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Abstract

In modern aircraft, flight control systems fulfill diverse tasks. These tasks range from
the automation of routine maneuvers to the improvement of the handling qualities of
the aircraft. The development of a flight control system requires a mathematical model
of the aircraft physics. In practice, the structure as well as the parameters of this model
are uncertain, that is, not precisely known. In order to comply with the high safety stan-
dards of aerospace industry, flight control systems must hence exhibit high robustness
with respect to these uncertainties. For this purpose, conventional flight control sys-
tems are developed in such a way that they provide satisfactory performance despite
the uncertainties. More recently, alternative approaches which actively compensate
the uncertainties have started to raise (renewed) interest. The active compensation of
uncertainties does not only admit to exploit the physical capabilities of the aircraft, but
also increases safety in critical situations caused by damages or faults. Furthermore,
they reduce the effort and the associated cost of a precise identification of the model
parameters.

In order to deploy a flight control system in civil aviation, it must be certified (i.e. ap-
proved) by the authorities. Among other things, certification requires guarantees that
the flight control system possesses sufficient robustness and yields satisfactory per-
formance. That is why this thesis aims at the analysis and the development of control
systems which actively compensate (even large) uncertainties and exhibit guaranteed
robustness and performance characteristics. In order to meet this objective, this thesis
follows two different strategies.

The first strategy relies on Model Reference Adaptive Control (MRAC). Adaptive
controllers adjust themselves at runtime to the plant. They are hence well suited for
the control of highly uncertain systems. However, adaptive approaches intrinsically
lead to nonlinear controllers. As current certification standards derive from linear sys-
tem theory, adaptive controllers may therefore not be used in civil aviation. In order to
resolve this issue, novel measures (metrics) are required to allow evaluating the robust-
ness and performance of an adaptive flight control system. Two metrics, which might
be of use in a future certification process, are the time-delay margin as a measure
of robustness and the largest tracking error as a measure of performance. In prac-
tice, the computation of these metrics constitutes a major difficulty. For this reason,
the first strategy aims at the development of novel methods for the computation of the



time-delay margin and of the largest tracking error.
For the computation of the time-delay margin, this thesis proposes a novel method

which relies on a proof of stability according to Lyapunov-Razumikhin and Sum-Of-
Squares optimization. To the best of the author’s knowledge, it is the first method
for MRAC with σ-modification which considers the tracking case and does not require
a-priori known bounds on the so-called regressor vector.

Conventional approaches for the computation of the largest tracking error only yield
highly conservative upper bounds. Therefore, this thesis proposes novel computational
methods for MRAC (with σ-modification). Due to the use of optimization subject to
Linear Matrix Inequality constraints, the conservatism of the bounds reduces by nearly
one order of magnitude.

In contrast to the first strategy, the second strategy follows an opposite approach.
Instead of nonlinear adaptive controllers, this approach relies on methods from linear
system theory which admit certification according to existing rules and requirements.
In case of the second strategy, the challenge does not consist in certification but in
the development of linear control approaches which actively compensate even large
uncertainties. The result of the second strategy is the Modified Linear Extended State
Observer (MLESO). As opposed to a conventional Luenberger observer, this observer
estimates the disturbance signal which stems from the deviation between the plant and
some desired plant response. It will be proven that MLESO-based control leads to the
same closed-loop performance as L1 Adaptive Control.



Zusammenfassung

In modernen Flugzeugen erfüllen Regelungssysteme vielfältige Aufgaben, welche von
der Entlastung des Piloten von Routineaufgaben bis hin zur Verbesserung der Flug-
eigenschaften reichen. Grundlage für den Entwurf von Flugregelungssystemen ist ein
mathematisches Modell der Flugzeugphysik. Die Struktur als auch die Parameter ei-
nes solchen Modells sind naturgemäß unsicherheitsbehaftet, d.h. nicht exakt bekannt.
Um den hohen Sicherheitsanforderungen in der Luftfahrt Rechnung zu tragen, müssen
Flugregelungssysteme daher eine hohe Robustheit gegenüber Unsicherheiten aufwei-
sen. Während klassische Flugregelungssysteme so entwickelt werden, dass sie trotz
Unsicherheiten zufriedenstellend funktionieren, gilt das (erneute) Interesse in jüngerer
Zeit auch Ansätzen, die den Unsicherheiten aktiv entgegen wirken. Dieses Vorgehen
ermöglicht es nicht nur, die physikalischen Fähigkeiten des Flugzeugs auszureizen,
sondern erhöht auch die Sicherheit in kritischen Situationen wie Ausfällen oder Schä-
den. Darüber hinaus reduzieren solche Ansätze auch den Aufwand und die damit ver-
bundenen Kosten für eine präzise Identifikation des mathematischen Modells.

Der Einsatz eines Regelungssystems in der zivilen Luftfahrt erfordert eine Zulas-
sung durch die Behörden. Hierfür muss u.A. der Nachweis erbracht werden, dass das
Flugregelungssystem ausreichende Robustheits- und Performance-Eigenschaften auf-
weist. Ziel dieser Arbeit ist daher die Analyse und Entwicklung von Regelungssyste-
men, welche auch großen Unsicherheiten aktiv entgegen wirken können und garantier-
te Robustheits- und Performance-Eigenschaften aufweisen. Zu diesem Zweck verfolgt
diese Arbeit zwei unterschiedliche Strategien.

Die erste Strategie basiert auf adaptiver Modellfolgeregelung (engl.: Model Refe-
rence Adaptive Control – MRAC). Adaptive Regler passen sich zur Laufzeit an die
Strecke an und eignen sich daher sehr gut zur Regelung hochgradig unsicherer Syste-
me. Adaptive Ansätze führen jedoch i.A. zu nichtlinearen Reglern. Da die derzeitigen
Vorschriften zur Zulassung von Flugregelungssystemen auf linearer Systemtheorie ba-
sieren, kommen adaptive Regler in der zivilen Luftfahrt derzeit nicht zum Einsatz. Zur
Lösung dieses Problem sind u.A. neue Metriken zur Bewertung der Robustheit und
Performance eines adaptiven Reglers erforderlich. Zwei potentielle Metriken, die in
einem künftigen Zulassungsprozess adaptiver Regler zum Einsatz kommen könnten,
sind der Time-Delay-Margin als Maß für die Robustheit und der größte Tracking Error
als Maß für die Performance. Da sich diese Metriken in der Praxis bisher nur schwer



analytisch bestimmen lassen, zielt die erste Strategie auf die Entwicklung neuartiger
Berechnungsmethoden ab.

Zur Berechnung des Time-Delay-Margins wird in dieser Arbeit eine neuartige Me-
thode auf Basis eines Stabilitätsbeweises nach Lyapunov-Razumikhin und Sum-of-
Squares-Optimierung vorgestellt. Nach bestem Wissen des Autors ist es die erste Me-
thode für einen MRAC mit σ-Modifikation, welche den Kommandofolgefall betrachtet
und keine a-priori bekannten Schranken für den sogenannten Regressorvektor benö-
tigt.

Konventionelle Methoden zur Berechnung des größten Tracking Errors liefern nur
äußerst konservative, obere Schranken. Daher werden in dieser Arbeit neuartige Be-
rechnungsmethoden für MRAC (mit σ-Modifikation) entwickelt. Durch Nutzung von Op-
timierung auf Basis von linearen Matrixungleichungen kann die Konservativität der be-
rechenbaren Schranken um nahezu eine Größenordnung reduziert werden.

Im Gegensatz zur ersten Strategie verfolgt die Zweite einen umgekehrten Weg. An-
stelle eines nichtlinearen, adaptiven Ansatzes kommen hierbei lineare Methoden zum
Einsatz, welche eine Zulassung nach existierenden Normen und Regularien erlauben.
Im Falle der zweiten Strategie besteht die Herausforderung darin, mit Methoden der
linearen Systemtheorie großen Unsicherheiten entgegenzuwirken. Das Ergebnis der
zweiten Strategie ist der Modified Linear Extended State Observer (MLESO). Anders
als konventionelle Luenberger-Beobachter schätzt dieser das Störsignal, welches von
der Abweichung der Strecke von einem Wunschverhalten herrührt. Darüber hinaus
wird nachgewiesen, dass die MLESO-basierte Regelung zur gleichen Performance
des geschlossenen Regelkreises führt wie das weitverbreitete L1 Adaptive Control.
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Chapter 1

Introduction

In modern aircraft, flight control systems fulfill diverse tasks. These tasks range from
the improvement of the aircraft handling qualities over the automation of routine ma-
neuvers to the alleviation of gust loads, which may severely stress the aircraft structure.
Among these tasks, gust load alleviation is a good example of the complex interactions
between control and aircraft design since an effective gust load alleviation also allows
different sizing of the aircraft structure [20]. The latter may enable a reduction of the
overall weight, leading to a more efficient aircraft. Irrespective of the precise control
objective, the overarching goal of any flight control system is safety. In order to meet
this goal, flight control systems must provide a high level of robustness.

The development of any flight control system relies on some mathematical model
of the aircraft physics. The parameters of such a model have to be determined in
experiments such as wind tunnel tests and hence, are uncertain. Furthermore, the
structure of the model itself is uncertain since any mathematical model ultimately is an
approximation of the true aircraft behavior. Based on such a model, the control system
is usually designed using methods from linear system theory. In order to deal with
the model uncertainty, the controller gains have to be chosen in such a way that the
control objective is met for all expected uncertainties. This approach often requires an
unsatisfactory tradeoff between safety (i.e. robustness) and other control objectives.
A control design approach which admits a potentially more benign tradeoff between
these diametral objectives is adaptive control. In contrast to traditional control design
approaches, an adaptive controller adjusts its gains at runtime to the plant. This does
not only enable the full exploitation of the physical capabilities of the plant, but also
increases safety in critical situations such as damages or faults. Furthermore, adap-
tive control admits to reduce the effort, and thus the cost associated with a precise
identification of the model parameters.

While the potential of adaptive control has been successfully demonstrated in sev-
eral research programs such as RESTORE [19] or IRAC [76] by virtue of flight tests,
adaptive control is not routinely used in civil aviation. This situation derives from the
fact that today’s adaptive controllers lack reliable guarantees for their robustness as
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well as their performance. However, such guarantees are crucial for the application
of adaptive control in safety critical applications such as aircraft. This aspect will be
explained in more detail in the upcoming section. Afterwards, Sections 1.2 and 1.3
highlight the objectives and contributions of this thesis. Finally, Section 1.4 outlines the
layout of the remainder of this thesis.

1.1 Background

Adaptive flight control has a long history which dates back well to the middle of the
20th century. One of the earliest examples of an aircraft featuring an adaptive flight
control system was the hypersonic X-15-3 aircraft [46]. The use of an adaptive con-
troller aimed at compensating the dramatic changes of the aircraft dynamics through-
out the X15’s envelope. In 1967, the X-15-3 crashed due to a failure of the adaptive
flight control system. This event led to decreasing interest in adaptive flight control [46]
and in adaptive control in general [89]. A major problem of these early adaptive con-
trollers was “the lack of stability proofs and the lack of understanding of the properties
of the proposed adaptive control schemes” [89]. As a result, the following decades
saw the development of new adaptive control schemes which guarantee closed-loop
stability. One of the most famous adaptive control approaches of this kind is Model
Reference Adaptive Control (MRAC) [119, 89, 105]. This control scheme ensures that
the plant asymptotically tracks a previously defined reference model which embeds the
desired closed-loop performance specifications. While adaptive control schemes such
as MRAC ensured stability for certain classes of uncertainty, they did not yet consider
robustness. In the late 1970s and in the 1980s, several examples were published which
demonstrated that small perturbations, which are not covered by the proof of stability,
may render an adaptive controller unstable. One of the most famous examples of this
kind was Rohrs’ counterexample from 1985 [136] which demonstrated instability due to
small unmodeled dynamics. The analysis of these examples led to the development of
various so-called robustness modifications, which ensure boundedness of the adaptive
controller even in the presence of such perturbations. Widely known robustness mod-
ifications of MRAC include the dead zone modification [130, 119], the σ-modification
[88, 89], the e-modification [118, 119] or the projection algorithm [131, 105]. In con-
junction with Neural Networks [158, 105, 63], the development of robust adaptive con-
trollers led to new interest in adaptive flight control. In 1998, a Neural Network -based
adaptive flight control system was successfully tested on the X-36 tailless aircraft within
the RESTORE program [19]. Starting from this time on, various research programs
successfully demonstrated the capabilities of adaptive flight control in simulations as
well as flight tests (such as on a modified F-18 aircraft within the IRAC program [76]).

Although adaptive controllers have repeatedly demonstrated their beneficial capa-
bilities, they are not yet routinely used in civil aviation since current norms and stan-
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dards do not allow their certification. Informally, certification refers to the process of
convincing the authorities that the aircraft and its components comply with govern-
mental regulations. In order to show compliance, one usually resorts to established
standards of (aerospace) industry. While there is no legal obligation to follow these
standards, their use is advisable because it facilitates the certification process.

Established standards for the certification of any equipment aboard an aircraft,
including flight control systems, are SAE ARP4754A Guidelines for Development of
Civil Aircraft and Systems, SAE ARP4761 Guidelines and Methods for Conducting
the Safety Assessment Process on Civil Airborne Systems and Equipment and RTCA
DO-178B/C Software Considerations in Airborne Systems and Equipment Certifica-
tion. These standards do not list specific requirements which must be met by the flight
control system, but rather describe its development process. A central element of this
process is verification. Roughly speaking, this means that the intended behavior of
the flight control system is precisely defined before its development. The outcome of
this step is a set of rigorous requirements. After the development of the flight control
system, the satisfaction of these requirements is tested in order to demonstrate that it
actually acts as previously defined.

For the specification of the intended behavior of a flight control system, one usu-
ally resorts to standards such as SAE AS94900 [140], SAE ARP94910 [142], MIL-F-
8785C [41] or MIL-HDBK-1797 [42]. These documents formulate requirements which
should be met by the flight control system in order to achieve satisfactory robustness
and performance. These requirements may be roughly divided into time-domain and
frequency-domain requirements. As examples of the latter, consider for example gain
and phase margin, which serve as metrics (measures) of control system robustness.
For both, SAE AS94900 specifies lower limits which the flight control system must ex-
ceed. Similarly, MIL-F-8785C requires that the flight control system ensures a minimal
relative damping of the short-period motion, which may be seen as a metric for control
system performance. In case of an adaptive controller, such frequency-domain require-
ments do not apply since an adaptive controller is inherently nonlinear and therefore,
no frequency-domain representation exists. For this reason, new robustness and per-
formance metrics are needed in order to formulate requirements for the robustness
and performance of an adaptive flight control system. The absence of such robustness
and performance metrics currently is a major hurdle for the certification of adaptive
controllers [92, 161, 14].

Another certification challenge consists in testing whether the adaptive flight con-
trol system actually meets these novel requirements. This challenge derives from the
highly nonlinear dependence of the behavior of an adaptive controller on the com-
mands, the uncertainties, the disturbances as well as the design parameters. While
the response of a conventional linear controller also depends on these factors, it is
more easily predictable due to linearity. For example, if the commands are doubled,
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the response will double as well. In contrast, a doubled command may lead to a fun-
damentally different response of an adaptive controller. In order to account for these
nonlinear effects, ideal testing would have to cover all admissible commands, uncer-
tainties and disturbances.

In practice, there exist several options for testing. In case of a linear control sys-
tem and conventional frequency-domain requirements, an analytical computation (for
example of gain and phase margins) suffices to check the satisfaction of the asso-
ciated requirements. Consequently, analytical methods also represent an interesting
solution in case of an adaptive flight control system. They usually rely on a proof of
closed-loop stability and yield guaranteed results which hold for all suitably bounded
commands, uncertainties and disturbances. In practice, however, analytical methods
are often unavailable. Furthermore, even if appropriate methods exist, they mostly
require simplifications of the mathematical model of the plant. Moreover, they often
tend to substantially over- or underestimate the true value of the metric. Due to this
conservatism, they are currently not appropriate for testing.

As an alternative to analytical methods, one may also resort to simulation-based
testing using Monte-Carlo simulations or related methods. Simulation-based testing
offers the advantage that no simplifications of the mathematical model of the plant are
required. Furthermore, they do not over- or underestimate the metric and hence, are
well suited for testing. However, since each simulation run only reflects the response
to one specific command, uncertainty and disturbance, a huge number of simulations
is required in order to cover a statistically significant number of responses. This dis-
advantage may be partially compensated using modern Monte-Carlo methods such as
Subset simulations [7] or using counter-proving [169]. In case of the latter, numerical
methods from optimal control are used to compute the worst-case value of the metric.
If the worst-case value satisfies the requirement, then it is also expected to be satisfied
for all other commands, uncertainties and disturbances. Similar to analytical methods,
optimal control approaches often require simplified plant models. Furthermore, there
is usually no guarantee for convergence to the global optimum. As another alternative,
one may also consider formal methods such as model checking [9, 165, 132]. This
method provides the appealing capability to prove correctness of finite state machines
with respect to formally specified requirements. The application of these methods is
however not straightforward because it requires an abstraction of the adaptive con-
troller as a finite state machine [92, 132].

The preceding discussion of testing methods highlights that each method provides
unique advantages and disadvantages. Since the former can effectively complement
each other, it may be expected that only combinations of these methods will lead to
a successful certification of adaptive controllers. Furthermore, it must be realized that
the absence of suitable metrics and the difficulties with testing do not constitute the
only challenges with respect to the certification of adaptive controllers. Other difficul-
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ties derive for example from the lack of viable monitoring systems which can detect
malfunctions of an adaptive controller during runtime.

More recently, a novel adaptive control approach, namely L1 Adaptive Control (L1-
AC) [87], raised significant interest. While there is an ongoing discussion on the ques-
tion as to whether this approach should be called adaptive or not (see for example
[97, 126, 86, 127]), it certainly provides interesting features from an engineering point
of view. One variant of L1-AC, so-called L1 Adaptive Control with Piecewise Constant
Update Law (L1-PWC), leads to a linear control law. This approach has recently been
successfully flight-tested on a Learjet 25D aircraft [1]. Due to linearity, one may actually
certify L1-PWC according to existing rules and requirements without the need for novel
robustness and performance metrics. With respect to the previous discussion about
the certification of adaptive control, the latter results in a major advantage. While it is
expected that a nonlinear approach such as MRAC outperforms a linear approach in
suitable conditions [38], it nevertheless represents an interesting solution: If a linear
approach such as L1-PWC solves a given control problem, there is no need to use
a nonlinear, currently non-certifiable controller. Furthermore, such linear approaches
may also be seen as a viable interim solution until the certification challenges of adap-
tive controllers have been solved.

1.2 Objective

The overall objective of this thesis consists in the development of control systems:

1. which can control highly uncertain plants;
2. which admit reliable robustness and performance guarantees that may be used

in a certification process.

In order to achieve this overall goal, this thesis adopts two different strategies.

The first strategy resorts to adaptive control, namely MRAC. While MRAC is well
suited for the control of highly uncertain plants, it lacks appropriate robustness and
performance guarantees. In literature, several robustness and performance metrics
have been suggested. The computation of these metrics however still represents a
major difficulty. For this reason, the present thesis does not propose novel metrics, but
aims at improving and developing methods for the computation of metrics.

The second strategy, which is adopted by this thesis, consists in the development
and the analysis of linear control strategies which may control highly uncertain plants.
In contrast to MRAC, these approaches may be analyzed with existing techniques and
may be certified according to existing rules and requirements due to their linearity. In
case of the second strategy, the challenge consists in handling highly uncertain plants.
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1.3 Contribution

With respect to the previously defined objectives, this thesis makes the following con-
tributions:

Consistent Derivations

MRAC (see e.g. [119, 89, 105]) and L1-AC (see [87]) represent two widely known
branches of adaptive control. This may already be seen from the sheer amount of
publications on these topics. Most publications do however only consider one of the two
approaches. As a result, the introductions to these approaches usually rely on different
nomenclatures and on different assumptions, obscuring their relations. For this reason,
this thesis introduces all control approaches (MRAC, L1-AC and its variants, Modified
Linear Extended State Observer (MLESO)) based on a common nomenclature and
using common assumptions.

Classification into Signal-based and Parameter-based Approaches

All control approaches considered within this thesis aim at the control of highly un-
certain systems. In order to deal with the uncertainty, they possess some uncertainty
estimation mechanism. These mechanisms do, however, differ fundamentally. In case
of MRAC and L1-AC (with Integral Update Law), the controller adjusts its parameters
/ gains to the plant. For this reason, these approaches are referred to as parameter-
based approaches. In contrast, L1-PWC, MLESO-based controllers and several other
approaches do not adjust their parameters. Instead, they estimate a disturbance sig-
nal which results from the deviation between a reference model and the true plant.
These approaches are hence referred to as signal-based approaches. To the best of
the author’s knowledge, this classification has not yet been introduced in research.

In contrast to a classification as adaptive or non-adaptive, the distinction into signal-
based and parameter-based approaches facilitates the discussion of their properties
and limitations. This is because signal-based and parameter-based approaches may
be clearly distinguished, whereas terms such as adaptivity are not uniquely defined
in literature (see for example [119] for several definitions). An initial discussion on the
properties and limitations of signal-based and parameter-based approaches will be
presented.

Strategy 1: Systematic Review of Robustness and Performance Metrics

In literature, various robustness and performance metrics for adaptive controllers have
been proposed. The need for new metrics has been highlighted in [92] and some
solutions and metrics were gathered in [92, 161]. However, none of these previous
works has provided a systematic review and a systematic classification of available ap-
proaches. For this reason, the current thesis presents such a systematic review. While
there exist various adaptive control approaches and associated analysis techniques,
this study mainly considers MRAC and L1-AC.
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Strategy 1: Development of Novel Methods for the Computation of Robustness
and Performance Metrics

The review of robustness and performance metrics identifies two promising metrics,
which might be of use in a future certification process of adaptive controllers. These
two metrics are the time-delay margin (as a measure of robustness) and bounds on the
tracking error1 components (as a measure of performance). While both metrics pro-
vide valuable insight into the robustness or the performance of an adaptive controller,
their practical application is challenging due to the lack of methods for their computa-
tion. For this reason, this thesis develops novel analytical methods for the computation
of these two metrics in case of a MRAC. Since the present thesis aims at obtaining
robustness and performance guarantees, the analytical computation is preferred over
other computational methods.

The analytical computation of the time-delay margin of an adaptive controller has
been addressed in several publications. In order to prove stability of the resulting non-
linear delayed system, they usually resort to either the stability theorems of Lyapunov-
Razumikhin or Lyapunov-Krasovskii [75, 73]. Ishihara et al. [90] compute the time-
delay margin of an adaptive controller for a second order plant using the Lyapunov-
Razumikhin theorem. The approach does, however, require the knowledge of an upper
bound on the regressor vector2, which is not always readily available. Matsutani et al.
[112] determine the time-delay margin by showing robustness to unmodeled dynamics
and using a Padé approximation of the time-delay. Due to the use of a Padé approxi-
mation, the approach does not yield a guaranteed bound. More recently, Matsutani et
al. [113] inferred the time-delay margin of MRAC using an analysis of the trajectories
using first principles and the Lyapunov-Razumikhin theorem. This method exploits the
special properties of the projection algorithm [131, 105]. Dorobantu et al. [43] calcu-
late the time-delay margin of MRAC with σ-modification in the stabilization case using
the Lyapunov-Krasovsikii theorem and so-called Sum-Of-Squares (SOS) optimization.
The use of SOS optimization enables the reduction of conservatism. Following a sim-
ilar spirit, this thesis proposes a method for the computation of the time-delay margin
of a MRAC with σ-modification which relies on the Lyapunov-Razumikhin theorem and
SOS optimization. In contrast to Dorobantu et al. [43], the tracking case is considered.

Analytical methods for the computation of bounds on the tracking error immedi-
ately derive from the conventional proof of stability of MRAC. Essentially, all of these
methods aim at the computation of an invariant set, i.e. a set which the trajectories
of the closed-loop system cannot leave. The size and the shape of this set lead to a
bound on the tracking error. The process of computing such an invariant set usually

1Control approaches such as MRAC aim at tracking a previously defined reference model. The error
between the plant and the reference model is referred to as tracking error.

2Parameter-based approaches such as MRAC separate the uncertainties into an unknown parameter
vector and a vector of known basis functions. The latter vector is commonly referred to as the regressor
vector.
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involves various upper and lower bounds on the Lyapunov function and its derivative
(see for example [158]), which introduces significant conservatism. The emergence of
conservatism will be analyzed systematically, which represents one contribution.

More recently, Fravolini et al. [55] replaced these upper and lower bounds by Linear
Matrix Inequality (LMI) conditions. They used the resulting novel computational method
to synthesize adaptive controllers which satisfy a-priori specified tracking error bounds.
In a later publication, Fravolini et al. also used this idea for the analysis of adaptive con-
trollers (see [56]). Furthermore, synthesis procedures for other MRAC variants have
been proposed (see [61, 60, 58, 57]). In this thesis, a conceptually similar, but indepen-
dent approach is developed. In contrast to Fravolini, this approach exclusively focuses
on the analysis scenario. In order to mitigate conservatism, a slightly altered Lya-
punov function candidate is proposed, which does not change the adaptive controller
itself. Furthermore, a novel method is introduced to deal with statistically distributed un-
certainties which adapts methods from probabilistic µ-analysis (see for example [11]).
Moreover, a method is presented which allows the computation of tracking error bounds
in case of unmatched parametric uncertainties. To the best of the author’s knowledge,
this case has not been addressed so far in literature.

Strategy 2: Development of the Modified Linear Extended State Observer

Although significantly improved methods have been recently proposed for the computa-
tion of robustness and performance metrics, their conservatism still prevents their use
in a certification process. This raises the question as to whether the objective of con-
trolling highly uncertain systems may also be achieved using linear, that is, certifiable
control approaches. Following this line of thought, this thesis introduces the MLESO.
In its simplest form, the MLESO is a Luenberger-like observer which estimates the dis-
turbance signal that results from the plant uncertainties. In contrast to a conventional
Linear Extended State Observer (LESO) [65, 27, 28], the MLESO follows a different
paradigm. While a LESO is designed like a conventional Luenberger observer, the
MLESO follows a signal-driven approach. The design of the MLESO ensures that the
disturbance estimate closely follows the true disturbance signal. The lag of the dis-
turbance estimate is described by a strictly proper filter, whose transfer function may
be freely chosen. In contrast, a conventional LESO does not admit to realize arbitrary
transfer functions.

Furthermore, it will be proven that the MLESO achieves the same closed-loop per-
formance as a L1-AC or a L1-PWC. Hence, the MLESO may be seen as a viable
alternative to these approaches. Its close relation to L1-AC and a L1-PWC also en-
ables to establish connections to other signal-based approaches such as Disturbance
Observers (DOBs). Moreover, similarities of MLESO-based controllers and Propor-
tional Integral (PI) controllers as well as integral model inversion controllers [156] will
be clarified.
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Strategy 2: Application and Assessment of the Modified Linear Extended State
Observer
In order to demonstrate the capabilities of the MLESO, it is applied to a challenging
benchmark control problem: A fallback control system for the lateral motion of an Un-
manned Aerial System (UAS) is developed which only relies on the measurements
provided by the Attitude and Heading Reference System (AHRS). Thus, the controller
may only resort to measurements of linear accelerations, angular rates and attitude an-
gles. Nevertheless, the controller must operate throughout velocity and altitude ranges
of interest. Since altitude and velocity are not available as measurements, conventional
design strategies based on gain-scheduling are not applicable.

In order to assess the robustness and performance of the MLESO-based control
law, a second control system is developed additionally. This second control system
relies on an ad hoc modification of the Linear Quadratic Regulator (LQR) problem.
The modification enables the LQR controller to simultaneously stabilize multiple plant
models and hence, to stabilize the plant at various altitudes and velocities.

A comparison leads to the rather unexpected result that both controllers equally
solve the control problem. Moreover, the LQR controller seems preferable due to its
simpler structure. This observation initiates a discussion of the limitations of the control
objective “model following”, which is pursued by most control approaches of this thesis
including the MLESO.

1.4 Layout of the Thesis

The remainder of this thesis is structured as follows: Chapter 2 introduces two bench-
mark control problems. The first one consists in the control of the short-period motion
of an UAS. Due to its simplicity, this control problem will be used recurrently throughout
this thesis to demonstrate various control approaches and their properties. The second
control problem aims at the development of a fallback controller for the lateral motion of
the same UAS. Due to its complexity, it will not be treated recurrently. Instead, Chapter
6 is dedicated to this problem. Afterwards, Chapter 3 reviews the theory of MRAC and
L1-AC, which represent two widely known adaptive control approaches. With respect
to the first strategy, Chapter 4 then summarizes available robustness and performance
metrics for MRAC and proposes novel methods for their computation. With respect
to the second strategy, Chapter 5 introduces the MLESO as a Linear Time Invariant
(LTI) control approach for highly uncertain systems. This novel control approach is
applied to the lateral benchmark control problem in Chapter 6. Furthermore, Chapter
6 also introduces a slightly modified LQR control problem which is used to derive an
alternative controller for the purpose of comparison. Finally, Chapter 7 concludes this
thesis, highlights its achievements (and open problems) and proposes directions for
future work.
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The reader is expected to be familiar with linear and nonlinear system theory as
covered in introductory textbooks such as [110, 111, 156, 96]. Furthermore, basic
concepts from linear algebra and analysis are required. Some previous knowledge
about LMIs and related concepts such as SOS polynomials are advantageous. While
most of these topics will be briefly reviewed in Appendix B and C, these sections do
not present them in a fully self-contained fashion.
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Chapter 2

Benchmark Problem Description

This chapter introduces two benchmark control problems which will be considered
within this thesis. The first problem is the control of the angle-of-attack of a linearized
short-period approximation of the longitudinal dynamics of an Unmanned Aerial Sys-
tem (UAS). This control problem is used recurrently throughout this thesis in order to
demonstrate the basic properties of the control approaches which will be introduced
later on. The details of this control problem may be found in Section 2.2.

The second benchmark problem considers the lateral dynamics of the same UAS.
A control system is to be developed that ensures tracking of a bank angle command,
while keeping the angle-of-sideslip at small values. The benchmark problem features
two additional challenges:

1. The controller should operate on a whole envelope of interest, that is, for a veloc-
ity range, altitude range and fuel mass range of interest.

2. Only measurements processed by the Attitude and Heading Reference System
(AHRS) are available to the controller. That is, the controller may only resort to
measurements of the angular rates, attitude angles and linear accelerations to
complete its control task. Other measurements such as the altitude, the velocity,
the angle-of-attack or the angle-of-sideslip are not available.

The details of the second control problem itself are presented in Section 2.3. Due
to its complexity, the second control problem is not treated recurrently throughout the
thesis. Instead, Chapter 6 is dedicated to the development of the controller and to the
assessment of its robustness and performance.

Both control problems, which are introduced in this chapter, consider the same
UAS. Before introducing the respective control problems, a suitable model of the UAS is
required. To that end, Section 2.1 introduces the general nonlinear Equations of Motion
(EOMs) of the UAS, their linearization and the modeling of further aircraft subsystems
such as the actuators. Notice that the detailed modeling of the forces and moments
acting on the UAS will not be presented since these details may not be published. In
order to maintain reproducibility, a few linearized models of the UAS are nevertheless

11



2.1 Modeling of the UAS

provided for selected flight conditions with an extended landing gear. These linearized
models are sufficient to reproduce most simulation results presented within this thesis.

Unlike the other chapters of this thesis, the explicit dependence on time is dropped
in this chapter in order to improve readability. It should however be clear from the
context that positions, velocities, etc. are time-varying quantities.

2.1 Modeling of the UAS

This section presents the general structure of the UAS model, which constitutes the ba-
sis for all later controller developments. The model comprises two major components.
On the one side, there are the EOMs of the UAS itself. On the other side, there are
aircraft subsystems such as actuators, digital processing, etc. From the perspective
of the flight control system, these subsystems are also part of the aircraft dynamics.
Their consideration is of uttermost importance as their presence can significantly limit
the achievable control system performance.

The EOMs of the UAS are derived under the assumption of a rigid body. The states
of such a rigid body in the three dimensional space are given by its velocity, its position,
its angular rate and its attitude. The velocity, the position and the angular rate may
be conveniently represented as three dimensional vectors. For the representation of
attitude, one of the numerous available attitude representations (such as quaternions,
Euler angles, Rodrigues parameters - see [154]) has to be chosen. For the sake of
simplicity, an attitude representation in terms of Euler angles is convenient. Hence,
the total number of states of the rigid body EOMs amounts to twelve. In addition, the
states of the aircraft subsystems have to be considered as well. In this thesis, the only
subsystem adding further states to the overall aircraft model is the actuation system.
The UAS provides four independent control inputs, namely the elevator, the aileron,
the rudder and the thrust lever position. The dynamics of the three control surfaces are
modeled as second order lag elements and hence, the number of states of the overall
aircraft model increases to 18. Since none of the controllers, which will be presented
later on, alters the thrust lever position, the engine dynamics will not be modeled.

The EOMs of the rigid body (for the velocity and the angular rate) derive from the
laws of conservation of translational and angular momentum. These physical laws may
only be applied when modeling the aircraft in an inertial frame. In case of an aircraft
moving in the atmosphere of the Earth, it is reasonable to assume that a coordinate
system, whose origin is the center of the Earth, and which does not rotate while the
Earth orbits the Sun, is approximately an inertial frame. Hence, the EOMs could be
stated in this frame, which will be later on referred to as Earth-Centered Inertial (ECI)
frame. However, the derivation of the EOMs ultimately serves the purpose of obtaining
models which are suitable for the process of control design. Hence, the states of the
model should represent measurable quantities. Since the velocity of the aircraft with
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respect to the ECI frame is not easily measurable, modeling in a non-inertial (accelerat-
ing) frame is more appropriate. A measurable and more intuitive velocity is for example
given by the velocity of the aircraft with respect to the (rotating) surface of the Earth,
which represents a rotating reference frame. Modeling in such a frame comes at the
cost that fictitious forces such as centrifugal forces have to be considered.

Subsequently, the required reference frames will be introduced first in Subsection
2.1.1. Furthermore, the general nomenclature for denoting positions, (angular) ve-
locities, (angular) accelerations, forces and moments will be presented. With these
prerequisites in place, the nonlinear EOMs are stated in Subsection 2.1.2. Based on
the nonlinear EOMs, the general structure of the linearized model of the aircraft is
presented in Subsection 2.1.3. Finally, Subsection 2.1.4 presents the modeling of the
aircraft subsystems such as the actuators and the digital processing units.

2.1.1 Reference Frames and Nomenclature

This section presents the reference frames, which are important for the modeling of
the UAS motion. Furthermore, transformations between the respective frames are
presented, if they are required subsequently. Afterwards, the nomenclature for de-
noting positions, (angular) velocities, (angular) accelerations, forces and moments will
be presented. This nomenclature is commonly used at the Institute of Flight System
Dynamics.

The pictures within this section are taken from internal documents by courtesy of
the Institute of Flight System Dynamics.

Earth-Centered Inertial Frame

The origin of the Earth-Centered Inertial (ECI) frame is the center of the Earth. Its
xI-axis lies within the ecliptic (the plane in which the Earth orbits the Sun) and points
towards the vernal equinox. Its yI-axis completes an orthonormal, right-handed coor-
dinate system. Its zI-axis is aligned with the Earth’s rotational axis and points north.
Figure 2.1(a) illustrates the ECI frame. The index associated with the ECI frame is I.

While the ECI frame does not rotate around the Earth’s rotational axis, it moves on
an elliptic orbit around the Sun. Nevertheless, it may be approximately (strictly speak-
ing: locally) seen as an inertial frame. Hence, the laws of conservation of translational
and angular momentum may be applied.

Earth-Centered Earth-Fixed Frame

Similar to the ECI frame, the origin of the Earth-Centered Earth-Fixed (ECEF) frame is
the center of the Earth. Its xE-axis lies within the equatorial plane and points from the
Earth center towards the Greenwich meridian. Its yE-axis also lies within the equatorial
plane and completes an orthonormal, right-handed coordinate system. Its zE-axis is
equivalent to the zI-axis. Due to the above definition of the xE-axis, the ECEF frame
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Figure 2.1: Illustrations of the ECI frame and of the ECEF frame.

rotates with the Earth rotation rate
(
~ωIE

)
with respect to the ECI frame. Figure 2.1(b)

illustrates the ECEF frame. The index associated with the ECEF frame is E.
The ECEF frame is especially suited for the representation of the position and of

the velocity of the aircraft relative to the Earth’s surface.

North-East-Down Frame

The origin of the North-East-Down (NED) frame is the so-called reference point R,
which is some known point within the aircraft. The xO-axis is parallel to the local geoid
surface, pointing towards the geographic North Pole. The yO-axis is parallel to the
local geoid surface and points east. The zO-axis is perpendicular to the local geoid
surface and points downwards. The NED frame is illustrated in Figure 2.2. The index
associated with the NED frame is O.

Since the origin of the NED frame is within the aircraft, positions may not be repre-
sented in this frame. The NED frame is primarily used as a reference to indicate the
attitude of the aircraft. Since the xO-axis always points towards the geographic North
Pole, the NED frame has to rotate with respect to the ECEF frame when the aircraft
moves relative to the Earth’s surface. This rotation is called transport rate and is de-
noted by

(
~ωEO

)
. The transport rate depends on the current position and velocity of the

aircraft. A formula for its computation may for example be found in [173].

Body-Fixed Frame

Similar to the NED frame, the origin of the body-fixed frame is the reference point R
of the aircraft. The xB-axis points towards the nose of the aircraft within the aircraft’s
symmetry plane. The yB-axis points towards the right wing. The zB-axis completes an
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Figure 2.2: Illustration of the NED frame.

orthonormal right-hand system and points downwards within the aircraft’s symmetry
plane. The index associated with the body-fixed frame is B.

Since the axes of the body-fixed frame are aligned with the aircraft body, the body-
fixed frame is the preferred frame for writing down forces and moments acting on the
aircraft.

The orientation of the body-fixed frame with respect to the NED frame is specified
with the help of three Euler angles, namely the bank angle Φ, the pitch angle Θ and the
azimuth angle Ψ. The rotation matrix which transforms a vector from the NED frame to
the body-fixed frame is given by ([20]):

MBO =




1 0 0
0 cos Φ sin Φ
0 − sin Φ cos Φ


 ·




cos Θ 0 − sin Θ
0 1 0

sin Θ 0 cos Θ


 ·




cos Ψ sin Ψ 0
− sin Ψ cos Ψ 0

0 0 1


 . (2.1)

Kinematic Frame
Similar to the body-fixed frame, the origin of the kinematic frame is the reference point
R of the aircraft. The xK-axis however points in the direction of the kinematic velocity of
the aircraft. The yK-axis points right and completes an orthonormal right-hand system.
The zK-axis lies in the plane spanned by the xK-axis and the local surface normal of
WGS-84 reference ellipsoid, points downwards and is orthogonal to the xK-axis. The
index associated with the kinematic frame is K.

Since the xK-axis points in the direction of the kinematic velocity, the latter velocity
has an exceptionally simple representation in the kinematic frame.

The orientation of the kinematic frame with respect to the body-fixed frame is spec-
ified with the help of the flight-path angle-of-attack αRK , the flight-path angle-of-sideslip

15
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βRK and the flight-path bank angle µRK . The rotation matrix which transforms a vector
from the kinematic frame to the body-fixed frame is given by:

MBK =




cosαRK 0 − sinαRK
0 1 0

sinαRK 0 cosαRK


 ·




cos βRK − sin βRK 0
sin βRK cos βRK 0

0 0 1


 ·




1 0 0
0 cosµRK sinµRK
0 − sinµRK cosµRK


 . (2.2)

Modified Kinematic Frame
The modified kinematic frame is similar to the kinematic frame. It is however rotated
by the flight-path bank angle µRK around the xK-axis. The index associated with the
modified kinematic frame is K̄. The rotation matrix which transforms a vector from the
modified kinematic frame to the body-fixed frame is given by:

MBK̄ =




cosαRK 0 − sinαRK
0 1 0

sinαRK 0 cosαRK


 ·




cos βRK − sin βRK 0
sin βRK cos βRK 0

0 0 1


 . (2.3)

Aerodynamic Frame
The aerodynamic frame is conceptually similar to the modified kinematic frame K̄. Its
origin is the reference point R of the aircraft. In contrast to the modified kinematic frame
K̄, the xA-axis however points in the direction of the aerodynamic velocity.

The yK-axis points right and completes an orthonormal right-hand system. The zA-
axis lies in the plane spanned by the xB-axis and the zB-axis, points downwards and is
orthogonal to the xA-axis. The index associated with the aerodynamic frame is A.

Since the xA-axis points in the direction of the aerodynamic velocity, the latter ve-
locity has an exceptional simple representation in the aerodynamic frame.

The orientation of the aerodynamic frame with respect to the body-fixed frame is
specified with the help of the aerodynamic angle-of-attack αRA and the aerodynamic
angle-of-sideslip βRA . The rotation matrix which transforms a vector from the aerody-
namic frame to the body-fixed frame is given by:

MBA =




cosαRA 0 − sinαRA
0 1 0

sinαRA 0 cosαRA


 ·




cos βRA − sin βRA 0
sin βRA cos βRA 0

0 0 1


 . (2.4)

Nomenclature
In addition to the definitions of the reference frames, a rigorous nomenclature for spec-
ifying vectors in these frames is required. The nomenclature is specific to the type of
vector, i.e. depends on whether the vector represents a position, a velocity, etc. It is
introduced by means of an example for any relevant vector type.

The position of a point G relative to the origin of the body-fixed (B) frame, denoted
in the body-fixed (B) frame, is given by

(
~rG
)
B

=




xG

yG

zG




B

. (2.5)
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Likewise, the position of a point P relative to a point G is specified as

(
~rGP

)
B

=
(
~rP
)
B
−
(
~rG
)
B

=




xGP

yGP

zGP




B

. (2.6)

For the differentiation of a vector, the so-called Euler differentiation will be frequently
used, which allows the differentiation of a vector, noted in a reference frame B, with
respect to another reference frame A. In case of the position vector

(
~rG
)
B

, the Euler
differentiation with respect to a reference frame A is defined as [20]

(
d

dt

)A (
~rG
)
B

=
( .
~r
G
)A

B
,
( .
~r
G
)B

B
+
(
~ωAB

)
B
×
(
~rG
)
B
, (2.7)

where
(
~ωAB

)
B

denotes the angular rate between the reference frames A and B (see
below). The frame, with respect to which is differentiated, is indicated by the upper
right index of the derivative

.
~r as well as the upper right index of the differential operator

(d/dt)A.
The kinematic (K) velocity of a point R relative to the ECEF (E) frame, denoted in

the body-fixed (B) frame, is written as

(
~V
R

K

)E

B
=
(
d

dt

)E (
~rR
)
B

=




uRK
vRK
wRK




E

B

. (2.8)

Notice that the lower left index K indicates a kinematic velocity, but does not state that
the velocity is given in the kinematic frame. Other types of velocities are aerodynamic
(A) or wind (W ). The upper right index E indicates that the Euler differentiation is
performed with respect to the ECEF frame.

The kinematic (K) acceleration of a point R denoted in the body-fixed (B) frame, is
given by

( .
~V
R

K

)EB

B

=
(
d

dt

)B (
~V
R

K

)E

B
=




.
uRK
.
vRK
.
wRK




EB

B

. (2.9)

The upper right index EB indicates that the velocity of a point, which is defined relative
to the ECEF frame, is differentiated in the body-fixed (B) frame.

Angular rates specify the rotation of reference frames with respect to each other.
The angular rate of the body-fixed (B) frame with respect to the inertial (I) frame, noted
in the body-fixed (B) frame, is written as

(
~ωIB

)
B

=




ωIBx
ωIBy
ωIBz




B

. (2.10)
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The angular acceleration (the derivative of the angular rate
(
~ωIB

)
B

) with respect to
the NED (O) frame is denoted as

( .
~ω
IB
)O

B
=
(
d

dt

)O (
~ωIB

)
B

=




.
ωIBx
.
ωIBy
.
ωIBz




O

B

. (2.11)

As before, the differential operator (d/dt)O indicates that the differentiation is actually
performed in the NED (O) frame.

The total (T) force, which applies in the point G, noted in the body-fixed (B) frame,
is written as

(
~F
G

T

)

B
=




XG
T

XG
T

XG
T




B

. (2.12)

Similarly, the total (T) moment relative to the point R, noted in the body-fixed (B) frame,
is denoted as

(
~M

R

T

)

B
=




LRT
MR

T

NR
T




B

. (2.13)

2.1.2 Equations of Motion

This section summarizes the EOMs of an aircraft, when assuming a rigid body with a
quasi-stationary (distribution of) mass.

Translation

The EOMs of the translational motion derive from the law of conservation of transla-
tional momentum. According to [83], the translational EOMs of the point R are given
by:

( .
~V
R

K

)EB

B

=

(
~F
G

T

)

B

m
−
(
~ωEB

)
B
×
(
~V
R

K

)E

B
− 2 ·

(
~ωIE

)
B
×
(
~V
R

K

)E

B

−
(
~ωIE

)
B
×
[(
~ωIE

)
B
×
(
~rR
)
B

]

−
( .
~ω
IB
)B

B
×
(
~rRG

)
B
−
(
~ωIB

)
B
×
[(
~ωIB

)
B
×
(
~rRG

)
B

]
,

(2.14)

where m denotes the quasi-constant mass of the UAS, i.e. .
m ≈ 0, and G denotes the

center of gravity.
In (2.14), the rotations of the body-fixed frame with respect to the inertial frame(

~ωIB
)

and of the body-fixed frame with respect to the ECEF frame
(
~ωEB

)
appear.

They are related by (
~ωIB

)
=
(
~ωIE

)
+
(
~ωEB

)
. (2.15)
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Rotation
The EOMs of the rotational motion derive from the law of conservation of rotational
momentum. According to [83], they are given by:

(
IR
)
B

( .
~ω
IB
)B

B
=
(
~M

R

T

)

B
−
(
~ωIB

)
B
×
[(
IR
)
B
·
(
~ωIB

)
B

]

−m ·
(
~rRG

)
B
×


( .
~V
R

K

)EB

B

+
(
~ωEB

)
B
×
(
~V
R

K

)E

B




−m ·
(
~rRG

)
B
×
[
2 ·
(
~ωIE

)
B
×
(
~V
R

K

)E

B

]

−m ·
(
~rRG

)
B
×
[(
~ωIE

)
B
×
[(
~ωIE

)
B
×
(
~rR
)
B

]]
,

(2.16)

where
(
IR
)
B

denotes the quasi-constant inertia tensor with respect to the reference
point R, given in body-fixed coordinates.

Attitude
The attitude of an aircraft is determined by the relative attitude of the body-fixed frame
relative to the NED frame. In order to specify the relative attitude between these two
frames, various representations such as Euler angles, quaternions, etc. have been
proposed (see for example [154]). For reasons of simplicity, the Euler angles Φ, Θ, Ψ
as defined in Section 2.1.1 are chosen here. The time derivatives of the Euler angles
relate to the angular rate

(
~ωOB

)
B

by




.
Φ
.

Θ
.

Ψ


 =




1 sin Φ tan Θ cos Φ tan Θ
0 cos Φ − sin Φ
0 sin Φ

cos Θ
cos Φ
cos Θ


 ·
(
~ωOB

)
B
, (2.17)

(see for example [20]). The angular rate
(
~ωOB

)
relates to

(
~ωIB

)
by

(
~ωOB

)
=
(
~ωEB

)
−
(
~ωEO

)

=
(
~ωIB

)
−
(
~ωIE

)
−
(
~ωEO

)
.

(2.18)

Position
Similar to the attitude, the position of an aircraft may be represented in several ways.
For a short-range UAS, a local positioning with respect to some fixed point on the Earth
may be sufficient. For a long-range UAS, a position representation with respect to the
ECEF frame is however more appropriate. Such a representation is also considered
here.

The position in the ECEF frame could be represented in Cartesian coordinates.
In practice, a representation in terms of geodetic latitude µ, geodetic longitude λ and
height h is however more intuitive. Such a representation requires a model of the shape
of the Earth’s surface. To that end, the WGS-84 model is underlain, which models the
Earth as an ellipsoid. The parameters of this ellipsoid are specified in Table 2.1.
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Description Symbol Value

Semi-major axis a 6378137.0 m

Semi-minor axis b b = a · (1− f)

Flattening f f = a−b
a

= 1
298.257223563

Excentricity e e =
√
f · (2− f)

Normal curvature radius N(µ) N(µ) = a√
1−e2 sin2 µ

Meridian curvature radius M(µ) M(µ) = a(1−e2)√
(1−e2 sin2 µ)3

Table 2.1: Parameters of the WGS-84 Earth Model according to [50, 173].

In order to obtain a relation between the kinematic velocity
(
~V
R

K

)E

B
and the rate of

change of latitude µ, longitude λ and height h, the kinematic velocity is first transformed

to the NED frame by
(
~V
R

K

)E

O
= MOB ·

(
~V
R

K

)E

B
. The components of the vector

(
~V
R

K

)E

O
are denoted by

(
~V
R

K

)E

O
,




VN

VE

VD




E

O

. (2.19)

According to [173], the position differential equations are then given by

.
λ = VE

(N(µ) + h) · cosµ,

.
µ = VN

M(µ) + h
,

.
h = −VD,

(2.20)

where N(µ) and M(µ) are defined in Table 2.1.

Alternative Representations
While the above EOMs fully describe the motion of the UAS, an alternative representa-

tion of the kinematic velocity
(
~V
R

K

)E
is sometimes more convenient as it allows a more

intuitive understanding of the aircraft motion. The kinematic velocity
(
~V
R

K

)E

B
, given in

the body-fixed (B) frame, is more conveniently described in terms of the absolute ve-
locity V R

K , the flight-path angle-of-attack αRK and the flight-path angle-of-sideslip βRK .

When denoting the components of
(
~V
R

K

)E

B
by uK , vK , wK , the relations

V R
K =

√
u2
K + v2

K + w2
K , (2.21)
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Control
Surface

Primary
Influence

Symbol
Lower
Deflection
Limit [◦]

Upper
Deflection
Limit [◦]

Rate Limit
[◦/s]

Elevator yB-axis η -30 30 100

Aileron xB-axis ξ -30 30 100

Rudder zB-axis ζ -25 25 100

Table 2.2: Summary of the control surfaces, their axis of primary influence and their
limits.

αRK = arctan2

(
wK
uK

)
, (2.22)

βRK = arcsin

 vK√

u2
K + v2

K + w2
K


 (2.23)

hold [20].

Forces and Moments

The total forces and moments
(
~F
G

T

)
and

(
~M

R

T

)
acting on the aircraft can be divided

into three groups. The first group are the forces and moments due to gravity, which are

denoted by
(
~F
G

G

)
and

(
~M

R

G

)
.

The second group are the forces and moments due to the propulsion system, which

are denoted by
(
~F
G

P

)
and

(
~M

R

P

)
. The propulsion forces and moments may be in-

fluenced by the control system with the help of the trust lever position δT , which is
assumed to be normalized to the range from 0 to 1.

The third group are the forces and moments due to the aerodynamics, which are

denoted by
(
~F
G

A

)
and

(
~M

R

A

)
. The size of these forces and moments strongly depends

on the aerodynamic velocity
(
~V
R

A

)E
, which relates to the kinematic velocity

(
~V
R

K

)E

and the wind speed
(
~V
R

W

)E
by

(
~V
R

A

)E
,
(
~V
R

K

)E
−
(
~V
R

W

)E
. (2.24)

The flight control system may influence the aerodynamic forces and moments by ap-
propriate deflections of the control surfaces, namely the elevator η, the aileron ξ and
the rudder ζ. A positive deflection of these control surfaces is defined such that it leads
to a negative rotation around the primarily influenced axis, which is specified in Table
2.2. Furthermore, Table 2.2 also summarizes the control surface limitations.
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The total forces and moments
(
~F
G

T

)
and

(
~M

R

T

)
, which act on the aircraft, hence

result from
(
~F
G

T

)
=
(
~F
G

G

)
+
(
~F
G

P

)
+
(
~F
G

A

)
, (2.25)

(
~M

R

T

)
=
(
~M

R

G

)
+
(
~M

R

P

)
+
(
~M

R

A

)
. (2.26)

According to [20], the specific force, which sums up all forces except gravity, is
defined as:

(
~f
G
)
,

(
~F
G

T

)
−
(
~F
G

G

)

m
=

(
~F
G

P

)
+
(
~F
G

A

)

m
. (2.27)

Since the details of the UAS model may not be published here, further details on the
exact modeling of forces and moments are omitted.

Output Equations
The previously presented EOMs model the translational and rotational motion of the
aircraft. The EOMs lead to a state space model with twelve states. For the purpose of
control, these states (or appropriate transformations of these states) have to be mea-
sured. This section introduces the nonlinear output equations, which relate the states
of the EOMs to the measurement outputs, if ideal sensors and ideal processing units
for the sensor data were used. The actual sensor model, which leads to a distortion of
these ideal read-outs, is not considered here.

As measurement devices, the considered UAS features an Inertial Measurement
Unit (IMU), pitot tubes for static and dynamic pressure measurements and a Global
Positioning System (GPS). The IMU data are processed by the AHRS. The ideal out-
puts of the AHRS are given by:

• the angular rates
(
~ωIB

)
B

, given in body-fixed coordinates;

• the Euler angles Φ, Θ, Ψ;

• the specific force
(
~f
M
)

B
at the mounting point M of the IMU divided by the

gravitational acceleration g, given in body-fixed coordinates:

(
~b
M
)

B
,

(
~f
M
)

B

g
=

(
~f
G
)

B

g
+

( .
~ω
IB
)B

B
×
(
~rGM

)
B

g

+

(
~ωIB

)
B
×
[(
~ωIB

)
B
×
(
~rGM

)
B

]

g
.

(2.28)

In (2.28), the additional cross products account for the centrifugal and Euler acceler-
ations of the IMU due to the rotation of the mounting point M relative to the center of
gravity G.

Later on, the output equation (2.28) has to be linearized. The linearization simplifies
significantly by deriving a kinematic relation for the output

(
~b
M
)

. To that end, insert the
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definition of the specific force (2.27) into the translational EOMs and solve for
(
~f
G
)

,
which yields:

(
~f
G
)

B
=
( .
~V
R

K

)EB

B

−
(
~gG
)
B

+
(
~ωEB

)
B
×
(
~V
R

K

)E

B
+ 2 ·

(
~ωIE

)
B
×
(
~V
R

K

)E

B

+
(
~ωIE

)
B
×
[(
~ωIE

)
B
×
(
~rR
)
B

]
(2.29)

+
( .
~ω
IB
)B

B
×
(
~rRG

)
B

+
(
~ωIB

)
B
×
[(
~ωIB

)
B
×
(
~rRG

)
B

]
,

where
(
~gG
)

=
(
~F
G

G

)
/m denotes the gravitational acceleration. Inserting the result into

the output equation (2.28) leads to the kinematic relation

(
~b
M
)

B
=

( .
~V
R

K

)EB

B

g
+
−
(
~gG
)
B

+
(
~ωEB

)
B
×
(
~V
R

K

)E

B
+ 2 ·

(
~ωIE

)
B
×
(
~V
R

K

)E

B

g

+

(
~ωIE

)
B
×
[(
~ωIE

)
B
×
(
~rR
)
B

]

g
(2.30)

+

( .
~ω
IB
)B

B
×
(
~rRM

)
B

+
(
~ωIB

)
B
×
[(
~ωIB

)
B
×
(
~rRM

)
B

]

g
.

The measurements of the pitot tubes are processed by the Air Data System (ADS).
Assuming wind-free conditions, the ideal outputs of the ADS are:

• the absolute value of the kinematic velocity V R
K ;

• the flight-path angle-of-attack αRK ;
• the flight-path angle-of-sideslip βRK .

In addition to these quantities, the ADS also yields further estimates such as barometric
height, which are however not relevant for the control tasks to be presented later on.

The GPS yields estimates of the position of the aircraft in WGS-84 coordinates

as well as an estimate of the kinematic velocity
(
~V
R

K

)E

O
. In ideal conditions, these

estimates correspond to the true position and the true kinematic velocity.

2.1.3 Linearized Equations of Motion

For the development of a controller, the nonlinear EOMs are linearized. The lineariza-

tion assumes wind-free conditions, i.e.
(
~V
R

W

)E
= 0. Hence, (2.24) implies that the

kinematic velocity
(
~V
R

K

)E
equals the aerodynamic velocity

(
~V
R

A

)E
.

Since the translational EOMs depend on the derivatives of the rotational EOMs and
vice versa, the EOMs may be generally written as implicit differential equations:

f (x, .x,u) = 0,
y = h (x, .x,u) .

(2.31)

23



2.1 Modeling of the UAS

In (2.31), the state, input and output vectors are defined as

xT ,
[(
uRK
)E
B

(
vRK
)E
B

(
wRK

)E
B

(
ωIBx

)
B

(
ωIBy

)
B

(
ωIBz

)
B

Φ Θ Ψ . . .

λ µ h

] (2.32)

uT ,
[
δT η ξ ζ

]
, (2.33)

yT ,
[
V R
K αRK βRK

(
ωIBx

)
B

(
ωIBy

)
B

(
ωIBz

)
B

Φ Θ Ψ . . .

λ µ h
(
bMx
)
B

(
bMy
)
B

(
bMz
)
B

]
.

(2.34)

All elements of the state vector x are given in m/s, rad/s, rad and m, respectively. The
first element δT of the input vector u is normalized and dimensionless, whereas the
other control surfaces are given in rad. The convention for units of the output vector
corresponds to the convention of the state vector, except for the components

(
bMx
)
B

,
(
bMy
)
B

,
(
bMz
)
B

, which are normalized and hence, dimensionless.
For the linearization of the implicit differential equation (2.31), a trim condition x0,

u0 has to be determined first, such that

f (x0,
.
xdes,0,u0) = 0, (2.35)

holds. In (2.35), the vector .
xdes,0 specifies the desired derivatives of the state vector,

i.e. .
x should be equivalent to .

xdes,0. For a steady-state horizontal flight, almost all
elements of .xdes,0 should be zero. However, since the aircraft is moving, the position
may not be constant and hence, .µ = 0,

.
λ = 0 may not be enforced. Roughly speaking,

the trim condition (2.35) only requires relevant state vector derivatives to be zero.
Eq. (2.35) defines a nonlinear system of equations with the unknowns x0, u0. In

general, this system of equations possesses an infinite number of solutions, which
describe different flight conditions (such as level flight, steady climb, etc.). These solu-
tions vary for example with altitude, velocity and the mass of the aircraft. The trim con-
dition, which is specifically considered subsequently, is steady-state, horizontal flight
at a given altitude h = h0, a given kinematic velocity V R

K = V0 and a given fuel mass
mfuel = mfuel,0. The altitude h0 and the velocity V0 immediately constrain the states of
the aircraft. In contrast, the fuel mass mfuel,0 does not constrain any states. It neverthe-
less influences the solutions of the nonlinear system of equations (2.35) as it implies
an alteration of the total mass m of the aircraft, of the position of the center of gravity
G and of the inertia tensor IR.

The nonlinear system of equations (2.35) may be solved numerically. Once a trim
condition x0, u0 has been determined, the EOMs (2.31) are linearized. To that end, the
Taylor series expansions of f (x, .x,u) and h (x, .x,u) are computed:

f (x, .x,u) ≈ f (x0,
.
xdes,0,u0)

︸ ︷︷ ︸
0

+ ∂f (x, .x,u)
∂
.
x

∣∣∣∣∣
0
· ( .x− .

xdes,0)
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+ ∂f (x, .x,u)
∂x

∣∣∣∣∣
0
· (x− x0) (2.36)

+ ∂f (x, .x,u)
∂u

∣∣∣∣∣
0
· (u− u0)

as well as

h (x, .x,u) ≈ h (x0,
.
xdes,0,u0) + ∂h (x, .x,u)

∂
.
x

∣∣∣∣∣
0
· ( .x− .

xdes,0)

+ ∂h (x, .x,u)
∂x

∣∣∣∣∣
0
· (x− x0)

+ ∂h (x, .x,u)
∂u

∣∣∣∣∣
0
· (u− u0) .

(2.37)

Assuming that the Jacobian matrix ∂f (x, .x,u) /∂ .x |0 is regular, the explicit linearized
state space model

δ
.
x = A · δx+B · δu+ .

xdes,0 (2.38)

δy = C · δx+D · δu (2.39)

with
δx = x− x0, δu = u− u0, δy = y − h (x0,

.
xdes,0,u0) (2.40)

and

A =
(
− ∂f (x, .x,u)

∂
.
x

∣∣∣∣∣
0

)−1

· ∂f (x, .x,u)
∂x

∣∣∣∣∣
0
, (2.41)

B =
(
− ∂f (x, .x,u)

∂
.
x

∣∣∣∣∣
0

)−1

· ∂f (x, .x,u)
∂u

∣∣∣∣∣
0
, (2.42)

C = ∂h (x, .x,u)
∂
.
x

∣∣∣∣∣
0
·A+ ∂h (x, .x,u)

∂x

∣∣∣∣∣
0
, (2.43)

D = ∂h (x, .x,u)
∂
.
x

∣∣∣∣∣
0
·B + ∂h (x, .x,u)

∂u

∣∣∣∣∣
0
. (2.44)

follows. Notice that the presence of .
xdes,0 in (2.38) is not an error, but results from

the fact that not all state vector derivatives may be forced to zero. As an example,
consider once again the position of the aircraft. Since the aircraft is moving at a non-
zero velocity, the position state needs to change constantly. At the same time, it follows
from the definition of the state vector δx that the linearized position state represents
the deviation of the aircraft position from that position, where the aircraft was trimmed.
This position deviation does however stem from the absolute velocity of the aircraft,
which is the sum of the velocity at the trim condition and the deviation of the velocity
from the trim condition due to the aircraft movement. This fact manifests itself in the
term .

xdes,0 in (2.38).
In practice, a velocity representation in terms of δV R

K , δαRK and δβRK is more intuitive
as compared to δ

(
uRK
)E
B

, δ
(
vRK
)E
B

and δ
(
wRK

)E
B

. However, in the linearized state space
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2.1 Modeling of the UAS

model (2.38) and (2.39), δV R
K , δαRK and δβRK are only outputs. In order to turn these

outputs into states, the similarity transformation δx = T−1 · δx̄ is applied to (2.38) and
(2.39). The transformation matrix T is defined as


T
∗


 , C, (2.45)

where T ∈ R12×12 is the upper block of the output matrix C. The resulting state space
model takes the form

δ
.
x̄ = TAT−1 · δx̄+ TB · δu, (2.46)

y = CT−1 · δx̄+D · δu, (2.47)

whose state vector now possesses the desired states:

δx̄T =
[
V R
K αRK βRK

(
ωIBx

)
B

(
ωIBy

)
B

(
ωIBz

)
B

Φ Θ Ψ
]
. (2.48)

When neglecting small influences such as

1. the influence of the position dynamics δ .µ, δ
.
λ, δ

.
h on the other states,

2. cross-coupling terms between the longitudinal and lateral motion,

3. the influences due to the rotation of the Earth with
(
~ωIE

)
,

4. the influences of the transport rate
(
~ωEO

)
,

5. the dependence of the aerodynamic forces on the derivatives of αRK and βRK ,

the state space model takes the form (2.49) [162]. The nomenclature for the coeffi-
cients of (2.49) does however slightly deviate from [162]: The coefficients X(·) denote
the partial derivatives of the acceleration ((XR

A )K̄ + (XR
P )K̄)/m resulting from the aero-

dynamic and propulsion forces ((XR
A )K̄ and (XR

P )K̄) with respect to the elements of the
state vector x. Similarly, Y(·) and Z(·) represent the partial derivatives of the angular
velocities resulting from the aerodynamic and propulsion forces ((Y R

A )K̄ , (Y R
P )K̄ and

(ZR
A )K̄ , (ZR

P )K̄). In a similar fashion, L(·), M(·), N(·) denote the partial derivatives of the
angular accelerations resulting from the aerodynamic moments ((LRA)B, (MR

A )B, (NR
A )B)

and the propulsion moments ((LRP )B, (MR
P )B, (NR

P )B). As the inertia tensor
(
IR
)
B

is
usually not diagonal, the roll rate ωIBx does not only result from the roll moment (LRT )B,
but also from the yaw moment (NR

T )B. Thus, L(·) summarizes the effects of both (LRT )B
and (NR

T )B. Nevertheless, since the roll rate ωIBx is primarily influenced by the roll mo-
ment (LRT )B, the partial derivatives influencing the roll motion are denoted by the letter
L(·). Similar arguments also apply to M(·) and N(·).

Furthermore, since the influence of the position on the other states is neglected,
the position states have been removed in (2.49). Moreover, notice that Θ0 denotes the
pitch angle Θ in trim conditions, which is equivalent to the flight-path angle-of-attack αRK
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d

dt




δV R
K

δαRK
δβRK

δ
(
ωIBx

)
B

δ
(
ωIBy

)
B

δ
(
ωIBz

)
B

δΦ
δΘ
δΨ




=




XV Xα + g 0 0 Xq 0 0 −g 0
ZV Zα 0 0 1 + Zq 0 0 0 0
0 0 Yβ Yp + sin Θ0 0 Yr − cos Θ0

g
V0

cos Θ0 0 0
0 0 Lβ Lp 0 Lr 0 0 0
MV Mα 0 0 Mq 0 0 0 0
0 0 Nβ Np 0 Nr 0 0 0
0 0 0 1 0 tan Θ0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1

cos Θ0
0 0 0




·




δV R
K

δαRK
δβRK

δ
(
ωIBx

)
B

δ
(
ωIBy

)
B

δ
(
ωIBz

)
B

δΦ
δΘ
δΨ




+




XδT Xη 0 0
ZδT Zη 0 0
0 0 Yξ Yζ

0 0 Lξ Lζ

MδT Mη 0 0
0 0 Nξ Nζ

0 0 0 0
0 0 0 0
0 0 0 0




·




δT

δη

δξ

δζ







δV R
K

δαRK
δβRK

δ
(
ωIBx

)
B

δ
(
ωIBy

)
B

δ
(
ωIBz

)
B

δΦ
δΘ
δΨ

δ
(
bMy
)
B




=




1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 Fy,β Fy,p 0 Fy,r 0 0 0




·




δV R
K

δαRK
δβRK

δ
(
ωIBx

)
B

δ
(
ωIBy

)
B

δ
(
ωIBz

)
B

δΦ
δΘ
δΨ




+




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 Fy,ξ Fy,ζ




·




δT

δη

δξ

δζ




(2.49)



2.1 Modeling of the UAS

Control
Surface

Eigenfrequency ω0,act

[rad/s]
Relative Damping
ζact

Elevator,
Aileron,
Rudder

40.84 0.5

Table 2.3: Parameters of the second order model of the actuator dynamics.

in trim conditions. Finally, notice that only the output for the lateral normalized specific
force is retained in (2.49) as only that output will be required for the controller develop-
ment. A linearization of the output equation (2.30) leads to the output coefficients

Fy,(·) = V0

g
· Y(·) +

(
xRM

)
B

g
·N(·) −

(
zRM

)
B

g
· L(·), (2.50)

where
(
xRM

)
B

and
(
zRM

)
B

are the x- and z-components of the position of the IMU
relative to the reference point R.

2.1.4 Aircraft Subsystem Models

The EOMs model the motion of the aircraft itself. They do, however, not model further
dynamics such as the actuator dynamics, which also contribute to the overall aircraft
dynamics from the perspective of a flight control system. Due to the actuation system,
the actual control surface deflections (for example of the aileron ξ) lag behind their
commands (for example ξcmd). Similarly, the measurement instruments aboard the
aircraft also exhibit dynamic behavior. In principle, an accelerometer is for example a
mass which is connected to the aircraft body through a spring and hence, constitutes
a dynamic system. Further dynamics, which have to be considered, are for example
time-delays due to the discrete-time processing and transmission of signals within the
flight control system. Hence, this section introduces simple models of these additional
dynamics.

The actuators of the control surfaces are modeled as second order lag (PT2) el-
ements. All control surface actuators exhibit the same eigenfrequency and the same
relative damping, which are specified in Table 2.3. Furthermore, the actuators also
respect the deflection limits given by Table 2.2. The overall structure of the actuator
model for the control surfaces is exemplary shown in Figure 2.3 in case of the aileron.

The on-board processing of signals and their discrete-time transmission is modeled
as a delay τm of the measurement signals and as a delay τc of the actuator command
signals. The sensor dynamics are not explicitly modeled as it is assumed that the phase
lag due to the measurement delay leads to adverse effects at much lower frequencies
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Chapter 2: Benchmark Problem Description

ω2
0,act

2ζactω0,act

ξcmd

..
ξ

.
ξ ξ

−−

∫ ∫

Figure 2.3: Second order model of the control surface actuator of the aileron with
saturation of the deflection and the rate.

Flight Control
System e−τc·s Actuator Model Linearized / Non-

linear EOMs

e−τm·s

Commands

Measurements

Figure 2.4: Overall control system model including the flight control system, delays,
actuator models and the EOMs.

than the dynamics of the measurement devices. Further adverse effects of the sensors
such as sensor bias, scaling errors, etc. are not considered either.

The overall control system structure including the flight control system to be devel-
oped, the actuator model, the delays and the EOMs is shown in Figure 2.4.

2.2 Control of the Short-Period Approximation

The first benchmark control problem considers the short-period approximation of the
longitudinal motion of the UAS. The short-period approximation readily follows from the
linearized EOMs (2.49).

The short-period benchmark control problem is used recurrently throughout this
thesis in order to demonstrate the basic properties of different control approaches. In
order to simplify these examples, the force generated by the elevator is neglected (i.e.
Zη = 0). Hence, the short-period approximation is given by



.
α
.
q


 =


λZα · Zα 1 + λZq · Zq
λα ·Mα λq ·Mq


 ·

α
q


+


 0
λη ·Mη


 · η. (2.51)

Notice that (2.51) uses the simplified nomenclature α , δαRK , q , δ
(
ωIBy

)
B

, η , δη.
Furthermore, (2.51) depends on the scalar coefficients λZα ∈ R, λZq ∈ R, λα ∈ R,
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2.3 Control of the Lateral Dynamics

Coefficient Nominal Value Uncertainty Range

Zα -2.42 λZα ∈ [0.5, 1.5]

Zq -0.09 λZq ∈ [0.5, 1.5]

Mα -29.04 λα ∈ [0.5, 1.5]

Mq -6.69 λq ∈ [0.5, 1.5]

Mη -21.40 λη ∈ [0.5, 1.5]

Table 2.4: Coefficients of the short-period approximation for a linearization of the non-
linear EOMs at V R

K = 40m/s, h = 500m, mfuel = 3.2 kg with extended landing gear.

λq ∈ R and λη ∈ R, which allow the introduction of parametric uncertainties. In nominal
conditions, λZα = λZq = λα = λq = λη = 1 holds. When linearizing the nonlinear
EOMs in case of an extended landing gear for a velocity V R

K = V0 = 40m/s, an altitude
h = h0 = 500m and a fuel mass mfuel = mfuel,0 = 3.2 kg, the short-period coefficients
in Table 2.4 result. Unless stated otherwise, the uncertainty ranges from Table 2.4 will
be assumed. In nominal conditions, the poles of the short-period approximation are
located at −4.55± 4.68j (ω0,SP = 6.5 rad/s, ζSP = 0.7).

Based on the above model of the short-period approximation, a controller is to be
developed, which ensures stationary accurate tracking of an angle-of-attack command
αcmd. Furthermore, the controller shall ensure that the poles of the short-period approx-
imation lie at −2.19 ± 2.19j (ω0,SP,des = 3.1 rad/s, ζSP,des = 1/

√
2). The controller may

resort to state feedback with respect to the rigid body states, that is, δαRK and δ
(
ωIBy

)
B

are available as measurements.
Within the various examples, which rely on the short-period benchmark control

problem, the actuator model and the control delay τc will be considered or neglected.
However, the measurement delay is always assumed to be zero, i.e. τm = 0ms.

2.3 Control of the Lateral Dynamics

The objective of the second benchmark control problem is the development of a fall-
back controller for the lateral motion of the UAS. The controller shall ensure coordi-
nated turns with a commanded bank angle Φcmd, while only relying on measurements
provided by the AHRS. That is, the controller remains operational even if other mea-
surement devices such as the ADS or the GPS have failed. The restriction to AHRS
measurements implies that the controller does neither know the current velocity nor
the current altitude of the UAS. For this reason, conventional flight control approaches,
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Chapter 2: Benchmark Problem Description

which rely on gain-scheduling of the controller gains with velocity and altitude1, can for
example not be applied. Even though no information on velocity and altitude is avail-
able, the controller is expected to operate over the velocity range V R

K ∈ [35m/s, 50m/s],
the altitude range h ∈ [0m, 1000m] and the fuel mass range mfuel ∈ [0 kg, 23 kg]. This
envelope range covers a significant part of the overall UAS envelope.

For the development of the controller, the linearized lateral dynamics of the UAS
are considered. They readily follow from the linearized EOMs (2.49) and are given by

d

dt



δ(ωIBz )

B

δβRK
δ(ωIBx )

B
δΦ


 =




Nr Nβ Np 0
Yr−cos Θ0 Yβ Yp+sin Θ0

g
V0

cos Θ0

Lr Lβ Lp 0
tan Θ0 0 1 0


 ·



δ(ωIBz )

B

δβRK
δ(ωIBx )

B
δΦ


+



Nξ Nζ
Yξ Yζ
Lξ Lζ
0 0


 ·
[
δξ
δζ

]
. (2.52)

When linearizing the nonlinear EOMs for a low velocity V R
K = V0 = 35m/s, a high

altitude h = h0 = 1000m and a high fuel mass mfuel = mfuel,0 = 23 kg in case of an
extended landing gear, the lateral motion coefficients in Table 2.5 in Column 2 result. At
this trim condition, the spiral pole is stable and lies at −0.001. The roll pole is given by
−3.37, whereas the Dutch roll is weakly damped with a relative damping ζDR = 0.06 and
an eigenfrequency ω0,DR = 3.60 rad/s. Conversely, the linearization at a high velocity
V R
K = V0 = 50m/s, a low altitude h = h0 = 500m and a low fuel mass mfuel = mfuel,0 =

0 kg in case of an extended landing gear leads to the coefficients in Column 3 of Table
2.5. At this trim condition, the spiral pole is unstable and lies at 0.001. The roll pole
is given by −5.31, whereas the Dutch roll is weakly damped with a relative damping
ζDR = 0.08 and an eigenfrequency ω0,DR = 5.05 rad/s.

Since only AHRS measurements are available, the output equation of the lateral
motion reduces to




δ(ωIBz )
B

δ(bMy )
B

δ(ωIBx )
B

δΦ


 =

[ 1 0 0 0
Fy,r Fy,β Fy,p 0

0 0 1 0
0 0 0 1

]
·



δ(ωIBz )

B

δβRK
δ(ωIBx )

B
δΦ


+

[ 0 0
Fy,ξ Fy,ζ

0 0
0 0

]
·
[
δξ
δζ

]
. (2.53)

The coefficients Fy,(·) are computed from (2.50) with
(
zRM

)
B

= 0.42m and
(
zRM

)
B

=
−0.147m.

Besides precise tracking, a central task of any control system is the rejection or
accommodation of exogenous disturbances. In case of a flight control system, gust
and turbulence represent the most important sources of such exogenous disturbances.
Since the linearized plant model (2.52), (2.53) has been derived under the assumption
of wind-free conditions, it does not admit a proper analysis of such disturbances. In
order to evaluate the capability of the flight control system to reject exogenous distur-
bances, an appropriate linear model is hence required. In case of small wind speed,
i.e. ∣∣∣∣∣

(
~V
R

W

)E∣∣∣∣∣�
∣∣∣∣∣

(
~V
R

K

)E∣∣∣∣∣ , (2.54)

1See [138] for a thorough introduction to gain scheduling.
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2.3 Control of the Lateral Dynamics

a simple linear model may be easily derived from the kinematic linear model (2.52),
(2.53). To that end, notice that the expressions Nβ · δβRK , Yβ · δβRK , etc. reflect the
influence of an angle-of-sideslip variation δβRK on the respective states in case of wind-
free conditions. The coefficients Nβ, Yβ, etc. ultimately originate from the aerody-
namic forces and moments, whose size actually depends on the aerodynamic velocity(
~V
R

A

)E
. Hence, it is reasonable to replace Nβ · δβRK , Yβ · δβRK , etc. by Nβ · δβRA , Yβ · δβRA

in order to model the influence of small wind fields.
The aerodynamic angle-of-sideslip δβRA is not a state of the linear state space model

(2.52). Hence, it must be related to the flight-path angle-of-sideslip δβRK and the wind
speed. For this, notice that (2.24) implies that the lateral aerodynamic velocity

(
vRA
)E
B

relates to the lateral kinematic velocity
(
vRK
)E
B

and the lateral wind speed
(
vRW
)E
B

by

(
vRA
)E
B

=
(
vRK
)E
B
−
(
vRW
)E
B
. (2.55)

The transformations of the kinematic velocity
(
~V
R

K

)E

K
and the aerodynamic velocity

(
~V
R

A

)E

A
to the B-frame using the transformation matrices (2.2) and (2.4) yields:

(
vRK
)E
B

= V R
K · sin βRK , (2.56)

(
vRA
)E
B

= V R
A · sin βRA . (2.57)

Inserting (2.56) and (2.57) into (2.55) leads to

V R
A · sin βRA = V R

K · sin βRK −
(
vRW
)E
B
. (2.58)

The linearization of (2.58) for horizontal, wind-free, steady-state flight (V R
K = V R

A = V0,(
vRW
)E
B

= 0, βRK = βRA = 0) results in

V0 · δβRA = V0 · δβRK − δ
(
vRW
)E
B
. (2.59)

With the definition

βW,cmd ,
δ
(
vRW
)E
B

V0
, (2.60)

one obtains the desired relation between the aerodynamic angle-of-sideslip δβRA , the
state δβRK and the exogenous disturbance βW,cmd:

δβRA = δβRK − βW,cmd. (2.61)

Replacing Nβ · δβRK , Yβ · δβRK , etc. in (2.52) and (2.53) by Nβ · (δβRK − βW,cmd),
Yβ · (δβRK − βW,cmd), etc. finally leads to



.
r.
βK.
p.
Φ


 =




Nr Nβ Np 0
Yr−cos Θ0 Yβ Yp+sin Θ0

g
V0

cos Θ0

Lr Lβ Lp 0
tan Θ0 0 1 0


 ·
[ r
βK
p
Φ

]
+


Nξ Nζ −Nβ
Yξ Yζ −Yβ
Lξ Lζ −Lβ
0 0 0


 ·
[

ξ
ζ

βW,cmd

]
, (2.62)
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[
r
by
p
Φ

]
=
[ 1 0 0 0
Fy,r Fy,β Fy,p 0

0 0 1 0
0 0 0 1

]
·
[ r
βK
p
Φ

]
+
[ 0 0 0
Fy,ξ Fy,ζ −Fy,β

0 0 0
0 0 0

]
·
[

ξ
ζ

βW,cmd

]
, (2.63)

where βW,cmd is treated like a (disturbance) input to the state space model. Notice
that (2.62) and (2.63) use the simplified nomenclature r , δ

(
ωIBz

)
B

, βK , δβRK , p ,

δ
(
ωIBx

)
B

, Φ , δΦ, ξ , δξ, ζ , δζ and by , δ
(
bMy
)
B

.
For the controller development and linear simulations, the overall control system

structure of Figure 2.4 is supposed. The control time-delay is given by τc = 50ms
and the measurement time-delay by τm = 20ms. As stated before, the actuators are
modeled as second order filters according to Figure 2.3 with the parameters from Ta-
ble 2.3. In case of nonlinear simulations, a high-fidelity plant model is used, which
includes more accurate actuator models and also accounts for variable time-delays,
sensor dynamics and several other effects.
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2.3 Control of the Lateral Dynamics

Coefficient
Nominal Value (First
Trim Condition)

Nominal Value (Second
Trim Condition)

Uncertainty
Range

Lr 0.43 0.61 ±50%

Lp -3.32 -5.16 ±50%

Lβ -32.34 -43.07 ±20%

Lξ -26.31 -56.11 ±20%

Lζ -2.95 -4.88 ±20%

Nr -0.32 -0.52 ±50%

Np -0.48 -0.42 ±50%

Nβ 5.61 20.91 ±20%

Nξ -0.59 -2.50 ±20%

Nζ -2.29 -5.91 ±20%

Yr 0.0035 0.0041 0%

Yp 0.0056 0.0154 0%

Yβ -0.20 -0.45 0%

Yξ -0.0187 -0.0249 ±20%

Yζ 0.0115 0.0265 ±20%

Θ0 12.35◦ 3.80◦ N/A

g 9.8066 m/s2 9.8066 m/s2 N/A

Table 2.5: Coefficients of the lateral motion for a linearization of the nonlinear EOMs
at V R

K = 35m/s, h = 1000m, mfuel = 23 kg (Column 2), V R
K = 50m/s, h = 500m,

mfuel = 0 kg (Column 3), and their parametric uncertainty (Column 4) in case of an
extended landing gear.
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Chapter 3

Adaptive Model Following Control
Approaches

Most of today’s control design approaches rely on a mathematical model of the un-
derlying physical process. However, due to the complexity of reality, no mathematical
model is capable of exactly representing a physical process. Hence, any model is
subject to uncertainty. These uncertainties may be roughly divided into parametric
and non-parametric uncertainties [105]. Parametric uncertainties arise since physi-
cal parameters such as the mass of an aircraft are never known exactly. In contrast,
non-parametric uncertainties stem, roughly speaking, from simplifications or approxi-
mations during the derivation of the model. In some cases, these simplifications are
conducted deliberately in order to reduce model complexity - for example in order to
ease the control design process [156]. Such an approach is sound, if the amplitude
of the neglected dynamics is sufficiently small and its time constants are significantly
smaller than those of the closed-loop control system. In the context of flight control, a
typical example is the negligence of flexible modes if the aircraft structure is sufficiently
rigid and the controller is sufficiently slow. In other cases, simplifications are inevitable
since modeling has to be stopped at some level of detail. The unmodeled portion of the
physical process is then treated as unmodeled dynamics or exogenous disturbance,
depending of the control design approach and the interaction of the unmodeled portion
with the plant model. An extreme example of such inevitable simplification are gusts.
While gusts and their interaction with the aircraft could in theory be described by some
complex mathematical model, their formation essentially depends on the weather con-
ditions on the whole Earth. For this reason, gusts are usually treated as an exogenous
disturbance.

Since any model is uncertain, any controller derived from a model has to exhibit a
certain degree of robustness. In order to achieve robustness with respect to the model-
ing uncertainties, one may follow two major paradigms. In Robust Control, a controller
of fixed gains is sought such that it achieves an adequate level of stability and perfor-
mance for all expected uncertainties. For this, the controller gains are chosen such
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that the performance requirements are met for the worst case uncertainty. Common
robust control approaches include for example H∞ control or µ-synthesis [156, 45].
In contrast, in Adaptive Control, the controller gains are not fixed and are adjusted at
runtime to the plant using available measurements. The adjustment of controller gains
offers several advantages: First of all, it allows for increased system performance as
the controller gains are not chosen based on a worst-case argument. Furthermore,
Adaptive Control may reduce the effort and the associated cost for system identifica-
tion as the adaptation may counteract the increased level of parametric uncertainties
of a low fidelity plant model. Finally, it also improves the overall system safety as the
gains may adjust to unforeseen events such as damages or faults.

In literature, the term Adaptive Control encompasses various different control ap-
proaches. These approaches do not only differ in their respective control objectives
but also in the way the adaptation to the plant uncertainty is achieved. With respect to
their control objectives, Adaptive Controllers may stabilize highly uncertain systems at
a given equilibrium. In contrast, extremum-seeking Adaptive Controllers [74] stabilize
the plant at an a-priori unknown equilibrium, which optimizes a predefined objective
function. Another common control objective is model following control. Here, the ad-
justment of controller gains aims at rendering the response of the closed-loop control
system as close as possible to a predefined dynamical system - the so-called refer-
ence model [119, 89, 105]. In contrast to the previously mentioned stabilization prob-
lems, model following controllers admit an elegant solution of tracking control problems.
Since many flight control problems involve tracking, Adaptive Controllers for model fol-
lowing are specifically considered in this chapter.

With respect to the adaptation of the controller to the uncertainties, various ap-
proaches have been proposed as well. In case of Retrospective Cost Adaptive Control
(RCAC) [144, 145], the controller gains are adjusted based on the consecutive op-
timization of two cost functions. At each time step, the controller first computes a
sequence of control inputs, which would have led from some past state to the present
state in an optimal manner. Afterwards, a second optimization problem is solved to
adjust the gains of the controller in such a way that the difference between the con-
trol input of the actual control law and the optimal control history is minimized. Other
approaches for the design of the adaptation include for example Immersion and Invari-
ance Adaptive Control (I&I-AC) [5, 125, 4]. While each of these approaches provides
unique and intriguing features, the probably most widely known adaptive control ap-
proaches are Model Reference Adaptive Control (MRAC) and L1 Adaptive Control (L1-
AC). These approaches have proven their maturity in various flight testing programs
such as IRAC [76], RESTORE [19] or more recently, on a Learjet 25D aircraft [1]. For
this reason, the present chapter focuses on the latter two approaches.

Ultimately, Adaptive Controllers such as MRAC adjust their controller gains in such
a way that the parametric uncertainties are canceled. In comparison to Robust Con-
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trollers, they do hence possess a significantly larger robustness with respect to para-
metric uncertainties. However, even small non-parametric uncertainties or deliberately
neglected parametric uncertainties, which would hardly affect a Robust Controller, can
endanger closed-loop stability. While appropriate counter-measures in the form of so-
called robustness modifications are available, this raises the question about how an
Adaptive Controller reacts to a deviation between the plant, which is used for control
design, and the actual plant. While this question will be discussed in more detail later
on, it is useful to introduce some terms in order to clearly distinguish the different plant
models. These terms extend several definitions which are well-known in Robust Con-
trol. To that end, the plant model, which underlies the design of the adaptive controller,
is referred to as the nominal plant (model). Since an Adaptive Controller exhibits intrin-
sic robustness to parametric uncertainties, the nominal plant is uncertain and features
those parametric uncertainties, which the Adaptive Controller may deal with. Con-
versely, if the plant model deviates from the nominal plant in any way, this plant is re-
ferred to as off-nominal plant (model). The effects, which cause an off-nominal plant to
differ from the nominal plant, are referred to as plant imperfection, since these effects
usually destroy at least some ideal properties of the Adaptive Controller. The term
plant imperfections includes non-parametric uncertainties, but is not limited to them.
For example, parametric uncertainties which have been neglected during control de-
sign are also referred to as plant imperfections. Based on these definitions of nominal
and off-nominal plants, important terms related to the stability of the closed-loop control
system are introduced. The closed loop is said to provide

• Nominal Stability (NS), if the controller stabilizes the nominal plant model;
• Nominal Performance (NP), if the performance objectives are satisfied for the

nominal plant model;
• Robust Stability (RS), if the controller stabilizes the off-nominal plant model for

some structurally known and appropriately bounded plant imperfections;
• Robust Performance (RP), if the performance objectives are satisfied for the

off-nominal plant model for some structurally known and appropriately bounded
plant imperfections.

While these definitions read similar to those in Robust Control (see for example [156,
186, 45]), they differ in one important aspect. In the literature on Robust Control, the
nominal plant is usually considered to be free of uncertainties, whereas the definitions
above admit an uncertain nominal plant. This extended definition is required in order
to account for the specific properties of Adaptive Controllers. However, when consider-
ing a Linear Time Invariant (LTI) closed-loop and when taking the nominal plant to be
uncertainty-free, the above definitions reduce to the conventional definitions in the Ro-
bust Control literature. Finally, notice that any real physical system may be considered
as an off-nominal plant. However, since no mathematical model can exactly represent
the physical process, the structure of the plant imperfection and appropriate bounds

37



3.1 Problem Statement

are never known exactly neither. Hence, one may never prove RS or RP with respect
to the real physical system. Nevertheless, the consideration of high-fidelity plant mod-
els (i.e. high fidelity models of the plant imperfection) increases the confidence in the
obtained controller design.

The remainder of this chapter is structured as follows: Since both MRAC and L1-AC
aim at achieving model following control, the general Model Reference Control (MRC)
problem is stated first in Section 3.1. Afterwards, Section 3.2 and Section 3.3 introduce
to the theory of MRAC and L1-AC, respectively. Finally, Section 3.4 introduces a novel
classification of the considered controllers. Furthermore, some specific properties and
limitations are presented that will be of interest in the later course of the thesis.

3.1 Problem Statement

This section introduces the control objective of model following control. Notice that this
thesis uses the terms model following control and Model Reference Control (MRC) in-
terchangeably. The high level objective of any model following control system is to let
the plant follow a predefined reference model. Using the reference model, the control
system designer specifies the desired closed-loop response. That is, he designs the
reference model in such a way that it satisfies the given performance objectives. If the
controller is successful in driving the plant towards the reference model, the plant will
also satisfy these performance objectives. In order to achieve model following control,
numerous approaches have been proposed. Assuming a perfectly known minimum-
phase plant, the objective of model following control could be achieved using pure
feedforward control [20]. However, since no model exactly represents the physical pro-
cess under control, this approach is extraordinary sensitive to uncertainties. For this
reason, approaches based on feedback control are more appropriate. In case of LTI
systems, model following control can for example be achieved using state feedback [20]
and LTI control design techniques such pole placement. Furthermore, control designs
based on feedback linearization [91, 146, 96] or backstepping [101] also often lead to
model following control, since their reference trajectories are usually generated by a
reference model. A common feature of each of the previously mentioned approaches
is the fact that their performance will gracefully degrade in the presence of uncertain-
ties. However, especially in case of highly uncertain plants, the objective of model
following control is of high practical relevance as it promises a uniform response for all
uncertainties. In order to recover a uniform response despite of uncertainties, one may
resort to adaptive model following control approaches such as MRAC or L1-AC.

Throughout this thesis, different adaptive control approaches are presented which
aim at achieving MRC. These approaches do not only differ in the way in which they
achieve their control objective, but also differ in the precise definition of the control
objective itself. For this reason, the remainder of this section is dedicated to showing
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common features as well as highlighting fundamental differences.
Unless stated otherwise, let the nominal, nonlinear plant model be of the form

.
xP (t) = APxP (t) +BPΛu (t) + f (xP (t) , t) ,
yP (t) = CPxP (t) ,

(3.1)

where xP : R+ → Rn is the state vector, u : R+ → Rm is the input (vector) and
yP : R+ → Rm is the output (vector). While the input matrix BP ∈ Rn×m and the output
matrix CP ∈ Rm×n are assumed to be known, the system matrix AP ∈ Rn×n, the
control effectiveness matrix Λ ∈ Rm×m and the nonlinear mapping f : Rn × R+ → Rn

are unknown. Since f (xP (t) , t) depends explicitly on time, this function also reflects
exogenous disturbances entering (nonlinearly) into the plant. Furthermore, (AP ,BPΛ)
is controllable.

The plant (3.1) is subject to the following assumptions:

Assumption 3.1 (State Feedback). The state vector xP (t) is measurable.

Assumption 3.2 (Positive Definite Control Effectiveness). The control effectiveness
matrix Λ is positive definite, i.e. Λ > 0, and hence, does not become singular.

Assumption 3.3 (Lipschitz Condition). The nonlinear mapping f (xP (t) , t) is semi-
globally Lipschitz, i.e.

‖f(x1, t)− f(x2, t)‖ ≤ K(r) · ‖x1 − x2‖ ∀ ‖x1‖ ≤ r, ‖x2‖ ≤ r, (3.2)

holds uniformly in t, where K : R+ → R+ denotes the state-dependent Lipschitz con-
stant. Furthermore, the nonlinear mapping satisfies the boundedness condition

‖f(0, t)‖ ≤ B (3.3)

with B ≥ 0.

Remark 3.1. Due to Assumption 3.1, the state vector xP (t) is available to the con-
troller. The output vector yP (t) only specifies a linear combination of the states that is
to be controlled with stationary accuracy.

On the one side, notice that most of the MRC approaches, which will be introduced
throughout this thesis, are neither strictly limited to the plant (3.1) nor rely on (all of) the
Assumptions 3.1-3.3. Nevertheless, the plant (3.1) and the associated assumptions
were chosen to underlie the subsequent derivations in the interest of a simple and
consistent introduction. Relaxations of certain assumptions (such as output feedback
instead of state feedback) and extensions to broader classes of plants (such as non-
input-affine plants) may be found in the respective literature. On the other side, notice
that all of the particular approaches require additional assumptions, which are stated
in their respective sections.
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Roughly speaking, the plant (3.1) is to follow the LTI reference model

.
xM (t) = AMxM (t) +BMr (t) ,
yM (t) = CPxM (t)

(3.4)

using an appropriate control law, where xM : R+ → Rn is state vector of the reference
model, and r : R+ → Rm is the command (vector) to be tracked by the output (vector)
yM : R+ → Rm. In (3.4), AM ∈ Rn×n is Hurwitz and specifies the desired system
matrix, whereas BM ∈ Rn×m denotes the desired command input matrix. Usually, BM

is chosen such that the reference model exhibits a DC gain of I from the command
r (t) to the reference model output yM (t).

The rough statement of the control objective shall now be stated more precisely. In
principle, the control objective depends on two aspects. First of all, it depends on the
type of adaptive model following control approach. On the one side, there are asymp-
totic MRC approaches such as MRAC, which may achieve asymptotic tracking of the
reference model. On the other side, there are approximate MRC approaches includ-
ing L1-AC or the Modified Linear Extended State Observer (MLESO) (see Chapter 5),
which only achieve model following up to a certain precision. The precision depends
on the chosen design parameters. Secondly, the control objective also depends on the
uncertainties of the plant (3.1). These uncertainties may be divided into matched and
unmatched uncertainties. If an uncertainty lies within the span of the input matrix BP ,
it is called matched. This is equivalent to saying that the uncertainty may be canceled
by an appropriate control input u (t). If all uncertainties are matched, the objective
of the adaptive controller is state tracking. Thus, the plant state xP (t) shall track the
states of the reference model xM (t). The technical assumptions of this case will be
discussed in Section 3.1.1. However, if at least one uncertainty of the nominal plant
does not lie in the span of the input matrix, state tracking is no longer achievable. In
this case, the control objective is shifted to output tracking, i.e. yP (t) is to follow yM (t),
which will be discussed in Section 3.1.2. The different control objectives are summa-
rized in Table 3.1. A mapping of these control objectives to some existing adaptive
control approaches is shown in Table 3.2. Notice that Table 3.2 is by no means com-
plete. In case of MRAC, there exist for example numerous modifications. Depending
on the modification at hand, the achievable control objective also changes. In case of
the so-called σ-modification, which will be introduced in Section 3.2.4, a MRAC may
for example only achieve approximate MRC.

3.1.1 Matched Uncertainties Only

If the uncertainties lie in the span of the input matrix BP , the control law u (t) has to
ensure that the states xP (t) of the plant (3.1) asymptotically or approximately track the
states xM (t) of the reference model (3.4). In order to achieve this goal, the deviation

40



Chapter 3: Adaptive Model Following Control Approaches

Asymptotic MRC Approximate MRC

Matched
Uncertainties Only

lim
t→∞
‖xP (t)− xM (t)‖ = 0 ‖xP (t)− xM (t)‖ ≤ εx, ∀ t ≥ 0

Matched and
Unmatched
Uncertainties

lim
t→∞
‖yP (t)− yM (t)‖ = 0 ‖yP (t)− yM (t)‖ ≤ εy, ∀ t ≥ 0

Table 3.1: Overview of the pursued control objective depending on the uncertainty type
and the type of MRC control approach.

Asymptotic MRC Approximate MRC

Matched
Uncertainties Only

State-Feedback MRAC
(see Section 3.2)

L1-AC (see Section 3.3),
MLESO (see Chapter 5)

Matched and
Unmatched
Uncertainties

Output-Feedback MRAC,
Adaptive Backstepping
[101]

L1-AC (see Section 3.3),
MLESO (see Chapter 5)

Table 3.2: Overview of the pursued control objectives of different adaptive control ap-
proaches.

between the plant (3.1) and the reference model (3.4) is parametrized as a fictitious
control input which causes the latter deviation. This parametrization is also referred to
as the matching condition. Depending on the control approach, two alternative match-
ing conditions are commonly used, which differ in the way the control effectiveness Λ
is accounted for.

Matching Condition
Assumption 3.4 (Matching Condition). The uncertain matrices and functions of the
plant (3.1) satisfy the matching conditions

AP = AM −BPΛΘ∗x,
BM = BPΛΘ∗r,

f (xP (t) , t) = −BPΛf̄ (xP (t) , t) ,
(3.5)

where Θ∗x ∈ Rm×n and Θ∗r ∈ Rm×m are unknown, constant matrices and where f̄ :
Rn × R+ → Rm is an unknown function.

The matching condition (3.5) relates the plant uncertainties AP , Λ, f (xP (t) , t) to the
reference model (3.4) and to the unknown matrices Θ∗x, Θ∗r as well as the unknown
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function f̄ (xP (t) , t). In contrast to the original uncertainties AP , Λ, f (xP (t) , t), the
newly defined quantities Θ∗x, Θ∗r, f̄ (xP (t) , t) clearly lie in the span of the input matrix
BP . Matrices such as Θ∗x and Θ∗r will be referred to as ideal parameters or matched
uncertainties. Using the matching condition (3.5), the plant (3.1) may be equivalently
represented as:

.
xP (t) = AMxP (t) +BPΛ

(
u (t)−Θ∗xxP (t)− f̄ (xP (t) , t)

)
. (3.6)

By adding and subtracting BM = BPΛΘ∗r, (3.6) becomes:
.
xP (t) = AMxP (t) +BMr (t)

+BPΛ
(
u (t)−Θ∗xxP (t)−Θ∗rr (t)− f̄ (xP (t) , t)

)
.

(3.7)

Eq. (3.7) illustrates that the control objective of tracking the states of the reference
model (3.4) is achieved, if the control law u (t) asymptotically or approximately cancels
the unknown term Θ∗xxP (t) + Θ∗rr (t) + f̄ (xP (t) , t), i.e.

lim
t→∞
‖u (t)−Θ∗xxP (t)−Θ∗rr (t)− f̄ (xP (t) , t)‖ = 0 (3.8)

or
‖u (t)−Θ∗xxP (t)−Θ∗rr (t)− f̄ (xP (t) , t)‖ ≈ 0. (3.9)

In conjunction with an appropriate parametrization of the nonlinearity f̄ (xP (t) , t), (3.7)
is commonly used for the introduction of so-called direct MRAC (see Section 3.2.1).

Alternative Matching Condition
For the introduction of so-called predictor-based MRAC in Section 3.2.3, L1-AC in Sec-
tion 3.3 and the (Modified) Linear Extended State Observer (LESO) in Chapter 5 (all
in case of matched uncertainties), the control effectiveness matrix Λ has to be treated
slightly different. This is expressed by the alternative matching condition:

Assumption 3.5 (Alternative Matching Condition). The uncertain matrices and func-
tions of the plant (3.1) satisfy the matching conditions

AP = AM +BPΘ∗m,x,
BM = BPKr,

f (xP (t) , t) = BPfm (xP (t) , t) ,
(3.10)

where the matched uncertainty Θ∗m,x ∈ Rm×n is an unknown, constant matrix and
where fm : Rn × R+ → Rm is an unknown function. Furthermore, Kr ∈ Rm×m is
a known feedforward gain.

Notice that Assumption 3.5 is equivalent to Assumption 3.4, since for any non-singular
control effectiveness Λ,

Θ∗m,x = −ΛΘ∗x,
Kr = ΛΘ∗r,

fm (xP (t) , t) = −Λf̄ (xP (t) , t)
(3.11)
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uniquely hold. Using (3.10), the plant (3.1) may also be expressed as:

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)
. (3.12)

3.1.2 Matched and Unmatched Uncertainties

In case of matched uncertainties, all uncertainties lie in the span of the input matrix
BP . Cancellation of these uncertainties by virtue of an appropriate control input leads
to asymptotic or approximate tracking of the states of the reference model. However,
if the uncertainties do not satisfy the matching condition anymore, parts of the uncer-
tainties will be matched, whereas others will be unmatched. While a cancellation of the
matched parts is still possible, this will not recover the desired response of the refer-
ence model. For the latter, the control signal, which is matched by definition, needs to
be modified appropriately. This modification will inevitably lead to differences between
the states of the reference model and the states of the plant. Hence, any controller for
matched and unmatched uncertainties will only achieve output tracking.

In order to account for unmatched uncertainties, literature proposes numerous con-
trol approaches such as Adaptive Backstepping [101]. Furthermore, it is worth noting
that some output-feedback control approaches such as output-feedback MRAC [89] do
not even distinguish between matched and unmatched uncertainties. In either case,
these approaches lead to rather complex control designs. Hence, in this thesis, un-
matched uncertainties are dealt with in a rather simple way which requires the following
assumption in addition to Assumptions 3.1-3.3:

Assumption 3.6. The plant (3.1) is not over-actuated. Hence, it satisfies m ≤ n and
the input matrix BP has full column-rank, i.e. rank(BP ) = m.

Remark 3.2. If Assumption 3.6 holds, then there will exist a virtual input matrix B̄P ∈
Rn×(n−m) for the unmatched uncertainties, such that the joint matrix

B =
[
BP B̄P

]
, (3.13)

has full rank, i.e. rank(B) = n. Notice that B̄P is a design parameter.

If Assumption 3.6 holds, the following representation of the uncertainties is always
feasible due to Remark 3.2:

AP = AM +
[
BP B̄P

]
·

Θ∗m,x
Θ∗um,x


 ,

f (xP (t) , t) =
[
BP B̄P

]
·

 fm (xP (t) , t)
fum (xP (t) , t)


 .

(3.14)

In (3.14), Θ∗m,x and fm (xP (t) , t) are equivalently defined as in Assumption 3.5. More-
over, Θ∗um,x ∈ R(n−m)×n denotes an unknown unmatched uncertainty and fum : Rn ×
R+ → Rn−m is an unknown unmatched function.
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Using (3.14), the plant (3.1) admits the following representation similar to (3.12):

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)

+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

)
.

(3.15)

Eq. (3.15) will be used for the derivation of L1 Adaptive Control with Piecewise Con-
stant Update Law (L1-PWC) in Section 3.3.2 and of the MLESO in case of unmatched
uncertainties in Chapter 5.

3.2 Model Reference Adaptive Control

Model Reference Adaptive Control [119, 89, 105] is one of the most widely known and
most popular adaptive control approaches. This may already be seen by the sheer
amount of technical papers, which have been published on the topic of MRAC, propos-
ing numerous modifications and extensions. Using these extensions and modifications,
MRAC may be tailored to a wide range of distinct plants and to a desirable closed-loop
performance.

Similar to all MRC approaches, the overall objective of MRAC is to let the plant
track a predefined reference model despite the presence of parametric uncertainties.
For this, MRAC adjusts its controller gains at runtime in such a way that the effects
of the uncertainties are mitigated. Subsequently, a short and by no-means complete
overview / classification of MRAC and its numerous modifications follows. A more
extensive review may for example be found in [15].

Direct and Indirect Approaches
Despite their vast literature, all MRAC-based controllers may be roughly divided into
direct and indirect approaches. In direct approaches, the error between the refer-
ence model and the plant drives the so-called update law. Using for example gradient-
descent or least-squares-like algorithms (see [89]), the update law immediately adjusts
the controller gains such that the plant asymptotically tracks the reference model. The
fundamentals of direct MRAC will be introduced in more detail in Section 3.2.1. An
extension of direct MRAC, which may be used to augment an existing non-adaptive
controller, is presented in Section 3.2.2.

In contrast to direct approaches, indirect MRAC relies on a two-step procedure.
In the first step, the unknown system parameters are identified. For this purpose, an
identification model with adjustable parameters mimics the structure of the nominal
plant. The error between the identification model and the plant then drives the update
law, which adjusts the parameters of the identification model. In the second step,
algebraic or dynamic relationships are used to compute the required controller gains
in order to achieve asymptotic tracking of the reference model. A special type of an
indirect approach, the so-called predictor-based MRAC, is treated in Section 3.2.3.
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Figure 3.1: General structure of direct MRAC.
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Figure 3.2: General structure of predictor-based MRAC.

Furthermore, there are also hybrid approaches, which result from combining direct
and indirect MRAC [44]. In literature, they are referred to as combined or composite
MRAC. For the sake of simplicity, this thesis will not cover these approaches and the
reader is referred to the respective literature [44, 120, 102].

The general structure of direct and predictor-based (indirect) MRAC is illustrated in
Figures 3.1 and 3.2, respectively.

State Feedback and Output Feedback

A second criterion for characterizing MRAC approaches is the type of employed feed-
back. On the one side, there are state-feedback approaches, which use measurements
of the whole state vector in order to achieve asymptotic tracking of the states of the ref-
erence model. The update law of state-feedback MRAC may be conveniently derived
using Lyapunov’s second method, even in case of nonlinear plants [105, 15].

Apart from state-feedback MRAC, there are also output-feedback approaches that
only use measurements of the plant outputs in order to achieve asymptotic tracking of
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the outputs of the reference model. While the derivation of an appropriate update law
is rather straight-forward in case of a plant with a Relative Degree (RD) of one and a
Strictly Positive Real (SPR) reference model (see [96] for an introduction to positive
real systems), the situation becomes significantly more complex in case of higher rel-
ative degrees [89]. In the latter case, one either has to sacrifice ideal properties (e.g.
Uniform Ultimate Boundedness (UUB) instead of asymptotic tracking of the reference
model [103, 26, 105]) or is mostly limited to LTI systems [89].

Since most of the states of an aircraft may be conveniently measured or may be
replaced by appropriate surrogate measurements (e.g. accelerations instead of aero-
dynamic angles), this thesis focuses on state feedback. For an introduction to output-
feedback MRAC, the reader is referred to the previously mentioned literature and ref-
erences therein.

Parametrization of Uncertainties
The fundamental objective of any MRAC is the adjustment of the adaptive parameters,
which are also known as adaptive controller gains, such that the response of the ref-
erence model is recovered. Ultimately, this requires that the update law adjusts the
controller gains in such a way that the uncertain terms are canceled, as demonstrated
in (3.8). Since the underlying principle is adjustment of parameters, this however pre-
sumes that all uncertain terms are appropriately parametrized. In case of the plant
(3.1), the matching condition in Assumption 3.4 implicitly introduced a parametrization
of the system matrix AP . However, the derivation of MRAC additionally requires a
parametrization of the unknown nonlinear function f̄ (xP (t) , t). The parametrization of
the uncertainties represents a third criterion for classifying adaptive controllers.

On the one hand, one distinguishes linear and nonlinear parametrizations. In case
of a linear parametrization, the nonlinear function f̄ (xP (t) , t) may be represented by
a linear combination of a finite number of known basis functions, i.e.

f̄ (xP (t) , t) , Θ∗φ · φ (xP (t)) , (3.16)

where Θ∗φ ∈ Rm×nφ is an unknown parameter matrix and φ : Rn → Rnφ is a vector of
known basis functions. In contrast, in case of a nonlinear parametrization, the nonlinear
function f̄ (xP (t) , t) is represented by a general, known nonlinear function depending
on a finite number of unknown parameters, i.e.

f̄ (xP (t) , t) , g
(
xP (t) ,Θ∗φ

)
, (3.17)

where Θ∗φ ∈ Rnφ,1×nφ,2 is an unknown parameter matrix and g : Rn ×Rnφ,1×nφ,2 → Rm is
a known function.

On the other side, the parametrization of a nonlinear function may also be char-
acterized as exact or approximate. Eqs. (3.16) and (3.17) are examples of exact
parametrizations. When modeling physical processes, appropriate basis functions
φ (xP (t)) often immediately derive from the modeled process. For this reason, an exact
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Figure 3.3: Typical Activation Functions (i.e. basis functions) in Single Hidden Layer
Neural Network Adaptive Control

parametrization of f̄ (xP (t) , t) is also referred to as a physically motivated parametriza-
tion. In contrast, an approximate parametrization represents f̄ (xP (t) , t) with a residual
error. Hence, in case of an approximate linear parametrization,

f̄ (xP (t) , t) , Θ∗φ · φ (xP (t))− ε (xP (t) , t) (3.18)

holds, whereas in case of an approximate nonlinear parametrization,

f̄ (xP (t) , t) , g
(
xP (t) ,Θ∗φ

)
− ε (xP (t) , t) (3.19)

is satisfied. In either case, ε : Rn × R+ → Rm denotes the parametrization error. A
common example of approximate parametrizations are so-called Single Hidden Layer
Neural Networks (NNs). It may be proven that these NNs possess a universal approx-
imation property, that is, any continuous function f̄ (xP (t) , t) may be approximated
on a compact set with bounded parametrization error [64]. The basic elements of
such NNs are weighted sums of so-called activation functions, which may be thought
of as generic (not physically-motivated) basis functions. Typical activation functions
are shown in Figure 3.3. Depending on the structure of the network and the choice
of the activation function, Single Hidden Layer NNs may lead to linear or nonlinear
parametrizations. For a detailed introduction to NN adaptive control, the reader is re-
ferred to [158, 105] or in a wider sense to [63].

In any case, the residual parametrization errors contribute to the plant imperfec-
tions as shown in Section 3.2.4. At this point, it has to be stressed that this thesis uses
the terms exact and approximate to refer to the parametrization of a function. Since
a real physical system may never be represented by (3.1), any parametrization of the
plant will be approximate with respect to the true physical system. One could hence ar-
gue that any plant imperfection such as non-parametric uncertainties may be regarded
as a parametrization error, which results from our inability to properly parametrize the
true physics. For this reason, the parametrization error is sometimes used in literature
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to represent plant imperfections such as unmodeled dynamics and exogenous distur-
bances. This notion of the parametrization error may however not be confused with
the definition of the parametrization error in (3.18) and (3.19). In (3.18) and (3.19), the
parametrization error is the difference between functions, whereas in the latter case,
the parametrization error represents the difference between a nonlinear function and
a nonlinear (infinite dimensional) dynamical system. In order to avoid confusions, the
term parametrization error only refers to the difference between functions in this thesis.

Update Laws

With an appropriate parametrization in place, an algorithm is required to update the
adaptive parameters or the adaptive controller gains, respectively. This algorithm is at
the heart of the adaptive controller and greatly influences its robustness and perfor-
mance. The most simple, but probably most widely known, update law readily follows
from a Lyapunov stability analysis of the adaptive control system. This Lyapunov-based
update law will be the only update law which is studied within this thesis. However, nu-
merous other update laws have been proposed in literature, such as update laws which
derive from a Recursive Least Squares argument [89]. More recently, an update law,
which is inspired from machine learning [16], was proposed in the context of Gaussian
Process MRAC [33]. Further update laws have been proposed in the context of RCAC
[144, 145] or I&I-AC [5, 125, 4].

Modifications

The fifth (and last) criterion distinguishing different MRAC approaches is the set of cho-
sen modifications. In general, modifications may be applied to the update law and/or
to the reference model.

Roughly speaking, modifications of the update law alter the adaptation process
itself. An important class of update law modifications are robustness modifications,
which guarantee robustness of the closed-loop control system even in the presence
of plant imperfections such as non-parametric uncertainties. Without modification, var-
ious instability phenomena such as parameter drift may occur [89]. One important
robustness modification to overcome these difficulties is the so-called σ-modification,
which is presented in Section 3.2.4.

Other modifications to the update law do not (only) aim at recovering robustness
but at improving the adaptation performance. Numerous modifications of this kind
have been proposed such as the Q-modification [171], the Multi-Model Q-modification
[83] or Concurrent Learning [32, 34, 117]. While these approaches greatly benefit the
overall control system performance, they are not covered in this thesis.

While modifications to the update law alter the adaptation process itself, modifica-
tions of the reference model essentially alter the desired closed-loop system response.
Such modifications may for example be desirable, if control surfaces reach their deflec-
tion limit and hence, the prescribed closed-loop system response may not be physically
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recovered by an appropriate control input. By adjusting the reference model to match
the current physical capabilities of the plant, an erroneous adaptation trying to com-
pensate the deflection limit may be avoided. The underlying modification is known as
hedging. Hedging as well as several other modifications of the reference model will be
covered in Section 3.2.5.

Outline

The remainder of this section is structured as follows: First of all, Subsection 3.2.1 intro-
duces direct MRAC in its basic form. Subsection 3.2.2 then extends these results to the
case, when a direct MRAC shall augment an existing non-adaptive baseline controller.
Afterwards, predictor-based MRAC is introduced in Subsection 3.2.3. Since all meth-
ods, which will be presented later on in this thesis, depend on a linear parametrization,
Subsections 3.2.1-3.2.3 are also limited to a linear parametrization:

Assumption 3.7 (Linear Parametrization). The nonlinear function f̄ (xP (t) , t) may
be linearly parametrized according to (3.18), i.e. f̄ (xP (t) , t) , Θ∗φ · φ (xP (t)) −
ε (xP (t) , t), where Θ∗φ ∈ Rm×nφ is the unknown, constant, ideal parameter and φ :
Rn → Rnφ is a known vector-valued function.

In terms of the nonlinear function fm (xP (t) , t), which relates to f̄ (xP (t) , t) through
(3.11), it may be equivalently stated that fm (xP (t) , t) , Θ∗m,φ ·φ (xP (t))−εm (xP (t) , t)
with Θ∗m,φ = −ΛΘ∗φ and εm (xP (t) , t) = −Λε (xP (t) , t).

Furthermore, in order to be able to prove asymptotic convergence of the plant towards
the reference model, Subsections 3.2.1-3.2.3 will assume that there is no parametriza-
tion error:

Assumption 3.8 (Exact Parametrization). The parametrization of the nonlinear func-
tion f̄ (xP (t) , t), or fm (xP (t) , t) respectively, is exact, that is, ε (xP (t) , t) = 0 and
εm (xP (t) , t) = 0.

This assumption will be alleviated in Section 3.2.4, where the effects of plant imper-
fections and appropriate counter-measures in the form of robustness modifications are
discussed. Finally, Subsection 3.2.5 introduces several reference model modifications.

3.2.1 Direct Model Reference Adaptive Control

This section derives a direct MRAC for the plant (3.1) in case of matched uncertain-
ties and an exact, linear parametrization of the nonlinearities. Thus, throughout this
section, Assumptions 3.1 (state feedback), 3.2 (positive definite control effectiveness),
3.3 (Lipschitz condition), 3.4 (matching condition), 3.7 (linear parametrization) and 3.8
(exact parametrization) are assumed to hold. Starting from the plant representation
(3.7), which was obtained using the matching condition of Assumption 3.4, the plant
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may be rewritten as

.
xP (t) = AMxP (t) +BMr (t) +BPΛu (t)

+BPΛ
(
−Θ∗xxP (t)−Θ∗rr (t)−Θ∗φ · φ (xP (t))

)

+BPΛε (xP (t) , t)

(3.20)

by virtue of Assumption 3.7. Furthermore, since the parametrization is exact according
to Assumption 3.8, i.e. ε (xP (t) , t) = 0, the plant representation (3.20) simplifies to

.
xP (t) = AMxP (t) +BMr (t) +BPΛu (t)

+BPΛ
(
−Θ∗xxP (t)−Θ∗rr (t)−Θ∗φ · φ (xP (t))

)
.

(3.21)

In order to cancel the unknown parameters Θ∗x, Θ∗r and Θ∗φ, the time-varying control
law

u (t) = Θx (t) · xP (t) + Θr (t) · r (t) + Θφ (t) · φ (xP (t)) (3.22)

is proposed, where Θx : R+ → Rm×n, Θr : R+ → Rm×m and Θφ : R+ → Rm×nφ are
the adaptive controller gains, which are also called adaptive parameters. Using the
definitions

Θ∗ ,
[
Θ∗x Θ∗r Θ∗φ

]
,

ω (xP (t) , t) ,




xP (t)
r (t)

φ (xP (t))


 ,

(3.23)

the unknown parameters and the known signals may be summarized in one unknown
parameter matrix Θ∗ ∈ Rm×nr and one regressor vector ω : Rn × R+ → Rnr , respec-
tively. Here, nr = n + m + nφ denotes the size of the regressor vector. Similarly, the
adaptive gains are summarized into one adaptive gain

Θ (t) ,
[
Θx (t) Θr (t) Θφ (t)

]
(3.24)

with Θ : R+ → Rm×nr . The definitions (3.23) and (3.24) allow to reformulate the plant
(3.21) and the control law (3.22) more compactly as

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t)) (3.25)

and
u (t) = Θ (t) · ω (xP (t) , t) , (3.26)

respectively. By inserting (3.26) and using the definition of the parameter error

Θ̃ (t) , Θ (t)−Θ∗, (3.27)

(3.25) becomes

.
xP (t) = AMxP (t) +BMr (t) +BPΛΘ̃ (t) · ω (xP (t) , t) . (3.28)
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Since the overall objective of the control law is asymptotic tracking of the reference
model, the tracking error eC (t) , xP (t) − xM (t) is introduced in order to quantify the
difference between the plant states and the reference model states. The tracking error
eC (t) evolves according to the differential equation

.
eC (t) = AMeC (t) +BPΛΘ̃ (t) · ω (xP (t) , t) , (3.29)

which results from differentiating the definition of eC (t) and inserting (3.4) and (3.28),
respectively. Intuitively, the error dynamics (3.29) indicate that the control objective may
be achieved if for example the parameters converge, i.e. Θ (t) = Θ∗ or equivalently
Θ̃ (t) = 0. While the control objective seems to be achievable, the actual choice of the
adaptive parameter Θ (t) has not yet been addressed. One approach of deriving an
update law for the adaptive parameter is based on a proof of stability of the tracking
error dynamics .

eC (t) and the (not yet known) parameter error dynamics
.

Θ̃ (t). For this,
consider the Lyapunov function candidate

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
. (3.30)

In (3.30), P ∈ Sn++ is the positive definite, unique solution of the Lyapunov equation

AT
MP + PAM = −Q, (3.31)

whereQ ∈ Sn++ is a positive definite design parameter. Notice that Sn++ denotes the set
of all positive definite matrices in Rn×n. The so-called learning rate Γ ∈ Snr++ is another
positive definite design parameter. The interpretation of the design parameters Γ and
Q will be clarified later on.

The direct method of Lyapunov (Theorem C.2) requires that the Lyapunov function
candidate (3.30) is a positive definite function. The following lemma establishes that
(3.30) satisfies this requirement.

Lemma 3.3. If P , Γ and Λ are positive definite, then the Lyapunov function candidate
(3.30) is a positive definite function.

Proof. Since Λ is symmetric and positive definite, its matrix square root exists, i.e.
Λ = Λ 1

2 · Λ 1
2 , where Λ 1

2 is symmetric as well. Using the cyclic property (B.154), the
Lyapunov function candidate (3.30) becomes:

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Λ 1

2 Θ̃ (t) Γ−1Θ̃ (t)T Λ 1
2T
}
. (3.32)

By defining Θ̄ (t) = Λ 1
2 Θ̃ (t), (3.32) is compactly written as:

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Θ̄ (t) Γ−1Θ̄ (t)T

}
. (3.33)

Using the quadratic form bounds (B.64) and (B.102), (3.33) may be bounded by:
1
2λmin(P ) · ‖eC (t)‖2

2 + 1
2λmin(Γ−1) · ‖Θ̄ (t)‖2

F ≤ V (t) ,

V (t) ≤ 1
2λmax(P ) · ‖eC (t)‖2

2 + 1
2λmax(Γ−1) · ‖Θ̄ (t)‖2

F .
(3.34)
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Since Γ is positive definite, it is invertible. For this reason, λmin(Γ−1) = 1/λmax(Γ) and
λmax(Γ−1) = 1/λmin(Γ) hold. By applying the definition of the Frobenius norm (B.9) and
resubstituting Θ̄ (t) = Λ 1

2 Θ̃ (t), one obtains:

1
2λmin(P ) · ‖eC (t)‖2

2 + 1
2 · λmax(Γ) · Tr

{
Θ̃TΛΘ̃ (t)

}
≤ V (t) ,

V (t) ≤ 1
2λmax(P ) · ‖eC (t)‖2

2 + 1
2 · λmin(Γ) · Tr

{
Θ̃TΛΘ̃ (t)

}
.

(3.35)

Applying the quadratic form bound (B.102) once again yields

1
2λmin(P ) · ‖eC (t)‖2

2 + λmin(Λ)
2 · λmax(Γ) · ‖Θ̃ (t)‖2

F ≤ V (t) ,

V (t) ≤ 1
2λmax(P ) · ‖eC (t)‖2

2 + λmax(Λ)
2 · λmin(Γ) · ‖Θ̃ (t)‖2

F .

(3.36)

Since P , Γ and Λ are positive definite, the lower bound in (3.36) implies that V (t)
cannot become negative. Furthermore, V = 0 can only hold, if eC = 0 and Θ̃ = 0 hold.
Hence, V (t) is positive definite.

Differentiating the Lyapunov function candidate with respect to time yields:
.
V (t) = eC (t)T P .

eC (t) + Tr
{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
. (3.37)

By inserting the error dynamics (3.29), (3.37) becomes
.
V (t) = eC (t)T PAMeC (t) + eC (t)T PBPΛΘ̃ (t) · ω (xP (t) , t)

+ Tr
{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
.

(3.38)

With the definition of the Lyapunov equation in (3.31) and due to eC (t)T PAMeC (t) =
eC (t)T AT

MPeC (t), one obtains:

.
V (t) = −1

2eC (t)T QeC (t) + eC (t)T PBPΛ · Θ̃ (t)ω (xP (t) , t)

+ Tr
{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
.

(3.39)

Using the trace property (B.156), the second term in (3.39) can be moved into the
trace:

.
V (t) =− 1

2eC (t)T QeC (t)

+ Tr
{
Θ̃ (t)

(
Γ−1

.
Θ̃ (t)T + ω (xP (t) , t) · eC (t)T PBP

)
Λ
}
.

(3.40)

By choosing .
Θ̃ (t)T = −Γω (xP (t) , t) · eC (t)T PBP , (3.41)

the derivative of the Lyapunov function candidate may be rendered negative semidefi-
nite, i.e.

.
V (t) = −1

2eC (t)T QeC (t) ≤ 0 ∀ eC (t) , Θ̃ (t) . (3.42)

52



Chapter 3: Adaptive Model Following Control Approaches

Hence, eC = 0 and Θ̃ = 0 is the globally stable equilibrium of the tracking error dy-
namics (3.29) and the parameter error dynamics (3.41). Since Θ∗ is a constant by
assumption, the definition of the parameter error in (3.27) finally admits to state the
following update law for the adaptive gain Θ (t):

.
Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP . (3.43)

Furthermore, since the command signal r (t) is bounded by definition, the reference
model state xM (t) will be bounded as well. Due to the global stability of the error
dynamics, this implies boundedness of the plant state xP (t). Thus, all signals of the
closed-loop control system are bounded.

While the update law (3.43) ensures boundedness of the closed-loop control sys-
tem, it does not yet prove asymptotic convergence of the plant states towards the ref-
erence model states. For this, notice that due to

.
V (t) ≤ 0 and V (t) ≥ 0, 0 ≤ V (∞) ≤

V (0) holds. Thus, the integral
∫ ∞

0
−
.
V (t) dt =

∫ 0

∞

.
V (t) dt = V (0)− V (∞) ≥ 0 (3.44)

exists and is finite. Furthermore, since the command signal r (t) and the plant state
xP (t) are bounded, the Lipschitz condition in Assumption 3.3 implies boundedness of
the regressor vector ω (xP (t) , t). Boundedness of the regressor vector ω (xP (t) , t) to-
gether with boundedness of eC (t) and Θ̃ (t) due to the Lyapunov proof of stability then
proves boundedness of .eC (t), i.e. .

eC (t) ∈ L∞. The latter implies uniform continuity
of −

.
V (t) as −

..
V (t) = eC (t)T Q .

eC (t) is bounded. Invoking Barbalat’s Lemma (Lemma
C.3) shows

lim
t→∞
−
.
V (t) = 1

2 · lim
t→∞

eC (t)T QeC (t) = 0, (3.45)

implying limt→∞ ‖eC (t)‖ = 0. Thus, the tracking error asymptotically decreases to zero,
which proves that the derived direct MRAC does indeed achieve asymptotic tracking of
the reference model (3.4). The results of the preceding derivation are summarized in
the following theorem:

Theorem 3.4 (Nominal Stability of Direct MRAC). Consider the plant (3.1) and let As-
sumptions 3.1 (state feedback), 3.2 (positive definite control effectiveness), 3.3 (Lips-
chitz condition), 3.4 (matching condition), 3.7 (linear parametrization) and 3.8 (exact
parametrization) hold. Then, according to (3.25), the plant admits the compact repre-
sentation

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t)) ,

where the true parameter matrix Θ∗ and the regressor vector ω (xP (t) , t) are defined
in (3.23). Furthermore, let the learning rate Γ ∈ Snr++ and the weighting matrix Q ∈ Sn++

be chosen positive definite, and let P ∈ Sn++ be the positive definite solution of the
Lyapunov equation (3.31). Then the control law

u (t) = Θ (t) · ω (xP (t) , t) ,
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.
xM = AM xM + BM r

.
Θ

T
= −ΓωeT

CP BP

u = Θ · ω
.
xP = AM xP + BP Λ(u − Θ∗ω)

r xM

−Θ eC

u xP

Figure 3.4: Illustration of direct MRAC.

.
Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP ,

proposed / derived in (3.26) and (3.43), will ensure that (eC = 0, Θ̃ = 0) is a globally
stable equilibrium of the error dynamics (3.29) and (3.41). Furthermore, all signals of
the closed-loop control system are bounded and the control law ensures asymptotic
tracking of the reference model (3.4), i.e.

lim
t→∞
‖eC (t)‖ = 0.

Proof. The proof relies on the Lyapunov candidate function (3.30) and amounts to the
steps which have led from (3.30) to (3.45).

Remark 3.5. While Barbalat’s Lemma shows asymptotic convergence of the track-
ing error eC (t), it does not allow any conclusion on the parameter error Θ̃ (t). Thus,
despite of asymptotic convergence of the tracking error, the parameter error is only
stable, i.e. bounded to some neighborhood of the origin. In order for the parameters
to converge exponentially, the regressor vectors ω (xP (t) , t) has to satisfy a so-called
Persistency of Excitation condition. While the math associated with Persistency of Ex-
citation is rather involved even in case of LTI plants, its idea is rather intuitive. Since
adaptation is based on measurements of the input- / output map of the plant, some
commands leading to changes of the regressor vector have to be issued to the plant.
Conversely, if no commands are given to the plant, for example due to r (t) = 0, no
new output ω (xP (t) , t) is generated and hence, no information about the parameters
may be inferred. Mathematically, Persistency of Excitation relates to uniform complete
observability [89]. In case of LTI plants, it may be shown that parameter convergence
relates to the number of sinusoids in the command signal r (t).

The structure of direct MRAC is illustrated in Figure 3.4. Its application to the short-
period example from Section 2.2 is demonstrated by the following example:
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Example 3.6. Consider the linearized short-period approximation (2.51) of the longi-
tudinal motion of the UAS from Chapter 2 and assume λZα = λZq = 1. Following the
nomenclature introduced in the current chapter, the state vector and the input are de-
fined as xP (t)T ,

[
α (t) q (t)

]
and u (t) , η (t). Furthermore, the uncertain system

matrix AP , the known input matrix BP and the uncertain control effectiveness Λ are
given by:

AP =

 Zα 1 + Zq

λα ·Mα λq ·Mq


 , BP =


 0
Mη


 , Λ = λη. (3.46)

The nominal system matrixAp,nom, which represents the most likely value of the system
matrix AP , results from (2.51) for λα = λq = λη = 1 and is given by

Ap,nom =

Zα 1 + Zq

Mα Mq


 . (3.47)

As stated in Section 2.2, the controller for the plant (2.51) shall ensure accurate
tracking of angle-of-attack commands αcmd (t) and closed-loop poles located at−2.19±
2.19j. Since MRAC is a model following control approach, a suitable reference model
has to be designed first, which satisfies these control objectives. To that end, consider
the nominal system matrix Ap,nom. Using pole placement [111], an ideal feedback gain
Kx may be easily computed, such that Ap,nom + BP ·Kx provides the desired pole
locations. By choosingAM = Ap,nom +BP ·Kx withKx =

[
−1.11 −0.22

]
, the desired

system matrix is found:

AM =

 Zα 1 + Zq

Mα,des Mq,des


 =


−2.42 0.91
−5.32 −1.97


 , (3.48)

where Mα,des and Mq,des specify the desired pitch stiffness and damping, respectively.
Similarly, an ideal feedforward gain Kr is computed such that the reference model

.
xM (t) = AM · xM (t) +BPKr · r (t) (3.49)

with xM (t)T =
[
αM (t) qM (t)

]
provides a DC gain of 1 and hence, ensures stationary

accurate tracking of angle-of-attack commands r (t) , αcmd (t). With Kr = −0.49, the
input matrix of the reference model becomes

BM = BP ·Kr =

 0

10.53


 . (3.50)

With the above choice of the system matrix AM and the command input matrix BM ,
the reference model satisfies the control objectives.

In the next step, the adaptive controller for the plant (2.51) is designed. To that end,
notice that the matching condition from Assumption 3.4 is satisfied for all uncertainties
λα, λq and λη because Zη has been neglected and λZα = λZq = 1 have been as-
sumed. Furthermore, the control effectiveness Λ = λη is positive due to the assumed
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uncertainty range from Table 2.4 and thus, Assumption 3.2 is satisfied as well. Since
the plant is LTI, Assumptions 3.3, 3.7 and 3.8 are irrelevant. Hence, all assumptions
of state-feedback direct MRAC, as stated in Theorem 3.4, are satisfied. Since there
are no nonlinearities, the regressor vector, the adaptive parameter Θ (t) and the true
parameter Θ∗ simplify to

ω (xP (t) , t)T =
[
xP (t)T r (t)

]
=
[
α (t) q (t) αcmd (t)

]
, (3.51)

Θ (t) =
[
Θx (t) Θr (t)

]
=
[
Θα (t) Θq (t) Θr (t)

]
(3.52)

Θ∗ =
[
Θ∗x Θ∗r

]
=
[
Θ∗α Θ∗q Θ∗r

]
. (3.53)

Using the matching condition (3.5), the value of the ideal parameter Θ∗ may be com-
puted as:

Θ∗α = Mα,des −Mα · λα
λη ·Mη

, Θ∗q = Mq,des −Mq · λq
λη ·Mη

, Θ∗r = Kr

λη
. (3.54)

The design parameters Q and Γ of the direct MRAC are chosen as

Q = I2×2, Γ > 0. (3.55)

Thus, the conditions of Theorem 3.4 are satisfied and the adaptive control law (3.26),
(3.43) ensures closed-loop stability.

Figure 3.5 compares the performance of the direct MRAC for different values of the
learning rate Γ. One observes that all controllers meet the control objective after some
time, when the adaptive parameters converged sufficiently close to their ideal values.
The time to convergence does however depend on the learning rate. For a small learn-
ing rate Γ = 10 · I3×3, the adaptive controller significantly deviates from the reference
model during the first step. It approximately takes until the third upward step until the
performance of the reference model is recovered. For larger learning rates, the desired
performance is recovered significantly faster. However, with increasing learning rate Γ,
low-amplitude, high-frequency oscillations appear in the adaptive parameters, in the
elevator deflection η (t) and in the pitch rate q (t). This demonstrates the fundamental
trade-off when designing an adaptive controller. On the one side, if the learning rate
is chosen too small, the performance of the reference model is recovered too slowly.
On the other side, overly large learning rates lead to high-frequency, low-amplitude
oscillations at the beginning. These oscillations do not only wear out the actuator, but
are also signs of a weakly damped, hardly robust control system during this transient
phase.

The reference model (3.4) of an adaptive control system is one of the most impor-
tant design parameters as it specifies the desired closed-loop system response. Since
the tracking error eC (t) quantifies the difference between the reference model and the
plant, it is an intuitive measure for the success of adaptive control. If the tracking er-
ror is small, the plant approximately responds like the reference model and hence, the
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Figure 3.5: Performance of a direct MRAC for different values of the learning rate Γ for
a 5◦ square wave command in case of λα = λq = 1 and λη = 0.5.
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desired closed-loop system response is recovered. While the size of tracking error is
an important measure of performance, Theorem 3.4 only proves that the tracking error
asymptotically decreases to zero. Even though asymptotic tracking of the reference
model was the original control objective (see Section 3.1), it is also of significant inter-
est to obtain insight into the tracking performance before the tracking error converges.
Furthermore, Theorem 3.4 did not clarify the meaning of the other two design param-
eters of the adaptive controller, namely the learning rate Γ and the weighting matrix
Q. In order to shed light on these aspects, a guaranteed bound on the tracking error
is derived subsequently. For reasons of simplicity, assume that the initial conditions of
the reference model and of the plant are identical, i.e. xP (0) = xM(0), and that the
update law is initialized to zero, i.e. Θ(0) = 0. Due to these assumptions, the initial
conditions of the tracking error and the parameter error become

eC(0) = 0, Θ̃(0) = −Θ∗. (3.56)

Furthermore, assume that conservative bounds on the unknown parameter Θ∗ and the
control effectiveness Λ are known such that

‖Θ∗‖F ≤ Θ∗max, λmax(Λ) = ‖Λ‖i,2 ≤ Λmax (3.57)

hold, where Θ∗max and Λmax are known, positive scalars.
In order to derive a bound on the tracking error, consider the Lyapunov function

(3.30). At t = 0, the Lyapunov function takes the value V (0). Since Theorem 3.4
guarantees global stability, the Lyapunov function will be smaller than or equal to V (0)
for all times, i.e. V (t) ≤ V (0), due to

.
V (t) ≤ 0 ∀t ≥ 0. Using the lower bound for V (t)

derived in Lemma 3.3, the following relation follows immediately:

1
2λmin(P ) · ‖eC (t)‖2

2 ≤ V (t) ≤ V (0) ∀ t ≥ 0. (3.58)

Solving (3.58) for ‖eC (t)‖2 yields a bound on the tracking error:

‖eC (t)‖2 ≤
√√√√ 2 · V (0)
λmin(P ) ∀ t ≥ 0. (3.59)

While (3.59) is a viable bound for the tracking error, the value of the Lyapunov function
at t = 0 may not be determined exactly as it depends on the initial conditions eC(0)
and Θ̃(0), which are inherently uncertain (see (3.56)). However, an appropriate upper
bound may be determined. For this, evaluate the upper bound for V (t) from Lemma
3.3 at t = 0:

V (0) ≤ 1
2λmax(P ) · ‖eC(0)‖2

2 + λmax(Λ)
2 · λmin(Γ) · ‖Θ̃(0)‖2

F . (3.60)

With the initial conditions from (3.56) and the uncertainty bound from (3.57), the follow-
ing upper bound for V (0) results right away:

V (0) ≤ Λmax

2 · λmin(Γ) ·Θ
∗
max

2. (3.61)
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Using the upper bound (3.61), the tracking error bound (3.59) becomes

‖eC (t)‖2 ≤
√√√√ Λmax ·Θ∗max

2

λmin(P ) · λmin(Γ) ∀ t ≥ 0. (3.62)

Eq. (3.62) shows that large uncertainties may lead to large tracking errors. This effect
may only be compensated by choosing a large learning rate Γ or a large weighting
matrix Q. In order to see the latter, notice that the Lyapunov equation (3.31) yields a
scaled P , ifQ is scaled by some factor. However, it is a well-known fact that overly large
learning rates will decrease the robustness of MRAC with respect to plant imperfections
and especially to non-parametric uncertainties such as time-delay [43] or unmodeled
dynamics [136, 89]. Thus, the choice of the design parameters needs to trade off
good tracking performance versus robustness to plant imperfections. Unfortunately, no
precise rules for the selection of the design parameters exist so far.

Although the tracking error bound (3.62) indicates that both design parameters Γ
and Q are similar in the sense that they may serve to reduce the transient tracking
error, they have substantially different interpretations. In the first place, the learning
rate Γ is a weighting of the regressor vector as is evident from the update law (3.43).
Assuming a diagonal learning rate, the i-th element of the regressor vector is scaled by
the i-th diagonal entry of the learning rate and leads to an update of the i-th column of
Θ (t) or i-th row of Θ (t)T , respectively. Thus, the i-th diagonal entry of the learning rate
determines how fast the parameters associated with the i-th regressor vector element
are updated. In contrast, the matrix Q implicitly determines the relative weighting of
the tracking error. Since the matrix P is computed from the Lyapunov equation (3.31),
the relation between the choice of Q and the weighting of the tracking error by virtue
of P ·BP is not as evident.

3.2.2 Direct Model Reference Adaptive Control with Baseline

The previous section introduced direct MRAC in its most basic form. The control law
(3.22) is purely adaptive as it only depends on the time-varying adaptive parameter
Θ (t). In practice, adaptive controllers are usually not used as standalone controllers,
but augment an existing baseline controller. In this scenario, the baseline controller is
a conventional, non-adaptive controller, which satisfies all control design requirements
for reasonably sized uncertainties. If the uncertainties grow larger (for example due
to an unexpected malfunction or damage), then the baseline controller might not be
able to maintain stability and performance. For this reason, the baseline controller is
augmented with an additional adaptive control signal, which compensates the uncer-
tainties. Due to the practical relevance of this scenario, this section extends the results
of the previous section in such a way that a baseline controller may be accommodated.

To that end, let the baseline control law be given by

ubl (t) = Kx · xP (t) +Kr · r (t) . (3.63)
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This control law is augmented with an additional adaptive control signal, which is struc-
turally equivalent to (3.22). The overall control law, including baseline controller and
adaptive augmentation, is hence given by:

u (t) = ubl (t) + Ψ (t) · ω (xP (t) , t) . (3.64)

In (3.64), Ψ (t) ,
[
Ψx (t) Ψr (t) Ψφ (t)

]
represents the adaptive parameter. As com-

pared to the previous section, the adaptive parameter is denoted by Ψ (t) instead of
Θ (t) in order to clearly distinguish the cases with and without baseline controller.

Due to the presence of a baseline controller, the matching conditions of the direct
MRAC have to be slightly altered. The plant (3.1), the reference model (3.4) and the
baseline controller (3.63) are required to satisfy:

Assumption 3.9 (Matching Condition with Baseline). The uncertain matrices and func-
tions of the plant (3.1) satisfy the matching conditions

AP = AM −BPΛ · (Ψ∗x +Kx) ,
BM = BPΛ · (Ψ∗r +Kr) ,

f (xP (t) , t) = −BPΛf̄ (xP (t) , t) ,
(3.65)

which relate the uncertain matrices and functions to the reference model (3.4) and the
baseline controller (3.63).

If the nonlinearity f̄ (xP (t) , t) may be parametrized linearly and exactly, f̄ (xP (t) , t) =
Ψ∗φ · φ (xP (t)) holds. The resulting ideal parameter is denoted by Ψ∗ ,

[
Ψ∗x Ψ∗r Ψ∗φ

]

instead of Θ∗ to clearly distinguish the cases with and without baseline controller. The
modified matching condition (3.65) ensures that the baseline controller recovers the
desired closed-loop response, if there are no parametric uncertainties (i.e. Ψ∗ = 0).
Put another way, the control objective of the adaptive augmentation and of the baseline
controller have to be compatible.

Following the same steps as in the previous section, the modified control law (3.64)
and the modified matching conditions (3.65) may be used to rewrite the plant as

.
xP (t) = AMxP (t) +BMr (t) +BPΛΨ̃ (t) · ω (xP (t) , t) , (3.66)

where Ψ̃ (t) = Ψ (t)−Ψ∗ denotes the parameter error. Since (3.66) is structurally equiv-
alent to (3.28), the error dynamics and the proof of closed-loop stability are equivalent
to the case without baseline controller. Hence, the update law

.
Ψ (t)T =

.
Ψ̃ (t)T = −Γω (xP (t) , t) · eC (t)T PBP (3.67)

results, which is structurally equivalent to the update law without baseline controller
from (3.43).

Although the consideration of the baseline controller (3.63) does neither change the
structure of the adaptive controller nor its proof of stability, the cases with and without
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baseline controller are not equivalent. Due to the consideration of the baseline con-
troller, the ideal value Ψ∗ of the adaptive parameter is not equivalent to Θ∗. Likewise,
the trajectories of the adaptive parameter Ψ (t) are not equivalent to Θ (t). In fact, the
cases with and without baseline controller are related by the variable substitutions

Θ∗x = Ψ∗x +Kx, Θx (t) = Ψx (t) +Kx, (3.68)

Θ∗r = Ψ∗r +Kr, Θr (t) = Ψr (t) +Kr, (3.69)

Θ∗φ = Ψ∗φ, Θφ (t) = Ψφ (t) . (3.70)

It is interesting to notice that the above substitutions imply that the consideration of a
baseline controller is equivalent to initializing the parameters of a standalone adaptive
controller to

Θx(0) = Kx, Θr(0) = Kr, Θφ(0) = 0, (3.71)

when assuming that the adaptive parameter Ψ (t) is initialized as Ψ(0) = 0. Further-
more, while the consideration of the baseline controller leads to a different ideal pa-
rameter Ψ∗ and a different adaptive parameter Ψ (t), it does not change the parameter
error as Θ̃(·)(t) = Ψ̃(·)(t) holds.

Since the adaptive controller and its proof of stability in case of an additional base-
line controller are structurally equivalent to the case without baseline controller, these
two cases will not be specifically distinguished in the remainder of this thesis. Hence,
Θ (t) and Θ∗ (instead of Ψ (t) and Ψ∗) will denote the adaptive and ideal parameter,
even if a baseline controller is present. With respect to the objectives of this thesis, the
most important difference between these two cases consists in the different computa-
tion of the ideal parameter Θ∗. If a baseline controller is present, the baseline controller
gains Kx and Kr have to be considered according to (3.65).

3.2.3 Predictor-Based Model Reference Adaptive Control

In direct MRAC, the control law (3.26) and the adaptation are inseparably related, as
the update law (3.43) immediately alters the controller gains. While direct approaches
lead to a simple controller architecture, they are limited in the sense that a change in the
control law requires a completely new proof of stability. In contrast, indirect approaches
separate the adaptation from the control law by resorting to a two-step procedure. In
the first step, the unknown plant parameters are identified using adaptation. In the
second step, this information is used within an appropriate control law. Owing to this
separation, stability of the identification may be proven independently from stability of
the closed-loop control system. This separation is for example also exploited in L1-AC,
which is based on an indirect approach.

Subsequently, a special class of indirect approaches is introduced, which is re-
ferred to as predictor-based MRAC in literature [104]. In contrast to classical indirect
approaches, predictor-based MRAC parametrizes the uncertainties in an input-affine
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way. Hence, the estimated parameters may be used immediately for control purposes.
If the parametrization includes inputs for matched as well as unmatched uncertain-
ties, then predictor-based MRAC will be algebraically equivalent to classical indirect
MRAC [15]. This section will however focus on the case of matched uncertainties only.
The derived control law depends on the same assumptions as direct MRAC, namely
Assumptions 3.1 (state feedback), 3.2 (positive definite control effectiveness), 3.3 (Lip-
schitz condition), 3.5 (matching condition), 3.7 (linear parametrization) and 3.8 (exact
parametrization).

For the first step, namely parameter identification, consider the plant representation
(3.12), which results from the general plant (3.1) by virtue of the alternative matching
condition of Assumption 3.5. Since the nonlinearity fm (xP (t) , t) admits an exact,
linear parametrization due to Assumptions 3.7 and 3.8, (3.12) may be restated as

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + Θ∗m,φ · φ (xP (t))

)
. (3.72)

The adaptive state predictor (identifier) for the plant (3.72) is given by:

.
x̂P (t) = AM x̂P (t) +BP

(
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t) · φ (xP (t))

)
, (3.73)

where Θ̂m,x : R+ → Rm×n, Λ̂ : R+ → Rm×m and Θ̂m,φ : R+ → Rm×nφ are the adaptive
estimates of the plant parameters Θ∗m,x, Λ and Θ∗m,φ, respectively. Similar to direct
MRAC, the true parameters and the known signals may be summarized in a true pa-
rameter matrix and a regressor vector:

Θ∗m =
[
Θ∗m,x Λ Θ∗m,φ

]
,

ω (xP (t) , t) =




xP (t)
u (t)

φ (xP (t))




(3.74)

with Θ∗m ∈ Rm×nr , nr = n+m+nφ, and ω : Rn×R+ → Rnr . Notice that the definition of
the regressor vector in (3.74) does not coincide with the definition in (3.23). As it should
always be clear from the context, whether a direct or a predictor-based approach is in
use, no confusion should arise. Similar to (3.74), the adaptive estimates may also be
collected in a single adaptive parameter matrix:

Θ̂m (t) =
[
Θ̂m,x (t) Λ̂ (t) Θ̂m,φ (t)

]
(3.75)

with Θ̂m : R+ → Rm×nr . Using (3.74) and (3.75), the plant (3.72) and the state predictor
(3.73) become

.
xP (t) = AMxP (t) +BPΘ∗m · ω (xP (t) , t) (3.76)

and
.
x̂P (t) = AM x̂P (t) +BP Θ̂m (t) · ω (xP (t) , t) , (3.77)
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respectively. The derivation of an update law for the estimate Θ̂m (t) follows the same
lines as in case of direct MRAC. It is based on a proof of stability of the prediction
error dynamics and the yet unknown parameter error dynamics. The prediction error is
defined as

eP (t) , x̂P (t)− xP (t) (3.78)

and evolves according to the differential equation

.
eP (t) =

.
x̂P (t)− .

xP (t) = AMeP (t) +BP Θ̃m (t) · ω (xP (t) , t) , (3.79)

where Θ̃m (t) denotes the parameter error, which is defined as

Θ̃m (t) , Θ̂m (t)−Θ∗m. (3.80)

In order to prove stability of the error dynamics (3.79) and to derive an update law for
the adaptive parameter Θ̂m, consider the Lyapunov function candidate

V (t) = 1
2eP (t)T PeP (t) + 1

2 Tr
{
Θ̃m (t) Γ−1Θ̃m (t)T

}
, (3.81)

where P ∈ Sn++ is the positive definite, unique solution of the Lyapunov equation (3.31)
and Γ ∈ Snr++ is the positive definite learning rate. Differentiating (3.81) with respect to
time, inserting the error dynamics (3.79), exploiting the Lyapunov equation (3.31) and
using the trace property (B.156) yields:

.
V (t) =− 1

2eP (t)T QeP (t)

+ Tr
{
Θ̃m (t)

(
Γ−1

.
Θ̃m (t)T + ω (xP (t) , t) · eP (t)T PBP

)}
.

(3.82)

By choosing the parameter error dynamics as

.
Θ̃m (t)T = −Γω (xP (t) , t) · eP (t)T PBP , (3.83)

the derivative of the Lyapunov function candidate may be rendered negative semidefi-
nite, i.e.

.
V (t) = −1

2eP (t)T QeP (t) ≤ 0 ∀ eP (t) , Θ̃m (t) , (3.84)

which proves global stability of the prediction error eP (t) and the parameter error
Θ̃m (t). Since Θ∗m is a constant by assumption, the definition of the parameter error
in (3.80) admits to state the following update law for the adaptive parameter Θ̂m (t):

.
Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP . (3.85)

To conclude the first step of the derivation, the preceding results are summarized in
the following lemma:
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Lemma 3.7 (Nominal Stability of the Prediction Error and the Parameter Error). Con-
sider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive definite
control effectiveness), 3.3 (Lipschitz condition), 3.5 (matching condition), 3.7 (linear
parametrization) and 3.8 (exact parametrization) hold. Then, according to (3.76), the
plant admits the compact representation

.
xP (t) = AMxP (t) +BPΘ∗m · ω (xP (t) , t) ,

where the true parameter matrix Θ∗m and the regressor vector ω (xP (t) , t) are defined
in (3.74). Furthermore, let the learning rate Γ ∈ Snr++ and the weighting matrix Q ∈ Sn++

be chosen positive definite, and let P ∈ Sn++ be the positive definite solution of the
Lyapunov equation (3.31). Then, the error dynamics (3.79) and (3.83) of the adaptive
state predictor

.
x̂P (t) = AM x̂P (t) +BP Θ̂m (t) · ω (xP (t) , t) ,
.

Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP ,

derived in (3.77) and (3.85), will have a globally stable equilibrium at eP = 0 and
Θ̃m = 0.

Proof. The proof relies on the Lyapunov candidate function (3.81). It amounts to the
steps which have led from (3.81) to (3.84), where the latter establishes stability of the
error dynamics (3.79), (3.83).

Remark 3.8. Similar to the direct case, it is also possible to derive an explicit bound on
the transient prediction error. To that end, let the initial conditions be such that

eP (0) = 0, Θ̂m(0) = 0 (3.86)

hold and let a conservative bound on the uncertainties be known:

‖Θ∗m‖F ≤ Θ∗max. (3.87)

Then, the following bound on the prediction error may be derived by following the same
steps, which led to tracking error bound (3.62) of direct MRAC:

‖eP (t)‖2 ≤
Θ∗max√

λmin(P ) · λmin(Γ)
∀ t ≥ 0. (3.88)

When using the update law (3.85), Eq. (3.84) implies that the prediction error dy-
namics are stable irrespective of the actual control input u (t). However, since neither
the plant (3.72) nor the state predictor (3.73) are known to be stable a-priori, bounded-
ness of the other signals of the closed loop is not ensured. This is also the reason
why Barbalat’s Lemma (Lemma C.3) may not yet be applied at this point in order to
conclude limt→∞−

.
V (t) = 0. For this, the control law u (t), which usually is a function
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.
Θ̂m = −Γω · eTPPBP

.
x̂P = AM x̂P +BP Θ̂mω

u = Λ̂−1(Krr − Θ̂m,xxP − Θ̂m,φφ)
.
xP = AMxP +BPΘ∗

mω

Θ̂m eP

x̂P

−

r u xP

Figure 3.6: Illustration of predictor-based MRAC.

of either xP (t) or x̂P (t), would have to be bounded in order to conclude that eP (t) and
hence −

.
V (t) is uniformly continuous.

In order to prove asymptotic convergence of the prediction error eP (t), the actual
control law has to be chosen. Since the overall control objective is asymptotic tracking
of the reference model (3.4), the control law is determined such that the predictor (3.73)
turns into the reference model. This idea leads to the control law

u (t) = Λ̂ (t)−1
(
Krr (t)− Θ̂m,x (t)xP (t)− Θ̂m,φ (t)φ (xP (t))

)
. (3.89)

As expected, inserting the control law (3.89) into the predictor (3.73) yields

.
x̂P (t) = AM x̂P (t) +BMr (t) . (3.90)

The overall structure of the resulting predictor-based MRAC is shown in Figure 3.6. Its
stability is proven in the following theorem:

Theorem 3.9 (Nominal Stability of Predictor-Based MRAC). Consider the plant (3.1)
and let Lemma 3.7 hold. Then, the control law

u (t) = Λ̂ (t)−1
(
Krr (t)− Θ̂m,x (t)xP (t)− Θ̂m,φ (t)φ (xP (t))

)
,

defined in (3.89), will ensure boundedness of all closed-loop signals. Furthermore, the
prediction error will asymptotically decrease to zero, i.e.

lim
t→∞
‖eP (t)‖ = 0,

which implies asymptotic tracking of the reference model (3.4).

Proof. If the command signal r (t) is bounded, the state vector x̂P (t) of the state pre-
dictor will be bounded as well since the state predictor implicitly realizes the reference
model, as shown in (3.90). Since the prediction error eP (t) and the parameter error
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Θ̃m (t) are bounded by virtue of Lemma 3.7, the Lyapunov proof of stability ensures
boundedness of .

eP (t). Thus, following the same lines as in case of direct MRAC,
Barbalat’s Lemma (Lemma C.3) proves asymptotic convergence of the prediction error
towards zero, i.e. limt→∞ ‖eP (t)‖ = 0. Since the latter implies asymptotic tracking of
the reference model (3.4), this proves that the predictor-based MRAC actually achieves
its control objective.

Remark 3.10. While the control law (3.89) seems to achieve the control objective, it has
to be noted that (3.89) involves an explicit inversion of Λ̂ (t). Thus, in order to use (3.89)
in practice, a modification of the update law such as the Singular Value Decomposition
(SVD)-based projection algorithm from [83] is required in order to ensure that Λ̂ (t)
does not become singular. Instead of using the estimates of the plant parameters in
an explicit computation such as (3.89), it has also been proposed to update the actual
control law using an additional differential equation [119, 15]. This approach does not
only bypass the need for an explicit inversion, but also introduces additional filtering
into the control law, leading to smoother transient performance.

3.2.4 Robustness Modifications

In the previous sections, direct and predictor-based MRAC have been derived for the
nominal plant model (3.1). However, almost any control system shall be applied to
some real physical system. As outlined at the beginning of this chapter, any mathe-
matical model only is an approximation of the real physical system, even if it considers
uncertainties. Thus, the proofs of stability, which have been derived in the previous
sections for the plant model (3.1), do not hold for the real system. In order to study
the effect of differences between the true physical system and the (uncertain) plant
model, one commonly analyzes the stability of the controller in feedback with a more
accurate plant model. While even the use of a more accurate plant model will not yield
any guarantee with respect to the real physical system, stability with respect to a more
realistic plant model increases confidence in the developed controller. Subsequently,
this approach will be used to demonstrate that plant imperfections, even if they result
from an inadequate parametrization, may cause instability of a direct MRAC. The same
also holds true for indirect or predictor-based MRAC.

In order to deal with this problem, two general solutions are available. On the one
side, one may require that the command r (t) is sufficiently exciting such that the re-
gressor vectorω (xP (t) , t) becomes persistently exciting. In this case, MRAC becomes
exponentially stable [89] and hence, robust to some plant imperfections [96]. On the
other side, literature has proposed numerous robustness modifications which avoid
the undesirable requirement for persistent excitation. Since the instability in case of
plant imperfections results from a drift of the adaptive parameters, essentially all of
the robustness modifications alter the update law. Widely known robustness modifi-
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cations include the dead zone modification [130, 119], the σ-modification [88, 89], the
e-modification [118, 119] or the projection algorithm [131, 105]. Due to its simplicity,
this section will only introduce the σ-modification. For other modifications, the reader
is referred to the respective literature.

In order to analyze stability of direct MRAC in the presence of a more realistic plant
model, consider the off-nominal plant

.
xP (t) = APxP (t) +BPΛu (t) + f (xP (t) , t) + h (zP (t)) ,
.
zP (t) = g (xP (t) , zP (t) ,u (t) , t) ,
yP (t) = CPxP (t) ,

(3.91)

where zP : R+ → Rl is the state vector of some unmodeled dynamics with an uncertain
dimension l. In (3.91), the functions h : Rl → Rn and g : Rn × Rl × Rm × R+ → Rl are
unknown. As the functions f (xP (t) , t) and g (xP (t) , zP (t) ,u (t) , t) explicitly depend
on time, they may also model the effects of exogenous disturbances such as gusts.
Notice that the plant model (3.1), which has underlain the derivation of MRAC in the
previous sections, will result from (3.91), if h (zP (t)) = 0 holds. While (3.91) repre-
sents a significantly larger class of plants, it still is a model of the true physical system
and does for example not reflect the effects of measurement noise. In contrast to the
previous sections, only Assumptions 3.1 (state feedback), 3.2 (positive definite control
effectiveness), 3.3 (Lipschitz condition), 3.6 (rank(BP ) = m), 3.7 (linear parametriza-
tion) are assumed to hold. In this set of assumptions, Assumption 3.6 alleviates the
matching condition and allows dealing with unmatched uncertainties in a simple way.
Furthermore, notice that the parametrization of the nonlinear function f (xP (t) , t) is
not assumed to be exact anymore.

SinceBP has full rank due to Assumption 3.6, (3.91) may be represented as follows
using (3.14):

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)

+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

)
+ h (zP (t)) ,

.
zP (t) = g (xP (t) , zP (t) ,u (t) , t) ,
yP (t) = CPxP (t) .

(3.92)

Using the relations in (3.11), (3.92) becomes:

.
xP (t) = AMxP (t) +BPΛ

(
u (t)−Θ∗xxP (t)− f̄ (xP (t) , t)

)

+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

)
+ h (zP (t)) ,

.
zP (t) = g (xP (t) , zP (t) ,u (t) , t) ,
yP (t) = CPxP (t) .

(3.93)

By adding and subtracting BM · r (t) and by replacing f̄ (xP (t) , t) by its linear, non-
exact parametrization Θ∗φ · φ (xP (t)) − ε (xP (t) , t), the xP -dynamics in (3.93) may be
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compactly rewritten as
.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t))

+w (xP (t) , zP (t) , t) .
(3.94)

The function w (xP (t) , zP (t) , t) in (3.94) is defined as

w (xP (t) , zP (t) , t) , h (zP (t)) +BPΛε (xP (t) , t)
+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

) (3.95)

and represents the plant imperfections resulting from unaccounted unmatched para-
metric uncertainties, approximate parametrization and non-parametric uncertainties
such as unmodeled dynamics. When comparing the plant representation (3.94) de-
rived from the extended plant model (3.91) to the plant representation (3.25) derived
from the original plant model (3.1), one observes that these models only differ in the
presence of the disturbance signal w (xP (t) , zP (t) , t). In order to demonstrate the
effect of this disturbance, the same direct MRAC as derived in Section 3.2.1 will be
applied to (3.94).

Throughout the following analysis, it will be assumed that the disturbance function
w (xP (t) , zP (t) , t) is bounded according to

‖w (xP (t) , zP (t) , t)‖2 ≤ w0, (3.96)

where w0 ∈ R is a positive known constant. As w (xP (t) , zP (t) , t) depends on the
states, such a bound may not be known a-priori without further analysis such as those
demonstrated in Chapter 4. Nevertheless, treating w (xP (t) , zP (t) , t) like a bounded
exogenous signal suffices to illustrate fundamental instability phenomena, which an
adaptive controller may exhibit. However, in order to stress that the analysis actually
only applies to bounded exogenous signals, w (xP (t) , zP (t) , t) will be denoted as
w (t). Thus, (3.94) simplifies to

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t)) +w (t) . (3.97)

Applying the adaptive control law (3.26) and using the definition of the parameter error
in (3.27) leads to

.
xP (t) = AMxP (t) +BMr (t) +BPΛΘ̃ (t)ω (xP (t) , t) +w (t) . (3.98)

Thus, the error dynamics between the plant (3.98) and the reference model (3.4) evolve
according to the differential equation

.
eC (t) = AMeC (t) +BPΛΘ̃ (t)ω (xP (t) , t) +w (t) . (3.99)

In an attempt to prove stability of the tracking error dynamics (3.99) and the parame-
ter error dynamics (3.41), the same Lyapunov function candidate (3.30) is used as in
Section 3.2.1, which is

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
.
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Using the same update law (3.43) and the same simplifications as in Section 3.2.1, the
derivative of the Lyapunov function candidate becomes

.
V (t) = −1

2eC (t)T QeC (t) + eC (t)T Pw (t) . (3.100)

Unlike Section 3.2.1,
.
V (t) in (3.100) is not negative semidefinite due to the presence of

the indefinite term eC (t)T Pw (t). Thus, the Lyapunov function candidate (3.30) does
not prove stability of the tracking/parameter error dynamics. Even worse, a simple
example reveals that the closed-loop control system may actually become unstable:

Example 3.11. Consider the plant and the direct MRAC from Example 3.6 for Γ =
10 · I3×3. In contrast to Example 3.6, the plant is extended to

.
xP (t) = APxP (t) +BPΛu (t) +w (t) , (3.101)

where w (t) models an exogenous, that is, not state-dependent, disturbance. The
disturbance is defined as

w (t) =

 2.42

29.04


 · w0(iTs), ∀ i · Ts ≤ t < (i+ 1) · Ts. (3.102)

where w0 is drawn from a zero-mean Gaussian distribution with a variance σ2 = 0.0001
at each sampling instant i · Ts with Ts = 0.01. In Figure 3.7, the response of the
closed-loop system to this disturbance is shown in case of a single step command
of 5◦ at t = 1 s. While the adaptive controller is able to maintain the commanded
angle-of-attack, the parameters slowly drift away. For even longer simulation times, the
parameters would ultimately drift to infinity.

The instability observed in Example 3.11 is known as parameter drift. The underly-
ing effect may be explained with the help of the derivative of the Lyapunov function can-
didate (3.100). The first term in (3.100) is a negative definite, second order multivariate
polynomial in eC . In contrast, the second term is an indefinite first order multivariate
polynomial in eC . Thus, whenever eC (t) is small, the value of the first order polynomial
will exceed the value of the second order polynomial, implying that

.
V (t) > 0 may hold,

if eC (t)T Pw (t) > 0. Hence, the Lyapunov function candidate may grow as long as
eC (t) is small, which admits arbitrary growth of the adaptive parameters. This intuitive
reasoning may be stated more formally by deriving an upper bound for the derivative
(3.100). For this, notice that the first term in (3.100) may be bounded from above
using the quadratic form bound (B.64) and that the second term may be equivalently
expressed as a scalar product:

.
V (t) = −1

2eC (t)T QeC (t) + eC (t)T Pw (t)

≤ −1
2λmin(Q) · ‖eC (t)‖2

2 + 〈 eC (t) ,Pw (t) 〉.
(3.103)
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Figure 3.7: Demonstration of parameter drift in the presence of a disturbance w (t) for
λα = λq = 1 and λη = 0.5. For t→∞, the adaptive parameters diverge to infinity.
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Using the Cauchy Schwarz inequality and the properties of induced norms, the upper
bound may be refined to:

.
V (t) ≤ −1

2λmin(Q) · ‖eC (t)‖2
2 + ‖P ‖2,i · ‖eC (t)‖2 · ‖w (t)‖2. (3.104)

Inserting the bound (3.96) for w (t) then yields

.
V (t) ≤ −1

2λmin(Q) · ‖eC (t)‖2
2 + ‖P ‖2,i · ‖eC (t)‖2 · w0. (3.105)

Eq. (3.105) implies that
.
V (t) ≤ 0 holds, if

‖eC (t)‖2 ≥
2 · ‖P ‖2,i · w0

λmin(Q) = 2 · σmax(P ) · w0

λmin(Q) , e0. (3.106)

In contrast, if ‖eC (t)‖2 < e0, the Lyapunov function candidate may grow unboundedly
due to an unbounded growth of the parameter errors as

.
V (t) > 0 might hold. Since

Θ∗ is constant, this implies unbounded growth of the adaptive parameters Θ (t). An
unbounded growth of the adaptive parameters may in turn cause arbitrary large control
signals, causing saturation of any real control input u (t). To visualize the parameter
drift, denote the upper bound, which has been derived in Lemma 3.3 for the Lyapunov
function candidate (3.30), by V̄ (t). Hence, one has:

V (t) ≤ V̄ (t) , where (3.107)

V̄ (t) , 1
2λmax(P ) · ‖eC (t)‖2

2 + λmax(Λ)
2 · λmin(Γ) · ‖Θ̃ (t)‖2

F . (3.108)

Due to (3.107), whenever V̄ (t) ≤ c holds for some c ≥ 0, this implies V (t) ≤ c (but
not vice versa). Hence, the set MV̄ = {eC , Θ̃| V̄ (eC , Θ̃) ≤ c} is a subset of MV =
{eC , Θ̃| V (eC , Θ̃) ≤ c}, i.e. MV̄ ⊆ MV . Thus, if the set MV̄ grows due to growth
of ‖Θ̃ (t)‖2

F , the set MV will grow as well. Conversely, if MV grows due to
.
V (t) > 0,

this implies growth of MV̄ due to (3.107). Thus, (3.106) and (3.108) may be used
to conveniently visualize the process of parameter drift in terms of the norms of the
tracking error eC (t) and the parameter error Θ̃ (t) as shown in Figure 3.8.

The foregoing discussion revealed that a bounded exogenous disturbance may
cause instability of MRAC. In the first instance, this instability is characterized by di-
verging adaptive parameters, while the tracking error remains small. In order to avoid
this parameter drift (without requiring the regressor vector to be Persistently Exciting),
a modification of the update law seems promising. One of the simplest modifications in
this direction is the σ-modification. By adding a damping term to the update law (3.43),
the modification counteracts the divergence of the adaptive parameters. The modified
update law is given by

.
Θ (t)T = −Γ

(
ω (xP (t) , t) · eC (t)T PBP + σ ·Θ (t)T

)
, (3.109)

where σ ∈ Snr++ is a positive definite design parameter. Using σ, one may specify
the rate of decay of the modified update law (3.109). In order to see this, assume
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‖eC‖2

e0

‖Θ̃‖F

.
V (t) ≤ 0V̄ (t) = const

Figure 3.8: Visualization of Parameter Drift: Due to a decaying tracking error, the trajec-
tory of V̄ (t) (dashed) enters the indefinite region ‖eC‖2 < e0. While within the indefinite
region, V̄ (t) may grow unboundedly due to the growth of the adaptive parameter Θ̃ (t).

that eC (t) = 0 would hold for all time. In this case, the update law would become
.

Θ (t)T = −ΓσΘ (t)T , which decays to zero at the rate specified by Γ · σ. Since the
modification tries to drag Θ (t) to zero and not towards Θ∗, it disturbs the adaptation.
Therefore, σ should be chosen as small as possible. The modification in (3.109) is also
referred to as leakage modification as it turns the integrator of the original update law
(3.43) into a leaky, i.e. forgetting, integrator.

Using the modified update law (3.109), the instability due to parameter drift may be
prevented, as shown in the following theorem:

Theorem 3.12 (Robust Stability of Direct MRAC with σ-Modification). Consider the
plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive definite control ef-
fectiveness), 3.3 (Lipschitz condition), 3.6 (full-rank BP ), 3.7 (linear parametrization)
hold. Then, according to (3.94), the plant admits the compact representation

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t))

+w (xP (t) , zP (t) , t) .

where the true parameter matrix Θ∗ and the regressor vector ω (xP (t) , t) are defined
in (3.23). Furthermore, let the learning rate Γ ∈ Snr++, the modification gains σ ∈ Snr++

and the weighting matrix Q ∈ Sn++ be chosen positive definite, and let P ∈ Sn++ be the
positive definite solution of the Lyapunov equation (3.31). If a bound w0 > 0 is known
such that the disturbance signal satisfies

‖w (xP (t) , zP (t) , t)‖2 ≤ w0

and may hence be treated like an exogenous disturbance, then the adaptive control
law with σ-modification

u (t) = Θ (t) · ω (xP (t) , t) ,
.

Θ (t)T = −Γ
(
ω (xP (t) , t) · eC (t)T PBP + σ ·Θ (t)T

)
,
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originally proposed in (3.26) and (3.109), ensures UUB of the tracking error eC (t) and
the parameter error Θ̃ (t) and boundedness of all other closed-loop signals.

Proof. Consider the modified update law (3.109) and notice that due to Θ (t) = Θ̃ (t) +
Θ∗, the parameter error dynamics evolve according to

.
Θ̃ (t)T = −Γ

(
ω (xP (t) , t) · eC (t)T PBP + σ · Θ̃ (t)T + σ ·Θ∗T

)
. (3.110)

Now consider the same Lyapunov function candidate (3.30) used throughout the pre-
vious sections, namely

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
.

Upon insertion of the tracking error dynamics (3.99) and the parameter error dynamics
(3.110), and upon the same simplifications as in Section 3.2.1, the derivate of the
Lyapunov function candidate becomes

.
V (t) = −1

2eC (t)T QeC (t) + eC (t)T Pw (t)− Tr
{
Θ̃ (t)σΘ̃ (t)T Λ

}

− Tr
{
Θ̃ (t)σΘ∗TΛ

}
.

(3.111)

Since Λ is symmetric and positive definite, its matrix square root Λ = Λ 1
2 · Λ 1

2 exists.
Using the cyclic property (B.154), the derivative of the Lyapunov function candidate
becomes:

.
V (t) = −1

2eC (t)T QeC (t) + eC (t)T Pw (t)− Tr
{
Λ 1

2 Θ̃ (t)σΘ̃ (t)T Λ 1
2
}

− Tr
{
Θ̃ (t)σΘ∗TΛ

}
.

(3.112)

By virtue of the definition Θ̄ (t) = Λ 1
2 Θ̃ (t) as well as the definitions of the scalar product

in (B.2) and (B.8), the derivative further simplifies to

.
V (t) =− 1

2eC (t)T QeC (t) + 〈eC (t) ,Pw (t)〉

− Tr
{
Θ̄ (t)σΘ̄ (t)T

}
− 〈ΛΘ∗, Θ̃ (t)σ〉.

(3.113)

Using the quadratic form bounds (B.64) and (B.102) and the Cauchy Schwarz inequal-
ity (B.1), one obtains the following upper bound:

.
V (t) ≤− 1

2λmin(Q) · ‖eC (t)‖2
2 + w0 · ‖P ‖2,i · ‖eC (t)‖2

− λmin(σ) · ‖Θ̄ (t)‖2
F + ‖ΛΘ∗‖F · ‖σ‖F · ‖Θ̃ (t)‖F .

(3.114)

Resubstituting Θ̄ (t) and using the definition of the Frobenius norm in (B.9) yields

.
V (t) ≤− 1

2λmin(Q) · ‖eC (t)‖2
2 + w0 · ‖P ‖2,i · ‖eC (t)‖2

− λmin(σ) · Tr
{
Θ̃ (t)T ΛΘ̃ (t)

}
+ ‖ΛΘ∗‖F · ‖σ‖F · ‖Θ̃ (t)‖F .

(3.115)
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Applying the quadratic form bound (B.102) once again, leads to

.
V (t) ≤− 1

2λmin(Q) · ‖eC (t)‖2
2 + w0 · ‖P ‖2,i · ‖eC (t)‖2

− λmin(σ) · λmin(Λ) · ‖Θ̃ (t)‖2
F + ‖ΛΘ∗‖F · ‖σ‖F · ‖Θ̃ (t)‖F ,

(3.116)

which may be further bounded by

.
V (t) ≤−min

{1
2λmin(Q), λmin(σ) · λmin(Λ)

}
·
(
‖eC (t)‖2

2 + ‖Θ̃ (t)‖2
F

)

+ max {w0 · ‖P ‖2,i, ‖ΛΘ∗‖F · ‖σ‖F} ·
(
‖eC (t)‖2 + ‖Θ̃ (t)‖F

)
.

(3.117)

Using the definitions

c1 = min
{1

2λmin(Q), λmin(σ) · λmin(Λ)
}
, (3.118)

c2 =
√

2 ·max {w0 · ‖P ‖2,i, ‖ΛΘ∗‖F · ‖σ‖F}, (3.119)

Eq. (3.117) may be written more compactly as

.
V (t) ≤ −c1

(
‖eC (t)‖2

2 + ‖Θ̃ (t)‖2
F

)
+ c2√

2
(
‖eC (t)‖2 + ‖Θ̃ (t)‖F

)
. (3.120)

Due to ‖eC (t)‖2 +‖Θ̃ (t)‖F ≤
√

2 ·
√
‖eC (t)‖2

2 + ‖Θ̃ (t)‖2
F , (3.120) may now be rewritten

in terms of the squares of the norms:

.
V (t) ≤ −c1

(
‖eC (t)‖2

2 + ‖Θ̃ (t)‖2
F

)
+ c2

√
‖eC (t)‖2

2 + ‖Θ̃ (t)‖2
F . (3.121)

Now, let x (t)T =
[
eC (t)T vec Θ̃ (t)T

]
denote the extended error dynamics vector. Due

to ‖Θ̃ (t)‖F = ‖vec Θ̃ (t)‖2, the upper bound in (3.121) may be simplified to

.
V (t) ≤ −c1‖x (t)‖2

2 + c2‖x (t)‖2. (3.122)

By adding and subtracting kc1‖x (t)‖2
2 with 0 < k < 1, one finally obtains:

.
V (t) ≤ −c1 · (1− k) · ‖x (t)‖2

2 − kc1‖x (t)‖2
2 + c2‖x (t)‖2. (3.123)

Thus,
.
V (t) ≤ −c1 · (1− k) · ‖x (t)‖2

2, ∀ ‖x (t)‖2 ≥
c2

k · c1
, (3.124)

holds. Hence, all requirements of Theorem C.5 are satisfied and the tracking error
eC (t) and the parameter error Θ̃ (t) are globally UUB. If the command vector r (t) is
bounded, then the states of the reference model xM (t) will be bounded as well, which
implies boundedness of the plant state xP (t) due to UUB of eC (t). Hence, all closed-
loop signals are bounded.

Remark 3.13. Due to the use of a σ-modification, the adaptive controller loses some
of its ideal properties. Even in the absence of a bounded exogenous disturbance, i.e.
w (t) = 0, Barbalat’s Lemma may not be invoked to show asymptotic convergence of
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the tracking error. This is because the derivative of the Lyapunov function in (3.111)
always contains the indefinite term Θ̃ (t)σΘ∗TΛ. Due to the indefinite term, one cannot
prove that eC (t) ∈ L2 holds. Furthermore, even in the presence of Persistent Excita-
tion, parameter convergence cannot be shown. To some extent, these ideal properties
may be recovered using other robustness modifications [89].

Remark 3.14. In many cases, a nominal value Θ∗0 of the uncertainty Θ∗ is known. As-
suming that the true uncertainty Θ∗ is rather close to Θ∗0, it would improve the perfor-
mance of the adaptive control system if the σ-modification would try to drag Θ towards
Θ∗0 instead of 0. This may be achieved using a slight modification of the update law
(3.109):

.
Θ (t)T = −Γ

(
ω (xP (t) , t) · eC (t)T PBP + σ ·

(
Θ (t)T −Θ∗T0

))
. (3.125)

Using this modification, the stationary response of the modified update law is Θ = Θ∗0,
if eC (t) = 0.

Remark 3.15. At the first glance, one might wonder whether a robustness modification
is actually required in order to establish UUB of the closed-loop adaptive control system
consisting of the reference model (3.4), the disturbed plant (3.98) and the unmodified
update law (3.43). A key requirement for establishing UUB is however that the deriva-
tive of the Lyapunov function candidate may be bounded by a negative definite func-
tion −W3(x (t)), whenever the state vector x (t) exceeds some size. As the derivative
(3.100), which results from the application of the unmodified update law, only depends
on eC (t), one may only bound

.
V (t) by a negative semidefinite function −W3(eC (t)).

Thus, UUB cannot be established using the unmodified update law (3.43).

3.2.5 Reference Model Modifications

One of the most important design parameters of any MRC approach is the reference
model. Using the reference model, the control system designer specifies the desired
response characteristics of the closed loop for the control problem at hand. While
the desired response characteristics are often derived from some exogenous require-
ments and the reference model hence seems to be fixed, there exist several situa-
tions in which the reference model needs to be modified. Some common situations
and the corresponding modifications will be exemplified subsequently in case of direct
MRAC. Upon a proper adjustment, these modifications may also be applied to indirect
or predictor-based MRAC (and sometimes even to other MRC approaches).

A common situation, which requires the modification of the reference model, is the
control of plants with saturation. If the control surface deflections required to track the
reference model, exceed the physical limits of the actuation system, the control objec-
tive of tracking the reference model is obviously not achievable anymore. Even more
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importantly, the saturation will lead to a persistent disturbance in the error dynamics,
which may cause windup (parameter-drift) of the adaptive controller gains. In order to
prevent this situation, the reference model can be altered to account for the saturation
in such a way that the original error dynamics are restored [115, 94]. That is, the per-
sistent disturbance is hidden from the error dynamics, which also is the reason, why
such an approach is referred to as hedging [93].

Another common situation, where the modification of a reference model is desir-
able, emerges if the error dynamics should decay at a different rate than the reference
model. In standard MRAC, the error dynamics (3.29) and the reference model de-
cay at the rate specified by AM . By adding a Luenberger-like feedback −L · eC (t) to
the reference model, the decay rate of the error dynamics may be altered. It has been
shown in [160] that the feedback gain L determines the damping, whereas the learning
rate Γ determines the speed (the “eigenfrequency“) of the control signal u (t). Thus,
the latter modification of the reference model leads to smoother, less oscillatory re-
sponses. This modification of the reference model is commonly referred to as Modified
Reference Model MRAC (M-MRAC) [159, 160] or MRAC with Closed-Loop Reference
Model (CRM) [69, 70].

Finally, a modification of the reference model may also be used to cancel the resid-
ual adaptation error BPΛΘ̃ (t) · ω (xP (t) , t) = BP · dad (xP (t) , t) in (3.28). Using
an estimate of dad (xP (t) , t), the reference signal r (t) is altered in such a way that
dad (xP (t) , t) is approximately canceled. This modification of the reference model is
known as the Command Governor [182, 183].

Subsequently, the reference model modifications hedging, CRM and the Command
Governor will be presented. As the name suggests, a common feature of all reference
model modifications is the alteration of the original reference model (3.4). Instead of
tracking (3.4), the direct MRAC will track the modified reference model. Neverthe-
less, the overall control objective remains tracking of the original, unmodified reference
model (as long as physically feasible). In order to clearly distinguish the modified ref-
erence model, which is tracked by the direct MRAC, from the original unmodified ref-
erence model, which prescribes the control objective, the original reference model is
restated as

.
xM,0 (t) = AMxM,0 (t) +BMr0 (t) . (3.126)

Eq. (3.126) is structurally equivalent to the original reference model (3.4), except for
the substitutions xM (t) → xM,0 (t) and r (t) → r0 (t). Furthermore, notice that (3.126)
will not be implemented, but is only required for the purpose of analysis. In (3.126),
xM,0 : R+ → Rn denotes the state vector of the unmodified reference model and r0 :
R+ → Rm is the unmodified reference signal, i.e. the command issued by the pilot or
another outer loop control system. In case of hedging and CRM, r0 (t) = r (t) will hold.
However, the Command Governor will alter r (t) and consequently, r0 (t) 6= r (t) holds.
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Hedging
While the term hedging generally refers to the idea of hiding the influence of certain
known functions or dynamics from the error dynamics .

eC (t) [15], the case of known
dynamics at the plant input is specifically considered here. For the introduction of
hedging, let an off-nominal plant be given by

.
xP (t) = APxP (t) +BPΛ · F {u (t)}+ f (xP (t) , t) (3.127)

instead of (3.1). In (3.127), the operator F : Rm → Rm is known and may represent
various plant imperfections at the plant input such as

• Saturation:

F {u (t)} =
[
u1,max · sat

(
u1(t)
u1,max

)
. . . um,max · sat

(
um(t)
um,max

)]T
,

where ui,max > 0, i = 1, . . . ,m are the known control deflection limits;

• Delay:
F {u (t)} = u(t− τc),

where τc > 0 is the known input delay;

• Actuator Dynamics:
F {u (t)} = L−1{F (s) · u (s)},

where u (s) is the Laplace transform of u (t), i.e. u (s) = L{u (t)}, and F : C →
Cm×m is a stable, known filter.

Following the same lines as in Section 3.2.1 with the same underlying assumptions,
the plant (3.127) may be represented as

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (F {u (t)} −Θ∗ω (xP (t) , t)) . (3.128)

By adding and subtracting BPΛ · u (t) and using the control law (3.22), the following
closed-loop representation of the plant follows from (3.128):

.
xP (t) = AMxP (t) +BMr (t) +BPΛ

(
F {u (t)} − u (t) + Θ̃ (t)ω (xP (t) , t)

)
. (3.129)

When comparing (3.129) to (3.28), one observes the presence of the term ∆u (t) ,

F {u (t)}−u (t). The term ∆u (t) represents the error between the true, but perturbed
control input F {u (t)} and the ideal control input u (t), which is expected by MRAC.
For this reason, ∆u (t) is referred to as the control deficiency. When forming the error
dynamics

.
eC (t) = .

xP (t)− .
xM (t) = AMeC (t) +BPΛ ·∆u (t) +BPΛΘ̃ (t) ·ω (xP (t) , t) , (3.130)

it becomes evident that the control deficiency ∆u (t) resembles the bounded distur-
bance w (t) in (3.99) in Section 3.2.4. It may thus cause the adaptive parameters Θ (t)

77



3.2 Model Reference Adaptive Control

to wind up, i.e., it may cause parameter drift. However, as this parameter drift is the
result of the known disturbance ∆u (t), it seems reasonable that a proper modification
of the control system could eliminate ∆u (t) from the error dynamics, which would in
turn prevent the parameter drift. For this, the original reference model (3.4) is altered
as follows:

.
xM (t) = AMxM (t) +BMr (t) +BP Λ̂ (t) ·∆u (t) , (3.131)

where Λ̂ : R+ → Rm is an estimate of Λ. It is evident from (3.131) that the modified
reference model only corresponds to the original reference model (3.4), if ∆u (t) = 0
holds. Using the modified reference model, the error dynamics now become

.
eC (t) = AMeC (t)−BP Λ̃ (t) ·∆u (t) +BPΛΘ̃ (t) · ω (xP (t) , t) , (3.132)

with Λ̃ (t) = Λ̂ (t)−Λ. With the Lyapunov function candidate

V (t) = 1
2eC (t)T PeC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
+ 1

2 Tr
{
Λ̃ (t) Γ−1

u Λ̃ (t)T
}
, (3.133)

the following update laws may be derived:
.

Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP , (3.134)
.
Λ̂ (t)T = Γu∆u (t) · eC (t)T PBP . (3.135)

Lemma 3.16 (Bounded Error Dynamics of Direct MRAC with Hedging). Consider the
plant (3.127) and let Assumptions 3.1 (state feedback), 3.2 (positive definite control ef-
fectiveness), 3.3 (Lipschitz condition), 3.4 (matching condition), 3.7 (linear parametriza-
tion) and 3.8 (exact parametrization) hold. Then, according to (3.128), the plant admits
the compact representation

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (F {u (t)} −Θ∗ω (xP (t) , t)) ,

where the true parameter matrix Θ∗ and the regressor vector ω (xP (t) , t) are defined
in (3.23). Let the learning rates Γ ∈ Snr++, Γu ∈ Sm++ and the weighting matrix Q ∈ Sn++

be chosen positive definite, and let P ∈ Sn++ be the positive definite solution of the
Lyapunov equation (3.31). Then the control law

u (t) = Θ (t) · ω (xP (t) , t) ,
.

Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP ,

from (3.22) and (3.134), respectively, and the modified reference model

.
xM (t) = AMxM (t) +BMr (t) +BP Λ̂ (t) ·∆u (t) ,
.
Λ̂ (t)T = Γu∆u (t) · eC (t)T PBP

from (3.131) and (3.135), respectively, will ensure that (eC = 0, Θ̃ = 0, Λ̃ = 0) is a
globally stable equilibrium of the error dynamics

.
eC (t) = AMeC (t)−BP Λ̃ (t) ·∆u (t) +BPΛΘ̃ (t) · ω (xP (t) , t) ,
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.
Θ̃ (t)T =

.
Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP ,

.
Λ̃ (t)T =

.
Λ̂ (t)T = Γu∆u (t) · eC (t)T PBP .

Proof. Consider the representation (3.128) of the plant (3.127). Adding and subtracting
BPΛ · u (t) and inserting the control law (3.22) yields the closed-loop representation
(3.129). Consequently, the tracking error dynamics evolve according to (3.132). Now
consider the Lyapunov function candidate (3.133). Its derivative is

.
V (t) = eC (t)T P .

eC (t) + Tr
{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
+ Tr

{
Λ̃ (t) Γ−1

u

.
Λ̃ (t)T

}
. (3.136)

Since Θ̃ (t) = Θ (t)−Θ∗, Λ̃ (t) = Λ̂ (t)−Λ hold and Θ∗, Λ are constant,
.

Θ̃ (t) =
.

Θ (t)
and

.
Λ̃ (t) =

.
Λ̂ (t) follow. Inserting the error dynamics (3.132) and the update laws

(3.134), (3.135) into (3.136) hence yields

.
V (t) = eC (t)T P

(
AMeC (t)−BP Λ̃ (t) ·∆u (t) +BPΛΘ̃ (t) · ω (xP (t) , t)

)

− Tr
{
Θ̃ (t)ω (xP (t) , t) · eC (t)T PBPΛ

}

+ Tr
{
Λ̃ (t) ∆u (t) · eC (t)T PBP

}
.

(3.137)

Using the relations eC (t)T PBP Λ̃ (t) · ∆u (t) = Tr
{
Λ̃ (t) ∆u (t) eC (t)T PBP

}
as well

as eC (t)T PBPΛΘ̃ (t) · ω (xP (t) , t) = Tr
{
Θ̃ (t)ω (xP (t) , t) eC (t)T PBPΛ

}
, (3.137)

becomes
.
V (t) = eC (t)T PAMeC (t) = −1

2eC (t)T QeC (t) ≤ 0, (3.138)

which proves global stability of the equilibrium (eC = 0, Θ̃ = 0, Λ̃ = 0).

While Lemma 3.16 proves boundedness of eC (t), Θ (t) and Λ̂ (t), it does not en-
sure boundedness of the plant state xP (t). This is because the modified reference
model (3.131) depends on ∆u (t), which is a function of xP (t) by itself. In general,
the question of stability of the overall closed-loop control system, when using hedging,
is an open question and strongly depends on the operator F {u (t)}. For example, if
F {u (t)} only represents a saturation and the plant (3.127) is Bounded Input Bounded
State (BIBS)-stable by itself, then boundedness of xP (t) is intrinsically ensured. If the
operator F {u (t)} represents actuator dynamics, a more complex stability analysis is
required. To that end, similarities between hedging and L1 Adaptive Control may be
exploited in order to prove boundedness [15]. More recently, an analysis based on
Linear Matrix Inequalities (LMIs) has also been proposed [72].

In any case, notice that tracking of the modified reference model (3.131) does
not imply tracking of the unmodified reference model (3.126). Hence, satisfaction of
the original design requirements, which are embedded into the unmodified reference
model, is no longer guaranteed.
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Closed-Loop Reference Models
The objective of MRAC with CRM is the alteration of the decay rate of the tracking
error dynamics, as this admits smoother, less oscillatory transient responses [159, 70].
While the plant representation (3.25), the control law (3.26) and the update law (3.43)
of direct MRAC remain structurally unchanged, a modification of the reference model
is required in order to achieve the latter goal. To that end, consider the CRM

.
xM (t) = AMxM (t) +BMr (t)−LeC (t) (3.139)

instead of (3.4). The tracking error dynamics between the CRM (3.139) and the plant
(3.25) become

.
eC (t) = .

xP (t)− .
xM (t) = (AM +L) · eC (t) +BPΛΘ̃ (t) · ω (xP (t) , t) . (3.140)

Obviously, the gain L may be used to arbitrarily shape the decay rate of the error dy-
namics. The stability of the tracking error dynamics (3.140) and the parameter error
dynamics (3.41) may now be established with the help of the Lyapunov function candi-
date

V (t) = 1
2eC (t)T P LeC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
. (3.141)

While (3.141) is structurally equivalent to the Lyapunov function (3.30) of direct MRAC,
the matrix P L is not the solution of the Lyapunov equation (3.31) anymore, but of the
altered Lyapunov equation

(AM +L)T P L + P L (AM +L) = −Q, (3.142)

where Q ∈ Sn++ is a positive definite design parameter.

Theorem 3.17 (Nominal Stability of Direct MRAC with CRM). Consider the plant (3.1)
and let Assumptions 3.1 (state feedback), 3.2 (positive definite control effectiveness),
3.3 (Lipschitz condition), 3.4 (matching condition), 3.7 (linear parametrization) and 3.8
(exact parametrization) hold. Then, according to (3.25), the plant admits the compact
representation

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t)) ,

where the true parameter matrix Θ∗ and the regressor vector ω (xP (t) , t) are defined
in (3.23). Furthermore, the CRM is given by (3.139), that is:

.
xM (t) = AMxM (t) +BMr (t)−LeC (t) ,

where AM is Hurwitz. Let the learning rate Γ ∈ Snr++ and the weighting matrix Q ∈ Sn++

be chosen positive definite, and let P L ∈ Sn++ be the positive definite solution of the
altered Lyapunov equation (3.142). Then the control law

u (t) = Θ (t) · ω (xP (t) , t) ,
.

Θ (t)T = −Γω (xP (t) , t) · eC (t)T P LBP

from (3.26) and (3.43) will ensure
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1. that (eC = 0, Θ̃ = 0) is a globally stable equilibrium of the tracking error dynamics
(3.140) and the parameter error dynamics (3.41);

2. that the CRM and all other closed-loop signals are bounded;

3. that the plant asymptotically tracks the closed-loop reference model (3.139), i.e.

lim
t→∞
‖eC (t)‖ = 0;

4. that the plant asymptotically tracks the unmodified reference model (3.126), i.e.

lim
t→∞
‖xP (t)− xM,0 (t)‖ = 0.

Proof. Consider the plant representation (3.25). Inserting the control law (3.26) yields

.
xP (t) = AMxP (t) +BMr (t) +BPΛΘ̃ (t) · ω (xP (t) , t) . (3.143)

Hence, the error between the plant (3.143) and the CRM (3.139) evolves according to
(3.140), that is

.
eC (t) = (AM +L) · eC (t) +BPΛΘ̃ (t) · ω (xP (t) , t) .

Now consider the Lyapunov function candidate (3.141), where P L is the solution of the
Lyapunov equation (3.142). Its derivative is given by

.
V (t) = eC (t)T P L

.
eC (t) + Tr

{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
. (3.144)

Since Θ̃ (t) = Θ (t)−Θ∗ holds and Θ∗ is constant,
.

Θ̃ (t) =
.

Θ (t) follows. Inserting the
error dynamics (3.140) and the update law (3.43) into (3.144) yields

.
V (t) = eC (t)T P L

(
(AM +L) eC (t) +BPΛΘ̃ (t) · ω (xP (t) , t)

)

− Tr
{
Θ̃ (t)ω (xP (t) , t) · eC (t)T P LBPΛ

}
.

(3.145)

Using eC (t)T P LBPΛΘ̃ (t) · ω (xP (t) , t) = Tr
{
Θ̃ (t)ω (xP (t) , t) eC (t)T P LBPΛ

}
, the

derivative (3.145) becomes

.
V (t) = eC (t)T P L (AM +L) eC (t) = −1

2eC (t)T QeC (t) ≤ 0, (3.146)

which proves global stability of the equilibrium (eC = 0, Θ̃ = 0). Since eC (t) is
bounded, the CRM (3.139) is bounded as well as AM is Hurwitz. Hence, xP (t) =
eC (t) + xM (t) is bounded as well. Furthermore, since the command signal r (t) is
bounded by definition, the Lipschitz condition in Assumption 3.3 implies boundedness
of the regressor vector ω (xP (t) , t) and hence, of all closed-loop signals. Bounded-
ness of the regressor vector ω (xP (t) , t) together with boundedness of eC (t) and Θ̃ (t)
due to the Lyapunov proof of stability proves boundedness of .eC (t), i.e. .

eC (t) ∈ L∞.
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The latter implies uniform continuity of −
.
V (t) as −

..
V (t) = eC (t)T Q .

eC (t) is bounded.
Invoking Barbalat’s Lemma (Lemma C.3) shows

lim
t→∞
−
.
V (t) = 1

2 · lim
t→∞

eC (t)T QeC (t) = 0, (3.147)

implying limt→∞ ‖eC (t)‖ = 0. Finally, consider the error xP (t) − xM,0 (t) = xP (t) −
xM (t) + xM (t) − xM,0 (t) = eC (t) + xM (t) − xM,0 (t). Notice that the error xM (t) −
xM,0 (t) between the CRM (3.139) and the unmodified reference model (3.126) evolves
according to

.
xM (t)− .

xM,0 (t) = AM · (xM (t)− xM,0 (t))−LeC (t) . (3.148)

Since ‖eC (t)‖ → 0 holds as t → ∞, ‖xM (t) − xM,0 (t)‖ → 0 holds as well as t → ∞.
Thus, one has ‖xP (t)− xM,0 (t)‖ → 0 as t→∞.

Command Governor
When considering the direct MRAC of Section 3.2.1, one observes in the closed-loop
plant representation (3.28) that the plant and the reference model (3.4) only differ in
the term BP · dad (xP (t) , t) with

dad (xP (t) , t) , ΛΘ̃ (t) · ω (xP (t) , t) . (3.149)

The signal (3.149) may be considered as the disturbance, which results from resid-
ual parameter error Θ̃ (t), and is hence referred to as residual adaption error. In di-
rect MRAC without further modifications, the residual adaptation error dad (xP (t) , t)
will only vanish asymptotically as the plant approaches the reference model. Thus,
during transients, the plant and the reference model may display significantly differ-
ent responses. Now assume that an estimate d̂ad (t) of dad (xP (t) , t) was known. By
choosing the command signal r (t) as

r (t) = r0 (t)−K−1
r · d̂ad (t) , (3.150)

where BM = BPKr holds due to (3.10), the reference model (3.4) becomes

.
xM (t) = AMxM (t) +BMr0 (t)−BP d̂ad (t) . (3.151)

Likewise, the plant representation (3.28) turns into

.
xP (t) = AMxP (t) +BMr0 (t) +BP

(
dad (xP (t) , t)− d̂ad (t)

)
. (3.152)

Thus, if d̂ad (t) ≈ dad (xP (t) , t) holds, then the plant will approximately respond like the
unmodified reference model (3.126) - even in transients. Despite of the modification
of r (t), the error dynamics between the modified reference model (3.151) and the
modified plant (3.152) become:

.
eC (t) = AMeC (t) +BP · dad (xP (t) , t)

= AMeC (t) +BPΛΘ̃ (t) · ω (xP (t) , t) .
(3.153)
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Since these tracking error dynamics are structurally equivalent to the error dynamics
(3.29) of direct MRAC, the same Lyapunov proof of stability as in case of direct MRAC
establishes that (eC , Θ̃) = 0 is a globally stable equilibrium. Furthermore, this proof
will lead to the same update laws for the adaptive parameter Θ (t) as in case of direct
MRAC.

So far, a modification of the command signal r (t) has been proposed, which uses
an estimate of the residual adaptation error dad (xP (t) , t), in order to approximately
cancel it during steady state and, more importantly, during transients. However, is has
not been explained how this estimate is obtained. While there exist numerous methods
to estimate the signal dad (xP (t) , t), the Command Governor publications [182, 183]
specifically propose the filtered differentiation of the tracking error signal eC (t). Using
the filtered differentiation, the error dynamics (3.153) may be solved for dad (xP (t) , t),
yielding the desired estimate d̂ad (t). To that end, consider the LTI filter

F (s) = ω0

s+ ω0
· In×n, (3.154)

where ω0 > 0 determines the bandwidth of the filtered differentiation. Assuming zero
initial conditions,

.
eC (t) ≈ L−1{s · F (s) · eC (s)} (3.155)

approximately holds, where eC (s) = L{eC (t)} denotes the Laplace transform of eC (t).
IfBP has full rank, the error dynamics (3.153) may be uniquely solved for dad (xP (t) , t):

dad (xP (t) , t) = B#
P ( .eC (t)−AMeC (t)) , (3.156)

where B#
P denotes the pseudo inverse of BP . By replacing .

eC (t) by its estimate
(3.155), one obtains the following estimate of the signal dad (xP (t) , t):

d̂ad (t) , B#
P · L−1{(s · F (s)−AM) · eC (s)}. (3.157)

By noticing that

s · F (s) = s · ω0

s+ ω0
· In×n = s · ω0 + ω2

0 − ω2
0

s+ ω0
· In×n

= ω0 · (s+ ω0)− ω2
0

s+ ω0
· In×n = ω0 · (I − F (s))

(3.158)

holds, the transfer function relation (3.157) may be equivalently represented in the
time-domain as

.
ξ (t) = −ω0I

n×n · ξ (t) + ω0I
n×n · eC (t) ,

d̂ad (t) = B#
P ·

((
ω0I

n×n −AM

)
eC (t)− ω0I

n×n · ξ (t)
)
.

(3.159)

The time-domain representation (3.159) may also be found in [183]. Depending on
the bandwidth ω0 of the filtered differentiation, the Command Governor (3.159) may
amplify measurement noise. For this reason, a robust Command Governor has been
proposed in [183], which adds another PT1 low-pass filter. In any case, the following
stability theorem holds:
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Theorem 3.18 (Nominal Stability of Direct MRAC with Command Governor). Consider
the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive definite control
effectiveness), 3.3 (Lipschitz condition), 3.4 (matching condition), 3.6 (full-rank BP ),
3.7 (linear parametrization) and 3.8 (exact parametrization) hold. Then, according to
(3.25), the plant admits the compact representation

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t)) ,

where the true parameter matrix Θ∗ and the regressor vector ω (xP (t) , t) are defined
in (3.23). Furthermore, the command signal r (t) is given by (3.150), i.e.

r (t) = r0 (t)−K−1
r · d̂ad (t) ,

where r0 : R+ → Rm is the actual pilot command and d̂ad : R+ → Rm is an estimate
of the residual adaptation error (3.149), which is computed using the filter (3.159).
Let the learning rate Γ ∈ Snr++ and the weighting matrix Q ∈ Sn++ be chosen positive
definite, let P ∈ Sn++ be the positive definite solution of the Lyapunov equation (3.31)
and let the design parameter ω0 of the filter (3.159) be positive. Then the control law

u (t) = Θ (t) · ω (xP (t) , t) ,
.

Θ (t)T = −Γω (xP (t) , t) · eC (t)T PBP ,

from (3.26) and (3.43), will ensure

1. that (eC = 0, Θ̃ = 0) is a globally stable equilibrium of the tracking error dynamics
(3.153) and the parameter error dynamics (3.41);

2. that all closed-loop signals are bounded;

3. that the plant asymptotically tracks the modified reference model (3.151), i.e.

lim
t→∞
‖eC (t)‖ = 0;

4. that the plant asymptotically tracks the unmodified reference model (3.126), i.e.

lim
t→∞
‖xP (t)− xM,0 (t)‖ = 0.

Proof. As the Command Governor is based on a modification of the command signal
r (t), it does neither alter the tracking error dynamics nor the parameter error dynamics
of direct MRAC. Hence, the first part of Theorem 3.4 may be invoked to conclude that
(eC = 0, Θ̃ = 0) is a globally stable equilibrium. This establishes the first assertion.
Furthermore, since d̂ad (t) is bounded for any bounded tracking error eC (t), the modi-
fied reference model (3.151) is bounded, which implies boundedness of xP (t). Hence,
all closed-loop signals are bounded, which establishes the second assertion. Since all
closed-loop signals are bounded, the second part of Theorem 3.4 establishes asymp-
totic tracking of the modified reference model (3.151), i.e. the third assertion. Finally,

84



Chapter 3: Adaptive Model Following Control Approaches

notice that asymptotic convergence of the tracking error eC (t) implies d̂ad (t) → 0 as
t→∞. Thus, the error xM (t)−xM,0 (t) between the modified reference model (3.151)
and the unmodified reference model (3.126), which evolves according to

.
xM (t)− .

xM,0 (t) = AM · (xM (t)− xM,0 (t))−BP d̂ad (t) , (3.160)

asymptotically decreases to zero. Due to xP (t)− xM,0 (t) = xP (t)− xM (t) + xM (t)−
xM,0 (t), this proves the fourth assertion.

3.3 L1 Adaptive Control

In Section 3.2, direct and predictor-based MRAC have been introduced. It has been
shown that this particular adaptive controller achieves asymptotic MRC under some
idealistic assumptions on the plant. Since the reference model specifies the desired
closed-loop system response, one is however not only interested in the asymptotic per-
formance (for t → ∞), but also in the transient performance. In this regard, the bound
(3.62) enabled to conclude that the plant will closely follow the reference model if the
learning rate Γ is chosen sufficiently high. In practice, high learning rates come at the
price of oscillatory responses of the closed-loop system, which are highly undesirable
as they indicate a weakly damped system of little robustness. In fact, it is well known
that high learning rates will cause significant problems if the idealistic assumptions on
the plant do not hold (even if robustness modifications are used). In case of aircraft,
high learning rates may for example lead to the excitation of unmodeled structural dy-
namics [136, 89] or may reduce the time-delay margin [43]. Hence, MRAC (without
further modifications) seems to possess an inversely proportional coupling between
its transient performance and its robustness. Depending on the application at hand, a
satisfactory trade-off between these two diametral objectives cannot be achieved. In
an effort to obtain a more benign trade-off between robustness and performance, the
L1-AC architecture was proposed [27, 28, 87].

In its original form, L1-AC is a modification of predictor-based MRAC. By inserting a
low-pass filter in the control channel of predictor-based MRAC (see Figure 3.9), L1-AC
prevents undesirable high-frequency signals from affecting the plant. By compensating
uncertainties only within the bandwidth of this filter, L1-AC admits a more benign trade-
off between robustness and the speed of adaptation. However, notice that the speed
of adaptation does not immediately relate to the transient performance anymore as the
state predictor will not turn into the reference model (3.4) upon insertion of the modified
control law. Instead, the speed of adaptation determines the transient performance
with respect to the so-called L1 Reference Model. The L1 Reference Model is the
closed-loop system which would result if the unknown plant parameters were known.
Due to its dependence on the unknown plant parameters, the L1 Reference Model will
not be implemented in the controller and is only required for the purpose of stability
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Figure 3.9: General structure of L1-AC with Integral Update Law.

and performance analysis. While the L1 Reference Model and the reference model
(3.4) are substantially different, it is important to notice that L1 Reference Model will
turn into the reference model (3.4), if the bandwidth of the low-pass filter in the control
law tends to infinity. A sufficiently high bandwidth of the low-pass filter may hence
render the L1 Reference Model arbitrarily close to the reference model (3.4). On the
one hand, the latter point illustrates that L1-AC does not achieve asymptotic tracking of
the reference model (3.4), but approximate tracking. On the other hand, it shows that
an appropriate design of the low-pass filter is crucial for a successful control design.
While an overly low filter bandwidth prevents all high frequency content from entering
the plant, it also leads to bad tracking of the reference model (3.4). Conversely, a high
filter bandwidth leads to close tracking of the reference model, but does hardly filter out
any high-frequency content.

In Section 3.3.1, L1-AC in its original form will be introduced in case of matched
uncertainties. Due to the use of the (integral) update law of predictor-based MRAC,
this approach is also referred to as L1-AC with Integral Update Law. While the term L1

Adaptive Control (L1-AC) originally referred to approaches, which are closely related
to predictor-based MRAC, it is nowadays often used as an umbrella term for several
different controllers, which share certain properties and elements. These controllers
range from nonlinear ones (such as the original L1-AC) to purely LTI controllers. The
common elements of these controllers are

1. a state predictor with some uncertainty estimation approach;

2. a low-pass filtered control law, which makes use of the uncertainty estimates;

3. an uncertainty-dependent reference model, i.e. the L1 Reference Model, which
determines the achievable closed-loop system performance if the uncertainties
are only compensated within the filter bandwidth.
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In Section 3.3.2, one of these other variants of L1-AC will be introduced, namely L1-AC
with Piecewise Constant Update Law (L1-PWC) [25, 175]. A striking feature of this vari-
ant is its entire linearity. In the context of certification, which is the main driver of this
thesis, linearity is a significant advantage. Ultimately, linearity enables the application
of well-known tools from linear system theory to evaluate the robustness and perfor-
mance of this L1-AC variant [152]. As to be discussed in Chapter 4, the absence of
similar tools for nonlinear systems is a major hurdle for the certification of conventional,
nonlinear adaptive controllers. Finally, the relation of L1-AC to other, well-established
control approaches such as Disturbance Observers (DOBs) will be discussed in Sec-
tion 3.3.3.

3.3.1 Matched Uncertainties with Integral Update Law

This section presents a L1 Adaptive Controller with Integral Update Law for the plant
(3.1) in case of matched uncertainties and an exact, linear parametrization of the
nonlinearities. The assumption of an exact, linear parametrization constitutes a ma-
jor difference to the derivation of L1-AC in [87], where the nonlinearity of the plant is
parametrized using a set of time-varying parameters. On the one side, an exact linear
parametrization is advantageous as it leads to physically meaningful ideal parame-
ters, whereas the time-varying ideal parameter in [87] may not be interpreted as easily.
On the other side, the assumption of an exact, linear parametrization admits to reuse
the exact same state predictor that has been derived in Section 3.2.3 in the context
of MRAC. Since the derived controller essentially is a modification of the predictor-
based MRAC of Section 3.2.3, the same Assumptions, namely Assumptions 3.1 (state
feedback), 3.2 (positive definite control effectiveness), 3.3 (Lipschitz condition), 3.5
(matching condition), 3.7 (linear parametrization) and 3.8 (exact parametrization), are
assumed to hold. Unlike the conventional predictor-based MRAC, stability of L1-AC
can however not be established for uncertainties of an arbitrary size and for input ma-
trices BP of an arbitrary rank. For this reason, Assumption 3.6 (full-rank BP ) and the
following additional assumption are required:

Assumption 3.10. The uncertainties Λ, Θ∗m,x and Θ∗m,φ are bounded. They are guar-
anteed to remain within the known compact sets ΩΛ, Ωx,m and Ωφ,m, i.e.

Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈ Ωφ,m. (3.161)

The sets ΩΛ, Ωx,m and Ωφ,m may be conservative in the sense that they are supersets
of the sets, in which the uncertainties will remain in reality.

In order to ease the subsequent derivations, it is assumed that the initial conditions of
all states are zero. For derivations, which respect non-zero initial conditions, the reader
is referred to [87].
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The derivation of a L1-AC for a nonlinear plant requires the knowledge of the Lips-
chitz constant of the nonlinearity. Roughly speaking, the Lipschitz constant admits to
bound the “growth” of the nonlinearity. With the help of this bound, conditions for the
stability of the L1 Reference Model and the closed-loop control system can be derived.
However, Assumption 3.3 only requires the nonlinearity to be semi-globally Lipschitz.
Roughly speaking, this means that there is a Lipschitz constant on any compact subset
of the state space. The size of the constant does however depend on the distance from
the origin. In essence, the semi-global character turns any stability result into a local
one.

In order to ease the understanding, this section will be split into two parts. In the
first part, the L1-AC will be derived, if the semi-global Lipschitz condition of Assumption
3.3 is strengthened to a global one. In this case, global stability results may be derived
rather easily. In the second part, the restriction to globally Lipschitz nonlinearities will
be alleviated leading to the final, local stability conditions.

Part One: Global Lipschitz condition
Throughout the first part, assume that the Lipschitz condition of Assumption 3.3 is
strengthened to

‖f(x1, t)− f(x2, t)‖ ≤ K · ‖x1 − x2‖, (3.162)

where K > 0 is some positive constant, independent of x1 and x2. Since the nonlin-
earity furthermore admits an exact, linear parametrization due to Assumptions 3.7 and
3.8, the regressor vector φ (xP (t)) of the parametrization is subject to the following
global Lipschitz condition:

‖φ(x1)− φ(x2)‖∞ ≤ L · ‖x1 − x2‖∞. (3.163)

In (3.163), L > 0 is the global Lipschitz constant, which is known because the function
φ(x) is known. Using the reverse triangle inequality, (3.163) especially yields a bound
on the size of the nonlinearity, which depends linearly on ‖x‖∞, namely:

‖φ(x)‖∞ ≤ L · ‖x‖∞ + φ0, (3.164)

where φ0 ≥ ‖φ(0)‖∞ with φ0 <∞ is a known constant.
Now consider the plant representation (3.12), which results from the general plant

(3.1) by virtue of the alternative matching condition of Assumption 3.5. Since the non-
linearity fm (xP (t) , t) admits an exact, linear parametrization due to Assumptions 3.7
and 3.8, (3.12) may be restated as

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + Θ∗m,φ · φ (xP (t))

)

= AMxP (t) +BPΘ∗mω (xP (t) , t) ,
(3.165)

where Θ∗m and ω (xP (t) , t) have been defined in (3.74). According to Section 3.2.3,
an adaptive state predictor for the plant (3.165) is given by:

.
x̂P (t) = AM x̂P (t) +BP

(
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t) · φ (xP (t))

)
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= AM x̂P (t) +BP Θ̂m (t) · ω (xP (t) , t) , (3.166)
.

Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP ,

where Γ ∈ Snr++ denotes the learning rate and P ∈ Sn++ is the positive definite solution
of the Lyapunov equation (3.31). The error dynamics of the prediction error eP (t) =
x̂P (t)− xP (t) and the parameter error Θ̃m (t) = Θ̂m (t)−Θ∗m evolve according to

.
eP (t) = AMeP (t) +BP Θ̃m (t) · ω (xP (t) , t) ,
.

Θ̃m (t)T = −Γω (xP (t) , t) · eP (t)T PBP .
(3.167)

Lemma 3.7 guarantees global stability of the tracking error eP (t) and the parameter
error Θ̃m (t).

Using the estimate Θ̂m (t) of the uncertainty Θ∗m, a control law is to be derived which
ensures approximate tracking of the reference model (3.4) and prevents the control law
from feeding high-frequency signals to the plant. For the derivation of the control law,
let’s follow a certainty equivalence type of argument. That is, in a first step, an ideal
control law is designed which assumes perfect knowledge of the true uncertainties and
prevents high-frequency content in the control signal. This first step will also lead to
the definition of the L1 Reference Model. In the second step, the real control law is
obtained by replacing the true uncertainties by their adaptive estimates.
In order to derive the ideal control law and the L1 Reference Model within one step,
rewrite the plant (3.165) as follows:

.
xref (t) = AMxref (t) +BP

(
Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t))

)
, (3.168)

where xref : R+ → Rn is the state vector of the L1 Reference Model and uref (t) : R+ →
Rm is the input vector. Notice that (3.168) is structurally equivalent to the plant (3.165)
except for the substitutions xP (t) → xref (t) and u (t) → uref (t). Now, let the ideal
control law for the plant (3.168) (i.e. the control law assuming perfect knowledge of the
uncertainties) be given in the frequency-domain by

uref (s) = KD(s)
(
Krr (s)−Λuref (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
, (3.169)

where Kr is the feedforward gain defined in (3.10) and φref (s) denotes the Laplace
transform of φ (xref (t)), i.e. φref (s) = L{φ (xref (t))}. Notice that the index (·)ref is
required to indicate that the Laplace transform φref (s) depends on the state xref (t). In
(3.169), the feedback gain K ∈ Rm×m and the strictly proper transfer function matrix
D : C → Cm×m, which has to contain an integrator, are the design parameters of the
low-pass-filtered control law. In order to clarify how D(s) and K are used to create a
low-pass filter, notice that the ideal control law (3.169) may be rewritten as

(I +KD(s)Λ) · uref (s) = KD(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.170)
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Multiplying by (I +KD(s)Λ)−1 from the left leads to

uref (s) = (I +KD(s)Λ)−1KD(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.171)

Multiplying (3.171) by Λ from the left and using the Searle identity (B.177), the ideal
control law becomes

Λuref (s) = (I+ΛKD(s))−1ΛKD(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.172)

Using the definition of the low-pass filter

C(s) , (I + ΛKD(s))−1ΛKD(s), (3.173)

Eq. (3.172) may be compactly written as

Λuref (s) = C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
,

uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
.

(3.174)

The representation (3.174) illustrates that the ideal control law (3.169) effectively real-
izes a low-pass-filtered version of the ideal control law of predictor-based MRAC, which
would be given by uref (t) = Λ−1

(
Krr (s)−Θ∗m,xxref (t)−Θ∗m,φφ (xref (t))

)
. Since the

filter is defined as a feedback connection in (3.173), it will always be stationary accu-
rate as D(s) is required to contain an integrator. Furthermore, upon an appropriate
design of the filter, the ideal control law (3.169) may effectively prevent high-frequency
signals from entering into the plant. However, depending on the structure of D(s), the
design of the filter may become very challenging as the filter is dependent on the input
uncertainty Λ. In order to ensure a stable filter, the design parameters K and D(s)
have to be chosen in such a way that the filter is Hurwitz for all Λ ∈ ΩΛ. While an ap-
propriate choice may be hard to obtain in general, the subsequent example highlights
a convenient design choice:

Example 3.19. Consider a plant with only one control input, i.e. m = 1. By choosing
the design parameters according to

D(s) = 1
s
, K > 0,

the filter C(s) turns into the PT1 (low-pass) filter

C(s) = ΛK
s+ ΛK .

This PT1 element is Hurwitz for all K > 0 and Λ > 0. It is interesting to notice that the
bandwidth decreases with decreasing control effectiveness. In case of multiple control
inputs, this result generalizes to

D(s) = 1
s
· I, K ∈ Sm++,
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which will ensure stability of the low-pass filter

C(s) = (sI + ΛK)−1ΛK

for all Λ > 0 andK > 0. This fact can be proven using the Lyapunov function candidate
V (t) = (1/2) · xTf (t)Λ−1xf (t), where xf denotes the state vector of the filter C(s).

The plant (3.168) and the representation (3.174) of the ideal control law define the L1

Reference Model :
.
xref (t) = AMxref (t) +BP

(
Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t))

)
,

uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
.

(3.175)

The L1 Reference Model (3.175) represents the closed-loop performance which could
be achieved by the ideal control law (3.169), if the true plant uncertainties Θ∗m were
known. Notice that if the bandwidth of the filter C(s) tends to infinity, i.e. C(s) →
I, then the L1 Reference Model turns into the reference model (3.4). Hence, by a
sufficiently fast filter C(s), the L1 Reference Model may be rendered arbitrarily close
to the reference model (3.4). The latter implies that the ideal control law may indeed
achieve its control objective of approximately tracking the reference model (3.4), given
that the bandwidth of the filter is sufficiently high. At the same time, the filter should also
prevent that high-frequency signals enter the plant. To that end, a filter of sufficiently
low bandwidth is required. Hence, the filter is the crucial design parameter of the
control law (3.169), which allows trading robustness versus performance.

Furthermore, the design of the filter also needs to ensure that the L1 Reference
Model (3.175) is stable. Unlike the reference model (3.4), the L1 Reference Model
depends on the true plant uncertainties. Hence, its stability is not ensured by AM

being Hurwitz. The question of stability will however be postponed at this time.
Having derived an ideal control law which may achieve the control objective, the real

control law may now be stated. By replacing Λ, Θ∗m,x, Θ∗m,φ by their adaptive estimates
Λ̂ (t), Θ̂m,x (t), Θ̂m,φ (t) in (3.169), the real control law for the plant (3.165) is obtained
as:

u (s) = KD(s)
(
Krr (s)− L

{
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t)φ (xP (t))

})
.

(3.176)
In contrast to the ideal control law, the real control law (3.176) realizes a time-varying
filter as the estimate Λ̂ (t) of the control effectiveness is time-varying. The time-varying
character of the filter also is the reason why the real control law (3.176) is represented
as a feedback interconnection instead of an explicit filter realization such as in (3.174).

The adaptive state predictor (3.166) together with the control law (3.176) constitute
the L1 Adaptive Controller. While the structure of the L1-AC is known now, the stability
of L1-AC has not been considered so far. The subsequent proof of boundedness of all
closed-loop signals involves the following three steps:
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1. Prove boundedness of the L1 Reference Model (3.175).

2. Prove boundedness of the error eref (t) = xP (t)−xref (t) between the plant (3.165)
and the L1 Reference Model (3.175).

3. Use the boundedness of the error eref (t) and of the L1 Reference Model to con-
clude that the plant state xP (t) is bounded. Since the prediction error eP (t) is
bounded by virtue of Lemma 3.7, this implies boundedness of the adaptive state
predictor (3.166). With this, all closed-loop signals are bounded.

Step 1: In order to be able to prove boundedness of the L1 Reference Model, assume
that the design parameters of the filter (3.173) are chosen such that it is Hurwitz for all
Λ ∈ ΩΛ. By applying the definition

vref (t) , Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t)) (3.177)

to the first equation in (3.175), the L1 Reference Model becomes

.
xref (t) = AMxref (t) +BP · vref (t) , (3.178)

vref (s) = Λuref (s) + Θ∗m,xxref (s) + Θ∗m,φφref (s) , (3.179)

uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.180)

Inserting the control law (3.180) into (3.179) then yields

.
xref (t) = AMxref (t) +BP · vref (t) ,
vref (s) = C(s)Krr (s) + (I −C(s)) ·

(
Θ∗m,xxref (s) + Θ∗m,φφref (s)

)
.

(3.181)

By virtue of the definition
Gm (s) , (sI −AM)−1BP (3.182)

and by assuming zero initial conditions, the L1 Reference Model may be represented
entirely in the frequency-domain by:

xref (s) = Gm (s) · vref (s) ,
vref (s) = C(s)Krr (s) + (I −C(s)) ·

(
Θ∗m,xxref (s) + Θ∗m,φφref (s)

)
,

(3.183)

or more compactly by

xref (s) = Gm (s)C(s)Kr · r (s)
+Gm (s) (I −C(s)) ·

(
Θ∗m,xxref (s) + Θ∗m,φφref (s)

)
.

(3.184)

If the filter C(s) is Hurwitz, which implies that ‖C(s)‖L1 exists, then the following norm
inequality immediately results from the frequency-domain representation (3.184):

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖xref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · ‖φ (xref (t))τ‖L∞ .

(3.185)
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Notice that truncated norms ‖(·)τ‖L are used for all terms involving xref (t) as bounded-
ness of these terms is not yet ensured. Hence, the L∞-norm of xref (t) is not yet
known to exist, which is required in order to establish boundedness of the L1 Reference
Model. In order to conclude on boundedness from (3.185), one has to solve (3.185)
for ‖xref (t)τ‖L∞. To that end, one may exploit that φ (xref (t)) is assumed to be globally
Lipschitz. Hence, the bound (3.164) may be used. Since the bound (3.164) holds for
all t = 0, . . . , τ , it can be used to arrive at the following upper bound for (3.185):

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖xref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · φ0

+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L · ‖xref (t)τ‖L∞ .

(3.186)

Solving (3.186) for ‖xref (t)τ‖L∞ yields:

‖xref (t)τ‖L∞ ≤ ρr, (3.187)

where

ρr ,
‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞ + ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · φ0

1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L
. (3.188)

Since r (t) and φ0 ≥ 0 are bounded, the numerator of ρr is positive and bounded.
However, the denominator may adopt positive or negative values. Hence, depending
on the sign of the denominator, (3.187) yields an upper bound or a lower bound for
‖xref (t)τ‖L∞. Since an upper bound is desired in order to establish boundedness of
‖xref (t)τ‖L∞, the so-called L1-norm condition

‖Gm (s) (I −C(s)) Θ∗m,x‖L1 + ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L < 1 (3.189)

has to hold for all Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈ Ωφ,m, implying ρr ≥ 0. As shown in the
next steps of the proof, the satisfaction of the L1-norm condition (3.189) is the central
requirement to establish stability of L1-AC. Since ρr does not depend on τ , the bound
(3.187) holds uniformly for all τ and one may conclude that

‖xref (t)‖L∞ ≤ ρr (3.190)

holds as well, if the L1-norm condition is satisfied. With (3.190), one can finally estab-
lish boundedness of the L1 Reference Model. The foregoing derivation is summarized
in the following Lemma for stability of the L1 Reference Model :

Lemma 3.20 (Boundedness of the L1 Reference Model). Let Assumption 3.10 (i.e.
bounded uncertainties) hold and assume that the semi-global Lipschitz condition of
Assumption 3.3 is strengthened to a global one, such that

‖φ(x1)− φ(x2)‖∞ ≤ L · ‖x1 − x2‖∞
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holds, where L > 0 is a known constant. Consider the L1 Reference Model

.
xref (t) = AMxref (t) +BP

(
Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t))

)
,

uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
,

originally given in (3.175), and the filter from (3.173), i.e.:

C(s) , (I + ΛKD(s))−1ΛKD(s),

where K ∈ Rm×m is a feedback gain and D : C → Cm×m is a strictly proper transfer
function matrix containing an integrator. If the design parameters K and D(s) are
chosen such that

1. the filter C(s) is Hurwitz for all Λ ∈ ΩΛ;

2. the L1-norm condition (3.189) is satisfied for all Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈
Ωφ,m, i.e.

‖Gm (s) (I −C(s)) Θ∗m,x‖L1 + ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L < 1
∀ Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈ Ωφ,m,

where Gm (s) , (sI −AM)−1BP ,

then the L1 Reference Model is bounded for xref (0) = 0 and the bound is given by
(3.190) and (3.188).

Proof. The proof essentially repeats the derivation of Step 1, which has led from the
L1 Reference Model (3.175) to the norm inequality (3.190). Since the design param-
eters K and D(s) are chosen such that the L1-norm condition (3.189) is satisfied,
boundedness of the L1 Reference Model follows.

Remark 3.21. The derivation leading to Lemma 3.20 only establishes boundedness, if
the initial condition xref (0) is zero. However, it may be easily shown that the conditions
of Lemma 3.20 also suffice to show boundedness of the L1 Reference Model in case
of bounded, non-zero initial conditions (see [87]).

Remark 3.22. The satisfaction of the conditions of Lemma 3.20 is rather challenging
in general. However, by choosing K and D(s) according to Example 3.19, the first
condition may always be satisfied. With respect to the second condition, notice that
the transfer function Gm (s) always acts like a low-pass filter as it does not possess a
direct feedthrough. Conversely, (I −C(s)) always acts like a high-pass filter. Thus, if
the bandwidth ofC(s) is chosen sufficiently high, thenGm (s) (I −C(s)) will become a
“no-pass” filter. Since the L1-norm of a “no-pass” filter vanishes, the second condition
of Lemma 3.20 may also be always satisfied by an appropriate choice of the design
parameters K and D(s).
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Step 2: Having established stability of the L1 Reference Model, boundedness of the
error eref (t) = xP (t) − xref (t) has to be proven in order to conclude on boundedness
of xP (t). To that end, notice that the plant (3.165) may be restated as

.
xP (t) = AMxP (t) +BP · vP (t) ,
vP (s) , Λu (s) + Θ∗m,xxP (s) + Θ∗m,φφP (s) ,

(3.191)

where φP (s) denotes the Laplace transform of φ (xP (t)), i.e. φP (s) = L{φ (xP (t))}.
Here, the index (·)P is used to indicate that the Laplace transform φP (s) depends on
the state xP (t). The control law (3.176) may be rewritten as

u (s) = KD(s)
(
Krr (s)−Λu (s)−Θ∗m,xxP (s)−Θ∗m,φφP (s)

)

−KD(s)L
{
Θ̃m (t)ω (xP (t) , t)

} (3.192)

using Θ̂m (t) = Θ∗m + Θ̃m (t). Applying the same steps to (3.192), which led from the
ideal control law (3.169) to its alternative representation (3.174), yields

Λu (s) = C(s)
(
Krr (s)−Θ∗m,xxP (s)−Θ∗m,φφP (s)

)

−C(s)L
{
Θ̃m (t)ω (xP (t) , t)

}
.

(3.193)

Inserting the control law representation (3.193) into (3.191) leads to the closed-loop
system

.
xP (t) = AMxP (t) +BP · vP (t) ,
vP (s) = C(s)Krr (s) + (I −C(s)) ·

(
Θ∗m,xxP (s) + Θ∗m,φφP (s)

)

−C(s) · L
{
Θ̃m (t)ω (xP (t) , t)

}
.

(3.194)

It follows from (3.181) and (3.194) that the error eref (t) evolves according to

.
eref (t) = .

xP (t)− .
xref (t) = AMeref (t) +BP (vP (t)− vref (t))

vP (s)− vref (s) = (I −C(s)) ·
(
Θ∗m,xeref (s) + Θ∗m,φ (φP (s)− φref (s))

)

−C(s) · L
{
Θ̃m (t)ω (xP (t) , t)

}
.

(3.195)

Assuming zero initial conditions and using the definition of Gm (s) in (3.182), the error
dynamics (3.195) may be represented in the frequency-domain as:

eref (s) = Gm (s) (I −C(s)) ·
(
Θ∗m,xeref (s) + Θ∗m,φ (φP (s)− φref (s))

)

−Gm (s)C(s) · L
{
Θ̃m (t)ω (xP (t) , t)

}
.

(3.196)

Since BP has full rank due to Assumption 3.6, Lemma D.1 admits to replace C(s) ·
L
{
Θ̃m (t)ω (xP (t) , t)

}
by CeP (s) · eP (s), where CeP (s) is a stable and proper filter, if

C(s) is Hurwitz. This leads to:

eref (s) = Gm (s) (I −C(s)) ·
(
Θ∗m,xeref (s) + Θ∗m,φ (φP (s)− φref (s))

)

−Gm (s)CeP (s) · eP (s) .
(3.197)
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IfC(s) is Hurwitz for all Λ ∈ ΩΛ, which implies that ‖C(s)‖L1 and ‖CeP (s)‖L1 exist, then
the following inequality immediately results from the frequency-domain representation
(3.197):

‖eref (t)τ‖L∞ ≤ ‖Gm (s)CeP (s)‖L1
· ‖eP (t)‖L∞

+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖eref (t)τ‖L∞ (3.198)

+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · ‖(φ (xP (t))− φ (xref (t)))τ‖L∞ .

Since φ (xP (t)) is globally Lipschitz, the Lipschitz condition (3.163) leads to:

‖eref (t)τ‖L∞ ≤ ‖Gm (s)CeP (s)‖L1
· ‖eP (t)‖L∞

+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖eref (t)τ‖L∞ (3.199)

+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L · ‖eref (t)τ‖L∞ .

Solving for ‖eref (t)τ‖L∞ yields
‖eref (t)τ‖L∞ ≤ γ1, (3.200)

where

γ1 ,
‖Gm (s)CeP (s)‖L1

· ‖eP (t)‖L∞
1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L

. (3.201)

If the L1-norm condition (3.189) is satisfied, then γ1 ≥ 0 holds and (3.200) yields an
upper bound on ‖eref (t)τ‖L∞. Furthermore, since the bound holds uniformly for all τ ,

‖eref (t)‖L∞ ≤ γ1 (3.202)

holds as well. Since eP (t) is bounded by virtue of Lemma 3.7, (3.202) establishes
boundedness of eref (t). On top of that, it is even possible to derive an explicit bound for
eref (t). Since zero initial conditions are assumed throughout this section, the explicit
bound (3.88) for eP (t) may be used. Denoting that upper bound by γ0, (3.88) implies
‖eP (t)‖L∞ ≤ γ0. Hence, (3.202) becomes

‖eref (t)‖L∞ ≤ γ̄1, (3.203)

where

γ̄1 =
‖Gm (s)CeP (s)‖L1

1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L
· γ0,

γ0 ,
Θ∗max√

λmin(P ) · λmin(Γ)
.

(3.204)

Eqs. (3.203) and (3.204) admit to conclude that the error eref (t) may be decreased
arbitrarily (even in transients) by increasing the learning rate Γ. Due to the presence
of a filter in the control law (3.176), large learning rates Γ will not cause overly strong
oscillations of the closed-loop response, if the bandwidth of the filter is sufficiently low.
The preceding derivation is summarized in the following lemma:
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Lemma 3.23 (Boundedness of the error eref (t) = xP (t)− xref (t)). Let Assumption 3.6
(full-rank BP ) and the conditions of Lemma 3.7 and Lemma 3.20 hold. Then, the error
eref (t) = xP (t)−xref (t) between the plant (3.165) and the L1 Reference Model (3.175)
is bounded, assuming eref (0) = 0. If eP (0) = 0 holds as well, then an explicit bound on
the error eref (t) is given by (3.203) and (3.204), which shows that the error eref (t) may
be arbitrarily decreased by increasing the learning rate Γ.

Proof. The proof essentially repeats the derivation of Step 2, which has led from the
error dynamics (3.195) to the norm inequality (3.203). Since the L1-norm condition is
satisfied due to Lemma 3.20 and since the prediction error is bounded due to Lemma
3.7, boundedness of the error eref (t) follows from (3.203).

Step 3: Since the L1 Reference Model xref (t) is bounded by virtue of Lemma 3.20 and
the error eref (t) = xP (t) − xref (t) is bounded by virtue of Lemma 3.23, the plant state
xP (t) is bounded as well. As the prediction error eP (t) is bounded due to Lemma 3.7,
the predictor state x̂P (t) is also bounded. Finally, notice that due to Lemma D.1, the
control law (3.193) may be rewritten as

Λu (s) = C(s)
(
Krr (s)−Θ∗m,xxP (s)−Θ∗m,φφP (s)

)
−CeP (s) · eP (s) , (3.205)

where CeP (s) is stable and proper, if C(s) is Hurwitz. Since xP (t), r (t) and eP (t)
are bounded, one may hence conclude that the control signal u (t) is bounded as well.
Hence, all closed-loop signals are bounded, leading to the following theorem:

Theorem 3.24 (Nominal Stability of L1 Adaptive Control with Integral Update Law).
Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive definite
control effectiveness), 3.3 (Lipschitz condition), 3.5 (matching condition), 3.6 (full-rank
BP ), 3.7 (linear parametrization), 3.8 (exact parametrization), 3.10 (bounded uncer-
tainties) hold. If the design parameters Γ,Q,K andD(s) of the L1 Adaptive Controller

.
x̂P (t) = AM x̂P (t) +BP

(
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t) · φ (xP (t))

)
,

.
Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP ,

u (s) = KD(s)
(
Krr (s)− L

{
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t)φ (xP (t))

})

and the initial conditions are chosen to satisfy the conditions of Lemma 3.7, Lemma
3.20 and Lemma 3.23, then all closed-loop signals are bounded. Furthermore, the
states of the plant will track the L1 Reference Model (3.175), which by itself approx-
imately tracks the reference model (3.4). The error between the plant and the L1

Reference Model and the error between the L1 Reference Model and the reference
model (3.4) can be arbitrarily decreased.

Proof. See the derivation of Step 3.

The overall structure of L1-AC with Integral Update Law is shown in Figure 3.10.
The following example demonstrates its application:
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.
Θ̂m = −Γω · eT

P P BP

.
x̂P = AM x̂P + BP Θ̂mω

Krr − Θ̂m · ω KD(s) .
xP = AM xP + BP Θ∗

mω

Θ̂m eP

x̂P

−

r u xP

Figure 3.10: Illustration of L1-AC with Integral Update Law.

Example 3.25. Consider the same short-period approximation and the same reference
model as in Example 3.6. Since direct MRAC and L1-AC essentially suppose the same
assumptions, whose satisfaction has been shown in Example 3.6, all assumptions of
Theorem 3.24 are satisfied. Since there are no nonlinearities, the regressor vector, the
adaptive parameter Θ̂m (t) and the true parameter Θ∗m simplify to

ω (xP (t) , t)T =
[
xP (t)T u (t)

]
=
[
α (t) q (t) η (t)

]
, (3.206)

Θ̂m (t) =
[
Θ̂m,x (t) Λ̂ (t)

]
=
[
Θ̂m,α (t) Θ̂m,q (t) Λ̂ (t)

]
, (3.207)

Θ∗m =
[
Θ∗m,x Λ

]
=
[
Θ∗m,α Θ∗m,q Λ

]
. (3.208)

Using the matching condition (3.10), the value of the true parameter Θ∗m may be com-
puted as:

Θ∗m,α = Mα · λα −Mα,des

Mη

, Θ∗m,q = Mq · λq −Mq,des

Mη

, Λ = λη. (3.209)

The design parameters Q and Γ of the adaptive state predictor are chosen as

Q = I2×2, Γ = 100 · I3×3. (3.210)

Thus, the conditions of Lemma 3.7 are satisfied and the prediction error dynamics are
globally stable. The design parameters of the filter are chosen as

D(s) = 1
s
, K > 0. (3.211)

In case of λα = λq = 1 and λη = 0.5, the true uncertainties evaluate to

Θ∗m,α = 1.11, Θ∗m,q = 0.22, Λ = 0.5. (3.212)

For these uncertainties, the L1-norm condition (3.189) is satisfied for K & 100.
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Figure 3.11 compares the performance of the L1-AC for different bandwidths K of
the low-pass filter. For a high filter bandwidth K = 100, the response of the L1-AC
shows significant oscillations in the pitch rate q (t) as well as the elevator deflection
η (t). By decreasing the filter bandwidth K, these oscillations may be successfully
suppressed. As compared to the direct MRAC of Example 3.6, the response of the L1-
AC is clearly less oscillatory for low filter bandwidthsK. This comes at the expense that
the L1-AC never exactly recovers the performance of the reference model (3.4). Hence,
the L1-AC never exactly satisfies the performance requirements that are embedded in
the reference model.

Part Two: Semi-Global Lipschitz condition
So far, stability of L1-AC was established, if the Lipschitz condition of Assumption 3.3
was strengthened from a semi-global to a global condition. Now, this additional restric-
tion is dropped. By alleviating the assumption of a global Lipschitz condition, many
more regressor vectors φ (xP (t)) are admissible, such as regressor vectors involving
higher order polynomials. Fortunately, the change of the Lipschitz condition does not
alter the structure of the L1-AC itself, but only requires a different proof of stability.
Thus, the L1-AC and the L1 Reference Model are still given by Eqs. (3.166), (3.176)
and Eq. (3.175), respectively. In Part 1, the proof of stability consisted of three steps.
While the proof of stability in case of a semi-global Lipschitz condition does still involve
three steps, the semi-global character requires to change several aspects of these
steps. Subsequently, these differences will be highlighted.

Since the Lipschitz condition of Assumption 3.3 considers the nonlinear function
f (xP (t) , t), it needs to be translated into a Lipschitz condition on the regressor vec-
tor. To that end, notice that the regressor vector φ (xP (t)) is subject to the following
semi-global Lipschitz condition as the nonlinearity f (xP (t) , t) admits an exact linear
parametrization due to Assumptions 3.7 and 3.8:

‖φ(x1)− φ(x2)‖∞ ≤ L(r) · ‖x1 − x2‖∞ ∀ ‖x1‖∞ ≤ r, ‖x2‖∞ ≤ r. (3.213)

In (3.213), L : R+ → R+ denotes is the state-dependent Lipschitz constant, which
is known because the function φ(x) is known. Using the reverse triangle inequality,
(3.213) especially yields a bound on the size of the nonlinearity, which depends linearly
on ‖x‖∞, namely:

‖φ(x)‖∞ ≤ L(r) · ‖x‖∞ + φ0 ∀ ‖x‖∞ ≤ r, (3.214)

where φ0 ≥ ‖φ(0)‖∞ with φ0 <∞ is a known constant.
Step 1: In this step, stability of the L1 Reference Model is proven. Exactly as in Part
1, one may derive the following norm inequality from the definition of the L1 Reference
Model in (3.175):

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
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Figure 3.11: Performance of a L1-AC with Integral Update Law for different values of
the filter bandwidth K for a 5◦ square wave command in case of λα = λq = 1 and
λη = 0.5.
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+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖xref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · ‖φ (xref (t))τ‖L∞ ,

which is equivalent to (3.185). Notice that truncated norms are used since bounded-
ness of xref (t) is not yet ensured. Due to the semi-global character of the Lipschitz
condition, applying (3.214) yields a conditional bound:

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖xref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 ·

(
L(r) · ‖xref (t)τ‖L∞ + φ0

)
,

(3.215)

which is only true if ‖xref (t)τ‖L∞ ≤ r is satisfied. However, (3.215) does not ensure
that ‖xref (t)τ‖∞ ≤ r does actually hold. In order to deal with this circular dependence,
assume that ‖xref (t)τ‖L∞ < ρr holds, where ρr > 0 specifies the hypercube in the state
space, within which all trajectories of xref (t) will remain during the interval t = [0, τ ]. In
this case, (3.215) becomes

‖xref (t)τ‖L∞ < ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr + γ̄1) · ρr + φ0) .

(3.216)

In (3.216), the state-dependent Lipschitz constant is chosen larger than actually re-
quired (in this step) due to the constant γ̄1 > 0. The meaning of the constant γ̄1 will be
clarified later during Step 2. In order to ensure that the assumption ‖xref (t)τ‖L∞ < ρr

holds, the right hand side of (3.216) is required to satisfy

‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr + γ̄1) · ρr + φ0) < ρr.

(3.217)

Bringing the first term to the right hand side of the inequality yields

‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr + γ̄1) · ρr + φ0)
< ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞ .

(3.218)

Since the inequality (3.218) has been derived under the assumption that ‖xref (t)τ‖L∞ <

ρr holds, its satisfaction does obviously not yet prove ‖xref (t)τ‖L∞ < ρr, as this would
be a circular argument. However, the latter implication can be proven to be true by
virtue of a proof by contradiction as shown in the following lemma:

Lemma 3.26 (Boundedness of the L1 Reference Model). Let Assumptions 3.3 (Lip-
schitz condition) and 3.10 (bounded uncertainties) hold. Consider the L1 Reference
Model

.
xref (t) = AMxref (t) +BP

(
Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t))

)
,
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uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
,

originally given in (3.175), and the filter from (3.173), i.e.:

C(s) , (I + ΛKD(s))−1ΛKD(s),

where K ∈ Rm×m is a feedback gain and D : C → Cm×m is a strictly proper transfer
function matrix containing an integrator. If the design parameters K and D(s) are
chosen such that

1. the filter C(s) is Hurwitz for all Λ ∈ ΩΛ;

2. the L1-norm condition (3.218) is satisfied for some values of the design parame-
ters ρr > 0, γ̄1 > 0 and for all Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈ Ωφ,m, i.e.

‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr + γ̄1) · ρr + φ0)
< ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞ .
∀ Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗m,φ ∈ Ωφ,m,

where Gm (s) , (sI −AM)−1BP ,

then, for xref (0) = 0, the L1 Reference Model is bounded and the bound is given by

‖xref (t)‖L∞ < ρr. (3.219)

Proof. The proof of Lemma 3.26 is done by contradiction. To that end, assume that
(3.219) was not true. In this case, due to xref (0) = 0 and due to continuity, there must
exist an interval t ∈ [0, τ ] such that

‖xref (t)‖∞ < ρr ∀ t ∈ [0, τ [ (3.220)

and

‖xref (τ)‖∞ = ρr. (3.221)

Hence, throughout the interval [0, τ ],

‖xref (t)τ‖L∞ ≤ ρr (3.222)

holds. Due to (3.222) and Assumption 3.3 (Lipschitz condition), the norm inequality

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr) · ρr + φ0)

(3.223)
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follows from (3.215), where (3.215) only holds for xref (0) = 0. By increasing the Lips-
chitz constant to L(ρr + γ̄1) > L(ρr), one obtains the upper bound

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · (L (ρr + γ̄1) · ρr + φ0) .

(3.224)

Since the L1-norm condition may be restated as (3.217), whose left hand side corre-
sponds to the upper bound in (3.224), ‖xref (t)τ‖L∞ < ρr follows from (3.224). As the
latter contradicts (3.221), no such instant of time τ can exist, at which (3.221) holds.
Hence, the bound (3.219) is proven.

Step 2: Within the second step, boundedness of the error eref (t) is proven. Exactly as
in Part 1, one may derive the following norm inequality

‖eref (t)τ‖L∞ ≤ ‖Gm (s)CeP (s)‖L1
· ‖eP (t)‖L∞

+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖eref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · ‖(φ (xP (t))− φ (xref (t)))τ‖L∞ ,

which is equivalent to (3.198) and holds in case of zero initial conditions. Due to the
semi-global character of the Lipschitz condition, the application of (3.213) leads to the
conditional bound

‖eref (t)τ‖L∞ ≤ ‖Gm (s)CeP (s)‖L1
· ‖eP (t)‖L∞

+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖eref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L(r) · ‖eref (t)τ‖L∞ ,

(3.225)

which only holds for ‖xP (t)τ‖L∞ ≤ r and ‖xref (t)τ‖L∞ ≤ r. However, as no bound is
known for xP (t), no suitable value for r is known either. In order to resolve this issue,
assume that ‖eref (t)τ‖L∞ < γ̄1 was known to hold, and let Lemma 3.26 be satisfied for
that γ̄1. The satisfaction of Lemma 3.26 implies boundedness of xref (t) with the bound
‖xref (t)τ‖L∞ < ρr. By virtue of the triangle inequality, one hence obtains a bound for
xP (t) = eP (t) + xref (t):

‖xP (t)τ‖L∞ ≤ ‖eref (t)τ‖L∞ + ‖xref (t)τ‖L∞ < γ̄1 + ρr. (3.226)

Hence, under the assumption ‖eref (t)τ‖L∞ < γ̄1, a suitable Lipschitz constant may now
be selected, which results for r = γ̄1 + ρr and is defined as

Lρr , L(ρr + γ̄1). (3.227)

Hence, (3.225) becomes

‖eref (t)τ‖L∞ ≤ ‖Gm (s)CeP (s)‖L1
· ‖eP (t)‖L∞

+ ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 · ‖eref (t)τ‖L∞
+ ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · Lρr · ‖eref (t)τ‖L∞ ,

(3.228)
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which holds for ‖xP (t)τ‖L∞ < ρr + γ̄1 and ‖xref (t)τ‖L∞ < ρr < ρr + γ̄1. Solving for
‖eref (t)τ‖L∞ yields

‖eref (t)τ‖L∞ ≤
‖Gm (s)CeP (s)‖L1

· ‖eP (t)‖L∞
1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · Lρr

.
(3.229)

In order to obtain an upper bound from (3.229), the denominator of the right hand side
of (3.229) must be positive. To that end, notice that the L1-norm condition of Lemma
3.26 implies

‖Gm (s) (I −C(s)) Θ∗m,x‖L1 + ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · L(ρr + γ̄1)

<
ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞ − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · φ0

ρr

≤ ρr
ρr

= 1.

Hence, (3.229) does actually yield a finite upper bound. This upper bound depends
on the size of the prediction error eP (t). In case of zero initial conditions, the explicit
upper bound (3.88) for eP (t) may be used. Denoting that upper bound by γ0, (3.229)
may be rewritten as

‖eref (t)‖L∞ ≤ γ1, (3.230)

where

γ1 ,
‖Gm (s)CeP (s)‖L1

· γ0

1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · Lρr
, (3.231)

γ0 ,
Θ∗max√

λmin(P ) · λmin(Γ)
. (3.232)

Notice that the bound γ1 may be arbitrarily decreased by decreasing the bound γ0,
that is, by increasing the learning rate Γ. Thus, the learning rate may also be chosen
such that ‖eref (t)τ‖L∞ is slightly smaller than γ̄1, i.e. γ1 = γ̄1 − β, where β > 0 is
an arbitrary constant satisfying γ̄1 − β > 0. With this choice, the original assumption
‖eref (t)τ‖L∞ < γ̄1, which still is not proven, is slightly strengthened. As shown in the
next lemma, this strengthened condition allows to construct a contradiction in order to
prove that ‖eref (t)τ‖L∞ < γ̄1 holds uniformly for all τ .

Lemma 3.27 (Boundedness of the error eref (t) = xP (t)− xref (t)). Let Assumption 3.6
(full-rank BP ) and Lemma 3.7 hold. If

1. the conditions of Lemma 3.26 hold for some γ̄1 = γ1 + β > 0, where β > 0 is an
arbitrary small design parameter;

2. the learning rate Γ is chosen such that

λmin(Γ) ≥ Θ∗max
2

λmin(P ) · γ2
0

(3.233)
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holds, where γ1 > 0 and γ0 > 0 are linked by (3.231), i.e.

γ1 ,
‖Gm (s)CeP (s)‖L1

· γ0

1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · Lρr
;

3. the initial conditions of all states are zero,

then the error eref (t) = xP (t)−xref (t) between the plant (3.165) and the L1 Reference
Model (3.175) is bounded by

‖eref (t)|L∞ < γ̄1. (3.234)

Proof. Lemma 3.27 is proven by contradiction. To that end, assume that the bound
(3.234) would not hold. In this case, due to eref (0) = 0 and due to continuity, there
must exist an interval t ∈ [0, τ ] such that

‖eref (t)‖∞ < γ̄1 ∀ t ∈ [0, τ [ (3.235)

and
‖eref (τ)‖∞ = γ̄1. (3.236)

Hence, throughout the interval [0, τ ],

‖eref (t)τ‖L∞ ≤ γ̄1 (3.237)

holds. Since Lemma 3.26 holds, the triangle inequality implies

‖xP (t)τ‖L∞ ≤ ‖xref (t)τ‖L∞ + ‖eref (t)τ‖L∞ < ρr + γ̄1. (3.238)

Thus, throughout the interval, ‖xP (t)τ‖L∞ < ρr + γ̄1 and ‖xref (t)τ‖L∞ < ρr < ρr + γ̄1

hold. Consequently, the semi-global Lipschitz condition (3.213) holds throughout the
interval with r = ρr + γ̄1. Denoting Lρr , L(ρr + γ̄1), the norm inequality (3.229) hence
holds throughout the interval, that is

‖eref (t)τ‖L∞ ≤
‖Gm (s)CeP (s)‖L1

· ‖eP (t)‖L∞
1− ‖Gm (s) (I −C(s)) Θ∗m,x‖L1 − ‖Gm (s) (I −C(s)) Θ∗m,φ‖L1 · Lρr

.

Since Γ is chosen according to (3.233) and the initial conditions are zero, ‖eP (t)‖L∞ ≤
γ0 holds (see (3.232) and (3.88)). With the definition of γ1 in (3.231), this implies

‖eref (t)τ‖L∞ ≤ γ1 = γ̄1 − β < γ̄1, (3.239)

which contradicts (3.236). Hence, no such instant of time τ can exist, in which (3.236)
holds, which proves the bound (3.234).

Step 3: Following the same lines as in Part 1, Lemma 3.26 and Lemma 3.27 imply
boundedness of all closed-loop signals, leading to the following theorem:
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Theorem 3.28 (Nominal Stability of L1 Adaptive Control with Integral Update Law).
Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive definite
control effectiveness), 3.3 (Lipschitz condition), 3.5 (matching condition), 3.6 (full-rank
BP ), 3.7 (linear parametrization), 3.8 (exact parametrization), 3.10 (bounded uncer-
tainties) hold. If the design parameters Γ,Q,K andD(s) of the L1 Adaptive Controller

.
x̂P (t) = AM x̂P (t) +BP

(
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t) · φ (xP (t))

)
,

.
Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP ,

u (s) = KD(s)
(
Krr (s)− L

{
Λ̂ (t)u (t) + Θ̂m,x (t)xP (t) + Θ̂m,φ (t)φ (xP (t))

})

and the initial conditions are chosen to satisfy the conditions of Lemma 3.7, Lemma
3.26 and Lemma 3.27, then all closed-loop signals are bounded. Furthermore, the
states of the plant will track the L1 Reference Model (3.175), which by itself approx-
imately tracks the reference model (3.4). The error between the plant and the L1

Reference Model and the error between the L1 Reference Model and the reference
model (3.4) may be arbitrarily decreased.

Proof. Similar to Step 3 in case of a global Lipschitz condition, the satisfaction of
Lemma 3.26 and Lemma 3.27 implies boundedness of all closed-loop signals.

Remark 3.29. Theorem 3.28 establishes stability of L1-AC, if the uncertainties satisfy a
semi-global Lipschitz condition. Due to the cross-serial dependency between Lemma
3.26 and Lemma 3.27, on which Theorem 3.28 is based, the choice of the design
parameters Γ, Q, K, D(s) and the design constants ρr, γ̄1, β seems difficult. One
approach to satisfy all the conditions is given by the following steps:

1. Choose some weighting matrixQ and solve the Lyapunov equation (3.31) in order
to obtain P .

2. Choose the design constant γ̄1, which specifies the largest error between the
plant and the L1 Reference Model. Qualitatively, small desired errors imply large
learning rates Γ.

3. Choose the design constant β > 0 such that γ1 = γ̄1 − β is positive. As β only
served to construct a contradiction in Lemma 3.27, it should be as small as pos-
sible.

4. Choose the design constant ρr, which specifies the hypercube, in which all states
of the L1 Reference Model are to remain. This choice needs to ensure that the
right hand side of the L1-norm condition (3.218) is positive. Qualitatively, small
values of the right hand side of the L1-norm condition will lead to large filter
bandwidths.

5. Since ρr and γ̄1 are chosen, the Lipschitz constant L(ρr + γ̄1) may be computed
explicitly. The design parameters D(s) and K of the filter may now be chosen
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such that the conditions of Lemma 3.26 are satisfied. These conditions may
always be satisfied as a sufficiently fast filter turns Gm (s) (I −C(s)) into a “no-
pass” filter, whose L1-norm vanishes.

6. As the filters and γ1 are known, (3.231) may be solved to obtain the required
value of γ0.

7. Using γ0, a sufficiently fast learning rate Γ is determined, which satisfies (3.233).

3.3.2 Matched and Unmatched Uncertainties with Piecewise Con-
stant Update Law

The L1-AC with integral update law, as introduced in Section 3.3.1, is based on the
state predictor and the update laws of predictor-based MRAC. The purpose of the
state predictor and its accompanying update laws is the estimation of the uncertain
plant parameters. In this section, a L1-AC is introduced, whose state-predictor follows
a different philosophy. Instead of estimating uncertain parameters, the state predictor
of L1-AC with piecewise constant update law (L1-PWC) aims at estimating the dis-
turbance signal, which causes the state predictor to deviate from the plant. Due to
this signal-based perspective, the L1-PWC does not require any assumptions on the
parametrization of the uncertainties. In contrast to the L1-AC with Integral Update
Law from Section 3.3.1, the L1-PWC will be introduced for the more complex case of
matched and unmatched uncertainties [25, 175]. It has to be noted though that un-
matched uncertainties may also be handled by L1-AC with Integral Update Law and
other L1-AC variants. The scenario of unmatched uncertainties has only not been
covered so far for reasons of clarity and brevity.

The L1-PWC will be introduced for the plant (3.1) under the Assumptions 3.1 (state
feedback), 3.2 (positive definite control effectiveness), 3.3 (semi-global Lipschitz con-
dition) and 3.6 (full-rank BP ). Similar to L1-AC with Integral Update Law, stability of
L1-PWC may not be established for uncertainties of an arbitrary size. For this reason,
the following additional assumption is required:

Assumption 3.11. The uncertainties Λ, Θ∗m,x, Θ∗um,x are bounded. They are guaran-
teed to remain within the known sets ΩΛ, Ωx,m and Ωx,um, i.e.

Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, Θ∗um,x ∈ Ωx,um, (3.240)

with I ∈ ΩΛ. The sets ΩΛ, Ωx,m and Ωx,um may be conservative in the sense that they
are supersets of the sets, in which the uncertainties will remain in reality. Further-
more, the state-dependent Lipschitz constant K(r) and the bound B of the exogenous
disturbances of the nonlinear, uncertain function f (xP (t) , t) are known.

Since unmatched uncertainties are to be handled, the following assumption is required
in addition:
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Assumption 3.12. The transfer function

Hm (s) , CP (sI −AM)−1BP (3.241)

is minimum-phase, that is, its transmission zeros strictly lie in the left half-plane. Notice
that this assumption affects the desired system matrix AM and not the plant system
matrix AP .

The remainder of this section is structured as follows: At first, the state predictor of
L1-PWC will be derived. Afterwards, a suitable control law is developed, which en-
sures approximate tracking of the output of the reference model (3.4) in the presence
of unmatched uncertainties. Finally, the stability of the closed-loop control system is
proven.

State Predictor
Due to Assumption 3.6 (full-rank BP ) and Remark 3.2, the plant (3.1) may be repre-
sented according to (3.15), that is

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)

+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

)
.

By gathering all uncertainties into the disturbance signals

σm (xP (t) , t) , (Λ− I) · u (t) + Θ∗m,xxP (t) + fm (xP (t) , t) ,
σum (xP (t) , t) , Θ∗um,xxP (t) + fum (xP (t) , t) ,

(3.242)

the plant representation (3.15) may be rewritten more compactly as

.
xP (t) = AMxP (t) +BP · u (t) +

[
BP B̄P

]
·

σm (xP (t) , t)
σum (xP (t) , t)


 . (3.243)

Using the definitions of B in (3.13) and of

σ (xP (t) , t) ,

σm (xP (t) , t)
σum (xP (t) , t)


 , (3.244)

(3.243) becomes:

.
xP (t) = AMxP (t) +BP · u (t) +B · σ (xP (t) , t) . (3.245)

For the plant representation (3.245), a state predictor and an update law are to be de-
veloped, which estimate the disturbance signal σ (xP (t) , t). In the particular approach,
which is introduced subsequently, a continuous time state predictor is used, for which a
discrete-time update law is sought. The state predictor mimics the structure of (3.245)
and is given by

.
x̂P (t) = AM x̂P (t) +BP · (u (t) + σ̂m (t)) + B̄P σ̂um (t)

= AM x̂P (t) +BP · u (t) +B · σ̂ (t)
(3.246)
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with

σ̂ (t) ,

 σ̂m (t)
σ̂um (t)


 , (3.247)

where σ̂m : R+ → Rm and σ̂um : R+ → Rn−m are the estimates of the matched and un-
matched disturbance signals σm (xP (t) , t) and σum (xP (t) , t), respectively. In (3.246),
the yet undefined, piecewise constant estimate σ̂ (t) of the uncertainty σ (xP (t) , t)
satisfies

σ̂ (t) = σ̂(iTs), t ∈ [i · Ts, (i+ 1) · Ts[, (3.248)

where Ts > 0 is the sampling period of the discrete-time update law. The error dynam-
ics between the plant (3.245) and the predictor (3.246) are given by:

.
eP (t) =

.
x̂P (t)− .

xP (t) = AMeP (t) +B · (σ̂ (t)− σ (xP (t) , t)) . (3.249)

For the derivation of an update law for the still undefined estimate σ̂ (t), notice that the
solution of the differential equation (3.249) on the interval t ∈ [i ·Ts, (i+ 1) ·Ts] is given
by

eP (iTs + ξ) = eAM ·ξ · eP (iTs) +
∫ iTs+ξ

iTs
eAM (iTs+ξ−τ̄)B (σ̂ (τ̄)− σ (xP (τ̄) , τ̄)) dτ̄ , (3.250)

where ξ ∈ [0, Ts]. Upon the transformation τ = τ̄ − iTs, the integral becomes

eP (iTs + ξ) = eAM ·ξ · eP (iTs) +
∫ ξ

0
eAM (ξ−τ)Bσ̂ (τ + iTs) dτ

−
∫ ξ

0
eAM (ξ−τ)Bσ (xP (τ + iTs) , τ + iTs) dτ .

(3.251)

Since the disturbance estimate σ̂ (t) is constant throughout the interval [i·Ts, (i+1)·Ts[
due to the definition (3.248), one obtains

eP (iTs + ξ) = eAM ·ξ · eP (iTs) +
∫ ξ

0
eAM (ξ−τ)Bσ̂(iTs)dτ

−
∫ ξ

0
eAM (ξ−τ)Bσ (xP (τ + iTs) , τ + iTs) dτ .

(3.252)

At the instant of the next sampling period, i.e. ξ = Ts, (3.252) evaluates to

eP (iTs + Ts) = eAM ·Ts · eP (iTs) +
∫ Ts

0
eAM (Ts−τ)Bσ̂(iTs)dτ

−
∫ Ts

0
eAM (Ts−τ)Bσ (xP (τ + iTs) , τ + iTs) dτ .

(3.253)

Eq. (3.253) shows how the prediction error evolves from one sampling instant to the
next. The value of the prediction error at the next sampling instant depends on three
quantities:

1. the prediction error at the current time instant (first term);
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2. the effect of the uncertainty estimate σ̂ (t) during one sampling period (second
term);

3. the effect of the uncertainty σ (xP (t) , t) during one sampling period (third term).

Ideally, one would like to choose σ̂ (t) in such a way that eP (iTs + Ts) = 0. Unfortu-
nately, this would require the knowledge of the uncertainty σ (xP (t) , t) throughout the
considered sampling period. While the prediction error may hence not be driven to
zero exactly, its growth from one sampling instant to the next may be limited. This can
be achieved if the first and the second term on the right hand side of (3.253) cancel:

eAM ·Ts · eP (iTs) +
∫ Ts

0
eAM (Ts−τ)Bσ̂(iTs)dτ = 0. (3.254)

In this case, the prediction error at the next sampling instant is given by

eP (iTs + Ts) = −
∫ Ts

0
eAM (Ts−τ)Bσ (xP (τ + iTs) , τ + iTs) dτ . (3.255)

Now assume that the control law, which is not yet defined, would lead to a stable
closed loop. In this case, xP (t) and u (t) are bounded and so is σ (xP (t) , t). Thus, the
prediction error may not grow unbounded during one sampling period. Furthermore,
when the sampling period goes to zero, i.e. Ts → 0, the value of the integral will
vanish as well. Thus, the prediction error at the next sampling instant may be rendered
arbitrarily small, which implies a small prediction error at all sampling instants iTs, i ≥ 1.
It remains to show that the equation (3.254) can actually be solved. To that end, solving
the integral in (3.254) yields the equation

eAM ·Ts · eP (iTs) +
[
−A−1

M eAM (Ts−τ)Bσ̂(iTs)
]Ts

0
=

eAM ·Ts · eP (iTs) +A−1
M

(
eAMTs − I

)
Bσ̂(iTs) = 0.

(3.256)

Solving for σ̂(iTs) then yields the desired update law:

σ̂(iTs) = −B−1
(
eAMTs − I

)−1
AM · eAM ·Ts · eP (iTs). (3.257)

Notice that the update law (3.257) as well as the state predictor (3.246) are linear.
Since the update law is discrete and the state predictor is continuous, the disturbance
signal σ (xP (t) , t) is hence estimated by the L1-PWC using a linear hybrid approach.

Control Law
Using the estimate σ̂ (t) of the disturbance signal σ (xP (t) , t), a control law is to be
developed, which ensures approximate tracking of the output yM (t) of the reference
model (3.4) and prevents high-frequency content from entering the plant. Similar to
the derivation of L1-AC with Integral Update Law in case of matched uncertainties, the
derivation of the control law follows a certainty-equivalence-like argument. Thus, at
first, an ideal control law is derived assuming that the disturbance signal σ (xP (t) , t)
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was known. By replacing the true disturbance by its estimate, the actual control law is
obtained.
In order to derive the ideal control law and the L1 Reference Model within one step,
rewrite the plant (3.243) as follows:

.
xref (t) = AMxref (t) +BP · uref (t) +

[
BP B̄P

]
·

σm (xref (t) , t)
σum (xref (t) , t)


 ,

yref (t) = CP · xref (t) ,
(3.258)

where xref : R+ → Rn is the state vector, uref (t) : R+ → Rm the input vector and
yref (t) : R+ → Rm the output vector of the L1 Reference Model. Notice that (3.258) is
structurally equivalent to the plant (3.243) except for the substitutions xP (t) → xref (t)
and u (t)→ uref (t). Upon the definitions

Gum (s) , (sI −AM)−1 B̄P , (3.259)

σref,m (s) , L{σm (xref (t) , t)}, (3.260)

σref,um (s) , L{σum (xref (t) , t)} (3.261)

with Gm (s) as in (3.182) and assuming zero initial conditions, the L1 Reference Model
(3.258) may be rewritten in the frequency-domain as

xref (s) = Gm (s) (uref (s) + σref,m (s)) +Gum (s)σref,um (s) ,
yref (s) = CP · xref (s) .

(3.262)

Furthermore, using the definitions

Hm (s) , CP (sI −AM)−1BP = CP ·Gm (s) , (3.263)

Hum (s) , CP (sI −AM)−1 B̄P = CP ·Gum (s) , (3.264)

(3.262) becomes

yref (s) = Hm (s) · (uref (s) + σref,m (s)) +Hum (s)σref,um (s) . (3.265)

Ideally, one would like that the output yref (t) exactly follows the output yM (t) of the
reference model (3.4). Equating yref (t) and yM (t) in the frequency-domain yields

Hm (s) · (uref (s) + σref,m (s)) +Hum (s)σref,um (s) = Hm (s)Krr (s) . (3.266)

UnlikeGm (s), the transfer functionHm (s) is square and thus, invertible. Furthermore,
due to Assumption 3.12, the poles of H−1

m (s) are in the left half-plane. Thus, (3.266)
may be solved for uref (s), yielding the non-causal control law

uref (s) = Krr (s)− σref,m (s)−H−1
m (s)Hum (s)σref,um (s) . (3.267)

While (3.267) is non-causal due to the product H−1
m (s)Hum (s) (except for some rare

cases), adding the filter

Cm(s) , (I +KD(s))−1KD(s), (3.268)
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where K and D(s) are defined as in Section 3.3.1, may render (3.267) causal:

uref (s) , Cm(s)
(
Krr (s)− σref,m (s)−H−1

m (s)Hum (s)σref,um (s)
)
. (3.269)

For this, the filter Cm(s) has to ensure that the transfer function

Cum(s) , Cm(s)H−1
m (s)Hum (s) (3.270)

is proper. At this point, it is important to realize that the ideal control law (3.269) is
not guaranteed to be stable, even if Cm(s) is Hurwitz. This is because the uncertainty
σm (xref (t) , t) depends on uref (t). Hence, (3.269) contains a feedback connection,
whose stability is not yet proven. Thus, even in case of bounded inputs into the ideal
control law (3.269), its output could be unbounded. While the actually implemented
control law derives from (3.269), the proof of stability uses an alternative represen-
tation, where this feedback connection is resolved. Nevertheless, using (3.258) and
the causal control law (3.269), an initial representation of the L1 Reference Model is
obtained:

.
xref (t) = AMxref (t) +BP ·

(
uref (t) + σm (xref (t) , t)) + B̄Pσum (xref (t) , t)

)
,

uref (s) = Cm(s)
(
Krr (s)− σref,m (s)−H−1

m (s)Hum (s)σref,um (s)
)
,

yref (t) = CP · xref (t) .

(3.271)

Moreover, by replacing σref,m (s) and σref,um (s) by their estimates σ̂m (s) and σ̂um (s),
the actual control law for the plant (3.1) follows from the ideal control law (3.269):

u (s) = Cm(s)
(
Krr (t)− σ̂m (s)−H−1

m (s)Hum (s) σ̂um (s)
)
. (3.272)

Proof of Stability

The state predictor (3.246), the piecewise constant update law (3.257) and the control
law (3.272) constitute the L1-PWC. While the structure of the L1-PWC is known now,
its stability has not been established so far. The proof of stability follows similar lines
as the one for L1-AC with Integral Update Law. However, as the boundedness of the
prediction error eP (t) cannot be established by virtue of a Lyapunov proof of stability
independent of u (t) and xP (t), an additional step is required. The subsequent proof
of boundedness of all closed-loop signals hence involves the following four steps:

1. Prove boundedness of the L1 Reference Model (3.271).

2. Prove boundedness of the predictor (3.246) and the update law (3.257), assum-
ing that xP (t) and u (t) are bounded.

3. Using the boundedness results from Step 1 and 2, prove boundedness of the
errors eref (t) = xP (t)−xref (t) and u (t)−uref (t) between the plant representation
(3.243) and the L1 Reference Model (3.271).
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4. Use the boundedness of the error eref (t) and of the L1 Reference Model to con-
clude that the plant state xP (t) is bounded. Since the prediction error eP (t)
is bounded by virtue of Step 2, this implies boundedness of the state predictor
(3.246). With this, all closed-loop signals are bounded.

As mentioned earlier, the ideal control law (3.269) and, as will be shown subse-
quently, the actual control law (3.272) contain an implicit feedback connection as the
disturbance signal σm (·, t) depends on the control input. As this feedback connection
complicates statements about the Bounded Input Bounded Output (BIBO) stability of
the control laws, alternative representations are required. These representations of
the plant dynamics (3.243), the control law (3.272) and of the L1 Reference Model
(3.271) separate the state-dependent uncertainties from the input uncertainty Λ. The
state-dependent uncertainties are defined as

ηm (xP (t) , t) , Θ∗m,xxP (t) + fm (xP (t) , t) (3.273)

ηum (xP (t) , t) , Θ∗um,xxP (t) + fum (xP (t) , t) (3.274)

The Laplace transforms of ηm (xP (t) , t) and ηum (xP (t) , t) are denoted as ηP,m (s) =
L{ηm (xP (t) , t)} and ηP,um (s) = L{ηum (xP (t) , t)}, where the index (·)P indicates that
ηP,m (s) and ηP,um (s) actually depend on xP (t). With (3.273) and (3.274), the plant
(3.243) becomes

.
xP (t) = AMxP (t) +BP (Λu (t) + ηm (xP (t) , t)) + B̄Pηum (xP (t) , t) . (3.275)

Similarly, the control law (3.272) is rewritten in such a way that it depends on the state-
dependent uncertainties. Since the control law (3.272) does not explicitly depend on
σm (xP (t) , t), ηm (xP (t) , t), σum (xP (t) , t) nor ηum (xP (t) , t), adding and subtracting
Cm(s) · σP,m (s) and Cm(s)H−1

m (s)Hum (s)σP,um (s) yields

u (s) = Cm(s)
(
Krr (s)− σP,m (s)−H−1

m (s)Hum (s)σP,um (s)
)

−Cm(s) (σ̂m (s)− σP,m (s))
−Cm(s)H−1

m (s)Hum (s) (σ̂um (s)− σP,um (s)) .

(3.276)

In (3.276), the Laplace transforms of σm (xP (t) , t) and σum (xP (t) , t) are denoted
as σP,m (s) , L{σm (xP (t) , t)} and σP,um (s) , L{σum (xP (t) , t)}, where the index
(·)P indicates that σP,m (s) and σP,um (s) actually depend on xP (t). Furthermore, no-
tice that the following relation between the output CP · eP (s) of the prediction error
dynamics (3.249) and the disturbance estimation errors σ̂m (t) − σm (xP (t) , t) and
σ̂um (t)− σum (xP (t) , t) holds:

CP · eP (s) = Hm (s) (σ̂m (s)− σP,m (s)) +Hum (s) (σ̂um (s)− σP,um (s)) . (3.277)

Multiplying by H−1
m (s) yields:

σ̂m (s)−σP,m (s)+H−1
m (s)Hum (s) (σ̂um (s)− σP,um (s)) = H−1

m (s)CP ·eP (s) . (3.278)
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Substituting (3.278) into (3.276) gives

u (s) = Cm(s) ·
(
Krr (s)− σP,m (s)−H−1

m (s)Hum (s) · σP,um (s)
)

−Cm(s)H−1
m (s)CP · eP (s) .

(3.279)

By applying the definitions of the state-dependent uncertainties (3.273) and (3.274),
(3.279) becomes

u (s) = Cm(s) ·
(
Krr (s)− (Λ− I) · u (s)− ηP,m (s)

)

−Cm(s) ·
(
H−1

m (s)Hum (s) · ηP,um (s) +H−1
m (s)CP · eP (s)

)
.

(3.280)

With the definition of the filter Cm(s) in (3.268), multiplying by (I +KD(s)) from the
left yields

(I +KD(s)) · u (s) = KD(s) ·
(
Krr (s)− (Λ− I) · u (s)− ηP,m (s)

)

−KD(s) ·H−1
m (s)Hum (s) · ηP,um (s)

−KD(s) ·H−1
m (s)CP · eP (s) ,

(3.281)

which is equivalent to

(I +KD(s)Λ) · u (s) = KD(s) ·
(
Krr (s)− ηP,m (s)

)

−KD(s) ·H−1
m (s)Hum (s) · ηP,um (s)

−KD(s) ·H−1
m (s)CP · eP (s) .

(3.282)

Using the Searle identity (B.177) and the definition of the filter C(s) in (3.173), one
finally obtains a compact representation of the control law (3.272), which depends on
the state-dependent uncertainties (and the prediction error eP (t)):

u (s) = Λ−1C(s) ·
(
Krr (s)− ηP,m (s)−H−1

m (s)Hum (s) · ηP,um (s)
)

−Λ−1C(s) ·H−1
m (s)CP · eP (s) .

(3.283)

The inputs of the control law representation (3.283) are the signals r (t), ηm (xP (t) , t),
ηum (xP (t) , t) and eP (t). It is causal and BIBO-stable, if the filter C(s) is Hurwitz for all
Λ ∈ ΩΛ and renders C(s)H−1

m (s)Hum (s) proper for all Λ ∈ ΩΛ. By repeating similar
steps, which led to the representations (3.275) and (3.283) of the plant and the control
law, the following representation of the L1 Reference Model (3.271) is obtained:

.
xref (t) = AMxref (t) +BP ·

(
Λuref (t) + ηm (xref (t) , t)) + B̄Pηum (xref (t) , t)

)
,

uref (s) = Λ−1C(s)
(
Krr (s)− ηref,m (s)−H−1

m (s)Hum (s)ηref,um (s)
)
,

yref (t) = CP · xref (t) ,

(3.284)

which may also be found in [87]. In (3.284), ηref,m (s) and ηref,um (s) are the Laplace
transforms of ηm (xref (t) , t) and ηum (xref (t) , t). The index (·)ref is used to indicate that
ηref,m (s) and ηref,um (s) actually depend on xref (s).
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Throughout the different steps of the proof of stability, the semi-global Lipschitz
condition and the boundedness condition of Assumption 3.3 are frequently used. In
order to obtain a more compact notation, the semi-global Lipschitz condition is restated
in terms of the state-dependent uncertainties ηm (xP (t) , t) and ηum (xP (t) , t):

‖ηm (x1, t)− ηm (x2, t)‖∞ ≤ Lm (r) · ‖x1 − x2‖∞
∀ ‖x1‖∞ ≤ r, ‖x2‖∞ ≤ r,

‖ηum (x1, t)− ηum (x2, t)‖∞ ≤ Lum (r) · ‖x1 − x2‖∞
∀ ‖x1‖∞ ≤ r, ‖x2‖∞ ≤ r,

(3.285)

where Lm : R+ → R+ and Lum : R+ → R+ are the known, state-dependent Lipschitz
constants. Similarly, the boundedness condition is restated as

‖ηm (0, t)‖∞ ≤ φm,0,

‖ηum (0, t)‖∞ ≤ φum,0,
(3.286)

where φm,0 and φum,0 are known constants. If Assumptions 3.3 (Lipschitz condition)
and 3.11 (known Lipschitz constant) hold, then the constants Lm (r), Lum (r), φm,0 and
φum,0 always exist. Furthermore, they are known since fm (xP (t) , t) and fum (xP (t) , t)
relate to f (xP (t) , t) by a unique transformation and, since the linear uncertainties
Θ∗m,x ·xP (t) and Θ∗um,x ·xP (t) in ηm (xP (t) , t) and ηum (xP (t) , t) are globally Lipschitz
with a known bound. Using the reverse triangle inequality, Eqs. (3.285) and (3.286)
especially yield bounds on the size of the state-dependent uncertainties, which depend
linearly on ‖x‖∞, namely:

‖ηm (x, t)‖∞ ≤ Lm (r) · ‖x‖∞ + φm,0 ∀ ‖x‖∞ ≤ r,

‖ηum (x, t)‖∞ ≤ Lum (r) · ‖x‖∞ + φum,0 ∀ ‖x‖∞ ≤ r.
(3.287)

Step 1: In order to be able to prove boundedness of the L1 Reference Model, assume
that the design parametersK andD(s) of the filterC(s), defined in (3.173), are chosen
such that C(s) is Hurwitz for all Λ ∈ ΩΛ. Furthermore, the design parameters render
the transfer function C(s)H−1

m (s)Hum (s) proper. By applying the definition

vref (t) , Λuref (t) + ηm (xref (t) , t) (3.288)

to the first equation in (3.284), the L1 Reference Model becomes

.
xref (t) = AMxref (t) +BP · vref (t) + B̄Pηum (xref (t) , t) , (3.289)

vref (s) = Λuref (s) + ηref,m (s) , (3.290)

uref (s) = Λ−1C(s)
(
Krr (s)− ηref,m (s)−H−1

m (s)Hum (s)ηref,um (s)
)
. (3.291)

Inserting the control law (3.291) into (3.290) then yields
.
xref (t) = AMxref (t) +BP · vref (t) + B̄Pηum (xref (t) , t) ,
vref (s) = C(s)Krr (s) + (I −C(s)) · ηref,m (s)

−C(s)H−1
m (s)Hum (s)ηref,um (s) .

(3.292)
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By virtue of the definitions ofGm (s) in (3.182) and ofGum (s) in (3.259) and by assum-
ing zero initial conditions, the L1 Reference Model may be represented entirely in the
frequency-domain by:

xref (s) = Gm (s) · vref (s) +Gum (s)ηref,um (s) ,
vref (s) = C(s)Krr (s) + (I −C(s)) · ηref,m (s)

−C(s)H−1
m (s)Hum (s)ηref,um (s)

(3.293)

or more compactly by

xref (s) = Gm (s)C(s)Kr · r (s) +Gm (s) (I −C(s)) · ηref,m (s)
+
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s) · ηref,um (s) ,

(3.294)

where Hum (s) = CP · Gum (s) was used. Since Hm (s) is minimum-phase due to
Assumption 3.12 and since C(s) and C(s)H−1

m (s)Hum (s) are assumed to be causal
and Hurwitz by virtue of an appropriate choice of the design parameters, the following
norm inequality immediately results from the frequency-domain representation (3.294):

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s))‖L1 · ‖ηm (xref (t) , t)τ‖L∞ (3.295)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · ‖ηum (xref (t) , t)τ‖L∞ .

Notice that truncated norms are used since boundedness of xref (t) is not yet ensured.
Due to the semi-global character of the Lipschitz condition, applying (3.287) yields a
conditional bound:

‖xref (t)τ‖L∞
≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞

+ ‖Gm (s) (I −C(s))‖L1 · (Lm (r) · ‖xref (t)τ‖L∞ + φm,0) (3.296)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum (r) · ‖xref (t)τ‖L∞

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · φum,0,

which is only true if ‖xref (t)τ‖L∞ ≤ r is satisfied. However, (3.296) does not ensure
that ‖xref (t)τ‖∞ ≤ r does actually hold. In order to deal with this circular dependence,
assume that ‖xref (t)τ‖L∞ < ρr holds, where ρr > 0 specifies the hypercube in the state
space, within which all trajectories of xref (t) will remain during the interval t = [0, τ ]. By
defining

Lm,ρr , Lm (ρr + γ̄1) , (3.297)

Lum,ρr , Lum (ρr + γ̄1) , (3.298)

(3.296) becomes

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
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+ ‖Gm (s) (I −C(s))‖L1 · (Lm,ρr · ρr + φm,0) (3.299)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · (Lum,ρr · ρr + φum,0) .

Exactly as in Section 3.3.1, the Lipschitz constants are chosen to hold on a larger area
of the state space than actually required due to the use of γ̄1 > 0 in the definitions
(3.297) and (3.298). This choice will ensure boundedness of the error eref (t) in Step 3.
For the same reason, the upper bound in (3.299) is further bounded by

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s))‖L1 · (Lm,ρr · ρr + φ0) (3.300)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

(Lm,ρr · ρr + φ0) ,

where

φ0 , max
{
φm,0,

Lm,ρr
Lum,ρr

· φum,0
}
. (3.301)

In order to ensure that the assumption ‖xref (t)τ‖L∞ < ρr holds, the upper bound in
(3.300) is required to satisfy

‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s))‖L1 · (Lm,ρr · ρr + φ0) (3.302)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

(Lm,ρr · ρr + φ0) < ρr.

Bringing the first term to the right hand side of the inequality and dividing by Lm,ρr ·ρr+φ0

yields the L1-norm condition

‖Gm (s) (I −C(s))‖L1 + ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

<
ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞

Lm,ρr · ρr + φ0
.

(3.303)

Since the inequality (3.303) has been derived under the assumption that ‖xref (t)τ‖L∞ <

ρr holds, its satisfaction does obviously not yet prove ‖xref (t)τ‖L∞ < ρr, as this would
be a circular argument. However, the latter implication may be proven to be true by
virtue of a proof by contradiction as shown in the following lemma:

Lemma 3.30 (Boundedness of the L1 Reference Model). Let Assumptions 3.3 (semi-
global Lipschitz condition), 3.6 (full-rank BP ), 3.11 (bounded uncertainties) and 3.12
(minimum-phase reference model) hold. Consider the L1 Reference Model

.
xref (t) = AMxref (t) +BP ·

(
Λuref (t) + ηm (xref (t) , t)) + B̄Pηum (xref (t) , t)

)
,

uref (s) = Λ−1C(s)
(
Krr (s)− ηref,m (s)−H−1

m (s)Hum (s)ηref,um (s)
)
,

yref (t) = CP · xref (t) .
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originally given in (3.284), and the filter from (3.173), i.e.:

C(s) , (I + ΛKD(s))−1ΛKD(s),

where K ∈ Rm×m is a feedback gain and D : C → Cm×m is a strictly proper transfer
function matrix containing an integrator. If the design parameters K and D(s) are
chosen such that

1. the filter C(s) is Hurwitz for all Λ ∈ ΩΛ;

2. the transfer functions C(s)H−1
m (s)Hum (s) is proper for all Λ ∈ ΩΛ;

3. the L1-norm condition (3.303) is satisfied for some values of the design parame-
ters ρr > 0, γ̄1 > 0 and for all Λ ∈ ΩΛ, i.e.

‖Gm (s) (I −C(s))‖L1 + ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

<
ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞

Lm,ρr · ρr + φ0
∀ Λ ∈ ΩΛ,

whereGm (s),Gum (s), Lm,ρr , Lum,ρr and φ0 have been defined in (3.182), (3.259),
(3.297), (3.298), (3.301), respectively,

then, for xref (0) = 0, the L1 Reference Model is bounded and the bound is given by

‖xref (t)‖L∞ < ρr. (3.304)

Proof. The proof of Lemma 3.30 is done by contradiction. To that end, assume that
(3.304) was not true. In this case, due to xref (0) = 0 and due to continuity, there must
exist an interval t ∈ [0, τ ] such that

‖xref (t)‖∞ < ρr ∀ t ∈ [0, τ [ (3.305)

and
‖xref (τ)‖∞ = ρr. (3.306)

Hence, throughout the interval [0, τ ],

‖xref (t)τ‖L∞ ≤ ρr (3.307)

holds. Due to (3.307) and Assumptions 3.3 (semi-global Lipschitz condition), 3.11
(bounded uncertainties) and 3.12 (minimum-phase reference model), the norm in-
equality (3.300) holds for xref (0) = 0, that is

‖xref (t)τ‖L∞ ≤ ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
+ ‖Gm (s) (I −C(s))‖L1 · (Lm,ρr · ρr + φ0) (3.308)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

(Lm,ρr · ρr + φ0) .
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Since the L1-norm condition may be restated as (3.302), whose left hand side corre-
sponds to the upper bound in (3.308), ‖xref (t)τ‖L∞ < ρr follows from (3.308), which
contradicts (3.306). Hence, no such instant of time τ can exist, in which (3.306) holds,
which proves the bound (3.304).

SinceC(s) andC(s)H−1
m (s)Hum (s) are proper and Hurwitz, their L1-norms exists.

Hence, the boundedness of xref (t) immediately implies boundedness of uref (t):

‖uref (t)‖L∞ < ρur (3.309)

with

ρur , ‖Λ−1C(s)Kr‖L1 · ‖r (t)‖L∞ + ‖Λ−1C(s)‖L1 · (Lm,ρr · ρr + φm,0)
+ ‖Λ−1C(s)H−1

m (s)Hum (s)‖L1 · (Lum,ρr · ρr + φum,0) .
(3.310)

In case of the piecewise constant update law, bounds on the control signals are re-
quired in order to prove stability. This is because the prediction error depends on the
size of the control signal, as will become evident in the next step.
Step 2: During the derivation of the piecewise constant update law, it has already
been noted qualitatively that the prediction error eP (iTs) at the sampling instants may
be rendered arbitrarily small, if the sampling time Ts is sufficiently small and if the plant
state xP (t) and the input u (t) are bounded (see (3.255)). This statement is formalized
and extended to time instants between the sampling instants in the following lemma
adapted from [87]:

Lemma 3.31. Let the sampling rate Ts be chosen such that

γ0(Ts) < γ̄0 (3.311)

holds for some given γ̄0 > 0, where the function γ0(Ts) > 0 is defined in reference
[87, Eq. 3.138]. Consider the plant in (3.15) and the L1 adaptive controller defined via
(3.246), (3.257), (3.272), subject to the L1-norm condition in (3.302). If

‖xP (t)τ‖L∞ ≤ ρ, ‖u (t)τ‖L∞ ≤ ρu (3.312)

hold from some ρ > 0 and ρu > 0, then

‖eP (t)τ‖ < γ̄0. (3.313)

Proof. See [87, Lemma 3.3.3].

Step 3: Having established boundedness of the L1 Reference Model, the boundedness
of the errors eref (t) = xP (t)− xref (t) and u (t)− uref (t) is proven in order to conclude
on boundedness of xP (t) and u (t). For this purpose, norm inequalities will be derived
for the errors eref (t) and u (t) − uref (t). Upon an appropriate choice of the design

119



3.3 L1 Adaptive Control

parameters of the L1-PWC, a proof by contradiction then establishes boundedness of
these errors.

In order to derive a norm inequality for the error eref (t), notice that the plant repre-
sentation (3.275) may be rewritten as

.
xP (t) = AMxP (t) +BPvP (t) + B̄Pηum (xP (t) , t) ,
vP (s) , Λu (s) + ηP,m (s) .

(3.314)

Inserting the control law representation (3.283) yields

.
xP (t) = AMxP (t) +BPvP (t) + B̄Pηum (xP (t) , t) ,
vP (s) = C(s)Krr (s) + (I −C(s)) · ηP,m (s)

−C(s)H−1
m (s)Hum (s) · ηP,um (s)−C(s)H−1

m (s)CP · eP (s) .
(3.315)

It follows from (3.292) and (3.315) that the error eref (t) evolves according to

.
eref (t) = AMeref (t) +BP (vP (t)− vref (t))

+ B̄P (ηum (xP (t) , t)− ηum (xref (t) , t)) ,
vP (s)− vref (s) = (I −C(s)) ·

(
ηP,m (s)− ηref,m (s)

)

−C(s)H−1
m (s)Hum (s) ·

(
ηP,um (s)− ηref,um (s)

)

−C(s)H−1
m (s)CP · eP (s) .

(3.316)

Assuming zero initial conditions, the error dynamics (3.316) may be compactly repre-
sented in the frequency-domain by

eref (s) =−Gm (s)C(s)H−1
m (s)CP · eP (s)

+Gm (s) (I −C(s)) ·
(
ηP,m (s)− ηref,m (s)

)
(3.317)

+
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s) ·

(
ηP,um (s)− ηref,um (s)

)
,

where Hum (s) = CP · Gum (s) was used. Since Hm (s) is minimum-phase due to
Assumption 3.12 and since C(s) and C(s)H−1

m (s)Hum (s) are assumed to be causal
and Hurwitz by virtue of an appropriate choice of the design parameters, the following
norm inequality immediately results from the frequency-domain representation (3.317):

‖eref (t)τ‖L∞ ≤ ‖Gm (s)C(s)H−1
m (s)CP‖L1 · ‖eP (t)τ‖L∞

+ ‖Gm (s) (I −C(s))‖L1·
‖(ηm (xP (t) , t)− ηm (xref (t) , t))τ‖L∞

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1·

‖(ηum (xP (t) , t)− ηum (xref (t) , t))τ‖L∞ .

(3.318)

The application of the Lipschitz condition (3.285) leads to the conditional bound

‖eref (t)τ‖L∞ ≤ ‖Gm (s)C(s)H−1
m (s)CP‖L1 · ‖eP (t)τ‖L∞
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+ ‖Gm (s) (I −C(s))‖L1 · Lm (r) · ‖eref (t)τ‖L∞ (3.319)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum (r) · ‖eref (t)τ‖L∞ ,

which only holds for ‖xP (t)τ‖L∞ ≤ r and ‖xref (t)τ‖L∞ ≤ r. However, as no bound is
known for xP (t), no suitable value for r is known either. In order to resolve this issue,
assume that

‖eref (t)τ‖L∞ < γ̄1,

‖u (t)− uref (t)‖L∞ < γu
(3.320)

were known to hold, and let Lemma 3.30 be satisfied for that γ̄1. The satisfaction of
Lemma 3.30 implies boundedness of xref (t) and uref (t) with the bounds ‖xref (t)τ‖L∞ <

ρr and ‖uref (t)τ‖L∞ < ρur (see (3.309)). By virtue of the triangle inequality, one obtains
bounds for xP (t) and uref (t):

‖xP (t)τ‖L∞ ≤ ‖eref (t)τ‖L∞ + ‖xref (t)τ‖L∞ < γ̄1 + ρr,

‖u (t)‖L∞ ≤ ‖u (t)− uref (t)‖L∞ + ‖uref (t)‖L∞ < γu + ρur.
(3.321)

Under the foregoing assumptions, a suitable Lipschitz constant may be chosen,
which results for r = γ̄1 + ρr. Using the definitions of Lm,ρr in (3.297) and of Lum,ρr in
(3.298), (3.319) becomes

‖eref (t)τ‖L∞ ≤ ‖Gm (s)C(s)H−1
m (s)CP‖L1 · ‖eP (t)τ‖L∞

+ ‖Gm (s) (I −C(s))‖L1 · Lm,ρr · ‖eref (t)τ‖L∞ (3.322)

+ ‖
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum,ρr · ‖eref (t)τ‖L∞ ,

which holds for ‖xP (t)τ‖L∞ < ρr + γ̄1 and ‖xref (t)τ‖L∞ < ρr < ρr + γ̄1. Solving for
‖eref (t)τ‖L∞ yields

‖eref (t)τ‖L∞

≤
‖Gm (s)C (s)H−1

m (s)CP ‖L1 · ‖eP (t)τ‖L∞
1− ‖Gm (s) (I −C (s))‖L1 · Lm,ρr − ‖

(
I −Gm (s)C (s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum,ρr

.
(3.323)

In order to obtain an upper bound from (3.323), the denominator of the right hand side
of (3.323) must be positive. To that end, notice that the L1-norm condition of Lemma
3.30 implies

‖Gm (s) (I −C(s))‖L1 · Lm,ρr +
∥∥∥
(
I −Gm (s)C(s)H−1

m (s)CP

)
·Gum (s)

∥∥∥
L1
· Lum,ρr

< Lm,ρr ·
ρr − ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞

Lm,ρr · ρr + φ0

= Lm,ρr · ρr
Lm,ρr · ρr + φ0︸ ︷︷ ︸

≤1

− Lm,ρr · ‖Gm (s)C(s)Kr‖L1 · ‖r (t)‖L∞
Lm,ρr · ρr + φ0︸ ︷︷ ︸

≥0

≤ 1.

Hence, (3.323) does actually yield a finite upper bound, which depends on the size of
the prediction error eP (t). Due to the assumption of bounded errors in (3.320) and the
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triangle inequalities in (3.321), xP (t) and u (t) are bounded. Thus, one may invoke
Lemma 3.31 to conclude that ‖eP (t)τ‖ < γ̄0 holds, where γ̄0 is the desired bound on
the prediction error eP (t). Hence,

‖eref (t)τ‖ ≤ γ1 (3.324)

with

γ1 ,
‖Gm (s)C (s)H−1

m (s)CP ‖L1 · γ̄0

1− ‖Gm (s) (I −C (s))‖L1 · Lm,ρr − ‖
(
I −Gm (s)C (s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum,ρr

(3.325)

follows from (3.323).
Next, a norm inequality for the error u (t) − uref (t) is derived by noticing that sub-

tracting (3.291) from (3.283) yields

u (s)− uref (s) = −Λ−1C(s) ·
(
ηP,m (s)− ηref,m (s)

)

−Λ−1C(s)H−1
m (s)Hum (s) ·

(
ηP,um (s)− ηref,um (s)

)

−Λ−1C(s)H−1
m (s)CP · eP (s) .

(3.326)

Consequently, the following norm inequality holds

‖(u (t)− uref (t))τ‖L∞ ≤ ‖Λ−1C(s)‖L1· ‖(ηm (xP (t) , t)− ηm (xref (t) , t))τ‖L∞
+ ‖Λ−1C(s)H−1

m (s)Hum (s)‖L1·
‖(ηum (xP (t) , t)− ηum (xref (t) , t))τ‖L∞

+ ‖Λ−1C(s)H−1
m (s)CP‖L1 · ‖eP (t)τ‖L∞ .

(3.327)

Due to the assumption of ‖eref (t)τ‖L∞ < γ̄1, the application of the Lipschitz condition
(3.285) yields:

‖(u (t)− uref (t))τ‖L∞ < ‖Λ−1C(s)‖L1·Lm,ρr · γ̄1

+ ‖Λ−1C(s)H−1
m (s)Hum (s)‖L1 · Lum,ρr · γ̄1

+ ‖Λ−1C(s)H−1
m (s)CP‖L1 · ‖eP (t)τ‖L∞ .

(3.328)

Since the assumption of bounded errors in (3.320) implies ‖eP (t)τ‖ < γ̄0 due to
Lemma 3.31, the norm inequalities

‖eref (t)τ‖ ≤ γ1, (3.329)

‖(u (t)− uref (t))τ‖L∞ < γu (3.330)

with

γu , ‖Λ−1C(s)‖L1 ·Lm,ρr · γ̄1

+ ‖Λ−1C(s)H−1
m (s)Hum (s)‖L1 · Lum,ρr · γ̄1

+ ‖Λ−1C(s)H−1
m (s)CP‖L1 · γ̄0

(3.331)
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follow from (3.324) and (3.328). Notice that the bound γ1 may be arbitrarily decreased
by decreasing the bound γ̄0, that is, by decreasing the sampling rate Ts. Thus, the
sampling rate Ts may also be chosen such that ‖eref (t)τ‖L∞ is slightly smaller than
γ̄1, i.e. γ1 = γ̄1 − β, where β > 0 is an arbitrary constant satisfying γ̄1 − β > 0.
With this choice, the original assumption ‖eref (t)τ‖L∞ < γ̄1, which still is not proven, is
slightly strengthened. As shown in the next lemma, this strengthened condition allows
to construct a contradiction in order to prove that ‖eref (t)τ‖L∞ < γ̄1 holds uniformly for
all τ .

Lemma 3.32 (Boundedness of the error eref (t) = xP (t) − xref (t)). Consider the plant
representation (3.275), the L1 Reference Model (3.284) and the L1 adaptive controller
defined by (3.246), (3.257) and (3.272). If

1. the conditions of Lemma 3.30 hold for some freely chosen design parameter
γ̄1 = γ1 + β > 0, where β > 0 is an arbitrary small constant;

2. the sampling rate Ts is chosen such that Lemma 3.31 holds for

• γ̄0 > 0, which is the solution of the equation (3.325);

• ρ = γ̄1 +ρr, where γ̄1 is a freely chosen design parameter and ρr results from
Lemma 3.30;

• ρu = γu + ρur, where γu and ρur are defined in (3.331) and (3.310), which
are functions of the other design parameters and constants;

3. the initial conditions of all states are zero,

then

1. the error eref (t) = xP (t)−xref (t) between the plant (3.275) and the L1 Reference
Model (3.284) is bounded by

‖eref (t)|L∞ < γ̄1; (3.332)

2. the error u (t)− uref (t) is bounded by

‖u (t)− uref (t)‖L∞ < γu, (3.333)

where γu is defined in (3.331).

Proof. Lemma 3.32 is proven by contradiction. To that end, assume that one or both of
the bounds (3.332), (3.333) would not hold. In this case, due to eref (0) = 0, u (0) = 0,
uref (0) = 0 and due to continuity, there must exist an interval t ∈ [0, τ ] such that

‖eref (t)‖∞ < γ̄1 ∀ t ∈ [0, τ [
‖u (t)− uref (t)‖L∞ < γu ∀ t ∈ [0, τ [

(3.334)
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and either
‖eref (τ)‖∞ = γ̄1. (3.335)

or
‖u (τ)− uref (τ)‖∞ = γu. (3.336)

or both hold. Hence, throughout the interval [0, τ ],

‖eref (t)τ‖L∞ ≤ γ̄1,

(‖(u (t)− uref (t))τ‖L∞ ≤ γu
(3.337)

holds. Since Lemma 3.30 holds, the triangle inequality and (3.309) imply

‖xP (t)τ‖L∞ ≤ ‖xref (t)τ‖L∞ + ‖eref (t)τ‖L∞ < ρr + γ̄1,

‖u (t)τ‖ ≤ ‖uref (t)τ‖L∞ + (‖(u (t)− uref (t))τ‖L∞ < ρur + γu.
(3.338)

Thus, throughout the interval, ‖xP (t)τ‖L∞ < ρr + γ̄1 and ‖xref (t)τ‖L∞ < ρr < ρr + γ̄1

hold. Consequently, the semi-global Lipschitz condition (3.285) holds throughout the
interval with r = ρr + γ̄1. Hence, the norm inequality (3.323) holds throughout the
interval, that is

‖eref (t)τ‖L∞ ≤
‖Gm (s)C (s)H−1

m (s)CP ‖L1 · ‖eP (t)τ‖L∞
1− ‖Gm (s) (I −C (s))‖L1 · Lm,ρr − ‖

(
I −Gm (s)C (s)H−1

m (s)CP

)
·Gum (s)‖L1 · Lum,ρr

.

Due to (3.338) and the choice of the sampling rate Ts, Lemma 3.31 implies that the
prediction error bound ‖eP (t)τ‖L∞ < γ̄0 holds. With the definition of γ1 in (3.325), this
implies

‖eref (t)τ‖L∞ < γ1 = γ̄1 − β < γ̄1, (3.339)

which contradicts (3.335).
Similarly, the non-strict norm inequality

‖(u (t)− uref (t))τ‖L∞ ≤ ‖Λ−1C(s)‖L1 ·Lm,ρr · ‖eref (t)τ‖L∞
+ ‖Λ−1C(s)H−1

m (s)Hum (s)‖L1 · Lum,ρr · ‖eref (t)τ‖L∞
+ ‖Λ−1C(s)H−1

m (s)CP‖L1 · ‖eP (t)τ‖L∞ ,

follows from (3.327). With Lemma 3.31 and (3.339), one obtains the strict inequality

‖(u (t)− uref (t))τ‖L∞ < ‖Λ−1C(s)‖L1 ·Lm,ρr · γ1

+ ‖Λ−1C(s)H−1
m (s)Hum (s)‖L1 · Lum,ρr · γ1

+ ‖Λ−1C(s)H−1
m (s)CP‖L1 · γ̄0.

(3.340)

The definitions of γu in (3.331) and of γ1 = γ̄1 − β lead to

‖(u (t)− uref (t))τ‖L∞ < γu − ‖Λ−1C(s)‖L1 ·Lm,ρr · β
− ‖Λ−1C(s)H−1

m (s)Hum (s)‖L1 · Lum,ρr · β < γu,
(3.341)

which contradicts (3.336). Hence, due to (3.339) and (3.341), no such instant of time
τ can exist, in which (3.335) or (3.336) hold, which proves the bounds (3.332) and
(3.333).
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Step 4: With Lemmas 3.30 (bounded L1 Reference Model), 3.31 (bounded prediction
error eP (t)) and 3.32 (bounded error eref (t)), the following theorem results:

Theorem 3.33 (Nominal Stability of L1 Adaptive Control with Piecewise Constant Up-
date Law). Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (pos-
itive definite control effectiveness), 3.3 (semi-global Lipschitz condition), 3.6 (full-rank
BP ), 3.11 (bounded uncertainties) and 3.12 (minimum-phase reference model) hold.
If the design parameters Ts, K and D(s) of the L1 Adaptive Controller

.
x̂P (t) = AM x̂P (t) +BP · (u (t) + σ̂m (t)) + B̄P σ̂um (t) ,


 σ̂m(iTs)
σ̂um(iTs)


 = −B−1

(
eAMTs − I

)−1
AM · eAM ·Ts · eP (iTs),

u (s) = Cm(s)
(
Krr (t)− σ̂m (s)−H−1

m (s)Hum (s) σ̂um (s)
)

and the initial conditions are chosen to satisfy the conditions of Lemma 3.30, Lemma
3.31 and Lemma 3.32, then all closed-loop signals are bounded. Furthermore, the
states xP (t) of the plant will track the states xref (t) of the L1 Reference Model (3.284),
which by itself approximately tracks the outputs yM (t) of the reference model (3.4).
The error between the states xP (t) of the plant and the states xref (t) of the L1 Refer-
ence Model and the error between the outputs yref (t) of the L1 Reference Model and
the outputs yM (t) of the reference model (3.4) may be arbitrarily decreased.

Proof. Due to Lemma 3.30, the L1 Reference Model is bounded, implying bounded-
ness of xref (t) and uref (t). It follows from Lemma 3.32 that the errors eref (t) = xP (t)−
xref (t) and u (t) − uref (t) are bounded. Hence, the plant state xP (t) and the control
signal u (t) are bounded. Invoking Lemma 3.31 then shows that the prediction error
eP (t) = x̂P (t) − xP (t) is bounded, which implies boundedness of the predictor state
x̂P (t). Thus, all closed-loop signals are bounded.

The following example demonstrates the application of L1-PWC:

Example 3.34. Consider the same reference model as in Example 3.6. In contrast to
Example 3.6, λZα = λZq = 1 are no longer assumed. Hence, the system matrix of the
plant is given by

AP =

λZα · Zα 1 + λZq · Zq
λα ·Mα λq ·Mq


 . (3.342)

This alternative definition admits the introduction of unmatched uncertainties by virtue
of the coefficients λZα and λZq, whose uncertainty ranges are given in Table 2.4. Apart
from this difference, the plant is equivalently defined as in Example 3.6. The transfer
functions Hm (s) and Hum (s) are given by

Hm (s) = −19.52
s2 + 4.384s+ 9.61 , (3.343)
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Hum (s) = s+ 1.967
s2 + 4.384s+ 9.61 . (3.344)

Clearly, Hm (s) is minimum-phase and hence, satisfies Assumption 3.12. The remain-
ing assumptions of Theorem 3.33 can also be verified easily. If the input matrix for
unmatched uncertainties B̄P is chosen as B̄T

P =
[
1 0

]
, it follows from (3.14) that the

values of the true parameters Θ∗m,x , [ Θ∗m,α Θ∗m,q ] and Θ∗um,x , [ Θ∗um,α Θ∗um,q ] are given
by

Θ∗m,α = Mα · λα −Mα,des

Mη

, Θ∗m,q = Mq · λq −Mq,des

Mη

, (3.345)

Θ∗um,α = Zα · λZα − Zα, Θ∗um,q = Zq · λZq − Zq. (3.346)

The above plant is to be controlled by a L1-PWC, given by the predictor (3.246), the
update law (3.257) and the control law (3.272). The sample rate Ts, which determines
the speed of adaptation, is selected as Ts = 0.01 s. The filter Cm(s) is chosen as

Cm(s) = ω2
0

s2 + 2ζω0 · s+ ω2
0
, (3.347)

where the damping ζ = 0.5 is fixed, whereas ω0 > 0 scales the bandwidth of the filter.
Figure 3.12 compares the performance of the L1-PWC for different bandwidths ω0

of the low-pass filter Cm(s). Despite the presence of unmatched uncertainties, the
L1-PWC tracks the reference model (3.4). As in case of L1-AC with Integral Update
Law, the filter bandwidth ω0 is the crucial parameter, which determines how close the
L1-PWC tracks the reference model (3.4).

With respect to the estimation of the uncertainty signals σm(t) and σum(t), one may
observe that the estimate σ̂m(t) closely tracks the matched uncertainty signal σm(t)
in all cases. At the same time, the estimate σ̂um(t) displays a significant offset from
the unmatched uncertainty signal σum(t). This offset may be reduced by decreasing
the sample rate Ts for example to Ts = 0.001 s. Since further simulations reveal that
the offset does not deteriorate the tracking performance in case of the considered
uncertainties, such a high sample rate is however not required in practice.

3.3.3 Limiting Behavior and Hedging

Even though the L1 Reference Model is not implemented within the controller, it con-
stitutes a central element of the L1-AC architecture. It reflects the closed-loop perfor-
mance, which may be expected from the L1-AC, if the uncertainties are only compen-
sated within the bandwidth of a filter. By an appropriate design of the filter parameters
K and D(s), the critical trade-off between robustness and performance can be re-
solved. While a fast filter may render the L1 Reference Model arbitrarily close to the
reference model (3.4), it will lead to a design of little robustness, for example with re-
spect to time-delay. Conversely, a design based on a slow filter will be robust to larger
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Figure 3.12: Performance of the L1-PWC from Example 3.34 for different values of the
filter bandwidth ω0 in case of λα = λq = λZq = 1 and λZα = λη = 0.5.
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time-delays at the expense of a less precise tracking of the reference model (3.4). If an
appropriate trade-off has been determined, the parameters of the adaptation may be
chosen in such a way that the plant tracks the L1 Reference Model with any desired
precision. To that end, the learning rate Γ of the integral update law needs to be suf-
ficiently high or the sampling rate Ts of the piecewise constant update law has to be
chosen sufficiently small. In the limit, that is for λmin(Γ)→∞ or Ts → 0, the error eref (t)
between the plant and L1 Reference Model will approach zero. Thus, the plant will
respond like the L1 Reference Model. As the L1 Reference Model reflects the desired
trade-off between robustness and performance, the performance in the limit may be
seen as the “best-case” performance, which may be expected from the L1-AC.

While L1-AC achieves its “best-case” performance only in the limit, the ideal control
law (second equation in (3.175) or second equation in (3.284), respectively) would also
achieve this performance. While the ideal control law itself is not implementable as it
depends on the unknown uncertainties, a simple transformation has been proposed
in [98], which renders the ideal control law implementable. This transformation will
be exemplified for the ideal control law of L1-AC with Integral Update Law in case of
matched uncertainties and for the ideal control law of L1-PWC in case of matched and
unmatched uncertainties. As the implementable representations of the ideal control
laws recover the performance of L1-AC in the limit, these representations are also
referred to as limiting control laws. Their existence raises the question as to whether
adaptation is needed at all. An answer to this question will be given after the derivation
of the limiting control laws. It relates to the possibility of hedging in case of L1-AC,
which is not available for the limiting control laws.

Matched Uncertainties
Consider the L1 Reference Model (3.175) of Section 3.3.1 in case of a plant with one
input, i.e. m = 1:

.
xref (t) = AMxref (t) +BP

(
Λuref (t) + Θ∗m,xxref (t) + Θ∗m,φ · φ (xref (t))

)
, (3.348)

uref (s) = Λ−1C(s)
(
Krr (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.349)

With the definition of Gm (s) in (3.182), the following frequency-domain representation
follows from (3.348):

xref (s) = Gm (s) ·
(
Λuref (s) + Θ∗m,xxref (s) + Θ∗m,φ · φref (s)

)
. (3.350)

Now consider the artificial plant output

yart (t) = BT
PP · xref (t) , (3.351)

where P is the solution of the Lyapunov equation (3.31). It follows from the Kalman-
Yakubovich-Popov Lemma [96] that the transfer function BT

PPGm (s) is SPR, which
implies that the transfer function has RD ≤ 1 and its zeros lie in the left half-plane.
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Furthermore, since BT
PPGm (s) is square, it is invertible. With respect to the artificial

plant output, (3.350) becomes

yart (s) = BT
PPGm (s) ·

(
Λuref (s) + Θ∗m,xxref (s) + Θ∗m,φ · φref (s)

)
. (3.352)

On the other side, it has been shown in Section 3.3.1 that the ideal control law (3.349)
admits the alternative representation (3.169), which is

uref (s) = KD(s)
(
Krr (s)− Λuref (s)−Θ∗m,xxref (s)−Θ∗m,φφref (s)

)
. (3.353)

Solving the plant representation (3.352) for Λuref (s) + Θ∗m,xxref (s) + Θ∗m,φ · φref (s) and
inserting the result into the control law (3.353) yields

uref (s) = KD(s)
(
Krr (s)−

(
BT
PPGm (s)

)−1
BT
PP · xref (s)

)
. (3.354)

Since D(s) is strictly proper and BT
PPGm (s) is minimum-phase with RD ≤ 1, the

limiting control law (3.354) is causal and stable. In order to shed further light onto the
structure of the control law, factor out

(
BT
PPGm (s)

)−1
, yielding

uref (s) = KD(s)
(
BT
PPGm (s)

)−1 ·
(
BT
PPGm (s)Krr (s)−BT

PP · xref (s)
)
. (3.355)

Thus, the limiting control law (3.354) realizes an integral, model-inversion-type control
law since D(s) contains an integrator. In general, integral model-inversion control laws
are well-known in robust control [156]. A comparison of the limiting control law (3.355)
with the classical loop-shaping designs proposed in [156, specifically Sections 2.6.4
and 3.4.4] admits some interesting observations:

• Using the matching condition (and further assumptions), the original, uncertain
plant representation (3.1) is transformed into a representation in terms of the de-
sired dynamics Gm (s) and (state-dependent) disturbances entering at the plant
input (see for example (3.352)). For this reason, the model-inversion controller
(3.355) inverts the desired plant dynamics BT

PPGm (s). In contrast, the clas-
sical loop-shaping design from [156] would invert the nominal plant dynamics
CP (sI −AP )−1BP .

• As noted in [156], an inverse-based design is a reasonable choice for reference
tracking and for rejection of disturbances at the plant output. Interestingly, it is not
the preferred choice for disturbances entering at the plant input!

Besides of its relation to integral model-inversion types of control laws, it has been
shown in [98] that the limiting control law (3.354) of L1-AC is algebraically equivalent to
a Disturbance Observer (DOB) [153]. Although no further details on DOBs will be pre-
sented subsequently, it should be noted that DOB-based control and L1-AC both aim at
the same control objective [98]. While DOBs require an explicit plant inversion similar
to (3.355) in order to achieve their control objective, such inversion is not required in
case of L1-AC. As to be shown later on, the latter fact constitutes a major advantage
of the L1-AC architecture over DOBs.
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Matched and Unmatched Uncertainties
Consider the L1 Reference Model (3.271) of Section 3.3.2, given by:

.
xref (t) = AMxref (t) +BP ·

(
Λuref (t) + ηm (xref (t) , t)) + B̄Pηum (xref (t) , t)

)
, (3.356)

uref (s) = Λ−1C(s)
(
Krr (s)− ηref,m (s)−H−1

m (s)Hum (s)ηref,um (s)
)
, (3.357)

yref (t) = CP · xref (t) , (3.358)

with the signals ηm (xref (t) , t) = L−1
{
ηref,m (s)

}
= Θ∗m,xxref (t) + fm (xref (t) , t) and

ηum (xref (t) , t) = L−1
{
ηref,um (s)

}
= Θ∗um,xxref (t)+fum (xref (t) , t). With the definitions

of Hm (s) and Hum (s) in (3.241) and (3.264), respectively, the following frequency-
domain representation follows from (3.356) with respect to the output yref (t):

yref (s) = Hm (s) ·
(
Λuref (s) + ηref,m (s)

)
+Hum (s) · ηref,um (s) . (3.359)

Notice that Hm (s) is square and thus, invertible. One hence obtains

H−1
m (s)yref (s) = Λuref (s) + ηref,m (s) +H−1

m (s)Hum (s)ηref,um (s) . (3.360)

At the same time, the definition of the filterC(s) in (3.173) admits to represent the ideal
control law (3.357) as:

uref (s) = KD(s)Krr (s)
−KD(s)

(
Λuref (s) + ηref,m (s) +H−1

m (s)Hum (s)ηref,um (s)
)
.

(3.361)

Replacing Λuref (s) + ηref,m (s) + H−1
m (s)Hum (s)ηref,um (s) by the left hand side of

(3.360) hence yields the causal and stable control law

uref (s) = KD(s)
(
Krr (s)−H−1

m (s)yref (s)
)
. (3.362)

Similar to the case of matched uncertainties only, factoring H−1
m (s) out shows that the

limiting control law (3.362) is an integral, model-inversion-type control law:

uref (s) = KD(s)H−1
m (s) (Hm (s)Krr (s)− yref (s)) . (3.363)

Hence, the same observations stated in case of matched uncertainties apply as well.
While the limiting control laws in case of matched (3.355) and unmatched uncertain-
ties (3.363) are structurally similar, they differ in the fact that (3.355) employs state
feedback, whereas (3.363) is an output-feedback control law.

L1 Adaptive Control and Hedging
As the limiting control laws (3.355) and (3.363) are transformations of the respective
ideal control laws, they achieve the “best-case” performance, which is to be expected
from a L1-AC, without resorting to adaptation. This raises the fundamental question
as to whether adaptation is necessary at all, if a L1-AC control law is used. An an-
swer to this question has been proposed in [98] as well. To that end, assume that
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the plant possesses a known imperfection such as a saturating control input and/or a
delayed control input. From the limiting control laws’ point of view, these imperfections
constitute an additional disturbance, which they will try to compensate. However, as
the disturbance resulting from a saturated or delayed control input may not be com-
pensated using an increased control effort, the integrator of the limiting control law will
wind-up, ultimately leading to instability. For this reason, some anti-windup measure is
required in order to prevent the integrator from diverging. While there exist well-known
anti-windup measures in case of saturating control inputs [6], appropriate anti-windup
strategies in case of other plant imperfections such as delays are hardly available [98].
When considering the unmodified L1-AC control laws, it is well known that the pre-
viously mentioned plant imperfections may also lead to instability. In contrast to the
limiting control laws, there does however exist a simple and systematic procedure in
order to prevent the windup, which is hedging. Since L1-AC is an indirect approach,
hedging of a known plant imperfection amounts to simply mimicking the imperfection in
the predictor, which is shown in the next example.

Example 3.35. Consider a L1-AC with Integral Update Law in case of matched uncer-
tainties. Let the plant representation (3.165) possess a known imperfection at the plant
input:

.
xP (t) = AMxP (t) +BP

(
ΛF {u (t)}+ Θ∗m,xxP (t) + Θ∗m,φ · φ (xP (t))

)
, (3.364)

where the operator F {u (t)} has been introduced in the context of hedging for direct
MRAC. By redefining the regressor vector as

ω (xP (t) , t) ,




xP (t)
F {u (t)}
φ (xP (t))


 , (3.365)

the plant (3.364) may be compactly written as

.
xP (t) = AM x̂P (t) +BPΘ∗m · ω (xP (t) , t) . (3.366)

An appropriate modification of the adaptive state predictor (3.166), which mimics the
imperfection, is then given by:

.
x̂P (t) = AM x̂P (t) +BP

(
Λ̂ (t)F {u (t)}+ Θ̂m,x (t)xP (t) + Θ̂m,φ (t) · φ (xP (t))

)

= AM x̂P (t) +BP Θ̂m (t) · ω (xP (t) , t) , (3.367)
.

Θ̂m (t)T = −Γω (xP (t) , t) · eP (t)T PBP .

Notice that the update law does not change since the hedging of F {u (t)} leads to the
same error dynamics (3.79) that would appear in case of no imperfection at the plant
input. Apart from the modification of the adaptive state predictor, no further structural
modification of the L1-AC controller is required.
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3.4 Discussion

In the previous sections, two important branches of adaptive model following control,
namely MRAC and L1-AC, have been introduced. The derivations of these two ap-
proaches (in their basic forms) were based on the assumption that the plant is exactly
represented by the mathematical model (3.1). Even when neglecting the fact that no
practically feasible mathematical model may exactly represent the physical process
under control, the structure (3.1) is restrictive. This is because common plant imper-
fections such as time-delays or neglected (actuator) dynamics may not be represented
by (3.1) - at least not without violating the assumption of state feedback. Even if these
imperfections are known, the analysis of Section 3.2.5 shows that they may cause in-
stability of the adaptive controller. However, by using a modification of the reference
model, namely hedging, stability of the tracking/prediction error dynamics may be re-
covered. Nevertheless, even if these imperfections are known and hedging is used,
plant imperfections substantially limit the capabilities of the adaptive controller. This
aspect will be discussed in Section 3.4.1.

While MRAC and L1-AC with Integral Update Law differ significantly with respect
to their control laws and their proofs of stability, they are similar in the sense that both
approaches rely on the same adaptive state predictor. In contrast, other approaches
of the L1-AC family, such as L1-PWC, resort to a fundamentally different approach for
estimating the plant uncertainties. Instead of estimating individual parameters, these
approaches estimate the disturbance signal, which results from the uncertain plant
parameters. The importance of this difference will be discussed in detail in Section
3.4.2, where a novel classification of these controllers is proposed.

3.4.1 Limitations Imposed by Plant Imperfections

One of the most important design parameters of any model following control system is
the reference model. Using the reference model, the control system designer specifies
the desired closed-loop response characteristics. When considering the idealistic plant
model (3.1), the choice of the reference model (3.4) is essentially arbitrary and is only
restricted by the technical assumption of the respective adaptive control approach.

While (3.1) is suitable for the derivation of many adaptive control approaches, it ne-
glects common plant imperfections such as saturation or delay. Without further mod-
ifications of the adaptive controller, these imperfections may lead to instability of the
closed-loop system. However, if the imperfections are (approximately) known, hedging
approaches such as those of Sections 3.2.5 and 3.3.3 may be used. Using hedging,
stability of the tracking error dynamics and of the parameter error dynamics is recov-
ered. Nevertheless, plant imperfections fundamentally limit the achievable closed-loop
performance (despite the use of hedging). Subsequently, this will be demonstrated in
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case of a direct MRAC and a control time-delay, but analogous results also hold for
other MRC approaches and other imperfections. In Section 6.5, this observation will
help to explain why a conventional PI controller outperforms an adaptive(-like) MRC
approach in certain situations.

For the purpose of illustration, consider the special case of a scalar, linear, delayed
plant with known control effectiveness. In this case, the plant (3.127) becomes

.
xP (t) = AP · xP (t) +BP · u(t− τc), (3.368)

where AP ∈ R is unknown, whereas BP ∈ R and τc ∈ R+ are known. By using the
“matching condition” AP = AM−BP ·Θ∗x and by adding and subtracting BP ·u(t), (3.368)
turns into

.
xP (t) = AM · xP (t) +BP · (u (t)−Θ∗x · xP (t)) +BP · (u (t− τc)− u (t)) , (3.369)

where AM ∈ R−− specifies the desired dynamics. The control law is given by

u(t) = Kr · r(t) + Θx(t) · xP (t), (3.370)

where Kr satisfies BM = BP ·Kr analogously to (3.10) and Θx : R+ → R is the adaptive
parameter. Inserting the control law (3.370) into (3.369) yields

.
xP (t) = AM · xP (t) +BM · r(t) +BP Θ̃x(t) · xP (t) +BP · (u (t− τc)− u (t)) (3.371)

with Θ̃x(t) = Θx(t) − Θ∗x. In order to hide the effect of the known delay τc from the
error dynamics, the reference model is modified analogously to (3.131), yielding the
reference model dynamics

.
xM(t) = AM · xM(t) +BM · r(t) +BP · (u (t− τc)− u (t)) (3.372)

and the error dynamics

.
eC(t) = AM · eC(t) +BP Θ̃x(t) · xP (t). (3.373)

Due to the use of hedging, the delay τc does not influence the error dynamics (3.373)
and the conventional update law of direct MRAC results from a Lyapunov proof of
stability.

While the Lyapunov proof of stability ensures boundedness of the tracking error
eC(t) and the parameter Θx(t), there is no guarantee for the stability of the overall con-
trol system since neither xP (t) nor xM(t) are known to be bounded. Nevertheless, a
necessary condition for stability may be derived when considering the special case of
converged parameters, i.e. Θx(t) = Θ∗x. While this condition does not guarantee sta-
bility of the overall control system, its violation implies instability. In case of converged
parameters, the control law (3.370) becomes

u(t) = Kr · r(t) + Θ∗x · xP (t). (3.374)
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Kr · e−τc·s BP

s−AP

AP −AM

BP
· e−τc·s

r(s) xP (s)

−

Figure 3.13: Illustration of the feedback connection in Eq. (3.377).

Inserting (3.374) into the plant (3.368) yields

.
xP (t) = AP · xP (t) +BP (Kr · r (t− τc) + Θ∗x · xP (t− τc)) . (3.375)

With the “matching condition” Θ∗x = (AM − AP )/BP , (3.375) becomes

.
xP (t) = AP · xP (t) +BP

(
Kr · r (t− τc) + AM − AP

BP

· xP (t− τc)
)
. (3.376)

Thus, in case of converged parameters, the plant and the overall control system are
only stable if AM is chosen such that the delayed feedback connection in (3.376) is
stable. In case of no delay, the feedback connection is trivially stable for any stable,
desired dynamics AM < 0. However, for τc > 0, the delay limits the set of admissible
values of AM , i.e. aM(τc) ≤ AM < 0. In order to obtain further insight into these limits,
consider the frequency-domain representation of (3.376).

xP (s) = BP

s− AP
·
(
Kre

−τc·s · r(s)− AP − AM
BP

e−τc·s · xP (s)
)
, (3.377)

which is illustrated in Figure 3.13. The loop transfer function of this feedback connec-
tion from xP (s) to xP (s) in case of negative feedback is given by

L(s) = AP − AM
s− AP

· e−τc·s. (3.378)

In case of a stable plant, i.e. AP < 0, the Nyquist criterion implies that the feedback
connection is stable, independent of the delay, if |L(jω)| ≤ 1 holds for all ω. However,
|L(jω)| ≤ 1 ∀ω only holds for 2 · AP ≤ AM < 0. In case of an unstable plant, i.e.
AP ≥ 0, or for AM < 2 · AP < 0, the loop transfer function does not satisfy |L(jω)| ≤
1 ∀ω anymore. Hence, L(jω) will cross the 0 dB line in the Bode diagram at some
frequency ωc > 0, which implies a finite phase margin and a finite time-delay margin.
The dependence of the largest admissible delay τc,max (the time-delay margin) on AM

in case of the loop transfer function L(s) is depicted in Figure 3.14 for two exemplary
values of AP . For a given delay τc, only those values of AM will lead to a stable closed-
loop, which satisfy τc,max(AM) ≥ τc. Thus, with increasing delay τc, the set of admissible
values of AM is shrinking. Conversely, Figure 3.14 implies that a high demand on the
plant in the form of a fast reference model inevitably implies little robustness to time-
delay. Thus, even with hedging, the control system designer has to carefully weigh the
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Figure 3.14: Dependence of the largest admissible delay τc,max on the choice of the
reference model dynamics AM . For AP = −2, the closed-loop (3.376) is stable, inde-
pendent of the delay, for −4 ≤ AM < 0.

choice of the reference model dynamics AM with the robustness of the overall control
system to plant imperfections such as a known time-delay τc.

In case of converged parameters, the preceding discussion highlighted that the
delay τc substantially limits the choice of the desired plant dynamics AM . However, one
might wonder whether this limitation entails any consequences for the transient phase
and for the overall adaptive control system. To that end, assume that a (fictitious) proof
of stability would hold for the overall control system. Now, consider the special case that
the parameters have converged at some time t0 ≥ 0, where parameter convergence is
defined as Θx(t) = Θ∗x ∀ t ≥ t0 and

.
Θx(t) = 0 ∀ t ≥ t0. Due to

.
Θx(t) = 0 ∀ t ≥ t0, the

plant is fully represented by (3.376) for all times t ≥ t0. Since the overall control system
is stable and, since the (fictitious) proof also covers the special case of converged
parameters, this implies stability of (3.376). As (3.376) is stable, if and only if the
desired reference dynamics AM ensures its stability, the following implication holds

“Stability of the overall control system”→ “AM ensures stability of (3.376)”.

Hence, an appropriate choice of AM is a necessary condition for the stability of the
overall control system. Conversely, if AM is not chosen appropriately, this implies in-
stability of the overall control system. Thus, any feasible design has to ensure stability
of the plant (3.368) in feedback with the ideal control law (3.374). As this only consti-
tutes a necessary condition, a feasible design requires some safety margin.

In practice, the plant dynamics AP is uncertain. For two exemplary values of AM ,
Figure 3.15 shows the dependence of the largest admissible delay τc,max on the plant
dynamics AP . Clearly, the delay margin τc,max decreases to zero for AP →∞. Since the
stability of (3.376) is a necessary condition for the stability of the closed-loop system,
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Figure 3.15: Dependence of the largest admissible delay τc,max on the plant dynamics
AP . For AP ≤ AM/2, the closed loop (3.376) is stable independent of the delay.

a MRAC with hedging hence loses the ideal property of stabilizing all plants (i.e. AP
is arbitrary) for τc > 0. As bounds on the plant dynamics AP are usually known (e.g.
AP ∈ Ω), the necessary condition for stability allows some insight into the trade-off
between the reference model dynamics AM and the size of the uncertainty set Ω. To
that end, notice that the necessary condition for stability amounts to the robust control
problem:

“Find AM such that the performance requirements are met and (3.376) is
stable for the known delay τc and for all AP ∈ Ω.”

If no solution to this robust control problem exists, then the MRAC with hedging will be
unstable. In this case, the uncertainty set Ω is too large and/or the performance re-
quirements are overly high. In contrast, if a solution exists, then the adaptive controller
may be stable, but there is no guarantee whatsoever.

The preceding discussion specifically considered a time-delay at the plant input.
However, similar necessary conditions for stability of the adaptive control system are
expected to hold in case of other plant imperfections such as unmodeled actuator dy-
namics. Furthermore, the result extends to hedging in case of predictor-based MRAC
as the closed-loop plant in case of converged parameters is the same. Upon an appro-
priate modification, a similar necessary condition should also hold for L1-AC. Finally,
the result should remain valid for non-scalar plants.

To conclude this section, a remark on hedging (and other reference model modi-
fications) is in place. As noted earlier, the hedging of a known plant imperfection will
lead to the loss of the ideal property of MRAC of stabilizing arbitrary plants. Hence,
one might wonder whether hedging is a good idea at all. To that end, assume that
no hedging would be used. In this case, it is for example well known that the time-
delay margin depends on the size of the uncertainty and on the size of the learning
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rate Γ [43]. Thus, in addition to the dependence of the time-delay margin on the size
of the uncertainties, an additional coupling between the learning rate Γ and the time-
delay margin appears. The latter coupling is not present in case of hedging. Hence,
hedging admits fast “learning” - even in the presence of delay. For this, hedging decou-
ples the adaptation from the delay by virtue of a modification of the reference model.
When viewing the reference model as the demand, with which the plant has to comply,
hedging may be viewed as a means to reduce this demand to a feasible level. A similar
property may also be attributed to CRMs. By dragging the reference model towards the
plant, the CRM reduces the demand in transients. This does not only lead to smoother
responses of the closed-loop system [159, 70], but also to an increased robustness
to unmodeled dynamics (i.e. unknown plant imperfections) [189]. The examples of
hedging and CRM highlight that a static demand, which follows from an unmodified
reference (3.4), may lead to unsatisfactory results. By dynamically adjusting the ref-
erence model to the plant, an improved closed-loop performance may be obtained.
Such modifications do however come at the price of a reference model which does not
guarantee a-priori the satisfaction of the design requirements.

3.4.2 Signal-based vs. Parameter-based Approaches

Throughout this chapter, two important branches of adaptive control have been intro-
duced, namely MRAC and L1-AC. While L1-AC with Integral Update Law and predictor-
based MRAC differ significantly with respect to their control laws and their proofs of sta-
bility, they may be considered to be similar in the sense that both approaches rely on
the same adaptive state predictor. In both approaches, the adaptive state predictor es-
timates the unknown plant parameters Θ∗m ,

[
Θ∗m,x Λ Θ∗m,φ

]
. The resulting estimate

Θ̂m (t) is used in the respective control laws to cancel the parametric plant uncertain-
ties. The other member of the L1-AC family, which has been introduced in this chapter,
namely L1-PWC, relies on a profoundly different approach. Here, the plant is repre-
sented in terms of the desired dynamics and a disturbance signal σm (xP (t) , t) (and
σum (xP (t) , t), respectively) which represents the deviation between the real dynamics
and the desired dynamics. By estimating and feeding back this disturbance signal, the
plant is forced to approximately follow the reference model. Thus, L1-PWC does not
estimate individual plant parameters.

Owing to this fundamentally different way of operating, the approaches introduced
within this thesis are classified as parameter-based and signal-based approaches. An
approach is referred to as parameter-based, if

1. individual plant parameters are estimated;

2. the estimated parameters lead to persistent knowledge about the plant which
admits to treat the uncertainties proactively (at least locally in the state space).
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While the reason for the first criterion is evident from term parameter-based, the sec-
ond criterion requires further discussion. To that end, consider for example a LTI plant
whose parameters are perfectly known except for the control effectiveness Λ. This
plant is to be controlled by a LTI baseline controller. Furthermore, a L1-PWC augmen-
tation shall counteract the uncertainty of the control effectiveness Λ. Now, consider a
step of the command r (t). In response to this command, the baseline controller will
first provide some control input u (t). As u (t) does not account for the control effective-
ness uncertainty, the closed loop will start to deviate from the reference model, leading
to σ (xP (t) , t) 6= 0. The L1-PWC will estimate this deviation and computes an appro-
priate control increment. This process repeats if further step commands are issued.
Thus, the L1-PWC reacts to the control effectiveness uncertainty each time when its ef-
fect becomes measurable. The L1-PWC does hence not lead to persistent knowledge.
In contrast, if an (indirect) MRAC or a L1-AC augmentation had been used instead of
the L1-PWC, the estimate Λ̂ of the control effectiveness would adjust during the first
step of r (t). After some more steps, Λ̂ would equal Λ. For all subsequent step com-
mands, no deviation between the plant and the reference model would be observed.
Hence, MRAC or L1-AC augmentations generate persistent knowledge which admits to
account for the uncertainties before the control signal u (t) is issued to the plant. Thus,
both are said to treat the uncertainty proactively. Consequently, MRAC and L1-AC with
Integral Update Law of Section 3.3.1 are parameter-based approaches.

In contrast to parameter-based approaches, a controller is considered as signal-
based, if its primary intention is the estimation of a time-varying (disturbance) signal.
The underlying estimation scheme crucially depends on measurements and hence,
can only react to uncertainties once their effect becomes measurable. Consequently,
L1-PWC and the limiting controllers of L1-AC (see Section 3.3.3) are signal-based
approaches.

A common feature of all signal-based approaches is the presence of some high-
gain control law and/or some high-gain observer: The control laws of all L1-AC variants
are high-gain in the sense that the filter parameters K and D(s) have to grow with in-
creasing size of the uncertainties in order to satisfy the L1-norm condition. Interestingly,
this also includes L1-AC with Integral Update Law. Consequently, the limiting control
laws (3.355) and (3.363) of L1-AC, which result from a transformation of the L1 Ref-
erence Model, are high-gain control laws as well. In addition, the state-predictors of
all L1-AC variants are high-gain in the sense that a large learning rate Γ or a small
sampling rate Ts, corresponding to a large feedback gain in (3.257), are required in
order to achieve good tracking of the L1 Reference Model.

Less obviously, the Command Governor introduced in Section 3.2.5 is a signal-
based approach as well since it estimates a disturbance signal and compensates it
using an appropriate feedback. Unlike the other signal-based approaches, the Com-
mand Governor does however estimate the residual adaptation error dad (xP (t) , t) ,
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ΛΘ̃ (t) · ω (xP (t) , t) instead of the effect of the plant uncertainty alone. By feeding
back this estimate, the response of MRAC may be improved even in transients. This il-
lustrates that signal-based and parameter-based approaches are not diametrically op-
posed, but may be advantageously combined. While signal-based approaches quickly
yield estimates of the uncertainties, they do not lead to persistent knowledge about the
plant. Conversely, a parameter-based approach admits to gain persistent knowledge.
However, in order to obtain this knowledge, some time is required if undesirable ef-
fects of fast learning such as significant oscillations are to be avoided. By combining
fast signal-based approaches and slowly learning parameter-based approaches, the
advantages of both approaches may be combined in one design.
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Chapter 4

Robustness and Performance
Guarantees for Parameter-Based
Approaches

As compared to a conventional flight control system, an adaptive flight control system
provides several key advantages: First of all, it allows for increased system perfor-
mance as the controller gains are not chosen based on a worst-case argument. Fur-
thermore, adaptive control may reduce the effort and the associated cost for system
identification as the adaptation may counteract the increased level of parametric un-
certainties of a low fidelity plant model. Finally, it can also improve the overall system
safety as the gains may adjust to unforeseen events such as damages or faults. While
adaptive control has proven its maturity in various flight testing programs such as IRAC
[76] or RESTORE [19], it has not yet been deployed in civil, commercial applications.
The largest hurdle for the commercial application of adaptive control in safety critical
applications such as aircraft is its certification.

Formally, certification may be defined as follows (RTCA DO-178C [134]):

“Legal recognition by the certification authority that a product, service, orga-
nization or person complies with the requirements. Such certification com-
prises the activity of technically checking the product, service, organization
or person and the formal recognition of compliance with the applicable re-
quirements by issue of a certificate, license, approval or other documents
as required by national laws and procedures.”

In case of civil aviation, the European Aviation Safety Agency (EASA) is the European
certification authority, whereas the Federal Aviation Administration (FAA) represents
the respective US authority. Informally, the above definition means that certification
of an aircraft (or its components) refers to the process of convincing the certification
authority that the aircraft complies with the respective governmental regulations. Ul-
timately, this amounts to convincing the certification authority that all measures have
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been taken to ensure aircraft safety, reliability and integrity [14].
In Europe, the legal requirements for the certification of an aircraft derive from the

Regulation No. 216/2008 of the European Parliament and the Commission Regulation
No. 748/2012 of the European Commission. Among other things, these regulations
govern the European agency EASA and provide general requirements for airworthiness
of an aircraft. The regulations require that the EASA provides Certification Specifica-
tions (CSs) for the certification of an aircraft. Furthermore, the agency has to establish
Acceptable Means of Compliance (AMCs), which is legally non-binding guidance ma-
terial that shows how to comply with the CSs as well as other legal requirements. In
case of normal, utility, acrobatic, and commuter category airplanes, the EASA Certifi-
cation Specification 23 (CS23) [51] does for example apply, whereas in case of large
airplanes, the airplane must adhere to the CS25.

The CSs such as CS23 are divided into two books. The first book contains the
so-called airworthiness code, which specifies the legally binding requirements that the
aircraft and its components have to satisfy. In contrast to common expectation, the
airworthiness code only contains rather vague, high level requirements for the aircraft
functionality and for its safety. The so-called safety paragraph §1309 of the CS23 does
for example state:

“The occurrence of any failure condition that would prevent the continued
safe flight and landing of the aeroplane must be extremely improbable.”

Clearly, this requirement is vague as it does not specify a probability or any other
tangible quantity. Consequently, satisfaction of this requirement may not be easily
shown in practice. For this reason, the second book of each CS provides AMCs.

The CS23 only contains a few requirements which immediately affect the devel-
opment of a flight control system, such as CS23 §171, which requires the aircraft to
be statically stable. Essentially, a flight control system is considered as an equipment
and hence, mainly has to satisfy the conditions of the safety paragraph CS23 §1309.
Roughly speaking, the latter paragraph requires that each system, upon which the air-
craft depends for proper functioning, must perform its intended functionality under any
foreseeable operating condition. As cited above, the occurrence of any failure con-
dition that would prevent the continued safe flight and landing of the aircraft must be
extremely improbable. In contrast to the second book of the CS25, the second book
of the CS23 does not list any AMC for the safety paragraph CS23 §1309. One may
however resort to the Advisory Circular (AC) 23.1309-1E [52] of the FAA.

The AC23.1309-1E quantitatively specifies probabilities for the failure of aircraft
equipment. Here, the term failure refers to a malfunction as well as a loss of a func-
tion. The specified probabilities depend on the aircraft class and on the severity of
the failure. The severity of the failure ranges from “no effect” to a catastrophic effect,
where the latter means a full loss of the aircraft and multiple fatalities. For example,
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in case of a commuter class aircraft, the probability of a failure leading to catastrophic
effects must be below 10−9 per flight hour. In order to show compliance with these
requirements, the AC23.1309-1E proposes the development of the aircraft equipment
according to established standards, which include:

• SAE ARP4754A (Guidelines for Development of Civil Aircraft and Systems) [141];
• SAE ARP4761 (Guidelines and Methods for Conducting the Safety Assessment

Process on Civil Airborne Systems and Equipment) [139];
• RTCA DO-254 (Design Assurance Guidance for Airborne Electronic Hardware)

[133];
• RTCA DO-178B/C (Software Considerations in Airborne Systems and Equipment

Certification) [134].

While these standards do not provide any requirement which is specific to a flight con-
trol system, they establish an appropriate development process. A central element of
this development process is the precise specification of the intended functionality of
the aircraft equipment in terms of suitable requirements. These requirements must “be
written in a manner that allows them to be tested” [92] after the development and must
ensure that there is no unintended functionality.

Advanced flight control systems such as adaptive ones are ultimately implemented
as software. The development of the hardware, on which this software is intended
to run, usually follows RTCA DO-254 (as well as SAE ARP4754A, SAE ARP4761 and
other standards). The software itself is developed according to RTCA DO-178B/C. Fur-
thermore, in order to comply with the above mentioned development process, suitable
requirements for the control algorithm itseld are required. Such requirements may for
example be found in the standard SAE AS94900 [140] or in the handbook MIL-HDBK-
1797 [42] of the Department of Defense of the United States of America. While there is
no legal obligation to follow these standards, their use is advisable as they have been
frequently used to specify the robustness and performance properties of a flight control
system.

Ultimately, standards such as SAE AS94900 rely on linear system theory. The SAE
AS94900 specifies for example requirements for the robustness of the flight control
system in terms of phase and gain margin. Since parameter-based adaptive controllers
such as MRAC are inherently nonlinear, such frequency-domain requirements cannot
be applied. Thus, new robustness and performance metrics have to be developed,
which admit to formulate requirements on the robustness and the performance of an
adaptive flight control system. These requirements have to be engineered in such a
way that they admit to replace the frequency-domain requirements of typical standards
such as SAE AS94900 and provide an equivalent level of safety.

In this chapter, the development and the choice of such novel robustness and per-
formance metrics is addressed. Section 4.1 provides a review of available robustness
and performance metrics for adaptive controllers. Among these metrics, two promising
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metrics are identified, which might be of use in a future certification process of adaptive
control. These two metrics are the time-delay margin (as a measure of robustness) and
the L∞-norm of the tracking error components (as a measure of performance). Their
practical application is however challenging due to the lack of methods for their com-
putation. For this reason, Sections 4.2 and 4.3 propose novel analytical computational
methods. Finally, Section 4.4 discusses the achieved results and identifies current
limitations.

4.1 Review of Robustness and Performance Metrics

This section provides an overview of available robustness and performance metrics
for parameter-based, nonlinear adaptive controllers. While there exist many metrics
to evaluate a flight control system’s performance, this section specifically focuses on
metrics that are suited for the assessment of adaptive controllers. Furthermore, this
review mainly deals with the adaptive control approaches MRAC and L1-AC. In similar
work, the need for new metrics has been highlighted [92] and some solutions and met-
rics were suggested [92, 161]. However, none of these provided a systematic review
and classification of available approaches. The present section is largely based on
previous work [80] by the author of this thesis.

The reviewed robustness and performance metrics represent potential candidates
which might be used in a future certification process to replace LTI robustness and
performance metrics. For their use in a certification process, the metrics have to satisfy
some basic properties. First of all, they have to provide an equivalent level of safety
as compared to the LTI metrics that they shall replace. Secondly, they have to be
useable to specify requirements before actually developing the controller and to later
on verify these requirements [92]. Consequently, admissible values of the metrics have
to be known beforehand. Thirdly, the metrics should be physically meaningful and be
understandable without excessive mathematical training [92]. Fourthly, generality of
the metrics is desirable in order to allow the objective comparison of different adaptive
controllers. As the aim of this section is an overview of available metrics, some metrics
that do not fulfill all of these four basic requirements will also be presented.

Within the following review, the metrics are classified according to their purpose.
Here, stability, robustness, performance, and learning metrics are distinguished. Sta-
bility metrics are indicators of stability of a nominal or off-nominal closed-loop control
system. In case of a LTI control system, the largest real part of the eigenvalues of
the closed-loop system may for example serve as a stability metric. Obviously, the
closed-loop system is stable if this metric is smaller than zero.

Robustness metrics specifically consider off-nominal plant models. They serve as
indicators whether the given control system is likely to work if the plant deviates from
the nominal plant model. To that end, robustness metrics usually consider the nominal
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plant model and introduce some specific plant imperfection. Hence, they are measures
of RS for the particular kind of plant imperfection. In order to draw meaningful conclu-
sions, the particular imperfection should be representative of a large class of practically
relevant imperfections. Well-known robustness metrics in linear system theory include
the phase margin. In this case, the considered plant imperfection is an artificial phase
lag. Since phase lag typically results from parametric as well as non-parametric un-
certainties, the phase margin may serve as a meaningful indicator for robustness - at
least in case of Single-Input Single-Output (SISO) systems [156].

Any control system has to meet certain performance requirements. Thus, perfor-
mance metrics are required to rigorously specify and check these requirements. While
NS is usually guaranteed by the control design, NP is not necessarily ensured. Fur-
thermore, even if NP guarantees are available, these guarantees do not have to be
easily interpretable, increasing the need of alternative performance metrics. As an ex-
ample of the latter case, consider the quadratic cost functional of a Linear Quadratic
Regulator (LQR) as a performance metric. Even though LQR guarantees minimization
of this cost functional, this metric does not easily relate to conventional performance
requirements such as overshoot and rise time. For this reason, performance metrics
are required to evaluate both RP as well as NP.

Learning metrics consider the adaptation itself and provide information about the
quality of the adaptive parameters and the convergence properties of the adaptation.
Typical examples include the guaranteed speed of convergence of Concurrent Learn-
ing [32] or the covariance of Kalman Filter based adaptive control [149]. While learning
metrics are important to properly specify the functionality of an adaptive controller, this
section will focus on metrics that allow replacing existing LTI metrics. Since conven-
tional flight control systems do not provide the ability to “learn”, there are no metrics
that may be replaced. Hence, learning metrics will not be considered subsequently.

While the replacement of established robustness and performance metrics consti-
tutes one challenge, the testing of the requirements specified in terms of these metrics
represents another one. For the purpose of testing, the values of the metrics have to be
computed. To that end, one may resort to analytical, simulation-based, optimization-
based or formal methods.

Analytical methods usually rely on a proof of closed-loop stability and yield guaran-
teed results which hold for all suitably bounded commands, uncertainties and distur-
bances. In practice, however, they are usually limited to a specific plant model such
as the nominal plant. Moreover, they often tend to substantially over- or underestimate
the true value of the metric and hence, lead to conservative bounds.

As an alternative, one may also resort to simulation-based testing using Monte-
Carlo simulations or related methods. Here, the nonlinear, possibly functional, differ-
ential equations of a (high-fidelity) closed-loop plant model are numerically solved for
various realizations of the commands, uncertainties and exogenous disturbances. As
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the metric is computed using these numerical solutions, simulation-based methods do
not over- or underestimate the metric and thus, are well suited for testing. However,
since each simulation run only reflects the response to one specific command, uncer-
tainty and disturbance, a huge number of simulations is required in order to cover a
statistically significant number of responses. This disadvantage may be partially com-
pensated using modern Monte-Carlo methods such as Subset simulations [7] or using
counter-proving [169]. In case of the latter, numerical methods from optimal control are
used to compute the worst-case value of the metric. If the worst-case value satisfies
the requirement, then it is also expected to be satisfied for all other commands, uncer-
tainties and disturbances. Similar to analytical methods, optimal control approaches
often require simplified plant models. Furthermore, there is usually no guarantee for
convergence to the global optimum.

As another alternative, one may also consider formal methods such as model
checking [9, 165, 132]. This method provides the appealing capability to prove cor-
rectness of finite state machines with respect to formally specified requirements. The
application of these methods is, however, not straightforward because it requires an ab-
straction of the adaptive controller as a finite state machine [92, 132]. For this reason,
formal methods are not considered any further.

While some metrics can be computed in several ways, others are limited to certain
computational methods. For this reason, the subsequent review also deals with the
computational aspects of the metrics. To that end, available analytical and simulation-
based methods will be presented.

4.1.1 Stability Metrics

The stability of an adaptive controller in feedback with its nominal plant is usually guar-
anteed by a Lyapunov-based proof. Even in case of an off-nominal plant, stability in
terms of Uniform Ultimate Boundedness (UUB) may be proven. This has for exam-
ple been shown in Section 3.2.4. Further examples may be found in Section 4.2.3 or
references [112, 55, 59]. Thus, Lyapunov (-like) proofs of stability represent power-
ful analytical stability indicators. However, they are usually limited to simplified plant
models. Hence, simulations represent the only possibility of evaluating the response
of an adaptive control system in feedback with a high-fidelity plant model. Due to the
absence of a proof of stability, there exists no a-priori guarantee for the stability and
hence, for the boundedness of the trajectories of the simulated system. For this rea-
son, stability metrics are required to assess whether a single simulation run shall be
deemed stable or not.

One of the simplest measures of stability is boundedness of all system states. In or-
der to assess boundedness, one may for example resort to truncated Lp signal norms
(see Appendix C.2). Notice that any signal norm, which is determined in simulations,
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is truncated by definition since any simulation has a finite duration. Especially the
truncated L∞-norm seems well suited as its existence implies boundedness of the tra-
jectories. In a similar spirit, one may also resort to the Lyapunov function that underlay
the derivation of the adaptive controller. In case of a nominal plant model, a non-
increasing trajectory of V (eC (t) , Θ̃ (t)) indicates stability. Furthermore, small values
indicate that the adaptive controller is close to its ideal response since small values
of V (eC , Θ̃) qualitatively indicate small tracking errors and small parameter errors. In
case of an off-nominal plant model, the Lyapunov function is no longer guaranteed to
be non-increasing. Nevertheless, the Lyapunov function may serve as a stability metric
and has to remain bounded. Furthermore, large values of the Lyapunov function indi-
cate stability problems as the adaptive controller does not properly satisfy its control
objective of tracking the reference model.

Stability metrics, which relate to the boundedness of the trajectories, face difficul-
ties when it comes to marginally stable or marginally unstable systems. The trajecto-
ries of these systems may diverge slowly towards infinity. Since simulation durations
are finite, the trajectories might be deemed stable, even though they would escape
to infinity for a large simulation duration. In order to grasp slowly diverging trajec-
tories, one may resort to the mean convergence rate of the absolute value of the
states on some interval [T0, T1] with T1 ≥ T0. Consider for example the tracking er-
ror eC (t)T =

[
eC,1 (t) . . . eC,n (t)

]
. Assuming exponential convergence / divergence,

the following relation holds on the considered interval:

|eC,k (T1)| = |eC,k (T0)| · eλ̄·(T1−T0). (4.1)

Solving for λ̄ then yields the mean convergence rate

λ̄ = ln |eC,k (T1)| − ln |eC,k (T0)|
T1 − T0

. (4.2)

Note that by using
d

dt
(ln |eC,k (t)|) =

.
eC,k (t)
eC,k (t) , (4.3)

Eq. (4.2) may be rewritten as

λ̄ = 1
T1 − T0

·
∫ T1

T0

.
eC,k(τ)
eC,k(τ)dτ . (4.4)

The quantity (4.4) is also called short-term departure index [84, 13]. Taking T1 = t and
T0 = 0, (4.4) yields the mean convergence on the interval [0, t] and is also called a long-
term departure index. If λ̄ is smaller than zero, the respective state eC,k (t) decayed on
average during the time-interval, which indicates stability, whereas for λ̄ > 0, the state
grew, which may be seen as an indicator for instability. Originally, both quantities have
been motivated as windowed versions of the Lyapunov exponent [84, 13].

Another potential stability metric is the projection activity measure [71] and applies
to adaptive laws using a projection operator [131, 105]. It assesses the activity of
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the projection operator by taking the truncated L∞-norm of the correction term which
prevents the adaptive parameter from growing beyond a predefined convex set. If the
projection operator is highly active, then this may be seen as an indicator of stability
problems. Furthermore, stability metrics based on passivity theory [84] have been
proposed.

4.1.2 Robustness Metrics

Subsequently, several robustness metrics, which have been proposed for adaptive con-
trol systems, are presented.

Phase Margin
In case of LTI SISO systems, the phase margin quantifies the largest amount of pure
phase lag, which may be introduced into the open-loop transfer function, before insta-
bility occurs. Since phase lag results from various kinds of uncertainties, the phase
margin is commonly used to characterize the robustness of control systems. While
it is well known that the significance of the phase margin vanishes for Multiple-Input
Multiple-Output (MIMO) systems, its use as a robustness metric is wide-spread even in
MIMO flight control applications. This is because common standards in aerospace in-
dustry such as SAE AS94900 [140] state explicit requirements for this robustness met-
rics. Hence, applying LTI concepts such as the phase margin to adaptive controllers
is appealing since this would significantly ease the certification process. In order to
compute the phase margin for an adaptive control system, various approaches have
been proposed.

Analytical Computation

Consider for example the simplified direct MRAC
.
xP (t) = AMxP (t) +BPΛ (u (t)−Θ∗xxP (t)) ,
u (t) = Θx (t) · xP (t) + Θr (t) · r (t) ,

(4.5)

which follows from the plant representation (3.6) and the control law (3.22), assuming
f̄ (xP (t) , t) = 0. A straightforward approach to the application of LTI metrics is the
frozen weight analysis of (4.5), which amounts to the computation of LTI margins when
Θx (t) and Θr (t) are held constant. This approach is however not admissible since
a frozen weight analysis does not even allow to draw (necessary) conclusions on the
stability of the feedback system (4.5) with time-varying Θx (t) and Θr (t) [84]. While
a frozen-weight analysis does hence not yield reliable results during transients, it may
well be used to analyze steady-state conditions. If it was known that after some time
Θx (t) = Θx,0 and Θr (t) = Θr,0 hold for all t ≥ T , the phase margin of the adaptive
control system in steady state may be determined. This result is useful in the sense
that if the steady-state system does not fulfill a given phase margin requirement, then
the time-varying adaptive control system will not meet this requirement, either.
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Since a frozen-weight analysis completely neglects the dynamics of the update
law, another approach is the linearization. To that end, consider for example the error
dynamics (3.29), (3.41) and the reference model (3.4) of a direct MRAC. Furthermore,
assume that:

1. the plant only has one control input (i.e. m = 1);
2. there is no nonlinear uncertainty (i.e. Θφ (t) = Θ∗φ = 0);
3. the learning rate Γ has block diagonal form, i.e.

Γ =

Γx 0

0 Γr


 , (4.6)

where Γx ∈ Sn++ and Γr ∈ R++ are the learning rates associated with the state-
dependent uncertainty Θ∗x and the input uncertainty Θ∗r, respectively.

In this case, the error dynamics (3.29), (3.41) become

.
eC (t) = AMeC (t) +BPΛΘ̃x (t) · xP (t) +BPΛΘ̃r (t) · r (t) ,
.

Θ̃x (t)T = −ΓxxP (t) · eC (t)T PBP ,
.

Θ̃r (t) = −Γrr (t) · eC (t)T PBP .

(4.7)

For the linearization of (4.7), an equilibrium has to be determined first. Since the ref-
erence model (3.4) will only settle on a constant value xM,0 , if the reference signal
remains constant, r (t) = r0 is chosen, leading to xM,0 = −A−1

M BMr0. It has been
noted in [150] that for a constant reference signal r0, the parameter errors Θ̃x (t) and
Θ̃r (t) settle on unknown, but constant values Θ̃x,0 and Θ̃r,0, which may for example be
determined in simulations. Since Barbalat’s Lemma ensures convergence of the track-
ing error towards zero, the equilibrium of the tracking error is given by eC,0 = 0. For an
equilibrium xM,0, eC,0 = 0, Θ̃x,0 and Θ̃r,0, the linearization of the reference model (3.4)
and the error dynamics (4.7) is then given by:



δ
.
xM (t)
δ
.
eC (t)

δ
.

Θ̃x (t)T

δ
.

Θ̃r (t)




=




AM 0n×n 0n×n 0n×1

BPΛΘ̃x,0 AM +BPΛΘ̃x,0 BPΛxTM,0 BPΛr0

0n×n −ΓxxM,0B
T
PP 0n×n 0n×1

01×n −γrr0B
T
PP 01×n 0



·




δxM (t)
δeC (t)
δΘ̃x (t)T

δΘ̃r (t)




+




BM

BPΛΘ̃r,0

0n×1

0



· δr (t) ,

(4.8)

where δxM (t) , xM (t)−xM,0, δeC (t) , eC (t)−eC,0, δΘ̃x (t) , Θ̃x (t)−Θ̃x,0, δΘ̃r (t) ,
Θ̃r (t)− Θ̃r,0 and δr (t) , r (t)− r0 denote the deviations from the equilibrium condition.
The linearization (4.8) is also referred to as Linear Asymptotic System (LAS) as it
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approximates the dynamics to which the direct MRAC asymptotically converges in case
of a constant reference signal r (t). The LAS possesses 3n + 1 states. Ref. [150]
shows that n of these states, which are associated with the parameter errors, are
free integrators and hence, their associated eigenvalues are zero. Thus, the closed-
loop only exhibits marginal stability and any robustness margin becomes zero. By
virtue of an appropriate model order reduction, the n free integrators may however be
eliminated, leading to the so-called Reduced Linear Asymptotic System (RLAS). Using
the RLAS and by cutting the loop for example at the control input, the phase margin
(and the gain margin) may be computed for the considered equilibrium condition [47].

The foregoing approach allows the application of classical LTI robustness metrics
to adaptive control systems. It is however important to stress that the linearized rep-
resentation is only valid asymptotically, i.e. after the adaptive control system enters
the domain within which the linearization approximates the nonlinear control system
reasonably well. Hence, the obtained metrics are only valid asymptotically and do not
allow assessing robustness during transients.

Simulation-based Computation

Since the phase margin essentially is a frequency-domain quantity, it may not be readily
computed in simulations. In order to deal with this challenge, several methods have
been proposed.

In [100], the performance of an adaptive controller is compared to the performance
of a suitably chosen LTI system in Monte-Carlo simulations. If the performance of both
systems matches according to some criteria in the presence of artificially introduced
gain- and delay variations, the authors assign the robustness margins of the LTI system
to the adaptive control system. Since the choice of a suitable LTI system and suitable
metrics for comparison, which ensure that both systems actually have similar robust-
ness properties, is non-trivial, this method requires further theoretical justification.

Alternatively, one may resort to the Bounded Linear Analysis, which has been pro-
posed in [120, 121, 123]. Following a conceptually similar line of thought as in case
of the analytical linearization, the Bounded Linear Analysis approximates the adaptive
control system by a series of LTI systems, each of which is valid during some time win-
dow. The parameters of these LTI systems are determined during simulation. These
LTI systems finally admit the computation of the phase margin and other LTI metrics for
each time window. In contrast to the analytical linearization, the LTI systems, which re-
sult from the Bounded Linear Analysis, are intended to be valid also during transients,
i.e. before the adaptive parameters settled to some stationary value. For the purpose
of illustration, consider for example the error dynamics (3.29) and (3.41) of a direct
MRAC. Furthermore, assume that:

1. the plant only has one control input (i.e. m = 1);
2. there is no input uncertainty (i.e. Λ = 1) and hence no adaptation of the feedfor-

ward gain Θr (t) (i.e. Θr(0) = Kr and Γr = 0);
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3. there is no nonlinear uncertainty (i.e. Θφ (t) = Θ∗φ = 0).

In this case, the error dynamics (3.29), (3.41) simplify to

.
eC (t) = AMeC (t) +BP Θ̃x (t) · xP (t) ,
.

Θ̃x (t)T = −ΓxxP (t) · eC (t)T PBP ,
(4.9)

where Γx ∈ Sn++ is the learning rate associated with the state-dependent uncertainty

Θ∗x. Using
.

Θ̃x (t) =
.

Θx (t), uad (t) , Θx (t) · xP (t) and xP (t) = eC (t) + xM (t), (4.9)
may be rewritten as

.
eC (t) = AMeC (t) +BP · uad (t)−BPΘ∗x · (eC (t) + xM (t)) ,
uad (t) = Θx (t) · xP (t) ,
.

Θx (t) = −BT
PPeC (t) · xP (t)T Γx.

(4.10)

Differentiating uad (t) with respect to time and inserting the update law yields

.
eC (t) = AMeC (t) +BP · uad (t)−BPΘ∗x · (eC (t) + xM (t)) ,
.
uad (t) = −BT

PPeC (t) · xP (t)T ΓxxP (t) + Θx (t) · ( .eC (t) + .
xM (t)) .

(4.11)

Now consider the time window [(i− 1) · T, i · T [ with i ∈ N++ and T > 0. The objective
of the Bounded Linear Analysis is the approximation of (4.11) by a LTI system during
that time window. In contrast to [123], the subsequent derivation follows a different
approach, which nevertheless leads to the same result. To that end, it is assumed
that the adaptive parameter Θx (t) hardly changes throughout the time window and
is hence considered to be constant throughout the interval. Similarly, xP (t)T ΓxxP (t)
is assumed to be approximately equivalent to its mean value during the considered
interval, i.e.

xP (t)T ΓxxP (t) ≈ 1
T

∫ i·T

(i−1)·T
xTP (τ)ΓxxP (τ)dτ (4.12)

approximately holds for (i− 1) · T ≤ t < i · T . Upon the definitions

αi ,
1
T

∫ i·T

(i−1)·T
xTP (τ)ΓxxP (τ)dτ , (4.13)

Θx,i , Θx(i · T ), (4.14)

(4.11) is approximated by the LTI system

.
eC (t) = AMeC (t) +BP · uad (t)−BPΘ∗x · (eC (t) + xM (t)) , (4.15)
.
uad (t) = −αiBT

PP · eC (t) + Θx,i · ( .eC (t) + .
xM (t)) (4.16)

for t ∈ [(i − 1) · T, i · T [, where αi and Θx,i are computed from simulation data. By
appropriately cutting the loop, the approximation (4.15), (4.16) allows to retrospectively
evaluate the robustness as well as the performance of the adaptive control system
at each instant of time i · T [123]. The parameters αi and Θx,i crucially depend on
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the initial conditions, the matched uncertainty Θ∗x and the command signal r (t). For
this reason, the Bounded Linear Analysis has to be combined with some simulation
technique such as Monte Carlo simulations in order to draw meaningful conclusions.

Subsequently, the relation between the stability of the LTI system (4.15), (4.16) and
the error dynamics (4.9) shall be analyzed in some more detail. To that end, assume
for simplicity that the reference signal r (t) is constant and the initial conditions of the
reference model are chosen such that .

xM (t) = 0 holds for all t ≥ 0. Differentiating
(4.15) with respect to time and inserting (4.16) leads to the state space model

d

dt


eC (t)
.
eC (t)


 =


 0 I

−αiBPB
T
PP AP +BPΘx,i


 ·

eC (t)
.
eC (t)


 . (4.17)

Depending on the size T of the time window, the size of the command r (t) and the
learning rate Γx, the quantities Θx,i and αi may still be small for small i. Hence, if the
plant is unstable (i.e. AP is not Hurwitz), then the LTI system (4.17) may be unstable
as well. Consequently, any computed robustness metric such as the phase margin
would indicate an unstable loop. This illustrates that the stability of the approximation
(4.15), (4.16) does not necessarily relate to the stability of the adaptive control system
(4.9), which is known to be stable from the Lyapunov proof of stability. Consequently,
robustness properties of the linear approximation do not transfer to the adaptive con-
trol system, either. While the windowed analysis may provide valuable insight about
the behavior of an adaptive control system, the preceding example highlights that the
Bounded Linear Analysis requires further research to rigorously relate the robustness
properties of the series of LTI systems to the robustness properties of the adaptive
control system.

Gain Margin
Previously, several methods have been reviewed that allow the approximate computa-
tion of the phase margin of an adaptive controller. Although these methods only lead to
meaningful results in special occasions (if at all), it is obvious that the same approaches
could also be used to compute the gain margin of an adaptive controller. However, for
most adaptive control schemes, even stronger results hold.

In linear system theory, the gain margin quantifies the largest variation of the gain of
the open-loop transfer function before instability occurs. Assuming that the gain varia-
tion is introduced at the plant input and considering the direct or predictor-based MRAC
of Section 3.2.1 or Section 3.2.3, respectively, the gain variation may be incorporated
into the control effectiveness matrix Λ. Since stability of direct and predictor-based
MRAC is established using the Lyapunov proof of stability independent of the actual
control effectiveness Λ (except for the assumption Λ > 0), admissible variations of
the gain are within the interval ]0,∞[. Hence, the gain margin is infinity [143]. For
MRAC with robustness modifications such as the σ-modification, the same result holds
[158]. When using the projection algorithm [131], the size of the adaptive parameter
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Θ is limited and so is the gain margin [143]. In case of the projection operator, it is
reasonable to consider the gain margin as a design parameter rather than a robust-
ness metric since the largest admissible size of the adaptive parameter Θ is a design
parameter. For L1-AC, the gain margin is also finite [30]. This is because stability of
the L1 Reference Model is only established for some compact set Λ ∈ ΩΛ.

Computational Aspects

Since the gain margin essentially is a design parameter (or is infinity), no specific algo-
rithms for its computation are required.

Time-Delay Margin

The time-delay margin is defined as the largest time-delay which a closed-loop control
system may tolerate without becoming unstable [161]. Usually, the time-delay margin
is either determined at the plant input or at the plant output. For reasons of simplicity,
the subsequent considerations are limited to a time-delay τc at the plant input.

The time-delay margin is commonly seen as a potential successor to the phase
margin [122]. First of all, this is because time-delay is a fundamental property of any
flight control system and robustness to a certain amount of time-delay is an important
prerequisite. Furthermore, for SISO LTI systems, phase and time-delay margin are
closely related. This connection to a well-known metric might be advantageous in a
certification process. Thirdly, robustness to time-delay also indicates robustness to
unmodeled dynamics [187].

While the time-delay margin of a LTI system is readily computable, the computa-
tion for a nonlinear system such as an adaptive controller becomes significantly more
challenging. The computation depends on the adaptive control architecture and the
employed modifications. Furthermore, it has to account for the complex dependency
of the time-delay margin on design parameters such as the learning rate Γ, the uncer-
tainties and the reference signal r (t). For a direct MRAC, it is for example well-known
that the time-delay margin decreases to zero if λmin(Γ) → ∞ [123]. Similarly, large
command signals r (t) lead to large plant states, which may effectively act like an in-
creased learning rate Γ [148].

Analytical Computation

For the analytical computation of the time-delay margin, various tools have been pro-
posed. For general nonlinear systems, the analytical computation usually relies on
either the method of Lyapunov-Krasovskii or the method of Lyapunov-Razumikhin [75,
73]. A general problem of these techniques is that they require to determine a suitable
Lyapunov-like functional or function, respectively, whose choice is crucial for obtain-
ing less conservative results [122]. Alternatively, the time-delay margin may also be
determined using a Padé approximation [110] of the time-delay. While the methods
of Lyapunov-Krasovskii and Lyapunov-Razumikhin yield guaranteed lower bounds, the
Padé approximation is not guaranteed to obtain lower bounds (see for example [123]).
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Ref. Control
Scheme

Method Approach / Limitations

[43] MRAC with
σ-modification

Lyapunov-
Krasovskii

• Sum-Of-Squares (SOS) polynomial optimization of the
Lyapunov-Krasovskii functional;

• Requires a polynomial representation of the plant and
the adaptive controller;

• Only considers the adaptive stabilization problem.

[90] MRAC with
σ-modification

Lyapunov-
Razumikhin

• Iterative manual procedure for determining Lyapunov
functions to obtain less conservative time-delay mar-
gin estimates;

• Requires knowledge of an upper-bound on the regres-
sor vector.

[113] MRAC with
projection

Lyapunov-
Razumikhin

• Presents an argument, which relies on first principles
instead of Lyapunov analysis;

• Lyapunov-Razumikhin is employed at some intermedi-
ate step.

[112] MRAC with
projection

Padé ap-
proximation

• Proves robustness to dynamic uncertainties at the
plant input;

• Padé approximation is used to estimate the time-delay
margin.

[29] L1-AC Comparison
with suitable
LTI system

• Establishes equivalence of state and control trajecto-
ries of the L1-AC and a specifically designed LTI sys-
tem in the presence of the same time-delay;

• The time-delay margin of the LTI system constitutes
the time-delay margin of the L1-AC.

[106] L1-AC Gap Metric
Techniques

• Establishes a robust stability margin based on gap
metric techniques;

• The gap stability margin is used to estimate the time-
delay margin;

• Only considers the adaptive stabilization problem.

Table 4.1: Analytical methods for the computation of the time-delay margin.

Table 4.1 provides a list of some relevant publications, which address the problem of
the analytical computation of the time-delay margin, and comments on features as well
as limitations of the respective approaches.

Simulation-based Computation

For the simulation-based computation of the time-delay margin, one could resort to the
simulation-based techniques for the computation of the phase margin. Using these
techniques, the time-delay margin is for example readily obtained by computing both
the phase margin and the gain crossover frequency. This approach does however
suffer from the fact that the robustness properties of the LTI approximations do not
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rigorously relate to the robustness properties of the adaptive controller.
Since a time-delay can be easily modeled in simulations, a more direct approach

for the computation of the time-delay margin is favorable. To that end, the nominal
plant model is considered and time-delay is additionally introduced at the position(s) of
interest such as the plant input. Then, in an outer optimization loop, a simple bisec-
tion algorithm adjusts the time-delay, while in an inner simulation loop, a Monte Carlo
simulation iterates over the uncertainties of the nominal plant model and the command
signals r (t). For a single simulation run, stability (and performance) metrics assess
whether the numerical solution should be considered stable or not. The largest value
of the time-delay, for which the system maintained stability in terms of the employed
stability or performance metrics, is then called the time-delay margin.

It should be noted that the obtained time-delay margin crucially depends on the
simulated uncertainties and the simulated command signals r (t). Furthermore, it also
depends on the stability and performance metrics which assess whether the particular
simulation runs are considered to be stable. First of all, this illustrates the complex
relationship between robustness, stability and performance metrics, where the latter
two are used within the computation of the first ones. Secondly, this also implies that
the stability criteria, according to which a simulation run is deemed to be stable, have
to be clearly stated in order to ensure reproducibility. Finally, it follows from these
observations that the time-delay margin determined in simulations only is an upper
bound for the true time-delay margin. This is because there might exist uncertainty
and command signal combinations which lead to a smaller time-delay margin.

While the presented approach specifically considered the nominal plant model, it
may also serve to determine the time-delay margin in the presence of other plant im-
perfections such as actuator dynamics, etc. In this case, the respective off-nominal
plant model has to be used instead of the nominal one.

L2-Gain

Adaptive controllers are inherently stable in the presence of matched parametric uncer-
tainties. Other uncertainties such as unmatched parametric or non-parametric uncer-
tainties may however endanger the closed-loop stability (see Section 3.2.4). Proving
stability in the presence of these uncertainties becomes significantly more challeng-
ing (see for example [112]) as boundedness of the disturbance signal resulting from
these uncertainties may not be assumed a-priori. When specifically considering un-
modeled dynamics, the notion of finite gain L-stability and the small-gain theorem (see
Appendix C.2) constitute an appropriate framework. In general, the small-gain theorem
admits the stability analysis of feedback configurations such as the one in Figure C.1,
where both systems G1{w1} and G2{z2} are assumed to be finite-gain L-stable. While
the small-gain theorem holds for signals wi(t) ∈ Le, zi(t) ∈ Le, which are elements of
arbitrary extended function spaces, a natural choice is the space L2,e of signals with
finite energy (for finite time).
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(sI −AM )−1 ·BM
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−
r u + zP xP
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Figure 4.1: Overall control system with input uncertainty ∆{·}.

The feedback configuration in Figure C.1 may be used to analyze the stability of
adaptive controllers facing various types of unmodeled dynamics. For the purpose of
illustration, specifically consider the plant (3.94), which has been introduced during the
introduction of the robustness modifications in Section 3.2.4, with unmodeled dynamics
at the plant input [178]. Let this unmodeled dynamics be defined as

w (xP (t) , zP (t) , t) , BP · zP (t) , (4.18)

zP (t) , ∆ {u (t) + zP (t)} , (4.19)

where ∆{·} is a finite-gain L2-stable operator. For the sake of simplicity, assume that
1. the plant only has one control input (i.e. m = 1);
2. there is no input uncertainty (i.e. Λ = 1) and thus, no adaptation of the feedfor-

ward gain Θr (t) is required;
3. there is no nonlinear uncertainty (i.e. Θφ (t) = Θ∗φ = 0).

In this case, the plant (3.94) becomes

.
xP (t) = AMxP (t) +BP (u (t) + zP (t)−Θ∗x · xP (t)) . (4.20)

For the control of the plant (4.20), a direct MRAC with σ-modification is used. Due to
the foregoing assumptions, the control law (3.26) and the update law (3.109) simplify
to:

u (t) = Kr · r (t) + Θx (t) · xP (t) ,
.

Θx (t)T = −Γx

(
xP (t) · eC (t)T PBP + σ ·Θx (t)T

)
,

(4.21)

where Γx ∈ Sn++ is the learning rate associated with the state-dependent uncertainty
Θ∗x. The structure of the overall control system is shown in Figure 4.1.

In order to analyze the robustness to unmodeled dynamics using the small-gain
theorem, the structure of the adaptive control system according to Figure 4.1 has to
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match Figure C.1. To that end, notice that the preceding assumptions simplify the error
dynamics (3.99), (3.110) as follows:

.
eC (t) = AMeC (t) +BP

(
Θ̃x (t) · xP (t) + zP (t)

)
,

.
Θ̃x (t)T = −Γx

(
xP (t) · eC (t)T PBP + σ · Θ̃x (t)T + σ ·Θ∗Tx

)
.

(4.22)

To arrive at a structure according to Figure C.1, choose w0(t) = 0 and define

w1(t) , zP (t) = ∆ {u (t) + zP (t)} = ∆ {u (t) + w1(t)} = −w2(t). (4.23)

By defining
z2(t) , u (t) + zP (t) = u (t) + w1(t), (4.24)

the system w2(t) = G2{z2(t)} has to be chosen as

G2 {z2(t)} = −∆ {u (t) + w1(t)} (4.25)

in order to comply with Figure C.1. Furthermore, z2(t) = z0(t) − z1(t) has to hold.
Hence, the signal z2(t), which has been defined in (4.24), needs to be appropriately
partitioned. For this, the signal z2(t) is separated into one part z0(t), which is known
to be bounded, and a second part, whose boundedness needs to be shown using the
small-gain theorem. For this, the control signal u (t) is inserted into the definition (4.24):

z2(t) = Krr (t) + Θx (t) · xP (t) + w1(t)
= Krr (t) +

(
Θ̃x (t) + Θ∗x

)
· (eC (t) + xM (t)) + w1(t)

= Krr (t) + Θ∗xxM (t)
︸ ︷︷ ︸

z0(t)

+ Θ̃x (t)xP (t) + Θ∗x · eC (t) + w1(t)
︸ ︷︷ ︸

−z1(t)

.
(4.26)

Since r (t) is bounded, the signal z0(t) is bounded as well. Hence, the system z1(t) =
G1{w1(t)} is defined as follows:

.
eC (t) = AMeC (t) +BP

(
Θ̃x (t) · xP (t) + w1(t)

)
,

.
Θ̃x (t)T = −Γx

(
xP (t) · eC (t)T PBP + σ · Θ̃x (t)T + σ ·Θ∗Tx

)
,

z1(t) = −
(
Θ̃x (t)xP (t) + Θ∗x · eC (t) + w1(t)

)
.

(4.27)

Using the L2-gain γ1 of the system (4.27) from the input w1(t) to the output z1(t), the
small-gain theorem states that the feedback connection of G1{·} and G2{·} is finite-gain
L2-stable, if the L2-gain γ2 of G2{·} satisfies:

γ2 <
1
γ1
. (4.28)

The L2-gain γ1 therefore is a robustness metric for an adaptive controller and quantifies
the largest admissible input uncertainty in terms of its L2-gain γ2 [179]. For other types
of unmodeled dynamics or unmatched parametric uncertainties, the error dynamics
may be transformed to the structure of Figure C.1 in an analogous way [180].
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Analytical Computation

In general, the L2-gain of a nonlinear system may be computed using the Hamilton-
Jacobi inequality [96]. However, [178] proposes to obtain a Linear Parameter Varying
(LPV) representation of the nonlinear system (4.27) first. This LPV representation
follows from a linear differential inclusion [17]. For this, the plant state xP (t) in (4.27)
is treated as a bounded, time-varying parameter ρ(t) and the uncertainty Θ∗x in the
parameter error differential equation is viewed as an exogenous, bounded disturbance.
The LPV representation of G1{·} is then given by:


.
eC (t)
.

Θ̃x (t)T


 =


 AM BPρ(t)T

−Γxρ(t)BT
PP −Γxσ


 ·

 eC (t)
Θ̃x (t)T


+


BP 0

0 −Γxσ


 ·

w1(t)

Θ∗Tx




z1(t) =
[
−Θ∗x −ρ(t)T

]
·

 eC (t)
Θ̃x (t)T


+

[
−1 0

]
·

w1(t)

Θ∗Tx




(4.29)

Using the LPV representation of G1{·}, one may resort to the Bounded Real Lemma
for LPV systems (see for example [2]) in order to compute the L2-gain [178]. An imple-
mentation is readily available in the Robust Control Toolbox of MATLAB R©.

When computing the L2-gain based on a LPV representation of the nonlinear sys-
tem as proposed in [178, 179], special attention has to be given to the choice of the
bounds for the parameter ρ(t). While the LPV representation does indeed exhibit the
computed L2-gain, these results do only hold as long as ρ(t) remains within its pre-
defined bounds. Since ρ(t) actually represents the plant state xP (t), there is however
no guarantee for the parameter ρ(t) to stay within these bounds. A detailed explana-
tion of this problem, which is common when using linear differential inclusions, may for
example be found in [21]. Notice that this difficulty is not solved by the use of general
regressors such as Radial Basis Functions (RBFs). While the regressor in case of
RBFs is bounded by definition, the LPV analysis does not ensure that xP (t) remains
in the respective area of the state space, where the RBF centers have been placed.
For this reason, the LPV-based computation of the L2-gain requires further research,
in order to prevent either situation.

Simulation-based Computation

In case of LTI systems, the L2-gain may also be estimated in simulations using data-
driven methods [12, 167]. However, neither an extension of these results to continuous
time nonlinear systems nor an application of simulation-based L2-gain estimation for
the robustness analysis of adaptive controllers are known to the author.

Gap Metric

The (ν)-gap metric was originally introduced in the context of LTI control loops [49, 170].
Roughly speaking, it is a measure for the similarity of the trajectories of a nominal LTI
plant model and an off-nominal LTI plant model, both of which are controlled by the
same LTI controller. Associated with this metric is a stability margin, which determines
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the largest admissible gap metric between the nominal and the off-nominal plant that
the controller is guaranteed to stabilize. This margin may be computed from the nom-
inal plant model and the controller. As this concept may be generalized to nonlinear
systems [68], it is possible to assess the robustness of an adaptive controller using the
generalized gap stability margin concept. While it is shown that an unmodified MRAC
without robustness modifications and persistent excitation has a zero gap stability mar-
gin [68], L1-ACs are shown to have a non-zero gap stability margin [106]. Having
established a non-zero gap stability margin admits computing the largest gap between
the nominal plant and a delayed plant, yielding an alternative way of computing the
time-delay margin. Adaptive controllers may also be specifically designed to achieve
non-zero gap stability margins [62].

Computational Aspects

To the best of the author’s knowledge, the gap stability margin may only be computed
analytically. It ultimately leads to the problem of computing the (incremental) Lp-gain
of an operator, which arises during the gap stability analysis [68].

Parametric Safety Margin
The parametric safety margin is a general methodology for the robust stability and
robust performance assessment of arbitrary control systems [35]. The general idea is
to determine the largest set (of a given shape) in the space of parametric uncertainties,
for which all stability and/or performance requirements are satisfied. To that end, let
all parametric uncertainties of the considered plant model be gathered in the vector
p and let all controller parameters be gathered in the vector d. Furthermore, let the
vector p̄ denote the nominal values of the uncertainties. The stability and performance
requirements (for example in terms of stability and performance metrics like those of
Sections 4.1.1 and 4.1.3) are specified such that if all requirements are satisfied, the
component-wise inequality

g(p,d) < 0⇔ gj(p,d) < 0, j = 1, . . . , N (4.30)

holds.
To compute the largest set in the space of parameters p, where inequality (4.30)

holds, a parametrization of the shape of the set is required. For the purpose of il-
lustration, consider a hyper-rectangular set centered on the nominal parameter value
p̄:

R(p̄,n) = {p | p̄− n ≤ p ≤ p̄+ n} , (4.31)

where n denotes the semi-diagonal of the hyperrectangle and the inequality once again
represents a component-wise inequality. The resulting shape of the set is shown in
Figure 4.2. The set (4.31) is also called the Reference Set.

Ref. [35] then proposes to compute the largest set, for which all requirements are
satisfied, in two steps. First of all, the smallest scaling factor α ·n with α > 0, for which
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p2

p1

p̄

n

Figure 4.2: Illustration of the Reference Set in case of a parameter vector p with two
components.

the j-th requirement gj(p,d) is violated, is computed for each j = 1, . . . , N , leading to:

α̃j = arg min
α,p

α, s.t. gj(p,d) ≥ 0, p̄− α · n ≤ p ≤ p̄− α · n (4.32)

The factor α is also called Similitude Ratio. Since the factor α̃j denotes the smallest
Similitude Ratio, for which the j-th requirement is violated, it is referred to as Criti-
cal Similitude Ratio for the j-th requirement. In the second step, the overall Critical
Similitude Ratio α̃ is determined by choosing the smallest α̃j, i.e. α̃ = minj α̃j. The
Parametric Safety Margin ρ is then defined as

ρ , α̃ · ‖n‖2 (4.33)

and is proportional to the largest size of the rectangular set, for which the requirements
are at the verge of satisfaction.

Computational Aspects

For the computation of the Parametric Safety Margin, numerical methods have been
proposed [36], which rely on the numerical solution of the optimization problem (4.32).
It is interesting to note that this optimization problem may be solved using standard
optimization algorithms. In general, the function g(p,d) is however highly nonlinear
(and non-convex) since its value results from the simulation of the closed-loop system
for the uncertainties p and the controller gain d. Thus, although the optimization prob-
lem (4.32) is a standard one, it may not be guaranteed that α̃j and hence α̃ are global
minima. Thus, there exists the possibility that the true value of the Parametric Safety
Margin is considerably smaller.

4.1.3 Performance Metrics

The reference model of a model following adaptive control system specifies the desired
closed-loop performance which is to be achieved by the adaptive controller. In case of
the nominal plant and an exact parametrization, a MRAC will asymptotically converge
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to this reference model (see for example Theorem 3.4). During transients, the closed-
loop performance may however deviate significantly from the reference model [188].
Hence, performance metrics are required in order to assess NP. In case of an off-
nominal plant or a non-exact parametrization, a MRAC does no longer converge to the
reference model since the adaptive parameters only converge to some vicinity of their
ideal values. Thus, performance metrics are also necessary in order to evaluate RP.

Performance requirements for conventional, LTI flight control systems originate for
example from the handbook MIL-HDBK-1797 [42]. The performance requirements
therein may be roughly divided into frequency-domain requirements and time-domain
requirements. While time-domain requirements may also apply to adaptive controllers,
frequency-domain requirements may not be employed since adaptive controllers are
inherently nonlinear. In some cases, corresponding time-domain criteria may however
be derived [15]. Consider for example a requirement on the relative damping of the
short-period approximation of the longitudinal motion. This frequency-domain require-
ment relates to the overshoot of the corresponding step response. It is hence natural to
translate the frequency-domain requirement on the relative damping into a time-domain
requirement on the step-response [15]. At this point, it is important to notice that the
relative damping also relates to the tendency of observing oscillations in the closed-
loop response. While a small overshoot of a second-order LTI system always implies
high relative damping and little oscillations, a higher-order (nonlinear) system may also
exhibit small overshoots and fast oscillations at the same time. This illustrates that
the transformation of a frequency-domain requirement into corresponding time-domain
requirements is a challenging task due to the nonlinearity of adaptive controllers.

In the remainder of this section, performance metrics for adaptive controllers are
presented. At first, the usage of general time-domain performance metrics is dis-
cussed, which are not specific to adaptive controllers. Afterwards, specific performance
metrics for adaptive controllers are presented.

General Time-Domain Performance Metrics

For the assessment of the performance of a nonlinear control system, one may resort
to various time-domain criteria and methods such as

• step response characteristics such as overshoot, rise time, settling time;

• Fourier analysis to evaluate the spectral content of a signal of interest;

• the time-domain Neal-Smith criteria [10] to evaluate the handling qualities of a
manned aircraft.

In several publications [159, 161, 37], various other quantities have been suggested.
Since there exists a multitude of potential time-domain criteria and since the choice of
suitable quantities largely depends on the flight control problem at hand, no complete
list will be provided here.
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Computational Aspects

A common feature of the previously mentioned performance metrics is that one has to
resort to simulation-based techniques in order to compute their value.

Tracking Error Signal Norms
If the adaptive parameters converge, the plant will perfectly track its reference model.
Thus, given a properly designed reference model satisfying the closed-loop flight con-
trol system requirements, the closed-loop adaptive control system also satisfies these
requirements after parameter convergence. However, even in case of the nominal
plant, the plant significantly deviates from the reference model during transients. Thus,
the Lp-norms of the tracking error (or its individual components) are intuitive metrics
for NP of an adaptive controller. In case of an off-nominal plant, unmatched parametric
uncertainties, unmodeled dynamics or noise will lead to a non-vanishing tracking error
and again, the Lp-norms of the tracking error may be used in order to assess RP of an
adaptive controller.

A metric to measure the largest deviation of the closed-loop system from the refer-
ence model is given by the L∞-norm of the tracking error:

Me,L∞ = ‖xP (t)− xM (t)‖L∞ . (4.34)

For the metric to scale with different sizes of the command r (t), it may be furthermore
normalized according to:

M̄e,L∞ = ‖xP (t)− xM (t)‖L∞
‖xM (t)‖L∞

. (4.35)

While the L∞-norm characterizes the largest deviation between the plant and the ref-
erence model, the L2-norm reflects the energy of the tracking error signal. Similar to
the L∞-norm, unnormalized and normalized metrics may be defined:

Me,L2 = ‖xP (t)− xM (t)‖L2 , (4.36)

M̄e,L2 = ‖xP (t)− xM (t)‖L2

‖xM (t)‖L2

. (4.37)

Notice however that the L2-norm is only guaranteed to be bounded in case of the
nominal plant model [89]. For off-nominal plants, the L2-norm may be infinite. In this
case, the related Root Mean Square (RMS) of the tracking error may be used instead:

Me,RMS = lim
T→∞

1
T
·
∫ T

0
‖xP (τ)− xM(τ)‖2

2 dτ . (4.38)

Notice that a small value of the RMS of the tracking error does not exclude un-
desirable phenomena such as bursting [89]. Bursting describes an effect, where “the
tracking error, after reaching a steady-state behavior, bursts into oscillations of large
amplitude over short intervals of time” [89]. Similarly, a small value of the Me,L2 does
not exclude oscillations of the tracking error.

162



Chapter 4: Robustness and Performance Guarantees

Analytical Computation

Bounds on the previously mentioned tracking error norms may be computed analyti-
cally. When considering NP, a conservative bound on Me,L∞ for a direct MRAC and
zero initial tracking error (eC(0) = 0) follows for example from (3.62) and the equiva-
lence of vector norms:

Me,L∞ ≤
√√√√ Λmax ·Θ∗max

2

λmin(P ) · λmin(Γ) . (4.39)

The bound (4.39) is highly conservative. For this reason, a novel method for the com-
putation of less conservative bounds has been recently proposed [56, 61, 58]. A similar
development may also be found in this thesis, which will be discussed in detail in Sec-
tion 4.2.

In case of an off-nominal plant, i.e. when considering RP, a similar bound to (4.39)
may be derived as well. Similar to the bound in case of NP, this bound suffers from
significant conservatism. In case of bounded plant imperfections (see (3.96)), Ref.
[55, 57] describe a novel method, which admit the computation of less conservative
upper bounds. A similar development may also be found in Section 4.2 of this thesis.
More recently, the approach from [55, 57] was extended to the analysis of unmodeled
actuator dynamics [60].

When considering NP, a bound on Me,L2 may also be derived from the Lyapunov
proof of stability. To that end, consider the direct MRAC of Section 3.2.1. The following
relationship between the Lyapunov function and its derivative holds:

∫ T

0

.
V (τ)d τ = V (T )− V (0) (4.40)

for all T ≥ 0. Multiplying by −1 yields

−
∫ T

0

.
V (τ)d τ = V (0)− V (T ). (4.41)

Inserting the actual value of
.
V (t) from (3.42) then leads to

∫ T

0
eC(τ)TQeC(τ)d τ = V (0)− V (T ). (4.42)

By using the quadratic form bound (B.64), Eq. (4.42) is bounded from below by

λmin(Q) ·
∫ T

0
‖eC(τ)‖2

2 d τ ≤ V (0)− V (T ). (4.43)

Since V (t) is positive definite and
.
V (t) ≤ 0 holds for all times, the value of V (T ) is

confined to the interval 0 ≤ V (T ) ≤ V (0). Hence, the right hand side of (4.43) is
bounded by V (0):

λmin(Q) ·
∫ T

0
‖eC(τ)‖2

2 d τ ≤ V (0). (4.44)

The value V (0) represents the initial level set, in which the adaptive controller will re-
main for all times. When assuming the initial conditions from (3.56) (eC(0) = 0 and
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Θ̃(0) = −Θ∗) and the uncertainty bounds from (3.57) (‖Θ∗‖F ≤ Θ∗max and λmax(Λ) =
‖Λ‖i,2 ≤ Λmax), then Eq. (3.61) states that

V (0) ≤ Λmax

2 · λmin(Γ) ·Θ
∗
max

2

holds. Inserting the latter relation into (4.44) yields

λmin(Q) ·
∫ T

0
‖eC(τ)‖2

2 d τ ≤
Λmax

2 · λmin(Γ) ·Θ
∗
max

2 (4.45)

For T → ∞, the left hand side of (4.45) corresponds to the square of the definition of
the L2-norm. The following bound for Me,L2 results:

Me,L2 ≤
√√√√ Λmax ·Θ∗max

2

2 · λmin(Γ) · λmin(Q) . (4.46)

Since the L2-norm is finite due to (4.46), the metricMe,RMS will be zero for any direct
MRAC in case of the nominal plant. However, when considering an off-nominal plant,
that is when considering RP, Me,L2 usually is not finite [89] as

.
V (t) depends on the

non-vanishing disturbance w (t) ∈ L∞. In case of a direct MRAC with σ-modification,
this can be seen in (3.111). While Me,L2 tends to infinity then, Me,RMS will take on
non-negative, finite values [158].

Simulation-based Computation

Using simulations, the above performance metrics may be easily computed. Since a
simulation run has a finite duration Tf , only truncated norms may be determined in
practice.

Instead of applying the above norms to the signals of a whole simulation run, they
may also be applied separately to the transient and the steady-state phases [161]. To
distinguish the steady-state from the transient phases, the distance of the adaptive
parameter Θ (t) from its final value Θ(Tf ), learning metrics, or a-priori knowledge of
the optimal adaptive parameters Θ∗ may be used.

Control Signal Norms

While tracking error norms assess the deviation between the plant and the reference
model, the difference between the ideal control signal u∗(t) = Θ∗ ·ω (xP (t) , t) and the
adaptive control signal u (t) = Θ (t) · ω (xP (t) , t) admits conclusions on the quality of
the control signal. Based on the L∞-norm, the following control signal metrics may be
defined

ML∞ = ‖u (t)− u∗(t)‖L∞ , (4.47)

M̄L∞ = ‖u (t)− u∗(t)‖L∞
‖u∗(t)‖L∞

. (4.48)
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In addition, the energy of the deviation between ideal and real control signal may also
be used to define a normalized and an unnormalized metric for the control signal:

ML2 = ‖u (t)− u∗(t)‖L2 , (4.49)

M̄L2 = ‖u (t)− u∗(t)‖L2

‖u∗(t)‖L2

. (4.50)

Analytical Computation

Compared to the analytical bounds on the tracking error, the computation of bounds
on the control signal is more challenging. This is because the error u (t) − u∗(t) =
Θ̃ (t) · ω (xM (t) + eC (t) , t) depends on the parameter error and the tracking error at
the same time. More details on the computation of bounds on Lp-norms of the control
signal u (t) = Θ (t) · ω (xP (t) , t) can be found in [63].

Simulation-based Computation

With respect to the simulation-based computation, the same comments apply as in
case of Lp-norms of the tracking error.

4.1.4 Discussion

The previous subsections presented various robustness and performance metrics,
which are applicable to an adaptive control system. The computation of these met-
rics may be carried out using simulations, analytically or both. Judging from the above
review of robustness and performance metrics, the simulation-based computation is
most versatile since almost all metrics (except for the L2-gain and the gap metric) can
be computed in that way. Especially the general time-domain performance metrics en-
able a detailed assessment of the performance of an adaptive control system (see for
example [15]). Furthermore, the simulation-based bounds on the metrics of interest
are tight for the simulated trajectories. The confidence in the simulation-based metrics
does however strongly depend on the number of conducted simulations. Even after a
large number of simulations, there is no guarantee that there does not exist another
combination of uncertainties and command signals, for which the metric of interest
takes on a worse value. If the number of simulations is sufficiently high, the probability
of such an event is small. In contrast to the simulation-based computation, the analyt-
ical computation yields guaranteed bounds on the metric of interest, which hold for all
considered uncertainties and all considered command signals. However, as demon-
strated in Sections 4.2 and 4.3, the conservatism of these bounds often limits their
practical utility. Furthermore, analytical methods usually require the use of simplified
plant models.

When comparing the properties of analytical and simulation-based computations,
one observes that both approaches complement each other. This can be demonstrated
best with the help of an example. For this, consider the time-delay margin of a direct
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MRAC and notice that the time-delay margin can be computed in either way. Since a
direct MRAC leads to a nonlinear closed loop, the true value τc,max of the time-delay
margin is unknown. Analytically, a bound τc,ana is computed, which is guaranteed to
hold for all considered uncertainties Θ∗ and for all suitably bounded command signals
r (t). A computational method to that end will be presented in Section 4.3. Since ana-
lytical bounds are conservative, τc,ana constitutes a lower bound on the true time-delay
margin. Conversely, the time-delay margin, which is determined in simulations, will be
denoted by τc,sim. Strictly speaking, it only holds for the simulated trajectories, that is,
for the simulated parametric uncertainties Θ∗ and the simulated command signals r (t).
Hence, there might exist other combinations of the uncertainties and the command
signal, for which the time-delay margin is lower. Consequently, the simulation-based
time-delay margin represents an upper bound on the true time-delay margin. By in-
creasing the number of simulation runs, the probability of a worse combination can be
decreased. In any case, the following inequality holds, which relates simulation-based
and analytical computations:

τc,ana ≤ τc,max ≤ τc,sim. (4.51)

With respect to a future certification process, those metrics seem favorable whose
bounds complement each other according to a relation such as (4.51): Since an an-
alytical bound exists, the time-delay margin in (4.51) is guaranteed to be non-zero.
At the same time, less conservative values of the time-delay margin follow from the
simulation-based computation. Since the simulation-based bound only holds with a
certain confidence, it could become zero. Due to the existence of a complementary
analytical bound, this case is excluded.

Eq. (4.51) may also serve as an indicator of reliability. If the gap τc,sim − τc,ana be-
comes small, then the analytical and simulation-based bounds closely approximate the
unknown true time-delay margin τc,max. In order to decrease the gap between analyti-
cal and simulation-based computations, research has to address different aspects. In
case of the analytical computation, the conservatism of the computed bounds needs to
be reduced. For the simulation-based computation, research has to focus on a reduc-
tion of the computational effort, which is required in order to obtain reliable bounds. To
that end, modern Monte-Carlo methods such as Subset simulations [7] or optimization
techniques such as counter-proving [169] can be used. Notice that the same argument
also holds for other metrics, which can be determined analytically and using simula-
tions.

When only considering those metrics, which can be computed analytically and in
simulations, the number of available robustness and performance metrics shrinks sig-
nificantly. In case of robustness metrics, the time-delay margin represents the only
metric that admits both computations. The other robustness metrics are either not
computable in both ways (L2-gain, gap metric, parametric safety margin) or do not lead
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to a reliable assessment of robustness in the transient phase (metrics, which rely on
linearization). In case of performance metrics, only the Lp-norms of the tracking error
and the control signal remain. General time-domain performance metrics such as rise
time and overshoot do not allow an analytical computation.

As noted at the beginning of this chapter, the robustness and performance met-
rics should satisfy basic criteria in order to be useful in a future certification process.
When applying these criteria to the remaining metrics, one observes that the time-delay
margin and the L∞-norm of the tracking error components satisfy all of these require-
ments. Other metrics, such as the energy (i.e. the L2-norm) of the tracking error or
the L∞-norm of the whole tracking error vector eC (t) violate at least some of these
requirements. In case of the L2-norm of the tracking error, it is for example difficult to
specify admissible values in advance. This is because the size of the L2-norm depends
on the energy, which is inserted into the closed loop by plant imperfections. Similarly, a
bound for the L∞-norm of the whole tracking error state vector does not impose a phys-
ically meaningful requirement for individual aircraft states such as the angle-of-attack.
Instead, the L∞-norm of the whole tracking error state vector imposes a requirement
on all states, even though each state represents a different physical quantity (with a
different unit).

For this reason, the time-delay margin and the L∞-norm of the tracking error com-
ponents will be specifically considered in the subsequent sections. As this thesis fo-
cuses on adaptive control theory rather than simulation techniques, the improvement
of simulation techniques is not considered any further.

4.2 Tracking Error Norms

In the previous section, the L∞-norm of the tracking error components has been iden-
tified as a performance metric that might be suitable for a future certification process.
While the specification of admissible bounds seems feasible, the verification of such
requirements assumes efficient methods for the computation of tracking error bounds.
However, conventional analytical bounds for the tracking error components are highly
conservative.

In order to address this problem, this section proposes novel methods for the com-
putation of less conservative bounds in case of a direct MRAC. First of all, the nominal
plant is considered. In Section 4.2.1, a less conservative NP bound on the L∞-norm of
the components of the tracking error is derived. This bound is derived following a worst-
case paradigm, in which all uncertainties Θ∗ and all amplitudes of the command signal
r (t) are equally probable. In practice, the uncertainties Θ∗ are often distributed ac-
cording to some a-priori known distribution. Hence, some uncertainty combinations are
more probable than others. For this reason, Section 4.2.2 proposes a simple method
to account for this fact. Finally, off-nominal plants are considered. Since an off-nominal
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plant may lead to parameter drift, a direct MRAC with σ-modification is used. Section
4.2.3 derives RP bounds on the L∞-norm of the tracking error components in case of
neglected unmatched parametric uncertainties and bounded exogenous disturbances.
Similar to Section 4.2.1, this derivation follows a worst-case paradigm.

4.2.1 Computation of Tracking Error Norms

In Section 4.1.3, the NP bound (4.39) for the L∞-norm of the tracking error eC (t)
of a direct MRAC has been presented, which is highly conservative. This shall be
demonstrated by the following example:

Example 4.1. Consider the plant and the direct MRAC of Example 3.6. In order to
apply the tracking error bound (4.39), the minimum eigenvalues of P and Γ as well as
the uncertainty bound Λmax and the ideal parameter bound Θ∗max have to be determined
first.

Since the design parameters of the MRAC are chosen asQ = I2×2 and Γ = γ ·I3×3,
where γ > 0 is some positive constant, λmin(P ) = 0.1442 and λmin(Γ) = γ result.
With respect to the uncertainty bounds, Λmax = λmax(Λ) = max λη = 1.5 holds due to
the uncertainty bounds of the plant, given in Table 2.4. In order to compute the ideal
parameter bound Θ∗max = ‖Θ∗‖F , all admissible values of the ideal parameter Θ∗, which
result from the uncertainty bounds in Table 2.4 (assuming λZα = λZq = 1), have to be
computed first. To that end, notice that the matching condition implies that the ideal
parameter Θ∗ relates to the plant uncertainties through (3.54). The ideal parameter Θ∗r
is hence confined to the interval

− 0.98 = Kr

min λη
≤ Θ∗r ≤

Kr

max λη
= −0.33. (4.52)

The computation of the ideal parameter Θ∗x is slightly more difficult. For each value of
the control effectiveness Λ = λη, (3.54) represents a shape-preserving transformation.
Hence, the rectangular uncertainty set 0.5 ≤ λα ≤ 1.5 and 0.5 ≤ λq ≤ 1.5 is mapped
to a rectangular set in the Θ∗x-space. The center and the size of these rectangles
however vary with Λ. This situation is visualized in Figure 4.3 for three different values
of the control effectiveness Λ. The extremal value of Θ∗ in terms of the Frobenius norm
(2-norm) is hence reached at the point (-3.57, -0.75, -0.98), leading to Θ∗max = 3.78.

Figure 4.3 and Eq. (4.52) show that the set of admissible ideal parameters lies
entirely in the (-,-,-)-octant of the three-dimensional space of ideal parameters. Since
the ball ‖Θ∗‖F ≤ 3.78 covers a significantly larger volume, it is expected that a tracking
error bound inferred from the uncertainty bound ‖Θ∗‖F ≤ 3.78 is overly conservative.
A simple solution to alleviate this problem is the use of a baseline controller. To that
end, consider the baseline controller (3.63). Suitable controller gains Kx and Kr have
already been derived in Example 3.6 during the design of the reference model. Since a
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Figure 4.3: Mapping of the uncertainty set 0.5 ≤ λα ≤ 1.5, 0.5 ≤ λq ≤ 1.5 to its corre-
sponding ideal parameters Θ∗α, Θ∗q for three different values of the control effectiveness
Λ, if no baseline controller is used.
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Figure 4.4: Mapping of the uncertainty set 0.5 ≤ λα ≤ 1.5, 0.5 ≤ λq ≤ 1.5 to its corre-
sponding ideal parameters Θ∗α, Θ∗q for three different values of the control effectiveness
Λ, if a baseline controller is used.

baseline controller is used, the altered matching conditions from Assumption 3.9 have
to be used to compute the ideal parameter Θ∗, leading to:

Θ∗α = Mα,des −Mα · λα
λη ·Mη

−Kα, Θ∗q = Mq,des −Mq · λq
λη ·Mη

−Kq, Θ∗r = Kr

λη
−Kr, (4.53)

where the partition Kx =
[
Kα Kq

]
is used. When a baseline controller is used, the

ideal parameter Θ∗r is confined to the interval

− 0.49 ≤ Θ∗r ≤ 0.16. (4.54)

The mapping of the rectangular uncertainty set 0.5 ≤ λα ≤ 1.5 and 0.5 ≤ λq ≤ 1.5 to
the resulting set in the Θ∗x-space is visualized in Figure 4.4. The extremal value of Θ∗

in terms of the Frobenius norm (2-norm) is hence reached at the point (-2.46, -0.53,
-0.49), leading to Θ∗max = 2.57.

Since the accommodation of a baseline controller does neither change the error
dynamics of the adaptive controller nor its proof of stability, the tracking error bound
(4.39) also holds in case of an adaptive augmentation of a baseline controller. In
Figure 4.5, the results of the tracking error bound (4.39) are compared to the largest
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Figure 4.5: Comparison of the conventional analytical tracking error bound of Eq. (4.39)
with the largest tracking error ‖eC,α (t)τ‖L∞ observed in simulations for different values
of the learning rate γ.

tracking error observed in Monte Carlo simulations for different values of the learning
rate Γ = γ · I3×3. For Figure 4.5, the analytical tracking error bound was computed
using (4.39) for each value of γ. For the simulation-based tracking error bound, a
Monte Carlo simulation with 1000 runs was carried out for each value of γ. This Monte
Carlo simulation did not only vary the plant uncertainties λα, λq and λη, but also varied
the size and the type of the command signal r (t). It may be clearly observed that the
analytical tracking error bound is by far larger than the largest tracking error eC,α (t) =
α (t)−αM (t), which may be observed in simulations. Even for a high learning rate γ =
1000, the analytical bound exceeds the largest tracking error observed in simulations
by 2400%.

In order to use analytical bounds on the tracking error within a certification process,
the conservatism of these bound needs to be reduced significantly. Subsequently, a
novel method for the computation is presented, which leads to tighter bounds on the
tracking error. In order to motivate this novel approach, the reasons for conservatism
have to be analyzed first.

Sources of Conservatism

Two major aspects lead to the conservatism of the bound (4.39). The first contribution
derives from the fact that the tracking error bound is derived from a Lyapunov proof of
stability. The central elements of any Lyapunov proof of stability are the scalar, energy-
like Lyapunov function and its derivative. By virtue of the Lyapunov theorem (e.g.
Theorem C.2), the stability analysis of the original, n-dimensional system reduces to
the analysis of the 1-dimensional Lyapunov function and its derivative. In this way,
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the explicit analytical solution of the differential equations of the n-dimensional system
is avoided. Since no explicit solution is available, one has to resort to the level sets
of the 1-dimensional Lyapunov function in order to infer bounds on the states of the
n-dimensional system. Except for some rare cases, these level sets do not describe
individual state trajectories, but describe areas in the state space, which a multitude of
different trajectories may not leave. Hence, the process of analyzing the n-dimensional
system with the help of a scalar, auxiliary system and inferring bounds on the tra-
jectories from its level sets leads to a loss of information and does hence introduce
conservatism. The only way of mitigating this source of conservatism would be an al-
ternative approach to the stability analysis of a MRAC. Since no appropriate alternative
method is known to the author, this source of conservatism seems to be inevitable for
the time being.

The second contribution for conservatism stems from the way, the bound on the
tracking error is derived. In order to understand these sources of conservatism, a geo-
metric derivation of the tracking error bound (4.39) is helpful. The derivation comprises
two major steps:

1. A level set constant c ≥ 0 is determined such that the level set

Mc ,
{
eC , Θ̃ | V (eC , Θ̃) ≤ c

}
(4.55)

surrounds the set of all admissible initial conditions Mi, i.e. Mi ⊆ Mc. Since
level sets are invariant, all trajectories which start inMi ⊆ Mc will remain inMc

for all times: (
eC (t) , Θ̃ (t)

)
∈Mc, ∀ t ≥ 0. (4.56)

2. A bound on the tracking error is derived from the level setMc.

The definition of the setMc in (4.55) neglects the dependence of the Lyapunov function
on time. Furthermore, the Lyapunov function is expressed as V (eC , Θ̃) instead of V (t).
On the one side, this stresses the dependence of V on eC and Θ̃. On the other side,
the shape and size of the set Mc do not depend on time. For this reason, sets are
defined in terms eC and Θ̃ instead of eC (t) and Θ̃ (t).

Geometrically, the level setMc of the quadratic Lyapunov function (3.30) describes
an ellipsoid in Rn+m·nr . For further details on such quadratic forms, see Appendix
B.2.1. The derivation of the tracking error bound (4.39) assumes the initial conditions
from (3.56) (i.e. eC(0) = 0 and Θ̃(0) = −Θ∗) and the uncertainty bound from (3.57)
(i.e. ‖Θ∗‖F ≤ Θ∗max). Hence, the set of admissible initial conditions is given by:

Mi ,
{
eC , Θ̃ | eC = 0 ∧ ‖Θ̃‖F ≤ Θ∗max

}
. (4.57)

Geometrically, Mi is a degenerate sphere in Rn+m·nr . That is, it is a sphere in vec Θ̃-
direction due to ‖Θ̃‖F = ‖vec Θ̃‖2 and has no extension in all eC-directions (see Figure
4.6).
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Θ̃1

Θ̃2

eC,1

Figure 4.6: Illustration of a degenerate sphere in R3 with no extension in eC,1-direction.

Θ̃1

Θ̃2

Mi

McMc

Figure 4.7: Plane section in vec Θ̃-direction (eC = 0): The smallest level set constant c,
for whichMc surroundsMi, is computed by equating the radius of initial condition set
Mi and the inner approximation ofMc.

The first step amounts to determining an appropriate level set constant c such that
Mi ⊆Mc holds. For that, it is important to notice thatMc exhibits its largest extension
in vec Θ̃-direction for eC = 0. This is because as soon as eC 6= 0 holds, the admissible
values of Θ̃ have to decrease in order to still satisfy the ellipsoid equation V (eC , Θ̃) =
c. Formally, this can also be verified by projecting the ellipsoid Mc onto the vec Θ̃-
subspace. In order to compute c, an inner approximation Mc of the ellipsoid Mc is
determined, which is spherical in vec Θ̃-direction. Matching the radius ofMc and of the
sphereMi for eC = 0 then yields the desired level set constant c. This is illustrated in
Figure 4.7.

According to Appendix B.2, the largest sphere, which fits into an ellipsoid, results
from bounding the respective quadratic form from above as shown in (B.64). In case
of the quadratic form V (eC , Θ̃), an appropriate upper bound follows from Lemma 3.3:

V (eC , Θ̃) ≤ 1
2λmax(P ) · ‖eC‖2

2 + λmax(Λ)
2 · λmin(Γ) · ‖Θ̃‖

2
F .

Since Λ is uncertain, the upper bound from (3.57) (i.e. λmax(Λ) ≤ Λmax) is used. This
leads to

V (eC , Θ̃) ≤ 1
2λmax(P ) · ‖eC‖2

2 + Λmax

2 · λmin(Γ) · ‖Θ̃‖
2
F . (4.58)
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The inner approximation ofMc is hence given by

Mc =
{
eC , Θ̃ |

1
2λmax(P ) · ‖eC‖2

2 + Λmax

2 · λmin(Γ) · ‖Θ̃‖
2
F ≤ c

}
. (4.59)

For eC = 0,Mc is the largest sphere, which fits intoMc. For eC = 0, the radius of the
sphere defined byMc is given by

rc =
√

2 · c · λmin(Γ)
Λmax

, (4.60)

whereas the radius ofMi is
ri = Θ∗max. (4.61)

Equating the radius ofMc andMi for eC = 0 leads to the level set constant

c = Λmax

2 · λmin(Γ) ·Θ
∗
max

2. (4.62)

In case of the initial conditions from (3.56) and the uncertainty bound from (3.57), the
invariant setMc, which no trajectory starting inMi may leave, is given by:

Mc =
{
eC , Θ̃ | V (eC , Θ̃) ≤ Λmax

2 · λmin(Γ) ·Θ
∗
max

2
}
. (4.63)

In the second step, a bound on the tracking error is inferred from the invariant set
(4.63). To that end, notice that the largest extension of the ellipsoidMc in eC-direction
results for Θ̃ = 0. The orthogonal projection ofMc onto the eC-subspace (“shadow of
Mc on the eC-plane”) hence results from the plane section Θ̃ = 0:

Mc,eC =
{
eC |

1
2 · e

T
CPeC ≤

Λmax

2 · λmin(Γ) ·Θ
∗
max

2
}
. (4.64)

The smallest sphere surroundingMc,eC follows from bounding (1/2)·eTCPeC from below
(see (B.64)):

M̄c,eC =
{
eC |

1
2 · λmin(P ) · ‖eC‖2

2 ≤
Λmax

2 · λmin(Γ) ·Θ
∗
max

2
}
. (4.65)

The relation of Mc,eC and M̄c,eC is shown in Figure 4.8. Since Mc is invariant and
M̄c,eC surrounds the projection ofMc onto the eC-plane, the tracking error bound

‖eC (t)‖2 ≤
√√√√ Λmax ·Θ∗max

2

λmin(P ) · λmin(Γ) ∀ t ≥ 0 (4.66)

results, which is equivalent to (3.62). Since (4.66) holds for all times, the tracking error
bound (4.39) follows due to the equivalence of vector norms:

‖eC (t)‖L∞ ≤
√√√√ Λmax ·Θ∗max

2

λmin(P ) · λmin(Γ) . (4.67)
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Mc / Mc,eC

Figure 4.8: Plane section in eC-direction (Θ̃ = 0): The tracking error bound (4.66)
is derived by determining the largest sphere which surrounds the projection of the
invariant setMc onto the eC-plane.

From a geometric point of view, each of the two steps leading to the bound (4.39)
((4.67), respectively) may introduce conservatism. In the first step, an interior spheri-
cal approximation of the ellipsoid Mc is constructed in order to compute the level set
constant c. If the uncertainties actually lie in a sphere, i.e. ‖Θ∗‖F ≤ Θ∗max, then this
step will not introduce any conservatism since for eC = 0, the largest sphere within
Mc is exactly given by Mc with the level set constant c from (4.62). In practice, the
uncertainties are usually not bounded by a sphere, but are rather bounded in terms of
component-wise inequalities:

|Θ∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr. (4.68)

Here, Θ∗ij is the component of Θ∗ in the i-th row and the j-th column and Θ∗ij,max ≥ 0 is
a known bound. For the initial conditions from (3.56) (i.e. eC(0) = 0 and Θ̃(0) = −Θ∗),
the set of initial conditions hence becomes

Mi ,
{
eC , Θ̃ | eC = 0 ∧ |Θ̃ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}
, (4.69)

where Θ̃ij is the component of Θ̃ in the i-th row and the j-th column. Geometrically,
(4.69) represents a degenerate hyperrectangle. In order to apply the bound (4.39), a
sphere surrounding this hyperrectangle has to be computed by

Θ∗max = ‖




Θ∗11,max . . . Θ∗1nr,max
... . . . ...

Θ∗m1,max . . . Θ∗mnr,max


‖F . (4.70)

Especially if the uncertainties have different scaling, this approximation will introduce
significant conservatism as seen in Figure 4.9. In order to mitigate this source of con-
servatism, the level set constant c should be determined in such a way that Mc is
the smallest level set, which surrounds Mi, without resorting to an interior spherical
approximation.
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(a) Smallest level set constant c with circular inner ap-
proximation ofMc.
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(b) Smallest level set constant c without
circular inner approximation ofMc.

Figure 4.9: Plane section in vec Θ̃-direction (eC = 0): Computation of the level set
constant c, if the set of initial conditionsMi is given by a hyperrectangle.

In the second step, a sphere surrounding the projection ofMc onto the eC-plane is
determined. In case of the example in Figure 4.8, it is obvious that the resulting track-
ing error bound is little conservative in eC,1-direction, whereas it is highly conservative
in eC,2-direction. In order to mitigate the conservatism, the largest extensions of the
ellipsoidMc in the eC-plane should be determined individually for each direction eC,k.

Improved Tracking Error Bounds

In order to arrive at improved bounds for the tracking error of a direct MRAC, the two
sources of conservatism have to be mitigated. The improved bounds are derived under
the following additional assumptions on the direct MRAC of Section 3.2.1:

Assumption 4.1. The control effectiveness matrix Λ is diagonal.

Assumption 4.2. The components of the uncertainty Θ∗ are known to remain within
the hyperrectangle

|Θ∗ij − Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr, (4.71)

where Θ∗ij,max > 0 and Θ̄∗ij ∈ R are known constants. Similarly, the diagonal elements
of the control effectiveness matrix Λ remain within the hyperrectangle

0 < Λi,min ≤ Λi ≤ Λi,max, i = 1, . . . ,m, (4.72)

where Λi denotes the i-th diagonal element of Λ and Λi,min, Λi,max denote known lower
and upper bounds, respectively.

Assumption 4.3. The initial conditions of the adaptive control system are given by
eC(0) = 0 (i.e. xM(0) = xP (0)) and Θ̃(0) = −Θ∗ (i.e. Θ(0) = 0).

Assumption 4.2 specifies component-wise bounds for the respective uncertainties.
In order to arrive at a more compact notation and in order to improve readability, differ-
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ent representations of the parameter error Θ̃, of its bounds and of the control effective-
ness Λ are required. The parameter error Θ̃ may be partitioned row-wise:

Θ̃ ,




θ̃1
...
θ̃m


 =




Θ̃11 . . . Θ̃1nr
...

...
Θ̃m1 . . . Θ̃mnr


 . (4.73)

A row θ̃i ∈ R1×nr represents the parameter errors associated with the i-th plant input.
A representation of the parameter error Θ̃ as a single column vector follows readily:

θ̃
T
,
[
θ̃1 . . . θ̃m

]
(4.74)

with θ̃ ∈ Rm·nr . Similarly, the uncertainty bounds Θ∗ij,max and Θ̄∗ij are gathered in row
vectors

θ∗i,max ,
[
Θ∗i1,max . . . Θ∗inr,max

]
, (4.75)

θ̄
∗
i ,

[
Θ̄∗i1 . . . Θ̄∗inr

]
, (4.76)

each of which is associated with the i-th plant input for i = 1, . . . ,m. A representation
in terms of a single column vector is then given by

θ∗max
T ,

[
θ∗1,max . . . θ∗m,max

]
, (4.77)

θ̄
∗T

,
[
θ̄
∗
1 . . . θ̄

∗
m

]
. (4.78)

Geometrically, θ̄
∗ ∈ Rm·nr represents the center of the uncertainty rectangle, whereas

θ∗max ∈ Rm·nr specifies the largest deviation from the center. Furthermore, the diag-
onal elements λi of the control effectiveness matrix Λ are summarized in the input
uncertainty vector

λT ,
[
Λ1 . . . Λm

]
. (4.79)

Improved Computation of the Level Set Constant

Due to Assumption 4.2, the uncertainty Θ∗ is known to remain within a hyperrectangle.
As highlighted in Figure 4.9, a hyper-rectangular uncertainty set introduces significant
conservatism, when using the conventional tracking error bound (4.39). This is be-
cause the level set constant c, which ensuresMi ⊆Mc, is computed using an interior
spherical approximation of Mc. In order to overcome this source of conservatism,
an approach based on the S-Procedure from Lemma B.7 is derived subsequently. In
general, the S-Procedure allows solving many set containment problems in a less con-
servative way and leads to LMI conditions.

In order to apply the S-Procedure, the set containment problem Mi ⊆ Mc has to
be reformulated first. To that end, notice that Assumption 4.2 and Assumption 4.3 lead
to the following set of initial conditions due to Θ̃(0) = −Θ∗:

Mi ,
{
eC , Θ̃ | eC = 0 ∧ |Θ̃ij + Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}
. (4.80)
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Due to eC = 0, the setMi is degenerate. SinceMi has no extension in eC-direction,
the set containment problemMi ⊆ Mc may also be solved by first projecting the sets
Mc andMi orthogonally onto the Θ̃-subspace, leading to the projected setsMc,Θ̃ and
Mi,Θ̃. In the projected space, the level set constant c is then determined using the
S-Procedure such thatMi,Θ̃ ⊆Mc,Θ̃ holds, which impliesMi ⊆Mc.

SinceMi is degenerate in eC-directions, its projection onto the Θ̃-subspace is given
by

Mi,Θ̃ =
{
Θ̃ | |Θ̃ij + Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}
. (4.81)

For the projection ofMc, one may resort to the ellipsoid projection from (B.95), which
projects ellipsoids specified by quadratic forms of the structure xTAx. Since the Lya-
punov function V (eC , Θ̃), whose arguments are the vector eC and the matrix Θ̃, does
not comply with this structure, it has to be reformulated as a function with vector-valued
arguments. To that end, notice that the cyclic property (B.154) implies

Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
= Tr

{
Θ̃ (t)T ΛΘ̃ (t) Γ−1

}
. (4.82)

Since Λ is diagonal due to Assumption 4.1, it follows with the partition of Θ̃ in (4.73):

Θ̃ (t)T Λ =
[
θ̃
T

1 . . . θ̃
T

m

]
·




Λ1 . . . 0
... . . . ...
0 . . . Λm


 =

[
Λ1θ̃

T

1 . . . Λmθ̃
T

m

]
. (4.83)

Furthermore,

Θ̃ (t) Γ−1 =




θ̃1
...
θ̃m


 · Γ

−1 =




θ̃1Γ−1

...
θ̃mΓ−1


 (4.84)

holds. Hence, (4.82) becomes

Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
= Tr





[
Λ1θ̃

T

1 . . . Λmθ̃
T

m

]
·




θ̃1Γ−1

...
θ̃mΓ−1







. (4.85)

Upon application of the trace identity (B.157), the right hand side may be represented
as a sum of scalar products, yielding:

Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
=

m∑

i=1
Λiθ̃iΓ−1θ̃

T

i . (4.86)

Hence, the Lyapunov function (3.30) admits the following representation:

V (eC , Θ̃) = 1
2e

T
CPeC + 1

2

m∑

i=1
Λiθ̃iΓ−1θ̃

T

i . (4.87)

With the vectorial representation θ̃ of the parameter error Θ̃ from (4.74) and the joint
state vector

xT ,
[
eTC θ̃

T
]
, (4.88)
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the Lyapunov function (4.87) becomes

V (x) = 1
2e

T
CPeC + 1

2 θ̃
T
M Θ̃(λ)θ̃ = xT




1
2P 0n×(m·nr)

0(m·nr)×n 1
2M Θ̃(λ)


x. (4.89)

In (4.89), the matrix M Θ̃(λ) is defined as

M Θ̃(λ) ,




Λ1Γ−1 . . . 0nr×nr
... . . . ...

0nr×nr . . . ΛmΓ−1


 (4.90)

and depends on the input uncertainty vector λ. With the orthonormal basis

C =

 0n×(m·nr)

I(m·nr)×(m·nr)


 (4.91)

of the θ̃-subspace, the orthogonal projection of the ellipsoidMc onto the θ̃-subspace
follows from (B.94) and (B.95) and yields:

Mc,Θ̃ =
{
θ̃ | 1

2 θ̃
T
M Θ̃(λ)θ̃ ≤ c

}
. (4.92)

In order to use the S-Procedure for the solution of the set containment problem
Mi,Θ̃ ⊆ Mc,Θ̃, the sets Mi,Θ̃ and Mc,Θ̃ have to be reformulated as 0-sublevel sets of
the structure M(·) = {z | zTM (·)z ≤ 0}. Upon definition of the extended parameter
vector

zT ,
[
θ̃
T 1

]
, (4.93)

the setMc,Θ̃ may be represented as

Mc,Θ̃ = {z | g0(z) ≤ 0} (4.94)

with

g0(z) = zT


M Θ̃(λ) 0(m·nr)×1

01×(m·nr) −2c




︸ ︷︷ ︸
M0(λ)

z. (4.95)

Similarly, the setMi,Θ̃ is represented as

Mi,Θ̃ = {z | gij(z) ≤ 0, ∀ i = 1, . . . ,m, j = 1, . . . , nr} , (4.96)

where

gij(z) = zT




0k1×k1 0k1×1 0k1×k2 0k1×1

01×k1 1 01×k2 Θ̄∗ij
0k2×k1 0k2×1 0k2×k2 0k2×1

01×k1 Θ̄∗ij 01×k2 (Θ̄∗ij)2 − (Θ∗ij,max)2




︸ ︷︷ ︸
M ij

z (4.97)

178



Chapter 4: Robustness and Performance Guarantees

with k1 = (i − 1) · nr + j − 1 and k2 = m · nr − k1 − 1. According to the S-Procedure
(Lemma B.7), the set Mi,Θ̃ is a subset of Mc,Θ̃, if there exist non-negative multipliers
lij ≥ 0 such that the LMI

M 0(λ)−
m∑

i=1

nr∑

j=1
lij ·M ij ≤ 0 (4.98)

is feasible. A more convenient representation of the LMI (4.98) results when lumping
all multipliers lij into a diagonal matrix:

D = diag
[
l11 . . . l1nr . . . lm1 . . . lmnr

]
. (4.99)

Using D ∈ Sm·nr+ , θ∗max ∈ Rm·nr from (4.77) and θ̄
∗ ∈ Rm·nr from (4.78), the sum in

(4.98) admits the compact representation

m∑

i=1

nr∑

j=1
lij ·M ij =


 D Dθ̄

∗

(θ̄∗)TD (θ̄∗)TDθ̄∗ − (θ∗max)TDθ∗max


 . (4.100)

The feasibility problem (4.98) becomes

M Θ̃(λ)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 ≤ 0,

D ≥ 0.
(4.101)

The feasibility problem (4.101) depends on the unknown input uncertainty Λ. Thus,
its solution requires the knowledge of a particular value of λ, which is not available in
practice. Due to Assumption 4.2, λ is however known to remain within a m-dimensional
hyperrectangle. Any λ within such a hyperrectangle may be expressed in terms of the
2m vertices λv of the hyperrectangle [3] according to

λ =
2m∑

v=1
αvλv (4.102)

with αv ≥ 0 and
2m∑

v=1
αv = 1. (4.103)

Now assume that the feasibility problem (4.101) holds on all vertices λv:

M Θ̃(λv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 ≤ 0 ∀ v = 1, . . . , 2m,

D ≥ 0.
(4.104)

Due to the linearity ofM Θ̃(λ) with respect to λ, the feasibility problem will also hold for
all intermediate values λ as shown below:


M Θ̃(λ)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c
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=

M Θ̃(∑2m

v=1 αvλv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 (4.105)

=
2m∑

v=1
αv ·


M Θ̃(λv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c




︸ ︷︷ ︸
≤0

≤ 0.

If the feasibility problem (4.104) may be solved, then Mi,Θ̃ ⊆ Mc,Θ̃ holds. Since
these sets represent orthogonal projections ofMi andMc and sinceMi is degener-
ate in eC-direction, the feasibility of (4.104) implies Mi ⊆ Mc. In order to solve the
feasibility problem (4.104), the level set constant c has to be known. By introducing
the level set constant c as an additional decision variable of the LMI problem and by
extending the feasibility problem to a Semidefinite Program (SDP), the smallest level
set constant may be determined. The following lemma results readily from (4.104):

Lemma 4.2. Consider a direct MRAC according to Section 3.2.1, which satisfies the
conditions for NS of Theorem 3.4. Furthermore, let the additional Assumptions 4.1
(diagonal control effectiveness), 4.2 (hyper-rectangular uncertainty sets) and 4.3 (initial
conditions eC(0) = 0 and Θ̃(0) = −Θ∗) hold. Denote the minimizer of the following SDP
by c∗:

min
c,D

c s.t.

M Θ̃(λv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 ≤ 0 ∀ v = 1, . . . , 2m,

D ≥ 0,
c ≥ 0,

(4.106)

where the decision variable D ∈ Sm·nr is diagonal and where M Θ̃ : Rm → Sm·nr is
defined in (4.90). Due to Assumption 4.2, the diagonal components λ of the control
effectiveness matrix Λ, defined in (4.79), remain within a hyperrectangle. The vectors
λv, v = 1, . . . , 2m, denote the vertices of this hyperrectangle. Similarly, the uncertain-
ties Θ∗ are assumed to remain within a hyperrectangle. While the vector θ̄

∗
specifies

the center of this hyperrectangle, the vector θ∗max, defined in (4.77), summarizes the
component-wise deviations from the center.

For eC(0) = 0 and Θ̃(0) = −Θ∗, the minimizer c∗ of the SDP (4.106) guarantees
that the trajectories of the adaptive control system remain within the invariant set

Mc =
{
eC , Θ̃ | V (eC , Θ̃) ≤ c∗

}
(4.107)

for all times, i.e. (
eC (t) , Θ̃ (t)

)
∈Mc, ∀ t ≥ 0. (4.108)

Proof. The subsequent proof essentially reverses the derivation of Lemma 4.2: Con-
sider the solutions c = c∗ andD of the SDP (4.106). As the solutions hold on all vertices
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λv, the LMIs (4.101) are feasible as well for all intermediate values λ due to (4.105) and
because Assumption 4.2 ensures that the diagonal components λ of the control effec-
tiveness matrix Λ remain within a hyperrectangle. Due to (4.99) and (4.100), the first
LMI of (4.101) is equivalent to (4.98), where M 0(λ) and M ij are defined in (4.95) and
(4.97), respectively. Due to D > 0 and the S-Procedure (Lemma B.7), (4.98) implies
Mi,Θ̃ ⊆Mc,Θ̃, whereMi,Θ̃ andMc,Θ̃ are given by (4.96) and (4.94). Notice that (4.96)
is equivalent to (4.81) (Mi,Θ̃ =

{
Θ̃ | |Θ̃ij + Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}
).

At the same time, (4.94) is equivalent to (4.92) (i.e. Mc,Θ̃ =
{
θ̃ | 1

2 θ̃
T
M Θ̃(λ)θ̃ ≤ c

}
.

With the definitions of θ̃ in (4.74) and of M Θ̃(λ) in (4.90) as well as the identity (4.86),
Mc,Θ̃ =

{
Θ̃ | 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
≤ c

}
follows. Hence, the following set contain-

ment is ensured by the SDP (4.106):

{
Θ̃ | |Θ̃ij + Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}

⊆
{
Θ̃ | 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
≤ c

}
.

(4.109)

For eC = 0, the latter impliesMi ⊆Mc, i.e.

{
eC , Θ̃ | eC = 0 ∧ |Θ̃ij + Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr

}

⊆
{
eC , Θ̃ | V (eC , Θ̃) ≤ c

}
.

(4.110)

As the initial conditions satisfy eC(0) = 0 and Θ̃(0) = −Θ∗ due to Assumption 4.3 and
as the uncertainties are bounded according to Assumption 4.2, the set of all admissible
initial conditions eC(0) and Θ̃(0) is given by Mi. Since Mi ⊆ Mc holds at t = 0 for
eC(0) = 0 and Mc is an invariant (level) set, the trajectories of eC (t) and Θ̃ (t) may
never leaveMc.

Improved Tracking Error Bound

The SDP of Lemma 4.2 yields an improved level set constant c. With the help of the in-
volved optimization problem, the conservatism of the first step is significantly reduced.
In order to reduce the conservatism of the second step, notice that the extension of the
ellipsoidMc in the directions of the unit vectors (of the state space) corresponds to the
largest tracking or parameter error eC,k(t), Θ̃ij(t). The largest extension of an ellipsoid
Mc in any desired direction of the state space may be readily computed by projecting
the ellipsoid onto a 1-dimensional subspace (a line) as shown in Figure 4.10. Hence,
the largest tracking error of the state eC,k(t) results from the orthogonal projection of
the ellipsoidMc onto the respective unit vector.

Consider the ellipsoid Mc and the representation (4.89) of the Lyapunov function.
The unit vector ck ∈ Rn+(m·nr), k ∈ [1, . . . , n], associated with the state eC,k(t) is given
by

cTk =
[
bTk 01×(m·nr)

]
with bTk =

[
01×(k−1) 1 01×(n−k)

]
. (4.111)
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eC,k

eC,k,max−eC,k,max

Mc

Figure 4.10: Illustration of the orthogonal projection for computing the tracking error
bound for the state eC,k(t). Notice that the ellipsoidMc and the eC,k-axis pass through
the origin. They have been separated for the purpose of illustration.

According to (B.94) and (B.95), the projection ofMc onto the subspace spanned by ck
is given by

Mc,Proj =




eC,k |

1
bTk
(

1
2P

)−1
bk
· e2

C,k ≤ c




. (4.112)

Since Mc is invariant, a less conservative tracking error bound for the state eC,k(t)
immediately follows:

‖eC,k(t)‖L∞ ≤
√

2 · c · bTkP−1bk . (4.113)

Similar bounds can also be derived for the parameter error Θ̃ij(t).
The benefits of the improved method for the computation of a tracking error bound

are demonstrated by the following example:

Example 4.3. Consider the same plant and the same adaptive control system with
baseline controller as in Example 4.1.

In order to apply Lemma 4.2, an appropriate description of the set of admissible
ideal parameters Θ∗ is required first. Lemma 4.2 assumes that the set of admissi-
ble ideal parameters Θ∗ is a hyperrectangle. This hyperrectangle is parametrized in
terms of its center θ̄

∗
and the deviation from the center θ∗max. In case of the plant

and the reference model from Example 4.1, the extremal values of this hyperrectan-
gle (“lower left corner” / “upper right corner”) are given by

[
−2.46 −0.53 −0.49

]
and[

0.82 0.18 0.16
]

(see (4.54) and Figure 4.4). The center point and the largest devia-
tion are hence given by

θ̄
∗ = 1

2 ·
([

0.82 0.18 0.16
]T

+
[
−2.46 −0.53 −0.49

]T)
,

θ∗max = 1
2 ·
([

0.82 0.18 0.16
]T −

[
−2.46 −0.53 −0.49

]T)
.

(4.114)

Figure 4.11 compares the improved analytical tracking error bound computed using
Lemma 4.2 and (4.113) with the largest tracking error ‖eC,α (t)τ‖L∞ observed in sim-
ulations for different values of the learning rate γ. While Figure 4.11 shows that the
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Figure 4.11: Comparison of the improved analytical tracking error bound computed
using Lemma 4.2 and (4.113) with the largest tracking error ‖eC,α (t)τ‖L∞ observed in
simulations for different values of the learning rate γ.

tracking error bound for the angle-of-attack is significantly improved, it is still by far too
conservative. For γ = 1000, the improved analytical bound exceeds the largest tracking
error observed in simulations by 1400%.

Relation to Other Approaches in the Literature

While the previously presented approach has been derived independently, it is concep-
tually similar to [56, 61, 58].

Ref. [56] considers a MRAC with Low Frequency Learning [181]. In case of a
nominal single-input plant and no input uncertainty Λ, a set of LMIs is derived, which
ensures the satisfaction of prescribed bounds on the tracking error. The approach
differs from the approach of this section in several ways. First of all, [56] does not solve
the set containment Mi ⊆ Mc using the S-Procedure. Instead, it is shown that each
vertex of the uncertainty hyperrectangleMi lies within the ellipsoidMc, which implies
that all points within the hyperrectangle are withinMc as well. Secondly, [56] assumes
a scalar learning rate and scalar modification gains. Most importantly, [56] optimizes
the design parameters of the Low Frequency Learning adaptive controller, including
the matrix P . This implies that [56] does not consider a pure analysis scenario, but a
controller synthesis scenario since P is an important design parameter.

Refs. [61, 58] apply the same concept to a MRAC with frequency-limited learning
[184] and to a MRAC with CRMs [159, 69], respectively. In contrast to [56], both refer-
ences consider a nominal single-input plant with input uncertainty Λ. Since there are
no other conceptual differences, Refs. [61, 58] differ from the approach of this section
in the same way as [56].
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Further Improvement
While Example 4.3 demonstrates significant improvements over the conventional track-
ing error bounds, the question arises whether these bounds may be improved any
further.

Since the tracking error bounds crucially depend on the design parameters P and
Γ of the adaptive controller, the optimization of these parameters may lead to less
conservative tracking error bounds. The feasibility of this approach has for example
been demonstrated in [56, 61, 58] and also in a publication of the author of this thesis
[79]. However, this chapter focuses on a pure analysis scenario. Hence, modifications
of the design parameters are no admissible solution.

In order to find further directions for improvement, it is important to notice that the
presented approach for the computation of tracking error bounds amounts to two inde-
pendent steps. In the first step, an invariant set is determined such that it surrounds the
set of admissible initial conditions. Afterwards, the tracking error bound derives from
the largest extension of this invariant set in the direction of interest. These steps are
independent in the sense that the level set constant c computed according to the con-
ventional bound (4.62) may be combined with the improved computation of the tracking
error according to (4.113) and vice versa.

Since the design parameter Γ may not be altered, further improvements of the
first step may result from an appropriate consideration of the shape of the uncertainty
set. In case of a circular uncertainty set, i.e. ‖Θ∗‖F ≤ Θ∗max, the level set constant
computed according to (4.62) is preferable. Conversely, in case of a hyper-rectangular
uncertainty set, the level set constant computed by Lemma 4.2 is less conservative. If
the uncertainty set takes other shapes such as a polytopic or ellipsoidal shape, different
methods for the computation of the level set constant may lead to less conservative
level set constants.

At the first glance, further improvements of the second step seem to be impossible
since any improvement of (4.113) either requires the reduction of the level set constant
c from the first step or an alteration of the design parameter P . At this point, it is
important to recall the structure of the update law (3.41):

.
Θ̃ (t)T = −Γω (xP (t) , t) · eC (t)T PBP .

In order to avoid any change to the dynamic response of the adaptive controller, the
matrices Γ and P may not be altered. However, notice that the design parameter P is
multiplied by the matrix BP . For m < n, BP will have a null space. Hence, the update
law .

Θ̃ (t)T = −Γω (xP (t) , t) · eC (t)T
(
P + P̃

)
BP (4.115)

will lead to the same dynamics as (3.41), if

P̃BP = 0n×m (4.116)

184



Chapter 4: Robustness and Performance Guarantees

holds. This motivates a stability analysis of the adaptive controller with the help of the
novel Lyapunov function candidate

V (t) = 1
2eC (t)T P 0eC (t) + 1

2 Tr
{
Θ̃ (t) Γ−1Θ̃ (t)T Λ

}
(4.117)

with P 0 = P + P̃ . While P is the fixed design parameter of the MRAC and adheres
to the Lyapunov equation (3.31), the matrix P̃ ∈ Sn, subject to the equality constraint
(4.116), is an additional degree of freedom. In order to ensure stability of the adaptive
controller, the parameter P 0 of the novel Lyapunov function candidate (4.117) has to
satisfy the LMI conditions

P 0 = P + P̃ > 0, (4.118)

AT
MP 0 + P 0AM = AT

M(P + P̃ ) + (P + P̃ )AM < 0. (4.119)

The first LMI condition ensures that V (t) is positive definite, whereas the second con-
dition ensures that

.
V (t) is negative semidefinite.

Following the same steps as in Section 3.2.1, one arrives at

.
V (t) = 1

2eC (t)T (AT
MP 0 + P 0AM) eC (t)

+ eC (t)T P 0BPΛ · Θ̃ (t)ω (xP (t) , t)

+ Tr
{
Θ̃ (t) Γ−1

.
Θ̃ (t)T Λ

}
.

(4.120)

Due to the equality constraint (4.116), P 0BP = P̃BP + PBP = PBP holds. Hence,
insertion of the original update law (3.41) yields

.
V (t) = 1

2eC (t)T (AT
MP 0 + P 0AM) eC (t) . (4.121)

Due to the LMI condition (4.119),
.
V (t) ≤ 0 holds. Hence, the novel Lyapunov function

(4.117) establishes stability of the tracking error dynamics (3.29) and the parameter
error dynamics (3.41).

Since the novel Lyapunov function (4.117) establishes stability, its invariant level
sets may be used in the exact same way as those of the original Lyapunov function
(3.30) in order to analyze the error dynamics. Since the proof of stability using the novel
Lyapunov function does not alter the error dynamics, both Lyapunov functions admit the
computation of tracking error bounds for the same error dynamics. In contrast to the
original Lyapunov function, the additional degree of freedom P̃ of the novel Lyapunov
function admits to alter the shape of the ellipsoidMc, as long as the equality constraint
(4.116) is satisfied. Hence, an analysis based on the novel Lyapunov function offers
the opportunity of less conservatism.

Due to the choice of the initial conditions from Assumption 4.3, the use of the novel
Lyapunov function candidate within the first step does not alter the conditions for set
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containment, namely Mi ⊆ Mc. This is because the projection of Mc onto the θ̃-
subspace is independent of the matrix P or P 0, respectively, as can be seen in (4.92).
Since the LMI condition (4.104) derives from the projections of Mc and Mi onto the
θ̃-subspace, its implication, namely Mi ⊆ Mc, also holds regardless of whether the
Lyapunov function is defined in terms of P or P 0.

Now assume that the level set constant c satisfies the LMI condition (4.104). When
using the novel Lyapunov function, the tracking error bound

‖eC,k(t)‖L∞ ≤
√

2 · c · bTkP−1
0 bk . (4.122)

for the state eC,k(t) follows immediately. The additional degree of freedom due to the
use of P 0 instead of P shall now be used to minimize this tracking error bound. Hence,
a matrix P̃ and a level set constant c are sought, which

1. minimize 2 · c · bTkP−1
0 bk ;

2. satisfy the equality constraint (4.116);

3. satisfy the LMI conditions (4.118) (positive definiteness of V (t)), (4.119) (nega-
tive definiteness of

.
V (t)) and (4.104) (Mi ⊆Mc).

Unfortunately, the above objective function is not linear and hence, the optimization
problem subject to LMI and equality constraints does not constitute a SDP. By an
appropriate reformulation of the problem, this difficulty may be circumvented.

To that end, consider a slightly different problem. Instead of minimizing 2·c·bTkP−1
0 bk,

assume that it is to be shown that the tracking error of the state eC,k(t) remains below
the threshold eC,k,max, i.e. |eC,k(t)|2 ≤ e2

C,k,max ∀t ≥ 0. This is equivalent to saying
that the invariant setMc should lie within the setMk = {eC , Θ̃ | |eC,k(t)|2 ≤ e2

C,k,max}.
In terms of the joint state vector x, which was defined in (4.88), the set Mk may be
represented as

Mk =
{
x | xT · ckcTk · x ≤ e2

C,k,max

}
, (4.123)

where ck still represents the unit vector associated with the state eC,k(t) as defined in
(4.111). For the derivation of (4.123), the fact eC,k = cTkx was used, which leads to the
dyadic product ckcTk . In order to apply the S-Procedure, the setsMc andMk have to
be represented as 0-sublevel sets. Upon definition of the new extended state vector

zT =
[
xT 1

]
=
[
eTC θ̃

T 1
]
, (4.124)

the 0-sublevel set representations ofMc andMk are

Mk = {z | gk(z) ≤ 0} , (4.125)

Mc = {z | gc(z) ≤ 0} (4.126)
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with

gk(z) = zT




bkb
T
k 0n×(m·nr) 0n×1

0(m·nr)×n 0(m·nr)×(m·nr) 0(m·nr)×1

01×n 01×(m·nr) −e2
C,k,max


 z, (4.127)

gc(z) = zT




P 0 0n×(m·nr) 0n×1

0(m·nr)×n M Θ̃(λ) 0(m·nr)×1

01×n 01×(m·nr) −2c


 z. (4.128)

According to the S-Procedure,Mc ⊂ Mk holds, if there exists a multiplier l̄k ≥ 0 such
that the matrix inequality conditions

bkb
T
k − l̄kP 0 ≤ 0, (4.129)

−l̄kM Θ̃(λ) ≤ 0, (4.130)

−e2
C,k,max + l̄k2c ≤ 0 (4.131)

are satisfied. Since M Θ̃(λ) is positive definite by definition, the LMI (4.130) always
holds and may be discarded. As P 0, c and l̄k are decision variables, neither (4.129)
nor (4.131) are LMIs. However, by dividing by l̄k and upon definition of lk = 1/l̄k, the
LMIs

lk · bkbTk − P 0 ≤ 0, (4.132)

2c− lk · e2
C,k,max ≤ 0 (4.133)

result. In order to prevent a division by zero, this step requires lk > 0. Combining the
stability condition derived from the novel Lyapunov function (4.117), the set contain-
ment conditions forMi ⊆Mc and the above set containment conditions forMc ⊂Mk

gives rise to the following lemma:

Lemma 4.4. Consider a direct MRAC according to Section 3.2.1, which satisfies the
conditions for NS of Theorem 3.4. In addition, let Assumptions 4.1 (diagonal con-
trol effectiveness), 4.2 (hyper-rectangular uncertainty sets) and 4.3 (initial conditions
eC(0) = 0 and Θ̃(0) = −Θ∗) hold. Let eC,k,max be a given bound for the state eC,k(t) and
let bk ∈ Rn denote the unit vector associated with the state eC,k(t). If there exist a level
set constant c > 0, a multiplier lk > 0, a diagonal positive semidefinite matrixD ∈ Sm·nr

and a symmetric matrix P̃ ∈ Sn such that the LMIs

M Θ̃(λv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 ≤ 0 ∀ v = 1, . . . , 2m, (4.134)

lk · bkbTk − (P + P̃ ) ≤ 0, (4.135)

2c− lk · e2
C,k,max ≤ 0, (4.136)

P + P̃ > 0, (4.137)
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AT
M(P + P̃ ) + (P + P̃ )AM < 0 (4.138)

and the equality constraint
P̃BP = 0n×m (4.139)

are feasible, then the state eC,k(t) satisfies

‖eC,k(t)‖L∞ ≤ eC,k,max. (4.140)

Proof. If the LMIs of Lemma 4.4 are feasible, then the novel Lyapunov function can-
didate (4.117) is positive definite due to (4.137). Furthermore, (4.138) and (4.139)
establish that the derivative

.
V (t) (upon insertion of the error dynamics of the adaptive

controller) is negative semidefinite (see (4.120) and (4.121)). The latter proves stability
of the adaptive controller (see Theorem 3.4).

As the condition (4.134) is satisfied, one may repeat the proof of Lemma 4.2 to show
that the trajectories of eC (t) and Θ̃ (t) are confined to the invariant setMc. Thus,

(
eC (t) , Θ̃ (t)

)
∈Mc, ∀ t ≥ 0 (4.141)

holds, where Mc =
{
eC , Θ̃ | V (eC , Θ̃) ≤ c

}
is now defined in terms of the novel Lya-

punov function (4.117) as can be seen in (4.126).
Finally, notice that (4.135) and (4.136) imply (4.129)-(4.131) with l̄k = 1/lk since

lk > 0 and M Θ̃(λ) > 0 hold by definition. Due to the S-Procedure (Lemma B.7),
(4.129)-(4.131) implyMc ⊂Mk, whereMk is defined in (4.123). Thus,

Mc =
{
eC , Θ̃ | V (eC , Θ̃) ≤ c

}
⊂ {eC , Θ̃ | |eC,k(t)|2 ≤ e2

C,k,max} (4.142)

holds. Since the trajectories of eC (t) and Θ̃ (t) may never leave the setMc, the latter
proves (4.140).

If the feasibility problem of Lemma 4.4 admits a solution, then the state eC,k(t) is
guaranteed to remain below the given threshold eC,k,max. In practice, an appropriate
value of eC,k,max is however not known a-priori. Furthermore, one is usually interested
in the smallest value of eC,k,max, which satisfies the conditions of Lemma 4.4. Hence,
e2
C,k,max is subsequently introduced as a decision variable, which is to be minimized.

The following theorem results:

Theorem 4.5. Consider a direct MRAC according to Section 3.2.1, which satisfies the
conditions for NS of Theorem 3.4. In addition, let Assumptions 4.1 (diagonal con-
trol effectiveness), 4.2 (hyper-rectangular uncertainty sets) and 4.3 (initial conditions
eC(0) = 0 and Θ̃(0) = −Θ∗) hold. Let bk ∈ Rn denote the unit vector associated with
the state eC,k(t). If there exist a level set constant c > 0, a multiplier lk > 0, a diagonal
positive semidefinite matrix D ∈ Sm·nr and a symmetric matrix P̃ ∈ Sn, which minimize

min
c,lk,e

2
C,k,max,D,P̃

e2
C,k,max, (4.143)
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subject to the matrix inequality constraints

M Θ̃(λv)−D −Dθ̄∗

−(θ̄∗)TD (θ∗max)TDθ∗max − (θ̄∗)TDθ̄∗ − 2c


 ≤ 0 ∀ v = 1, . . . , 2m, (4.144)

lk · bkbTk − (P + P̃ ) ≤ 0, (4.145)

2c− lk · e2
C,k,max ≤ 0, (4.146)

P + P̃ > 0, (4.147)

AT
M(P + P̃ ) + (P + P̃ )AM < 0 (4.148)

and the equality constraint
P̃BP = 0n×m, (4.149)

then the state eC,k(t) satisfies

‖eC,k(t)‖L∞ ≤ e∗C,k,max, (4.150)

where e∗C,k,max denotes the minimizer of the above optimization problem.

Proof. If the optimization problem of Theorem 4.5 is feasible, Lemma 4.4 immediately
proves the assertion (4.150). Since e∗C,k,max is the minimizer of the optimization problem
of Theorem 4.5, e∗C,k,max represents the smallest value eC,k,max, for which Lemma 4.4
holds.

Remark 4.6. Due to the product lk ·e2
C,k,max in (4.146), the optimization problem of The-

orem 4.5 is no SDP, but a so-called Generalized Eigenvalue Problem (GEVP). GEVPs
are similar to SDPs. In contrast to SDPs, they allow for one bilinear matrix inequality
constraint which contains a product of a matrix valued decision variable and a single
scalar decision variable, which is minimized. They are quasi-convex optimization prob-
lems and may be solved in polynomial time [17]. Appropriate solvers are for example
available in the Robust Control Toolbox of MATLAB R©.

The benefits of the further improved method for the computation of a tracking error
bound are demonstrated by the following example:

Example 4.7. Consider the same plant and the same adaptive control system with
baseline controller as in Examples 4.1 and 4.3.

As in Example 4.3, the set of admissible ideal parameters is given by (4.114).
Figure 4.12 compares the further improved analytical tracking error bound com-

puted using Theorem 4.5 to the largest tracking error ‖eC,α (t)τ‖L∞ observed in simula-
tions for different values of the learning rate γ. Furthermore, the results of the previous
analyses from Examples 4.1 and 4.3 are included. Figure 4.12 shows that the use of
Theorem 4.5 leads to another significant improvement. For γ = 1000, the improved an-
alytical bound exceeds the largest tracking error observed in simulations only by 361%.
Such improvement is also achieved at lower learning rates. At γ = 100, the improved
analytical bound exceeds the largest tracking error observed in simulations by 366%,
whereas the conventional bound would lead to 2940%.
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Figure 4.12: Comparison of the even further improved analytical tracking error bound
computed using Theorem 4.5 with the largest tracking error ‖eC,α (t)τ‖L∞ observed in
simulations for different values of the learning rate γ.

4.2.2 Computation of Tracking Error Norms in Case of Statistically
Distributed Uncertainties

From a probabilistic point of view, the uncertainties Θ∗ and Λ may be considered as
random variables. If both Θ∗ and Λ are distributed uniformly, then any realization of
the uncertainties is equally probable. However, if the uncertainties adhere to some
other a-priori known Probability Density Function (PDF), then some realizations of the
uncertainties are more likely than others. Hence, the tracking error bounds of the pre-
vious section consider a worst-case scenario as they hold for all uncertainties Θ∗ and
Λ lying in sets of known shape and size. If those uncertainties, which contribute most
to the size of the tracking error bounds, are highly unlikely, then a worst-case analy-
sis will introduce unnecessary conservatism. For this reason, this section proposes a
probabilistic approach to mitigate this conservatism.

To that end, let the same assumptions as in case of Theorem 4.5 hold, namely di-
agonal control effectiveness (Assumption 4.1), hyper-rectangular uncertainty sets (As-
sumption 4.2) and initial conditions eC(0) = 0, Θ̃(0) = −Θ∗ (Assumption 4.3). Let the
joint uncertainty vector be defined as

δT ,
[
θ∗T λT

]
, (4.151)

where the vectorial representations θ∗ and λ of Θ∗ and Λ have been used. In terms of
the joint uncertainty vector δ, the set of admissible uncertainties is given by

Q ,



δ

∣∣∣∣∣∣
|Θ∗ij − Θ̄∗ij| ≤ Θ∗ij,max, i = 1, . . . ,m, j = 1, . . . , nr
Λi,min ≤ Λi ≤ Λi,max, i = 1, . . . ,m



 . (4.152)
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Furthermore, the uncertainties are assumed to be distributed according to some known
PDF. Hence, δ is a realization of the random variable ∆, which is assumed to satisfy

Pr {Q} = 1. (4.153)

Each realization δ of the random variable ∆ will lead to some largest tracking error

|eC,k(t)| ≤ ēC,k(δ) ∀ t ≥ 0. (4.154)

Obviously, the size of the largest tracking error ēC,k(δ) depends on the respective re-
alization of the uncertainty δ. Since ∆ is a random variable, the tracking error bound
Ek , ēC,k(∆) is a random variable as well. Using its Cumulative Density Function
(CDF) FEk(ek) = Pr {Ek ≤ ek}, the probability of the event "the largest tracking error
ēC,k stays below ek" may be computed. Subsequently, this probabilistic notion of the
largest tracking error is considered. At this point, it is important to stress that this notion
concerns the largest tracking error ēC,k and not the tracking error eC,k(t) itself. Fur-
thermore, notice that ēC,k is not equivalent to tracking error bound eC,k,max, which was
introduced in Lemma 4.4 and Theorem 4.5. While ēC,k denotes the tight upper bound
ēC,k = ‖eC,k(t)‖L∞, the tracking error bound eC,k,max only satisfies ‖eC,k(t)‖L∞ ≤ eC,k,max.

While a probabilistic notion of the tracking error bound would be helpful in practice,
the computation of the CDF of the random variable Ek faces a major challenge: the
map ēC,k : R(m·nr)+m → R+ is not known exactly. That is, for some given realization
δ, the exact value of the largest tracking error ēC,k(δ) is unknown. While analytical
methods such as the Lyapunov-based methods from the previous section yield upper
bounds on the largest tracking error, i.e.

ēC,k(δ) ≤ eC,k,max(δ), (4.155)

simulations yield lower bounds eC,k,min(δ). The latter follows from the fact that the
response of an adaptive controller depends upon the reference signal r (t). Since there
exist infinitely many reference signals, there always remains the chance of another
reference signal, which will lead to an even larger tracking error than the simulated
reference signals. Hence,

eC,k,min(δ) ≤ ēC,k(δ) (4.156)

holds. Since the map ēC,k(δ) is unknown, the CDF of Ek may not be computed by
simply transforming the random variable ∆ using the map ēC,k(δ) [107]. While an exact
computation of the CDF of Ek is hence not feasible, upper and lower bounds for the
CDF of Ek may however be determined with the help of the upper and lower bounds
eC,k,max(δ) and eC,k,min(δ).

The underlying idea of the proposed approach is closely inspired by the probabilistic
computation of the Structured Singular Value µ, which has for example been demon-
strated in [11]. While the technical details of the Structured Singular Value µ are not
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Figure 4.13: Partition of the uncertainty set Q into smaller subsets Qv. The setMek,0

surrounds all uncertainties which lead to a tracking error ēC,k smaller than ek,0. The
set Qek,0 (checkered) is the union of all subsets Qv, whose upper bound satisfies
eC,k,max(Qv) ≤ ek,0.

important here, it is important to notice that its non-probabilistic computation considers
a worst-case scenario and that only upper and lower bounds on µ may be computed in
practice. The probabilistic computation of µ exhibits two intriguing features:

1. it reuses the existing worst-case computation methods;

2. it only requires the knowledge of upper and lower bounds of the worst-case value
of µ in order to draw conclusions on the CDF of µ(∆).

Since upper and lower bounds for ēC,k are known, the probabilistic computation of
tracking error bounds following the same lines as in [11] seems feasible.

Consider a partition of the uncertainty set Q into N smaller uncertainty subsets
Qv, v = 1, . . . , N as shown in Figure 4.13. The uncertainty subsets Qv are assumed
to be disjoint, i.e.

Pr {Qv ∩Qw} = 0, v 6= w. (4.157)

For each of the uncertainty subsets Qv, a worst-case upper bound eC,k,max(Qv) and
a worst-case lower bound eC,k,min(Qv) may be computed using analytical techniques
(such as those proposed in the previous section) and simulations, respectively. The
following relation hence holds:

eC,k,min(Qv) ≤ ēC,k(Qv) ≤ eC,k,max(Qv). (4.158)

Now assume that appropriate bounds eC,k,min(Qv), eC,k,max(Qv) have been com-
puted for each subset Qv, v = 1, . . . , N . The objective of the subsequent derivations is
the computation of upper and lower bounds for the CDF FEk(ek,0) = Pr {Ek ≤ ek,0} for
one specific value ek = ek,0. To that end, consider the set

Mek,0 , {δ | ēC,k(δ) ≤ ek,0} (4.159)
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of all uncertainties, which lead to a tracking error below ek,0 (see Figure 4.13). In prac-
tice, the shape and the size of the set Mek,0 is unknown since the map ēC,k(δ) is un-
known. However, all subsets Qv, whose upper bound lies below ek,0, i.e. eC,k,max(Qv) ≤
ek,0, are subsets ofMek,0, i.e. Qv ⊆ Mek,0, due to ēC,k(Qv) ≤ eC,k,max(Qv) ≤ ek,0. The
union of all of these sets is denoted as

Qek,0 ,
⋃

v: eC,k,max(Qv)≤ek,0
Qv. (4.160)

In Figure 4.13, the set Qek,0 is indicated by the checkered rectangle. As PDFs are non-
negative by definition [107] and as Qek,0 ⊆ Mek,0 holds, the probability of the set Qek,0
is lower than the probability of the setMek,0:

Pr {Mek,0} ≥ Pr {Qek,0} =
∑

v: eC,k,max(Qv)≤ek,0
Pr {Qv}. (4.161)

While the exact shape and size of the setMek,0 is unknown, its probability Pr {Mek,0}
is exactly equivalent to Pr {Ek ≤ ek,0}, since both quantities specify the probability that
the largest tracking error ēC,k stays below ek,0. Hence, (4.161) constitutes a lower bound
for the CDF of Ek at ek = ek,0:

FEk(ek,0) = Pr {Mek,0} ≥
∑

v: eC,k,max(Qv)≤ek,0
Pr {Qv}. (4.162)

Since the probability of the sets Qv may be easily determined from the PDF of ∆, the
lower bound for the CDF of Ek may be readily computed.

While the upper bounds eC,k,max(Qv) lead to a lower bound on the CDF of Ek, the
lower bounds eC,k,min(Qv) lead to an upper bound for the CDF of Ek. This is shown
next. To that end, consider the set

M̄ek,0 , {δ | ēC,k(δ) > ek,0} (4.163)

of all uncertainties, which lead to a largest tracking error larger than ek,0 (see Figure
4.14). In practice, the shape and the size of the set M̄ek,0 is unknown since the map
ēC,k(δ) is unknown. However, all subsets Qv, whose lower bound lies above ek,0, i.e.
eC,k,min(Qv) > ek,0, are subsets of M̄ek,0, i.e. Qv ⊆ M̄ek,0, due to ek,0 < eC,k,min(Qv) ≤
ēC,k(Qv). The union of all of these sets is denoted as

Q̄ek,0 ,
⋃

v: eC,k,min(Qv)>ek,0
Qv. (4.164)

In Figure 4.14, the set Q̄ek,0 is indicated as checkered. As PDFs are non-negative by
definition and as Q̄ek,0 ⊆ M̄ek,0 holds, the probability of the set Q̄ek,0 is lower than the
probability of the set M̄ek,0:

Pr {M̄ek,0} ≥ Pr {Q̄ek,0} =
∑

v: eC,k,min(Qv)>ek,0
Pr {Qv}. (4.165)
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Figure 4.14: Partition of the uncertainty set Q into smaller subsets Qv. The set
M̄ek,0 surrounds all uncertainties which lead to a tracking error ēC,k larger than ek,0.
The set Q̄ek,0 (checkered) is the union of all subsets Qv, whose lower bound satisfies
eC,k,min(Qv) > ek,0.

While the exact shape and size of the set M̄ek,0 is unknown, its probability Pr {M̄ek,0} is
exactly equivalent to Pr {Ek > ek,0} = 1 − Pr {Ek ≤ ek,0}, since both quantities specify
the probability that the largest tracking error ēC,k stays above ek,0. Hence, (4.165)
constitutes a lower bound for the complementary CDF of Ek at ek = ek,0:

1− FEk(ek,0) = Pr {M̄ek,0} ≥
∑

v: eC,k,min(Qv)>ek,0
Pr {Qv}. (4.166)

Rearranging then yields an upper bound for the CDF of Ek at ek = ek,0:

FEk(ek,0) ≤ 1−
∑

v: eC,k,min(Qv)>ek,0
Pr {Qv}

=
∑

v: eC,k,min(Qv)≤ek,0
Pr {Qv}.

(4.167)

By iteratively computing upper and lower bounds according to (4.167) and (4.162)
for different values of ek,0, the CDF of Ek may be approximated. This procedure is
summarized in the following algorithm:

Algorithm 4.8 (Approximation of FEk(ek,0)). Pseudo-Code:

Input: CdfArguments = { Array of V different arguments of FEk(ek,0) }
Output: CdfUpperBound, CdfLowerBound = { Arrays of upper and lower bounds for

FEk(ek,0) }
1: Grid uncertainty set Q into N subsets Qv
2: Probabilities = { Probabilities of each subset Qv, v = 1, . . . , N }
3: for v = 1 to N do
4: LowerBounds(v) = { eC,k,min(Qv), computed in simulations }
5: UpperBounds(v) = { eC,k,max(Qv), computed analytically using Theorem 4.5 }
6: end for
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7: for i = 1 to V do
8: CdfLowerBound(i) = 0
9: CdfUpperBound(i) = 0

10: for v = 1 to N do
11: if LowerBounds(v) ≤ CdfArguments(i) then
12: CdfUpperBound(i) = CdfUpperBound(i) + Probabilities(v)
13: end if
14: if UpperBounds(v) ≤ CdfArguments(i) then
15: CdfLowerBound(i) = CdfLowerBound(i) + Probabilities(v)
16: end if
17: end for
18: end for

Remark 4.9. The upper and lower bounds eC,k,max(Qv) and eC,k,min(Qv) do not have to
satisfy any specific requirement except for being an upper or a lower bound, respec-
tively. Hence, the number of simulations to determine eC,k,min(Qv) may be very low or
even one. Conversely, the upper bound eC,k,max(Qv) is allowed to be highly conser-
vative. However, if the gaps eC,k,max(Qv) − eC,k,min(Qv) are large for all v = 1, . . . , N ,
then the gap between the lower bound and the upper bound of the CDF of Ek will be
large as well. For this reason, the use of efficient simulation algorithms to maximize
eC,k,min(Qv) and the use of more powerful analytical results such as Theorem 4.5 to
minimize eC,k,max(Qv) are advisable. For the maximization of eC,k,min(Qv), approaches
such as subset simulations [7] or counter-proving [169] seem to be promising.

Remark 4.10. In the above algorithm, a static partition of the uncertainty setQ is used.
While such an approach might be reasonable for a low-dimensional uncertainty δ, it
will certainly become computationally intractable for a high-dimensional uncertainty. In
case of the probabilistic computation of the Structured Singular Value µ, the use of
Branch-and-Bound techniques was suggested [177, 99, 176]. A similar extension also
seems reasonable in case of the probabilistic computation of the largest tracking error.

The benefits of the probabilistic computation of the tracking error are demonstrated
by the following example:

Example 4.11. Consider the plant and the adaptive control system with baseline con-
troller from Example 4.1. In contrast to the previous examples, only state dependent
uncertainties are accommodated, that is, λη is not uncertain and satisfies λη = 1.
Since there is no control effectiveness uncertainty, the overall control law (3.64) may
be simplified to

u (t) = Kx · xP (t) +Kr · r (t) + Θx (t) · xP (t) ,
.

Θ̃x(t) = −ΓxxP (t) eC (t)T PBP .
(4.168)
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Figure 4.15: Illustration of the PDF of the state-dependent ideal parameter Θ∗x.

It follows from (4.53) that the state-dependent ideal parameter Θ∗x =
[
Θ∗α Θ∗q

]
is con-

fined to the rectangle

Q =
{
Θ∗x | − 0.68 ≤ Θ∗α ≤ 0.68, −0.16 ≤ Θ∗q ≤ 0.16

}
. (4.169)

The state-dependent ideal parameter Θ∗x is assumed to be distributed by a zero-mean
Gaussian distribution with the covariance matrix

Σ =

0.0100 0

0 0.0005


 . (4.170)

The distribution over Q is shown in Figure 4.15. Note that Pr {Q} ≈ 1 holds.
For the probabilistic computation of the tracking error, the design parameters of the

direct MRAC are set to Q = I2×2 and Γx = 10 · I2×2. In case of these design parame-
ters, Theorem 4.5 guarantees the worst-case tracking error bound ‖eC,α (t)‖L∞ ≤ 5.26◦.
For the probabilistic analysis, the rectangle Q is divided into N = 4352 squares with an
edge length of 0.01. For each of these squares, an analytical tracking error bound is
computed using Theorem 4.5 and a simulation-based tracking error bound is inferred
from 200 Monte Carlo simulation runs. These Monte Carlo simulations sample from a
uniform distribution, which is limited to the respective square. Since the only require-
ment on the simulation-based data is that they represent a lower bound on the tracking
error, a simple gridding would also be sufficient. Based on these data, Algorithm 4.8
is invoked for V = 20 CDF levels ek,0, which are evenly spaced from 0◦ to 5.26◦. The
results of this analysis are shown in Figure 4.16.

Figure 4.16 displays the worst-case analytical bound, which holds if the known PDF
of the ideal parameter Θ∗x is neglected. Furthermore, the lower and the upper bound on
the CDF of the tracking error bound ēC,α(∆) = Eα are shown. The true CDF is known
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Figure 4.16: Results of the probabilistic tracking error analysis using Algorithm 4.8.

to lie somewhere in between these bounds. Figure 4.16 shows that the probability,
that the tracking error satisfies ‖eC,α (t)‖L∞ ≤ 2.5◦, is approximately 99% since the
lower and the upper bound almost coincide. Hence, for an ideal parameter Θ∗x, which
is distributed according to Figure 4.15, the worst-case tracking error bound is overly
conservative and at least halves with a 99% probability. In other words, the probability
of encountering a tracking error ‖eC,α (t)‖L∞ > 2.5◦ is about 1%.

For smaller CDF levels, the upper and lower bound exhibit a significant gap. The
upper bound, which is computed from simulations, suggests that the probability of
encountering a tracking error ‖eC,α (t)‖L∞ ≤ 1◦ is approximately 90%. On the other
side, the lower bound only assigns a 30% probability to the latter event. Since the true
value of the CDF lies somewhere in between these values, one should only rely on the
smaller probability provided by the lower bound. This is because the lower bound is
computed analytically and hence, is guaranteed to hold under the given assumptions.

Figure 4.16 admits yet another interpretation. The previous considerations fixed a
certain CDF level and evaluated the resulting probabilities. However, it is also possible
to first choose a desired probability such as 90%. Then, Figure 4.16 implies that the
largest tracking error, which is encountered with a 90% probability, is somewhere be-
tween 1.1◦ and 1.9◦. Thus, Figure 4.16 does not only assign probability intervals to a
certain tracking error bound but also assigns a tracking error bound interval to a given
probability. Since the true value of the CDF lies somewhere in between these two val-
ues of the tracking error bound, one should only rely on the larger value provided by
the lower CDF bound.

The preceding discussion highlights that reliable information may only be inferred
from the lower, guaranteed bound on the CDF. One might hence wonder why the upper
bound is computed at all. While the upper bound is not strictly required to obtain
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information about guaranteed probabilities or guaranteed tracking error bounds, it may
serve as an indicator of conservativeness. If the lower and the upper bound are close,
then only little conservatism will be present.

Remark 4.12. It follows from (4.162) that the upper bounds eC,k,max(Qv) for the track-
ing error lead to a lower bound for the CDF of Ek. At the first glance, this may seem
counter-intuitive. However, notice that for a specific value ek,0, the lower bound of the
CDF yields the smallest probability that the largest tracking error is below ek,0. Hence,
the guaranteed upper bounds for the largest tracking errors lead to a guaranteed mini-
mum probability.

Relation to Other Approaches in the Literature

Algorithm 4.8 allows the computation of the CDF of the largest tracking error ēC,k. In
literature, a conceptually similar approach has been presented in [59]. Similar to the
approach of this section, [59] aims at reusing worst-case analysis tools within a prob-
abilistic analysis. The worst-case analysis in [59] considers a MRAC with projection
operator and σ-modification in the presence of unmodeled actuator dynamics. A set
of LMI conditions ensures that the tracking error remains below a predefined bound.
In order to account for the stochastic nature of the uncertainties, a so-called Scenario
Approach is taken. To that end, a set of LMI conditions is derived which ensures that
the tracking error remains below the predefined bound for one specific realization of the
uncertainties. The Scenario Approach then amounts to simultaneously solving this LMI
for several realizations of the uncertainties. This set of realizations represents the Sce-
nario. If the number of realizations is sufficiently high, then the probability of a violation
of the predefined bounds is sufficiently low. The latter point also highlights the main
difference to the approach of the present section. While the Scenario Approach of [59]
guarantees that the probability of satisfying some tracking error bound is sufficiently
high, the approach of this section explicitly computes the CDF of the largest tracking
error. This difference also manifests itself in different computations. In the Scenario Ap-
proach, the worst-case analysis is slightly changed to account only for one realization
of the uncertainties. The resulting set of LMIs is then solved simultaneously for several
realizations of the uncertainties. In contrast, the approach of this section requires the
iterated solution of the unmodified worst-case analysis LMIs on small subsets of the
uncertainty space.

4.2.3 Computation of Tracking Error Norms in the Presence of Un-
matched Uncertainties

In the previous sections, bounds for the tracking error have been derived under the
assumption that the plant is exactly given by the nominal plant model from (3.25). As
no plant model may perfectly represent the physical process under consideration, any
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controller faces an off-nominal plant in practice. In order to evaluate the performance of
an adaptive controller under more realistic conditions, this section derives RP tracking
error bounds for a specific off-nominal plant model.

Consider the off-nominal plant model from (3.94)
.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t))

+w (xP (t) , zP (t) , t) ,

which formed the basis for the derivation of the σ-modification in Section 3.2.4. In
(3.94), the term w (xP (t) , zP (t) , t) represents the plant imperfections resulting from
unaccounted unmatched uncertainties and non-parametric uncertainties. As the dis-
turbance signalw (xP (t) , zP (t) , t) may lead to parameter drift in case of an unmodified
MRAC, a direct MRAC with σ-modification is considered subsequently. Due to the use
of a σ-modification, neither stability nor asymptotic convergence of the tracking error
may be proven. One may however prove UUB of the tracking error and the parameter
error.

The proof of UUB in Section 3.2.4 assumed that the disturbancew (xP (t) , zP (t) , t)
is known to be bounded a-priori. In practice, such a bound is not available since the dis-
turbance w (xP (t) , zP (t) , t) is state-dependent. For this reason, an alternative UUB
condition is derived in this section. Similar to Section 4.2.1, the novel UUB condition
relies on LMIs and quadratic forms.

The subsequent results are based on the publication [79] of the author of this thesis.
In contrast to [79], the results of the present section also account for an input uncer-
tainty Λ. While derived independently, the approach of this section is conceptually
similar to [55, 57, 60]. Refs. [55, 57] derive LMI conditions for UUB of a direct MRAC
with projection operator in the presence of bounded disturbances. In [60], this result is
extended to the case of unmodeled actuator dynamics. In contrast to the approach of
the present section, [55, 57, 60] assume that the uncertainties are confined to a spher-
ical set. In case of uncertainties, which are known to remain within a hyper-rectangular
set, this may introduce additional conservatism. Even more importantly, [55, 57, 60]
consider a controller synthesis scenario, that is, they optimize the design parameters
P and Γ of the adaptive controller, whereas the present section focuses on an analysis
scenario. Finally, notice that the approach of this section also differs from [55, 57, 60]
in a different usage of the S-Procedure. This different usage results since [55, 57, 60]
consider the uncertainties / adaptive parameters to be norm-bounded [2] in terms of
the 2-norm.

The derivation of the novel UUB condition assumes that the disturbance signal
w (xP (t) , zP (t) , t) takes the form

w (xP (t) , zP (t) , t) = B̄PΘ∗um,xxP (t) +BPΛε (xP (t) , t) . (4.171)

Hence, the novel UUB condition accounts for unmatched parametric, linearly state-
dependent uncertainties and the matched parametrization error ε (xP (t) , t). Inserting
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this definition of the disturbance into (3.94) yields

.
xP (t) = AMxP (t) +BMr (t) +BPΛ (u (t)−Θ∗ω (xP (t) , t) + ε (xP (t) , t))

+ B̄PΘ∗um,xxP (t) .
(4.172)

A direct MRAC with σ-modification for the plant (4.172) is given by the reference model
(3.4), the control law (3.26) and the update law (3.109). Inserting the control law (3.26)
yields

.
xP (t) = AMxP (t) +BMr (t) +BPΛ

(
Θ̃ (t)ω (xP (t) , t) + ε (xP (t) , t)

)

+ B̄PΘ∗um,xxP (t) .
(4.173)

The dynamics of the tracking error eC (t) = xP (t)− xM (t) become

.
eC (t) = AMeC (t) +BPΛ

(
Θ̃ (t)ω (xP (t) , t) + ε (xP (t) , t)

)

+ B̄PΘ∗um,xxP (t) ,
(4.174)

whereas the dynamics of the parameter error Θ̃ (t) = Θ (t) − Θ∗ are still given by
(3.110), i.e.

.
Θ̃ (t)T = −Γ

(
ω (xP (t) , t) · eC (t)T PBP + σ · Θ̃ (t)T + σ ·Θ∗T

)
. (4.175)

For reasons of simplicity, the plant (4.172) is subsequently assumed to have only
one input, i.e. m = 1. Similar to Section 4.2.1, all uncertainties are supposed to be
bounded as stated in the following assumption:

Assumption 4.4. For all times, the parametrization error Λ · ε(xP (t) , t) is bounded, i.e.

|Λ · ε(xP (t) , t)| ≤ ε0, ∀t ≥ 0,

where ε0 ≥ 0 is a known, conservative bound. The reference signal r (t) satisfies

|r (t) | ≤ r0, ∀t ≥ 0,

where r0 > 0 is a known bound. Furthermore, the entries of the ideal parameter vector
Θ∗ =

[
Θ∗1 . . . Θ∗nr

]
lie within a hyperrectangle:

Θ∗i,min ≤ Θ∗i ≤ Θ∗i,max, i = 1, . . . , np,

where Θ∗i,min ∈ R and Θ∗i,max ∈ R are known conservative bounds. Similarly, the entries
of the unmatched uncertainty matrix

Θ∗um,x ,




θ∗um,1
...

θ∗um,n−1
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with θ∗um,k =
[
Θ∗um,k,1 . . . Θ∗um,k,n

]
, k = 1, . . . , n−1 lie in another hyperrectangle given

by
Θ∗um,k,i,min ≤ Θ∗um,k,i ≤ Θ∗um,k,i,max, k = 1, . . . , n− 1, i = 1, . . . , n,

where Θ∗um,k,i,min ∈ R, Θ∗um,k,i,max ∈ R are known conservative bounds. Similarly, the
control effectiveness Λ , Λ1 is bounded by

0 < Λ1,min ≤ Λ ≤ Λ1,max, (4.176)

where Λ1,min, Λ1,max denote known lower and upper bounds, respectively.

From Assumption 4.4 follows that the joint vector

ξT (t) =
[
Λ · ε(xP (t) , t) r (t) Λ Θ∗ θ∗um,1 . . . θ∗um,n−1

]
(4.177)

lies within a q-dimensional hyperrectangle with 2q vertices ξv, where v = 1, . . . , q and
q = (3 + nr + (n− 1) · n). Any ξ within such a hyperrectangle can be expressed in
terms of the vertices

ξTv =
[
εv rv Λv Θ∗v θ∗um,1,v . . . θ∗um,n−1,v

]
(4.178)

of the hyperrectangle according to [3]:

ξ =
2q∑

v=1
αv · ξv with αv ≥ 0,

2q∑

v=1
αv = 1. (4.179)

In order to prove UUB of the error dynamics (4.174), (4.175), a suitable Lyapunov
function candidate is required. Due to the unmatched uncertainty Θ∗um,x, the tracking
error dynamics (4.174) contain the term B̄PΘ∗um,xxP (t), which depends on the plant
state xP (t). Since the unmatched uncertainty is not adapted, this term will not cancel
with the update law in a Lyapunov analysis. Furthermore, since it is state-dependent,
the term is not known to be bounded a-priori. For this reason, the Lyapunov function
candidate (3.30) is enhanced by the additional term (1/2) · xM (t)T PMxM (t), which
accounts for the reference model. Using xP (t) = eC (t) + xM (t), the unmatched un-
certainty B̄PΘ∗um,xxP (t) may be expressed in terms of the reference model state xM (t)
and the tracking error eC (t). The Lyapunov function candidate is given by

V (t) = 1
2eC (t)T PeC (t) + Λ

2 · Θ̃ (t) Γ−1Θ̃ (t)T + 1
2xM (t)PMxM (t) , (4.180)

where PM ∈ Sn++ is an additional design parameter. Differentiating the Lyapunov func-
tion candidate with respect to time yields

.
V (t) = eC (t)T P .

eC (t) + Λ · Θ̃ (t) Γ−1
.

Θ̃ (t)T + xM (t)PM
.
xM (t) . (4.181)

Upon insertion of (3.4), (4.174), (4.175),
.
V (t) becomes:

.
V = eC (t)T P

(
AMeC (t) +BPΛ ·

(
Θ̃ (t)ω (xP (t) , t) + ε(xP (t) , t)

))

+ eC (t)T PB̄PΘ∗um,xxP (t) ,
− Λ · Θ̃ (t)

(
ω (xP (t) , t) · eC (t)T PBP + σ · Θ̃ (t)T + σ ·Θ∗T

)

+ xM (t)T PM (AMxM (t) +BM · r (t)) .

(4.182)
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Using xP (t) = eC (t) + xM (t), (4.182) may be rearranged as

.
V (t) =− 1

2eC (t)T QPeC (t) + eC (t)PBPΛ · ε(xP (t) , t)

+ eC (t)T PB̄PΘ∗um,xxM (t)− Λ · Θ̃ (t)σΘ̃ (t)T − Λ · Θ̃ (t)σΘ∗T (4.183)

− 1
2xM (t)T QMxM (t) + xM (t)T PMBM · r (t)

with

(AM + B̄PΘ∗um,x)TP + P (AM + B̄PΘ∗um,x) , −QP , (4.184)

AT
MPM + PMAM , −QM . (4.185)

Roughly speaking, proving UUB amounts to the computation of an invariant set
Mc = {eC ,xM , Θ̃ | V (eC ,xM , Θ̃) ≤ c}, which surrounds the set of all states, for which
.
V (t) ≥ 0 holds. The latter set is given by Mi = {eC ,xM , Θ̃ |

.
V (eC ,xM , Θ̃) ≥ 0}.

Hence, any trajectory starting inMi will remain inMc for all times. Furthermore, it has
to be ensured that any trajectory starting outside ofMi will enterMc in finite time.

For the computation of an appropriate invariant setMc, a geometric point of view is
once again helpful. Similar to the setMc of Section 4.2.1, the above setMc geomet-
rically represents an ellipsoid. Interestingly, the setMi also represents an ellipsoid. In
order to see this, define the joint state vector

xT =
[
eTC xTM Θ̃

]
. (4.186)

In terms of the joint state vector, the inequality, which definesMi, admits the represen-
tation

xT




QP −PB̄PΘ∗um,x 0
−Θ∗,Tx,umB̄

T

PP QM 0
0 0 2Λσ


x+ 2xT




−PBPΛε(xP (t) , t)
−PMBMr (t)

ΛσΘ∗T


 ≤ 0. (4.187)

It follows from (B.74) that (4.187) represents an ellipsoid if its first term is positive
definite. Since 2Λσ is positive definite by definition, this is equivalent to the satisfaction
of the stability condition


(AM + B̄PΘ∗um,x)TP + P (AM + B̄PΘ∗um,x) PB̄PΘ∗um,x

Θ∗,Tx,umB̄
T

PP AT
MPM + PMAM


 < 0. (4.188)

The center of the ellipsoid (4.187) is however not at the origin, but depends on the
uncertainties Θ∗um,x, Θ∗, Λ and the bounded signals r (t) and ε(xP (t) , t). The setsMc

andMi are illustrated in Figure 4.17.
Since both setsMc andMi are ellipsoids, the set containmentMi ⊆Mc could be

shown using the S-Procedure and LMIs in a similar fashion to Section 4.2.1. However,
in order to ensure a minimum decay rate κ such that

.
V (t) ≤ −κV (t) holds outside of
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x1

x2

MiMc

Figure 4.17: Geometric interpretation of UUB: For each uncertainty Θ∗um,x, Θ∗, Λ and
each r and ε, the set

.
V (eC ,xM , Θ̃) ≥ 0 is an ellipsoid. All of these ellipsoids have to

remain within the invariant setMc.

the ultimate bound, a set containment problem in terms of the complementary sets of
Mc andMi is shown, namely

{eC ,xM , Θ̃ | V ≥ c} ⊆ {eC ,xM , Θ̃ |
.
V ≤ −κV }. (4.189)

This idea leads to the following theorem:

Theorem 4.13. Consider the off-nominal plant (4.172) and the direct MRAC with σ-
modification given by the reference model (3.4), the control law (3.26) and the update
law (3.109).

Let κ > 0 be a given constant. Let P ∈ Sn++, PM ∈ Sn++, Γ ∈ Snr++ and σ ∈ Snr++ be
the given design parameters of the adaptive controller and let Assumption 4.4 hold. If
there exist constants l > 0 and lc > 0, such that the LMIs




(κ+l)P−QP,v PB̄PΘ∗x,um,v 0 PBP ·εv
Θ∗,Tx,um,vB̄

T
PP (κ+l)PM−QM 0 PMBM ·rv

0 0 Λv((κ+l)Γ−1−2σ) −ΛvσΘ∗vT

εv ·BTPP rv ·BTMPM −ΛvΘ∗vσ −2lc


 ≤ 0, (4.190)

−QP,v ,
(
AM + B̄PΘ∗x,um,v

)T
P + P

(
AM + B̄PΘ∗x,um,v

)
(4.191)

∀ v = 1, . . . , 2q,

with QM defined as in (4.185) are jointly feasible, then the adaptive controller (3.4),
(4.174), (4.175) is UUB. Furthermore, let the initial conditions be given by eC(0) = eC,0,
xM(0) = xM,0 and Θ̃(0) = Θ̃0. Then, the trajectories satisfy (eC (t) ,xM (t) , Θ̃ (t)) ∈
Mc ∀ t ≥ T , whereMc =

{
eC ,xM , Θ̃ | V (eC ,xM , Θ̃) ≤ c

}
is an invariant set, c = lc/l

is the ultimate bound and

T =





0, if (eC,0,xM,0, Θ̃0) ∈Mc,

− 1
κ

ln
(
c/V (eC,0,xM,0, Θ̃0)

)
, if (eC,0,xM,0, Θ̃0) /∈Mc.

(4.192)
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Proof. Let l, lc be solutions of the LMI problem of Theorem 4.13. Due to the negative
semi-definiteness of (4.190) for all v = 1, . . . , 2q, the weighted sum

2q∑

v=1
αv




(κ+l)P−QP,v PB̄PΘ∗x,um,v 0 PBP ·εv
Θ∗,Tx,um,vB̄

T
PP (κ+l)PM−QM 0 PMBM ·rv

0 0 Λv((κ+l)Γ−1−2σ) −ΛvσΘ∗vT

εv ·BTPP rv ·BTMPM −ΛvΘ∗vσ −2lc


 ≤ 0, (4.193)

is negative semidefinite, too, for αv ≥ 0. Due to (4.179), any

ξT (t) =
[
Λ · ε(xP (t) , t) r (t) Λ Θ∗ θ∗um,1 . . . θ∗um,n−1

]

may be expressed in terms of the edges ξv of a q-dimensional hyperrectangle. Using
(4.179), Eq. (4.193) implies negative semi-definiteness of




(κ+l)P−QP PB̄PΘ∗um,x 0 PBPΛ·ε(xP (t),t)
Θ∗,Tx,umB̄

T
PP (κ+l)PM−QM 0 PMBM ·r(t)

0 0 Λ((κ+l)Γ−1−2σ) −ΛσΘ∗T

ε(xP (t),t)·ΛBTPP r(t)·BTMPM −ΛΘ∗σ −2lc


 ≤ 0 (4.194)

for all Λ · ε(xP (t) , t), Λ, r (t), Θ∗, Θ∗um,x satisfying Assumption 4.4. Since l > 0, lc > 0
hold by definition, there exists a level set constant c > 0 such that lc = l · c holds. After
multiplying (4.194) by 1/2, (4.194) may be rewritten as:

1
2 ·M 0 −

1
2 · l ·M 1 ≤ 0 with

M 0 ,




−QP PB̄PΘ∗um,x 0 PBPΛ·ε(xP (t),t)
Θ∗,Tx,umB̄

T
PP −QM 0 PMBM ·r(t)

0 0 −2Λσ −ΛσΘ∗T
ε(xP (t),t)·ΛBTPP r(t)·BTMPM −ΛΘ∗σ 0


+ κ

[
P 0 0 0
0 PM 0 0
0 0 Λ·Γ−1 0
0 0 0 0

]
,

M 1 ,

[ −P 0 0 0
0 −PM 0 0
0 0 −Λ·Γ−1 0
0 0 0 2c

]
.

Notice that (1/2) · zTM 0z =
.
V (eC ,xM , Θ̃) + κV (eC ,xM , Θ̃) and (1/2) · zTM 1z =

c−V (eC ,xM , Θ̃) with zT =
[
eTC xTM Θ̃ 1

]
hold. Hence, the S-Procedure implies the

set containment

{eC ,xM , Θ̃ | V ≥ c}
︸ ︷︷ ︸

M1

⊆ {eC ,xM , Θ̃ |
.
V ≤ −κV }

︸ ︷︷ ︸
M0

. (4.195)

In order to show UUB, it has to be proven that

1. (eC,0,xM,0, Θ̃0) ∈Mc implies (eC (t) ,xM (t) , Θ̃ (t)) ∈Mc ∀ t ≥ 0;

2. (eC,0,xM,0, Θ̃0) /∈Mc implies (eC (t) ,xM (t) , Θ̃ (t)) ∈Mc ∀ t ≥ T > 0.

To prove the first part, notice that due to the positive definiteness of V (eC ,xM , Θ̃),
(4.195) especially implies

.
V (eC ,xM , Θ̃) < 0 ∀ (eC ,xM , Θ̃) ∈ ∂M1, where ∂M1 =

∂Mc = {eC ,xM , Θ̃ | V (eC ,xM , Θ̃) = c} denotes the boundary of M1, Mc. Hence,
Mc is an invariant set and any trajectory starting in Mc cannot leave this set, which
concludes the proof of part 1.
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In order to prove the second part, notice that (4.195) also implies
.
V (eC ,xM , Θ̃) ≤

−κ · V (eC ,xM , Θ̃) ∀ (eC ,xM , Θ̃) ∈ M1. By virtue of the comparison lemma [96],
V (eC ,xM , Θ̃) hence satisfies

V (eC (t) ,xM (t) , Θ̃ (t)) ≤ c0 · e−κ·t (4.196)

for (eC ,xM , Θ̃) ∈ M1, where c0 = V (eC,0,xM,0, Θ̃0) denotes the level set associ-
ated with the initial conditions. Eq. (4.196) guarantees that V (t) decreases from
the initial level set c0 to the ultimate bound c during the interval 0 ≤ t ≤ T , where
T = −(1/κ) ln(c/c0). Since Mc is invariant, the trajectories are guaranteed to never
leave this set any time thereafter, which concludes the proof of part 2.

Due to parts 1 and 2, the trajectories of the adaptive control system (3.4), (4.174),
(4.175) are UUB and (4.192) follows from the proofs of part 1 and 2.

Remark 4.14. While Theorem 4.13 has been derived for single-input plants, i.e. m = 1,
it can be easily extended to MIMO plants, when assuming that Λ is diagonal. In this
case, the trace operator used by the Lyapunov function (3.30) admits a representation
as a sum of scalar products as shown in (4.87). An appropriate Lyapunov function to
establish UUB of the error dynamics (4.174), (4.175) is then given by

V (t) = 1
2eC (t)T PeC (t) + 1

2

m∑

i=1
Λiθ̃iΓ−1θ̃

T

i + 1
2xM (t)PMxM (t) . (4.197)

By applying the arguments of Theorem 4.13 to each input, a MIMO UUB condition
follows.

While Theorem 4.13 yields conditions for UUB of a direct MRAC in the presence of
unmatched parametric uncertainties and parametrization errors, the size of the tracking
error has not yet been addressed. To that end, let the initial conditions be given by
eC(0) = 0, xM(0) = 0 and Θ̃(0) = −Θ∗. Inserting these initial conditions into the
derivative of the Lyapunov function yields

.
V (eC(0),xM(0), Θ̃(0)) = 0. Since Theorem

4.13 guarantees the set containment (4.195), the negation is true as well:

{eC ,xM , Θ̃ |
.
V > −κV } ⊆ {eC ,xM , Θ̃ | V < c}. (4.198)

Since the above initial conditions satisfy
.
V (eC ,xM , Θ̃) = 0, they do hence lie within

the set Mc. Since Mc is an invariant set and furthermore an ellipsoid, the ellipsoid
projection of Section 4.2.1 may be readily applied to obtain a bound on the tracking
error. To that end, let ck ∈ R2n+nr , k ∈ [1, . . . , n] denote the unit vector associated with
the state eC,k(t):

cTk =
[
bTk 01×n 01×nr

]
with bTk =

[
01×(k−1) 1 01×(n−k)

]
. (4.199)

According to (B.94) and (B.95), the projection ofMc onto the subspace spanned by ck
is given by:

Mc,Proj =




eC,k |

1
bTk
(

1
2P

)−1
bk
· e2

C,k ≤ c




. (4.200)
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The tracking error bound for the state eC,k(t) becomes

‖eC,k(t)‖L∞ ≤
√

2 · c · bTkP−1bk (4.201)

with c = lc/l.
The LMI problem of Theorem 4.13 is a feasibility problem. Hence, the level set

constant c, which crucially determines the size of the tracking error bound (4.201), may
be significantly larger than the smallest level set constant c∗, for which the LMIs (4.190)
are feasible. By solving the GEVP [17]:

min
l,c

c




(κ+l)P−QP,v PB̄PΘ∗x,um,v 0 PBP ·εv
Θ∗,Tx,um,vB̄

T
PP (κ+l)PM−QM 0 PMBM ·rv

0 0 Λv((κ+l)Γ−1−2σ) −ΛvσΘ∗vT

εv ·BTPP rv ·BTMPM −ΛvΘ∗vσ −2cl


 ≤ 0, (4.202)

−QP,v =
(
AM + B̄PΘ∗x,um,v

)T
P + P

(
AM + B̄PΘ∗x,um,v

)
(4.203)

∀ v = 1, . . . , 2q,

the smallest level set constant c∗ = arg min c can be computed.
The application of Theorem 4.13 is demonstrated by the following example:

Example 4.15. Consider the linearized short-period approximation (2.51) of the longi-
tudinal motion of the UAS from Chapter 2. In contrast to the previous examples such
as Example 3.6 or Example 4.1, λZα = λZq = 1 are no longer assumed. Hence, the
system matrix of the plant is now given by

AP =

Zα · λZα 1 + Zq · λZq
λα ·Mα λq ·Mq


 . (4.204)

This alternative definition admits the introduction of unmatched uncertainties by virtue
of the coefficients λZα and λZq. For the remainder of this example, the uncertainties are
assumed to adhere to Table 4.2. Apart from these differences, the plant is equivalently
defined as in Example 3.6.

In order to control this plant, the adaptive controller with baseline from Example 4.1
is used. Due to the plant uncertainties from Table 4.2, the ideal parameters and the
unmatched uncertainty are confined to the hyperrectangle

−1.0569 ≤ Θ∗α ≤ 0.5691, −0.2285 ≤ Θ∗q ≤ 0.1230,
−0.2110 ≤ Θ∗r ≤ 0.1136,
−0.7253 ≤ Θ∗um,1 ≤ 0.7253, −0.0263 ≤ Θ∗um,2 ≤ 0.0263.

Since unmatched uncertainties have to be considered, the update law of the direct
MRAC is enhanced by a σ-modification. The design parameters of the adaptive con-
troller are chosen as

P =

0.5447 0.0142

0.0142 0.0934


 , Γ = γ · I3×3, σ = 0.001 · I3×3. (4.205)

206



Chapter 4: Robustness and Performance Guarantees

Coefficient Nominal Value Uncertainty Range

Zα -2.42 λZα ∈ [0.7, 1.3]

Zq -0.09 λZq ∈ [0.7, 1.3]

Mα -29.04 λα ∈ [0.7, 1.3]

Mq -6.69 λq ∈ [0.7, 1.3]

Mη -21.40 λη ∈ [0.7, 1.3]

Table 4.2: Coefficients of the short-period approximation for a linearization of the non-
linear EOMs at V R

K = 40m/s, h = 500m, mfuel = 3.2 kg.

While the design parameters Γ and σ have been chosen in an ad hoc manner, the
matrix P maximizes the decay rate of the error dynamics in the presence of unmatched
uncertainties. The largest decay rate κe and the corresponding matrix P follow from
the GEVP

max
P ,κe

κe
(
AM + B̄PΘ∗x,um,v

)T
P + P

(
AM + B̄PΘ∗x,um,v

)
+ κeP ≤ 0.

The rationale of this choice becomes clear when revisiting the LMI condition of Theo-
rem 4.13. By determining P such that it maximizes the decay rate, the upper left block
of the LMI (4.190) is rendered as negative as possible, assuming κe � (κ+ l).

In Figure 4.18, the performance of the control system to a 5◦ square wave is shown.
For this simulation, the uncertainties have been chosen as λα = λq = λη = λZq = 1
and λZα = 0.7. The learning rate is set to γ = 10. While there is only an unmatched
uncertainty associated with Zα, this uncertainty leads to a significant deviation from the
reference model. The effect of this uncertainty could for example be compensated by a
baseline controller with integrator. Nevertheless, no such modification of the baseline
controller is applied here since this example focuses on the tracking error analysis.

Similar to the case of a direct MRAC without modification and without unmatched
uncertainties, the baseline controller does not alter the error dynamics. Hence, The-
orem 4.13 may be used to analyze the tracking error in the presence of unmatched
uncertainties. In order to obtain a minimal tracking error bound, the GEVP (4.202),
(4.203) is solved and afterwards, (4.201) yields the desired tracking error bound. The
matrix PM is chosen as

PM =

 0.5439 −0.0231
−0.0231 0.0933




and also follows from a decay rate maximization problem. The decay rate outside of
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Figure 4.18: Exemplary response of the adaptive controller from Example 4.15 for
λα = λq = λη = λZq = 1 and λZα = 0.7 to a 5◦ square wave command.
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Figure 4.19: Comparison of the analytical tracking error bound in the presence of un-
matched parametric uncertainty with the largest tracking error ‖eC,α (t)τ‖L∞ observed
in simulations for different values of the learning rate γ.

the ultimate bound κ, which should neither be confused with the decay rate of the error
dynamics κe or the decay rate of the reference model dynamics, is chosen as κ = 0.001.

Figure 4.19 compares the resulting tracking error bound with the largest tracking
error observed in Monte Carlo simulations for different values of the learning rate. First
of all, one notices that the analytical tracking error bound decreases with increasing
learning rate γ. Further simulations show that for γ � 1000 the tracking error bound
approaches a constant, non-zero value. Second, it is interesting to notice that the
simulation-based tracking error bound hardly shows any improvement with increasing
learning rate. However, as the considered MRAC does not possess any means to ac-
count for the unmatched uncertainty, and as the uncertainty sizes are comparatively
small, such trend was to be expected. Upon comparison of the analytical bound and
the simulation-based evidence, one clearly observes that the analytical bound is con-
servative. Even for a high learning rate γ = 1000, the analytical bound exceeds the
largest tracking error observed in simulations by 500%.

Finally, notice that a similar computation, where P and PM are the results of the
Lyapunov equation for Q = I2×2, yields approximately four times worse tracking error
bounds. This highlights that an appropriate choice of the matrices P and PM is crucial
in order to prove reasonably small tracking error bounds.

Example 4.15 highlights the ability of Theorem 4.13 to proof stability of a MRAC in
the presence of unmatched parametric uncertainties and bounded disturbances. De-
spite the use of LMI-based optimization and ellipsoid projection, the resulting tracking
error bound is conservative, especially for low learning rates. In order to mitigate this
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conservatism, an optimization of the design parameters P , Γ and σ of the adaptive
controller might be considered. The feasibility of this approach has been demonstrated
in the publication [79] of the author of this thesis. The required LMI conditions readily
follow from Theorem 4.13 by introducing the design parameters as additional optimiza-
tion variables. It has been demonstrated in the latter publication that this optimization
may lead to significant improvements. Since the optimization of design parameters
disagrees with the analysis scenario of this chapter, this idea is not pursued any fur-
ther here. Apart from optimizing the design parameters, further improvements of the
tracking error bound could also result from analyzing the adaptive control system with
a Lyapunov function similar to (4.117) from Section 4.2.1. As (4.117) introduces an
additional degree of freedom, less conservative analysis results seem feasible. Fur-
thermore, a probabilistic analysis based on Section 4.2.2 might admit further improve-
ments.

4.3 Time-Delay Margin

Among the robustness metrics introduced in Section 4.1.2, the time-delay margin is
of special interest as it represents a physically meaningful, easily understandable ro-
bustness metric, which also applies to nonlinear systems. Furthermore, it seems to
provide an equivalent level of safety as compared to the phase margin. Due to these
properties, the time-delay margin seems suitable for a future certification process.

In literature, adaptive control of time-delay systems has been tackled in two distinct
ways. One approach is the explicit modification of an adaptive controller such that it
accommodates for the time-delay (see e.g. [124] and references therein). The second
approach, which is also taken in this section, is to prove robustness of an existing
adaptive control scheme (like MRAC) to time-delays. The largest time-delay, for which
stability can be proven, may then serve as a lower bound on the true time-delay margin.

This section is largely based on a publication by the author of this thesis [78]. It
specifically considers the computation of the time-delay margin of the MRAC with base-
line controller, which was introduced in Section 3.2.2, in case of a single-input, LTI plant
in the tracking case. The use of a baseline controller is beneficial as it shifts the set of
ideal parameters closer to the origin, as demonstrated in Example 4.1. Furthermore, a
σ-modification is used in order to prevent parameter drift due to the time-delay.

In order to proof stability of the adaptive controller in the presence of time-delay, a
quadratic Lyapunov function is constructed that resembles the well-known Lyapunov
function used in the proof of UUB in Section 3.2.4 in the delay-free case. Due to the
time-delay, the derivative of this Lyapunov function is however not a quadratic form but
a multivariate polynomial. Hence, SOS optimization [128] and an extension of the S-
Procedure [17] are used to show that the Lyapunov function and its derivative satisfy
the conditions of the Lyapunov-Razumikhin theorem for UUB (Theorem C.9) from [75].
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To that end, consider the plant (3.1) and let its input be delayed by τc > 0. Suppose
that Assumptions 3.1 (state feedback), 3.2 (positive definite control effectiveness), 3.3
(Lipschitz condition), 3.9 (matching condition) hold. Due to these assumptions, the
plant (3.1) becomes

.
xP (t) = AMxP (t) +BPΛ

(
u(t− τc)− (Θ∗x +Kx) · xP (t)− f̄ (xP (t) , t)

)
. (4.206)

Furthermore, let the following additional assumptions hold:

Assumption 4.5. There is no input uncertainty, i.e. Λ = I.

Assumption 4.6. The plant (4.206) is LTI and not subject to exogenous disturbances,
i.e. f̄ (xP (t) , t) = 0.

Assumption 4.7. The plant only has one control input, i.e. m = 1.

Assumption 4.8. The command signal r (t) is bounded, i.e. ‖r (t)‖L∞ ≤ r0, r0 >

0. Furthermore, the first derivative of the command signal is bounded as well, i.e.
‖ .r(t)‖L∞ ≤ r̄0, r̄0 > 0.

The true matched uncertainties Θ∗x ∈ R1×n with Θ∗x =
[
Θ∗x,1 . . . Θ∗x,n

]
are known

to remain within a n-dimensional hyperrectangle Ωx = {Θ∗x | |Θ∗x,k| ≤ Θ∗x,k,max, k =
1, . . . , n}.

Furthermore, the baseline controller quadratically stabilizes the uncertain plant in
the absence of time-delay (see [2] for an introduction of quadratic stability). Thus, it
satisfies the Lyapunov LMI

(AP +BP ·Kx)TP + P (AP +BP ·Kx) ≤ −Q ∀AP , (4.207)

which is equivalent to

(AM −BP ·Θ∗x)TP + P (AM −BP ·Θ∗x) ≤ −Q ∀Θ∗x ∈ Ωx (4.208)

due to the matching condition (3.65). In both equations,Q ∈ Sn++ is a design parameter.

Due to the additional assumptions, the plant (4.206) simplifies to

.
xP (t) = AMxP (t) +BP (u(t− τc)− (Θ∗x +Kx) · xP (t)) , (4.209)

where AM ∈ Rn×n, BP ∈ Rn×1 are known matrices, whereas the constant vector
Θ∗x ∈ R1×n represents the matched plant uncertainties. The plant (4.209) is to be
controlled by the adaptive control law with baseline (3.64). Due to Assumptions 4.5-
4.7, the control law (3.64) simplifies to

u (t) = Kx · xP (t) +Kr · r (t) + Θx (t) · xP (t) . (4.210)

Consequently, the error dynamics .
eC (t) = .

xP (t)− .
xM (t) become

.
eC (t) = AMxP (t)+BP (u(t− τc)− (Kx + Θ∗x)xP (t))−AMxM (t)−BMr (t) . (4.211)
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By adding and subtracting BP · u (t) and using the definition Θ̃x (t) , Θx (t)−Θ∗x, the
error dynamics may be rewritten as

.
eC (t) = AMeC (t) +BP Θ̃x (t)xP (t) +BP (u(t− τc)− u (t)) . (4.212)

It follows from (4.212), that even if the parameter estimation error Θ̃x (t) is driven to
zero, a disturbance u(t− τc)−u (t) is still acting on the error dynamics. For this reason,
the update law for Θx (t) is enhanced by a σ-modification to avoid parameter drift (see
Section 3.2.4). The update law is given by

.
Θx (t)T = −Γx

(
xP (t) eC (t)T PBP + σΘx (t)T

)
, (4.213)

where Γx ∈ Sn++ is the learning rate and σ ∈ Sn++ is the modification gain. In contrast to
the proof of UUB from Section 3.2.4 in the delay-free case, P ∈ Sn++ is not the solution
of the Lyapunov equation (3.31), but of the Lyapunov LMI (4.208).

4.3.1 Model Transformation

In order to let (4.212) explicitly depend on the time-delay, a model-transformation is
applied [73]. For this, notice that

u(t− τc)− u (t) = −
∫ t

t−τc

.
u(ξ̄)dξ̄ with (4.214)

.
u(ξ̄) = du (t)

dt

∣∣∣∣∣
t=ξ̄

holds. Upon substitution of ξ̄ = ξ + t, (4.214) becomes:

u(t− τc)− u (t) = −
∫ 0

−τc

.
u(t+ ξ)dξ. (4.215)

The tracking error dynamics (4.212) may hence be written as:

.
eC (t) = AMeC (t) +BP · Θ̃x (t)xP (t)−BP

∫ 0

−τc

.
u(t+ ξ)dξ. (4.216)

Using A , AM −BP ·Θ∗x, the derivative .
u (t) is given by:

du (t)
dt

=
.

Θx (t)xP (t) + (Θx (t) +Kx) · .xP (t) +Kr
.
r(t)

= −BT
PPeC (t) · xP (t)T ΓxxP (t)−Θx (t)σΓxxP (t)

+ (Θx (t) +Kx) · .xP (t) +Kr
.
r(t)

(4.217)

with

.
xP (t) = A · xP (t) +BPKx · (xP (t− τc)− xP (t)) +BM · r(t− τc)

+BP ·Θx(t− τc)xP (t− τc).
(4.218)
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xP = xP (t) xP,ξ = xP (t+ ξ) xP,τ = xP (t+ ξ − τc)
xM = xM (t) xM,ξ = xM(t+ ξ) xM,τ = xM(t+ ξ − τc)
eC = eC (t) eC,ξ = eC(t+ ξ) eC,τ = eC(t+ ξ − τc)
Θx = Θx (t) Θx,ξ = Θx(t+ ξ) Θx,τ = Θx(t+ ξ − τc)
r = r (t) rξ = r(t+ ξ) rτ = r(t+ ξ − τc)
z = z(t) zξ = z(t+ ξ) zτ = z(t+ ξ − τc)

Table 4.3: Compact notation for the time-delay margin analysis of MRAC with σ-
modification.

In order to simplify the subsequent derivations, the compact notation according to
Table 4.3 is used. Hence, .u(t+ ξ) in compact notation is given by:

.
u(t+ ξ) =−BT

PPeC,ξ · xTP,ξΓxxP,ξ −Θx,ξσΓxxP,ξ +Kr
.
rξ

+ (Θx,ξ +Kx) · (A · xP,ξ +BPKx (xP,τ − xP,ξ))
+ (Θx,ξ +Kx) · (BM · rτ +BP ·Θx,τ · xP,τ ) .

(4.219)

4.3.2 Proof of Ultimate Boundedness

In this section, UUB of the time-delayed adaptive control system is proven. Similar to
the delay-free case, a quadratic Lyapunov function candidate is chosen:

V (t) = 1
2e

T
CPeC + 1

2x
T
MPMxM + 1

2ΘxΓ−1
x ΘT

x , (4.220)

where PM ∈ Sn++ solves the Lyapunov equation

AT
MPM + PMAM = −QM . (4.221)

In (4.221), QM ∈ Sn++ is a design parameter. Unlike the delay-free case, the Lyapunov
function candidate (4.220) also considers the reference model state xM . This is be-
cause the tracking error dynamics (4.216) contain a bounded disturbance depending
on xP = eC + xM . Furthermore, the Lyapunov function candidate (4.220) does not
depend on the parameter estimation error Θ̃x (t), but on the parameter estimation Θx.
While this significantly simplifies the subsequent derivations, it is also the reason why
P has to satisfy (4.208) (i.e. the plant is quadratically stable).

For the subsequent derivations, let ‖z‖W denote the weighted 2-norm of the vector
zT ,

[
eTC xTM Θx

]
, satisfying ‖z‖2

W = zTWz, W ∈ S3n
++. With

W = 1
2




P 0 0
0 PM 0
0 0 Γ−1

x


 , (4.222)
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the Lyapunov function candidate may be written as V (z) = ‖z‖2
W . Hence, using u(s) =

s2 and v(s) = s2, the conditions of Theorem C.9 concerning the functions u(s) and v(s)
are met and u(‖z‖W ) = V (z) = v(‖z‖W ) holds. Differentiating the Lyapunov function
candidate (4.220) along the solutions of the Retarded Functional Differential Equation
(RFDE) (4.216), (4.213) and (3.4) yields:

.
V (z) = eTCP

(
AMeC +BP Θ̃xxP −BP

∫ 0

−τc

.
u(t+ ξ)dξ

)

+ xTMPM (AMxM +BM · r)−Θx

(
xPe

T
CPBP + σΘT

x

)
.

(4.223)

Using Θ̃x = Θx −Θ∗x and (4.208), (4.223) may be upper-bounded by:

.
V (z) ≤ −1

2e
T
CQeC − eTCPBPΘ∗xxM

− eTCPBP

∫ 0

−τc

.
u(t+ ξ)dξ

− 1
2x

T
MQMxM + xTMPMBMr −ΘxσΘT

x .

(4.224)

In order to comply with condition (C.35) of Theorem C.9, V (z) ≤ −w(‖z‖W ) with w(s) =
εs2, ε > 0, (if (C.36), (C.37) hold) will be proven in Theorem 4.16. To simplify the
subsequent derivations, w(‖z‖W ) = κV (z) is added and subtracted in (4.224):

.
V (z) ≤− κV (z)− 1

2e
T
CQeC − eTCPBPΘ∗xxM

− eTCPBP

∫ 0

−τc

.
u(t+ ξ)dξ − 1

2x
T
MQMxM

+ xTMPMBMr −ΘxσΘT
x + κV (z).

(4.225)

Since the integration in (4.225) is performed over ξ, the upper bound on
.
V (z) may be

rewritten as
.
V (z) ≤ −κV (z) +

∫ 0

−τc
v(x)dξ (4.226)

with

v(x) = 1
τc

(
κV (z)− 1

2
(
eTCQeC + xTMQMxM

)
− eTCPBPΘ∗xxM

)

+ 1
τc

(
xTMPMBMr −ΘxσΘT

x

)
− eTCPBP

.
u(t+ ξ),

(4.227)

where xT =
[
zT zTξ zTτ r rτ

.
rξ Θ∗x

]
. In (4.226), the vector x is chosen such that

it contains all variables of a SOS optimization problem, which is going to be presented
in Theorem 4.16. Using κc , 1/τc, v(x) becomes

v(x) = κc

(
κV (z)− 1

2e
T
CQeC −

1
2x

T
MQMxM

)

+ κc
(
−eTCPBPΘ∗xxM + xTMPMBMr −ΘxσΘT

x

)

− eTCPBP
.
u(t+ ξ).

(4.228)
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.
V (z) indefinite
.

V (z) indefinite

V (z) = c̄V (z) = c

.
V (z) indefinite

.
V (z) ≤ 0

Figure 4.20: Illustration of the level sets: The derivative of the Lyapunov function V (z)
is indefinite inside the invariant set V (z) ≤ c and outside the invariant set V (z) ≤ c̄.

By inspecting (4.226), a general idea about the sets involved in the proof of UUB
may be obtained. In order to ensure

.
V (z) ≤ −κV (z), it suffices to show v(x) ≤ 0. Due

to the reference signal r, the polynomial v(x) is indefinite inside a level set V (z) ≤ c

with c > 0. Hence,
.
V (z) is indefinite in this level set, too. Similarly, v(x) is indefinite

outside a level set V (z) ≥ c̄ with c̄ > 0, since v(x) is a polynomial of degree 4 and the
largest negative definite terms in v(x) are of degree 2. This is illustrated in Figure 4.20.
One arrives at the following theorem:

Theorem 4.16. Consider the transformed adaptive control system (4.216), (4.213),
(3.4) and let p0 > 1, ε > 0, c > 0, c̄ > c be given constants. Consider the polynomial
f(x) with

f(x) , v(x) + α1 (p0V (z)− V (zξ)) + α2 (p0V (z)− V (zτ )) , (4.229)

where v(x) is defined in (4.228). Let the initial condition satisfy

‖φ (ζ)‖2
c = sup

−2τc≤ζ≤0
‖φ (ζ)‖2

W ≤ c̄.

If there are multipliers λ1(x), λ2(x) ∈ Σ(x), λ3, λ4, λ5, . . . , λ5+n ∈ R++ and constants
α1, α2 ∈ R++ such that the SOS optimization problem

min
λi,α1,α2

κc i = 1, . . . , 5 + n; κc > 0 s.t. (4.230)
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−f(x) + λ1(x) (c− V (z)) + λ2(x) (V (z) + V (zξ) + V (zτ )− 3c̄) + λ3(r2 − r2
0)

+ λ4(r2
τ − r2

0) + λ5( .r2
ξ − r̄2

0) +
n∑

k=1
λ(5+k)

(
Θ∗x,k

2 −Θ∗x,k,max
2
)
∈ Σ(x)

(4.231)

is feasible, then the adaptive control system (4.216), (4.213), (3.4) is UUB with a guar-
anteed time-delay margin of τ ∗c = 1/κ∗c . Furthermore, the ultimate bound is given by
H2 , c.

Proof. Let κ∗c be the minimizer of the optimization problem. Then, its inverse τ ∗c = 1/κ∗c
is the largest time-delay for which (4.231) is satisfied and for which the Polynomial
S-Procedure (Lemma B.11) proves the implication:

V (z) ≥ c ∧ V (z) ≤ c̄ ∧ V (zξ) ≤ c̄ ∧ V (zτ ) ≤ c̄

∧ r2 ≤ r2
0 ∧ r2

τ ≤ r2
0 ∧ .

r2
ξ ≤ r̄2

0

∧Θ∗x,k
2 ≤ Θ∗x,k,max

2, k = 1, . . . , n ⇒ f ≤ 0.
(4.232)

Thus, one has f(x) ≤ 0 ∀x ∈Mc with

Mc = {x | c ≤ V (z) ≤ c̄, V (zξ) ≤ c̄, V (zτ ) ≤ c̄

r2 ≤ r2
0, r

2
τ ≤ r2

0,
.
r2
ξ ≤ r̄2

0

Θ∗x,k
2 ≤ Θ∗x,k,max

2, k = 1, . . . , n}.
(4.233)

Now let w(s) , εs2. According to Theorem C.9,
.
V (z) ≤ −w(‖z‖W ) = −κV (z) has to

hold, whenever

‖z‖2
W ≥ H2, H2 = c, (4.234)

p0V (z)− V (eC(t+ ζ),xM(t+ ζ),Θx(t+ ζ)) > 0 (4.235)

are satisfied for ζ ∈ [−2τc, 0]. Eq. (4.235) is however true if and only if

p0V (z)− V (zξ) > 0, (4.236)

p0V (z)− V (zτ ) > 0 (4.237)

hold for ξ = [−τc, 0]. Thus, f(x) ≤ 0 ∀x ∈ Mc implies v(x) ≤ 0 ∀x ∈ Mc, if (4.235)
is satisfied. Furthermore, note that (4.234) is satisfied as well, since (4.232) ensures
V (z) ≥ c. Because of

1. Assumption 4.8, the bounds on the reference signal r, its delayed version rτ , its
delayed derivative .

rξ and the bounds on the true matched uncertainties Θ∗x,k are
always satisfied.

2. Remark C.10 and the boundedness of the initial conditions (i.e. ‖φ (ζ)‖2
c ≤ c̄), the

Lyapunov function will never exceed the level set V (z) = ‖z‖2
W ≤ c̄. Hence, the

delayed states satisfy ‖zξ‖2
W ≤ c̄, ‖zτ‖2

W ≤ c̄.
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Due to the preceding two remarks, v(x) ≤ 0 ∀x ∈Mc implies without loss of generality
.
V (z) ≤ −κV (z), ∀z ∈ {z | c̄ ≥ ‖z‖2

W ≥ c}, if (4.235) is true. Hence, all conditions
of Theorem C.9 are satisfied and the adaptive control system (4.216), (4.213), (3.4) is
UUB with a time-delay margin τ ∗c and an ultimate bound H2 = c.

Remark 4.17. In Theorem 4.16, the multipliers λi(x) with i = 1, . . . , 5 + n have been
chosen such that the computational burden is kept small. Other choices of the multi-
pliers, like separate polynomial multipliers for each inequality on the left hand side of
(4.232), are also admissible and may lead to larger estimates of the time-delay margin
at the price of an increased computational complexity.

Remark 4.18. For the application of Theorem 4.16, the question whether a time-delay
may always be computed is of great importance. In order to obtain an insight into this
question, consider (4.225) and denote the upper bound of

.
V (z) as

.
V u(z). For τc → 0, it

follows that
.
V u(z)→ −1

2e
T
CQeC−eTCPBPΘ∗xxM− 1

2x
T
MQMxM +xTMPMBMr−ΘxσΘT

x .
Thus, the upper bound converges to a second order polynomial, which is only indefinite
inside of V (z) ≤ c, but not outside of V (z) ≤ c̄. Due to continuity, this implies that the
outer limit c̄ of the invariant region may diverge to infinity as τc → 0. This however
implies that for sufficiently large c, the set containment condition of Theorem 4.16 is
always solvable if τc is sufficiently small.

4.3.3 Numerical Example

The application of Theorem 4.16 is demonstrated by the following example:

Example 4.19. Consider the plant (AP ,BP ·Λ) from Example 3.6. Due to the limitations
of Theorem 4.16, only state dependent uncertainties are accommodated, that is, λη is
not uncertain and satisfies Λ = λη = 1. The state-dependent, matched uncertainties
are assumed to satisfy 0.9 ≤ λα ≤ 1.1 and 0.9 ≤ λq ≤ 1.1. This size of the uncertainty
set has been chosen as numerical problems occurred in case of larger sets.

The plant is to be controlled by the adaptive control system with baseline controller
(4.210), (4.213). Suitable gains Kx, Kr of the baseline controller have already been
derived in Example 3.6. It follows from the matching condition (Assumption 3.9) that
the ideal parameter Θ∗x =

[
Θ∗α Θ∗q

]
is hence confined to the interval

− 0.14 ≤ Θ∗α ≤ 0.14, −0.03 ≤ Θ∗q ≤ 0.03. (4.238)

The design parameters of the adaptive controller are chosen as

P =

 0.5381 −0.0563
−0.0563 0.0923


 , Γ = γ · I2×2, σ = Γ−1,

PM =

 0.5439 −0.0231
−0.0231 0.0933


 ,

(4.239)
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where γ > 0 scales the learning rate. Similar to Example 4.15, the matrices P and PM

are the results of decay rate maximization problems:

max
P ,κe

κe

(AM −BPΘ∗x)
T P + P (AM −BPΘ∗x) + κeP ≤ 0, ∀Θ∗x ∈ Ωx,

and

max
P ,κm

κm

AT
MP + PAM + κmP ≤ 0,

respectively. The matrices Q and QM are hence given by

Q = κe · P =

 2.6603 −0.2783
−0.2783 0.4565


 , (4.240)

QM = −
(
AT
MPM + PMAM

)
=

 2.3846 −0.1011
−0.1011 0.4089


 . (4.241)

Furthermore, the reference signal is assumed to satisfy ‖r‖L∞ ≤ 0.1 rad = 5.7◦ and
‖ .r‖L∞ ≤ 0.5 rad/s = 28.7 ◦/s.

Since an adaptive controller is volatile to time-delay even in the absence of matched
parametric uncertainties, at first Θ∗x = 0 is assumed. Hence, the Lyapunov inequality
(4.208) may be replaced by the respective Lyapunov equality. The matrix Q is thus
given by the matrix

Q = −
(
AT
MP + PAM

)
=

 2.0026 −0.2464
−0.2464 0.4659


 . (4.242)

Using these design parameters, Theorem 4.16 is invoked to compute the time-delay
margin for different values of the learning rate γ. The optimization problem of Theorem
4.16 is formulated using the modeling language YALMIP [109] and solved by SDPT3
[166]. In order to isolate the effect of the learning rate, the modification gain σ has
been chosen such that the leakage in the update law (4.213) remains constant, i.e.
Γσ = I2×2. Since the choice of the level set constants c and c̄ also affects the provable
time-delay margin, the optimization problem of Theorem 4.16 is additionally solved
for different values of the level set constant c. When considering the initial conditions
eC(ζ) = 0, xM(ζ) = 0, Θx(ζ) = 0 with ζ = [−2τc, 0], these initial conditions lie within
the level set V (z) ≤ c. Hence, the remaining level set constant c̄ is arbitrarily chosen
slightly larger than c, i.e. c̄ = c + 0.01. In order to keep the computational complexity
small, the multipliers λ1(x) and λ2(x) are restricted to polynomials of degree 2.

In Figure 4.21(a), the analytically computed time-delay margin (for different choices
of the level set constant c) is compared to the time-delay margin determined in simula-
tions. For the simulation-based computation, a Monte Carlo simulation with 1000 iter-
ations was performed for each value of the learning rate γ, which only varied the com-
mand signal r (t). Since the analytical results ensure that V (eC (t) ,xM (t) ,Θx (t)) ≤ c̄
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(a) Comparison of the provable time-delay margin with the time-delay margin determined in sim-
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(b) Dependence of the provable time-delay margin on γ and c

Figure 4.21: Dependence of the time-delay margin on the learning rate γ in the ab-
sence of parametric uncertainties.

holds for all t ≥ 0, a simulation run was considered to be stable if the evaluation of the
Lyapunov function V (eC (t) ,xM (t) ,Θx (t)) remained below 1.01 for all times. Notice
that 1.01 represents the largest value of c̄, for which Theorem 4.16 is solved.

As expected, Figure 4.21(a) shows that the time-delay margin decreases with in-
creasing learning rate. Despite of the use of SOS programming, the gap between
the analytically computed time-delay margin and the simulation-based time-delay mar-
gin remains considerable. At γ = 19.3, the provable time-delay margin for example
amounts to 0.1% of the simulation evidence. Although increasing the degree of the
multipliers might reduce conservatism, further research is required to substantially re-
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Figure 4.22: Dependence of the time-delay margin on the learning rate γ in case of
10% matched parametric uncertainties for c = 0.5.

duce this gap. The influence of the level set constant c may be seen best in Figure
4.21(b). At first, the time-delay margin increases with an increasing value of the level
set constant c. After reaching a maximum, the time-delay margin begins to decrease
again. This illustrates that the choice of an appropriate level set constant c is crucial
for determining the largest value of the time-delay margin.

Next, the time-delay margin in the presence of 10% matched uncertainties is an-
alyzed. Hence, Q from (4.240) and QM from (4.241) are used. For c = 0.5, Figure
4.19 compares the dependence of the time-delay margin on the learning rate γ with
and without 10% matched uncertainty. It may be observed that the provable time-delay
margin with uncertainties amounts to 76.3% at γ = 10−3 and to 76.8% at γ = 8.5 of the
value, which may be proven in case of no matched uncertainties.

Example 4.19 highlighted the capability of Theorem 4.16 to compute a time-delay
margin of a MRAC with σ-modification. In contrast to other work, the presented ap-
proach allows the computation of a time-delay margin for a single-input LTI plant in
the tracking case. Furthermore, the resulting time-delay margin is valid for all matched
uncertainties of admissible size. Since level set constants are explicitly used within
the approach, the largest tracking error that may occur due to the time-delay can also
be estimated. Although the explicit use of level set constants is advantageous, fur-
ther research is required to quickly determine initial level set constants that solve the
optimization problem of Theorem 4.16. Moreover, research is required to mitigate the
conservatism that is introduced by using a Lyapunov function whose parameters have
been determined beforehand. Another aspect that requires further attention is the SOS
optimization problem itself. On the one side, its size often causes numerical difficulties,
which are also the reason why the uncertainty set Ωx had to be chosen very small. On
the other side, the size of the problem is also limited by the capabilities of today’s LMI
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solvers as discussed in [43]. For this reason, only small-scale problems involving a few
states can be solved.

4.4 Discussion

In this chapter, robustness and performance metrics for adaptive control have been re-
viewed, which may become part of a future certification process of adaptive controllers.
The review came to the conclusion that the time-delay margin and bounds on the track-
ing error are useful metrics, which allow the evaluation of the robustness as well as of
the performance of an adaptive controller. Since existing techniques for the analytical
computation of these metrics led to overly conservative bounds on these metrics, novel
techniques for their computation have been developed.

Despite all improvements, the computable bounds on these metrics still remain too
conservative. In case of the time-delay margin, this has been demonstrated in Exam-
ple 4.19. Even for a simple adaptive control problem, the gap between the analytical
lower bound and the simulation-based upper bound remains considerably large. Even
in good cases, the analytical bound only guarantees 0.1% of the time-delay margin
which is observed in simulations. As compared to the analytical lower bounds on the
time-delay margin, the analytical upper bounds on the tracking error seem to be more
mature. Nevertheless, a significant gap between the analytical upper bound and the
simulation-based lower bound is observed. In Example 4.7, the analytical bound ex-
ceeds the numerical evidence by roughly 400%. Consequently, this raises the question
of how to improve these bounds even further.

The performance of an adaptive controller and also the size of the computable
bounds crucially depend on the design parameters of the adaptive controller, such as
P , Γ and σ. It is hence reasonable to go from the analysis scenario, which was consid-
ered in this chapter, to a controller synthesis scenario, where these design parameters
are optimized in such a way that the respective bounds are maximized or minimized,
respectively. In case of the time-delay margin, this approach has to overcome seri-
ous limitations. While a synthesis SOS program readily follows from Theorem 4.16, it
is important to notice that this program would be bilinear. Since the linear SOS pro-
gram from Theorem 4.16 already leads to a significant computational burden [78] and
is sensitive to numerical problems, such a synthesis SOS program seems to be too de-
manding for the time being. To alleviate this difficulty, more efficient formulations of the
analysis SOS program would be required first, which for example rely on appropriately
simplified multipliers.

In case of the tracking error, the controller synthesis scenario has been addressed
in a publication of the author by this thesis [79] as well as several other publications
[55, 56, 61, 58, 57]. Since all of these approaches only rely on quadratic forms in-
stead of SOS polynomials, the computational complexity is significantly lower. Hence,
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even if the synthesis program is bilinear and hence, nonconvex, the computation of
a suboptimal solution seems feasible. While technically feasible, the synthesis does
not yet account for an important aspect: It is well known that the tracking error may
be decreased almost arbitrarily by increasing the learning rate Γ. Thus, minimizing
the tracking error bound will lead to large learning rates Γ. However, large learning
rates are known to increase the likelihood of oscillatory closed-loop responses and
are known to decrease the time-delay margin. Hence, additional constraints are re-
quired which prevent the optimization from increasing the learning rate. An ad hoc
solution is the introduction of upper limits for Γ as shown in [79]. However, suitable
upper bounds are just as hardly known as suitable values for the learning rate Γ itself.
A potential solution to address this problem is the analysis of the linearization of the
adaptive controller for its various equilibrium conditions (see for example (4.8)). While
the linearization does not allow any conclusion on the transient response, the absence
of weakly damped modes in the linearization is a necessary condition for the absence
of weakly damped responses of the nonlinear system. This is because any (fictitious)
method, which could detect oscillations of the closed-loop system, would also detect
the weakly damped modes at the equilibrium conditions. By minimizing the tracking er-
ror bound whilst ensuring a lower bound for the relative damping would hence prevent
the optimization from increasing the learning rate to overly large values.

All of the analytical methods, which have been presented in this chapter, ultimately
relied on Lyapunov or Lyapunov-like arguments. As highlighted in Section 4.2.1, the
use of Lyapunov theory also is an intrinsic source of conservatism. This is because
Lyapunov theory reduces the stability analysis of a n-dimensional system to the anal-
ysis of a one-dimensional, energy-like Lyapunov function and its derivative. While this
step is central, it also leads to a loss of information since the Lyapunov function does
not admit precise conclusions on the individual trajectories. Since bounds on the track-
ing error or the time-delay margin are derived from the one-dimensional Lyapunov
function, they are hence intrinsically conservative. To overcome this source of conser-
vatism, a stability analysis using alternative approaches would be required.

In contrast to nonlinear systems such as adaptive control systems, the analysis of
LTI systems is significantly more mature. To some extent, this is because LTI systems
admit the analytical solution of their underlying differential equations. Obviously, less
conservative bounds on the tracking error could be computed, if an analytical solu-
tion to the MRAC differential equations was available. For this reason, Appendix D.2
demonstrates the analytical solution of the MRAC differential equations in case of a
scalar plant with one uncertain parameter and in case of stabilization. While the ap-
proach from Appendix D.2 is not relevant from a practical point of view, an extension to
more complex classes of plants could yield important insights.

Following a similar line of thought, the analysis of adaptive controllers using a
Wiener-Volterra representation [137, 146] might allow to overcome the inherent limi-

222



Chapter 4: Robustness and Performance Guarantees

tation of a Lyapunov based analysis. Unlike Lyapunov theory, the Wiener-Volterra ap-
proach focuses on the input / output map of a nonlinear system. Roughly speaking, the
input / output map of the nonlinear system is represented in terms of a generalization
of the convolution integral known from LTI system theory.

The previous two ideas might also allow addressing another problem, which has
not been mentioned so far. With respect to the certification of an adaptive flight control
system, bounds on the time-delay margin and the tracking error are by far not suffi-
cient to replace all of the existing LTI requirements with an equivalent level of safety.
As an example, consider the performance specification in terms of the L∞-norm of the
tracking error components. Even if the latter norm is guaranteed to be small and the
reference model is non-oscillatory, the nonlinearity of an adaptive controller may induce
low amplitude, high-frequency oscillations. These oscillations may in turn excite typi-
cally neglected dynamics such as structural modes. No analytically computable metric
is known to the author which reliably detects such oscillations.

All of the previously presented ideas assumed that certification of an adaptive con-
troller requires a-priori guarantees on its robustness and performance. Since the com-
putation of suitable guarantees is still an open problem, the paradigm of a-priori guar-
antees has to be questioned as well. Instead of aiming at the computation of a-priori
guarantees, extensive online monitoring of the adaptive controller might be a viable al-
ternative. In this paradigm, the adaptive controller is constantly monitored by a suitable
algorithm. If the monitor detects an undesirable behavior of the adaptive controller, it
arranges the deactivation of the adaptive control system and will hence prevent the
adaptive controller from harming flight safety. On the one side, this approach reduces
the need for a-priori guarantees for the adaptive controller. On the other side, a-priori
guarantees are required for the monitoring algorithm, which ensure that the monitor
reliably detects malfunctions of the adaptive controller. Thus, monitoring-based cer-
tification of adaptive control shifts the need for a-priori guarantees from the adaptive
controller to the monitoring system.
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Chapter 5

Modified Linear Extended State
Observer

In the previous chapter, novel techniques for the computation of robustness and per-
formance guarantees for certain MRAC schemes have been introduced. Even though
these techniques admit the computation of significantly improved bounds on the track-
ing error and the time-delay margin, these bounds remain by far too conservative for
usage in a certification process. Furthermore, bounds on the tracking error and the
time-delay margin do not suffice to fully replace the existing LTI robustness and perfor-
mance requirements such as stated in SAE AS94900 [140]. The damping coefficients
of a LTI system allow for example a conclusion on the presence of oscillations in the
transient response. In contrast, no similar analytical metric is known to the author,
which admits a comparable conclusion for an adaptive control scheme.

The lack of widely accepted and reliable guarantees is a major obstacle to the cer-
tification of classical adaptive control schemes. Hence, it is natural to ask whether the
objective of model following control in the presence of uncertainties may be achieved
by alternative means, which are certifiable without major modifications of current cer-
tification standards. Following this line of thought, the deviation between desired and
real rotational dynamics of an aircraft may for example be estimated and compensated
using measurements of the angular accelerations. In conjunction with Nonlinear Dy-
namic Inversion (NDI), this idea forms the basis of Incremental Nonlinear Dynamic
Inversion (INDI) [157], [8]1. Furthermore, the dependence on angular acceleration
measurements may be alleviated by introducing a specialized linear filter, which yields
a prediction of the angular accelerations based on delayed measurements. The result-
ing control approach is consequently named Predictive Incremental Nonlinear Dynamic
Inversion (PINDI) [155]. Assuming that the aircraft is sufficiently well described by a
LTI system, the overall control system may be analyzed using tools from linear sys-
tem theory. Hence, conventional requirements for certification may be examined. In

1The authors of [157], [8] did not refer to their approach as INDI. This name was introduced later on
[155].
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a similar spirit, a filtered differentiation of the pitch rate to estimate the modeling error
has been proposed [40]. Since the filtered differentiation is achieved using a LTI filter,
conventional certification requirements may be checked as well. While the previously
mentioned approaches are rather specific to aircraft applications, one may also resort
to more general ideas such as DOBs (see e.g. [153]). The rational of DOBs is the
estimation and compensation of the disturbance at the plant input, which causes the
plant to deviate from a nominal or desired model. For this, the transfer function of
the desired plant response is explicitly inverted. By adding additional filters, a causal
control law results. As highlighted in Section 3.3.3, an explicit inversion is however not
desirable as there is no systematic approach for the incorporation of anti-windup mech-
anisms. To circumvent this difficulty, one has to resort to indirect approaches such as
L1-AC. In L1-AC, a state predictor with an appropriate update law indirectly estimates
the disturbances, which cause the plant to deviate from its desired model. Anti-windup
measures may then be implemented by simply mimicking those plant dynamics, which
cause windup, in the predictor. While L1-AC in its original form employs nonlinear up-
date laws similar to MRAC [27, 28] (see also Section 3.3.1), later extensions introduced
linear hybrid [25, 175] (see also Section 3.3.2) as well as linear continuous time update
laws [168].

The common feature of each of the previously mentioned approaches is the esti-
mation of the disturbance signal, which causes the plant to deviate from its desired
response. Following the terminology, which has been introduced in the discussion of
Section 3.4.2, these approaches are hence referred to as signal-based. This is in sharp
contrast to traditional adaptive control approaches such as MRAC or L1-AC (with in-
tegral update law [27, 28]), which ultimately estimate the parameters that cause the
plant to deviate from its desired response. In this chapter, yet another signal-based
approach is introduced, which is based upon a LESO. The ESO [67], [66] forms the
basis of Active Disturbance Rejection Control (ADRC). ADRC is an output-feedback
control approach for nonlinear systems and seeks to control a plant solely based upon
basic knowledge about the underlying physical process (like the order of the governing
differential equation). For this, all uncertainties are lumped into a disturbance signal.
By treating this signal as an additional state of the plant (by differentiation of the sig-
nal), conventional observer theory may be invoked for the estimation of the plant states
and the additional disturbance state. Hence, the ESO transforms the problem of uncer-
tainty estimation into a problem of state estimation. Originally, ESOs used nonlinear
observer gains. However, even with linear observer gains, the objective of simultane-
ous state and disturbance estimation may be achieved [65]. The resulting observer is
called LESO and is appealing from a certification point of view due to its linearity.

When comparing the LESO to the L1-PWC introduced in Section 3.3.2, one ob-
serves that both approaches follow an indirect approach for the estimation of the distur-
bances, which is desirable as it admits the simple realization of anti-windup measures.
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The L1-PWC does however resort to a linear hybrid approach, which complicates the
analysis. In contrast, the LESO may be realized as a simple LTI system. On the other
hand, it was already observed in the context of L1-AC that the choice of the low-pass
filter, which shapes the frequency content of the disturbance estimate, is of crucial
importance for a successful control design. Using L1-PWC, there is large degree of
freedom with respect to the choice of this filter. As to be demonstrated in Section 5.1,
the LESO also realizes a low-pass filter. Its choice is however implicit in the observer
design. In order to combine the advantages of L1-PWC, namely precise shaping of the
low-pass filter, and LESO, namely realization as a continuous time LTI system, a slight
modification of the LESO is proposed in this chapter. By adding an additional degree of
freedom, a MLESO is obtained which allows the explicit realization of an arbitrary low-
pass filter structure. The concept of the MLESO was originally proposed in [77, 81] by
the author of this thesis and will be extended in this chapter to accommodate a larger
class of plants.

A conceptually similar approach, which provides the same benefits as the MLESO,
is L1 Adaptive Control with Proportional Update Law (L1-PUL) [168]. Similar to the
MLESO, L1-PUL leads to a continuous time LTI controller and follows an indirect ap-
proach. Furthermore, the filter may be freely chosen. The relation of these approaches
will be clarified later on (Section 5.3.3). In fact, it will be shown that the closed-loop re-
sponse of the L1-PUL (and any other L1-AC as well) approximates the closed-loop
response of the MLESO.

To conclude this introduction, it should be noted that all linear signal-based ap-
proaches including the MLESO and the L1-PWC ultimately realize a filtered differentia-
tion in order to estimate the disturbance signal. The bandwidth of this filter is the main
tuning parameter, which allows trading off performance in the presence of parametric
uncertainties against sensitivity to non-parametric uncertainties such as time-delays,
unmodeled dynamics and noise. Roughly speaking, large bandwidths admit the esti-
mation and compensation of large parametric uncertainties. At the same time, robust-
ness, for example to delays, is decreased. In essence, all of these approaches hence
constitute a special class of linear fixed-gain controllers, which are based on high-gain
feedback. Due to their inherent robustness (to parametric uncertainties), they may
also be seen as a special class of robust controllers, even though approaches such as
L1-PWC and the MLESO are derived from an adaptive control point of view.

The remainder of this chapter is organized as follows: In Section 5.1, "classical"
LESO control is exemplified in case of state feedback for the general plant (3.1) intro-
duced in Chapter 3. Following up on these results, Section 5.2 introduces the MLESO,
which is used to estimate the deviation between the desired plant response and the
actual plant response. Using this disturbance estimate, Section 5.3 proposes a control
law, if there are only matched uncertainties. This section also highlights the intrin-
sic relationship between MLESO-based control and conventional Proportional Integral
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(PI) control as well as L1-AC. Afterwards, the more general case of matched and un-
matched uncertainties is considered in Section 5.4 and an appropriate control law is
derived. To conclude this chapter, Section 5.5 discusses the obtained results and re-
lates the MLESO to other signal-based and parameter-based approaches.

5.1 Linear Extended State Observer Control

ADRC is a conceptually simple control approach, which tries to control an uncertain
plant solely based on limited information about the underlying physical process and
on a limited number of measurements. For this, all uncertainties are lumped into dis-
turbance signals, which are subsequently treated as additional states of the plant. By
applying conventional observer theory to this extended plant model, an observer may
be designed, which achieves state and disturbance estimation at the same time. Due
to the introduction of additional states, this observer is called ESO. By feeding back the
uncertainty estimates, the uncertainties are approximately canceled and the nominal
plant response is approximately recovered. Despite its intriguing capabilities and its
simplicity, ESOs and ADRC are hardly known in the control community [164]. To some
extent, this derives from the fact that early papers such as [67] doubted the need of
an appropriate model in order to achieve good control performance. While it is true
that a low quality model suffices in theory to achieve good performance, this comes
at the price of excessively high feedback gains. Such high gains render the controller
infeasible in practice due to plant imperfections such as time-delay. In order to reduce
the controller gains, additional plant knowledge needs to be incorporated in order to
reduce the work load of the disturbance estimation scheme. This may for example be
achieved with the use of a baseline controller.

In the following, a special class of ESOs, namely the LESO, is introduced. The
derivation of the LESO is exemplified for the plant (3.1), which is subject to Assump-
tions 3.1 (state feedback), 3.2 (positive definite control effectiveness), 3.3 (Lipschitz
condition), 3.5 (matching condition). In general, the LESO may accommodate a larger
class of plants than specified by (3.1) and is not limited to state feedback. These re-
strictions are only introduced to ensure consistency throughout this thesis and to easily
motivate the MLESO in the upcoming sections.

Consider the plant (3.1). If the matching conditions hold, the plant (3.1) admits the
alternative representation (3.12). By adding and subtractingBP ·u (t), (3.12) becomes

.
xP (t) = AMxP (t) +BPu (t) +BP · dm (xP (t) , t) ,

dm (xP (t) , t) = (Λ− I)u (t) + Θ∗m,xxP (t) + fm (xP (t) , t) ,
(5.1)

where all uncertainties are lumped into the signal dm : Rn × R+ → Rm. Subsequently,
this signal is treated like an exogenous, i.e. not state-dependent, disturbance. In order
to stress this important idea, dm(t) will be used to refer to the signal dm (xP (t) , t). By
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differentiating dm(t) with respect to time and denoting its derivative as
.

∆ (t) ,
.
dm(t),

(5.1) becomes

.
xP (t) = AMxP (t) +BPu (t) +BP∆ (t) ,
.

∆ (t) =
.
dm(t),

(5.2)

where ∆ : R+ → Rm denotes the so-called extended state. Since the extended state
may not be measured, ADRC proposes the usage of a conventional observer to es-
timate the state ∆ (t). Since the derivative

.
dm(t) of the unknown disturbance signal

dm(t) is not known either,
.
dm(t) is assumed to be zero during the observer design

process. A rough motivation for this approach may be derived from the internal model
principle [54, 105]: If the commands r (t) and the exogenous disturbances may be
modeled as step functions, then the state- and input-dependent disturbance signal
dm (xP (t) , t) will also be a step-like function. Thus, by designing an observer for (5.2)
with

.
dm(t) = 0, this step-like disturbance characteristic may be appropriately consid-

ered within the observer. In case of state feedback, the resulting observer is given
by

.
x̂P (t) = AM x̂P (t) +BPu (t) +BP∆̂ (t) +L1 · eP (t) ,
.

∆̂ (t) = L2 · eP (t) ,
(5.3)

where x̂P : R+ → Rn and eP (t) = x̂P (t) − xP (t) denote the observer state vector
and the observer error, respectively. Since the observer (5.3) possesses the additional
state ∆̂ : R+ → Rm and uses the linear observer gains L1 ∈ Rn×n and L2 ∈ Rm×n, it is
called a LESO. Even though the plant (5.2) is nonlinear by definition, any LTI observer
design technique such as pole placement or Kalman filtering may be applied, since the
design model of the observer, which results from (5.2) for

.
dm(t) = 0, is LTI.

The observer (5.3) yields an estimate of the disturbance signal dm(t). Using this
signal, a control law to achieve approximate tracking of the states of the reference
model (3.4) is given by

u (t) = Krr (t)− ∆̂ (t) , (5.4)

where Kr was introduced in Section 3.1. Since the LESO assumes a step function
as the internal model of the disturbance dm(t), the internal model principle suggests
that ∆̂ (t) tracks dm(t) only asymptotically. From an engineering point of view, it is
however intuitive that ∆̂ (t) ≈ dm(t) will hold if the observer gainsL1 andL2 are chosen
sufficiently high. To shed light on this aspect, a different perspective is chosen, which
will lead to the introduction of the MLESO later on: Instead of considering dm(t) as an
additional state, dm(t) will subsequently be treated as a signal. Now, consider the error
dynamics derived from (5.1) and (5.3):

.
eP (t) = (AM +L1) · eP (t) +BP ·

(
∆̂ (t)− dm(t)

)
,

.
∆̂ (t) = L2 · eP (t) .

(5.5)
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Since dm(t) is treated as an exogenous signal, (5.5) constitutes a strictly proper LTI
filter with input dm(t) and output ∆̂ (t). Furthermore, since (5.5) is strictly proper, it
acts like a low-pass filter. To gain additional insight into the structure of the filter, notice
that (5.5) admits the equivalent representation

.
eP (t) = (AM +L1) · eP (t) +B ·


∆̂ (t)− dm(t)

0


 ,

.
∆̂ (t) = L2 · eP (t) ,

(5.6)

where B =
[
BP B̄P

]
was defined in (3.13). Next, apply the transformation eP (t) =

−B · ēP (t). Eq. (5.6) becomes

.
ēP (t) = B−1(AM +L1)B · ēP (t) +K

(
dm(t)− ∆̂ (t)

)
,

.
∆̂ (t) = −L2B · ēP (t) ,

(5.7)

where KT =
[
Im×m 0m×(n−m)

]
. Since L1 and L2 are the only design parameters of

the filter, (5.7) may not realize arbitrary strictly proper filters. To see this, consider the
following example:

Example 5.1. Let (3.1) describe a SISO plant with one state, i.e. n = m = 1. In this
case, (5.7) simplifies to

.
ēP (t) = B−1

P (AM + L1)BP · ēP − ∆̂ (t) + dm (t) ,
.

∆̂ (t) = −L2BP · ēP (t).
(5.8)

Upon the transformation ∆̂ (t) = −L2BP ∆̄ (t), (5.8) becomes:
.
ēP (t) = B−1

P (AM + L1)BP · ēP + L2BP · ∆̄ (t) + dm (t) ,
.

∆̄ (t) = ēP (t),
∆̂ (t) = −L2BP · ∆̄ (t) .

(5.9)

By defining a0 = −L2BP and a1 = −B−1
P (AM + L1)BP , one observes that (5.9) estab-

lishes the following relation in the frequency-domain between the input dm (t) and the
output ∆̂ (t):

∆̂(s) = a0

s2 + a1s+ a0
· dm(s). (5.10)

Even though a0 and a1 may be freely chosen by choosing L1 and L2 , this implies that
the LESO may only realize the transfer function characteristics of a PT2 element.

The preceding example showed that the LESO may not in general realize an arbi-
trary transfer function characteristic between the input dm(t) and the disturbance esti-
mate ∆̂ (t). For the first-order example, this does not seem overly restrictive. However,
similar results also hold in case of a plant with more than one state and one input (n ≥ 2
and m = 1), as shown in the next example:
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Example 5.2. For the demonstration of the capabilities of the LESO, consider the same
short-period approximation (AP ,BP ·Λ) and the same reference model (AM ,BP ·Kr)
as in Example 3.6.

In order to achieve approximate MRC, the LESO (5.3) and the control law (5.4)
are used. A suitable value of the feedforward gain Kr has already been determined
during the derivation of the reference model in Example 3.6. The observer gains L1

and L2 are determined by pole placement using the place command of the Control
System Toolbox of MATLAB R© 2014a. The desired pole locations are chosen as −20
and −14.14± 14.14j, leading to the observer gains

L1 =

−17.5825 −0.9125

5.3217 −26.3135


 , L2 =

[
0.0000 18.6894

]
. (5.11)

Figure 5.1 exemplary shows the response of this controller to a 5◦ square wave
command. Clearly, the LESO-based controller achieves approximate MRC. This per-
formance is due to the capability of the LESO to correctly estimate the true disturbance
signal dm (t). By speeding up the LESO, closer-tracking of the reference model is also
possible. For that, the eigenfrequencies of the poles have to be further increased.

The transfer function relation between the true disturbance dm (t) and its distur-
bance estimate ∆̂ (t) follows from the error dynamics (5.6) and is given by

∆̂(s) = 399.88 · (s+ 20)
(s+ 20) · (s2 + 28.28s+ 399.9) · dm(s). (5.12)

It is interesting to notice that this transfer function possesses a zero, which exactly
cancels one of the poles of the error dynamics. Hence, the LESO effectively realizes a
PT2 relation between the true disturbance dm (t) and its estimate ∆̂ (t).

The previous example highlighted that the LESO design leads to zeros in the trans-
fer function form the true disturbance dm (t) to its estimate ∆̂ (t). This zero was benign
in the sense that it canceled with a pole of the latter transfer function. For this reason,
the LESO again realized a PT2 relation between the true disturbance dm (t) and its
estimate ∆̂ (t). Notice however that the location of the zero depends on the observer
design technique and is not guaranteed to cancel with a pole of the error dynamics.

In the subsequent example, a similar analysis is conducted in case of a MIMO un-
certainty, in which case the latter transfer function becomes a transfer function matrix.

Example 5.3. In order to demonstrate the effects in case of a MIMO uncertainty, a
LESO is to be designed which may also estimate unmatched uncertainties. Neverthe-
less, the plant and the reference model are equivalently chosen as in Example 5.2.

In order to estimate unmatched uncertainties, assume that the input matrix BP has
full rank (Assumption 3.6). Hence, a complementary matrix B̄P exists due to Remark
3.2 such thatB =

[
BP B̄P

]
has full rank. Following the same argument as during the
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Figure 5.1: Exemplary response of the LESO from Example 5.2 for λα = λq = 1 and
λη = 0.5 to a 5◦ square wave command.
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derivation of the LESO for matched uncertainties, the plant representation

.
xP (t) = AMxP (t) +BPu (t) +B · d (xP (t) , t) ,

d (xP (t) , t) = B−1 (BP (Λ− I)u (t) + (AP −AM) · xP (t))
(5.13)

and the LESO

.
x̂P (t) = AM x̂P (t) +BPu (t) +B∆̂ (t) +L1 · eP (t) ,
.

∆̂ (t) = L2 · eP (t) ,
(5.14)

follow, where L1 ∈ Rn×n and L2 ∈ Rn×n are the observer gains.
Choose B̄T

P =
[
1 0

]
. The observer gains L1 and L2 are once again determined

using pole placement using the place command of the Control System Toolbox of
MATLAB R© 2014a. The desired pole locations are chosen as −14.14±14.14j and −15±
15j, leading to the observer gains

L1 =

−26.4113 −1.4776

4.1842 −27.4846


 , L2 =


 1.5492 20.2845
−415.8727 −16.4672


 . (5.15)

The transfer function matrix from d (xP (t) , t) to ∆̂ (t) follows from the error dynam-
ics .
eP (t) =

.
x̂P (t)− .

xP (t) and is now given by

∆̂(s) =


434.01 · (s2 + 28.79s+ 414.6) −1.5492 · s · (s+ 14.56)
−352.33 · s · (s+ 14.56) 415.87 · (s2 + 29.41s+ 432.7)




(s2 + 28.28s+ 399.9) · (s2 + 30s+ 450) · d(s). (5.16)

Clearly, the channels of this transfer function matrix are not decoupled. That is, the
first component of d (xP (t) , t) influences the estimate of the second component and
vice versa. Especially the channel from the first component of d (xP (t) , t) (matched
uncertainty) to the second component of ∆̂ (unmatched uncertainty estimate) shows a
strong cross-coupling.

The previous example has shown that a LESO design may lead to undesirable
cross-couplings between different disturbance estimate channels. Ideally, one would
like to choose the zeros of the transfer functions associated with the cross-coupling
channels in such a way that they cancel with the poles (of the error dynamics), leading
to perfectly decoupled disturbance estimates. An appropriate design of the observer
gains L1 and L2 is however non-trivial. This problem motivates the Modified LESO,
which will be introduced in the upcoming section. By adding an additional degree of
freedom, cross-couplings may be easily avoided. Furthermore, an appropriate modifi-
cation is presented which realizes a strictly proper transfer function of arbitrary degree
between the disturbance signal and its estimate.
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5.2 The Modified Linear Extended State Observer

In the previous section, the classical LESO has been introduced. Together with the
simple control law (5.4), the LESO achieves MRC in the presence of parametric un-
certainties without resorting to nonlinear control methods such as MRAC. For this,
the conventional LESO transforms the problem of disturbance estimation to a problem
of state estimation, which is solved using classical Luenberger observer theory. By
shifting the perspective from state estimation to transfer function properties, one may
recognize the filter structure, which is implicitly realized by the LESO, as shown in (5.7).
Examples 5.1-5.3 demonstrate that the LESO may only realize certain strictly proper
low-pass filters. However, it has already been noted in the context of L1-AC that the
choice of the low-pass filter, which shapes the frequency content of the disturbance es-
timate, is of crucial importance. In case of flight control problems, it might for example
be desirable to obtain a disturbance estimate, which attenuates the frequencies of the
structural modes of the aircraft. Since the filter transfer function of a LESO is implic-
itly determined by the observer design and only some low-pass filter transfer functions
may be realized, such a design is hard to obtain.

To overcome these limitations, the MLESO is introduced in this section. As com-
pared to the LESO, the MLESO exploits an additional design parameter at the distur-
bance estimate output of the observer. Using this design parameter, arbitrary strictly-
proper low-pass transfer functions may be realized between the unknown disturbance
input and the known disturbance estimate output. Similar to the LESO, this section
proposes a MLESO, which is well suited for the approximate MRC problem.

Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive
definite control effectiveness), 3.3 (Lipschitz condition), 3.6 (full-rank BP ) hold. Due to
Assumption 3.6, the plant (3.1) admits the alternative representation (3.15):

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)

+ B̄P

(
Θ∗um,xxP (t) + fum (xP (t) , t)

)
.

(5.17)

Adding and subtractingBP ·u (t) enables to separate (5.17) into a desired plant model
and an unknown disturbance d (xP (t) , t):

.
xP (t) = AMxP (t) +BP · u (t) +B · d (xP (t) , t) , (5.18)

d (xP (t) , t) ,

 dm (xP (t) , t)
dum (xP (t) , t)




,


(Λ− I) · u (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

Θ∗um,xxP (t) + fum (xP (t) , t)


 ,

(5.19)

where B was defined in (3.13) and, where dm : Rn × R+ → Rm and dum : Rn × R+ →
Rn−m are the matched and unmatched disturbance signals, respectively. Even though
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dm (xP (t) , t) and dum (xP (t) , t) are state-dependent by definition, they will subse-
quently be treated like exogenous, i.e. not state-dependent, disturbances. In order
to stress this important idea, dm(t) , dm (xP (t) , t), dum(t) , dum (xP (t) , t) as well
as d(t) , d (xP (t) , t) will be used to refer to these signals. Furthermore, notice that
dum (xP (t) , t) = 0 ∀t ≥ 0 will hold, if the matching condition of Assumption 3.5 is
satisfied.

Subsequently, Sections 5.2.1 and 5.2.2 propose the first order and the higher order
MLESO, respectively, for the plant (5.17). Here, the order of the MLESO specifies
the order of the strictly proper LTI transfer function that the MLESO realizes (for each
disturbance channel).

Notice that the remainder of this section (namely Subsections 5.2.1 and 5.2.2) fo-
cuses on the MLESO itself. Thus, they only derive the disturbance estimator. For the
respective control laws, which make use of the disturbance estimates, please refer to
Sections 5.3 and 5.4. If the matching condition of Assumption 3.5 is satisfied, Section
5.3 presents a control law in order to achieve approximate tracking of the states of the
reference model (3.4). Since the matching conditions hold, this control law only makes
use of the estimate of the matched disturbance signal dm (xP (t) , t). If the matching
conditions do not hold (see Section 3.1.2), an appropriately modified control law is
given in Section 5.4, which achieves approximate tracking of the outputs of the refer-
ence model (3.4).

5.2.1 First Order MLESO

This section introduces the first order MLESO. Unlike the conventional LESO, this ob-
server is derived from a signal-based point of view and does not require an extended
state. Even though the term “extended” state observer may be misleading in the first
order case, this terminology is introduced since extended states will appear in case of
MLESOs of order k ≥ 2.

Now, let L0 ∈ Rn×n and M 0 ∈ Rn×n be an observer gain and an output gain,
respectively. Then, the first order MLESO for the plant (5.18) is given by:

.
x̂P (t) = AM · xP (t) +BP · u (t) +L0 · eP (t) ,
d̂(t) = M 0 · eP (t) ,

(5.20)

where x̂P : R+ → Rn, eP (t) , x̂P (t) − xP (t) and d̂ : R+ → Rn denote the ob-
server state vector, the observer error and the observer output (the disturbance esti-
mate output), respectively. Furthermore, assume that the MLESO is initialized such
that x̂P (0) = xP (0) holds. While the structure of (5.20) is rather general, the subse-
quent derivation will present a methodology for choosing the design parameters L0

and M 0 of the MLESO in such a way that the output d̂(t) of the MLESO provides an
estimate of the unknown disturbance d(t).
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For this, consider the error dynamics of the MLESO:

.
eP (t) =

.
x̂P (t)− .

xP (t) = L0 · eP (t)−B · d(t),
d̂(t) = M 0 · eP (t) .

(5.21)

Utilizing the transformation eP (t) = −B · ēP (t), the error dynamics become
.
ēP (t) = B−1L0B · ēP (t) + d(t),
d̂(t) = −M 0B · ēP (t) .

(5.22)

Clearly, the error dynamics (5.22) may realize the structure of a n-dimensional, first-
order lag element with input d(t) and output d̂(t). Since B has full rank, the dynamics
and the DC gain of this lag element may be arbitrarily chosen. Usually, one is interested
in a decoupled estimate of the uncertainties, i.e. the i-th component of d(t) should only
influence the i-th component of the disturbance estimate d̂(t). Furthermore, the esti-
mate should have a DC gain of one. Thus, a natural choice for the design parameters
L0 and M 0 of the first order MLESO is such that

B−1L0B = −A0,

−M 0B = A0
(5.23)

hold, where

A0 ,




a0,11 . . . 0
... . . . ...
0 . . . a0,nn


 (5.24)

is a positive definite, diagonal matrix. The elements a0,ii, i = 1, ..., n of A0 specify the
bandwidth with which the MLESO estimates the disturbance d(t). Solving (5.23) for L0

and M 0 yields

L0 = −BA0B
−1,

M 0 = −A0B
−1.

(5.25)

Using the design parameters (5.25) and due to the assumption eP (0) = x̂P (0)−xP (0) =
0, the first-order MLESO establishes the following relationship between the uncertainty
d(t)T =

[
d1(t) . . . dn(t)

]
and its estimate d̂(t)T =

[
d̂1(t) . . . d̂n(t)

]
:

d̂i(s) = Cd,i (s) · di(s) with

Cd,i (s) = a0,ii

s+ a0,ii
, i = 1, ..., n.

(5.26)

Even though (5.26) holds, it has to be stressed that the observer (5.20) does not rely
on the knowledge of the unknown signal d(t), but only uses measurements of the state
vector xP (t). Furthermore, since (−A0) is Hurwitz, the MLESO will yield a bounded
estimate d̂(t), if d(t) is bounded. However, notice that boundedness of d(t) has not yet
been proven.

236



Chapter 5: Modified Linear Extended State Observer

5.2.2 Second and Higher Order MLESO

The first order MLESO establishes the relationship (5.26) between the uncertainty d(t)
and its estimate d̂(t). Depending on the application, higher filter orders may however
be desirable. These can be achieved using a higher order MLESO, where the observer
is augmented with additional states. A k-th order MLESO for the plant (5.18) is given
by:

.
∆̂0(t) = ∆̂1(t),
.

∆̂1(t) = ∆̂2(t),
... (5.27)

.
∆̂k−2(t) = eP (t) ,
.
x̂P (t) = AM · xP (t) +BP · u (t) +L0 · ∆̂0(t) + . . .+Lk−2 · ∆̂k−2(t) +Lk−1 · eP (t) ,
d̂(t) = M 0 · ∆̂0(t) + . . .+M k−2 · ∆̂k−2(t) +M k−1 · eP (t) ,

where ∆̂j : R+ → Rn, j = 0, . . . , k − 2 are the additional states and where Lj ∈ Rn×n

andM j ∈ Rn×n, j = 0, ..., k−1 are the design parameters of the MLESO. Furthermore,
assume that the MLESO is initialized such that x̂P (0) = xP (0) and ∆̂j(0) = 0 hold. The
error dynamics become:

.
∆̂0(t) = ∆̂1(t),
.

∆̂1(t) = ∆̂2(t),
... (5.28)

.
∆̂k−2(t) = eP (t) ,
.
eP (t) = L0 · ∆̂0(t) + . . .+Lk−2 · ∆̂k−2(t) +Lk−1 · eP (t)−B · d(t),
d̂(t) = M 0 · ∆̂0(t) + . . .+M k−2 · ∆̂k−2(t) +M k−1 · eP (t) .

Utilizing the transformations eP (t) = −B ·ēP (t) and ∆̂j(t) = −B ·∆̄j(t), j = 0, ..., k−2,
the error dynamics become

.
∆̄0(t) = ∆̄1(t),
.

∆̄1(t) = ∆̄2(t),
... (5.29)

.
∆̄k−2(t) = ēP (t) ,
.
ēP (t) = B−1L0B · ∆̄0(t) + . . .+B−1Lk−2B · ∆̄k−2(t) +B−1Lk−1B · ēP (t) + d(t),
d̂(t) = −M 0B · ∆̄0(t)− . . .−M k−2B · ∆̄k−2(t)−M k−1B · ēP (t) .

Notice that the structure of (5.29) resembles the controllability canonical form of a
strictly proper filter with input d(t) and output d̂(t). Since B has full rank and since
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eP (0) = x̂P (0) − xP (0) = 0 and ∆̂j(0) = 0 are assumed, one may choose the design
parameters of the MLESO such that the following relationship between the uncertainty
d(t) and its estimate d̂(t) holds:

d̂i(s) = Cd,i (s) · di(s) with

Cd,i (s) = bk−1,ii · sk−1 + ...+ b1,ii · s+ b0,ii

sk + ak−1,ii · sk−1 + ...+ a1,ii · s+ a0,ii
, i = 1, ..., n.

(5.30)

In order to ensure a DC gain of one, the choice of the filter has to satisfy b0,ii = a0,ii.
Furthermore, the coefficients aj,ii, j = 0, ..., k − 1, i = 1, ..., n in (5.30) have to be
chosen such that the denominator polynomial is Hurwitz for each i = 1, ..., n. Define
the diagonal matrices

Aj ,




aj,11 . . . 0
... . . . ...
0 . . . aj,nn


 , j = 0, ..., k − 1, (5.31)

Bj ,




bj,11 . . . 0
... . . . ...
0 . . . bj,nn


 , j = 1, ..., k − 1. (5.32)

For (5.30) to hold (with b0,ii = a0,ii), the design parameters Lj and M j have to be
chosen such that

B−1LjB = −Aj, j = 0, ..., k − 1, (5.33)

−M jB = Bj, j = 1, ..., k − 1, (5.34)

−M 0B = A0 (5.35)

are satisfied. Since Aj and Bj are diagonal matrices, (5.29) may be equivalently
represented in the frequency-domain by

d̂(s) = Cd (s) · d(s),

Cd (s) =




Cd,1 (s) . . . 0
... . . . ...
0 . . . Cd,n (s)


 (5.36)

= (Bk−1 · sk−1 + . . .+B1s+A0) · (I · sk +Ak−1 · sk−1 + . . .+A1 · s+A0)−1.

Since the coefficients of the transfer function in (5.30) are chosen to be Hurwitz, the
MLESO will yield a bounded estimate d̂(t), if the true uncertainty d(t) is bounded.
However, notice that boundedness of d(t) has not yet been proven.

5.3 Control Law for Matched Uncertainties

The MLESO yields an estimate d̂(t) of matched as well as unmatched uncertainties.
Similar to (5.19), d̂(t) may be partitioned into a matched and an unmatched portion by
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d̂(t)T =
[
d̂m(t)T d̂um(t)T

]
with d̂m : R+ → Rm and d̂um : R+ → Rn−m. Based on the

partition introduced for d(t) and d̂(t), (5.36) admits the partition:

d̂m(s) = Cm(s) · dm(s),
d̂um(s) = Cum(s) · dum(s),

(5.37)

where

Cm(s) =




Cd,1 (s) . . . 0
... . . . ...
0 . . . Cd,m (s)




= (Bk−1,m · sk−1 + . . .+B1,ms+A0,m) · . . .
(I · sk +Ak−1,m · sk−1 + . . .+A1,m · s+A0,m)−1,

(5.38)

Cum(s) =




Cd,m+1 (s) . . . 0
... . . . ...
0 . . . Cd,n (s)




= (Bk−1,um · sk−1 + . . .+B1,ums+A0,um) · . . .
(I · sk +Ak−1,um · sk−1 + . . .+A1,um · s+A0,um)−1

(5.39)

are the transfer function matrices associated with matched and unmatched uncertain-
ties. In (5.38) and (5.39), the matricesAj,m,Bj,m ∈ Rm×m, Aj,um,Bj,um ∈ R(n−m)×(n−m)

are partitions of (5.31) and (5.32), respectively:

Aj =

Aj,m 0

0 Aj,um


 , j = 0, ..., k − 1,

Bj =

Bj,m 0

0 Bj,um


 , j = 1, ..., k − 1.

(5.40)

Now, let the matching condition of Assumption 3.5 hold. In this case, dum(t) = 0
holds and hence, (5.37) implies d̂um(t) = 0. For this reason, the outputs of the MLESO
associated with the unmatched uncertainties may be safely ignored. Similar to the
conventional LESO, a control law to approximately solve the model following problem
is given by

u (t) = Kr · r (t)− d̂m(t). (5.41)

The application of the control law (5.41) yields the overall control system structure
displayed in Figure 5.2. By inserting the control law (5.41) into the plant representation
(5.18) and exploiting dum(t) = 0, one obtains:

.
xP (t) = AM · xP (t) +BPKr · r (t) +BP · (dm(t)− d̂m(t)). (5.42)

Clearly, the closed-loop plant dynamics are driven by the mismatch between the esti-
mated and the actual matched uncertainty, whereas d̂um(t) has no influence. Given a
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MLESO Eq. (5.20) or (5.27)

Kr Plant Eq. (5.17)
r u xP

d̂
d̂m

d̂um
-

Figure 5.2: Structure of the closed-loop system with MLESO controller

sufficiently high bandwidth of the MLESO, the difference between dm(t) and d̂m(t) will
become small and hence, the plant will approximately follow the reference model (3.4).
This intuitive idea is also exploited within the subsequent proof of BIBS stability, which
is similar to the proof of BIBS stability of the L1 Reference Model presented in Section
3.3.1.

In order to establish closed-loop stability, the following assumption is required in
addition to Assumptions 3.1, 3.2, 3.3 and 3.6, which have already been required during
the derivation of the MLESO:

Assumption 5.1. The uncertainties Λ and Θ∗m,x are bounded. They are guaranteed to
remain within the known compact sets ΩΛ and Ωx,m, i.e.

Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m. (5.43)

The sets ΩΛ and Ωx,m may be conservative in the sense that they are supersets of the
sets, in which the uncertainties will remain in reality. Furthermore, the state-dependent
Lipschitz constant K(r) and the bound on exogenous disturbances B, defined in As-
sumption 3.3, are known.

Assumption 5.1 implies that the uncertain, nonlinear function fm (xP (t) , t) satisfies
the semi-global Lipschitz condition

‖fm(x1, t)− fm(x2, t)‖∞ ≤ Lm (r) · ‖x1 − x2‖∞ ∀ ‖x1‖ ≤ r, ‖x2‖ ≤ r, (5.44)

and
‖fm(0, t)‖∞ ≤ φm,0, (5.45)

where Lm (r) and φm,0 are known constants. Similar to the proof of stability of L1-
AC, the semi-global character of the Lipschitz condition significantly complicates the
stability analysis. For this reason, Section 5.3.1 will first introduce stability conditions
for the simpler case of a global Lipschitz condition. Afterwards, the more general case
of a semi-global Lipschitz condition is considered in Section 5.3.2. Since the proof
of BIBS stability of the MLESO is very similar to the proof of BIBS stability of the
L1 Reference Model, Section 5.3.3 will comment on the relation between L1-AC and
MLESO-based control. Furthermore, an intrinsic relation of MLESO-based control to
PI control will be highlighted in Section 5.3.4.
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5.3.1 Stability in Case of a Global Lipschitz Condition

In this section, assume that the semi-global Lipschitz condition of Assumption 3.3 is
strengthened to a global Lipschitz condition. Consequently, the uncertain, nonlinear
function fm (xP (t) , t) satisfies the global Lipschitz condition

‖fm(x1, t)− fm(x2, t)‖∞ ≤ Lm · ‖x1 − x2‖∞ (5.46)

and
‖fm(0, t)‖∞ ≤ φm,0, (5.47)

where Lm and φm,0 are known constants due to Assumption 5.1. Using the reverse
triangle inequality, (5.46) especially yields a bound on the size of the nonlinearity, which
depends linearly on ‖x‖∞, namely:

‖fm(x, t)‖∞ ≤ Lm · ‖x‖∞ + φm,0. (5.48)

Using the global Lipschitz condition and following similar steps, which led to Lemma
3.20 in case of L1-AC, one arrives at the following theorem for BIBS:

Theorem 5.4 (BIBS Stability in Case of Matched Uncertainties and a Global Lipschitz
Condition). Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (pos-
itive definite control effectiveness), 3.3 (Lipschitz condition), 3.5 (matching condition),
3.6 (full-rank BP ) and 5.1 (bounded uncertainties) hold. Furthermore, assume that the
Lipschitz condition of Assumption 3.3 has been strengthened to a global one such that
(5.46) and (5.47) are satisfied. Let the initial conditions of the MLESO (5.27) (or (5.20),
respectively) be chosen such that

x̂P (0) = xP (0), ∆̂j(0) = 0, j = 1, ..., k − 1 (5.49)

with ‖xP (0)‖∞ <∞ hold.
If the design parameters Aj, j = 0, ...k − 1 and Bj, j = 1, ..., k − 1 of the MLESO

(5.27) (or (5.20), respectively) are chosen such that

1. the filterCm(s), defined in (5.38), may be represented by the feedback connection

Cm(s) = (I +KD(s))−1KD(s), (5.50)

where K ∈ Rm×m is a feedback gain and D : C → Cm×m is a strictly proper
transfer function matrix containing an integrator;

2. the feedforward and feedback filters Cff (s) and Cfb(s), defined as

Cff (s) , (I + ΛKD(s))−1Λ(I +KD(s)),
Cfb(s) , (I + ΛKD(s))−1ΛKD(s),

(5.51)

are Hurwitz for all Λ ∈ ΩΛ;
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3. the L1-norm condition

‖Gm(s) · (I −Cfb(s)) ·Θ∗m,x‖L1 + ‖Gm(s) · (I −Cfb(s))‖L1 · Lm < 1 (5.52)

is satisfied for all Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, where

Gm (s) , (sI −AM)−1BP , (5.53)

then the control law (5.41) ensures BIBS stability of the closed-loop control system
consisting of the plant (3.1), the control law (5.41) and the MLESO (5.27) or (5.20),
respectively.

Proof. Due to Assumption 3.5, the plant (3.1) may be expressed as

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t)

)
(5.54)

Since Assumption 3.5 ensures the absence of unmatched uncertainties, eq. (5.54) is
equivalent to the plant representation (5.17), for which the MLESO (5.27) or (5.20) has
been designed. By defining the signal

vP (t) , Λu (t) + Θ∗m,xxP (t) + fm (xP (t) , t) , (5.55)

the plant (5.54) becomes

.
xP (t) = AMxP (t) +BP · vP (t) . (5.56)

Due to Assumptions 3.1 and 3.6, a state-feedback MLESO exists for the plant (3.1).
It follows from the first condition of Theorem 5.4 and (5.37) that the MLESO ensures
the relation

d̂m(s) = (I +KD(s))−1KD(s) · dm(s) (5.57)

with dm(t) defined in (5.19), if the initial conditions satisfy (5.49). Upon insertion of the
above relation, the control law (5.41) becomes (in the frequency-domain):

u (s) = Kr · r (s)− (I +KD(s))−1KD(s) · (Λ− I) · u (s)
− (I +KD(s))−1KD(s) ·Θ∗m,x · xP (s)
− (I +KD(s))−1KD(s) · L {fm (xP (t) , t)} .

(5.58)

Multiplying by (I +KD(s)) from the left yields

(I +KD(s)) · u (s) = (I +KD(s))Kr · r (s)−KD(s) · (Λ− I) · u (s)
−KD(s) ·Θ∗m,x · xP (s)
−KD(s) · L {fm (xP (t) , t)} .

(5.59)

Adding KD(s) · (Λ− I) · u (s) on both sides leads to

(I +KD(s)Λ) · u (s) = (I +KD(s))Kr · r (s)−KD(s) ·Θ∗m,x · xP (s)
−KD(s) · L {fm (xP (t) , t)} .

(5.60)
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Upon multiplication with (I +KD(s)Λ)−1 from the left, one obtains

u (s) = (I +KD(s)Λ)−1(I +KD(s))Kr · r (s)
− (I +KD(s)Λ)−1KD(s) ·Θ∗m,x · xP (s)
− (I +KD(s)Λ)−1KD(s) · L {fm (xP (t) , t)} .

(5.61)

Multiplying (5.61) by Λ and using the matrix identity (B.177) admits the compact repre-
sentation

Λ · u (s) = Cff (s)Kr · r (s)−Cfb(s) ·
(
Θ∗m,x · xP (s) + L{fm (xP (t) , t)}

)
, (5.62)

where Cff (s) and Cfb(s) are defined in (5.51). Eq. (5.62) represents the effective
MLESO control law, which is realized by the MLESO as it ensures the relation (5.57).

Combining the plant representation (5.56) and the control law representation (5.62)
admits to state the closed-loop control system as the feedback interconnection

xP (s) = Gm (s) · vP (s) + x0 (s)
vP (s) = Cff (s)Kr · r (s) + (I −Cfb(s)) ·

(
Θ∗m,x · xP (s) + L{fm (xP (t) , t)}

)
,

(5.63)

where x0 (s) = (sI −AM)−1 · xP (0) denotes response of the plant due to its initial
condition xP (0). Since the feedforward filter Cff (s) and the feedback filter Cfb(s) are
Hurwitz due to the second condition of Theorem 5.4, their L1-norms exist. Hence, the
following norm inequality immediately results from (5.63):

‖xP (t)τ‖L∞ ≤ ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ‖xP (t)τ‖L∞
+ ‖Gm (s) (I −Cfb(s))‖L1 · ‖fm (xP (t) , t)τ‖L∞ .

(5.64)

Notice that truncated norms ‖(·)τ‖L are used for all terms involving xP (t) as bounded-
ness of xP (t) has not yet been ensured. Since the nonlinearity fm (xP (t) , t) is globally
Lipschitz, (5.48) holds. Thus, (5.64) becomes

‖xP (t)τ‖L∞ ≤ ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ‖xP (t)τ‖L∞
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm · ‖xP (t)τ‖L∞ + φm,0) .

(5.65)

Solving for ‖xP (t)τ‖L∞ yields

‖xP (t)τ‖L∞

≤ ‖Gm (s)Cff (s)Kr‖L1‖r (t)‖L∞ + ‖Gm (s) (I −Cfb(s))‖L1φm,0 + ‖x0 (t)‖L∞
1− ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 − ‖Gm (s) (I −Cfb(s))‖L1 · Lm

.

(5.66)

The numerator of (5.66) is bounded for bounded command signals r (t), bounded ex-
ogenous disturbances and bounded initial condition xP (0). Due to the third condition of
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Theorem 5.4, the denominator of (5.66) is larger than zero. Hence, (5.66) implies that
the state xP (t) is bounded for all τ . Since the bound does not depend on τ , it holds
uniformly in τ , which implies that the plant state xP (t) is bounded. Since the plant state
is bounded, it follows from (5.62) that the control signal u (t) is bounded as well, which
in turn implies boundedness of the disturbance d(t). As the latter implies boundedness
of the error dynamics (5.28) (or (5.21), respectively), the states of the MLESO (5.27)
(or (5.20), respectively) are bounded as well, which concludes the proof.

Remark 5.5. In the proof of Theorem 5.4, the feedforward filter Cff (s) and the feed-
back filter Cfb(s) appear, which depend on the unknown control effectiveness matrix
Λ. Hence, these filters may not be implemented. They are, however, only used for the
stability analysis of the closed-loop MLESO control system.

Remark 5.6. Depending on the order of the MLESO (and hence, on the order of the
filter Cm(s)), the conditions of Theorem 5.4 are hard to verify. For this reason, hints on
cases, where the conditions are more easily verified, are helpful.

If the filter Cm(s) is a PTk element, i.e. Bj,m = 0, j = 1, ..., k − 1, the first condition
(5.50) may always be satisfied by the choice

D(s) = (sk · I + sk−1 ·Ak−1,m + . . .+ s ·A1,m)−1,

K = A0,m,
(5.67)

since Aj,m, j = 0, ..., k − 1 and Cm(s) are diagonal.
If the filter Cm(s) is a PT1 element (i.e. a first order MLESO is used), then Example

3.19 shows that the second condition (5.51) may also be verified easily, since Λ is
positive definite.

Since the plant (5.17) is strictly proper by definition, it ultimately represents a low-
pass filter. Conversely, the filter (I −Cfb(s)) is a high-pass, since Cfb(s) is a low-pass
filter. As already noted in the context of L1-AC (see Remark 3.22), Gm(s) · (I −Cfb(s))
will hence become a “no-pass” filter, if the bandwidth of Cfb(s) is sufficiently high. This
observation implies that the L1-norm condition may always be satisfied, if the design
parameters of the MLESO are appropriately chosen.

The assumption of a global Lipschitz condition for the uncertainty fm (xP (t) , t) is
restrictive in the sense that common nonlinearities such as second- or higher-order
polynomials do not satisfy this condition. However, Theorem 5.4 suffices to show BIBS
stability of a MLESO-based control system in case of a LTI plant. This is shown in the
following example:

Example 5.7. Consider the same plant and the same reference model as in the re-
spective example on L1 Adaptive Control (Example 3.25) - namely the short-period
approximation of the UAS introduced in Section 2.2. It may be easily verified that all
assumptions of Theorem 5.4 are satisfied. It follows from λZα = λZq = 1, the matching
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condition (3.10) and Table 2.4 that the matched uncertainty Θ∗m =
[
Θ∗m,α Θ∗m,q Λ

]
is

bounded by
|Θ∗m,α| ≤ 1.78, |Θ∗m,q| ≤ 0.38, 0.5 ≤ Λ ≤ 1.5. (5.68)

For the estimation of the matched uncertainties, a first-order MLESO is used. The
design parameters are chosen as B̄T

P =
[
1 0

]
andA0 = ω0 ·I2×2, where ω0 > 0 scales

the bandwidth of the disturbance estimation. The resulting observer gains L0 and M 0

may be computed using (5.25), yielding for example for ω0 = 20:

L0 = −20 · I2×2, M 0 =

 0 0.93
−20 0


 . (5.69)

Based on this structure of the MLESO-based controller, closed-loop BIBS stability
shall be investigated first. More precisely, the smallest bandwidth ω0 shall be computed
for which the closed loop is stable according to Theorem 5.4. To that end, notice that
the first and the second condition of Theorem 5.4 are easily satisfied due to Remark 5.6
since the first-order MLESO automatically ensures that Cm(s) is a PT1 filter, and since
Λ is positive. For the third condition of Theorem 5.4, the satisfaction of the L1-norm
condition (5.52) has to be established. Since a LTI plant is considered, the L1-norm
condition simplifies to

‖Gm(s) · (I −Cfb(s)) ·Θ∗m,x‖L1 < 1. (5.70)

Furthermore, notice that

‖Gm(s) · (I −Cfb(s)) ·Θ∗m,x‖L1 ≤ ‖Gm(s) · (I −Cfb(s))‖L1 · ‖Θ∗m,x‖∞,i (5.71)

holds, where ‖Θ∗m,x‖∞,i is the L1-norm of the “transfer function” Θ∗m,x. In case of the
short-period example, the induced ∞-norm of the row vector Θ∗m,x =

[
Θ∗m,α Θ∗m,q

]
is

simply given by
‖Θ∗m,x‖∞,i = |Θ∗m,α|+ |Θ∗m,q|. (5.72)

It follows from the uncertainty bounds given in (5.68), that

‖Θ∗m,x‖∞,i ≤ Θ∗m,x,max (5.73)

with
Θ∗m,x,max = max |Θ∗m,α|+ max |Θ∗m,q| = 2.16 (5.74)

holds. Thus, if the strengthened L1-norm condition

‖Gm(s) · (I −Cfb(s))‖L1 ·Θ∗m,x,max < 1 (5.75)

is satisfied, then the original L1-norm condition holds for all uncertainties Θ∗m,x. By
computing the L1-norm ofGm(s) ·(I−Cfb(s)) for Λ = 0.5, one obtains that the L1 norm
condition is satisfied for ω0 & 182 rad/s. Since the bandwidth of Cfb(s) monotonically
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increases with increasing values of Λ, it is also ensured that the L1-norm condition
holds for all Λ > 0.5.

While the L1-norm condition suggests stability for rather high bandwidths ω0, the
time-domain performance of the MLESO is evaluated at lower bandwidths. In Figure
5.3, the performance of the MLESO is compared for different disturbance estimation
bandwidths ω0. Clearly, the closed loop is stable even at lower bandwidths. This comes
as no surprise since the small-gain theorem, implicitly used in Theorem 5.4, is highly
conservative. Furthermore, one observes that the MLESO approximates the reference
model (3.4) with increasing accuracy for increasing bandwidth ω0. This correlates with
Figures 5.3(d) to 5.3(f), which compare the true value of the matched uncertainty dm (t),
computed using (5.19), to its estimate d̂m (t). Clearly, the increase in bandwidth ad-
mits a better estimation of the matched uncertainty and hence, leads to an improved
tracking performance. Notice that the true value dm (t) is input-dependent and does
hence differ for different bandwidths ω0, as the control signal u (t) varies as well (Fig-
ure 5.3(c)). Furthermore, the estimate d̂um (t) of the unmatched uncertainties remains
zero for all times irrespective of the chosen bandwidth ω0, as shown in Figures 5.3(d)
to 5.3(f).

While the preceding time-domain analysis of the MLESO indicates that the closed
loop approximates the reference model (3.4) up to an arbitrary precision, this may be
verified by virtue of a generalized root locus analysis. By applying a Linear Fractional
Transformation (LFT, see for example [156]) to the closed-loop system consisting of
the plant (5.17), the control law (5.41) and the MLESO (5.20), the closed-loop system
may be represented by the feedback connection

uω0(s) = ω0 · yω0(s),

yω0(s)
xP (s)


 =


M11(s) M12(s)
M 21(s) M 22(s)


 ·

uω0(s)
r(s)


 ,

(5.76)

where ω0 has been “pulled out”. Notice that a representation according to (5.76) is for
example easily computed using MATLAB R©. The positive root locus of (−M11(s)) then
shows the location of the closed-loop poles when varying ω0, and is depicted in Figure
5.4. Although plausible from an engineering point of view, it is interesting to notice
that the zeros of M11(s) coincide with the poles of the reference model (3.4). Thus, by
increasing the bandwidth ω0, the short-period poles of the closed-loop system may be
moved arbitrarily close to the poles of the reference model.

The preceding example showed that the MLESO essentially is a high-gain control
architecture since an infinite bandwidth of the filterCm(s) would be required to perfectly
track the reference model (3.4). This is also in accordance with Remark 5.6, which
stated that the L1-norm condition may always be satisfied if the bandwidth of the filter
Cfb(s) (and hence of Cm(s)) is sufficiently high. While the bandwidth of Cfb(s) may be
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Figure 5.3: Performance of the MLESO for different values of the filter bandwidth ω0 for
a 5◦ square wave command in case of λα = λq = 1 and λη = 0.5.
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Figure 5.4: Generalized root locus analysis of the first-order MLESO from Example 5.7
for λα = λq = 1 and λη = 0.5, when varying the filter bandwidth ω0.

arbitrarily increased in theory, in practice time-delays, noise, unmodeled dynamics, etc.
limit the admissible bandwidth. This is to be demonstrated by the following example.

Example 5.8. Consider the same plant and the same MLESO-based controller as in
the previous Example 5.7. Figure 5.5 shows the dependence of the phase margin and
the time-delay margin on the filter bandwidth ω0, when cutting the loop at the plant input
u (t). The gain margin is not shown here since it is larger than 300 dB at all bandwidths
ω0.

For all filter bandwidths ω0, the phase margin is sufficiently high and remains above
90◦. Nevertheless, it is interesting to notice that the phase margin first increases un-
til it reaches a maximum, after which it decreases. This effect may be explained as
follows: At low filter bandwidths, the MLESO is slower than the plant dynamics. At
these bandwidths, the MLESO neither achieves appropriate tracking nor disturbance
rejection. Since the MLESO is too slow, its control action may even hamper robust-
ness. Thus, with increasing filter bandwidth, the overall robustness of the closed loop
increases first, leading to an increasing phase margin. At the same time, the increasing
bandwidth renders the closed loop more and more sensitive to phase shifts at the plant
input (e.g. due to actuator dynamics). At some filter bandwidth, this effect becomes
dominating and hence, the phase margin decreases.

In contrast to the phase margin, the time-delay margin monotonically decreases.
This also holds at low bandwidths, for which Figure 5.5 does not show any data. Thus,
increasing the filter bandwidth of the MLESO will inevitably lead to a decreasing time-
delay margin. Hence, any MLESO-design must trade-off robustness to parametric
uncertainties, which is improved with increasing bandwidth, with robustness to non-
parametric uncertainties, which deteriorates with increasing bandwidth.
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Figure 5.5: Dependence of the phase and time-delay margins of the first-order MLESO
from Example 5.8 for λα = λq = 1, when varying the filter bandwidth ω0.

With respect to the control effectiveness Λ, one observes in both plots that small
values of the control effectiveness lead to the largest values of phase and time-delay
margin. This effect is to be expected since a small control effectiveness reduces the
effective bandwidth of the filter Cfb(s), which is implicitly realized by the MLESO. For
this reason, the Nichols plots in Figure 5.6 depict the case of least robustness, i.e. for
Λ = 1.5.

5.3.2 Stability in Case of a Semi-Global Lipschitz Condition

The assumption of a global Lipschitz condition for the nonlinearity fm (xP (t) , t) is re-
strictive as it excludes common nonlinearities such as second- or higher-order polyno-
mials. Consider for example a second order polynomial fm(xP (t)) = x2

P,1. Obviously,
(5.46) may not hold on Rn since the second order polynomial may not be bounded by a
linear function on the whole Rn. However, one may find a linear function, which bounds
the second order polynomial, on any compact subset of Rn. Thus, by resorting to the
semi-global Lipschitz condition (5.44), nonlinearities such as polynomials can also be
handled.

A semi-global Lipschitz condition complicates the proof of BIBS stability of the
closed-loop MLESO control system. This is because the norm of the nonlinearity
fm (xP (t) , t) has to be bounded (see (5.64) and (5.65) in the proof of Theorem 5.4).
However, a subset {xP ∈ Rn | ‖xP‖∞ ≤ r}, in which the state xP (t) remains for
all times, is not known a-priori. For this reason, a slight modification of the proof is
developed.

The idea of this modification is as follows: assume that we would know that the
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Figure 5.6: Nichols plots of the first-order MLESO from Example 5.8 for λα = λq = 1
and λη = 1.5, when varying the filter bandwidth ω0.

state xP (t) is bounded by
‖xP (t)‖L∞ ≤ ρr, (5.77)

where ρr > 0 is some known constant. Due to this assumption, the semi-global Lips-
chitz condition (5.44) and the boundedness condition (5.45) imply

‖fm (xP (t) , t)‖L∞ ≤ Lm(ρr) · ρr + φm,0. (5.78)

At the same time, xP (t) is also known to be bounded by (5.64). Inserting the assumed
bounds (5.77) and (5.78) into (5.64) yields

‖xP (t)τ‖L∞ ≤ ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm(ρr) · ρr + φm,0) .

(5.79)

In order to “ensure” that the assumed bound (5.77) actually holds, the upper bound in
(5.79) has to be smaller than ρr. As will become clear later on, a strict inequality is
required here, which leads to the new L1-norm condition:

‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm(ρr) · ρr + φm,0)
< ρr − ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ − ‖x0 (t)‖L∞ .

(5.80)

Even if the parameters of the MLESO are chosen to satisfy the L1-norm condition
(5.80), it is not yet justified to claim that the plant state xP (t) is bounded. This is be-
cause the L1-norm condition (5.80) has initially been derived under the assumption that
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xP (t) is bounded. Hence, the argument leading to (5.80) is circular. Nevertheless, the
subsequent theorem will show by virtue of a proof by contradiction that ‖xP (t)‖L∞ < ρr

actually holds if ρr satisfies the L1-norm condition (5.80). This in turn implies BIBS sta-
bility of the closed-loop MLESO control system.

Theorem 5.9 (BIBS Stability in Case of Matched Uncertainties and a Semiglobal Lips-
chitz Condition). Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2
(positive definite control effectiveness), 3.3 (Lipschitz condition), 3.5 (Matching condi-
tion), 3.6 (full-rank BP ) and 5.1 (bounded uncertainties) hold. Let the initial conditions
of the MLESO (5.27) (or (5.20), respectively) be chosen such that

x̂P (0) = xP (0), ∆̂j(0) = 0, j = 1, ..., k − 1 (5.81)

with ‖xP (0)‖∞ < ρr hold.
If the design parameters Aj, j = 0, ...k − 1 and Bj, j = 1, ..., k − 1 of the MLESO

(5.27) (or (5.20), respectively) are chosen such that

1. the filterCm(s), defined in (5.38), may be represented by the feedback connection

Cm(s) = (I +KD(s))−1KD(s), (5.82)

where K ∈ Rm×m is a feedback gain and D : C → Cm×m is a strictly proper
transfer function matrix containing an integrator;

2. the feedforward and feedback filters Cff (s) and Cfb(s), defined as

Cff (s) , (I + ΛKD(s))−1Λ(I +KD(s)),
Cfb(s) , (I + ΛKD(s))−1ΛKD(s),

(5.83)

are Hurwitz for all Λ ∈ ΩΛ;

3. the L1-norm condition

‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm(ρr) · ρr + φm,0)
< ρr − ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ − ‖x0 (t)‖L∞ .

(5.84)

is satisfied for some ρr > 0 and all Λ ∈ ΩΛ, Θ∗m,x ∈ Ωx,m, where

Gm (s) , (sI −AM)−1BP , (5.85)

then the control law (5.41) ensures that the plant state is bounded by

‖xP (t)‖L∞ < ρr. (5.86)

Furthermore, the closed-loop control system consisting of the plant (3.1), the control
law and the MLESO (5.27) (or (5.20), respectively) is BIBS stable.
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Proof. The proof of Theorem 5.9 is done by contradiction. To that end, assume that
(5.86) was not true. In this case, due to ‖xP (0)‖∞ < ρr and due to continuity, there
must exist an interval t ∈ [0, τ ] such that

‖xP (t)‖∞ < ρr ∀ t ∈ [0, τ [ (5.87)

and
‖xP (τ)‖∞ = ρr. (5.88)

Hence, throughout the interval [0, τ ],

‖xP (t)τ‖L∞ ≤ ρr (5.89)

holds. Following the same steps as in the proof of Theorem 5.4, one obtains the norm
inequality

‖xP (t)τ‖L∞ ≤ ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ‖xP (t)τ‖L∞
+ ‖Gm (s) (I −Cfb(s))‖L1 · ‖fm (xP (t) , t)τ‖L∞ .

(5.90)

Due to (5.89) and (5.78), the norm inequality (5.79) follows from (5.90), i.e.:

‖xP (t)τ‖L∞ ≤ ‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm(ρr) · ρr + φm,0) .

(5.91)

Since the satisfaction of the L1-norm condition (5.84) implies

‖Gm (s)Cff (s)Kr‖L1 · ‖r (t)‖L∞ + ‖x0 (t)‖L∞
+ ‖Gm (s) (I −Cfb(s)) ·Θ∗m,x‖L1 · ρr
+ ‖Gm (s) (I −Cfb(s))‖L1 · (Lm(ρr) · ρr + φm,0) < ρr,

(5.92)

it follows from (5.91) that
‖xP (t)τ‖L∞ < ρr (5.93)

holds. As the latter contradicts (5.88), no such interval [0, τ ] can exist such that (5.88)
holds, which proves the bound (5.86). Following the same argument as in the proof of
Theorem 5.4, boundedness of the plant state xP (t) then implies BIBS stability of the
closed-loop MLESO control system.

5.3.3 Relation to L1 Adaptive Control

The fundamental idea of the MLESO architecture for MRC is the estimation of the
disturbance signal, which causes the real plant to deviate from a desired plant model.
By feeding back this signal and hence, canceling this disturbance, model following is
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achieved. Since the proof of stability of the MLESO architecture shares many elements
with the proof of stability of the L1 Reference Model, it is natural to ask, whether and,
in which way, these approaches are related.

To that end, consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2
(positive definite control effectiveness), 3.3 (Lipschitz condition), 3.5 (Matching condi-
tion), 3.6 (full-rank BP ) and 3.10 (bounded uncertainties) hold. Notice that the L1-AC
for matched uncertainties from Section 3.3.1 has been derived under the assump-
tion that the nonlinear function fm (xP (t) , t) admits an exact, linear parametrization
(see Theorem 3.28 and Assumptions 3.7, 3.8). Due to its signal-based character, the
MLESO does not require any special assumption with respect to the parametrization
of the nonlinearity. Nevertheless, in order to enable a comparison, the latter two as-
sumptions are supposed as well. Consequently, the matched disturbance signal dm(t),
originally defined in (5.19), simplifies to

dm (xP (t) , t) = (Λ− I) · u (t) + Θ∗m,xxP (t) + Θ∗m,φ · φ (xP (t)) . (5.94)

In order to recognize the connection between L1-AC and the MLESO-based con-
troller, notice that the particular L1-AC of Section 3.3.1 also filters the feedforward
command signal (see (3.176)). For this reason, the control law (5.41) of the MLESO is
modified accordingly, leading to:

u (s) = Cm(s)Kr · r (s)− d̂m(s), (5.95)

where Cm(s) satisfies (5.82). By repeating the same transformations from the proof of
Theorem 5.4, which led from (5.41) to (5.62), the new control law (5.95) becomes

u (s) = Λ−1Cfb(s) ·
(
Kr · r (s)−Θ∗m,x · xP (s)−Θ∗m,φ · φP (s)

)
, (5.96)

where φP (s) = L{φ (xP (t))} denotes the Laplace transform of φ (xP (t)) and where
Cfb(s) was defined in (5.83). Eq. (5.96) represents the effective MLESO control law, if
the matched disturbance is given by (5.94). Inserting (5.96) into the plant representa-
tion (5.18) and exploiting dum(t) = 0 yields

.
xP (t) = AMxP (t) +BP

(
Λu (t) + Θ∗m,xxP (t) + Θ∗m,φ · φ (xP (t))

)

u (s) = Λ−1 ·Cfb(s) ·
(
Kr · r (s)−Θ∗m,x · xP (s)−Θ∗m,φ · φP (s)

)
.

(5.97)

Eq. (5.97) represents the effective closed-loop response, which is ensured by the
MLESO control law (5.95).

When comparing (5.97) to the L1 Reference Model (3.175), one observes that both
systems are structurally equivalent except for the different filters C(s) and Cfb(s). No-
tice, however, that C(s) and Cfb(s) are defined equivalently, which can be seen in
(3.173) and (5.83), respectively. Thus, if the design parameters D(s) and K are cho-
sen equivalently, C(s) = Cfb(s) holds and hence, the MLESO-based closed loop is an
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actual implementation of the L1 Reference Model. It needs to be stressed that this is in
contrast to L1-AC, which only approximates the L1 Reference Model (up to an arbitrary
precision). Thus, the performance of the L1-AC from Section 3.3.1 cannot be superior
to the performance of the MLESO-based controller from this section. This aspect shall
be illustrated by a simple example:

Example 5.10. Consider the L1-AC with Integral Update Law from Example 3.25 and
the MLESO from Example 5.7. Notice that the choice of the design parameters in
Example 5.7 leads to the filter

Cm(s) = ω0

s+ ω0
, (5.98)

which relates the matched uncertainty dm (t) to its estimate d̂m (t). Hence, the feedback
filter Cfb(s) is given by

Cfb(s) = Λ · ω0

s+ Λ · ω0
. (5.99)

At the same time, the choice of the design parameters of the L1-AC in Example 3.25
leads to the filter

C(s) = Λ ·K
s+ Λ ·K . (5.100)

Thus, for K = ω0, the L1 Reference Model (3.175) and the MLESO closed loop are
equivalent, if the control law of the MLESO is enhanced as shown in (5.95).

Figure 5.7 compares the performance of the L1-AC and the MLESO for ω0 = K =
20. In case of the MLESO, the control law (5.95) is used. Clearly, the L1-AC converges
to the closed-loop response of the MLESO, once its parameters have converged to a
vicinity of their ideal values.

The relation between L1-AC and MLESO-based control has another interesting im-
plication. It has already been demonstrated in Section 3.3.3 (and originally in [98]) that
the L1 Reference Model may be implemented by a linear, integral, model-inversion
type of control law. This control law was referred to as the limiting control law. Since
the MLESO also implements the L1 Reference Model, it is yet another implementa-
tion of the limiting control law. Furthermore, [98] showed that the limiting control law
is equivalent to a DOB [153]. Thus, the MLESO may be seen as an alternative im-
plementation of a DOB. In contrast to a DOB, the MLESO is however an indirect ap-
proach, which does not rely on explicit model inversion. Following the same argument
as in Section 3.3.3 or [98], a MLESO may hence systematically account for additional
knowledge about the plant such as input saturation or time-delay at the control input.
With the help of hedging, this additional knowledge admits the realization of effective
anti-windup strategies, which are not readily available for direct approaches that rely
on inversion of the (desired) plant dynamics.
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Figure 5.7: Comparison of the MLESO from Example 5.10 with the L1-AC from Exam-
ple 3.25 for a 5◦ square wave command in case of λα = λq = 1 and λη = 0.5.

5.3.4 Relation to PI Control

This section will show that the control law (5.41) may be represented as a multivariable
PI controller, if a first order MLESO estimates the matched disturbance signal dm(t). In
order to demonstrate this, a first step aims at obtaining a reduced MLESO, which only
estimates matched uncertainties. In a second step, it is then shown that the reduced
MLESO effectively degrades to a PI controller.

For the first step, consider the first order MLESO (5.20). Upon insertion of the
design parameters (5.25), one obtains:

.
x̂P (t) = AM · xP (t) +BP · u (t)−BA0B

−1 · (x̂P (t)− xP (t))
d̂(t) = −A0B

−1 · (x̂P (t)− xP (t))
(5.101)

Now, define the state transformation x̂P (t) = B · x̄P (t). Eq. (5.101) becomes:

.
x̄P (t) = B−1AM · xP (t) +B−1B ·


u (t)

0


−A0 · x̄P (t) +A0B

−1 · xP (t) ,

d̂(t) = −A0 · x̄P (t) +A0B
−1 · xP (t) .

(5.102)
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Using the partitions

A0 =

 A0,m 0m×(n−m)

0(n−m)×m A0,um


 with A0,m ∈ Rm×m, A0,um ∈ R(n−m)×(n−m), (5.103)

In×n =

Sm
Sum


 with Sm ∈ Rm×n, Sum ∈ R(n−m)×n, (5.104)

x̄P (t) =

 x̄P,m (t)
x̄P,um (t)


 with x̄P,m : R+ → Rm, x̄P,um : R+ → Rn−m, (5.105)

Eq. (5.102) may be equivalently written as:
.
x̄P,m (t) = SmB

−1AM · xP (t) + u (t)−A0,m · x̄P,m (t) + SmA0B
−1 · xP (t) ,

.
x̄P,um (t) = SumB

−1AM · xP (t)−A0,um · x̄P,um (t) + SumA0B
−1 · xP (t) ,

d̂m(t) = −A0,m · x̄P,m (t) + SmA0B
−1 · xP (t) ,

d̂um(t) = −A0,um · x̄P,um (t) + SumA0B
−1 · xP (t) .

(5.106)

In (5.106), the estimation for matched and unmatched uncertainties is fully decoupled.
Since the estimate for the unmatched uncertainties is not used in the MLESO control
law (5.41), this part of the transformed MLESO (5.106) may be neglected and one
obtains the reduced MLESO, which only estimates matched uncertainties.

For the second step, it suffices to insert the control law (5.41) in (5.106). The
reduced MLESO and the control law become:

.
x̄P,m (t) = Kr · r (t) + SmB−1AM · xP (t) ,
u (t) = Kr · r (t) +A0,m · x̄P,m (t)− SmA0B

−1 · xP (t) .
(5.107)

Utilizing the transformation xi(t) = A0,m · x̄P,m (t), one arrives at a representation of the
MLESO as a multivariable PI controller:

.
xi(t) = A0,mKr︸ ︷︷ ︸

Ki,r

·r (t) +A0,mSmB
−1AM︸ ︷︷ ︸

Ki,x

·xP (t) ,

u (t) = xi(t) + Kr︸︷︷︸
Kp,r

·r (t) −SmA0B
−1

︸ ︷︷ ︸
Kp,x

·xP (t) .
(5.108)

Even though the MLESO-based controller may be represented as a PI controller, in
practice, a realization of the controller as a (reduced) state observer might be more
desirable. Thanks to this representation, additional knowledge about the plant such as
input saturation or time-delay at the control input may be systematically accounted for
in the observer in order to prevent controller windup. This is illustrated in the following
example:

Example 5.11. Consider the plant, the reference model and the MLESO of Example
5.7. In contrast to Example 5.7, the plant now exhibits a saturation of the plant input:

.
xP (t) = APxP (t) +BPΛ · ηmax · sat

(
u (t)
ηmax

)
, (5.109)
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where ηmax = 30◦ denotes the largest admissible elevator deflection according to Ta-
ble 2.2. Similar to L1-AC, the imperfection at the plant input may be accounted for
by means of hedging (see also Section 3.3.3). Hence, it suffices to mimic the plant
imperfection in the first order MLESO (5.20), leading to

.
x̂P (t) = AM · xP (t) +BP · ηmax · sat

(
u (t)
ηmax

)
+L0 · eP (t) ,

d̂(t) = M 0 · eP (t) .
(5.110)

Figure 5.8 compares the performance with and without hedging, if the disturbance
estimation bandwidth is chosen as ω0 = 20 rad/s. Regardless of whether hedging is
used or not, the tracking performance does not differ between the two controllers. How-
ever, due to the saturation of the plant input, the commanded angle-of-attack αcmd (t)
may not be reached.

The difference between the cases with and without hedging can be seen in the
commanded control signal u (t) = η (t) and the disturbance estimate d̂m (t). If hedging
is used, the MLESO correctly estimates the matched uncertainty. In contrast, if no
hedging is used, the disturbance estimate d̂m (t) winds up.

5.4 Control Law for Matched and Unmatched Uncer-
tainties

The MLESO-based control law (5.41) only uses the estimate d̂m(t) of the matched
uncertainty. Due to the ability of the MLESO to estimate the unmatched uncertainty
d̂um(t) as well, the question arises how this information may be used for control. To
that end, notice that a control law for matched and unmatched uncertainties has been
derived in Section 3.3.2, if the uncertainties are estimated using a L1-AC. When further-
more recalling the close relation between MLESO-based control and L1-AC, it seems
reasonable to adapt this control law for the MLESO.

Consider the plant (3.1) and let Assumptions 3.1 (state feedback), 3.2 (positive
definite control effectiveness), 3.3 (Lipschitz condition), 3.6 (full-rank BP ) hold. As
the novel control law is to be derived from the control law for unmatched uncertainties
of L1-AC, the same additional assumptions are supposed, namely Assumptions 3.11
(bounded uncertainties) and 3.12 (minimum-phase desired dynamics).

The control law for unmatched uncertainties of L1-AC is derived by following a
certainty-equivalence type of approach. That is, first of all, an ideal control law is
developed, which ensures approximate tracking of the output yM (t) of the reference
model (3.4), if the uncertainties are perfectly known. By replacing the true uncertain-
ties by their estimates, the actual control law results. Since this section supposes the
same plant and the same assumptions as the L1-AC control law of Section 3.3.2, the
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Figure 5.8: Comparison of the response of the MLESO with and without hedging for a
7.5◦ step command at t = 1 s in case of λα = λq = 1 and λη = 0.5.

258



Chapter 5: Modified Linear Extended State Observer

MLESO-based control law for unmatched uncertainties is derived in the same manner.
Under the foregoing assumptions, the ideal control law for unmatched uncertainties of
L1-AC is given by (3.269). In terms of the plant state xP (t), the ideal control may be
written as

u (s) = Cm(s)
(
Krr (s)− σP,m (s)−H−1

m (s)Hum (s)σP,um (s)
)
. (5.111)

Notice that (5.111) results from the ideal control law (3.269) of L1-AC with the substi-
tutions xref (t) → xP (t) and uref (t) → u (t). In contrast to L1-AC, the filter Cm(s) is
subsequently required to ensure that Cm(s)H−1

m (s)Hum (s) is strictly proper (instead
of just proper). The reason for this slightly stronger requirement will be explained later
on.

The ideal control law (5.111) depends on the disturbance signals σm (xP (t) , t) and
σum (xP (t) , t). When comparing the definitions of σm (xP (t) , t) and σum (xP (t) , t) in
(3.242) to the definitions of dm (xP (t) , t) and dum (xP (t) , t) in (5.19), one observes
that they are equivalent. Hence, (5.111) may also be written as

u (s) = Cm(s)
(
Krr (s)− dm(s)−H−1

m (s)Hum (s)dum(s)
)
. (5.112)

Now, let the filter Cm(s) satisfy

Cm(s) = k · d (s)
1 + k · d (s) · I

m×m = cm (s) · Im×m, (5.113)

where k is a feedback gain and d (s) is a strictly proper transfer function containing an
integrator. Due to this definition, the ideal control law may be expressed as

u (s) = cm (s) Im×m ·Kr · r (s)− cm (s) Im×mdm(s)
−H−1

m (s)Hum (s) cm (s) I(n−m)×(n−m) · dum(s).
(5.114)

If the design parameters Aj, j = 0, ...k − 1 and Bj, j = 1, ..., k − 1 of the MLESO are
chosen such that


 d̂m(s)
d̂um(s)


 = cm (s)


I

m×m 0
0 I(n−m)×(n−m)


 ·

 dm(s)
dum(s)


 (5.115)

holds, the MLESO-based control law for unmatched uncertainties readily results:

u (s) =
(
cm (s) Im×m

)
Kr · r (s)− d̂m(s)−H−1

m (s)Hum (s) d̂um(s). (5.116)

At the first glance, the control law (5.116) seems to be non-causal. While this is
certainly true when viewing the MLESO (5.27) and the control law (5.116) indepen-
dently, it should be noted that a causal realization may always be obtained by viewing
the MLESO and the control law simultaneously. In order to see this, recall that the filter
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Cm(s) has to ensure that Cm(s)H−1
m (s)Hum (s) is strictly proper and denote the RD

of Cm(s) by r. Furthermore, let

d̂(s) =

 d̂m(s)
d̂um(s)


 =


FMLESO,m (s)
FMLESO,um (s)


 ·

xP (s)
u (s)


 (5.117)

denote the transfer function representation of the MLESO (5.27). If the design param-
eters of the MLESO (5.27) satisfy (5.115), then the MLESO will possess RD = r − 1.
In order to see this, notice that M i 6= 0 only holds for i = 0, ..., k − r. The latter
implies that the output d̂(t) has to be differentiated r − 1 times with respect to time
until the inputs u (t) and xP (t) of the MLESO appear. Hence, the transfer func-
tion H−1

m (s)Hum (s)FMLESO,um (s) will be proper, whereas Cm(s)H−1
m (s)Hum (s) is

strictly proper by definition. Thus, a proper realization of the MLESO and the control
law (5.116) may always be obtained. Notice that a proper realization is not possible,
if the filter Cm(s) only ensures that Cm(s)H−1

m (s)Hum (s) is proper (instead of strictly
proper). In the latter case, the MLESO would not provide a sufficient excess of poles
to render H−1

m (s)Hum (s)FMLESO,um (s) proper.
For the above control law, the following theorem for closed-loop stability holds:

Theorem 5.12 (BIBS Stability in Case of Unmatched Uncertainties and a Semiglobal
Lipschitz Condition). Consider the plant (3.1) and let Assumptions 3.1 (state feedback),
3.2 (positive definite control effectiveness), 3.3 (Lipschitz condition), 3.6 (full-rank BP ),
3.11 (bounded uncertainties) and 3.12 (minimum-phase desired dynamics) hold. Con-
sider the MLESO (5.27) and the control law (5.116)

If the design parameters Aj, j = 0, ...k − 1 and Bj, j = 1, ..., k − 1 of the MLESO
(5.27) are chosen such that

1. the filterCd (s), defined in (5.36), may be represented by the feedback connection

Cd (s) = cm (s) · In×n with cm (s) = k · d (s)
1 + k · d (s) (5.118)

where k ∈ R is a feedback gain and d (s) : C → C is a strictly proper transfer
function containing an integrator;

2. the feedback filter Cfb(s), defined as

Cfb(s) = (I + Λ · k · d (s))−1 Λ · k · d (s) , (5.119)

is Hurwitz for all Λ ∈ ΩΛ;

3. the transfer functions Cfb(s)H−1
m (s)Hum (s) is strictly proper for all Λ ∈ ΩΛ;

4. the L1-norm condition

‖Gm (s) (I −Cfb(s))‖L1

+ ‖
(
I −Gm (s)Cfb(s)H−1

m (s)CP

)
·Gum (s)‖L1 ·

Lum,ρr
Lm,ρr

<
ρr − ‖Gm (s)Cfb(s)Kr‖L1 · ‖r (t)‖L∞

Lm,ρr · ρr + φ0
∀ Λ ∈ ΩΛ,

(5.120)
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is satisfied for some ρr > 0 and some γ̄1 > 0 and for all Λ ∈ ΩΛ, where Gm (s),
Gum (s), Lm,ρr , Lum,ρr and φ0 have been defined in (3.182), (3.259), (3.297),
(3.298), (3.301), respectively;

then the control law (5.116) ensures that for zero initial conditions, the plant state is
bounded by

‖xP (t)‖L∞ < ρr. (5.121)

Furthermore, the closed-loop control system consisting of the plant (3.1), the control
law and the MLESO (5.27) is BIBS stable.

Proof. The proof of Theorem 5.12 aims at representing the closed-loop MLESO control
system in such a way that is structurally equivalent to the L1 Reference Model (3.284).
Afterwards, the proof invokes Lemma 3.30 to show BIBS stability.

Due to Assumption 3.6, the plant (3.1) admits the alternative representation (5.17),
which underlies the derivation of the MLESO (5.28). Using the definitions of the signals
ηm (xP (t) , t) and ηum (xP (t) , t) in (3.273) and (3.274), the plant (5.17) becomes

.
xP (t) = AMxP (t) +BP (Λu (t) + ηm (xP (t) , t)) + B̄Pηum (xP (t) , t) ,
yP (t) = CPxP (t) .

(5.122)

On the other hand, the first condition of Theorem 5.12 ensures that the control law
(5.116) may be represented as

u (s) = cm (s)Kr · r (s)− cm (s)dm(s)−H−1
m (s)Hum (s) cm (s)dum(s)

= k · d (s)
1 + k · d (s)

(
Kr · r (s)− dm(s)−H−1

m (s)Hum (s)dum(s)
)
.

(5.123)

Multiplying by (1 +k ·d (s)) and using the definitions of ηm (xP (t) , t) and ηum (xP (t) , t)
in (3.273) and (3.274) yields:

(1 + k · d (s)) · u (s) = k · d (s) ·
(
Kr · r (s)− (Λ− I) · u (s)− ηP,m (s)

)

− k · d (s) ·H−1
m (s)Hum (s)ηP,um (s) .

(5.124)

Adding k · d (s) · (Λ− I) · u (s) on both sides leads to

(I + k · d (s) ·Λ) · u (s) = k · d (s) ·
(
Kr · r (s)− ηP,m (s)

)

− k · d (s) ·H−1
m (s)Hum (s)ηP,um (s) .

(5.125)

Upon multiplication with (I + k · d (s) ·Λ)−1 from the left, one obtains

u (s) = (I + k · d (s) ·Λ)−1 · k · d (s) ·
(
Kr · r (s)− ηP,m (s)

)

− (I + k · d (s) ·Λ)−1 · k · d (s) ·H−1
m (s)Hum (s)ηP,um (s) .

(5.126)

Multiplying by Λ and using the matrix identity (B.177) admits the compact representa-
tion

u (s) = Λ−1Cfb(s) ·
(
Kr · r (s)− ηP,m (s)−H−1

m (s)Hum (s)ηP,um (s)
)
, (5.127)
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which resorts to the definition of Cfb(s) in the second condition of Theorem 5.12.
When comparing (5.122) and (5.127) to the L1 Reference Model (3.284), one ob-

servers that both systems are structurally equivalent. Furthermore, it follows from As-
sumptions 3.3 and 3.11, that the Lipschitz condition (3.287) is satisfied, where Lm (r)
and Lum (r) are known functions. Since Lemma 3.30 and Theorem 5.12 suppose the
same assumptions and since satisfaction of conditions 2-4 of Theorem 5.12 implies sat-
isfaction of conditions 1-3 of Lemma 3.30, the latter implies that the assertion (5.121)
is satisfied.

Since the plant state xP (t) is bounded, it follows from (5.127) that the control signal
u (t) is bounded as well, which in turn implies boundedness of the disturbance d(t). As
the latter implies boundedness of the error dynamics (5.28), the states of the MLESO
(5.27) are bounded as well, which concludes the proof.

Remark 5.13. When comparing the conditions of Theorem 5.12 to those of Lemma
3.30, one observers that Theorem 5.12 is more restrictive. First of all, the filter Cfb(s)
has to ensure that Cfb(s)H−1

m (s)Hum (s) is strictly proper instead of just proper. Sec-
ondly, Theorem 5.12 requires a scalar gain k and a scalar function d (s) to satisfy all of
its conditions instead of a matrix K and a matrix-valued transfer function D(s). Thus,
in case of unmatched uncertainties and a MIMO plant, L1-AC offers more degrees of
freedom as compared to the MLESO.

In order to address this limitation, several solutions might be feasible. A first, rather
simple solution consists in using a very fast disturbance estimation. In order to limit the
bandwidth of the control law, additional filters are used as proposed in [81]. It is inter-
esting to notice that this approach essentially mimics the behavior of L1-PWC since the
predictor of L1-PWC may also be seen as a very fast disturbance estimator. A second
approach, which involves an extension of the MLESO design philosophy, also seems
reasonable. The idea amounts to ensuring that the MLESO itself realizes the transfer
function Cum(s) = Cm(s)H−1

m (s)Hum (s). Since the transfer function H−1
m (s)Hum (s)

is neither scalar nor diagonal in general, this idea would require that the MLESO also
admits non-diagonal transfer functions from d(t) to d̂(t). The latter is currently not
possible as to be seen from (5.36).

The applicability of the control law (5.116) is demonstrated in the following example:

Example 5.14. Consider the same plant and the same reference model as in the re-
spective example on L1 Adaptive Control with Piecewise Constant Update law (Exam-
ple 3.34) - namely the short-period approximation of the UAS introduced in Section 2.2.
The transfer functions Hm (s) and Hum (s) are given by

Hm (s) = −19.52
s2 + 4.384s+ 9.61 , (5.128)

Hum (s) = s+ 1.967
s2 + 4.384s+ 9.61 . (5.129)
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Clearly, Hm (s) is minimum-phase and hence, satisfies Assumption 3.12. The remain-
ing assumptions of Theorem 5.12 may also be verified easily.

For the estimation of the matched uncertainties, a second-order MLESO is used.
The design parameters are chosen as B̄T

P = [ 1 0 ],A0 = B0 = ω2
0 ·I2×2,A1 = 2ζω0·I2×2.

Here, ζ = 0.5 is fixed and ω0 > 0 scales the bandwidth of the disturbance estimation.
Hence, the transfer function Cd (s) is given by

Cd (s) = ω2
0

s2 + 2ζω0 · s+ ω2
0
· I2×2. (5.130)

Since Cd (s) is a PT2 element, it follows from Remark 5.6 that Cd (s) may be rep-
resented as a feedback connection. Hence, the first condition of Theorem 5.12 is
satisfied.

In order to implement the control law (5.116), notice that the productH−1
m (s)Hum (s)

yields the non-causal transfer function

H−1
m (s)Hum (s) = s+ 1.967

−19.52 . (5.131)

Hence, the control term associated with the unmatched uncertainty is given by:

H−1
m (s)Hum (s) · d̂um (s) = 1

−19.52 · s · d̂um (s) + 1.967
−19.52 · d̂um (s) . (5.132)

Since a second order MLESO is used, the signal s · d̂um (s) = L{
.
d̂um(t)} is available in

the controller. Thus, the control law (5.116) may be implemented.
Figure 5.9 compares the performance of the MLESO for different bandwidths ω0

of the low-pass filter Cd (s). Despite the presence of unmatched uncertainties, the
MLESO tracks the reference model (3.4). As before, the filter bandwidth ω0 is the
crucial parameter, which determines how close the MLESO tracks the reference model
(3.4).

With respect to the estimation of the uncertainty signals dm (t) and dum (t), one
may observe that both d̂m (t) and d̂um (t) closely track their respective true uncertainty
signals dm (t) and dum (t). This is in contrast to the L1-PWC from Example 3.34, where
an offset between the estimate σ̂um(t) and the true unmatched uncertainty signal σum(t)
was observed.

5.5 Discussion

In this chapter, the MLESO has been introduced as a viable tool for estimating the
disturbance signal that causes the plant to deviate from a desired system response.
By feeding back this estimate to cancel the disturbance signal, approximate MRC is
achieved. To that end, two different types of control laws have been developed - one
control law for the case of matched uncertainties only and one for the case of matched
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Figure 5.9: Performance of the MLESO from Example 5.14 for different values of the
filter bandwidth ω0 in case of λα = λq = λZq = 1 and λZα = λη = 0.5.
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and unmatched uncertainties. The derivation of the MLESO and of the associated con-
trol laws applies to a rather general class of plants and mostly relies on assumptions,
which are little restrictive. With respect to the MLESO itself, it has to be noted that the
disturbance estimation requires state feedback. Since the state vector is not (entirely)
measurable in many applications, an extension towards output feedback would be de-
sirable. As conventional LESOs may also be derived easily in case of output feedback,
an appropriate extension is expected to be feasible. The main challenge of such an
extension consists in designing the MLESO in such a way that it admits the choice of
arbitrary transfer functions between the disturbance and its estimate. With respect to
the control laws, it has already been noted in Remark 5.13 that the design parameters
of the MLESO have to adhere to rather restrictive requirements in case of unmatched
uncertainties. For this reason, future research should also focus on mitigating these
restrictions.

In Section 3.4.2, the MRC approaches have been classified as signal-based or
parameter-based. As already noted at the beginning of this chapter, the MLESO is a
signal-based approach since the MLESO aims at estimating a disturbance signal. This
classification raises two major questions: First of all, how does the MLESO relate to
other signal-based approaches? Secondly, how does the MLESO (and other signal-
based approaches) relate and compare to parameter-based approaches?

With respect to the first question, the derivations and observations of this thesis
admit at least a partial answer. In this thesis, the signal-based approaches L1-PWC,
LESO and MLESO have been considered. Depending on the point of view, the MLESO
may be seen as a generalization of the LESO. The MLESO admits to realize the relation
d̂(s) = Cd (s) · d(s) between the true disturbance signal d(s) and its estimate d̂(s) for
any strictly proper, diagonal transfer function Cd (s). As demonstrated in Example
5.1, this is not possible in case of the conventional LESO. Thus, the MLESO is more
general with respect to this property. However, with respect to other criteria such as the
availability of output feedback, the conventional LESO is more general. Furthermore,
Section 5.3.3 has shown that the MLESO is an implementation of the L1 Reference
Model in case of matched uncertainties. Thus, any state-feedback L1-AC for matched
uncertainties may also be equivalently implemented as a MLESO. A similar conclusion
also holds in case of unmatched uncertainties. The latter follows from the fact that
the proof of Theorem 5.12 essentially transformed the closed loop into the respective
L1 Reference Model. Since the requirements on the filters are more restrictive for the
MLESO than for the L1-AC, one may however not replace any state-feedback L1-AC
for unmatched uncertainties by a MLESO.

The close relation between the MLESO and L1-AC has another implication. Since
the L1 Reference Model may be implemented by virtue of a DOB (see Section 3.3.3),
the MLESO and the DOB are also closely related and may be transformed into each
other. More recently, it has been shown that the Command Governor, which had been
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introduced in Section 3.2.5 as a modification of MRAC, may also operate independently
of MRAC [39]. In the light of the discussion of Section 3.4.2, the resulting controller is a
signal-based approach. Its relation to the MLESO has been clarified in [147], where it
was observed that the command governor-based control law may also be represented
as a MLESO.

The preceding discussion has highlighted that many signal-based approaches are
closely related and may be transformed into each other. For this reason, it seems rea-
sonable that similar relations also hold for other signal-based approaches. Consider
for example PINDI [155]. In this approach, the derivative of the state vector is esti-
mated using a linear filter. When looking at a plant representation such as (5.18), it is
obvious that knowledge of the state vector derivative .

xP (t) implies knowledge of the
disturbance d(t) and vice versa. Thus, PINDI is a signal-based approach and a rela-
tion to the MLESO is expected to exist. However, this expectation has to be confirmed
by further research. In general, future research, which clarifies the relations between
different signal-based approaches, offers two main advantages. On the one side, it
allows finding unique features of the respective approaches. The knowledge of such
features is of great practical relevance as it simplifies the choice of a suitable signal-
based approach for the control problem at hand. On the other side, different signal-
based approaches are often derived from fundamentally different points of view. Once
their relations are clear, knowledge and observations, which hold for one signal-based
approach, may be easily transferred to other approaches. Furthermore, such future re-
search should also address the open-loop properties of the different approaches. This
is because two controllers, which achieve the same closed-loop performance, do not
necessarily have the same open-loop (robustness) characteristics.

With respect to the second question - the relation between parameter-based ap-
proaches and the MLESO -, a simple answer in the sense of a transformation is not
available. For this reason, one has to resort to case studies, which compare the ro-
bustness and performance of the respective approaches. One such case study may
be found in [15], where MRAC and L1-PWC have been compared. In the considered
cases, the MRAC outperformed the L1-PWC with respect to RP. At the same time, the
L1-PWC offered a higher time-delay margin. Due to the close relation between L1-AC
and MLESO-based control, similar results are expected if the same study would have
compared MRAC and MLESO. Notice however that single case studies do not allow
a general answer to the relation between MLESO-based control and parameter-based
approaches.

A more abstract answer to the second question results from an analysis of the
underlying uncertainty estimation mechanisms. Section 3.4.2 outlined that parameter-
based approaches (e.g. MRAC) admit a proactive treatment of uncertainties, whereas
a MLESO only reacts to the uncertainties once their effect become measurable. For
this reason, a MRAC may outperform a MLESO from an abstract point of view. Nev-
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Figure 5.10: Relation of signal-based and parameter-based approaches with respect to
the pursued policy. It is expected that only parameter-based approaches will enable to
dynamically adjust the demand (the control objective) to the current plant capabilities.

ertheless, it should be noted that this possibly superior performance of MRAC comes
at the price of a nonlinear and non-uniform closed-loop behavior. As no appropriate
robustness and performance guarantees are available for MRAC (see Chapter 4), the
MLESO and other signal-based approaches appear to be viable (interim) solutions un-
til appropriate guarantees are available. In case of the MLESO, this (interim) solution
combines robust MRC with reliable robustness and performance guarantees from lin-
ear system theory.

While parameter-based approaches such as MRAC and signal-based approaches
such as the MLESO differ significantly with respect to the way of uncertainty estima-
tion, they are similar in the way the uncertainty estimate is used. In either case, the
estimated uncertain parameters or the estimated disturbance signal, respectively, are
used to cancel the deviation between the plant and the reference model. For this rea-
son, both approaches will be said to pursue a cancellation policy. This cancellation
policy is an immediate consequence of the pursued control objective, namely MRC.
As already highlighted in Section 3.4.1, the reference model of a MRC approach may
be interpreted as the demand, which the controller tries to satisfy for the given uncer-
tain plant. While this demand may always be satisfied in case of the nominal plant,
which has underlain the derivation of MRAC or MLESO, it may become unrealizable in
the presence of plant imperfections such as delay or unmodeled dynamics (see also
Section 3.4.1). In this case, a policy, which dynamically manages the demand (i.e.
adjusts the reference model at runtime), may be required in order to prevent instabil-
ity. Such a purposeful modification of the reference model does however require the
knowledge of some estimates of the physical parameters of the plant and ideally, of
their reliability. While current parameter-based approaches such as MRAC do usually
not manage their demand dynamically, their parameter-based nature seems well suited
to achieve this goal. To some extent, RCAC for MRC [145] achieves this goal as it dy-
namically weighs reference model tracking and control effort. In contrast, signal-based

267



5.5 Discussion

approaches, which do not acquire knowledge at runtime, seem less suited. Notice that
reference model modifications such as hedging do not suffice for this purpose. While
hedging manages the demand in such a way that controller wind-up is prevented, it
does not alter the actual control objective such that it becomes achievable in the pres-
ence of the plant imperfections (see Section 3.4.1). The overall situation is visualized
in Figure 5.10.
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Chapter 6

Application to the Benchmark
Problem

In this chapter, the MLESO theory, which has been developed in Chapter 5 is applied
to the lateral control problem introduced in Section 2.3. This control problem aims
at the development of a fallback controller for the lateral motion, which only relies on
AHRS measurements. The unavailability of all other measurements constitutes the
major challenge of the control problem. Since no measurements of the ADS or the
GPS are available, the controller does neither know the current velocity nor the current
altitude of the aircraft. Thus, the controller does not possess any information about the
dynamic pressure q̄ = (ρ/2)·V 2. Since all aerodynamic forces and moments depend on
the dynamic pressure, an important measurement for any model-based control design
is missing. In case of a conventional control design relying on gain-scheduling, the
unavailability of the velocity and the altitude implies that its typical scheduling variables
are unavailable. For a nonlinear control design such as Nonlinear Dynamic Inversion
(NDI), the dynamic pressure is needed to cancel the plant dynamics in order to achieve
feedback linearization.

With respect to the MRC approaches introduced throughout this thesis, the unavail-
ability of the dynamic pressure has another important consequence. It is well known
that the aircraft performance scales with the dynamic pressure, i.e. at low dynamic
pressure, the aircraft is less agile than at high dynamic pressure. Thus, when de-
signing a reference model for an aircraft, this reference model should account for the
varying agility of the aircraft throughout its envelope. At high dynamic pressures, a fast
reference model may be prescribed, whereas at low dynamic pressures, only a slow
reference model is achievable. If no knowledge of the dynamic pressure is available,
then the reference model may not be appropriately adjusted to the current flight con-
dition. Thus, a reference model has to be sought which is achievable throughout the
whole envelope, which is another challenge.

The controller, which is to be developed, should meet the following design require-
ments, which derive from SAE AS94900 [140] and SAE ARP94910 [142]:

269



6.1 Plant Model

1. Stability and Robustness: The flight control system must be stable. It must pro-
vide a phase margin PM ≥ 45◦ and a gain margin GM ≥ 6 dB in each control
loop. These requirements must be satisfied for all expected parametric uncertain-
ties. For the computation of the margins, the overall flight control system structure
according to Figure 2.4 shall be considered.

2. Steady, horizontal flight: In level flight, the (aerodynamic) angle-of-sideslip |βRA (t)|
shall remain below 1◦ and the lateral acceleration |by (t) · g| below 0.02 · g;

3. Turn coordination: In steady banked turns, the (aerodynamic) angle-of-sideslip
|βRA (t)| must not exceed 2◦ and the lateral acceleration |by (t) · g| shall remain
below 0.03 · g;

4. Roll performance: While rolling, the lateral acceleration |by (t) ·g| shall not exceed
0.1 · g;

5. Tracking performance1: Steps of the bank angle command Φcmd (t) are to be
tracked with steady-state accuracy. Rise time and settling time shall be rendered
as small as possible without violating the other requirements. The overshoot
should be kept as small as possible.

The remainder of this chapter is organized as follows: In Section 6.1, the overall
plant as seen from the controller’s perspective is derived. Furthermore, a transforma-
tion of the plant will be introduced to eliminate the non-measurable state βK (t). Based
on this plant representation, Section 6.2 will introduce the MLESO-based control law.
This control law combines principles of NDI with the MLESO from Chapter 5. After-
wards, a controller for the purpose of comparison will be derived which results from
a slightly modified LQR control problem. Finally, Section 6.4 evaluates the controllers
with respect to their stability, robustness and performance.

6.1 Plant Model

In this section, the overall plant model of the UAS, as seen from the control system’s
perspective, is derived. The plant consists of the linearized rigid-body EOMs (2.52),
(2.53), the actuators according to Figure 2.3 and the control and measurement delays
τc and τm.

In the remainder of this chapter, the rigid-body EOMs (2.52), (2.53) are denoted as

.
xlat (t) = Alat · xlat (t) +Blat · u (t) ,
ylat (t) = C lat · xlat (t) +Dlat · u (t) ,

(6.1)

1This requirement actually states an optimization problem. This way of formulating the requirement
has been chosen since the controller to be developed is a fallback controller for emergency situations.
Hence, one may not expect the same level of performance as in nominal conditions. Furthermore, in
case of an emergency, safe flight has priority over high agility.
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where the state vector xlat (t), the input vector u (t) and the output vector ylat (t) are
defined as

xlat (t)T ,
[
r (t) βK (t) p (t) Φ (t)

]
,

u (t)T ,
[
ξ (t) ζ (t)

]
,

ylat (t)T ,
[
r (t) by (t) p (t) Φ (t)

]
.

(6.2)

As explained in Section 2.1.3, the state vector xlat (t), the input vector u (t) and the out-
put vector ylat (t) actually represent deviations from their respective value at the trim
condition. Since the trim value of each state, input and output is zero in case of a lin-
earization for horizontal steady-state flight, this chapter will not specifically distinguish
between absolute values of the states (the sum of trim value x0, u0 and deviation δx,
δu) and deviations δx, δu only.

The state space matrices of the EOMs (6.1) are given by

Alat =




Nr Nβ Np 0
Yr − cos Θ0 Yβ Yp + sin Θ0

g
V0

cos Θ0

Lr Lβ Lp 0
tan Θ0 0 1 0



, Blat =




Nξ Nζ

Yξ Yζ

Lξ Lζ

0 0



, (6.3)

C lat =




1 0 0 0
Fy,r Fy,β Fy,p 0

0 0 1 0
0 0 0 1



, Dlat =




0 0
Fy,ξ Fy,ζ

0 0
0 0



. (6.4)

In order to accommodate the actuator in the plant model, a state space model of
the actuator shown in Figure 2.3 is required first. Such a model is given by

.
xact (t) = Aact · xact (t) +Bact · ucmd (t) ,
u (t) = Cact · xact (t) ,

(6.5)

where the state vector is defined as xact (t)T =
[
ξ (t) ζ (t)

.
ξ(t)

.
ζ(t)

]
and ucmd (t)T =[

ξcmd (t) ζcmd (t)
]

denotes the control surface deflections, which are commanded by
the control system. The state space matrices of the actuator model (6.5) are given by

Aact =

 02×2 I2×2

−ω2
0,act · I2×2 −2ζactω0,act · I2×2


 , Bact =


 02×2

ω2
0,act · I2×2


 ,

Cact =
[
I2 02×2

]
,

(6.6)

where ω0,act and ζact are specified in Table 2.3. Combining (6.1) and (6.5) yields the
overall plant model

.
x (t) = A · x (t) +B · ucmd (t) ,
y (t) = C · x (t) ,

ylat (t) = Cmeas · x (t) ,
(6.7)
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where x (t)T , [xlat (t)T xact (t)T ] denotes the overall state vector and y (t)T ,

[ylat (t)T xact (t)T ] denotes the overall output vector. The state space matrices of
the overall plant model (6.7) are defined as

A ,


Alat Blat ·Cact

04×4 Aact


 , B ,


04×2

Bact


 , (6.8)

C =

C lat Dlat ·Cact

04×4 I4×4


 , Cmeas ,

[
C lat Dlat ·Cact

]
. (6.9)

The controllers to be developed later on may only rely on the output ylat (t). How-
ever, the control approaches introduced in this thesis depend on state feedback. For
this reason, the plant model (6.7) is transformed to replace the non-measurable state
βK (t) by a lateral acceleration state. To that end, notice that the output matrix C,
introduced in (6.9) is square and has full rank. Applying the similarity transformation
y (t) = C · x (t) to (6.7) hence yields

.
y (t) = CAC−1 · y (t) +CB · ucmd (t) ,

ylat (t) =
[
I4×4 04×4

]
· y (t) ,

(6.10)

where the new rigid-body states ylat (t)T =
[
r (t) by (t) p (t) Φ (t)

]
are measurable.

Finally, control and measurement delays may be incorporated to the plant model.
The vector of measurements ymeas (t)T =

[
rmeas (t) by,meas (t) pmeas (t) Φmeas (t)

]
is

hence given by
ymeas (t) = ylat(t− τm). (6.11)

Similarly, ucmd (t) may be replaced by ucmd(t− τc) in all of the above plant representa-
tions to model the input delay.

6.2 MLESO Control

This section presents the MLESO-based control law for the lateral motion of the UAS
from Chapter 2. For the development of the controller, one should first remember that
the MLESO-based control, as introduced in Chapter 5, is a MRC approach. Hence, an
appropriate reference model is required. If the controller would only have to operate at
a single trim condition, the reference model could be designed similar to Example 3.6,
where the reference model of the recurrent example was designed. That is, it would
suffice to determine appropriate feedback and feedforward gains Kx and Kr for the
nominal plant, which satisfy the control objectives. By closing the loop consisting of
the nominal plant and these gains, the reference model would follow. Since the desired
controller has to operate on a whole envelope of interest, this approach suffers from an
important drawback: While such a reference model is an appropriate reference model
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at some trim condition, it may be non-achievable at other trim conditions. For this
reason, a different approach is taken in this section, which relies on principles of NDI.

Roughly speaking, NDI is a two-step procedure for controller development for non-
linear plants. In a first step, the nonlinear plant is transformed to a chain of integrators
by virtue of an appropriate control law and by virtue of the definition of a virtual plant in-
put. The control law, which turns the plant into a chain of integrators, is also referred to
as linearizing state feedback. In the second step, a controller is designed for the trans-
formed plant using any control design technique available for LTI plants. The theory
of NDI is rather involved and will not be presented subsequently. For details on NDI,
the reader is referred to [96], [146] or [91]. However, as the plant under consideration
is approximately LTI, the NDI design steps significantly simplify and will be explained
alongside with the derivation of the control law.

The NDI-based controller takes on a cascaded structure, which is composed of an
inner rate control loop and an outer attitude control loop. While a non-cascaded struc-
ture would have also been possible and is advantageous in terms of the achievable
closed-loop performance, a cascaded structure is nevertheless chosen. The reason
for this will be explained shortly.

The objective of the inner rate control loop is to let the roll rate p and the yaw
rate r follow the trajectories of a given inner loop reference model. Since the NDI-
based controller already achieves MRC, the objective of the MLESO is different from
Chapter 5. Instead of enforcing a reference model, the MLESO essentially supports
the linearizing state feedback in turning the plant into a chain of integrators.

The outer attitude loop aims at letting the plant states by (t) and Φ (t) follow an outer
loop reference model. Unlike the bank angle Φ (t), the lateral acceleration by (t) is
clearly not an attitude state. In contrast to attitude states, the lateral acceleration is for
example immediately influenced by the control surface deflections ξ (t), ζ (t). However,
for the purpose of control design, the lateral acceleration is treated like an attitude
state. That is, the outer by-loop controls the lateral acceleration by issuing appropriate
roll rate and yaw rate commands pcmd (t), rcmd (t) to the inner rate control loop. This
structure of the attitude loop is also the reason why a cascaded structure has been
chosen. In case of a non-cascaded structure, it would not be easily possible to treat
by (t) like an attitude state. This is because by (t) possesses a feedthrough from ξ and
ζ and hence, a RD = 0, which would prevent the application of non-cascaded NDI.

In the attitude loop, no MLESO augmentation is employed. In case of the bank
angle Φ (t), a simple proportional controller is sufficient since the bank angle Φ (t)
relates to the roll rate p (t) and the yaw rate r (t) only through kinematic relations,
which are not uncertain. For the lateral acceleration, a slow PI controller is preferred
over a MLESO. This is because the lateral acceleration state by (t) also depends on
the fast actuator states. In order to prevent undesirable cross-couplings between the
attitude loop and the fast actuator dynamics, the outer attitude loop should be slow,
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which prohibits a high-gain controller such as the MLESO.
In the following two subsections, the rate control loop and the attitude control loop

are developed. Notice that measurement delays τm will not be accounted for during
the controller development. They will only be accounted for during gain design, which
is the topic of Section 6.2.3.

6.2.1 Rate Control Loop

The rate control loop aims at ensuring that the rate states x1 (t)T = [ p (t) r (t) ] follow
the states x1,RM : R+ → R2 of the reference model

.
x1,RM (t) = −Ω1,RM · x1,RM (t) + Ω1,RM · x1,cmd (t) , (6.12)

where x1,cmd (t)T = [ pcmd (t) rcmd (t) ] denotes the rate commands, which will be is-
sued by the outer attitude loop. In (6.12), the matrix Ω1,RM ∈ R2×2 is a diagonal,
positive definite design parameter, which allows to specify the desired bandwidth (or
the desired rise time, respectively) of the rate states x1 (t).

The development of the rate control loop starts from the plant representation (6.1).
It follows from (6.1) that the dynamics of the rate loop are given by

.
x1 (t) = F 1 · xlat (t) +G1 · u (t) , (6.13)

where the matrices F 1 and G1 are defined as

F 1 ,


Lr Lβ Lp 0
Nr Nβ Np 0


 , G1 ,


Lξ Lζ

Nξ Nζ


 . (6.14)

Since the EOMs (6.1) are uncertain, the matrices F 1 andG1 are uncertain as well. For
this reason, let

F 1,nom ,


Lr,nom Lβ,nom Lp,nom 0
Nr,nom Nβ,nom Np,nom 0


 , G1,nom ,


Lξ,nom Lζ,nom

Nξ,nom Nζ,nom


 , (6.15)

denote the nominal values of F 1 andG1, respectively. With F 1,nom andG1,nom, the rate
loop dynamics (6.13) may be reformulated as

.
x1 (t) = F 1,nom·xlat (t)+G1,nom·u (t)+(F 1−F 1,nom)·xlat (t)+(G1−G1,nom)·u (t) . (6.16)

The first two terms in (6.16) denote the nominal plant dynamics assumed by the con-
troller, whereas the last two terms represent the plant uncertainties. The development
of the NDI controller will rely on the nominal plant dynamics. Later on, a MLESO will
be designed to accommodate the plant uncertainties.

If there were no uncertainties (F 1 = F 1,nom and G1 = G1,nom) and no actuators, a
“linearizing” state feedback, which turns (6.16) into two integrators, would be given by

ucmd (t) = G−1
1,nom · (ν1 (t)− F 1,nom · xlat (t)) , (6.17)
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where ν1 : R+ → R2 denotes the virtual alternative control input. In practice, the
“linearizing” state feedback (6.17) may not be implemented as the state βK (t) is not
available as a measurement. However, since a MLESO will be available to compensate
for the plant uncertainties, it suffices to redefine the nominal plant model in order to
obtain an implementable “linearizing” state feedback. To that end, let

F̄ 1,nom ,


Lr,nom 0 Lp,nom 0
Nr,nom 0 Np,nom 0


 (6.18)

denote the portion of the nominal plant dynamics, which does not depend on the non-
measurable state βK (t). Similar to (6.16), the rate dynamics can now be rewritten
as

.
x1 (t) = F̄ 1,nom · xlat (t) +G1,nom · u (t) + dm(t), (6.19)

where
dm(t) , (F 1 − F̄ 1,nom) · xlat (t) + (G1 −G1,nom) · u (t) (6.20)

denotes a disturbance signal. Later on, a MLESO will be designed, which estimates
dm(t). An implementable “linearizing” state feedback is hence given by

ucmd (t) = G−1
1,nom ·

(
ν1 (t)− F̄ 1,nom · xlat (t)

)
. (6.21)

The “linearizing” state feedback (6.21) cannot directly influence the rate dynamics,
but is delayed by τc and passes through the actuator. To reflect this fact, add and
subtract G1,nom · ucmd (t) in (6.19), which yields:

.
x1 (t) = F̄ 1,nom · xlat (t) +G1,nom · ucmd (t) +G1,nom · (u (t)− ucmd (t)) + dm(t). (6.22)

Eq. (6.22) represents the rate dynamics in terms of the nominal rate dynamics (first
two terms), a disturbance due to the actuator and the time-delay (third term) and a
disturbance due to the plant uncertainties (fourth term).

Inserting the “linearizing” state feedback (6.21) into (6.22) yields

.
x1 (t) = ν1 (t) +G1,nom · (u (t)− ucmd (t)) + dm(t). (6.23)

Clearly, if there was no actuator, no time-delay (i.e. u (t) = ucmd (t)) and no un-
certainty (i.e. dm(t) = 0), the “linearizing” state feedback turns the rate dynamics
into two integrators. In the disturbance-free case, the pure feedforward control law
ν1 (t) = ν1,RM (t) with

ν1,RM (t) = −Ω1,RM · x1,RM (t) + Ω1,RM · x1,cmd (t) (6.24)

would suffice to achieve tracking of the reference model (6.12). However, in the pres-
ence of disturbances, the reference model and the plant will deviate quickly. For this
reason, the control law is extended to

ν1 (t) = ν1,RM (t) + ν1,BL (t) + ν1,MLESO (t) , (6.25)
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where ν1,BL (t) is the control signal of a conventional feedback and ν1,MLESO (t) is the
control signal of the MLESO augmentation. In order to prevent wind-up due to the
time-delay and the actuator dynamics, the reference model (6.12) is altered to

.
x1,RM (t) = −Ω1,RM · x1,RM (t) + Ω1,RM · x1,cmd (t) +G1,nom · (û (t)− ucmd (t)),
ν1,RM (t) = −Ω1,RM · x1,RM (t) + Ω1,RM · x1,cmd (t) ,

(6.26)

where û (t) is an estimate of the control surface deflections u (t). The reason for
this modification becomes evident, when considering the error between the modified
reference model (6.26) and the rate dynamics (6.23), which is defined as e1 (t) ,

x1,RM (t)− x1 (t). The error dynamics become

.
e1 (t) = .

x1,RM (t)− .
x1 (t) =G1,nom · (û (t)− ucmd (t))− ν1,BL (t)− ν1,MLESO (t)

−G1,nom · (u (t)− ucmd (t))− dm(t).
(6.27)

Obviously, if û (t) ≈ u (t) holds, then the error dynamics simplify to

.
e1 (t) = −ν1,BL (t)− ν1,MLESO (t)− dm(t). (6.28)

Hence, any controller, which relies on the error e1 (t), will not “see” the influence of
the actuator and the control delay τc. The actuator model, which is used within the
controller to generate the estimate û (t), will be presented later on in Section 6.2.3.

In order to stabilize the error dynamics, the conventional feedback ν1,BL (t) is cho-
sen as

ν1,BL (t) = K1 · e1 (t) , (6.29)

where K1 ∈ R2×2 is a diagonal, positive definite design parameter, which specifies the
decay rate of the error dynamics. The error dynamics (6.28) become

.
e1 (t) = −K1 · e1 (t)− ν1,MLESO (t)− dm(t). (6.30)

In order to estimate the disturbance dm(t), a first-order MLESO is applied to the
error dynamics (6.30). According to Chapter 5, it is given by

.
ê1 (t) = −K1 · e1 (t)− ν1,MLESO (t) +L0 · (ê1 (t)− e1 (t)) ,
d̂m(t) = M 0 · (ê1 (t)− e1 (t)) .

(6.31)

Upon definition of the error ẽ1 (t) , ê1 (t) − e1 (t) between the MLESO and the NDI
error state e1 (t), one obtains the error dynamics

.
ẽ1 = L0 · ẽ1 (t)− dm(t),

d̂m(t) = M 0 · ẽ1 (t) .
(6.32)

In order to obtain a disturbance estimate d̂m(t) with unit DC gain, the gains of the
MLESO are chosen as L0 = M 0 = −Ω1,MLESO. The matrix Ω1,MLESO ∈ R2×2 is a
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diagonal, positive definite design parameter that specifies the disturbance estimation
bandwidth.

In order to cancel the disturbance dm(t), the control signal of the MLESO is chosen
as ν1,MLESO (t) = −d̂m(t). Hence, the overall control law (6.25) becomes

ν1 (t) = ν1,RM (t)−K1 · e1 (t)− d̂m(t), (6.33)

which turns the error dynamics (6.30) into
.
e1 (t) = −K1 · e1 (t) + d̂m(t)− dm(t). (6.34)

Clearly, if the MLESO is successful in estimating dm(t), its influence on the rate error
dynamics vanishes, which implies tracking of the reference model (6.26).

When reviewing the control law derived so far, one observes that it depends on the
nominal plant coefficients through the matrices F̄ 1,nom and G1,nom. Since the controller
shall operate on a whole envelope of interest, the question arises which coefficients
shall be used. Since the aircraft is least agile at low dynamic pressures (high altitude
/ low velocity), it is reasonable to use the coefficients at V R

K = 35m/s, h = 1000m,
mfuel = 23 kg in order to prevent the controller from overstraining the plant. Now con-
sider the “linearizing” state feedback (6.21), which depends on the matrixG1,nom. When
using the coefficients at V R

K = 35m/s, h = 1000m, mfuel = 23 kg, the matrix G1,nom is
small due to the low dynamic pressure and hence, G−1

1,nom is large. When applying this
“linearizing” state feedback at a high dynamic pressure trim condition (low altitude /
high velocity), a control signal ν1 (t) is mapped to overly large control surface deflec-
tions, sinceG−1

1,nom is larger than required at this trim condition. Thus, the matrixG−1
1,nom

acts similar to a gain uncertainty in the control channel, which may cause a significant
reduction of the time-delay margin at high dynamic pressures. In order to prevent this
situation, the matrix G1,nom is artificially enlarged, which means that the control effec-
tiveness of the control surfaces at low dynamic pressure is overestimated. This in turn
reduces G−1

1,nom. Since a MLESO is available to estimate the disturbances, the use of
an artificially enlarged matrix G1,nom does neither endanger stability nor performance.
Subsequently, the artificially enlarged matrix G1,nom will be denoted by Ḡ1,nom. The
derivation of the rate control loop with an overestimation of the control effectiveness
is exactly equivalent to the derivation presented before, with the only difference that
G1,nom has to be replaced by Ḡ1,nom. For this reason, the derivation is not repeated
here, but the resulting control laws are summarized in Table 6.1. Details on the choice
of Ḡ1,nom will be presented during the gain design in Section 6.2.3.

6.2.2 Attitude Loop

The attitude control loop shall ensure that the “attitude states” x2 (t)T = [ Φ (t) by (t) ]
follow the states x2,RM : R+ → R2 of the reference model

.
x2,RM = −Ω2,RM · x2,RM (t) + Ω2,RM · x2,cmd (t) , (6.35)
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where x2,cmd (t)T = [ Φcmd (t) by,cmd (t) ] denotes the attitude commands. In (6.35), the
matrix Ω2,RM ∈ R2×2 is a diagonal, positive definite design parameter, which allows
to specify the desired bandwidth (or the desired rise time, respectively) of the attitude
states x2 (t).

The development of the attitude control loop starts from the plant representation
(6.10). It follows from (6.10) that the dynamics of the attitude loop are given by

.
x2 (t) = F 2 · y (t) +G2 · x1 (t) , (6.36)

where the matrices F 2 and G2 are defined as

F 2 ,


0 0 0 0 0 0 0 0

0 Ȳby 0 ȲΦ Ȳξ Ȳζ Ȳ.
ξ
Ȳ .
ζ


 , G2 ,


 1 tan Θ0

Ȳp Ȳr


 . (6.37)

In (6.37), the coefficients Ȳ(·) denote the coefficients of (6.10), which are associated
with the state by (t) (i.e. the coefficients of the second line of CAC−1).

Since the EOMs (6.1) are uncertain, the matrices F 2 and G2 are uncertain as well.
For this reason, let

F 2,nom ,


0 0 0 0 0 0 0 0

0 Ȳby,nom 0 ȲΦ,nom Ȳξ,nom Ȳζ,nom Ȳ.
ξ,nom

Ȳ .
ζ,nom


 ,

G2,nom ,


 1 tan Θ0

Ȳp,nom Ȳr,nom




(6.38)

denote the nominal values of F 2 and G2, respectively. With F 2,nom and G2,nom, the
attitude loop dynamics (6.36) may be reformulated as

.
x2 (t) = F 2,nom · y (t) +G2,nom · x1 (t) + (F 2 − F 2,nom) · y (t)

+ (G2 −G2,nom) · x1 (t) .
(6.39)

The first two terms in (6.39) denote the nominal plant dynamics assumed by the con-
troller, whereas the last two terms represent the plant uncertainties.

The representation (6.39) of the attitude dynamics is not yet suitable for the devel-
opment of an attitude control law, because:

1. the nominal matrix F 2,nom, which would be used in the “linearizing” state feed-
back, would cause a coupling between the fast actuator state derivatives

.
ξ(t) and

.
ζ(t) and the slow attitude loop;

2. (6.39) depends on the actuator states xact (t), which are not measurable;
3. the plant state x1 (t) may not be directly commanded.

In order to address the first problem, let F̄ 2,nom denote the portion of F 2,nom, which
does not depend on

.
ξ(t) and

.
ζ(t):

F̄ 2,nom ,


0 0 0 0 0 0 0 0

0 Ȳby,nom 0 ȲΦ,nom Ȳξ,nom Ȳζ,nom 0 0


 . (6.40)
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To address the second problem, the matrix F̄ 2,nom is furthermore partitioned as follows

F̄ 2,nom =
[
F̄ 2,nom,lat F̄ 2,nom,act

]
, (6.41)

with F̄ 2,nom,lat ∈ R2×4 and F̄ 2,nom,act ∈ R2×4. For the third problem, notice that x1 (t) =
x1 (t) + x1,cmd (t)− x1,cmd (t) holds, where x1,cmd (t) is the command signal for the rate
control loop. The attitude dynamics may hence be written as

.
x2 (t) = F̄ 2,nom,lat · ylat (t) + F̄ 2,nom,act · xact (t) +G2,nom · x1,cmd (t)

+G2,nom · (x1 (t)− x1,cmd (t)) + dum(t).
(6.42)

In (6.42), dum(t) denotes the uncertainties of the attitude control loop, which are defined
as

dum(t) =
(
F 2 − F̄ 2,nom

)
· y (t) + (G2 −G2,nom) · x1 (t) . (6.43)

For the development of the attitude control law, consider the rate command x1,cmd (t)
as control input. If the rates x1 (t) would perfectly follow the rate commands x1,cmd (t)
(i.e. x1 (t) = x1,cmd (t)) and if there were no uncertainties (i.e. dum(t) = 0), the “lin-
earizing” state feedback of the attitude loop would be given by

x1,cmd (t) = G−1
2,nom ·

(
ν2 (t)− F̄ 2,nom,lat · ylat (t)− F̄ 2,nom,act · xact (t)

)
. (6.44)

Since the actuator state xact (t) may not be measured, it is replaced by an estimate
x̂act (t). The actuator model, which outputs the estimate x̂act (t), will be introduced in
Section 6.2.3. The “linearizing” state feedback is hence defined as

x1,cmd (t) = G−1
2,nom ·

(
ν2 (t)− F̄ 2,nom,lat · ylat (t)− F̄ 2,nom,act · x̂act (t)

)
. (6.45)

Inserting (6.45) into the attitude dynamics (6.42) yields
.
x2 (t) = ν2 (t) + F̄ 2,nom,act (xact (t)− x̂act (t))

+G2,nom · (x1 (t)− x1,cmd (t)) + dum(t).
(6.46)

Clearly, if there was no rate control loop dynamics, no actuator dynamics and no un-
certainty, the “linearizing” state feedback (6.45) would turn the attitude dynamics into
two integrators. However, since these disturbances have to be considered, the control
law

ν2 (t) = ν2,RM (t) + ν2,BL (t) (6.47)

is used. Similar to the rate loop, the reference model of the attitude loop outputs the
feedforward signal ν2,RM (t). In order to prevent controller wind-up, the reference model
for the attitude loop (6.35) is altered in order to hide the influence from the rate loop
from the error dynamics of the attitude loop. The reference model and the feedforward
control signal are hence given by

.
x2,RM = −Ω2,RM · x2,RM (t) + Ω2,RM · x2,cmd (t)

+G2,nom · (x1 (t)− x1,cmd (t)),
ν2,RM (t) = −Ω2,RM · x2,RM (t) + Ω2,RM · x2,cmd (t) .

(6.48)
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The error between the attitude state x2 (t) and the reference model state x2,RM (t) is
defined as e2 (t) , x2,RM (t)−x2 (t). With (6.46), (6.47) and (6.48), the error dynamics
become

.
e2 (t) = −ν2,BL (t)− F̄ 2,nom,act (xact (t)− x̂act (t))− dum(t). (6.49)

In order to stabilize the attitude loop error dynamics, the PI controller

ν2,BL (t) = KP,2 · e2 (t) +KI,2 ·
∫ t

0
e2(τ)dτ (6.50)

is chosen. Inserting (6.50) and differentiating (6.49) with respect to time yields the
second order error dynamics

..
e2 (t) = −KI,2 ·e2 (t)−KP,2 · .e2 (t)− d

dt

(
F̄ 2,nom,act (xact (t)− x̂act (t)) + dum(t)

)
. (6.51)

The decay rate of the attitude loop error dynamics may be specified with the help of
the controller gains KI,2 and KP,2.

6.2.3 Final Control Law and Gain Design

This section assembles the final control law consisting of the rate control loop and the
attitude control loop. Furthermore, the actuator model, which is required by both loops,
is presented. After that, the gains of the controller are presented.

The rate control loop as well as the attitude control loop require estimates of the
control surface deflections û (t) or even of the whole actuator state vector x̂act (t). The
model of the actuator, which is embedded into the final controller, is given by

.
x̂act (t) = Âact · x̂act (t) +Bact · ucmd(t− τc),
û (t) = Ĉact · x̂act (t) ,

(6.52)

where x̂act : R+ → R4 denotes the state vector of the actuator model. The state space
matrices of the actuator model (6.52) are given by

Âact =

 02×2 I2×2

−ω̂2
0,act · I2×2 −2ζ̂actω̂0,act · I2×2


 , B̂act =


 02×2

ω̂2
0,act · I2×2


 ,

Ĉact =
[
I2×2 02×2

]
,

(6.53)

where ω̂0,act and ζ̂act are the best available guesses of the eigenfrequency and the
relative damping of the actuator (see Table 2.3).

The control laws of the rate loop and the attitude loop are summarized in Table 6.1
and Table 6.2, respectively. Furthermore, Figure 6.1 illustrates the overall structure.
The controller from Table 6.1 and Table 6.2 is designed at the low dynamic pressure
trim condition V R

K = 35m/s, h = 1000m, mfuel = 23 kg. The nominal plant coefficients
of this trim condition are given in Table 2.5. Is has been outlined at the end of Section

280



Chapter 6: Application to the Benchmark Problem

Description Value

Control Variable x1 (t)T =
[
p (t) r (t)

]
, x1,cmd (t)T =

[
pcmd (t) rcmd (t)

]

Reference
Model

.
x1,RM (t) = −Ω1,RM ·x1,RM (t)+Ω1,RM ·x1,cmd (t)+Ḡ1,nom ·(û (t)−ucmd (t))
ν1,RM (t) = −Ω1,RM · x1,RM (t) + Ω1,RM · x1,cmd (t)

“Linearizing”
State Feedback

ucmd (t) = Ḡ
−1
1,nom ·

(
ν1 (t)− F̄ 1,nom · xlat (t)

)

Error Definition e1 (t) , x1,RM (t)− x1 (t)

Control Law ν1 (t) = ν1,RM (t) +ν1,BL (t) +ν1,MLESO (t) = ν1,RM (t) +K1 ·e1 (t)− d̂m(t)

MLESO
.
ê1 (t) = −K1 · e1 (t)− ν1,MLESO (t) +L0 · (ê1 (t)− e1 (t))
d̂m(t) = M0 · (ê1 (t)− e1 (t))

Table 6.1: Summary of the rate loop control law.

RM2 KP,2 G−1
2,nom RM1 K1 Ḡ

−1
1,nom

KI,2 ·
∫ t

0 ·dτ MLESO

F̄ 2,nom,lat

F̄ 1,nom

F̄ 2,nom,act ACT e−τcs

ν2,RM ν1,RM

x2,cmd x2,RM e2 ν2 x1,cmd x1,RM e1 ν1,BL ucmd

-- - - -

d̂m

x2

- -

û
x1

x̂act

Figure 6.1: Overall structure of the MLESO-based controller. Acronyms: RM1 / RM2:
Reference Model of the rate and attitude control loops; ACT: Actuator model from
(6.52); MLESO: Augmentation from (6.31).

6.2.1 that the control effectiveness of the UAS at low dynamic pressure should be
overestimated in order to avoid robustness problems of the controller at high dynamic
pressures. To that end, notice that G1,nom maps the control surface deflections ξ (t)
and ζ (t) to their resulting angular accelerations. The matrix G1,nom may be partitioned
as follows

G1,nom =
[
gξ gζ

]
. (6.54)

The vector gξ specifies the angular accelerations caused by the aileron, whereas gζ
specifies the angular acceleration of the rudder. At the low dynamic pressure trim
condition, for which the controller is designed, it follows from Table 2.5 that gξ,35 , gξ
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Description Value

Control Variable x2 (t)T =
[
Φ (t) by (t)

]
, x2,cmd (t)T =

[
Φcmd (t) by,cmd (t)

]

Reference
Model

.
x2,RM = −Ω2,RM ·x2,RM (t)+Ω2,RM ·x2,cmd (t)+G2,nom · (x1 (t)−x1,cmd (t))
ν2,RM (t) = −Ω2,RM · x2,RM (t) + Ω2,RM · x2,cmd (t)

“Linearizing”
State Feedback

x1,cmd (t) = G−1
2,nom ·

(
ν2 (t)− F̄ 2,nom,lat · ylat (t)− F̄ 2,nom,act · x̂act (t)

)

Error Definition e2 (t) , x2,RM (t)− x2 (t)

Control Law ν2 (t) = ν2,RM (t) + ν2,BL (t)

PI Controller ν2,BL (t) = KP,2 · e2 (t) +KI,2 ·
∫ t

0 e2(τ)dτ

Table 6.2: Summary of the attitude loop control law.

and gζ,35 , gζ are given by

gξ,35 =

−26.31
−0.59


 , gζ,35 =


−2.95
−2.29


 . (6.55)

At the high dynamic pressure trim condition V R
K = 50m/s, h = 500m, mfuel = 0 kg, the

respective vectors are given by

gξ,50 =

−56.11
−2.50


 , gζ,50 =


−4.88
−5.91


 . (6.56)

For these two trim conditions, the vectors gξ and gζ are depicted in Figure 6.2. One
observes that the control effectiveness at a high dynamic pressure does not only in-
crease, but also changes its direction. The overestimated input matrix Ḡ1,nom should
not reflect this change in direction, but only the change in amplitude. For this reason,
Ḡ1,nom is chosen as

Ḡ1,nom = G1,nom ·



‖gξ,50‖2
‖gξ,35‖2

0
0 ‖gζ,50‖2

‖gζ,35‖2


 , (6.57)

where G1,nom = [ gξ gζ ] = [ gξ,35 gζ,35 ] is the nominal coefficient matrix at the design
trim condition. Using (6.57), the length of the vectors gξ and gζ is altered to match the
length at high velocities without changing their direction. In simulations, this approach
has proven to be advantageous as it avoids unnecessary artificial couplings between
the aileron ξ and the rudder ζ at low velocities.

The parameters of the controller have been chosen in an iterated procedure, which
involved the optimization of the controller gains with the systune command of the
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Figure 6.2: Illustration of the input directions for a 1◦ aileron / rudder deflection at the
low dynamic pressure trim condition V R

K = 35m/s, h = 1000m, mfuel = 23 kg and the
high dynamic pressure trim condition V R

K = 50m/s, h = 500m, mfuel = 0 kg.

Robust Control Toolbox of MATLAB R© 2014a and manual tuning. The gains in Table
6.3 yield stability and (mostly) adequate tracking performance for the whole envelope
of interest.

6.3 Multiple-Model LQR Control

In the previous section, a MLESO-based control law for the lateral motion has been
derived, which aims at ensuring satisfactory robustness and performance on a whole
envelope of interest, while only using the measurements provided by the AHRS. Since
there exists no similar controller, with which the MLESO-based control law could be
compared, this section presents an alternative solution to the lateral control problem of
Section 2.3.

Since the MLESO-based controller is LTI, another LTI control design is sought for
the purpose of comparison. However, conventional LTI control design techniques such
as pole placement or LQR are not suited to develop a controller which operates on a
whole envelope of interest without scheduling. As a solution to this problem, a slightly
modified LQR controller is used in this section. This solution is based on the fact
that the standard LQR problem may not only be solved using the algebraic Riccati
equation [105], but also using LMIs. By a slight change to these LMI conditions, a
LQR-like controller is obtained, which simultaneously stabilizes the aircraft at low as
well as high dynamic pressure trim conditions. Notice that this approach is an ad hoc
solution. Hence, neither extensive research nor extensive literature studies have been
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Description Symbol Value

Rate Loop Reference Model Ω1,RM


5 0

0 0.75




Rate Loop Feedback Gain K1


6 0

0 1




Rate Loop MLESO Bandwidth Ω1,MLESO


4 0

0 2




Attitude Loop Reference Model Ω2,RM


1 0

0 6




Attitude Loop Proportional Gain KP,2


2 0

0 2.8




Attitude Loop Integrator Gain KI,2


0 0

0 1.96




Table 6.3: Controller gains of the MLESO-based control law.

conducted to validate the approach.
Subsequently, the LMI conditions for the LQR design are presented first for the

case of a single plant. Afterwards, modified LMI conditions are proposed which may
stabilize multiple plants. This design is referred to as Multiple-Model LQR (MM-LQR).
With this design technique at hand, a MM-LQR controller is developed for the lateral
control problem.

6.3.1 MM-LQR Control Design

Consider the plant
.
x (t) = A · x (t) +B · u (t) . (6.58)

where x : R+ → Rn is the state vector and u : R+ → Rm is the control input. The matrix
A ∈ Rn×n denotes the known system matrix and B ∈ Rn×m is the known input matrix.
The objective of the LQR design problem is to find a control input u (t) = K · x (t),
which minimizes the cost functional

J =
∫ ∞

0
x (t)T ·Q · x (t) + u (t)T ·R · u (t) dt. (6.59)

In (6.59), Q ∈ Sn+ and R ∈ Sm+ are symmetric, positive semidefinite weighting matrices,
which are chosen by the control system designer. For further details on LQR and its
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properties, the reader is referred to [105] or [156].
Let the weighting matrices Q and R satisfy

CT
zCz = Q, DT

zDz = R, (6.60)

such that the concatenation
[
Cz Dz

]
∈ Sn+m

+ of the matrices Cz ∈ R(n+m)×n and
Dz ∈ R(n+m)×m is positive semidefinite. If Q and R are positive definite instead of
positive semidefinite, the matrices Cz and Dz are for example given by

Cz =

 Q

1
2

0m×n


 , Dz =


0

n×m

R
1
2


 . (6.61)

By reformulating the LQR problem as aH2-norm minimization problem [156] and using
its LMI solution [48], the following SDP results (see also [135]):

min
P ,W ,Z

Tr W ,

 P (Cz · P +Dz ·Z)T

Cz · P +Dz ·Z W


 > 0,

(A · P +B ·Z)T + (A · P +B ·Z) ≤ −In×n,

(6.62)

where P ∈ Sn++, W ∈ Sn+m
++ ≥ 0 and Z ∈ Rm×n are the decision variables.

Using the solutions of the LMI problem, the controller is computed from

K = Z · P−1. (6.63)

The LMI problem (6.62) exhibits an interesting structure. The first LMI condition
is specific to the LQR performance objective. The second LMI condition is however
nothing but a Lyapunov condition, which ensures stability of the closed-loop system
matrix A+B ·K. This may for example be seen by substituting (6.63) into the second
LMI condition of (6.62). In order to let the controller stabilize multiple plant models, the
stability condition is simply repeated for each plant model, which should be stabilized.
To that end, let the plant models be given by

.
x (t) = Ai · x (t) +Bi · u (t) , i = 1, . . . , N. (6.64)

A LMI optimization problem, which ensures that the LQR controller stabilizes multiple
plants, is hence given by

min
P ,W ,Z

Tr W ,

 P (Cz · P +Dz ·Z)T

Cz · P +Dz ·Z W


 > 0,

(Ai · P +Bi ·Z)T + (Ai · P +Bi ·Z) ≤ −In×n, ∀ i = 1, . . . , N.

(6.65)

Despite the altered LMI condition (6.65), the controller gain K is still computed from
(6.63).

285



6.3 Multiple-Model LQR Control

6.3.2 Gain Design

For the design of the MM-LQR controller, appropriate plant models are required first,
which represent the aircraft dynamics sufficiently well throughout the whole envelope.
Subsequently, only two plant models will be used, namely one plant model for low
dynamic pressure and one for high dynamic pressure. The rationale of this approach
is as follows: The main difference between the two trim conditions stems from the
variation of the dynamic pressure. By designing a controller for two extreme dynamic
pressure conditions, a controller is expected to result that is also capable of stabilizing
other trim conditions, whose dynamic pressures lie in between these extremes.

As low and high dynamic pressure trim conditions, the two trim conditions are cho-
sen for which Table 2.5 provides data (i.e. V R

K = 35m/s, h = 1000m, mfuel = 23 kg
and V R

K = 50m/s, h = 500m, mfuel = 0 kg). Both plant models are expanded and
transformed as explained in Section 6.1 in order to obtain a model according to (6.10).
Due to the transformation, these plant models do not contain the non-measurable state
βK (t) anymore, but the lateral acceleration state by (t). The system matrix and the input
matrix of the transformed plant at V R

K = 35m/s, h = 1000m, mfuel = 23 kg are denoted
as A1 and B1. Likewise, the system matrix and the input matrix at V R

K = 50m/s,
h = 500m, mfuel = 0 kg are denoted as A2 and B2.

The two plant models (A1, B1) and (A2, B2) will subsequently be used to develop
a MM-LQR controller. Since the MM-LQR relies on state feedback, it will be assumed
at first that the entire state vector including the actuator states is available for control.
Later on, the actuator state measurements are replaced by suitable estimates.

Using the MM-LQR LMI (6.65), a state-feedback controller may be determined,
which simultaneously stabilizes (A1, B1) and (A2, B2), whilst minimizing the objective
functional (6.59). The lateral control problem is however not a stabilization problem,
but a tracking problem. For this reason, the tracking problem has to be reformulated as
a stabilization problem. For this purpose, a so-called robust servomechanism design
[105] is chosen.

The objective of the lateral controller is stationary accurate tracking of bank an-
gle step commands Φcmd (t), whilst keeping the lateral acceleration by (t) close to zero
in order to ensure a coordinated turn. Since step-like commands and disturbances
are to be tracked / rejected, the robust servomechanism design amounts to enhanc-
ing the plant models (A1, B1) and (A2, B2) by integrators for Φ (t) and by (t). For
this, the commands, which are to be tracked, are summarized in the command vector
r (t)T = [ Φcmd (t) by (t) ]. The states Φ (t), by (t), which shall be tracked with stationary
accuracy, are selected by the matrix Ccmd ∈ R2×8:


Φ (t)
by (t)


 = Ccmd · y (t) =


0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0


 · y (t) . (6.66)

Furthermore, the states of the integrators are denoted by eI : R+ → R2. With these
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definitions, the extended plant models may be written as


.
eI (t)
.
y (t)


 =


02×2 −Ccmd

08×2 Ai


 ·

eI (t)
y (t)


+


I

2×2

08×2


 · r (t) +


0

2×2

Bi


 ·ucmd (t) , i = 1, 2. (6.67)

Using the MM-LQR approach, a state-feedback controller

ucmd (t) = K ·

eI (t)
y (t)


 =

[
KI Kp

]
·

eI (t)
y (t)


 (6.68)

is determined, which stabilizes the extended plant models (6.67). Due to the extension
by an integrator, this control law also ensures stationary accurate tracking.

The weighting matrices Q and R have been determined manually. The choice

Q = diag
[
20 40 15 20 0 1 0 0 0 0

]
,

R = diag
[
40 20

] (6.69)

has shown to yield mostly satisfactory robustness and performance throughout the
whole envelope. The solution of the MM-LQR LMI problem (6.65) leads to the controller
gains:

KI =
[
−0.6109 0.4966
−0.4971 −1.2249

]
,

KP =
[

0.0232 0.2470 0.1522 0.7325 −0.4484 −0.0837 −0.0099 −0.0018
0.9365 0.4289 −0.0037 0.5076 0.0502 −0.0589 −0.0036 −0.0023

]
.

(6.70)

The control law (6.68) may not be directly implemented, as it depends on the non-
measurable actuator state xact (t). While the conventional LQR theory would propose
the design of a Kalman filter to estimate the non-measurable states, a more simple
approach is taken here. Since the actuator dynamics are usually rather well known, an
estimate of xact (t) is simply computed from the actuator model (6.52), (6.53), assuming
τc = 0. Partitioning the feedback matrix KP according to KP = [KP,lat KP,act ], the
implementable control law

ucmd (t) =
[
KI KP,lat KP,act

]
·




eI (t)
ymeas (t)
x̂act (t)


 (6.71)

results from (6.68).

6.4 Assessment of the Controllers

In the previous two sections, two different fallback controllers for the lateral motion of
the UAS from Chapter 2 have been developed. This section aims at evaluating the
stability, robustness and performance of these controllers over the envelope. Further-
more, the controllers will also be compared to each other. In order to maintain clarity,
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this section will only present some analysis results, which are considered to be impor-
tant and representative. A detailed analysis of the developed controllers at the two rep-
resentative trim conditions V R

K = 35m/s, h = 1000m, mfuel = 23 kg and V R
K = 50m/s,

h = 500m, mfuel = 0 kg, for which Section 2.3 provides data, may be found in Appendix
E. The analyses there include step, doublet, gust, as well as Dryden responses with
the linear and the nonlinear UAS model, open- and closed-loop Bode plots and Nichols
plots.

All of the subsequent analyses, which rely on the linear plant model, consider the
overall control system structure from Figure 2.4. Thus, the plant model includes the
linearized rigid-body equations of motion (2.62), (2.63), actuator dynamics as well as
control and measurement delays (τc = 50ms and τm = 20ms). The nonlinear plant
model, which is used within some other analyses, features the nonlinear, rigid-body
equations of motions from Section 2.1, a precise model of the UAS environment and the
resulting forces and moments, a detailed actuator model as well as a model of the on-
board processing units. In case of nonlinear simulations, the UAS model is initialized
to the respective trim condition. This especially includes the elevator deflection η and
the thrust lever positions δT , which are held constant at their trim value throughout the
simulation.

The central task of the developed controllers is precise tracking and disturbance
rejection throughout the envelope of interest. For this reason, several of the subsequent
analyses compare the stability, robustness or performance of the controllers at different
trim conditions. The considered trim conditions include the two trim conditions, for
which Section 2.3 provides data (namely V R

K = 35m/s, h = 1000m, mfuel = 23 kg and
V R
K = 50m/s, h = 500m, mfuel = 0 kg). Furthermore, the controllers are evaluated

at two intermediate trim conditions (V R
K = 40m/s, h = 1000m, mfuel = 13 kg and

V R
K = 45m/s, h = 500m, mfuel = 3.2 kg). The rational of this choice is that these trim

conditions range from low dynamic pressure and low agility (high fuel mass) to high
dynamic pressure and high agility (low fuel mass). Since these four trim conditions
feature different trim velocities V R

K , they will sometimes simply be referred to by their
trim velocity V R

K . That is, when speaking about the trim condition V R
K = 40m/s, this

actually refers to the trim condition V R
K = 40m/s, h = 1000m, mfuel = 13 kg.

6.4.1 Stability

The most fundamental property of any control system is its stability. Since neither
the design of the MLESO nor of the MM-LQR intrinsically ensures stability at each
trim condition, their stability has to be analyzed first. For this, a µ-analysis [156] is
conducted. The Structured Singular Value µ is a general measure of RS of an uncertain
LTI system. For its (rough) definition, consider a LTI system with uncertain coefficients
(i.e. parametric uncertainty), which are known to lie in some predefined intervals. Then,

288



Chapter 6: Application to the Benchmark Problem

36 38 40 42 44 46 48 50

120

140

160

180

Trim Condition Velocity V R
K (m/s)

R
ob

us
tn

es
s

(k
m

,m
in

)
(%

) MLESO (Guaranteed Lower Bound)
MLESO (Upper bound)
LQR (Guaranteed Lower Bound)
LQR (Upper Bound)

Figure 6.3: Results of µ-analyses of the MLESO and MM-LQR controllers at different
trim conditions.

µ is defined as the reciprocal value µ , 1/km,min of the smallest factor km,min, by which
these intervals must be scaled (simultaneously), such that the system is at the verge
of stability. If the smallest scaling factor satisfies km,min > 1 (which is equivalent to
µ < 1), then the LTI system is robustly stable for the modeled uncertainty (intervals).
Furthermore, the uncertainty intervals may be scaled by km,min = 1/µ and the system
remains robustly stable. While the Structured Singular Value µ may not be computed
exactly, efficient algorithms for the computation of upper and lower bounds exist.

For the µ-analyses of the MLESO-based controller and the MM-LQR controller, the
closed-loop LTI state space model corresponding to Figure 2.4 is computed first. The
coefficients of the rigid-body LTI plant model (2.62), (2.63) are confined to the uncer-
tainty intervals specified in Table 2.5. Since the closed-loop system contains several
time-delays, which may not be handled by the µ-analysis, the delays are replaced by
their respective second order Padé approximations. The actual analysis is performed
using the robuststab command of the Robust Control Toolbox of MATLAB R© 2014a.

The results of the µ-analyses of the MLESO-based controller and the MM-LQR
controller at four trim conditions are shown in Figure 6.3. Clearly, both controllers are
robustly stable to the uncertainties specified in Table 2.5 at each considered trim con-
dition. Furthermore, one observes that the robustness of the controllers to parametric
uncertainty increases with increasing dynamic pressure and increasing agility. This
result is to be expected since the effectiveness of the aileron and the rudder increases
with increasing dynamic pressure. At the same time, inertia decreases due to the de-
creasing fuel mass. Finally, Figure 6.3 also illustrates that the robust stability results of
the µ-analysis are not overly conservative since the upper and lower bounds on km,min,
which derive from the lower and upper bound for the Structured Singular Value µ, are
close.

When comparing the MLESO-based controller to the MM-LQR controller, the latter
seems to be slightly more robust to parametric uncertainty. Since the true value of
km,min is only known to lie somewhere in between the depicted upper and lower bounds,
no definite conclusion may be inferred from Figure 6.3.
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6.4.2 Robustness to Non-Parametric Uncertainty

The µ-analysis of the previous section revealed that both controllers are (robustly) sta-
ble at each considered trim condition. While the µ-analysis provides valuable insight
into the robustness with respect to parametric uncertainties, it only admits limited con-
clusions on the robustness with respect to non-parametric uncertainties (such as un-
modeled dynamics). For this reason, this section analyzes the robustness of both
controllers with the help of phase, gain and time-delay margin. While it is well known
that the “loop-by-loop” evaluation of these robustness metrics may lead to erroneous
conclusions in case of MIMO systems (see for example [156, Section 3.7]), these met-
rics are nevertheless used here. This is because the widely accepted standard SAE
ARP94910 specifies requirements for these robustness metrics. More precisely, SAE
ARP94910 requires that the phase margin must be larger than 45◦ and that the gain
margin must be larger than 6 dB.

For the computation of the margins, the control system structure according to Figure
2.4 is considered. The open-loop transfer function is computed by opening the loop in
front of the control time-delay τc in either the ξ-channel or the ζ-channel. Afterwards,
the margins may be inferred from the respective open-loop Bode plots. While the
open-loop Bode plots are not shown here in order to maintain clarity, they may be
found in Appendix E. Notice that the open-loop transfer functions are computed for
non-zero control delay τc and non-zero measurement delay τm. Furthermore, since the
coefficients of the linearized rigid-body EOMs (2.62), (2.63) are uncertain, the margins
are computed for 1000 random samples of the parametric uncertainties. For this, each
uncertain plant coefficient is assumed to be distributed uniformly within the uncertainty
intervals specified in Table 2.5.

Figure 6.4 shows box plots2 of the minimal phase margin, the minimal gain margin
and the minimal time-delay margin of the MLESO-based controller at the four different
trim conditions. Here, the minimal phase margin PMmin is defined as

PMmin , min {PMξ, PMζ}, (6.72)

where PMξ, PMζ denote the phase margin of the ξ-channel and the ζ-channel, re-
spectively. Analogous definitions apply to the minimal gain margin and the minimal

2A box plot is a simple and convenient way to display realizations of a random variable (i.e. data),
whose distribution is unknown. The box plot relies on the partition of the data in quartiles. The horizontal
line within the box represents the median. That is, 50% of the data lies below the indicated value. The
lower limit of the box indicates the end of the first quartile, that is, 25% of the data lies below this value.
Likewise, the upper limit of the box indicates the end of the third quartile, that is, 75% of the data lies
below the indicated value. Hence, the box covers 50% of all data. The range of the box (its height) is
referred to as Interquartile Range (IQR). The antenna-like lines above and beneath the box are referred
to as lower and upper whisker. The lower whisker indicates the last data point of the first quartile, whose
distance to the lower box limit is smaller than 1.5 · IQR. All other data in the first quartile is considered
as outlier and is represented by separate crosses. An analogous definition holds for the upper whisker.
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Figure 6.4: Comparison of minimal phase, gain and time-delay margin of the MLESO
controller at different trim conditions.

time-delay margin. For the margins PMξ, PMζ of the MLESO-based controller in a
specific channel, the reader is referred to Figures E.2 and E.16, respectively.

Figure 6.4 illustrates that the MLESO-based controller does not fully satisfy the
phase margin requirements of SAE ARP94910. At low velocity (V R

K = 35m/s), the
phase margin requirement is violated for a significant number of uncertainty combi-
nations since the lower whisker crosses the 45◦-line. At higher velocities, the lower
whisker does no longer cross the 45◦-line. Nevertheless, some uncertainty combina-
tions still lead to a violation of the phase margin requirement, which can be seen from
several outliers. These behavior is caused by a peak in the open-loop transfer function
of the ξ-channel. At low velocity (V R

K = 35m/s, see Figure E.1), the upper envelope
of the open-loop transfer function exhibits two strong peaks. The first peak correlates
with the control system. The second peak (at roughly 4 rad/s) correlates with the Dutch
roll eigenfrequency and leads to a high gain crossover frequency. Since the phase has
already dropped significantly at this frequency, a low phase margin results. With in-
creasing velocity (V R

K = 40m/s or V R
K = 45m/s), the amplitude of the second peak

decreases continuously. Furthermore, its gain starts to drop below 0 dB. For this rea-
son, the effect of the peak reduces and the phase margins begin to increase. Hence,
only outliers violate the phase margin requirement. At high velocity (V R

K = 50m/s, see
Figure E.15), the second peak has vanished entirely.

While the MLESO-based controller does not satisfy the phase margin requirements
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of SAE ARP94910, Figure 6.4 shows that it satisfies the gain margin requirements. It
may be observed that the gain margin decreases with increasing dynamic pressure /
agility. This behavior is caused by the fact that a non-scheduled controller operates
over the whole envelope. With increasing dynamic pressure, the open-loop gain of
the plant increases since the aileron and the rudder become more effective. Since the
open-loop gain contributed by the MLESO-based controller remains constant, the gain
margin decreases.

In case of the time-delay margin, SAE ARP94910 does not specify any requirement.
Figure 6.4 illustrates that the MLESO-based controller may tolerate another 100ms
time-delay in addition to the control delay τc and the measurement delay τm in either
the ξ-channel or the ζ-channel at any velocity without becoming unstable.

The phase, gain and time-delay margins of the MM-LQR controller at the four dif-
ferent trim conditions are shown in Figure 6.5. Notice that the same realizations of the
plant uncertainties, which have been used during the computation of the margins of
the MLESO-based controller, have also been used for the computation of the margins
of the MM-LQR controller. Figure 6.5 shows that similar comments, which have been
raised in case of the MLESO-based controller, also apply to the MM-LQR controller.
The most noticeable difference consists in the absence of outliers in the phase margin
plots at intermediate trim conditions.

Finally, Figure 6.6 compares the robustness margins of both controllers at low ve-
locity (V R

K = 35m/s) and high velocity (V R
K = 50m/s). It may be observed that in most

situations, the MLESO-based controller provides slightly higher phase and time-delay
margins than the MM-LQR controller. At the same time, the MM-LQR controller pro-
vides a slightly higher gain margin. Since the robustness of both controllers is rather
similar, it is expected that an appropriate retuning of the MM-LQR controller will yield
higher phase margins. Likewise, a retuning of the MLESO-based controller is expected
to yield higher gain margins.

292



Chapter 6: Application to the Benchmark Problem

V
0

=
35

m
/

s

V
0

=
40

m
/

s

V
0

=
45

m
/

s

V
0

=
50

m
/

s

50
10

0

45◦

P
ha

se
M

ar
gi

n
(◦

)

(a) Phase Margin

V
0

=
35

m
/

s

V
0

=
40

m
/

s

V
0

=
45

m
/

s

V
0

=
50

m
/

s

5
10

15
20

6 dB

G
ai

n
M

ar
gi

n
(d

B
)

(b) Gain Margin

V
0

=
35

m
/

s

V
0

=
40

m
/

s

V
0

=
45

m
/

s

V
0

=
50

m
/

s

0
0.

2
0.

4
0.

6
0.

8
1

0.1 s

T
im

e-
D

el
ay

M
ar

gi
n

(s
)

(c) Time-Delay Margin

Figure 6.5: Comparison of minimal phase, gain and time-delay margin of the MM-LQR
controller at different trim conditions.
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Figure 6.6: Comparison of minimal phase, gain and time-delay margin of the MLESO
controller with the MM-LQR controller.
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6.4.3 Tracking Performance

This section analyzes the tracking performance of the developed controllers in linear
as well as nonlinear simulations. As an exemplary maneuver, a 30◦ doublet command
Φcmd (t) is issued to the controller. The responses of the developed controllers to a
30◦ step command as well as closed-loop Bode plots may be found in Appendix E.
Furthermore, all time-domain simulations in this section are restricted to the nominal
response, that is, the response if the uncertain plant coefficients take their nominal
values. For the responses of the plant in case of uncertain plant coefficients, the reader
is once again referred to Appendix E.

Since time-domain simulations only admit a qualitative assessment of the perfor-
mance, this section also provides box plots of the rise time, settling time and overshoot
in response to a 30◦ step command. In this thesis, the rise time is defined as the time,
which is required by the step response to go from 10% of the steady-state value to 90%.
The settling time is defined as the time, which is required by the step response to enter
and remain within a 2% band around the steady-state value. Rise time, settling time
and overshoot are determined from the step responses of the uncertain plant, which
are shown in Appendix E. Notice that the simulations of these step responses rely on
the same realizations of the uncertainties, which have also been used to compute the
robustness margins in the previous section.

Figures 6.7 and 6.8 show the doublet response of the MLESO-based controller at
the four trim conditions in case of the linearized rigid-body EOMs. Figure 6.7 illustrates
that the controller is able to precisely track the commanded bank angle Φcmd (t) and
that the response is rather uniform throughout the envelope. However, at low velocities,
some overshoot appears, which decreases with increasing velocity.

Throughout the envelope, the MLESO-based controller ensures a coordinated turn.
Figure 6.7 demonstrates that it requires roughly three seconds to regulate the lateral
acceleration by (t) close to zero, leading to a small, but non-zero aerodynamic/flight-
path angle-of-sideslip βA (t) = βK (t). Even during transients, the lateral acceleration
by (t) · g remains below 0.1 · g and the aerodynamic angle-of-sideslip βA (t) does not
exceed 10% of the commanded bank angle Φcmd (t).

Figure 6.8 highlights that the controller does not command aileron and rudder de-
flections beyond the physical limitations of the actuator. However, during the step from
Φcmd = 30◦ to Φcmd = −30◦, the required rate of the aileron slightly exceeds the physical
capabilities of the actuator.

In order to quantitatively assess the tracking performance of the MLESO-based
controller, Figure 6.9 depicts box plots of rise time, settling time and overshoot at the
four trim conditions in case of the linearized rigid-body EOMs. Throughout the enve-
lope, the median of the rise time remains close to 1.6 s. Furthermore, the box, which
represents 50% of all step responses, stays within the interval [1.5 s, 1.8 s]. Thus, the
step responses are rather uniform with respect to the rise time. In contrast to the rise

294



Chapter 6: Application to the Benchmark Problem

0 2 4 6 8 10 12 14
−40

−20

0

20

Time t (s)

Φ
(◦

)

Command
V0 = 35 m/s

V0 = 40 m/s

V0 = 45 m/s

V0 = 50 m/s

(a) Bank Angle

0 2 4 6 8 10 12 14

−50

0

Time t (s)

Φ
c

m
d

−
Φ

(◦
)

V0 = 35 m/s

V0 = 40 m/s

V0 = 45 m/s

V0 = 50 m/s

(b) Tracking Error

0 2 4 6 8 10 12 14

−40

−20

0

20

Time t (s)

p
(◦

/
s

)

V0 = 35 m/s

V0 = 40 m/s

V0 = 45 m/s

V0 = 50 m/s

(c) Roll Rate

0 2 4 6 8 10 12 14

−4

−2

0

2

Time t (s)

β
A

(◦
)

V0 = 35m/s
V0 = 40m/s
V0 = 45m/s
V0 = 50m/s

(d) Angle-of-sideslip

0 2 4 6 8 10 12 14

−5

0

5

·10−2

Time t (s)

b
y

(-
)

V0 = 35 m/s

V0 = 40 m/s

V0 = 45 m/s

V0 = 50 m/s

(e) Lateral Acceleration

0 2 4 6 8 10 12 14

−10

0

10

Time t (s)

r
(◦

/
s

)

V0 = 35 m/s

V0 = 40 m/s

V0 = 45 m/s

V0 = 50 m/s

(f) Yaw Rate

Figure 6.7: Comparison of the response of the LTI plant model with MLESO controller
to a 30◦ doublet command Φcmd (t) at different trim conditions.
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Figure 6.8: Comparison of the response of the LTI plant model with MLESO controller
to a 30◦ doublet command Φcmd (t) at different trim conditions.
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Figure 6.9: Comparison of rise time, settling time and overshoot of the MLESO con-
troller at different trim conditions.

time, the settling time is not as uniform throughout the envelope. On the one side, the
median of the settling time decreases from 4.5 s at low velocities to roughly 3.2 s at high
velocities. Furthermore, for all velocities V R

K ≥ 40m/s, the box, which represents 50%
of all step responses, spans the rather large interval [2.5 s, 4.0 s]. In case of the over-
shoot, one may observe a decrease from approximately 18% at low velocities to less
than 5% at high velocities. This trend has already been observed in the time-domain
simulations of Figure 6.7.

So far, all simulation results considered the linearized rigid-body EOMs. In order to
demonstrate the capabilities of the MLESO-based controller to work in the full, nonlin-
ear simulation, the response of the linearized model is compared to the response of the
nonlinear model in Figures 6.10 and 6.11 at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
It may be clearly seen that the responses with the linear and the nonlinear models are
very similar. This demonstrates that the performance of the MLESO-based controller
does not deteriorate in the nonlinear model.

297



6.4 Assessment of the Controllers

0 2 4 6 8 10 12 14
−40

−20

0

20

Time t (s)

Φ
(◦

)

Command
Linear Model
Nonlinear Model

(a) Bank Angle

0 2 4 6 8 10 12 14

−50

0

Time t (s)

Φ
c

m
d

−
Φ

(◦
) Linear Model

Nonlinear Model

(b) Tracking Error

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

p
(◦

/
s

)

Linear Model
Nonlinear Model

(c) Roll Rate

0 2 4 6 8 10 12 14

−4

−2

0

2

Time t (s)

β
A

(◦
)

Linear Model
Nonlinear Model

(d) Angle-of-sideslip

0 2 4 6 8 10 12 14

−5

0

5

·10−2

Time t (s)

b
y

(-
)

Linear Model
Nonlinear Model

(e) Lateral Acceleration

0 2 4 6 8 10 12 14

−10

0

10

Time t (s)

r
(◦

/
s

)

Linear Model
Nonlinear Model

(f) Yaw Rate

Figure 6.10: Comparison of the response of the LTI plant model and the nonlinear
plant model with MLESO controller to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s,
h = 1000m, mfuel = 23 kg.
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Figure 6.11: Comparison of the response of the LTI plant model and the nonlinear
plant model with MLESO controller to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s,
h = 1000m, mfuel = 23 kg.
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Figure 6.12: Comparison of rise time, settling time and overshoot of the MM-LQR
controller at different trim conditions.

Next, the MM-LQR controller is evaluated. Figures 6.13 and 6.14 show the doublet
response of the MM-LQR controller at the four trim conditions in case of the linearized
rigid-body EOMs. Similar to the MLESO-based controller, Figure 6.13 illustrates that
the MM-LQR controller is able to precisely track the commanded bank angle Φcmd (t).
The response is uniform throughout the envelope and only shows little overshoot.

Furthermore, the MM-LQR controller also ensures a coordinated turn. Figure 6.13
demonstrates that it requires roughly three seconds to regulate the lateral acceleration
by (t) close to zero, leading to a small, but non-zero aerodynamic/flight-path angle-of-
sideslip βA (t) = βK (t). Even during transients, the lateral acceleration by (t) ·g remains
below 0.1 · g and the aerodynamic angle-of-sideslip βA (t) does not exceed 10% of the
commanded bank angle Φcmd (t).

Figure 6.14 highlights that the MM-LQR controller does not command aileron and
rudder deflections (or rates) beyond the physical limitations of the actuator.

In order to quantitatively assess the tracking performance of the MM-LQR controller,
Figure 6.12 depicts box plots of rise time, settling time and overshoot at the four trim
conditions in case of the linearized rigid-body EOMs. Similar to the MLESO-based
controller, the rise time is uniform throughout the envelope. The box, which represents
50% of all step responses, roughly stays within the interval [1.6 s, 1.95 s]. In contrast to
the MLESO-based controller, the settling time of the MM-LQR controller is more uni-
form. For velocities V R

K ≥ 40m/s, the box, which represents 50% of all step responses,
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Figure 6.13: Comparison of the response of the LTI plant model with MM-LQR con-
troller to a 30◦ doublet command Φcmd (t) at different trim conditions.
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Figure 6.14: Comparison of the response of the LTI plant model with MM-LQR con-
troller to a 30◦ doublet command Φcmd (t) at different trim conditions.

302



Chapter 6: Application to the Benchmark Problem

M
L

E
SO

,
V

0
=

35
m

/
s

M
M

-L
Q

R
,

V
0

=
35

m
/

s

M
L

E
SO

,
V

0
=

50
m

/
s

M
M

-L
Q

R
,

V
0

=
50

m
/

s

1.
4

1.
6

1.
8

2

R
is

e
T

im
e

(s
)

(a) Rise Time

M
L

E
SO

,
V

0
=

35
m

/
s

M
M

-L
Q

R
,

V
0

=
35

m
/

s

M
L

E
SO

,
V

0
=

50
m

/
s

M
M

-L
Q

R
,

V
0

=
50

m
/

s

2
4

6
8

Se
tt

lin
g

T
im

e
(s

)

(b) Settling Time

M
L

E
SO

,
V

0
=

35
m

/
s

M
M

-L
Q

R
,

V
0

=
35

m
/

s

M
L

E
SO

,
V

0
=

50
m

/
s

M
M

-L
Q

R
,

V
0

=
50

m
/

s

0
10

20

O
ve

rs
ho

ot
(%

)

(c) Overshoot

Figure 6.15: Comparison of rise time, settling time and overshoot of the MLESO con-
troller with the MM-LQR controller.

roughly lies within the interval [3 s, 4 s]. At all velocities, the largest, observed over-
shoot is small and decreases from 6.5% at low velocities to approximately 0% at high
velocities.

As in case of the MLESO-based controller, the MM-LQR controller yields similar
performance in nonlinear simulations. This is shown in Figures 6.16 and 6.17, which
compare the performance of the MM-LQR controller in a linear simulation to the per-
formance in a nonlinear simulation at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
To conclude the assessment of the tracking performance, the responses of the

MLESO-based controller and the MM-LQR controller are compared to each other in
case of the linearized rigid-body EOMs. On the one side, Figure 6.15 highlights that the
MLESO-based controller leads to slightly smaller rise times. On the other side, the MM-
LQR controller provides more uniform settling times and less overshoot. All in all, the
MM-LQR controllers leads to a slightly more uniform tracking of bank angle commands
Φcmd (t). As can be seen in Figure 6.18, the MM-LQR controller however requires
somewhat longer to regulate the lateral acceleration by (t) to zero and hence, leads
to a aerodynamically less efficient turn as compared to the MLESO-based controller.
With respect to the aileron and rudder deflections, Figure 6.19 shows that the MLESO-
based controller leads to more aggressive control surface deflections, especially of the
aileron.
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Figure 6.16: Comparison of the response of the LTI plant model and the nonlinear plant
model with MM-LQR controller to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s,
h = 1000m, mfuel = 23 kg.
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Figure 6.17: Comparison of the response of the LTI plant model and the nonlinear plant
model with MM-LQR controller to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s,
h = 1000m, mfuel = 23 kg.
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Figure 6.18: Comparison of the MLESO controller and the MM-LQR controller (with LTI
plant model at V R

K = 35m/s, h = 1000m, mfuel = 23 kg) in response to a 30◦ doublet
command Φcmd (t).

306



Chapter 6: Application to the Benchmark Problem

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

MLESO
MM-LQR
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14
−100

0

100

Time t (s)

. ξ
(◦
/
s

)

MLESO
MM-LQR
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−2,000

−1,000

0

1,000

Time t (s)

.. ξ
(◦
/
s

2
)

MLESO
MM-LQR

(c) Aileron Acceleration

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

MLESO
MM-LQR
Limits

(d) Rudder Deflection

0 2 4 6 8 10 12 14
−100

0

100

Time t (s)

. ζ
(◦
/
s

)

MLESO
MM-LQR
Limits

(e) Rudder Rate

0 2 4 6 8 10 12 14

0

500

Time t (s)

.. ζ
(◦
/
s

2
)

MLESO
MM-LQR

(f) Rudder Acceleration

Figure 6.19: Comparison of the MLESO controller and the MM-LQR controller (with LTI
plant model at V R

K = 35m/s, h = 1000m, mfuel = 23 kg) in response to a 30◦ doublet
command Φcmd (t).
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6.4.4 Disturbance Rejection

This section assesses the disturbance rejection capabilities of the developed con-
trollers. As an exemplary disturbance, a discrete gust according to MIL-F-8785C [41]
has been chosen. For reasons of clarity, the responses of the control systems to mod-
erate Dryden turbulence have been postponed to Appendix E.

According to MIL-F-8785C [41], a discrete gust has a “1-cosine”-shape:

δ
(
vRW
)E
B

=





0, x < 0,
Vm
2 ·

(
1− cos πx

dm

)
, 0 ≤ x ≤ dm,

Vm, x > dm.

(6.73)

In (6.73), Vm denotes the gust amplitude, dm the gust length and x denotes the distance
traveled into the wind field. MIL-F-8785C states that the gust shape (6.73) “may be
used singly or in multiples”. For the remainder of this thesis, the following gust shape
is hence used, which constitutes a sequence of two gusts according to (6.73):

δ
(
vRW
)E
B

=




Vm
2 ·

(
1− cos πx

dm

)
, 0 ≤ x ≤ 2 · dm,

0, otherwise.
(6.74)

According to [116], this sequence is useful “to determine the control authority needed
to recover from a large disturbance”.

MIL-F-8785C states that multiple gust lengths dm shall be chosen, which excite the
natural frequencies of the aircraft and its flight control system. For reasons of simplicity,
a single gust length of dm = 20m is used for all subsequent analyses. In MIL-F-
8785C, the gust amplitude Vm is specified as function of the gust length, the altitude
of the aircraft and the turbulence intensity. When choosing a moderate turbulence
intensity, the gust amplitudes Vm = 1.79m/s and Vm = 2.04m/s result for h = 500m
and h = 1000m, respectively.

In order to apply the gust model (6.74) to the linearized, rigid-body EOMs, the
distance traveled into the wind field x has to be determined. In case of steady-state,
horizontal flight and when neglecting small velocity changes due to the gust, x = V0 ·
(t− t0) approximately holds for a gust starting at t0. Using the definition of βW,cmd (t) in
(2.60), the gust “commands” in Figure 6.20 result.

Figures 6.21 and 6.22 compare the disturbance rejection of the MLESO-based con-
troller and the MM-LQR controller at the low dynamic pressure / low agility trim condi-
tion V R

K = 35m/s, h = 1000m, mfuel = 23 kg in linear as well as nonlinear simulations.
Since hardly any difference between their responses may be observed, the disturbance
rejection at this velocity is discussed for both controllers at once. Both controllers re-
quire approximately three seconds to regulate the bank angle Φ (t) and the lateral ac-
celeration by (t) to zero. During transients, the aerodynamic angle-of-sideslip remains
below 2.5◦ and the lateral acceleration by (t) · g stays well below 0.1 · g. Furthermore,
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Figure 6.20: Gust command βW,cmd (t) at low velocity (V R
K = 35m/s, h = 1000m,

mfuel = 23 kg) and high velocity (V R
K = 50m/s, h = 500m, mfuel = 0 kg) corresponding

to a 20m discrete gust with an amplitude Vm = 2.04m/s (low velocity) or Vm = 1.79m/s
(high velocity).

both controllers make moderate use of the control surfaces such that all deflection and
rate limits are met.

Next, the performance of the controllers is evaluated at the high dynamic pressure
/ high agility trim condition V R

K = 50m/s, h = 500m, mfuel = 0 kg, as shown in Figures
6.23 and 6.24. In contrast to the low dynamic pressure trim condition, both controllers
only require approximately 2 s to regulate the bank angle Φ (t) and the lateral accel-
eration by (t) to zero. Furthermore, the excursions of the bank angle Φ (t) and the
aerodynamic angle-of-sideslip βA (t) are smaller. This behavior is to be expected since
the gust amplitudes Vm at both trim conditions are similar, which implies that the gust
at high velocity is weaker relative to the kinematic velocity of the UAS. With respect to
the roll motion, the MM-LQR controller provides a qualitatively better response as its
bank angle excursion is smaller and it exhibits less oscillations. At the same time, the
yaw responses of both controllers hardly show any difference.

While the disturbance rejection capabilities of both controllers are rather similar,
the MM-LQR controller provides slightly better responses, especially with respect to
the roll motion. Due to the similarity of the responses, it is however expected that the
performance of the MLESO may be improved such that it meets the performance of
the MM-LQR controller. This retuning may however lower the robustness margins of
the MLESO-based controller to the level of the MM-LQR controller (see Section 6.4.2).

6.5 Discussion

The analysis of Section 6.4 revealed that the MLESO-based controller and the MM-
LQR controller approximately achieve the same level of robustness and performance.
With respect to the controller complexity, the MM-LQR controller is significantly simpler
than the MLESO-based controller. While the MLESO-based controller requires in total
11 states (4 actuator model states, 4 reference model states, 2 MLESO states, 1 inte-
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Figure 6.21: Comparison of the MLESO controller and the MM-LQR controller (with LTI
and nonlinear (NL) plant model at V R

K = 35m/s, h = 1000m, mfuel = 23 kg) in response
to a 20m discrete gust with amplitude 2.04m/s.
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Figure 6.22: Comparison of the MLESO controller and the MM-LQR controller (with LTI
and nonlinear (NL) plant model at V R

K = 35m/s, h = 1000m, mfuel = 23 kg) in response
to a 20m discrete gust with amplitude 2.04m/s.
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Figure 6.23: Comparison of the MLESO controller and the MM-LQR controller (with LTI
and nonlinear (NL) plant model at V R

K = 50m/s, h = 500m, mfuel = 0 kg) in response
to a 20m discrete gust with amplitude 1.79m/s.
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Figure 6.24: Comparison of the MLESO controller and the MM-LQR controller (with LTI
and nonlinear (NL) plant model at V R

K = 50m/s, h = 500m, mfuel = 0 kg) in response
to a 20m discrete gust with amplitude 1.79m/s.
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grator state), only 6 states suffice for the MM-LQR controller (4 actuator model states,
2 integrator states). Furthermore, the gain design process of the MM-LQR is substan-
tially simpler as it amounts to the conventional choice of LQR weighting matrices. Due
to a similar level of performance and less complexity, the MM-LQR controller seems to
be more appropriate for the control design task at hand.

This rather surprising result raises the question why the MLESO-based controller
does not outperform the MM-LQR controller. To answer this question, it has to be no-
ticed first that the performance of the MLESO-based controller could in theory be im-
proved almost arbitrarily by increasing the controller gains. This would however lower
the time-delay margin to an unacceptable level. The problem that the actual choice
of the design parameters is limited by the plant imperfections such as time-delay has
already been discussed in Section 3.4.1 in the context of MRAC with hedging. Another
limitation of the MLESO-based design derives from the fact that the available knowl-
edge about the plant is only partially exploited. The MLESO-based controller is essen-
tially developed for the low dynamic pressure trim condition. The knowledge about the
high dynamic pressure trim condition is only exploited insofar as it admits to compute
an overestimation of the control effectiveness. In contrast, the MM-LQR approach uses
all of the available information, namely both the low and the high dynamic pressure trim
conditions, to obtain an optimal feedback gain K. It should be no surprise that a con-
troller, which may resort to detailed knowledge about the plant, may achieve superior
performance. Notice however that even the MM-LQR controller ultimately resorts to
some sort of high-gain feedback in order to stabilize two plants simultaneously. This
high-gain feedback is however specifically tailored to the available plant information.
This is in sharp contrast to the MLESO, whose capability to estimate and compensate
plant uncertainties is not tailored to a specific uncertainty model. This observation
leads to the hypothesis that a model-based approach such as the MM-LQR will lead to
superior performance if a suitable model is available. In case of malfunctions or dam-
ages, such a model is however often unavailable. In these situations, a MLESO-based
controller (or other high-gain or adaptive control approaches) seem more appropriate.
Since this hypothesis is derived from a single example, it needs further confirmation.

To conclude this section, notice that the performance of the controller is not ex-
pected to improve if for example a MRAC was used in place of the MLESO. This is
because the limiting factors of the MLESO-based controller is not the estimation of the
uncertainty, but plant imperfections such as the time-delay. These imperfections would
affect the MRAC in a similar fashion as the MLESO since both controllers try to enforce
model following without considering the inherent limitations that are imposed by these
imperfections.
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Chapter 7

Conclusion and Perspectives

7.1 Summary

This thesis considers the control of highly uncertain dynamical systems with guaran-
teed robustness and performance characteristics. In case of safety critical systems
such as aircraft, these guarantees are urgently required for the certification, i.e. ap-
proval by the authorities. Without certification, no flight control system may operate in
non-segregated airspace. In order to achieve this overall objective, the thesis follows
two different strategies.

The first strategy relies on adaptive control, namely Model Reference Adaptive Con-
trol (MRAC). Adaptive controllers adjust their gains at runtime to the plant. Due to this
principle of operation, adaptive controllers are intrinsically well suited for the control of
highly uncertain systems. However, even today, adaptive controllers may not yet be
certified. One important obstacle for certification is the lack of robustness and perfor-
mance guarantees in the form of suitable metrics (measures). That is why the present
thesis considers two metrics which might be of use in a future certification process.
These metrics are the time-delay margin as a measure of robustness and the largest
tracking error as a measure of performance. In practice, the analytical computation of
these metrics constitutes a major challenge since only few methods for their computa-
tion are currently available. Furthermore, most available methods tend to substantially
over- or underestimate the metrics and thus, are highly conservative. For this rea-
son, the first strategy amounts to the development of novel methods for the analytical
computation of robustness and performance metrics.

The second strategy possesses opposite properties as compared to the first one.
The strategy relies on a linear control approach. Since current certification standards
have been derived with linear system theory in mind, a linear controller is intrinsically
certifiable. However, linear control approaches usually face difficulties when it comes
to the control of highly uncertain plants. For this reason, the second strategy aims
at the analysis and the development of linear control approaches which may control
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7.2 Contributions

such plants. The result of the second strategy is the Modified Linear Extended State
Observer (MLESO). The MLESO is a Luenberger-like observer which estimates the
deviation between a desired plant model and the true, unknown plant model.

The novel computational methods, which are derived while following the first strat-
egy, lead to significant improvements (or represent the first methods of their kind).
Nevertheless, they do not yet suffice for a certification process as they are still too
conservative. In contrast, the MLESO, which has been developed while following the
second strategy, is intrinsically certifiable due to its linearity. Furthermore, it possesses
the capacity to control highly uncertain plants. Hence, for the time being, the second
strategy seems more mature with respect to robustness and performance guaran-
tees. Nevertheless, it has to be stressed that there exist situations where nonlinear
approaches such as MRAC will outperform linear approaches such as the MLESO.
Thus, MLESO-based control may not replace adaptive control. However, on the one
side, it constitutes an interesting solution for control problems where both approaches
yield similar performance. On the other side, MLESO-based control also is an inter-
esting interim solution until the certification challenges of adaptive control have been
solved.

7.2 Contributions

Consistent Derivations

In this thesis, several control approaches for highly uncertain systems are presented,
namely MRAC, L1 Adaptive Control (L1-AC) with Integral Update Law, L1 Adaptive
Control with Piecewise Constant Update Law (L1-PWC) and the MLESO. For reasons
of clarity and comparability, all these approaches are introduced for the same plant,
using a consistent nomenclature and underlying the same assumptions. If assumptions
differed due to technical reasons, this has been clearly indicated.

When comparing the required assumptions, one notices a few expected, but never-
theless interesting differences. If matching conditions hold, MRAC is the only control
approach that admits an arbitrary rank of the input matrix BP . All other approaches
exclude over-actuated plants as they require a full-rank input matrix BP . Notice that
this observation only applies to the respective approaches in their basic form. Thus,
there might exist modifications which alleviate this restriction. Furthermore, signal-
based and parameter-based approaches require different assumptions. In case of
parameter-based approaches such as MRAC, nonlinearities must admit a parametriza-
tion in terms of known basis functions. In contrast, the signal-based approaches L1-
PWC and MLESO do not require this assumption. Instead, they require the uncertain-
ties to be bounded in some sense (for example in terms of a known Lipschitz constant).
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Classification into Signal-based and Parameter-based Approaches

Within this thesis, a new classification of control approaches has been introduced.
This classification distinguishes signal-based and parameter-based approaches. In
case of parameter-based approaches such as MRAC or L1-AC, the controller adjusts
its parameters / gains to account for the deviation between the uncertain plant and
the reference model. In contrast, signal-based approaches such as L1-PWC and the
MLESO estimate the disturbance signal which results from the deviation between the
uncertain plant and the reference model.

The novel classification enables a general discussion of the properties and limita-
tions of parameter-based and signal-based approaches: While both approaches differ
fundamentally with respect to the way in which the uncertainty is estimated, they are
often similar in the way this body of information is used. All parameter-based and
signal-based approaches, which have been introduced within this thesis, use the infor-
mation about the uncertainty to cancel the deviation between the plant and the refer-
ence model. While this approach is reasonable due to the control objective of model
following, it may cause significant problems in case of real-world problems. This is
because time-delay, actuator dynamics or sensor dynamics fundamentally limit the set
of achievable reference models. If a reference model is non-achievable, instability may
occur. In order to prevent such instability, the reference model would have to be ad-
justed in such a way that it remains achievable despite time-delays or sensor dynamics.
For this purpose, parameter-based approaches seem more appropriate as they lead to
persistent knowledge about the plant which in turn would allow adjusting the reference
model. In case of signal-based approach, no such knowledge is generated.

Strategy 1: Systematic Review of Robustness and Performance Metrics

For the control of highly uncertain systems, parameter-based approaches such as
MRAC are well suited due to their ability to adjust to the plant at runtime. The certifi-
cation of these approaches is however currently prevented by the lack of reliable, well-
established robustness and performance metrics. For this reason, this thesis presents
a systematic review of available metrics which have been proposed in literature. The
review classifies all metrics according to their purpose. To that end, stability, robustness
and performance metrics are distinguished. Furthermore, the computational aspects
are assessed, where analytical and simulation-based computations are distinguished.

Strategy 1: Development of Novel Methods for the Computation of Robustness
and Performance Metrics

The review of robustness and performance metrics identifies two promising metrics
which might be of use in a future certification process of adaptive controllers. These
two metrics are the time-delay margin (as a measure of robustness) and bounds on the
tracking error components (as a measure of performance). While both metrics provide
valuable insight into the robustness or the performance of an adaptive controller, their
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practical application is challenging due to the lack of methods for their computation.
For this reason, this thesis developed novel analytical methods for the computation of
these two metrics in case of a MRAC.

For the computation of the time-delay margin, a novel analytical method is de-
veloped for direct MRAC with σ-modification which relies on the stability theorem of
Lyapunov-Razumikhin and Sum-Of-Squares (SOS) optimization. The method enables
to compute a bound for the time-delay margin which holds for all bounded command
signals and all bounded uncertainties, assuming that suitable bounds for the command
and the uncertainties are known a-priori. To the best of the author’s knowledge, it is
the first method for direct MRAC with σ-modification, which:

• considers the tracking case;
• does not require a-priori bounds on the regressor vector.

Despite the use of SOS optimization, the developed method is highly conservative. In
case of the recurring flight control example from Section 2.2, Example 4.19 shows that
the analytically guaranteed time-delay margin only amounts to 0.1% of the time-delay
margin which is observed in simulations.

In case of the tracking error, a novel analytical method is developed for direct MRAC.
With the help of Linear Matrix Inequalities (LMIs) and a slightly modified Lyapunov
function candidate, which does not alter the adaptive controller, the conservatism re-
duces significantly. In case of the recurring flight control example from Section 2.2, the
guaranteed bound on the tracking error almost drops by one order of magnitude (see
Example 4.7). For a learning rate of Γ = 100 · I3×3, the guaranteed tracking error in
the angle-of-attack for example amounts to 7.3◦ and exceeds the simulation evidence
by 366%. Further improvements are achieved when assuming that the plant uncer-
tainties are distributed according to some a-priori known Probability Density Function
(PDF). For this purpose, a novel method is developed which approximates the Cumu-
lative Density Function (CDF) of the tracking error bound. This method enables to draw
conclusions such as: “The tracking error bound of the angle-of-attack remains below
1◦ with 90% probability”. Moreover, another novel method is developed to compute a
tracking error bound in case of bounded exogenous disturbances and unmatched un-
certainties. Due to the presence of the latter, a σ-modification is employed additionally.
Despite the use of LMI optimization, the method leads to conservative results.

While the developed methods lead to significant improvements (or represent the
first methods of their kind), they do not yet suffice for a certification process as they
still lead to overly conservative results. One explanation for this observation derives
from the fact that a Lyapunov-based analysis is conducted. This implies that the n-
dimensional trajectories of the adaptive control system are analyzed using a scalar,
energy-like function. This function is in turn used to infer bounds on the tracking error
or the time-delay margin. The reduction to a one-dimensional system does however
inevitably lead to a loss of information which in turn causes conservatism.

318



Chapter 7: Conclusion and Perspectives

Strategy 2: Development of the Modified Linear Extended State Observer

Although the methods, which are derived while following the first strategy, lead to signif-
icant improvements, their conservatism still prevents their use in a certification process.
For this reason, the MLESO is introduced in this thesis. The MLESO is a Luenberger-
like observer which estimates the matched and unmatched disturbance signals result-
ing from the deviation between the plant and the reference model. In order to achieve
model following control, two different control laws are proposed - one for the case of
matched uncertainties only and one for the case of matched and unmatched uncertain-
ties. As both control laws lead to Linear Time Invariant (LTI) controllers, MLESO-based
control is intrinsically certifiable. Furthermore, linearity enables the use of powerful ro-
bustness and performance analysis tools from LTI system theory such as µ-analysis.
Thus, the MLESO achieves control of highly uncertain plants with guaranteed robust-
ness and performance characteristics.

In addition to the introduction of the MLESO, this thesis has also evaluated the
relation of MLESO-based control to other approaches. Roughly speaking, it is shown
that the MLESO-based control law leads to the same closed-loop performance as a L1-
AC or a L1-PWC. More precisely, the MLESO-based control law actually implements
the so-called L1 Reference Model, whereas L1-AC or L1-PWC only approximate the
latter. However, it has to be noticed that L1-AC or L1-PWC provide more degrees of
freedom in case of unmatched uncertainties. This means that every MLESO-based
control law for unmatched uncertainties may be equivalently implemented as L1-AC or
L1-PWC, but not vice versa. The relation between MLESO-based control and L1-AC is
of great practical interest as L1-AC approaches have already proven their maturity in
flight-tests on manned aircraft [1].

Due to its connection to L1-AC, MLESO-based control also relates to other signal-
based approaches. In [98], it has been demonstrated that the L1 Reference Model
may be equivalently implemented as a Disturbance Observer (DOB). Therefore, the
MLESO is equivalent to a DOB under suitable assumptions. Moreover, as the DOB
control law is similar to classical inverse-based loop-shaping designs (see for example
[156]), the MLESO-based control law is also related to these controllers. Finally, this
thesis proves that the MLESO-based control law in case of a matched uncertainties
and a first order MLESO can be equivalently implemented as a special Proportional
Integral (PI) controller. In contrast to DOBs, inverse-based loop-shaping designs and
PI controllers, the MLESO possesses the advantage of being an indirect approach. For
this reason, controller windup (for example due to saturations or time-delays) can be
systematically prevented using hedging.

Strategy 2: Application and Assessment of the Modified Linear Extended State
Observer

In order to demonstrate the capabilities of the MLESO, it is applied to a challenging
benchmark control problem. This problem aims at the development of a fallback con-
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trol system for the lateral motion of an Unmanned Aerial System (UAS) which may
only rely on the measurements provided by the Attitude and Heading Reference Sys-
tem (AHRS) (i.e. linear accelerations, angular rates and attitude angles). Despite
limited measurement information, the MLESO-based controller successfully stabilizes
the plant for all velocities / altitudes and for all modeled uncertainties. With respect to
robustness, the MLESO-based controller mostly satisfies the gain and phase margin
requirements from SAE ARP94910. However, especially at low velocities, there exist
several uncertainty combinations which lead to violations. In terms of performance, the
controller achieves a rather uniform response which exhibits overshoots up to 20% at
low velocities.

In order to assess the robustness and performance of the MLESO-based control
law, a second control system has been developed additionally. This second controller
relies on an ad hoc modification of the Linear Quadratic Regulator (LQR) problem.
The modification enables to simultaneously stabilize multiple plant models and hence,
to stabilize the plant at various altitudes and velocities. Similar to the MLESO-based
control system, the LQR control system stabilizes the plant at all trim conditions and for
all modeled uncertainties. With respect to robustness, the controller provides slightly
lower phase and gain margins than the MLESO-based controller. At the same time, it
provides a slightly more uniform tracking response with less overshoot.

When comparing both controllers, one comes to the conclusion that both equally
solve the control problem. While there exist minor differences with respect to robust-
ness and performance, it is expected that these differences vanish upon appropriate
retuning. Thus, the LQR controller seems preferable for the control task at hand due
to its simpler structure. This result was unexpected as MLESO-based control seems
more appropriate for the control of highly uncertain plants. In order to explain this
result, one has to recall that the MLESO enforces model following by canceling all de-
viations between a desired plant response and the actual plant response. While this
approach is sound in case of an idealistic plant model, it is fundamentally limited in
practice by time-delays, actuator dynamics, etc. For this reason, the bandwidth of the
MLESO and the bandwidth of the reference model had to be chosen rather small in
order to maintain stability (despite the use of hedging). In contrast to the MLESO, the
LQR approach does not enforce model following but optimizes a cost function. Since
the modification of the LQR design allows considering several operating points at the
same time, the LQR approach leads to an optimal compromise between these points.
Most importantly, this compromise also accounts for the actuator dynamics. Notice
however that this compromise requires a model of the uncertainty. In case of unex-
pected uncertainties (for example due to malfunctions or damages), no such optimal
compromise may be computed a-priori. Hence, it is expected that in case of such
events, a MLESO might yield preferable results as it is not optimized to a certain model
of the uncertainty.
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7.3 Perspectives and Future Work

With respect to the first strategy, this thesis has developed novel approaches for the
assessment of robustness and performance of adaptive controllers. These approaches
rely on Lyapunov(-like) analyses and advanced optimization techniques such as LMIs
and SOS programs. Despite the use of optimization, the results are still overly con-
servative. As this conservatism derives (at least to some extent) from the use of a
Lyapunov(-like) analysis, this raises the question as to whether the limits of Lyapunov-
based analysis have been reached. For this reason, future work should consider al-
ternative means of proving stability of adaptive control systems. One solution would
for example consist in the development of analytical solutions to the differential equa-
tions of a closed-loop MRAC control system. Using such solutions, bounds on the
tracking error could for example immediately be inferred. The feasibility of this idea
is demonstrated in Section D.2. Another solution might consist in a representation of
the closed-loop adaptive control system as Wiener-Volterra series [137, 146]. Roughly
speaking, a Wiener-Volterra series represents the input / output map of a nonlinear
system using a generalization of the convolution integral.

The analytical computation of robustness and performance metrics is appealing as
it leads to guaranteed bounds. In practice, however, only few metrics may be com-
puted analytically (see Section 4.1). As these metrics do not suffice to fully specify the
intended behavior of an adaptive controller, one might doubt whether analytical com-
putations are actually suited for a certification process. This doubt strengthens when
recalling the mathematical effort which is required to compute analytical bounds. For
this reason, future work should focus on alternative computational techniques such as
simulations or optimization. Due to their high flexibility, it is expected that this focus will
facilitate the derivation of novel metrics which allow replacing traditional (frequency-
domain) requirements from SAE AS94900 or MIL-HDBK-1997.

The response of an adaptive control system crucially depends on the uncertainty,
the command (history) and the disturbance (history). Hence, the excessive use of
simulations or optimization entails the challenge of covering all these factors. As nei-
ther simulations nor (most) optimization techniques lead to guaranteed bounds (i.e.
cover all uncertainties, commands, and disturbances), future work should also focus
on online monitoring systems for adaptive flight control systems. If the monitor detects
an undesirable behavior of the adaptive controller, it arranges the deactivation of the
adaptive control system and will hence prevent the adaptive controller from harming
flight safety. On the one side, this approach reduces the need for a-priori guarantees
for the adaptive controller. On the other side, a-priori guarantees are required for the
monitoring algorithm which ensure that the monitor reliably detects malfunctions of the
adaptive controller. Thus, monitoring shifts the need for a-priori guarantees from the
adaptive controller to the monitoring system. To that end, it will become an interesting
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question how much confidence in a simulation-based assessment is required relative
to the confidence in a monitoring system.

With respect to the second strategy, this thesis has developed the MLESO. It has
been demonstrated that MLESO-based control (mostly) achieves the same closed-
loop performance as L1-AC. Furthermore, this thesis established connections to other
signal-based approaches such as DOBs. Future research should try to establish sim-
ilar connections with other approaches such as Predictive Incremental Nonlinear Dy-
namic Inversion (PINDI). The knowledge of such relations offers two main advantages.
On the one side, it allows finding unique features of the respective approaches. The
knowledge of such features is of great practical relevance as it simplifies the choice of
a suitable signal-based approach for the control problem at hand. On the other side,
different signal-based approaches are often derived from fundamentally different points
of view. Once their relations are clear, knowledge and observations, which hold for one
signal-based approach, may be easily transferred to other approaches. Such research
should also address the open-loop (robustness) properties.

Finally, future work should also investigate ways of combining signal-based and
parameter-based approaches. Since signal-based approaches do not care about the
intrinsic structure of the uncertainty, they may quickly react to deviations between the
plant and the reference model. They do, however, not lead to persistent knowledge
about the plant. In contrast, parameter-based approaches admit to gain persistent
knowledge. In order to obtain this knowledge, some time is required if undesired effects
of fast learning such as significant oscillations are to be avoided. By using fast signal-
based approaches and slowly learning parameter-based approaches, the advantages
of both approaches may be combined in one design. Such an approach is for example
realized by the Command Governor modification [182, 183] of direct MRAC. Here,
the Command Governor is used to counteract the effect of fast uncertainties. Similar
approaches which rely on a MLESO or L1-PWC instead of the Command Governor
should also be feasible.
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Appendix B

Mathematical Preliminaries

This chapter provides a short summary of several branches of mathematics which
are relevant for this thesis. Section B.1 will first review some important elements of
analysis, linear algebra and functional analysis. Afterwards, Section B.2 puts special
emphasis on positive definite functions and their associated (sub-)level sets. These
definitions are key to the understanding of several geometric problems which may be
conveniently solved using LMIs and Semidefinite Programs (SDPs). The latter are
briefly introduced in Section B.3. Finally, Section B.4 will summarize several useful
facts about matrices, including their traces, symmetric matrices and inverses.

B.1 Elements of Analysis and Linear Algebra

This section reviews some elements of analysis, linear algebra and functional analysis,
which are important for the understanding of this thesis. This review is largely based on
the excellent summary of these topics in [45], which specifically covers topics relevant
for control theory. Due to the brevity of the present review, the reader is referred to the
respective literature such as [22, 23, 24, 174, 172] for a more detailed introduction.

B.1.1 Normed Spaces and Inner Product Spaces

Subsequently, it is assumed that the reader is familiar with the concept of linear spaces
(vector spaces) V (see for example [23, 45]) such as

• the vector spaces of real Rn or complex Cn vectors defined over the field of real
R or complex numbers C, respectively;

• the vector spaces of real Rl×m or complex Cl×m matrices defined over the field of
real R or complex numbers C, respectively;

• the vector space of symmetric matrices Sn defined over the field of real numbers
R;

• the vector space of functions F(R,Cn) mapping variables of R to variables in Cn.
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While every vector space defines some basic operations such as addition or multi-
plication by a scalar, it does not possess an intrinsic notion of size of its elements. For
this, the concept of a norm is required. Formally, a norm ‖·‖ is a function, which maps
an element of a vector space V onto a non-negative real number, i.e. ‖·‖ : V → R+,
and which satisfies the following norm axioms ([45, 174], [22, p. 34]):

1. Positive Definiteness: ‖v‖ ≥ 0 for all v ∈ V; ‖v‖ = 0, if and only if v = 0;

2. Homogenity: ‖α · v‖ = |α| · ‖v‖ for all scalars α ∈ F and all v ∈ V;

3. Triangle Inequality: ‖u+ v‖ ≤ ‖u‖+ ‖v‖ for all u, v ∈ V.

A vector space together with a suitable norm is a called a normed space.
While the concept of a norm captures the notion of size, it does not capture the

notion of direction. Such notion may be introduced by the definition of an inner product
〈·, ·〉 between two elements of a vector space. Formally, an inner product is a function
which maps two elements of a vector space V onto the field F, over which the vector
space is defined, i.e. 〈·, ·〉 : V × V → F, and which satisfies the following inner product
axioms [22, p. 42]:

1. Positive Definiteness: 〈v, v〉 ≥ 0 for all v ∈ V; 〈v, v〉 = 0, if and only if v = 0;

2. Conjugate symmetry: 〈u, v〉 = 〈v, u〉∗ for all u, v ∈ V;

3. 〈α · u, v〉 = α · 〈u, v〉 for all u, v ∈ V and scalars α ∈ F;

4. 〈u1 + u2, v〉 = 〈u1, v〉+ 〈u2, v〉 for all u1, u2, v ∈ V.

In case of a real vector space, i.e. F = R, the last two axioms imply linearity. A vector
space with an inner product is called an inner product space. It may be proven that
any inner product defines a norm by ‖v‖ ,

√
〈v, v〉 [22, p. 43]. Thus, any inner product

space is a normed space. Furthermore, the Cauchy Schwarz inequality holds on any
inner product space [22, p. 43]:

|〈u, v〉| ≤ ‖u‖ · ‖v‖ (B.1)

for all u, v ∈ V, where the norms are those defined by the inner product.
Using the notion of size, which any normed space possesses, it is natural to define

a measure of distance by d(u, v) = ‖u− v‖. Now let vk be a sequence. The sequence
will be referred to as a Cauchy sequence, if there exists a sequence index M ≥ 0
for every ε > 0, such that ‖vi − vj‖ ≤ ε for all i, j ≥ M . Intuitively, this definition
states that a sequence is Cauchy, if for any given distance ε, one may find an index M ,
such that the distance between any two sequence elements i ≥ M , j ≥ M is below
ε. While it may be shown that any convergent sequence is Cauchy, the converse is
not necessarily true [45], [22, p. 13]. Thus, there might exist Cauchy sequences, for
which no limit value exists. However, if it may be proven that any Cauchy sequence in
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a vector space will converge to a limit value in that vector space, then the same holds
for all convergent sequences. Such a vector space, in which all Cauchy sequences
converge, will be denoted as complete. A complete normed space is also referred to
as a Banach space and a complete inner product space is also referred to as a Hilbert
space. To conclude this section, the properties of some vector spaces are presented,
which are important for this thesis.

The Vector Spaces Rn and Cn

The vector spaces Rn and Cn of real or complex vectors are complete inner product
spaces (Hilbert spaces) [45]. Their inner product is the scalar product

〈a, b〉 = aHb, (B.2)

which naturally defines the Euclidean norm (2-norm) by

‖a‖2 =
√
〈a,a〉 =

√√√√
n∑

i=1
|ai|2, (B.3)

where aT =
[
a1 . . . an

]
. The 2-norm is a special case of the p-norms, which are

generally defined as

‖a‖p =
(

n∑

i=1
|ai|p

) 1
p

(B.4)

for p ≤ 1 ≤ ∞. In the limit, i.e. p =∞, the p-norm becomes

‖a‖∞ = max
i=1,...n

|ai|. (B.5)

It may be proven that the p-norms are equivalent [22, p. 20]. That is, for any two
p-norms p1 and p2, constants c1 > 0, c2 > 0 can be found such that

c1 · ‖a‖p1 ≤ ‖a‖p2 ≤ c2 · ‖a‖p1 (B.6)

holds for all a ∈ Rn or a ∈ Cn, respectively. For the commonly used 2-norm and the
∞-norm, the following relations may be derived with the help of Figure B.1:

‖a‖∞ ≤ ‖a‖2 ≤
√
n · ‖a‖∞,

1√
n
· ‖a‖2 ≤ ‖a‖∞ ≤ ‖a‖2.

(B.7)

The Vector Spaces Rl×m and Cl×m

The vector spaces Rl×m and Cl×m of real or complex matrices are complete inner
product spaces (Hilbert spaces) as well [45]. Their inner product is the Frobenius
scalar product [85, Section 5.2]

〈A,B〉 = Tr
{
AHB

}
= Tr

{
BAH

}
, (B.8)
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a1

a2

r

(a) Every point on the circle ‖a‖2 = r

lies within the dashed square ‖a‖∞ ≤ r.
Thus, ‖a‖∞ ≤ ‖a‖2 = r.

a1

a2

r

√
2 · r

(b) Every point on the square ‖a‖∞ = r

lies within the dashed circle ‖a‖2 ≤
√

2·r.
Thus, ‖a‖2/

√
2 ≤ ‖a‖∞ = r.

Figure B.1: Equivalence of direct 2-norm and direct∞-norm.

where the trace operator Tr {·} is used. Further details on traces may be found in
Section B.4.1. The Frobenius scalar product naturally defines the Frobenius norm by

‖A‖F =
√
〈A,A〉 =

√
Tr

{
AHA

}
. (B.9)

Due to the definition of the trace operator, it may be verified that the Frobenius norm of
the matrix A is equivalent to the 2-norm of its vector representation [85, Section 5.6]:

‖A‖F = ‖vecA‖2, (B.10)

where vec (·) of the matrix
A =

[
a1 . . . am

]
(B.11)

with ai ∈ Rl for i = 1, . . . ,m is defined as

vecA ,




a1
...
am


 . (B.12)

The Lnp Vector Spaces
Let Lnp with p ≥ 1 denote the vector space F(R,Cn) of functions that map R to Cn and
which satisfy ∫ ∞

−∞
‖u(t)‖pp dt <∞, (B.13)

for all u(t) ∈ Lnp . Strictly speaking, notice that the integration in (B.13) is to be under-
stood in the sense of Lebesgue. While all functions that are integrable in the sense of
Riemann are also integrable in the sense of Lebesgue, the converse is not true [53].
Since most functions encountered in this thesis are integrable the sense of Riemann,

344



Chapter B: Mathematical Preliminaries

the details of Lp spaces associated with integration in the sense of Lebesgue and mea-
sure theory will not be specifically covered here. It may be proven that the vector space
Lnp is a complete normed space (Banach space) [45], whose norm is defined as:

‖u‖Lp =
(∫ ∞

−∞
‖u(t)‖pp dt

) 1
p

. (B.14)

In case of p =∞, the norm becomes

‖u‖L∞ = ess sup
t∈R
‖u‖∞. (B.15)

The use of the essential supremum in (B.15) relates to measure theory and may be
thought of as a conventional supremum in most cases, which are considered in this
thesis [45]. Furthermore, notice that the function space Ln2 for p = 2 is a complete
inner product space (Hilbert space) [45] with the inner product

〈u,v〉 =
∫ ∞

−∞
u(t)Hv(t) dt, (B.16)

which naturally leads to the definition of the L2-norm

‖u‖L2 =
√∫ ∞

−∞
‖u(t)‖2

2 dt, (B.17)

which equals (B.14) for p = 2.

B.1.2 Subsets of Vector Spaces

Throughout this thesis, subsets of vector spaces (such as subsets of Rn) are often
encountered. It is assumed that the reader is familiar with common terminology with
respect to sets such as the empty set ∅, the union of sets (A ∪ B), the intersection of
sets (A ∩ B) or the difference of sets (A\B) [24]. Furthermore, common set relations
such as A ⊂ B to denote that A is a subset of B, A ⊆ B to denote that A is a subset
of B or is equivalent to B are assumed to be known [24]. While a detailed treatment
of set theory (and its axiomatic introduction) is beyond the scope of this thesis, the
following definitions with respect to subsets S of the vector space Rn are useful: A
subset S ⊂ Rn is:

• open, “if, for every vector x ∈ S, one can find an ε-neighborhood of x

N (x, ε) = {z ∈ Rn | ‖z − x‖ < ε}

such that N (x, ε) ⊂ S ” [96]. Roughly speaking, this definition states that one
may always find a point nearby x, which is also part of S.

• closed, “if its complement in Rn is open” [96].

• bounded, “if there is r > 0 such that ‖x‖ ≤ r for all x ∈ S” [96].
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• compact, “if it is closed and bounded” [96].

• connected, “if every pair of points in S can be joined by an arc lying in S” [96].

• a domain, if it is open and connected.

• convex, “if, for every x,y ∈ S and every real number θ, 0 < θ < 1, the point
satisfies θx + (1 − θ) · y ∈ S ” [96]. This is to say that every pair of points in a
convex set S may be connected with a line, which entirely lies within the set S.

Furthermore, “a point x is a boundary point of a set S if every neighborhood of x
contains at least one point of S and one point not belonging to S ” [96]. ∂S will be
used to denote all boundary points of S.

In this thesis, subsets of Rn will frequently arise in the form of so-called sublevel
sets. Let f : D → R be a scalar function defined on a subset of Rn, i.e. D ⊆ Rn. Then,
the α-sublevel set of the function f is defined as [18]:

Mα , {x ∈ D | f(x) ≤ α}. (B.18)

In (B.18), the parameter α ∈ R is a scaling parameter, which determines the size of the
set. Furthermore, if f(x) is a convex function, then its α-sublevel sets will be convex
[18]. A convex function is a function, where the line connecting any two points on its
graph lies above the graph of the function [18]. In case of a positive definite function
f(x) (see Section B.2), α ≥ 0 may be thought of as a generalization of the radius of a
circle. That is, for 0 ≤ α ≤ β <∞, the relation

{x ∈ D | f(x) ≤ α}
︸ ︷︷ ︸

Mα

⊆ {x ∈ D | f(x) ≤ β}
︸ ︷︷ ︸

Mβ

(B.19)

holds.

Proof. (B.19) is proven by contradiction. Assume that (B.19) does not hold. Then,
there must exist an element x0 ∈ D, which is contained inMα and but not inMβ (i.e.
it must lie in the complementary set ofMβ), i.e.

1. x0 ∈Mα, implying f(x0) ≤ α;

2. x0 ∈ M̄β with M̄β = {x ∈ D | f(x) > β}, implying f(x0) > β.

Bullet points 1 and 2 would however imply α ≥ f(x0) > β implying α > β, which
contradicts α ≤ β. Hence, no such point x0 may exist, which proves (B.19).

Another common task when dealing with sublevel sets is to show set containment. For
this, let g : D → R be another scalar function defined on the same set D as f . If the
functions f and g satisfy f(x) ≤ g(x) ∀ x ∈ D, then the following set containment
condition holds:

{x ∈ D | g(x) ≤ α}
︸ ︷︷ ︸

Mg

⊆ {x ∈ D | f(x) ≤ α}
︸ ︷︷ ︸

Mf

. (B.20)
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Proof. (B.20) is proven by contradiction. Assume that (B.20) does not hold. Then,
there must exist an element x0 ∈ D, which is contained inMg and but not inMf , i.e.

1. x0 ∈Mg, implying g(x0) ≤ α;

2. x0 ∈ M̄f with M̄f = {x ∈ D| f(x) > α}, implying α < f(x0).

Bullet points 1 and 2 would however imply g(x0) < f(x0), which contradicts f(x) ≤
g(x) ∀ x ∈ D. Hence, no such point x0 may exist, which proves (B.20).

Similar to (B.18), a level set of the function f(x) is defined as

∂Mα , {x ∈ D| f(x) = α} (B.21)

and represents the boundary of the sublevel setMα. Throughout this thesis, the terms
level set and sublevel set are not always clearly distinguished as it is usually clear from
the context whether the boundary or the interior of the set are meant.

B.1.3 Subspaces

A subspace S of a vector space V is a subset of V, which is also a vector space with
respect to the same field and operations [45]. Common examples include planes in R3

(two-dimensional subspace) or lines in R2 (one-dimensional subspace).
An important operation is the orthogonal projection of a point x ∈ V onto a sub-

space S. For the purpose of this thesis, this operation is only introduced in case of the
vector space V = Rn and a m-dimensional subspace m < n. To that end, let

C =
[
(c1)V . . . (cm)V

]
(B.22)

with (ci)V ∈ V , i = 1, . . . ,m denote an orthonormal basis of the subspace, i.e.

〈(ci)V , (cj)V〉 = 0, ∀ i 6= j, (B.23)

‖(ci)V‖2 = 1, ∀ i = 1, . . . ,m. (B.24)

Using orthogonal projection, a point (y)V in the subspace S is to be determined such
that (y)V − (x)V is orthogonal to all basis vectors of the subspace as shown in Figure
B.2. Since y should lie in the subspace S, it has to satisfy

(y)V = C · (y)S . (B.25)

Since the line connecting (y)V and (x)V should be orthogonal to the basis vectors, the
point y has to satisfy

〈 (y)V − (x)V , (ci)V 〉 = 0, i = 1, . . . ,m. (B.26)

Inserting (B.25) into (B.26) yields

〈C · (y)S − (x)V , (ci)V 〉 = 0, i = 1, . . . ,m. (B.27)
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y

x

c1

c2

Figure B.2: Orthogonal projection of x ∈ V , V = R3 onto a two-dimensional subspace
S specified by its basis vectors c1 and c2. The projection is denotes as y ∈ S.

Using the properties and the definition of the scalar product, one obtains the equation

(ci)TV ·C · (y)S = (ci)TV · (x)V i = 1, . . . ,m. (B.28)

Since the basis vectors (ci)V are orthonormal, the term

(ci)TV ·C = (ci)TV ·
[
(c1)V . . . (cm)V

]

=
[
0 . . . (ci)TV · (ci)V . . . 0

]

=
[
0 . . . 1 . . . 0

]
(B.29)

selects the i-th component from the vector (y)TS =
[
y1 . . . ym

]
S
. Hence, (B.28) be-

comes
yi = (ci)TV · (x)V i = 1, . . . ,m. (B.30)

Rewriting the m equations of (B.30) in matrix/vector form yields a relation between the
point (x)V and its projection y given in the S-frame:

(y)S = CT · (x)V . (B.31)

In the V-frame, the projection y of x is then given by

(y)V = C · (y)S = CCT · (x)V . (B.32)

B.1.4 Continuity

A function f : A → B, which maps elements of the open set A to B is

• continuous at x0 “if, given ε > 0, there is a δ > 0 such that

‖x0 − y‖ < δ → ‖f(x0)− f(y)‖ < ε ” [96]. (B.33)

• continuous on a set S “if it is continuous at every point of S” [96].

• uniformly continuous on a set S “if, given ε > 0, there is a δ > 0 (dependent only
on ε) such that the inequality (B.33) holds for all x,y ∈ S “ [96].
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• Lipschitz on a set S, if f(x) satisfies the Lipschitz condition

‖f(x)− f(y)‖ ≤ L · ‖x− y‖, (B.34)

with the same Lipschitz constant L > 0 for all points x,y ∈ S [96].

• globally Lipschitz, if f(x) satisfies the Lipschitz condition (B.34) with the same
Lipschitz constant L > 0 for all x,y ∈ Rn.

• semi-globally Lipschitz, if f(x) satisfies the Lipschitz condition

‖f(x)− f(y)‖ ≤ L(r) · ‖x− y‖, (B.35)

for arbitrary r > 0 and for all ‖x‖ ≤ r and all ‖y‖ ≤ r, where L : R+ → R+ denotes
the semi-global Lipschitz constant [87].

A function f(x), which is Lipschitz on some set S, also is uniformly continuous on
S [96]. Furthermore, a continuous function, which is continuously differentiable on Rn,
is globally Lipschitz, if its partial derivatives are uniformly bounded [96, Lemma 3.3].
Hence, any continuous function, which is continuously differentiable on Rn and whose
partial derivatives are uniformly bounded, is uniformly continuous. This observation will
be often used in proofs of stability involving Barbalat’s Lemma (see Lemma C.3).

B.1.5 Linear Operators and Induced Norms

Linear operators are frequently used within this thesis to map elements of one vector
space to another. Typical examples of linear operators include the matrix A ∈ Rl×m

which maps an input vector u ∈ Rm to an output vector y ∈ Rl via the relation

y = A · u. (B.36)

Another common example is the convolution with the impulse response g(t) of a LTI
Single-Input Single-Output (SISO) system

y(t) = g(t) ∗ u(t) =
∫ t

0
g(t− τ) · u(τ)dτ . (B.37)

This operator maps an input signal u(t) ∈ L∞ to an output signal y(t). It is well known
from linear system theory that the convolution will lead to a bounded output signal
y ∈ L∞, if and only if the impulse response g(t) satisfies g(t) ∈ L1 [110], i.e.

∫ ∞

0
|g(t)|dt <∞. (B.38)

The condition g(t) ∈ L1 is satisfied if all poles of the transfer function G(s) = L{g(t)}
strictly lie in the left half-plane.

For a more formal statement, let U and Y be two normed, complete vector spaces
(i.e. Banach spaces). A mapping F : U → Y is called a linear, bounded operator if
[45]:
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1. Linearity : F{α1 ·u1 +α2 ·u2} = α1 · F{u1}+α2 · F{u2} holds for all u1, u2 ∈ U and
scalars α1 ∈ F, α2 ∈ F.

2. Boundedness: There exists a scalar κ ∈ R+, such that

‖F {u}‖Y ≤ κ · ‖u‖U (B.39)

holds for all u ∈ U . Notice that ‖·‖U and ‖·‖Y denote the norms associated with
the vector spaces U and Y.

When working with a bounded, linear operator, one is often interested in the “am-
plification” of an input u, when it passes through the operator F{u}. That is, given an
input u, which is bounded in terms of the norm associated with the input vector space
U , one wants to know how large y may become at most in terms of the norm associ-
ated with the output vector space Y. From the definition of a bounded, linear operator,
it is clear that y will be bounded. The question of the “amplification” however relates to
finding the smallest value of κ, for which (B.39) is satisfied. This leads to the definition
of the induced (operator-) norm [45]:

‖F‖U→Y , sup
u∈U ,u6=0

‖F {u}‖Y
‖u‖U

, (B.40)

where ‖F‖U→Y denotes the size (the “amplification”) of the operator. The norm is called
induced as the size of the operator F (its “amplification”) depends on the norms of the
input and output vector spaces. It may be verified that ‖F‖U→Y corresponds to the
smallest value of κ, for which (B.39) holds [22]. Furthermore, it may be proven that

1. any such norm ‖F‖U→Y of a linear operator satisfies the norm axioms [22, p. 79];

2. any such norm is submultiplicative [22, p. 80], which means that the norm of the
composition y = F1 {F2 {u}} of two operators F1 : W → Y, F2 : U → W is given
by

‖F1 {F2 {u}}‖Y ≤ ‖F1‖W→Y · ‖F2‖U→W · ‖u‖U . (B.41)

In case of the operator “matrix” (B.36), the following induced norms are commonly
used:

• the induced 1-norm, which is induced by the 1-vector norm, which is defined in
(B.4) for p = 1. The induced 1-norm is computed from

‖A‖1,i = max
j=1,...,m

(
l∑

i=1
|aij|

)
. (B.42)

Since the computation amounts to computing the largest absolute column sum,
the induced 1-norm is also referred to as column sum norm.
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• the induced 2-norm, which is induced by the 2-vector norm, which is defined in
(B.4) for p = 2. The induced 2-norm is computed by

‖A‖2,i =
√
λmax

(
AHA

)
, (B.43)

i.e. the induced 2-norm corresponds to the square root of the largest eigenvalue
of AHA. It follows from the definition of the Singular Value Decomposition (SVD)
(see Section B.4.3) that ‖A‖2,i corresponds to the largest singular value ofA, i.e.
‖A‖2,i = σmax(A). The induced 2-norm is also called spectral norm.

• the induced∞-norm, which is induced by the∞-vector norm, which is defined in
(B.5). The induced∞-norm is computed from

‖A‖∞,i = max
i=1,...,l




m∑

j=1
|aij|


. (B.44)

Since the computation amounts to computing the largest absolute row sum, the
induced∞-norm is also referred to as row sum norm.

It may be verified that these induced matrix norms satisfy all norm axioms and further-
more, lead to the smallest value of κ in (B.39) [85, Chapter 5.6].

In case of the convolution operator (B.37), a natural choice for U and Y is U = Y =
L1
∞. In order to obtain a bounded output signal y ∈ Y, the impulse response g(t) must

satisfy g(t) ∈ L1. The operator norm of the convolution with g(t), which is induced by
the L∞-norm, is then given by [45]:

‖g(t)‖L∞→L∞ =
∫ ∞

0
|g(t)|dt = ‖g(t)‖L1 . (B.45)

While the induced L∞-norm actually derives from the convolution (i.e. a time-domain
operation), it will often be treated like a transfer function norm. Hence, we define

‖G(s)‖L1 , ‖g(t)‖L1 . (B.46)

The norm ‖G(s)‖L1 will be referred to as L1-norm (of the transfer function G(s) =
L{g(t)}). Since the L1 transfer function norm is an operator norm, it is also submulti-
plicative, i.e. ‖G1(s) ·G2(s)‖L1 ≤ ‖G1(s)‖L1 · ‖G2(s)‖L1.

In case of a transfer function matrix G : C → Cl×m, the impulse response matrix is
defined as

g(t) =




g1,1(t) . . . g1,m(t)
. . .

. . . . . .

gl,1(t) . . . gl,m(t)


 . (B.47)

The L1-norm of G(s) is then defined as [87, Definition A.7.4]:

‖G(s)‖L1 , ‖g(t)‖L1 , max
i=1,...,l




m∑

j=1
‖gi,j(t)‖L1


, (B.48)

which exists if and only if gi,j(t) ∈ L1. The condition gi,j(t) ∈ L1 holds, if the poles of
the transfer function matrix G(s) strictly lie in the left half-plane.
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B.2 Positive Definite Functions

Positive and negative (semi-) definite functions play a central role in the stability anal-
ysis of nonlinear systems using Lyapunov’s second method. Their importance stems
from the fact that positive definite functions generalize the idea of an energy function.
Due to their high relevance, some important definitions and properties of positive and
negative (semi-) definite functions are stated in this section.

Consider a scalar function f : D → R defined in a neighborhood D ⊆ Rn of the
origin (including the origin). Positive (semi-) definiteness of f(x) is defined as follows:

Definition B.1. A function f(x) is called positive definite, if

f(x) > 0 ∀x ∈ D\0 and

f(0) = 0.
(B.49)

Definition B.2. A function f(x) is called positive semidefinite, if

f(x) ≥ 0 ∀x ∈ D. (B.50)

Similarly, negative (semi-) definite functions are defined as:

Definition B.3. A function f(x) is called negative definite, if

f(x) < 0 ∀x ∈ D\0 and

f(0) = 0.
(B.51)

Definition B.4. A function f(x) is called negative semidefinite, if

f(x) ≤ 0 ∀x ∈ D. (B.52)

If none of the previous definitions holds, then the function is called indefinite.

B.2.1 Quadratic Forms and Ellipsoids

In general, the problem of checking definiteness of an arbitrary function is rather in-
volved. For example, in case of a general multivariate polynomial, checking definite-
ness is a NP-hard problem [128]. However, there are classes of functions, whose
definiteness may be checked readily. One such class are quadratic forms

f(x) = xTAx, (B.53)

where A ∈ Sn is symmetric and x ∈ Rn. The definiteness of the quadratic form (B.53)
may be easily checked by looking at the eigenvalues λi(A), i = 1, . . . , n of A:

f(x) positive definite⇔ λi(A) > 0 ∀ i = 1, . . . , n, (B.54)
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f(x) positive semidefinite⇔ λi(A) ≥ 0 ∀ i = 1, . . . , n, (B.55)

f(x) negative definite⇔ λi(A) < 0 ∀ i = 1, . . . , n, (B.56)

f(x) negative semidefinite⇔ λi(A) ≤ 0 ∀ i = 1, . . . , n. (B.57)

If none of the above relations holds, the quadratic form (B.53) is indefinite. For a proof
of (B.54)-(B.57), refer to [85, Section 7.1]. Since a quadratic form is defined by the
matrix A, it is also common to call A a positive / negative (semi-) definite or indefi-
nite matrix. The subsets of Sn of all positive definite, positive semidefinite, negative
definite and negative semidefinite matrices will be denoted by Sn++, Sn+, Sn−− and Sn−,
respectively.

The level sets
∂Mc =

{
x | xTAx = c

}
(B.58)

of a quadratic form are so-called quadrics [172]. Depending on the definiteness ofA, a
quadric geometrically represents various shapes such as ellipsoids, hyperboloids and
paraboloids. As positive definite functions are a central element of Lyapunov analysis,
the quadric which results for A ∈ Sn++ is of special interest. Geometrically, the latter
quadric describes an ellipsoid in Rn. To see this, let c ≥ 0 and notice that every sym-
metric matrix A admits an eigendecomposition A = QDQT with a real, orthonormal
matrix Q and a diagonal matrix D containing the eigenvalues [85], [23, p. 230]. Using
the transformation x̄ = QTx, the quadric (B.58) becomes

xTQDQTx = x̄TDx̄ =
n∑

i=1
λi(A) · x̄2

i = c (B.59)

with x̄T =
[
x̄1 . . . x̄n

]
. In terms of the transformed coordinates x̄, (B.59) represents

an ellipsoid
x̄2

1
r2

1
+ . . .+ x̄2

n

r2
n

= 1 (B.60)

with the principal axes

ri =
√

c

λi(A) . (B.61)

Eq. (B.61) shows that the eigenvalues determine the size of the principal axes of the
ellipsoid. Since Q is orthonormal, the map x = Qx̄ only rotates the ellipsoid (B.60) but
does not alter its size. Thus, the eigenvectors determine the orientation of the ellipsoid.

Similarly, the c-sublevel set of the quadratic form (B.53), given by

Mc =
{
x | xTAx ≤ c

}
, (B.62)

describes the interior of the ellipsoid including the boundary. Using a strict inequality
instead of a non-strict inequality leads to the description of the interior of the ellipsoid
excluding the boundary:

Mc \ ∂Mc =
{
x | xTAx < c

}
. (B.63)
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Throughout the thesis, the term ellipsoid is used to denote both the boundary ∂Mc

as well as the interior of the ellipsoid Mc. Since it should be clear from the context
whether level sets or sublevel sets are considered, no confusion arises.

Using an eigendecomposition, one may also derive the following bounds on the
quadratic form (B.53), if A is positive definite:

λmin(A) · ‖x‖2
2 ≤ xTAx ≤ λmax(A) · ‖x‖2

2. (B.64)

Proof. Since A is symmetric, an eigendecomposition A = QDQT with a real, or-
thonormal matrix Q and a real, diagonal matrix D = diag

[
λ1(A) . . . λn(A)

]
con-

taining the eigenvalues of A exists [85, 23]. Using the transformation x̄ = QTx, the
quadratic form (B.53) becomes

xTAx =
n∑

i=1
λi(A) · x̄2

i . (B.65)

From (B.65) follows

λmin(A) ·
n∑

i=1
x̄2
i ≤

n∑

i=1
λi(A) · x̄2

i . ≤ λmax(A) ·
n∑

i=1
x̄2
i , (B.66)

as 0 < λmin(A) ≤ λi(A) ≤ λmax(A). Since Q is orthonormal,

n∑

i=1
x̄2
i = x̄T x̄ = xT QQT

︸ ︷︷ ︸
I

x = ‖x‖2
2 (B.67)

holds, which establishes (B.64).

The bounds in (B.64) have an important geometric interpretation for the (sub)level
sets associated with the quadratic form. Geometrically, the level set λmin(A) · ‖x‖2

2 = c

associated with the lower bound in (B.64) describes the smallest sphere surrounding
the ellipsoid (B.58), where surrounding means

{x ∈ Rn| xTAx = c} ⊆ {x ∈ Rn| λmin(A) · ‖x‖2
2 ≤ c}. (B.68)

This fact follows readily from the reciprocal relation (B.61) between the principal axes
of the ellipsoid and the eigenvalues of A. Similarly, the level set λmax(A) · ‖x‖2

2 = c

associated with the upper bound in (B.64) describes the largest sphere, which may be
fitted into the interior of the ellipsoid (B.58), i.e.

{x ∈ Rn| λmax(A) · ‖x‖2
2 = c} ⊆ {x ∈ Rn| xTAx ≤ c}. (B.69)

Analogous results also hold for c-sublevel sets. The c-sublevel set λmin(A) · ‖x‖2
2 ≤ c

associated with the lower bound in (B.64) describes the smallest ball surrounding the
ellipsoid (B.58), i.e.

{x ∈ Rn| xTAx ≤ c} ⊆ {x ∈ Rn| λmin(A) · ‖x‖2
2 ≤ c}. (B.70)
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Similarly, the c-sublevel set λmax(A) · ‖x‖2
2 ≤ c associated with the upper bound in

(B.64) describes the largest ball, which may be fitted into the interior of the ellipsoid
(B.58), i.e.

{x ∈ Rn| λmax(A) · ‖x‖2
2 ≤ c} ⊆ {x ∈ Rn| xTAx ≤ c}. (B.71)

A more complex class of quadratic forms is given by

f(x) = (x− xc)T A (x− xc) , (B.72)

whereA ∈ Sn++ is a positive definite matrix and xc ∈ Rn is an arbitrary vector. Geomet-
rically, the c-sublevel set

Mc =
{
x | (x− xc)T A (x− xc) ≤ c

}
(B.73)

of (B.72) describes an ellipsoid centered at xc. An equivalent representation of the
ellipsoid (B.73) is given by

Mc =
{
x | xTAx+ 2xTb+ d ≤ 0

}
(B.74)

with
bTA−1b− d ≥ 0. (B.75)

The additional condition (B.75) is required in order to ensure a non-negative level set
constant c, as will become clear shortly. In order to transform the representation (B.74)
to (B.73), the center point xc has to be determined first. A factor comparison between
the inequalities (B.73) and (B.74) yields

xc = −A−1b. (B.76)

The inequality (B.74) hence becomes

Mc =
{
x | xTAx− 2xTAxc + d ≤ 0

}
. (B.77)

Adding and subtracting xTcAxc = bTA−1b yields

Mc =
{
x | xTAx− 2xTAxc + xTcAxc − bTA−1b+ d ≤ 0

}
. (B.78)

With
c = bTA−1b− d, (B.79)

which is non-negative due to (B.75), one finally obtains

Mc =
{
x | xTAx− 2xTAxc + xTcAxc ≤ c

}
, (B.80)

which is equivalent to (B.73). Thus, using (B.76) and (B.79), the ellipsoid (B.74) is
transformed to the representation (B.73).

355



B.2 Positive Definite Functions

The ellipsoid (B.73) admits yet another representation. As it represents the ellipsoid
centered at xc, the transformation x̄ = x− xc implies

Mc =
{
xc + x̄ | x̄TAx̄ ≤ c

}
. (B.81)

Since A is positive definite, its matrix square root A
1
2 exists (see Section B.4.2), which

leads to
Mc =

{
xc + x̄ | x̄TA 1

2 ·A 1
2 x̄ ≤ c

}
. (B.82)

By defining z = A
1
2 x̄, (B.82) becomes

Mc =
{
xc +A− 1

2 · z | zTz ≤ c
}
. (B.83)

Hence, (B.83) represents the ellipsoid (B.73) as an affine transformation x = xc+A−
1
2 ·

z of the ball zTz ≤ c.
Using the representation as an affine transformation, an important operation on

ellipsoids can be derived, namely the orthogonal projection of an ellipsoid onto a sub-
space of Rn. By projecting the ellipsoid onto a 1-dimensional subspace (i.e. a line),
the largest extension of the ellipsoid in direction of the line may be easily determined.
To that end, let the basis C of the subspace S be given by (B.22). The projection of a
point in V = Rn onto S is then given by (B.31). Inserting the affine transformation from
(B.83) into (B.31) yields

(y)S = CT
(
(xc +A− 1

2 · z)V
)
. (B.84)

The center of the projected ellipsoid is hence given by

(yc)S = CT · (xc)V , (B.85)

leading to
(y)S = (yc)S +CT · (A− 1

2 · z)V . (B.86)

In order to improve readability, the indices V and S will be dropped subsequently. Any
y(·) will denote a quantity in the S-frame, whereas any z(·) denotes a quantity in the
original V-frame. Hence, (B.86) turns into

y = yc +CTA−
1
2 · z. (B.87)

A singular value decomposition (see Section B.4.3) of the m× n-matrix CTA−
1
2 yields

CTA−
1
2 = U ·

[
Σ1 0m×(n−m)

]
· V T . (B.88)

Hence, (B.87) becomes

y = yc +U ·
[
Σ1 0m×(n−m)

]
· V T · z. (B.89)

Since V is orthonormal, the map w̄ = V T · z preserves lengths. Hence, a ball with
the radius

√
c maps to a ball with the radius

√
c. Due to the presence of the zero
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matrix 0m×(n−m), only the first m rows of w̄, denoted as w, influence the value of y.
Since ‖z‖2

2 ≤ c implies ‖w‖2
2 ≤ c, (B.89) turns into an affine transformation of the ball

‖w‖2
2 ≤ c:

y = yc +UΣ1 ·w. (B.90)

The projected ellipsoid in the S-frame is hence given by

Mc,Proj =
{
yc +A−

1
2

Proj ·w | wTw ≤ c
}

(B.91)

with A−
1
2

Proj = UΣ1. Hence,

AProj =
(
UΣ1Σ1U

T
)−1

(B.92)

holds. Since

CTA−1C = U
[
Σ1 0m×(n−m)

]
V TV


 Σ1

0(n−m)×m


UT = UΣ1Σ1U

T . (B.93)

follows from the Singular Value Decomposition (B.88), the matrix AProj may be written
as

AProj =
(
CTA−1C

)−1
. (B.94)

Hence, the projected ellipsoid (B.91) admits the alternative representation:

Mc,Proj =
{
y | (y − yc)TAProj(y − yc) ≤ c

}
. (B.95)

For xc = 0, implying yc = 0, this result may also be found in [95].

B.2.2 Quadratic Forms in Terms of Traces

Throughout the proofs of stability, one often also encounters more general quadratic
forms defined by

f(X) = Tr
{
XAXT

}
, (B.96)

where A ∈ Sn is a symmetric matrix and X ∈ Rm×n is an arbitrary real matrix with

X =




xT1
...
xTm


⇔XT =

[
x1 . . . xm

]
(B.97)

and x ∈ Rn. In order to see that (B.96) is a quadratic form, notice first that (B.96)
equals

f(X) = Tr
{
AXTX

}
. (B.98)

due to the cyclic property (B.154). With

AXT =
[
Ax1 . . . Axm

]
, (B.99)
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(B.98) becomes:

f(X) = Tr





[
Ax1 . . . Axm

]
·




xT1
...
xTm







. (B.100)

Using the trace property (B.157), one finally obtains

f(X) =
m∑

k=1
xTkAxk. (B.101)

Clearly, (B.101) is a quadratic form. Furthermore, if A is positive / negative (semi-)
definite, then the quadratic form (B.101) is positive / negative (semi-) definite as well.

If A is positive definite, then (B.101) admits the derivation of a similar bound as in
the previous section:

λmin(A) · ‖X‖2
F ≤ Tr

{
XAXT

}
≤ λmax(A) · ‖X‖2

F . (B.102)

Proof. Since A is positive definite, the summands in (B.101) may be bounded by

λmin(A) · xTkxk ≤ xTkAxk ≤ λmax(A) · xTkxk (B.103)

due to (B.64). Hence, the sum in (B.101) is bounded by

λmin(A) ·
m∑

k=1
xTkxk ≤

m∑

k=1
xTkAxk ≤ λmax(A) ·

m∑

k=1
xTkxk. (B.104)

Using the trace property (B.157), one obtains

λmin(A) · Tr
{
XXT

}
≤

m∑

k=1
xTkAxk ≤ λmax(A) · Tr

{
XXT

}
. (B.105)

With the definition of the Frobenius norm in (B.9), (B.105) establishes (B.102).

B.2.3 Sum-Of-Squares Polynomials

Sum-Of-Squares (SOS) polynomials are a special class of polynomials, whose posi-
tive (semi-)definiteness may be shown rather easily. In the subsequent introduction,
some general nomenclature with respect to polynomials is introduced first. Afterwards,
SOS polynomials are presented. The following introduction of polynomials and SOS
polynomials is based on [128] and [151].

For xT =
[
x1 . . . xn

]
∈ Rn, a monomial is defined as the scalar function

md(x) =
n∏

i=1
xdii , (B.106)

where d =
[
d1 . . . dn

]
∈ Nn specifies the exponents of the components of x. The

degree of a monomial is defined as degmd(x) , ∑n
i=1 di. A polynomial in n variables

then is defined as a linear combination of k monomials mdj(x), j = 1, . . . , k, i.e.

g(x) =
k∑

j=1
cj ·mdj(x). (B.107)
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The degree of the polynomial is defined as the largest degree of its monomials, i.e.

deg g(x) , max
j

(
degmdj (x)

)
. (B.108)

Now let the degree of the polynomial g(x) be 2d with d ∈ N. Any polynomial of
degree 2d (or less) may be expressed in a vector representation:

g(x) = cTw(x) (B.109)

with
w(x)T =

[
1 x1 . . . xn x2

1 x1x2 . . . x2
n . . . x2d

n

]
, (B.110)

where c ∈ Rlw is the coefficient vector and w(x) ∈ Rlw is the monomial vector. Here,
the monomial vector gathers all possible monomials up to the degree 2d. The length
of these vectors is given by lw =

(
n+2d

2d

)
, which results from the combinatorial problem

“drawing with replacement of 2d samples from an urn with n + 1 elements”. Further-
more, using Q ∈ Slv with lv =

(
n+d
d

)
, the polynomial may be expressed in a Gram

matrix representation:
g(x) = v(x)TQv(x) (B.111)

with
v(x)T =

[
1 x1 . . . xn x2

1 x1x2 . . . x2
n . . . xdn

]
. (B.112)

By equating the coefficients of (B.111) and (B.109), a system of linear equations may
be obtained to determineQ. Notice that the Gram matrix representation (B.111) usually
is not unique. The relation between the representations (B.111) and (B.109) shall be
illustrated by the following example:

Example B.5. Consider the following second order polynomials in two variables:

g1(x) = 2x1 + 4x2 − 2x1x2 + 10, (B.113)

g2(x) = x2
1 + 8x1 + x1 · x2 + 2 · x2

2 + 20. (B.114)

In order to represent these polynomials according to (B.109), the monomial vector
w(x) of all monomials up to the degree 2d = 2 in n = 2 variables has to be determined
first. The number of all monomials follows from the combinatorial problem of drawing
m = 2d “balls” from a urn (with replacement), which contains l = n+1 “balls” {1, x1, x2}.
Since the order does not matter, the number of monomials is given by lw = ( l+m−1

m ) =(
n+2d

2d

)
= 6. The monomial vector is given by

w(x)T =
[
x1 x2 x1 · x2 x2

1 x2
2 1

]
. (B.115)

The linear representation cTw(x) with cT =
[
c1 c2 c3 c4 c5 c6

]
is generally given

by
cTw(x) = c1 · x1 + c2 · x2 + c3 · x1x2 + c4 · x2

1 + c5 · x2
2 + c6. (B.116)
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A factor comparison of (B.116) with the polynomials g1(x) and g2(x) leads to the fol-
lowing vector representations

g1(x) = cT1 ·w(x) =
[
2 4 −2 0 0 10

]
·w(x), (B.117)

g2(x) = cT2 ·w(x) =
[
8 0 1 1 2 20

]
·w(x). (B.118)

For a Gram matrix representation of the polynomials g1(x) and g2(x) according to
(B.111), the monomial vector v(x) of all monomials up to the degree d = 1 in n = 2
variables has to be determined. It is given by

v(x)T =
[
x1 x2 1

]
. (B.119)

The symmetric matrix Q ∈ S3 is generally denoted as

Q =




q11 q12 q13

q12 q22 q23

q13 q23 q33


 . (B.120)

Thus, v(x)TQv(x) generally evaluates to

v(x)TQv(x) = q11 · x2
1 + q22 · x2

2 + q33 + 2q13 · x1 + 2q23 · x2 + 2q12 · x1x2. (B.121)

A factor comparison between (B.121) and the polynomials g1(x) and g2(x) yields

g1(x) = v(x)TQ1v(x) = 1
2v(x)T




0 −2 2
−2 0 4
2 4 2 · 10


v(x), (B.122)

g2(x) = v(x)TQ2v(x) = 1
2v(x)T




2 · 1 1 8
1 2 · 2 0
8 0 2 · 20


v(x). (B.123)

The general relation between the gram matrix representation (B.121) and the vector
representation (B.116) follows from factor comparison and yields the linear system of
equations 



q11

q12

q13

q22

q23

q33




=




0 0 0 1 0 0
0 0 1

2 0 0 0
1
2 0 0 0 0 0
0 0 0 0 1 0
0 1

2 0 0 0 0
0 0 0 0 0 1




︸ ︷︷ ︸
M

·




c1

c2

c3

c4

c5

c6




. (B.124)

A polynomial g(x) of degree 2d (or less) in n variables is called SOS, if it may be
decomposed according to:

g(x) =
∑

i

f 2
i (x), (B.125)
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where deg fi(x) ≤ d. Obviously, if a polynomial is SOS, then it is positive semidefinite,
i.e. g(x) ≥ 0 ∀x ∈ Rn. Furthermore, it has been shown in [31] that a polynomial is SOS
if and only if there exists a Gram matrix representation (B.111) with a positive definite
matrix Q ∈ Slv+.

Throughout this thesis, the set of all SOS polynomials involving the variable x is
denoted as Σ(x).

B.3 Linear Matrix Inequalities and Semi-definite Pro-
grams

This section summarizes important facts about LMIs and about SDPs. For a thorough
introduction, the reader is referred to [17] or [18].

B.3.1 Linear Matrix Inequalities

Given symmetric matrices F i ∈ Sn, i = 0, . . . , q and decision variables y ∈ Rq, a strict
LMI is defined as the linear combination

F (y) , F 0 +
q∑

i=1
yiF i > 0. (B.126)

The inequality sign is used to indicate that the decision variables yT =
[
y1 . . . yq

]

should be determined such that F (y) is positive definite, i.e. such that xTF (y)x >

0 ∀x ∈ Rn. A non-strict LMI is defined similarly as F (y) ≥ 0. The expression

F̄ (y) , F 0 +
q∑

i=1
yiF i < 0, (B.127)

also represents a LMI, where the decision variables y are to be determined such that
F̄ (y) is negative definite. Since any negative definite matrix may be turned into a
positive definite matrix by F (y) = −F̄ (y), the case of negative definiteness does not
require any further attention. For the solution of LMIs, powerful solvers like SeDuMi
[163] or SDPT3 [166] are available.

In practice, LMIs do usually not arise in the form (B.126), but rather as

AT
MP (y) + P (y)AM < 0,

P (y) > 0,
(B.128)

where AM ∈ Rn×n is a given matrix and where P : Rq → Sn is a matrix representation
of the decision variables y:

P (y) =




y1 y2 . . . yn

y2 yn+1 . . . y2n−1
... . . . ...
yn y2n−1 . . . yq



. (B.129)
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Since the system of LMIs (B.128) is linear in the decision variables y, it may trans-
formed to the form (B.126). For that, the set of LMIs is first stacked into a single LMI:


−A

T
MP (y)− P (y)AM 0n×n

0n×n P (y)


 > 0. (B.130)

Stacking of LMIs is admissible since the eigenvalues of block diagonal matrices are
given by the eigenvalues of the individual blocks [23, p. 209]. Afterwards, appropriate
matrices F i are determined by equating (B.130) and (B.126). For the decision variable
y2, the matrix F 2 is for example given by

F 2 =

−A

T
MP 2 − P 2AM 0n×n

0n×n P 2


 , with P 2 =




0 1 . . . 0
1 0 . . . 0
... . . . ...
0 0 . . . 0



. (B.131)

Since these transformations are cumbersome, one may resort to modeling languages
such as YALMIP [108], which perform these transformations in an automated way.

Since the decision variables are usually clear from the context, the explicit notation
of the dependence of F (y) or P (y) on the decision variables y will be dropped in order
to improve readability.

LMIs arise naturally in the stability analysis of linear systems as shown in the next
example.

Example B.6. Consider the LTI system

.
xP (t) = AM · xP (t) , (B.132)

where AM ∈ Rn×n is Hurwitz. To analyze the stability of the system (B.132), consider
the Lyapunov function candidate

V (t) = xP (t)T P · xP (t) . (B.133)

with P ∈ Sn. The derivative along the trajectories is given by
.
V (t) = xP (t)T

(
AT
MP + PAM

)
xP (t) . (B.134)

In order to satisfy the conditions for asymptotic stability of the Lyapunov Theorem C.2,
the Lyapunov function candidate has to be positive definite, which is equivalent to re-
quiring P > 0. Furthermore, the derivative of the Lyapunov function candidate should
be negative definite, which is equivalent to requiringAT

MP +PAM < 0. Hence, if there
exists a solution P ∈ Sn to the LMI

AT
MP + PAM < 0,

P > 0,
(B.135)

then the system (B.132) is asymptotically stable. Eq. (B.135) is the LMI analog of the
Lyapunov equation (3.31) and may be readily solved using any LMI solver.
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g0(z) ≤ 0

g1(z) ≤ 0

g2(z) ≤ 0

g3(z) ≤ 0

Figure B.3: Illustration of the S-Procedure: If g0(z) ≤ ∑3
i=1 λigi(z) holds for some

λi > 0, then g0(z) is negative for all points, where gi(z) ≤ 0 hold. Hence, these points
are within the set G0 = {z | g0(z) ≤ 0}.

Another area, which gives rise to LMIs, are geometric problems involving ellipsoids
[18]. Before being able to analyze these problems, an important interim result is re-
quired:

Lemma B.7 (The S-Procedure). Let g0(z) = zTG0z, G0 ∈ Sn and gi(z) = zTGiz, Gi ∈
Sn, i = 1, . . . , p be quadratic forms in the variable z ∈ Rn. The negativity of gi(z), i =
1, ..., p on the sublevel set G = {z | gi(z) ≤ 0, i = 1, . . . , p} implies negativity of g0(z) on
G, if there exist non-negative multipliers λi ≥ 0, i = 1, . . . , p, such that

G0 −
p∑

i=1
λiGi ≤ 0. (B.136)

holds.

Proof. The proof may for example be found in [17].

The S-Procedure is commonly used to show set containment. Let p = 1 and let G0 =
{z | g0(z) ≤ 0}, G1 = {z | g1(z) ≤ 0} be two sets. G1 ⊆ G0 holds, if the negativity
of g1(z) implies negativity of g0(z) (see Figure B.3). By virtue of the S-Procedure, the
implication is true if there exists a non-negative multiplier λ, such that G0 − λG1 ≤ 0
holds. Note that for p = 1, this condition is necessary and sufficient [18].

The use and the interpretation of the S-Procedure may be shown best with the help
of an example:

Example B.8. Consider the ellipse

Mc = {x1, x2 |
[
x1 x2

]
·

0.25 0

0 1


 ·

x1

x2


 ≤ c} (B.137)

with c = 1 and the rectangle

|x1| ≤ 1, |x2| ≤ 0.5. (B.138)
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x1

x2

−2 −1 1 2

−1

1

Figure B.4: Illustration of the ellipse and the rectangle from Example B.8.

For c = 1, the principal axes of the ellipse are r1 = 2 and r2 = 1, which follows from
(B.61). The ellipse and the rectangle are shown in Figure B.4. The objective is to
check whether the ellipse (B.137) surrounds the rectangle (B.138). For this, the ellipse
and the rectangle are reformulated to match the structure of the S-Procedure. After
defining the vector

zT ,
[
x1 x2 1

]
(B.139)

the ellipse inequality (B.137) may be rewritten as

g0(z) = zT




0.25 0 0
0 1 0
0 0 −c




︸ ︷︷ ︸
G0

z ≤ 0. (B.140)

Similarly, the rectangle inequalities are rewritten as

g1(z) = zT




1 0 0
0 0 0
0 0 −1




︸ ︷︷ ︸
G1

z ≤ 0, g2(z) = zT




0 0 0
0 1 0
0 0 −(0.52)




︸ ︷︷ ︸
G2

z ≤ 0. (B.141)

A point lies within the rectangle, if it simultaneously satisfies g1(z) ≤ 0 and g2(z) ≤ 0. If
for all points within the rectangle, g0(z) ≤ 0 holds as well, then the rectangle lies within
the ellipse. In order to show that g0(z) ≤ 0 holds, if g1(z) ≤ 0 and g2(z) ≤ 0 hold, it
suffices to show the relation

g0(z) ≤ λ1 · g1(z) + λ2 · g2(z) ∀ z, (B.142)

where λ1 and λ2 are some positive constants. The inequality (B.142) ensures that
when g1(z) ≤ 0 and g2(z) ≤ 0 hold, g0(z) ≤ 0 holds as well. Bringing all terms to the
left hand side yields

g0(z)− λ1 · g1(z)− λ2 · g2(z) ≤ 0 ∀ z. (B.143)
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Clearly, (B.143) formulates a requirement on the negative definiteness of a function.
Since g0(z), g1(z) and g2(z) are quadratic forms, the negative definiteness of (B.143)
may be checked by the LMI

G0 − λ1 ·G1 − λ2 ·G2 ≤ 0,
λ1 > 0, (B.144)

λ2 > 0,

where λ1 and λ2 are the decision variables. Notice that the LMI (B.144) exactly corre-
sponds to the central requirement of the S-Procedure Lemma B.7.

Since the LMI has the solution λ1 = 0.40, λ2 = 2.10, the rectangle lies within the
ellipse, which is confirmed by Figure B.4. Conversely, for the c = 0.25, the ellipse lies
within the rectangle since its principal axes become r1 = 1 and r2 = 0.5. In this case,
the corresponding LMI is not feasible, i.e. it has no solution.

B.3.2 Semidefinite Programs

The LMI problems of the previous two examples are commonly referred to as feasibility
problems, since one is only interested in the existence of some solution y. In case of
the ellipse example from Example B.8, the computation of the smallest ellipse, which
surrounds the rectangle might for example be of interest. That is, the level set con-
stant c should be minimized. Such an optimization problem involving LMI constraints is
referred to as Semidefinite Program (SDP). In general, a SDP is defined as [18]:

min
y
cTy s.t. (B.145)

F 0 +
q∑

i=1
yiF i < 0, (B.146)

A · y = b. (B.147)

A SDP aims at the minimization of the linear objective function (B.145) subject to LMI
constraints (B.146) and equality constraints (B.147). For the solution of SDPs, the
same powerful solvers like SeDuMi [163] or SDPT3 [166] may be used.

Now, let’s return to the ellipse example:

Example B.9. Consider the ellipse and the rectangle from Example B.8. Using a SDP,
the smallest level set constant c of the ellipse shall be computed such that the rectangle
does still lie within the ellipsoid. Obviously, c now is a decision variable instead of a
fixed constant. In order to stress this fact, the matrixG0 from (B.140), which defines the
ellipse, is now written as G0(c). Nevertheless, the containment of the rectangle within
the ellipse is still ensured by the LMI (B.144). Hence, the smallest level set constant

365



B.3 Linear Matrix Inequalities and Semi-definite Programs

x1

x2

−2 −1 1
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Figure B.5: Illustration of the optimized ellipse and the rectangle from Example B.9.

results from the SDP

min
c,λ1,λ2

c s.t.

G0(c)− λ1 ·G1 − λ2 ·G2 ≤ 0,
c ≥ 0, λ1 > 0, λ2 > 0.

(B.148)

Solving the SDP with some LMI solver yields λ1 = 0.25, λ2 = 1 and c = 0.5. The
principal axes of the optimized ellipse are hence given by r1 =

√
2 and r2 = 1/

√
2. The

optimized ellipse and the rectangle are shown in Figure B.5. Clearly, the computed
level set constant c leads to the smallest ellipse surrounding the rectangle (B.138).

Remark B.10. In case of the simple ellipse from Example B.8, the problem of deter-
mining the smallest level set constant c could have been solved more easily by simply
inserting all vertices of the rectangle into the ellipse equation and choosing the largest
of the resulting c’s. However, by using the systematic formulation as a SDP, more
complex tasks may also be solved.

B.3.3 Sum-Of-Squares Programming

In Section B.2.3, SOS polynomials have been introduced. There, it has been outlined
that the problem of verifying that a given polynomial with representation (B.109) is
SOS may be reduced to a LMI constraint Q ≥ 0 and a system of linear equations.
The system of linear equations relates the coefficients Q of the Gram representation
(B.111) to the coefficients of the vector representation (B.109).

If furthermore a linear combination of the entries of the decision variable Q is to be
minimized, the resulting optimization problem is called a SOS program. Since positive
semi-definiteness may be expressed in terms of a LMI and an equality constraint, a
SOS program reduces to a SDP, for which powerful solvers like SDPT3 [166] are avail-
able. To ease the process of posing such optimization problems, modeling languages
like YALMIP [109] may be used.
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The S-Procedure (Lemma B.7) is often used to show set containment, when the
sets are defined as sublevel sets of quadratic forms. If the sets are defined as sublevel
sets of SOS polynomials, the Polynomial S-Procedure [151] extends the S-Procedure.
It may be stated as follows:

Lemma B.11 (The Polynomial S-Procedure). Let g0(x) and gi(x), i = 1, . . . , p with
x ∈ Rn be given polynomials. The negative semi-definiteness of gi(x) on the sublevel
set G = {x | gi(x) ≤ 0, i = 1, . . . , p} implies negative semi-definiteness of g0(x) on G, if
there exist multipliers λi(x) ∈ Σ(x), such that

− g0(x) +
q∑

i=1
λi(x) · gi(x) ∈ Σ(x) (B.149)

holds.

Proof. If (B.149) is true, then g0(x) ≤ ∑p
i=1 λi(x) · gi(x) is satisfied as well. By defini-

tion,
∑p
i=1 λi(x) · gi(x) ≤ 0 ∀x ∈ G holds and hence, g0(x) ≤ 0 ∀x ∈ G.

B.4 Matrix Facts

This section collects some important facts about matrices which are used throughout
this thesis.

B.4.1 Traces

Throughout the proofs of stability of adaptive control, one often encounters the trace
function. Subsequently, some important facts about the trace are collected.

The trace of a square matrix A ∈ Cn×n is defined as the sum of the elements on
the diagonal:

Tr A = Tr




a11 . . . a1n
... . . . ...
an1 . . . ann


 ,

n∑

i=1
aii. (B.150)

Since the transpose of a matrix does not alter the elements on the diagonal, the matrix
A and its transpose have the same trace, i.e.

Tr A = Tr AH . (B.151)

As an immediate consequence of its definition, the trace is linear, i.e.

Tr {A+B} = Tr A+ Tr B, (B.152)

Tr {c ·A} = c · Tr A, (B.153)

where B ∈ Cn×n is another square matrix of compatible dimension and c ∈ C is a
scalar.
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Now, let A ∈ Cn×m, B ∈ Cm×p and C ∈ Cp×n be three matrices such that ABC is
square. In this case, the trace satisfies the cyclic property:

Tr {ABC} = Tr {CAB}. (B.154)

Due to the cyclic property, the trace is invariant under similarity transformations

Tr
{
T−1AT

}
= Tr

{
TT−1A

}
= Tr A, (B.155)

where T ∈ Cn×n is a non-singular matrix. If T is unitary, i.e. T−1 = TH , the latter
implies Tr

{
THAT

}
= Tr A. Furthermore, it may be readily shown using the cyclic

property (B.154) that the scalar product of two vectors a ∈ Cn, b ∈ Cn may be ex-
pressed as the trace of a dyadic product

〈a, b〉 = aHb = Tr
{
aHb

}
= Tr

{
baH

}
. (B.156)

More generally, the cyclic property allows representing the sum of scalar products of
vectors ak ∈ Cn, bk ∈ Cn as the trace of a matrix product

m∑

k=1
aHk bk =

m∑

k=1
Tr

{
bka

H
k

}
= Tr

{
m∑

k=1
bka

H
k

}
= Tr

{
BAH

}
, (B.157)

where the fact has been used that a matrix product may be written as a sum of dyadic
products:

BAH =
[
b1 . . . bm

]
·




aH1
...
aHm


 =

m∑

k=1
bka

H
k . (B.158)

B.4.2 Symmetric Matrices

This section summarizes some important facts about symmetric (positive or negative
(semi-) definite) matrices A ∈ Rn×n with A = AT .

Properties of Symmetric Matrices
If A and B are symmetric, their sum is symmetric as well, since

A+B = AT +BT = (A+B)T (B.159)

holds. Furthermore, multiplying symmetric matrices with some scalar α ∈ R retains
symmetry. These two observations are central in proving that the set of symmetric
matrices Sn ⊂ Rn×n forms a vector space with the conventional matrix addition and the
conventional multiplication of matrices by a scalar [45].

Unlike the sum, the product of two symmetric matrices A ∈ Sn and B ∈ Sn is not
necessarily symmetric. Consider for example

A =

1 1

1 1


 , B =


1 1

1 2


 , A ·B =


2 3

2 3


 . (B.160)
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Clearly, the product A · B is not symmetric even though A and B are symmetric.
In fact, the product is symmetric, if and only if the matrices A and B commute, i.e.
A ·B = B ·A. In the latter case, one has

(A ·B)T = BT ·AT = B ·A = A ·B, (B.161)

which satisfies the definition of symmetry.
If a symmetric matrix A ∈ Sn is invertible, then its inverse A−1 is symmetric as well

since (
A−1

)T
=
(
AT

)−1
= A−1 (B.162)

holds [185, p. 586].
For any symmetric matrixA ∈ Sn, the eigenvalues will be real [23, p. 228] and there

exists an orthonormal set of eigenvectors forming a basis Q ∈ Rn×n of Rn. Thus, A
may be diagonalized by

A = QDQT , (B.163)

where D = diag
[
λ1(A) . . . λn(A)

]
is a diagonal matrix containing the eigenvalues

of A [85], [23, p. 230].

Properties of Positive or Negative (Semi-) Definite Symmetric Matrices
If A and B are symmetric and positive or negative (semi-) definite, then their sum
is symmetric and positive or negative (semi-) definite as well. This is an immediate
consequence of the definition of positive or negative (semi-) definiteness in (B.54)-
(B.57):

xT (A+B)x = xTAx+ xTBx. (B.164)

If the quadratic forms xTAx and xTBx are positive or negative (semi-) definite, their
sum will also be positive or negative (semi-) definite. Hence, A + B is positive or
negative (semi-) definite as well. Furthermore, multiplying positive or negative (semi-)
definite matrices with some positive scalar α ∈ R++ retains positive or negative (semi-)
definiteness. Unlike Sn, the subsets Sn++ ⊂ Sn, Sn−− ⊂ Sn, Sn+ ⊂ Sn and Sn− ⊂ Sn are no
vector spaces since they are for example lacking an inverse element.

Since the product of symmetric matrices is not necessarily symmetric, the product
of symmetric, positive or negative (semi-) definite is not necessarily symmetric, positive
or negative (semi-) definite, either.

If the matrix A is positive (or negative) definite (i.e. A ∈ Sn++ or A ∈ Sn−−), then it is
invertible since all eigenvalues of positive (or negative) definite matrices are different
from zero (see Section B.2.1). Furthermore, its inverse is positive (or negative) definite
as well since

1. the inverse of a symmetric matrix is symmetric (see (B.162));
2. any eigenvalue λi = λi(A) satisfies

A · v = λi · v, (B.165)
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which implies that λ−1
i is an eigenvalue ofA−1 sinceA−1 ·v = λ−1

i ·v follows from
(B.165). Hence, λi > 0 ∀ i implies λ−1

i > 0 ∀ i (or λi < 0 ∀ i implies λ−1
i < 0 ∀ i in

case of negative definite matrices).

Consider a symmetric, positive definite matrix A ∈ Sn++. As A is symmetric, it
admits the decomposition (B.163). Since A is positive definite, the diagonal matrix D
of the decomposition has full rank and only contains positive entries. It does hence
possess the matrix square root D = D

1
2 ·D 1

2 . It follows from (B.163) that

A = QDQT = QD
1
2 ·D 1

2QT = QD
1
2QT ·QD 1

2QT (B.166)

holds, sinceQ is orthonormal. The matrix square rootA
1
2 ∈ Sn++ satisfyingA = A

1
2 ·A 1

2

is hence given by
A

1
2 = QD

1
2QT . (B.167)

B.4.3 Singular Value Decomposition

A complex matrix U ∈ Cn×n is called unitary if it satisfies [23, p. 199]

UH ·U = I, (B.168)

which impliesUH = U−1. The column vectors of a unitary matrixU define an orthonor-
mal basis of Cn.

Now consider an arbitrary matrix A ∈ Cl×m and let p = min {l,m} denote the
smaller dimension. Then there exist unitary matrices U ∈ Cl×l and V ∈ Cm×m such
that A may be decomposed into a Singular Value Decomposition [45]

A = U ·Σ · V H , (B.169)

where Σ ∈ Rl×m is real and satisfies

Σ =

 Σ1

0(l−m)×m


 if l ≥ m (i.e. p = m), (B.170)

or
Σ =

[
Σ1 0l×(m−l)

]
if l < m (i.e. p = l). (B.171)

In either case, Σ1 ∈ Rp×p is diagonal with

Σ1 = diag
[
σ1 σ2 . . . σp

]
(B.172)

and
σ1 ≥ σ2 ≥ . . . ≥ σp ≥ 0. (B.173)

The scalar values σ1, . . . , σp are referred to as the singular values of the matrix A
and are equivalent to the square roots of the p largest eigenvalues λi(AHA), i.e.

σi(A) =
√
λi
(
AHA

)
. (B.174)
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B.4.4 Miscellaneous Relations

This section summarizes various relations, which are used in this thesis.

Block-Diagonal Matrices
Consider the block-diagonal matrix

A =

B 0

0 C


 , (B.175)

which is composed of the square matrices B ∈ Cn×n and C ∈ Cm×m. The eigenvalues
of A are given by the eigenvalues of B and C [23, p. 209]. Furthermore, if B and C
are invertible, then the inverse of A is given by

A−1 =

B

−1 0
0 C−1


 . (B.176)

This may be verified by computing A ·A−1.

Searle Identity
Let A ∈ Cn×n and B ∈ Cn×n be arbitrary square matrices such that the inverses
(I +AB)−1 and (I +BA)−1 exist. Then, the following relation holds [82, Eq. 20]:

(I +AB)−1A = A(I +BA)−1 (B.177)

In [129], this identity is called a Searle Identity.
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Appendix C

Preliminaries of Control Theory

This section summarizes important results from control theory, which will be frequently
used throughout this thesis. Section C.1 is devoted to the stability analysis of non-
linear systems using the direct method of Lyapunov. While the direct method of Lya-
punov is concerned with the stability of equilibriums, Section C.2 deals with the stabil-
ity (boundedness) of the input- / output map of nonlinear systems, which leads to the
small-gain theorem. Finally, Section C.3 deals with the stability analysis of nonlinear,
delayed systems.

C.1 Stability Analysis of Nonlinear Systems

The direct method of Lyapunov constitutes the main tool of this thesis to analyze sta-
bility of nonlinear systems. That is to say, conclusions on the boundedness of the
solutions of the underlying nonlinear differential equations are drawn without actually
solving the differential equations. The following introduction closely follows [96].

The stability analysis following Lyapunov’s direct method is concerned with the sta-
bility of equilibriums. Consider the autonomous, nonlinear differential equation

.
x (t) = f (x (t)) , (C.1)

where x : R+ → D is the state vector and f : D → Rn is a nonlinear, locally Lipschitz
function. D denotes a domain in Rn, that is, an open connected set in Rn. In general, it
is not known in advance whether the nonlinear differential equation (C.1) possesses a
solution at all and whether this solution is unique. Throughout this thesis, the question
of existence and uniqueness is however not covered. The reason for this is that once
stability has been established using Lyapunov’s direct method, existence and unique-
ness of solutions is guaranteed as well (see Theorem 3.3 in [96]). A prerequisite for
this result is the property of f (x (t)) being locally Lipschitz.

An equilibrium is a point x0 ∈ D, which satisfies f(x0) = 0. Without loss of gener-
ality, it will be assumed that the equilibrium lies at the origin of Rn, i.e. x0 = 0.
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Definition C.1 (Stability of an equilibrium, [96]). The equilibrium point x0 = 0 of (C.1)
is

• stable if, for each ε > 0, there is a δ = δ(ε) such that

‖x(0)‖ < δ ⇒ ‖x (t)‖ < ε, ∀t ≥ 0;

• unstable if it is not stable;
• asymptotically stable if it is stable and δ can be chosen such that

‖x(0)‖ < δ ⇒ lim
t→∞

x (t) = 0. (C.2)

Since the above definition does not readily allow to check the stability of a nonlinear
system, one usually resorts to the direct method of Lyapunov:

Theorem C.2 (Lyapunov Theorem for Autonomous Systems, [96]). Let x = 0 be an
equilibrium point for (C.1) and D ⊂ Rn be a domain containing x = 0. Let V : D → R
be a continuously differentiable function such that

V (0) = 0 and V (x) > 0 in D\0. (C.3)

• If
.
V (x) ≤ 0 in D, (C.4)

then x = 0 is stable;
• If

.
V (x) < 0 in D\0, (C.5)

then x = 0 is asymptotically stable;
• If the previous conditions hold on D = Rn and V (x) is radially unbounded, i.e.

‖x‖ → ∞ ⇒ V (x)→∞, (C.6)

then x = 0 is globally stable or globally asymptotically stable, respectively.

Proof. See [96].

In case of a globally (asymptotically) stable equilibrium, the system (C.1) is sometimes
said to be (asymptotically) stable. Since a system may only possess one globally
(asymptotically) stable equilibrium [96], no confusion can arise.

Sometimes, Lyapunov’s direct method does not allow to show asymptotic stability
(of all states of the considered system). In these cases, the following lemma is useful:

Lemma C.3 (Barbalat’s Lemma, [119]). If g : R+ → R is uniformly continuous for t ≥ 0,
and if the limit of the integral

lim
t→∞

∫ t

0
|g(τ)|dτ (C.7)

exists and is finite, then
lim
t→∞

g(t) = 0. (C.8)
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Proof. See [119].

Lyapunov’s direct method only considers autonomous systems. While this is suffi-
cient in case of adaptive controllers in case of a nominal plant, non-autonomous sys-
tems have to be treated in case of off-nominal plants. A non-autonomous system is
defined as

.
x (t) = f (x (t) , t) , (C.9)

Due to the presence of an explicit dependence on time, (C.9) may also reflect exoge-
nous influences such as commands and disturbances.

Sometimes, the stability of an equilibrium of a non-autonomous system can be
analyzed in a similar way to the autonomous case. For this, the definition of stability
and the Lyapunov theorem have to be altered appropriately [96]. However, for the non-
autonomous problems, which arise within this thesis, no equilibrium may be found.
For this reason, only boundedness of the solutions of the non-autonomous differential
equation (C.9) is assessed.

Definition C.4 (Uniform Ultimate Boundedness, [96]). The solutions of (C.9) are

• uniformly bounded if there exists a positive constant c, independent of t0 ≥ 0, and
for every a ∈ ]0, c[, there is β = β(a) > 0, independent of t0, such that

‖x(t0)‖ ≤ a ⇒ ‖x (t)‖ ≤ β, ∀ t ≥ t0; (C.10)

• globally uniformly bounded, if (C.10) holds for arbitrary large a;
• uniformly ultimately bounded with ultimate bound b if there exist positive constants
b and c, independent of t0 ≥ 0, and for every a ∈ ]0, c[, there is T = T (a, b) ≥ 0,
independent of t0, such that

‖x(t0)‖ ≤ a ⇒ ‖x (t)‖ ≤ b, ∀ t ≥ t0 + T (a, b); (C.11)

• globally uniformly ultimately bounded if (C.11) holds for arbitrary large a.

Since the above definition does not readily allow to check Uniform Ultimate Bounded-
ness (UUB) of a nonlinear system, one usually resorts the following Lyapunov-like
theorem:

Theorem C.5 (Lyapunov Theorem for Uniform Ultimate Boundedness, [96]). Let D ⊂
Rn be an open connected set that contains the origin and V : [0,∞[×D → R be a
continuously differentiable function such that

α1 (‖x‖) ≤ V (t,x) ≤ α2 (‖x‖) , (C.12)

∂V (t,x)
∂t

+ ∂V (t,x)
∂x

· f(t,x) ≤ −W3(x), ∀ ‖x‖ ≥ µ > 0 (C.13)
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∀ t ≥ 0 and ∀ x ∈ D, where α1(·) and α2(·) are class K functions and W3(x) is a
continuous positive definite function. Take r > 0 such that a ball with radius r satisfies
Br ⊂ D and suppose that

µ < α−1
2 (α1 (r)) . (C.14)

Then, there exists a class KL function β(·, ·) and for every initial state x(t0), satisfying
‖x(t0)‖ ≤ α−1

2 (α1 (r)), there is a T ≥ 0 (dependent on x(t0) and µ) such that the
solution of (C.9) satisfies

‖x (t)‖ ≤ β (‖x (t0)‖ , t− t0) , ∀ t0 ≤ t ≤ t0 + T, (C.15)

‖x (t)‖ ≤ α−1
1 (α2 (µ)) , ∀ t ≥ t0 + T. (C.16)

Moreover, if D = Rn and α1(·) belongs to class K∞, then (C.15) and (C.16) hold for any
initial state x(t0), with no restriction on how large µ is.

For a definition of class K, class K∞ and class KL functions, the reader is referred to
[96].

C.2 Input-/Output Stability

In the previous section, the trajectories of a nonlinear system have been analyzed
with respect to an equilibrium. That is, it was analyzed whether the trajectories of a
nonlinear system stay close to an equilibrium or even converge to an equilibrium. In
this section, an alternative approach to stability analysis is taken. Instead of analyzing
whether the trajectories stay close to an equilibrium, it is assessed whether the output
of a nonlinear system stays bounded if the input is bounded. This stability concept is
hence called Input-/Output Stability.

In order to measure whether the input u (t) and the output y (t) are bounded, suit-
able norms for the input- and output signals are required first. To that end, the Lp-
signal-norms, which have been introduced in Appendix B.1, are suited. If a signal u (t)
or y (t) is an element of the function space Lp, it is bounded in terms of the associated
Lp-norm. However, when analyzing the stability of a system, it is usually not known in
advance whether the output y (t) will lie in an Lp-space, i.e. it is not known whether
‖y‖Lp exists and is finite. For this reason, the truncated Lp-norms (and the truncated
Lp-spaces) are introduced first. The truncation of a signal y (t) to the interval [0, τ ] is
defined as

y (t)τ =



y (t) 0 ≤ t ≤ τ,

0 t > τ
. (C.17)

With this definition of the truncation of a signal, the extended function spaces Llp,e may
be defined as [96]:

Llp,e =
{
y (t) | y (t)τ ∈ Llp, ∀ τ ∈ [0,∞[

}
. (C.18)
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Hence, the signal y (t) belongs to the extended space Llp,e, if for any finite time τ , all of
its truncations to [0, τ ] belong to the respective Llp space.

With the definitions of suitable input and output vector spaces in place, the system,
whose input-/output stability should be analyzed, is generally denoted as

y (t) = F{u (t)}, (C.19)

where F : Lme → Lle maps input signals u (t) ∈ Lme to output signals y (t) ∈ Lle.
Notice that the Lp-norms of the input- and the output signal do not have to be equiv-
alent. Hence, the system (C.19) may map an input signal with bounded energy (i.e.
u (t) ∈ Lm2 ) to a bounded output signal (i.e. u (t) ∈ Ll∞,e). In order to keep the nomen-
clature simple, the respective norm (i.e. the index p) is not indicated subsequently.
Furthermore, notice that even unstable systems may be represented as (C.19), since
the use of extended vector spaces also admits that the input / output signals diverge to
infinity for t→∞.

Throughout this thesis, only physical systems are considered that may be repre-
sented in terms of a state space model such as

.
x (t) = f(x (t) ,u (t) , t),
y (t) = h(y (t) ,u (t) , t).

(C.20)

The operator-notation y (t) = F{u (t)} from (C.19) is just a short-hand notation of the
nonlinear state space model (C.20). This furthermore implies that the operator F{·} is
always causal since any such state space model is intrinsically causal.

Using the general definition of the nonlinear system as a mapping from one ex-
tended vector space to another, input/output stability may now be defined:

Definition C.6 ([96]). The system described by the mapping F : Lme → Lle is finite-gain
L stable if there exist nonnegative constants γ and β such that

‖(F {u (t)})τ‖Le ≤ γ · ‖u (t)τ‖Le + β, (C.21)

for all u (t) ∈ Lme and τ ∈ [0,∞[.

In (C.21), γ denotes the gain (“the amplification”) of the input signal u (t) and β de-
notes the so called bias term. Depending on the input and output norms Lp,e, the gain
γ is often called Lp-gain. Notice that finite-gain L stability is not the only notion of
input/output stability (see for example [96] or [68] for other notions of in input/output
stability ). Nevertheless, this notion suffices for the purpose of this thesis. Hence, ex-
cept when noticed otherwise, the terms input/output stability and finite-gain L stability
are used interchangeably.

Similar to the definitions of stability in the previous section, the above definition of
input/output stability does not readily admit to the prove stability of a given nonlinear
system. In order to prove finite-gain L stability, one may resort to Lyapunov-like proofs,
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which are conceptually similar to the proof of UUB (see [96]). In [96], several interesting
results with respect to finite-gain L stability are presented, which may be summarized
as follows:

• Under some technical assumptions, a nonlinear state space model with an expo-
nentially stable equilibrium is small-signal finite-gain Lp stable for each p ∈ [1,∞].
The attribute small-signal derives from the fact that this result only holds for input
signals of a certain size. However, if the equilibrium is a global one, then the non-
linear state space model is finite-gain Lp stable for each p ∈ [1,∞] [96, Theorem
5.1].

• The above result may be used to show that if the linearization of a nonlinear
state space model is Hurwitz, then the nonlinear system is small-signal Lp stable
(again under some appropriate technical assumptions) [96, Corollary 5.1].

• A LTI state space model is finite-gain Lp stable for each p ∈ [1,∞], if its system
matrix is Hurwitz [96, Corollary 5.2].

For the purposes of this thesis, only the notion of finite-gain L∞ stability of LTI systems
will be used in the proofs of stability of the MLESO and of L1-AC. In case of a LTI
system and input/output signals from L∞, a suitable value of the gain γ in (C.21) is
given by the L1-norm of the transfer function G(s), which is associated with the LTI
system, i.e.

γ = ‖G(s)‖L1 . (C.22)

Eq. (C.22) might lead to the erroneous conclusion that the concepts of induced
transfer function norms and finite gain L stability are equivalent. This is however not in
general true as will be clarified by the subsequent discussion. While inequalities (B.39)
(definition of boundedness of a linear operator) and (C.21) (definition of boundedness
in case of finite gain L stability ) read similar, notice that finite-gain L stability is not
restricted to linear operators. Furthermore, both definitions also deviate due to the
presence of the bias term β in (C.21). This bias term may account for the fact that
systems may maintain a nonzero output even in the presence of a zero input. In case
of a linear operator, this is not possible due to linearity. Thus, finite gain L stability
represents a broader concept. Nevertheless, in case of LTI systems, the existence of
an induced transfer function norm is equivalent to finite gain L stability.

When using the concept of finite-gain L∞ stability (i.e. Bounded Input Bounded
Output (BIBO) stability) to analyze the stability of state space models, it is important
to recall the relation between BIBO stability and stability in the sense of Lyapunov. As
mentioned before, a LTI state space model is finite-gain L∞ stable, if its system matrix
is Hurwitz. The converse is however not necessarily true. As an example, consider the
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G1{·}

G2{·}

w0(t) w1(t) z1(t)

−

−

z0(t)z2(t)w2(t)

Figure C.1: Feedback Configuration for the Small-Gain Theorem.

LTI state space model


.
x1(t)
.
x2(t)


 =


2 1

0 −1


 ·

x1(t)
x2(t)


+


0

1


 · u (t) ,

y(t) =
[
0 1

]
·

x1(t)
x2(t)


 .

(C.23)

Clearly, the system (C.23) exhibits an unobservable, unstable mode, namely the state
x1(t). The associated transfer function is given by

y(s) = 1
s+ 1 · u(s) (C.24)

and hence, is BIBO stable. In order to avoid these situations, the state space mod-
els, which shall be analyzed in an input-/output setting, have to be controllable and
observable. This condition ensures the absence of uncontrollable and/or unobservable
modes.

An important application of the concept of finite gain L stability is the small-gain
theorem. Using the small-gain theorem, the stability of a feedback connection of two
maps G1 : Lme → Lle and G2 : Lle → Lme may be analyzed. Both systems are assumed
to be finite gain L stable, i.e.

‖z1(t)τ‖ ≤ γ1 · ‖w1(t)τ‖+ β1, ∀ w1(t) ∈ Lme , ∀ τ ∈ [0,∞[,
‖w2(t)τ‖ ≤ γ2 · ‖z2(t)τ‖+ β2, ∀ z2(t) ∈ Lle, ∀ τ ∈ [0,∞[.

(C.25)

The considered feedback loop is shown in Figure C.1. The feedback loop is as-
sumed to be well defined in the sense that for input signals w0(t) ∈ Lme and z0(t) ∈ Lle,
there exist unique outputs w1(t),w2(t) ∈ Lme and z1(t), z2(t) ∈ Lle [96]. The small-gain
theorem may be stated as follows:

Theorem C.7 (Small-Gain Theorem, [96]). Under the preceding assumptions, the feed-
back connection from Figure C.1 is finite-gain L stable, if γ1 · γ2 < 1.

Proof. The following proof is due to [96]. Assuming the existence of the solution, the
signals w1(t) and z2(t) are given by

w1(t)τ = w0(t)τ − (G2 {z2(t)})τ , (C.26)
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z2(t)τ = z0(t)τ − (G1 {w1(t)})τ . (C.27)

Due to the triangle inequality, it follows for w1(t):

‖w1(t)τ‖L ≤ ‖w0(t)τ‖L + ‖(G2 {z2(t)})τ‖L. (C.28)

Notice that truncated norms are used here since boundedness of the closed-loop sig-
nals has not yet been ensured. Due to the finite gain L stability of G2{·}, one obtains

‖w1(t)τ‖L ≤ ‖w0(t)τ‖L + γ2 · ‖z2(t)τ‖L + β2. (C.29)

Inserting (C.27) and using the finite gain L stability of G1{·} leads to

‖w1(t)τ‖L ≤ ‖w0(t)τ‖L + γ2 · (‖z0(t)τ‖L + γ1 · ‖w1(t)‖L + β1) + β2. (C.30)

Since γ1 · γ2 < 1 holds, 1− γ1 · γ2 > 0 follows. Hence, (C.30) provides an upper bound
for w1(t):

‖w1(t)τ‖L ≤
‖w0(t)τ‖L + γ2 · ‖z0(t)τ‖L + β2 + γ2 · β1

1− γ1 · γ2
, (C.31)

which holds for all τ ∈ [0,∞[.
Similarly, the following bound for z2(t) may be derived:

‖z2(t)τ‖L ≤
‖z0(t)τ‖L + γ1 · ‖w0(t)τ‖L + β1 + γ1 · β2

1− γ1 · γ2
, (C.32)

which holds for all τ ∈ [0,∞[.

To conclude this section, notice that if (C.21) holds uniformly for all τ (since the input
u (t) is an element of a non-extended vector space, i.e. u (t) ∈ Lm), then the output
y (t) will lie in the corresponding non-extended vector space y (t) ∈ Ll as well [146].

C.3 Stability Analysis of Delayed Systems

Let C = C([−r, 0],Rn) denote the set of continuous functions mapping the interval
[−r, 0] to Rn. Furthermore, let xt (ζ) ∈ C denote xt (ζ) = x(t + ζ), −r ≤ ζ ≤ 0. Then,
a RFDE is defined as

.
x (t) = f (t,xt (ζ)) , (C.33)

where x : R → Rn and f : R × C → Rn. In order to solve the RFDE (C.33), an initial
condition φ ∈ C has to be specified, i.e. a function φ (ζ) = x(t0 + ζ), −r ≤ ζ ≤ 0. A
solution of the RFDE (C.33) then is denoted as x (t0,φ (ζ) , t).

Definition C.8 (Uniform Ultimate Boundedness [75]). Let x (t0,φ (ζ) , t) be a solution
of the RFDE (C.33). The solutions are UUB if there is a b > 0 such that for an a > 0,
there is a constant T (a) > 0 such that ‖x (t0,φ (ζ) , t)‖ ≤ b for t ≥ t0 + T (a) for all
t0 ∈ R, φ ∈ C, ‖φ (ζ)‖c ≤ a, where ‖φ (ζ)‖c = sup−r≤ζ≤0 ‖φ (ζ)‖.
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The following theorem from [75] may be used to prove UUB of a RFDE:

Theorem C.9 (Razumikhin Theorem for UUB [75]). Suppose f : R×C → Rn takes R×
(bounded sets of C) into bounded sets of Rn and consider the RFDE (C.33). Suppose
u, v, w : R+ → R+ are continuous nondecreasing functions, u(s) → ∞ as s → ∞. If
there is a continuous V : R × Rn → R, a continuous nondecreasing p : R+ → R+,
p(s) > s for s > 0, and a constant H ≥ 0 such that

u(‖x (t)‖) ≤ V (t,x (t)) ≤ v(‖x (t)‖), t ∈ R, x (t) ∈ Rn (C.34)

and
.
V (t,φ (ζ)) ≤ −w(‖φ(0)‖), (C.35)

if

‖φ(0)‖ ≥ H, (C.36)

p (V (t,φ (0)))− V (t+ ζ,φ (ζ)) > 0, ζ ∈ [−r, 0], (C.37)

then the solutions of the RFDE (C.33) are uniformly ultimately bounded.

Remark C.10. Let the initial conditions satisfy ‖φ (ζ)‖c ≤ c̄ for some c̄ > 0. Then the
conditions (C.35), (C.36) and (C.37) ensure that the Lyapunov function V (x (t)) never
leaves the set Mc = {x | V (x) ≤ max(v(c̄), v(H))}. For this reason, Theorem C.9 is
also valid if the conditions are only satisfied locally.
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Appendix D

Interim Results

D.1 L1 Adaptive Control

Lemma D.1. Consider the stable prediction error dynamics (3.167)

.
eP (t) = AMeP (t) +BP Θ̃m (t)ω (xP (t) , t)

and the strictly proper, stable filter (3.173)

C(s) , (I + ΛKD(s))−1ΛKD(s).

Let
.
xf (t) = Afxf (t) +Bfuf (t)
yf (t) = Cfxf (t)

(D.1)

be a state space realization of the filter (3.173). If BP has full rank, then the following
relation holds

C(s) · L
{
Θ̃m (t)ω (xP (t) , t)

}
= CeP (s) · eP (s) , (D.2)

where
CeP (s) = Cf (sI −Af )−1

(
AfBfB

#
P −BfB

#
PAM

)
+CfBfB

#
P (D.3)

is a stable and proper filter.

Proof. If BP has full rank, i.e. rankBP = m, then the error dynamics (3.167) may be
solved uniquely for Θ̃m (t)ω (xP (t) , t) and one obtains

Θ̃m (t)ω (xP (t) , t) = B#
P · (

.
eP (t)−AMeP (t)) . (D.4)

By inserting uf (t) , Θ̃m (t)ω (xP (t) , t) from (D.4) into the state space realization (D.1)
of the filter C(s), the left hand side of (D.2) becomes:

.
xf (t) = Afxf (t) +BfB

#
P · (

.
eP (t)−AMeP (t)) ,

yf (t) = Cfxf (t)
(D.5)
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or equivalently

.
xf (t)−BfB

#
P ·

.
eP (t) = Afxf (t)−BfB

#
PAMeP (t) ,

yf (t) = Cfxf (t) .
(D.6)

Upon definition of zf (t) = xf (t)−BfB
#
P · eP (t), (D.6) becomes

.
zf (t) = Af

(
zf (t) +BfB

#
P · eP (t)

)
−BfB

#
PAMeP (t)

= Afzf (t) +
(
AfBfB

#
P −BfB

#
PAM

)
· eP (t) ,

yf (t) = Cf

(
zf (t) +BfB

#
P · eP (t)

)

= Cfzf (t) +CfBfB
#
P · eP (t) .

(D.7)

Using the definition of the filter CeP (s) in (D.3), (D.7) establishes the right hand side of
(D.2). Since Af is Hurwitz, the filter CeP (s) is Hurwitz as well.

D.2 Analytical Solution of a Scalar Adaptive Controller
in Case of Stabilization

Adaptive control approaches such as MRAC admit to construct powerful controllers
for uncertain systems. However, the analysis of these controllers with respect to ro-
bustness and performance is much less mature. This is in sharp contrast to linear (and
weakly nonlinear) systems, for which advanced analysis techniques such as µ-analysis
[156], IQC-analysis [114] or LMI-based delay analysis [73] exist. Using these tech-
niques, the robustness and performance with respect to parametric and non-parametric
uncertainties may be thoroughly analyzed. When comparing the maturity of these tools
to the available analysis techniques for nonlinear adaptive systems, one observes a
significant gap.

From a higher level perspective, a potential explanation for this gap derives from
the fact that no general solutions to the differential equations of nonlinear systems
exist. In contrast, LTI (systems of) differential equations can be solved analytically.
Furthermore, these solutions even admit a characterization in the frequency-domain,
which is at the heart of many powerful analysis techniques for LTI systems.

Consequently, a reasonable approach to obtain more powerful analysis techniques
for adaptive control systems is the analytical solution of the underlying differential equa-
tions. Subsequently, it will be shown how the differential equations of a scalar MRAC in
case of stabilization may be solved analytically by reducing the second order differential
equation to a first order Bernoulli differential equation.

Consider the scalar, direct MRAC in case of stabilization

.
xP (t) = AM · xP (t) +BP Θ̃x(t) · xP (t), (D.8)
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.
Θ̃x(t) = −γ · x2

P (t) ·BP , (D.9)

which derives from (3.28) and (3.41) for r(t) = 0, xM(t) = 0, φ (xP (t)) = 0 and Λ = 1.
Differentiating (D.9) with respect to time yields

..
Θ̃x(t) = −2 · γ ·BP · xP (t) · .xP (t). (D.10)

Upon insertion of (D.8), one obtains the second order differential equation
..
Θ̃x(t) = −2 · γ ·BP · xP (t) ·

(
AM · xP (t) +BP Θ̃x(t) · xP (t)

)

= −2 · γ ·BP · x2
P (t) ·

(
AM +BP Θ̃x(t)

)

= 2 ·
.

Θ̃x(t) ·
(
AM +BP Θ̃x(t)

)
.

(D.11)

By noticing that d
dt

Θ̃2
x(t) = 2 · Θ̃x(t) ·

.
Θ̃x(t) holds, (D.11) becomes

..
Θ̃x(t) = 2 · AM ·

.
Θ̃x(t) +BP ·

d

dt
Θ̃2
x(t). (D.12)

Integration of (D.12) then yields the Bernoulli-like first order differential equation
.

Θ̃x(t) = 2 · AM · Θ̃x(t) +BP · Θ̃2
x(t) + c, (D.13)

where c is an integration constant, which has to be chosen such that the initial condi-
tions of (D.8) and (D.9) remain valid. To that end, let the initial conditions be given by
xP (0) = x0 and Θ̃x(0) = Θ̃0. Due to (D.9),

.
Θ̃x(0) = −γ · x2

0 · BP has to hold at t = 0.
Equating the latter expression with (D.13) at t = 0 yields the equation

2 · AM · Θ̃0 +BP · Θ̃2
0 + c = −γ · x2

0 ·BP . (D.14)

Solving for c leads to the desired value of the integration constant

c = −BP ·
(
γx2

0 + Θ̃2
0

)
− 2 · AM · Θ̃0. (D.15)

Due to the presence of the integration constant c, (D.13) is not yet a Bernoulli differ-
ential equation, but a Riccati (differential) equation. Now, consider the transformation

Θ̄x(t) , Θ̃x(t) + k (D.16)

with

k = AM
BP

−
√
k0, (D.17)

k0 =
(
AM
BP

)2
− c

BP

=
(
AM
BP

+ Θ̃0

)2
+ γ · x2

0. (D.18)

Using this transformation, the differential equation (D.13) turns into the Bernoulli differ-
ential equation .

Θ̄x(t) = 2BP

√
k0 · Θ̄x(t) +BP · Θ̄2

x(t). (D.19)
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Hence, using the transformation z(t) = Θ̄x(t)
−1

, (D.19) is reduced to the stable, linear
differential equation

.
z(t) = −2BP

√
k0 · z(t)−BP . (D.20)

Let z̄(t) denote the analytical solution of the initial value problem (D.20) with z(0) =
1/Θ̄x(0) = 1/

(
Θ̃0 + k

)
. Then, according to (D.16), the trajectory of the parameter error

is given by:

Θ̃x(t) = 1
z̄(t) − k. (D.21)

The trajectory of the plant state xP (t) may then either be obtained by considering (D.8)
as a Linear Time Varying (LTV) system with the known parameter Θ̃x(t) and by solving
this LTV system. Or one may solve (D.9) for x2

P (t) and insert the derivative of the
solution (D.21):

x2
P (t) = −

.
Θ̃x(t)
γ ·BP

=
.
z̄(t)

γ ·BP · z̄2(t) , (D.22)

which allows conclusions on the magnitude of xP (t). Furthermore, since the solution
of the adaptive controller essentially is a transformation of the solution of a first order
LTI system, characteristic performance properties such as the rise time may be de-
termined. If generalizations to higher order systems were available, such an analysis
would even allow to determine eigenfrequencies and damping. Hence, it would allow
a thorough analysis of the control system performance and would detect undesirable
oscillations.

386



Appendix E

Simulation Results

This chapter presents the simulation results of the MLESO-based controller from Sec-
tion 6.2 and of the Multiple-Model LQR (MM-LQR) controller from Section 6.3. Both
controllers are evaluated in linear as well as nonlinear simulations at the two trim
conditions V R

K = 35m/s, h = 1000m, mfuel = 23 kg and V R
K = 50m/s, h = 500m,

mfuel = 0 kg, for which Section 2.3 provides data.
All linear simulations and analyses consider the overall control system structure

from Figure 2.4. Thus, the linear plant model includes the linearized rigid-body equa-
tions of motion (2.62), (2.63), actuator dynamics as well as control and measurement
delays (τc = 50ms and τm = 20ms). All linear simulations and analyses consider the
uncertainties according to Table 2.5. For this reason, all time-domain and frequency-
domain plots depict the nominal response and an envelope, which is the tube, wherein
all uncertain responses are included. This tube is computed from 1000 simulations of
the respective response with random realizations of the uncertain parameters. Notice
that all analyses (e.g. open-loop Bode plot, step responses) rely on the same realiza-
tions of the uncertainties. The following analyses and simulations are conducted using
the linear plant model:

• Open-loop Bode and Nichols plots;
• Box-plots of phase margin, gain margin and time-delay margin;
• Box plots of rise time, settling time and overshoot in case of a bank angle step

command Φcmd (t);
• Steps of the bank angle command Φcmd (t) and of the wind disturbance βW,cmd (t);
• Closed-loop Bode plots from Φcmd and βW,cmd to the plant outputs;
• Responses to a bank angle doublet command Φcmd (t), a discrete gust command
βW,cmd (t) according to Figure 6.20 (MIL-F-8785C) and to moderate Dryden tur-
bulence1 according to MIL-F-8785C [41].

1MIL-F-8785C specifies Dryden turbulence as one model for random fluctuations of the wind velocity.
The turbulence is modeled as white Gaussian noise, which is passed through a specific shaping filter,
which adjusts the power density spectrum of the noise. In MIL-F-8785C, the coefficients of these filters
are given as functions of the turbulence intensity (light, moderate, severe), altitude and velocity.
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The nonlinear plant model features the nonlinear rigid-body equations of motions
from Section 2.1, a precise model of the UAS environment and of the resulting forces
and moments, a detailed actuator model as well as a model of the on-board processing
units. In each simulation, the UAS model is initialized to the respective trim condition.
This especially includes the elevator deflection η and the thrust lever positions δT ,
which are held constant at their trim value throughout the simulation. Except for the
doublet sweep, all nonlinear simulations include uncertainty. Hence, as in case of
the linear simulations, a nominal response and an envelope are shown. However, in
contrast to the linear plant model, the nonlinear simulation environment models the
uncertainty of the aerodynamic data in a simplistic manner. As an example, consider
the aerodynamic force in yB-direction. The uncertainty is modeled by introducing the
scalar coefficient λCy ∈ [0.5, 1.5] in the computation of the aerodynamic force:

(YA)B = q̄ · S · λCy · CY . (E.1)

In (E.1), q̄ and S denote the dynamic pressure and the reference area of the wing, re-
spectively. Furthermore, CY denotes the nominal dimensionless force coefficient (see
Stevens & Lewis [162]). A similar model is also used for the other aerodynamic forces
and moments, which result from the dimensionless force and moment coefficients CX ,
CZ , Cl, Cm, and Cn. In all cases, the scalar coefficients λ(·) associated to the di-
mensionless coefficients vary in the interval [0.5, 1.5]. Although the above uncertainty
model is simplistic, it allows the demonstration of the robustness of the controllers. The
nonlinear plant model is used for the simulations of the responses to

• a step of the bank angle command Φcmd (t);
• a bank angle doublet sweep Φcmd (t);
• a discrete gust command βW,cmd (t) according to MIL-F-8785C [41];
• moderate Dryden turbulence according to MIL-F-8785C [41].

E.1 MLESO Control of the Lateral Motion

This section presents the simulation and analyses results of the MLESO-based con-
troller. Sections E.1.1 and E.1.2 show the results at V R

K = 35m/s, h = 1000m,
mfuel = 23 kg and V R

K = 50m/s, h = 500m, mfuel = 0 kg, when using the linear
plant model. Sections E.1.3 and E.1.4 then present the respective nonlinear simulation
results.
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E.1.1 Linear Model at 35 m/s
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Figure E.1: Open-loop bode plots at V R
K = 35m/s, h = 1000m, mfuel = 23 kg, when

relying on a MLESO controller.
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Figure E.2: Box plots of phase, gain and time-delay margin of the MLESO controller at
V R
K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.3: Nichols plots at V R
K = 35m/s, h = 1000m, mfuel = 23 kg, when relying on a

MLESO controller.
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Figure E.4: Box plots of rise time, settling time and overshoot of the LTI plant model with
MLESO controller in case of a 30◦ step command Φcmd (t) at V R
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Figure E.5: Rigid body states of the LTI plant model with MLESO controller in response
to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command βW,cmd (t) (right
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Figure E.6: Actuator states of the LTI plant model with MLESO controller in response
to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command βW,cmd (t) (right
column) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.7: Bode plots of the closed-loop rigid-body states at V R
K = 35m/s, h = 1000m,

mfuel = 23 kg, when relying on a MLESO controller.
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Figure E.8: Bode plots of the closed-loop actuator states at V R
K = 35m/s, h = 1000m,

mfuel = 23 kg, when relying on a MLESO controller.
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Figure E.9: Rigid body states of the LTI plant model with MLESO controller in response
to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.

395



E.1 MLESO Control of the Lateral Motion

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

Nominal
Envelope
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ξ
(◦
/
s

)

Nominal
Envelope
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−2,000

−1,000

0

1,000

Time t (s)

.. ξ
(◦
/
s

2
)

Nominal
Envelope

(c) Aileron Acceleration

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

Nominal
Envelope
Limits

(d) Rudder Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ζ
(◦
/
s

)

Nominal
Envelope
Limits

(e) Rudder Rate

0 2 4 6 8 10 12 14
−400

−200
0

200

400

Time t (s)

.. ζ
(◦
/
s

2
)

Nominal
Envelope

(f) Rudder Acceleration

Figure E.10: Actuator states of the LTI plant model with MLESO controller in response
to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.11: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.12: Actuator states of the LTI plant model with MLESO controller in response
to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.13: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.14: Actuator states of the LTI plant model with MLESO controller in response
to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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E.1.2 Linear Model at 50 m/s
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Figure E.15: Open-loop bode plots at V R
K = 50m/s, h = 500m, mfuel = 0 kg, when

relying on a MLESO controller.
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Figure E.16: Box plots of phase, gain and time-delay margin of the MLESO controller
at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.17: Nichols plots at V R
K = 50m/s, h = 500m, mfuel = 0 kg, when relying on a

MLESO controller.
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Figure E.18: Box plots of rise time, settling time and overshoot of the LTI plant model
with MLESO controller in case of a 30◦ step command Φcmd (t) at V R

K = 50m/s, h =
500m, mfuel = 0 kg.
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Figure E.19: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command
βW,cmd (t) (right column) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.20: Actuator states of the LTI plant model with MLESO controller in response
to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command βW,cmd (t) (right
column) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.

404



Chapter E: Simulation Results

−80
−60
−40
−20

0
−3dB

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

−540

−360

−180

0

Frequency ω (rad/s)

P
ha

se
(◦

)

(a) Φcmd to Bank Angle Φ

−60
−40
−20

0

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

−360

0

Frequency ω (rad/s)

P
ha

se
(◦

)

(b) βW,cmd to Bank Angle Φ

−20

−10

0

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

0

36

72

Frequency ω (rad/s)

P
ha

se
(◦

)

(c) Φcmd to Tracking Error Φcmd − Φ

−60
−40
−20

0

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

−720

−360

0

Frequency ω (rad/s)

P
ha

se
(◦

)

(d) βW,cmd to Tracking Error Φcmd − Φ

−100

−50

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102
−1,080

−720

−360
0

360

Frequency ω (rad/s)

P
ha

se
(◦

)

(e) Φcmd to Angle-of-sideslip βA

−40

−20

0

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

−180

−90

0

Frequency ω (rad/s)

P
ha

se
(◦

)

(f) βW,cmd to Angle-of-sideslip βA

−80

−60

−40

−20

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

−720

−360

0

Frequency ω (rad/s)

P
ha

se
(◦

)

(g) Φcmd to Lateral Acceleration by

−40

−20

0

M
ag

ni
tu

de
(d

B
)

Nominal
Envelope

10−1 100 101 102

0

90

180

Frequency ω (rad/s)

P
ha

se
(◦

)

(h) βW,cmd to Lateral Acceleration by

Figure E.21: Bode plots of the closed-loop rigid-body states at V R
K = 50m/s, h = 500m,

mfuel = 0 kg, when relying on a MLESO controller.
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Figure E.22: Bode plots of the closed-loop actuator states at V R
K = 50m/s, h = 500m,

mfuel = 0 kg, when relying on a MLESO controller.
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Figure E.23: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to a 30◦ doublet command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.24: Actuator states of the LTI plant model with MLESO controller in response
to a 30◦ doublet command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.25: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.26: Actuator states of the LTI plant model with MLESO controller in response
to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.27: Rigid body states of the LTI plant model with MLESO controller in re-
sponse to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.28: Actuator states of the LTI plant model with MLESO controller in response
to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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E.1.3 Nonlinear Model at 35 m/s
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Figure E.29: Rigid body states of the nonlinear plant model with MLESO controller in
response to a 30◦ step command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.30: Actuator states of the nonlinear plant model with MLESO controller in
response to a 30◦ step command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.31: Rigid body states of the nonlinear plant model with MLESO controller in
response to a doublet sweep at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.32: Actuator states of the nonlinear plant model with MLESO controller in
response to a doublet sweep at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.33: Rigid body states of the nonlinear plant model with MLESO controller in
response to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.

417



E.1 MLESO Control of the Lateral Motion

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

Nominal
Envelope
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ξ
(◦
/
s

)

Nominal
Envelope
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

Nominal
Envelope
Limits

(c) Rudder Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ζ
(◦
/
s

)

Nominal
Envelope
Limits

(d) Rudder Rate

Figure E.34: Actuator states of the nonlinear plant model with MLESO controller in
response to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.35: Rigid body states of the nonlinear plant model with MLESO controller in
response to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.36: Actuator states of the nonlinear plant model with MLESO controller in
response to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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E.1.4 Nonlinear Model at 50 m/s
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Figure E.37: Rigid body states of the nonlinear plant model with MLESO controller in
response to a 30◦ step command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.38: Actuator states of the nonlinear plant model with MLESO controller in
response to a 30◦ step command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.39: Rigid body states of the nonlinear plant model with MLESO controller in
response to a doublet sweep at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.40: Actuator states of the nonlinear plant model with MLESO controller in
response to a doublet sweep at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.41: Rigid body states of the nonlinear plant model with MLESO controller in
response to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.42: Actuator states of the nonlinear plant model with MLESO controller in
response to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.43: Rigid body states of the nonlinear plant model with MLESO controller in
response to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.

427



E.1 MLESO Control of the Lateral Motion

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

Nominal
Envelope
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ξ
(◦
/
s

)

Nominal
Envelope
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

Nominal
Envelope
Limits

(c) Rudder Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ζ
(◦
/
s

)

Nominal
Envelope
Limits

(d) Rudder Rate

Figure E.44: Actuator states of the nonlinear plant model with MLESO controller in
response to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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E.2 LQR Control of the Lateral Motion

This section presents the simulation and analyses results of the MM-LQR-based con-
troller. Sections E.2.1 and E.2.2 show the results at V R

K = 35m/s, h = 1000m,
mfuel = 23 kg and V R

K = 50m/s, h = 500m, mfuel = 0 kg, when using the linear
plant model. Sections E.2.3 and E.2.4 then present the respective nonlinear simulation
results.

429



E.2 LQR Control of the Lateral Motion

E.2.1 Linear Model at 35 m/s
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Figure E.45: Open-loop bode plots at V R
K = 35m/s, h = 1000m, mfuel = 23 kg, when

relying on a MM-LQR controller.
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Figure E.46: Box plots of phase, gain and time-delay margin of the MM-LQR controller
at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.47: Nichols plots at V R
K = 35m/s, h = 1000m, mfuel = 23 kg, when relying on

a MM-LQR controller.
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Figure E.48: Box plots of rise time, settling time and overshoot of the LTI plant model
with MM-LQR controller in case of a 30◦ step command Φcmd (t) at V R

K = 35m/s, h =
1000m, mfuel = 23 kg.
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Figure E.49: Rigid body states of the LTI plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command
βW,cmd (t) (right column) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.50: Actuator states of the LTI plant model with MM-LQR controller in response
to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command βW,cmd (t) (right
column) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.51: Bode plots of the closed-loop rigid-body states at V R
K = 35m/s, h =

1000m, mfuel = 23 kg, when relying on a MM-LQR controller.
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Figure E.52: Bode plots of the closed-loop actuator states at V R
K = 35m/s, h = 1000m,

mfuel = 23 kg, when relying on a MM-LQR controller.
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Figure E.53: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.54: Actuator states of the LTI plant model with MM-LQR controller in response
to a 30◦ doublet command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.55: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.56: Actuator states of the LTI plant model with MM-LQR controller in response
to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.57: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.58: Actuator states of the LTI plant model with MM-LQR controller in response
to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.59: Open-loop bode plots at V R
K = 50m/s, h = 500m, mfuel = 0 kg, when

relying on a MM-LQR controller.
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Figure E.60: Box plots of phase, gain and time-delay margin of the MM-LQR controller
at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.61: Nichols plots at V R
K = 50m/s, h = 500m, mfuel = 0 kg, when relying on a

MM-LQR controller.
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Figure E.63: Rigid body states of the LTI plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command
βW,cmd (t) (right column) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.64: Actuator states of the LTI plant model with MM-LQR controller in response
to a 30◦ step command Φcmd (t) (left column) and to a 5◦ step command βW,cmd (t) (right
column) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.65: Bode plots of the closed-loop rigid-body states at V R
K = 50m/s, h = 500m,

mfuel = 0 kg, when relying on a MM-LQR controller.
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Figure E.66: Bode plots of the closed-loop actuator states at V R
K = 50m/s, h = 500m,

mfuel = 0 kg, when relying on a MM-LQR controller.
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Figure E.67: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to a 30◦ doublet command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.68: Actuator states of the LTI plant model with MM-LQR controller in response
to a 30◦ doublet command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.69: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.70: Actuator states of the LTI plant model with MM-LQR controller in response
to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.71: Rigid body states of the LTI plant model with MM-LQR controller in re-
sponse to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.72: Actuator states of the LTI plant model with MM-LQR controller in response
to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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E.2.3 Nonlinear Model at 35 m/s
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Figure E.73: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.74: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.75: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a doublet sweep at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.76: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a doublet sweep at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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Figure E.77: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.

458



Chapter E: Simulation Results

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

Nominal
Envelope
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ξ
(◦
/
s

)

Nominal
Envelope
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

Nominal
Envelope
Limits

(c) Rudder Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ζ
(◦
/
s

)

Nominal
Envelope
Limits

(d) Rudder Rate

Figure E.78: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a 20m discrete gust at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.

459



E.2 LQR Control of the Lateral Motion

0 2 4 6 8 10 12 14
−5

0

5

Time t (s)

Φ
(◦

)

Nominal
Envelope

(a) Bank Angle

0 2 4 6 8 10 12 14
−5

0

5

Time t (s)

Φ
c

m
d

−
Φ

(◦
) Nominal

Envelope

(b) Tracking Error

0 2 4 6 8 10 12 14

−10

0

10

20

Time t (s)

p
(◦

/
s

)

Nominal
Envelope

(c) Roll Rate

0 2 4 6 8 10 12 14

−4

−2

0

2

Time t (s)

β
A

(◦
)

Nominal
Envelope

(d) Angle-of-sideslip

0 2 4 6 8 10 12 14

−5

0

5

·10−2

Time t (s)

b
y

(-
)

Nominal
Envelope

(e) Lateral Acceleration

0 2 4 6 8 10 12 14

−5

0

5

Time t (s)

r
(◦

/
s

)

Nominal
Envelope

(f) Yaw Rate

Figure E.79: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.

460



Chapter E: Simulation Results

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ξ
(◦

)

Nominal
Envelope
Limits

(a) Aileron Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ξ
(◦
/
s

)

Nominal
Envelope
Limits

(b) Aileron Rate

0 2 4 6 8 10 12 14

−20

0

20

Time t (s)

ζ
(◦

)

Nominal
Envelope
Limits

(c) Rudder Deflection

0 2 4 6 8 10 12 14

−100

0

100

Time t (s)

. ζ
(◦
/
s

)

Nominal
Envelope
Limits

(d) Rudder Rate

Figure E.80: Actuator states of the nonlinear plant model with MM-LQR controller in
response to moderate Dryden turbulence at V R

K = 35m/s, h = 1000m, mfuel = 23 kg.
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E.2.4 Nonlinear Model at 50 m/s
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Figure E.81: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.82: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a 30◦ step command Φcmd (t) at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.83: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a doublet sweep at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.84: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a doublet sweep at V R

K = 50m/s, h = 500m, mfuel = 0 kg.

465



E.2 LQR Control of the Lateral Motion

0 2 4 6 8 10 12 14

−1

0

1

Time t (s)

Φ
(◦

)

Nominal
Envelope

(a) Bank Angle

0 2 4 6 8 10 12 14
−1

0

1

Time t (s)

Φ
c

m
d

−
Φ

(◦
) Nominal

Envelope

(b) Tracking Error

0 2 4 6 8 10 12 14

−5

0

Time t (s)

p
(◦

/
s

)

Nominal
Envelope

(c) Roll Rate

0 2 4 6 8 10 12 14

−4

−2

0

2

Time t (s)

β
A

(◦
)

Nominal
Envelope

(d) Angle-of-sideslip

0 2 4 6 8 10 12 14

−5

0

5

·10−2

Time t (s)

b
y

(-
)

Nominal
Envelope

(e) Lateral Acceleration

0 2 4 6 8 10 12 14

−5

0

5

Time t (s)

r
(◦

/
s

)

Nominal
Envelope

(f) Yaw Rate

Figure E.85: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.86: Actuator states of the nonlinear plant model with MM-LQR controller in
response to a 20m discrete gust at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.87: Rigid body states of the nonlinear plant model with MM-LQR controller in
response to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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Figure E.88: Actuator states of the nonlinear plant model with MM-LQR controller in
response to moderate Dryden turbulence at V R

K = 50m/s, h = 500m, mfuel = 0 kg.
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