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Abstract: After highlighting the difficulties encountered while implementing a supervisor
on actual industrial controllers and different approaches already suggested to tackle them,
this paper presents a signal-interpreted approach to the Supervisory Control Theory (SCT)
framework. This work focuses on further developments of this approach for reactive systems.
Due to fundamental differences between event- and signal-based approaches, new algorithms
have to be implemented to apply an SCT approach on the basis of signal-interpreted Boolean
finite automata extended with variables. Also, compared to a previous version of this approach,
partially controllable signals are introduced.
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1. INTRODUCTION

30 years after the publication of the foundational work
on the Supervisory Control Theory (SCT) by Ramadge
and Wonham (1987), this framework has been – and
remains – investigated and extended by a large community
of researchers in control engineering. However, despite its
strong formal background, the adoption of SCT in industry
still remains limited, as recently reported by Vieira et al.
(2017) and Zaytoon and Riera (2017). Yet, some recent
real-world applications, such as tap-changing transformers
(Afzalian et al. (2010)), theme-park vehicles (Forschelen
et al. (2012)) or MRI scanner (Theunissen et al. (2014)),
show promising results.

As initially described in Fabian and Hellgren (1998), the
main issue to the application of SCT, is that there is no
actual rule on how to implement a supervisor. Indeed, the
SCT is based on the event-based automata theory; in con-
trast, most industrial controllers, such as Programmable
Logic Controllers (PLCs) consider input/output signals.
Thus, many inconsistencies can appear. Events being asyn-
chronous, they can occur, independently, at any instant,
while signals connected to a PLC behave w.r.t. its cyclic
execution: scanning the input signals, executing the code,
and updating the output signals. Therefore, several rising
or falling edges can occur during a PLC cycle, which
corresponds to several events occurring at the same time.
This is in contradiction with the fundamental definition
of events in the automata theory: any two or more events
cannot occur simultaneously.

As detailed in Section 2, many previous works have pro-
posed improvements to the SCT modeling framework or
to its implementation on actual controllers. To the best
of our knowledge, all these works rely, at least partly, on
event-based models.

The approach presented in this paper is an extension of a
previous signal-interpreted approach to the SCT (Fouquet
and Provost (2017)). In comparison to the latter, this
paper considers the relation between input and output
signals due to the scan cycle of a reactive system’s con-
troller. Thus, the notion of partially controllable output
signal is introduced, which leads to a less restrictive be-
havior during the controllability checking. Also, to limit
the state-space explosion, this paper proposes a step-by-
step construction of a non-blocking and controllable Stable
Composed Automata (SCA), by combining the forward
reachability signal-interpreted composition, and the non-
blocking and controllability analysis.

The remainder of this paper is organized as follows. First,
related works are presented in section 2. Then, the defi-
nitions of Boolean Finite Automata extended with vari-
ables (EBFAs) and Stable Composed Automaton (SCA)
are reminded and further developed in section 3. The
methodology proposed in this paper is presented in sec-
tion 4. Then, the algorithms proposed to apply SCT on
signal-interpreted models are detailed in section 5. Finally,
conclusions and future works are drawn in the last section.

2. RELATED WORKS

As mentioned in the introduction, the main difference be-
tween event-based and signal-based approaches lies in the
fact that only one event can occur at a time while several
signals can change synchronously (or at least be perceived
as changing synchronously). Thus, when considering the
implementation of event-based supervisors on industrial
controllers, this leads to two types of issues:
First, the asynchronism between the signal-based physical
environment and the event-based supervisor makes the
implementation on industrial controllers such as PLCs dif-
ficult. As earlier presented by Fabian and Hellgren (1998)



and Balemi and Brunner (1992), some properties such as
interleave insensitivity and delay insensitivity have to be
fulfilled. However, even though some recent methods have
improved the SCT implementation on PLCs, they do not
guarantee a correct implementation of event-based models
on a cyclically executed controller if the above-mentioned
properties are not fulfilled (Leal et al. (2012), Vieira et al.
(2017), Prenzel and Provost (2018)).
Secondly, with event-based models, the definition of con-
ditions based on the occurrence of several events requires
either the use of several non-functional states to represent
the different possible paths to satisfy such a condition, or
the enumeration as events of all possible combinations of
simultaneous signal changes (e.g. e1 = ↑a∧↑b∧↑c, e2 = ↑a∧
↑b∧↓c, e3 = ↑a∧↓b∧↓c, . . .). On the opposite, signal-based
models allow to directly write conditions based on signals,
and thus, simplify the models definitions.

Regarding modeling formalisms, models extended with
variables, such as Extended Finite Automata (EFA) and
(EFSM), have been proposed by Skoldstam et al. (2007)
and Chen and Lin (2000), respectively. Yet, these models
still require events to trigger the firing of transitions.
Variables are used on top of an event to define guards
and actions.

Signal-based approaches have already been developed for
the synthesis of a controller (e.g. Marchand et al. (2000)).
The method proposed in the current paper considers the
generation of a supervisor.

For more details, the interested reader can refer to the
preliminary paper of this signal-based approach (Fouquet
and Provost (2017) (section 2)).

3. SIGNAL-INTERPRETED BOOLEAN FINITE
AUTOMATA’S DEFINITION

3.1 Boolean Finite Automata extended with variables

To suit the SCT framework, the definition of Boolean
automata introduced by Leiss (1981), was further defined
by Fouquet and Provost (2017). This definition has been
slightly adapted here:
An EBFA system is a set of communicating EBFAs run-
ning in parallel, each of them being described by a 6-tuple:
EBFA = 〈L, l0, S,∆, LM , LX〉 with:

• L a non-empty set of locations;
• l0 a non-empty set of initial locations, l0 ⊂ L;
• S a non-empty set of I/O and internal Boolean

signals;
• ∆ a set of transitions, each transition being defined

by δ = 〈lSrc, δCond, lDest〉 with:
· lSrc a single location in L;
· δCond its firing condition, a Boolean function 1 in
S;
· lDest a single location in L;

• LM a non-empty set of marked locations, LM ⊆ L;
• LX a set of forbidden locations, LX ⊂ L, LX may be

empty.

To be well-defined an EBFA has to observe the following
properties:

1 · , + and correspond to the logical operators AND, OR, and
NOT, respectively

• For any transition δ ∈ ∆: lSrc(δ) 6= lDest(δ).
Self-loops are implicitly defined: for a given valuation
of the signals, if no outgoing transition can be fired
then the active location remains active. Thus, there
is no need to explicitly define them.

• A forbidden state should not have any outgoing
evolution.

It is also worth mentioning that an EBFA can also be non-
deterministic.

One key feature of this signal-interpreted model is the
stability search: after a change of the input signals’ values,
several EBFAs’ transitions can be fired simultaneously
and/or sequentially during a single evolution step. This
means that its evolution rules are defined similarly to those
of Signal-Interpreted Petri Nets (SIPN) and Grafcet (see
Frey and Litz (1998) and Provost et al. (2011)).

3.2 Stable Composed Automaton

The Stable Composed Automaton (SCA) represents only
the reachable and stable states of an EBFA system and the
possible evolutions between these states. The SCA formal
definition and generation algorithms for an EBFA system
(i.e. a set of EBFA) are similar to those for a Grafcet (see
Provost et al. (2011) for more formal details).

A deterministic SCA can be described by a 6-tuple:
SCA = 〈Q, q0, S,∆, QM , qx〉 with:

• Q a non-empty set of stable states, each state being
defined by q = 〈LAct, SStabCond, VO〉 with:
· LAct a set of active locations in the EBFAs;
· SStabCond its stability condition, a Boolean func-

tion in S;
· VO ⊆ SO, if needed for temporal specifications,

a subset of currently emitted output signals (see
sections 4.1 and 4.3 for more details);

• q0 the initial unstable state, q0 /∈ Q;
q0 corresponds to the set of all initial locations of the
EBFAs;

• S a non-empty set of I/O Boolean signals;
• ∆ a set of evolutions, each evolution being defined by
δ = 〈qSrc, δCond, qDest〉 ∈ (Q ∪ q0)× (BS)×Q;

• QM a set of marked states, QM ⊆ Q;
• qx the forbidden state, qx ∈ Q, qx /∈ QM .

4. METHODOLOGY

4.1 Signals Definition

The set of signals S can be divided into four disjoint
categories. Three of them (SI , SO and SL) are similar
to the I/O events categories introduced by Balemi et al.
(1993) and were further defined by Fouquet and Provost
(2017). The second and third ones (SO and S′

O) permit
to capture the behavior of a reactive system. These four
categories of signals are defined as follows:

SI : Current input signals;
S′
O: Next output signals;
SO: Current output signals. The values of the current

output signals SO at a given cycle correspond to the
values of the next output signals S′

O at the previous
cycle: SO[k] = S′

O[k − 1];



SL: Internal signals. These internal signals can be used
within one EBFA or to communicate in between
EBFAs, e.g. to define a modular specification models
depending on the active state of other models.

EBFAs transitions’ conditions can be defined using these
four categories, while the resulting SCA evolutions’ condi-
tion are only defined using SI and S′

O.

Since a PLC is executed cyclically, at each cycle the control
code will calculate the value of the next output signals
S′
O given the current state X, the current value of the

input signals SI and, if specified, the current value of some
output signals VO ⊆ SO: S′

O = f(X,SI , VO).

From an implementation perspective, it is not always
necessary to store every value of current output signals SO,
but only the ones required to determine the next output
signals’ values, i.e. VO ⊆ SO. In the following sections, a
specification which uses a subset of the current output
signals’ values will be termed a temporal specification;
more details are given in section 4.3.

4.2 Partially controllable signals

Similarly to events, a distinction has to be made between
controllable and uncontrollable signals. By definition, the
input signals SI and the current output signals SO are
uncontrollable: SCtrl = SI ∪SO. Then, regarding the next
output signals S′

O, not all of them may be controllable.

In the SCT framework introduced by Ramadge and Won-
ham (1987) the supervisor can only enable or disable
commands generated by a plant, it cannot force them to
occur. To extend this framework, Golaszewski and Ra-
madge (1987) introduced the notion of forced events.

Recently, to model an event that has to be forced for
safety reasons, Göbe et al. (2017) introduced the notion of
forcible events. Applied to a signal-based framework, this
method consists in enforcing the signal to its 0 logic value.
Yet, the opposite could also occur in practice. In order to
be able to handle these different scenario, the notion of
partially controllable signals is introduced in this paper.
In the case of Boolean signals, a controllable signal can be
either: controllable-at-0, controllable-at-1, or controllable-
at-0-and-1. Thus, the set of next output signals S′

O is
further defined as follows:

S′
O = S′

Ctrl ∪ S′
Ctrl

= S′
Ctrl0 ∪ S′

Ctrl1 ∪ S′
Ctrl01 ∪ S′

Ctrl

A controllable-at-0 signal (s1 ∈ S′
Ctrl0) can have its value

enforced at 0 by the supervisor; respectively at 1, and at 0
or at 1, for controllable-at-1 (s2 ∈ S′

Ctrl1) and controllable-
at-0-and-1 (s3 ∈ S′

Ctrl01) signals.

4.3 Example of temporal specifications

To illustrate the use of a temporal specification model and
highlight its advantages and drawbacks, a toy example
of an AGV with a single obstacle sensor is considered.
The plant model is represented on the left part of Fig. 1.
Semantically, a guard on the next output signals corre-
sponds to an action to be performed on the corresponding
output signals at the end of the cycle. The AGV output
signals to commands its movement are L, R, F and B,

to turn Left or Right, and move Forward or Backward,
respectively. The specification model represented on the
right part of Fig. 1 specifies that, if the AGV is turning
left, it should stop turning left when in contact with an
obstacle (associated to the input signal c); and similarly
when turning right. According to these models, it will be
possible to supervise the AGV controller and prevent it
from reaching the forbidden state only if the next output
signals L′ and R′ are controllable-at-0 (or controllable-at-
0-and-1). This means that the supervisor is able to stop
the AVG’s movements but it is not aiming at commanding
the start of the movements.

2 1 4
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3
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L′·R′

L′ R′·L′

R′

F ′ · B′ F ′

B′ · F ′B′

α

β

γ
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L · c L′

L+ c

R · c
R′R+ c

Fig. 1. AGV’s plant (P) and specification (S) models

In this example, it is clear that not all current output
signals’ values have to be stored as VO in the SCA, but
only the two ones concerned by the temporal specification:
L and R.

The classical specification, which does not consider the
current outputs signals SO, would require more locations
to capture the actual state of the system.

From an implementation perspective, this solution requires
fewer locations to be stored in memory, but it also requires
to store the current outputs signals’ values. The choice
between a temporal or a classical specification models
would depend on the structure of the specification and
the number of current outputs signals’ values to be stored.

4.4 Overview of the algorithms

In the approach proposed in this paper, contrary to
the previous approach proposed by Fouquet and Provost
(2017), the state-space explosion is limited by combining,
step-by-step, the signal-interpreted forward reachability
and the removal of states due to the non-blocking and
controllability analysis.

During the controllability analysis, it is an essential step
to check the controllability of Boolean conditions. Consid-
ering reactive systems, this means checking whether, given
current input and output signals, it is possible to allocate
the values of the next output signals in order to prevent
reaching the forbidden state.

These algorithms are detailed in the next section.

5. ALGORITHMS

Due to the stability search principle, the term evolution
refers to a sequence of simultaneous firings of transitions
in the plants and specifications EBFAs, but it corresponds
to a single transition from one stable location to another
one in the monolithic SCA.



5.1 Controllability of an evolution

By definition, an evolution is controllable if and only if
it is possible to prevent its firing. Thus, in a signal-based
framework, an evolution is controllable if and only if it is
possible to find a combination of controllable signals that
can set the evolution condition to False.

The calculation of the controllability of an evolution can
be divided into different cases.
First, if there exists a combination of controllable signals
that always makes the condition False, then the evolution
is certainly controllable.
Secondly, if there exists a combination of uncontrollable
signals that always makes the condition True, then the
evolution is certainly uncontrollable.
Else, the evolution is neither certainly controllable nor
certainly uncontrollable.

Determining if such a combination of controllable or un-
controllable signals exists can be efficiently solved using
SAT-solvers.

Fig. 2 illustrates the cases of certainly controllable and
certainly uncontrollable evolutions. In the first case, a com-
bination of controllable signals C1 = 0∧C2 = 0 makes the
condition False, so this evolution is certainly controllable.
In the second case, a combination of uncontrollable signals
u1 = 1∧u2 = 1 makes the condition True, so this evolution
is certainly uncontrollable.

Case 1) 1 2

Case 2) 1 2

C1 · u1 + C1 · C2 · u1

u1 + C1 · u1 · u2

Fig. 2. A certainly controllable evolution (Case 1) and
a certainly uncontrollable evolution (Case 2)

If an evolution is neither certainly controllable nor cer-
tainly uncontrollable, this evolution is controllable if and
only if, for each value of the uncontrollable signals, it is
possible to determine a value of the controllable signals
making its condition False. Considering the notion of par-
tially controllable signals, an evolution δ, with condition
δcond(δ), is controllable if for each signal ci:

• if ci is controllable-at-0 (ci ∈ S′
Ctrl0):

· ∀v ∈ B|S
Ctrl

| |δcond(δ)|s,ci=0 6= True
• if ci is controllable-at-1 (ci ∈ S′

Ctrl1):

· ∀v ∈ B|S
Ctrl

| |δcond(δ)|s,ci=1 6= True
• if ci is controllable-at-0-and-1 (ci ∈ S′

Ctrl01):

· ∀v ∈ B|S
Ctrl

| |δcond(δ)|s,ci=0 · δcond(δ)|s,ci=1 6=
True

Fig. 3 illustrates the case of an evolution that is neither
certainly controllable nor certainly uncontrollable.

1 2
C2 ·C1 ·u1 ·u2+C1 ·u1+C2 ·u2 ·u3

Fig. 3. Example of an evolution that is neither certainly
controllable nor certainly uncontrollable.

Table 1 considers this evolution in the case of C1 being
controllable-at-1 and C2 controllable-at-0. It can be ob-
served that if the values of the uncontrollable signals u1,
u2 and u3 are 1, 1 and 0 respectively, it is not always
possible to prevent the firing of the evolution. Thus, in
this case, the condition is not controllable.

Table 1. Controllability with C1 ∈ S′
Ctrl1

u1 u2 u3 δCond δCond|C1=1

0 0 0 C1 False
1 0 0 False False
0 1 0 C1 + C2 C2

0 0 1 C1 False
1 1 0 C2 · C1 + C2 True
1 0 1 C1 False
0 1 1 False False
1 1 1 C2 · C1 C2

Table 1 considers this evolution in the case of C1 being
controllable-at-0-and-1 and C2 controllable-at-0. It can
now be observed that whatever the values of the uncontrol-
lable signals u1, u2 and u3, it is always possible to prevent
the firing of the evolution. Thus, in this case, the condition
is not controllable.

Table 2. Controllability with C1 ∈ S′
Ctrl01 and

C2 ∈ S′
Ctrl0

u1 u2 u3 δCond δcond|C1=0

·δcond|C1=1

δcond|C1=0∧C2=0

·δcond|C1=1∧C2=0

0 0 0 C1 False False
1 0 0 False False False
0 1 0 C1 + C2 C2 False
0 0 1 C1 False False
1 1 0 C2 · C1 + C2 C2 False
1 0 1 C1 False False
0 1 1 False False False
1 1 1 C2 · C1 False False

These methods are summarized in Algorithm 1.

5.2 Applying SCT algorithms

This subsection details the different algorithms used to
generate an SCA representing the minimally-restrictive,
reachable, non-blocking and controllable supervisor.

The Algorithm 2 describes the relations between the for-
ward reachability, the non-blocking, and the controllability
algorithms. For the sake of clarity, the non-blocking and
the controllability algorithms are detailed in Algorithms 3
and 4, respectively. Details about the forward reachability
algorithm can be found in Provost et al. (2011).

It is also worth mentioning that the notion of uncontrol-
lable states is not treated here. The implicit definition of
self-loops in signal-interpreted models makes this notion
superfluous. However, if a Boolean condition composed
only of uncontrollable signals is voluntarily associated to
an evolution leading to the forbidden state, this case will
be handled similarly to any other evolution’s condition.

The non-blocking algorithm (Alg. 3), aims at finding
blocking locations and at merging them with the forbidden
location.



Algorithm 1: IsCondCtrl algorithm

Data: A condition δcond, a set of signal S
Result: A boolean : Ctrl ← True, Unctrl ← False

1 Controllability of one condition IsCondC-
trl(δcond(δ), S)

2 if {v ∈ B|S′
Ctrl||(δCond(δ)|s) = True} 6= ∅ then

3 return True

4 else if {v ∈ B|S
Ctrl

||δCond(δ)|s = True} 6= ∅ then
5 return False
6 else
7 foreach Ci ∈ S′

Ctrl do
8 if Ci ∈ S′

Ctrl0 then
9 δcond(δ)← δcond(δ)|Ci=0

10 foreach v ∈ B|S
Ctrl

| do
11 if δcond(δ)|v = True then
12 return False
13 else if Ci ∈ S′

Ctrl1 then
14 δcond(δ)← δcond(δ)|Ci=1

15 foreach v ∈ B|S
Ctrl

| do
16 if δcond(δ)|v = True then
17 return False
18 else . i.e. Ci ∈ S′

Ctrl01
19 δcond(δ)← δcond(δ)|Ci=0 · δcond(δ)|Ci=1

20 foreach v ∈ B|S
Ctrl

| do
21 if δcond(δ)|v = True then
22 return False
23 . If not returned False during the foreach loop:
24 return True

Algorithm 2: Main algorithm

Data: A set of EBFA to compose {EBFA}
Result: a non-blocking and controllable SCA

1 Main algorithm:
2 SCA′ ← 〈∅, q0, S, ∅, ∅, qX〉
3 k ← 1
4 Q[0]← ∅
5 repeat
6 SCA← SCA′

7 SCA′ ← ForwardReach1Step(SCA, {EBFA})
8 . ∆[k], Q[k] and QM [k] are the set of new transi-

tions, states and marked states
9 . ∆′ = ∆ ∪∆[k]

10 . Q′ = Q ∪Q[k]
11 . Q′

M = QM ∪QM [k]
12 SCA′ ← NonBlocking(Q[k − 1], Q[k], SCA′)
13 . This function correspond to the one in Algo. 3
14 SCA′ ← Controllability(Q[k], SCA′)
15 . This function correspond to the one in Algo. 4
16 SCA′ ← Trim(SCA′)
17 k ← k + 1
18 until SCA′ = SCA;
19 return SCA

Then, the controllability algorithm (Alg. 4) checks if each
evolution leading the forbidden state is controllable. If not,
it merges the incoming state with the forbidden state.

Finally, a Trim function is used to delete the locations
which are not reachable anymore, as well as their outgoing
transitions.

Algorithm 3: NonBlocking algorithm

Data: Q[k − 1],Q[k],SCA = 〈Q, q0, S,∆, QM , qX〉
Result: A non-blocking SCA

1 NonBlocking(Q[k − 1],Q[k],SCA):
2 foreach q ∈ Q[k − 1] do
3 Qdel ← ∅
4 . if from q ∈ Q[k−1] it is not possible to reach Q[k]

and q is not part of QM then q is blocking
5 if

(
@n ∈ N+|(δ1..δn, q′) ∈ ∆n ×Q[k] :

qSrc(δ1) = q ∧ qDest(δn) = q′

∧ (∀i ∈ [1, n− 1] : qDest(δi) = qSrc(δi+1))
)

∧ q /∈ QM then
6 Qdel ← q
7 . Then, search backward for further blocking states
8 while Qdel 6= ∅ do
9 . Remove the states leading to a blocking one,

that cannot also reach a marked state or an-
other state in Q[k].

10 foreach qB ∈ Qdel do
11 Qdel ← Qdel ∪ {q |(

∃δ ∈ ∆|qSrc(δ) = q ∧ qDest(δ) = qB
)
∧(

@n ∈ N+|(δ1..δn, q′′) ∈ ∆n × {Q[k] ∪
QM} :
qSrc(δ1) = q ∧ qDest(δn) = q′′

∧(∀i ∈ [1, n−1] : qDest(δi) = qSrc(δi+1))
)
}

12 ∆B ← {δ ∈ ∆ | qDest(δ) = qB}
13 foreach δ ∈ ∆B do
14 qDest(δ)← qX
15 ∆← ∆ \ {δ ∈ ∆ | qSrc(δ) = qB}
16 Q← Q \ {qB}
17 SCA← 〈Q, q0, S,∆, QM , qX〉
18 return SCA

These algorithms are repeated until a fixed-point is
reached, i.e. until no more state is newly reached or
deleted.

6. CONCLUSION

This paper proposed a signal interpreted approach to the
SCT framework. The relation between input and output
signals due to the scan cycle of a reactive system is de-
veloped. Then, the notion of partially controllable output
signals is introduced in order to consider a supervisor point
of view and determine the controllability of an evolution.
Finally, the different algorithms used to generate a non-
blocking and controllable SCA, which represents the su-
pervisor, are presented.

Future works will consider the definition of a modular
synthesis approach for signal-interpreted models. Given
the current EBFA formalism, it is already possible to easily
represent modular specifications; however, in its current
version, the proposed approach generates a monolithic
supervisor. The generation of additional Boolean guards
(similarly to Miremadi et al. (2011)) to be attached to the
transitions of the initial EBFAs models would fit well a
signal-based approach.



Algorithm 4: Controllability algorithm

Data: Q[k],SCA = 〈Q, q0, S,∆, QM , qX〉
Result: A non-forbidden SCA

1 Controllability(Q[k],SCA):
2 foreach q ∈ Q[k] do
3 if q = QX then
4 . Search for evolutions leading to the forbidden

state
5 ∆ToCheck = {δ ∈ ∆ | qDest(δ) = qx}
6 while ∆ToCheck 6= ∅ do
7 foreach δ ∈ ∆ToCheck do
8 if not IsCondCtrl(δCond(δ), S) then
9 . δ not controllable

10 QCheck ← ∅
11 foreach δ′ ∈ ∆ : qDest(δ

′) = qSrc(δ)
do

12 qDest(δ
′)← qx

13 if ∃(δ′, δ′′) ∈ ∆2 : δ′ 6=
δ′′ ∧ qDest(δ

′) = qDest(δ
′′) =

qx ∧ qSrc(δ
′) = qSrc(δ

′′) then
. if two transitions from the same
source lead to qx then merge their
conditions

14 δCond(δ′) ← δCond(δ′) +
δCond(δ′′)

15 ∆← ∆ \ {δ′′}
16 ∆ToCheck ← ∆ToCheck \ {δ′′}
17 ∆ToCheck ← ∆ToCheck ∪ {δ′}
18 ∆ToCheck ← ∆ToCheck \ {δ}
19 return SCA
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