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Die Dissertation wurde am 07.03.2018 bei der Technischen Universität München eingereicht und durch

die Fakultät für Informatik am 25.08.2018 angenommen.

http://www.tum.de
http://www6.in.tum.de
mailto:somani@in.tum.de




Abstract

In this thesis, we present a framework that is designed to model and solve diverse problems

using a constraint-based approach. Our motivation is to demonstrate that all robot tasks can

be specified and solved as optimization problems with sets of constraints and one or multiple

objective functions. We present a generic modeling approach for geometrically complex prob-

lems in the domain of intelligent robotic systems. Some of these classical problems include

robot motion planning, real-time robot motion control, object detection and object tracking.

We are able to develop a full constraint-based intelligent robotic system by modeling these

classical problems as constraints using our framework.

Constraint models and constraint solving algorithms form the core components of our frame-

work. Our constraint models include geometric constraints, domain-specific constraints such

as robot kinematic limitations, and optimization goals such as robot manipulability. We

present three constraint solving approaches: exact, iterative and hybrid. Our exact solver

provides closed form and exact solutions for geometric constraints. The iterative solver sup-

ports non-linear constraints with inequalities. The hybrid solver combines the advantages of

the exact and iterative solvers, by using the exact solutions as a seed for the iterative solver.

The four classical problems that form our intelligent robotic system are formulated using

constraints and solved using appropriate constraint solvers from the framework.

In two robotics applications, we define robotic tasks as a set of constraints and optimization

goals. To calculate the required collision-free robot motion trajectories and waypoints, we use

a constrained motion planning approach based on a combination of our exact solver with a

probabilistic planner, where the samples are generated in the nullspace of the task constraints.

Our real-time constraint-based motion controller, based on our iterative or hybrid solver,

executes this task in the presence of dynamic and environment constraints such as collisions

with moving objects or optimization tasks such as posture.

We propose new approaches for classical problems in the computer vision domain such as

object detection, pose estimation and tracking. Using primitive shape decompositions of

object models, we pose the object detection and pose estimation problem as a constraint

solving problem. We use geometric constraints from primitive shape matching in combination

with our exact solver to dynamically adapt the tracking subspace of our adaptive particle

filter tracker, thereby reducing the size of the tracking problem and significantly increasing

its efficiency.

These applications show how constraint-based descriptions are very powerful for the underly-

ing intelligent robotic system. A unifying framework to model and solve such diverse tasks is

necessary to build a complete robotic system and apply it in practical, real-world scenarios.



An important practical application of our framework is intuitive human-robot interaction and

task level robot programming. In projects related to this thesis, we have developed intuitive

programming interfaces for non-expert users. The concept of task level programming, where

robotic tasks are represented with reference to the involved objects and task descriptions

instead of each individual action and low-level commands for the robot, is a key concept

in this approach. To realize this application, we use semantically rich CAD models, robust

computer vision modules, and sensor-enabled robot skills. In this thesis, we show how our

constraint-based approach is used to realize the different parts of this application.



Zusammenfassung

In dieser Arbeit stellen wir ein Framework vor, das darauf ausgelegt ist, verschiedene Pro-

bleme mit einem Constraint-basierten Ansatz zu modellieren und zu lösen. Wir zeigen, wie

Roboteraufgaben spezifiziert und als Optimierungsprobleme mit Constraints und einer oder

mehreren Zielfunktionen gelöst werden können. Wir präsentieren einen generischen Modellie-

rungsansatz für geometrisch komplexe Probleme. Einige dieser klassischen Probleme aus dem

Bereich intelligenter Robotersysteme sind Bewegungsplanung, Echtzeit-Bewegungssteuerung,

Objekterkennung und Objektverfolgung. Wir sind in der Lage, ein vollständiges auf Cons-

traints basierendes intelligentes Robotersystem zu entwickeln, indem wir diese klassischen

Probleme mit Hilfe unseres Frameworks als Constraints modellieren.

Constraint-Modelle und Constraint-Lösungsalgorithmen (Solver) bilden die Kernkomponen-

ten unseres Frameworks. Zu unseren Constraint-Modellen gehören geometrische Constraints,

domänenspezifische Constraints, z.B. kinematische Constraints von Robotern, und Optimie-

rungsziele, wie z.B. die Manipulierbarkeit von Robotern. Wir stellen drei Lösungsansätze vor:

exakt, iterativ und hybrid. Unser exakter Solver bietet eine geschlossene Form und exakte

Lösungen für geometrische Randbedingungen. Der iterative Solver unterstützt nichtlineare

Constraints mit Ungleichungen. Der Hybrid-Solver kombiniert die Vorteile der exakten und

iterativen Solver, indem er die exakten Lösungen als Einstieg für den iterativen Solver ver-

wendet.

Die vier klassischen Probleme, die unser intelligentes Robotersystem behandelt, werden mit

Constraints formuliert und mit geeigneten Constraint-Solvern aus unserem Framework gelöst.

In zwei Anwendungen definieren wir Roboteraufgaben als eine Reihe von Constraints und

Optimierungszielen. Zur Berechnung der erforderlichen kollisionsfreien Wegpunkte und Bewe-

gungsbahnen verwenden wir einen Ansatz der Bewegungsplanung, der auf einer Kombination

aus unserem exakten Solver und einem probabilistischen Planer basiert, wobei die Stichpro-

ben aus dem Nullraum der Aufgaben-Constraints gewählt werden. Unsere Constraint-basierte

Echtzeit-Bewegungssteuerung basiert auf unserem iterativen oder dem hybriden Solver. Sie

führt ihre Aufgabe in Gegenwart dynamischer, umgebungsbedingter Constraints, wie z.B. Kol-

lisionen mit bewegten Objekten, aus. Weiterhin kann die Steuerung Optimierungsaufgaben

übernehmen, wie z.B. eine Haltungsoptimierung des Roboters.

Wir schlagen neue Ansätze für klassische Probleme im Bereich des maschinellen Sehens

vor, wie z.B. Objekterkennung, Positionsschätzung und Objektverfolgung. Mit Hilfe primi-

tiver Formdekompositionen von Objektmodellen stellen wir Objekterkennungs- und Positi-

onsschätzungsprobleme als ein Problem zur Lösung von geometrischen Constraints dar. Wir

verwenden geometrische Constraints aus dem primitiven Formabgleich in Kombination mit



unserem exakten Solver, um den Objektverfolgungs-Teilraum unseres adaptiven Partikelfilter

dynamisch anzupassen und dadurch die Komplexität der Verfolgungsaufgabe zu reduzieren

und seine Effizienz signifikant zu erhöhen.

Diese Anwendungen demonstrieren die Mächtigkeit von Constraint-basierten Beschreibungen

für das zugrundeliegende intelligente Robotersystem. Ein vereinheitlichendes Framework zur

Modellierung und Lösung solch vielfältiger Aufgaben ist notwendig, um ein komplettes Ro-

botersystem zu bauen und es in praktischen, realen Szenarien anzuwenden.

Eine wichtige praktische Anwendung unseres Frameworks ist die intuitive Mensch-Roboter-

Interaktion und die Roboterprogrammierung auf Aufgabenebene. In Projekten im Zusammen-

hang mit dieser Arbeit haben wir intuitive Programmierschnittstellen für Laien entwickelt.

Das Konzept der abstrakten Programmierung auf Aufgabenebene ist ein Schlüsselkonzept in

diesem Ansatz, bei dem Robotik-Aufgaben mit Bezug auf die beteiligten Objekte und Aufga-

benbeschreibungen anstelle von einzelnen Aktionen und Low-Level-Befehlen für den Roboter

beschrieben werden. Um diese Anwendung zu realisieren, verwenden wir semantische CAD

Modelle, robuste Module des maschinellen Sehens und sensorgestützte Roboterfähigkeiten. In

dieser Arbeit zeigen wir, wie unser Constraint-basierter Ansatz zur Realisierung der verschie-

denen Aspekte dieses intelligenten Robotersystems beiträgt.
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Chapter 1

Introduction

Robotics is a multi-disciplinary science, and real-world robotics applications often require contributions

from several diverse fields such as control theory, planning, and computer vision. There have been many

efforts to create frameworks for robotics, where these diverse fields can be combined to create practical

applications. The motivation behind these frameworks is to find commonalities between these fields

and exploit them to create connections and interfaces. Such observations of commonalities in terms of

software structure, semantic descriptions, or underlying mathematical formulations form the key ideas

behind these frameworks.

1.1 Perspectives

Creating an intelligent robotic system involves consideration of several design perspectives. These include

choice of the base technologies and key concepts, along with the desired outcomes and behaviors. In the

following sections, we explain some of the motivating ideas and key concepts that influence our design.

1.1.1 Intuitive Human-Robot Interaction

When intelligent robotic systems interact with a human, intuitiveness is an important consideration. This

is especially relevant for robot instruction, where the human is expected to program/teach a task to the

robot. The concepts of object or task centric programming can be used to increase the intuitiveness of

such interactions. As an example, when a human teaches a task to a fellow human, there is a certain

assumption on common knowledge of basic concepts such as colors, units, geometry etc. In case of

conversations between domain experts, additional information relevant to the domain is also assumed

to be known, e.g. assembly strategies, fitting tolerances. The interaction then stays largely on a higher

semantic level where the focus is on the involved objects and their specific use in the task. The specification

of numeric values is often restricted to a few key and rather esoteric parameters that are essential for

the task in hand. Also, the focus is on the task description in terms of the involved physical objects

(“what”), instead of the means to realize it (“how”), since the skills to realize them are often assumed to

be common knowledge within the participants. To realize such intuitive interaction paradigms between

a robot and a human, explicit and detailed models of the involved objects are essential. The amount

1
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(a) Parts for assembly (b) Plane-Plane Coincident constraint

(c) Cylinder-Cylinder Concentric constraint (d) Assembled object

Figure 1.1: Motivating example of creating object assemblies based on geometric constraints, using CAD

modeling software SolidWorks

and level of semantic information available in these models directly influences the intuitiveness of the

programming approach. The object’s geometry is an important part of such models.

1.1.2 Computer-Aided Design

Computer Aided Design (CAD) is classical concept from the 1970’s, where the design focuses on the

geometric properties of objects. A key idea in this paradigm is the use of a set of “primitive” geometric

descriptions to construct more complex ones. Geometric objects can be created, extended and combined

with each other. This paradigm has gained a lot of popularity, especially with increasing computational

capabilities, resulting in more powerful CAD kernels and extensive support for 3D geometry. It is now

a de-facto standard for modeling in the formal manufacturing industry. Many automation systems and

manufacturing machines can directly work with data specified using CAD software. Fig. 1.1 shows an

example of modeling assembly tasks using geometric constraints, based on the software SolidWorks1.

In this example, the user can import the objects to be assembled (Fig. 1.1a) and define constraints

between geometric entities such as Planes (Fig. 1.1b) and Cylinders (Fig. 1.1c). The CAD software solves

these constraints and generates the assembled object (Fig. 1.1d). Given the success of such approaches in

providing intuitive interfaces to humans for specifying manufacturing tasks in a computer understandable

format, we propose that this approach can also be used for instruction of a robotic automation system.

A key factor here is the level of geometric detail that makes such systems intuitive to use. The user

1http://www.solidworks.com/
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q1 q2

q4

l1

l2 q3

EF

l3
l4

Figure 1.2: The kinematic structure of a robot consisting of revolute (q1, q2, q4) and prismatic (q3) joints in

a closed kinematic chain.

interaction with geometric entities in such software is at the level of shapes such as lines, circles, planes,

cylinders, etc. rather than base geometries such as meshes.

1.1.3 Actuation

When a robot interacts with its working environment, the geometrical models of the robot, the objects

involved in the task and the environment are important inputs (among others) required to generate robot

trajectories and closed-loop real-time controllers.

A robot is a physical entity with its own geometric description. Each link of a robot is a geometric

part, and the kinematic structure of a robot can be modeled using geometric relations between its links.

Consider the kinematic structure in Fig. 1.2 for a robot with 4 joints (q1−4) and one end-effector (EF).

The pose of the end-effector EF can be described in terms of the joint positions q1−4 and link lengths l1−4,
i.e., Forward Kinematics. Also, the joints 1,2 and 3 form a closed kinematic chain that can be modeled as

a constraint between the corresponding joint positions q1−3. In most practical scenarios, a desired pose

for the end-effector is specified. Computation of joint positions that can achieve the required end-effector

pose, i.e., Inverse Kinematics, is essentially a constraint solving problem where the desired end-effector

pose is the goal or constraint and the joint positions form the optimization variables.

When interacting with the environment, tasks such as collision avoidance require computation of

distances of each robot link with objects in the environment. Collision-free motion planning in the

kinematics sense, and especially for tasks described in the robot’s operational space, can be modeled as

a constrained geometric problem.

1.1.4 Sensing

Sensors play an important role in intelligent robotic systems. They can be used at different stages, starting

from intuitive programming interfaces till low-level closed-loop control. Classical computer vision topics

such as object detection and tracking find direct applications in sensor-based robot motion planning and

control. Vision sensors such as color and depth cameras are popular in such systems since they provide

dense and feature rich information. Both 2D and 3D cameras can be used to observe the geometric

structure of a scene. Especially, depth cameras directly perceive the 3D structure, i.e., the shape or

3
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(a) (b)

Figure 1.3: Shape-based 3D object detection and pose estimation using an RGBD camera. Shape-based

approaches are particularly useful for detecting texture-less objects (a). CAD models of the detected objects

are overlaid on the camera image (b). Images taken from the T-LESS dataset [1]. Copyright © 2017, IEEE.

geometry of the scene. Object detection and tracking from such sensor data, based on geometric models

(2D or 3D) of the object is a classical and popular category in computer vision algorithms. Given the

close integration of CAD systems with Computer-Aided-Manufacturing (CAM) systems, manufactured

objects closely resemble their 3D CAD models. We focus our efforts in the computer vision domain on

detecting physical instances of objects that have been modeled using CAD software (Fig. 1.3). For these

objects, the geometry of the physical instance has a close correspondence with its corresponding CAD

model. Our algorithms can also account for manufacturing uncertainties and tolerances introduced in

CAM systems. The model-based object detection problem can be imagined as the alignment of a virtual

object model with physical entities in the scene. Model-based object tracking estimates continuously and

maintains a history of the pose of objects in the scene with respect to the sensor.

1.1.5 Ubiquitous constraints

A robot interacting with its physical environment essentially affects the geometric relations between

objects in the environment, including itself. Controlling these geometric relations forms a part of the

robot task. Essentially, each of these classical problems deal with geometric relations between real

and/or virtual objects. Geometric relations can be modeled as constraints between the involved geometric

entities. Consequently, these problems can be formulated using geometric constraints.

Hence, we see that Cartesian geometry is a ubiquitous mathematical theory that forms the basis

of many diverse topics from different fields such as robot modeling, motion planning, object detection,

tracking, etc. The geometric representations used for describing the objects, and constraint models for

formulating these problems directly affects all of these fields. Increasing the level of semantic information

contained in these models could potentially help improve each of these fields.

4
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Figure 1.4: Motivating example of a robot carrying a wine glass on a tray. (Image from iStock.com/R type)

1.1.6 Enabling factors

Some important factors that enables practical uses of our proposed approach are recent advances in

computational capabilities and sensor technologies such as depth cameras. The evolution and wide

acceptance of the CAD paradigm is partially attributed to increases in computational power. Due to

this, the CAD kernels that form the backbone of such modeling software are becoming increasingly

powerful, and the front-end interfaces are more feature-rich and responsive for a smooth and satisfactory

user experience. This leads to wider acceptance of the CAD paradigm, and consequently users find

such approaches also intuitive for robot programming. The advances in sensor technologies, especially

affordable and accurate depth cameras has increased the relevance of 3D sensor information. Hence,

computer vision algorithms based on shape or geometric information have also become more popular.

An increasing demand for robotic automation technology, especially in niche applications from Small and

Medium-sized Enterprises (SMEs) has also fueled research on intuitive and efficient robot programming

and human-robot interaction.

1.2 Motivation

Considering all the perspectives involved in designing a robotic system, our motivation in this work is to

show how it can be realized using a constraint-based approach. We explain this through an example of

a common human task that should now be performed by a robot. We consider the example of a robot

carrying a wine glass on a tray and transporting it towards a dining table, as illustrated in Fig. 1.4.

In the following sections, we explain the complexity of this task, describe the various components and

algorithms required for it, and analyze how our unified framework for modeling robotic systems using

constraint-based approaches can be used to realize it.
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1.2.1 A humanoid example

The primary task for the robot is to transport the wine glass to the table. While performing this task,

the robot has to consider several factors. Firstly, it must ensure that the tray stays upright to ensure

that the wine glass doesn’t fall off and the wine doesn’t spill. Secondly, it needs to avoid obstacles such

as the table and chairs that are on its way. This must be enforced for the whole body of the robot and

not only its hand (i.e. the end-effector). Thirdly, the robot needs to continuously monitor its scene which

might including moving objects. It also needs to keep the wine glass and tray in its sight to ensure their

stability during motion. To do this, it maintains these objects in the field of view of the cameras that

are present on its face. The robot needs to detect and track the objects of interest, i.e., the tray and

wine glass. Finally, the robot may need to use its second hand in order to grasp the wine glass and

place it on the table. This requires synchronization between the two hands. Note that it might not be

possible to satisfy all the constraints and requirements simultaneously. Hence, priorities are defined for

each constraint or requirements.

1.2.2 Key ingredients

Accomplishing this task using a robot requires contributions from several different topics in robotics.

Firstly, the task itself needs to be defined in a computer-readable format. Secondly, sensors are needed

to perceive the environment and corresponding computer vision algorithms to detect and track objects.

Thirdly, motion planning algorithms are needed to compute a collision free path taking the robot from

its current configuration to the desired configuration for the task. Finally, motion control algorithms are

necessary to combine the different prioritized requirements and constraints from the task and generate

real-time motion commands for the robot.

1.2.3 Constraints as the unifying basis

Our motivation in this work is to exploit the use of geometric relations as a common denominator in

these topics and explore the potential benefits of using a constraint based formulation for representing

them. The proposition in this thesis is to show how a constraint-based formulation of geometric relations

can be adapted and re-used in several domains. In each case, the task is formulated as a set of geometric

relations that constrain objects with respect to each other.

Geometric constraints are the de-facto standard approach for modeling 3D objects and creating as-

semblies (Fig. 1.1), and form the basis of several CAD software such as SolidWorks1 and Catia2. Our

motivation is to present the user with an CAD-like interface to define robot tasks in terms of the associ-

ated objects. Referring to the example from Fig. 1.4, the task of maintaining the an upright orientation

of the tray and the wine glass can be expressed using geometric constraints between CAD models of the

involved objects. The task for grasping the wine glass using the second arm can also be modeled using

geometric constraints between CAD models of the wine glass and the hand.

1http://www.solidworks.com/
2https://www.3ds.com/products-services/catia/
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1.3 Contributions

1.2.4 Perceiving the environment

In classical computer vision modules, the object models used are often point clouds or mesh files where

semantic information about geometric entities like primitive shapes is not preserved. In our framework,

we show that this information of primitive shapes from full CAD models helps improve object detection

and tracking algorithms. Referring to the example from Fig. 1.4, the wine glass is a symmetrical object,

where the orientation along the axis that represents the stem of the wine glass is the axis of symmetry.

This means that the pose of the wine glass can only be estimated in 5 DoFs, and the sixth DoF along

the axis of symmetry is free. Our constraint-based object detection approach can automatically detect

such symmetries, and provide both the object’s underspecified pose in the constrained DoFs and the

pose nullspace that lies along this symmetrical axis. The wine glass is transported on a the tray that is

placed on the robot’s hand. Using the encoders in the robot’s joints, the end-effector pose for the hand

can be estimated. This information provides a prior for the pose of the tray. Further, the wine glass

lies on the tray and its pose is restricted by the geometry of the tray. Using these priors represented as

geometric constraints, our adaptive object tracker can automatically adapt the dimensionality and size

of the tracker’s sampling subspace.

1.2.5 Interacting with the environment

Geometric constraints only represent a part of the task in each domain. We show how other aspects of each

task, arising from the specific requirements of that domain, can also be represented using a constraint-

based approach. We use a powerful constraint model, i.e., non-linear constraints with inequalities, so that

the wide variety of constraints required for each domain can be captured easily. Referring to the example

from Fig. 1.4, limitations from the robot’s kinematic model such as joint, velocity and acceleration limits

can be modeled using inequality constraints. Tasks such as collision avoidance, posture optimization, and

maintaining a gaze direction for the face can also be modeled using our this generic and powerful class

of constraints.

1.2.6 Semantic descriptions and logical reasoning

Another motivation for constraint based definitions is that they are amenable to formal modeling and

reasoning, as shown by Perzylo et al. [2, 3]. Explicitly defined mathematical formulations of constraints

inherently preserve the semantic meaning of the constraint, and they can be modeled using a formal

modeling language and used for high-level reasoning. This makes it easier to connect such reasoning and

AI modules to low-level control components [4, 5].

1.3 Contributions

The main contribution of this thesis is the formulation of a variety of tasks from multiple domains using a

constraint-based approach. We present a unifying framework for modeling these constraints and solving

them. There have been individual attempts at the use of geometric constraints in different fields such

as intuitive robot programming, real-time constrained motion control and constrained motion planning.

In the computer vision domain, primitive shape decompositions of object models have been used for
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specialized object detection and tracking algorithms. However, to the best of our knowledge, a unified

constraint modeling and solving framework that is applicable across these problems is a novel contribution

of this thesis.

The proposed constraint solving framework is based on a composable structure where several con-

straints, each describing (parts of) a task or behavior, can be combined. In addition to geometric

inter-relation constraints, domain specific constraints from each task/application are also handled in this

framework. We present three different algorithms as part of the constraint solving framework: exact,

iterative and hybrid.

We propose an exact solver for geometric constraints that is based on mathematical models of con-

straints and geometric properties of constraint nullspaces. Our exact solver supports non-linear geometric

constraints with inequalities, and also mixed transformation manifolds, i.e., cases where the rotation and

translation components of the constraints are not independent.

The iterative approach formulates the problems as a set of non-linear constraints with inequalities

and a minimization function, and solves it using an iterative solver.

The hybrid solver is a combination of the exact and iterative solvers, where the transformation man-

ifolds obtained from an exact solution of geometric constraints are represented as non-linear constraints

using their distance functions. This reduces the number of geometric constraints and improves the con-

vergence properties (solution time, repeatability, avoidance of local minima, etc.) of the iterative solver.

The overall constraint solving framework is generic and can solve any constraint that can be rep-

resented as a non-linear function with inequalities. This allows us to incorporate not only geometric

constraints that can be solved exactly, but also many domain-specific constraints that may not be geo-

metric.

We show how constraint based formulations can be used in applications from four diverse fields:

real-time robot motion control, robot motion planning, object pose estimation, and model-based object

tracking (explained in Section 1.5).

For each of the problem domains covered in this work, a detailed analysis of the state-of-art approaches

and our specific contributions to the domain is presented in a dedicated Chapter. This comprises the

Applications part of this thesis, i.e. Parts II and III covering Chapters 4-7.

1.4 Challenges

Progress in computing technology and the field of constraint solving has led to the availability of a

large variety of solvers, that can handle many different types of problems. However, there is a major

point of divergence between the constraint solving and robotics communities. The robot control domain

typically deals with a relatively small set of constraints in low dimensional space. They require control

algorithms that have a rather deterministic runtime and can work at high frequency control loops in

the range of 1KHz. On the other hand, research in constraint solving libraries tend to focus on scaling

up the performance to deal with increasingly larger problems and dimensions. Hence, there have been

many attempts in robotics to develop custom solvers that are specialized to the problem types seen

in the domain. Such solvers often offer better runtime performance but are not suitable for a generic

constraint-based framework like ours.
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From our experiments, we have observed that the most time consuming constraints in the iterative

solving pipeline are the geometric constraints. By formulating the geometric constraints in a manner

suitable for such solvers, and also by reducing the complexity of such geometric constraints through

exactly defined constraint processing rules, we have observed that the currently available off-the-shelf

constraint solvers provide sufficiently fast runtimes that are also very repeatable.

1.5 Applications

Tasks from the robotics domain are used as primary examples for our work. A majority of current robotic

automation systems lack a clear distinction between task-level programming and robot programming. The

ability to program a task by referring to manipulation objects and their properties, without necessarily

and explicitly considering domain specific knowledge (e.g., the workspace and robot limits), is important

from the viewpoint of intuitiveness. This distinction is a central concept in our approach, where our

framework automatically and transparently from the user combines a task description with domain specific

knowledge required for execution by a robot. Robotic tasks often do not require strictly defined goals,

e.g., for a pick task on a cylindrical pipe-like object, the grasping can be done at any point on its rim.

The redundancy can be even higher when these target poses are mapped to robot configurations. We

propose the use of geometric inter-relational constraints to define such underspecified robot tasks. The

possibility of incorporating min/max values or bounds for constraint functions significantly enhances the

scope of constraint-based task definitions.

Given a constraint-based task definition, and constraint-based models of the domain-specific knowl-

edge, our motion control framework can generate real-time motion commands for a position controlled

robot. It can reactively adapt to disturbances and changes in the environment such as moving obsta-

cles, while ensuring that the constraints are satisfied. It also supports multiple priority levels to handle

situations where not all constraints can be simultaneously satisfied.

The constrained motion planning problem involves generating collision-free motion trajectories for the

robot to achieve a desired goal, where the goal for the robot is defined using constraints and the robot

must also follow some constraints on the path to this goal. An important concept in our work is the use

of an exact geometric solver to generate task nullspaces from these constraints. These task nullspaces

are essentially geometric subspaces that restrict the sampling spaces for motion planners. Our approach

involves automatic generation of these geometric subspaces from constraint-based task descriptions. We

present a constrained motion planning algorithm that samples in these geometric subspaces and generates

trajectories of robot configurations that satisfy the path and goal constraints.

In the computer vision domain, one stream of approaches for object detection and pose estimation

focuses on the use of primitive shapes in the object model. The motivation for this lies in the fact that

the detection of primitive geometric shapes such as planes, cylinders, spheres, etc. is potentially faster,

more repeatable and reliable than complete 3D models. Using a decomposition or approximation of the

object model using primitive shapes, the object detection problem can be formulated as a shape matching

problem between the primitives in the object model and the scene. Every primitive shape match acts as

a geometric constraint between the object model and its instance in the scene, restricting the pose of the

object in the scene. Given a set of such constraints, the object pose estimation task can be represented

9
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Figure 1.5: Combining the different modules of this work to create a constraint-based robotic system

architecture

as a constraint solving problem. This formulation also allows the modeling of symmetrical objects and

estimation of their underspecified poses.

In visual tracking, our novel geometric constraint detection and solving system helps reduce the search

subspace of an adaptive Particle Filter. At every time step, it detects geometric shape constraints and

associates it with the object being tracked. Using this information, it defines a new lower-dimensional

search subspace for the state that lies in the nullspace of these constraints. It also generates a new set of

parameters for the dynamic model of the filter, its particle count and the weights for multi-modal fusion

in the likelihood modal. As a consequence, it improves the convergence robustness of the filter while

reducing its computational complexity in the form of a reduced particle set.

1.6 Convergence

“Sense-Plan-Act” and “Subsumption Architectures” are things of the past in robotics, to

be replaced by the “Every robot task is a constraint-optimization problem” paradigm,

that links continuous, discrete and symbolic knowledge, at runtime, and all the time.

Prof. dr. ir. Herman Bruyninckx1

The individual applications of our constraint-based approach form a part of a larger picture. Fig. 1.5

illustrates this idea, where each of these components play an important role in an intelligent robotic sys-

tem architecture. There are three modules in this architecture: interaction, sensing and execution.

1https://people.mech.kuleuven.be/˜bruyninc/
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1.7 Scope

CAD models provide geometric information about the different physical entities in the scene, e.g. work-

pieces, tools, robot structure. Intuitive interfaces use CAD models and geometric constraints to enable

definition of robotic tasks at the object level. The intuitive interfaces help define the Task Constraints.

Sensing modules ground object models in task descriptions to instances in the physical world. They

exploit primitive geometric shape information from CAD models to improve the robustness and speed

of object detection and tracking modules. Information from the sensing modules populates the workcell

and environment and generates the Environment Constraints. Robot Constraints such as joint limits are

defined by the robot’s kinematic model. Finally, the execution modules integrate constraints from these

different source and realize the robot tasks on the actual hardware. Constraint-based motion planning

generates desired paths for the robot. A real-time prioritized constraint-based controller uses this path

as a reference, and ensures that the execution follows the constraints and their priorities in the presence

of uncertainties and disturbances.

Note that application specific information such as task nullspaces, object symmetries, part manufac-

turing tolerances, and kinematic redundancy as well as dynamically generated data such as pose uncer-

tainties estimated by vision algorithms and closest distances to obstacles calculated by motion planning,

are shared between different modules in the system since they are all modeled using our constraint-based

approach. Hence, our framework can consider all these factors simultaneously in the optimization routine.

1.7 Scope

The exact geometric solver is a core contribution of this thesis. For the iterative solving approach, we

focus on the modeling of applications using constraints and making a framework amenable for use with

existing non-linear solvers. An evaluation of the performance of such non-linear solvers on the applications

in this thesis is also presented.

Through our experiments, we observed that solving geometric constraints takes up a significant portion

of the iterative constraint solving runtime. Also, the runtime performance of iterative solvers was not

sufficient for applications such as object pose estimation and tracking. We formulated and implemented

the exact geometric constraint solver, which is specific to a class of constraints (geometric) and the

mathematical modeling that we used for these constraints is an important contribution of this work.

We also designed a hybrid constraint solving approach that solves these geometric constraints exactly

and combines them with other domain-specific constraints using an iterative solver.

1.8 Outline

This thesis is structured in three parts: Introduction, Theory and Applications as explained in

Fig. 1.6. The first part describes the motivation leading to this work, outlines the general idea and

defines the scope. The second part presents the mathematical formulations that are used throughout this

work. Constraint models and constraint solving approaches defined in this part are used to develop the

applications that are described in the third part.

• Chapter 2: Constraint Modeling – This chapter introduces the mathematical models of con-

straints that are used throughout this work.
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Figure 1.6: Outline of thesis

• Chapter 3: Constraint Solvers – This chapter describes the constraint solving framework that

includes three different types of constraint solvers: exact geometric [6], iterative [7], and hybrid.

• Chapter 4: Task Level Robot Programming – This chapter describes the constraint-based

robot control framework [7] that forms the primary application of this thesis.

• Chapter 5: Constraint-based Object Detection and Pose Estimation – This chapter ex-

plains how this classical problem in computer vision can be modeled and solved using the constraint-

based approach [8, 9] presented in this work.

• Chapter 6: Tracking with Primitive Shape Constraints – This chapter shows our novel

model-based 3D object tracking approach based on an adaptive Particle Filter [10] that exploits

geometric properties of the object and its relation with the environment.

• Chapter 7: Constraint-based Motion Planning – This chapter explains our constraint-based

robot motion planning approach, where the exact solver is used to generate geometric subspaces

for sampling that lie in the nullspace of constraint-based robot tasks.
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Chapter 2

Constraint Modeling

In this work, we propose that constraints can be used to represent a wide variety of problems, ranging from

robot control, motion planning, to object detection and tracking. The formulation of these problems using

constraints is the main focus and contribution of this work. In this chapter, we describe the mathematical

models that we use to represent constraints. We choose the category of non-linear constraints with

inequalities for this modeling. Through several examples throughout this work, we try to demonstrate

the importance and necessity of this choice.

Distinction between different types of constraints is an important concept in our approach. Robot

independent task constraints depend only on the manipulation objects (e.g., assembly), manipulation

constraints (e.g., grasping) depend on the object and tool, workcell constraints (e.g., collision avoidance,

velocity limits) depend on the workcell and robot, and robot constraints depend only on the robot model

(e.g., joint limits). To execute a task on a robot, several constraints at different levels are combined

together, and solved using our constraint solving framework.

2.1 Spaces

The definition of different spaces and effective utilization of their properties is an important concept in

robotic systems. In case of a robotic manipulator, there are three spaces that are most relevant to this

work. First is the Configuration Space or the robot joint space that is directly linked to the physical

drives and motors that form the robot joints. The dimensionality of this space is the same as the number

of robot joints. Second is the Operational Space which is synonymous with the 3D Cartesian space. It is

the space in which the pose of the end-effector moves. For each robot end-effector, there are 6 DoFs in

the Operational Space comprising the 3 translation and 3 rotation DoFs. Third is the Task Space, which

can be a subspace of the Operational Space or the Configuration Space depending on the task definition.

This space defines the valid or desired region where the task requirements are fulfilled. In this thesis, we

also call this space as the Task NullSpace.

Each of these spaces can be used to control the robot, and the choice depends on their properties.

At the low levels of the real-time robot controller, the drive and motors are directly controlled. The

Configuration Space is the most appropriate space for this level. This is also the reason why most

robot control interfaces support control in the Configuration Space. The Operational Space has a direct
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connection to the 3D Cartesian world. It can be more intuitive for a human operator to program a robot

in this space rather than the Configuration Space. The Task Space is often used for constraint-based

control applications. There are different ways in classical literature for defining this space and designing

a controller to operate the robot withing its limits. Our work also focuses on the use of Task Space

control. More specifically, we focus on geometric aspects of the Task Space. At the position level, the

mapping from Configuration Space to Operational Space is called the Forward Kinematics (FK), and the

reverse is called the Inverse Kinematics (IK). At the velocity level, the forward mapping is called the

Robot Jacobian (J ). At the velocity level, the mapping from the Configuration Space to the Task Space

is called the Task Jacobian (Je).

In the computer vision domain, the space of transformations between object models and their instances

in a visual scene is termed the Operational Space. For a single asymmetrical rigid object, this space is 6

dimensional. The dimensionality can be lower for symmetrical objects. For articulated objects, this space

can have higher DoFs depending on the number of rigid bodies comprising the object and their relative

configuration. The Detection Space or Tracking Space of an object is a subspace of the Operational Space.

Constraints from Primitive Shape matches or additional information about the environment affect the

dimensionality of these spaces. The performance of a detection or tracking algorithm is often directly

and heavily influenced by this space. A key idea of this work is to exploit these constraints to reduce

the dimensionality or size of the Detection Space or Tracking Space compared to the Operational Space.

We also present detection and tracking algorithms that can operate in these subspaces instead of the

Operational Space.

2.2 Rigid Body Geometry

A rigid body is defined as a shape in ℝn such that the distance between any two points on it is constant

over time 1. A rigid transformation in the ℝn space belongs to the special Euclidean Space T ∈ SE(n).
It is a mapping in the ℝn space:

T (p) = Rp + t, (2.1)

where R ∈ SO(n) denotes the rotation and t ∈ ℝn denotes the translation.

In this work, we consider only rigid transformations in 3-dimensional space, i.e., T ∈ SE(3), R ∈ SO(3)
and t ∈ ℝ3. We represent the rotation matrix either as Axis-Angles 2 or Quaternions 3. The transforma-

tion matrix is then represented as a 7-element vector: [tx, ty, tz, aax, aay, aaz, aa�] or [tx, ty, tz, qx, qy, qz, qw]

where [tx, ty, tz] is the 3-D translation, [aax, aay, aaz, aa�] is the Axis-Angle notation for ℝ and [qx, qy, qz, qw]

is the Quaternion notation for ℝ. This choice is based on our observation from our experiments that

Quaternions and Axis Angles are better suited for non-linear optimization routines compared to Euler

Angles. Quaternions have the additional advantage of a more continuous representation of the rotation

space, and often yield better convergence properties for non-linear solvers as compared to Axis Angles.

1https://en.wikipedia.org/wiki/Rigid_body
2https://en.wikipedia.org/wiki/Axis-angle_representation
3https://en.wikipedia.org/wiki/Quaternion#Quaternions_and_the_geometry_of_R3
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2.3 Generic Constraint Formulation

2.3 Generic Constraint Formulation

There are several properties related to a generic constraint formulation: the space of its optimization

variables ℝn, the operational space in which the constraint values lie ℝm, the mathematical model of this

constraint C ∈ ℂ, the subspace in operational space m ∈ ℝm that forms the nullspace of the constraint,

and the subspace of its optimization variables n ∈ ℝn that forms its constraint nullspace.

In context of rigid geometric constraints, the space of optimization variables and the operational space

are the same, i.e., the 3D rigid transformation space SE(n). A constraint C ∈ ℂ on the transformation

T between two objects restricts the space of this transformation from SE(3) to a smaller subspace

 ∈ SE(3), which is also called the nullspace of this constraint.

The space of optimization variables ℝn is not necessarily the Euclidean space. In the robotics context,

this could also be the space of robot joint configurations. The generic constraint formulation still holds

in this space. The constraints C ∈ ℂ and the corresponding nullspace  depend on the specific task. We

study mathematical modeling techniques to represent constraints relevant to our application scenarios.

Several works in classical and recent literature have successfully used constraint categories such as lin-

ear with equality, linear with inequality, or non-linear with equality. This choice is justified by the specific

requirements of their use-case, thereby allowing them to design custom constraint solving approaches.

However, in a more generic, cross-domain framework such as ours, we choose the most powerful model

of non-linear constraints with inequalities that subsumes all the other mentioned types. We justify this

choice in each of our application domains (robot control, object detection, visual tracking, and motion

planning) by providing examples of common tasks that cannot be represented easily using simpler con-

straint categories. Through evaluations, we also show that despite using a more complex constraint

model, our solver formulations are efficient.

The general form of the non-linear inequality constraint used in this work is shown in (2.2). For better

convergence, the function gi(x) is a metric or pseudo-metric in the space x.

lb(gi(x)) ≤ gi(x) ≤ ub(gi(x)), i = 1,… , m. (2.2)

In the following sections, we derive the expressions for the constraint function gi(x) and its boundaries

[lb(gi(x)), ub(gi(x))] for the constraints used in our applications.

We study two different types of constraints: geometric and robot environment. While ubiquitous geo-

metric constraints are the most important contribution of this work, environment constraints for robotic

tasks are important for real-world robotic applications. Section 2.4 explains the models used for geomet-

ric constraints. Section 2.5 explains the constraints that arise from the robot model or the environment.

Note how all these examples can be represented using non-linear constraints with inequalities.

2.4 Geometric Constraints

Given a fixed and a constrained shape, a geometric constraint adds restrictions to the relative pose of

the constrained shape with respect to the fixed shape. Some examples of these constraints are illustrated

in Fig. 2.1. While the definition of constraint functions depends on the involved geometric entities, their

bounds also depend on user-specified minimum and maximum values for the constraints. The constraint
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Table 2.1: Classification of constraints

Constraint Type Example Solution nullspace

Geometric, separable R,t Pl-Pl Coinc Plane

Geometric, inequality, separable R,t Pl-Pl Dist Min-Max Box

Geometric, non-separable R,t Cyl-L Dist, Tangent 1 DoF sub-manifold

Geometric, inequality, non-separable R,t Cyl-L Dist Min-Max, Tangent 2 DoF sub-manifold

non-linear manipulability maximization -

non-linear, inequality collision avoidance configuration sub-space

1 Pl = Plane, L = Line, Pt = Point, Cyl = Cylinder, Coinc = Coincident, Dist = Distance

(a) Plane-Plane coincident (b) Cylinder-Cylinder coincident (c) Sphere-Sphere coincident

Figure 2.1: Geometric constraints enforced by primitive shapes: Unconstrained axes (with x-axis in red,

y-axis in green, and z-axis in blue) are indicated by arrows.

function defines the shape of the constraint nullspace, while the bounds define the boundaries of this

shape.

Geometric constraints can be categorized in several ways. Firstly, depending on equations representing

the constraints between objects, they can be classified as linear or non-linear. Secondly, the rotation and

translation components of the constraints may or may not be independent. This independence greatly

simplifies the constraint solving algorithm [11]. However, as we demonstrate in this work, this limitation

restricts the expressive power of constraint-based descriptions. In Section 3.4, we propose a solution for

cases where the rotation and translation constraints depend on each other. Table 2.1 lists the different

types of geometric constraints based on two criteria: Inequality support and separability of rotation and

translation components. This classification is important for the solving step in Section 3.4.

Table 2.2 lists some of the geometric constraints that are supported by our system and are relevant

to our use-cases. In case of separable constraints, the rotation and translation components of these

constraints are defined.

As explained in the following Sections, we define several properties and functions for geometric con-

straints that are useful for building applications around constraint-based problem descriptions:
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• Constraint decomposition rules that express the constraint as a combination of simpler constraints,

or as rotation and translation constraints in case the constraint is separable (Table 2.2).

• Controlled space directions (S) and null space directions (N) (Table 2.3).

• Projection function that projects a point u onto the geometric nullspace: geomProject(u) (Tables 2.4

and 2.5).

• Closest distance of a point u to the geometric nullspace: dist(u) = distance(u, geomProject(u)), where

distance is a distance metric between two rigid transformations in the ℝ3 space.

• Parametric representation of nullspace (Tables 2.4 and 2.5).

• Constraint functions for iterative solvers: g (Table 3.3)

2.4.1 Geometric nullspace

A geometric constraint restricts the possible space of transformations between a fixed and constrained

shape. The free/permissible space of such transformations form the constraint nullspace, while the re-

stricted space forms the constrained space. An illustration of these spaces for some simple spaces is shown

in Fig. 2.1. As an example, the Plane-Plane coincident constraint in Fig. 2.1 (a) restricts the rotation

along the x (red) and y (green) axes, and translation along the z axis (blue). The nullspace consists of

translation along the x (red) and y (green) axes, and rotation along the (blue) axis. Table 2.3 provides

the relevant definitions for some common constraints.

While a nullspace in general is a manifold in N-dimensional space, a geometric nullspace has some

special properties that relate to its geometric origin. In some cases, it can also be visualized as a shape

with a boundary representation. We denote the geometric nullspace as a manifold , which has several

Table 2.2: Decomposition of separable geometric constraints into rotation and translation constraints

Fixed Constr. Constraint Rotation Translation

L1 Pt2 Dist (dmin, dmax) − dmin ≤ d(L1, Pt2) ≤ dmax
L1 L2 Dist (dmin, dmax) ∠(a1,a2) = 02 dmin ≤ d(L1, Pt2) ≤ dmax
L1 L2 Angle (amin, amax) amin ≤ ∠(a1,a2) ≤ amax −

Pl1 Pt2 Dist (dmin, dmax) − dmin ≤ d(Pl1, Pt2) ≤ dmax
Pl1 L2 Dist (dmin, dmax) ∠(n1,n2) = �∕2 dmin ≤ d(Pl1, Pt2) ≤ dmax
Pl1 L2 Angle (amin, amax) �∕2 − amin ≤ ∠(n1,n2) ≤ �∕2 − amax −

Pl1 Pl2 Dist (dmin, dmax) ∠(n1,n2) = 0 dmin ≤ d(Pl1, Pt2)≤ dmax
Pl1 Pl2 Angle (amin, amax) amin ≤ ∠(n1,n2) ≤ amax −

L1 Pl2 Tangent non-separable non-separable

1 Pl = Plane, L = Line, Pt = Point, Coinc = Coincident, Dist = Distance, ∥ = Parallel
2 skew or intersecting lines are not considered
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2. CONSTRAINT MODELING

Table 2.3: Nullspace and controlled space directions of supported geometric constraints

Fixed Constrained Constraint (C)
Controlled Space

Directions (S)

Null Space

Directions (N)

Pl1 Pl2 Dist (d)
SR : [n1⟂1 ;n1⟂2 ]
St : [n1]

NR : [n1]
Nt : [n1⟂1 ;n1⟂2 ]

Pl1 Pl2 ∥
SR : [n1⟂1 ;n1⟂2 ]
St : [ ]

NR : [n1]
Nt : 1

L1 L2 ∥
SR : [n1⟂1 ;n1⟂2 ]
St : [n1⟂1 ;n1⟂2 ]

NR : [n1]
Nt : [n1]

L1 L2 Coinc
SR : [n1⟂1 ;n1⟂2 ]
St : [n1⟂1 ;n1⟂2 ]

NR : [n1]
Nt : [n1]

L1 Pt2 Coinc
SR : [ ]
St : [n1⟂1 ;n1⟂2 ]

NR : 1
Nt : [n1]

L1 Pt2 Dist (d)
SR : [n1⟂1 ;n1⟂2 ]
St : [ ]

NR : [n1]
Nt : [n1]

1 Pl = Plane, L = Line, Pt = Point, Coinc = Coincident, Dist = Distance, ∥ = Parallel

properties that are explained in the following Sections: parametric equation, projection function, distance

function, separation rules, etc.

2.4.2 Transformation submanifolds

Submanifolds for geometric constraints whose rotation and translation elements are decoupled were de-

fined for relative positioning tasks in [11]. We add definitions for some additional submanifolds (e.g.,

Box, Parallelepiped, ThickCylinder) that are required for inequality constraints.

Some mathematical definitions and properties of translation submanifolds, such as their parametric

equations and projection functions, are summarized in Table 2.4. The equations and properties of rotation

submanifolds are very similar to the ones defined in [11]. Apart from the exact geometric constraint solver,

a closed form definition of these functions is very important for the visual tracking (Chapter 7) and motion

planning (Chapter 5) applications.

We also define full transformation submanifolds, where each DoF in the submanifold nullspace can be

a mixture of rotation and translation DoFs. An example of such a manifold is shown in Fig. 2.2i. In this

example, the rotation and translation elements depend on each other and cannot be separated. For any

point lying on Line2, the translation is restricted along the Cylinder submanifold. If the translation along

the Cylinder submanifold is considered as a DoF, the rotation is fully defined by the two perpendicularity

constraints. Conversely, if the rotation along axis Line1 is considered to be the DoF, the translation

is fully defined. Hence, the nullspace of this constraint is a 1 DoF manifold where the rotation and

translation cannot be independently controlled at the same time.
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d Cylinder
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(k)

d dmin
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dmin < Dist(Line1, Line2) < dmax Coincident (Line1, Plane2)
(l)

Figure 2.2: Illustration of geometric constraints and their nullspaces. (a) The Plane-Line distance constraint

(red) defines the distance of Line2 from P lane1. The translation nullspace of this constraint is indicated by

the green and blue arrows. The rotation nullspace is around the axes marked by red and green arrows. (g)

The Line-Point distance constraint (red) defines the distance of Point2 from Line1. The translation nullspace

of this constraint is the Cylinder (red). The rotation is completely unconstrained. (h) The Line-Line distance

constraint (red) defines the distance of a point on Line2 from Line1. The axis-axis-parallel constraint (green)

defines that the axes of the two lines should be parallel. The translation nullspace of this constraint is the

Cylinder (red). The rotational nullspace is shown using the blue arrow. (i) Example of a set of constraints,

where the rotation and translation are non-separable. The Line-Point distance constraint (red) defines the

distance of the center point of the Plane from the Line. The Line-Circle-Tangent constraint (green) defines

that the normal direction of the Plane should be tangential to the Circle shown in red. In a combination of

these constraints, the rotation and translation elements are non-separable. The composite nullspace of this

transformation manifold is the rotation around the Line (shown in blue). (j)–(l) The constraints can also be

extended with inequalities to define the minimum and maximum distances.

21



2
.

C
O

N
S

T
R

A
IN

T
M

O
D

E
L

IN
G

Table 2.4: Parametric representation and point projection operations for geometric shapes

Shape/submanifold Parametric representation Projection of Point: geomProject(u)

ℝ3 q(s1, s2, s3) = s1d̂1 + s2d̂2 + s3d̂3 u

Point (p) q = p p

Line (p, â) q(s) = p + sâ p + ((u − p) ⋅ â)â

Circle (p, n̂, r) q(�) = p + r(c�n̂⟂1 + s�n̂⟂1) p + r[geomProjectPlane(p,n̂)(u) − p]1

Plane (p, n̂) q(s1, s2) = p + s1n̂⟂1 + s2n̂⟂2 u + ((p − u) ⋅ n̂)n̂

Sphere (p, r) q(�, �) = p + r(c�c� d̂1 + s�s� d̂2 + c� d̂3) p + r[u − p]1

Cylinder (p, â, r, ℎ) q(s, �) = p + sâ + r(c�â⟂1 + s�â⟂1) geomProjectPlane(p,n̂)(u) + r[u − geomProjectPlane(p,n̂)(u)]1

Box (p,d, l) q(s1, s2, s3) = p + s1d̂1 + s2d̂2 + s3d̂3, si ∈ [−li∕2, li∕2]

Parallelepiped (p,n, l) q(s1, s2, s3) = p + s1n̂1 + s2n̂2 + s3n̂3, si ∈ [−li∕2, li∕2]

ThickCylinder(p, â, r, ℎ,w) q(s1, s2, �) = p + s1â + (r + s2)(c�â⟂1 + s�â⟂1)

1 vectors enclosed in [] are considered normalized
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Table 2.5: Parametric representation and projection for rotation submanifolds

Submanifold DoF # Solutions Parametric representation R(�) Projection of Rotation Ri

ℝ3 3 1 R(�1, �2, �3) Ri

OneParallel 1 1 RAA(v̂f , �) RAA(ŵR, �R)Ri

OneAngle (�) 2 1 RAA(v̂f , �1)RAA(ŵ, � − �)RAA(v̂c , �2) RAA(ŵR, �R − �)Ri

OneAngleMinMax (�min, �max) 2 1 RAA(v̂f , �1)RAA(ŵ, rDif f(�, [�min, �max]))RAA(v̂c , �2) RAA(ŵR, rDif f(�R, [�min, �max]))Ri

TwoParallel 0 1 Rvv((v̂c1, v̂c2)→ (v̂f1, v̂f2)) Rvv((Riv̂c1,Riv̂c2)→ (v̂f1, v̂f2))

TwoAngle 1 2

TwoAngleMinMax 1 2

ThreeAngle 0 ≤ 8

ThreeAngleMinMax 0 ≤ 8

1 vf = Fixed vector, vf = Constrained vector, ŵ = v̂f × v̂c , � = ∠(v̂f , v̂c), �R = ∠(v̂f ,Riv̂c), ŵR = v̂f ×Riv̂c , Ri = Input rotation matrix, RAA(a, �)
= Rotation matrix defined by Axis a and angle � (Section A.1), rDiff(a,[bmin,bmax]) = {0 if bmin < a < bmax, bmax − a if bmax > a, a− bmin if a < bmin},
Rvv is the rotation matrix computed using two pairs of corresponding vectors ((â, b̂)→ (d̂, ê)) (Section A.2)
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2.4.3 Geometric properties of constraint nullspaces

The nullspace of geometric constraints can be expressed in the form of transformation submanifolds,

which have a geometric meaning (with parametric equations and projection functions) of their own.

Hence, the nullspace of such geometric constraints can often (but not always) be exported as CAD files

and visualized using 3D rendering software. Fig. 2.2 shows several examples of constraint nullspaces

and their geometric interpretations, including all categories of geometric constraints defined in Table 2.1.

Such geometric representations or visualizations can be derived easily in some cases, but can become very

complicated for certain types of constraints, especially in case of constraints with inequalities.

2.4.4 Translation nullspace properties

For each geometric shape, we define properties and functions that are necessary for constraint solvers.

The parametric equation for a shape allows sampling 3D points that lie inside the shape. For the 3D

Cartesian space ℝ3, the parametric equation of a point q depends on 3 free parameters (s1, s2, s3), and is

given by q(s1, s2, s3) = s1d̂1+ s2d̂2+ s3d̂3, where (d̂1, d̂2, d̂3) are basis vectors in the space ℝ3. This space

has 3 degrees of freedom, which is the same as the size of its parameter space.

Similarly, for a plane defined by a point (p) on it and a normal direction (n̂), a point in the parametric

space q depends on 2 free parameters (s1, s2). The point can be represented as q(s1, s2) = p+s1n̂⟂1+s2n̂⟂2,
where n̂⟂1 and n̂⟂2 are perpendicular to n̂.

A projection function (geomProject) calculates the closest point on the shape for a given input 3D

point. Table 2.4 defines these properties for the translation submanifolds that are relevant to the examples

in this work.

2.4.5 Rotation nullspace properties

Similar to translations, properties such as parametric equation and projection functions are defined for

rotation submanifolds. Table 2.4 defines these properties for the rotation submanifolds that are relevant

to the examples in this work.

The space of 3D rotations SE(3) can be parametrically defined using 3 parameters (�1, �2, �3). Note

that the projection of an input rotations on a submanifold might not be unique, e.g. the ThreeAngle
constraint can have 8 possible solutions. In such cases, the projected rotation that is closest to the input

rotation is selected.

2.4.6 Context: Boundary representation of geometric entities

We use a boundary representation (BREP) [2] for all geometric entities in the robotic system. This

representation decomposes each object into semantically meaningful primitive shapes (e.g., planes, cylin-

ders). For each of these shape types, Table 2.4 lists the parametric equation used to define the geometric

nullspace, and a projection function to project a point onto the shape. Conversely, the nullspaces of

geometric constraints can be expressed using transformation submanifolds, which can be modeled using

BREP.
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2.5 Environment and Safety Constraints

(a) Shortest distances between object

and robot links.

(b) Bounding convex decomposition

with convex segments shown in differ-

ent colors.

Figure 2.3: Efficient minimum distance computation between robot links and objects using Gilbert/John-

son/Keerthi algorithm [12].

2.5 Environment and Safety Constraints

In addition to direct geometric relations, the robot controller needs to incorporate safety requirements

arising from the robot model (e.g., joint limits) and from the workcell/environment (e.g., collision avoid-

ance). Besides these, there are additional limitations on the robot’s speed and acceleration when a human

is present in the robot’s workspace to ensure safe collaboration. These constraints are summarized in

Table 2.6.

2.5.1 Obstacle avoidance

Avoiding collisions with other physical entities in the environment while executing a task is an important

and nearly essential requirement for all robotic tasks. In our approach for realizing this, minimum

distances are efficiently computed between each link of the robot and the object to be avoided using

the Gilbert/Johnson/Keerthi (GJK) algorithm [12]. Each distance computation provides the minimum

distance dij , and the points pi and pj on the robot link Bi and obstacle Oj respectively (Fig. 2.3(a)). If

the distance d is below a threshold value dthresh, the robot motion is constrained in a way that it does

not move closer to the object, see (2.3).

dthresh ≤ dij = ‖(pi − pj)‖,∀Bi, Oj (2.3)

Computation of distances between general meshes is often computationally expensive. Convex meshes

can simplify this to a large extent. In contrast to Schulman et al. [13] who create an approximate

convex decomposition of all robots and objects, we perform a bounding convex decomposition [14, 15]

(Fig. 2.3(b)). A bounding convex decomposition encloses the original geometry and contains fewer ver-

tices, effectively allowing safe and efficient collision avoidance. On the convex decomposition, shortest

distances are calculated with the GJK algorithm [12].
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Table 2.6: Summary of supported environment/robot constraints

Fixed Constr. Constraint (i) Constr. Function (gi) lb ub

Object Oj Link Bi Distance (dmin)
[

‖(pi − pj)‖
]

dmin −

− Robot Joint Angles (qmin, qmax) [q] qmin qmax
− Robot Joint Velocities (q̇min, q̇max) [q̇] q̇min q̇max
− Robot Cart. Velocity (ẋmin, ẋmax) [ẋ] ẋmin ẋmax

− Robot Manipulability 1∕
(

1 +
√

det
(

JJT
))

− −

Interaction Zone
Velocity, Acceleration Limits

Robot Zone

Figure 2.4: Constraints based on safety requirements in different human-robot interaction zones

2.5.2 Robot limits

Limitation of the robot kinematic structure, e.g., joint position/velocity/acceleration limits, can be mod-

eled as inequality constraints (Table 2.6).

qmin ≤ q ≤ qmax
q̇min ≤ q̇ ≤ q̇max
ẋmin ≤ ẋ ≤ ẋmax

(2.4)

2.5.3 Whole body limits

Limitations on the operational position/velocity/acceleration of each robot link or operational element

can also be modeled as inequality constraints (Table 2.6). Certain regions of the robot’s workspace can

be distinguished, e.g., based on a risk assessment of a human-robot interaction scenario. For instance,

different velocity and acceleration limits can be defined within the linked geometric volumes, i.e., the

yellow and green cuboids (Fig. 2.4). The green cuboid is defined as the robot’s zone, where the human is

not allowed or expected to operate. Hence, the whole body velocity limits for this region are higher than

that for the interaction zone (yellow cuboid).
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2.6 Discussion

Figure 2.5: Manipulability map

2.5.4 Manipulability optimization

In addition to hard limits that arise from the robot or environment model, there are some criteria that

need to be minimized or maximized. One such measure is the manipulability measure, introduced by

Yoshikawa [16]. It indicates the feasibility of velocities in different Cartesian directions from a given robot

pose. It can be used as a quality measure for robot poses, and the optimization goal is to maximize this

measure (Table 2.6).

Equation (2.5) defines a unit sphere in joint velocity space, which can be projected into Cartesian

space using the pseudo-inverse of the robot Jacobian J # (2.6). This can be simplified to (2.7), which then

represents the space of feasible Cartesian velocities.

q̇Tq̇ = 1 (2.5)
(

J #ẋ
)T J #ẋ = 1 (2.6)

ẋT
(

JJT
)−1 ẋ = 1 (2.7)

This can also be understood in terms of the eigenvalues and eigenvectors of JJT, where the eigenvectors

represent the axis directions, and square-roots of the eigenvalues the lengths of the axes. Yoshikawa’s

manipulability measure
√

det
(

JJT
)

specifies the volume of the ellipsoid and is maximized in isotropic

configurations (where the lengths of the axes are equal).

Fig. 2.5 presents an example of this optimization for a scenario where the robot pose is constrained

to points on the table. The color code on the table indicates the manipulability measure at different

positions. Green values indicate higher manipulability, while red ones indicate low manipulability. As

expected, points that lie close to the joint limits of the robot have lower manipulability, while those lying

towards the center of the joint ranges are higher.

2.6 Discussion

In this Chapter, we presented our mathematical models for constraints. We covered a wide variety of

constraints, ranging from geometric constraints between primitive shapes to domain-specific constraints
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such as robot joint limits, and optimizations goals such as manipulability maximization. We presented

detailed models of constraints including properties such as constrained-space and nullspace, projection

and distance functions.

In the next Chapter, we present constraint solving approaches that can generate target configurations

that conform to a given set of constraints. The mathematical models presented in this chapter form the

basis for the formulation of optimization problems for the solvers in Chapter 3.
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Chapter 3

Constraint Solvers

This chapter focuses on our constraint solving framework. Three different approaches for constraint

solving have been presented. Each solving approach has its own unique features, and the choice of solver

depends on the requirements of the applications. This choice is put into context and explained in each

of the application chapters.

3.1 Related Work

There are two major categories geometric constraint solving approaches [17],[18]: iterative and exact.

Iterative approaches model the constraints using cost functions and pose the solving process as an op-

timization problem. Exact solvers use geometric properties of the involved entities to create constraint

simplification and combination rules, along with a mapping of constraints to geometric nullspaces. Iter-

ative approaches are generally easier to model, and can represent constraints which can be difficult to

model geometrically. However, they inherit problems from the non-linear optimization domain, such as

a lack of convergence guarantee with different starting values, local minima, numerical stability issues

when using derivatives, and a non-deterministic runtime. Exact solvers are designed to give repeatable

and guaranteed results from any starting pose, with a deterministic runtime which can be significantly

faster than iterative approaches [7].

In this work, we propose and analyze three different approaches: a purely iterative solver which is

very generic [7], an exact solver specialized for geometric constraints [6], and a hybrid solver. The hybrid

solver first uses an exact geometric solver to compute the geometric nullspace. An iterative solver then

optimizes over the robot joint positions such that the end-effector pose lies in this geometric nullspace.

From our experiments, it can be observed that by partially processing the geometric constraints using the

exact solver, the convergence properties of the subsequent iterative solver are significantly better. This

is due to the fact that the effective dimensionality of the iterative solver’s search space is reduced. Also,

the robot pose obtained from projections to the geometric nullspace acts as a good starting seed value

for the iterative solver, thereby reducing chances of divergence.
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Coincident (PlaneA, PlaneB)

Concentric (CylinderA, CylinderB)

AxisB

CylinderB

PlaneB

AxisA

CylinderA

PlaneA

Figure 3.1: Constraint-based formulation of an assembly task. Object A containing the primitive shapes

AxisA, CylinderA and PlaneA is fixed. Object B containing the primitive shapes AxisB, CylinderB and PlaneB

is constrained with respect to A.

3.2 Problem Definition

The generic constraint solving approach, defined in (3.1), performs optimization in the space of an

optimization variable v. It requires an optimization function f (v) along with constraints C(v). The goal

of this optimization is the minimization of the optimization function f (v), while ensuring the constraints

C(v) are satisfied. Priorities between constraints can also be handled using this generic equation in

multiple steps. At each step, the high priority constraints are set as as constraints (C(v)) and lower

priority constraints are optimized in the least squared sense by adding them to the optimization function

f (v) (Section 3.5.3).

argmin
v

f (v)

subject to Ci(v) ∈ ℂ i = 1,… , m.
(3.1)

3.3 Motivating Example

We choose the assembly task presented in Fig. 3.1 as an example that will be used to explain our

different constraint solving approaches. This task is defined using two geometric constraints between

primitive shapes of two objects. One constraint is a PlanePlaneCoincident constraint between PlaneB

and PlaneA. The second constraint is a CylinderCylinderConcentric constraint between CylinderB and

CylinderA. Object A is fixed and object B is constrained.

3.4 Exact Solver for Geometric Constraints

The geometric constraints solving problem can be defined as an approach to calculate a relative pose

between two objects (in general), based on a set of constraints between their geometries. Hence, given

a set of geometric constraints ℂ between a fixed object Of and a constrained object Oc and an initial

transformation T cf , the goal is to compute a transformation T ns(c)f that is the projection of T cf in the
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3.4 Exact Solver for Geometric Constraints

Input: Constraints ℂ, initial constrained object pose T cf
Output: Solved constrained object pose T ns(c)f

solvable ← false

foreach Ci ∈ ℂ do // separate constraints into R,t (Table 3.1)

if ∃ separation(Ci) then
ℂ ← (ℂ − Ci) ∪ separation(Ci)

end

end

foreach pair Ci, Cj ∈ ℂ do // reduce constraints using combination rules (Table 3.2)

if ∃ combinationRule(Ci ∪ Cj) then
ℂ ← (ℂ − (Ci ∪ Cj)) ∪ combinationRule(Ci ∪ Cj)

end

if ∃manifoldMap(ℂ) then // map constraint set to manifold (Table 3.1)

solvable ← true

break

end

end

if solvable then

manifold ← manifoldMap(C)
if separable(manifold) then // project on R, t manifolds (Table 2.4)

Rns(c)f ← geomProject(Rcf ) ∗ (R
c
f )
T

tns(c)f ← geomProject(tcf ) − (geomProject(R
c
f ) ∗ (R

c
f )
T ∗ tcf

T ns(c)f ← (Rns(c)f , tns(c)f )

else // project on transformation manifold

T ns(c)f ← geomProject(T cf )

end

end

Algorithm 1: Exact constraint solving approach: separation is a set of constraint decomposition rules

defined in Table 3.1. combinationRule is a set of constraint combination rules, some of which have been

defined in Table 3.2 and illustrated in Figs. 3.3 and 3.4. manifoldMap is the mapping of constraints

to transformation manifolds, as defined (not exhaustively) in Table 3.1. geomProject is a projection

function for each translation and rotation transformation submanifold.

nullspace of the geometric constraints ℂ:

T ns(c)f = projection(ℂ,T cf ) . (3.2)

In case of iterative solvers, each constraint (Ci ∈ ℂ) defines a cost function CF(Ci,T cf ). The constraint

solving problem is then expressed as an optimization problem:

T ns(c)f = argmin
∑

Ci∈ℂ
CF(Ci,T cf ) . (3.3)

In case of exact geometric solvers, the set of constraints ℂ is first decomposed into simpler constraints

(and in case of separable constraints, their rotation and translation components) using the rules defined
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Figure 3.2: Pipeline for exact constraint solver.

Coincident (PlaneA, PlaneB) Concentric (CylinderA, CylinderB)

Distance (PlaneA, PointB1) = 0

Angle (AxisA, AxisB) = 0
Distance (LineA, PointB2) = 0

Angle (AxisA, AxisB) = 0

PointManifold OneAngleManifold (AxisA)

AxisAAxisB

CylinderA

CylinderB

PlaneB

PlaneA

LineA ∉ PlaneA

identical

Figure 3.3: Example of constraint combination rules for assembly.

in Table 3.1. These constraints are then combined according to specified constraint combination rules

(examples are shown in Table 3.2). These constraint processing step are important to simplify and

reduce the set of input constraints to a set that can be easily mapped to submanifolds. Some of the

rules for mapping sets of constraints to transformation submanifolds are shown in Table 3.1. Given the

transformation submanifold, the transformation T cf can be projected to T ns(c)f using the submanifold’s

projection function (geomProject defined in Table 2.4).

The algorithm for the exact geometric solver is explained in Algorithm 1. The solving pipeline is

illustrated in Fig. 3.2 and the most important steps, i.e., the constraint processing rules and solution

synthesis, are explained in the following sections.

3.4.1 Constraint processing rules

The simplification and combination of constraints is an important step in the constraint solving process.

By separating complex constraints into a combination of simpler ones, the number of constraint combi-

nation scenarios and rules can be reduced. The combination rules for a constraint pair also perform a

consistency check by analyzing their geometric properties and determining whether they are compatible

or redundant. By combining constraints in this way, the number of mappings needed from constraint

sets to transformation manifolds can also be reduced.
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3.4 Exact Solver for Geometric Constraints

PlaneB1

PlaneB2
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f 
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PlaneA1 ∦ PlaneA2

0≤Distance(PlaneA3, PlaneB3)≤Lt

In(PointA12, Inf. Parallelopiped)

Axis (Inf. Parallelopiped) ∉ PlaneA3

Parallelopiped Manifold

Figure 3.4: Constraint combination rules for a task with inequality constraints (tray grasping).

Some constraint simplification and combination rules have been presented in [11]. We created addi-

tional rules in this work to enable the combination of constraints with inequalities (Table 3.2). Also, for

constraints where the rotation and translation sub-manifolds are dependent on each other (Table 3.1),

full transformation manifolds are required to represent their nullspace (Section 2.4.2).

After simplification, the constraints are recursively combined till a set of constraints that can be

directly mapped to a transformation manifold is obtained. Some examples of these mappings between

constraints and transformation manifolds is described in Table 3.1.

3.4.2 Solution synthesis

Once the transformation manifold has been determined, the closest operational pose for the robot is

calculated by projecting the current pose onto the transformation manifold. The projection functions for

rotation and translation manifolds are defined in Tables 2.4 and 2.5. The projection functions find the

closest pose in the least-squares sense. Projection functions that work on mixed transformation manifolds

calculate this based on a weighted distance in rotation and translation spaces.

3.4.3 Examples

Fig. 3.3 presents an example of constraint processing rules for the task that we presented in Section 3.3.

Both constraints from this example are separable into rotation and translation components (Table 3.1).

The Coincident(PlaneA,PlaneB) constraint can be decomposed into two constraints: rotation constraint

Coincident(AxisA,AxisB) and translation constraint Distance(PlaneA,PointB1) = 0, where PointB1 is a

point on the constrained object B that lies on PlaneB. Similarly, the Concentric(CylinderA,CylinderB)
constraint can be decomposed into two constraints: rotation constraint Coincident(AxisA,AxisB) and

translation constraint Distance(LineA,PointB2) = 0, where LineA is the axis of fixed CylinderA and PointB2

is a point on the constrained object B that lies on the axis of CylinderB.

The rotation components from both constraints are identical, and can be mapped to a OneParallel
rotation manifold.
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d1
Planef1
Planec1 dmax1dmin1

(a)
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Planec1 dmax1dmin1dmin2

Planef2Planec2

d2dmax2

d min3d 3d max3

Planef3Planec3

(c)

Figure 3.5: Visualization of nullspaces of combinations of geometric constraints: (a) One plane-plane-

distance-min-max constraints generates an infinite Box as the nullspace, where the constrained axis of the

Box lies along the normal direction of the fixed plane. (b) Two plane-plane-distance-min-max constraints

generate an infinite Parallelepiped as the nullspace, where the infinite axis of the Parallelepiped lies along

the cross product of the normal directions of the fixed planes. (c) Three plane-plane-distance-min-max

constraints generate a finite Parallelepiped as the nullspace.

The translation components can be combined according to the case where LineA is not contained in

the PlaneA (see row 4 of Table 3.2). The resulting translation constraint is a Coincident(PointA,PointB12)
constraint, where PointA is the point of intersection of PlaneA and LineA and PointB12 is the point of

intersection of constrained geometries PlaneB and AxisB of CylinderB. This Coincident(PointA,PointB12)
constraint can be mapped to a Point translation manifold according to Table 3.1.

Fig. 3.4 presents an example of constraint processing rules for a task that requires inequality con-

straints (Section 4.5.4). This task comprises three PlanePlaneDistanceMinMax constraints. In the absence

of inequalities, these constraints would result in a fully constrained operational position. As shown in

Fig. 3.5 and Table 3.1, the geometric nullspace of this combination of constraints is a Finite Parallelepiped.

In this example, the three sets of planes are perpendicular to each other. Hence, the corresponding

nullspace is a special case of the Finite Parallelepiped, i.e., a Finite Cube.

More examples of constraint processing rules based on robotics use-cases are presented in Section 4.5.
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Table 3.1: Decomposition of separable geometric constraints into basic rotation and translation constraints

Fixed Constr. Constraint Rotation Translation
Transformation Manifold

(Translation, Rotation)

L1 Pt2 Dist (dmin, dmax) − dmin ≤ d(L1, Pt2) ≤ dmax ThickCylinder, ℝ3 (Fig. 2.2j)

L1 L2 Dist (dmin, dmax) ∠(a1,a2) = 02 dmin ≤ d(L1, Pt2) ≤ dmax ThickCylinder, OneParallel (Fig. 2.2k)

L1 L2 Angle (amin, amax) amin ≤ ∠(a1,a2) ≤ amax − ℝ3, OneAngleMinMax

Pl1 P2 Dist (dmin, dmax) − dmin ≤ d(Pl1, Pt2) ≤ dmax Inf. Box, ℝ3

Pl1 L2 Dist (dmin, dmax) ∠(n1,n2) = �∕2 dmin ≤ d(Pl1, Pt2) ≤ dmax Inf. Box, OneAngle (Fig. 2.2d)

Pl1 L2 Angle (amin, amax) �∕2 − amin ≤ ∠(n1,n2) ≤ �∕2 − amax − ℝ3, OneAngleMinMax

Pl1 Pl2 Dist (dmin, dmax) ∠(n1,n2) = 0 dmin ≤ d(Pl1, Pt2)≤ dmax Pl, OneParallel

Pl1 Pl2 Angle (amin, amax) amin ≤ ∠(n1,n2) ≤ amax − ℝ3, OneAngleMinMax

L1 Pl2 Tangent non-separable non-separable Fig. 2.2l

1 Pl = Plane, L = Line, Pt = Point, Coinc = Coincident, Dist = Distance, ∥ = Parallel
2 skew or intersecting lines are not considered
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Table 3.2: Constraint combination rules1

Constraint 1 Constraint 2 Combination condition Combined constraint

Coinc(Plf1 , Ptc1) Coinc(Plf2 , Ptc2) Plf1 ∦ Plf2 , Ptc1 = Ptc2 Coinc(Lf12, Ptc1)

Coinc(Plf1 , Ptc1) Coinc(Lf2 , Ptc2) Ptf12 = Lf2 ∪ Plf1 , Ptc1 = Ptc2 Coinc(Ptf12, Ptc1)

Dist(Plf1 , Ptc1) ∈ [dmin1, dmax1] Dist(Plf2 , Ptc2) ∈ [dmin2, dmax2] Plf1 ∦ Plf2 , Ptc1 = Ptc2 In(Inf.Ppdf12, Ptc1)

Dist(Plf3 , Ptc3) ∈ [dmin3, dmax3] In(Inf.Ppdf2 , Ptc2) Ppdf2 ∉ Plf3 , Ptc3 = Ptc2 In(Ppdf12, Ptc3)

Dist(Plf1 , Ptc1) ∈ [dmin1, dmax1] Coinc(Lf2 , Ptc2) Lf2 ∦ Plf1 , Ptc1 = Ptc2 Coinc(LSf12, Ptc1)

Coinc(Plf1 , Ptc1) Dist(Lf2 , Ptc2) ∈ [dmin2, dmax2] Lf2 ∦ Plf1 , Ptc1 = Ptc2 Coinc(Elf12, Ptc1)

Coinc(Plf1 , Ptc1) Dist(Lf2 , Ptc2) ∈ [dmin2, dmax2] Lf2 ⟂ Plf1 , Ptc1 = Ptc2 Coinc(Circf12, Ptc1)

Dist(Plf1 , Ptc1) ∈ [dmin1, dmax1] Dist(Lf2 , Ptc2) ∈ [dmin2, dmax2] Lf2 ⟂ Plf1 , Ptc1 = Ptc2 In(Cylf12, Ptc1)

1 Pl = Plane, L = Line, LS = Line Segment, Pt = Point, Ppd = Parallelepiped, Inf.Ppd = Infinite Parallelepiped, El = Ellipse, Circ = Circle, Cyl

= Cylinder, Coinc=Coincident, Dist=Distance
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Table 3.3: Formulation of geometric constraints for iterative solvers

Fixed Constrained Constraint (i) Constraint Function (gi) Lower Bound (lb) Upper Bound (ub)

Pt1 Pt2 Dist (dmin, dmax) [p21Tp21] [d2min] [d2max]

Pl1 Pl2 ∥ Dist Angle (dmin, dmax, �min, �max) [nT1p21;n2
Tn1] [dmin; cos(�max)] [dmax; cos(�min)]

L1 L2 ∥ Dist (dmin, dmax) [‖p21 − (nT1p21)n1‖
2
2;n2

Tn1] [d2min; 1] [d2max; 1]

L1 Pl2 Coinc [n2T(p21 − (nT1p21)n1)] [0] [0]

Pt1 Pl2 Dist (dmin, dmax) [n2Tp21] dmin dmax
Pt1 L2 Dist (dmin, dmax) [‖p21 − (n2Tp21)n2‖22] d2min d2max
Pl1 Pt2 Dist (dmin, dmax) [nT1p21] dmin dmax
Fr1 Fr2 Transf (T 12,d) [dist(T 12 ,T

1
2,d)] − −

1 Pl = Plane, L = Line, Pt = Point, Fr = Frame, Coinc = Coincident, Dist = Distance, ∥ = Parallel, Transf = Transformation, Constr. = Constrained
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3. CONSTRAINT SOLVERS

3.5 Iterative Constraint Solvers

Let the vector (t, r) denote a pose in operational space with the translation t and the rotation represented

as axis angles r = (w, �), where ‖w‖ = 1, 0 ≤ � ≤ �. Rigid transformations are represented as x = (t, r).
The generic non-linear inequality constraint solving approach in (3.4) performs optimization in the space

of an optimization variable v. It requires an optimization function f (v) along with functions for constraints

gi(v) and their bounds lb(gi), ub(gi). Derivatives )f∕)v, )gi∕)v may also be provided and can be used for

the optimization routine.

argmin
v

f (v)

subject to lb(gi) ≤ gi(v) ≤ ub(gi), i = 1,… , m.
(3.4)

This optimization problem (3.4) is then solved using the non-linear optimization utility from the

NLOpt [19] library with either the derivative free COBYLA [20, 21] solver, or the derivative-based

SLSQP [22, 23] solver.

Depending on the target application, different constraint formulations based on this generic approach

can be used. In case of the 3D GUI used for task-level programming using CAD models (Fig. 4.1), the

constraints are independent of the robot. Hence, the optimization is performed in the Cartesian space

using the formulation in Section 3.5.1.

In applications involving robot control, the optimization is performed in the robot joint space (v = q).

This includes cases with redundant robot, where the additional DoFs in the joint space are utilized for

secondary tasks or posture optimizations.

In case of prioritized tasks, the specialized solver formulation in Section 3.5.3 is used. This is the

most generic formulation which is equivalent to the other formulations in some special cases. When the

minimization of the joint position distance is at the second priority level and all others are at the first

priority level, the prioritized solver is equivalent to the formulation 3.5.2.

3.5.1 Optimization in operational space

In this formulation, optimization is performed over transformations in Cartesian space (v = Δx = (t, r)).
The function to be optimized is the distance of the target pose from the current pose, since we seek the

smallest transformation that satisfies all constraints. In other words, the minimization function in (3.4)

is f (x) = ‖Δx‖22.
The resulting optimization problem is:

argmin
Δx

‖Δx‖2

subject to lb(gi) ≤ gi(x) ≤ ub(gi), i = 1,… , m.
(3.5)

3.5.2 Optimization in configuration space

In this formulation, the optimization is performed over the target configurations of the robot (v = q).

Since some of the task constraints are functions of relative transformations gi(x), the task derivative
)gi
)q

is computed using the robot forward kinematics function FK (3.6) and central differences (3.7) with a

step Δq = 1.0e−7

x = FK(q) (3.6)

38



3.5 Iterative Constraint Solvers

Input: Optimization variable v, Constraint functions gk, their bounds lb(gk) ≤ gk(v) ≤ ub(gk)
(1 ≤ k ≤ m) and priority levels [1, .., n]

Output: v
for priority level 1 ≤ i ≤ n do

foreach constraint gk do

if Priority(gk) > i then Tlp ← Tlp ∪ gk ;

if Priority(gk) < i then Thp ← Thp ∪ gk ;

if Priority(gk) = i then

if gk is bounded then
Thp ← Thp ∪ gk

else
Tlp ← Tlp ∪ gk

end

end

end

if Tlp = ∅ then f = ‖v‖2 else using (3.9);

solve for v using (3.10)

foreach constraint gk do

if Priority(gk) = i & gk is unbounded then
ub(gk)← gk

end

end

end

Algorithm 2: Constraint solving for prioritized tasks

)x
)q

=
gi(FK(q + Δq)) − gi(FK(q − Δq))

2Δq
(3.7)

The function to be minimized is the distance from the current joint position qcurrent to the target joint

position q, i.e., f (q) = ‖q − qcurrent‖2 in (3.4).

The resulting optimization problem is:

argmin
q

∥ q − qcurrent ∥2

subject to lb(gi) ≤ gi ≤ ub(gi), i = 1,… , m.
(3.8)

3.5.3 Task priorities and nullspaces

In the previous sections, tasks are modeled as constraints g in the optimization problem, while the

optimization function f tries to find the closest robot pose in operational or configuration space that

satisfies the constraints. Hence, all task constraints are modeled at the same priority level. While

this approach allows finding a solution that satisfies all the constraints simultaneously, it also has some

limitations. The optimization function would simply not converge in case some constraints are not

satisfiable. In such cases, it is important to define a priority on the constraints so that the optimization

of some unsatisfiable constraints can be sacrificed in favor of higher priority constraints.
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3. CONSTRAINT SOLVERS

To achieve this, the constraint solving framework is modified. In the new formulation (3.10), the

high-priority tasks (Thp) are modeled as constraints g while the low-priority task (Tlp) are considered

as costs that need not be fully satisfied, but minimized. Hence, their distance from their bounds are

added to the optimization function f (3.9). Unbounded (minimization) constraints in Thp are converted

to bounded constraints by setting their bounds to be their function value g achieved in the previous

iteration. This ensures that the optimal values achieved by these high-priority minimization constraints

are not sacrificed by lower-priority constraints.

By iterating through several priority levels j, setting Thp as the set of all constraints with priority i ≤ j
and Tlp as the set of all constraints with priority k > j, this approach is extended to support multiple

priority levels (Algorithm 2).

fi =

⎧

⎪

⎨

⎪

⎩

0 ∶ lb(gi) ≤ gi ≤ ub(gi)
‖gi − ub(gi)‖22 ∶ gi > ub(gi)
‖lb(gi) − gi‖22 ∶ gi < lb(gi)

(3.9)

The resulting optimization problem is then

argmin
v

∑

gi∈Tlp

fi

subject to lb(gk) ≤ gk(v) ≤ ub(gk), gk ∈ Thp.
(3.10)

Note that this prioritized formulation of the optimization problem is computationally more expensive

since it involves multiple optimization steps, one for each priority level. Hence, for a task with n priority

levels, the optimization routine is called n times. The time scaling of the optimization routine depends

more on the dimensionality of the state space, i.e. the number of elements in v. This remains constant in

all the n calls to the optimization routine. The number of constraints and complexity of the optimization

function f (v) changes with each step. Also note that consecutive optimization problems may become

simpler since they start from a seed solution from the previous iteration.

3.5.4 Parameters for iterative solver

Our iterative solver formulation is based on the NLOpt library. This Section describes the parameters

important for the solvers in NLOpt. One set of these parameters defines the stopping criteria for the

optimization:

• stopval specifies the lower bound on the value of the objective function. If the objective function

reaches this value, the iterative solver is deemed converged.

• f tol rel specifies the relative tolerance on the change in the value of the objective function over

consecutive iterations. If this change is less than f tol rel multiplied by the absolute value of the

objective function, the solver terminates.

• f tol abs specifies the absolute tolerance on the change in the value of the objective function over

consecutive iterations. If this change is less than f tol abs, the solver terminates.

• x tol rel specifies the relative tolerance on the change in the value of the optimization parameters

over consecutive iterations. If this change is less than x tol rel multiplied by the absolute value of

the parameter for every parameter, the solver terminates.
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Figure 3.6: Pipeline for hybrid constraint solver, involving both exact and iterative solving steps.

• x tol abs specifies the absolute tolerance on the change in the value of the optimization parameters

over consecutive iterations. If this change is less than x tol abs for every parameter, the solver

terminates.

• max time specifies the maximum runtime for the solver. If this time is exceeded, the optimizer

terminates.

• constraint tol specifies the permissible violation of the equality or inequality constraints.

3.6 Hybrid Constraint Solver

The hybrid constraint solver uses a combination of exact and iterative solvers. The overall pipeline of

this approach is described in Fig. 3.6. The algorithm is formulated in Algorithms 3 and 4.

The first part of the algorithm uses the constraint simplification and combination rules from the

exact solver, as described in Algorithm 3. This simplifies the geometric constraints, performs consistency

checks and removes redundancies. The simplified set of constraints is then solved using the exact solver

to generate a valid pose for the robot in the Cartesian space T eff , as described in Algorithm 4 Using

Inverse Kinematics, the corresponding joint pose for the robot (qseed) is calculated. Note that the pose

in Cartesian space T eff might not be reachable for the robot. In this case, we perform direct sampling on

the transformation manifold that represents the task nullspace for the geometric constraints. We sample

random poses in the Cartesian space on this nullspace using the paramteric form of the transformation

manifold, followed by an Inverse Kinematics step to check whether the sampled position is reachable for

the robot. This direct sampling step is repeated until a valid (qseed) is obtained.

The environment constraints and optimization goals are formulated as non-linear inequality con-

straints suitable for an iterative solver. The simplified set of geometric constraints from the exact solver

are added to this. The iterative solver is initialized with the seed position for the robot (qseed). The

iterative solver then computes the final solution that satisfies all constraints and optimization goals.
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3. CONSTRAINT SOLVERS

Input: Geometric Constraints ℂ
Output: composite geometric constraints ℂg
solvable ← false

foreach Ci ∈ ℂ do // separate constraints into R,t (Table 3.1)

if ∃ separation(Ci) then
ℂ ← (ℂ − Ci) ∪ separation(Ci)

end

end

foreach pair Ci, Cj ∈ ℂ do // reduce constraints using combination rules (Table 3.2)

if ∃ combinationRule(Ci ∪ Cj) then
ℂ ← (ℂ − (Ci ∪ Cj)) ∪ combinationRule(Ci ∪ Cj)

end

if ∃manifoldMap(ℂ) then // map constraint set to manifold (Table 3.1)

solvable ← true

break

end

end

if solvable then

if separable(manifold) then // separate into R, t constraints (Table 3.1)

ℂg ← separation(C)
else // combined geometric constraint

ℂg ← projectionConstraint(manifold)
end

end

Algorithm 3: Hybrid Constraint solver constraint processing rules: separation is a set of constraint

decomposition rules defined in Table 3.1. combinationRule is a set of constraint combination rules, some

of which have been defined in Table 3.2 and illustrated in Figs. 3.3 and 3.4. The geometric constraints

ℂ are processed and solved to generate a transformation manifold that is represented as a combined

constraint ℂg.
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3.6 Hybrid Constraint Solver

Input: Geometric Constraints ℂg, starting pose for the robot EF T cf
Output: seed joint position for the robot qseed
manifold ← manifoldMap(C)
if separable(manifold) then // project on R, t manifolds (Table 2.4)

Rns(c)f ← geomProject(Rcf ) ∗ (R
c
f )
T

tns(c)f ← geomProject(tcf ) − (geomProject(R
c
f ) ∗ (R

c
f )
T ∗ tcf

T ns(c)f ← (Rns(c)f , tns(c)f )

else // project on transformation manifold

T ns(c)f ← geomProject(T cf )

end

T ef ← T ns(c)f

if IK(T ef ) then // check whether IK solution exists

qseed ← IK(T ef )
else

while true do // do direct sampling + IK until valid qseed is found
T ef ← directSampling(manifold)
if IK(T ef ) then

qseed ← IK(T ef )
break

end

end

end

Algorithm 4: Hybrid Constraint solver generating seed position in robot joint space: manifoldMap
is the mapping of constraints to transformation manifolds, as defined (not exhaustively) in Table 3.1.

manifoldMap is an Inverse Kinematics function that calculates robot joint positions from a given Carte-

sian position of the end-effector. directSampling is a function that generates random Cartesian positions

on a given geometric manifold, using its parameteric form described in Tables 2.4 and 2.5
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(a) CAD models of assembly objects. (b) Assembled object.

Figure 3.7: Definition of a 2-object assembly task using geometric constraints

3.7 Constraint-based Modeling Examples

In this section, we present several modeling examples using constraints. Here, we focus on the constraint-

based definition of these problems. We present our software tools for modeling such constraints, solving

and visualizing them. The details of their actual execution using a robotic system will be covered in the

Applications part of the thesis (Parts II and III)

3.7.1 Modeling assembly tasks using geometric constraints

Modeling of object assemblies using geometric constraints is already popular in many CAD software.

Such assemblies can also be modeled using our framework. Here, we present an example of assembling

two objects using geometric constraints defined between the primitive shapes that comprise the object

(Fig. 3.7). Fig. 3.7a shows the CAD models of the objects to be assembled. Fig. 3.7b shows the desired

assembly of these objects. This assembly can be formulated using two geometric constraints: a Plane-

Plane Coincident constraint between the two Planes on the objects (highlighted in green), and a Cylinder-

Cylinder-Coincident constraint between the two Cylinders on the objects (highlighted in blue). Note that

this assembly has one degree of freedom, i.e. rotation along the axis of the Plane or Cylinder.

Based on this example, the following Sections explain our software modules that enable definition,

loading and 3D visualization of this task. We also show how our software framework can be integrate

with intuititve programming interfaces that enable easy definition of these constraints through a 3D GUI.

3.7.2 Constraint modeling in JSON format

In addition to the intuitive CAD-based GUI seen in Fig. 3.9, the constraints for a task can also be

defined in JSON format and loaded into our constraint solving library. Listing 3.1 shows an example of a

Plane-Plane-Coincident constraint, used in the first step of the assembly constraint in Fig. 3.9a, defined

using this format. The solver type also can be specified in the JSON file, as “exact”, “quaternions”,

“axis-angles”, or “hybrid”.
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Listing 3.1: Definition of a plan-plane coincident constraint in JSON format

1 {
2 "solver": "exact",

3 "constraints":

4 [

5 {
6 "geometries": "plane_plane",

7 "type": "coincident",

8 "flip": false,

9 "fixed":

10 {
11 "poseIndex": 0,

12 "point": [0, 0, 0],

13 "normal": [0, 0, -1]

14 },
15 "constrained":

16 {
17 "poseIndex": 1,

18 "point": [0, 0, 0],

19 "normal": [0, 0, 1]

20 }
21 }
22 ]

23 }

Additional details about the objects such as “id”, “name”, and initial pose (“transformation”) can also

be specified in the JSON file, as shown in Listing 3.2. A VRML file for each object can also be specified.

This 3D model is used by the GUI described in Section 3.7.3 to visualize the objects and solutions from

the constraint solver. One of the objects must be specified as fixed through the “fixedPoseId” field. The

constraint solver then computes the poses of constrained objects w.r.t this fixed frame. Note that this

constraint definition can be extended for multiple objects, identified through their “poseIndex”, which is

the “id”.

In case of iterative solvers (“quaternions”, “axis-angles”, or “hybrid”), additional parameters for the

NLOpt optimizer such as the time limit (“max-time”) and tolerances for the objective function (“f-tol”,

and “stopval”), the derivatives (“x-tol”) and constraints (“constraint-tol”) can also be specified in the

JSON file (Listing 3.3). These parameters are described in Section 3.5.4.
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Listing 3.2: Definition of starting poses for objects

1 {
2 "fixedPoseId": 1,

3 "objectPoses":

4 [

5 {
6 "id": 0,

7 "file": "mechanical -tree.wrl",

8 "transformation":

9 [

10 [1, 0, 0, 0],

11 [0, 1, 0, 0],

12 [0, 0, 1, 0],

13 [0, 0, 0, 1]

14 ]

15 },
16 {
17 "id": 1,

18 "file": "bearing.wrl",

19 "transformation":

20 [

21 [1, 0, 0, 0],

22 [0, 1, 0, 0],

23 [0, 0, 1, 0],

24 [0, 0, 0, 1]

25 ]

26 }
27 ]

28 }

Listing 3.3: Definition of solver parameters in JSON format

1 {
2 "solver-params":

3 {
4 "f-tol": 1e-6,

5 "x-tol": 1e-6,

6 "constraint -tol": 1e-6,

7 "stopval": 1e-6,

8 "max-time": 50e-3

9 }
10 }
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3.8 Discussion

(a) Load objects and constraint definitions from

JSON file.

(b) Solve the geometric constraints and visualize

the assembled object.

Figure 3.8: GUI for loading and 3D visualization of geometric constraints between objects.

3.7.3 3D Visualization of constraint solving

We also developed a simple GUI (Fig. 3.8) for the users to load object models and corresponding JSON

files defining the constraint between them. We choose the assembly example in Fig. 3.9 to demonstrate

the functionality of this GUI. The loading and 3D visualization is illustrated in Fig. 3.8a. Once loaded,

the “Solve” button can be pressed to solve the geometric constraints and update the 3D visualization

with the final pose of the assembly, as shown in Fig. 3.8b.

3.7.4 Modeling geometric constraints in an intuitive 3D GUI

Our constraint modeling and solving framework has been integrated into an intuitive 3D GUI [24, 25] for

definition of assembly tasks using geometric constraints, as shown Fig. 3.9). In the first step (Fig. 3.9a),

a Plane-Plane Coincident constraint is defined between the two Planes on the objects (highlighted in

yellow). Note that once two geometries (Planes in this example) are selected, all possible and supported

constraints between these two geometries are automatically computed and displayed with previews on the

right side of the GUI. In the second step (Fig. 3.9a), two Cylinders are selected and a Cylinder-Cylinder-

Coincident constraint is defined between them. The final pose for the assembled objects is shown in

Fig. 3.9c. Note that this assembly has one degree of freedom, i.e. rotation along the axis of the Plane or

Cylinder.

3.8 Discussion

In this Chapter, we presented three constraint solving approaches: iterative, exact and hybrid. Each

solver has its own advantages and disadvantages. The choice of solver depends on the application. This

Chapter concludes the basic mathematical models and algorithms for this thesis. The next part of this

thesis focuses on applications of these models and algorithms in different application domains.
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(a) Add constraint: Plane-Plane Coincident

(b) Add constraint: Cylinder-Cylinder Concentric

(c) Final pose of the assembled objects

Figure 3.9: Constraint-based modeling example: An assembly task described using geometric constraints

The next four Chapters 4, 6, 7 and 5 each present an application domain. Chapter 4 forms the

most important application of this thesis: robot motion control. All three solvers are applicable to this

application domain. We present a detailed comparison and benchmarks between the solvers using typical

robotics motion control tasks. Chapters 6, 7 and 5 focus on the use of our exact solver, since it is better

suited to these applications and performs significantly better than the other two.
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Applications in Robotics
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Chapter 4

Task Level Robot Programming

This chapter presents the primary application of our constraint-based modeling techniques, i.e. task

level robot programming. We demonstrate how a wide variety of robotic tasks can be expressed using

constraints. We further show how this modeling technique proves beneficial to the development of intuitive

programming interfaces for human-robot interaction in the front end and real-time task space robot

controllers in the back-end.

4.1 Introduction

The modeling techniques used for representing robotic tasks heavily influence not only the capabilities of

the robot controller, but also the intuitiveness of the robot’s programming interface. The representation

of robotic tasks needs to be expressive enough to capture the large diversity of robotic tasks, while

being amenable for use in intuitive robot programming interfaces. In this work, we propose the use of a

constraint-based modeling approach for robotic tasks, where each robot task is expressed as a non-linear

constraint with inequalities, along with a priority level indicating its relative importance. In Chapter 2, we

explained these models in detail. Based on these models, three different constraint-solving formulations

were presented in Chapter 3. In this Chapter, we present implementations of practical robotic tasks based

on the these constraint models and solvers. Using the applications as benchmarks, we also compare the

different constraint solving approaches.

One of the key ideas in this work is the use of an object-centric programming approach, where the

robotic task is described using properties of the involved objects rather than the specific details of the

manipulation process itself. Hence, goals of robotic tasks such as assembly of workpieces can be described

in the form of geometric inter-relational constraints between the individual vertices, edges and surfaces

present in the CAD models of the involved workpieces. Similarly, grasping tasks can be represented using

geometric constraints between the robot’s tool and the object to be grasped. This category of constraints,

that define the task itself, needs to be explicitly specified by the user and can be achieved through various

intuitive CAD-based user-interfaces.

In order to perform the specified task, the robot needs to consider its surroundings and the constraints

they impose on its motion. For example, collisions with obstacles in the scene need to be avoided. Also,

the robot’s model and kinematic structure adds restrictions such as joint angle, velocity and acceleration
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limits. Task specific goals such as manipulability maximization are also important for optimal task

execution. In this work, we propose a constraint based definitions of all these aspects. Given this variety

in the types of constraints and the complexity of representing them mathematically, we have observed

that the modeling approach must support non-linear constraints with inequalities.

4.2 Context

The primary aim of this Chapter is to develop the concept of task-level robot programming. We motivate

and demonstrate this by formulating several typical robotic applications using constraints. The concept

of constraint-based robot programming can be used at different levels of robot programming. Firstly, task

or object-level programming where a 3D GUI similar to CAD software can be used to specify geometric

constraints between the involved manipulation objects. In this case, the geometric constraints can also

be solved in the Cartesian space for instant feedback through this GUI. Secondly, offline programming

of a robotic workcell, where the tasks are described as constraints between the manipulation objects, the

robot and the environment. Finally, in case of applications requiring closed loop, reactive and real-time

control (e.g. dynamic collision avoidance), the constraint solvers can be used as real-time controllers.

The properties and performance of the three constraint solvers proposed in this work are also evaluated

in the context of these different levels.

4.3 Related Work

The roots of our work arise from the early works on operational space control by Khatib [26]. The ideas

of constraint-based control start from early works such as the task-level planner Handey [27]. This was

followed by works on multiple objective prioritized control and Whole Body Control Framework (WBCF)

by Sentis in [28], and more recently in [29, 30].

The iTaSC framework for constraint-based control was presented in [31]. Borghesan et al. [32] pre-

sented the use of iTaSC for manipulation tasks. Decre et al. [33] extended the iTasC framework to include

inequality and non-instantaneous constraints. The eTaSL/eTC framework [34] introduced the concept of

expressions graphs for defining robot tasks. The stack of tasks [35, 36] framework by Mansard et al. is

another constraint-based framework that is popular for humanoid robots.

In classical literature, constraint-based methods have been most popularly used for highly redundant

robots, especially humanoids. In these applications, the task space dimensions are much lower compared

to the robot’s joint space. Hence, task priorities are often handled using projections and local approxima-

tions. Dietrich et al. [37] present an overview of such approaches. Multi-task optimization in the context

of humanoid robots was presented in [38] and [39]. The Task Space Inverse Dynamics (TSID) [40] ap-

proach by del Prete et al. is an efficient approach for task-space control using local linearizations. Some

other approaches based on these concepts are described in [28, 39, 41, 42, 43]. Such approaches have

also been extended to humanoid robots on mobile bases [44]. This concept is not ideal for industrial

manipulators since there are few robot joints (typically 6-7) compared to the task nullspace for effective

utilization of multiple levels of nullspace projections. In such applications, approaches involving quadratic

(or non-linear in general) solvers are more popular. Efficient solvers for such prioritized optimal control

tasks were presented in [45] and [30].
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In terms of the types of constraints and solvers used, most robotics frameworks optimize in the linear

least squares sense, e.g., operational space control [26], iTaSC [31], and more recently in Task-Space

Inverse Dynamics [40]. However, most tasks are naturally expressed with inequality constraints, e.g.,

joint limits [46], collision avoidance [47, 48], and singularity avoidance [16]. A number of frameworks can

handle inequality constraints [33, 49], but do not allow prioritized tasks. Escande et al. [30] presented a

specialized optimal solver that can handle linear inequality constraints with multiple levels of priorities.

Many robotic constraints are non-linear by definition (e.g., manipulability [16]) and the constraint solving

framework needs to support this explicitly.

Applications based on a representation of coordinate frames and geometric relations between them

were presented in [50, 51]. Rodriguez et al. [11] defined tasks using geometric relations between geometric

entities (e.g., points, lines, surfaces) that comprise manipulation objects. The concept of uncertainties

in geometric representation of features and relations was presented in early works such as Durrant-

Whyte [52].

Kresse et al [42, 43] presented a constraint-based framework for specifying robotic manipulation tasks.

In addition to geometric constraints and kinematic control, the framework also supports force control.

This framework uses an interaction matrix generated from the task description to compute the task space

velocities, that are combined using prioritized nullspace projections.

Recently, [53] presented formal language definitions for constraint-based tasks descriptions, aimed

towards use with symbolic planners and reasoning engines. Perzylo et al. [2] showed how semantic

descriptions of geometries and constraints can be used for robot task definitions. This was further

extended to semantic descriptions of complete robotic tasks including the environment/workcell and

automatic reasoning and planning [4].

In terms of the programming approach for robots, we also derive our work from concepts such as

motion primitives, robot skill definitions and trajectory optimization. The idea of motion primitives has

been popular since early works in [54, 55] till recent ones in [56], [57, 58] and [59]. Robot skills, especially

in the context of semantic descriptions have been presented in several recent works [53, 59, 60, 61].

SkiROS [62] is a framework based on the Robot Operating System (ROS) that provides a skill-based

programming interface for robots. The use of constraint-based task definitions in the context of intuitive

interfaces for human-robot interaction were studied in [4, 24, 25, 63]. Modern trajectory optimization

frameworks such as CHOMP [64] can keep a given distance to obstacles, and the more recent Trajopt [13]

allows operational constraints to be defined.

4.3.1 Contributions

The major qualitative contributions of our approach w.r.t to the state-of-art are summarized in Tables 4.1

and 4.2. Benchmarks and quantitative comparisons are presented in Section 4.7.

Table 4.1 presents a qualitative comparison of some popular constraint-based control approaches that

are relevant to this work. The runtimes are roughly classified as −− being less than 4ms, − being between

4ms and 1ms, and + being between 1ms and 0.1ms, and ++ being less than 0.1ms. It is clear that the

exact approaches are generally much faster than the iterative solvers. Solvers based on local linearizations

such as TSID and WBCF are also very efficient, but are restricted in their scope of supported geometric

constraints.
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Table 4.1: Overall comparison of control frameworks

Framework Efficient Exact Geom.Constraints ForceControl Inequality Prioritized UnderActuated Output

TSID [40] + 3 3 �

WBCF [28] + 3 3 3 �

Lenz et al. [48] − 3 3 q̇

iTaSC [31, 33] N.A. 3 3 3 3 q̇

SoT [35, 36] N.A. 3 3 3 3 q̇

Somani et al. [65] −− 3 q or x

Rodriguez et al. [11] ++ 3 3 3 q

Exact [6] ++ 3 3 3 x

Iterative [7] + 3 3 3 3 q or x

Hybrid + 3 3 3 3 3 q

Table 4.2: Comparison of geometric constraint solvers

Framework Non-separable R,t Inequalities CyclicDependencies Prioritized Use-Cases (Table 4.5) OutputType

Rodriguez et al. [11] A,C x

Exact [6] 3 3 A,B,C,D,E,F x

Hybrid 3 3 3 3 A,B,C,D,E,F q or x
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Figure 4.1: Intuitive user-interface for definition of geometric constraints between individual shape elements

of CAD models. After selecting a pair of valid surfaces, the user is presented with a preview of all valid

constraints between the selected surfaces.

Although many of the mentioned frameworks support some geometric constraints, the complexity and

variety of constraints that they support and mention in their work are rather limited. The exact solver by

Rodriguez et al. [11] is one approach where geometric constraints are the core focus and can be compared

to our work. Since our work also focuses largely on geometric constraints, a dedicated comparison of

geometric solvers is presented in Table 4.2. It lists our improvements over existing frameworks and the

core qualitative contributions of our exact geometric solver. Firstly, we support mixed transformation

manifolds, i.e. cases where the rotation and transformation components of the transformation manifolds

are not independent. Secondly, we support geometric constraints with inequalities.

We claim that our hybrid solving approach based on a combination of exact and iterative solvers can

provides the best features from both types of approaches. While our exact solver already provides these

advantages beyond the state-of-art, combination with an iterative solver provides it with two additional

features: multiple priority levels for constraints and cyclic dependencies between constraints. Also, the

hybrid solver enables inclusion of domain-specific constraints that may not be geometric.

4.4 3D GUI for Task-level Robot Programming

Our concept of constraint-based tasks specification is used to develop intuitive interfaces for human-robot

interaction and robot instruction [24, 66]. This includes a web-based 3D GUI, where CAD models can

be imported and visualized. Geometric inter-relational constraints between these geometric entities (e.g.,

workpieces, tools, robot) can be defined by selecting primitive shapes (i.e., plane, edge, point) from the

object models and choosing the desired constraint from a filtered list (Fig. 4.1). In the background, the

exact solver presented in Section 3.4 computes the relative transformation between the models based on

the selected constraints and provides immediate visual feedback. The runtime of the constraint solver

is also an important factor to ensure a smooth and reactive user experience. With the exact solver in
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the background, all possible constraint types for a pair of selected geometric primitives can be quickly

calculated and visualized for the user without any discernible lag(Fig. 4.1).

Using this GUI, a user can intuitively describe robotic tasks in the form of constraints. Once the task

constraints have been specified, the workcell and robot to execute the constraints can be selected. At

this stage, constraints arising from the robot model and the workcell/environment are added to the task

specification.

To execute this task on the robotic platform, either the iterative or hybrid solver can be used. Next,

Section 4.5 presents several examples of constraint-based robotic tasks. A comparison of the execution

of these examples using different constraint solvers is discussed in Section 4.7.

4.5 Robot Skills

Robot skills are implementations of behaviors or capabilities of the robot. In essence, they control motion

of the robot in operational/configuration space in a way that this capability or behavior is realized. In our

formulation, they are expressed as constraints on the robot’s motion in the operational or configuration

spaces.

We present several examples of robot skills, each highlighting a specific feature of our constraint-based

approach. We highlight the distinction between task constraints such as geometric constraints, environ-

ment constraints such as collision avoidance, and task specific optimizations such as the manipulability

measure.

We present several details for each example. Firstly, the overall task objective is described. This is

followed by the constraint-based definition of this task. Finally, an analysis of the nullspace of this task is

presented. Each example contains pictures showing the involved geometrical entities, a table describing

the constraints, nullspace definition and DoFs, and images of sample poses showing the solution space.

We also present videos1 2 and pictures of implementation of these skills on robotic manipulators, both in

simulation and real hardware.

4.5.1 Welding with obstacle avoidance

Welding is an intrinsically underspecified task, where the position of the tip of the welding tool is con-

strained with respect to the object to be welded. In case of point welding (Fig. 4.3a), the tip must

coincide with the specified location of the spot weld. In case of seam welding(Fig. 4.3b), the tip of the

welding tool must move along the weld seam (e.g., a line on the object) at a specified velocity between

a starting and ending point. The orientation of the welding tool is free and defines the nullspace of the

task. In practical situations, the orientation is not entirely free but needs to be restricted to ensure a

good weld quality. Through the use of inequality constraints, these limits on the task nullspace can be

defined easily.

1https://youtu.be/baet9IkTK04
2https://youtu.be/qRJ1JmNoFEw
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AxisB

PointA2

PointA1

LineA

PointB

AxisA

Seam Welding

Coincident(PointB , LineA)

0 ≤ Angle(AxisB , AxisA) ≤ �max

Coincident(PointB , PointA1) (start point)

Coincident(PointB , PointA2) (end point)

Point Welding

Coincident(PointB , PointA1)

Task Nullspace

Rotation:

OneAngleManifold(AxisA, �min, �max)
Translation: LineA

Task Nullspace

Rotation: ℝ3

Translation: PointA1

DoF

Pose: 6

Nullspace: 2

DoF

Pose: 6

Nullspace: 3

Figure 4.2: Constraint for seam welding.

(a) Point welding (b) Seam welding

Figure 4.3: Sample poses and task nullspaces for (a) point welding and (b) seam welding.

4.5.1.1 Constraint-based formulation

The constraint-based definition of this task is shown in Fig. 4.2. When this task is executed on a robotic

workcell, additional constraints such as collision avoidance (Section 2.5.1) with other objects present in

the workcell are added. The collision avoidance task is assigned a priority higher than the desired velocity

task.

4.5.1.2 Task Nullspace

Fig. 4.3b shows some sample target poses for the welding tool and also illustrates the nullspace of its

geometric constraints. The task nullspace can be utilized to satisfy a secondary objective (e.g., collision

avoidance) or simply manually tuned by interactive jogging. Fig. 4.23a and Fig. 4.23b show the execution

of this task in a robotic workcell in simulation. Real execution of this task on a Comau SmartSix-614 is
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PlaneA

CylinderA

AxisA

(a) Object: Mechanical Tree

CylinderB

PlaneB

AxisB

(b) Object: Mechanical Pipe

Assembly

Concentric(CylinderA, CylinderB)
Coincident(PlaneA, PlaneB)

Task Nullspace

Rotation:

OneParallelManifold(AxisA)

Translation: –

DoF

Pose: 6

Nullspace: 1

Figure 4.4: Geometric constraints for the assembly of two workpieces

shown in Fig. 4.23e and Fig. 4.23f. The pose in the middle illustrates how the orientation of the tool is

changed to avoid the obstacle.

4.5.2 Assembly of two workpieces

In this example (Fig. 4.4), two workpieces from a gearbox need to be assembled together. This task

consists of 3 steps: (1) picking object B, (2) moving to an approach position near object A, and (3)

assembling the objects together. Fig. 4.4 describes step (3), i.e., the final assembly pose for the two

objects. Steps (1) and (2), i.e., grasping and moving to an approach pose, can also be defined using

geometric constraints between the gripper and the objects A and B.

4.5.2.1 Constraint-based formulation

The parameters for each of these steps can be specified using geometric constraints between the assembly

objects (A and B, Fig. 4.4) and the parallel gripper in Fig. 4.5 (B).

4.5.2.2 Task Nullspace

The relative position of the objects A and B in the assembly is underspecified, with one degree-of-freedom

as the rotation along the AxisA of object A. Fig. 4.4 shows the definition of this geometric nullspace.

Fig. 4.23d and Fig. 4.23h show the execution of this assembly task in a robotic workcell in simulation

and using a Comau SmartSix-614 respectively.

4.5.3 Cup grasping with obstacle avoidance

This task involves grasping a cylindrical object (a cup). This task is demonstrated on two robots: a

6 DOF Comau RACER 7-1.4 (Fig. 4.24a), and a 7 DOF KUKA Light Weight Robot (LWR)(Fig. 4.24b).
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AxisB

PointB2

PlaneB

PointB1 Lf

Wf

AxisA

CylinderA

PlaneA

HA

RA

Grasping (All Priority 1)

RA ≤ ParallelDistance(AxisA, AxisB) ≤ Lf −RA

−HA∕2 ≤ Distance(PlaneA, PlaneB) ≤ HA∕2

RA ≤ Distance(AxisA, PointB1) ≤ Wf −RA

RA ≤ Distance(AxisA, PointB2) ≤ Wf −RA

Environment/Robot Constraints

Avoid collisions (Priority 1)

Minimize Cartesian delta of end-effector (Priority 2)

Figure 4.5: A cup grasping task expressed using geometric constraints with inequalities. The rotation and

translation components in this example are not independent.

Figure 4.6: Sample poses and task nullspaces for the cup grasping task.

4.5.3.1 Constraint-based formulation

The constraint-based formulation of this task is shown in Fig. 4.5. The use of inequality constraints

allows more accurate modeling of the task and better use of robot’s capabilities, such as the opening

width of the gripper, length of the gripper finger and the length of the cup. During execution, additional

constraints from the environment such as collision avoidance are added. To ensure smooth motion, the

Cartesian distance between the end-effector pose in successive motions is minimized as a low priority

task. The robot utilizes the nullspace of the task to avoid obstacles. In addition to the rotation along

the cylinder’s axis, the min-max constraint formulation provides the robot additional degrees of freedom

along the length of the cylinder (HA) and along the length of the gripper fingers (Lf ).
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PlaneB1

PlaneB2

Lf

Wf

PlaneB3

PlaneA1

PlaneA2
PlaneA3

Lt

Tray Grasping

-Wf∕2 ≤ Distance(PlaneA1, PlaneB1) ≤ Wf∕2

0 ≤ Distance(PlaneA2, PlaneB2) ≤ Lf

0 ≤ Distance(PlaneA3, PlaneB3) ≤ Lt

Task Nullspace

Rotation: –

Translation: Box(Lf ,Lt,Wf )

DoF

Pose: 6

Nullspace: 3

Figure 4.7: Manipulation of a tray: The robot task is to carry a tray that contains objects. To prevent

the objects from falling, the tray must be kept upright. Allowed tolerances in rotation can be encoded as

min-max values of the orientations along the respective axes.

(a) (b)

Figure 4.8: (a) and (b) The tray is grasped by a single robot arm.

4.5.3.2 Task Nullspace

The geometric nullspace of this task is defined in Fig. 2.2l. This task is an example where the rotation

and translation elements in the task nullspace are dependent.

4.5.4 Tray grasping with obstacle avoidance

This application involves manipulating a tray containing a can with liquid (Fig. 4.7).

4.5.4.1 Constraint-based formulation

Fig. 4.7 shows the constraint-based formulation of this task. ParallelDistance constraints between three sets

of non-parallel Planes would, in the absence of inequalities, result in a fully specified robot pose. Hence,

inequality constraints are necessary to model the nullspace of this task. The rotation and translation

components of the constraints are separable. Two ParallelDistance constraints between sets of non-parallel

Planes generate an infinite Parallelepiped, whose infinite axis is the line of intersection of the two Planes.
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Figure 4.9: The tray is grasped by a dual-arm robot. A set of min-max constraints can be used to express

the inherent flexibility of the grasping task.

CylinderA

PlaneA

AxisA

PlaneB1

PointB

AxisB2

PlaneB2

AxisB1

Grasping (all priority 1)

Coincident(AxisA, PlaneB2)
AxisA ∥ AxisB1

Distance(AxisA, PointB) = radius(CylinderA) ± f inger span(B)∕2
Distance(PlaneA, AxisB2) = 0 ± f inger length(B)∕2

Placing

Distance(PlaneA, Planetable) = Height(A) (priority 1)

Maximize(manipulability) (priority 2)

Figure 4.10: Constraints for grasping a cylindrical object at its rim and placing it on the table

Three ParallelDistance constraints between sets of non-parallel Planes generate a finite Parallelepiped. The

rotation in this case is fully defined.

4.5.4.2 Task Nullspace

The task nullspaces are specified in Fig. 4.7. The robot can utilize this nullspace to achieve secondary

objectives such as avoiding obstacles (Fig. 4.24c). This task is performed using two different robotic

platforms. With a 6 DOF Comau RACER 7-1.4, the tray was grasped using the parallel gripper on one

side (Fig. 4.8b). Using a Comau dual arm, the tray was grasped on two sides (Fig. 4.9).

4.5.5 Pick and place with manipulability optimization

This application consists of two tasks: grasping of a cylindrical object at its rim, and placement of the

grasped object on another position on the table.

61



4. TASK LEVEL ROBOT PROGRAMMING

(a) (b) (c) (d)

Figure 4.11: Underspecified robot tasks: the robot pose is not completely specified and can be moved in

the nullspace highlighted by the dotted axes. The grasping point can be located anywhere along the rim of

the cylinder (a) (blue). Also, depending on the gripper span (b) and finger length (c), it can be moved along

the green and red axes respectively.

4.5.5.1 Constraint-based formulation

The grasping pose in the first step of this application is underspecified and can be further refined by

jogging the robot in the nullspace of the task constraints (Fig. 4.11). In Fig. 4.24d, the first step of this

application is shown with transparent objects. In the second step, the object is moved to a position

on the table that maximizes its manipulability. The task constraints for the placement step state that

the object should be placed in an upright orientation on the table. This is combined with lower-priority

posture optimization (manipulability maximization).

4.5.5.2 Task Nullspace

Some exemplary grasping poses and the nullspace for the task constraints are illustrated in Fig. 4.11.

Two different locations of the cylindrical object on the table are used to illustrate how the underspecified

grasping pose is further optimized in its nullspace to minimize the joint distance from the same starting

pose (Section 3.5.2). The manipulability values of different robot poses on the table are overlaid (red

indicates low, and green high) in Fig. 4.24d.

4.5.6 Manipulating a tray carrying an assembly

This task presents an example with multiple objects. The object assembly described in Section 4.5.2 is

placed on a tray. The assembly itself has one rotational DoF along its symmetrical axis in its nullspace.

Additionally, the object can translate in two directions along the tray and rotate around its normal

direction. The tray in turn is manipulated by a robotic arm and can translate in all 3 axes as well as

rotate along the normal direction of tray plane. The other two rotational axes are restricted to prevent

the object from falling off the tray.

4.5.6.1 Constraint-based formulation

The gearbox assembly is defined using two constraints, as shown in Section 4.5.2. The task of placing the

gearbox on the tray is defined using a PlanePlaneDistance constraint between the top surface of the tray

and a plane on the gearbox. In order to restrict rotations along the X and Z axes, a PlanePlaneParallel

constraints is defined between the plane on the end-effector whose normal points in the Y direction, and
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Figure 4.12: Multi-object task: manipulating a tray that carries an assembled part (Section 4.5.2)

the top surface of the tray. Since there are three consecutive sets of constraints, the solution is obtained

by solving the problem in three steps.

4.5.6.2 Task nullspace

The first task (assembly) has 1 DoF along the rotation axis. The second task has 3 DoFs, two in

translation and 1 in rotation. The third task has 4 DoFs: 3 in translation and 1 in rotation. In total, this

system has 4 constraints, 18 DoFs in the combined pose dimension and 8 DoFs in the task nullspace, as

shown in Fig. 4.12.

Figure 4.13: Nullspace of a multi-object task: manipulating a tray that carries an assembled part
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Figure 4.14: Assembly steps for gearbox assembly task

4.6 Applications

Our intuitive programming approach was also used for two robotic application domains as a part of the

European FP7 project SMErobotics1. The first application involved the assembly of a gearbox (Sec-

tion 4.6.1). The second application was in the domain of woodworking [67] and involved the construction

of the wall of a wooden house (Section 4.6.2).

4.6.1 Gearbox assembly

This task is an example from the assembly domain, where 4 workpieces are assembled to form part of a

gearbox. Fig. 4.14 describes the different steps in this task, and ordering constraints on the steps. It is

a very precise assembly operation with tolerances of approx. 1mm. Each of the 3 steps in this assembly

are programmed using our intuitive 3D CAD-based programming interface (Section 4.4). This task was

executed on three robotic platforms: a Comau Racer-714, a Comau SmartSix-614, and a Comau dual

arm.

4.6.1.1 Constraint-based formulation

The constraint-based formulation of each step of this task is described in Fig. 4.15. Images showing

sample poses for each step are also provided. Each assembly step consists of 2 constraints. There is an

ordering restriction on the steps: steps 1 and 2 have to be performed before step 3. Note that the overall

task is a multi-object assembly. The 4 objects involved in the assembly form a chain of constraints.

Hence, the total dimensionality of the relative poses is 3 × 6=18.

4.6.1.2 Task Nullspace

For the first two steps, the relative pose is defined between two objects. Hence, the relative pose is 6

dimensional. In both these steps, the nullspace is a rotation along the axis and has 1 DoF. The third step

involves the assembly of two such assemblies, having pose dimensionality 6 + 6 + 6 = 18. The nullspace

DoF for this steps is 1 + 1 + 1 = 3.

1http://www.smerobotics.org
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Figure 4.15: Constraints for a 4-object (2xA, 1xB, 1xC), 3-step assembly.

4.6.2 Woodworking

This application is based on an existing robot cell at a woodworking industry that manufactures wooden

houses. One of the operations in their process flow is the creating wooden walls from wooden panels and

frames. For this operation, the panels have to be first placed on a wooden frame. The the panels are

attached to the frame by nailing along lines on the frame. Finally, the excessive segments of the panels

are removed by sawing along the periphery of the frame. Fig. 4.16 shows an example of the work-flow

involving these pick-and-place, nailing and sawing operations.

The physical robot is a six degrees of freedom gantry system, Fig. 4.21. The area of the worktable is

approximately 30m × 4m. Stored along the worktable are palettes of panels. The robot also has access

to a tool store featuring several tools, such as saw, mill, nail gun and combination tools of these.

This application also shows that constraint-based applications are not only relevant for assembly tasks

but are also effective in describing nailing and sawing tasks.

4.6.2.1 Constraint-based formulation

The constraint-based formulation of the different steps in this example are shown in Figs. 4.17, 4.18, and

4.19. There are two assembly steps, one nailing task with 4 nailing lines and one sawing task with 4

sawing lines in this example. The ordering constraints for this task are illustrated in Fig. 4.16.

One step of the assembly is shown in Fig. 4.17. The nailing task is formulated as a PointLineCoincident

constraint, where the tip of the nailing gun lies along a defined line on the frame. To ensure that the nails
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Figure 4.16: Steps and dependencies of woodworking task
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Figure 4.17: Constraints for assembling a panel on a wooden frame.

are shot perpendicular to the surface of the frame, a PlanePlaneParallel constraint between the frame

surface and a flat surface on the tool is added. Note that the nailing lines lie roughly in the middle of the

wooden planks that form the frame. The constraint-based description of this task is shown in Fig. 4.18.

The sawing task is formulated as a LineLineCoincident constraint, where the cutting direction (a line) of

the sawing blade coincides with the sawing line. To ensure that the sawing blade is perpendicular to the

surface of the frame, a PlanePlaneParallel constraint is added. Note that the sawing lines lie along the

periphery of the frame. The constraint-based description of this task is shown in Fig. 4.19.

4.6.2.2 Task Nullspace

Each assembly step involves three PlanePlaneCoincident constraints. This results in a fully specified pose

for the panels, and an empty nullspace in both rotation and translation. The nailing and sawing steps

have one DoF, along the respective lines. In practice, this is not a DoF since the tool has to move along

the line segment with a constant velocity.
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Figure 4.18: Constraints for nailing a panel to a wooden frame.
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Figure 4.19: Constraints for sawing the extra edges of a panel nailed to a wooden frame.

4.7 Evaluation

We evaluated our approach on a selection of classic industrial robotic scenarios in simulation and in real-

world setups (industrial robots Comau Racer7-1.4, Comau Smart5 Six 6-1.4, Comau Dual Arm, and Güdel

Gantry robot). Fig. 4.23 presents some images from simulated and real experiments for some of the robot

skills presented in Section 4.5. These experiments involved only the task constraints. Fig. 4.24 presents

some results from simulated execution of these tasks in the presence of environment constraints such as

collision detection and task optimizations such as manipulability optimization. This set of experiments

also shows that our approach can be applied to redundant robots such as the 7 DoF Kuka LWR, and to

multiple end-effectors such as the 13 DoF Comau Dual Arm.
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(a) Execution of the assembly task on a dual arm

robot.

(b) Execution of the assembly task using a 6 DoF

Comau Racer 7-14 robot.

Figure 4.20: Execution of assembly task on different robotic platforms.

While the constraint modeling and solving parts of our implementation are new, inverse kinematics,

trajectory generation and low-level robot control use the Robotics Library1 by Rickert [68].

4.7.1 Intuitive robot programming

One of the claimed contributions of this work is the development of a task-based robot programming

interface that is intuitive for the users. While a detailed analysis of human-robot interfaces that enable

this intuitive interaction is beyond the scope of this work, we focus on the importance of constraint-based

task definitions in this quest. We present excerpts of some user-studies and evaluations on real robotic

applications to show that intuitive interfaces utilizing the concepts of geometric constraints for robot task

definition perform better than conventional interfaces.

The presented quantitative evaluations are for the whole intuitive programming system [4]. Our

constraint-based task definition framework is only one part of this system. The speed-ups achieved in

these evaluations are a result of many other factors such as semantic descriptions, efficient computer

vision modules, etc. It is difficult to isolate the contribution of constraint-based descriptions in these

evaluations. Hence, these evaluations should be considered mainly as qualitative proof that our approach

helps improve robot programming intuitiveness and time.

For these evaluations, the Exact solver for geometric constraints (Section 3.4) was used as the back-end

solver for the 3D CAD mating interface (Section 4.4) to generate target Cartesian positions for the robot.

The robot joint positions were calculated using inverse kinematics from the Robotics Library [68, 69].

4.7.1.1 Precise assembly of multiple parts

The gearbox assembly example from Section 4.6.1 is used in this evaluation. The task is executed on two

different robotic platforms: a 6 DoF Comau Racer 7-14, and a Comau Dual Arm (Fig. 4.20).

For this setup, the programming of the assembly tasks is done via an intuitive interface (Fig. 4.1) that

describes the individual steps together with a CAD-like GUI for the mating operations. A preliminary

user study [4] compared the classical programming approach (teach pendant and robot programming

language PDL2) with this intuitive programming approach using a subset of the gearbox assembly (four

parts and three assembly steps).

1http://www.roboticslibrary.org/
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Table 4.3: Evaluation of time taken to program an assembly process

Process step

Robotics expert

Our system

Time Taken

(in min).

Robotics expert

Teach pendant

Time Taken

(in min).

Teaching new assembly task 8 48

Adapting to new object poses 0 23

Reordering assembly steps 2 5

Figure 4.21: Execution of the woodworking task using a gantry robot.

A high level description of the assembly steps is shown in Fig. 4.14. The test subject was an expert

in using a teach pendant. Using this classical approach, it took him 48min to program the full assembly,

including about 23min spent on teaching individual poses. Afterwards, he was given a short introduction

(10min) into the new intuitive interface. With this new approach, he required 8min to program the same

task. These results have been summarized in Table 4.3.

4.7.1.2 Woodworking domain

For this evaluation, the application from Section 4.6.2 is used. Fig. 4.21 shows the experimental setup

with a Güedel gantry robot. Based on the process flow described in Fig. 4.16, the first step is the assembly

of panels to the wooden frame. To do this using our intuitive GUI, the user has to select the wooden

frame and panels to be used, and define placing constraints between the panels and the frame. The

interface for this step is the same as the one used in the assembly domain. A 3D representation of the

assembled models is displayed, on which nailing and sawing lines can be defined. This 3D visualization

also offers a simulation of the nailing and sawing lines to check if the parameters were set correctly.

In a preliminary user study we compared the classical programming approach (teach pendant and

CAD software) to the intuitive programming approach presented here. The user for the woodworking

domain was an expert in using the teach pendant in combination with the CAD software. After a short
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Table 4.4: Evaluation of time taken to program a woodworking process involving the construction of a

wooden wall

Process step

Domain expert

Our system

Time Taken

(in min).

Domain expert

Teach pendant

Time Taken

(in min).

Teaching new woodworking task 13 47

Reordering process steps 0.2 1.6

introduction of about 10 minutes into the intuitive programming system, the user had to program a

wall assembly consisting of picking and placing two panels, nailing along the border of the frame and

sawing off the protruding parts of the panels. In total, it took him 47min for the full assembly with

the classical approach using different predefined macros. Compared to this, the same process with our

intuitive teaching interface required 13min minutes. These results are summarized in Table 4.4.

4.7.2 Performance evaluation

In these experiments, we evaluate the different constraint solving approaches that we proposed in the

context of real-time robot control. We differentiate between solving geometric constraints only to generate

poses in the operational space for the robot end-effector (Table 4.5), and a combination of geometric and

environment constraints using iterative and hybrid solvers where the robot’s joint positions are estimated

(Table 4.6).

In each of these evaluations, the runtime was averaged over 10000 iterations. All evaluations were

performed on a PC with a 4.0GHz Intel Core i7-6700K CPU and 16GB of RAM. Our implementation is

based on the NLOpt library, where we set the tolerance of the minimization function to be 10−8 and the

acceptable tolerances for the inequality constraints as 10−6. The derivative tolerance is set as 10−8.

4.7.2.1 Runtime evaluation for different robotic tasks

To assess the time efficiency of our approach, we evaluated the solver runtimes for each application

mentioned in Section 4.5. The evaluation covers a wide variety of tasks having 1–4 constraints and 1–8

degrees-of-freedom in the task nullspace. The constraints include separable and mixed transformation

manifolds. The runtimes for the iterative, exact and hybrid solvers presented in Chapter 3 are presented.

Since the other frameworks mentioned in Table 4.2 do not completely support the types of constraints

used in our applications, they are skipped for this evaluation. The results from this evaluation are

summarized in Table 4.5.

From this evaluation it can be clearly seen that in terms of runtime, the exact solver is by far the

fastest. The iterative solver is the slowest and the hybrid solver falls in between. This evaluation also

shows that as far the runtime is concerned, all three methods are suitable for real-time control applications.
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Table 4.5: Runtime evaluation on application scenarios: solving of geometric constraints

Scenario #Constraints
Nullspace

DoF

Iterative

Runtime

(in ms)

Exact Geometric

Runtime

(in ms)

Hybrid

Runtime

(in ms)

A. Plane Distance 1 3 0.6 ± 0.1 0.05 ± 0.01 0.10 ± 0.01

B. Seam welding 1 3 0.8 ± 0.1 0.06 ± 0.01 0.10 ± 0.01

C. Cylinder Grasp 4 1 0.8 ± 0.1 0.06 ± 0.01 0.12 ± 0.01

D. Cup Grasp 4 1 1.2 ± 0.2 0.06 ± 0.01 0.10 ± 0.01

E. Tray Grasp 3 0 2.0 ± 0.2 0.06 ± 0.01 1.10 ± 0.10

F. Tray with object 4 8 N/A 0.17 ± 0.01 –

Evaluations involving environment constraints such as collision avoidance are presented separately in

Table 4.6. The evaluation covers a wide variety of tasks having 2–26 task space constraint dimensions

and 1–3 priority levels. For the first 5 tasks in Table 4.6, the evaluation was performed by solving the

constraints from a random initial pose for the robot. The sixth task in Table 4.6 involves manipulability

optimization. In this case, random poses within the reachable range of the robot and on the tabletop

were chosen for the object to be picked. The last 4 tasks in Table 4.6 include collision avoidance. In

these cases, the colliding object was moved along a pre-defined trajectory. A random trajectory was not

chosen for the colliding object since it could lead to situations where collision avoidance is impossible.

The trajectory was chosen in a way that the robot was able to avoid the collision while satisfying the

geometric constraints imposed by the underlying task.

In this evaluation, the runtime of our iterative approach with COBYLA and SLSQP solvers and the

hybrid approach with COBYLA solver were compared. The derivative-based SLSQP solver provides

better runtimes than the derivative-free COBYLA solver. It is clear from the evaluation, that the hybrid

approach is overall faster than the iterative approach.

In Fig. 4.22 we also present plots of the runtime for the evaluation scenarios in Table 4.6 using our

iterative approach with the SLSQP solver. It is clear from the plot that the runtimes are significantly

affected by the presence of objects withing the minimum collision distance in the scene. Hence, two

different averages are presented: one for the case where there collision objects are far away, and the other

for cases where collision objects are within the thresholds. Note that although the time spent for collision

detection is significantly improved by using a convex decomposition of the scene, it still depends heavily

on the complexity of the scene.

Optimizing the runtimes for collision detection is beyond the scope of this thesis. The collision

detection time affects the overall runtime of the solver, and it is difficult to separate collision detection

time and solver time. Hence, two averages for runtimes are presented in case of applications involving

collision detection. One average considers cases where objects are far away and collision detection is not

triggered. The second average considers the cases where the collision constraint is active.
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Table 4.6: Runtime evaluation on application scenarios: solving of geometric constraints with environment

constraints and optimization goals

Scenario
Constraint

Dimensions

No. of

Priority

Levels

Runtime

COBYLA

(in ms)

Runtime

SLSQP

(in ms)

Runtime

Hybrid

(in ms)

Plane Distance 2 1 0.6 ± 0.1 – 0.1 ± 0.01

Cylinder Grasp 5 1 0.8 ± 0.1 0.5 ± 0.1 0.1 ± 0.01

Cup Grasp 6 1 1.2 ± 0.2 0.35 ± 0.1 0.1 ± 0.01

Cup Grasp (LWR) 6 1 – 0.65 ± 0.3 –

Tray Grasping (Dual) 12 2 3.0 ± 0.2 – –

Pick-Place + Manipulability 7 3 2.5 ± 0.3 – –

Cup + Collision 12 2 2.3 ± 0.3 0.8 ± 0.3 1.1 ± 0.10

Cylinder + Collision 11 2 – 1.7 ± 0.2 –

Cup + Collision (LWR) 13 2 3.3 ± 0.3 1.6 ± 0.3 2.0 ± 0.10

Tray Hold + Collisions (Dual) 26 2 15 ± 3.0 – –

4.7.2.2 Convergence properties of different solvers

In this section, we evaluate the convergence properties of different solvers. One of key properties of our

exact geometric solver is the ability to generate valid solutions in the constraint nullspace independent of

the initialization. This is a key difference from iterative solvers, especially gradient-based solvers where

the convergence of the iteration and the generated solution depends on the initialization. We perform a

set of experiments to highlight this difference.

For this benchmark, we evaluate our iterative solver based described in Section 3.5 against our hybrid

solver described in Section 3.6. We choose a set of robotics tasks from Section 4.5 as examples. The

initial pose of the robot is randomly sampled in the robot’s valid joint space qrand , i.e., within its joint

limits. Given this initialization, we use each solver to generate an optimal robot joint configuration qopt
that satisfies the task constraints. We analyze two properties of these solvers: satisfaction of the task

constraints in the generated solution, and the time required to generate this valid solution. We perform

the evaluation over 10000 samples of robot joint positions.

As described in Section 3.6, the Hybrid solver first uses the exact geometric solver over the geometric

constraints in the task to generate a geometric manifold task that represents the constraint nullspace.

It performs projection or direct sampling on this geometric manifold followed by an Inverse Kinematics

step to generate a robot joint configuration qseed that satisfies the geometric constraints for the task.

This is used as the seed value for the iterative solver that optimizes the robot joint pose qopt over the full

set of constraints that describe the task, including environment and robot model constraints.

The iterative solver described in in Section 3.5 directly optimizes the robot joint pose qopt from the

randomly generated starting joint pose qrand .
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Table 4.7: Convergence properties of different solvers

Scenario Framework Convergence (%) Runtime (in ms)

Plane distance
Iterative 79.4 3.07

Hybrid 93.0 1.06

Cup grasping
Iterative 58.2 6.63

Hybrid 83.1 2.97

Tray grasping
Iterative 19.2 2.43

Hybrid 100.0 0.16

Cup grasping (LWR)
Iterative 82.2 8.17

Hybrid 91.5 3.36

Tray grasping (LWR)
Iterative 24.4 5.04

Hybrid 99.9 0.20

Table 4.7 summarizes the results of this evaluation. The column Convergence presents the percent-

age of these random samples that yielded a valid solution for the task. The Runtime column presents

the solver runtime required to generate each solution, averaged over the 10000 samples. It can be clearly

seen from this Table that the Hybrid solver exhibits better convergence properties and also a much better

runtime compared to the iterative solver. Note that the runtime for the Hybrid solver also includes the

time required by the exact solver, and the (potentially) multiple Inverse Kinematics steps required during

projection and direct sampling. The Inverse Kinematics steps is a large fraction of the overall runtime

for the Hybrid solver. We use an iterative Inverse Kinematics solver based on NLOpt from the Robotics

Library [69]. If an analytical form of the Inverse Kinematics is available, this runtime could also be

significantly lower.

We also observed in these experiments that the benefits of using the Hybrid solver are much more

prominent in more complicated tasks where the task nullspace is smaller, e.g. Tray grasping compared

with Plane distance. When the task nullspace is small (e.g. the Tray grasping task), the target for the

iterative solver can be far away from the random initialization. This results in low convergence rates and

a higher probability of getting stuck in a local minima. In this case, the seed solution obtained from the

exact solver step is beneficial to provide a good starting pose to the iterative solver. Also, since the task

nullspace is small, the optimal solution for the iterative solver can be close to this initialization leading

to better convergence properties and improved runtime. In case of tasks where the task nullspace is large

and well distributed (e.g. the Plane distance task), the average distance of the random initialization to

the optimal solution is less leading to better convergence and runtime properties.

Note that the Cup grasping task has a mixed transformation manifold as its task nullspace. For

this example, the results for the Hybrid and Iterative solvers are closer. This is probably because this

task often required more iterations of the direct sampling and Inverse Kinematics steps, which increase
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Table 4.8: Runtime evaluation of control frameworks

Framework

Runtime

1 constraint

(in ms)

Runtime

2 constraints

(in ms)

Output

Iterative (GN solver) [65] 3.21 ± 0.70 3.89 ± 0.50 x

Iterative (NLOpt) 0.54 ± 0.07 0.62 ± 0.08 x

Exact 0.05 ± 0.01 0.06 ± 0.01 x

Hybrid 0.10 ± 0.01 0.11 ± 0.01 x

TSID [40, 41] 0.50 ± 0.10 0.50 ± 0.10 q

WBCF [28, 41] 0.80 ± 0.10 0.80 ± 0.10 q

Iterative (GN solver) [65] 4.00 ± 1.00 5.00 ± 0.80 q

Iterative (NLOpt) 0.80 ± 0.10 0.90 ± 0.10 q

Exact + IK 0.28 ± 0.03 0.29 ± 0.03 q

the overall runtime. We also restricted this sampling to 20 iterations and this was often not enough to

generate a Cartesian pose for the end-effector which is reachable for the robot. This also highlights a

limitation of the exact solver that it always generates a valid pose in the Cartesian space but doesn’t

consider whether the pose is reachable for the robot in terms of its joint limits. In spite of the higher

amount of time spent on this sampling step, the resulting seed solutions are effective in improving the

convergence and runtime properties of the following iterative solver step.

We also included experiments with the 7 DoF Kuka LWR robot. Generally, the convergence rates for

both solvers are better for this robot. This is due to the extra 7 DoF kinematic structure that provides

more room for optimization for the iterative solver. However, the difference in runtime is more significant

in this case. This highlights the importance of good initializations for the iterative solver, especially in

the case of redundant robots and higher-dimensional joint spaces.

4.7.2.3 Comparison with other constraint-based approaches

Based on reference implementations from our previous works [41], we compare our proposed approaches

to TSID [40] and WBCF[28] in terms of average controller runtime and task errors. The first test case

involves a plane-plane-coincident constraint where 3 DoF are fixed. The second test case has two plane-

plane-coincident constraints, making 5 DoF fixed. The tolerance for task errors is set to 10−6. The results

are summarized in Table 4.8.

It should be noted that the frameworks TSID and WBCF generate robot torques � (Table 4.2) and a

forward dynamics step was added in our implementation [41] to obtain robot joint positions q. [65] and

[7] generate robot joint positions q, but we modified our implementations so that they also generate only

target Cartesian positions x. This is to ensure a fair comparison with the Exact solver that generates
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Cartesian positions x. In this evaluation, we used the Inverse Kinematics (IK) implementation from [69]

to generate robot joint positions q from Cartesian positions x provided by the exact solver.

The timing for generating robot joint positions including the additional IK step has been reported

separately for this evaluation. There are two reasons for this. Firstly, many controllers directly support

input in the form of end-effector Cartesian positions. Secondly, runtimes for IK can vary immensely

depending on the kinematics of the robot and the IK algorithm (symbolic or iterative).

4.8 Discussion

In this Chapter, we presented the primary application of this thesis, i.e, a constraint-based robot motion

control framework. We presented our approach for realizing our objective of creating an intuitive, task-

level programming interface for robots. We demonstrated how a constraint-based definition of common

robotic tasks is not only intuitive for the user, but also efficient in terms of the programming time. We

also showed how task-level constraints can be combined with environment constraints during runtime.

Through several evaluations, we have shown that the runtime performance of our constraint solvers is

suitable for real-time control.
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(d) Cylinder grasping from the rim + collision
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(e) Cup grasping from the side (LWR)
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(f) Cup grasping from the side + collisions (LWR)

Figure 4.22: Runtime plots for tasks in Table 4.6.
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Figure 4.23: Execution of constraint-based tasks in a robotic workcell. CAD semantics allow these tasks to be defined in terms of geometric constraints

between features of robot tools and objects, allowing intuitive robot programming.
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Figure 4.24: Execution of constraint-based robotic tasks in the presence of environment constraints. a Cup grasping with obstacle avoidance using 6 DOF

Comau RACER 7-1.4, b Cup grasping with obstacle avoidance using 7 DOF LWR, c Grasping a tray with dual arm and avoiding multiple obstacles, d Pick

cylinder at rim and place with manipulability optimization.
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Chapter 5

Constraint-based Motion Planning

In this Chapter, we present a constrained motion planning algorithm that computes collision free paths

for the robot in order to execute a task. The target for the robot is not defined in the form of joint

or operational positions, but using geometric constraints. Hence, the target for the robot is not a fixed

pose but a geometric manifold. Additionally, we can define constraints on the path to be followed by the

robot. As an example, a robot carrying a tray with an open cup containing liquid can be constrained

to keep the tray horizontal while moving in order to ensure that the liquid is not spilled. Our algorithm

computes a set of waypoints for the robot trajectory such that each waypoint satisfies the path constraint

and the final target lies on the goal manifold.

5.1 Introduction

The definition of robotic tasks using constraint-based approaches is already popular in literature, and

also a core focus of this thesis. Constraint-based methods have proven to be powerful, efficient and

intuitive [4, 24] for this purpose. The constraints in question can arise from the task description itself,

e.g. geometric constraints involving objects to be manipulated and the robot’s body. The environment

in which the robot operates also poses certain constraints, e.g. obstacles. The robot’s kinematic and

dynamic properties also constrain its motion. As shown in Chapters 2 and 4, all these constraints can

be modeled in a unified constraint-based control framework. The constrained motion planning problem

involves generating optimal motion trajectories for the robot while following these constraints.

The constraint-based control framework presented in Chapter 4 focuses on the formulation of robotic

tasks using constraints. The constraint solver operating on these constraints can either be for offline

programming, or for real-time reactive control. This Chapter describes a motion planning approach

based on constraint-based task descriptions. While the controller in Chapter 4 can be used for reactive

control and trajectory adaptation, it is not suitable for generating complete trajectories.

In this work, we present a generic constrained motion planning formulation that can be applied to

any classical sampling-based motion planning algorithm such as RRT [70], RRT Connect [71], EET [72],

etc. In this work, we use the EET algorithm as an example, and modify it to plan in the nullspace of the

task constraints.
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5.2 Related Work

Our approach consists of four main components: intuitive robot task representation using constraints, an

exact geometric solver, a general sampling based planning algorithm and a constraint-based robot motion

controller.

Our modeling approaches for representing robot tasks using constraints is described in Chapter 2.

We have presented many examples of complex robotic tasks described using different types of constraints

such as geometric, robot model and environment constraints in Chapter 4. We have shown how such

constraint-based descriptions are intuitive and powerful. The exact geometric solver generates transfor-

mation manifolds from the geometric constraints in the task description. These transformation manifolds

help restrict the search space of the motion planner. Projection operators, distance functions and para-

metric equations defined for these transformation manifolds enable us to easily adapt sampling-based

motion planning algorithms to constrained motion planning algorithms.

In Chapter 4, we presented a constraint-based robot control approach. We presented several exam-

ples that involve complex robotic tasks and included geometric as well as environment constraints such

as obstacle avoidance. In general, constraint-based motion control approaches such as those based on

nullspace projections [28], task-space inverse dynamics [40, 41], solver based approaches [7, 65], or ex-

act approaches [6] all focus on control that generates the next configuration based on the current state.

While the approaches using different flavors of nullspace projections usually focus on local problems,

optimization-based approaches also have a limited time horizon. It is easy for such approaches to get

stuck in local minima in the presence of environment constraints such as obstacles. Hence, global planning

is essential for manipulation tasks.

A number of sampling-based global planning approaches have been developed to efficiently search

high-dimensional C-spaces [73]. Such sampling-based planners are designed to be efficient in exploring

the solution space, without needing the exhaustive computational requirements of dynamic programming

or getting stuck in local minima as seen in gradient-descent based methods typically used in optimization-

based controllers. On the other hand, control approaches are suitable for high-speed dynamic adaptation

to ensure that the task is executed in uncertain environments.

We try to combine the advantages of both approaches by using them at different levels. The constraint-

based descriptions of the goal and path are used for the motion planning task to generate a trajectory.

Once this trajectory is computed, the motion controller is used for real-time control of the robot. Following

this trajectory is then added as a constraint to the set of task constraints for the motion controller. The

trajectory following task is kept at a lower priority level than the task constraints. This ensures that

dynamic adaptations required due to uncertain environments don’t violate the task constraints but may

affect the pre-planned trajectory.

Overall, our approach is able to use intuitive and powerful robot task descriptions expressed as

constraints to perform efficient, constrained motion planning and real-time constrained motion control.

5.2.1 Contribution

Robot motion planning using constraints on the pose of the end-effector has been used in several works

such as Koga et al. [74], Yamane et al. [75], Yao et al. [76], Bertram et al. [77], Drumwright et al. [78],

Stilman et al. [79], and Berenson et al. [80]. Although often able to solve the problem at hand, these
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algorithms suffer from problems with efficiency [79], probabilistic incompleteness ([74], [75], [76]), and

overly-specialized constraint representations ([77], [78], [80]).

An important concept in our work is the use of an exact geometric solver to generate task nullspaces.

Several works have proposed the use of geometric subspaces that restrict the sampling spaces for motion

planners. Our approach involves automatic generation of these geometric subspaces from constraint-

based task descriptions. The exact geometric solver developed in this thesis supports non-linear geometric

constraints with inequalities. It can also handle constraint combinations where the resulting nullspace has

mixed degrees of freedom, i.e. rotation and translation elements cannot be controlled separately. Some

of these constraint nullspaces are often very complicated and difficult to visually describe or formulate.

Hence, approaches such as controlled or free axes [79], or Task Space Regions [80] cannot model tasks

involving such nullspaces. On the other hand, the geometric nullspace definitions formulated by these

approaches can also be formulated using our constraint modeling approach. Also, modeling the task

nullspace region as a constraint is relatively easy compared to the reverse, i.e. manually calculating the

nullspace from a set of constraints.

5.3 Motion Planning Approach

Our extensions to classical motion planning algorithms are rather generic and can be applied to several

approaches. As an example, we use the EET motion planner [72] as the reference. We highlight the

adaptations done to this algorithm in order to make it compliant to constraint-based task definitions.

Many sampling-based algorithms use a random sampling strategy to generate a random position in

the robot’s operational or configuration space, or sample the goal itself. In the EET sampling algorithm,

the goal is sampled as the next sample with a specific probability. In our constraint-based adaptation,

the goal for the motion planner is defined using a set of geometric constraints goal rather than a fixed

operational position Tgoal. Hence, this sample is a projection of the nearest operational position in the

tree G onto the goal manifold.

Once the sample Tsample is generated, the graph G is extended towards it. In our constraint-based

extension, this sample is additionally projected onto the path constraints path to ensure that the path

constraints are satisfied.

The motion planner terminates when the extended vertex satisfies the goal constraint, i.e., its distance

from the goal manifold is within a specified threshold.

Our constraint-based EET approach is defined in Algorithm 5, and its steps are explained in the

following sections.

This approach can also be extended for planners with two trees: one growing from the initial position,

and another from the goal. Since the goal is defined as a geometric manifold, there can be multiple

vertices representing the goal state.

5.3.1 Sampling

The probabilistic planning approach that we use is based on random sampling to generate candidate

configurations. For the constrained planning approach, it is necessary that these candidates lie in the
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Input: qstart , goal, path

Output: G = (V,E)

V ← qstart tree initialization with start configuration

E ← ∅
Tgoal ← PROJECT(qstart ,goal)
qgoal ← IK(Tgoal)
� ←  initialize exploration/exploitation balance

repeat search until goal reached
(qnear , Tsample) ← SAMPLE (G, �, goal, path,Tgoal) sample new workspace frame and select

nearest vertex

(qnew,Tnew) ← CONNECT (qnear , Tsample,path)

if qnew ≠ ∅ then

V ← V ∪ qnew
E ← E ∪ (qnear , qnew)

� ← (1 − �)� increase exploitation

end

else expansion unsuccessful

� ← (1 + �)� decrease exploitation

end

if � > 1 then perform backtracking to prev. sphere

s← sparent select previous sphere

� ←  reset exploration/exploitation balance

end

until ||PROJECT(Tnew,goal) − Tnew|| < �
return G configuration space tree

Algorithm 5: Constraint-based EET algorithm

nullspace of the path constraints. There are three general categories of such sampling approaches: rejec-

tion, projection, and direct sampling [80].

The choice of sampling algorithm depends on the task definition, and the task nullspace. In cases

where the manifold is a large space, e.g. a plane representing the tabletop, projection sampling strategy

is useful. This is because the projection operation can generate a configuration that is closest to the

nearest vertex in the tree. However, in cases where the manifold is a small and restricted space, the

projection sampling strategy is not as effective as the direct sampling strategy.

5.3.1.1 Rejection Sampling

In this sampling method, we simply generate random samples in the robot joint space qsample and check if

the corresponding operational position Tsample satisfies the path constraints path. If the constraints are

satisfied, this is considered a valid sample and discarded otherwise. This sampling strategy is useful in

cases where the constraint nullspace is rather large (occupies a large fraction of the operational space) and

there is a high probability that random sampling generates a valid sample. The benefit of this approach

is that only a binary in-out function need to be defined for the constraints.
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Input: G, s, �,goal,path,Tgoal
Output: qnear ,Tsample
if RAND() < � then sample goal

psample ← pgoal select goal position

Rsample ← Rgoal select goal orientation

Tproj ← PROJECT (Tsample,path)

qnear ← NEAREST (G,Tproj) nearest vertex in tree

else expansion unsuccessful

psample ←  (ps) sample near last point

Rsample ←  () uniform sampling for orientation

Tproj ← PROJECT (Tsample,goal)

qnear ← NEAREST (G,Tproj) nearest vertex in tree

end

return (qnear ,Tproj)
Algorithm 6: SAMPLE algorithm

5.3.1.2 Direct Sampling

In this approach, we generate samples directly in the constraint nullspace. We use a parametric represen-

tation of the constraint nullspace, and perform random sampling in the space of these parameters. This

approach guarantees that the generated samples are always valid and conform of the task constraints.

The tricky aspect in this sampling approach is the mapping between the parametric space and task space.

For motion planning, it is often required to generate samples close to the current ones. However, samples

that are close in the parametric space may not be close in the operational or task space.

5.3.1.3 Projection Sampling

The sampling approach is described in Algorithm 6. Random samples are generated in the operational

position Tsample of the robot. Tsample is then projected into the nullspace of the path constraints path

using the projection function PROJECT (Tsample,path). The corresponding robot joint position qproj
is obtained using an inverse kinematics function IK. Similarly, the goal manifold can be sampled by

projecting the random sample Tsample onto the goal manifold goal.

In this work, we use the projection sampling approach due to the following reasons:

• Our sampling space is rather low-dimensional (6D operational space). Hence, sampling time is not

a big issue.

• We can directly use existing planning algorithms without much changes. Only a projection function

in the operational space needs to be specified.

• The main bottleneck of projection sampling is distance computation from the manifold. With our

exact solver, this is very fast. The computation time for this will be too high if an iterative solver

is used instead.
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Input: qnear ,Tsample,path

Output: qnew,Tnew
if SINGULAR(qnear) then within singularity

qnew ← RAND() uniform sampling for singularities

else

Δx ← Tnear − Tsample
Δq ← J †(qnear)Δx
qnew ← qnear + Δq
Tnew ← FK(qnew)
Tproj ← PROJECT (Tnew,path)

qproj ← IK (Tproj)
end

if qproj ∈ f ree then

return (qproj,Tproj)
else

return (∅, ∅)
end

Algorithm 7: EXTEND algorithm

5.3.2 Extension

The sampling step provides the generated random sample in the operational space Tsample, along with

the nearest node the existing tree G (joint position qnear and operational position Tnear). The EXTEND
step then generates a point Tnear between Tnear and Tsample based on the obstacles and potential singular

configurations. In the presence of path constraints path, the generated point is projected onto the

constraint nullspace to generate a new point Tproj, which is added to the tree G. This step is described

in Algorithm 7.

Note that the collision checking step (qproj ∈ f ree) is the most expensive part of this algorithm. Also,

this algorithm includes an inverse kinematics step (qproj ← IK (Tproj)) which can be expensive in case of an

IK algorithm using iterative solvers. This step can be sped-up if an analytical form of inverse kinematics

is available.

5.3.3 Connect

The sampling step provides the generated random sample in the operational space Tsample, along with

the nearest node the existing tree G (joint position qnear and operational position Tnear). Note that the

EXTEND algorithm only moves one step (Δq) from the nearest vertex in the tree towards the sample.

The CONNECT step incrementally extends the nearest vertex in the tree towards the sample until it

hits an obstacle. This algorithm calls the EXTEND function in a loop until the vertex cannot be further

extended towards the sample. Algorithm 8 explains this approach.
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Input: qnear ,Tsample,path

Output: qnew,Tnew
qnew ← ∅
Tnew ← ∅
repeat

(qnew′ ,Tnew′ )← EXTEND(qnear ,Tsample,path)
if qnew′ ≠ ∅ then

qnear ← qnew
qnew ← qnew′
Tnear ← Tnew
Tnew ← Tnew′

end

until qnew′ = ∅
return (qnew,Tnew)

Algorithm 8: CONNECT algorithm

5.4 Experiments

In this section, we present some constrained motion planning examples that are based on common robotic

tasks. We specify the goal and path constraints for each of these tasks and show the paths and waypoints

calculated by our constrained motion planning algorithm.

5.4.1 Moving a tray carrying an object

In this example, the robot end-effector grasps a tray on which a soda can is placed. The task for the robot

is to move from a start point to an end point while keeping the tray upright in order to prevent the object

from sliding off the tray. The constraint-based description of this task is presented in Section 4.5.2. The

PlaneY , that is a plane parallel to the Y direction of the gripper grasping the tray, needs to be parallel

to the PlaneA1 of the tray as shown in Fig. 4.7. The path constraint path for this task is:

Parallel(PlaneY , PlaneA1)
}

path (5.1)

The planned path, in the presence of a cube-shape obstacle in the scene, and intermediate poses

calculated by the constrained EET motion planner are shown in Fig. 5.1.

5.4.2 Seam welding with start and end point

This task involves two steps. The first step is to reach the start point of the weld seam with an orientation

within the acceptable limits for the weld quality. The second step is to move along the weld seam with a

constant velocity until the end point is reached. The constraint-based description of this task is defined

in Section 4.5.1. For the motion planning problem, the goal for the first step goal,1 is defined by the

constraints in (5.2):
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(a) Starting position (b) Obstacle avoidance (c) Goal position

Figure 5.1: Constrained Motion Planning example: Moving a tray while keeping it horizontal

0 ≤ Angle(AxisB , AxisA) ≤ �max
Coincident(PointB , PointA1)(start point)

⎫

⎪

⎬

⎪

⎭

goal,1 (5.2)

The goal for the second step goal,2 is defined by the constraints in (5.3)

0 ≤ Angle(AxisB , AxisA) ≤ �max
Coincident(PointB , PointA2)(end point)

⎫

⎪

⎬

⎪

⎭

goal,2 (5.3)

The path for the second step path,2 is restricted by the constraints in (5.4)

0 ≤ Angle(AxisB , AxisA) ≤ �max
Coincident(PointB , LineA)

Velocity(PointB) ∙AxisA = 0.1m∕s

⎫

⎪

⎪

⎬

⎪

⎪

⎭

path,2 (5.4)

The planned path and intermediate poses calculated by the constrained EET motion planner are

shown in Fig. 5.2.

5.4.3 Grasping a tray by its handle

In this example, the task for the robot is to grasp a tray by its handle using a two-finger gripper. The

robot moves from a start position to a grasping position for the tray handle. The tray can be grasped

at any point along its handle. Since the two-fingered gripper also automatically centers the tray, there

is an additional nullspace along the length of the finger and also along the opening width of the gripper.

The constraint-based description of this task is similar to that of the task presented in Section 4.5.4.

Instead of the Plane-Plane-Distance-Min-Max constraint, this task requires a Line-Line-Distance-Min-

Max constraint (5.5).

The planned path and Intermediate poses calculated by the constrained EET motion planner are

shown in Fig. 5.3.
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(a) Starting position (b) Intermediate pose on seam (c) End of weld seam

Figure 5.2: Constrained Motion Planning example: A seam welding task

(a) Starting position (b) Intermediate position (c) Final grasp position

Figure 5.3: Constrained Motion Planning example: Grasping a tray by its handle

0 ≤ Distance(LineA2, PlaneB2) ≤ min(Lf∕2,Wf∕2)
}

goal (5.5)

5.5 Extensions

While this Chapter has focused on the constrained motion planning algorithm itself, there are several

extensions possible to this approach in order to integrate it with perception or motion control algorithms.

5.5.1 Combination with constraint-based motion controller

The motion planner can be combined with the constraint-based real-time robot motion controller de-

scribed in Chapter 4. The path and goal constraints are added to the motion controller, along with the

environment and robot model constraints. The trajectory calculated by the motion planner acts as a

low-priority constraint for the motion controller. The motion controller ensures that the task constraints

are satisfied in the presence of environmental uncertainties, e.g. moving objects and slight changes in the

scene.
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5.5.2 Including uncertainties

Our motion planning and control approach can be extended to account for uncertainties in the object’s

position. Our constraint-based pose estimation algorithm (Chapter 6) provides not only the underspeci-

fied pose of the object but also pose uncertainties in different axes or w.r.t the primitive shape geometries

that form the object. We incorporate this uncertainty in the form of inequalities in the task constraints.

As an example, consider the uncertainties in the pose of the welding workpiece in Section 5.4.2. We

project the uncertainties in the object’s pose (say �) onto the line defining the weld seam (�A), and to

the start and end points of the seam (�A1 and �A2 respectively).

The equality constraints that define the task are then adapted to corresponding inequality con-

straints 5.6.
�A ≤ Distance(PointB , LineA) ≤ �A

�A1 ≤ Distance(PointB , PointA1) ≤ �A1 (start)

�A2 ≤ Distance(PointB , PointA2) ≤ �A2 (end)

(5.6)

5.6 Discussion

In this Chapter, we presented a robotics application of our constrained solving framework in the field of

constrained motion planning. We modeled the goal for the motion planner using a set of geometric con-

straints instead of a fixed pose in the robot’s operational or configuration space. We also added geometric

constraints to the path of the robot while moving in its operational space. Our exact geometric solver

converts these geometric constraints into transformation manifolds. The distance functions, projection

operations and parameteric definitions of these geometric manifolds enable different sampling and termi-

nation strategies for the constrained motion planning problem. We showed how a state-of-art sampling

based motion planner can be easily adapted to handle a constrained motion planning problem.
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Applications in Computer Vision
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Chapter 6

Constraint-based Object Detection

and Pose Estimation

In this Chapter, we present a computer vision application of our constraint-based modeling techniques.

We model the classical problem of object recognition and pose estimation using geometric constraints.

We derive the algorithms for using this approach in the presence of noisy sensor data, partial views,

occlusions, and symmetrical objects.

6.1 Introduction

Object recognition and pose estimation is a classic problem in computer vision. Color and shape are the

most common forms of visual information used for this task.

In the context of this work, object detection and pose estimation refer to a frame-less system where

no prior or temporal information about the pose or even existence of objects in the scene is available.

The task is to detect all instances of a known set of objects in a given scene, along with their poses.

Our work can be classified as a model-based detection approach. We assume that the complete CAD

model of the object is available a priori. In cases where the object model is only available as a mesh or

point cloud, information about primitive shapes in the model can be extracted using our primitive shape

decomposition algorithm.

With recent advancements in 3D sensing, purely shape-based methods for object detection and pose

estimation are becoming more popular.

6.2 Related Work

This work is focused on detection of industrial objects/workpieces that are typically texture-less. Hence,

we focus on purely shape based approaches.

The modeling of the object’s geometry is an important aspect to classify the different approaches

for this problem. Some classical approaches consider the object model as a set of 3D points. There

are two main categories of approaches for this object model. The first category depends on keypoints

and feature descriptors associated with them. Some previous works in this direction include local shape
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keypoint [81], spin images [82], Fast Feature Point Histogram (FPFH) [83], interest points [84], BOLD

features [85], Implicit Shape Models (ISM) [86], Unique Shape Context (USC) [87] and VFH [88]. A

recent survey of these approaches based on implementations available in the Point Cloud Library1 was

presented in [89]. The second category uses randomly selected points on the object model instead of

keypoints, and creates a dense set of feature vectors which can be matched to random points in the scene.

Previous works using this type of approach include surflet pair based approaches [90, 91, 92], and the

triple-point feature method [93]. Each of these approaches have their own advantages and disadvantages.

Keypoint-based methods rely on the availability of unique and repeatable points on the object model.

The advantage is the computational speed since keypoint detection is usually efficient and the matching

phase involves few (key) points. Global descriptors such as VFH [88] require a cumbersome training

phase, where a large number of object views need to be generated by real experiments. Besides, their

accuracy decreases significantly in case of occlusions and partial views. The advantage of these methods

lies in their computational speed. On the other hand, methods such as [91, 92, 93], are designed to be

robust to partial views, occlusions and noisy data but don’t scale well for real-time applications or object

models with a large number of points.

Another way of modeling objects is using information about shapes that comprise the object, i.e.,

a primitive shape approximation of the object. This model is less generic than points, and is designed

to work only for objects that can be accurately approximated using a small set of primitive shapes.

The advantage of this modeling approach is that the complexity and size of the model is much smaller

compared to that with points. An important property of the typical industrial parts that we deal with,

is that they are often composed of simpler geometric parts. Hence, their geometries can be approximated

accurately using a set of primitive shapes such as planes, cylinders, spheres, etc. A key idea in our work is

to utilize the mathematical properties of such geometric primitives for object detection, since they can be

detected more accurately and efficiently than complete CAD models. We use a boundary representation

(BREP) of CAD models, since it is a standardized format that retains the information about primitive

geometric shapes. Also, BREP is a standard supported by several popular CAD modeling softwares (e.g.

SolidWorks) and exchange formats (e.g., STEP, IGES). In [66], we presented an ontological representation

of BREP-based CAD models, which we also use in this work. Previous works focusing on efficient methods

for primitive shape detection and their applications in object detection and pose estimation were presented

by Schnabel [94, 95, 96]. Applications of primitive shape-based object recognition in grasping scenarios

were shown in [97, 98].

An approach for efficient object detection and pose estimation, where information about primitive

shapes was used in combination with surflet pairs to improve the runtime and accuracy of pose estimation,

was presented in our previous work [90].

In [90], we used an energy minimization approach for decomposing object models (in point cloud

format) into primitive shapes. This approach discarded the information about primitive shapes contained

in the CAD models (stored in STEP, IGES files) and tried to estimate it again, possibly introducing errors

in the process. In this work, we directly use the information of primitive shapes stored in CAD models,

thereby achieving a perfect decomposition of the CAD models into primitive shapes.

In [90], we presented the concept of object detection using sets of primitive shapes that are minimal

sets for 3D pose estimation. However, possible minimal combinations such as 3 Planes or a Plane and

1www.pointclouds.org
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Figure 6.1: Pipeline for primitive shape based object detection from noisy sensor data

a Cylinder were defined explicitly. In this work, we model the constraints that each primitive shape

enforces on the object’s pose and can detect these minimal sets automatically from a set of shapes. Our

pose estimation approach can handle over-specified constraints and optimize the pose in a least-squares

sense.

For estimating object poses, we propose the use of a non-linear least squares solver that supports

inequality constraints. The constraints introduced by primitive shape matching are modified to be in-

equality constraints, since this enables explicit modeling of sensor noise in RGBD data and errors in

fitting of primitive shapes to scene point clouds in the pose estimation process in the form of bounds

for these inequality constraints. Hence, instead of matching primitive shapes exactly we explicitly model

and allow tolerances, which leads to a better convergence of the pose estimation process.

6.3 Object Detection and Pose Estimation Pipeline

Fig. 6.1 presents an overview of our object detection and pose estimation pipeline. In the offline phase,

the primitive shape information is extracted directly from the BREP model. Manufacturing uncertainties

are also modeled offline. In the live scene, primitive shapes are fit to every frame of 3D sensor data. This

step also provides information about sensor noise and shape fitting errors. A matching algorithm creates

associations between the scene and model primitive shapes. Each association creates a constraint on the

pose of a model and its possible instance in the scene. Using minimal cliques of primitive shapes in a

RANSAC-based algorithm, object instance and pose hypotheses are generated. A hypothesis verification

step then filters the hypotheses and generates the final instances of objects in the scene along with their

poses.

6.4 Primitive Shape Detection

The primitive shape detection pipeline is shown in Fig. 6.2. The point cloud PC is represented as a set of

primitive shapes i containing points PCi ⊆ PC such that ∪PCi ⊆ PC. In this work, the primitive shapes

i can be planes, cylinders and spheres. An example of such a decomposition is shown in Fig. 6.3, where

the original scene cloud is shown in Fig. 6.3 (a) and its decomposition into primitive shapes is shown in

Fig. 6.3 (b).
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Point
cloud

Primitive Shape
decomposition

Assigned Hypotheses

Primitive Shape
 Hypothesis

Primitive Shape
assignment

Figure 6.2: Pipeline for Primitive Shape Decomposition

(a) (b) (c)

Figure 6.3: Primitive Shape Decomposition example : (a) RGB channel of original Point Cloud (b) result

of Primitive Shape Decomposition (c) Primitive Shape Graph representation.

6.4.1 Primitive Shape hypothesis

Hypothesis for primitive shapes are generated by randomly sampling point sets in the point cloud. Once

the hypotheses have been generated, each point in the cloud is checked to determine whether it satisfies

the hypotheses. The method used for generating a hypothesis and determining its inliers depends on the

type of primitive shape.

• Planes: A plane hypothesis can be generated using a single point (p0) with its normal direction

(n̂). To test if a point p lies on the plane
(

p − p0
)

.n̂ = 0, the distance of the point from the plane

|

(

p − p0
)

.n̂| is used.

• Cylinders: A cylinder hypothesis can be generated using 2 points (p0,p1) with their normal

directions (n̂0, n̂1). The principal axis of the cylinder is selected as the minimum distance line

between the normal directions n̂0 and n̂1. The radius r is the distance of either point to this line.

To test if a point p with normal direction n̂ lies on the cylinder, the minimum distance point on

cylinder’s axis is calculated pmin. The vector p − pmin should have length r and direction n̂.

• Spheres: A sphere hypothesis can be generated using 2 points (p0,p1) with their normal directions

(n̂0, n̂1). The intersection of the lines along the normal directions of each point is the center of the

sphere pc . The radius r is the distance of either point to the center. To test if a point p with

normal direction n̂ lies on the sphere, vector having length r and direction p− pc is compared with

the vector having length |p − pc| and direction p̂.

6.4.1.1 Energy function creation

The segmentation problem is posed as a multi-label graph-cuts optimization problem. A graph G =
{V ,E} is constructed such that each point in the point cloud is a vertex vi ∈ V . An edge Eij connects
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vertices vi and vj if the euclidean distance between the points represented by these vertices is less than

a threshold.

E = {Eij|‖
(

vi − vj
)

‖2 ≤ rmax} (6.1)

Labels li ∈ L are defined such that each label represents a color. Each li is defined by a Gaussian

N
(

�i,Σi
)

in the HSV space. Each of these vertices needs to be assigned a label which indicates the

color of the object to which the point belongs. The energy term associated with this graph is defined by

D = Dp +Ds +Dl

where,

Dp =
∑

vi∈V

∑

lj∈L
− logP (vi, lj) (6.2)

P (vi, lj) = exp(−(vi − �j) × Σ−1j × (vi hsv − �j)T ) (6.3)

is the data term. It represents the likelihood based only on the data contained in the node vi that it

belongs to the label Lj .

Ds =
∑

vi∈V

∑

vj∈Nvi

(k1 × ‖(vi xyz − vj xyz)‖2 + k2 × ‖(vi hsv − vj hsv)‖2 + k3 × ‖(vi n − vj n)‖2) (6.4)

where vi hsv, vi xyz, vi n represent the HSV, Cartesian co-ordinates and normal directions respectively for

the point represented by the node vi. Nvi is the set of points lying in the neighborhood of the point

represented by the node vi. Ds is the smoothness term, which represents the energy due to spatially

incoherent labels. It can be considered as an interaction term between neighboring nodes, where neighbors

prefer to have same labels. k1, k2, k3 are constants which influence the importance of each of the terms.

For example, if k1 ≫ k2, k3, neighboring nodes having similar HSV values will prefer having similar labels,

irrespective of their normal directions or euclidean distance from each other.

Dl =
∑

li∈L

∑

lj∈L
−logP (li, lj) (6.5)

is the label swap term. It is an indication of the likelihood of swapping labels for a given vertex. P
(

li, lj
)

represents the probability that there is an ambiguity between labels li and lj for a point. These terms

are generally set offline using color models. In this context, the labels which are likely to get mixed up

easily (e.g. white and metal) are assigned a higher probability whereas labels which are unlikely to get

mixed up (e.g. red and blue) are assigned lower probability.

6.4.2 Primitive Shape assignment

The hypotheses associated with each point in the cloud can be considered as labels for point. There may

be multiple labels associated with each point and the labeling may be spatially incoherent. To resolve

such issues and generate a smooth labeling, a multi-label optimization using graph-cuts is performed. In

this setting, the nodes in the graph comprise all possible assignment of labels to the points. The different

terms of the energy functional are explained below:

• The data term indicating the cost of a label assignment to a point is proportional to the distance

of the point from the primitive shape.
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• The smoothness term penalizes neighboring points having different labels and the penalty is in-

versely proportional to the distance between the neighboring points.

• Label swap energies are used for neighboring primitive shapes in a way that only neighboring

primitive shapes labels can be swapped.

• Label energies are added according to the complexity of the primitive shape (e.g. planes require 3

parameters while cylinders require 7), thereby favoring simpler primitives and penalizes over-fitting

of primitives.

The convex energy functional thus created is then solved using the � - expansion, � -swap algo-

rithms [99, 100, 101, 102] which gives the label assignment for each point in the cloud, such that the total

energy is minimized.

6.4.3 Merging and pruning of Primitive Shapes

Due to the addition of label energies, some hypotheses might not be assigned any points. Such hypotheses

are removed from the hypothesis set and the optimization process is repeated until no more hypotheses

can be removed.

6.4.4 Primitive Shape Graph(PSG) representation

The primitive shapes detected in the previous step are now used to create a graphical representation of

the point cloud. In this graph G = (V ,E), each primitive shape is a node v ∈ V and neighboring primitive

shapes are connected by an edge e ∈ E. An example of such a graph is shown in Fig. 6.3 (c).

6.5 Object Instance Detection

The object instance detection problem refers to the detection of all instances of a given model in a scene.

We use information about primitive shapes in the scene to achieve this. A minimal set of primitive shapes

(defined in Section 6.6.1) i ∈ m in the model is chosen. A feature vector describing this set is calculated

using Table 6.1. A successful match of this feature vector indicates a possible object instance.

6.5.1 Feature vectors for sets of Primitive Shapes

For detection of objects in the scene, correspondences between the scene shape primitives and model

shape primitives need to be determined. We obtain these correspondences by computing and matching

feature vectors from the geometric properties of the primitive shapes. These feature vectors not only

encode the geometric properties of the shapes, but also of the relations between the shapes.

Some of the feature vectors used for primitive shapes and their combinations are defined in Table 6.1.

The table only defines some simple combinations of feature vectors. However, more complicated features

involving more primitive shapes can be constructed from these representations by simple extensions.

Using this approach, a feature vector can be constructed for the entire object as well. The visibility

of primitive shapes depends on the viewpoint of the camera. Hence, feature vectors for all possible sets

of primitive shapes should be calculated offline for the object models. Minimal sets of primitives from
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Table 6.1: Feature vectors for primitive shape sets

Primitive shape Feature Vector (FV)

Inf. Plane (Pl) �
Sphere (Sp) radius
Inf. Cylinder (Cyl) radius

Pl1+Pl2 FV(Pl1),FV(Pl2),∠(n1,n2),min distance(Pl1,Pl2)

Pl+Cyl FV(Cyl),FV(Pl),∠(n,a)

Cyl1+Cyl2 FV(Cyl1),FV(Cyl2),∠(a1,a2),min distance(Cyl1,Cyl2)

Pl1+Pl2+Cyl FV(Pl1,Cyl),FV(Pl2,Cyl)

Table 6.2: Summary of supported constraints between primitive shapes

Constraint (i) Cost Function (gi) Bounds (lb, ub) Constrained Spaces

Pl1-Pl2 [nT1 ṕ21; ń
T
2n1]

lb : [dmin; amin]
ub : [dmax; amax]

Cn : [n1⟂1 ;n1⟂2 ]
Cp : [n1]

Cyl1-Cyl2 [‖ṕ21 − (nT1 ṕ21)n1‖
2
2; ń

T
2n1]

lb : [d2min; amin]
ub : [d2max; amax]

Cn : [n1⟂1 ;n1⟂2 ]
Cp : [n1]

Sph1-Sph2 [ṕ21]
lb : dmin
ub : dmax

Cn : [n1⟂1 ;n1⟂2 ]
Cp : [n1]

the scene point cloud are calculated during the pose estimation stage (Section 6.6.3), and the distance

between the feature vectors provides a metric for obtaining hypotheses of shape associations.

6.6 Object Pose Estimation

After hypotheses of object instances in the scene are determined, the corresponding poses are estimated

using a constraint-based approach. This section describes the steps involved in determining the object

pose from a set of primitive shape matches between the model and scene.

6.6.1 Geometric constraints from primitive shape matching

Each primitive shape i enforces a set of constraints (Cpi,Cni) on the position and orientation of the

object respectively. Each row of Cpi and Cni contains a direction along which the constraint has been set.

Examples of constraints set by each primitive shape are explained below:

• Infinite plane: Cpi = [0, 0, 1] and Cni = [1, 0, 0; 0, 1, 0]

• Infinite cylinder: Cpi = [1, 0, 0; 0, 1, 0] and Cni = [1, 0, 0; 0, 1, 0]

• Sphere: Cpi = [1, 0, 0; 0, 1, 0; 0, 0, 1] and Cni = �
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(a) (b) (c) (d)

Figure 6.4: Primitive shape groups in an industrial workpiece. (a) Object model. (b) The position of

the object is fully defined in 3D. However, rotation of the object along the z-axis is not fixed. (c) Position

and orientation of the object are both fully defined and these primitive shapes form a minimal set. (d) The

expected errors or tolerances in estimation of primitive shapes from point cloud data are shown (exaggerated).

A complete set of primitive shapes is defined as a set where the constraints fully specify the 3D

position and orientation of the object. A minimal set of primitive shapes is defined as a set which is

complete but removing any primitive shape from the set would render it incomplete.

Table 6.2 presents the list of supported geometric constraints between primitive shapes, where

ṕ2 = Rp2 + t

ṕ21 = ṕ2 − p1
ń2 = Rn2

(6.6)

6.6.2 Detection of minimal and complete sets of primitives

The constraints (Cpi, Cni) enforced by each primitive shape i are stacked into two matrices Cp and

Cn (each having 3 columns), where Cp represents the combination of constraints for the position and

Cn represents the combination of constraints on the orientation. The constraints are complete if the

matrices Cp and Cn both have rank 3. Fig. 6.4 shows an example of a complete set of primitive shapes.

An algorithm for detecting minimal sets is presented in Algorithm 9.

6.6.3 Constraint solving for pose estimation

Let us consider the object’s frame to be specified at position t and orientation (rotation matrix) R. This

can also be represented in the form of a homogeneous transformation matrix T . From the object models,

the relative pose (partially defined) Ti of each primitive shape i w.r.t. the object’s frame is available.

The optimization is performed over transformations that align the model to the objects in the scene.

The transformations are represented as △x = (t, r) where t is the translation and r is the rotation in axis

angle representation.

6.6.3.1 Iterative solver

The function to be optimized is the absolute value of the transformation. In other words, this means

minimizing ∥△x ∥2. The constraint functions gi along with their limits (lb(gi), ub(gi)) are obtained from
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Input:  (set of primitive shapes)

Output: min,complete (sets of minimal and complete primitive shapes)

foreach i ∈  do

minFlag← true
candidate ← i
foreach j , j > i do

candidate ← candidate ∪ j
if CheckComplete(candidate) then

[i]complete ← [i]complete ∪ candidate
if minFlag then

minFlag ← false
[i]min ← [i]min ∪ candidate

end

end

end

end

Algorithm 9: Detecting minimal and complete primitive shape sets

the primitive shape matching constraints shown in Table 6.2. The (dmin, dmax) values of the constraints

can be used to incorporate the noise in sensor data or primitive shape fitting errors (Section 6.8.1), as

well as manufacturing uncertainties (Section 6.8.5). As an example shown in Fig. 6.4: If the error in

estimation of a cylinder’s radius (r) is �r, the bounds for the cylinder matching constraint can be set as

(dmin, dmax) = (r− �r∕2, r+ �r∕2). For an error �� in estimation of the normal direction, the bounds can be

set as (amin, amax) = [cos(��), 1].

The resulting optimization problem is:

argmin
△x

∥△x ∥2

subject to lb(gi) ≤ gi ≤ ub(gi), i = 1,… , m.
(6.7)

This set of equations is then solved using a non-linear least squares min-max solver (SLSQP) from

the optimization framework NLOpt.

In this way, the constraints defined by the primitive shapes can be solved to obtain a pose of the

object. If the constraints are complete, the pose is uniquely defined. Otherwise, the constraint solver

returns one possible solution.

One advantage of using the iterative solver is that in the presence of noisy data, it provides a best

fit solution in the least-squares sense. Noisy data and uncertainties in primitive shape estimation are

common in computer vision. Hence, this solver is good at finding the optimal pose that tries to minimize

these errors.
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Input: [s, [m]min]](set of scene primitive shapes and minimal sets of model primitive shapes)

Output: [T , ℎmax] (best pose estimate with score for detected object instance)

foreach i ∈ [m]min] do

ℎmax ← 0
compute shape matching hypothesis (Hi) using fv’s, Section 6.5.1

calculate transformation estimate Ti for Hi , Section 6.6.3

compute score ℎi for hypothesis Hi

if ℎi ≥ thresh & ℎi > ℎmax then

T ← Ti
ℎmax ← ℎi

end

end

Algorithm 10: Detecting object poses using RANSAC

6.6.3.2 Exact solver

The constraints Ci that restrict the object’s pose can also be solved using the exact geometric solver in

Section 3.4. The transformation manifolds obtained from the constraint solver represents the underspec-

ification of the robot’s pose.

The runtime for generating each hypothesis is an important concern in the object pose estimation

problem. This is especially critical in case of objects with a large number of primitive shapes, since the

number of hypotheses can be large. The main advantage of using the exact solver for this application is

its runtime. The runtime for estimating the pose per hypothesis is deterministic and also significantly

faster than the iterative solver.

6.6.4 RANSAC based constraint solving for pose estimation

A shape matching hypothesis Hi consists of a set of associations between primitive shape sets, i.e.,

correspondences that relate each primitive shape in the scene to a primitive shape in the model. The

hypotheses can be computed by matching feature vectors, Section 6.5.1. An algorithm for pose estimation

using RANSAC-like iterations on minimal sets of primitive shapes is described in Algorithm 10.

We use an efficient hypothesis verification approach that utilizes the geometric information from CAD

models and primitive shape decomposition of scene point clouds, as described in [90].

6.7 Evaluation

There are two important modules in this work: primitive shape decomposition, and object detection and

pose estimation. We evaluate both these modules and present the results in the following sections.

6.7.1 Shape-based segmentation of point clouds

The Object Segmentation Database [103] was used to evaluate this algorithm. Fig. 6.5 shows the results

from primitive shape decomposition of scene clouds taken from this database. The focus here is to
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(a)

(b)

Figure 6.5: Primitive Shape Detection results. Cylinders are shown in red and planes are shown in blue-

green.

show that our approach works on a wide variety of objects, as seen in this dataset. We don’t perform

quantitative evaluations since the this module is essential for object detection and pose estimation but

not claimed as a major contribution.

6.7.2 Constraint-based object detection and pose estimation

We conduct several experiments in simulation to analyze the performance of our algorithm. We choose

simulated experiments so that perfect ground truth data is available to ensure correctness of the object

pose estimates. Also, the focus in this work is on the qualitative aspects of detecting underspecified

object poses, and the runtime rather than errors in pose estimation. The errors in pose estimation arise

largely from the errors in primitive shape detection, since the exact solver’s accuracy is only limited by

numerical limitations.

We evaluate the pose estimation runtime on several objects in our dataset. Each object is decomposed

into a set of primitive shapes. Fig. 6.6 shows the 3D models of these objects and their primitive shape

decompositions. We also mention the number of primitive shapes detected in the actual scene, since

this directly affects the number of pose hypotheses. The results from this experiment are summarized in
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(a) Box (b) Juice (c) Milk (d) Mechanical Pipe (e) Circuit Board

(f) (g) (h) (i) (j)

Figure 6.6: RGBD Object models (a,b,c,d,e) and corresponding primitive shape decompositions (f,g,h,i,j)

Table 6.3: Evaluation of object pose estimation

Model
#PS

Model

#PS

Scene
#Hypotheses

Iterative [7]

Runtime

(in ms)

Exact. [6]

Runtime

(in ms)

Box 6 6 64 62 ± 2 3.4 ± 0.01

Juice 4 4 - 0.0 ± 0.0 0.00 ± 0.00

Milk 4 4 - 0.0 ± 0.0 0.00 ± 0.00

Mech. Pipe 3 3 1 0.0 ± 0.0 0.00 ± 0.00

Circuit Board 4 4 20 N/A 1.0 ± 0.01

Table 6.3. It is clear from the table that the exact solver is significantly faster than the iterative solver,

and hence much more suitable for this application. This difference becomes more evident with increasing

number of pose hypotheses.

The time required for hypothesis verification depends directly on the number of hypotheses. The

number of hypotheses depends on the number of complete and minimal cliques, which in turn depends

on the number of primitive shapes. Hence, we evaluate the number of minimal and complete cliques for

different objects. The results are summarized in Table 6.4.

6.8 Applications

There are several applications and scenarios where our constraint-based object detection and pose esti-

mation approach proves useful and provides a clear advantage w.r.t state-of-art approaches. Some such

examples are listed in the following sections.
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Table 6.4: Minimal and complete sets for object pose estimation

Model #Primitive shapes
#Complete

cliques

#Minimal

cliques

Box 6 27 8

Juice 4 - -

Milk 4 - -

Mech. Pipe 3 1 1

Circuit Board 4 3 2

Figure 6.7: Primitive shape groups. (a). Object model. The cylinder fixes the position of the object in

x and y axes, Pl1 fixes the position along z-axis, and Pl2 fixes the position in y-axis. The cylinder and Pl1

both fix rotation of the object in x and y axes, and Pl2 fixes rotation in z and x axes.(b) Position of the

object is fully defined in 3D. However, the cylinder axis direction and normal direction of Pl1 are the same.

Hence, rotation of the object along z-axis is not fixed. (c) Position and orientation of the object are fixed

and these primitive shapes form a minimal set. (d) Position and orientation of the object are fully defined.

These primitive shapes form a complete set but not a minimal set.

6.8.1 Calculating object poses from noisy sensor data

The primary application of this work is the detection and pose estimation of objects from noisy sensor

data. Primitive shapes such as planes, cylinders and spheres are detected from RGBD data, as explained

in [90]. This step also provides estimates of the shape fitting errors. These noise estimates can be

expressed as inequality constraints and solved using the constraint solving algorithms. This pipeline is

explained in Fig. 6.1. Fig. 6.7 shows examples of (b) not complete, (c) minimal and (d) complete sets of

primitive shapes for the same object.

6.8.2 Calculating detectability of objects from viewpoints

Depending on the viewpoint of the camera, different sets of primitive shapes might be visible in the scene

point cloud. Also, the accuracy of the primitive shape detection depends on the distance of the object

and the viewpoint, as shown in Fig. 6.8. Using Algorithm 9, it can be ascertained whether the object is

detectable from a given viewpoint or not. This knowledge is important in object recognition and pose

estimation problems, where primitive shape based approaches might fail due to insufficient data available

from a certain viewpoint.
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(a) (b) (c)

Figure 6.8: Primitive shape groups for different views of an object. Using primitive shape sets, it can be

calculated whether an object’s pose can be fully estimated from a viewpoint or not. The arrows indicate

the expected noise (qualitative only) in estimation of the primitive shape parameters. (a) the position of

the object along y axis is not determined. In (b) and (c) the complete pose of the object can be estimated.

(Note: The detected primitive shapes are highlighted manually to make the image clearer.)

Figure 6.9: Grasping of a symmetric object: The grasp pose for the object is invariant to rotations along

the symmetrical axis of the cylindrical object. Two such grasping poses are shown in this figure.

6.8.3 Reasoning about symmetrical objects

The ontological representation of CAD models is used to obtain geometric information about the CAD

models. The information about minimal and complete sets of primitive shapes can be propagated back

to the ontology and utilized by different applications. Information about the nullspace of geometric

constraints, now available in the ontology, can also be used for several robotic manipulation applications,

Section 6.8.4.

6.8.4 Manipulation of symmetric objects

Knowledge about the symmetrical properties of objects/workpieces can be used to optimize robotic

manipulation tasks involving these objects. Fig. 6.9 shows a grasping task involving a symmetrical

object. Using the object recognition approach presented in this thesis, the robotic system is aware of

the fact that the z-axis of the object is an axis of symmetry. Hence, as illustrated in Fig. 6.9, the object

can be grasped using any orientation of the end effector along the z-axis. This allows optimization of the

robot’s pose within this nullspace. More such applications have been described in our works [2, 65].
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(a) (b) (c)

Figure 6.10: Manufacturing tolerances in production or assembly of parts. (a) Nominal object CAD model

(b) Actual manufactured model, with parts in Red having some placement errors (c) Superimposed image

of the perfect and manufactured object, that illustrates the manufacturing tolerances.

6.8.5 Manufacturing uncertainties in object models

The manufactured objects might differ from the nominal CAD models due to manufacturing tolerances.

In case of assembled objects, there can also be errors in the placement of individual parts. Fig. 6.10 shows

an electronic circuit, where the capacitors (blue cylinders) are supposed to be mounted perpendicular

to the circuit board. On an actual workpiece, the capacitors (red cylinders) are mounted at a slightly

different angle. Also, the resistors (blue cuboids) are mounted at a slightly different location on the real

workpiece (red cuboids). These are not errors but allowed tolerances in the manufacturing process. Using

our object recognition approach (Sections 6.6.1 and 6.6.3), these uncertainties can be modeled explicitly

and even such imperfect object models can be detected accurately.

6.9 Discussion

In this Chapter, we presented an approach for object detection and pose estimation using geometric

constraints. This approach is especially suitable for texture-less parts which are composed of a small

number of simple geometries such as planes and cylinders. We show how this constraint-based approach

can be used to account for estimated noise in the sensor data, manufacturing tolerances, and a systematic

handling of symmetrical objects.

In the next Chapter, we present a constraint-based object tracking algorithm. The geometric con-

straints from primitive shape matching and partial poses estimated from the algorithms in this Chapter

work as initializations for the tracker in the next Chapter.
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Chapter 7

Tracking using Primitive Shape

Constraints (TPSC)

Visual tracking of an object in 3D using its geometrical model is an unsolved classical problem in computer

vision. The use of point cloud (RGBD) data for likelihood estimation in the state estimation loop provides

improved matching as compared to 2D features. However, point cloud processing is computationally

expensive given its big data nature, making the use of mature tracking techniques such as Particle

Filters challenging. For practical applications, the filter requires implementation on hardware acceleration

platforms such as GPUs or FPGAs.

In this chapter, we introduce a novel approach for object tracking using an adaptive Particle Filter

operating on a point cloud based likelihood model. The novelty of the work comes from a geometric

constraint detection and solving system which helps reduce the search subspace of the Particle Filter. At

every time step, it detects geometric shape constraints and associates it with the object being tracked.

Using this information, it defines a new lower-dimensional search subspace for the state that lies in the

nullspace of these constraints. It also generates a new set of parameters for the dynamic model of the

filter, its particle count and the weights for multi-modal fusion in the likelihood modal. As a consequence,

it improves the convergence robustness of the filter while reducing its computational complexity in the

form of a reduced particle set.

7.1 Introduction

Model based visual tracking has been and continues to be an extensively researched area within computer

vision. It finds application in several domains within robotics and automation. The problem has been

explored both in 2D and 3D w.r.t. the sensor used and the dimension of the estimated state space. It

continues to be a challenging problem given the nonlinearity and noise seen in the available vision sensors.

A comprehensive survey of object tracking methods and systems mainly using RGB cameras has been

covered in [104]. The recent availability of low cots RGBD sensors have made it possible to explore model

based tracking using point cloud data.

In visual tracking, typically the state space approach is adopted to model the position, velocity and

acceleration of the object to be tracked. Statistical correspondence methods are used to estimate the
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Figure 7.1: Constrained motion of a manipulated object: the soda can lies on a tray that is being moved

by a robot.

object’s state by collecting sensor measurements, where model uncertainties and sensor noise is also

modeled. The Kalman Filter and Particle Filter are the two most popular methods in model based

tracking [105]. The Kalman filter assumes the state space to be distributed by a Gaussian and that the

update model has a linear relation with the measurement model. If the state update and measurement

models are non linear, the Extended Kalman filter [106] is used where a linear approximation of the same

are obtained using the Taylor series expansion. The assumption of a Gaussian state space distribution

limits the application of a Kalman filter. The Particle Filter overcomes this limitation by representing

the conditional state density using a set of samples called particles, where each particle contains a weight

obtained from the measurement (likelihood). Particle Filters are observed to be robust under multi-modal

likelihoods due to clutter in the tracking scene and thereby are much better in avoiding local minima

as compared to Kalman filters [107], [108]. However, the computation cost associated with Particle

Filters increases exponentially with the dimensionality of the modeled state space and the complexity of

the measurement model. For tracking using point cloud data, the measurement models are inherently

computation and memory intensive. Therefore, known applications of Particle Filter for point cloud

based object tracking is rather limited [109]. Nevertheless, particles filter operating on point cloud data

and color (RGBD) information serve as a powerful tool for model based object tracking.

For our approach, an important assumption that we make about object models is that some parts of

their geometries can be approximated using a set of primitive shapes such as planes, cylinders, spheres,

etc. For object recognition and pose estimation, these primitives prove to be very useful since they can

be detected more accurately and efficiently than complete CAD models.

Whenever an object interacts with its environment or a manipulator, its motion and dynamics are

affected. With information about the primitive shapes in the environment, these restrictions can be

modeled as geometric constraints between primitive shapes (Fig. 7.1).

Effective exploration and exploitation of primitive shape constraints can lead to considerable reduction

in the computational complexity of Particle Filters used for model based object tracking using RGBD

sensors. These constraints originate from the following sources:

• geometric properties intrinsic to the object model
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• constraints imposed by the environment on the object on contact and interaction

• constraints imposed by a manipulator, influencing the dynamics of the object

• partial views based on sensor viewpoint

While the object interacts with the environment, real-time detection of the above mentioned primitive

shape constraints can enable simplification of the object dynamics and thereby reduce the state space

dimensions of the Particle Filter’s sample set. Furthermore, the number of particles required to estimate

the state can be reduced given the dimension reductions. As a consequence the computational effort

required by the Particle Filter can be considerable reduced. We demonstrate a novel method for achieving

the above mentioned concepts and a systematic implementation with evaluations in simulation and a real-

world setup. The methodology demonstrates the feasibility of using Particle Filters with RGBD sensors

in real world applications.

The rest of the chapter is organized as follows: Section 7.2 presents the state of the art in model

based object tracking followed by Section 7.3 which presents the novel concept of tracking with primitive

constraints. In Section 7.4 the adaptive Particle Filter using primitive shape constraints is introduced.

Finally, experiments and evaluations are presented in Section 7.5 followed by conclusion and future work

in Section 7.6.

7.2 Related Work

Object recognition and pose estimation of objects from 3D data is a classical problem in computer vision.

Here we refer to a memoryless, single-frame system that can be used to initialize or correct the tracker. In

our previous work [8, 9], we have presented approaches for estimating the partial pose of objects and also

the remaining DoFs. Other work in this area features primitive shape graphs [90, 94], surflet-pair based

approaches [90, 92], and the triple-point feature method [93]. Keypoint and descriptor based approaches

include local shape keypoint [81] and global descriptors [88].

Model based object tracking in general finds several citing in computer vision literature. Several

algorithms and systems have been developed over the years. The work presented in [110] provides

a unifying framework for model based visual tracking in the form of a library of algorithms for 2D

and 3D tracking, where object tracking using a variety of sensors and visual features can be explored.

Similarly, [111] developed a framework for automatic modeling, detection, and tracking of 3D objects

using RGBD data from sensors such as a Kinect. They employ a multi-modal template based approach

presented in [112]. In [113] the authors present a GPU based framework for accelerating Particle Filter

based approaches applied to 3D model-based visual tracking.

A special case of 3D visual tracking is tracking of human hands in several degrees of freedom (3-26).

Multiple approaches in terms of visual features, tracking methods and data fusion have been explored for

handling this high dimensional problem [114], [115], [116] and [117].

In terms of Particle Filter based tracking methods, several approaches have been documented in

literature [118]. The work in [119] presents a Bayesian framework for 3D tracking of deformable objects

by exploring multiple-cues. The authors propose a spatio-temporal model of the object using Dynamic

Point Distribution Models (DPDMs) in order to improve robustness towards appearance changes. The
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Input: Primitive Shape model model, last object pose st−1, point cloud It, particle set t−1,
default Gaussian noise covariance wdef

Output: Tracked object pose st, particle set t
scene ← detectPrimitives(It)
 ← detectConstraints(model,scene, s−1)
Ccomb ← combineConstraints()
foreach S i = (si, wi)t−1 ∈ t−1 do

ŝit ← fproj(sit−1) (Table 7.1)

ŵit ← [(Nt ⋅wdeft )Nt + (S ⋅ �t)St, (NR ⋅wdefR )NR + (SR ⋅ �R])SR] (Table 7.1)

end

 ← computeLikelihood(̂t)
t ← resample(̂t,)
st ← mean(t)

Algorithm 11: Algorithm for tracking with primitive shape constraints (TPSC)

state estimation is performed using a Particle Filter using three cues (shape, texture and depth) in the

likelihood model. In terms of adaptive particle filters, the KLD tracker [120] is an approach for adapting

the sample set based on the covariance values. In our approach, we adapt both the sample size and the

tracking subspace based on the primitive shape matching constraints.

Many of the above tracking papers above were also single camera approaches, allowing nearest neigh-

bor operations to be fast by exploiting the organized nature of 3D data [113]. To handle complete

occlusion of objects multiple sensors would be required. Multi-camera tracking approaches were also

studied [121] [122], but these approaches were found to either use individual RGB cameras directly dur-

ing likelihood estimation, or extracted primitives directly from a fused point cloud scene for comparison.

Our core contribution is a novel approach for object tracking using multiple RGBD sensors through

an adaptive Particle Filter. The adaptive nature of the filter is modeled on the use of a primitive

shape detection algorithm which exploits the detected geometric constraints connected to the object

during the tracking process and thereby exploits these constraints to reduce the search subspace of the

Particle Filter increasing its convergence robustness and also reduces its computational complexity. Our

approach can also use multiple sensors seamlessly, and works on unorganized point clouds via our fast

GPU implementation of the following indexed octree library [123].

7.3 Primitive Shape Constraints for Tracking

This section describes our adaptive tracking approach with primitive shape constraints. The overall steps

are described in Algorithm 11, and their individual details are described in the following subsections.

7.3.1 Object models based on primitive shapes

We use a boundary representation (BREP) [2] for all geometric entities in our system. This representa-

tion composes objects from semantically meaningful primitive shapes (e.g., planes, cylinders). Fig. 7.2

illustrates such Primitive Shape Decompositions for some of the objects used in this work. This object
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 7.2: RGBD Object models (a,b,c,d,e) and corresponding primitive shape decompositions (f,g,h,i,j)

model is motivated from the observation that the estimation of primitive shapes such as planes and

cylinders in a point cloud is faster and more robust than detection of the full object models. Based on

this simplified model, the object detection and pose estimation problem can be considered as a primitive

shape matching problem [9] between the set of model and scene primitive shapes (m and s respectively).

In the context of object pose estimation, the model primitive can be considered as a constrained shape,

the scene primitive as a fixed shape, and the shape match as a constraint Ci = Coincident( i
s,

i
m). A

geometric constraint adds restrictions to the relative pose of the constrained shape w.r.t. the fixed shape.

Each primitive shape i ∈  enforces a set of constraints Ci = (Cpi ,Cni ) on the position and orientation

of the object respectively. Each row of Cpi and Cni contains a direction along which the constraint has

been set. Table 7.1 defines these nullspaces for the geometric constraints relevant to this work.

By analyzing the set of primitive shapes that form an object, properties such as symmetry can be de-

termined. Each primitive shape i ∈  in the object is used to create a constraint Ci = Coincident(i,i).
The set of constraints  =

⋃

i
Ci is then used by a constraint solver (Chapter 3) to determine a transforma-

tion manifold. These transformation manifolds are geometric entities, and provide projection functions

(Table 7.2). Hence, any pose hypothesis for the object can be projected onto this transformation manifold.

The DoFs of this transformation manifold determine the symmetry axes of the object. This information

about the symmetry axes and the projection functions from the transformation manifold can be exploited

to improve the tracking, as shown in Section 7.4.

Given a partial view of an object, it might not be possible for a detector to determine its complete

pose. This is especially the case for detectors based on primitive shapes, where fine features that form

a small fraction of the object are often ignored in simplified models. Given the set of primitive shapes

visible from a specific viewpoint, the DoF analysis can be used to determine the axes along which the

pose can’t be determined. This information can be utilized by the tracker to sample more particles in
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Table 7.1: Nullspace definitions for supported geometric constraints

Fixed Constrained
Constraint Controlled Space Null Space

(C) (S) (N)

Pl1(p1, n̂1) Pl2(p2, n̂2) Dist. (d)
SR : [n̂1⟂1 ; n̂1⟂2 ]
St : [n̂1]

NR : [n̂1]
Nt : [n̂1⟂1 ; n̂1⟂2 ]

Pl1(p1, n̂1) Pl2(p2, n̂2) Coinc.
SR : [n̂1⟂1 ; n̂1⟂2 ]
St : []

NR : [n̂1]
Nt : [1]

L1(p1, â1) L2(p2, â2) Coinc.
SR : [â1⟂1 ; â1⟂2 ]
St : [â1⟂1 ; â1⟂2 ]

NR : [â1]
Nt : [â1]

Pt1(p1) Pt2(p2) Coinc.
SR : []
St : 1

NR : [1]
Nt : []

L1(p1, â1) L2(p2, â2) Parallel
SR : [â1⟂1 ; â1⟂2 ]
St : [â1⟂1 ; â1⟂2 ]

NR : [â1]
Nt : [â1]

1 Pl = Plane, L = Line, Pt = Point, Coinc = Coincident, Dist = Distance, p = Point, n = Normal

direction, a = Axis

these DoFs. Since the tracker uses a motion model and maintains a history of the previous pose, it might

be able to predict the correct pose of the object in from this partial view.

7.3.2 Geometric model of the environment constraints

We exploit knowledge about the environment and its effect on the object’s motion, by modeling the

environment using the same primitive shapes models as described in Section 7.3.1. Geometric constraints

can then be defined between primitive shapes in the environment (e) and the object (m). As an

example, for an object that only moves on a tabletop, a Coincident constraint can be defined between

a plane on the object’s bottom surface and the plane of the table. This restricts the translation of the

object along the normal direction of the tabletop plane, and orientations along the other two orthogonal

axes.

7.3.3 Constraint solver

We choose the exact geometric solver (Section 3.4) for this application. This provides several advantages

over iterative approaches. Most importantly, the transformation manifolds and projection functions need

to be calculated once for each frame of the scene point cloud and can be re-used for all the particles.

Also, the exact solver is much faster than iterative approaches. For our constraints, the exact solver can

provide runtimes of approximately 50�s.
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(a) (b) (c) (d)

Figure 7.3: Projection of particles to the nullspace of geometric constraints (a) 3D particle set (b) Particles

projected onto a plane (c) Particles projected onto a line (d) Particles projected onto a point

7.4 Adaptive Particle Filter

The Particle Filter based tracker holds a state-space representation of the 3D object. The pose is modeled

in 6D (position and orientation) and represented as

st = (xt, yt, zt, �t, �t, t) (7.1)

7.4.1 Projection sampling

The Particle Filter incorporates a Brownian motion model for the state prediction. As compared to a

normal particle filter, in our method the Filter’s dynamic model is further influenced by the projections

fproj(s) obtained form the geometric constraints detection system, as discussed in Sec 7.3 and Algorithm 11.

Fig. 7.3 shows an illustration of the projection operations. In case of one plane match, the translation

nullspace is a plane, and all points in the particle set st are projected onto the plane (Fig. 7.3(b)). For

two plane matches, the constraint is a Line-Line Coincident constraint between the lines of intersection

of the two sets of matched model and scene planes. The translation nullspace is a line, and all points

in the particle set st are projected onto it (Fig. 7.3(c)). For three plane matches, the constraint is a

Point-Point Coincident constraint between the point of intersection of the two sets of matched model and

scene planes. The translation nullspace is a point, and all points in the particle set st are projected onto

it (Fig. 7.3(c)).

During the prediction phase several prior state hypothesis sit are generated by the Particle Filter to

form the particle (sample) set using the previous particle distribution (si, wi)t−1. The motion model used

is Brownian in nature: (7.2) where, w is the white Gaussian noise with defined covariance in the st state

variables and K is the number of particles.

sit = fproj(s)(s
i
t−1) +w

i
t, i = 1, 2,… , K (7.2)

7.4.2 Covariance adaptation

In the re-sampling step, the particle filter uses the estimated Gaussian noise covariance value to add

random noise to the sampled particles. This Brownian model is an important feature of the particle filter

approach and enables it to adapt to measurement noises. This value should closely correspond to the

actual random noise in the measurement, e.g, the inherent accuracy and precision of the sensor. This
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Table 7.2: Projection functions for supported geometric constraints

Fixed Constrained
Constraint Projection Functions (fproj(s))

(C) Translation (projp(u)) Rotation (projr(Ri))

Pl1(p1, n̂1) Pl2(p2, n̂2) Dist. (d) u + ((p1 − u) ⋅ n̂1)n̂1 + dn̂1 RAA(n̂1xn̂2,∠(n̂1,Rin̂2))Ri

Pl1(p1, n̂1) Pl2(p2, n̂2) Coinc. u + ((p1 − u) ⋅ n̂1)n̂1 RAA(n̂1xn̂2,∠(n̂1,Rin̂2))Ri

L1(p1, â1) L2(p2, â2) Coinc. p1 + ((u − q) ⋅ ̂̂a) ̂̂a RAA(â1xâ2,∠(â1,Riâ2))Ri

Pt1(p1) Pt2(p2) Coinc. p1 Ri

L1(p1, â1) L2(p2, â2) Parallel u RAA(â1xâ2,∠(â1,Riâ2))Ri

1 Pl = Plane, L = Line, Pt = Point, Coinc = Coincident, Dist = Distance, p = Point, n = Normal

direction, a = Axis, u = Input Point, Ri = Input rotation matrix, RAA(a, �) = Rotation matrix

defined by Axis a and angle �

value also depends on the sensor data processing that might introduce delays and therefore additional

uncertainty in the actual measurement.

In our adaptive particle filter, we exploit the information about primitive shapes detected in the scene

to adapt this noise estimate. The primitive shape detection algorithm provides estimated noise in the

detection process (e.g. average fitting error for points on a plane). The default noise covariance vector

wdef represents the estimated noise in the raw sensor data. For the combined primitive shape constraint

used for tracking Ccomb, the estimated noise in position and orientation is �R and �t respectively. A

constraint specifies the directions it constrains (Controlled Space Directions) and the directions where

it has no effect (Nullspace directions), as listed in Table 7.1. In the directions controlled by the con-

straint (Controlled Space Directions) the estimated Gaussian noise covariance corresponds to �R and �t,
while in the remaining directions (Nullspace directions) the estimated Gaussian noise covariance is wdef .
Equation (7.3) combines these to generate the adapted covariance vector ŵ.

ŵ← [(Nt ⋅wdeft )Nt + (S ⋅ �t)St, (NR ⋅wdefR )NR + (SR ⋅ �R])SR] (7.3)

7.4.3 Hypothesis verification

For every particle hypothesis the object model is projected into the point cloud scene I and a likelihood

is computed w.r.t. a distance matching metric. It requires evaluation of a distance measure Dp between

the projected point cloud of the object model and the corresponding nearest neighbor points in the

measurement Pt. This is followed by the computation of the distance measure Dc on the color separation

of the two point sets.

Dp =
1
N

N
∑

n=1

dist(mnxyz, I
n
xyz)(1 −m

n
normal ⋅ I

n
normal))

r
(7.4)

Equation (7.4) presents the first metric where, N is the number of projected points based on the

camera perspective (only points visible to the camera view are considered by analyzing the normals),
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dist(m, I) refers to the distance between a model point m and the approximated nearest neighbor point

in the scene within a search radius r. The computed distance is further biased by the angle between

the normal directions of the model point and the matched scene point. This is obtained using the dot

product between the two normals wherein a better match reduces the overall distance measure. (7.4)

represents the metric.

qm = fhisto2D(mhsv)

qI = fhisto2D(Ihsv)

Dc =

[

1 −
N
∑

n=1

√

qm (n) qI (n)

]1∕2 (7.5)

Equation (7.5) shows the color distance measure which is obtained by generating the joint probability

histograms [124] of the projected model points and the matched scene points obtained from the nearest

neighbor search as a part of the point matching distance measure. The RGB values of the points are

first converted to a HSV color space and thereafter the the joint probability histograms qm and qI are

computed for the projected model and scene points respectively. In the next step a distance between the

two histograms is computed using the Bhattacharya distance metric [125]. The two distance measures

are fused in a likelihood function under a Gaussian model wherein a weighted sum of the the two distance

measures is applied. A parameters �p and �c define the fusion weight of the point and color matching

metrics respectively such that �p + �c = 1. Equation (7.6) presents the likelihood model where Df is the

fused distance measure and � is the Gaussian likelihood model covariance.

P (z|sit) = exp(−
K
∑

p=1
(D2f∕�)

Df = �pDp + �cDc

(7.6)

Based on the computed likelihood, the weight wi of each particles is updated. Based on the normalized

weights distribution a importance based re-sampling strategy [126] is applied to the particle set.

7.4.4 Complexity

Applying the Particle Filter for tracking objects in the scheme mentioned above is challenging in terms

of computational complexity arising from a very high number of particles required to track the object in

6D. The point cloud based likelihood models themselves are computationally heavy give their big data

nature. Furthermore, sensor noise, scene clutter and free dynamics of the object effects the stability of

the tracker resulting in tracking loss. In our work we precisely address this problem of Particle Filters

through geometric constraints. We define a finite parameter set which influences the sub search space of

the Particle Filter. It is gives as follows:

PFparams =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

K, particle count K > 0
w, process noise covariance
�c , colour modality weight

0 ≤ �c ≤ 1

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(7.7)

On startup, the Particle Filter is initialized using a rough pose of the object using a standalone

detector. This information is sufficient to obtain a initial estimate of the object’s state. However, to
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maintain robust track of the object which exhibits free dynamics, the parameter set represented in (7.7)

requires one-line adaptation in real-time. In order to achieve this the companion geometric constraint

detection system operates in close synchronization with the Particle Filter. At each time step, the

constraint detection system gets the current estimated pose of the target from the Particle Filter. Based

on the association between the target pose and the geometric constraints detected (plane, line or point)

a new set of parameters are generated for the Particle Filter. This process essentially locks one or more

degrees of freedom of the update model of the Particle Filter which is reflected in the new covariance set

for the dynamic update model. In addition the reduction in the state space dimension allows reduction

in the particle count resulting in reduced computational complexity of the filter. Furthermore, it is

observed that the color modality allows convergence of the Particle Filter when the filter initialization

is considerably away from the ground truth or under tracking loss scenarios. In such circumstances

the influence of the color modality can be enhanced using the �c parameter. Fig. 7.6 compares the

performance of these different tracker modes in cases of tracking loss.

7.5 Experiments and Evaluations

We conducted several experiments, both in simulated scenes and on real data from a Kinect v2 sensor.

Through these experiments, which are described in detail in the following subsections, we show how

objects can be accurately tracked by our system with very few particles.

7.5.1 Experimental setup

Figure 7.4: Experimental setup with illustrations of some live tracking scenarios

Our live experimental setup (Fig. 7.4) consists of 3 NUC/Kinect units (C1, C2, C3) with a tracking

space of approximately (3m x 3m x 2.5m). RGB and Registered Depth images are extracted via the

libfreenect2 and iai-kinect2 [127] drivers and sent via the ROS (Robot Operating System) interface to a

central computer. The 3 cameras are extrinsically calibrated to a central WorldFrame. We then create

a fused streaming point cloud by generating, transforming and fusing the points together into the same
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Figure 7.5: Tracking trajectories for object JuiceBox using TPSC

frame on the GPU. A voxel grid filter followed by polynomial fitting [128] is used to filter out noise, and

finally generate data (r, g, b, x, y, z, nx, ny, nz) at approx. 10Hz. We run our experiments on a Intel 6700K

CPU and a Geforce GTX 1070.

7.5.2 Evaluation of TPSC

For evaluation, we used the set of models available from [109]. The objects and their simplified models

based on primitive shape are shown in Fig 7.2.

We quantitatively examined several aspects of our tracking approach. Firstly, we evaluate the effect of

color information (controlled by parameter �c) on the tracking performance. Secondly, we determine the

benefits of using primitive shape constraints. For each object in the evaluation, we used 4 different tracking

approaches: Only 3D (i.e., using only 3D point cloud information Dp), color+3D (i.e., �pDp + �cDc),

3D+PSC (Dp with primitive shape constraints), and the full TPSC (i.e. �pDp + �cDc with primitive

shape constraints).

For the tracking scenario, we used a tabletop scene with the object. In the first segment of the ground

truth trajectory, the object is moved in all 6 DoFs until it reaches the table. In the second segment, the

object moves along the table with 3 DoFs (translation along x and y axes, and rotation along z-axis).

The results showing the errors in each axis for all the object and tracker combinations are summarized in

Table 7.3. Tracking trajectories in rotation and translation for the object JuiceBox using the full TPSC

tracker over the simulated dataset are shown in Fig. 7.5. Fig. 7.6 compares the evolution of tracking

errors from an initial position for the 4 different trackers.It is clear that the full TPSC tracker shows the

best convergence properties.

From the evaluation, and a comparison with the results in [109], it is clear that our approach can

achieve reasonably accurate tracking by use of very few particles. In most cases, use of color information

improves the tracking, but there are a few outliers. This is more prominent for the Box, and the probable

reason is a low-resolution color model and similar textures on all faces of the box. In particular, it can be

observed that tracking with use of primitive shapes always improves the tracking accuracy, and requires

lesser particles.

117



7. TRACKING USING PRIMITIVE SHAPE CONSTRAINTS (TPSC)

Table 7.3: Evaluation of TPSC

Object Tracker
#Particles RMS Errors (mm) RMS Errors (deg)

(min. – avg. – max.) X Y Z Roll Pitch Yaw

Box

Only 3D 500 10.2 8.7 7.9 7.7087 6.1825 11.6113

color+3D 500 10.0 9.8 7.6 6.0418 6.0899 10.3905

3D+PSC 150 – 255.7 – 500 10.6 3.8 3.3 1.7763 1.8372 2.5001

color+3D+PSC 150 – 255.1 – 500 8.7 3.3 5.0 1.7898 1.7909 3.1615

Juice

Only 3D 500 15.4 11.8 6.8 7.9867 7.1782 9.8036

color+3D 500 13.4 8.3 6.2 8.0417 8.0357 8.4454

3D+PSC 150 – 335.2 – 500 12.0 3.7 6.1 1.9949 3.0015 4.0498

color+3D+PSC 150 – 304.3 – 500 3.9 3.9 4.8 1.4417 1.0215 2.6449

Milk

Only 3D 500 10.7 6.0 8.2 3.9158 4.3284 7.2542

color+3D 500 8.4 7.2 6.7 6.1082 4.8459 8.4107

3D+PSC 150 – 379.8 – 500 5.9 4.6 7.1 3.2659 3.1813 4.2037

color+3D+PSC 150 – 340.3 – 500 5.0 4.0 5.8 3.1820 2.6500 3.7363

KinectBox

Only 3D 500 10.4 23.2 14.1 4.9606 6.1498 5.0923

color+3D 500 10.4 16.9 12.7 4.7392 7.0245 5.3812

3D+PSC 150 – 342.5 – 500 9.3 19.2 9.7 3.6295 3.3586 3.3702

color+3D+PSC 150 – 355.2 – 500 5.9 10.4 7.4 1.9650 3.4623 1.7482

7.5.3 Application in logistics domain

We use some examples from the logistics domain to evaluate our tracking approach. This domain is very

relevant for our approach since a large fraction of cargo items are comprised of simple shapes such as

cuboids and cylinders. We show a tracking scenario with 3 kinect V2 sensors, where some cargo items

are tracked (Fig. 7.7).

We use simulated object trajectories to generate a synthetic dataset and use this to compare two

trackers under different settings. Our baseline tracker (“Only 3D”) is a simple particle filter that doesn’t

use the primitive shape information. The second tracker is our primitive shape based tracking approach

(“3D+PSC”) described in Section 7.4. We quantitatively evaluate several properties of the trackers. We

study the effect of varying the number of particles on the accuracy of tracking, i.e. the RMS tracking

errors in rotation and translation w.r.t the ground truth. The results of this experiment are summarized

in Table 7.4. From this evaluation, we can see that the use of primitive shape constraints improves the

tracking error. In some cases, the performance of the “3D+PSC” tracker with 50 particles is close to or

better than the “Only 3D” tracker with 200 particles. This confirms our expected behavior that the use

of primitive shapes reduces the search subspace and hence, the required number of particles to sample

the space.
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Table 7.4: Evaluation of TPSC in a logistics scenario

Object Tracker
#Particles RMS Errors (mm) RMS Errors (deg)

X Y Z Roll Pitch Yaw

WoodBox

Only 3D 50 26.1 23.9 27.4 2.91 2.79 2.75

Only 3D 100 21.4 25.0 23.2 2.11 2.29 1.82

Only 3D 200 14.9 19.5 19.7 1.45 1.53 1.35

3D+PSC 50 14 14.1 16.3 1.69 1.57 1.40

3D+PSC 100 14 15.2 13.6 1.21 1.29 1.08

3D+PSC 200 10.1 12.7 14.3 1.097 0.87 0.85

Box

Only 3D 50 15.4 17.3 56.2 5.74 19.05 7.36

Only 3D 100 11.8 24.6 23.9 1.97 1.65 2.00

3D+PSC 50 14.3 12.6 34.0 5.01 18.87 7.13

3D+PSC 100 10.3 19.4 16.1 1.25 1.07 1.28

We also plot the tracking errors over time for this dataset for the object WoodBox. Fig. 7.9 shows

the results for this experiment, where tracking errors for the “3D+PSC” tracker in blue are lower than

that of the “Only 3D” tracker throughout the tracking sequence.

In addition to the synthetic data, we also performed several experiments with real sensor data captured

using our experimental setup. Some images of these experiments showing the properties of our tracker are

shown in Fig. 7.7. We compared the tracking trajectories for these two solvers on this database. Fig. 7.8

shows this comparison, where the trajectories for the “3D+PSC” tracker seem more smooth compared

to those for the “Only 3D” tracker.

More results from this application are presented in [10] and Appendix B.

7.6 Discussion

In this Chapter, we have presented an approach for exploiting geometric information about the object

and its environment to improve the performance of a Particle Filter based tracker. This is achieved by

combining an intelligent primitive shape detection component that can also estimate the shape fitting

error, and an exact geometric constraint modeling framework that can generate the geometric nullspace

with bounds based on these errors. An adaptive Particle Filter formulation restricts its search to this

nullspace, and also adapts the process covariances according to the estimated fitting error.

In principle, our approach can be used in higher dimensional spaces and is not specialized for 6D space.

We focused our experiments towards 6D rigid objects, but this can be extended to articulated objects

(e.g. hands, skeletons) in the future. Also, in many practical tracking scenarios the tracker complexity

is also influenced heavily by the number of objects to be simultaneously tracked. If each object requires

a smaller (and lower dimensional) search subspace based on our method, more objects can be tracked

simultaneously with the same number of particles.
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Figure 7.6: Convergence of trackers from an initial pose, for the object Juice. The four trackers mentioned

in Table 7.3 have been tested: t1 refers to “color+3D+PSC”, t2 refers to “3D+PSC”, t3 refers to “color+3D”,

t4 refers to “’Only 3D”.
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7.6 Discussion

(a) WoodBox:

Full 6D tracking

(b) WoodBox: Tracking in a clut-

tered scene

(c) WoodBox: Full 6D tracking in

a cluttered scene with occlusions

(d) Box:

Full 6D tracking

(e) Box:

Full 6D tracking

(f) Box: Tracking in the presence

of large occlusions

(g) Chair: Tracking of a more

complicated object

(h) Chair: Tracking in the pres-

ence of occlusions

(i) Chair:

Full 6D tracking

Figure 7.7: Constraint-based tracking for 3 objects in our experimental setup.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-1.5

-1

-0.5

0

0.5

1

1.5

Po
si

tio
n 

(m
)

Comparison of position tracking:
3D tracker with100 particles and 3D PSC with100 particles

3D PSC x
3D x
3D PSC y
3D y
3D PSC z
3D z

(a) Trajectory for translation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-600

-500

-400

-300

-200

-100

0

100

An
gl

e 
(d

eg
)

Comparison of orientation tracking:
3D tracker with100 particles and 3D PSC with100 particles

3D PSC roll
3D roll
3D PSC pitch
3D pitch
3D PSC yaw
3D yaw

(b) Trajectory for orientation

Figure 7.8: Comparison of trajectories for object WoodBox using our live experimental setup
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Figure 7.9: Comparison of tracking errors on synthetic data from a pre-defined trajectory for the object

WoodBox.

122



Part IV

Conclusion and Appendix

123





Chapter 8

Conclusions and Future Work

In this work, we presented the first steps towards a complete constraint-based approach for robotic

systems. While we have tried to provide sufficient evidence that this is not only feasible, but also

provides improvements over state-of-art methods, there are several concepts that need to be studied in

more depth and many extensions to this work are possible.

8.1 Contributions

The main contribution of this work is the use of constraints to describe diverse classical problems in

robotic systems. Constraint-based methods have been used in several fields, especially in the development

of robot motion controllers. However, to the best of our knowledge, constraint-based methods haven’t

been applied to classical computer vision problems of model-based object detection, pose estimation and

tracking. Our unifying cosntraint modeling and constraint solving framework for handling such diverse

problems is the core contribution of this work. Through four classical problems, we have tried to show

that a constraint-based approach for modeling intelligent robotic systems is feasible. Fig.8.1 shows a

collection of some key images that illustrate our contributions to the different problems.

8.1.1 Constraint modeling and solving framework

Our solution is based on our own constraint modeling and solving framework. One key observation

in focusing the direction of this work is the fact that geometry and geometric constraints are common

elements in each of these fields. Hence, we focus on modeling and solving geometric constraints. We

have proposed an exact geometric constraint solver that presents several advantages over the state-of-art.

Firstly, it supports constraints with inequalities. Secondly, it supports mixed transformation manifolds,

i.e. cases where the rotation and translation elements in the constraint are dependent. We have provided

several examples to prove the importance of these extensions. We developed an iterative solving approach

that can handle non-linear constraints with inequalities and is necessary for modeling environment and

optimization constraints. We also presented a hybrid solver that combines the advantages of exact and

iterative solvers: incorporating the powerful and generic constraint model from iterative solvers, while

exhibiting better convergence properties with more predictable runtimes due to better initialization using

the exact solver.
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Task Objects Tools Workcells (sensors and actuators)

Models

Constraint-based motion planning

Real-time control

Motion Planning and Control

Primitive Shape Detection

Object Detection and Pose Estimation Real-time Tracking

Computer Vision (Tracking and Detection)

Intuitive Task Programming

Obstacle Avoidance Manipulability Optimization Velocity Limits

Environment constraints

Underspecified Tasks
 (Task nullspace)

Task-level Programming

Figure 8.1: Overview of contributions: Our modeling approach is key to all the applications. The three

main application domains are: Task-level robot programming, Computer Vision (Model-based detection and

tracking), and Robot Motion Planning and Control.

8.1.2 Task level robot programming, planning and real-time control

We have developed a constraint-based robot task description methodology based on our constraint mod-

eling and solving frameworks. This framework can be used for several levels of robot task description:

CAD-like mating interface for creating assemblies, offline programming of robot motions, and real-time

control with environment constraints. While subsets of the features that our framework supports are also

possible with other state-of-art frameworks, our complete set of features is unique. Also, the scope of

geometric constraints supported by our framework goes beyond the state-of-art. We have also developed

a constrained motion planning approach that combines a probabilistic motion planner with our exact

geometric solver. The constraint-based task and goal descriptions can be directly used in this motion

planner to generate collision-free paths while satisfying task constraints.

8.1.3 Computer vision

We view the classical computer vision problem of object detection and pose estimation from a different

and uncommon perspective. We formulate the pose estimation problem as a constraint solving problem.

Our method is specialized for objects that lack any distinctive texture, and can be decomposed into

a small set of primitive geometric shapes such as planes, cylinders and spheres. Our method detects

such primitive shapes in a given scene, matches them to primitive shapes in the object model. Each

such match adds a geometric constraint on the pose of the model’s instance in the scene. We present

efficient RANSAC-based algorithms to generate object instance hypotheses. Our method also presents a

systematic approach to handle symmetric objects with less than 6 DoFs.

126



8.2 Shortcomings

In the field of model-based visual tracking, adaptive particle filters are among the most powerful

and commonly used algorithms. The dimensionality of the tracking space, and consequently its size is

a major factor that affects the tracker performance. This is simply due to the reason that the number

of particles required to effectively cover the tracking space increases exponentially with the number of

dimensions. We propose to reduce the dimensionality and size of this tracking subspace by exploiting

information of primitive shapes in the object models. Similar to our object detection module, we detect

primitive shapes in the scene and associate them with object instance hypotheses. Each such match adds

a geometric constraint to the pose of the object instance in the scene. The tracker then only need to

track the objects in the nullspace of these geometric constraints. Through several experiments, we show

that compared to a standard particle filter, our constraint-based tracking approach achieves comparable

accuracy with significantly fewer particles.

8.1.4 Demonstrations

Our framework was used in the development of intuitive interfaces for programming industrial robots,

which were used in several industrial robotic applications such as assembly, woodworking and welding.

We applied our method to several robotic platforms including several 6 DoF manipulators, redundant

manipulators such as the 7 DoF Kuka light weight arm, a 13 DoF dual arm robot, and a large gantry

robot. We conducted extensive simulations to evaluate our framework, and also used it on real robots

to prove its capabilities in practical applications. Our results were used in several demonstrators in a

European robotics research project SMErobotics 1, and were also presented at international trade fairs.

8.2 Shortcomings

Some of the shortcomings and known potential issues with our approach are presented in the following

sections.

8.2.1 Further extension of exact solver

In this work, we extended the exact solver from Rodriguez [11] to include constraints with inequalities

and mixed transformation manifolds. It significantly increased the complexity of the solver in terms of

the number of constraint combination rules and manifold mappings. Another extension for this solver is

to support more powerful geometric descriptors such as Non-uniform rational basis splines (NURBS)2. In

our opinion, this extension is not trivial. The key idea for the exact solver is based on the fact that closed

form solutions exist to many of the constraints involving primitive geometric shapes such as points, lines,

planes, cylinders, spheres, etc. In case of geometric descriptors such as NURBS, this is not true in the

general sense. Hence, a solver to support such geometric descriptors might not be exact.

8.2.2 Runtime performance of object detection

We have approached the object recognition and pose estimation problem from the direction of primitive

shapes and their properties. The algorithm is technically sound and shows good potential for the datasets

1http://www.smerobotics.org
2https://en.wikipedia.org/wiki/Non-uniform_rational_B-spline
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that we work with. However, this is a classical field in computer vision and there are many approaches

that view this problem from a completely different perspective. One such method is template matching,

where a large number of templates of the object are generated from different viewpoints of the object

from real or synthetic data. This template is then matched to the real scene during runtime to detect

objects and estimate their pose. This method requires a significantly larger amount of memory compared

to our method but the runtime performance is much better. Another such method is based on keypoints.

While our approach tries to focus on the geometric elements that describe a large fraction of the object

model, these methods tend to focus on specific keypoints that form a small fraction of the object model

but are most discriminative. Intuitively, our approach tends to work better in situations where the object

model is very simple and prone to occlusions and partial views. The keypoint-based approach works

better in cases where the object has distinctive points that are also well spread across the object. The

key advantage of keypoint-based methods over ours is their speed.

In conclusion, we believe that our method is suitable for a set of objects and scenarios where the

traditional approaches might not work at all. The runtime performance is a an issue with our method, but

we believe that this can be solved in the future with efficient implementations and hardware acceleration.

We have used parallelization on the CPU with OpenMP, but haven’t explored GPU implementations yet.

This could result in a major speed-up and alleviate these concerns.

8.2.3 Dependence on detection of primitive shapes

We have presented our own approach for detection of primitive shapes from point cloud data. However,

our focus has been on the use of these detected primitives for object detection or tracking. Current

implementations of primitive shape detectors, both ours and state-of-art, are rather slow and significantly

affect the overall runtime of our algorithms. This is particularly the case for primitives such as cylinders

or spheres. Efficient approaches for detecting these primitives from sensor data are essential for our

constraint-based detection and tracking algorithms to be effective.

8.3 Proposed Future Work

There are several directions for future work on the topics presented in this thesis. There are several

possible extensions to the constraint-based modeling framework. Also, we believe that our work can be

useful in many other classical problems in the fields of computer vision and robotics. Some of these ideas

are presented in the following Sections.

8.3.1 Convergence

In Section 1.6, we presented the concept of a robotic system architecture that combines the different

problem domains that we covered in this work. However, within the limits of this thesis, we have treated

each domain separately. Some more effort needs to be directed towards conducting experiments that can

combine these applications together and exploit the synergy effects. As an example, the estimated errors

and tolerances from vision can be used to define compliance in control.
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8.3.2 Tracking in higher dimensions

The constraint-based tracking approach that we presented is well suited for high-dimensional tracking.

In this work, we only presented the basic ideas with proof-of-concept experiments. We have shown how

our tracker scales well with the dimensions. In the future, we plan to do more experiments involving

simultaneous tracking of multiple objects to prove this. Also, we want to evaluate our tracker on high

DoF articulated objects such as human hands [129] or skeleton [130].

8.3.3 Tracking and detection threads

A common concept in computer vision systems is the use of detection and tracking in parallel threads.

The detector in this case is a completely state-less thread, where each sensor frame is treated without

any bias from previous states. The tracker requires initialization, and is prone to problems such tracking

loss and getting stuck in local minima. Even with adaptive particle filters with random restarts, a large

number of particles or iterations might be necessary to recover from such situations. This detection

thread is used for initializing or correcting the tracker in such situations. We presented our detector

and tracker as separate modules and evaluated then in separate experiments. In the future, we plan to

combine these.

8.3.4 Combined motion and force control

Our real-time controller focused on position and velocity level constraints. This was also motivated by

the fact that most industrial robot control interfaces support position or velocity control only. Extending

this approach to force control is also a direction of future work. We made some progress in this direction

in the work by Cai et al. [41] [131]. We could extend our hybrid constraint solver, where geometric

constraints are solved exactly and combined with environment constraints as well force constraints in the

iterative solver.

8.3.5 Constraint-based visual servoing

Cai et al. [131] presented an idea for combining Image-based Visual Servoing [132, 133, 134] with

constraint-based control. While Cai et al. presented this with implementations of whole body con-

trol approaches such as WBCF [28] and TSID [40], we can extend this to use our iterative or exact

solvers. Agravante et al. [135] also presented a similar idea. Studying how geometric constraints can be

better used in Visual Servoing, and using our hybrid solver in this context is a topic for future work.

8.3.6 Extending our constraint controller for highly redundant robots

We have focused our experiments largely on industrial robots and manipulators with 6 DoFs. Our

approaches are particularly useful in such robots since the scope for optimization in the robot joint space

is rather limited and our efficient constraint solving techniques are necessary. We also performed some

experiments with redundant robots such as the 7 DoF Kuka LWR and a Comau dual arm robot. The

results for these robots are also promising and indicate that our method is suitable for such robots. In

fact, the convergence properties for our solvers were much better in case of these robots.
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In the future, we plan to perform more experiments with redundant robots and find applications in

highly redundant robots such as humanoids. Typical approaches for such robots focus on local lineariza-

tion using Jacobians, or iterative solvers. Our exact and hybrid solvers could prove beneficial for such

applications by providing better initial positions and improving the convergence properties of existing

approaches based on iterative solvers.
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Appendix A

Transformation Utilities

A.1 Rotation defined by an axis-angle pair

Given a vector û = (ux, uy, uz) and an angle �, the rotation matrix defining the rotation of an angle �
around the vector û is given by A.1.

RAA(û, �) =
⎛

⎜

⎜

⎜

⎝

au2x + c� auxuy − uzs� auxuz + uys�
auxuy + uzs� au2y + c� auyuz − uxs�
auxuz − uys� auxuy + uzs� au2z + c�

⎞

⎟

⎟

⎟

⎠

(A.1)

where a = 1 − c�, c� is the cosine of the angle �, and s� is the sine of the angle �

A.2 Rotation defined by two pairs of vectors

Given two pairs of corresponding vectors, ((â, b̂)→ (d̂, ê)) the complete rotation matrix can be calculated.

This is based on the definition of rotation matrices based on orthonormal basis sets.

The orthogonal basis (â, b̂a, ĉ) can be calculated given two of the vectors (â, b̂) using A.2 and A.3

b̂a =
b̂ − (â ⋅ b̂)â
∣ b̂ − (â ⋅ b̂)â ∣

(A.2)

ĉ = â × b̂a (A.3)

After computing the requisite orthonormal basis sets (â, b̂a, ĉ) and (d̂, êd , f̂ ), the rotation matrix

Rvv((â, b̂)→ (d̂, ê)) =
[

d̂, êd , f̂
][

â, b̂a, ĉ
]T

(A.4)
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Appendix B

Evaluation of Tracking with

Primitive Shape Constraints

In this Chapter, we present some additional evaluations for our constraint-based visual tracking approach.

We use two objects, i.e., the WoodenBox and Box, for this evaluation. We use data recorded from

our experimental setup as well as synthetic data with known ground truth for these experiments. The

experiments with real data show the performance of the tracker in real applications with noise and clutter.

The simulated data is useful for benchmarking the accuracy of the tracker w.r.t. perfectly known ground

truth.

B.1 Tracking results for object WoodBox

Fig. B.1 shows the trajectories estimated by our tracker on a dataset recorded from our live experimental

setup for the object WoodBox. Fig. B.2 shows the comparison of trajectories estimated by our tracker

and the known ground truth on a synthetic dataset for the object WoodBox.

B.2 Tracking results for object Box

Fig. B.3 shows the trajectories estimated by our tracker on a dataset recorded from our live experimental

setup for the object Box. Fig. B.4 shows the comparison of trajectories estimated by our tracker and the

known ground truth on a synthetic dataset for the object Box.

133



B. EVALUATION OF TRACKING WITH PRIMITIVE SHAPE CONSTRAINTS

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-1.5

-1

-0.5

0

0.5

1

1.5

Po
si

tio
n 

(m
)

Comparison of position tracking:
3D tracker with100 particles and 3D PSC with100 particles

3D PSC x
3D x
3D PSC y
3D y
3D PSC z
3D z

(a) Trajectory for translation (100 particles)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-600

-500

-400

-300

-200

-100

0

100

An
gl

e 
(d

eg
)

Comparison of orientation tracking:
3D tracker with100 particles and 3D PSC with100 particles

3D PSC roll
3D roll
3D PSC pitch
3D pitch
3D PSC yaw
3D yaw

(b) Trajectory for orientation (100 particles)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-1

-0.5

0

0.5

1

1.5

Po
si

tio
n 

(m
)

Comparison of position tracking:
3D tracker with200 particles and 3D PSC with200 particles

3D PSC x
3D x
3D PSC y
3D y
3D PSC z
3D z

(c) Trajectory for translation (200 particles)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-600

-500

-400

-300

-200

-100

0

100

An
gl

e 
(d

eg
)

Comparison of orientation tracking:
3D tracker with200 particles and 3D PSC with200 particles

3D PSC roll
3D roll
3D PSC pitch
3D pitch
3D PSC yaw
3D yaw

(d) Trajectory for orientation (200 particles)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-1

-0.5

0

0.5

1

1.5

Po
si

tio
n 

(m
)

Comparison of position tracking:
3D tracker with400 particles and 3D PSC with400 particles

3D PSC x
3D x
3D PSC y
3D y
3D PSC z
3D z

(e) Trajectory for translation (400 particles)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

-600

-500

-400

-300

-200

-100

0

100

An
gl

e 
(d

eg
)

Comparison of orientation tracking:
3D tracker with400 particles and 3D PSC with400 particles

3D PSC roll
3D roll
3D PSC pitch
3D pitch
3D PSC yaw
3D yaw

(f) Trajectory for orientation (400 particles)

Figure B.1: Comparison of trajectories for object WoodBox using our live experimental setup
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B.2 Tracking results for object Box
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Figure B.2: Comparison of trajectories for object WoodBox over synthetic data with ground truth
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Figure B.3: Comparison of trajectories for object Box using our live experimental setup
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Figure B.4: Comparison of trajectories for object Box over synthetic data with ground truth
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[56] Bernd Finkemeyer, Torsten Kröger, and Friedrich M Wahl. Executing assembly

tasks specified by manipulation primitive nets. Advanced Robotics, 19(5):591–611, 2005. 53
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