/" with 2/r > 1. This implies that
(5.4) holds. In the situation of (a), we have 0 < A* < Ac/2. Since the v, 3+ (Y;_1, Y,-)z —
p;’),)\*(Yj,l, Y;)/Pwy*x(Yj—1,Y;), j € N are bounded by a constant (depending on A*),
(%Aw,/\*(”))neN is a bounded sequence. Thus, E;«[lim,_, %Awy;\*(n)] = lim;,_ oo %E;\*
[Aw 2x(n)] by the dominated convergence theorem, and hence

1 1
lim wa,)L*(n) = lim *E)L* [Aw,k*(n)] IP),\*—a. S.
n—>oo n n—oon

The latter limit can be calculated as follows. For all v and all w, p,_ = (v, -) is a probability
measure on the neighborhood N, (v) = {w € V : py 0(v, w) > 0} of v, hence

Z p;/,’)b*(v, U.)) =0.

weN, (v)
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Py (Yj-1.Y))

This implies Ewy;\*[ P T

thus,

" p Y7 ’Y-
Py (-1 j;] = 0 and also Ej ] =0forall j € Nand,

Pt (Vi—1.Y;

o 11 2
lim —A, +(n) = lim 2 Z}EA*[%,A*(YFI’Y./') ]
j=

n—o0o n n— 00

1 * 1 *
= 3 lim Var« = V2m¥ ] = e [M*'(1)%] Pys-a. s.
n

where the second equality follows from the fact that the increments of square-integrable
martingales are uncorrelated, and the last equality follows from Theorem 2.6. O

Proposition 5.2 Assume that A* € (0, A¢/2) and o > 0. Then

fim o Xnl = EarlXal B« [BX (MY (1)] = a12(ALF). (2.15)
A—>A¥, (A —A%n

A=2")2n—>a

Proof We have
ExlXn] = Exs[Xn] _ EalXa]l —nv(A")  Eps[Xn] —nv(")

= 5.5)
(A —A%n (A —A%n (A —A%n
Regarding the second summand, Theorem 2.6 implies that, under P+,
X, — nv(0¥) _ 1 X, — nv(A*) N LB)‘*(I)
(A= A%)n (A — A%)/n Jn Ja

in distribution as n — oo. Further, (2.14) implies convergence of the first moment. Since
B (1) is centered Gaussian, this means that the second summand in (5.5) vanishes as n —
00. It remains to show that
Ey[X,] —nv(0¥)
A= A%n
To this end, we use the Radon—Nikodym derivatives introduced in Sect. 2 and follow the end
of the proof of Theorem 2.3 in [20]. Indeed, using (2.13) and (5.1), we get

— o12(A") as A — A5, (A — 1% > a. (5.6)

B [Xp —nv(A)]

Por(Yj-1,Y})

n
= E* (Xn—l’lV()L*)) eXp ZIOg Posx(Yiz1,Y;)
o, \Lj—1, L

j=1
= B[ (Xn =n¥05) exp (A =25)YM)" = =12 Ay s (n) + Ry 1. (0)].

Now divide by (A — A*)n ~ /an and use Theorem 2.6, Lemma 5.1, Slutsky’s theorem and
the continuous mapping theorem to conclude

Xn_ 7)L* % * %
%;ﬁ()n)exp((k—k My = h=2*)? Ay 3 (1) + Ry o 1.(n))
D 1 W A o o )
= e B e (Vaut ) - SEamtarl). 6

Suppose that along with convergence in distribution, convergence of the first moment holds.
Then we infer
Ei[Xa] — n905)

A* 2 o A* 2
B (D exp (VaM* (1) = S B M (1))
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= B [BX ()M ()] = 012(3)

where the last step follows from the integration by parts formula for two-dimensional Gaus-
sian vectors® and the limit is as A — A*, A — X*)2n — «. It remains to show that the family
on the left-hand side of (5.7) is uniformly integrable. To this end, use Holder’s inequality to
obtain

6

|

— nv()* L%
sup el |2 VD) G )M =Gk Ay o ()R, )
an (A —A%)n

3
X, —nv(0)|*75
< sup EA*|: ni() ]
Aon (A —2%)n
x 2
X sup }EA*I:63(A—)L*)M,),‘ —3(A5)2 A, (n)+3Rw,k*.A(n)] s
An

By (2.9), the first supremum in the last line is finite. To show finiteness of the second, first
notice that (A — A*)ZA(U, »(n) and Ry, 5+ 5 (n) are (for fixed A*) bounded sequences when (A —
A*)2n stays bounded (see the proof of Lemma 5.1 for details), while sup; ,, R, [e30My ] <
oo follows from (2.10). O

For later use, we state here an analogous result used in the proof of Theorem 2.4. Since
the proof is an adaption of the proof of Proposition 5.2 we refrain from giving the details here
and only note that Theorem 2.8 is used at this point (instead of the central limit theorem).

Proposition 5.3 Assume that A* € (0, A¢) and let 1 < r < % A 2. Then, for arbitrary

o >0,
. E.[Xn] — Exx[Xn]
lim =0.
A—A*, |k—)\*|r_1n
nA—A*"—>a

We complete the fourth step of the program on p. 8 by proving the following two results.

Lemma 5.4 Let A*,8 > 0.
(@) If[A* — 38, A* + 8] C (0, Ac/2), then there exists a constant C(A*, §) with
|EL[Xn] — nv(Q)| < C(A, 8) (5.3)

forall » € [M* — 8, * +8land alln € N.
(b) If[A* —8,2* +8] € (0, Ac) and | < r < %S5 A2, then

n V" sup |Ex[X,] —nv¥(A)| — 0 asn — oco. (5.9)
|A—3+|<8

The first part of the lemma has the following immediate corollary.

Corollary 5.5 Let 1* € (0, A¢/2). Then

V) =vAY) B[ Xa] = Exs[Xa]] 0
A — A¥ (A — AH)n o

lim
A—A*,
(A=A%)n—00

(2.16)

3 There are several proofs of this formula, for instance, one can consider the bivariate moment generating
function @ (s, 1) = Ey= [exp(sB)‘*(l)thM)‘*(l))], differentiate with respect to s and evaluate at (s, ) = (0, 1).
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Proof of Lemma 5.4 Choose § > 0 such that 0 < A* — 8§ < A* + 8 < Ac. We first remind
the reader that v(n) = inf{j € N : t; > n} = k(n) + 1 is a stopping time with respect to
the canonical filtration of ((0; — pj—1,Tj — Tj—1))jeN. For n € N, we decompose E; [ X}, ]
in the form

E)L[Xn] = E)L[Xn - pv(n)] + Ek[pv(n)], (510)

and estimate the two summands on the right-hand side separately. The first summand in
(5.10) is uniformly bounded in A € [A* — §, A* 4+ §] and n € Ny by Lemma 6.6(a).

In order to deal with the second summand, as in the proof of Theorem 2.6, we define
V' (k) =inf{j € No : 7j41 — 71 > k}, k € Z. Then

vi(in—11)

Pv(n) = P1 + Z (,Oj+1 - :0])
j=1

Now take expectation with respect to P, [-|(p1, 71)], use Wald’s equation and then integrate
with respect to [P, to obtain

Exlpvm] = Eilpi] + Exv' (n — t)1Exlp2 — p1]. (5.1D

We use (5.11) to derive a lower bound for E; [p,(,)]. For j =1, ..., n, Wald’s equation gives
E[v'(n — j)] = E;.[tv@—j)+1 — t1l/Exlr2 — 71]. Thus, the right-hand side of (5.11) can
be bounded below by

Exlovin] = Ealpi]+ ) Pulti = NEY (0 — HIEsLp2 — p1]
j=1
V) Y Pt = DBl jy41 — 1]
j=1

A%

>0 ) Pt = Hn—j)

j=1
> nV(1) = VOB, [11] — n¥ (WP, (11 > n)
> nv(1) — 2B, (1]

where in the last step we have used V(A) < 1 and nPP, (71 > n) < E,[r;]. Regarding the
upper bound for Ey[0,(n)], we again use (5.11) to conclude

Exlpvm] < Exloi] + Ex[V' () 1Ex[p2 — p1]
= Exlp1] + VIO Exltv ()41 — T1]
=nv(A) + Exlo1] + VOO EL(ty (y+1 — 71 — 1)]
< V() + Eilp1] + E5 [(zun) — 1) | Yie # O forall k > 1].

The estimates derived above together with Lemma 6.6 yield assertions (a) and (b). O
Apart from the proofs of several lemmas we have referred to, the proof of Theorem 2.5 is
now complete.
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6 Regeneration Estimates

6.1 The Time Spent in Traps

We start by considering a discrete line segment {0, ..., m} and a nearest-neighbor random
walk (S,,),>0 on this set starting at i € {0, ..., m} with transition probabilities
2

Pi(Sk+1=j+1|Sk=j)=1—Pi(Sk+1Zj—1|Sk=J)=m

forj=1,...,m —1and
PB(Skr1 =118 =0)=PF(Sky1=m—1| S =m) =1.

For i = 0, we are interested in 7, := inf{k € N : S, = 0}, the time until the first return of
the walk to the origin. The stopping times 7, will be used to estimate the time the agile walk
(Zy)n=0 spends in a trap of length m given that it steps into it.

Lemma 6.1 In the given situation, the following assertions hold true.

(a) Foreachm € N, we have Eo[t] =2 2;:1 11

(b) Foranyk > 1andeverym € N, we have

2K62/c)\(m71) < Eo[trl’cl] < C(K’A‘)mKeZK)\.m

where ¢(i, 1) = 25~ 1(1 + 22(5) + F(K-l—l))(en 1)")

(c) Assume there is a sequence G1, G2, ...of mdependent random variables defined on the
same probability space as and independent of (Sp)n>0. Further, suppose that there is
r € (0, 1) such that for all j € N and n € Ny, we have Py(G; > n) < r". Then, for all

m e N,
Tm K
r kN« T'(e+1) 2
E G < 2 7> _ , Am<e M
o[(z J> ] < |10gr|K< (e + oz 7| )c(x ym“e

j=l1

Before we give the proof of Lemma 6.1, we remark that with some more effort, it would
be possible to determine the exact order of Eg[z, ]. However, the estimates in the lemma are
precise enough for our purposes.

Proof Clearly, t; = 2 and, for m > 1, by the strong Markov property,

G
T la=w 2+ Z ‘L'r(njll under Py 6.1)
j=1
where r(] ) 1»J € Narei.i.d. copies of 7,1 and G is an independent geometrically distributed

random Vanable with
Py (G = k) = (¢*/(e™* + )", keN.

In particular, Eq[G] = e2*. Using induction, Wald’s equation and (6.1), we conclude (a).
We turn to assertion (b) and fix « > 1. Using Jensen’s inequality, we infer

A\ K
EolzX] > Eo[t,]* = ( Z 2)»]) > 2K m=1)
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which is the lower bound. For the upper bound, fix m > 2, and let V; := ;’51 L(s,—i) be
the number of visits to the point i before the random walk returns to 0,7 = 1, ..., m. Then
Ty, = 1+ > ;" Vi and, by Jensen’s inequality,

m K m
Eo[tf] = E0[<1 +> V,) ] <(m+ <! (1 + EO[Z V]) (6.2)
i=1 i=1
In order to investigate the V;,i =1, ..., m, let

o; = inf{k e N: Sy =i} and r; :=Pi(0; < 0p).
Given Sy = i, when S} = i + 1, then 0; < o0g. When the walk moves to i — 1 in its first

step, it starts afresh there and hits i before 0 with probability P,_(0; < o¢). Determining
P._1(0; < 0p) is the classical ruin problem, hence

A

et e~ e —1 _2ai s _1-
o e_)‘+e)‘+e_)‘+e}~(1_175*2’“6 ) fori=1,....,m—1; 63
i = e —1 _—2am . (6.3)
1-— i fori = m.
In particular, fori = 1,...,m — 1, r; does not depend on m. Moreover, we have r; <
rn < ... <rpy—1andr; < r, < ry—1. By the strong Markov property, for k € N,
Py(Vi = k) = Py(o; < ap)rf (1 — r;) and hence

1 ri k
BolV/ 1= Y KRV =k = — =3 k]
k>1 k>1
<1—r,- 1 2(5)K+F(K+l)
~ ri |logril¥ e |logril
where (A.2) has been used in the last step. Further, fori =1,...,m — 1,
e—)\ 62)\. -1 Y 62)\ -1 Y
logril = 1—ri = ——— e ¥ = i

B N
Notice that the same bound also holds for i = m. Using that ri_l <7 < 2, we conclude

a1 = O+ ) = 2 () )

- 2<2(£>K+ Fle 4+ 1))(62}‘ + 1)”62“1'

e — 1

(6.4)
fori =1, ..., m. The upper bound in (b) now follows from (6.2), (6.4) and some elementary
estimates.

Finally, regarding assertion (c), notice that by Jensen’s inequality

Tm K Tm n
Eo[(ZG,-) ] < Eo[r,ffl ZG;‘] = Ry(tw =mn“"" Y EolGY]
i=1 i=1 n>1 i=1
r K\K F'k+1) 2l
< Eog[G¥1En[TX] < 2= ST L A)m* g2ehm
< EolG*IEolts] < Ilogr|K<( )+ ogr )C(K yme

e
where we have used (A.2) for the last inequality.

[m}
From this lemma, we derive estimates for moments of the time the walk (Y,,),>0 spends

in the ith trap. For reasons that will later become transparent, we work with P = P; X Py
where P; is the cycle-stationary percolation law.
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Lemma 6.2 Suppose that 0 < k < A¢/A. Fori € N, let T; be the time spent by the walk Y
in the ith trap. Then there exist constants C(p, k, \) such that, for fixed p and k, C(p, «, A)
is bounded on compact h-intervals C (0, A¢/k) and

EXT/1 < C(p,k, 1) foralli e N. (6.5)

Proof of Lemma 6.2 Suppose that k < Ac/A. Then, for any w € £2* and any forwards-
communicating v, by the same argument that leads to (24) in [3],

(Zlgio e—)»k)—l B 1 — 67}\
A tlte> e 41+4en

s (Yn # v foralln € N) > =: Pesc- (6.6)
This bound is uniform in the environment w € §2*. Denote by v; the entrance of the ith trap.
By the strong Markov property, 7; can be decomposed into M 1i.i.d. excursions into the trap:
T, =T;1+ -+ T; m. Since v; is forwards communicating, (6.6) implies that P, ; (M >
n) < —pesc)”_l, n € N. Moreover, T; 1, ..., T; j are i.i.d. conditional on {M > j}. We
now derive an upper bound for E,,, )\[Tif’ j |M > j]. To this end, we have to take into account
the times the walk stays put. Each time, the agile walk (Z,),>0 makes a step in the trap,
this step is preceded by a geometric number of times the lazy walk stays put. This geometric
random variable depends on the position inside the trap, but is stochastically bounded by
a geometric random variable G with Py(G > k) = y* fory = (1 + e*)/(e* + 1 4+ 7).
Lemma 6.1(c) then gives

K I'(k+1)

. 14 K
E TK\M > j]< 2(=) +
@l l"ll == |10gV|K( (e) [log y|

)c(/c, A)Lfez’“L",

where L; is the number of steps made inside the i th trap. Consequently, by Jensen’s inequality
and the strong Markov property,

M P M
Ey ITF] = Ew,k[(Z Ti,j) ] < Ew,A[M“‘“VO > Tif,-]
j=1

j=1
=Y EpalM* D00 0y TH ]
j=1
=Y EN, G+ M) VYOLP, (M = j)Eo TS IM = j]
j=1

< Clic, M)LK ¥ i

for some constant 0 < C(k, A) < oo which is independent of w. For later use, we give
an upper bound for the value of C(x, 1). For this bound, by monotonicity, we can assume
without loss of generality that ¥ > 2. First observe that

EpIMS < e = 1) 3 Stk + DR (M > k)

k>0
<(k— 1)(1 +2) K la —pesc)k>
k>1
4 (k — 1) F'k+1) )
1+ 6.7
= |10g(1—Pesc)|K_1< 1 T Tloa(l = peso)l ©7)

by (A.2). Hence, again by (A.2),
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S ENIGHM) TPy (M = j) <27 (T EL M ) Py a(M > )
j=1 Jj=1

< 2”*2<(Zj”*‘Pw,x<M > j)

j=1

4 — 1) F(c+1
+<1+ (OZH) o LttD ))ZPW(MZJ)>

|log(1 _Pesc)|'(7l [log(1—pesc) =

k=2 1 K — 1\k—1 I'(k
- _ <2< ) N () )
I —pesc 11og(1—pesc)l e [log(1—pesc)l

1 4 (k—1)¥ Fk+1)
+ 1+ Kk—1 Kk—1 + :
Pesc [log(1—pesc)! e [log(1—pesc)

In conclusion,

% k¢ T(k+1) i
i = ol ((5) + gy ot

22 1 Kk — 1\k—1 T(k
« ( _ <2( ) )
I — pesc 11og(1 — pese)l e [log(1 — pesc)l

(k—1) '(k+1)
—1 . 6.8
* Pesc< * |10g(1—PeSC)|K_1< o1 |log(1—pesc)|>>> 9

Since pege = % and y = % take values in (0, 1) for A > 0, C(x, A) is

uniformly bounded on compact A-intervals C (0, 0o). Taking expectations w.r.t. P; yields:
ESITF] < ) Po(Li = m)C i, ym* e
m>1
=c(p)C(k, ) Z m* XM e=2AeMm —. C(p, K, N) < 00
m>1

since Ak < Ac. Since C(k, A) is bounded on all compact A-intervals € (0, co), C(p, k, A)
remains bounded on all compact A-intervals C (0, A¢/x) (When k is fixed). ]

6.2 Quenched Return Probabilities

Recall that Z8 = (Z[§g , ng, ...) denotes the agile walk on the backbone B. For v € V, let
oy := inf{k € N: Z7 = v} and, form € Z, let 0y, := 0(u,0) A Om,1)-

Lemma 6.3 Let m € N and v € B with X(v) = m. Then, for any k > m,

2(82)‘ _ 1) 1— e—ZA(k—m)

—2A
Fo1 1= ¢ (69)

P, ; (00 <ox) <

uniformly for all w € 29 with Rgre = 0. In particular,

2(e** — 1) 1 c)

P?, (0p < o0) < =: .
[ — ek -1 eZ)Lm —1 eZAm -1

Proof The agile walk (Z,lf )n>0 can be seen as the Markov chain induced by the (infinite)
electric network with conductances

Crtu. v) AXWHXW) if y y e Band w({(u, v)) = 1,
u,v) = )
B otherwise.
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We use Formula (4) of [10]:

Pt <y = BE 2 0. ) o0
where Rz(v <> 0) denotes the effective resistance between v and 0 in the given electrical net-
work and Rg(v <> {(k, 0), (k, 1)}) is the effective resistance between v and {(k, 0), (k, 1)}.
Since v € B, there is a non-backtracking path connecting v and the set {(k, 0), (k, 1)}. By
Raleigh’s monotonicity law [18, Theorem 9.12], Rg(v < {(k, 0), (k, 1)}) is bounded from
above by the resistance of that path. By the series law, the latter is at most Z?I{:E:n e~ =

e 2m (] — e‘zx(k—m))/(l — e™). A lower bound for Rz (v <> 0) can be obtained from the
Nash-Williams inequality [18, Proposition 9.15]. The IT; := {{(j — 1, i), (j,i)) : i =0, 1},

j =1,...,mform disjoint edge-cutsets and hence the cited inequality gives
m ~1 m ) 11— e 24m
Rsw o023 (3 Cs) 2 3@ ) = 2t
Jj=1 e€ll; j=1
The two bounds combined give (6.9). O

6.3 Uniform Regeneration Estimates

We are almost ready to prove Lemma 4.2. Before we do so, we derive a uniform upper bound
for the tails of p;. In fact, for later use, we prove an even stronger result.

Lemma 6.4 For every compact interval I = [A1, A2] € (0, 00), there are finite constants
C=C(, p)ande =¢€(l, p) > 0 (depending only on I, p) such that

sup sup Py (pvm) — Xn > k) < C(, p)e_Sk forall k € Ny. (6.11)
neNg rel

The same statement holds true with P;, replaced by IP}.
Proof Let D : yNo 5 Ny U {oo} denote the time of the first return to the initial state, that

is, D((yn)nen,) := inf{n € N : y, = yo} where, as usual, inf @ := oo. Further, let n € Ny
and put Fo(n) := Eo(n) :=n and Mo(n) := max;—g,.. . X;. Fork € N, define

Fy(n) ;= inf{j e Ng: ¥; e R, X; > My_1(n)},
Ex(n) := D((YF,(n)+j) j=0),

My (n) == sup{X g+, : 0 < j < Ex(n)}

where inf @ = oo. In particular, F (n) is the first time after time n that a pre-regeneration point
is visited. We call the Fy (n) fresh times. Let K (n) := inf{k € N : Fy(n) < oo, Ex(n) = oo}.
Notice that Fg n)(n) = ty(n) and, hence, X py(, (1) = Pv(n)- Fix an interval I = [A1, 22] C
(0, 00). By (6.6),

P, (K(n) > k) < (1 — pesc)*™!, keN. (6.12)

We define
Hrmy =0 ((Fr(n), Yo, ..., YR@m)), @i : X(R,Pre) < Xrm), keNy.
Then, for k > 2,

Py(XFm) — XF_yn) € - Exm1(n) < 00 | HE_(n))
=P (XF e, E <o0) on{F;_1(n) <oo} (6.13)
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where E := D((Y;)j=0) and F := inf{j>0:Y; € RP™, X; > X; forall i < E}.
Recall that Tr:1:2m denotes the event that [m, 2m) is contained in a trap piece. Thus, for
m e N,
PY(XF > 2m, E < 00) < P,‘;(Tngzzm) + ]P’i(MB >m, E < 00) (6.14)

where MB := sup{Xy : k < E and X} € B} = sup{x(ZE) 1 k < o09¢}. The last probability
in (6.14) can be bounded using Lemma 6.3:

PS(MB > m, E < 00) < C(\)e 2",
Using that P5(T;).,,) < e~**¢™ by Lemma 3.6, we get that
PS(XF > 2m, E < 00) < C(A)e 2 4 e 24em < Cpem2Minrelm (6.15)
where C; = 1 4+ max;; C(A) depends only on I. Further, for m € N,

]P))»(XFl(n) — X > 5m) < Py(Mo(n) — X, > 2m)

veERPE:

+ Py milr}re X(v) — My(n) > 3m>. (6.16)
x(v)>Mo(n)

Regarding the first probability on the right-hand side, notice that My (n) — X,, > 2m requires
an excursion of (Y;)r>0 on the backbone at least to X-coordinate X, + m and afterwards a
return to X-coordinate X, or the presence of a trap piece covering [m, 2m). According to
Lemma 6.3, the probability of the first event is bounded by C (1)/ (€2 — 1), while the proba-
bility of the second event is bounded by e ~2*¢™ according to Lemma 3.6. Hence, P; (M (1) —
X, > 2m) < C(L) /(™ — 1) + e~ <" _For the second probability, a standard geometric
trials argument for the Markov chain (T, 9;))iez = (Ti, (EI=1> N EI+1<))); ¢z from
the proof of Lemma 3.3 shows that

IP’A( min X(v) > m) <"
vERPE:X(v)>Mo(n)

for a suitable constant ¢ = ¢(p) € (0, 1), which depends only on p. Hence,
Py (XFyn) — Xn > 5m) < C(A) /(2" — 1) 4 e~ 24em 4 ¢3m
< Cpe 1" (6.17)

where C < ooand ¢; > 0 are constants depending only on / and p. After these preparations,
we are ready to estimate Py (o,n) — X, > k) uniformly in A € I = [A1, Az] and n € Ny. For
r > 0, using (6.13), we have

Py (ovmy — Xn 2 k) <Pu(K(n) > k/r) +PrE1 + - +E&kyr) = k) (6.18)
where &1, ..., §x/r) are independent random variables with & having the same distribution
as Xp () — Xp and &, ..., §x/r| having the same distribution as X p1{gc0) under P5.

According to (6.12), the first probability on the right-hand side of (6.18) is bounded above
by (1 — pesc) ¥/7). By Markov’s inequality, for any u > 0, the second probability is bounded
by

P&+ + &k = k) < e E; [exp(u(&) + - - - +&w/r )]
e_”kIE)\ [euél ]Ex[e'l&]k/’_

A
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By (6.17),
Exle] =1+ (" = 1)) P, (&1 > k)
k>0
< 14 (e" = D5e™ Y P > 5k)
k>0
< 145Ce™ (e — 1)) e e h = C3w) (6.19)

k>0

where C3(u) is a positive constant depending only on p, I and u. Further, C3(u) is finite for
all sufficiently small u. Analogously, using (6.16) we find

e(et —1)

ués T 22— rig)
Ex[¢“2] < exp (2C1 | — 2w—(Ake)

) (6.20)

foru < X1 A dc. Now fix u < A1 A Ac so small that C3(u) < oo and choose r so large that

2C1e' (e — 1)
r(1 — 2u=Garic)y

u=: —¢e <0.
Then

_ 2C1eé4(e" - 1) k
Py + - +E&uyr) = k) < C3(w)e “kexp(l ! )

o )= —e1k
— 2= AR) },) = C3(u)e """,

We use this estimate together with (6.12) in (6.18) to conclude that

k _
Pi(oviny — Xn = k) < (1 = pese)t ! + C3(uye 61k

for all A € [A1, A2], n € Np. This implies (6.11) after some minor manipulations.
It remains to point out that the exact same argument works when P, is replaced by P;. O

6.4 Moments of Regeneration Points and Times

We are now ready for the proof of Lemma 4.2.
Proof of Lemma 4.2 In view of Lemma 4.1, we need to show that

E;[exp(epr) | Yk # O forall k > 1] < oo (6.21)
for some ¢ > 0 and that
Ej[ty | Y #O0forallk > 1] < co iff «x < Ac/A. (6.22)
From (6.6), we get
E;[exp(ep1) | Yk # 0 forall k > 1]
= ES[Eq.ilexp(epr) | Yi # 0 forall k > 1]]
< PescES [ Ewalexp(ept) Ly, 20 foran k=1)]] < pescEslexp(epn)],
and analogously
ES[tf | Y # 0 forall k > 11 < paacES[7F 1y, 20 for atl k>1)]- (6.23)

Assertion (a) now follows from Lemma 6.4 with I = {A} and n = 0.
The fact that E; [tp — 7] = oo for k > A follows from the lower bound in Lemma 6.7
below.
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Now assume that A < Ac/k. We decompose

=t 4" (6.24)
where rfg =#{0 <k <71 :Y, € B} and T{raps =1 — ‘L'IB is the time spent by the walk in

the traps, that is, in Co \ B. We proceed with a lemma that provides an estimate for ‘ElB :

Lemma 6.5 EK[(TF)yﬂ{Yk;éOforallkzl}] < oo forally > 0.

The proof of the lemma is postponed. Taking its assertion for granted, it remains to prove
that E2[(; ) (v, £0 forall k=1)] < 00. To this end, fix r, s > 1 such that kAs < Ac and
1/r 4+ 1/s = 1. Then

n—1 K
ES[(7,"P) gy, 20 foran k>1)] < ES [ Z 1y, =n) < Z Ti) ]

n>1 i=1

n—1
<E; [ D Lip=mn* Y TiK]
i=1

n>1

n—1
<) B (o = n)lf’[ZEi[T,“]l“}

n>1 i=1

where Holder’s inequality has been used in the last step. From (6.5) we infer

ESL(z"P)1 < C(p.ies, WD 0¥ Py (or =m)'/". (6.25)

n>1

The latter sum is finite due to Lemma 4.2. ]
Proof of Lemma 6.5 Fix y > 1. For every v € V, let N(v) :=#{k > 0 : Y} = v} be the
number of visits of Y to v. Then

Y
E;[@F)Vllwoforankzu]sE;[( > N(v))}

veB, 0<x(v)<pi
= ]Ei[

> 11{m=n}< > N(v))y]
> E |:1{p1=n}(2n)y_l< > N(v)”):|

n>1 veB, 0<x(v)<n

IA

n>1 veB, 0<x(v)<n
< ZE;[ﬂ{p,=n}<2n>2(y—”]”2( > E;[n{UGB}N(v)ZV]W) (6.26)
n>1 0<x(v)<n

where the last inequality is a consequence of the Cauchy-Schwarz inequality. Now arguing as
in the paragraph following (6.6), one infers that, for v € B, P, »(N(v) > k) < (1 —pesc)k_1
where peg is as defined in (6.6). Therefore,
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Es[wes)N ()] = ES [Lyes) Eor [N (©)*]]

< 2yE;, [l{ves} > KR, AN () = k)]
k>1

<2y ) K71 = pese)* T = CB(y, 1) < o0
k=1

Using this and Lemma 4.2(a) in (6.26) leads to:

ES[(tP) Ly forank=n)] < CEB (. 1) Y EgL(p=my @)1V <00, (627)

n>1

6.5 Further Uniform Regeneration Estimates

In several proofs involving simultaneous limits in A and n, we need uniform regeneration
estimates.
For the next result, recall that v(n) = inf{k € N : tx > n} forn € Ny.

Lemma 6.6 (a) The functions . — SUP,eN, Ei.lovmy — Xul A = Ejlp1] and A — E7[p1]
are locally bounded on (0, 00).

(b) The function A — Ey[11] is locally bounded on (0, A¢).

(¢) The function A & sup,cn, Ej[Tvm) —n | Y # 0 for all k > 1] is locally bounded on

(0, X¢c/2). For every interval I = [A1, X2] € (0, A¢) and every 1 <r < % A2,

n\/r supES[tyy —n | Y # O forallk > 1] - 0 asn — oc.
rel

We postpone the proof. Lemma 6.6 allows us to finish the proof of Theorem 2.4:
Proof of Theorem 2.4 Let A* € (0,Ac)and 1 < r < % A 2. As a consequence of Lemma
5.4, we have

[V(K) —v(*)  EuX,]— E,\*[Xn]] —0
|)»—)»*|’_1 |)»—)L*|’_1n -

Therefore, for arbitrary o > 0,

vy —ver) EalXn] — Ear[Xul _
Aot [ — AX|rl A A, A — ¥ —1n
A=A n—a

by Proposition 5.3.
It remains to show that V(1) is continuous at A = Ac, that is, limj 4. V(A) = 0. By (4.3),
we have V(L) = E; [p> — p1]/E,[t2 — 71]. Here,

Exlp2 — pi] = Elp1 | Yi # 0 forall k > 1] < pedcEslp1]

where pegc is the escape probability bound defined in (6.6), see the beginning of the proof
of Lemma 4.2 for details on this estimate. The function A + [E?[p1] is locally bounded
on (0, c0) according to Lemma 6.6. Now let A < Ac. The probability under Py that there
is a trap of length m with trap entrance at (1, 0) is given by e(p)e 2*¢™ for a constant
€(p) > Owhich depends only on p. The walk steps into that trap immediately with probability
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e?*/(e* + 1+ ¢*)2, hence we obtain from Lemma 6.1(b) and the Markov property of ¥
under P, , that

21 o

e
ESlry | Yi #0forallk > 1] > ——————— . > " e(p)e” e =D
(" +1+e")” =
2e(p)e2?—+c) 1

T (@4 1te )2 1—e e
This bound is of the order (A\¢ — A)~! as A — Ac. The proof is complete. O

Lemma 6.7 Let p € (0, 1) be fixed. Then for every compact interval I = [A1, A2] € (0, 00)
and every A® > Lo, there are positive and finite constants C (I, p) depending only on p and
I and C(1, \*, p) depending only on I, p, A* such that

C, p)k™¢/M <Py (g — 11 = k) < C, p, Nk He/* (6.28)
forallk € N.

Remark 6.8 If one chooses A1 = A, = A > 0 in the above lemma, then, with @ = A¢c/A and
arbitrary k < «, the lemma gives that P, (7o — 71 > k) is bounded below by a constant times
k™% and bounded above by a constant times k. The correct order is in fact k~%. We refrain
from proving this as we do not require this precision.

Proof Let I = [A1, A2] be as in the lemma and A* > A;.

We begin with the proof of the lower bound. Under P;, the cluster has a pre-regeneration point
at0a.s. Let I, denote the event that immediately to the right of the pre-regeneration point at
0 there is a trap of length m with trap entrance at (1, 0). Then P;(Im) =€( p)e_Z)‘Cm where
€(p) is a positive constant depending only on p. For every w € I,,, m € N, the probability
that the walk (Y,,),>0 steps into the first trap and then first hits the bottom of the trap before

returning to the trap entrance is given by
o2 o2k _ p=2km

(e)“ +1 +e—A)2 ’ 1 — e—2m

’

where we have used the Gambler’s ruin probabilities. Once the walk hits the bottom of the
trap, it will make several attempts to return to the trap entrance until it finally hits the trap
entrance. The probability that the walk then escapes without ever backtracking to the trap
entrance (and in particular to the origin) is bounded below by pegc. Denote the number of
attempts to return to the trap entrance by N. (More precisely, N is the number of times the
walk moves from the bottom of the trap one step to the left). Again using the Gambler’s
ruin probabilities, we conclude that starting from the bottom of the trap, the number of
unsuccessful attempts to return to the trap entrance is > k with probability

| — e~ 2m=D |

Therefore, on I,,,, we have

Pyi(t1 >k, Y #0forall k > 1)

o2 o—2h _ o=2km

1— e*ZA(mfl) k—1
> . . . )
T+ 1+e )2 1 — ¢—2km ( 1 — g—2km ) Pesc
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Consequently, for every m € N, we have

Pi(t1 > k| Yr O forall k > 1)

21 =2 _ o

. —2AC1n(1 —¢ )kil.
(e)“ + 14+ e—A)Z 1 — e—2m 1 — e—2im

The first three factors are clearly bounded away from 0 as A varies in [A1, A2]. The last three
factors depend on m and k. We may choose m arbitrarily, so we choose m = [logk/(2A)]V2.
The forth factor is increasing in m and hence bounded below by (e =2 — e=*) /(1 — e=*),
which, in turn, is bounded away from O for A € [A1, A2]. The penultimate factor is decreasing
in m and thus bounded below by

e~ 2hc@Hlogk/2h) _ ,~4hc | p—hc/h

2am —2A(m—1)

> €(P)Pesc

If k > ko := |€**2] + 1, then we can bound the last factor from below by
1— eZke—]ogk k—1 1— e2k/k k 62)" ko
Geemr) = G=) =0-%)
1 — ¢~ logk “\1-1/k - ko
where we have used that, for a > 1, (1 — a/k)* increases to e~¢ as k — oco. The last term
is again bounded away from O for A € [A1, Az]. Consequently, we infer that

Pi(t2 — 71 > k) > C(I, p)k—*¢/M

for all k > ko and some C(I, p). By replacing C(/, p) by a smaller positive constant if
necessary, we get the above estimate for all £ > 0 from monotonicity arguments.

We now turn to the upper bound. Letk > 1, A € [A, Ap] and A* > A,. Define x := Ac/A*.
From Markov’s inequality, we get

Py(ro — 11 = k) < k™ *Ey[(12 — 7)1

It thus suffices to prove that C(I, p, A*) := SUD;.e(a,.25] Eal(t2 — 71)“] < oo. From (6.23)
and (6.24), we infer

traps

Eal(ra — 7)1 < pese (B 1(tf + 1" ") Live20 1.0 k21)1)-

From the inequality (x 4+ y)* < @~V 1) (x* +y) forx, y > 0, we conclude that it suffices
to check that

sup Bo[(tP) Live20 £ 0 k=111 < 00. (6.29)
Ae[r1,Az]
and -
sup Bl (r]™™) Ly 20 t.a. k21)] < 00. (6.30)
A€[r1,A2]
Now notice that (6.29) follows from (6.27) in combination with Lemma 6.4, while (6.30)
follows from (6.25) in combination with Lemma 6.2 and again Lemma 6.4. m}

Proof of Lemma 6.6 Part (a) is an immediate consequence of Lemma 6.4. We turn to part (b).
The local boundedness of A = E; [71 11y, 0 f. a. k>0}] follows from (6.25), (6.27), Lemma 6.2
and Lemma 6.4 as below (6.30). In fact, this argument yields the local boundedness in A of
the expected time spent to the right of the origin until the first regeneration time. The time
spent on the negative halfline can be estimated similarly using the fact that backtracking
to the left is (uniformly in A) exponentially unlikely due to two facts. First an excursion
on the backbone is short because of the drift to the right, see Lemma 6.3. Backtracking
to the left in a trap requires prior backtracking on the backbone unless the origin is in a
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trap. The probability of the event that this happens is exponentially small and independent
of A, see Lemma 3.5. We refrain from providing more details and directly tend towards
the more complicated assertion (c). Fix an interval I = [A, A2] € (0, Ac). Let A™ > Ap.
By Lemma 6.7, there are constants C (I, p), C(I, p, A*) > 0 such that C(I, p)k—*c/*1 <
Py(ra—11 = k) < C, p, »*)k—*¢/*" forevery A € I.Now let (&,)en be i.i.d. nonnegative
random variables and 1 be a nonnegative random variable with respect to a probability
measure P with distributions given via the identities

P& > k) =1 A(CU, p)k™¢/™) <Py (ra — 11 > k), keN

and
P(n > k) :=1A(CU, p, W) > Py — 11 = k), keN.

Let S, :=& +--- 4+ &,, n € Ny and denote by U the renewal measure of (S,),cn, under P.
As S, — oo a. s. under P, the renewal measure U is locally bounded: U({k}) < U({0}) < oo
for every k € Np. Moreover, by stochastic domination, U({k}) dominates U,, the renewal
measure of (7;) >0 under P} (- | Yx #0f. a. k > 1), for every A € I. Consequently,

U, ({0, ..., k}) <= U0, ..., k}) < kU({0}) for all k € Np.
Using this estimate, we infer for every A € I and every k € N,

P (tyy —n >k |Y; #0foralli > 1)
= Pty <n.tjy1=n+k| Y #0foralli > 1)

j=0

=f Pi(ro — 11 = n+k—1i) U, (di)
{0,....n}

.....

.....

<U{0) Y P = k+i). (6.31)
i=0

Now first suppose A < Ac/2. Then we can choose A* € (A2, Ac/2). Since P(n > j) <
C(I, p, »*)j—*¢/*" the sum in (6.31) is bounded by

*

Y P =) <CU, p, A"y jTM <CU, p.a¥) (k — 1y7e/m

A — A
=k j=k ¢

for k > 2. Summing over all k > 0 (using trivial bounds for k = 0, 1), and using A* < Ac/2
yields the first assertion in (c). Next suppose that A < Ac and 1 < r < % A 2. Choose
A* € (A2, A¢) such that r < Ac/A* < 2. Then we infer from (6.31)

n=VT Sup B [Ty — 1 | Yi # O forall k > 1]
rel

<n VY UWON Y Py = k+i)

k=0 i=0
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< u(opn~t" <3E[n] +Y S e, A*)k‘*c/k*)

i=3 k>i
n
~U{ONC, p, A" Z Zk*)\c//\ )
i=3 k>i
Here,
1/ “ Ac/A* 1 n-l i_)‘C/)\*‘Fl
_1r B i
" Z Zk ¢ =n Z o 1
i=3 k>i i=2
< 1 e/ R2=1/r
T (Ae/AF =12 = Ac/A¥)
by the choice of 1*. .
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Appendix A: Auxiliary Results

Throughout the paper, we repeatedly estimate the expectation of the xth power of a geometric
random variable. For convenience, we provide this estimate in the following lemma.

Lemma A.1 Suppose that f : [0, c0) — [0, 00) is unimodal with maximizer x* > 0. Then
o

S rw =26+ [ pe e (A1)

k=0 0

In particular, for any r € (0, 1) and k > 0

i 1 (e, DD
Ter < e COET + i) 2

k>0

Proof Since f is increasing on [0, x*] and decreasing on [x™*, 00), we have
g g

L)1

[x*]
D> f) < / feyde and Y fk) < / f(x) dx
=0 0 [x*]+1

k=|x* |42

The estimate (A.1) now follows from the fact that f(|x*]) + f(lx*] + 1) <2f(x*).
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In order to show (A.2), set f(x) := x*“r*, x > 0 and observe that f assumes its maximum
at x* = « /| logr|. The result now follows from the identities

F(K+ ) o Ko\
/f() = Tlogrjrr f(x)_<|10gr|)e :
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