
Fakultät für Chemie
Technische Universität München

Technische Universität München

Lehrstuhl für Organische Chemie

Wigner representation, its reconstruction, and optimal
control of spin systems with applications in NMR
spectroscopy, quantum technology, and beyond

David Leiner

Vollständiger Abdruck der von der Fakultät für Chemie der Technischen Universität
München zur Erlangung des akademischen Grades eines

Doktors der Naturwissenschaften (Dr. rer. nat.)

genehmigten Dissertation.

Vorsitzender:
Prof. Dr. Klaus Köhler
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Abstract

In this thesis, we introduce new methodologies for the visualization, evaluation, and optimal
control of spin systems based on four publications appended in Appendix A - D. Essential parts
are established on the DROPS representation, a phase-space method which exploits generalized
Wigner functions, denoted as droplets, to represent and visualize quantum systems.
In the first publication ”Wigner tomography of multispin quantum states” in Appendix A, a
general sampling theorem for spherical functions is derived. This is evolved to a novel Wigner
quantum state tomography: A technique to reconstruct the surface of the droplets representing
quantum states by measuring expectation values of rotated axial tensor operators.
This concept is extended in the second publication ”Wigner process tomography: Visualiza-
tion of spin propagators and their spinor properties” in Appendix B to experimentally recover
the phase space representation of propagators by mapping these operators to density matrices
of an augmented system with an additional ancillar qubit and by applying a modified form
of the Wigner quantum state tomography. Both techniques are experimentally demonstrated
for quantum states of systems up to three qubits and for standard 1 qubit gates using nu-
clear magnetic resonance spectroscopy. In doing so, the droplets are associated to measurable
quantities, which were originally the mere result of an abstract mathematical mapping, and an
interpretation in form of multipoles is provided. Those tomography schemes can be regarded
as universally applicable validation methods for quantum systems. They are particularly well
suited for the characterization of spin operators, pulse sequence elements, or entire pulse se-
quences in spectroscopy and in quantum information processing.
In a third publication ”Symmetry-adapted decomposition of tensor operators and the visual-
ization of coupled spin systems” in Appendix C, the concept of the DROPS representation,
which is in its original form restricted to systems of up to four spins 1/2 due to computational
challenges, is generalized to any number of coupled spins 1/2 and to two coupled spins with
arbitrary spin numbers. These obstacles are circumvented by extending and introducing two
different approaches based on explicit projection operators and coefficients of fractional parent-
age. This results in a powerful and versatilely applicable visualization tool for the analysis of
highly diverse spin topologies and paves the way for the Wigner tomography schemes in such
quantum systems.
This thesis is complemented by proposing novel optimal control strategies, which, combined
with the previous techniques, provide a rich toolbox for the control, analysis, and verification
of spin systems. In a last publication ”Linking the rotation of a rigid body to the Schrödinger
equation: The quantum tennis racket effect and beyond” in Appendix D, efficient and robust
control strategies are introduced by linking the free rotation of a classical rigid body to the
control of two-level quantum systems using external electromagnetic fields. In the case of state
to state transfer and gate implementation, a new class of optimal controls is derived. This relies
on two free parameters and allows for a variable efficiency, time, and robustness of the transfer
process. An experimental demonstration is presented using techniques of nuclear magnetic
resonance.
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Zusammenfassung

In dieser Arbeit werden aufbauend auf vier Publikationen im Anhang A - D neue Methodiken
für die Visualisierung, Evaluation und optimale Kontrolle von quantenmechanischen Systemen
entwickelt. Im Kern steht dabei die DROPS Darstellung, eine Technik um Spinoperatoren
im Phasenraum mittels generalisierten spährischen Wignerfunktionen, sogenannte Droplets, zu
repräsentieren und zu visualisieren.

In der ersten Veröffentlichung ”Wigner tomography of multispin quantum states” in Anhang
A wird ein allgemeines Abtasttheorem für Kugelflächenfunktionen hergeleitet, auf dessen Basis
eine neuartige Wigner Quantentomographie entsprungen ist: ein Verfahren für die Rekonstruk-
tion von Quantenzuständen in Form von Wigner Funktionen. Dabei kann die Oberfläche dieser
sphärischen Funktionen mittels Erwartungswerte von rotierten axialen Tensoroperatoren abge-
tastet und wiederhergestellt werden.

Dieses Konzept wurde in der zweiten Publikation ”Wigner process tomography: Visualization
of spin propagators and their spinor properties” in Anhang B auf die Ebene der Prozessto-
mographie erweitert. In dieser wird die Wignerdarstellung von Zeitentwicklungsoperatoren
rekuperiert, die die dynamischen Prozesse in einem geschlossenen Quantensystem diktieren.
Hierzu werden die Propagatoren eines Systems auf den Zustand eines mit einem zusätzlichen
Qubit expandierten Systems aufgeprägt und eine variierte Form der Wigner Quantentomo-
graphie angewandt. Die experimentelle Realisierbarkeit wurde für beide Tomographietypen
mittels Methoden der Kernspinresonanzspektroskopie demonstriert, indem die Wignerfunktio-
nen von einer Reihe von Quantenzuständen von Systemen mit bis zu drei Qubits und stan-
dard 1-Qubit Quantengattern rekonstruiert wurden. In diesem Zusammenhang konnte die
physikalische Existenz der Droplets bewiesen werden, die bis dahin nur die Konsequenz einer
mathematisch-abstrakten Abbildung waren. Jene Techniken können als universell, funktionale
Validierungsmethoden für Quantensysteme im Allgemeinen betrachtet werden, um Prozesse
und Zustände in quanteninformationsverarbeitende Systemen zu verifizieren. Insbesondere für
die Analyse von Spinoperatoren oder Pulssequenzen z.B. in der Kernspinresonanz sind diese
geeignet.

In einer weiteren Publikation ”Symmetry-adapted decomposition of tensor operators and the vi-
sualization of coupled spin systems” in Anhang C wird die DROPS Darstellung, die ursprünglich
aufgrund von gruppentheoretischen Problemen nur auf bis zu vier gekoppelten Qubits anwend-
bar war, auf Systeme mit beliebiger Anzahl an Qubits und Systemen aus zwei gekoppelten
Spins mit belibieger Spinzahl generalisiert. Dies wurde ermöglicht, indem ein Algorithmus auf-
bauend auf Projektionsoperatoren erweitert wurde und ein neuartiges Berechnungsverfahren
innoviert wurde, das auf den coefficients of fractional parentage basiert. Dieses erweiterte Vi-
sualisierungsframework dient nicht nur als mächtiges Analysewerkzeug, sondern ebnet auch den
Weg für die Anwendung obiger Wigner Tomographiemethoden auf einer größeren Variation an
Quantensysteme.

Diese Arbeit wird durch die Einführung neuartiger optimaler Steuerstrategien für Spinsys-
teme komplementiert, die mit den vorgenannte Methodiken einen mächtigen Werkzeugkasten
für die Steuerung, Analyse, und Verifikation von Quantensystemen zur Verfügung stellt. In
einer letzten Veröffentlichung ”Linking the rotation of a rigid body to the Schrödinger equa-
tion: The quantum tennis racket effect and beyond” in Anhang D wird eine neue Familie von
Steuerungspulsen eingeführt, die auf dem Übertragen von der formalen Beschreibung der freien
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Zusammenfassung

Drehung eines starren Körpers auf die Ebene der Spinsysteme basiert und in optimale Lösungen
für die Probleme einer Zustandsüberführung und Implementierung von unitären Transformatio-
nen resultiert. Demonstrationsexperimente für diese Klasse von Pulsen wurden mit Techniken
der Kernspinresonanz durchgeführt und deren Funktionalität gezeigt.
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1 Introduction

The first quantum revolution emerged in the last century [3], which primordially arose from the
fundamental concept of wave-particle duality. In the peak of this stage, quantum mechanics
matured to a sophisticated framework which gave birth to rules that govern modern physics and
paved the way for novel applications that follow these principles. By the end of the 20th century,
the first quantum revolution evolved into abundant scientific and technological breakthroughs
including transistor, lasers, MRI, and GPS already integrated into society. Today, we are
in the advent of a second quantum revolution, which is defined by the engineering of the
quantum systems at the individual levels. Since quantum effects are inherently fragile, there
is an immense necessity of experimental and theoretical frameworks to validate and precisely
control individual atoms, electrons, and other particles. This includes the process of creation,
manipulation, and the read-out of their quantum states.

In this context, visualization techniques are of great assistance to respond to these challenges.
Various methods are known: Bloch vectors introduced by Feynman et al. [4], bar charts repre-
senting individual matrix elements, energy level diagrams [5], non-classical vector representation
based on single-transition operators [6, 7, 8], and many more [9, 10, 11, 12, 13, 14]. In par-
ticular phase space representations [15, 16, 17, 18], as an alternative description for quantum
mechanics, provide both, theoretically and experimentally powerful tools for the characteriza-
tion and visualization of quantum systems. The most prominent candidates are the Wigner
functions, quasiprobability distributions introduced by Eugene Wigner in 1932 [19]. However,
all these techniques are not feasible or inconvenient for finite-dimensional systems containing
several spins and a general methodology was still missing until recently.

A novel visualization approach was proposed in 2015 by Garon et al. denoted as the DROPS
representation, an acronym for discrete representation of operators for spin systems [1]. It
describes the high-dimensional structure of quantum systems by multiple three-dimensional
generalized Wigner functions, called droplets, assembled from spherical harmonics resulting in
a beneficial partitioning of the information of operators. Crucial features of the represented
system are directly observable including symmetry properties and transformation behavior un-
der the effect of specific external controls. This provides a general framework for the systematic
analysis of such systems and their time evolution.

This thesis builds on the DROPS foundation and bridges the gap between the modern chal-
lenges in quantum information processing and the often purely conceptually applied visualiza-
tion of such systems. The first publication ”Wigner tomography of multispin quantum states” in
Appendix A is dedicated to the read-out of the state, referred to as quantum state tomography
[20], i.e., the process in which the state of the system is reconstructed by applying measurements
on the system. In particular Wigner functions are frequently exploited in optical homodyne
tomography for the determination of the quantum state of light [21, 22, 23, 24, 25]. By incor-
porating the DROPS representation into this concept, a new form of Wigner function based
quantum state tomography, or short Wigner tomography, is evolved for (finite-dimensional)
coupled multi-spin systems. In this context, a sampling theorem for spherical functions in gen-
eral and in particular for the finite dimensional Wigner functions was developed. It establishes
a correspondence between droplets, being initially mere results of an abstract mathematical
mapping, and experimentally measurable quantities by measuring points on the surface of the
droplets to eventually reconstructing the shapes.
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1 Introduction

A full characterization of a system requires not only the read-out of specific states, but also the
determination of the dynamical process itself, referred to as system identification in classical
systems [26]. Thus, in the second publication ”Wigner process tomography: Visualization
of spin propagators and their spinor properties” of this thesis in Appendix B, a quantum
mechanical analog to system identification is established on this new Wigner tomography, the
so-called process tomography [27, 28, 29, 30, 31, 32]. Its purpose is the entire determination
of a quantum process which is described in the case of closed systems by unitary operators,
the propagators, governing the time evolution of states. In its most elementary form [20],
an ensemble of varying and well-defined input states are prepared, which are then evolved
by the unknown quantum process. The output states are eventually measured providing full
information of the propagator. Our method relies on the mapping of a propagator onto a
quantum state of an enhanced system by ancilla qubits which is then reconstructed exploiting
a modified version of the Wigner tomography. Direct applications would be the facilitation
of quantum system identification processes in general and in particular the characterization of
operators, pulse sequences and elements in spectroscopy and quantum information processing.

The original DROPS representation in [1] is explicitly elaborated for up to three spin 1/2
particles. Unfortunately, its primal computation algorithm is restricted to systems containing
at maximum four spins 1/2, which is attributed to properties of the underlying mathematical
group structure [33, 34, 35, 36, 37, 38]. Abundant practical applications in spectroscopy and
quantum information processing, however, include systems with more particles and possibly
with spin numbers unequal to 1/2 constituting a substantial restriction in the utilization of the
DROPS representation and the associated tomography schemes. In order to circumvent these
limitations, in the third publication ”Symmetry-adapted decomposition of tensor operators and
the visualization of coupled spin systems” of this thesis in Appendix C, the original computa-
tional method is extended and a new algorithm is introduced which is exclusively established
on the framework of linear algebra by exploiting so-called coefficients of fractional parentage
(CFP) [39]. They typically arise in the anti-symmetrization of many-body states. This consid-
erably increases the range of application of the DROPS representation to any spin-1/2 system
and to two coupled spins with arbitrary spin numbers.

In contrast to the first three publications, which introduce new concepts in tomography and
visualizations of operators playing an essential role in the characterization and validation in
spectroscopy and quantum information processing in general, the last publication ”Linking the
rotation of a rigid body to the Schrödinger equation: The quantum tennis racket effect and
beyond” in Appendix D engages the challenge of the optimal control of such systems to com-
plement the established toolbox of this thesis. Typically, the goal here is to externally influence
a system to steer a given initial state to a desired target state while fulfilling certain con-
straints. The theory of classical optimal control peaked in the Pontryagin maximum principle
[40] and in the Hamilton–Jacobi–Bellman equation in the framework of dynamic programming
[41] which both give conditions for an optimal solution. It was introduced in the late 80s
[42, 43] to the field of quantum mechanics for finding robust solutions for the control of such
systems, i.e., robust against experimental uncertainties. Numerical techniques such as Krotov
[44], GRAPE [45], and CRAB [46, 47] provide powerful frameworks for solving such quantum
control problems. Unfortunately, purely numerical methods suffer from a lack of insight into
the robustness nature of the optimal solution and are system-dependent. On the other hand,
complementary geometric and analytic approaches [48, 49, 50, 51, 52, 53, 54], for the case of
low dimensional systems, support a physical understanding of the control process resulting in
optimization strategies resilient to experimental imperfections. In this last publication, new
optimal control protocols are established by transferring a formal geometric description of a
free rotation of a rigid body [55, 56, 57] to quantum systems. A prominent candidate for such
geometric properties is known as the tennis racket effect [58, 59].
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The remainder of this work is structured as follows. We start by introducing essential con-
cepts on which the DROPS representation and its associated tomography approach are estab-
lished. In chapter 2, multiple foundations are briefly summarized, including the time evolution
of quantum mechanical systems, spherical tensors and harmonics, phase space representations
and quantum tomography basics. We continue in chapter 3 with a short overview in group
theory with the focus on the symmetric group and its representation. After these fundamen-
tals, the original DROPS representation is eventually presented in chapter 4. NMR basics,
its quantum mechanical description, and the connection to quantum information are outlined
in chapter 5 to convey an in-depth understanding of the experimental implementation of the
Wigner tomography schemes with NMR. In chapter 6, a concise introduction to optimal con-
trol is then given providing a brief survey on the typical statement of the problem in this field.
The thesis is concluded in chapter 7 by summarizing the results, embedding them into exist-
ing literature and giving an outlook for future work. The publications on which this thesis is
established are appended in Appendix A - D.
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2 Foundations

We start by recalling some key aspects from quantum physics. A brief summary of the dynamics
of closed quantum systems is given in Sec. 2.1. We move on and define irreducible tensors in Sec.
2.2, which prove to be a convenient basis for spin systems. In Sec. 2.3 we introduce spherical
harmonics, functions which form a complete basis on the sphere, and its correspondance to
irreducible tensors. The concept of a phase space is outlined in Sec. 2.4 and this chapter is
concluded with a brief overview of quantum tomography in Sec. 2.5.

2.1 Quantum Mechanics

We will briefly summarize the main concepts in particular for closed systems. A plethora of
textbooks can be found in literature [60, 61, 62, 63, 64]. Quantum mechanics is a fundamental
theory in physics describing the smallest scales in nature. Its most prominent formulation is
rooted in linear algebra. In this framework, a (quantum) system is associated with a complex
vector space with inner product known as the Hilbert space or state space. The system is
completely characterized by its state vector |ψ〉. If the state corresponds to a vector in a
Hilbert space with unit length 〈ψ|ψ〉 = 1, we call this state a pure quantum state. Otherwise it
is a mixed quantum state corresponding to a probabilistic mixture of pure states. Mixed states
are represented by the so-called density matrices

ρ =

N∑
k=1

pk|ψk〉〈ψk| (2.1)

where |ψk〉 are pure states and N can be arbitrary and is not necessarily limited by the di-
mension of the state space. We can interpret the weights pk as probabilities with 0 ≤ pk ≤ 1
and

∑N
k pk = 1 or analogously tr{ρ} = 1. Note that we will also use the expression density

operators interchangeably for the density matrix. Strictly, the density matrix is a matrix rep-
resentation of the density operator and is obtained from it by a choice of a particular basis.
Further, note that the framework of mixed states is a more general concept, since pure states
can also be described by density matrices ρ.

The time evolution of a closed (statistical) quantum system is governed by the Liouville–von
Neumann equation

i~
∂ρ

∂t
= [H, ρ] (2.2)

in the Schrödinger picture and with the commutator of two matrices A and B given by
[A,B] = AB − BA. We do only consider closed systems throughout this thesis. There is
no interchange of information (i.e. energy and/or matter) with the surroundings and conse-
quently decoherence and dissipation is neglectable. A more general type of time evolution for
open quantum system is given by the Gorini – Kossakowski – Sudarshan – Lindblad equation
[65, 66, 67]. The Hamiltonian operator H corresponds to the energy of the system and gener-
ates the time evolution of the quantum states. This operator is particularly important since
its eigenvalues define the energy levels of the quantum system, and transitions between these
levels give rise to detectable signals in spectroscopy. If H is time-independent, a closed-form

5



2 Foundations

solution of Eq. (2.2) can be found via

ρ(t) = Uρ0U
† (2.3)

with ρ(t) being the density matrix at time t, ρ0 the initial density matrix and U a unitary time
evolution operator denoted as the propagator. If H is constant during the time interval, we
find

U = exp

(−iHt
~

)
. (2.4)

The knowledge of the quantum state ρ together with the Hamiltonian H for the time evolution
of the system suffice to predict the system’s behavior for future points in time t.

After a system evolved in time, one usually wants to measure this system. In quantum
mechanics, the state ρ is not directly detectable, only the expectation values of some observables
A are accessible

〈A〉ρ = tr(Aρ). (2.5)

The expectation value can be interpreted as the probabilistic expected value of a measurement
on a system.

2.2 Irreducible Spherical Tensor Operators

An irreducible spherical tensor operator Tj [68, 69, 70, 71, 72, 73] with rank j is a mathematical
object consisting of a set of 2j + 1 components Tjm with the order m ∈ {−j, . . . , j}, which can
be represented as matrices. Classically, they can be defined by their transformation under
rotation [63]

Rα,β,γTjm =

j∑
m′=−j

Dj

m′m
(α, β, γ)Tjm′ (2.6)

with Rα,β,γ being the rotation operator with its action on a matrix C given by Rα,β,γC :=

Rα,β,γCR−1α,β,γ and with Rα,β,γ := exp(−iαFz) exp(−iβFy) exp(−iγFz). Fy =
∑N

k=1 Iky and

Fz =
∑N

k=1 Ikz are the total spin operators [6], Ika with a ∈ {x, y, z} are the Cartesian product
operators [6] which are for a single spin 1/2 system described by the Pauli matrices σa with
Ia = 1/2σa for a ∈ {x, y, z}. The angles α, β, and γ are the Euler angles. Finally, Dj

m′m
(α, β, γ)

are the elements of the Wigner-D-Matrix [71, 74]. Eq. (2.6) defines a rotation on the spherical
tensors as a linear combination of tensor components Tjm of the same rank which transform
analogously as the angular momentum eigenstates (and thus like spherical harmonics) under
an analogous rotation. In this context, irreducibility means that the components of a tensor
transform linearly under rotation in a way that all components of the tensor enter the linear
combination (although some coefficients can be zero). Thus, irreducible tensors are defined
with respect to a basis in a j-dimensional space which is invariant and does not contain an
invariant subspace in itself [73].

Alternatively, the following commutation relations may be used to defined the spherical
tensor operators [63, 75, 70]:

[Jz, Tjm] = mTjm (2.7)

[J+, Tjm] =
√
j(j + 1)−m(m+ 1)Tjm+1 (2.8)

[J−, Tjm] =
√
j(j + 1)−m(m− 1)Tjm−1 (2.9)
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with the raising and lowering operators defined as J± = Jx±iJy and where Ja with a ∈ {x, y, z}
are the infinitesimal rotation operators. For the most prominent case of an isolated single spin
1/2, the infinitesimal rotation operators are described by the Pauli matrices [6]

Jx =
1

2
σx =

1

2

(
0 1
1 0

)
, Jy =

1

2
σy =

1

2

(
0 −i
i 0

)
, Jz =

1

2
σz =

1

2

(
1 0
0 −1

)
. (2.10)

The only component of the spherical tensor T0 of rank j = 0 is then

T00 =
1√
2

(
1 0
0 1

)
(2.11)

and the 3 components of the spherical tensor T1 of rank j = 1 are

T1,−1 =

(
0 0
1 0

)
, T10 =

1√
2

(
1 0
0 −1

)
, T11 =

(
0 −1
0 0

)
. (2.12)

These spherical tensor operators have been defined in this particular way to mimic the properties
and behaviour of spherical harmonics [76], which will be introduced in the next section.

2.3 Spherical Harmonics and the Correspondence to Spherical
Tensor Operators

Spherical harmonics Ylm(θ, φ) are special functions defined on the surface of the unit sphere
and on which they form a complete set of orthogonal functions in the index l and m [76]. They
can be defined as the angular part of the solutions to Laplace’s equation in three dimensions.
More explicitly, a spherical harmonic of rank j and order m is given by [76]

Ylm(θ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Pml [cos(θ)] exp(imφ) (2.13)

with Pml (x) being the associated Legendre function and which can be explicitly stated using
the Rodrigues’ formula

Pml (x) =
−1m

2ll!
(1− x2)m/2 d

l+m

dxl+m
(x2 − 1)l. (2.14)

The spherical harmonics are orthonormal
∫ 2π
0 dφ

∫ π
0 sin(θ)dθY ∗

l′m′ (θ, φ)Ylm(θ, φ) = δl′ lδm′m,

complete
∑∞

l=0

∑l
m=−l Y

∗
lm(θ

′
, φ

′
)Ylm(θ, φ) = δ(φ − φ′

)δ[cos(θ) − cos(θ
′
)], and have the useful

property Yl,−m(θ, φ) = (−1)mY ∗lm(θ, φ). The spherical harmonics obey the equivalent transfor-
mation rule in Eq. (2.6), i.e.,

Rα,β,γYjm(θ, φ) =

j∑
m′=−j

Dj

m′m
(α, β, γ)Yjm′ (θ, φ) (2.15)

which is, of course not surprising, since spherical tensors are defined to mimic these properties.
The action of rotation operator Rα,β,γ on Yjm(θ, φ) is defined by first rotating Yjm(θ, φ) around
the z-axis by an azimuthal angle γ, followed by a rotation around the y-axis by a polar angle
β and then rotating the result again around the z-axis by an azimuthal angle α.

This equivalence of the transformation in Eq. (2.6) and Eq. (2.15) can be exploited to find
a direct and unique mapping between Yjm(θ, φ) and Tjm

Yjm(θ, φ) ←→ Tjm, (2.16)
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2 Foundations

which allows for the application of methods and tools of angular momentum theory to tensor
algebra and vice versa [73, 72]. Spherical harmonics Yjm(θ, φ) = r(θ, φ) exp[η(θ, φ)] can be
visualized using polar plots by mapping their spherical coordinates θ and φ to the radial part
r(θ, φ) and phase η(θ, φ). Note that the spherical harmonics (and also the irreducible tensors
operators in Sec. 2.2) are defined up to an algebraic sign. We will adopt the convention of
Condon and Shortley [77, 78] throughout this work.

2.4 Phase Space and Wigner Functions

A phase space is a space originated from classical physics in which states of a system are
represented as unique points. Since quantum mechanics is governed by the fundamental limit
of the uncertainty principle, states are here represented by quasiprobability distributions or
functions and not just points. Every quantum mechanical observable, which is a Hermitian
operator in a Hilbert space, corresponds to a unique function or quasiprobability distribution
in the phase space and vice versa [79, 80, 19, 81, 82].

The representation in phase space is not unique. In fact, there are different ways to define the
functions which are interrelated [83, 84, 85]. The most prominent distribution is the Wigner
representation [19], which is a special representation of the density matrix. Hilbert space
expressions, observables, and operations can be correspondingly stated in this framework. For
example, expectation values in phase-space are obtained isomorphically to the Hilbert space,
which traces (observable) operators with the density matrix. Here, expectation values are
obtained by integrals of observables with the Wigner quasi-probability distribution.

In particular we want to introduce a family of generalized Wigner functions. A set of spherical

functions {f (`)A (θ, φ)} on the sphere which is distinguished by the label ` ∈ L from a finite set L,
can be interpreted as Wigner functions representing an operator A by satisfying the generalized
conditions of Stratonovich [1, 86, 87, 88]

1. Linearity: A 7→ f
(`)
A (θ, φ) is linear for each ` ∈ L

2. Reality: f
(`)

A† (θ, φ) = [f
(`)
A (θ, φ)]∗ for each ` ∈ L

3. Norm:
∑

`∈L
∫
S2 f

(`)
A (θ, φ)f

(`)
Id (θ, φ)dµ = tr(A)

4. Covariance: f
(`)
R(A)(θ, φ) = f

(`)
A (R−1(θ, φ)) holds for all non-selective rotations R ∈ SU(2)

5. Trace:
∑

`∈L
∫
S2 f

(`)
A (θ, φ)f

(`)
B (θ, φ)dµ = tr(AB).

These type of Wigner functions arise in the DROPS representation introduced in chapter 4.
Such phase-space representations provide a valuable framework for the analysis, characteriza-
tion, and visualization of quantum systems [15, 89, 90].

2.5 Quantum Tomography

Tomography is the process of obtaining an image of a slice through a three dimensional object.
Analogously, quantum tomography is the reconstruction process applied on systems in the
quantum regime. One distinguishes between quantum state and quantum process tomography.

Quantum state tomography [20] is the procedure of experimentally reconstructing the quan-
tum state given in form of the density matrix or its phase space representation e.g. the Wigner
function, by measurements on the systems. It is not possible to obtain the state just from
a single copy (or experiment) of the system since there are no measurements available which

8



2.5 Quantum Tomography

distinguish between non-orthogonal states and in addition, measurements also alter the state.
However, the state can be estimated if the measurements are applied on an ensemble of copies
of the desired state or repeatedly conduct the identical experiment (and generate the same
state). Moreover, the measurements on the system require to be tomographically complete,
i.e., all experimentally obtained operators form a basis on the Hilbert space to retrieve the
complete information of the state. For example, for a single spin, we have to measure the three
operators given in Eq. (2.10) together with identity.

Quantum process tomography [20], being the quantum analogue to system identification for
classical systems, is the process of characterizing unknown dynamics of a system, i.e., time evo-
lution operators or propagators. In its most basic form [27], a certain number of different and
well-defined quantum states are prepared. They are then evolved, governed by the unknown dy-
namics, and eventually the outcome states are measured using quantum state tomography. This
information is then used to identify the unknown propagator. More sophisticated techniques
are available including ancilla-assisted process tomography [31], tomography with compressed
sensing [91], and approaches without the necessity for applying quantum state tomography
[92]. In Appendix A and B we will show how the generalized Wigner functions (of the pre-
vious section) representing states and propagators can be obtained by applying a sequence of
measurements on the system.
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3 Introduction to Group Theory

Groups are algebraic structures which are omnipresent in science and have notable applications
in physics, chemistry, materials science, and cryptography. They are dated back to Cauchy
and Lagrange. Many important contributions were made in the course of the 19th and 20th
century in particular by French mathematicians including Galois, Serret, Jordan, Sylow, and
Poincare [93] but also by many more scientists such as Kummer, Klein, and Lie. Still today
group theory is a frequently studied discipline. In Sec. 3.1, we introduce and define the term
groups in a formal way. A prominent class of groups, the symmetric groups, are then presented
in Sec. 3.2 and the action of elements of this group on tensors are summarized in Sec. 3.3.
Groups can be represented in certain ways, which will be shown in Sec. 3.4 and an important
representation of the symmetric group is described in Sec. 3.5. An illustrative example is then
given in Sec. 3.6.

3.1 Definition

A group (G, •) is a mathematical structure which consists of an underlying set G of elements
on which an operation • is defined [94]. A set can be for example the integer numbers Z
which, when equipped with an operation such as addition, form a group. This operation,
which combines two elements of the set to a third element again in the set, has to satisfy the
four group axioms

1. Associativity: for every a1, a2, a3 ∈ G, the associative property is fulfilled, i.e., (a1 • a2) •
a3 = a1 • (a2 • a3).

2. Identity: there exists an unique element e ∈ G, the identity, such that the relation
e • a = a • e = a holds for every a ∈ G.

3. Invertibility: for every element a ∈ G, there exists an element a ∈ G, such that the
relation a • a = a • a = e is satisfied.

4. Closure: for all elements a1, a2 ∈ G, the result of the operation is also inG, i.e., a1•a2 ∈ G.

If also the commutativity propertiy a1 • a2 = a2 • a1 is satisfied, then the group is called
abelian. If the underlying set G of a group is finite, then the group is also denoted finite with
its cardinality |G| given by the number of elements in G. More details can be found in literature
[95, 96, 97, 98, 69, 99, 100, 35, 101]. A non-abelian and finite group will be introduced in the
next section, the so called symmetric group.

3.2 Symmetric Group

Let G = {1, 2, . . . , g} be a finite set with g symbols. We introduce a permutation σ which is a
bijective mapping from G to itself

σ : G 7−→ G. (3.1)

The action of σ onto G is the rearrangement of the elements a ∈ G by replacing each a by
the corresponding σ(a). Permutations can be conveniently specified as disjoint cycles c =

11



3 Introduction to Group Theory

Table 3.1: The multiplication table between two elements σ1, σ2 ∈ S3 of the symmetric group S3

σ1σ2 () (1, 2) (2, 3) (1, 3) (1, 2, 3) (1, 3, 2)

() () (1, 2) (2, 3) (1, 3) (1, 2, 3) (1, 3, 2)
(1, 2) (1, 2) () (1, 2, 3) (1, 3, 2) (2, 3) (1, 3)
(2, 3) (2, 3) (1, 3, 2) () (1, 2, 3) (1, 3) (1, 2)
(1, 3) (1, 3) (1, 2, 3) (1, 3, 2) () (1, 2) (2, 3)

(1, 2, 3) (1, 2, 3) (1, 3) (1, 2) (2, 3) (1, 3, 2) ()
(1, 3, 2) (1, 3, 2) (2, 3) (1, 3) (1, 2) () (1, 2, 3)

(a1, a2, . . . , an) meaning that each ai is mapped to ai+1 and an to a1. Two cycles c and c̃
are said to be disjoint if they do not share any element, i.e., if ai 6= ãj for all i and j. For
example the cyclic decomposed permutation σ = (1, 2)(3, 5) on the set G = {1, 2, 3, 4, 5} results
in {2, 1, 5, 4, 3}. The collection or set of all permutations σ on G forms a group and is denoted
the symmetric group Sg [96, 97]. The symmetric group Sg has cardinality g! since we find g!
permutations on a tuple out of g symbols. Its group operation is multiplication and is defined
by the composition

(σ2σ1)(a) := (σ2 ◦ σ1)(a) = σ2(σ1(a)) (3.2)

for permutations σ1, σ2 ∈ Sg. Thus, a permutation σ ∈ Sg maps a ∈ G to σ(a) such
that σ(a1) 6= σ(a2) for two elements a1 6= a2. Note that in general permutations do not
commute. That is σ1σ2 6= σ2σ1. For example for g = 3, we obtain G = {1, 2, 3} and
S3 = {(), (1, 2), (2, 3), (1, 3), (1, 2, 3), (1, 3, 2)} with the multiplication operations given in Ta-
ble 3.1.

3.3 Action of Permutations on Tensors

Permutations are elements of the symmetric group Sg. They act naturally on tensor components
which are composed of g elements

T = T1 ⊗ · · · ⊗ Tk ⊗ · · · ⊗ Tl ⊗ · · · ⊗ Tg (3.3)

by permuting the indices. That is, a permutation σ = (k, l) on T is defined as

T̃ = T1 ⊗ · · · ⊗ Tl ⊗ . . . Tk ⊗ · · · ⊗ TN = (k, l)[T1 ⊗ · · · ⊗ Tk ⊗ . . . Tl ⊗ · · · ⊗ TN ], (3.4)

i.e., interchanging the kth and lth component. Note that σ can also be expressed as a super-
operator represented by a matrix σM acting on the vectorized tensor components vec (T )

vec(T̃ ) = σM [vec (T )] . (3.5)

3.4 Representation of a Group

Groups are closely related to representations [36, 102, 97]. Loosely speaking, a representation
[of a finite group (G, •)] is a relationship between the elements b ∈ (G, •) and another set of
elements or objects while conserving and transforming the group’s properties and rules to the
new set of objects. More formally, a representation is a homomorphism from (G, •) to the
automorphism group of an object. A prominent candidate for representations are matrix rep-
resentations. Here the group elements can be modeled by matrices and the group operation is
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then given by matrix multiplication. By using representations in general, group-theoretic prob-
lems can be reduced to problems in for example linear algebra, for which powerful frameworks
exist.

In this context, it is important to differentiate between reducible and irreducible representa-
tions. If a representation cannot be broken up into smaller ones, this representation is called
irreducible. That is, if Γ : (G, •) 7→ Aut(V ) is a representation, then Γ is irreducible, if and only
if V is not the zero vector space and the subspaces of V are mapped to themselves under the
action of every b ∈ (G, •). Assume we have two different representations Γ1 and Γ2 of (G, •),
for which all elements b ∈ (G, •) are represented as matrices on the vector spaces V1 and V2,
respectively. The action is given by matrix multiplications. Then a ”combined” representation
Γ composed of Γ1 and Γ2 can be constructed, that is a bigger matrix in the space of V = V1⊕V2.
By using Γ, we do not get more insight in (G, •) compared to by using both representations Γ1

and Γ2. Conversely, if we have a (reducible) representation Γ, which can be decomposed into
Γ1 and Γ2 with the respective spaces V1 and V2 in a way, that the action of every b ∈ (G, •) on
V maps V1 (and V2 respectively) to itself. Then, all information can be obtained by restricting
the action of (G, •) on V1 and on V2. In general, it is beneficial to work on smaller subspaces
V1 and V2 instead of work on V . Γ1 and Γ2 are then called irreducible (if no proper subspace in
V1 and V2 exists). Note that each (reducible) representation can be decomposed into a direct
sum of irreducible representations. We will use this concept of irreducible representations in
the next section for describing the symmetric group Sg in a convenient way.

3.5 Representation of the Symmetric Group and Young Projectors

We start by summarizing the theory of Young tableaux τ
[g]
i which are combinatorial objects

providing us with a systematic way to construct the irreducible representation of the symmetric
group Sg. That is the construction of the so called Young symmetrizers e

τ
[g]
i

[94, 95, 97, 103, 35,

104, 96, 105], projectors which built such irreducible representations. An illustrative example
for the methodology introduced here will be given in Sec. 3.6. A standard Young tableau of
size g is a left-justified arrangement of g boxes with the number of boxes in each row and each
column is non-increasing. A number of a set G ∈ {1, 2, . . . , g} is assigned to each box in a
strictly increasing pattern from left to right and top to bottom. For example, for g = 1 we
have G ∈ {1} and for g = 2 we find G ∈ {1, 2} and thus have the tableaux

τ
[1]
1 = 1 , τ

[2]
1 = 1 2 , and τ

[2]
2 =

1

2
. (3.6)

The four possibilities of standard Young tableau for g = 3 and G ∈ {1, 2, 3} are given by

τ
[3]
1 = 1 2 3 , τ

[3]
2 =

1 2

3
, τ

[3]
3 =

1 3

2
, and τ

[3]
4 =

1

2

3

. (3.7)

The shape of τ
[g]
i is described by its partition λ(τ

[g]
i ) = [λ1, λ2, . . . , λκ(τ [g]i )

], where κ(τ
[g]
i ) is

the number of rows of τ
[g]
i and λi with i ∈ {1, 2, . . . κ} is the number of boxes of row i. The

filling pattern ω(τ
[g]
i ) = [ω1, ω2, . . . , ωg] of a tableau are all entries of τ

[g]
i strung together from

left to right in each row and from the first to the last row. For example λ(τ
[3]
3 ) = [2, 1] and

ω(τ
[3]
3 ) = [132]. A total order on the set of the g-sized standard Young tableau can be defined

in the following way: A tablau τ
[g]
i > τ

[g]
j , if λ(τ

[g]
i ) < λ(τ

[g]
j ) or if λ(τ

[g]
i ) = λ(τ

[g]
j ) and
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ω(τ
[g]
i ) > ω(τ

[g]
j ). By applying these rules, the order τ

[3]
1 < τ

[3]
2 < τ

[3]
3 < τ

[3]
4 in Eq. (3.7) is

obtained.

Now, we have all ingredients to construct the Young symmetrizers e
τ
[g]
i

, which build an

irreducible representation of the symmetric group Sg. These are elements of the group algebra
e
τ
[g]
i

∈ R[Sg] of Sg, i.e., they are elements of an algebraic structure consisting of a set given

by the symmetric group and on which the operation of addition, multiplication, and scalar
multiplication of the underlying field R are defined:

x =
∑
σ∈Sg

xσσ (3.8)

x+ y =
∑
σ∈Sg

(xσyσ)σ (3.9)

xy =
∑

σ,σ̃∈Sg

(xσyσ)(σσ̃). (3.10)

Here x, y ∈ R[Sg], σ, σ̃ ∈ Sg, and xσ, yσ ∈ R. We can now define the set of row-wise permu-

tations R(τ
[g]
i ) and column-wise permutations C(τ

[g]
i ) for a given standard Young tableau τ

[g]
i

by

R(τ
[g]
i ) =

κ(τ
[g]
i )∏

i=j

σj for all possibilities of σj ∈ SR(τ
[g]
i ,j)

(3.11)

C(τ
[g]
i ) =

λ1∏
j=1

σj for all possibilities of σj ∈ SC(τ
[g]
i ,j)

. (3.12)

The order of the multiplication is irrelevant here since the different permutations σi act on

distinct subsets of G = {1, . . . , g}. R(τ
[g]
i , j) is the set of all entries and S

R(τ
[g]
i ,j)

are all

permutations of R(τ
[g]
i , j) in the jth row of τ

[g]
i with 1 ≤ j ≤ κ(τ

[g]
i ). Similarly, C(τ

[g]
i , j) is

the set of all entries and S
C(τ

[g]
i ,j)

are all permutations of C(τ
[g]
i , j) in the jth column with

1 ≤ j ≤ λ1.
Next, the elements in R(τ

[g]
i ) and C(τ

[g]
i ) are summed up to define H

τ
[g]
i

and V
τ
[g]
i

H
τ
[g]
i

:=
∑

σ∈R(τ
[g]
i )

σ (3.13)

V
τ
[g]
i

:=
∑

σ∈C(τ
[g]
i )

(−1)|σ|σ. (3.14)

Here σ can be decomposed in a product of a minimal number |σ| of transpositions (p, q). The
Young symmetrizers are eventually obtained by

e
[g]
i := e

τ
[g]
i

= f
τ
[g]
i

H
τ
[g]
i

V
τ
[g]
i

. (3.15)

The normalization factor f
τ
[g]
i

guarantees that e
[g]
i e

[g]
i = e

[g]
i and is given by

f
τ
[g]
i

=
# standard Young tableaux of shape τ

[g]
i

g!
. (3.16)
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3.6 Example: Young Projectors for g = 3

Each irreducible representation is associated with an invariant subspace. A map (or projec-
tion) into one of these subspaces suffices to uniquely define the irreducible representation. As

a consequence, the Young symmetrizers e
[g]
i for every τ

[g]
i , which are orthogonal projectors,

corresponds to an irreducible representation of Sg and each of such can be constructed from

the associated e
[g]
i . Note that the number of irreducible representations of Sg is given by the

number of partitions with g boxes.

In a final step, we determine the Young projectors P
[g]
i [96], which can be interpreted as

orthogonalized versions of the symmetrizers e
[g]
i , with respect to tensor operators on which

they can be applied. They model permutation symmetries for a given standard Young tableau

τ
[g]
i and will be used in Sec. 4.4.2 to obtain permutational symmetrized orthogonal tensors

which are invariant under their action P
[g]
i Tjm = Tjm with m ∈ {−j, . . . , j}. Our approach is

based on the methodology given in [96], but can also be inferred from [94, 95, 106, 98]. We
start by considering the ordered sequence

τ [g]r < τ
[g]
r+1 < · · · < τ [g]s (3.17)

of all standard Young tableaux of a given shape λ. Here r is the index of the first and s

the index of the last element. The Young projectors P
[g]
i are recursively defined based on the

symmetrizers e
[g]
i by

P
[g]
i =

{
e
[g]
i , if i = r,

f [d(a, b) + e]P
[g]
q , if r < i ≤ s.

(3.18)

P
[g]
q with q ∈ {r, . . . , i−1} is the projector that corresponds to the tableau τ

[g]
q which differs from

τ
[g]
i only by the position of two boxes a and b with the consecutive labels a ∈ {1, 2, . . . , g−1}

and b = a + 1 ∈ {2, 3, . . . , g}. The (signed) axial distance d ∈ Z of box a to box b is the

required number of steps from a to b . Steps down or to the left are counted positively
whereas steps up or to the right are counted negatively. f ∈ R is a scalar normalization factor

which is chosen such as that P
[g]
i P

[g]
i = P

[g]
i . By recursively executing Eq. (3.18), the Young

projectors P
[g]
i , corresponding to all standard tableaux τ

[g]
i and partitions λ(τ

[g]
i ) of a given size

g, can be obtained. In the following section, an illustrative example for this methodology is
presented.

3.6 Example: Young Projectors for g = 3

The methodology of Sec. 3.5 to obtain a (orthogonalized) Young projector is illustrated for a

simple example for g = 3 and more explicitly for τ
[3]
3

τ
[3]
3 =

1 3

2
(3.19)

as already given in Eq. (3.7). The length of τ
[3]
3 is given by κ(τ

[3]
3 ) = 2 and its shape (or

partition) is λ(τ
[3]
3 ) = [2, 1] with the filling pattern ω(τ

[3]
3 ) = [132]. We find for R(τ

[3]
3 , 1) =

{1, 3}, R(τ
[3]
3 , 2) = {2}, S

R(τ
[3]
3 ,1)

= {(), (1, 3)}, S
R(τ

[3]
3 ,2)

= {()}, and as a result the row-wise

permutations R(τ
[3]
3 ) = {(), (1, 3)}. Analogously, we get C(τ

[3]
3 , 1) = {1, 2}, C(τ

[3]
3 , 2) = {3},

S
C(τ

[3]
3 ,1)

= {(), (1, 2)}, S
C(τ

[3]
3 ,2)

= {()}, and thus for the column-wise permutations C(τ
[3]
3 ) =

{(), (1, 2)}. In the next step, we compute H
τ
[3]
3

and V
τ
[3]
3

and we obtain H
τ
[3]
3

= () + (1, 3),
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V
τ
[3]
3

= ()− (1, 2), and f = 1/3. This can be done for all tableaux in Eq. (3.7) and we get for

the symmetrizers in Eq. (3.15)

e
[2]
1 = e

τ
[3]
1

= 1
6 [() + (1, 2) + (1, 3) + (2, 3) + (1, 2, 3) + (1, 3, 2)] (3.20)

e
[2]
2 = e

τ
[3]
2

= 1
3 [() + (1, 2)− (1, 3)− (1, 3, 2)] (3.21)

e
[2]
3 = e

τ
[3]
3

= 1
3 [()− (1, 2) + (1, 3)− (1, 2, 3)] (3.22)

e
[2]
4 = e

τ
[3]
4

= 1
6 [()− (1, 2)− (1, 3)− (2, 3) + (1, 2, 3) + (1, 3, 2)]. (3.23)

Now the Young projectors P
[3]
i can be computed. We find for λ(τ

[3]
1 ) = [3] the indices r = s = 1,

for λ(τ
[3]
2 ) = λ(τ

[3]
3 ) = [2, 1] the indices r = 2 and s = 3, and for λ(τ

[3]
4 ) = [1, 1, 1] the values

r = s = 4. According to Eq. (3.18), it directly follows that

P
[3]
1 = e

[3]
1 (3.24)

P
[3]
2 = e

[3]
2 (3.25)

P
[3]
4 = e

[3]
4 . (3.26)

To obtain P
[3]
3 , we have to find q. We see that τ

[3]
3 differs from τ

[3]
2 only by the two boxes 2

and 3 with a = 2 and b = 3. Thus, we get q = 2. Furthermore, d = 2 and we eventually
obtain

P
[3]
3 = [2(2, 3) + ()]P

[3]
2 (3.27)

= [()− (1, 2)− (1, 3) + 2(2, 3)− 2(1, 2, 3) + (1, 3, 2)]/3. (3.28)
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4 The DROPS Representation

We already introduced Wigner functions in Sec. 2.4. In this section, we establish a particular
species of generalized and continuous Wigner functions occurring in the DROPS representation,
which is an acronym for discrete representation of operators for spin systems [1]. It is an intu-
itive representation of spin operators of coupled spin systems using multiple shapes assembled
from linear combinations of spherical harmonics and conserves physically crucial properties,
such as rotations under the influence of non-selective pulses and symmetries with respect to
permutations of spins. The individual spherical functions or generalized Wigner functions are
called droplets. It is important to mention that the methodology which will be presented in the
following sections, is only valid for up to four spins 1/2. A generalization approach is, however,
introduced in the appended publication in Appendix C. In Sec. 4.1 we give an overview on the
DROPS representation and in Sec. 4.2 a particular choice of basis, the so called LISA basis,
for this representation is shown and an example is illustrated in Sec. 4.3. Eventually, the Sec.
4.4 is dedicated to the computational details of the LISA basis.

4.1 Mapping Spin Operators to Spherical Functions

In single spin systems with N = 1, any spin operator A can be represented bijectively by an in
general complex spherical function using the framework of Wigner functions. In doing so, the
operator can be decomposed into spherical tensor operators and mapped to the corresponding
spherical harmonics [86, 1]. For N ≥ 2, this approach is, however, in general not bijective and
consequently not suited for a representation since two different operators may be represented
by the same shape. This restriction can be resolved by mapping the operator A not to a single
but to a discrete set of spherical functions or droplets f (`)(θ, φ), which is called the DROPS
representation [1].

An operator A can always be decomposed into a sum of droplet operators A(`)

A =
∑
`∈L

A(`) (4.1)

according to a suitable set L of labels or quantum numbers `. Various different choices for `
are possible [1] but in this work, we focus on one particular decomposition which is induced by
the so-called LISA basis and will be introduced in Sec. 4.2. We call A(`) the droplet operators.

These can be further split up into their multipole components A
(`)
j

A(`) =
∑
j∈J(`)

A
(`)
j . (4.2)

The occurring ranks j ∈ J(`) are given by the finite set of all possible ranks J(`) which
depends on the label ` and is in general different for each A(`) [1]. Finally, the rank-j multipole

contributions A
(`)
j can be decomposed into a linear combination of irreducible spherical tensor

operators T
(`)
jm [68, 69, 70, 71, 72, 73]

A
(`)
j =

j∑
m=−j

c
(`)
jmT

(`)
jm (4.3)
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4 The DROPS Representation

with the in general complex expansion coefficients c
(`)
jm. The original computation scheme (for

up to four spins 1/2) for T
(`)
jm is presented in Sec 4.4 and a generalized technique is elaborated

on the appended publication in Appendix C.

On this level, the well-known mathematical correspondence between irreducible tensor oper-
ators and spherical harmonics [72, 73]

T
(`)
jm ←→ Yjm(θ, φ) (4.4)

is exploited which maps T
(`)
jm to Yjm(θ, φ). Eq. (4.4) directly induces a dualism between the

rank-j component A
(`)
j of the operator A(`) and the rank-j spherical components f

(`)
j (θ, φ) of

the droplet function f (`)(θ, φ)

A
(`)
j =

j∑
m=−j

c
(`)
jmT

(`)
jm ←→ f

(`)
j (θ, φ) =

j∑
m=−j

c
(`)
jmYjm(θ, φ). (4.5)

Note the identical expansion coefficients c
(`)
jm. By applying Eq (4.5) to Eq. (4.2), the duality

between the droplets f (`)(θ, φ) and the droplet operators A(`) is straightforwardly evoked via

A(`) =
∑
j∈J(`)

A
(`)
j ←→ f (`)(θ, φ) =

∑
j∈J(`)

f
(`)
j (θ, φ), (4.6)

which eventually results with Eq. (4.1) in the representation of an operator A by a discrete set
of spherical functions f (`)(θ, φ)

A =
∑
`∈L

A(`) ←→
⋃
`∈L

f (`)(θ, φ). (4.7)

In summary, an operator A is mapped to a discrete set of spherical functions f (`)(θ, φ) which
are identified by the labels ` and denoted as droplets. The whole representation in Eqs. (4.5)
- (4.7) is referred to as the DROPS representation.

4.2 The LISA Tensor Basis

The set L introduced in Sec. 4.1 induces a grouping of irreducible tensor operators into non-
overlapping classes which are identified by the label `. This guarantees the bijectivity of the
mapping between operators A and spherical functions f (`)(θ, φ), i.e., no tensorrank j occurs
more than once in each group ` and J(`), respectively. There are different choices avaiable
for this partitioning [1]. Here, we will focus on the partition which is generated using the so
called LISA tensor basis that characterizes each droplet operator using the criteria linearity,
subsystem, and further auxiliary criteria such as permutation symmetry. The irreducible tensor
operators can be sorted in distinct groups `, which corresponds to the decomposition of the
space spanned by Tj into (irreducible) subspaces, using these criteria by proceeding in three
steps:

1. The tensor operators Tj are divided according to their g-linearity, i.e., the number g of
spins on which Tj acts.

2. Tj with identical g are further grouped with respect to the set G of involved spins, i.e.,
the spin’s identities, and where the cardinality of G is given by |G| = g.
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4.3 Example: Visualization of Three Spin 1/2 System

3. For subsystems with three or more spins (g ≥ 3), irreducible tensor operators with in-
distinguishable values of g and G can be further partitioned by using the symmetry
type under permutations of the set G. These permutations of set G with |G| = g are

characterized by a Young tableau τ
[g]
i and are given by the symmetric group Sg.

This scheme is exemplified with a coupled 3 spin 1/2 system in Fig 4.1. Note that the third step
can be omitted if g ≤ 2 since no rank j occurs more than once for a given set G [1]. Following
the above three steps, a complete and unique label ` is defined by

` = (G, τ
[g]
i ) (4.8)

for systems of up to five spins 1/2 and we use the notation T
(`)
j for an irreducible spherical

tensor which is identified by `. Note that g is not required in Eq. (4.8) since g is specified by
the cardinality of |G| = g. To further simplify the notation, compressed labels can be used for
g = 0

` = (G, τ
[0]
i ) := Id, (4.9)

for 0 < g ≤ 2

` = (G, τ
[g]
i ) := G, (4.10)

and for 2 < g ≤ 5

` = (G, τ
[g]
i ) := (G, τi), (4.11)

since these shorthand labels are still unique. Note, that for g = N with N being the number
of spins in the system, the labels could even be more reduced since there exists only one
G = {1, 2, . . . , N} and thus

` = (g = N,G, τ
[g]
i ) := τi. (4.12)

For operators involving six or more spins (g ≥ 6), further ad hoc labels are required to uniquely
characterize the Tj , which is, however, part of the publication in Appendix C.

4.3 Example: Visualization of Three Spin 1/2 System

We present an example of the visualization of a coupled three spin 1/2 system which can be
completely represented according to the partition scheme from the LISA basis as shown in Fig.
4.2 (compare also Fig. 4.1). We assume, that we have already computed the LISA-tensor basis

{T (`)
jm}, which is presented in detail in Sec 4.4. For a three spin 1/2 system (N = 3), we find

0 ≤ g ≤ 3, since operators can at least act on no spins and at maximum act on all N = 3 spins
simultaneously. We follow the scheme from Sec. 4.2 and partition tensors (and the spherical

functions) according to g, G, and τ
[g]
i :

g = 0: In this case, we find only one subsystem with no spins, i.e., G = ∅ with the only occurring
rank j = 0. The corresponding label is ` = Id as given in Eq. (4.9) for the identity part
of the operator A which is mapped to the identity droplet f{Id}(θ, φ) and which is plotted
in the middle of the triangle in Fig. 4.2 (a).

g = 1: The three subsystems G ∈ {{1}, {2}, {3}} exist and contain only the first, the second,
or the third spin, respectively. They are described by the three (linear) droplet operators
A(`) with the label ` given by G [see Eq. (4.10)] and consist of a single rank-1 component

A
(`)
1 . The corresponding linear droplets f (`)(θ, φ) are plotted at the vertices of the triangle

in Fig. 4.2 (a).
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4 The DROPS Representation
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Figure 4.1: Labeling scheme for the irreducible tensor operators T
(`)
j corresponding to the LISA basis

for a system consisting of three coupled spins 1/2. The tensors can be partitioned first,
according to their g-linearity (the number of spins involved), second, according to their
subsystem G (the identity of the spins involved), and third, according to their permutation

symmetry τ
[g]
i . Since some information are redundant, compressed labels can also be used

to simplify the notation in the last column. Note that for g = 2, both droplets for each G
can be added while preserving the bijectivity, i.e., no tensors of the same rank are grouped
together. This figure is an adpated version from Table 1 in [1].

20



4.3 Example: Visualization of Three Spin 1/2 System

A(a) visualization of A:

f Id

f{1}

f{12}

f{2}

f{3}

f{23}

f{13}

fτ1 fτ2 fτ3

fτ4

0 π 2π

z

y

x

AId A{1} A{2} A{3} A{12}A{13}A{23}Aτ1 Aτ2 Aτ3 Aτ4

f Id f{1} f{2} f{3} f{12} f{13} f{23}fτ1 fτ2 fτ3 fτ4

(b) ranks and orders:

A{23} = A
{23}
0

+ A
{23}
1

+ A
{23}
2

T
{23}
1,−1 T

{23}
10 T

{23}
11

Y1,−1 Y10 Y11

f{23} = f
{23}
0

+ f
{23}
1

+ f
{23}
2

Figure 4.2: Representation of a random three-spin 1/2 operator. In (a), the operator A is de-
composed into 11 droplet operators A(`) with the labels ` ∈ L given from the set
L = {Id, {1}, {2}, {3}, {12}, {13}, {23}, τ1, τ2, τ3, τ4} which are mapped to the spherical
functions f (`) := f (`)(θ, φ). These can be arranged as shown in the lower panel in (a),
where the nodes are associated with the particles and the edges symbolize couplings be-
tween the spins. The droplet corresponding to the identity part is placed in the middle
of the triangle, the linear droplets (g = 1) with ` ∈ {{1}, {2}, {3}} are plotted on the
corresponding node for each spin, the bilinear doplets (g = 2) with ` ∈ {{12}, {13}, {23}}
are placed on the edges between the corresponding spins, and the trilinear droplets (g = 3)
with ` ∈ {τ1, τ2, τ3, τ4} are plotted above the triangle. In (b), the mapping from the droplet
operator A{23} to the droplet f{23} is highlighted by decomposing A{23} into its rank-j

components with j ∈ {0, 1, 2} and where each A
{23}
j can be further split up into its orders

m (tenors components T
{23}
jm ) with m ∈ {−j, . . . , j}. This is exemplified for A

{23}
1 into its

three parts with m ∈ {−1, 0, 1}. These are then mapped to the corresponding spherical
harmonics Yjm := Yjm(θ, φ), which can analogously be synthesized to the rank-j parts

f
{23}
j and eventually to the droplet f

{23}
j .
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4 The DROPS Representation

g = 2 : We also find three subsystems G ∈ {{12}, {13}, {23}} which contain exactly two spins.
The labels ` are also directly given by G as stated in Eq. (4.10). The three bilinear

droplet operators A(`) exhibit three rank-j parts A
(`)
j , with j ∈ 0, 1, 2. The corresponding

(bilinear) droplets f (`) are plotted on the edges of the triangle in Fig. 4.2 (a).

g = 3 : Finally, for g = N = 3, the only subsystem which contains all spins is G = {123}. Since
tensor operators in this group with ranks j = 1 and j = 2 occur more than once, symmetry
types are used in the LISA basis reflecting permutation symmetries of the elements in
the set G, to obtain finer decomposition and thus a complete labeling. For |G| = 3, there

are four types characterized by the standard Young tableaux τ
[3]
i [see Eq. (3.7)] and the

labels are given by ` ∈ {τ1, τ2, τ3, τ4}. The four trilinear droplet operators A(`) (each with
different rank-j components) are mapped to the corresponding four droplets which are
located above the triangle in Fig. 4.2 (a).

Each rank-j droplet operator A
(`)
j and spherical function f

(`)
j (θ, φ) consists of 2j + 1 orders

with m ∈ {−j, . . . , j} given by the spherical tensors T
(`)
jm and spherical harmonics Yjm(θ, φ),

respectively. Note that the symmetry type can also be specified for g ≤ 2 (see Fig. 4.1). It
is trivial for g ∈ {0, 1}, since the set G only contains zero or one element. For g = 2, there

are two symmetry types τ
[2]
1 (defining the irreducible tensors of rank j = 0 and j = 2) and τ

[2]
2

(characterizing the irreducible tensor of rank j = 1). See also Eq. (3.6). As a consequence, we
would have two droplet operators for each bilinear subsystem G =∈ {{12}, {13}, {23}}. How-
ever, since in each G, there are only tensors of different ranks j ∈ {0, 1, 2}, the corresponding

two droplets can be summed up and the labels τ
[2]
1 and τ

[2]
2 can be suppressed in `. In general,

different symmetry types are grouped to different droplets. Here, the bilinear operators are an
exception which combines the two dissimilar symmetry types in a single droplet.

The droplets f (`)(θ, φ) can be plotted using three-dimensional polar plots where the distance
from the origin to a point on the surface is given by the absolute value |f (`)(θ, φ)| and the color
is given by phase ϑ = arg[f (`)(θ, φ)] and is defined by the color bar in Fig. 4.2 (a).

4.4 Construction Details of the LISA Tensor Basis

We start with a brief repetition of the Clebsch-Gordon decomposition in Sec. 4.4.1. Then,

the LISA tensor basis {T (`)
jm} can be iteratively constructed in three consecutive steps: First,

in Sec. 4.4.2, the g-linear tensor operators of a g-spin system for g ∈ {0, 1, . . . , N} are built
by repeatedly applying the Clebsch-Gordon decomposition and subsequently exploiting the
projection operators from Sec 3.5 to symmetrize the tensors. Second, these symmetrized g-
linear tensors are phase and sign corrected, which is described in Sec. 4.4.3. Third, the g-linear
tensors for g ∈ {0, 1, . . . N} are embedded into the full N -spin system presented in Sec. 4.4.4.

4.4.1 Clebsch-Gordon Decomposition

The Clebsch-Gordon decomposition [69, 71, 107, 108] decomposes an inner product of two
irreducible (symmetric group) representations which form a reducible representation into a
direct sum of irreducible representations

Tj1 ⊗ Tj2 =

jl+j2⊕
|jl−j2|

Tj . (4.13)
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4.4 Construction Details of the LISA Tensor Basis

The tensor components Tjm for all j ∈ {|j1−j2|, . . . , j1 +j2} and m ∈ {−j, . . . , j} are explicitly
given by

Tjm =
∑

m=m1+m2

Cjmj1j2m1m2
Tj1m1 ⊗ Tj2m2 , (4.14)

where Cjmj1j2m1m2
are the so called Clebsch Gordon coefficients [69, 71, 107, 108] which depend on

the ranks j, j1, and j2 and orders m, m1, and m2 of the tensors. They frequently appear in the
coupling of spins and angular momenta as the expansion coefficients for an (uncoupled) tensor
product basis into a (coupled) total angular momentum basis. Several techniques are available
for the computation of the Clebsch-Gordan coefficients, which includes recursion relations and
explicit formulas [109, 110, 111]. Tables of these coefficients can also be found for example in
[108].

4.4.2 Construction of the g-linear Tensors

A single isolated spin 1/2 can be described by a rank j = 0 and j = 1 tensor as defined in Eq.
(2.11) and Eq. (2.12). The g-linear tensors are iteratively constructed for each g ∈ {0, 1, . . . , N}:

g = 0 : We start the construction process by computing the single tensor for a subsystem
without any spins, i.e., g = 0. The only occurring tensor is of rank j = 0 and the
symmetry with respect to particle permutation is trivial and is given by the empty tableau

τ
[0]
1 = 0 , since there is no particle in G = ∅ and thus, no permutation possible. We find

for g = 0

T0(τ
[0]
1 ) := T0 (4.15)

with its single component T00 defined in Eq. (2.11).

g = 1 : Next, we consider the subsystem with one particle g = 1. We have one rank j = 1

tensor with the trivial symmetry τ
[1]
1 = 1

T1(τ
[1]
1 ) := T1 (4.16)

where the three components m ∈ {−1, 0, 1} are given by Eq. (2.12).

g ≥ 2 : In this case, the g-linear tensors Tj(τ
[g]
i ) can be iteratively determined in two steps:

1. First, the g-linear (unsymmetrized) tensors T
[g]
p with p ∈ {|j − 1|, . . . , j + 1} can be

iteratively constructed by coupling the tensor operator T1 for one single spin to the

g−1 tensors T
[g−1]
j using the Clebsch-Gordan decomposition introduced in Sec 4.4.1

T
[g−1]
j ⊗ T1 = T

[g]
j−1 ⊕ T

[g]
j ⊕ T

[g]
j+1, (4.17)

and where the 2j + 1 components of the g-linear tensor T
[g]
j with m ∈ {−j, . . . , j}

are given by the Clebsch-Gordan coefficients. For example, the three bilinear tensors

T
[2]
0 , T

[2]
1 , and T

[2]
2 for g = 2 are obtained via

T
[1]
1 ⊗ T1 = T

[2]
0 ⊕ T

[2]
1 ⊕ T

[2]
2 (4.18)

and for g = 3 the seven trilinear tensors are calculated by

T
[2]
0 ⊗ T1 = Ṫ

[3]
1 (4.19)

T
[2]
1 ⊗ T1 = T̈

[3]
0 ⊕ T̈

[3]
1 ⊕ T̈

[3]
2 (4.20)

T
[2]
2 ⊗ T1 =

...
T

[3]
1 ⊕

...
T

[3]
2 ⊕

...
T

[3]
3 . (4.21)
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4 The DROPS Representation

where the dots over the T are only introduced here to help the reader to distinguish

tensors of same rank j. Note, that T
[1]
1 is identical to T1.

2. Second, the symmetrized g-linear tensors Tj(τ
[g]
i ) are obtained from their unsym-

metrized versions T
[g]
j by applying the projection operator P

[g]
i on T

[g]
j with its ac-

tion described in Sec. 3.3. The symmetrized tensor components fulfill the following
equation

P
[g]
i Tj(τ

[g]
l ) =

{
Tj(τ

[g]
l ) if i = l,

0 if i 6= l.
(4.22)

Explicitly, we obtain for example for g = 2

T0(τ
[2]
1 ) = T

[2]
0 (4.23)

T1(τ
[2]
2 ) = T

[2]
1 (4.24)

T2(τ
[2]
1 ) = T

[2]
2 (4.25)

and for g = 3

T0m(τ
[3]
4 ) = T̈

[3]
0m (4.26)

T1m(τ
[3]
1 ) = 3√

5
Ṫ
[3]
1m + 6

5

...
T

[3]
1m (4.27)

T1m(τ
[3]
2 ) = 3

2 Ṫ
[3]
1m − 3

√
5

4

...
T

[3]
1m (4.28)

T1m(τ
[3]
3 ) = T̈

[3]
1m (4.29)

T2m(τ
[3]
2 ) =

...
T

[3]
2m (4.30)

T2m(τ
[3]
3 ) = T̈

[3]
2m (4.31)

T3m(τ
[3]
3 ) =

...
T

[3]
3m (4.32)

4.4.3 Phase and Sign Convention

The irreducible spherical (and symmetrized) tensors Tj(τ
[g]
i ) are uniquely defined up to an

algebraic sign [1, 78, 112]. To address this non-uniqueness, we apply conventions to define
more precisely the shapes of the spherical functions f (`)(θ, φ):

1. The spherical functions representing Hermitian operators exhibit only the colors red and
green corresponding to phases 0 and π.

2. The droplet visualizing the identity operator is a sphere and has a positive (red) value.

3. The Wigner functions for linear Cartesian operators Ikη with η ∈ {x, y, z} [6] consist of
two spheres colored red and green and the positive lobe points in the direction of the
η-axis.

4. The droplets for bilinear operators 2I1ηI2η [6] consist of a positive and a negative part
which is displaced in the η3-direction with respect to the center of the droplet.

5. The spherical functions representing the fully symmetric Cartesian tensor 4I1ηI2ηI3η is of
an elongated shape where its positive lobe points in the direction of η-axis.

6. Raising and lowering operators are visualized by donut shapes with rainbow colors and
where the number of rainbows are given by the coherence order. The sequence of the
colors of the raising operator are inverse compared to the lowering operator.
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4.4 Construction Details of the LISA Tensor Basis

Table 4.1: Algebraic sign convention for each g-linear spherical tensor operator Tj(τ
[g]
i ). The entries

show with which sign and phase Tj(τ
[g]
i ) has to be multiplied to obtain the sign-corrected

LISA basis.

g T0 T1 T2 T3

0 T0(τ
[0]
0 )

1 T1(τ
[1]
1 )

2 −T0(τ [2]1 ) −iT1(τ [2]2 ) T2(τ
[2]
1 )

3 iT0(τ
[3]
4 ) −T1(τ [3]1 ) iT2(τ

[3]
2 ) T3(τ

[3]
1 )

T1(τ
[3]
2 ) iT2(τ

[3]
3 )

T1(τ
[3]
3 )

7. The droplets of characteristic longitudinal and planar coupling Hamiltonians are of an
elongated and disc shape.

Note that tensor components with m = 0 are always Hermitian. The choice of phase factor for
each rank j tensor is completely arbitrary but the resulting representation can differ notably.
The transformation table in Table 4.1 is used. To simplify notation, from here on, we denote

the sign and phase corrected and permutatation symmetrical spherical tensors also by Tj(τ
[g]
i ).

4.4.4 Embedding

The construction of the LISA basis is completed by first embedding each g-linear (symmetrized

and sign corrected) spherical tensors Tj(τ
[g]
i ) of the g-spin systems of Sec. 4.4.3, into the full N

spin system with N ≥ g described in the case of spin 1/2 with matrices of dimension 2N × 2N .
Second, we expand to the full basis with its 22N basis elements by generating all

(
N
g

)
subsystems

G for each g and assigning permuted versions of the embedded tensors. In this step, the labels
are eventually attributed to the tensors. Explicitly, we obtain for each g:

g = 0 : This case is trivial since there is only one subsystem G = ∅ and the full embedded
tensor is directly given by tensorizing Eq. (4.15) N − 1 times with T00 [see Eq. (2.11)]:

T Id
0 := T ∅0 (τ

[0]
1 ) = T0(τ

[0]
1 )⊗

(
N−1⊗
n

T00

)
=
(

1√
2

)N
id2N . (4.33)

idq is the q× q identity matrix. We use the shortened label ` = Id as stated in Eq. (4.9).

g = 1 : For g = 1, the components with m ∈ {−1, 0, 1} of the linear tensor of Eq. (4.16) are
first embedded by applying the tensor product N − 1 times with T00:

T
{1}
1,m := T

{1}
1,m(τ

[1]
1 ) = T1,m(τ

[1]
1 )⊗

(
N−1⊗
n

T00

)
(4.34)

which corresponds to the linear rank j = 1 tensor of the group G = {1} and where we
use the combined label ` = {1} [see Eq. (4.10)]. Since for g = 1, we find

(
N
1

)
= N sets of
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4 The DROPS Representation

G ∈ {{1}, {2}, . . . , {N}}, the tensors for G ∈ {{2}, . . . , {N}} are obtained by permuting

T
{1}
1,m(τ

[1]
1 ) of Eq. (4.34)

T
{k}
1,m := T

{k}
1,m(τ

[1]
1 ) = (1, k)T

{1}
1,m(τ

[1]
1 ) (4.35)

for k ∈ {2, 3, . . . N} and where the action of the permutation p = (k, l) is defined in Eq.
(3.4) and Eq. (3.5), and the combined labels are used.

g = 2 : In this case, the bilinear tensors of Eqs. (4.23) - (4.25) are first embedded into the

G = {12} subsystem of the full system by tensorizing Tjm(τ
[g]
i ) N − 2 times with T00

T
{12}
jm := T

{12}
jm (τ

[2]
i ) = Tjm(τ

[2]
i )⊗

(
N−2⊗
n

T00

)
(4.36)

with j ∈ {0, 1, 2} and m ∈ {−j, . . . , j}. The bilinear tensors T
{kl}
jm (τ

[g]
i ) for all

(
N
2

)
bilinear subsystems G ∈ {{12}, {13}, {23}} are then obtained by permuting T

{12}
jm (τ

[g]
i ) in

Eq. (4.36)

T
{kl}
jm := T

{kl}
jm (τ

[2]
i ) =

{
(2l)T

{12}
jm (τ

[2]
i ), if k = 1 ∧ l > 2

(1k)(2l)T
{12}
jm (τ

[2]
i ), if l > k > 1.

(4.37)

with the labels ` directly given by G as stated in Eq (4.10).

g ≥ 3 : This approach is generalized for g ≥ 3. First, we embed the symmetrized tensors

Tjm(τ
[g]
i ) from Eq. (4.22) in the subsystem G = {12 . . . g} by tensorizing N − g times

with T00 and obtain

T
{{12...g},τ [g]i }
jm := T

{12...g}
jm (τ

[g]
i ) = Tjm(τ

[g]
i )⊗

(
N−g⊗
n

T00

)
, (4.38)

where the shorthand notation for the labels ` can be used for N = g as introduced in
Eq. (4.11). Then, the tensors for all remaining

(
N
g

)
− 1 subsystems are obtained by

permutation of T
{{12...g},τ [g]i }
jm

T
{{k1k2...kg},τ [g]i }
jm =



(gkg)T
{{12...g},τ [g]i }
jm , if kn = 1 ∀n ∈ {1, . . . , g − 1}

∧ kg > g

([g − 1]kg−1)(gkg)T
{{12...g},τ [g]i }
jm , if kn = 1 ∀n ∈ {1, . . . , g − 2}

∧ kg > kg−1 > g
...

...

(1k1) · · · (gkg)T {{12...g},τ
[g]
i }

jm , if kg > kg−1 > · · · > k1 > g.

(4.39)

After executing the above steps, the complete LISA basis {T (`)
jm} is eventually constructed

and can be used in Eqs. (4.5) - (4.7) to first decompose an operator A into different groups
` of tensors operators and then establish the mapping to the set of spherical function
f (`)(θ, φ).
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5 NMR and Quantum Information

A nucleus in a magnetic field can absorb and reemit electromagnetic radiation. This physical
phenomenon is called nuclear magnetic resonance (NMR). The energy of the radiation is given
by a specific resonance frequency which depends on the magnetic properties of the particle in
the field and on the magnetic field’s strength. By exploiting the NMR effect, observation of
particular quantum mechanical magnetic properties of nuclei can be made leading to applica-
tions in NMR spectroscopy, magnetic resonance imaging, and quantum information processing.
This will be the focus on here. In Sec. 5.1, the NMR basics are briefly introduced, followed
by the most prominent description of NMR, i.e., the product operators in Sec. 5.2. We then
provide a quantum mechanical treatment of NMR in Sec. 5.3. We conclude this chapter by
outlining connections to quantum information processing in Sec. 5.4. Note that we focus on
liquid state NMR here, for which rich literature is available [6, 113, 114, 20].

5.1 NMR Basics

In this section, we will set up the physical stage of NMR. All nuclei that are composed by
neutrons and protons have an intrinsic quantum property known as spin. Its value is given
by the (total) spin quantum number I. In nuclei with an even number of both protons and
neutrons, the nucleons pair up resulting in a zero overall spin, i.e, I = 0. On the other hand,
odd numbers of nucleons in a nuclei give rise to a non-zero spin which is associated with a
non-zero magnetic moment µ by

µ = γI (5.1)

and where γ is a proportionality constant of a specific nucleus known as the gyromagnetic
ratio. It defines the ratio between the magnetic moment and the angular momentum. Thus,
such a nucleus behaves like a small magnet. A particle with spin I has 2I + 1 energy levels
characterized by the azimuthal quantum number m ∈ {−I, . . . , I} and which are in absence of
an external magnetic field degenerated, i.e., they have the same energy.

However, in presence of a magnetic field B0, the non-vanishing magnetic moment of a particle
with I 6= 0 evokes an interaction with B0 inducing shifts in the energy levels which have
then slightly different energies. This is known as the Zeeman effect and the energy separation
between the sublevels in a magnetic field is known as the Zeeman splitting. Only the application
of a magnetic field breaks this degeneracy. Typically, the classical description of the magnetic
field is an accurate estimation and is preferable in NMR. A particle with non-vanishing spin I
responses to a magnetic field B0 by moving its magnetic moment on a cone. This motion is
called precession and its frequency ω0, also denoted the Lamour frequency, is given by

ω0 = −γB0. (5.2)

In NMR, the sample does not consist of a single particle, but contains a huge amount of
nuclei. In the absence of the external magnetic field, the spin polarizations of all particles are
uniformly distributed resulting in a total magnetic moment of the sample of approximately
zero. If the field is switched on, all nuclei precess around the field with their Lamour frequency.
This precession does not change the total magnetic moment.
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5 NMR and Quantum Information

However, the nuclei (or to be more precise the molecules which contain the nuclei) undergo
constant vigorous motion and their local fields slightly influence each other since each molecule
is full of sources of magnetic fields, i.e., the electrons and nuclei. As a consequence, the
nuclei precess not only around the static external field B0, but around the sum of B0 and all
the fast time- and direction-varying microscopic fields created by the particles. These small
fluctuations brake down the isotropy of spin polarization and facilitate the development of a
macroscopic nuclear magnetic moment or bulk magnetization. The orientation of the magnetic
moment of each nuclear spin wanders around between different precession cones. Due to the
magnetic field and the finite temperature, an orientation with low magnetic energy, i.e., the
magnetic moments are parallel to the magnetic field, is preferable than towards an orientation
with high magnetic energy, i.e., the magnetic moments are antiparallel to the magnetic field.
This biased process eventually results in a stable anisotropic distribution of orientations of
magnetic moments, which is then called thermal equilibrium. Consequently, this anisotropic
magnetization distribution leads to a small net magnetic moment of the entire sample (along
the magnetic field). The time needed for this process is called spin-lattice relaxation time or
longitudinal relaxation time and the time constant T1.

Unfortunately, this longitudinal spin magnetization is very small and almost undetectable.
That’s the reason why in NMR another path is followed. This is that the magnetization
perpendicular to the field is measured. In thermal equilibrium, perpendicular net magnetization
is zero since the individual magnet moments are distributed cylindrically symmetrical around
the axis of the external magnetic field (usually denoted as the z-axis). However, by applying
high frequency pulses, i.e., oscillating radio-frequency fields (rf fields), of appropriate frequency
and duration, the net polarization can be rotated to the perpendicular plane (x-y-plane), since
these rf fields rotate the magnet moment of each individual spin. As a consequence the total
magnetization is transferred from the z-axis to the x-y-plane and is then called transverse
magnetization. The single spins continue their precession and since the net magnetization is
now perpenticular to the magnetic field B0, the total magnetic moment also precesses with the
Larmor frequency of the individual spins. This net magnetization slowly decays until it is zero.
This process is described by the spin–spin relaxation characterized by the time constant T2.
Note that this description is oversimplified since in reality different spins experience slightly
different magnetic fields and the interactions between the nuclear spins are not considered here.

Although the rotating transverse magnetization is also very small, it is detactable using a
wire coil perpendicular to the external magnetic field and a sensitive rf detector. The net
magnetization moment precesses at a defined frequency, which is associated with a rotating
magnetic field which itself induces an electric field in the coil as described by the Maxwell’s
equations. This electric field generates an oscillating electric current in the wire that can
eventually be detected and inferred on the precessing transverse magnetization. This oscillating
current is called the free-induction decay (FID) and gives rise to the NMR signal. The FID
can then be further processed using filter functions and Fourier transformation to obtain the
spectrum of the sample.

5.2 Product Operator Basis in NMR

In this section, we will introduce product operators, the most prominent basis for describing
NMR systems and experiments with quantum mechanical methods. We start by defining a
basis for a single spin 1/2. We focus here on spins 1/2 since these nuclei are the most abundant
in NMR spectroscopy although spin operators exist for particles with different spins. The four
basis operators in this case are the matrix representations of the components of the spin angular
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5.3 Quantum Mechanical Description of NMR Experiments

momentum operators together with the identity [114, 6]

Ix =
1

2

(
0 1
1 0

)
, Iy =

1

2

(
0 −i
i 0

)
, Iz =

1

2

(
1 0
0 −1

)
, I0 =

1

2

(
1 0
0 1

)
. (5.3)

They form a complete basis, i.e., the density matrix ρ of a spin system can be decomposed as
a linear combination of these operators.

The product operators for a system containing N spins can be built up by tensorizing the sin-
gle spin product operators of Eq. (5.3). We introduce the additional subscript k ∈ {1, 2, . . . N}
identifying the individual spins. We find in general

I1a1I2a2 · · · INaN =
N⊗
k=1

Iak (5.4)

with ak ∈ {x, y, z, 0}. Since the norm of the product operators is not in general identical to 1,
norm-preserving constants cN are introduced, which are multiplied with the product operators
cNI1a1I2a2 · · · INaN and where cN = 2N−1. Note that Ik0 is omitted in the left hand side notation
in Eq. (5.4). For example, we write I2z instead of I10I2z. These operators are also correlated to
some physical properties. For example, if ρ has only the term I2z, the net polarization of spin
I2 is then along the magnetic field, whereas the polarizations of I1 is isotropically distributed.

The product operators and their evolution, which will be described in the next section,
is a rigorous quantum mechanical description to compute the outcome of NMR experiments
by predicting the evolution of the bulk magnetization over time under the action of different
Hamiltonians. It is based on the formalism of density matrix theory introduced in Sec. 2.1

5.3 Quantum Mechanical Description of NMR Experiments

After the rather qualitative introduction to NMR in Secs. 5.1 and 5.2, we will now focus on a
quantitative description here. Since classical models such as the vector model or energy levels
fail to describe even the simplest NMR experiment with involved coupled spins, we will only
focus on the quantum mechanical framework of NMR for coupled particles using the product
operators from Sec 5.2.

We start the description of the NMR system in thermal equilibrium at typical settings. That
is, after the sample, which contains the ensemble of molecules and thus the spin systems, is
placed into an NMR spectrometer with constant magnetic field B0 at approximately room
temperature. Then the ensemble of the spin systems follows the Boltzmann distribution. In
the high-temperature limit, the thermal equlibrium density operator reads as

ρth =
1

2N
+
∑
k

BkIkz (5.5)

with the Boltzmann factors given by Bk = ~γkB0/kbT and with kB being the Boltzmann
constant and T the temperature of the system.

Next, the typical Hamiltonians which govern the time evolution of states in NMR are sum-
marized. The total Hamiltonian Htot of the system is given by

Htot = H0 +Hrf. (5.6)

H0 includes the interaction with the magnetic field, magnetic dipole coupling, J-coupling (in-
direct coupling mediated between the electrons of the chemical bonds between spins), and
interactions with the environment. Accordingly, Hrf is the Hamiltonian arising from rf pulses.
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5 NMR and Quantum Information

We focus on liquid state NMR, i.e., the sample consists of an isotropic liquid. As a consequence,
the molecules can move and rotate independently from each other and hence intramolecular in-
teractions average out except for the isotropic part. Typically when applying NMR techniques
for quantum information processing, we have heteronuclear systems, i.e., systems consisting of
different species of spins, to differentiate and address the single spins individually. The cou-
plings in such molecules are almost always weak. That is |ω0j − ω0k| >> |πJjk|, where Jjk is
the coupling constant between nucleus k and j, and ω0k and ω0j are the Lamour frequencies of
spin k and j respectively. In total, we get a good approximation for H0

H0 =
∑
k

ω0kIkz +
∑
j<k

2πJjkIjzIkz. (5.7)

The first part is associated with the precission of the spins and the second part with the scalar
J-coupling between spins in the weak coupling regime. Next, we discuss the transformation
of a product operator under an rf field. We assume that the pulse is strong and has a short
duration so that resonance offsets and J-coupling effects are negligible in the presence of the
pulse. Furthermore, we assume a constant pulse. The result of such a high frequency field is
a rotation of the state. A pulse is described by a phase αk and a frequency ω1k. Because of
the arrangement of the coils in a typical NMR spectrometer, the range of the pulse’s phase is
between 0 and 2π in the perpendicular plane. The Hamiltonian is therefore

Hrf =
∑
k

ω1k[cos(αk)Ikx + sin(αk)Iky]. (5.8)

As already discussed in Sec. 2.1, the time evolution of a system is governed by the Liou-
ville–von Neumann equation in Eq. (2.2), for which solutions for a specific Hamiltonian are
given in Eq. (2.3) and Eq. (2.4). Hence, we obtain for the propagator for the evolution under
coupling, i.e., without applying a pulse, using Eq. (5.7)

U0 = exp

−i
∑

k

ω0kIkz +
∑
j<k

2πJjkIjzIkz

 t
 . (5.9)

Furthermore, the propagator for the evolution under the effect of Hrf is given by exploiting Eq.
(5.8)

Urf = exp

(
−i
{∑

k

ω1k[cos(αk)Ikx + sin(αk)Iky]

}
t

)
. (5.10)

Note that ~ was set to 1 for simplicity and t is the duration of the evolution period under
coupling or of the pulse, respectively. Alternatively, we can define a flip angle θ with

θk = ω1kt (5.11)

and Eq. (5.10) can be recast into

Urf = exp

(
−i
∑
k

θk[cos(αk)Ikx + sin(αk)Iky]

)
(5.12)

For example, the propagator of a pulse with phase α = 0 and flip angle θ = π that acts on spin
k = 2 is given by Urf = exp(−iπI2x). With both, the propagators Urf and U0 given in Eq. (5.9)
and Eq. (5.12), respectively, and the solution of the Liouville–von Neumann equation in Eq.
(2.2)

ρ(t) = Uρ0U
†, (5.13)
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the systems in NMR can be fully described and simulated for each point in time t by decompos-
ing the entire NMR experiments in intervals with constants Hamiltonian H0 and Hrf. Then,
for each interval the corresponding propagator given in Eqs. (5.9) and (5.12) is computed,
and eventually the density matrix for each interval is determined via Eq. (5.13). The above
transformations are unitary since the inner products are preserved. In addition, in NMR some-
times pulsed field gradients with spatial-dependent field intensity are used, which dephases the
magnetization.

5.4 Quantum Information Experiments with NMR

A quantum computer, or an apparatus which can process quantum information, must be iso-
lated from the environment to prevent the decoherence of its quantum properties. Simultane-
ously, the qubits have to be accessible for transforming and reading out the information. It has
to fulfill 4 criteria:

• A robust physical realization representing the quantum information described in Sec.
5.4.1

• Preparation of well-defined initial states given in Sec. 5.4.2

• Availability of a complete set of unitary transformations dictating the evolution of the
system presented in Sec. 5.4.3

• Measurement of the output result shown in Sec. 5.4.4.

An NMR spectrometer, which evolved over the last decades to a an extremely sophisticated
machine due to its frequent applications in chemistry, biology, and physics, can be a good can-
didate for such a machine and NMR spectroscopy is an ideal testbed for quantum information
experiments as sketched in Sec. 5.4.5.

5.4.1 Qubits in NMR

Basically every two-level quantum system can represent a qubit. A single nuclear spin 1/2 acts
as a natural and good qubit since they can have a long decoherence time and different spins
are separately accessible due to their dissimilar gyromagnetic ratio and the different chemical
environment shielding effects. Typically, we find in NMR 1H, 13C, 19F, 31P, and 35Cl. Several
admissible spins can be found on the same molecule, which then form a coupled spin system
or multi-qubit processor. Fig. 5.1 shows a one qubit system (HDO) and a two-qubit system
(chloroform).

5.4.2 Initialization

Each computation (or even experiment) requires to start from a well-defined prepared input.
It suffices to be able to generate one specific quantum state with high accuracy since unitary
operations can transform this input state into any other state. In NMR, it is practically
impossible to prepare all qubits, i.e., all spins of each molecule in the ensemble, to be in the
identical state since the energy difference between two levels of the qubits is much smaller than
kBT . However, a completely well-known and specific state can be obtained by just using the
equilibrium state given in Eq. (5.5) as an initial input.
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(a) (b)

(c)Figure 5.1: Molecules (a) HDO, (b) chloroform, with their schematic spin systems and coupling topolo-
gies; individual spins are labeled by chemical shifts (in parts per million); heteronuclear
J couplings (lines) are labeled by coupling constants Jkl (in Hertz). The figure is in part
from [2].

5.4.3 Universal Gates

The evolution of closed quantum systems in NMR is described by the propagators from Eq.
(5.7) and Eq. (5.12). They can be created by evolution periods under the effect of couplings and
frequency offsets and by rf pulses. Since qubits can be addressed individually and are connected
via the J-coupling, both propagators can be used to generate the full range of single qubit gates
and the cNOT two-qubit gate [115]. As a consequence, in NMR every (multiqubit) gate can
be implemented, since each unitary transformation can be written as a decomposition of single
spin operations and controlled-NOT gates. That means, universal unitary transformations can
be created by a sequence of pulses and evolution periods under coupling. Nonunitary operations
can be implemented by pulsed magnetic-field gradients.

5.4.4 Measurement

The measurement process is implemented with the rf coils. The computer switches to the pre-
amplifier and the induced FID of the precessing spins can be detected, which is used to infer
on the state of the spins. Thus, the classical measurement system is coupled to the quantum
system and is only connected when desired. In NMR weak measurements are conducted since
we have large ensembles of spins.

5.4.5 The Spectrometer and an NMR Experiment

The NMR system consists of two parts. First, the NMR sample is a glass tube which contains
the molecules representing coupled qubits and which are typically dissolved in a solvent to
reduce the inter-molecular interactions. In this state, the molecules can be described as an en-
semble of identical coupled spin systems. Second, the spectrometer is a sophisticated apparatus
for performing quantum information experiments. The sample is placed in a sample holder in
a superconducting magnet. The generated strong static magnetic field B0 from this magnet
is per convention collinear to the z-axis. Coils are orthogonally arranged around the sample
to form a tuned circuit with it. They consist of rf-electronics which allow for rapid on and
off switching (pulsing). Its purpose is first to generate small, oscillating magnetic fields in the
transverse x-y-plane to manipulate nuclear spin states. Second, they are used to detect the rf
signal, i.e., free induction decay, generated by the precessing nuclei in the tube. This is achieved
by switching between high power pulse amplifiers (for pulsing) and sensitive pre-amplifier (for
acquisition) controlled by a computer. The procedure of a typical NMR experiment is then:

1. A relaxation period is used to obtain the thermal equilibrium
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5.4 Quantum Information Experiments with NMR

2. A single pulse or sequence of pulses can be applied using the rf coils and the high power
pulse amplifiers to transform the states of the spins

3. After the pulse sequence, a computer switches to the sensitive pre-amplifier and the same
coils detect the state of the spins by measuring the free induction decay current evoked
by the precessing of spins.

4. The FID is then processed including Fourier transformations and filter functions to even-
tually obtain a frequency spectrum.
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6 Optimal Control of Spin Systems

The optimal control of spins is an active field of research which is a combination of two disci-
plines: optimal control theory and spin physics. The latter one was already outlined in Sec.
2.1. This chapter gives a brief introduction to optimal control theory in quantum mechanics.

Optimal control theory is a framework for obtaining a control law for a given (dynamical)
system with respect to certain optimality criteria. Such a dynamical system is described by n
first order differential equations [116]

ẋ(t) = a(x[t], u[t], t) (6.1)

and consists of (time dependent) state variables xi(t)

x(t) =


x1(t)
x2(t)

...
xn(t)

 , (6.2)

input variables or controls ui(t) to externally influence or steer the system

u(t) =


u1(t)
u2(t)

...
un(t)

 , (6.3)

and functions ai depending on the states and controls

a(x[t], u[t], t) =


a1(x1[t], x2[t], . . . , xn[t], u1[t], u2[t], . . . , un[t], t)
a2(x1[t], x2[t], . . . , xn[t], u1[t], u2[t], . . . , un[t], t)

...
an(x1[t], x2[t], . . . , xn[t], u1[t], u2[t], . . . , un[t], t)

 . (6.4)

The optimal control problem is then to find a set of admissible controls u∗, which minimizes a
given cost function or performance measurement

J = h(x[tf ], tf ) +

∫ tf

t0

g(x[t], u[t], t)dt (6.5)

from the inital time t0 to the final time tf for given constraints on x(t) and u(t) stated as
(in-)equalities. The set of input variables u∗ that solves the optimal control problem are called
optimal controls. The explicit forms of u(t) and a(t) depend on the modeling of the physical
(or technical) system and the functions h and g on the constraints and problem-oriented cost.
The greatest theoretical advances in finding optimal solutions for optimization problems are the
Pontryagin maximum principle [40], which provides a necessary condition for an optimum, and
the Hamilton–Jacobi–Bellman equation as a result of the framework of dynamic programming
[41] supporting necessary and sufficient conditions.
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6 Optimal Control of Spin Systems

Optimal control theory was introduced to quantum mechanics in the late 80s [42, 43] and
is still an active research field nowadays [117]. The typical goal here is to find control fields
which steer a given initial state to a desired target state in a fixed (minimum) amount of
time. Constraints are then for example upper bounds for the amplitudes of the control fields.
A general problem of directly applying optimal solution methods in this area is the absence
of robustness against variations of the system parameters such as experimental imperfections
of the control fields. However, this can be resolved by recasting the control problems into
Hamiltonian problems using the Pontryagin maximum principle, i.e., finding a Hamiltonian
trajectory which satisfies certain boundary conditions. Fortunately, such problems can then be
solved by geometric and analytic tools [48, 49, 50, 51, 52, 53, 54] for low dimensional systems
and by powerful complementary numerical frameworks such as Krotov [44], GRAPE [45], and
CRAB [46, 47] in general. The latter ones can be interpreted as finding a path from the
initial controls to the optimal controls in a quantum control landscape, i.e, a multidimensional
hyperplane dependent on the cost functions and on the controls. However, purely numerical
methods suffer from a lack of insight into the robust nature of the optimal solution and one
may prefer geometrical approaches if feasible.

In non-relativistic, finite-dimensional, and closed systems the time evolution of a system is
dictated by the Liouville–von Neumann equation in Eq. (2.2). The Hamiltonian, in this case,
can be decomposed in

H = H0 +

m∑
i=1

ui(t)Hi (6.6)

where H0 is the drift or free Hamiltonian which cannot be controlled and
∑m

i=1 ui(t)Hi is the
part which can be externally changed. For the case of NMR, H0 is given by Eq. (5.7) and
Hi are the radio frequency Hamiltonians given in Eq. (5.12). The control fields ui(t) are the
amplitudes of the rf field that can be externally changed. A cost function can be defined as the
overlap between the reached state ρ(tf ) after time tf and the desired state ρtarget

J = 〈ρtarget|ρ(tf )〉 = tr[ρ†targetρ(tf )]. (6.7)

A typical constrain is tf to be as minimal as possible while maxing J . In the appended paper
”Linking the rotation of a rigid body to the Schrödinger equation: The quantum tennis racket
effect and beyond” in Appendix D, a solution for such a problem is presented by exploiting
a geometric framework which is established on geometric properties of the rotation of a rigid
body known as the tennis raquet effect.

36



7 Discussion and Outlook

We conclude this thesis in Sec. 7.1 by giving a brief summary of the obtained results from the
publications in Appendix A - D. A discussion in Sec.7.2 embeds these developments in existing
literature. Eventually, in Sec. 7.3, future work and extensions which can be based on this thesis
are discussed.

7.1 Summary

To summarize, we developed tools for the validation and optimal control of quantum systems.
In the first publication ”Wigner tomography of multispin quantum states” in Appendix A, a
sampling scheme for the reconstruction of spherical functions was introduced. This was evolved
to a Wigner tomography strategy for quantum states. It is based on measuring expectation
values of rotated axial tensor operators. In the second publication ”Wigner process tomography:
Visualization of spin propagators and their spinor properties” in Appendix B, this concept
was extended to process tomography by imprinting propagatos on the density matrix of an
augmented system with an additional ancilla qubit. Both the Wigner state and the Wigner
process tomography were demonstrated using NMR spectroscopy by reconstructing specific
quantum states of systems of up to three qubits and typical single qubit gates. In doing so, the
shapes of the droplets were experimentally recovered demonstrating their physical observability
which were originally the result of a mere abstract mathematical mapping. Both methods are
universally applicable and not restricted to the field of NMR and can be regarded as verification
tools for quantum information processing in general but in particular for the analysis of pulse
sequences in NMR spectroscopy. In the third publication ”Symmetry-adapted decomposition
of tensor operators and the visualization of coupled spin systems” in Appendix C, the DROPS
representation, which both tomography methods build on, is generalized to systems of arbitrary
spins 1/2 and to two-coupled spins with spin number J > 1/2. This is achieved by extending the
original methodology and by introducing a novel computation approach for the LISA basis based
on coefficients of fractional parentage. This paves the way for the expansion of the application
areas of the Wigner (process) tomography. The thesis is complemented by presenting not only
validation methods for quantum systems but also techniques to optimal control of such. In the
last paper ”Linking the rotation of a rigid body to the Schrödinger equation: The quantum
tennis racket effect and beyond” in Appendix D, a new family of control fields is developed
by transferring the description of a free rotation of a rigid body to quantum systems. This
results in optimal and convenient solutions for state to state transfers and the implementation
of unitary transformations, which is demonstrated with NMR techniques.

7.2 Discussion

In this section, we embed the results into existing literature. We start by having a closer look at
the DROPS visualization approach, exploited throughout this thesis and which was extended
in the paper ”Symmetry-adapted decomposition of tensor operators and the visualization of
coupled spin systems”. Various visualization approaches for quantum systems are established in
research and education. Threedimensional vectors such as Bloch vectors [4] are frequently used
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to represent two-level systems in quantum physics, in particular magnetic resonance imaging
[118, 6], spectroscopy [6], to quantum optics [15]. This technique however fails in the multi-spin
case.

A prominent methodology for the visualization of multi-spin systems are bar charts, typically
arising in illustrating experimental results of state tomography [20], where individual density
matrix elements are represented by single bars. Alternatively, energy level diagrams [5] in the
fields of quantum optics and magnetic resonance spectroscopy depicts populations by circles
on energy levels and coherences by lines between energy levels. Density operators can also be
visualized by non-classical vector representations build on single-transition operators [6, 7, 8]
and spin dynamics can be portrayed with graphical shorthand notations [119]. However, such
approaches are inconvenient for larger spin systems and important physical properties are not
transferred to the visualization.

Further significant visualization approaches rely on phase space representations [15, 89, 18,
17], in particular Wigner functions [120, 15, 89]. For finite-dimensional systems, which are
considered here, discrete Wigner functions [121, 122, 123, 124, 125, 126] are valuable tools for
the representation, but also continuous Wigner functions for a single spin system are extensively
studied in the literature [127, 88, 87, 128, 129, 130] since they naturally reflect the inherent
rotational symmetries of spins. Extensions to multispin systems have been considered in [15,
12, 13, 131, 14]. But a general (continuous) Wigner representation was long time absent for
arbitrary, coupled spins [131, 14] until the introduction of the DROPS representation by Garon
et al [1] recently. Unfortunately, this approach is restricted to up to four coupled spins 1/2.
By relying on coefficients of fractional parentage, the applicability of the DROPS visualization
methodology can be considerably extended to various spin topologies, in particular to arbitrary
number of coupled spins 1/2, but also to two-coupled spins with spin numbers larger than 1/2.

We move on to our novel introduced tomographic schemes established in the papers ”Wigner
tomography of multispin quantum states” and ”Wigner process tomography: Visualization
of spin propagators and their spinor properties”. Tomography is substantial in almost every
experiment in quantum information processing. Applications can be found in all fields of
quantum physics. For example, the reconstruction of the quantum state of molecular systems
can be done by calculating expansion coefficients of the decomposition of an excited state wave
function via Fourier integrals from the detected signals [132, 133]. Another approach includes
the computation of the overlap of the state with reference states for different time intervals
to regain wave packets [134]. Tomographic schemes also exploiting Wigner functions can be
frequently found in infinite-dimensional systems for which optical homodyne scheme belongs
to the standard repertoire of techniques for scientists. Several demonstration experiments were
conducted to reconstruct the Wigner representation of the quantum state of light [21, 22, 23,
24, 25].

In particular, our state tomography scheme shows similarities to a few other approaches in
literature. In [135], Wigner functions, which are based on products of single-spin representa-
tions, are reconstructed. In [136], a comparable raster scanning approach is exploited to find
the probability of the rotated quantum system being in each of the basis states by utilizing
Stern-Gerlach-type experiments. Such experiments are also used in [137] to determine the
Wigner function based on filtered back projections, which is closely related to planar inverse
Radon transforms used e.g. in medical imaging. In contrast to our scheme, which is based on
projections of operators onto rotated axial tensor operators and which is related to the mea-
surement of spherical harmonics components of electromagnetic near-field radiation by loop
antennas [138, 139, 140], their reconstruction schemes are established on Stern-Gerlach-type
experiments.

Furthermore, our introduced sampling procedure for spherical functions is directly expand-
able to other spherical representations such as multipole operators [1] or the PROPS represen-
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tation, based on compositions of single-spin representations [141]. A close resemblance can be
found in the spherical tensor analysis (STA) approach, introduced by by Suter and Pearson
[142] and van Beek et al. [143]. Both the STA and Wigner tomography feature a similar struc-
ture which can be attributed to characteristic properties of spherical tensor operators under
rotations. That is, we find a preparation block, a rotation block, and a transformation block
to convert to a detectable basis and signal, which is eventually detected during an acquisition
period. However, both approaches are completely different, since first in STA the detectable
signal is decomposed into individual components given by occurring ranks j and orders m of the
density matrix, second a single reconversion sequence is used in the transformation block, third
three Euler angles α, β, and γ are exploited in the rotation block, and fourth reconstruction is
on the level of the density matrix and not Wigner functions.

In our works, experimental scanning schemes were demonstrated using a simple sampling
procedure with equidistant steps of π/12 of the polar and azimuthal angles. This formed a
reasonable compromise between the experiments duration and the resolution to capture all
shapes in sufficient detail. However, more efficient sampling schemes are available in literature.
The Wigner functions introduced here are band-limited. That is, the maximum rank of these
functions is finite. For band-limited spherical functions, the minimal number of sampling points
is characterized by the optimal dimensionality [144] for which various sampling strategies have
been introduced approaching this limit. Methods based on an equiangular grid proposed by
Driscoll & Healy [145, 146] and McEwen & Wiaux [147] exceed optimal dimensionality by factors
of four and two, respectively. The Gauss-Legendre quadrature on the sphere [148] almost
reaches the minimal number of sampling points. An optimal iso-latitude sampling strategy,
recently introduced by Khalid et al. [144], is based on a fast and stable spherical harmonics
transform. For large ranks, also the optimal dimensionality is approached by Lebedev grids
[149, 150, 151].

We conclude this discussion by having a closer look on the last manuscript ”Linking the
rotation of a rigid body to the Schrödinger equation: The quantum tennis racket effect and
beyond”. The mathematical framework of the tennis racket effect has been studied in literature
[58, 59, 55]. Jacobi elliptic functions [56] are used there to find the trajectories governing the
dynamics of the integrable system describing the free rotation of a rigid body [55]. In our
work, this concept was transfered to the quantum regime for the optimal control of two-level
quantum systems [117, 152]. In general, such optimal control problems are either solved by
powerful numerical frameworks such as Krotov [44], GRAPE [45], and CRAB [46, 47] or for
low dimensional systems geometric and analytic tools [48, 49, 50, 51, 52, 53, 54] can be applied.
Numerical methods may show a poor insight into the robustness nature of the optimal solution
and the controls can exhibit complex structure. Thus, geometrical methodologies may be
advantageous if they are feasible. Our approach belongs to the latter methods which results
in a new family of control fields enabling the realization of either a state to state transfer or
a specific unitary transformation. The interests of applications are beyond simple two-level
quantum systems and range from chains of three coupled spins [153, 154], to implement a
CNOT gate, to the integrable case of the Manakov top [155]. Our optimal controls are also
used to realize geometric phase gates. Different techniques have been proposed in literature
[156, 157]. They can be implemented either in the adiabatic regime [156] but also in the non-
adiabatic domain using cyclic evolution [158, 159] to avoid decoherence effects. However, with
these methods, applications are restricted to simple cases. By exploiting our approach, the
range of usage can be considerably extended.
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7.3 Future Work

Although this thesis is cohesive and completely closed, various interesting challenges are still
unresolved. Both Wigner tomography schemes were introduced in an elementary form, i.e.,
with an equiangular sampling grid. An analysis of different sampling strategies was already
given in the publication ”Wigner process tomography: Visualization of spin propagators and
their spinor properties” in Appendix B. However, experimental studies and implementations
are still missing. Furthermore, experiments for four or five qubit quantum states and multi-
qubit quantum gates need to be performed. The Wigner process tomography was established
for known (controlled) propagators. A possible extension for unknown propagators was already
proposed in the publication in Appendix B, an implementation is however still lacking. The
DROPS representation (and hence the tomography schemes) was extended in Appendix C to
systems containing an arbitrary number of spins 1/2 and to two-coupled spins with J > 1/2 by
extending the original computation method and introducing a CFP-based new algorithm. Both
schemes are generally applicable, still CFPs are yet only found for spins 1/2 and the projectors
only feasible for up to four spins 1/2. Determination of CFPs for arbitrary spin numbers and
generalized versions of projectors applicable for systems larger than four particles is still an
open challenge. Finally, an experimental catalog presenting experimental imperfections and
its effects on the outcome of the Wigner tomography could be extremely beneficial for a fast
analysis of applied spectroscopy and quantum information processing in general.
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Summary and contribution to this manuscript:
In this work, a novel (quantum) state tomography was introduced which reconstructs gener-
alized Wigner functions representing the density matrix of coupled spin systems. It is based
on the DROPS representation [1], which completely characterizes and visualizes an arbitrary
operator using multiple shapes assembled from linear combinations of spherical harmonics. We
develop a new sampling and reconstruction theorem, which gives a protocol how in general
such spherical functions can be obtained by sampling points on the sphere (Result 1). The
value of the functions at a given polar angle and azimuthal angle is proportional to the scalar
product of these functions with zero-ranked spherical harmonics, which are rotated around
these angles. The proof relies on the framework of Wigner D-matrices and was worked out by
David Leiner, but refined by Robert Zeier and Steffen Glaser. This theorem was evolved to an
experimental measurement scheme for the Wigner function representation of quantum states in
general (Result 2): The spherical functions can be recovered by measuring expectation values
of rotated axial spherical tensor operators. Eventually, an explicit protocol for NMR (Result 3)
was derived. That is, points on the surface of the functions can be acquired by measuring a set
of expectation values of (product) operators of the corresponding rotated state, which has to
be repeated for different polar and azimuthal angles. Both Results 2 and 3 were elaborated by
David Leiner and details were incorporated by Steffen Glaser and Robert Zeier. To prove its
feasibility, NMR techniques were applied to experimentally reconstruct the Wigner functions
representing various quantum states including fully symmetric operators, raising operators,
double quantum operators, and triple quantum operators in systems of up to three coupled
spins. As model systems, we used HDO for one-spin experiments, chloroform for two-spin ex-
periments, and 2-13C-2-fluoromalonic-acid-diethyl-ester for three-spin experiments. A simple
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rectangular grid of sampling points in the space of polar and azimuthal angles is explicitly
used to recover the shapes in sufficient detail. Simulations were carried out to compare the
experimental data to the expected theory. Both experiments and simulations were done by
David Leiner. A reasonable match between the theoretical predicted and the experimentally
reconstructed spherical functions is found. Deviations are attributed to experimental imperfec-
tions including finite accuracy of pulse calibration, B0 and B1 inhomogeneity, and relaxation
losses. The manuscript in its first form was written by David Leiner. Steffen Glaser extended
the paper by chapter IV ”Droplets as multipole potentials” which introduces a formal inter-
pretation of this sampling methodology which connects the spherical functions to multipole
potentials. Both, Robert Zeier and Steffen Glaser optimized the paper with respect to nota-
tion and language. The figures were also done by David Leiner and Robert Zeier occasionally
revised them.
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Wigner tomography of multispin quantum states

David Leiner,* Robert Zeier,† and Steffen J. Glaser‡

Technische Universität München, Department Chemie, Lichtenbergstrasse 4, 85747 Garching, Germany
(Received 26 July 2017; published 18 December 2017)

We study the tomography of multispin quantum states in the context of finite-dimensional Wigner
representations. An arbitrary operator can be completely characterized and visualized using multiple shapes
assembled from linear combinations of spherical harmonics [A. Garon, R. Zeier, and S. J. Glaser, Phys. Rev. A
91, 042122 (2015)]. We develop a general methodology to experimentally recover these shapes by measuring
expectation values of rotated axial spherical tensor operators and provide an interpretation in terms of fictitious
multipole potentials. Our approach is experimentally demonstrated for quantum systems consisting of up to three
spins using nuclear magnetic resonance spectroscopy.

DOI: 10.1103/PhysRevA.96.063413

I. INTRODUCTION

Optical homodyne tomography can be applied to experi-
mentally measure the quantum state of light [1–5]. One thereby
recovers an infinite-dimensional Wigner function [6–8] as a
classically motivated phase-space representation, providing
a useful tool for the characterization and visualization of
quantum-optical systems [9]. This results in an advantageous
dualism between measurement scheme and phase-space rep-
resentation, which we would like to transfer to the case of
finite-dimensional, coupled spin systems.

One important representation of finite-dimensional quan-
tum systems relies on discrete Wigner functions [10–15]. But
we will restrict ourselves to continuous representations in order
to naturally reflect the inherent rotational symmetries of spins.
Individual spins are faithfully described by their magnetization
vector (or Bloch vector), which, however, neglects relevant
parts of the full density matrix in the case of multiple, coupled
spins. These missing parts include zero- and multiple-quantum
or antiphase coherence as well as spin alignment [16], which
are partially characterized by visual approaches based on
single-transition operators [16–18].

We will follow the general strategy of Stratonovich [19]
which specifies criteria for the definition of continuous Wigner
functions for finite-dimensional quantum systems. The case
of single spins is widely studied in the literature [20–25],
and visualizations for multiple spins have been considered in
[7,26–29] with various degrees of generality. However, until
very recently, it was not clear [28,29] if a general Wigner
representation also exists for arbitrary, coupled spin systems,
and even the case of three coupled spins 1/2 was open.

Fortunately, a general Wigner representation for character-
izing and visualizing arbitrary coupled spin systems has been
developed in [30]. It is based on mapping arbitrary operators
to a set of spherical functions which are denoted as droplets,
while preserving crucial features of the quantum system. The
characteristic shapes of these droplets can be interpreted as
the result of an abstract mapping, but we also ask in this paper
how they are related to experimentally measurable quantities.

*david.leiner@tum.de
†zeier@tum.de
‡steffen.glaser@tum.de

The general Wigner representation introduced in [30] is
denoted as the DROPS representation (discrete representation
of operators for spin systems), and its basics are recalled in
Sec. II where important properties are also summarized.

In this paper, we theoretically develop a tomography
scheme for spherical functions of arbitrary multispin quantum
states. We study experimental schemes to reconstruct the
generalized Wigner representation of a given density operator
(representing mixed or pure quantum states). Extensions to
quantum process tomography [31] as given by the experi-
mental reconstruction of entire propagators (e.g., representing
quantum gates) are, however, beyond the scope of this
paper. Our scheme is particularly tailored to the Wigner
representation of [30], for which an interpretation in terms
of fictitious multipole potentials is provided. We will focus on
systems consisting of spins 1/2, even though our approach
is applicable to arbitrary spin numbers. We also provide
explicit experimental protocols for our Wigner tomography
scheme and demonstrate its feasibility using nuclear magnetic
resonance (NMR) experiments. Motivated by our experiments,
most of the discussed examples consider only the traceless part
of the density matrix.

This paper is organized as follows. A brief summary of
the DROPS representation is presented in Sec. II. Our general
methodology for sampling spherical functions of multispin
operators is introduced in Sec. III, which also states the
main technical results for the Wigner tomography. Section IV
provides a physical interpretation of spherical functions in
terms of fictitious multipole potentials. The performed NMR
experiments are summarized in Sec. V, and Sec. VI discusses
the use of temporal averaging. The precise experimental
scheme and its implementation on a spectrometer are detailed
in Secs. VII and VIII. We conclude by summarizing and
discussing theoretical and experimental aspects, while also
contrasting our paper with other tomography approaches.
Further details are deferred to the Appendices.

II. VISUALIZATION OF OPERATORS
USING SPHERICAL FUNCTIONS

We summarize the approach of [30] to obtain a Wigner
representation of arbitrary operators A in coupled spin systems
using multiple spherical functions, which is based on a
general one-to-one mapping from spherical tensor operators

2469-9926/2017/96(6)/063413(14) 063413-1 ©2017 American Physical Society
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FIG. 1. (a) Three-spin operator A = I1z + I2x + I3y + 2I1xI2z +
I2xI3x + I2xI3y + I2xI3z + 2I1xI3x + 4I1xI2xI3x [16,41] visualized
using multiple spherical functions f (�) = f (�)(θ,φ), and individual
components A(�) of A mapped to f (�) and graphically visualized;
A∅ is here zero; trilinear labels “{123},τp” are shortened to “τp”.
(b) f {23} (box) decomposed into its 2j -multipole contributions f

{23}
j

with j ∈ {0,1,2} (monopole, dipole, and quadrupole). (c) f
{23}

1

(circle) decomposed into spherical harmonics of order m ∈ {−1,0,1};
Y1,−1 and Y1,1 are rainbow colored [42].

to spherical harmonics. An operator

A =
∑
�∈L

A(�) (1)

is decomposed according to a suitable set L of labels � (i.e.,
quantum numbers) inducing a bijective mapping between the
components A(�) and spherical functions f (�) = f (�)(θ,φ).
These spherical functions can be plotted together as seen in
the example of Fig. 1(a) where the corresponding mapping
is highlighted. This provides a pictorial representation of
the operator A, which conserves important properties and
symmetries depending on the chosen label set L.

The components A(�) and the spherical functions f (�) =
f (�)(θ,φ) can be further split up into their multipole con-
tributions A

(�)
j and f

(�)
j = f

(�)
j (θ,φ) depending on the ranks

j ∈ J (�) occurring for each label � as shown in Fig. 1(b), i.e.,

A(�) =
∑

j∈J (�)

A
(�)
j and f (�) =

∑
j∈J (�)

f
(�)
j . (2)

Finally, the rank-j multipole contributions [see Fig. 1(c)]

A
(�)
j =

j∑
m=−j

c
(�)
jmT

(�)
jm and f

(�)
j =

j∑
m=−j

c
(�)
jmYjm (3)

can be decomposed into components of irreducible spherical
tensor operators T

(�)
jm [32–37] and the corresponding spherical

harmonics Yjm [38,39] of order m with −j � m � j . Note the
identical expansion coefficients c

(�)
jm in Eq. (3). The dualism

in Eqs. (2) and (3) exploits the well-known correspondence
between irreducible tensor operators and spherical harmonics
[36,37]. In summary, an operator A is mapped to a set of
spherical functions f (�), each of which is referred to as a
droplet identified by �. The whole representation (and its
visualization) was introduced in [30] and is denoted as the
DROPS representation (discrete representation of operators
for spin systems), and it lends itself to interactively exploring
the dynamics of multispin systems, e.g., by use of the free
application [40].

The example presented in Fig. 1 uses one particular version
of this representation which relies on the LISA tensor operator
basis as defined in [30], which is characterized by the linearity
of the basis operators, the involved subsystem, and auxiliary
criteria, such as permutation symmetry. For coupled spins 1/2,
operators are first decomposed in this basis according to the
set of involved spins, e.g., one introduces the labels {k} and
{kl} for linear and bilinear operators acting on a subset of one
or two spins numbered by k and l, and so forth. Secondly, the
LISA basis for operators acting on three or more spins needs
to also distinguish symmetry properties under permutations,
i.e., combined labels such as “{klm},τp” are used, where the
permutation symmetry type τp is given by a Young tableau
[43]. Finally, further ad hoc labels are necessary for operators
involving six or more spins. Arbitrary operators of a coupled
spin system can be uniquely represented using this LISA
tensor operator basis. Additional details for the visualization
technique are given in [30] which also discusses alternative
labeling approaches for DROPS representations.

The presented Wigner representation can be applied to
general mixed quantum states as represented by the density
operator, and it is not limited to pure quantum states as given by
a state function. In fact, it can be used to represent arbitrary op-
erators of spin systems: examples include Hermitian operators
as Hamiltonians or density operators representing observables
as well as non-Hermitian operators such as propagators or
general quantum gates [30].

The Wigner representation using the LISA basis is partic-
ularly attractive for the visualization and analysis of quantum
states in magnetic resonance spectroscopy [16] and quantum
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information processing [44] and its properties have been
discussed in [30]:

(a) The location of the droplets informs about which and
how many spin operators are involved in a given quantum state
and what symmetries under particle exchange are present [see
Fig. 1(a)].

(b) The shape and colors of the droplets reflect spectroscop-
ically important properties. For example, states with defined
coherence order p [16] can be recognized by their axially
symmetric shape, and the magnitude as well as sign of the
coherence order p are represented by the number and direction
of “rainbows” per revolution around the z axis [see Figs. 5
and 6]. This also allows us to recognize characteristic states,
such as in-phase and antiphase coherences.

(c) Furthermore, our representation directly depicts infor-
mation about reduced density matrices and thereby conveys
information related to entanglement measures, which would
have to be first computed from the density-matrix description
via partial traces. In particular, the size of the droplets
corresponding to linear terms [positioned in the vertices of
the triangle in Fig. 1(a)] provides information on the amount
of bipartite entanglement measured by the concurrence (see
Sec. IV E in [30]). This is an example of the fact that relevant
information is often determined already by a subset of all
droplets in the LISA basis. The LISA basis thereby offers a
more structured picture than the density matrix, even though
the number of droplets grows rapidly with increasing number
of spins. However, as pointed out in [30], this number grows
less rapidly than the number of density-matrix elements.

(d) The droplets rotate under nonselective pulses in a natural
way. In combination with the characteristic droplet shapes, this
property makes it in many cases possible to design experiments
that transfer a given initial state into a desired target state
without detailed calculations. Beyond merely interpreting the
occurring characteristic shapes as a result of an abstract
mapping, it is interesting to ask whether they are connected to
experimentally measurable quantities.

III. SAMPLING SPHERICAL FUNCTIONS
OF MULTISPIN OPERATORS

We explain now how the shape of spherical functions
can be characterized by suitable chosen spherical samples.
This will be particularly relevant for spherical functions
representing spin operators as discussed in Sec. II for which
these spherical samples can be experimentally measured.
One obtains a reconstruction method for the quantum state
in terms of spherical functions. In the general case, the
associated rank-j components gj (θ,φ) of an arbitrary spher-
ical function g(θ,φ) are determined by its scalar prod-
uct with rotated versions RαβYj0(θ,φ) of axial spherical
harmonics Yj0(θ,φ), which have rank j and order zero.
Given two spherical functions h(θ,φ) and g(θ,φ), we recall
the definition of their scalar product 〈h(θ,φ)|g(θ,φ)〉L2 :=∫ π

θ=0

∫ 2π

φ=0 h∗(θ,φ) g(θ,φ) sin θ dθ dφ. The rotation operator
Rαβ acts on a spherical function h(θ,φ) by first rotating it
around the y axis by a polar angle β and then rotating the result
around the z axis by an azimuthal angle α, i.e., Rαβh(θ,φ) :=
h[R−1

αβ (θ,φ)] = h(θ−β,φ−α). After these preparations, the
mathematical result underpinning our reconstruction method

states that the value of the rank-j component gj (β,α) is
proportional to the scalar product of RαβYj0(θ,φ) with g(θ,φ).

Result 1. Consider a spherical function g(θ,φ) =∑
j gj (θ,φ). The rank-j components gj (β,α) for angles β

and α can be obtained from the scalar products

gj (β,α) = sj 〈RαβYj0(θ,φ)|g(θ,φ)〉L2 (4)

with sj := √
(2j+1)/(4π ).

Assuming that an operator A is represented by a set of
spherical functions f (�)(θ,φ), we can apply Result 1 by setting
g(θ,φ) := f (�)(θ,φ) for each label � separately. We extend
Result 1 such that the spherical rank-j components f

(�)
j (β,α)

can also be recovered by comparing the operator A directly
with rotated axial tensor operators RαβT

(�)
j0 . Consequently,

the values of the rank-j spherical components f
(�)
j (β,α) can

be experimentally measured for any combination of polar
angles β and azimuthal angles α. Here, RαβC := RαβCR−1

αβ

describes the rotation of an n-spin operator C where the
simultaneous rotation Rαβ = e−iαFze−iβFy of all spins is
defined using the total spin operators Fz = ∑n

k=1 Ikz and
Fy = ∑n

k=1 Iky [16,41]. We recall the scalar product 〈C|B〉 =
tr(C†B) for operators C and B as well as the definition of the
expectation value 〈B〉ρ = tr(ρB) of an operator B if the state
of the spin system is given by the density matrix ρ. Our result
for recovering rank-j droplet components of an operator can
now be stated as follows.

Result 2. Consider a multispin operator A which is
represented by a set of spherical functions f (�)(θ,φ) =∑

j∈J (�) f
(�)
j (θ,φ). For each label �, the rank-j component

f
(�)
j (β,α) can be experimentally measured for arbitrary angles

β and α via the scalar products

f
(�)
j (β,α) = sj

〈
RαβT

(�)
j0

∣∣A〉. (5)

If the density matrix ρ of a spin system can be prepared to be
identical to the operator A, the rank-j droplet components are
given by the expectation values

f
(�)
j (β,α) = sj

〈
RαβT

(�)
j0

〉
ρ
. (6)

The proofs of Results 1 and 2 are deferred to Appendices A
and B. Equation (6) implies that the rank-j droplet components
f

(�)
j (β,α) for a density matrix ρ can be calculated from the

expectation values of rotated axial tensor operators RαβT
(�)
j0 .

Result 2 shows that one can retrace the shapes of the
spherical functions f (�)(β,α) representing any operator that
can be mapped onto the density matrix if one experimentally
measures f (�)(β,α) for sufficiently many angles β and α.

IV. DROPLETS AS MULTIPOLE POTENTIALS

The methodology of Wigner tomography as presented in
Sec. III can be motivated by relating spherical functions to
physical multipole potentials. Section IV A details connections
to dipole potentials, which is then generalized to fictitious
multipole potentials in Sec. IV B. This allows us to interpret
the proposed Wigner tomography as measuring a fictitious
potential using axial multipole sensors (see Sec. IV C).
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FIG. 2. (a) Axial magnetization vector �Max and collinear axial
dipole vector �dax . (b) Corresponding dipole potential visualized on a
sphere, with magnitude and sign specified by brightness and color.
(c) Similar to panel (b), but with magnitude specified by the distance
from the origin. (d–f) Rotated nonaxial dipole �d [42].

A. Spherical functions and dipole potentials

The most direct physical interpretation of spherical func-
tions is found for Hermitian single-spin terms [16,41]

ρk = mxIkx + myIky + mzIkz (7)

of the density matrix with (possibly time-dependent) real
coefficients mx , my , and mz. The corresponding spherical
function f {k}(θ,φ) is now related to a magnetic dipole po-
tential. The operator ρk associated with spin k is interpreted as
a magnetization vector (or Bloch vector) �M = (mx,my,mz)T

the components of which are proportional to the expectation
values of the spin operators Ikx , Iky , and Ikz. An actual (time-
dependent) magnetic dipole �d ∝ �M creates a detectable signal
in an NMR experiment by inducing a voltage in a detection
coil. It is associated with a scalar dipole potential V1(�r) at
�r = |�r|(sin θ cos φ, sin θ sin φ, cos θ ), where θ and φ are polar
and azimuthal angles, respectively. At a constant distance |�r|
from the dipole, the potential V1(�r) is proportional to the scalar
product �d · �r [38]. In the case of an axial dipole �dax ∝ (0,0,1)T

oriented along the z axis, the dipole potential is proportional
to the axial spherical harmonic Y10(θ,φ) = √

3/(4π ) cos θ as
detailed in Figs. 2(a)–2(c). For a general dipole �d = Rαβ

�dax ∝
(sin β cos α, sin β sin α, cos β)T , the dipole potential V1(�r) ∝
RαβY10(θ,φ) is rotated accordingly as shown in Figs. 2(d)–2(f).
Recall that Rαβ denotes a rotation around the y axis by a polar
angle β followed by one around the z axis by an azimuthal
angle α.

A scalar dipole potential V1(�r) = V1(θ,φ) can be indicated
by its values on the surface of a sphere by encoding its sign by
the color and its magnitude by the brightness [see Figs. 2(b)
and 2(e)]. Alternatively, its magnitude can be represented by
the distance from the origin as in Figs. 2(c) and 2(f), where
dipole potentials are shown as a positive red (dark gray) sphere
and a negative green (light gray) one which touch each other
at the origin. This characteristic shape arises as V1(θ,φ) is
proportional to the projection of the dipole �d onto �r as depicted
in Fig. 3. Also, the vector from the center of the negative sphere
to the positive one is collinear with �d .

In summary, a single-spin axial spherical tensor operator
T

{k}
10 = √

2Ikz is mapped to the axial spherical harmonics

V1(
)

V1( )

d

FIG. 3. Slice of Fig. 2(f): dipole potential V1(�r) proportional to
scalar product �d · �r (projection of �d onto �r) due to Thales’ theorem,
and similar for �r ′; results are shown in positive red (dark gray) and
negative green (light gray) spheres in Fig. 2(f); for �{ �d,�r} > 90 deg,
the negative scalar product leads to the negative sphere.

Y10(θ,φ), and ρk from Eq. (7) is mapped to

f {k}(θ,φ) = | �M| RαβY10(θ,φ)/
√

2, (8)

where β = atan(mz/
√

m2
x + m2

y), α = atan(my/mx), and

| �M| =
√

m2
x + m2

y + m2
z . Although the direct correspondence

between spherical functions and actual physical dipole poten-
tials appears to be limited to the case of single-spin terms,
it suggests the following interpretation for other spherical
functions presented here.

B. Fictitious multipole potentials

Any spherical function f (�)(θ,φ) can be regarded as the
potential V (�)(�r) of a fictitious charge distribution σ (�)(�r)
localized in a small volume close to the origin, i.e., σ (�)(�r)
is nonzero only for |�r| � 1. At a radius of |�r| = 1, the
potential can be expressed as a sum V (�)(θ,φ) = ∑

j V
(�)
j (θ,φ)

of different 2j -pole potentials V
(�)
j (θ,φ). Although a large

number of multipole potentials might be required in general,
only a moderate number of components with different rank
j appear for up to three spins in the DROPS representation
of Sec. II [30]. Fictitious multipole potentials sufficient
to completely describe the potential V (�)(θ,φ) are detailed
in Table I: one has monopoles (20 = 1), dipoles (21 = 2),
quadrupoles (22 = 4), and octupoles (23 = 8). For a two-spin
droplet with label “{kl},” only ranks j of zero, one, and two
occur, which correspond to fictitious monopole, dipole, and
quadrupole potentials, whereas the fully symmetric three-spin
droplet with label “{123},τ1” has only rank-1 and rank-3
components associated with dipole and octupole terms.

C. Axial multipole sensors

Based on the provided interpretation of droplet functions as
fictitious multipole potentials, the results of Sec. III on how to
experimentally measure spherical functions of spin operators
can be mapped to the analogous problem of measuring an
unknown electrostatic potential. This analogy is complete for
Hermitian spin operators with real-valued spherical functions
[30]. Suppose we would like to determine an unknown
(real-valued) electrostatic potential V (θ,φ) at a radius |�r| = 1
that is created by an object located in the interior of a unit
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TABLE I. Number n of involved spins, components A(�) and f (�),
possible ranks j , rank-j contributions A

(�)
j and f

(�)
j , as well as 2j -pole

potentials V
(�)
j are listed for up to three spins 1/2 and all labels (�); k

and l indicate the involved spins [30].

n A(�) f (�) j A
(�)
j f

(�)
j 2j 2j pole V

(�)
j

0 A∅ f ∅ 0 A∅
0 f ∅

0 1 Monopole V ∅
0

1 A{k} f {k} 1 A
{k}
1 f

{k}
1 2 Dipole V

{k}
1

2 A{kl} f {kl} 0 A
{kl}
0 f

{kl}
0 1 Monopole V

{kl}
0

1 A
{kl}
1 f

{kl}
1 2 Dipole V

{kl}
1

2 A
{kl}
2 f

{kl}
2 4 Quadrupole V

{kl}
2

3 Aτ1 f τ1 1 A
τ1
1 f

τ1
1 2 Dipole V

τ1
1

3 A
τ1
3 f

τ1
3 8 Octupole V

τ1
3

Aτ2 f τ2 1 A
τ2
1 f

τ2
1 2 Dipole V

τ2
1

2 A
τ2
2 f

τ2
2 4 Quadrupole V

τ2
2

Aτ3 f τ3 1 A
τ3
1 f

τ3
1 2 Dipole V

τ3
1

2 A
τ3
2 f

τ3
2 4 Quadrupole V

τ3
2

Aτ4 f τ4 0 A
τ4
0 f

τ4
0 1 Monopole V

τ4
0

sphere. An electric point charge q at position �r in an electric
potential V (�r) has a potential energy Upot(�r) = qV (�r). Given
an electrostatic potential V (θ,φ), the electrostatic potential
energy of a (nonconducting) unit sphere with the surface
charge distribution σ (θ,φ) is given by

Upot(β,α) =
∫ π

θ=0

∫ 2π

φ=0
σ (θ,φ) V (θ,φ) sin θ dθ dφ, (9)

which is equivalent to Upot(β,α) = 〈σ (θ,φ)|V (θ,φ)〉L2 for
real-valued σ (θ,φ) as in Eq. (4) of Sec. III.

The 2j -pole components Vj (θ,φ) of an unknown multipole
potential V (θ,φ) can be sampled by a set of axial 2j -pole
sensors, each consisting of a charge distribution σj0(θ,φ)
proportional to the axial spherical harmonics Yj0(θ,φ). Each
individual sample Vj (β,α) can be determined using Eq. (9) by
measuring the potential energy

Vj (β,α) ∝ Upot(β,α) = 〈Rαβ σj0(θ,φ)|V (θ,φ)〉
of the axial 2j -pole sensor rotated by the polar angle β around
the y axis followed by a rotation by the azimuthal angle
α around the z axis. The full electrostatic 2j -pole potential
Vj (θ,φ) can be recovered by systematically incrementing β

and α. In summary, the analogy between real-valued spherical
functions and multipole potentials helps to better understand
our results of Sec. III on the measurement of spherical
functions. It can also be extended in a straightforward manner
to non-Hermitian spin operators by considering complex,
fictitious multipole potentials.

V. SUMMARY OF NMR EXPERIMENTS

Building on the previous sections, we demonstrate the
Wigner tomography of various prepared density-matrix com-
ponents in spin-1/2 systems using nuclear magnetic reso-
nance. Experimental details are deferred to Secs. VII and VIII
where the precise experimental scheme and its implementation
on a spectrometer are discussed. The experiments were
performed on one-, two-, and three-spin systems. The shapes

TABLE II. Root-mean-square error of the experimental recon-
struction for the prepared Cartesian product operators on one-, two-,
and three-spin systems; Iabc := I1aI2bI3c.

Spins Prod. op. Error Spins Prod. op. Error

1 Ix 0.0519 3 4Ixxx 0.0797
Iy 0.1187 4Iyyy 0.0509
Iz 0.0356 4Ixyz 0.0617

2 2I1xI2x 0.0173 4Ixyy 0.0395
2I1yI2y 0.0154 4Iyxy 0.0476
2I1zI2z 0.0850 4Iyyx 0.0954
2I1xI2y 0.0487 4Ixxy 0.0587
2I1yI2x 0.0152 4Ixyx 0.0638
2I1zI2x 0.0319 4Iyxx 0.0692

of the spherical functions are recovered for the prepared
Cartesian product operators listed in Table II, where also
their respective experimental reconstruction errors are given.
Experimental and theoretical results for the reconstruction
are visually compared for four examples in Fig. 4. For
the rightmost example of 4I1xI2yI3z in Fig. 4, multiple
droplets corresponding to different permutation symmetries
are necessary to completely describe the quantum operator, as
outlined in Sec. II (see Fig. 1 and [30]).

VI. TEMPORAL AVERAGING

Reusing our experimental data as summarized in Sec. V,
we can also highlight how temporal averaging [45] is used
to emulate the preparation of quantum operators. The direct
experimental preparation of Hermitian operators would be
also possible, but we have chosen temporal averaging for
its simplicity and convenience. The experimental values
are shown in Fig. 5, while the corresponding theoretical
predictions are given in Fig. 6. The Cartesian operators 2I1xI2x ,
2I1yI2y , 2I1xI2y , and 2I1yI2x had been sequentially measured

τ1

τ2

τ3

τ4

(a)

(b)

Iz I1zI2z I1zI2x Ixyz

FIG. 4. Spherical functions from (a) experiment and (b) theory;
Ixyz := I1xI2yI3z splits into f τ1 , f τ2 , f τ3 , and f τ4 (see Fig. 1) [42].
Further examples are shown in Figs. 5 and 6.
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= −

= +

DQx I1xI2x I1yI2y

DQy I1xI2y I1yI2x

= − − −

TQx Ixxx Ixyy Iyxy Iyyx

= +

= +

I+
1 I1x iI1y

I+
1 I+

2
DQx iDQy

= +

I+
1 I+

2 I+
3

TQx iTQy

(a)

(b)

(c)

FIG. 5. Temporal averaging: decomposition of (a) DQx [box,
see also panel (c)], DQy , and (b) TQx [f τ1 ellipse, see also panel
(c)], Iabc := I1aI2bI3c. (c) Non-Hermitian operators I+

1 , I+
1 I+

2 , and
I+

1 I+
2 I+

3 as complex linear combinations of Hermitian ones (see
Fig. 4).

and are now combined in Fig. 5(a) to form the double quantum
operators

DQx := I1xI2x − I1yI2y and DQy := I1xI2y + I1yI2x.

Their characteristic shapes reflect the fact that they have
coherence order |p| = 2 and are invariant under nonselective
rotations around the z axis by an integer multiple of 180 deg
[30]. This is in contrast to single-quantum operators such as
the linear operators Ix or Iy [see Fig. 5(c)] or the bilinear
operator 2I1zI2x (see Fig. 4) which are only invariant under
nonselective rotations around the z axis by an integer multiple
of 360 deg [16].

In general, |p|-quantum operators are invariant under
nonselective rotations around the z axis by an integer multiple
of 360/|p| deg, and their spherical functions illustrate this
symmetry. Figure 5(b) exemplifies the invariance under 120-
deg rotations around the z axis in the case of |p| = 3 for the
triple-quantum operator

TQx := I1xI2xI3x−I1xI2yI3y−I1yI2xI3y−I1yI2yI3x,

similar to the case of

TQy := I1yI2xI3x+I1xI2yI3x+I1xI2xI3y−I1yI2yI3y.

= −

= +

DQx I1xI2x I1yI2y

DQy I1xI2y I1yI2x

= − − −

TQx Ixxx Ixyy Iyxy Iyyx

= +

= +

= +

I+
1

I1x iI1y

I+
1 I+

2
DQx iDQy

I+
1 I+

2 I+
3

TQx iTQy

(a)

(b)

(c)

FIG. 6. Theoretical predictions corresponding to Fig. 5; Iabc :=
I1aI2bI3c.

Up to experimental imperfections, only the spherical function
f τ1 contributes to the operator TQx .

Finally, we also consider temporal averaging for non-
Hermitian operators which obviously cannot be directly pre-
pared in experiments (see also Sec. VII). Figure 5(c) presents
the non-Hermitian operators I+

1 = I1x + iI2y , I+
1 I+

2 =
DQx + i DQy , and I+

1 I+
2 I+

3 = TQx + i TQy . These operators
have the respective coherence orders p of 1, 2, and 3 which
results in donut-shaped spherical functions the colors of which
cycle through one, two, or three rainbows [30].

VII. WIGNER TOMOGRAPHY USING NMR

We complement our results in Sec. III and describe the
experimental scheme for an NMR-based implementation of
our Wigner tomography. Recall that Eq. (5) of Result 2
provides an approach for measuring an arbitrary operator.
This can be translated into the diagram of Fig. 7(a): The
operator A is decomposed into its components A

(�)
j which

are mapped by the Wigner transformation W to spherical
samples f

(�)
j (β,α). The spherical samples can be recovered

using Eq. (5). Very similarly, Fig. 7(b) depicts the equivalent
measurement procedure for density matrices which relies on
Eq. (6) of Result 2.

Before proceeding to the NMR-based scheme, it is impor-
tant to emphasize that only traceless operators can be measured
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A = A( )

j

A
( )
j

f
( )
j (β,α) = sj αβT

( )
j0 |A

W

(a)

A = ρ = ρ( )

j

ρ
( )
j

f
( )
j (β, α) = sj αβT

( )
j0 ρ

W

(b)

A = ρ = ρ( )

j

ρ
( )
j

f
( )
j (β, α) =

n
r
( )
j f

( )
j (β,α)

sj M
( )
j ˜̃ρ( )

˜̃ρ( )ρ̃

W

R−1
αβ U( )

j

(c)

A =
i
c(i)ρ(i)

ρ( )

j

ρ
( )
j

f
( )
j (β, α) =

n
r
( )
j f

( )
j (β, α)

sj M
( )
j ˜̃ρ( )

˜̃ρ( )ρ̃(i)

W

R−1
αβ U( )

j

(d)

FIG. 7. Sampling schemes for spherical functions using (a) scalar
products of rotated axial tensor operators and A [Result 2, Eq. (5)].
(b) Expectation values of rotated axial tensor operators w.r.t. ρ [Result
2, Eq. (6)]. (c) Experimentally measurable expectation values as in
panel (b) [Result 3, Eqs. (12)–(14)]. (d) Non-Hermitian operators
averaged as complex combinations of Hermitian terms ρ(i) [see
Eq. (15)]. The Wigner transformation W maps an operator to its
spherical function.

in NMR experiments [16], which rules out the identity
component of a density matrix. However, the traceless part
of a density matrix covers most of its important features, and
it is sufficient to calculate the time evolution and all relevant
expectation values. Hence, we will consider in the following
only the traceless part which is for simplicity also denoted by ρ.

Further complications arise from the fact that signatures of
Cartesian product operators [16] that contain only a single
transverse Cartesian operator Ika with a ∈ {x, y} can be
measured directly; examples are Ika , 2IkaIlz, and 4IkaIlzImz.
This complication can be resolved in two steps. First, any
traceless operator can be decomposed into (Hermitian) Carte-
sian product operators C

(�,n)
j . This decomposition of relevant

axial tensors

T
(�)
j0 =

∑
n

r
(�,n)
j C

(�,n)
j (10)

TABLE III. Axial tensor operators T
(�)
j0 and their decomposition

into Cartesian product operators C
(�,n)
j for three spins [30].

T
(�)
j0

∑
n r

(�,n)
j C

(�,n)
j

T
{k}

10

√
2Ikz

T
{kl}

00 (2IkxIlx + 2IkyIly + 2IkzIlz)/
√

3

T
{kl}

10 (2IkxIly − 2IkyIlx)/
√

2

T
{kl}

20 [−2IkxIlx − 2IkyIly + 2(2IkzIlz)]/
√

6

T
τ1

10

√
8(Ixxz+Ixzx+Izxx+Iyyz+Iyzy+Izyy+3Izzz)/

√
15

T
τ1

30 −2(Ixxz+Ixzx+Izxx+Iyyz+Iyzy+Izyy−2Izzz)/
√

5

T
τ2

10

√
2[−2(Ixxz+Iyyz)+Izxx+Ixzx+Izyy+Iyzy]/

√
3

T
τ2

20

√
2(Iyzx+Izyx−Ixzy−Izxy)

T
τ3

10

√
2(Izxx−Ixzx+Izyy−Iyzy)

T
τ3

20

√
2[−2(Ixyz−Iyxz)+Izxy−Ixzy+Iyzx−Izyx]/

√
3

T
τ4

00 2(Ixyz−Ixzy−Iyxz+Iyzx+Izxy−Izyx)/
√

3

with respect to real coefficients r
(�,n)
j is given in Table III.

For example, the axial tensor operator T
{k}

10 acting on the kth
spin decomposes directly into the Cartesian product operator
C

({k},1)
1 = Ikz with the coefficient r

({k},1)
1 = √

2.
Secondly, the Cartesian product operators have to be

transformed into NMR-measurable ones:

M
(�,n)
j = U (�,n)

j C
(�,n)
j := U

(�,n)
j C

(�,n)
j U

(�,n)†
j . (11)

The unitary operators U
(�,n)
j can be experimentally realized

using radio-frequency (rf) pulses and evolution periods under
couplings as discussed in Sec. VIII B and their explicit form
is detailed in Appendix D. Combining both steps leads to an
indirect approach for measuring spherical functions of density
operators, as schematically outlined in Fig. 7(c). The density
matrix is equivalently rotated inversely in contrast to Figs. 7(a)
and 7(b) where the axial tensor operator T

(�)
j0 is rotated. The

complete measurement scheme is formalized along the lines
of Result 2.

Result 3. Consider a density operator ρ which is represented
by a set of spherical functions f (�)(θ,φ) = ∑

j∈J (�) f
(�)
j (θ,φ).

For each label �, the rank-j component f
(�)
j (β,α) can be

measured for arbitrary angles β and α by determining the
expectation values

f
(�)
j (β,α) = sj

∑
n

r
(�,n)
j

〈
M

(�,n)
j

〉
˜̃ρ(�,j,n) (12)

of suitable operators M
(�,n)
j as in Eq. (11), where

˜̃ρ(�,j,n) = U (�,n)
j ρ̃ = U

(�,n)
j ρ̃ U

(�,n)†
j , (13)

ρ̃ = R−1
αβ ρ = R−1

αβ ρ Rαβ, (14)

and Rαβ = exp(−iα
∑n

k=1 Ikz) exp(−iβ
∑n

k=1 Iky).
A detailed derivation of Eq. (12) is provided in Appendix C.

In summary, the rank-j components f
(�)
j of spherical functions

f (�) representing the density matrix ρ can be sampled in
NMR experiments by transforming the density operator ρ

to the states ˜̃ρ(n) and then measuring a set of expectation
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values of suitable operators 〈M (�,n)
j 〉 ˜̃ρ(�,j,n) . The explicit form of

the Cartesian operators C
(�,n)
j , their NMR-measurable forms

M
(�,n)
j , and the transformations U

(�,n)
j for up to three spins is

given in Appendix D.
The approach of Result 3 can be extended to non-Hermitian

operators, even though these cannot be prepared directly in
an experiment. We apply temporal averaging [45] as already
discussed in Sec. VI. Any operator A can be expressed as
a complex linear combination A = ∑

i c
(i)ρ(i) of Hermitian

operators ρ(i). As the DROPS representation is linear, we can
sample the traceless part of any operator A using the spherical
functions

f
(�)
j (β,α) =

∑
i

c(i)f
(i,�)
j (β,α)

=
∑

i

c(i) sj

〈
RαβT

(�)
j0

〉
ρ(i)

=
∑

i

c(i) sj

∑
n

r
(�,n)
j

〈
M

(�,n)
j

〉
˜̃ρ(�,j,n,i) . (15)

In an experiment, temporal averaging of Hermitian oper-
ators ρ(i) can be implemented by sequentially measuring
spherical functions for each operator ρ(i) and linearly com-
bining the results f

(i,�)
j (β,α) = sj 〈RαβT

(�)
j0 〉ρ(i) = sj

∑
n r

(�,n)
j

〈M (�,n)
j 〉 ˜̃ρ(�,j,n,i) as illustrated in Fig. 7(d).

VIII. EXPERIMENTAL IMPLEMENTATION

After outlining the experimental scheme for Wigner to-
mography in Sec. VII, we present now the details for the
experimental implementation which results in the spherical
functions in Figs. 4 and 5. We start by describing the molecules
and experimental setting in Sec. VIII A. We continue in
Sec. VIII B with the experimental protocol, and we finally
discuss experimental errors in Sec. VIII C.

A. Molecules and experimental setting

In order to simplify the experiments, the linear and bilinear
Cartesian product operators have been prepared and measured
using respective single-spin and two-spin samples: The single-
spin sample was prepared by dissolving 5% H2O in D2O,
which resulted in a sample containing about 10% HDO, i.e.,
water molecules in which one of the 1H spins is replaced
by deuterium (2D) [see Fig. 8(a)]. In case of two spins, we
have used a 10% sample of chloroform dissolved in fully
deuterated DMSO-d6, where the 1H spin and the 13C spin of
each chloroform molecule form a system consisting of two
coupled heteronuclear spins 1/2 [see Fig. 8(b)]. A three-spin
sample consisting of 2-13C-2-fluoromalonic-acid-diethyl-ester
dissolved in CD3CN [see Fig. 8(c)] was utilized for the
preparation and reconstruction of trilinear operators. All liquid
samples were measured in 5-mm Shigemi NMR tubes at room
temperature (298 K) in a 14.1-T magnet using a Bruker Avance
III 600 spectrometer.

B. Experimental protocol

Our experimental protocol is composed of five main
building blocks (see Fig. 9). In the first block P , the desired
density operator ρ is prepared starting from the initial thermal

13C
CC

19F1H

OO

OO
C2H5C2H5

5.421 ppm

85.553 ppm

-196.288 ppm

-191.81Hz161.9 Hz

47.64 Hz

13C

19F1H

13C
ClCl

1HCl

217.36 Hz
1H 13C

8.214 ppm 79.476 ppm

O

2D1H

1H
4.680 ppm

)b()a(

(c)

FIG. 8. Molecules (a) HDO, (b) chloroform, and (c) 2-13C-
2-fluoromalonic-acid-diethyl-ester used in experiments with their
schematic spin systems and coupling topologies; individual spins
are labeled by chemical shifts (in parts per million); heteronuclear J

couplings (lines) are labeled by coupling constants Jkl (in hertz).

equilibrium density operator which in the high-temperature
limit is proportional to [16] ρth = ∑N

k=1 γkIkz, where γk

denotes the gyromagnetic ratio of the kth nuclear spin.
This requires unitary transformations which are created by
pulses and evolution periods under the effect of couplings
and frequency offsets as well as nonunitary transformations
which are implemented by pulsed magnetic-field gradients.
The explicit pulse sequences are discussed in Appendix D.

ρth ρ ρ̃ ˜̃ρ( )

P

Table IV

R−1
αrβr

U( )
j

Table V

Acq RD

M
( )
j f

( )
j f( ) f( )

increment αloop E

increment βloop D

increment nloop C

increment jloop B

incrementloop A

FIG. 9. Tomography scheme proposed by Result 3; note that
〈M (�,j,n)

j 〉 := 〈M (�,j,n)
j 〉 ˜̃ρ(�,j,n) .
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Table II in Sec. V summarizes all the different Cartesian
product operators which have been experimentally prepared.

The second block consists of the rotation R−1
αrβr

which
rotates the prepared density operator ρ into ρ̃ in order to
probe the corresponding spherical functions f

(�)
j (βr,αr ) for

different polar angles βr and azimuthal angles αr using axial
tensor operators, i.e., axial multipole sensors, (see Result 3).
The rotation R−1

αrβr
is implemented by rf pulses [βr ]αr−π/2 with

flip angle βr and phase (αr − π/2) which are simultaneously
applied to all spins.

The unitary transformations U (�,n)
j [see Eq. (13) of Result 3]

are applied in the third block in order to transform the density
matrix ρ̃ into directly detectable Cartesian product operators
for the various linear, bilinear, and trilinear operators (see
Table III in Sec. VII). The specific experimental implementa-
tion of the unitary transformations U (�,n)

j consists of rf pulses
with flip angle π/2 as detailed in Appendix D.

In the fourth block, the NMR signal is measured in an
acquisition period Acq which has a duration of 5.7 ms (one
spin), 11.4 ms (two spins), and 14.9 ms (three spins). In the last
block, a relaxation delay RD with a duration of 7 s (one spin),
10 s (two spins), and 15 s (three spins) recovers the initial
equilibrium state ρth,

In the tomography experiment, all blocks are repeated mul-
tiple times (see Fig. 9). The outer loop A runs over all possible
droplets � ∈ L. Loop B runs over all ranks j contributing to
the droplet �. Loop C cycles through all Cartesian product
operators C

(�,n)
j [see Eq. (10)] appearing in the decomposition

of the axial tensor operator T
(�)
j0 (see Table III in Sec. VII).

Finally, the discretized angles βr ∈ {0,15,30, . . . ,180} and
αr ∈ {0,15,30, . . . ,360} (both in degrees) are incremented in
the innermost loops D and E. Although not explicitly indicated
in Fig. 9, one further loop is necessary for a temporal averaging
scheme [see Eq. (15)].

The whole protocol allows us to determine expectation
values 〈M (�,n)

j 〉 ˜̃ρ(�,j,n) , which are normalized and range be-
tween 1 and −1. As illustrated in Fig. 10, the spher-
ical functions f (�)(θ,φ) can be reconstructed by plot-
ting the spherical samples f (�)(βr,αr ) for all angles βr ∈
{0, . . . ,180} and αr ∈ {0, . . . ,360} (both in degrees) at a
distance |f (�)(βr,αr )| from the origin. The phase ϕ(�)(βr,αr ) =
atan(Im{f (�)(βr,αr )}/Re{f (�)(βr,αr )}) is color coded. For
example, the spherical function of the Hermitian operator I1x is
given by a real function, and the positive and negative values
of f (�)(θ,φ) are indicated by the colors red (dark gray) and
green (light gray), respectively.

C. Experimental errors

A reasonable match between the experimentally recon-
structed and theoretical predicted spherical functions is found
in Figs. 4–6. Deviations are attributed to experimental imper-
fections, such as the finite experimental signal-to-noise ratio,
finite accuracy of pulse calibration, B0 and B1 inhomogeneity
[16,46], pulse shape distortions due to the amplifiers and
the finite bandwidth of the resonator [47], relaxation losses
during the preparation and detection blocks, partial saturation
of the signal due to a finite relaxation period between scans,
radiation damping effects [48], and truncation effects in the

FIG. 10. Reconstruction of a spherical function from experimen-
tal samples f (�)(βr,αr ). (a) Samples (crosses) with different polar
angles βr ∈ {0,180} in degrees (circles colored by latitude) and
phases αr ∈ {0,360} in degrees acquired using rf pulses [βr ]αr -π/2.
(b) Predicted expectation values 〈M (1,1)

1 〉 ˜̃ρ(�,j,n) = 〈I1x〉 depending on
a discrete set of polar angles β ∈ {0,15, . . . ,180} in degrees and a
continuous set of azimuthal angles α. (c) Smooth surface interpolated
from individual samples with distance from the origin given by
f (�)(βr,αr ), the phase of which determines the color of the surface
(see Fig. 1).

automated integration and comparison of the spectra. We
quantify these deviations by the root-mean-square difference
between experiment and theory averaged over all measured
angles βr and αr . The resulting errors for the prepared and
measured Cartesian product operators are summarized in
Table II of Sec. VII. In order to minimize the effects of field
inhomogeneities, Shigemi tubes were used in the experiments
in order to reduce the sample volume. We have tested replacing
the simple rectangular pulses [βr ]αr−π/2 in the implementation
of the rotations R−1

αrβr
with composite pulses [49], which,

however, did not result in an improved performance.

IX. CONCLUSION

We have theoretically developed and experimentally
demonstrated a Wigner tomography scheme the mapping of
which between multispin operators and spherical functions is
based on [30]. Our approach reconstructs the relevant spherical
functions by measuring expectation values of rotated axial
tensor operators, i.e., axial multipole sensors. It is universally
applicable and not restricted to NMR methodologies or par-
ticles with spin 1/2. A reasonable match between theoretical
predictions and NMR experiments was found.

Our theoretical analysis provides a simple physical in-
terpretation of the individual spherical functions in terms
of fictitious multipole potentials which can be sampled
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locally. The objective was to experimentally recover the
three-dimensional shapes of the spherical functions for each
of the prepared operators. In particular, we have not used
any a priori information on what shapes to expect. A large
number of sampling points is necessary to recover the shapes
in sufficient detail. As the simple rectangular grid of sampling
points in the space of polar and azimuthal angles used
here is highly anisotropic (i.e., more densely concentrated
at the poles), a straightforward improvement is to choose
more isotropic sampling strategies such as Lebedev grids
[50–52]. Moreover, one could use interpolation methods or
even adaptive sampling schemes which increase the sampling
density in areas where the spherical function varies more
strongly. A more quantitative analysis of the complexity of
our proposed tomography approach in terms of the number
of individual measurements could rely first on a detailed
empirical account on how the precision measured by the
fidelity depends on the sampling strategy and its density. From
the theoretical side, it is clear that the number of measurements
for any complete tomography of a quantum state will scale
exponentially in the number of qubits (or spins). However,
relevant information can be reconstructed in our approach even
from a subset of the droplets as discussed under (c) in Sec. II.
A more accurate understanding of concrete sampling schemes
and their optimization building on our reconstruction method
will have to be addressed in future work.

Beyond the optical tomographic methods mentioned at the
start of the introduction, tomographic approaches play obvi-
ously an important part in almost any experiment in quantum
information or quantum physics in general. We will now
shortly discuss some selected results from the literature. The
proposed reconstruction procedure for spherical functions can
be directly extended to other types of spherical representations
such as multipole operators [30] or the so-called PROPS
representation which is based on products of single-spin
representations [53]. Our scheme can also be compared to
[54], which introduces Wigner functions built from products
of single-spin representations, and a corresponding raster scan
method in [55] utilizes the probability to find the rotated
system in each of the basis states of a Stern-Gerlach-type
experiment. In [56], a similar tomographic method based
on filtered back projections (in analogy to planar inverse
Radon transforms used, e.g., in medical imaging) is used in
Stern-Gerlach-type experiments. However, complementary to
these tomographic reconstruction schemes for density matrices
relying on Stern-Gerlach-type experiments, our scheme is
based on projections of operators onto rotated axial tensor
operators or experimentally accessible expectation values
of transformed axial tensor operators. The measurement of
spherical harmonics components of electromagnetic near-field
radiation using specifically designed loop antennas as sensors
[57–59] is closely related to our interpretation of droplets as
multipole potentials (see Sec. IV).

Further tomographic approaches have been established in
[60,61] with applications to molecular systems. In those works,
the quantum state given as the wave functions of an excited
state is obtained by decomposing the wave function in a series
of basis functions and the expansion coefficients are acquired
by calculating a set of Fourier integrals from the detected
signal. Also, the wave packet is reconstructed in [62] by

computing the overlap of the state with well-defined reference
states for different time intervals.

We want to also contrast our Wigner tomography approach
to the so-called spherical tensor analysis (STA) method
developed by Suter and Pearson [63] and van Beek et al. [49].
Both Wigner tomography and STA experiments have a similar
structure. First, a preparation block (called an excitation
sequence in STA) is used to prepare a density operator. In
a second step, rotations around several axes are applied in a
rotation block. Finally, the density matrix is transformed (by
a reconversion sequence in STA) into a detectable basis and
the signal is detected during an acquisition period. Despite
these similarities and the fact that both methods are based on
characteristic properties of spherical tensor operators under
rotations, the desired data and therefore also the details of the
experiments differ considerably. The goal of STA is not to
measure a density operator represented by spherical functions,
but to decompose the detectable signal at a later time into
individual signal components depending on occurring ranks
j and orders m in the current density matrix. In the standard
form of STA [49,63], the detected signal of a density matrix
is not characterized or decomposed in terms of additional
quantum numbers or labels �. While a single reconversion
sequence is used in STA, different pulse sequences are applied
in the Wigner tomography in order to transform operators to
directly detectable ones [see Figs. 7(c) and 7(d) and Table V].
As a final difference, a rotation block in STA uses rotations
for three Euler angles α, β, and γ , whereas in the Wigner
tomography only two Euler angles α and β are necessary.

Lastly, our Wigner tomography can be seen as a stepping
stone along the path to identifying and characterizing operators
in terms of expansion coefficients for a suitable chosen basis.
One can consider various different bases such as simple
matrix coefficients, a spherical tensor basis [30,63] (as the
one used here), or a Cartesian product basis [16,45,64–66].
In this context of quantum state tomography, the shapes
of spherical functions recovered in the Wigner tomography
clearly contain highly redundant information, but they also
provide information about random or systematic errors of
the tomography process itself. One can also envision Wigner
tomography as a component of a more general approach
where one would like to optimize the number and location of
samples for achieving a desired fidelity and robustness against
experimental errors [67,68], or recover a physical density
matrix and estimate experimental errors (see, e.g., [69–75]
and references therein).
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APPENDIX A: PROOF OF RESULT 1

We detail now the arguments leading to our reconstruction
formula for a spherical function g(θ,φ) as stated in Result 1.
This result relies on projections of rotated spherical harmonics.
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We use the notation introduced in Sec. III. The angles θ

and φ indicate generic argument values of a spherical function
g(θ,φ), but the angles β and α refer to specific argument values.
First, the right-hand side sj 〈RαβYj0(θ,φ)|g(θ,φ)〉L2 of Eq. (4)
in Result 1 is rewritten as sj 〈RαβYj0(θ,φ)|gj (θ,φ)〉L2 , where
the familiar orthogonality relation 〈Yjm(θ,φ)|Yj ′m′ (θ,φ)〉L2 =
δjj ′δmm′ of spherical harmonics (see p. 68 of [35]) im-
plies the relation 〈gj (θ,φ)|gj ′(θ,φ)〉L2 = δjj ′ for the rank-j
parts gj (θ,φ) in the decomposition g(θ,φ) = ∑

j gj (θ,φ).
Second, one obtains that sj 〈RαβYj0(θ,φ)|gj (θ,φ)〉L2 =
sj 〈Yj0(θ,φ)|R−1

αβ gj (θ,φ)〉L2 holds, which can be de-
duced from the invariance 〈RαβYjm(θ,φ)|RαβYj ′m′ (θ,φ)〉L2 =
〈Yjm(θ,φ)|Yj ′m′(θ,φ)〉L2 under rotations. The last rela-
tion is easily verified using the formula RαβYjm(θ,φ) =
Yjm(θ−β,φ−α) and a change of variables in the in-
tegral defining the scalar product (see Sec. III). Fi-
nally, R−1

αβ gj (θ,φ) is expanded into a linear combination∑j

m′=−j cjm′ (α,β)Yjm′(θ,φ) of spherical harmonics [76]. It
follows that the right-hand side of Eq. (4) is given by
sj 〈Yj0(θ,φ)| ∑j

m′=−j cjm′ (α,β)Yjm′ (θ,φ)〉L2 = sj cj0(α,β).
Similarly, the left-hand side of Eq. (4) is transformed

into gj (β,α) = R−1
αβ gj (0,0) = ∑j

m′=−j cjm′ (α,β)Yjm′(0,0) =
sj cj0(α,β), where the formula Yjm′(0,φ) = sj δm′0 (see p. 16 of
[77]) has been applied. In summary, we have verified that both
sides of Eq. (4) agree, which completes the proof of Result 1.

APPENDIX B: PROOF OF RESULT 2

In this Appendix, we demonstrate the tomography formula
as given in Result 2 for an operator A by applying the

TABLE IV. Sequences to prepare the density matrix ρ from the
thermal equilibrium state ρth; note Iabc := I1aI2bI3c.

No. of spins Sequence ρ

1 [ π

2 ]y(I1) Ix

[ π

2 ]−x(I1) Iy

identity operation (do nothing) Iz

2 Pbil
x -[ π

2 ]y(I2) 2I1xI2x

Pbil
y -[ π

2 ]−x(I2) 2I1yI2y

Pbil
x -[ π

2 ]−y(I1) 2I1zI2z

Pbil
x -[ π

2 ]−x(I2) 2I1xI2y

Pbil
y -[ π

2 ]y(I2) 2I1yI2x

Pbil
x -[ π

2 ]y(I1)-[ π

2 ]−y(I2) 2I1zI2x

3 P tril
x -[ π

2 ]y(I2)-[ π

2 ]y(I3) 4Ixxx

P tril
x -[ π

2 ]−y(I1)-[ π

2 ]−x(I1)-[π

2 ]−x(I2)-[π

2 ]−x(I3) 4Iyyy

P tril
x -[ π

2 ]−x(I2)-[ π

2 ]−x(I3) 4Ixyy

P tril
x -[ π

2 ]−y(I1)-[ π

2 ]−x(I1)-[ π

2 ]y(I2)-[ π

2 ]−x(I3) 4Iyxy

P tril
x -[ π

2 ]−y(I1)-[ π

2 ]−x(I1)-[ π

2 ]−x(I2)-[ π

2 ]y(I3) 4Iyyx

P tril
x -[ π

2 ]y(I2)-[ π

2 ]−x(I3) 4Ixxy

P tril
x -[ π

2 ]−x(I2)-[ π

2 ]y(I3) 4Ixyx

P tril
x -[ π

2 ]−y(I1)-[ π

2 ]−x(I1)-[ π

2 ]y(I2)-[ π

2 ]y(I3) 4Iyxx

P tril
x -[ π

2 ]−x(I2) 4Ixyz

reconstruction formula of Result 1. The proof relies on
mapping A to (a set of) spherical functions f (�)(θ,φ) as detailed
in Sec. II.

TABLE V. Cartesian product operators C
(�,n)
j with NMR-

measurable operators M
(�,n)
j used in the experiments; note Iabc :=

I1aI2bI3c.

� j n C
(�,n)
j M

(�,n)
j

{k} 1 1 Ikz Ikx

{kl} 0,2 1 2IkxIlx 2IkxIlz

2 2IkyIly 2IkyIlz

3 2IkzIlz 2IkyIlz

1 1 2IkxIly 2IkxIlz

2 2IkyIlx 2IkyIlz

τ1 1,3 1 4Ixxz 4Ixzz

2 4Ixzx 4Ixzz

3 4Iyyz 4Iyzz

4 4Iyzy 4Iyzz

5 4Izxx 4Ixzz

6 4Izyy 4Ixzz

7 Izzz 4Ixzz

τ2 1 1 4Ixxz 4Ixzz

2 4Ixzx 4Ixzz

3 4Iyyz 4Iyzz

4 4Iyzy 4Iyzz

5 4Izxx 4Ixzz

6 4Izyy 4Ixzz

� j n C
(�,n)
j M

(�,n)
j

τ2 2 1 4Ixzy 4Ixzz

2 4Iyzx 4Iyzz

3 4Izxy 4Ixzz

4 4Izyx 4Ixzz

τ3 1 1 4Ixzx 4Ixzz

2 4Iyzy 4Iyzz

3 4Izxx 4Ixzz

4 4Izyy 4Ixzz

2 1 4Ixyz 4Ixzz

2 4Ixzy 4Ixzz

3 4Iyxz 4Iyzz

4 4Iyzx 4Iyzz

5 4Izxy 4Ixzz

6 4Izyx 4Ixzz

τ4 0 1 4Ixyz 4Ixzz

2 4Ixzy 4Ixzz

3 4Iyxz 4Iyzz

4 4Iyzx 4Iyzz

5 4Izxy 4Ixzz

6 4Izyx 4Ixzz
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By substituting g(θ,φ) with f (�)(θ,φ) in Result 1 for
each label � separately, one obtains that f

(�)
j (β,α) =

sj 〈RαβYj0(θ,φ)|f (�)(θ,φ)〉L2 . Note that 〈A(�)|B(�)〉 =
〈f (�)

A |f (�)
B 〉L2 for the spherical functions f

(�)
A and f

(�)
B

corresponding to the operators A and B, which can easily
be verified by expanding the arguments into tensor operators
and spherical harmonics and applying their orthonormality
relations. Moreover, the correspondence between operators
and spherical functions is covariant under rotations (see
Proposition 1(d) in [30]), i.e., the operator RαβT

(�)
j0 is mapped

to RαβYj0(θ,φ) [78]. The last two statements imply that
f

(�)
j (β,α) = sj 〈RαβT

(�)
j0 |A(�)〉 = sj 〈RαβT

(�)
j0 |A〉, where the

last step follows as 〈A(�)|A(�′)〉 = 0 if � �= �′ (which is a
consequence of the orthonormality of the tensor operators
T

(�)
jm ). This completes the proof of Eq. (5) in Result 2, and

Eq. (6) is then a direct consequence due to the fact that
RαβT

(�)
j0 = [RαβT

(�)
j0 ]† is Hermitian.

APPENDIX C: DERIVATION OF EQ. (12)

Here, we derive the formula of Eq. (12) given in Result 3
starting from Result 2. In standard NMR experiments, only the
signatures of Cartesian product operators [16] that contain a
single transverse Cartesian operator Ika with a ∈ {x, y} (such
as Ika , 2IkaIlz, and 4IkaIlzImz) can be measured directly, and
hence the expectation values of axial operators T

(�)
j0 are not di-

rectly accessible. Nevertheless, these expectation values can be
measured indirectly since the operators T

(�)
j0 = ∑

n r
(�,n)
j C

(�,n)
j

can always be expressed as real linear combinations of
(Hermitian) standard Cartesian product operators C

(�,n)
j [16].

Thus, the tomography formula of Eq. (12) can be rewrit-
ten as f

(�)
j (β,α) = sj

∑
n r

(�,n)
j 〈RαβC

(�,n)
j 〉ρ . One obtains that

f
(�)
j (β,α) = sj

∑
n r

(�,n)
j Tr{C(�,n)

j ρ̃} where ρ̃ := R
†
αβρRαβ by

exploiting the action RαβC
(�,n)
j = RαβC

(�,n)
j R

†
αβ via the

operator Rαβ := exp(−iα
∑n

k=1 Ikz) exp(−iβ
∑n

k=1 Iky) and
the fact that the trace is invariant under cyclic permuta-
tions. The operators C

(�,n)
j can be transformed into mea-

surable operators M
(�,n)
j = U

(�,n)
j C

(�,n)
j U

(�,n)†
j with unitary

transformations U
(�,n)
j , which can be realized experimen-

tally using radio-frequency pulses and coupling evolutions.
Hence, the formula of Eq. (12) is given by f

(�)
j (β,α) =

sj

∑
n r

(�,n)
j Tr{M (�,n)

j
˜̃ρ(�,j,n)}, where immaterial cyclic per-

mutations of the trace have again been applied and where
˜̃ρ(�,j,n) := U

(�,n)
j ρ̃U

(�,n)†
j . Finally, the definition of the expec-

tation value yields f
(�)
j (β,α) = sj

∑
n r

(�,n)
j 〈M (�,n)

j 〉 ˜̃ρ(�,j,n) .

APPENDIX D: PREPARATION
AND DETECTION SEQUENCES

We detail the explicit form of the preparation and detection
sequences used in the experiments in order to demonstrate
our Wigner tomography. We denote a pulse with flip angle β

and phase α that is applied to spin k by [β]α(Ik). Similarly,
[β]α(Ik,Il) specifies two pulses both of flip angle β and phase
α that are simultaneously applied to spins k and l. We also use
the notation Pbil

x,y = [π
2 ]y(I2)-G-[π

2 ]x,y(I1)-ta-[π ]y,x(I1,I2)-ta
which represents a pulse sequence which is read from
left to right. Here, G represents a pulsed magnetic field
gradient that dephases all present transverse spin operators
and ta refers to a time delay of length 1/(4J12), where
J12 is the coupling constant between the first and second
spin. The pulse sequences Pbil

x and Pbil
y create from Iz the

bilinear product operators 2I1xI2z and 2I1yI2z, respectively.
Moreover, the trilinear product operator 4Ixzz := 4I1xI2zI3z

is obtained from Iz by applying the pulse sequence P tril
x =

[π
2 ]y(I2,I3)-G-[π

2 ]y(I1)-tb-[π ]y(I1,I3)-tc-[π ]y(I2)-td where
the time delays are tb = 1/(4J13), tc = 1/(4J13) − 1/(4J12),
and td = 1/(4J12). Using these notations, the preparation
sequences are given in Table IV.

For the detection, the Cartesian product operators C
(�,n)
j

have to be rotated into NMR-measurable operators M
(�,n)
j .

The relevant pairs of operators C
(�,n)
j and M

(�,n)
j are provided

in Table V. The rotation pulse sequences are easily inferred,
e.g., one uses the pulse [π/2]y(Ik) in order to rotate Ikz

into Ikx . Similarly, [π/2]−y(Ik), [π/2]x(Ik), and [π/2]−x(Ik)
rotate, respectively, Ikx , Iky , and Ikz into Ikz, Ikz, and Iky . For
example, 4Izxy is rotated into 4Ixzz using the pulse sequence
[π

2 ]x(I3)-[π
2 ]−y(I2)-[π

2 ]y(I1).
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ory of Wigner-D matrices [35,77] where D
j

m′m(α,β,γ ) =
〈Yjm′ (θ,φ)|Rαβγ Yjm(θ,φ)〉L2 (see pp. 41 and 276 of [35]) and
D

j

m′m(α,β,γ ) = 〈T (�)
jm′ |Rαβγ T

(�)
jm 〉 (see p. 45 of [35]). Here,

Rαβγ C := Rαβγ CR−1
αβγ with Rαβγ := e−iαFz e−iβFy e−iγ Fz (see

Sec. III where Rαβ = Rαβ0).
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Summary and contribution to this manuscript:
In this work, the tomography of time evolution operators, the so-called propagators, is studied
for spin systems in the DROPS representation, which completely characterize and visualize
operators using shapes assembled from linear combinations of spherical harmonics. It builds on
and extends the methodology of the previous work ”Wigner tomography of multispin quantum
states”. Propagators of a N spin 1/2 system are imprinted to the density matrix of an aug-
mented system with an additional ancilla qubit. This can be achieved by applying a sequence
of pulses generating a controlled version of the propagator which then transfers the original
propagator to the off-diagonal elements of the density operator of the augmented system. A
modified version of the Wigner tomography method introduced in ”Wigner tomography of
multispin quantum states” can then be applied to obtain the spherical functions for the prop-
agator. This idea was proposed by Steffen Glaser. An experimental and generally applicable
protocol was derived by David Leiner which was then tailored to NMR techniques. That is,
a general procedure to reconstruct spherical functions representing propagators is to prepare
a controlled propagator which is used to imprint the original propagator to the state of the
augmented system, and then measure sets of expectation values of product operators for differ-
ent azimuthal and polar angles. This approach is in particular useful to conveniently visualize
the spinor properties for spins 1/2. The methodology was experimentally tested using NMR
methods by reconstructing various propagators which represent prominent one-qubit gates such
as a NOT gate, a

√
NOT gate, a Hadamard gate, different phase-gates, and rotations around

69

https://link.aps.org/doi/10.1103/PhysRevA.98.012112


B Wigner process tomography: Visualization of spin propagators and their spinor properties

the x-axis. The experimental reconstruction procedure is demonstrated using a simple scheme
with equidistant steps of azimuthal and polar angles. These experiments were done by David
Leiner. We used chloroform as a two-spin model system for the experiments. The paper is
concluded by a comprehensive discussion comparing our approach in particular to existing re-
construction schemes in literature. An extensive appendix complements the paper including
an illustrative example for this methodology for the case of a single spin 1/2 and an analysis
of propagator errors in the DROPS representation which provides information about specific
error types corresponding to the type of deviations of droplets from their ideal shapes. Simula-
tions were carried out by David Leiner to compare the experimental results with the theory. A
reasonable match between the theoretical predicted and experimentally reconstructed spherical
functions is obtained. Deviations are attributed to experimental imperfections such as B0 and
B1 inhomogeneities, finite accuracy of pulse calibration, and relaxation losses. The manuscript
in its original form was also written by David Leiner and revised by Steffen Glaser.
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Wigner process tomography: Visualization of spin propagators and their spinor properties
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(Received 29 March 2018; revised manuscript received 23 May 2018; published 10 July 2018)

We study the tomography of propagators for spin systems in the context of finite-dimensional Wigner
representations, which completely characterize and visualize operators using shapes assembled from linear
combinations of spherical harmonics. The Wigner representation of a propagator can be experimentally recovered
by measuring expectation values of rotated axial spherical tensor operators in an augmented system with an
additional ancilla qubit. The methodology is experimentally demonstrated for standard one-qubit quantum gates
using nuclear magnetic resonance spectroscopy. In particular, this approach provides a direct and compelling
visualization of the spinor property of the propagators corresponding to the rotation of a spin-1/2 particle.

DOI: 10.1103/PhysRevA.98.012112

I. INTRODUCTION

Phase-space representations provide useful tools for the
characterization and visualization of quantum systems [1–3].
Here we consider continuous Wigner representations of in-
dividual [4,5] and coupled [6–8] spin systems. In particular,
we focus on the so-called DROPS (discrete representation
of operators for spin systems) representation [6,9], which
provides an intuitive visualization of the states and opera-
tors of coupled spin systems, reflecting physically relevant
properties, such as symmetries with respect to rotations and
permutations of spins. The DROPS representation has also
been implemented in a free, interactive application software
[10,11]. Following the general strategy of Stratonovich [4],
which specifies criteria for the definition of continuous Wigner
functions for finite-dimensional quantum systems, the DROPS
representation is based on a mapping of arbitrary operators to
a set of spherical functions which are denoted as droplets. In
particular, as illustrated in [6,12], the DROPS representation
is also applicable to propagators and not limited to density
operators.

We recently studied an experimental quantum state tomog-
raphy scheme to scan generalized Wigner representations of
the density operator for arbitrary multispin quantum states
[9]. We also provided explicit experimental protocols for our
Wigner tomography scheme and demonstrated its feasibility
using nuclear magnetic resonance (NMR) experiments.

In contrast to state tomography, where the purpose is
to characterize the state of a system, the aim of process
tomography [13–18] is to fully characterize a quantum process
that can be applied to arbitrary states. In the standard process
tomography scheme, a set of defined input states is prepared
and the output of the unknown quantum process is measured.
In general, a quantum process can be described by a completely
positive map [19]. In the special case of closed quantum
systems with negligible relaxation, quantum processes are

*david.leiner@tum.de
†steffen.glaser@tum.de

characterized by a unitary time evolution operator, the so-
called propagator.

In this work we ask whether our earlier approach [9] for
the tomography of the Wigner representation of quantum
states can be extended to experimentally scan the Wigner
representation of propagators. This would lead to an alternative
form of (Wigner) process tomography for the characterization
of pulse sequence elements or entire pulse sequences in spec-
troscopy and in quantum information processing (quantum
gates, quantum algorithms). The idea is to imprint a given
propagator onto the density operator ρ and to use a variant
of the scanning scheme introduced in [9] to reconstruct the
Wigner representation of these propagators. We will focus on
systems consisting of spins 1/2, even though our approach
is applicable to arbitrary spin systems. Additionally, explicit
experimental protocols for our Wigner tomography scheme are
provided and experimentally demonstrated using methods of
NMR.

The proposed Wigner tomography of propagators also
provides a direct way to visualize the spinor properties of
spin-1/2 rotation operators. Following [20], a spinor is defined
as a mathematical entity that changes its sign under a 2π

rotation. As discussed in [20], the propagators for the rotations
of half-integer spins are spinors and a direct consequence of
this property is that also the state vectors of half-integer spins
are spinors. Previous works regarding the measurement of
the spinor property of state vectors were based on neutron
interferometry [21–24] and also NMR spectroscopy [25–27].
However, to our knowledge the underlying spinor property of
entire propagators has so far not explicitly been demonstrated.
As shown in the following, this property can be directly visual-
ized by observing the sign change of the Wigner representation
of rotation propagators.

The paper is organized as follows. An overview of the repre-
sentation and visualization method for coupled spin systems is
given in Sec. II. A brief summary of the scanning approach [9]
for the Wigner function of the density operator is presented in
Sec. III. The generalized methodology for sampling spherical
functions representing the Wigner function of propagators is
introduced in Sec. IV, which also states the main technical

2469-9926/2018/98(1)/012112(16) 012112-1 ©2018 American Physical Society
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results. The experimental protocol and its implementation
on an NMR spectrometer are detailed in Secs. V and VI.
The results of the NMR experiments are summarized in Sec.
VII. We conclude in Secs. VIII and IX by summarizing and
discussing theoretical and experimental aspects and with an
outlook on possible extensions of the presented approach.
Further technical details and illustrative examples are deferred
to the Appendix.

II. VISUALIZATION OF OPERATORS USING
SPHERICAL FUNCTIONS

For a system consisting of a single spin, any spin operator
can be mapped bijectively to a single (in general complex)
spherical function using the Wigner representation [4,6]. This
is achieved by expressing the operator as a linear combination
of spherical tensor operators and mapping the spherical tensor
operators to the corresponding spherical harmonics [4]. For a
system of coupled spins, this approach to map an arbitrary op-
erator to a single spherical function is in general not bijective.
However, in this case a bijective Wigner representation can still
be found if a spin operator A is not mapped to a single spherical
function but to a discrete set of spherical functions, called the
DROPS representation [6]. The individual spherical functions
are called droplet functions or simply droplets and are denoted
f (�) = f (�)(θ,φ) with � ∈ L, where L is a set of labels �. The
angles θ and φ are polar and azimuthal angles, respectively.
This mapping requires decomposing the operator A into a sum
of a corresponding discrete set of droplet operators A(�):

A =
∑
�∈L

A(�). (1)

As discussed in more detail in [6], many different partitions
are possible but here we focus on the so-called LISA basis,
which characterizes each droplet operator A(�) uniquely by its
linearity (i.e., the number of involved spins) and the subsystem
(i.e., the identity of the involved spins). For three or more spins,
additional auxiliary criteria, such as permutation symmetry,
etc., are needed to uniquely label the droplets [6]. This is
illustrated in Fig. 1(a) for the simple case of two coupled spins
1/2 denoted I1 and I2. In this case, the set of droplet operators
A(�) consists of four elements with labels {1}, {2}, {12}, and
{∅}. The linear droplet operators A{1} and A{2} act only on spins
I1 and I2, respectively. The bilinear droplet operator A{12} acts
on both spins I1 and I2, whereas the droplet operator A{∅} is
proportional to the identity operator 1 and acts neither on spin
I1 nor on spin I2.

As shown in the center of Fig. 1(a), the operators A{1}, A{2},
A{12}, and A{∅} can be mapped to the droplet functions f {1},
f {2}, f {12}, and f {∅}, which can be graphically displayed as
colored three-dimensional shapes. In these three-dimensional
polar plots of the droplets f (�)(θ,φ), the distance from the
origin to a point on the surface represents the absolute
value |f (�)(θ,φ)| and the color represents the phase ϕ =
arg[f (�)(θ,φ)] as defined by the color bar. At the bottom of
Fig. 1(a), the four droplets are arranged such that the positions
of the two linear droplets f {1} and f {2} correspond to the
positions of the two spins I1 and I2. The bilinear droplet
f {12} is positioned in the center of the line connecting f {1}

FIG. 1. (a) The two-spin operator A = 1
2 1 + I1x + I2z + I1xI2x +

I1xI2y + I1xI2z [28,29] is represented using multiple spherical func-
tions f (�) = f (�)(θ,φ), and individual components A(�) of A mapped
to f (�) and graphically visualized. (b) f {12} (box) decomposed into its
2j -multipole contributions f

{12}
j with j ∈ {0,1,2}. (c) f

{12}
1 (circle)

decomposed into spherical harmonics of order m ∈ {−1,0,1}; Y1,−1

and Y1,1 are rainbow colored [30].

and f {2} and the droplet f {∅} is plotted separately below the
other droplets. This graphical representation of the droplets
closely corresponds to physical intuition and makes it easy,
e.g., to follow the dynamics of spin operators and the involved
spins.

The droplet operators A(�) can be further decomposed into
multipole components A

(�)
j with different ranks j , where each

A(�) only contains a finite number of possible ranks:

A(�) =
∑

j∈J (�)

A
(�)
j . (2)

The set J (�) includes all occurring ranks j of a given droplet �

[6]. For example, for the bilinear droplet operatorA{12} possible
values of the rank j are 0, 1, and 2, for the linear droplet
operators A{1} and A{2} the only possible rank is j = 1, and for
A(∅) the only possible rank is j = 0 [6].
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The decomposition of each droplet operator A(�) is reflected
by a decomposition of the corresponding droplet function f (�):

f (�) =
∑

j∈J (�)

f
(�)
j . (3)

This is illustrated in Fig. 1(b) for the decomposition of f {12}

into the three rank-j droplet functions f
{12}
0 , f

{12}
1 , and f

{12}
2 .

Finally, the rank-j droplet operators A
(�)
j can be decom-

posed into a linear combination of components of irreducible
spherical tensor operators T

(�)
jm [31–36] of order m with −j �

m � j and (in general complex) coefficients c
(�)
jm. It is at this

level that the DROPS representation exploits the well-known
mathematical correspondence between irreducible tensor op-
erators and spherical harmonics Yjm = Yjm(θ,φ) [35,36].
Mapping the operators T

(�)
jm to the corresponding functions

Yjm results in the following mapping between the rank-j
component A

(�)
j of the operator A(�) to the rank-j component

of f
(�)
j of the droplet function f (�):

A
(�)
j =

j∑
m=−j

c
(�)
jmT

(�)
jm ←→ f

(�)
j =

j∑
m=−j

c
(�)
jmYjm, (4)

where the coefficients c
(�)
jm in the left and the right sums are

identical. Figure 1(c) illustrates the synthesis of the bilinear
rank 1 droplet function f

{12}
1 based on the linear combination

of the spherical harmonicsY1,−1,Y1,0, andY1,1 with coefficients
c
{12}
1,−1, c

{12}
1,0 , and c

{12}
1,1 .

Overall, this results in a bijective mapping between each
droplet operator A(�) and the corresponding spherical droplet
functions f (�),

A(�) =
∑

j∈J (�)

A
(�)
j ←→ f (�) =

∑
j∈J (�)

f
(�)
j , (5)

and in the mapping of any arbitrary operator A to a correspond-
ing set of droplet functions f (�),

A =
∑
�∈L

A(�) ←→
⋃
�∈L

f (�). (6)

III. SUMMARY OF THE SCANNING APPROACH
FOR DENSITY OPERATORS

We summarize the experimental reconstruction approach
of [9] to obtain a Wigner representation of a density operator.
Consider an arbitrary multispin operator A, whose Wigner rep-
resentation corresponds to a set of spherical droplet functions
f (�)(θ,φ) =∑j∈J (�) f

(�)
j (θ,φ) as introduced in Sec. II. The

angles θ and φ indicate generic argument values of a spherical
function g(θ,φ), whereas in the following the angles α and
β will be used to refer to specific argument values. In order
to distinguish matrices of different size, in the following we
use the notation A[N], where the superscript [N ] indicates the
number of spins in the spin system. The label � discriminates
between the different spherical droplet functions. For each
label �, the rank-j component f (�)

j (β,α) of f (�) =∑j∈J (�) f
(�)
j

can be determined for polar angles 0 � β � π and azimuthal

angles 0 � α < 2π by

f
(�)
j (β,α) = sj

〈
T

(�)[N]
j,αβ

∣∣A[N]
〉

(7)

with the scalar product〈
T

(�)[N]
j,αβ

∣∣A[N]
〉 = tr

{(
T

(�)[N]
j,αβ

)†
A[N]

}
, (8)

and where

T
(�)[N]
j,αβ = R

[N]
αβ

(
T

(�)
j0

)[N](
R

[N]
αβ

)†
(9)

is the rotated version of an axial tensor operator (T (�)
j0 )[N] of rank

j and order 0 as introduced in Sec. II (see also Result 2 in [9]).
The rotation operator R

[N]
αβ = exp{−iαF [N]

z }exp{−iβF [N]
y }

with the total spin operators F [N]
z =∑N

k=1 I
[N]
kz and F [N]

y =∑N
k=1 I

[N]
ky corresponds to rotation around the y axis by β

followed by rotation around the z axis by α. The operators I
[N]
kb

with b ∈ {x,y,z} are spin operators acting only on the kth spin
Ik [28]. The prefactors sj are given by sj = √

(2j+1)/(4π ).
If the density matrix ρ[N] of a spin system can be prepared

to be identical to the operator A[N], for all droplets � the rank-j
droplet components f

(�)
j for j ∈ J (�) become experimentally

accessible by measuring expectation values [9]

f
(�)
j (β,α) = sj

〈
T

(�)[N]
j,αβ

〉
ρ[N] , (10)

with the expectation value given by〈
T

(�)[N]
j,αβ

〉
ρ[N] = tr

{
T

(�)[N]
j,αβ ρ[N]

}
. (11)

This is due to the fact that the expectation value in Eq. (11)
is identical to the scalar products 〈T (�)[N]

j,αβ |A[N]〉 of Eq. (8),
since the rotated axial tensor operators are Hermitian and hence
(T (�)[N]

j,αβ )† = T
(�)[N]
j,αβ .

Equation (10) states that the value of the rank-j droplet
components f

(�)
j (β,α) for a density matrix ρ[N] can be calcu-

lated from expectation values of rotated axial tensor operators
〈T (�)[N]

j,αβ 〉ρ[N] and further implies that one can then retrace the

shapes of the spherical function f (�) =∑j∈J (�) f
(�)
j represent-

ing ρ[N] if one experimentally measures f (�)(β,α) as a function
of α and β.

IV. THEORY OF THE WIGNER PROCESS TOMOGRAPHY

We are interested in experimentally scanning the shape
of the Wigner representation of a propagator U [N], i.e., of
the unitary time-evolution operator created by a given pulse
sequence. This is of interest to characterize an unknown
propagator or to test how well a propagator U [N] created by
an experimentally implemented pulse sequence approaches
a desired propagator U

[N]
target. The targeted evolution operator

U
[N]
target could be a spectroscopically relevant propagator, which

is, e.g., designed to create multiple-quantum coherence from
thermal equilibrium spin polarization [37], or a target propa-
gator corresponding to a quantum gate, or an entire quantum
algorithm [38].

We consider a system consisting of N spins Ik for 1 �
k � N . For simplicity, but without loss of generality, here we
assume that all spins are spin-1/2 particles (qubits). In this case,
the size of the Hilbert space is 2N and operators A[N] in this
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Hilbert space (such as the density operator ρ[N] or propagators
U [N]) are represented by 2N×2N matrices. If the operator
of interest is the density operator, ρ[N], of the spin system,
according to Eq. (10) the spherical functions f

(�)
j (β,α) repre-

senting droplet components can be determined experimentally
by measuring the expectation values of the operators T

(�)[N]
j,αβ .

Hence, it is possible to scan the DROPS representation of an
arbitrary operator A[N] if it can be experimentally mapped onto
the density operator. However, as the density operator ρ[N] is a
Hermitian matrix, whereas the propagator U [N] is represented
by a unitary matrix, it is in general not possible to map the
2N × 2N matrix representations of an arbitrary propagator
U [N] on a 2N × 2N matrix representing a density operator ρ[N]

and Eqs. (11) and (10) are not directly applicable for the tomog-
raphy of the Wigner functions of unitary operators. However,
as shown in the following, this roadblock to experimentally
scanning the DROPS representation of a propagator U [N] can
be lifted if the spin system is augmented by adding an ancilla
spin I0.

A. Inscribing U [N] on the density operator ρ[N+1] of a system
augmented by an ancilla spin

In the augmented system consisting of N + 1 spins, all
operators A[N+1] are represented by 2N+1 × 2N+1 matrices.
To simplify the notation and without loss of generality, in
the following we characterize the state of the augmented
system consisting of N + 1 spins 1/2 by the traceless part
of the full density operator [9,28,39], denoted the deviation
density matrix [38]. The deviation density matrix ρ[N+1] (with
trace zero) is obtained from the full density operator (with
trace one) by subtracting the matrix (1/2N+1) 1[N+1], which
is proportional to the 2N+1 × 2N+1 identity matrix and each
diagonal element is given by (1/2N+1). The term proportional
to the identity operator does not evolve under unitary transfor-
mations. Furthermore, in magnetic resonance experiments all
detectable operators are traceless. Hence the term proportional
to the identity operator does not give rise to detectable signal
and can be ignored [38].

It is possible to inscribe a propagator U [N] and its adjoint
(U [N])† of the original system consisting of N spins into the
off-diagonal subblocks of the density operator ρ[N+1] of the
augmented system in the following way [39–41].

First, it is possible to design a pulse sequence which creates
the controlled propagator cU [N+1] [39,41,42], which for spins
I1, . . . ,IN has no effect if the ancilla spin I0 is in the up
state |↑〉 but creates the propagator U [N] if the ancilla spin
I0 is in the down state |↓〉. Hence, the 2N+1 × 2N+1 matrix
representing the propagator cU [N+1] is block-diagonal. The
first block corresponds to the 2N × 2N -dimensional identity
matrix 1[N] and the second block is the 2N × 2N -dimensional
propagator U [N]:

cU [N+1] =
(

1[N] 0[N]

0[N] U [N]

)
, (12)

where 0[N] is the 2N × 2N -dimensional zero matrix. In the
field of quantum information processing, the spin I0 is called
the control qubit and the spins I1, . . . ,IN on which the unitary
operator U [N] act are called the target qubits [38].

Second, by putting the ancilla spin I0 into a superposition
state (|↑〉 + |↓〉)/√2 and putting the remaining spins into a
fully mixed state, the system can be prepared such that the
deviation density operator is proportional to

ρ
[N+1]
0 = 2I

[N+1]
0x = 2Ix ⊗ 1[N]. (13)

Here the spin operators Ib are defined as Ib := 1/2 σb [28,29]
for b ∈ {x,y,z}, where σb is a Pauli spin operator. In NMR
implementations, this is achieved by exciting the ancilla spin
I0, i.e., rotating its thermal equilibrium Bloch vector to the
x direction and saturating the remaining spins, e.g., by a
combination of pulses and pulsed B0 gradients (see Sec. VI B).

With these ingredients, we can imprint the propagator U [N]

on the density operator by applying the controlled propagator
cU [N+1] to ρ

[N+1]
0 . This prepares the deviation density matrix

[39–41]

ρ
[N+1]
U = cU [N+1] ρ

[N+1]
0 (cU [N+1])† =

(
0[N] (U [N])†

U [N] 0[N]

)
,

(14)

which can be expressed in the form

ρ
[N+1]
U = I− ⊗ U [N] + I+ ⊗ (U [N])† (15)

using the raising and lowering operators I+ = Ix + iIy and
I− = Ix − iIy [28]. In Appendix A 1, explicit matrices of the
operators U [N], cU [N+1], ρ

[N]
0 , and ρ

[N+1]
U are provided for a

simple example, where the system of interest consists only of
a single spin I1, augmented by an ancilla spin I0. Note that the
two nonzero off-diagonal subblocks of ρ

[N+1]
U are unitary (and

in general non-Hermitian), but the overall deviation density
operator is Hermitian, i.e., ρ

[N+1]
U = (ρ[N+1]

U )†.

B. Scanning the DROPS Wigner representation of U based
on the density operator of the augmented spin system

As shown in Sec. III, and in more detail in [9], the key to
the scanning approach of the DROPS Wigner representation of
operators is the experimental determination of scalar products
between rotated axial tensor operators T

(�)[N]
j,αβ and the operator

of interest A[N]: 〈
T

(�)[N]
j,αβ

∣∣A[N]〉 = 〈T (�)[N]
j,αβ

〉
ρ[N] , (16)

if ρ[N] = A[N]. As shown in Appendix A 2, for A[N] = U [N]

and ρ
[N+1]
U , the corresponding scalar products can be obtained

by the following complex linear combination of expectation
values of the Hermitian operators Ix ⊗ T

(�)[N]
j,αβ and Iy ⊗ T

(�)[N]
j,αβ :〈

T
(�)[N]
j,αβ

∣∣U [N]
〉 = 〈Ix ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

+ i
〈
Iy ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

.

(17)

In Appendixes A 1 and A 3, this is also illustrated for a
simple example. Thus, an analog formula to Eq. (10) for the
reconstruction of Wigner functions representing propagators
is given by the following result.

Result 1. Consider a propagator U [N] which is represented
by a set of spherical functions f (�)(θ,φ) =∑j∈J (�) f

(�)
j (θ,φ).
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The rank-j components f
(�)
j (β,α) can be experimentally mea-

sured in the augmented system for arbitrary angles β in the
range [0,π ] and α in the range [0,2π ] via the complex linear
combination of expectation values

f
(�)
j (β,α) = sj

(〈
Ix⊗T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

+i
〈
Iy⊗T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

)
(18)

with sj := √
(2j + 1)/(4π ) and, to simplify notation,

where T
(�)[N]
j,αβ = R

[N]
αβ (T (�)

j0 )[N](R[N]
αβ )† is a rotated axial

tensor operator (T (�)
j0 )[N]. The rotation operator R

[N]
αβ =

exp{−iα
∑N

k=1 I
[N]
kz }exp{−iβ

∑N
k=1 I

[N]
ky } corresponds to a ro-

tation around the y axis by β followed by a rotation around the
z axis by α as shown in Fig. 2.

A general procedure to reconstruct the spherical functions
f (�)(β,α) representing a propagator U [N] for the system of
interest I1, . . . ,IN is first to prepare the augmented system
I0, . . . ,IN in the state ρ

[N+1]
0 and apply the controlled unitary

cU [N+1] to ρ
[N+1]
0 to generate ρ

[N+1]
U [see Eqs. (12)–(14)].

Then, for all droplets � according to Result 1, the shape of
f (�)(β,α) can be scanned by measuring the expectation values
〈Ix⊗T

(�)[N]
j,αβ 〉ρ[N+1]

U
and 〈Iy⊗T

(�)[N]
j,αβ 〉ρ[N+1]

U
for all j ∈ J (�) as a

function of the anglesα andβ as exemplified in Fig. 2. Different
sampling schemes for α and β are discussed in Sec. VI B (see
also Figs. 2 and 3) and in Sec. VIII.

V. NMR IMPLEMENTATION

For simplicity, but without loss of generality, let us assume
that the ancilla spin I0 is coupled to all spins of the system
of interest (I1, . . . ,IN ). We will now outline the experimental
implementation of Result 1 using methods of nuclear magnetic
resonance. We start in Sec. V A by presenting an NMR-adapted
version of Result 1. An example for the case N = 1 will be
given in Sec. V B. The realization of controlled propagators
cU [N+1] and the implementation of rotation operations are
outlined in Secs. V C and V D.

A. NMR-based reconstruction

The expectation values 〈Ix⊗T
(�)[N]
j,αβ 〉ρ[N+1]

U
and

〈Iy⊗T
(�)[N]
j,αβ 〉ρ[N+1]

U
of Result 1 are not directly obtainable with

methods of nuclear magnetic resonance. An NMR-adapted
version of Result 1 will be presented in the following.
This NMR-based experimental reconstruction scheme of
propagators is analogous to the scheme described in [9] for the
reconstruction of density operators. First, instead of rotating
the axial tensors (T (�)

j0 )[N], the density matrix ρ
[N+1]
U is rotated

inversely, resulting in

〈
Ix⊗T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

= 〈Ix⊗
(
T

(�)
j0

)[N]〉
ρ̃

[N+1]
U

, (19)〈
Iy⊗T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

= 〈Iy⊗
(
T

(�)
j0

)[N]〉
ρ̃

[N+1]
U

, (20)

with

ρ̃
[N+1]
U = (R̃[N+1]

αβ

)−1
ρ

[N+1]
U R̃

[N+1]
αβ (21)

and with R̃
[N+1]
αβ = 1[1] ⊗ R

[N]
αβ , as discussed in more detail in

Appendix A 4.

(a) (c)

(b)

0
π
4

π
2

3π
4 π

β
1

0.5

0

-0.5

-1
0 1 2 3 4 5 6 7 8 9 10 11 12

n

I x
⊗
T

1
,α

β

FIG. 2. For a system of interest consisting of a single (N = 1)
spin 1/2, the figure illustrates the tomographic reconstruction of a
spherical function f (�)(β,α) representing the Hadamard gate based
on Result 1. (a) Samples (crosses) with different polar angles β in the
range [0,π ] and phases α in the range [0,2π ] acquired by expectation
values 〈Ia⊗T

(�)[N]
j,αβ 〉

ρ
[N+1]
U

with a ∈ {x,y} and j ∈ {0,1}. The colors
(shades of gray) of the circles of latitude are defined as a function of
the polar angle β by the given color bar (gray scale). (b) Predicted
expectation values (line) and experimentally measured expecta-
tion values 〈Ix⊗T1,αβ〉 := 〈Ix⊗T

(�)[N]
1,αβ 〉

ρ
[N+1]
U

(crosses) for a simple
sampling scheme with an equidistant discrete set of polar angles
β ∈ {0, π

12 , 2π

12 , . . . ,π} and azimuthal angles α ∈ {0, π

12 , 2π

12 , . . . ,2π}.
For each discrete value βn = nπ/12 with n ∈ {0,1,2, . . . ,12}, the
azimuthal angle α is incremented in steps of π/12 from 0 to 2π . This
scheme results in 13×25 = 325 measurement points acquired in 13
cycles to fully scan the sphere. Note that the remaining expectation
values 〈Ix⊗T

(�)[N]
0,αβ 〉

ρ
[N+1]
U

, 〈Iy⊗T
(�)[N]

0,αβ 〉
ρ

[N+1]
U

, and 〈Iy⊗T
(�)[N]

1,αβ 〉
ρ

[N+1]
U

are zero and not shown here. (c) Smooth surface interpolated from
individual samples with distance from the origin given by f (�)(β,α),
the phase of which determines the color (gray scale) of the surface
(see Fig. 4).

Second, the (Hermitian) rank-j tensor components (T (�)
j0 )[N]

can be decomposed into (Hermitian) Cartesian product opera-
tors [28] (C(�)

j,n)[N] via(
T

(�)
j0

)[N] =
∑

n

r
(�)[N]
j,n

(
C

(�)
j,n

)[N]
(22)

with real expansion coefficients r
(�)[N]
j,n ∈ R. The decomposi-

tions of relevant axial tensor components for up to three qubits
were given explicitly in [9]. Hence, the expectation values
of Eqs. (19) and (20) can be obtained if we can measure
the expectation values of the Cartesian product operators
Ia⊗(C(�)

j,n)[N] with a ∈ {x,y}. As in NMR experiments the
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FIG. 3. Schematic representation of the tomography scheme pro-
posed by Result 2 to scan the spherical functions f (�)(β,α) for the
case N = 1 with � ∈ {∅,1} by measuring the expectation values
〈(M (�)

j,n)[2]
a 〉 ˜̃ρ[2]

U
for j ∈ {0,1}, n = 1, and a ∈ {x,y} as described in

Sec. V B. See also Fig. 2.

signatures of Cartesian product operators can be measured
directly only if they contain exactly onetransverse Cartesian
spin operator Ika; the expectation values 〈Ia⊗(C(�)

j,n)[N]〉ρ̃[N+1]
U

are only measurable directly if the terms (C(�)
j,n)[N] do not

contain any transverse Cartesian spin operator. If this is not the
case, the Cartesian product operators Ia⊗(C(�)

j,n)[N] are trans-

formed into NMR-measurable operators [28] (M (�)
j,n)[N+1]

a ∈
{I0a,2I0aI1z,4I0aI1zI2z, . . . } by applying unitary operations(
M

(�)
j,n

)[N+1]
a

= (Ṽ (�)
j,n

)[N+1](
Ia ⊗ (C(�)

j,n)[N]
)[(

Ṽ
(�)
j,n

)[N+1]]†
(23)

with (Ṽ (�)
j,n)[N+1] = 1[1] ⊗ (V (�)

j,n)[N] and with the actions
of this operation on an operator A[N+1] given by
(Ṽ (�)

j,n)[N+1]A[N+1][(Ṽ (�)
j,n)[N+1]]† [see Table IV in [9] for some

realizations of (V (�)
j,n)[N]]. The unitary operators (V (�)

j,n)[N] can
be experimentally implemented using radio-frequency pulses
and evolution periods under couplings. The experimental
signatures of the Cartesian product operators (M (�)

j,n)[N+1]
a are

obtained by detecting the ancilla spin I0.
This approach to measure spherical functions correspond-

ing to the DROPS representation of propagators recasts Result
1 into the following NMR-adapted version:

Result 2. Consider a propagator U [N] which is represented
by a set of spherical functions f (�)(θ,φ) =∑j∈J (�) f

(�)
j (θ,φ).

The rank-j components f
(�)
j (β,α) can be experimentally

measured with NMR methods in the augmented system for
arbitrary angles β in the range [0,π ] and α in the range [0,2π ]
via the complex linear combination of expectation values

f
(�)
j (β,α) = sj

∑
n

r
(�)[N]
j,n

(〈(
M

(�)
j,n

)[N+1]
x

〉
˜̃ρ[N+1]
U

+ i
〈(
M

(�)
j,n

)[N+1]
y

〉
˜̃ρ[N+1]
U

)
(24)

with sj := √
(2j + 1)/(4π ) and Cartesian product operators

(M (�)
j,n)[N+1]

a with a ∈ {x,y} given in Eq. (23) in which only the
ancilla qubit has a transversal component, where

˜̃ρ[N+1]
U = (V (�)

j,n

)[N+1]
ρ̃

[N+1]
U

[(
V

(�)
j,n

)[N+1]]†
, (25)

ρ̃
[N+1]
U = (R[N+1]

αβ

)−1
ρ

[N+1]
U R

[N+1]
αβ , (26)

and

R
[N+1]
αβ = 1[1] ⊗ R

[N]
αβ , (27)

R
[N]
αβ = exp

{
−iα

N∑
k=1

I
[N]
kz

}
exp

{
−iβ

N∑
k=1

I
[N]
ky

}
. (28)

The rank-j components f
(�)
j (β,α) of the spherical functions

f (�)(β,α) representing the propagator U [N] can be sampled
in NMR experiments by preparing the state ˜̃ρ[N+1]

U in the
augmented system and measuring a set of expectation values
of suitable operators (M (�)

j,n)[N+1]
x and (M (�)

j,n)[N+1]
y as a function

of the angles α and β.

B. The case N = 1

If the system of interest is just a single spin I1, i.e.,
N = 1 and � ∈ {∅,1}, we have rank j = 0 for � = {∅} and
rank j = 1 for � = {1}. In both cases, only a single (n = 1)
Cartesian product operator is necessary to express the axial
tensor operator components (T (∅)

00 )[1] = 1√
2
1[1] and (T (1)

10 )[1] =√
2I

[1]
1z ; see Eq. (22). Here, the right-hand sides of Eqs. (19)

and (20) reduce to

〈
Ix ⊗ (T (∅)

00

)[1]〉
ρ̃

[N+1]
U

=
〈

1√
2
I

[2]
0x

〉
ρ̃

[N+1]
U

, (29)

〈
Iy ⊗ (T (∅)

00

)[1]〉
ρ̃

[N+1]
U

=
〈

1√
2
I

[2]
0y

〉
ρ̃

[N+1]
U

, (30)

for � = {∅}, and

〈Ix ⊗ (T (1)
10

)[1]〉ρ̃[N+1]
U

=
〈

1√
2

(2I0xI1z)
[2]

〉
ρ̃

[N+1]
U

, (31)

〈Iy ⊗ (T (1)
10

)[1]〉ρ̃[N+1]
U

=
〈

1√
2

(2I0yI1z)
[2]

〉
ρ̃

[N+1]
U

, (32)

for � = {1}. Note that I
[2]
0a := Ia ⊗ 1[1] and (2I0aI1z)[2] :=

2Ia ⊗ Iz for a ∈ {x,y}. Since the signatures of the four Carte-
sian product operators I

[2]
0x , I

[2]
0y , (2I0xI1z)[2], and (2I0yI1z)[2]

are already directly observable in NMR experiments, further
transformations (V (�)

j,1 )[2] [see Eq. (23)] are not necessary, i.e.,

(V (�)
j,1 )[2] = 1[2] for all � and j and thus ˜̃ρ[2]

U = ρ̃
[2]
U . Hence,

based on Result 2, we only need to measure the two expectation
values for � = {∅},

〈(
M

(∅)
0,1

)[2]
x

〉
˜̃ρ[2]
U

= 1√
2

〈
I

[2]
0x

〉
ρ̃

[2]
U

, (33)

〈(
M

(∅)
0,1

)[2]
y

〉
˜̃ρ[2]
U

= 1√
2

〈
I

[2]
0y

〉
ρ̃

[2]
U

, (34)

and the two expectation values for � = {1},
〈(
M

(1)
1,1

)[2]
x

〉
˜̃ρ[2]
U

= 1√
2
〈(2I0xI1z)

[2]〉ρ̃[2]
U

, (35)

〈(
M

(1)
1,1

)[2]
y

〉
˜̃ρ[2]
U

= 1√
2
〈(2I0yI1z)

[2]〉ρ̃[2]
U

, (36)

as a function of the angles α and β to reconstruct the spherical
functions f (�)(β,α) for each � ∈ {∅,1}. This is achieved by
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TABLE I. Matrix representations for the propagator U [1] and the pulse sequences realizing the corresponding controlled propagator cU [2]

[up to a global phase factor (see Appendix A 5)] to prepare the density matrix ρ
[2]
U from ρ

[2]
0 . J01 is the coupling constant between spins I0 and

I1. We denote a pulse with flip angle β and phase α that is applied to spin k by [β]α(Ik). Similarly, [β1,β2]α1,α2 (Ik,Il) specifies two pulses of
flip angles β1 and β2 with phases α1 and α2 that are simultaneously applied to spins k and l. Here, we use the common shorthand notations x,
y, −x, and −y for the phases 0, π/2, π , and 3π/2, respectively.

Gate U [1] Sequence to prepare cU [2]

Id

(
1 0
0 1

)

NOT

(
0 1
1 0

)
[ π

2 ]y(I1) − 1
2J01

− [ π

2 ]−y(I0,I1) − [ π

2 ]−x,x(I0,I1) − [ π

2 ]y(I0)

√
NOT 1

2

(
1 + i 1 − i

1 − i 1 + i

)
[ π

2 ]y(I1) − 1
4J01

− [ π

2 ]−y(I0,I1) − [ π

4 ]−x,x(I0,I1) − [ π

2 ]y(I0)

Hadamard 1√
2

(
1 1
1 −1

)
[π, π

4 ]−x,−y(I0,I1) − 1
2J01

− [ π

2 ]x,y(I0,I1) − [ π

2 ]y,x(I0,I1) − [ π

2 , π

4 ]x,−y(I0,I1)

π

2 phase shift 1√
2

(
1 0
0 i

)
[π ]x(I0) − 1

4J01
− [π ]−x(I0) − [ π

2 ]y(I0,I1) − [ π

4 ]x(I0,I1) − [ π

2 ]−y(I0,I1)

π phase shift 1√
2

(
1 0
0 −1

)
[π ]x(I0) − 1

2J01
− [π ]−x(I0) − [ π

2 ]y(I0,I1) − [ π

2 ]x(I0,I1) − [ π

2 ]−y(I0,I1)

3π

2 phase shift 1√
2

(
1 0
0 −i

)
[π ]x(I0) − 3

4J01
− [π ]−x(I0) − [ π

2 ]y(I0,I1) − [ 3π

4 ]x(I0,I1) − [ π

2 ]−y(I0,I1)

2π phase shift 1√
2

(
1 0
0 1

)
[π ]x(I0) − 1

J01
− [π ]−x(I0) − [ π

2 ]y(I0,I1) − [π ]x(I0,I1) − [ π

2 ]−y(I0,I1)

[ π

2 ]x rotation 1√
2

(
1 −i

−i 1

)
c[[ π

2 ]x rotation] := [ π

2 ]y(I1) − 1
4J01

− [ π

2 ]−y(I1) − [ π

4 ]x(I1)

[π ]x rotation

(
0 −i

−i 0

)
c[[π ]x rotation] := [ π

2 ]y(I1) − 1
2J01

− [ π

2 ]−y(I1) − [ π

2 ]x(I1)

[ 3π

2 ]x rotation 1√
2

(−1 −i

−i −1

)
c[[π ]x rotation] − c[[ π

2 ]x rotation]

[2π ]x rotation

(−1 0
0 −1

)
c[[π ]x rotation] − c[[π ]x rotation]

[ 5π

2 ]x rotation 1√
2

(−1 i

i −1

)
c[[π ]x rotation] − c[[π ]x rotation] − c[[ π

2 ]x rotation]

[3π ]x rotation

(
0 i

i 0

)
c[[π ]x rotation] − c[[π ]x rotation] − c[[π ]x rotation]

[ 7π

2 ]x rotation 1√
2

(
1 i

i 1

)
c[[π ]x rotation] − c[[π ]x rotation] − c[[π ]x rotation] − c[[ π

2 ]x rotation]

[4π ]x rotation

(
1 0
0 1

)
c[[π ]x rotation] − c[[π ]x rotation] − c[[π ]x rotation] − c[[π ]x rotation]

measuring the spectrum of the ancilla qubit I0 and fitting
reference spectra of the operators I

[2]
0x , I

[2]
0y , (2I0xI1z)[2], and

(2I0yI1z)[2] [9].

C. Implementation of controlled unitary transformation

It is always possible to implement a controlled unitary
propagator using unitary transformations in NMR [42]. These
are realized by radio-frequency pulses and evolutions under
couplings. The explicit matrix representations of U [N] and the
corresponding pulse sequences for all considered propagators
cU [N+1] are summarized in Table I.

D. Implementation of rotations

The (inverse) rotation (R[N+1]
αβ )−1 transforms the density

operator after the controlled gate ρ
[N+1]
U into ρ̃

[N+1]
U in order to

probe the corresponding spherical functions representing the
propagator U [N] for the polar angles β and azimuthal angles
α. This operation is implemented by radio-frequency pulses
[β]α−π/2 with flip angle β and phase (α − π/2), which are
simultaneously applied to all spins in the system of interest
(I1, . . . ,IN ) but not to the ancilla spin I0.

VI. NMR EXPERIMENTS FOR N = 1

After summarizing the theory and the basis of NMR imple-
mentations for the Wigner process tomography of propagators
in the previous sections IV and V, we will now outline the
experimental procedure which is directly based on Result 2
using methods of nuclear magnetic resonance for a system
with one system qubit and one ancilla qubit, i.e., N = 1 (see
Sec. V B). The experimental setting is given in Sec. VI A
followed by the protocol in Sec. VI B.
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A. Experimental setting

For all Wigner process tomography demonstration exper-
iments, we used a liquid sample of the two-qubit molecule
chloroform dissolved in CD3CN. The 1H spin (with a chemical
shift of 7.61 ppm) is defined as the ancilla qubit and the 13C spin
(with a chemical shift of 78.18 ppm) as the system qubit. Thus,
the 1H and 13C nuclear spins of each chloroform molecule form
a system consisting of two coupled spins 1/2. The coupling
constant JHC is 214.15 Hz. All experiments were performed
at room temperature (298 K) in a 14.1 T magnet using a Bruker
Avance III 600 spectrometer.

B. Experimental protocol

As summarized in Fig. 3, the experiment is composed of
six main building blocks. In the first block P , the initial
operator ρ

[2]
0 = 2I

[2]
0x of the augmented system is prepared

from the thermal equilibrium density operator. In the high-
temperature limit, the deviation density matrix at thermal
equilibrium is proportional to ρ

[2]
th = 2

∑1
k=0 γkIkz, with γk

being the gyromagnetic ratio of the kth nuclear spin [28,39].
The (traceless) operator ρ

[2]
0 = 2I

[2]
0x is obtained from ρ

[2]
th by

the following pulse sequence:

P =
[
π

2

]
x

(I1) − G −
[
π

2

]
y

(I0). (37)

First, a pulse with flip angle π
2 and phase 0 is applied to spin

I1, followed by a pulsed B0 gradient G. This dephases the
magnetization of spin I1 and the deviation density operator is
proportional to 2I

[2]
0z . Finally, a pulse with flip angle π/2 and

phase π/2 is applied to spin I0, resulting in ρ
[2]
0 ∝ 2I

[2]
0x .

As described in Sec. IV A, the second block cU [2] realizes
the controlled propagator based on U [1], which transforms
ρ

[2]
0 = 2I

[2]
0x to ρ

[2]
U . The explicit pulse sequences for all used

controlled propagators cU [2] are summarized in Table I.
According to Result 2, the third block consists of the

rotation (R[N+1]
αβ )−1 realized by the pulse [β]α−π/2(I1) which

transforms the operator ρ
[2]
U into ρ̃

[2]
U in order to probe the

rank-j components of the spherical functions f
(�)
j (β,α) for

different polar angles β and azimuthal angles α. This rotation
is only applied to the system qubit I1.

In a general (N > 1) Wigner process tomography, an
additional (fourth) transformation block (V (�)

j,n)[N+1] is required

directly after the rotation step (block three) to generate ˜̃ρ[N+1]
U .

However, as described in Sec. V B, for the case N = 1, we
find (V (�)

j,1 )[2] = 1[2] for all � and j , which directly results in
˜̃ρ[2]
U = ρ̃

[2]
U .

In the fifth block, the NMR signal of the ancilla spin I0

is measured in the acquisition period Acq and the expectation
values of the four Cartesian operators I

[2]
0x , I

[2]
0y , (2I0xI1z)[2],

and (2I0yI1z)[2] are obtained as discussed in Sec. V B. In a final
step, a relaxation delay RD of about 50 s recovers the initial
thermal equilibrium state ρ

[2]
th .

In a complete tomography experiment, all blocks are re-
peated multiple times. The outer loop A cycles through all
droplets � ∈ {∅,1}. Loop B runs over all rank-j components
of each droplet �. Loop C cycles through all Cartesian product

operators (C(�)
j,n)[N] appearing in the decomposition of the axial

tensor operator (T (�)
j0 )[N] in Eq. (22). This loop is shown for

completeness, although for the considered case of N = 1,
it is obsolete because n = 1 for all combinations of � and
j . Finally, the angles β ∈ {0,π/12,2π/12, . . . ,π} and α ∈
{0,π/12,2π/12, . . . ,2π} are incremented in an equidistant
scheme in the two innermost loops D and E (see Fig. 3).

VII. RESULTS OF NMR EXPERIMENTS

Here we present the experimental results of the Wigner
process tomography scheme detailed in the previous section
for N = 1. In Sec. VII A, we reconstructed the DROPS
representations for the Identity, NOT,

√
NOT, and Hadamard

gates. In Sec. VII B, the reconstructed Wigner functions of
propagators realizing phase-shift gates for different phase
shifts are presented. In Sec. VII C, tomographic results of the
Wigner representation for rotations around the x axis are shown
for rotation angles between 0 and 4π .

Note that in the standard DROPS representation introduced
in [6], separate spherical droplet functions f (�)(θ,φ) are dis-
played for operator components corresponding to the identity
operator (i.e., operator components that do not contain any spin
operator and hence � = {∅}), for linear terms involving only
a single spin operator (e.g., � = {1}), and for bilinear terms,
etc. In the present case of a single qubit (N = 1), only the two
functions f {∅}(θ,φ) and f {1}(θ,φ) exist and it is convenient
to combine them into a single spherical function f (θ,φ) =
f {∅}(θ,φ) + f {1}(θ,φ). This is possible without compromising
the bijectivity of the mapping between operators and droplets
[6] because the ranks j of f {∅}(θ,φ) (with j = 0) and f {1}(θ,φ)
(with j = 1) are different. However, as discussed in more
detail in Appendix A 6, for some applications it can be of
advantage to separately plot the droplet functions f {∅}(θ,φ)
and f {1}(θ,φ). An explicit functional form of the theoretically
expected droplet functions for arbitrary rotations is provided
in Appendix A 7.

A. Identity, NOT,
√

NOT, and Hadamard gates

In an initial series of demonstration experiments, we
reconstructed the Wigner functions f (θ,φ) = f {∅}(θ,φ) +
f {1}(θ,φ) for propagators U [1] implementing the identity op-
eration Id, a NOT gate, a square root of a NOT gate (

√
NOT), and

a Hadamard gate. The matrix representation for U [1] and the
corresponding pulse sequences for the controlled propagators
cU [2] are summarized in Table I. The experimental results and
the theoretically expected spherical functions are illustrated
in Fig. 4.

B. Phase-shift gates

We also demonstrate our reconstruction approach to to-
mograph the Wigner representation f (θ,φ) = f {∅}(θ,φ) +
f {1}(θ,φ) of propagators realizing phase shifts of 0,π/2, π ,
3π/2, and 2π . The matrix representations for these gates
are shown in Table I and the results of the tomographic
reconstruction for the spherical functions are presented in
Fig. 5. In this figure, we also show the results for the phase-shift
gate corresponding to a phase shift of 0, for which the pulse
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(a) experiment

(b) theory

Id NOT
√
NOT Hadamard

x

y

z

ϕ

0 π 2π

FIG. 4. Experimentally reconstructed (a) and theoretical (b)
spherical functions f (θ,φ) representing propagators for the Id, NOT,√

NOT, and the Hadamard gate. The colors red (dark gray), yellow
(light gray), green (gray), and blue (black) correspond to phase factors
exp(iϕ) of 1, i, −1, and −i [9]. See the color bar (gray scale) for
0 � ϕ � 2π .

sequence is identical to cId (see Table I). This figure reflects
the 2π periodicity of the phase-shift gates. The propagator
representing a phase shift of 0 is identical to the identity
operator U [N](0) = 1[N] which is a positive red (dark gray)
sphere in the DROPS representation. After a phase shift of
2π , the propagator becomes the identity operator again, i.e.,
U [N](2π ) = U [N](0) = 1[N], which is represented by the same
red (dark gray) sphere. This highlights the contrast to the spinor
property of propagators for rotations of a spin-1/2 particle as
shown in Sec. VII C which results in a periodicity of 4π (see
Appendix A 8).

C. Rotations

We also reconstructed the Wigner functions f (θ,φ) =
f {∅}(θ,φ) + f (1){θ,φ} of propagators corresponding
to rotations around the x axis for rotation angles
0,π/2,π,3π/2,2π,5π/2,3π,7π/2, and 4π . Again, the matrix
representations for the given propagators are summarized in
Table I and the tomography results are shown in Fig. 6.

(a) experiment

(b) theory

0
π
2 π 3π

2 2π

FIG. 5. Experimentally reconstructed (a) and theoretical (b)
spherical functions f (θ,φ) representing propagators of phase-shift
gates for 0, π/2, π , 3π/2, and 2π .

FIG. 6. Reconstructed spherical functions f (θ,φ) representing
propagators for rotations around the x axis for rotation angles
0,π/2,π,3π/2,2π,5π/2,3π,7π/2, and 4π . The experimentally sam-
pled shapes are positioned along the inner circle, whereas the theoreti-
cal functions are positioned along the outer circle. The colors red (dark
gray), yellow (light gray), green (gray), and blue (black) correspond
to phase factors exp(iϕ) of 1, i, −1, and −i; see the color bar (gray
scale) in Fig. 4. Note the sign change of the experimentally measured
and theoretical DROPS representation when a given rotation angle is
increased by 2π , nicely illustrating the spinor property of propagators
corresponding to rotations of spin-1/2 particles.

This figure probably represents one of the most direct
and compelling visualizations of the experimentally measured
spinor property of the propagators corresponding to the ro-
tation of a spin-1/2 particle. For a rotation angle of 0, the
propagator U [N](0) corresponds to the identity operator 1[N],
which is represented by a positive red (dark gray) sphere in the
DROPS representation. However, for a rotation angle of 2π ,
the propagator U [N](2π ) does not correspond to the identity
operator 1[N] but to −1[N], represented by a negative green
(gray) sphere in the DROPS representation, i.e., U [N](2π ) =
−U [N](0). Only after a rotation of 4π , the propagator becomes
the identity operator again, i.e., U [N](4π ) = U [N](0) = 1[N]

[20] (see Appendix A 8).

VIII. DISCUSSION

Here, we introduced a general approach to experimentally
measure the Wigner representation of quantum-mechanical
propagators. The approach based on Result 1 can be applied
to individual quantum systems consisting of qubits studied
in the context of quantum information processing. Result 2
extends this approach to ensembles of spin systems studied in
nuclear magnetic resonance (NMR) or electron spin resonance
(ESR). Demonstration experiments have been implemented in
an NMR setting.

A useful property of the DROPS Wigner representation
of rotations is the fact that the orientation of the droplet
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shape directly reflects the orientation of the rotation axis. For
example, for the case of rotations around the x axis (see Fig. 6)
the droplet shapes are aligned along the x axis, whereas in
the case of the Hadamard gate, the rotation axis is aligned
along the bisector of the angle between the x and the z axis
(see Fig. 4). Furthermore, the DROPS Wigner representation
makes it possible to directly see the spinor property of rotation
propagators, which results in a sign change that is reflected by
a corresponding color change. For example, for rotation angles
of 0 and 2π , the propagators are represented by a red and and a
green sphere (dark gray and gray), respectively. For a rotation
angle of π , the droplet consists of a blue and yellow sphere
(black and light gray) and for a rotation angle of 3π the colors
are interchanged.

A reasonable match between the experimentally recon-
structed and theoretical predicted spherical functions is found
in Figs. 4–9. Deviations are due to experimental imperfections,
such as finite experimental signal-to-noise ratio, finite accuracy
of pulse calibration, B0 and B1 inhomogeneities [28,43],
pulse shape distortions due to the amplifiers and the finite
bandwidth of the resonator [44], relaxation losses during the
preparation block, the implementation of the cU operation
and the detection block, partial saturation of the signal due
to a finite relaxation period between scans, radiation damping
effects [45], and truncation effects in the automated integration
and comparison of the spectra.

As discussed previously in [9], the Wigner tomography can
only measure the deviation density matrix, i.e., the traceless
part of a given density operator ρ[N] when performed using
standard NMR or ESR experiments. This is because experi-
mentally available observables in magnetic resonance experi-
ments are traceless operators. This restriction is irrelevant in
most cases of practical interest, because the part of the density
operator that is proportional to the identity operator neither
evolves during an experiment nor gives rise to any detectable
signals in the experiments. However for propagators, the part
that is proportional to the identity operator plays an important
role and it would be a serious restriction if only the traceless
part of a propagator U [N] could be determined using NMR
or ESR experiments. Fortunately, this is not the case for the
presented approach based on the mapping of the propagator
U [N] to off-diagonal blocks of the density operator ρ[N+1] of
the spin system augmented by an additional ancilla spin; i.e.,
also in standard NMR and ESR experiments the full propagator
U [N] can be reconstructed and not only its traceless part. For
example, for a system consisting only of a single spin 1/2,
this allows us to distinguish the propagators corresponding to
rotations about the same axis but with different rotation angles
π − α and π + α, which for arbitrary angles α only differ by
the sign of the identity operator contribution to U [N]. This is
illustrated in Figs. 6, 8, and 9, where due to the sign of the
contribution of the identity operator, e.g., the propagators of
π/2 and 3π/2 can be clearly distinguished.

The presented proof-of-principle experiments exploited the
fact that a controlled propagator cU [N+1] can be constructed in
a straightforward way for any given (i.e., previously known)
unitary operator U [N]. However, it is important to note that this
tomography approach based on a single ancilla qubit can be
generalized to the experimental reconstruction of the Wigner
function representing an unknown propagator U [N] based on

FIG. 7. The Wigner representation f (θ,φ) of a [ π

2 ]x rotation prop-

agator is decomposed into its contributions f
{∅}

0 (θ,φ) and f
{1}

1 (θ,φ).

additional ancilla qubits and controlled-SWAP operations [46].
As discussed in more detail in Appendix A 9, in this case, the
Wigner process tomography can provide valuable information
to identify sources of systematic and random errors of a given
implementation of a desired unitary transformation.

The objective of this work was to show how the spherical
functions of the DROPS representation of a set of propagators
of interest can be experimentally scanned. If no a priori
information of the expected droplet shapes is available, a large
number of sampling points is necessary to ensure that all
features of the shapes are captured in sufficient detail. Here,
the experimental scanning procedure was demonstrated using a
simple sampling scheme with equidistant steps of the polar and

x

y

z

2222

22 22

0

4π

π/2

π

3π/2

2π

5π/2

3π

7π/2

FIG. 8. Theoretical Wigner function f (θ,φ) representing various
propagators realizing x rotations decomposed into its contributions
f

{∅}
0 (θ,φ) (positioned along the inner circle) and f

{1}
1 (θ,φ) (positioned

along the outer circle).
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x

y

z

0

4π

π/2

π

3π/2

2π

5π/2

3π

7π/2

FIG. 9. Experimentally reconstructed Wigner function f (θ,φ)
representing various propagators realizing x rotations decomposed
into its contributions f

{∅}
0 (θ,φ) (positioned along the inner circle) and

f
{1}

1 (θ,φ) (positioned along the outer circle).

azimuthal angles β and α as shown in Fig. 2. Based on previous
simulations, increments of π/12 were chosen for β and α

in the presented demonstration experiments, which formed a
reasonable compromise between the overall duration of the
experiments and a sufficiently good resolution to visually show
all characteristic features of the droplet functions. However,
as previously discussed in the context of Wigner tomography
of density operators [9], more efficient sampling schemes are
available.

In the ideal case of noiseless data, only a relatively small
number of sampling points would be necessary to determine
the correct expansion coefficients of spherical harmonics. This
is a result of the fact that each droplet function is band-limited;
i.e., for each function f (�) the maximum value j (�)

max of the
rank j ∈ J (�) is known [see Eq. (3)] [6]. For example, in the
case N = 2 shown in Fig. 1, the maximal ranks of the different
droplet functions are j {∅}

max = 0, j {1}
max = j {2}

max = 1, and j {12}
max = 2.

The minimal number of sampling points for band-limited
spherical functions is given by the optimal dimensionality
(j (�)

max + 1)2 [47] and a number of different sampling strategies
have been proposed in the literature which approach this limit.
The equiangular schemes based the sampling theorems by
Driscoll & Healy [48,49] and McEwen & Wiaux [50] exceed
the minimal number of sampling points by factors of four
and two, respectively. The Gauss-Legendre quadrature on the
sphere [51] requires (2j (�)

max + 1)(j (�)
max + 1) samples. Recently,

an optimal isolatitude sampling scheme with a fast and stable
spherical harmonics transform was proposed by Khalid et al.
[47]. In the limit of large j (�)

max, the optimal dimensionality is
also approached by Lebedev two-angle sets [52–54]. Related
Lebedev three-angle sets have been previously used for the
experimental decomposition of detected NMR signals in terms
of the rank j and order m of the density operator at a chosen

time point during an experiment [55]. In the presence of noise
and instrumental variations it was found that Lebedev sets with
large differences in the weights provide larger errors compared
to sets with nearly uniform weights [55].

It is interesting to note that for some droplet functions f (�)

the number of sampling points may be even further reduced
compared to the optimal dimensionality (j (�)

max + 1)2 of band-
limited spherical functions because the set J (�) of ranks j in
general does not include all values of j between 0 and j (�)

max [6].
For example, the set J (�) of possible j values only consists of
j = j {1}

max = 1 (and does not include the case of j = 0) for the
droplet function f {1}; see Sec. V B and Figs. 7–9. Furthermore,
for the analysis of some error terms, only a subset of all droplet
functions may be of interest, which makes it possible to further
decrease the number of measurements.

IX. CONCLUSION

In this work, we have theoretically developed and experi-
mentally demonstrated a Wigner process tomography scheme
by extending the reconstruction approach of the Wigner rep-
resentation for multiqubit states of [9]. Our scheme recon-
structs the relevant spherical functions representing propa-
gators by imprinting these operators on the density matrix
of an augmented system with an additional ancilla spin and
subsequently measuring expectation values of rotated axial
tensor operators. The approach is universally applicable and
not restricted to NMR methodologies or to particles with
spin 1/2. In the presented proof-of-concept experiments, a
reasonable match was found between the theoretical and the
experimentally reconstructed Wigner functions of a range of
important single-qubit propagators. In particular, the method
provided a direct demonstration of the spinor property of
propagators corresponding to the rotation of a spin-1/2 particle.
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APPENDIX

1. Example of the imprinting of a propagator U [N] on the
density operator ρ

[N+1]
U of an augmented spin system

Here the operators U [N], cU [N+1], ρ
[N+1]
0 , and ρ

[N+1]
U

defined in Sec. IV A of the main text are explicitly given
for a simple example, where the system of interest consists
only of one (N = 1) spin 1/2 denoted I1, which is augmented
by an ancilla spin 1/2 denoted I0. In this case, the matrix
representation of the propagator U [N] = U [1] to be scanned is
of dimension 2×2 and has the general form

U [1] =
(

u11 u12

u21 u22

)
. (A1)

The matrix representation of the controlled propagator
cU [N+1] = cU [2] in the augmented system is of dimension 4×4
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and is given by

cU [2] =

⎛
⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 u11 u12

0 0 u21 u22

⎞
⎟⎟⎟⎠. (A2)

For the prepared initial state of the augmented spin system, the
deviation density operator [see Eq. (13)] is proportional to

ρ
[2]
0 = 2I

[N+1]
0x =

(
0 1

1 0

)
⊗
(

1 0

0 1

)
=

⎛
⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎠

(A3)

and applying Eq. (14) results in

ρ
[2]
U = cU [2] ρ

[2]
0 (cU [2])† =

⎛
⎜⎜⎜⎝

0 0 u∗
11 u∗

21

0 0 u∗
12 u∗

22

u11 u12 0 0

u21 u22 0 0

⎞
⎟⎟⎟⎠. (A4)

Note that this operator is still Hermitian but according to
Eq. (15) can be decomposed into the two non-Hermitian
operators I− ⊗ U [1] and I+ ⊗ U [1]:

ρ
[2]
U =

(
0 0

1 0

)
⊗
(

u11 u12

u21 u22

)
+
(

0 1

0 0

)
⊗
(

u∗
11 u∗

21

u∗
12 u∗

22

)

=

⎛
⎜⎜⎜⎝

0 0 0 0

0 0 0 0

u11 u12 0 0

u21 u22 0 0

⎞
⎟⎟⎟⎠+

⎛
⎜⎜⎜⎝

0 0 u∗
11 u∗

21

0 0 u∗
12 u∗

22

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎠. (A5)

2. Proof of Result 1

We start with Eq. (7) (see also Result 2 in [9]). If the density
operator of an augmented spin system, consisting of an ancilla
spin I0 in addition to the spins I1, . . . ,IN , can be prepared in
the state

ρ
[N+1]
A =

(
0[N] (A[N])†

A[N] 0[N]

)
, (A6)

the (in general complex) value of the scalar product
〈T (�)[N]

j,αβ |A[N]〉 can be experimentally obtained by measuring

the expectation value of the operator I+ ⊗ T
(�)[N]
j,αβ :〈

I+ ⊗ T
(�)[N]
j,αβ

〉
ρ

[N+1]
A

= tr
{[

I+ ⊗ T
(�)[N]
j,αβ

]
ρ

[N+1]
A

}
= tr

{(
0 T

(�)[N]
j,αβ

0 0

)(
0[N] (A[N])†

A[N] 0[N]

)}

= tr

{(
T

(�)[N]
j,αβ A[N] 0[N]

0[N] 0[N]

)}

= tr
{
T

(�)[N]
j,αβ A[N]

}
= tr

{
(T (�)[N]

j,αβ )†A[N]
}

= 〈
T

(�)[N]
j,αβ |A[N]

〉
. (A7)

Note that the operator I+ ⊗ T
(�)[N]
j,αβ is not Hermitian and hence

is not an observable that can be directly measured. However,
based on the definition of I+ [28], we can decompose the
expectation value of Eq. (A7) into a complex linear combi-
nation of the expectation values of the Hermitian operators
Ix ⊗ T

(�)[N]
j,αβ and Iy ⊗ T

(�)[N]
j,αβ :〈

I+ ⊗ T
(�)[N]
j,αβ

〉
ρ

[N+1]
A

= 〈
(Ix + iIy) ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
A

= 〈
Ix ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
A

+i
〈
Iy ⊗ T

[N]
αβ

〉
ρ

[N+1]
A

.

(A8)

3. Example of the measurement of the scalar product between
a rotated axial tensor operator and a propagator

Considering the same spin system as in Appendix A 1, we
show how the procedure outlined in the main text allows us to
obtain scalar products of the form [see Eq. (17)]〈

T
(�)[N]
j,αβ

∣∣U [N]
〉 = 〈Ix ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

+ i
〈
Iy ⊗ T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

.

(A9)

Here, the operator

T
(�)[N]
j,αβ = R

[N]
αβ

(
T

(�)
j0

)[N](
R

[N]
αβ

)†
(A10)

is a rotated axial tensor operator (T (�)
j0 )[N].

For example, the rank j = 1 axial tensor operator for the
droplet corresponding to spin I1 is given by

(
T

(1)
10

)[1] =
√

2I
[1]
1z =

(
1/

√
2 0

0 −1/
√

2

)
, (A11)

and for α = 0 and β = π/2, the rotated axial tensor operator
is

T
(1)[1]

1,0,π/2 = R
[1]
0,π/2

(
T

(1)
10

)[N](
R

[1]
0,π/2

)†
=

√
2I

[1]
1x =

(
0 1/

√
2

1/
√

2 0

)
. (A12)

With

Ix ⊗ T
(1)[1]

1,0,π/2 =
(

0 1/2

1/2 0

)
⊗
(

0 1/
√

2

1/
√

2 0

)

= 1

2
√

2

⎛
⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

⎞
⎟⎟⎟⎠ (A13)

and

Iy ⊗ T
(1)[1]

1,0,π/2 =
(

0 −i/2

i/2 0

)
⊗
(

0 1/
√

2

1/
√

2 0

)

= − i

2
√

2

⎛
⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

⎞
⎟⎟⎟⎠ (A14)
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we find the expectation values

〈
Ix ⊗ T

(1)[1]
1,0,π/2

〉
ρ

[2]
U

= 1

2
√

2
tr

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

⎞
⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎝

0 0 u∗
11 u∗

21

0 0 u∗
12 u∗

22

u11 u12 0 0

u21 u22 0 0

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= 1

2
√

2
tr

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

u21 0 0 0

0 u12 0 0

0 0 u∗
12 0

0 0 0 u∗
21

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= 1

2
√

2
(u21 + u12 + u∗

12 + u∗
21)

= 1√
2

(Re{u12} + Re{u21}) (A15)

and

〈
Iy ⊗ T

(1)[1]
1,0,π/2

〉
ρ

[2]
U

= − i

2
√

2
tr

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

⎞
⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎝

0 0 u∗
11 u∗

21

0 0 u∗
12 u∗

22

u11 u12 0 0

u21 u22 0 0

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= − i

2
√

2
tr

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

u21 0 0 0

0 u12 0 0

0 0 −u∗
12 0

0 0 0 −u∗
21

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= − i

2
√

2
(u21 + u12 − u∗

12 − u∗
21)

= 1√
2

(Im{u12} + Im{u21}). (A16)

Hence, we find〈
Ix ⊗ T

(1)[1]
1,0,π/2

〉
ρ

[N+1]
U

+ i
〈
Iy ⊗ T

(1)[1]
1,0,π/2

〉
ρ

[N+1]
U

= 1√
2

(Re{u12} + i Im{u12} + Re{u21} + i Im{u21})

= 1√
2

(u12+u21). (A17)

This is identical to the scalar product〈
T

(1)[1]
1,0,π/2

∣∣U [1]
〉 = tr

{(
T

(1)[1]
1,0,π/2

)†
U [1]

}
= tr

{(
0 1/

√
2

1/
√

2 0

)†(
u11 u12

u21 u22

)}

= tr

{(
0 1/

√
2

1/
√

2 0

)(
u11 u12

u21 u22

)}

= 1/
√

2 tr

{(
u21 u22

u11 u12

)}

= 1/
√

2 (u12 + u21); (A18)

see Eq. (A9).

4. Proof of Equations (19) and (20)

Here we show that〈
Ia⊗T

(�)[N]
j,αβ

〉
ρ

[N+1]
U

= 〈Ia⊗
(
T

(�)
j0

)[N]〉
ρ̃

[N+1]
U

(A19)

for a ∈ {x,y}. This can be seen by a sequence of reformulations
and by exploiting properties of the trace operation and of the
tensor product:〈

Ia⊗T
(�)[N]
j,αβ

〉
ρ

[N+1]
U

= tr
{[

Ia ⊗ T
(�)[N]
j,αβ

]
ρ

[N+1]
U

}
= tr

{[
Ia ⊗ R

[N]
αβ

(
T

(�)
j0

)[N](
R

[N]
αβ

)†]
ρ

[N+1]
U

}
= tr

{[
1[1] ⊗ R

[N]
αβ

][
Ia ⊗ (T (�)

j0

)[N]][
1[1] ⊗ R

[N]
αβ

]†
ρ

[N+1]
U

}
= tr

{
R

[N+1]
αβ

[
Ia ⊗ (T (�)

j0

)[N]](
R

[N+1]
αβ

)†
ρ

[N+1]
U

}
= tr

{[
Ia ⊗ (T (�)

j0

)[N]](
R

[N+1]
αβ

)†
ρ

[N+1]
U R

[N+1]
αβ

}
= tr

{[
Ia ⊗ (T (�)

j0

)[N]]
ρ̃

[N+1]
U

}
= 〈Ia⊗

(
T

(�)
j0

)[N]〉
ρ̃

[N+1]
U

(A20)

with

ρ̃
[N+1]
U = (R[N+1]

αβ

)†
ρ

[N+1]
U R

[N+1]
αβ

= (R[N+1]
αβ

)−1
ρ

[N+1]
U R

[N+1]
αβ , (A21)

R
[N+1]
αβ = 1[1] ⊗ R

[N]
αβ , and a ∈ {x,y}. Here, we used the prop-

erties of the tensor product AB ⊗ CD = (A ⊗ C)(B ⊗ D) and
the invariance of the trace operation under cyclic permutations.
Note that the rotation R

[N+1]
αβ affects only the system qubits

I1, . . . ,IN and not the ancilla qubit I0.

5. Role of global phase factors in U [N] and cU [N+1]

Consider two propagators U [N] and Û [N] that differ only by
a global phase factor eiη, i.e., Û [N] = eiηU [N]. In the construc-
tion of cU [N+1] and cÛ [N+1], the phase factor manifests itself
as an additional phase factor that is only applied to the second
block on the diagonal:

cU [N+1] =
(

1[N] 0

0 U [N]

)
(A22)

but

cÛ [N+1] =
(

1[N] 0

0 eiηU [N]

)
; (A23)

i.e., the global phase factor eiη of a propagator Û [N] is trans-
formed into a relative phase factor in the propagator cÛ [N+1]
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of the augmented system and hence becomes experimentally
measurable.

However, any global phase factor of cU [N+1] is irrelevant in
the considered experiments because it cancels when cU [N+1]

is applied to the density operator [see Eq. (A4)]. Hence,
such a global phase factor can be ignored when designing
experimental pulse sequences to realize cU [N+1]; see Table I.

6. Decomposition into individual droplet � contributions

The proposed (experimental) Wigner process tomography
scheme (see Results 1 and 2) also allows one to decompose
the function f (θ,φ) into a part f

{∅}
0 (θ,φ) corresponding to

the identity operator (with rank j = 0) and a part f
{1}
1 (θ,φ)

corresponding to terms involving spin I1 (with rank j = 1).
Although this creates some redundancy, the separation may
help to analyze and to delineate different sources of errors in
an experiment. For example, the expected shape of f

{∅}
0 (θ,φ)

is a perfect sphere, and deviations of the experimentally
reconstructed shape of this droplet can give clues about the size
of systematic and stochastic errors and dominant experimental
imperfections, such as pulse miscalibration, radio-frequency
inhomogeneity, or relaxation effects. Figure 7 illustrates the
decomposition of f (θ,φ) into f

{∅}
0 (θ,φ) and f

{1}
1 (θ,φ) for

the case of a propagator corresponding to a [π/2]x rotation.
Figures 8 and 9 show decomposed theoretical and experimental
droplet functions f

{∅}
0 (θ,φ) and f

{1}
1 (θ,φ) corresponding to the

combined droplet functions f (θ,φ) that are shown in Fig. 6 for
the set of rotation angles 0,π/2, . . . ,4π .

7. Explicit functional form of the droplets
f {∅} and f {1} for arbitrary rotations

For an arbitrary rotation with rotation angle  and a rotation
axis defined by the normalized vector

�n =

⎛
⎜⎝

nx

ny

nz

⎞
⎟⎠, (A24)

the propagator U [1] has the general form [56,57]

U [1] = cos


2
1 − 2 i sin



2
(nxIx + nyIy + nzIz). (A25)

Using the general relations T00 = 1/
√

2 1, T1,−1 = I− = Ix +
iIy , T10 = √

2 Iz, and T11 = −I+ = −(Ix − iIy) between
Cartesian spin operators and spherical tensor operators [6,28]
and the DROPS mapping between spherical tensor operators
Tjm and spherical harmonics Yjm (see Sec. II), a straightfor-
ward calculation yields the following explicit functional forms
for the � = {∅} and � = {1} components of the droplet function

f (θ,φ) = f
{∅}
0 (θ,φ) + f

{1}
1 (θ,φ) : (A26)

f
{∅}
0 (θ,φ) =

√
1

2π
cos



2
(A27)

(a) (b) (c) (d)

f
{∅}
0

f
{1}
1

FIG. 10. For the case of a system consisting only of a single
(N = 1) spin 1/2, the simulations show how different sources of
propagator errors can be identified in the DROPS representation:
(a) Ideal case of a rotation with rotation angle  = π and rotation
axis �n with nx = 1 and ny = nz = 0, (b) rotation angle increased by
10%, (c) rotation axis deviating by an angle of π/10 from the x axis
resulting in nx = cos(π/10) and ny = sin(π/10) and nz = 0, and (d)
simultaneous error of the flip angle as in case (b) and of the rotation
axis as in case (c).

and

f
{1}
1 (θ,φ) = −i

√
3

2π
sin



2
(nx sin θ cos φ

+ ny sin θ sin φ + nz cos θ ). (A28)

Note that the droplet function f
{∅}
0 (θ,φ) is real-valued and

independent of the polar and azimuthal angles θ and φ. Hence
it is represented either by a red (positive real) or green (negative
real) sphere (dark gray and gray) that is centered at the origin in
three-dimensional polar plots; see Figs. 8–10 and the color bar
in Fig. 1. The droplet function f

{1}
1 (θ,φ) is purely imaginary

and is represented in three-dimensional polar plots by a yellow
(positive imaginary) and blue (negative imaginary) sphere
(light gray and black), which touch at the origin; see Figs. 8–10.
The vector connecting the centers of the yellow and blue
spheres (light gray and black) is collinear with the rotation
axis �n. Due to the factor cos 

2 , the function f
{∅}
0 (θ,φ) is zero

if the rotation angle  is an odd multiple of π . Conversely, the
function f

{1}
1 (θ,φ) is zero if  is an even multiple of π due to

the factor sin 
2 ; see Figs. 7, 8, and 10. Note that some of the

standard quantum gates are only identical to the propagator
of a rotation up to a global phase factor. For example, the
propagator of the Hadamard gate (see Table I) is only up to
e−iπ/2 = −i identical to a rotation with rotation angle  = π

and rotation axis �n with nx = nz = 1/
√

2 and ny = 0. This
additional global phase factor changes the colors of the spheres
of f

{1}
1 (θ,φ) in Figs. 2 and 4 from yellow and blue to green

(negative real) and red (positive real) (light gray and black to
gray and dark gray), respectively.

8. Periodicities of phase-shift gate and rotation
propagator for spin 1/2

In Secs. VII B and VII C, it was stated that for a spin 1/2
the propagator U [1] corresponding to a phase gate U

[1]
ph (γ ) and

to a rotation U
[1]
rot (δ) has a periodicity of 2π for γ but of 4π for

δ. This is a result of the fact that the matrix elements of

U
[1]
rot (δ) =

(
e−iδ/2 0

0 eiδ/2

)
(A29)
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are exponential functions of the half angle δ/2 whereas the
matrix elements of

U
[1]
ph (γ ) =

(
1 0

0 eiγ

)
(A30)

are exponential functions of the full angle γ , resulting
in U

[1]
ph (γ + 2π ) = U

[1]
ph (γ ) but U

[1]
rot (δ + 2π ) = −U

[1]
rot (δ) and

U
[1]
rot (δ + 4π ) = U

[1]
rot (δ).

9. Analysis of propagator errors in the DROPS
representation of propagators

Here, we consider possible advantages of the DROPS rep-
resentation of propagators U [N] in the identification and quan-
tification of propagator errors. As demonstrated in this paper,
the DROPS representation of a propagator can be measured di-
rectly by experimentally scanning expectation values of given
observables as a function of polar and azimuthal angles for a set
of droplet functions f (�). (Alternatively, conventional process
tomography schemes [13–18] could be used to estimate the
matrix elements of the propagator and to numerically calculate
the corresponding DROPS representation of this matrix.)

As discussed in Sec. VIII, possible contributions to errors
of the experimentally sampled points of the droplet functions
include errors in the preparation of the initial density operator,
in the implementation of the controlled version cU [N+1] of the
propagator U [N], noise in the detection process (see Fig. 3), and
truncation effects in the automated integration and comparison
of the spectra. For simplicity, here we focus on an idealized
scenario, where the errors of the tomography scheme are
negligibly small and the scheme has been extended in analogy
to [46] to the tomography of unknown propagators U [N] as
discussed in Sec. VIII. Suppose we are trying to implement a
desired target operator U

[N]
targ by a new pulse sequence and we

want to identify and quantify the errors in the experimentally
realized propagator U [N]

exp . The DROPS tomography of U [N]
exp

provides a set of experimentally measured droplet functions,

which (according to our assumption of negligible tomography
errors) closely approach the ideal droplet functions corre-
sponding to U [N]

exp .
If the system of interest consists of several spins, deviations

of droplets from their ideal shapes corresponding to U
[N]
targ

provide information about specific error types. For example, if
in a system with N = 2 (see Fig. 1), errors of the propagator
that only affect spin I1 but not spin I2 would be reflected by
distortions of the droplet functions f {1} and f {12} but not of
the droplets f {2}. For the simple case with N = 1 and an
ideal rotation with rotation angle  = π and rotation axis
�n with nx = 1 and ny = nz = 0, the effects of errors in 

and/or �n on the droplet functions are simulated in Fig. 10.
Figure 10(a) shows the ideal case, where the two spheres
representing droplet f {1} are aligned with the x axis and the
droplet function f {∅} is zero. Figure 10(b) shows the case where
the actual rotation axis deviates by an angleπ/10 in thex-y axis
[resulting in nx = cos(π/10), ny = sin(π/10), and nz = 0],
which is reflected by a corresponding deviation of the f {1}
orientation [the vector connecting the yellow and blue spheres
(light gray and black)] from the x axis. In contrast, an error
in the rotation angle is signaled by a nonvanishing droplet
function f {∅} (as well as a slightly reduced size of the f {1}
droplet). This is shown in Fig. 10(c) for the case of  = 1.1π

and ideal rotation axis nx = 1 and ny = nz = 0, where a small
negative green (gray) sphere of f {∅} indicates that the actual
rotation angle  is larger than the desired rotation angle of
π ; see Eq. (A27). Finally, Fig. 10(d) shows the effect of
simultaneous errors of the rotation angle and the rotation axis
with  = 1.1π , nx = cos(π/10), ny = sin(π/10), and nz = 0,
where the DROPS representation clearly shows both types of
errors. These examples show how the DROPS reconstruction
can help to identify the source of systematic errors of a unitary
propagator and to quantify the size of the respective errors.
Random errors of the propagator can, e.g., be identified by
repeated measurements of droplet functions for the same polar
and azimuthal angles.
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Summary and contribution to this manuscript:
Using the DROPS representation by Garon. et al [1], multi-spin operators can be decomposed
into a symmetry-adapted tensor basis and they are mapped to discrete sets of spherical functions
that are each assembled from linear combinations of spherical harmonics. In order to obtain this
basis, projection operators are applied, which are however corrupted for system with five and
more spins 1/2 (qubits) due to certain computational challenges. The visualization approach is
thus restricted to maximally four coupled spins 1/2. In this paper, the DROPS representation is
generalized to systems consisting of arbitrary number of spins 1/2 and to two-coupled spins with
arbitrary spin numbers. In order to circumvent the problem of corrupted projection operators,
a purely linear algebraic approach is introduced exploiting transformation matrices, which are
assembled from coefficients of fractional parentage (CFP). The symmetry-adapted tensor basis
can then be iteratively built up by first coupling a single spin to the full symmetrized tensor basis
for g − 1 spins to obtain partially symmetrized tensors of the g spin system and second using
these CFP-matrices to transform them to complete symmetrized tensors for the g spin system.
The theory and the algorithmic methodology was worked out by David Leiner. In addition, the
projector approach is extended to the regime of spins with arbitrary spin numbers in particular
for coupled two-spin systems by introducing an additional criteria to classify tensors based on
parent sublabels, which provide a more natural way to identify tensors in systems consisting of
spins with large spin numbers. An indication on how to generalize the DROPS representation
to many-spin systems with spin numbers larger than 1/2 completes the paper. These technical
details were also worked out by David Leiner. Robert Zeier provided huge amount of assistance
in deriving both methods. To highlight the richness of this visualization approach, random
matrices for a four, five, and six spin system, entangled states such as the Dicke state and a state
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consisting of two EPR pairs of a four spin system, and prominent operators in NMR including
fully symmetrical, antiphase, and non-Hermitian operators in systems up to six coupled spins
1/2 were illustrated. Also a system with a spin 1 coupled to a spin 1/2 is depicted. Furthermore,
the dynamics of a set of experiments are visualized including the creation of maximum-quantum
coherence, polarization transfers under isotropic mixing conditions, and coherent state transfers
in system consisting of four, five, and six qubits, respectively. A comprehensive section on
the corrupted projection operators occurring in systems larger than four spins complements
this paper, which also discusses open problems and was worked out by Robert Zeier. The
computations and the figures were done by David Leiner. The full manuscript was written in
its first version by David Leiner and revised by Robert Zeier and Steffen Glaser.
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We study the representation and visualization of finite-dimensional quantum systems. In a generalized Wigner
representation, multi-spin operators can be decomposed into a symmetry-adapted tensor basis and they are
mapped to multiple spherical plots that are each assembled from linear combinations of spherical harmonics.
We apply two different approaches based on explicit projection operators and coefficients of fractional parent-
age in order to obtain this basis for up to six spins 1/2 (qubits), for which various examples are presented. An
extension to two coupled spins with arbitrary spin numbers (qudits) is provided, also highlighting a quantum
system of a spin 1/2 coupled to a spin 1 (qutrit).

I. Introduction

Quantum systems exhibit an intricate structure and numerous methods have been established for the visualization
of their quantum state. A two-level quantum system, such as a single spin 1/2 (qubit), can always be faithfully
represented by a three-dimensional vector (Bloch vector), as shown in the seminal work of Feynman et al.1 Applications
of the Bloch vector are frequently found in the field of quantum physics, in particular in magnetic resonance imaging,2,3

spectroscopy,3 and quantum optics.4 However, for systems consisting of coupled spins, standard Bloch vectors can
only partially represent the density matrix, whereas important terms, such as multiple-quantum coherence3 or spin
alignment,3 are not captured. In this case, the complete density operator can be visualized by bar charts, in which
the real and imaginary parts of each element of the density matrix is represented a vertical bar, an approach which is
commonly used to graphically display the experimental results of quantum state tomography.5 Alternatively, energy-
level diagrams can can be illustrate populations by circles on energy levels and coherences by lines between energy
levels.6 Density operators can also be visualized by non-classical vector representations based on single-transition
operators.3,7,8 However, these techniques are inconvenient for larger spin systems and often do not provide an intuitive
view of the spin dynamics.

Phase space representations,4,9–11 in particular Wigner functions,4,9,12 which originally arise in the description of the
infinite-dimensional quantum state of light,13–17 provide a powerful alternative approach for the characterization and
visualization of finite-dimensional quantum systems. One valuable class for the representation of finite-dimensional
systems are discrete Wigner functions18–23 but we will focus on continuous representations, which naturally reflect
the inherent rotational symmetries of spins. General criteria for defining continuous Wigner functions for finite-
dimensional quantum systems had been established in the work by Stratonovich24 and the case of single-spin systems
has been studied in the literature.25–32 Extensions to multiple spins have been considered in Ref. 4, 33–36, but a
general strategy for multiple coupled spins was still missing.35,36 Recently, Garon et al.37 identified such a general
strategy. Subsequently, further approaches to phase-space representations have been developed,38–43 while rotated
parity operators29,38,40–43 and tomographic techniques40,42,44,45 became further focal points.

We build in this work on the general Wigner representation for multiple coupled spins introduced in Ref. 37. This
Wigner representation is denoted as DROPS representation (discrete representation of operators for spin systems). It
is based on mapping operators to a finite set of spherical plots, which are each assembled from linear combinations of
spherical harmonics46 and which are denoted as droplets or droplet functions.37 These characteristic droplets preserve
crucial symmetries of the quantum system. One particular version of this representation relies on a specific choice of a
tensor-operator basis, the so-called LISA basis,37 which characterizes tensors according to their linearity, their set of
involved spins, their permutation symmetries with respect to spin permutations, and their rotation symmetries under
rotations that operate uniformly on each spin. These symmetry-adapted tensors can be constructed using explicit
projection operators given as elements of the group ring of the symmetric group.37,47–53 We apply this approach to
a larger number of coupled spins 1/2 (qubits) and also to two-spin systems with arbitrary spin numbers (qudits).

a)david.leiner@tum.de
b)zeier@tum.de
c)glaser@tum.de
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In addition, we implement a second, alternative computational methodology that relies on so-called coefficients of
fractional parentage (CFP)54–60 in order to obtain the symmetry-adapted LISA basis.

Our contribution can also be put into a general context of symmetry-adapted decompositions of tensor operators.
Symmetry-adapted (tensor) bases have a very long tradition in physics. Important mathematical contributions were
made by Weyl61–64 and Wigner,65,66 even though the corresponding group theory was (at least in the beginning) not
universally embraced in the physics community (see p. 10-11 in Ref. 67). Building on Ref. 67, Racah54,68–72 developed
tensor-operator methods for the analysis of electron spectra. These tensor methods have been widely studied57,73–75

and initiated an active exchange between group theory and physics.50,51,53,63,66,76,77 Moreover, tensor operators (as
well as coefficients of fractional parentage) play an important role in applications to atomic and nuclear structure
for which an expansive literature exsists.55,56,58,78–86 In this context, we also mention the work of Listerud et al.87,88

which partly motivated the approach taken in Ref. 37 and this work.
This paper is structured as follows. In Sec. II, we introduce the symmetry-adapted tensor basis and its mapping to

Wigner functions. An overview of the construction process of this tensor basis using either explicit projection operators
or fractional parentage coefficients is presented in Sec. III. In Sec. IV, the tensor-operator basis is illustrated for up
to six coupled spins 1/2 by examples and applications from quantum information and nuclear magnetic resonance
spectroscopy. Coupled two-spin systems with arbitrary spin numbers are treated in Sec. V. The explicit construction
of the tensor-operator basis is detailed in Sec. VI. Before we conclude, challenges related to the construction method
that relies on explicit projection operators are discussed in Sec. VII. Additional illustrative examples for spins 1/2 are
presented in Appendix A and Appendix B lists the employed values of the fractional parentage coefficients.

II. Symmetry-adapted decomposition and visualization of operators of coupled spin systems

We summarize the approach of Ref. 37 (see also Refs. 44 and 45) to visualize operators of coupled spin systems
using multiple droplet functions which are chosen according to a suitable symmetry-adapted decomposition of the
tensor-operator space. This allows us to also fix the setting and notation for this work. The general idea relies
on mapping57,85 components T (`)

jm of irreducible tensor operators65,66,69,89 T
(`)
j to spherical harmonics46,90 Yjm =

Yjm(θ, φ). An arbitrary operator A in a coupled spin system can be expanded into linear combinations

A =
∑

`

A(`) =
∑

`

∑

j∈J (`)

j∑

m=−j
c

(`)
jmT

(`)
jm (1)

of tensor components T (`)
jm according to rank j and order m with −j ≤ m ≤ j and suitably chosen labels (or quantum

numbers) `, such that the set J (`) of ranks j occurring for each label ` does not contain any rank twice. Depending
on the chosen labels, certain properties and symmetries of the spin system are emphasized. Each component A(`) is
now bijectively mapped to a droplet function f (`) = f (`)(θ, φ), which can be decomposed into

f (`) =
∑

j∈J (`)

j∑

m=−j
c

(`)
jmYjm, (2)

where the coefficients c(`)
jm in Eqs. (1) and (2) are identical. This approach enables us to represent each operator

component A(`) by a droplet function f (`), which is given by its expansion into spherical harmonics, refer to the
example on the r.h.s of Table I. The droplet functions f (`) are denoted as droplets and the set of all droplets form the
full DROPS representation of an arbitrary operator A.

The task to find suitable labels ` that allow for a complete decomposition of the tensor-operator space according
to Eq. (1) has been widely studied86,91–93 and is related to the search for a complete set of mutually commuting
operators or good quantum numbers.94 Different possibilities have been discussed in Ref. 37, but here we will focus
on the LISA basis,37 whose labeling scheme is outlined in Tab. I. First, tensor basis operators are subdivided with
respect to the cardinality g ∈ {0, 1, . . . , N} of the set of involved spins (i.e. their g-linearity), where N denotes the
total number of spins. Second, tensor operators with identical g-linearity are further partitioned according to the
explicit set G ∈

({1,2,...,N}
g

)
of involved spins, where

({1,2,...,N}
g

)
denotes the set of all subsets of {1, 2, . . . , N} with

cardinality |G| = g. For example for g = 2 and N = 4, we obtain G ∈ {{1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}}.
Third, we further partition with respect to the symmetry type given by a standard Young tableau50–52,95 τ

[g]
i of size g

(and with at most (2J+1)2−1 = 4J(J+1) rows, depending on the spin number J), which results in a decomposition
according to symmetries under permutations of the set G. For reference, all potentially occurring symmetry types
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TABLE I. Overview of how irreducible tensor operators T (`)
j with components T (`)

jm are partitioned in the LISA basis according
to their label ` and rank j for the prototypical case of six spins 1/2 (left). For a generic operator with randomly chosen complex
matrix elements, the droplet functions f (`) are illustrated separately for each label ` (right). For all droplet functions, the
maximum radii are normalized to one for better visibility. Each label ` consists of a number of sublabels: the cardinality g of
the set of involved spins (i.e. the g-linearity) and the explicit set G, the symmetry type given by a standard Young tableau τ [g]

i

of size g and, possibly, an ad hoc label given by a roman numeral. Ad hoc sublabels are necessary for g = 6 as otherwise one
could not distinguish, for instance, between the doubly occurring rank 2 (in bold) for the symmetry type τ [6]

7 . The structure
of the partitioning is illustrated on the right for the zero-linear term (Id) and selected linear, bilinear, trilinear, and 6-linear
components. Plots for all possible droplet functions are shown in Table II for a system consisting of four spins and in Figs. 10
and 11 for six spins.

No. of spins Subsystem Young Ad hoc rank Label
g G tableau A j ℓ

0 ∅ τ
[0]
1 0 Id or ∅

1 {1} τ
[1]
1 1 {1}

{6}
2 {1,2} τ

[2]
1

0
{1,2}2

τ
[2]
2 1

{5,6}

3 {1,2,3}

τ
[3]
1

1 {1,2,3}, τ [3]
13

τ
[3]
2

1 {1,2,3}, τ [3]
22

τ
[3]
3

1 {1,2,3}, τ [3]
32

τ
[3]
4 0 {1,2,3}, τ [3]

4
{4,5,6}

τ
[6]
1

0

{1,2,3,4,5,6}, τ [6]
1

4 2
4

5 6

6 {1,2,3,4,5,6} τ
[6]
7

I

0

{1,2,3,4,5,6}, τ [6]
7 , I

2
3
4

II 2 {1,2,3,4,5,6}, τ [6]
7 , II

τ
[6]
51 0 {1,2,3,4,5,6}, τ [6]

51

subsystems: ∅, {1}, {1,2}

Id

{1}

{1,2}

subsystem: {1,2,3}

τ1 τ2 τ3 τ4

subsystem: {1,2,3,4,5,6}

τ1 τ7, I τ51τ7, II

τ
[g]
i for g ∈ {1, 2, 3, 4, 5, 6} are uniquely enumerated and specified according to their index i in Tables II and VI. For
g = 3 and G = {1,2,3} we have the symmetry types

τ
[3]
1 = 1 2 3 , τ

[3]
2 = 1 2

3 , τ
[3]
3 = 1 3

2 , τ
[3]
4 =

1
2
3
, (3)

and equivalent symmetry types arise for all the other sets G ∈
({1,2,...,N}

3
)

of involved spins with |G| = g = 3. Fourth,
an ad hoc sublabel A given by a roman numeral is used to distinguish between cases if the same rank occurs more
than one.60,96 For g = 6 and the symmetry type τ [6]

7 , the rank of j = 2 (as shown in bold on the l.h.s. of Table I)
would occur twice if these cases would have not been distinguished by the ad hoc sublabels I and II. In summary, our
labeling scheme for the LISA basis is given by ` := (G, τ [g],A). We often suppress redundant sublabels. As discussed
in more detail in Sec. V, for systems containing spins with spin numbers larger than 1/2, the decomposition structure
is considerably simplified by additional parent sublabels P.

III. Summary of the computational techniques used to construct the LISA basis

In this section, we provide an overview how to explicitly construct the LISA basis, which has been introduced in
Sec. II. We focus on spin systems where each spin has the same spin number J ∈ {1/2, 1, 3/2, . . . }. The LISA basis
is a symmetry-adapted basis according to symmetries under simultaneous SU(2) rotations of spins as well as under
spin permutations. As discussed in Sec. II, these symmetries of a tensor operator T (G,τ [g],A)

jm are specified by the rank
j and order m as well as the symmetry type τ [g]. We start by discussing the simple cases of zero and one spins and
explain how to use the Clebsch-Gordan decomposition66,89,97,98 to symmetrize tensors according to SU(2) symmetries
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start start

g:=0; init g:=0; init

g:=g+1; add spin g:=g+1; add spin

Clebsch-Gordan Clebsch-Gordan

load basis
save basis
if g<n

permutation sym.
for 1, . . . , g−1

projection method CFP method

output basis permutation sym. output basis

g=n? g=n?

end end

yes

no

yes

no

Method A:
projectors

Method B:
CFP

Input:
n

Output:
symmetry-adapted
bases for g-linear
tensors with
1 ≤ g ≤ n

FIG. 1. Flow charts for methods A and B used to iteratively construct g-linear tensors for g ∈ {1, . . . , n}. Both methods rely
first on a Clebsch-Gordan decomposition to symmetrize tensors according to SU(2) symmetries after adding an additional spin.
In a second step, Method A applies projection operators to symmetrize the tensors with respect to permutations. Method B
uses a basis change according to fractional parentage coefficients (CFP), in order to completely permutation symmetrize the
tensors, which already have been partially symmetrized with respect to the first g−1 spins in the previous iteration.

when a new spin is added to a spin system. This is the first step of the iterative construction, which is schematically
illustrated in Fig. 1. Depending on the spin system, in the second step two alternative methods (denoted A and B) are
used for the symmetrizing with respect to spin permutations. Method A relies on explicit projection operators50–53,99

and symmetrizes all g-linear tensors in one step. Method B uses a basis change according to fractional parentage
coefficients54–60 (CFP) and iteratively symmetrizes g-linear tensors with respect to spin permutations, which in the
previous iteration have already been partially symmetrized with respect to the first g−1 spins. We close this section
by discussing sign conventions and how to embed g-linear tensors into larger spin systems. Further details are deferred
to Sec. VI.

For zero-linear tensors (i.e. g = 0), we have the tensor operator T [0]
0 with the single component T [0]

00 . We use the
notation T [g]

j for general g-linear tensors of rank j, but we will often drop the index [g]. For the spin number J = 1/2,
we in particular obtain3

T
[0]
00 = T00 = 1√

2

(
1 0
0 1

)
. (4)

For linear tensors and spin number J = 1/2 (i.e. qubits), we have the three components3

T
[1]
1,−1 = T1,−1 =

(
0 0
1 0

)
, T

[1]
10 = T10 = 1√

2

(
1 0
0 −1

)
, T

[1]
11 = T11 =

(
0 −1
0 0

)
(5)

of the tensor operator T [1]
1 . For a general spin number J (i.e. qudits), all tensor operators JT

[1]
j = JTj with j ∈

{1, . . . , 2J} are present. Their tensor operator components JTjm with m ∈ {−j, . . . , j} are given as (see, e.g.,
Refs. 27, 89, and 100)

[
JTjm

]
m1m2

=
√

2j+1
2J+1C

Jm1
Jm2jm

= (−1)J−m2CjmJm1J,−m2
(6)

in terms of Clebsch-Gordan coefficients66,89,97,98 where m1,m2 ∈ {J, . . . ,−J}. Clebsch-Gordan coefficients are the
expansion coefficients of a (coupled) total angular momentum eigenbasis in an (uncoupled) tensor product basis. We
note that the Clebsch-Gordan coefficients in Eq. (6) describe the (tensor-product) combination of pure states into
a density matrix |ψ1〉〈ψ2| = |ψ1〉 ⊗ 〈ψ2| of a single spin. Tables for the Clebsch-Gordan coefficients can be found
in literature98 and there also exist several methods for their computation including recursion relations and explicit
formulas.66,89,101,102
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After adding an additional spin, a basis change according to Clebsch-Gordan coefficients66,89,97,98 is applied in both
methods A and B (see Fig. 1). The Clebsch-Gordon decomposition66,89,97,98 describes how a tensor product of two
irreducible representations is expanded into a direct sum of irreducible representations: the tensor product of two
tensor operators Tj1 and Tj2 with ranks j1 and j2 are split up according to

Tj1 ⊗ Tj2 =
jl+j2⊕

j=|jl−j2|
Tj . (7)

The 2j+1 tensor components Tjm with m ∈ {−j, . . . , j} of each tensor Tj on the r.h.s. of Eq. (7) are given by

Tjm =
jl+j2∑

j=|jl−j2|

∑

m=m1+m2

Cjmj1m1j2m2
Tj1m1 ⊗ Tj2m2 (8)

via the Clebsch-Gordon coefficients66,89,97,98 Cjmj1m1j2m2
. Here, the Clebsch-Gordan coefficients in Eq. (8) describe

how tensor operators for g−1 spins are combined with the ones for a single spin into tensor operators for g spins. In
the case of spins 1/2, tensor operators Tj1 obtained from the last iteration are combined with the tensor operator
Tj2 = T1 (see Eqs. (7) and (8)). For higher spin numbers J , the tensor operator Tj2 is substituted by the direct sum
⊕2J
q=1Tq. More concretely, a (g−1)-spin system is joined with a single spin J , which results in a g-spin system such

that a (g−1)-linear tensor Tj1 generates a set of g-linear tensors Tj :

Tj1 ⊗
( 2J⊕

q=1
Tq

)
=

2J⊕

q=1

j1+q⊕

j=|j1−q|
Tj . (9)

The corresponding g-linear tensor components Tjm with m = m1 + k and k ∈ {−q, . . . , q} are determined from the
tensor components Tj1m1 and Tqk via Clebsch-Gordan coefficients as detailed in Eq. (8). After the Clebsch-Gordan
basis change, either method A or B is used for the symmetrization with respect to spin permutations. Details are
treated in Sec. VI.

The discussed g-linear tensor operator components Tjm of a rank j and degree m are only defined up to a phase. We
employ the Condon-Shortley phase convention66,67,89 Tjm = (−1)mT †jm that restricts the phase freedom to a freedom
of choosing an arbitrary sign for each rank j. In order to uniquely specify the tensor operators, we fix these sign
factors as detailed in Sec. VI C. Finally, the g-linear tensor operators are embedded into various N -spin systems via
N−g tensor products with suitably positioned tensor operators JT ∅00, which are proportional to identity matrices. For
each N -spin system, the g-linear tensor operators are embedded according to the

(
N
g

)
available subsets G ∈

({1,...,N}
g

)
.

For example, we denote by T ∅00 the embedded variant of the zero-linear tensor operator component T [0]
00 and the linear

tensor operators T [1]
j result in the embedded tensor operator TGj for each single-element set G ∈ {{1}, {2}, . . . , {N}}

of involved spins.

IV. Examples and applications for multiple spins 1/2

In this section, we present examples and applications for multiple spins 1/2 and thereby illustrate and motivate our
visualization approach. We focus on four and more spins 1/2, as examples for the case of up to three spins 1/2 have
already been discussed in Ref. 37. Building on the general outline given in Sec. II, we start by discussing the labels
and their structure for four spins 1/2.

The left part of Table II describes the decomposition of the tensor space. For each subsystem size g, we list
the potentially occurring partitions50–52,95 λ and the associated tableaux τ

[g]
i , which are given together with their

quantity and index. Also, for each λ we state the appearing tensor ranks j. The bilinear tensors for a fixed subsystem
G ∈

({1,..,4}
2
)

are combined into a single droplet function, which is possible as the relevant ranks 0, 2, and 1 do not
contain any repetition. Note that for g = 4, the partition [1,1,1,1] and its tableau τ

[6]
10 do not correspond to any

rank j (indicated by “-” at the bottom of the last column of the table at the left side of Tab. II). For each of the
possible subsystems G ∈

({1,..,4}
g

)
, we have in total one label for the zero-linear tensor, one label for linear tensors,

one label for bilinear tensors, four labels for trilinear tensors, and nine labels for four-linear tensors. This labeling
structure for a system of four spins 1/2 is reflected on the right of Table II, where a 16× 16 complex random matrix
is visualized using multiple droplet functions. The upper left panel on the right of Table II highlights the topology of
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TABLE II. Decomposition structure of four coupled spins 1/2 into linearity g, tableau τ [g]
i (or simply τi for fixed g), and ranks

j (left). For each subsystem G ∈
({1,..,4}

2

)
, the bilinear tensors corresponding to different tableaux are assembled in a single

droplet function and hence the label ` of bilinear droplets does not contain a sublabel corresponding to a specific tableau τ
[4]
i .

The permutation symmetry corresponding to tableau τ
[4]
10 does not appear in the four-spin-1/2 system, i.e. no rank j exists,

which is indicated by “-” at the bottom of the last column. On the right side, all droplet functions visualize together a complex
random matrix. For each linearity g multiple subsystems G ∈

({1,..,4}
g

)
occur.

Partition No. Indices Tableaux Ranks

g λ of τ
[g]
i i τ

[g]
i j

1 [1] 1 1 1 1

2 [2] 1 1 1 2
{
0,2

}

[1,1] 1 2 1
2

1

3 [3] 1 1 1 2 3 1,3
[2,1] 2 2,3 1 2

3
, 1 3
2

1,2

[1,1,1] 1 4 1
2
3

0

4 [4] 1 1 1 2 3 4 0,2,4
[3,1] 3 2,3,4 1 2 3

4
, 1 2 4
3

, 1 3 4
2

1,2,3

[2,2] 2 5,6 1 2
3 4

, 1 3
2 4

0,2

[2,1,1] 3 7,8,9 1 2
3
4

, 1 3
2
4

, 1 4
2
3

1

[1,1,1,1] 1 10 1
2
3
4

–

{4} {3}

{2}{1}

{3,4}

{1,2}

{2,3}{1,4}

{1,3} {2,4}

Id

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8 τ9

subsystems: ∅, {a}, {a,b} subsystems: {a,b,c}

subsystems: {a,b,c,d}

{1,2,3} {1,2,4} {1,3,4} {2,3,4}

{1234}

{4} {3}

{2}{1}

{3,4}

{1,2}

{2,3}{1,4}

{1,3} {2,4}

Id

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8 τ9

subsystems: ∅, {a}, {a,b} subsystems: {a,b,c}

subsystems: {a,b,c,d}

{1,2,3} {1,2,4} {1,3,4} {2,3,4}

{1,2,3,4}

{4} {3}

{2}{1}

{3,4}

{1,2}

{2,3}{1,4}

{1,3} {2,4}

Id

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ4

τ3

τ2

τ1

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8 τ9

subsystems: ∅, {a}, {a,b} subsystems: {a,b,c}

subsystems: {a,b,c,d}

{1,2,3} {1,2,4} {1,3,4} {2,3,4}

{1,2,3,4}

(a) density matrix of the W state (b) density matrix of two EPR pairs

FIG. 2. (a) Visualizations of the density matrix |W 〉〈W | of the four-qubit W state |W 〉, the droplet function for the subsystem
{1,2,3,4} is scaled to 2/3 of its original size. (b) Visualizations of the density matrix |ψ〉〈ψ| of two EPR pairs |ψ〉 = (|0000〉+
|1111〉+ |0011〉+ |1100〉)/2 (between spins 1 and 2 as well as 3 and 4).

the spin system, where nodes represent single spins 1/2 and edges correspond to bilinear tensors. Each droplet f (`)

is arranged according to its label `. The visualization of the zero-linear tensor is labeled by ` = Id, linear tensors by
their subsystem ` = {a} for a ∈ {1, .., 4}, and bilinear tensors also by their subsystem ` = {a,b} for a, b ∈ {1, .., 4}
with a < b, i.e., ` ∈ {{1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}}. We use ` = (G, τ [g]

i ) for 3 ≤ g ≤ 4, which explicitly
specifies the tableau τ [g]

i . On the right of Table II, we also see the labels given by the four tableaux τ [3]
i for each of the

trilinear subsystems G ∈ {{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}}, where the edges between involved spins are indicated by
bold black lines whereas edges to non-involved spins are grayed out. In the four-linear subsystem {1,2,3,4}, non-zero
droplet functions can only occur for the nine tableaux τ

[4]
1 -τ [4]

9 . Hence in a system consisting of four spins 1/2, the
information contained in an arbitrary operator (consisting of (24)2 = 256 complex matrix elements) is represented by
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36 droplet functions, which have the correct transformation properties under non-selective rotations and which are
organized according to the subset G of involved spins and the type of permutation symmetry specified by a Young
tableau τ

[g]
i .

The cases of g = 5 and g = 6 are detailed in Table VI and visualizations of a complex random matrix for systems
consisting of five and six spins 1/2 are shown in Figs. 9 and 10 of Appendix A 3, respectively. For subsystem sizes
g ≥ 6, in addition to the set G of involved spins and the Young tabeleau τ

[g]
i , the label ` for a given droplet function

may also include an additional ad hoc sublabel A, resulting in ` = (G, τ [g]
i ,A).

Next, two examples illustrate how inherent symmetries of density matrices are made apparent in our visualization
approach. We consider two entangled pure states103–105 in a four-qubit system (i.e. a system consisting of four spins
1/2), where the corresponding density matrices are highlighted in Fig. 2 following exactly the prototype in Table II.
The first example is shown in Fig. 2(a), which represents the density matrix |W 〉〈W | of the four-qubit W state103,104

|W 〉 = (|0001〉+|0010〉+|0100〉+|1000〉)/2, which is also known as a Dicke state.106,107 The highly symmetric structure
of |W 〉〈W | is clearly visible in Fig. 2(a). All droplet functions for different subsystems G of a given linearity g have
an identical shape. Also, only the fully permutation symmetric tensors corresponding to the tableaux τ

[2]
1 , τ [3]

1 , and
τ

[4]
1 appear. In total, only 16 droplet functions are nonzero. This is reflected by the tensor decomposition

|W 〉〈W | = T Id
00 − 1

2

4∑

k=1
T
{k}
10 +


 ∑

{k,l}∈G2

1√
3T
{k,l}
00 − 1√

6T
{k,l}
20




+


 ∑

{k,l,m}∈G3

− 3√
60T

({k,l,m},τ [3]
1 )

10 + 4√
10T

({k,l,m},τ [3]
1 )

30


+

(
2√
20T

τ
[4]
1

00 − 1√
7T

τ
[4]
1

20 − 16√
70T

τ
[4]
1

40

)

with G2 = {{1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}} and G3 = {{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}}.
The second example is given by the density matrix |ψ〉〈ψ| of two EPR pairs105 |ψ〉 = (|0000〉 + |1111〉 + |0011〉 +

|1100〉)/2 and is illustrated in Fig. 2(b). Again, the symmetry structure of |ψ〉〈ψ| is readily visible. In this case, linear
and trilinear droplet functions are completely absent. For the bilinear droplet functions, only the ones corresponding
to the subsystems {1,2} and {3,4} are nonzero as the qubits 1 and 2 as well as 3 and 4 form the EPR pairs. In the
second example, we obtain the tensor decomposition

|ψ〉〈ψ| = T Id
00 +

(
1√
3T
{1,2}
00 + T

{1,2}
2,−2 + 2√

6T
{1,2}
20 + T

{1,2}
2,2

)
+
(

1√
3T
{3,4}
00 + T

{3,4}
2,−2 + 2√

6T
{3,4}
20 + T

{3,4}
2,2

)

+
[

7√
45T

τ
[4]
1

00 + 2√
63T

τ
[4]
1

20 + 6√
70T

τ
[4]
1

40 + 2√
42

(√
6T τ

[4]
1

4,−2+T τ
[4]
1

2,−2+T τ
[4]
1

22 +
√

6T τ
[4]
1

4,2

)
+ T

τ
[4]
1

4,−4 + T
τ

[4]
1

44

]

−
[

2
3T

τ
[4]
5

00 + 4√
18T

τ
[4]
5

20 + 2√
3

(
T
τ

[4]
5

2,−2 + T
τ

[4]
5

22

)]
,

which explains the occurrence of four-linear components in Fig. 2(b) even though the state |ψ〉 is a product state and
has no four-particle contributions as a pure state. This emphasizes the fact that the DROPS visualization does not
(directly) depict the symmetries of a pure state |ψ〉 but of the corresponding density-matrix |ψ〉〈ψ|.

The last example in this section illustrates the value of the DROPS visualization for analyzing the dynamics of
controlled quantum systems.110 This enables us to analyze the effect of control schemes by illustrating the droplets and
their symmetries appearing during the time evolution. A free simulation package111,112 is available, which can be used
to simulate systems consisting of up to three spins 1/2. In the context of nuclear magnetic resonance spectroscopy,
we consider the creation of maximum-quantum coherence in an Ising chain of four spins 1/2 (see Fig. 3), which
is based on a π/2 excitation pulse followed by a series of delays and π/2 pulses.108 An operator Ap has a defined
coherence order3 p if a rotation around the z axis by any angle α generates the same operator Ap up to a phase
factor exp(−ipα), i.e., exp(−iα∑N

k=1 Ikz)Ap exp(iα
∑N
k=1 Ikz) = Ap exp(−ipα). Recall that Cartesian operators for

single spins are Ix := σx/2, Iy := σy/2, and Iz := σz/2, where the Pauli matrices are σx = ( 0 1
1 0 ), σy =

( 0 −i
i 0

)
,

and σz =
( 1 0

0 −1
)
. For n spins, one has the operators Ikη :=

⊗n
s=1 Ias where as is equal to η for s=k and is zero

otherwise; note I0 := ( 1 0
0 1 ). All tensor-operator components Tjm have the unique coherence order p = m. The

Cartesian product operator Ikx, which corresponds to observable transverse magnetization, contains coherence order
p = ±1 and a triple-quantum coherence state is a linear combination of tensor operators with rank j ≥ 3 and order
m = ±3. The maximal coherence order is limited by the number of spins and thus by the maximal rank j of tensors.
Note that a droplet f (`) representing an operator Ap with coherence order p exhibits the same rotation properties
as Ap. That is f (`) is reproduced up to a phase factor exp(−ipα) if f (`) is rotated around the z axis by α, refer
also to Fig. 7. The experiment considered in Ref. 108 generates maximal quantum coherence states starting from the
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{1} {2} {3} {4}

(a)

τ1 τ2 τ3

{1,2,3}
τ1 τ2

{2,3,4}

1 2 3 4

{1,2} {3,4}

(b)

τ1 τ2 τ3 τ4 τ5

τ6

τ7

τ8 τ9
{1,2,3,4}

τ1 τ2 τ3

{2,3,4}

τ1 τ2

{1,2,3}

1 2 3 4

(c)

{1,2,3,4}

τ1

1 2 3 4

(d)

FIG. 3. Generation of a completely symmetric four-linear state in a chain of four spins 1/2 following Table S2 in Ref. 108.
Starting from ρ0 =

∑4
k=1 Ikz a [π/2]y pulse on each spin results in (a), the evolution under coupling with time t = 1/(2J)

followed by a [π/2]y pulse on each spin is repeating three times and visualized at various stages (b)-(d). The droplet function
in (d) is scaled to 1/3 of its original size. Linear and bilinear droplet functions are plotted on the nodes (i.e. spins) and edges
(i.e. couplings), respectively. General g-linear components are indicated by dashed ellipses.109

(a)

I4 I3

I1 I2

(b)

I3

I4I5

I1 I2

(c)

I4

I5I6

I1

I2 I3

(d)

J1 J2

FIG. 4. Interaction structure of visualized spin systems (nodes represent spins): (a)-(c) systems with N ∈ {4, 5, 6} spins 1/2
(see Sec. IV), (d) two spins with arbitrary spin numbers J1 and J2 as discussed in Sec. V.

initial state ρ0 =
∑4
k=1 Ikz, which is specified using the Cartesian product operators Ikz. All coupling constants in

the drift (or system) Hamiltonian are assumed to be equal, i.e., J = J12 = J23 = J34. In a first step, a [π/2]y pulse
is applied on each spin. Then, a transfer block consisting of an evolution under the coupling with coupling period
t = 1/(2J) followed by a [π/2]y pulse on each spin is repeated three times. The panels in Fig. 3 show the state of
the spin system for different points in time: Panel (a) represents the initial state ρ0 =

∑4
k=1 Ikz after a π/2 pulse

with phase y is applied to each spin. Panels (b), (c), and (d) depict the state after one, two, and three repetitions of
the transfer block, respectively. In panel (d), the initial state has been fully transferred to a single 4-linear droplet
function corresponding to fully permutation-symmetric tensors (as denoted by τ

[4]
1 ), which also contains the desired

maximum-coherence orders108 p = ±4. A similar example for an Ising chain consisting of five spins 1/2 is shown in
Appendix A 2 [refer to Fig. 8(a1)-(a5)].

Additional examples and applications of the DROPS visualization are illustrated in Appendix A. In Fig. 4(a)-(c),
general systems consisting of four to six spins 1/2 are schematically represented as complete graphs. In the following,
we discuss the generalization of the DROPS representation to systems consisting of two, see Fig. 4(d), or more spins
with arbitrary spin numbers.

V. Representation of systems consisting of spins with arbitrary spin numbers

Building on our description in Sec. II, we now consider the case of two coupled spins with arbitrary spin numbers.
Even though spins 1/2 (which are also known as qubits) constitute the most important case, spins with higher spin
number J > 1/2 are highly relevant and widely studied as exemplified by bosonic systems, such as photons and
gluons, composite particles as deuterium or helium-4, and quasiparticles such as Cooper pairs or phonons. We start
in Sec. V A with the case of two coupled spins with arbitrary but identical spin number J . We extend this case to
two coupled spins with different spin numbers J1 6= J2 in Sec. V B, which also discusses examples and illustrations for
the concrete spin numbers J1 = 1/2 and J2 = 1. Generalizations of our approach to an arbitrary number of coupled
spins with arbitrary spin numbers are discussed in Sec. V C.
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TABLE III. Multiplicities of ranks j occurring for bilinear tensors in two-spin systems with equal spin numbers J1 = J2 = J
(left) and different spin numbers J1 6= J2 (right).

J λ j = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1/2 [2] 1 1
[1,1] 1

1 [2] 2 1 3 1 1
[1,1] 3 1 2

3/2 [2] 3 2 6 3 4 1 1
[1,1] 5 3 5 2 2

2 [2] 4 3 9 6 8 4 4 1 1
[1,1] 7 5 9 5 6 2 2

5/2 [2] 5 4 12 9 13 8 9 4 4 1 1
[1,1] 9 7 13 9 11 6 6 2 2

3 [2] 6 5 15 12 18 13 15 9 9 4 4 1 1
[1,1] 11 9 17 13 17 11 12 6 6 2 2

7/2 [2] 7 6 18 15 23 18 22 15 16 9 9 4 4 1 1
[1,1] 13 11 21 17 23 17 19 12 12 6 6 2 2

J1 J2 j = 0 1 2 3 4 5 6 7 8 9 10 11

1/2 1 1 2 2 1
1/2 3/2 1 2 3 2 1
1/2 2 1 2 3 3 2 1
1/2 5/2 1 2 3 3 3 2 1
1/2 3 1 2 3 3 3 3 2 1
1/2 7/2 1 2 3 3 3 3 3 2 1
1 3/2 2 5 6 5 3 1
1 2 2 5 7 7 5 3 1
1 5/2 2 5 7 8 7 5 3 1
1 3 2 5 7 8 8 7 5 3 1
1 7/2 2 5 7 8 8 8 7 5 3 1

3/2 2 3 8 11 11 9 6 3 1
3/2 5/2 3 8 12 13 12 9 6 3 1
3/2 3 3 8 12 14 14 12 9 6 3 1
2 5/2 4 11 16 18 17 14 10 6 3 1
2 3 4 11 17 20 20 18 14 10 6 3 1

TABLE IV. Labeling scheme for bilinear tensors of two coupled spins. For J1 = J2 = J (left), parent sublabels P and Young
tableaux sublabels τ [g]

i are used. For J1 6= J2 (right), Young tableaux are replaced by ad hoc sublabels. Both cases result in
4J1J2 droplet functions.

P τ
[g]
i j ` (J1 = J2 = J)

1,1 τ1 0,2
}

{1,2}, 1, 1
τ2 1

2,2 τ1 0,2,4
}

{1,2}, 2, 2
τ2 1,3

...
...

...
2J ,2J τ1 0,2,4,..,2J

}
{1,2}, 2J, 2J

τ2 1,3,..,2J−1

1,2 τ1 1,2,3 {1,2}, 1, 2, τ1

τ2 1,2,3 {1,2}, 1, 2, τ2...
...

...
k,l (l 6= k) τ1 |k−l|,..,k+l {1,2}, k, l, τ1

τ2 |k−l|,..,k+l {1,2}, k, l, τ2...
...

...
2J−1,2J τ1 1,..,2J−1 {1,2}, 2J−1, 2J, τ1

τ2 1,..,2J−1 {1,2}, 2J−1, 2J, τ2

P A j ` (J1 6= J2)

1, 1 0, 1, 2 {1,2}, 1, 1
2, 2 0, 1, 2, 3, 4 {1,2}, 2, 2
...

...
2J1, 2J1 0,..,4J1 {1,2}, 2J1, 2J1
2, 3 I 1,..,5 {1,2}, 2, 3, I

II 1,..,5 {1,2}, 2, 3, II
...

...
k, l (l > k) I l−k,..,l+k {1,2}, k, l, I

II l−k,..,l+k {1,2}, k, l, II
...

...
2J1−1, 2J1 I 1,..,2J1−1 {1,2}, 2J1−1, 2J1, I

II 1,..,2J1−1 {1,2}, 2J1−1, 2J1, II
2J1, 2J1+1 1,..,2J1 + 1 {1,2}, 2J1, 2J1+1
...

...
2J1, 2J2 2J1−2J2,..,2J1+2J2 {1,2}, 2J1, 2J2

A. Two coupled spins with equal spin numbers

Recall from Sec. II that the state of a single spin J can be described by 2J+1 tensor operators Tj with ranks
j ∈ {0, . . . , 2J} where each tensor operator Tj has 2j+1 tensor-operator components Tjm ∈ C(2J+1)×(2J+1) with
m ∈ {−j, . . . , j}. The rank j = 0 corresponds to a zero-linear tensor operator and the ranks 1 ≤ j ≤ 2J correspond
to linear tensor operators. Compared to the case of spins 1/2, the number and multiplicity of the occurring ranks
j in tensor decompositions for multiple spins grow even more rapidly for general spin numbers. This is already
appreciable for bilinear tensors of two spins as detailed for different values of J1 = J2 = J on the left of Table III,
where multiplicities of the occurring ranks are listed separately for the permutation symmetries corresponding to the
partitions [2] and [1,1]. Additional sublabels are required to distinguish between multiply appearing ranks j in order
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g G P j ℓ

0 ∅ 0 0 Id

1 {1} 1 1 {1}

{2} 1 1
}

{2}
2 2

2 {1,2} 1,1 0,1,2 {1,2},1,1
1,2 1,2,3 {1,2},1,2

{1} {2}

Id

{1,2},1,1

{1,2},1,2

FIG. 5. The labeling scheme for two spins with spin numbers J1 = 1/2 and J2 = 1 results in five groups of tensors (left). The
right panel visualizes the corresponding droplet functions for a 6× 6-dimensional complex random matrix.

{1} {2}

{1,2},1,1

{1,2},1,2
(d)

{1} {2}

{1,2},1,1

{1,2},1,2
(c)

{1} {2}

{1,2},1,1

{1,2},1,2

x

y

z

(b)

{1}

(a)

FIG. 6. Visualization of a negative polarization transfer under isotropic mixing conditions in a two-spin system consisting of a
spin 1/2 and a spin 1 (see Ref. 113): (a) 0 ms, (b) 10 ms, (c) 20 ms, and (d) 30 ms.

to maintain the bijectivity of the mapping from tensor operators to spherical harmonics following Sec. II.
For two coupled spins, there are zero-linear, linear, and bilinear tensors as given by the different numbers g ∈ {0, 1, 2}

of involved spins. The treatment of the cases with g ∈ {0, 1} follows Sec. II. For g = 0, the set G = ∅ of involved spins
is empty. The corresponding single zero-linear tensor operator of rank j = 0 requires no further partitioning and is
given the label ` = Id. The linear tensors are partitioned according to the set G ∈ {{1}, {2}} of involved spins, which
contains either the first or the second spin. For both cases, 2J linear tensor operators with ranks j ∈ {1, 2, . . . , 2J}
are present and no rank appears twice. This ensures that no additional sublabels are necessary and the labels ` = {1}
and ` = {2} can be used to uniquely specify the linear tensor operators. So far, the tensor operators corresponding
to the labels ` ∈ {Id, {1}, {2}} result jointly in three droplet functions.

For bilinear tensors, the occurring ranks j and their multiplicity are detailed on the left of Table III separately
for the partitions [2] and [1,1]. Additional sublabels are necessary for J > 1/2 to uniquely distinguish the appearing
tensor operators. This is also true after the sublabels for permutation symmetries given by the partitions [2] and
[1,1] (or the related Young tableaux τi) have been applied. Ad hoc sublabels could be used, but they usually do not
correlate with any physical properties of the quantum system. Instead, here we employ so-called parent sublabels
(or parents), which are motivated by classical methods.54–56,58,59,67,69–71,86 Recall that a bilinear tensor operator Tj
of rank j is obtained in the Clebsch-Gordon decomposition [see Eq. (7)] from the tensor product of the two linear
tensor operators Tj1 and Tj2 . The ranks j1 and j2 (with j1 ≤ j2) form the parent sublabel P = (j1,j2) of Tj . For
example, the bilinear tensor operator T1 appears in the decomposition of T1 ⊗ T2. This results in the parent sublabel
(or parents) P = (1,2) for this bilinear tensor operator T1, representing the ranks j1 = 1 and j2 = 2 of the linear
tensor operators T1 and T2. One significant advantage of using parent sublabels is that they naturally arise in the
construction of tensor operators. All parents that appear for bilinear tensors of two coupled spins with arbitrary but
equal spin number are detailed on the left-hand side of Table IV. The bilinear tensors are grouped according to their
parents and their Young tableaux τi, which specify permutation symmetries as discussed above. This scheme results
in (2J)2 droplet functions representing bilinear tensors. In total, (2J)2 + 3 droplet functions are needed to completely
specify the quantum state of two coupled spins with identical spin number J . Recall that for two coupled spins 1/2
(i.e. with J1 = J2 = J = 1/2), bilinear tensors can be uniquely represented by only one ((2J)2 = 1) droplet function,
which is fully specified by the label ` = G = {1, 2}, which indicates that it contains operators acting on the first and
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second spin. However, for two coupled spins with J1 = J2 = J ′ = 1, four ((2J ′)2 = 4) droplet functions are necessary
to represent all bilinear tensors, which obviously are not uniquely specified by the set G = {1, 2} of involved spins. Of
these four bilinear droplet functions, two function have identical parent ranks (j1 = j2) and are fully characterized by
a label of the form ` = (G,P): the complete label for j1 = j2 = 1 is ({1,2}, 1, 1) and ({1,2}, 2, 2) for j1 = j2 = 2. The
two remaining bilinear droplet functions have parent ranks j1 = 1 and j2 = 2 but different Young tableaux τi. They
are fully specified by the labels ({1,2}, 1, 2, τ1) and ({1,2}, 1, 2, τ2), respectively (c.f. fourth column in Table IV).

B. Two coupled spins with different spin numbers

Building on the methodology introduced in Sec. V A, we address in this section the case of two coupled spins
with different spin numbers J1 6= J2. As before, the appearing bilinear tensor ranks j and their multiplicity grows
rapidly as shown on the right of Table III. Zero-linear and linear tensors can be—as before—represented using three
droplet functions. In contrast to the case of equal spin numbers, we can no longer rely on permutation symmetries
to label bilinear droplet functions, because permuting spins with different spin numbers does not preserve the global
structure of the quantum system. This forces us to combine parent sublabels with ad hoc sublabels in order to
completely subdivide all bilinear tensors. The resulting labeling scheme for bilinear tensors is summarized on the
right of Table IV. Overall, 4J1J2 different droplet functions exist for bilinear tensors and arbitrary operators are
represented by 4J1J2 + 3 droplet functions.

A concrete example is given in Fig. 5 for the case of two coupled spins with the spin numbers J1 = 1/2 and J2 = 1.
The labeling scheme is detailed on left of Fig. 5. One observes the tensor rank of zero for the zero-linear tensors, the
linear tensor rank of one for the spin 1/2, and the linear tensor ranks of one and two for the spin 1. The bilinear
tensor ranks are given by zero, one, and two for the parent sublabel P = (1,1) as well as one, two, and three for the
parent sublabel P = (1,2). The right panel of Fig. 5 shows the corresponding droplet functions, which are arranged
according to their labels.

For the same case of one spin 1/2 and one spin 1, we visualize in Fig. 6 the dynamics of quantum states during an
isotropic mixing polarization transfer experiment. In this experiment, x polarization of the first spin (represented by
droplet {1}), which corresponds to the initial density operator S1x, is transferred via bilinear operators [represented
by the droplets ({1,2}, 1, 1) and ({1,2}, 1, 1)] to x polarization of the second spin (represented by droplet {2}) under
the effective isotropic mixing (Heisenberg) coupling Hamiltonian Hiso = 2πJiso(S1xS2x + S1yS2y + S1zS2z).113 The
operators in this case are defined by S1η1 := Iη1 ⊗ id3 and S2η2 := id2 ⊗ Sη2 , where

Sx = 1√
2

( 0 1 0
1 0 1
0 1 0

)
, Sy = 1√

2i

( 0 1 0
−1 0 1

0 −1 0

)
, and Sz =

( 1 0 0
0 0 0
0 0 −1

)

are the spin-1 matrices and idn denotes the n × n identity matrix. For a coupling constant Jiso of 11 Hz, the
four panels in Fig. 6 show DROPS representations of the density matrix after (a) 0 ms, (b) 10 ms, (c) 20 ms,
and (d) 30 ms, respectively. The time-dependent x polarization of the first spin is given by the function T1x(t) =
{11 + 16 cos(3πJiso t)}/18, which is negative for t=30 ms. This is visible in panel (d), where the sign of the linear
droplet corresponding to the first spin (labeled {1}) is inverted compared to panels (a) to (c): Whereas initially, the
positive (red) lobe of the droplet {1} points in the positive x direction, after 30 ms the positive (red) lobe of the
droplet {1} points in the negative x direction. The occurrence of polarization with inverted sign in such a simple
two-spin system (consisting of a spin 1/2 and a spin 1) is of interest113 because at least five spins are necessary to
achieve negative polarization in isotropic mixing experiments in systems consisting exclusively of spins 1/2.

C. Generalization to an arbitrary number of spins with arbitrary spin numbers

We discuss now how parent sublabels can be also applied to more than two spins. The most general spin system is
composed of an arbitrary number of coupled spins with arbitrary spin numbers Jk. The zero-linear and linear tensors
can be described as before. In particular, one has 2Jk linear tensors with rank j ∈ {1, . . . , 2Jk}. Bilinear and general
g-linear tensors can be initially divided with respect to the set G of involved spins. A g-linear tensor operator Tj is
obtained via repeated Clebsch-Gordan decompositions from g linear tensor operators Tjk of rank jk with 1 ≤ k ≤ g.
And the parent sublabel P = (j1,j2, . . . ,jg) of Tj is given by the sequence of ranks. For example, the trilinear
tensor operator T2 is contained in the Clebsch-Gordon decomposition of the tensor product of the three linear tensor
operators T1, T1, and T2 and its parent sublabel is given by P = (1,1,2). Young tableaux specifying permutation
symmetries could be at least applied to subsystems with equal spin numbers. Theoretically, ad hoc sublabels can
always be used to discern between any remaining tensor operators with equal rank. However, the practicability of
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this approach, which is related to the scaling of the number of necessary ad hoc sublabels, has to be investigated in
future work together with the option of subgroup labels.54–56,58,59,67,69–71,86

VI. Explicit construction of the symmetry-adapted bases

Here, we present the details for constructing symmetry-adapted bases as outlined in Sec. III. Each tensor operator
has to be uniquely identified by a set of sublabels (or quantum numbers). After the space of all tensors has been
divided according to their g-linearity and the subsystem G of involved spins, the tensors can be further subdivided
with respect to their parents P (as introduced in Sec. V), their permutation symmetries as given by a Young tableau
τ [g] of size g, and/or necessary ad hoc sublabels A that together with the rank j and order m ∈ {−j, . . . , j} finally
identify a one-dimensional tensor subspace. Some of this information might be redundant or inapplicable in certain
cases (as permutation symmetries in the scenario of Sec. V B), and we also do not utilize parent sublabels in spin-1/2
systems. Our explanations start below with the initial construction of zero-linear and linear tensors. In Sec. VI A
and Sec. VI B, we then separately describe the iterative construction of g-linear tensor operators (for g ≥ 2) based
on the projection method (denoted as Method A in Sec. III) and on the CFP method relying on fractional parentage
coefficients (denoted as Method B in Sec. III). We conclude by explaining the chosen phase convention for DROPS
basis tensor operators (see Sec. VI C) and how tensors are embedded into a full N -spin system (see Sec. VI D).

Let us first recall the tensor-operator notation T
(G,P,τ,A)
jm , which uses the rank j and order m together with all

possible sublabels given by the set G of involved spins, the parent sublabel P, the permutation symmetry τ , and
the ad hoc sublabel A. Below, a superscript [g] is used for each sublabel to indicate a specific linearity g. Before
accounting for the embedding in Sec. VI D, the label G[g], is dropped. By default, we assume that for a g-linear term
the set of spins consists of the first g spins of the system, i.e. G[g] = {1, . . . , g} for a linearity g ≥ 1 and G[0] = ∅.

In the zero-linear case (g = 0), the parent sublabel is an empty list P [0] = (), the tableau sublabel is empty
(τ [0] = ∅), and the ad hoc label is canonically initialized to A[0] = I; also j[0] = 0 and m[0] = 0. We use the
abbreviations T0 and T00 for the tensor operator and its component in the zero-linear case, while emphasizing that
their explicit form depends on the spin number J as detailed in Eqs. (4) and (6).

For the case of linear tensors, P [1] = (j[1]) for the rank j[1], τ [1] = 1 , and A[1] = I. The linear tensor operators
and their components can be uniquely identified using the simplified notations Tj and Tjm with j = j[1] 6= 0. Their
explicit form depends again on the spin number J , see Eqs. (5) and (6). After addressing these notational issues and
default initializations, we discuss the iterative construction process.

A. Projection method

In the first phase of the projection method, the tensor decomposition from Eq. (9) is iteratively applied in order
to construct g-linear tensors from (g−1)-linear ones as outlined in Sec. III and Fig. 1. The explicit form of the
corresponding tensor components can be computed with the help of Eq. (8) and the knowledge of Clebsch-Gordan
coefficients. During this iteration the Young-tableau sublabels are ignored since permutation symmetries are only
accounted for in the second and third phase of the projection method. Ad hoc sublabels can be suppressed during
this phase. The parent sublabels are updated in each iteration by extending the list of parents with that rank
q ∈ {1, . . . , 2J} from the added spin J in Eq. (9) that resulted in the tensor operator under consideration. When
Eq. (9) has been repeated sufficiently many times such that the desired linearity g is attained, the first phase of the
projection method is completed.

In the second phase of the projection method, we explicitly determine projection operators, which will allow us to
project tensor operators (and their components) onto subspaces of well-determined permutation symmetry. We follow
the account of Ref. 37 and start by recalling some basic ideas and notations.50–52,95 A permutation σ ∈ Sg contained
in the symmetric group Sg maps elements i ∈ G = {1, . . . , g} to elements σ(i) ∈ G such that σ(i1) 6= σ(i2) for i1 6= i2.
The multiplication of two elements σ2, σ1 ∈ Sg is defined by the composition (σ2σ1)(i) := (σ2 ◦ σ1)(i) = σ2[σ1(i)] for
i ∈ G. For example, we have (1,2)(1,3) = (1,3,2) using the cycle notation for elements of S3. Young tableaux are
combinatorial objects built from a set of boxes, arranged in left-orientated rows, with the row lengths in non-increasing
order. The boxes are filled with the numbers {1, 2, . . . , g} but without repeating any number. A Young tableau is
called standard if the entries in each row and each column are increasing. The number of boxes aj in each row j
determines a partition λ = [a1, a2, . . . ], which characterizes the shape of a Young tableau. We use a superscript [g] in a
Young tableau τ [g] in order to clarify the number g of involved spins. The standard Young tableaux for g ∈ {1, 2, 3, 4}
are presented in Fig. 2 and g = 5 and g = 6 are summarized in Tables VI and VII. The set of row-wise permutations
R(τ) of a Young tableau τ is given by all permutations of entries of τ that leave the set of elements in each row of τ
fixed. The set of column-wise permutations C(τ) can be defined similarly. The Young symmetrizer eτ is an element
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of the group ring R[Sg] of Sg and can then be written for each Young tableau τ as the product

eτ := fλ(τ) HτVτ , (10)

where Hτ =
∑
σ∈R(τ) σ, Vτ =

∑
σ∈C(τ)(−1)|σ|σ and |σ| denotes the minimal number of transpositions necessary to

write σ as a product thereof. The rational factor fλ(τ) ∈ R is equal to the number of standard Young tableaux with the
same shape λ(τ) as τ divided by g! and ensures the correct normalization such that eτeτ = eτ ; note that fλ := fλ(τ)
is fixed by the shape λ(τ) of τ . Next, we determine the projection operators Pp, which are orthogonalized versions of
the Young symmetrizers eτi . Let us consider the ordered sequence τr, . . . , τs of all standard Young tableaux of fixed
shape, where r denotes the first index in the list and s the last one. The projection operators Pp are defined as

Pp =
{
eτp if p = r,

f [d (a,b) + ε]Pt if p > r.
(11)

For r < p ≤ s, the index t and the two boxes a and b (with b := a + 1) can be found as follows: There exists
t ∈ {r, . . . , p−1} such that the tableau τt differs from τp only by the position of two boxes a and b . The signed axial
distance d ∈ Z from the box a to b in eτt is the number of steps from a to b while counting steps down or to the
left positively and steps up or to the right negatively. The transposition (a,b) permutes a and b, while ε denotes the
identity permutation. The normalization factor f ∈ R is chosen such that PpPp = Pp. We also refer to the example
computations in Ref. 37. Note that challenges related to applicability of this orthogonalization procedure (and under
which conditions the projection property PpPp = Pp holds) are discussed in Sec. VII. This completes the second phase
and the projection operator Pp can be used in the third phase.

In the third phase, each projection operator Pp corresponding to a standard Young tableau τp is applied to the
space of tensor operators. Tensor operators (and their components) are projected onto the tensor subspace, the
permutation symmetry of which is defined by τp and Pp. In many cases, the tensor components T (P,τp)

jm will be
uniquely determined by the image of the projection operator Pp, the rank j, the order m, and, possibly, the parent
sublabel P. But additional ad hoc sublabels A ∈ {I, II, . . . } and an ad hoc procedure to partition the space of all
possible T (P,τp)

jm into one-dimensional subspaces identified by A are necessary in the most general case. It is critical to
coordinate the choice of these one-dimensional subspaces for (at least) all projection operators Pp corresponding to
Young tableaux τp that have the same shape. Therefore, this procedure corresponding to the ad hoc sublabels could
be applied even before the projection operators. An example where ad hoc sublabels are necessary is given by six
coupled spins 1/2 (where we do not use parent sublabels) as detailed in Table VI in Appendix A 3.

B. CFP method

We describe in the following how to construct symmetry-adapted bases using a method based on fractional parent-
age coefficients (CFP).54–60 We limit our presentation to multiple coupled spins 1/2 and we do not consider any parent
sublabels. As explained in Sec. III and Eq. (9), tensors of linearity g are constructed iteratively from the ones with
linearity g−1 in two steps. These two steps can be repeated until the desired linearity has been achieved. In the first
step, the Clebsch-Gordan decomposition in Eq. (9) is used to construct g-linear tensors operators T (τ [g−1],A[g−1],j[g−1])

j[g]

from (g−1)-linear ones T (τ [g−1],A[g−1])
j[g−1] , where the explicit tensor-operator components are again determined using

Clebsch-Gordan coefficients and Eq. (8). While executing the Clebsch-Gordan decomposition of Eq. (9), we tem-
porarily record τ [g−1] and A[g−1] from the previous generation together with the old rank j[g−1] in the labels of the
provisional tensor operators T (τ [g−1],A[g−1],j[g−1])

j[g] . This information is used in the second step below to recombine the
provisional tensor operators into their final form and to specify this final form using updated labels. But first, the
fractional parentage coefficients and their structure are explained which will finally lead to a characterization of how
this second step can be accomplished.

Fractional parentage coefficients can be interpreted as a block-diagonal transformation matrix CFP g acting on
the space of g-linear tensors. This transformation results in g-linear tensor operators that are fully permutation
symmetrized assuming that the input tensor operators are permutation symmetrized with respect to the first g−1
spins. The transformation matrix

CFP g =
⊕

j[g]

CFP g
j[g] =

⊕

j[g]

⊕

τ [g−1]

CFP g
j[g],τ [g−1] (12)
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can be block-diagonally decomposed according to the rank j[g] of the target tensor operator and the permutation
symmetry τ [g−1] of the initial (g−1)-linear tensor operator. In the example of g = 4 and j[g] = 1, one obtains

CFP 4
1 = CFP 4

1, 1 2 3 ⊕ CFP 4
1, 1 2

3
⊕ CFP 4

1, 1 3
2
⊕ CFP 4

1,
1
2
3

(13a)

=
[

1 2 3 1
1 2 3
4 1

]
⊕




1 2
3 1 2

1 2 4
3 −

√
5
8

√
3
8

1 2
3
4

√
3
8

√
5
8


⊕




1 3
2 1 2

1 3 4
2 −

√
5
8

√
3
8

1 3
2
4

√
3
8

√
5
8


⊕




1
2
3

0
1 4
2
3

1


 (13b)

=




τ [3]
1 2 3 1 2

3
1 2
3

1 3
2

1 3
2

1
2
3

j[4] τ [4] j[3] 1 1 2 1 2 0
1 1 2 3

4 1
1 1 2 4

3 −
√

5/8
√

3/8
1 1 2

3
4

√
3/8

√
5/8

1 1 3 4
2 −

√
5/8

√
3/8

1 1 3
2
4

√
3/8

√
5/8

1 1 4
2
3

1




(13c)

for the transformation matrix resulting in tensor operators of fixed rank j[g] = 1 but with varying permutation
symmetry τ [g]. We have supplemented the formal decomposition in Eq. (13a) with an explicit description of the column
basis for the provisional tensor operators as well as the row basis for the final tensor operators in Eqs. (13b)-(13c). For
each block in Eq. (13b), the upper-left corner contains τ [g−1], the left column enumerates the row basis specified by τ [g],
and the row on the upper right lists the column basis determined by the ranks j[g−1]. The associated transformation
matrix is located in the lower-right quadrant. Equation (13c) provides essentially the same information. Consequently,
one block CFP g

j[g],τ [g−1] of the transformation matrix CFP g can be interpreted as the matrix [CFP g
j[g],τ [g−1] ]τ [g],j[g−1]

with row and column indices given by τ [g] and j[g−1], respectively. A tensor operator

T
(τ [g])
j[g] =

∑

j[g−1]

[CFP g
j[g],τ [g−1] ]τ [g],j[g−1] T

(τ [g−1],j[g−1])
j[g] (14)

of fixed rank j[g] and permutation symmetry τ [g] is now linearly combined from certain provisional tensor operators
T

(τ [g−1],j[g−1])
j[g] . Note that the value of τ [g−1] is implicitly determined by τ [g] (refer also to the next paragraph).

In general, Eq. (14) has to be extended to account for potential ad hoc sublabels A by substituting permutation
symmetries τ with combinations (τ,A) of permutation symmetries and ad hoc sublabels (and possibly summing over
multiple values of A[g−1]). Note that the tensor-operator components T (τ [g])

j[g],m[g] have compared to the tensor operators

T
(τ [g])
j[g] an additional dimension given by the order m[g] ∈ {−j[g], . . . , j[g]}. The tensor operator components can

be directly computed by extending the transformation matrix CFP g
j[g] to CFP g

j[g] ⊗ id2j[g]+1 (where id2j[g]+1 is the
identity matrix of dimension 2j[g]+1) since the fractional parentage coefficients do not depend on the value of the
order m[g]. In summary, our description of the fractional parentage coefficients provides with Eq. (14) an explicit
formula to perform the second step to linearly recombine the provisional tensor operators into their final form.

We close this subsection by further exploring the structure of fractional parentage coefficients. For example, note
that one block is repeated in Eq. (13), even though the corresponding row and column bases differ with respect to the
appearing permutation symmetries τ [g] and τ [g−1] for CFP 4

1, 1 2
3

and CFP 4
1, 1 3

2
. The structure of the transformations

CFP 4
j[g],τ [g−1] is still completely determined when we substitute the occurring standard Young tableaux τ with par-

titions λ(τ) given by the shape of τ . The fractional parentage coefficients do not explicitly depend on the standard
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TABLE V. Sign adjustments, which are multiplied to the g-linear tensors of spins 1/2 that have been obtained using Sec. VI B
for up to g ≤ 3.

g j = 0 1 2 3
τ

[g]
i = τ1 τ4 τ1 τ2 τ3 τ1 τ2 τ3 τ1

0 1
1 1
2 -1 -i 1
3 i -1 1 1 i i 1

Young tableaux, but only on their shape. For example, the information in Eq. (13) is equivalent to

CFP 4
1,[3] ⊕ CFP 4

1,[2,1] ⊕ CFP 4
1,[1,1,1] =

[
[3] 1
[3,1] 1

]
⊕




[2,1] 1 2

[3,1] −
√

5
8

√
3
8

[2,1,1]
√

3
8

√
5
8


⊕

[
[1,1,1] 0
[2,1,1] 1

]
. (15)

One can recover CFP 4
1, 1 2

3
together with the standard Young tableaux in its row basis from CFP 4

1,[2,1]. Note that

τ [g] is completely determined by τ [g−1] and the shape λ(τ [g]) of τ [g]. For example, τ [g] = 1 2 4
3 for τ [g−1] = 1 2

3 and
λ(τ [g]) = [3,1] as there is only one possibility to add the box 4 while observing λ(τ [g]) = [3,1]. This argument holds in
general. The repeated block in Eq. (13) is a consequence of the two possible standard Young tableaux for the partition
[2,1]. One might wonder why no standard Young tableaux of shape [2,2] or [1,1,1,1] appear for the rank j[4] = 1 in
Eq. (13). But these cases are ruled out by a priori arguments37 leading to left part of Fig. 2, and similar restrictions
significantly reduce the appearing cases in general. In this regard, note that 0 ≤ j[g] ≤ g. The full dimension of
the transformation matrix CFP g is given by the number of occurring tensor operators. For the examples of systems
consisting of three, four, five, and six spins 1/2, the matrices CFP g have the dimension 7× 7, 19× 19, 51× 51, and
141 × 141, respectively. The explicit form of the fractional parentage coefficients for up to six spins 1/2 has been
extracted from tables in Ref. 60 and is given in Appendix B.

C. Phase and sign convention

The phase and sign of tensor operator components are not uniquely determined by the methods for constructing
symmetry-adapted bases and they can be chosen arbitrarily. We follow the convention of Condon and Shortley67,
which fixes the phase up to a sign. We have developed in Ref. 37 criteria to select this sign factor such that droplet
functions reflect the properties of the depicted operators: First, droplet functions of Hermitian operators should only
feature the colors red and green (for the phases zero and π). Second, droplet functions of identity operators have
a positive value that is shown in red. Third, droplet functions of a linear Cartesian operator Inη with η ∈ {x, y, z}
acting on the nth spin are oriented according to its Bloch vector representation. Fourth, the droplet function of a
fully permutation-symmetric Cartesian operator

⊗
n Inη with η ∈ {x, y, z}, has an elongated shape, and its positive

lobe points in the direction of η. Fifth, raising and lowering operators are visualized by donut-shaped and rainbow-
colored droplet functions. The number of rainbows directly reflects the coherence order and the color transition of the
raising operator is inverted when compared to the one of the lowering operator. Finally, droplet functions of coupling
Hamiltonians 2I1xI2y + 2I1yI2x exhibit a planar shape. This motivates the sign adjustments in Table V for g ≤ 3,
which are multiplied to g-linear tensors of spins 1/2 that have been obtained using the fractional-parentage approach
in Sec. VI B. This convention is consistent with the one used for three spins 1/2 in Ref. 37. The phase factors for
tensors with g > 3 and rank j can be obtained via the formula exp[iπ(g−j)/2]. In the following, we assume that the
phase factors of tensors have been adjusted according to these rules.

D. Embedding tensors into the full N-spin system

Let us finally explain how to embed g-linear tensors into a full N -spin system. We consider g-linear tensor-operator
components T [g]

jm where additional sublabels such as parent sublabels P, permutation symmetries τ , and sublabels A
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have been suppressed for simplicity. We also assume that the nth spin has spin number Jn. For g = 0, the zero-linear
tensor component T [0]

00 is mapped to the embedded tensor operator component T ∅00 := ⊗Nn=1
JnT00. For g > 0, we

assume that the set of involved spins is given by G = {b1, . . . , bg} where bp < bq for p < q. This enables us to define
the permutation ζ := (1,b1) · · · (g,bg) while adopting the convention that (p,p) := ε denotes the identity permutation.
The g-linear tensor-operator components T [g]

jm are transformed into their embedded counterparts TGjm relative to the
set G of involved spins using the definition

TGjm := ζ ·
[
T

[g]
jm ⊗

(
N⊗

n=g+1

Jζ(n)T00

)]
, (16)

where ζ acts by permuting the tensor factors. We assume that T [g]
jm fits to the spins and their spin number into which

it is embedded. For N = 3 and G = {2, 3}, one obtains the example of ζ = (1,2)(2,3) = (1,2,3) and

T
{2,3}
jm = ζ ·

(
T

[2]
jm ⊗ J1T00

)
. (17)

VII. Discussion and open problems related to the projection method for more than four spins 1/2

In this section, we discuss challenges related to the projection method which appear for more than five spins 1/2.
For up to six spins 1/2, we have verified that the projectors Pτi = Pi that have been computed using the method
explained in Sec. VI A are in almost all cases compatible with the tensor-operator basis that has been obtained using
the method based on the fractional parentage coefficients as detailed in Sec. VI B. Everything is fine for up to four
spins 1/2. But for five and six spins, a few projectors which are given as elements of the group ring of the symmetric
group are corrupted as they do not even observe the projection property PτiPτi = Pτi (or more precisely, they cannot
be normalized such that they are projections): For five spins, the single projector corresponding to the Young tableau

τ16 = 1 4 5
2
3

is corrupted. For six spins, the four projectors corresponding to the Young tableaux

τ15 = 1 3 5 6
2 4 , τ21 = 1 2 5 6

3
4

, τ24 = 1 3 5 6
2
4

, and τ25 = 1 4 5 6
2
3

are corrupted. This very limited failure of the projection method as explained in Sec. VI A is puzzling. In the
following, we explain the corresponding mathematical structure in further detail and discuss potential reasons for
this limited failure. But from an applications point of view, the second method based on the fractional parentage
coefficients (see Sec. VI B) works without any problems and we have used it as a substitute in order to determine the
symmetry-adapted decomposition of tensor operators for up to six spins 1/2.

In order to clarify the subsequent discussion, we shortly recall how an element of the symmetric group Sg acts on
the tensor space, but we limit ourselves to the case of spins 1/2 (i.e. qubits). Given σ ∈ Sg, one has σ(A1⊗· · ·⊗Ag) :=
Aσ−1(1)⊗· · ·⊗Aσ−1(g) for Ai ∈ C2×2. The action on the full tensor space is then obtained by linearity. The symmetric
group Sg is generated by the transpositions (i,i+1) with i ∈ {1, . . . , g−1} and the action of Sg on the tensor space
can consequently be made even more explicit if we identify the action of the transpositions (i,i+1). In particular, the
action of (1,2) ∈ S2 can be described using the commutation (or swap) matrix114,115 K as follows

(1,2)(A1 ⊗A2) = K (A1 ⊗A2)K = A2 ⊗A1 with K =
( 1 0 0 0

0 0 1 0
0 1 0 0
0 0 0 1

)
. (18)

Equation (18) can be vectorized using the formula114,115 vec(ABC) = (CT ⊗ A) vec(B), where vec(B) denotes the
vector of stacked columns of a matrix B. One obtains (KT ⊗ K) vec(A1 ⊗ A2) = vec(A2 ⊗ A1) and (e.g.) [(K ⊗
I0 ⊗ I0)T ⊗ (K ⊗ I0 ⊗ I0)] vec(A1 ⊗A2 ⊗A3 ⊗A4) = vec(A2 ⊗A1 ⊗A3 ⊗A4), where I0 is the 2× 2 identity matrix.
This approach allows us to explicitly specify the action of elements σ of the symmetric group or its group ring on
the tensor space using (albeit large) matrices Υ(σ) that operate linearly (by multiplication) on vectorized tensor-
operator components. Note that Υ(σ) acts implicitly on all tensor-operator components and not only the g-linear
ones (assuming that g is equal to the number of spins). Also, the transformation based on fractional parentage
coefficients (i.e. the second step in Sec. VI B) operates directly on tensor-operator components and can be therefore
interpreted as a matrix transformation on the same space as Υ(σ) but restricted to g-linear tensor operators. The
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explicit form of the action of the symmetric group ring on tensors given by Υ will facilitate our further analysis. As
Υ is a linear representation of the group ring of Sg, projection operators P ∈ R[Sg] with P 2 = P are mapped by Υ
to projection operators Υ(P ) with Υ(P )2 = Υ(P )Υ(P ) = Υ(P 2) = Υ(P ). The representation Υ of the group ring
is faithful (i.e. the map σ ∈ R[Sg] 7→ Υ(σ) is injective) for g ≤ 4, but it has a one-dimensional kernel for g = 5 and
a 26-dimensional kernel for g = 6. The existence of a kernel unfortunately complicates the analysis of the corrupt
projectors Pτi . We, however, do not believe that this is the cause for the corruption.

We continue by summarizing important, general properties of projection operators. If a projector P is given as a
matrix [as is, e.g., Υ(Pτi)], then it has only the eigenvalues zero and one, which will usually appear with multiplicity.
The eigenvalue-zero eigenspace is equal to the kernel of P, and the image of P (i.e. the invariant subspace under the
projection P) is equal to the eigenvalue-one eigenspace, the dimension of which is given by the trace Tr(P). In the
following, it will be important to distinguish two notions of orthogonality: First, we have introduced in Sec. VI A the
projectors Pτi as orthogonalized versions of the Young symmetrizers eτi with the intention that the eigenvalue-one
eigenspaces of Υ(Pτi) are orthogonal for different Young tableaux τi. Second, two projectors P1 and P2 [as, e.g., eτi
or Pτi , or even Υ(eτi) or Υ(Pτi)] are denoted as orthogonal if P1P2 = P2P1 = 0, i.e., if their sequential application
maps everything to zero. These two notions of orthogonality are not necessarily related. For example, one has for
g = 3 the Young symmetrizers

eτ2 = e 1 2
3

= [ε+ (1,2)− (1,3)− (1,3,2)]/3 and eτ3 = e 1 3
2

= [ε− (1,2) + (1,3)− (1,2,3)]/3 (19)

and the projection operators

Pτ2 = eτ2 and Pτ3 = [ε− (1,2) + 2 (2,3)− (1,3)− 2 (1,2,3) + (1,3,2)]/3. (20)

One obtains that eτ2 and eτ3 are orthogonal (i.e. eτ2eτ3 = eτ3eτ2 = 0) while Pτ2 and Pτ3 are not. But the eigenvalue-one
eigenspaces of Υ(eτ2) and Υ(eτ3) are not orthogonal, while the ones of Υ(Pτ2) and Υ(Pτ3) are. Orthogonal projections
are particularly convenient and, in general, for a given direct-sum decomposition V = V1⊕· · ·⊕Vv of a vector space V ,
one can always choose v projections Pi such that (i) all projections Pi are mutually orthogonal, (ii) P1 + · · ·+Pv = I
(where I is the identity projection onto V ), and (iii) the image of Pi is equal to Vi (see, e.g., Theorem 4.50 on p. 92
of Ref. 116). Also, the properties (i) and (ii) are closely related as a sum of several projections is again a projection
if and only if all projections are mutually orthogonal (see, e.g., Ref. 117).

After these preparations, we can study certain peculiarities of the Young symmetrizers eτ as defined in Eq. (10) for
g ≥ 5. We will not necessarily assume that the Young tableau τ is a standard Young tableaux, i.e., the boxes of τ are
allowed to be arbitrarily filled with the numbers {1, . . . , g} but without repeating any number. It is well known50,118

that Young symmetrizers are not necessarily orthogonal, even if one only considers standard Young tableaux. In
particular, one has eτ ′eτ = 0 for the Young symmetrizers eτ and eτ ′ if there exist two integers i, j ∈ {1, . . . , g} such
that i and j are in the same row of τ and the same column of τ ′ (see, e.g., Proposition VI.3.2 in Ref. 118). For
example, we have for g = 5 only two pairs (τ ′, τ) of (non-equal) standard Young tableaux such that eτ ′eτ 6= 0, i.e.
(τ ′, τ) ∈ {(τ6, τ10), (τ17, τ21)}. The corresponding shapes are [3,2] and [2,2,1]. Similarly, one has 13 such pairs for
g = 6 and in particular the pairs (τ8, τ15) and (τ9, τ15). The shapes of all the occurring standard Young tableaux (for
g = 6) are [4,2], [3,3], [3,2,1], and [2,2,2]. This non-orthogonality has also been studied in Ref. 119–121 together with
the question of how to find orthogonal sets of projectors. Also, Stembridge122 notes that all Young symmetrizers for
standard Young tableaux of fixed shape λ are mutually orthogonal if and only if λ = [2,2], λ = [m], or λ = [m,1, . . . ,1]
for some positive integer m. This observed non-orthogonality may, however, not have any implications for the
corruption of the projection operators Pτi : Both symptoms appear for g = 6 and τ15, but this is the only case were
both symptoms occur simultaneously for standard Young tableaux of the same shape and g ∈ {5, 6}. In addition, the
projection operators Pτi are not even orthogonal for g = 3 [as discussed below Eq. (20)]. The non-orthogonality of
Young symmetrizers of standard Young tableaux is therefore most likely not the cause (or at least not the only one)
for the corruption of the projection operators Pτi .

In a final step, we restrict our focus to Young tableaux τ of fixed shape as the construction in Sec. VI A essentially
operates only on Young tableaux of fixed shape and the corresponding Young symmetrizers eτ . For a given partition
λ, let us define the projector eλ := fλ

∑
τ eτ = f2

λ

∑
τ HτVτ where the sums go over all (not necessarily standard)

Young tableaux τ of shape λ [cf. Eq. (10)]. The projector eλ is contained in the center of the group ring R[Sg], i.e.,
it commutes with R[Sg] (see Cor. VI.3.7 in Ref. 118). All projectors eλ are mutually orthogonal and one obtains the
identity by summing the eλ for arbitrary partitions λ. In addition, eλ projects onto the left ideal of R[Sg] spanned
by the Young symmetrizers eτ for standard Young tableaux τ of shape λ and this left ideal describes an irreducible
representation of Sg.50,118 Our orthogonalization construction for the projection operators Pτi (see Sec. VI A) aims
at splitting the eigenvalue-one eigenspace of Υ(eλ) into the orthogonal eigenvalue-one eigenspaces of Υ(Pτi). This,
however, fails for (e.g.) τ16 and g = 5, even though an extension of the relevant eigenspaces of the projections
Υ(Pτ11), . . . ,Υ(Pτ15) to the one of Υ(e[3,1,1]) is possible. An analysis along these lines might give further insight
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into how the projection method of Sec. VI A is connected to the method based on fractional parentage coefficients
(see Sec. VI B) and why the corruption of the projection operators Pτi arises. But the high-dimensionality of the
corresponding matrices significantly complicates the analysis. In summary, we are currently not able to explain the
corruption in the projection method and leave this as an open question. However, the method based on fractional
parentage coefficients provides a suitable substitute for practical purposes.

VIII. Conclusion

We have extended the DROPS representation of Ref. 37 to visualize finite-dimensional quantum systems for up to
six spins 1/2 and two spins of arbitrary spin number. A general multi-spin operator can be completely characterized
and visualized using multiple spherical plots that are each assembled from linear combinations of spherical harmonics
Y (θ, φ). The DROPS representation relies on decomposing spin operators into a symmetry-adapted tensor basis and
subsequently mapping it to linear combinations of spherical harmonics. The construction algorithm in its original
form for up to three spins relies on explicit projection operators.37 Due to the challenges discussed in Sec. VII, the
projection method is only directly applicable for up to four coupled spins 1/2. By applying a methodology based
on fractional parentage coefficients, we have circumvented these challenges. This methodology relies on consecutive
transformations from partially to fully permutation-symmetrized tensors. With this technique, tensors of systems
consisting of arbitrary numbers of spins 1/2 can be identified by the sublabels g, G, τ [g], and, for larger systems with
six particles and more, additionally by A, as well as the rank j and order m. These tensors and their mapping to
generalized Wigner functions were calculated explicitly for various examples for up to six spins 1/2. Note that the
necessity of ad hoc sublabels for six and more spins had been already anticipated in Ref. 37.

We further extended the projection method to spins with arbitrary spin numbers. In particular, we discuss the
cases of two coupled spins with J1 = J2 and J1 6= J2. Since the number of appearing tensors is rapidly increasing with
the spin number, the partitioning of the tensors according to physical features of the system and inherent properties
of tensors characterized by g, G, and τ [g] do not suffice to obtain groups in which every tensor rank j appears only
once. Although ad hoc sublabels, analogously introduced as in the case of spins 1/2, could resolve this problem, they
suffer from a lack of systematics and connections related to tensor properties. For larger spin numbers, the number
of occurring tensors is substantially larger compared to systems consisting of spins 1/2 and a large set of A would
be required even for two spins. This inconvenience can be circumvented by relying on parent sublabels which are in
particular suitable for larger spin numbers. Parent sublabels can be more methodically and consistently applied and
are better connected to tensor properties. Tensors of a system consisting of two spins with J1 = J2 can be conveniently
grouped according to the sublabels g, G, P, and τ [g]. In systems with J1 6= J2, where permutation symmetries are
not meaningful, tensors are organized with respect to the sublabels g, G, P, and A. We also discuss the extension to
a larger number of spins (with arbitrary spin numbers), but an explicit treatment is beyond the scope of the current
work.

Illustrative examples for up to six spins 1/2 and a spin 1/2 coupled to a spin 1 are provided. This also in-
cludes entangled quantum states. Quantum systems are frequently described by abstract operators or matrices and
our methodology is in this regard particularly useful in visualizing quantum concepts and systems by conveniently
partitioning the inherent information. The DROPS representation has the favorable property to naturally reflect
transformations under non-selective spin rotations as well as spin permutations. This approach is also convenient
for highlighting the time evolution of experiments as animations. A free software package111,112 for the interactive
exploration of coupled spin dynamics based on the DROPS visualization in real time is already available for up to
three coupled spins 1/2. Potential applications of the DROPS visualization for larger spin systems and for parti-
cles with spin number larger than 1/2 range from electron and nuclear magnetic resonance applications in physics,
chemistry, biology, and medicine to theoretical and experimental quantum information theory123 in which quantum
information is stored for example by electron or nuclear spins, trapped ions, quantum dots, and superconducting
circuits or (quasi-)particles of arbitrary spin numbers.
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A. Further visualizations for systems consisting of four, five or six spins 1/2

In this appendix, we provide additional examples to further illustrate experimental spin operators using the DROPS
representation. In Appendix A 1, we analyze the Wigner representation of fully symmetric operators [see Eq. (A1)],
raising operators, and anti-phase operators typically arising in NMR spectroscopy for up to six coupled spins 1/2. In
Appendix A 2, we visualize multiple experiments: First, we show the evolution of droplet functions in the generation
of multiple-quantum coherence in a five-spin system, followed by an efficient state-transfer experiment in a spin chain
consisting of six spins 1/2. Finally, we present snapshots of droplet functions during an isotropic mixing experiment in
a system consisting of four spins 1/2. In Appendix A 3, we present the DROPS representations for (complex) random
matrices for systems consisting of five and six spins 1/2.

N ℓ j f(ℓ) Detail

1 {1} 1

2 {1,2} 0,2

3 {1,2,3}, τ [3]
1

1,3

4 {1,2,3,4}, τ [4]
1

0,2,4

5 {1,2,3,4,5}, τ [5]
1

1,3,5

6 {1,2,3,4,5,6}, τ [6]
1

0,2,4,6

(a) A =
∏N

k=1 Ikη (b) B =
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FIG. 7. The droplet functions f (`) visualizing various operators for up to six coupled spins 1/2 (N = 6). The full labels are
given in the second column and the occurring tensors ranks j are shown in the third column of each table. The detail column
shows the corresponding magnified centers of f (`). In Table (a), the spherical functions f (`) of the fully symmetrical operator
A =

∏N

k=1 Ikx are shown. Table (b) depicts the representations of the non-Hermitian operators B =
∏p

k=1 I
+
k . In Table (c)

and (d), the visualizations of the antiphase operators C = I1x(
∏N

k=2 Ikz) are depicted. There is only one symmetry type τ [N ]
1

for the partition [N ] and the related droplet is shown in Table (c) . For the partition [N−1, 1], we find N−1 different standard
Young tableaux τ [N ]

i with i ∈ {2, . . . , N} and thus, have N−1 droplets f (`). They all have identical shapes but different sizes
and one representative spherical function for this case is illustrated in Table (d). In total N droplets visualize the antiphase
operator from Eq. (A3). In contrast to our usual strategy, droplets for two spins (i.e. N = 2) are plotted here separately for
the fully permutation-symmetric part (i.e. for the partition [N ]) in (c) and the remaining part in (d).
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1. Wigner representations of prominent spin operators

We show the visualization for some prominent operators in NMR spectroscopy. In Table 7(a), the droplet functions
representing the fully symmetric operator

A =
N∏

k=1
Ikη (A1)

with η = x for different systems consisting of up to N = 6 spin 1/2. The only non-vanishing tensor components
have permutation symmetries τ [N ]

1 and hence, we find only one droplet function labeled by G or (G, τ [N ]
1 ). The

elongated shape with N−1 rings, having alternating phases in the center of droplet, is characteristic for the DROPS
representation of these operators. The operators for η ∈ {y, z} (not shown) exhibit the same shape but are orientated
along the y and z axis, respectively.

Table 7(b) shows the droplet functions representing the p-quantum operators

B =
p∏

k=1
I+
k (A2)

with the single-spin raising operators defined as I+
k = Ikx + iIky. In the DROPS representation, p-quantum operators

are represented by rainbow-colored donut shapes with p rainbows coding for p phase transitions from 0 to 2π when
the operator is rotated by 360◦ around the z axis. The color transition for an operator I−k = Ikx − iIky is inverted
(not shown). Again, only the coefficients of tensors with symmetry τ

[N ]
1 are non-zero for both I+

k and I−k and thus,
only one droplet is found.

In Tables 7(c) and (d), the droplet functions representing the antiphase operators

C = I1x

(
N∏

k=2
Ikz

)
(A3)

for different sizes of spin-1/2 systems with number of particles N ∈ {2, 3, 4, 5, 6} are shown. Only coefficients of
tensors with symmetries given by the partitions λ(τ [g]

i ) = [N ] and λ(τ [g]
i ) = [N−1, 1] are non-vanishing. There is only

one symmetry type τ [N ]
1 for the partition [N ] and the related droplet is shown in Table 7(c). The typical features

of the droplet functions f (G,τ [N]
1 ) are four arms with N−2 plates with alternating phases separating the two pairs of

arms. For the partition [N−1, 1], we find N−1 different occurring symmetries τ [N ]
i with i ∈ {2, . . . , N} and thus, have

N−1 droplets f (`). They all have identical shapes but different sizes and one representative droplet function for this
case is illustrated in Table 7(d). In total N droplets visualize the antiphase operator from Eq. (A3). In addition, for
each tensor only orders with |m| = ±1 occur.

2. Visualization of experiments

We use our approach to represent and visualize experiments with up to six spins 1/2. First we show maximum
quantum coherence generation108 in a chain of five spins 1/2 using π/2 hard pulses and delays [see Table S2 in
Ref. 108]. This is the five-spin analog to the experiment visualized given in Fig. 3 of Sec. IV for four spins. The
initial state is ρ0 =

∑5
k=1 Ikz and the coupling is given by an Ising Hamiltonian. All coupling constants in the drift

Hamiltonian are assumed to be equal, i.e., J = J12 = J23 = J34 = J45 = J. Fig. 8(a1)-(a5) shows the droplet functions
for different points in time. Panel (a1) shows the droplet functions after π/2 pulses with phases y on each spin. A
coupling evolution of duration t = 1/(2J) followed again by π/2 pulses with phases y on all spins is repeated four
times. Panels (a2)-(a5) depict the droplets representing the state after each of this sequence block. In the course
of the experiment, higher orders of coherence are created, which is reflected by the occurrence of droplets of larger
g. Although many different tensors in various subsystems and symmetries appears, the information can still be
partitioned in a clear scheme. Eventually, after the experiment in panel (e), the state is fully described by a single
5-linear droplet (representing G = {1,2,3,4,5} with the Young tableau sublabel τ [5]

1 ), which also contains the desired
maximum-quantum coherence.

As an additional illustrative example, we present an efficient transfer of an initial state ρ0 = I1x+ iI1y to the target
state ρt = I6x + iI6y by unitary transformations. We consider a linear chain of six coupled spins 1/2 and only assume
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Ising couplings (with identical coupling constant J) between next neighbors and the free evolution Hamiltonian is
given by H = 2π

∑6
k=2 J I(k−1)zIkz. The approach in Ref. 127 first encodes the initial linear operators into bilinear

operators, which can then be efficiently propagated through the spin chain. Fig. 8(b) shows the state visualized by
droplet functions for different points in time. The nodes represent the particles and the edges the couplings between
the spins. The first row shows the visualization of ρ0. This initial state is then encoded by applying a π/2 pulse with
phase −x followed by π/2 pulse with phase y on the first spin, which then evolves under the the coupling Hamiltonian
H for a duration 1/(2J) resulting in the state shown in the second row of Fig. 8(b). Subsequently, a sequence of a π/2
pulse with phase x on the first spin, a π/2 pulse with phase y on the second spin and a free evolution period under
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34
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FIG. 8. Visualization of experiments: In panel (a1)-(a5), the generation of five-quantum coherence in a chain consisting of five
spins 1/2 is shown for a sequence of π/2 pulses and optimized delays. The initial state is ρ0 =

∑5
k=1 Ikz. Panel (a1) depicts

the visualization of the density matrix after an [π/2]y pulse on each spin. Panels (a2)-(a5) illustrate the state after repeated
evolutions under coupling with time t = 1/(2J) followed by [π/2]y pulses on each spin, see also Fig. 3. The droplet in panel (a5)
is scaled to 1/3 of its original size. Panel (b) shows the coherent transfer of the initial state ρ0 = I1x + iI1y to the target state
ρN = I6x + iI6y by unitary transformations in a six-spin-1/2 chain: bilinear encoded states are created, which can be efficiently
transferred, and they are eventually decoded at the end of the spin chain (see Ref. 127). In panels (c1)-(c4), the polarization
transfer of a four-spins-1/2 system under isotropic mixing conditions is shown for the times (c1) 0 ms, (c2) 20 ms, (c3) 40 ms,
and (c4) 133 ms, while only the linear and bilinear terms are explicitly displayed.
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FIG. 9. Visualization of a complex random matrix for five spins 1/2. The droplet functions are arranged according to their
g-linearity. The top left panel shows the topology of the system with nodes representing the spins and edges their couplings.
Here, f Id is placed beneath the diagram, the droplets corresponding to g = 1 are plotted on the nodes and the bilinear droplets
for g = 2 are placed on the edges. The top right panel illustrates f (G,τ [3]

i
) for all possible subsystems with g = 3. The bottom

left and right panels depict the droplet functions for all occurring subsystems with g = 4 and g = 5, respectively. The topologies
of each G are visualized by diagrams located at each subpanel. Droplet functions are normalized for better visibility.

the coupling Hamiltonian H with duration 1/(2J) generates the encoded state, which is shown in the third row of
Fig. 8(b). This encoded state, which consists only of bilinear operators can then be efficiently propagated along the
spin chain by applying an effective soliton sequence composed of a π/2 pulse with phase y on all spins followed by
a free evolution under coupling with duration 1/(2J), which results in the propagation of the encoded state by one
spin position. This is repeated three times and the resulting states are depicted in row four to six. The state is then
decoded first by repeating the soliton sequence one more time (row seven) and then by a sequence consisting of a π/2
with phase −y on the fifth spin, a π/2 with phase x on the sixth spin, a free evolution with duration 1/(2J), and a
π/2 with phase x on the sixth spin is applied. This finally generates the desired state ρt = I6x + iI6y depicted in
row eight. Neglecting the durations of the hard pulses, the total transfer time is 7/(2J). For comparison,127 the same
transfer could be achieved by a sequence of five next-neighbor SWAP operations (each with a duration of 3/(2J))
which would require a total transfer time of 15/(2J).

Last, we show the visualization of the dynamics of a polarization transfer from spin one to spin two in a system
consisting of four coupled spins 1/2 under isotropic mixing conditions.128 Isotropic mixing is one of the most important
methods to transfer polarization in high-resolution NMR spectroscopy and is frequently used in homonuclear and
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FIG. 10. Visualization of a complex random matrix for six spins 1/2 analog to Fig. 9. Droplet functions for g ∈ {0, 1, 2}
are placed on top left panel. The top right, the middle, and the bottom panel illustrate all appearing droplet functions for all
subsystems for g = 6, g = 3, and g = 5. Droplet functions are normalized. The four-linear contributions are given in Fig. 11.
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FIG. 11. Four-linear contributions missing in Fig. 10. Spherical functions are normalized.

TABLE VI. Standard Young tableaux τ [g] for g ∈ {5, 6} with the corresponding partitions λ ordered with index i. Also the
appearing ranks j for each τ [g] are shown, see also Ref. 37. Ad hoc sublabels are required in the case g = 6 for j = 2 and
λ = [4,2].

Partition No. Indices Ad hoc Ranks
g λ of τ [g]

i i for τ [g]
i A j

5 [5] 1 1 1,3,5
[4,1] 4 2,..,5 1,2,3,4
[3,2] 5 6,..,10 1,2,3
[3,1,1] 6 11,..,16 0,2
[2,2,1] 5 17,..21 1
[2,1,1,1] 4 22,..,25 –
[1,1,1,1,1] 1 26 –

6 [6] 1 1 0,2,4,6
[5,1] 5 2,..,6 1,2,3,4,5
[4,2] 9 7,..,15 I 0,2,3,4

9 7,..,15 II 2
[4,1,1] 10 16,..,25 1,3
[3,3] 5 26,..,30 1,3
[3,2,1] 16 31,..,46 1,2
[2,2,2] 5 47,..,51 0
[3,1,1,1] 10 52,..,61 –
[2,2,1,1] 9 62,..,70 –
[2,1,1,1,1] 5 71,..,75 –
[1,1,1,1,1,1] 1 76 –

i 1 2 3 4 5 6 7 8 9 10
τ

[5]
i

1 2 3 4 5 1 2 3 4
5

1 2 3 5
4

1 2 4 5
3

1 3 4 5
2

1 2 3
4 5

1 2 4
3 5

1 2 5
3 4

1 3 4
2 5

1 3 5
2 4

i 11 12 13 14 15 16 17 18 19 20 21
τ

[5]
i

1 2 3
4
5

1 2 4
3
5

1 2 5
3
4

1 3 4
2
5

1 3 5
2
4

1 4 5
2
3

1 2
3 4
5

1 2
3 5
4

1 3
2 4
5

1 3
2 5
4

1 4
2 5
3

i 1 2 3 4 5 6
τ

[6]
i

1 2 3 4 5 6 1 2 3 4 5
6

1 2 3 4 6
5

1 2 3 5 6
4

1 2 4 5 6
3

1 3 4 5 6
2

i 7 8 9 10 11 12 13 14 15
τ

[6]
i

1 2 3 4
5 6

1 2 3 5
4 6

1 2 3 6
4 5

1 2 4 5
3 6

1 2 4 6
3 5

1 2 5 6
3 4

1 3 4 5
2 6

1 3 4 6
2 5

1 3 5 6
2 4

i 16 17 18 19 20 21 22 23 24 25
τ

[6]
i

1 2 3 4
5
6

1 2 3 5
4
6

1 2 3 6
4
5

1 2 4 5
3
6

1 2 4 6
3
5

1 2 5 6
3
4

1 3 4 5
2
6

1 3 4 6
2
5

1 3 5 6
2
4

1 4 5 6
2
3

i 26 27 28 29 30 31 32 33 34 35 36 37
τ

[6]
i

1 2 3
4 5 6

1 2 4
3 5 6

1 2 5
3 4 6

1 3 4
2 5 6

1 3 5
2 4 6

1 2 3
4 5
6

1 2 3
4 6
5

1 2 4
3 5
6

1 2 4
3 6
5

1 2 5
3 4
6

1 2 5
3 6
4

1 2 6
3 4
5

i 38 39 40 41 42 43 44 45 46 47 48 49 50 51
τ

[6]
i

1 2 6
3 5
4

1 3 4
2 5
6

1 3 4
2 6
5

1 3 5
2 4
6

1 3 5
2 6
4

1 3 6
2 4
5

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

1 2
3 4
5 6

1 2
3 5
4 6

1 3
2 4
5 6

1 3
2 5
4 6

1 4
2 5
3 6
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TABLE VII. Explicit values of fractional parentage coefficients, see also Table VIII. Empty boxes in the standard Young
tableaux τ [g−1] have to be filled with all possible values as detailed in Tables II and VI.

Transf. Input Output
g j[g] τ [g−1] matrix j[g−1] τ [g] and A

2 0 1
[
1
]

1 1 2

1 1
[
1
]

1 1
2

2 1
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1
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1 1 2

3 0 1
2
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1 1
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√

5
3

]
0,2 1 2 3 ,
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1
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5 2 1 2 3 4
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1
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2 1 2 3 4
5
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64
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−
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5
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5
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1
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1
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1
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1
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√
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√
32√
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−
√
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√
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56√
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7
4

−1
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8
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5√
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√
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√
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−
√
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√
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−
√
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TABLE VIII. Explicit values of fractional parentage coefficients absent in Table VII. Empty boxes in the standard Young
tableaux τ [g−1] have to be filled with all possible values as detailed in Table VI.

Transf. Input Output
g j[g] τ [g−1] matrix j[g−1] τ [g] and A

6 2 1
[
1
]

2 1
6

1
[
1
]

1 1 6

3 1 2 3 4 5
[
1
]

3 1 2 3 4 5
6

1 


−
√

80√
112

√
7√

112
−
√

25√
112√

80√
336

√
175√
336

−
√

81√
336

−
√

4√
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√
35√
84

√
45√
84
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6

,
1

6

1
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3
−1√

3
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3

√
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3

]
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6

1
[
1
]

2 1 6

Transf. Input Output
g j[g] τ [g−1] matrix j[g−1] τ [g] and A

6 4 1 2 3 4 5
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√
5√

27√
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−
√

22√
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]
3,5 1 2 3 4 5 6 ,

1 2 3 4 5
6

1
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15
4

1
4

1
4

−
√

15
4

]
3,4 1 6 ,

1
6

1
[
1
]

3 1 6

5 1 2 3 4 5
[
1
]

5 1 2 3 4 5
6

1
[
1
]

4 1 6

6 1 2 3 4 5
[
1
]

5 1 2 3 4 5 6

heteronuclear experiments to maximize polarization transfer. Its efficiency depends extremely on the mixing time
duration. For four coupled spins 1/2, the ideal isotropic mixing Hamiltonian has the form H = 2π

∑4
i<j Jij(IixIjx +

IiyIjy + IizIjz). For the model system consisting of the 1H nuclear spins of trans-phenylcyclopropane carboxylic
acid, the coupling constants are given by J12 = 4.1 Hz, J13 = 9.4 Hz, J14 = 6.8 Hz, J23 = 5.3 Hz, J24 = 8.2 Hz,
and J34 = −4.6 Hz. Starting with the initial density density operator ρ(0) = I1z, Fig. 8(c1)-(c4) shows the DROPS
representation of the states for different mixing times: (c1) 0 ms, (c2) 20 ms, (c3) 40 ms, and (c4) 133 ms. Again,
nodes represent the particles and edges their couplings. Note that for simplicity, here we only plotted the linear and
bilinear tensor components. During the course of the experiment, the free evolution under isotropic mixing conditions
results in the generation of coherences, which is reflected by the occurrence of non-vanishing bilinear tensors (g = 2)
and visualized by droplets located on the edges. Also small amounts of polarization occurs on the other spins depicted
by the droplet functions on these nodes. After 133 ms [panel (c4)], almost all polarization has been transferred from
spin one to spin two.

3. Representing systems consisting of five and six coupled spins 1/2 systems

We also show the droplet functions for a (complex) random matrix A ∈ C32×32 for a five-spin-1/2 system. Al-
though such systems are quite complex, with our approach, we can conveniently partition the information in different
subsystems given by the panels and subpanels in Fig. 9. We find one zero-linear subsystem G = ∅ with one droplet,
five linear subsystems with one droplet in each G ∈ {{1}, {2}, {3}, {4}, {5}}, and ten bilinear subsystems with also
one droplet in each G ∈ {{1,2}, {1,3}, {1,4}, {1,5}, {2,3}, {2,4}, {2,5}, {3,4}, {3,5}, {4,5}}. They can be plotted to-
gether as shown in the upper left panel of Fig. 9, where the droplets visualizing the linear subsystems are plotted
on the corresponding nodes representing the spins and the droplet functions for the bilinear subsystems are placed
on the edges between two spins. The identity part (Id) is placed beneath this scheme. In the upper right panel, the
ten trilinear subsystems G ∈ {{1,2,3}, {1,2,4}, {1,2,5}, {1,3,4}, {1,3,5}, {1,4,5}, {2,3,4}, {2,3,5}, {2,4,5}, {3,4,5}}, each
represented by four droplets. The topology of the involved spins of each subsystem are symbolized by the sketch at
the top of each subpanel. The bottom left panel shows the five four-linear subsystems with nine droplets for each
G ∈ {{1,2,3,4}, {1,2,3,5}, {1,2,4,5}, {1,3,4,5}, {2,3,4,5}}. Again, the subsystem is graphically given at the beginning
of each subpanel. Finally, the 5-linear subsystem with 21 droplets is illustrated in the bottom right panel of Fig. 9.
In total we have 122 droplet functions uniquely representing the matrix A. Note that we omit the superscript [g] for
τ [G] in this figure, since g = |G| holds and G is clear from the context.

We conclude this section by visualizing a (complex) random matrix A ∈ C64×64 for a six coupled spins 1/2 as given
in Fig. 10. The information can be analogously partitioned and presented as given in Fig. 9. In the upper left panel,
the topology of the system is sketched. The zero-linear subsystem containing one droplet can be located beneath the
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scheme. The droplet functions representing the six linear subsystems G ∈ {{1}, {2}, {3}, {4}, {5}, {6}} are plotted
on the nodes, the droplet functions of the fifteen bilinear subsystems with also one droplet in each G ∈

({1,...,6}
2

)

are plotted on the edges. The droplet functions of the six-linear system G = {1,2,3,4,5,6} are shown in the upper
right panel. The panel in the center presents the twenty trilinear subsystems G ∈

({1,...,6}
3

)
with the related droplet

functions. The droplets of the 5-linear systems G ∈
({1,...,6}

5
)

are plotted in the bottom panels of Fig. 10. Finally, the
4-linear subsystems G ∈

({1,...,6}
4

)
with the nine corresponding droplets for each G are given in Fig. 11. In total we

find 423 droplets, which uniquely represents the information contained in the 642 = 4096 complex matrix elements of
such an operator. Again, we omit the superscript [g] for τ in this figure and we use the additional ad hoc sublabels
only when required, i.e., for g = 6 and τ

[6]
i with i ∈ {7, . . . , 15}. The standard Young tableaux for g = 5 and g = 6

are summarized in Table VI.

B. Explicit values of the fractional parentage coefficients

The explicit values of the fractional parentage coefficients for up to g = 6 are given in Tables VII and VII. We have
used the fractional parentage coefficients as defined in Ref. 60, and we have not applied the phase amendments from
the footnote on p. 241 of Ref. 129.
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Summary and contribution to this manuscript:
In this work, we study the free rotation of a rigid body to obtain new geometric control schemes
for quantum systems. In particular a geometric property known as the Tennis Racket Effect
(TRE), which frequently occurs in such classical rotations, is analyzed. It is named after the
characteristic behavior of a tennis racket, which is thrown in the air so that the handle makes
a 2π rotation while simultaneously the head flips around π. A remarkable feature of this
effect is its reproducibility for various rigid bodies and for an extensive set of initial conditions,
corresponding to the initial inclination and velocity of the head of the racket, and showing
its robustness, inherent to its geometric character. The TRE and more generally the free
rotation of a rigid body is described by integrable functions whose solutions are trajectories
which are obtained analytically by applying Jacobi elliptic functions. This description can
be transferred to find notable control strategies of two-level quantum systems. If the applied
control fields of the quantum systems are exactly equal to the angular velocities of the classical
rigid body then a one-to-one mapping can be obtained between the trajectories of the classical
and quantum object and the moments of inertia in the classical system can be seen as additional
degrees of freedom used for the control fields. By exploiting these correspondence, first, a new
family of control fields is introduced, which is established on the TRE and which allows for a
robust manipulation of the quantum state of a spin system with respect to some experimental
uncertainties. These controls rely on a variable choice of two parameters which can be adjusted
to alter the duration, the efficiency and the robustness of the control process. Experimental
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demonstrations on a spin 1/2 using techniques of nuclear magnetic resonance were done by
David Leiner to show the feasibility of the TRE-based control strategy. As a model system, the
1H spins of HDO with D2O as a solvent was used. Simulations were also carried out by David
Leiner to compare the experimental data with the theory. Second, the dynamics of a rigid
body enables control fields to implement one-qubit quantum gates, in particular non-adiabatic
geometric quantum phase gates based on the Montgomery phase. Its robustness is discussed.
The paragraph containing the experimental description with the corresponding figure (Fig. 5)
was done by David Leiner and revised by Steffen Glaser.
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Linking the rotation of a rigid body 
to the Schrödinger equation: The 
quantum tennis racket effect and 
beyond
L. Van Damme3, D. Leiner2, P. Mardešić1, S. J. Glaser2 & D. Sugny3,4

The design of efficient and robust pulse sequences is a fundamental requirement in quantum control. 
Numerical methods can be used for this purpose, but with relatively little insight into the control 
mechanism. Here, we show that the free rotation of a classical rigid body plays a fundamental role in 
the control of two-level quantum systems by means of external electromagnetic pulses. For a state to 
state transfer, we derive a family of control fields depending upon two free parameters, which allow us 
to adjust the efficiency, the time and the robustness of the control process. As an illustrative example, 
we consider the quantum analog of the tennis racket effect, which is a geometric property of any 
classical rigid body. This effect is demonstrated experimentally for the control of a spin 1/2 particle by 
using techniques of Nuclear Magnetic Resonance. We also show that the dynamics of a rigid body can 
be used to implement one-qubit quantum gates. In particular, non-adiabatic geometric quantum phase 
gates can be realized based on the Montgomery phase of a rigid body. The robustness issue of the gates 
is discussed.

Quantum control is aimed at manipulating dynamical processes at microscopic scales by means of external elec-
tromagnetic fields1–6. Its successful experimental implementation requires robustness against parameter fluc-
tuations and uncertainties, but also high efficiency in a sufficiently short time to avoid parasitic phenomena 
such as relaxation. These objectives can be viewed as a crucial prerequisite for a wide range of applications of 
such techniques in the emerging domain of quantum technologies1. In this setting, numerical algorithms based 
on optimal control theory7 have been developed to realize a given task, while minimizing the control time and 
accounting for experimental constraints and imperfections8. In spite of its efficiency, this approach does not give 
a clear insight into the control mechanism, which makes it system-dependent and prevents its generalization. The 
physical understanding of a control process can be extracted from a geometric analysis of the dynamics9–13. The 
geometric properties of the corresponding physical effect will ensure its robustness against experimental errors 
and thus its usefulness14, 15. The richness of this geometric approach is illustrated by the Berry phase in quantum 
mechanics16, 17. The discovery of the Berry phase led to an impressive amount of studies both in quantum physics 
and chemistry. Geometric control protocols, resilient to certain types of experimental uncertainties, were devel-
oped in quantum computing from this effect18, 19. In this work, we propose to use the study of the free rotation of 
a rigid body to develop new geometric quantum control strategies. A geometric property, known as the Tennis 
Racket Effect (TRE)20, 21, will be used as an illustrative example to describe this method. This phenomenon occurs 
in the free rotation of any three-dimensional rigid body22–24. It can be easily observed with a tennis racket through 
the following experimental protocol. We first mark the different faces of the head of the racket. We then take the 
racket by the handle and throw it in the air so that the handle makes a 2π rotation. After catching the handle, we 
observe that the head of the tennis racket has made a flip of π. This effect can be reproduced for many different 
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rigid bodies and a large range of initial conditions, corresponding to the initial inclination and velocity of the 
head of the racket, showing thus its robustness, inherent to its geometric character. An illustration of TRE is given 
in Fig. 1. A complete mathematical description of TRE was given in a series of papers20, 21, 24. These analyses are 
based on the fact that the free rotation of a rigid body24 is an integrable system whose trajectories can be derived 
analytically by using Jacobi elliptic functions23. Here, we show that the TRE, and more generally the dynamics of 
a rigid body, find remarkable applications in the control of two-level quantum systems1, 2. We first obtain a family 
of control fields based on the TRE which allows us to manipulate the state of the system in a robust manner with 
respect to some experimental uncertainties. Such fields depend on two parameters that can be adjusted to change 
the time, the efficiency and the robustness of the control process. We introduce the concept of a quantum TRE, 
which is the analog of the classical motion at the quantum level and we point out its specific quantum properties. 
The TRE control strategy is demonstrated experimentally on a spin 1/2 particle by using techniques of Nuclear 
Magnetic Resonance25. We also show that the dynamics of a rigid body allows us to design control fields to realize 
one-qubit quantum gates. In particular, we focus on the Montgomery phase26, a geometric feature of the free rota-
tion of a rigid body, which leads to quantum geometric phase gates18 in the non-adiabatic regime.

A formal equivalence can be established between the free rotation of a rigid body and the dynamics of a spin 
1/2 particle, which are governed respectively by the Euler and the Bloch equations. The two systems of differential 
equations have a similar mathematical structure of the form =

��� ��
X H t X( )  where the matrix H(t) can be written as 

follows:

=







−Ω Ω
Ω −Ω

−Ω Ω






.H t( )

0
0

0 (1)

3 2

3 1

2 1

The state of the system is described by the vector 
��
X t( ) and the Ω si  denote the angular velocities along the 

i-direction, i = 1, 2, 3. We refer the reader to Supp. Sec. I or to textbook references for technical details22, 23, 25. The 
vector 

��
X  can be identified with the angular momentum 

��
L  of the rigid body (in the frame attached to the racket) 

or with the Bloch vector 
���
M  of the spin (in a given rotating frame25). In the classical system, the components of 

=
��
L L L L( , , )1 2 3  can be expressed in terms of the Ω si  through the principal moments of inertia Ii, = ΩL Ii i i (in the 
principal axis system of the inertia tensor), while in the quantum case, the angular velocities refer to external 
control fields applied along a given direction. The classical system admits two constants of motion making it 
Liouville integrable, namely the energy = + +E L

I
L
I

L
I2 2 2

1
2

1

2
2

2
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2

3
 and the norm of the angular momentum, 

+ +L L L1
2

2
2

3
2, which can be set to 1. If the control fields applied to the spin are exactly equal to the angular veloc-

ities of the rigid body then a one-to-one mapping can be defined between the trajectories of the classical and 
quantum objects. As shown below, the moments of inertia can be viewed as additional degrees of freedom used to 
design control fields with specific properties. In some experimental applications, only two external fields are 
available. In this limiting case, an ideal rigid body for which one of the moments of inertia goes to infinity can be 
considered. Note that the different geometric features of a rigid body are not modified in this limit. In the rest of 
the paper, we will assume that the three moments of inertia are equal to 1, 1/k2 with ∈k [0, 1], and +∞.

Figure 1. The tennis racket effect. Illustration of the motion of the tennis racket. Note the flip of the head when 
the handle makes a 2π rotation.
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Classical and quantum tennis racket effects. Returning back to the dynamical behavior of the tennis 
racket, two fundamental motions can be considered.

The first motion is associated with the angular momentum 
��
L  in the reference frame of the racket. During the 

rotation of the racket, the angular momentum is brought from its initial position to the diametrically opposite 
one. The different trajectories that can be followed by 

��
L  are displayed in Fig. 2. The classical phase space has a 

simple structure made of a separatrix which is the boundary between two families of trajectories: the rotating and 
the oscillating ones, each distributed around a stable fixed point23. In the example of Fig. 2 where Ω =t( ) 02 , I1 = 1 
and I3 = 1/k2, the north and the south poles are unstable equilibrium points. All the trajectories are periodic, 
except for the separatrix, which connects the two unstable points in an infinite time. In Fig. 2, a transfer from the 
north pole (e3) to the south pole (−e3) can be achieved on the Bloch sphere by following the separatrix. In the 
quantum mechanical setting, this control process requires an infinite time to be performed and corresponds to an 
Allen-Eberly type pulse sequence of the form ref. 27:

Ω =
±

−
+ Ω =

±

−
+t

k
t t t k

k
t t( ) 1

1
sech( ); ( )

1
tanh( ),

(2)
1 2 0 3 2 0

where t0 is an arbitrary constant time.
The formal equivalence used in this work leads therefore to an insightful geometric interpretation of the 

Allen-Eberly solution as a singular trajectory, i.e. a separatrix, of a classical rigid body. In addition to this control 
strategy, two families of control fields can be derived from TRE. Such solutions, called TRE pulses, correspond to 
the oscillating or rotating trajectories close to the separatrix, which bring approximately the system from the 
north to the south pole of the Bloch sphere. Each element of the two sets can be characterized by the parameter k 
and a small positive constant , which describes the distance of the trajectory to the separatrix. The two parame-
ters can be chosen to adjust the efficiency, the robustness and the time of the control process. More generally, we 
show in Supp. Sec. II by considering the whole range of variations of  and k that a smooth transition can be 
established between π pulses of constant phase and Allen-Eberly solutions. In the case of Fig. 2, the rotation axis 
of the π pulse is associated with one of the two stable fixed points and the Allen-Eberly control with the separatrix. 
All the other trajectories, and in particular the TRE pulses, represent a compromise between the two solutions.

To evaluate the robust character of the TRE pulse, we consider the control of an ensemble of spins with differ-
ent offset frequencies δ and scaling factors α of the amplitude of the control field, the two parameters belonging 
to intervals fixed by the experimental setup. This description reproduces the standard experimental uncertainties 
due to the field inhomogeneities that can be encountered in NMR25 or in quantum information processing28. In 
the numerical simulations, we replace in Eq. (1) the three angular velocities by α+ Ω(1 ) 1, α+ Ω(1 ) 2 and δΩ +3 . 
We denote by tf and J3 = −M3(tf), the control time and the figure of merit of the process, respectively. The initial 
state is the north pole of the Bloch sphere. Figure 3 shows the efficiency of the TRE pulse. We observe that the 
robustness of the process changes with the parameter k. It can be verified that this property does not depend on , 
for  sufficiently small. The parameter  affects predominantly the fidelity and the control time of the process. The 
analytical computations reveal that this time has a logarithmic divergence when  goes to 0 (see Supp. Sec. II).

Figure 2. Dynamics of the angular momentum of a three-dimensional rigid body. Trajectories of the angular 
momentum 

��
L  of a three-dimensional rigid body in the body-fixed frame   e e e( , , )1 2 3 . The blue (dark gray) and 

red (light gray) lines depict respectively the rotating and oscillating trajectories of the angular momentum. The 
dashed line represents the separatrix. The parameter k is set to 0.5. In the case of a corresponding two-level 
quantum system, the trajectories represent the dynamics of the Bloch vector in the rotating frame.
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A second relevant dynamical process is associated with the motion of the frame attached to the racket with 
respect to the laboratory frame (x, y, z). Denoting by ∈R t SO( ) (3), the corresponding rotation matrix at a time t, 
whose dynamics is ruled by the equation =R t H t R t( ) ( ) ( ), the final position of the racket is characterized in the 
ideal case by:

=





−

−






.R

1 0 0
0 1 0
0 0 1 (3)

f

This analogy can be interpreted as a first step towards the implementation of quantum gates, here a NOT gate. 
However, this transformation is less robust than the one of the angular momentum because the total time of the 
process has to be perfectly adjusted in order to realize the 2π rotation of the handle (see below). Note that the 
racket exactly goes back to its initial position after 2 TREs. This geometric phenomenon can be extended to a 
purely quantum property by using the standard mapping between SO(3) and SU(2). A quantum TRE is then 
defined from the solution of the Schrödinger equation =i U t t U t( ) ( ) ( )d

dt
  where ∈U t SU( ) (2) and  is the 

2 × 2-Hamiltonian matrix with complex entries corresponding to the Hamiltonian H(t) of Eq. (1), which is 
defined by:

 =





−Ω Ω − Ω
Ω + Ω Ω





.

i
i

1
2 (4)

3 1 2

1 2 3

We observe that after one TRE, the rotation matrix is given by

= − ( )U i( ) 0 1
1 0 , (5)f

so that four TREs are needed for the quantum racket to come back to its initial state. A description of this quan-
tum motion is displayed in Fig. 4 by using the DROPS representation of the propagator U(t)29, illustrating the 
orientation of the effective rotation axis. While in the conventional experiment, this orientation is constant (along 
the x-axis), it follows in the TRE case a twisted trajectory from the y-via z- to the x-axes between t = 0 and t = TR.

Experimental implementation. We now show by using NMR techniques the experimental performance 
of a TRE pulse to realize a state to state transfer from (0, 1, 0) to (0, −1, 0).

The experiments were performed on a Bruker Avance 600 MHz spectrometer. We used the 1H spins of HDO 
with D2O (99.9%) as a solvent in a Shigemi tube. The offset of the irradiation frequency was set to 2824 Hz and the 
maximum amplitude to 1115.6 Hz. At room temperature (298 K), the spin-lattice relaxation time is T1 = 1.82 s and 

Figure 3. Efficiency and robustness of the Tennis Racket Effect pulses. The figure of merit J3 is plotted as a 
function of the α and δ parameters. In the panels (a–d), k is respectively fixed to 0.2, 0.6, 0.9 and 0.99. The 
parameter  is set to 0.01 (see Supplementary Sec. II for details).
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thus negligible since orders of magnitude larger than the pulse duration. The trajectory measurements were made 
by interrupting the control pulse at different times t. The x- and y-components of the Bloch vector were directly 
acquired. For the z-coordinate, the experiments were repeated with an additional π

2
 pulse along the x-direction 

before the acquisition in order to flip the z-component of the magnetization vector to the transverse plane. The 
TRE pulse duration was set to 1.5965 ms and the parameters k and E to 0.7 and 0.2457, respectively. The π pulse is 
defined as a rectangular shaped pulse with the same amplitude and with 1000 intervals to be consistent with the 
digitization of the TRE pulse.

The evolution of the Bloch vector and the robustness of the shaped pulse with respect to the scaling factor 
α are displayed in Fig. 5. For the robustness experiments, we scaled the amplitude with factors ranging from 
α = −0.5 to α = 0.5 in 11 steps. The figure of merit J2 is here defined by J2 = −M2(tf). In the experimentally meas-
ured trajectories, each data point corresponds to the average of 16 scans in order to increase the signal-to-noise 
ratio of the experimental spectra. Small but finite sources of systematic errors30, in the NMR experiments are (a) 
relaxation losses during the pulses, (b) B0 inhomogeneity, (c) non-linear effects due to radiation damping31, (d) 
pulse shape distortions due to the amplifiers and the finite bandwidth of the resonator32 and (e) partial saturation 

Figure 4. Drops representation of the propagators. Trajectories of the propagators U(t) for standard rectangular 
pulses of constant amplitude and phase (A) and by TRE pulses (B) as a function of time. In panels (A,B), T180 
and TR are pulse durations corresponding to a 180°-rotation around the x-axis. In the DROPS representation29, 
operators are depicted by complex spherical functions θ φ θ φ= ηf f e( , ) ( , ) i , where for given azimuthal and 
polar angles θ and φ, the absolute value θ φf ( , )  is represented by the distance from the origin and the phase 
angle is color coded (η = 0: red, η = π

2
: yellow, η π= : green, η = π3

2
: blue). At t = 0, the propagator is the 

identity operator 1 (represented by red spheres), while at (A) t = T360° = 2T180° and (B) t = 2TR the propagator is 
−1 (represented by green spheres). In panels (A,B), the identity operator is created again at t = 4T180° = T720° and 
t = 4TR, respectively.

Figure 5. Experimental implementation of the TRE pulse. The panels (a,b) represent respectively the 
trajectories of the components of the Bloch vector (2: red or dark gray, 3: blue or black, 1: green or light 
gray) and the robustness of J2 with respect to the α- parameter. A rectangular π pulse is used in panel (b) 
for comparison (red or dark gray). The experimentally measured points and the simulated trajectories are 
represented by crosses and solid lines, respectively. Experimental details can be found in the main text.
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of the signal due to finite relaxation period between scans. Each of these sources of errors was minimized within 
the limits of the experimental setting and a reasonable match was found between the experimental results and 
simulations.

Implementation of one-qubit gates. The correspondence between the free rotation of a rigid body and 
the dynamics of a spin 1/2 particle also provides novel control strategies in quantum computing28. In Supp. Sec. V, 
we show how to implement the Hadamard gate, and more generally any one-qubit quantum gate. Here, we focus 
on the case of the geometric quantum phase gates33, that can be realized by using a geometric feature of the free 
rotation of a rigid body, namely the Montgomery phase26. This phase can be defined by considering one period of 
the time evolution of the angular momentum 

��
L  in the body-fixed frame. During this motion, the laboratory 

frame rotates about 
��
L  by an angle, the Montgomery phase. This phase, Δψ can be expressed as the sum of a 

dynamical and a geometric contribution16:

ψ∆ = −
ET
M

S2 , (6)

where M is the norm of the angular momentum, T the period of the motion of 
���
M  and S the solid angle swept out 

by 
���
M . One of the main difficulties to realize geometric phase gates is to find a way to cancel the dynamical contri-

bution of the phase in order to obtain a robust control protocol. Different techniques have been proposed up to 
date18, 33. Geometric phase gates can be implemented in the adiabatic regime18, but it is possible to generalize this 
process to consider non-adiabatic cyclic evolution34, 35, which is crucial to avoid decoherence effects. Only very 
simple motions, such as a circle on the Bloch sphere, were proposed. Using the Montgomery phase and the 
dynamics of a rigid body, this idea can be considerably extended. The method can be described as follows. To 
simplify the discussion, we assume here that the system follows trajectories along the separatrices. We first make 
a transfer from the point (0, 1, 0) to the point (0, −1, 0) with a finite time Ta and a fixed parameter ka. The system 
is brought in a second step from (0, −1, 0) to (0, 1, 0) with a different value of the parameter ≠k kb a. We choose 
the time Tb of the second process so that the two dynamical phases cancel each other. The global process is dis-
played in Fig. 6. A straightforward computation derived in Supp. Sec. V shows that:

=
−

−
T

k k

k k
T

1

1
,

(7)
b

a b

b a
a

2

2

which leads to a purely geometric phase given by:

ψ∆ = − − − .k k2[arcsin( 1 ) arcsin( 1 )] (8)a b
2 2

Using this approach, any geometric phase gate can be implemented in the non-adiabatic regime. More generally, 
the dynamical phase is also at the origin of the relatively low robustness of the one-qubit quantum gates based on 
the dynamics of a rigid body. This property can be greatly improved by considering a generalization of the BIR- 
pulses used in NMR36, 37. This control strategy consists in the concatenation of two (or more) pulses chosen so that 

Figure 6. Quantum gate based on the Montgomery phase. Cyclic process on the Bloch sphere for implementing 
a π/2 phase gate. The loop is the concatenation of the trajectories (a,b) which are defined by different values of k 
(see the main text). The brown (gray) surface is the total geometric phase at the end of the process i.e. Stot = π/2.



www.nature.com/scientificreports/

7Scientific RepoRts | 7: 3998  | DOI:10.1038/s41598-017-04174-x

the global dynamical phase is cancelled. As an illustrative example, we consider here a NOT gate (see also Supp. 
Sec. V for technical details). The trajectory used to realized a robust NOT-gate is depicted in Fig. 7. We first follow 
a separatrix from the north pole to the equatorial plane of the sphere. The system is then brought to another sep-
aratrix followed in the opposite direction. The two separatrices are connected with a constant pulse Δ about e3 so 
that the global phase is cancelled. It can be shown that Δ = 2 arccos k.

Conclusion
By using the formal analogy between the free rotation of a rigid body and the dynamics of a spin 1/2 particle, we 
have derived a new family of control fields able to realize either a state to state transfer or a specific unitary trans-
formation in a two-level quantum system. As demonstrated in this paper, the derived pulses have an explicit and 
relatively simple form, which is therefore easily implementable experimentally. Note that a Matlab code comput-
ing the trajectories of a rigid body and of the corresponding Bloch vector is provided in Supp. Sec. VI.

The results of this work pave the way to other analyses using the same kind of equivalence. The applicability of 
this analogy beyond simple two-level quantum systems, such as in a chain of three coupled spins38, 39, shows the 
general interest of this approach. Following the method proposed in ref. 38, the control fields derived from the 
dynamics of a rigid body could also be used as a building block to realize a CNOT gate in this system. Another 
possible direction is the generalization of this study to SO(n), with n > 3, for instance in the integrable case of the 
Manakov top40.

References
 1. Glaser, S. J. et al. Training Schrödinger’s cat: Quantum optimal control. Eur. Phys. J. D 69, 279 (2015).
 2. Brif, C., Chakrabarti, R. & Rabitz, H. Control of quantum phenomena: Past, present and future. New J. Phys. 12, 075008 (2010).
 3. Bason, M. G. et al. High-fidelity quantum driving. Nature Phys. 8, 147 (2012).
 4. Leibfried, D. et al. Experimental demonstration of a robust, high-fidelity geometric two ion-qubit phase gate. Nature 422, 412 

(2003).
 5. Sorensen, J. et al. Exploring the Quantum Speed Limit with Computer Games. Nature 532, 210 (2016).
 6. Nöbauer, T. et al. Smooth Optimal Quantum Control for Robust Solid-State Spin Magnetometry. Phys. Rev. Lett. 115, 190801 (2015).
 7. Pontryagin, L. S., Bol’tanskii, V. G., Gamkrelidze, R. S. & Mischenko, E. F. The Mathematical Theory of Optimal Processes (ed. 

Pergamon Press, New York, 1964).
 8. Khaneja, N., Reiss, T., Kehlet, C., Schulte-Herbrüggen, T. & Glaser, S. J. Optimal control of coupled spin dynamics: design of NMR 

pulse sequences by gradient ascent algorithms. J. Magn. Reson. 172, 296 (2005).
 9. Khaneja, N., Brockett, R. & Glaser, S. J. Time optimal control in spin systems. Phys. Rev. A 63, 032308 (2001).
 10. Lapert, M., Zhang, Y., Braun, M., Glaser, S. J. & Sugny, D. Singular Extremals for the Time-Optimal Control of Dissipative Spin 1/2 

Particles. Phys. Rev. Lett. 104, 083001 (2010).
 11. Chen, X., Lizuain, I., Ruschhaupt, A., Guéry-Odelin, D. & Muga, J. G. Shortcut to Adiabatic Passage in Two- and Three-Level Atoms. 

Phys. Rev. Lett. 105, 123003 (2010).
 12. Garon, A., Glaser, S. J. & Sugny, D. Time optimal control of SU(2) quantum operations. Phys. Rev. A 88, 043422 (2013).
 13. Silver, M. S., Joseph, R. I., Chen, C.-N., Sank, V. J. & Hoult, D. I. Selective population inversion in NMR. Nature 310, 681 (1984).
 14. Ruschhaupt, A., Chen, X., Alonso, D. & Muga, J. G. Optimally robust shortcuts to population inversion in two-level quantum 

systems. New J. Phys. 14, 093040 (2012).
 15. Daems, D., Ruschhaupt, A., Sugny, D. & Guérin, S. Robust quantum control by a single-shot shaped pulse. Phys. Rev. Lett. 111, 

050404 (2013).
 16. Bohm, A., Mostafazadeh, H., Koizumi, Q. & Zwanziger, J. The geometric phase in quantum systems. (ed. Springer, Berlin, 2003).
 17. Nakahara, M. Geometry, topology and physics. (ed. Institute of physics publishing, Bristol and Philadelphia, 1990).

Figure 7. A robust NOT gate. Trajectory used to realized a robust NOT-gate (solid blue line). The dashed 
lines represent the separatrices. The black arrows indicate the direction of the dynamics of the classical angular 
momentum.



www.nature.com/scientificreports/

8Scientific RepoRts | 7: 3998  | DOI:10.1038/s41598-017-04174-x

 18. Jones, J. A., Vedral, V., Ekert, A. & Castagnoli, G. Geometric quantum computation using Nuclear Magnetic Resonance. Nature 43, 
869 (2000).

 19. Abdumalikov, A. A. et al. Experimental realization of non-Abelian non-adiabatic geometric gates. Nature 496, 482 (2013).
 20. Ashbaugh, M. S., Chiconce, C. C. & Cushman, R. H. The twisting tennis racket. J. Dyn. Diff. Eq. 3, 67 (1991).
 21. Van Damme, L., Mardesic, P. & Sugny, D. The tennis racket effect in a three-dimensional rigid body. Physica D 338, 17 (2017).
 22. Arnold, V. I. Mathematical methods of classical mechanics (ed. Springer-Verlag, New York, 1989).
 23. Goldstein, H. Classical mechanics (ed. Addison-Wesley, Reading, MA, 1950).
 24. Cushman, R. H. Global aspects of classical integrable systems (ed. Birkhäuser, Berlin, 1997).
 25. Levitt, M. H. Spin Dynamics: Basics of Nuclear Magnetic Resonance (ed. Wiley, New York, 2008).
 26. Montgomery, R. How much does the rigid body rotate? A Berry’s phase from the 18th century. Am. J. Phys. 59, 394 (1991).
 27. Allen, L. & Eberly, J. H. Optical resonance and two-level atoms (ed. Wiley, New York, 1975).
 28. Nielsen, M. A. & Chuang, I. L. Quantum computation and quantum information (ed. Cambridge University Press, Cambridge, 2000).
 29. Garon, A., Zeier, R. & Glaser, S. J. Visualizing Operators of Coupled Spins Systems. Phys. Rev. A 91, 042122 (2015).
 30. Ernst, R. R., Bodenhausen, G. & Wokaun, A. Principles of Nuclear Magnetic Resonance in One and Two Dimensions. (Oxford Science 

Publications, Oxford, 2004).
 31. Augustine, M. P. & Hahn, E. L. Radiation Damping with Inhomogeneous Broadening: Limitations of the Single Bloch Vector Model. 

Concepts Magn. Reson. 13, 1 (2001).
 32. Tabuchi, Y., Negoro, M., Takeda, K. & Kitagawa, M. Total compensation of pulse transients inside a resonator. J. Magn. Reson. 204, 

327 (2010).
 33. Sjöqvist, E. A new phase in quantum computation. Physics 1, 35 (2008).
 34. Xiang-Bin, W. & Keiji, M. Nonadiabatic conditional geometric phase shift with NMR. Phys. Rev. Lett. 87, 097901 (2001).
 35. Zhu, S.-L. & Wang, Z. D. Implementation of univeral quantum gates based on nonadiabatic geometric phases. Phys. Rev. Lett. 89, 

097902 (2002).
 36. Tannus, A. & Garwood, M. Adiabatic pulses. NMR Biomed. 10, 423 (1997).
 37. Garwood, M. & Ke, Y. Symmetric pulses to induce arbitrary flip angles with compensation for RF inhomogeneity and resonance 

offsets. J. Magn. Reson. 94, 511 (1991).
 38. Khaneja, N. et al. Shortest paths for efficient control of indirectly coupled qubits. Phys. Rev. A 75, 012322 (2007).
 39. Van Damme, L., Zeier, R., Glaser, S. J. & Sugny, D. Application of the Pontryagin maximum principle to the time-optimal control in 

a chain of three spins with unequal couplings. Phys. Rev. A 90, 013409 (2014).
 40. Perelomov, A. M. Motion of four-dimensional rigid body around a fixed point: An elementary approach. J. Phys. A 38, 801 (2005).

Acknowledgements
S. J. Glaser acknowledges support from the DFG (Gl 203/7-2). D. Sugny and S. J. Glaser acknowledge support 
from the ANR-DFG research program Explosys (ANR-14-CE35-0013-01; Gl203/9-1). D. Sugny acknowledges 
support from the ANR-DFG research program COQS and from the PICS CNRS program on the control of open 
quantum systems. This work has been done with the support of the Technische Universität München Institute 
for Advanced Study, funded by the German Excellence Initiative and the European Union Seventh Framework 
Programme under grant agreement 291763. Experiments were performed at the Bavarian NMR center at TU 
München. P. Mardešić acknowledges support from LAISLA (project funded by FONCICYT) and the PREI project 
(funded by UNAM DGAPA). D. Leiner acknowledges support from the Elite Network of Bavaria program ExQM.

Author Contributions
All authors contributed to the design and interpretation of the presented work. Numerical computations have 
been done by L.V.D., the construction of the experiment and the acquisition of the data were performed by D.L. 
and S.J.G.

Additional Information
Supplementary information accompanies this paper at doi:10.1038/s41598-017-04174-x
Competing Interests: The authors declare that they have no competing interests.
Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.
 
© The Author(s) 2017


	Abstract
	Zusammenfassung
	List of publications
	Contents
	List of Figures
	List of Tables
	1 Introduction
	2 Foundations
	2.1 Quantum Mechanics
	2.2 Irreducible Spherical Tensor Operators
	2.3 Spherical Harmonics and the Correspondence to Spherical Tensor Operators
	2.4 Phase Space and Wigner Functions
	2.5 Quantum Tomography

	3 Introduction to Group Theory
	3.1 Definition
	3.2 Symmetric Group
	3.3 Action of Permutations on Tensors
	3.4 Representation of a Group
	3.5 Representation of the Symmetric Group and Young Projectors
	3.6 Example: Young Projectors for g=3

	4 The DROPS Representation
	4.1 Mapping Spin Operators to Spherical Functions
	4.2 The LISA Tensor Basis
	4.3 Example: Visualization of Three Spin 1/2 System
	4.4 Construction Details of the LISA Tensor Basis
	4.4.1 Clebsch-Gordon Decomposition
	4.4.2 Construction of the g-linear Tensors
	4.4.3 Phase and Sign Convention
	4.4.4 Embedding


	5 NMR and Quantum Information
	5.1 NMR Basics
	5.2 Product Operator Basis in NMR
	5.3 Quantum Mechanical Description of NMR Experiments
	5.4 Quantum Information Experiments with NMR
	5.4.1 Qubits in NMR
	5.4.2 Initialization
	5.4.3 Universal Gates
	5.4.4 Measurement
	5.4.5 The Spectrometer and an NMR Experiment


	6 Optimal Control of Spin Systems
	7 Discussion and Outlook
	7.1 Summary
	7.2 Discussion
	7.3 Future Work

	Bibliography
	A Wigner tomography of multispin quantum states
	B Wigner process tomography: Visualization of spin propagators and their spinor properties
	C Symmetry-adapted decomposition of tensor operators and the visualization of coupled spin systems
	D Linking the rotation of a rigid body to the Schrödinger equation

