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Abstract

Classical phase spaces have been widely applied in physics, engineering, economics or biol-
ogy. In this thesis, phase spaces of quantum systems are considered, which have become a
powerful tool for describing, analyzing, and tomographically reconstructing quantum states.
We provide a complete phase-space description of (coupled) spin systems including their
time evolution, tomography, large-spin approximations and their infinite-dimensional limit,
which recovers the well-known case of quantum optics. Finally, Born-Jordan distributions of
infinite-dimensional quantum systems are described.
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Zusammenfassung

Titel: Zu Phasenraumdarstellungen von Spinsystemen und

ihren Beziehungen zu unendlichdimensionalen Quanten-

zuständen

Klassische Phasenräume finden in Physik, Ingenieurwesen, Wirtschaft und Biologie
vielfältige Anwendungen. In dieser Arbeit werden Phasenräume von Quantensystemen be-
trachtet, die ein leistungsstarkes Werkzeug für die Beschreibung, Analyse und tomographis-
che Rekonstruktion von Quantenzuständen bilden. Wir geben eine vollständige Phasenraum-
Beschreibung von (gekoppelten) Spinsystemen, einschließlich ihrer Zeitentwicklung, To-
mographie, Näherungsformeln für große Spins und ihren unedlich-dimesionalen Grenzfall,
der dem wohlbekannten Fall der Quantenoptik entspricht. Schließlich werden Born-Jordan-
Verteilungen von unendlich-dimensionalen Quantensystemen beschrieben.
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1

CHAPTER 1

Introduction

The phase-space formulation of quantum mechanics has a long history. This unquestion-
ably started with the ground-breaking idea of Eugene Wigner from 1932 [262]. In his work,
Wigner proposed a quasi-probability distribution for a spinless quantum particle over a clas-
sical phase space, which established a direct bridge from the well-known classical world to
the shortly before discovered quantum world.

In this regard, classical phase spaces have a much longer and tangled history [198] and
date back to the early 1800’s. The concept of a classical phase space evolved from the
1838 mathematical work of Liouville [177]. Jacobi recognized this work and used it in the
context of classical mechanics [137] in 1842. In particular, he established the connection
between Liouville’s theorem of conservation in a phase space and Hamilton’s formulation of
mechanics from 1834 [125]. Liouville’s conservation law was then adapted by Boltzmann
in his 1871 paper on the kinetic theory of gases. However, the modern concept of a phase
space became widespread only later, along the works of Ehrenfest [81], Rosenthal [216] and
Plancherel [208]. Since then, phase spaces have been applied in various fields of physics,
engineering, economics or biology. In fact, James Gleick calls phase space “one of the most
powerful inventions of modern science” in his popular book on chaos theory [109].

Using modern notation, the state of a classical-mechanical system is uniquely character-
ized by its coordinate x and momentum p variables [163, 20]. The set of all possible values
(x, p) is called a phase space, and every point (x, p) in a phase space therefore uniquely
characterizes a particular state of the system. The time evolution is then determined by a
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Hamiltonian H(x, p, t), which is a function of phase-space coordinates and can also depend
on time. In particular, an arbitrary phase-space function f(x, p, t) evolves according to

df

dt
= ∂f
∂t

+ {H,f} with {H,f} ∶= ∂H
∂p

∂f

∂x
− ∂H
∂x

∂f

∂p
, (1.1)

where {⋅, ⋅} denotes the Poisson bracket [163, 20]. For example, substituting the arbitrary
phase-space function with coordinate f = x or momentum f = p variables recovers Hamil-
ton’s equations of motion [163, 20]. However, f can represent more general functions, such
as the probability density ρc(x, p). This function assigns a probability ρc ≥ 0 to the neigh-
borhood of each point (x, p) in a phase space, i.e., to possible states of the system. This
probability density is central in statistical mechanics and its well-known equation of mo-
tion ∂ρc

∂t = −{H,ρc} essentially describes the flow of a phase-space fluid due to Liouville’s
theorem [163, 20]. A quantum mechanical analogue, the so-called density operator was in-
troduced by von Neumann in 1927 [255], at the time when quantum mechanics was still
under development. Dirac adapted this concept in his 1930 book, The principles of quantum

mechanics with the following introduction [76]

“. . . There exists a corresponding density ρ in quantum mechanics, having prop-

erties analogous to the above. It was introduced by von Neumann. Its existence is

rather surprising in view of the fact that phase space has no meaning in quantum

mechanics, there being no possibility of assigning numerical values simultaneously

to the q’s and p’s.” (P. A. M. Dirac, 1930)

The strong analogy between the classical probability density ρc(x, p) in phase space and the
density operator ρ is reflected by their formally identical equations of motion. In particular,
the density operator evolves according to the von Neumann equation i∂ρ∂t = [H, ρ], but note
that both ρ andH are Hilbert-space operators and [., .] is their commutator.

Quantum mechanics, during its initial mathematical formulation between 1925-26, was
first described in terms of infinite-dimensional matrices by Heisenberg [129] and in terms of
differential equations by Schrödinger [231]. Dirac later showed [76] that these two descrip-
tions are equivalent and are two particular choices of a more general mathematical frame-
work, called a Hilbert space. In modern notation, Hilbert-space formulation of quantum
mechanics represents physical observables of coordinate x and momentum p as operators x̂
and p̂. These operators in fact define mappings between elements of a Hilbert space. The
state of a quantum mechanical system is expressed as a density operator ρ and the Hamil-
tonian as well corresponds to an operator H, which describes time evolution. In general,
any physical observable f is represented as an operator f̂ which defines a particular mapping
between Hilbert-space elements and this construction does not resemble the classical descrip-
tion in spirit at all. Moreover, determining phase-space coordinates (x, p) of a quantum state
is not possible due to the uncertainty principle, i.e., the commutator of operators [x̂, p̂] = ih̵
is non-zero. However, Wigner showed that one must not conclude that “phase space has no

meaning in quantum mechanics” [76].
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In his 1932 paper [262], Eugene Wigner proposed a revolutionary approach to describe
quantum mechanics consistently with the classical phase-space picture. This approach is log-
ically autonomous and independent from the Hilbert-space formulation, however, it is equiv-
alent to that. The state of a quantum system is described by its Wigner function Wρ(x, p),
which uniquely corresponds to a density operator ρ, i.e., there is a one-to-one mapping be-
tween the two. This Wigner function Wρ(x, p) is an analog of the classical ρc(x, p), how-
ever, it can have negative values and it is therefore a quantum mechanical generalization of
the non-negative phase-space probability density ρc(x, p).

More than a decade later Gronewold [118] and Moyal [195] showed that the Wigner
function indeed provides a complete description of quantum mechanics and its equation of
motion corresponds to a generalization of the Poission bracket, called the Moyal bracket.
This Moyal bracket is the phase-space equivalent of commutators and is based on the so-
called star product, refer to Section 3.3.1. Moreover, mapping a density operator to its Wigner
function is just the inverse procedure of the so-called Weyl quantization [259, 260, 261]
which assigns a Hilbert space operator to a classical phase-space function.

There are, however, infinitely many ways to describe quantum mechanics in phase-
space using generalizations of the Wigner function. These were introduced by Cohen in
the 1960’s as convolved derivatives of the Wigner function and led to a development of so-
called coherent-state representations [51, 50, 11, 10] and associated quantization schemes.
Most importantly, the s-parametrized distributions are Gaussian convolved variants of the
Wigner function which reproduce the well-known special cases of the Husimi Q (s = −1),
Wigner (s = 0) and Glauber P (s = 1) functions. Wigner’s original approach and its variants
describe a non-relativistic, spinless quantum particle in phase space which can, however, be
applied to various other scenarios that correspond to the same underlying Heisenberg-Weyl
symmetry group. In particular, phase-space approaches have been widely adapted in the con-
text of pseudo-differential operators and time-frequency analysis [113, 111, 116, 60], and
the s-parametrized family of distribution functions have played a central role in developing
a quantum theory of light [107]. In both cases phase space is a 2-dimensional plane and
underlying symmetries correspond to the Heisenberg-Weyl group.

A general framework was introduced by Berezin [28, 29] and Bayen [25, 26] for ex-
tending Wigner’s original approach and their analogs to quantum systems with more general
symmetry groups, i.e., with phase spaces beyond a Euclidean plane. Since then, generalized
coherent states for various Lie groups have been developed and have been applied in math-
ematics and physics [205, 99, 13, 30]. Most importantly, coherent states for the spherical
phase space of single spins J were introduced by Arecchi [18] and this approach was utilized
in [7] to obtain a coherent-state representation, the Q function of spins. This coherent-state
representation was later extended to the Wigner function [253] and to the full s-parametrized
family of distributions [47] of a single spin J via the axiomatic construction of Stratonovich
[242, 243]. These single spin Wigner functions have found many applications since then
[150, 152, 156, 248] and are relevant in various experimental scenarios, refer to Chapter 2.

In the current work, spherical phase spaces of spin systems are considered and the full
family of s-parametrized distribution functions is constructed using parity operators. These
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naturally incorporate the well-known distribution functions of Cahill and Glauber [51, 50]
in the large-spin limit. A complete description of their time evolution is provided, including
their tomographic reconstructions and relations amongst them. For a detailed introduction to
single spins refer to Section 2.1.1. This phase-space description is extended to the overarch-
ing scenario of distinguishable, coupled spin systems, their time evolutions and visualizations
in Chapter 3. Note that there exist a plethora of phase-space descriptions for coupled spin
systems, refer to Sections 3.3.3, 3.3.4 and 3.3.6, however, the current construction has sev-
eral advantages: it reflects underlying symmetries of the spin system, incorporates infinite-
dimensional phase spaces in the large-spin limit and allows for natural visualizations. More-
over, methods for calculating approximate phases-space distribution functions and their time
evolutions efficiently are developed in Chapter 4. These results are useful for spin systems
with large J and the approximations become exact in the limit J → ∞ and reproduce the
well-known case of Wigner’s original approach and its corresponding variants. These star-
product methods rely on so-called spin-weighted spherical harmonics which were introduced
by Newman and Penrose in the context of general relativity. Their formalism is adapted in
Chapter 4 for describing exact and approximate time evolutions of spin systems.

Finally, infinite-dimensional quantum systems and their generalized phase-space distri-
butions are considered in Chapter 5. In particular, parity operators are introduced, quantum-
mechanical expectation values of which give rise to a general class of phase spaces. New
results are obtained for the case of Born-Jordan distributions and a matrix representation of
its parity operator is derived that can be calculated efficiently. These results can directly be
applied to bosonic quantum systems, such as in quantum optics.

This thesis is based on the manuscripts [159, 160, 161, 158] and main results are sum-
marized in the following.

Main results contained in Chapter 2

Result 2.1: The full class of s-parametrized phases-spaces are defined for a qudit with d =
2J+1 or equivalently for a single spin J in terms of rotated parity operators. This
construction naturally incorporates the well-known s-parametrized distribution
functions of quantum optics in the large-spin limit.

Theorem 2.1: The large-spin limit formula of the parity operators from Result 2.1 recovers the
parity operators from quantum optics.

Result 2.2: Transformations between particular s-parametrized phase spaces are described.
These transformations are Gaussian-like spherical convolutions with the spin-up
state. This is the finite-dimensional equivalent of the Gaussian convolution from
quantum optics which is recovered in the large-spin limit

Theorem 2.2: Spin-up state distribution functions of a qudit or single spin J , used for the convo-
lution in Result 2.2, recover their infinite-dimensional counterparts as Gaussian
functions in the large-spin limit.
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Result 2.3: A general tomography formula is obtained for the s-parametrized distribution
functions. This tomography scheme is the finite-dimensional equivalent of the
‘direct measurement’ technique in quantum optics and recovers that in the large-
spin limit.

Section 2.5.5: A tomography formula is proposed that relies on spherical Radon transforms.
This is a finite-dimensional equivalent of the optical homodyne tomography and
recovers that in the large-spin limit

Main results contained in Chapter 3

Result 3.1: Results from Chapter 2 are extended to coupled spins. In particular, the Wigner
function of N coupled, distinguishable qudits or spins J is defined.

Theorem 3.1: The Wigner function from Result 3.1 is generalized to the s-parametrized phase
spaces of N coupled spins J . This construction is based on rotated parity oper-
ators from Result 2.1. These general phase spaces satisfy the Stratonovich pos-
tulates from Appendix B.3.2, transform naturally under arbitrary local rotations
and recover quantum optics in the large-spin limit (as N coupled modes of the
electromagnetic field).

Result 3.2: An exact, differential star product is developed for the Wigner function of a single
qubit or spin 1/2 (the general case of a single qudit or single spin J is treated in
Chapter 4).

Result 3.3: The exact, differential star product is obtained for the Wigner function of N cou-
pled, distinguishable qubits or spins 1/2. Its properties are then discussed in
detail (the general case of qudits or spins J is obtained in Chapter 4).

Corollary 3.1: The explicit form of Result 3.3 is detailed for N = 2 qubits or spins 1/2.

Corollary 3.3: The explicit form of Result 3.3 is detailed for N = 3 qubits or spins 1/2.

Result 3.4: The explicit and exact differential equation of motion is obtained for the Wigner
function of N coupled, distinguishable qubits or spins 1/2 (the general case of
qudits or spins J is discussed in Chapter 4).

Corollary 3.2: The simplified form of Result 3.4 is discussed for N = 2 qubits or spins 1/2

Corollary 3.4: The simplified form of Result 3.4 is discussed for N = 3 qubits or spins 1/2

Corollary 3.5: The equation of motion for N coupled, distinguishable qubits or spins 1/2 from
Result 3.4 reduces to the classical Poisson bracket if the system Hamiltonian
contains at most pairwise interactions.
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Additional material contained in Chapter 3

Section 3.4: Example time evolutions are calculated for simple spin systems. The resulting
high-dimensional Wigner functions are visualized using the PROPS representa-
tion and their three-dimensional plots.

Section 3.6: Further examples are calculated for spin systems up to N = 3 including entangle-
ment generation in phase space.

Section 3.7: Connections to alternative or related characterizations are discussed. These in-
clude, e.g., the angular momentum differential operator or quaternions and their
quaternionic products.

Main results contained in Chapter 4

Proposition 4.1: Spin-weighted spherical harmonics were introduced by Newman and Penrose in
the context of general relativity. An approximation formula is proposed for the
corresponding spin weight raising and lowering operators.

Proposition 4.2: Spin-weighted spherical harmonics are relevant in the context of spin phase-space
representations. An approximation formula is proposed using spin weight rais-
ing and lowering operators. This approximation naturally recovers the case of
quantum optics in the large spin limit.

Result 4.1: Exact star products for Glauber P and Husimi Q functions of a qudit or single
spin J are obtained based on spin weight raising and lowering operators.

Result 4.2: Approximate star products for P and Q functions are derived using Proposi-
tion 4.2. These approximations become exact and recover their infinite dimen-
sional counterparts as quantum optics in the large-spin limit.

Result 4.3: Differential operators are obtained in terms of spin weight raising and lowering
operators. These differential operators are useful for transforming between dif-
ferent s-parametrized phase-space distributions of a qudit or single spin J .

Result 4.4: Approximations of the differential operators from Result 4.3 are obtained using
Proposition 4.2. These approximations become exact and reproduce the infinite-
dimensional formalism in the large spin limit.

Result 4.5: Star products for arbitrary s-parametrized phase-space distribution functions of a
qudit or single spin J are derived.

Result 4.6: Approximations of the star product from Result 4.5 are derived using Propo-
sition 4.2. These approximations become exact and reproduce their infinite-
dimensional counterparts in the large spin limit.
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Section 4.11: Exact and approximate time evolutions of qudits or single spins J are discussed.
Their equation of motion is obtained using star products.

Section 4.12: A method based on star products and their approximations is proposed for effi-
ciently calculating s-parametrized phase-space distribution functions of qudits or
spins J .

Section 4.13: Star products and time evolutions of the s-parametrized phase spaces of N cou-
pled qudits or spins J are established. In particular, the coupled qubit or spin-1/2
star product from Result 3.3 is generalized to arbitrary J while extending the star
product formalism from Result 4.5 to N coupled qudits or spins J .

Main results contained in Chapter 5

Definition 5.3: Generalized distribution functions are defined for planar phase spaces in the form
of quantum-mechanical expectation values of displaced parity operators, such as
in quantum optics.

Theorem 5.1: Quantum-mechanical expectation values of the parity operators in Definition 5.3
define distribution functions as the Cohen class. These phase-space represen-
tations are therefore related to the Wigner function via a convolution with the
so-called Cohen kernel θ.

Section 5.6.2: Parity operators are Weyl quantizations of their corresponding Cohen convolution
kernels θ.

Section 5.6.3: Parity operators for important, well-known distribution functions are summarized
along with their operator norms and spectral decompositions in Sec 5.7.2.

Theorem 5.2: The explicit action and the operator norm of the parity operator is derived which
defines Shubin’s τ -parametrized distributions.

Theorem 5.3: The parity operator for Born-Jordan distributions is derived in the form of a
weighted average of displacement operators.

Theorem 5.4: The Born-Jordan parity operator is equivalently a weighted average of squeezing
operators. These squeezing operators are widely used in quantum optics and
describe a non-linear optical transformation.

Proposition 5.2: The Born-Jordan parity operator is a bounded operator on the Hilbert space of
square-integrable functions.

Theorem 5.5: The Born-Jordan parity operator admits a generalized spectral decomposition.

Theorem 5.6: The matrix representation of the Born-Jordan parity operator is calculated in the
number-state basis.
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Conjecture 5.1: An efficient, recursion-based computation scheme is proposed for calculating the
matrix representation of the Born-Jordan parity operator.

Section 5.9: Born-Jordan distributions are calculated for simple, bosonic quantum systems
and are juxtaposed with corresponding Wigner and Husimi Q functions.
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CHAPTER 2

Continuous phase-space representations for
finite-dimensional quantum states and their

tomography

2.1 Foreword to Chapter 2

This chapter is based on the manuscript [160] and discusses continuous phase-space represen-
tations for single spins with new results on their relations, large spin limits and tomographic
reconstructions. Building on previous works on Wigner functions [253, 47, 78] and on s-
parametrized phase-space representations [7, 47] for a single spin J , we obtain significant,
new results for the overarching theme of spin phase-space representations. In particular, we
define these distribution functions as expectation values of rotated parity operators in anal-
ogy to the infinite-dimensional case (see Chapter 5), which is then naturally recovered in the
large-spin limit. We show that all members of the s-parametrized family of phase-space rep-
resentations are related to each other via a Gaussian-like convolution. Multiple examples are
provided to illustrate and visualize the resulting phase-space functions and underlying con-
cepts. We finally describe the experimental tomographic reconstruction of the full class of
s-parametrized distribution functions which is practically relevant for current experimental
methods. The basic concept of a single spin J and its applications are first introduced in a
preliminary section (Section 2.1.1).
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2.1.1 Preliminary: single spin J

A single spin, which is often called a qudit, has been widely used in various fields of physics
in different contexts. Here, we give a short summary of its mathematical properties and its
relation to other physical systems.

Spin operators Jx, Jy and Jz in general are generators of the group SU(2) via the com-
mutation relations [Jj ,Jk] = i∑l εjklJl for j, k, l = x, y, z and εjkl is the Levi-Civita symbol,
refer to, e.g., [192, 223]. A qudit, or equivalently a single spin J is a quantum mechanical
system, the state space of which is identified with a d = 2J+1-dimensional Hilbert space.
The eigenvalue equation in this d-dimensional Hilbert space

Jz ∣Jm⟩ ∶=m∣Jm⟩ with m ∈ {−J,−J + 1, . . . , J} (2.1)

follows from the basic commutation relations, which also allow to derive matrix represen-
tations of spin operators1, refer to Chapter 3.5 in [223]. Rotation operators in the form
e−iφJze−iθJye−iψJz are irreducible representations of the group SU(2) in this d-dimensional
Hilbert space, and define the Wigner-D matrix elements via [192, 223]

⟨Jm1∣e−iφJze−iθJye−iψJz ∣Jm2⟩ ∶=Dj
m1m2

(φ, θ,ψ). (2.2)

Numerous physical systems can be modeled by a qudit or spin. Atomic nuclei studied
in magnetic resonance spectroscopy, especially in the solid state [96], often include spins
with J larger than 1/2. In particular, certain atomic nuclei, such as 7Li or 23Na, couple with
external electric field due to their spins larger than 1/2 and therefore allow for experimentally
determining the electric field quadrupole tensor. There are various other applications of single
spins. These are mostly based on mapping a subset of all available states of a quantum
system to states of a qudit or spin. We recollect two of the most important applications in the
following.

2.1.1.1 Qubits in symmetric states

We will now introduce a mapping between symmetric states of a system of N coupled qubits
or spins-1/2 and states of a single spin J , refer to [241]. Recall that a single qubit is a two-
level system, its state space corresponds to a two-dimensional Hilbert space H ∶= C2 and its
spin operators are defined via the matrices

Ix ∶= 1
2

⎛
⎝

0 1

1 0

⎞
⎠
, Iy ∶= 1

2

⎛
⎝

0 −i
i 0

⎞
⎠
, and Iz ∶= 1

2

⎛
⎝

1 0

0 −1

⎞
⎠
, (2.3)

which are generators of the group SU(2) via the commutation relation [Ij , Ik] = i∑l εjklIl
with j, k, l = x, y, z and εjkl is the Levi-Civita symbol [61]. Every state ∣ψ⟩ ∈ H in Hilbert

1 Deriving matrix representations is via raising and lowering operators J± ∶= Jx ± iJy and their conse-
quent commutation relations [Jz,J±] = ±J±. One can calculate the action of raising and lowering operators
JzJ±∣Jm⟩ = (m ± 1)J±∣Jm⟩ using their commutators, and therefore J±∣Jm⟩ ∝ ∣Jm ± 1⟩. Proportionality
factors similarly follow from commutation relations, refer to Chapter 3.5 in [223] for a detailed derivation.
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space can be expressed as a linear combination ∣ψ⟩ ∶= c0∣0⟩+ c1∣1⟩, where basis states are the
column vectors ∣0⟩ ∶= (0,1)T and ∣1⟩ ∶= (1,0)T . State space of N coupled spins is spanned
by a direct product of the individual Hilbert spaces, which results in the Hilbert space C2N of
dimension 2N . Dimensionality of this space is exponentially large in the number of coupled
spins. Orthonormal basis states are usually denoted as {∣10 . . .0⟩, ∣01 . . .0⟩, . . . , ∣00 . . .1⟩},
and let us now consider the symmetric subspace of this exponentially large state space.

Let us consider basis states with the first n qubits in state ∣1⟩ and the last N − n qubits
in state ∣0⟩ as ∣11,12, . . . ,1n,0n+1, . . . ,0n⟩ where n = 0, . . . ,N . For a fixed value of n, there
are p ∶= (N

n
) distinct permutations of qubits which redistribute positions of zeros and ones,

but leave the overall number of zeros and ones invariant. We define permutation invariant
basis states for N qubits as a normalized superposition of all permutations as

∣Nn⟩ ∶= 1√
numb. all perm. ∑

l∈{all perm.}
Pl ∣11,12, . . . ,1n,0n+1, . . . ,0N ⟩ (2.4)

= 1
√
p

p

∑
k=1

Pk ∣11,12, . . . ,1n,0n+1, . . . ,0N ⟩, (2.5)

where Pl permutes qubit subspaces and {Pk} is the set of all p = (N
n
) distinct permutations

of the spin subspaces for a fixed n. Collective angular-momentum operators in the following
form by definition commute with permutations

Jx ∶=
N

∑
n=1

In,x, Jy ∶=
N

∑
n=1

In,y, Jz ∶=
N

∑
n=1

In,z, (2.6)

where In,x, In,y, In,z are embedded spin-1/2 operators and act on the n-th spin. For example,
I2,y acts on the 2nd spin as Id2 ⊗ Iy ⊗ Id2 ⋅ ⋅ ⋅ ⊗ Id2 where Id2 is the 2 × 2 identity operator.
Using that commutators [In1,j , In2,k] = 0 vanish if n1 ≠ n2, one can show that collective spin
operators are also generators of the group SU(2) via the commutation relations

[Jj , Jk] =
N

∑
n1,n2=1

[In1,j , In2,k] =
N

∑
n=1

i∑
l

εjklIn,l = i∑
l

εjklJl. (2.7)

Permutation invariant basis states from (2.4) span an N+1-dimensional subspace of the
exponentially large Hilbert space of N qubits, and the eigenvalue equation from (2.1) is
satisfied by the collective spin operator Jz

Jz ∣Nn⟩ = (N/2 − n)∣Nn⟩↔ Jz ∣Jm⟩ =m∣Jm⟩ for n = J −m ∈ {0,1, . . . ,N}. (2.8)

One can therefore uniquely map these states via ∣Nn⟩ ↔ ∣Jm⟩ to basis states of a single
qudit of dimension d = N + 1, or equivalently, to a single spin J with J = N/2. Matrix
representations of collective spin operators in this N + 1-dimensional subspace are equiva-
lent to matrix representations of spin operators and follow 2 from the commutation relations

2 The derivation is via raising and lowering operators J± ∶= Jx ± Jy , which satisfy their usual commutation
relation and therefore JzJ±∣Nn⟩ = (N/2−n± 1)J±∣Nn⟩. This allows for calculating matrix representations of
Jx, Jy, Jz , which are indeed identical to matrix representations of Jx,Jy,Jz in their respective bases.
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in (2.7). The strict correspondence Jx, Jy, Jz ↔ Jx,Jy,Jz results in a one-to-one mapping
between the two physical systems, for example, Figure 2.1 depicts the (generalized) W state
[79] of N = 2J permutationally symmetric qubits, which is represented as a single qudit
state. Many important quantum states belong to this family of permutationally symmetric
qubit states which include, e.g., a family of maximally entangled states [241, 250, 178].
Moreover, experimental spin-like systems of indistinguishable qubits are commonly repre-
sented as qudits, these include, e.g., atomic ensembles [188, 122], Bose-Einstein condensates
[17, 132, 199, 240, 176, 214, 228, 126, 244], or trapped ions [166, 40, 193], and the states
∣Nn⟩ are often referred to as symmetric Dicke states [75].

2.1.1.2 Angular-momentum representation of bosons

We will now introduce the so-called Schwinger model of angular momentum, following [234,
223]. Let us consider a quantum system, which consists of two boson fields. Their joint state
space is described by the Hilbert space `2 ⊗ `2 of infinite-dimensional vectors [234, 223].
Joint number states ∣nanb⟩ ∶= ∣na⟩⊗ ∣nb⟩ span an orthonormal basis and satisfy the eigenvalue
equation

a†a ∣nanb⟩ = na∣nanb⟩, b†b ∣nanb⟩ = nb∣nanb⟩ (2.9)

of the usual annihilation and creation operators, which are defined to satisfy the commutation
relations [a, a†] = 1, [b, b†] = 1 and other commutators, such as [a, b†] = [b, a†] = 0, vanish.

Let us now introduce angular momentum operators, which are composed of annihilation
and creation operators and therefore act on the state space of the two-mode oscillator

Lz ∶= a†a − b†b, L+ ∶= a†b and L− ∶= b†a. (2.10)

The usual Cartesian form is obtained via the linear combinations Lx = (L+ + Ly)/
√

2 and
Ly = −i(L+ − Ly)/

√
2. One can show that these operators satisfy the angular momentum

commutation relations as [Lj , Lk] = i∑l εjklLl with j, k, l = x, y, z and the eigenvalue equa-
tion yields

Lz ∣nanb⟩ = (a†a − b†b)∣nanb⟩ = (na − nb)∣nanb⟩. (2.11)

Most importantly, the subspace spanned by the orthonormal states {∣nanb⟩, na + nb is fixed}
forms a Hilbert space of dimension na + nb + 1 and one has a strict correspondence between
the states ∣nanb⟩↔ ∣Jm⟩ with the J ↔ (na + nb)/2 and m↔ (na − nb)/2 and between the
operators Lx, Ly, Lz ↔ Jx,Jy,Jz .

This mapping has been commonly used to represent a two-mode optical system that con-
tains a fixed number na+nb of photons in the two modes. These systems include polarization
states of the electromagnetic field or optical interferometry [44, 156, 55].
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2.1.2 Additional results

This subsection details proofs of results from the manuscript [160]. In particular, Theo-
rem 2.1 considers the s-parametrized spin parity operator Ms from Result 2.1 and estab-
lishes the large spin limit of its matrix representation. This theorem ensures that phase-space
representations from Result 2.1, as expectation values of this parity operator, recover their
infinite-dimensional counterparts from quantum optics in the large spin limit. Theorem 2.1 is
a generalization of, and uses techniques from the proof in [16], which considered the special
case of Wigner functions, i.e., s = 0.

Theorem 2.1. Let us denote diagonal matrix elements of the parity operator from (2.1)
as [Ms]nn ∶= ⟨J, J − n∣Ms∣J, J − n⟩, using the index n = 0,1, . . .2J , which is defined

relative to the spin-up state with m = J − n. These matrix elements converge to their

infinite-dimensional counterparts [Πs]nn with −1 ≤ s < 1 as

lim
J→∞

[Ms]nn = lim
J→∞

1

R

2J

∑
j=0

√
2j+1
4π (γj)−s [Tj0]nn = [Πs]nn. (2.12)

Here, matrix elements of the limiting parity operator [Πs]nn from (2.15) have the ex-

plicit form (refer to (5.28) and Eq. 19 in [194])

[Πs]nn ∶= ⟨n∣Πs∣n⟩ = 2(−1)n (1 + s)n
(1 − s)n+1

(2.13)

in the number state basis ∣n⟩, refer to Appendix A.1 for a proof.

The following theorem considers phase-space representations of the spin up state and
their convergence to the corresponding infinite-dimensional counterparts as Gaussian func-
tions, refer to Figure 2.4. These phase-space functions are used to define smoothing convo-
lutions in Result 2.2 which translate between different s-parametrized distributions.

Theorem 2.2. Using the arc-length parametrization α =
√
J/2 θ e−iφ from Section 2.5,

the s-parametrized phase-space representation of the spin up state F∣JJ⟩(Ω, s) con-

verges to its infinite-dimensional counterpart, i.e., to the vacuum state F∣0⟩(Ω, s). In

particular, we obtain for s < 1 that

lim
J→∞

[F∣JJ⟩(Ω, s)] = F∣0⟩(Ω, s) = 2
(1−s) exp[ 2

(s−1) ∣α∣
2] (2.14)

refer to Appendix A.2 for a proof.
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2.1.3 List of Symbols in Chapter 2

symbol description

J spin number: related to dimension d = 2J + 1

d dimension of the quantum system (and of Hilbert space) with d = 2,3, . . .

ρ quantum state as a density operator (positive semidefinite and unit trace)
Fρ(Ω, s) s-parametrized phase-space distribution function of a quantum state ρ

Ω abstract phase-space coordinate: can be α, (x, p), (θ, φ) etc.
s parameter, which interpolates between Glauber P (s = 1)

Wigner (s = 0) and Husimi Q (s = −1) functions
Pρ Glauber P function: abbreviated notation for Fρ(Ω,1)
Wρ Wigner function: abbreviated notation for Fρ(Ω,0)
Qρ Husimi Q function: abbreviated notation for Fρ(Ω,−1)

D(Ω) displacement operator: irreducible, unitary representation of the group H3/U(1)
its parametrization Ω spans a planar phase space

α phase-space coordinate of the complex plane parametrization
∣0⟩ vacuum state of the quantum-harmonic oscillator
∣α⟩ coherent states of the quantum-harmonic oscillator (also denoted by ∣Ω⟩)
Π usual parity operator: reflects phase-space coordinates Π∣α⟩ = ∣−α⟩

Πs s-parametrized parity operator for infinite-dimensional systems
δ(2)(α) two-dimensional delta distribution

θ polar rotation angle
φ azimuthal rotation angle

R(Ω) rotation operator: irreducible, unitary representation of the group SU(2)/U(1)
its parametrization Ω spans a spherical phase space viaR(θ, φ) = eiφJzeiθJy

Jz z component of the angular momentum operator of a spin J
Jy y component of the angular momentum operator of a spin J

∣Jm⟩ angular momentum eigenkets as Jz ∣Jm⟩ =m∣Jm⟩ with m ∈ {J, . . . ,−J}
∣JJ⟩ spin-up state as Jz ∣JJ⟩ = J ∣JJ⟩
R radius of the spherical phase space with R ∶=

√
J/(2π)

a arc length on the sphere relative to the north pole with a = θR = θ
√
J/(2π)

Ms s-parametrized parity operator for finite-dimensional systems
Yjm spherical harmonics of rank j and order m
Tjm tensor operators of rank j and order m
Tj0 tensor operators of order 0: can be represented as diagonal matrices
γj rotation invariant coefficients: real numbers, which depend only on the rank j

Cjmj1m1,j2m2
Clebsch-Gordan coefficients of angular momentum

[A]m1m2 matrix representation of an operator as [A]m1m2 ∶= ⟨Jm1∣A∣Jm2⟩
pm(Ω) Stern-Gerlach probability of measuring eigenstate m after a rotation Ω

MR
s parity operator, which corresponds to the spherical Radon transform of Fρ(Ω, s)

Pj(0) Legendre polynomial at point x = 0

W∣m⟩ Wigner function of the eigenstate ∣m⟩
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2.2 Summary

Continuous phase spaces have become a powerful tool for describing, analyzing, and tomo-
graphically reconstructing quantum states in quantum optics and beyond. A plethora of these
phase-space techniques are known, however a thorough understanding of their relations was
still lacking for finite-dimensional quantum states. We present a unified approach to con-
tinuous phase-space representations which highlights their relations and tomography. The
infinite-dimensional case from quantum optics is then recovered in the large-spin limit.

2.3 Introduction

Phase spaces provide both theoretically and experimentally useful ways to visualize and ana-
lyze abstract states of infinite- and finite-dimensional quantum systems. A plethora of phase-
space representations are known [227, 266, 232, 62], including the Glauber P, Wigner, and
Husimi Q function, each of which has provided insights in quantum optics, quantum infor-
mation theory, and beyond. Phase spaces have also played an essential role in characterizing
the quantum nature of light and became a natural language for quantum optics due to the sem-
inal work of Glauber [106, 107, 50], also clarifying their interrelations in terms of Gaussian
convolutions. Beyond quantum optics, phase spaces are conceptually invaluable and provide
a complete description of quantum mechanics. They mirror and naturally reduce to classical
phase spaces in the limit of a vanishing Planck constant [118, 195, 25, 26, 28, 29]. Phase-
space techniques and their associated quantizations [259, 260, 261] have been widely applied
in the context of harmonic analysis and pseudo-differential operators [113, 111, 116, 59, 60].
In this work, we focus on finite-dimensional quantum states, for which phase-space methods
have been explored only to a lesser extent.

Recent advances in experimentally creating entangled quantum states for spins or spin-
like systems, such as atomic ensembles [188, 122], Bose-Einstein condensates [17, 132, 199,
240, 176, 214, 228, 126, 244], trapped ions [166, 40, 193], and light polarization [44, 156,
55], have been in certain cases illustrated with phase-space techniques and therefore call
for a more profound understanding of these tools with regard to finite-dimensional quantum
states. To this end, we present a general approach to continuous phase spaces for spins which
clarifies their interrelations by conveniently translating between them, while emphasizing
the connection to the infinite-dimensional case from quantum optics. We do not consider
discrete phase spaces such as the one proposed by Wootters [263], see also [170, 101, 92]
and references therein.

Phase-space representations have become crucial in the tomographic reconstruction of
infinite-dimensional quantum states [171, 227]. The optical homodyne tomography recon-
structs the quantum state of light by directly measuring the planar Radon transform of the
Wigner function [237, 171]. Also, the Husimi Q function [135] has been experimentally
measured for various systems [40, 122, 244, 141, 82, 8, 44]. We detail how to tomographi-
cally reconstruct a class of finite-dimensional phase-space representations.
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(b) FW〉(θ,ϕ,0) FW〉(θ,ϕ,0) FW〉(θ,ϕ,0) F1〉(α,0)
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Figure 2.1: (a) s-parametrized phase-space representations F∣W ⟩(θ, φ, s) for particular val-
ues s ∈ {1,1/2,0,−1/2,−1} of a (generalized) W state ∣W⟩ for a single spin with J = 10,
or equivalently the symmetric Dicke state ∣J, J−1⟩ of 2J indistinguishable qubits with a
single Majorana vector pointing to the south pole and 2J−1 vectors pointing to the north
pole. A decreasing s (left-to-right) smearing out F∣W ⟩(θ, φ, s) is interpreted as a Gaussian-
like convolution. Red (dark gray) and green (light gray) represent positive and negative
values, respectively. The brightness reflects the absolute value of the function relative
to its global maximum η. (b) Spherical Wigner functions F∣W ⟩(θ, φ,0) for increasing J
approach their planar counterpart, i.e., the single-photon state F∣1⟩(α,0) (see Section 2.4).
Identical coordinate patches with −1.2 ≤ x, y ≤ 1.2 have been used, where x = R sin θ cosφ,
y = R sin θ sinφ in the first three plots and x = R(α), y = I(α) in the last one. (For the
plots in (b), methods from [161] to efficiently approximate phase-space representations for
large J have been applied, refer to Section 4.12 for details about this approximation.)

In this work, we develop a general and unified description of continuous phase-space
representations for quantum states of a single spin with arbitrary, integer or half-integer spin
number J (i.e. a qudit with d = 2J+1), which is simultaneously applicable to experimental
bosonic systems consisting of indistinguishable qubits [75, 241, 250, 178]. A single qudit
can be identified with a bosonic system consisting of 2J indistinguishable qubits: Figure 2.1
depicts a quantum state of a single qudit (i.e. a single spin J) corresponding to a (generalized)
W state [79] (i.e. Dicke state) of 2J indistinguishable qubits (see also Sec. III A of [241]
for an explicit map and Chap. 3.8 of [223] or [234] for links to the second quantization). In
particular, we address the following fundamental open questions related to finite-dimensional
phase-space representations (e.g., Glauber P, Wigner, and Husimi Q): (a) How can they be
systematically defined to naturally recover the infinite-dimensional case of quantum optics
in the limit of large J? (b) How can they be transformed into each other? (c) How can their
experimental tomographic approaches be formulated in a unified way?

In the current work, we present answers to these questions for the full class of (finite-
dimensional) s-parametrized phase-space representations with −1 ≤ s ≤ 1. Our approach
relies on rotated parity operators and thereby significantly simplifies earlier work (such as
[47] and particular cases discussed in [7, 78]). It also extends [130, 153, 248, 221, 222]
in the case of single spins (and bosonic systems consisting of indistinguishable qubits) to
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all s-parametrized phase spaces. In addition to a deeper theoretical knowledge connecting
planar and spherical phase spaces, the insights provided here will also guide practitioners to
design innovative experimental schemes, such as the tomographic reconstruction of phase-
space representations. Before discussing finite-dimensional quantum states, we first review
important properties of the infinite-dimensional phase spaces from quantum optics.

2.4 Summary of infinite-dimensional phase-space repre-

sentations

Let us recall the s-parametrized phase-space distribution function [50, 194, 171, 113] (where
−1 ≤ s ≤ 1)

Fρ(Ω, s) = Tr [ρD(Ω)ΠsD†(Ω)] (2.15)

as the expectation value of the parity operator Πs (vide infra) transformed by the displace-
ment operatorD(Ω), which acts on coherent states viaD(Ω)∣0⟩ = ∣Ω⟩ [99]. Here, ∣0⟩ denotes
the vacuum state and Ω fully parametrizes a phase space with either the variables p and q or
the complex eigenvalues α of the annihilation operator [106, 171].

Different parity operators Πs lead to different distribution functions Fρ(Ω, s). The Q
function Qρ = Qρ(Ω) ∶= Fρ(Ω,−1) arises from the parity operator Π−1 whose entries are
given by [Π−1]nn ∶= δn0 [194] in the number state representation [171]. Similarly, the Wigner
functionWρ ∶= Fρ(Ω,0) is determined by [Π0]nn = 2(−1)n [194], which inverts phase-space
coordinates via Π0∣Ω⟩ = ∣−Ω⟩ [113]. The P function Pρ ∶= Fρ(Ω,1) is singular for all pure
states [50], and the entries of its parity operator Π1 diverge in the number-state representation
[194]. The discussed representations are considered in the upper part of Figure 2.2. An
example is given by the vacuum state ∣0⟩ whose Wigner functionW∣0⟩ = 2e−2∣α∣2 is a Gaussian
distribution. The respective Q function Q∣0⟩ = e−∣α∣

2
is a Gaussian of double width and the P

function is the two-dimensional delta function P∣0⟩ = δ(2)(α).
We now recollect how to transform between phase-space representations with Gaussian

convolutions [50, 171]. Two phase-space distribution functions K(Ω) and F (Ω) can be
combined using their convolution [171]

[K ∗ F ](Ω) = ∫ [D−1(Ω)K(Ω′)]F (Ω′)dΩ′, (2.16)

which corresponds to a multiplication in the Fourier domain. Convolution of a distribution
function Fρ(Ω, s) with the vacuum-state representation F∣0⟩(Ω, s′) results in the phase-space
distribution function

Fρ(Ω, s+s′−1) = F∣0⟩(Ω, s′) ∗ Fρ(Ω, s) (2.17)

of type s+s′−1. A convolution P∣0⟩(Ω) ∗ F (Ω) = F (Ω) with the P function P∣0⟩ acts as
identity operation, while a convolution with the Gaussians W∣0⟩ or Q∣0⟩ blurs out Fρ(Ω, s).
This Gaussian smoothing is widely used in image processing and allows us to transform
different phase-space representations into each other [171] as in the upper part Figure 2.2.
For example, the non-negative Q function Qρ = W∣0⟩ ∗Wρ is obtained from the Wigner
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Figure 2.2: Phase-space representations Wρ, Qρ, Pρ of infinite- or finite-dimensional den-
sity operators ρ as expectation value of parity operators Πs or Ms [dashed arrows], see
Equation 2.15 or Equation 2.18. Transformed by Gaussian smoothing with W∣0⟩, Q∣0⟩ or
reversibly with W∣JJ⟩, Q∣JJ⟩ [solid arrows], see Equation 2.17 or Equation 2.24.

function Wρ by convolution with W∣0⟩; the negative regions in Wρ are therefore bounded by
the variance 1/4 of W∣0⟩ [171].

2.5 Phase-space representations for spins

2.5.1 Definition of phase-space representations for spins

We now establish a consistent formalism for s-parametrized phase-space representations
(−1 ≤ s ≤ 1) for quantum states of single spins, which in the limit of an increasing spin
number J converges to the just discussed infinite-dimensional case. The continuous phase
space Ω ∶= (θ, φ) can be completely parametrized in terms of two Euler angles of the ro-
tation operator R(Ω) = R(θ, φ) ∶= eiφJzeiθJy , where Jz and Jy are components of the
angular momentum operator [192]. The rotation operator R(Ω) replaces the displacement
operator D(Ω) and maps the spin-up state ∣JJ⟩ to spin coherent states ∣Ω⟩ = R(Ω)∣JJ⟩
[205, 18, 78, 99]. This leads to a spherical phase space, whose radius is set toR ∶=

√
J/(2π).
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Result 2.1. For a density operator ρ of a single spin J , the s-parametrized phase-space

representation [cf. Equation 2.15]

Fρ(Ω, s) ∶= Tr [ρR(Ω)MsR†(Ω)] (2.18)

is the expectation value of the rotated parity operator

Ms ∶=
1

R

2J

∑
j=0

√
2j+1
4π (γj)−sTj0, (2.19)

which is a weighted sum of zeroth-order tensor operators.

The diagonal tensor operators [Tj0]mm′ = δmm′
√

(2j+1)/(2J+1)CJmJm,j0 of order zero
[209] have been applied in Equation 2.19, and they can be specified via the Clebsch-Gordan
coefficients CJmJm,j0 [192] where j ∈ N∪{0} and m,m′ ∈ {−J, . . . , J}. We also use the
coefficients γj ∶= R

√
4π(2J)! [(2J+j+1)! (2J−j)! ]−1/2. With increasing spin number J ,

the parity operators Ms converge to the infinite-dimensional operators Πs in Equation 2.15,
while rotations transform into translations along the tangent of a sphere [16, 18, 78, 155].
The phase-space representations in Equation 2.18 fulfill the Stratonovich postulates [242, 7,
253, 47, 159]; an s-parametrized version is given in Ref. [47]. Prior results [130, 153, 248,
221, 222] using rotated parity operators are extended for single spins to all s-parametrized
phase spaces. For Wigner functions, our definition conforms to Sec. VI of [222] but differs
from Eq. (8) in [248]. The latter can be identified as a linearly shifted Q function aQρ−b, and
it relaxes the postulate Tr(AB) = ∫S2 FA(Ω,0)FB(Ω,0)dΩ. We consider in this work only
spherical rotations (even for qudits) which yield spherical phase spaces, forgoing general
rotations [153, 249, 248, 221]. Generalizations to coupled spins are known in the Wigner
case [98, 248, 221]; our methods in [159] are also applicable.

We further highlight how the approach of Result 2.1 connects to earlier work. An equiv-
alent form of the s-parameterized phase-space representation in Equation 2.18 has been pre-
viously determined in Eq. (5.28) of [47] (up to a global factor) as

Fρ(Ω, s) = Tr [ρ∆s(θ, φ)], with ∆s(θ, φ) ∶= 1
R

2J

∑
j=0

j

∑
m=−j

(γj)−sTjm[Yjm(θ, φ)]∗

(2.20)
using the kernel ∆s(θ, φ). The work of [46, 47] builds on the particular cases of s ∈ {−1,0,1}
obtained in [253]. Along similar lines, the pioneering work of [7] proposed spherical-
harmonics expansions (see Eq. (3.15) in [7]) for spin phase-space representations

F (Ω)
ρ (θ, φ) =

2J

∑
j=0

j

∑
m=−j

c
(Ω)

jm Yjm(θ, φ), (2.21)

which are indexed by Ω = Ωjm and use the coefficients c(Ω)

jm = Tr [ρT†
jm]/Ωjm. For s-

parametrized phase spaces, one has Ω = Ωjm = Rγsj . Note that [7] established the explicit
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Figure 2.3: Parity-operator entries [Ms]mm corresponding to Equation 2.19 [and equiva-
lently the Stern-Gerlach reconstruction weights in Equation 2.25] for a single spin J shown
for the P function Pρ, the Wigner function Wρ, and the Q function Qρ.

form of Ωjm only for Husimi Q functions, i.e., s = −1. The case of Wigner functions (s = 0)
has been discussed in [78]. Note that the tensor-operator components Tjm can be explicitly
given as [Tjm]m1m2 =

√
(2j+1)/(2J+1)CJm1

Jm2,jm
= (−1)J−m2 CjmJm1J,−m2

using Clebsch-
Gordan coefficients and m1,m2 ∈ {J, . . . ,−J} [192, 47, 33, 87].

By using rotated parity operators, the approach of Result 2.1 has important conceptual
advantages when compared to Equation 2.20 and Equation 2.21. First, Result 2.1 separates
the dependence on the parameter s in the parity operator from the rotations. Second, Equa-
tion 2.18 naturally transforms in the large-spin limit into the infinite-dimensional case dis-
cussed in Equation 2.15 by replacing rotations R(Ω) with displacements D(Ω). Third, the
above mentioned tensor operators and spherical-harmonics decompositions are averted and
the rotations R(Ω) can be efficiently calculated via the Wigner D-matrix [246, 89]. Finally,
the particular form given in Result 2.1 enables us to develop a general tomography formula
as discussed in Section 2.5.4 below.

Particular cases of Result 2.1 are considered in the lower part of Figure 2.2. The Q
function specifies the expectation value of rotated spin-up states, where [M−1]mm ∶= δmJ
(right of Figure 2.3), and its zeros are the so-called Majorana vectors [252, 44, 36]. The
Wigner function determines the expectation value of the rotated parity operator M0. The
matrix entries [M0]mm are shown in the middle of Figure 2.3, highlighting their infinite-
dimensional limit of ±2 form/J ≈ 1 [16]. The matrix entries [M1]mm for the parity operator
of the P function are shown in the left panel of Figure 2.3, including their rapid divergence
in the large-spin limit.

Further exploring the infinite-dimensional limit of large J , the phase-space representation

F∣JJ⟩(θ, s) ∶=
1

R2

2J

∑
j=0

√
2j+1
4π (γj)1−sYj0(θ) (2.22)
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Figure 2.4: Phase-space representations F∣JJ⟩(θ, s) of the spin-up state ∣JJ⟩, c.f. Equa-
tion 2.22. As J increases, Q∣JJ⟩ and W∣JJ⟩ rapidly converge to the Gaussian distributions
Q∣0⟩ and W∣0⟩ (dashed line); P∣JJ⟩ slowly approaches the delta function P∣0⟩ = δ(Ω).

of the spin-up state (i.e. the ground state with least uncertainty) is easily expanded into a
weighted sum of axially symmetric spherical harmonics Yj0(θ). The examplesQ∣JJ⟩, W∣JJ⟩,
and P∣JJ⟩ are plotted in Figure 2.4 as functions of the angle θ. Even though the Gaussian
width of F∣JJ⟩(θ, s) shrinks in terms of θ with increasing J , F∣JJ⟩(θ, s) converges to the
Gaussian F∣0⟩(Ω, s) related to the infinite-dimensional vacuum state if parametrized by the
relevant arc length a ∶= θR = θ

√
J/(2π) (Figure 2.1/(b) illustrates the sphere-to-plane tran-

sition in the infinite-dimensional limit).
For example, Q∣JJ⟩ can be shown to be equal to the Wigner D-matrix element ∣DJ

JJ ∣2 =
cos (θ/2)4J , and it converges rapidly with increasing J to the Gaussian Q∣0⟩(α) = e−∣α∣

2 =
e−a

2π = e−Jθ2/2 using the phase-space coordinate α = √
πae−iφ [205, 18]. Similarly, W∣JJ⟩

rapidly converges to the normalized Gaussian W∣0⟩ = 2e−2∣α∣2 = 2e−2a2π = 2e−Jθ
2

of the vac-
uum state. The P function P∣JJ⟩(θ) ∶= δ̃(Ω) is the spherical sinc function, i.e., a truncated
version of the spherical delta function δ(Ω) ∶= δ(θ)δ(φ)/ sin θ (where the tilde projects onto
the physical subspace of spherical harmonics with rank j ≤ 2J [103]), which by definition
approaches the delta function in the large-spin limit δ(Ω) ∶= ∑∞j=0

√
(2j+1)/(4π)Yj,0(Ω).

Qualitative similarities between certain finite- and infinite-dimensional Wigner functions
were already highlighted in [78]. But this connection is clarified in our formulation by em-
phasizing the large-spin convergence for all of the s-parametrized phase spaces.

2.5.2 Spherical convolution

To translate between the different spherical phase-space representations in the lower part
of Figure 2.2 (which can be done reversibly assuming arbitrary precision), we define the
convolution [cf. Equation 2.16]

[K ∗ F ](Ω) ∶= ∫
S2

[R−1(Ω)K(Ω′)]F (Ω′)dΩ′ (2.23)

via a spherical integration where dΩ′ = R2 sin θ′dθ′ dφ′. First, the kernel function K(Ω′)
is rotated by R−1(Ω) to K(Ω′−Ω), which is then projected onto the distribution function
F (Ω′) via a spherical integral. The kernel functionK(Ω′) has to be axially symmetric due to
the so-called Funk-Hecke theorem [117, 147]. The spherical convolution is a multiplication
in the spherical-harmonics domain, and substituting spherical harmonics into Equation 2.23
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yields Yj′0 ∗Yjm = R2
√

4π/(2j+1)Yjm δjj′ . This allows us to transform between different
spherical phase-space representations:

Result 2.2. The convolution of a phase-space distribution function Fρ(Ω, s) with the

phase-space representation F∣JJ⟩(Ω, s′) of the spin-up state results in a type-(s+s′−1)
distribution function [cf. Equation 2.17]

Fρ(Ω, s+s′−1) = F∣JJ⟩(θ, s′) ∗ Fρ(Ω, s). (2.24)

The pioneering work of [7] proposed spin phase-space representations in the form of ex-
pansions into spherical-harmonics [refer to Equation 2.21] and defined their relations using
integral transformation kernels (see (3.19) in [7]). Result 2.2 clarifies that these relations
are indeed spherical convolutions, in complete analogy with the infinite-dimensional case
considered in quantum optics. The particular form of Equation 2.24 has not been formally
described in the literature before. Some convolution properties were detailed for discrete,
planar phase spaces in [48, 202]. We want to also stress that spherical convolutions have
efficient implementations [145, 257].

In the infinite-dimensional limit of an increasing spin number J , Equation 2.24 turns
into Equation 2.17. We emphasize that the convolution transformation in Equation 2.24 is
reversible (assuming arbitrary precision) for general parameters s, s′ ∈ R (as the coefficients
γj in Equation 2.22 are non-zero). Also, a convolution P∣JJ⟩(θ)∗F (Ω, s) = F (Ω, s) with the
P function P∣JJ⟩(θ) acts as an identity operation, just as in the infinite-dimensional case. The
Wigner function Wρ can be transformed into the non-negative Q function Qρ = W∣JJ⟩ ∗Wρ

by Gaussian-like smoothing, cf. Figure 2.1. Consequently, the negative regions of Wρ are
bounded by the variance ∝ 1/4 of W∣JJ⟩, similar as for infinite-dimensional phase spaces.
Result 2.2 completes our characterization of how to transform between spherical phase-space
representations as illustrated in Figure 2.2.

2.5.3 Examples of phase-space functions

Figure 2.5 depicts phase-space representations of typical finite-dimensional quantum states.
The P, Wigner, and Q functions are shown in a triangular arrangement along with their corre-
sponding convolution kernels, which generate the spherical convolutions from Equation 2.24
between edges of the triangle.

In Figure 2.5/(a), we consider the quantum state of a single spin J corresponding to the
2J-qubit GHZ state ∣GHZ⟩ = (∣0⟩⊗2J + ∣1⟩⊗2J)/

√
2 = (∣JJ⟩ + ∣J,−J⟩)/

√
2 consisting of a

quantum superposition of the two symmetric Dicke states given by the spin-up and spin-down
state (which can be identified with a 2J-photon NOON state). This GHZ state factorizes up
to permutations into a product of its Majorana vectors ⊗k ∣vk⟩ [252, 36], where ∣vk⟩ is a
single-qubit state with Bloch vector vk. These Majorana vectors correspond to zeros of the Q
function and point to the edges of a regular n-gon, see Q∣GHZ⟩ in Figure 2.5/(a). The zeros of
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Figure 2.5: P, Wigner, and Q functions with their corresponding convolution kernels for (a)
a quantum state of a spin J = 5/2 corresponding to the GHZ state ∣GHZ⟩ of 2J indistin-
guishable qubits, (b) a squeezed state ∣sq⟩ of a spin J = 10, and (c) a random state ∣rnd⟩ of
a spin J = 4 (see Section 2.5.3). Red (dark gray) and green (light gray) represent positive
and negative values, respectively. The absolute values of the spherical function relative to
its global maximum η is given by the plotted surface (left) or the brightness (right), where
each variant highlights different properties of the plotted functions.
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the Q funtion can (e.g.) be determined by spherically convolving the Wigner function with
the convolution kernel W∣JJ⟩ (cf. Section 2.5.2), and the negative (green) lobes of P∣GHZ⟩

and W∣GHZ⟩ in Figure 2.5/(a) identify the direction of the Majorana vectors. The Q function
largely resembles the classical superposition of a spin-up and a spin-down state, but has a
five-fold symmetry.

Figure 2.5/(b) shows phase-space plots of the squeezed state exp[−iθ I2
y/2]∣JJ⟩ with

squeezing angle θ ∶= 0.3 for a single spin with spin number J = 10, where the state is
squeezed along the y axis [181]. A random pure state of a single spin with spin number J = 4

is depicted in Figure 2.5/(c), the state vector is approximately given by (0.06+ i0.02,−0.21−
i0.19,0.04+i0.27,0.15−i0.11,0.28−i0.28,−0.33−i0.25,0.04−i0.44,−0.21−i0.24,−0.43+
i0.00)T .

2.5.4 Tomography of phase-space functions

We now detail how phase-space representations are recovered from Stern-Gerlach experi-
ments assuming that a chosen density operator ρ can be prepared identically and repeatedly.
In a single Stern-Gerlach experiment, one detects the density matrix ρ in a projection eigen-
state according to a reference frame rotated by Ω (i.e., by rotating the measurement device
or inversely rotating ρ). For repeated Stern-Gerlach experiments, one measures frequencies
which converge to the Stern-Gerlach probabilities pm(Ω) = ⟨Jm∣R†(Ω)ρR(Ω)∣Jm⟩. The
measured frequencies are identified in this work (in a simplified manner) with the Stern-
Gerlach probabilities. This leads to the finite-dimensional equivalent of the ‘direct measure-
ment’ technique [74, 180, 32, 21] in quantum optics:

Result 2.3. The phase-space representations

Fρ(Ω, s) =
J

∑
m=−J

[Ms]mm pm(Ω) (2.25)

of a (2J+1)-dimensional quantum state ρ are directly determined by the probability

distributions pm(Ω) of Stern-Gerlach experiments. The weights [Ms]mm are given by

the parity operator from Equation 2.19.

The phase-space functions in Figure 2.5 are reconstructed from Stern-Gerlach probabil-
ities pm(Ω) using Result 2.3, which has not been described in this generality before. In
particular, the P functions P∣GHZ⟩, P∣sq⟩, and P∣rnd⟩ in Figure 2.5 show considerable detail,
while mostly utilizing probabilities pm(Ω) of small ∣m∣ from Figure 2.3. The Wigner func-
tions W∣GHZ⟩, W∣sq⟩, and W∣rnd⟩ in Figure 2.5 require all 2J+1 Stern-Gerlach probabilities
pm(Ω) [228, 214, 188, 184, 221] and show fewer detail consistent with being smoothed
versions of the corresponding P functions. Finally, the Q functions show little detail due
to a second Gaussian smoothing (yet low-rank contributions would still be recognizable
[178, 40, 122, 244, 228]) and are fixed by the probability pJ(Ω) of the spin-up state [8].
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Figure 2.6: (a-b) Stern-Gerlach reconstruction weights [MR
0 ]mm in Equation 2.26 for the

Radon transform of a Wigner function applicable to a single spin J (cf. Figure 2.3); (c-d)
Wigner function (cf. Figure 2.5), its Radon transform, and its point-symmetric part recon-
structed by inverse Radon transformation: (c) quantum state of a single spin with J = 5/2
corresponding to the GHZ state of 2J qubits (cf. Figure 2.5/(a)), (d) squeezed state ∣sq⟩ of
a single spin with J = 10 (cf. Figure 2.5/(b)) approximately localized on the upper hemi-
sphere of its Wigner function W∣sq⟩, the corresponding Radon transform R∣sq⟩ is highly
localized around the equator and can be reconstructed using few measurements. Red (dark
gray) and green (light gray) represent positive and negative values, respectively.

2.5.5 Comparison to the spherical Radon approach

We also relate Result 2.3 to optical homodyne tomography [237, 171, 204] (cf. Eq. (6.12) in
[47]) and especially to the finite-dimensional case as discussed in [228]. The planar Radon
transformation of a Wigner function is replaced in finite dimensions with the spherical Radon
transformation, which is the integral along the great circle orthogonal to the vector pointing
to a phase-space point Ω [117]. Refer to Figure 2.6 for plots of the Radon transforms R∣GHZ⟩

and R∣sq⟩ of Wigner functions for a GHZ state and a squeezed state, respectively. The Radon
transforms of Wigner functions can be directly obtained from the Stern-Gerlach probabilities
pm(Ω) by replacing the weights in Equation 2.25 with the relevant parity operators [MR

0 ]mm
[see Figure 2.6/(a-b)]. One has

MR
s ∶=

2J

∑
j=0

√
2j+1
4π Pj(0)(γj)−sTj,0 (2.26)

for the general class of s-parametrized phase-space representations where the Legendre poly-
nomial Pj(0) [117] is used. The point symmetric parts W̃∣GHZ⟩ and W̃∣sq⟩ of the Wigner
functions are recovered via an inverse spherical Radon transform (right of Figure 2.6/(c-d)).
In general, one does not recover the complete Wigner function using this approach, com-
pare, e.g., the left and right part of Figure 2.6/(c). But in typical experiments with large J ,
the Wigner function is localized around the north pole and measuring probabilities pm(Ω)
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close to the equator still allows for its reconstruction from its Radon transform (middle of
Figure 2.6/(d)) by assuming a point-symmetric Wigner function (right of Figure 2.6/(d)),
which—in this particular case—still contains the full information of the quantum state, cf.
Sec. 3 in [228]. The great-circle integrals for the spherical Radon transform converge to the
usual line integrals of the planar Radon transformation.

2.6 Discussion

Let us compare our work to the ‘filtered backprojection’ technique in Sec. 2 of [228] which
recovers a Wigner function from a finite number N of Stern-Gerlach measurements (each
performed in a rotated reference frame Ωn): The Wigner functions W∣mn⟩ of the projection
eigenstates ∣mn⟩ are inversely rotated and summed up as ∑Nn=1 cnR−1(Ωn)[W∣mn⟩]. A sub-
sequent spherical convolution with a filter function reconstructs the Wigner function in [228],
which is in the limit of infinite and evenly distributed measurements agrees with the general
Result 2.3. In addition, Result 2.3 does not rely on a spherical convolution and enables di-
verse reconstruction strategies as the distribution function Fρ(Ω, s) can be independently
determined for each phase-space point Ω.

As for infinite-dimensional phase-space methods (cf. Eq. (6.8) in [50]), one can also
reconstruct the density matrix (which, however, is not the subject of this work)

ρ = ∫
S2
Fρ(Ω, s)R(Ω)M−sR†(Ω)dΩ, (2.27)

from its phase-space representation by inverting Result 2.1 with a spherical integration; the
reconstruction from the Q function is more precarious as M1 diverges for large J . A tomog-
raphy formula ρ = ∑Jm=−J[Ms]mm ∫S2 pm(Ω) R(Ω)M−sR†(Ω)dΩ in terms of the Stern-
Gerlach probabilities pm(Ω) is obtained by combining Equation 2.25 and Equation 2.27,
where the integrals can be numerically estimated from finitely many spherical samples via
(e.g.) Gaussian quadratures [147]. This generalizes [15, 80, 184], and the ‘filtered backpro-
jection’ technique for the density matrix (see Eq. (9) in [228]) agrees in the limit of infinitely
many measurements with our result. A similar formula is also obtained by restricting [168] to
a single spin, and results of [168] were recently also extended to the experimental tomogra-
phy of propagators and quantum gates [167]. Certain features, e.g., weights in Equation 2.25
along with the results in Section 2.5, are invariant under slight variations of a sufficiently
large spin number J , which might be useful in atomic ensembles [188, 122], Bose-Einstein
condensates [214, 228, 17, 132, 240, 176], or trapped ions [166, 40, 193].

While a majority of earlier work focuses on reconstructing density matrices or infinite-
dimensional phase-space functions from measured data (see, e.g., [233, 157, 86, 236, 239,
215, 245, 204]), we have presented in Equation 2.25 of Result 2.3 a general tomography
formula for finite-dimensional phase-space representations. Such a tomography formula has
not been reported before for the full class of all (finite-dimensional) s-parametrized phase-
space representations. Result 2.3 provides the foundation for engineering statistical estima-
tors [226] for the reconstruction of finite-dimensional phase-space representations in future
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research, which minimize the necessary Stern-Gerlach measurements while guaranteeing ro-
bustness via precisely bounded confidence intervals and ensuring a physical estimate. For
this purpose, a deeper understanding of the systematic and random errors involved would
be beneficial. However, all the general statistical aspects are quite similar to the widely
discussed cases of reconstructing density matrices or infinite-dimensional phase-space func-
tions [233, 157, 86, 236, 239, 215, 245, 204]. Leaving statistical and robustness discussions
to future work, we want to only remark that reconstructing a Wigner function directly using
Result 2.3 is—under noise—preferable to convolving/deconvolving noisy P or Q functions
via Result 2.2 as convolutions are well known to be sensitive to noise (cf. [8, 47]). Therefore,
not all reconstruction strategies will be equally advisable under experimental noise. Concrete
experiments will have to be designed explicitly depending on characteristics of the desired
final (phase-space) representation.

2.7 Conclusion

We have developed a unified formalism for spherical phase-space representations of finite-
dimensional quantum states based on rotated parity operators. This formalism applies to the
full class of (finite-dimensional) s-parametrized phase-space representations. We have (a)
systematically defined spherical phase spaces for spin systems which recover the planar phase
spaces from quantum optics in the large spin limit; (b) different types of phase-space repre-
sentations can be translated into each other by convolving with spin-up state representations;
(c) tomographic approaches can be now formulated consistently for all (finite-dimensional)
s-parametrized phase-space representations. Our results pave the way for innovative tomog-
raphy schemes applicable to finite-dimensional quantum states.
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CHAPTER 3

Time evolution of coupled spin systems in a
generalized Wigner representation

3.1 Foreword to Chapter 3

This chapter is based on the manuscript [159] and discusses continuous phase-space repre-
sentations for coupled spins and their time evolution. This work can therefore be viewed as an
extension of the single spin approach form Chapter 2 to the far-reaching scenario of coupled
spins. We first discuss related literature on phase-space representations of finite-dimensional
quantum systems in detail and our motivation for considering the case of coupled, distin-
guishable spins. In particular, we construct continuous, spherical Wigner functions for an
arbitrary system of N distinguishable spins J . These phase-space representations have the
advantage that they allow for natural visualizations of abstract, quantum-mechanical oper-
ators of coupled spin systems. We describe a procedure to visualize the high-dimensional
structure of coupled spin Wigner functions in the form of spherical plots. We then systemat-
ically develop a star product approach for an arbitrary number of coupled spins 1/2, which
then allows for determining their time evolution directly in phase space. We detail the spe-
cial cases of one, two and three coupled spins in detail with explicit equations. Our approach
of calculating time evolutions is illustrated on simple spin systems using multiple examples
which are relevant in, e.g, quantum information processing or NMR spectroscopy. We finally
discuss properties of these coupled spin Wigner functions.
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3.1.1 Connection to rotated parity operators and to Chapter 2

Result 3.1, as described later in this chapter, states the spherical Wigner function of N cou-
pled spin J as the expectation value of a kernel operator which depends on 2N spherical vari-
ables. Result 3.1 can therefore be considered as a generalization of the single-spin Wigner
function from Result 2.1 that is obtained for the special case s = 0. We now relate these two
results by defining general s-parametrized phase-space representations for N coupled spins
J (with identical J , but its generalization to non-identical J is straightforward).

Theorem 3.1. The s-parametrized phase-space representation of an arbitrary operator

A of N coupled spins J is denoted by FA(s,Ω) and depends on the spherical coordi-

nates Ω ∶= (θ1, φ1, . . . , θN , φN). It is given by the expectation value of the rotated parity

operatorMs ∶=⊗N
k=1Ms from Result 2.1 via

FA(s,Ω) ∶= Tr[AR(Ω)MsR†(Ω)], (3.1)

where local rotations act on N spinsR(Ω) =⊗N
k=1 R(θk, φk).

This construction by definition satisfies the generalized Stratonovich postulates described
in Appendix B.3.2 and is equivalent to Result 3.1 for the special case s = 0. Note that a similar
form has been attained in Eq. (9) of [248] for Wigner functions (s = 0), which coincides with
our results for the special case s = 0 and J = 1/2. However, for arbitrary spins J , results
contained in [248] are in fact linearly shifted Q functions (s = −1) and, therefore, do not
satisfy the Stratonovich postulates. Since convolutions from Result 2.2 are reversible, phase-
space representation, such as Q functions can be easily translated to Wigner functions or to
density operators, and an equivalent procedure is described in Sec. VII of [221] to overcome
this difficulty. The follow-up [222] finally considers the single spin-J Wigner function from
previous works, e.g., [253, 47, 78].

Note that the coupled spin-J phase-space representations in Theorem 3.1 naturally re-
cover their infinite-dimensional analogues, as coupled harmonic oscillator phase-spaces, in
the large-spin limit due to Result 2.1.
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3.1.2 List of Symbols in Chapter 3

symbol description

J spin number: related to dimension d = 2J + 1

d dimension of the quantum system (and of Hilbert space) with d = 2,3, . . .

N number of coupled spins
ρ quantum state as a density operator (positive semidefinite and unit trace)
H Hamilton operator

(θ, φ) spherical coordinates
W(A) Wigner transformation of the operator A

W−1[f(θ, φ)] inverse Wigner transformation of a spherical function
Wρ Wigner function of a quantum state ρ
WH Wigner function of a HamiltonianH

[WH,Wρ]⋆ star commutator of two Wigner functions
WA ⋆WB star product of Wigner functions of operators A and B

{⋅, ⋅} Poisson bracket
{⋅, ⋅}{i} Poisson bracket that acts on coordinates (θk, φk)

∣α⟩ spin-up state of a spin 1/2: corresponds to the vector (1,0)T

∣β⟩ spin-down state of a spin 1/2: corresponds to the vector (0,1)T
JIη angular momentum operators with η = x, y, z,+,− for a spin J
Iη angular momentum operators with η = x, y, z,+,− for a spin 1/2
Iα projection operator onto the spin-up state via ∣α⟩⟨α∣
Iβ projection operator onto the spin-down state via ∣β⟩⟨β∣
Ikη spin-1/2 operator with η = x, y, z,+,−, α, β that acts on the kth spin
L angular momentum differential operator as (Lx,Ly,Lz)
L2 square of the angular momentum differential operator:

its eigenfunctions are spherical harmonics
JTjm tensor operators with 0 ≤ j ≤ 2J , −j ≤m ≤ j for a spin J

Tjm tensor operators with 0 ≤ j ≤ 1, −j ≤m ≤ j for a spin 1/2
JT
{k}
jm tensor operator JTjm embedded in an n-spin system with k ∈ {1, . . . ,N}
NJ prefactor in the equations ∓NJJI± = JT1,±1 and NJ

√
2JIz = JT1,0

Cjmj1m1,j2m2
Clebsch-Gordan coefficients of angular momentum

Yjm spherical harmonics with −j ≤m ≤ j
R parameter in the Poisson bracket and its value is R =

√
3/(8π)

P{k} projection onto spherical harmonics Yjm(θk, φk) of rank 0 and 1

P{1...N} projection in all subspaces via the product∏Nk=1P{k}

WA ☆WB prestar product, i.e., star product before truncation
∆J(θ, φ) kernel operator used for the Wigner transformation of a spin J
∆
{1...N}
J kernel operator for N coupled spins J
☆{k} prestar product that acts on coordinates (θk, φk)
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3.2 Summary

Phase-space representations as given by Wigner functions are a powerful tool for represent-
ing the quantum state and characterizing its time evolution in the case of infinite-dimensional
quantum systems and have been widely used in quantum optics and beyond. Continuous
phase spaces have also been studied for finite-dimensional quantum systems such as spin
systems. However, much less is known for finite-dimensional, coupled systems, and we
present a complete theory of Wigner functions for this case. In particular, we provide a
self-contained Wigner formalism for describing and predicting the time evolution of coupled
spins which lends itself to visualizing the high-dimensional structure of multi-partite quan-
tum states. We completely treat the case of an arbitrary number of coupled spins 1/2, thereby
establishing the equation of motion using Wigner functions. The explicit form of the time
evolution is then calculated for up to three spins 1/2. The underlying physical principles of
our Wigner representations for coupled spin systems are illustrated with multiple examples
which are easily translatable to other experimental scenarios.

3.3 Introduction

Prior to the emergence of quantum mechanics, geometric intuition played a particularly
strong role in the formulation of classical physics. Breaking with this tradition, quantum
mechanics is often formulated abstractly by Hilbert-space operators such as the density oper-
ator describing the quantum state or the Hamiltonian corresponding to the total energy of the
system. The demand for an intuitive formulation of quantum mechanics has driven the devel-
opment of the so-called Wigner-Weyl formalism [259, 260, 261, 262] which is equivalent to
other formulations of quantum mechanics, but its phase-space approach mirrors the classical
phase space. Moreover, the time evolution of these quantum systems can be entirely charac-
terized on the level of Wigner functions [118, 195] and in a similar fashion as the evolution
of a statistical ensemble of classical particles.

Similar as quantum systems with an infinite-dimensional Hilbert space as studied in quan-
tum optics, the Wigner formalism for describing the time evolution on a continuous phase
space has been extended to finite-dimensional quantum systems such as spins (see Sec. 3.3.2).
However, much is less is known for finite-dimensional, coupled systems. We present a com-
plete theory of Wigner functions applicable to arbitrary density matrices and operators of
coupled spin systems. In particular, we specify Wigner functions for operators of arbitrary
coupled spin systems, i.e., systems that consist of an arbitrary number of coupled spins J .
Furthermore, we address the following questions for coupled quantum systems: How does
the Wigner function of a quantum state evolve in this case? Given the Wigner function of
a Hamiltonian, how can one predict the Wigner function of a quantum state at a later time
without relying on explicit matrices?

In finite-dimensional quantum systems, so far only the Wigner formalism for systems
consisting of uncoupled spins has been fully developed and only special results for systems
consisting of two coupled spins have been reported in the literature. Here we solve the open
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question of how to exactly compute the time evolution of arbitrary coupled spin systems using
a consistent Wigner frame that allows for natural visualizations (refer also to Sections 3.3.4
and 3.3.6). Our characterization of the time evolution relies on explicit partial derivatives of
Wigner functions. Moreover, our Wigner representation is also suited for graphically visual-
izing the high-dimensional structure of multi-partite quantum states or operators in a compact
and instructive form. This allows for geometric reasoning beyond matrix mechanics and pro-
vides a novel didactic approach complementary to matrix treatments of the time evolution.

As our results might be of interest to a wider audience, we present our work on several
levels. Most importantly, the underlying physical principles are first highlighted through a
set of illustrative examples for coupled spin systems, which are easily translatable to exper-
imental approaches for realizing qubits in trapped ions, quantum dots, or superconducting
circuits. This demonstrates that our novel approach for calculating the time evolution nicely
conforms with conventional Hilbert-space quantum mechanics. Building on the intuition
from the examples, we then develop and discuss the mathematical formulation of our Wigner
representation coupled quantum systems and its time evolution in sufficient detail for facili-
tating theoretical extensions in the future. These theoretical advances on computing the time
evolution for coupled quantum systems in a consistent Wigner frame constitute our central
results.

We continue this introduction by first reviewing basic properties of Wigner functions of
infinite-dimensional quantum systems which will motivate and guide our approach. Then, we
summarize results from the literature for both Wigner functions and visualization techniques
of finite-dimensional quantum systems. Finally, before starting the main text, we provide a
summary of our results, motivate them further, and outline the structure of this work.

3.3.1 Wigner functions of infinite-dimensional quantum systems

Even though we almost exclusively focus on Wigner functions of finite-dimensional quantum
systems such as spin systems, we will shortly review how the time evolution is established for
Wigner functions of infinite-dimensional quantum systems. This will also set the stage for
related techniques in the finite-dimensional case. In general, quantum mechanics describes
how the quantum state evolves under the action of a Hamiltonian and there are at least three
independent approaches to this description: the Hilbert-space formalism relying on matrices
and operators [61], the path-integral method [93], and the Wigner phase-space approach
[53, 131, 149, 165, 97, 266, 232, 227, 62].

We consider here the latter approach which particularly eases the comparison with clas-
sical mechanics. Groenewold [118] and Moyal [195] formalized quantum mechanics as a
statistical theory on a classical phase space by associating the density operator in the Hilbert
space with a function on the phase space and interpreting this correspondence as the inverse
of the Weyl transformation [259, 260, 261]. In particular, the density operator ρ can be rep-
resented by a Wigner function [262] Wρ(x, p) which constitutes a quasiprobability function
in classical phase-space coordinates x and p. A general framework for this theory was given
by Bayen et al. [25, 26].
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More precisely, the Wigner formalism represents the density operator ρ of an infinite-
dimensional quantum system as the Fourier transformation (cf. p. 68 in [227])

Wρ(x, p) =W(ρ) = 1/(2πh)∫
∞

−∞
ρ̃(x, ξ) exp(−ipξ/h)dξ,

where ρ̃(x, ξ) is given by ⟨x + ξ/2∣ρ∣x − ξ/2⟩, W(ρ) denotes the Wigner transformation of
ρ, and h is the Planck constant. The Wigner function Wρ(x, p) is real, normalized (i.e.,

∫ Wρ(x, p)dxdp = Tr(ρ) = 1), and bounded (i.e., −2/h ≤ Wρ(x, p) ≤ 2/h). Integrating
Wρ(x, p) over the variable p results in the quantum-mechanical probability densities P (x)
in the coordinate x, and vice versa if x and p are exchanged. More generally, an arbitrary
operatorA is associated with its Wigner functionWA(x, p), and the quantum-mechanical ex-
pectation value ⟨A⟩ = ∫ Wρ(x, p)WA(x, p)dxdp is then computed as a classical, statistical
average over phase-space distributions.

In the Hilbert-space formalism, a quantum state is described by the density operator ρ
and its time evolution is governed by the von-Neumann equation

i
∂ρ

∂t
= [H, ρ] ∶=Hρ − ρH (3.2)

where H denotes the Hamiltonian of the quantum system. The time evolution of a Wigner
function can be directly calculated in the phase-space representation by introducing a so-
called star product [118, 25, 26], which mimics the Wigner functionW(AB) =WA(x, p) ⋆
WB(x, p) of the product AB of Hilbert space operators. The appropriate form of the star
product ⋆ = exp(ih̵{⋅, ⋅}/2) was given by Groenewold [118] where {⋅, ⋅} = ←Ð∂ x

Ð→
∂ p −

←Ð
∂ p
Ð→
∂ x

is the Poisson bracket known from classical physics (cf. Vol. 1, §42 in [163]). As an important
consequence reflecting a classical equation of motion, the time evolution of a Wigner function
is given by (see Eq. (10) in [266])

ih̵
∂Wρ

∂t
= [WH,Wρ]⋆ ∶=WH ⋆Wρ −WH ⋆Wρ. (3.3)

and can be determined as an expansion series in h̵, whose first term is given by the Poisson
bracket {WH,Wρ}. The Wigner formalism and its star product for infinite-dimensional quan-
tum systems are well established and widely used in quantum optics and beyond. Along with
what is known for the star product of finite-dimensional quantum systems (see Sec. 3.3.2), it
is our aim to develop an analogous theory leading to a version of a differential star product
for coupled spin systems which is comparable to the one in Eq. (3.3).

3.3.2 Prior work on Wigner functions of finite-dimensional quantum

systems

Fundamental postulates for phase-space representations of finite-dimensional quantum sys-
tems were proposed by Stratonovich [243] (see B.3.1), and these build the foundations for
Wigner functions of finite-dimensional quantum systems. Reflecting the translational covari-
ance of Wigner functions of infinite-dimensional quantum systems, one of these postulates
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Table 3.1: Results from the literature for the Wigner formalism of N spins with spin num-
ber J . Explicit references are given for the Wigner transformationW(A), the star product
f ⋆ g, and the equation of motion ∂Wρ/∂t. Cases not considered in the literature are left
blank.

N Descr. Arb. J (incl. J = 1/2)

N = 1 W(A) Eq. (2.14) in [253]
+ Eq. (3.29) in [47]

f ⋆ g [151]

∂Wρ/∂t a b

N = 2 W(A) Eq. (30) in [152]
f ⋆ g
∂Wρ/∂t c

Arb. N W(A) d

aEquation (61) in [151] states the equation of motion for the limit of J →∞ using only the Poisson bracket.
bEquation (5.13) in [253] provides the equation of motion of a spin J for linear Hamiltonians using only the

Poisson bracket.
cThe semiclassical equation of motion (for J ≫ 1) is computed for a particular Hamiltonian (χI1zI2z) in

Eq. (34) of [152] and conforms with our results shown in Sec. 3.4.2.2.
d Phase-space representations are given in terms of the so-called displaced parity operator for a single spin J

(see Eq. (8) in [248]) and for N coupled spins 1/2 (see Eq. (9) in [248]). However, our Result 3.1 for coupled
spins-J differs from the approach of [248]: we view their Wigner function as a linearly shifted Q function aQρ−b
(for J > 1/2), which also relaxes the Stratonovich postulates (iiia) and (iiib) from B.3.

states that the Wigner function has to transform naturally under rotations. The rotational
covariance constrains continuous Wigner representations of spins into a spherical coordinate
systems. The resulting Wigner functions can then be given by linear combinations of spheri-
cal harmonics, which offers a convenient tool for visualizing spins (see Sec. 3.3.4).

The Wigner transformation of single-spin operators was developed by Várilly and Gracia-
Bondía [253] and was then further extended by Brif and Mann [46, 47]. In particular, [253]
provides an explicit formula for the Wigner transformation for a single spin J , which sat-
isfies the Stratonovich postulates. This formula uses a rank-j-dependent kernel which is
based on mapping transition operators ∣Jm⟩⟨Jm′∣ onto their corresponding Wigner func-
tions W∣Jm⟩⟨Jm′∣; the connection between tensor operators JTjm and spherical harmonics
Yjm was also mentioned. A more general kernel for the continuous phase-space representa-
tion of a single spin was stated in [46, 47]. It defines Wigner functions of tensor operators
JTjm of single spins as the corresponding spherical harmonics Yjm. We build on these
results in Sec. 3.5.2 while also unifying normalization factors.

Parallel to our work, a general approach for phase-space representations was proposed
in [248] which is based on the so-called displaced parity operator [34]. The explicit form of
the transformation kernel is computed for the special cases of a single spin J (see Eq. (8) in
[248]) and forN coupled spins 1/2 (see Eq. (9) in [248]). This also mostly conforms with our
results on spin Wigner functions and fulfills the covariance property under local operations.
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However, our results differ from the approach of [248] since we view their Wigner function
as a linearly shifted Q function aQρ − b (for J > 1/2), which also relaxes the Stratonovich
postulates (iiia) and (iiib) from B.3.

Complementing the star-product formalism in the infinite-dimensional case, Várilly and
Gracia-Bondía [253] discuss both the integral and differential form of a (twisted) star product
of Wigner representations in finite dimensions. Carrying out explicit calculations for partic-
ular Hamiltonians (containing only Ix, Iy, Iz [85]) they conclude that in this case a stronger
version of the Ehrenfest theorem holds for the equation of motion. Namely the time evolution
is exactly given by the Poisson bracket known from classical physics.

Klimov and Espinoza [151] determined an exact form of the differential star product
for an arbitrary spin number J . This star product is a sum of a pointwise product of two
functions and combinations of derivatives with respect to spherical coordinates. The method
also requires a rank-j-dependent correction in the spherical-harmonics decomposition which
defines the Wigner function, as well as the truncation of the maximal rank j. For the restric-
tion of their expression to a spin number of 1/2, the calculation of the star product is more
complicated then in the current paper (details for generalizing our approach to an arbitrary
spin number J are discussed in the follow-up [161]), however, the derived equation of motion
results in the Poisson bracket [150], just as in [253] and in the current paper. Similarly, the re-
sults of [115] contain spherical functions in a particular limit in which the star commutator is
given by the Poisson bracket. For the case of a global SU(2)-dynamical symmetry, a Wigner
representation and its corresponding star product was developed in [154] along the lines of
[151], leading to a representation which is not unique in the general case of coupled spins
(without global SU(2) symmetry). See Table 3.1 for a summary of results known in the liter-
ature. We contrast our work to other selected Wigner representations for finite-dimensional
quantum systems in Sec. 3.3.6.

3.3.3 Discrete Wigner functions

Several approaches [263, 170, 101, 92] exist to construct a discrete analog of Wigner func-
tions for finite-dimensional quantum systems (see Table 1 in [92]). For example, Wootters
[263] proposed a discrete Wigner function by introducing a discrete phase space on a discrete
square grid of p × p points for each Hilbert space of prime dimension p. For composite sys-
tems such as coupled spins, the Hilbert space is composed of subsystems of prime dimension
and the corresponding discrete phase space contains a Cartesian product of discrete square
grids of prime dimension. The Wigner function is finally defined over this grid and forms
a flat, but discretized analogue of the continuous classical phase space. The negativity of
discrete and general Wigner functions will be discussed in the conclusion (see Sec. 3.8).

As discrete Wigner functions are not discussed in the main text, we shortly contrast them
with our approach of finite-dimensional (continuous) Wigner functions for coupled quantum
systems. Building on the work of Stratonovich [243], we obtain a spherical phase space
which features continuous spherical functions as Wigner functions. In contrast, discrete
Wigner functions on a square grid exhibit a considerable different geometry. In particular,
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the continuous degrees of freedom of our finite-dimensional Wigner representation allow us
to describe the time evolution in terms of partial derivatives of Wigner functions leading to a
differential form of the star product as an analog to the infinite-dimensional case in Eq. (3.3).
This differential picture is not entirely natural for discrete Wigner functions, and therefore
integral forms of the time evolution are usually considered in the discrete case (cf. [185]).

3.3.4 Visualization techniques for spins

There are numerous approaches for visualizing finite-dimensional quantum systems. Feyn-
man et al. [94] represents operators in a two-level quantum system using three-dimensional
(real) vectors which can be interpreted as a Bloch vector, field vector, or rotation vector. This
representation is widely used in many fields, including magnetic resonance imaging [31, 85]
and spectroscopy [85] or quantum optics [227].

As in the present work, spin operators (as tensor operators [209]) have often been rep-
resented and visualized by spherical harmonics [136]. In early work by Pines et al. [207],
selected density operator terms of a spin-1 particle are illustrated using spherical harmonics,
see also [124, 224]. Quantum states of a collection of indistinguishable two-level atoms are
depicted by Wigner functions in Dowling et al. [78]. We also refer to similar illustrations in
[138]. Single-spin systems are visualized in [206] using spherical harmonics while stressing
applications in nuclear-magnetic resonance. The appendix of [206] also discusses whether
their method could be extended to coupled spins. Certain restricted cases of two coupled
spins were considered in [191]. Harland et al. [128] introduces a method for visualizing
particular states in two- and three-spin systems.

A general method for representing and visualizing arbitrary operators of coupled spin
systems was proposed in [98]: This so-called DROPS representation establishes a bijective
mapping between operators and spherical functions by mapping tensor operators to spherical
harmonics. Important features as symmetries under simultaneous rotations or certain permu-
tations and the set of involved spins are preserved and highlighted in its pictorial presentation.
We discuss relations to our visualization method in B.4.

The theoretical methods used in [248] (as discussed in Sec. 3.3.2) also yield a visual-
ization technique for finite-dimensional coupled quantum systems, which is covariant under
rotations as in this work. For single spins, their approach (see Fig. 1(a)-(c) in [248]) is com-
parable to [98] and this work. However for coupled spins, [248] depicts only slices of their
high-dimensional Wigner functions (see Figure 1(d)-(f) and Figure 2 in [248]). In our repre-
sentation, high-dimensional Wigner functions are visualized by decomposing them into sums
of product operators.

3.3.5 Summary of results

We will now summarize and discuss our results for finite-dimensional coupled quantum sys-
tems, while emphasizing the mathematical and theoretical advances contained in Sec. 3.5.
The current work systematically develops a generalized Wigner formalism for the case of
finite-dimensional coupled quantum systems. Most importantly, we solve the open question
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of how to exactly compute the time evolution of coupled quantum systems using a consistent
Wigner frame frame that allows for natural visualizations. In particular, our results include
(see also Table 3.2):

• the Wigner function W (θ1, φ1, . . . , θN , φN) in Result 3.1 which represents arbitrary
operators of N coupled, distinguishable qudits (d = 2J+1) or spins J ;

• the particular explicit form of the exact, differential star product in Result 3.2 for the
Wigner function of a single qubit or spin 1/2 (the general case of a single spin J is
treated in the follow-up [161]);

• the explicit and exact differential star product in Result 3.3 for the Wigner function
W (θ1, φ1, . . . , θN , φN) of N coupled, distinguishable qubits or spins 1/2 (the general
case of spins J is discussed in the follow-up [161]);

• the simplified forms of Result 3.3 for two (N = 2) qubits or spins 1/2 in Corollary 3.1
and three (N = 3) qubits or spins 1/2 in Corollary 3.3;

• the explicit and exact differential equation of motion in Result 3.4 for the Wigner
functionW (θ1, φ1, . . . , θN , φN) ofN coupled, distinguishable qubits or spins 1/2 (the
general case of spins J is discussed in the follow-up [161]);

• the simplified forms of Result 3.4 for two (N = 2) qubits or spins 1/2 in Corollary 3.2
and three (N = 3) qubits or spins 1/2 in Corollary 3.4;

• the simplified form of Result 3.4 for N coupled, distinguishable qubits or spins 1/2
and a system Hamiltonian that contains at most pairwise interactions in Corollary 3.5.

It is our goal to describe the time evolution of these coupled systems only using Wigner
functions and not relying on operators or matrices. Wigner functions of coupled quantum
systems can be uniquely characterized using multiple spherical coordinates θk and φk. This
leads to intricate, high-dimensional functions which are difficult to visualize. We resolve
this difficulty and present an approach that decomposes a high-dimensional Wigner function
into a linear combination of products of spherical harmonics, which can be conveniently vi-
sualized while highlighting crucial properties of coupled quantum systems. We denote our
approach by the abbreviation PROPS which is assembled from the letters of “product oper-
ators.” We emphasize that a given high-dimensional Wigner function has usually multiple
different but equivalent PROPS representations.

Even though the visualization in the PROPS representation might require in general ex-
ponentially many terms as the numberN of spins grows, the Wigner function is still uniquely
characterized by a single 2N -variate function (see Result 3.1). This necessary exponential
scaling might limit plotting to a moderate number of spins. However, visualizing the dy-
namics of even a moderate number of spins is useful for many active areas of research and
education, such as quantum information processing [197] or magnetic resonance [85]. This
visualization technique will allow us, for example, to explore the underlying mechanisms
of efficient experimental control schemes [104]. We want to also stress that the potential
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Table 3.2: Results presented in this work for the Wigner formalism of N coupled spins
with spin number J . Explicit references are given for the Wigner transformation W(A),
the star product f ⋆ g, and the equation of motion ∂Wρ/∂t. Cases not considered here are
left blank.

N Descr. J = 1/2 Arb. J

N = 1 W(A) Eq. (3.25)
f ⋆ g Result 3.2
∂Wρ/∂t Eq. (3.54) a

N = 2 W(A) Sec. 3.5.5.1
f ⋆ g Corollary 3.1
∂Wρ/∂t Corollary 3.2

N = 3 W(A) Sec. 3.5.5.2
f ⋆ g Corollary 3.3

∂Wρ/∂t Corollary 3.4b

Arb. N W(A) Result 3.1
f ⋆ g Result 3.3

∂Wρ/∂t Result 3.4b

a The case of linear Hamiltonians is considered in Eq. (3.55).
b A simplified form for natural Hamiltonians with linear and bilinear terms is given in Corollary 3.5.

plotting inefficiencies do not affect our main theory as presented in Sec. 3.5 as it directly
operates on the defining 2N -variate function (see Result 3.1). For a single spin-1/2 system,
our Wigner functions are similar to the Bloch vector (cf. Sec. 3.3.4). But even in this simple
case, our Wigner approach is more expressive and allows for a natural representation and
visualization of non-hermitian operators as given by coherence order operators (see Fig. 3.12
below) which cannot be represented using a single Bloch vector. For coupled spins, our
Wigner representation can be compared to a collection of Bloch vectors for the special cases
shown in Figs. 3.7 and 3.8 below. However, our Wigner representation goes well beyond a
simple collection of Bloch vectors as the number of elements in the linear decomposition for
the PROPS representation is in general not constant (see Figs. 3.5 and 3.10 below).

Our characterization of the time evolution leads to a self-contained theory of finite-
dimensional quantum systems, while we focus in this work mainly on coupled spins 1/2.
The determination of the correct star product for coupled spins 1/2 constitutes the corner-
stone of our approach for providing a replacement of the von-Neumann equation applicable
to Wigner functions. The explicit equation of motion is calculated for an arbitrary number
of coupled spins 1/2 in Result 3.4 and discussed separately for the particular case of natural
coupling Hamiltonians in Corollary 3.5. Refer to Table 3.2 for an overview of the results
presented in the current work. Further details for a single spin J and coupled spins are re-
spectively summarized in following Sections 3.3.5.1 and 3.3.5.2.
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3.3.5.1 Results for a single spin J

A single-spin operatorA is mapped to a Wigner functionWA(θ, φ) by decomposingA into a
linear combination of tensor operators which can be directly mapped to spherical harmonics
(see Sec. 3.5.2), and the corresponding Wigner transformation is stated in Eq. (3.25). For
specifying the time evolution of Wigner functions, one needs to introduce the star product
WA ⋆WB of Wigner functions WA and WB which is defined by its relation to the Wigner
function WAB = WA ⋆WB of a product of operators A and B (see Sec. 3.5.2.3). There
are two approaches to compute the star product. The first approach is known as the integral
star product and relies on an integral transformation of the functions WA and WB using a
so-called trikernel [253], and we detail this form in B.6 for a single spin J .

The second approach features a differential form which is more convenient for compu-
tations. This differential star product relies on the partial derivatives of the corresponding
Wigner functions WA and WB , which is comparable to the infinite-dimensional case dis-
cussed in Sec. 3.3.1. We calculate this new differential form of the exact star product for
a single spin 1/2 in Result 3.2: it is a sum of a pointwise product WAWB and the Poisson
bracket {WA,WB} followed by a projection. This form was not reported previously in the
literature, and provides a simplified approach as compared to the results of [151] while its
structure is similar to the structure of the infinite-dimensional star product. We also derive
an algebraic expansion formula for the star product of spherical harmonics in general (see
Sec. 3.5.3.1), paving the way for a generalization to an arbitrary spin number J (refer to the
follow-up [161]). The explicit form of the star product determines the equation of motion for
a single spin 1/2 and we obtain a particularly simple form given by the Poisson bracket [see
Eq. (3.54)].

We also point out connections to similar characterizations. The Poisson bracket is directly
related to the canonical angular momentum operator L = r × p which generates infinitesi-
mal rotations of the sphere and is known from infinite-dimensional quantum mechanics (see
Sec. 3.7.1). Even though spins have no classical counterparts, a classical description emerges
from the quantum one in the limit of J → ∞ as detailed in Sec. 3.7.2. This leads to a lo-
calized distribution and arbitrary large values in the Wigner function. Relations to Wigner
functions of infinite-dimensional quantum systems are investigated in Sec. 3.7.2: the flat
phase-space coordinates (p, q) known from classical mechanics are replaced with spherical
phase-space coordinates (R cos θ, φ) for spins (see Section 3.7.2.1), and the resulting equa-
tion of motion given in Sec. 3.7.2.2 is formally equivalent to the one obtained in the main
text [see Eq. (3.54)]. The star product for a single spin 1/2 given in the main text can also be
interpreted as a quaternionic product (see Sec. 3.7.3).

3.3.5.2 Results for coupled spins

The Wigner representation is generalized in Result 3.1 to an arbitrary number of coupled
spins J by extending the formula for the Wigner transformation of product operators. We
consider Wigner functions for coupled spins of identical spin number J , but a generalization
to systems that are composed of particles of different spin number J is straightforward. The
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Wigner functions for N coupled spins are defined on a spherical phase space of N spheres
and have 2N coordinates of the form R cos θk and φk. This setup satisfies the Stratonovich
postulates of B.3.2, which includes the covariance under arbitrary local rotations, and gener-
alizes the covariance under simultaneous spin rotations in [98].

The Wigner formalism for coupled spins 1/2 is obtained by extending the differential
star product to multiple spins in Result 3.3, and this also establishes the equation of motion,
which we computed in Result 3.4 for an arbitrary number of coupled spins 1/2. This allows
us to describe the quantum properties as corrections to the classical case which are given in
a finite power-series expansion. Truncations to this expansion could be used to characterize
a semi-classical approximation. The equation of motion is then applied in Sec. 3.5.5 in
order to derive its simplified form for up to three spins 1/2. In Corollary 3.5, the simplified
equation of motion for an arbitrary number of spins is explicitly given for the case of natural
Hamiltonians containing only linear and bilinear operators.

3.3.6 Motivation

Let us now further motivate our approach by highlighting its benefits as well as crucial dif-
ferences to other work in the context of Wigner functions (and phase-space representations).
This discussion aims to clarify the choices made in this work.

The previous parts of this introduction have already emphasized our focus on coupled
spin systems. In principle, their Wigner functions could be defined by interpreting the
coupled spin system as a single spin with a large enough spin number and applying the
Wigner function techniques for single spins as in [78] (similarly as discussed in Sec. 3.3.2
and 3.3.5.1). This would, however, neglect important features of coupled spin systems we
want to stress in our approach such as symmetries under spin-local rotations or permuta-
tions of spins as well as spin-local properties of the quantum system (cf. p. 3 in [98]). This
distinguishability of spins is of crucial importance in, e.g., quantum information processing
[197] where local control is often assumed. These locality features are a focal point of our
work and they critically depend on describing the system in a suitably chosen basis which
highlights the underlying tensor-product structure. In this regard, Result 3.4 (see Sec. 3.5.4)
provides a novel perspective of expanding the time evolution into its parts according to their
degree of nonlocality. Therefore, our results for the time evolution of Wigner functions go
well beyond the established theory for Wigner functions of single spins (see Sec. 3.3.2) and
enable contributions into a significant new direction. And this aim to highlight nonlocality
properties is quite natural as one can infer, for example, from work on matrix product states
in many-body physics (see, e.g., [230, 203]) or, more generally, entanglement in quantum
information (see, e.g., [197, 133, 121, 83]).

We want to also emphasize that—in the context of Wigner functions—this focus on cou-
pled spin systems (and their locality features) emerged only recently [206, 191, 128, 98, 248]
(refer to Sec. 3.3.4). The Wigner function for coupled spin systems is defined as a unique
2N -variate function (see Result 3.1). Due to its high dimensionality, the Wigner function
cannot be directly plotted in three dimensions, and one would have to resort to plotting slices
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as discussed at the end of Sec. 3.3.4. This has motivated us to depict a Wigner function of
N coupled spins using three-dimensional figures (without loss of information) which are de-
noted as the PROPS representation (see Sec. 3.3.5 and 3.4) and show decompositions into
tensor-product operators. For a moderate number of coupled spins, our results can there-
fore be used as an analytic tool for characterizing the time evolution in application areas
such as quantum information processing [197], magnetic resonance [85], or quantum control
[104]. We want to emphasize that our plotting choice of using the PROPS representation does
not affect the theory in Sec. 3.5 as it directly operates on the 2N -variate function defining
the Wigner function. All relevant operators in Sec. 3.5, including the star product, act lin-
early on its arguments resulting in completely natural PROPS plots. In addition, the PROPS
representation stresses—as intended—important nonlocality features of the depicted Wigner
function.

We recall that bosonic quantum systems (and similarly fermionic ones) demonstrate dif-
ferent characteristics as compared to coupled spin systems with distinguishable spins. Fore-
most, the dimensionality of a bosonic quantum system is polynomial in the number of parti-
cles while the dimensionality of a coupled spin system is exponential in the number of spins.
Also, due its permutation symmetry, a bosonic system does not exhibit any localized proper-
ties and can be therefore (for a fixed number of particles) naturally embedded into a single
spin with a large enough spin number (see [75, 241, 250, 178, 160, 223, 234]). As discussed
above, the same does not apply to general coupled spin systems and one needs to be cautious
in extending intuition from bosonic quantum systems to coupled spin systems considered in
this work.

We further stress differences to other phase-space approaches by discussing recent work
[225, 5, 72, 264] which approximately simulate quantum dynamics of lattice spin systems
while relying on phase-space techniques. References [225, 5] employ discrete Wigner func-
tions which are not considered in this work (see Sec. 3.3.3). References [72, 264] utilize
techniques for infinite-dimensional (continuous) phase-space functions [234, 223, 50] (refer
also to Sec. 3.3.1) in order to describe finite-dimensional quantum states. In [72], a contin-
uous Wigner function for simulating quantum dynamics of indistinguishable qudits or spins
J was constructed by applying Schwinger’s oscillator representation of the special unitary
group [55] and by mapping the resulting harmonic oscillators to their infinite-dimensional
(planar) Wigner functions [50]. This eliminated non-linearities in the time evolution and
enables efficient approximations of quantum dynamics of lattice spin-1 systems [72]. But
it also has the drawback of an increased phase-space dimension, the loss of natural sym-
metries, and intertwined phase-space variables. In particular, the infinite-dimensional (pla-
nar) Wigner functions in [72] have (2J+1)2 − 1 harmonic-oscillator phase-space variables
α1, . . . , α(2J+1)2−1. They are easily contrasted to the finite-dimensional (spherical) Wigner
functions in this work where any single spin J is represented using two independent variables
θ and φ, while observing inherent rotational symmetries and leading to natural visualizations.
Also, our approach makes it possible to consider infinite-dimensional Wigner functions as a
natural limit of finite-dimensional (spherical) Wigner functions [160, 161]. Building on the
approach of [72], infinite-dimensional (planar) Wigner functions have been used in [264]
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to represent the state of a cluster of N strongly interacting, distinguishable qubits or spins
1/2. The resulting Wigner function has, after a reduction of dimensionality, still exponen-
tially many (i.e. 2N ) harmonic-oscillator phase-space variables α1, . . . , α2N . In contrast, our
general 2N -variate Wigner function for N coupled spins J requires only 2N phase-space
variables θ1, φ1, . . . , θN , φN which naturally transform under rotations (and related visualiza-
tion methods have been summarized above). Consequently, this comparison should further
illustrate our motivation and how it differs from the one for [72, 264].

Finally, we want to clarify that this work does not provide any progress on reducing
the complexity of simulating the time evolution of coupled spin systems. Long-standing
complexity hypotheses suggest that simulating the time evolution of a coupled spin system
with a classical computer should (in general) have an exponential complexity in the number
of spins [197]. We believe that this applies to both matrix methods and Wigner-function
techniques.

3.3.7 Structure of this work

Our work is structured as follows: We start in Sec. 3.4 with a set of introductory examples
which establish and illustrate the main ideas of our Wigner formalism for spins. The theo-
retical methods that form the central results of this work are detailed in Sec. 3.5 where the
Wigner transformation of coupled spin operators and their star product are developed; later
parts of this work can be read first as they do not explicitly depend on the detailed argument
contained in Sec. 3.5. In Sec. 3.6, we apply our methods to advanced examples further ex-
ploring the Wigner formalism in the case of two and three coupled spins and also considering
the creation of entanglement. We discuss connections to other important concepts in Sec. 3.7
which includes the quantum angular momentum, the infinite-dimensional Wigner formalism,
quaternionic Wigner functions, and the evolution of non-hermitian states. We conclude in
Sec. 3.8, and certain details are deferred to appendices.

3.4 Introductory examples

Our approach to directly determine the time evolution of a quantum system using Wigner
functions is now illustrated with concrete examples, while the corresponding theory is de-
tailed in Sec. 3.5 below. We start in Sec. 3.4.1 with the case of a single spin 1/2 and juxtapose
the well-known matrix method with our Wigner function approach. We also analyze the case
of two coupled spins 1/2 (see Sec. 3.4.2) and consider in particular the time evolution under
a scalar coupling.

More advanced examples are deferred to Sec. 3.6 considering the evolution of two cou-
pled spins 1/2 under the CNOT gate (see Sec. 3.6.1), and the evolution of three coupled spins
1/2 (see Sec. 3.6.2). Recall that in all these cases the von-Neumann equation (see Eq. 3.2)
determines the time evolution of the density operator by specifying its time derivative.
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3.4.1 Time evolution of a single spin

3.4.1.1 Evolution of the density operator

A simple example is presented which considers the precession of a single spin 1/2 in an
external magnetic field. Here, explicit matrices are used, and these are decomposed into
irreducible tensor operators. In Sec. 3.4.1.2, the time evolution is then computed directly in
the Wigner representation. Recall the irreducible tensor operators [85]

T00 ∶= 1√
2
Id2 = 1√

2

⎛
⎝

1 0

0 1

⎞
⎠
, T1,−1 ∶= I− =

⎛
⎝

0 0

1 0

⎞
⎠
, (3.4a)

T10 ∶=
√

2Iz = 1√
2

⎛
⎝

1 0

0 −1

⎞
⎠
, T11 ∶= −I+ =

⎛
⎝

0 −1

0 0

⎞
⎠

(3.4b)

for the case of a single spin 1/2. For arbitrary spin number J , the definition of tensor opera-
tors JTjm is based on their commutation relations

[JIz, JTjm] =m JTjm and [JI±, JTjm] =
√

(j ∓m) (j ±m + 1) JTj,m±1, (3.5)

as described by Racah [209], where JIz and JI± = JIx ± i JIy are representations of arbitrary
spin-J operators;1 the index J is dropped in the spin-1/2 case.

An arbitrary spin-1/2 density matrix can be written as ρ = r0 Id2 + ∑α rαIα, with α ∈
{x, y, z}. Even though our Wigner representation is completely general and applicable to ar-
bitrary density matrices and operators, we omit the identity part r0 Id2 in some of the follow-
ing examples without affecting the time evolution and continue our discussion considering
only the second term∑α rαIα. This term is usually referred to as the deviation density matrix
in quantum information processing (cf. Eq. 7.166 on p. 336 in [197] or Eq. 2.5.13 on p. 47 in
[201]) or as partial density matrix in magnetic resonance (cf. Eq. 6 in [88], Eq. 2.125 on p. 55
in [54], or p. 243 in [3]). Although this simplification is also valid for individual quantum
systems (consisting of one or more coupled spins), it is especially useful when considering
thermal ensemble states for sufficiently large temperatures, i.e. for r0 ≫

√
∑α r2

α.
In our example, a rotation around the z axis with an angular frequency ω is generated by

the Hamiltonian
H = ωIz = ω 1√

2
T10, (3.6)

and the quantum state of a single spin at time t = 0 is chosen as the traceless deviation density
matrix

ρ(0) = Ix = 1
2T1,−1 − 1

2T11. (3.7)

The time evolution is described by the von-Neumann equation, see Eq. (3.2), and the first
time derivative i∂ρ(0)/∂t is determined by the commutator

[H, ρ(0)] = ω
2
√

2
[T10 ,T1,−1] − ω

2
√

2
[T10 ,T11] = −ω2 T1,−1 − ω

2 T11 = iωIy,

1 As usual, the Cartesian spin operators are defined as Ix = σx/2, Iy = σy/2, and Iz = σz/2, where the Pauli
matrices are σx = ( 0 1

1 0 ), σy = ( 0 −i
i 0 ), and σz = ( 1 0

0 −1 ).
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Figure 3.1: (Color online) (a) The equation of motion in the Hilbert space given by the
von-Neumann equation. (b) The equation of motion of a single spin 1/2 in Winger space
(upper row) and its graphical representation (lower row) in the particular case of H = ωIz
with ω = 1 and ρ = Ix. (c) Graphical representation of the Poisson bracket from (b). The
spherical functions corresponding to the partial derivatives of the Wigner function Wρ =
R sin θ cosφ and the Hamiltonian WH = R cos θ are shown and 1/(R sin θ) is visualized
as an infinitely long cylinder.3

whose form can also be inferred from the definitions in Eq. (3.5). The solution of this differ-
ential equation results in2

ρ(t) = 1
2e
iωtT1,−1 − 1

2e
−iωtT11 = cos(ωt)Ix + sin(ωt)Iy.

3.4.1.2 Evolution of the Wigner functions

Mirroring the preceding discussion in terms of matrices, the HamiltonianH and the traceless
deviation density matrix ρ(0) from Eqs. (3.6)–(3.7) are mapped to their Wigner functions

WH(θ, φ) = ω√
2
Y10 = ωR cos θ and Wρ(θ, φ, t = 0) = 1

2(Y1,−1 −Y11) = R sin θ cosφ

(3.8)
by replacing the tensor operators Tjm by the corresponding spherical harmonics Yjm =
Yjm(θ, φ) [136]. This basic example conforms with the general discussion in Sec. 3.5.2 [see
Eq. (3.29)]; note that R ∶=

√
3/(8π).

Here, the Wigner function WA(θ, φ) = ∣WA(θ, φ)∣ exp[iη(θ, φ)] of a single spin is vi-
sualized in the following way: A surface is plotted whose surface element in the direction
(θ, φ) is at a distance ∣WA(θ, φ)∣ from the origin. The complex phase factor exp[iη(θ, φ)] of
the Wigner function is represented by the color of its surface element. This method visualizes
spherical functions as three-dimensional shapes (see Figs. 3.1 and 3.2).

2Similarly as for ρ(0), the time derivative of ρ(t) decomposes into a linear combination of the tensor opera-
tors T1,−1 and T11. It follows that the general solution can be parameterized as ρ(t) = a(t)T1,−1−b(t)T11 with
a(0) = b(0) = 1/2. This formula is substituted back into the von-Neumann equation [see Eq. (3.2)] and yields
∂[a(t)T1,−1 − b(t)T11]/∂t = iω[a(t)T1,−1 + b(t)T11], which splits up into the equations ∂a(t)/∂t = iωa(t)
and ∂b(t)/∂t = −iωb(t). Consequently, the solution is given by a(t) = exp (iωt)/2 and b(t) = exp (−iωt)/2.

3Hermitian operators result only in positive and negative values depicted as red (dark gray) and green (light
gray).
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Figure 3.2: (Color online) Plots of the Wigner functions WH of the Hamiltonian H = ωIz
(upper row), Wρ of the traceless deviation density matrix ρ (middle row), and the time
derivative ∂Wρ(θ, φ, t)/∂t (lower row) corresponding to ∂ρ/∂t at times t = 0, ωt = π/2,
and ωt = π.3

The time evolution is governed by the shape of the appearing Wigner functions via its
angular derivatives. The von-Neumann equation for a single spin 1/2 translates in the Wigner
representation to the equation (see Fig. 3.1)

∂Wρ(θ, φ, t)
∂t

= {Wρ(θ, φ, t) , WH(θ, φ)} =
1

R sin θ
(∂Wρ

∂φ

∂WH
∂θ

− ∂Wρ

∂θ

∂WH
∂φ

) . (3.9)

The Poisson bracket {Wρ(θ, φ, t),WH(θ, φ)} is further detailed in Sec. 3.5.3. In our exam-
ple, the time derivative at time t = 0 is given by

∂Wρ(θ, φ,0)
∂t

= ωR2{sin θ cosφ, cos θ} = ωR sin θ sinφ. (3.10)

Refer also to Figure 3.1 for a graphical representation of this particular example. The solution
of the differential equation in Eq. (3.10) is given by4

Wρ(θ, φ, t) = R sin θ[cos(ωt) cosφ + sin(ωt) sinφ]. (3.11)

Figure 3.2 shows the Wigner function of the Hamiltonian and the density matrix evolving
in time, including the time derivative of Wρ(θ, φ, t). All operators depicted in Figure 3.2
are hermitian and consequently only the colors red (dark gray) and green (light gray) ap-
pear, which correspond to positive and negative real values in their Wigner functions. Note
how the shapes govern the rotation of Wρ(θ, φ, t) around the z axis. The state of a spin 1/2
can be characterized by the Bloch vector and the unitary time evolution translates to rota-
tions of this three-dimensional vector. The Wigner function provides a description similar
to the Bloch vector (refer to Section 3.7.3) and its time evolution, which is supported by the

4 The Wigner function can be written as Wρ(θ, φ, t) = R sin θ[a(t) cosφ + b(t) sinφ] with a(0) = 1
and b(0) = 0. Substituting this parametrization back into Eq. (3.9), one derives the differential equation
sin θ[(∂a(t)/∂t) cosφ + (∂b(t)/∂t) sinφ] = ω sin θ[a(t) sinφ − b(t) cosφ], which splits up into ∂a(t)/∂t =
−ωb(t) and ∂b(t)/∂t = ωa(t).
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Poisson bracket corresponds to the rotation of the Wigner function (refer to Section 3.7.1).
Non-hermitian parts of the density operator are relevant for coherent spectroscopy [105] but
cannot be represented by a single Bloch vector. The Wigner function, however, provides
a natural way to represent, visualize, and predict the time evolution of these non-hermitian
operators. An example describing the time evolution of non-hermitian spin states is detailed
in Section 3.7.4.1.

3.4.2 Time evolution of two coupled spins

As discussed in Sec. 3.4.1, the Wigner function of single spin-1/2 states is similar to the
Bloch-vector description, and the unitary time evolution translates to the rotation of these
Wigner functions. For multiple, coupled spins the underlying quantum dynamics becomes
significantly more involved, and the time evolution can in general not be fully character-
ized in terms of rotations of Bloch vectors (see Fig. 3.5 below). In contrast, the quantum
state can still be represented uniquely by a single Wigner function which is visualized by its
PROPS representation using a linear combination of products of spherical harmonics. The
corresponding time evolution is governed by a generalization of the Poisson bracket. In the
following example, we present one of the simplest examples where the Bloch vector picture
breaks down. Even though the initial quantum state is representable by a Bloch vector, the
time evolution creates a superposition of states (see Fig. 3.5 below).

3.4.2.1 Evolution of the density matrix

We consider now the time evolution for an example of two coupled spins 1/2. Similarly as
in Sec. 3.4.1, we first rely on explicit matrices, and our approach using Wigner functions is
detailed in Sec. 3.4.2.2 below. In order to simplify and highlight the transformation to the
Wigner space, we will subsequently differentiate between tensor operators acting on different
spins: The linear operators T

{1}
jm = Tjm ⊗T00 and T

{2}
jm = T00 ⊗Tjm act respectively on the

first and second spin, and they are constructed using a tensor product leading to four-by-
four matrices. A bilinear operator T

{1}
j1m1

T
{2}
j2m2

acts on both spins and consists of a matrix
product of single-spin operators. Details on definitions and properties of product operators
are deferred to Sec. 3.5.1 (see Table 3.4) and a short summary is given in B.1.

Let us now consider a system of two coupled spins which evolve under the bilinear
Hamiltonian

H = πν2I1zI2z = πν2T
{1}
10 T

{2}
10 , (3.12)

which can arise from a heteronuclear scalar or dipolar coupling. Here, we have applied the
notations T

{1}
10 ∶= T10⊗T00 = (T10/

√
2)⊗(

√
2T00) = Iz⊗Id2 = I1z and T

{2}
10 ∶= T00⊗T10 =

I2z (see Sec. 3.5.1). In addition, we specify the traceless deviation density matrix at time t = 0

as
ρ(0) = I1x = (T{1}

1,−1 −T
{1}
11 )/

√
2. (3.13)
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Table 3.3: Wigner representations of the identity as well as linear and bilinear Cartesian
operators; λ = R/

√
2π

N−1
withR =

√
3/(8π) and a, b ∈ {x, y, z}. The projection Ikβ onto

the pure state ∣β⟩ of a single spin is discussed in Sec. 3.6.1.1.

A W(A) A W(A)

Id2N 1/
√

2π
N

Ikβ 1/(2
√

2π
N) − λ cos θk

Ikx λ sin θk cosφk IkxI`x
√

2π
N
λ2 sin θk cosφk sin θ` cosφ`

Iky λ sin θk sinφk IkxI`z
√

2π
N
λ2 sin θk cosφk cos θ`

Ikz λ cos θk IkaI`b
√

2π
NW(Ika)W(I`b)

Equation (3.2) determines the time differential i∂ρ(0)/∂t as the commutator

[H, ρ(0)] = −
√

2πν (T{1}
1,−1+T

{1}
11 )T{2}

10 = iπν2I1yI2z.

One deduces that only the four tensor operators T
{1}
11 , T

{1}
1,−1, T

{1}
11 T

{2}
10 , and T

{1}
1,−1T

{2}
10 can

appear in the decomposition of ρ(t), as ∂2ρ(0)/∂t2 ∝ ρ(t).5 Consequently, the time-
dependent deviation density matrix can be written as

ρ(t) = a(t)A + b(t)B, where (3.14)

A = 1√
2
(T{1}

1,−1−T
{1}
11 ) = I1x, B =

√
2(T{1}

1,−1+T
{1}
11 )T{2}

10 = 2I1yI2z,

and a(0) = 1 and b(0) = 0. Substituting this back into Eq. (3.2), one obtains the solution6

ρ(t) = cos(πνt)I1x + sin(πνt)2I1yI2z. (3.15)

The detectable NMR signal is proportional to cos(πνt), and one obtains a doublet spectrum
with equal intensities and lines separated by ν.

3.4.2.2 Evolution of Wigner functions

We switch now to the Wigner picture and explain shortly how product operators in a two-spin
system are represented as Wigner functions, while details will be given in Sec. 3.5.2 below.
Moreover, we translate the von-Neumann equation for two spins into the Wigner picture.
This is then applied to the example of Sec. 3.4.2.1.

Wigner representations of operators acting on different spins are distinguished by dif-
ferent variables, thus an operator acting on the first spin is transformed to its Wigner func-
tion by mapping the basis states T

{1}
jm to their corresponding spherical harmonics Y

{1}
jm =

5 Computing the second time derivative −∂2ρ(0)/∂t2 via the double commutator [H, [H, ρ(0)]] =
π2ν2ρ(0) and applying the formulas [T{1}10 T

{2}
10 ,T

{1}
1,−1T

{2}
10 ] = −T

{1}
1,−1/4 and [T{1}10 T

{2}
10 ,T

{1}
11 T

{2}
10 ] = T

{1}
1,1 /4,

the result follows.
6 The differential equation ∂[a(t)A + b(t)B]/∂t = πν[a(t)B − b(t)A], decomposes into ∂a(t)/∂t =

−πνb(t) and ∂b(t)/∂t = πνa(t). The solution follows from a(0) = 1, b(0) = 0, a(t) = cos(πνt), and
b(t) = sin(πνt).
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Y1,0

81<
× Y1,0

82<
= WHT1,0

81<
T1,0

82<
L�2Π

× =

Y1,0HΘ1L × Y1,0HΘ2L = WHT1,0ÄT1,0L

Figure 3.3: (Color online) The tensor product of the normalized 2 × 2 matrix T10

with itself results in a normalized 4 × 4 matrix T10 ⊗ T10 whose Wigner representation
Y10(θ1)Y10(θ2) with Y10(θj) =

√
2R cos θj is also normalized (lower row). While the

4 × 4 matrix T
{1}
1,0 is normalized, the matrix product T

{1}
10 T

{2}
10 = T10 ⊗T10/2 is not. Sim-

ilarly, Y
{1}
10 = 1/

√
2πR cos θ1 and Y

{2}
10 are normalized but their pointwise product is not

(middle and upper row). Note that both the middle and the upper row is by a factor of
4π larger than the lower row. In summary, the norm changes in general when spherical
functions are multiplied.3

Yjm(θ1, φ1)/
√

4π. Similarly, the operator T
{2}
jm is mapped onto Y

{2}
jm = Yjm(θ2, φ2)/

√
4π.

Product operators are constructed as simple pointwise products of their Wigner functions and
T

{1}
j1m1

T
{2}
j2m2

is mapped to the product 2πY
{1}
j1m1

Y
{2}
j2m2

= Yj1m1(θ1, φ1)Yj2,m2(θ2, φ2)/2.
Important examples are summarized in Table 3.3. Suitable prefactors are introduced to ensure
consistent normalizations for matrix representations and Wigner functions (see Sec. 3.5.2),
and the different normalization factors are also illustrated in Figure 3.3.

The time evolution of the density matrix via the von-Neumann equation translates for
Wigner functions of two spins to the equation [see Sec. 3.5.5.1 and Corollary 3.2]

∂Wρ/∂t =
√

2πP{1,2}({Wρ,WH}{1}+{Wρ,WH}{2}). (3.16)

Here, the Poisson brackets from Eq. (3.9) gain an additional index in order to identify their
spin dependence, i.e., the Poisson bracket {fa, fb}{1} contains derivatives with respect to the
variables θ1 and φ1, while {fa, fb}{2} is defined with reference to θ2 and φ2. As spherical
harmonics with rank two or higher are not allowed for spins 1/2, the projectorP{1,2} removes
these superfluous contributions, but leaves spherical harmonics Yjm with rank j equal to zero
or one unchanged. The Poisson brackets in Eq. (3.16) can be simplified for product operators
Wρ =Wρ1(θ1, φ1)Wρ2(θ2, φ2) and WH =WH1(θ1, φ1)WH2(θ2, φ2) into the form

∂Wρ/∂t =
√

2π {Wρ1 ,WH1}{1}P{2}(Wρ2WH2) +
√

2π {Wρ2 ,WH2}{2}P{1}(Wρ1WH1);
(3.17)

refer to Figure 3.4(a) for a visualization of this computation. In the PROPS representa-
tion, product operators are indicated as overlapping circles (refer also to B.2) and the overall
Wigner function of a tensor product W1,2 = W1W2 is given as a product of its parts. The
corresponding Wigner functions W1 is drawn in the left circle and the Wigner functions W2

in the right one.
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HaL
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Figure 3.4: (Color online) (a) Graphical representation of the equation of motion for two
spins 1/2 for the Hamiltonian H = πν2I1zI2z and the deviation density matrix ρ = I1x,
see Eqs. (3.16)-(3.17). (b) Graphical representation of the projection onto rank-one and
rank-zero spherical harmonics for the example of P(cos2 θ2) = 1/3 as discussed around
Eq. (3.21).3

Using aforementioned techniques, the Hamiltonian and the deviation density matrix from
Eqs. (3.12)-(3.13) can be transformed into their respective Wigner function

WH = 4π2νY
{1}
10 Y

{2}
10 = πν2R2 cos θ1 cos θ2, (3.18)

Wρ(0) = (Y{1}
1,−1 −Y

{1}
1,1 )/

√
2 = R sin θ1 cosφ1/

√
2π. (3.19)

The time derivative of the initial Wigner function Wρ(0) at t = 0 is now given by Eq. (3.16)
and it depends only on the variables θ1, φ1, and consequently, the second Poisson bracket
{Wρ(0),WH}{2} is zero. One applies Eq. (3.9) and obtains up to projections

∂Wρ(0)/∂t =
√

2π{Wρ(0),WH}{1} = πν2R3{sin θ1 cosφ1, cos θ1}{1} cos θ2

= πν2R3[sin θ1
∂ cosφ1

∂φ1

∂ cos θ1

∂θ1
] cos θ2/(R sin θ1)

= πν2R2 cos θ2 sin θ1 sinφ1 = πνW(2I1yI2z). (3.20)

Here,W(2I1yI2z) denotes the Wigner transformation of 2I1yI2z , refer to Table 3.3. For the
graphical representation of this computation refer to Figure 3.4(a). One deduces that the time
derivative ofW(2I1yI2z) is up to projections proportional to
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Wℋ X Y

Z

Wρ +

∂Wρ∂t +

0
1

4 ν 1

2 ν
Figure 3.5: (Color online) Time evolution of the initial deviation density matrix I1x under
the bilinear coupling Hamiltonian H = πν2I1zI2z , computed with our Wigner formal-
ism. PROPS representation of the Wigner functions of the Hamiltonian (upper row), the
traceless deviation density matrix (middle row), and the time derivative of the deviation
density matrix (lower row). Note that ρ(0) = I1x, ρ[1/(4ν)] = (I1x + 2I1yI2z)/

√
2, and

ρ[1/(2ν)] = 2I1yI2z .3

∂2Wρ(0)/∂t2 ∝ ∂(cos θ2 sin θ1 sinφ1)/∂t
∝ {sin θ1 sinφ1, cos θ1}{1} cos θ2 cos θ2 + cos θ1 sin θ1 sinφ1{cos θ2, cos θ2}{2}.

Using that the term vanishes {cos θ2, cos θ2}{2} = 0 and the following term is calculated via
{sin θ1 sinφ1, cos θ1}{1} = − sin θ1 cosφ1 sin θ1/(R sin θ1), we obtain up to projections that

∂W(2I1yI2z)/∂t = −2
√

3R2πν sin θ1 cosφ1 cos2 θ2.

It is however important to understand that the term

cos2 θ2 = [
√

4πY00(θ2, φ2) + 4
√
π/5 Y20(θ2, φ2)]/3 (3.21)

linearly decomposes into spherical harmonics of rank zero and two, as also visualized in
Figure 3.4(b). After applying the projector P{2} from Eq. (3.17), only a term proportional to
Y00 = 1/

√
4π remains;7 and this leads to

∂W(2I1yI2z)/∂t = −2R2πν√
3

sin θ1 cosφ1 =W(−πνI1x).

It is now apparent, that the second time derivative of Wρ(0) is proportional to Wρ(0), i.e.,
∂2Wρ(0)/∂t2 = −(πν)2Wρ(0) and that the time evolution of Wρ is parametrized by only
two Wigner functions

WA ∶=W(I1x) = R sin θ1 cosφ1/
√

2π, WB ∶=W(2I1yI2z) = 2R2 sin θ1 sinφ1 cos θ2.

7 The term cos2 θ2 is proportional to W(I2z)W(I2z). Note that in general P{k}W(Ika)W(Ikb) =
δab/[4(2π)N ] with a, b ∈ {x, y, z} holds for the pointwise product of Wigner functions, where N denotes
the number of spins 1/2.
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Note the similarity with Eq. (3.14). The solution for the Wigner function is then given by8

Wρ(t) = Rc(t) sin θ1 cosφ1/
√

2π + 2R2s(t) sin θ1 sinφ1 cos θ2, (3.22)

where c(t) ∶= cos(πνt) and s(t) ∶= sin(πνt). Figure 3.5 illustrates the time evolution
of Wigner functions for the Hamiltonian H = πν2I1zI2z (upper row), the traceless devia-
tion density matrix ρ(t) = c(t)I1x + s(t)2I1yI2z (middle row), and the corresponding time
derivative ∂ρ/∂t = −s(t)I1x + c(t)2I1yI2z (lower row) at different times t = 0, πνt = π/4,
and πνt = π/2. Arbitrary operators are visualized in the PROPS representation by decom-
posing them into sums of product operators (refer also to B.2). An alternative representation
of the Wigner function in Eq. (3.22) based on a decomposition into non-hermitian operators
is given in Sec. 3.7.4.2.

3.5 Theory: Wigner formalism for the time evolution of

coupled spins

The central parts of the Wigner formalism for coupled spins are now systematically devel-
oped. Most of our theoretical concepts were already introduced in Sec. 3.4 using easily un-
derstandable examples. We present now the mathematical details for our Wigner formalism
for coupled spins which form the main results of this work. Identifying the underlying phys-
ical principles, the description of the time evolution of coupled spin systems is consequently
derived via our theoretical approach.

We want to emphasize that our theoretical approach, which relies on the irreducible ten-
sor operators is applicable to arbitrary density matrices and operators of coupled spin sys-
tems, even though our technical tools (including Clebsch-Gordan coefficients and Wigner
6-j symbols [192]) might spuriously suggest some superficial similarity to the description
of indistinguishable particles using reducible representations of the special unitary group of
dimension two. In particular, the star product specifying the time evolution is not determined
by a simple addition of angular momenta, not even for a single spin [cf. Eq. (3.53) below].

First, we recall basic properties of product operators and the tensor product of matrices
(see Sec. 3.5.1); the main properties are summarized in Table 3.4. We detail the Wigner trans-
formation of spin operators for single and coupled spin systems in Sec. 3.5.2. This then leads
in Sec. 3.5.3 to a simplified approach to compute the star product of single-spin-1/2 operators
and allows us to derive the corresponding equation of motion. In Sec. 3.5.4, the star product
is then extended to coupled spin-1/2 operators and the corresponding equation of motion
is determined. Finally, we provide an optimized form of our formalism for two and three
coupled spins 1/2 as well as natural Hamiltonians for multiple spins 1/2 (see Sec. 3.5.5).

8 The parametrized Wigner function Wρ(t) = a(t)WA + b(t)WB is substituted into Eq. (3.16), and one ob-
tains ∂[a(t)WA+b(t)WB]/∂t = πν[a(t)WB −b(t)WA]. This splits into ∂a(t)/∂t = −πνb(t) and ∂b(t)/∂t =
πνa(t) and results in Wρ(t) = cos(πνt)WA + sin(πνt)WB .
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Table 3.4: Normalized product operators and tensor products for basis operators embedded
into an N -spin system; see also B.1. The names in the first column refer to the case when
all indices jk > 0; but the prefactors are correct even if some jk are zero.

Type Product-operator notation Tensor-product notation

Linear JT
{k}
jm

JT00±
#1

⊗⋯⊗ JT00 ⊗ JTjm
²

#k

⊗ JT00 ⊗⋯⊗ JT00±
#N

Bilinear
√

2J+1
NJT

{k}
jkmk

JT
{`}
j`m`

JT00±
#1

⊗⋯⊗ JTjkmk
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

#k

⊗⋯⊗ JTj`m`
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

#`

⊗⋯⊗ JT00±
#N

M -linear
√

2J+1
N(M−1)

⊗k∈{1,...,N}Ak,

×∏k∈K,∣K∣=M
JT

{k}
jkmk

where Ak ∶=
⎧⎪⎪⎨⎪⎪⎩

JTjkmk if k ∈K,
JT00 otherwise.

N -linear
√

2J+1
N(N−1) JTj1m1 ⊗⋯⊗ JTjNmN

×JT
{1}
j1m1

⋯JT
{N}

jNmN

3.5.1 Product-operator and tensor-product notation

We recapitulate elementary definitions and properties of tensor operators acting on a coupled
N -spin system consisting of spin-J particles. For single spins, the tensor components JTjm

are indexed with rank j ∈ {0, . . . ,2J} and orderm ∈ {−j, . . . , j}; the index J can be dropped
if J = 1/2. Recall the defining relations of tensor operators in Eq. (3.5), and their matrix
elements given in the standard basis ∣Jm⟩ can be specified in terms of Clebsch-Gordan coef-
ficients [192, 47, 33, 87]

[JTjm]m1m2 ∶= ⟨Jm1∣JTjm∣Jm2⟩ =
√

2j+1
2J+1 C

Jm1
Jm2,jm

= (−1)J−m2 CjmJm1J,−m2
, (3.23)

where m1,m2 ∈ {J, . . . ,−J}. The single-spin operator JTjm is normalized and can be
embedded as the product operator

JT
{k}
jm ∶= JT00 ⊗⋯⊗ JT00 ⊗ JTjm ⊗ JT00 ⊗⋯⊗ JT00 (3.24)

acting on the kth spin of an N -spin system (recall that Id2J+1 =
√

2J+1 JT00). More gen-
erally, the embedded form of a single-spin operator A acting on the kth spin is denoted by
A{k} ∶= JT00⊗⋯⊗JT00⊗A⊗JT00⊗⋯⊗JT00. We consider products of single-spin tensor
operators, and certain cases are summarized in Table 3.4 as normalized product operators A
with Tr(A†A) = 1, Table 3.4 also shows the complementary tensor-product notation, and we
will switch between product operators and the tensor-product notation. Elementary proper-
ties of product operators can usually directly be inferred from properties of tensor products
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of operators Ak and Bk with k ∈ {1, . . . ,N}:

(A1⋯AN)⊗ (B1⋯BN) = (A1⊗B1)⋯ (AN⊗BN), (A1 ⊗⋯⊗AN)† = A†
1 ⊗⋯⊗A†

N ,

and Tr(A1 ⊗⋯⊗AN) = Tr(A1)⋯Tr(AN).

Moreover, we gather the following properties of embedded single-spin product operators:

Lemma 3.1. Embedded single-spin product operators have the following properties:

(a) Tr[(JT
{k1}
j1m1

)†JT
{k2}
j2m2

] = δk1k2δj1j2δm1m2 ,

(b) [JT
{k1}
j1m1

, JT
{k2}
j2m2

] = δk1k2
√

2J+1
N−1 ([JTj1m1 ,

JTj2m2]){k1},

(c) JT
{k}
j1m1

JT
{k}
j2m2

= 1
√

2J+1
N−1 (JTj1m1

JTj2m2){k}.

These properties imply that normalized products of single-spin tensor operators give rise to
a basis of the full operator space of N spins (cf. Table 3.4):

Lemma 3.2. The normalized product operators

√
2J+1

N(N−1)JT
{1}
j1m1

⋯JT
{N}

jNmN
= JTj1m1 ⊗⋯⊗ JTjNmN

form an orthonormal basis of the full N -spin system, and an arbitrary spin operator A

can be decomposed as

A = ∑
j1m1...jNmN

aj1m1...jNmN

√
2J+1

N(N−1)JT
{1}
j1m1

⋯JT
{N}

jNmN
.

Given an M -linear operator acting on M ≤ N spins, all indices jk in the decomposition of
A given in Lemma 3.2 are greater equal to zero for k ∈ {1, . . . ,N}. Yet, certain indices jk
have to be zero if M < N . B.1 provides a non-technical tutorial on elementary properties of
product operators.

3.5.2 The Wigner formalism for spins

We describe the Wigner representation of spin operators which are mapped by the Wigner
transformation to spherical functions. This bijective mapping between operators and phase-
space functions fulfills the so-called Stratonovich postulates (and generalizations thereof)
which are discussed in B.3 for single spins as well as multiple coupled spins.
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3.5.2.1 Wigner representation of single spins

The continuous Wigner representation of an arbitrary operator A acting on a single spin J is
defined as [253]

W(A) ∶=WA(θ, φ) = Tr[∆J(θ, φ)A], (3.25)

where W(A) denotes the Wigner transform of A. In Eq. (3.25), we have used the kernel
∆J(θ, φ) for a single spin J which maps spin operators onto spherical functions, and it is
given by9

∆J(θ, φ) ∶=
2J

∑
j=0

j

∑
m=−j

Y∗
jm(θ, φ) JTjm = ∆†

J(θ, φ). (3.26)

The form of the kernel builds on the work of [243, 253, 47, 46], see, in particular, Eqs. (4.16)-
(4.17) in [47], Eq. 2.14 in [253], and Eq. (9) in [151]. Here, the tensor operators JTjm for
a given spin number J form an orthonormal set of basis operators for (2J+1) × (2J+1)
matrices, i.e.,

Tr(JT†
j1m1

JTj2m2) = δj1j2δm1m2 ; (3.27)

likewise the spherical harmonics Yjm(θ, φ) [136] are orthonormal with respect to the scalar
product

∫
π

θ=0
∫

2π

φ=0
Y∗
j1m1

(θ, φ)Yj2m2(θ, φ) sin θ dθ dφ = δj1j2δm1m2 . (3.28)

Equations (3.25) and (3.27) imply that the Wigner representation of a tensor operator
JTjm is equal to the spherical harmonic Yjm(θ, φ), i.e.,

W(JTjm) =WJTjm
(θ, φ) = Yjm(θ, φ). (3.29)

Tensor operators can be reconstructed from their Wigner representation by applying the in-
verse Wigner transformation (usually referred to as the Weyl transformation) which is defined
as

W−1[F (θ, φ)] ∶= ∫
π

θ=0
∫

2π

φ=0
∆J(θ, φ)F (θ, φ) sin θ dθ dφ. (3.30)

By substituting F =WA in Eq. (3.30), one obtains that A =W−1[WA(θ, φ)]. The orthonor-
mality relation of Eq. (3.28) implies that the inverse Wigner transformation of the spherical
harmonics Yjm(θ, φ) are given by the tensor operators JTjm.

3.5.2.2 Wigner representation of coupled spins

We now generalize the definition of the kernel for a single spin [see Eq. (3.26)] to multiple
spins J , but for simplicity with identical J for each spin, while a generalization to systems
that are composed of particles of different spin number J is straightforward.

9 We verify that ∆J(θ, φ) = ∑2J
j=0∑jm=−j Y∗

j,−m
JTj,−m = ∆†

J(θ, φ) is hermitian by using the Condon-
Shortley phase convention and ∆†

J(θ, φ) = ∑
2J
j=0∑jm=−j Yjm

JT†
jm.
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Result 3.1. For N coupled spins, the kernel is defined as the N -fold tensor product

∆
{1...N}

J ∶= ∆
{1...N}

J (θ1, φ1, . . . , θN , φN) =
N

⊗
k=1

∆J(θk, φk)

of the individual kernels and involves a set of 2N spherical (phase-space) variables

(θ1, φ1, . . . , θN , φN) describing points onN spheres.a Using the definition of the kernel

∆J(θ, φ) from Eq. (3.26) and applying the correspondence of Table 3.4, one obtains the

explicit form

∆
{1...N}

J = ∑
j1...jN
m1...mN

[JTj1m1 ⊗⋯⊗ JTjNmN ] Y

= ∑
j1...jN
m1...mN

[
√

2J+1
N(N−1)JT

{1}
j1m1

⋯JT
{N}

jNmN
] Y, (3.31)

where Y ∶= ∏Nk=1 Y∗
jkmk

(θk, φk). Consequently, this defines the Wigner transformation

as

W(A) ∶=WA(θ1, φ1, . . . , θN , φN) = Tr(∆{1...N}

J A), (3.32)

and it satisfies the generalized Stratonovich postulates described in B.3.2.

aA similar result has been attained in Eq. (9) of [248].

We now apply orthonormality properties of tensor operators [see Lemma 3.1(a)] and verify
that the Wigner representation for the linear embedded tensor operator JT

{k}
jm is proportional

to the spherical harmonic Yjm(θk, φk), which depends on the angular variables θk and φk.
More precisely, we obtain the relation

W(JT
{k}
jm ) = Y

{k}
jm ∶= Y00°

#1

⋯Y00°
#(k−1)

Yjm(θk, φk)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

#k

Y00°
#(k+1)

⋯Y00°
#N

= Yjm(θk, φk)/
√

4π
N−1

.

(3.33)
Similarly as for the Wigner transformation, the inverse Wigner transformation of a spherical
function F = F (θ1, φ1, . . . , θN , φN) is generalized to multiple spins as

W−1(F ) ∶=
θk≤π,φk≤2π

[
θk,φk≥0

∆
{1...N}

J F
N

∏
k=1

sin θk dφk dθk. (3.34)

Setting F = WA in Eq. (3.34) also verifies that A =W−1[WA(θ1, φ1 . . . θN , φN)] holds. In
particular, the inverse Wigner transformation maps the spherical harmonic Y

{k}
jm with vari-

ables (θk, φk) to the linear tensor operators JT
{k}
jm acting on the kth spin. Finally, our ap-

proach establishes that the Wigner representation of products of embedded tensor operators
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can be written as products of the corresponding spherical harmonics involving different vari-
ables, i.e.,

W(
√

2J+1
N(N−1) JT

{1}
j1m1

⋯ JT
{N}

jNmN
) =W( JTj1m1 ⊗⋯⊗ JTjNmN ) (3.35)

= Yj1m1(θ1, φ1)⋯YjNmN (θN , φN).

3.5.2.3 Star product, star commutator, and Moyal equation

In the following, we wish to compute the Wigner representation WAB of the product AB of
two operators A and B from their respective Wigner representations WA and WB . This is
accomplished by recalling the defining relation

WAB =WA ⋆WB (3.36)

of the star product ⋆ of two Wigner functions. The star product mimics the matrix product
of two operators. Note that the product AB is restricted to the subspace of tensor operators
with rank at most 2J , just as for the operators A and B.

The time evolution of the density operator ρ is governed by the von-Neumann equation
i∂ρ/∂t = [H, ρ] =Hρ − ρH, see Eq. (3.2). This can be mapped to the Wigner representation
by applying Eq. (3.25) and exploiting that the symbols WρH and WHρ can according to
Eq. (3.36) be restated in terms of star products. Hence, the equation of motion in the Wigner
representation is given as

i
∂Wρ

∂t
= [WH,Wρ]⋆ ∶=WH ⋆Wρ −Wρ ⋆WH. (3.37)

This defines the star commutator [⋅, ⋅]⋆, which constitutes an analogue of the matrix commu-
tator.

3.5.3 Star product for a single spin 1/2

Wigner representations and their defining star products are well studied in the case of infinite-
dimensional quantum-mechanical operators [232, 227]. Similarly as in the case of infinite-
dimensional systems, the star product from Eq. (3.36) can be computed using an integral or
differential form (as discussed in Sections 3.3.2 and 3.3.5.1). The integral form is an integral
transformation of the Wigner functions WA(θ1, φ1) and WB(θ2, φ2) which is weighted with
a so-called trikernel. We provide an explicit expression for the integral form in Eq. (B.3) of
B.6 (along the lines of [253]) by evaluating the exact star product and by applying expansion
formulas from Sec. 3.5.3.1 below. This result provides a formal definition of the star product,
but is less useful in applications.

In contrast, the differential star product is more convenient for explicit calculations since
only partial derivatives and the pointwise product of WA and WB are required, which is
afterwards followed by a projection.
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For an arbitrary spin number J , Klimov and Espinoza [151] state the differential star
product for two so-called Beresin P symbols PA and PB as a sum of the pointwise product of
two functions combined with partial derivatives. The order and number of the partial deriva-
tives grow rapidly with increasing J , and a truncation of the resulting P symbol is required.
Klimov and Espinoza [151] also provide formulas to compute the star product of Wigner
functions. Their method is virtually equivalent to transforming the Wigner functions into P
symbols, then after computing the star product of P symbols, the P symbols are transformed
back. In summary, the star product of two spin-1/2 Wigner functions WA and WB can be
computed by first decomposingWA andWB into spherical harmonics and by reweighting the
expansion coefficients one obtains W̃A and W̃B , where W̃A and W̃B are proportional to the P
symbols PA and PB . The differential star product of the P symbols is then applied to W̃A and
W̃B , and one obtains the four summands aW̃AW̃B , b{W̃A, W̃B}, c (∂W̃A/∂θ) (∂W̃B/∂θ),
and d (∂W̃A/∂φ) (∂W̃B/∂φ)/ sin2 θ, where a, b, c, and d denote suitable prefactors. The
resulting function W̃AB is transformed back by reweighting the terms in its decomposition
into spherical harmonics. Finally, a resultWAB is obtained that satisfies the defining property
WAB =WA ⋆WB .

We consider only the case of J = 1/2 and provide a simplified approach, which never-
theless leads to the same star product and the same equation of motion that is given by the
Poisson bracket (see [150] and [253]). The resulting differential star product WA ⋆WB [see
Result 3.2 below] is simply a sum of the pointwise product WAWB and the Poisson bracket
{WA,WB} of the two Wigner functions. In Sec. 3.5.3.1 we provide formulas necessary to
evaluate the star product, and Sec. 3.5.3.2 contains the details on how the star product is
calculated. This simplified approach allows us then to extend the star product to multiple,
coupled spins as detailed in Sec. 3.5.4.

3.5.3.1 Matrix products, pointwise products, and Poisson brackets

We detail how to expand products of tensor operators (resp. spherical harmonics) into a lin-
ear combination of tensor operators (resp. spherical harmonics). A similar expansion is de-
scribed for the Poisson bracket of spherical harmonics. The product of two irreducible tensor
operators can be expanded as [151, 254]

JTj1m1

JTj2m2 =
n

∑
L=∣j1−j2∣

JQj1j2LC
LM
j1m1j2m2

JTLM . (3.38)

Here, the upper bound of the summation does not need to exceed 2J and is given by n ∶=
min(j1+j2,2J) as JQj1j2L = 0 for L > 2J ; note M = m1+m2.10 Also, CLMj1m1j2m2

are the
Clebsch-Gordan coefficients [192], and the coefficients

JQj1j2L ∶= (−1)2J+L
√

(2j1+1)(2j2+1)
⎧⎪⎪⎨⎪⎪⎩

j1 j2 L

J J J

⎫⎪⎪⎬⎪⎪⎭
(3.39)

10 The lower bound in the summation can be enlarged to max(∣j1−j2∣,m1+m2) without changing the result.
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are proportional to Wigner 6-j symbols [192] and depend only on j1, j2, and L, but are
independent ofm1,m2, andM . This also conforms with the fact that only tensor operators of
rank zero and one are allowed for the case of a spin 1/2 in the product AB (see Sec. 3.5.2.3).

In order to determine the Poisson bracket of two spherical functions, we first recall its
definition [refer also to Eq. (3.9)]

{WF ,WG}{i} ∶=WF (
←Ð
∂
∂φi

1
R sin θi

Ð→
∂
∂θi

−
←Ð
∂
∂θi

1
R sin θi

Ð→
∂
∂φi

)WG, (3.40)

where the arrows← and→ indicate whether the derivatives act to the left or the right, respec-
tively. Moreover, the normalization factor is set to R =

√
3/(8π). Based on [95], the Poisson

bracket of two spherical harmonics can be expanded as

{Yj1m1 ,Yj2m2} =
j1+j2

∑
L=∣j1−j2∣

Uj1j2LC
LM
j1m1j2m2

YLM . (3.41)

The product of two spherical harmonics decomposes into a linear combination of spherical
harmonics as (see Sec. 12.9 of [19])

Yj1m1Yj2m2 =
j1+j2

∑
L=∣j1−j2∣

Zj1j2LC
LM
j1m1j2m2

YLM . (3.42)

Here, the coefficients Zj1j2L and Uj1j2L depend only on j1, j2, and L and are given by

Zj1j2L ∶=
√

(2j1+1)(2j2+1)
4π(2L+1) CL0

j10j20, (3.43)

Uj1j2L ∶= − i
2R[1 − (−1)L−j1−j2]

√
j1(j1+1)L(L+1) ×

√
(2j1+1)(2j2+1)

4π(2L+1) CL1
j11 j2 0. (3.44)

Although the Poisson bracket {⋅, ⋅} will not be completely analogous to the star commu-
tator [⋅, ⋅]⋆ for arbitrary J , there is a strong relation between these two operations. Recalling
that the star commutator in the Wigner representation corresponds to the commutator of ma-
trix representations (see Sec. 3.5.2.3), we can in analogy compare the Poisson bracket from
Eq. (3.41) with the usual commutator of tensor operators. Using Eq. (3.38), the commutator
of tensor operators can be brought into a similar form (M =m1 +m2)

[JTj1m1 ,
JTj2m2] =

n

∑
L=∣j1−j2∣

JQ′
j1j2LC

LM
j1m1j2m2

JTLM (3.45)

by applying JQ′
j1j2L

∶= [1− (−1)j1+j2−L]JQj1j2L and the symmetry properties CLMj1m1j2m2
=

(−1)j1+j2−LCLMj2m2j1m1
of the Clebsch-Gordan coefficients. We compare Eq. (3.41) with

Eq. (3.45) and note that the coefficients Q′(J)
j1j2L

and Uj1j2L will in general differ. However,
their nonzero values within the range j1, j2, L ≤ 2J appear at coinciding values of j1, j2, and
L, highlighting the close relation of the Poisson bracket and the star commutator. Finally, we
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provide a particular case where this equivalence is strict up to a prefactor:

{Y10,Yjm} = i
√

2mYjm, {Y1,±1,Yjm} = ∓i
√

(j ∓m) (j ±m + 1) Yj,m±1, (3.46a)

[JIz, JTjm] =m JTjm, [JI±, JTjm] =
√

(j ∓m) (j ±m + 1) JTj,m±1. (3.46b)

The Equations (3.46b) show how the basic definition of spherical tensor operators relies on
commutators, c.f. Eq. (3.5). By comparing them to the Equations (3.46a) it is clear that
the defining relation is also satisfied by the Poisson bracket of spherical harmonics up to the
prefactor i (and an additional prefactor implied by ∓NJW(JI±) = Y1,±1 andNJ

√
2W(JIz) =

Y1,0).11 The particular cases of Eq. (3.46) are also considered in Equation (5.13) of [253].

3.5.3.2 Evaluation of the star product

In this section, we detail the explicit form of the differential star product for a single spin
1/2 while ensuring that its form conforms with Sec. 3.5.2.3. We build on the work in [151,
253] and provide a simplified approach. The differential star product is given as the sum
of the pointwise product and the Poisson bracket of two spherical functions, followed by
the projection onto rank-one and rank-zero spherical harmonics, i.e., by truncating spherical
harmonics with rank greater than one. Two distinct symbols are used: the exact star product
⋆ is obtained from the prestar product ☆ after truncating certain spherical harmonics.

11 The prefactorNJ is implied by the formula JT1,±1 = ∓JI±NJ = ∓JI±/
√

Tr(JI± JI∓) where JI± = JIx±iJIy .
The trace is given by Tr(JI± JI∓) = Tr[(JIx ± iJIy)(JIx ∓ iJIy)] = Tr[J(I2)] − Tr[(JIz)2], where J(I2) =
(JIx)2 + (JIy)2 + (JIz)2, Tr[J(I2)] = J(J+1)(2J+1), and Tr[(JIz)2] = ∑Jm=−Jm

2 = J(J+1)(2J+1)/3. It
follows that NJ = 1/

√
Tr(JIJ±I∓) = 1/

√
2J(J+1)(2J+1)/3.
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Result 3.2. Given the Wigner functions WF (θ, φ) and WG(θ, φ) of the operators F

and G acting on a single spin 1/2, the prestar product (i.e., the product that results in

the star product after truncation) is defined as

WF (θ, φ) ☆WG(θ, φ) ∶=
√

2πWFWG− i2{WF ,WG} (3.47)

using the Poisson bracket {⋅, ⋅} from Eq. (3.40). Note that the factor
√

2π = 1/WId is

the inverse of the identity Wigner function. The corresponding star product

WF (θ, φ) ⋆WG(θ, φ) ∶= P[WF (θ, φ) ☆WG(θ, φ)] (3.48)

is obtained by projecting onto spherical functions of rank zero or one, e.g., by applying

the projection operator

P Yjm ∶= (1 +L2/12 −L4/24)Yjm =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Yjm for j < 2

0 for j = 2
(3.49)

which uses the angular momentum operator L with eigenvalues L2 Yjm = j(j+1)Yjm.a

aThe projector Pf(θ, φ) = ∑1
j=0∑jm=−j Yjm(θ, φ) ∫

π

θ=0 ∫
2π

φ=0 f(θ, φ)Y
∗
jm(θ, φ) sin θ dθ dφ can be

applied to an arbitrary spherical function, but Equation (3.48) is fulfilled by the differential operator in
Equation (3.49).

We will now verify that this definition satisfies the defining property of a star product, i.e.,
WFG(θ, φ) = WF (θ, φ) ⋆WG(θ, φ) [see Eq. (3.36)]. We start by expanding the operators
F = ∑1

j=0∑
j
m=−j fjmTjm and G = ∑1

j=0∑
j
m=−j gjmTjm into tensor operators Tjm. One

directly obtains that

FG =
1

∑
j1,j2=0

j1

∑
m1=−j1

j2

∑
m2=−j2

fj1m1gj2m2 Tj1m1Tj2m2 . (3.50)

This summation involves products Tj1m1Tj2m2 of tensor operators which can be rewritten
following Eq. (3.38) as

Tj1m1Tj2m2 =
n

∑
L=∣j1−j2∣

Q
(1/2)
j1j2L

CLMj1m1j2m2
TLM , (3.51)

where n can be limited to n = min(j1+j2,2J) and M = m1+m2. In order to compare
Eqs. (3.50) and (3.51) with their counterparts in the Wigner space, we also compute the star
product WF (θ, φ) ⋆WG(θ, φ). Recall from Eq. (3.29) that the Wigner representations of F
andG are given byWF = ∑1

j=0∑
j
m=−j fjmYjm andWG = ∑1

j=0∑
j
m=−j gjmYjm. The prestar

product (i.e., the product that results in the star product after truncation) evaluates to

WF (θ, φ) ☆WG(θ, φ) =
1

∑
j1,j2=0

j1

∑
m1=−j1

j2

∑
m2=−j2

fj1m1gj2m2 Yj1m1 ☆Yj2m2 , (3.52)
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Table 3.5: Prestar product ☆ (i.e., the product that results in the star product after truncation)
of spherical harmonics for a single spin 1/2. The corresponding star product ⋆ is obtained
by discarding the underlined components Yjm with j > 1.

↓ ☆→ Y00 Y1,−1 Y10 Y11

Y00
1√
2
Y00

1√
2
Y1,−1

1√
2
Y10

1√
2
Y11

Y1,−1
1√
2
Y1,−1 0+

√
3
5Y2,−2

1√
2
Y1,−1+

√
3
10Y2,−1 − 1√

2
Y00+ 1√

2
Y10

+ 1√
10

Y20

Y10
1√
2
Y10 − 1√

2
Y1,−1+

√
3
10Y2,−1

1√
2
Y00+

√
2
5Y20

1√
2
Y11+

√
3
10Y21

Y11
1√
2
Y11 − 1√

2
Y00− 1√

2
Y10 − 1√

2
Y11+

√
3
10Y21 0+

√
3
5Y22

+ 1√
10

Y20

where the explicit formula of Eq. (3.47) results in

Yj1m1 ☆Yj2m2 =
√

2πYj1m1Yj2m2 − i
2 {Yj1m1 ,Yj2m2} =

j1+j2

∑
L=∣j1−j2∣

Λj1j2LC
LM
j1m1j2m2

YLM .

(3.53)
Here, we have applied the formulas in Eqs. (3.41) and (3.42) and use the notation Λj1j2L ∶=√

2πZj1j2L − (i/2)Uj1j2L. The corresponding star product ⋆ is obtained if we substitute the
upper summation bound in Eq. (3.53) with n = min(j1+j2,2J), which is the same bound as
in Eq. (3.51). We are now ready to compare the tensor operators in Eqs. (3.50) and (3.51) with
their respective complements in the Wigner space in Eqs. (3.52) and (3.53). Consequently,
we have to compare the explicit values of the coefficients Q(1/2)

j1j2L
and Λj1j2L and we obtain

that

Q
(1/2)
000 = Q(1/2)

011 = Q(1/2)
101 = Λ000 = Λ011 = Λ101 = 1√

2
,

Q
(1/2)
110 = Λ110 = −

√
3√
2
, Q

(1/2)
111 = Λ111 = −1,

and all other values are zero. This verifies that Yj1m1 ⋆ Yj2m2 = P(Yj1m1 ☆ Yj2m2) =
W(Tj1m1Tj2m2), and one respectively concludes that WFG(θ, φ) =WF (θ, φ) ⋆WG(θ, φ).
The preceding discussion is summarized as

Theorem 3.2. The explicit form of the star product ⋆ in Eq. (3.48) observes its defining

property from Eq. (3.36), i.e. WFG(θ, φ) =WF (θ, φ) ⋆WG(θ, φ).

The explicit values for the prestar product ☆ (i.e., the product that results in the star product
after truncation) for Wigner functions forming a basis for a single spin 1/2 are presented in
Table 3.5. The corresponding star product ⋆ is obtained by truncating the underlined parts in
Table 3.5.
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3.5.3.3 Equation of motion based on the star product

We can now apply Result 3.2 to the differential equation given in Eq. (3.37) in order to
provide its explicit form for a single spin 1/2. This results in the time evolution [253, 150]

∂WA/∂t = {WA,WH} (3.54)

in the Wigner space which is governed by the Poisson bracket. A detailed visualization of
the whole structure of our formalism leading to Eq. (3.54) is given in Figure B.2 of B.5.
It can be inferred from Table 3.5 (as Yjm with j > 1 in the decomposition are symmetric
with respect to the order of multiplication) that {WA,WB} = i(WA⋆WB −WB⋆WA) =
i(WA☆WB −WB☆WA) holds for a single spin 1/2. This means that a truncation is not
required to compute the time evolution in this particular case. In the case of Hamiltonians
that contain only JIx, JIy and JIz in the form JH = cx JIx + cy JIy + cz JIz Eq. (3.54) holds
for arbitrary spin J [up to a global prefactor NJ as implied by Eq. (3.46)],11 and agrees with
the results of [253, 150]. Consequently, the time differential for an arbitrary spin J evolving
under a linear Hamiltonian is given as

∂WJA/∂t = NJ{WJA,WJH}, (3.55)

where NJ is a global prefactor11 and JA denotes an arbitrary spin-J operator.

3.5.4 Star product for multiple coupled spins with spin number J =

1/2

We extend the star product from Result 3.2 to multiple coupled spins. To this end, we intro-
duce a projection operator P{1...N} ∶=∏Nk=1P{k} which restricts resulting spherical harmon-
ics to rank zero and one12 and which can be via Equation (3.49) written as

P{k} ∶= (1 + (L{k})2/12 − (L{k})4/24). (3.56)

The angular momentum operator L acts as (L{k})2 Yjm(θk, φk) and has the eigenvalues
j(j+1)Yjm(θk, φk). This projection will be used to truncate superfluous terms in the fol-
lowing definition of the star product:

12 In general, an arbitrary, multivariate spherical function f = f(θ1, φ1, . . . , θN , φN) is projected using
P{k}f = ∑1

jk=0∑
jk
mk=−jk Yjkmk(θk, φk) ∫

π

θk=0 ∫
2π

φk=0
f Y∗

jkmk
(θk, φk) sin θk dφk dθk.
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Result 3.3. The prestar product (the product that results in the star product after trun-

cation) of two Wigner functions WA and WB corresponding to operators A and B in a

system of N coupled spins 1/2 is defined as

WA ☆WB ∶=WA(
N

∏
k=1

☆{k})WB,

where the individual prestar operators are given by ☆{k} ∶=
√

2π − i{⋅, ⋅}{k}/2 (cf. Re-

sult 3.2, Eq. (3.47)) and {⋅, ⋅}{k} denotes the Poisson bracket taken with respect to the

variables θk and φk, see Eq. (3.40). The star product

WA⋆WB ∶= P{1...N}(WA☆WB) = P{1...N}(WA[
N

∏
k=1

(
√

2π− i
2{⋅, ⋅}

{k})]WB). (3.57)

is obtained by applying the projection operator P{1...N}.

The star product for coupled spins in Result 3.3 allows us to establish the form of the Wigner
representation for multispin product operators T

{1}
j1m1

⋯T
{N}

jNmN
, which consists of matrix

products of single-spin operators, cf. Table 3.4. In the Wigner representation, matrix products
are substituted by star products:

Lemma 3.3. The Wigner representation of product operators T
{1}
j1m1

⋯T
{N}

jNmN
is given

by the prestar products (i.e., the product that results in the star product after truncation)

of the Wigner representationsW(T{k}
jkmk

) of the individual single-spin operators, i.e.,

W(T{1}
j1m1

⋯T
{N}

jNmN
) =W(T{1}

j1m1
)⋆⋯⋆W(T{N}

jNmN
) =W(T{1}

j1m1
)☆⋯☆W(T{N}

jNmN
).

(3.58)

Proof. From Eq. (3.33), we know thatW(T{k}
jkmk

) = Y
{k}
jkmk

. All the Poisson brackets in the
star product vanish as their arguments operate on different spins. Therefore, the right hand
side of Eq. (3.58) is equal to [c.f. Eq. (3.57)]

Y
{1}
j1m1

☆⋯ ☆Y
{N}

jNmN
=
√

2π
N(N−1)

Y
{1}
j1m1

⋯Y
{N}

jNmN

= Yj1m1(θ1, φ1)⋯YjNmN (θN , φN)/
√

2
N(N−1)

.

Equation (3.58) is now a consequence of Eq. (3.35).

As a consequence of Lemma 3.3 and the linearity of the star product, the Wigner representa-
tion of an arbitrary product operator A1A2⋯AN can be simplified as

W(A1A2⋯AN) =
√

2π
N(N−1)W(A1)W(A2)⋯W(AN),
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where each linear operator is a linear combination of tensor operators acting on spin k Ak =
∑jk,mk cjkmkT

{k}
jkmk

. For example, the Wigner representation of Cartesian product operators
is obtained by substituting Ak with Ikαk for αk ∈ {x, y, z}.

The product of single-spin operators is computed via Lemma 3.1(c) as T
{k}
j1m1

T
{k}
j2m2

=
(Tj1m1Tj2m2){k}/

√
2
N−1

. Also, the star product of Wigner functions can be concisely stated
by applying the notation for embedded Wigner functions W {k}

A ∶= Y00⋯Y00WA(θk, φk)
Y00⋯Y00 =WA(θk, φk)/

√
4π

N−1
. This results in the following

Lemma 3.4. The star product of the two Wigner functions W(T{k}
j1m1

) = Y
{k}
j1m1

and

W(T{k}
j2m2

) = Y
{k}
j2m2

is given by

Y
{k}
j1m1

⋆Y
{k}
j2m2

=W(Tj1m1
Tj2m2

)(θk, φk)/
√

8π
N−1 =W {k}

(Tj1m1
Tj2m2

)
/
√

2
N−1

. (3.59)

Proof. We set F ∶= Tj1m1 and G ∶= Tj2m2 , and Lemma 3.2 verifies that WFG(θ, φ) =
WF (θ, φ) ⋆WG(θ, φ). Applying the definition of the multispin star product form Eq. (3.57)
of Result 3.3 to Y

{k}
j1m1

⋆Y
{k}
j2m2

results in

√
2π

N−1P{k}[Yj1m1
(θk,φk)

√
4π
N−1 ☆{k} Yj2m2

(θk,φk)
√

4π
N−1 ].

The formula P{k}[Yj1m1(θk, φk) ☆{k} Yj2m2(θk, φk)] = WFG(θk, φk) from Thm. 3.2 or
Eq. (3.48) concludes the proof.

After these preparations, we can prove that the star product given in Result 3.3 actually
satisfies its defining property from Eq. (3.36):

Theorem 3.3. In a system of N interacting spins 1/2, the Wigner representations WA

and WB of two operators A and B satisfy the equationW(AB) =WA ⋆WB .

Proof. We introduce the abbreviations for the multiple indexes j⃗ ∶= (j1, . . . , jN), m⃗ ∶=
(m1, . . . ,mN), j⃗′ ∶= (j′1, . . . , j′N), as well as m⃗′ ∶= (m′

1, . . . ,m
′
N). The product AB can

be expanded as

∑
j⃗,m⃗,j⃗′,m⃗′

aj⃗,m⃗bj⃗′,m⃗′2
N(N−1) T

{1}
j1m1

T
{1}
j′1m

′
1
⋯T

{N}

jNmN
T

{N}

j′Nm
′
N
,

and the matrix product can be independently evaluated on each individual spin. And each
product T

{k}
jkmk

T
{k}
j′
k
m′
k

can be written as (TjkmkTj′
k
m′
k
){k}/

√
2
N−1

, cf. Lemma 3.1(c), and its

Wigner transformation is given by W {k}
(Tj′

k
m′
k

Tj′
k
m′
k
)
/
√

2
N−1

. On the other hand, we get from
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Lemma 3.3 that

WA = ∑
j⃗,m⃗

aj⃗,m⃗
√

2
N(N−1)

Y
{1}
j1m1

☆⋯ ☆Y
{N}

jNmN
,

WB = ∑
j⃗′,m⃗′

bj⃗′,m⃗′

√
2
N(N−1)

Y
{1}
j1m1

☆⋯ ☆Y
{N}

jNmN
,

and the star product is given by WA ⋆WB = ∑j⃗,m⃗,j⃗′,m⃗′ aj⃗,m⃗bj⃗′,m⃗′2N(N−1)C, where

C = P{1...N}(Y{1}
j1m1

☆⋯ ☆Y
{N}

jNmN
☆Y

{1}
j′1m

′
1
☆⋯ ☆Y

{N}

j′Nm
′
N
)

= [P{1}(Y{1}
j1m1

☆Y
{1}
j′1m

′
1
)] ☆⋯ ☆ [P{N}(Y{N}

jNmN
☆Y

{N}

j′Nm
′
N
)]

=W {1}
(Tj1m1

Tj′
1
m′

1
)
/
√

2
N−1 ☆⋯ ☆W {N}

(TjNmNTj′
N
m′
N

)
/
√

2
N−1

.

Note that the second equality holds since two spherical harmonics Y
{k}
jkmk

and Y
{`}
j`m`

do

star-commute under the assumption that k ≠ `, i.e. [Y{k}
jkmk

,Y
{`}
j`m`

]☆ = 0. The third equal-

ity follows from Lemma 3.4 which shows that Y
{k}
jkmk

⋆ Y
{k}
j′
k
m′
k
= W {k}

(TjkmkTj′
k
m′
k
)
/
√

2
N−1

.

The proof is now a consequence of Lemma 3.3 which verifies that W {1}
(Tj1m1

Tj′
1
m′

1
)
☆ ⋯ ☆

W
{N}

(TjNmNTj′
N
m′
N

)
=W[(Tj1m1Tj′1m

′
1
){1}⋯(TjNmNTj′Nm

′
N
){N}].

After verifying the correctness of the star product from Result 3.3, we highlight how the
star product governs the time evolution of an arbitrary number N of coupled spins 1/2. We
introduce the notations a ∶=

√
2π and bk ∶= − i2{⋅, ⋅}

{k} and start by rewriting the star product
[see Eq. (3.57) in Result 3.3] into a more convenient form

☆ =
N

∏
k=1

(a + bk) =
N

∑
`=0

aN−` [ ∑
k1,k2,...,k`
kµ≠kν if µ≠ν

bk1bk2⋯ bk`], (3.60)

where kµ ∈ {1, . . . ,N}. The first four terms in the sum of Eq. (3.60) are given by

☆ =aN + aN−1(b1 + b2 +⋯ + bN) + aN−2(b1b2 +⋯ + bN−1bN)
+aN−3(b1b2b3 +⋯ + bN−2bN−1bN) +⋯,

and there are in total ∑N`=0 (
N
`
) = 2N terms. The star product is then obtained by applying

the projector P{1...N} from Eq. (3.56). Result 3.3 now determines the equation of motion via
the star commutator from Eq. (3.37) while the terms with even indices ` in Eq. (3.60) cancel
each other out.
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Result 3.4. The equation of motion in a system of N coupled spins 1/2 is given by

i
∂Wρ

∂t
= 2(WId)−1P{1...N}[WH

N

∑
`=1
` odd

c` ∑
k1,k2,...,k`
kµ≠kν if µ≠ν

pk1pk2⋯pk`Wρ], (3.61)

where c ∶= −i/
√

8π, WId = 1/
√

2π
N

is the Wigner transform of the identity operator

(see Table 3.3), P{1...N} denotes the projection from Eq. (3.56), and pkµ ∶= {⋅, ⋅}{kµ} is

the Poisson bracket from Eq. (3.40). The first two terms in the expansion are

i
∂Wρ

∂t
= 2(WId)−1P{1...N}[cWH(p1 + p2 +⋯ + pN)Wρ

+ c3WH(p1p2p3 +⋯ + pN−2pN−1pN)Wρ +⋯].

The first term in this expansion is given as a sum WH(p1 + p2 + ⋯ + pN)Wρ of Poisson
brackets, which corresponds to a classical evolution of a phase-space probability distribu-
tion Wρ. This truncated version of the expansion could be used to study the evolution
of spin-1/2 systems in a semi-classical approximation. And the first-order approximation
−(WId)−1/

√
2πP{1...N}[WH(p1 + p2 + ⋯ + pN)Wρ] to the time derivative corresponds to

the classical equation of motion, and the number of terms (i.e. the number of Poisson brackets
pk) scales linearly with the number N of degrees of freedom. The complete, exact equation
of motion of a spin-1/2 system is then established by introducing quantum corrections as
a power series of odd powers in c, similar as in the infinite-dimensional case. The number
of these quantum corrections grows exponentially for increasing number of coupled spins.
Consequently, the equation of motion is a sum of those terms that contain odd number of
products of Poisson brackets. The contribution of each term pk1pk2⋯pk` shrinks exponen-
tially for increasing N as the number of Poisson brackets grows.

3.5.5 Results for multiple coupled spins 1/2

The Wigner formalism for an arbitrary number of coupled spins 1/2 is completely determined
by the previous sections: the star product and the equation of motion are given in Results 3.3
and 3.4, respectively. In the following, these results are summarized and simplified for the
special cases of two and three coupled spins 1/2, as these cases are important for applications.

3.5.5.1 Two coupled spins

The star product from Result 3.3 is now detailed in a convenient formula for the case of two
coupled spins 1/2:
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Corollary 3.1. In case of two coupled spins 1/2, we obtain the prestar product as

☆ = (
√

2π− i2{⋅, ⋅}
{1})(

√
2π− i2{⋅, ⋅}

{2}) (3.62)

= 2π − i
√

π
2 ({⋅, ⋅}

{1}+{⋅, ⋅}{2}) − {⋅, ⋅}{1}{⋅, ⋅}{2}/4.

The star product WA(θ1, φ1, θ2, φ2) ⋆WB(θ1, φ1, θ2, φ2) of two Wigner functions can

be consequently computed as P{1,2}[WA(θ1, φ1, θ2, φ2) ☆WB(θ1, φ1, θ2, φ2)], where

the corresponding projections P{1,2} = P{2}P{1} act on two spheres by projecting

onto rank-one and rank-zero spherical harmonics; refer to the definition of P{k} in

Eq. (3.56).

Table 3.4 implies that tensor operators acting on single spins are expressed as T
{1}
j1m1

=
Tj1m1 ⊗T0,0 and T

{2}
j2m2

= T0,0 ⊗Tj2m2 , and their Wigner transformations from Result 3.1

areW(T{1}
jm ) = Y

{1}
jm = Yjm(θ1, φ1)/

√
4π andW(T{2}

jm ) = Y
{2}
jm = Yjm(θ2, φ2)/

√
4π. Sim-

ilarly, one obtains the formW(2T
{1}
j1m1

T
{2}
j2m2

) = Yj1m1(θ1, φ1)Yj2m2(θ2, φ2) of the Wigner
representation for bilinear operators, cf. Result 3.1. The star commutator

[WA,WB]⋆ =WA ⋆WB −WB ⋆WA = −i
√

2πP{1,2}({WA,WB}{1} + {WA,WB}{2})

is given by the antisymmetric part of the star product from Result 3.3, which in the case of
two spins 1/2 results in the truncated Poisson bracket over both spheres. The time evolution
of the density matrix ρ under the Hamiltonian H is proportional to the star commutator (see
Result 3.4):

Corollary 3.2. The equation of motion for two coupled spins 1/2 is given by

∂Wρ

∂t =
√

2πP{1,2}({Wρ,WH}{1}+{Wρ,WH}{2}). (3.63)

3.5.5.2 Three coupled spins

For three coupled spins, we also obtain the star product by applying Result 3.3:

Corollary 3.3. The prestar product for three coupled spins 1/2 simplifies to

☆ = (
√

2π− i2{⋅, ⋅}
{1})(

√
2π− i2{⋅, ⋅}

{2})(
√

2π− i2{⋅, ⋅}
{3}), (3.64)

and the star product WA ⋆ WB = P{1,2,3}(WA ☆ WB) is obtained by applying the

projection P{1,2,3} = P{3}P{2}P{1}; refer to the definition of P{k} in Eq. (3.56).
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Normalized linear tensor operators are given as T
{1}
j1m1

= Tj1m1 ⊗T00 ⊗T00, T
{2}
j2m2

= T00 ⊗
Tj2m2 ⊗T00 and T

{3}
j3m3

= T00 ⊗T00 ⊗Tj3m3 . Their Wigner representation from Result 3.1

isW(T{1}
jm ) = Y

{1}
jm = Yjm(θ1, φ1)/4π. In the bilinear case, the Wigner functions have the

form

W(
√

2
3
T

{1}
j1m1

T
{2}
j2m2

) = Yj1m1(θ1, φ1)Yj2m2(θ2, φ2)/
√

4π,

W(
√

2
3
T

{2}
j2m2

T
{3}
j3m3

) = Yj2m2(θ2, φ2)Yj3m3(θ3, φ3)/
√

4π,

W(
√

2
3
T

{1}
j1m1

T
{3}
j3m3

) = Yj1m1(θ1, φ1)Yj3m3(θ3, φ3)/
√

4π.

The correctly normalized trilinear operator
√

2
6
T

{1}
j1m1

T
{2}
j2m2

T
{3}
j3m3

results in the Wigner
function Yj1m1(θ1, φ1)Yj2m2(θ2, φ2)Yj3m3(θ3, φ3). The time evolution is determined by
the star commutator

[WA,WB]⋆ = −2πiP{1,2,3}
3

∑
k=1

{WA,WB}{k}+ i
4P

{1,2,3}WA({., .}{1}{., .}{2}{., .}{3})WB,

(3.65)
i.e., the antisymmetric part of the star product from Result 3.3. Using Result 3.4, we obtain
the equation of motion:

Corollary 3.4. The equation of motion for three coupled spins 1/2 is determined as

∂Wρ

∂t = 2πP{1,2,3}
3

∑
k=1

{Wρ,WH}{k} − 1
4P

{1,2,3}Wρ({., .}{1}{., .}{2}{., .}{3})WH.

Here, the triple Poisson bracket p1p2p3 in Result 3.4 is the first quantum correction

(which vanishes except when acting on trilinear Wigner functions) and leads to the

explicit form

{⋅, ⋅}{1}{⋅, ⋅}{2}{⋅, ⋅}{3} = 1
R3 sin θ1 sin θ2 sin θ3

×(+←Ð∂ 3
φ1,φ2,φ3

Ð→
∂ 3
θ1,θ2,θ3 −

←Ð
∂ 3
φ2,φ3,θ1

Ð→
∂ 3
φ1,θ2,θ3

−←Ð∂ 3
φ1,φ3,θ2

Ð→
∂ 3
φ2,θ1,θ3 −

←Ð
∂ 3
φ1,φ2,θ3

Ð→
∂ 3
φ3,θ1,θ2

+←Ð∂ 3
φ1,θ2,θ3

Ð→
∂ 3
φ2,φ3,θ1 +

←Ð
∂ 3
φ2,θ1,θ3

Ð→
∂ 3
φ1,φ3,θ2

+←Ð∂ 3
φ3,θ1,θ2

Ð→
∂ 3
φ1,φ2,θ3 −

←Ð
∂ 3
θ1,θ2,θ3

Ð→
∂ 3
φ1,φ2,φ3 ),

where the notation ∂3
θ1,θ2,θ3

= ∂3/(∂θ1∂θ2∂θ3) is used and the direction of an arrow

signifies whether the derivative is taken with respect to the function on the left or right

side of the expression.
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3.5.5.3 Geometrical interpretation of the scalar product of vector operators in the
Wigner representation

Let us consider the following two vector operators in a system of two coupled spins 1/2 as
Ik = (Ikx, Iky, Ikz) for k ∈ {1,2}. The scalar product of these two operators yields

I1 ⋅ I2 = I1xI2x + I1yI2y + I1zI2z =
1

∑
m=−1

T1m ⊗T†
1m/2, (3.66)

where the second equality is given by a decomposition into tensor operators. Equation (3.66)
can be generalized to arbitrary J .11 Many important coupling Hamiltonians of two angu-
lar momenta can be described in this form including the scalar coupling and the spin-orbit
coupling. The Wigner representation directly follows as

W(I1 ⋅ I2) =
1

∑
m=−1

Y1m(θ1, φ1)Y∗
1m(θ2, φ2)/2. (3.67)

Given the unit vectors r⃗k in R3 which are parametrized in spherical coordinates as

r⃗k ∶= (xk, yk, zk)T = (sin θk cosφk, sin θk sinφk, cos θk)T ,

their scalar product is given by r⃗1 ⋅ r⃗2 = cosγ, where γ denotes the angle between the two unit
vectors r⃗1 and r⃗2. Consequently the addition theorem of spherical harmonics [19] results in

Pj(cosγ) = 4π

2j + 1

j

∑
m=−j

Yjm(θ1, φ1)Y∗
jm(θ2, φ2), (3.68)

where Pj(α) is the Legendre polynomial of degree j. Thus, one can rewrite the Wigner
function in Eq. (3.67) in terms of the angle γ asW(I1 ⋅ I2) = R2 cosγ, with R ∶=

√
3/(8π).

The arguments of the Wigner function of two coupled spins W = W (θ1, φ1, θ2, φ2)
can also be given in terms of the unit vectors r⃗1 and r⃗2 as W = W (r⃗1, r⃗2), consequently
Eq. (3.67) becomesW(I1 ⋅ I2) = R2 r⃗1 ⋅ r⃗2 by applying Eq. (3.68). Expanding this expression
results in

W(I1 ⋅ I2) = R2 (x1x2 + y1y2 + z1z2) = R2[cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1−φ2)].

r
Ó

1

r
Ó

2

HΘ1,Φ1L

HΘ2,Φ2L

Γ

Figure 3.6: (Color online) The Wigner function W (θ1, φ1, θ2, φ2) of two spins is deter-
mined by their arguments which define two points on the surface of the unit sphere. These
points correspond to the unit vectors r⃗1 and r⃗2.
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In general, the Wigner function of two spins is a complex number W (θ1, φ1, θ2, φ2)
which depends on the arguments θ1, φ1, θ2, and φ2. These arguments define two points
on a sphere, see Fig. 3.6. The Wigner function W̃ (r⃗1, r⃗2) ∶= W(I1 ⋅ I2) is now completely
determined by the angle γ between the two vectors r⃗1 and r⃗2. The value of the Wigner
function is given by W̃ (r⃗′1, r⃗′2) = 0 for the particular choices of r⃗′1 = (0,0,1) and r⃗′2 =
(1,0,0). And similarly for r⃗′′1 = (1/

√
2,1/

√
2,0) and r⃗′′2 = (0,1/

√
2,1/

√
2), one obtains

W̃ (r⃗′′1 , r⃗′′2 ) = R2/2.

3.5.5.4 Spins evolving under a natural Hamiltonian

Let us finally consider the case where an arbitrary number N of coupled spins 1/2 evolve
under a Hamiltonian

H =
N

∑
k=1

∑
j,m

aj,m,kT
{k}
jm +

N

∑
k1≠k2

∑
j1,j2
m1,m2

bj2,m2,k2
j1,m1,k1

T
{k1}
j1m1

T
{k2}
j2m2

which contains only linear and bilinear interactions, i.e., natural interactions of physical sys-
tems. Refer also to Eq. (3.66) in Sec. 3.5.5.3 for the form of the coupling Hamiltonian.

Corollary 3.5. For natural Hamiltonians consisting only of linear and bilinear terms,

the time evolution of a system of N interacting spins 1/2 is given by

∂Wρ/∂t =
√

2π
N−1P{1...N}

N

∑
k=1

{Wρ,WH}{k}, (3.69)

where Wρ denotes the Wigner function of an arbitrary N -spin density matrix ρ and

P{1...N} is the projection from Eq. (3.56).

Exact time evolution of spin-1/2 Wigner functions under natural Hamiltonians is there-
fore given by the sum of Poisson brackets, i.e., the classical equation of motion for phase-
space probability distributions. The only non-classical term is the projection P{1...N} from
Eq. (3.56).

3.6 Advanced examples

In this section, we consider two advanced examples to convey our approach of using sums
of product operators and directly determining the time evolution of quantum systems in
Wigner space. We analyze the case of two coupled spins evolving under the CNOT gate
(see Sec. 3.6.1). Finally, we present an example for the time evolution of three coupled spins
1/2 (see Sec. 3.6.2).
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WH +

WΡ
¶WΡ

¶t

0

Π

2

Π

Figure 3.7: (Color online) Evolution of the density matrix of a pure quantum state ∣ψ(0)⟩ =
∣βα⟩ under the CNOT gate, implemented by the Hamiltonian H = ω[I1βI2x + I1z/2].
PROPS representations of the Wigner functions Wρ and ∂Wρ/∂t are shown for the times
t = 0, ωt = π/2, and ωt = π. The control spin is set to ∣β⟩, and the second spin flips, i.e.,
∣ψ(π/ω)⟩ = ∣ββ⟩.3

3.6.1 CNOT gate

We continue our discussion of Wigner functions for two coupled spins 1/2 from Sec. 3.4.2
and consider the evolution of pure states under the controlled NOT (CNOT) gate [197].
Section 3.6.1.1 starts with the computation of the time evolution in the Wigner frame. In
Sec. 3.6.1.2, we analyze the creation of entanglement using Wigner functions and their pic-
torial representations.

3.6.1.1 Evolution under the CNOT gate

In the following, we consider the time evolution of pure spin-1/2 states. Let us first introduce
the notation ∣α⟩ ∶= (1,0)T and ∣β⟩ ∶= (0,1)T (cf. p. 308 in [45], p. 126 in [210], or p. 3
in [52]), which is very similar to the notation ∣0⟩ and ∣1⟩ often used in quantum mechanics
and quantum information theory [197], but avoids confusion with different conventions in
the literature relating ∣0⟩ to either the excited or ground state. A pure initial state ∣ψ(0)⟩ ∶=
∣β⟩⊗ ∣α⟩ ≡ ∣βα⟩ is evolving under the effective Hamiltonian

H = ω(I1βI2x + I1z/2) = ω[(Id4/2−I1z)I2x + I1z/2], (3.70)



74 Chapter 3. Time evolution of coupled spin systems

where I1β ∶= Iβ ⊗ Id2 and Iβ ∶= Id2/2 − Iz = ∣β⟩⟨β∣ projects onto the pure state ∣β⟩; likewise
Iα ∶= Id2/2 + Iz = ∣α⟩⟨α∣. Exponentiation of −itH leads to the unitary

Ut = exp (−iHt) = ξ(t)

⎛
⎜⎜⎜⎜⎜
⎝

1 0 0 0

0 1 0 0

0 0 1+eiωt

2
1−eiωt

2

0 0 1−eiωt

2
1+eiωt

2

⎞
⎟⎟⎟⎟⎟
⎠

(3.71)

of determinant one with ξ(t) = exp(−iωt/4), and UT with T = π/ω is the CNOT gate. The
initial state ∣ψ(0)⟩ evolves into

∣ψ(t)⟩ = Ut∣ψ(0)⟩ = ξ(t)
2 [(1+eiωt)∣βα⟩+(1−eiωt)∣ββ⟩], (3.72)

where ∣ψ(T )⟩ ∝ ∣ββ⟩. In preparation to switch to Wigner functions, Eq. (3.72) is rewritten
in its density-matrix form

ρ(t) = ∣ψ(t)⟩⟨ψ(t)∣ = ρA ρB(t) where (3.73)

ρA ∶= I1β and ρB(t) ∶= Id4/2 + cos(ωt)I2z − sin(ωt)I2y. (3.74)

Recalling the respective Wigner functions from Table 3.3, one obtains for ρA, ρB(t), and H
the Wigner functions

WρA = 1
4π − λ cos θ1 =W(I1β), (3.75a)

WρB(t) = 1
4π + cos(ωt)λ cos θ2 − sin(ωt)λ sin θ2 sinφ2, (3.75b)

WH = ω[2π( 1
4π−λ cos θ1)λ sin θ2 cosφ2 + λ cos θ1/2], (3.75c)

where λ =
√

3/(4π) = R/
√

2π. The product of WρA and WρB(t) yields the overall Wigner
function Wρ(t) = 2πWρAWρB(t). Its time evolution is shown in Fig. 3.7 where only one of
the two spherical functions varies in time, reflecting the product form of Wρ(t).

The explicit form of the time evolution can also be derived from Eq. (3.16), hence
∂Wρ/∂t =

√
2πP{1,2}(P1 + P2), where the Poisson brackets can be computed as P1 =

2πWρB(t){WρA ,WH}{1} and P2 = 2πWρA{WρB(t),WH}{2}. As the Wigner function
WρA depends only on the variable θ1 and WH does not depend on the variable φ1, it is
straightforward to deduce that P1 = 0. This implies that WρA is time independent. The other
Poisson bracket P2 can be written as

P2 = ω[
√

2πRW(I1β)]2[cos (ωt) {cos θ2, sin θ2 cosφ2}{2}

− sin (ωt) {sin θ2 sinφ2, sin θ2 cosφ2}{2}]. (3.76)

Applying the definition of Eq. (3.9), the Poisson brackets in Eq. (3.76) are computed as

{cos θ2, sin θ2 cosφ2}{2} = − sin θ2 sinφ2/R, {sin θ2 sinφ2, sin θ2 cosφ2}{2} = cos θ2/R.

The idempotency (Ikβ)2 = Ikβ implies 2πP{1}W(I1β)2 = W(I1β) where P{1} projects
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Figure 3.8: (Color online) The Wigner functions Wρ(t) from Fig. 3.7 are decomposed
for ωt ∈ {0, π/2, π} into 1/(4π) and cos(ωt) (λ cos θ2) − sin(ωt) (λ sin θ2 sinφ2) via
Eqs. (3.74)-(3.75).3

onto rank-one and rank-zero spherical harmonics, i.e., the term from Eq. (3.76) results in
[
√

2πRW(I1β)]2 = R2W(I1β). Finally, the equation of motion based on Eq. (3.16) is

∂Wρ/∂t = 2πωλW(I1β)[− cos (ωt) sin θ2 sinφ2 − sin (ωt) cos θ2],

which conforms with the explicitly known Wigner function from Eq. (3.75) as ∂Wρ/∂t =
2πWρA∂WρB(t)/∂t.

Similarly, one could start with ρ̃A = I1α and one would obtain for t = 0 that P̃2 ∝
W(I1β)W(I1α)∝ (1−

√
3 cos θ1)(1+

√
3 cos θ1) and the result 1−3 cos2 θ1 is proportional

to Y20, which is projected by P{1} to zero. Consequently, the quantum state ρ̃(t) would be
constant, reflecting the nature of the CNOT gate.

Figure 3.7 visualizes the time evolution: starting from ∣ψ(0)⟩ = ∣βα⟩ one has the control
state ∣β⟩, and the state of the second spin flips from ∣α⟩ to ∣β⟩, resulting in ∣ψ(T )⟩ ∝ ∣ββ⟩.
The Wigner function of the density matrix I1β of the pure state ∣β⟩ is proportional to 1 −√

3 cos θ and is depicted in Fig. 3.7 as a big positive lobe in red (i.e. dark gray) lying below a
small negative lobe in green (i.e. light gray), refer to the spherical function in the left circle of
Wρ. The spherical function in the right circle of Wρ, starts with a big positive lobe lying over
a small negative lobe, and this object is rotated. At time T /2, one observes for the second
spin an equal superposition of ∣α⟩ and ∣β⟩. The form of the Wigner functionWρ(t) during the
time evolution is further highlighted in Fig. 3.8 by decomposing it into a time-independent
part 1/(4π) and a time-dependent part cos(ωt) (λ cos θ2) − sin(ωt) (λ sin θ2 sinφ2). The
time-dependent part is simply a rotation of I2z around the x axis.

3.6.1.2 Entanglement creation with the CNOT gate

In order to highlight the generation of entanglement, the time evolution under the Hamilto-
nian of Eq. (3.70) from Sec. 3.6.1.1 is applied to the initial state ∣γ(0)⟩ = (∣αα⟩+ ∣βα⟩)/

√
2.

The notation ∣α⟩ and ∣β⟩ for spin-1/2 eigenstates was introduced in Sec. 3.6.1.1. This results
in the time-dependent state ∣γ(t)⟩ = Ut∣γ(0)⟩ = (ξ(t)∣αα⟩ + ∣ψ(t)⟩)/

√
2, cf. Eqs. (3.71)-

(3.72). In particular for t = T with T = π/ω, one obtains (up to a phase) a maximally
entangled Bell state ∣φ+⟩ = (∣αα⟩ + ∣ββ⟩)/

√
2.
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Figure 3.9: Entanglement and contributions of the density operator σ(t) = ∣γ(t)⟩⟨γ(t)∣ =
R0+cos(ωt)Rc+sin(ωt)Rs [see Eq. (3.77)] during the evolution under the Hamiltonian of
Eq. (3.70). The von-Neumann entropy of the partial trace is used as entanglement measure
[197].

Equivalently, the time evolution can be described on the density operator with the expres-
sion σ(t) = ∣γ(t)⟩⟨γ(t)∣ = I1αI2α + ρ(t) +A(t) +A†(t), where ρ(t) is given in Eq. (3.73)
and A(t) = ξ̄(t)∣ψ(t)⟩⟨αα∣. The density operator can also be rewritten as σ(t) = R0 +
cos(ωt)Rc + sin(ωt)Rs13, where

R0 = [+I1xI2x−I1yI2y+I1xI2α+I1αI2α+1
2I1β]/2,

Rc = [−I1xI2x+I1yI2y+I1xI2α+I1βI2z]/2, (3.77)

Rs = [I1y(I2α−I2x) − (I1x+I1β)I2y]/2.

The evolution of these parts is shown in Fig. 3.9 together with the entanglement of the density
operator as functions of time. Also, we obtain the decomposition

σ(0) = R0 +Rc = (1
2 Id4+I1x)I2α, (3.78)

σ(T ) = R0 −Rc = 1
4 Id4 + I1xI2x − I1yI2y + I1zI2z.

We switch now to the Wigner functions

Wσ(0) = 2π( 1
4π +W1x)W2α,

Wσ(T ) = 2π( 1
8π +W1xW2x −W1yW2y +W1zW2z), (3.79)

WH = 2πW1βW2x + 1
2W1z,

for the density operators of Eq. (3.78) and the Hamiltonian H of Eq. (3.70) by applying
Table 3.3, where Wka denotes the Wigner function of Ika. Figure 3.10 depicts the Wigner
functions Wσ(0), Wσ(T ), and WRs in their PROPS representations. The Wigner function

13 One can establish that σ(t) satisfies the von-Neumann equation (3.2) by verifying the commutators
[H,R0] = 0, [H,Rc]/i = Rs, and [H,Rs]/i = −Rc with the HamiltonianH from Eq. (3.70).
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Figure 3.10: (Color online) Illustration of the Wigner functions Wσ(0), WRs , and Wσ(T )
with T = π/ω using the PROPS representation. The generation of the maximally entangled
Bell state ∣φ+⟩ = (∣αα⟩+ ∣ββ⟩)/

√
2 at time T is reflected by the higher number of terms for

Wσ(T ).3

Wσ(t) =WR0 + cos(ωt)WRc + sin(ωt)WRs satisfies the equation of motion in Eq. (3.16).14

As for ∣φ+⟩, the maximal entangled pure states

∣φ±⟩ = (∣αα⟩ ± ∣ββ⟩)/
√

2 and ∣ψ±⟩ = (∣αβ⟩ ± ∣βα⟩)/
√

2

of a system of two spins 1/2 have the density matrices

∣φ+⟩⟨φ+∣ = 1
4 Id4 + I1xI2x − I1yI2y + I1zI2z, ∣φ−⟩⟨φ−∣ = 1

4 Id4 − I1xI2x + I1yI2y + I1zI2z,

∣ψ+⟩⟨ψ+∣ = 1
4 Id4 + I1xI2x + I1yI2y − I1zI2z, ∣ψ−⟩⟨ψ−∣ = 1

4 Id4 − I1xI2x − I1yI2y − I1zI2z,

whose Wigner functions can be computed as in Eq. (3.79).
As detailed in Sec. 3.5.5.3 above, the Wigner transform of an operator of the form

I1xI2x + I1yI2y + I1zI2z results in the scalar product of two vectors W (r⃗1, r⃗2) = R2 r⃗1 ⋅ r⃗2,
providing a geometrical interpretation. Here, the argument of the Wigner function is given
by the unit vectors r⃗1 and r⃗2 in R3, corresponding to the angles θ1, φ1 and θ2, φ2. As a result
of the addition theorem of spherical harmonics, the Wigner function is given by the scalar
product r⃗1 ⋅ r⃗2 of the two vectors. The Wigner function of the maximally entangled state
∣ψ−⟩⟨ψ−∣ is consequently given as

W(∣ψ−⟩⟨ψ−∣) = 1/(8π) −R2 r⃗1 ⋅ r⃗2,

it is thus entirely described by the angle between the two argument vectors. Similarly, the
maximally entangled state ∣φ+⟩⟨φ+∣ has the Wigner function 1/(8π)+R2 r⃗′1 ⋅ r⃗2, where the y
entry of r⃗′1 is negated, i.e., r⃗′1 has the entries [r⃗1]x, −[r⃗1]y, and [r⃗1]z . Therefore, all Wigner

14 This can be demonstrated for ωWRs = ∂Wσ(0)/∂t [and likewise for Wσ(t)] by calculating the
Poisson brackets {Wσ(0),WH}{1} = ω[−(2π)2{W1x,W1β}{1}W2αW2x + π{W1x,W1z}{1}W2α] and also
{Wσ(0),WH}{2} = ω[(2π)2{W2α,W2x}{2}[W1x + (4π)−1]W1β]. Afterwards, they are substituted back
into the equation of motion; note the projection formulas P{2}W2αW2x = W2x/(4π) and P{1}W1xW1β =
W1x/(4π) as well as {W1x,W1β}{1} = −W1y/

√
2π and {W2α,W2x}{2} = −W2y/

√
2π.
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functions of maximally entangled pure states for two spins 1/2 can be described using the
scalar product of their argument vectors after negating certain entries.

3.6.2 Evolution of three coupled spins

Let us now also discuss an example for the case of three coupled spins. The system starts
from the traceless deviation density matrix ρ(0) = I2x and evolves under the Hamiltonian
H = πν(2I1zI2z+2I2zI3z) which couples both the first and second spin as well as the second
and third spin with the same coupling strength ν. This results in anti-phase and double anti-
phase operators [144]. The corresponding solution of the von-Neumann equation is given
by

ρ(t) = sin(2πνt)[2I1zI2y+2I2yI3z]/2+[cos(2πνt)−1]4I1zI2xI3z/2+[cos(2πνt)+1]I2x/2.

The detectable NMR signal corresponding to I2x is proportional to [cos(2πνt) + 1], and the
corresponding spectrum has the well-known form of a triplet (see, e.g., Figure 18.9 in [173])
whose lines are separated by ν and whose relative intensities are given by 1 ∶ 2 ∶ 1.

The relevant Wigner functions are given by WH = πν2R2(cos θ1 + cos θ3) cos θ2/
√

2π

and Wρ(t) =W0 + sin(2πνt)Ws + cos(2πνt)Wc, where

W0 = 2R3

3 (1−3 cos θ1 cos θ3) sin θ2 cosφ2, Ws = R2
√

2π
(cos θ1+ cos θ3) sin θ2 sinφ2,

and Wc = 2R3

3 (1+3 cos θ1 cos θ3) sin θ2 cosφ2.

Their form can be inferred from Table 3.3 and also the product structure of the Wigner func-
tionsW(I1aI2bI3c) = (2π)NW(I1a)W(I2b)W(I3c) for a, b, c ∈ {x, y, z}. The evolution of
these parts is shown in Figure 3.11. For this particular case, the equation of motion is given
by (see Corollary 3.5)

∂Wρ/∂t = 2πP{1,2,3}
3

∑
k=1

{Wρ,WH}{k}.

We verify that Wρ(t) satisfies the equation of motion by checking that the following condi-
tions ∂W0/∂t = 0, ∂Wc/∂t ∝ Ws, and ∂Ws/∂t ∝ Wc hold. In the first case, the Poisson
brackets {W0,WH}{1} and {W0,WH}{3} vanish as they are respectively proportional to
{cos θ1, cos θ1}{1} and {cos θ3, cos θ1}{3}. The Poisson bracket {W0,WH}{2} is nonzero,
however its projection by P{1,2,3} is zero. Similarly, one can calculate all Poisson brackets
and projections to complete the verification of the equation of motion for this example.

3.7 Discussion and connections

In this section, we complement the description of the Wigner formalism for coupled spins
from Sec. 3.5 and discuss connections to alternative or related characterizations. This will
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Figure 3.11: (Color online) Visualization of the Wigner functions for the time evolution
of three coupled spins: the Hamiltonian H = πν(2I1zI2z + 2I2zI3z) acts on the starting
deviation density matrix ρ(0) = I2x; ρ[1/(4ν)] = I1zI2y + I2yI3z −2I1zI2xI3z + I2x/2 and
ρ[1/(2ν)] = −4I1zI2xI3z .3

allow for simpler interpretations of our formalism and will link to notions which might pro-
vide further avenues to our work. First, we draw important connections between the Poisson
bracket and the canonical angular momentum (see Sec. 3.7.1). We continue in Sec. 3.7.2
by relating the Wigner formalism of finite- and infinite-dimensional quantum systems. Cer-
tain Wigner functions are interpreted in terms of quaternions (see Sec. 3.7.3). Finally, the
evolution of non-hermitian states is considered in Sec. 3.7.4.

3.7.1 Poisson bracket and the canonical angular momentum

We detail how the Wigner formalism for coupled spins relates to the angular momentum
of infinite-dimensional quantum systems described by the canonical angular momentum op-
erator L = r × p. The eigenfunctions of the canonical angular momentum operator L are
spherical harmonics. The corresponding pure eigenstates are represented by spherical func-
tions ψ(θ, φ) and evolve according to the time-dependent Schrödinger equation

∂ψ(θ, φ)/∂t = −iHψ(θ, φ). (3.80)

Each component Lα of the vector operator corresponding to the Hamiltonian of the formH =
∑α∈{x,y,z} ωαIα generates a rotation Lαψ(θ, φ) of the spherical functions around the axis α
for α ∈ {x, y, z}. Providing a direct correspondence, spin operators I = (Ix, Iy, Iz) generalize
the angular momentum L = (Lx,Ly,Lz). The Wigner representation for spins describes in
general a mixed quantum state using a linear combination of spherical harmonics. We show
that the time evolution of the Wigner representation of a spin 1/2 is closely related to the time
evolution of an infinite-dimensional quantum system by rewriting the equation of motion into
a form which is analogous to the Schrödinger equation in Eq. (3.80).

The equation of motion of a single spin 1/2 is given by Eq. (3.54) combining the Hamil-
tonian H and an operator A, while applying the Poisson bracket from Eq. (3.40). It can be
reformulated by defining a differential operator D as a function of the Hamiltonian, acting
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on the Wigner function WA of A:

∂WA/∂t = −iD(WA) = −i (fθ(H)
∂
∂φ − f

φ
(H)

∂
∂θ)WA. (3.81)

Here, the definitions fθ
(H)

= (∂WH/∂θ)(i/R sin θ) and fφ
(H)

= (∂WH/∂φ)(i/R sin θ) have
been applied. Integrating the differential equation, one obtains the propagator

WA(t) = exp(−iDt)WA(0), (3.82)

where the differential operator D depends on H. We consider the Hamiltonians H = ωzIz ,
H = ωxIx, and H = ωyIy: Assuming H = ωzIz , it follows that WH = ωzY1,0/

√
2 =

Rωz cos θ. One obtains the differential operator D = −ωzi(∂/∂φ) − 0 = ωzLz , where Lz
is the canonical angular momentum operator Lz = (r × p)z in spherical coordinates (see
pp. 662 in [61]). The corresponding propagator is then given by exp(−iωzLzt), which
by its definition rotates the Wigner function by an angle ωzt around the z axis. In the
case of H = ωxIx, the Wigner representation has the form WH = ωxR sin θ cosφ and
the differential operator is given by the expected canonical angular momentum component
D = iωx[sinφ(∂/∂θ) + cot θ cosφ(∂/∂φ)] = ωxLx. Finally, H = ωyIy leads to the differen-
tial operator D = ωyLy.

As a conclusion for a single spin 1/2, Wigner functions together with a star commutator
correspond to canonical angular momentum operators with a cross product. This means
that a Hamiltonian H = ∑α∈{x,y,z} ωαIα is mapped to the differential operator D = f(L) =
∑α ωα(r × p)α, and the time evolution is given by

i∂Wρ/∂t = [WH,Wρ]⋆ = f(L)Wρ. (3.83)

The corresponding propagator can be written as

exp(−iDt) = exp[−itf(L)]. (3.84)

Generalizations to the case of linear Hamiltonians JH = ωx JIx+ωy JIy+ωz JIz with arbitrary
J are also possible, cf. Eq. (3.55).

Comparing Eq. (3.83) with Eq. (3.80), one concludes that the time evolution of Wigner
functions for spins is formally equivalent to the time evolution of the angular part of infinite-
dimensional quantum states. The time evolution of spin-1/2 Wigner functions described in
Section 3.5.2.3 is based on the equation of motion given by the star commutator [refer to
Eq. (3.54)], however, Eq. (3.83) provides an alternative formulation for a spin 1/2 based on
the Schrödinger equation by mapping the spin operator Iα onto (r × p)α.

3.7.2 Finite- and infinite-dimensional degrees of freedom

We discuss now important relations between Wigner representations for finite- and infinite-
dimensional degrees of freedom. In the finite-dimensional case (i.e. for spins), Wigner repre-
sentations have been developed in Sec. 3.5 for coupled systems extending approaches based
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on the Stratonovich postulates (see Sec. 3.5.2). Methods for Wigner representations applica-
ble to infinite-dimensional quantum systems with a flat phase space have been more widely
discussed in the literature, see Sec. 3.3.1 and [53, 131, 149, 165, 97, 266, 232, 227, 62].
We explore how spin operators can be uniquely mapped onto functions over a phase space
that are restricted to the surface of a sphere. This provides a rotational covariance for op-
erators and their corresponding Wigner representations. Expectation values of operators are
calculated as quasi-probability weighted integrals of phase-space functions.

We discuss basic properties of the (classical) Wigner functions for infinite-dimensional
spaces (see Sec. 3.3.1) which have the quality of a flat phase space, in contrast to the case for
spins. Flat phase-space coordinates translate in the case of spins to curvilinear spherical coor-
dinates which form a Heisenberg pair as their star commutator (as described in Eq. (3.55) of
Sec. 3.5.2.3) results in the canonical commutation relation [q, p]⋆ = ih̵. We also compute an
upper bound for the absolute value of Wigner functions and we show by investigating its limit
for J →∞ that arbitrary large values corresponding to localized probability distributions are
possible.

3.7.2.1 Phase-space coordinates

Flat phase-space coordinates (p, q) are replaced by curvilinear coordinates (R cos θ, φ) in
the Wigner formalism for spins, where R denotes a proportionality factor. This implies
that p and q describe coordinates on the surface of a three-dimensional sphere. In analogy
to infinite-dimensional quantum mechanics, where the momentum operator p generates the
translation (p, q + dq) in the (p, q) phase-space, the spin-1/2 Wigner function R cos θ =
W(Iz) generates a rotation (R cos θ, φ + dφ) by the infinitesimal angle dφ in the spherical
phase-space coordinates (R cos θ, φ). In general, the operator JIz generates a rotation of a
spin J around the z axis, and JIz is mapped to the function R cos θ/NJ .11

3.7.2.2 Commutators

In the case of the infinite-dimensional Wigner representation, the star commutator [f, g]⋆
is given by f⋆g − g⋆f = ih̵{f, g} up to O(h̵3) [266, 232, 227] where {f, g} = ∂qf∂pg −
∂pf∂qg denotes here the Poisson bracket from classical physics (see, e.g., Vol. 1, §42 of
[163]). Switching from flat phase-space coordinates (p, q) to the curvilinear coordinates
(R cos θ, φ) of the spin-1/2 Wigner representation and setting h̵ → 1, one obtains the same
star commutator as in 3.5.3, see Eq. (3.54).

The canonical commutation relation [q, p] = ih̵, which translates to [q, p]⋆ = ih̵ in the
Wigner representation, states that the infinite-dimensional coordinate and momentum opera-
tors are not simultaneously determined. The coordinates (R cos θ, φ) also form a Heisenberg
pair, as conjugate variables via the star commutator [φ,R cos θ]⋆ = i. In general, the formula
[φ,W(JIz)]⋆ = i is implied by Eqs. (3.46) and (3.55), and JIz is mapped to the function
R cos θ/NJ .11

The canonical commutation relation implies that the infinite-dimensional operators p and
q have only infinite-dimensional matrix representations. The same holds in case of spins for



82 Chapter 3. Time evolution of coupled spin systems

the coordinate φ describing the phase angle in the x-y plane: it has no finite-dimensional
matrix representation asW[W−1(φ)] = φ is valid only in the case of J → ∞. This can be
verified by defining the inverse Wigner transform of φ asW−1(φ) [see Eq. (3.30)], and this
results in

∫
π

θ=0
∫

2π

φ=0
φ∆J(θ, φ) sin θ dθ dφ (3.85)

∝
2J

∑
j=0

j

∑
m=−j

JTjm∫
π

θ=0
Pj∣m∣(cos θ) sin θ dθ∫

2π

φ=0
φ exp(−imφ)dφ.

Here, the last integral is the Fourier series expansion of φ and it specifies an infinite series
in m. This implies that a unique matrix representation for φ exists only in case of J → ∞.
The canonical commutation relation [q, p] = ih̵ is only valid for infinite-dimensional repre-
sentations. Likewise, the kernel defining the Wigner transformation of spin operators [see
Eq. (3.26)] becomes in the limit of J →∞ identical to the kernel of an infinite-dimensional
quantum system [16].

3.7.2.3 Normalization and upper bound

In general, normalized operators Tr(AA†) = 1 are mapped to functions WA(θ, φ) on the
unit sphere, where the square ∣WA(θ, φ)∣2 of the complex absolute value provides a normal-
ized surface integral. This can be checked by expanding the operator A = ∑j,m cjmJTjm

into tensor operators, then its Wigner transformation is given by WA = ∑j,m cjmYjm. The
condition Tr(AA†) = 1 is mapped to the condition ∑j,m cjmc∗jm = 1; the normalized sur-
face integral ∣WA(θ, φ)∣2 = ∣∑j,m cjmYjm∣2 for a linear combination of spherical harmonics
follows from the orthonormality of spherical harmonics in Eq. (3.28). Also, the norm of a
matrix is conserved in the Wigner representation.

We compute now an upper bound for the absolute value of the Wigner function WA of
a normalized operator A with Tr(AA†) = 1. The Cauchy-Schwarz inequality, implies the
inequality

Tr(∆J∆J)Tr(AA†) ≥ ∣Tr(A∆J)∣2. (3.86)

The right-hand side is equal to ∣WA(θ, φ)∣2 where we have applied the definition of the
Wigner functionWA(θ, φ) from Eq. (3.25). Assuming a normalized operatorA, the left-hand
side of Eq. (3.86) is equivalent to the trace of the square of the kernel defined in Eq. (3.26),
i.e., the left-hand side is equal to

Tr(∆J∆J) =
2J

∑
j=0

j

∑
m=−j

YjmY∗
jm =

2J

∑
j=0

2j+1

4π
= (2J+1)2

4π
.

The aforementioned statements imply the upper bound ∣WA(θ, φ)∣ ≤ (2J+1)/
√

4π for nor-
malized operators A. For J → ∞, the upper bound goes to infinity, allowing localized but
normalized quasiprobability distributions WA(θ, φ) = δθ−θ′δφ−φ′/ sin θ w.r.t. both θ and φ,
which correspond to classical vectors pointing to the surface of a sphere of unit radius. Even
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though spins have no classical counterparts, a classical description emerges from the quan-
tum one in the limit of J →∞. This follows as the growing number 2J+1 of states allow for
larger values in the Wigner function, while negative regions shrink.

3.7.2.4 Implications

The Stratonovich postulates provide an abstract formulation for the phase-space representa-
tion of spins. Here, we showed the most important links between Wigner functions of finite-
and infinite-dimensional quantum systems and how to interpret basic properties of phase-
space representations. Phase-space coordinates (R cos θ/NJ , φ) of spins span the surface
of a sphere. These two coordinates form a Heisenberg pair with [φ,R cos θ/NJ]⋆ = i and
consequently R cos θ/NJ generates the translation of the coordinate φ corresponding to the
rotation of the sphere around the z axis. The coordinate φ has no unique matrix represen-
tation for a finite spin J . We also showed that an upper bound for the absolute value of a
normalized Wigner functions is proportional to the number (2J+1) of degrees of freedom.

3.7.3 Wigner functions and quaternions

In this section, we introduce a variant of Wigner functions based on quaternions. Quaternions
can be represented by 2 × 2 matrices and the quaternionic product by matrix multiplication.
In Sec. 3.7.3.1, we show that the Wigner transformation of these matrices combined with
the star product derived in Sec. 3.5.3 also provides a valid representation of quaternions.
Quaternions can also be represented as a three-dimensional vector equipped with a scalar
part, offering a geometrical interpretation of the quaternionic product. In Sec. 3.7.3.2, we
show how a three-dimensional vector, corresponding to the Pauli vector can be mapped onto
Wigner functions. We provide an explicit form for the quaternionic product in this case.

Based on these results we show in Sec. 3.7.3.3 that the star product of spin-1/2 operators
is formally analogous to the quaternionic product, when applied to quaternionic Wigner rep-
resentations. This offers a geometrical interpretation for the star product derived in Sec. 3.5.3.

3.7.3.1 Matrix representation of quaternions

The set H of quaternions can be identified with a four-dimensional vector space over real
numbers R4. Every element q ∈ H is given as a linear combination of the basis elements
1, i, j, and k, where i2 = j2 = k2 = ijk = −1. Quaternions can be identified with 2 × 2

matrices spanned by the basis elements 1 ≅ Id2, i ≅ −iσx, j ≅ −iσy, k ≅ −iσz , where matrix
multiplication replaces the quaternionic product. A quaternionic Wigner representation is
obtained by mapping the Pauli matrices to their respective Wigner functions (see Sec. 3.5.2
for the Wigner transformation), i.e., W1 ∶= 1/

√
2π, Wi ∶= −iWx = −iW(σx), Wj ∶= −iWy =

−iW(σy), Wk ∶= −iWz = −iW(σz) where the Wigner representations have the form

Wx = 2R sin θ cosφ, Wy = 2R sin θ sinφ, Wz = 2R cos θ. (3.87)
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The corresponding quaternionic multiplication is given by the star product described in
Sec. 3.5.3, namely Wi ⋆Wi =Wj ⋆Wj =Wk ⋆Wk =Wi ⋆Wj ⋆Wk = −W1.

3.7.3.2 Vectorial representation of quaternions

There are other ways to represent quaternions and the quaternionic product. Let us identify
an arbitrary quaternion q ∈ H with a four-dimensional real vector h = h(q) = (r, v⃗) where
r ∈ R is a real number and v⃗ ∈ R3 defines a three-dimensional real vector. The product of two
quaternions (r1, v⃗1) and (r2, v⃗2) is now given by [14]

(r1, v⃗1)(r2, v⃗2) = (r1r2 − v⃗1 ⋅ v⃗2, r1v⃗2 + r2v⃗1 + v⃗1 × v⃗2), (3.88)

where v⃗1 ⋅ v⃗2 denotes the scalar product and v⃗1 × v⃗2 is the cross product.
We can directly translate this into the Wigner representation. The vectorial part v⃗ of the

quaternion is replaced by the Wigner function Wv⃗
15, while the scalar part is replaced by

the identity element W1 ∶= 1/
√

2π. The Wigner function Wh of a quaternion h = (r, v⃗)
is then given by Wh = rW1 + vxWx + vyWy + vzWz where the basis operators are defined
as Wigner representations of the Pauli matrices, see Eq. (3.87). The scalar product for the
Wigner functions corresponding to quaternions is given in terms of spherical functions by

⟨f ∣g⟩ = 1
2 ∫

π

θ=0
∫

2π

φ=0
f(θ, φ)g(θ, φ) sin θ dθ dφ. (3.89)

One can write the real coefficients (r, vx, vy, vz) as projections onto the basis functions
r = ⟨W1∣Wh⟩ and vα = ⟨Wα∣Wh⟩ with α ∈ {x, y, z}. Note that the factor 1/2 before the
integral in Eq. (3.89) is included to obtain normalized basis elements such that ⟨W1∣W1⟩ =
⟨Wα∣Wα⟩ = 1.

This construction represents quaternions in the Wigner space as real valued functions.
The correspondence between h = (r, v⃗) and Wh = rW1+Wv⃗ is also implied by the rotational
covariance of a three-dimensional vector v⃗ and its Wigner representation Wv⃗. The respective
quaternionic product in this case is detailed in the following

Lemma 3.5. Given two quaternions h1 = (r1, v⃗1) and h2 = (r2, v⃗2), their product h3 =
h1h2 is defined in Eq. (3.88). The corresponding Wigner representations Wh1 = r1W1+
Wv⃗1 , Wh2 = r2W1 + Wv⃗2 , and Wh3 = r3W1 + Wv⃗3 satisfy r3 = (r1r2 − ⟨Wv⃗1 ∣Wv⃗2⟩)
and Wv⃗3 = r1Wv⃗2 + r2Wv⃗1 − 1

2{Wv⃗1 ,Wv⃗2}, where the scalar product ⟨Wv⃗1 ∣Wv⃗2⟩ is

defined in Eq. (3.89) and {Wv⃗1 ,Wv⃗2} is the Poisson bracket as defined in Eq. (3.40).

Proof. The equation ⟨Wv⃗1 ∣Wv⃗2⟩ = v⃗1 ⋅ v⃗2 = vxvx + vyvy + vzvz is implied by the orthonor-
mality of basis elements, i.e., ⟨Wa∣Wb⟩ = δab holds for a, b ∈ {1, x, y, z}. Finally, the Wigner
representation Wv⃗1×v⃗2 of the cross product is equal to −{Wv⃗1 ,Wv⃗2}/2, which can be verified
by computing Poisson brackets −{Wα,Wβ}/2 = ∑γ εαβγWγ of basis elements. Here, εαβγ
denotes the fully antisymmetric Levi-Civita symbol.

15 The Wigner representation of v⃗ ⋅ σ⃗ = vxσx + vyσy + vzσz is exactly Wv⃗ .
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3.7.3.3 Relation to the star product

We will now explain how the star product defined in Result 3.2 can be decomposed into a
sum of different terms which all relate to a simple multiplication, scalar product, or cross
product originating from the quaternionic product in Eq. (3.88).

Consider the matrix representation s1 = r1Id2 − iv⃗1 ⋅ σ⃗, and s2 = r2Id2 − iv⃗2 ⋅ σ⃗ of two
quaternions with σ⃗ ∶= (σx, σy, σz) (see Sec. 3.7.3.1). The Wigner functions can be written
as Ws1 = r1W1 − iWv⃗1 and Ws2 = r2W1 − iWv⃗2 . The Wigner representation of three-
dimensional vectors was discussed in Sec. 3.7.3.2 and it was shown in Sec. 3.7.3.1 that the
quaternionic product corresponds to the star product [see Eq. (3.48)]

Ws1 ⋆Ws2 =
√

2πPWs1Ws2− i2P{Ws1 ,Ws2}, (3.90)

which consists of a sum of two terms. The second term in Eq. (3.90) is proportional to a
Poisson bracket and equals

− i2P{Ws1 ,Ws2} = i
2{Wv⃗1 ,Wv⃗2} = −iWv⃗1×v⃗2 ;

this illustrates the connection to the cross product v⃗1× v⃗2 corresponding to the vectorial parts
of two quaternions.

The first term in Eq. (3.90) is a projected pointwise product of Wigner functions and can
be computed as

P
√

2π(Ws1Ws2) = r1r2W1 + r1(−iWv⃗2) + r2(−iWv⃗1) −
√

2πP(Wv⃗1Wv⃗2) (3.91)

by applying the definitions of Ws1 and Ws2 . The last term in Eq. (3.91) is the projection
of

√
2πP(Wv⃗1Wv⃗2) onto the set of rank-zero spherical harmonics (as there are no rank-one

contributions). Hence, we obtain

√
2πP(Wv⃗1Wv⃗2) =

√
2πY00∫

π

θ=0
∫

2π

φ=0
Y∗

00Wv⃗1Wv⃗2

× sin θ dθ dφ = ⟨Wv⃗1 ∣Wv⃗2⟩W1 = (v⃗1 ⋅ v⃗2)W1. (3.92)

Finally, substituting all results back into Eq. (3.90), the star product can be written as

Ws1⋆Ws2 = (r1r2−v⃗1 ⋅ v⃗2)W1 − i[r1Wv⃗2+r2Wv⃗1+Wv⃗1×v⃗2].

Consequently, the star product of Wigner functions corresponding to a single spin 1/2 (as
given in Sec. 3.5.3) can be nicely described in geometrical terms related to quaternionic
products.

3.7.3.4 Implications

The density operator of a spin-1/2 state can be represented in a geometrical fashion by map-
ping the Pauli vector σ⃗ onto v⃗ ∈ R3 and Id2 onto r ∈ R, refer to Sec. 3.7.3.3. The Wigner
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Figure 3.12: (Color online) Evolution of the non-hermitian state ρ̃ = I− under the Hamil-
tonian H = ωIz . The Wigner function Wρ̃(t) = exp (iωt)Y1,−1 is plotted at times t = 0,
ωt = π/2, and ωt = π. The rainbow colors represent the complex phase factor exp (iη) of
the Wigner function. The color changes clockwise from red (dark gray) at the phase value
of zero via yellow to green (light gray) at the phase value of η = π and continues via blue
back to red at the phase value of η = 2π, refer to the color bar.

transformation of this geometrized density operator is then given by Wρ = rρW1 +Wv⃗ρ , and
alsoWH = rHW1+Wv⃗H , refer to Sec. 3.7.3.2. The star product of two such Wigner functions
was determined in Sec. 3.5.3 and can be decomposed into a sum of different terms, where
each term from Eq. (3.47) can be given a geometrical interpretation. The Poisson bracket
i
2{Wv⃗ρ ,Wv⃗H} in Eq. (3.47) is the analogue of the cross product of two vectors and results
in −iWv⃗ρ×v⃗H . The projection of the product

√
2πP(Wv⃗ρWv⃗H) in Eq. (3.47) results in the

scalar product of two vectors (v⃗ρ ⋅ v⃗H)W1. Consequently, the time evolution from Eq. (3.54)
translates to ∂Wv⃗ρ/∂t = 2Wv⃗ρ×v⃗H . For a single spin 1/2 in an external magnetic field B⃗
the Hamiltonian has the form v⃗H = γB⃗/2 with γ being the gyromagnetic ratio. The time
evolution is therefore given by ∂Wv⃗ρ/∂t = γWv⃗ρ×B⃗

, and is formally identical to the classical
equation of motion, refer also to Theorem 5 in [253]. But we emphasize that non-hermitian
states cannot be represented using a single quaternion, which can be very well achieved us-
ing a single Wigner function, see Figure 3.12. Non-hermitian spin operators are discussed
further in Section 3.7.4.

3.7.4 Evolution of non-hermitian states

We consider the time evolution of non-hermitian states to highlight that Wigner functions
offer a natural way to represent also non-hermitian spin operators. In Section 3.7.4.1, we
discuss the time evolution of the coherence state I− of a single spin, while Section 3.7.4.2
provides an alternative representation for a two-spin example from Section 3.4.2.2 utilizing
a decomposition of the Wigner function of a hermitian operator into non-hermitian parts.

3.7.4.1 Evolution of a single spin

We consider the evolution of non-hermitian single-spin states. Starting from the traceless de-
viation matrix ρ̃ = I− = T1,−1, the corresponding Wigner function is Wρ̃(θ, φ) = Y1,−1(θ, φ).
The time evolution is then determined by Eq. (3.9) via the following Poisson bracket as
∂Wρ̃(θ, φ,0)/∂t = ω{Y1,−1,Y10}/

√
2 = iωY1,−1 [see, e.g., Eq. (3.46)]. The complex

Wigner function Wρ̃(t) = exp (iωt)Y1,−1 picks up only a phase factor during the evolution.
Figure 3.12 shows Wρ̃(t) at different times. The Wigner functions capture the rotational
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Figure 3.13: (Color online) Alternative representation of the deviation density matrix
ρ(t) = cos(πνt)I1x + sin(πνt)2I1yI2z by the Wigner function in the form Wρ(t) =
WA(t) +W ∗

A(t) as shown in Eq. (3.93). The Wigner function W ∗

A(t) can be obtained
by rotating the Wigner function WA(t) by π around the x axis. Only the spherical function
of the second spin is time dependent. The second component of WA(t) corresponds to
cos (πνt)Y00 + i sin (πνt)Y10(θ2, φ2), and the first one to Y1,−1(θ1, φ1).

covariance of the coherence state I−. The colors yellow and blue correspond to the phase
factors i and −i, respectively.

3.7.4.2 Two coupled spins

The solution of the Wigner function in Eq. (3.22) can be rewritten in terms of spherical
harmonics as

Wρ(t) = 1√
2
c(t)[Y1,−1(θ1, φ1)−Y11(θ1, φ1)]Y00(θ2, φ2)

+ i√
2
s(t)[Y1,−1(θ1, φ1)+Y11(θ1, φ1)]Y10(θ2, φ2).

Rearranging the terms as Wρ(t) =WA(t) +W ∗
A(t) with

WA(t) = 1√
2
Y1,−1(θ1, φ1)[c(t)Y00(θ2, φ2) + is(t)Y10(θ2, φ2)], (3.93)

the time dependence can entirely be brought into the second spin, see Fig. 3.13. The overall
Wigner function is still hermitian, even though it is represented as a sum of two not neces-
sarily hermitian operators.

3.8 Conclusion

We presented a general approach for representing arbitrary coupled spin operators in the form
of spherical functions, which we propose as an extension and unification of Wigner function
formalisms for single spins. In particular, we solved the open question of how to exactly
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compute the time evolution of coupled spins in a consistent Wigner frame. Our approach
gives also rise to the possibility of visualizing spin operators in terms of a linear combination
of spherical harmonics.

A Wigner function is formally a quasi-probability distribution as negative values appear
for certain operators. The negativity of the Wigner function might be interpreted as a signa-
ture of quantumness [90]. However, the significance of the negativity of Wigner functions as
an indicator of quantumness is still debated in the literature, even in the infinite-dimensional
case [139, 23, 22, 146, 213, 64, 238, 183, 140, 256, 186]. In the finite-dimensional case of
a spherical phase space, oscillating fringes and interference patterns have been interpreted
as quantum signatures [78, 128, 7, 27, 9]; we refer to [90, 91, 92] for a more systematic
approach. Recently, the negativity question has also been examined in the context of dis-
crete Wigner functions [134]. Potential implications from the discussion of the negativity of
Wigner functions do not impact our approach to describe the time evolution of coupled spins
systems using Wigner functions and go well beyond the scope and intent of the current work.

We were especially interested in how the time evolution of a coupled spin system can be
predicted if only the Wigner representations of both the Hamiltonian and the density operator
are available. We introduced a general method for computing the time evolution of arbitrary
coupled spin-1/2 systems while operating directly on their Wigner functions. This method is
based on a generalization of the Poisson bracket, which consists of partial derivatives for both
the Hamiltonian and the density operator. Hence, we provide an interpretation for how the
time evolution in the Wigner space is governed. We focused in this work on the non-trivial
case of coupled spins 1/2, while the generalization to arbitrary spin numbers J is considered
in the follow-up [161].

In order to describe the time evolution of coupled spins 1/2, the star product of two
spherical functions was discussed and developed in detail, and its properties were studied.
Simplified formulas for the time evolution have been given for up to three coupled spins
1/2. Multiple examples were analyzed and visualized to convey important features of our
approach and to stress the operator decomposition into sums of product operators. We also
discussed how the Wigner representation of spins is related to the canonical angular mo-
mentum and quaternions. Moreover, its relation to the classical, infinite-dimensional Wigner
representation was investigated.

There are different possibilities for mapping spin operators onto visualizable objects like
vectors or spherical functions. We focused on the Wigner-function technique generalizing
spherical functions and applied these to coupled spins. This phase-space representation
transforms naturally under arbitrary rotations of the individual spins. Similar visualization
approaches such as the DROPS representation of [98] might have advantages for certain ap-
plications, and we hope to extend our method for modeling the time evolution in the Wigner
representation to these approaches in the future. And interest in these Wigner methods in
applications can also appreciated from recent related work [248, 49].

More broadly, we have made theoretical concepts usually established in the context of
Wigner functions more palpable by visualizing their effects using three-dimensional illustra-
tions. This provides a convenient tool for analyzing the time evolutions of finite-dimensional
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coupled quantum systems using Wigner functions on a continuous phase space and facilitates
the adoption of the Wigner formalism for coupled spin systems.
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CHAPTER 4

Continuous phase spaces and the time evolution
of spins: star products and spin-weighted

spherical harmonics

4.1 Foreword to Chapter 4

This chapter is based on the manuscript [161] and the star product for continuous phase-space
representations of spins with arbitrary spin number J is constructed. This work can there-
fore be viewed as an extension of the star-product approach for spins 1/2 from Chapter 3
to the most general scenario of coupled spins J . We adapt the formalism of spin-weighted
spherical harmonics which was introduced by Newman and Penrose in the context of gen-
eral relativity. We employ these spin-weighted spherical harmonics to obtain a convenient
and elegant description of spin-J star products which, nonetheless, naturally recover their
infinite-dimensional counterparts from quantum optics in the large spin limit. In particular,
we show that spin weight raising and lowering operators of Newman and Penrose recover par-
tial derivatives in classical phase space in the large spin limit. Based on a related small-angle
series expansion, we obtain O(J−1) approximations of spin-J star products. We detail ex-
amples for applying approximations to the time evolution in phase space and for calculating
approximate phase-space functions of quantum states. Our approach is practically relevant
for spins with large J , as in Chapter 2. We finally extend the single-spin approach to coupled
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spins using results from Chapter 3. In particular, we obtain star products and the equation of
motion for a systems of N coupled qudits or spins J . These results can also be viewed as a
generalization of the coupled qubit or spin-1/2 approach from Chapter 3 to arbitrary qudits
or spins J . Moreover, we consider the full class of s-parametrized distribution functions and
develop their star-product formalism.
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4.1.1 List of Symbols in Chapter 4

symbol description

J spin number: related to dimension d = 2J + 1

d dimension of the quantum system (and of Hilbert space) with d = 2,3, . . .

ρ quantum state as a density operator (positive semidefinite and unit trace)
Fρ(Ω, s) s-parametrized phase-space distribution function of a quantum state ρ

Ω abstract phase-space coordinate: can be α, (x, p), (θ, φ) etc.
s parameter, which interpolates between Glauber P (s = 1)

Wigner (s = 0) and Husimi Q (s = −1) functions
⋆(s) star product of s-parametrized phase-space distribution functions
Pρ Glauber P function: abbreviated notation for Fρ(Ω,1)
⋆(1) star product of Glauber P functions
Wρ Wigner function: abbreviated notation for Fρ(Ω,0)
⋆(0) star product of Wigner functions
Qρ Husimi Q function: abbreviated notation for Fρ(Ω,−1)

⋆(−1) star product of Husimi Q functions
◻(s) differential operator that translates between

different s-parametrized phase-space functions
D(Ω) displacement operator

its parametrization Ω spans a planar phase space
α phase-space coordinate of the complex plane parametrization

∣0⟩ vacuum state of the quantum-harmonic oscillator
∣α⟩ coherent states of the quantum-harmonic oscillator (also denoted by ∣Ω⟩)
Πs s-parametrized parity operator for infinite-dimensional systems
θ polar rotation angle
φ azimuthal rotation angle

R(Ω) rotation operator:
its parametrization Ω spans a spherical phase space viaR(θ, φ) = eiφJzeiθJy

Jz z component of the angular momentum operator of a spin J
Jy y component of the angular momentum operator of a spin J
R radius of the spherical phase-space R ∶=

√
J/(2π)

α arc length parametrization of the sphere relative to the north pole
mapped to the complex plane via α =

√
J/2 θ e−iφ

Ms s-parametrized parity operator for finite-dimensional systems
Tjm tensor operators of rank j and order m
γj rotation invariant coefficients: real numbers, which depend only on the rank j

Cjmj1m1,j2m2
Clebsch-Gordan coefficients of angular momentum

∣JJ⟩ spin-up state as Jz ∣JJ⟩ = J ∣JJ⟩
Yjm spherical harmonics of rank j and order m
Yη
jm spin weighted spherical harmonics of rank j, order m and spin weight η

Dj
mη Wigner D matrix
ð,ð spin weight raising and lowering operators

∂α∗ , ∂α derivatives with respect to the complex variable α and its conjugate α∗

{., .} Poisson bracket
{., .}S spherical Poisson bracket
P projection onto spherical harmonics Yjm(θk, φk) of rank 0 and 1
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4.2 Summary

We study continuous phase spaces of single spins and develop a complete description of
their time evolution. The time evolution is completely specified by so-called star products.
We explicitly determine these star products for general spin numbers using a simplified ap-
proach which applies spin-weighted spherical harmonics. This approach naturally relates
phase spaces of increasing spin number to their quantum-optical limit and allows for effi-
cient approximations of the time evolution for large spin numbers. We also approximate
phase-space representations of certain quantum states that are challenging to calculate for
large spin numbers. All of these applications are explored in concrete examples and we
outline extensions to coupled spin systems.

4.3 Introduction

Phase-space techniques provide a complete description of quantum mechanics complemen-
tary to Hilbert-space [61] and path-integral [93] methods. These techniques are widely used
in order to describe, visualize, and analyze quantum states [171, 53, 131, 149, 165, 97, 266,
232, 227, 62]. Particular cases include Wigner [262], Husimi Q [135], and Glauber P [50]
functions. In this work, we are particularly interested in phase-space methods that are appli-
cable to (finite-dimensional) spin systems [243, 7, 78, 253, 46, 47, 130, 151, 150, 152, 154,
153] and how these methods are related to infinite-dimensional phase spaces [160]. Build-
ing on earlier results in [47, 7, 78, 130, 153, 248], we have developed in [160] a unified
description for the general class of s-parametrized phase spaces with −1 ≤ s ≤ 1 which is
applicable to single spins with integer or half-integer spin number J and which naturally
recovers the infinite-dimensional case in the large-J limit. The s-parametrized phase-space
function corresponding to a Hilbert-space operator A is denoted by FA(Ω, s).

A new focus emerged recently with the objective to faithfully describe coupled spin sys-
tems with the help of phase-space representations [206, 191, 128, 98, 248, 159, 221, 168,
167, 222] while also emphasizing their spin-local properties. In this context, we have com-
pletely characterized the time evolution of Wigner functions for coupled spins 1/2 in [159]
using explicit star products [253, 151, 159]. Star products are an important concept in the
phase-space description of the time evolution and they determine the phase-space function

FAB(Ω, s) = FA(Ω, s) ⋆(s) FB(Ω, s), (4.1)

of a product of two Hilbert-space operators AB in terms of the individual phase-space func-
tions FA(Ω, s) and FB(Ω, s) [159]. This results in the so-called Moyal equation

∂Fρ(Ω, s)
∂t

= −iFH(Ω, s) ⋆(s) Fρ(Ω, s) + iFρ(Ω, s) ⋆(s) FH(Ω, s) (4.2)

which describes time evolution of a quantum state Fρ(Ω, s) under a Hamiltonian FH(Ω, s)
directly in phase-space (cf. [159]).
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Figure 4.1: Example of how methods developed in this work can be applied (see Sec-
tion 4.12): Efficiently computed approximations of spherical Wigner functions of the ex-
cited spin coherent state ∣Ω+

0⟩ (see Equation 4.69) are shown together with their L2 er-
rors. They concentrate at the north pole for increasing spin number J and approach the
photon-added coherent state ∣α+0⟩ (see Equation 4.64), as the spherical phase space con-
verges to the planar one. The spherical Wigner functions are plotted on a sphere of radius
R ∶=

√
J/(2π).

In this work, we extend our earlier results in [159] on Wigner functions of coupled spins
1/2 and present the explicit form of the star product for the general class of s-parametrized
phase spaces which is applicable to single and coupled spins of arbitrary spin number J . We
also rely on phase-space techniques for single spins J that have been developed in [160]. We
introduce spin-weighted spherical harmonics [196] as an important new technical tool to the
theory of phase spaces, even though they have not been considered in this context before.
This allows us to significantly simplify the theory of phase spaces and their star products. In
particular, we can now efficiently approximate the time evolution of phase-space represen-
tations for single spins that have a large spin number J . Many quantum states have quite
complicated phase-space representations which are challenging to calculate for large values
of J . Approximation methods for the time evolution also lead to efficient computational tech-
niques for approximating phase-space representations of spins with large J and Figure 4.1
illustrates this limit for Wigner functions of excited spin coherent states. Relying on results
from [159], we outline in the main text how our results can be also extended to coupled spin
systems.

Let us compare our work with earlier results. The star product of Husimi Q functions of
single spins has been derived in [143] using angular-momentum operators. This approach has
been independently rediscovered in [151, 150] and was used to calculate the star product and
time evolution of Glauber P functions, and this has also been translated to the general case of
s-parametrized phase-space representations. A semiclassical equation of motion was derived
in [151] by neglecting quantum terms of the star product, which has then been applied to
the semiclassical simulation of quantum dynamics [152] and the classical limit of spin Bopp
operators [271]. In contrast to this approach relying on angular momentum operators, our
techniques based on spin-weighted spherical harmonics and spin-weight raising and lowering
operators facilitate a simplified and more systematic approach and also lead to additional
formulas for the star product. The derivation of the exact star product is now completely
transparent and all of its quantum contributions are accounted for. One particular strength of
our approach is that the large-spin limit is naturally incorporated as spin-weight raising and
lowering operators converge for large J to derivatives in the tangent plane (which are widely
studied in infinite dimensions [12]).
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This work has the following structure: We start in Section 4.4 by recapitulating elemen-
tary properties of infinite-dimensional phase spaces and their star products. In Section 4.5,
we recall the structure of phase-space representations for single spins J following the ap-
proach of [160]. We introduce spin-weighted spherical harmonics and summarize their main
features in Section 4.6. Important approximation formulas for spin-weight raising and low-
ering operators are derived in Section 4.7. The sections 4.8-4.10 constitute the main part of
our work and various formulas for exact and approximate star products are obtained. Our
methods are illustrated with concrete examples in sections 4.11-4.12. Before we conclude,
extension to coupled spin systems are outlined in Section 4.13. Certain details and proofs are
deferred to appendices.

4.4 Phase spaces and star products in infinite dimensions

An important class of infinite-dimensional phase-space representations of a density operator
ρ contains s-parametrized phase-space distribution functions (where −1 ≤ s ≤ 1) which can
be defined via [160, 50, 194, 171, 113]

Fρ(Ω, s) = Tr [ρD(Ω)ΠsD†(Ω)]. (4.3)

The distribution function Fρ(Ω, s) is determined by the expectation value of the parity oper-
ator Πs which is transformed by the displacement operatorD(Ω). The parity operator inverts
phase-space coordinates via Π0∣Ω⟩ = ∣−Ω⟩ [113] and the displacement operator D(Ω) is de-
fined by the property that it translates the vacuum state ∣0⟩ to coherent states D(Ω)∣0⟩ = ∣Ω⟩.
Here, Ω parametrizes a phase space with either the variables p and q or the complex eigen-
values α of the annihilation operator [171]. And the parameter s interpolates between the
Glauber P function for s = 1 and the Husimi Q function for s = −1. The particular case
of s = 0 corresponds to the Wigner function. All s-parametrized phase-space distribution
functions are related to each other via Gaussian smoothing [160, 50], and the convolution of
the vacuum-state representation F∣0⟩(Ω, s′) with the distribution function Fρ(Ω, s) results in
a distribution function

Fρ(Ω, s+s′−1) = F∣0⟩(Ω, s′) ∗ Fρ(Ω, s) = exp[1−s′

2 ∂α∗∂α]Fρ(Ω, s) (4.4)

of type s+s′−1. The r.h.s. of Equation 4.4 establishes the corresponding differential form,
see, e.g., Eq. (5.29) in [11].

We adapt notations from [47] for the infinite-dimensional tensor operators Tν ∶= D(ν)
which define the displacement operators using a continuous, complex index ν. The phase-
space representations FTν(α, s) = γ−sν Yν(α) are up to the weight factor γν ∶= exp(−∣ν∣2/2)
proportional to the harmonic functions Yν(α) ∶= exp(να∗−αν∗) [47], where the power −s
of γν is determined by the type s of the representation. Up to a complex prefactor, multiplying
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two displacement operators results in a single displacement operator [50]:

TµTν = exp[(µν∗−νµ∗)/2] Tµ+ν . (4.5)

Applying the product in Equation 4.5 and the star product from Equation 4.1, one obtains the
formula

[γ−sµ Yµ(α)] ⋆(s) [γ−sν Yν(α)] = exp[(µν∗−νµ∗)/2]γ−sµ+ν Yµ+ν(α). (4.6)

The star product satisfies Equation 4.6 and it can be explicitly defined as a power series

⋆(s) ∶= exp[ (1−s)2

←Ð
∂ α
Ð→
∂ α∗ − (1+s)

2

←Ð
∂ α∗

Ð→
∂ α] (4.7)

of partial derivatives as in Eq. (3.5) of [12]. Setting α = (λq+iλ−1p)/
√

2 for arbitrary real λ
[50], the derivatives observe (see also Eq. (3.4’) in [12])

(1−s)
2

←Ð
∂ α
Ð→
∂ α∗ − (1+s)

2

←Ð
∂ α∗

Ð→
∂ α = i[

←Ð
∂ q
Ð→
∂ p −

←Ð
∂ p
Ð→
∂ q − sλ2←Ð∂ p

Ð→
∂ p − sλ−2←Ð∂ q

Ð→
∂ q]/2.

The arrows represent whether derivatives are to be taken to the left or right. For s = 0, we
obtain ⋆(0) = exp(i{⋅, ⋅}/2) as stated by Groenewold [118] and {⋅, ⋅} = ←Ð∂ q

Ð→
∂ p −

←Ð
∂ p
Ð→
∂ q

denotes the Poisson bracket.

4.5 Finite-dimensional phase spaces

We briefly review s-parametrized phase-space representations for a single spin J follow-
ing the approach of [160], which recovers the previously discussed infinite-dimensional
case in the large-spin limit. The continuous phase space for the finite-dimensional spin
J is fully parametrized using the two Euler angles Ω ∶= (θ, φ) of the rotation operator
R(Ω) = R(θ, φ) ∶= eiφJzeiθJy . Here, Jz and Jy are components of the angular momen-
tum operator that are defined by their commutation relations, i.e., [Jj ,Jk] = i∑` εjk`J`
where j, k, ` ∈ {x, y, z} and εjk` is the Levi-Civita symbol [192]. This leads to a spherical
phase space with radius R ∶=

√
J/(2π). The displacement operator D(Ω) from the infinite-

dimensional case is replaced by the rotation operator R(Ω) which maps the spin-up state
∣JJ⟩ to spin coherent states ∣Ω⟩ = R(Ω)∣JJ⟩ [205, 18, 78]. The s-parametrized phase-space
representation

Fρ(Ω, s) ∶= Tr [ρR(Ω)MsR†(Ω)] (4.8)

of a density operator ρ of a single spin J is then obtained as the expectation value of the
rotated (generalized) parity operator (refer to [160])

Ms ∶= 1
R

2J

∑
j=0

√
2j+1
4π (γj)−sTj0, (4.9)
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where Ms is specified in terms of a weighted sum of tensor operators Tjm of order zero
(i.e., m = 0). The tensor components Tjm depend on the rank j ∈ {0, . . . ,2J}, the order
m ∈ {−j, . . . , j}, and the spin number J . The explicit matrix elements are specified in terms
of Clebsch-Gordan coefficients [192, 47, 33, 87] as

[Tjm]m1m2 ∶=
√

2j+1
2J+1 C

Jm1
Jm2,jm

= (−1)J−m2 CjmJm1J,−m2
, (4.10)

where m1,m2 ∈ {J, . . . ,−J}. The weight factor has the explicit form

γj ∶= R
√

4π(2J)! [(2J+j+1)! (2J−j)! ]−1/2, (4.11)

and the power −s of γj determines the type s of the phase-space representation [160].
Tensor operators Tjm form an orthonormal basis of (2J+1) × (2J+1) matrices with

respect to the Hilbert-Schmidt scalar product Tr [TjmT†
j′m′] = δjj′δmm′ where 0 ≤ j ≤ 2J

and m,m′ ∈ {−j, . . . , j}. Similarly as in Equation 4.5, the product of two tensor operators
can be decomposed into a sum (applying the notation of [159])

TjmTj′m′ =
2J

∑
`=0

K`
jm,j′m′T`,m+m′ (4.12)

of tensor operators using the decomposition coefficients K`
jm,j′m′ as detailed in C.1. The

phase-space representations FTjm(Ω, s) = γ−sj Yjm(Ω)/R of tensor operators are propor-
tional to spherical harmonics of rank j and order m and they are orthonormal with respect to
a spherical integration

∫
S2

Yjm(Ω)Y∗
j′m′(Ω)/R2 dΩ = δjj′δmm′ (4.13)

according to dΩ = R2 sin θdθ dφ. Similarly as in Equation 4.6, the defining property of
the star product for phase-space representations of spins can be transferred to spherical har-
monics since these distribution functions are always given as a finite linear combination of
spherical harmonics:

Definition 4.1. As in Equation 4.1, the star product ⋆(s) of two phase-space represen-
tations of type s satisfies for a single spin J the condition

[γ−sj Yjm(Ω)] ⋆(s) [γ−sj′ Yj′m′(Ω)] = R
2J

∑
`=0

K`
jm,j′m′ γ−s` Y`,m+m′(Ω) (4.14)

for all suitable indices with j, j′ ≤ 2J . The coefficients K`
jm,j′m′ are determined by

Equation 4.12.

One objective of this work is to apply this decomposition in order to define a star product ⋆(s)

in terms of spin-weighted spherical harmonics and their spin-weight raising and lowering
differential operators ð and ð.
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4.6 Spin-weighted spherical harmonics

Spin-weighted spherical harmonics Yη
jm with spin weight η have been introduced by New-

man and Penrose [196] using spin-weight raising and lowering operators ð and ð in order to
describe the asymptotic behavior of the gravitational field. Since then, spin-weighted spheri-
cal harmonics have been widely used to analyze, in particular, gravitational waves [247, 235]
or the cosmic microwave background [267, 200]. Moreover, efficient computational tools for
spin-weighted spherical harmonics are available [212] and these can also be used in the fast
calculation of spherical convolutions [145, 257].

Spin-weighted spherical harmonics Yη
jm with −j ≤ η ≤ j are defined as functions on

the three-dimensional sphere as shown in Figure 4.2. Similarly as for ordinary spherical
harmonics Yjm(θ, φ), the spin-weight raising and lowering operators ð and ð are used in
their definition (see, e.g., [196] and Chapter 2.3 in [73])

Yη
jm ∶=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

√
(j−η)!/(j+η)! ðη Yjm for η ≥ 0

(−1)η
√

(j−∣η∣)!/(j+∣η∣)! ð∣η∣
Yjm for η < 0,

(4.15)

and the particular case of η = 0 corresponds to ordinary spherical harmonics. Note that spin-
weighted spherical harmonics are related to Wigner D-matrices via the direct expression
Dj
mη(φ, θ,ψ) = (−1)m

√
(4π)/(2j+1)Yη

j,−m(θ, φ)e−iηψ, refer to Eq. (2.52) in [73]. The
operators ð and ð raise and lower the spin weight η with −j ≤ η ≤ j in (see Eq. (3.20) in
[196])

ðYη
jm =

√
(j−η)(j+η+1) Yη+1

jm and ðYη
jm = −

√
(j+η)(j−η+1) Yη−1

jm . (4.16)

Their explicit form can be specified in terms of the differential operators

ðYη
jm = −(sin θ)η(∂θ + i/ sin θ ∂φ)[ (sin θ)−η Yη

jm] and (4.17)

ðYη
jm = −(sin θ)−η(∂θ − i/ sin θ ∂φ)[ (sin θ)η Yη

jm], (4.18)

see Eq. (3.8) in [196]. Spin-weighted spherical harmonics are up to a constant factor invariant
under the application of ðð and ðð (see Eq. (2.22) in [73]):

ððYη
jm = [η(η+1)−j(j+1)] Yη

jm and ððYη
jm = [η(η−1)−j(j+1)] Yη

jm. (4.19)

Therefore, ðð acts up to a minus sign as the total angular momentum operator when ap-
plied to spherical harmonics, i.e., ððYjm = −j(j+1)Yjm, refer to Eq. (2.25) in [73]. The
commutator [ð,ð] = 2η immediately follows from Equation 4.19. Products Yη

jmY−η
j′m′ ∝
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Y1m
η (θ, ϕ) Y2m

η (θ, ϕ)

Figure 4.2: Spin-weighted spherical harmonics Yη
jm of rank one (left) and two (right).

Colors represent the complex phase; red (dark gray) and green (light gray) depict positive
and negative values, while blue and yellow represent i and −i.

(ðη Yjm)(ðη Yjm) of spin-weighted spherical harmonics decompose into the sums [73]

(ðη Yjm)(ðη Yj′m′) =
j+j′

∑
`=0

ηκ`jm,j′m′ Y`,m+m′(Ω) and (4.20)

(ðη Yjm)(ðη Yj′m′) =
j+j′

∑
`=0

−ηκ`jm,j′m′ Y`,m+m′(Ω) (4.21)

of spherical harmonics. The decomposition coefficients ηκ`jm,j′m′ are explicitly specified in
Equation C.6 and they are similar to the ones used in Definition 4.1. In sections 4.8-4.10,
we utilize the products of spin-weighted spherical harmonics from Equation 4.20 and Equa-
tion 4.21 to explicitly determine the star product such that it satisfies its defining property
from Equation 4.1.

4.7 Approximating spin-weight raising and lowering op-

erators

As mentioned in Section 4.5, the spherical phase space converges for an increasing spin
number J to the (infinite-dimensional) planar phase space [160]. The arc length θR becomes
a measure of distance from the north pole, which is equivalent to its infinite-dimensional
counterpart ∣α∣. The two phase spaces can be related using the formula α =

√
J/2 θ e−iφ.

In this parametrization, spin-weighted spherical harmonics can, up to an additive error that
scales inversely with R, be expanded as derivatives

Yη
jm(α) = (−1)ηe−iηφ(∂α∗)η Yjm(α) +O(∣α∣/

√
J) and (4.22)

Y−η
jm(α) = eiηφ(∂α)η Yjm(α) +O(∣α∣/

√
J) (4.23)

of ordinary spherical harmonics with respect to the coordinates α and α∗ while assuming a
fixed arc length ∣α∣. This is essentially an approximation of Equation 4.15 for small angles
θ. Figure 4.3(a)-(b) plots the absolute value of the difference between the spin-weighted
spherical harmonics Yη

jm(α) and their approximations which rely on the derivatives from
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Equation 4.22-Equation 4.23. The approximation error vanishes in the limit of large J as-
suming that the coordinates α are located at the north pole or that the values ∣α∣/

√
J are small

(e.g., ∣α∣ is bounded). Extending this to the spin-weight raising and lowering operators from
Equation 4.17 and Equation 4.18, these operators ð and ð can be shown to transform for large
J into the derivatives ∂α∗ and ∂α over the complex plane.

Proposition 4.1. Assume that the phase-space function f = Fρ(Ω, s) of a spin J is

parametrized using the arc length α =
√
J/2 θ e−iφ and that its spherical-harmonics ex-

pansion coefficients might depend on J . The action of spin-weight raising and lowering

operators ð and ð at fixed α are given by

[(ð/
√

2J)η f](α) = (−1)ηe−iηφ(∂α∗)η f(α) +O(∣α∣J−1), (4.24)

[(ð/
√

2J)η f](α) = (−1)ηeiηφ(∂α)ηf(α) +O(∣α∣J−1), (4.25)

[(ðð/(2J) )f](α) = ∂α∗∂α f(α) +O(∣α∣J−1), and (4.26)

[(ðð/(2J) )f](α) = ∂α∂α∗ f(α) +O(∣α∣J−1), (4.27)

and this action is up to an error termO(J−1) equivalent to applying the complex deriva-

tives ∂α∗ and ∂α for any powers of η. The error term O(J−1) vanishes in the limit of

large J if the differentials [ð/
√

2J]η f remain non-singular in the limit. This implies

convergence in the L2 norm if f and its differentials are also square integrable in the

limit. Refer to C.5 for the proof.

Note that phase-space representations Fρ(Ω, s) and all their derivatives are non-singular
and square integrable if ρ is finite-dimensional, i.e., if Fρ(Ω, s) is a finite linear combina-
tion of spherical harmonics. In general, singularities can however appear for s > 0 in the
limit of large J , as the corresponding parity operators Πs from Equation 4.3 are unbounded
[50, 160] for s > 0. This can be illustrated using the example of the spin-up state F∣JJ⟩(Ω, s):
it is determined by a sum of 2J+1 spherical harmonics and its expansion coefficients are
proportional to γ1−s

j and depend implicitly on J [160]. These rapidly decreasing expansion
coefficients can be approximated for increasing j by e−j

2(1−s)/(4J) if s < 1 and F∣JJ⟩(Ω, s)
is bounded and square integrable in the large-J limit. But for s = 1 this expansion defines in
the limit a delta distribution which is clearly singular and not square integrable. For example,
the differentials [ð/

√
2J]ηF∣JJ⟩(Ω, s) are sums of spin-weighted spherical harmonics with

expansion coefficients which are proportional to [(2J)(j−η)!/(j+η)!]−η/2 γ1−s
j and which

can be approximated by [j2/(2J)]η/2e−j2(1−s)/(4J). The coefficients vanish for increasing
j and define bounded, square integrable functions in the limit of large J for s < 1. Fig-
ure 4.3(c) shows the L2 norm of the difference between the Wigner function’s differential
[ð/

√
2J]ηW∣JJ⟩(Ω) and its approximation via Proposition 4.1. This difference vanishes for

large J . Refer to C.5 for further details.
One example of an unbounded operator is the Wigner function W

I+/
√

2J(Ω) of the rais-
ing operator I+/

√
2J which reproduces the annihilation operator a in the large-spin limit
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Figure 4.3: The absolute value of the difference between exact spin-weighted spherical
harmonics (a) Yη

jm(α) and (b) Y−η
jm(α) and their approximations from Equation 4.22 and

Equation 4.23 for fixed η = 4, m = 4, and α = 1.2ei2.1 and variable j ∈ {4,8,12,16}
(red, blue, orange, gray). (c) L2-norm of the difference between the exact derivative of
the spin-up state Wigner function f ∶= [ð/

√
2J]nW∣JJ⟩(Ω) and its approximation using

Proposition 4.1 for n ∈ {2,3,4,8} (red, blue, orange, gray). Dashed lines show the ex-
pected scaling O(J−1/2) for (a) and (b) as well as O(J−1) for (c) with suitable prefactors.

[18]. One obtains

W
I+/

√
2J(Ω)∝

√
J/2 Y1,1(θ, φ)∝

√
J/2 sin θeiφ and (4.28)

ð/
√

2J W
I+/

√
2J(Ω)∝ 1

2Y−1
1,1(θ, φ)∝ 1

2(1 + cos θ)eiφ. (4.29)

The corresponding L2 norms (as defined with respect to Equation 4.13) diverge with increas-
ing J and the Wigner functions are no longer square integrable. However, for any bounded
α =

√
J/2 θ e−iφ, the functions have the proper limits

lim
J→∞

[
√
J/2 sin(∣α∣/

√
J/2)eiφ ] = α and lim

J→∞
[ 1

2(1 + cos(∣α∣/
√
J/2)] = 1,

where 1 is the derivative of α. Refer to C.5 for details.
Proposition 4.1 essentially approximates the differentials ðηFρ(Ω, s) of spherical func-

tions with the derivatives ∂α∗Fρ(Ω, s). This duality then becomes exact in the large-spin limit
if the differentials ðηFρ(Ω, s) remain non-singular. In particular, we use the spin-weight rais-
ing and lowering operators to construct the star product by applying Equation 4.14, which
then naturally recovers the infinite-dimensional star product from Equation 4.7:

Proposition 4.2. Consider the arc-length parametrization α =
√
J/2 θ e−iφ and two

spin-J phase-space functions f = Fρ(Ω, s) and g = Fρ′(Ω, s). Note that their spherical-

harmonics expansion coefficients might depend on J . Following Proposition 4.1, one

obtains the approximations

f[ (
←
ðη)(

→
ðη)/(2J)η ]g = f[ (←Ð∂ α∗)η(

Ð→
∂ α)η ]g +O(J−1), (4.30)

f[ (
←
ðη)(

→
ðη)/(2J)η ]g = f[ (←Ð∂ α)η(

Ð→
∂ α∗)η ]g +O(J−1). (4.31)

The error vanishes in the limit of large J if the differentials [ðηf] [ðηg]/(2J)η remain

non-singular in the limit.
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4.8 Star products of spin Glauber P and Husimi Q func-

tions

4.8.1 The exact star product

We start by determining the exact star product of Q functions (s= − 1) and P functions (s=1)
which are given uniquely in terms of spin-weight raising and lowering operators:

Result 4.1. The (finite-dimensional) exact star product of two Q functions QA and QB
and two P functions PA and PB is determined for the spin number J by

QA⋆(−1)QB = QA
2J

∑
η=0

λ(−1)
η (

←
ðη)(

→
ðη)QB and PA⋆(1)PB = PA

2J

∑
η=0

λ(1)
η (
←
ðη)(

→
ðη)PB,

(4.32)
where the coefficients (see C.2)

λ(−1)
η = (2J−η)!

η!(2J)! and λ(1)
η = R

24π (−1)η (2J)!
η!(2J+η+1)! (4.33)

depend on J . Terms in Equation 4.32 related to spherical harmonics Yjm with rank

j > 2J are not relevant and can be projected out as detailed in C.4 and [159].

The proof of Result 4.1 is given in C.2. The upper bounds in the sums in Equation 4.32 can
be lowered to min (jA, jB) where jA and jB are the maximal ranks in the tensor-operator
decompositions of A and B. Similar results have been attained for Q functions in Eq. (86)
of [143] using angular momentum operators, refer also to Eq. (45) in [151]. We improve and
simplify these results for star products of phase-space representations of spins with the help
of spin-weighted spherical harmonics. In particular, this approach enables us to efficiently
approximate phase-space representations for large spin numbers J as discussed below.

4.8.2 Approximations of the star product

The coefficients in Equation 4.33 of Result 4.1 can be expanded as (see C.3)

λ(−1)
η = [η!(2J)η]−1 for η = 0 or η = 1, (4.34)

λ(−1)
η = [η!(2J)η]−1 +O(J−η−1) for η ≥ 2, and (4.35)

λ(1)
η = (−1)η[η!(2J)η]−1 +O(J−η−1) for η ≥ 0. (4.36)

Also, the finite sums in Equation 4.32 are unchanged if higher-order differentials (with re-
spect to η) are added since all the higher-order differentials vanish, i.e., ðηYjm = 0 for η > j.
The scaling O(J−η−1) of the approximations in Equation 4.35 and Equation 4.36 is high-
lighted in Figure 4.4(a)-(b) for different values of η.
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Result 4.2. The exact star product in Result 4.1 can be approximated as

QA ⋆(−1) QB = QA exp[(
←
ð )(
→
ð )/(2J)]QB +O(J−3) (4.37)

PA ⋆(1) PB = PA exp[−(
←
ð )(
→
ð )/(2J)]PB +O(J−1). (4.38)

One obtains from Proposition 4.1 a more convenient approximation

QA ⋆(−1) QB = QA exp[←Ð∂ α
Ð→
∂ α∗]QB +O(J−1) (4.39)

PA ⋆(1) PB = PA exp[−←Ð∂ α∗
Ð→
∂ α]PB +O(J−1), (4.40)

which recovers the infinite-dimensional case in the large-spin limit if the functions QA,

QB , PA, and PB and their differentials remain non-singular in the limit.

4.9 Transforming between phase-space representations

4.9.1 Exact transformations

As detailed in [160], the convolution of the finite-dimensional distribution function Fρ(Ω, s′)
with the spin-up state representation F∣JJ⟩(Ω, s) transforms between different representations
and results in a type-(s+s′−1) distribution function (refer also to Equation 4.4)

Fρ(Ω, s+s′−1) = F∣JJ⟩(θ, s) ∗ Fρ(Ω, s′) =∶ ◻(s)Fρ(Ω, s′). (4.41)

We rely on Equation 4.41 to define the differential operator ◻(s) which will be often used
in the following as a convenient notational shortcut for the convolution. This differential
operator satisfies the eigenvalue equation ◻(s)Yjm = γ1−s

j Yjm when applied to spherical
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-4.0
-3.5
-3.0
-2.5
-2.0
-1.5 Log10J

Log10err(γ j)
Figure 4.4: (a)-(b) Difference between the exact factors λ(−1)

η and λ(1)η from Result 4.1
Equation 4.33 and their approximations from Equation 4.35 and Equation 4.36 for η ∈
{2,5,10} (blue, orange, green). (c) Difference between the exact factor γj and its approx-
imation from Result 4.4 for j ∈ {2,5,12} (blue, orange, green). Dashed lines show the
expected scaling O(J−η−1) for (a) and (b) as well as O(J−1) for (c) with suitable prefac-
tors.
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harmonics [160]. C.4 details how these eigenvalues γ1−s
j can be written as a 2J-order poly-

nomial in j(j+1) which enables us to specify ◻(s) as a polynomial in the differentials ðð
using Equation 4.19:

Result 4.3. The operator ◻(s) from Equation 4.41 can be specified as a 2J-order poly-

nomial

◻(s)Fρ(Ω, s′) =
2J

∑
n=0

cn(s) (ðð)nFρ(Ω, s′) (4.42)

in terms of the differentials ðð (or equivalently ðð), where the coefficients cn(s) are

uniquely determined and can be computed analytically (refer to C.4 for details).

The upper summation bound in Equation 4.42 can be enlarged to 4J if one performs a
truncation of the higher-order spherical-harmonics terms in the resulting phase-space distri-
bution function, refer to C.4.

4.9.2 Approximate transformations

The eigenvalue equation for the transformation operator ◻(s) from Section 4.9.1 is expanded
into

◻(s)Yjm =
∞

∑
n=0

[−1−s
4J j(j+1)]n/n! Yjm +O(J−1) (4.43)

by applying results of C.3. This enables the following approximations which are also dis-
cussed in Figure 4.4(c):

Result 4.4. Using the asymptotic expansion from Equation 4.43, ◻(s) can be approxi-

mated by

◻(s)Fρ(Ω, s′) = exp[ 1−s
4J ðð]Fρ(Ω, s′) +O(J−1). (4.44)

Proposition 4.1 facilitates the approximation

◻(s)Fρ(Ω, s′) = exp[ 1−s
2 ∂α∗∂α ]Fρ(Ω, s′) +O(J−1) (4.45)

in terms of the derivatives ∂α∗ and ∂α. This recovers the infinite-dimensional case from

Equation 4.4 in the large-spin limit if Fρ(Ω, s′) and its differentials remain non-singular.

4.10 Star products of s-parametrized phase spaces

4.10.1 The exact star product

Generalizing P and Q functions in Section 4.8, the star product of general s-parametrized
phase spaces is now determined. The differential operator ◻(s) can be used to translate the
star product of P or Q functions to the star product of arbitrary s-parametrized distribution
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functions. In particular, we apply Result 4.1 to QAB = QA ⋆(−1) QB and PAB = PA ⋆(1) PB
and use the substitutions

◻ (s+2)QAB = FAB(Ω, s), QA = ◻(−s)FA(Ω, s), QB = ◻(−s)FB(Ω, s),
◻ (s)PAB = FAB(Ω, s), PA = ◻(2−s)FA(Ω, s), PB = ◻(2−s)FB(Ω, s)

from Result 4.2 in order to compute the star product:

Result 4.5. The star product of two s-parametrized phase-space distribution functions

FA(Ω, s) and FB(Ω, s) is given by either of the two equations

FA(Ω, s) ⋆(s) FB(Ω, s) = ◻(s+2){FA(Ω, s) [
←◻(−s) ⋆(−1) →◻(−s)]FB(Ω, s)}

(4.46)

FA(Ω, s) ⋆(s) FB(Ω, s) = ◻(s){FA(Ω, s) [
←◻(2−s) ⋆(1) →◻(2−s)]FB(Ω, s)}.

(4.47)

An explicit expansion can be calculated by expanding ◻(s) using Equation 4.42 and

⋆(±1) using Equation 4.32 and by applying the Leibniz identity ð(fg) = (ðf)g+f(ðg).

This results in an alternative form of the exact star product in Equation 4.46 and Equa-

tion 4.47:

f ⋆(s) g = ∑
a, b, c, d

λ
(s)
a, b, c, d[. . . (ð)

a2(ð)b1(ð)a1f][. . . (ð)d2(ð)c1(ð)d1g]. (4.48)

The suitably chosen coefficients λ(s)
a, b, c, d are nonzero only if all of the indices ai, bi, ci, di

are smaller than 2J+1. Different values for these coefficients are possible as the product

of spin-weight raising and lowering operators can be reordered using their commutators

from Section 4.6. But all possible values of the coefficients lead to the same unique

result.

Although the choice of the coefficients in the finite sum in Equation 4.48 is in general not
unique due to the non-commutativity of ð and ð, convenient formulas can be obtained for
explicit values of J by reordering products of ð and ð. The particular case of J = 1/2
is discussed in Section 4.10.2. For large J , the star product can be approximated using
the commutative derivatives ∂α∗ and ∂α from the infinite-dimensional case as discussed in
Section 4.10.3. Also, Equation 4.46 can always be used to calculate the exact star product,
but this approach consists of three consecutive steps, as demonstrated in Section 4.11.

4.10.2 The case of a single spin 1/2

In the particular case of J = 1/2, the exact star product in Equation 4.46 can be simplified into
a more convenient form by applying Equation 4.48. Let A and B denote spin-1/2 operators
and their phase-space representations are given by f = FA(Ω, s) and g = FB(Ω, s). The star
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product is then determined by

f ⋆(s) g = NsP(f [1 + as(
←
ð )(
→
ð ) − bs(

←
ð )(
→
ð )] g), (4.49)

where the s-dependent coefficients are Ns = 2−
s
2
− 1

2 ,

as =
1

4
3−s−

1
2 [2 3s/2 − 3s+

1
2 +

√
3], and bs =

1

4
3−s−

1
2 [2 3s/2 + 3s+

1
2 −

√
3].

The projection P ∶= 1 − ðð/12 − ðððð/24 removes superfluous terms in the spherical-
harmonics decomposition, i.e., contributions Yjm with j > 1 that do not correspond to spin-
1/2 distribution functions (refer to Result 2 in [159]). Note that for Wigner functions (i.e.
s = 0) the explicit form of the star product can be calculated as (see, e.g., [159])

WA ⋆(0)WB = PR [
√

2πWAWB − i
2

√
8π
3 {WA,WB}S] (4.50)

where a0 = b0 = 1/(2
√

3) and N0 = 1/
√

2. For J = 1/2, we have the radius R = (4π)−1/2

and the spherical Poisson bracket has the form i{., .}S =
←Ð
∂ φ(sin θ)−1Ð→∂ θ −

←Ð
∂ θ(sin θ)−1Ð→∂ φ,

which should also be compared to Equation 4.53.

4.10.3 Approximations of the star product

Applying Result 4.2 and Result 4.4, the exact star product in Result 4.5 can be efficiently
approximated as detailed in the following:

Result 4.6. Let f = FA(Ω, s) and g = FB(Ω, s) denote the phase-space functions of

the spin-J operators A and B. The star product in Equation 4.46 can be expanded in

terms of spin-weight raising and lowering operators as (refer to C.6 for a proof)

f ⋆(s) g =
4J

∑
n=0

n

∑
m=0

cnm(s)
(2J)n [ðm ðn−mf][ðm ðn−mg] +O(J−1), (4.51)

where the coefficients cnm(s) are defined in C.6. Similarly, the star product can be

specified in terms of the derivatives

f ⋆(s) g = f exp[ (1−s)2

←Ð
∂ α
Ð→
∂ α∗ − (1+s)

2

←Ð
∂ α∗

Ð→
∂ α] g +O(J−1). (4.52)

The infinite-dimensional case from Equation 4.7 is recovered in the large-spin limit by

applying Proposition 4.1 if f and g and their differentials remain non-singular.

Note that the first-order term (i.e. n = 1) of the star product ⋆(0) in Equation 4.51 is for
the case of a Wigner function (i.e. s = 0) proportional to the spherical Poisson bracket [159]

{., .}S ∶= i[(
←
ð )(
→
ð )−(

←
ð )(
→
ð )]/(2J) =←Ð∂ φ(2J sin θ)−1Ð→∂ θ−

←Ð
∂ θ(2J sin θ)−1Ð→∂ φ, (4.53)
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which corresponds to the classical part of the time evolution [159]. The approximate star
product can be also used to derive efficient approximations of finite-dimensional phase-space
representations for large J as illustrated in Section 4.12.

4.11 Time evolution of quantum states for a spin J

4.11.1 Description of the time evolution using the star product

The time evolution of a quantum state ρ for a single spin J can be described in a phase
space via the Moyal equation from Equation 4.2. We discuss now the general structure of
the time evolution of phase-space functions along the lines of [159] and present an explicit
example in Section 4.11.2. We refer to [159] for further background and additional exam-
ples. Substituting the s-parametrized star product in Equation 4.2 with one of its forms from
Result 4.5 yields the exact equation of motion for an arbitrary quantum state Fρ(Ω, s) under
a Hamiltonian FH(Ω, s) as (refer, e.g., Equation 4.47)

∂Fρ(Ω, s)
∂t

= −i ◻ (s){FH(Ω, s) [
←◻(2−s) ⋆(1) →◻(2−s)]Fρ(Ω, s)}

+i ◻ (s){Fρ(Ω, s) [
←◻(2−s) ⋆(1) →◻(2−s)]FH(Ω, s)}. (4.54)

The use of this equation is illustrated in Section 4.11.2 with the particular case of a Wigner
function (s = 0). One can approximate this time evolution by substituting the s-parametrized
star product in Equation 4.2 with one of its approximations from Result 4.6. This yields for
f ∶= FH(Ω, s) and g ∶= Fρ(Ω, s) an approximate equation of motion up to an error of order
O(J−1) as (e.g.)

∂Fρ(Ω, s)
∂t

≈
4J

∑
n=1

n

∑
m=0

cnm(s)
(2J)n {−i[ðm ðn−mf][ðm ðn−mg] + i[ðm ðn−mg][ðm ðn−mf]}.

(4.55)
Note that the first term of the summation (n = 1) coincides with the spherical Possion bracket
from Equation 4.53 for the special case of Wigner functions (s = 0) and corresponds to
a semiclassical time evolution [159]. These semiclassical approximations have been widely
used, refer to, e.g., [151, 152, 271]. Higher order contributions n ≥ 2 are used to approximate
quantum contributions in the time evolution.

4.11.2 Example of an explicit and exact time evolution for a single

spin J

We discuss in this section an example for a single spin with arbitrary spin number J which
illustrates the application of the exact star product from Equation 4.46. Let us consider
an experimental system with a single spin J that is controlled as, e.g., in solid state nu-
clear magnetic resonance [96]. The density operator of a single spin J is in the thermal
equilibrium given by ρ0 ∝ Id + βIz where β depends on the temperature. (We use the
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(b) (h) (i)

∂Wρ∂t = -ⅈ (Wℋ★(0)Wρ -Wρ★(0)Wℋ ) = -ⅈ x2γ3 γ1 R2 ( - ) = -ⅈ x3
(a) (c) (g)

Wℋ = 1

R
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★(1) = x0 · + x1 · = x2
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Figure 4.5: Visualizing the calculation of the exact time evolution using the star product of
Wigner functions for a single spin with an arbitrary spin number J: (a) WH ∶= 1

R
Y33(θ, φ)

and Wρ ∶= 1
R

Y10(θ, φ) and (c) their corresponding P functions, (b) time evolution in the
phase space via the Moyal equation Equation 4.56, (d)-(f) star products PH ⋆(1) Pρ and
Pρ ⋆(1) PH using Equation 4.58-Equation 4.59, (g) the resulting star products decompose
into two spherical harmonics as in Equation 4.60; (h) substituting (f) back into the Moyal
equation (b) leads to (i) where the symmetric contribution from (g) is canceled out. The
prefactors x0, x1, x2, x3 are used to rescale some of the plots.

notations Iz = T10/(
√

2NJ) and I+ = T11/NJ with NJ = 1/
√

2J(J+1)(2J+1)/3.) We
assume an effective Hamiltonian of the form Heff ∶= ω(I+)3 +Hres. The first-order time
evolution under this effective Hamiltonian is given by the von-Neumann equation ∂ρ0

∂t =
−iω[(I+)3,Iz] − i[Hres, ρ0], and the commutator [(I+)3,Iz] is proportional to (I+)3. The
term (I+)3 is responsible for creating multiple quantum coherences which are often desir-
able. One can design experimental controls that maximize this contribution in the effective
Hamiltonian [96].

Equivalently, the time evolution of the density operator ρ ∶= T10 under the Hamiltonian
H ∶= T33 can be calculated for a single spin with arbitrary spin number J directly in a phase-
space representation. The corresponding spin Wigner functions WH ∶= 1

RY33(θ, φ) and
Wρ ∶= 1

RY10(θ, φ) are specified in terms of spherical harmonics, see Figure 4.5(a). The time
evolution of the Wigner function Wρ is described in the phase space by the Moyal equation
(cf. [159])

∂Wρ

∂t
= −iWH ⋆(0)Wρ + iWρ ⋆(0)WH (4.56)

by relying on the star commutator which is determined in terms of star products, see Fig-
ure 4.5(b). The star product WH ⋆(0) Wρ is evaluated via Result 4.5. Using Equation 4.47,
we get

WH ⋆(0)Wρ = ◻(0)(WH [←◻(2) ⋆(1) →◻(2)]Wρ ), (4.57)

where ◻(2) is determined by Result 4.3 (refer to Equation 4.41) and transforms the Wigner
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functions to the corresponding P functions PH = WH
←◻(2) = 1

Rγ3
Y33(θ, φ) and Pρ =→◻

(2)Wρ = 1
Rγ1

Y10(θ, φ), see Figure 4.5(c). Note that spherical harmonics Yjm are eigen-
functions of ◻(2) with eigenvalues γ−1

j . The right hand side of Equation 4.57 is then equal to
◻(0)(PH⋆(1)Pρ ), for which the star product of P functions is computed using Equation 4.32
in Result 4.1. This yields (see Figure 4.5(d-f))

PH ⋆(1) Pρ = Y33⋆
(1)Y10

R2γ1γ3
= 1
R2γ1γ3

[λ(1)
0 Y33Y10 + λ(1)

1 (ðY33)(ðY10)], (4.58)

PH ⋆(1) Pρ = 1
R2γ1γ3

[λ(1)
0 Y33Y10 − λ(1)

1 2
√

6 Y1
33Y−1

10 ]. (4.59)

The coefficients λ(1)
0 and λ(1)

1 are defined in Equation 4.33 and the operators ð and ð from
Equation 4.16 are responsible for raising and lowering the spin weight of the spherical har-
monics.

Products of spin-weighted spherical harmonics can be decomposed into sums Y33Y10 =
1

2
√

3π
Y43 and Y1

33Y−1
10 = − 3

4
√

2π
Y33 + 1

4
√

2π
Y43 of spherical harmonics. The corresponding

star product of Wigner functions is obtained by rescaling spherical harmonics Yjm by γj ,
which results in (refer to Figure 4.5(g-h))

WH ⋆(0)Wρ = 1
R2γ1γ3

[+λ
(1)
1 3

√
3

2
√
π

γ3Y33 + ( λ
(1)
0

2
√

3π
−λ

(1)
1

√
3

2
√
π

)γ4Y43] (4.60)

Wρ ⋆(0)WH = 1
R2γ1γ3

[−λ
(1)
1 3

√
3

2
√
π

γ3Y33 + ( λ
(1)
0

2
√

3π
−λ

(1)
1

√
3

2
√
π

)γ4Y43]. (4.61)

Note that γ4 = 0 for J < 2 which is responsible for truncating the spherical-harmonics
decomposition [159], refer to C.4. The final result determining the time evolution is obtained
via the star commutator from Equation 4.56, and we obtain (for arbitrary J)

∂Wρ

∂t
= −i 3

√
3√
π

λ
(1)
1

R2γ1
Y33. (4.62)

4.11.3 Extending the example to an arbitrary quantum state

Applying the same Hamiltonian WH = 1
RY33 to an arbitrary quantum state g ∶= Wρ, we

could apply Equation 4.54 to determine the time evolution exactly. But we will consider here
only the approximate time evolution (see Equation 4.55)

∂Wρ

∂t
≈ 1
R

4J

∑
n=1

n

∑
m=0

cnm(0)
(2J)n {−i[ðm ðn−mY33][ð

m ðn−mg]+ i[ðm ðn−mg][ðm ðn−mY33]},

where one can apply Equation 4.15 to simplify differentials. For example, one obtains (up to
a factor) the spin-weighted spherical harmonics

ðm ðn−mY33 ∝
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Yn−2m
33 for ∣n −m∣ ≤ 3 and ∣n − 2m∣ ≤ 3,

0 otherwise.
(4.63)

This highlights that most of the terms in the sum vanish for a general spin number J . But
this example makes it also apparent that a semiclassical approximation [151, 152, 271] that
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Figure 4.6: (a) Plots of the exact phase-space representations F∣Ω+

0⟩
(Ω,0) of ∣Ω+

0⟩ for
increasing spin numbers J using Equation 4.69. (b)-(c) Approximations of F∣Ω+

0⟩
(Ω,0)

using Equation 4.71 and the Gaussian function F∣0⟩⟨0∣(Ω,0), also applying the approximate
star product in Equation 4.51 for (b) and Equation 4.52 for (c). Both (b) and (c) converge
to (a) in order O(J−1) as they approach their infinite-dimensional counterpart (d) from
Equation 4.64. The approximation errors in the L2 norm shown below the plots are graphed
in (e) for J ∈ {3/2,4,6,8,10,12}, where red dots and blue squares refer, respectively, to
(b) and (c) and the black line shows the expected scaling O(J−1) with a suitable prefactor.
The distance from the origin in these planar plots represent the arc distance from the north
pole in the spherical phase space. The rotation parameter in Equation 4.69 has been chosen
as Ω0 = (θ0, φ0) = (1.2/

√
J/2,0) and the translation parameter in Equation 4.64 is given

by α0 = 1.2. Plot limits are ±2. Refer also to Figure 4.1 and Figure 4.7.

restricts the summation to n = 1 will neglect relevant quantum contributions.

4.12 One example of photon-added coherent states

Creation and annihilation operators are widely used and account for numerous non-classical
effects including, for example, photon-added coherent states which were demonstrated ex-
perimentally [269, 270, 268, 24, 162, 6]. Photon-added coherent states are obtained from co-
herent states ∣α0⟩ ∶= D(α0)∣0⟩ as a†∣α0⟩ by applying the creation operator a†. The inversely
translated version of these quantum states is created from the vacuum state by applying the
operator Q(α0) and one has

∣α+0 ⟩ = Q(α0)∣0⟩ with Q(α0) ∶= 1√
1+∣α0∣2

D(α0)−1a†D(α0). (4.64)
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Phase-space representations of these photon-added coherent states can be obtained using the
star products of the individual phase-space representations

F∣α+0⟩
(α, s) = FQ(α0) ⋆

(s) F∣0⟩(α, s) ⋆(s) (FQ(α0))
∗, (4.65)

where the Gaussian function F∣0⟩(α, s) = 2 exp [−2αα∗/(1−s)]/(1−s) represents the vac-
uum state [50] and FQ(α0) ∶= (α∗+α∗0)/

√
1+∣α0∣2 corresponds to the creation operator. Ap-

plying the star product from Equation 4.7 yields

F∣α+0⟩
(α, s) = [α+α0−1+s

2 ∂α∗][α∗+α∗0−1+s
2 ∂α]F∣0⟩(α, s) =∶ Q(α0)Q(α0)F∣0⟩(α, s),

(4.66)
where the second equality describes the photon creation in the shifted phase space in terms
of the differential operators Q(α0)Q(α0) = Q(α0)Q(α0). Setting α0 = 0 yields the phase-
space equivalent of the creation operator, i.e., essentially Bopp operators [42]

Q ∶= Q(0) = [α∗ − 1+s
2 ∂α], and Q ∶= Q(0) = [α − 1+s

2 ∂α∗]. (4.67)

For the number state ∣n⟩, one can calculate the phase-space functions

F∣n⟩(α, s) = 1
n![QQ]nF∣0⟩(α, s), and F∣n1⟩⟨n2∣(α, s) = 1√

n1!
√
n2!

(Q)n2(Q)n1F∣0⟩(α, s)
(4.68)

corresponds to tilted projectors ∣n1⟩⟨n2∣ which span a complete, orthonormal basis [50].
We define finite-dimensional analogues of photon-added coherent states in the form

∣Ω+
0 ⟩ ∶=K(Ω0)∣JJ⟩ with K(Ω0) ∶= N√

2J
R−1(Ω0)J−R(Ω0), (4.69)

where ∣JJ⟩ is the spin-up state and J−/
√

2J is the finite-dimensional analogue of the cre-
ation operator which approaches a† in the large-spin limit. Refer to Table 1 in [18] and C.7
for details. Following the infinite-dimensional characterization, the phase-space represen-
tation F∣Ω+

0⟩
can be written in terms of the exact star product of the individual phase-space

representations as (see Result 4.5)

F∣Ω+
0⟩
(Ω, s) = FK(Ω0) ⋆

(s) F∣0⟩⟨0∣(Ω, s) ⋆(s) (FK(Ω0))
∗, (4.70)

where the Gaussian-like function F∣0⟩⟨0∣(Ω, s) represents the spin-up state and FK(Ω0) is the
phase-space representation of the rotated lowering operator K(Ω0). Refer to Figure 4.6(a)
for plots of the (unapproximated) F∣Ω+

0⟩
(Ω, s) for s = 0. Using, e.g., the exact star product in

Equation 4.46, the phase-space representation

F∣Ω+
0⟩
(Ω, s) = K(Ω0)K(Ω0)F∣0⟩⟨0∣(Ω, s) = K(Ω0)K(Ω0)F∣0⟩⟨0∣(Ω, s) (4.71)
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of the excited coherent state F∣Ω+
0⟩
(Ω, s) is obtained by applying the differential operators

K(Ω0) and K(Ω0) which are defined via their action on phase space functions f , i.e.,

K(Ω0)f ∶= FK(Ω0) ⋆
(s) f and K(Ω0)f ∶= f ⋆(s) (FK(Ω0))

∗. (4.72)

Approximations of these operators can be used to approximate F∣Ω+
0⟩
(Ω, s) by applying them

to a Gaussian approximation of F∣0⟩⟨0∣(Ω, s) as given in [160]. Approximations of K(Ω0)
andK(Ω0) are calculated in terms of spin-weighted spherical harmonics and their raising and
lowering operators in C.7 using the approximate star products in Equation 4.52 and Equa-
tion 4.51. These approximations converge in Figure 4.6 to the exact phase-space functions,
and the infinite-dimensional case from Equation 4.64 is recovered in the large-spin limit.

Comparable to the infinite-dimensional case, the unrotated ladder operator K ∶= K(0) is
specified in C.7 in terms of spin-weighted spherical harmonics and their raising and lowering
operators. One can calculate representations

F∣Jm⟩(Ω, s)∝ [KK]J−m F∣0⟩⟨0∣(Ω, s) (4.73)

of the Dicke state ∣Jm⟩ using the operators K and K, and similar representations

F∣Jm1⟩⟨Jm2∣(Ω, s)∝ (K)J−m2(K)J−m1 F∣0⟩⟨0∣(Ω, s) (4.74)

are obtained for the tilted projectors ∣Jm1⟩⟨Jm2∣. All of these states have typically quite
complicated spherical-harmonics expansions which are challenging to calculate for large
values of J . Approximations based on the star product in Equation 4.52 facilitate efficient
calculations of these and similar phase-space representations for large J .

We want to close this section by remarking that the general (infinite-dimensional) class
of s-parametrized phase spaces naturally appear in experimental homodyne measurements
[171, 269, 270, 268, 24, 162] of the discussed photon-added coherent states. As is ex-
plained in [172], the relevant experiment yields s-parametrized phase-space functions with
s = −(1−ξ)/ξ for a detector efficiency of ξ. This provides an example for the occurrence of
s-parametrized phase spaces beyond the particular cases of s ∈ {−1,0,1}.

4.13 Generalization to coupled spins

The explicit form of the star product for Wigner functions of coupled spin-1/2 systems was
detailed in Result 3 of [159]. Building on results in [159], we outline how to generalize these
results to s-parameterized phase spaces of coupled spins J . We consider two operators A
and B in a system of N coupled spins J . Their phase-space representations are determined
similarly as in Result 1 of [159] and can be calculated as

FA(s, θ1, φ1, . . . , θN , φN) ∶= Tr[A
N

⊗
k=1

R(θk, φk)MsR†(θk, φk)], (4.75)
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Figure 4.7: Alternative representation of Figure 4.6(a)-(b). (a) Plots of the exact phase-
space representations F∣Ω+

0⟩
(Ω,0) of ∣Ω+

0⟩ for increasing J using Equation 4.69. (b) Ap-
proximations of F∣Ω+

0⟩
(Ω,0) via Equation 4.71 and Equation 4.51 assuming a Gaussian

F∣0⟩⟨0∣(Ω,0). (b) converges to (a) in orderO(J−1). Spherical functions f(θ, φ) are plotted
on the sphere where the brightness represents the absolute value and the colors red (dark
gray) and green (light gray) depict positive and negative values, respectively.

where the transformation kernel in Result 1 of [159] is expressed here in terms of rotated
parity operators from Equation 4.8. We generalize the star product described in Result 4.5 to
the star product

FA ⋆ FB ∶= FA(
N

∏
k=1

[⋆(s)]{k})FB (4.76)

of phase-space representations for coupled spins by applying Result 3 of [159], where ⋆(s)

is the star product from Result 4.5 and [⋆(s)]{k} describes that the star product acts only
on the variables θk and φk. Equation 4.76 completely specifies the exact star product for
a system of N interacting spins J , and the corresponding approximations via Result 4.6
can be conveniently expressed using the commutativity of partial derivatives. For example,
the approximate star product in terms of the derivatives ∂α and ∂α∗ from Equation 4.52 is
generalized for coupled spins to

FA ⋆(s) FB = FA exp[
N

∑
k=1

( (1−s)
2

←Ð
∂ αk

Ð→
∂ α∗

k
− (1+s)

2

←Ð
∂ α∗

k

Ð→
∂ αk)]FB +O(J−1). (4.77)

The equation of motion for Wigner functions, i.e., the Moyal equation from Equation 4.56,
can be consequently established for a system of coupled spins J using Equation 4.77 as

i
∂Wρ

∂t
= WH ⋆(0)Wρ − Wρ ⋆(0)WH =WH[ei{.,.}/2 − e−i{.,.}/2]Wρ +O(J−1),
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where {., .} ∶= ∑Nk=1 gk and gk ∶= −i
←Ð
∂ αk

Ð→
∂ α∗

k
+ i←Ð∂ α∗

k

Ð→
∂ αk specify a Poisson bracket acting

on the variables αk and α∗k . This results in the expansion

i
∂Wρ

∂t
=WH[2 ∑

n=0,
n odd

(−i{., .}/2)n/n!]Wρ +O(J−1) (4.78)

=WH[−i
N

∑
k=1

gk + i
24

N

∑
k1,k2,k3=1

gk1gk2gk3 +⋯]Wρ +O(J−1). (4.79)

Using Proposition 4.1, the differential operators −gk can be replaced by the spherical Poisson
brackets pk ∶= {., .}{k}S from Equation 4.53, which results in the time evolution

i
∂Wρ

∂t
=WH[ i

N

∑
k=1

pk − i
24

N

∑
k1,k2,k3=1
kµ≠kν for µ ≠ ν

pk1pk2pk3 +⋯ + i
24

N

∑
k=1

g3
k +⋯]Wρ +O(J−1). (4.80)

The first two terms (before the first dots) can be directly compared to the ones appearing in
the star product of coupled spins 1/2 in Result 4 of [159]. The leading term corresponds
to the classical equation of motion, and the following terms in the expansion are ordered
according to their degree of non-locality as proposed in Result 4 of [159].

4.14 Conclusion

We have derived the exact star product for continuous s-parametrized phase-space repre-
sentations of single spins J in terms of spin-weighted spherical harmonics and their raising
and lowering operators. Our construction naturally recovers the well-known case of infinite-
dimensional quantum systems in the limit of large spin numbers J . Based on approximations
of spin-weighted spherical harmonics, we have derived convenient formulas for approxi-
mating star products which, beyond time evolution, can be useful for efficiently calculating
phase-space representations for large spin numbers. We have illustrated our methods and
their application in concrete examples. We have finally outlined how the presented formal-
ism can be extended to coupled spin systems. In summary, we have established a complete
phase-space description for finite-dimensional quantum systems and their time evolution.
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CHAPTER 5

Phase Spaces, Parity Operators, and the
Born-Jordan Distribution

5.1 Foreword to Chapter 5

This chapter is based on the manuscript [158] and considers phase-space representations of
a non-relativistic, spinless quantum particle or a bosonic quantum field, such as in quantum
optics. Phase-space descriptions of these quantum systems and associated quantizations have
been well studied since the pioneering work of Wigner [262]. Generalizations of the Wigner
function, e.g., P and Q functions or the Born-Jordan distribution have been proposed in the
1960’s in works of Cohen [59], Cahill and Galuber [51]. These distribution functions have
been mostly described in terms of integral transformations and in the current work we develop
a general parity operator approach which has conceptual and computational advantages. In
particular, we show that generalized phase-space representations are quantum-mechanical
expectation values of a parity operator. After discussing well-known distribution functions
and their parity operators, we obtain significant, new results for the case of Born-Jordan
distributions, which has not been considered previously in the context of bosonic quantum
systems. We calculate explicit actions and eigenvalue decompositions of these parity oper-
ators. We finally obtain a matrix representation of the Born-Jordan parity operator, which
can be calculated efficiently and can be used for approximating Born-Jordan distributions of
harmonic-oscillator quantum states, such as in quantum optics.
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5.1.1 List of Symbols in Chapter 5

symbol description

x, p classical coordinate and momentum
x̂, p̂ coordinate and momentum operators
â, â† bosonic creation and annihilation operators
S(Rn) space of functions that decay rapidly at infinity, i.e., Schwartz space
S ′(Rn) topological dual space of Schwartz functions, i.e., tempered distributions
⟨φ,ψ⟩ distributional pairing between ψ ∈ S(Rn) and φ ∈ S ′(Rn)

[Fσa(⋅)](x, p) symplectic Fourier transform of a function a ∈ S ′(R2) or distribution
H abstract Hilbert space, i.e., state space

⟨ ⋅ ∣ ⋅ ⟩ scalar product between elements of a Hilbert space
∣ψ⟩ abstract state vector ∣ψ⟩ ∈H, describes a pure quantum state

∣ψ⟩⟨ψ∣ projection operator onto the pure state ∣ψ⟩
∣x⟩ abstract coordinate eigenstate
∣n⟩ abstract number state, i.e., eigenstate of the quantum-harmonic oscillator

ψFock
n (x) coordinate representation of number states via the scalar product ⟨x∣n⟩
L2(R) Hilbert space of square-integrable functions

∣∣ψ(x)∣∣L2 Hilbert-space norm calculated via the integral ∫R ∣ψ(x)∣2 dx

`2(C) Hilbert space of square-summable sequences
∣∣ ∣ψ⟩∣∣`2 Hilbert-space norm calculated via the convergent sum ∑∞n=0 ∣ψn∣2

B1(H) set of trace-class operators on the Hilbert spaceH
Tr(A) trace of a trace-class operator a

ρ density operator, i.e., positive, trace-class operator with Tr(ρ) = 1

∣∣O∣∣sup ’supremum’ operator norm of a bounded operator O
∣Ω⟩ coherent states which span a phase space via their parametrization Ω

Ω abstract phase-space coordinate with Ω ≃ α ≃ (x, p)
D(Ω) displacement operator: creates coherent states via ∣Ω⟩ = D(Ω)∣0⟩

[D(α)]mn number-state representation of displacements via ⟨m∣D(α)∣n⟩
Π parity operator: inverts phase-space coordinates Π∣Ω⟩ = ∣−Ω⟩

Wρ(Ω) Wigner function of a mixed quantum state ρ
Fρ(Ω, θ) generalized phase-space distribution function indexed by θ
Fρ(Ω,BJ) Born-Jordan distribution of a density operator ρ

a ∗ ψ convolution of a function ψ ∈ S(R2) and a distribution a ∈ S ′(R2)
Πθ parity operator indexed by θ

Πτs τ and s-parametrized parity operator with Πs ∶= Π1/2,s, Πτ(Ω) ∶= Πτ0(Ω)
ΠBJ Born-Jordan parity operator

Kθ(Ω) filter function, i.e., a mapping R2 ↦ C
Kτs(Ω) τ and s-parametrized filter function:

special cases of s and τ correspond to well-known distribution functions
KBJ(Ω) Born-Jordan filter function
θ(Ω) Cohen kernel as a function or distribution θ(Ω) ∈ S ′(R2)

OpWeyl[a(x, p)] Weyl quantization of a phase-space function a ∈ S ′(R2) or distribution
Opθ[a(x, p)] quantization via the Cohen kernel θ(Ω) ∈ S ′(R2)

S(ξ) squeezing operator with a real squeezing parameter ξ ∈ R
∣ψE
±
⟩ generalized eigenvectors of the Born-Jordan parity operator with E ∈ R
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5.2 Summary

Phase spaces as given by the Wigner distribution function provide a natural description of
infinite-dimensional quantum systems. They are an important tool in quantum optics and
have been widely applied in the context of time-frequency analysis and pseudo-differential
operators. Phase-space distribution functions are usually specified via integral transforma-
tions or convolutions which can be averted and subsumed by (displaced) parity operators
proposed in this work. Building on earlier work for Wigner distribution functions [119],
parity operators give rise to a general class of distribution functions in the form of quantum-
mechanical expectation values. We relate these distribution functions to the so-called Cohen
class [59] and recover various quantization schemes and distribution functions from the lit-
erature. The parity-operator approach is also applied to the Born-Jordan distribution which
originates from the Born-Jordan quantization [43]. The corresponding parity operator is writ-
ten as a weighted average of both displacements and squeezing operators and we determine
its generalized spectral decomposition. This leads to an efficient computation of the Born-
Jordan parity operator in the number-state basis and example quantum states reveal unique
features of the Born-Jordan distribution.

5.3 Introduction

There exist at least three logically independent descriptions of quantum mechanics: the
Hilbert-space formalism [61], the path-integral method [93], and the phase-space approach
such as given by the Wigner function [53, 131, 149, 165, 97, 266, 232, 227, 62]. The phase-
space formulation of quantum mechanics was initiated by Wigner in his ground-breaking
work [262] from 1932, in which the Wigner function of a spinless non-relativistic quantum
particle was introduced as a probability quasi-distribution. The Wigner function can be used
to express quantum-mechanical expectation values as classical phase-space averages. More
than a decade later, Groenewold [118] and Moyal [195] formulated quantum mechanics as a
statistical theory on a classical phase by mapping a quantum state to its Wigner function and
they interpreted this correspondence as the inverse of the Weyl quantization [259, 260, 261].

Coherent states have become a natural way to extend phase spaces to more general
physical systems [25, 26, 28, 29, 47, 205, 99, 13, 30]. And in this regard, a new focus
on phase-space representations for coupled, finite-dimensional quantum systems (as spin
systems) [98, 159, 160, 161, 153, 248, 222, 169] and their tomographic reconstructions
[221, 168, 167, 160] has emerged recently. A spherical phase-space representation of a
single, finite-dimensional quantum system has been used to naturally recover the infinite-
dimensional phase space in the large-spin limit [160, 161]. But in the current work, we exclu-
sively focus on the (usual) infinite-dimensional case which has Heisenberg-Weyl symmetries
[47, 205, 99, 174]. This case has been playing a crucial role in characterizing the quantum
theory of light [107] via coherent states and displacement operators [51, 50, 11, 10] and has
also been widely used in the context of time-frequency analysis and pseudo-differential op-
erators [59, 60, 38, 37, 39, 111, 113, 116]. Many particular phase spaces have been unified
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under the concept of the so-called Cohen class [59, 60, 113] (see Definition 5.2 below), i.e.
all functions which are related to the Wigner function via a convolution with a function or
distribution (which is also known as the Cohen kernel).

Phase-space distribution functions are mostly described by one of the following three
forms: (a) convolved derivatives of the Wigner function [111, 113], (b) integral transforma-
tions of a pure state (i.e. a rapidly decaying, complex-valued function) [262, 59, 60, 38, 37,
39, 111, 113], or (c) as integral transformations of quantum-mechanical expectation values
[51, 50, 11, 10]. Also, Wigner functions (and the corresponding Weyl quantization) are usu-
ally described by integral transformations. But the seminal work of Grossmann [119, 113]
allowed for a direct interpretation of the Wigner function as a quantum-mechanical expecta-
tion value of a displaced parity operator (refer also to [217]). In particular, Grossmann [119]
showed that the Weyl quantization of the delta distribution determines the parity operator.
This approach has been widely adopted [63, 67, 175, 34, 97, 218, 219, 56].

However, a parity-operator similar to the one by Grossmann and Royer [119, 217, 113]
(which does not rely on integral transformations or convolutions) has still been lacking for
general phase-space distribution functions. (Note that such a form appeared implicitly for
s-parametrized distribution functions in [194, 50].) In the current work, we propose parity
operators which give rise to distribution functions in the form of quantum-mechanical ex-
pectation values and thereby avert the use of Fourier transforms or convolutions. Therefore,
the current work can also be regarded as a continuation of [160] where the parity-operator
approach has been emphasized, but mostly for finite-dimensional quantum systems. More-
over, we connect results from quantum optics [50, 51, 107, 171], quantum-harmonic analysis
[258, 113, 111, 69, 68, 70, 71, 148], and group-theoretical approaches [47, 205, 99, 174].
And it is also our aim to narrow the gap between different communities where phase-space
methods have been successfully applied.

Motivated by the previously discussed parity operator [119, 217, 113] for Wigner func-
tions (which reflects coordinates Πψ(x) = ψ(−x) of a quantum mechanical state ψ), we
introduce in Definition 5.3 a family of parity operators Πθ that are related to a function or
distribution θ. Quantum-mechanical expectation values of these parity operators in (5.16)
give rise to a rich family of phase-space distribution functions that represent arbitrary quan-
tum states which are usually described by their density operators. This family of phase-space
representations contains all elements from the (above mentioned) Cohen class and naturally
includes Glauber P and Husimi Q functions as well as the Born-Jordan distribution function.

Similarly as the parity operator Π (which is the Weyl quantization of the delta distribu-
tion), we show that its generalizations Πθ are Weyl quantizations of the corresponding Cohen
kernel θ. We discuss how these general results reduce to well-known special cases and dis-
cuss properties of phase-space distributions in relation to their parity operators Πθ. In partic-
ular, we consider the class of s-parametrized distribution functions [107, 50, 51, 194], which
include the Wigner, Glauber P, and Husimi Q functions, as well as the τ -parametrized family,
which has been proposed in the context of time-frequency analysis and pseudo-differential
operators [111, 38, 37, 39]. We derive spectral decompositions of parity operators for all
of these phase-space families, including the Born-Jordan distribution. Relations of the form
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Πθ = Aθ ○ Π motivate the name “parity operators” as these are indeed compositions of the
usual parity operator Π followed by some operator Aθ that usually corresponds to a geomet-
ric or physical operation (which commutes with Π). In particular, Aθ is a squeezing operator
for the τ -parametrized family and corresponds to photon loss for the s-parametrized family.
This structure of the parity operators Πθ connects phase spaces to elementary geometric and
physical operations (such as reflection, squeezing operators, photon loss) and these concepts
are central to applications: the squeezing operator models a non-linear optical process which
generates non-classical states of light in quantum optics [182, 108, 171]. These squeezed
states of light have been widely used in precision interferometry [229, 114, 265, 189], or
for enhancing the performance of imaging [179, 251] and the gravitational-wave detector
GEO600 has been operating with squeezed light since 2010 [2, 120].

The Born-Jordan distribution and its parity operator constitute a most peculiar instance
among the phase-space approaches. This distribution function has convenient properties,
e.g., it satisfies the marginal conditions and therefore allows for a probabilistic interpretation
[111]. The Born-Jordan distribution is however difficult to compute. But most importantly,
the Born-Jordan distribution and its corresponding quantization scheme have a fundamental
importance in quantum mechanics. In particular, there have been several attempts in the liter-
ature to find the “right” quantization rule for observables using either algebraic or analytical
techniques. In a recent paper [110], one of us has analyzed the Heisenberg and Schrödinger
pictures of quantum mechanics, and it is shown that the equivalence of both theories requires
that one must use the Born–Jordan quantization rule (as proposed by Born and Jordan [43])

(BJ) xmp` ↦ 1

m+1

m

∑
k=0

x̂kp̂`x̂m−k,

instead of the Weyl rule

(Weyl) xmp` ↦ 1

2m

m

∑
k=0

(m
k
)x̂kp̂`x̂m−k

for monomial observables. The Born–Jordan and Weyl rules yield the same result only if
m < 2 or ` < 2; for instance in both cases the quantization of the product xp is 1

2(x̂p̂+ p̂x̂). It
is however easy to find physical examples which give different results. Consider for instance
the square of the z component of the angular momentum: it is given by

`2z = x2p2
y + y2p2

x − 2xpxypy

and its Weyl quantization is easily seen to be

OpWeyl(`2z) = x̂2
xp̂

2
y + x̂2

yp̂
2
x − 1

2(x̂xp̂x+p̂xx̂x)(x̂yp̂y+p̂yx̂y) (5.1)

while its Born–Jordan quantization is the different expression

OpBJ(`2z) = x̂2
xp̂

2
y + x̂2

yp̂
2
x − 1

2(x̂xp̂x+p̂xx̂x)(x̂yp̂y+p̂yx̂y) −
1
6 h̵

2. (5.2)
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(Recall that h̵ = h/(2π) is defined as the Planck constant h divided by 2π and that the
operators x̂η and p̂κ satisfy the canonical commutation relations [x̂η, p̂κ] = ih̵δηκ using the
spatial coordinates η, κ ∈ {x, y, z} and the Kronecker delta δηκ.) One of us has shown in
[112] that the use of (5.2) instead of (5.1) solves the so-called “angular momentum dilemma”
[66, 65]. To a general observable a(x, p), the Weyl rule associates the operator

OpWeyl(a) = (2πh̵)−1∫ Fσa(x, p)D(x, p)dxdp

where Fσa is the symplectic Fourier transform of a and D(x, p) the displacement operator
(see Sec. 5.5.1); in the Born–Jordan case this expression is replaced with

OpBJ(a) = (2πh̵)−1∫ Fσa(x, p)KBJ(x, p)D(x, p)dxdp

where the filter function KBJ(x, p) (also known as the Cohen kernel) is given by

KBJ(x, p) = sinc(px2h̵) =
sin(px2h̵)
px/(2h̵) .

We obtain significant, new results for the case of Born-Jordan distributions and there-
fore substantially advance on previous characterizations. In particular, we derive its parity
operator ΠBJ in the form of a weighted average of geometric transformations

ΠBJ = 1
4πh̵ ∫ sinc(px2h̵)D(x, p)dxdp = [ 1

4 ∫
∞

−∞
sech( ξ2)S(ξ)d ξ ] Π,

whereD(x, p) is the displacement operator and S(ξ) is the squeezing operator (see Eq. (5.34)
below) with a real squeezing parameter ξ. We have used the sinus cardinalis sinc(x) ∶=
sin(x)/x and the hyperbolic secant sech(x) ∶= 1/cosh(x) functions. We prove in Propo-
sition 5.2 that ΠBJ is a bounded operator on the Hilbert space L2 and therefore gives rise
to well-defined phase-space distribution functions of arbitrary quantum states. We derive a
generalized spectral decomposition of this parity operator based on a continuous family of
generalized eigenvectors that satisfy the following generalized eigenvalue equation for every
real E (see Theorem 5.5):

ΠBJ ∣ψE± ⟩ = ±π/2 sech(πE) ∣ψE± ⟩.

Facilitating a more efficient computation of the Born-Jordan distribution, we finally de-
rive explicit matrix representations in the so-called Fock or number-state basis, which con-
stitutes a natural representation for bosonic quantum systems such as in quantum optics
[182, 108, 171]. Curiously, the parity operator ΠBJ of the Born-Jordan distribution is not
diagonal in the Fock basis as compared to the diagonal parity operators of s-parametrized
phase spaces (cf. [160]) that enable the experimental reconstruction of distribution functions
from photon-count statistics [74, 180, 32, 21] in quantum optics. We calculate the matrix
elements [ΠBJ]mn in the Fock or number-state basis and provide a convenient formula for a
direct recursion, for which we conjecture that the matrix elements are completely determined
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by eight rational initial values. We finally illustrate our results for simple quantum states by
calculating their Born-Jordan distributions and comparing them to other phase-space repre-
sentations. Let us summarize the main results of the current work:

• quantum-mechanical expectation values of the parity operators Πθ from Definition 5.3
define distribution functions as the Cohen class (Theorem 5.1);

• the parity operators Πθ are Weyl quantizations of the corresponding Cohen convolution
kernels θ (Sec. 5.6.2);

• parity operators for important distribution functions are summarized in Sec. 5.6.3 along
with their operator norms (Theorem 5.2) and spectral decompositions in Sec 5.7.2;

• the Born-Jordan parity operator is a weighted average of displacements (Theorem 5.3)
or equivalently a weighted average of squeezing operators (Theorem 5.4), and it is
bounded (Proposition 5.2);

• the Born-Jordan parity operator admits a generalized spectral decomposition (Theo-
rem 5.5);

• its matrix representation is calculated in the number-state basis in Theorem 5.6; and an
efficient, recursion-based computation scheme is proposed in Conjecture 5.1.

We start by recalling precise definitions of distribution functions and quantum states for
infinite-dimensional Hilbert spaces in Sec. 5.4. In Sec. 5.5, we discuss phase-space transla-
tions of quantum states using coherent states, state one known formulation of translated par-
ity operators, and relate a general class of phase spaces to Wigner distribution functions and
their properties. This will guide our study of phase-space representations of quantum states
as expectation values of displaced parity operators in Section 5.6. We present and discuss our
results for the case of the Born-Jordan distribution and its parity operator in Section 5.7. For-
mulas for the matrix elements of the Born-Jordan parity operator are derived in Section 5.8.
Explicit examples for simple quantum systems are discussed and visualized in Section 5.9,
before we conclude. A larger part of the proofs have been relegated to Appendices.

5.4 Distributions and quantum states

All of our discussion and results in this work will strongly rely on precise notions of dis-
tributions and related descriptions of quantum states in infinite-dimensional Hilbert spaces.
Although most (or all) of this material is quite standard and well-known [211, 142, 113, 123],
we find it prudent to shortly summarize this background material in order to fix our notation
and keep our presentation self-contained. This will also help to clarify differences and con-
nections between divergent concepts and notations used in literature. We hope this will also
contribute to narrowing the gap between different physics communities that are interested in
this topic.
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5.4.1 Schwartz space and Fourier transforms

We will now summarize function spaces that are central to this work, refer also to [113,
Ch. 1.1.3]. The set of all smooth, complex-valued functions on Rn that decrease faster (to-
gether with all of their partial derivatives) than the reciprocal of any polynomial is called the
Schwartz space and is usually denoted by S(Rn), refer to [211, Ch. V.3] or [142, Ch. 6]. In
particular, the function ψ(x) is fast decreasing if the absolute values ∣xβ∂αxψ(x)∣ are bounded
for each multi-index of natural numbers α ∶= (α1, . . . , αn) and β ∶= (β1, . . . , βn), where by
definition xβ ∶= xβ11 ⋯xβnn and ∂αx ∶= ∂α1

x1⋯∂
αn
xn , refer to [113, Ch. 1.1.3].

The topological dual space S ′(Rn) of S(Rn) is often referred to as the space of tempered
distributions, and we will denote the distributional pairing for φ ∈ S ′(Rn) and ψ ∈ S(Rn)
as ⟨φ,ψ⟩ ∶= φ(ψ) ∈ C. In Sec. 5.4, we will consistently use the symbol φ to denote
distributions and ψ,ψ′ to denote Schwartz or square-integrable functions. Also note that
S(Rn) is dense in L2(Rn) and tempered distributions naturally include the usual function
spaces S(Rn) ⊂ L2(Rn) ⊂ S ′(Rn) via distributional pairings in the form of an integral
⟨φ,ψ⟩ = ∫Rn φ∗(x)ψ(x)dx, where φ∗(x) is the complex conjugate of φ(x) ∈ L2(Rn) or
φ(x) ∈ S(Rn). This inclusion is usually referred to as a rigged Hilbert space [100, 57] or the
Gelfand triple.

For this integral pairing, one can consider functions φ(x) that (together with all of their
partial derivatives) grow slower than certain polynomials. More precisely, a map φ ∶ Rn → C
is said to be slowly increasing if there exist for every α = (α1, . . . , αn) constantsC,m, andA
such that ∣[∂α1+⋯+αn/∂αx ]φ(x)∣ ≤ C∥x∥m for all ∥x∥ > A, where ∥x∥ is the Euclidean norm
in Rn, refer to [142, Ch. 6.2]. A classical example of such functions are polynomials. In
particular, every slowly increasing function φ(x) generates a tempered distribution ⟨φ,ψ⟩ =
∫Rn φ∗(x)ψ(x)dx for all ψ ∈ S(Rn), and, therefore, such functions are usually denoted as
φ(x) ∈ S ′(Rn) (refer to [142, Ch. 6.2]). This also motivates the delta distribution ⟨δb, ψ⟩ ∶=
ψ(b) which is in its integral representation commonly written as ∫Rn δ(x−b)ψ(x)dx = ψ(b).
We emphasize that the notation δ(x) is however only formal, cf. [211, Eq. (V.3)].

Recall that the symplectic Fourier transform [Fσa(⋅)](x, p) (see App. B in [113]) of a
phase-space distribution function a(x, p) is related to the usual Fourier transform

[Fa(⋅)](x, p) ∶= (2πh̵)−1∫ e−
i
h̵ (x′p+xp′)a(x′, p′)dx′ dp′,

up to a coordinate reflection [Fσa(⋅)](x, p) = [Fa(⋅)](x,−p) where

[Fσa(⋅)](x, p) ∶= (2πh̵)−1∫ e
i
h̵ (x′p−xp′)a(x′, p′)dx′ dp′. (5.3)

The square [FσFσa](x, p) = a(x, p) is equal to the identity. Note that the Fourier trans-
form of every function in S(Rn) is also in S(Rn), cf. [211, Ch. 6.3]. This allows us to
define Fourier transforms of tempered distributions via the distributional pairing of the form
⟨Fσφ,ψ⟩ = ⟨φ,Fσψ⟩. The delta distribution can therefore be identified formally via the
brackets ⟨δ0, Fσψ⟩ = [Fσψ](0) = ⟨1, ψ⟩ as the Fourier transform δ(x) = (2πh̵)−1Fσ[1] of
the constant function, refer to [142, Ch. 6.4].
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5.4.2 Quantum states and expectation values

Let us denote the abstract state vector of a quantum system by ∣ψ⟩ which is an element of an
abstract, infinite-dimensional, separable complex Hilbert space (here and henceforth denoted
by) H. The Hilbert space H is known as the state space and it is equipped with a scalar
product ⟨ ⋅ ∣ ⋅ ⟩ [123]. Considering projectorsPψ ∶= ∣ψ⟩⟨ψ∣ defined via the open scalar products
Pψ = ⟨ψ∣ ⋅ ⟩ ∣ψ⟩, an orthonormal basis of H is given by {∣φn⟩, n ∈ N} if ⟨φn∣φm⟩ = δnm for
all m,n ∈ N and ∑∞n=0Pφn = Id in the strong operator topology. For a broader introduction
to this topic we refer to [123].

Depending on the given quantum system, explicit representations of the state space can
be obtained by specifying its Hilbert space [102]. In the case of bosonic systems, the Fock
(or number-state) representation is widely used. A quantum state ∣ψ⟩ is an element of the
Hilbert space `2(C) of square-summable sequences [123], characterized by its expansion
∣ψ⟩ = ∑∞n=0ψn∣n⟩ into the orthonormal Fock basis {∣n⟩, n = 0,1, . . .} of number states using
the expansion coefficients ψn = ⟨n∣ψ⟩ ∈ C, refer to, e.g., [51] and [123, Ch. 11]. The
scalar product ⟨ψ∣ψ′⟩ then corresponds to the usual scalar product of vectors, i.e. to the
convergent sum∑∞n=0(ψn)∗ψ′n =∶ ⟨ψ∣ψ′⟩`2 . The corresponding norm of vectors is then given
by ∣∣ψ∣∣`2 = ∣∣(∣ψ⟩)∣∣`2 = [⟨ψ∣ψ⟩`2]1/2.

For a quantum state ∣ψ⟩, the coordinate representation ψ(x) ∈ S(R) and its Fourier trans-
form (or momentum representation) ψ(p) ∈ S(R) are given by complex, square-integrable,
and smooth functions that are also fast decreasing. The quantum state ∣ψ⟩ = ∫Rψ(x)∣x⟩dx of
ψ(x) = ⟨x∣ψ⟩ is then defined via coordinate eigenstates1 ∣x⟩. The coordinate representation
of a coordinate eigenstate is given by the distribution δ(x′−x) ∈ S ′(R), refer to [123, 102].
The scalar product ⟨ψ∣ψ′⟩ is then fixed by the usual L2 scalar product, i.e. by the convergent
integral ∫Rψ∗(x)ψ′(x)dx =∶ ⟨ψ∣ψ′⟩L2 . This integral induces the norm of square-integrable
functions via ∣∣ψ(x)∣∣L2 = [⟨ψ∣ψ⟩L2]1/2.

The above two examples are particular representations of the state space, which are con-
venient for particular physical systems, however these representations are equivalent via

H ≃ `2(C) ≃ L2(R,dx) ≃ L2(R,dp), (5.4)

refer to Theorem 2 in [102]. In particular, any coordinate representation ψ(x) ∈ S(R) of a
quantum state ∣ψ⟩ can be expanded in the number-state basis into ψ(x) = ∑∞n=1ψnψ

Fock
n (x)

via ψn = ∫R[ψFock
n (x)]∗(x)ψ(x)dx where ψFock

n (x) ∈ S(R) are eigenfunctions of the
quantum-harmonic oscillator. For any ψ(x), ψ′(x) ∈ S(R), the L2 scalar product is equiva-
lent to the `2 scalar product

∫
R
ψ∗(x)ψ′(x)dx =

∞

∑
n,m=1

ψ∗nψ
′
m∫R[ψ

Fock
n (x)]∗ψFock

m (x)dx =
∞

∑
n=1

ψ∗nψ
′
n, (5.5)

1For the position operator x̂ ∶ S(R) → S(R), ψ(x) ↦ xψ(x) one can consider the dual x̂′ ∶ S ′(R) →
S ′(R), φ ↦ φ ○ x̂. This map satisfies the generalized eigenvalue equation x̂′∣x0⟩ = x0∣x0⟩ for all x0 ∈ R where
its generalized eigenvector ∣x0⟩ ∈ S ′(R) is the delta distribution, which allows for the resolution of the position
operator x̂ = ∫R x∣x⟩⟨x∣dx. For more on this topic we refer to [100] or [102, p.1906].
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and it is invariant with respect to the choice of orthonormal basis, i.e. any two orthonormal
bases are related via a unitary transformation. The equivalence L2(R,dx) ≃ L2(R,dp)
follows from the Plancherel formula ∫Rψ∗(x)ψ′(x)dx = ∫Rψ∗(p)ψ′(p)dp.

In the following, we will consistently use the notation ⟨ ⋅ ∣ ⋅ ⟩ for scalar products in Hilbert
space, without specifying the type of representation. This is motivated by the invariance of
the scalar product under the choice of representation. However, in order to avoid confusion
with different types of operator or Euclidean norms, in the following we will use the explicit
norms ∣∣ψ(x)∣∣L2 and ∣∣ ∣ψ⟩∣∣`2 , despite their equivalence.

We will now shortly define the trace of operators on infinite-dimensional Hilbert spaces,
refer to [211, Ch.VI.6] for a comprehensive introduction. Recall that the trace of a positive
semi-definite operator2 A ∈ B(H) is defined via Tr(A) = ∑∞n=1⟨ψn∣A∣ψn⟩, where the sum of
non-negative numbers on the right-hand side is independent of the chosen orthonormal basis
{∣ψn⟩ , n ∈ N} of H, but it does not necessarily converge. Recall that the set of trace-class
operators is given by

B1(H) ∶= {A ∈ B(H) ∣Tr(
√
A†A) <∞} ⊆ K(H),

where K(H) denotes the set of compact operators on H and A† is the adjoint of A (which
is in finite dimensions given by the complex conjugated and transposed matrix). Every
A ∈ B1(H) has a finite trace via the absolutely convergent sum (of not necessarily posi-
tive numbers) Tr(A) ∶= ∑∞n=1⟨ψn∣A∣ψn⟩ . For A ∈ B1(H), the mapping A↦ Tr(A) is linear,
continuous with respect to the trace norm and independent of the chosen orthonormal basis
of H. Trace-class operators A ∈ B1(H) have the important property that their products with
bounded operators B ∈ B(H) are also in the trace class, i.e. AB,BA ∈ B1(H). Using this
definition, one can calculate the trace independently from the choice of the orthonormal basis
or representation that is used for evaluating scalar products.

A density operator or state ρ ∈ B1(H) is defined to be positive semi-definite with Tr(ρ) =
1. It therefore admits a spectral decomposition [190, Prop. 16.2], i.e. there exists an orthonor-
mal system {∣ψn⟩, n ∈ N} inH such that

ρ ∶=
∞

∑
n=1

pn∣ψn⟩⟨ψn∣ . (5.6)

The probabilities {pn, n ∈ N} satisfy p1 ≥ p2 ≥ . . . ≥ 0 and ∑∞n=1 pn = 1. Expectation
values of observables are computed via the trace ⟨O⟩ρ = Tr(ρO) = ∑∞n=1 pn⟨ψn∣O∣ψn⟩
where O ∈ B(H) is hermitian. The following is a simple consequence of, e.g., [190, Lemma
16.23].

2 Here, B(H) denotes the set of bounded linear operators on H, and one has ∣⟨x∣A∣y⟩∣ < ∞ for every A ∈
B(H) and x, y ∈ H . An operator A ∈ B(H) is said to be positive semi-definite if A is self-adjoint and
⟨x,Ax⟩ ≥ 0 for all x ∈H.
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Lemma 5.1. The expectation value of an observable O in a mixed quantum state is

upper bounded by the operator norm ∣Tr(ρO)∣ ≤ ∣∣O∣∣sup for arbitrary density operators

ρ, where we have used the definition ∣∣O∣∣sup ∶= sup∣∣(∣ψ⟩)∣∣`2=1 ∣∣O∣ψ⟩∣∣`2 for the Hilbert

space `2. Equivalently, one can use the definition ∣∣O∣∣sup ∶= sup∣∣ψ(x)∣∣L2=1 ∣∣Oψ(x)∣∣L2

for square-integrable functions ψ(x).

5.5 Coherent states, phase spaces, and parity operators

We continue to fix our notation by discussing an abstract definition of phase spaces that relies
on displaced parity operators. This usually appears concretely in terms of coherent states [47,
205, 99, 174], for which we consider two equivalent but equally important parametrizations
of the phase space using the coordinates α or (x, p) (see below). This definition of phase
spaces can be also related to convolutions of Wigner functions which is usually known as the
Cohen class [113, 59, 60]. We also recall important postulates for Wigner functions as given
by Stratanovich [243, 47] and these will be later considered in the context of general phase
spaces.

5.5.1 Phase-space translations of quantum states

We will now recall a definition of the phase space for quantum-mechanical systems via co-
herent states, refer to [47, 205, 99, 174]. We consider a quantum system which has a specific
dynamical symmetry group given by a Lie group G. The Lie group G acts on the Hilbert
space H using an irreducible unitary representation D of G. By choosing a fixed reference
state as an element ∣0⟩ ∈ H of the Hilbert space, one can define a set of coherent states as
∣g⟩ ∶= D(g)∣0⟩ where g ∈ G. Considering the subgroup H ⊆ G of elements h ∈ H that act
on the reference state only by multiplication D(h)∣0⟩ ∶= eiφ∣0⟩ with a phase factor eiφ, any
element g ∈ G can be decomposed into g = Ωh with Ω ∈ G/H . The phase space is then
identified with the set of coherent states ∣Ω⟩ ∶= D(Ω)∣0⟩. In the following, we will consider
the Heisenberg-Weyl group H3, for which the phase space Ω ∈ H3/U(1) is a plane. We
introduce the corresponding displacement operators that generate translations of the plane.

In particular, for harmonic oscillator systems, the phase space Ω ≡ α ∈ C is usually
parametrized by the complex eigenvalues α of the annihilation operator a and Glauber co-
herent states can be represented explicitly [51] in the so-called Fock (or number-state) basis
as

∣α⟩ = e−∣α∣2/2
∞

∑
n=0

αn√
n!
∣n⟩ = eαâ†−α∗â∣0⟩ =∶ D(α)∣0⟩. (5.7)

Here, the second equality specifies the displacement operator D(α) as a power series of
the usual bosonic annihilation â and creation â† operators, which satisfy the commutation
relation [â, â†] = 1, refer to Eq. (2.11) in [51]. In particular, the number state representation



128 Chapter 5. Phase Spaces, Parity Operators, and the Born-Jordan Distribution

of displacements is given by [51]

[D(α)]mn ∶= ⟨m∣D(α)∣n⟩ = ( n!
m!)

1/2αm−ne−∣α∣
2/2L(m−n)

n (∣α∣2), (5.8)

where L(m−n)
n (x) are generalized Laguerre polynomials. This is the usual formulation for

bosonic systems (e.g., in quantum optics) [171], where the optical phase space is the complex
plane and the phase-space integration measure is given by dΩ = 2h̵d2α = 2h̵dR(α)dI(α)
(where one often sets h = 2πh̵ = 1, cf., [51, 50, 47]). The annihilation operator admits a
simple decomposition

â = 2h̵ ∫
∞

−∞
∫

∞

−∞
α ∣α⟩⟨α∣dR(α)dI(α)

with respect to its eigenvectors, see, e.g., [51, Eqs. (2.21)-(2.27)].
Let us now consider the coordinate representation ψ(x) ∈ S(R) of a quantum state.

The phase space is parametrized by Ω ≡ (x, p) ≡ z ∈ R2 and the integration measure is
dΩ = dz = dxdp. The action of the displacement operator is given by

D(x0, p0)ψ(x) ∶= e
i
h̵ (p0x−

1
2p0x0)ψ(x−x0) = e−

i
h̵ (x0p̂−p0x̂)ψ(x), (5.9)

where x,x0, p0 ∈ R. The right hand side of Eq. (5.9) specifies the displacement operator as a
power series of the usual x̂ and p̂ operators, which satisfy the commutation relation [x̂, p̂] =
ih̵, refer to [113, Def. 2]. The most common representations of these two unbounded opera-
tors are x̂ψ(x) = xψ(x) and p̂ψ(x) = −ih̵∂ψ(x)/∂x. Displacements of tempered distribu-
tions φ(x) ∈ S ′(R) are understood via the distribution pairings ⟨φ∣D(Ω)ψ⟩ = ⟨D†(Ω)φ∣ψ⟩
as integrals from Section 5.4.1 (cf. Eq. (1.11) in [113]).

The two (above mentioned) physically motivated examples are particular representations
of the displacement operator for the Heisenberg-Weyl group in different Hilbert spaces while
relying on different parametrizations of the phase space. Let us now highlight the equivalence
of these two representations. In particular, we obtain the formulas âλ = (λx̂ + iλ−1p̂)/

√
2h̵

and â†
λ = (λx̂ − iλ−1p̂)/

√
2h̵ for any non-zero real λ, refer to Eqs. (2.1-2.2) in [51]. In

the context of quantum optics, the operators x̂ and p̂ are the so-called optical quadratures
[171]. The operators âλ and â†

λ are now defined on the Hilbert space L2, whereas â and
â† act on elements of the Hilbert space `2. For any λ ≠ 0 they reproduce the commutator
[âλ, â†

λ] = idL2 , i.e. [âλ, â†
λ]ψ(x) = ψ(x) for all ψ(x) ∈ L2(R), and they correspond to

raising and lowering operators of the quantum harmonic-oscilator3 eigenfunctions ψFock
n (x),

refer to [123]. Substituting now x̂ =
√
h̵/2λ−1(âλ+â†

λ) and p̂ = −i
√
h̵/2λ(âλ−â†

λ) into the
exponent on the right-hand side of (5.9) yields

− i
h̵(x0p̂ − p0x̂) = â†

λ(x0λ + iλ−1p0)/
√

2h̵ − âλ(x0λ − iλ−1p0)/
√

2h̵.

3For example, the choice λ = √
mω corresponds to the quantum-harmonic oscillator of mass m and angular

frequency ω. And λ = √
εω is related to a normal mode of the electromagnetic field in a dielectric.
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This then confirms the equivalence

D(x0, p0)ψ(x) = e−
i
h̵ (x0p̂−p0x̂)ψ(x) = eâ

†
λ
α−âλα

∗
ψ(x) = D(α)ψ(x), (5.10)

where the phase-space coordinate α is defined by α ∶= (x0λ + iλ−1p0)/
√

2h̵. Note that
the corresponding phase-space element is then dΩ = 2h̵dR(α)dI(α) = dxdp which is
independent of the choice of λ.

In the following, we will use both of the phase-space coordinates α and (x, p) inter-
changeably. The displacement operator is obtained in both parametrizations, and they are
equivalent via (5.10). Motivated by the group definition, we will also use the parametrization
Ω for the phase space via D(Ω), where Ω corresponds to any representation of the group,
including the ones given by the coordinates α and (x, p).

5.5.2 Phase-space reflections and the Grossmann-Royer operator

Recall that the parity operator Π reflects wave functions via Πψ(x) ∶= ψ(−x) and Πψ(p) ∶=
ψ(−p) for coordinate-momentum representations [119, 217, 113, 34, 175] and Π∣Ω⟩ ∶= ∣−Ω⟩
for phase-space coordinates of coherent states [50, 217, 34, 175]. This parity operator is
obtained as a phase-space average

Π ∶= (4πh̵)−1∫ D(Ω)dΩ = 1
2 {Fσ[D(⋅)](Ω)} ∣Ω=0 (5.11)

of displacements, where the second equality follows from the symplectic Fourier transform
of the displacement operator from (5.9) at the phase-space point Ω = 0.

The symplectic Fourier transform of the displacement operator from Eq. (5.9) is the so-
called Grossmann-Royer operator

1
2Fσ[D(⋅)](−Ω) = D(Ω)ΠD†(Ω), (5.12)

which is the parity operator transformed by the displacement operator [119, 217, 113, 175,
34]. Here, we use in both (5.11) and (5.12) an abbreviated notation for formal integral trans-
formations of the displacement operator. These integral transformations and the symplectic
Fourier transform are more precisely given as in (5.9) via their action

Πφ(x) ∶= (4πh̵)−1∫ D(Ω)φ(x)dΩ = 1
2 {Fσ[D(⋅)φ(x)](Ω)} ∣Ω=0

on any element φ(x) ∈ S ′(R). This also matches the notation in [113, Prop. 8]. In the fol-
lowing, we will consistently use this abbreviated notation for formal integral transformations
of the displacement operator, i.e. by dropping φ(x).

5.5.3 Wigner function and the Cohen class

The Wigner functionWψ(x, p) of a pure quantum state ∣ψ⟩ was originally defined by Wigner
in 1932 [262] and it is (in modern terms) the integral transformation of a pure state ψ(x) ∈
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S(R), i.e.

Wψ(x, p) = (2πh̵)−1∫ e−
i
h̵ pyψ∗(x−1

2y)ψ(x+
1
2y)dy

= (πh̵)−1⟨ψ∣D(x, p)ΠD†(x, p)∣ψ⟩ = (πh̵)−1 Tr [ (∣ψ⟩⟨ψ∣)D(Ω)ΠD†(Ω)].

The second and third equalities specify the Wigner function using the Grossmann-Royer
operator [119, 113] from (5.12), refer to [113, Def. 12]. We use this latter form to extend the
definition of the Wigner function to mixed quantum states as in [50, 11, 217, 34].

Definition 5.1. The Wigner function Wρ(Ω) ∈ L2(R2) of an infinite-dimensional den-
sity operator (or quantum state) ρ = ∑n pn∣ψn⟩⟨ψn∣ ∈ B1(H) is proportional to the
quantum-mechanical expectation value

Wρ(Ω) ∶= (πh̵)−1 Tr [ρD(Ω)ΠD†(Ω)] =∑
n

pnWψn(Ω) (5.13)

of the Grossmann-Royer operator from (5.12), which is the parity operator Π trans-
formed by the displacement operator D(Ω), refer also to [50, 11, 217, 34, 175, 113].

The square integrable cross-Wigner transform W (ψ,ψ′)(Ω) ∈ L2(R2) of two functions
ψ,ψ′ ∈ L2(R) used in time-frequency analysis [113, 111] is obtained via the trace-class
operator A = ∣ψ⟩⟨ψ′∣ in the form W (ψ,ψ′)(Ω) ∶= WA(Ω). The Wigner representation is in
general a bijective, linear mapping between the set of density operators (or, more generally,
the trace-class operators) and the phase-space distribution functions Wρ that satisfy the so-
called Stratonovich postulates [243, 47]:

Postulate (i): ρ↦Wρ is one-to-one (linearity),

Postulate (ii): Wρ† =W ∗
ρ (reality),

Postulate (iiia): Tr(ρ) = ∫ Wρ dΩ (normalization),

Postulate (iiib): Tr(A†ρ) = ∫ a∗Wρ dΩ (traciality),

Postulate (iv): WD(Ω′)ρ(Ω) =Wρ(Ω−Ω′) (covariance).

The not necessarily bounded4 operatorA is the Weyl quantization of the phase-space function
(or distribution) a(Ω) ∈ S ′(R2), refer to Sec. 5.6.2. Based on these postulates, the Wigner
function was defined for phase-spaces of quantum systems with different dynamical symme-
try groups via coherent states [205, 99, 47, 248, 159, 160]. Let us finally recall the definition
of the Cohen class for density operators following [113, Def. 93] or [60]. We define the
convolution

a ∗ ψ = 2πh̵Fσ[(Fσa) (Fσψ)] (5.14)
4 For unbounded operators one has to at least ensure that A is defined on the range of ρ = ∑n pn∣φn⟩⟨φn∣,

i.e. range(ρ) ⊆ D(A) where D(A) denotes the domain of A. Then formally Tr(A†ρ) ∶= Tr(ρA)∗ ∶=
(∑n pn⟨φn∣A∣φn⟩)∗, but this sum does in general not converge. However, by relying on so-called Schwartz
operators and their dual space from [148] one can address these technical difficulties.
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of a fast decreasing phase-space function ψ ∈ S(R2) and a distribution a ∈ S ′(R2).

Definition 5.2. The Cohen class is the set of all linear mappings from density operators
to phase-space distributions that are related to the Wigner function via a convolution
ρ ↦ θ(Ω) ∗Wρ(Ω) from (5.14). The convolution kernel is a function (or tempered
distribution) θ(Ω) ∈ S ′(R2) and so are the elements θ(Ω) ∗Wρ(Ω) ∈ S ′(R2) of the
Cohen class.

5.6 Parity operators and their relation to quantization

5.6.1 Phase-space distribution functions via parity operators

We propose a definition for phase-space distributions and the Cohen class based on parity
operators, the explicit form of which will be calculated below. A similar form has already
appeared in the context of quantum optics for the so-called s-parametrized distribution func-
tions, see, e.g., [50, 194]. In particular, an explicit form of a parity operator that requires
no integral-transformation appeared in (6.22) of [51], including its eigenvalue decomposition
which was later rederived in the context of measurement probabilities in [194], refer also to
[217, 175]. Apart from those results, mappings between density operators and their phase-
space distribution functions have been established only in terms of integral transformations
of expectation values, as in [50, 10, 11].

Definition 5.3. We define a general class of phase-space distribution functions, denoted
as Fρ(Ω, θ) and indexed by θ, as a linear mapping from the density operator ρ ∈ B1(H)
to Fρ(Ω, θ) in the form of the quantum-mechanical expectation value

Fρ(Ω, θ) ∶= (πh̵)−1 Tr [ρD(Ω)ΠθD†(Ω)] (5.15)

of a displaced parity operator Πθ that is defined by the relation

Πθ ∶= (4πh̵)−1∫ Kθ(Ω)D(Ω)dΩ (5.16)

using the filter function Kθ(Ω).

Properties ofKθ(Ω) will be discussed below. Note that the distribution function Fρ(Ω, θ)
might have singularities depending on the integrability of its filter function Kθ(Ω), where
one well-known case is given by the Glauber P function. First, let us relate these distribution
functions to the Cohen class [113, Ch. 8] by considering filter functions Kθ(Ω) as Fourier
transforms of some function or tempered distribution θ.
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Theorem 5.1. If there exists a function or tempered distribution θ(Ω) ∈ S ′(R2), such

that its symplectic Fourier transform is Kθ(Ω) = 2πh̵[Fσθ(⋅)](−Ω), then the corre-

sponding phase-space distribution function Fρ(Ω, θ) ∈ S ′(R2) is an element of the

Cohen class. In particular, Fρ(Ω, θ) is related to the Wigner function Wρ(Ω) via the

convolution

Fρ(Ω, θ) = θ(Ω) ∗Wρ(Ω), (5.17)

and the convolution kernel θ(Ω) ∈ S ′(R2) is the symplectic Fourier transform of the

filter function θ(Ω) = (2πh̵)−1[FσK(⋅)](−Ω) from Eq. (5.16). In analogy to (5.12),
one has the equivalence

D(Ω)ΠθD†(Ω) = 1
2Fσ[Kθ(⋅)D(⋅)](−Ω). (5.18)

Proof. The Wigner function from Eq. (5.13) is transformed into the form θ(Ω) ∗Wρ(Ω) =
(πh̵)−1 Tr [ρ θ(Ω) ∗ [D(Ω)ΠD†(Ω)]], where the Grossmann-Royer operator is convolved
with the kernel function. Applying (5.12) yields

θ(Ω) ∗ [D(Ω)ΠD†(Ω)] = θ(Ω) ∗ [1
2FσD(⋅)](−Ω) = πh̵Fσ[[Fσθ(⋅)](⋅)D∨(⋅)](Ω), (5.19)

where the second equality uses the convolution property a ∗ b = 2πh̵Fσ[(Fσa) (Fσb)] of
Fourier transforms from (5.14), D∨(Ω) = D(−Ω), and the fact that the square of symplectic
Fourier transforms is given the identity FσFσKθ(−Ω) = Kθ(−Ω). The left-hand side of
(5.19) is related formally to (5.15) via

(πh̵)−1Tr [ρ θ(Ω) ∗ [D(Ω)ΠD†(Ω)]] = Fρ(Ω, θ) = (πh̵)−1 Tr [ρD(Ω)ΠθD†(Ω)],

which results in the formal equality θ(Ω) ∗ [D(Ω)ΠD†(Ω)] = D(Ω)ΠθD†(Ω). After sub-
stituting the formula Fσθ(Ω) = (2πh̵)−1FσFσKθ(−Ω) = (2πh̵)−1Kθ(−Ω) to the right-hand
side of (5.19), which uses θ(Ω) = (2πh̵)−1[FσK(⋅)](−Ω) and the fact that the square of
symplectic Fourier transforms is equal to FσFσKθ(−Ω) =Kθ(−Ω), one obtains

θ(Ω) ∗ [D(Ω)ΠD†(Ω)] =D(Ω)ΠθD†(Ω) = 1
2Fσ[K

∨
θ (⋅)D∨(⋅)](Ω) (5.20)

=1
2Fσ[Kθ(⋅)D(⋅)](−Ω), (5.21)

where K∨
θ (Ω) = Kθ(−Ω) and D∨(Ω) = D(−Ω). The symplectic Fourier transform from

(5.3) at the phase-space point Ω = 0 reduces to

Πθ = [D(Ω)ΠθD†(Ω)]∣Ω=0 = 1
2Fσ[Kθ(⋅)D(⋅)]∣Ω=0 = (4πh̵)−1∫ Kθ(Ω)D(Ω)dΩ

the integral after the third equality and reproduces (5.16) which concludes the proof.

The construction of a particular case of phase-space distribution functions was detailed
in [11], where the term “filter function” also appeared in the context of mapping operators.
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Property Description Requirement

Cohen class Definition 5.2 Kθ is a function or tempered distribution

Boundedness ∣Fρ(Ω, θ)∣ is bounded Πθ is bounded in ∣∣Πθ ∣∣sup

Square integrability Fρ(Ω, θ) ∈ L2(R2) ∣Kθ(Ω)∣ is bounded

Linearity ρ↦ Fρ(Ω, θ) is linear by definition

Covariance D(Ω′)ρD†(Ω′)↦ Fρ(Ω−Ω′, θ) by definition

Rotations covariance under rotations Kθ is invariant under rotations

Reality ρ† ↦ F ∗

ρ (Ω, θ) Symmetry K∗

θ (−Ω) =Kθ(Ω)
Traciality Tr [ρ]↦ ∫ Fρ(Ω, θ)dΩ [Kθ(Ω)]∣Ω=0 = 1

Marginal condition ∣ψ(x)∣2 and ∣ψ(p)∣2 are recovered [Kθ(x, p)]∣p=0 = [Kθ(x, p)]∣x=0 = 1

Table 5.1: Properties of phase-space distribution functions from Definition 5.3.

However, these filter functions were restricted to non-zero, analytic functions. Definition 5.3
extends these cases to the Cohen class via Theorem 5.1 which allows for more general phase
spaces. For example, the filter function of the Born-Jordan distribution has zeros (see Theo-
rem 5.3 below), and is therefore not covered by [11].

Most of the well-known distribution functions are elements of the Cohen class. We cal-
culate important special cases in Sec. 5.6.3. The Born-Jordan distribution and its parity
operator are detailed in Sec. 5.7. In the following, we detail important properties of Fρ(Ω, θ)
and their relation to properties of Kθ(Ω) and Πθ. These properties will guide our discussion
of parity operators and this allows us to compare the Born-Jordan distribution to other phase
spaces. Table 5.1 provides a summary of these properties and the proofs have been deferred
to Appendix D.1.

Property 5.1. Boundedness: The phase-space distribution function Fρ(Ω, θ) is bounded
in its absolute value, i.e. πh̵ ∣Fρ(Ω, θ)∣ ≤ ∣∣Πθ ∣∣sup ≤ ∣∣Kθ ∣∣L2/

√
8πh̵, if the operator Πθ

is bounded, refer to Lemma 5.1. The second inequality ensures that square-integrable
filter functions [as for Kθ(x, p) ∈ L2(R2,dxdp)] give rise to bounded parity operators.
The proof of Property 5.1 in Appendix D.1 implies the even stronger statement that Πθ

is a Hilbert-Schmidt operator if Kθ is square integrable. Expectation values of bounded
parity operators Πθ are well-defined, continuous linear mappings from density operators
to distribution functions that are free of singularities. In general, if Πθ is unbounded, the
function value Fρ(Ω, θ) assigned by the trace is not well defined for arbitrary density
operators ρ or arbitrary phase-space points Ω.

Property 5.2. Square integrability: The phase-space distribution function Fρ(Ω, θ) is
square integrable [i.e. Fρ(Ω, θ) ∈ L2(R2)] for all ρ ∈ B1(H) if the absolute value of the
filter function is bounded [i.e. Kθ(Ω) ∈ L∞(R2)].
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Property 5.3. Postulate (iv): The phase-space distribution function Fρ(Ω, θ) satisfies
by definition the covariance property. In particular, a displaced density operator ρ′ ∶=
D(Ω′)ρD†(Ω′) is mapped to the inversely displaced distribution function Fρ′(Ω, θ) =
Fρ(Ω−Ω′, θ).

Property 5.4. Rotational covariance: Let us denote a rotated density operator ρφ =
UφρU

†
φ, where the phase-space rotation operator is given by Uφ ∶= exp (−iφâ†â) in

terms of creation and annihilation operators. The phase-space distribution function is
covariant under phase-space rotations,a i.e. Fρφ(Ω, θ) = Fρ(Ω−φ, θ), if the filter func-
tion Kθ(Ω) (or equivalently the parity operator Πθ) is invariant under rotations. Here,
Ω−φ is the inversely rotated phase-space coordinate, e.g., α−φ = exp (iφ)α. As a conse-
quence of this symmetry, the corresponding parity operators are diagonal in the number-
state representation, i.e. ⟨n∣Πθ ∣m⟩∝ δnm.

aNote that any physically motivated distribution function must be covariant under π/2 rotations in
phase-space, which correspond to the Fourier transform of pure states and connect coordinate representa-
tions ψ(x) to momentum representations ψ(p).

Property 5.5. Postulate (ii): The phase-space distribution function Fρ(Ω, θ) is real if
Πθ is Hermitian. This condition translates to the symmetry K∗

θ (−Ω) = Kθ(Ω) of the
filter function.

Property 5.6. Postulate (iiia): The trace of a trace-class operator Tr [ρ] is mapped
to the phase-space integral ∫ Fρ(Ω, θ)dΩ if the corresponding filter function satisfies
Kθ(0) = 1. Note that this property also implies that the trace exists, i.e. Tr(Πθ) =
Kθ(0)/2, in some particular basis, even though Πθ might not be of trace class.

Property 5.7. Marginals: An even more restrictive subclass of the Cohen class satisfies
the marginal properties ∫ Fρ(x, p, θ)dx = ∣ψ(p)∣2 and ∫ Fρ(x, p, θ)dp = ∣ψ(x)∣2 if and
only if [Kθ(x, p)]∣p=0 = 1 and [Kθ(x, p)]∣x=0 = 1. This follows, e.g., directly from
Proposition 14 in [111].

5.6.2 Relation to quantization

Recall that the Weyl quantization of a phase-space function (or tempered distribution) a(Ω) ∈
S ′(R2) yields by definition the operator (cf. [111, Def. 7 & Prop. 9])

OpWeyl(a) = (πh̵)−1∫ a(Ω)D(Ω)ΠD†(Ω)dΩ = (2πh̵)−1∫ aσ(Ω)D(Ω)dΩ, (5.22)
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where the symplectic Fourier transform aσ(Ω) = [Fσa(⋅)](Ω) is used for the second equal-
ity. Recall that quantizations associated with the Cohen class Opθ(a) are essentially Weyl
quantizations of convolved phase-space functions (or tempered distributions) up to the coor-
dinate reflection θ∨(Ω) = θ(−Ω), i.e.

Opθ(a) = OpWeyl(a ∗ θ∨) = (πh̵)−1∫ [a ∗ θ∨](Ω)D(Ω)ΠD†(Ω)dΩ (5.23)

= (2πh̵)−1∫ aσ(Ω)Kθ(Ω)D(Ω)dΩ, (5.24)

where a, θ, a ∗ θ ∈ S ′(R2), cf. [111, Prop. 7.35]. The symplectic Fourier transform [Fσ(a ∗
θ∨)](Ω) = aσ(Ω)Kθ(Ω) from Theorem 5.1 is used for the second equality, refer to §7.2.4 in
[111].

Proposition 5.1. The quantization Opθ(a) of a phase-space function (or tempered dis-

tribution) a(Ω) ∈ S ′(R2) is associated with the Cohen class via

Opθ(a) = (πh̵)−1∫ a(Ω)D(Ω)ΠθD†(Ω)dΩ,

where Πθ is the parity operator from Definition 5.3.

Proof. The Plancherel formula ∫ a(Ω)b(Ω)dΩ = ∫ aσ(Ω)bσ(−Ω)dΩ implies that

Opθ(a) = (2πh̵)−1∫ aσ(Ω)Kθ(Ω)D(Ω)dΩ

= (2πh̵)−1∫ Fσ[aσ(⋅)](Ω)Fσ[Kθ(⋅)D(⋅)](−Ω)dΩ,

where the equality D(Ω)ΠθD†(Ω) = 1
2Fσ[K(⋅)D(⋅)](−Ω) follows from (5.18) and the

square of the symplectic Fourier transform Fσ[aσ(⋅)](Ω) = a(Ω) is applied.

One can consider single Fourier components ei(p0x−ix0p)/h̵ =∶ fΩ0(Ω), for which the
Weyl quantization yields the displacement operator OpWeyl(fΩ0) = D(Ω0) from Sec. 5.5.1,
refer to Proposition 11 in [111]. Let us now consider the θ-type quantization of a single
Fourier component (cf. Def. 5.3), which results in the displacement operator being multiplied
by the corresponding filter function via (5.23)-(5.24). Substituting aσ(Ω) = Fσ[fΩ0](Ω) into
(5.23), one obtains

Opθ(fΩ0) =Kθ(Ω0)D(Ω0) and Πθ = (4πh̵)−1∫ Opθ(fΩ0)dΩ0.

The second equality follows from (5.16) and it specifies the parity operator as a phase-space
average of quantizations of single Fourier components.

But it is even more instructive to consider the case of the delta distribution denoted as
δ(2) ∶= δ(2)(Ω), the Weyl quantization of which yields the Grossmann-Royer parity operator
OpWeyl(δ(2)) = πh̵Π (as obtained in [119]). Applying (5.23), the Cohen quantization of the
delta distribution yields the parity operator from (5.16). In particular, the operator Πθ from
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Ordering (τ, s) Kτs(Ω0) Opτs(fΩ0)

Normal (1
2 ,1) e∣α0∣

2/2 eα0â
†
e−α

∗
0 â

Antinormal (1
2 ,−1) e−∣α0∣

2/2 e−α
∗
0 âeα0â

†

Weyl (1
2 ,0) 1 eα0â

†−α∗0 â = e
i
h̵ p0x̂−

i
h̵ x0p̂

Standard (1,0) e
i

2h̵ p0x0 e
i
h̵ p0x̂e−

i
h̵ x0p̂

Antistandard (0,0) e−
i

2h̵ p0x0 e−
i
h̵ x0p̂e

i
h̵ p0x̂

Born-Jordan ∫ 1
0 (τ,0)dτ sinc(p0x0/2) refer to Sec. 5.7

Table 5.2: Common operator orderings, their defining filter functions Kτs(Ω0), and the
corresponding single Fourier component quantizations Opτs(fΩ0) as displacement oper-
ators with ei(p0x−ix0p)/h̵ =∶ fΩ0(Ω), refer to, e.g., [50, 217, 11, 10, 111]. Coordinates
Ω0 ≃ α0 ≃ (x0, p0) with subindex 0 are used for clarity.

Definition 5.3 is a θ-type quantization of the delta distribution as

Πθ = (πh̵)−1 Opθ(δ(2)) = (πh̵)−1 OpWeyl(θ∨), (5.25)

or equivalently, the Weyl quantization of the Cohen kernel, up to the coordinate reflec-
tion θ∨(Ω) = θ(−Ω) [which follows from (5.23) via Πθ = (πh̵)−1 OpWeyl(θ∨ ∗ δ(2)) =
(πh̵)−1 OpWeyl(θ∨)]. Since Πθ is the Weyl quantization of the function (or tempered dis-
tribution) θ∨(Ω) = θ(−Ω) ∈ S ′(R2), one can adapt results contained in [69] to precisely
state conditions on θ, for which bounded operators Πθ are obtained via their Weyl quan-
tizations, refer also to Property 5.1. For example, square-integrable θ ∈ L2(R2) result in
Hibert-Schmidt operators Πθ, absolutely integrable θ ∈ L1(R2) result in compact operators
Πθ, and Schwartz functions θ ∈ S(R2) result in trace-class operators Πθ, refer to [69].

We consider now a class of explicit quantization schemes along the lines of [51, 50, 10,
111] and they are motivated by different (τ, s)-orderings of non-commuting operators x̂ and
p̂ or â and â† (−1 ≤ s ≤ 1 and 0 ≤ τ ≤ 1). This class is obtained via the (τ, s)-parametrized
filter function (where the relation α = (λx + ip/λ)/

√
2h̵ from Section 5.5.1 is used)

Kτs(Ω) ∶= exp [2τ−1
4 (α2−(α∗)2) + s

2 ∣α∣
2] = exp [ i(2τ−1)px

2h̵ + s(λ2x2+λ−2p2)
4h̵ ], (5.26)

which has the symmetry Kτs(Ω) =Kτs(−Ω). The corresponding (τ, s)-parametrized quan-
tizations of a single Fourier component are given by the operators of the form Opτs(fΩ0) ∶=
Kτs(Ω)D(Ω), which are central in ordered expansions into non-commuting operators. Also
note that for s ≤ 0, the resulting distribution functions are in the Cohen class with Kτs(Ω) ∈
S ′(R2) due to Theorem 5.1. Important, well-known special cases are summarized in Ta-
ble 5.2, refer also to [50, 11, 10, 111].
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Name (τ, s) Kτs(Ω) θτs(Ω)

Wigner function (1/2,0) 1 δ(2)(Ω)
s-parametrized (1/2, s) exp [ s2 ∣α∣

2] − 1
πs exp [2

s ∣α∣
2]

Husimi Q function (1/2,−1) exp [−1
2 ∣α∣

2] 1
π exp [−2∣α∣2]

Glauber P function (1/2,1) exp [1
2 ∣α∣

2] − 1
π exp [2∣α∣2]

Shubin’s τ -distribution (τ,0) exp [ ih̵
2τ−1

2 px] 1
h̵π∣2τ−1∣ exp [ 2i

h̵(2τ−1)px]

Born-Jordan distribution ∫ 1
0 (τ,0)dτ sinc[px/(2h̵)] Fσ{sinc[px/(2h̵)]}/(2πh̵)

Table 5.3: Well-known phase-space distribution functions and their corresponding Cohen
kernels recovered for particular values of τ or s via expectation values of displaced parity
operators from (5.27).

5.6.3 Explicit form of parity operators

Expectation values of displaced parity operators

Πτs = (4πh̵)−1∫ Kτs(Ω)D(Ω)dΩ = (4πh̵)−1∫ Opτs(fΩ0)dΩ (5.27)

are obtained via the kernel function in (5.26) and recover well-known phase-space distribu-
tion functions5 for particular cases of τ or s, which are motivated by the ordering schemes
Opτs(fΩ0) from Table 5.2. Important special cases of these distribution functions and their
corresponding filter functions and Cohen kernels are summarized in Table 5.3.

In particular, the parameters τ = 1/2 and s = 0 identify the Wigner function with
K1/2,0(Ω) ≡ 1 and (5.27) reduces to (5.11). Note that the corresponding Cohen kernel θ
from Theorem 5.1 is the 2-dimensional delta distribution δ(2)(Ω) and that convolving with
δ(2)(Ω) is the identity operation, i.e. δ(2) ∗Wρ =Wρ [see (5.17)].

The filter function Kτs from (5.26) results for a fixed parameter of τ = 1/2 in the Gaus-
sian Ks(Ω) ∶= K1/2,s(Ω) = exp [ s2 ∣α∣

2]. The corresponding parity operators are diago-
nal in the number-state representation (refer to Property 5.4), and they can be specified for
−1 ≤ s < 1 in terms of number-state projectors [50, 194, 217] as

Πs ∶= Π1/2,s = (4πh̵)−1∫ es∣α∣
2/2D(Ω)dΩ =

∞

∑
n=0

(−1)n (1+s)n
(1−s)n+1

∣n⟩⟨n∣, (5.28)

where the second equality specifies Πs in the form of a spectral decomposition. This form
has implicitly appeared in, e.g., [50, 194, 217]. We provide a more compact proof in Ap-
pendix D.2. Note that the operator norm of Πs is equal to ∣∣Πs∣∣sup = 1/(1−s) for s ≤ 0 and
the operators are trace class for s < 0 (so in particular, they are Hilbert-Schmidt operators).
However, distribution functions for s > 0 can develop singularities as their parity operators
are unbounded, as detailed in Property 5.1. Nevertheless, their symplectic Fourier transform

5 This family of phase-space representations is related to the one considered in [11, 10] by setting λ = s/2
and µ = −ν = 2τ − 1/4.
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always exists and it is related to the Wigner function via Ks(Ω)Fσ[Wρ(⋅)](Ω) by multiply-
ing with the filter function Ks(Ω). This class of s-parametrized phase-space representations
has gained widespread applications in quantum optics and beyond [182, 108, 266, 232, 62],
and they correspond to Gaussian convolved Wigner functions

Fρ(Ω, s) = F∣0⟩(Ω, s+1) ∗Wρ(Ω),

for s < 0 such as the Husimi Q function for s = −1. Note that the Cohen kernel θs from
Theorem 5.1 corresponds to the vacuum state F∣0⟩(Ω, s+1) of a quantum harmonic oscillator
[50]. Gaussian deconvolutions of the Wigner function are formally obtained for s > 0, which
includes the Glauber P function for s = 1 [50]. Due to the rotational symmetry of its filter
function Ks(Ω), the s-parametrized distribution functions are covariant under phase-space
rotations, refer to Property 5.4.

Another important special case is obtained for a fixed parameter of s = 0, which re-
sults in Shubin’s τ -distribution, refer to [111, 38, 37, 39]. Its filter function from (5.26)
reduces to the chirp function Kτ0(Ω) =∶ Kτ(Ω) = exp [i(2τ−1)px/(2h̵)] while relying on
the parametrization with x and p. The resulting distribution functions Fρ(Ω, τ) are in the
Cohen class due to Theorem 5.1 and they are square integrable following Property 5.2 as the
absolute value of Kτ(Ω) is bounded. We calculate the explicit action of the corresponding
parity operator Πτ .

Theorem 5.2. The action of the τ -parametrized parity operator Πτ ∶= Πτ0 on some

coordinate representation ψ(x) ∈ L2(R) is explicitly given for any τ ≠ 1 by

Πτψ(x) =
1

2∣τ−1∣ψ(
τx
τ−1), (5.29)

which for the special case τ = 1/2 reduces (as expected) to the usual parity operator Π.

It follows that Πτ is bounded for every 0 < τ < 1 (or in general for every real τ that

does not equal to 0 or 1) and its operator norm is given by ∣∣Πτ ∣∣sup = 1/
√

4(τ−τ2).

Proof. By (5.27), the parity operator Πτ acts on the coordinate representation ψ(x) via

Πτψ(x) = (4πh̵)−1∫ Kτ0(Ω)D(Ω)ψ(x)dΩ.

This integral can be evaluated using the explicit form of Kτ0(Ω) form (5.26) and the action
of D on coordinate representations ψ(x) from (5.9) yields

∫ Kτ0(Ω)D(Ω)ψ(x)dΩ = ∫ e
i

2h̵ (2τ−1)p0x0e
i
h̵ (p0x−

1
2p0x0)ψ(x−x0)dx0 dp0

= ∫ [∫ e
i
h̵ p0(x+(τ−1)x0) dp0]ψ(x−x0)dx0 =

1

∣τ−1∣ ∫ [∫ e
i
h̵ p0y dp0]ψ(

τx−y
τ−1

)dy,
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where the change of variables y = x+ (τ−1)x0 with the substitutions x0 = (y−x)/(τ−1) and
dy = ∣τ−1∣dx0 was used. Therefore, the right-hand side is

2πh̵

∣τ−1∣ ∫ δ(y)ψ(τx−y
τ−1

)dy = 2πh̵

∣τ−1∣ψ(
τx
τ−1).

Now let τ ∈ (0,1). Recall that the operator norm is calculated using the following formula
∣∣Πτ ∣∣sup = sup∣∣φ(x)∣∣L2=1∣∣Πτφ(x)∣∣L2 . For an arbitrary square-integrable φ(x) with L2 norm
∣∣φ(x)∣∣L2 = 1 one obtains

∣∣Πτφ∣∣2L2 = ⟨Πτφ∣Πτφ⟩ = (2∣τ−1∣)−2∫
R
φ∗( τx

τ−1)φ(
τx
τ−1)dx

= (2∣τ−1∣)−2 ∣τ−1∣
∣τ ∣ ∣∣φ(x)∣∣L2 = 1

4∣τ−1∣∣τ ∣ =
1

4(τ−τ2)

by applying a change of variables, which results in ∣∣Πτ ∣∣sup = [4(τ−τ2)]−1/2.

This parity operator is bounded for every 0 < τ < 1, and its expectation value gives rise to
well-defined distribution functions (Property 5.1), which are also integrable as Kτ(0) = 1

(Property 5.6). Note that this family of distribution functions Fρ(Ω, τ,0) for τ ≠ 1/2 does
not satisfy Property 5.5, i.e. self-adjoint operators ρ are mapped to complex functions. In
particular, the symmetry K∗

τ (Ω) =K1−τ(Ω) implies that

Fρ†(Ω, τ) = F ∗
ρ (Ω,1−τ).

In the following, we will rely on this τ -parametrized family to construct and analyze the
parity operator of the Born-Jordan distribution.

5.7 The Born-Jordan distribution

5.7.1 Parity-operator description of the Born-Jordan distribution

The Born-Jordan distribution Fρ(Ω,BJ) is an element of the Cohen class [59, 111, 38] and
is obtained by averaging over the τ -distributions Fρ(Ω, τ) ∈ L2(R2):

Fρ(Ω,BJ) ∶= ∫
1

0
Fρ(Ω, τ)dτ. (5.30)

As in Definition 5.3, this distribution function is also obtained via the expectation value of a
parity operator.
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Theorem 5.3. The Born-Jordan distribution Fρ(Ω,BJ) of a density operator ρ ∈ B1(H)
is an element of the Cohen class, and it is obtained as the expectation value

Fρ(Ω,BJ) = (πh̵)−1 Tr [ρD(Ω)ΠBJD†(Ω)] (5.31)

of the displaced parity operator ΠBJ that is defined by the relation

ΠBJ ∶= (4πh̵)−1∫ KBJ(Ω)D(Ω)dΩ, (5.32)

where KBJ(Ω) = sinc(a) = sin(a)/a is the sinus cardinalis function with the argu-

ment a = (2h̵)−1 px = i[(α∗)2−α2]/4. Here one applies the substitution α = (λx +
ip/λ)/

√
2h̵ from Sec. 5.5.1 and the expression for a is independent of λ.

Proof. Combining Eqs. (5.30) and (5.15), the Born-Jordan distribution is the expectation
value

Fρ(Ω,BJ) = (πh̵)−1 Tr [ρD(Ω)(∫
1

0
Πτ0 dτ)D†(Ω)],

and the corresponding parity operator can be expanded as

ΠBJ = (4πh̵)−1∫ [∫
1

0
Kτ0(Ω)dτ]D(Ω)dΩ.

Using the explicit form of Kτ0(Ω) from (5.26), the evaluation of the integral

∫
1

0
Kτ0(Ω)dτ = ∫

1

0
exp [ i

2h̵(2τ−1)px]dτ = sinc[(2h̵)−1 px]

over τ concludes the proof.

This confirms that the Born-Jordan distribution is square integrable Fρ(Ω,BJ) ∈ L2(R2)
following Property 5.2 as its filter function is bounded, i.e., ∣sinc[(2h̵)−1 px] ∣ ≤ 1 for all
(x, p) ∈ R2. The filter function KBJ satisfies KBJ(x,0) = KBJ(0, p) = 1, and the Born-
Jordan distribution therefore gives rise to the correct marginals as quantum-mechanical prob-
abilities (Property 5.7). In particular, integrating over the Born-Jordan distribution repro-
duces the quantum mechanical probabilty densities, i.e. ∫ Fρ(x, p,BJ)dx = ∣ψ(p)∣2 and

∫ Fρ(x, p,BJ)dp = ∣ψ(x)∣2. It is well-known that the Born-Jordan distribution is related
to the Wigner function via a convolution with the Cohen kernel θBJ, refer to [111, 113].
However, calculating this kernel, or the corresponding parity operator directly might prove
difficult. In the following, we establish a more convenient representation of the Born-Jordan
parity operator which is an “average” of Πτ from Theorem 5.2 via the formal integral trans-
formation

ΠBJ = ∫
1

0
Πτ dτ, (5.33)

which—as in Sect. 5.5.2—is interpreted as ΠBJψ(x) = ∫ 1
0 Πτψ(x)dτ for all ψ(x) ∈ L2(R).

Recall that the parity operator Πτ is well-defined and bounded for every 0 < τ < 1.
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Remark 5.1. Note that evaluating ΠBJψ(x) at x = 0 for some ψ(x) ∈ L2(R) with
ψ(0) ≠ 0 leads to a divergent integral in (5.33). This comes from the singularity at τ = 1

in (5.29). However, we will later see that this is harmless as it only happens on a set of
measure zero (so one can define ΠBJψ(x)∣x=0 to be 0 or ψ(0) or arbitrary) and, more
importantly, that ψ(x) ∈ L2(R) implies ΠBJψ(x) ∈ L2(R) (cf. Proposition 5.2).

Let us explicitly specify the squeezing operator

S(ξ) ∶= exp[iξ/2(p̂x̂ + x̂p̂)] = exp[iξ/2(â2−(â†)2)] (5.34)

while following [58] and Chapter 2.3 in [171]. It acts on a coordinate representation ψ(x)
via S(ξ)ψ(x) = eξ/2ψ(eξx).

Theorem 5.4. Let us consider the squeezing operator S(ξ) which depends on the real

squeezing parameter ξ ∈ R. The Born-Jordan parity operator

ΠBJ = [ 1
4 ∫

∞

−∞
sech(ξ/2)S(ξ)d ξ ] Π (5.35)

is a composition of the reflection operator Π followed by a squeezing operator (and

the two operations commute), and this expression is integrated with respect to a well-

behaved weight function sech(ξ/2) = 2/(eξ/2+e−ξ/2). Note that here the function

sech(ξ/2) ∈ S(R) is fast decreasing and invariant under the Fourier transform (e.g., as

Hermite polynomials).

Proof. The explicit action of ΠBJ on a coordinate representation ψ(x) ∈ L2(R) is given by
(see Theorem 5.2)

ΠBJψ(x) = ∫
1

0
Πτψ(x)dτ = ∫

1

0

1

2∣τ−1∣ψ(
τx
τ−1)dτ.

Applying a change of variables eξ = τ/(1−τ) with ξ ∈ R yields the substitutions τ =
1/(1+e−ξ), 1/(2∣τ−1∣) = (1+eξ)/2. and d τ = eξ/(1+eξ)2d ξ. One obtains

ΠBJψ(x) = ∫
∞

−∞

eξ

2(1+eξ)ψ(−e
ξx)d ξ.

Let us recognize that ψ(−eξx) = e−ξ/2S(ξ)Πψ(x) is the composition of a coordinate reflec-
tion and a squeezing of the pure state ψ(x); also the two operations commute. This results
in the explicit action

ΠBJψ(x) = ∫
∞

−∞

eξ/2

2(1+eξ)S(ξ)Πψ(x)d ξ,

where eξ/2/[2(1+eξ)] = [2(e−ξ/2+eξ/2)]−1 concludes the proof.



142 Chapter 5. Phase Spaces, Parity Operators, and the Born-Jordan Distribution

The expression for the parity operator in Theorem 5.4 is very instructive when compared
to Theorem 5.3, and this confirms that the parity operator ΠBJ decomposes into the usual
parity operator Π followed by a geometric transformation, refer also to Section 5.7.2. This
geometric transformation is in the case of the Born-Jordan parity operator an average of
squeezing operators.

Remark 5.2. The Born-Jordan distribution is covariant under squeezing, which means
that the squeezed density operator ρ′ = S(ξ)ρS†(ξ) is mapped to the inversely squeezed
phase-space representation Fρ′(x, p,BJ) = Fρ(e−ξx, eξp,BJ).

The form of ΠBJ given in (5.35) allows us to specify a finite upper bound for its opera-
tor norm, which then confirms that Born-Jordan distributions are well defined for arbitrary
quantum states, refer to Property 5.1. Note that the largest (generalized) eigenvalue of ΠBJ is
exactly π/2 as shown in Theorem 5.5 below.

Proposition 5.2. The operator norm of the Born-Jordan parity operator ΠBJ is bounded

(cf. Property 5.1) as an upper bound is given by ∣∣ΠBJ∣∣sup ≤ π/2.

Proof. Using the definition ∣∣ΠBJ∣∣sup = sup∣∣φ(x)∣∣L2=1 ∣∣ΠBJφ(x)∣∣L2 , the norm of the function
ΠBJφ(x) can be expressed for any φ(x) with ∣∣φ(x)∣∣L2 = 1 as

∣∣ΠBJφ(x)∣∣2L2 = ⟨φ∣Π†
BJΠBJ∣φ⟩ = 1

16 ∫ ∫ sech(ξ/2)sech(ξ′/2)⟨φ∣S(ξ′−ξ)∣φ⟩d ξ d ξ′

≤ 1
16 ∫ ∫ sech(ξ/2)sech(ξ′/2)∣⟨φ∣S(ξ′−ξ)∣φ⟩∣d ξ d ξ′,

and it was used that Π†Π = Π2 = 1 and S†(ξ)S(ξ′) = S(ξ′−ξ). Since S(ξ′−ξ) is unitary,
one obtains that ∣⟨φ∣S(ξ′−ξ)∣φ⟩∣ ≤ 1. Finally,

∣∣ΠBJφ∣∣2L2 ≤ 1
16 ∫ ∫ sech(ξ/2)sech(ξ′/2)d ξ d ξ′ = π2/4.

Remark 5.3. One may also obtain the above result from the Πτ -representation of ΠBJ

via

∥ΠBJψ(x)∥L2 = ∥∫
1

0
Πτψ(x)dτ∥

L2 ≤ ∫
1

0
∥Πτψ(x)∥L2 dτ

≤ ∫
1

0

1√
4(τ−τ2)

dτ ∥ψ(x)∥L2 = π
2
∥ψ(x)∥L2

for arbitrary ψ(x) ∈ L2(R) where in the second-to-last step we used Proposition 5.2.
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5.7.2 Spectral decomposition of the Born-Jordan parity operator

We will now adapt results for generalized spectral decompositions, refer to [57, 58, 187, 100].
This will allow us to solve the generalized eigenvalue equation for parity operators and to
determine their spectral decompositions.

We have introduced a distributional pairing for smooth, well-behaved functions ψ(x) ∈
S(R) in Section 5.4.2 with respect to functions of slow growth a(x) ∈ S ′(R). We will use
this distributional pairing to construct L2 scalar products ⟨a,ψ⟩ = ∫R a∗(x)ψ(x)dx, which
corresponds to a rigged Hilbert space [100, 57] or the Gelfand triple S(R) ⊂ L2(R) ⊂ S ′(R).
This rigged Hilbert space allows us to specify the generalized spectral decomposition of the
Born-Jordan parity operator with generalized eigenvectors in S ′(R) as functions of slow
growth.

It was shown in the previous section that the Born-Jordan parity operator ΠBJ is a compo-
sition of a coordinate reflection and a squeezing operator. We now recapitulate results on the
spectral decomposition of the squeezing operator from [57, 58, 41], up to minor modifica-
tions. Recall that the squeezing operator forms a unitary, strongly continuous one-parameter
group S(ξ) = e−iξH with ξ ∈ R that is generated by the unbounded Hamiltonian

H ∶= −1
2(x̂p̂+p̂x̂) = −

1
2[â

2−(â†)2].

This Hamiltonian admits a purely continuous spectrum E ∈ R, and satisfies the generalized
eigenvalue equation

⟨Hψ∣ψE± ⟩ = ⟨ψ∣HψE± ⟩ = E⟨ψ∣ψE± ⟩

for every ψ ∈ S(R), where the last equation is equivalent to H ∣ψE± ⟩ = E∣ψE± ⟩. The Gelfand-
Maurin spectral theorem [187, 100, 57] results in a spectral resolution of

H = ∫
∞

−∞
E ∣ψE± ⟩⟨ψE± ∣dE.

The generalized eigenvectors are specified in terms of their coordinate representations as
slowly increasing functions from Section 5.4.1, i.e. ψE± (x) ∶= ⟨x∣ψE± ⟩ ∈ S′(R) with

ψE+ (x) = 1
2
√
π
∣x∣−(iE+

1
2 ) and ψE− (x) = 1

2
√
π

sgn(x)∣x∣−(iE+
1
2 ), (5.36)

refer to [57, 58, 187, 100] and Appendix D.3 for more details. Note that ψE± (x) are gener-
alized eigenfunctions: they are not square integrable, but the integral ∫R[ψE± (x)]∗φ(x)dx
exists as a distributional pairing for every φ ∈ S(R). Also note that these generalized eigen-
vectors can be decomposed into the number-state basis with finite expansion coefficients
that decrease to zero for large n, refer to Appendix D.3. The spectral decomposition of the
squeezing operator is then given by

S(ξ) = ∫
∞

−∞
e−iEξ[ ∣ψE+ ⟩⟨ψE+ ∣ + ∣ψE− ⟩⟨ψE− ∣ ]dE,



144 Chapter 5. Phase Spaces, Parity Operators, and the Born-Jordan Distribution

refer to Eq. 6.12 in [57] and Eq. 2.14 in [58]. Note that these eigenvectors are also invariant
under the Fourier transform (e.g., as Hermite polynomials).

It immediately follows that the squeezing operator satisfies the generalized eigenvalue
equation

S(ξ)∣ψE± ⟩ = e−iξE ∣ψE± ⟩, (5.37)

which can be easily verified using the explicit action of the squeezing operator S(ξ)ψE± (x) =
eξ/2ψE± (eξx) = e−iEξψE± (x). One can now specify the Born-Jordan parity operator using its
spectral decomposition.

Theorem 5.5. Generalized eigenvectors ∣ψE± ⟩ of the squeezing operator from (5.36) are

also generalized eigenvectors of the Born-Jordan parity operator which satisfy

ΠBJ ∣ψE± ⟩ = ±π2 sech(πE) ∣ψE± ⟩

for all E ∈ R. The parity operator ΠBJ therefore admits the spectral decomposition

ΠBJ = π
2 ∫

∞

−∞
sech(πE) [ ∣ψE+ ⟩⟨ψE+ ∣ − ∣ψE− ⟩⟨ψE− ∣ ]dE,

where ⟨ψE± ∣Π = ±⟨ψE± ∣ has been used.

Proof. The generalized eigenvalues can be computed via

ΠBJ ∣ψE± ⟩ = 1
4 ∫

∞

−∞
sech(ξ/2)S(ξ)dξ Π ∣ψE± ⟩,

where Π ∣ψE± ⟩ = ±∣ψE± ⟩. Using (5.37), one obtains

ΠBJ ∣ψE± ⟩ = ±1
4 ∫

∞

−∞
sech(ξ/2)e−iEξdξ ∣ψE± ⟩ = ±π2 sech(πE) ∣ψE± ⟩.

Similarly as the previously discussed parity operators in Theorem 5.5, both Πτ and Πs

can be decomposed using the above formalism.

Remark 5.4. Applying the substitution eξ ∶= τ/(1−τ), the parity operator Πτ from
(5.29) can be decomposed for 0 < τ < 1 into Πτ = cosh(ξ/2)S(ξ)Π which consists
of a coordinate reflection and a squeezing. The parity operator Πτ therefore admits a
spectral decomposition

Πτ = cosh(ξ/2) ∫ e−iEξ[ ∣ψE+ ⟩⟨ψE+ ∣ − ∣ψE− ⟩⟨ψE− ∣ ]dE,

where ⟨ψE± ∣Π = ±⟨ψE± ∣ has been used.
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Remark 5.5. The parity operator Πs = (1−s)−1eκsâ
†âΠ from (5.28) with κs ∶= ln[(1 +

s)/(1−s)] and −1 < s < 1 is the composition of the usual coordinate reflection Π

followed by a positive semi-definite operator. In particular, Π−1 = 1
2 ∣0⟩⟨0∣Π. Note that

the positive semi-definite operator eκsâ
†â describes the effective phenomenon of photon

loss for s < 0, refer to [172].

Remark 5.6. Recall from (5.35) that the Born-Jordan parity operator

ΠBJ = [ 1
4 ∫

∞

−∞
sech(ξ/2)S(ξ)d ξ ]Π

is also a composition of the regular parity operator Π followed by a geometric transfor-
mation.

5.8 Matrix representation of the Born-Jordan parity op-

erator

Recall that the s-parametrized parity operators Πs are diagonal in the Fock basis and their
diagonal entries can be computed using the simple expression in (5.28). This enables the
experimental reconstruction of distribution functions from photon-count statistics [74, 180,
32, 21] in quantum optics.

Remark 5.7. The Born-Jordan parity operator ΠBJ is not diagonal in the number-state
basis, as its filter function KBJ(Ω) is not invariant under arbitrary phase-space rota-
tions, refer to Property 5.4. The filter function KBJ(Ω) is, however, invariant under π/2
rotations in phase space, and therefore only every fourth off-diagonal is non-zero.

We now discuss the number-state representation of the parity operator ΠBJ, which provides a
convenient way to calculate (or, more precisely, approximate) Born-Jordan distributions.



146 Chapter 5. Phase Spaces, Parity Operators, and the Born-Jordan Distribution

Theorem 5.6. The matrix elements [ΠBJ]mn ∶= ⟨m∣ΠBJ∣n⟩ of the Born-Jordan parity

operator in the Fock basis can be calculated in the form of a finite sum

[ΠBJ]mn =
n

∑
k=0

m−n

∑
`=0
` even

dk`mn Φk
(m−n−`)/2,`/2 , (5.38)

for m ∈ {n,n + 4, n + 8, . . .} and [ΠBJ]mn = [ΠBJ]nm with the coefficients

dk`mn ∶= (−1)(`+m−n)/2
√

n!

m!
2(2k+m−n)/2( m

n−k)(
m−n
`

)/k!, (5.39)

Φk
ab ∶= [∂kµ[∂aλ∂bµf(λ,µ)]∣λ=µ]∣µ=1. (5.40)

Here, Φk
ab are the ath and bth partial derivatives of the two-variate function demoted by

f(λ,µ) = arcsinh[1/
√
λµ] with respect to its variables λ and µ, respectively, evaluated

at λ = µ, then differentiated again k times and finally its variable is set to µ = 1.

Refer to Appendix D.4 for a proof. The derivatives in (5.40) can be calculated in the form
of a finite sum

Φk
ab =

√
2(−1)a+b 2−2a−2b−k

a+b+k−1

∑
j=0

ξabkj , (5.41)

where a+ b+ k ≥ 1 and ξabkj are recursively defined integers, refer to (D.6) in Appendix D.5.
Substituting ` for 2` in (5.38), the matrix elements [ΠBJ]mn then depend only on these inte-
gers ξabkj via the finite sum

[ΠBJ]mn = γmn
n

∑
k=0

(m−n)/2

∑
`=0

[∑
j

ξa`kj ] (−1)`+m−n( m

n−k)(
m−n

2`
)/k!,

where γmn ∶= 2[−(m−n)+1]/2
√
n!/m! for m ∈ {n,n + 4, n + 8, . . .} and a = (m − n − 2`)/2.

Figure 5.1(a) shows the first 8×8 entries of [ΠBJ]. One observes the following structure:
only every fourth off-diagonal is non-zero, the matrix is real and symmetric, and the entries
along every diagonal and off-diagonal decrease in their absolute value. In particular, the
diagonal elements of ΠBJ admit the following special property.

Proposition 5.3. For every n ∈ {0,1,2, . . .}, the diagonal entries of ΠBJ in the Fock

basis are

[ΠBJ]nn = arcsinh(1) −
√

2
n−1

∑
k=0

(−1)k
k+1

⌊ k
2
⌋

∑
m=0

(2m

m
)(−1

4
)
m
. (5.42)

In particular, [ΠBJ]nn → 0 as n→∞. For a proof we refer to Appendix D.6.

Also note that the sum of these decreasing diagonal entries results in a trace Tr[ΠBJ] = 1/2
(Property 5.6) in the number-state basis. However, this trace does not necessarily exist in an
arbitrary basis, as ΠBJ is not a trace-class operator.
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Figure 5.1: (a) The first 8 × 8 matrix elements of the Born-Jordan parity operator from
Eq. (5.38) where ash denotes arcsinh(1). (b) The first 6 × 6 elements of the recursive
sequence that defines the Born-Jordan parity operator via Eq. (5.43). Orange and blue
colors represent positive and negative values, respectively, while the color intensity reflects
the absolute value of the corresponding numbers.
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In the following, we specify a more convenient form for the calculation of these ma-
trix elements, i.e. a direct recursion without summation, which is based on the following
conjecture (see Appendix D.7).

Conjecture 5.1. The non-zero matrix elements

[ΠBJ]k+4`,k = [ΠBJ]k,k+4` = Γk` [Mk` + δ`0 arcsh(1)/
√

2], (5.43)

of the Born-Jordan parity operator are determined by a set of rational numbers Mk`

where Γk` = 2−2`+1/2
√
k!/(k+4`)! and k, ` ∈ {0,1,2, . . .}. The indexing is specified

relative to the diagonal (where ` = 0) and δ`m is the Kronecker delta. The rational

numbers Mk` can be calculated recursively using only 8 numbers as initial conditions,

refer to Appendix D.7 for details. This form does not require a summation.

Figure 5.1(b) shows the first 6 × 6 elements of the recursive sequence of rational num-
bers Mk`. The first column of Mk0 corresponds to the diagonal of the matrix [ΠBJ]mn
from Figure 5.1(a). For example, for k = 5 one obtains M5,0 = −43/60, which corre-
sponds to [ΠBJ]5,5 = Γ5,0[M5,0+δ0,0 arcsh(1)/

√
2] and Γ5,0 =

√
2, and therefore [ΠBJ]5,5 =

−43
√

2/60 + arcsh(1) as detailed in Figure 5.1(a).
The direct recursion in Conjecture 5.1 enables us to conveniently and efficiently calculate

the matrix elements [ΠBJ]mn and we have verified the correctness of this approach for up to
6400 matrix elements, i.e. by calculating a matrix representation of size 80 × 80. This facili-
tates an efficient calculation and plotting of Born-Jordan distributions for harmonic oscillator
systems, such as in quantum optics [182, 108, 171]. Note that a recursively calculated 80×80

matrix representation, which we have verified with exact calculations, is sufficient for most
physical applications, i.e., Figures 5.2 and 5.3 (below) were calculated using 30 × 30 matrix
representations. However, a matrix representation of size 2000 × 2000 can be easily calcu-
lated on a notebook using the recursive method. Numerical evidence shows that the matrix
representation of ΠBJ can be well-approximated by a low-rank matrix, i.e, diagonalizing the
matrix ΠBJ reveals only very few significant eigenvalues. In particular, the sum of squares of
the first 9 eigenvalues corresponds to approximately 99.97% of the sum of squares of all the
eigenvalues of a 2000 × 2000 matrix representation.

5.9 Example quantum states

Matrix representations of parity operators are used to conveniently calculate phase-space
representations for bosonic quantum states via their associated Laguerre polynomial decom-
positions. The s-parametrized distribution functions of Fock states ∣n⟩ are sums

F∣n⟩(Ω, s) = ∑
µ=0

∣[D(Ω)]nµ∣2 [Πs]µµ
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(a) W 0〉 BJ 0〉 Q 0〉

(b) W 1〉 BJ 1〉 Q 1〉

(c) W cat〉 BJ cat〉 Q cat〉

Figure 5.2: (a) and (b) Wigner, Born-Jordan, and Husimi Q phase-space plots of the num-
ber states ∣0⟩ and ∣1⟩ (which are eigenstates of the quantum harmonic oscillator). (c) Cor-
responding phase-space plots of the Schrödinger cat state ∣cat⟩ = (∣0⟩+∣1⟩)/

√
2 (which is a

superposition of the previous states).

of the associated Laguerre polynomials from (5.8), which are weighted by their parity opera-
tor elements. The corresponding phase-space functions are radially symmetric as the function
∣[D(Ω)]nµ∣2 depends only on the radial distance x2+p2. The Wigner function in Fig. 5.2(a)-
(b) is radially symmetric and shows strong oscillations, which are sometimes regarded as a
quantum-mechanical feature [171].

In contrast, the Born-Jordan parity operator is not diagonal in the number state rep-
resentation and it can be written in terms of projectors as ΠBJ = ∑µ=0[ΠBJ]µµ∣µ⟩⟨µ∣ +
∑µ=0∑ν=1[ΠBJ]µ,4ν (∣µ+4ν⟩⟨µ∣ + ∣µ⟩⟨µ+4ν∣), and the Born-Jordan distribution of number
states ∣n⟩ is given by

F∣n⟩(Ω,BJ) = ∑
µ=0

∣[D]nµ∣2 [ΠBJ]µµ (5.44)

+∑
µ=0
∑
ν=1

2R([D]nµ([D]n,µ+4ν)∗)[ΠBJ]µ,µ+4ν . (5.45)

The Born-Jordan distribution of coherent states, i.e. the displaced vacuum states, closely
matches the Wigner functions, see Fig. 5.2(a). The first part in Eq. (5.44) contains the di-
agonal elements of the parity operator which correspond to the radially symmetric part of
F∣n⟩(Ω,BJ), see Fig. 5.3(b) (left). The second part in Eq. (5.45) results in a radially non-
symmetric function, see Fig. 5.3(b) (right). The radially symmetric parts are quite similar
to the Wigner function and have n + 1 wave fronts enclosed by the Bohr-Sommerfeld band
[171, 77], i.e. the ring with radius

√
2n+1. The radially non-symmetric functions have n + 1

local maxima along the outer squares, i.e. along phase-space cuts at the Bohr-Sommerfeld
distance x, p ∝

√
2n+1. The sum of these two contributions is the Born-Jordan distribution

and it is not radially symmetric for number states, see Fig. 5.3(a).
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(a) W 4〉 BJ 4〉

(b)
BJ 4〉 diagonal

(enlarged by 1.5)

BJ 4〉 off-diagonal
(enlarged by 1.5)

Figure 5.3: (a) Wigner and Born-Jordan phase-space plots of the number state ∣4⟩. (b)
The Born-Jordan distribution is decomposed into functions that correspond to diagonal and
off-diagonal entries of the parity operator matrix.

5.10 Conclusion

We have introduced parity operators Πθ which give rise to a rich family of phase-space dis-
tribution functions of quantum states. These phase-space functions have previously been
defined in terms of convolutions, integral transformations, or Fourier transformations, and
parity operators now allow for direct calculations as quantum-mechanical expectation val-
ues. We motivate the name “parity operator” as these are indeed compositions Πθ = Aθ ○Π

of the usual parity operator and some geometric or physical transformation. We detailed them
for various phase spaces and, in particular, for the Born-Jordan distribution. We have also
obtained a generalized spectral decomposition of the Born-Jordan parity operator, proved
its boundedness, and calculated its explicit matrix representation in the number state basis.
The latter will be useful to connect our results with applications in (e.g.) quantum optics,
where our approaches relying on squeezing operators and the number-state representation
are conceptually important.
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APPENDIX A

Appendix of Chapter 2

A.1 Proof of Theorem 2.1

The following proof is based on the technique and results obtained in [16]. In particular1, a
limit of Clebsch-Gordan coefficients was proved in [16] as

lim
J→∞

2J

∑
j=0

∆J
j,n = 2, with ∆J

j,n =
√

(2j+1)/(2J+1)Cj0
J(J−n),J(n−J)

. (A.1)

We will use the following partial results up to minor modifications while calculating an ex-
plicit rate of convergence. In particular, the Clebsch-Gordan coefficient ∆J

j,n approximately
factorizes into a product

∆J
j,n = Λn(xj)∆J

j,0 +O(n2J−1),where the statring term is (A.2)

∆J
j,0 = 2j+1

√
2J+1

(2J)! [(2J+j+1)! (2J−j)! ]−1/2, (A.3)

and the function Λn(xj) = (−1)nLn(xj) is the Laguerre polynomial with xj ∶= j(j+1)
2J+1 . We

also correct an error in [16] as the correct form of (41) should be as in (A.3).
We now apply these partial results for Clebsch-Gordan coefficients to the parity operators

in Result 2.1. Let us expand matrix elements of the parity operator Ms form Result 2.1. In
1we harmonize notations with [16] by substituting S → J and l → j
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particular, Clebsch-Gordan coefficients from the text after Result 2.1 can be reindexed via

[Tj0]mm =
√

(2j+1)/(2J+1)CJmJm,j0 = (−1)J−mCj0
Jm,J(−m)

. (A.4)

Matrix elements are then related to ∆J
j,n with the substitution m = J − n

[Ms]nn =
1

R

2J

∑
j=0

√
2j+1
4π (γj)−s (−1)nCj0

J(J−n),J(−(n−J)
(A.5)

= 1

R

2J

∑
j=0

√
2j+1
4π (γj)−s (−1)n

√
(2J+1)/(2j+1)∆J

j,n (A.6)

= 1

R

√
2J+1

4π (−1)n
2J

∑
j=0

(γj)−s∆J
j,n =

√
2J+1
2J (−1)n

2J

∑
j=0

(γj)−s∆J
j,n (A.7)

Recall now the explicit form of γj form the text after Result 2.1 with R ∶=
√
J/(2π) .

One can relate γj to ∆J
j,0 using (A.3)

γj = R
√

4π(2J)! [(2J+j+1)! (2J−j)! ]−1/2 =
√

2J
√

2J+1
2j+1 ∆J

j,0. (A.8)

We can now substitute ∆J
j,0 =

2j+1
√

2J(2J+1)
γj into (A.2), which results in the form

∆J
j,n = 2j+1

√
2J(2J+1)

Λn(xj)γj +O(n2J−1), (A.9)

which can be substituted back to (A.7) as

[Ms]nn = (−1)n
2J

∑
j=0

(γj)1−s
√

2J+1
2J

2j+1
√

2J(2J+1)
Λn(xj) +O(n2J−1). (A.10)

Let us collect the prefactors in this equation, which finally have the form

√
2J+1
2J

2j+1
√

2J(2J+1)
= 2j+1

2J = 2(j+1)
2J+1 +O(J−1) = ∆(xj) +O(J−1), (A.11)

where the last equality establishes the connection with ∆(xj) ∶= xj+1 − xj . We therefore
obtain the following sum for the matrix elements

[Ms]nn = (−1)n
2J

∑
j=0

(γj)1−sΛn(xj)∆(xj) +O(n2J−1). (A.12)

We now utilize the asymptotic expansion form (C.8) up to a minor modification, which
does not change the order of convergence, i.e.,

γj = exp [−1
2j(j+1)/(2J + 1)] +O(J−1) = exp [−1

2xj] +O(J−1), (A.13)

and leads to the following expression for the matrix elements with Λn(xj) = (−1)nLn(xj)

[Ms]nn =
2J

∑
j=0

exp [−1−s
2 xj]Ln(xj)∆(xj) +O(n2J−1). (A.14)
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Let us now calculate the limit of these matrix elements with first fixing n ∈ N, i.e. it does
not depend on J

lim
J→∞

[Ms]nn = lim
J→∞

2J

∑
j=0

∆(xj) exp [−1−s
2 xj]Ln(xj) (A.15)

= ∫
∞

0
exp [−1−s

2 x]Ln(x)dx, (A.16)

where the second equality is the limiting case of a Riemann sum as an integral, which can be
evaluated using Eq. 44 in [16] as

∫
∞

0
e−x/tLn(x)dx = t(1 − t)n. (A.17)

Substituting t = 2
1−s finally concludes the proof via

lim
J→∞

[Ms]nn = 2
1−s(1 −

2
1−s)

n = 2(−1)n (1 + s)n
(1 − s)n+1

= [Πs]nn. (A.18)

Numerical examples are provided in Figure 2.3.

A.2 Proof of Theorem 2.2

The Q function Q∣JJ⟩ ∶= F∣JJ⟩(Ω,−1) of the spin-up state has the convenient form

F∣JJ⟩(Ω,−1) = ∣DJ
JJ ∣2 = cos (θ/2)4J . (A.19)

Using the definition of ◻(s) from (4.41) which translates between different s-parametrized
phase-space representations F∣JJ⟩(Ω, s), one obtains

F∣JJ⟩(Ω, s) = ◻(s + 2)F∣JJ⟩(Ω,−1) = ◻(s + 2) cos (θ/2)4J . (A.20)

Let us now substitute cos (θ/2)4J = exp[4J ln cos (θ/2)], where the Taylor expansion of the
function ln cos (θ/2) = − θ28 − θ4

192 +O(θ6), results in the relation

cos (θ/2)4J = exp[−Jθ2/2 − Jθ4/48 + . . . ]. (A.21)

This exponential function can be expanded asymptotically via making the change of variables
α =

√
J/2 θ e−iφ that results in θ2 = 2/J ∣α∣2

exp[−Jθ2/2 − Jθ4/48 + . . . ] = exp[−∣α∣2] exp[−∣α∣4/(12J) + . . . ]
= exp[−∣α∣2] (1 − ∣α∣4/(12J) +O(∣α∣6/J2))
= exp[−∣α∣2] − ∣α∣4/(12J) exp[−∣α∣2] +O(∣α∣6/J2).

This is a sum, the first term of which exp[−∣α∣2] does not depend explicitly on J and all
other terms depend inversely on J and have the general form c ∣α∣mJ−n exp[−∣α∣2], with
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suitable coefficients m,n ∈ N and bounded c ∈ R. The Gaussian function (it is a Schwartz
function) has the convenient property that for anym ∈ N and bounded ck ∈ R, all terms of the
form ck ∣α∣m exp[−∣α∣2] are bounded in absolute value and decay to zero for ∣α∣ → ∞. One
therefore obtains the limit

lim
J→∞

[cos (θ/2)4J] = exp[−∣α∣2] + lim
J→∞

∞

∑
n,m,k=1

ck ∣α∣mJ−n exp[−∣α∣2] = exp[−∣α∣2].

We now substitute back the expansion of the spin-up state into (A.20)

F∣JJ⟩(Ω, s) = ◻(s + 2) exp[−∣α∣2] +
∞

∑
n,m,k=1

ck ∣α∣mJ−n ◻ (s + 2) exp[−∣α∣2], (A.22)

and note that the operator ◻(s + 2) can be applied to exp[−∣α∣2], as all of its derivatives are
bounded in absolute value, and let us therefore denote sum as O(J−1). We can now apply
the assymptotic expansion (4.45) of the differential operator ◻(s + 2) which yields

F∣JJ⟩(Ω, s) = exp[ −(1+s)2 ∂α∗∂α] exp[−∣α∣2] +O(J−1) = F∣0⟩(Ω, s) +O(J−1). (A.23)

Here the second equality proves the statement of Theorem 2.2 using that

lim
J→∞

[F∣JJ⟩(Ω, s)] = exp[ −(1+s)2 ∂α∗∂α] exp[−∣α∣2] = F∣0⟩(Ω, s) (A.24)

which follows from the well-known differential relation [50, 11, 12]

exp[ −(1+s)2 ∂α∗∂α] exp[−∣α∣2] = 2
(1−s) exp[ 2

(s−1) ∣α∣
2]. (A.25)

This differential relation can be shown using the Fourier transform of Gaussian functions

exp[−∣α∣2] = ∫ exp[−∣β∣2] exp[αβ∗ − α∗β]d2β, (A.26)

which allows for evaluating the derivatives

(∂α∗∂α)n exp[−∣α∣2] = ∫ exp[−∣β∣2](−∣β∣2)n exp[αβ∗ − α∗β]d2β, (A.27)

and substituting this into the power series of derivatives yields

exp[ −(1+s)2 ∂α∗∂α] exp[−∣α∣2]

=∑
n

(−(1+s)2 )
n
/n! ∫ exp[−∣β∣2](−∣β∣2)n exp[αβ∗ − α∗β]d2β

= ∫ exp[−∣β∣2] exp[ (1+s)2 ∣β∣2] exp[αβ∗ − α∗β]d2β

= ∫ exp[ (s−1)
2 ∣β∣2] exp[αβ∗ − α∗β]d2β = 2

(1−s) exp[ 2
(s−1) ∣α∣

2].

This concludes the proof via the Fourier transform in the last equality, which converges for
s < 1, and yields δ(2)(α) for s = 1, as expected. Numerical examples are provided in
Figure 2.4.
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APPENDIX B

Appendix of Chapter 3

B.1 Tensor operators, embedded operators, and normal-

ization factors

Here, we provide a short tutorial on tensor operators, embedded operators, and normalization
factors as far as they are used in Secs. 3.4, 3.5, and 3.6. The four single-spin tensor operators
T00 = Id/

√
2, T1,−1, T10, and T11 from Eq. (3.4) span the space of all 2 × 2 matrices, and

they conform to the defining relation in Eq. (3.5). Any 2 × 2 matrix A can be expanded in
terms of the tensor operators Tjm as A = ∑j∈{0,1}∑−j≤m≤j Tr(T†

jmA)Tjm. This follows
since tensor operators are chosen as orthonormal, i.e., the product T†

jmTj′m′ of any two of
them has trace one for identical operators with j = j′ and m = m′, and trace zero otherwise.
However, Cartesian product operators, such as Ix are only orthogonal, and not normalized
[e.g. Tr(I†

xIx) = 1/2].
Operators for a two-spin system can be decomposed into sums of tensor products Tj1m1⊗

Tj2m2 of two 2× 2 matrices. There are sixteen linearly independent tensor product operators
of this form, providing an orthonormal basis of 4 × 4 matrices (cf. Lemma 3.2). The tensor
product operators can be divided into four subsets depending on which spins they act on: The
normalized identity operator T00⊗T00 acts on no spin at all. The normalized linear operators
T1m ⊗ T00 with m ∈ {−1,0,1} act on the first spin, and T00 ⊗ T1m acts on the second
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Table B.1: Cartesian product operators in a coupled two-spin system. Any linear combi-
nation of operators in the same column or row remains a product operator.

Id4 I1x I1y I1z

I2x I1xI2x I1yI2x I1zI2x

I2y I1xI2y I1yI2y I1zI2y

I2z I1xI2z I1yI2z I1zI2z

one. Finally, the normalized bilinear operators T1m1 ⊗ T1m2 act on both spins (m1,m2 ∈
{−1,0,1}).

Similarly, one can also introduce embedded operators T
{1}
1m ∶= T1m ⊗ T00 and T

{2}
1m ∶=

T00 ⊗ T1m which are single-spin operators embedded into 4 × 4 matrices (cf. Lemma 3.1).
These embedded operators enable a description without (explicit) tensor products. This im-
plies that a bilinear operator Tj1m1 ⊗ Tj2m2 can written as a matrix product of embedded
operators with an additional normalization factor. For example, the tensor product

B = T10 ⊗T11 =
⎛
⎝

1√
2

0

0 −1√
2

⎞
⎠
⊗

⎛
⎝

0 −1

0 0

⎞
⎠
=

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 −1√
2

0 0

0 0 0 0

0 0 0 1√
2

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

is normalized. Using the normalized single-spin operators

T
{1}
10 =

⎛
⎜⎜⎜⎜⎜
⎝

1
2 0 0 0

0 1
2 0 0

0 0 −1
2 0

0 0 0 −1
2

⎞
⎟⎟⎟⎟⎟
⎠

and T
{2}
11 =

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 −1√
2

0 0

0 0 0 0

0 0 0 −1√
2

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

,

we can form the matrix product

T
{1}
10 T

{2}
11 =

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 −1
2
√

2
0 0

0 0 0 0

0 0 0 1
2
√

2

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

= B/2,

which differs from B = T10⊗T11 by a factor of 2; B/2 has a squared norm of Tr(B†B)/4 =
1/4. The normalization factors for general spin systems are given in Table 3.4. Products
of embedded single-spin operators commute if they act on different spins, e.g. T

{1}
10 T

{2}
11 =

T
{2}
11 T

{1}
10 .
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B.2 Visualization of Wigner functions

In this appendix, we shortly discuss certain properties of the visualization of Wigner func-
tions introduced in Sec. 3.4. The Wigner functions of product operators in a two-spin system
are in general of the form λf(θ1, φ1)g(θ2, φ2) with λ ∈ C. This is visualized as two overlap-
ping circles to reflect the product nature of the spherical functions. The first circle contains
the Wigner function

√
λf(θ1, φ1), and the second one contains

√
λg(θ2, φ2). The prefac-

tor λ is distributed equally, but different choices are possible, and the size of the visualized
objects can vary assuming that λ stays constant.

If the desired operator is a linear combination of product operators, it is represented as
a sum of product operators in the PROPS representation. However the decomposition of
an operator into sums of product operators is not unique, consequently there are different
visualizations possible for the same operator. In a system of N spins 1/2 there are 4N in-
dependent basis operators, and these can be combined in order to minimize the number of
product operators in a sum decomposition. We provide a mathematica package for comput-
ing with examples of Wigner functions of spin operators, their Poisson brackets, and the time
evolution [1].

For a two-spin system there are sixteen independent product operators, but any operator
can be decomposed into a sum of at most four product operators. This is verified using
Table B.1 where basis operators are grouped such that any linear combination within the
same row or column results again in a product operator, for example

aI2z + bI1xI2z + cI1yI2z + dI1zI2z = (a Id + bI1x + cI1y + dI1z)I2z. (B.1)

B.3 Stratonovich postulates

We summarize the postulates on which the continuous Wigner representation for spins relies.
Starting from the original set of postulates defined by Stratonovich [243], which are then
generalized to the case of coupled spins.

B.3.1 Stratonovich postulates for a single spin

The Wigner representation for spins is a generalization of the flat phase-space representation
(p, q) of quantum mechanics to the phase-space representation (R cos θ, φ) over the sphere.
In the generalized Wigner representation, spin operators are mapped onto spherical functions.
This mapping is based on the Stratonovich postulates [243], providing four fundamental
requirements for pairs of operators and their corresponding Wigner functions. Let us denote



158 Appendix B. Appendix of Chapter 3

the Wigner function of an arbitrary spin operator A as WA, then the postulates are given by

(i) linearity: A→WA is one-to-one,

(ii) reality: if B = A†, then WB =W ∗
A,

(iiia) normalization: Tr(IdA) = ∫
S2
WIdWAdΩ,

(iiib) traciality: Tr(B†A) = ∫
S2
W ∗
BWAdΩ,

(iv) covariance: WR(A)(Ω) =WA(R−1Ω),

where dΩ denotes the surface element sin θdθdφ in the spherical phase space. A consequence
of the postulate (ii) is that Wigner functions of a hermitian operator are real functions. The
postulates (iiia) and (iiib) can be reinterpreted by introducing the scalar products ⟨B∣A⟩ =
Tr(B†A) for matrices and ⟨WB ∣WA⟩ = ∫S2 W ∗

BWAdΩ for Wigner functions (by integrating
over the unit sphere). Then, the postulates (iiia) and (iiib) can be summarized as ⟨B∣A⟩ =
⟨WB ∣WA⟩. The postulate (iv) determines the Wigner function of an operatorA ifA is rotated
by a unitary conjugation resulting in R(A), then the arguments of the Wigner function (or
equivalently the sphere) are rotated inversely by the same rotation.

B.3.2 Generalization of the Stratonovich postulates

We extend the Wigner formalism to multiple, coupled spins. The postulates (iii) and (iv) are
generalized in order to interpret the Stratonovich postulates for the Wigner representation of
N coupled spins as mapping operators onto sums of function on N spheres. The condition
in postulate (iii) is extended to an integral ∫S2

1
⋯ ∫S2

N
W ∗
BWAdΩ1 . . .dΩN over N spheres.

For the PROPS representation, Postulate (iv) is generalized by interpretingR as an arbitrary
rotation in the form of a product of local rotations as R = ∏Nk Rk. An arbitrary local ro-
tation Rk acting on spin k is described in the Wigner space as the inverse rotation of the
kth sphere WA(Ω1, . . . ,R−1

k Ωk, . . .ΩN) of the corresponding Wigner representation. The
mapping of spin operators onto spherical functions described in [98] satisfies the generalized
Stratonovich postulates under simultaneous rotations R built from equal rotations Rk of all
spheres. Consequently, the current approach generalizes the rotational covariance criterion
in [98] to arbitrary local rotations. Finally, the generalized postulates are

(i) linearity: A→WA is one-to-one,

(ii) reality: if B = A†, then WB =W ∗
A,

(iiia) normalization: Tr(IdA) = [
S2
1 ...S

2
N

WIdWA

N

∏
k

dΩk,

(iiib) traciality: Tr(B†A) = [
S2
1 ...S

2
N

W ∗
BWA

N

∏
k

dΩk,

(iv) covariance: WR(A)(Ω1, . . . ,ΩN) =WA(R−1
1 Ω1, . . . ,R−1

N ΩN).
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DROPS PROPS

1 spin

-Iy

/2 - Iy
2 spins

I1x + I2y + 2I1z I2z + 
+ +

+

I1x (-I2x + I2y + I2z) + I1y (I2x - I2y + I2z) + I1z (I2x + I2y - I2z)

+ +

Figure B.1: (Color online) The DROPS representation using the LISA basis is compared
to the PROPS representations. For a single spin 1/2, the DROPS representation consists
in general of two spherical function where the first one corresponds to the identity part
Id2 which acts on no spin at all and the second one corresponds in this example to the
operator −Iy . Both contributions are combined in the PROPS representation. The DROPS
representation of two coupled spins 1/2 consists in general of four spherical functions: the
identity part Id4, linear operators such as I2x and I2y acting on the first and second spin,
as well as bilinear operators such as 2I1zI2z acting on both spins. The number of product
operators in the PROPS representation can be in certain cases reduced by combining some
of its components, e.g., I1x + I2y + 2I1zI2z + Id4 equals to (Ix+Id2/2) ⊗ Id2 + Id2 ⊗
(Iy+Id2/2) + 2I1zI2z .3

B.4 Comparison to the DROPS representation

We compare our visualization technique with the so-called DROPS representation from [98]
both of which represent operators of coupled spin systems in the form of a collection of
spherical functions. A particular case of the DROPS representation is given by the LISA
basis [98] which is spanned by a set of tensor operators T (`)

jm with ` ∈ L. Each element T (`)
jm is

mapped to a spherical harmonic Yjm and transforms naturally under simultaneous rotations
of all spins. The DROPS representation using the LISA basis provides a compact visual-
ization of coupled spin operators by plotting ∣L∣ spherical functions. Figure B.1 contains a
comparison for spin operators of one and two spins.
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a) density operator b) Hamiltonian

Wρ = WΙx = Wℋ = WΙz =

c) Poisson bracket

{ Wℋ , Wρ } = { , } =

{ Wρ , Wℋ } = { , } =

d) pre-star products

Wℋ Wρ = 2 π Wℋ · Wρ - ⅈ
2 { Wℋ , Wρ }

= 2 π · - ⅈ
2

= + =

Wρ Wℋ = 2 π Wρ · Wℋ - ⅈ
2 { Wρ , Wℋ }

= 2 π · - ⅈ
2

= + =

Figure B.2: (Color online) Graphical visualization of the equation of motion for a single
spin 1/2. a) and b) depict the Hamiltonian and deviation density matrix from Eq. (3.8).
Individual steps illustrate how the equation of motion for a single spin 1/2 in Figure B.3 g)
[refer to Eq. (3.9)] is derived by specifying c) the Poisson brackets (c.f. Fig 3.1), d) and the
pre-star products of the Wigner functions WH and Wρ. Refer also to Figure B.3.3

B.5 Time evolution of a single spin 1/2

We further detail the derivation of the equation of motion for a single spin 1/2 which had been
deferred from Sec. 3.4.1.2 to this appendix. The Figures B.2-B.3 illustrate the individual
steps required to derive the time evolution of the Wigner function for a single spin 1/2:
Subfigures a) and b) contain graphical representation of the Hamiltonian and density operator
from Eq. (3.8). In Subfigure c), the Poisson bracket of WH and Wρ is computed following
Fig. 3.1; the Poisson bracket is antisymmetric with respect to the order of its two arguments.
The pre-star product is decomposed in Subfigure d) into a sum of the pointwise product
and the Poisson bracket of WH and Wρ, and the summands are weighted by the prefactors√

2π and −i/2, respectively [see Eq. (3.47)]. In Subfigure e), the star product, which is the
analog of the matrix product of the two Wigner functions WH and Wρ (see Sec. 3.5.2.3), is
obtained by projecting the pre-star product onto spherical harmonics of rank-zero and one
[refer to Eq. (3.48)]. Subfigure f) shows the star commutator as the star analog of the matrix
commutator (see Sec. 3.5.2.3). Finally, Subfigure g) determines the time evolution of the
density operator by specifying its time derivative. The result in this particular case conforms
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e) star products

Wℋ Wρ = = [ Wℋ Wρ ]

= [ ] =

Wρ Wℋ = = [ Wρ Wℋ ]

= [ ] =

f) star commutator

[ Wℋ , Wρ ]★ = [ , ]★
X Y

Z = Wℋ Wρ - Wρ Wℋ
= - =

g) equation of motion∂Wρ∂t = - ⅈ [ Wℋ , Wρ ]★ = { Wρ , Wℋ }

0

π
2πη

∂∂t = - ⅈ =

Figure B.3: (Color online) Continuation of Figure B.2. e) star products, f) the star commu-
tator, and g) the equation of motions for the Wigner functions WH and Wρ. Refer to the
main text for further details.3

with the general argument that the time evolution is given by the Poisson bracket of WH and
Wρ.

B.6 Integral form of the star product

Similarly as in [253], we evaluate the integral form of the star product of Wigner functions
corresponding to arbitrary operators A and B acting on a single spin J . Based on the explicit
form of the kernel for the Wigner transformation in Eq. (3.25) and the expansion formula of
tensor-operator matrix products in Eq. (3.38), we evaluate the explicit form of the trikernel.
Let us first consider the matrix product AB of two arbitrary operators A and B of a spin J
and the corresponding Wigner function WAB , which is obtained according to Eq. (3.25) as

W(AB) ∶=WAB(θ, φ) = Tr[∆J(θ, φ)AB]. (B.2)
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The definition of the integral star product is derived by substitutingA andB in Eq. (B.2) with
the formula for the inverse Wigner transform of WA and WB from Eq. (3.30). This leads to

WAB(θ, φ) =WA(θ1, φ1) ⋆WB(θ2, φ2) = (B.3)
θ1,θ2≤π,φ1,φ2≤2π

[
θ1,θ2,φ1,φ2≥0

∆
(T )

J WAWB sin θ1 sin θ2 dθ1 dθ2 dφ1 dφ2,

where WA ∶= WA(θ1, φ1) and WB ∶= WB(θ2, φ2) denote Wigner functions of A and B
depending on different variables, and the trikernel is given by

∆
(T )

J = Tr[∆J(θ, φ)∆J(θ1, φ1)∆J(θ2, φ2)]. (B.4)

Using the expansion formula in Eq. (3.38) to evaluate the explicit form of the trikernel, one
obtains

∆
(T )

J = ∑
j⃗,m⃗

Y∗
j1m1

(θ1, φ1)Y∗
j2m2

(θ2, φ2)
n

∑
L=∣j1−j2∣

Q
(J)
j1j2L

CLMj1m1j2m2
YLM(θ, φ), (B.5)

where j⃗ = (j1, j2), m⃗ = (m1,m2) and 0 ≤ j1, j2 ≤ 2J , and the upper limit n given as
n ∶= min(j1+j2,2J); note M = m1+m2. With this form of the trikernel, Eq. (B.3) can
be interpreted in the following way: Integrating over the product WAWB multiplied by the
trikernel, one obtains the decomposition of both WA and WB into spherical harmonics, and
the Wigner transformation of the product JTj1,m1

JTj2,m2 is obtained for each pair Yj1m1

and Yj2m2 of spherical harmonics.
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APPENDIX C

Appendix of Chapter 4

C.1 Expansions of products of tensor operators

Adopting the notation of [159], the product of two irreducible tensor operators can be—
similarly as in Equation 4.12—expanded as (see [254])

Tj1m1Tj2m2 =
n

∑
L=∣j1−j2∣

JQj1j2LC
LM
j1m1j2m2

TLM . (C.1)

The upper limit n ∶= min(j1+j2,2J) of the summation is bounded by 2J . We have set M ∶=
m1+m2 and also use the Clebsch-Gordan coefficients CLMj1m1,j2m2

[192]. The coefficients
JQj1j2L from [159] are proportional to Wigner 6-j symbols [192] and depend only on j1, j2,
and L, but are independent of m1, m2, and M .

Similarly, the product of any two spin-weighted spherical harmonics can be decomposed
into a sum of spin-weighted spherical harmonics (see Eq. 2.54 in [73])

Yη1
j1m1

Yη2
j2m2

=
j1+j2

∑
L=∣j1−j2∣

(−1)M+η3
√

(2j1+1)(2j2+1)(2L+1)
4π

×
⎛
⎝
j1 j2 L

m1 m2 −M
⎞
⎠
⎛
⎝
j1 j2 L

−η1 −η2 η3

⎞
⎠

Yη3
LM (C.2)
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where the Wigner 3-j symbols [192] are used. The values of M =m1 +m2 and η3 = η1 + η2

are bounded by −L ≤ M ≤ L and −L ≤ η3 ≤ L. Substituting the left-hand side of this
equation with the definition of spin-weighted spherical harmonics Yη1

j1m1
and Yη2

j2m2
from

Equation 4.15 while also assuming that η1 = −η2 =∶ η, one obtains the relation

(ðη Yj1m1)(ð
η

Yj2m2) =
j1+j2

∑
L=∣j1−j2∣

(−1)M+η
√

(2j1+1)(2j2+1)(2L+1)
4π (C.3)

× xj2η j1
⎛
⎝
j1 j2 L

m1 m2 −M
⎞
⎠
⎛
⎝
j1 j2 L

−η η 0

⎞
⎠

YLM , (C.4)

where the factor xj2η j1 can be obtained from Equation 4.15 and is determined by

xj2η j1 =
√

(j2+η)!(j1+η)!
(j2−η)!(j1−η)!

. (C.5)

Finally, the explicit form of the factor κ in Equation 4.20-Equation 4.21 is now given by
(with M =m1+m2)

ηκLj1m1,j2m2
=(−1)M+η

√
(2j1+1)(2j2+1)(2L+1)

4π

× xj2
∣η∣ j1

⎛
⎝
j1 j2 L

m1 m2 −M
⎞
⎠
⎛
⎝
j1 j2 L

−η η 0

⎞
⎠

YLM . (C.6)

C.2 Proof of Result 4.1

We prove now Result 4.1. Both formulas in Equation 4.32 must satisfy the defining property
Equation 4.14 of the star product. The expansions from Equation 4.20-Equation 4.21 result
in the condition

KL
jm,j′m′ = [ γL

γjγj′
]±1 1

R

2J

∑
η=0

λ(±1)
η

±ηκLj1m1,j2m2

for λ(±1)
η which holds for every j,m, j′,m′ with j, j′ ≤ 2J . This specifies an overdetermined

linear system of equations for λ(±1)
η which can be recognized as the matrix-vector equation

K = κ(±1) λ(±1). Here, the vector λ(±1) has the entries λ(±1)
η and every entry Ki of the

vector K is given by a value of KLi
jimi,j′im

′
i

with i ∈ {1,2, . . . , (2J+1)5}. The corresponding

matrix κ(±1) has the dimension (2J+1)× (2J+1)5 and rank (2J+1). This linear system has
a unique, exact solution and one obtains the coefficients in Equation 4.33.

C.3 Asymptotic expansion of weight factors

Detailed expansion formulas for Section 4.8.2 and Section 4.9.2 are computed in the follow-
ing. The coefficients in Equation 4.33 can be expanded into the form

λ(−1)
η η! = (2J−η)!

(2J)! =
η−1

∏
k=0

(2J−k)−1 =
η−1

∏
k=0

[(2J)−1 + k(2J)−2 +O((2J)−3)],
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where the second equality follows from the Taylor expansion of the function (a + b)−1 =
1/a − b/a2 + b2/a3 + ⋯ with a ∶= 2J and b ∶= −k and ∣b∣ < a. Collecting the error terms as
(2J)−η+1 ∑η−1

k=0[k (2J)−2] = (2J)−η−1[η(η−1)]/2 yields the formula

λ(−1)
η η! = (2J)−η + (2J)−η−1[η(η−1)] +O((2J)−η−2).

This results in the asymptotic expansion in Equation 4.34-Equation 4.35. Similarly, λ(1)
η is

expanded as

λ(1)
η (−1)ηη! = 2J (2J)!

(2J+η+1)! = 2J
η+1

∏
k=1

(2J+k)−1 = 2J
η+1

∏
k=1

[(2J)−1 + k(2J)−2 +O((2J)−3)],

which simplifies to the asymptotic expansion (which is used in Equation 4.36)

λ(1)
η (−1)ηη! = (2J)−η + (2J)−η−1 (η+1)(η+2)

2 +O((2J)−η−2).

The coefficients in the definition of spin-weighted spherical harmonics in Equation 4.15
can similarly be expanded as

√
(j−η)!/(j+η)! =

η

∏
k=−η+1

(j + k)1/2 =
η

∏
k=−η+1

[j1/2 + k
2j1/2

+O(j−3/2)]

where the second equality is obtained from the Taylor expansion (a+b)1/2 = a1/2+b/(2a1/2)−
b2/(8a3/2) +⋯ with a ∶= j and b ∶= k and b < a. This yields the expansion

√
(j−η)!/(j+η)! = jη + η

2j1/2
+O(j−5/2). (C.7)

Following similar arguments, the factor γj , which is defined in Equation 4.11, can be in
terms of j(j+1) expanded into the exponential function

γj = exp [−j(j+1)/(4J)] +O(J−1) =∑
n

[−j(j+1)/(4J)]n/n! +O(J−1). (C.8)

This expansion is used in Equation 4.43 to derive an approximation of the operator ◻(s).

C.4 Proof of Result 4.3 and the associated expansion co-

efficients

We now prove Result 4.3 and determine the corresponding expansion coefficients cn(s). The
coefficients cn(s) are uniquely determined by the values of γ1−s

j and the condition

γ1−s
j =

2J

∑
n=0

cn(s) [−j(j+1)]n for 0 ≤ j ≤ 2J. (C.9)
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This yields the linear system V c(s) = γ(s) of equations where V is the Vandermonde matrix
with entries [V ]nj ∶= [−j(j+1)]n and its inverse V −1 can be computed analytically [35]. The
entries of the vectors c(s) and γ(s) are given by cn(s) and γ1−s

j , respectively. The exact,
unique solution is determined by V −1 γ(s) = c(s).

Note that simultaneously truncating the spherical-harmonics decomposition can also be
achieved by enlarging the summation upper limit in Equation C.9 to 4J . In that case, one
has ◻(s)Yjm = 0 for 2J < j ≤ 4J . Alternatively, a projection operator PJ from Result 2 of
[159] can be applied to spin-J phase-space representations, where PJ ∶= ∑4J

n=0 pn (ðð)n and
the coefficients pn are computed from the linear system of equations

4J

∑
n=0

pn [−j(j+1)]n =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 for 0 ≤ j ≤ 2J

0 for 2J < j ≤ 4J
(C.10)

which is determined by the inverse Vandermonde matrix V −1.

C.5 Asymptotic expansion of differential operators

C.5.1 Expansion formulas using polar and arc-length parametriza-

tions

In this section, we show how the operators ð and ð approach their infinite-dimensional coun-
terparts given by the derivatives ∂α∗ and ∂α. We consider the polar parametrization α = reiφ

of the complex plane with r =
√
α∗α and φ ∶= argα. Using ∂α = ∂r

∂α∂r +
∂φ
∂α∂φ, the deriva-

tives ∂α and ∂α∗ can be expressed in the polar parametrization by substituting ∂r
∂α = 1

2e
−iφ

and ∂φ
∂α = −i

2 e
−iφ/r which results in

∂α = e−iφ 1
2[∂r − i/r ∂φ] and ∂α∗ = eiφ 1

2[∂r + i/r ∂φ]. (C.11)

Applying these formulas one obtains formulas for powers of derivatives:

[∂α∗]η = eiηφ
η−1

∏
k=0

1
2[−k/r + ∂r + i/r ∂φ], [∂α]

η = e−iηφ
η−1

∏
k=0

1
2[−k/r + ∂r − i/r ∂φ].

(C.12)

For comparison, we apply the spin-weight raising and lowering differential operators
from Equation 4.17 and Equation 4.18 and obtain

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2(−k

cos θ√
J/2 sin θ

+ ∂θ√
J/2

+ i√
J/2 sin θ

∂φ)Yjm (C.13)

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2(−k

cos θ√
J/2 sin θ

+ ∂θ√
J/2

− i√
J/2 sin θ

∂φ)Yjm. (C.14)
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The arc-length parametrization α =
√
J/2 θ e−iφ (see, e.g., [160]) implies that r =

√
α∗α =√

J/2 θ. The following terms from Equation C.13 and Equation C.14 can be expanded by
applying their Taylor series and substituting θ = r/

√
J/2:

i√
J/2 sin (r/

√
J/2)

= i
r +

ir
3J +O(J−3/2) and cos (r/

√
J/2)

√
J/2 sin (r/

√
J/2)

= 1
r −

2r
3J +O(J−3/2). (C.15)

Substituting these expansions back into Equation C.13 and C.14 results in

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2[−k(

1
r −

2r
3J ) + ∂r + ( ir+

ir
3J )∂φ +O(J−3/2)]Yjm,

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2[−k(

1
r−

2r
3J ) + ∂r − ( ir+

ir
3J ) ∂φ +O(J−3/2)]Yjm.

Note that ∂φYη
jm = imYη

jm. The expressions in the parentheses can up to an error term
ε ∶= r

3J (2k−m) be transformed into terms that are directly comparable to Equation C.12:

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2[−k/r + ∂r + i/r∂φ + ε +O(J−3/2)]Yjm, (C.16)

[ð/
√

2J]η Yjm = (−1)η
η−1

∏
k=0

1
2[−k/r + ∂r − i/r ∂φ − ε +O(J−3/2)]Yjm. (C.17)

We compare Equation C.12 with Equation C.16 and Equation C.17, apply the expression

∑η−1
k=0 ε/2 =

r
6J (1+η)(η−m), and denote the residual error terms the using their abbreviations

as ζ ∶= O(J−3/2[ð/
√

2J]η−1) and ζ̄ ∶= O(J−3/2[ð/
√

2J]η−1). This leads to

[ð/
√

2J]η Yjm = [(−1)ηe−iηφ(∂α∗)η + r(1+η)(η−m)

6J [ð/
√

2J]η−1 + ζ]Yjm (C.18)

[ð/
√

2J]η Yjm = [(−1)ηeiηφ(∂α)η − r(1+η)(η−m)

6J [ð/
√

2J]η−1 + ζ̄]Yjm. (C.19)

Substituting this expansion into the definition of spin-weighted spherical harmonics in Equa-
tion 4.15, one obtains for a fixed arc length α the forms (refer to Equation 4.22-Equation 4.23
and Figure 4.3(a-b))

Yη
jm − (−1)ηe−iηφ(∂α∗)η Yjm ∝ ∣α∣(j

√
J)−1 Yη−1

jm +O(J−1) and (C.20)

Y−η
jm − eiηφ(∂α)η Yjm ∝ ∣α∣(j

√
J)−1 Y−η+1

jm +O(J−1). (C.21)

The difference on the left-hand side vanishes in the limit of infinite J for every bounded
α, as the spin-weighted spherical harmonics Y−η±1

jm on the right-hand side are bounded, i.e.,
∣Y−η±1
jm (θ, φ)∣ <∞.

We now describe a general criterion (see Section 4.7) for spherical functions and their
differentials to be bounded. Assume now that the spherical function of the form f = f(θ, φ) =
∑ fjmYjm(θ, φ) is bounded, i.e., ∣f(θ, φ)∣ < ∞. Note that the expansion coefficients might
depend on J . Also, assume that the differentials are bounded, i.e., ∣ðηf(θ, φ)∣ < ∞ and
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∣ðηf(θ, φ)∣ <∞, which translates to

∣(ð/
√

2J)ηf(θ, φ)∣ = ∣∑
√

(2J)η(j−η)!/(j+η)!
−1
fjmYη

jm(θ, φ)∣ <∞

∣(ð/
√

2J)ηf(θ, φ)∣ = ∣∑
√

(2J)η(j−η)!/(j+η)!
−1
fjmY−η

jm(θ, φ)∣ <∞.

We emphasize that f and all of its derivatives are bounded if there are only a finite number
of non-zero expansion coefficients fjm or if the expansion coefficients ∣fjm∣ decay faster in
j than the coefficients

√
(j−η)!/(j+η)! ≈ j−η from Equation C.7. Applying Equation C.16

and Equation C.17 to the spherical function f one gets for a fixed arc length ∣α∣ that

[(ð/
√

2J)η − (−1)ηe−iηφ(∂α∗)η] f(α)∝ ∣α∣J−1 [ð/
√

2J]η−1f(α)
[(ð/

√
2J)η − (−1)ηeiηφ(∂α)η] f(α)∝ ∣α∣J−1 [ð/

√
2J]η−1f(α).

This difference clearly vanishes if g = ∣α∣ [ð/
√

2J]η−1f(α) remains bounded in the limit of
infinite J . (The assumption could be weakened such that the growth of the absolute value
of g in J is slower than O(J).) For a fixed α, this expansion of the action of spin-weight
lowering and raising operators has the convergence rate O(J−1), refer to Proposition 4.1.

We now describe when spherical functions and their differentials are in general bounded
in the L2 norm, and this information is utilized in Section 4.7. The asymptotic behavior of
the difference function can be measured in the L2 norm. Assume that the square-integrable
spherical function f = f(θ, φ) = ∑ fjmYjm(θ, φ) observes R2∑ ∣fjm∣2 = 1. Also asssume
that its differentials are square integrable. Applying the orthonormality of spin-weighted
spherical harmonics, this translates to

∣∣(ð/
√

2J)ηf(θ, φ)∣∣L2 = R2∑((2J)η(j−η)!/(j+η)!)−1∣fjm∣2 <∞, (C.22)

∣∣(ð/
√

2J)ηf(θ, φ)∣∣L2 = R2∑((2J)η(j−η)!/(j+η)!)−1∣fjm∣2 <∞. (C.23)

Note that f and all of its derivatives are square integrable for finite J if there are only a
finite number of non-zero expansion coefficients fjm or if the expansion coefficients ∣fjm∣2

decay faster in j than (j−η)!/(j+η)! ≈ j−2η from Equation C.7. Applying Equation C.16
and Equation C.17, the norm of the difference is given by

∣∣ [(ð/
√

2J)η − (−1)ηe−iηφ(∂α∗)η] f(θ, φ)∣∣L2 ∝ J−1 ∣∣ ∣α∣ [ð/
√

2J]η−1f(θ, φ)∣∣L2

∣∣ [(ð/
√

2J)η − (−1)ηeiηφ(∂α)η] f(θ, φ)∣∣L2 ∝ J−1 ∣∣ ∣α∣ [ð/
√

2J]η−1f(θ, φ)∣∣L2 .

This difference clearly vanishes if the norm ∣∣ ∣α∣ [ð/
√

2J]η−1f(θ, φ)∣∣L2 remains bounded in
the large-spin limit. (This assumption can be weakened such that the growth of this norm in
J is slower than O(J).) Refer to Proposition 4.1.
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Alternatively, the following expansions can be derived from Equation C.16 and Equa-
tion C.17:

[(ð/
√

2J)η − (−1)ηe−iηφ(∂α∗)η]f(α)∝ J−1∣α∣∂
η−1f(α)
(∂α∗)η−1

,

[(ð/
√

2J)η − (−1)ηeiηφ(∂α)η] f(α)∝ J−1∣α∣∂
η−1f(α)
(∂α)η−1

.

These differences vanish in the limit of infinite J if the derivatives remain bounded, i.e.,

∣ ∣α∣∂
η−1f(α,α∗)
(∂α∗)η−1

∣ <∞ and ∣ ∣α∣∂
η−1f(α,α∗)
(∂α∗)η−1

∣ <∞. (C.24)

In addition, the L2 norm of the differences vanishes if the derivatives remain square inte-
grable, i.e.,

∣∣ ∣α∣∂
η−1f(α,α∗)
(∂α∗)η−1

∣∣L2 <∞ and ∣∣ ∣α∣∂
η−1f(α,α∗)
(∂α∗)η−1

∣∣L2 <∞, (C.25)

or if the growth of the norm and the absolute value in J is slower than O(J). This is used in
Proposition 4.1.

Following similar arguments, asymptotic expansions for products of differentials from
Proposition 4.2 are obtained in the formulas

∣f[(
←
ðη)(

→
ðη)/(2J)η]g − f(←Ð∂ α∗)η(

Ð→
∂ α)ηg∣∝ J−1 and (C.26)

∣∣ f[(
←
ðη)(

→
ðη)/(2J)η − (←Ð∂ α∗)η(

Ð→
∂ α)η] g∣∣L2 ∝ J−1, (C.27)

and the two formulas are also valid for the conjugate derivatives. Consider two square-
integrable functions f and g with the additional constraint that the product fg as well as
the products of differentials ∣α∣(ðηf)(ðηg) are square integrable. The L2-norm convergence
then holds (refer to Proposition 4.2).

C.5.2 The product ðð of the spin-weight raising and lowering opera-

tors

We now derive the second part of Proposition 4.1. The derivatives ∂α∗∂α in the polar
parametrization are expanded into

∂α∗∂α = [−1/r + ∂r + i/r ∂φ][∂r − i/r ∂φ]/4. (C.28)

Similarly, the expansion of the operator ðð/(2J) is given by

ðð/(2J)Yjm = [− cos θ√
2J sin θ

+∂θ/
√

2J+ i√
2J sin θ

∂φ][∂θ/
√

2J− i√
2J sin θ

∂φ]Yjm. (C.29)
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Applying the expansions from Equation C.15 and the parametrization θ = r/
√
J/2 yields

ðð/(2J)Yjm =[−1
r −

2r
3J + ∂r + ( ir+

ir
3J )∂φ +O(J−3/2)]

× [∂r − ( ir+
ir
3J )∂φ +O(J−3/2)]Yjm/4.

Now separating the terms and expanding the action ∂φYjm results in

ðð/(2J)Yjm =[−1
r + ∂r +

i
r∂φ −

(m+2)r
3J +O(J−3/2)]

× [∂r − i
r ∂φ −

mr
3J +O(J−3/2)]Yjm/4.

Finally, we obtain for a bounded spherical function f that

[ðð/(2J) − ∂α∗∂α]f ∝ ∣α∣J−1 and ∣∣[ðð/(2J) − ∂α∗∂α] f ∣∣L2 ∝ ∣α∣J−1.

The norm or the absolute value vanish in the large-spin limit if both the function f and its
differentials are bounded or square integrable in the limit, see Proposition 4.1.

C.6 Proof of Result 4.6

We prove Result 4.6. Substituting the approximations of ◻(s) from Equation 4.44 and of
⋆(−1) form Equation 4.39 into Equation 4.46 yields the formula

f [←◻(−s) ⋆(−1) →◻(−s)] g

= f exp[ 1+s
2

←Ð
∂ α∗

←Ð
∂ α ] exp[←Ð∂ α

Ð→
∂ α∗] exp[ 1+s

2

Ð→
∂ α∗

Ð→
∂ α ] g +O(J−1)

= f exp[ 1+s
2

←Ð
∂ α∗

←Ð
∂ α +

←Ð
∂ α
Ð→
∂ α∗ + 1+s

2

Ð→
∂ α∗

Ð→
∂ α ] g +O(J−1),

where the second equality follows from the commutativity of partial derivatives. Using the
Leibniz rule of partial derivatives

∂α∗∂α(fg) = (∂α∗∂αf)g + f(∂α∗∂αg) + (∂α∗f)(∂αg) + (∂αf)(∂α∗g) (C.30)

results in a convenient description for the action of the approximation of ◻(s)fg:

exp[−1+s
2 ∂α∗∂α ]fg = f exp[−1+s

2 (←Ð∂ α∗
←Ð
∂ α+

Ð→
∂ α∗

Ð→
∂ α+

←Ð
∂ α∗

Ð→
∂ α+

←Ð
∂ α
Ð→
∂ α∗) ]g. (C.31)

Substituting this into ◻(s+2) (f [←◻(−s) ⋆(−1) →◻(−s)] g), one obtains Equation 4.52 which
is expanded as

f ⋆(s) g =
∞

∑
n=0

n

∑
m=0

cnm(s) (∂mα ∂n−mα∗ f)(∂mα∗ ∂n−mα g) +O(J−1), (C.32)

where cnm(s) are the expansion coefficients of the exponential exp[ (1−s)2 a − (1+s)
2 b] =

∑∞n=0∑nm=0 cnm(s)ambn−m for commutative a and b. Using the polar parametrization from
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Equation C.12, the derivatives ∂nα ∂
m
α∗ can be represented as

∂nα ∂
m
α∗ = ei(m−n)φ

n−m−1

∏
η=−m

1
2[−η/r + ∂r − i/r ∂φ]

m−1

∏
η=0

1
2[−η/r + ∂r + i/r ∂φ]. (C.33)

One applies arguments from C.5 and the expansion

(∂nα ∂mα∗f)(∂nα∗ ∂mα g) = (2J)−n−m(ðnðmf)(ðnðmg) +O(J−1) (C.34)

of the differential operators can be established which finally yields Equation 4.51.

C.7 Details for the example in Section 4.12

We discuss some details for the example in Section 4.12. The normalization factor N in
Equation 4.69 can be computed using 1/N2 = ⟨JJ ∣K†K ∣JJ⟩ where

K =R−1(Ω0)J−R(Ω0)/
√

2J

= [J−D1
−1,−1(Ω′) +JzD1

0,−1(Ω′)/
√

2 +J+D1
1,−1(Ω′)]/

√
2J. (C.35)

Here, Dj
m,m′ are Wigner D-matrix elements [61]. All the contributions in Equation C.35

vanish except for ⟨JJ ∣J+J−∣JJ⟩ = 2J and ⟨JJ ∣JzJz ∣JJ⟩ = J2. Finally, one obtains 1/N2 =
cos(θ/2)2[1 + 2J − (2J−1) cos(θ)]/2.

The phase-space representation FK(Ω0) of the operator K from Equation 4.69 can be
specified in terms of spherical harmonics as [159]

FK(Ω0) = csR(Ω0)Y1,−1(Ω)
= cs[Y1,−1(Ω)D1

−1,−1(Ω0) +Y1,0(Ω)D1
0,−1(Ω0) +Y1,1(Ω)D1

1,−1(Ω0)],

where the rotation can be written in terms of Wigner D-matrices and the prefactor is given
by cs = N

√
(J+1)(2J+1)/3γ−s1 /R.

The star product with FK(Ω0) in Equation 4.70 and Equation 4.71 can be approximated

using Equation 4.51. The approximate actions of K(Ω0) and K(Ω0) are then given by

K(Ω0) f = [FK(Ω0) + 1−s
4J (ðFK(Ω0))ð − 1+s

4J (ðFK(Ω0))ð] f +O(J−1) (C.36)

K(Ω0) f = [(FK(Ω0))
∗ + 1−s

4J (ð(FK(Ω0))
∗)ð − 1+s

4J (ð(FK(Ω0))
∗)ð] f +O(J−1).

(C.37)

Using the star-product approximation from Equation 4.52, the actions of K(Ω0) and K(Ω0)
can be expanded into

K(Ω0) f = [FK(Ω0) + 1−s
4J (∂αFK(Ω0))∂α∗ − 1+s

4J (∂α∗FK(Ω0))∂α] f +O(J−1) (C.38)

K(Ω0) f = [(FK(Ω0))
∗ + 1−s

4J (∂α∗(FK(Ω0))
∗)∂α − 1+s

4J (∂α(FK(Ω0))
∗)∂α∗] f +O(J−1).

(C.39)
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Knowing that FK(0) = csY1,−1(Ω) with ðY1,−1 =
√

2Y1
1,−1, ðY1,−1 = −

√
2Y−1

1,−1, and
(Y1,−1)∗ = Y1,1, the action of K(Ω0) and K(Ω0) at the point Ω0 = 0 is given by

K(0) f = K f = cs[Y1,−1 −
√

21−s
4J Y−1

1,−1ð −
√

21+s
4J Y1

1,−1ð] f +O(J−1) and (C.40)

K(0) f = K f = cs[Y1,1 +
√

21−s
4J Y1

1,1ð +
√

21+s
4J Y−1

1,1ð] f +O(J−1), (C.41)

which are then used in Equation 4.73-Equation 4.74.
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APPENDIX D

Appendix of Chapter 5

D.1 Proofs of the Properties from Section 5.6.1

D.1.1 Proof of Property 5.1

Recall that the Hilbert-Schmidt norm of an operator A is defined as ∣∣A∣∣2HS ∶= Tr(A†A). One
obtains

∣∣Πθ ∣∣2HS = Tr(Π†
θΠθ) = (4πh̵)−2∫ ∫ K∗

θ (Ω)Kθ(Ω′)Tr[D†(Ω)D(Ω′)]dΩ dΩ′

by substituting Πθ with its definition from (5.16). Formally writing [51] Tr[D†(Ω)D(Ω′)] =
2πh̵ δ(Ω−Ω′), it follows that

∣∣Πθ ∣∣2HS = (8πh̵)−1∫ K∗
θ (Ω)Kθ(Ω)dΩ = (8πh̵)−1∣∣Kθ(Ω)∣∣2L2 .

Here, ∣∣Kθ(Ω)∣∣2L2 is the L2 norm of the filter function. The inequality ∣∣Πθ ∣∣sup ≤ ∣∣Πθ ∣∣HS =
∣∣Kθ(Ω)∣∣L2/

√
8πh̵ (see Thm. VI.22.(d) in [211]) concludes the proof.

D.1.2 Proof of Property 5.2

Recall that the Wigner function is square integrable as Tr(ρ†
1 ρ2) = ∫ W ∗

ρ1 Wρ2 dΩ and
∣⟨Wρ1 ∣Wρ2⟩L2 ∣ ≤ 1 hold. Similarly, one obtains for elements Fρ(Ω, θ) = θ(Ω) ∗Wρ(Ω)
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of the Cohen class the scalar products

∫ F ∗
ρ1(Ω, θ)Fρ2(Ω, θ)dΩ = ∫ [θ(Ω) ∗Wρ1(Ω)]∗[θ(Ω) ∗Wρ2(Ω)]dΩ

= ∫ Fσ[θ(⋅) ∗Wρ1(⋅)]∗(Ω)Fσ[θ(⋅) ∗Wρ2(⋅)](Ω)dΩ

using the Plancherel formula ∫ a(Ω)b∗(Ω)dΩ = ∫ aσ(Ω)b∗σ(Ω)dΩ. One can simplify the
integrands to

Fσ[θ(⋅) ∗Wρ2(⋅)](Ω) = 2πh̵Fσ[θ(⋅)](Ω)Fσ[Wρ2(⋅)](Ω)

by applying the convolution formula from (5.14). Theorem 5.1 implies the relation Kθ(Ω) =
2πh̵[Fσθ(⋅)](−Ω) which yields the simplified integral

∫ F ∗
ρ1(Ω, θ)Fρ2(Ω, θ)dΩ = ∫ ∣Kθ(−Ω)∣2 Fσ[Wρ1(⋅)]∗(Ω)Fσ[Wρ2(⋅)](Ω)dΩ. (D.1)

By assumption, Kθ(Ω) ∈ L∞(R2), i.e, there exists a constant C ∈ R such that ∣Kθ(Ω)∣ ≤ C
holds almost everywhere. Applying this bound to Eq. (D.1) after setting ρ1 = ρ2 =∶ ρ yields

∫ ∣Kθ(−Ω)∣2 ∣Fσ[Wρ(⋅)](Ω)∣2 dΩ ≤ C2∫ ∣Fσ[Wρ(⋅)](Ω)∣2 dΩ = C2∫ ∣Wρ(Ω) ∣2 dΩ

with the help of the Plancherel formula. The above mentioned result for the Wigner function
implies the square integrability of Fρ(Ω, θ), which concludes the proof.

D.1.3 Proof of Property 5.3

As in (5.6), one considers the density operators ρ = ∑n pn∣ψn⟩⟨ψn∣ and ρ′ = ∑n pn∣φn⟩⟨φn∣.
The orthonormality of ∣φn⟩ = D(Ω′)∣ψn⟩ is used to evaluate the trace and this yields

Tr [ρ′D(Ω)ΠθD†(Ω)] =∑
n

pn⟨φn∣D(Ω)ΠθD†(Ω)∣φn⟩

=∑
n

pn⟨ψn∣D†(Ω′)D(Ω)ΠθD†(Ω)D(Ω′)∣ψn⟩.

Computing the addition of productsD(Ω)D(Ω′) of displacement operators [113, Eq. (1.10)]
concludes the proof with the help of D†(Ω′) = D(−Ω′) and Tr [ρ′D(Ω)ΠθD†(Ω)] =
Tr [ρD(Ω−Ω′)ΠθD†(Ω−Ω′)].

D.1.4 Proof of Property 5.4

First, we prove that the displacement operator is covariant under rotations, i.e. U†
φD(Ω)Uφ =

D(Ω−φ). This is conveniently shown in the coherent-state representation as detailed in
Eq. (5.7). Note that

U†
φD(Ω)Uφ∣0⟩ = e−∣α∣

2/2
∞

∑
n=0

αn√
n!
U†
φ∣n⟩ = e

−∣α∣2/2
∞

∑
n=0

[exp (iφ)α]n
√
n!

∣n⟩ = D(Ω−φ)∣0⟩,
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where the eigenvalue equation U†
φ∣n⟩ = exp (inφ)∣n⟩ was used together with its special case

Uφ∣0⟩ = ∣0⟩. It follows from (5.16) that

UφΠθU
†
φ = (4πh̵)−1∫ Kθ(Ω)UφD(Ω)U†

φ dΩ = (4πh̵)−1∫ Kθ(Ω)D(Ωφ)dΩ = Πθ

and the last equation is a consequence of the invariance Kθ(Ω) =Kθ(Ωφ). Now, writing the
density operators as ρ = ∑n pn∣ψn⟩⟨ψn∣ and ρφ = ∑n pn∣χn⟩⟨χn∣, the traces can be evaluated
as

Tr [ρφD(Ω)ΠθD†(Ω)] =∑
n

pn⟨χn∣D(Ω)ΠθD†(Ω)∣χn⟩

=∑
n

pn⟨χn∣D(Ω)UφΠθU
†
φD

†(Ω)∣χn⟩ =∑
n

pn⟨ψn∣U†
φD(Ω)UφΠθU

†
φD

†(Ω)Uφ∣ψn⟩

=Tr [ρD(Ω−φ)ΠθD†(Ω−φ)],

which verifies that the displacement operator is covariant under rotations. The diagonality of
Πθ in the Fock basis can be shown as follows: If Kθ(Ω) is invariant under rotations it must
be a function of the polar radius in the phase space, i.e. Kθ(Ω) = Kθ(∣α∣2). The matrix
elements can be calculated via (5.8) as

⟨n∣Πθ ∣m⟩ = (4πh̵)−1∫ Kθ(∣α∣2) [D(α)]nm dΩ ∝ ∫ αm−nf(∣α∣2)dΩ ∝ δnm

with f(∣α∣2) =Kθ(∣α∣2)e−∣α∣
2/2L

(m−n)
n (∣α∣2), so the integral vanishes unless n =m.

D.1.5 Proof of Property 5.5

The expectation value ⟨ψn∣D(Ω)ΠθD†(Ω)∣ψn⟩ = ⟨φn∣Πθ ∣φn⟩ is real if Πθ is Hermitian,
where the orthonormal bases {∣ψn⟩}n=0,1,... and {∣φn⟩}n=0,1,... of the considered Hilbert space
have been applied. Assuming K∗

θ (−Ω) =Kθ(Ω), this translates to

Π†
θ =

1
4πh̵ ∫ K∗

θ (Ω)D†(Ω)dΩ = 1
4πh̵ ∫ K∗

θ (Ω)D(−Ω)dΩ = 1
4πh̵ ∫ Kθ(Ω)D(Ω)dΩ

= Πθ.

D.1.6 Proof of Property 5.6

The phase-space integral

∫ Fρ(Ω, θ)dΩ = (πh̵)−1Tr [ρ ∫ D(Ω)ΠθD†(Ω)dΩ]

= 2 Tr{ρFσ[D(⋅)ΠθD†(⋅)](Ω)∣Ω=0} = Tr [ρD(0)Kθ(0)] = 1

is mapped to the trace of ρ with D(0) ≡ Id assuming that Kθ(0) = 1. The second equality
applies the symplectic Fourier transform of Eq. (5.18) at the point Ω = 0. The trace of Πθ is
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given by

Tr[Πθ] = (4πh̵)−1∫ Kθ(Ω)Tr[D(Ω)]dΩ = (2)−1∫ Kθ(Ω)δ(Ω)dΩ,

where we have applied that [51] Tr[D†(Ω)D(Ω′)] = 2πh̵ δ(Ω−Ω′). Alternatively, this also
follows from (5.25) by computing the trace

Tr[Πθ] = (πh̵)−1Tr[OpWeyl(θ)] = (πh̵)−2∫ θ(Ω)Tr[D(Ω)ΠD†(Ω)]dΩ,

where the trace of the Grossmann-Royer operator from (5.12) evaluates via the expression
Tr[D(Ω)ΠD†(Ω)] = Tr[Π] = 1/2, refer to (6.38) and the following text in [51]. Substituting
its definition from (5.16), the trace of Πθ is computed as Tr[Πθ] = (2π2h̵2)−1 ∫ θ(Ω)dΩ =
(πh̵)−1Fσ[θ(⋅)]∣Ω=0 =K(0)/2.

D.2 Proof of s-parametrized parity operators

Recall that due to Property 5.4, the parity operator is diagonal in the number-state represen-
tation ⟨m∣Πs∣n⟩∝ δnm. Its diagonal elements can be calculated

[Πs]nn = (4πh̵)−1∫ es∣α∣
2/2 [D(Ω)]nn dΩ = (4πh̵)−1∫ es∣α∣

2/2 e−∣α∣
2/2Ln(∣α∣2)dΩ

where (5.8) was used for [D(Ω)]nn. One applies the polar parameterization of the complex
plane via Ω = α = r exp (iφ) so that dΩ = 2h̵dR(α)dI(α) = 2h̵ r dr dφ. Then

[Πs]nn = (2π)−1∫
2π

0
dφ∫

∞

0
esr

2/2 e−r
2/2Ln(r2) r dr

= 1
2 ∫

∞

0
ey(s−1)/2Ln(y)dy = 1

2 ∫
∞

0
e−yey(s+1)/2Ln(y)dy,

where the second equality is due to r dr = dy/2 with y = r2 and the integral with re-
spect to φ results in the multiplication by 2π. The Laguerre polynomial decomposition of
the exponential function e−γx = ∑∞m=0[γm/(1+γ)m+1]Lm(x) with γ = −(s+1)/2 [164,
p. 90] and the orthogonality relation ∫ ∞0 e−xLn(x)Lm(x)dx = δnm finally yields [Πs]nn =
γn/[2(1+γ)n+1] = (−1)n(s+1)n/(1−s)n+1, which concludes the proof.

D.3 Spectral decomposition of the squeezing operator

The eigenvectors from (5.36) are orthogonal and δ-delta normalized as detailed by

⟨ψE1
± ∣ψE2

± ⟩ = ∫ [ψE1
± (x)]∗ψE2

± (x)dx = δ(E1−E2).

The integral can be calculated using a change of variables dx = evdv with v = ln(∣x∣). One
obtains a complete basis

∫ [ψE± (x)]∗ψE± (x′)dE = δ(x−x′),
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by applying an integral of two different Fourier components indexed by x and x′, refer to
[57, 58] for more details. The eigenfunctions ψE± (x) are not square integrable, but they can
be decomposed into the number-state basis with finite coefficients. The coefficients shrink to
zero, but are not square summable. The resulting integrals ⟨n∣ψE± ⟩ can be specified in terms
of a finite sum. In particular, ψ0

+ = ∣x∣−1/2/(2√π) has the largest eigenvalue. Its number-state
representation is given by

⟨n∣ψ0
+⟩ = 1

2
√
π

n/2

∑
k=0

π2−3k+n+ 1
4

√
n!

k!(n−2k)! Γ(k − n
2 +

3
4)

if n mod 4 = 0,

where every fourth entry is non-zero and the entries decrease to zero for large n.

D.4 Matrix representation of the Born-Jordan parity op-

erator

The matrix elements of the parity operator can be computed via Theorem 5.3 as

[ΠBJ]mn = (4πh̵)−1∫ KBJ(Ω) [D(Ω)]mn dΩ = (4πh̵)−1∫ sinc(px2h̵) [D(α)]mn dxdp.

It was discussed in Section 5.5.1 that one can substitute α = (λx+iλ−1p)/
√

2h̵, which results
in the integral

[ΠBJ]mn = (4πh̵)−1∫ sinc(px2h̵) {D[(λx + iλ−1p)/
√

2h̵]}mn dxdp.

Let us now apply a change of variables x ↦ λ−1
√
h̵x and p ↦ λ

√
h̵p which yields dxdp ↦

h̵dxdp and the integral

[ΠBJ]mn = (4π)−1∫ sinc(px2 ) {D[(x+ip)/
√

2]}mn dxdp.

We now substitute the explicit form of [D(α)]mn with {D[(x+ip)/
√

2]}mn from (5.8) and
obtain

[ΠBJ]mn = (4π)−1
n

∑
k=0

ckmn∫ sinc(px2 ) [x+ip√
2
]m−ne−(x2+p2)/4(x2+p2)k dxdp, (D.2)

where the Laguerre polynomials are expanded using the new coefficients

ckmn ∶=
√

n!
m!(−1)k2−k( m

n−k)/k!.

One applies the expansion

[x+ip√
2
]m−n = 2−(m−n)/2

m−n

∑
`=0

(m−n
`

)xm−n−` (ip)`.
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and the integral in (D.2) vanishes for odd powers of x and p due to symmetry of the integrand.
Therefore, all non-vanishing matrix elements have even m − n values and the summations
can be restricted to ` ∈ {0,2,4, . . . ,m−n}. The integral is also invariant under a permutation
of x and p and certain terms in the sum cancel each other out: every term xm−n−` (ip)` in the
sum has a counterpart (ip)m−n−` x` which results in the same integral and these two terms
therefore cancel each other out after the integration if the condition (i)` = −(i)m−n−` holds
(which occurs unless m−n is a multiple of four). This elementary argument shows that only
matrix elements [ΠBJ]mn with m − n multiples of four are non-zero. Recall that we have
been using an indexing scheme with m ≥ n on account of the Laguerre polynomials in (5.8),
but matrix elements with m < n are trivially obtained as [ΠBJ]mn = [ΠBJ]nm. Introducing
the coefficient [with i` = (−1)`/2]

wkmn` ∶= (−1)`/22−(m−n)/2(m−n
`

)ckmn

and denoting a = (m − n − `)/2 and b = `/2, one obtains

[ΠBJ]mn = (4π)−1
n

∑
k=0

m−n

∑
`=0
` even

wkmn`∫ sinc(px2 )x2a p2b (x2+p2)k e−(x2+p2)/4 dxdp. (D.3)

The integral in (D.3) is absolutely convergent due to the estimate

∣sinc(px2 )x2a p2b (x2+p2)k e−(x2+p2)/4∣ ≤ x2a p2b (x2+p2)k e−(x2+p2)/4

and integrating over the upper bound yields without a proof that 4π 4a+b+k(1
2)a(

1
2)b(1 + a +

b)k <∞, where (⋅)a denotes the Pochhammer symbol [4, (6.1.22)]. The integral in (D.3) can
then be rewritten using the partial derivatives

(4π)−1∫ sinc(px2 )x2a p2b (x2+p2)k e−(x2+p2)/4 dxdp

= (−1)a+b+k4a+b+k[(∂kµ[∂aλ∂bµf(λ,µ)]∣λ=µ)]∣µ=1,

where the equality follows from evaluating elementary differentials of the Gaussian function
with

f(λ,µ) = (4π)−1∫ sinc(px2 ) e−(λx2+µp2)/4 dxdp = arcsinh[(λµ)−1/2].

Note that λ now denotes the variable of the function f(λ,µ) and should not be confused with
the scaling parameter α = (λx + iλ−1p)/

√
2h̵ from Section 5.5.1, which has also been used

in the beginning of this section. This results in

[ΠBJ]mn =
n

∑
k=0

m−n

∑
`=0
` even

wkmn`(−1)k+(m−n)/24k+(m−n)/2(∂kµ{[∂aλ∂bµf(λ,µ)]∣λ=µ})∣µ=1.
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D.5 Calculating derivatives for the sum in Theorem 5.6

The derivatives Φk
ab = [∂kµ[∂aλ∂bµf(λ,µ)]∣λ=µ]∣µ=1 of the function f ∶ (0,∞) × (0,∞) →

R, (λ,µ) ↦ arcsinh[1/
√
λµ], cf. (5.40), can be computed recursively. Note that, obviously,

f is smooth. The inner derivatives of Φk
ab gives rise to the following lemma.

Lemma D.1. Let any a, b ∈ N0 ∶= {0,1, . . .} with a + b ≥ 1 (else we are not taking any

derivative). Then

∂aλ∂
b
µf(λ,µ) =

∑a+b−1
j=0 cabj λ

j−bµj−a

(−2)a+b(
√
λµ+1)2(a+b)−1

(D.4)

where the coefficients cabj are defined recursively by

cabj =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

cabj = 0 if j < 0 or j ≥ a + b
c1 0

0 = 1

ca+1,b
j = cabj−1(4a + 2b + 1 − 2j) − 2 cabj (j−a)

and have the symmetry cabj = cbaj .

Proof. Note that the symmetry of the cabj holds due to Schwarz’s theorem [220, pp. 235-
236] as f is smooth. Then this statement is readily verified via induction over n = a + b.
First, n = 1 corresponds to a = 1, b = 0 so ∂µarcsinh[(λµ)−1/2] = 1/(−2µ

√
λµ+1) which

reproduces (D.4). For n ↦ n + 1 it is enough to consider (a, b) ↦ (a+1, b) due to the stated
symmetry. The key result here is that

∂µ
µj−a

(
√
λµ+1)2(a+b)−1

= µj−a−1

2(
√
λµ+1)2(a+b)+1

[λµ(2j − 4a − 2b + 1) + 2(j−a)]

which is readily verified. Straightforward calculations conclude the proof.

For a + b ≥ 1, the above result immediatly yields

Φk
ab = ∂kµ[

∑a+b−1
j=0 cabj µ

2j−b−a

(−2)a+b(
√
µ2+1)2(a+b)−1

]∣µ=1 .

Now the cabj are used to initialize the recursion of the coefficients ξabkj for a + b ≥ 1, the sum
of which determines the resulting derivatives as we will see now.
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Lemma D.2. Let any a, b, k ∈ N0 with a + b + k ≥ 1. Then

∂kµ[∂aλ∂bµf(λ,µ)]∣λ=µ] =
∑a+b+k−1
j=0 ξabkj µ2j

(−2)a+bµa+b+k(
√
µ2+1)2(a+b+k)−1

(D.5)

where the coefficients ξabkj have the symmetry ξabkj = ξbakj and are defined by

ξabkj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξabkj = 0 if j < 0 or j ≥ a + b + k
ξ0 0 1

0 = −1

ξab0
j = cabj if a + b ≥ 1

ξab,k+1
j = ξabkj−1(2j − 1 − 3a − 3b − 3k) + ξabkj (2j − a − b − k).

(D.6)

Proof. The key result here is

∂µ
µ2j−β

(
√

1+µ2)2β−1
= µ2j−β−1

(
√

1+µ2)2β+1
[µ2(2j − 3β + 1) + (2j−β)] (D.7)

for any β, j ∈ N which can be easily seen. We have to distinguish the cases a + b = 0 and
a + b ≥ 1. First, let a + b = 0 so a = 0, b = 0 and the expression in question boils down to

∂kµf(µ,µ) = ∂kµarcsinh[µ−1] =
∑k−1
j=0 ξ

00k
j µ2j−k

(
√

1+µ2)2k−1

as can be shown via induction over k ∈ N. Here, setting β = k in (D.7) yields

ξ00,k+1
j = ξ00k

j−1(2j − 1 − 3k) + ξ00k
j (2j−k)

which recovers the recursion formula of ξabkj for a = 0 and b = 0. Now assume a+ b ≥ 1 such
that we can carry out the proof via induction over k ∈ N0 (where k = 0 is obvious as it is
simply Lemma D.1). Using (D.7) in the inductive step for β = a+b+k recovers the recursion
formula of the ξabkj by straightforward computations.

Finally, evaluating (D.5) at µ = 1 for any a, b, k ∈ N0 with a + b + k ≥ 1 readily implies
Eq. (5.41).

D.6 Proof of Proposition 5.3

The proof which is given below was informed by a discussion on MathOverflow[84] and its
idea was provided GH and M. Alekseyev. We consider the generating function of the entries
[ΠBJ]nn.
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Lemma D.3. For all ∣t∣ < 1 one has

∞

∑
n=0

[ΠBJ]nntn =
1

1 − t arcsinh (1−t
1+t)

where

[ΠBJ]nn =
n

∑
k=0

(n
k
)2kck
k!

and cn =
dn

dxn
arcsinh (1

x
)∣
x=1

for all n ∈ N0.

Proof. Obviously, arcsinh(1/w) = ∑∞n=0(ck/k!)(w−1)k for all ∣w−1∣ < 1, so changing w to
1 + 2w yields

arcsinh ( 1

1+2w
) =

∞

∑
n=0

2kck
k!

wk (D.8)

for all ∣w∣ < 1/2. By the generalized Leibniz rule,

[wn](1+w)n arcsinh ( 1

1+2w
) = 1

n!

dn

dwn
(1+w)n arcsinh ( 1

1+2w
)∣
w=0

= 1

n!

n

∑
k=0

(n
k
) dk

dwk
arcsinh ( 1

1+2w
)∣
w=0

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=2kck by (D.8)

dn−k

dwn−k
(1+w)n∣

w=0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=n!/k!

=
n

∑
k=0

(n
k
)2kck
k!

= [ΠBJ]nn

(D.9)

for all n ∈ N0. Here, [tn]g(t) = g(n)(0)/n! denotes the nth coefficient in the Taylor se-
ries of g(t) around 0. Now we apply the Lagrange–Bürmann formula [4, 3.6.6] to φ(w) =
1 + w [so w/φ(w) = t for ∣t∣ < 1 has the unique solution w = t/(1−t)] and H(w) =
(1+w)arcsinh[1/(1+2w)] which concludes the proof via

[tn] 1

1−t arcsinh (1−t
1+t) = [tn]H( t

1−t) = [wn]H(w)φ(w)n−1[φ(w) −wφ′(w)]

= [wn](1+w)n arcsinh ( 1

1+2w
) (D.9)= [ΠBJ]nn.

Lemma D.4. The following sum converges:

∞

∑
k=0

(−1)k
k+1

⌊ k
2
⌋

∑
m=0

(2m

m
)(−1

4
)
m

(D.10)
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Proof. For arbitrary k ∈ {0,1,2, . . .} we define

bk ∶= (−1)k
⌊ k
2
⌋

∑
m=0

(2m

m
)(−1

4
)
m
.

Due to the summation limit ⌊k2 ⌋, one has b2k = −b2k+1 for all k ∈ {0,1,2, . . .} and thus

(
n

∑
k=0

bk)
n=0,1,2,...

= (b0,0, b2,0, b4,0, . . .) . (D.11)

Therefore (∑nk=0 bk)n=0,1,2,... consists of the null sequence and (b2n)n=0,1,2,..., and it is there-
fore bounded due to

lim
n→∞

b2n =
∞

∑
m=0

(2m

m
)(−1/4)m = 1/

√
2 .

In total, (D.10) then converges due to Dirichlet’s test [127, p. 328].

With these intermediate results we can finally prove the proposition in question.

Proof. Again using the generalized Leibniz rule, Lemma D.3 yields that

[ΠBJ]nn = [tn] 1

1−t arcsinh (1−t
1+t) =

1

n!

dn

dtn
1

1−t arcsinh (1−t
1+t)∣t=0

= 1

n!

n

∑
k=0

(n
k
) d

k

dtk
arcsinh (1−t

1+t)∣t=0

dn−k

dtn−k
1

1−t ∣t=0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=(n−k)!

=arcsinh(1) +
n

∑
k=1

1

k!

dk

dtk
arcsinh (1−t

1+t)∣t=0

holds for any n ∈ N0. It follows that

d

dt
arcsinh (1−t

1+t) =
−
√

2

(1+t)
√

1+t2
= −

√
2[

∞

∑
m=0

(−t)m][
∞

∑
m=0

(−1/2
m

)
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

=(−1
4
)m(2m

m
)

t2m]

= −
√

2
∞

∑
m=0

[
m

∑
n=0

(−t)m−n(2n

n
)(−1

4
)
n
t2n] = −

√
2

∞

∑
m=0

(−1)mtm
m

∑
n=0

(2n

n
)( t

4
)
n

for any ∣t∣ < 1 by taking the Cauchy product. Thus the kth derivative of arcsinh[(1−t)/(1+t)]
at t = 0 only consists of the coefficients with exponent n +m = k − 1 of t. Explicitly,

dk

dtk
arcsinh (1−t

1+t)∣t=0
= −

√
2
dk−1

dtk−1
tk−1∣

t=0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=(k−1)!

∞

∑
m=0

0≤k−m−1≤m

(−1)m
⎛
⎝

2k − 2m − 2

k −m − 1

⎞
⎠
(1

4
)
k−m−1
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for all k ∈ N as n ∈ {0, . . . ,m}. The condition 0 ≤ k−m−1 ≤m translates tom ≤ k−1 ≤ 2m,
so (k−1)/2 ≤m ≤ k − 1 and thus

dk

dtk
arcsinh (1−t

1+t)∣t=0
= −

√
2(k − 1)!

k−1

∑
m=⌈ 1

2
(k−1)⌉

(−1)m(2k − 2m − 2

k −m − 1
)(1

4
)
k−m−1

=
√

2(−1)k(k−1)!
⌊ 1
2
(k−1)⌋

∑
m=0

(−1)m(2m

m
)(1

4
)
m
,

where the second equality follows by substituting m with k − 1 −m. One then obtains

[ΠBJ]nn = arcsinh(1) +
n

∑
k=1

1

k!

dk

dtk
arcsinh (1−t

1+t)∣t=0

= arcsinh(1) +
√

2
n

∑
k=1

(−1)k
k

⌊ 1
2
(k−1)⌋

∑
m=0

(2m

m
)(−1

4
)
m
.

To get (5.42) we shift k to k + 1. Due to (5.42) and Lemma D.4, the limit limn→∞[ΠBJ]nn
exists. Now consider arcsinh[(1−t)/(1+t)] and its Taylor series ∑∞k=0 akt

k around t0 = 0

for any ∣t∣ < 1. By Lemma D.3,

∞

∑
k=0

akt
k = arcsinh (1−t

1+t) = (1 − t) 1

1 − t arcsinh (1−t
1+t) =

∞

∑
n=0

[ΠBJ]nn(1−t)tn

= [ΠBJ]00 +
∞

∑
n=1

([ΠBJ]nn − [ΠBJ](n−1)(n−1))tn,

thus ∑nk=0 ak = [ΠBJ]nn for any n ∈ N0. By Lemma D.4, ∑∞k=0 ak = limn→∞[ΠBJ]nn exists
so Abel’s theorem [127, Th. 8.2] yields the following limit as limn→∞[ΠBJ]nn = ∑∞k=0 ak =
limt→1− arcsinh[(1−t)/(1+t)] = arcsinh(0) = 0 as claimed.

D.7 Direct recursive calculation of the matrix elements

The non-zero matrix elements are defined by a set of rational numbers

Mk` ∶= [ΠBJ]k+4`,k/(Γk`) − δ`0arcsh(1)/
√

2, (D.12)

where the indexing k, ` ∈ {0,1,2, . . .} is now relative to the diagonal (where ` = 0) and Γk` ∶=
γk+4`,k = 2−2`+1/2

√
k!/(k+4`)!. Here, δnm is the Kronecker delta and note the symmetry

[ΠBJ]k,k+4` = [ΠBJ]k+4`,k. For example, the values Mk0 define the diagonal of the Born-
Jordan parity operator [ΠBJ]kk up to the constants Γk0 =

√
2 and arcsh(1)/

√
2, compare to

Fig. 5.1. These rational numbers appear to satisfy the following recursive relations

Mk+4,` = 1
k+4Mk+3,` + 4`+2k+5

(k+3)(k+4)Mk+2,` + 4`+k+2
(k+3)(k+4)Mk+1,` + (4`+k+1)(4`+k+2)

(k+3)(k+4) Mk`,

i.e., each element in a column is determined by the previous four values. Calculating a
column requires, however, the first four elements M0`,M1`,M2`,M3` as initial conditions.
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Surprisingly, the first four rows appear to satisfy the following recursive relations

M0,`+2 = 4[(27 + 56` + 32`2)M0,`+1 − 16`(1+4`)(2+4`)(3+4`)M0`]
M1,`+2 = 4[(39 + 72` + 32`2)M1,`+1 − 16`(2+4`)(3+4`)(5+4`)M1`]
M2,`+2 = 4[(55 + 88` + 32`2)M2,`+1 − 16`(3+4`)(5+4`)(6+4`)M2`]
M3,`+2 = 4[(75 + 104` + 32`2)M3,`+1 − 16`(5+4`)(6+4`)(7+4`)M3`].

Ultimately, eight initial values M0,0 = 0, M0,1 = 4, M1,0 = −1, M1,1 = −8, M2,0 = −1/2,
M2,1 = 6, M3,0 = −2/3, and M3,1 = −4 appear to determine the Born-Jordan parity operator
via the above recursion relations for the elements Mk`.
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[57] Chruściński, D.: Quantum mechanics of damped systems. J. Math. Phys. 44(9), 3718–3733 (2003)
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