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Motivation

* Bilinear systems are a special class of nonlinear systems (weakly nonlinear)

 Interface between fully nonlinear and linear systems

o — 0
. Bilinear system

nonlinear system linear system

« The analogy between linear and bilinear systems allows us to transfer some of
the existing linear reduction techniques to the bilinear case

x(t) = £(x(t)) + Bu(t) 5. —|—ZNX u;(t) + Bu(t)
y(t) = Cx(1) :> |
y(t) = Cx(1), X(O) = Xo

bil%aegerir;;?on B A, N R
t(E) #0
det(E) 7 [Rugh's1] |BER™™; CeRP*"
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Projective Reduction of Bilinear Systems

Bilinear model

5. Ex(t) = Ax(t) + i N,;x(t)u;(t) + Bu(t)

y(t) = Cx(t), x(0) = xq
E,A,N; cR"™"
BcR"*™: CcRP*"

Projection

,=WTEV, A,=WTAV, N,;=W'N,V,
P = WTB, C’i'" — CV

Reduced bilinear model

E, X, (t) = Arxp(t) + Y Ny jx,(t)u;(t) + Bru(t)
pIM j=1
yr(t) = Crx,(t)
E,, A, N, ;cR™"
B,eR"™™: C,cRP*"
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Bilinear systems theory

[Rugh "81]
Output Response and Transfer Functions of Bilinear Systems
0 o0 yx(t): output of k-th homogenous subsystem
y(t) = y(t) = > Hyfult
k=0 k=0 i k-th order Volterra operator
Yo = Ho: constant output
H | ()
o Hi fui(®)
u(t)é N v TG y(t)
' ys (L
> 7—[3
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Bilinear systems theory

[Rugh "81]
« Within this framework, the input-output representation is given by

y(t) =Y k(s )
k=1

o0 t pty tk—1
:Z/ / / gty -t u(t —t1) .. ou(t — t)dty ... dty
r—17/0 JO 0

« Definition by convolution integrals

Input-output representation

00 0 ~
y(t) = Z/ / STBElATkE_lN‘“E_lNEEIATEE_lNeElATlE—llz

k=1"" gk (T1,0,TE)

Xu(t — 1) u(lt —7 — ... — 1) drg -+ - dmy

k-th order transfer function of a bilinear system

Gr(si,....,sp) =c (s;tE—A) !N ... N(ssE-A) 'N(s;E-A)"'b
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Bilinear systems theory

[Rugh ’81], [Flagg ’12]
* First three subsystems:

k=1: Gi(s1) =c'(siE—A)"'b

k=2 Go(s1,52) = c'[soE — A)"!N[s;E — A)~!

b
k=3: Gs(s1,50,83) =c’[s3sE—A)"'N(s;E - A)"'N|s;E—A)"'b

Ha norm for bilinear systems

1215, = Z/ -

P and Q satisfy the following bilinear Lyapunov equations:

Gk (Jwi, ..., Jjwr)GL(jwr, - . ., jwi)dws - - - dwy,

Bilinear Lyapunov equations

APET + EPAT {NPNT K bbT =0

ATQE + ETQA HNTQNHccf =0
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Interpolation-based Model Reduction via Krylov Subspaces

__— Moment matching

Volterra series-based interpolation: H i ()
Enforcing multipoint interpolation of the N
underlying Volterra series ()

Volterra series interpolation [Flagg/Gugercin '15]

Set of interpolation points: S = {s,...,s,}

o0 ' ™ o0 T T
SJ ;J ;Jnllg---;lk—laij(S[‘”""Slﬂ' 'I?Sj): ;J ;J ;Jnh,---,lk—thk,T(Sll""-‘Slk 1,33')

k=110,=1 li—1 k=11;=1 l—1

This approach interpolates the weighted series at the interpolation points si,..., .,

Weighting matrices: Uy = {u; ;}, Uw = {t;;} € R’ Weights and
shifts are defined
Myl 1.d = Ujle (Ul 0 o---Ulp g for k>2andn, =1forly =1,...,r by the user

Example: 71,23 = ug2 - u21
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Interpolation-based Model Reduction via Krylov Subspaces

Explicit computation of Volterra series-based interpolation [Flagg/Gugercin '15]

o0 r I8
vi=> > Y . (A—sE)TIN(A -5, \E)7'N...N(A-sE)"'b
k=110,=1 lg—1

wi= Y ) it (AT = BN TINT(AT =y ET)TINTLUNT(AT - ET) e

k=1l=1  lx_,
VAN 4 )

Link Krylov-Sylvester

\V/ \
Volterra Sylvester equations

AV — EVS, — NVU?L = pe’

ATW —ETWS/, - NTWUT, = ce”
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Ho optimal model reduction of bilinear systems

Goal of Hy optimality

¢ minimizing the approximation

||2 o 27““7‘12 - dimI(IIl—%n)—fr ”2 — H?‘H'Hz error ”Z o 2T||H2

Error system H2 norm of the error system
Yiepr =2 — X E* = ||22 ||§-£2 = ||E - ET’H’%{Q

err

Necessary conditions for Hs optimality [Benner/Breiten '12]

First order necessary conditions:

(8E2 N o _ . - aEQ
) ee, A o o ) [8Nij J
(9E> ] ST T L ¢ 3
1) —_—0| & C/G(-)\;) = CI'G,(—\)
8B¢j
\_ J
(0E2 | . e T OE
1) oo =0 | & ClG/(-x)B; = C[G(—\)B;
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Ho optimal model reduction of bilinear systems

Ho optimality for bilinear systems

HZ - ETHHQ - dimlkrl{%?)_r ”E - HT||H2
3. satisfies
2 2 8E2 2
8Cij 8N@J an 8)\1
)
kzllzjl EZ Ty f OBt Staa %) ¢1,, 1, reduced order residues
= i Z Z Myt Grr (S0 51 055) A, . reduced order poles
\ k=11,=1 I 1 )
[Flagg/Gugercin '135]
SN Y b Gr A A =Y Y B G (A ),
k=11;=1 lp.=1 k=110,=1 =1
00 r r k 8 B B o0 r r k 8 .
Z Zgbll,",lk Za—Gk(/\]l */\kf) :Z Z Z ¢£1 Za_ ’\11 ~7/\‘#)
(zlzlzl =1 j=1 9% Pl S = /)
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Ho optimality vs. Ho pseudo-optimality of bilinear systems

Ho optimality Ho pseudo-optimality

@ Chair of
Automatic Control

M. Cruz Varona, E. Olcay, B. Lohmann

1= — 2|3, = r(nin) 1= — H, ||, L={\, -, \} : fixed reduced poles
dim(H, )=r
L. L):
s satisfies G(L) -Su-bset of reduced models
2 } Ow o } Ow ¥, satisfies |
0C,; Ny [P =R 1= = Bl = min {15 - H [l
(8E2 0 raEQ A 2’( X) E’( ’\) If
0B, || on =" [=(T) =37 |
\_ J \\ J
ﬂ
4 ST T : : N
Z Z B Z ¢ll lka(i/\ - Z Z Z qﬁllr“ ,lka,?‘(*Alm *Ak):
k=11;=1 lp.=1 k=110,=1 =1
S ) Lo
k=11,=1 =1 g=1 "7 11,=1 =1 j=1 277
J



Ho pseudo-optimal reduction of bilinear systems

B, =B-EVE 'B,

AV —EVS, — NVUT = BRy

A.P.El +E,P.AT + N, ;P,.N]. +B,B] =0

AXE! + EXAT + NXN? + BB, =0

Uy

\_

()(Sv): Shifts h

v . Right tangential

: Weights

directions y

New conditions for pseudo-optimality for bilinear systems
i) Sy = P, ATE TP !

1-1

~IB, +P,RL =0

iii) Sy P, +P,.S{ —

) E
ii- 2) UL +NIESTP =0
i)

P,RTRyP, + P,UyNTE. 7 =0
= PT 1SV + S‘];P,:l — UvP;IU‘]; — RJI;RV:O

]

iv) X = VP,

v) APE” + EPAT + NPN” + BB” =B, B”
vi) P =BT Q/E
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Ho pseudo-optimal reduction of bilinear systems

BIPORK: Bilinear pseudo-optimal rational Krylov

Algorithm 1 Bilinear pseudo-optimal rational Krylov (BIPORK)

Input: V, S, Uy, Ry, C, such that AV-EVS, —NVU/, =BRy is satisfied
Output: Hs pseudo-optimal reduced model X,

. P1: solution of condition iii): P;1Sy +ST.P 1 -U P UL, —-RIRy =0
N, = —(P.;H)"'UyP ! condition ii-2)
= (P;l)_l Ry, condition ii-1)

B
A, =Sy +B,Ry +N, UL E, =1, C, =CV

Advantages and properties of BIPORK

« ROM is globally optimal within a subset: || — 2, ||y, = min ||3X —H,||x,

H,c€G(L)
- Eigenvalues of ROM: A(Sy) = A(-E; 'A,)
—> choice of the shifts is twice as important

1
2
3
4

.
.
.
.

« Stability preservation in the ROM can be ensured (choice of shifts & weights)

« Low numerical effort required: solution of a bilinear Lyapunov equation and
two linear systems of equations, both of reduced order
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Numerical Examples

Heat Transfer Model: Bilinear boundary controlled heat transfer system

Heat equation Boundary conditions

r: = Az ox oz
n-{—+—)=(x—1)ul only
Ov _ 0 + O on unit square Q = [0, 1] x [0, 1] Jer 02
ot 022 022 . - ’ =0 onTly '3 Ty
« Spatial discretization on an equidistant k£ x k& grid [Benner/Breiten '12]
together with the boundary conditions yields:
= x = Ax+ Nxu+ bu of dimension n = k*
1
* Output: y=clx= 2 [1 l}x
22 A
1 Iy I'1,I'5, T3, T4 : boundary domains
I Iy
0 T, 1 4
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Numerical Examples

BIRKA: H2 optimality BIPORK: H2 pseudo-optimality
No convergence after 50 iterations so=[10 20 30 40 50 60]

Uy = diag([le ? 2710 7e710 5710 7719 8¢~ 10))

Output response for u(t) = cos(nt):

0.08 | T T

0.06 bt 1
\
N

0.02 1

I e i 1} ] n = 2500}

N 7 - o
. — — y(t) BIPORK —
- = yiBIRa | [

-0.02 1

ol {1

-0.08 r

output y(t)

01T

_D_.lz 1 1 1 1 1
0 1 2 3 4 5 G 7 ] 2] 10
simulation time t
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Summary and Outlook

Summary:
» Goal: Reduction of high dimensional nonlinear systems
» Approximation of a nonlinear system by a bilinear system using Volterra theory
» Systems theory and model reduction for bilinear systems (based on Krylov)

» 7o pseudo-optimal model reduction for bilinear systems
» Derivation of new conditions for Hs pseudo-optimality for bilinear systems

» Bilinear pseudo-optimal rational Krylov (BIPORK) — conditions ii-1), ii-2), iii)

Outlook:

» Solution of bilinear Lyapunov equations with BIPORK and the link with the
alternating direction implicit (ADI) method: conditions iv)-v)

» Cumulative reduction (CuRe) for bilinear systems: condition vi)

» Quadratic-bilinear MOR
» Stability-preserving two-sided rational Krylov for QBDAES?

» MIMO reduction for QBDAESs? Choice of optimal expansion points?
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Thank you for your attention!
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Backup slides
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Ho pseudo-optimal reduction of linear systems

 Duality: Krylov subspaces with Sylvester equations
span{V} = K, ((A — soE)'E, (A — 5(E) " 'B) AV —EVS, =BR,
ATW —ETWS/. =CTLy

Xi(Sy) = so : shifts

o o Ry,Lw :t tial
* Ho optimality vs. Ho pseudo-optimality o d?PegCetir;:]e;

Ho optimality H, pseudo-optimality

span{W} = K, ((A —soBE)"TET, (A - .SUE)_TCT)

* Problem:  Problem: A={\,....,\}, N, eC™
G-G.|,, = mn |G-G, G-G,|l,. = min ||G-G,
[ I = o min l... [ Iy, = min | y
* Necessary conditions for local H * Necessary and sufficient condition
optimality (SISO): for global Hs pseudo-optimality:
(Meier-Luenberger) G(=Ari) = Gr(=Ars)
G(—Ari) = Gr(=Ari) Pseudo-optimal means optimal in a
G'(=Mi) = Gl(=Xs) certain subset
G, minimizes the Hz error locally * Grminimizes the # error globally
within the set of all ROMs of order r within the subset of all ROMs of
order r with poles A
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Ho pseudo-optimal reduction of linear systems

Gramian A,P,E! +E,P,A] +B,B; =0 (known)
Scalar product AXET + EXAT + BB =0 (unknown)
Krylov AV —EVS, =BRy (known)
Projection B, =B-EVE,'B, (known)

New conditions for pseudo-optimality for linear systems [Wolf "14]

Let V be a basis of a Krylov subspace. Let G,.(s) be the reduced model obtained
by projection with W. Then, the following conditions are equivalent:

i) Sy = —P,ATE-TP;!

1 1B —I—PR =0

X =VP,

1v

i)
i) E
iii) SyP, +P,S? — P,RIRyP, =0 < P 'Sy + STP; ! - RTRy =0
)
v) APET + EPAT + BB” = B, BY

i) P

V1

— E;QTET
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Ho pseudo-optimal reduction of linear systems

PORK: Pseudo-optimal rational Krylov [Wolf "14]

Algorithm 1 Pseudo-optimal rational Krylov (PORK)
Input: V, Sy, Ry, C, such that AV — EVS,, = BR is satisfied
Output: Hs pseudo-optimal reduced model G, (s) = C,. (sE, — A,,«)_1 B,

1: P71 =lyap (—Sg, R%’;Rv) condition iii): P1Sy + ST P 1 —R{Ry =0
2: B, = — (P_l)_1 R, condition ii)

r

33 A, =Sy +B,Ry,.E, =1 C, =CV

Advantages and properties of PORK

- ROM is globally optimal within a subset; |G — G,|l,,, = _min HG _G,

G,.eG(N)
 Eigenvalues of ROM: A(S) = A(-E *A,)
—> choice of the shifts is twice as important

Ha

« Stability preservation in the ROM can be ensured (choice of shifts)

» Low numerical effort required: solution of a Lyapunov equation and a linear
system of equations, both of reduced order.
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Interpolation-based Model Reduction via Krylov Subspaces

Subsystem interpolation:
Interpolation is forced on some of the leading subsystem transfer functions.
The interpolation information is placed for a finite

number of subsystems in the span
of the projection basis.

Moment matching

__— Moment matching
T AR

Volterra series-based interpolation:
Enforcing multipoint interpolation of the
underlying Volterra series

u(t} > » 7o
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Summary and Outlook

Summary:

v’ Bilinear systems

v' Mathematical background of several reduction methods

v Implementation

v Hs optimal model reduction for bilinear systems

v" New conditions for H, pseudo-optimality for bilinear systems

Conclusions:

« BIRKA: Solving another form of Sylvester equations — convergence
problems as IRKA as the reduced dimension increases

« T-BIRKA: better results for high reduced orders - “nearly” Hs optimal

« BIRKA initialization strategies

« T-BIRKA implementation: reducing the amount of iterations

Discussion:

» The backslash operator "\" in MATLAB for the matrix inversion may
cause memory space exceedance — computation of large scale
Sylvester equations in vectorized form

* Honorm of the error system — Solution of bilinear Lyapunov equations

« Sensitivity analysis of weighting matrices
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