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ZUSAMMENFASSUNG

Die Erzeugung der Baryonasymmetry des Universums durch CP-verletzende Oszillationen
zweier nahezu massenentarteter schwerer Neutrinos wird in der Nichtgleichgewichtsquan-
tenfeldtheorie untersucht. Für schnelle und überdämpfte Oszillationen werden analytische
Näherungen hergeleitet. Es wird dann das Potenzial zukünftiger Experimente wie FCC-ee,
ILC und CEPC für Tests des Parameterraums bestimmt. Ferner werden Diffusionskonstan-
ten als essenzielle Parameter für die elektroschwache Baryogenese zur führenden Ordnung
berechnet.

ABSTRACT

The generation of the baryon asymmetry of the universe via CP-violating oscillations of two
almost mass degenerate heavy neutrinos is studied within non-equilibrium quantum field
theory. Analytic approximations are found in the case of fast and overdamped oscillations.
The perspective of future experiments such as FCC-ee, ILC and CEPC to probe the
parameter space is determined. Further, diffusion constants as essential parameters for
electroweak baryogenesis are computed to leading order.
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1
INTRODUCTION

1.1 motivation

Within the recent decades the Standard Model of particle physics (SM) has established
itself as a powerful theory that is able to explain the majority of phenomena that can be
observed in particle physics. With the detection of the Higgs boson in 2012 all of the SM
particles have been finally discovered [10]. However, it is well-known the SM cannot be
the full theory of nature.
On the one hand, the violation of charge and parity (CP ) in the SM is too weak

to explain the observed baryon asymmetry of the universe (BAU), that is conveniently
quantified as the ratio of the baryon number (B) and the entropy density (s), i.e.

8.2× 10−11 .
B

s
. 9.4× 10−11 . (1.1)

This value is accurately determined at a confidence level of 95% by comparing prediction
of cosmic abundances of light elements that have been produced within the first three
minutes of the universe via the theory of Big Bang nucleosynthesis (BBN) [11] to measure-
ments of temperature fluctuations as anisotropies in the Cosmic Microwave Background
by WMAP [12] and Planck [13].
On the other hand, the observed neutrino flavour oscillations require the existence of

new degrees of freedom that generate the light neutrino masses, cf. [14–16] for reviews
including many references. These can be either heavy fields that have been integrated
out from non-renormalisable operators with mass dimension five or higher or right-handed
(RH) neutrinos. The latter ones are well-motivated since neutrinos are the only fermions
in the SM that only come with left-handed (LH) chirality. Further, these are not only
able to explain the observed BAU via leptogenesis [17] in the early universe but can also
account for the light neutrino masses via the seesaw mechanism [18–23]. Particularly the
coupling to the SM particles via Yukawa interaction introduces new parameters including
new CP -violating phases that are able to generate a sufficient amount of baryon charges
in the primordial plasma.
Further, it is well-known [24] that only 4.9% of the universe is made out of ordinary

matter. Since several attempts to explain the existence of the non-luminous matter or
Dark Matter (DM), such as modifications of gravity, have failed, the most promising
explanation is given by extending the SM by massive and electrically neutral particles,
that only weakly interact with the visible sector.
In 1967, Andrei Sakharov stated that successful baryogenesis, i.e. any process that

dynamically generates a non-zero BAU, requires three conditions to be fulfilled [25]. First,
there have to be processes that lead to a non-conservation of B. Second, both charge
(C) and CP have to be violated. And third, a departure from thermal equilibrium has

1
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to be present. Given that the universe has started with zero amount of B, effects that
end up in a violation of B are strictly necessary. If both C and CP were conserved, for
any process that produces more matter than antimatter there would exists a symmetric
counter process with the same rate. This prevents any generated net asymmetry from
surviving over long periods of time. Due to the charge, parity and time reversal (CPT )
invariance theorem a violation of CP is only possible when breaking the time reversal
(T ) invariance. Thermodynamically this is realised if the corresponding system is out-of-
equilibrium. In comparison to parity (P ), C and B violation in the SM, CP violation is
too weak to explain the observed BAU. Any working baryogenesis scenario has to bring
in new sources of CP violation and has to provide deviations from equilibrium. Due to
the invariance of the SM Lagrangian under the global U(1) group, B and the total lepton
number (L) are conserved at the perturbative level. However, as realised by Gerard ’t Hooft
in 1976 [26, 27], non-perturbative effects related to the chiral anomaly of the electroweak
(EW) theory, so-called EW sphalerons [28], conserve the combination B − L but violate
B+L by six units. These processes are fast enough to be in equilibrium for temperatures
higher than the EW scale but are highly suppressed in the broken phase of the SM [29].
Therefore, any non-zero L is directly related to a non-zero amount of B before the EW
phase transition (PT). In the broken phase, however, any B that has been generated in
the symmetric phase can be prevented from a washout.
Amongst many promising scenarios of baryogenesis, the following two scenarios are

discussed within this thesis. First, baryogenesis via leptogenesis [17], i.e. the dynamical
generation of L, that is transferred into a net B through EW sphalerons, is studied. In
particular, leptogenesis from oscillations of heavy RH neutrinos [30] with masses in the
GeV-scale is investigated. A number of different scenarios is given in the review [31].
Second, EW baryogenesis where the B charge generation happens during the EWPT [28,
32, 33], cf. e.g. refs. [34, 35] for reviews, is studied. In particular, relevant diffusion
constants are computed. Both scenarios have to happen at temperatures higher than the
EW scale in order to allow for B violation via B + L violation through EW sphaleron
processes.
In a weakly coupled and dilute plasma quantum Boltzmann equations turn out to be

a powerful tool to describe evolution processes of particle number densities. However,
these are not suitable for the processes discussed in this thesis. In particular, these
do not take account of the necessary screening for the different particles due to inter-
actions with the surrounding plasma, a feature that is needed to regulate infrared (IR)
divergences, that appear in certain tree-level scattering processes. Therefore, in order to
correctly describe baryogenesis at temperatures above the EW scale, this thesis relies on
non-equilibrium quantum field theory based on the closed-time-path (CTP) approach by
Schwinger-Keldysh [36, 37], cf. e.g. refs. [38–41] for pedagogical reviews. Kinetic equations
that determine the evolution of particle distribution functions are derived from the two-
particle irreducible (2PI) action [42]. These implicitly provide the correct description of
the physical screening.
As already mentioned above, heavy RH neutrinos can not only solve the neutrino mass

problem [18–23] but can also generate the observed BAU via leptogenesis [17]. Due to
their Yukawa interaction and their Majorana masses new sources of CP violation are
present. The non-equilibrium condition can be realised in different ways depending on the
parametric regime. Due to small Yukawa couplings, that are necessary in order to explain
the light neutrino masses, it is reasonable to assume that there is zero initial abundance
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of heavy neutrinos when the radiation dominated era starts [43]. Within this thesis we
mainly focus on the scenario of two almost mass degenerate heavy neutrinos, while some
of the outcomes are valid for three or more heavy neutrinos. In ref. [44] it has been shown
for the first time that two heavy neutrinos are enough to explain the BAU via leptogenesis
and the light neutrino masses via the seesaw mechanism. This requires the lightest SM
neutrino to be massless. In the Neutrino Minimal Standard Model (νMSM) [44, 45], i.e. the
minimal extension of the SM by three heavy neutrinos, the remaining heavy neutrino can
be a DM candidate. This requires an extremely tiny coupling to the SM neutrinos such
that the effect on the BAU and the light neutrino masses is negligible, cf. e.g. ref. [46].
The first proposed scenarios of leptogenesis [17] consider superheavy RH neutrinos,

i.e. RH neutrinos with masses much above the EW scale. These are not only produced but
decay long before the EW symmetry breaking (SB) as soon as their rate becomes Boltz-
mann suppressed at T . Mi, with Mi the masses of the heavy neutrinos. Interferences
of different decay channels effectively lead to an asymmetry in the total lepton number L
due to the CP -violating phases. Since EW sphalerons are active at these temperatures,
any violation of L gets translated into a generation of B. The non-equilibrium condition
is due to the expansion of the universe such the RH neutrinos cannot follow their equilib-
rium distribution. Even though flavour effects might be important [47–51], one finds that
the dominant contribution to B generation in such leptogenesis scenarios is generically
mainly due to lepton number violating (LNV) effects. Since these effects are suppressed
for T . Mi, all L that has been produced via the decay is protected from a washout.
Such leptogenesis scenarios including modified versions have been studied in refs. [52–54].
The disadvantage of such models is the inaccessibility in laboratory experiments since the
mass of the lightest RH neutrino is required to be larger than 109 GeV [55, 56]. Studies
of resonant leptogenesis [48, 57–62] with high degeneracies in the RH neutrino masses can
push this lower bound further down to the TeV-scale.
In the case of heavy RH neutrino masses at the GeV-scale the asymmetry is not created

in the decays but during the production of the heavy neutrinos via coherent oscillations
amongst these due to CP -violating correlations between the different mass eigenstates.
Such a scenario has first been discovered by Akhmedov, Rubakov and Smirnov [30], the
reason why it is often referred to the ARS scenario. A further study has been provided
in ref. [44]. In order to account for the small neutrino masses, the relative smallness of
the heavy neutrino masses implies Yukawa couplings that are much smaller than those
in leptogenesis scenarios from decays of heavy neutrinos. Consequently, the production
of the heavy neutrinos happens rather late. The non-equilibrium condition is fulfilled
when at least one of the heavy neutrinos has not equilibrated before the EW sphaleron
freeze-out. The asymmetries which are produced during the oscillations are at first purely
flavoured (PF), while the total lepton number is approximately conserved for T � Mi

in a substantial fraction of the parameter space. However, the asymmetries La in the
different flavours can be converted into helicity asymmetries in the heavy neutrinos sector
via washout processes. As the corresponding rates are different for the individual flavours,
a total lepton asymmetry L is generated besides an equal amount of asymmetries in the
heavy neutrino sector. If the washout is not completed before the EW sphaleron freeze-out
a non-zero baryon number will be created due to fast EW sphalerons that convert L into B
but are insensitive to heavy neutrino asymmetries. The heavy neutrino masses and their
Yukawa couplings control both the time of the first oscillations as well as the relaxation to
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equilibrium. This allows to differentiate between two regimes in which analytic solutions
can be found [2]: The oscillatory regime and the overdamped regime.
When the oscillations of the heavy neutrinos happen much earlier than their equilibra-

tion, the baryon charge is created at very early times during the first few oscillations. In
order to prevent the asymmetries to be washed out too early, this scenario requires small
damping rates and consequently small Yukawa couplings, which is why it is often referred
to the weak washout scenario. This allows to treat this scenario perturbatively in the
Yukawa couplings, which gives rise to accurate analytic approximations.

The case of heavy neutrino oscillations that are so slow that not even one full oscillation
has happened before the EWSB corresponds to the overdamped regime. One finds that the
oscillation time scale is given by the mass difference of the heavy neutrinos. Thus, in such
a regime a high mass degeneracy is required. Equilibration times that are small compared
to the oscillation times allow for anomalously large Yukawa couplings. The requirement
of having at least one heavy neutrino that must not equilibrate before the EW sphaleron
freeze-out allows for analytic approximations in terms of quasi-static solutions, as applied
in refs. [57, 63].
The fact that leptogenesis from oscillations of heavy RH neutrinos allows for heavy neu-

trino masses in the GeV-scale makes the low scale seesaw a testable theory [1]. Therefore,
collecting information about their mixing to the SM particles, their CP properties and
on their mass spectrum are essential to decide if the heavy neutrinos are the common
origin of light neutrino masses and the BAU. Within this thesis it is thus assumed that
heavy neutrinos will be detected in some future direct search experiments [64–66]. Further
constraints can also come from a combination of indirect searches for signatures, such as
lepton flavour violation (LFV) or neutrinoless double beta (0νββ) decay. Provided that
heavy neutrinos are lighter than the W boson, direct searches can be performed at both
lepton colliders [67–74] and hadron colliders [74–81], cf. ref. [74] for an overview of sig-
natures at different collider types. For heavy neutrino masses smaller than the masses
of the B mesons, B factories [82–86] and fixed target experiments [87] can be used as
discovery machines. These include T2K [88], the NA62 experiment [88–90], as well as
the SHiP experiment that is proposed at CERN [69, 91, 92] or also the DUNE beam at
FNAL [93–95]. At the GeV-scale particularly future lepton colliders such as the Future
Circular Collider (FCC) in the electron positron mode [3, 68, 70, 72, 96], i.e. the FCC-
ee, the International Linear Collider (ILC) [3, 70, 71, 97–99] and the Circular Electron
Positron Collider (CEPC) [3, 70, 100] are very capable of finding heavy neutrinos via dis-
placed vertex searches. A huge number of displaced vertex events allows for a precision
measurement of the coupling of the heavy neutrinos to all SM flavours [3]. Provided that
the Dirac phase in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix is measured
to sufficient precision in neutrino oscillation experiments, which could be done at DUNE
or NOνA [101], all the fundamental parameters of the type-I seesaw mechanism are in
general determinable. As a consequence, the low scale seesaw is a fully testable theory of
baryogenesis and the light neutrino masses [1].
The generation of the BAU can also happen during the EWPT locally at temperatures

around 100 GeV, cf. the reviews [34, 35]. Above this temperature the universe is fully
symmetric in the EW gauge groups and acts as a hot plasma of particles in which no
initial amount of B is present. The universe expands and cools down until the EW gauge
symmetry is broken via the Higgs mechanism. It is well-known that EW baryogenesis
is only successful when this PT is first-order. In this case bubbles of broken symmetries
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nucleate and expand until they fill out the whole space. As soon as the bubble wall hits
the particles in the symmetric phase, they feel the coupling to the Higgs field, particularly
because they receive their masses from the Higgs expectation value (EV) that builds up in
the bubble wall. Provided that the underlying theory contains CP -violating parameters,
this interaction implies reflection of particles at the wall that are in general different
for different chiralities of the fermions and for antiparticles. This eventually does not
only lead to an accumulation of CP asymmetries for one or more particle species at the
wall, that diffuse into the symmetric phase, but also pushes the system out-of-equilibrium.
During this diffusion process the different particles are interacting with the surrounding
plasma. Due to scattering processes that are fast compared to the inverse diffusion length,
equilibration processes redistribute charges in front of the wall. Particularly asymmetries
of LH fermions are present. Since EW sphalerons are only sensitive to LH particles they
provide the necessary C violation. Therefore, the asymmetry in the LH leptons is converted
into a non-zero B via EW sphaleron transitions that are fast in the symmetric phase. The
condition of non-equilibrium is met when the expanding bubbles soak up the baryon charge.
In the broken phase the EW sphaleron transitions can be strongly suppressed what would
prevent the baryon charge that has been created from a washout. This, however, is only
the case if the PT is strongly first-order. As this puts an upper bound on the SM Higgs
mass of mφ . 70 GeV [102, 103] which is far below the observed value of the Higgs mass,
one needs to go beyond the SM. Further, the CP violation in the SM, which is due
to the Dirac phase in the Cabibbo-Kobayashi-Maskawa (CKM), is too weak in order to
produce sufficient amounts of charges during scatterings with the bubble wall [104–106].
Supersymmetric extensions of the SM and models with additional Higgs doublet, such as
the two-Higgs-doublet model, can not only push this lower bound sufficiently high but also
provide a necessary amount of CP sources, cf. e.g. [107–111]. The network of equations
that describes the diffusion and scattering process in front of the bubble is particularly
sensitive to the diffusion constants for the different particles in the plasma [107, 110,
111]. Therefore, an understanding of EW baryogenesis requires the determination of these
diffusion constants.

1.2 outline

Chapter 2 reviews the SM and discusses its extension by two or more heavy RH neutrinos
that can generate the light neutrino masses via the type-I seesaw mechanism. A distinction
is made between normal neutrino mass ordering (NO) and inverted neutrino mass ordering
(IO). Further, relevant Feynman rules that are necessary to evaluate different Feynman
diagrams in this thesis are derived.
Properties of quasiparticles at finite temperatures in the symmetric phase of the SM

are discussed in chapter 3. This requires a short introduction to the non-equilibrium CTP
formalism, in which quantum kinetic equations, such as the Schwinger-Dyson (SD) and
Kadanoff-Baym (KB) equations, for the different SM particles are derived from first prin-
ciples. Fully one-loop resummed propagators are obtained when solving these equations.
These are dressed by particle interactions with the plasma that provide a finite width
and give rise to dispersion relations. Analytic expression for the relevant self-energies are
provided. Particularly, a full analytic solution to the spectral part of the gauge boson
self-energy is derived, while the thermal masses are given in the hard-thermal-loop (HTL)
limit.
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Diffusion constants for chiral fermions and the Higgs that describe the diffusion process
of particles in front of the bubble wall are computed to leading order within the CTP
formalism in chapter 4. These are derived from Boltzmann-like equations. The relevant
collision terms receive contributions from one-loop self-energy type and two-loop vertex
type diagrams. The first ones are logarithmically enhanced in the IR for soft momentum
exchange and consequently require the use of resummed propagators. This gives a leading
logarithmic contribution to the diffusion constants, while the vertex type diagrams only
contribute to leading linear order and turn out to be subdominant. Numerical values for
the different diffusion constants such as those of chiral fermion and the Higgs in the SM
are compared to previous results.
In chapter 5 relativistic quantum kinetic equations describing leptogenesis from CP -

violating oscillations of two almost mass degenerate heavy neutrino with masses in the
GeV-range are derived within the CTP formalism. Spectator effects and backreaction
are included in this study. Necessary transport coefficients, such as thermal masses and
damping rates are computed to leading order in a momentum-averaged framework. By
applying time-scale arguments the parameter space can be divided into two regimes. Ap-
proximate analytic solutions for both the oscillatory regime and the overdamped regime,
that work well up to order one (O(1)) corrections, are provided. Further, the importance
of LNV processes, in contrast to the PF but lepton number conserving (LNC) processes,
is highlighted.
Chapter 6 discusses how neutrino oscillation data and other constraints, such as direct

and indirect constraints, can be used to test the low scale seesaw mechanism as the ori-
gin of the light neutrino masses. Provided that in addition heavy neutrinos can explain
the observed baryon asymmetry via leptogenesis, new constraints arise on properties of
the heavy neutrinos. In this case, the potential of future direct search experiments for
discovering heavy neutrinos is studied. Particular attention is given to the future lepton
colliders FCC-ee, ILC and CEPC and how these can constrain the low scale seesaw model
parameters. Eventually, the testability of the low scale seesaw mechanism is elaborated.
Chapter 7 summarises the results obtained in this thesis and gives an outlook to future

works.
Additional technicalities, such as the computation of spectral and Hermitian parts of

self-energies, are given in appendix A. A few remarks regarding the test of the low scale
seesaw and leptogenesis, such as expressions for active-sterile mixing angles, are discussed
in appendix B.
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MIN IMAL EXTENS ION OF THE STANDARD MODEL

Throughout this thesis different Feynman diagrams have to be evaluated, i.e. when de-
scribing dispersion relations and damping rates for quasiparticles at high temperatures in
the symmetric phase of the SM. Therefore, it is essential to know the Feynman rules that
are needed for the following computations within this thesis. Note that the Feynman rules
in this chapter for the different vertices are given for zero temperature but can be applied
to processes at finite temperatures. Since the BAU cannot be explained within the SM
alone, one needs to consider physics beyond the SM. A minimal extension is given by intro-
ducing two or more heavy RH neutrinos that can explain the observed BAU and further
account for the light neutrino masses via the seesaw mechanism, cf. e.g. refs. [17–23] and
refs. [44, 45, 112].
In section 2.1 the SM, including neutrino flavour oscillations, is shortly discussed and a

set of Feynman rules is derived from the SM Lagrangian, while RH neutrinos are introduced
in section 2.2.

2.1 the standard model of particle physics

This section shortly introduces the SM for temperatures above the EW scale and provides
a set of Feynman rules in subsection 2.2.1, while neutrinos and their oscillations that
require the existence of non-zero neutrino masses are discussed in subsection 2.1.2. The
discussion about the neutrino masses is based on ref. [16].

2.1.1 Symmetries, Lagrangian and Feynman rules

gauge group of the sm: At high temperature, i.e. at temperatures above the
EW scale T & TEW ' 140 GeV, the SM Lagrangian exhibits the full gauge symmetry

U(1)Y × SU(2)L × SU(3)c . (2.1)

The generators of the non-abelian gauge groups SU(2)L and SU(3)c are {Ia}3i=1 and
{Ta}8a=1, respectively, while Y denotes the U(1)Y hypercharge. From now on we stop
explicitly indicating the gauge groups with the subindices Y , L and c. These generators
are commonly expressed in terms of the Pauli matrices with Ii = σi/2 and in terms of
the Gell-Mann matrices Ta = λa/2. In the symmetric phase no EWSB has happened yet,
such that all gauge fields and all fermions remain massless. The fermions as well as the

7
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I II III representation

qiL

(
uL
dL

) (
cL
sL

) (
tL
bL

)
(3,2)+ 1

6

uiR uR cR tR (3,1)+ 2
3

diR dR sR bR (3,1)− 1
3

`iL

(
νLe
eL

) (
νLµ
µL

) (
νLτ
τL

)
(1,2)− 1

2

eiR eR µR τR (1,1)−1

φ

(
φ+

φ0

)
(1,2)− 1

2

Table 2.1: Fermions of the SM and the Higgs field with their representations.

Higgs field are displayed in table 2.1. The different gauge bosons are denoted as V a
µ with

Bµ, {Wµ}3a=1 and {Aµ}8a=1. The corresponding field strength tensors are given by

Bµν = ∂µBν − ∂νBµ , (2.2)
W a
µν = ∂µW

a
ν − ∂νW a

µ − g2f
a
bcW

b
µW

k
ν , (2.3)

Aaµν = ∂µA
a
ν − ∂νAaµ − g3f

a
bcA

b
µA

c
ν , (2.4)

with the gauge couplings g1,2,3. fabc are the fully antisymmetric structure constants. Given
a group SU(N) with generators ta the structure constants are defined by the commutator
relation [

ta, tb
]

= ifabctc . (2.5)

For a general representation R the Casimir operator CR and the quadratic Casimir oper-
ator CR2 are given by

tr
(
tatb

)
= CRδab , tata = CR2 1N×N . (2.6)

In the fundamental (F ) and adjoint (A) representation these take the following form

CF = 1
2 , CF2 = N2 − 1

2N , CA = CA2 = N . (2.7)

Other contractions such as

tatbta =
(
CR2 −

1
2C

A
2

)
tb , facdf

bcd = CA2 δ
ab , fabctbtc = i

2C
A
2 t

a , (2.8)

are particularly important when it comes to the evaluation of Feynman diagrams.

sm lagrangian: The SM Lagrangian in the symmetric phase can be decomposed as

LSM ⊃ L YM
SM + L ψ

SM + L φ
SM + L t

SM , (2.9)
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with the following contributions

L YM
SM = −1

4BµνB
µν − 1

4

3∑
a=i

W a
µνW

µν
a −

1
4

8∑
i=a

AaµνA
µν
a , (2.10)

L ψ
SM =

3∑
i=1

(
q̄iLi 6DqiL + ūiRi6DuiR + d̄iRi6DdiR + ¯̀i

Li6D`iL + ēiRi 6DeiR
)
, (2.11)

L φ
SM = (DµΦ)†(DµΦ) + µ2Φ†Φ− λ(Φ†Φ)2 , (2.12)

L t
SM = −htt̄Rφ†tL + h.c. , (2.13)

where in L ψ
SM the sum over the three generations of the fermions is performed, while the

Yang-Mills term L YM
SM sums over all gauge bosons. Note that all Yukawa couplings are

small compared to the top Yukawa coupling ht. Hence, we only write down the coupling
between the top quark and the Higgs field. Further note that gauge fixing terms are
not explicitly written down. Moreover, unphysical degrees of freedom are removed from
the theory when including the ghost fields c2 and c3 in the adjoint representations of the
non-abelian groups SU(2)L and SU(3)c, respectively. This modifies the Lagrangian as
follows

LSM → LSM +
3∑

a,b=1
∂µc̄

a
2D

µcb2δab +
8∑

a,b=1
∂µc̄

a
3D

µcb3δab . (2.14)

The different covariant derivatives acting on the individual SM are essential in order to
keep the Lagrangian terms L ψ

SM and L φ
SM invariant under gauge transformations

Dµq
i
L =

(
∂µ + ig1BµYqL + ig2W

a
µIa + ig3A

a
µTa

)
qiL , (2.15)

Dµu
i
R =

(
∂µ + ig1BµYuR + ig3A

a
µTa

)
uiR , (2.16)

Dµd
i
R =

(
∂µ + ig1BµYdR + ig3A

a
µTa

)
diR , (2.17)

Dµ`
i
L =

(
∂µ + ig1BµY`L + ig2W

a
µIa

)
`iL , (2.18)

Dµe
i
R = (∂µ + ig1BµYeR) eiR , (2.19)

Dµφ =
(
∂µ + ig1BµYφ + ig2W

a
µIa

)
φ , (2.20)

with the individual weak hypercharges Yi that are given as subindices of the representations
in table 2.1.

feynman rules: With the Lagrangian terms (2.9) and (2.14) we can derive Feynman
rules for the different vertices of the SM particles in the symmetric phase. These are given
in figure 2.1.

2.1.2 Neutrinos in the Standard Model

Several experiments from the last decades have observed flavour changing processes in the
neutrino sector, cf. refs. [14, 15] for instructive reviews. This requires the neutrinos to
have non-zero masses such that they can undergo flavour oscillations as will be discussed
quickly in the following.
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(ii) (iii)

(iv) (v) (vi)

(vii) (viii) (ix)

f, p g, k

V a
µ

(i)

V a
µ

g, kf, p

V a
µ , k

V b
ν , p V c

ρ , q

V a
µ

b, p c, k

tL, f tR, g

tR, f tL, g

V a
µ V b

ν

f g V a
µ

V c
ρ V d

σ

V b
ν

(i) =

−ig1γµ(YLPL + YRPR)δfg
−ig2,3γµPLt

a
fg

(ii) =

−ig1(p+ k)µYφδfg
−ig2(p+ k)µIafg

(iii) = −ihtPLδfg

(iv) = −g2,3f
abc[gµν(k − p)ρ

+gνρ(p− q)µ + gρµ(q − k)ν ]

(v) = −g2,3f
abckµ

(vi) = −ihtPRδfg

(vii) = −6iλ

(viii) =

2ig2
1Y

2
φ gµνδfg

ig2
2gµν{Ia, Ib}fg

(ix) = −ig2
2,3[fabef cde(gµρgνσ − gµσgνρ)

+facef bde(gµνgρσ − gµσgνρ)
+fadef bce(gµνgρσ − gµρgνσ)]

Figure 2.1: Collection of Feynman rules for SM particles in Feynman gauge. f, g are SU(N)
flavour indices, µ, ν, ρ, σ are Lorentz indices and a, b, c, d are indices in the adjoint representation.
p, k and q are momenta that point in arrow direction for fermions and the Higgs fields. In diagram
(iv) momenta are chosen such that they point towards the vertex. Iafg and T afg are the generators of
the SU(2)L and SU(3)c, respectively, while tafg ∈ {Iafg, T afg}. Only top Yukawa vertices are shown.
However, diagrams (iii) and (vi) can be generalised to the other quarks as well.
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standard scenario of massive neutrinos: Neutrino masses can arise in
two ways. On the one hand, these can be expressed as Majorana spinors νL with definite
Majorana mass mν , such that the mass term is given by

νLmνν
c
L + h.c. . (2.21)

Such a mass terms comes without the need of adding new degrees of freedom to the SM.
Note, however, that this term violates gauge invariance and it is a priori not allowed.
Nevertheless, it can only be the low energy limit of a higher dimensional operator in an
effective field theory, when integrating out the heavy degrees of freedom. One example is
the dimension-five Weinberg operator [113]

1
2`Lφ̃f φ̃

T `cL + h.c. , (2.22)

that constructs the tern (2.21) after a spontaneous SB of the field φ and violates total
L by two units. f , as a remnant of the heavy fields that have been integrated out, is a
flavour matrix with mass dimension of (−1). A well-motivated example for such heavy
fields are the RH neutrinos, which are introduced and discussed in subsection 2.2.2.

neutrino flavour oscillations: The Lagrangian which represents the EW
interactions after the EWSB is given by

LEW = − g2√
2
νLγ

µeLW
+
µ −

g2√
2
eLγ

µνLW
−
µ −

g2
2 cos θW

νLγ
µνLZµ + h.c. , (2.23)

where g2 is the SU(2) coupling constant and θW is the Weinberg angle with sin2 θW ' 0.22.
The Lagrangian (2.23) is given in the basis of the EW interaction eigenstates νe, νµ, ντ .
When allowing for massive neutrinos, the mass term is not necessarily diagonal in the same
basis. Rather, the EW interaction states are superpositions of the three mass eigenstates,
i.e. the eigenstates of the vacuum Hamiltonian. In analogy to the quark sector, this is
achieved by a unitary transformationνeνµ

ντ

 = Uν

ν1
ν2
ν3

 , (2.24)

where Uν is the PMNS neutrino matrix [114, 115]. Uν depends on three real mixing angles
θ12, θ23, θ13 and on one Dirac phase δ. When allowing for the Majorana nature of the
neutrinos Uν additionally needs the existence of two Majorana phases α1,2. Consequently,
the most general form describing the relation between the flavour and mass eigenstates in
the neutrino sector is given by [114, 115]

Uν = V (23)UδV
(13)U−δV

(12)diag(eiα1/2, eiα2/2, 1) , (2.25)

with U±δ = diag(e∓iδ/2, 1, e±iδ/2), as well as with the matrices V (ab), i.e.

V (23) =

1 0 0
0 c23 s23
0 −s23 c23

 , V (13) =

 c13 0 s13
0 1 0
−s13 0 c13

 , V (12) =

 c12 s12 0
−s12 c12 0

0 0 1

 .
(2.26)
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NO IO

sin2 θ12 0.307 0.307
sin2 θ13 0.002195 0.002212
sin2 θ23 0.565 0.572

∆m2
21

10−5 eV2 7.40 7.40
∆m2

3k
10−3 eV2 2.515 -2.483

Table 2.2: Best fit values for the neutrino mixing angles and the two mass differences from
November 2017 (NuFIT v3.1) [116]. ∆m2

� ≡ ∆m2
2 − ∆m2

1 > 0 corresponds to the solar mass
difference. ∆m2

3k ≡ ∆m2
3 −∆m2

1 > 0 for NO and ∆m2
3k ≡ ∆m2

3 −∆m2
2 < 0 for IO are referred to

as the atmospheric mass difference.

sab and cab as shorthand notations for sin θab and cos θab, respectively. In vacuum, i.e. not
in matter, the probability of detecting a neutrino that has been produced with flavour a
via the EW interactions with a flavour b at some later time is given by

P (νa → νb) = δab − 4
∑
i>j

Re
(
U∗aiUbiUajU

∗
bj

)
sin2

(
∆m2

ijLν

4Eν

)

+ 2
∑
i>j

Im
(
U∗aiUbiUajU

∗
bj

)
sin
(

∆m2
ijLν

2Eν

)
, (2.27)

with the mass difference ∆m2
ij = m2

i − m2
j , the neutrino energy Eν and the oscillation

distance Lν .

current experimental status of neutrino masses and mixings: Due
to accumulation of neutrino oscillation data in the past, it is possible to determine the
three neutrino mixing angles and the two mass differences. Results from November 2017
(NuFIT v3.1) [116] from a global fit analysis, collecting data from solar, atmospheric,
reactor and accelerator experiments, are shown in table 2.2. Even though, the following
puzzles need to be resolved:

• Neutrino mass ordering: While the sign of the solar mass difference ∆m2
� ≡ m2

2−m2
1

is known, only the absolute value of the atmospheric mass difference |m2
atm| ≡ |m3−

m1,2| � m2
� is accessible. Consequently, there is an ambiguity in the neutrino

mass ordering. NO describes the setup m2
1 < m2

2 < m2
3, while IO corresponds to

m2
3 < m2

2 < m2
1.

• Determination of CP -violating phases: The CP -violating phases such as the Dirac
phase δ and the Majorana phases α1,2 have not been determined so far. Ref. [116]
prefers δ = (228+51

−33)◦ for NO and δ = (281+30
−33)◦ for IO. Due to these rather large error

bars δ is kept as a free unconstrained parameter throughout this thesis. Constraints
on the Majorana phases α1,2 might be available when detecting heavy neutrinos in
future experiments [1].

• Absolute mass scale: As only two mass differences have been measured, the absolute
mass scale still remains undetermined. It is convenient to use, besides the solar
and atmospheric mass difference, the mass of the lightest neutrino m0 to quantify
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NO IO

m2
1 m2

0 m2
0 −∆m2

� + ∆m2
atm

m2
2 m2

0 + ∆m2
� m2

0 + ∆m2
atm

m2
3 m2

0 + ∆m2
atm m2

0

Table 2.3: Neutrino masses expressed in terms of the undetermined mass of the lightest neutrino
m0, the solar mass difference ∆m2

� and the atmospheric mass difference ∆m2
atm, cf. table 2.2.

the neutrino masses, cf. table 2.3. It is m0 = m1 for NO and m0 = m3 for IO.
Note that m0 = 0 is required when the neutrino masses are generated within the
seesaw mechanism with only two RH neutrinos. Although the absolute mass scale
is unknown, the sum of the three neutrinos is limited [24]:

mlower <
∑

a=e,µ,τ
ma < mupper . (2.28)

On the one hand the lower bounds mlower ' 0.06 eV for NO and mlower ' 0.1 eV for
IO are due to the measured mass differences, when setting the mass of the lightest
neutrino to m0 = 0. On the other hand, cosmology can imply an upper bound.
Ref. [24] e.g. suggests mupper ' 0.23 eV. Stronger bounds are e.g. given in ref. [117].

2.2 introducing right-handed neutrinos

The section describes how the SM can be extended minimally be two or more RH neutri-
nos. The coupling to the SM particles via the Yukawa coupling is accounted for by the
Lagrangian in subsection 2.2.1. This extension allows for a generation of the observed
SM neutrino masses via the seesaw mechanism, as shown in subsection 2.2.2. A useful
parametrisation of the Yukawa couplings, that depend on new parameters, is given in sub-
section 2.2.3. The symmetry protected scenario as well as the physical mass splitting are
shortly introduced in subsections 2.2.4 and 2.2.5. This section is based on the review [16].

2.2.1 Lagrangian

Since the neutrinos are the only chiral fermions in the SM that only appear with LH
chirality, it sounds reasonable to add RH neutrino fields νR to the SM in analogy to the
quark sector, see figure 2.2. These new fields are required to be SM gauge singlets and
their communication with the SM fields should be only via Yukawa interactions with the
LH leptons and the Higgs field, analogously as the RH quarks couple to the LH quarks.
Under suppression of flavour indices this minimal extension of the SM is given by the
following Lagrangian

L = LSM + iνR 6∂νR − i`LY †νRφ̃− iφ̃†νRY `L −
1
2
(
νcRMνR + νRM

†νcR

)
. (2.29)

Here `L = (νL, eL)T is the LH SM SU(2)-doublet and φ is the Higgs field with φ̃ = εφ∗,
where ε is the totally antisymmetric rank two tensor with ε12 = 1. Y is the Yukawa
matrix that describes the sole coupling of the RH neutrinos to the SM. RH neutrinos
are Majorana particles with the Majorana mass matrix M that fulfils νcR = CνR

T , where
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Figure 2.2: Minimal extension of the SM by two or three RH neutrinos (orange). The third RH
neutrino is displayed in light orange since two RH neutrinos are already sufficient to generate the
light neutrino masses and to account for the BAU.

C = iγ2γ0 the charge conjugation matrix in the Weyl representation. This induces a
new scale that is not necessarily connected to the EW scale. Nevertheless, RH neutrino
masses in the GeV-scale are well motivated when it comes to an experimental discovery,
cf. chapters 5 and 6. Within this thesis, when not mentioned explicitly, calculations are
done in the EW interaction basis for the SM neutrinos and in addition in the basis where
the Majorana matrix M is real and diagonal.
For T < TEW the Higgs acquires a non-vanishing vacuum expectation value (VEV) due

to the spontaneous EWSB of the SM, φ → 〈φ〉 = (0, v)T , with v = 174 GeV. In analogy
to the quarks a Dirac mass term for the neutrinos

νRmDνL + h.c. , (2.30)

is constructed from the Yukawa terms in eq. (2.29) with the Dirac mass matrix

mD = vY † . (2.31)

If the neutrinos are Dirac particles, i.e. for M = 0, the LH and RH neutrino fields can
be grouped into spinors Ψν = U †ννL + Û †ννR with definite mass. Uν and Ûν are 3 × 3
unitary matrices that diagonalise the mass term mdiag

ν = U †νmDÛν = diag(m1,m2,m3),
such that Ψν(i6∂ − mdiag

ν )Ψν . In this case Uν is the PMNS matrix (2.25) for α1,2 = 0
when using the EW interaction basis. Note that Ûν is unphysical and can be absorbed
into field redefinitions of νR, while Uν appears in the Yukawa terms in eq. (2.29). Such
Dirac neutrinos would be ruled out as soon as 0νββ-decays are observed. In order to be
consistent with the observation of small neutrino masses, see table 2.2, eq. (2.31) implies
that the Yukawa couplings need to be very tiny, i.e. Y ∼ 10−12.
In contrast to that, neutrino masses can not only be explained for M = 0, but also

when νR have masses far above the EW scale (M � v). As discussed within eqs. (2.21)
and (2.22) these can be integrated out and yield f = Y †M−1Y ∗.
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2.2.2 Type-I seesaw mechanism

As discussed above, both for M = 0 and for M � v, the RH neutrinos do not appear
as new particles in experimental searches. If, however, M has eigenvalues that are both
non-zero and not too large, it would be possible to detect RH neutrinos as new particles
in near future experiments. This motivates to combine both the Majorana mass term and
the Yukawa term after EWSB into the general form

1
2
(
νLνcR

)
M

(
νcL
νR

)
+ h.c. = 1

2
(
νLνcR

)( 0 mD

mT
D M

)(
νcL
νR

)
+ h.c. , (2.32)

where νcRMνR = νcRM
T νR is used due to the Majorana nature of the RH neutrinos. Note

that the upper left block matrix of M is vanishing at tree level and receives its first
contribution δm1loop

ν at one-loop order [118, 119]. For the purpose of this thesis, i.e. for
parameters where leptogenesis works, it is sufficient to neglect this contribution.
The type-I seesaw mechanism is realised when the eigenvalues of M are much larger

than those of mD from eq. (2.30). Hence, a useful expansion parameter (matrix) is

θ ≡ mDM
−1 , (2.33)

which is often referred to as the active-sterile mixing, which will become clear in the
following. The mass matrix M from eq. (2.32) can then block-diagonalised

ŨTMŨ = Mdiag = diag(mν ,M) , (2.34)

with the matrices

mν = θMθT = v2Y †M−1Y ∗ , (2.35)

MN = M + 1
2
(
θ†θM +MT θT θ∗

)
, (2.36)

when using the unitary matrix

Ũ =
(

1− 1
2θθ
† θ

−θ† 1− 1
2θ
†θ

)
+O(θ3) . (2.37)

Eq. (2.35) implies that larger masses M end up in smaller masses of mν . Consequently,
one can achieve smaller neutrino masses by increasing the Majorana masses - justifying
the name seesaw mechanism. In order to diagonalise these two mass matrices, M has to
be effectively rotated via the matrix

Ũdiag(Uν , U∗N ) , (2.38)

with the unitary matrices Uν and U∗N . Therefore, two sets of mass eigenstates appear:

υL ≡ U †ν
(

(1− 1
2θθ

†)νL − θνR

)
' U †ννL , (2.39)

mdiag
ν = U †νmνU

∗
ν = diag(m1,m2,m3) , (2.40)

and

υR ≡ U †N
(

(1− 1
2θ

T θ∗)νR − θT νcL
)
' U †NνR , (2.41)

Mdiag
N = UTNMNUN = diag(MN1, · · · ,MNns) . (2.42)
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Provided that the light neutrino masses are generated by the type-I seesaw mechanism,
the LH neutrinos which have measured in experiments are the υL. These are mainly SU(2)
charged doublets νL and their masses are given by the eigenvalues of mν , while having a
contribution from νR that is suppressed by θ. Although the light neutrino mixing matrix

Vν =
(
1− 1

2θθ
† +O(θ4)

)
Uν , (2.43)

from eq. (2.39) is close to the unitary PMNS matrix Uν , it theoretically implies a change
of the EW currents at O(θ2), cf. eq. (2.23), that can be measured. Due to the active
participation in the EW interactions, υL are often called active neutrinos. On the other
hand υR are mainly SM gauge singlets and do only interact with the SM via the νL doublet
contribution. Since this is suppressed by the small matrix θ � 1, their interaction with
the SM is feeble. This is why the υR are often called sterile neutrinos. Uν is the PMNS
matrix (2.25), while UN is the corresponding unitary matrix in the RH neutrino sector.
Usually, due to the smallness of θ, eq. (2.36) simplifies to MN ' M , such that UN ' 1.
However, when having mass splittings that go below the scale of the atmospheric mass
difference, this argument fails [1] for the corresponding mass splittings, cf. eq. (2.64) and
the discussion in subsection 2.2.4.
It is convenient to introduce the Majorana fields

N ≡ υR + υcR , ν ≡ υL + υcL , (2.44)

that fulfil Nc
i = Ni and νca = νa as well as υRi = PRNi and υLa = PLνa with i the RH

neutrino flavour and a the flavour of the LH leptons. This allows to obtain the kinetic and
mass terms of the Lagrangian (2.29) after the EWSB in the basis where the mass matrices
MN and mν are diagonal:

1
2 ν̄
(
i6∂ −mdiag

ν

)
ν + 1

2N̄
(
i 6∂ −Mdiag

N

)
N . (2.45)

Note that one can analogously use eq. (2.44) for the RH SM singlet neutrinos νR instead of
the sterile neutrinos υR and also νL instead of υL in order to rewrite the Lagrangian (2.29):

L = LSM + 1
2N̄i (i6∂ −M)ij Nj − Y ∗ia ¯̀LaεφPRNi − YiaN̄iPLφ

†ε†`La . (2.46)

where the spinor Ni is such that observes the Majorana condition N c
i = Ni. With this

choice of basis the Yukawa couplings Yia are non-diagonal. Feynman rules are given in the
top row of figure 5.1. Further, we use the nomenclature that both υR and νR as well as the
N are referred to as heavy neutrinos, while υL, νL and νL are denoted as light neutrinos
from now on.
Eq. (2.41) suggests that after the EWSB the heavy neutrinos take part in the EW

interaction via the mixing with νL. The coupling of the heavy neutrinos in the basis
where M is diagonal to the SM via the EW couplings is then obtained from eq. (2.23),
such that

LEW ' −
g2√

2
N̄iΘ†iaγµeLaW

+
µ −

g2√
2
ēLaγ

µΘaiNiW
−
µ

− g2
2 cos θW

N̄iΘ†iaγµνLaZµ −
g2

2 cos θW
ν̄Laγ

µΘaiNiZµ

− g2√
2
Mi

mW
N̄iΘ†iahN̄iνLa −

g2√
2
Mi

mW
ν̄LaΘaihNi , (2.47)
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up to higher orders in Θ. h is the physical Higgs field after EWSB. Therefore, the inter-
action with the EW gauge bosons W±, Z and the coupling to h are suppressed by the
mixing angle

Θai ≡ (θU∗N )ai ' θai , (2.48)

with θ from eq. (2.33) together with eq. (2.31). This defines the active-sterile mixing
angles

U2
ai ≡ |Θai|2 ' |θai|2 , (2.49)

often just referred to mixing angles or even mixings, which future experiments can con-
strain. Provided that the mass resolution is too low to distinguish the heavy neutrinos,
constraints from experiments should be applied to

U2
a =

∑
i

U2
ai =

∑
i

|θai|2 . (2.50)

Within this thesis the ratios U2
a/U

2 will be denoted as flavour mixing ratios or just flavour
ratios. When summing over the heavy neutrino flavours i, U2

a looses its dependence on UN .
Thus, it is not possible to probe UN in such experiments. If the experiment is insensitive
the SM neutrino flavour as well, only the total mixing can be measured

U2 =
∑
a

U2
a . (2.51)

2.2.3 Parametrisation of Yukawa couplings

By extending the SM by ns heavy neutrinos, 7ns−3 new parameters are generated includ-
ing the light neutrino masses: These are the ns masses Mi of the heavy neutrinos. When
considering the basis, where the mass matrix for the heavy neutrino is real and diagonal,
the Yukawa matrix Y from eq. (2.29) is non-diagonal and has 3× ns complex entries, out
of which three can by absorbed via phase rotations of the SM leptons `L. Note that the
Majorana mass term (2.36) is not invariant under such a rephasing due to the charge con-
jugated field. A connection between the low energy neutrino oscillation data, cf. table 2.2,
and the Lagrangian (2.29) is established by the Casas-Ibarra parametrisation [120]

Y † = 1
v
Uν

√
mdiag
ν R

√
Mdiag . (2.52)

v = 174 GeV is the VEV of the Higgs field after EWSB,
√
mdiag
ν is the diagonalised mass

matrix for the light neutrinos, see eq. (2.40), and
√
Mdiag is the diagonal heavy neutrino

mass matrix (2.42). The remaining ns complex angles are contained in the orthogonal
matrix R with RTR = 1. Eq. (2.35) implies that within the type-I seesaw mechanism
there have to be at least two or more heavy neutrinos in order to explain the light neutrino
mass differences. Therefore, we limit our discussion to two and three heavy neutrinos.

two heavy neutrinos: This scenario is highly motivated as it is the minimal
extension of the SM in terms of heavy neutrinos that is able to explain the neutrino
masses, in which case the lightest neutrino is massless, and which can also account for the
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BAU. This was first shown ref. [44]. In this case the SM receives 11 new parameters: two
masses for both the RH and the SM neutrinos. The three mixing angles in the SM lepton
sector θab, two phases α and δ, as well as one complex angle ω. Note that for NO only α2,
while for IO only the combination α2−α1 is physical. For that reason it is possible to set
α1 = 0 and to define α ≡ α2. The most general form of the orthogonal matrix for the two
mass orderings is given by

RNO =

 0 0
cosω sinω
−ξ sinω ξ cosω

 , RIO =

 cosω sinω
−ξ sinω ξ cosω

0 0

 , (2.53)

with ξ = ±1.

three heavy neutrinos: The scenario of three heavy neutrinos can motivated
by the νMSM [44, 45], where the third heavy neutrino can be a DM candidate, while the
other two can account for the BAU and the light neutrino masses as discussed above. This
comes along with 18 new parameters. The six masses of the neutrinos, the three mixing
angles θab, three phases α1,2 and δ, as well as three complex angles ωij . R in its most
general form is given by

R = R(23)R(13)R(12) , (2.54)

where the non-vanishing entries read

R(ij)
ii = R(ij)

jj = cosωij , (2.55)

R(ij)
ij = −R(ij)

ji = sinωij , (2.56)

R(ij)
kk = 1 for k 6= i, j . (2.57)

The parameters that need to be determined in the future are the masses Mi of the heavy
neutrinos, the Majorana phases α1,2, as well as Reωij and Imωij . Further, δ requires a
more accurate determination in order to be quantitatively meaningful. Scenarios with
more than three heavy neutrinos are possible. However, these introduce even more new
unknown parameters to the SM, making the model even harder to test and to constrain.

2.2.4 Symmetry protected scenario

Eq. (2.35) naively implies that Yukawa couplings, and so the active-sterile mixing angles,
for heavy neutrino masses in the GeV-range need to be small in order to account for the
light neutrino masses. In this case the active-sterile mixing can be related to the heavy
neutrino mass via the naive seesaw relation

U2
0 ∼

√
m2

atm +m2
0/M̄ . (2.58)

When introducing the SB parameters

µ = ∆M
M̄

, ε = e−2Imω , (2.59)

where

M̄ ≡ M1 +M2
2 , ∆M = M2 −M1

2 , (2.60)
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for two heavy neutrinos, one can express the total mixing angle as

U2 ' µ

1− µ2
m2 −m3

M̄
cos(2Reω) + 1

1− µ2
m2 +m3

M̄

(
ε + 1

ε

)
, (2.61)

for NO and analogously for IO

U2 ' µ

1− µ2
m1 −m2

M̄
cos(2Reω) + 1

1− µ2
m1 +m2

M̄

(
ε + 1

ε

)
. (2.62)

Expressions for the different U2
ai are given in appendix B.1. U2

ai that are much larger than
what eq. (2.58) suggests, which is particularly interesting in terms of an experimental
discovery of heavy neutrinos, can be achieved in the limit, µ → 0 and ε → 0. One finds
that in this limit the Lagrangian (2.45) features a global U(1) symmetry, where the heavy
neutrinos form so-called pseudo-Dirac spinors, that conserve B−L, cf. e.g. ref. [70, 112]. As
a consequence, one can conclude that small µ, that are needed for successful leptogenesis
with two heavy neutrinos [2] with mixing angles large enough for an experimental discovery
in the near future, naturally arise in the symmetric limit. Such a scenario is called the
symmetry protected scenario. Note, however, that ε needs to remain finite in order to
explain the non-zero SM neutrino masses. Within this thesis we often refer this symmetry
protected scenario to as the approximate B−L conserving limit. Further, µ, ε� 1 implies
that Y1a = iY2a = Ya/

√
2 holds in the mass basis, and thus

U2
a1 = U2

a2 = 1
2U

2
a . (2.63)

2.2.5 Physical mass splitting

It is worth mentioning that even though MN ' M up to O(θ2), cf. eq. (2.36), the corre-
sponding mass differences ∆M can differ sizeably. In fact, the argument from eq. (2.50)
only holds for the physical mass splitting, i.e. the mass splitting fromMN after the EWSB.
In refs. [3, 121] it is shown that it can be related to ∆M , the Majorana mass difference,
via

∆Mphys =
√

∆M2 + ∆M2
θθ − 2∆M∆Mθθ cos(2Reω) , (2.64)

where ∆Mθθ = m2−m3 for NO and ∆Mθθ = m1−m2 for IO. Therefore, experiments are
only sensitive to U2

ai if they can resolve the physical mass splitting ∆Mphys.
Note that for any choice of µ the limit ε→ 0 implies that ratios U2

a/U
2 do neither depend

on Reω nor on the seesaw scale M̄ , while the dependence on Imω vanishes. Therefore,
these ratios can be expressed solely by the low energy parameters contained in the PMNS
matrix Uν from eq. (2.25). On the one hand, neutrino oscillation data can predict the
range of U2

a/U
2. On the other hand, a detection of heavy neutrinos in experiments can

be used to determine the Majorana phase α. This will be discussed in detail in chapter 6.





3

QUAS IPARTICLES AT F IN ITE TEMPERATURE

In contrast to the in-out formalism, that describes scattering processes by computing S-
matrix elements for asymptotically free particles, a powerful framework that allows for a
quantum field theory at finite temperatures and for non-equilibrium effects was developed
by Schwinger and Keldysh [36, 37] and is based on a 2PI effective action approach on a
closed-time-path, the so-called CTP formalism or in-in formalism.
This does not only allow for kinetic equations that account for finite density effects but

also to derive full propagators that exhibit the necessary information from the plasma as
poles in the complex plane. These can be interpreted as particles excitations propagating
through the medium. On the one hand, the real part of these poles gives rise to the
dispersion relation, which in general has non-trivial momentum structure. These can be
expressed in terms of thermal masses of the particle excitations, that are of order gT ,
with the corresponding coupling constant g. In the symmetric phase of the SM the Higgs
field is unbroken. Therefore, the masses of the different SM particles are simply given by
the thermal masses. On the other hand, it is the imaginary part of the complex poles
that determines the damping rate of these excitations, which are of order g2T . Thus,
the medium makes the excitations decay, resulting in a finite lifetime and consequently
provides a finite width. Provided that the medium is weakly coupled, these excitations can
be interpreted as quasiparticles with a well defined (thermal) mass. In such a case one finds
that the width of the particles is only important for momenta near the quasiparticle pole,
otherwise it is negligible. For this reason, when the damping term behaves smoothly at the
pole, one can evaluate it directly at the pole. This corresponds to the Breit-Wigner (BW)
approximation. Since properties of quasiparticles in a medium can be read off from the
fully resummed propagators, it is necessary to have explicit expressions for these including
the relevant self-energies that account for the screening and the dispersion.
Section 3.1 sketches the derivation of quantum kinetic equations for quasiparticle states

in a medium at finite temperature within the 2PI CTP approach. In section 3.2 one-
loop resummed propagators that account for the surrounding plasma are derived for the
different SM particles. Properties of gauge bosons at finite temperature are discussed
in appendix A.1. The dispersion relations and the damping behaviour, respectively, for
quasiparticles are discussed in section 3.3, while analytic expressions for the necessary
one-loop self-energies are computed in appendix A.2 and appendix A.3, respectively.

3.1 quantum kinetic equations at high temperature

In this section the CTP formalism introduced by Schwinger and Keldysh, that is par-
ticularly suitable to describe out-of-equilibrium dynamics of quantum fields, is shortly
described based on more detailed studies [40, 41].

21
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t1

t2

C+

C−

Figure 3.1: Time contour in the CTP formalism that runs from a time t1 on a closed branch C+
to t2 and backwards to t1 on a branch C−.

For the purpose of this thesis subsection 3.1.1 defines two-point correlation functions
as well as self-energy expressions in a hot medium. Kinetic and constraint equations that
describe the behaviour of quasiparticles in the plasma are deduced from SD equations for
gauge bosons, chiral fermions and the scalar fields in subsection 3.1.2.

3.1.1 Short introduction to the Schwinger-Keldysh formalism

The well-known formalism of using S-matrix elements to describe scattering processes fails
to describe out-of-equilibrium systems. This is because it is not possible to use well-defined
asymptotic states. Further, the properties of quasiparticles in a medium are in general
different from those in vacuum. Therefore, it is useful to express the relevant observables
in terms of correlation functions that are constructed out of quantum fields.

correlation functions in a medium on a ctp: Two-point functions are
defined on the closed-time branch C, as shown in figure 3.1, via

i∆(u, v) ≡ 〈TCφ(u)φ(v)〉 , iSαβ(u, v) ≡ 〈TCψα(u)ψ̄β(v)〉 , (3.1)

where α, β are spinor indices and TC denotes time-ordering on the path C. Further, the
EV 〈. . . 〉 should be understood as the quantum statistical average. On the branch C one
can construct in total four different two-point functions for each field, i.e. i∆ab(u, v) and
iSabαβ(u, v),

b, v a, u
= i∆ab(u, v) , (3.2)

b, v a, u
= iSab(u, v) , (3.3)

for the CTP indices a, b = ±, out of which only two are linearly independent: The Wight-
man two-point functions switch path and consequently do not follow any time-ordering.
These are given by

i∆>(u, v) ≡ i∆−+(u, v) = 〈φ(u)φ†(v)〉 , (3.4)
i∆<(u, v) ≡ i∆+−(u, v) = 〈φ†(v)φ(u)〉 , (3.5)

for scalars fields. For chiral fermion field one analogously has

iS>αβ(u, v) ≡ iS−+
αβ (u, v) = 〈ψα(u)ψ̄β(v)〉 , (3.6)

iS<αβ(u, v) ≡ iS+−
αβ (u, v) = −〈ψ̄β(v)ψα(u)〉 . (3.7)
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In contrast to that, time-ordered and anti-time-ordered two-point functions, accomplished
by the time- and anti-time-ordering operator T and T̄ , stay on a given branch and are
defined via

i∆t(u, v) ≡ i∆++(u, v) = 〈T φ(u)φ†(v)〉 , (3.8)
i∆t̄(u, v) ≡ i∆−−(u, v) = 〈T̄ φ(u)φ†(v)〉 , (3.9)

for the scalars fields, while for fermion fields these read

iStαβ(u, v) ≡ iS++
αβ (u, v) = 〈T ψα(u)ψ̄β(v)〉 , (3.10)

iS t̄αβ(u, v) ≡ iS−−αβ (u, v) = 〈T̄ ψα(u)ψ̄β(v)〉 . (3.11)

These can be obtained via linear combination of the Wightman two-point functions

Gt(u, v) = ϑ(u0 − v0)G>(u, v) + ϑ(v0 − u0)G<(u, v) , (3.12)
Gt̄(u, v) = ϑ(u0 − v0)G<(u, v) + ϑ(v0 − u0)G>(u, v) , (3.13)

where G can be either ∆ or S.

other useful relations: When it comes to the derivation of the full propagators
it is useful to define the retarded and advanced propagator via

Gr,a ≡ Gt −G<,> = G>,< −Gt̄ . (3.14)

Additionally, the linear combinations

GA ≡ i
2
(
G> −G<

)
= i

2 (Gr −Ga) , (3.15)

GH ≡ 1
2
(
Gt −Gt̄

)
= 1

2 (Gr +Ga) , (3.16)

contain intuitive physical interpretations. The spectral function GA, in particular the
spectral part of the self-energy, describes the quasiparticle spectrum and provides a finite
width around the quasiparticle pole. The corresponding dispersion relation is given by
the Hermitian part GH . Further, it is useful to denote the hermiticity properties of the
two-point function

(
i∆<,>(u, v)

)† = i∆<,>(v, u) ,
(
iγ0S<,>(u, v)

)†
= iγ0S<,>(v, u) , (3.17)

such that(
∆A,H(u, v)

)†
= ∆A,H(v, u) ,

(
γ0SA,H(u, v)

)†
= γ0SA,H(v, u) . (3.18)

self-energies in a medium: In coordinate space the self-energies are obtained
through a functional derivative

iΠab(u, v) = iab ∂Γ2[i∆, iS]
∂i∆ba(v, u) , (3.19)

iΣab(u, v) = −iab∂Γ2[i∆, iS]
∂iSba(v, u) , (3.20)
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(E) (F )

(A) (B) (C) (D)

Figure 3.2: Collection of 2PI vacuum graphs that are relevant for this thesis. Functional deriva-
tives of the graphs in the upper row produce sunset diagrams, while the bottom row are used to
obtain tadpole and seagull diagrams.

of Γ2, which, as a subset of the 2PI effective action [39, 42, 122], corresponds to (−i) times
the sum of all 2PI vacuum graphs. Up to two-loops these are shown in figure 3.2 and are
functionals of the full propagators ∆ and S. Note that these self-energies are also acting
on the CTP and consequently fulfil all the relations given by eqs. (3.12)-(3.18) in analogy
to the two-point functions.
Note that we refer not only the (anti-)time-ordered but also the Wightman two-point

functions, as well as their Hermitian and spectral parts, to as propagators.

3.1.2 Schwinger-Dyson equations

The dynamical behaviour of quasiparticles in a medium can be described by SD equations.
Within the 2PI formalism these are obtained via functional derivatives of the 2PI effective
action with respect to the two-point functions ∆ and S, cf. ref. [40]. For scalar fields,
chiral fermions and gauge bosons in Feynman gauge these are given by

−∂2∆ab
φ (u, v) = aδabδ4(u− v) +

∑
c=±

c

∫
d4wΠac

φ (u,w)∆cb
φ (w, v) , (3.21)

i6∂SabR,L = aδabδ4(u− v)PR,L +
∑
c=±

c

∫
d4w 6Σac

R,L(u,w)ScbR,L(w, v) , (3.22)

∂2∆ab
µν(u, v) = aδabδ4(u− v)gµν +

∑
c=±

c

∫
d4wΠac

µρ(u,w)∆ρ cb
ν (w, v) , (3.23)

with a, b CTP indices and 6Σ = Σ0γ0 − Σiγi. When using the relations (3.14)-(3.16) the
SD equations can decomposed into the KB equations

−∂2∆<,>
φ −ΠH

φ �∆<,>
φ −Π<,>

φ �∆H
φ = 1

2
(
Π>
φ �∆<

φ −Π<
φ �∆>

φ

)
, (3.24)

i6∂S<,>R,L − 6Σ
H
R,L � S

<,>
R,L − 6Σ

<,>
R,L � S

H
R,L = 1

2
(
6Σ>

R,L � S
<
R,L − 6Σ<

R,L � S
>
R,L

)
, (3.25)

∂2gµρ∆ρ<,>
ν −ΠH

µρ �∆ρ<,>
ν −Π<,>

µρ �∆ρH
ν = 1

2
(
Π>
µρ �∆ρ<

ν −Π>
µρ �∆ρ>

ν

)
, (3.26)
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which only depend on the Hermitian parts and the Wightman functions of the self-energies
and two-point functions, as well as into equations that determine the retarded and ad-
vanced propagators

−∂2∆r,a
φ −Πr,a

φ �∆r,a
φ = δ , (3.27)

i6∂Sr,aR,L − 6Σ
r,a
R,L � S

r,a
R,L = δPR,L , (3.28)

∂2∆r,a
µν −Πr,a

µρ �∆ρ r,a
ν = δgµν . (3.29)

The operator � is used to define the convolution over w = (t′,w):

A�B ≡
∫ t2

t1
dt′
∫

d3wA(u,w)B(w, v) . (3.30)

In the following it is useful to send the integration limits to ±∞, i.e. t1 → −∞ and
t2 →∞ [2, 40].

wigner transformation: Although one could compute the dynamics of particles
in the high temperature plasma in position space, it is more useful to transform the relevant
quantities into Wigner space [40, 123] by performing the Fourier transformation

G(k, x) =
∫

d4r eik·rG(u, v) , with x = u+ v

2 and r = u− v , (3.31)

after introducing the average space-time coordinate x = (t,x) = (u+v)/2 and the relative
coordinate r = u− v. While in equilibrium ∆ and S only depend on r, out-of-equilibrium
processes are able to affect the dependence of ∆ and S on x. Hence, particularly in
baryogenesis scenarios, the Wigner transformation turns out to be useful as it separates
the small fluctuations, that happen on microscopic scales, from the macroscopic behaviour
of the plasma as the background field, given by x. Moreover, quantities such as self-energies
and two-point functions are functions of the momentum k, which is the typical energy scale
of the quasiparticles in the plasma. In Wigner space the convolution∫

d4r eikr
∫

d4wA(u,w)B(w, v) = e−i�{A(k, x)}{B(k, x)} , (3.32)

can be simplified when making use of the Moyal star product that is defined via the
diamond operator

�{·}{·} ≡ 1
2
(
∂(1)
x ∂

(2)
k − ∂

(1)
k ∂(2)

x

)
{·}{·} , (3.33)

where the superscripts (1) and (2) describe the derivative acting on the first and sec-
ond argument, respectively. Note that the symmetry relations (3.17) and (3.18) remain
unchanged when being transformed to Wigner space:

(
i∆<,>(k, x)

)† = i∆<,>(k, x) ,
(
iγ0S<,>(k, x)

)†
= iγ0S<,>,x(k, x) , (3.34)

and (
∆A,H(k, x)

)†
= ∆A,H(k, x) ,

(
γ0SA,H(k, x)

)†
= γ0SA,H(k, x) , (3.35)

and analogously for the self-energies Π and Σ.
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Solving the SD equations (3.21)-(3.29) with this diamond operator (3.33) is highly chal-
lenging as these are complicated integro-differential equations. However, it is possible
to find solutions at a certain level of approximation. Both leptogenesis from oscillations
from heavy neutrinos and EW baryogenesis happen at early times. Before the EWSB the
condition of homogeneity and isotropy allows to neglect the dependence on the spatial
component x, i.e. one can get rid of x, such that G(k, x) → G(k, t). Even during the
first-order PT the bubble wall can be treated as a slowly evolving background field when
being compared to the typical energy scale |k| ∼ T of quasiparticles in the plasma [40].
Therefore, one can make use of the gradient expansion that allows to expand in small
gradients

∂x � k . (3.36)

To zeroth order in gradients the diamond operator (3.33) vanishes and one obtains the
simple relation for the convolutions

e−i�{A(k, x)}{B(k, x)} = A(k, x)B(k, x) +O(∂x,k) . (3.37)

Therefore, the KB equations (3.24)-(3.26) to zeroth order in the gradients (3.36) read(
k2 + ik0∂t −

1
4∂

2
t −ΠH

φ

)
∆<,>
φ −Π<,>

φ ∆H
φ = 1

2
(
Π>
φ∆<

φ −Π<
φ∆>

φ

)
, (3.38)(

6k + i
2γ

0∂t − 6ΣH
R,L

)
S<,>R,L − 6Σ

<,>
R,LS

H
R,L = 1

2
(
6Σ>

R,LS
<
R,L − 6Σ<

R,LS
>
R,L

)
,

(3.39)(
−
(
k2 + ik0∂t −

1
4∂

2
t

)
gµρ −ΠH

µρ

)
∆ρ<,>
ν −Π<,>

µρ ∆ρH
ν = 1

2
(
Π>
µρ∆ρ<

ν −Π>
µρ∆ρ>

ν

)
,

(3.40)

where the dependence on x is neglected due to homogeneity of the universe.
Note that since H '

√
8π3g?/90T 2/mPl � T , with the Planck mass mPl and g? the

number of relativistic degrees of freedom, the change of the temperature due to the Hubble
expansion is small compared to the typical time scale 1/T of microscopical processes. This
includes LFV Yukawa processes as well as heavy neutrino production. Consequently, terms
of O(∂2

t ) in eqs. (3.38)-(3.40) can be neglected, while terms of O(∂t) need to be kept as
these describe the time evolution of particle distribution functions.
The equations for the retarded and advanced propagators (3.27)-(3.29) are analogously

transformed into Wigner space (
q2 −ΠH

φ ± iΠAφ
)

∆r,a
φ = 1 , (3.41)(

6q − 6ΣH
R,L ± i 6ΣAR,L

)
Sr,aR,L = PR,L , (3.42)(

−q2gµρ −ΠH
µρ ± iΠAµρ

)
∆r,a ρ
ν = gµν . (3.43)

kinetic and constraint equations: The Hermitian and anti-Hermitian parts
of the KB equations (3.38)-(3.40) correspond to the constraint and kinetic equations,
respectively. For the Higgs and the gauge bosons these read(

k2 −ΠH
φ

)
i∆<,>

φ − iΠ<,>
φ ∆H

φ = 0 , (3.44)

k0∂ti∆<,>
φ = −1

2
(
iΠ>

φ i∆<
φ − iΠ<

φ i∆>
φ

)
, (3.45)
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and (
−k2gµρ −ΠH

µρ

)
i∆ρ<,>

ν − iΠ<,>
µρ ∆ρH

ν = 0 , (3.46)

−i∂t∆<,>
µν = −1

2
(
iΠ>

µρi∆ρ<
ν − iΠ>

µρi∆ρ>
ν

)
, (3.47)

while for the fermions they are given by{
Ω, iS<,>

}
−
{

iG<,>,SH
}

= − i
2
([

iG>, iS<
]
−
[
iG<, iS>

])
, (3.48)

i∂tiS<,> +
[
Ω, iS<,>

]
−
[
iG<,>,SH

]
= − i

2
({

iG>, iS<
}
−
{
iG<, iS>

})
, (3.49)

with

Ω ≡
(
6k − 6ΣH

)
γ0 , S ≡ γ0S , G ≡ γ0 6Σ . (3.50)

3.2 one-loop resummed propagators

The properties of quasiparticles in a hot medium can be read off from full propagators.
Particularly the dispersion relations and the damping behaviour are given by the Hermitian
and spectral parts of the self-energies that appear in the propagators. These propagators
are given as solutions to eqs. (3.41)-(3.43). Note that in general it is not easy to solve
such systems since the self-energies exhibit a functional dependence on the propagators.
However, as a useful approximation, one can neglect this dependence. This allows to
obtain analytic expressions for the retarded and advanced propagators. The corresponding
spectral and Hermitian propagators are obtained by taking the imaginary and real part
of the advanced propagator, respectively, cf. eqs. (3.15) and (3.16).
The spectral and Hermitian parts of the full propagators for the different SM particles

are derived in subsection 3.2.1. In subsection 3.2.2 Wightman propagators are expressed
in terms of the spectral propagators and particle distribution functions. Tree-level expres-
sions for the different correlation functions are provided in subsection 3.2.3.

3.2.1 Spectral and Hermitian contributions

Fully resummed propagators are most conveniently decomposed into their spectral and
Hermitian parts. Particularly when solving the KB equations in Wigner space (3.38)-
(3.40), the Hermitian parts of propagators need to be inserted. Solution to the constraint
equations (3.44), (3.46) and (3.49) allow to express the Wightman propagators in terms
of the spectral propagators, that accounts for the finite width and the dispersion, as well
as a particle distribution function.

higgs field: For the Higgs the full propagator is simply obtained by inverting eq. (3.41),
such that

∆r,a
φ (q) = 1

q2 −ΠH
φ ± iΠAφ

, (3.51)

with the spectral and Hermitian propagators

∆Aφ (q) =
ΠAφ(

q2 −ΠH
φ

)2
+ ΠA 2

φ

, ∆H
φ (q) =

q2 −ΠH
φ(

q2 −ΠH
φ

)2
+ ΠA 2

φ

. (3.52)
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fermions: In case of the fermions one needs to get rid of the Dirac structure. This
can be done in two ways. The approach which seems to be more straightforward is to
multiply the LH side of eq. (3.42) with ( 6q − 6ΣH ∓ i 6ΣA). This yields

Sr,aR,L(q) = 6q − 6ΣH ∓ i6ΣA

(q2 − ΣH)2 − ΣA 2 ∓ [q − ΣH , iΣA] , (3.53)

and recovers the known result from ref. [124–126]

SAR,L(q) = PR,L
2
(
6q − 6ΣH

)
ΣA(q − ΣH)−

[(
q − ΣH

)2
− ΣA 2

]
6ΣA[(

q − ΣH
)2
− ΣA 2

]2
+
[
2ΣA(q − ΣH)

]2 . (3.54)

This approach, however, hides some crucial physical information, namely the fact that,
besides the electron poles, there are so-called holes or plasminos [127]. In order to account
for these one can decompose the fermion propagator into the two contributions

SabR,L(q) = 1
2PR,L

∑
±

(γ0 ∓ γiq̂i)Sab± (q) , (3.55)

where S+ is the electron contribution and S− refers to the holes, given as the positive and
negative helicity eigenstates. With the notation Σi(q) ≡ |Σ(q)|q̂i the different contribu-
tions read

Sr,a± (q) = 1
q0 − ΣH0 − iΣA0 ∓ (|q| − |ΣH | − i|ΣA|) , (3.56)

SA± (q) = ΣA0 ∓ |ΣA|
[q0 ∓ |q| − (ΣH0 ∓ |ΣH |)]2 + [ΣA0 ∓ |ΣA|]2

, (3.57)

SH± (q) = q0 ∓ |q| − (ΣH0 ∓ |ΣH |)
[q0 ∓ |q| − (ΣH0 ∓ |ΣH |)]2 + [ΣA0 ∓ |ΣA|]2

. (3.58)

gauge bosons: In order to obtain the retarded and advanced gauge boson propaga-
tors one needs to get rid of the Minkowski tensor structure in eq. (3.43). Therefore, the
propagator

∆ab
µν(q) = ∆ab

T P
T
µν + ∆ab

L P
L
µν + ∆ab

q
qµqν
q2 , (3.59)

is decomposed into three orthonormal contributions, with the projectors PT,L
µν describing

transverse and a longitudinal projections [128]. A more detailed study is provided in
appendix A.1, where explicit expression for the projectors are given in eqs. (A.3) and
(A.4). The decomposition for the propagator (3.59) as well as the one for the self-energy, see
eq. (3.59), can be inserted into eq. (3.43) to obtain the retarded and advanced propagators

∆r,a
µν (q) = −

PT
µν

q2 + Πr,a
T
−

PL
µν

q2 + Πr,a
L
− qµqν

q2
1

q2 ± isign(q0)ε . (3.60)

The spectral and Hermitian contributions are simply given by using eq. (3.15) and (3.16),
such that

∆Aµν(q) = −PT
µν∆AT(q)− PL

µν∆AL (q)− qµqν
q2 πδ(q2)sign(q0) , (3.61)

∆H
µν(q) = −PT

µν∆H
T (q)− PL

µν∆H
L (q)− qµqν

q4 , (3.62)
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where the scalar parts of the propagator read

∆AT,L(q) =
(−ΠAT,L)(

q2 + ΠH
T,L

)2
+ ΠA 2

T,L

, ∆H
T,L(q) =

q2 + ΠH
T,L(

q2 + ΠH
T,L

)2
+ ΠA 2

T,L

. (3.63)

Note that, as an expansion in the coupling constants, all self-energies appearing in the
fully resummed propagators ΣA,H , ΠA,H and ΠA,HT,L are one-loop self-energies throughout
this thesis. One-loop analytic solutions in an equilibrium situation with zero chemical
potentials are derived in appendix A.2, while the HTL expressions are given in the next
sections. Further, we find that particularly the diffusion constants, which are computed
in chapter 4, are unaffected by the on-shell term in eq. (3.61), i.e. the contribution of
this terms vanishes. Therefore, we neglect this term from now on. Obtaining a deeper
understand of this gauge dependent term might be interesting for future works.

3.2.2 Wightman propagators

Wightman propagators are derived by inserting the Hermitian propagators, cf. eqs. (3.52),
(3.58) and (3.63), into the constraint equations (3.44), (3.46) and (3.49). This proce-
dure is analogously applied for fermions, scalar fields as well as for gauge bosons and
allows to express the Wightman propagators in terms of the spectral propagators when
using eqs. (3.52), (3.57) and (3.63). The equilibrium solutions of the Wightman functions,
i.e. time-independent solutions that are obtained by neglecting the time-derivative in the
constraint equations (3.44),(3.48) and (3.46), then read:

i∆<,>
φ,T,L(k) = 2∆Aφ,T,L(k)

Π<,>
φ,T,L

Π>
φ,T,L −Π<

φ,T,L
, (3.64)

iS<,>± (k) = 2SA± (k) Σ<,>0 ∓ |Σ<,>|
(Σ>0 ∓ |Σ>|)− (Σ<0 ∓ |Σ<|) . (3.65)

In equilibrium the Kubo-Martin-Schwinger (KMS) relations for the self-energies for zero
chemical potential µ = 0 can be used,

i6Σ>
eq(k) = −ieβk0 6Σ<

eq(k) , iΠ>
eq(k) = ieβk0Π<

eq(k) , (3.66)

which analogously hold for equilibrium propagators

iS>eq(k) = −ieβk0
S<eq(k) , i∆>

eq(k) = ieβk0∆<
eq(k) , (3.67)

where Π and ∆ can be representing both scalars as well as gauge bosons. This justifies
the quasiparticle approximations for bosons

i∆<
φ,T,L(k) = 2∆Aφ,T,L(k)fφ,T,L(k) , i∆>

φ,T,L(k) = 2∆Aφ,T,L(k) [1 + fφ,T,L(k)] , (3.68)

and for the fermions

iS<±(k) = −2SA± (k)f±(k) , iS>±(k) = 2SA± (k) [1− f±(k)] , (3.69)

with

fφ,T,L(k) = ϑ(k0)fφ,T,L(k)− ϑ(−k0)
[
1 + f̄φ,T,L(−k)

]
, (3.70)

f±(k) = ϑ(k0)f±(k) + ϑ(−k0)
[
1− f̄±(−k)

]
, (3.71)
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where f(k) are the corresponding distribution functions, while f̄(k) account for their
antiparticles. These do not necessarily need to be in equilibrium as will be shortly shown in
the following. For non-vanishing spectral self-energies the Wightman propagators acquire
a finite with in equilibrium. In contrast to that, out-of-equilibrium solutions are derived
when allowing for the first non-vanishing solutions to the constraint equations (3.44),(3.48)
and (3.46), cf. ref. [129] for a detailed study. It is shown that such solutions are described
by an additional contributions that decays towards the equilibrium solutions (3.64). When
expanding in gradients the decaying solutions does not feature a finite width. Intuitively
one should expect that one cannot distinguish between propagators that are in or out-
of-equilibrium by just measuring their width. It has been shown that the finite width of
the out-of-equilibrium solution arises when summing to all order in gradients [129]. This
eventually allows to use the quasiparticle approximation, cf. eqs. (3.68) and (3.69) not only
for equilibrium states but also in out-of-equations situations. Therefore, it is possible to
use eqs. (3.68) and (3.69) in order to describe baryogenesis scenarios, such as leptogenesis
from oscillations of heavy neutrinos as well as EW baryogenesis, that require the existence
of non-equilibrium effects. In kinetic equilibrium the distribution functions are of the
Fermi-Dirac (F) and Bose-Einstein (B) form

fF,B(k) = 1
eβ(k0−µ) ± 1

, (3.72)

with the inverse temperature β = 1/T .

3.2.3 Tree-level propagators

The free solutions, denoted by superscripts (0), for the spectral part of the propagator are
obtained when neglecting thermal effects. Therefore, neither holes nor longitudinal exci-
tations of the gauge bosons should contribute. The tree-level solutions are then obtained
in the limit of vanishing spectral and Hermitian self-energies. In this case the spectral
propagators (3.52), (3.57) and (3.63) converge to Dirac delta functions:

∆(0)A
φ (k) = πδ(k2)sign(k0) , (3.73)

S
(0)A
R,L (k) = πPR,L 6kPL,Rδ(k2)sign(k0) . (3.74)

Consequently, in the absence of thermal effects, the particles are put on their mass shell,
i.e. k2 = 0, such that the tree-level Wightman function are given by

∆(0)<
φ (k) = 2πδ(k2)sign(k0)fφ(k) , (3.75)

∆(0)>
φ (k) = 2πδ(k2)sign(k0) [1 + fφ(k)] , (3.76)

S
(0)<
R,L (k) = −2πPR,L 6kPL,Rδ(k2)sign(k0)fψ(k) , (3.77)

S
(0)>
R,L (k) = 2πPR,L 6kPL,Rδ(k2)sign(k0) [1− fψ(k)] , (3.78)

with the distribution functions from eq. (3.72). Note that these tree-level results can also
be obtained by inserting the mode sum of the scalar and fermion fields into eqs. (3.4)-
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(3.6) and solving the EVs in Wigner space. Analogously, the time and anti-time-ordered
propagators

i∆(0)t,t̄
φ (k) = ± i

k2 ± iε + 2πδ(k2)
[
ϑ(k0)fφ(k) + ϑ(−k0)f̄φ(−k)

]
, (3.79)

iS(0)t,t̄
R,L (k) = ±PR,L

i6k
k2 ± iεPL,R − 2πδ(k2)PR,L 6kPL,R

[
ϑ(k0)fφ(k) + ϑ(−k0)f̄φ(−k)

]
,

(3.80)

are obtained by solving (3.8)-(3.11) in Wigner space. In Feynman gauge the tree-level
gauge boson propagators are simply reduced to the scalar functions, see also ref. [125, 130],
via

i∆(0)ab
µν = −gµν i∆(0)ab

V . (3.81)

Note that throughout this thesis the index V is used to distinguish the gauge bosons,
or vector bosons, from the scalar fields. It is useful to decompose the tree-level fermion
propagator into a scalar contribution and into a term that accounts for the Dirac structure,
such that

iS(0)ab
R,L (k) = PR,L 6kPL,RiS̃(0)ab

R,L (k) . (3.82)

Note that in a weakly coupled plasma, such as the SM at high temperatures due to small
gauge couplings, the effective width of the quasiparticles can be small enough to use free
solutions. However, it is not always justified to also neglect the Hermitian self-energies as
they put the particles on the correct, non-zero, mass shell.

3.3 particle interaction with the plasma

In order to describe the finite width and the dispersion relations for quasiparticle states in
the plasma, one needs to compute both spectral and Hermitian parts of the correspond-
ing self-energies. Note that for our purposes it is sufficient to calculate the self-energies
that enter the resummed propagators at one-loop order and in equilibrium. This is jus-
tified because one can expand in small couplings and because the distribution function,
rather than the spectral part of the propagator, accounts for deviations from equilibrium,
cf. eqs. (3.68) and (3.69). Two-dimensional plots for the spectral parts of the resummed
propagators at one-loop are shown in figure 3.3 for the Higgs field, for fermions and for
both transverse and longitudinal gauge boson modes, cf. eqs. (3.52), (3.57) and (3.63).
With the Feynman rules shown in figure 2.1, analytic one-loop self-energy expressions

for the different SM particles are provided in subsection 3.3.1. Dispersion relations and
the finite width of quasiparticles are discussed in subsection 3.3.2 and 3.3.3, while the
Hermitian and spectral self-energies are computed analytically in appendix A.2 and A.3.
The BW approximation and the zero width limit of the propagators are given in subsec-
tion 3.3.4.

3.3.1 Derivation of self-energy expressions

In the CTP formalism self-energies Gab can be deduced from a functional derivative of the
2PI effective action, cf. eqs. (3.19) and (3.20). This effective action is given by (−i) times
the vacuum graphs. One can show that in Wigner space this translates to:
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Figure 3.3: Spectral part of the propagator with the full one-loop solution to the spectral self-
energies. The light cone q0 = ±|q| is displayed with a thick black line, while the half-integer
logarithmic contour lines are given by thin black lines. On the top left panel the spectral density
of the Higgs log10 |∆Aφ (q)| from eq. (3.52) is shown for Gφ = 0.6, cf. eq. (3.89), ht = 1 and λ = 0.28,
while on the right panel the density of fermions and holes log10 |SA+ (q)| from eq. (3.57) are shown for
Gψ = 0.6, cf. eq. (3.93). Accordingly, the lower panel shows the spectral density of the transverse
and longitudinal modes of the gauge bosons log10 |∆AT,L(q)| from eq. (3.63). Note that ∆Aφ > 0 for
q2 < 0 and ∆Aφ < 0 for q2 ≥ 0, while SA+ > 0 for all q. Further, ∆AT < 0 for all q, while ∆AL < 0 for
q2 ≥ 0 and ∆AL > 0 for q2 < 0. The dispersion relations for the corresponding quasiparticles are
clearly visible by the dark red lines and converge to the momentum independent Higgs mass, to
the Debye mass mDψ and to the plasma frequency ωp for both transverse and longitudinal modes
for a U(1) gauge boson with g1 = 0.3. While in the HTL approximation these would simply be
red lines without any smearing, because the self-energies do not feature any HTL contribution for
q2 ≥ 0, the finite width effect around the quasiparticle poles is obvious here.
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Figure 3.4: One-loop contributions to the Higgs self-energy iΠab = iΠ(V )
φ + iΠ(tp)

φ + iΠ(sg)
φ + iΠ(t)

φ .

iGab(k) = (−1) ×
b a

1PI

In Wigner space two point function for the Higgs field, fermions and for gauge bosons are
given by

k
b a

= i∆ab(k) , (3.83)

k
b a

= iSab(k) , (3.84)

b, ν a, µ
k

= i∆ab
µν(k) . (3.85)

The vacuum bubbles that are relevant are displayed in figure 3.2. It will be shown in the
following that at one-loop order only sunset diagrams, i.e. diagrams that are obtained by
functional derivatives of diagrams (A)-(D) in figure 3.2, contribute to the spectral part
of self-energies. In contrast to that not only these sunset but also seagull and tadpole
diagrams, obtained from (E)-(F ), contribute to the Hermitian parts of self-energies. In
the following discussion we consider the particles running in the loop to be massless.

higgs field: At one-loop order the Higgs field receives contributions from the ex-
change of gauge bosons Π(V )

φ + Π(sg)
φ and the Higgs self-interaction Π(tp)

φ . Another contri-
butions arises from the exchange of the top quark Πt

φ, as its Yukawa coupling is not small
compared to the gauge coupling. The corresponding diagrams are illustrated in figure 3.4.
In total the Higgs self-energy can be decomposed as

iΠφ = iΠ(t)
φ + iΠ(V )

φ + iΠ(tp)
φ + iΠ(sg)

φ , (3.86)

where the individual contributions from the sunset diagrams read

iΠ(t) ab
φ (k) = −Nch

2
t

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)iS̃ab(q)iS̃ba(p)tr[PR,Lp · q] , (3.87)

iΠ(V ) ab
φ (k) = −Gφ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)i∆ab
φ (q)i∆ba

V (p)(k + q)2 , (3.88)

with Nc = 3 the number of SU(3)-colours and the effective coupling of the Higgs to the
U(1) and SU(2) gauge bosons

Gφ ≡ g2
1Y

2
φ + g2C

F
2 = 1

4g
2
1 + 3

4g2 . (3.89)
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Figure 3.5: One-loop contribution to the fermion self-energy i 6Σab.

U(1) SU(2) SU(3)

Nψ 10 12 12
Nφ 1/2 1 0

Table 3.1: Effective number of fermions Nψ and Higgs fields Nφ in the different subgroups of the
SM as the total number of fermions and Higgs fields in one-loop gauge boson diagrams. In the U(1)
the gauge couplings get additionally multiplied with the square of the weak hypercharges. Note
that NSU(3)

φ = 0 since the Higgs is a SU(3) singlet.

Further, the tadpole and seagull contributions are given by

iΠ(tp) ab
φ (k) = 6iλδab

∫ d4p

(2π)4 i∆aa
φ (p) , (3.90)

iΠ(sg) ab
φ (k) = 4iGφδab

∫ d4p

(2π)4 i∆aa
φ (p) . (3.91)

and do only contribute to ΠH but not to ΠA, as mentioned before, due to the fact that
these are diagonal in CTP space.

fermions: In the absence of Yukawa interactions, the only contribution to the fermionic
self-energies at one-loop order is due to the exchange of gauge bosons, as displayed in fig-
ure 3.5, and reads

i6Σab
ψ (k) = 2GψPR,L

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)iS̃ab(q)i∆ba
V (p)6q . (3.92)

For any chosen fermion the self-energy depends on the possible gauge coupling, that is in
general written as

Gψ ≡ g2
1Y

2
ψ + 3

4g
2
2 + 4

3g
2
3 , (3.93)

with Yψ the weak hypercharge of the corresponding fermion. Note that g2, g3 = 0 for
SU(2), SU(3) singlets. For later calculations it is convenient to make use of the decompo-
sition

6Σ = Σ0γ0 + Σiγi , (3.94)

such that computations of the slashed quantity 6Σ is fully determined by the components
Σ0 and Σi. Note that the projectors PR,L are included in Σ0,i. However, they effectively
contribute with a factor of 1/2 to the components Σ0,i. This can be seen when taking
Dirac traces, where the γ5 part of the projectors usually vanishes.
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Figure 3.6: One-loop contribution to the gauge boson self-energy iΠµν = Nψ iΠ(ψ)
µν + Nφ iΠ(φ)

µν +
iΠ(V )
µν + iΠ(tp)

µν + iΠ(sg)
µν .

gauge bosons: Gauge bosons of a certain gauge group receive contributions from
the exchange of Nψ fermions Π(ψ)

µν and Nφ Higgses Π(φ)
µν , as well as the seagull contribution

Π(sg)
µν at one-loop order. The effective number of fermions and Higgs fields are given in

table 3.1. In addition to that the self-interaction due to the sunset diagram Π(V )
µν and the

tadpole Π(tp)
µν have to be taken into account as well. Note that Π(V )

µν does not only consider
gauge bosons but also the ghost fields. The decomposition of the self-energy then reads

iΠµν = Nψ iΠ(ψ)
µν +Nφ iΠ(φ)

µν + iΠ(V )
µν + iΠ(tp)

µν + iΠ(sg)
µν , (3.95)

which is graphically illustrated in figure 3.6. The individual components are given by

iΠ(φ) ab
µν (k) = g2CF

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)i∆ab
φ (q)i∆ba

φ (p)Uµν(p, q) , (3.96)

iΠ(ψ) ab
µν (k) = −g2CF

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)iS̃ab(q)iS̃ba(p)Tµν(p, q) , (3.97)

iΠ(V ) ab
µν (k) = 1

2g
2CA2

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)i∆ab
V (q)i∆ba

V (p)Gµν(p, q) , (3.98)

with the tensorial functions

Uµν(p, q) = (p+ q)µ(p+ q)ν , (3.99)
Tµν(p, q) = tr[PR,L 6pγν 6qγµ] , (3.100)
Gµν(p, q) = (4k2 + p2 + q2)gµν − 2pµpν − 2qµqν + 6(pµqν + qµpν) . (3.101)

The tadpole and the seagull contribution are written as

iΠ(tp) ab
µν (k) = −3ig2CA2 gµνaδ

ab
∫ d4p

(2π)4 i∆aa
V (p) , (3.102)

iΠ(sg) ab
µν (k) = −2ig2CF gµνaδ

ab
∫ d4p

(2π)4 i∆aa
V (p) . (3.103)

Note that for a U(1) gauge boson one has g2CF = g2
1, while CA2 = 0, such that Π(V )

µν and
Π(tp)
µν are only present for the non-abelian groups SU(2) and SU(3). In this case one has

g2CF = 1
2g

2
2 and g2CF = 1

2g
2
3 or g2CA2 = 2g2

2 and g2CA2 = 3g2
3, respectively.
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3.3.2 Dispersion of quasiparticles

Provided that the theory is weakly coupled, quasiparticle states can be inferred from the
use of full propagators. These are given in the form of Wightman function, that can be
expressed in terms of the spectral parts (3.52), (3.57) and (3.63) via eqs. (3.68) and (3.69).
The dispersion laws ω|q| for these quasiparticles as a function of the three-momentum |q|
are defined as the real parts of the poles of the retarded and advanced propagators. In
terms of the spectral propagators these poles for positive energies q0 can be obtained by
solving the following equations

ω2
φ|q| = |q|2 −ΠH

φ (q)|q0=ωφ|q| , (3.104)

ω±|q| = ±|q|+ (ΣH0(q)∓ |ΣH(q)|)|q0=ω±|q| , (3.105)

ω2
T,L|q| = |q|2 + ΠH

T,L(q)|q0=ωT,L|q| . (3.106)

These are shown by the red lines in figure 3.3 for q2 ≥ 0. In general the Hermitian self-
energies are not only complicated functions of the momentum q but it is also difficult to
derive analytic expressions. Full expressions up to one remaining momentum integral are
given by solving for

GH = 1
2
(
Gt −Gt̄

)
, (3.107)

and are derived in appendix A.2. A high temperature approximation allows to solve
this integral analytically. These approximate solutions correspond to HTL expressions
for the Hermitian self-energies. Throughout this thesis it is sufficient to use these HTL
expressions, that are discussed in appendix A.2. In the following the Hermitian self-
energies are expressed in terms of momentum independent thermal masses and into a
momentum-dependent remainder.

hermitian self-energies and thermal masses: The HTL expression of the
Hermitian self-energy for scalar particles is momentum independent and can be expressed
in terms of the thermal Higgs mass

ΠH
φ (q) = m2

φ . (3.108)

The zeroth and spatial component of the Hermitian fermionic self-energy in the HTL limit
depend non-trivially on the momentum

ΣH0
ψ (q) =

m2
ψ

4|q| log
∣∣∣∣q0 + |q|
q0 − |q|

∣∣∣∣ , ΣHi
ψ (q) =

(
q0

|q|Σ
H0
ψ (q)−

m2
ψ

2|q|

)
qi

|q| , (3.109)

and can be expressed in terms of thermal masses mΨ for a given fermion. The HTL part
for the longitudinal and transverse Hermitian self-energies of the gauge boson are written
in terms of the thermal gauge boson mass mV and also exhibits a non-trivial momentum
structure

ΠH
L (q) = −2m2

V

(
1− (q0)2

|q|2

)(
1− q0

2|q| log
∣∣∣∣q0 + |q|
q0 − |q|

∣∣∣∣
)
, (3.110)

ΠH
T (q) = −m2

V −
1
2ΠH

L (q0, |q|) . (3.111)
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Full expressions are derived in appendix A.2 and define the different thermal masses

m2
φ =

(
Gφ
4 + h2

t

4 + λ

2

)
T 2 , (3.112)

m2
ψ = GψT

2

4 , (3.113)

m2
V = 1

6

(1
2C

FNψ + CFNφ + CA2

)
g2T 2 . (3.114)

Gφ is the effective coupling of the Higgs field to the U(1) and SU(2) gauge fields, see
eq. (3.89), while Gψ accounts for the allowed couplings of a given fermion to the gauge
bosons, see eq. (3.93). The individual thermal masses for the three SM gauge bosons
V ∈ {B,W, g} are

m2
B = 11

12g
2
1T

2 , m2
W = 11

12g
2
2T

2 , m2
g = g2

3T
2 . (3.115)

dispersion laws for soft and hard momenta: According to eqs. (3.104),
(3.105) and (3.106) the dispersion relations are determined by the Hermitian self-energies.
With the HTL expressions one can derive dispersion relations in the limit of soft and hard
momenta |q|, see e.g. ref. [131] for a more detailed study.
Since the Hermitian self-energy of the Higgs is momentum independent, the thermal

Higgs mass is chosen in such a way that it fulfils the relativistic dispersion relation

ω2
φ|q| = |q|2 +m2

φ . (3.116)

The dispersion of the fermions and the holes and analogously the transverse and longitu-
dinal modes of the gauge bosons can be approximated in the soft |q| � mψ,mV limit

ω±|q| ' mDψ ±
|q|
3 , (3.117)

ω2
T|q| ' ω

2
p + 6

5 |q|
2 , (3.118)

ω2
L|q| ' ω

2
p + 3

5 |q|
2 , (3.119)

with the plasma frequency ωp =
√

2
3mV and the zero momentum fermion mass, often

referred to as the Debye mass mDψ = mψ√
2 . These are defined as the energy of the particles

at rest and are obvious in figure 3.3. It is interesting to note that for very soft |q| →
0 one cannot distinguish fermion excitations from hole excitations nor transverse from
longitudinal gauge boson modes. For hard |q| � mψ,mV momenta one can approximate

ω2
+,T|q| ' |q|

2 +m2
ψ,V , (3.120)

ω−,L|q| ' |q|
(

1 + 2 exp
(
−1− |q|

2

m2
ψ,V

))
. (3.121)

As the Hermitian self-energies for the fermions and the gauge bosons are not momentum
independent, we have to stick to a certain convention for the thermal masses. The ap-
proximations above indicate that we are using the so-called asymptotic thermal masses.
These are defined as the solutions to ω2

+,T|q| = |q|2 + m2
+,T for hard |q| � m for both

the fermions and the transverse modes of the gauge bosons. At hard momenta, as will be
shown later, the hole and longitudinal excitations will decouple from the plasma, while for
soft momenta they are equally important to the fermions and transverse gauge bosons.
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3.3.3 Finite width of quasiparticles

We have pointed out that the distribution of quasiparticles acquires a finite width around
the quasiparticle mass pole in the s-channel, i.e. for q2 = (q0)2 − |q|2 ≥ 0. While those
pole equations are described by the Hermitian parts of the self-energies, the width is given
by the spectral parts. At one-loop order only the sunset diagrams shown in figures 3.4,
3.5 and 3.6 contribute the spectral self-energy. Details and full expressions are given
in appendix A.3. Since computations within this thesis are mostly dominated by hard
momenta, it is sufficient to use HTL expressions for the spectral self-energies that appear in
the resummed propagators. As shown in appendix A.3 these only appear in the t-channel,
i.e. for q2 = (q0)2 − |q|2 < 0, and are only present for the gauge bosons and the fermions.
Hence, for q2 < 0, the spectral parts of the self-energies in the HTL approximation for the
fermions are given by

ΣA0
ψ (q) = π

4|q|m
2
ψ , ΣAiψ (q) = πq0qi

4|q|3 m
2
ψ , (3.122)

while the spectral parts of the self-energies of the transverse and longitudinal gauge bosons
read

ΠAT(q) = π

4
q2q0

|q|3 m
2
V , ΠAL (q) = −π2

q2q0

|q|3 m
2
V . (3.123)

3.3.4 Breit-Wigner approximation and zero-width limit

For weak couplings the main contribution of the spectral propagator in the s-channel comes
from the quasiparticle pole at q0 = ±ω|q|. In that case one can evaluating the spectral
propagators directly at the pole. The BW approximation decomposes the propagator into
such a BW distribution plus a continuous part, which is basically given by the remainder
of the propagator after the pole part has been subtracted, namely the propagator in the
t-channel:

∆Aφ (q)|BW = Zφ|q|
q0Γφ|q|(

(q0)2 − ω2
φ|q|

)2
+ (q0Γφ|q|)2

+ ∆Aφ (q)|cont , (3.124)

SA± (q)|BW = Z±|q|
Γ±|q|(

q0 − ω±|q|
)2

+ Γ2
±|q|

+ Z∓|q|
Γ∓|q|(

q0 + ω∓|q|
)2

+ Γ2
∓|q|

+ SA± (q)|cont ,

(3.125)

∆AT,L(q)|BW = ZT,L
|q|

ΓT,L|q|(
(q0)2 − ω2

T,L|q|

)2
+ Γ2

T,L|q|

+ ∆AT,L(q)|cont . (3.126)

The damping rates evaluated at the pole read

Γφ,T,L|q| = Zφ,T,L|q|
ΠAφ (q)
q0

∣∣∣∣
q0=ωφ,T,L|q|

, Γ∓|q| = Z±|q|(Σ
A0 ∓ |ΣA|)

∣∣∣∣
q0=ω±|q|

, (3.127)

and depend on the residues, which are given by

Z±|q| =
ω2
±|q| − |q|

2

m2
ψ

, (3.128)
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and

ZT
|q| =

ωT|q|(ω2
T|q| − |q|

2)
2m2

V ω
2
T|q| − (ω2

T|q| − |q|2) , ZL
|q| =

ωL|q|(ω2
L|q| − |q|

2)
|q|2(|q|2 + 2m2

V − ω2
L|q|)

. (3.129)

Note that Zφ|q| = 1 is momentum independent as ΠH
φ does not depend on q0 in the HTL

limit. The residues for the fermion and holes as well as the transverse and longitudi-
nal excitations depend non-trivially on the momentum |q|, as ω|q| is a function on the
momentum. For soft momenta (|q| � mψ,mV ) they read

Z±|q| '
1
2 ±

|q|
3mDψ

, ZT
|q| '

1
2ωp

(
1− 4

5
|q|2

ω2
p

)
, ZL

|q| '
ωp

2|q|2

(
1− 3

10
|q|2

ω2
p

)
, (3.130)

where all the excitations are of equal importance. However, in the limit of large |q| �
mψ,mV the holes and the longitudinal excitations decouple from the plasma

Z−|q| '
|q|2

m2
ψ

exp
(
−1− |q|

2

m2
ψ

)
→ 0 , ZL

|q| '
2|q|
m2
V

exp
(
−1− |q|

2

m2
V

)
→ 0 , (3.131)

while the plasma is dominated by the fermion and transverse modes of the gauge bosons

Z+
|q| ' 1 +

m2
ψ

|q|2

(
1− log

(
|q|2

m2
ψ

))
' 1 , ZT

|q| '
1

2|q| . (3.132)

zero-width limit: Provided that the plasma is sufficiently weakly coupled, one can
take the zero-width limit, which basically corresponds to Γ→ 0. In the SM this is allowed
due to the smallness of the relevant couplings. Therefore, the BW distribution converges
to the Dirac delta function

∆Aφ (q)|ZW = πδ(q2 − ω2
φ|q|)sign(q0) + ∆Aφ (q)|cont , (3.133)

SA± (q)|ZW = π
[
Z±|q|δ

(
q0 − ω∓|q|

)
+ Z∓|q|δ

(
q0 + ω∓|q|

)]
+ SA± (q)|cont , (3.134)

∆AT,L(q)|ZW = π
[
ZT,L
|q| δ

(
q0 − ωT,L|q|

)
−ZT,L

|q| δ
(
q0 + ωT,L|q|

)]
+ ∆AT,L(q)|cont , (3.135)

when making use of the Dirac delta representation

δ(x) = 1
π

lim
ε→0

ε

x2 + ε2
. (3.136)

Note that S+ describes the propagation of fermions with positive energy q0 = ω+|q|, while
S− refers to fermions with negative energies q0 = −ω+|q|. For hard momenta |q| � mψ,φ,V

the pole part of the spectral propagator, i.e. the spectral propagator in the s-channel,
simplifies further

∆Aφ (q)→ πδ(q2 −m2
φ)sign(q0) , (3.137)

SAR,L(q)→ πPR,L 6qδ(q2 −m2
ψ)sign(q0) , (3.138)

∆AT(q)→ πδ(q2 −m2
V )sign(q0) , (3.139)

and puts the particles on their mass shell, that is given by the thermal masses (3.112),
(3.113) and (3.114). When neglecting the thermal masses one directly recovers the free
tree-level solutions (3.75)-(3.78) with eq. (3.81).





4

DIFFUS ION CONSTANTS DURING THE ELECTROWEAK PHASE
TRANS IT ION

The BAU can be generated during the EWPT via EW baryogenesis provided that the
PT is strongly first-order, cf. the reviews [34, 35]. This is required to quench the EW
sphalerons in the broken phase such that any baryon asymmetry, that has been produced
in front of the bubble wall via CP -violating reflections, is prevented from a washout. The
set of equation that describes the EW baryogenesis is sensitive to the diffusion constants
of SM particles such as chiral fermions and the Higgs field. In order to account for non-
equilibrium and thermal effects calculations, the CTP formalism [36, 37] is used. This
allows to write down Boltzmann-like equations for distribution functions with a collision
term that contains all the necessary scattering information about the surrounding plasma.
A variational approach based on refs. [132, 133] is used to extract the diffusion constants.
On the one hand, these receive contributions from one-loop self-energy type diagrams that
would be IR divergent in the absence of thermal effects in the t-channel. However, as an
implicit feature of the CTP formalism, particularly the exchanged particles are dressed
by the plasma and obtain a finite width which is why the divergences are regulated by
the thermal masses. Thus, these diagrams contribute to the diffusion constants at leading
logarithmic order in the relevant couplings. On the other hand, there are two-loop vertex
type diagrams. These seem to be IR divergent. However, when summing up all the relevant
diagrams, certain symmetry properties of the collision term can be applied to get rid of
the divergences. Therefore, it is sufficient to use free propagators rather than resummed
propagators at leading order. In contrast to the self-energy type diagrams, the vertex type
diagrams only contribute at leading linear order in the couplings and are subdominant.
Section 4.1 is devoted to the derivation of the diffusion network and relates the generated

baryon asymmetry to the diffusion constants. Further, it is described how to extract
diffusion constants from a linearised Boltzmann equation. Contributions from self-energy
type and vertex type diagrams are computed in sections 4.2 and 4.3, respectively, before
the results are discussed in section 4.4.

4.1 diffusion transport equations

Boltzmann equations that describe the diffusion of particles around the bubble wall into
the symmetric are derived and solved based on refs. [110, 111] in subsection 4.1.1, such
that an analytic expression is found that expresses the baryon asymmetry in the broken
phase in terms of the diffusion constants. In subsection 4.1.2 the variational approach by
refs. [132, 133] is applied to extract diffusion constants from Boltzmann-like equations that
are derived from first principles in the CTP formalism and take account of the relevant

41
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thermal effects of the plasma. Both, one-loop self-energy type and two-loop vertex type
contributions to the collision term are introduced in subsection 4.1.3.

4.1.1 Solving Boltzmann equations

During the EWPT, transport dynamics, such as the diffusion process, can be described
by Boltzmann equations. Within the non-equilibrium CTP formalism by Schwinger and
Keldysh the charge current density of a particle of species i can be determined by solv-
ing [110, 111]

∂µj
µ
i = −T

2

6
∑
X

ΓX (µi + µj + · · · − µk − µl − . . . ) + SCPV
i . (4.1)

The production of a non-zero charge happens due to the presence of some CP -violating
source SCPV

i , while equilibration happens with the rate ΓX for a process X that describes
the interaction i + j · · · ↔ k + l . . . . In case of large ΓX , i.e. for fast rates, chemical
equilibrium can be reached and implies

µi + µj + · · · = µk + µl + . . . . (4.2)

The diffusion constant Di as the mean free path a particle i in the medium comes into
play when using Fick’s law for the charge number density ni = j0

i ,

ji = −Di∇ni . (4.3)

Note that we have expressed the diffusion equation (4.1) in terms of chemical potentials.
In the limit of small µi � T , which is a justified assumption for temperatures relevant for
EW baryogenesis, these can be related to the charge densities via

ni = T 2

6 kiµi +O(µ3
i /T

3) . (4.4)

The factor ki counts the effective degrees of freedom of a particle i with mass mi in the
plasma

ki = gi
6
π2

∫ ∞
mi/T

dxx ex

(ex ± 1)2

√
x2 −m2

i /T
2 , (4.5)

where ± corresponds to fermions and bosons, respectively, and gi is the number of internal
degrees of freedom. Note hat ki incorporates Boltzmann suppression, which becomes
important for masses close to the EW scale. Successful EW baryogenesis requires the PT
to be strongly first-order. Further, the diffusion process happens mainly in the symmetric
phase of the SM. This allows to compute the diffusion constants by relying on the fully
symmetric SM Lagrangian. Due to a zero Higgs EV in this phase of the SM, the vacuum
masses of the SM particle are vanishing. Since thermal masses are small compared to the
EW scale, it is sufficient to neglect the masses of the SM particles in ki. This leads to
the simple relation ki = π2/6λi, where λi = 1 for fermions and λi = 2 for bosons. Note,
however, the SM alone is not able to account for first-order PT and further CP -violating
sources are too weak to generate sufficient asymmetries around the bubble wall. These
issues can be solved by introducing extra degrees of freedom that couple to the SM, such as
scalars in supersymmetric extension of the SM. This justifies the general form of eq. (4.5).
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The baryon charge nB is determined by the sum of LH number densities over all flavours
a = e, µ, τ

nL =
3∑

a=1

(
nqaL + n`aL

)
, (4.6)

due to EW sphaleron processes that are only sensitive to LH particles, with the LH quark
nqaL = nuaL + ndaL and LH lepton n`aL = nνaL + n`aL densities.
For simplicity, we neglect the curvature of the bubble wall. Thus, we can assume the

bubble to move into z-direction with bubble wall velocity vw. In the following we work in
wall-frame coordinates z = |r+ vwezt|. Note that for typical scenarios of baryogenesis one
has vw ' 0.05 [134, 135], which allows for a non-relativistic treatment of the wall motion.
Further, CP -violating interaction appear through scatterings with the wall, within which
CP -violating sources are present. The thickness of the wall is denoted by Lw. Eventually,
using eq. (4.3), the LH side of eq. (4.1) is given by

∂µ = vw∂zni −Di∂
2
zni . (4.7)

diffusion scale: For the following discussion we define the diffusion time scale
τdiff = D̄/v2

w with the average diffusion constant D̄. This is given when comparing the
distance that a particle diffuses on average ddiff =

√
D̄t to the distance the bubble wall

advances dw = vwt within a time t. τdiff describes how long it takes for the LH charge to
diffuse into the symmetric phase after it has been produced at the bubble wall and to be
collected by the expanding bubble wall where the charge is eventually frozen in due the
quenching of the EW sphalerons in the bubble wall. With D̄ = O(102), as will be shown
in section 4.4, the diffusion time scale is approximately given by τdiffT = O(104). This
needs to be compared to the interaction time scale τX = Γ−1

X for a given process X.
On the one hand, τX � τdiff implies quick equilibration of the charges since the particles

are diffusing ahead of the relatively slow moving bubble wall. ΓX cannot be neglected
in this case. In particular, EW interactions being fast force particles within the same
isodoublet to have equal chemical potential.
On the other hand, when τX � τdiff , the charges are captured by the bubble wall before

EW sphalerons are able to transform these into baryon charges. In this case ΓX can be
neglected within the Boltzmann equations. With τws = 105/T � τdiff , EW sphaleron
interactions are too slow to be included into the set of diffusion equations. This implies
that the baryon and the lepton number, which in the SM can be only violated by these
EW sphalerons, are approximately globally conserved, i.e. the integral of the baryon and
lepton densities over all z vanishes. Note that lepton number is not locally conserved
since the diffusion constant for RH leptons is much larger than the one for the LH leptons.
This is because RH leptons do only interact with U(1) gauge bosons. Therefore, they can
travel longer distances on average before being scattered. In contrast to that, diffusion
constants for baryons are dominated by the strong interaction. Therefore, RH and LH
baryons exhibit a similar diffusion behaviour such that baryon number is approximately
locally conserved:

3∑
a=1

(
nqaL + nuaR + ndaR

)
= 0 . (4.8)

Further, first and second generation Yukawa interactions for both leptons and quarks are
slow enough to be neglected. Consequently, there is no production of leptons of the first
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and second generation, while quarks of first and second generation are only produced by
strong sphalerons, that are fast enough to be in equilibrium, in equal numbers. This
implies the relations

nq1
L

= nq2
L

= −2nu1
R

= −2nu2
R

= −2nd1
R

= −2nd2
R
. (4.9)

With eq. (4.8) it follows

nd3
R

= −nu3
R
− nq3

L
. (4.10)

Before we write down the set of Boltzmann equations, we introduce some heavy fields,
indicated by a tilde, that are in equilibrium with the SM particles, which can be the case
for heavy superpartners due to fast gaugino interactions [110, 111]. Therefore, we make
use of the following notation for the quarks

Ui = nuiR
+ nũiR

, Di = ndiR
+ nd̃iR

, Qi = nqiL
+ nq̃iL

, (4.11)

and for the leptons

Ri = neiR
+ nẽiR

, Li = n`iL
+ n˜̀i

L
, (4.12)

while density of the Higgs is given by the sum of all components of the Higgs doublets

H =
∑
i

nHi . (4.13)

Further, we use T ≡ U3, B ≡ D3, Q ≡ Q3 for the quarks and R ≡ R3 and L = L3
for the leptons. This motivates the notation for more general k-factors from eq. (4.5):
kR = kτR + kτ̃R , kQ = kqL + kq̃L , etc.

set of boltzmann equations: With the considerations above the set of Boltz-
mann equation is given by only considering interactions that are fast compared to the
diffusion time scale. One finds that, while in general top Yukawa interaction are fast
compared to the diffusion time scale, bottom and tau Yukawa interaction are too slow in
the SM to be considered. However, as reported in refs. [109], these other two third gener-
ation Yukawa interaction can be large enough not to be neglected. This happens e.g. in
supersymmetric EW baryogenesis, when the ratio of the VEVs of the Higgs doublets
vu/vd ≡ tan β is enhanced, i.e. when tan β � 1. Refs. [110, 111] state that for tan β & 5
bottom Yukawa interactions become important for the generation of LH densities, while
tan β & 20 also tau Yukawa interaction have to be taken into account.
Therefore, we use the general approach and include Γt,b,τ that describe third generation

Yukawa interaction rates from top, bottom and tau Yukawa couplings ht,b,τ and Γss =
16κ′α4

sT as the strong sphaleron rate with the strong coupling αs = g2
3/(4π) and κ′ ∼

O(1) [136]. Note that it is sufficient to write down Boltzmann equations for the number
densities Q, T , Q1, L, R and H only, while all the other charges are obtained via eqs. (4.9)
and (4.10). For the Higgs boson, the diffusion equation reads

vwH
′ −DHH

′′ = −Γt
(
Q

kQ
− T

kT
+ H

kH

)
+ Γb

(
Q

kQ
+ Q+ T

kB
− H

kH

)
− Γh

H

kH

− Γτ
(
L

kL
− R

kR
− H

kH

)
+ SCPV

H , (4.14)
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while for the leptons we have

vwL
′ −DLL

′′ = −Γτ
(
L

kL
− R

kR
− H

kH

)
− Γmτ

(
L

kL
− R

kR

)
− SCPV

τ , (4.15)

vwR
′ −D′′R = Γτ

(
L

kL
− R

kR
− H

kH

)
+ Γmτ

(
L

kL
− R

kR

)
+ SCPV

τ , (4.16)

and eventually for the quarks

vwQ
′ −DQQ

′′ = −Γt
(
Q

kQ
− T

kT
+ H

kH

)
− Γb

(
Q

kQ
+ Q+ T

kB
− H

kH

)

− Γmt
(
Q

kQ
− T

kT

)
− Γmb

(
Q

kQ
+ T +Q

kB

)
− SCPV

t − SCPV
b

− 2Γss

(
2 Q
kQ
− T

kT
+ Q+ T

kB
+ 1

2

2∑
a=1

[
4 1
kQa

+ 1
kUa

+ 1
kDa

]
Q1

)
, (4.17)

vwT
′ −DQT

′′ = Γt
(
Q

kQ
− T

kT
+ H

kH

)
+ Γmt

(
Q

kQ
− T

kT

)
+ SCPV

t

+ Γss

(
2 Q
kQ
− T

kT
+ Q+ T

kB
+ 1

2

2∑
a=1

[
4 1
kQa

+ 1
kUa

+ 1
kDa

]
Q1

)
, (4.18)

vwQ
′
1 −DQQ

′′
1 = −2Γss

(
2 Q
kQ
− T

kT
+ Q+ T

kB
+ 1

2

2∑
a=1

[
4 1
kQa

+ 1
kUa

+ 1
kDa

]
Q1

)
. (4.19)

In addition to the Yukawa and strong sphaleron interactions, Γh,mi describe CP -conserving
scattering rates within the bubble with the background Higgs field [137]. Further, the
different SCPV

i account for CP -violating sources, cf. e.g. refs. [110, 111].

solving the boltzmann equations: When solving the system of Boltzmann
equations (4.14)-(4.19) and further assuming top and bottom Yukawa couplings to be in
equilibrium, we can express the quark densities in terms of the Higgs density

T ≡ κTH = kT
kH

2kB + kQ
kB + kQ + kT

H , (4.20)

Q ≡ κQH = kQ
kH

kB − kT
kB + kQ + kT

H , (4.21)

B ≡ κBH = −kB
kH

2kT + kQ
kB + kQ + kT

H . (4.22)

Furthermore, the term in eq. (4.19) that is not proportional to Q1 vanishes due to equi-
librated top and bottom Yukawa interactions. When applying the boundary condition
Q1(z → ±∞) → 0, it can be shown that both Q1 and also U1,2, D1,2 and Q2 vanish,
which is due to the approximate baryon number conservation (4.8). Therefore, fast top
and bottom Yukawa interactions lead to vanishing first and second generation quarks
densities.
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When further assuming the τ Yukawa couplings to be in equilibrium it is possible
to approximately relate nL to the Higgs charge density H, where non-local terms are
neglected [111]:

nL '
(
kq
kH

kB − kT
kB + kQ + kT

+ k`
kH

kRDR
kLDL + kRDR

)
H

' k`
kH

kRDR
kLDL + kRDR

H . (4.23)

For illustrative purposes we have used that the masses of the new degrees of freedom
fulfil mb̃ = mt̃ and thus kB ' kT . Thus, the first term in eq. (4.23), that is due to
fast top and bottom Yukawa interactions, vanishes. Therefore, this case is referred to as
lepton-mediated EW baryogenesis [111].
Note that the discussion of the diffusion process is quite general, in the sense that it can

be applied to theories where both Yukawa interactions of the third generations are fast
compared to the diffusion time scale and where CP violation affects the first and second
generations of quarks only through strong sphaleron processes.
We have seen that all the relevant densities can be expressed in terms of H. Since the

baryon number is determined by nL alone, it is sufficient to solve the system for H only.
Eventually, the set of Boltzmann equation gives rise to a differential equation for H

d2

dz2H(z)− vw

D̄

d
dzH(z)− Γ̄

D̄
H(z) = −S(z)

D̄
, (4.24)

with

D̄ = DH +DQ(κT − κB) +DLκL
1 + κT − κB + κL

, (4.25)

Γ̄ = Γh + Γmt + Γmb + Γmτ
κH(1 + κT − κB + κL) , (4.26)

S̄ = SCPV
H + SCPV

t − SCPV
b − SCPV

τ

1 + κT − κB + κL
. (4.27)

In this case the effective decay rate Γ̄ is given by the scattering rates with the Higgs
background field. These are only present in the broken phase, i.e. for z > 0. Therefore, we
can use Γ̄(z) = ϑ(z)Γ̄ with a spatially constant Γ̄. Further, we assume S̄ to be an effective
CP -violating source term that is only vanishing for z < −Lw/2. Consequently, H can be
solved in the three regimes: regime I is given by z < −Lw/2, where neither the source S̄
nor the relaxation term Γ̄ is present. Regime II corresponds to −Lw/2 < z < 0 for Γ̄ = 0,
while regime III is given by z > 0 with S̄ 6= 0 and Γ̄ 6= 0. Given that H(z → ±∞) → 0,
solutions to H in the symmetric phase are given by

HI(z) = Ae
vw
D̄
z , (4.28)

where the integration constant A is obtained by the use of the continuity conditions
HI(−Lw/2) = HII(−Lw/2), H ′I(−Lw/2) = H ′II(−Lw/2) and HII(0) = HIII(0), H ′II(0) =
H ′III(0), such that

A =
∫ ∞

0
dyS̄(y)e−γ+y

D̄γ+
+
∫ 0

−Lw/2
dyS̄(y)

[
γ−
vwγ+

+ e−vwy/D̄

vw

]
, (4.29)
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with

γ± ≡
1

2D̄

(
vw ±

√
v2

w + 4Γ̄D̄
)
. (4.30)

With vw ' 0.05 and D̄ ∼ O(102) we can expand in small vw/D̄, such that γ± = ±
√

Γ̄/D̄+
O(vw). This implies a relaxation of the charge densities in the broken phase, given by the
rate

√
Γ̄/D̄, that is much stronger than the equilibration of the charges, given by the rate√

vw/D̄, in front of the wall.
Note that eq. (4.29) can be solved for an arbitrary dependence of the source S̄ on z.

However, for illustrative purposes, it is beneficial to assume a source S̄ that is only non-
vanishing for −Lw/2 < z < 0 and also spatially constant. This allows to get rid of the
first integral in eq. (4.29) and further allows to evaluate the second term analytically. In
the limit of vw/D̄ � 1, A can then be approximated by

A = S̄

(
D̄

vw

(
e
Lw
2
vw
D̄ − 1

)
+ Lw

2
γ−
γ+

)
1
vw

. (4.31)

Thus, eq. (4.23) can be used to determine the LH lepton density in the symmetric phase

nL(z) ' k`
kH

kRDR
kLDL + kRDR

S̄

((
Lw
2

)2 1
2D̄

+ Lw
2

1√
D̄Γ̄

)
e
vw
D̄
z , (4.32)

that allows to compute the baryon asymmetry in the broken phase.

baryon asymmetry: The baryon charge nB is then obtained by solving [107]

Dq
d2nB(z)

dz2 − vw
dnB(z)

dz − ϑ
(
−Lw

2 − z
)

ΓbnB(z) = 3ϑ
(
−Lw

2 − z
)

ΓwsnL(z) , (4.33)

where the Heaviside step function accounts for the fact that EW sphalerons are only active
in the symmetric phase, i.e. for z < −Lw/2. Further, we account for the relaxation of the
baryon charge in the symmetric phase with rate Γb ' 15/4Γws [138]. Solutions are given
by

nB(z) = − 3Γws
Dq(λ+ − λ−)

∫ −Lw/2

−∞
dy nL(y)e−λ−y

+ 3Γws
Dq(λ+ − λ−)

∑
±

eγ−y(±1)
∫ z

−Lw/2
dy ϑ

(
−Lw

2 − y
)
nL(y)e−λ±y , (4.34)

with

λ± =
v2

w ±
√
v2

w + 4ΓbDq

2Dq
, (4.35)

where the integration constant is chosen such that nB(z → −∞) → 0. Therefore, the
baryon charge density inside the bubble (for z > Lw/2) is a constant that is given by the
first integral of eq. (4.34). For v2

w � 4ΓbDq, which is a justified assumption [137, 138], we
have λ− ' 0 and λ+ ' vw/Dq. With the approximate solution (4.32) that integral can be
solved analytically, such that

nB(z > Lw/2) = −S̄
(3Γws
v2

w

)
k`
kH

kRDR
kLDL + kRDR

1
2

(
Lw
2

)2
+ Lw

2

√
D̄

Γ

 . (4.36)
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4.1.2 Linearised transport equation

Diffusion constants Dψ,φ are defined by Fick’s law (4.3). We describe particles participat-
ing in the diffusion process by local equilibrium distribution functions fψ,φ0 (|k|,x), that
are slowly evolving in space since µψ,φ(x) varies slowly, and a departure from equilibrium
δfψ,φ(k,x). Thus, we can write

fψ,φ0 (k,x) =
[
eβ(k0−µψ,φ(x)) ± 1

]−1
, (4.37)

δfψ,φ(k,x) = fψ,φ0 (k,x)
(
1∓ fψ,φ0 (k,x)

)
fψ,φ1 (k,x) , (4.38)

where the deviations are written in such a way that fψ,φ1 (k,x) is driven by chemical
potentials and is first order in gradients. Note that gauge interactions are fast enough to
keep the gauge bosons in equilibrium. When writing the current as

jψ,φ =
∫ d3k

(2π)3 k̂ δf
ψ,φ(k,x) , (4.39)

one can obtain the different diffusion constants by solving transport equations for the
function fψ,φ1 (k,x). In the following we will work in the local rest frame and consequently
drop the notation on x. Further we will work up to first order in the deviations from
equilibrium or in gradients.
In this limit and without flavour effects, the leading order transport equation is deduced

from the kinetic equations (3.49) in absence of the commutator term. Further, since the
bubble wall breaks the homogeneity of the universe, the dependence on the spatial x must
not be neglected. Therefore, eq. (3.49) requires the replacement ∂t → ∂t+ k̂ ·∇. Note that
the time derivative is already second order in gradients [132]. Consequently, the relevant
transport equation is given by

k ·∇
|k| f

ψ,φ
0 (k) = ±

∫ ∞
0

dk0

2π Cψ,φ(k) , (4.40)

for a given fermion ψ or the Higgs field. Note that throughout this thesis we compute
diffusion constants for particles. This is realised by putting the putting the particle on-
shell and further assume positive energy k0 = |k|. Diffusion constants for antiparticles,
i.e. for k0 = −|k|, can be obtained analogously but do not differ from diffusion constants
for particles. This is because the procedure in the following is insensitive to sign(k0). The
transport equation (4.40) describes the phase space behaviour of the distribution. This is
basically determined by the collision terms

Cφ(k) = iΠ>
φ (k)i∆<

φ (k)− iΠ<
φ (k)i∆>

φ (k) , (4.41)

Cψ(k) = tr
[
i6Σ>
ψ (k)iS<ψ (k)− i 6Σ<

ψ (k)iS>ψ (k)
]
, (4.42)

that contain all the necessary scattering informations, cf. eq. (3.49), of the surrounding
plasma. It can be shown that Cψ,φ vanishes in equilibrium. Therefore, these can be written
as functions that are linear in the deviations f1, i.e.

Cψ,φ[f ] = (Cf1)ψ,φ +O(f2
1 ) , (4.43)
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where higher order terms in f1 are neglected. The LH side of the transport equations (4.40)
is given by

k ·∇
|k| f

ψ,φ
0 (k) = βfψ,φ0 (k)(1∓ fψ,φ0 (k))k̂i(∇iµ) +O(µ2) , (4.44)

and requires the deviations to be of the following form [132]

fψ,φ1 (k) = β2(∇iµ)χψ,φi (k) , (4.45)

with χψ,φ(k) ∝ k̂ a function that is chosen such that it solves the transport equation. With
the definition

Sψ,φi (k) = −Tfψ,φ0 (k)(1∓ fψ,φ0 (k))k̂i , (4.46)

we are able to write down a linearised transport equation

Sψ,φi (k) = (Cψ,φχψ,φi )(k) . (4.47)

When solving this equation for χ, we can determine the current j from eq. (4.39) by making
use of the definition (4.45). In the limit of small chemical potential, i.e. for µψ,φ � T , the
number density appearing eq. (4.3) can be expressed in terms of the µψ,φ via

nψ,φ = µψ,φ Ξψ,φ , (4.48)

with the charge susceptibility

Ξψ,φ = ∂nψ,φ
∂µψ,φ

=
∫ d3k

(2π)3βf
ψ,φ(k)(1∓ fψ,φ(k)) =

T 2

6 for bosons
T 2

12 for fermions
. (4.49)

Consequently, both expressions of the current (4.3) and (4.39) depend on the gradient of
the chemical potentials. This allows to extract the diffusion constant when having solved
the system (4.47) for χ.

variational approach: In the following we use the approach from ref. [132, 133]
by solving the system by extremalisation. With the inner product

(a, b)3 ≡ β3
∫ d3k

(2π)3a(k)b(k) , (4.50)

(a, b)4 ≡ β
∫ ∞

0

dk0

2π (a, b)3 = β4
∫ d4k

(2π)4ϑ(k0)a(k)b(k) , (4.51)

the functional

Qψ,φ[χ] ≡
(
χi, S

ψ,φ
i

)
3
− 1

2
(
χψ,φi , Cψ,φχψ,φi

)
4
, (4.52)

is defined such that it is maximal when χ is a solution to eq. (4.47). Therefore, diffusion
constants are given by

Dψ,φ = ∓2
3Q

ψ,φ
maxΞ−1

ψ,φ . (4.53)
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In order to maximise Q[χ] we express χi in terms of a N -dimensional set of basis functions
φ(m) with coefficients am

χi(k) =
N∑
m=1

amφ
(m)
i (k) . (4.54)

This allows to write

Qψ,φmax = ∓1
2 S̃
†
ψ,φC̃

−1
ψ,φS̃ψ,φ , (4.55)

where S̃ is the vector with components S̃m = (Si, φ(m)
i )3, while C̃ corresponds to the

matrix with entries C̃mn = (φ(m)
i , Cφ(n)

i )4. It is known [132, 133] that a convenient choice
of basis functions is given by

φ
(m)
i (k) = sign(k0)k̂i

(|k/T )m
(1 + |k|/T )N−1 , for m < N . (4.56)

Eventually, diffusion constants for fermions and Higgs are given by

Dψ,φ = S̃†ψ,φC̃
−1
ψ,φS̃ψ,φ

(
T 2

4 λψ,φ

)−1

, (4.57)

where λψ = 1 and λφ = 2. Note that when computing C̃ψ,φ we have to divide it by
symmetry factor Nsym, that corresponds to the number of equivalent processes, in order
to avoid overcounting.

4.1.3 Contributions to the collision term

Throughout this thesis we calculate diffusion constants to leading order in the relevant
couplings. Within this approximation, thermal effects on the particles that are on-shell
can be neglected, i.e. the zero-width approximation is used and thermal masses are ne-
glected. This allows to use eqs. (3.75)-(3.78) with eq. (3.81). As a consequence, 1 ↔ 2
(inverse) decays are kinematically forbidden and do not contribute to the diffusion process.
Therefore, it is sufficient to only consider 2↔ 2 scattering processes. There are two types
of self-energies in the collision terms (4.41) and (4.42) that contain such processes, which
allows for the decomposition [125]

Cψ,φ = Cself
ψ,φ + Cvert

ψ,φ . (4.58)

On the one hand, the self-energy type contributions are given by one-loop diagrams,
see figure 4.1, that are obtained from functional derivatives of the 2PI vacuum bubbles,
cf. figure 3.2. These are discussed in section 4.2. With CTP indices a, b these are written
as

i6Σself ab
ψ (k) = g2CF2

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)γµiSab(p)γν i∆ab
µν(q) , (4.59)

iΠself ab
φ (k) = g2CF2

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)i∆ab(p)i∆ab
µν(q)(k + p)µ(k + p)ν .

(4.60)
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Sψ Σψ ∆φ Πφ

Figure 4.1: Self-energy type contribution to the collision term Cself
φ,ψ for chiral fermions and the

Higgs boson, respectively. Double lines indicate exact propagators, while single lines correspond
to tree-level propagators.

≃ +

≃

+
Cself
ψ Cself(V )

ψ Cself(ψ)
ψ Cself(os)

ψ

Cself
φ Cself(V )

φ

Figure 4.2: Leading order decomposition of the self-energy type contribution to the collision term
Cself
φ,ψ for the Higgs bosons and fermions. Double lines indicate full propagators.

While all propagators are fully resummed in this case, a leading order expansion that
corresponds to 2 ↔ 2 scattering processes is presented in figure 4.2. Due to the use of
the resummed propagators, as an implicit feature of the CTP formalism, the exchanged
particles are provided with a finite with and a thermal mass. Analytic expression for the
resummed propagators are given in section 3.2. Therefore, IR divergences, that would
appear for soft momentum exchange |q| . gT in the zero width limit, are cured automat-
ically. This requires to compute Hermitian self-energies that work well in this soft scale.
This justifies the use of the HTL approximation within the derivation of the Hermitian
self-energies, cf. appendix A.2 for a detailed discussion. One finds that the enhancement in
the IR gets converted into logarithmic contribution in the couplings, the so-called leading
logarithmic contribution.
On the other hand, vertex type diagrams are given by two-loop diagrams, as shown

in figures 4.3 and 4.6, and are discussed in section 4.3. 2 ↔ 2 scattering processes are
recovered by cuts through on-shell particles, see figures 4.4, 4.5 and 4.7. We find that
these types of diagrams do not exhibit divergences in the IR when summing up all the
individual contributions and further making use of symmetry properties of the collision
terms. This allows to neglect thermal effects, such that all the particles, including the
exchanged off-shell particles, have zero width and zero thermal masses. Therefore, the
vertex type diagrams only contribute to leading linear order and are suppressed to the
leading logarithmic contributions from the self-energy type diagrams.
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4.2 self-energy type contributions

By construction of the 2PI effective action, the collision term is given by fully resummed
propagators. A useful leading order expansion in the couplings is given when decomposing
the collision term

Cself
ψ (k) ' Cself(V )

ψ (k) + Cself(ψ)
ψ (k) + Cself(os)

ψ (k) , (4.61)

into the three contributions

Cself(ψ)
ψ (k) = Gψ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)

× tr[γν iS>(p)γµi∆(0)>
µν (q)iS(0)<(k)− (<↔>)] , (4.62)

Cself(os)
ψ (k) = Gψ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)

× tr[γν iS(0)>(p)γµi∆(0)>
µν (q)iS<(k)− (<↔>)] , (4.63)

Cself(V )
ψ (k) = Gψ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)

× tr[γν iS(0)>(p)γµi∆>
µν(q)iS(0)<(k)− (<↔>)] . (4.64)

In this way only one propagator per contribution is resummed as shown in figure 4.2, while
the remaining propagators are evaluated at tree-level. In the latter case, these particles not
only have zero width but also their thermal masses are neglected. Tree-level propagators
are given in eqs. (3.75)-(3.78) with eq. (3.81), while resummed propagators are provided
in section 3.2. For a leading order analysis it is sufficient to use one-loop resummed
propagators. These depend on the Hermitian and spectral self-energies, that are derived
in appendix A.2 and A.3, and account for the dispersion relation and finite width of the
exchanged particle, respectively. Note that these are the contributions that effectively lead
to 2↔ 2 scatterings. This fact is more obvious when recalling that the particles in those
loops are on-shell. When applying on-shell cuts those 2 ↔ 2 processes arise. Note that
both the resummed gauge boson and the fermion propagators are necessary to cure IR
divergences via their finite width that appear in t-channel exchanges due to enhanced HTL
contributions, cf. figure 3.3. In contrast to that no such divergences appear for processes
where scalars are exchanged. Therefore, there is no need to resum the Higgs propagator.
The equivalent diagram with a zero-width exchanged Higgs is given by diagram (F ) in
figure 4.3. Consequently, the self-energy type collision term for the Higgs is solely given
by using a resummed gauge boson propagator

Cself
φ (k) = Cself(V )

φ (k) = Gφ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)(k + p)µ(k + p)ν

× [i∆(0)>
φ (p)i∆>

µν(q)i∆(0)<
φ (k)− (<↔>)] . (4.65)

In the following we use the freedom to choose momenta such that p1,3 indicate the on-shell
particles, while the momentum q = p1 − p3 is assigned to the off-shell exchanged particle.
Further, we calculate the diffusion constant for the particle with momentum p1 and limit
the discussion on diffusion constants for particles and not antiparticles, i.e. we choose
p0

1 = |p1|. This opens up two channels:
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s-channel: This channel is defined for q2 ≥ 0, where q is the momentum of the
exchanged particle, and implies p0

3 = −|p3|. Consequently, the spectral one-loop self-
energies in the resummed propagator vanish in the HTL limit, cf. appendix A.3, since
HTL contributions are only non-vanishing for q2 < 0. The mass pole is present in the
s-channel that can be seen as the line of dispersion in figure 3.3. This pole only has
an analytic expression in case of soft and very hard momentum exchange, which makes
the numerical integration suffer from uncertainties. Nevertheless, the contribution to the
diffusion constant can be computed approximately when neglecting all the self-energies in
the denominator of the resummed propagators (3.54) and (3.63), such that

SA(q) ' PX
2 6qΣAψ · q − 6ΣAψ q2

q4 , (4.66)

with the chiral projection operator PX = PR,L. The resummed gauge boson propagator
for a given mode η = T,L is analogously obtained from eq. (3.63) and reads

∆Aη (q) =
ΠAη

(q2 + ΠH
η )2 + (ΠAη )2 '

ΠAη
q4 = 1

q4

(
NψΠ(ψ)A

η +NφΠ(φ)A
η + Π(V )A

η

)
. (4.67)

This implies the decomposition of the gauge boson propagator into the contributions from
fermions, from the Higgs and also from self-interactions, cf. figure 3.6. Such a procedure
is motivated by ref. [125] and is valid in a leading order discussion since it can be shown
that the numerator of these resummed propagators are first order in q2 for q2 → 0. Con-
sequently, the integrands of the collision terms (4.62)-(4.64) and (4.65) are finite in the
limit of zero four-momentum q exchange and thus do not suffer from IR divergences. Note
that within this assumption, the collision terms are simply proportional to g4 for a given
gauge coupling g.

t-channel: This channel is given for q2 < 0, where q is the momentum of the ex-
changed particles, and implies p0

3 = |p3| for the momentum convention we choose. It is
not possible to neglect the self-energies in the denominator in this channel as in eqs. (4.66)
and (4.67) because these are required to cure logarithmic enhancements that appear for
q0, |q| → 0 due to the presence of HTL terms of the self-energies appearing in the re-
summed propagators (3.54) and (3.63). Analytic expressions for the spectral one-loop
self-energies with their HTL terms are provided in appendix A.3, while the necessary
Hermitian self-energies are given in appendix A.2.
Particularly the inclusion of these HTL terms themselves prevent the contribution from

such an IR divergence and become important for soft momentum exchanges, i.e. for |q| .
gT , because these are non vanishing for q0, |q| → 0 and provide the finite width that is
needed to cure the IR divergence. For larger momentum exchanges, i.e. for |q| � gT ,
the self-energies in the denominator of the resummed propagators (4.66) and (4.67) are
subdominant compared to the exchanged momentum q. This justifies the usage of the HTL
approximation in the derivation of the Hermitian self-energies, cf. appendix A.2. In this
case the integrals that have to be solved to determine the diffusion constants get regulated
by the thermal masses, i.e. the HTL part of the Hermitian self-energies for small |q| . gT .
This leads to a logarithmic contribution to the diffusion constants in the thermal masses
of the given exchanged particle.
An approximate procedure to compute diffusion constants in the t-channel is given by

dividing the collision terms into two parts: First, a finite (fin) contribution arises when
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subtracting the HTL parts from the spectral self-energies by dropping the parts of the
Heaviside step functions in appendix A.3 that are proportional to T 2, i.e. eq. (A.61). This,
in analogy to the s-channel, allows to neglect the self-energies in the denominator of the
resummed propagators (3.54) and (3.63) such that eqs. (4.66) and (4.67) can be used. The
second contribution is given by only using HTL parts of the self-energies, namely by only
using eq. (A.61), and completely neglecting the finite contributions. The corresponding
expressions are given by eqs. (3.122) and (3.123). This is allowed since only the HTL parts
of the self-energies appearing in the denominator of the resummed propagators are needed
to soften the IR divergences for q0, |q| → 0, while the finite parts of the self-energies
are first order in q2 for q2 → 0 and are consequently subdominant for |q| . gT . For
|q| � gT both the finite and the HTL parts of the self-energies are negligible compared
to the exchanged momentum q. We could in general neglect these for |q| � gT within a
leading order approximation in the couplings. However, as mentioned above, we consider
HTL parts of the self-energies only and just neglect the finite contributions for all q.
Note that diffusion constants are computed via the variational approach introduced in

subsection 4.1.2. A precision better than the percent level is already reached by using a
three-dimensional basis set (4.54).
Eventually, the inverse diffusion constants from self-energy type contributions can be

decomposed as follows

D−1 = D−1
fin +D−1

HTL . (4.68)

D−1
fin is from s-channel and t-channel exchanges without HTL terms and is proportional

to g4 for a given gauge coupling g. In contrast, D−1
HTL is solely due to HTL approximated

self-energies and thus only appears in the t-channel. These lead to a contribution that is
proportional to the logarithm of the thermal mass of the exchanged particles since these
regulate the IR divergence. Therefore, D−1

HTL is logarithmically enhanced compared to
D−1

fin .
In subsection 4.2.1 diffusion constants are calculated to leading order for contributions

where gauge bosons are exchanged, while 4.2.2 discusses the contribution from the ex-
change of fermions.

4.2.1 Contribution from gauge boson exchange

Within the collision terms Cself(V )
ψ,φ , see eq. (4.64), only the gauge boson propagator is

resummed at one-loop level, while the other particles are on-shell with vanishing thermal
mass. As already mentioned these are the diagrams that contribute to 2 ↔ 2 scattering
processes of scalars and fermions, where gauge bosons are the exchanged particles. With
the quasiparticle approximation (3.68) we obtain the collision term

Cself(V )
φ,ψ (p1) = ±2g2CF2

∫ d4p3
(2π)4 (2π)2sign(p0

1)sign(p0
3)δ(p2

1)δ(p2
3)

×
∑
η=T,L

P ηµν(p1 − p3)Xµν(p1, p3)∆Aη (p1 − p3)

× fφ0 (p1)[1± fφ,ψ0 (p3)][1 + fV0 (p1 − p3)][fφ,ψ1 (p1)− fφ,ψ1 (p3)] , (4.69)

that is linear in the deviations f1, where η = T,L distinguishes between the exchange
of transverse and longitudinal gauge bosons, cf. eqs. (A.3) and (A.4). Further Xµν is
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Uµν for scalars while it corresponds to Tµν for fermions, cf. eqs. (3.99) and (3.100). The
contraction of the Lorentz indices is given by

PT
µν(q)Uµν(p1, p3) = − q2

|q|2
(
|q|2 − (p0

1 + p0
3)2
)
, (4.70)

PL
µν(q)Uµν(p1, p3) = − q2

|q|2 (p0
1 + p0

3)2 , (4.71)

PT
µν(q)Tµν(p1, p3) = q2

|q|2
(
|q|2 + (p0

1 + p0
3)2
)
, (4.72)

PL
µν(q)Tµν(p1, p3) = q2

|q|2
(
|q|2 − (p0

1 + p0
3)2
)
, (4.73)

when using relations from appendix A.1. The contraction that is needed for computing
the diffusion constants within the variational approach from subsection 4.1.2 is given by(

χφ,ψi , (Cχφ,ψi )self(V )
φ,ψ

)
= ±g2CF2

∫ d4p1
(2π)4

∫ d4p3
(2π)4 (2π)2sign(p0

1)sign(p0
3)δ(p2

1)δ(p2
3)

×
∑
η=T,L

P ηµν(p1 − p3)Xµν(p1, p3)∆Aη (p1 − p3) (4.74)

× fφ0 (p1)[1± fφ,ψ0 (p3)][1 + fV0 (p1 − p3)][χφ,ψi (p1)− χφ,ψi (p3)]2 ,

where we accounted for a symmetry factor of 1/2 due to two particles of the same species
in each case. This integral can be simplified when choosing p1 = |p1|ez, such that p1 ·p3 =
|p1||p3|(sign(p0

1)sign(p0
3)− cos θ). Thus,(

χφ,ψi , (Cχφ,ψi )self(V )
φ,ψ

)
= ±g

2CF2
32π4

∫ ∞
0

d|p1||p1|
∫ ∞

0
d|p3||p3|

∫ 1

−1
d cos θ sign(p0

3)

×
∑
η=T,L

P ηµν(p1 − p3)Xµν(p1, p3)∆Aη (p1 − p3) (4.75)

× fφ0 (p1)[1± fφ,ψ0 (p3)][1 + fV0 (p1 − p3)][χφ,ψi (p1)− χφ,ψi (p3)]2 ,

where we choose sign(p0
1) = 1. sign(p0

3) = ±1 then determines if the process takes place in
the t-channel or in the s-channel.
The computation of the inverse diffusion constants for the non-HTL contributions is

simply performed by a numerical integration for both the s-channel and the t-channel,
where all the dependence on the couplings can be factored out.(
D

self(V )
φ

)−1

fin
= g2TCF2 (−8.7× 10−3CFNφg

2 − 1.4× 10−3CFNψg
2 − 1.7× 10−3CA2 g

2) ,
(4.76)(

D
self(V )
ψ

)−1

fin
= g2TCF2 (3.0× 10−5CFNψg

2 − 6.3× 10−3CFNφg
2 − 5.8× 10−3CA2 g

2) .
(4.77)

Since the main contribution happens for soft |q| . gT , longitudinal and transverse modes
of the gauge bosons are equally important, cf. chapter 3.
The inverse diffusion constants due to the HTL contributions, that are only present

in the t-channel, can be obtained when performing numerical integrations for different
couplings

GV ≡
1
6

(1
2C

FNψ + CFNφ + CA2

)
, (4.78)
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cf. eq. (3.114). With the help of a numerical fitting procedure we obtain(
D

self(V )
φ

)−1

HTL
' g2CF2 GV T × (9.1× 10−2 + 6.5× 10−3 logG−1

V + 1.1× 10−2GV ) , (4.79)(
D

self(V )
ψ

)−1

HTL
' g2CF2 GV T × (5.8× 10−2 + 2.9× 10−3 logG−1

V + 4.1× 10−3GV ) , (4.80)

where higher orders in GV are used to ensure a stable fit.

4.2.2 Contribution from fermion exchange

Within the collision terms Cself(ψ)
ψ and Cself(os)

ψ , see eqs. (4.62) and (4.63), only one of the
fermion propagator is resummed at one-loop level, while the remaining particles are on
the zero thermal mass shell. These two diagrams contribute to 2↔ 2 scattering processes
of fermions, where fermions are exchanged. In analogy to the contributions from gauge
boson exchange we end up at the contraction
(
χψi , (Cχ

ψ
i )self(ψ+os)
ψ

)
4

= −8Gψ
∫ d4p1

(2π)4
d4p3
(2π)4 (2π)2sign(p0

1)sign(p0
3)δ(p2

1)δ(p2
3) (4.81)

pµ1S
A
µ (p1 − p3)× fψ0 (p1)[1 + fV0 (p3)][1− fψ(p1 − p3)][χψi (p1)]2 ,

with Gψ from eq. (3.93) when using the quasiparticle approximation (3.69). Note that the
outer integral over p1 implies that Cself(ψ)

ψ and Cself(os)
ψ contribute with the same magnitude

to the diffusion process. This gets compensated by using a symmetry factor of 1/2. It is
possible to reduce this integral to a three-dimensional integral. Inverse diffusion constants
are computed by numerical integration while the couplings can be factored out. In con-
trast to that, the HTL contribution is obtained by numerically integrating over different
couplings. Inverse diffusion constants are then given by performing a numerical fitting
procedure. Eventually, we have(
Dψ+os
ψ

)−1

fin
= −1

4
(
8.2× 10−3 ×G2

ψT
)
, (4.82)(

Dψ+os
ψ

)−1

HTL
= 1

4
(
8.3× 10−2 ×G2

ψT + 1.9× 10−2 ×G2
ψT logG−1

ψ + 4.6× 10−3 ×G3
ψT
)
.

(4.83)

4.3 vertex type contributions

Besides the self-energy type contributions, two-loop vertex type diagrams contribute to
the diffusion of the Higgs and fermions. A collection of diagrams is given in figure 4.3 for
the Higgs field and in figure 4.6 for fermions. In contrast to the self-energy type diagrams
it is sufficient to leading order in the couplings to use zero-width propagators, i.e. we
neglect the width of the particles, since all IR divergences vanish when summing up all
the necessary diagrams, as we will show in the following. Thermal masses are neglected
as a higher order effect, too. When summing over the CTP indices in the loop, several
contributions arise out of which we only consider 2 ↔ 2 processes. All other processes,
such as 1 ↔ 2 (inverse) decays are kinematically suppressed in the limit of zero masses.
These 2↔ 2 processes are shown in figures 4.4 and 4.5 for the Higgs field and in figure 4.7
for fermions as on-shell cuts through the vertex type diagrams. Depending on the sign of
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sign(p0
1) sign(p0

2) sign(p0
3) sign(p0

4) process Nsym

Ia + + + + φφ→ φφ & ψψ → ψψ 4
Ib + - + - φφ̄→ φφ̄ & ψψ̄ → ψψ̄ 2
Ic + - - + φφ̄→ φφ̄ & ψψ̄ → ψψ̄ 2

IIa + + + + φV → φV & ψV → ψV 2
IIb + - + - φV → φV & ψV → ψV 2
IIc + - - + φφ̄→ V V & ψψ̄ → V V 2

Table 4.1: Different 2 ↔ 2 scattering processes that contribute to the diffusion process for the
Higgs field and the fermions. Scenarios Ia-Ic describe processes of identical particles and antipar-
ticles as external particles, while IIa-IIc account for processes including gauge bosons as external
particles. Symmetry factors for the different processes are given in the last row.

the zeroth component of the four-momentum for the given particles, different processes
are recovered. Without loss of generality we compute diffusion functions for particles only.
This allows to use p0

1 = |p1|. Further, for both scalars and fermions two type of scenarios
appear, see table 4.1:
Scenario I describes processes where only scalars or fermions are present as external

particles. In this case the Wightman functions, i.e. the propagators which are on-shell
and indicate the external particles of the different scattering processes, that appear in
iΠ>

φ (p1)i∆<
φ (p1), cf. eq. (4.41), are of the form

i∆<
φ (p1)<i∆<

φ (p2)<i∆>
φ (p3)>i∆>

φ (p4) , (4.84)

and are chosen such that p1,2 are incoming, given by i∆<
φ , while p3,4 are outgoing, given

by i∆>
φ . This is valid analogously for fermions, cf. eq. (4.42), and will be clear within the

following discussion. Depending on the sign of p0
i , two redundant physical processes are

recovered, see table 4.1. Contractions that are needed for the calculation of the diffusion
constants are then of the form(
χφ,ψi , (Cχφ,ψi )vert,I

φ,ψ

)
4

= N−1
sym|M|2

∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× (2π)4δ(p2
1)δ(p2

2)δ(p2
3)δ(p2

4)sign(p0
1)sign(p0

2)sign(p0
3)sign(p0

4)
× fφ,ψ0 (p1)fφ,ψ0 (p2)[1 + fφ,ψ0 (p3)][1 + fφ,ψ0 (p4)]

×
(
χφ,ψi (p1) + χφ,ψi (p2)− χφ,ψi (p3)− χφ,ψi (p4)

)2
. (4.85)

The matrix element |M|2 is expressed in terms of Mandelstam variables: s = (p1 + p2)2 =
(p3 + p4)4, t = (p1 − p3)2 = (p2 − p4)2 and u = (p1 − p4)2 = (p2 − p3)2. In the case of
massless particles these fulfil s+ t+u = 0. Note that for small chemical potentials µ� T

we can always use the relation

i∆<(−pi) = i∆>(pi) , iS̃<(−pi) = iS̃>(pi) . (4.86)

Therefore, the contraction (4.85) is invariant under the exchange of p1 ↔ p3, p1 ↔ p4 and
p2 ↔ p3 or p2 ↔ p4 op to an error of O(µ/T ). This allows to exchange s↔ t, s↔ u and
t↔ u in scenario I.
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In contrast, scenario II from table 4.1 describes 2↔ 2 scattering processes of two scalars
or fermions and two gauge bosons as external particles. The Wightman functions that are
contained in iΠ>

φ i∆<
φ are chosen such that they are of the form

i∆<
φ (p1)<i∆<

V (p2)<i∆>
φ (p3)>i∆>

V (p4) . (4.87)

Thus, p1,2 are incoming and p3,4 are outgoing particles, while gauge bosons are labelled
with momenta p2,4. This implies that the contractions are written as

(
χφ,ψi , (Cχφ,ψi )vert,II

φ,ψ

)
4

= N−1
sym|M|2

∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× (2π)4δ(p2
1)δ(p2

2)δ(p2
3)δ(p2

4)sign(p0
1)sign(p0

2)sign(p0
3)sign(p0

4)
× fφ,ψ0 (p1)fV0 (p2)[1 + fφ,ψ0 (p3)][1 + fV0 (p4)]

×
(
χφ,ψi (p1)− χφ,ψi (p3)

)2
. (4.88)

This can be done by simply renaming momenta in the self-energy expressions. The con-
traction (4.88) is invariant under exchanging momenta of particles of the same species,
i.e. p1 ↔ p3 and p2 ↔ p4. Due to fast gauge interactions we can assume vanishing chemi-
cal potentials for the gauge bosons. Therefore, we have χVi ' 0 and can consequently use
the replacement s↔ u within scenario II.
With these symmetry arguments we show in the following that the sum over the given

matrix elements for each of the two scenarios is momentum independent. This allows to
use the procedure from subsection 4.1.2 to compute the diffusion constants when using the
variational approach for the contractions (4.85) and (4.88). A complete list for the matrix
elements for the different processes is given in table 4.2 for the Higgs and in in table 4.3
for fermions.
In subsection 4.3.1 leading order diffusion constants for the Higgs field are computed

for both scenario I and scenario II after analytic Feynman expressions are derived. Analo-
gously diffusion constants for fermions are given in subsection 4.3.2. Results are presented
in subsection 4.3.3.

4.3.1 Contribution to the diffusion of the Higgs field

In the following Feynman expressions in Wigner space are derived for the different dia-
grams in figure 4.3. The procedure is performed in a general SU(N) theory with gauge
coupling g, while U(1) contributions can be deduced from those. A complete list of matrix
elements for the different processes is given in table 4.2.

feynman expressions: Diagram (A) results in the following analytic expression

iΠ(A)ab
φ (p1) = −g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

×
∑
c,d=±

cd i∆dc
φ (p2)i∆cb

φ (p3)i∆ad
φ (p4)i∆db

V (p1 − p3)i∆ac
V (p1 − p4)

× [(p1 + p3) · (p2 + p4)][(p2 + p3) · (p1 + p4)] . (4.89)
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(4φ) (4V φ)

(D)

(E)

(B)

(F )

(A)

(C)

Figure 4.3: Collection of two-loop vertex type diagrams that contribute to the Higgs diffusion
constant and give rise to 2 ↔ 2 scattering processes. Diagrams (B) and (D) are only present in
the non-abelian group SU(2), whereas the remaining diagrams receive contributions from U(1) and
SU(2) gauge bosons. Note that diagrams (C), (E) and (D) with reversed arrows also contribute
to the Higgs diffusion constant. However, it can be shown that they contribute with the same
magnitude as diagrams (C), (E) and (D).

Higgs |M|2
∑
|M|2

(A1) g4CF2

(
CF2 −

CA2
2

)(
2s2
tu + 1

)
(C) 2iλg2CF2

(
t−s
u

)
⇒ 3CF2

(
CF2 −

CA2
2

)
g4 + 1

2λ
2

(4φ) 1
2λ

2

(A2) g4CF2

(
CF2 −

CA2
2

)
t2

su

(F ) 4g4(CF2 )2

(B) −g4CF2 C
A
2
(
t

2u + 2ut
)

(D) 6CF2 CA2 g4 s−u
t ⇒ 4CF2

(
CF2 −

CA2
4

)
g4

(4V φ) 8CF2
(
CF2 −

CA2
4

)
g4

(E) −2CF2
(
CF2 −

CA2
4

)
g4 (5 + s

u

)
Table 4.2: List of matrix elements for the different diagrams that contribute to the diffusion
constant of the Higgs, see figure 4.3. The upper block corresponds to scenario I from table 4.1,
while the lower block describes processes in scenario II. The total matrix element for each scenario,
after symmetry relations of the collision term have been used, is given in the last row.
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The collision term appearing in the contractions (4.85) and (4.88) is only sensitive to the
quantities iΠ<,>. Therefore, we need to evaluate

iΠ(A)>
φ (p1) = −g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

×
[
i∆t

φ(p2)i∆t
φ(p3)i∆>

φ (p4)i∆t
V (p1 − p3)i∆>

V (p1 − p4)

+ i∆t̄
φ(p2)i∆>

φ (p3)i∆t̄
φ(p4)i∆>

V (p1 − p3)i∆t̄
V (p1 − p4)

− i∆<
φ (p2)i∆>

φ (p3)i∆>
φ (p4)i∆t

V (p1 − p3)i∆t̄
V (p1 − p4)

− i∆>
φ (p2)i∆t

φ(p3)i∆t̄
φ(p4)i∆>

V (p1 − p3)i∆>
V (p1 − p4)

]
× [(p1 + p3) · (p2 + p4)][(p2 + p3) · (p1 + p4)] . (4.90)

Being solely interested in 2↔ 2 scattering processes, we only consider terms where exactly
two propagators are off-shell, i.e. when these propagators are time- and anti-time-ordered
Green functions, cf. eqs. (3.79) and (3.80) with eq. (3.81). In contrast Wightman functions
are purely on-shell. Therefore, we only consider the last two terms that lead to the
decomposition iΠ(A)>

φ = iΠ(A1)>
φ + iΠ(A2)>

φ . When inserting the parts of the time- and
anti-time-ordered propagators that are not on-shell and simplifying the numerator algebra
we obtain

iΠ(A1)>
φ (p1) = g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
φ (p2)i∆>

φ (p3)i∆>
φ (p4)

(
2s2

tu
+ 1

)
, (4.91)

iΠ(A2)>
φ (p1) = g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4) t

2

su
. (4.92)

In order to arrive at iΠ(A2)>
φ , we have switched momenta according to p2 → −p2, p3 →

p1 − p3 as well as p4 → p1 − p4 and have made use of the relation i∆<,>
V (−p) = i∆>,<

V (p)
which is true for zero chemical potential. Afterwards, we have renamed p2 ↔ −p3. This
allows to use assign the momenta p2 and p4 to the gauge bosons as mentioned in table 4.1.
An analytic expression for diagram (B) is analogously obtained. In this case both cuts

contribute with the same magnitude such that we are left with

iΠ(B)>
φ (p1) = g4CF2 C

A
2

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4)

(
− t

2u − 2u
t

)
. (4.93)
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The expression for the self-energy of diagram (F ) is given by

iΠ(F)>
φ (p1) = −g4

(
CF2

)2 ∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

×
[
i∆t

V (p2)i∆>
V (p3)i∆t

φ(p4)i∆t
φ(p1 − p3)i∆>

φ (p1 − p3)

+ i∆t̄
V (p2)i∆>

V (p3)i∆t̄
φ(p4)i∆>

φ (p1 − p3)i∆t̄
φ(p1 − p3)

− i∆<
V (p2)i∆>

V (p3)i∆>
φ (p4)i∆t

φ(p1 − p3)i∆t̄
φ(p1 − p3)

− i∆>
V (p2)i∆>

V (p3)i∆<
φ (p4)i∆>

φ (p1 − p3)i∆>
φ (p1 − p3)

]
× (2p1 − p3)2(p1 + p4 − p3)2 . (4.94)

In our case only term three is of physically relevant. When renaming p3 ↔ p4 we obtain

iΠ(F)>
φ (p1) = 4g4

(
CF2

)2 ∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4) . (4.95)

after the numerator algebra has been evaluated to (2p1 − p3)2(p1 + p4 − p3)2/t2 = 4. The
diagrams (C)-(E) do not only appear as the ones from figure 4.3 but also as mirrored
diagrams, i.e. where arrows of the scalar propagators are reversed. It can be shown that
these contribute with the same strength to the diffusion constant. Therefore, we multiply
these by a factor of two. Diagram (C) then reads

iΠ(C)>
φ (p1) = 2iλg2CF2

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× (p1 + p4)(p2 + p3)
[
i∆t

φ(p2)i∆t
φ(p3)i∆>

φ (p4)i∆>
V (p1 − p4)

− i∆<
φ (p2)i∆>

φ (p3)i∆>
φ (p4)i∆t̄

V (p1 − p3)
]

→ 2λg2CF2

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
φ (p2)i∆>

φ (p3)i∆>
φ (p4)

(
t− s
u

)
. (4.96)



62 diffusion constants during the electroweak phase transition

(A1) (C) (4φ)

Figure 4.4: φφ→ φφ and φφ̄→ φφ̄ elastic scattering processes that are obtained by on-shell cuts
(red double lines) of the Higgs vertex type diagrams.

All the remaining diagrams are given by

iΠ(D)>
φ (p1) = 6CF2 CA2 g4

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4)

(
s− u
t

)
, (4.97)

iΠ(E)>
φ (p1) = −2CF2

(
CF2 −

CA2
4

)
g4
∫ d4p2

(2π)4
d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4)

(
5 + s

u

)
, (4.98)

iΠ(4φ)>
φ (p1) = 1

2λ
2
∫ d4p2

(2π)4
d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
φ (p2)i∆>

φ (p3)i∆>
φ (p4) , (4.99)

iΠ(4Vφ)>
φ (p1) = 8CF2

(
CF2 −

CA2
4

)
g4
∫ d4p2

(2π)4
d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× i∆<
V (p2)i∆>

φ (p3)i∆>
V (p4) . (4.100)

scenario I: Diagrams (A1), (C) and (4φ) correspond to the processes φφ→ φφ and
φφ̄→ φφ̄ depending on the sign of the zeroth momentum, see scenario I of table 4.1. These
can be visualised as on-shell cuts of the vertex type diagrams, as shown in figure 4.4.
The individual expressions have a non-trivial momentum structure and are not IR

divergence-free. However, we can get rid of these divergences when making use of symme-
try properties of the integrand. For small chemical potentials the relation i∆<,>

φ (−pi) =
i∆>,<

φ (pi). Therefore, the three integrands are invariant under renaming p2 ↔ −p3,
p2 ↔ −p4 and p3 ↔ p4. This effectively allows to exchange s↔ t, s↔ u and t↔ u:

s2

tu
= −s(t+ u)

tu
= − s

u
− s

t
→ −u

s
− t

s
= 1 , (4.101)

t

u
= 1

2

(
t

u
+ t

u

)
→ 1

2

(
t

u
+ s

u

)
= −1

2 , (4.102)

s

u
= 1

2

(
s

u
+ s

u

)
→ 1

2

(
s

u
+ t

u

)
= −1

2 . (4.103)
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(4V φ) (E)

(A2)

(D)

(F ) (B)

Figure 4.5: φV → φV elastic scattering, as well as φφ̄→ V V Higgs-anti-Higgs annihilation that
are obtained by on-shell cuts (red double lines) of the Higgs vertex type diagrams.

As a consequence, the total self-energy for scenario I from table 4.1 is given by
(
iΠ>

φ (p1)i∆<
φ (p1)

)
I

=
∫ d4p2

(2π)4
d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4) (4.104)

× i∆<
φ (p1)i∆<

φ (p2)i∆>
φ (p3)i∆>

φ (p4)
[
3CF2

(
CF2 −

CA2
2

)
g4 + 1

2λ
2
]
,

and determines the total matrix element in the last column of table 4.2.

scenario II: Diagrams (A2), (B), (D), (E) , (F ) and (4φ) correspond to the pro-
cesses φV → φV and φφ̄ → V V depending on the sign of the zeroth momentum, see
scenario II of table 4.1. These can be visualised as on-shell cuts of the vertex type dia-
grams, as shown in figure 4.5.
The individual diagrams are IR divergent. However, we can use the symmetry relation

i∆<,>
V (−p2,4) = i∆>,<

V (p2,4). This allows us to exchange s with u such that

u

t
→ 1

2

(
u

t
+ s

t

)
= −1

2 , (4.105)

t2

su
= s

u
+ u

s
+ 2→ 2 s

u
+ 2 . (4.106)

When summing over all contributions, we eventually obtain an IR free self-energy expres-
sion (

iΠ>
φ (p1)i∆<

φ (p1)
)

II
=
∫ d4p2

(2π)4
d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4) (4.107)

× i∆<
φ (p1)i∆<

V (p2)i∆>
φ (p3)i∆>

V (p4) 4CF2

(
CF2 −

CA2
4

)
g4 .

for scenario II from table 4.1. This determines the total matrix element in the last column
of table 4.2.
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(A) (B)

Figure 4.6: Collection of two-loop vertex type diagrams that contribute to the diffusion constants
for fermions. While diagram (A) receives contributions from U(1) as well as from SU(2) and SU(3)
gauge bosons, diagram (B) is only present in the non-abelian gauge group SU(2) and SU(3).

Fermions |M|2
∑
|M|2

(A1) 4g4CF2

(
CF2 −

CA2
2

)
s2

tu ⇒ 4g4CF2

(
CF2 −

CA2
2

)
(B) 4g4CF2 C

A
2
u
t ⇒ −2g4CF2 C

A
2

Table 4.3: List of matrix elements for the different diagrams that contribute to the diffusion
constant of fermions, see figure 4.6. The upper block corresponds to scenario I from table 4.1,
while the lower block describes processes in scenario II. The total matrix element for each scenario,
after symmetry relations of the collision term have been used, is given in the last row.

4.3.2 Contribution to the diffusion of chiral fermions

In analogy to the Higgs case, we derive Feynman expressions in Wigner space for the
diagrams in figure 4.6. In the following we limit ourselves to a general SU(N) theory
with gauge coupling g, while U(1) contributions can be derived from those. The different
matrix elements are given in table 4.3.

feynman expressions: Diagram (A) can be written as follows

i6Σ(A)ab
ψ (p1) = −g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

×
∑
c,d=±

cd γσiSad(p4)γµiSdc(p2)γσiScb(p3)γµi∆db
V (p1 − p3)i∆ac

V (p1 − p4) .

(4.108)

The collision term in the contractions (4.85) and (4.88) depends on tr[i 6Σ<,>
ψ iS>,<]. There-

fore,

tr
[
i6Σ(A)>
ψ (p1)iS<(p1)

]
= (4.109)

− g4CF2

(
CF2 −

CA2
2

)∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× tr
[
iS<(p1)

{
γσiS>(p4)γµiSt(p2)γσiSt(p3)γµi∆t

V (p1 − p3)i∆>
V (p1 − p4)

+ γσiS t̄(p4)γµiS t̄(p2)γσiS>(p3)γµi∆>
V (p1 − p3)i∆t̄

V (p1 − p4)
− γσiS t̄(p4)γµiS>(p2)γσiSt(p3)γµi∆>

V (p1 − p3)i∆>
V (p1 − p4)

− γσiS>(p4)γµiS<(p2)γσiS>(p3)γµi∆t
V (p1 − p3)i∆t̄

V (p1 − p4)
}]

.
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(A2) (B)(A1)

Figure 4.7: Scattering processes of fermions that are obtained by on-shell cuts (red double lines)
of the fermionic vertex type diagrams. The processes ψψ → ψψ and ψψ̄ → ψψ̄ are given by
diagram (A1), while ψV → ψV elastic scattering and ψψ̄ → V V pair annihilation are given by
diagrams (A2) and (B).

Here, we can drop the first two terms as they do not contribute to 2 ↔ 2 scattering
processes. Further, it can be shown that term three, i.e. diagram (A2) in figure 4.7, has a
negligible contribution. This can be seen when looking at the numerator algebra

tr [PR,L 6p1γσ 6p4γ
µ 6p2γ

σ 6p3γµ] = −16(p1 · p2)(p3 · p4) . (4.110)

In this case, particles with momenta p1, p2, p1 − p3 and p1 − p4 are on-shell. This implies
that p3 · p4 = 0 which makes the trace (4.110) vanish. Note that this is only true for
massless particles. Therefore, only term four, i.e. diagram (A1) in figure 4.7, is physically
relevant:

tr[i 6Σ(A1)>
ψ (p1)iS<(p1)] = −

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× 4g4CF2

(
CF2 −

CA2
2

)
iS̃<(p1)iS̃<(p2)iS̃>(p3)iS̃>(p4)s

2

tu
. (4.111)

Analogously, diagram (B) can be obtained, where two cuts contribute with the same
magnitude, such that the expression is given by

tr[i6Σ(B)>
ψ (p1)iS<(p1)] = 4g4CF2 C

A
2

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× iS̃<(p1)i∆<
V (p2)iS̃>(p3)i∆>

V (p4)u
t
. (4.112)

scenario I: Diagrams (A1) corresponds to the processes ψψ → ψψ and ψψ̄ → ψψ̄

depending on the sign of the zeroth momentum, see scenario I of table 4.1. It is shown as
the on-shell cut in figure 4.7.
Diagram (A1) is not IR divergence-free. However, when using the symmetry relations

iS<,>(−pi) = iS>,<(pi), the integrand is invariant under renaming p2 ↔ −p3, p2 ↔ −p4
and p3 ↔ p4. Thus, we are allowed to exchange s↔ t, s↔ u and t↔ u, such that

s2

tu
= −s(t+ u)

tu
= − s

u
− s

t
→ −u

s
− t

s
= 1 . (4.113)

Consequently,

tr[i 6Σ(A1)>
ψ (p1)iS<(p1)] = −

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× 4g4CF2

(
CF2 −

CA2
2

)
iS̃<(p1)iS̃<(p2)iS̃>(p3)iS̃>(p4) , (4.114)

determines the total matrix element in the last column of table 4.3.
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scenario II: Diagrams (B) corresponds to the processes ψV → ψV and ψψ̄ → V V

depending on the sign of the zeroth momentum, see scenario II of table 4.1. It is shown
as the two on-shell cut in figure 4.7. This diagram is also not IR divergence-free due to
its momentum structure. Nevertheless, when can make use the relations i∆<,>

V (−p2,4) =
i∆>,<

V (p2,4), which is true for vanishing chemical potentials. Consequently, the integrand
is invariant under renaming p2 ↔ −p4. This allows to use s↔ u, such that

u

t
→ 1

2

(
u

t
+ s

t

)
= −1

2 . (4.115)

The self-energy expression that determines the total matrix element in the last column of
table 4.3 is given by

tr[i6Σ(B)>
ψ (p1)iS<(p1)] = −2g4CF2 C

A
2

∫ d4p2
(2π)4

d4p3
(2π)4

d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× iS̃<(p1)i∆<
V (p2)iS̃>(p3)i∆>

V (p4) . (4.116)

4.3.3 Diffusion constants

When inserting tree-level expressions for the Wightman function, cf. eqs. (3.75)-(3.78)
with eq. (3.81), we can expand the different collision terms in terms of the deviations from
equilibrium. Therefore, the contraction (4.85) and (4.88) with the matrix elements given
in tables 4.2 and 4.3 are valid for all the vertex type contributions. These contractions are
of the form of eq. (A.62) and can be solved with the procedure presented in appendix A.4.
When applying the variational approach from subsection 4.1.2 inverse diffusion constants
to leading linear order are given for the different processes from tables 4.2 and 4.3. A
precision much better than the percent level is reached by using a six-dimensional basis
set (4.54). Note that we have to take symmetry factors Nsym into account, which are given
in table 4.1 for the different scenarios.
We find that the process of scattering of four identical particles, i.e. when all the external

particles of the scattering processes belong to the same species, does not contribute to the
diffusion constant: (

Dvert
φ

)−1

Ia
=
(
Dvert
ψ

)−1

Ia
= 0 . (4.117)

Diffusion constants for the Higgs for the remaining scenarios are given by

(
Dvert
φ

)−1

Ib
=
(
Dvert
φ

)−1

Ic
= 1

4

1
2λ

2 + 3
∑

SU(N)
CF2

(
CF2 −

CA2
2

)
g4

T × 8.08× 10−3 ,

(4.118)(
Dvert
φ

)−1

IIa
=
(
Dvert
φ

)−1

IIb
= 1

2 × 4
∑

SU(N)
CF2

(
CF2 −

CA2
4

)
g4T × 2.03× 10−3 , (4.119)

(
Dvert
φ

)−1

IIc
= 1

2 × 4
∑

SU(N)
CF2

(
CF2 −

CA2
4

)
g4T × 4.04× 10−3 , (4.120)
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qL uR dR `L eR φ

D × T 5.8 6.7 6.8 112.7 701.1 91.4

Dcomp × T 6 6 6 100 380 −

Table 4.4: Our estimates D × T of leading order diffusion constants for SM particles in the
symmetric phase at the EW scale compared to previous outcomes Dcomp × T from ref. [139].

while diffusion constants for fermions read(
Dvert
ψ

)−1

Ib
=
(
Dvert
ψ

)−1

Ic
= 1

4 × 4
∑

SU(N)
CF2

(
CF2 −

CA2
2

)
g4T × 1.30× 10−3 , (4.121)

(
Dvert
ψ

)−1

IIa
=
(
Dvert
ψ

)−1

IIb
= 1

2 × 2
∑

SU(N)
CF2 C

A
2 g

4T × 6.58× 10−4 , (4.122)

(
Dvert
ψ

)−1

IIc
= −1

2 × 2
∑

SU(N)
CF2 C

A
2 g

4T × 1.13× 10−3 . (4.123)

4.4 results

Within this section diffusion constants have been calculated in parametrical dependence
of the gauge couplings g1,2,3 and the Higgs self-coupling λ. Results for the inverse diffusion
constants from self-energy type diagrams are given by eqs. (4.76)-(4.77), (4.79)-(4.80) and
(4.82)-(4.83), while the results from vertex type diagrams are shown in eqs. (4.118)-(4.123).
Note that the results are general in the sense that these can be applied to any SU(N) gauge
theory of interests with Nψ fermions and Nφ scalars as well with the hypercharges Yψ and
Yφ, respectively. In the SM these are given by the values presented in tables 3.1 and 2.1,
respectively.
Due to running couplings, the diffusion constants depend non-trivially on the temper-

ature and the renormalisation group equations have to be taken into account. For the
purpose of EW baryogenesis, however, we evaluate the diffusion constants at the EW
scale: g1 = 0.357, g2 = 0.651, g3 = 1.121 and λ = 0.280. Renormalisation group equations
that are needed to obtain these numerical values are e.g. given in ref. [125]. Eventually,
the diffusion constants for the different SM particles are given in table 4.4.
We find that both the LH quarks qL and the RH quarks uR, dR have diffusion constants

with roughly equal magnitude since the strong interactions are the dominant contributions.
Further, both the LH leptons `L and the Higgs field φ receive contributions from the SU(2)
and U(1) interactions. This explains that their diffusion constants are almost equal in size.
The RH leptons eR do only interact with U(1) gauge bosons. Therefore, their diffusion
length is the largest and, hence, eR have the largest diffusion constants of all the SM
particles.
Diffusion constants for SM particles have already been estimated in ref. [139], with the

numerical values given in the bottom row of table 4.4. However, only the case where
gauge bosons are exchanged has been taken into account. This corresponds to the neglect
of the contribution from fermion exchange, cf. eqs. (4.82)-(4.83). Furthermore, that cal-
culation has been based on a leading logarithmic approximation of the t-channel, which
is supposed to be the dominant channel. Therefore, the contributions from vertex type
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diagrams, cf. eqs. (4.118)-(4.123), and the finite contributions from self-energy type dia-
grams, cf. eqs. (4.76)-(4.77), are not taken into account. Hence, our computation is more
advanced in the sense that we consider both s-channel and t-channel exchanges as well as
the leading linear contributions from vertex type diagrams. While the diffusion constants
for the quarks and the LH leptons coincide very well with the ones from ref. [139], the
diffusion constant for the RH leptons eR is by almost a factor of two larger than their esti-
mates. This deviation slightly enhances the baryon charge generation in EW baryogenesis,
as can be seen from eq. (4.36).
Note that the discussion of this section is not complete in the sense that the calculation

of the diffusion constant does not take flavour changing Yukawa interactions into account.
This effect seems to affect the current estimates at O(1) and needs to be included in
future works. Further, close-to-collinear effects that are due to an arbitrary number of
soft scatterings during the emission are neglected. This so-called Landau-Pomeranchuk-
Migdal (LPM) effect, cf. e.g. ref. [140], might affect the diffusion constants at leading linear
order. However, we expect that this effect is subdominant because the diffusion constants
receive their main contribution at leading logarithmic order.



5

LEPTOGENES I S WITH GEV -SCALE R IGHT -HANDED
NEUTRINOS

This chapter is mainly based on own publications [1–3] but also extended in some points.
In particular LNV effects are included and discussed, which have been neglected in ref. [2].
Throughout this chapter the generation of BAU through CP -violating oscillations [30] of
two GeV-scale heavy RH neutrinos is studied from first principles by relying on the CTP
formalism, that was first proposed by Schwinger [36] and Keldysh [37]. This formalism
including the relevant definitions is discussed in chapter 3. Such a minimal extension of the
SM is not only able to account for the light neutrino masses via the seesaw mechanism [18–
23] but can also explain the observed BAU via leptogenesis [17]. Certain parameter regions
are identified where the evolution of the baryon asymmetry can be computed analytically
up to corrections of O(1).
In section 5.1 quantum kinetic equations for heavy neutrinos are derived, while in sec-

tion 5.2 the evolution of the SM charges are discussed. In contrast to most of the previous
studies spectator effects are included, as well as feedback effects, which are referred to as
backreaction effects within this thesis. Further, the importance of LNV effects is high-
lighted and corresponding leading order damping rates, as well as the modification to
the thermal masses of the heavy neutrinos, are derived within a momentum-averaged
treatment in section 5.3, where also all the necessary transport coefficients are discussed.
Eventually, this derivation implies a coupled system of the differential equations for the
heavy neutrinos and the SM leptons, as given in section 5.4. By applying time scale ar-
guments, two different parameter scenarios are discussed for which approximate analytic
solutions are found. On the one hand, there is the oscillatory regime, as discussed in
section 5.5, which corresponds to an early oscillation compared to the time of their equi-
libration. This separation of scales allows for a descriptive perturbative treatment, which
is divided into three key steps. First, the heavy neutrinos oscillate. Second, these act
as the source for the generation of flavoured SM asymmetries. Third, even without LNV
effects, a lepton asymmetry is produced indirectly through an incomplete cancellations of
the flavoured charges when the produced SM leptons react back into the heavy neutrino
sector. On the other hand, particularly for large mixing angles, a certain flavour structure
is favoured which causes one of heavy neutrinos to equilibrate quickly, while the other one
only couples feebly to the SM. Due to this early equilibration, the heavy neutrinos do not
manage to perform a single oscillation before the EW sphalerons freeze out. This over-
damped scenario is discussed in section 5.6. In both cases the produced L is converted into
B via EW sphaleron transitions in the symmetric phase of the SM. Any B that remains
non-zero after the EWSB is frozen in since the rate of these transitions are suppressed in
the broken phase of the SM. Note that, in contrast to EW baryogenesis, that is discussed
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Figure 5.1: Vertex rules for heavy neutrinos of flavour i, where the upper diagrams show the
exchange of the Higgs field and the lepton doublet of SM flavour a, while the lower diagrams
demonstrate the background due to the EV v of the Higgs field (indicated by crossed circle)
together with an exchanged lepton doublet.

Figure 5.2: Vacuum graph including the heavy neutrinos interacting with the SM leptons and
the Higgs field.

in chapter 4, leptogenesis from oscillations of heavy neutrinos does not require the PT to
be strongly first-order. Within this chapter EWSB via a crossover is assumed.
Note that sections 5.1-5.3 are for the readers that are interested in a detailed derivation of

kinetic equations driving leptogenesis from oscillations of GeV-scale heavy neutrinos. Since
sections 5.5 and 5.6 provide special parameter regions, section 5.4 might be interesting for
the readers that are solely interested in a rather pragmatic understanding of leptogenesis
from oscillations heavy neutrinos.

5.1 derivation of quantum kinetic equations for right-handed neu-
trinos

In order to describe the evolution for heavy neutrinos, both the kinetic and the constraint
equations in the non-equilibrium CTP framework from chapter 3 are generalised to massive
Majorana particles. The necessary self-energy expressions are listed in subsection 5.1.1,
while a detailed derivation of the evolution for the deviation of the heavy neutrino number
densities from their equilibrium value is provided in subsection 5.1.2.
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5.1.1 One-loop self-energies

Feynman rules for vertices where heavy neutrinos are exchanged in the symmetric phase
of the SM can simply be read of from the Lagrangian (2.46) and are shown in the top row
of figure 5.1. In the 2PI formalism self-energies are obtained via functional derivatives of
vacuum graphs, cf. eqs. (3.19) and (3.20). The corresponding vacuum graph that includes
heavy neutrinos is given by

Γ2 = −gw(Y ∗Y T )ij
∑
cd=±

cd

∫
d4x d4y tr

[
PR(SN )cdij (x, y)PLS

dc
` (y, x)

]
∆dc
φ (y, x) , (5.1)

and shown in figure 5.2. c, d are CTP indices and should not be confused with the SM
lepton flavour indices a, b and the heavy neutrino flavour indices i, j. Due to the SM
doublet running in the loop we need to introduce a factor gw = 2 that accounts for the
SU(2) multiplicity. Further, we use that the lepton propagator S` is diagonal in SU(2)
flavour space, such that Y ∗iaYjb → Y ∗iaYja = Y ∗iaY

T
aj = (Y ∗Y T )ij . When performing the

functional derivative we have to keep in mind that the heavy neutrino propagators ScdN
and SdcN are not independent but are related to each other via the Majorana condition

(SN )cdij (x, y) = C(SN )dcji (y, x)C† , (5.2)

with the charge operator C = iγ2γ0. In coordinate space the self-energy of the heavy
neutrino is then given by two individual contributions

iΣcd
Nij(x, y) = cd

∂Γ2
∂(SN )dcji (y, x)

= gw
(
(Y Y †)ijPLiScd` (x, y)PRi∆cd

φ (x, y)

+ (Y ∗Y T )ijCPRiSdct` (y, x)PLC
†PLi∆dc

φ (y, x)
)
. (5.3)

The corresponding self-energies in momentum space are obtained by Wigner-transforming
the expressions in coordinate space, cf. eq. (3.31), such that

i6Σcd
Nij(k) = gw

∫ d4k′

(2π)4
d4k′′

(2π)4 (2π)4δ(k − k′ − k′′) (5.4)

×
(

(Y Y †)ijPLiScd` (k′)PRi∆cd
φ (k′′) + (Y ∗Y T )ijC

[
PLiSdc` (−k′)PR

]T
C†i∆dc

φ (−k′′)
)
.

These are shown in the top row of figure 5.3. Note that if CTP indices are not written
explicitly, the corresponding expressions are valid for any combination of CTP indices. We
can now decompose

(i6ΣN )ij = (6ΣNR)ijPR + ( 6ΣNL)ijPL (5.5)

= gwγµ
∑

a=e,µ,τ

(
Σ̂µ
NRaYiaY

†
ajPR + Σ̂µ

NLaY
∗
iaY

T
ajPL

)
,

with the reduced self-energies Σ̂R,La that depend on the chemical potentials µφ of the
Higgs field and µ`a of the SM lepton doublets `aL of flavour a, while the dependence on
the Yukawa couplings is factored out. It is convenient to refer the part which is given for
vanishing chemical potential to the equilibrium solution Σ̄, while δΣ is driven by non-zero



72 leptogenesis with gev-scale right-handed neutrinos

chemical potentials of the SM particles and corresponds to the deviation of equilibrium.
This allows to decompose the heavy neutrino self-energy as follows:

Σ = Σ̄ + δΣ , (5.6)

which should be understood as matrix valued quantities in the heavy neutrino flavour
space. Since the equilibrium solution neither contains any chiral information nor depends
on the SM flavours a,

Σ̄µ
N = Σ̄µ

NRa = Σ̄µ
NLa , (5.7)

it makes sense to define the equilibrium quantity

¯6ΣN = gw ˆ6ΣN (Y ∗Y TPR + Y Y †PL) , (5.8)

where the flavour dependence is now solely contained in the Yukawa couplings. Note
that even though we omit the bar in ˆ6ΣN for notational purposes, it always refers to the
equilibrium solution and is expressed as

i 6Σ̂cd
N (k) =

∫ d4k′

(2π)4
d4k′′

(2π)4 (2π)4δ(k − k′ − k′′)iScd` (k′)i∆cd
φ (k′′) . (5.9)

Due to the crossover nature of the SM the background Higgs field starts to continuously
follow a temperature dependent Higgs field EV v(T ), such that

〈φ〉 =
(

0
v(T )

)
, (5.10)

with the zero temperature limit v(T → 0) = 174 GeV. The corresponding Feynman rules
for the heavy neutrino to SM lepton conversion due to the background field of the Higgs
EV during the crossover is shown in the bottom row of figure 5.1. The evaluation of the
diagram with two insertions of the background field can thus be described by the following
self-energy

6Σ̂cd
N |EV = v2(T )

2

∫ d4k

(2π)4 iScd` (k) , (5.11)

which is shown in the bottom row of figure 5.3. Note that at tree-level the spectral part
has a vanishing contribution k · Σ̂AN |EV = 0, while k · Σ̂H

N |EV is non-vanishing and shall
contribute to the effective (thermal) mass of the heavy neutrino.
The deviations from equilibrium are most conveniently expressed in terms of the chem-

ical potentials when assuming a generalised KMS relation

6Σ̂>
NR,La = −eβ(k0±µ`a±µφ) 6Σ̂<

NR,La , (5.12)

that only holds for gauge interaction that are fast enough to keep all SM degrees of freedom
in equilibrium. Due to the feebly strength of the small Yukawa couplings, compared to
the gauge couplings, gauge interactions make the SM always equilibrate quicker. In this
case we can assign chemical potentials µφ to the Higgs field and µ`a to the SM leptons of
flavour a. These are supposed to be small at all times that are relevant for the leptogenesis
scenario presented in this thesis, which allows for a system of equation that can already
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Figure 5.3: Effective one-loop contributions to the heavy neutrino self-energy ΣN . the upper
diagrams show the exchange of the Higgs field and the lepton doublet, while the lower diagrams
demonstrate the background due to the EV of the Higgs field (indicated by crossed circle) together
with an exchanged lepton doublet. Although these are not indicated with double lines, these can
in general be resummmed.

be sufficiently described at linear order in βµ`a, βµφ. Therefore, the deviations δ 6Σ̂N can
be related to each other via a linearised KMS relation

δ 6Σ̂>
NR,La ' −eβk0 [

δ 6Σ̂<
NR,La ± β(µ`a + µφ)

(
6Σ̂<
NPR,L + δ 6Σ̂<

NR,La

)]
' −eβk0 [

δ 6Σ̂<
NR,La ± β(µ`a + µφ) 6Σ̂<

NPR,L
]
, (5.13)

an approximation that is valid to linear order in βµ and δ 6Σ̂N as well as in the combination
of these. Note that the KMS relation for the equilibrium solution is simply given by

6Σ̄>
N = −eβk0 6Σ̄<

N . (5.14)

5.1.2 Quantum kinetic equations

The kinetic equations for heavy neutrinos can be easily deduced from the fermionic kinetic
equations (3.49), such that

i∂tiS+
N +

[
Ω, iS+

N

]
−
[
iG+
N ,S

H
N

]
= − i

2
({

iG>N , iS<N
}
−
{
iG<N , iS>N

})
, (5.15)

with

ΩN ≡
(
6k − 6ΣH

NR,L −M
)
γ0 , SN ≡ γ0SNR,L , GN ≡ γ0 6ΣNR,L , (5.16)

where ΩN does not only depend on the thermal mass, given by 6ΣH
NR,L, but also on the

non-thermal Majorana massM of the heavy neutrino. Here, we stick to the notation from
ref. [2], where the statistical propagator

S+
N = 1

2
(
S>N + S<N

)
, (5.17)

is used instead of S<,>N . As its name implies S+
N measures the occupation numbers. Anal-

ogously to the decomposition of ΣN , we decompose

ΩN = Ω̄N + δΩN , G = ḠN + δGN , (5.18)
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into an equilibrium solution and some deviation from equilibrium. The solution for the
algebraic equations[

Ω̄N , iS̄+
N

]
−
[
iḠ+
N , S̄

H
N

]
= −1

2
({

iḠ>N , iS̄<N
}
−
{

iḠ<N , iS̄>N
})

, (5.19)

defines the static solution S̄N . To leading order in gradients and small couplings the
decomposition

S<,>N = S̄<,>N + δSN , S+
N = S̄+

N + δSN , (5.20)

holds, provided that the self-energies are described by particles that are approximately in
equilibrium. Therefore, the spectral and Hermitian parts of the heavy neutrino propagator
are also in equilibrium

SH = S̄H , SA = S̄A . (5.21)

Eventually, the static solution, cf. eq. (5.19), allows to write down the kinetic evolution
for the deviation δSN

∂tδSN = −∂tS̄+
N + i

[
Ω̄N , δSN

]
+ i
[
δΩN , S̄+

N

]
− i
[
δG+

N , S̄
H
N

]
−
{
ḠAN , δSN

}
− 1

2
({
δG>N , S̄

<
N

}
−
{
δG<N , S̄

>
N

})
. (5.22)

decomposition for non-zero chemical potential: Particularly the term
in the lower line of the RH side of eq. (5.22) is only present for non-vanishing chemical
potential of the SM particles. It can be simplified and expressed in terms of the chemical
potentials βµ`a, βµφ by the use of the linearised KMS relation (5.13). From now on we
will neglect the term with δG+

N in eq. (5.22) as it can be shown that it is quadratic in the
chemical potentials. It also makes sense to drop the term with δΩN in eq. (5.22). The
reason for that is that it only appears in the commutator together with S̄N that is close
to unity since δSN is and initially δSN = −S̄N for T � Mi and Yia � 1. With these
considerations the kinetic equation for the deviation δSN can be expressed in terms of
equilibrium quantities and the chemical potentials at linear order:

∂tδSN = 2 ∂tfF
1− 2fF

S̄+
N + i

[
Ω̄N , δSN

]
−
{
ḠAN , δSN

}
− 2

1− 2fF

∑
a=e,µ,τ

µ`a + µφ
T

{G̃aN , S̄+
N} .

(5.23)

Here, the Leibniz rule for the term ∂tS̄+
N in eq. (5.22) has been used after it has been

related to the static quantities S̄<,>N via the KMS relation (5.14). This is why the Fermi-
Dirac distribution fF = fF(k0) = 1/(eβk0 + 1) appears. Accordingly, the linearised KMS
relation (5.13) for the terms δG<,>N has been inserted, such that

G̃aN = −gwfF(1− fF) 6Σ̂AN
(
Y ∗iaY

T
ajPR − YiaY †ajPL

)
γ0 . (5.24)

lorentz decomposition: In case of an isotropic and homogeneous universe it
makes sense to employ the following decomposition [141, 142]

−iγ0δSN = 1
2
∑
h

Ph
(
g0h + γ0g1h − iγ0γ5g2h − γ5g3h

)
, (5.25)
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with gah Hermitian matrices in the heavy neutrino flavour space that are determined in
the following. The helicity projector of a certain helicity h = ± is defined via

Ph = 1
2
(
1 + hk̂iγ

0γiγ5
)
. (5.26)

Throughout this chapter we are using the chiral (Weyl) representation of the Dirac matri-
ces. Note the useful relation of the helicity operator acting on the momentum

Ph 6k = 1
2
(
6k − h 6k̃γ5

)
, (5.27)

which is given by introducing the quantity

k̃ = (|k|, k0k̂) , (5.28)

that fulfils the orthogonality relation in Minkowski space k · k̃ = 0, as well as k̃2 =
−k2. Note that the decomposition (5.25) is analogously usable for S̄+

N when replacing the
Hermitian matrices gah by ḡah.

constraint equations: In contrast to the kinetic equation, the constraint equa-
tion does not determine the kinetic behaviour of the heavy neutrinos but further constrains
gah. To zeroth order in the Yukawa couplings the constraint equation for the heavy neu-
trino can be deduced from eq. (3.48) and is given by

{(6k −M)γ0, iδSN} = 0 , (5.29)

where we make use of the static equation {( 6k −M)γ0, iS̄+
N} = 0. With this equation we

can relate all gah from the Lorentz decomposition (5.25) to g0h. In order to do so we insert
the decomposition (5.25) of δSN into the constraint equation (5.29) and multiply it either
with the unit matrix, γ0, γ5 or γ0γ5. In the most general case of allowing for a complex
mass matrix M we obtain the constraint equations to zeroth order in the Yukawas by
taking Dirac traces

g1h = 1
2k0 ({ReM, g0h}+ [iImM, g3h]) , (5.30)

g2h = 1
2ik0 ([ReM, g3h] + {iImM, g0h}) , (5.31)

g3h = h
|k|
k0 g0h , (5.32)

and analogously for ḡah. Next order results are provided in ref. [141]. It might be interest-
ing in the future to decide in how far the approximation above affects the kinetic equation,
especially in the case of two heavy neutrinos with highly degenerate masses.

off-shell kinetic equation: The equations describing the kinetic behaviour of
g0h are obtained by using the evolution equation (5.23) for δSN and inserting the Lorentz
decomposition (5.25). After expressing the different gah from eqs. (5.30)-(5.32) in terms
of g0h via the zeroth order constraint equation (5.29) and taking the Dirac trace, one ends
up with

∂tg0h = 2 ∂tfF
1− 2fF

ḡ0h + i
2 [HN , g0h]− 1

2 {ΓN , g0h} −
1
2

2
1− 2fF

∑
a=e,µ,τ

µ`a + µφ
T

{Γ̃aN , ḡ0h} ,

(5.33)
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that holds for a given helicity h = ±. The individual terms

HN = 2gw
(

Re[Y ∗Y T ]k · Σ̂
H
N

k0 − ihIm[Y ∗Y T ] k̃ · Σ̂
H
N

k0

)

+ 1
k0

(
Re[M †M ] + ih |k|

k0 Im[M †M ]
)
, (5.34)

ΓN = 2gw
(

Re[Y ∗Y T ]k · Σ̂
A
N

k0 − ihIm[Y ∗Y T ] k̃ · Σ̂
A
N

k0

)
, (5.35)

(Γ̃aN )ij = 2hgwfF(1− fF)
(

Re[Y ∗iaY T
aj ]
k̃ · Σ̂AN
k0 − ihIm[Y ∗iaY T

aj ]
k · Σ̂AN
k0

)
, (5.36)

are solely given by the equilibrium part of the reduced spectral and Hermitian self-
energies Σ̂AN and Σ̂H

N , respectively, i.e. the self-energies evaluated at zero chemical potential,
cf. eq. (5.8). To that given order in the Yukawa couplings the deviation from equilibrium
only appears in the term coming with (5.36). It considers the charges in the SM lepton
sector as an input for the evolution equation of the heavy neutrino and will thus be referred
to as the backreaction term. The contractions of Σ̂AN and Σ̂H

N with k and k̃ in Minkowski
space are non-trivial and will be performed in section 5.3.

on-shell kinetic equations: The kinetic equation (5.33) for g0h is matrix val-
ued in the heavy neutrino flavour space. Therefore, it is quite similar to density matrix
equations that are often used in neutrino physics [143]. Note however that this it is de-
fined for a general energy k0 which does not necessarily put the heavy neutrinos on-shell.
Consequently, the kinetic equation does not describe the evolution of particle number but
is rather an equation for correlation functions. A specification to the on-shell case can be
applied when using the narrow width limit for the heavy neutrinos quasiparticles, cf. the
discussion in chapter 3. This approximation is justified due to the feeble coupling of the
heavy neutrinos with the SM particles due to the smallness of the Yukawa couplings. In
this case, the width is small enough to be approximated by a delta function. Hence, the
phase space integrals are dominated by the quasiparticle poles Ωi. These are defined as
poles of the inverse effective Hamiltonian H−1

N from (5.33) in a basis where HN is diagonal.
Eventually, when comparing with the zero-width solutions to the Wightman functions,
cf. chapter 3, one can extract and approximate

ḡ0hij(k) ' −1− 2fF
2 2πδ((k0)2 − Ω2

i )2k0δij . (5.37)

In low scale leptogenesis scenarios both the vacuum masses and the thermal masses are
small compared to the relevant temperatures. Therefore one might use the relativistic ap-
proximation for the dispersion relation, such that δ((k0)2 − Ω2

i ) simplifies to δ(k2). Note,
however, that we cannot neglect these masses in the term HN in eq. (5.33). This is simply
because these are responsible for the flavour oscillations, which create the asymmetries
that eventually produce the baryon asymmetry. Further, we find that even in a low scale
leptogenesis scenario LNV effects are important. These effects vanish in the ultrarelativis-
tic limit k2 = 0. Therefore, in the case of two almost degenerate heavy neutrinos, the
mass shell is given by k2 = M̄2. When making use of the relation iδSN = −2SANδf and



5.1 derivation of quantum kinetic equations for right-handed neutrinos 77

using the KMS relation to relate S̄+
N to SA = S̄A via SA(1− 2fF) = iS̄+, we can express

gah in terms of ḡah and δf0h:

gah = 2
1− 2fF

ḡahδfah ' 2πδ(k2 − M̄2)2k0δfah , (5.38)

such that ∫ dk0

2π gah = δfah . (5.39)

When making use of eq. (5.26), this allows to write the equilibrium propagator and its
deviation in a simple form

iS̄+
Nij ' 2πδ(k2 − M̄2)

∑
h

Ph( 6k + M̄)1− 2fF
2 δij , (5.40)

iδSNij ' −2πδ(k2 − M̄2)
∑
h

Ph( 6k + M̄)δf0hij . (5.41)

With eq. (5.37), not only the different gah but also the full kinetic equation (5.33) can be
expressed in terms of the deviation δf0h. Note that we can limit our discussion on the case
of particles, i.e. sign(k0) = 1, as the analogous equations for antiparticles, i.e. sign(k0) =
−1 are directly recovered when making use of the Majorana condition (5.2) that implies

δf0h(−k0) = δf∗0h(k0) . (5.42)

Integration of the kinetic equation (5.33) over k0 yields the on-shell limit of the kinetic
equations

∂tδf0h = −∂tfF −
i
2 [HN , δf0h]− 1

2 {ΓN , δf0h}+ 1
2

∑
a=e,µ,τ

µ`a + µφ
T

Γ̃aN , (5.43)

where we keep the same notation for HN , ΓN and Γ̃N as in eqs. (5.34)-(5.36), although they
are understood in the on-shell sense: k0 = |k|. Let us define helicity-even and helicity-odd
parts of the deviations

δf even(k) = δf0+(k) + δf0−(k)
2 , (5.44)

δfodd(k) = δf0+(k)− δf0−(k)
2 , (5.45)

which will be useful later.

generalisation to an expanding universe: The kinetic equation (5.43) for
on-shell heavy neutrinos has only been derived in Minkowski space so far. The effect of
the expanding universe can be implemented by using conformal coordinates [130], that are
defined via the metric

gµν = a(η)diag(1,−1,−1,−1) , (5.46)

with η the conformal time and a(η) the scale factor such that dt = a(η)dη. In a radiation-
dominated universe we can relate the scale factor to the conformal time

a(η) = aRη , (5.47)
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via a quantity aR that can be expressed in terms of the temperature T and the Hubble
constant H

aR = mPl

√
45

4π3g?
= T 2

H
, (5.48)

when using the Friedmann equations. Here mPl = 1.22 × 1019 GeV is the Planck mass
and g? = 106.75 counts the number of relativistic degrees of freedom. It is useful to
choose a time coordinate that behaves antiproportionally to the temperature z = Tref/T ,
where the proportionality factor is some fixed reference temperature Tref that can be
chosen by convenience. An important scale for leptogenesis is the temperature of the
EW sphaleron freeze-out. We consequently set Tref to this temperature, such that the
universe begins to expand at z = 0, while the EW sphalerons become suppressed at z = 1.
Since aR/a(η) = T , it makes sense to interpret aR as the comoving temperature. In these
coordinates the equilibrium Fermi-Dirac distribution is given by

f eq(k) = 1
e|k|/aR + 1

. (5.49)

As f eq does not depend on the conformal time its conformal time derivative vanishes
d
dηf

′
eq = 0, such that

d
dη δf0hij = − i

2 [HN , δf0h]ij −
1
2 {ΓN , δf0h}ij + 1

2
∑

a=e,µ,τ

µ`a + µφ
T

(Γ̃aN )ij , (5.50)

where the heavy neutrino flavour content is made explicit. The kinetic behaviour of the
heavy neutrino is mainly given by the following three terms from eqs. (5.34)-(5.36). In
conformal time and with on-shell heavy neutrinos these three terms are given by:

• Effective Hamiltonian: HN is decomposed as (HN )ij = (Hvac
N )ij + (Hth

N )ij with
the vacuum mass Hvac

N and a thermal mass Hth
N term, such that

(Hvac
N )ij = a2(η)

|k|

(
Re[M †M ] + ihIm[M †M ]

)
, (5.51)

(Hth
N )ij = 2gw

(
Re[Y ∗Y T ]k · Σ̂

H
N

k0 − ihIm[Y ∗Y T ] k̃ · Σ̂
H
N

k0

)
. (5.52)

With a complex vacuum mass matrix M , HN is given in the most general form and
describes the flavour oscillations of the heavy neutrinos. The thermal component
Σ̂H
N itself is given by two parts: On the one hand, there is the Hermitian part of the

reduced self-energy of the heavy neutrino with the exchanged Higgs field. On the
other hand, it also accounts for the temperature dependent EV of the Higgs field,
cf. figure 5.3. Both components will be described in more detail and will also be
quantified later in section 5.3

• Damping term: ΓN accounts for the decay of the deviations δf0h of the heavy
neutrinos back to their equilibrium value and is given by

ΓN = 2gw
(

Re[Y ∗Y T ]k · Σ̂
A
N

k0 − ihIm[Y ∗Y T ] k̃ · Σ̂
A
N

k0

)
, (5.53)

with the spectral part of the reduced self-energy Σ̂AN of the heavy neutrino self-energy.
A quantification of this self-energy will be provided in section 5.3.
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• Backreaction term: When the heavy neutrinos start oscillating they produce
asymmetries in the SM lepton sector in terms of the chemical potentials µ`a and µφ,
as we clear from section 5.4 on. The term responsible for such a creation will be
referred to as the source term. The distribution of the heavy neutrino is, however, not
independent of asymmetries in the SM lepton sector. Therefore, there is a so-called
backreaction effect that is described by the term

µ`a + µφ
T

(Γ̃aN )ij → 2hgw
(

Re[Y ∗iaY T
aj ]
k̃ · Σ̂AN
k0 − ihIm[Y ∗iaY T

aj ]
k · Σ̂AN
k0

)

× e|k|/aR

(e|k|/aR + 1)2
µ`a + µφ
aR

. (5.54)

introducing the transport coefficients: As already mentioned, the ki-
netic equation (5.43) is determined by the reduced self-energies Σ̂AN and Σ̂H

N evaluated at
zero chemical potential. Contractions of these self-energies with the four vectors k and k̃
describe transport coefficients, namely damping rates and thermal corrections to the heavy
neutrino mass, and need to be evaluated. As the corresponding computation is non-trivial
we will define the coefficients here and shift the evaluation to section 5.3. In ref. [2] the
ultrarelativistic approximation |k|/k0 = sign(k0) is used that relates all equilibration rates
to

γ(k) = 2gw
aR

k · Σ̂AN
k0 , (5.55)

a quantity that does not allow for LNV. Expanding the relativistic approximation to the
next non-vanishing order O(M2

i /|k|2) not only LNC but also LNV rates appear, that both
contribute to the equilibration process. The conserving rates are denoted by γ+(k) and
correspond to γ(k) from ref. [2], while γ−(k) are referred to as the LNV rates. To first
non-vanishing order these are given by

γ+(k) ≡ 1
aR

gw
k0

(
k + k̃

)
· Σ̂AN '

2
aR

gw
|k|

(
k · Σ̂AN

)
, (5.56)

γ−(k) ≡ 1
aR

gw
k0

(
k − k̃

)
· Σ̂AN '

1
2aR

gw
|k|

M2
i

|k|

(
Σ̂A0
N + k̂i · Σ̂AiN

)
. (5.57)

This can be analogously applied or the Hermitian part Σ̂H
N . Note the two contributions of

Σ̂H
N , cf. figure 5.3,

Σ̂H
N = Σ̂H

N |th + Σ̂H
N |EV , (5.58)

with Σ̂H
N |th the thermal contribution from the Higgs field in the symmetric phase of the SM

and Σ̂H
N |EV the EV for the Higgs background field from the beginning of the continuous

EWSB on. Note that at tree level one has k̃ · Σ̂H
N |EV = 0. We thus have

hth
+ (k) ≡ 1

aR

gw
k0

(
k + k̃

)
· Σ̂H

N |th '
2
aR

gw
|k|

(
k · Σ̂H

N |th
)
, (5.59)

hth
− (k) ≡ 1

aR

gw
k0

(
k − k̃

)
· Σ̂H

N |th '
1

2aR

gw
|k|

M2
i

|k|

(
Σ̂H0
N |th + k̂i · Σ̂Hi

N |th
)
, (5.60)

and
1
2h

EV(k) ≡ hEV
+ (k) = hEV

− (k) ≡ 1
aR

gw
k0

(
k · Σ̂H

N |EV
)
. (5.61)
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kinetic equations for number densities: The kinetic equation (5.50) de-
scribing the equation of motion of the heavy neutrinos holds for each momentum mode
k individually. Particularly, the backreaction term (5.54) creates a coupling between the
individual modes. Trying to solve such a coupled system in order to obtain the full mo-
mentum dependence ends up in a huge complication, especially, when being interested in
analytic approximations or in a fast numerical code. Therefore, we follow a convenient
procedure [30, 44, 144] by reducing the system to number densities instead of momentum
dependent distributions functions. This can be achieved by averaging over the momentum
k. Note that this yields O(1) errors in the final results, cf. e.g. ref. [145]. Nevertheless,
this procedure is a step forward in understanding the generation of a matter-antimatter
asymmetry via leptogenesis.
When integrating over three-momenta it is useful to introduce the equilibrium number

density

neq =
∫ d3k

(2π)3 f
eq(k) = 3

4π2a
3
Rζ(3) , (5.62)

and helicity dependent deviations in the heavy neutrino flavour space

δnhij =
∫ d3k

(2π)3 δfh0ij(k) , (5.63)

as well as the quantity

ñeq =
∫ d3k

(2π)3 f
eq(k)(1− f eq(k)) = a3

R
12 . (5.64)

The helicity-even and helicity-odd parts of the deviations of the number densities neven

and nodd are defined in analogy to the distribution functions, cf. eqs. (5.44) and (5.45).
A complication arises when it comes to averaging products of a momentum dependent
quantity and the distribution function. The most convenient way to solve this problem is
to replace this quantity by its average value. Exemplary for the 1/|k| term in the effective
Hamiltonian this is 〈 1

|k|

〉
≡ 1
neq

∫ d3k

(2π)3
1
|k|
f eq(k) = π2

18aRζ(3) . (5.65)

The procedure of averaging the self-energies is not straightforward such that its quanti-
tative study is shifted to section 5.3. Nevertheless, in order to describe the momentum-
average of a quantity X (k), that can be either γ±(k) or h±(k), we shortly discuss how
these quantities need be averaged correctly. This being said, one should recall that these
only appear with two different combinations of the equilibrium distribution f eq and the
deviation δf in the kinetic equation (5.50). Therefore, we introduce two different ways of
momentum-averaging

X ≡ 1
δn

∫ d3k

(2π)3 δf(k)X (k) , (5.66)

X̃ ≡ 1
ñeq

∫ d3k

(2π)3 f
eq(k) [1− f eq(k)]X (k) . (5.67)

Depending on the quantity in the kinetic equation we use different strategies of averaging:
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1. Momentum-averaging: The backreaction terms (5.54) is of the second type: γ̃±.
We find that one may neglect the term of second order f eq(k) if γ̃± is not IR enhanced
by powers smaller than |k|−2 for small |k|. The same holds for ñeq. This is true for
γ̃+, which is why

γ̃+ '
1
neq

∫ d3k

(2π)3 f
eq(k)γ+(k) ≡ γav

+ , (5.68)

with the numerical value γav
+ ' 0.012 that has been derived in ref. [146] based on

refs. [125, 147]. This approximation induces an error not larger than O(40%). In
contrast to γ̃+, γ̃− receives an additional factor of M2/|k|2. This IR enhancement
requires to consider the complete expression

γ̃− = 1
ñeq

∫ d3k

(2π)3 f
eq(k) [1− f eq(k)] γ−(k) ≡ γav

− , (5.69)

since the simplification from above cannot be used any more. The quantities γ±(k)
and h±(k) both appear with the deviation δf and are thus of the first type. As-
suming the heavy neutrinos to be in kinetic equilibrium, i.e. when the relation
δf(k)/f(k)eq ' δn/neq is fulfilled, one can approximate the damping rate from
eq. (5.53)

γ+ = 1
δn

∫ d3k

(2π)3 δf(k)γ+(k) ' 1
neq

∫ d3k

(2π)3 f
eq(k)γ+(k) = γav

+ , (5.70)

and accordingly

hth
± = 1

δn

∫ d3k

(2π)3 δf(k)hth
± (k) ' 1

neq

∫ d3k

(2π)3 f
eq(k)hth

± (k) , (5.71)

hEV = 1
δn

∫ d3k

(2π)3 δf(k)hEV(k) ' 1
neq

∫ d3k

(2π)3 f
eq(k)hEV(k) . (5.72)

2. Evaluation at the average momentum: In case of the damping term γ− from
eq. (5.53) one cannot simply assume the heavy neutrino to be in kinetic equilibrium
since the production is enhanced for soft momenta |k|. Therefore, we limit ourselves
to that momentum mode that most realistically represents the production of the
heavy neutrinos, which is given by the average momentum

|kav| ≡
1
neq

∫ d3k

(2π)3 |k|f
eq(k) = 7π4T

180ζ(3) ' 3.15T . (5.73)

Consequently, we have

γ− = 1
δn

∫ d3k

(2π)3 δf(k)γ−(k) ' γ−(|kav|) . (5.74)

The kinetic equation (5.50) for the deviation of the number density of the heavy neutri-
nos will be coupled to the evolution equation for the charge densities of the SM leptons.
Therefore, it makes sense to relate the chemical potentials of the SM particles to their num-
ber densities. Due to fast gauge interactions one can assume that charged field are kept in
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kinetic equilibrium. Consequently, we can describe a particle X by modified Fermi-Dirac
and Bose-Einstein distribution functions to linear order in the chemical potentials

fX = 1
eβ(k0−µX) ± 1

= f eq
X + δfX , (5.75)

δfX = eβk0

(eβk0 ± 1)2µX . (5.76)

The charge density of X, as the difference between the number density of particles and
antiparticles, is then proportional to the chemical potential

qX =
∫ d3k

(2π)3 [fX(|k|)− (1− fX(−|k|))] = 2µX
∫ d3k

(2π)3 δfX , (5.77)

such that in comoving coordinates one has

qX =


a2

R
3 µX for a massless bosons X
a2

R
6 µX for a massless chiral fermions X

. (5.78)

Eventually, the momentum-averaged evolution equation for the heavy neutrino number
densities is given in terms of charge densities q`a and qφ of the LH lepton doublets `aL and
the Higgs field φ, respectively,

d
dz δnh = − i

2 [Hth
N + z2Hvac

N , δnh]− 1
2{ΓN , δnh}+ 1

2
∑

a=e,µ,τ
Γ̃aN

(
q`a + 1

2qφ
)
, (5.79)

with the momentum-independent components

Hvac
N = π2

18ζ(3)
aR
T 3

ref

(
Re[M †M ] + ihIm[M †M ]

)
, (5.80)

Hth
N = aR

Tref

(
hth

+ Υ+h + hth
−Υ−h

)
+ hEV aR

Tref
Re[Y Y †] , (5.81)

ΓN = aR
Tref

(γ+Υ+h + γ−Υ−h) , (5.82)

Γ̃aN = h
aR
Tref

(
γ̃+Υa

+h − γ̃−Υa
−h
)
, (5.83)

with

Υa
hij = Re[YiaY †aj ] + ihIm[YiaY †aj ] , (5.84)

Υhij =
∑
a

Υa
hij . (5.85)

5.2 evolution of lepton charges

In this section quantum kinetic equations for SM leptons are derived in analogy to sec-
tion 5.1. The relevant charge asymmetries are introduced in subsection 5.2.1 which are
needed to describe the evolution of the SM asymmetries. The corresponding kinetic equa-
tions are derived in subsection 5.2.2 within the non-equilibrium CTP formalism. In sub-
section 5.2.3 spectator effects are discussed, which can significantly affect the produced
baryon asymmetry due to redistribution of charges.
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5.2.1 Introducing the asymmetries

It makes sense to introduce a flavour dependent quantity

∆a = B

3 − La , (5.86)

that is conserved by all SM processes including EW sphaleron processes. Here, La are the
individual lepton charges of flavour a given by the charges q`a of the LH lepton doublets
`aL and charges qRa of the RH leptons eaR. The total lepton charge L is then given by the
sum over all SM flavours

L =
∑
a

La =
∑
a

(gwq`a + qRa) . (5.87)

However, La, L and so ∆a are violated by the Yukawa couplings Yia and the Majorana
mass M . Note that gauge interactions are fast compared to the Yukawa interaction which
is due to the smallness of the couplings Yia. Consequently, the SM particles are kept in
kinetic equilibrium and can thus be described by chemical potentials cf. eqs. (5.75)-(5.78).
As Majorana particles, heavy neutrinos do not necessarily carry any charge. However,
things change in the limit T � Mi, where helicity states of the heavy neutrinos begin to
effectively act as particle and antiparticles. This allows to introduce the sterile charge

qNi ≡ δn+ii − δn−ii = 2δnodd
ii , (5.88)

which, in the flavour basis where M is diagonal, is given as diagonal entry of the helicity-
odd deviations of the number density from equilibrium. With the sterile charge qN one
can define a generalised lepton number

L̃ = gw
∑
a

q`a +
∑
i

qNi , (5.89)

which is motivated by looking at the Yukawa terms in the Lagrangian (2.46), where only
the LH SM leptons couple to the heavy neutrinos. L̃ is approximately conserved in the
ultrarelativistic limit T �Mi up to terms of order M2

i /T
2, i.e. the processes described by

the transport coefficients γ+ and hth
+ cannot violate L̃ in that limit, while γ− and hth

− do
not conserve L̃, cf. eqs. (5.68)-(5.71) and eq. (5.74). Note that L̃ should not be confused
with L̄ from subsection 2.2.4, cf. ref. [3] for a more detailed discussion.

5.2.2 Kinetic equations for lepton charges

The derivation of the equations describing the evolutions of the SM charge densities hap-
pens analogously to the derivation of the kinetic equations of the heavy neutrino in sec-
tion 5.1. However, at temperatures relevant for the generation of asymmetries off-diagonal
correlations can be neglected because these are erased by µ and τ Yukawa couplings as
described in more detail in the fully flavoured regime [49, 50, 124, 148, 149]. Therefore
the evolution of the SM charge density is derived from the kinetic equation (3.49). For a
SM flavour a it reads

d
dtq`a =

∫ d4k

(2π)4 tr
[
iΣ>
`a(k)PLiS<`a(k)− iΣ<

`a(k)PLiS>`a(k)
]
. (5.90)
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Figure 5.4: Self-energy diagram for SM leptons with a Higgs and a heavy neutrinos running in
the loop.

The collision term, as the RH side of this equation depends on the SM lepton self-energy
Σ`a. In analogy to the heavy neutrino self-energy this can be derived as the functional
derivative of the bubble diagram 5.2 such that

iΣcd
`a(x, y) = cd

∂Γ2
∂Sdc`a(y, x)

= Y ∗iaY
T
ajPR(iSN )cdij (x, y)PLi∆dc

φ (y, x) , (5.91)

which is chosen such that it is diagonal in SU(2) flavour space. InWigner space, cf. eq. (3.31),
this transforms to

i6Σcd
`a(k) = Y ∗iaY

T
aj

∫ d4k′

(2π)4
d4k′′

(2π)4 (2π)4δ(k − k′ − k′′)PRiScdNij(k′)PLi∆dc
φ (−k′′) , (5.92)

and is shown in figure 5.4. When inserting this expression for i6Σ`a into the collision term
of eq. (5.90) and additionally making use of eqs. (5.4) and (5.5) the evolution equation
can be recast into the form

d
dtq`a = −

∑
i,j

Y ∗iaY
T
aj

∫ d4k

(2π)4 tr
[
PLiΣ̂>

NRa(k)PRiS<Nij(k)− PLiΣ̂<
NRa(k)PRiS>Nij(k)

]
,

(5.93)

such that it only depends on the heavy neutrino quantities i 6Σ`a and iSN . For small
chemical potentials one can linearise this equation in the deviations iδ 6Σ`a and iδSN , which
are driven by the chemical potentials of the SM lepton and the Higgs, such that

d
dtq`a = −

∑
i,j

Y ∗iaY
T
aj

∫ d4k

(2π)4 tr
[
PLiδΣ̂>

NRa(k)PRiS<Nij(k)− PLiδΣ̂<
NRa(k)PRiS>Nij(k)

]
−
∑
i,j

Y ∗iaY
T
aj

∫ d4k

(2π)4 tr
[
2PLΣ̂AN (k)PRiδSNij(k)

]
, (5.94)

where we use eqs. (5.7) and (5.8) that hold for zero chemical potential in the second term.
The first term can be simplified when making use of the linearised KMS relation (5.13).
Applying the KMS relation in equilibrium (5.14) leads to

d
dtq`a = −4

∑
i,j

Y ∗iaY
T
aj

µ`a + µφ
T

∫ d4k

(2π)4
fF(1− fF)

1− 2fF
tr
[
PLiΣ̂AN (k)PRiS̄+

Nij(k)
]

−
∑
i,j

Y ∗iaY
T
aj

∫ d4k

(2π)4 tr
[
2PLΣ̂AN (k)PRiδSNij(k)

]
. (5.95)

With the Lorentz decomposition (5.25) and with the zero width approximation, cf. eqs. (5.37)
and (5.38) one can use eqs. (5.40) and (5.41) for the heavy neutrino propagator. There-
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fore, when taking the Dirac trace and performing the sum over the helicity, as well as
performing the k0 integral into a sum over k0 due to the delta function, one has

d
dtq`a = −

∑
i

Y ∗iaY
T
ai

µ`a + µφ
T

∫ d3k

(2π)3

∑
sign(k0)=±

fF(1− fF)2k · Σ̂AN sign(k0)√
|k|2 + M̄2

+
∑
i,j

Y ∗iaY
T
ai

∫ d3k

(2π)3

∑
sign(k0)=±

(k + k̃)Σ̂ANδf0+ij + (k − k̃)Σ̂ANδf0−ij√
|k|2 + M̄2

, (5.96)

where the term containing M̄ is traceless. Performing the sum over k0 = ±
√
|k|2 + M̄2

and using that (k ± k̃)Σ̂AN → −(k ∓ k̃)Σ̂AN under k0 → −k0 implies

d
dtq`a = − T

gw

∑
i

Y ∗iaY
T
ai

(
q`a + 1

2qφ
) 1
ñeq

∫ d3k

(2π)3 fF(1− fF)(γ+(k) + γ−(k))

+ T

gw

∑
i,j

Y ∗iaY
T
aj

∑
h=±

∫ d3k

(2π)3γh(k)
(
δf+hij − δf∗−hij

)
. (5.97)

We have used that q`aT = µ`a ñ
eq and qφT = 2µφ ñeq, cf. eq. (5.64). In comoving coordi-

nates we can express the evolution equation for the SM leptons as
d
dz q`a = − γ̃+ + γ̃−

gw

aR
Tref

∑
i

Y ∗iaY
T
ai

(
q`a + 1

2qφ
)

+ 1
Tref

S̃a , (5.98)

S̃a = aR
gw

∑
h=±

γhtr
[(
δn+h − δn∗−h

)
Υa
h

]
, (5.99)

with the momentum-averaged rates γ± from eq. (5.70) and (5.74) and γ̃± from eqs. (5.68)
and (5.69), respectively. Introducing the trace over the heavy neutrino indices, i.e. tr(δnΥ) =∑
ij(δnijΥji), allows to write the S̃a term in a flavour covariant way. In some cases it might

be useful to break this covariant form by extracting the δnii term from S̃a and shifting it
into the first term of eq. (5.98). Therefore, the evolution of the SM leptons

dq`a
dz =− 1

Tref

∑
h=±

W h
a

(
q`a + 1

2qφ − hqNi
)

+ 1
Tref

Sa , (5.100)

is divided into a washout term with the operator

W±a = aR
gw
γ̃±
∑
i

YiaY
†
ai , (5.101)

that describes the chemical equilibration of the charges with qNi = 2δnodd
ii , and into a

source term, most conveniently expressed in term of the helicity-even and helicity-odd
correlations,

Sa = 2aR
gw

∑
i 6=j

Y ∗iaYja
∑
h=±

γh
[
iIm(δneven

ij ) + hRe(δnodd
ij )

]
, (5.102)

that accounts for the generation of the SM charges through off-diagonal correlations δnij .
Eventually, the differential equation (5.100) describing the evolution of SM forms a coupled
system of differential equations for the SM lepton charges and the sterile charges with
eq. (5.79). This coupled system can be solved by also transforming eq. (5.79) into helicity-
even and helicity-odd parts and seeking for numerical solutions. It might however be
beneficial to study the behaviour of this system analytically. Different parameter regions
allow for approximate analytic solutions, cf. section 5.5 and 5.6.
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5.2.3 Effects from spectator fields

Although `L and φ are the only particles of the SM that interact with the heavy neutri-
nos, the remaining SM particles can have some non-zero charge. Consequently, so-called
spectator fields contribute to the chemical equilibration and redistribute charges during
leptogenesis. As the washout is only sensitive to the La, the spectator processes are the
reason for effectively hiding some asymmetries, such that they have an effect on the final
result for the baryon asymmetry [150, 151]. Quantitatively, we incorporate the effect of
the spectator fields by relating all the quantities appearing in the evolution equation of the
lepton doublets to the asymmetries ∆a, cf. eq. (5.86). The electron is the SM particle with
the tiniest SM Yukawa coupling. As a consequence, at T . 105 GeV all the SM Yukawa
couplings have reached the state of chemical equilibrium [152]. This leads to constraints
on the chemical potentials

µqaL − µuaR + µφ = 0 , (5.103)
µqaL − µdaR − µφ = 0 , (5.104)
µ`aL − µeaR − µφ = 0 , (5.105)

where the index a labels the three SM generations. At temperatures relevant for the gen-
eration of asymmetries, both EW and strong sphalerons are in equilibrium and constrain
the chemical potential further

gs(µq1
L

+ µq2
L

+ µq3
L
) + µ`1L

+ µ`2L
+ µ`3L

= 0 , (5.106)

gw(µq1
L

+ µq2
L

+ µq3
L
)− (µu1

R
+ µu2

R
+ µu3

R
)− (µd1

R
+ µd2

R
+ µd3

R
) = 0 , (5.107)

where gs = 3 accounts for the three colour states. A last condition is given by the fact of
a vanishing weak hypercharge

gwYφqφ +
∑

a=e,µ,τ

(
gwgsYqaLqq

a
L

+ gwY`aLq`
a
L

+ gsYuaRqu
a
R

+ gsYdaRqd
a
R

+ YeaRqe
a
R

)
= 0 . (5.108)

It is now possible to relate the charge densities of the doublet leptons q` and of the Higgs
boson qφ to the asymmetries ∆ by solving these equations. One obtains q` = A∆ and
qφ = C∆ with a matrix A and a vector C that are given by

A = 1
711

 −221 16 16
16 −221 16
16 16 −221

 , C = − 8
79
(

1 1 1
)
, (5.109)

with the column vectors q` = (q`1, q`2, q`3)T as well as ∆ = (∆1,∆2,∆3)T in flavour space.
Accordingly, one may express the baryon asymmetry B and also the asymmetry in the
doublet leptons in terms of ∆:

B = 28
79
∑
a

∆a , B = −4
3
∑
a

q`a . (5.110)

It is worth mentioning that this procedure recovers the well-known sphaleron conversion
factor B = 28

79(B−L) [153]. An O(10%) correction to this value arises due to the crossover
nature of the EWSB as the EW sphalerons begin to continuously freeze out at temperatures
higher than the EW scale [154, 155]. It might be interesting to include the time dependent
rate of the EW sphaleron transitions in order to minimise this error. This will lead to
temperature dependent conversion factor, which, however, is beyond the scope of this
thesis.
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5.3 determination of transport coefficients

Within the last sections the kinetic equations for the heavy neutrinos have been derived.
Solution can be found by solving the coupled set of differential equations of both the
heavy neutrinos (5.79) and the SM leptons (5.100). These equations depend on transport
coefficients such as the damping rates γ±, cf. eqs. (5.56) and (5.57), the thermal correction
to the heavy neutrino mass hth

± , cf. eqs. (5.59) and (5.60), as well as on the modification of
the heavy neutrino mass by the background Higgs EV hEV, cf. eq. (5.61), during the EWSB.
These coefficients will be discussed and quantified in the following, while momentum-
averaged expressions will be provided.
The effect from the Higgs EV is quantified in subsection 5.3.1, while the modification of

the heavy neutrino mass due to thermal effects is discussed in subsection 5.3.2. In subsec-
tion 5.3.3 recent approaches to damping rates are mentioned and generalised. Particularly,
a leading order derivation for LNV damping rates is provided within this subsection.

relativistic approximation: The coefficients such as the damping rates and
the thermal masses depend on the combinations k ± k̃. Since (k ± k̃)Σ̂AN → −(k ∓ k̃)Σ̂AN
under k0 → −k0 it is sufficient to use sign(k0) = 1. Further, we assume that momenta are
sufficiently hard, i.e. |k| ∼ T . This allows us to perform a relativistic expansion in M/|k|,
such that

k0 =
√
|k|2 +M2 = |k|+ M2

2|k| +O
(
M2

|k|2

)
. (5.111)

To first non-vanishing order in M/|k| the combinations of k and k̃ are then given by

k + k̃ '
(

2|k|+ M2

2|k|

)(
1
k̂

)
, (5.112)

k − k̃ ' M2

2|k|

(
1
−k̂

)
. (5.113)

This translates to the approximations shown in eqs. (5.56)-(5.57) and (5.59)-(5.60). Note
that in ref. [2] an ultrarelativistic approximation, |k| = k0sign(k0), has been used such that
only terms up to O(M2/|k|2) have been considered. In this case k ' k̃ and γ− = hth

− = 0.
We will extend this study up to the next non-vanishing order inM2/|k|2 and consequently
have to compute the terms γ− and hth

− .

5.3.1 The effect from the background Higgs field

Due to the crossover nature of the SM the background Higgs field starts to continuously
follow a temperature dependent Higgs field EV v(T ). The Hermitian part of the self-
energy (5.11), which is shown in the bottom row of figure 5.3, can be solved at leading
order. In this case, using the tree-level expression for the lepton propagator, the effect of
the EV of the Higgs field on to the Hermitian self-energy is given by eq. (5.61) and reads

hEV(k, z) = 2
k0
z2v2(z)
T 2

ref
aR , (5.114)

and does not only depend on k but also in the coordinate z due to the temperature
dependent EV. At tree-level the spectral self-energy vanishes exactly. Within this thesis we
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neglect higher order effects such that there is no effect of the Higgs EV on the equilibration
of the heavy neutrinos, while it only affects their effective thermal mass at leading order.
It is interesting for future works to extend this study to the next non-vanishing order.
Refs. [156, 157] have included the effect of the Higgs EV on the damping behaviour of
the heavy neutrinos. As shown in eq. (5.72) the momentum-averaged contribution can be
obtained by the integral over the equilibrium distribution

hEV(z) = 1
neq

∫ d3k

(2π)3h
EV(k, z)f eq(k) = 2π2

18ζ(3)
z2v2(z)
T 2

ref
. (5.115)

A rather simple approximation for the temperature dependent Higgs EV can be applied [2]:

z2v2(z)
T 2

ref
' (−3.5 + 4.4z)ϑ(z − zv) , (5.116)

where zv ' 0.8 denotes the beginning of the EWSB, i.e. the time where v(z) starts to be
non-zero.

5.3.2 Thermal correction to the right-handed neutrino mass

The corrections to the heavy neutrino mass hth
± are given via eqs. (5.59) and (5.60). These

depend on the Hermitian part of the reduced self-energy Σ̂H
N , that is given eq. (5.9) and

graphically illustrated in the top row of figure 5.3. This expression is of the same form
as the self-energy expression for the SM leptons with gauge boson exchange, cf. eq. (3.92).
In this case the computation of the Hermitian part of heavy neutrino self-energy happens
analogously to the one of the SM leptons, cf. appendix A.2. It is additionally mentioned
that the non-HTL contribution is subdominant for on-shell heavy neutrinos. The analytic
expression in the HTL limit is most conveniently decomposed into the zeroth and into the
spatial component

Σ̂H0
N |th(k) = T 2

16|k| log
∣∣∣∣k0 + |k|
k0 − |k|

∣∣∣∣ , (5.117)

Σ̂Hi
N |th(k) = T 2k0ki

16|k|3 log
∣∣∣∣k0 + |k|
k0 − |k|

∣∣∣∣− T 2ki

8|k|2 . (5.118)

This is the tree-level results as we use the zero-width approximation for the particles
running in the loop. Additionally thermal masses and the chemical potentials of those
are neglected. To first non-vanishing order in M2

i /|k|2 the momentum dependent thermal
correction to the heavy neutrino mass can then be expressed in terms of the (reduced)
thermal mass of the heavy neutrino

m̂2
N = k · Σ̂H

N = T 2

8 . (5.119)

With eqs. (5.59) and (5.60) it follows that

hth
+ (k) = 2gw

k0T
m̂2
N '

2gw
|k|T m̂

2
N , (5.120)

hth
− (k) = 1

2gwm̂
2
N

M2
i

|k|2
1
k0T

[
−1 + log

∣∣∣∣k0 + |k|
k0 − |k|

∣∣∣∣
]
. (5.121)
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Figure 5.5: The left panel shows |k|2hth
− (k)feq(k) from eq. (5.121) as a function of |k|/T for

different masses. The right panel compares the approximate solution (5.132) for the momentum-
averaged LNV thermal correction h− to the full numerical solution.

Note that the non-reduced thermal mass of the heavy neutrino can be read of from eq. (5.8)
and is given by

m2
N = k · ΣH

N = gwm̂
2
N

(
Y ∗Y TPR + Y Y †PL

)
. (5.122)

The thermal correction for a given momentum mode can be simply calculated from the
expressions above. However, we are interested in a momentum-independent treatment of
the coupled set of kinetic equations. The momentum-averaged value of hth

+ (k) is obtained
via eq. (5.71) and reads

hth
+ = 1

neq

∫ d3k

(2π)3h
th
+ (k)f eq(k) = π2

36ζ(3) ' 0.23 . (5.123)

In contrast to that, the approximation of the momentum-average of hth
− (k) is non-trivial for

two reasons. First, it has a non-trivial dependence on k, particularly due to the logarithm.
Second, hth

− (k) from eq. (5.121) is IR enhanced by a factor |k|−2 compared to hth
+ (k) from

eq. (5.120). This results in a logarithmic enhanced contribution for small momenta, which
will be regulated by the heavy neutrino mass. In this case, small |k| . |kav| ' 3.15T are
favoured, cf. left panel of figure 5.5, which in general could be at the size of the heavy
neutrino mass. However, as we will show in the following, expanding in M2

i /|k|2 turns
out to be a useful expansion in the low scale leptogenesis scenario we consider in this
thesis. This implies a limit on the heavy neutrino mass, Mi . 50 GeV and minimises the
regime where the momentum drops below the heavy neutrino mass. In general, as we will
compute hth

− as a function of Mi/T , the approximation will break down for larger Mi/T

but turns out to be sufficient in low scale leptogenesis scenarios, cf. right panel of figure 5.5.
With eq. (5.71) we have to compute

hth
− = 1

neq

∫ d3k

(2π)3h
th
− (k)f eq(k) . (5.124)

This adds a factor |k|2f eq(k) that favours momenta of order |kav| ' 3.15T . Consequently,
the error for small |k| gets decreased. As usual we have the freedom to choose k = |k|ez,
such that all the angular integration gives a factor 4π. What we are then left with is

hth
− '

gwm
2
NM

2
i

3ζ(3)T 4

[
J1

(
Mi

T

)
+ J2

(
Mi

T

)]
, (5.125)



90 leptogenesis with gev-scale right-handed neutrinos

where the remaining one-dimensional integrals are solely contained in the following func-
tions

J1(x) = −
∫ ∞

0
dy 1√

y2 + x2
1

ey + 1 , (5.126)

J2(x) =
∫ ∞

0
dy 1√

y2 + x2 log
∣∣∣∣∣
√
y2 + x2 + y√
y2 + x2 − y

∣∣∣∣∣ 1
ey + 1 . (5.127)

These expressions can be calculated numerically for different masses Mi. However, we are
interested in the parametric dependence of hth

− on the massMi. This can be approximately
obtained via partial integration such that

J1(x) = 1
2 log(x) +

∫ ∞
0

dy log
(√

y2 + x2 + y

) d
dy

( 1
ey + 1

)
' 1

2 log(x)−
∫ ∞

0
dy log (2y) ey

(ey + 1)2

' 1
2 log(x)− 1

2(log(π)− γE) , (5.128)

with the Euler–Mascheroni constant γE ' 0.58. We have set x to zero in the second
integral, which is valid due to an expansion in small M2

i /|k|2. Before integrating J2 by
parts, we expand in small M2

i /|k|2 such that

J2(x) '
∫ ∞

0
dy

log
∣∣∣1 + 4y2

x2

∣∣∣
y
(
1 + x2

2y2

) 1
ey + 1

= J (0, x)−
∫ ∞

0
dyJ (y, x) d

dy

( 1
ey + 1

)
= π2

48 +
∫ ∞

0
dyJ (y, x) ey

(ey + 1)2 , (5.129)

with the antiderivative

J (y, x) ≡ 1
2

[
log

∣∣∣∣∣1 + 4y2

x2

∣∣∣∣∣ log
∣∣∣∣∣2 + 4y2

x2

∣∣∣∣∣+ Li2
(
−1− 4y2

x2

)]
. (5.130)

Performing the remaining integral yields

J2(x) ' −π
2

48 + log2 2
2 + log 2

(
log π2 − γE

)
+ 0.667− log x (log π − γE) + log2 x

2 .

(5.131)

Eventually, the leading order parametric dependence on Mi with numerical coefficients is
then given by

hth
− '

[
2.30− 0.47 log

(
z2 M̄

2

T 2
ref

)
+ 3.47 log2

(
z
M̄

Tref

)]
× 10−2 × z2 M̄

2

T 2
ref
. (5.132)

5.3.3 Damping rates for right-handed neutrinos

The damping rates γ± for the heavy neutrinos are defined in eqs. (5.56) and (5.57). These
are determined by the spectral part of the reduced self-energies Σ̂AN with the analytic
expression (5.9). For the following discussion we differentiate between the LNC rate γ+
and the LNV rate γ−.
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lnc rates: The computation of the LNC rate has been studied in great detail in
ref. [125] to leading order in the relevant couplings by relying in the CTP formalism. 2↔ 2
scattering processes are accounted for by resumming either the Higgs field or the lepton
doublet in the loop in self-energy type diagrams. Resummation of the lepton propagator is
required in order to regulate IR divergences that otherwise would appear. Consequently,
this instead ends up in a logarithmic contribution in the couplings. These scattering
processes are enhanced by T 2/M2 compared to (inverse) decays. These are given by a
large amount of vertex-type diagrams and also by collinearly enhanced 1 ↔ 2 processes,
which requires the resummation of ladder diagrams where an arbitrary number of soft
gauge bosons are inserted between the lepton and the Higgs propagator, cf. ref. [140]. The
final result for the LNC rate γ+ is valid up to leading order. With the procedure (5.70)
the momentum-averaged rate has been numerically approximated to

γav
+ =

∫ d3k

(2π)3γ+(k)f eq(k) ' 0.012 . (5.133)

Note, however, that this result applies for the damping term (5.82), while for the back-
reaction term (5.83) an error of roughly ∼ 40% arises due to the approximation used in
eq. (5.68). Nevertheless, we make use of this numerical value for both the damping and
the backreaction rate, and accept this uncertainty as it turns out to be still sufficient for
our calculation.

lnv rates: Note that the (inverse) decays contributing to the LNC rate (5.56) are
suppressed by M2/T 2 with respect to the 2 ↔ 2 scatterings. However, these 1 ↔ 2
processes turn out to dominate over the scattering processes within the computation of
the LNV rate (5.57). The reason for this is that the leading contribution for both the
scattering processes and the (inverse) decays is proportional to M2/T 2 due to the factor
k − k̃, cf. eq. (5.57). The spectral part of the 1↔ 2 processes can be obtained by solving
the expression (5.9) for the Wightman function

Σ̂<
N (k) =

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − k + p)iS<` (p)i∆<
φ (q) , (5.134)

in the zero-width limit, cf. chapter 3,

iS<` (p)→ −2πδ(p2 −m2
` )fψ(p0)sign(p0)PL 6p , (5.135)

i∆<
φ (q)→ 2πδ(q2 −m2

φ)fφ(q0)sign(q0) , (5.136)

and applying the KMS relation (5.14) afterwards. The corresponding Feynman diagram
is shown in the top row of figure 5.3.
It is worth mentioning that at high temperatures one obtains the mass hierarchy m2

φ >

m2
` > m2

N given by the individual thermal masses that directly requires to use to modified
dispersion relation of the Higgs field and the lepton. As a consequence, thermal masses
must not be neglected. In general, even if the vacuum masses of the Higgs field and lepton
are zero, their thermal masses allow for three different parametric channels:

• Mi > m`+mφ allows for the decay of the heavy neutrino when its mass is larger than
the sum of the masses of the lepton and the Higgs field. For the leptogenesis scenario
discussed in this thesis, i.e. for M . 50 GeV, this condition cannot be fulfilled.
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• m` > Mi +mφ allows for the decay of the lepton due to the non-zero thermal mass
only if m` is larger than the sum of the masses of the heavy neutrinos and the Higgs
field. However, the condition m` > mφ is always false for the thermal masses given
in eqs. (3.112)-(3.114).

• mφ > Mi+m` is the only channel that can be realised in the leptogenesis scenario dis-
cussed in this thesis, i.e. forMi . 50 GeV. The large thermal mass of the Higgs field,
which is mainly due to the top quark contribution, allows the Higgs to decay into
the lepton and the heavy neutrino. Since mφ and m` are already determined by the
temperature and the gauge couplings at these temperatures, this parametric regimes
sets an upper bound on the applicability of our approximations, which depends on
the temperature of the plasma due to the running couplings. Note that with the
inclusion of the ladder diagrams there is no such an upper bound, cf. ref. [140].

The full integral can be truncated to a single integral

In(y) =
∫ ω+

ω−
dxxn [1− fψ(x) + fφ(y − x)] , (5.137)

for n = 0, 1, when making use of the delta functions, cf. appendix A.3 to get an insight of
how to compute spectral self-energies. The remaining integral can be solved analytically,
such that the momentum dependent spectral part of the self-energy with thermal masses
in the regime mφ > Mi +m` is given by

Σ̂A0
N (k) = T 2

16π|k| [I1(−ω+)− I1(−ω−)] , (5.138)

Σ̂AiN (k) = T 2

16π|k|
ki

|k|

[
k0

|k| [I1(−ω+)− I1(−ω−)]−
M2
i +m2

` −m2
φ

2|k|T [I0(−ω+)− I0(−ω−)]
]
,

(5.139)

with

I0(ω±) ≡ log(1 + eβω±)− log(−eβk0 + eβω±) , (5.140)

I1(ω±) ≡ x(log(1 + eβω±)− log(1− eβω±−βk0)) + Li2(−eβω±)− Li2(eβω±−βk0) , (5.141)

which has already been derived in ref. [125]. Since the spectral part of the self-energy is
characterised by particles in the loop that are on-shell, non-trivial bounds on the integra-
tion limits of I0,1 appear such that

ω± = |k0|
2M2

i

∣∣∣M2
i +m2

` −mφ2
∣∣∣

±

√
(k0)2 −M2

i

2M2
i

√
M4
i +m4

` +m4
φ − 2M2

i m
2
` − 2M2

i m
2
φ − 2m2

`m
2
φ . (5.142)

Note that we are interested in solving the evolution equation of on-shell heavy neutrinos.
Consequently we have specified the analytic solution to k2 = M2

i . The LNC rate is
obtained by contracting Σ̂AN with k. In this case the I1 term completely disappears and
the LNC rate only depends on I0. In contrast to that, the LNV rate depends on both the
I0 and the I1 term. With eqs. (5.57) and (5.138)-(5.141) the LNV damping rate of the
heavy neutrino can now be calculated as a function of k.
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Note that within this thesis only heavy neutrino masses smaller than Mi . 50 GeV are
considered to ensure a relativistic treatment. The lowest temperature relevant for the
generation of the baryon asymmetry is given by the EW sphaleron freeze-out temperature,
i.e. T & 140 GeV. Consequently, we are able to make approximations that are valid for
Mi . 0.36T . Note that this is a conservative approximation as usually the asymmetry is
generated at higher temperatures around z ∼ 0.1, or even earlier, such that the relevant
masses are Mi � 0.1T . Further, as we will see in the following, a relevant scale, provided
that the ladder diagrams [140] are neglected, is given by m2

φ−m2
` . These masses are only

slowly running with the temperature. Hence, it is sufficient to evaluated these at the EW
scale. With m` = 0.273T and mφ = 0.682T , one has m2

φ − m2
` ' 0.39T 2 throughout

the whole process. This allows to expand in small M2
i /(m2

φ −m2
` ) and also M2

i /m
2
` . The

non-trivial |k| = 0 mode rate is given by

γ−(|k| = 0) = gw

(
m2
φ −m2

` −M2
i

)√
M4
i +m4

` +m4
φ − 2M2

i m
2
` − 2M2

i m
2
φ − 2m2

`m
2
φ

32πM3
i

[
sinh

(
Mi
2T

)
− sinh

(
m2
`
−m2

φ

2MiT

)]
sech

(
Mi
2T

)
T

= gw

(
m2
φ −m2

`

)2

32πM3
i T

csch
(
m2
φ −m2

`

2MiT

)
+O

(
M2
i

m2
`

,
M2
i

m2
φ

)
. (5.143)

Another useful approximation, particularly interesting when extracting a simple depen-
dence of γ− on Mi, arises when expanding in small M2

i /|k|2. With the considerations
mentioned above this is valid for momenta |k| & 0.36T in the very conservative approxi-
mation. In this case one has

γ−(k) ' gwT

16πk0
M2
i

|k|2

(
[I1(−ω+)− I1(−ω−)] +

m2
φ −m2

`

4|k|T [I0(−ω+)− I0(−ω−)]
)
. (5.144)

We can simplify eq. (5.144) even further by setting the heavy neutrino mass appearing in
the ω± from eq. (5.142) to zero, while γ− only globally depends on Mi. In this case gives
the limits

lim
Mi→0

ω− →
4|k|2m2

` + |m2
φ −m2

` |2

4|k||m2
φ −m2

` |
'
|m2

φ −m2
` |

4|k| ≡ ω̃− , (5.145)

while ω+ goes to infinity, which further implies

lim
ω+→∞

I0(−ω+) = −|k| , (5.146)

lim
ω+→∞

I1(−ω+) = 0 . (5.147)

The approximation used in the second step in eq. (5.144) allows to write the rate in a
simple form

γ−(k) ' gwT

16π|k|
M2
i

|k|2
[
Li2

(
e−βω̃−−β|k|

)
− Li2

(
−e−βω̃−

)]
. (5.148)

In the limit of large |k|, the thermal masses become negligible compared to |k|. In this
case ω− can be neglected, such that the asymptotic behaviour is given by

lim
|k|→∞

γ−(|k|) = gw
πT

192
M2
i

|k|3 , (5.149)



94 leptogenesis with gev-scale right-handed neutrinos

numerical

analytic

0.0 0.5 1.0 1.5 2.0

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

|k|/T

γ
-
(k
)|

k
2
f e

q
(1
-
f e

q
)

M/T=0.1

numerical

analytic

0.05 0.10 0.15 0.20 0.25 0.30

0.0000

0.0005

0.0010

0.0015

M/T

γ
-

Figure 5.6: The left panel demonstrates the breakdown of the approximation |k|2γ−(k)feq(1−feq)
from eq. (5.148) for small |k|/T for a heavy neutrino mass Mi/T = 0.1. The right panel compares
the approximate solution for the momentum-averaged LNV rate γ− from eq. (5.151) to the full
numerical solution.

where we use that Li2(−1) = −π2/12. We have already mentioned that the approximation
used to derive (5.148) breaks down for |k| . Mi. This effect can be seen in left panel of
figure 5.6, while for larger momenta the approximation is more valid.
Nevertheless, we are interested in a momentum-averaged description of the coupled set

of differential equations (5.79) and (5.100). Particularly we use the momentum-averaged
value for the backreaction term (5.83), while using the damping rate (5.82) at the average
momentum |kav| ' 3.15T , cf. eqs. (5.69),(5.73) and (5.74). Using eqs. (5.57) and (5.138)-
(5.141) the LNV rate at the average momentum is simply evaluated to

γ−(|kav|) ' 9.7× 10−4z2 M̄
2

T 2
ref
, (5.150)

which fulfils the required smallness of Mi/|k|. The momentum-averaged rate, however,
needs a non-trivial derivation for the following reasons. As we have seen above, γ−(k) has
a complicated dependence on k. When using eq. (5.148), we see that is enhanced in the
IR by a factor of |k|2 compared to γ+(k), which will not only end up in a logarithmic
contribution but also the average momentum |k| is smaller than |kav| ' 3.15T for γ+(k),
cf. left panel of figure 5.6. Due to this soft enhancement, special care has to be taken
because the approximation based on small M2

i /|k|2 used to derive eq. (5.148) breaks
down if the momentum drops below the mass of the heavy neutrino. Consequently, the
higher the mass the higher the error induced by the approximations. Using eq. (5.69), the
momentum-averaged rate is computed via the integral

γav
− = 1

ñeq

∫ d3k

(2π)3γ−(k)f eq(k)(1− f eq(k)) , (5.151)

where the thermal masses m`,mφ 6= 0 act as regulators to soften the integral for small |k|.
Note that the error for small momenta |k| is decreased as the combination |k|2f eq(k)(1−
f eq(k)) favours momenta that are of order |kav| ' 3.15T . Eventually, with eq. (5.148),
numerical integration yields

γav
− ' 2.1× 10−2z2 M̄

2

T 2
ref
. (5.152)
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A comparison between this approximated solution and the full numerical solution is shown
in the right panel of figure 5.6. One can see that approximation works well for the relevant
masses in the low scale leptogenesis scenario considered in this thesis, i.e. for Mi . 0.1T .

5.4 full system of differential equations

This section begins with the discussion of the coupled set of differential equations that
describes the leptogenesis scenario from CP -violating oscillations of two heavy RH neutri-
nos with masses in the GeV-range in subsection 5.4.1. Relevant time scales that not only
describe the time of the first oscillations and the time of equilibration but also allow for an
analytic treatment of two parameter regions are introduced in subsection 5.4.2. Further,
a qualitative discussion of how LNV effects may have an impact on the baryon charge
generation is provided in subsection 5.4.3.

5.4.1 Coupled set of differential equations

The time evolution in terms of the variable z of the deviation of number densities and
off-diagonal flavour correlations of heavy neutrinos δnh with helicity h from equilibrium is
given by eq. (5.79). Together with the equation describing the time evolution of the SM
charge densities (5.100), expressed in terms of the quantity ∆a from eq. (5.86), it forms a
coupled set of differential equation:

d
dz δnh = − i

2 [Hth
N + z2Hvac

N , δnh]− 1
2{ΓN , δnh}+ 1

2
∑

a,b=e,µ,τ
Γ̃aN (Aab + Cb/2)∆b , (5.153)

d
dz∆a =

∑
h

γav
h

gw

aR
Tref

∑
i

YiaY
†
ai

(∑
b

(Aab + Cb/2)∆b − hqNi

)
− Sa(δnhij)

Tref
. (5.154)

The matrix A and the vector C accounting for the spectator effects are given in eq. (5.109).
Hvac
N from eq. (5.80) corresponds to the effective Hamiltonian in vacuum, while the thermal

correction Hth
N is given by eq. (5.81). This contribution is due to the finite temperature

background Higgs field: First, the LNC and LNV thermal corrections hth
+ and hth

− to
the heavy neutrino mass are given by eqs. (5.123) and (5.132), respectively. Second, the
contribution from the Higgs EV hEV during the crossover is shown in eq. (5.115), with the
approximate form of the EV in eq. (5.116). The damping matrix ΓN and the backreaction
term Γ̃aN in flavour space, given by eqs. (5.82) and (5.83), are the collision terms of this
equation due to scattering with particles from the plasma. The LNC damping coefficient
γ+ has already been computed in ref. [146] and is given by γav

+ from eq. (5.133), while
the LNV coefficient γ− has to be evaluated at the average momentum |kav| ' 3.15T ,
cf. eq. (5.150). The source term Sa from eq. (5.102) is driven by the flavour oscillations
δnhij of the heavy neutrino for i 6= j. The LNC and LNV coefficients γav

+ and γav
− for the

backreaction term are given by eqs. (5.133) and (5.151), respectively. All these coefficients
are given in their momentum-averaged form. The procedure of averaging is discussed in
eqs. (5.70)-(5.74).
As already mentioned we have the freedom to choose a reference temperature Tref by

convenience. An interesting scale is given when the temperature drops below the freeze-
out temperature of the EW sphalerons at Tws ' 130 GeV. For temperatures lower than
Tws all the generated baryon asymmetry is not equilibrated by the EW sphalerons any
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more and is thus restored. Consequently, it is useful to choose Tref = Tws, such that the
relevant baryon charge generating processes happen in the regime z = 0 to z = 1, while
the freeze-out happens at z = 1.

5.4.2 Time scales and relevant parameter regimes

Besides the EW sphaleron freeze-out at z ∼ 1, the system (5.153)-(5.154) features another
two relevant time scales, the oscillation time scale zosc and the equilibration time scale zeq.
A separation of these two scale allows for approximate analytic solutions. The oscillation
time scale corresponds to the time when the heavy neutrinos start to oscillate. It is given
by the eigenvalues ofHvac

N from eq. (5.80). From z = 0 on the universe does not feature any
heavy neutrinos. Consequently, they start getting produced out-of-equilibrium until they
eventually reach equilibrium. The corresponding temperature scale is referred to as the
equilibration time scale and is characterised by the eigenvalues of ΓN from eq. (5.82). The
relevant coefficients will be γ+ = γav

+ and γ−(|kav|) , cf. eqs. (5.133) and (5.150). It is worth
mentioning that the inclusion of the LNV rate γ− is only necessary for a small fraction
of the leptogenesis parameter space. As we will see in the following sections, analytic
approximations are performed for parameters for which LNV effects can be neglected.
Note however that these approximate analytic solutions are just for illustrative purposes,
while for the full parameter scan, that is needed for chapter 6 we use the full expression
including LNV effects.
Due to the form of eq. (5.80), the matrix Hvac

N is diagonal in the same flavour basis
where M is diagonal. We will refer this to the mass basis. On the contrary, looking at
eq. (5.82), ΓN is diagonal in the basis where Υ+h is diagonal - the interaction basis. This
holds if LNV are neglected as otherwise Υ−h contributes with non-zero off-diagonal entries.
In general ΓN is not diagonal when Hvac

N is. This misalignment implies flavour oscillations
of the heavy neutrinos. They are produced in the interaction basis and start to oscillate
due to the commutator of Hvac

N in eq. (5.153). One might think that Hth
N from eq. (5.81)

affects the oscillation time scale as it scales with T 2 with respect to Hvac
N . Even though

it becomes dominant at high temperatures this correction fails to initiate oscillations for
two reasons. First, because there is no misalignment between the term that is driven by
hth
± and ΓN . Second, the term hEV only becomes non-zero for z & 0.8, when oscillations

in general have already started. Note that for ns flavours of heavy neutrinos there are
in total ns equilibration time scales and ns(ns − 1)/2 oscillation time scales. We will use
the largest eigenvalue of the matrices Hvac

N and ΓN for classifying the system qualitatively.
The two relevant time scales are

zosc '
(
aR|M2

i −M2
j |
)−1/3

Tref , (5.155)

zeq ' Tref/(γav
+ aR||Y Y †||) , (5.156)

for i 6= j, where the norm || · || of a Hermitian matrix is given by the absolute value of
its largest eigenvalue. Note that we are considering the smallest equilibration time scale.
Since γav

+ � γ−(|kav|) is fulfilled in low scale leptogenesis scenarios for the relevant z, we
use the larger rate γav

+ for classifying the smallest equilibration scale. A separation of these
two time scales allows for the physically interesting regimes that can also be analytically
understood.
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oscillatory regime: Leptogenesis is said to happen in the oscillatory regime when
zosc � zeq, i.e. when the largest oscillation time scale is still smaller than the fastest
equilibration time scale. In this case the heavy neutrinos can perform a large number of
oscillations before they finally reach equilibrium. The main baryon charge is generated
during the first few oscillations and saturates when they oscillations become fast compared
to the Hubble rate. Note, however, that this argument is only true when neglecting LNV
effects. When LNV effects are included such a saturation is not achieved as the LNV
damping rates are enhanced by z2 compared to the LNC damping rate, cf. eqs. (5.133)
and (5.150). In this case SM charges are continuously produced via the CP -violating
oscillations of the heavy neutrinos until they equilibrate.
There are two advantages using analytic approximations. First, such a regime requires

small Yukawa couplings. Hence, these couplings can be used as expansion parameters,
which allows for a perturbative analysis. Second, particularly due to the smallness of the
Yukawa couplings, it is possible to separate the process of leptogenesis into two different
processes - the early generation of the asymmetry and the late washout due to the equili-
bration process. This strict decoupling ends up in a huge simplification when it comes to
solving the system (5.153)-(5.154) in the oscillatory regime. Note again that the inclusion
of LNV effects spoils this treatment if such effects stop being subdominant.

overdamped regime: On the opposite, the overdamped regime is classified by the
fact that at least one heavy neutrino has reached equilibrium before a single oscillation has
been performed. Note that the equilibration process and the generation of asymmetries
are roughly happening at the same times. Consequently, it is not possible to make use of
the procedure applied in the oscillatory regime as discussed above. Scenarios with such
a overdamped behaviour are in general more interesting when it comes to experimental
searches for heavy neutrinos. This is because the larger Yukawa couplings allow for larger
mixings U2

ai, cf. eq. (2.49), which increases the probability of an experimental discovery of
the heavy neutrinos. Particularly in the case of two heavy neutrinos, the largest mixings
U2
ai can be achieved when the oscillations happen rather late such that the washout has

limited time to erase all the asymmetries.
With eqs. (5.155) and (5.156) we can relate the mass difference to the Yukawa couplings

in order to determine which regime is given by which choice of parameters. For i 6= j this
is given by

||Y Y †||γav
+ a

2/3
R

|M2
i −M2

j |1/3

 � 1 oscillatory
� 1 overdamped

. (5.157)

For the example plots presented in the following section we use the scenarios from table 5.1
and limit ourselves to NO.

5.4.3 Effects from lepton number violating interactions

Before examining the oscillatory and the overdamped regime in more detail, we shortly
comment qualitatively on LNV effects and on how these can affect the baryon charge
generation. This might be of interest for readers who are not particularly interested in ap-
proximate analytic solutions but rather want to qualitatively understand how leptogenesis
from oscillations of heavy neutrinos works.
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I II III IV V

M̄ 1 GeV 50 GeV 1 GeV 10 GeV 10 GeV
∆M2 2× 10−5M̄2 1× 10−10M̄2 1× 10−6M̄2 5× 10−9M̄2 1× 10−4M̄2

Imω 2.16 0.32 5.01 6.00 5.00
U2 2.2× 10−9 1.4× 10−12 6.6× 10−7 4.8× 10−7 6.5× 10−8

Table 5.1: Parameters used for the example plots in this work for the different scenarios. Further,
NO is used and we use α1 = 0, α2 = −π, δ = 3π/2 and Reω = 3π/4. Scenarios I and II describe
leptogenesis in the oscillatory regime, while II, III and V correspond to the overdamped regime.
Regime I and III do not exhibit any significant effect from LNV processes, while II, IV and V are
chosen such that LNV effects are not negligible.

In the low scale leptogenesis scenario we consider within this thesis the mass of the
heavy neutrino is smaller than the mass of the W boson, which allows for a relativistic
treatment of the relevant kinetic equations. Violation of the generalised lepton number L̃
is due to a non-zero Majorana mass M . One might naively think that LNV effects are
subdominant in low scale leptogenesis models since the violation of L̃ is suppressed by
M2
i /T

2. Although we have shown that the LNV damping rates as well as LNV correction
to the heavy neutrino thermal mass are small and suppressed by z2M̄2/T 2

ref compared to
the LNC transport coefficients, there exist parameter regions in the low scale leptogenesis
in which such effects affect the evolution and generation of the asymmetries.

lepton number violation in the oscillatory regime: In the oscillatory
regime the equilibration of the two heavy neutrinos happens roughly at the same times,
i.e. at z+

eq ' Tref/(γav
+ aR||Y Y †||) due to LNC processes. With eqs. (5.133) and (5.150)

it is obvious that the LNV damping coefficients are suppressed compared to the LNC
coefficients, cf. eq. (5.133) and consequently do not change the oscillation time scale. The
effect from LNV process might become important for two reasons:
First, the LNV source can violate L and also L̃, such that the generated asymmetry

cannot be deleted by LNC effects, through (inverse) decays already at O(|Y Y †|2M2
i /T

2).
As will we see in the following section, LNV effects will modify the behaviour of the off-
diagonal components of the heavy neutrinos already at O(|Y Y †|). Therefore, the quick
saturation of the lepton asymmetries, that are produced via the source term, is only valid
when neglecting LNV processes. Thus, if LNV processes are included, the SM asymme-
tries produced by the source are prevented from a saturation that happens long before
the equilibration of the heavy neutrinos. The charge produced by this source might be
comparable to the generation of the baryon charge due to the incomplete washout if
M2
i /T

2
refz

2
osc ∼ |Y Y †|. With the naive seesaw relation |Yai| ∼

√
maMi/v one can approx-

imately argue that this effect becomes important if the asymmetry is produced at times
z ∼ zosc &

√
ma/M̄ ∼ 10−6

√
GeV/M̄ . We find that especially for small mixing angles U2

such an effect becomes non-negligible.
Second, independently from the LNV part of the source, an indirect violation of L and

thus violation of B is due to the washout that diminishes the flavoured asymmetries with
different rates. Hence, such an indirect LNV happens at O(|Y Y †|3) even in the absence of
LNV washout rates. Basically L̃ is conserved but some of the asymmetries can be hidden
in qNi from EW sphaleron transition such that baryon number generation is due to a
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change in ∆a. Besides that, LNV can happen through LNV (inverse) decays. Naively one
could argue that these are suppressed byM2

i /T
2
refz

2
osc compared to the LNC washout rates.

However, since the washout is the more important the larger z is, a LNV washout can
modify the baryon charge creation when having large heavy neutrino masses, i.e. when
1 GeV � Mi � MW , where the upper bound is chosen in such way that the relativistic
treatment from section 5.1 does not break down.
Eventually, we can conclude that there exist parameter regions where LNV becomes

important. This requires to solve the evolution equations (5.153)-(5.154) numerically.
Nevertheless, we find that most of the parameter region is such that LNV is subdominant.

lepton number violation in the overdamped regime: The overdamped
regime is characterised by large Yukawa couplings. This happens naturally in the ap-
proximate B − L conserving scenario, cf. subsection 2.2.4, where one of the eigenvalues
of Υ+h is much larger than the other. This argument also holds for ΓN , that determines
the equilibration of the heavy neutrinos. Consequently, the first heavy neutrino eigen-
state equilibrates much earlier than the second one. As we will see in section 5.6, this
fast equilibration allows to use quasi-static solutions, which relate the evolution of the
first eigenstate as well as the off-diagonal correlation to the slowly evolving second heavy
neutrino eigenstate. LNV effects can modify the baryon charge generation in three ways:
First, LNV processes can change the behaviour of how one heavy neutrino equilibrates.

Particularly the equilibration for the feebly coupled eigenstate can happen either through
mixing with the other eigenstate or through its own damping. In the absence of LNV
effects this damping is tiny enough to be neglected due to the smaller eigenvalue of Υ+h.
However, when including LNV effects, eigenvalues of Υ−h have to be taken into account.
For the first heavy neutrino state this effect is subdominant. In contrast to that, the
contribution of the second eigenvalue is of the order of the first eigenvalue times M̄2/T 2.
In the case of small mass splittings and large Yukawa couplings, which turns out to delay
the equilibration through that mixing, the second eigenvalue might be large enough by the
LNV rate to initiate the equilibration of the second eigenstate. Since all the deviations
of the heavy neutrinos from equilibrium are mainly determined by the second eigenstate,
the whole system of equations (5.153)-(5.154) is affected by the early equilibration.
Second, the LNV part of the source can generate a non-zero L̃ which can only be

washed out by the LNV washout. As the LNV washout is suppressed compared to the
LNC washout, a sizeable amount of B due to the LNV source can remain even if the
Yukawa couplings are large enough to diminish any baryon charge from the LNC source.
This has an interesting consequence. When neglecting LNV effects, choosing the mass
difference too large would end up in an early charge generation such that the washout has
enough time to erase all the produced asymmetries. Consequently, the very large mixing
angles are unfavoured for large mass splittings as the washout is too strong due to large
Yukawa couplings. However, with the argumentation from above, larger mass splittings
are more strongly correlated with large mixing angles when LNV processes are included.
Third, a violation of L̃ can occur through a LNV washout. Analogously to the oscillatory

regime, this effect becomes more important when the masses are large, i.e. for the hierarchy
1 GeV�Mi �MW .

Eventually, we find that the early equilibration of the feebly coupled heavy neutrino
eigenstate can have a significant effect on the baryon charge generation, when having both
highly degenerate masses and large Yukawa couplings.
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5.5 oscillatory regime

In this section analytic approximations to the BAU in the oscillatory regime are derived.
This regime is characterised by off-diagonal oscillations of the heavy neutrinos that have
to happen much earlier than their equilibration. Such a scenario comes in with two
advantages that are helpful for an analytic treatment of the oscillatory regime. First, the
separation of scales, i.e. zosc � zeq, allows for an independent treatment of the generation
of the asymmetries in the different SM flavours and the washout, that eventually leads
to a non-zero baryon charge. Second a weak and consequently late washout requires a
smallness in the Yukawa couplings. This allows for a perturbative analysis in small Yukawa
couplings |Y Y †| such that the individual steps are characterised by different powers of
Yukawa couplings.

The early oscillations together with the early charge generation is quantitatively dis-
cussed on subsection 5.5.1, while the late washout is addressed in subsection 5.5.2. For
the parameters chosen in these subsection, there is no visible effect from LNV. Possible
effects from LNV are covered in subsection 5.5.3.
Note however that treating the early oscillations with the resulting charge generation

and the late washout separately is only valid for parameter choices for which LNV effects
are subdominant. In comparison to the LNC source the generated charges through the
LNV source do not saturate after the first oscillation. Rather a non-zero amount of
L̃ is continuously produced until the heavy neutrino equilibrate. In the following two
subsections 5.5.1 and 5.5.2, particularly for generating the relevant plots, we choose the
parameter scenario I from table 5.1. In this case LNV are negligible. Nevertheless we keep
the derivation as general as possible and only neglect the LNV rates when necessary.

production at early times: Since the universe starts with zero abundance of
heavy neutrinos, the heavy neutrino sector begins to be populated due to their own off-
diagonal oscillations δnijh at |Y Y †| for i 6= j. The source term (5.102) depends exactly on
these correlations, such that the charge asymmetries ∆a in the SM leptons are generated
at order |Y Y †|2. This production process happens at early times, i.e. at z ∼ zosc. When
only taking the LNC source into account, there are only asymmetries in the flavour states
∆a but not in the total lepton number, i.e. ∑a ∆a = 0, at order |Y Y †|2.

washout at late times: For larger z � zosc, i.e. at z ∼ zeq, the produced SM
lepton charges relax back to equilibrium via scattering processes. At such late times
effects from the off-diagonal correlation average out. In this case, the generation of ∆a,
cf. eq. (5.154) can be described by neglecting the source term Sa, while the kinetic equation
for the heavy neutrino, cf. eq. (5.153) is solely driven by the backreaction term Γ̃N and the
damping term ΓN . The two reduced equations form a coupled set of differential equation
properly describing the washout process. In general the corresponding rates are different
for the individual flavours. Consequently, the washout process shifts parts of ∑a ∆a into∑
i qNi while preserving L̃. EW sphalerons do only couple to ∆a and not to qNi. Therefore,

a non-zero lepton charge is produced and transferred to a non-zero baryon charge at |Y Y †|3.
For successful baryogenesis, one needs to require at least one of the heavy neutrinos to
be out-of-equilibrium before the EW sphalerons freeze out. Otherwise the baryon charge,
that is directly coupled to the lepton charge, gets washed out by the fast EW sphaleron
processes.
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Note that the following analytic treatment holds for arbitrary ns, i.e. not only for two
almost mass degenerate heavy neutrinos, provided that the shortest oscillation time scale
is still faster than the earliest equilibration time scale. Further, we are working in the mass
basis, i.e. the flavour basis where M is diagonal. An exemplary plot for the evolution of
the different particle densities, i.e. for δneven

11,22, δnodd
12 , ∆a and B, is given in figure 5.7.

5.5.1 Oscillations at early times

We will now solve this system (5.153)-(5.154) analytically. Therefore, we will elaborate
shortly on the truncation of the differential equation. As already discussed, thermal cor-
rections due to the effective Hamiltonian Hth

N dominate at high temperatures over the
vacuum part Hvac

N . However, these are diagonal in the same basis as the one where the
heavy neutrinos are produced - the interaction basis. Consequently, there is no misalign-
ment between the mass and the interaction basis. For this reason δnh commutes with Hth

N ,
such that the thermal correction to the effective Hamiltonian is not able to initiate oscil-
lations. Thus, it is reasonable to neglect this effect. The second effect from the thermal
correction is due to the crossover nature of the EWSB in the SM. The Higgs begins to
settle a non-zero EV that might become important. However, this happens right before
the EW sphalerons freeze out, i.e. for z & 0.8, such that the source term is unaffected.
During the production process at early time the backreaction term is of order |Y Y †|3 and
can consequently be neglected as a higher order effect. It will only become sizeable when
the SM lepton charges have already been produced. The equation describing the evolution
of the heavy neutrinos deviations can be simplified at z ∼ zosc:

d
dz δnh + i

2z
2[Hvac

N , δnh] = −1
2{ΓN , δnh} . (5.158)

We will use eq. (5.158) to describe the oscillations of the heavy neutrinos quantitatively
and to show that the charges qNi = 2nodd

i in the heavy neutrino sector are negligible at
early times when neglecting LNV effects. Nevertheless, as the LNV processes conserve
gw
∑
a q`a−

∑
i qNi, already at O(|Y Y †|2) the sum of the LNV source over all SM flavours

is non-vanishing and so gw
∑
a q`a = ∑

qNi 6= 0. Solutions to eq. (5.158) are obtained
when solving for helicity-even and helicity-odd deviations. With eqs. (5.80) and (5.82) the
corresponding equations to solve arise from eq. (5.158):

d
dz δn

odd
ij + iΩijz

2δnodd
ij =

−
∑
h=±

γh
2
aR
Tref

(
{Re[Y Y †], δnodd}+ h{iIm[Y Y †], δneven}

)
ij
, (5.159)

d
dz δn

even
ij + iΩijz

2δneven
ij = − d

dzn
eqδij

−
∑
h=±

γh
2
aR
Tref

(
{Re[Y Y †], δneven}+ h{iIm[Y Y †], δnodd}

)
ij
, (5.160)

where

Ωij = aR
T 3

ref

π2

36ζ(3)(M2
i −M2

j ) , (5.161)

determines the oscillation frequency. Since we are working in the mass basis, we have
the freedom of choosing the mass matrix M to be real and diagonal. Solutions at order
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Figure 5.7: This plot is similar to figure 1 from ref. [2] but extended in the first panel, where the
evolution of the heavy neutrino number density towards the equilibrium value (grey, dashed) is
shown. The number density is given as the real part of the diagonal components of the helicity-even
contribution neven

ii . Further, the evolution of the CP -violating oscillations of the heavy neutrinos,
characterised by the real part of the helicity-odd off-diagonal contribution, is illustrated in the
second panel. The oscillations of these correlations nodd

12 act as the source for the flavoured asym-
metries ∆a as shown in the third panel. After the first oscillation the frequency starts increasing
until the effect of the SM lepton charge production averages out. Note that at this stage no baryon
asymmetry has been created as the LNV source is suppressed compared to the LNC source for
the parameter scenario I from table 5.1. Only after the washout starts diminishing the SM lepton
asymmetries back to their equilibrium value a non-zero baryon charge B arises. This B 6= 0 will
be washed out expect when at least one of the ∆a remains out-of-equilibrium at z = 1, the time
when the EW sphalerons become inactive. The baryon charge is shown in the fourth panel, where
the error bars of the experimental observed value is indicated by the red band.
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|Y Y †| will drive the source term (5.102). This source determines the amount of SM lepton
asymmetries ∆a at |Y Y †|2. Thus, we are left with solving for δneven

ij and δnodd
ij with i 6= j

in order to determine the source.

oscillations of heavy neutrinos: It is convenient to solve the system (5.158)
for both the helicity-even and the helicity-odd parts of the distributions. We make use of
the relation zosc � zeq that allows to solve the system in a perturbative expansion. The
smallness of the Yukawa allows to neglect of the RH sides of eqs. (5.168)-(5.169) at zeroth
order, i.e. at O(|Y Y †|0):

d
dz δn

odd
ij + iΩ2

ijδn
odd
ij = 0 , (5.162)

d
dz δn

even
ij + iΩijz

2δneven
ij = − d

dzn
eqδij . (5.163)

At this order, assuming that there is no initial heavy neutrino content in the very early
universe, i.e. δnodd

ij (z = 0) = δneven
ij (z = 0) = 0, only the diagonal solution for the even

part is non-vanishing

δneven
ii = −neq +O(|Y Y †|) , δnodd

ii = O(|Y Y †|) . (5.164)

The off-diagonal solutions, that are responsible for the flavour oscillations, first appear
at O(|Y Y †|). With these solutions that are valid at O(|Y Y †|0), we can replace δnhij →
−neqδij in eqs. (5.168)-(5.169). Thus, solutions at O(|Y Y †|1) are given by solving the
system

d
dzn

odd
ij + iΩijz

2nodd
ij = iIm[Y Y †]ij

(
G+ −G−z2

)
, (5.165)

d
dzn

even
ij + iΩijz

2neven
ij = Re[Y Y †]ij

(
G+ +G−z2

)
. (5.166)

Since this system is not coupled, solutions for the helicity-odd and helicity-even deviations
are obtained independently. In both cases

G+ = γ+
aR
Tref

neq , G− = γ̂−
aR
Tref

neq , (5.167)

determines the amplitude of the oscillations, where the z-dependence of γ− ≡ γ̂−z
2 is

factored out. This is because LNV rates, in contrast to the LNC rates, are not constant
in z but proportional to z2 to first non-vanishing order in M/T , cf. the discussion in
section 5.3. Solutions to eqs. (5.165) and (5.166) are given by

nodd
ij (z) = iIm[Y Y †]ij

(
G+F+

ij (z)−G−F−ij (z)
)
, (5.168)

neven
ij (z) = Re[Y Y †]ij

(
G+F+

ij (z) +G−F−ij (z)
)
, (5.169)

where the z-dependence is contained in

F+
ij (z) = (−1)1/6

Ω1/3
ij 32/3

[
Γ
(1

3

)
− E1/3

(
− i

3Ωijz
3
)]

exp
(
− i

3Ωijz
3
)
, (5.170)

F−ij (z) = 1
iΩij

[
1− exp

(
− i

3Ωijz
3
)]

, (5.171)
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with

En(x) =
∞∫
1

dt e−xt
tn

, (5.172)

under the assumption of zero initial sterile charge. F± describes the oscillation of the
heavy neutrinos via eqs. (5.168)-(5.169). Particularly, as we will see later, it is Im[F±]
that drives the source term. The higher the z the faster the oscillation become. F+

oscillates around zero with increasing frequency such that its average value decreases to
zero. In contrast to that the average value of F+ does not vanish for large z but converges
to 1/|Ωij |. This has essential consequences for the charge generation, as will be discussed
later.
The upper panel of figure 5.9 compares the helicity-odd solutions (5.168) and (5.169)

to the numerical solution. It is obvious that the larger the z the worse the approximate
solutions becomes. This is mainly due to the neglect of the backreaction. However, the
production of the SM charges is primarily determined by the first oscillations, such that
this offset is unimportant for the charge generation. For the parameter scenario I from
table 5.1 these solution are dominated by G+ and F+ since γ+ � γ−, such that the effect
of the LNV can be neglected for these parameters.

heavy neutrino charges: While off-diagonal solutions δnij for i 6= j, cf. eqs. (5.168)
and (5.169), are crucial for the generation of charge asymmetries in the SM lepton sector,
the diagonal entries of the helicity-odd and helicity-even components δnodd

ii and δneven
ii in

the mass basis determine the charge of the heavy neutrinos at early times. In order to
quantify the evolution of these quantities, we solve eq. (5.159) and (5.160) for diagonal
entries and discuss the effect of LNV processes. In this case the oscillatory term containing
the heavy neutrino masses vanishes. Further, the hermiticity of Y Y † forces iIm[Y Y †]ii = 0.
When using the hermiticity property of nij , i.e. nij = n†ij and nij = n∗ji, we end up at

d
dz δn

odd
ii (z) = −(ΓN )iδnodd

ii (z) + F odd
i (z) , (5.173)

d
dz δn

even
ii (z) = −(ΓN )iδneven

ii (z) + F even
i (z) , (5.174)

with

(ΓN )i = (γ+ + γ−) aR
Tref

Re[YY†]ii ' γ+
aR
Tref

Re[YY†]ii , (5.175)

F odd
i (z) = −

∑
h=±

γh
aR
Tref

∑
j 6=i

(
Re[Y Y †]ijRe[δnodd

ji ]− hIm[Y Y †]ijIm[δneven
ji ]

)
, (5.176)

F even
i (z) = −

∑
h=±

γh
aR
Tref

∑
j 6=i

(
Re[Y Y †]ijRe[δneven

ji ]− hIm[Y Y †]ijIm[δnodd
ji ]

)
. (5.177)

Note that the relations always hold at a given order in |Y Y †|. The solutions for the
off-diagonal components (5.168) and (5.169) at order |Y Y †| imply

Re[δnodd
ji ] = −Im[Y Y †]ij

(
G+Im[F+

ij ]−G−Im[F−ij ]
)
, (5.178)

Im[δneven
ji ] = −Re[Y Y †]ij

(
G+Im[F+

ij ] +G−Im[F−ij ]
)
. (5.179)
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These relations can be inserted back into F odd
i (z). When making use of symmetry prop-

erties of the various tensors one has

F odd
i (z) = −2γ̂−γ+

a2
R

T 2
ref
neq∑

j 6=i
Re[Y Y †]ijIm[Y Y †]ijIm[F−ij (z)− z2F+

ij (z)] , (5.180)

where γ− is decomposed into a z-independent component γ̂− and a z2 contribution, such
that γ−(z) = z2γ̂−, as discussed earlier. At O(|Y Y †|2), we can neglect the decay term
(ΓN )i as it is already O(|Y Y †|) and because δnodd

ii is vanishing at zeroth order in the
Yukawas, cf. eq. (5.164). It follows that the sterile charge is only non-vanishing when
considering LNV effects at O(|Y Y †|2). Therefore, when including LNV processes the
washout has to be included already at early times since it is not decoupled from the charge
generation any more. It can be shown that for two heavy neutrinos the sterile charge is
exactly vanishing at all order on the Yukawa couplings provided that LNV effects are
neglected. This allows the neglect of the washout and use qNi = 0 as the input for the
late washout equations, cf. ref. [2] for a more detailed discussion.
Solutions for the helicity-even parts δneven

ii can be obtained recursively by integrating
eq. (5.174). The obtained result at a given order |Y Y †|n is inserted back into eq. (5.174)
again to obtain the result at order |Y Y †|n+2. In each step of this recursive procedure the
initial condition δneven

ii (0) = −neq, cf. eq. (5.164), has to be fulfilled. At order |Y Y †|2 the
dependence on F even

i vanishes such that

δneven
ii (z) = −neq

(
1− (ΓN )iz + (ΓN )2

i

z2

2 +O
(
|Y Y †|3

))
, (5.181)

while the higher orders δneven
ii depends non-trivially on F even

i . Note that F even
i is a function

of the off-diagonal correlations and consequently, with eqs. (5.169), oscillates around zero.
In the oscillatory regime, where a perturbative analysis in the Yukawas is allowed, a useful
approximation of δneven

ii is given by solving eq. (5.174) when neglecting F even
i as it only

appears at order |Y Y †|3. In this case δneven
ii converges to

δneven
ii (z)→ −neq

(
1− (ΓN )iz + (ΓN )2

i

z2

2 − . . .
)
→ −neqe−(ΓN )iz , (5.182)

such that it equilibrates with rate (ΓN )i to its equilibrium vale neq according to

neven
ii (z) = neq

(
1− e−(ΓN )iz

)
. (5.183)

Note however that δneven
ii starts oscillating due to F even

i and consequently starts deviating
from (5.182) for z & zosc. The equilibration process of δneven

ii is shown in the first panel
of figure 5.7, while the approximate solution (5.182) is compared to the full numerical
solution in figure 5.8. One directly recognises that the usage of the approximation (5.182)
is justified in the oscillatory regime, simply because the oscillations are too tiny to be
observed.
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Figure 5.8: Comparison of the approximate helicity-even diagonal solution neven
ii (orange, dashed)

from eq. (5.182) to the full numerical solution (blue), also shown in the top panel of figure 5.7, in the
oscillatory regime equilibrating to the equilibrium value neq (grey, dashed). Here, the parameter
scenario I from table 5.1 is used.

charge asymmetries in the lepton doublets: With the off-diagonal com-
ponents (5.168) and (5.169) the source (5.102) can be decomposed as Sa = SPF

a + SLNV
a

with the PF source

SPF
a (z) = 2iγ

2
+
gw

a2
R

Tref
neq∑

i,j,c

i 6=j

Y †aiYicY
†
cjYja

(
Im
[
F+
ij (z)

]
+ z2Im

[
F−ij (z)

] γ̂2
−
γ2

+

)

' 2iγ
2
+
gw

a2
R

Tref
neq∑

i,j,c

i 6=j

Y †aiYicY
†
cjYjaIm

[
F+
ij (z)

]
, (5.184)

where we have expanded in small γ̂2
−/γ

2
+, and the LNV source

SLNV
a (z) = 2iγ+γ̂−

gw

a2
R

Tref
neq∑

i,j,c

i 6=j

Y †aiY
∗
icY

T
cj Yja

(
z2Im

[
F+
ij (z)

]
+ Im

[
F−ij (z)

])
, (5.185)

that fulfil ∑a S
PF
a = 0 and ∑a S

LNV
a 6= 0.

The separation of scales in the oscillatory regime, zosc � zeq, allows to neglect the
washout at z ∼ zosc both for the kinetic equation of the heavy neutrinos (5.153) and for
the evolution of the SM leptons, as given by eq. (5.154). This, however, is only true when
neglecting the LNV source since it continuously creates SM charges and does not saturate
until the heavy neutrinos equilibrate. When including LNV effects, the generation of
charges and their washout cannot be separated any more. We will consequently neglect
LNV effects and discuss the effect of the LNV process later on.
As shown above, qNi ' 0 at this scale when neglecting LNV effects. Consequently,

we can assume that no baryon asymmetry is produced during the first oscillations and
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further conclude that ∆a ' −q`a . The flavoured lepton charge densities are then given
by integrating over the source term (5.184)

q`a(z) =
∫ z

0

dz′
Tref

Sa(δnodd
ij , δneven

ij ) . (5.186)

The solution for the off-diagonal components at order |Y Y †| from eqs. (5.168) and (5.169)
can be inserted into the source term (5.184). Within the source only the off-diagonal
solutions δnijh depend on z. Since we have factored out all the z-dependence into the
function F+

ij from eq. (5.170), the remaining integral that needs to be solved is given by

z∫
0

dz′ Im
[
F+
ij (z′)

]
= z2

2 Im 2F2

({2
3 , 1

}
;
{4

3 ,
5
3

}
;− i

3 |Ωij |z3
)

sign(M2
i −M2

j ) , (5.187)

where an analytic solution is available in terms of the generalised hypergeometric function

pFq({a1, . . . , ap}; {b1, . . . , bq};w) =
∞∑
k=0

p∏
i=1

Γ(k + ai)
Γ(ai)

q∏
j=1

Γ(bj)
Γ(k + bj)

wk

k! , (5.188)

for p, q ∈ N0 and complex w ∈ C, with Γ(x) the Gamma function. Right after the first
few oscillations, i.e. for z larger than zosc, the charges ∆a are going to saturate close to
their maximal values ∆sat

a , cf. the bottom panel figure 5.9. In the following we will thus
compute qsat

`a by taking the limit

q`a(z) =
∫ z

0

dz′
Tref

Sa '
∫ ∞

0

dz′
Tref

Sa ≡ qsat
`a . (5.189)

As the diagonal sterile charges qNi are negligible at early times, the only asymmetries
present in the plasma at |Y Y †|2 are the flavoured asymmetries ∆a in the SM fields. To
compute these, the limit z →∞ of eq. (5.187) is taken and leads to

∞∫
0

dz Im
[
F+
ij (z)

]
= −

π
1
2 Γ(1

6)
2 2

3 3 4
3 |Ωij |

2
3

sign(M2
i −M2

j ) . (5.190)

When putting all the elements together the asymptotic values for the flavoured charge
asymmetries are given by

qsat
`a

s
= −∆sat

a

s
= − i

g
5
3
?

3 13
3 5 5

3 Γ(1
6)ζ(3) 5

3

2 8
3π

41
6

∑
i,j,c

i 6=j

Y †aiYicY
†
cjYja

sign(M2
i −M2

j )

(
m2

Pl
|M2

i −M2
j |

) 2
3 γ2

+
gw

'
∑
i,j,c

i 6=j

Im[Y †aiYicY
†
cjYja]

sign(M2
i −M2

j )

(
m2

Pl
|M2

i −M2
j |

) 2
3

× 3.4× 10−4γ
2
+
gw

, (5.191)

where the expression is divided by the comoving entropy density s = 2π2g?a
3
R/45. One

can show that the total lepton charge vanishes, i.e. ∑a ∆sat
a = 0, at the given order of

|Y Y †|2. This is not surprising as we are using the LNC source (5.184) that does not allow
any L̃ generation. Thus, since we have shown that qNi = 0 at O(|Y Y †|) also ∑a ∆sat

a

has to be zero. The bottom panel of figure 5.9 compares the approximate solution of ∆a,
that is given by inserting (5.168) and (5.169) into eq. (5.186) with the source (5.184) and
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Figure 5.9: Similar to figure 3 from ref. [2], the analytic approximations (orange, dashed)
are compared to the full numerical solution (blue, solid) for the off-diagonal correlation δnodd

12 ,
cf. eqs. (5.168) and (5.169), in the upper panel and for the flavoured charge densities ∆a in the
lower panel. Here, parameter scenario I from table 5.1 is used for which LNV effects are negli-
gible. The different ∆a are obtained by inserting the correlations (5.168) and (5.169) into the
source (5.184) and evaluating the integral (5.186) according to eq. (5.187). Further, the quick
saturation of ∆a to (5.191) after the first oscillations is shown via the green, dashed lines in the
bottom panel. Note that particularly for the derivation of eq. (5.191) we have neglected backreac-
tion effects of δn as well as thermal masses. Note that the oscillatory regime is characterised by
oscillations that happen such early that the washout of ∆a can be neglected. The approximations
shown here are valid at order |Y Y †|2, which implies the sum of the three ∆a to vanish. LNV and
thus a non-zero B only appears at |Y Y †|3 when washout effects are included.
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using the analytic integral solution (5.187), to the full numerical solution. It is obvious
that ∆a quickly reaches the saturated value (5.191). Since we have neglected the washout
of the SM lepton charges, the approximate solution gets worse for larger z. Due to the
separation of scales in the oscillatory regime, i.e. zosc � zeq, we can use ∆sat

a as an input
for the washout equation. This will be shown in the following.

5.5.2 Washout at late times

At late times z ∼ zeq, when the generation of the lepton doublet charges via heavy neutrino
oscillations has already been completed, these oscillations can be neglected. This is due to
the fact that either these oscillation frequency continuously increases until it is so rapid that
the effect on the charge generation averages out or that the heavy neutrinos have already
decayed. Note that this only applies when neglecting LNV effects, which otherwise would
prevent the charges to from a quick saturation after the first oscillations. The neglect of the
oscillations has two consequences. First, the source term in the evolution equation (5.154)
for the charge lepton doublets can be dropped. Second, the equation (5.153) for the heavy
neutrinos charge is purely described by the decay term ΓN and the backreaction term
Γ̃N , while Hvac

N as the oscillation term together with the effective Hamiltonian Hth
N can be

neglected. The system describing the late washout can be truncated to the following form

gw
d∆a

dz = aR
Tref

∑
i

YiaY
†
ai

∑
h=±

(
γ̃h
∑
b

(Aab + Cb/2)∆b − hγhqNi

)
, (5.192)

dqNi
dz = − aR

Tref

∑
a

YiaY
†
ai

∑
h=±

h

(
hγhqNi − γ̃h

∑
b

(Aab + Cb/2)∆b

)
. (5.193)

The approximate solution (5.191) to the charge densities ∆sat
a and qN = 0, that are

generated through the oscillations at z ∼ zosc � zeq, are used as the initial conditions
for solving the system of eqs. (5.192) and (5.193) when neglecting LNV effects. We also
take account of the effect of spectator fields by using the matrix A and the vector C,
cf. eq. (5.109). Note that spectator fields have mostly been neglected in different studies,
corresponding to C = 0 and A = −1. However, it turns out that the spectator fields
modify these equation and consequently can change the result for the baryon charge B
significantly, particularly in leptogenesis scenarios where the asymmetries are PF [152].
This is because this asymmetry is due to an incomplete cancellation of the flavoured
charges ∆a, which turns out to be highly sensitive to the effect of spectator fields. This
effect is demonstrated in figure 5.10.
Note that the sum of eqs. (5.192) and (5.193) describes the conservation of L̃ during

the washout that is only broken when including the LNV rates γ−:
d
dz

(
gw
∑
a

∆a −
∑
i

qNi

)
= 2 aR

Tref

∑
i

(Y Y †)ii
(
γ−qNi − γ̃−

∑
b

(Aab + Cb/2)∆b

)
.

(5.194)
In order to solve the coupled system of eqs. (5.192)-(5.193) it makes sense to reduce it to
a linear first-order differential equation for (3 + ns)-dimensional vectors (qT` , qTN )T , in the
general case of ns heavy neutrino flavours, such that

d
dz

(
q`(z)
qN (z)

)
= aR
Tref

∑
h=±

Kh

(
q`(z)
qN (z)

)
, Kh =

(
K`` K`N

h

KN`
h KNN

)
. (5.195)
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Figure 5.10: Comparison of the full numerical solution for the different flavoured asymmetries
∆a/s (top panel) and for the baryon asymmetry B/s (lower panel) with backreaction and spec-
tator effects included (blue, solid) to the setup with only spectator effects (orange, dashed), only
backreaction (green, dot-dashed) and neither of these two effects (red, dotted) included. Here,
parameter scenario I from table 5.1 is used.
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The components of the matrices K``
h ,K

`N
h ,KN`

h and KNN
h are given by

(
K``
h

)
ab

= γ̃h
gw

ns∑
k=1

Y †akYka

(
Aab + 1

2

)
,

(
K`N
h

)
aj

= −hγh
gw
Y †ajYja ,

(
KN`
h

)
ib

= hγ̃h

3∑
d=1

YidY
†
di

(
Adb + 1

2Cb
)
,

(
KNN
h

)
ij

= −γh
3∑
d=1

YidY
†
diδij , (5.196)

with a, b = 1, 2, 3 the SM lepton flavours and i, j = 1, 2, . . . , ns the heavy neutrino flavours.
Solution can be found by diagonalising the Matrix Kh

Kdiag
h = T−1

h KhTh , (5.197)

with a transformation matrix Th, where the eigenvectors of Kh are the column vectors.
In the following we only consider the LNC processes by setting h = 1 in eqs. (5.192) and
(5.193). Since γ+ and γ̃+ are not z-dependent in the first non-vanishing order in M2/T 2,
we can write (

q`(z)
qN (z)

)
= T+ exp

(
aR
Tref

Kdiag
+ (z − z̃)

)
T−1

+

(
qinit
`

qinit
N

)
. (5.198)

qinit
` = qsat

` and qinit
N = 0 are the vectors of asymmetries that have been created during the

oscillation process at early times z̃ ∼ zosc, cf. eq. (5.191). At zosc � zeq the generated
charges saturate very quickly, cf. figure 5.9, compared to the time where the washout pro-
cess becomes important. Therefore, we can assume these initial conditions to be produced
at zero time, i.e. it makes sense to take the limit z̃ → 0 of eq. (5.198). This system can be
solved for the individual asymmetries ∆a = −q`a. While∑a ∆sat

a = 0, the washout implies
an incomplete cancellation between the different ∆a, which directly relates to a non-zero
baryon charge B ∼ ∑

a ∆a 6= 0, cf. eq. (5.110). Note that the LNC washout conserves
L̃. For this reason any production of ∑a ∆a is due to some shift in ∑ qNi such that the
change in L̃ is zero, cf. eq. (5.194) when setting γ− = γ̃− = 0. Since the EW sphalerons
do not couple to the heavy neutrinos, the baryon charge is only sensitive to ∑a ∆a.
A comparison between this approximate analytic procedure of the washout of the differ-

ent ∆a and the full numerical solution is shown in the top panel of figure 5.11. Note that
the washout term, i.e. the first term proportional to ∆a in eq. (5.192), will wash out all
the asymmetry in the different ∆a and will consequently erase all the baryon asymmetry
that has been produced. The only way to protect the baryon charge from being washed
out is the keep at least one of the ∆a out-of-equilibrium before the EW sphalerons freeze
out. In this case the non-zero baryon charge gets frozen in and is consequently given by

B = 28
79 lim

z→1

∑
a

∆a(z) . (5.199)

A comparison between the analytic approximation to the baryon charge B and the full
numerical solution is shown in the bottom panel of figure 5.11.

5.5.3 Lepton number violating effects

This subsection is not intended to provide an analytic procedure to approximately describe
the generation of the baryon asymmetry. It rather should make the reader aware that there
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Figure 5.11: The top panel demonstrates the washout of the different asymmetries ∆a in the
oscillatory regime. An incomplete cancellation of these happens due to washout rates that are in
general different for the individual flavours. This implies a generation of a non-zero baryon charge
according to eq. (5.110). The approximate analytic procedure (orange, dashed), cf. eqs. (5.198)
and (5.191), is compared to the full numerical solution (blue, solid). Here, parameter scenario I
from table 5.1 is used.
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Figure 5.12: Evolution of the SM charges (first panel) and the baryon asymmetry (second panel)
when neglecting LNV effects (blue, solid) and including LNV effects (orange, dashed). The third
panel shows the ratio L̃/B that measures the magnitude of LNV. Here, parameter scenario II from
table 5.1 is used.

exists parameter regions for which LNV effects are important and cannot be neglected and
help to qualitatively understand how LNV effects can affect the baryon charge creation in
the oscillatory regime.
When neglecting LNV effects the generation of both the SM and the sterile charges can

be separated from their washout. This is true because we have shown that there is no
initial charge of qNi at O(|Y Y †|2) and because of the quick saturation of ∆a long before
the washout becomes active. Things change when allowing for LNV processes. In this
case the source does not make the asymmetries ∆a saturate after the first oscillations.
They rather keep growing until the heavy neutrinos equilibrate. Therefore, even when the
washout starts acting on the charges, new charges are still produced via the source terms
SLNV
a and F odd

i , cf. eqs. (5.185) and (5.180), due to off-diagonal correlations δnij . Note
that particularly SLNV

a creates gw
∑
a q`a + ∑

i qNi 6= 0 and thus violates L̃. Figure 5.12
illustrates the effect of including LNV processes.
While the LNC washout preserves L̃, the LNV washout washes L̃ out. Due to the

hierarchy γ+ � γ− and γ̃+ � γ̃−, the LNV washout does only allows for a tiny change of
L̃ for z & zeq. In figure 5.12 this effect is visible in the first panel when the orange, dashed
line starts deviating slightly from the blue, solid line. In the following discussion, we
neglect γ− and γ̃− in the washout for simplicity reasons. As a consequence the washout
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does not violate L̃. The equations describing the washout are obtained analogously to
eqs. (5.192) and (5.193) and generalised to

gw
d∆a

dz = γ+
aR
Tref

∑
i

YiaY
†
ai

(∑
b

(Aab + Cb/2)∆b − qNi

)
− gw

SLNV
a + SPF

a

Tref
, (5.200)

dqNi
dz = −γ+

aR
Tref

∑
a

YiaY
†
ai

(
qNi −

∑
b

(Aab + Cb/2)∆b

)
+ SNi
Tref

, (5.201)

with SNi = 2F odd
i Tref , cf. eq. (5.180) and γ̃+ ' γ+. Note that the two source terms

are only valid at O(|Y Y †|2). Therefore, it does not include the decay of the off-diagonal
correlations through the heavy neutrino production. Thus, the equation from above is
only valid for z . zeq. L̃ is conserved by the washout and is only violated via the sources
such that its evolution is given by the integral

L̃(z) = −
∫ z

0

dz′
Tref

(
gw
∑
a

SLNV
a (z′) +

∑
i

SNi (z′)
)
. (5.202)

With eqs. (5.168), (5.169) and (5.170), (5.171) one can show that

gw
SLNV
a (z)
Tref

= 8γ+γ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12Im

[
F−12(z) + z2F+

12(z)
]
, (5.203)

SNa (z)
Tref

= −8γ+γ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12Im

[
F−12(z)− z2F+

12(z)
]
, (5.204)

such that the dependence of the generalised lepton number on F− vanishes:

L̃(z) = −8γ+γ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12

∫ z

0
dz′ (z′)2Im

[
F+

12(z′)
]
. (5.205)

After the first oscillations, i.e. when z � zosc, L̃ can be approximated by its average value

L̃(z) ' 8γ+γ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12

z

|Ωij |
. (5.206)

Qualitatively one can conclude that LNV in the oscillatory regime becomes the more
important the larger the heavy neutrino mass M̄ and the more degenerate the heavy
neutrinos are. Further, the baryon charge generation is dominated by the LNV source
compared to the incomplete LNC washout when keeping the Yukawa couplings small.
Such a scenario appears when looking for small mixing angles close to the seesaw line,
which happens when the oscillations happen rather late and where the washout is very
weak.

A comparison between the full result and the approximated value for L̃ for small z � zeq
is presented in figure 5.13.

baryon charge generation through the lnv source only: Although
we have found an approximate analytic solution for L̃ that holds for z . zeq in the last
paragraph, describing the evolution of the baryon asymmetry quantitatively is non-trivial,
simply because we do not know how ∆a and qNi evolve separately. Therefore, we consider
the case where all the lepton asymmetry is produced via the LNV source and consequently
neglect the washout. This allows to find approximate analytic solution for the baryon
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Figure 5.13: Generalised lepton number L̃ generation through LNV sources for the parameter
scenario II from table 5.1. The full numerical solution (blue) is compared to the approximate
result (5.205) (orange, dashed) and to the averaged approximation (5.206) (green, solid).

charge generation. In order to do so, we define a charge complementary to L̃ that is given
by

L̃LNV = gw
∑
a

∆a +
∑
i

qNi = −
∫ z

0

dz′
Tref

(
gw
∑
a

SLNV
a (z′)−

∑
i

SNi (z′)
)

= −8γγ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12

∫ z

0
dz′ Im

[
F−12(z′)

]

→ −8γγ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12

− z

|Ωij |
+

Γ
(

1
3

)
2Ω4/3

ij 31/6

 . (5.207)

In the last step we have replaced the oscillatory term due to F−12 by its average value.
Such a replacement is valid for z � zosc. Eventually, the baryon charge in the absence of
a washout can be approximated as

B = 2
3gw

(
L̃+ LLNV

)

' −8 2
3gw

γγ̂−
a2

R
T 2

ref
neqRe[Y Y †]12Im[Y Y †]12

 Γ
(

1
3

)
2|Ω4/3|ij31/6 −

2z
|Ωij |

 . (5.208)

Note that this approximation does not include the decay of the source term due to the
equilibration of the heavy neutrinos, which would imply that B actually saturates at
z ∼ zeq. Therefore, the approximation breaks down for z & zeq. A comparison plot is
shown in figure 5.14.
Eventually, we can conclude that there exist parameter regions for which LNV effects

cannot be neglected for the baryon charge generation. We are able to qualitatively under-
stand the baryon charge generation and approximately quantify the evolution of L̃ for z
before the equilibration of the heavy neutrinos. However, finding a procedure that analyt-
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Figure 5.14: Generation of baryon asymmetry through LNV sources while neglecting washout
effects for the parameter scenario II from table 5.1. The full numerical result (blue) is compared
to the approximate solution (5.208) (orange, dashed). The approximate solution overestimates
the baryon asymmetry for z & zeq since it does not consider the equilibration of the off-diagonal
correlations of the heavy neutrinos.

ically computes the baryon asymmetry as done in the PF case is challenging and might
be interesting for future works.

5.6 overdamped regime

In contrast to the oscillatory regime from section 5.5 there are parameter choices, partic-
ularly phenomenologically interesting, which yield to an equilibration of one of the heavy
neutrino interaction eigenstate before the first oscillation has been completed. Such a be-
haviour is called overdamped and is demonstrated in figure 5.15. The parameters used for
the different plots in this section are chosen such that LNV effects on the source term and
on the generation of the baryon asymmetry are subdominant. Nevertheless the discussion,
particularly the derivation of the source term, is kept as general as possible. Possible
effects from LNV on the baryon charge creation are mentioned when necessary.
Subsection 5.6.1 demonstrates how large Yukawa couplings, i.e. mixing angles larger

than the naive seesaw relation (2.58), are achieved in the symmetry protected scenario in
the flavour basis where Υ+h is diagonal. The generation of the asymmetry through the off-
diagonal oscillations within the quasi-static approximation is quantitatively discussed in
subsection 5.6.2. The time evolution of the SM charges, particularly a procedure to obtain
an approximate analytic solution for the baryon charge, is addressed in subsection 5.6.3,
while LNV processes are neglected. In subsection 5.6.4 three interesting scenarios are
presented, such as a flavour asymmetric washout, an early equilibration through LNV
effects and relatively large mass splittings, which are allowed when including LNV effects.
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Figure 5.15: This plot is similar to figure 6 from ref. [2]. However, it is extended in the first
panel, where the equilibration of the two heavy neutrino eigenstates (grey, dashed) is shown. We
use parameter scenario III from table 5.1. The evolution of the CP -violating oscillations of the
heavy neutrinos are characterised by the real part of the helicity-odd off-diagonal contribution, as
being shown in the second panel. The oscillations of these correlations nodd

12 are the source for the
flavoured asymmetries ∆a as illustrated in the third panel. In comparison to the oscillatory regime,
cf. figure 5.7, the oscillations do not start much earlier than the equilibration but begin rather late.
When the washout starts pushing the SM lepton asymmetries back to their equilibrium value a
non-zero baryon charge B emerges. This B 6= 0 will only survive when at least one of the ∆a

remains out-of-equilibrium until the EW sphalerons become inactive at z = 1. The baryon charge
with the error bars of the experimental observed value (red band) is shown in the fourth panel.
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5.6.1 Large mixing angles and the interaction flavour basis

Two scenarios which can account for the overdamped behaviour are those in which either
the Yukawa couplings Yia are much larger than the ones implied by the naive seesaw ex-
pectation (2.58), or where the masses of the heavy neutrino are such degenerate that the
oscillations happen at times comparable to the EW sphaleron freeze-out. These scenarios
usually happen in the symmetry protected scenario with an approximate B − L conser-
vation, cf. section 2.2.4, with ε,µ � 1. Such a scenario has interesting features when it
comes to the decay behaviour of the heavy neutrinos. According to eq. (5.82) the decay
rate of the heavy neutrinos is characterised by the eigenvalues of the matrix Υ+h and also
by Υ−h when including LNV effects. This motivates to treat the overdamped regime in
the basis where Υ+h is diagonal. It is useful for the following discussion to define the two
linear combinations

Ya ≡
1√
2

(Y1a + iY2a) , (5.209)

εa ≡
1√
2

(Y1a − iY2a) , (5.210)

that fulfil∑a |Ya|2 �
∑
a |εa|2 and consequently allows for an expansion in small |εa|. Note

that εa are of order
√
ε with ε as the small LNV parameter introduced in eq. (2.59). The

matrix

U ' 1√
2

(
i(1 + χ) −(1− χ)

1 1

)
, with χ ≡ 2∑a εaY

∗
a∑

a |Ya|2
+O(ε2a) , (5.211)

diagonalises Υ+h, according to

Υdiag = U†Υ+hU '
(∑

a |Ya|2 0
0 O(ε2a)

)
, (5.212)

where the diagonal entries of Υ+h define the eigenvalues. Since the decay rate is propor-
tional to these eigenvalues, the first interaction eigenstate equilibrates quickly compared
to the second that only couples feebly to the plasma with. We will show in the following
that the production of the second eigenstate is not only given by its own equilibration but
also by oscillations with the heavy neutrino instead. Note that the usage of eq. (5.212)
implies that the off-diagonal components Υdiag

12 = Υdiag
21 = 0 vanish in the interaction basis.

It is worth mentioning that U from eq. (5.211) does not fully diagonalise Υ−h unless the
exact limit εa → 0 holds. At O(ε2a) one has

ΥLNV = U†Υ−hU '
(

O(ε2a) −2∑a ε
∗
aYa

−2∑a εaY
∗
a

∑
a |Ya|2

)
, (5.213)

where the off-diagonal entries of Υ−h in the interaction basis are of order O(εaY ∗a ). We
use the superscript LNV since this quantity comes with the LNV equilibration rates. This
will be clear in the following.

The perturbative treatment from the oscillatory regime cannot be used to analytically
describe the overdamped regime simply because the larger decay rate is not small enough
to be treated as a tiny perturbation parameter when compared to the vacuum oscillations.
Nevertheless, as we will show in the following, appropriate analytic solutions are obtained
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by making use of quasi-static approximations, similar to refs. [57, 63], and by expanding in
the smaller eigenvalue. Note again that within this section we will work in the interaction
basis of the heavy neutrinos and further only consider positive helicity deviations such
that δnij ≡ δnijh for h = +. This implies Υ+h = Y Y † and Υ−h = Y ∗Y T . The evolution
for the negative helicity deviation are obtained via complex conjugation of the kinetic
equation, i.e. using the complex conjugate quantities of ΓN , Hvac

N and Hth
N . Analogously

to eq. (5.212), working in the interaction basis allows to express the mass matrix M in
terms of the small LNV parameter µ and the average mass M̄ from eq. (2.59) and (2.60),
respectively, such that the combination of the mass matrix U†(MM †)U = M̃M̃ † in the
interaction basis (denoted by tilde) appearing in the effective Hamiltonian in vacuum (5.80)
is written as

M̃M̃ † ' M̄2
(

1 + µ2 + 2Re(χ)(2µ− µ2) 2µ
2µ 1 + µ2 − 2Re(χ)(2µ− µ2)

)
, (5.214)

with χ ∼ O(εa) from eq. (5.211). In the exact B − L conserving limit, i.e. for εa → 0, the
mass and the interaction basis are maximally misaligned such that

M̃M̃ † = 1
2

(
M2

1 +M2
2 M2

2 −M2
1

M2
2 −M2

1 M2
1 +M2

2

)
+O(εa) . (5.215)

5.6.2 Generation of asymmetries in the lepton sector

According to eq. (5.154) the generation of the flavoured SM asymmetries ∆a is due to the
source (5.102) that is driven by the off-diagonal correlations δnhij . Since we are working
in the interaction basis it makes sense to use the flavour covariant form of the source from
eq. (5.99) instead. A decomposition into a LNC or PF and into LNV part implies

S̃a = S̃PF
a + S̃LNV

a , (5.216)

S̃PF
a = γ+

aR
gw

tr
[
δn+Υa

+ −
(
δn−Υa

−
)∗]

, (5.217)

S̃LNV
a = γ−

aR
gw

tr
[
δn−Υa

+ −
(
δn+Υa

−
)∗]

, (5.218)

where we use (Υa
−h)∗ = Υa

+h. Note that only ∑a S
LNV
a is non-zero, while ∑a S

PF
a 6= 0.

Treating the backreaction as a higher order effect, cf. eq. (5.153), we have to solve the
differential equation

d
dz δnij = − i

2 [Hth
N + z2Hvac

N , δn]ij −
1
2{ΓN , δn}ij , (5.219)

for δnij . Using eq. (5.212) together with eqs. (5.80) and (5.81) we can express the equili-
bration rate as well as the thermal corrections up to order O(εa)

ΓN '
aR
Tref

∑
a

|Ya|2
(
γ+ 0
0 γ−

)
, (5.220)

Hth
N '

aR
Tref

∑
a

|Ya|2
(
hth

+ 0
0 hth

−

)
+ hEV

2
aR
Tref

∑
a

|Ya|2
(

1 0
0 1

)
, (5.221)
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while the effective Hamiltonian in vacuum is not necessarily diagonal in this basis

Hvac
N = π2

18ζ(3)
aR
T 3

ref
M̄2

(
µ2 + 1 2µ

2µ µ2 + 1

)
. (5.222)

As a consequence, the difference (Hvac
N )11−(Hvac

N )22 vanishes in the exact B−L conserving
limit. However, in order to be more general, we do not neglect this difference in the follow-
ing discussion. We have decomposed ΓN and Hth

N into the LNC and LNV contributions,
that are both diagonal in the same basis, as well into the effect arising from the Higgs EV.
Hence, the system of evolution equations without the backreaction effect is given by

dδn11
dz = −(ΓN )11δn11 −

i
2z

2 [(Hvac
N )12δn21 − (Hvac

N )∗12δn12] , (5.223)
dδn22

dz = −(ΓN )22δn22 −
i
2z

2 [(Hvac
N )∗12δn12 − (Hvac

N )12δn21] , (5.224)

for the diagonal contributions. The correlation is determined via
dδn12

dz = −1
2 ((ΓN )11 + (ΓN )22) δn12 −

i
2
(
(Hth

N )11 − (Hth
N )22

)
δn12

− i
2z

2∑
k

[(Hvac
N )1kδnk2 − δn1k(Hvac

N )k2] . (5.225)

Note that due to∑2
a |εa|2/

∑
a |Ya|2 � 1 in the overdamped regime and due to the smallness

of the LNV rates compared to the LNC rates, one has the hierarchy (ΓN )11 � (ΓN )22,
such that the first heavy neutrino eigenstates equilibrates much faster than the second one
and hence reaches its quasi-static value before the first oscillation

zeq
zosc

=
3
√
|M2

1 −M2
2 |/a2

R

γav
+
∑
a |Ya|2

� 1 . (5.226)

quasi-static approximation: The quasi-static approximation as an effect of the
fast equilibration of the first heavy neutrino eigenstate and its flavour correlations to the
second heavy neutrino eigenstate implies

dδn11/dz = dδn12/dz = dδn21/dz ' 0 , (5.227)

and consequently relates δn11, δn12 and δn21 = δn∗12 directly to δn22 via

δn11 = z4|(Hvac
N )12|2

N (z)
tr(ΓN )
(ΓN )11

δn22 , (5.228)

δn12 = −
z2(Hvac

N )12
(
i tr(ΓN ) + ∆Hth

N + z2∆Hvac
N

)
N (z) δn22 , (5.229)

with the denominator

N (z) ≡ tr(ΓN )2 + (∆Hth
N )2 + 2z2∆Hth

N ∆Hvac
N + z4(H̃vac

N )2 ,

where we use the following notations

tr(ΓN ) ≡ (ΓN )11 + (ΓN )22 , (5.230)
∆Hth

N ≡ (Hth
N )11 − (Hth

N )22 , (5.231)
∆Hvac

N ≡ (Hvac
N )11 − (Hvac

N )22 , (5.232)

(H̃vac
N )2 ≡ tr(ΓN )

(ΓN )11
|(Hvac

N )12|2 + (∆Hvac
N )2 . (5.233)
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Note that due to eq. (5.221), ∆Hth
N does not depend on the Higgs EV in the symmetric

limit. Eqs. (5.228)-(5.229) allow for the differential equation for the weakly coupled state
δn22 that does not depend on the correlations δn11 any more

dδn22
dz = −

[
(ΓN )22 + tr(ΓN )z

4|(Hvac
N )12|2

N (z)

]
δn22

= −
[
(ΓN )22 + tr(ΓN ) |(H

vac
N )12|2

(H̃vac
N )2

z4

(z2 + z̃2
c )(z2 + z̃∗2c )

]
δn22 , (5.234)

where we have introduced the parameter

z̃c =

√√√√∆Hth
N

H̃vac
N

[
∆Hvac

N

H̃vac
N

+ i
√
|(Hvac

N )12|2

(H̃vac
N )2

tr(ΓN )
(ΓN )11

+ tr(ΓN )2

(∆Hth
N )2

]
, (5.235)

as the poles of N (z). Note that the hierarchy γ− � γ+ as well as hth
− � hth

+ allows to
approximate

tr(ΓN ) ' (ΓN )11 , ∆Hth
N ' (Hth

N )11 . (5.236)

Up to O(εa) the effect from the Higgs EV appears a diagonal matrix in eq. (5.221). This
diagonal matrix has no contribution due to the commutator of eq. (5.219). Hence, the
thermal correction, which only enters as the difference ∆Hth

N in eq. (5.225), is insensitive
on the Higgs EV at O(εa). With the absolute value

|z̃c| =

√√√√∆Hth
N

H̃vac
N

4

√
1 + tr(ΓN )2

(∆Hth
N )2 , (5.237)

a new time scale arises that indicates the time when the vacuum part of the Hamiltonian
z2Hvac

N starts becoming comparable to the thermal contribution Hth
N . With approxima-

tions above one can show that

|z̃c| =

√√√√∆Hth
N

H̃vac
N

4

√√√√1 + γ2
+

(hth
+ )2 ∼ zosc

√
zosc
zeq

hth
+
γ+
� zosc , (5.238)

Although we have neglected (ΓN )22 compared to (ΓN )11, we cannot simply neglect (ΓN )22
in eq. (5.224) since it can affect the equilibration of the second heavy neutrino eigenstate.

solutions to the weakly coupled heavy neutrino state: With the
differential equation (5.234) solutions are given by

δn22(z) = δn22(0) exp

−
∫ z′

0
(ΓN )22(z′)dz′ − (ΓN )11

|(Hvac
N )12|2

(H̃vac
N )2

z − Im
(
z̃3

c arctan z
z̃c

)
Imz̃2

c


' δn22(0) exp

(
−(Γ̂N )22

z3

3 − (ΓN )11
|(Hvac

N )12|2

(H̃vac
N )2

z5

5|z̃c|4

)
, (5.239)

where the approximation in the second step holds in the regime where z � |z̃c| and is
obtained by using the expansion arctan(x) = x − x3/3 + x5/5 + O(x7) and the relation
Im(1/c)/Im(c) = −1/|c|2 for c ∈ C. Further, we have used that leading order contribution
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to the LNV rate γ− is of order O(z2), such that we can decompose (ΓN )22(z) ' (Γ̂N )22z
2

with the z-independent quantity (Γ̂N )22. Note that in the B −L conserving limit one has
∆Hvac

N ' 0 and consequently |(Hvac
N )12|2 ' (H̃vac

N )2. Therefore eq. (5.239) gives rise to two
time scales

z
eq,(ΓN )11
N2

≡ |z̃c| 5

√
5

(ΓN )11|z̃c|
|(Hvac

N )12|2

(H̃vac
N )2 ' |z̃c|4/5(ΓN )−1/5

11 , (5.240)

z
eq,(ΓN )22
N2

' (Γ̂N )−1/3
22 , (5.241)

where zeq,(ΓN )11
N2

describes the equilibration process of the second heavy neutrino eigenstate
N2 through oscillations with the fast equilibrating eigenstate N1. In contrast to that,
z

eq,(ΓN )22
N2

is the equilibrium time scale happening due to the LNV rate (ΓN )22. It follows
that the heavy neutrino state N2 will equilibrate before |z̃c|, which justifies the usage of
eq. (5.239) a posteriori. These two equilibration time scales can be written as

z
eq,(ΓN )11
N2

'
(

405ζ2(3)(hth
+ )2

π4γ+

T 5
ref

aRM̄4

∑
a |Ya|2

µ4

)1/5

, (5.242)

z
eq,(ΓN )22
N2

'
(
aR
Tref

γ̂−
∑
a

|Ya|2
)−1/3

. (5.243)

The ratio zeq,(ΓN )22
N2

/z
eq,(ΓN )11
N2

determines when the LNV processes are important. One
might naively think that LNV effects are subdominant in low scale leptogenesis models
since (ΓN )22 is suppressed by a factor of M̄2/Tref compared to (ΓN )11. However, N2

can equilibrate via the LNV rate at zeq,(ΓN )22
N2

� z
eq,(ΓN )11
N2

, i.e. for small µ � 1 and
large Yukawa couplings, what delays the equilibration through the mixing. Nevertheless,
there exist a huge fraction of the low scale leptogenesis parameter space, where the effect
from LNV decays can be neglected. Hence, if z � z̃c and z

eq,(ΓN )11
N2

� z
eq,(ΓN )22
N2

, the
equilibration process of the weakly coupled second heavy neutrino eigenstate N2 can be
described via

δn22(z) ' δn22(0) exp

− z5(
z

eq,(ΓN )11
N2

)5

 . (5.244)

In a parameter region where LNV effects are subdominant, e.g. for parameter scenario III
from table 5.1, both the equilibration of N2 and the fast equilibration of N1 are shown in
figure 5.16, where the approximate result (5.244) for δn22 and with eq. (5.228) also the
approximate evolution of δn11 are shown. Note, however, that the approximation (5.244)
breaks down for zeq,(ΓN )11

N2
∼ z

eq,(ΓN )22
N2

, where the decay of N2 is mainly due to the equi-
libration rate (ΓN )22. This can be achieved by increasing |z̃c|, i.e. when decreasing the
mass splitting µ. Such a tuning is particularly important when aiming to reach large U2

a ,
where the equilibration due to (ΓN )22 can have significant effects.

the source of the asymmetry: The source term (5.216)

SPF
a = 2γ+

aR
gw

Re
[
(δn+ 12 − δn∗− 12)(Υa

+)21
]
, (5.245)

SLNV
a = −2γ−

aR
gw

Re
[
(δn+ 12 − δn∗− 12)(Υa

−)21
]
, (5.246)
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Figure 5.16: The fast and slow equilibration processes in the overdamped regime for the two
heavy neutrinos n11 and n22, respectively, in the interaction basis towards their equilibrium value
neq (grey, dashed). The approximate solutions (orange, dashed), cf. eqs. (5.244) and (5.228), agree
very well with the full numerical solution (blue). Here, parameter scenario III from table 5.1 is
used.

which is responsible for the generation of the SM lepton asymmetry, is caused by the
CP -odd correlation, cf. eq. (5.229),

δn+ 12 − δn∗− 12 = −2i tr(ΓN )(Hvac
N )12

(H̃vac
N )2

z2

(z2 + z̃2
c )(z2 + z̃∗2c )δn22(z)

' −2i (ΓN )11
(Hvac

N )12

(H̃vac
N )2

z2

|z2 + z̃2
c |2
δn22(z) , (5.247)

such that with eq. (5.239) the source is directly determined

SPF
a (z)
Tref

= 4γ
2
+
gw

a2
R

T 2
ref

∑
b

|Yb|2
(Hvac

N )12

(H̃vac
N )2 Im

[
(Υa

+)21
] z2

|z2 + z̃2
c |2
δn22(z) , (5.248)

SLNV
a (z)
Tref

= −4 γ̂−γ+
gw

a2
R

T 2
ref

∑
b

|Yb|2
(Hvac

N )12

(H̃vac
N )2 Im

[
(Υa
−)21

] z4

|z2 + z̃2
c |2
δn22(z) , (5.249)

with Im[(Υa
+)21] = Im[Y2aY

†
a1]. Note that we cannot simply neglect the smaller eigenvalue

|εa| since the source is only non-vanishing at first order in εa. As a consequence of the
quasi-static approximation (5.227), the source directly depends on the deviation of the
weakly coupled state δn22. Further, since γ− � γ+, the LNV source for a given flavour
is small compared to the LNC source: SLNV

a � SPF
a . Therefore, the baryon asymmetry

being produced during the washout due to incomplete cancellations between the SM asym-
metries is dominated by SPF

a . Nevertheless, SLNV
a already creates a baryon asymmetry

independently of the washout since B ∼∑a S
LNV
a 6= 0 with

∑
a

SLNV
a (z)
Tref

= 8 γ̂−γ+
gw

a2
R

T 2
ref

∑
b

|Yb|2
(Hvac

N )12

(H̃vac
N )2 Im

[∑
a

εaY
∗
a

]
z4

|z2 + z̃2
c |2
δn22(z) . (5.250)
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Figure 5.17: Source Sa for the SM asymmetries ∆a for the three lepton flavours e (blue), µ
(orange) and τ (green). The numerical solution (solid) is compared to the source with approximate
analytic solutions for δn22 from the first row of eq. (5.239) (dashed) and also to the approximated
source (5.251) (dotted). Here, parameter scenario III from table 5.1 is used.

This can be verified by using B ∼ ∑
a Im[(Υa

−)21] = Im[ΥLNV
21 ] = −2Im[∑a εaY

∗
a ] 6= 0,

while ∑a S
PF
a ∼

∑
a Im[(Υa

+)21] = Im[Υdiag
21 ] = 0. For parameter regions where the LNV

effects on the equilibration of δn22 are negligible, the evolution of the source term Sa is
shown in figure 5.17 and the numerical solution is compared to the approximate analytic
solution

Sa
s Tref

' − 45
√

5
g

3/2
? gw4π7/2

γ2
av
h2

th

mPlM̄
2µ

T 3
ref

Im[Y ∗a εa]∑
b |Yb|2

z2 exp

− z5(
z

eq,(ΓN )11
N2

)5


' −5.65× 10−7 × mPlM̄

2µ

T 3
ref

Im[Y ∗a εa]∑
b |Yb|2

z2 exp

− z5(
z

eq,(ΓN )11
N2

)5

 . (5.251)

that is valid for µ� 1 but still large enough that zeq,(ΓN )11
N2

� z
eq,(ΓN )22
N2

.

generation of asymmetry through the higgs ev: While in the oscillatory
regime the asymmetries ∆a are mainly produced at early times, one can neglect the effect
from the Higgs EV. However, in the overdamped regime, oscillations happen rather late
such that the Higgs EV can have an effect on the asymmetry production. We find that
even in the exact mass degenerate case, i.e. µ = 0, the Higgs EV gives rise to a non-zero
source. In order to show this, one has to keep in mind that even though the hEV term in
∆Hth

N vanishes, a contribution of (Hth
N )12 ∼ 1

2
aR
Tref

hEV(z)εaY ∗a arises since Re(Y Y †) is not
completely diagonal in the basis where Υ+h is diagonal. A deeper quantitative discussion
might be interesting for future works.

validity of the quasi-static approximation: In the overdamped regime
the first heavy neutrino eigenstate equilibrates much faster than the second one, i.e. the
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relation (ΓN )−1
11 � z holds for times z where the second heavy neutrino eigenstate has

still not equilibrated. Therefore, unless δn22 effects the behaviour of δn11 drastically, δn11
can be treated to be quasi-static. In the following we will show that the smallness of
the derivative dδn22/dz implies that dδn11/dz and dδn12/dz remain small at all relevant
scales as well, such that the quasi-static approximations (5.227) are justified.
We have argued that the equilibration of δn22 happens at times zeq,(ΓN )11

N2
� |z̃c|.

Eq. (5.244) then implies that the derivative dδn22/dz is small for z � |z̃c|. Since the
change in δn11 and δn12 after the equilibration of δn11 is only induced by changes in δn22,
we only have to show that dδn11/dz and dδn12/dz are small for times z � |z̃c|. In this
regime eqs. (5.228) and (5.229) simplify to

δn11 '
z4

|z̃c|4
|(Hvac

N )12|2

(H̃vac
N )2

tr(ΓN )
(ΓN )11

δn22 , (5.252)

δn12 ' −
z2

|z̃c|4
(
i(ΓN )11 + ∆Hth

N

) |(Hvac
N )12|2

(H̃vac
N )2

tr(ΓN )
(ΓN )11

δn22 , (5.253)

Performing the derivative of these two equations after z justifies the use of the quasi-static
approximation (5.227)

dδn11
dz = 4

z
δn11 + dδn22

dz
δn11
δn22

� (ΓN )11δn11 , (5.254)

dδn12
dz = 2

z
δn12 + dδn22

dz
δn12
δn22

� (ΓN )11δn12 , (5.255)

when making use of the fact that dδn22/dz is small and that (ΓN )−1
11 � z holds for the

relevant z, as argued above.

5.6.3 Evolution of lepton charges in absence of lepton number violation

In contrast to the oscillatory regime, the evolution of the SM charges cannot be inferred
by the source only. In terms of the larger eigenvalue it can be concluded that at least
one flavour of ∆a is of the same order Ya as the quickly equilibrating heavy neutrino
δn11. Therefore, the washout and equilibration do not happen much later than the first
oscillation. Rather the washout and the production of the charge happen at roughly the
same time. Consequently, there is no saturation of the SM charge for small z. In order to
solve for ∆a, one needs to consider both the source and the backreaction term.
In the following we neglect LNV effects, and discuss possible implications later on. In

this case it is possible to obtain an approximate analytic solution for the evolution of the
baryon charge in the overdamped regime. Note that in this case L̃ remains zero throughout
all times, which directly relates the baryon asymmetry to the sterile charges

B(z) = 28
79
∑
a

∆a(z) = 28
79

2
gw

(
δnodd

11 (z) + δnodd
22 (z)

)
. (5.256)

We have already mentioned that the source term is only non-vanishing at first order in
the smaller eigenvalue εa. Therefore, in order to correctly describe the evolution of the
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SM charges, the system has to be solved to first order εa. To this order the helicity-odd
deviation δn11 can be obtained from the following differential equations

dδn11
dz = −(ΓN )11δn11 −

i
2z

2 [(Hvac
N )12δn21 − (Hvac

N )∗12δn12]

+ 1
2
∑
a,b

aR
Tref
|Ya|2γ̃+

(
Aab + Cb

2

)
∆a , (5.257)

and also depend on ∆a due to the backreaction term. In contrast to that, the differential
equation for δn22 remains unaffected since the backreaction is suppressed by εa. Since
∆a is first order in εa, the neglect of the washout when calculating the sterile charges
is justified at zeroth order in εa. With the charges qNi ≡ 2δnodd

ii the evolution of the
asymmetries ∆a in the interaction basis is given by

d∆a

dz = γ̃+
gw

aR
Tref
|Ya|2

∑
b

(Aab + Cb/2)∆b −
Sa
Tref
− 2γ+

gw

aR
Tref
|Ya|2δnodd

11 . (5.258)

Analogously to the previous subsection, we can perform the quasi-static approximation.
This allows to write the differential equation for δnodd

22 as

dδnodd
22

dz = −(ΓN )11
|(Hvac

N )12|2

(H̃vac
N )2

z4

|z2 + z̃2
c |2

×

δnodd
22 −

∑
b,c

|Yb|2

2∑d |Yd|2
(
Abc + Cc

2

)
∆c

 , (5.259)

while δnodd
11 is replaced by its quasi-static value

δnodd
11 = |(H

vac
N )12|2

(H̃vac
N )2

z4

|z2 + z̃2
c |2
δnodd

22

+
∑
b,c

|Yb|2

2∑d |Yd|2
(
Abc + Cc

2

)
∆c

(
1− z4

|z2 + z̃2
c |2
|(Hvac

N )12|2

(H̃vac
N )2

)
. (5.260)

Consequently, we can express δnodd
11 in terms of ∆a and the derivative of δnodd

22

δnodd
11 =

∑
b,c

|Yb|2

2∑d |Yd|2
(
Abc + Cc

2

)
∆c −

dδnodd
22

dz

(
aR
Tref

∑
a

|Ya|2γ+

)−1

. (5.261)

When neglecting the derivative dδnodd
22 /dz, the baryon asymmetry is determined via

B(z) ' 28
79

2
gw

∑
b,c

|Yb|2

2∑d |Yd|2
(
Abc + Cc

2

)
∆c(z) + δnodd

22 (z)

 . (5.262)

Therefore, we need to know the evolution of δnodd
22 (z) and ∆a(z). In general δnodd

22 (z) is
obtained by solving eq. (5.259), where one needs to know the evolution of ∆a(z). However,
it turns out to be a good approximation to neglect δnodd

22 for times before the feebly coupled
eigenstate equilibrates. After equilibration we can fix it to its quasi-static value, that is
given by neglecting the RH side of eq. (5.259). Note that the quasi-static values for δnodd

11 ,
which is given by eq. (5.261) when neglecting the derivative term, and δnodd

22 are equal

δnodd
11,22 →

∑
b,c

|Yb|2

2∑d |Yd|2
(
Abc + Cc

2

)
∆c(z) , (5.263)



5.6 overdamped regime 127

such that

B(z) ' 28
79
∑
b,c

|Yb|2

gw
∑
d |Yd|2

(
Abc + Cc

2

)
∆c(z)

(
1 + θ

(
z − zeq,(ΓN )11

N2

))
. (5.264)

Consequently, B(z) follows the evolution of ∆a(z), which needs to be determined in the
following. Eq. (5.261) can be inserted into eq. (5.258) to obtain

d∆a

dz =
∑
b

W̃ab∆b −
Sa(z)
Tref

− 2
gw

|Ya|2∑
d |Yd|2

dδnodd
22

dz , (5.265)

with an effective washout matrix

W̃ab = aR
Tref

γ+
gw
|Ya|2

∑
c

(
δac −

|Yc|2∑
d |Yd|2

)
Acb . (5.266)

It turns out to be a good approximation when neglecting the derivative dδnodd
22 /dz here,

as it is small for z � z̃c. Solutions are then given by

∆a(z) '
∑

b,c=1,2
vTabewbz

∫ z

0
dz′ e−wbz′vbc

Sc(z′)
Tref

. (5.267)

Here, vbc are the set of eigenvectors of W̃ab and w1,2 are the two corresponding non-
vanishing eigenvalues. Note that in the absence of LNV processes there must be a vanishing
eigenvalue. For the parameter scenario III from table 5.1 a comparison between the full
numerical solution and the approximation (5.262) for ∆a and B is presented in figure 5.18.
The approximation agrees with the numerical solution for z & z

eq,(ΓN )11
N2

up to O(50%),
and is even more accurate for z . z

eq,(ΓN )11
N2

.

5.6.4 Interesting scenarios in the overdamped regime

In the following three interesting scenarios are qualitatively discussed.

scenario i: large mixing angles: Increasing the size of the Yukawa couplings
does not only give larger mixing angles U2

a but also leads to a stronger washout. If
the washout becomes too strong, the asymmetries ∆a and thus the baryon asymmetry
are washed out too early to be consistent with the experimental measured BAU. Conse-
quently, there is an upper limit for the different mixing angles U2

a . In order to preserve
the baryon asymmetry from the washout one can further delay its washout by decreasing
the mass splitting. In this case the baryon asymmetry is produced right before the EW
sphaleron freeze-out, while the washout has no time to effectively wash out the asymmetry.
The largest possible mixing angles are then obtained when delaying the production and
further requiring the washout to be as weak as possible by keeping the magnitude of the
Yukawa couplings large. Note that in order to have large mixing angles we cannot simply
decrease the washout rate by lowering the Yukawa couplings. However, one can decrease
the effective washout strength by requiring a certain flavour mixing pattern. These are
different for the two neutrino mass orderings and are limited by neutrino oscillation data.
For NO this is realised when the electron couples minimally. See appendix B for a detailed
discussion. In contrast to that the electron has to couple maximally for IO, while the muon
or the tau couple minimally.
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Figure 5.18: The numerical solution (solid) is compared to the approximate analytic solutions
(dashed). The upper panel shows the SM asymmetries ∆a for the three lepton flavours e (blue), µ
(orange) and τ (green). The lower panel illustrates the validity of the analytic approximation to
the baryon asymmetry. Here, parameter scenario III from table 5.1 is used.
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In the following, we assume a highly flavour asymmetric washout for NO. Without loss
of generality we can assume that the washout rate for ∆1 is much smaller than the equili-
bration rate of the feebly coupled heavy neutrino eigenstate, while the washout rates for
∆2 and ∆3 are much larger than that equilibration rate, i.e. γ+|Y1|2aR/Tref � 1/zeq,(ΓN )11

N2

and γ+|Y2,3|2aR/Tref � 1/zeq,(ΓN )11
N2

. In this case W̃ab has not only a zero eigenvalue due
to conservation of L̃ but also a tiny eigenvalue due to the negligible washout of ∆1. This
leads to the relation ∆1 = −2∆2,3 as soon as ∆2,3 reach their quasi-static value. This
usually happens when the feebly coupled heavy neutrino eigenstate equilibrates, i.e. when
the source term and the derivative in eq. (5.265) can be neglected. However, in the case
of a strong washout of ∆2,3, this happens at very early times. A simple solution for the
baryon asymmetry is then obtained from eq. (5.264) when neglecting |Y1|2 � |Y2,3|2 and
using ∆1 = −2∆2,3, such that

B(z) ' 28
79

∆1(z)
6gw

(
1 + ϑ

(
z − zeq,(ΓN )11

N2

))
. (5.268)

An analytic expression for the evolution of the weakly washed out SM particle ∆1(z) is
given by approximately solving eq. (5.267) when neglecting the eigenvalue wb within the
integral. A more detailed study, where this approximate analytic solution is compared
to the full numerical solution for both neutrino mass orderings is presented at the end
of section 4 in ref. [2]. An exemplary plot showing the evolution of the asymmetries ∆a

and the baryon asymmetry for parameters chosen such that U2 is maximal and being
consistent with leptogenesis, is presented for NO in figure 5.19.

scenario i i: early equilibration: We have already mentioned that LNV ef-
fects are able to let the feebly coupled heavy neutrino eigenstate equilibrate early. Accord-
ing to eqs. (5.242) and (5.243) such a scenario can be achieved for large Yukawa couplings
and a high mass degeneracy. Further, the higher the chosen mass of the heavy neutrino the
more effective the impact of LNV becomes. The early equilibration then directly implies
an early damping of the source as it is related to that heavy neutrino with the smaller
eigenvalue through the quasi-static approximation. Therefore, both the SM asymmetries
∆a and the baryon charge are affected by the early equilibration as well, such that LNV
effects are able to highly change the baryon asymmetry. Note that this effect even occurs
when neglecting the LNV source and the LNV washout, as the whole dynamic is changed
through the early equilibration of the feebly coupled eigenstate together with the quasi-
static approximation. An exemplary plot is given in figure 5.20 for the parameter scenario
IV from table 5.1.

scenario i i i: large mass splittings: Provided that LNV processes are ne-
glected, no sufficient amount of baryon charge is generated when having too large mass
splittings for the heavy neutrinos. This is because the comparably strong washout has
enough time to wash out all the produced charges. However, when including LNV effects,
a non-zero generalised lepton number can be produced via the LNV source or via the LNV
washout. Even if there is no early equilibration, as mentioned in the last paragraph, the
amount of the baryon asymmetry that remains at the time when the EW sphalerons freeze
out can be much higher when including LNV effects than without them. This is because
the non-zero generalised lepton number is preserved by the LNC washout and is only di-
minished by the LNV washout. The lower panel figure 5.20 shows the evolution of the
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Figure 5.19: The evolution of the asymmetries ∆a and the baryon asymmetry B for NO for
M̄ = 1 GeV. The additional parameters are chosen such that this scenario could explain the
observed baryon asymmetry and such that U2 is maximal, i.e. U2 = 1.09 × 10−6. The late
generation of the baryon charge is given by the degeneracy ∆M2 = 4×10−8M̄2, while the remaining
parameters α1 = 0, α2 = 0, δ = π/2 and Reω = 5π/4 + 5.26i are chosen such that this example
leads to a maximally flavour asymmetric washout. Within this example LNV effects are neglected.
However, for that heavy neutrino mass they do not seem to change the output significantly.
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Figure 5.20: Equilibration of δodd
22 (first panel), as well as the evolution of the SM charges (second

panel) and the baryon asymmetry (third panel) when neglecting LNV effects (blue, solid) and
including LNV effects (orange, dashed). Here, parameter scenario IV from table 5.1 is chosen,
which yields to an early equilibration of the feebly coupled heavy neutrino eigenstate.
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Figure 5.21: Equilibration of δodd
22 (first panel), as well as the evolution of the SM charges (second

panel) and the baryon asymmetry (third panel) when neglecting LNV effects (blue, solid) and
including LNV effects (orange, dashed). Here, parameter scenario V from table 5.1 is chosen.

baryon charge with and without LNV effects for the parameter scenario V from table 5.1.
Note that for this choice, the evolution of the asymmetries ∆a are almost unaffected by
LNV effects. The Yukawa couplings are chosen such that the washout significantly erases
the baryon charge in the absence of LNV effects. Nevertheless, a sizeable baryon asym-
metry remains due to LNV processes. This is because the generalised lepton number can
only be washed out by the LNV washout, which in general is much weaker than the LNC
washout. As a consequence, the inclusion of LNV effects can allow for larger mass splitting
that are consistent with leptogenesis.



6
TEST ING THE LOW SCALE SEESAW AND LEPTOGENES I S

Heavy RH neutrinos with masses at the GeV-scale can not only account for the BAU via
leptogenesis [17] but can also generate the light neutrino masses via the seesaw mecha-
nism [18–23]. Several constraints on the flavour mixing pattern, their CP properties and
on the mass spectrum are imposed under the requirement to fulfil these phenomena. In
this chapter both bounds from past experiments, including searches for physics beyond the
SM, and constraints from neutrino oscillation data [116] are taken into account. We refer
to refs. [1, 16, 46, 92, 158, 159, 159–163] for pedagogical reviews in terms experimental con-
straints and perspectives. Further, the potential of future experiments to discover heavy
neutrinos is studied. In particular, the parameter space for masses between 5 GeV and
50 GeV is confronted with the discovery potential of heavy neutrinos via displaced vertex
searches at future lepton colliders such as FCC-ee [3, 68, 70, 72, 96], ILC [3, 70, 71, 97–99]
and CEPC [3, 70, 100]. Besides the potential discovery of heavy neutrinos, the precision
of measuring the coupling to all SM flavours due to large achievable number of displaced
vertex events is investigated. Provided that heavy neutrinos are found in future experi-
ments, the results can be used to decide of these are the common origin of the BAU and
the light neutrino masses. If, additionally, the Dirac phase δ in the PMNS matrix (2.25)
is measured to sufficient precision in neutrino oscillation experiments, such as NOνA [101]
or DUNE [93–95], all model parameters of the type-I seesaw mechanism are in general
determinable [1]. As a consequence, the low scale seesaw is a fully testable theory of
baryogenesis and the light neutrino masses. This chapter is based on refs. [1, 3, 4, 6, 7].
Section 6.1 explains how neutrino oscillation data and other constraints, such as direct

and indirect constrains, can be used to test the low scale seesaw mechanism as the origin of
the light neutrino masses. Additional constraints arise in the possible case that the heavy
neutrinos can account for the observed BAU via leptogenesis, as shown in section 6.2. In
section 6.3 the perspective of future experiments such as FCC-ee, ILC and CEPC to probe
the parameter space is determined, and how these can constrain the model parameters.
Provided that heavy neutrinos are detected in the future, it is shortly discussed in sec-
tion 6.4 how testable the low scale seesaw mechanism is. Additional informations, such
as full expressions for the active-sterile mixing angles and a discussion about parameter
invariances, are provided in appendix B.

6.1 testing the seesaw mechanism

Accounting for the experimentally observed properties of the light SM neutrino directly
constraints the properties of the heavy neutrinos. In the near future all the unconstrained
parameters of the light neutrinos can be measured expect for the Majorana phases. We
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show that, if the resolution of the experiment allows for an independent measurement of
the mixing of the heavy neutrinos to the individual SM flavours, it is possible to reconstruct
all model parameters of the seesaw Lagrangian. However, the major part of the parameter
space that also satisfies the leptogenesis constraints requires mass splittings ∆M that can
be too small in order to be experimentally resolved. Consequently, only U2

a instead of U2
ai

is observable, cf. eqs. (2.49) and (2.50) in chapter 2. Nevertheless, U2
a depends on the

light neutrino mixing angles and can be used as a to probe the seesaw mechanism and
consequently the origin of neutrino masses, even if the masses of heavy neutrino cannot
be resolved individually. Recall that table 2.2 lists the best fit values of the neutrino
oscillation data from November 2017 (NuFIT v3.1) [116].
Based on refs. [1, 6, 7], subsection 6.1.1 describes how neutrino oscillation data constrains

both the flavour mixing ratios U2
a/U

2 and the minimal U2
a , while subsection 6.1.2 shortly

discusses how past, direct and indirect, search experiments as well as observations from
cosmology can constrain U2

a .

6.1.1 Constraints from neutrino oscillation data

The seesaw equation (2.35) can be translated to the naive expectation (2.58) that relates
the active-sterile mixing angles, see eq. (2.49), of a heavy neutrino with flavour i to the SM
leptons with flavour a. In this case, the magnitude of the mixing is basically given by the
heavy neutrino mass and by the light neutrino masses, cf. table 2.2. In this case, eq. (2.35)
suggests that the active-sterile mixing angles need to be small in order to be in agreement
with the smallness of the light neutrino masses. However, there might be cancellations
in the light neutrino mass matrix mν such that the eigenvalues of mν are tiny despite
comparably large Yukawa couplings resulting in large mixings U2. In this case, mixing
angles larger than the estimate (2.58) can be achieved in a technically natural way. This
is particularly interesting when it comes to collider searches for the heavy neutrinos. Such
cancellation can appear e.g. in models with an exact B − L symmetry. This symmetry
protected scenario is shortly discussed in subsection 2.2.4 and allows for an expansion in
the small parameters µ and ε, see eq. (2.59). Throughout this chapter we limit ourselves
to two almost degenerate heavy neutrino states, i.e. µ ' 0, and keep only the leading
order terms in ε. This is justified because particularly low scale leptogenesis mechanisms
with large mixing angles, i.e. with small ε, that increase the chance of an experimental
discovery of the heavy neutrinos, favour very small mass splitting µ. Further, this allows
to express all the physical observables in terms of M̄ . An extension to three flavours is
possible and has e.g. been performed in ref. [89].

flavour mixing ratios: We find that leptogenesis with two heavy neutrinos re-
quires a high mass degeneracy, i.e. µ � 1, in order to be consistent with the observed
BAU, especially when aiming for large mixing angles U2, or ε � 1, that lie within the
reach of future experiments. Not all experiments in the future can resolve such a mass
splitting with a sufficient precision. Consequently, these are not able to measure the in-
dividual heavy neutrinos, i.e. the mixing angles U2

a1 ' U2
a2 are not observable but only

the sum U2
a = ∑

i U
2
ai, cf. eq. (2.49) for a definition of these mixing angles. To leading

order in small solar mass differences, i.e.
√
m�/matm, by following refs. [121, 159, 164],
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and keeping terms of order 1/ε the total mixing can be deduced from the full expression
given in appendix B.1:

U2 ' 1
2M̄

matme2Imω for NH , (6.1)

U2 ' 1
M̄
matme2Imω for IH . (6.2)

The relations for the flavoured mixings U2
a in case of NO to the first non-vanishing order

of
√
m�/matm read

U2
e ' e2Imωmatm

2M̄
sin2 θ13 , (6.3)

U2
µ ' e2Imωmatm

2M̄
cos2 θ13 sin2 θ23 , (6.4)

U2
τ ' e2Imωmatm

2M̄
cos2 θ13 cos2 θ23 . (6.5)

The approximate value θ23 ' π/4 makes U2
µ and U2

τ to be comparable in size, while
the relative smallness of θ13 suppresses U2

e with respect to U2
µ and U2

τ . Within this
approximation of smallm�/matm the only free parameter is Imω since M̄ can be measured
kinematically. As a consequence, the set of equations is overconstrained. In case of IO,
θ13 and θ23 − π/4 can be neglected to obtain simple relations:

U2
e ' e2Imωmatm

2M̄

[
1 + ξ sin

(
α2 − α1

2

)
sin(2θ12)

]
, (6.6)

U2
µ ' e2Imωmatm

4M̄

[
1− ξ sin

(
α2 − α1

2

)
sin(2θ12)

]
, (6.7)

U2
τ ' U2

µ . (6.8)

Within the approximation of smallm�/matm, a measurement of U2
e and U2

µ would not only
allow to determine Imω, but also the physical Majorana phase difference α2 − α1. Note
that these simplified relations can be useful to gain a rough qualitative understanding of
the mixing angles and particular their parametric dependences. However, at the desired
quantitative level the dependence of U2

a on the Dirac phase δ and on the Majorana phases
α1,2 have to be taken into account. This is because m�/matm, θ13 and θ23 − π/4 turn
out to be not small enough to allow for such an approximation, e.g.

√
m�/matm ∼ 1/2.

This requires to use the full expressions from appendix B.1. We find that for µ, ε � 1
the flavour ratios U2

a/U
2 do not depend on Imω. The possible range of U2

a/U
2 that is

consistent with neutrino oscillation data can be obtained by varying the phases α2 and
δ. Note that in the scenario of two heavy neutrinos the lightest SM neutrino needs to
be massless. This allows to set α1 = 0, which can e.g. be read off from the eq. (B.1).
We relate the flavour mixing ratio U2

e /U
2 to U2

µ/U
2 for both neutrino mass ordering in

figure 6.1.

seesaw lines: The seesaw mechanism does not only constrain the flavour ratios
U2
a/U

2 but also gives a lower bound on the individual U2
a . This is due to the fact that for

any mass M̄ the Yukawa couplings have to be small enough in order to be still able to
explain the light neutrino masses. This can be seen from the naive seesaw equation (2.58).
In the limit of µ � 1 these so-called seesaw lines are given by U2

a ∼ 1/M̄ and happen
for certain combinations of (α, δ, Imω). See appendix B.1 for a detailed discussion in-
cluding eqs. (B.34)-(B.39). Note that the symmetry protected scenario, as described in
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Figure 6.1: This plot is an updated versions of figure 1 from ref. [1] and describes the allowed range
of U2

a/U
2 indicated by the coloured regions. This range is obtained by varying the phases in Uν

after the light neutrino mixing angles and the light neutrino masses are fixed to their best fit values
as given in table 2.2. Note that

∑
a U

2
a/U

2 = 1 fixes U2
τ /U

2. In the upper panel NO is assumed,
while in the lower panel IO is chosen. The 3σ range for θ23 is given by 0.401 . sin2 θ23 . 0.628
for NO and by 0.419 . sin2 θ23 . 0.628 for IO [116]. The orange and blue regions are given as
the limits of this experimental uncertainty. Provided that the Dirac phase δ is measured in the
future to a sufficient precision, the plotted regions will reduce to ellipses in the U2

e /U
2-U2

µ/U
2

plane. With the best fit value [116] δ = 228◦ and δ = 281◦ for NO and IO, respectively, this is
shown by the red dashed lines. This figure assumes the limit ε,µ � 1. Thus, the flavour ratios
U2
a/U

2 do not depend on Imω. For non-small ε, i.e. for smaller Imω, both the size and the shape
of the coloured region change.
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subsection 2.2.4, allows for Yukawa couplings that are not constraint from above, such
that there is no upper bound for U2

a from neutrino oscillation data. However, as shown
in figures 6.2-6.5, leptogenesis imposes an upper bound U2

a since the washout must not be
too strong in order to explain the observed BAU. We find that lower bounds on the U2

a

are given by leptogenesis and not by the seesaw constraints for small masses M̄ . However,
for larger masses M̄ , the lower bounds for the different U2

a converge to the corresponding
seesaw lines. This effect can e.g. be seen in figures 6.2-6.5.

6.1.2 Other constraints

We shortly summarise other constraints than the ones from neutrino oscillation data which
will set bounds on the range of U2

ai or particularly on U2
a for a given average mass M̄ .

Detailed studies are given in refs. [1, 162] for two almost mass degenerate heavy neutrinos.
The different constraints can be grouped into direct constraints, indirect constraints and
constraints from cosmology. In ref. [1] a parameter scan is presented that finds the allowed
range of U2

a that is consistent with past experiments. Those constraints are located at very
large Imω that are much above the maximally allowed U2 by leptogenesis. Therefore, this
requires the use of the radiatively corrected Casas-Ibarra parametrisation, as introduced
in ref. [119], instead of eq. (2.52).

direct constraints: In general heavy neutrinos take part in all processes which
involve SM neutrinos, if the processes is kinematically allowed, but with an amplitude
suppressed with the mixing angle, cf. eq. (2.47). We refer the seek for heavy neutri-
nos in processes where they are being produced and appear as real particles to as direct
searches. For the parameter scan negative results from the following direct search experi-
ments are taken into account, NA3 [165], PS191 [166], CHARM [167, 168], DELPHI [169],
L3 [170], TINA [171], CHARMII [172], NuTeV [173] LHCb [174], ATLAS [175], CMS [176],
BELLE [177], BEBC [178], FMMF [179], E949 [180], PIENU [181], NOMAD [182], besides
constraints from Kaon decays [183, 184]. Particularly for peak searches below the Kaon
mass, the summary given in ref. [158] is used, while for PS191 the reinterpretation given
in ref. [159] is used to obtain the direct constraints.

indirect constraints: Even if the heavy neutrinos do not appear as real particles,
constraints can be deduced from indirect searches in which the heavy neutrinos appear as
virtual states. One of the strongest constraints is given by the neutrino oscillation data.
It does not only constrain or determine the mixing angles θab and the mass differences
m�, matm, but will also allow to measure the Dirac phase δ to a high precision. As
already discussed in subsection 6.1.1, we find that a detection of heavy neutrinos and
the consequent measurement of the individual U2

a can provide informations about the
Majorana phases α1,2 and the Dirac phase δ. Further, we find lower bounds on U2

a that
are given in terms of the seesaw lines (B.34)-(B.39). The constraints from direct searches,
as discussed above, can be combined with indirect constraints, such as as constraints from
0νββ decays [185, 186], violation of CKM unitarity [187–192], LNV decays [193, 194],
lepton universality [187, 195, 196], and constraints from EW precision data [197–199]. A
detailed discussion is given in ref. [162].
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constraints from cosmology: Before turning our attention to constraints from
leptogenesis we shortly comment on a cosmological effect that also limits the mixings U2

a .
The requirement that heavy neutrinos, which come into thermal equilibrium in the early
universe [200], must have decayed before the formation of light elements in BBN [201],
imposes constraint on the lifetime of the heavy neutrinos, i.e. their lifetime must be shorter
than 0.1 s. This argument is based on the decay rates provided in refs. [87, 144].

combined constraints: Neutrino oscillation data, direct and indirect searches as
well the BBN individually constrain the M̄−U2

a plane. One would naively expect that the
total excluded region is given by superimposing these regions. However, we find that the
synergy of these constraints imply non-trivial combined constraints that are much stronger
than these. The global constrained are given in figures 2-3 of ref. [1] and are shown as the
grey region in figures 6.2-6.5.

6.2 constraints from leptogenesis

In the previous section we have found that strong constraints on the flavour mixing pattern
of the heavy neutrinos, particularly for large U2, are imposed by the requirement to explain
the light neutrino masses via the seesaw mechanism. Further, other constraints such as
those from direct and indirect searches as well as from BBN have been discussed, which
put constraints on the mass spectrum of the heavy neutrinos. Besides that, additional
constraints arise when simultaneously requiring the heavy to explain the observed BAU.
In order to investigate the testability of leptogenesis with two heavy neutrinos, upper and
lower bounds for U2 and the different U2

a that are consistent with the observed BAU and
the light neutrino masses are provided based on refs. [1, 6, 7]. These are compared to both
the disfavoured regions by the combined constraints and to proposed sensitivity lines of
future experiments. As a generalisation of refs. [1, 6, 7], we further discuss how flavour
effects further constrain the parameter space, in particular U2

a/U
2, due to the importance

of flavour asymmetric washout rates for large U2, cf. appendix B.1. Note that large U2

happen in the overdamped regime, particularly in the symmetry protected scenario, which
is why LNV effects are in general not negligible. Therefore, we perform a parameter scan
that includes these effects by using the set of equations (5.153) and (5.154). More details
about how such a parameter scan is performed are given in ref. [3].
In subsection 6.2.1 lower and upper bounds on the individual mixings U2

a that are consis-
tent with leptogenesis are compared to both the region that is excluded by the combined
constrained and to future experiments that might be able to test low scale leptogenesis.
The effect of leptogenesis on the flavour ratios U2

a/U
2 is discussed in subsection 6.2.2.

6.2.1 Testability in future experiments

When trying to answer the question if the heavy neutrinos will be discovered in future
experiments it is important to compare the expected sensitivity of such experiments to
the allowed parameter region, that can both explain the light neutrino masses and also
account for the predicted value for the BAU. For that reason it is convenient to plot U2

and also the various U2
a over M̄ . When binning the whole range of M̄ logarithmically, the

largest and smallest possible value for the corresponding mixing is extracted. The data
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points can then be connected to an upper bound and a lower bound. We limit ourselves
to masses in the range 0.1 GeV . M̄ . 50 GeV for two reasons. First, constraints from
the BBN that all heavy neutrinos must decay faster than 0.1 s puts strong bound on the
minimal mass, such that 0.1 GeV . M̄ is an appropriate choice. Second, M̄ & 50 GeV
are in general testable but cause the relativistic treatment of the kinetic equations from
chapter 5 to break down.
The possibility of future experiments to see signatures of heavy neutrinos for the different

U2
a and the total U2 is displayed in figures 6.2-6.5 and in figure 6.8 for FCC-ee, ILC and

CEPC. These figures are updated versions of figures 4-7 from ref. [1]. Note that for
the upper and lower bound lines for the BAU we do not take LNV effects into account.
Although the baryon asymmetry is in general affected by such effects, which makes them
non-negligible for many certain parameter choices, we find that the error on the upper
bound for the BAU is of O(1), see figure 6.8 for U2 with heavy neutrino masses larger
than 5 GeV for comparison. The leptogenesis lower bound converges quickly to the seesaw
line, i.e. for small masses. This happens even before the combined constraint is solely
given by the seesaw line. Therefore, the leptogenesis lower bound is only affected by LNV
effects in the region that is already disfavoured by global constraints.
Heavy neutrinos with masses smaller than the mass of the B meson can be searched for

at proposed fixed target experiments such as T2K [88], NA62 [88–90] and SHiP [69, 91, 92]
or even in LBNE [93–95]. In addition, B-factories [82–86] is capable to test the low scale
leptogenesis parameter space. Provided that the heavy neutrinos are heavier than the
B mesons but still lighter than the W boson, searches can be performed via lepton [67–
74] and hadron colliders [74–81]. A review of signature searches for heavy neutrinos at
colliders is provided in ref. [74].
A more careful study of experiments such as FCC-ee at the Z-pole and ILC as well as

CEPC is provided in section 6.3. The testability interpretation of the other experiments,
i.e. those from figures 6.2-6.5, has to be taken with care since it is suffering particularly
from the following issue. A certain U2

a for a given heavy neutrino mass M̄ and SM flavour
a might be consistent with an observation in an experiment and also with successful
leptogenesis. However, as different sets of model parameters that lead to this specific
U2
a can in general correspond to different U2

b for b 6= a, this does not necessarily imply
that those heavy neutrinos that are discovered in the experiments are able to generate the
observed BAU. A more precise approach to treat the testability is given by both calculating
the sensitivity of the experiment for every set of seesaw parameters and determining if this
set is able to predict the BAU. We discuss this scenario particularly for the colliders FCC-
ee, ILC and CEPC in section 6.3.

6.2.2 Flavour mixing patterns

As already discussed in detail in chapter 5, the overdamped regime is characterised by
large Yukawa couplings that not only result in a sizeable production of asymmetries but
also make this regime suffer from a strong washout. Since both the washout rates and
the damping rates depend on the same Yukawa couplings, a complete washout of the
SM asymmetries and consequently of B can only avoided for a given hierarchy in the
magnitude of the washout rates. Thus, it is expected that leptogenesis with large mixings
U2 can only be realised in the case of certain flavour mixing patterns, that allow for such
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Figure 6.2: These plots are updated versions of figure 4 from ref. [1] and show the limits on the
total U2 as a function of M̄ = (M1 + M2)/2 for NO (top panel) and IO (bottom panel) that is
consistent with leptogenesis and neutrino oscillation data. The parameter region that is disfavoured
by global constraints, as discussed in section 6.1, is given by the grey area. The upper and lower
bounds on the mixing (blue lines) are compared to the maximally achieved sensitivities of future
experiments: The SHiP lines (purple) correspond to the 90% c.l. upper limits for 0.1 background
events in 2 × 1020 proton target collisions for a ratio of U2

e : U2
µ : U2

τ ∼ 52 : 1 : 1 [91, 202]. The
LBNE/DUNE sensitivity (light blue) is given under the assumption of an exposure of 5 × 1021

protons on target for a detector length of 30 m [94]. The expected achieved sensitivities of FCC-ee,
ILC and CEPC, which can effectively probe the parameter space for M̄ & 5GeV via displaced
vertex searches [3], are given in figure 6.8.
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Figure 6.3: These plots are updated versions of figure 5 from ref. [1] and show the limits on the
total U2 as a function of M̄ = (M1 + M2)/2 for NO (top panel) and IO (bottom panel) that is
consistent with leptogenesis and neutrino oscillation data. The parameter region that is disfavoured
by global constraints, as discussed in section 6.1, is given by the grey area. The upper and lower
bounds on the mixing (blue lines) are compared to the maximally achieved sensitivities of future
experiments: The SHiP lines (purple) correspond to the 90% c.l. upper limits for 0.1 background
events in 2 × 1020 proton target collisions for a ratio of U2

e : U2
µ : U2

τ ∼ 52 : 1 : 1 [91, 202].
An estimate of the T2K sensitivity is provided in ref. [88] with 1021 protons on target at 90%
c.l. with full volume for both the K+ → e+N → e+e−π+ two-body decays (red, solid) and the
K+ → e+N → e+e−e+νe three-body decays (red, dashed) [88].The expected limit of the NA62
experiment on U2

e via K+ → π+νν̄ with about 1013 400 GeV protons on target is given by the
turquoise line for the scenario U2

e : U2
µ : U2

τ ∼ 1 : 0 : 0 [89].
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Figure 6.4: These plots are updated versions of figure 6 from ref. [1] and show the limits on the
total U2 as a function of M̄ = (M1 + M2)/2 for NO (top panel) and IO (bottom panel) that is
consistent with leptogenesis and neutrino oscillation data. The parameter region that is disfavoured
by global constraints, as discussed in section 6.1, is given by the grey area. The upper and lower
bounds on the mixing (blue lines) are compared to the maximally achieved sensitivities of future
experiments: The SHiP lines (purple) correspond to the 90% c.l. upper limits for 0.1 background
events in 2 × 1020 proton target collisions for a ratio of U2

e : U2
µ : U2

τ ∼ 1 : 26 : 3.8 [91, 202]. The
estimated sensitivity of displaced vertex searches at LHCb during the high-luminosity run with
380 fb−1 is given in black, see ref. [203]. The expected limit of the NA62 experiment on U2

µ via
K+ → π+νν̄ with about 1013 400 GeV protons on target is given by the turquoise line for the
scenario U2

e : U2
µ : U2

τ ∼ 0 : 1 : 0 [89]. The sensitivity of T2K has been estimated in ref. [88] with
1021 protons on target at 90% c.l. for full volume in case of K+ → µ+N → µ+µ−π+ two-body
decays (red, solid) and K+ → µ+N → µ+µ−e+νe three-body decays (red, dashed) [88]. LNV
decays of 5× 1010 B+ mesons at Belle II (blue) and 2× 108 W bosons (yellow) at the FCC-ee can
put limits on U2

µ [86]. The expected sensitivity from B meson decay at the FCC-ee corresponds to
the light orange line [86]. The limits on U2

µ from displaced lepton jet (solid) and prompt trilepton
(dashed) searches for 300 fb−1 and

√
s = 13 TeV at the LHC [76] are given as violet lines.
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Figure 6.5: These plots are updated versions of figure 7 from ref. [1] and show the limits on
the total U2 as a function of M̄ = (M1 + M2)/2 for NO (top panel) and IO (bottom panel)
that is consistent with leptogenesis and neutrino oscillation data. The parameter region that is
disfavoured by global constraints, as discussed in section 6.1, is given by the grey area. The upper
and lower bounds on the mixing (blue lines) are compared to the maximally achieved sensitivities of
future experiments: For a kinematic analysis of 106 τ− → νπ−π+π− decays at B-factories [82] the
conservative and the most optimistic 95% c.l. limits in U2

τ are given by the solid red and the dashed
red lines. The expected limit of the NA62 experiment on U2

τ via K+ → π+νν̄ with about 1013

400 GeV protons on target is given by the turquoise line for the scenario U2
e : U2

µ : U2
τ ∼ 0 : 0 : 1 [89].
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a hierarchy. We refer to appendix B.1 for a more detailed discussion. An interesting
question that will be addressed within this subsection is the following:

If U2 is fixed to a specific value, what is the range of U2
a/U

2 that generates the observed
BAU?

For a given flavour ratio U2
a/U

2, that is allowed by neutrino oscillation data, cf. figure 6.1,
we are interested in the maximally allowed U2 consistent with leptogenesis constraints.
As these flavour ratios are fixed uniquely by choosing the phases α2 and δ, the only free
parameters are ∆M , ω and the discrete ξ = ±1. Note that the dependence on the heavy
neutrino mass and on Reω disappears for large Imω or ε � 1, while we further consider
µ ' 0. Results are plotted in figure 6.6 for an average heavy neutrino mass M̄ = 30 GeV.
Figures 8-10 from ref. [1] show the dependence on different heavy neutrinos masses and
also provide a magnified view for the corners of large U2. In contrast to that, the present
study includes LNV effects.
Everything within the black lines can be explained with neutrino oscillation data. We

find for both neutrino mass hierarchies that the larger U2 can only be realised when re-
quiring the washout to be strongly flavour asymmetric, i.e. large U2 regions are pushed
to the corner of the areas. In case of NO, this happens for α2 = −2δ + π, when the elec-
tron couples minimally U2

e /U
2 ' 0.006, while for IO the electron has to couple maximally

U2
e /U

2 ' 0.94, which corresponds to α2 − α1 ≡ α2 = π. See appendix B.1 for a more de-
tailed discussion. The effect of the relative coupling of the muon U2

µ/U
2 with respect to the

coupling of the tauon U2
τ /U

2 in these corners is subdominant. A special feature happens
for IO. We find, as visible in figure 6.6, that the scenario of equal mixings U2

e = U2
µ = U2

τ

does not allow for large mixings U2. In absence of LNV effects, such a scenario fails to
account for the observed BAU, as leptogenesis requires a flavour asymmetric washout in
order to generate a sufficient amount of leptons charges. This effect has been shown in
figure 9 of ref. [1]. Note that this suppression is only visible for IO since the parameter
region is already excluded by neutrino oscillation data in case of NO.

6.3 leptogenesis at future lepton colliders: fcc-ee, ilc and cepc

Based on refs. [3, 4], this section discusses the perspectives of probing the low scale lepto-
genesis in the minimal seesaw model with two heavy neutrinos at future experiments. We
are particularly focusing on the proposed lepton colliders such as FCC-ee, ILC and CEPC.
Our discussion is based on heavy neutrinos with masses in the range 5 GeV < M̄ < 50 GeV,
i.e. on heavy neutrinos that are lighter than theW boson but heavier than B mesons. This
regime is interesting as it allows for the decay of real EW gauge bosons in order to produce
a large amount of heavy neutrinos. Note that for masses below 5 GeV heavy neutrinos
can be produced via meson decays and in fixed target experiments. In this case, SHiP,
B-factories and NA62 seem to be more promising, see in particular figure 6.2. The po-
tential of lepton colliders probing the leptogenesis parameter space has been investigated
in refs. [1, 68, 69, 71, 204, 205]. We aim to improve those outcomes as described in the
following three points:

• In contrast to previous studies, such as ref. [1], we do not only include LFV effects
from thermal scatterings but also effects from LNV decays and inverse decays. See
chapter 5 for a detailed analysis.
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Figure 6.6: This plot is taken from ref. [3] and generalises figures 8-9 from ref. [1] by including
LNV effects. The neutrino oscillation data allows for the region within the black lines. The largest
mixing angle U2 that is consistent with both the seesaw constraints and the observed BAU is
indicated by the corresponding colour from the plot legend. The top panel corresponds to NO,
while the bottom panel describes IO for two heavy neutrinos with an average mass M̄ = 30 GeV.
The largest viable mixing angles arise in the case of a highly flavour asymmetric flavour pattern,
i.e. for U2

a � U2. Figures 8-10 from ref. [1] show the dependence on different heavy neutrinos
masses and also provide a magnified view for the corners of large U2.
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• There is a crucial fact that most of the previous studies are missing: Leptogenesis
and the sensitivities of the experiments do not just depend on the total mixing
U2 but rather on the relative magnitudes of the mixing of the individual flavours
U2
e , U2

µ and U2
τ . Therefore, estimates on the potential of future experiments by

comparing the viable leptogenesis parameter space on the M̄ − U2
a planes to the

projected experimental sensitivities on the same planes, such as figures 6.2-6.5, are
not fully consistent. This is due to the fact that experimental sensitivities do not
only depend on U2 but also on the different U2

a . Therefore, a certain U2
µ for a given

mass M̄ might be consistent with an observation in an experiment and also with a
successful leptogenesis. However, as the U2

µ can correspond to different U2
e , such a

case does not necessarily guarantee that those heavy neutrinos that are discovered
in the experiments are able to generate the observed BAU. Within the following
analysis both the expected number of events in a given experiment and the BAU is
computed for each combination of leptogenesis parameters. This procedure manifests
the consistent check if both requirements are fulfilled simultaneously.

• We provide an estimate on the precision with which experiments are able to measure
the magnitude of the individual mixings U2

a . If heavy neutrinos will be discovered
in future experiments, it is the relative size of the U2

a compared to the total mixing
U2 that provides a strong test of the generation of light neutrinos masses and the
BAU within the minimal seesaw model.

Subsection 6.3.1 briefly discusses how heavy neutrinos can be tested at future collid-
ers such as FCC-ee, ILC and CEPC. In subsection 6.3.2 potential discoveries of heavy
neutrinos at these colliders are investigated, while subsection 6.3.3 describes with which
precision the heavy neutrino flavour structure can be measured.

6.3.1 Measurement of the low scale seesaw parameters at colliders

The following discussion should be understood as a short summary of section 4 in ref. [3].
An instructive review is given in ref. [74]. In order to test if a hypothetical signal at future
lepton collider coincides with the prediction from leptogenesis in a minimal seesaw scenario
a precise knowledge of the flavour mixings U2

a is crucial. It is this mixing that determines
the interaction strength of the heavy neutrinos with the surrounding SM leptons and thus
determines the lifetime, cf. the Lagrangian term (2.47). For heavy neutrinos with masses
between a few GeV and the mass of the W boson, the feeble mixing gives rise to relatively
long lifetimes that lie in the range between picoseconds up to nanoseconds [206]. As
a consequence, heavy neutrinos live long enough to travel a substantial distance before
decaying in the detector, ending up in a displaced vertex. A schematic illustration is given
in figure 6.7. Such signatures are exotic in a way that they allow for highly sensitive
tests of the mixing angles for heavy neutrinos with masses below the mass of theW boson.
Particularly interesting are future lepton colliders with high luminosities. For the following
discussion about displaced vertex searches we limit ourselves on LNC signatures, i.e. we
work in the B − L conserving limit with ε,µ → 0 as described in subsection 2.2.4. This
is justified since the region of successful leptogenesis that is accessible by experiments
requires large mixings, and consequently corresponds to the symmetry protected scenario.
Note that small deviations from this scenario are not drastically impacting the production
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Figure 6.7: The feeble mixing of the heavy neutrinos to the SM leptons ends up in long lifetimes.
This yields exotic signatures in form of displaced vertices, the visible displacement of the vertex
from the interaction point. Such signatures allow to look for heavy neutrinos down to smallest
active-sterile mixings. This figure is taken from ref. [3].

and decay rates, which is why results from ref. [73] for displaced vertex searches in the
symmetric limit are considered.
The following three proposed future lepton colliders with their different specific physics

programs are studied:

• Under these three colliders the FCC-ee is the most powerful when it comes to the
luminosity. It is planned to have a high integrated luminosity of 110 ab−1 in the
Z-pole run.

• The ILC is planned to run both at the Z-pole and also at 500 GeV center of mass
energy with integrated luminosities of L = 0.1 ab−1 and L = 5 ab−1, respectively.

• Besides the ILC, also the CEPC is going to run at two energies, both at the Z-
pole and also at 240 GeV center of mass energy with an integrated luminosity of
L = 0.1 ab−1 and L = 5 ab−1, respectively.

production of heavy neutrinos: In general, heavy neutrino production at
lepton colliders happens in processes where electron and positrons decay into an electron
neutrino and a heavy neutrino e+e− → νN . These processes can either happen in the
s-channel and in the t-channel. The s-channel production is dominant at the Z-pole run,
where the intermediate particle is the Z-boson. For center of mass energies of both 240 GeV
and 500 GeV it is the t-channel process, where the W boson is exchanged, that dominates
the production of the heavy neutrinos. As a consequence, the cross sections σνN at the
Z-pole only depend on the total U2, while the productions above the Z-pole are sensitive
to U2

e .

decay channels of heavy neutrinos: There are four possible decay channels
for the heavy neutrinos: the semileptonic channel (N → `Ljj), the leptonic channel (N →
`L`Lν), the hadronic channel (N → jjν), and the invisible channel (N → ννν). We
are particularly interested in probing the flavour mixing angle U2

a . For this reason, the
semileptonic decays providing a charged lepton of flavour a seem to be the most promising
ones in order to test the flavour patterns. A detailed discussion about the expected
number of events, that depends on the probability of particle decays within the detector,
the branching ratio and the cross section, is given in section 4 of ref. [3]. In the present work
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we randomise over the fundamental model parameters. Every set of these parameters leads
to certain mixings U2

a that can be directly translated to the expected number of events
via the methods described in ref. [3].

guaranteed and potential discovery: With the discussion above, the total
number of expected displaced vertex events should depend on U2 for collider searches at
the Z-pole. In contrast, in case of W boson exchanges in the t-channel, these expected
numbers also depend on U2

e . Therefore, the total rate depends on U2
e differently as on U2

µ

and U2
τ . As a consequence, the total number of expected events cannot be fixed solely

by U2 and M̄ . For a fixed U2 there exists two scenarios. First, the guaranteed discovery,
where all the model parameters that lead to that U2 can explain leptogenesis. Second,
the potential discovery, where there exists at least one set of parameters for the given U2

that is in agreement with leptogenesis. In both cases we require the expected number of
events to be four or higher in order to call such an event a discovery. The distinction is
particularly interesting for ILC and CEPC for center of mass energies above the Z-pole,
cf. the dashed lines in figure 6.8.

6.3.2 Sensitivities for different right-handed neutrino masses

The region in the M̄ − U2 plane that is consistent with leptogenesis and with neutrino
oscillations data as well as for which a detection of heavy neutrinos via displaced vertex
searches is possible is given in figure 6.8.
The experimentally disfavoured region is shown in grey and corresponds to the combined

global constraints, cf. the discussion in section 6.1. The upper bound is mainly given by
constraints from DELPHI [169, 207]. Note that constraint from displaced vertex searches
from LHCb, cf. ref. [203], are not taken into account. In the mass region of 5 GeV and
10 GeV, these are only marginally more sensitive. However, these do not directly probe
U2 but mainly U2

µ. The lower bound is given by the seesaw line, i.e. it is due to the fact
that the Yukawa couplings have to be small enough in order to explain the light neutrino
masses. We find that the leptogenesis lower bound is below that seesaw line, which is why
we do not plot it here. The leptogenesis upper bound, i.e. the maximal U2 for a given M̄
that can explain the observed BAU is shown in blue.
We distinguish between NO (left column) and IO (right column). Further, we limit the

discussion to masses in the range M̄ < 50 GeV because the uncertainty in the set of equa-
tion (5.153) and (5.154) that describes leptogenesis increases, particularly the relativistic
approximation breaks down, for larger masses. The collider sensitivity lines correspond
to a detection of heavy neutrinos with at least four events. We find that FCC-ee covers
the largest part of the parameter space that is consistent with leptogenesis. Therefore, it
is most capable to probe heavy neutrinos. Further, ILC and CEPC turn out to perform
better for IO than for NO, in particular the runs with higher center of mass energies.
In contrast, there are too little events for ILC and CECP in case of NO. This can be
explained with the constraints from neutrinos oscillation data. As figure 6.1 shows, the
electron coupling to the heavy neutrinos is suppressed compared to the muon and tauon
mixing. Since the electron corresponds to the dominant production channel for runs with
center of mass energies above the Z-pole, the number of events are small.
Note that ILC and CEPC with higher center of mass energies do not only depend on

the total U2 but also on the U2
e . The solid lines tells that for the given U2 there are
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Figure 6.8: This plot is taken from ref. [3]. The largest possible U2 for given average heavy
neutrino mass M̄ that is consistent with leptogenesis is shown in blue. Upper bounds on U2, for
which at least four displaced vertex events from heavy neutrinos consistent with leptogenesis are
expected at future lepton colliders such as FCC-ee, are displaced by the coloured lines. Solid
lines correspond to a guaranteed discovery, while the dashed lines correspond to a potential dis-
covery. The top grey area is excluded by DELPHI, while the bottom grey area, the seesaw line,
is disfavoured by neutrino oscillation data. Note that in this mass range the lower bound from
leptogenesis is lower than the seesaw line. A more detailed discussion is given in the main text of
subsection 6.3.2.
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parameter points that can explain the BAU. In contrast, the dashed line means that all
the parameter points which lead to the given U2 can explain leptogenesis. Therefore, the
solid line describes a potential discovery, while the dashed line corresponds to a guaranteed
discovery. See section 6.4 and appendix B.1 for a detailed discussion about the parameter
degeneracies.
It is worth mentioning that CEPC is planned for a much shorter run time at the Z-pole

compared to FCC-ee since the priority given the Higgs measurements, i.e. at 240 GeV. If
the CEPC run time is increased, we expect sensitivities close to the ones of FCC-ee. A
comparison plot is shown in figure 4 from ref. [3].
Note that large number of events from displaced vertices can be observed, particularly

at FCC-ee, see figures B.1. As discussed in the next subsection, such large numbers can
allow for accurate measurements of the flavour composition.

6.3.3 Precision for the different flavour ratios

Precision values with which FCC-ee, ILC and CEPC are able to measure the flavour ratios
U2
a/U

2 are shown in figures 6.9 and 6.10. The capability of these experiments to measure
a huge number of displaced vertex events, see figures B.1-B.3, does not only allow for
a detection of heavy neutrinos but also able to measures the flavour dependent mixings
U2
a/U

2.
Within figures 6.9 and 6.10 we use almost mass degenerate heavy neutrinos with an

average mass of M̄ = 30 GeV. The individual coloured regions indicate the precision with
which the experiments are able to measure the flavour ratios. Ref. [3] provides a detailed
discussion about the precision measurement by using Poisson statistics when relating the
expected number of events for a given SM flavour a to semileptonic events. In this case we
follow an conservative approach, i.e. we take the lowest achievable precision value for each
bin in the U2

a/U
2 − U2 plane. Note that the precision for U2

a/U
2 does not only depend

on the flavour a but also on the other flavours b 6= a. This effect is not straightforward,
which is why we do not show it explicitly in the plots.

As discussed before, neutrino oscillation data forces the flavour ratio U2
e /U

2 to be small
for NO, cf. figure 6.1. Therefore, the other flavour ratios are measured with a higher
precision. In contrast to that, the best precision is given for U2

e /U
2 for IO. Within the

different experiments, see figures 6.9 and 6.10, FCC-ee allows for the best precisions, i.e. at
the percent level, which is due to a large number of events. In case of IO there are parts
in the parameter space which can be tested with a precision up to 5% at ILC and CEPC.
Note that for masses lower than M̄ = 30 GeV more events can be measured, which allows
for even better precisions.
A feature of IO is that there are prominent spikes, see e.g. figure 6.9. These are due

to leptogenesis at large U2, which requires a flavour asymmetric washout, as discussed
in more detail in appendix B.1. Since neutrino oscillation data for two heavy neutrinos
puts certain limits on the flavour ratios U2

a/U
2, see figure 6.1, the electron has to couple

maximally. In this case we find U2
e /U

2 ' 0.94, what explains the spike in the bottom left
panel of figure 6.9. Thus, the requirement U2

µ/U
2, U2

τ /U
2 � U2

e /U
2 explains the peaks

for the other two plots in the lower panel of figure 6.9. Note that the maximal height of
these peaks must be equally high for all the flavours. In comparison, such peaks are not
visible for NO. This is because, neutrino oscillation data combined with large U2 from
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leptogenesis require the electron to couple minimally, i.e. we find U2
e /U

2 ' 0.006. Thus,
the allowed range for the other flavour ratios is quite large.

how to interpret these plots: Provided that heavy neutrinos are discovered
in future experiments, a measurement of the flavour ratios U2

a/U
2 combined with con-

straints from neutrino oscillation data can allow to test if these are responsible for the
light neutrino masses. Figures 6.9 and 6.10 provide an estimate of how precise a mea-
surement of U2

a/U
2 can be performed at the future colliders FCC-ee, ILC and CEPC. If

all three flavour ratios U2
a/U

2 are measured with a sufficient precision, figure 6.6 then
allows, with the given precision, to see if these flavour ratios are within the given areas
that are allowed be neutrino oscillation data. This does either support or falsify the hy-
pothesis that heavy neutrinos are the origin of the light neutrino masses and that they
can simultaneously explain the observed BAU.
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6.4 testability of the model

Leptogenesis with two heavy neutrino requires them to be almost mass degenerate in order
to able to explain the observed BAU via leptogenesis, cf. chapter 5 for a detailed discussion.
With a potential detection of heavy neutrinos in future experiments it is desirable to gain
a full reconstruction of the fundamental parameters appearing in the low scale seesaw
Lagrangian (2.46). Within this chapter we have assumed that future experiments are not
able to resolve such a mass degeneracy. Therefore, only U2

a can be measured for the three
SM flavours instead of U2

ai. If heavy neutrinos are detected in future experiments, figure 6.1
together with the analytic expressions from appendix B.1 imply that a measurement of
the individual U2

a allows to extract Imω. However, α and δ cannot be uniquely obtained
from such a measurement due to degeneracies as described in appendix B.1. Further, ∆M
and Reω as the remaining crucial parameters for leptogenesis cannot be inferred from such
as measurement neither. See refs. [1, 7] for a detailed discussion.
Nevertheless, an independent measurement of δ would not only help to predict the

heavy neutrino flavour patterns but would also proof the fact that there is CP violation
in the lepton sector of the SM. This is in general possible at future neutrino oscillation
experiments, such as NOνA or DUNE. In principle it is also possible to determine Reω
if 0νββ decays are observed, cf. refs. [1, 7] for discussions, provided that M̄ is smaller
than a few GeV [208–210]. Ref. [3] describes which ∆M are possible within successful
leptogenesis and provide possible ways of how to determine them future experiments.
In the following we discuss under which circumstances the low scale seesaw is a fully

testable theory of light neutrino masses and leptogenesis.

reconstruction of the parameters: Provided that the masses of the two
heavy neutrinos can be resolved in some experiment, a measurement of all U2

ai implies a
determination of the phases (δ, α2) and the complex angle ω uniquely up to the physical
transformation (δ, α2,Reω) → (−δ, 2π − α2,−Reω), cf. appendix B.1, while M̄ and ∆M
could be determined from the kinematics. A sufficiently precise measurement of δ at
future neutrino oscillation experiments combined with mass resolutions that are allow
for independent measurements of U2

a1 and U2
a2, would allow to fully reconstruct all the

fundamental parameters in the Lagrangian.
Given a resolution that is too low to distinguish the different heavy neutrino states, this

only allows for a measurement of the three U2
a . This comes along with a physical invari-

ance, in contrast to the unphysical one in appendix B.1, under another transformation on
the phases, which, however, has no analytic form since it requires solving trigonometric
functions from appendix B.1. Note that this degeneracy cannot be broken by a measure-
ment of δ. In such an approximate degenerate case M1 'M2 ' M̄ and in the limit ε→ 0,
the dependence of U2

a on Reω vanishes. Thus, both ∆M and Reω cannot be constrained
by the oscillation data and a measurement of U2

a alone. However, it is possible to uniquely
fix Imω by measuring U2

a as U2 does not depend on ξ. Note that for ε � 1 the flavour
ratios U2

a/U
2 are independent of ω and M̄ but are completely fixed the phases (α, δ). As

a consequence, the possible determination of δ with a sufficient high precision combined
with the measurement of the individual U2

a can provide a powerful test of the seesaw mech-
anism as the origin of the light neutrino masses, simply because not every set (U2

e , U
2
µ, U

2
τ )

can be achieved by varying the different phases (α2, δ) and Imω, see figure 6.1.
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Figure 6.10: This plot is taken from ref. [3] and shows the maximally achieved precision with
which U2

a/U
2 with a = e, µ, τ can be measured at the ILC at a center ofmass energy of

√
s = 90GeV

(top, left) and
√
s = 500GeV (top, right), respectively, as well as at the CEPC at a center of mass

energy of
√
s = 90GeV (bottom, left) and

√
s = 240GeV (bottom, right), respectively. NO is

shown in the top line, while IO is given in the lower line. Leptogenesis works within the black
contour. Two almost mass degenerate heavy neutrinos with M = 30GeV are considered. In
contrast to figure 6.9, only these four channels can be tested with precision higher than 50%. All
the other channels, e.g. the ones that test U2

µ/U
2 and U2

τ /U
2 at the CEPC and ILC are not shown

here because the maximally achieved precision for all U2 consistent with leptogenesis is below 50%.
A more detailed discussion is given in the main text of subsection 6.3.3.
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CONCLUS ION

7.1 summary

Both the observed BAU and the neutrino flavour oscillations are phenomena that cannot
be explained by the SM alone. Within this thesis we have worked on two well-motivated
models that can solve these puzzles: EW baryogenesis and leptogenesis from oscillations of
GeV-scale heavy RH neutrinos in the early universe. All the calculations have been done
within non-equilibrium field theory based on the CTP approach by Schwinger and Keldysh.
Kinetic equations have been derived from the 2PI effective action. This formalism implic-
itly provides the correct description of the physical screening for the different particles.
In particular, the particles receive a finite width and a thermal mass due to interactions
with the surrounding plasma. Therefore, IR divergences, that appear in several tree-level
scattering diagrams, are directly regulated. In general, these kinetic equations are not
easy to solve. A convenient way to solve these equations is to transform them into Wigner
space. In this case the observables such as the two-point functions only depend on the
momentum k and on the average macroscopic space-time coordinate x that is e.g. given
by background fields, such as the bubbles of broken symmetry during the EWPT. For the
processes discussed in this thesis, the change of x is smaller than the typical energy scale
of the particles in the plasma |k| ∼ T , such that ∂x � |k|. Therefore, a simplification
arises when truncating the relevant equations to first non-vanishing order in gradients.
One possible way to explain the observed BAU is given by EW baryogenesis that hap-

pens during the EWPT. Provided that the PT is strongly first-order, which is only viable
when extending the SM by new fields that couple significantly to the SM, CP -violating
interaction with the walls of bubbles with broken EW symmetry lead to CP asymmetries,
that diffuse ahead of the walls. Particularly asymmetries of LH fermions are transferred
into asymmetries in the baryons via EW sphalerons, that are fast in the symmetric phase.
As soon as the expanding bubbles sweep up these asymmetries, these are prevented from
being washed out since the rate of EW sphaleron transitions is suppressed in the broken
phase. When solving a network of diffusion equations, one finds that the final asymmetry
is sensitive to the diffusion constants of the different SM particles. The determination of
the diffusion constants happens when solving a Boltzmann-like transport equation in the
CTP formalism. The diffusion constants are inverse-proportionally related to the collision
term that takes account of all the scattering information. Within a leading order study in
the couplings, i.e. when only considering 2↔ 2 scattering processes, the collision term is
divided into one-loop self-energy diagrams and two-loop vertex type diagrams. The self-
energy type diagrams are IR enhanced for processes from the exchange of gauge bosons
and fermions. This is due to HTL contributions in the t-channel. As an implicit feature
of the CTP formalism fully resummed propagators exhibit a finite width behaviour due
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to continuous interactions with the surrounding plasma and also account for the thermal
mass shell. Relevant diffusion constants are computed based on a variational approach by
refs. [132, 133]. The outcomes of chapter 3 and 4 are the following:

• Resummed propagators, that are dressed by particle interactions with the plasma,
are derived from first principles in the 2PI CTP formalism. The spectral self-energies
give rise to an effective width, while the Hermitian self-energies enter the dispersion
relation. We list a complete set of one-loop self-energies for the SM particles. The
Hermitian parts are computed in the HTL limit. In contrast, full analytic solutions to
the spectral parts are computed. In particular, an analytic expression for the spectral
part of both transverse and longitudinal gauge boson self-energies is provided.

• The IR enhanced self-energy type contributions are softened by the use of the dressed
propagators. Therefore, the main contribution is given when momenta of the ex-
changed particles are of the order of the HTL parts of the Hermitian self-energies,
i.e. for |q| ∼ gT . This leads to leading logarithmic contribution to the diffusion
constants. We find that not only transverse and longitudinal modes of the gauge
bosons but also fermions and plasminos are equally important.

• It turns out that the individual contributions from the vertex-type diagrams are
divergent for soft momentum exchanges. However, we find certain symmetry proper-
ties that lead to a cancellation of these divergences when summing up all the relevant
contributions. To leading order in the coupling it is then sufficient to use free prop-
agators instead of fully resummed ones. Consequently, those diagrams only give a
leading linear contribution to the diffusion constants, that is subdominant compared
to the leading logarithmic contribution from the self-energy type diagrams.

• In contrast to previous results [139] we find that diffusion constants for the RH lep-
tons are by a factor of approximately two larger, which eventually slightly enhances
the final generated baryon charge. In addition, the diffusion constant for the Higgs
is calculated.

Another well-motivated scenario that can explain the BAU is obtained by extending the
SM by heavy RH neutrinos. These can not only generate the BAU via leptogenesis but
can also explain the light neutrino masses via the type-I seesaw mechanism. In the first
proposed scenarios of leptogenesis [17] this happens via CP -violating decays of superheavy
RH neutrinos. To be in agreement with neutrino oscillation data the mass of the lightest
RH neutrino needs to be larger than 109 GeV. Even though resonant leptogenesis scenarios
can push this limit down to the TeV-scale it is difficult to test these scenarios in near future
experiments. In terms of such a detection we consider the scenario that generates the BAU
via oscillations of heavy RH neutrinos during their production. We limit our discussion to
the minimal model of two almost mass degenerate heavy neutrinos in the low GeV-range
that leaves the lightest SM neutrino massless. Baryogenesis happens in three regimes that
are classified by three time-scales: the oscillation time-scale zosc determines the time of
the first oscillation, zeq corresponds to the time when the first RH comes into equilibrium
with the primordial plasma. Eventually, zws determines the time of the EW sphaleron
freeze-out, after which B becomes a conserved quantity. An analytic understanding of the
baryon charge generation is given in the following regimes:
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In the oscillatory regime, i.e. for zosc � zeq < zws, lepton flavour asymmetries are
produced within the first few oscillations at z ' zosc. In the absence of LNV effects there
is no total lepton charge at this stage. However, the LFV washout leads to a transfer of
the different flavour asymmetries La into the sterile sector such that the generalised lepton
number is still conserved but L is indirectly violated. Since the EW sphalerons only couple
to LH leptons, L is partially transferred into B. One needs to require that the washout
is incomplete such that at least one of the heavy neutrinos remains out-of-equilibrium at
z ' zws as otherwise B would be completely washed out. Such a late washout compared
to the early oscillations is only possible when the Yukawa couplings are sufficiently small.
This allows for a perturbative treatment of this regime.

In the approximate B −L conserving limit, cancellations in the Yukawa matrices allow
for mixing angles that are much larger than the naive seesaw expectation (2.58). This
scenario is preferred in the overdamped regime where the strongly coupled heavy neutrino
interaction state equilibrates long before any oscillation has happened. In contrast, there
is a feebly coupled eigenstate that decouples from the theory in the exact B − L con-
serving limit. Approximate analytic solutions can be found by relying on a quasi-static
approximation for the evolution the strongly coupled eigenstate. This allows to express
the evolution of the heavy neutrinos and also the flavoured asymmetries in terms of the
weakly coupled eigenstate. Due to the large Yukawa couplings the washout is rather strong
and might erase all generated asymmetries before the EW sphaleron freeze-out. In case of
two heavy neutrinos, this can be prevented if the mass degeneracy of the heavy neutrinos
is increased, which leads to a later washout at z ∼ zws. Therefore, there is no time for
the washout to effectively erase the asymmetries. In contrast to the oscillatory regime,
parameter choices that lead to the overdamped behaviour give rise to large active-sterile
mixing angles, increasing the chance of an experimental detection of heavy neutrinos in
near future experiments.
Based on refs. [2] and some discussions of refs. [1, 3] the results of chapter 5 are the

following:

• Evolution equations for heavy neutrinos and SM leptons have been derived from first
principles within the non-equilibrium CTP formalism. Thermal masses, backreaction
effects from the asymmetries that are generated via the heavy neutrino oscillation,
as well as spectator effects turn out to be important and are taken into account in
our study.

• Effects that violate the generalised lepton number via 1 ↔ 2 (inverse) decays are
included and the corresponding transport coefficients are computed in a momentum-
averaged framework. We find parameter regions in which such effects are important
and can have a sizeable effect on the baryon charge generation. Particularly in the
overdamped regime, these can lead to an early equilibration of the feebly coupled
eigenstate such that washout has more time to erase the generated asymmetries.

• For both the oscillatory and the overdamped regime we find approximate analytic
solutions that are consistent up to O(1) correction when being compared with the
numerical solutions.

In order to decide if the heavy neutrinos are the common origin of the light neutrino
masses and the observed BAU, it is of great interest to detect them in future experiments.
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Consistency of these two phenomena imposes constraints on their masses, their coupling
to the SM particles and on their CP -violating properties. The fact that leptogenesis
from oscillations of heavy neutrinos allows for masses in the GeV-range makes the seesaw
a testable model. Given the minimal model that extends the SM by only two heavy
neutrinos only comes with four new parameters, i.e. the heavy neutrino masses M1,2 and
the complex mixing angle ω. An experimental discovery is most likely for large mixing
angles U2. These are consistent with the light neutrino masses if heavy neutrinos are
almost mass degenerate, such that ∆M � M̄ . This is naturally motivated as the seesaw
Lagrangian in this case features an approximate B − L symmetry.
Not all future experiments are capable to resolve the two different heavy neutrinos,

i.e. the mass difference ∆M cannot be measured. Therefore, a detection of heavy neutrino
could only determine U2

a instead of U2
ai. Further, the large U2 that are favoured by

experiments for a discovery signal require large Imω. In this case, the observables are
insensitive to Reω and ∆M , as crucial parameters for leptogenesis. It is shown that
leptogenesis is not fully testable if the mass resolution is too weak, in the sense that all
fundamental parameters can be reconstructed, even if the Dirac phase will be measured
by neutrino oscillation experiments to s sufficient precision. Nevertheless, a measurement
of heavy neutrinos can constrain the parameter space severely and provides a consistency
check of the light neutrino mass generation via the seesaw mechanism and the baryon
charge generation via leptogenesis.
Particular focus has been placed on the future collider FCC-ee in the electron positron

mode with in integrated luminosity of L = 110 ab−1 for the Z-pole run, the ILC running at
both the Z-pole and at a center of mass energy energy of

√
s = 500 GeV with L = 0.1 ab−1

and L = 5 ab−1, respectively, as well as the CEPC with L = 0.1 ab−1 and L = 5 ab−1 at
the Z-pole and at

√
s = 240 GeV, respectively. These experiments are very sensitive via

displayed vertex searches in the parameter region where heavy neutrinos can explain both
the BAU and the light neutrino masses.
The outcomes of chapter 6, based on ref. [3], concerning the test of the low scale seesaw

and leptogenesis are the following:

• In case of large degeneracies in the heavy neutrino masses and for comparably large
Imω, the flavour ratios U2

a/U
2 are determined solely by the light neutrino parameters.

Besides the Majorana phase α, these parameters might be determined in the near
future.

• Combined constraints from past experiments, such as direct and indirect searches,
and the requirement of not jeopardising the successful predictions of the BBN can
strongly constrain the parameter regions for U2

a .

• The viable range for the mixings U2
a consistent with leptogenesis and neutrino oscil-

lation data is found and is compared to the reach of future experiments, in particular
to FCC-ee, ILC and CEPC.

• The FCC-ee can test a substantial part of the leptogenesis parameter space at the
Z-pole run. The ILC and CEPC are also able to test a significant part of the low
scale seesaw parameter space for IO when running with center of mass energies of√
s = 500 GeV and

√
s = 240 GeV, respectively. For NO the Z-pole run of both ILC

and CEPC can discover heavy neutrinos.



7.2 outlook 159

• Due to large number of displayed vertex events, particularly the FCC-ee is able to
test the flavour ratios U2

a/U
2 with a precision at the percent level. A precision of

10% to 5% is anticipated for ILC and CEPC for IO. A sufficient measurement of
these ratios can provide a consistency check of the light neutrino mass generation.

• A measurement of the individual U2
a will be a powerful test of the minimal low scale

leptogenesis. This even holds if the mass degeneracy that is necessary for successful
leptogenesis is too large to be resolved and if Imω � 1, which makes the U2

a be
insensitive to ∆M and Reω. For given U2 and M̄ the requirement of fulfilling
leptogenesis imposes constraints on U2

a/U
2. A detection of heavy neutrinos within

these regions can be circumstantial evidence for leptogenesis.

7.2 outlook

Different aspects regarding the computation of the diffusion constants, cf. chapter 4 need
be investigated in future works:

• The calculation of the diffusion constant do not take flavour changing Yukawa inter-
actions into account. This effect seems to affect the found results at O(1) and has
to be included in future works.

• We neglect close-to-collinear effects that are due to an arbitrary number of soft
scatterings during the emission. This so-called Landau-Pomeranchuk-Migdal (LPM)
effect, cf. e.g. ref. [140], might affect the diffusion constants at leading linear order.
However, we expect that the numerical values for the diffusion constants are not af-
fected sizeably by these effects since the leading logarithmic contributions dominate.

The discussion about leptogenesis from oscillations of heavy RH neutrino, cf. chapter 5,
suffers from the following issues which need to be clarified in future works:

• The derivation of the evolution equations is based on a momentum-averaged ap-
proach. Due to the fact that the heavy neutrinos are out-of-equilibrium after their
production, such a treatment is expected to induce an error of O(1).

• Particularly when relating the different charges to each other via spectator effects, we
assume that all the SM Yukawa interactions are in equilibrium. However, this is only
true for temperatures T . 105 GeV when the electron has eventually equilibrated.
This may overlap with the regime that is physically interesting, since the oscillations
of the heavy neutrinos may have already started at these temperatures.

• We use the simplified assumption of a sudden freeze-out of the EW sphalerons.
However, EWSB in the SM happens via a crossover. This does not only modify
the spectator effects but also affects the baryon charge generation in the strongly
overdamped regime during the crossover.

• While the approximate analytic solutions in the oscillatory regime hold for an arbi-
trary number of heavy neutrinos, the treatment of the overdamped regime is based
on two heavy neutrinos. Extensions to three or more heavy neutrinos might be of
interest for phenomenological studies.
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• A suppression of the baryon asymmetry can be caused by the Higgs EV if the
asymmetry is generated during the crossover at z ∼ zws. Although only a small
fraction of the parameter space is actually affected by this effect, it is important to
resolve this issue in future works.

• Our discussion is based on a relativistic treatment. Therefore, for heavy neutrino
masses close to the EW scale this approximation begins to break down.

Heavy neutrinos can not only explain the light neutrino masses via the seesaw mech-
anism but can also account for the observed baryon asymmetry of the universe via lep-
togenesis. Future experiments, such as FCC-ee, ILC and CEPC, are capable to test a
substantial part of the viable parameter space. Provided that heavy neutrinos are discov-
ered in the future, a measurement of the magnitude of their couplings to the SM leptons
can allow for a determination of all model parameters in some parts of the parameter
region. This would make the seesaw mechanism a fully testable theory of baryogenesis
and neutrino masses.



A
TECHNICAL IT IES FOR QUAS IPARTICLES AT F IN ITE
TEMPERATURE

This appendix provides additional calculations that are needed to correctly describe the
properties of quasiparticles at finite temperatures.
Section A.1 investigates the decomposition of gauge bosons into transverse and longi-

tudinal modes at high temperatures. In sections A.2 and A.3 detailed computations of
the Hermitian and spectral self-energies are given, from which the HTL approximated
expressions of chapter 3, that describe the dispersion relation and damping behaviour of
quasiparticles, can be deduced. Section A.1 provides an integral technique, motivated by
ref. [211], that is useful to numerically evaluate the contribution of the diffusion constants
that arises from vertex type diagrams, cf. chapter 4.

a.1 gauge bosons at finite temperature

The following discussion about gauge bosons at finite temperatures is based on ref. [128].
Note that the Ward identity

kµΠab
µν(k) = 0 , (A.1)

for the gauge boson self-energy is not only fulfilled at zero temperature but also at finite
temperature.1 At non-zero temperature Πµν(k) is not only a linear combination of the
symmetric tensors gµν = diag(1,−1,−1,−1) and kµkν but also depends on the plasma
vector uµ = (u0,u) that is due to the local rest frame of the thermal medium. It fulfils
uαuα = 1 and allows for the symmetric tensors uµuν , kµuν + uµkν and gµν . The local
frame of the medium breaks Lorentz invariance and allows for non-zero thermal masses
for the gauge bosons. Further, in addition to the two transverse modes, a longitudinal
mode arises at finite temperatures, such that the self-energy

Πab
µν(k) = PT

µν(k)Πab
T (k) + PL

µν(k)Πab
L (k) , (A.2)

can be expressed in terms of the transverse and longitudinal projectors

PT
µν(k) = ḡµν + k̄µk̄ν

|k|2 , (A.3)

PL
µν(k) = − 1

k2|k|2 (|k|2uµ + ωk̄µ)(|k|2uν + ωk̄ν) , (A.4)

1 Ref. [212] states that the HTL parts of the gauge boson self-energies satisfy the Ward identity in both
abelian and non-abelian gauge theories. However, beyond the HTL approximation the Ward identity is
only fulfilled in abelian theories. When looking at eqs. (3.96)-(3.98), one can verify analytically that this
argument also holds in non-abelian theories at least at one-loop order.
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with ḡµν = gµν − uµuν and k̄µ = kµ − ωuµ and the two Lorentz scalars

ω = kαuα , (A.5)
|k| =

√
ω2 − k2 . (A.6)

The projectors are directly transverse with respect to the four momentum kµ

kµP
µν(k) = kµQ

µν(k) = 0 , (A.7)

and consequently fulfil eq. (A.1) by construction. Further, the projectors fulfil the orthog-
onality relations

(PT)µα(PT)αν = (PT)µν , (PL)µα(PL)αν = (PL)µν , (PT)µα(PL)αν = (PL)µα(PT)αν = 0 , (A.8)

while the traces are correspond to the number of degrees of freedom:

(PT)µν(PT)µν = (PT)µµ = 2 , (A.9)
(PL)µν(PL)µν = (PL)µµ = 1 . (A.10)

Note that within this thesis we work in the frame of the medium without loss of generality,
such that we use uµ = (1,0) and hence ω = k0. This implies the simple expressions
ḡµν = diag(0,−1,−1,−1) and k̄ = (0,k). Eventually, the transverse and longitudinal
parts can be solely written in terms of the two contractions Π00 and Πµνg

µν :

ΠL = − k2

|k|2u
µuνΠµν = − k2

|k|2 Π00 , (A.11)

ΠT = −1
2ΠL + 1

2g
µνΠµν . (A.12)

a.2 computation of hermitian self-energies

The Hermitian self-energies are obtained by solving eq. (3.16). It is more convenient
to write the self-energies in terms of the (anti-)time-ordered self-energies. These can
be expressed in terms of the tree-level (anti-)time-ordered functions (3.79) and (3.80),
which have a temperature dependent and a vacuum part. While the pure temperature
parts cancel in the Hermitian self-energy, the combination of temperature dependent and
vacuum parts survive. Note that the Hermitian self-energies also have a pure vacuum
contribution, which can be neglected in the present study. The mixed term give rise to
principal values

PV 1
x
≡ 1

2

( 1
x+ iε + 1

x− iε

)
. (A.13)

As an expansion in the coupling finite width effects are neglected, which is a justified
assumption in the SM due to small couplings. Further, thermal masses are neglected as
an higher order effect in the temperature.
In contrast to the spectral self-energies, all the diagrams displayed in figures 3.4, 3.5

and 3.6 do contribute to the Hermitian parts. The evaluation of the tadpole and seagull
contributions is rather trivial compared to the sunset contributions. This is because these
are already of the HTL form. The computation of the sunset diagrams can be simplified
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up to one-dimensional integrals over the outer momenta. As these are non-trivial to solve,
these are eventually evaluated in the HTL limit, whole keeping a subdominant remainder.
In this case the decomposition can be employed,

GH = GH HTL +GH rem , (A.14)

where only GH HTL is evaluated analytically.

higgs field: The one-loop self-energy expression for the Higgs is given by eq. (3.86)
with the sunset contributions (3.87) and (3.88), as well as by the tadpole and seagull
contributions (3.90) and (3.91). With the considerations above the Hermitian self-energy
for the Higgs field is given by

ΠH
φ (k) = −Gφ

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)(k + q)2

×
[
PV 1

p2 2πδ(q2)fφ(|q|) + PV 1
q2 2πδ(p2)fV (|p|)

]
+ 2Nch

2
t

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)p · q

×
[
PV 1

p2 2πδ(q2)fψ(|q|) + PV 1
q2 2πδ(p2)fψ(|p|)

]
+ (4Gφ + 6λ)

∫ d4p

(2π)4 2πδ(p2)fB(|p|) . (A.15)

The non-sunset contributions, i.e. the last line of eq. (A.15), can be solved when making use
of the freedom to choose the spatial momentum to point into z-direction. Thus, the angle
integrals contribute with a factor 4π. The zeroth component integral can be truncated via
the delta function that puts the particles on-shell. The last integral is then given by∫ ∞

0
d|p||p|fF(|p|) = π2

12T
2 , (A.16)∫ ∞

0
d|p||p|fB(|p|) = π2

6 T
2 . (A.17)

In case of the sunset diagrams, the four-dimensional delta function can be used to
truncate one of the four-dimensional integrals. Analogously, the one-dimensional delta
functions that put the particles on-shell eliminate the remaining zeroth component integral.
The remaining three-dimensional integral can be further truncated in analogy to the non-
sunset contributions when making use of the freedom to choose the spatial momentum to
point into z-direction. However, the polar angle integral, i.e. the d cos θ integral, can be
performed analytically in the principal value sense, while the azimuthal integral contributes
with a factor 2π.

Eventually, the whole system can be reduced to a single integral over the outer three-
momentum. The term that is of the from of eqs. (A.16) and (A.17) can be calculated can
be evaluated accordingly and is referred to as the HTL contribution

ΠH HTL
φ (k) =

(
Gφ
4 + Nch

2
t

12 + λ

2

)
T 2 , (A.18)
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while the remainder is given by

ΠH rem
φ (k) = k2

16π2|k|

∫ ∞
0

d|p|L−(|p|)
(
4Gφfφ(|p|) + 2Nch

2
t fψ(|p|)

)
, (A.19)

L±(|p|) = log
∣∣∣∣ |p|+ ω+
|p|+ ω−

∣∣∣∣± log
∣∣∣∣ |p| − ω+
|p| − ω−

∣∣∣∣ , (A.20)

with ω± = (k0 ± |k|)/2. Note that the Hermitian self-energies are used to regulate the
spectral propagators, such as eq. (3.52), in order to prevent them from an IR divergence
for small k2, where k is the off-shell momentum of the Hermitian self-energy. In this case
k2 usually dominates over ΠH(k) for non-small k2. For smaller k2, ΠH becomes important,
namely when k is smaller than the soft scale: k2 � g2T 2. Therefore, it is sufficient to use
the HTL approximation. This allows to assume hard loop-momenta |p| � |k|, |k0| and
further |p|2 � k2. Within this approximation one has

L−(|p|) ' 2 |k|
|p| , L+(|p|) ' −2k

0|k|
|p|2 . (A.21)

Thus, ΠH rem
φ receives contributions of order k2 and k2 log T , see also ref. [128]. As a

consequence, one can conclude that ΠH HTL
φ dominates over ΠH rem

φ at high temperatures.

fermions: In analogy to the Higgs field the Hermitian fermion self-energy is given by
eqs. (3.92) and (3.16),

6ΣH
ψ (k) = 2GψPR,L

∫ d4p

(2π)4
d4q

(2π)4 (2π)4δ4(q − p− k)6q (A.22)

×
[
PV 1

p2 2πδ(q2)fψ(|q|) + PV 1
q2 2πδ(p2)fV (|p|)

]
,

and is most conveniently computed by solving the scalar components Σ0 and Σi separately.
The HTL contributions are given by terms of the form of eqs. (A.16) and (A.17) and read

ΣH0 HTL
ψ (k) = GψT

2

16|k| log
∣∣∣∣∣k0 + |k|
k0 − |k|

∣∣∣∣∣ , (A.23)

ΣHiHTL
ψ (k) = GψT

2

16|k|
k0ki

|k|2 log
∣∣∣∣∣k0 + |k|
k0 − |k|

∣∣∣∣∣− GψT
2

8|k|
ki

|k| . (A.24)

The remainder are given by

ΣH0 rem
ψ (k) = Gψ

8π2|k|

∫ ∞
0

d|p|
[
|p|L+(|p|)(fψ(|p|) + fV (|p|))

− k0L−(|p|)fV (|p|)
]
, (A.25)

ΣHi rem
ψ (k) = Gψ

8π2|k|
ki

|k|

∫ ∞
0

d|p|
[
− |k|L−(|p|)fV (|p|)

+
(
k0

|k| |p|L+(|p|)− k2

2|k|L−(|p|)
)

(fψ(|p|) + fV (|p|))
]
, (A.26)

and are subdominant at high temperatures with the same arguments as used for the
remainder of the Hermitian self-energy of the Higgs field.
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When describing the evolution of number densities of heavy neutrinos in a low scale
leptogenesis scenario, cf. chapter 5, Hermitian parts of fermionic self-energies appear for
on-shell heavy neutrinos (p2 = M2) in the form

k · ΣH(k) = |Y |
2

8 T 2 − |Y |
2

8π2
k2T

|k|

∫ ∞
0

d|p|fB(2|p|)L−(|p|) , (A.27)

such that the dependence on L+ vanishes. The second term can be evaluated with the
procedure presented in the appendix of ref. [128]. Eventually, up to O(1/T 2), the full
expression is given by

k · ΣH(k) ' |Y |
2

8 T 2 + |Y |
2

8π2 M
2
[
1− γE −

|p0|
|p|

log
∣∣∣∣∣ |p0|+ |p|
|p0| − |p|

∣∣∣∣∣+ 1
2 log

(
4π2T 2

M2

)]
, (A.28)

with p0 =
√
|p|2 +M2 sign(p0), |p0| ≥ |p| and the Euler–Mascheroni constant γE ' 0.58.

Note for simplicity flavour effects have been neglected in the sense that there is only
one heavy neutrino that couples to one SM lepton through an one-dimensional Yukawa
coupling Y . A generalisation to more flavours can be done analogously. For masses smaller
than the typical temperature scale, the non-HTL expression, i.e. the second term of the
equation above, is subdominant. This justifies the usage of the HTL approximation for
heavy neutrinos in low scale leptogenesis scenarios since their mass M is required to be
below the EW scale.

gauge bosons: The Hermitian gauge boson self-energy is given by the decomposi-
tion (3.95) together with eqs. (3.96)-(3.102) and (3.16)

ΠH
µν = 2Nψg

2CF
∫ d4p

(2π)4 PV 1
(k + p)2Tµν2πδ(p2)fψ(|p|)

+ 2Nφg
2CF

∫ d4p

(2π)4 PV 1
(k + p)2Uµν2πδ(p2)fφ(|p|)

+ g2CA2

∫ d4p

(2π)4 PV 1
(k + p)2Gµν2πδ(p2)fV (|p|)

− (3g2CA2 + 2g2CF )gµν
∫ d4p

(2π)4 2πδ(p2)fB(|p|) . (A.29)

According to eqs. (A.11) and (A.11) one has to solve for the two contractions ΠH
µνg

µν and
ΠH

00. In analogy to the evaluation of the Hermitian self-energy for the Higgs field and for
the fermions, one ends up at

ΠH
µν(k)gµν = g2CFNψKψ(k0, |k|) + g2CFKφ(k0, |k|) + g2CA2 KV (k0, |k|) , (A.30)

ΠH
00(k) = g2CFNψHψ(k0, |k|) + g2CFHφ(k0, |k|) + g2CA2 HV (k0, |k|) , (A.31)

where

Kψ = −
∫ ∞

0

d|p|
2π2

[
4|p|+ k2

2|k|L−(|p|)
]
fψ(|p|) , (A.32)

Kφ = −
∫ ∞

0

d|p|
2π2

[
4|p| − k2

4|k|L−(|p|)
]
fφ(|p|) , (A.33)

KV = −
∫ ∞

0

d|p|
2π2

[
4|p|+ 5

4
k2

|k|L−(|p|)
]
fV (|p|) , (A.34)
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and

Hψ = −
∫ ∞

0

d|p|
2π2

[
2|p|

(
1− k0

|k| log
∣∣∣ω+
ω−

∣∣∣)+ 1
|k|M(|p|)

]
fψ(|p|) , (A.35)

Hφ = −
∫ ∞

0

d|p|
2π2

[
2|p|

(
1− k0

|k| log
∣∣∣ω+
ω−

∣∣∣)+ 1
|k|M(|p|) + |k|4 L−(|p|)

]
fφ(|p|) , (A.36)

HV = −
∫ ∞

0

d|p|
2π2

[
2|p|

(
1− k0

|k| log
∣∣∣ω+
ω−

∣∣∣)+ 1
|k|M(|p|)− |k|4 L−(|p|)

]
fV (|p|) , (A.37)

with L− from eq. (A.20) and with

M(|p|) =
∑
±
±(|p| ± ω+)(|p| ± ω−) log

∣∣∣∣ |p| ± ω+
|p| ± ω−

∣∣∣∣ , (A.38)

for ω± = (k0±|k|)/2. We have shown that L− does not contribute to the HTL contribution
of the Hermitian gauge boson self-energy. However, provided that |p| � |k|, k0,

√
|k2|, we

can approximate

M(|p|) ' 2|k||p| . (A.39)

Therefore, the terms containing M(|p|) contribute to the HTL expression. When evalu-
ating eqs. (A.16) and (A.17) and making use of eqs. (A.11) and (A.12), one eventually
obtains

ΠH HTL
L (q) =

(1
2C

FNψ + CFNφ + CA2

)
g2T 2

3

(
(q0)2

|q|2 − 1
)(

1− q0

2|q| log
∣∣∣∣q0 + |q|
q0 − |q|

∣∣∣∣
)
,

(A.40)

ΠH HTL
T (q) = −

(1
2C

FNψ + CFNφ + CA2

)
g2T 2

6 − 1
2ΠH

L (q0, |q|) . (A.41)

The Hermitian parts of the self-energies for the Higgs field, the fermions and the gauge
bosons in the HTL limit are given in the main text in eqs. (3.108), (3.109), (3.110) and
(3.111).

a.3 computation of spectral self-energies

When calculating the spectral self-energies to one-loop order only the sunset type diagrams
in figures 3.4, 3.5 and 3.6 contribute. Analytic expressions are given by eqs. (3.87) and
(3.88) for the Higgs field, by eq. (3.92) for fermions and by eqs. (3.96), (3.97) and (3.98)
for gauge bosons. As the spectral part of the self-energy is given by the difference of
the Wightman functions, see eq. (3.15), the particles in the loop are put on their mass
shell. This implies constraints on the outer momenta, which are in general different for
the s-channel and the t-channel, i.e. for k2 ≥ 0 and k2 < 0, respectively, where k is
the outer momentum, which in general is not on-shell. Note that we neglect the width
of the particles running in the loop. This is justified in the SM due to small couplings.
Further thermal masses are neglected as higher order effects. Analytic expressions for the
Wightman functions are then given by the tree-level propagators (3.75)-(3.78) and (3.81).
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The computation can be simplified to one remaining integral over the outer momentum
when making use of the different delta functions. In case of one massless boson and one
massless fermion running in the loop these integrals are of the form

In(y0, y) =
∫ y0+y

2

y0−y
2

dxxn
[
1− fF(x) + fB(y0 − x)

]
− ϑ(y2 − (y0)2)

∫ ∞
−∞

dxxn
[
1− fF(x) + fB(y0 − x)

]
, (A.42)

while for two massless fermions or bosons in the loop, respectively, one has

JF,B
n (y0, y) =

∫ y0+y
2

y0−y
2

dxxn
[
1∓ fF,Bx)∓ fF,B(y0 − x)

]
− ϑ(y2 − (y0)2)

∫ ∞
−∞

dxxn
[
1∓ fF,B(x)∓ fF,B(y0 − x)

]
. (A.43)

Note that the Heaviside step function ϑ allows that the corresponding terms are only
present in the t-channel, i.e. for (y0)2 < y2. This decomposition makes the different bound-
aries for the s- and t-channel obvious. Note that for massive particles these boundaries
become more complicated. The solutions are functions of logarithms and polylogarithms,
defined as Lin(z) = ∑∞

j=1
zj

jn for a complex number z, and read

I0(y0, y) = log
∣∣∣∣1 + e 1

2 (y0+y)

1 + e 1
2 (y0−y)

∣∣∣∣+ log
∣∣∣∣1− e 1

2 (y0+y)

1− e 1
2 (y0−y)

∣∣∣∣− y − ϑ(y2 − (y0)2)y0 , (A.44)

I1(y0, y) = Re
[
x(log(1 + ex)− log(1− ex−y0)) + Li2(−ex)− Li2(ex−y0)

]x= 1
2 (y0+y)

x= 1
2 (y0−y)

− ϑ(y2 − (y0)2)(y0)2 − π2

2 , (A.45)

as well as

JF
0 = 2 log 1 + e

y0+y
2

1 + e
y0−y

2

− y − ϑ(y2 − (y0)2)y0 , (A.46)

JF
1 =

[
x log 1 + ex

1 + ex−y0 + Li2(−ex)− Li2(−ex−y0)
]x= y0+y

2

x= y0−y
2

− ϑ(y2 − (y0)2)(y0)2

2 , (A.47)

JF
2 =

[
x2 log 1 + ex

1 + ex−y0 + 2xLi2(−ex)− 2xLi2(−ex−y0)

− 2 Li3(−ex) + 2 Li3(−ex−y0)
]x= y0+y

2

x= y0−y
2

− ϑ(y2 − (y0)2)(y0)3 + π2y0

3 , (A.48)

and

JB
0 = 2 log

∣∣∣∣1− e
y0+y

2

1− e
y0−y

2

∣∣∣∣− y − ϑ(y2 − (y0)2)y0 , (A.49)

JB
1 = Re

[
x log 1− ex

1− ex−y0 + Li2(ex)− Li2(ex−y0)
]x= y0+y

2

x= y0−y
2

− ϑ(y2 − (y0)2)(y0)2

2 , (A.50)

JB
2 = Re

[
x2 log 1− ex

1− ex−y0 + 2xLi2(ex)− 2xLi2(ex−y0)

− 2 Li3(ex) + 2 Li3(ex−y0)
]x= y0+y

2

x= y0−y
2

− ϑ(y2 − (y0)2)(y0)3 − 2π2y0

3 . (A.51)
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In terms of these functions the spectral self-energies for different particles are given by

ΠAφ (k) = −Gφ8π
k2

|k|J
B
0

(
k0

T
,
|k|
T

)
+ Nch

2
t

16π
k2

|k|J
F
0

(
k0

T
,
|k|
T

)
. (A.52)

and

ΣA0
ψ (k) = GψT

2

8π|k| I1

(
k0

T
,
|k|
T

)
, (A.53)

ΣAiψ (k) = GψT
2

8π|k|

[
k0

|k|I1

(
k0

T
,
|k|
T

)
− (k0)2 − |k|2

2|k|T I0

(
k0

T
,
|k|
T

)]
ki

|k| , (A.54)

as well as

Π(ψ)A
µν (k)gµν = − k2T

8π|k|g
2CFJF

0 , (A.55)

Π(ψ)A
00 (k) = T 3

8π|k|g
2CF

[
− k2

2T 2J
F
0 + 2k0

T
JF

1 − 2JF
2

]
, (A.56)

for the chiral fermion insertion,

Π(φ)A
µν (k)gµν = − k2T

16π|k|g
2CFJB

0 , (A.57)

Π(φ)A
00 (k) = T 3

16π|k|g
2CF

[
(k0)2

T 2 JB
0 −

4k0

T
JB

1 + 4JB
2

]
, (A.58)

for the Higgs boson contribution and lastly for the gauge bosons including ghosts running
in the loop

Π(V )A
µν (k)gµν = 5k2T

16π|k|g
2CA2 J

B
0 , (A.59)

Π(V )A
00 (k) = T 3

16π|k|g
2CA2

[
(2k2 − (k0)2)

T 2 JB
0 −

4k0

T
JB

1 + 4JB
2

]
. (A.60)

The non-vanishing HTL expressions, i.e. those expression that give rise to the parts of
the spectral self-energy that is proportional to T 2, only appear in the t-channel as these
are parts of the terms that come with the Heaviside step function ϑ, and are given by

IHTL
1 = π2

2 , JF HTL
2 = −π

2y0

3 , JB HTL
2 = 2π

2y0

3 , (A.61)

such that the spectral self-energy of the Higgs field vanishes in the HTL approximation.
The spectral parts of the self-energies for the fermions and gauge bosons in the HTL limit
are given in the main text in eqs. (3.122) and (3.123).

a.4 how to compute vertex-type contributions to the collision
term

When dealing with vertex type diagrams, particularly when computing diffusion constants
as in chapter 4, integrals of the form

J =
∫ d4p1

(2π)4

∫ d4p2
(2π)4

∫ d4p3
(2π)4

∫ d4p4
(2π)4 (2π)4δ4(p1 + p2 − p3 − p4)

× (2π)4δ(p2
1)δ(p2

2)δ(p2
3)δ(p2

4)sign(p0
1)sign(p0

2)sign(p0
3)sign(p0

4)F(p0
1, p

0
2, p

0
3, p

0
4) , (A.62)
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appear and have to solved numerically, see the contraction (4.85) and (4.88). It is conve-
nient to define a new coordinate r = p1 +p2 = p3 +p4 = |r|ez that can be chosen such that
it points in the z-direction without loss of generality. The four-dimensional delta function
can be used to get rid of the p3 integral. This allows to express p3 as well as p2 in terms
of r and p1. p1 and p4 can be written as

p1,4 = |p1,4|

sin θ1,4 cosφ1,4
sin θ1,4 sinφ1,4

cosφ1,4

 . (A.63)

The four-dimensional integral over p2 is transformed into an integral over r0 and |r|. With
δ(p4

1,4) the p0
1,4 integrals can be evaluated as sums over ±p0

1,4. δ(p4
2,3) can be used to get

rid of the cos θ1,4 integrals. However, since | cos θ1,4| ≤ 1, this implies boundaries that can
be put into two window functions

W(p0
1,4, |p1,4|) = ϑ

(
1−

∣∣∣∣∣2r
0p0

1,4 − r2
0 + |r|2

2|r||p1,4|

∣∣∣∣∣
)
, (A.64)

with the Heaviside step function ϑ. In total one is left with

J = 1
8(2π)7

∫ ∞
0

d|p1|
∫ ∞

0
d|p4|

∫ ∞
0

d|r|
∫ ∞
−∞

dr0
∫ 2π

0
dφ1

∫ 2π

0
dφ4

×
∑

p0
1=±|p1|

∑
p0

4=±|p4|
sign(p0

1)sign(p0
4)sign(r0 − p0

1)sign(r0 − p0
4)

×W(p0
1, |p1|)W(p0

4, |p4|)F(p0
1, r

0 − p0
1, r

0 − p0
4, p

0
4) . (A.65)

For the processes considered in this thesis, the only dependence on the azimuthal angle
is given by terms of the form cos(φ1 − φ2). The corresponding azimuthal integrals make
such term vanish. Therefore, one can get rid of these integrals by multiplying J with 4π
while setting φ1 = 0 and φ4 = π/2. Eventually, this implies

J = 1
4(2π)6

∫ ∞
0

d|p1|
∫ ∞

0
d|p4|

∫ ∞
0

d|r|
∫ ∞
−∞

dr0

×
∑

p0
1=±|p1|

∑
p0

4=±|p4|
sign(p0

1)sign(p0
4)sign(r0 − p0

1)sign(r0 − p0
4)

×W(p0
1, |p1|)W(p0

4, |p4|)F(p0
1, r

0 − p0
1, r

0 − p0
4, p

0
4)|φ1=0,φ4=π/2 . (A.66)

When calculating diffusion constants for particles one can assume sign(p0
1) = 1. The

remaining three signum functions give rise to three scenarios, see table 4.1, and allow for
the decomposition

J = Ja + Jb + Jc . (A.67)

Scenario a, given by sign(p0
1) = sign(p0

2) = sign(p0
3) = sign(p0

4), describes φφ → φφ or
φV → φV and analogously for fermions. Further it implies that r0 ≥ |p1,4| such that

Ja = 1
4(2π)6

∫ ∞
0

d|p1|
∫ ∞

0
d|p4|

∫ ∞
0

d|r|
∫ ∞
−∞

dr0

× ϑ(r0 − |p1|)ϑ(r0 − |p4|)W(|p1|, |p1|)W(|p4|, |p4|)
×F(|p1|, |r0 − p1|, |r0 − |p4||, |p4|)|φ1=0,φ4=π/2 . (A.68)
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Scenario b, given by sign(p0
1) = −sign(p0

2) = sign(p0
3) = −sign(p0

4), describes φφ̄ → φφ̄

or φV → φV and analogously for fermions. Further it implies that −|p4| < r0 < |p1| such
that

Jb = 1
4(2π)6

∫ ∞
0

d|p1|
∫ ∞

0
d|p4|

∫ ∞
0

d|r|
∫ ∞
−∞

dr0

× ϑ(|p1| − r0)ϑ(r0 + |p4|)W(|p1|, |p1|)W(−|p4|, |p4|)
×F(|p1|,−|r0 − |p1||, |r0 + |p4||,−|p4|)|φ1=0,φ4=π/2 . (A.69)

Scenario c, given by sign(p0
1) = −sign(p0

2) = −sign(p0
3) = sign(p0

4), describes φφ̄ → φφ̄

or φφ̄→ V V and analogously for fermions. Further it implies that r0 < |p1,4| such that

Jc = 1
4(2π)6

∫ ∞
0

d|p1|
∫ ∞

0
d|p4|

∫ ∞
0

d|r|
∫ ∞
−∞

dr0

× ϑ(|p1| − r0)ϑ(|p4| − r0)W(|p1|, |p1|)W(|p4|, |p4|)
×F(|p1|,−|r0 − |p1|,−|r0 − |p4||, |p4|)|φ1=0,φ4=π/2 . (A.70)

Note that Ja = Jb when having 2 ↔ 2 scattering processes that involve two scalars
(fermions) and two gauge bosons as external particles since these describe the same pro-
cesses φV → φV (ψV → ψV ). Analogously one has Jb = Jc for processes with external
particles of the same species since these also account for the same process, i.e. φφ̄ → φφ̄

(ψψ̄ → ψψ̄). In the latter case Ja = 0 since φφ → φφ (ψψ → ψψ) should not contribute
to the diffusion process.



B
REMARKS ON THE TEST OF THE SEESAW AND LEPTOGENES I S

This appendix is based on refs. [1, 3] and provides additional informations that are partic-
ularly needed for chapter 6.
In section B.1 full expressions for the active-sterile mixing angles are given including

a discussion about a flavour asymmetric washout, the seesaw line are determined and
physical as well as unphysical parameter degeneracies are mentioned. Section B.2 provides
detailed information about the expected number of events in experiments such as FCC-ee,
ILC and CEPC.

b.1 active-sterile mixing angles

In the case of two heavy neutrino there are six mixing angles U2
ai, which can be expressed in

terms of the parameters of the seesaw Lagrangian (2.46) with the Casas-Ibarra parametri-
sation from eq. (2.52) and the fundamental parameters introduced in subsections 2.1.2
and 2.2.3. We collect the quantities that have already been measured with a sufficient pre-
cision into constants ai and bi. On the one hand, these are expressed in term of the light
neutrino masses ma for a, b = 1, 2, 3 with the mass of the lightest neutrino m0 = 0 and
the mixing angles θab, where sab and cab are shorthand notations for sin θab and cos θab.
Note that sab and cab are understood as the positive real roots of s2

ab and c2
ab, as given

in table 2.2. Further ξ = ± is included. On the other hand, we keep the parametrical
dependence on the unconstrained parameters, such as the complex angle Reω, Imω, the
Majorana phases α1,2 and also the Dirac phase δ explicit.
In case of NO each of the U2

ai are insensitive to α1 as m1 = m0 = 0, such that

M1U
2
e1 +M2U

2
e2

cosh(2Imω) = a+
1 − a2 sin

(
α2
2 + δ

)
tanh(2Imω) , (B.1)

M1U
2
µ1 +M2U

2
µ2

cosh(2Imω) = a+
3 − a4 cos(δ)−

[
a5 sin

(
α2
2

)
− a6 sin

(
α2
2 + δ

)]
tanh(2Imω) ,

(B.2)
M1U

2
τ1 +M2U

2
τ2

cosh(2Imω) = a+
7 + a4 cos(δ) +

[
a5 sin

(
α2
2

)
+ a8 sin

(
α2
2 + δ

)]
tanh(2Imω) ,

(B.3)
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and
M1U

2
e1 −M2U

2
e2

cos(2Reω) = a−1 − a2 cos
(
α2
2 + δ

)
tan(2Reω) , (B.4)

M1U
2
µ1 −M2U

2
µ2

cos(2Reω) = −a−3 − a4 cos(δ)−
[
a5 cos

(
α2
2

)
− a6 cos

(
α2
2 + δ

)]
tan(2Reω) ,

(B.5)
M1U

2
τ1 −M2U

2
τ2

cos(2Reω) = −a−7 + a4 cos(δ) +
[
a5 cos

(
α2
2

)
+ a8 cos

(
α2
2 + δ

)]
tan(2Reω) ,

(B.6)

where a1 to a8 are positive real values given by the light neutrino masses and their mixing
angles:

a±1 = m2c
2
13s

2
12 ±m3s

2
13 , (B.7)

a2 = 2√m2m3c13s12s13ξ , (B.8)
a±3 = ±m2(c2

12c
2
23 + s2

12s
2
13s

2
23) +m3c

2
13s

2
23 , (B.9)

a4 = 2m2c12c23s12s13s23 , (B.10)
a5 = 2√m2m3c12c13c23s23ξ , (B.11)
a6 = 2√m2m3c13s12s13s

2
23ξ , (B.12)

a±7 = ±m2(c2
23s

2
12s

2
13 + c2

12s
2
23) +m3c

2
13c

2
23 , (B.13)

a8 = 2√m2m3c13c
2
23s12s13ξ . (B.14)

In case of IO the different U2
ai are only sensitive to the difference of the Majorana phase

α̃ = α2 − α1, such that

M1U
2
e1 +M2U

2
e2

cosh(2Imω) = b+1 + b2 sin
(
α̃

2

)
tanh(2Imω) , (B.15)

M1U
2
µ1 +M2U

2
µ2

cosh(2Imω) = b+3 − b
+
4 cos(δ)

−
[
b5 sin

(
α̃

2

)
+ b6 sin

(
α̃

2 − δ
)
− b7 sin

(
α̃

2 + δ

)]
tanh(2Imω) , (B.16)

M1U
2
τ1 +M2U

2
τ2

cosh(2Imω) = b+8 + b+4 cos(δ)

−
[
b9 sin

(
α̃

2

)
− b6 sin

(
α̃

2 − δ
)

+ b7 sin
(
α̃

2 + δ

)]
tanh(2Imω) , (B.17)

and
M1U

2
e1 −M2U

2
e2

cos(2Reω) = b−1 − b2 cos
(
α̃

2

)
tan(2Reω) , (B.18)

M1U
2
µ1 −M2U

2
µ2

cos(2Reω) = −b−3 − b−4 cos(δ)

+
[
b5 cos

(
α̃

2

)
+ b6 cos

(
α̃

2 − δ
)
− b7 cos

(
α̃

2 + δ

)]
tan(2Reω) , (B.19)

M1U
2
τ1 −M2U

2
τ2

cos(2Reω) = −b−8 + b−4 cos(δ)

+
[
b9 cos

(
α̃

2

)
− b6 cos

(
α̃

2 − δ
)

+ b7 cos
(
α̃

2 + δ

)]
tan(2Reω) , (B.20)
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where b1 to b9 are the positive real numbers given by the light neutrino masses and mixings:

b±1 = m1c
2
12c

2
13 ±m2s

2
12c

2
13 , (B.21)

b2 = 2√m1m2c12s12ξ , (B.22)
b±3 = ±m1(c2

23s
2
12 + c2

12s
2
13s

2
23) +m2(c2

12c
2
23 + s2

12s
2
13s

2
23) , (B.23)

b±4 = 2(±m2 −m1)c12c23s12s13s23 , (B.24)
b5 = 2√m1m2(c12c

2
23s12 − c12s12s

2
13s

2
23)ξ , (B.25)

b6 = 2√m1m2c
2
12c23s13s23ξ , (B.26)

b7 = 2√m1m2s
2
12c23s13s23ξ , (B.27)

b±8 = ±m1(c2
12c

2
23s

2
13 + s2

12s
2
23) +m2(c2

23s
2
12s

2
13 + c2

12s
2
23) , (B.28)

b9 = 2√m1m2c12s12(s2
23 − c2

23s
2
13)ξ . (B.29)

It is worth mentioning that the dependence on α̃ implies that one can choose α1 = 0 and
consider α2 as the running parameter without loss of generality. This is also true or NO
since α1 does not appear at all in U2

ai if the lightest neutrino is massless. Note that these
expression hold for the most general seesaw Lagrangian. Moreover, the total mixing is
given by

U2 ' M2 −M1
2M1M2

(m2 −m3) cos(2Reω) + M1 +M2
2M1M2

(m2 +m3) cosh(2Imω) , (B.30)

for NO and

U2 ' M2 −M1
2M1M2

(m1 −m2) cos(2Reω) + M1 +M2
2M1M2

(m1 +m2) cosh(2Imω) , (B.31)

for IO. Note that the different U2
ai can be expressed in terms of the small SB parameters

µ and ε from eqs. (2.59), cf. subsection 2.2.4 for a discussion of the symmetry protected
scenario. Therefore, it is useful to denote the limits

lim
Imω→∞

tanh(2Imω) = 1 , (B.32)

lim
Imω→∞

cosh(2Imω) = lim
Imω→∞

sinh(2Imω) = 1
2exp(2Imω) = 1

2ε , (B.33)

which arise in the limit ε → 0. Further, for the sake of testing the seesaw and also
leptogenesis in future experiments, a mass degeneracy turns out to be required, i.e. M1 '
M2 ' M̄ , such that ∆M �M and thus µ ' 0. If this deviation is too small to be resolved
in the experiment, i.e. U2

a1 ' U2
a2, only the sum U2

a = ∑
i U

2
ai can be observed. In that

case, the LH sides of eqs. (B.1)-(B.3) and (B.15)-(B.17) collapse to 1
2M̄U2

aexp(2Imω) =
1
2M̄U2

a/ε, while the LH sides of eqs. (B.4)-(B.6) and (B.18)-(B.20) approximately vanish.
Note that in the mass degenerate case U2

a and U2 feature no dependence on Reω. Further,
we find that the different U2

a/U
2 do neither depend on M̄ nor on Imω for ε→ 0. To leading

order in
√
m�/matm and keeping terms of order 1/ε the approximations (6.3)-(6.8) are

recovered.

flavour asymmetries consistent with neutrino oscillation data:
The limited sensitivity of experiments directly sets an lower bound on the mixings U2

ai.
In order to decide if the heavy neutrinos can explain the light neutrino masses or even
if they can account for the baryon asymmetry, one needs to require are large mixing U2

ai.
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This comes along with large Yukawa couplings that increase the strength of the washout.
A scenario that prevents the generated baryon charge to be washed out too quickly is
given by requiring a strongly flavour asymmetric washout. See chapter 5 for a detailed
discussion. The asymmetry in the flavours are driven by the combination of the Majorana
phases α1,2 and the Dirac phase δ. In case of NO the maximally asymmetric washout
is given when the electron has its minimal relative value that is allowed by the seesaw
mechanism: U2

e /U
2 ' 0.006. This can be realised when α2 = −2δ+π. For IO the electron

has to couple maximally, U2
e /U

2 ' 0.94, which is given by α2 − α1 = π. See figure 6.1 for
a graphical illustration for the region that is allowed by neutrino oscillation data.

seesaw lines: Particularly when plotting U2
a or U2 over the average mass M̄ the

seesaw mechanism imposes a lower bound on the mixing. Basically for a given mass M̄ the
mixing has to be large enough in order to explain the light neutrino masses, cf. the seesaw
equation. Note that due to the possibility of having an approximate B − L symmetry
there exists no upper bound on the mixings just by the seesaw constraints. It is the
leptogenesis constraint that will impose an upper bound since the washout must not be
too strong. We refer the U2− M̄ or U2

a − M̄ curve that is minimised for each M̄ to as the
seesaw line. In the approximate mass degenerate case, ∆M � M̄ , the seesaw line for the
total U2 is trivially given by Imω = 0. This can be seen when looking at eqs. (B.30) and
(B.31), where the first terms approximately vanish, and is valid for any choice of the other
seesaw parameters and for both neutrino mass orderings. This changes when minimising
the different U2

a . Setting ξ = 1 the minimal values for U2
a are given by a certain choice of

phases (α2, δ) for NO and (α2−α1, δ) in case of IO, cf. eqs. (B.1)-(B.3) and (B.15)-(B.17),
respectively. The Imω that minimises U2

a is obtained by semi-numerically solving that
system for these phases. For NO one obtains

U2
e : (α2, δ) = (π, 0) → Imω ' 0.769 , (B.34)

U2
µ : (α2, δ) = (π, π) → Imω ' 0.450 , (B.35)

U2
τ : (α2, δ) = (−π, 0) → Imω ' 0.368 , (B.36)

while for IO one has

U2
e : (α2, δ) = (π,∀δ) → Imω ' 0.815 , (B.37)

U2
µ : (α2, δ) = (π, 0) → Imω ' 1.751 , (B.38)

U2
τ : (α2, δ) = (π, π) → Imω ' 1.297 , (B.39)

Here, ∀δ indicates that the seesaw line for U2
e /U

2 is independent of the choice of δ.

parameter degeneracy: The parameter space in the Casas-Ibarra parametrisa-
tion (2.52) inherits an unphysical parameter degeneracy, such that there are many choices
of the internal parameters that lead to the same U2

ai:
A shift Reω → Reω+π changes the sign of the Yukawa couplings Yia for all components.

When looking at the Lagrangian such a shift can be compensated by redefining the fields
according to Ni → −Ni. In case of IO, Yia are invariant under swapping the sign of ξ
while simultaneously adding 2π to α2. For NO such a transformation changes the sign
of Yia. Furthermore, a simultaneous sign flip of ξ, ∆M and Imω while transforming
Reω → π − Reω changes the labels of the two states N1 and N2. These transformations
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Figure B.1: This plot is taken from ref. [3] and gives the minimal number of events which are
expected at the FCC-ee with a center of mass energy of

√
s = 90 GeV for parameter points that

are consistent with leptogenesis. The left and right panel describe NO and IO. The upper bound
on the BAU is given by the blue line. For masses M̄ & 5 Gev the lower bound on the BAU is below
the seesaw line. Therefore, the disfavoured region, that is shown in grey, is given by the seesaw
line and the exclusion line from DELPHI.

leave the mixing U2
ai and the Lagrangian invariant. As a consequence, these are unphysical

transformations.
In contrast, there is an invariance of U2

ai under the change (δ, α2,Reω) → (−δ, 2π −
α2,−Reω). This is called a physical invariance as it is does not leave the Lagrangian
invariant and consequently changes the physics. This invariance can be broken by inde-
pendent measurements of ∆M and δ.
Note that U2

a is invariant under an additional transformation on the phases, which, how-
ever, has no analytic form since it requires solving the trigonometric functions (B.1)-(B.3)
and (B.15)-(B.17). This degeneracy is physical and cannot be broken by a measurement
of δ. This effect is particularly important when detecting heavy neutrinos in experiments
that cannot resolve their mass splitting. As a consequence, any measurement of U2

a corre-
sponds to at least two sets of fundamental parameters such as α, δ and Reω. Thus, there
are at least two possibilities for U2

b with b 6= a for a given U2
a .

b.2 total number of events expected at fcc-ee, ilc and cepc

The figures in this section provide detailed information about the number of events that
are expected in the different experiments: Figure B.1 and B.2 correspond to the Z-pole
run at the FCC-ee and ILC/CEPC, respectively. The run of CEPC and ILC at their
maximal energy is presented in figure B.3.
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Figure B.2: This plot is taken from ref. [3] and gives the minimal number of events which
are expected at the CEPC (top panel) and ILC (bottom panel) with a center of mass energy of√
s = 90 GeV for parameter points that are consistent with leptogenesis. The left and right panel

describe NO and IO. The upper bound on the BAU is given by the blue line. For masses M̄ & 5 Gev
the lower bound on the BAU is below the seesaw line. Therefore, the disfavoured region, that is
shown in grey, is given by the seesaw line and the exclusion line from DELPHI.
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Figure B.3: This plot is taken from ref. [3] and gives the minimal (top row) and maximal
(bottom panel) number of events which are expected at the ILC with a center of mass energy of√
s = 500 GeV (left column) and at the CEPC with

√
s = 240 GeV (right column) for parameter

points that are consistent with leptogenesis and for IO. The upper bound on the BAU is given
by the blue line. For masses M̄ & 5 Gev the lower bound on the BAU is below the seesaw line.
Therefore, the disfavoured region, that is shown in grey, is given by the seesaw line and the exclusion
line from DELPHI.
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