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Abstract
Wederive an effective two-dimensional low-energy theory for thin superconducting films coupled to
a three-dimensional fluctuating electromagnetic field. Using this theorywe discuss plasma
oscillations, interactions between charges and vortices and extract the energy of a vortex. Having
found that the effective theory properly describes the long-distance physics, we then use it to
investigate towhat extent the superconducting film is a topologically ordered phase ofmatter.

1. Introduction

Since thework ofWen [1] it is known that an ordinaryfluctuating superconductor is an example of a
topologically ordered phase with characteristic features such as unusual charges, non-trivial braiding statistics
and topological ground state degeneracy on a torus. As behooves a topological phase, the leading term in the
low-energy effective action is a topological field theory [2], andmore specifically the so-called BF theory8. For an
introduction to BF theory, see [3]. Although the BF term is present in any dimension, the nature of the
excitations, which are vortices and quasiparticles, differ. In two spatial dimensions, whichwill be the subject of
this paper, the vortices are pointlike, and the non-trivial statistical braiding phase is simply theminus sign that
thewave function acquires as a Bogoliubov quasiparticle encircles a vortex.

The effective action for an idealized two-dimensional superconductor,whichwas derived in [5], contains, in
addition to theBF term a b1BF  p= ¶mns

m n s( ) , alsoMaxwell terms for the two-dimensional gaugefieldsaμ and
bμ. The starting point therewas a relativistic two-dimensional AbelianHiggsmodel coupled to two-dimensional
(2d)Maxwell electromagnetism,which clearly doesnot give a realistic description of a superconductingfilm.
In this paperwe shall consider amore realistic non-relativisticmicroscopicmodelwhere the electromagneticfield
extends in three spatial dimensions.As pointedout in [5], this changes qualitatively the screening properties of the
superconducting state compared to that implied by a two-dimensional electromagnetism. Furthermore, the
surface plasmons are not gapped in this casewhichmeans that thenature of the phase, i.e.whether it is
topologically ordered, has to be critically re-examined.

Technically, we proceed by deriving an effective low-energy action for thin,fluctuating superconducting
films taking into account the realistic three-dimensional (3d) electromagnetic interaction among the charged
carriers using the pseudo quantum electrodynamics (PQED) approach, which incorporates the effects of 3d
electromagnetism in a non-local 2D action [6]. In a derivative expansion, the leading topological contribution to
the effective theory is the BF term [3], just as in idealizedmodels coupled to 2d electromagnetism [5]. In this case,
however, the gauge PQED action is of the same order. As a consequence, the screening behavior in a
superconducting film is very different from a pure 2d superconductor. In particular theMeissner effect,
characteristic of superconductivity, ismodified and themagnetic field around a vortex shows a power-law rather
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than an exponential decay inside a superconductingfilmas originally foundbyPearl [7]. Similarly, electric charges
are only screened by a power-law, and the braiding phase obtainedwhenmoving a charge around adistant vortex
equals the topological value−1 only up to power-lawdecaying corrections.Asopposed to the 2dMaxwell case,
surface plasmons are gapless anddisperse as kw ~ at lowmomenta, just as in a two-dimensionalmetallicfilm
[8]. This raises thequestionwhether, in a 2dfilmcoupled to 3d electromagnetism, there is a sharpdistinction
between the superconducting phase and the 2dmetal.Weaddress this questionfirst by showing that the
expectation value of the vortex creationoperator vanishes just as in the 2dAbelianHiggsmodelwhich is known
to be topologically ordered.We then calculate the ground states on a torus to determine towhat extent the
superconducting phase canbe considered as topologically ordered in spite of being gapless.Our conclusion in this
respect is similar to theone obtained byBonderson andNayak in the case of a quantumHall liquid coupled to 3d
electromagnetism [9].

The paper is organized as follows: in section 2we introduce ourmodel and derive the effective low-energy
theory. In section 3we extract the source-free equations ofmotion and analyze solutions describing gapless 2d
plasmons. In section 4we derive the effective interaction between electric andmagnetic sources.We get exact
results for the static charge–charge, and vortex–vortex potentials.We also determine the statistical charge–
vortex interaction in the relativistic limit, where the speed of sound equals the speed of light. Section 5 contains
the calculation of the energy of an isolated vortex, and in section 6we investigate the signatures of topological
order in a superconducting film. In the last section, 7, we give a short summary of the results, present our
conclusions concerning topological order in superconducting films, andmake some remarks about possible
future extensions of this work.

In this paperwe use the following notation: themetric c x t rdiag , 1, 1 , , , , ,t
2h = - - = ¶ = ¶mn

m
m( ) ( ) ( )

ct
2 2 2 2h¶ = ¶ ¶ = ¶ - mn

m n , andmomenta k k k k c kki , , 2 2 2h w= - ¶ = = -m m
mn

m n∣ ∣ . In Euclidian space

t=−iτ and x cr, , 2 2 2t= = ¶ + m
t( ) .We use d to denote space andD=d+1 space–time dimension.

We setÿ=1 throughout this paper and c=1 in sections 4, 5 and 6.

2. The effective low-energy theory

In this sectionwe derive the effective low-energy theory for a thin, fluctuating, superconducting flatfilm
modeled by a time-dependent 2dGinzburg–Landau action S t rd d2 ò=f fwith

eA
m

e

c
V nAi 2

1

2
i

2
, 1t t

2
 f f f= ¶ - - - -f ( ) ( ) ( ) ( )†

where n=f†f is the two-dimensional density of Cooper pairs, andV(n) a potential that fixes themean value of
the number density to n ná ñ = ¯. TheCooper pair bosonicfield has the electric charge e2 andmassm. Since the
aimhere is to describe a thinfilm, the characteristic length scale is the Pearl length [7],λPwhich is related to the
thickness of the film d, and the London length in the 3dmaterialλL, as

d

mc

e n d

mc

e n

2

2 2
, 2P

L
2 2

2
3

2

2
l

l
= = =

¯ ¯
( )

where n3¯ is the average 3dCooper pair density.
The charged 2dCooper pairfield, tr,f ( ) is coupled to a 3d dynamical electromagnetic potential A z tr, ,m ( ).

Rather than using a theorywithmixed dimensionality, we shall use the PQED formalism[6], where the effect of
3d electromagnetism on 2dmatter is captured by the following non-local Lagrangian for the 2d vector potential
A tr,m ( )

F F
1

4

2
, 3PQED

2
 = -

¶
mn

mn ( )

where the non-local operator 2 2¶ is defined as the inverse Fourier transformof k c2 2 2 2w- . The vector
potential is normalized as in 3d so that e is the dimensionless electric charge (recall that we set ÿ=1). If the 2d
system is embedded in amedium, onemust introduce relevant electric andmagnetic susceptibilities in this
expression.

To proceedwe parametrize theCooper pairfield as,

n ne e , 4i if x= = qQ ( )

where θ is the regular part of the phase, and ξ is a singular phase factor describing point like vortices, such that the
vortex current is given by j

v
i

2
 x x= ¶ ¶m

p
mns

n s( ).
The next step is to expand equation (1) to quadratic order in the density fluctuation n n nd = - ¯ and

integrate out δn. The quadratic terms in the resulting Lagrangian are

2
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wherewe introduced a gaugefield a i 2x x= ¶m m dual to the vortex current, the speed of sound
c nV n ms

2 = ¯ ( ¯) , and also added a coupling to an external charged current j
q
m that describes quasiparticles.

Following [10], we linearize the quadratic terms in (5) by introducing an auxiliary current three-vector Jm,

c
c J J J J J

e e
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The equation ofmotion for θ implies the conservation law∂μ J
μ=0, sowe can parametrize the current as

J
e

b . 7
p

= ¶m mnr
n r ( )

Introducing the electric andmagnetic fields, e b bi t i i t= ¶ - ¶ and b bij
i j= ¶ , and using j a

v
 p= ¶m mnr

n r , the
effective Lagrangian becomes,

e

c
c b

e
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In a later sectionwe shall use a relativistic version of thismodel, where cs=c=1, and then the above
expression simplifies to

e

c
f f

e
b A b j A j

8
, 9P

v q,rel

2

2 2


l
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m

m
m ( )

where f b b= ¶ - ¶mn m n n m. In the absence of a vortex source j
v
m, it is straightforward to integrate out the auxillary

gaugefield bμ and get the effective electromagnetic response Lagrangian,

c

c
A A jA A

1
, 10A

P s
t q

2

2
2

l
= - - m

m
⎡
⎣⎢

⎤
⎦⎥· ( )

which in the relativistic case simplifies to the usualmass term A A~ m
m.

Themodel that we shall investigate in this paper is the sumof the PQEDLagrangian PQED in (3) and the
matter Lagrangian given either by f in (8) or A in (10).

3. Plasma oscillations

Consider first a superconducting filmwithout vortices. In the absence of quasiparticle sources (i.e.jq=0), A
reduces to amass term, and varying A PQED + with respect toAt andAiwe get the following equations of
motion in Fourier space

k c
k A

c

c

c
Ak A

1
0, 11t

P s
t

2 2 2

2
2
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w
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- + =⎜ ⎟⎛
⎝

⎞
⎠· ( )
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P2 2 2

2

2
2

w

w w
l-
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⎠⎟( · ) ( )

To look forwave solutions, wefirst consider the possibility of a spatially transverse wave. In this case k E 0=·
which implies ck A k At

2 w= · which inserted in (11) givesAt=0. Using this in (12)we get

k
c

1
0. 13

P

2
2

2

w
l

- + = ( )

This equation has no solutions.
We now turn to the spatially longitudinalmode. First, we assume ckw ¹ andmultiply both (11) and (12)

with c k2 2 2w- + . Now taking the scalar product of (12)with k , and combining the result with (11), we get
the following dispersion relation for the longitudinalmode,

c k
c

c k 0 14s
P

2 2 2 2 2 2w
l

w- + + - + = ( )
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with the gapless real solution

ck k

k k

c k k

,

,

.

15
c c

c

s
c

c

1

2 1

P

P P P s

P s

2 2

2

2

2

w =

l

l l l

l



 



⎧

⎨
⎪⎪

⎩
⎪⎪

( )

This result illustrates a generalfinding that at lowmomenta the plasmon in a superconductor is gapless and
essentially indistinguishable from a plasmon in ametal [11–13].

4. Interactions between vortices and charges

In this sectionwe consider the interaction between the excitations: quasielectrons and vortices.We shall in turn
treat the three cases, quasielectron–quasielectron, vortex–vortex, and quasieletron–vortex. Thefirst two have a
non-trivial static limit, while the third is a velocity dependent charge–current interaction. Since our theory is
quadratic in the gaugefieldsAμ and bμ, we can integrate thesefields out and compute the current–current
interactions between the excitations. The algebra simplifies considerably in the relativist limit cs=c=1 andwe
shall work in this regime in the following. Notice that for the static regime, whereω=0, this yields the exact
result andwewill assume that it gives qualitatively correct results also for the charge–current interaction.

By varying the Lagrangian rel ,rel PQED  = +f with respect to bμ andAμ, we get in the Lorenz gauge
( A b 0¶ = ¶ =m

m
m

m ) in Fourier space
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wherewe introduced γ=λP/(2π
2).We now invert thematrix and get
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whereσ−1=λP. By substituting this solution into the Lagrangian rel wefinally obtain the action
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4.1. Charge–charge interaction
By takingω=0 in the diagonal terms, we can read off the static potentials. For the charge–charge interactionwe
have

V k
k
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which in position space is
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This integral can be performed analytically, see for example appendix of [14]. At short distancesσr= 1, the
potential diverges asV rq

1~ - , while at large distancesσr? 1 onefindsVq∼r−3. Contrary to a bulk
three-dimensional superconductor, where due to theHiggsmechanism charges are screened exponentially, in a
superconducting film screening is less effective and falls as a power-law at large distances.

4.2. Vortex–vortex interaction
Similarly, in the static limit the vortex–vortex interaction is given by

V k
e k k

1 1
21v 2g s

=
+

( )
( )

( )
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which in position space translates into

V r
e
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This integral can also be evaluated analytically [15]. At short distances the potential is logarithmic
V rlog 1v ~ ( ), while at large distances it decays as a power-lawV r1v ~ . This result goes back to Pearl [7], who
was thefirst to study vortex–vortex interaction in thin superconducting films.We observe that the Pearl length
λP separates the logarithmic short-distance behavior of the potential from the power-law decay at large
distances. For completeness, we also give themagnetic field far away from a single vortex,

B r
r2

, 23
r

P0
3

f
p
l

¥
( ) ⟶ ( )

where r is the distance from the center of the vortex and c e2 20 f p= is the superconducting flux quantum,
which in the units used in this section isf0=π/e. The result (23) is in agreement withwhat is obtained in [16].

4.3. Vortex–charge interaction
Finally, we discuss the statistical vortex–charge interaction that gives themutual statistics between vortices and
charges. The relevant quantity is the expectation value of two non-intersectingWilson loops giving the space–
time histories of a quasiparticle and a vortex,

W C W C e x y G x yexp i d d , 24q v
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mn⎡
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where the pertinent Green function is the Fourier transformof the Euclidean version of the off-diagonal element
in (18),

G x
e

p

p

p

p

1

2

d

2

e
. 25qv

px3

3

i

2


òp g p s

= -
+

mn
mnr

r( )
( )

( )

Herewe introduced the Euclidean 3-momentum pμ and p p pi0
2 2= + . A direct calculation gives,
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which can be evaluated analytically. Thefirst term in the parenthesis in (26) gives,
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L C C

1 2
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where the linking number L[C1,C2] is a topological invariant which counts the number of times the particle
encircles the vortex, and thus correctly gives theirmutualπ-statistics. The second term gives a correction to this
phase, but since C x xlim 4x = -¥ ( ) this correction is negligible for large loops that, although linked, never
come close together. This shows that the braiding statistics of quasiparticles and vortices is only defined up to
power-law corrections in thin films that are described by the PQED-Higgsmodel. In contrast, if wewere to take
a 2dMaxwell term, instead of the PQEDLagrangian, wewould get an exponentially suppressed correction to the
π phase [17].

5. Vortex energy

In the subsequent discussion of the nature of the superconducting phase, the energy gap to topologically non-
trivial excitation, i.e. vortices, will be of importance. In this sectionwe calculate the energy of a single vortex from
the 2d relativisticmodel rel ,rel PQED  = +f .

Since the PQEDLagrangian is non-local in time, we shall not attempt to derive aHamiltonian using
canonicalmethods, but rather obtain the energy–momentum tensor by varying the actionwith respect to the
metric tensor. A direct calculation gives
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For a static configurationwe get (in an obvious notation),
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The topological term bdA, which is an integral of the density b A ¶mns
m n s does not depend on themetric and thus

gives no contribution toTμν. TheMaxwell term for the bμ potential gives (in units c= 1)
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The total energy density isT T T00 00
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Taking now a static point vortex, equation (17) immediately gives themomentum space expressions,
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The vortex energy is nowobtained by substituting this into the above expressions forT00 and integrating over the
two-dimensional film in Fourier space
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wherewe introduced a short-distance cutoff ξ that has a natural interpretation as a correlation length. This
expression for the energy is precisely the one given in [18] (notice that ourλP differ by a factor 8πfrom the
parameterλeff in this reference). From this result, and that in section 3, we see that not only static correlation
functions, but also energetics and collective dynamics is captured correctly by our effective 2d theory.

6. Signatures of topological order

As discussed in some detail in [5], a fluctuating superconductor is topologically ordered and cannot be
characterized by a non-zero expectation value of a local gauge-invariant order parameter; note that theCooper
pairfieldf is not gauge-invariant and by Elitzur theorem averages to zero in a fluctuating superconductor9. To
decidewhether the thin superconducting filmdiscussed in this paper is topologically ordered, wemust therefore
use signatures that directly probe the phase structure without assuming the existence of a local order parameter.
With this inmind, we shall in this section first use the formalism introduced by ’tHooft to classify the phases of
gauge theories and then discuss the ground state degeneracy on higher genus surfaces.

6.1. The vortex operator and its correlators
In [19] ’tHooft showed that the phases of a gauge theory in three space–time dimensions are characterized by the
ground state expectation values of a pair of operators, C and xm ( ). The operator C is theWilson loop defined
on the closed curveC, whileμ is a local operator that implements a gauge transformation that is singular at the
point x. These operators satisfy the equal time commutation relations

t t t tx x, e , , 34C
w C

C
xi , m m= p( ) ( ) ( ) ( ) ( )[ ]

where w C x,[ ] thewinding number which counts howmany times the curveCwinds around the point x. A
two-dimensional gauge theory admits several possible phases: in the confining phase, 0má ñ ¹ and

A CexpC sá ñ = -( ( )), whereA(C) is the area of the loopC. In theHiggs, i.e.superconducting, phase 0má ñ ¹
while L CexpC gá ñ = -( ( )), with L is the length of the loop. The third possibility is a gapless Coulombphase
with both 0m ¹ and a perimeter law for theWilson loop. As shown by Polyakov, (2+1)DcompactQED is
confining [20] and, as already discussed, the (2+1)AbelianHiggsmodel is in aHiggs phase.

To determinewhich phase describes the PQED-Higgsmodel we shall calculate má ñusing the vortex
quantization techniques developed in [21–23] (early studies on vortex quantization can also be found in [24–29],

9
This does of course notmean that a superconductor is defined only by its topological properties. On the contrary, themost significant

characteristics are related to transport and screening, and of particular importance is theMeissner effect, that clearly distinguishes a
superconductor from ametal. In 3d superconductors, theMeissner effectmeans that appliedmagneticfields penetrate a superconductor
only over a distance of the London length,λL. In the 2d toymodel with a 2dMaxwell term, the situation is the same. All these characteristics
are however exhibited also by a non-fluctuating superconductor where the kinetic term∼E2 for the electromagnetic field is ignored,
implying a description as a charged superfluidwith a spontaneously brokenU(1) symmetry.
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and for a detailed review, see [30]).Wefirst showhow to define a vortex creation operator, and then calculate its
two-point function fromwhichwe can extract má ñ.

6.1.1. The vortex creation operator
Wedefine an operator that, when acting on the vacuum, creates eigenstates of themagnetic flux operator

xj x Ad d , 35
v

ij
i j

2 0 2 ò òF = = ¶ˆ ˆ ˆ ( )

where Â is the electromagnetic quantumfield; in the rest of this sectionwe shall suppress the hats for ease of
notation. After introducing the quantumvortex creation operator tx,m ( ), we have

tx, 0 , 360m m f mF ñ = F ñ = ñ∣ [ ( )∣ ] ∣ ( )

Anoperatorwith the above property is [22]

t tx z z, exp i d , , 37
L

i ij j

x
0

,
òm f= P

¥{ }( ) ( ) ( )

wheref0 is the superconducting flux quantum, L is a contour that starts at the point x and goes to infinity, and
Ai

iP = ¶ ¶ ˙ is themomentum canonically conjugate toAi, satisfying the canonical commutation relation

A t tx y x y, , , i . 38i j ij 2d dP = -[ ( ) ( )] ( ) ( )

One can show [22] that

t A t A t tx y y y x x, , ,
2

arg , . 39i i
y

i0m
f
p

m= + ¶ -
⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( ) ( ) ( )( )

It can be also shown that the total phaseΘ and theCooper pairfieldf defined in section 2, satisfy

t t t tx y y y x x, , ,
2

arg , , 400m
f
p

mQ = Q + -
⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( ) ( ) ( )

and

t t t tx y y x y x, , exp i
2

arg , , . 410m f
f
p

f m= -
⎧⎨⎩

⎫⎬⎭( ) ( ) ( ) ( ) ( ) ( )

Applying the operation yd
C

y∮ · on both sides of (40), and noting that the regular part θ of the total phase
Θ does not contribute to the integral, we get

t t t w C tx y a y y y x x x x, , d ,
2

d arg , , , , 42
C C

0
0m

f
p

m f m= - º
⎡
⎣⎢

⎤
⎦⎥∮ ∮( ) · ( ) · ( ) ( ) [ ] ( ) ( )

wherewe recalled that t ta x x, ,= Q( ) ( ) and

w C x y y x,
1

2
d arg 43

Cp
= -∮[ ] · ( ) ( )

is thewinding numberwhich counts howmany times the curveCwinds around the point x.We now introduce
the ’tHooft operator,

t e ty a xexp i d , , 44C
C

 = { }∮( ) · ( ) ( )

and using the commutator (42) alongwith the Baker–Hausdorff formula for C C
1 m- , wefinally get the t’Hooft

commutation relation (34).

6.1.2. The vortex two-point function
Wecalculate the two-point Euclidean vortex correlation function fromwhichwe can extract má ñ. General vortex
correlation functions can be obtained directly from the expression (37), or, alternatively, by treating the vortex
operator as a disorder variable, in the sense of Kadanoff andCeva [22, 23, 31].

For a general theorywith an action depending on aU(1)field strength tensor Fmn , the following vortex two-
point correlation functionwas derived in [22, 23]

x y Z DA S F Bexp , 450
1 òm má ñ = - +m

mn mn-( ) ( ) { [ ˜ ]} ( )†

wherewe used the shorthand notation x xx, 0º ( ) etcfor the position in Euclidean space–time, andwhere the
externalfield Bmn˜ is given by
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B z x y z; , d . 46
x L

y

0
,

3òf d x x= -mn mna
a

˜ ( ) ( ) ( )

In this expression, L is an arbitrary curve connecting the points x and y in Euclidean space–time. It can be shown
that the above correlation function is L-independent [30], despite the explicit dependence of the external field
(46) on L.

In Lorenz gauge, the effective action obtained from the relativistic theory derived in section 2 is,

S x F
M

F
1

4
d

2
, 473

1 2

ò=
+ -

-
mn

mn
⎡
⎣⎢

⎤
⎦⎥

( )
( )

( )

where, is the Laplace operator in Euclidean space–time and M 2 Plº has dimension of inverse length.
Substituting (47) into (45) to get,

x y Z DA x F B
M

F Bexp
1

4
d

2
, 480

1 3
1 2

ò òm má ñ = - +
+ -

-
+m

mn mn mn mn-
⎧⎨⎩

⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭( ) ( ) [ ˜ ] ( )
( )

[ ˜ ] ( )†

and then performing the functional integral overAμ, we obtain

x y x y L zB
M

Bexp , ;
1

4
d

2
. 493

1 2

òm má ñ = L -
+ -

-
mn

mn

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭( ) ( ) ( ) ˜ ( )
( )

˜ ( )†

whereΛ(x, y; L) is

x y L z z B z B z P P
M

D z z
M

, ;
1

8
d d

2 2
, 503 3

1 2 1 2





òL = ¢ ¢
+ -

-
- ¢

+ -
-

mn ab
l
mn

r
ab lr

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥( ) ˜ ( ) ˜ ( ) ( )

( )
( ) ( )

( )
( )

with P d d= ¶ - ¶l
mn m

l
n n

l
m and D z z- ¢lr ( ) the gaugefield propagator, given by

D
M 2

gauge terms. 51
1 2

d
=

+ -
+lr

lr

[ ( ) ]
( )

Inserting (51) in (50),

M

M

M M2 1

2

2 2
52

1 2

1 2

1 2

3 2 2



 



  

+ -
-

´
+ -

´
+ -

-
=

-
+

-

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

( )
( ) ( )

( )
( ) ( ) ( )

( )

and using the inverse Fourier transforms

k

K m x m x

k m m
x

1
lim

2

1

2
ln

2
,

1
lim

e

8

1

8

1
, 53

m
E

m

m x

1
2 3 2 0

0
2 2

1
4 0





p p
g

p p

= = - +

= = -

-



-



-

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎤
⎦⎥

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎤
⎦⎥

⎛
⎝

⎞
⎠

( )
( ∣ ∣) ∣ ∣

∣ ∣ ( )
∣ ∣

wherem is anU(1) breaking infraredmass regulator, (52) gives the position space expression

M
F x y

m x y M

m
x y

2
lim

1
ln

2 8

1
. 54

m
E3 2 2 0 2  p
g

p-
+

-
 - = -

-
+ + - -


⎜ ⎟

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

⎤
⎦⎥( ) ( )

( )
∣ ∣

∣ ∣ ( )

Inserting (54) and (46) in (50) and substituting the result in (49), one finds that the second term in (49) is
canceled, andwe are left with the L-independent term (for a detailed derivation in a closely related problem, see
[30, 32])

x y F x y F
x y

x yexp exp , 550
2 


m m fá ñ = - - =

-
- -

n

n
( ) ( ) [ { ( ) ( )}]

∣ ∣
{ ∣ ∣} ( )†

where ò is a short-distance cutoff, andwhere
M

8
0
2

 =
f

p
, and 0

2

2n =
f

p
. Note that this correlation function does

not depend on the IR cutoffm. The short-distance cutoff ò can be absorbed by introducing the renormalized
vortex creation operator

x x .R
2m mº n-( ) ( )

In terms of this operator, we finally get

x y
x y

x y
1

exp . 56R R m má ñ =
-

- -
n

( ) ( )
∣ ∣

{ ∣ ∣} ( )†

This should be comparedwith the corresponding result for the 2dAbelianHiggsmodel with theMaxwell term.
In theHiggs phase onefinds [30, 32]
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x y x y
x y

exp , 57R R AHM m m
g

á ñ = - - +
-

⎧⎨⎩
⎫⎬⎭( ) ( ) ˜ ∣ ∣

∣ ∣
( )†

which again decays exponentially at large distances, and differs essentially from (56) only at short distances, and
in both cases we have 0má ñ = . Note the difference with the results in section 4, wherewe saw that the large
distance screening of both electric andmagnetic fields differed qualitatively in theHiggs phases ofQED and
PQED,with only the former showing exponential screening.

We end this sectionwith three remarks:

(i) From (56) it is natural to interpret 4 P0
2 f pl= ( ) as the vortex mass, and it is pertinent to ask how this is

compatible with the result (33)whichwas also derived from a relativisticmodel.We notice that the
logarithmic dependence on correlation length is absent. One should however remember that the operatorμ
was constructed as to create a local topological charge eigenstate, which from the outset does not depend on
any length scale. Although the original Ginzburg–Landaumodel has stablemean field solutions describing
vortices, this is not necessarily true for the pure gaugemodel A PQED + where the only scale isλP. Tofind
such solutions onemust introduce a vortex source as in 5. It is an open question if and howone could retain
the information about the correlation length in the pure gauge theory description of thematter sector.

(ii) It is not hard to show that the dependence on the infrared regulator m cancels in any correlation function
with zero total vorticity, while it remains in thosewith non-zero vorticity. The latter vanish as theU(1)
invariance is retained in the m 0 limit. For example

x y F x y F mexp lim e 0.R R
m

0
2

0

m


m m fá ñ = - - - µ n



-( ) ( ) [ { ( ) ( )}]

(iii) In the unbroken phase, where the superconducting condensate density vanishes, the vortex correlation
function for theAbelianHiggsmodel was given in [30, 32],

x y
x y

exp 1, 58R R x y
AHMm m

g
á ñ =

- - ¥

⎧⎨⎩
⎫⎬⎭( ) ( )

∣ ∣
⟶ ( )†

∣ ∣

This implies 0 1má ñ =∣ , whichmeans the vortex operator actually does not create any genuine excitations,
because these should be orthogonal to the vacuum. This is consistent with the description of the vacuumof
the unbroken phase as a vortex condensate with 0má ñ ¹ . It is interesting that the behavior of the correlator
is qualitatively different in PQED. Taking M 0 in (56) yields

x y
x y

1
0. 59R R x y

m má ñ =
- n - ¥

( ) ( )
∣ ∣

⟶ ( )†
∣ ∣

This corresponds to a ‘soft’ phasewhereM=0 but also x 0má ñ =( ) , see [33]. The vortex two-point
correlation functionwould in this case have a power-law decay, in accordance with (59), so the quantum
vortex excitations are gapless. Interestingly, this is not a conventional gapless phase, since for arbitrary
values of ν, there is a cut in the propagator, rather than a pole; a behavior which is reminiscent of that in the
2DTomonaga–Luttingermodel [34, 35]. This is of course not a description of ametallic film since it
assumes the existence of an, admittedly strongly fluctuating, pairing field.

6.2. Ground state degeneracy on a torus
One of the hallmarks of topological order is the ground state degeneracy on surfaces with non-zero genus. For a
superconductor with two-dimensional electromagnetism that is described by a pure BF theory, there are four
ground states on a torusT2, corresponding to the four possible ways of insertingZ2fluxes for the statistical gauge
fieldsA and b [5]. Herewe investigate the ground state degeneracy problemof a two-dimensional
superconductor coupled to electromagnetism that lives in three dimensions. Before getting into technical details
we notice that there are different ways howone can set-up the problem and embed a two-dimensional torusT2

into a three-dimensional torusT3. Infigure 1we plot aflat and curvedT2 embedded intoT3. In the followingwe
will only consider the flat embedding (figure 1(a)) because in this case addingZ2magnetic fluxes costs no bulk
energy. In contrast, in the case of the curved torus (figure 1(b)) an insertion of aZ2flux comeswith afinite
three-dimensional bulk energy cost, which necessarily lifts the ground states degeneracy.Here we analyze the
problemusing two approaches: In the first we closely follow thework in [9] on quantumHall liquids coupled
to three-dimensional electromagnetism, and in the secondwe attempt to use the PQED formalismdeveloped in
the earlier sections.
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6.2.1. Bonderson–Nayakmethod
Consider a spacial 3-torus with size L in the xy-plane defined by the superconducting film, and Lz in the
third direction.We take the Lagrangian as the sumof the 2d relativistic Lagrangian ,relf in (9) and the usual
three-dimensionalMaxwell term,

L
e

r f f
e

r b A r F F
8

d d
1

4
d , 60P

MN
MN

2

2
2 2 3ò ò ò

l
p p

= - + ¶ -mn
mn mns

m n s ( )

where t x y, , , ,m n s = andM,N=t, x, y, z. FMN is thefield strength corresponding to the vector potentialAM.
In general, the presence of the superconducting film breaks translational invariance in the z-direction, but in the
ground state both the charge density and the charge current vanishwhich effectively restores the translation
invariance along z axis. Nowwe Fourier decompose the gauge potentials as

b t
L

b t

A z t
LL

A k t

r k

r k

,
1

e , ,

, ,
1

e , , , 61M
z

k z
M z

k

k x

k k

k x

i

1 2
,

i

z

z

å

å

=

=

m m

+

( ) ( )

( ) ( ) ( )

·

( · )

where the normalizationwas chosen as in [9]. In the gaugeAt=bt=0 the Lagrangian for the spatial zeromodes
(k=0, kz=0) becomes

L
e

b
e

L
A b A A

4

1 1

2

1

2
, 62P

i
z

ij
i j i z

2

2

2

1 2

2 2
l
p p

= + + +˙ ˙ ˙ ˙ ( )

where i, j=x, y. Nowwe integrate out Ai
˙ and get (after dropping the Az

2˙ term)

L
m

b
K

b
2 2

, 63i ieff
2 2= -˙ ( )

where m e 2P
2 2l p= ( ) and K e Lz

2 2p= ( ). This is a 2d harmonic oscillator with frequency
L d L2 1P z L z

2 2w l l= =( ) ( ) ( ). Restoring ÿ and c, we get the energy gap for zero-mode solutions

E
c

L

2
. 64

P z




w
l

D = = ( )

We thus see that for afixed Pearl lengthλP the gap (64) scales as L1 z
1 2.We note that taking a scaling limit,

L , 0z Pl ¥  with L Econst,P zl  D , remainsfinite.
What aboutfinitemomentummodes? In afinite torusT2 that is embedded in afinite torusT3 they are

gapped as well. In particular, the plasmonmodes studied in section 3 have a gap E L1plD ~ if L=λP and
ΔEpl∼1/L if L?λP. In addition, we expect that photons that propagate along z-direction have a gap
ΔEph, z∼1/Lz10.

In summary, forfinite Lz all excitations have an energy gap that scales as an inverse power-law of the system
sizewhile for sufficiently large L? λP the four ground states are expected to split only exponentially

Lexp Pl~ -( ). As a result, the superconducting film studied in this paper is a quasi-topologically ordered phase
ofmatter using the terminology introduced by Bonderson andNayak [9].

6.2.2. The PQEDmethod

Herewe attempt to apply the PQED formalism.We convert the zero-mode Lagrangian (62) (dropping Az
2˙ term)

to its PQEDcounterpart by the replacement

Figure 1. (a) Flat and (b) curved embeddings ofT2 intoT3.

10
To the extent that these photons completely decouple from the superconductor, the state defined by the scaling limit L constP zl  ,

would be topologcially ordered in the conventional sense. This limitmight not be completely unrealistic if the electromagnetic field is
screened at somefinite distance andwe consider strongly type IImaterials whereλL is very small.
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A A A
1

2

1
. 65i i

t

i
2

2


¶
˙ ˙ ˙ ( )

Using now the two-dimensional normalization for the Fourier transform

b t
L

b t

A t
L

A t

r k

r k

,
1

e , ,

,
1

e , 66

k

k x

k

k x

i

i

å

å

=

=

m m

m m

( ) ( )

( ) ( ) ( )

·

( · )

and integrating out Ai
˙ gives

L
e

b
e

b b
4

1

2
. 67P

i i t ieff
PQED

2

2

2 2

2
2l

p p
= - ¶˙ ( )

The last term is non-local and it is not obvious how to solve this quadratic problem. If we ignore possible

problems related to t
2¶ being a negative definite operator and take the naive square root t t

2¶  ¶ , the second
term in Lagrangian becomes a total derivative and can be ignored. Thuswe are left with amassless theory
consistent with taking the large Lz limit of (63) atfiniteλP.We expect that for afinite Lz the non-local PQED
gauge Lagrangianmust bemodified, but that is beyond the scope of the present work.

7. Summary, conclusions and outlook

In this paper we proposed a non-local version of theGinzburg–Landaumodel as an adequate low-energy
description a thin 2d superconducting film.We derived the corresponding effective gauge theorywhich consists
of a non-local PQEDaction for the electromagnetic fieldAμ, aMaxwell term for the gaugefield bμ describing the
supercurrent and a BF termwhich couples the two gaugefields. Using this effective theory, we derived the
interaction potentials between charges and vortices, the surface plasmon dispersion relation, and the energy of a
vortex, and verified that they agree with earlier results.We also found that the braiding phase for a charge
encircling a vortex gives the expectedminus sign, up to power-law corrections.

Thus convinced that the gauge theory gives a proper description of the thin superconductingfilm,weuse it to
determine towhat extent this systemcanbe considered as topologically ordered.The immediate answerwouldbe
no, since theplasmongap vanish.Notehowever, that keeping afinite transverse size (whichmightwell be the
correct thing todo in a realistic system), the plasmongap remains and so does the ground state degeneracy.
A superconductingfilm thus exhibits quasi-topological order in the sense ofBondesonandNayak [9].Wealso
studied thequantumvortex correlation function and showed that its long-distance behavior is the same as for the
2dAbelianHiggsmodel, and inparticular found that 0má ñ = for the vortex creation operator,which satisfies
the ’tHooft algebrawith theWilson loop. From thiswewould conclude that a thin superconductingfilm is in a
similar phase as the 2dAbelianHiggsmodel,which is known tobe topologically ordered.

There are several directions inwhich this work could be extended: at a technical level it is a challenge to carry
out the calculations of the braiding phase for the non-relativistic case. One can alsowonder whether the
calculation of the vortex correlation function can bemodified to reproduce correctly the logarithmic
dependence of the vortex energy on the correlation length. Conceptually it would be interesting to attempt a
dual formulation of the low-energy effective theory; for a self-dual theory of a somewhat relatedmixed-
dimensional problem, see [36]. Another potentially interesting direction is to apply the ideas developed here to
layered superconductors [37, 38].
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